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Abstract:

In this study we prove an asymptotic expansion of é pair
. A3
of unsymmetrical Fourier kernels which can be expressed as Mellin-

Barnes type integral, namely,

+i0 m E
I, T'(a,+A s)
1 =],
f(x) = L jn 1 ] x5 ds ,
II. T'(b,+B. s)

Y-iw =1 - J 3

where ¥y 1s real, the Aj’ Bj

is a straight line parallel to the imaginary axis with indentationms,

- are real, and the path of integration

if necessary, to avoid the poles of the integrand. These kernels
give rise to a Watson type integral transform. The importance of
this integral transform is due to its very general yet simple forﬁ
from which many known as wellAas new integral transforms can be'

obtained as special cases.
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Introduction

The purpoég of thié thesis is to prove a théoremtwhiéh'is
stated on pages 18-20. In this theorem wé;studi fhe asympfétic
behaviour of the kernels involved in the unsymmetrical_W;tson'tjpe
transform introduced.iq example 8, section' 2 of Chapter I;f Tﬁe*
kernels called'H-functions are generalization of Meijer;s G—functiopQ'

In Chapter I, we give a brief review of generalized Fodrier
transform and the definition of the H-function. .In Chapter 1I, a
definition of asymptotic expansion of anaIYtic function and someybf
its properties are given. In Chapter III we develop nine lemmas'and_ |
in Chapter IV we use these lemmas to prove our main theorem and finally"' | %!!

we give some examples of Fourier type kernels which can be written

in the form of H-functions.
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Chapter I

Preliminaries

) g
1. Integral Transformations. '

Let K(x,y) bea uxuy measurable fuﬁction on the product
set R X R, where R 1is a py-measurable set. Thég, if K(x,y), taken
as a function of y belongs to the class qu(R,UD for almost every
X €R and if k(x) ==||K(x,y)||q belongs to"Lp(R,u), where

1/p +‘1/q = 1, the transformation T, defined by the equation

(1.1.1) g(x) = T = J K(x,y) £(y) du

. . R )
is a linear transformation on Lp(R,u). into Lp(R,U)- The transformation ‘
g = Tf defined in this way is called [30, p. 177] an integral

transformation with kernel K(x,y). The function g 1s called the

integral transform of £ with respectlto this kernel. The positive

number

ke ||, = |’|l|1<<x,y>llq||p |

is called the double-norm of the kermel K(x,y) and it is sometimes -

"denoted. by |||K||]. The double norm is therefore given by the formula



-

Ikl - { [ IxG [T awP/T ay }%{?' o

o i'r R_; T I

| " It may be easily shown [23, pp.v169-17Qﬂ that 1if the ,
I||K|||<w,the transformation (1. 1 1) is bounded and that IIT![<||!K]||
| It is obvious that R(x,y) ==0 a.e. ‘on R x R implies

that lllKlll =0 so that IITII =0, and T is the aull transforﬁation.

If, conversely, we have : ' - - : : . %
g(x) = I K(x,y) f(y) du =0 ~
R : -

a.e. on R for e§ery f(y)'e Lp(R;uj,'then RK(x,y) =0 a.e. Qﬁ
R xR, If T"! exists then [30; PP..162-16€] it is bpth 1iseat and“f;'
bounded. | | | o

Fot 1 <p ggm, the Banach-adjoint T*g* may be identified
with the transformation o ‘ - o
[ k0 g* ) au

| R
on Ly(R,) into L (R,u).

Methods connected with the use of integral transforms have
gained wide importanee in mathematical analysis in the recent years."‘
These methods have been successfully appiied to the solutios-of
differential and integral equatioms, thelstudy"of special functions,
the eyaluation of integrals and many other areas. See [31, [31], [32].

In this work we intend to confine ourselves to the case

where R 1s a subset of real line andhxu a Lebesgue measure.



2. Fourier Kernels and Fourier Type Integral Transforms.u,

If an integral transformation bas an’ inverse, then :I.n
certain circumstances, the inverse transformation may be of a kind

"similar to the original one. In other words it may be possib]_.euth_at

the equation -

- . w N .
8 =15 = " kG, £ @y
0 o
regarded as an integral equation for the determination of £(y) may -

have a solution of the form.

b o
20 =1g = [ By 60 ay .
. Ja
A result of this kind which expresses the function £(x) in terms of

its integral transform g(x), is called an inversion theorem.

In the special case in which a = *0, b ==, and K(x,y) = K(xy),
H(x,y) = H(xy), functions of =xy alone, the relationship between_ th_e

function and its transform is expressed by the equations

(1.2.1) g(x) -'| K(xy) £(y) dy
(1.2.2) f(x) = I H(xy) g(y) dy .
G . -

The functions K, H which admit this kind of reciprocal

relationship are said to form a pair of Fourier kernels. The kernéls:

are said to be symmetrical if K = H almost everywhere and un Jnmetrlcal

otherwise.

We shall give a few examples of Fourier kermels here. More



examples of symmetrical and unsymmetrical Fourier kernels will be

given elsewhere in this thesis.
1." K(x) = H(x) = '/‘??. cos x gives rise to Fourier Cosine

transform [25, p. 3]

2. K(x) =H(x) = ‘/% sin x gives rise to Fourier Sine

transform [25 s Pe v4] -

3. K(x) =H({) = x% Jv(x), V> -3, gffves rige to Hankel-
transform [25, p. 240]

4. K(x) =H(X) = &u’v(x). gives rise to an integrai

transform studied by Watson [26 s Pe 308]
5. K(x) = x? 8 (), HE =t Y (),
where Hv(x) denotes the Struve's function and Yv(x) the Bessel

function of the second kind [27, pp. 328, 64] s glves rise to an

integral transform studied by Hardy and Titchmarsh [12, P 119]

6. X =1 =108 3. z-:,,m::p: e,

where G 1s the Meijer's G-function, defined on page 13 gives rise to

a Fourier type transform investigated by C. Fox [9, P. 396] -



7. The kernels

K0 WG G S Yy

p+q,m+n dl’ *°, d
H(x) = A-xx%C-n’ ; (le-b“m’ Tar Tt e,
- +q,m+nlz | : -’
| N qu ] 4 -dl’...’ ‘-dn’ -cl’...’ -.cm..

with certain restrictions on the parameters 1nvolved gives rise to
an unsymmetrical Fourier type transform investigated by R.-Kesarwani

(15, p. 953] .

8. Functions of the form*

m - p '
I +y5(s-3)) 1 r(a;-a;(s-%
(1.2.3) K(x) = e ) — 2:;1 J : I'(C,j 'Y1<S 2)) - I'(aj aj<§ 2)) x5 ds |
v T =8;(s=) T ribyes,(s-b)
’ T I(d3#85(s=3) 1 Fby-gs(s-3)) | 9
(1.2.4) H(x) =@ (x) = 21%1] {Tr == H ) sas, N
L

I'(cj-yj (s-a)) II I‘(aji-a (s=%))

which are aAgeneralization of Meijer's G-function have. recently occuéied'
the attention of several authors. Under suitable conditions on the
parameters involved, they have been proved to be a pailr of unsymmetrical
Fourier kernels [18, P- 362] . These are the kernels which we wish

to investigate in this thesis.

* TFor the sake of typing convenience the sums zfif(j) and the
| =

p .
products Il G(j) in which the summation or ;he product starts from
! |

‘ P P
J =1 will be denoted by F £(j) and I G(3), respectively.



3. Other Integral Transforms.

There are ‘man}"' other well-kr'@wn iﬁtégfal tranéforin# whose
kernels are not Fourier type'. Wev shall give a shoft list of them
and their inversion formulaé.

1. Laplace transform
g(s) '=_r e St (o) dt ,
o

with the inversion formula given by [28, P-. 65]‘ )

1 ctix N ,
-1 s : .
£(t) = 53 Jc—ioo e""g(s) ds, t>0

2. Mellin transform

£(s) = r t57! F(e) de ,

o

with the inversion formula given by [25, p. 46]

1 IO’+1°° ‘
. F(t) = — t™S £(s) ds .
L2 e

3. Meijer transform

g(s) "j%_r /ﬁKv(st) £(t) dt ,
o . _ ‘

where K (t) 'is Macdonald's function 27, p. 78] . 1Its inversion
formula takes the form [3, p. 75]

£(t) 75 é_i;zf 5 Vts Iv(ts)' g(s) ds .

4. Exponential (complex) Fourier transform

g(u) —r elUt £(¢) ae



with the inversion formula given by [10 s Do 16]

L1 —dtu
£{L) = o e g(u) du .

<

5. Kontorovich—Lébedev transform

\ g(x) = | K, _(x) £(1) dt , | |
Jo

where Kv(x) is Macdonald's function. Its inversion formula takes

the fomm [3, p. 79]

2 Kit(x)
(1) = -z T sinh 7F ¢ - g(x) dx .
6. Hilbert t¥ansform
- =+ . ] . < .
where f ‘denotes a principal value at t =x, Its inversion
el

formula takes the form [25, p. 120]

£t — - F :
x-t

4. A Necessary Condition for Two Functions to be a Pair of Fourier

Kernels.
Before recording the inversion theorems appropriate to the
kernels K(xy) and H(xy) we shall establish heuristically a

necessary condition for a given pair of function to be Fourier kernels.



Let K(x) and H(x) be a pair of unsymmetrical Fourier

kernels, i.e., if

(1.4.1) . G(x) = r R(xy) F(y) dy ,

o _
then _
(1.4.2) F(x) = rH(xy) G(y) dy .

0

Let k(s), h(s), f(s) and g(s) denot’ev the Mellin transform of
K(x), H(x), F(x) and G(x) respectively. Then, multiply both sides
of equation (1.4.1) by xs-l' and integrate over (0, ®).  We

obtain formally

s~1

g(s) - x G(x) dx

|
B T T P

=51 ax r K(xy) F(y) dy
o .

| F(y) dy r «*71 kiyx) ax
o
vy ° F(y) dy r w1 K(w) dw
o
o f(l—s)} k(s).
Similarly, (1.4.2) gives

£(s) = g(1-s) h(s) -

and, i1f we change s into 1 - s 1in one of these equations, and

multiply the corresponding sides, we deduce that

(1.4.3) k(s) h(l-s) =1 .




Thus a hecessary condition for K(x), H(x) to be a pair of
unsymmetrical Fou:ier' kernels is that their Mellin transforms satisfy
- the functional relation (1.4.3). 1In case of symmetrical Fourier

kernel, the relation (1.4.3) reduces to

(1.4.4) k(s) k(l-s) =1 . -

Note also that, if K(x), H(x) are a pair of ﬁnsymmetrical Fourier

kernels, so are the following two pairs
Ya R(ax) and va H(ax) ;
)‘xé(l-'l) K(x)‘) and Axicl_l) H(xl) .

As an example, if we take K(x) = x% Jv(x), it is readily

found [6, p. 326] that

-3 P(2+3veds)
. k) = 277 rENTg

which obviously satisfies the functional equation (1.4;4).

As another example, take

R(x) = o2 B,(x) , H(x) = x% Y, (x) 3

then [6, pp. 335,329]

k(s) = Zs-% ;—%—%};— tan T(3+3v+ds)

and

h(s) = -25-i %I‘(%i»%\)-}%s)l’(%-%v-l-%s)v cos m(E-3v+is) .



Now

k(s) h(l-s) = 25_;ZL I‘Ek:%v:%:; tan Tr(i‘;-b-%v-&‘%s)‘

L | |
x{ ~2°7% L I(@+dv-3s)T(3-dv-1s) cos m(A-dv-3s)}

= - csc W(E+3v+ds) tan w(E+ivids) cos w(E-3v-3s) = 1,
on using the relation [22, P. 21]
(1.4.5) I'(z)T(1-2z) = 7 csec Tz .

- 1)

Take K(x) = u' (x) , H(E) = ch)(x) , Where Hm(x), H‘”(x)
are functions as given on page 5, equations (1.2.3), (1.2.4)
respectively. Then

m p
HP(cj+Yj(s-%)) Hr(ﬁj-aj(s~%))

n

nrqd

k(s) = q
j—aj (S-%)) nr (bj+Bj (5"]'2))
) n q :
. ‘ : Ir(d; +8, (s-3) IT (b, -8, (s-2))
h(s) =7

,III'(cj

1)) T -3
-Yj(S- ) (aj+a3(5~z))

which obviously satisfy the functional equation (1.4.3).

5. Two Inversion Theorems.

| Relation (1.4.3) 1is the formal necessary condition for
K(x) and H(x) to be unsymmetrical Fourier kernels. However, we
need o‘nly assume the existence of the functions k(s) "aﬁd h(s) on

the line O =31 where s =0+iT so that (1.4.3) becomes

(1.5.1) k(3+1iT) h(3-1iT) =1 .



We also assume that k(z+it) and h(3+i1) are both bounded as
Irl >, '

By -
Lig Er £(x,0) dx

(1imit in mean) we denote limit 1n'L2—sense, i.e., a function ¢(0)

such that

iim rl¢(a) —f £(x,0) dx|” do =0 , f

a,b having prescribed values.
Let Kl(x) and Hl(x) be so defined that Kl(x)/x "and:
Hl(x)/x are the Mellin transforms of k(%+it)/(%—ir) and

h(3+41i1)/ (3~1iT) respectively, that is,

T
1 k(3+iT) _-3-it 4
(1.5.2) Kl(x)/x T %.1:2. [-T s T ,
, e 1 , T h@win it
(105.2 ) HI(X)/X ".‘2“: %o oM. -T ?-Tx T )

the integrals being convergent in the mean 'square sense since on 4
account of the boundedness of k(3+iT) and h(3+iT), k(Z+1i1)/ (3-1i1)
and h(3+i1)/(3-1i7) bélong to Lz(dm, »), and hence Kl(x)/x "~ and
Hy (x) /x beiong to LZ(O’ ), _

Theorem 1: [17, p. 272] Let k(3+iT) and h(3+iT) be bounded

functions of T satisfying (1.5.1). -Let Kl(x) and Hl(x) be

defined by (1.5.2) and (1.5.2') and F(x} be any function

‘ belonging to LZ(O’ =), Then the formulae




{1.5.3) o Gu(x) = da_ [~ K, (xu) Ftu) du
. dx Jo 1 _ u

- (1.5.4) G, (x) =L rWH (xu) F(u) ¢
. (.} dx Jo 1 u >

define almost everywhere functions Gx(x) and G,(x) respectively

both belonging to LZ(O, ®). Also the reciﬁrocal formulae

(1.5.5) F(x) = g L H, (xu) Gu(w) S, .
4 [ d
(1.5.6) F(x) = d—x-f: K, (xu) G,(u) u—i :
hold almost everywheire. And further,
(1.5.7) r [F]® dax = er(x) Gy(x) dx.
o (o]

A function k(s) will be said‘to belong to k', k(s) e'k',
if it satisfies the following two conditiohs [12, P 141] .

(1) k(s) 1is regular in a strip o, < o < g,, where
g, <0, 0, > 1, except éossibly for a finite number of simple poles

on the imaginary axis, and

1) ks) = {oB0EIT(e) cos Bom for T ==

[s|2 |
k(s) = {0!.'4-&:-1'0( 1 _y}r(s) cos ism for T = -,
s s|?

wﬁere a, B, a', B',.are complex numbers. Using this notation, we
have

Theorem 2 [16, p. 20] If

| (1) k() k',



(44) n(s) e k',

(111) k(s) and h(s)_ satisfy the functional telat.ion

k(s) h(l-s) — 1 R

(1v) F(y) ¢ Ll(O ©) and is of bounded variation near

y=x (x> 0), then

(1.5.8) fo K(x{x) du Io H(uy) F(y) dy = %{F(x+0-)+F(x-‘O)}

6. Definitions of G- and H-function.

A G-function is written as on the left of (1.6.1) below | Qﬂ

and defined [5, p. 207] by the integral on the right

m n

al, e ana Cl ,»--0, Cp 1 III'(bj-s) Hl"(l-aji-s) s
{(1.6.1} sae = , x- ds
n+p,mt+q | by, bn, 4y, N d-q 2ni q s

P
L IT(1-d +s) Nl (ey-s)

where an empty product is interpreted as unity, m, n, p, q are
nonwnegative integers, parameters a i and b g are such that no'vpole
of I'(bj-s), J=1,2,-+-, m, coincides with any pole of P(l—aj-l-s),
J=1,2,~-, n. Thus ag - bj is not a positive integer. We retain
this assumptions throughout.
| There are three different paths L of integration:.

{1) L runs froﬁl -i® to +i® so that all poles of |
I‘(bj-s), j=1,2,***, m, are to the right, and all the poles of
I‘(l—ak#-s), k=1,2,°**, n, to the left, of L. The integral converges
if p+q9q<m+n and |arg x[ < im(m+n-p~q).

- (14) L 1is a ioop begining and ending at +~ and encircling



all poles of P(bj-s);»j ==1;2,"'{ m,vonce.iﬁ the?négativeLdirection,
but none of the poles of P(l—akfs),»k-€=1,2,"', n.: Theiiﬁtegral . |
converges in. mtq > 1 .énd.either nfp < m+q or n;p ==m+d"'and
xl <1 o |

(141) L is a loép étarting and ending at -~ and
encircling all poles of P(l—ak&s), k #=1,2;?f', n, once iﬁf%hé
positive direction, but none of the poles pf.‘P(bj-s), i =1,2,°"", m.
The integral converges if n#p 2 1 and either n+p > m+q or
n+p =m+q and |x| > 1. |

We shall always assume that the values of the parameters
and of the variable X are such that at least oﬁe of the three
definitions (i), (ii), (4ii) make séﬁse. In cases when more thaﬁ
one of these definitions make sense, they lead to the same result so
that there will be no ambiguity involved [19, p. 145] . The
G-function is an analytic functién of x with a branch point at the
origiﬁ. For more information on G—functién one may refer to

[19, chapter 5] .

A more general function than the G-function is the functidn

known as H-function which is defined by the following equation £9,'p. 408]

: m n
(1.6.2) - H(x) = 2',];’1 gr(bj-rBjS) :’lr(aj—ajé)x-s
L HP(dj—st) HP(cj+Yjs)

ds .

There are similar restrictions on the parameters as in case of
G-functions. Here m, n, p, q are non-negative integers and

parameters a, and b, are such that no pole of F(bj+8 s),

k| h k|




TR :

j=1,2,"*+, m coincides with any pole of I‘(aj js) j =1,2,"" n
The path L of integration is as in case of G—function so that the
poles of r(bj-fgjs), j=1,2,""", m are on one side of L and those.
of r(aj-ajs), § =1,2,°"", n on the other side.

- The H-function reduces to the G-function of. (1.6.1) when
o =1,3=1,2,"",n, B =1, 3=1,2,",m, ¥;=1, 1=1,2,*", p,
Gj =1, J=1,2,""", q; ay is replaced by 1 - 3y 3 =1,2,**°, n,"
and dy is replaced by 1 - dy, j =1,2,-'-,’q and the variable of

integration s 1is replaced by -s.

7. Two Inversion Theorems ‘for Integral Transfoms with H-functions

as Kernels.
The following two theorems with regard to integral
transform with Hu)(x), H‘z’(x) » page 5, as kernels have been proved
{18, pp. 360-366] |
The?rem 3: If
(i) m=-q=mn-p,
>0, j=1,2,"*", p; | B,

(i1) o >0, j=1,2,""", q;‘

j | j
.Y >0, j=1,2,"*°, m; §,>0, §=1,2,***, n,
I g = é |
(1i1) iD=Zyj- Bj=26j-taj>o,
g —gb -=-§d —ga
(iv) cy j i o

) Re(a >0, 3=1,2,""", p; Re(bp >0, 3 =12, as

Re(cj) >0, j =1,2,°**, m; Re(d,) >0, j =1,2,""", n,

k|
(vi) f(x) € Lz(oa *®) ,




-~ 16 - '

then the formulae

(1.7.1) gx—I:Hf)(xu) £) S- g ,
d 1y (2) N d @),
(1.7.2) | &-Eﬂl (xu) £(u) ;‘i=g x) ,

define almost everywhere functions 'g‘l’(x) ‘and g‘”(x). re;pectively

both beionging to LZ(O’ ®). Also the reciprocal formulae

(1.7.3) g-x- . n‘l”(xu) g (u) %‘1= £(x) ,
(1.7.4) | g-;_ o n‘l”(xu)-g‘z’(u) i—‘i=hf(x) ,

hold almost everywhere. And further

(1.7.5) r ]2 ax = rgm(x) g?(x) dx .
o .

(]

Theorem 4: If
- (1) m-q=n-p,
(i11) o

j .
. Yj >0, j=1,2,"**, m; Gj > 0,. §=1,2,""*y, n,

>0, § =1,2,°*", p; Bj >0, J =1,2,"°", q;

m n
ip = - = -
(111) zD‘ ij §Bj PN Eaj>0,.

3

(V) Ze, -3b, =34 -Eaj,

h h| 3
' - B
v) Re(aj) > ;%, j=1,2,""", p; Re(bj) }5%, 3=1,2,""", q;
] 5
(vi) R-e(cj) 2 2D° J=1,2,°°°, m; Re(dj) 2 3D’ j=1,2,***, n,

i) y /D) £y) ¢ 1L (0, @) amd £(y) 1is of bounded



R 17 - :

variation near y=x (x >0), then .

(1.7.6) r B (xu) du r 1% y) £() dy = H{EGx+0) +£(x-0)} .
' o (] , . ‘ .




Chapter II

Asymptotic Expansion

1. The Theorem.

Let

xS ds ,

P
T(Cj+Y1(S-%)) I F(aj-aj(s—%))
2ni q '
s

Sp) e

2.1.1) P (x) = & [
L

@ P(a;+83(s-3)) T T'(by-B4(s-3)

o
(x) = 571

(2.1.2) H xS ds ,

=HEl =D
=g | H.a

Tley-v4(s-2)) P(aj+aj(s-%))“

L
as in sectionvz, chapter I.

Theorem 5. [9, p- 417], [18, p. 367]. Assumptions:
(i) m = g =1 = P,

@D 6y >0, 5=1, b B >0, 1Ly,
>0t B2 ae o

(1i1) %D==?yj-§sj==26j-5aj>g,

(iv) %L“’%cj-gbjwt}:ldj—gaj,

v) x 1is real and positive,




EECEN
(v)  Re(a)) 20, §=1,+¢, p, Re(by) 20,3 =1,-:r, g,
(Vii) Re(Cj) Z%Yj’ J=1,cc2, m, Re(dj)z_%sjsj =1,%°*, n,
(viii) given & >3 + &,

where &, = max(Re(a,)/o,,---, Re(ap) /oy, Re(b,)/B,,-+-, Reiqu.)/Bq),

N denotes the greatest integer less than { D(& - 3) +3/2.}, My

denotes the greatest integer less than { 0 @ - %) - ‘Re(aj)} s

' j=1,--+, p and M:; denotes the greatest integer less than
{ Bj(a) - %) e Re(bj)}’ j = l"", q,

(ixX) m-q=n-p 1is an odd integer.

Conclusions:
L a L () (1-D) / (2D) ¥ -/ Tyr 41 1/D
2.1.3) 8% =ll)(§] §;0 vi (@ sin{JLt3-1-(3) "
M. .
-
+ E x-%-aj/aj (Aj+Bjx 3 +ij ji-' '+ij 3 ]+0(x-w)
and
(1-p)/(20) N -3/D
(2.1.4) B? (%)= i® [vj ® sin{I(L+}-1)- (X)
- -2 j
§ -%-bj/Bj v v By v By By u
+Lx (Aj*Bjx +ij +° +ij )+0(x ) ’
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where
(2.1.5) - B=P
‘m e n 1/D
Yj/D-ﬁ 8,/D Yy 8
. 3 f _
(2.1.6) " -ﬂ by /3 6w 7 M+ ﬂ §; 3
p q Dip q
T ™™ [ 6, m™™ ([ o3 ] 6,
| o Bj/D o B:l
épg. » vjs Vi, j=0.’1’2.’..., N, . _ _\'
Aja ng Cj’...’ Uj’ j= 192.3....9 P
v ' ' * - cee
: A-js -Bj: Cj’ > Uj» ji=1,2, > P»
are constants which depend on the parameters

but

'-aj’ aj’ j=1,2,°*", p, bj’ Bj’ iJ=1,2,:++, q,

cj’ Yjs j=1,2,"*, m, dj’ Gj’ j=1,2,""*, n,

are

are independent of x. The constants vy v;, j=10,1,°"", N,

computed by a method specified in Lemma 5, in Chapter ;;I, and

the

are

1 v L :
constants Aj, Bj, Cj,°°', Uj, Aj,‘Bj,-Cj,'“', Uj, 3 ==1,2,'§', P>

computed by means of residues as specified in section 1, chapter IV.

If m~q=n-p is an even integer (instead of the

condition (ix) above) then in the right hand side of (2.1.3) and

(2.1.4) we must replace sin by cos.

Conditions (vi) and (vii)Aof the theorem enable us to




use (2.1.1) "and (2 1. 2) as the definitions of H“’(x) and H‘”(x):
with the line o -c s where 0 < c < é as ' the contour L of
1ntegration and the integrals will_then converge by.virtue of the;
- condition (v). | | |

‘ a @ - R -

Since H (x) and H (x) are quite similar, we will
obtain tho asymptotic gxpansion'for H‘“(x)‘ only. The case of

(2) :
H (x) can be treated in a similar manner. We now write (2.1.1)
. . : R

in the form
, o 1 (W, xS

C(2.1.7) H (%) ’"Er‘fj Q () (@

using the contour ¢ -C just mentioned above and with .

ust

I‘(bj *'Bj (s-i)) '

2.1.8 - qW(s) = S LCes*3(e-8)) Iil'(aj—aj(s-g))
I

I r(dj"ﬁj (S" ))

and B as in (2.1.5).
The proof of this theorem is based on the lemmas oroved in
the following chapter. First we give a brief account of asymptotic

expansion of an analytic function and some of their properties needed

in our work.

2. Asymptotic Expansion of Analytic Functions.

Let £(z2) and géz) be two‘funotions defineﬁ on a set S
in tho complex plane, and let z, be a limit point of S. By a |
néighbourhood_of ‘za, we meao an open disc Iz»- zol~< 8 if z, -is

- at a finite distance from the origin, a region |z| > a‘vif zo is
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the point at infinity. We wxfite. f.?=-"0(g)' if there ei:ists a

_constant A such that [f| <Alg| for all z 1n §. we also

write f = 0(g) | és z — 2z, 1if there exists a constant A and a

neighbourhood U of 2z, such that lf[ f_AlgI for all points iﬁ-

the intersection of U and S; and ¢ ;o(g) as z — z, 1f, for_.'

any positive number €, there exists a neighbourhood U. of 2z, such

that lfl ielgl for all points z of the intersection of U and S.
. It is obvious that

(2.2.1) | 0(£) 0(g) =o0(fg) .

The formal series

(2.2.2) S(2) = goakz-k

is said to be an asymptotic expansion of an analtytic function £(z)

for lzl > R and for a given interval of arg z independent of lzl,

1f for each fixegi n,
{2.2.3) £(z) - Sn(z) =o0(z D as [z2]| = »
where

S = L s

If this is true, we write £(z) S(z). A partial sum, Sn(z), of

this formal series will often be called an asymptotic approximation

to £(z). The coefficients are given successively by =

. . m-lak } / m
- (2.2.4) 2y = lim { £z) - Eo_f = .
| , | 2~

A power series in 1/z that converges for |z| > § satisfies the
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{ ' ‘-v
definition of an asymptotic expansion. For there is an M sﬁch.‘ '

that the remainder after the term 2z™® has an absolute value less

than I—I:I_'-/z-c!$_-_f—' for all valges of arg z.

It may happen that £(z) i1itself has no asymptotic expansion

in the sense of the foregoing definition. We, then, write

(2.2.5) £(2) ~ h(z) + g(=z) Z_E akz-k as sz >
k=0

whenever

(2.2.6) (z;(z)h(z) N k:-:oakz ‘ as |z| » °°..

Asymptotic series are usually divergent, though there is
no reason to insist on this point in the definition.

2.1. Asymptotic expansions are uﬁiquev; that is, if

=2 .-k

£(2) '\azakz : as |z| + =

_ k=0

and

= -k

f(z) '\'Ebkz as lzl -
k=0

in @ < arg z < B, then 2y ==-bk for all k. For the statements .
imply that for any € >0 and for some R and |z| >R in

@ <arg z < 8
n - _ n _
12 e e} b 2 Ms @} < 26
k=0 k=0 -
- that 1is, '

a .
: -k
[22)_ (a,-b )z | < 2¢ ..
= 4Pk =




'f: 24 -

If we make lzl* ® this will be'false for eveny .n ‘un1ess ;1155ak "bk‘
" 2.2. The converse is not‘trne; the same. expansion in a'given |

region may be an asymptotic expansion of several functions provided

their difference £(z) - g(2) satisfy for every n

Jim 2 £ - g()) -0 .

2.3. Asymptotic‘expansions valid in the same sector ean be

multiplied unconditionally. For if

a a,

s § 23

Sn(z) ===a°+z FRY ,
z

b
1 n
Th(2) = bn-l-;—' AARER e
z
are asymptotic approximations respectively of £(z), g(z) for

a < arg z < B, we can choose 2z so that
|20 £(2) - spal . [P g2 - T () }]
are arbitrarily small. Now

Sa(2) T_(2) = cn+%+---+°—3+o(z‘“) = U (2) +o(z™D)
z

where e, =2 oP o*2 b (Fooora b and zn{ £(z) g(z)-U (z)} is the

sum of such terms that tend %o zero as lz] + o for all n. Hence
Un(2) 1is the asymptotic approximation of £(z) g(z).
2.4, Asymptotic approximations can also be divided provided the

divisor contains at least one non~zero coefficient. If

£(2) = a,+-Lieeoe DB g ()48
(2) 0 2 z0 .n n( )*zn.f
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where a, £0, w-> 0 as lzl *“w,'wéjhave for .lzl. large endﬁgh }

- 2
1 .1 w ¢ L

) 5,02 ongzey 22053 (2)

For [z] large enough the terms after the first form.a‘series whose
sum has modulus less than K|wz™™|, where K 1is a constant, and the

first term can be expanded in a convergent series if . z is such that

-k
> S .
[aol ‘ 1akz ‘

Stopping at z ™™ then gives an erroft,O(z'h-l).

If a, =0 we need only consider, instead of £(z), sz(z),
where a3, 1s the first non-zero coefficient.

Then if g(z) has an asymptotic expansion the product of those
of g(z) and 1/£(z) gives that of g(2z)/f(=2).

2.5. An asymptotic expansion can be integrated term-by-term
unconditionéliy. For any positive ¢ > 0, take R so that for

@<arg z<B, |z[] >R, £(z) is analytic, and
|£¢z) - S,(2)| < g|z"?|

Since any 2z _, z, in the sector can be connected by a path of

1

constant arg z followed by one of constant lzl. So

Z2 22 Z2 |
{£(2)-Sy(2) }dz =| {£(z)~S_(2) }dz + {£(2)-5,(2) } az ,
z2, z, z;

where the path of integration from z, to z; is arg z == constant

and the path of integration from z; to z, is [zl = constant.



" But

3 ofl=l L
, { £ sy} dz| < [ [£(2)-5(2) | az -
% 2] |

f_r lf(z)-sn(z)l dz f.[ ,e—ndr
[z, ] J|7 ] F

) €

@1z, [" -

and on a path of constant lz] of length L(< 2| z])

Z; Z, _ .
”  { £(2)-5,(2)} daz 5[ JE2) -5 ()] dz <1 —E_ o 27

n— -
112y Z, lzzl lzzln !
It follows that

- 22
, [ { f(z)-Sn(z)} dz]| < Ke
, z,

T {mtn(|z, ], ]z, *7

where K is a constant, i.e.,

= d log 22+ & %p [ 1 =)

- £(z) dz - {a‘.o(z.‘,--zl)-o-al og 2z + E (p_]_)l P-1 P-IJH.

z, ' = E -

< ' Ke .
'{min(lzll,lzzl)}n-l




Chapter TIIX

Lemmas N

1. .In this chapter, we develop a few lemmas some of which are analogous to

results of Fox [9, pp. 418-424]. The results will be used in the next chapter.

1.1. Lemma 1. (The asymptotic expansion of the gamma function

[29, p. 278] ) For large |[s|, largs| <7 -6, 6§ >0 we have
(3.1.1) I'(s+a) = Feexp{(s+a-%) log s-s} ,

where

(3.1.2) F = A}Bs_1+Cs-21;° “+Rs-r+O(|s|-r-%) s

the constants A, B, C,**+, R being all independent of s. It is

important to note that A % 0; in the present case A= (Zﬂ)é.

Any expression, such as F of (3.1.2), starting with a coﬁstant;
not equal to zero, and continuing with negative powers of s until
an algebraical order term is reached, will be referred to as a

function of type F. , : i

1.2. Lemma 2. ( The first amalgamation lemma ) A A group of finite

number of functions of type F which are combined by multiplication

and division can be amalgamated into ome function of type F.

The lemma is obvious for the case Qf multiplication. It is also

obvious in the case of division since the constant term of the F
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type function in the'denominator does netvvanisni;?'- S I L

1.3. Lemma 3. (The second amalgamation lemma ) Let s =.U+1T,

O and T real. Then for fixed o and large positive or negative T -

sin n(dj-Gj(s-%)) {sin 2n(L-D(s-z))}{ll+O(e'c'T')}

n
i
(3.1.3) p
I sin w(aj-aj(s—é)) {cos éﬂ(L-D(s-%))}{lz+0(e C'T')}

where ¢ == 27 min(§y,.-- .Gn’ Qrr***, O ), the upper expression on

the right side of (3.1.3) " is to be used when n-op is an odd

integer and the lower expression when n - p is an even integer.

Also A; = (21)P” ntt and A; = 2(21)P™0, porh being real.

Write s ==6+ir- For large positive T, we have

(3.1.4) sin M(dy-85(s-2)) = ;—i{exp(iﬂ(dj—éj (S'-%)))}{1-.-.exp(-211r(dj-6j (s=1)))} Q

~ Zrlexp(in(ds-84(s-5)) H140(e Ty}

‘%ﬁwﬁﬂ%ﬁﬂ&ﬁnnuwfﬂﬂn; T >0,
and for large negative T we have
(3.1.5) sin ﬂ(dj- j(s-%))‘= -;i{exp(-iﬂ(dj—ﬁj(s—%)))}{l—exn(Ziﬂ(dj-éj(s-%)))}a

_--%I{exp(-iw(dj-dj(s_%)))}{1+0(ecr)}

.-zT{exn( fw(dj-dj(s-%)))}{1+0(e'°'r')}, T <0.

Ry =

There are corresponding formulae for sin ﬂ(aj-aj(s-%))-
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First, consider the case for largé positive “Te Writiﬁg .

(3.1.6) A=

and using (3.1.4), we have

n,l | |
NG exp{im(d;~6,(s~3))}
(3.1.7) A = o2 CXPUT(d4-8,(s-1))

= {14+0¢e"¢ "T_')} ;
H(%{)exp{i'n'(aj—aj (s-3))} :

- (;’i) n-=p {exp (i‘lr(gdj—gaj.-(s-%) (IerGj'-Saj))) }H1+0 (e_cm)}

=GP lexpan(3L-dn(s-1)) Hisoe ™ ™)} |

by (iii) and (iv) of the Theorem. When n - P 1s an odd integer,
(3.1.7) finally reduces to
p-n+1

A= (21) {sin 3m(L-D(s-3)) H1s0¢e !y}
= {sin 37 (L-D(s-3))}{r,+0(e" € l'rl)} 3

and when n - p is an even integer, (3.1.7) becomes

A= 2(21) p-n{cos 37(L-D(s-3)) }{1+0 (e—c Itl )}
= {cos 3m(L-D(s-%)) Haz40 1Ty} .

Secondly, for large negative T, by using (3.1.5)

: ' (- 1m(d 48 (s~ -
.18 A= B3 fexp (-m(d -5, (s-1))) (10"

fiC- 1){exp<-1w<aj-aj<s-%>>)}




,‘ ; 30‘5H

. 1 n= 5 . ‘ .
= '2'I)n p{exp(—in({"d j-gaj-(s—%) (;}6 j'—'ga j))) }H1+0(e™¢ 'T:')} _

- - %Pn-p{exp (-in(%L—%D(s-é))) }H140(e=CiTyy} |

.

In case of n - p is an odd integer, (3.1.8) reduces to

A= (20) P i(gyy én(L-D(s-%))}{1+6(e'°',T')} -{..'

= {sin 3n(L-D(s-3)) HA+0Ce™¢!Thy} ;.
and wvhen n - p 1s an even integer, (3‘1'8), simplifies to

A= 2(21) p-n{COS in (L-D (S"%)) }{l+0(e-c 1Tt )}

= {cos 3m(L-D(s-3)) }{r,#0(e~S'T!y} ,

1.4. Lemma 4. (The asymptotic expansion’fo: Q‘n(s) of (2.1.8))

If s =01, 0 1is fixed and T 'is large and either positive or

negative then . T

: éé‘énr(ns){sin ET(L-D(s-3))}F, n - p odd,
(3.1.9) QW) = 4 4o - ~ :
s* 2°T(Ds) {cos in(L-D(s-3))}F, n - p even,

where F 1is a function of type F defined in Lemma 1.
Applying the identity (1.4.5) to each of the gamma functions

on the right of (2.1.8) whose argument involves s with a negative

coefficient, we get

nr(cijj (s~3)) I'[I‘(l-d 185 (s-3))

QW (s) = 7P Au4-sD .

I[r(bj+8j (S-Z)) nr(l—ajmj (3-2))

where A is given by (3.1.6). So by Lemma 3,



T T s et et T L L e s e

-~

III' (Cj'ij (S'%)) I[I'(l-dj+Gj (S-

(3.1.19) QW (s)= by, ‘SD{sin gw(L-ncs-é))}{aﬁo(e e
| HP(b +sj(s-§)) nr(l-aj j(s—%)) SRE e

-when n - p  1is odd. By applying Lennna 1 and Lemma 2, we get .

T (v (-1)) n{exp< (cy-Byy+vs-b) 1°8YjS‘YjS) )

q Eo
Hr(bj+ﬁj (s-2)) H{exp((b '%Bj-I'BjS %) 1083j -Bjs):

- F exp{(Zc gb +(s 1) (Zyj—gB )-3(m-q)) log s s():yj-§8 Y} o
x eXP{g((cj an -3) log Yj+YjS log Yj)+§((i -b +éB ) 1og Bj Bjs log B )}

=~ Flexp((3L+3D(s-3) -} (n-q)) log s-%nsﬂ{exp<s<27j log Yj-'-gsj log BN}, ‘

where F is a function of type F ' defined in Lemma 1, and s"imilarl‘y{

n
Il (1-d4+84(s~-3))

P ‘
nr(l-aj+aj(s-5))
= Flexp((3(n-p)-31+1D(s-1)) log s-3Ds) Hexp(s(Es 4 log &, R 5 1og ) )} .

If F is of type F, Lemma 1, o is finite and [t| is large,
then {A;40(e™¢'T)}F or {A,40(e”C 'TI)}F amalgamates into a function

of type F. Therefore in case n - p 1s odd, (3.1.10) reduces to -
QM (s) = Flexp(D(s-3) log s-Ds) }(uD)SPu~sP gin im(L-D(s-2))
on using (2.1.6) of the Theorem. Hence

Q¥(s) - Flexp(Ds log s-Ds-3D log s) 108D sin 3m(L-D(s-3))
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= F{exp((Ds-3) 1log g-Ds) }{exp((é-%nj log s)}ngn'%né sin-‘ in(L—D(s;%)) |
F s’*“%n{exp((ns-z) log s-Ds)}{exp((Ds—é) log n)} sin é‘n(L-D(s-z))

= Flexp((Ds-3) log Ds-Ds) }1s3-20 o4 3m(L-D(s-3))

.a.si"énrcns) {s:ln Ir(L-p(s-iN¥F 00 L e

if n - p 1is odd integer. Similarlsv L

Q¥ (s) = s280r(pg) {cos m(L-D(s-3))}F

when n - p is even integer. This completes® the proof of this lemma.

1.5. Lemma 5: Let s =jc+it, where o 1is fixed and T may

be_large and either positive or negative. Then we can choose N + 1

constants vj, j =-0;1,~'~, N, which are independent of s such that

sin
3.1.11) 9M¢s) - %n(L-D(s-%))Z: I‘(Ds-j+1 in) —O(ISIM-N—% %D)

cos

where on the left hand side we read sin or cos according as n - p’

is odd or even.

To prove this we first note that from Lemma 1 we have
I'(Ds-j+%-3D) =-{exp(<Ds-j—%D) log Ds-Ds)}Fj
= {exp((Ds-3) log Ds-Ds)}{exp((%-%b—j) log-Ds)}f3
3§

si-éD{exp((Ds-i) log Ds-Ds)}s™d F

- since any'cohstant multiple of a function of type F 1is a function

of type F. Denote the left hand side of (3.1.11) by- R(s), then
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by Lemma 4

(3.1.12) R(s) =s5’5n{exp((ns-%)1og bs-'Ds)} %n(L-n(s-z)){F- Z Vss  F, }

N

' :l
where in using (3 1.9) we have replaced I‘(Ds) by its 'asymptotic
e}xpansion (3.1.1). The tems F and Fj’ J =0,1,00-, N, are,'
functions of type F defined in Lvemma 1. Each starts w-ith a constant
not equal zero and continues through negative powers of S _until an
order term is reached. In the case of F the coefficients of the

various negative powers of s depend upon a a., j=1,2,°-, p,

52
bj’ Bj,j=1,2,"', q, j’ » J=1,2,"**, m, and dj’ Gj,j 1,2,°*, n,
only and are independent of s. For - Fj’ i ==0,1,"-‘, N, these
coefficients depend upon D and j only. These coefficients are ' “
therefore also independent of s.

Consider now the expression {F - Z j -3 Fj}' We start by
assuming that each of the F type funcg:(o)ns terminates with the same -
order term, i.e., O(ISI-N.%)- We can now choose the constants -Vj’
j=0,1,""", N, successively so that the constant term and the
coefficients of 's-j, j=0,1,"*, N, all vanish. Evidently we have
N + 1 equations for the \)j, J=0,1,"*, N. It is also evident

that these v 3

j.1,2,°'.., P> j’ Bj’ h | =1,2,°", q, cja Yj’ h | =1,2,°", m, and

computed in this manner, will depend upon aj, o,

dj’ 61, J=1,2,***, n only and will be independent of s. The constants

can be computed successively since on equating the first term of

{F - E Fj } to zero we obtain an équat:ion involving Vo only,
on equating the coefficients of sm1 to zero we _obtairiv an equation
-1

involving v, and V1 and so on for higher powers of s . So that we

have, for large [s] ’
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(3.1.13) | CF-) \)js-j F, = 0(|sl’N‘%).
| =0 J ,

This is the method of computation fdr the constants Vv s J=0,1,¢°, N,

b
prescribed in the statement of the Theorem 5. -

We now turn to the other factors of R(s). On writingﬂ_s = g+iT,

with o fixed and large |t|, we claim that

(3.1.14)  {exp((Ds-2%) log ns-ns)}s-in in(L-D(s-3)) = oclsln"‘%).
cos S
For
exp((Ds-3) log Ds-Ds) = Eexp((Ds—%) log. Ds)‘}exp(-Ds)
= e Ds(pg)Ds—3 e—D(G#if) (Ds)D(o+iT) -3
- e DO-1DT (1, \DO~% o o (4DT Llog(Do+1DT))
- e"D9(pg)Do-2 egp(mruog p/oZ+t% -1)-Dt tan~! 'g )
| - e-m(DSSDG-é exp(iDT(log DVGZ+1Z 41)-Dlrl(%n+0(]%;l—5)

=-0(]s|D°'% exp (-3mD|T[)) ;

and

(3.1.15) sin 3m(L-D(s-3)) = %«[exp(%ﬁ(uén-no)+§1m-r)-exp(-%ﬁ(m%n-no)-%nm)} |
~ o¢ed™I7ly;

and

(3.1.15") cos Im(L-D(s-1)) = 0(e2™I )

Hence our claim (3.1.14) is established in view of‘ (2.2.1). So by



using  (3.1.13) and ’(3.1.14), (3.1.12) reduces to
R = o*H 0| Wdy (g P94y _ o) po-u-intn,

again by virtue of (2.2.1). Thus the proof of this lemma is complete.

1.6, Let

N ‘ s
(3.1.16) 1, =5 f @7 (s) - I v, I(Ds-3+3-3D) siq In-p(s-11P as
) ) jé N » .
when n - p is odd and

<3;1'16') I, = 5 {Q‘ﬂ(s) - X%:V F(Ds-3j+32-3D) cos %W(L*D(s-l))}(§3"s ds
2 2l ) j=0 j 2 2 B

when n - p is even. The path of integration of I, and 'Iz is
the straight line 0=, & > %+G°, 50 being defined as in (viii) of

the Theorem 5.

Lemma 6: If constants vj, j=0,1,-+., N, are chosen

so _that (3.1.11) is valid, and a positive integer N 1s chosen so

that
(3.1.17) -D(@-3)+N+% > 1,
then

(3‘1.18) I, = ocx'a") . I, = O(X_E’),.

By Lemma 5, we conclude that the modulus of the integrand of

- ~- - —l -~
either I, or I, is O(ISID(m H-n %) (x/B) Y. Hence, by (3.1.17),
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as a 'fuﬁction of .s | eivthérlof these inf:égrands‘ is O(IZQI-i-.e)' t;rhéré_'"i' |
€ > 0 and so both integrals are absolu‘t'el.yv’convergent. Conse}q"ué‘ntlyfi. f
considered as a function of x, each integral must be O(x—m). This -
completes the proof of this '1e'mm‘al. |

1.7. The straight line 0 = divides the circle vwhose center
is the origin and whose radius is o into two ares. Denoting -thev
ai:c on the left of 0 =8 by L, let - ' -

1)

N ’ . . 3 ) .
(3.1.19) J, = 2—11r1' I {7 () - govjr(ns-pé-én) sin 37(L-D(s-3)) }(x/B)~® ds

L

when n - p dis odd, and

(3.1.19')‘ J, = 51-1[—{ [{Qm

N v o
(s) - 1 V;T(Ds-j+3-2D) cos 4m(L-D(s-3))}(x/B) ™S as .
I =0 -

when n - P is even.
Lerma 7: gg31=0, %_:I’.g.lzﬂo. | |
We assume that as p + @ the arc L avoids crossing any poies o
' of either of the..integrands of J , and J ,+ This is always possible
because all these poles are simpie and isolated.
Let (p, 8), -T < 6 < 7, be the polar coordinates of any point
on the arc L. On writing s = pei.e in the asyinptotic expansion of

T(sta), (3.1.1), it follows that for [8] < m-8, § > 0, |8] +§

I(s+a) = {exp((s+a-3) 1log s -s)}F _

= {exp((p cos 6+ip sin B+a-3) (log p+i8)-p cos 8-1p sin 0) }F
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= exp{(p cos 6+ Refa)—%) log p-6(p sin e#v Imia))—p’cbgié}

x exp{1(8(p cos 0+ Re(a)-3)+(p sin 6+ Im(a)) log p-p sin O)}F .
Therefore the dominant factor for thisicaée'is

exp(p cos 0 log p) . -

The case |[6-m| < § < /2 can be settled easily as follows.- By (1.4.5)

T csc T(s+a) . T csc T(s+a)
I(s+a) = I'(i-s-a) "T(1+u-a)

16 1( 6-1r)

where u = -g = -pe”" = = De 19 - so that |$] =='|6-1r| < Tr;ﬁ.

Then

I'(sta) = F = | — x T —

exp((pelP-atd) (Log pri)-pelt) ﬁ{exp‘“(S“a’>‘e"P““<s+a’)}

Therefore the dominant factor in [I'(s+a) in this case is

1 ' 1
.exp(p cos ¢ log p+mp|sin 6]) S-exp(p cos ¢ log p)

= exp(-p cos ¢ log p) = exp(p cos O log p) .
Thus the dominant factor in T(s+a) 1is
(3.1.20) exp(p cos 0 log p) ~T<8 f.n and |9]=# n/2.

On applying this result to the various térms of the'integrands

of J, and J,, the dominant factor of Qn'(s) can be found out as

m ,
n exp(Yjp cos O loo(Yjp)) R exp(ajp cos (0-7) log(ajp))

(3.1.21)
n

I exp(Gjp cos(6-m) 1og(6jp)) H exp(ij cos O log(ij))

-=exp{Dp(1og p+log Du) cos 6}, |
which behaves like exp(Dp log pcos 0) as p+w, w> |6] Fn/2, since



log Du is negligible compared to 1og ‘0 as’ p + °°' and the dominant factor of

I‘(Ds-j—é—%n)zgg én(L—D(s-—%)) is exp(Dp cos e log p) lel+ 11/2. Note

.also that 4w is negligible in comparison wit:h cos 9 ].og Dp when p el
Since (x/B)”S = exp(-s log(x/B)) = O(exp(-p cos 9 log(x/B))), the

dominant factors of the integrands of J, and J, are

‘(exp(Dp cos 6 log p))O(exp(-p cos O log(x/B)))  -' N

= 0(exp(p cos 6 (D log p~- log(x/B)))) = O(exp(Dp cos 6 log p)) le| + Z,f- o

We now break the path L into three parts - ]

(1) E’x’ the upper arc of the circle |s| =p which lies
between O =@ and © = 0y4s where Oy <0 and Do, < -1

(i1) Lz, the arc of the circle |s| = p which lies to the |

left of ¢ =043

(iii) [‘3’ the lower arc of the circle |s| =p which lies
between 0 =& and 0 =o0,.

Now

| I | ==I O0(exp(Dp cos 6 log p)) ds i[ O(exp Do, log p) ds
L 'L | | L -

2

DO', +1) 0 as pen .

-O(pnco [ ds) = 0(p
L

2

On the path [’1’ the modulus of the integrand of the integral J y 1s
D(o~-3%)-N- - )
0P34y /gy cos 8

where Oq Sd f.ﬁ'), by chosing the constants -\Jj', j=0,1,°°, N, in’
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such the way that Lemma 5 is valid. Hence the order of the ihtégran& .

of J is

1

ocp"“?"%"“"%).(x/e)‘vp s 9,
and this cannot. exceed . ‘ -
0¢p~1) (x/p) =P cos 8
in view of the inequality (3.1.17). Since
(x/m"p cos 8 o max{(x/B)-%; (x/B);} =0Q1) .

We have

| I ]-=I O(p;l)O(l) ds = O(p—l) f ds == 0(9-1) + 0 as p >,
L g 4 |

Similarly ]f_c_a | 0 as p+ =, 1.e.,

lim J, = 0.
oo

Similarly we can prove 1lim J, = 0. Tunis completes the proof of
P

this lemma,

1.8. Lemma 8: The contour L of the integral Huv’(x), .(2,1.1),-

may be closed by a semicircle whose certre is the origin and radius P

on the left of the contour L as p + =,

Let the semicircle L be made up of
(1) Ll, the upper arc between 0 =0', where 0 < g' < %2 and

<G=0°, where O <0 and Do’o<-l;

(11) Lz’ the arc which lies to the left of 0 = O3
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(1i1) L, the lower arc which lies between O = 0' and =g

- Onpaths £ and La |o] <1r-6 5 >0 and
for large |s], by Lemma 1, page 27, :

Let s = pe’"e

Tlegry (-1 = F exp((e by, (s-1)-1) log Y9,

where F 1is a function of type F, defined in ‘Lemma 1, o
Il"(c +Y (s-%))l = F exP((cj —é‘{j-i-yjp cos 6)1log p-‘gpe sin ‘G-Yip(l-log :,'YJ)CO?; 0).

Since vy jp(l-log Yj)cos 8 1is negligible compared to

(Y50 cos 8)log p
as. p > .

=3 = . -
ll‘(cj-wj(s 2))[ F exp((c:I 3 z‘yj-l»'yjp cos 8) 1og P ‘Yjpe sin 0).

Applying relation (1.4.5) to each of the gamma functions whose

argument involves s with a negative coefficient, Lemma 3 and

(3.1;15) we get

HF(cj+YJ(s—2)) ﬁr(aj-aj(s-l))

"S

Hr(dj—dj(s—z)) Hr(bj+3j(s°z))

= F exp((-%D-t-Dp cos 8) log p-p cos 6 log x-DpH sin 9+%1er]sin 6[).

Let (p, 9') denote the polar coordinates of the point of

intersection of £1 and the straight line 0 =0'. On the path L L

~Dp8 sin 0+imDp|sin 6] = Dp(3n-6 ) sin © < Dp(3m-8") < Dpin sin(3n-0")

= 3mDp cos 6' = impo’

by using.relation [21, P- 31]

@ < im sin 6, for 0 <6 < im,
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and
-3D+Dp cos 0 5-}D+Do' =D(c'-3) <0 .
Let _
a = G:é%’_é_c'exp(-c log x) , o
| f | =o( I exp(D(c'-3) log p-o log x+imDo') ds)
L, ) 1
= 0{exp(D(c'-1) log p) f ds |
| L,
! ’
= 0(pP@ -3y 5 as p+o
Similarly

ANELE

3 ‘
Let (p, 8'') denote the polar coordinates of the point of

intersection of [,1 and the straight line 0 = Gy * On the path ‘Cz’

by relation (3.1. 21)

l [ | -=-0{ f exp(Db cos 6 log p-p cos O log x) ds }
2 2 o
= 0(exp(Dp cos 8"’ log p)) 0(p)

= 0(exp((Dp cos 8"' +1) log p)) + O a p*o

since on the path L » Dp cos 6” +1 == D0’°+l < 0. Thus
2
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1.9, ‘Lemma 9: Foi: any © Vsuch that 8] is finite , .

&( 1)k sincéwr(mk)) — sin <%-n¢ -8)

had k | o §
&(—l)k =+ cos(3 'n'(¢+k)) = cos .‘(%'l_rcb -8) .

Let | . ) -
c.=)‘:<-1)k cos<%n<¢+k)) s T

E ':Eo(-l)k sin( T(p+k)) .

[ocd
Since the series e /k! converges zbs tely for aii finite |8],

© k
so the series go(—l)k -.L, zgtsl (é‘lr((b-i-k)) are ;:onvergent:. 'l‘h.e‘refore

K
CHiS = EO( 1)k 0% (e

M1 ot

- exP(i(éTrd’-e))
= cos(3m¢-6) +1i sin(inp-0).

Equating real and imaginary parts from the two sides of this equation

we get the results.




Chag ter IV ' .

Proof of the Main Theorem o a4

1. Proof of Theorem S.

We can now fingd [9, pp. 426-428] the asymptotic expansion of H‘”(x) and

) ~ . e

'H (x) with the prescribed error term 0(x™). We shall assume that g >4 +@, «
The proof is based on two integrals I, and Ié; pPage 35, one dealing

with the case when 0 =P 1s odd and the other when n -'p ié‘even.“5

discuss the case when n - p ig odd. The integral we have to

investigate is then

4.1.1) 1, - L1 [ _{a%¢s) —jgoij(Ds-j-l- 1D sin dn(-n(a-2)) hx/py=® ao
=0 :

where Q“’(s) is defined in (2.1.8), page 21. -

We assume temporarily that the path of integration does not cross
any pole of the integrand of Il.' Since @ > %+ﬁ° this means that
o+ %+(Re(aj)4-k)/aj, j= 1,2,"“,p, -k ==-‘04,2I.,2,-'-- » and also
o %"{j-k-g(l-n)}/n,’j =0,1,"*", N, k=0,1,2,""". We 'shall prove.at
the end of this section that this restriction is .unessentiai. |

Given @ we now choose N to be ‘the greatest integer less than
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{D(@-3)+3/2}, so that we have

(4.1.2) 1 < -D(@-3)+N+3 < 2.
The left hand inequalit& of (4.1.2) is the same as the inequality
(3.1.17), Lemma'ﬁ, and therefore the constants Vv

3

can be chosen in such a way that (3.1.11) 1s valid. Hence according

, 3 =0,1,5++, N,
to Lemma 6, page 35, we have I, = O(X-m). \

From.Lemma 7,' page 36, we know that the straight line path
0= of (4.1.1) can be coinpleted to a closed contour by means of
an arc of the circle |s| =p on the left of 0 =0, whose radius '
tends to infinity. Hence I, is also equé.l to the sum of ‘all the
residues of the integrand of (4.1.1) 1lying to the left of the line
0 = ®. Hence the sum of all residues of (4.1.1) due to the pdle.s of
the integrand on the left of 0 =0 is O(x-a’). |

We now proceed to.compute all these residues. It will be
convenient to divide these residues into three groups.

.Group l contains Iall the residues of Qm(s) (x/B)~S. which arise } |
from the poles of I'(cj-b'yj(s_—%)), j=1,2,"*, m. All these poies
are to the left of 0 =10 > 1+%, by condition (vii) of the Théorem 5.
Evidently these residues ‘are the same as those of the integral in
(2.1.7) which defines I-Im (x). Hence the sum of the residues; in
this group is H(u (x). | |

.Group 2 contains all the residues of Q" (s) (x/B)~S which arise
from those poles of I'(aj—aj(s-%)), j=1,2,°, p, lying to the,left
of O = . According to condition (vi} of the Theorem 5 all these
poles lie .to the right of the line o =3} so that all the poles of

this group lie between 0 =3 and o = Q.
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Let Mj denote the greatest integer less than {a (w—z)-Re(aj)}

j ==1,2,**, p, then the poles of this group are at ‘g = %4-(a._‘+k)/cx:l

where k = 0,1, 5°° % Mj and j =1,2,°+, p. The sum of all residues

of this group is then

M

lim Px/e)S

=1 k=0 s-%«i;(aj-fk) /aj

TH'( +Y(-%)) IH'( -a;(s-3)) .
fo-t-tepur oy} TATE ey D) e
HI‘(dj-Gj(s-%)) III‘(b +Bj(s-%))

-%- / -1/ -2 M,
(4.1.3) = - ix B-a {A +B X -§j+cjx /ajf-----l-ij ./aj}

where Aj’ Bj’ Cis*°e, j are respectively the residues of —Qw (s)Bs

at the poles s — é+‘(aj+k)/aj, k=0,1,**, ¥;. Since Q™ (s) is

a ratio of products of gamma functions, these residues can easily be

obtained. The expression (4.1.3) gives us all the algebraic terms
193/ )

of the asymptotic expansion of H' (x) in the Theorem.S.-

Group 3 contains all the residues‘of
(4.1.4) -{[ v;T(Ds-3+3(1-D)) sin é‘tr(L-D(s-z))}(x/B) s
arising from the poles of this expression which. lie to the left of
the line o =&. All the poles of (4.1.4) are simple and isolated
and occur when s = (j-%(1-D)-k)/D, .where j=0,1,*, N and
k =0,1,2,°** . The pole at the extreme right to this set of points

occurs when Jj =N and k =0, that is, at s = (N~-3(1-D))/D. But

by the left hand inequality of (4.1.2) we know that
(4.1.5) s = (N-3(1-D))/D> % .

. Hence this pole is outside the contour. The pole immediately on the

left of (4.1.5) occur when j =N and k=1 or when - j.‘"== N-1
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and k = 0. This pole is therefore at s ==(N-é(1—D)-1)/D <® by

the right hand inequality of . (4 1.2). Consequently, of all the poles o

of (4.1.4) one is to the right of the line o =0 'and so 1is outside

our contour while all the others are inside the contour. _ |
The residue due to the pole (4.1.5) which is outside the-

contour, is a constant.multiple of .x"s, where .Re(s) >~5.'!. Hence

this residue is not larger than O(x—ES, so that 1f this residue is

added. to the others we ehall only 1hc1ude a term which is of an order

not greater than the error term we were ailowed in the Theorem 5. |

Thus no harm is done even if we do not ignore the contribution of

the pole (4.1.5) to the residue of this group.

We now compute these residues as follows treating all the poles

of (4.1.4) as lying to the left 6f 0 =0 ..

Let R denote the residues at s = (j-3(1-D)-k)/D,

jk
3 ==0‘,1,"", N; k=0,1,2,~°, then

Ry = 1im {s-(3-12-1) /DH~v, T (0s-3+LD) } sin dm(L-D(s-3)) (x/B) S
jk 1 2 3 2 _
 s™(3-3(1-D) k) /D :

By (1.4.5), we have

T .
sin m(Ds-3j+3(1-D))T(%(1+D)+3-Ds)

(Ds-j+%(1-D)) =-

Dk 7
=~ sin w(Ds-j+k+%(1-D))r(2(1+D)+j-Ds)

Hence : , : _ . i

' - ~1)"1 sin im(L-D(s-3))
Ryo= U fe-(3-5Rag/mH- C )" e I
s*(3-3(1-D)-k) /D Sin(m(Ds=3+k+=7 ) )T (—=+1-Ds)
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= ~(-D* gretm (etnGr(-34d) shim | /gy -2 (D 3/D

' fs leqo .\) E _ ‘
=~/ TIRODID 4 gk L ey P et dmciegedeo

-] - .
Let Ry =£0Rjk, j=0,1,°+-, N, then

fs_ _ v ® ‘ P ’.'
R, = ~Ge/ey) IR DIID L = ke L Gy *P sin brciegebn
. lc_—o o *. : - .

{3 1(1- V.,
- —(x/p) "2 (1-D) }/D 5 /oy

sin{3m(L-343)-(x/B)

by Lemma 9. So the residues due to this group is

- =-—l<x/s)%qENv /8~
=1 P §=0 3

P infam-sebr - )
These are all the trigonometri~al terms of the asymptotic expansion
of B (x).

The suﬁ of the residues in ;hese three groupé is, b& Cauchy -
theorem, equal ﬁo the'value of the integral of (4.1.1), and this,
in turn, we know to ﬁe O(x_m) by Lemma 6, page‘3$. This establishes
the aéymptotic expansion of Hu)(x) as given in the Theorem SAfor
the case when n - p 1is an odd integer. The case when n ; p 1is
even integer is dealt with in the same way by considering I2 of
(3.1116'), paée 35, instead of I of (3.1.16).

Suppose now that ® is prescribed in such a way that the path

of integration of I1 does pass through a pole, P say, of the

integrand. 1In this case we must insert a small semicircular indentation
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in the line © = &, with ‘P as _(:'éntxl'e",”énd' drawn so ﬁhaﬁ' P_. is eitt.ze‘z"'b

inside or outside the m_o.d.ified' contoui:'.: ’L‘hén }the _res‘i-duev is a cénst':ant '
multiple of x °, where Re(s) = &. Hence this resicllu:ev is O(x_m)..

Since there are at mosﬁ P nufnber of poles of this kind in .'grdup. 2 and ’

at most N + 1 number of poies of this kind in gr.oulp 3 and hence 1is

equal to O(x-a).' Cdnse‘quently,"the asymptotic expansibns Si:ill remain

true if © takes ei't;her any of the values - {%i-(Re(aj)'-H-:)/aj}, j=1,2,"",p, -
k=0,1,2,""", or any of {j-k-1(1-D)}/D, j —10,1,---,‘ N, i<'4-:'.o',1,2,¥'--. The -
restriction imposed in the beginning ovf f:he proof on the straight line: |

path of integration is therefore unessential. This completes éhe

proof of Theorem 5 for Hm(x). The case of Hm(x),' as pointed out

earlier, is similar.

2. Remark.

The classical Fourier kerne‘ls such as sin x,»cos’ x and :{_%J\)(x)
‘all behave in a very similar manner as x > <. When x 1s complex
they all tend to infinify with exponential rapidity and when x 1is
real they all oscillate finitely as x =+ @ just like cosine x. it
is in fact the behaviour of a function on the real axis which decides
whether or not it is a Fourier kernel.

If we look at equations (2.1.3) and (2.1.4), then, by tﬁe
conditions (:;i) and (vi) of the Theorem 5, the algeb;'aic terms in
the asymptotic expansions of Hm(x) and H‘z’(x) tend to zero as
. X *> o, But the trigonometric terms contain a factor x(l-D)IZD.

Hence, when D < 1, Hm (x) and Hm(x) cannot oscillate finitely,

as x *+ «©, However, if we perform a change of variables
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D D D
x=X , y=%Y , u = ()

the equation (157.6) of Theorem 4‘, page 17, takes the form

r W (xu) du r K (YU) £*(Y) dY = %{f#(x+0)+f* (x-o')'} ,
(o] . °

o

where
K% (x) = B9 cn P 2OV 1y,

(%) = 1] o a2 L& ,

%(p-1)

£5(Y) = Y £(10) .

€2) ,n
x) >

Our main theorem clearly show that the kernels k™ (X) and K
contain algebraic terms which tend to zero as X + =, but_t_ﬁat the

trigonometric terms are of the type
| N
(4.2.1) uD/ Y vjx j{sin im(m-%-j)-x} .
S =07

l;lv:!.dently, the terms in (4.2.1) for j 21 all tend to zero as

X + © but the term corresponding to j =0 oscillates firiitely as
X + ®©, Hence the kernels K™ (X) and K% x) behave much like the
Fourier kernels of classical theory and so much of this theory can

be applied to them.

3. Particular Cases.

vThe‘ importance of HM(x) and H®(x) - as Fourier kernels is

due to their very general yet simple form from which mariy known as’
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well as new kernels can be deduced as special cases. Lé; us consider

a few examples to illustrate this.

(a) : ) |
Wy 1 [ D+dvsd(s-3))T(~2v-3(s-3)) R S s
B0 = o I T (3-3v-2(s-2))T(2+ V“z(S"z)) 45 = 2x ‘\:f_z") P

8% (x) = .1 Ircl-%w%(s-%))r(é+2v+%(s-é)) S ge

oy
Bl | TAHv-3(s-3NT(-Ivid(s-D) * o8 = 2 L,(20)

whe;e ~%_§ v 5’0, Yv(x) denotes the Bessel funétion of the second
kind and .Hb(x) the Struve's function. These unsymmetricai Fourier
kernels are equivalent to the kermels which were studied by Titchmarsh
[24, P. xxxiv] by the fact that, if K(x) and H(k) are a pair of

Fourier kernels, so are the pair a%K(ax) and a%H(ax)

(b} The functions o

B (x) = 1 12(1/8 +(s-3)/4)T(7/8 +(s-1)/4) <S ds-

2 o ~4x
2nL | T(3/8 ~(s-5)/8)T(5/8 —(s- SV ﬁ(gqs Axfsin, bxte ),

@ U ! T(3/8 +(s=3)/4)T(5/8 +(s-3)/4) -5 4o = _2(cos hx+sin bx- -4x
8O = am J F(1/8 ~(-D/MIT(/8 (b /a8 = ggicos fuvsin lx-e 73,
are unsymmetrical Fourier kermels which are equivalent to the kérneis_

obtained by Guinand[:ll, P 192] by the same reasoning as given at.

the end of case (a) . . .
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(c)

q® 2) 1 T3y, +%+%(s-l))'--r( un+é+§(s_§)) S .
(X) =H (X) 2ndi I r(%u1+ -3(s-2)) T3 +§-§(s-é))’:' - %

r(é“l*z‘%(s—%))"'r(zv +3- (s-%))ﬂv‘_s -
* TAv, 4343 <s-l>>---r<zu Taeay * %

m < n, uj >3, 5= -1,2,"',n;

%(n—m) ~V1,°" sV (zn m %),

.oo’un | ) vj Z:-l’. j:_é~l,29...’ m,

which is equivalent to the Kernel given'by Mitra [2-0.’ p.. 700] |

When m = 0, we have

2% 60 = B? () = 1 I r(%ul"'%*'z(s-l))'"I‘(zun+z+z(s-2))
* *) =2n1 | T(hu,+3-3(s-3)) - TG _+3-3(s-3))

'?S

= n/2 . - | ces
=270 2%), ujl;é,j 1,2,°**, n.

This is equivalent to the kernmel studied by Bhatnagar [l, P. 109]

When n = 2, we have

w @y _ 1 I‘(%u+%+%(s-%))l‘(zv+é+ (s-3)) =am
B 6o - 1%00 = b | EEHRERRERREDY T e = By

where W,V 2 -%. This symmetrical Fourier kernel is equivalent to.

the kernel which was stud_ied by Waison [26‘, P 308] .

When n =1, this reduces to

M,y @y L [ TGU+3(s=1)) =S gg = 2 . -
B =T m]m-rrc‘:rﬁ" ds = 268 3,(20)5 v 2 -3

which is equivalent to the kernel of Hankel.
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(d)
. . ) r(l— —— _ __i ‘ » k—lI‘(%”' n+v + S 2)
A% (x) = (z)( )y = 21i s 2k xS ds
. T3+ (_212];)_". (S 2)) lra- n-l-v zl:;)*

= % ’ | : )
= 2kx Jv,k(ka) R -
where J\) k.(x) is defined by Everitt [7, P 271] and k being a
bl : .

positive integer such that k=1, 2>v > -3 or k> 1, v=20

.and V=% only. The functions J, x (x) satisfy certain differential
’ : .
equations of even order, greater than two, and have properties similar

to the Bessel functions. When k=1, Jv k(x) =J, (x).
9’

(e) 1In the following examples, the coefficients of s are not

all equal.
W
1 I I(1/6 +(s-3) /)T R+(s-3) /DT (RE-(s-3)/6) -s ;1
211 | T(1/6 ~(s-5) /3T (A-(s-5) /)T (3+(s-5)/6)
'2' ’5
/ (3/1r) { -(3 /2%)% sin 3% 4 cos[s}; _g']} .
2 23
(10)
[ TGH=DITg ~(s-H/OT(R~(s- /6)T (5 ~(s-2)/6) e
7| T 3-(s-1)T (G5 +(s-3)/6) T (h(s-3) /6)T (35 +{s-3)/6)

V3

= (;'Sn)-% 2e—ﬁx sin(x—+1—r- -cos %
- 12°6 6 |°
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(111)

L ]rcius-é))rc%z- ~(s-3) /6)T (R~ (s-1) /6)T 53 ~(s-1)/6)

2ni | 7 T : : X  ds
TG-(s-1IT (7 +(s-3) /6T GH(s-1)/6)T (35 +(s-3)/6) -
T N w
= (3m) { 2e cosq—z- + 6—) - sin E} . E
These symmetrical kernels are equivalent to the symmetri‘cai Fourier
by ' S 3
-3%/3 : -
kernels (ZIW)%{-e 3x/3 sin :E‘”" cos [x—g]}, (2/’17)2{2e bx/3 sin(’i‘i-g) -cos x},

33 -
(2/7) {2e cos (15‘4-16-[ -sin x} respectively, which were given by
Guinand [11, p. 193] .

(£) Let ¢ =o0,-p,-p,+3 and let p/q. denote the hypergeometric

function defined by Fox [8, P 401] . The functions-r

®, 1 [ Tdesd(e-bIT(®-bedo-ded)) s 4 p b Fr % 2
B 2mi J P(p -5+3 ¢—2(5’2))r(pz‘&+z¢‘z(s-z)) .Qs = ex 1){;{01 Py’ ~X } -
@y, _ 1 [ I +he-+3(s-1)ITCp,+30-R43(s-2)) g
T I T35+ 53G0I (o, o5 (s-0) % 9

- sin(a,- pl)'lr 2p1+¢-1 1t +p

=2 E sin(pz—pl)n' / {1"":"‘9::51; -x2 } ,

PP,

3 Re(q,) > Re(p,+p,), Re(a;) > 3+|p;-p,|, Re(¢) < 0, form kernels

of the spec:lal case p=1 of Fox's Theorem 1 [8, P- 402]

+ The symbol E denotes that to the expression following it a
pl ’pz i
similar expression with p,, P, interchanged is to be added.
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With a, - ,1’. P, = lta, pé == 1+a+i>, we have

100 = _;__I r¢ +a+2v+é<s-l))rcl—a-zv—lcs-1>)
* = oni r(§‘§V‘2(S'f'z))r(é"'z\’-_%(s":z:))

3+204V / 1 o . o .
2 1/ 2 {1+a,1+a+v3 X } > - .

@y — 1 T(3-3vid (s-1))T (B+3v+d(s-2)) - . -
B = an I ff%+a+zv— (s-§)>r(2-a-23+2<§- 3y * 48

= Zx%{cos am J, (2x) + sin om Y (Zx)} - -% < Re(o#v/2) < 3, [Re(V)|< 3.
When o = 0, these formulae reduces to Hm (x) = Hw'(x) =='2x%Jv(‘2x)

and when o = %, they reduce to the case (a).

(g) Let ¢ =-a1+a2-p1-p2-p3+%. The functions#

Hm (x) = xS ds

1 I T(3-3¢+3(s-3))T(a, -E+3¢- %(s-*))r(az-%+§¢-%(s-%))
211 | Tp,E+30-3(s-5))T (p,-5+30-3 (s-5)IT (D53 +30-3(s-1)) ~

2 A G s

plapzapg

1 Tep,-heierd (s-%))r(p2-§+é¢+z(s‘5))r(pg‘%+%¢+2(5-%))”x,s

2)
B () = 371 | T(Z-%¢-% =D (o, -5+501E (s-D))T (o, #F24+E(s-1))

ds

R
1-Pp#P1,1-p4510150;

= o1 sin(a,-p,)7 sin(a,-p, )T 20, £ 1-a, P, ,1-0, 4P,
pl’pz’ps_Sin(pz_pl)“ sin(py=p, )™ 2/ 3

Re(di+¢/2) Z_ 110, i=1,2; 2 Re(gi) Z 1"Re(¢)-9 i= 19233; Re((b) 5. o,

# The symbol E denotes the sum of three terms in which each
pl ’pz’pa
term is obtained from the preceding one by cyclically interchanging

Py Py Py
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form the kernels of the specia]_ case” p =2 of Fox's Theorem 1
[?’ p- 402]
With o =1, a, = 3/2+atv, p, = 1+'g-, | 0, "‘"1"‘3'*\),“-;- '

py = 1l+a+2V, we have

B (x) = L T(Bsvrath(s-3)) T (R-v-a-3(s-3))T(5/4 -3(s-3)) -s o
i | T T(-v-3(s-3)T (-3 (s-INT(Ev-3G-5)  * .

2a+2v ¢ 1 veas3f2 |,
2x ; —x2}
- 24 3 ‘avli,Viati,2viati

and
i@y = L [ _T@-vd(e- 3T @ (s @Ervsds-d) s oo
2ri T(F+vt+a-3(s-2) )T (3-v-a+3(s-3))T(5/4 +3(s-3))
| E—qrix{sin am va(x) = 2 sin{v+a)m J_ (x) + sin(Z\H—é)ﬁ' J\z)(x’)_}cs_cz\)"n"
2 > Re(vba) > 0, |Re(W)|<} .
P P
(h) Take ¢ = 3+f a - P+ The functionms.
) 1 rc%.-%q»%(s-%)).ﬁr?a--é+é¢-%<s—%)> |
B0 = 7o 71 ————— %" ds
B TR | ITYE RV TR 5
’ o ’o.-’ o o )
=2t ][ {1 NV —xz}
PZ/ P+ {P;>» K pp+;
+1
T(pj-2+39+3(s-3)) -
(2)(x) - 211';1 EI-T pj 2¢ S=3 < S ds

T(3-29-%(s-2)) HP(G ‘&+%¢ 1(s-%))



E,n. e T
where the prime- in I' indicates the omission of . ﬁﬁe factor
sin 'lT(ph ph), the asterisk in ){ the omission of the parameter l—ph ph.,
Re(aj+a¢) Z,%, i=1,2,-**, p; Re(20j+¢) > 1 j=1,2, 'f" p+l;
Re(¢$). < 0, form a pair of unsymmetrical Fourier kernels of which one is
a hypergeometric function of the type ][;: +1 while the other is a

combination of p + 1 hypergeometric functions of- t:he same type.v

(1) Let ¢ =a1+a2—p1-pz—p3+%. The functions

. Hw( ) 1 r r(&-2¢+% (s-l))I‘(S/l, ¢—p1+2 (S"z))r(%¢_%+a1 %(S-z)) _sd ‘
pS 2mi ) P(%¢-k+p2 1(s=-3))T (G- %+p3 “1(s-1))T(5/4 1¢_a2+%(s_;)) -3

o[ sin a,m o, 0 3 .
2% ¢f SIB 27 / 1% 2 )
sin p, T 2/ 3\P;,P,,P; ‘ |

 sin(p,-a,)7 2720, }( 1-py+0y ,1-p, 401, 2]
- x { ; -x} ,

sin p,T 312-p1,1-0,+P,51-0, 40,

2@ = L I T (3¢-3+0,+3(s-3) )T (39-2+p,+3 (s-3)IT(5/4 -39-0,-3(s-3)) -5 4

2mi | r(3-3¢-3(s-3))T(5/4 -}d-p,- 2<s-z>)r<1¢-%+a1+%cs-z)>

2 5 sin(a,-p;) T x2°2+¢—1 }[ {l-o-pz-al,l-rpz"az ; _xz}
- ’
0,30, sin(p3-p)™ 1*02‘93’1*92'91392
where Re(3¢ta,) > 3; Re(3d+a,) < 5/4; Re(d) < 0; Re(3d+py) < 13
Re(¢+2p,) > 1; Re($+2p3) > 1, form a pair of unsymmetrical Fourier

kernels.
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