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Abstract

A systematic approach to the free vibration analysis of thin, flat, non-rectangular
quadrilateral plates with combinations of simple and clamped supports is presented.
using the parallelogram piate as an exampie. Modifications that Saliba made for the
right-triangular plate to the building block superposition method developed by Gorman
are implemented. The superposition method is an analytical solution. No simplifications
are made to take advantage of the point symmetry of the parallelogram plate. keeping the
solution general. The whole plate is divided into two right-triangular and one rectangular
segment. Rectangular building blocks are superimposed for each of the segments to meet
the required net boundary conditions and the conditions of continuity along the segment
interfaces. The Lévy-type solution to the eight building blocks used are given, along with
the necessary Fourier expansions and a comprehensive guide to assembling the
cigenvalue matrix. Numerical results for a wide variety of plates are presented. including
numerous mesh and contour plots. Comparison is made to previously published data.
The results for the fully clamped parallelogram plate are supported by experimental
results. Six aluminum plates were tested for the first six resonance frequencies and the
first three mode shapes. Details of the simple, vet highly accurate experimental method

are included.
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1 - Introduction

1. Problem Definition

Thin plates of all shapes and sizes are undoubtedly one of, if not the most common
structural component in engineering applications.  They are found in everything, from
secemingly simple casings to circuit boards to solar pancls. Knowing the static response
of these structural clements is not sufficient to ensure proper, even safe, performance.
The dynamic behaviour of plates must be included in any design project that incorporates
them. The ability to predict the vibration behaviour without testing saves time and
money spent on trial and error approaches. The resonance frequencies have to be known
so that they can be dealt with in one of three ways. They can be avoided in the operation
of the structure using the plate. The plate can be re-designed to withstand the vibration,
or the supports or phvsical properties of the plate can be changed to change its vibration

behaviour.

In the last few years, the finite element method has made the very problem dependent
solution methods to plate vibration obsolete in the eves of the uninitiated. Most other
approximate solutions, in particular the earliest ones, appear to be limited to special
problems. However, these solutions have a place as a check for the finite element
approach. It should not be forgotten that thev are still only approximate in nature.
Particularly in the case of skew plates, they all do not satisfy either the boundary

conditions or the governing differential equation completely.

So far, the building block superposition method is the only analvtical solution to the
problem of thin, flat, quadrilateral plates. Solutions by this method always satisty the
governing differential equation, and all boundary conditions to the desired accuracy.
Each rectangular building block meets this criterion for being an analytical solution to
the rectangular plate. The building block solutions are superimposed to satisfy the net

boundary conditions, and they are positioned adjacent to one another to accommodate
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irregularly shaped plates.  Continuity of displacement. slope. bending moment and

vertical edge reaction are accounted for by building blocks as well.

The special case of the thin, flat parallelogram plates looked at in this work serves as an
example for the general quadrilateral plate with combinations of simple and clamped
supports. ~ With this in mind. no assumptions are made about the symmetry or
antisvmmetry of the mode shapes, something that could be used to reduce the
computational effort. A parallelogram is point svmmetric about the centre point (the
intersection ot the diagonals). For support combinations that are symmetric about the
centre point as well, such as the all simply supported plate, the mode shapes will have

symmetry or antisvmmetry about this centre point.

In addition to demonstrating the application of the building block superposition method
to the isotropic, thin, flat parallelogram plate, experimental results are presented for the
fully clamped case to support the theoretical results.  The brief literature review that
follows shows not only the lack of an exact solution to the problem at hand, but also to

an absence of experimental results.

2. Literature Review

A very detailed review of published work dealing with the vibration of plates, including
thin, flat parallelogram plates, has been done by Leissa [1,2,3.4] up to the vear 1985, The
reader is referred there for a more in-depth guide to the availablic literature up to that
time than can be presented here. Some of this earlier work is highlighted here, before
more recent research is described.  Theoretical and experimental works are dealt with

separately.

2.1 Theory

Two types of solution exist: approximate and analytical. Analytical solutions are the

most desirable. but not always casily attainable. as in the case of parallelogram plates.
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Early solutions especially are highly dependent on the actual shape of the plate. The
difficulty lies in the requirement to satisfy both, the governing differential equation and

all of the boundary conditions exactly.

Approximate Solutions

The approximate methods can be grouped into continuum types like the Rayleigh-Ritz
method. and discrete types like finite element and finite difference methods.  Even
though finite element solutions have become the first choice for many rescarchers with
the ever decreasing cost of computing, Rayleigh-Ritz type approaches are still popular.
The aim there s to lower the upper bound result of the solution. Many authors are also
satistied with the fundamental frequency only, and rhombic plates appear to be the test

subject of choice.

It 1s well known that the Ravleigh-Ritz method yields upper-bounds only.  Kaul and
Cadambe [5] and Pnueih [6] attempted to find lower bounds. In [S]. the upper bounds
for three plate configurations are found by the Rayleigh-Ritz method with a single
product function approximation. Kato's principle 1s used to find the lower bounds.
Durvasula [7} commented that their frequency expressions for skew plates are faulty.
Pnuelli [6] used the membrane analogy for simply supported and clamped plates. among
a variety of other shapes. The resulting algebraic equations depend on the plate arca

only.

Durvasula is one of the more prolific researchers on the vibration of skew plates. In
Reference (8], he applied the Galerkin method, a method of weighted residuals, using a
double series of beam characteristic functions to describe the deflection of the plate. The
functions are in oblique coordinates. They satisfy the boundarv conditions of the
clamped plate at the edges. Resuits for various parallelogram plate dimensions are given.
Nair and Durvasula [7] used a double series of beam characteristic functions with the
Ritz method for a number of clamped and simple support combinations with various

aspect ratios and skew angles. This references includes a verv comprehensive set of



nodal patterns. something lacking in other studies. The effect of the skew angle on the
nodal patterns and the resonance frequencies 1s well tllustrated. Durvasula and Nair [9]
used the partition or subdomain method. It i1s a modified form of areal collocation. They
describe the deflection of the plate with a polvnomial that sausfies the boundary
conditions. The governing differential equation is then satistied as best as possible over
cach of the subdomains. Theyv find the convergence in the cases where they solved the

resulting sct of lincar homogencous equations to be satisfactory.

Mizusawa et al. [10] used B-spline shape tunctions with the Rayleigh-Ritz method. The
B-spline functions do not satistv the boundary conditions on their own, and so the
method of artificial springs is applied to deal with arbitrary boundary conditions. For
cach edge. onc of the three springs corresponds to the displacement and cach of the other
two to the slope in the x- and v-directions. The coefticients of the springs are set to zero
for free edges. and to infinity for clamped edges. The energy contribution is added to the
cquation for the maximum potential energy of the skew plate.  Final results of the

analysis are presented for various plate dimensions and skew angles.

Kuttier and Sigillito {11] turned their attention to finding lower bounds to the resonance
frequencies.  Lincar combinations of trial functions that are not required to satisfy the
boundary conditions are combined and optimized in a Ritz-like manner. Results are
given for the fully symmetric modes of the clamped rhombic plate. The span between

the bounds is quite small, but increases with increasing skew angle.

Nagava's [12] solution is of interest, because the exact differential equation is used. and
the boundary conditions are satisfied by using Fourier expansions to get around the
problem created by the polar coordinates used. However, due to algebraic complications.
integrations in the solution have to be performed numerically. Results given for simply

supported and clamped rhombic and trapezoidal plates are given.



tn

Sakata [13] derived an approximation formula for the natural frequencies of simply
supported orthotropic paraliclogram plates from the natural frequencies of membranes of
the same shape. The solution to the governing differential equation of the membrane is
casier than to that of the plate. The author applies his reduction method to obtain
approximations for the simply supported isotropic skew plate from the clamped  skew

membrane. Results for orthotropic plates are included as well.

Subrahmanyvam and Wah [14] looked at general quadrilateral plates. and gave the
fundamental frequencies of parallelogram plates with various support combinations. The
plate 15 divided along one diagonal into two triangular regions. The differential equation
and the boundary conditions along all four edges are satisfied exactlv. The frequency is

determined by enforcing the continuity condition along the diagonal.

The newer methods, particularly the discrete-clement ones, are increasingly general in
nature, applving to more general shapes, or handling various support conditions or even
frec and forced vibration. Geannakakes [15] uses the finite strip method.  Arbitrarily
shaped plates are mapped into a natural coordinate planc using Serendipity functions.
Results are presented for trapezoidal and rhombic plates, among others.  Katsikadelis
[16.17] applics a static boundary element method to the general problem of free and
forced vibration of plates. No results for skew plates are offered, but the method applies
to any shapc. Matsucla et al.[18] find the fundamental frequencies only for some
combination of clamped and simple support, including a combination of these two

support types along the same edge.

Huang, McGee, Leissa and Kim [19] focus on highly skewed, simply supported rhombic
plates. They reduce the increased error found in most solutions for this tvpe of plate by
taking into account the stress singularities in the obtuse angles. Corner functions are
used in addition to polvnomial shape functions in the Ritz method. The corner functions
are found to improve the convergence of the solution. The results are still upper bounds,

as 1s typical of the Ritz method. They are however consistently lower than the results of



other upper bound solutions.  The authors point to the importance of considering the

stress singularities in both, continuum and discrete-clement based methods.

Liew and Lam [20] uscd the Ravileigh-Ritz method.  The sct of two-dimensional
orthogonal shape functions 1s generated with the Gram-Schmidt orthogonalization
process.  Results are given for various rhombic plates with combinations of simply
supported and clamped edges, as well as cantilevered rhombie plates. They are upper
bounds, and agree well with results obtained by Durvasula and Nair [9] and others. [.ce
and Pon [21] also used a Gram-Schmidt orthogonalization process, but 1o obtain a sct of
orthogonal beam functions. Only the geometric boundary conditions are satistied. Singh
and Chakraverty [22] mapped rectangular and skew plates into a unit square.  The
solution from then on 1s the same for all plates with the same boundary conditions. and
therefore has to be done only once.  Orthogonal polynomials that are uscd in the
Rayleigh-Ritz method satisfy the boundarv conditions. Results are included for a wide
variety of plates with combinations of simply supported, clamped and frec edges. The

paper contains a comprehensive list of references in the field of thin plate vibration.

A different approach to plate vibration has been taken by Wang, Striz and Bert [23].
Their application of the differential quadrature method to the vibration and buckling of
skew plates is similar to a mixed collocation method in that the boundary conditions are
only satisfied point-wise. For a given grid, the weighting coefficients have to be
calculated only once. The results for the simply supported rhombic plate are in good

agreement with those of Gorman [24].

Analytical Solutions

Gorman applied the building block superposition method to fully simply supported and
fully clamped rhombic plates [24] and to the simply supported parailelogram plate [25].
He pioneered the method with rectangular plates [26] and applied it to right triangular
plates as well [27.28]. With the rhombic plate [24], Gorman makes full use of the

symmetry of the plate about both diagonals: only one quarter of the rhombus, that is, one



right triangle. needs to be looked at, but for all four possible combinations of symmetry
and antisvmmetry about the axes. In Reference [25], Gorman uses the point-symmetry of
the plate to simphify the analysis. However, this simplification reduces the applicability
of the solution to more general cases, for example those featuring different boundary
conditions on the various edges. Only half of the plate 1s actuallv analyzed. This half is

segmented into a rectangular and a right triangular part.

Saliba applicd the superposition method to simply supported and fully clamped
svmmetrical trapezoidal plates [29,30,31], as an example for the general quadrilateral
plate. Again. only half of the plate was looked at for the particular cases presented, and
that half was divided into rectangular and right tnangular segments. The solution to the
triangular segment is taken from Gorman [27,28], with two building blocks being rotated

to position the forcing functions along the skew edges, as illustrated in Figure 1-1a.

Saliba simplified the superposition solution for the right triangular plate by enforcing the

boundary conditions along oblique lines within rectangular building blocks that are not

4
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Figure 1-1 Building block combinations for the right triangular plate as used by
a. Gorman [27] and b. Saliba {32]. The lower triangle represents the area of interest.



rotated [32.33]. The simplification is from both a derivation and a computation aspect.
The number of building blocks is reduced, and the rotated building blocks are ¢liminated.
[n fact. only two building blocks along the longer edge, outside of the arca of interest. are
required to enforce the boundary conditions of simple or clamped support along the
hypotenuse. as shown in Figure 1-1b. In [34]. clamped supports are added. To clamp
cither cathesus of the right triangle, a building block with a forced moment along that
edge is added. However. Saliba found that with clamping. two additional building blocks
with forcing functions along the remaining edge outside of the arca of interest was
needed for good results with aspect ratios close to unity. He also noted in [34] that doing
so tmproves the mode shapes for simply supported triangular plates. [n this work, this
simplificd triangular solution 1s used for the triangular sections of the parallelogram

plate.

2.2 Experiment

No experimental data for parallclogram plates with clamped supports on all edges exists
in the literature.  The cantilevered skew plate does receive some attention. possibly
because of its similarity to the swept-back wings of airplancs.  The present work
represents a first by presenting experimental results for the fully clamped parallelogram

plate.

3. Basic Assumptions

The plates studied here are considered to be thin, that is, the plate thickness is small
compared to the lateral dimensions, as well as to the distance between the nodal lines.
Furthermore, the plate displacement is small relative to the thickness of the plate. The
effects of rotary inertia are neglected.  [n-plane forces are considered absent in the

theoretical analysis.



4. Plate Geometry

The plates under consideration in this work are parallelograms. The method is readily
applied to the general thin quadrilateral plate where only two opposite edges are parallel.
For the purpose of generality, no simplifications are made to take advantage of the point
symmetry found with some support combinations. The plates are divided into three
scgments, two triangular and one rectangular, as shown in Figure 1-2. Many plates can
be divided in this manner in two wavs. The advantage of one over the other is discussed
in a later section. The plate size 1s labeled using cither the skew angle @ or the aspect
ratio of the triangular segments, ¢,. and the rectangular aspect ratio ¢, Conversions
between the dimensioning conventions of other authors and this work are available in

Appendix 4.

o

Figure 1-2 Plate layout.

5. Labeling Conventions

Support conditions for plates are labeled either *S’ for simple support or “C” for clamped
support. The edges are labeled starting with the lower edge, moving around the plate in a
counter-clockwise manner. For example, a plate with the base clamped and the
remaining edges simply supported would be designated as *CSSS’. The SSCS plate
would be identical to the CSSS plate, with the only difference being the rotation by 180°.
Similarly, the SSSC plate 1s the SCSS plate after a 180° rotation. In fact, the SSSC plate



can also be rotated by 90° and analyzed as a CSSS plate. The advantages of one over the
other are discussed in later sections. Results for nine plate configurations are provided in
this work:

e with simply supported base: SSSS, SSSC, SCSC;

e with clamped base and simply supported upper edge:  CSSS, CSSC, CCSC:

e with clamped base and top edge: CSCS, CSCC, CCCC.

Boundary conditions are abbreviated in figures as:
e D -displacement, e M - moment,

e S-slope, * V- vertical edge reaction.

[n the software, edges are numbered, starting from the i = 1 edge:

e I:n=1 e 3 n=0,
o 2 Z=1 o 4 &E=0,

[n figures of the building blocks, all edges are simply supported, unless indicated

otherwise. The coordinate system used is shown in Figure 1-3 below.

Figure 1-3 Coordinate system.



2 - Theory

1. The Governing Differential Equation

The governing cquation for the free vibration of thin. flat plates is a partial differential
cquation of the fourth order:

~lyr- ~lqg- . g , AT s
e ”f’r;y”)+2€ U(_r,_\,{)*_c H(.r,_t,l)+£c H(x,},l)zo (2-1)

A 2 2 A 4 -, 2
X cxc v oy D Yali

The last term on the left-hand side of the equation accounts for the inertia. It alone is a
function of time. By scparation of variables using  HW(x v.()=I(xv) I'(1). two

equations are obtained:

Wi y) Wy Wiy
. (\:1”4—26 Er';”+€ (Y,"‘)—w'-'[—)-W(x.,v)=0 (2-2)
(',‘x' (‘v‘"‘- }r' [.“_V /)
>
and D 0 ) =0, (2-3)
cr

From equation (2-2) it is obvious that the mode shape is independent of time.  Equation
(2-3) 1s of no interest to the present analysis. For convenience, Equation (2-2) is non-
dimensionalized with respect to the x-dimension of the segment in question.  The non-
dimensional displacement amplitude becomes

_Wix,y)

W& n)=——7>=—, (2-4)
d

: h ..
and the aspect ratio ¢ =— is introduced.
u

Finally, the differential equation follows:

~1 H(E. ) Al W(E. > Wi(E
S H(En) c _,'7)+l€ (%*'7)_,:_-'11'(;,,7)=0 (2-5)

- + 2 -~ . 4 e |
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where A'=wa® \/p/D) is the eigenvalue, or non-dimensional resonance frequency:
w=2m { 1s the circular frequency in rad/s:

P 1s the mass per unit area;

and D is the flexural rigidity of the plate.



2. Boundary Conditions
The following are the boundary conditions for the classical edge conditions in

dimensional and non-dimensional forms that are encountered in this work.

2.1 Simple Support
For this support condition, there is no moment or displacement along the edge,

—HWH?OW o
=1

Simple Support along the x- or Z-axis
Wa,)= SN g (="
cx” o el
Simple Support along the v- or n-axis
A (xLy TS,
Hx.b)=C Ft(f,}) =0 WED = c ,(Z Dl g
oy veb ax n=1

2.2 Clamped Edges
There is no displacement or slope along the clamped edge.

Along the x- or Z-axis
, (&.n)

141 (I,f’):‘—:—_—— =0
o8|

Wa.an=S D) g
X o
along the v- or n-axis
W(-ﬁh)=M =0 W(ED= if‘_’”’ -0
cv ep on .y
2.3 Slope
Along an oblique line:
cH(x.v)  CIF(x,y) CH(x ) .
- = —— cosa + ———="sina
cH c X cyV
QU E S~ *Wi(F n
”“9m=‘”@”%ma+l‘”“”%ma
cé ¢ Cn

cn
The direction of the normal vector 7 and the location of « are the same as used for the

bending moment, shown in Figure 2-2.



2.4 Bending Moment
The positive directions are shown in Figure 2-1.

Along the x- or Z-axis:
PR . 22qgr i/, A2 AN E
Voot Ii(:r..t)+"( H(.‘r,)) 4_ | c ’f(?,ﬂ)+\_( Hﬁ(:,m
' | Ox v D o ¢
Along the v- or n-axis:
IERNTE . A . AM.ob° gz CEWE }
A== D) c 1(.‘r,_1)+v( (.f,_l) S Hﬂ(?,ry)+v¢_il‘(j*.q)
| Oy cx” ul) aon A
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Figure 2-1 Bending moments on the outside edges of a rectangular plate.

In any direction:
Figure 2-2 shows the proper directions.

\f, = M cos’a + M sin"a-2A_sina cosa
AMb? CCI(E. S WE )
A =‘[9n¢’€ ,(," f7)+91:€ ,(§ n) <0, c ”(: r;)J

c& cn cicn

al)

where 6, =cos’a + vsin'a
0, =sin"a+ vcos® a
6,,=(1-v)sina
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Figure 2-2 Bending moment along an oblique line.

2.5 Vertical Edge Reaction

Figure 2-3 shows the positive orientation of the vertical edge reactions.
g g

Along the x- or Z-axis:

WX,y W) ] at [EWED vV aHED]
Ve==10D ——+1 - 2 == : 3 —
X axcys D a4 ¢ o
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D
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Figure 2-3 Vertical edge reactions on a rectangular plate.



along oblique lines:

(X, W,y
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3. The Lévy-Type Solution
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The Lévy-type solution for the free vibration of a rectangular plate requires that the

boundary conditions on two opposite edges can be satisfied by a trigonometric function.

When two opposite edges are simply supported, this condition is automatically satisfied

by the single Fourier series solution of the form

x

W(Em) =D X, (n) sin(mag)

m=|



This is the original Leévy-type solution for simple support along the 2 = (0 and £ = 1| edges.
Simple support and slip shear (zero slope and zero vertical edge reaction) conditions can
be modeled with cosine, half-sine or half-cosine series. For the present work, only the

sine series 1s used.

Upon substitution of this solution into the governing differential equation (2-35), two

solutions for Y,,(np are found, dependent on whether 47 - (may™ is positive or negative.

For the case of A° - (mm~ 0,

L)y =A,cosh(f, n)+ B, sinh(B,n)+ C, costy,n)+ 1D, sin(y, 7). (2-7)

£ A - im0,

);n( ,7) = "Im COSh( ﬁmq) + Bm Sinh( ﬁmq) +( 'nl COSh(/qu) + /')m Sinh( ;/171,7 ). (2-9)

For both solutions. 3, = ¢JA* +(mr)’

and y,, = ¢,M: ~(mrm)*

or v, =¢y (mr)’ — A% . whichever is real.

The constants A, B,. (), and 1), arc determined by satisfying the boundarv conditions
along the remaining two edges. Possible boundary conditions include simple and
clamped support conditions, slip shear, and forced conditions such as forced
displacement or slope. Solutions that have simple support conditions on one edge and
either a forced harmonic displacement or a forced harmonic moment are used in this
work. The forced moment was chosen over the forced rotation for reasons that are

discussed in more detail in the next section.



4. The Superposition Method

The [évy-tvpe solution alone cannot be used to model a non-rectangular plate or everv
possible support combination on a rectangular plate. However. the Lévy-type solutions to
a plate can be a building block. Several building blocks can be superimposed so that the

net boundary conditions are met exactly.

The solution can also be applied to simple shapes like right-triangular plates, as seen in
Figure 1-1 . The forcing functions on the outside edges of rectangular building blocks are
adjusted to enforce the boundary conditions along oblique lines within the building block
boundary. This oblique line is usually conveniently chosen as one of the diagonals.
Bevond rectangular and triangular plates, plate solutions can be joined bv requiring
continuity of displacement. slope. and moment as well as a zero net vertical edge
reaction along the interface of segments.  Superposition solutions to triangular and

rectangular plates can be linked to analvze general quadrilateral plates.

[n this work, the parallelogram plates is used as an example.  As can be seen in later
sections, only eight building blocks are used. Actually, the solution to two building
blocks is rotated by 90°, 180° and 270° to obtain the other six. Each building block has
three sides simply supported, and a forced displacement or a forced bending moment
along the remaining edge. These forcing functions are both sine functions. Bending
moment is a second derivative of displacement.  The second derivative of the sine

function is a sine function also. That simplifies the solution process greatly.



5. Building Block Solutions

5.1 Building Block |

Building  Block 1 features a  forced a z

displacement along the n=1 edge of the

form b ’ i
£ i

W), = D Esintmag). (2-9)

!
m-1 ; rTT’ ~.
e ™~
S Wb 2 W
A i

The bending moment along this edge is zero. n
The remaining cdges are simply supported,
as shown in Figure 2-4. The solution then ) o

Figure 2-4 Building Block 1.
becomes

”I(E:' ’7) = Z l."lm 0! lm[ Sinh( ﬂm”) + ('l im Sin( }/mq) ] Sin( ”I’T‘;: )
i (2-10)
+ Z L@ am [sinh(ﬂmq) +Clapm sinh(ymr;)]sin(m;rg’ )

m=k" .

where B, =@ A* +(mn)* |
A =(mr) or y, =@y (mr) - A, whichever is real.

and
_pi —vg*(mr)® sinh g,

Hm = 7o+ v (mr) siny,
¢ - vg*(mm)® - B2 sinh g

bam 7o - vgt(mr)? sinhy
0 |

~ sinh B+ C,siny,
gl’m = ]'
" sinhg, +(C

sinhy ,

12m



5.2 Building Block 2

a 3
-
Building Block 2 is shown in Figure 2-5. It has
: b DIDEES I
no displacement along the edge n=1. Instead, L.
the function ‘
, Ve Ve WL U
AL = e —
= Z/::msm(m;rg ) (2-11) —
(,1/) n-l m=1\ n
. - Y
describes the forced moment.  The remaining
edges are simply supported. The solution for Figure 2-5 Building Block 2.

this building block then becomes

”;(;,I}) =

/.“lm ollm [Slnh( ﬂmq) + (‘llm Sin(}/mn) ] Sin(”?ﬂ'; )

M-

mr-

—
()
)
~
~

L0 Osa,, [sinh( B.m + ('::msinh(}'mq)] sin(mas)

+
DM

n

with 3, = @A +(mm)" .
Vm =0 A —ima) or ¥, =@ (ma) - A . whichever is real,

and
, sinh 3,
( 2m S T T
sSin Y m
p _ sinh g,
s sinhy |
-1
gllm = > f 2o
ﬂr.n Slnhﬂm -C Zlm}/:n Sln},m
-1

ﬁ:n Sinhﬁm + (‘21"17:‘" Sinh?nl



5.3 Building Block 3

14
a =
—
~l——
Building Block 3. shown in Figure 2-6. is _ (e ——
found by rotating Building Block 1 by 90°. b T
Vourtll} ———
The displacement along the =1 edge is forced

using the function

Wi, 7])[_,:] = Z/’.}", sin(mmzn). (2-13) Y

m=1|

The moment along this edge is zero. The

remaining edges are simply supported. Figure 2-6 Building Block 3.

The solution then becomes

e
”/’3(5’ ,7) = Z /:V3n1031n1[5inh(ﬁ3m.f) + (‘_Hm Sin(}/]m‘;:) ] Sln(m”’])
m=1

r

+ }:1gmenm[ynm;gm§)+(;L"gnhgqm§)]ynunnn)

m=k <\

where £, = %\/w/l)z +(mn)

l PR ] 2 P ] . .
Vim = E J(¢A)“ -(mm) ory,, = %‘/(m/r)' - (@A) . whichever is real,

and
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am #'73n — Vimr)* sinhy,
1
93lm

B sinh By, + Gy, siny y,
: 1
sinh g, +C,, sinhy,
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5.4 Building Block 4 :
4 — -
7.
-
Building Block 4 has no displacement along _ , (\.,»"
the edge Z=1, as indicated in Figure 2-7. The b |- E Pag
function ! i'
AP z :
— =) I, sinimxs (2-15) |
ab | ; i =) n ;
describes the forced moment along this edge.
The remaining edges are simply supported. Figure 2-7 Building Block 4.
The solution for this building block then is
that of Building Block 2. rotated by 90°:
" (2-16)

+ Z £ Oiam [sinh( Bind) + s, sinh(73mg’)] sin(mman )

m=k -
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with g, = l\/(qﬁ/‘. ' +(mz) and y,, =

y \/(W.): —(mx) or

ik
¢

Vim = %‘/(m”): - (¢A)’ , whichever is real, as defined for Building Block 3,

and
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oam s T
sinhy,
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5.5 Building Block 5§ | z

Building Block 5 1s obtained by rotating building b — E _:,
blocks 1 by 180°. The forced displacement is |

applied to the n = 0 edge, as seen in Figure (2-8):

Wi =S kg, sintmatl - £)) (2-17) y

m=|

The remaining edges are simply supported. The
Py SUPpO Figure 2-8 Building Block S.

displacement for Building Block 5 becomes

g
W& =) E, s, sinh( B,m) + C,,sin(y 7)) | sin(ma( 1= &))
m=
(2-18)

+ Z /:'fm()SZm[Sinh(ﬂm,]) + ('5217: Sinh( ;/m”)] Sin( ”I”( l - ; ))

m=h !

where B, = ¢4 +(mr)’
and 7, = @A’ —(mr)’ ory, =@ (mr) - A* whichever is real.

The coefficients are identical to the corresponding ones for building block 1:

B - v (mr)® sinh g,

Ty vt (mr)® sing,
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2y v (mx)® sinhy,
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951," == . 3
sinh B, + s, siny
1
52m =

sinh g, + Cs,, sinhy



5.6 Building Block 6

v
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To obtain Building Block 6, Building Block 2 is
rotated by 180°. As seen in Figure 2-9, the forced b |

bending moment is now applied to the n = 0

i

!

|

: |
:Z/;'(,msin(m/r(l—‘,:)) (2-19) L

edge:
a
A n
al) po
The remaining edges are simply supported. The Figure 2-9 Building Block 6.

solution for the displacement anywhere on the

plate follows:
-
(&) = 3 FonOmlSinh( B, + C,sin(y m)  sin(ma(l - £ ))
m=] -
(2-20)

x
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with B, =@+ +(m7)

Ym =0 A —(mr) ory =gy (mr) - whichever is real.

and
. sinhf
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siny,,
sinh 3,

((ﬂm ==
sinhy
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ﬂ;z SInhﬁm - C(xlm},r.n Sin:',m
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,B;' Sinhﬁm + me}/r‘nSinhym

62m —

These coefficients are identical to those for building block 2.



5.7 Building Block 7

a 3
!
- |
Building Block 7 is shown in Figure 2-10. It is ——»‘-. o [
tound by rotating Building Block 3 bv 180°. The o . ‘i AN i b
———
displacement along the & = 0 edge is forced using — ]
the function ‘ }
N = A n
117(._:,17),_:=" = Z/:7,,,51n(nm(l -n)). (2-21) |1}
m=1
The moment along this edge is zero. The Figure 2-10 Building Block 7.
remaining edges arc simply supported. The
solution then becomes
R
wgm =Y /:;meﬂm[smh(ﬂ,m( 1~&) + G,y sin(y,, (1= &) ] sin(mzn)
m=1{
(2-22)

+ Z/:'7m072m[sinh(/33m( 1-&)) + (55, sinh(y, (1 —g’))]sin(mm])
"l

m=k -

where g, = ;}-\/((éi): +(mr),

YVim = é\/(fﬁfl)z ~(mzx) ory, = %\/(mﬂ)z - (¢A) , whichever is real,

and

. ¢°pi, — vimr)’ sinh B,
Coim =33 E.

PV, +Vimr) siny .
e ¢2ﬂ§m - v(mr)? sinh 3,
am #’yi, — V(mr)? sinhy,

1

97lm

~ sinh Bsm + Cimsiny ,,
I
97‘7,,, = ;
" sinhg,, +C,,, sinhy,




5.8 Building Block 8

Building Block 8 has no displacement along the
edge £ = 0. The function

Ap?
al) i,

= i/:'x," sin(ma(1-&)) (2-23)
P

describes the forced moment along this edge,
while the remaining edges are simply supported.
This is shown in Figure (2-11). The solution for
this building block then is that of Building Block
4, rotated by 180°:

0
g

Figure 2-11 Building Block 8.

g
W& n)= Z Lo @i [sinh(ﬂ;m(l— &)+ Cypmsin(y,, (1= 8)) ] sin(mmn )

m=}

(2-24)

+ Z i Ogam [SIDN(B,,,(1-E)) + Cs,, sinh(yjm(l—g'))] sin(mmzn )

m=4" el

with B, = %\/(W.): +(mr)

and y, = %\/(W-)z ~(mr) ory,, = %\/(m/r): ~(¢A)*, whichever is real,

as defined for Building Block 3, and

sinh 3,
Coim =~————
siny .,
v Sinhﬂ?m
Cham = ———F—
sinhy,
_ -1
H ﬂim Sinh ﬂ]m - CRIm7§n1 Sin},]m
-1
82m

ﬂ;m Slnh IB3m + (‘SZm}/;m Slnh?]m



6. Building Block Selection

The building blocks have to be chosen with the net boundary conditions on the edges of
the plate to be modeled and the continuity between segments in mind. Figure 2-12 shows
the combinations chosen for this work the parallelogram plate. There is not necessarily
one possible combination to choose from. In fact. the solution can be checked by using a
different set of building blocks to solve the same problem. The number of distinct

building blocks that are required and computational considerations come to play.

! |
L+ ' -
!
segment | f segment ] ; segment 1]
! Il
i 1
- oo <" - -
= | - - : =
= s = =
. ! ) 7
all sizes ' Do ' ! '
' . . I‘ _
it GO U S T S A T
i : ! T
' I
- ! i kb,
¢,<2.0 . ! : '
. . ! .
: 1
| |
- ! , NN
' i i
___________ et P P S
o [ ) et
-~ i 1 :
———— , N E—
0.5 < ¢, ' ! : P
0 » !
! . R
I3 I ' ‘.
K ! : -
' i ! '
__________ — e e e e e 4~
i ! - -z ;
clamped lower . s !
edge | sos !
____________ :--__'______-J.___________
: eSS - | T -
! oo {
clamped top edge ! e \
i ! [
: ! : !

Figure 2-12 Building block combination overview.



There is a basic set that all plate sizes require to meet the requirements for continuity
between the segments. The conditions for simple support along the upper and lower
edges are satisfied automatically. Additional building blocks are needed to enforce the

boundary conditions along the skew edges.

When the skew angle is very large or very small, it suffices to have the forcing functions
needed to obtain the boundary conditions along the skew edge along the longer side only.
In the case of a large value for ¢, (small skew angle) for example. Building Blocks 7 and

8 alone are sufficient to control the skew edge of segment I.

For clamping the skew edges, only the boundarv conditions have to be changed. The
buiiding block combination remains the same. [f however the lower or top edges are to
be clamped, the building blocks with the forced bending moments must be added to force

the net slope to zero.

7. Continuity Between Segments

Four conditions have to be met along the interfaces of the segments of the quadrilateral
plate:

* continuity of displacement,

¢ continuity of slope,

¢ continuity of bending moment,

¢ and force equilibrium.

Continuity of displacement can be taken care of by the coefficients E;, of each of the

building block solutions.

At the edge common to segments [ and II: W, - Wy =0, (2-25a)

or at the interface between segments II and I1I, Wiy~ Wy = 0. (2-25b)



To maintain continuity of slope. the contribution of the rectangular segment. or in the
case of a general quadrilateral plate, also the third segment, has to be adjusted by the

ratio of the aspect ratios of the adjacent segments, 4, ¢,

Wy - o4& ) Wy 0 (2-26a)
and (/0 ) Wy - Wy 0. (2-26b)

For the bending moment, the adjustment factor becomes (g, ¢

Wy - 0o Wy 0 (2-27a)
and (/9 ) Wy - Wy o 0. (2-27b)

Vertical edge reactions of segment I are multiplied by a factor of (g, ¢,

Wy 4o Wy 0 (2-28a)
and /0 ) Wy - Wiy - 0. (2-28b)

The contributions of the building blocks are computed with the appropriate values of i
and /- for that segment. Since in this work the reference dimension for the eigenvalue is
chosen as the base length of the triangular segment a, A° has to be changed for

computations involving the rectangular segment:

pepl_pf (2:29)
a; 9,

In the analysis of a general quadrilateral plate, ” would have to be adjusted for any other
segments as well. The reference dimension for segments I and III for the parallelogram

plate is the same, and so this adjustment is not needed.



8. Integral Expansions

When the building blocks are superimposed, their contributions to the various boundary
conditions have to be of a compatible form. This is achieved by expanding them in an
appropriate Fourier series, where required. The expansion is carried out for each
particular edge and condition. A list of integrals that are frequently used in the process is
given in Appendix 1. Once the expansions are obtained, the eigenvalue matrix can be put
together.  The selection of building blocks is explained in Section 6. Details of the
eigenvalue matrix assembly are presented in Section 9. To understand the organization
of the expansions it should be mentioned here that this eigenvalue matrix consists of
submatrices A45¢1,7). where 1 indicates the row, and ;, the column. Each combination of
edge. e.g. 7 0. and condition, e.g. slope, has a submatrix associated with it. As the

expansions are given, their place in the appropriate submatrix is also given,

In the following. the expansions are grouped by pairs of building blocks. The expansions
for building blocks with the forcing functions located along the same edge differ only in
the coefficients and in the contribution to the displacement or moment along the edge
along which the forcing functions are located. For example, the expansions for Building

Block 1 are almost identical to those for Building Block 2.

8.1 Building Block 1
8.1.1 Displacement

a. Displacement along the n = 1 edge

For Building Block 1, there is a forced displacement along this edge,

W (&, '7)|,,:l = Z E,, sinmr&) (2-9)

m=|
which is already a sine in the desired terms series. Hence no expansion is required.
ASG.y) = 1.0, (2-30a)
and where / =/, ASrig) = 0. (2-30b)
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b. Displacement along the £ =1, 1 =0, £ = 0 edges

There is no contribution by Building Block 1 to the displacement along these edges:

ASty 0. (2-31)

c. Displacement alongn=1-¢
This line represents one of the diagonals of the rectangular building blocks. The

unexpanded solution is

-
WAEM) = D EnO ] SIDROB, (1= ) + € sin(7,(1- ) Jsinmag)

=l
+ Z/;‘I",Olgm [sinh(ﬂm(l —-&)) + (1, sinh(y (1- ,‘)’)]sin(m;rj)
m=k" ]

After expansion, this sofution becomes

g
Wi(&,n) = ZI:’I,"O”,"[exI +ex2+ (), (ex3+ e.\'4)]
" (2-32)
+ Z Eim @ [ exT +0x2 + (), (ex5+ c’_r6)]
m=i" .l
where
f.[cosh B, ~ cos(mm - nr)]

>+ (mrx - n/r)2

exl =

Ba[costmr + nx) - cosh ]
fo+(ma+nx)

ex) =

. 7,,,[cos(m7r -nr)- cosy,,,]
cxXo =

vi~(mz-nrx)

¥ m|COSY,, — cos(mzx + nr)]

exd = - 5
Ym—(mr+nz)

¥ m[coshy,, ~ cos(mm - nr))

exS=

2

¥+ (mr—nr)

+ - cosh
ex6=y,,,[cos(m7r nr) c?s Y m)

Vm+(mz+nr)
The elements of the submatrix then become

(ex3+exd)]  for ' ~(mz)* >0, (2-33a)

AS(i, j) = 9,,m[exl +ex2 +C

lim

or AS(i,j) = 6,y [exl + ex2 + C,,,, (exS + ex6)]  for ¥ ~(mz)* <0. (2-33b)
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8.1.2 Slope

a. Slope along the n = 1 edge

(L < - i
chi(cn) SNt coshfB, +(C\,.7v. cosy |sin(mzs)
—_— ™m m 1mdi m m -

cn

“Am™ 1 m

n=1 m=|

x

+ Z [".Imellm [;BmCOShﬁm + (‘Ilm}/m COSh}/nx]Sin("I”é)

mek’ 4
All elements that are not on the diagonal of the submatrix are zero:
ASGj) 0.0, (2-34a)
On the diagonal,

ASG, 1) =6, (B, coshB, + . 7.cosy,) for X' ~(mz)* >0, (2-34b)

and  AS(,)) = 0,y (B,coshB + (', v, coshy ) for * = (mx)’ <0. (2-34¢)
b. Slope along the £ = 1 edge

“tm Y m
m=|

W& 3
5 "f"’)l =3 EnBn(mm) sinh B,17 + Cypsin | costmr )
) 1 =

+ Z L @12 (M) [sinh B.n+C,, sinh;/,"n]cos(m;r )

m=k el
In expanded form, this becomes

-

AS(1,)) = 6, (m7) cos(mm)[exl + (, m€x2] for ' —(mr)* >0, (2-35a)

and  AS(i,)) = 6y, (mx) cos(mx)[ex] + Cymex3] for # - (mr)* <0, (2-35b)

where
-2 i
] = ._(n/r)’cos(mr)ﬂsmhﬂm
B +(nx)
oxd = 2(nﬂ)fos(nﬂ)§in7m
V= (nm)
~_ —2(nm)cos(nr)sinhy
cXo =

3 R
7o +(nm)”



c. Slope along the n = 0 edge

g
= Z /':lmgum[ﬂm + O m ] sin(mn& )

7=0 m=1

WS )
an

x

+ z L, 0, [,Bm + ('I:mym]sin(m;r;)

=k -1
Elements off the diagonal of the submatrix are zero: ASriy) 0. (2-36a)
The elements on the diagonal are

AS(L ) =60, (B + Con ) for &' —(mx)* >0, (2-36b)

and S0, ) =60, (B + Cian? 1) for A —(mrx) <0. (2-36¢)
d. Slope along the £ = 0 edge

= ‘Z L, 6, ,,,,(m/r)[ sinhB, n+C,, siny n ]

.0 m=1

+ i £ 62, (M) [sinh B.,n+ 5, sinh 7",r7]

[t S

[n expanded for, this then becomes

AS(L, ) = 6, (mr) [ex] + (), ex2] for * - (mz)' >0, (2-37a)
and  AS(1,/)=86,,, (mr) [c.rl + ('lzex3] for A* - (mr)’ <0, (2-37b)

where ex/, ex2 and ex3 are identical to ex/, ex2 and ex3 for € = 1 found in section

8.1.2.b:

ol —-2(nr)cos(nm)sinhf,,
el = 2 2
L., +(nrx)
2(nm)cos(nr)sin
o) = )2 )2 Y m
Yo —(nm)
._ —2nm)cos(nr)sinhy
Xy =

i+ (n)

e. Slope along the n = 1 - £ diagonal

The slope along any oblique line is

nl F LoV S 4 3 W
SWEm _ WD oo LEmEm
én cs ¢ ¢




where the derivatives for this building block along the diagonal in question are

"

[smh B, 1=+, siny, (1-&) ] cos(mné)

M = Z “lm llm(,n”)
C‘; n=l-2 nr=1
+ Z £, 6, (m) [sinh B (1-35)+(
sk ol
b AT i
‘ ”;f;‘ '7)“ = z / Im g]lm[ﬂm COSh ﬂm(l : ('Ilm}/m
m=|

After the expansion is performed, the elements of the submatrix can be found from

where

or

Jam SIDh 7 (1= ;)]cos(m/r.,: )

cosy (I-

n

<) ] sin(mas)

+ Z /".lmgllm [/}m COShﬂm(l - 5) + (‘llm)/m COSh}/m(] - g,)] Sin("’”é)
[ |

|
ASG )= A1Ncosa + — -

AN =6

m

AIN=6,, [ L. (vl+12)+

ALV = 012",(/)1/'[)[::.\'1 +uex2 +

(mfr)[c.\‘l +oex2+ (),

R2Nsine

(ex3 + exd )]

C V3+ 1'4)]

Hmt m (

(¢x5 + c.tc'))]

12m

for A =(mx) >0,

AN =0, [ B, 01+ 32+ Cuya (354 v6)]  for A - (mx) <0,
ol (mr+nr)sinh g ol B, sinhjg
exl= 7 yl=
o+ (mr+nz) B +(mnz - nfr)
oxd = —(cnﬂ - nﬂ)snnh{in, 2 ,— B, sinhfg_ :
W+ (mr-nz) w+(mzr+nr)
ox3 = (mm+ nrr)wsin y:" V3= — Y mSIny, :
(mr+nz) -yl Ym—{(mr—nrx)
exd = (/fzzr—n/r)siny”: = Vm sin{'m :
Vw=(mr—nz) (mr+nr) -2
xS = (n37r+ mr)sinh}/:, ¥5= — 7w Sinhy ’
Vo +(mr+nx) Vm+(mr-nzx)
- - inh 5 - inh -
oxf = (mr—nmr)sinhy V6= VmsSinhy

yo +(mmx - n/r)2

ya +(mr+nz)
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8.1.3 Moment

a. Moment alongthen=1,£=1,n=0and =0
There is no contribution by Building Block 1 to the bending moment along any of the

outside edges: ASty) 0. (2-39)

b. Momentalongn=1-¢

The moment expression that has to be expanded for Building Block 1 is

! [ a1 s -]
.\/,,¢h=_'9 5 FWEn LS, [P U )
D AE T cicn J
THE 7
- I L(—E ,7) == Z / lmgllm(,n”) [Slnhﬂm - f v ( HmSln//m(l - ‘:‘-)] Sln(,n”“.“:)
as m=1
=t
- Z/ mOram(MIT)” [snnh,B (1-&)+ Cy,sinhy l—c:)] sin(mxd)
=k ol
S & ) - _
-l»f;; ”) = Z /"Imgllm [ﬂ; Slnhﬂm(] - é:) - ('Ilm}/r.n Sln}/m(] - 7:)] Sln(m,ré:)
c
n=i-£ m=1

* Z/ Imgl-m [ﬂmsn]hﬂm —é: '-m/ m blnh / (]- )] Sin(”lﬂ';)

m=k -]

= Z /;'lmﬁl,m(mzr)[/i‘m coshfB, (1-&)+ (|, 7ncosy, (1 :')] cos(mnal)

m=1

n=l-2
+ Z L6 l,m(m/r)[,B,,, cosh B, (1-&)+ €, 7 coshy (1 c’)] cos(mms)
m=k"+|
Upon expansion, the elements of the submatrix can be calculated from
ASU, )= - [9, ¢* AIN + 60, AN + 93¢.43N]. (2-40)
where

6, = cos’ a + vsin’ a
8, =sin* a + vcos® a
6, =(1 - v)sin2a

im

and AN =-6,, (mr) [exl+ex2+ (), (ex3+ ex4)]

AN = 9,,,"[5,3" (exl+ex2)=C,,, 75 (ex3 + c.r4)]



A3N = 0,,,,,(/)13)[&,,(_1'1 +3D)+ Oy (V3 + 14)] for 2* —(mm) >0,
or AN =-6,, (mr)” [c’cl +ex2 + (), (ex5+ cxé)]

AN =6, [ B (ext+ ex2) + ( o o (X5 + c.r6)]

A3N = 0,3",(mzr)[,3m(yl 32+ Cap 7 (V5 + »6)] for 27 —(mr) <0

The expressions for ex/ to ex6 are identical to those for the displacement of Building
Block 1 along the diagonal n =1 - £, found in section 8.1.1.c. The remaining expressions
are:

(mm+nm) [cosh,B,,, ~ cos(ma + nr)

vl = 0
’ B +(ma+nr)

(mz - nz)[costmn ~ nx) - cosh A.]

V2 = -
’ pi +(mr—nx)

3= (mr+nr) [cosym - cos(mm + nfr)]

(mr+nx) =2

(mz - nx)[cosy,, - costimz - nx)]

a ¥ —(mm-nx)
5o (mr+nz)[coshy, - cos(mr + nm)]
' yi+(mr+nz)
6= (mr - nr)[costmn - nx) - cosh Y m)

yi+(mr~nr)

8.1.4 Vertical Edge Reaction

a. Vertical edge reaction along the n = 1 edge

[v' h- . ~dprr, -
S [e CWEM 7 _ ) g2 EWiLED)
D aon cEen

L

.3 P ' =
= ""’gl Im [ﬁ COShﬂm llm/mcos/m] Sln(l)lff»._.)

W)
en’

=1

+ ZLIMQIZM[,B," coshf +(l,m}'mcoshym]sm(m7rf)

ek 4]
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SHE )

e
L = - Z F,6,,mr)’ [,6’," coshf, +(, v, cos 7,,,] sin(mal)
cEan

=1 =

- Z /"‘Imellm(,n”): [ﬂm COShﬂm + ('llm}/mCOSh}/m] Sin (’n”é:)

=k vl
Only the elements on the diagonal of the submatrix are non-zero:
AStiy) 0 fori = . (2-41a)
ASCLy = =[N + (2 - V)¢t A2N |, (2-41b)
where AIN =6,,, [,Bf" coshB, - .72 cos;/,"]
A2N =6, (mx)’[B, coshB, +(, 7 m€OS7 ] for i° ~(mrx) >0,

and '4 ] "\‘v = 013!1! [ﬁ;y COShIBm +( ‘l Zm}/r‘nCOSh /Vm]

A2N =-6,,,,(mn)*[B, coshf,, + Ciam? mC0shy ] for i* —(mx) <0,

b. Vertical Edge Reaction along the £ = 1 edge

r

boa’ _ _r‘n;@.m 2= AW

~ =3 R A2 A
D cE @ cn &

A
Fiy
=
-

| I |

It
== Z /"‘Imgllm(,n”)} [Sinhﬂ",ﬂ + ('llnySin}/nr”] COS("’”)

-3

f“”i@r))’
=1

<

=\
- Z E 8 m(mr)’ [sinhﬁmry + (,,, sinh )fmr]] cos(mr)
m=k"+l
Sryr oz 3
6’?, (f’fl) = Z I':Imgllm(’n”)[ﬂrzn sinhf_n - ( lm},ranin},m,’] cos(mr)
C'fc‘f]' ;:| m=|

+ z l:‘lmgllm(,nﬂ-) [ﬂ;:n Sinhﬁm’? + (112n17r.:15inh ;/mq] COS(”I/T)

m=k ]

Here the submatrix elements are defined by

o . (2-v)
AS(j.j)==| AIN + p AN |, (2-42)

where AN =6, (mr)’ cos(mz)[exi + C,,, ex2]
AN = 0]lm(mzr)cos(nm)[ﬂf,,exl ~-Coa7l ex?_] for 2 ~(mz)" >0,

12m

and  AIN = -6, (mx)" cos(mm)[ex] + C,y, ex3]
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A2N = 6,, (mx)cos( m;z')[,b’f,, exl+Cu 72 cx3] for 2* —(mx) <0,
The expressions cx/, ¢x2 and ex3 are identical to those for the slope contribution of

Building Block 1 along & = 1, found in section 8.1.2.b.

c. Vertical edge reaction along the n = 0 edge

’ 2 hrgr = » =
lq¢h __ (?H'(L';’q)+(2—\')¢2€;’/',("’,7)
D cn cg cn

B = A
{—%l‘ = Zlq“lmgllm [ﬂ;l - ('llm},:n]Sin(m”S:)
n=u nr=1

=~ . 3 . 3 3 -
+ lelmollm [ﬂm +( I:’mlym] Sln(/n;ﬁ;)

mek el
AWE ) s . _ .
_«}‘%— == Z /"lmgllm(,n”)- [ﬂm +( llm},m] Sln('n”’:)
csTon I’F" m=1
- Z l"‘lmgllm('n”r): [ﬂm + ('Ilm}/m] sin (”172';:)
ek e
Elements not on the diagonal of the submatrix are zero: AStiy) 0. (2-43a)

On the diagonal of .15, the elements are determined from

AS(_/,/‘)=—[A1N+(2— v)¢2A2N], (2-43b)
where AIN =6, [,6'; - C, lm},?n]

A2N = -6, (mx)*[B,, + C, ¥ m) for * —(mx)* >0,
and AN =06,,,,[B}, + Corl]

AN = 8,5, (m7) [ B, + Cra ] for A* - (mz)* <0.

d. Vertical Edge Reaction along the £ = 0 edge

Val _ {EW,(@ n_ 2-v) ﬁ‘”’l(g’,n)}
D 3

s’ = IntoE

W&, . L
CL(;S nl —ZElmenm(mn)J[smhﬂmr)+(,,,msmymr7]
E =0 m=1

- i E\pnBi3m(mr)’ [Sinhﬂm’? + Cpp sinh 7,"’7]

=kl
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A

/'..‘"’6”,"("17[) [ﬂ.‘-—:y Sinhﬂm’] - ('l lmty;:lSin }/m,]]

|

| .
]

| =

L. &

s r

+ 2 Enbion(ma) B sinh B0 + Copy Lsinhy 7]

kel

Here the submatrix elements are defined by

. (2-v)
AS(7 ) == AIN + — 42N |, (2-44)

where AIN =-6,, (mn)’ [arl + () ,mex2]

AN =6, (mr) [ﬂi’exl - ¥ e.r.'Z] for ' —(mx)’ >0,
and  AIN =-6,,, (mr) [exl + ('Izmar3]

A2N =6, (mr) [,Bf"cxl +Cpap? o ex3] for A —(mr) <0,

The terms ex/, ex2 and ex3 are identical to those for the displacement contribution of

Building Block 1 along this line. found in section 8.1.1.c.

8.2 Building Block 2

The expansions for Building Block 2 are identical to those for Building Block 1, except
where noted in the next subsections. Of course the coefficients for Building Block 2,
@rims Caims G2om and Czzy, replace the corresponding coefficients for Building Block 1:

9]1["7 (wllms gl.’m and (—ﬁl.’nr

8.2.1 Displacement along the n = | edge

There is no displacement along this edge: 4575,/ = 0. (2-45)

8.2.2 Moment along the n = | edge
Building Block 1 has a forced bending moment along this edge:

Mb* = .
= E E, sin(mné 2-11
abD ooy (mg') ( )

n=1
which is already a sine series. No expansion is required:
ASGy) = 1.0, (2-46a)

and where / =, ASrij) = 0. (2-46b)



8.3 Building Block 3
8.3.1 Displacement

a. Displacement along the n =1, n =0 and £ = 0 edges

There is no contribution by Building Block 3 to the displacement along these edges.

AStiy) 0.
b. Displacement along the £ = 1 edge
Building Block 3 features a forced displacement along this edge,
Il'}(,:,rz)f‘,_rI = Z L, sintman)
m=i

which does not require expansion, as it is already the appropriate sine series.
ASG.) 1.0,

and where / =/, ASty) 0.

c. Displacement along the n = 1 - £ diagonal

The unexpanded solution is

o
”/’3(:’ ,7) = Z ["'301 g}lm [ Sinh(ﬁJm”) + (WJIM Sin(}’_lm,’) ] Sln(mﬁ(l - :) )
=1

+ Z /L‘Jm HRZm [Sinh(ﬁ3n:”) + (7'32111 Sinh(:/)nr”)]Sin( ”I/T( l - :) )
m=k" 1

The elements of the submatrix then become

AS(i,7) =05, | exl + ex2 + C,, (ex3 + exd) for A* - (mz)* >0,
31 3tm

or AS(1,)) = Oy [ex] + ex2 + Cy,, (x5 + ex6)]  for £ = (mx) <0.

3 cosh 3, cos(nz) — cos(mi)
3m

where exl = . .
B +(ma+nx)
cos(mr) — cosh B,, cos(nr
(!.’(2 - ﬂ}m - ﬁ}m - )
B + (ma-nr)
- Cos (mm) —cos(y,, +nr)
ex3=y,. '

Vi = (mr+nx)

(2-47)

(2-48a)
(2-48b)

(2-49a)

(2-49b)



8.3.2 Slope

a. Slope along the n = 1 edge

cHiEn)
cn

m-1

=l

*
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A
=> I, 6”",(/71;2')[ sinh B, &+ (., sin/,,,,:] cos(mr)

+ Z £ Osa (M) [sinh Biné + O, sinhy ‘mg']cos(m/r)

m=k +1
In expanded form, this becomes

AS(, ) =86

Iim
and  AS(1, /) = 0,y (mr) cos(m)[ext + (
where
el = -2(nr)cos(nx)sinh g,

(mr) cos(m/r)[cxl + ('”mc.r.?]

> 3
ﬂlm + (n”)

2(nmycos(nrm)siny,,

ex2 = - 5
Vim = (RT)
=2(nr)cos(nr)sinh
ex3 = ) Y m

2 2
}/Jm + (n”)

b. Slope along the £ = 1 edge

AWy ,m‘

Py
cC

Iy v

nr=|

for * —(mz)’ >0, (2-50a)

',llmc'r:.’] for * ~(mnx )y <0, (2-50b)
exd = 73:11 COS(}:JM + ’Iﬂ') - COS("”I/'Z')
Vim —(mm - n;r)'
exS=y, coshy,, cos(nr) - cos(m)
Vim+(mr+nr)
exb = 7 im COS(MII) — COSh}/Jm cos(nrr)

Vim +(mr - n/r)2

g
= Z EJnrgllm[ﬂJm cosh B, + Cyp? 3 COSY 3, ] sin(mzmn )

+ Z [;..‘m 932m [ﬁ]mCOShIB}m + ( 'SZm}/}m COSh 73'11 ]Sin( ”1”77 )

k4

All elements that are not on the diagonal of the submatrix are zero:

ASGiy) - 0.0 fori = . (2-51a)

On the diagonal,

AS(i, j) = 64, ['Bsm coshf,, + Cslm}'Jmcos}'Jm]

for ' = (mx)*>0, (2-51b)

and  AS(,)) = 8y, [ Bincosh By, + Cpypy s c0sh y,, ] for £ = (mz)* <0. (2-51¢)
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c. Slope along the n = 0 edge

L S
M =3 r, 9“,"(mzr)[ sinh B,,& + (', sin 7},";’]
an 7=0 =

+ Z l".lm 03:,"(”172') [Sinh ﬁ]m?: +( "Qm Sinh;/ ‘m:]

nrak ol
In expanded for, this then becomes
AS(, ) =6, (mx) [cxl + (},mcx.?] for A7 - (mr)' >0, (2-52a)
and  AS(1,7) = 0,,,, (mx) [ext + Cy,ex3] for i —(mm)* <0, (2-52b)

where ¢x/, ¢x2 and ex3 are identical to those of section 8.3.2.a -

=2(nr)cos(nr)sinhf,

cxl = 0 -
ﬂ.;m +('1/7)~
2 in-
o = ._(n/z')’cos( n/r)sﬂm/m
Vim—(n7)
—2(nm)cos(nr)sinh
ex3 = Z2(nmjcos(nz)sinhy ,,

7y +(nx)’

d. Slope along the £ = 0 edge

.

M = Z /i-ngle[ﬂJm + (V.Hm}/.]m ] Sln(m”é)
C’7 ,7=0 m=|
+ Z l:‘.lm 9_1'.‘"1 [ﬁ]m + ( '3211::/ 3m ]Sin( ””T: )
m=k" -l

Elements off the diagonal of the submatrix are zero:

AStiy) =0 fori= . (2-53a)

The elements on the diagonal are
AS, 1) = 650 (B + Coin 7 3m) for A —(mr)* >0, (2-53b)
and  AS(i, /) = 050, (B + Coam¥ 1) for * —(mr)* <0. (2-53¢)

e. Slope along the n = 1 - £ diagonal

The slope along any oblique line is

EW(E.m)  EWy(




where the derivatives for this building block are

+ Z/ imgl’m[ﬂlm COSh ﬂlmc + ( 1’m}/ im COSh},?m“’]SIn( ’n”(l - " ))

F.(E0n)
C‘; m=-: nr=|
m=k” ol
- = I
WS n)
-
C’] 21-7 m=1

+ Z /;‘;",9‘2",(m;r)[sinh B + s, Sinhy

ar=4 -+l

13
Z [ lmellm[ ﬂ\m COSh ﬁlm" + ( llm/ im COS}/ng] Sln(’n”(l - )— ))

= Z[ }",6'”,"(mfr)[ sinh B, &+, siny, & ]cos(m/r(l— <))

7 ime

2 costmati - £3)

After the expansion is performed, the elements of the submatrix can be found from the

following:

1 )
ASU, 7y = AINcosa + EA.?Nsma ,

where AIN = 0_1,m(n17r)[,83m(cxl +ex2) + ¥ (ex3 + e.r4)]

A2N=0,,[vI+y2+C

I

(v3+ _v4)]

for X - (mr)*>0,

or AIN = 0., (ma) [ By, (ex] + ex2) + Cyy 7, (x5 + ex6)]

AN =6, [V1+ 32+ C (V5 + 16)]

B, cos(nr)sinhg,

exl = .
Bim + (mr+nx)
o) = — B cos(n/r)sinh,ﬁzm
B, +(mzx~nrx)
ox3 = /,m sin(y,, +nr)
Vi = (mr+nr)

(mm +nr)cos(nz) sinh B, ,

M=- Bin +(mx+nx)
e (mz - nx)cos(nz) sinh g,
’ Bim +(ma - nx)’
3e (mz+na)sin(y,, +nrx)

Viw = (ma+nzx)

for ' —(mr)’ <0.

}/Jnl Sin(}/,\nl + ””)

exd = : -
(max—nz) - 75,
U.YS - 731:: Cos(””)slnhyzm
y;m +(m” +n7[')-
ex6 = — }’3,:, cos(nr) smh/m
7m +(mx - n/r)
MT = Nr)sin(y,, +nr
’1}4 = ( ) S/Bm - )
(mz=na) =7,
5 (mz + nx)cos(nr) sinhy,,
yS=- :
Vim + (mz+ nr)
6 (mm — nz)cos(nx) sinhy,
Vo = 3

Vim +(mr-nz)

(2-54)



8.3.3 Moment

a. Moment along then=1,£=1,n=0and £ = 0 edges

There is no contribution by Building Block 3 to the bending moment along the outside

edges of the building block: 487 ) 0. (2-55)

b. Momentalongn=1-¢

3

F cn EERn

/ R “: S E 2147 ¢ = ‘)2 -
.\//,,)¢b 2_[01 PAACY) Lo, CHAED) Y u_,(k,,q)}

R
z /"‘Jnlgllm [ﬂim Sinhﬁ}m‘f - ('Hm}/im Sin }/]m;] Sin (”1”(l - ":::))

m=l-2 |

=4

+
n

Z /;“mg.".’m [ﬂf/n Sinhﬂ_’#m; +( '_"'.‘m;/im Sinh ;/]rn;] Sin ( ”I”( l - “:'T))
-1

W) S e et aine A .
——\:— = - Z ]"}mg,‘lm(,n”)- [SlnhIB}mg +( JlmSln 7 ‘m';] sin (”17[(] - ;))
f’7- nel-2 m=1

- Z b B am (M T)* [sinhﬂ_,mg' + (',,,sinh 7_,",4‘] sin(ma(l - &))

kel

EW(E )

o
= oA ‘ = Z /:'ng]lm('n”)[ﬂ,}m COShﬂJm“Jz + (vjlmylm COS}’}"'C:,:] COS(mﬂ(I —5))
(?g("] < m=1

+ Z /:‘Jmeﬂm(””z-)[ﬁlm COShﬂ3m§ + (;‘JZM},}mCOSh },lmé:] COS(mﬂ'(l - é:))

=k el
Upon expansion, the elements of the submatrix can be calculated from

ASt, ) ==[6,¢° AIN + 6, 2N + 6,9 A3NY]. (2-56)

where 6, = cos® a + vsin® a
6, =sin’ @ + vcos” a
6, =(1-v)sinla

and AIN= 93,,,,[,83”,2 (exl+ex2) = Gy, 74, (eX3+ e.r4)]
A2N = —831m(m7r)2[exl +ex2 + (), (ex3+ e.r4)]

A3N = 931,"(”1/:)[,8,,,, Wl+32)+Cy 7 (V3 + y4)] for % —(mx)’ >0,
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or AN = 6)‘2",[ B (exl + ex2) + ( fom e (XS + ex6 )]
AN =-0,,, (mx) [ exl +ex2 + (', (exS+ c.\'6)]
A3N =6, (m;r)[ BimVI+ 32+ 70 (15 + y6)] for ° —(mx) <0,

The expressions for ¢/ to cx6 are identical to those for the displacement of Butlding
Block 3 along = I - £, found in section 8.3.1.c. The remaining expressions are:

(mz~nx) [cos( nr)coshf,, - cos(m;r)]

- B +(mm - n/r):

o (mr +nx) [cos(mr) - cos(nr) cosh ,63",]
' P + (mr + nr)

3o (mrz—-nr) [cos(n;r—-/‘m) - Cos(mzr)]

. (mx - nr) - /im

4 (mz+nr) [cos(m/r) - cos(n/r—y_,m)]

- (mr+ n;r)2 -7

5o (mr - nx) [costnm) coshy,, - cos(m )]
. Vi +(mr—-nrx)

6o (mr+nrx [cos (mr) - cos(nr) Cosh;/jm]

Vim +(ma+ n/r):
8.3.4 Vertical Edge Reaction

a. Vertical edge reaction along the n = 1 edge

. 2 g, = a3 =
Feb” C”i(f’mﬂ?—")fﬁ clh’(‘, 1)
D cn ey

o Z’
h&m’ =- /‘ im Hm(lnﬁ [Slnhﬁ’imQ + ( Im Sln /3m ]COS(mﬂ')
(’7 m=1
r7 1

z @32 (M TT) [smhﬂjm.ff+cp smh}'mg] cos(mu)

kel
W&,
67;2(;,7’7) Z Lm0 s1m(m) [ﬂ}m sinhB,,& ~ 31m/3m5‘"/3m5] cos(mrm)
> =l m=1

+ Z IO . (mfr)[ﬂlm sinhf,,&+ C,,, ¥3 sinhy, ¢ ]cos mr)

m=k" -1
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The submatrix elements are defined by

AS(,J) = —[AIN +(2=v)g AN ] (2-57)

where AIN = -0 (mfr)}cos(mzz)[exl + (i‘lmc.r.’_]

3tm

AIN =6, (mmr)cos(mr) [ﬂimcxl - Cyn? s e_r2] for ' —(mm) >0,

and AIN = -0

2m

(mrx)* cos(tmm) [c.rl +( '_umexi‘a]
AN = 013m(/n7z)cos(m/r)[,6§marl +Cpan s cx3] for A —(mrx) <0,
The expressions ex/, ex2 and ex3 are identical to those for the slope contribution of

Building Block 3 along 2 = 1. found in section 8.3.2.b.

b. Vertical edge reaction along the £ = 1 edge
ERYa At L2 c*‘u;@.mJ

D S # cn’ EE

~ 3
e

ypr, - &

(& li;(:‘ ) ~ * 3 .
ﬁ”‘ = Z i im [/f:m coshf, - ( _‘,,,,ygmcos;f_‘m] sin(mann)
|

m-i

+ z ["‘Krng}:m [IB;m COShﬂbn +(C 'JZM},;mCOSh },Jm] Sin (mm)

mzk el

It
== Z ""‘}mgllm('n/r)2 [ﬁ}m COShﬂJM + C]lmy,im COS}/Jm] Sin ("17177)
m=|

- Z /:V3m032m(”1”)2 [ﬂ}m COShﬂ}m + (‘BZm}/Jm COSh },3m] Sin (m”77)

A=kl
Only the elements on the diagonal of the submatrix are non-zero:
AS(iy) = 0 fori =) (2-58a)
On the diagonal,

Y
AS(/,/):—[AIN+ (‘¢2‘ )AZN], (2-58b)

Where A]N = 03lm [ﬂ;m COShﬂJm - CJlm},gmcos},JM]
‘421\/ = —g.ﬂm(m”): [ﬂ]m COShﬂJm + CJlm},Jmcos}/Jm] for ;"2 - (”l”.)2 > Ov
and AlAy = 03201 [ﬂ;m COShﬁJM + CszyngOSh}/Sm]

AN = -0, (mn)* [, coshp,,, + Cpyp75,c08hy ] for I —(mn)* <0.



c. Vertical edge reaction along the n = 0 edge

L ght aw(g Dy v)g SW(E, )
D én’ o on

g
=- Z 5 Brim(mm)’ [sinh Bims + Cyy sinylmg’]

m=1

SWL(E )
6-;'7‘ =0
- Z[ 1mgl" (”1” [Slnh ﬂlmg + ( 2m Slnh}, ]m“.!]

ek’ ol

SW(E )

IS

N L =
apd A ZI 3mgllm mnr [ﬂhn Stnhﬁ%m? Hm}/.lm SIn/Jmﬁ]
c&cn

m=|

o))

r

. : . = v -
+ Z /: %mgilm(,n;r)[ﬂlm Slnh ﬂlm‘.‘ +( JZm}/"m S]nh Y Ime ]
nrak” o}

Here the submatrix elements are defined by
A8 = =[N +(2 - V)¢t AN ],

where AL\ = -6, (mr)* [ex] + C,,,ex2]

AN =6, (mr) [,Bime.\'] - ('_”myime.r?.] for A° —(mz) >

and  AIN = =6,,,(m7)" [exl + Cyy,ex3]

A2N =8, (mr) [,B_;mexl + ('32,,,7;",ex3] for 2* — (mxz )’

d. Vertical edge reaction along the ¢ = 0 edge

R (&.m v) &M, (& 1)
D c’g" ¢‘ ent 6E

~lrgr, - IS
CHUE N } . .
;;: 1 ‘ = Z /“31718.11"1 [ﬂ;m =( 31m7;,,,]SIn(m7zn)

m=1

+ Z r3m03’m [ﬂjm + C’p,,,}'h, ] Sm(mfny)

m=k” ]

W . 2 . :
== Z LJMQJIM(”I”)‘- [ﬂ)m + C'Blm},Jm]SIn(mm)
m=1

Wi(&, rﬂ
ceen’ 20

- z L3 05am(mr) [,Bsm + Clzm}’sm]sm(m’n?)

=k ol

0,

<0.

46
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Elements not on the diagonal of the submatrix are zero:
AStiy) 0 fori =) (2-60a)

On the diagonal. the elements are determined by

. (2-1v)
AS(y, )= AIN + — A2N |, (2-60b)
¢-
where
r 3 - 3

l“i]A/ = 9”," [ﬂ]," - ( }lm}’]m]

"12/\/ = —g”m(["/[): [ﬂ_‘m + (‘}lm}/lm] for /J": - (,n”): > O’
and ‘4]N' = gllm [ﬂ;m + (vllm}/::m]

“lzN = "033,,,(”1”): [ﬂ}m + ('.IZmy.lm] for /{2 - (”1”)2 < O

8.4. Building Block 4

The coefficients 6, 'y O3 and sy, are substitued for Gim Citm Gz and Cysp,
respectively. in the contribution terms for Building Block 3 for all cases except those

specified in the subsequent sections.

8.4.1 Displacement along the £ = | edge

There is no contribution to the displacement by Building Block 4 along this edge.
ASliy) = 0. (2-61)

8.4.2 Moment along the &= 1 edge

The forced harmonic bending moment

/\/fbl E
=) I, sin(mn&) (2-15)
ab |, ; !

=1
is already a sine series in the proper terms. The submatrix elements on the diagonal are
ASGy) = 1. (2-62a)
For the remaining elements where / =,

AStiy) = 0. (2-62b)
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8.5 Building Block §
8.5.1 Displacement

a. Displacement along the n =1, £ =1 and £ = 0 edges

There 1s no contribution by Building Block 5 to the displacement along these edges:

ASty) 0, (2-63)

b. Displacement along the n = 0 edge

Building Block 5 has a forced displacement along this edge:

=S Ky, sintmatl- £)) (2-17)

m-|

and so ASGy) 1.0 (2-64a)

Hd g

qrh

For all remaining submatrix elements for which 1 =/,

AS(iy) 0. (2-64b)

c. Displacementalongn=1-¢

The unexpanded solution along this diagonal is

-
HWi.n = Z e O [ sinh(F,(1-5) + ', sin(y, (1= 5)) ] sin(ma(1-2))

m=1

+ Z /:.5n1052m [Sinh(ﬁm(l - 5)) +( ‘flm Sinh(},m(] - a)]Sin(,’z”( - '?:))

=kl
After expansion, this solution becomes

-
Wo(&m) = D Egp Oy, [ exl + ex2 + Cy,, (X3 + exd) ]

=1

+ i k., 6., [exl +ex2 + (g, (ex5+ exé)]

m=k" ol
where

cosh B, cos(mm —nx)—1

exl=4_

B +(mx-nx)

1 —cosh B cos(mm+nr)

B+ (mr+ nzr)2
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I —cosy, cos(mn - nr)

L"‘-S = ’V'" S
yi—(mr-nr)
cosjy, costmm+ nm)— |
exd =y -
7i=(mr+nn)
. coshy, costma —nx)—-1
exXy = /m 2
7o+ (mr-nx)
I - cosh/m cos(mm + ni)
ex6=y

yi 4 (mr+nz)

The elements of the submatrix then become

AS(L )y =65, exl + ex2 + 5, (ex3 + cx4)] for A* = (mrx) >0, (2-65a)

Stm

or AS(1,7) = 05y, [ext + ex2 + Oy, (0x5 + ¢x6) for &' —(mm) <0. (2-65b)
2m S3m

8.5.2 Slope
a. Slope along the n = 1 edge

AN(E )]

e = - i L O [ B+ Cand m ]sm( mns)

m=i

7=l

- Z 1'5’" 95"'" [ﬁm +( S’m},m]Sln(mﬂL )

mak" el

All elements that are not on the diagonal of the submatrix are zero:

ASGiy) - 0.0 fori =) (2-66a)

On the diagonal.
ASU,j)=- 65“"[/)’," + CS,mym] for A* —(mrm)*' >0, (2-66b)
and  AS(,/) = O, [ By + Cam ) for &' —(mx)* <0. (2-66¢)

b. Slope along & = 1
n)

‘f\\ ‘f\'\

e
= Z £‘5",95,m(mzr)[ sinh B, (1-n)+ s, siny, (1-1) ] cos(mm)

=1 el

K&,
a’

+ Z L, G5, (M) [sinh B.(1=n)+Cs,, sinhy, (1~ r;)]cos(m;r )

m=k"1
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In expanded form. this becomes

AS(L ) =6y, (mr) cos(mfr)[c_r] + ('Slmcx?_] for A* ~(mxz) >0, (2-67a)

.

and AS(, 7)) =6, (mr) cos(nm)[exl + ('53,"c.r3] for & - (mx) <0, (2-67b)
where

2(nm) sinhf

B+ (nr)’

2(nm) siny

s m

(nr) - }/,3"
2(nrm) sinhy

2 2
v tnm)

c. Slope along the n = 0 edge

It

HA(E, . . .
Qf_“—'_”l = - Z E O [ Bcosh B+ v cosy, ] sin(mx& )
C’] =0 m=|
- Z [;‘5m 952111 [ﬂmCOSh ﬂm + (',‘an}/m COSh }/m ]Sin( ”I’T'?: )
mak’ el

Elements off the diagonal of the submatrix are zero:
AStyy 0 fori =y (2-68a)
The elements on the diagonal are

AS(, 7y =~ 05,,,,[ﬂ,,, coshf + ('SIMymcosym] for ' ~(mr) >0, (2-68b)

and  4S(i,)) = = Oy, [ B, coshB,, + Coam# mc0shy, ] for £ —(mr)’ <0.  (2-68¢)

d. Slope along the £ = 0 edge

AT))

-
Y =y E‘5m05,m(m7r)[ sinh B, (1-n) + C,,, siny, (1-n) ]

0 m=1

+ Z 12-5,"952,"(”7”) [Sinh ﬂm( - '7) +( 'SZm Sinh }/m(l —,7)]

mak” 1
In expanded for, this then becomes
AS(,)) = Oy, (mr) [ex] + Cypmex2] for 2 —(mr) >0, (2-69a)

and  AS(,)) = Oy, (m7) [exl + Cy,, ex3] for A - (mx)’ <0, (2-69b)



where ex/, ex2 and ¢x3 are identical to those of section 8.5.2.b

2(nrx)sinhg,

exl = - -
(nm)” + p,
2 inv
o) = _(n/rf Sln,‘m
(n”) - 7m
. 2(nrx)sinhy
ex3= —— °m

(nm)* +yl

e. Slope alongn=1-¢

The slope along any oblique line is

HUE ) = SURE) cos a + P alEm sina
i i cs
where
WAE Lo : ' i :
: :i:”?) = Z hﬁmgslm(m”)[ sinh ﬁm;+ ( Slm 5|n}/m§]COS(mﬂ§ )
axrs nei-2 |

+ 2 E O, tmr[sinh B8 + Cy, sinh 7, Z]costms )
ek -]
AWAE S . 1 .
nl =~ Z /"Sm gflm [ /jm cosh IBm'; +( st m COS}’m; ] st mig )
(',7 :=l"'7 m=}

e

- Z L5 Osarn [,Bm cosh B,.& + (5,7, cosh 7,,,;'] sin(mné )

m=k +1
for this building block and this line. After the expansion is performed, the elements of

the submatrix can be found from the following:

1
AS(,j) = AINcosa+ZA2Nsina, (2-70)

where AIN = 05,,,,(”17:)[@.\'1 +ex2+ (5, (ex3+ ex4)]
AN = 03,[ B (01 +32) + Gy, 13+ 34)] for ' —(mr)* >0,
or AIN =0, (mr) [exl +ex2 + C,,, (exS+ ex6)]

AN = Gszm[ﬂm W+ 32)+C,y 7, (VS + }'6)] for & —(mr)* <0.



(mmx+nxysinhfB

il

exl = — 3
B, +{mx+nx)
I Ll nm)sinh 3
B, +(mx—-nr)
el o (mx+nw)siny,
(mr+nr) -y
(mm— nfr)sin/m
exd =
yi—(mr-nr)
- (m;r+ n;r)smh;f,,,
Xy =
yie(ma+nx)
—(mm - nr)sinh;
exb = ) [

v+ (mr-nx)

8.5.3 Moment

V' - ﬂm g]nh ﬁm
T B s (mr=nx)
‘.’) = _ ﬂl” Sinhﬂn'
B +(ma+nx)
V32— TS
7o —(mr-nx)
‘.4 = t/m Sln//m
C (ma+ax) -yi
\'i — I/’" qlnh / n
v +(mr-nz)
o~ 7asinhy,

Tl (mr+nr)

a. Moment alongthen=1,£=1,n=0and £ = 0 edges

There is no contribution by Building Block 5 to the bending moment along the edges

under consideration: ASfi,j) 0.

b. Momentalongn=1-¢

D OQQ'

u

==

’ g e
Mg _ _[91 PRGLAY ) PRALATY)

+ 03 ¢ C}H/S(Gv ”)J

aEn

- Z ‘5m Sim ”I’T)- [Sinhﬁn1§+ CSlnISinynx:] Sin(,n”;)

- ZLSM sam(m7) [sinh & + Cyy,, sinh y & sin(maé)

me=k ]

EW(E )
on’

e
= Z E5m051m [ﬂl;:l Slnhﬂm: - CSlm}/r;:r Sln},m;] Sln(m”g')
: m=!

+ Z IO . [,B,,, sinhf &+ (s, 7. sinh /mc] sin(mx&)

=k el



T .

Flué ) : . .
——'Ll == Fy 0y, (mT)[B, coshB,5+ (. 7, cosy Z]cos(ma)
n=1-2

- - " rom
2= 2
csan

m=1

E

- Z /'-.5,"952,"(”1”)[,8"‘ COShﬂm: +( ‘52m},m COSh }/mé:] COS(m/[gf)

m=k" 1
Upon expansion, the elements of the submatrix can be calculated from

ASGLy = =[6, 87 41N + 0, 42N + 6,9 A3N]. (2-71)
where 41N =-6,, (mr) [c.\‘l +ex2+ (0, (ex3+ c.\‘4)J
AN =6, [ B, (exl+ex2) = ¢ m P (€X3+ :.'.\'4)]

AN =-0,,, (m;r)[ B, 0l+12)+C (Vv3+ _\'4)] for * = (may >0,

a7
M s m

or AN ==-0,,, (mr)’ [ exl+ex2+ 'y, (exS+ c.\‘é)]

m

AN =6, [ B exl+ex2)+ v ° (exS + cxé)]

S2m i m

A3N=-0.,, (m/r)[ﬂm(_vl +32) + Cigp 7 (VS + _1'6)] for #* —(mz) <0.

The expressions for ¢x/ to ¢x6 are identical to those for the displacement of Building
Block 5 alongn =1 - Z. found in section 8.5.1.c. The remaining expressions are:

- (mz + nx) [cosh B, ~ cos(mr + nr))

B +(mr +nx)’

,_{ma - nx)[costmm - nx)~ cosh .|
-"- =

Y

B +(mx—-nr)

ni

(mz + nx) [cosy, —cos(mz +nr)]

}’3= 2 )
(mr+nz) - 32

4o (mz = nrx)[cosy, - costmz - nr))

v"

2

¥i—(mr-nr)

5o (mz +nx)[coshy,, - cosimr + nx)]

Y

Vo +(mr+nr)

e (mm~nrx) [cos(mzz - nx)-coshy,|

Y

vo+(mr-nr)
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)
1]

cos” a + vsin® a

l.l%
I

SN~ a + 1YCOS”™ &

0, =(1-v)sin2a
8.5.4 Vertical Edge Reaction

a. Vertical Edge Reaction along the n = 1 edge

. 2 AT X TR 1
I b =_£F, ”l(?’m TS cii—,:(e:m
D L an T on

ANWAE )

P o

P - S ,,,]sm mmrs)
(‘,7 n-1 m=1
y N 3 ’ 3 .
- Z I:5n1952m [ﬂm +( 53,,,}',"] Sln(”llfdf)
kol
WA En) s ) _ , )
Az 9 = Z l"Slm()SIm(”Iﬂ-) [ﬂm +( 5|m},m] Sln(lnﬂ'b)
C'T 6’7 =1 =1

x

+ Z EonOsan(mr)” [,Bm +Com? m ] sin(mmré)

nr=k

Only the elements on the diagonal of the submatrix are non-zero:
AStiy) 0 fori = . (2-72a)

AS(y ) = [-H\/+"-v)¢ 47\] (2-72b)

where JIN =-6,,, [,[5';, - ('Slm}/;]

AN =, ma) (B, + Copr,]  for Z—(ma)>0,
and ‘4]‘/\' =- 952171 [ﬂ;l + ("520173"

A2N =86, (mn) [,B,,, + (5,,,,/,,,] for 2 - (mr) <0.
b. Vertical Edge Reaction along the £ = 1 edge

LA [ SWem  2-v) & “W(:,m]

D : é cn” cé

=
25



=3 - ! 3

. ”i(‘?’ ’7)[ == Z ["‘Smgilm(,n;r)j [Sinhﬂn:( l - ’7) + ( 'Slanin}/m(I - ,7)] COS(”I”)
- R m=1
- Z /’..5’"95:"'(”17[)} [Sinhﬂm(l - ,7) + ('ﬁlnlSinhylrl( ' - ,7)] Cos(m”)
Ay o

AHAE D) L , .
% = Z /15”'85|"'(”17[)[ﬁ;’ Slnhﬁm(l - ’7) - (‘Slm}/;rSln}/m(l - ,7)] COS(”I”)

céent |, &

kg

+ Z /"'5171952m(’””)[ﬂlzn Sinhﬂn:( l - '7) +( 'San/V:::Sinh 7!1!( ] - ,7)] COS(”I”)

m=k -1
The submatrix elements are now defined by

(2-v)

ASCy, ) = —,(x”.’\" + — 2N |, (2-73)
L ¢

7
)
where AL\ = -6, (mz)" costma)[ext + (', ex2]

A2N = 6’5,,"(m/r)cos(m;r)[,8,‘2,0.\'] = Con? cx2] for ° —(mz)* >0,
and AL\ = =0, (mx)* cos(mr)[ex] + Cy,, ex3)]

A2N = 95:,,,(»1;r)cos(mzz')[ﬂ,:"cxl + 7o e.\'3] for #* ~(mx) <0.

The expressions cx/, ¢x2 and cxJ3 are identical to those for the slope contribution of

Building Block 5 along the & = | edge, found in section 8.5.2.b.

c. Vertical edge reaction along the n = 0 edge

42 Syr oo WoE
V@b __ 5‘”5(?,0) P2 =) o’*‘Ph’(G’ )
D on c& on

Wy Em) < -
;q} = - z; Es i [ﬁfn cosh B, - C;,..7) cos 7,,,]sm(m7r§)
=0 m=

- Z E5m052m [ﬂ;: COSh ﬂm + ("‘SZM}/;:: COSh 7n| ] Sin (”1”5)

k-]

0
= Z ESmQSlm(m’r): [ﬁm cosh ﬂm + ('SIm},m Cos 7:71] Sin(”l’.z.;’)
m=1

n=0

+ D EBy,(mn)* B, cosh B, + Cy,, 7, coshy, ] sin(mré)

=k’ 4]



Llements not on the diagonal of the submatrix are zero:
AStiy) 0 fori =)

On the diagonal. the elements are determined by
AS(), ) = —[AIN +(2 - v)g 42N ]
where AN =-6,,, [ﬂ;, coshf3, — (. 71 cos 7,,,]
A2N = Oilm(m/r):[ﬂm coshf, + ('Slmymcosym] for A* ~(mrx)* >0,

and AN =-6,,, [,B:, coshf,, + (', 7. cosh ym]

A2N =0, (mr)’ [ﬁm coshg, + (,, 7, cosh ym] for & - (mmr) <0.

d. Vertical Edge Reaction along the £ = 0 edge

D cE’ ¢ ont s

b _[c“w;w.m L2-v) afw;(:,mJ
SWHE )

-l
~

It
=~ Z /““rngilm('n”)3 [SInhﬂm(l - '7) + ('SlmSin},m” - ,7)]

-] =20 m:=|
- Z KOs, (mr) [sinh,Bm(l =)+ s, sinhy (1= q)]
m-k"+l
FE 3 . )
W{ = Z /".Smgilm(”lﬂ-) [ﬂ;: Slnhﬂm(] - ,7) + (wSIm},I.nSin }/m(l - ,7)]
csén’ |, =

* Z lifmgﬁm(”zﬂl)[ﬁil Sinhﬂm(] - ”) + ("SZHI},I:nSinh}/m(l - ,7)]

m=k +1

The submatrix elements are defined by

v i (2=
AS(,.‘,):—LAL«W pe A2N |

where AN = -6, (mx)’ [e.rl + Cgypm e.rZ]
AN =6, (mx) [ﬂ;exl -Con? o ex?_] for A = (mr)y >0,
and  AIN = -6, (mx)’ [ex] + Cyy, ex3]

A2N =6, (mm) [,Bf,,exl + Cogp/ o ex3] for & —(mr) <0.
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(2-74a)

(2-74b)

(2-75)
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The expressions cx/. ex2 and ex3 are identical to those for the slope contribution of
Building Block 5 along this edge and also along & = 1, found in sections 8.5.2.b. and

8.52d

8.6. Building Block 6

To obtain the contributions of Building Block 6, the constants 6;,,,, Csme Oson and Coom
replace &y, Csjpn Gszy and Css,, tespectively, in the expressions for Building Block 5.

unless specified otherwise in the following subsections.

8.6.1 Displacement along the n = 0 edge

Building Block 6 does not have a displacement along this edge:

ANty 0 for 1= . (2-76)

8.6.2 Moment along the n = 0 edge

Elements that are not on the diagonal in the submatrix are zero:
AShy) 0 fori= . (2-77)

Building Block 6 has a forced rotation of the form

¥/ >

= VI:' sinimz& 2-19
ol D Eoom £) (2-19)

1 nr=]

along this edge. Hence, the elements on the diagonal of the submatrix for Building Block

6 are
ASGy) = 1. (2-78)
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8.7 Building Block 7

8.7.1 Displacement

a. Displacement alongthe n=1,£=1and n=0 edges

There is no contribution by Building Block 7 to the displacement along these edges.

ASty) 0. (2-79)

b. Displacement along £ =0

For Building Block 7, there is a forced displacement along this edge:

H( .,‘,77){__:” = Z I, sin(mzrn) (2-21)

mel
No Fourier expansion is required, since the series is already in the desired form.
ASgy) 10, (2-80a)
and where / = /, AStiy) 0, (2-80b)

c. Displacement alongn=1-¢

The unexpanded solution is

g
H;(‘.f" '7) = Z /"‘7n107lm[5inh(ﬂ}m(l - ,7)) + (‘7lm Sin(yjm(l - '7)) ] Sin(”lﬂ(l - ;) )

m=1

+ Z/{Wnenm [S'nh( ﬁlm(l - '7)) +( ‘72n15inh(73m(l - 77))]5“1(”?”( ] - é:) )

M=k
The elements of the submatrix then become
AS(, 1) = Oy [ exl + ex2 + () (ex3 + exd)]  for &~ (mr)*>0, (2-81a)
or AS(,7) = Oy [exl + ex2 + Cpy, (X5 + ex6)]  for ' —(mz)* <0.  (2-81b)
where

cos(mr) cosy,, — cos(nr)

B cosh 3, cos(mr) — cos(nr)
3m

exl= 2 R exd =y, ] 5
Bim +(mr +nr) Vim—(mr-nr)
x2=p, COS(HIZ:) —-cosh g, cosﬁ(mzz) exS=y, cosh }/3"' cos(mrm) — coﬂs(nfr)
Bim +(mr - nz) Vim+(mr+nrx)
ex3=y, cos (nr) — cos(mm)cosy,, ex6=y, cos(nz) - coshy, cos:(m;r)

7 —(mfr-t-mr)2 Vim +(mrx - nn)
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8.7.2 Slope

a. Slope along the n = 1 edge
TS | 13
Mt = Z/:},,,Onm(mfr) [ sinh 3, (1-2)+ (%, siny, (1-35) ] cos(mi)
ony ln:l =l

+ Z 15,652, (M) [sinh Bl =)+ (1 sinhy, (1- .;’)]cos(mfr)

m=k .l
In expanded form. this becomes
AS(,)) =6, (mx) cos(m/r)[cxl +('7,,"¢\'2] for " = (mx)’ >0, (2-82a)
and A4S, ))=0,,, (mx) cos(m/r)[cxl + ('7,,,,cx3] for A —(mr) <0, (2-82b)

_ 2(nr) sinhf3,,

where exl 0 -
B, +(nr)
) in;
oxd = M
(nz) =y
o3 = 2(nm)sinhy,

Vo )"

b. Slope along the £ = 1 edge

cH,

(s, m)
c

-
= Z ['-‘7,"971".[:83". + O 3m ] sin(mmn )
m=]

Ny uiy

+ i 150020 [:me + Coamd im ]Sm(””m )

ek’ -]
All elements that are not on the diagonal of the submatrix are zero:
ASGy) -0 fori= . (2-83a)
On the diagonal, AS(1,)) = Oy Bom + Coip? 3] for £ = (mz)* >0, (2-83b)

and AS(,J) = O Bom + Crap? 3m]  for £ —(ma)* <0, (2-83c)

c. Slope along the n = 0 edge

- i
iW;(g’ T]) = Z E7m97lm(m7r)[ Sinhﬂ3m(] - 5) + C7|,,, Sin},Jm(l - .f)]
,7 =0 m=1

+ Z E?m 972»1(””?) [Sinh 183171( - g) + ("‘72m Sinh}/lm( - G’)]

ek’ 4l
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In expanded for. this then becomes

AS(, 1) = 6,,, (mx) [arl + Cppex2] for 7 = (mm)* >0, (2-84a)
and  AS(,)) = Oy, (ma) [ex] + Cpmex3] for A = (mz)* <0, (2-84b)

where ¢x/, ex2 and ¢x3 are identical to those of section 8.7.2 a -

2(nrx)sinhg,,
,B‘;m +(nmy
(nr)siny,,

exl =

exd = > -

2
( ) - /}m
2(nr) sinhy,

nr
¢x3= 3 3
m T ()

(1
V
d. Slope along the £ = 0 edge

Elements off of the diagonal of the submatrix are zero:
ASty Ofori = . (2-85a)
The elements on the diagonal are

AS(1.7) = 0210 [ Bam ©OSh B,y + Cp1 7 3 COS Y im] for * —(mx)* >0, (2-85b)

and A4S, )) 7,,,,[,8;,,,coshﬁ,,,, + Cy3n7 3m COSh /zm] for * - (mz)" <0. (2-85¢)

e. Slopealongn=1-¢

The slope along the diagonal is given by
EW(E) _ HEm ] c°;1;f§.q) r

p p na
cn cs ] cs
where
3 = L
4 H/:,'C"(:-']) = —Z E7m67IM[ﬂ3m COShﬂJM(I_‘5)+(ﬂ7lm73mcos}’3m(l_‘::)] Sln(m”(l—f))
° n=1-3 m=1
- ZE7M972m[ﬂJMCOShﬂ3m(l—§)+C’72m73m005h73m(l—@]Sin(m”(l—,f))
m=k 41
17 k°
5'"75(5’ m = Z[;’,m87,m(m7r)[sinh,33m(l—§)+C.,lm sinyJM(l—g'-')] cos(mm(1-¢£))
s=l-n

+ Z E7,,,072,,,(m7r)[ sinh g, (1- &)+ C,,,, sinhy,, (1- 4_?)]cos(m;r(l -5)

m=k"+1
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After the expansion is performed. the elements of the submatrix can be found from:

1 :
AS(, )= A1Ncosa + — A2 N sine (2-86)

where AIN =6, [/},m(cxl +ex2)+ (5, Valex3 + c_r4)]

AN = 07|m(mzr)[_vl + 32+ (5, (V3 + }'4)] for ' —(mr) >0,
or AIN = 0y, [ Binlexl +ex2) + Cpy i (x5 + ex6)]
AN = ()nm(m/r)[_vl +v2+ 0, 005+ _1'6)] for X' —(mx) <0.
l .., cos(m)sinh B, = (mm+nx)cos(ma)sinh g, ,
exl =2 - : : 3
w T (M= nm) Biw +(ma+nr)
o B, cos(m)sinhf, 2 (mx - nx)cosimn) sn}h B..
Pom +(mr+nr) Bim +(mr ~nrx)
32 LwCOSma) siny ;,, . (mz+nr)cosimr)ysiny,,
ex3 = L = V3= — —
Vi —(ma—nx) (mr+nrz) -3,
vd = L COSUMT) siny o (mm - nr)costma) siny,,
(mzx+nz)y -3, ' Vim—(mr—nr)
ox§ = £mCOStmm)sinhy,, . (mm+nx)cos(mzx)sinhy,
- - - 2 }'- = 3 Y -
Vi (ma=nr) Vim +(mr+nz)
ox6 = — Lm COS('"’T)Smh}'}m 6 (mx - nx)cos(mm) sinhy
2 2 vo = —
14 +\mmr+n . 2 2
Vim +(mr+nx) Vim +(mr—nr)
8.7.3 Moment

a. Moment along the n=1,£=1,n=0and £ =0 edges

There is no contribution by Building Block 7 to the bending moment along the outside
edges:

ASlij) - 0. (2-87)

b. Momentalongn=1-¢

A, L EWE R4 (& 20 (&
“[n¢b - _ 9] ¢- c ”7(?»") + 9‘ Cv‘u7(§v ") + 93 ¢Cj-;f/’i(g”7)
D o&” T o céon



Sk 5 , ‘Z/ G- ,m[/j"m sinhg,, (1- (7,”” w SINY S, (1 E]sm mma(l-2))

=1

+ Z ["‘7n1072m [ﬂ.‘.’;m Sinhﬂ}lrr( l - 5) +( '73m7::m Sinh},]n!( ] - é:)] Sin(”’”( ] - ‘::‘:))
l

m=k +

0
- Z I"'7m07lm(",ﬂ-)2 [Sinhﬂ}m(l - ';:) + (‘7lm sin }’Jm(l - ‘:-':)] sin (,n”(l - :))

n=1-: m=1

CHIE )
('77‘

- Z Eym@ram (M)’ [sinhﬁ‘m(l = &)+ g sinhy (1- g’)] sin(ma(1-5))
e

m=k o+l
L) S
o = Z L. 7m07ln1('n;r)[:3‘m cosh 3, (1= 2) + €y 7 4, COSY 4, (1= f)] cos(mn(l-3))
acsaen |-
n=1-3

+ 217", Tam (M) [,6;," coshf;, (1= &)+ y ymcoshy o (1= _)]cos(m/r(l— )

m=k" ¢

Upon expansion, the elements of the submatrix can be calculated from
Ay = =[60,¢7 AIN + 0, 42N + 6,4 43N], (2-88)

where
8, =cos” @ +vsin® a
0, =sin’ @ +vcos” a
@, =(1-v)sin2a
and AN = 87,,,,[,6‘,,,,3 (exl +ex2) = Gy 7o 2 (ex3 + c.t4)]
AN =-0, (mr) [ exl +ex2 + (), (ex3 + ex4)]
AN =-6,,( m/r)[,B_,,"(_vl 32+ oV (V34 y4)] for i° —(mx)’ >0,
or AIN = 6?72,"[,3_‘,,,: (exl+ex2) + Cpp v, (0X5 + ex6)]
AN =6, (mr) [exl +ex2 + Cyy,, (ex5 + ex6)]

farmn

A3N =- 6‘72,,,(mzr)[ Bam (V1 +32) + Coap 75 (VS + _v6)] for A* —(mx) <0,

The expressions for ex/ to ex6 are identical to those for the displacement of Building

Block 1 alongn=1-Z, found in section 8.1.3. The remaining expressions are:



_ (mz +nz)[cosimz)coshf,, - cos(nz)]

vi= P+ (ma+nx)
e (mz = nx)[cos(nx) - cos(mu) cosh 3, ]
’ i, +(mr—nr)
~_ (mm+nx)[costmr)cosy,, - cos(nr)]
= (mr+nz) -y
" (mr - nr)[cos(nr) ~ cos(mx)Cosy
) (mr—-nz) -¥3,
5o (ma +nx)[cos(mn) coshy ,, - cos(nr))

Viw H(mr+nx)

6= (mr-nn) [cos( nw)—cos(m) cosh}qm]

Vi +(mr-nr
8.7.4 Vertical Edge Reaction

a. Vertical edge reaction along the n = 1 edge

CE A

" gh* S s
. ={p”7("m+(z-v>¢

D én'

A3
an

m=|

EWLE, m}
n=1

-
=2 Erba(ma) [sinh B, (1= &)+, siny, (1- )] cos(mo)

= Y Eypboam(mr)’ [sinh B,,(1= &)+, sinhy, (1- )] cos(mr)

ek 4|
EW (&, n) -
OF én

r):l m=1

+ Z 157171672171 (mﬂ-)[ﬂim Sinhﬂ}ni( I- é:) + (‘7.’.m}/§m

[y |

Here the submatrix elements are defined by
AS(, ) = =[N + (2= v)gP 42N ).
where

AIN = -0, (mx)’ cos(mm)[ex] + C,,_ex2
Tim

-

= 2 Ernrinm D) [ By sint By, (1= &) = Cripr 3 sin 74, (1 - ] cos(m)

(1- ;’)]cos(m;r)

A2N =6,, (mx)cos(mr) [ﬂ‘imexl -Gyt o e.r2] for * —(mx) >0,
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N

and AN = =8, (mr) cos(m) [cxl +( ’72",(.'.\‘3]
AN = 9.,:",(mzr)cos(nz/r)[,é‘:mc.\'l + o3 u.\-3] for A* —(mmr)” <0,
The expressions exl. ex2 and ex3 are identical to those for the slope contribution of

Building Block 7 along n = 1, found in section 8.7.2.a.

b. Vertical Edge Reaction along the £ = 1 edge

e [c"w;m L2-v) é*‘w;(:,m}

I3 AF ¢ s
W (E ) -
AR -2} M - ' ) i
—_[‘:5; ' = - l"7m67lm [ﬂ;m - ( 7lm7;m] Sln(,nm)
- . -1

=] .

—~ . 3 . 3 .
- Z /27",()7:", [IB}m +( 72m/ 1m] Sin (Iﬂfl‘f])

=kl
SHUE ) & : . ‘
~ -: 2 = Z ’,7,"8-”’"(’"”). [ﬁlm +( 7Im}/3m] Sln(nl”’,)
P:Pfl- - m=| »

+ Z [;‘717'972:7:(”1”)2 [ﬂ}m +( ",’Zm}/Jm] Sin(,n””)

m=k el

Only the elements on the diagonal of the submatrix are non-zero:

AStiy) 0 fori z). (2-90a)
: . . (2-v)
On the diagonal, ASCr, )y == AN + 7 AN |, (2-90b)
where AN =-6,,, [IBJmS - (‘7lm}/3m.‘]

A2N =6, (mr) [ﬂ3n, + ('7,,"73,"] for ' —(mr)* >0,

and AN =-6,, [,33,,,3 + ('7:,"73":3]

‘42‘/\“ = 972m(”1”)2 [ﬂ_?m + (‘71",}/3m] for /:': - (”I/T): < O

c. Vertical edge reaction along the n = 0 edge

bt _ [ewEm | ) s SEn]
D én’ i} cE on |
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==Y 15,0, (ma) [sinh By, (1= &) + (5, siny (1 - 9]

m-1

£

Z Yo m @2 (MTT) [smh Bim(1=&) + (), sinhy, (1- ;)]

Z [ 7m97lm mi [ﬁ‘m Slnhﬂlm(l (‘7|m7§m Sin}’lm(l - 5:)]

-1

=0

+ D o Or, (mm)| B3, sinh B (1= E) + (. 5 sinhy, (1— 5)
Tmt I 2m Im ] > 7-m/ m m =

ek’ ol
The submatrix elements are defined by

15(),)) = =[AIN +(2 - v)¢2.42N], (2-91)
where AIN = -7(mr)’ [c.tl + ('7,me.\'2]
A2N =0, (mnx) [,Bﬁme.tl = Con? o e.rZ] for A* —(mr) >0,
and AIN = =05, (mr)* [ex] + Cy,ex3)

A2N =6, (mrx) [ﬂ;mcxl + o ¥ e.r3] for &7 —(mr) <0.

d.Vertical edge reaction along the & = 0 edge

Vol _r‘u; &), 2-v) W, (&, n):l
3

D 23 ¢ On ok
EW () .
—;.é_.—_?’] Z £ mO7im [ﬂzm cosh g, — 7|m7;m COS}’JM]S'"(WT’?)
I=0 m=1
- Z / 7m€7"m [ﬂ?m COShﬂ?m +C 7’m/ lm COSh /‘{rn ] Sln( ”I”’?)
=kl

SHE D) 3 . _

—sz ‘\- "‘ = ZE7mg7lm(”I”)- [ﬂ}m COShﬂlm + ('Jlm}/Jm Cos},,‘m]s'n(,nm])

C'..::C'U- =0 =l

+ Z E1nBram(mn)* [ By cosh By, + Cyy vy, cOSA ¥ sm | Sin(m 7777)

S |

Elements not on the diagonal of the submatrix are zero:

AS(ij) =0 fori =j. (2-92a)
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On the diagonal. the elements are determined by

. (2-v)
AS(y, )y =—-1aln + —uln |, (2-92b)

where AIN =-6,, [ﬂ}mi coshp,, - ('7lm}/lmzcos}/lm]
AN = 0, (mr) [ By, coshf,, + (5,7 ,,C08 7, | for % —(mr) >0,
and ‘41/\] =- 07;’"1 [ﬂim; COSh/B?m + (‘72m}/3m1C05h},3m]

AN = 0,2,"(”1/[):[,6}", coshf,, + ('nmy;mcoshy,m] for A - (mx) <0,

8.8. Building Block 8

For Building Block 8, the coefTicients &,,, ('y/m Gn and Cyom replace 6y, Crpp 6o,
and ('-y, respectively, in the expressions for Building Block 7. unless specified

otherwisc in the following sections.

8.8.1 Displacement along the &= 0 edge

There is no contribution for Building Block 4 along this edge: AS(iy) - 0.

8.8.2 Moment along the &= 0 edge
On this edge, Building Block 4 has the forced moment

Mb?
al) 0

x
=Y Ly, sin(maé) (2-23)
m=1

which is already a sine series in the proper terms. The submatrix elements on the
diagonal are

ASGy) = 1. (2-93a)
For the remaining elements where 1 =/,

AS(ij) = 0. (2-93b)



67

9. Eigenvalue Matrix Assembly

With the building blocks chosen and the building block contnibutions expanded in the
same type of Fourier series, a set of linear algebraic equations can be assembled from the
net boundary conditions on the outside edges of the plate and the continuity conditions at
the segment interfaces. Each condition-edge combination results in a set of & or 24
equations, where & is the number of terms used in the driving force and moment
expansions. The 2k equations are required tor the conditions imposed on the diagonals to
obtain as many equations as there arc unknowns /:,, the coefficients of the driving
functions 1n the building block solutions. The set of equations 1s best solved as an

cigenvalue problem.

The number of terms used, &, depends on the desired accuracy of the results and the
convergence of the eigenvalues for the plate under consideration. In general. 12 terms
are sufficient for most cases. The eigenvalues are obtained by requiring the determinant

of the eigenvalue matrix to be equal to zero.

Examples of cigenvalue matrices for various parallclogram plates are presented in the
subsections that follow. Only non-zero values are shown. and only three terms are used
in the examples. FORTRAN 77 computer source code found in Appendix 5 performs the
eigenvalue matrix assembly as part of the eigenvalue search as well as the mode shape

generation.



9.1 Eigenvalue matrices for SSSS Parallelogram Plates

Figures 2-13, 2-14 and 2-15 show the eigenvalue matrices for the parallelogram plate

with simple supports on all four edges.

segment [ segment Il segment 1]
BB 4 7 8 | 2 7 8

D2 |- -

L%
P
N
[o}
Lo

Di2f---1---[---]---

M2 - -

XTF) IEEE TR IR

I S T e S D P
VI I RS T T (S A S

D4 - -

DI2 R P

M3 . -

M12 [EUNNES (R D

s4 - - T T T
Z - - - T

Figure 2-13 Eigenvalue matrix for SSSS parallelogram plate, ¢, < 0.5.
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1313

segment {11

Is 4

2

D12

M2

M2

14

D2

M

Mi2

NS4

\L

segment | segment [I
A 1 3 6 7 X 3 4 7
, I R -
T o
S D N R R
S N P A L
I
PR - R N -
!
e A e A
'
- I _ - - - -
'
|
)
i

Figure 2-14 Eigenvalue matrix for the SSSS parallelogram plate, 0.5 < ¢ < 2.0.
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segment | segment 11 segment [11
BB 3 4 7 8 3 4 | 7 ! 8 3 4 7
D2 - -
Sinll D B B R _
M2 — -“:— — -—
Mizy - :::‘ O —
S2 ——" -" -"_ —"— - - - -
D4 - - - - -__ - - - -
bi: - I ;__
M4 —_ — T T
Ml _ IO I A
V4 ‘_—_-___-__-'__'____- -

Figure 2-15 Eigenvalue matrix for the SSSS parallelogram plate, ¢, > 2.0.
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9.2 Eigenvalue Matrices for the SSSC Parallelogram Plate

The eigenvalue matrices for the paraliclogram plate with the left skew edge clamped and
all other edges simply supported is shown in Figures 2-16, 2-17 and 2-18. Note that the
combination of building blocks chosen is identical to that for the SSSS plate. Only the

boundary conditions along the one clamped edge differ.

segment | segment I1 segment I11

BB 4 | s 6 3 7 8 I 2 7 8

(¥
L)

-

piz { --- [ --- | --——]---

D4 - -

Di2 e

M4 - -

M12 U N B

S4 - - - - - - - :

V4 - - : - R EE -

Figure 2-16 Eigenvalue matrix for the SSSC parallelogram plate, ¢, < 0.5.




segment | segment sepment [

B 3 4 N O 7 R 3 1 bt X 1 N 3 4 - "
D2
RN T T T
52 .- .-
h N - P “aa .- .- --
M2 R
V2 - -- .- - - - - -

- h - - il - - - - I’
D4
D12 R BN U D D B
M4
M2 JUEE B R R A e
S4 - “e- - .
Vi “a- . -

Figure 2-17 Eigenvalue matrix for the SSSC parallelogram plate, 0.5 < ¢, < 2.0.




segment | segment 1 segment [11
4 7 8 3o 4 7

jee)
oe}
s
1.
~
[}
‘wd

s2 |- - - - - - - -

M4 -

MI2 R I

S4 - - - - A - -
Vi - - - - - - -

Figure 2-18 Eigenvalue matrix for the SSSC parallelogram plate, ¢, > 2.0,
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9.3 Eigenvalue Matrices for the SCSC Parallelogram Plate

For the case of the SCSC parallelogram plate, the combination of building blocks does
not differ from the SSSS and SSSC cases: only the boundary conditions along the skew

edges change.

scgment [ segment [l segment [11
BB 3 4 5 6 3 4 7 8 | 2 7 8
D2 - -
SR I I e R -
TN S B B B S B
SI2 :::_ :::‘ EE__' ‘ _ ‘
M2 — -_i_ — — -
v2 |- R e e - - T
D4 - —— — —__ - - - -
D12 - e
: NN RS
S12 T :::- :::~
Vi S N R S N

Figure 2-19 Eigenvalue matrix for the SCSCparallelogram plate, ¢, < 0.5.




serment | sepment [ sepment H]
13 3 ! Sl g X 3 4 7 X ! N 3 4 7 %
2 { -
12 --- --- .-- --- --- --- t
N2 - - .- - - . - - -
M2 -
Va2 .- .- - - R -
3%} f
iz | JU RPN U O
S+ - - - - cen | mae . - .
b [ U B D --
M4 .
Vi - - - . P O IS . .

Figure 2-20 Eigenvalue matrix for the SCSC parallelogram plate, 0.5 < ¢, < 2.0.
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segment | segment {1 segment [[1
BB 3 4 7 8 3 3 7 8 3 4 7
D2 - _
DI ii'— I B B _
S2 — — - — —7 - -‘ -_
S _ _ _
M2 — :—_— — — 4_
2 |- R B n . . —
D4 - - - - —__ - - - -_
Di= — DO :::~ -
¥ N R B -
S13 AR SR B B
M4 —_ — — — -_
\4 __ -__ __ _Q __ _A __ ~

Figure 2-21 Eigenvalue matrix for the SCSC parallelogram plate, ¢, > 2.0.




9.4 Eigenvalue Matrices for the CSSS Parallelogram Plate

To clamp the lower edge of the plate, two building biocks and two boundary conditions

are added. as seen in Figures 2-22.2-23 and 2-24.

segment | segment I seement I
3 4 2

B3 2 3 4 3 3 2 3 7 X i 7 X
N2

IR )

(AU (R DI R PP R

M2 - —T T -

NN

([N IS NP AR R B

SN [P B Ry R IS [P B m o

T R IUUTY I I B e

3] - -

D D (R R I
12 R N LR

M4 - -

M [ B

12 R :-

S4 R - - - E

Vi e | - B N . .- |- .
St - cae | aae ] - -
Sl - PR B B I

Figure 2-22 Eigenvalue matrix for the CSSS parallelogram plate, ¢, < 0.5.
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segment | segment 1 segment [11
B f 2 3 4 5 w7 X 2 A 4 7 % L2 3 4 B s
n2 - -
DI I S S S D
[ I e Il FE N IR SR s
M2 -
R IEEE S (N e N BN e
(P TR AR RSN ST [ [ .
s p---1- - R - .- ] - - -
V2 - - - R B B - |- - N -
D4 . .
D DR DR PR I B B
12 R I EPUR R B -
M .
M (RN (N IR I BN B
12 SR R I T R
sS4 |- - . - R D - N
Vi PR - - - - --- P - - -
st f- U AU I - cee | ---
Sl - S (R B

Figure 2-23 Eigenvalue matrix for the CSSS parallelogram plate, 0.5 < ¢, < 2.0.




segment | segment |1 segment 111
131 3 4 7 : 3 4 7 4 7 8
n: N
, R e R
12 R A R
M2 ) T
M -
12 RN IETT
= T A I B
14 - - - - - .
n R P
12 N I
n : — T T
M ' SR I
12 [ R .
5 - T T T
VI R P B

Figure 2-24 Eigenvalue matrix for the CSSS parallelogram plate, ¢, > 2.0.
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9.5 Eigenvalue Matrices for the CSSC Parallelogram Plate

Figures 2-25, 2-26 and 2-27 show the eigenvalue matrices for plates with the base and

one skew edg

80

¢ clamped. and the remaining edges simply supported. The sct of building

blocks usecd is identical to that of the CSSS plate.

sepment | segment I segment [

BB 2 3 4 3 ( 2 3 4 7 N | N 7 p
N2 - -

m2q--- --: e | e | e -

SN ISR S I R [ B B e

TN [P R Iy R S SR B B B R

M2 A -

V2 eae |- - ; EEE T SO . - . -

4 — T . - - -

Di2 - .- .- --: .-
M - — T .-”
MI2 ; PO D --.-
53 AR RV I R O (S R B B
o e AP [ vy o
51 - R I - - - . - - - -
S ——— . - . R I B

Figure 2-25 Eigenvalue matrix for the CSSC parallelogram plate, ¢, < 0.5.
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segment | segment 1l segment [11
B 2 3 4 3 6 7 N 2 3 3 7 ) | > 2 Kl o X
H2 - -
I e L T I N
M2 - -
Y] -

-

D12 R I R U DU
N -
MI2 DR AU IS U B

Figure 2-26 Eigenvalue matrix for the CSSC parallelogram plate, 0.5 < ¢, < 2.0.




segment |

&

gment |1

segment [1]

BB 1 B) 7 2 4 7 2 4 7 X
N -

nis B e -

5 T - —

ST R R B — T

YR T

V2 T » A

T —— - —p——

IR - PP B B R
N » R A e
M - PP RO R
~ > P — T
va - T — T
S A e - - - - - - - -
S -~ — — - - “-- .-

Figure 2-27 Eigenvalue matrix for the CSSC parallelogram plate, ¢, > 2.0.



9.6 Eigenvalue Matrices for the CCSC Parallelogram Plate

The CCSC plate is clamped on three edges, with the top edge simply supported. Figures

2-28. 2-29 and 2-30 show the eigenvalue matrices for this plate.

scgment | scgment [l scgment [1]

BB 2 K 4 3 t 2 3 4 7 % 1 2 7 X
N2 - -

DI P T T i (R R

52 --- “ae e | - B

St2 DI e T B -

M2 - -

V2 -- - - .- --F--- . -
M —- —— - : : -
D2 - U I .-: -
= A I D P B T P D
S12 T T O N T S T

M4 - -

Vi P N . . RPN R BN
Sl - R -
Sl - PR S I

Figure 2-28 Eigenvalue matrix for the CCSC parallelogram plate, ¢, < 0.5.



scement | scgment 11 scement [l
1N N 1 4 3 0 ; X N 3 1 7 % | s B 3 .

P

12 - -

YR ISR D D R D B
S A B I R .

N2 - .- .- - --- - - -

NEH T T P P T B

M2 - R

V2 R - R .-- - -
>4 - -

Dl P TN ey B e
NS4 aee | - - - - R e - - -
SE2 PR R e R

M4 - R

Vi o] - - - - RN U I - - N
st - R (A - R
sl - PPN IR R R

Figure 2-23. Eigenvalue matrix for the CCSC parallelogram plate, 0.5 < ¢, < 2.0.




segment | segment {1 segment |1
SR I 3 4 5 A 3 1 7 8 3 4 B %
12 . 8
DTN S SN R )
SN [P I I S I IR B e o
STERS SN Repunn e v Ry IR
14 - - . T . . . . : .
IR -
< A PR P M B
SR T T
M .

Figure 2-30 Eigenvalue matrix for the CCSC parallelogram plate, ¢, > 2.0.
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9.7 Eigenvalue Matrices for the CSCS Parallelogram Plate

Like the SCSC plate, the CSCS plate has two opposite edges clamped. However. the
CSCS case requires four additional building blocks and four additional boundary
conditions to produce the clamped support along the upper and lower edges. The

resulting eigenvalue matrices are shown in Figures 2-31, 2-32 and 2-33.

segment [ segment I segment [I1
3 4 5 6 4 6 7 8 ] 2 6 7 3

o
(V8]

jov}
e}
1o

M

12 |

I ° I ° R

{I ) ) o

>

Figure2-31 Eigenvalue matrix for the CSCS parallelogram plate, ¢, < 0.5.



segment | segment Il segment [1]
3lalstol7lsa2]s3l4le6]7]8) 1! 304 lo 7

to

o

D - .- - - -
12 ; ) T

M S TN T
N : .-

< ,
> |- el ees

[E
)
h
)
.
'
'

Ol + C

M -

4

M N

1= O NV R B DN B
\' - - .- - - -- -aa -
SUl- -0 - T

3 N ]

SI -] - e

I RS Do R B

I Ty e

I S R R I B

Figure 2-32 Eigenvalue matrix for the CSCS parallelogram plate, 0.5 < ¢, < 2.0.




segment |

-
3

4

2

V¥

segment 11

4

O

L")

segment {11

4

6

718

FRl R

wn

St
11

S3
Il

S3
m

Figure 2-33 Eigenvalue matrix for the CSCS paralielogram plate, ¢, > 2.0.
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9.8 Eigenvalue Matrices for the CSCC Parallelogram Plate

Figures 2-34, 2-35 and 2-36 show the cigenvalue matrices for CSCC parallelogram

plates.

segment | segment [[ segment {11
BB § 2 3 4 N 6 2 3 4 6 7 8 1 2 6 7 8
D
2
D - - -
12 Ty )
S - - .- - - - - -
N - . -
S - - - -
12 4" ) -
M
) -
D
4
D P -- - -
12 -
M
4 - B
M - -] --
12 Tt
S - - - -- - .ea - -
V - - .- - - - aaa - -
St |- -
2 I ol s S
S3 - SRR R
I - R T B

Figure 2-34 Eigenvalue matrix for the CSCC parallelogram plate, ¢, < 0.5.
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segment | sezment 11 segment [11

2l 34 sjotl 782 titdalel s lals]4le]7
D |
- |
D - - - - - -- -
12 B R N T
2
S - - .- --
12]° T T
M
2
B - -
5 - - B
D
4
D , B
12 - - -
M
4
12 ol B
S .- - - .- .aa P
3 e - I SR . -
\/ - - -a - PO PPN - .-
3 - - . N
S1 IR R
o OO DSOS S T I
Il TTTTYTTYY Ottt
H ) T T T
S3 - - A AP
I - R il el B

Figure 2-35 Eigenvalue matrix for the CSCC parallelogram plate, 0.5 < ¢, < 2.0.




segment |
3 4 7 8 2

to

(99}

Se

Loz

rment 11

‘wd

segment [[]

4

6

7

0o

o

to

to 2

Ht

Figure 2-36 Eigenvalue matrix for the CSCC parallelogram plate, ¢, > 2.0.
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9.9 Eigenvalue Matrices for the CCCC Parallelogram Plate

The eigenvalue matrices for fully clamped parallelogram plates are shown in Figures

2-37.2-38 and 2-39.

segment [ segment [} segment I
2 3 4 5 6 2 3 4 6 7 8 ! 2 6 7

os

1o O

o

to
’
'
.
'
.
.

S .- - - -a- - -ea - - .-

S - --- - --- PR

[JCR A T

M

3 -

v F---1- - e e - - -

N SR R e R e .

D -

4 --

D .-- .- .a- .aa
12 AR T e
S --- - - .- - - - -aa

4 o I N DU [ R °
S R O DU R
12 I R N A B

v aea - - P - - - --- .o - -
4 -

sty- |11 |-

I N N e -

[ 8 e el s
I g8 g I el s

S3 -1 |- -
I o R RN TS RS

Figure 2-37 Eigenvalue matrix for the CCCC parallelogram plate, ¢, < 0.5.



segment | segment 1 segment 11
234t slol 782134 lol7]e)itals]la]loel]s
D
2
D - -
12 - °
S
2
S 1-- -
1291
M
2
v K = :
D
4
D - .- R
12 - - - -
S - - - - - - - -
4 - - - .
12 ) )T Tt T
M
4
\/’ -a- -- - - PPN - - -a - - -
S1]- .-
0 o o I s
S -
S3 - .| e--
I
S3 - T T
1 - R T B

Figure 2-38 Eigenvalue matrix for the CCCC parallelogram plate, 0.5 < ¢, < 2.0.




segment |

segment []

segment HI

2 3 4 7 8 2 3 4 0o 7 8 3 4 ) 7 8
D
2
D .- - - -
12 . .
S - - -
: ;
S - - -
12 )
M
2
v - -
D
; _
D - - -
12 o T
S - - -
3 o I I o I :
S - - - -
12 ' o
M
4
V’ - - --- - - - - -
3 5y R I s ' S
S LS IEERN T e
N P o e s
I o o e o
I 8 oo ol s
S3 -e- |-
i 900 v S oo e

Figure 2-39 Eigenvalue matrix for the CCCC parallelogram plate, ¢, > 2.0.
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3 - Theoretical Results

Numerical results were obtained for a variety of edge combinations and plate sizes. Only a
selection can be included in this limited space to demonstrate the validity of the method

and to illustrate some observations. Comparison is made with some previously published

data, and new data is presented as well.

1. Simply Supported Plates

Tables 3-1 to 3-5 offer a range of eigenvalues for SSSS parallelogram plates in a

comparison with results that were obtained by Gorman [25] in a superposition solution

that is difterent from the present work.

Table 3-1 Eigenvalues for the SSSS plate. ¢, = 2.50.

Present Work:

mode /¢ 1.25 08333 0625 0.5 04167 0.3572 0.3125
1 2771 2238 199 1866 1789 1739 1.706
2 6.031 4166 3232 2722 2415 2216 2.081
3 7811 7.009 5230 4126 3450 3008 2706
4 9925 7103 6716 6.013 4874 4106 3.576
S 13.15 9282 7899 6641 6532 5490 4.681
6 1480 1063 8028 7414 6602 6472 6.000
7 15663 1337 10.30 8503 7248 6972 6.452
8 1915 1450 1102 8911 8084 7101 6.810

Gorman [25]:
1 2768 2235 1995 1866 1789 1738 1704
2 6.029 4163 3229 2720 2413 2216 2.080
3 7.806 7.008 5227 4125 3448 3006 2704
4 9926 7102 6715 6.011 4872 4104 3574
5 1316 9278 7898 6640 6531 5490 4.696
6 1480 1063 8027 7413 6602 6472 5998
7 15662 1337 10296 8501 7246 6971 6.451
8 1914 1450 1102 8910 8083 7101 6.810
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Table 3-2 Eigenvalues for the SSSS plate, ¢, = 1.667.

Present Work:
mode [ ¢, 1.25 0.8333 0.625 0.5 0.4167 0.3572 0.3125

1 5661 4789 4363 4124 3977 3880 3.813
2 1142 8389 6763 5828 5246 4861 4.594
3 16.89 1376 1059 8606 7336 6484 5889
4 1851 1550 1472 1228 10.18 8721 7685
5 2611 1990 1587 1485 1360 1151 9.950
6 2696 2023 1748 1593 1465 1441 1262
7 3421 2752 2151 1756 1611 1485 1449
8 3798 2760 2204 1919 1709 1556 1509
Gorman {25]
1 5670 4795 4363 4126 3978 3.881 3812
2 1142 8395 6768 5832 5249 4864 4594
3 16.92 1376 1059 8611 7340 6487 5890
4 1852 1551 1472 1228 1018 8723 7686
5 2613 1993 1587 1486 1360 1151 9950
6 2696 2023 1750 1593 1465 1441 1262
7 2696 2752 2151 1757 1612 1485 1449
8 37.98 2762 2206 1921 1710 1556 14.99

Table 3-3 Eigenvalues for the SSSS plate. ¢, = 1.250.

Present Work:

mode /¢, 1.25 08333 0625 0.5 0.4167 0.3572 0.3125
9418 8214 7594 7234 7007 6855 6749
17.85 1372 11.38 9972 9.075 8470 8044
2827 2177 17.32 14.40 1247 11.14 10.19
2927 2707 2435 2017 17.03 14.19 13.16
4040 3159 2714 2632 2244 19.27 16.86
4283 3407 2995 2635 2594 2424 2117
53.84 4229 3448 3013 2827 2595 2567
6070 4594 3740 3236 2840 2740 2574

DN WN

Gorman [25]:

1 9440 8230 7603 7238 7.008 6854 6752
1786 1374 1139 9984 9088 8480 8.045
2827 2177 17.32 14.41 1248 1115 1020
2932 2709 2435 2017 17.04 1480 13.16
4040 3158 2714 2632 2244 1927 16.86
4287 34.11 2998 2636 2594 2424 2117
53.84 4229 3448 3014 2827 2596 2567
6070 4596 3743 3238 2841 27.41 25.74

ONOO D WN




Table 3-4 Eigenvalues for the SSSS plate, ¢, = 1.000.

Present Work:

mode /¢, 1.25 08333 0625 0.5 0.4167 03572 0.3125
1 1403 1250 1168 1119 1087 1066 10.51
2 2529 2010 1702 1512 1387 13.02 1242
3 39.04 3100 2530 2143 1878 1692 1558
4 4480 4095 3508 2950 2530 2221 19.92
5 5498 4521 4198 3825 3290 2862 2530
6 63.12 5123 4432 4100 4003 3568 3146
7 72.51 5903 5064 4632 4161 4045 37.99
8 86.84 6753 5531 4736 4404 4201 40.18

Gorman [25]:
1 1407 1252 1169 1119 1088 1066 10.51
2 2531 2013 1705 1514 1389 13.04 1243
3 39.04 3100 2531 2145 1880 1694 1559
4 4487 4098 3508 3951 2531 2223 1994
5 54.98 4522 4199 3825 3290 2862 2530
6 6319 5130 4435 4101 4004 3568 3146
7 7251 59.03 5065 4635 4161 4045 37.90
8 8684 6756 5536 4738 4407 4203 40.18

Table 3-5 Eigenvalues for the SSSS plate. ¢, = 0.8333.

Present Work:

mode /¢ 1.25 08333 0625 0.5 04167 0.3572 0.3125
1 1949 1763 1660 1597 1557 1528 15.08
2 3371 2749 2366 2124 1962 1850 17.70
3 50.84 4138 3448 2963 2622 2380 2202
4 63.09 5542 4706 4018 3490 3093 27.93
5 71.06 6271 59.71 5154 4485 3944 3517
6 86.32 70.12 6013 5884 5508 4872 4336
7 9267 7883 7068 6382 5880 5808 52.02
8 113.3 9030 7447 6602 6283 5817 57.79

Gorman [25]:
1 19.54 1767 1662 1598 1557 1529 15.09
2 33.74 2753 2370 2127 1966 1852 17.71
3 5083 4139 3449 2965 2625 2383 2205
4 63.20 5545 4706 4019 3491 3095 27.95
5 71.06 6274 5975 5155 4484 3944 3518
6 86.41 7021 6015 5887 5509 4873 43.36
7 9269 7885 7072 6384 5881 5810 52.01
8 113.2 90.33 7452 6607 6294 5818 57.79
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2. Clamped Plates

In Table 3-5 results obtained by the method presented in this work are compared to
previously published results. The results by Durvasula [8] were obtained with the
Galerkin method, while those by Lee and Pon [21] were obtained with characteristic

orthogonal polynomials in the Ravleigh-Ritz method

Table 3-6 Eigenvalues for the CCCC rhombic plate. A =wa, p/ D .
skew angle

mode source 15° 30° 45°
present work 2.558 11.52 32.83
1 Galerkin [8] 2.559 11.54 32.96
Rayleigh-Ritz [21] 2.558 11.52 32.85
present work 4. 886 20.40 53.26
2 Galerkin [8] 4.884 20.42 53.30
Rayleigh-Ritz [21] 4.883 20.44 53.25
present work 5.534 26.29 74.16
3 Galerkin [8] 5.538 26.38 74.52
Rayleigh-Ritz [21] 5.534 26.30 74.30
present work 7.345 29.81 78.64
4 Galerkin [8] 7.352 29.88 79.45
Rayleigh-Ritz [21] 7.341 29.83 78.88
present work 9.309 41.24 98.39
5 Galerkin [8] 9.315 41.43 99.68
Rayleigh-Ritz [21] 9.326 41.37 99.75
present work 9.725 41.32 114.8
6 Galerkin [8] 9.732 41.45 116.0
Rayleigh-Ritz [21] 9.739 41.47 116.2

Table 3-7 contains eigenvalues for a range sizes of fully clamped parallelogram plates.
The first five mode shapes for a series of these plates are shown in Figures 3-1 to 3-22 as
mesh and contour plots. They demonstrate the effects of plate dimension on the vibration

behaviour of skew plates.
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Table 3-7 Eigenvalues i° =wa, \/p/ 1) for the CCCC parallelogram plate.

O 0.50 0.75 1.00 1.25 1.50 2.00
o = 0.75
1 41.52 43.16 4497 4678 4850 51.58
2 47.07 53.70 6027 66.06 7089 78.09
3 56.77 7048 8175 90.24 9666 105.7
4 70.16 89.99 103.7 112.8 118.9 126.8
5 85.77 1099 1179 1222 1272 1369
6 102.2 1145 1271 1410 1525 1741
d: = 1.00
1 23.47 2459 2589 2725 2859 31.06
2 26.98 31.85 36.34 4073 4448 5009
3 33.18 4280 51.24 5775 6273 69.90
4 41.87 56.06 6405 67.06 6954 7456
5 52.19 6490 69.74 77.03 8329 9277
6 62.13 68.28 77.91 8662 9476 1077
o= 1.25
1 15.08 15.91 16.92 18.01 1912 2122
2 17.53 2085 2469 2822 3128 3578
3 21.90 2918 3584 4105 4506 49.83
4 28.07 3868 4203 4370 4554 50.95
5 35.48 4205 4883 5545 6082 6885
6 40.28 5216 5178 5832 6484 7508
O = 1.50
1 10.51 1116 1198 1289 1383 1568
2 12.33 1502 1805 2099 2355 2717
3 15.60 21.35 2680 3075 3229 36.24
4 20.24 28,06 2950 3107 3436 39.32
5 2584 30.02 3682 4233 4699 5384
6 28.04 3253 36.97 4243 4785 5578
¢ = 3.00
1 2661 2904 3251 3678 4161 5202
2 3234 4234 5508 6814 7762 8823
3 4.266 6440 7609 8144 9168 1217
4 5.750 7.265 8680 10.31 11.70 13.92
5 7.049 8605 1029 1293 1482 1647
6 7.460 9273 1222 1459 1632 1960
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The dependence of the eigenvalue on the relative dimensions of the plate, regardless of the
mode shape, is shown in the graphs that follow Figures 3-29 and 3-30 show the change
of the eigenvalue for plates with the same aspect ratio ¢, with changing aspect ratio ¢
The increasing aspect ratio of the right triangular segment is equivalent to a decrease in
the skew angle a. The effect of ¢ on the eigenvalue is illustrated in Figure 3-31 for ¢, =
0.75, for which the mode shapes are given in Figures 3-1 to 3-6  Each curve in Figure 3-

31 represents a mode number and not a mode shape
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3. Combined Edge Supports

The eigenvalues for plates with combined simple and clamped supports are higher than
those for the same size simply supported plate, but lower than those of the fully clamped
plate for a given mode. The effects of plate dimension on the eigenvalue and the mode
shape are the same as for simply supported and clamped supports. Figures 3-32 and 3-33
show the change of the eigenvalue 1° with aspect ratio ¢, while Figure 3-34 is a close-up

of Figure 3-33 showing where the switching of mode shapes occurs.

Bl

r

Figure 3-32 Effect of ¢ on the eigenvalue for CSSC parallelogram plates, ¢, = 0.50
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4 - Experimental Analysis

In this work, six fully clamped plates were tested: three differently sized plates for each
of two skew angles. The labeling of the dimensions is shown in Figure 1-1. Mode
shapes and natural frequencies were obtained for the first three modes: natural

frequencies only. for the next three modes.

1. Experimental Procedure

The experimental procedure is described in detail in Appendix 2. Six parallelogram
plates, cut from 0.125 in. sheets of aluminum. were tested. The skew angles o were 15°
and 30°; the aspect ratios of the rectangular segment were 1.00, 1.25 and 1.60. The
plates were clamped around all four edges and subjected to a spectrum of white noise.
The frequency response was measured with an accelerometer. For each plate, the first

six cigenfrequencies as well as the first three mode shapes were obtained.

For the first three modes of vibration of each plate, the frequency response of each point
on a grid marked on the plate was measured. From this, the resonance frequencies and
the corresponding mode shapes were generated. Only the resonance frequencies were

measured for the next three modes.

2. Experimental Results

The first three mode shapes were obtained by using the STAR Modal software package.
The results are shown in Figures 4-1 and 4-2 along with the corresponding resonance
frequencies. The theoretical contour and mesh plots as well as frequencies are shown

alongside. Complete results for the first six modes are found in Tables 4-1 and 4-2.
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Table 4-1 CCCC parallelogram plates, a = 15°.

¢, = 3732 resonance frequency |
experimental | theoretical error :
o, | mode ! (Hz) (Hz) (%) }
' |
1.00 1 257.7 260.0 090 |
2 449 5 154.1 -1.01 |
3 5983 598.2 0.00 ;
4 7121 7216 132 f
5 818.7 831.4 152
6 1003 1020 146 ;
}
1.25 o 297 1 299 4 077 |
] 552.7 569.7 -2.98 |
b3 631.0 649.3 -2.82
4 844 4 859.0 1700
5 1047 1078 -2.93
6 | 1129 1149 -1.75
1.60 1 | 345.5 363.9 -5.05
2 635.1 657.9 -3.47
3 780.0 819.1 -4.77
o 1003 1029 -2.54
5 1184 1206 -1.89
6 1414 1461 -3.22

139



Table 4-2 CCCC parallelogram plates, oo = 30°.

G =1732 resonance frequency

experimental theoretical error

b, mode (Hz) (Hz) (%)
1.00 I 2372 2320 =218
2 306.7 356.4 -2.81

3 5523 5318 -3.72

4 578.6 578.5 -0.02

5 7356 7126 =312

0 764 .4 7442 -2.63

1.25 I 2576 2524 -2.03
2 4321 4213 -249

3 605 3 5926 2013

4 0452 6225 -3.51

S 8559 829.5 -3.08

¢ 889.5 873 4 -1.81

1.60 l 2879 278.2 -3.36
2 507.5 4848 -4.48

3 658.1 634.0 -3.65

4 7423 716.6 -3.46

5 1027 9853 -4.06

6 1069 1130 -3.32

140



141

5 - Discussion

1. Comparison to Published Data

From the results presented in Table 3-6. it is clear that the results obtained by the
superposition method agree with those obtained by other methods. In fact. since results of
the superposition method can be considered analytical, the approximate methods can now
be tested against analytically exact values As researchers admit, solutions of the
Rayleigh-Ritz type, and actually most others too. are upper bounds. Compared to the
present results, this is confirmed for most of the values used in the comparison.
Considering the analytical nature of the superposition results, the Rayleigh-Ritz results by

Lee and Pon [8] are very close indeed.

A good check for any solution by the superposition method is another superposition
solution.  This can be a different combination of the building blocks at hand. a different
segmentation of the plate in question. or the use of ditferent building blocks. Gorman [25]
segmented the simply supported plate differently from the present work. making use of the
point symmetry. In addition. his solution used building blocks with cosine functions. In

Tables 3-1 to 3-5, it is seen that the results are virtually identical to the present work.

2. Theoretical Analysis

The number of terms used for the expansions was & -~ 12 for most cases. and never more
than 16, as no improvement in results was seen for a higher number of terms. In general,
if more than twelve terms were needed, the aspect ratio ¢ was larger than unity, 1.5 or
larger. The larger aspect ratios represent a shorter simple support along the base and the

top edge for the rectangular segment. The rectangular segment tends to lend stability to
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the whole plate This can be compared to the experimental results, where the smaller

rectangular segments were associated with an increased experimental error.

The present method showed some problems with convergence at aspect ratios ¢, close to
0.5and 2.0 These difficulties were the same. whether all six building blocks (see Figure
2-12) as used for 0.5 < ¢ < 2.0, or only the minimum four This indicates the values of
0.5 and 2.0 are appropriate for changing the building blocks used. Well within the limits,
and with aspect ratios much larger than 2 0. there were no problems with convergence.
For the right triangular plate alone. the aspect ratio of 1.0 tends to present a problem with
convergence because of symmetry. There appeared no problem with the parallelogram

plate with an aspect ratio ¢, of unity.

Most CSSS plates can be analyzed as SSSC plates as well. or SCSC plates can be
analyzed as CSCS plates. The decision on the approach depends on several factors. As
mentioned. the size of the rectangular segment affects the convergence to a limited extent.
The dimensions of the triangular segment appear to be more important in this author's
experience. For aspect ratios ¢ = | and larger, placing the clamping on the skew sides as
opposed to the lower or upper edges makes little difference. For very small aspect ratios,
representing high skew angles, the clamped skew edges show better convergence than the
clamped base. The other consideration is of course computational effort. The
computational eftort required by simple support along the skew edge is the same as that
for clamped support. The zero moment condition is changed to zero slope. To clamp the
base or the top edge. two building blocks have to be added. For an expansion by & = /2
terms, and for ¢ < 0.5, clamping the base increases the size of the eigenvalue matrix from

144 by 144 to 168 by 168.

With a high aspect ratio ¢. the convergence for the eigenvalues was excellent. However
the mode shapes were smoother for the smaller aspect ratios ¢, of the rectangular segment

than for the larger ones, where the skew edges were longer than the base and top edges.



This is no problem for simply supported or clamped plates, where the plate can be rotated

so that the former skew edge become the base

The plots of eigenvalues /° versus the aspect ratios ¢ in Figures 3-29 and 3-30 for CCCC
plate, as well as that for CSSC plate in Figures 3-32 and 3-33 for CSSC plates, retlect the
characteristics of similar graphs for other plate sizes and support conditions. The
eigenvalue for a specified mode number and aspect ratio ¢, decreases as the aspect ratio of
the triangular segment ¢, increases In other words, decreasing the skew angle increases
the eigenvalue The eftect of an increasing aspect ratio of the rectangular segment ¢, for a

constant size of the triangular segment is seen in Figure 3-31. The eigenvalue increases as

the aspect ratio increases and the rectangular segment becomes smaller

Close observation of the above mentioned graphs reveals places where the lines
representing the higher modes appear to touch or even cross. Figure 3-34 zooms in on
such an area for the CSSC plates of Figure 3-33. In these places the mode associated with
the respective mode numbers switch. so that the shape belonging to mode 6, for example.
is now associated with mode 5. Due to the changed dimensions of the plate, the new
mode can now be accommodated before the mode shape previously associated with that
mode number. A good example is found in Figures 3-26 and 3-27 for the CCCC plate, ¢
= 3.00: Modes 3 and 4 switch as the aspect ratio ¢ changes from 0.75 to 1.00. Nair and
Durvasula [7] make the same observations, looking at the change of mode shapes with
skew angle. They examine the mirror image of the problem, since the skew angle

increases as ¢, decreases.

The mode shapes in Figures 3-1 to 3-28 are for fully clamped plates. however they are
similar to those of plates with simple and combined supports for most cases except of
course the slope along the edge. The zero-slope condition of the clamped support is
obvious in mesh plots, as is the hinge-like action of the simple support. The eigenvalues

for the simply supported and the fully clamped plate are lower and upper bounds
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respectively for plates of the same size with combined simple and clamped supports. This

fact can be used to check results, and to reduce the eigenvalue search time

3. Experimental Analysis

In the experimental setting, achieving the perfectly clamped condition. with absolutely no
displacement and no rotation at the edge. was a critical element. The ideal condition can
only be approached. Thus the experimental trequencies were expected to be lower than
the theoretical ones, it they were not exactly the same. As such. they are lower bounds to
the exact, analytical eigenfrequencies. Looking at the results of this work, it is indeed
observed that the experimental values are consistently lower than the theoretical values.
Previous approximate solutions to the vibration of thin flat quadrilateral plates are known
to be upper bounds. Thus the results of these. along with the experimental results.

support the accuracy of the superposition method. as applied to quadrilateral plates.

The mode shapes that were generated also correspond to those generated with the
superposition method. Testing for each mode separately improved the resulting mode
shapes over testing for several modes at one time The results obtained for the
corresponding resonance frequencies were unaffected. The results obtained by measuring
the response at a few points were very close to those that would have been obtained by
testing every grid point on the plate. The points chosen were in locations of high
displacement as predicted by theory, and confirmed by the testing. The locations of nodal
lines could be confirmed with spot checking as well. Checking only a few points saved a

significant amount of testing time where the experimental mode shape was not of interest.

The maximum deviation of experimental resonance frequency from the theoretical
counterpart was 4.77 %. The average error was 2.2 %. The trend was to have a higher

deviation with an increasing aspect ratio . that is, with decreasing size of the rectangular



segment. This phenomenon was to be expected, since the perimeter supported by the
cross-supports relative to total perimeter of the plate was larger for the smaller plates.
The cross-supports by their very nature represent a less rigid support than the concrete

base halves that they span. Adding mass to the cross-supports would reduce this effect

The error for each plate does not show a particular trend for most of the plates tested.
The error for the « = 15°, ¢, = 1 60 plate decreases with increasing mode number. In
general. a decreasing error indicates that the boundary conditions were not met very well
In the higher modes, the presence of an increased number of nodal lines reduces the role
of the edge supports on the vibration behaviour of the plate, thus decreasing the error

introduced in this case by loose clamping.

The plates were a big contributor to any error. Several plates showed some warping prior
to mounting When these plates were clamped, they were subjected to a bending moment
which would then aftect the vibration response of the plate. Any material defects incurred
in the preparation of the plate or in the stock material were potential sources of error.

Rolling the finished plates could have reduced some of the defects mentioned.

During the execution of the experiments, several potential sources of error were
encountered, beyond those due to the plate supports. The plates were excited
acoustically. It was impossible to filter out any noise other than the intended input from
the speaker. Several nuisance sources of noise such as traffic, the ventilation system or a
radio that could bias the input to the plate were present to some extent. Any effect on the
outcome of the experiments was observed to be negligible, although the input amplitude of
the noise was kept at or below that of conversational speech. Change in extraneous noise
levels during the experiment would be more of a concern, as well as changes in the
ambient temperature.  Another challenge was the consistent mounting of the

accelerometer as it has a very human component.
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As mentioned earlier, adding more mass to the cross supports would increase the stiffness
there. The alignment of the supports all around. an important factor, was excellent. The
small gaps in support at the corners of the plate did not appear to induce any significant

problems that would have become apparent in the mode shapes

The test method was very efficient. with excitation to the entire plate from the
loudspeaker, rather than excitation of single points with an impact hammer. Mounting the
plates on a static base rather than a shaker table allows for more rigid supports, and more

variation in any support design



147

6 - Conclusions

This work has applied the simplification that Saliba made to the building block
superposition method originally developed by Gorman to an example of the thin
quadrilateral plate with simple or clamped supports It has been shown that the method
presented provides a way of obtaining analytically exact eigenvalues for such plates. The
parallelogram plate was chosen as example  No simplifying assumptions were made about
the plate geometry or vibration behaviour in order to present a general solution. The eight
building blocks used are obtained by rotating just two building blocks. The parallelogram
plates are divided into right-triangular and rectangular segments. The building blocks for
each segment are superimposed. Enforcing the boundary conditions along the plate
perimeter and the conditions of continuity at the sezment interfaces leads to a set of linear
algebraic equations. Once the coefficient matrix is assembled, the eigenvalues are

obtained quite easily and efficiently.

The method presented is easy to implement on a computer. It is user friendly and
versatile. Various combinations of simple and clamped supports are easily
accommodated. The method can be extended to more complicated quadrilateral plates

that can be segmented into right-triangular and rectangular segments.

The experimental results presented serve as support for the results of the superposition
method. Since results of the superposition method are considered analytically exact, they
can also be used to say that the experimental analysis was successful, since the results are

very close.
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Appendix 1 - Frequently Used Integrals
The following integrals are commonly encountered in the Fourier expansions performed

for the eight building blocks used in this work.

For the next three integrals, a # b.
] fsin(u—h) sin(u+h)1
’ |

1
f cos(ax)cos(hx) dx = — |
2 [ 4= b a+h

o

|
[ sinax) singhx) dv =

3]

l sin(u—h) B sin{u+h)
2 a-h a+bh

1

f sin{ux) cos(hx) dx = _:l{

i

cos(u—b)+cos(a+h)_ 2u 1[
a—h a+h a:—h:_j

{1-cosu coshh) + b sina sinhh
at +h?

i
jsin(u.r) cosh(hx) dx = “
0}

h cosu coshh + u sinu sinhh - A

!
J. cos(ux) sinh(hx) dx =

n

2 N
a +h°

b cosa sinhb + a sinu coshb
a’ + bt

1
I cos(ax) cosh(bx) dx =

0

For the next three integrals, a = ¢.
sif{la—c+b~-d)-sin(b-d)
2(a-c)

N sin(a+b+c+d)-sinb+d)
2(a +c)

1
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0

sin{fu+b—c—-d)—sin(b-d)

1
I sin(ax +h)sin(cx +d ) dx =

) 2a-c)
_ sinfu+h+c+d)-sin(b+d)

2(a+c¢)
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Appendix 2 - Experimental Investigation

1. Objective
The first six resonance frequencies were to be determined for fully clamped, thin
parallelogram plates. For the first three modes of vibration the mode shapes were to be

determined as well.

2. Set-up
The experimental set-up consists of a heavy concrete base, steel supports, broad spectrum
speaker, measurement instrumentation, and the test plates. The basic arrangement is

shown in Figure A2-1,

2.1 Test Base

The heavy, poured concrete base ensures that its own vibration response is insignificant
in the frequency range in which the tests on the plates are carried out. Two blocks. each
approximately 1 ft x 3 ft x 4 in, are connected by threaded steel rods at the bottom and a
steel frame that can accommodate point supports at the top. A row of 1.2 in studs. 2 in
on center, lines the top of each concrete block, along with a machined tool steel reference
surface. The base halves are set at exactly 11.75 in apart. The maximum deviation of
surface elevation along and between the reference surfaces is estimated to be 0.005 in.

The base can be seen in Figures A2-3 and A2-5.

2.2 Longitudinai Supports

The longitudinal supports are 1.5 by 0.5 in bars which cover the length of the base. They

have a round grove machined on one side to be used as simple support.



microcomputer

IEEE
interface

dual
[ e
channel —

signal =
analyzer
1

output signal I

driving
input signal signal

/ \ audio speaker

R am——

- |

microphone \/ accelerometer

“ test plate
P

E £— plate

bl il support

T T T

I
.l 1

=f Rl B
4— concrete base ——’

Figure A2-1 Overview of test set-up.
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2.3 Cross Supports

The supports that span the base halves are made of 2 inch wide cold rolled steel stock.
The surfaces of the 1.5 inch thick top and the 0.5 inch thick bottom that contact the
clamped plate are machined. The lower half fastens to the top half by six 1/2 inch bolts.
Alignment of the upper and lower halves for clamping is assured with two pins that were
placed before the final machining of the side that constitutes the clamping edge. The
cross supports also have a round grove machined into this face for testing simply

supported plates.

2.4 Test Plates

The plates were cut from 0.125 in. thick aluminum 6061T stock. A two-inch perimeter
was left beyond the dimensions of the area to be tested for clamping. Holes or slots were
drilled to accommodate the studs on the base and the bolts and pins on the cross supports.
The physical properties of the plate material that are relevant to the vibration response,
m , were tested for with cantilever plates cut from the same stock. This procedure

is exlained detail in Appendix 3. The plates were marked with a rectangular grid on the

top surface, as shown in Figure A2-2. The grid lines were between 0.75 and 1.5 inches

apart.

\'_‘ s \1

‘ '

Figure A2-2 Typical plate showing the test grid.
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3. Mounting Procedure

The plate to be tested is placed onto the base and aligned with the base edges, as shown

in Figure A2-3.

. w“'

Figure A2-3' Test plate posifioned on the base.

The longitudinal clamps are added next, as shown in Figure A2-4. Their alignment with
the lower support on the base is critical to modelling the clamped support condition

properly.

Figure A2-4 Longitudinal support in position.
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Then the top section of the cross supports is added. Once this is aligned and tightened
evenly, the bottom half is bolted on from the underside of the plate. Perfect alignment is

guaranteed by two pins. Figure A2-5 shows a plate ready for testing.

Figure A2-5 Fully mounted plate.

4. Instrumentation

The excitation to the test plate by a spectrum of white noise is provided with 15-inch
audio speaker (Marsland Linear B 1500 VHP, 100 W maximum power output, operating
range: 15-4000 Hz). The speaker is suspended above the plate, as seen in Figure A2-6,
and is not moved during the test. In this way the entire plate is excited, eliminating the
need to measure the vibration response to the excitation of various locations separately.

It is also possible to test for several modes of vibration at one time. The input signal is
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Figure A2-6 Speaker, microphone and accelerometer ready for testing. once the
microphone is placed next to the aceclerometer.

generated by the dual channel signal analvzer (B&K Type 2034). and routed through a
power ampliticr (Brael & Kjar Type 2706). At the plate. the input signal is measured
with a condenser microphone (B&K Tyvpe 2034y The vibration response ol the plate is
measured with an accelerometer (B&K Type 4393), amplitied with a charge amplifier
(B&K Type 2633). The accelerometer. seen in Figure A2-7. 1s wrung to the plate with a
small amount of bees™ wax. The microphone is positioned close to the accelerometer.
[nput and output signals are monitored with the dual signal channcl analvzer (see Figure
AZ-8). The frequency response data can be transterred to a personal computer via an
[EEE interface.  The STAR Modal software package on the computer allows the

generation of animated mode shapes. Figure A2-9 shows an example.
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Figure A2-8 The dual channel signal analyzer.
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Figure A2-9 Animated mode shape produced by the STAR Modal software.

5. Experimental Procedure

The plates were prepared and mounted as described in sections 2 and 3. The
instrumantation was put in place. The analyzer was set to linear averaging, Hanning
weighting, and random noise generation. Each reading consisted of 100 samples. Each
mode was tested for separately. The input frequency range was determined by taking
some sample readings with a bandwidth of 200 to 800 Hz to esstimate the resonance
frequencies. A smaller bandwidth of 25 to 100 Hz was then centered around the
resonance frequency in question. The smaller bandwidth is desirable because of the finer
resolution of the measurements. If two resonance frequencies were close together, the
larger, 100 Hz range was used to capture results for both at the same time. The volume
of the input signal was kept at an amplitude equivalent to or even less than that of
conversational speech (about 50 dB). This varied slightly with the frequency. Once the

frequency and amplitude were set, they were kept constant for that mode and plate.
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Two sets of three plates each. one for a skew angle « = 15°, one for & = 30°, were tested.
The reactangular segments had aspect ratios of @, = 1.00, 1.25 and 1.60 respectively. The
first three modes of cach plate were explored completely with mode shapes.  For the

fourth to sixth mode, only the frequencies were determined.

For the complete test that included the mode shape, a reading was taken at each point on
the grid marked onto the plate. Each reading was transferred to the personal computer.

The mode shape was then produced with the STAR Modal software.

For the frequency-only tests, readings were taken at a much smaller number of points and
then averaged.  These points were selected to be in the locations of maximum
displacement for the mode tn question. The locations of nodal lines were also confirmed

with individual readings.

6. Results

The results are presented in Chapter 4.



Appendix 3 - Plate Property Check

1. Objective
The plate material property /p/ D was to be found to make a conversion between

resonance frequencics and dimensionless eigenvalues possible.

2. Theory
The dimensionless eigenvalues are defined as A = wa”y/p/ 1) ., where p and 1) are both

properties of the plate material.  Materials handbooks offer only ranges of values for
material properties such as the density p and the modulus of elasticity E, and with reason:

Due to vanations in the manufacturing process, some of the material properties are
changed slightly. By determining ,/p, ) directly, many steps and sources of

accumulative error can be eliminated.

One plate configuration that is easily reproduced experimentally and for which
theoretical cigenvalues are well established is the square cantilever plate. The associated
mode shapes are also known. With the same test, the isotropy of the plate stock can be
established by comparing two test plates cut in different orientations from the stock
sheet. The cantilever plate has only one support, along one edge. This minimizes the
error introduced by having a plate that is not perfectly flat, short of testing a free plate.
The cantilever support is user friendly, and can be used with the same set-up as used for

the actual tests.
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Figure A3-1 Optimum accelerometer positions for a 12-inch square cantilever plate
with corresponding eigenvalues (from Reference [26]).
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3. Set-up

he set-up s identical to that tor the parallelogram plates, as explained in Appendix 2.
neept tor the plate and the clampime The plate is cut trom the same 0 1235 m thick
alumimnum 6061 16 stock as the parallclogram plates were The test area 1s 12 byv 12
mches, with an extra 2-inch strip on one side to allow for the clamping  There are six
holes in this stip to accommodate the bolts that hold the support halves together  The
support consists of two halves that are bolted together. sandwiching the plate m-between
Frach end of the of the canulever support in turn 1s bolted onto one side of the conerete
base  Positons of antcipated maximum detlection for the first five svimmetrie and the

st tive antissmmetrie modes ot vibraton are marked onto the plate. The mounted

cantilever plate s shown i Freure A3-2

Figure A3-2 Square cantilever plate showing the location of the test points. 'S
mdicates the Tocation of the maximum amplitude of a symmetric mode. A", for an
anusvmmetric mode,
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4. Procedure

The plate was mounted and marked as detatled in the previous section. The first five
svmmetric and the first five antisymmetric resonance frequencies were measured. The
accelerometer was placed at the location of maximum amplitude for the mode. The plate
was excited with a spectrum of random noise.  After an initial reading. the bandwidth of
the noise was narrowed to increase resolution, and centered close to the estimated
resonance frequency.  Then another reading was performed. and the frequency was

recorded.

The value of {/p. D was calculated with the theoretical value for each mode. These

were then averaged to come up with a final value.

5. Results
The plate property value was determined to be 1.3312*10%s/in". Isotropy was a valid

assumption for the plate stock.
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Appendix 4 - Dimensioning of Parallelogram Plates

The choice for dimensioning a parallelogram plate depends on how convenient the
convention is for the solution method. For the superposition method, as presented in this
work, the choice appears obvious: the plate is labelled with the dimensions of the
segments it is divided into. Even this method can lead to two possible descriptions. as
shown later. For other methods, the overall dimensions are the more obvious choice.
The rhombic plate. a special case of the parallelogram plate, can also be described in
terms of its diagonals. The eigenvalues found by the various solutions usually have to be
converted, before they can be compared, as they are non-dimensionalized with respect to

different parts of the plate geometry. Some conversions are provided.

1. Alternate Dimensions

At first glance the choice for the segmentation of the parallelogram plate into onc
rectangular and two triangular segments appears obvious. However, many plates can be
segmented in two ways, depending on which side is chosen as the base. Both
possibilities are shown in Figure A4-1. The procedure for converting from one set of

dimensions to the other follows its derivation.

The triangular aspect ratio ¢, remains the same, since the skew angle o remains the same

as well:
¢1 - ¢1. (A4'I)
(a
A+ 4 = h )
cosa

B=(a+a,)cosa (b)
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Figure A4-1 Parallelogram plate dimensioned in two ways.

Defining the aspect ratio of the alternate triangular segment as

B B
—— ! - I = — " = ’. "1
-.1: ¢I I ¢; ¢I ¢I
and that of the alternate rectangular segment as
B 3
¢r = = Ir = L‘
‘47' ¢:'
then substituting (¢) and (d) into (a):
B h
4+ 4 =—+—=
, @ cosa
Substiting (b) into (¢).
1 |
(d,+d, )} —+— | cosa = .
s, ¢ cosa
This can be simplified:
a,+a, { | ) 1
—_— — = =
b ¢, ¢ cos” a
a, 4, 1 1 1
— + —t— | = =
h b ¢, ¢.) cosTa
P o) 1
¢ ¢\ ¢ 9./ cosa

!

B

¢

!

(c)
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Then given ¢, . one can now solve for ¢,

-1
LI (L+Lj _ L (Ad-2)
g, cosal\ g, @ 9,

One special case of the parallelogram plate is the plate that can be divided into two right

triangular scgments alone, without a rectangular segment. [t can be analvzed as such,
reducing the computational effort, or it can be looked at from the alternate perspective,

as shown in Figure A4-2. In this case, ¢,° = Equation (A4-1) reduces to

A9

1
4, cosa 4,

(A4-3)

Figure A4-2 Parallelogram plate segmented into two right triangular plates.

2. Rhombic Plates

Rhombic plates are symmetric about both diagonals, and for the solution methods that
make use of this, identifving the plates by the size of the part that is actually analvzed.
Figure A4-3 shows how the rhombic plate is divided into right-triangular segments with
aspectratio ¢ - b u . From the figure, it can be seen that b = ¢ cos @ and ¢, = ¢ sin a.

The aspect ratio ¢, is then readily identified as
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a, a;

Figure A4-3 Dimensioning of rhombic plates.

h

L (Ad-4)
a, tana

The next objective is to find an expression for ¢,. Since

d, c¢-a c¢fl-sina,
b ccosa

g =—=——
a,  co(l=-sina)

and , = cosg . (Ad-5)

l-sina

It can be shown turther by substituting g— 2p for a in equation (A4-5) and simplifying.
or by using similar triangles, that
¢r = ¢R (A4-6)

Another useful relationship is

@, = 26 ) (A4-7)
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3. General Parallelogram Plates

The most common layout for parallelogram plates i1s that shown in Figure A4-4. The

skew angle and the overall aspect ratio identify the plate. From the geometry it is seen

that
h Bcosa Bsinp,
« Bsina Bcosf
and I u ' a,
b 1
Then ¢, =—-= =tanpf (A4-8)
a, tana
| 1 1
and —=— -tang = ——m— - — (A4-9)
¢, Bcosa (B A)cosa ¢,

When /B sinay becomes larger than 4, the above conversion no longer works. Taking

the B edge when this occurs climinates the problem..

Figure A4-4 Common layout of the general parallelogram plate.
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4. Eigenvalue Conversions
Almost cvery author has a different way of defining the eigenvalues. That may be
convenient for their own work, but comparing results between authors becomes difficult.

Finding a conversion factor requires a few steps. In general, the following works:

I Identify the variables. especially the one for frequency.

2. Check the power of the frequencies: they must be the same. Square or take the
square root of the eigenvalues, if necessary.
3. Divide one cigenvalue by the other.

4. Simplify with the help of geometry.

Some conversions are given, following a more detailed example for the derivation

procedure.

For the case of alternate dimensions (see Section 1. of this appendix),

A wdpi D

At wAp D

A
AP ATD A
_cosa(d +4,) B
6 A8
Gs)
R — + -
_cos a\p, @,
o # '
¢
A (oY
— =|—+—| cos"a (A4-10)
AT \e, 9,
. A (1 Y
Alternatively, -5 = —+—| c0os" «a (A4-11)
AT \¢, @,



Plate made of 2 triangular plates

{see Section | . above)

Rhombic Plates [19.24]

Durvasula [7.8.9]

Kaul and Cadambe (5]

Kuttler and Sigillito [11]

Lee and Pon [21]

Subrahmanyam and Wah [14]

A -
-, = sin «
P
20 =sina)  (l=sina)(g, - 1)

2 ¢: 20,

A o’ 74 sinT @ L

— = — = - =7 S o

k 1 7 A4
A u; A sin” @ . I
— = - - = - < =tan"a = —
A Hdcosa A cos a ¢;
A !
N
i a;l 74 sinT « S
—_— = - - = = = smna
AT A
e a’ A cos’ .
Z_ = B _ = tan-

A7 A sin 6, Asinf wn’f

vy



Appendix 5 - Program Listings

There are three main programs, each for different combinations of clamping for the base
and the top of the parallelogram plate.  They can easily be combined into a single
program for case of use. SBASE features a simply supported base and top; CBASE, a
clamped base and simply supported top. CTOP. a clamped base and top. The support
condition on the diagonal can be simple or clamped along either skew side with cach of

the three programs.

1. SBASE - Base And Top Are Simply Supported.

1.1 Main Program

This 1s the main calling program for eigenvalue search and shape
data generation for parallelogram plates with base and top simply =
supported. Segments are arranged horizontally for this version. .
Shape generstion 1s 1included. .
by S. Stangier .

ARNARBONIBERNNNRRANENAAB RN ERRNRNNANERENNNERRARNN RN NBARRARRRIRNARNERNRREIREN

QN O0O0OO

implicit reale*8 (a-h,o-z)
common k.ki,k).poi.qlim,almds,phi,.phir.p1,1edge.alpha
dimension a(320,320)
dimension x(320),w(21,126).,.1clamp(2)
por =« 0.3
write(®,®) 'parashap.for: perallelogram plate - ssss,sssc, scsc!
write(®,®) 'for left, right indicate clamping: l=g, 2=c’
10 write(®,20)
20 format (' ',' ph: phir k left right almds dlim del’', )
read(#,*) phi,phir.k,i1clamp(l).1clamp(2).almds.dlim,del
1f (phi1.1t.0.) goto 200
write(*,30) phi,phir,k.i1clamp(l),1clamp(2).almds,dlim,.del
30 format (' ',2(f7.5.1x%),3(12.,1x).2(£9.5,1x),.£7.5,/)
32 ¢ = 1.
pl1 = 4.®datan(c)
alpha = datan(1l.-/ph1)
glim = 360000000
35 continue
1f (phi1.le.0.5) then
call phi_low (a,iclamp,nk)
else1f (phi.ge.2.0) then
call phi_hi (a,iclamp.nk)
else
call phi_mid (a,iclamp,nk)
end1f
c do 62 11 = 1,nk
c 62 write(®,999) (a(11,33).33=1l.nk)
c write(#*,®) ‘a 1s done'’
1f (del.eq.0.) gotc 190
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C
o A A AL R A AR ARl ARl X222 22 R il 2 2 R 2 X2 2 XXX X 2 2 X

call determ (a,nk.,det)
A A2 A AR 2222 2R 22 2R 222X 2 22 2 22222 2R 22 X222 2 222222222 20}

c
6l write(#*,65) almds.det
65 format(' '.,S5x.£9.5,5x.el5.8)
almds = almds+del
1f (almds.le.dlim) then
gote 35
else
goto 10
end1if
190 continue
write(b,*) ‘Number of grid points 1in eta-direction” (Max. 21;
read (5,#%) ksl
1f (ksl.gt.21) ksl = 21
c write(e, =) ' generating shape'
~

“..'..IQ.-.I............I....I.......".-..III-......I...........IQII.Q.

call detsol (a.nk.x)

CI.I..Q.Q.."Q......"."..'I.I.‘...I......Q..O.'...II......QQQ.I.I..I.I

c

x(nk) = -1
1f (phi1.le.0.5) then

call shape_lo (ksl.,x.w)
elsei1f (phi.ge.2.) then

call shape_h1 (ksl.x.w)

else
call shape_mi1 (ksl.x.w)
end1f
c write(®,*) ‘'w:'
c do 106 11 = },3%ksl-2
c 106  write(®,999) (w(11,3)).j1=1.ksl)
goto 10

899 format(250(ei0.3,1x))
200 continue

stop

end

1.2 Subroutines For Assembling The Eigenvalue Matrix

o4
CHE SR AR NE R AR NSRRI RN RA R IR AN NR NN RN G NN ERN RN ERRNaRaRRIaNRERERN

subroutine phi_low (a,i1clemp,nk)
c...l..IQ...‘.I.C.......I.I.I.-......III....I.I.....I...............QI..
c
implicit real®*8 (a-h,o-2)
common k,Ki,k),.po1,qlim,almds,ph1,.phir,p1i.1edge,alpha
dimension a(320,320), as(32.16), iclamp(2)
tph1 = phi
talmds = almds
nbb = 12
ncon = 4
kb = k
ka = k
ki1 = ka
kj = ke
35 1111 = 0
do 63 1side = 1,2
do 60 1 = 1l,ncon
1f (iclamp(iside).eq.l) then
1f (1.1t.3) then
icon = 2%#1-1



nedge = 2
else
1con = 1-{4-1)
nedge = !
end1if
else
icon = 1
1f (1.1t.3) then
nedge = 2
else
nedge = 1
end1 f
endif
do 55 1 = l,nedge
1edge = (12-2#1s5:de)®l-(12-4%1s1de)
3333 = O
do S0 3 = 1l,nbkb
1f ((1si1de.eqg.2).and.().1t.5)) then
1bb = 0
call bb0 (as)
elseirf (j.1t.5) then
1f {3.1t.3; then

1bb = 3+2
call bb34 (1bbh.1con.as)
else
1bbh = 3+2
call bbS6 (i1bb.,1con,as)
endit

eiseirf (j.1%.9) then
rectangular segment
almds = almds ®phi#phi/(phirephir)
nhi = nhir
chi hir
1f (1edge.ne.l12) then
tedge = 6-1edge
1f (().eq.5).or.().eq.6)) then

1ibb = -2

call bb34 (1bb.1con,as)
alse

1bb = )

call bb78 (1bb.1con.as)
end1if

call facter (as.icon,tphi)
1edge = b6-1i1edge
else
1bb = O
call bb0 (as)
end1f
ph1 = tphi
almds = talmds
else
1f (1side.ne.2) then
1bb =« O
call bb0 (as)
elserf (j).1t.1l1)
1bb = ;-8
call bbl2 (1bb.icon.as)
else
1bb = 1-4
call bb78 (1ibb,i1con.as)
end1f
end1if

then

do 40 11 = 1,k1
do 40 33 = 1.k
111 = 1111+11
JJ) = 13311+1]
a(111,331) = as(11,3])



anoan

C

40

41
aap
493

50

55
60
63

continue
1331 = 1)11*K)
write(*,%) '1edge = ',1edge.' iside = ',iside,’' 1icon = ' ,icon,
i ibb = " Libb,'kr = ' Lki,'ky = 'Lk}

do 41 11 = 1.k1
write(®,999) (as(11.]3).J3=1.k3)

format(3(14.1x))
format(70{el0.3,1x))

continue

1111 = 1111+K1
continue

continue

continue

nk = 1111

return

end

CRARNNION NN RO RN R AN RERE NN RN NOERNENNIRNNRNRERNARGEGERNS

subroutine phi_mid (a,i1clamp,nk)

CHRRSNSERANNNRDIBRANRRRINBERANBRAAURNBCURNNBBRBRTERAAROROBIRNBABR AR NOERNRES

c

35

implicit real+8 (a-h,o-2)

common k,ki,k).poi,glim,almds,phi,phir.,p
dimension a(320.320). as(32.16), iclamp(
tph1 = phi

talmds = almds

nbb = 16

1edge,alpha

1,
2)

1121 = 0
do 63 1side = 1,2
de 60 : = 1,ncon
1f (i1clamp(iside).eg.l) then
1f (1.1t.3) then
1icon = 2%1-1
nedge = 2
else
icon = 1-
nedge = 1
end1f
else
1con = 1
1f (1.1t.3) then
nedge = 2
else
nedge =~ 1
end1f
end1f
do 55 1 = 1,nedge
1edge = (12-2¢1s1de)#*1-(12-4#1s51de)
1f (1edge.eq.12) ki = 2=k
J113 =0
do SO 3 = 1,nbb
1f ((1s1de.eq.2).and.(3.1t.7)) then
1bb = 0
call bb0 (as)
elseif (3.1t.7) then
1f (3.1t.3) then
1bb = j+2
call bb34 (1bb.,icon.as)
else1f ((j.eq.3).or.(Jj.eq.4)) then
1bb = 342

(4-1)

A27
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call bb56 (1bb.icon,as)

else

1bb = ;+2

call bb78 (1bb,icon,as)
end1f

elserf (j.lt.1ll1l) then
rectangular segment
almds = almds e#phi#phi-/(phirephir)
phi1 = phir
1f (1edge.ne.ll) then
tedge = pH-1edge
1f (().eq.7).0r.().eq.8)) then

1bb = ;-4

call bb34 (1bb,1con.as)
else

1bb = ;-2

call bb78 {(1ibb,1con,as)
endif

call factor (as.icon.tphi)
1edge = 6-1edge
else
ibb = 0
call bb0 (as)
endif
ph1 = tphi
almds = talmds
else
1f (1side.ne.2) then
1bb = 0
call bb0 (as)
elseirf (3.1t.13) then
1ibb = ;-10
call bbl2 (1bb.,1con.as)
else1f ().lt.15) then

1bb = 3-10

call bb34 (1bb.1icon,as)
else

1bb = 3-8

call bb78 (ibb,1con,as)
end1f

endif
do 40 11 = 1.k1
do 40 33 = 1.,k
111 = 1111411
J3J o= 1133*1)
a(111,3)3) = as(11,33)
40 continue

3311 = J)13%K)]
write(®,*) 'i1edge = ',1edge,' 1s51de = ',1si1de,’' 1con = ',icon,

1 ' 1bb = '.1bk,'k1 = ', k1.,'k) = ',k)
doe 41 11 = 1,k1
41 write(®.999) (as(11.3]1).)3=1.k])
990 format(8(14,1x).2(f10.3))
999 format (70(el10.3.,1x))
50 continue
1111 = 1111+K1
1f (1edge.eq.12) ki1 = k
SS continue
60 continue
63 continue
nk = 1111
return
end



C

A29

oA A A S AR AR R X2 2 2 X R R 2 S 2 2 R R R R Y R R R Y R R R Y R N Y RS2

subroutine phi_h: (e.,iclamp.nk)

A AR AL LR 2 X222 X AR 2222 R XX 222 2 X RR RN TT XY XY FY FURR R R Y YRR N RS F R e gy g wee

[

implicit real+#8 (a-h,o-z2)
common k,ki,kj,por.qlim,almds,.phi,phir,p1.1edge.alpha
dimension a(320.320), as(32,16), 1clamp(l}
tph1 =~ pha
talmds = almds
nbb = 12
ncon = 4
kb = k
ka = k
ki1 = ka
k) = ke
35 1112 = 0
write(®,®) ‘phi1 > 2'
do 63 i1side = 1,2
do 60 1 = l,ncon
1f (1clamp(iside).eq.l) then
1f (1.1t.3) then
1con = 2#1-1]
nedge = 2
else
1con = 1-(4-1)
nedge = 1
end1f
else
icon = 1
1f (1.1t.3)
nedge = 2
else
nedge = 1
end1f
endif
do 55 1 = 1l,nedge
ledge = (12-2%1s1de)®l-(12-4*1s1de)
Jjjy = 0
do 50 j = 1i,nbb
1f ((1s1de.eqg.2).and.(j.1t.5)) then
1ibb = 0
call kb0 (as)
elsei1f (3.1t.9) then
1f (3.1t.3) then

then

1ibb = ;+2

call bb34 (1bb,1con,as)
else

1bb = j+4

call bb78 (1bb,1con.as)
endif

elseif (j.1t.9) then
rectangular segment
almds = almds ®#phi*phi/(phirephir)
phil = phir
1f (1edge.ne.12) then
1edge = H-1edge
1f ((3.eq.S5).or.(J.eq.6)) then

1bb = ;-2

call bb34 (ibb,1con.as)
else

ibb = 3

call bb78 (1bb,1con.as)
endif

call factor (as.icon,tphi)
ledge = 6-1edge
else



1bbh = 0O
call bb0 (as)
end1if
ph1 = tphi
almds = talmds
else
1f (1si1de.ne.’) then
1bb = 0

call bb0O (as)
else1f (3.1t.1ll) then

1bb = ;-6

call bb34 (1bb.1con.as)
else

1bb = 3-4

call bb78 (i:bb.icon,as)
end1f

end1f
do 40 11 = 1,k1
do 40 j3 = 1.k,
111 = 1111+11
133 = 3123*))
a(111,33)) = as(11.,3])
40 continue
JIJ) = JJ1)+ES
990 format(8(14,1x),2(f10.3))
399 format(70(el0.3.1x))

S0 continue
1111 = 1111+k:
55 continue

60 continue
63 continue
nk = 1111
return
end

1.3 Subroutines For Shape Generation

foded A AR A AR A2 AR 2 X X2 X X2 X2 X 222 22 RS 2 X R R Y SRR YRR R YT R YRR YR YYY XYY YRR Y

subroutine shape_lo (ksl,.x.w)
c.ll..’.QIQI..l..i.l.l..lI..QI.'..Q.I......l.....ll'.....IQQIQIQ.Q'..Q..!

implicit real*8 (a-h.o-z)

common k,ki,kj.poi.qlim,almds.phi,phir.p1l.1edge.alpha

dimension x(320),.x1(126),eta(21),1ncode(21,126)

dimension el3m(16),el4m(16),e15m(16).elém(16)

dimension em3m(16),emd4m(16) . ,em7m(16),emBm(16)

dimension erlm(16),er2m(16),er?7m(16).erBm(16)

dimensicn w(21,126)

character*14 cutfile

c write(®,®) ' entering shape_lo'
ka = k
c write(6,®) (x(1),1=1.ka)
do 10 1 = 1,ka
eldm(1) = zx(1)
eldm(1) = x(ka+1)
elSm(1}) = x(2%ka+1)
elém(1) = x(3%ka+1)
em3m(1) = x(4%*ka+1)
emdm(1) = x(S%ka+1)
em7m(1) = x(6%*ka+1)
em8m (1) = z(7%ka+1i)
erim(:1) = x(Beka+1)
er2m(1j = x(9*ka+1i)
er’m{(1) = x(10%ka+1)
erBm(1) = x(lleka+1)

10 continue



bigphy = phiephir " (2.0%phir+phi;
ksy = ksi
ksx = 1nt((ksy-1.0) bigph1 + 2.0)
at = int{bigphi#*(ksx-1l)-ph1)+1
nr = ksx - nt
1f (ksx.gt.126) ksx = 126
do 15 1 = 1, ksy
do 15 ) = 1, ksx
w(i,)) = 0.0
1S continue
CCREABUNBVNENSERNAABNIRBBRNGRAVRORB AT R RRA AR AR RB SRR AR PR R IR RBIRNBBTRABRAIRARN

call grid (ksx.ksy.x1.,eta.nt,nr,incode)
CROBSANNBONNANANISOICGRBERNIGRRGRRNNOEIEIERERNAB NN EIBRNEIRERNNEEREBNRRBOIRRAIRNNERE
call shape3dd4 (l.nt.ksy.ka.,el3m.eldm.x1.eta.1incode.w)
call shapeS6 {l.nt,ksy,ka,elSm.,elém,x1.eta,.i1ncode.w)
tphi = phi
talmds = almds
almds = almdse*phi#phi/(phir*phir)
ph: = phir
call shape3d4 (nt+l.nr,ksy.ka.em3m,em4m.x1.eta,1ncode,w)
call shape?8 (nt+l.nr.ksy.ka,em7m,em8m,x1,eta,incode, w)
do 20 1 = 1, ksy
do 20 3 = nt+l, nr
w(1,3) = -1.0%w(1,3]}
20 continue
almds < talmds
ph1 = tphi
call shapel2 (nr+l.ksx.ksy.ka.erlm,er2m,x1,eta,i1ncode,w)
call shape?78 (nr+l.ksx.ksy.ka.er7m,er8m.x1.eta,incode.w)
write(o,*) ‘Output file? (Use quotation marks)'
read (5,%) cutfile
writg(€,») 'Writ:ing displacement matrix to file ',cutfile
open(25,f1le=cutfile,status="'new')
do 106 33 = 1,ksx
106 write(25,999) (w(11,)3).11=1,ksy)
999 format (21(el0.3,1x))
close (25)
c write(*,*) 'leaving shape_lo'
return
end

i A 2 S22 R X Y R R R S R R R EE EE F E S R Y Y Y Y R Y Y Y Y Y Y Y R Y Y SR R s Iy

subroutine shape_mi (ksl,x.w)
c.I..Q...I.Q.....I........IQ.......I'..I.....I............I..I.I...I...IQ

implicit real#B8 (a-h.,o-z)

common K.ki1.kj,poi.qlim,almds,.phi.phir,pl.1edge,.alpha

dimension x(320).,x1(126).eta(21).1ncode(21,126)

dimension el3m(16),eldm(16).el5m(16).elbm(16),el7m(16),elB8m(16)

dimension em3m(16).em4m(16).em7m(16),emB8m(16)

dimensicn erlm(16).er2m(16),er3m(16).erdm(16).er7m(16) . .er8m(16)

dimension w(21,126)

character#l4 outfile

c write(®,®) ' entering shape_mi'
ka = k
c write(6,*)(x(1).1=1,16%ka)

do 10 1 = 1.ka
el3m(1) = x(1)

eldm(1) = x(ka+1)

elSm(1) = x(2%ka+1)
elém(1) = x(3%ka+1)
el7m(1) = x(4%ka+1)
elBm(1) = x(S%ka+1)
em3m(1) = x(6%ka+1)
emdm (1) = X (7%ka+1)

A3l
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15

em7m{1) = x(8%ka+1)
emBm(1) = xZ(9%ka+1)
erlm(1) = x(1l0%ka+11
er2m{(i) = x(ll*ka-1}
er7m(i1) = x(l2%ka+1)
er8m(1) = x(1l3®ka+1)
erdm(1) = xz(l4%ka+1)
erdm(1) = x(15%ka+1)
continue

bigph: = phi#phir. (2.0%phir+ph1)
¥sy = ksl
ksx = 1nt{(ksy-1.0)~-bigph: + 2.0)
nt = int(bigphi*(ksx-1) ph1)+1
nr = ksx - nt
1f (ksz.gt.l26) ksx = 126
do 1S5 1 = 1, ksy
do 15 ) = 1, ks=z

w(i1,]) = 0.0

continua

eied A2 A A4 R R AR AR ARl 22 2 22 2R 2 R 2T YT R Y Y Ny Yy YTy Y Y Yy

call grid {(ksx.,ksy.x1,eta,nt,nr.incode)

a2 22 A X222 22 2 X2 2 S22 XX 22 2 2 2 2 R 2 XX 22 X R F Y X Xy X Y Y R N Y N N Y R Y R R Y

106
399

call shape34 (1l,nt,.ksy,ka.,el3m,eldm,x1,eta,1ncode,w}
call shapeS6 (l.nt.ksy.ke.,elSm,elbm,%1,eta,1incode, w)
call shape?8 (1l,nt,ksy.,kea,el7m,el8m,x1,eta,1ncode,w;

write(6.*) 'in hshap_m:, done first segment’
tph1 = phi
talmds = almds
almds = almdsephiephi1/(phirephir)
phi = phir
call shape34 (nt+l.nr,ksy.ka,em3m,emd4m,21,.eta,1ncode,w)
call shape?2 (nt+l,.nr ksy.ka,en’m,.emSm,x1.8%a,1incode,w)
do 20 1 = 1, ksy

do 20 j = nt+l, nr

w(1,3) = -1.0%w(1,])

continue
almds = talmds
ph1 = tphi

write(6,%) 'in hshap_mi, done 2nd segment'
call shapel2 (nr+1,ksxz.ksy.ke.,erlm,er2m,x1,eta,1ncode,w)
call shape34 (nr+l,ksxz.ksy,ka.,er3m,erd4m.x1,eta,incode,w)
call shape78 (nr+l.ksx,ksy.ka,er7m,er8m.x1.eta,1incode,w)
write(6.#) 'Output file? (Use quotation marks)'’
read (5,*) outfile
write(6,*) 'Writing displacement matrix to file ‘,outfile
open(25,fi1le=gutfile,status="new')
do 106 35 = 1,ksx

write(25,999) (w(11,33),11=1,ksy)

format (21(el0.3,1x))
close (25)

write(®,®) 'leaving shape_m1'
return
end

[ded A2 2222 222 X2 2 XX X 2 2 22 X 2 2 Y T R R Y Y Y N Y Y Y Y S R P Y R Y T YRR T R RS s YT Y

subroutine shape_hi (ksl,x,w)

o A AR A2 R X422 222 R XY IS Y Y Y Y Y Y Y Y R Y Y N N Y Y YR Y Y Y R I IITy

implicit real®8 (a-h,o-z)

common k,ki.kj.,po1i,qlim,almds,ph1,phir,p1,.1edge,alpha
dimension x(320),x1(126),eta(21),1ncode(21,126)
dimension el3m(16).,eldm(16).el17m(16).,el8m(16)
dimension em3m(16),emdm(16).em7m(16) . .emBm(16)
dimension er3m(16),erdm(16),er7m(16),er8m(16)
dimension w(21,126)
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character* 14 outfile

write(#.#) ' entering shape_h1i"
ka = k

write(6,%)(x(1),1=1,ka)
do 10 1 = 1l,ka

el3m(1) = x(1)

eldm(1) = xika+1i)

el7m(1) = x{2#ka+1)

el8m(i1) = #i3%ka+1)

em3mi{1) = z{4%ka+1)

amdm(i1) = x(S%ka+1)

em7m(1) = x(b*ka+1i)

em8m(1) = x(7%ka+1)

erdm(1) = x(8%ka+1)

erdm(i1) = x(9%ka+1)

er7m(1) = x{10%ka+1)

er8m(1) = un(lleka+1)
continue
bigph1 = phie#phir~(2.0%phir+ph1)
ksy = ksl

ksz = 1nt{({ksy-1.0)/bigph1 + 2.0)
nt = 1nt(bigph1i®(ksx-1)/ph1)+1
nr = ksz - nt
1€ (ksm.gt.1261 kex = 12¢
do 15 1 = 1, ksv
do 15 ; = 1,

w(i,3) = 0.

continue

[{ed A2 222 A2 2222 8 2 2 X2 2 X R R R Y R R Y 2 2 F Y S X S Ry F X S 2 R R R R R Y Y R Y YN RN Y X}

call grid (ksxz,ksy.x1.eta,nt,.nr,inccde)

24424 2 X XX 2 X 2 X2 2 R R R 2 R X R R R S Y R Xy X Ny Y Y Yy Y Y Y Y Y Y Y Y Y Y Y Y R R s Iy

106
999

call shepe3d (l.nt.kev.ka.el3m.eldm.xi.eta.incode.w)
call shape78 (il.nt.ksy.ka,el7m.elBm,x1,eta,1incode,w)
tph1 = phiy
talmds = almds
almds = almds*phisphi/(phir®phir)
ph1 = phir
call shape34 (nt+l,nr,ksy.ka,em3m,em4m.x1,eta,ncode,w)
call shape78 (nt+i,nr,ksy.ke.em7m,emBm,x1.eta,1ncode,w)
do 20 1 = 1, ksv

de 20 3 = nt+l, nr

w(l,]) = -1.0%w(1,3)

continue
almds = talmds
phi1 = tphi
call shape34 (nr+l.ksx,ksy.ka,er3m,erdm.x1.eta,incode,w)
call shape78 (nr+l.ksx.ksy.ka.er7m.erfm.x1.eta.incode,w)
write(6,®) 'Output file? (Use quotation marks)'’
read (5,#) outfile
write(6,*) 'Writing displacement matrix tc file ',outf:ile
open(2S.fi1le=outfile.status="'new')
do 106 3)) = 1,ksx

write(25,999) (w(11.33).11=1,ksy)

format (21(el0.3,1x))
close (25)

write(®,*) 'leaving shape_h1i'
return
end

(73]



2. CBASE - Base clamped, Top Edge Simply Supported

2.1 Main program

CI...III.I.IIIII.II.l.II...I..III..I.IIIIIIIIIII..II.II.I.IIIll...IIIIII
c This 1s the main calling program for eigenvalue search and shape -
c data generation for parallelogram plates with clamped base and .
c simply supported top edge. -
C Segments are arranged horizontally for this version. Shape ]
c generaticn s 1ncluded. -
C bv S. Stangier L]
C.Q.l.I.'I.I..IQ...‘I....Q..QOQ..ll..I'IIIIQI....’C.Q.....I.....I.I‘I...
c
implicit real#8 (a-h.o-z)
common k.ki.kj,poil.qlim,almds.phi,phir,.pi,1edge.alpha
dimension a{320.320)
dimension 2(320),w(21,126),1clamp(2)
por = 0.3
write(*.*} 'parashap.for: parallelogram plate - csss,cssc, cesc’
write(#.#*} 'for left, right indicate clamping: l=s, 2=c¢'
10 write(e=,20)
20 format (' ',' pha phir k left right almds dlim del',”)
read(#,*) phi,phir.k,1clamp(l),1clamp(2).almds.dlim,del
1f (ph1i.1t.0.) goto 200
write(®,30) phi,phir,k,1clamp(l),1clamp(2).almds,dlim,del
30 formet (' ',2(f7.5,1x).3(12,1%),2(£9.5,1x).£7.5,)
32 ¢ = 1.
p1 = 4.%datan(c)
alpha = datan(l.-/ph1)
glim = 360000000
35 continue
1f (ph1.le.0.5) then
call bphi_low (a.i1clamp.nk)
elsei1f (phi.ge.2.0) then
call bphi_hi (a,i1clamp,nk)
else
call bphi_mid (a,1clamp,nk)
endif
c do 62 11 = 1,nk

c 62 write(*,999) (a(11,33).)3~1l.nk)
c write(®,*) 'a 1s done'
1f (del.eq.0.) goto 130
c
A AR A2 SR Z 22 2 2 X 2 22 22 XY Y2 Y Y R X R Y Y R Y X R Y R XY X Y Y P Y Y YN YR YRS SRR LY

call determ (a.nk.det)
oA A AL AL 2222 X 2 Y22 Y Y Y Y Y Y Y 2 Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y IIL Y]

c
61 write(#,65) almds,det
65 format(' ',5%,f9.5,5%,815.8)
almds = almds+del
1f (elmds.le.dlim) then
goto 35
alse
goto 10
endif
190 continue
write(6.#*) 'Number of grid points 1in eta-direction? (Max. 21)
read(5,¢) ksl
1f (ksl.gt.21l) ksl = 21
c write(e,e) generating shape'
C

CI.......Q............'.'.II.I........Q......I.I......-.....I..QI...II.I

call detsol (a,nk.,x)
c!Q.II...I....I.'..l.I...l.l...l...‘l.....I-..Q.-.II.Q....QQ'..QI.'II.Q'



C
ink; = -1
1f (phi.le.0.S) then
call bshap_lc (kel,z.,w)
elseirf (phi.ge.2.) then
call bshap_hi (ksl,x.w)
else
call bshap_m: (ksl,z.,w)
endif
o] Write (w ®) ‘m:’
c do 106 11 = !,3#ksl-2C
c 106 write(®,999) (w(11,33)).)3=1l.ksl)
goto 10

999 tformat (250(el0.3.1x%))
200 continue

stop

end

2.2 Subroutines for matrix assembly with CBASE

oA AAAAA R AL I A2 2222 R 222X Y R Y XYY TR YL RY Y Y R PRI PR g gegrgogrgegegrrgrgrgrgegey

subroutine bphi_low (a,iclamp,nk)
c.lll.l.l'll.l..II.III....Q.I..Q..I.I'I....Q..l.'..I....I.Q..I.ID..I.!..

c
implicit real®8 (a-h,o-z2)
common k.ki.kj,po1,qlim,almds,ph1i,phir,p1,1edge.alpha
dimension a(320,320), as(32,16)., 1clamp(2)
tph: = gh:
talmds = almds
nbb = 14
kb = k
ka = k
k1 = ka
k3 = ko
3< 1111 = Q
C write(®,#) 'phi > 2'

do 63 1s1de = 1,4
1f (1side.lt.3) then
ncon = 4
else
ncon = i
endif
do 60 1 = 1,ncon
1f (1s1de.gt.2) then
icon = 2
nedge = 1
else
1f (1clamp(iside).eqg.l) then
1f {1.1t.3) then
1con = 2%31-]
nedge = 2
else
1con = 1-(4-1)
nedge =~ 1
endif
else
1icon = 1
1f (1.1t.3) then
nedge = 2
else
nedge = 1
endif
endif

Lo

N



end1f
do 55 1 = 1,nedge

1f (1s:de.lt.3) then
1edge = (12-2#1s1de)*l-(1l2-4*1s1de)
else
1edge = 1
end1€
1013 =0
de 50 3 = 1l.nbb
1f (((1e:de.eqg.2).or.(1c1de.eg.4})i.end. (].

1bb = O
call bb0 (as)
elseirf (j.1t.6)}) then
tf (J.eq.l} then
itbb = 2
call bbl2 (1bb.icon.,as)
elserf (3.1t.4) then
1bk = 3+l
call bb34 {1bb,1con.as)
else
1bb = j+1
call bb56 (:i1bb,i1con.as)
end1f
elseirf (3.1t.11) then
rectangular segment
elmds = almde ®phisephi/(phirephir)
ph: = phir
1f ((1edge.ne.l12).and.(i1si1de.ne.3)) then
1f (1edge.ne.l) 1edge = 6-1edge
1f (j.eq.6) then
1bb = 2
cali bbl2 {ibb.icon,as)
elseif ((J.eq.7).or.().eq.8)) then
1bk = ;-4
call bb34 (1bb,icon.as)

else

1bb = ;-2

call bb78 (i1bb,1con.as)
end1f

call factor (as,icon,tph1i)
1f {1edge.ne.l) 1edge = 6-1edge
else
1bb = O
call bbO (as)
end:f
phi = tphi
almds = talmds
else
1f (1side.ne.2) then
1bb = O
call bkQ (ag)
elseif (3.1t.13) then
1bb = 3-10
call bbl2 (i1bb,1con,as)
else
1ibb = 3-6
call bb78 (1bb.,1icon.as)
end1f
end1if

do 40 11 = 1l.,ka
do 40 j3 = 1.k3
111 = 1111+11
J3) = 1113+1)
e(111,333) = as(11.,3])
40 coentinue
J31) = 3111+k]
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c write(*®,#) 'i1edge = ',1edge,’' 1side = ',1side,’' 1icon = ',lcon,
c 1 1bb = ',1bb,'kr = ',ki,'k; = ',Ekj
< do 41 11 = 1.k:
c 1 write(*,999) (as{1:,33).,13=Ll.k3}

390 format(8(14,1x),2(£10.3))

999 format (70(el0.3,1x))

S0 continue

1111 = 1111+k2

SS continue
60 continue
63 continue
nk = 1111
return
and

C
fed A2 22222 SR X R R 2 X RS2 XX R SRS R Y F Y YR Y YRR Y YRYNYYYEYEY FWERREY

subroutine bphi_mid (a,iclamp,nk)
C.l.'...".-....I-QII.II.."..Q....Il.l...l..l.......I.I.....I..'I.....Q
c
implicit real#8 (a-h,o-2)
common k.ki,kj.poi.qlim,almds,ph1i,phir,p1,1edge.alpha
dimension a(320,320), as(32.16). 1clamp(2)
tph1 = phi
talmds = almds
nkb = 18
kb = k
ka = k
kr = ka
kj = ka
35 1111 = 0
do 63 1s3:1de = 1,4
1f (1side.l1t.3) then
ncon = 4
else
ncon = 1
endif
do 60 1 « 1,ncon
1f (1si1de.gt.2) then
icon = 2
nedge = 1
else
1f (i1clamp(iside).eq.l) then
1f (1.1t.3) then
1con = 2#1-1
nedge = 2
else
ican = 1-(4-1)
nedge =~ 1
endif
else
1con = 1
1f (1.1t.3) then
nedge = 2
else
nedge = 1
endif
end1if
end1if
do 55 1 ~ 1,nedge
1f (iside.lt.3) then
ledge = (12-2%1s1de)*l-(12-4®1s1de)
else
1gdge = 1
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= C
de 50 j; = l,nbb
f (((1s1de.eq.?).or.(1s1de.eq.4)).and.().1t.8)) then
ibb = 0
call bb0 (as)
else1f ().1t.8) then
1f (j.eq.1l) then
1bb = 2
call bbl2 (1bb,1con.as)
elsei1f (;.1t.4) then
1bb = j+1
call bb34 (1bb.,icon,as)
else1f (().eq.4).or.().eq.5)) then

1bb = j+1
call bbS6 (1bb.icon.as)
alse
1bb = j+1
call bb78 (ibb.,icon.as)
end1f

elserf (3.1t.13) then
rectangular segment
almds = almds ephi#phi-/(phirephir)
ph: = phair
1f ((r1edge.ne.12).and.(1s1de.ne.3)) then
1f (1edge.ne.l) 1edge = 6-1edge
1f ()J.eq.8) then
1bb = 2
call bbl2 (1bb,1con,as)
elseif ((j.eq.9).or.().eq.10)) then
1bb = 3-6
call bb34 (ibb,icon,as)
else
1bb = 3-4
call bb78 (1bb,1con,as)
end1f
call factor (as,icon,tphi)
1f (1edge.ne.l) 1edge = 6-1edge
else
ibb = 0
call bb0 (as)
end1f
phi = tphi
almds = talmds
else
1f (1side.ne.2) then
1ibb = O
call bb0 (as)
else1f (3).1t.15) then
ibb = 3-12
call bbl2 (ibb,1con.as)
elserf (3.1t.17) then
1bb = 3-12
call bb34 (1bb,1con.,as)
else
1bb = 3-10
call bb78 (ibb,icon.as)
end1f
end1f
do 40 11 = 1,ki
do 40 j; = 1.kj
111 = 1111411
JJ) ® JJ3)*))
a(xrr1,33)) = as(11,3])
40 continue

J331 = 133)+k]



a3 format{S8(14.,1x).2(f10.3))
Qg9 format (70(el0.3,1x))
50 continue
1111 = 1111+K1
1f (1edge.eq.12) ki1 = k
5SS continue
60 continue
63 continue

nk = 1111
return
end

C
et A2 22 RSS2 S22 R 2R X2 222 A X2 iAol 22 2 X 22 2 )

subroutine bphi_hi (a.iclamp.nk)
CHBBRARNAARBRNNBARNABRRBRNINRBERRBRRRNRBBERRERRERABARARNBRVRERN ANV BABERRBOIRNNNES
c
implicit real#8 (e-h,o-z)
common k,ki,kj,pcl.gqlim,almds,pht,phir,p1,1edge,alphe
dimension a(320,320), as(32.16), 1clamp(2)
tph1 = ph1
talmds = almds
nbb = 14
kb =« k
ka = k
k1 = ka
ky = ka
35 1111 = 0
do 63 1s1de = 1,4
1f (1s1de.lt.3) then
ncon = 4
else
ncon = 1
end1if
do 60 1 = 1l,ncon
1f (1side.gt.2) then
icon = 2
nedge = 1
else
1f (1clamp(iside).eq.l) then
1f (1.1t.3) then
1con = 2%1-1
nedge = 2
else
1con = 1-(4-1)
nedge = 1
endif
else
icon = 1
1f (1.1t.3) then
nedge = 2
else
nedge = 1
end1f
endif
end1f
do 55 1 = 1,nedge
1f (1side.lt.3) then
1edge = (12-2%1si1de)*l-(12-4%1s1de)
else
1edge = 1
end1if
Jyyy =0
do S0 j = 1,nbb
1f (((1side.eqg.2).or.(1si1de.eq.4)).and.(j.1t.6)) then

1bb = 0



call bb0 (as)
£ (3J.1t.6) then
1f (j.eg.l) then
1bb = 2
call bbl2 (i1bb.,icon.as)
elseif (3.1t.4) then

1bb = j+1

call bb34 (1bb.1con.,as)
else

1bb = 343

call bb78 (1bb.,1con,as)
endif

glserf ().1t.1l} then
rectangular segment
almds = almds e¢phi#phi/(phir®*phir)
phi1 = phir
1f ((1edge.ne.12).and. (1s1de.ne.3)) then
1f {1edge.ne.l) 1edge = 6-1edge
2f (J.eqg.e) then
1tbb = 2
call bbl2 (1bb.1icon,as)
elseif ((j.eq.7).or.(J.eq.8)) then
tbh = j-4
call bb34 (1bb,1con.as)
else
1hb = ;-2
call bb78 (ibb,1con.as)
end:yf
call factor (as.icon,tphi)
1f (1edge.ne.l) 1edge = 6-1edge
else
1bh = 0
call bb0 (as)
end1if
phi = tphi
almds = talmds
else
1f{ (1side.ne.2) then
1bh = Q0
call bb0 (as!
elseif (3.1t.13) then
1bb = )-8
call bb34 (1bb.1icon.as)
else
ibb = 31-6
call bb78 (1bb,1con,as)
end1f
end1if

do 40 11 = 1,k

de 40 33 = 1.,k3
111 = 1111411
3J) = J33)*))
a(111,333) = as(11,33)

40 continue
J3J1 = 3131*k;
980 format (8(14.,1x),2(f10.3))
9¢9g format (70(el0.3,1x))
S0 continue

1111 = 1111+K1
55 continue
60 continue
63 continue
nk =« 1111
return
end

A40
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2.3 Subroutines for shape generation

CCRARNaNNNaalaalataittNidt it lEsaasiticlanudantailtascasaioninannaERnissansunan

subroutine bshap_lo (ksl,x.,w)
CCQQQCGQIIQIIIQ..l.IQQIIGIIIl.'...l.'...'.ll.'l.’...l.l..IIII.II.II...'II

implicit real<8 (a-h.o-z)

common k,k1.k),.poi.qlim,almds.phi.plL:ir,pl.1edge,alphe

dimension %{320).%x1(126).,eta(21),1ncode(21,126)

dimension elZm(lS),el3m(16),el4m(16),915m(1bj,eLGm(léj

dimension em2m(16).em3m(16).emd4m(16).em7m(16),em8m(16)

dimensicon erlm(16).er2m(16),er7m(16),er8m(16).dummy(16)

dimension w(2l,126)

character® 14 outfile

c write(®=,®) ' entering bshap_lo’
ka = k
C write(g,®j(x(1).1=1.ka)
do 10 1 = 1,kea
dummy (1) = 0. 0
el2m(1) = x(1
el3m(1) = x(k a+1)
eldm(1) = x(2%ka+1)
elSm(1) = u(3*ka+1)
elébm{1) = x(4%*ka+1)
em2m{1) = x(S*ka+1)
em3m({1) = x(6%ka+1]
emd4m(1) = z{7%ka+1)
em7m(1) = x(B8+*ka+1)
emBm(1) = x(9%ka+1:)
erlm(1) = x(10eka+1)
erZzm(i1) = x(ileka+1)
er7m(i) = x(12%ka+1)
erBm(1) = x(13%ka+1)

10 continue
bigphi = phi®phir/(2.0%phir+ph1)
ksy = ksl
ksx = 1nt((ksy-1.0)sbigph1 + 2.0)
nt = 1nt(bigphi#(ksx-1)/ph1)+1
nr = ksz - nt
1f (ksx.gt.126) ksx = 126
do 15 1 = 1, ksy

do 15 3 = 1, ksz
w{i,3) = 0.0

1S continue

ccll.I.III.II.II.I.IIIII...IOI....I.l.llll...I.I.IQ.l....l.l..'..l.l.l...

call grid (ksx.ksy.x1.,eta.nt.nr,incode)
c.'...lll...l...l..I.ll.I......II..I....I..I...I.II......CI..'.I'.III....
call shapel2 (l.nt.ksy.ka,dummy.el2m,x1.,eta,1ncode,w)
call shape34 (1l,nt,.ksy.ka,el3m.,eld4m,x1,eta,1ncode,w)
call shapeSé (1l.nt.ksy.ka.elSm,elém,x1.eta,1ncode,w)
tphi = phi
talmds = almds
almds = almds#*phi#phi/(phir®phir)
phi1 = phir
call shapel2 (nt+l.nr,.ksy.ka,dummy.,em2m,x1.eta.incode,w)
call shape34 (nt+l,nr.ksy,ka.,em3m,emdm,x1,eta,1ncode,w)
call shape78 (nt+l,nr.ksy.ka,em7m,em8m,x1,eta,1incode,w)
do 20 1 = 1, ksy
de 20 ) = nt+l, nr
w(i1,3) = -1.0*w(1,))
20 continue
almds =« talmds
phy1 = tpha
call shapel2 (nr+l,ksx,ksy.ka,erlm,er2m,x1,eta,1ncode,w)
call shape78 (nr+l.ksx,ksy.ka.er7m,erfm.x1.eta,i1ncode,w)



1086
399

write(6,*) 'Qutput file? (Use quotation marks)'
read(5,#) outf:ile
write(o,®) 'Writing displacemsent matrixz to file
openil2S,file=cutfile,status="new')
do 106 13 = 1,ksx
write(25,999) (w(i1,J]).11=1,ksy)
format (21(el0.3.1x})
close (25)
write(®,®*) 'leaving bshap_lo’
return
and

A2

‘,outfile

efed AL A A A SRR R 222X 2 2 2 22222 2R 2 2SR SR Y S YRR YYY YRR Y Y

subroutine bshap_mi (ks!,x,w)

led A A2 2 2 222222 2 X2 2 XX R 22222222222 R Y R A R Y S Y R Y R F R Ry R Y N N N N Y N Y Y RS R )

10

15

implicit real*8 (a-h,0-2)

commen k.ki,.k),po1.qlim,almds,ph1i,phir,p1i,1edge.alpha

dimension %(320),x1(126),eta(21).1ncode(21,126)
dimension el2m(16).el3m(
dimension el7m(1€).el8m(16)
dimension em2m(16).em3m(
dimension erlm(16).er2m(16),er3m(16),erdm(16)
dimension er’m(16),er8m(16), dummy(16)
dimension w(21,126)
character®14 outfile

write(®*,*) ' entering bshap_m1’
ba o L

write(6,®)(x(1).,1=1,16%ka)
do 10 1 = 1,ka

dummy (1) = 0.0

el2m(1) = x(1)
el3m(1) = xz(ka+1)
eldm(1) = x(2%ka+1)
elSm(1) = x(3%ke+1)
elom(1) = xz(4%ka+1}
el7m(1) = x(S%ka+1)
el8m(1) =~ x(6%ka+1)
em2m(1) = x(7%ka+1)
em3m(1) = x(Beka+1)
emdm(1) = x(9%ka+1)
em7m(1) = x(10¢ka+1)
emBm(1) = n(lleka+1)
erlm(x) = z(l2%ka+1)
er2m(1) = x(13=ka+1)
erdm(i1) = x(l4%ka+1)
erdm(1) = x(1Seka+1)
er7m{1) = x(l6%ka+1)
erSm(1) = x(17%ka+1)

continue

bigphi = phiephir/(2.0%phir+ph1)

ksy = ksl

ksx = int((ksy-1.0)/bigph1 + 2.0)
nt = 1nt(bigphi#(ksx-1)/ph1)+1
nr = ksx - nt
1f (ksx.gt.126) ksz = 126
do 1S5 1 = 1, ksy
do 15 3 = 1, ksx

w(i,3) = 0.0

continue

6).,eldm(16),elSm(16),elbm(15)

1
16) ,emd4m(16) .em7m(16) .em8m(16)

(ofed A4 A2 A AL AR AR A 2 XXX YIS Y Y Y Y Y Y Y YN Y YN Y Y Y Y T YRR Y NV Y PP Pgures

call grid (ksx.ksy.xz1.,eta,nt.nr,incode)

c.'.....I......I.........l...l..I....'-..'I....I.....I...&".I........l...



Al

call shapell (l.nt.ksy.ka.dummy,el2m,x1,eta,incode,w)
call shape34 (l,nt,ksy.ka.,el3m,eldm.x1.eta,1ncode,w)
call shapeSt (l.nt.ksv.ka,elSm,elém.x1.,eta,1ncode,w)
call shape78 (1l.,nt.ksy.ka.el7m,el8m,x1.,eta,1ncode,w)

c write(6.#) 'in bshap_mi, done first segment’

do 100 313 = l.ksx

c 100 write(o,999) (w(ri.j3).11=1.ksy)
tph1 = ph1
talmds = almds
almds = almdsephi#ph:. (phir#phir)
ph1 = phir
call shapel? (nt+l,nr.ksy.ka,dummy,em2m,x:,eta,incode,w)
call shape34 (nt+l.nr.ksy.ka,em3m,em4m.x1,eta,1ncode,w)
call shape’8 (nt+l,nr.ksy.ka.em7m,em8m.x1.eta,incode,w)
do 20 1 = 1, ksy

do 20 3 = nt+l, nr

a

w(r,)) = -1,0%w(1,1)
20 continue
c do 101 33 = 1l.ksu

c 101 write(56,999) (w(ri1,33).11=1ksy)
almds = talmds
ph1 = tphi
c write(6.*) 'in bshap_mi1, done 2nd segment'’
call shapel?2 (nr+l,ksx.ksy.,ka.erlm,er2m,.x1.eta,incode,w)
cail shape34 (nr+l.ksx.ksy.ka,er3m.erdm.x1,eta,1incode,w)
call shape78 (nr+l,ksx,ksy.ka.,er7m,er8m,x1.eta,i1ncode,w)
c do 102 33 = 1l.ksx
c 102 write(6,999) (w(11,)j).11=1,ksy)

write(6.®) 'Output file? (Use quotation marks)'
read(S,#) outfile
write(e,®) 'Writing displacement matrix tc f:ls
open(25,f1le=outfile,status="new')
do 106 33 = 1,ksx

106 write(25,999) (w(i11,33),11=1,ksy)

ag9aq format (21(el0.3,1x))
close (25)

c write(®,*) 'leaving bshap_m1’

return
end

oded A2 A2 R4 XA 2 R 2 X 2 2 I 2 Y Y EY 2 Y R T Y F Y Y R Y Y Y Y P Y Y Y R Y Y Y Y Y YRS SN

subroutine bshap_hi (ksl.x.w)
c..II....I..II.II.....II.I.Q.II.....II...I..Il...QI.IIIII....Q...I..II..I

implicit real+#8 (a-h,o-z)

common k.ki,kj,poi,gqlim,almds,phi,phir,p:i.1edge,alpha

dimension x(320),x1(126),eta(21),.1ncede(21,126)

dimension el2m(16),el3m(16).014m(16).el7m(16).el6m(16)

dimension em2m(16),em3m(16),emdm(16).,em7m(16) . .em8m(16)

dimension er3m(16),erdm(16),er7m(16),er8m(16),dummy(16)

dimensicn w(21,126)

character®l14 outfile

c write(®.,*) ' entering bshap_hi'
ka = k
c write(6,®) (x(1),1=1,ka)

do 10 1 = 1,ka
dummy (1) = 0.0
el2m(1) = x(1)
el3m(1) = x(ka+1i)
eldm(1) = zx(2%ka+1)



10

15

CCHRRAARANARANGINGRERERRNIRARNARNNARNOANAARANNROGRUINRNRGUNNGRRRRRRNNRNERERAENN

ed A2 A2 222 2 R X 2 X2 2 2 R 2 X 22 2 X R R X R Y Y Y Y Y Y Y Y Y Y Y Y Y Y R T TYY

106
939

el7m(1) = x(3%ka~+1)
elBm(1) = =(4%ka+1)
emZmii) = x(S*ka+1)
em3m(1) = x(B*ka+1l)
emdm(1) = x{7%ka+1)
em7m(1) = x(8%ka+1)
emBm(1) = x(9%ka+1)
er3m(1) = x{10%ka+1)
erdm{i1) = x{llska+1)
er’m(1) = x(12%ka+1)
ertm(1) = =x(13%ka+1)

continue

bigph1 = phiephir/(2.0*phir+ph1)

ksy = ksl

ksx = int{(ksy-1.0)sbigph1 + 2.0)
nt = 1nt{bigphi®(ksx-1)/ph1)+1
nr = ksx - nt

(ksx.gt.126) ksx = 126
do 15 1 = 1, ksyv

do 15 ) 1, ksx
w(1,3) = 0.0
continue

call grid (ksxz.ksy.z1,eta.nt.nr.incode)

call shapel? (l.nt,ksy.ka.dummy,el2m.x1.eta,1ncode.,w)
call shape34 (l,nt,ksy.ka,el3m,eld4m,z1,eta,1ncode,w)
call shape78 (1l.nt.ksy.ka,el7m,elBm,.x1.eta,1ncode,w)
tphi1 = phi
talmds = almds
almds = almdsephi®phi(phir*phir)
phi1 = phir
call shapel2 (nt+l.nr,.ksy.ka.dummy,em2m,.x1,eta.incoda,w)
call shape34 (nt+l.nr,ksy.ka,em3m,emdm,.x1.eta,incode,w)
cell shape78 (nt+l.nr.ksy.ka,em7m,emBm,x1.eta,incode.w)
do 20 1 = 1, ksy

do 20 j = nt+l, nr

w(i,)) = -1.0%w(1,))

continue
almds = talmds
phy = tpha
call shape34 (nr+l,ksx,ksy.ka.,er3m,erd4m.x1,eta,incode,w)
call shape78 (nr+l.ksz.ksy.kea.,er7m,erfm,x1,eta.1ncode,w)
write(6,*) ‘Output file? (Use quotation marks)'
read (5.%) outfile
write(6,*) 'Writing displacement matriz to file ',cutfile
cpen(25,fi1le=outfile,status="'new')
do 106 33 = 1,ksx

Write(25,999) (w(11,33).11=1,ksv)

format (21(el0.3,1x))
close(25)

write(®,#*) 'leaving bshap_hk1'
return
end

Add



3. CTOP - Both Base and Top Edge are Clamped

3.1 Main Program

CI.II.I.II'II.III.....l'.....ll'l'.'....ﬂ.'....IIII.'-.III.I..IIII...III

c This 1s the main calling program for eigenvalue search and shape -
C data generation for parallelogram plates with clamped base and .
C clamped top edge. .
C Segments are arranged horizontally for this version. Shape .
C generation 1s 1ncluded. »
C by S. Stangier -
(:.-IQ (322 AR A AR X2 A AR R R X2 2222 R SRR SRR R R ET LYY B R R R R WY R W Ry
C
implicit real#8 (a-h.o-2)
common k.ki.kj.poi.qlim.almds,phi.phir,p1,1edge.,alpha
dimension a(320,320)
dimensicn x(320),w(21,126),1clamp(2)
por = 0.3
write(®,*) 'parashap.for: parallelogram plate - cscs,csce, cecc’
write(®,*) 'for left, right indicate clamping: les, 2ec’
10 write(»,20)
20 format(' ',' ph1 phir k left right almds dlim del',”)
read (*.*) phi.phir.k.1iclamp(1l).1clamp(2).almds.dlim,del
1f (phi.1t.0.) goto 200
write(®,30) phi.phir.k.,iclamp(l),1clamp(2).almds.dlim,del
30 format (' ',2(f7.5,1x),3(12,1%),2(£f9.5,1x).£7.5,/)
2 ¢ = 1,
pr = 4.sdatan(c)
alpha = datan(l./ph1)
gqlim = 360000000
35 continue
1f (ph1.1t.0.9) then
call tphi_low (a,1clamp,nk)
elsei1f (phi.ge.2.0) then
call tphi_hi (a,i1clamp.nk)
else
call tphi_mid (a.iclamp,nk)
endif
c do 62 11 = l,nk
c 62 write(®.999) (a(ii.33).j)=1l.nk)
c write(*,.®) '‘a 1s done'
1f (del.eq.0.) goto 190
<

CRR R AN AR NN N AR R RANNT IO RR BN NERARNANGINNRARANNANBRRANRNES

call determ (a,nk.det)
c......ll.l.I...Q.'.Q.Il.ll...l.....'l....-Q.'I.D.IQ..I.I.IIIIIE.I......
c
61 write(®,65) almds,.det
65 format(' ',Sx.f9.5,5x.e15.8)
almds = almds+del
1f (almds.le.dlim) then
goto 35
else
goto 10
endif
190 continue
write(6,*) 'Number of grid points in eta-direction? (Max. 21)°
read (S,*) ksl
1f (ksl.gt.21) ksl = 21
c write(e, s) ' generating shape'



l:"’...l.'....'..'.l..'.'I.III..II.I.........II‘..I......I.I..‘..III...I

call detsol (a.nk.x)
(:ll’....I.II...I'.IlI.'...IIIII.-.I.I-.'.IIIIICQCQIDII.I..."....I.ﬁll.l

C
x(nk) = -1
1f (phi1.le.0.5) then
call tshap_lo (ksl.x.w)
else:f (phi.ge.Z.) then
call tshap_h: (ksl.x.,w)
else
call tshap_m:i (ksl,x,w)
end1if
c write(*,*) ‘w:'
c do 106 11 = 1,3%ksl-2
) (w

c 106 write(*,6999 (11,3)).,3)=1,ksl)
gotc 10

G99 format(250(ell.3,1x%))

200 cecntiaue
stop
end

3.2 Subroutines for matrix assembly

C
od XA A2 2 X2 2 S X2 X A2 X2 RS2 Y X R XY Y X R Y R R Y Y Y X Y Y R Y R R XYY X XX X )

subroutine tphi_lew (a,iclamp,nk)
CHESRARAANGAANBBABRNNPEN RN DI RN AR RTRNBERNVRBER RSN BRI RARNRBRNBRRRNNRVINNRRANINN

~
<

implicit real+8 (a-h.o-2)
common k,k:i,k),poi,qlim,almds.phi,phir.p1l.1edge,alpha
dimension a(320.320), as(32,16), 1clamp(2)
tph1 = ph1
talmds = almds
nbb = 16
kb = k
ka = k
ki1 = ka
kj = ka
35 1111 = O
do 63 1side = 1,6
1f (1side.lt.3) then
ncon = 4
else
ncon = 1
end1f
do 60 + = l,ncon
1f (iside.gt.2) then
1icon = 2
nedge = 1
else
:f (i1clamp(iside).eq.l) then
1f (1.1t.3) then
1con = 2®#3-1
nedge = 2
else
icon = 1-(4-1)
nedge = 1
endif
else
icon = 1
1f (1.1t.3) then

Ado



A47

nedge = C
else
nedge = 1
endif
end1lt
end1f
do 55 1 = !,nedge
1f (1side.lt.3) then
tedge = (12-2%1side)®l-(12-4%1c1de)
elsel1f (1side.lt.S5) then

ledge = 1
else
redge = 3
end1f
JJ)3) = 0
do S0 j = 1l,abb
1f (((1si1de.eq.2).or.(1s1de.gt.3)).and.().1lt.6)) then
1bb = O

call bb0 (as)
elserf (j.1t.H) then
1f (j.eqg.l) then

:bb - 2

call bbl2 (ibb,icon.as)
else:f (3.1t.4) then

1bb = j+1

call bb34 (1bb,1con,as)
else

ibb = 3+1

call bbS6 (i1bb,icon.as)
endif

elserf (3.1t.12) then
ractangular segment
almds = almds ®phi#phi/(phirephir)
phi = phir
1f ((1edge.ne.12).and.
((1si1de.ne.3).and.(1s1de.ne.6))) than
1f (1edge.ne.l) 1edge = 6-1edge
1f£ (J.eqg.6) then
1bb = 2
call bbl2 (i1bb,1con.as)
elseif (().eq.7).0or.()j.eq.8)) then
ibb = ;-4
call bb34 (1bb.,1icon,as)
else1f (j.eq.9) then
1bb = &
call bbS6 (1bb,icon.as)
else
1bb = 3-3
call bb78 (ibb,icon,as)
end1if
call factor (as.,icon,tphi)
1f (1edge.ne.l) 1edge = 6-1edge

else

ibb = 0

call bb0 (as)
end1if

ph1 = tphi
almds = talmds
else
1f ((1side.ne.2).and.(1side.ne.6)) then
1bb = 0
call bb0 (as)
elserf (3.1t.14) then
1bb = j-11
call bbl2 (:bb,icon.as)
else1f (3.1t.1S5) then
ibb = 6



c
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40

990
aag

S0
55
60
63

35

call bbS6 (1bb.1icon.as)

else
1bb = ;-8
call bb78
end1f
end1f

(1bb,1con,as)

do 40 1: = 1,k:
de 40 j) 1.k)
111 = 1111+11
JJJ = J1112%))
a(ii1,3))) = as(11.33)
contlinue
3131 = 1111*k)
format(8(14.1x),2(£10.3})
format(70(el0.3,1x))
continue
1111 = 1111+k1
continue
continue
continue
nk = 1111
return
end

subroutine tphi_mid (a.iclamp,nk)

implicit reale®8 (a-h,o-2)

od A4 AR A2 A L R R 2 2 S R R R R X R Y Y Y Y Y Y Y Y Y Y N Y Y Y Y R Y Y R Y S R R YRR Ir

common k,ki,k).pol.glim,almds,phi,phir,p1,1edge,alpha

dimension a{320,320), as(32,16), iclamp(2)

tph1 = ph1
talmds = almds
nbb = 20
kb = k
ka = k
ki1 = ka
kj = ka
1111 = (O
write(®,®) ‘phi > 2'
write(®,*) ‘iside 1edge 1con 1bb ki
do 63 1s1de = 1.6
1f (1s1de.lt.3) then

ncon = 4
else
ncon = 1
end1f
do 60 1 = 1,ncon
1f (1side.gt.2) then
1icon = 2
nedge = 1
else
1f (i1clemp(iside).eq.l) then
1f (1.1t.3) then
icon = 2®%#1-1
nedge = 2
else

icon = 1-(4-1)
nedge = 1

kJ

1111 JJJ)3 phi almds'

A48



end1if
else
icon
1f£ (1
ned
else
ned
end1if
endlf
endif
do S5 1 =

= 1

1t.3
ge =

then

)

ge = 1

1,nedge

1f (1side.lt.3) then
ledge = (12-2#1s1de)*l-(12-4%1s1de)

elserf

{1s1de.lt.S) then

1edge = 1

else

ledge = 3

endif

1f (1edge.eq.12) ki1 = 2=k

JJl) =

]

do 50 j = 1,nbb

1f (((1side.eq.2).or.(1s:de.gt.3)).and.(;.1t.8)} then

1bb = 0
call bb0 (as)
else1f (j.1t.8) then

1 f

().eq.1l) then

1bb = 2
call bbl2 (1ibb,1con.as)
else1f ().1t.4) then

1bb = j+1

call bb34 (1bb.1icon.as)
elseif (1.1t.6) then

1bb = 3+1

call bbS6 (1bb,1con,as)
else

1bb = j+1

call bb78 (1ibb,1icon.as)
end1if

elserf (3.1t.14) then

rectangular segment

almds = almds #phi®phi/(phirephir)
phi1 = phir

1f

((1edge.ne.12) .and.

((1si1de.ne.3).and.(1s1de.ns.6))) then

1f (1edge.ne.l) 1edge = 6-1edge
1f (J.eq.8) then
ibb = 2
call bbl2 (1bb,i1con,as)
elseif (().eq9.9).or.(3.eq.10)) then
1bb = 3-86
call bb34 (1bb,1con,as)
elsei1f (j.eq.ll) then

1bb = 6

call bbS56 (1bb,1con,as)
else

1bb = 3-S5

call bb78 (1bb,icon,as)
end1if

call factor (as.icon,tphi)
1f (1edge.ne.l) 1edge = 6-1edge

else

1bb = 0
call bb0 (as)

end1f

ph1 = tphi
almds = talmds
alse

A49



1f ((1side.ne.l).and.(1s1de.ne.6)}
1bb = 0
call bbl (as)
elsert (1.lt.lo; then
tbb = ;-13
call bbl2 (i1bb.1con.as)
elsei1t ().1t.18) then
tbb = ;-13
call bb34 (1bb.,1con,as}
elseirf (3.1t.19) then
ibb = b
call bbS6 (ibb.1con.as)
else
1bb = 3-12
call bb78 (1ibb.icon,as)
endif
endif
do 40 11 = l,k1
do 40 j3 = 1.k)
111 = 1111+11
32302 5333+
a(111,3J)3) = as{11.311)
40 continue
1313 = 111)+k)
c write(®.*) 'iedge = ',1edge,' 1side =
c 1 ' 1bb = '",1bb,'k1 = ',k1,'k) = ' k)
c do 41 11 = 1,k
c 41 write(®,999) (as(11.3]1).33=1.k3)
840 format(8(14,1x),2(£10.3))
949 format(70(el10.3,1x))
<o continue
1111 = 1111+K1
1f (1edge.eq.12) ki1 = k
55 continue
60 continue
63 continue
nk = 1111
return
end
c

CRENBBNANANN AN I IR AN NN SRR R AR RN NN RN RN B RAANEINE DI NNNRRNARERUNNTRBRNRRNRRRR

c

subroutine tphi_h1 (a,1clamp.nk)

implicit real+f§ (a-h,0-2)
common k,ki,kj.poi.qlim,almds,phi,phir,p1.
dimension a(320,320), as(32,16), 1clamp(2)
tph1 = pha
talmds = almds
nbb = 16
kb = k
ka = k
ki1 = ka
kj = ke
35 1111 =
write(®,®) 'phi1 > 2'
write(®,®) 'iside 1edge 1con ibb ki1 k]
do 63 1side = 1.6
1f (1s1de.lt.3) then
ncon = 4
else
ncon = 1
end1f

‘,1cs1de,’

then

icon = ',1icon,

c.....l.'...I-.....II............Il...I..'...........I..'.Ql.l..'l....II

ledge,alpha

1111 3333 phi almds’

AS0
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do 60 1 = l,ncon
1f (1side.gt.2) then
1con = 2
nedge = 1
else
1f (i1clamp(iside).eq.l) then
1f (1.1t.3) then
1con = 2#%1-1
nedge = 2
else
1con = 1-(4-1)
nedge = 1
end1f
else
icon = 1
1f (1.1t.3) then
nedge = 2
else
nedge = 1
end1f
endif
end1f
do S5 1 = l.nedge
1f (1side.lt.3) then
1edge = (12-2%1si1de)*l-(12-4%151de)
else1f (1side.lt.S) then
1edge = 1
else
1edge = 3
endif

do €0 3 = 1l,nbb

1f (((1si1de.eq.2).or.(1si1de.gt.3)).and.(j.1t.6)) then
1ibb = 0
call bb0 (as)

else1f (3.1t.6) then

1f ().eq.l) then
1bb = 2
call bbl2 (1bb,icon.as)

elseirf (3.1t.4) then

1bb = j+1

call bb34 (1bb,i1con.as)
else

1bb = j+3

call Bb78 (1bb,1con.as)
end:yf

elseif (3.1t.12) then
rectangular segment
almds = almds ®phiephi/(phirephir)
ph1 = phar
1f ({(1edge.ne.12).and.
((1s1de.ne.3).and. (1s1de.ne.6))) then
1f (1edge.ne.l) 1edge = 6-1edge
1f (j.eq.5) then
ibb = 2
call bbl2 (ibb,1con,as)
elseif (().eq.7).or.(3.eq.8)) then
ibb = 3-4
call bb34 (1ibb,icon.,as)
elseif (;.eq.89) then
1bb = 5
call bbS6 (1bb,1con.as)
else
1bb = 3-3
call bb78 (1bb.,1con,as)
end1if
call factor (as,icon,tphi)



1f {1edge.ne.l) 1edge = 6-1edge
else
1bb = 0
call bb0 (as)
end1f
phr = tphi
almds = talmds
else
1f ((1si1de.ne.2).and.(1si1de.ne.6)} then
1bb = 0
call bb0 (as)
elserf ().1t.14) then
1bb = )-9
call bb34 (1bb,i1con.as)
elsexf (3.1t.15) then
1bb = 6
call bbS56 {(1ibb.,icon.as)
else
1bb = 3-8
call bb78 (1bb.1con.as)
c write(*.990) 1side.,i1edge,1con,1bb.k1,k).12111,.)3)].ph1.almds
end1f
endif

do 40 11 = 1,k
do 40 33 = 1.k}
111 = 1111+11
JJ) = 13111%))
a(111,3))) = as(11,3))
40 continue
JJJI = 111)+k)

de =~ ',icide,' 1con = ',:icon,

c write(®,®) 'j1edge = ' 1edge,’' 1c:
c 1 ' 1bb = ',1bb,'k1 = ',ki,'k] = ' ,Kk)
c do 41 11 = 1,k1
c 41 write(®,999) (as(11,33).33=1.k))
890 format(8(14,1x),2(f10.3))
999 formet (70(el0.3,1x))
S0 continue

1111 = 1111+k1
5SS continue
60 continue
63 continue
nk = 1111
return
end

3.3 Soubroutines for shape generation

cc.............I..I.I.l.I..........IQ.Q.....'............l.......-.-.'I..

subroutine tshap_lo (ksl,x.w)
c...IQ....II.....Q.Q.II....ﬂ..l....QIIIII....ll.l.....l........lIl..I...I
implicit real#8 (a-h,o-2)
common k,ki,kj.po1i,qlim,almds,phi,phir.p1,1edge,alpha
dimension x(320).x1(126).eta(21),.1ncode(21,126)
dimension el2m(16),el3m(16),el4m(16).elSm(16),elbm(16)
dimension em2m(16).em3m(16),emdm(16) ,emém(16),em7m(16).,em8m(16)
dimension erlm(16).,er2m(16),erém(16),er7m(16),er8m(16),dummy(16)
dimension w(21,126)
character®14 outfile
c write(®,®) ' entering tshap_lo'



ka = k

c write(6,%) (x(1),1=1,ka)
de 10 1 = 1l.ka

dummy (1) = 0.0
el?2m(1) = z(1)
el3m(1) = x(ka+1)
eldm(1) = x(2%ka+1)
elSm(1) = x(3%ka+1)
elem(1) = x(4*ka+1)
emm(1) = x(S5%ka+1)
em3m(1) = X(b6%*ka+1)
emdm(1) = x{7%ka+1)
emébm(1) = x(Beka+1)
em7m(1) = x(9%ka+1)
emBm(1) « x(10%ka+1)
erlm(i1) = x(lleka+1)
er2m(1) = x(l12%ka+1)
ertm(1) = x{13%ka+1)
er/mi1) = x(l4%ka+1)
er8m(1) = xz(l15%ka+1)

10 continue
bigphi = phi#phir/(2.0%phir+ph1)
ksy = ksl
ksx = 1nt((ksy-1.0)bigphyr + 2.0)
nt = 1nt(bigphi#(ksxz-1) ph1)+1
nr = ksx - nt
1f (ksr.gt.126) ksz = 126
do 15 1 = 1, ksy
do 1S j = 1, ksx
wi(r,3) = 0.0
1S continue
cc...-II..II...II....I..Q.-.........CQQIIII-.!II!IIII!I!IIl'llIIIIIIIIIII

call grid (ksx,.ksy,x1,eta,nt,.nr,incode)
cll.'.I.......II'.I.Q..'.I.l.I...I....QIII.I..II.I..I...QII...'I.QI...I.I
call shapel? (1,nt,ksy,ka.dummy,el2m,x1,ets,1ncode,w)
call shape34 (l.nt.ksy.ka.el3m,eld4m,x1,.eta,1ncode,w)
call shapeSé (l.nt.ksy.ka,elSm.elém,x1,eta,1ncode,w)
tphyr = phi
talmds = almds
almds = almdsephi®phi-/(phire*phir)
ph: = phir
call shapel2 (nt+l,nr,ksy,ka,dummy.em2m,x1,eta,incode,w)
call shape34 (nt+l.nr.ksy,ka,em3m,emdm,x1,eta,1ncode,w)
call shapeS56 (nt+l.nr,ksy,ka,dummy,emém,x1,eta,incode,w)
call shape78 (nt+l,nr.ksy.ka,em7m,emBm,x1,eta,1ncode,w)
do 20 1 = 1, ksy
do 20 3 = nt+l, nr
w(1,3) = -1.0%w(1,3)

20 continue
almds = talmds
ph1 = tphi
call shapel2 (nr+l.ksx.ksy.ka.erlm,er2m,x:,eta.incode,w)
call shapeSé (nr+l,ksx.ksy,ka,dummy,erém,z1,eta,incode,w)
call shape78 (nr+l.ksx.ksy.ka,er7m,erfm,x1.eta.incode,w)
write(6,%) ‘Output file? (Use quotaticn marks)'
read (5,#) outfile
write(6,*) '‘Writing displacement matrix to file ',outfile
open(25,file=outfile,status='new')
do 106 33 = 1l.ksx

106 write(25,999) (w(11,33).11=1,ksy)

999 format (21(el10.3,1x))
close(25)

c write(®.*) ‘leaving tshap_lc'

return
end
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subroutine tshap_mi (ksl,xz,w)

ed A A S22 AR RS R 222222 2 R X222 222 R E RS R R R R N Y Y Y Y Y Y R R Iy

10

15

implicit real#8 (a-h.o-z)

common k.ki.kj).poi.qlim,almds,ph:,phir,p1,1edge,alpha
dimension x(320),%1(126),eta(21).1ncode(21.126)

dimension el2m(16).,el3m(16),eld4m(16),815m(16),elem(16)
dimension el7m(16).,elBm(16)

dimension em2m(16),em3m(16),em4m(16) . embm(16),em7m(16),em8m(16)
dimension erlm(16).er2m(16) ,er3m(16),erdm (16}, erém(16)
dimension er7m(16),er8m(16), dummy(l6)

dimension w(21,126)

character+l14 outfile

write(®.®*) ' entering tshap_m1'
ka = k
write(o,#*){x(1),1=1,1l6%ka)

de 10 1 = 1,ka
dummy (1) = 0.0

el2m(1) = x(1)
el3m(1) = 2(ka+1)
eldm(1) = x(2%ka+1)
elSm(1) = x(3%ka+1)
elem (1) = x(4%ka+1)
el7m(1) = x(Seka+1)
elBm(1) = x(6*ka+1)
em2m (1) = xR (7%ka+1)
em3m(1) = z(8*ka+1)
em4m(1) = x(9%ka+1)
embm (1) = x({10%ka+1)
em7m(1) = x(lleka+1)
emBm(1) = x(l12%ka+1)
erlm(:} = u!12«ka+1)
er2m(1) = x{l4eka+1)
er3m(1) = x(l15%ka+1)
erdm(1) = z(lb%ka+1)
erém(1) = xz(l7#ka+1)
er7m(1) = x(18%ka+1)
erBm(1) = x(19%=ka+1)

continue

bigphi = phi#phir-/(2.0*phir+ph1)

ksy = ksl

ksx = 1nt((ksy-1.0)-bigph1 + 2.0)
nt = int(bigphi#{ksx-1) ph1)~+1
nr = ksx - nt
1f (ksx.gt.126) ksx = 126
do 15 1 = 1, ksy
do 1S5 3 = 1, ksx

w(i1,3) = 0.0

continue

cc........'.I.....Q..'..l.I-I.....'..-..'.I.-.......I.III.I.‘.Q...'Q...II

call grid (ksx.ksy.x1i.eta.nt.nr.incode)

c.........I.......I.Q..l.......l.'l.............I..................Q.....

Q

100

call shapel2 (l.nt.ksy.ka.dummy,el2m,x1.eta,incode.w)
call shape34 (l.nt.ksy.ka,el3m,eldm,x1,eta,incode,w)
call shapeS6 (1,nt.ksy.ke.,elSm,elébm,x1.eta,incode,w)
call shape78 (1l.nt,.ksy.ka.,el7m,el8m.x1,eta,incode,w)

write(6,*) 'in tshap_mi, done first segment'
do 100 jj = 1,ksx

write(6,999) (w(11,33)).11=1,ksy)

tphi = phi
talmds = almds
almds = almds®*phi#phi/(phir®phir)
ph1 = phir
call shapel2 (nt+l.nr.ksy.ka.dummy,em2m,x1,eta,incode,w)
call shape34 (nt+l,.nr,ksy.ka,em3m,emdm,x1,eta.incode,w)
call shape56 (nt+l.nr.ksy.ka,dummy,emém,x1,eta,incode,w)
call shape?8 (nt+l,nr.ksy.ka,em7m,emBm.xi,eta,incode,w)
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do 20 1 = 1, Ksv
do 20 3 = nt+l, nr
wili.3) = -1.0%w(1,3)
20 continue
c do 101 j3 = 1l.ks=x

c 101 write(6,999) (w(i11,J3).11=1.ksy)

almds = talmds
pht = tph:
c write(o,®*) 'in tshap_mi, done 2nd segment'’
call shapel? (nr+l,ksx.ksy.ka,erlm,er2m.x1.eta.,incode.w)
call shape34 (nr+1l,ksx,rksy.ka,er3m,erdm,x1,eta.incode.w)
call shapeS56 (nr+1.,ksx,ksy,ka.dummy.,erétm,x1.eta,1ncode,w)
call shape78 (nr+l,ksx,xsy.ke.er7m,erm,z1.eta,1incode.w)
c do 102 33 = 1,ksx
¢ 102 write(6.,999) (w(iyr,j3]).11=1,ksy)

write(6,%) ‘Output file? (Use quotation marks)'
read(5,#) outfile
write(b,.®) 'Writing displacement matrix to file '.outfile
open(2S.f1le=outfile,status="'new')
da 106 j3 = 1,ksx
106 write(25,999) (w(11i,J33]).11=1,ksy)
999 format (21(el0.3,1x))
close (25]
return
end

(eded A A A S22 Z AR 2 2 R A2 2 X A 22 Y ST TR TSNS RS R YT R Y Y Y XYY Y Y

subroutine tshap_hi (ksl.x,w)

el A AR AR SR 2 R X222 222 22 22 22 2 2 2 2 2 X 2 2 X2 X R X222 X2 2 Y Y F RS RYY Y YR Y XY
implicit real#8 (a-h,o-z2)
common k.ki,.k),.poi1.,qlim,almds,phi,phir,.pi,1edge,alpha
dimension x(320),.x%x1(126),eta(21).1ncode(21,126)
dimension el2m(16),el3m(16).eldm(16).el7m(16),el8m(16)
dimension em2m(16).em3m(16).em4m(16) ,embm(16),em7m(16) . ,emBm(16)
dimension er3m(16),erdm(16).,erém(16),er’m(16),er8m(16),dummy (16)
dimension w(21.126)
character+1i4 outfile

c write(®,*) ' entering tshap_hi’
ka = k
[ write(6,*)(x(1).,1=1,ka)

do 10 1 = 1,ka
dummy (1) = 0.0

el2m(1) x(1)
elim(1) X (ka+1)
eldm(1) Z(2%ka+1)
el7m(1) X (3%ka+1)
elBm(1) % (4%ka+1)
em2m(1) R (S*ka+1)

em3m(1) = x(6%ka+1)
em4m (1) = x(7%ka+1)
embm (1) = x(8%ka+1)
em7m(1) = x(9%ka+1)
emBm(1) = x(1l0%ka+1)
er3m(1) = x(lleka+1)
) = x(12%ka+1)
} = x(13%ka+1)
) = x(l4%ka+1)
erBm(1) = x(15%ka+1)
10 continue
bigphi = phiephir/(2.0*phir+ph1)
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ksy = xsl

ksx = 1nt((ksv-1.0}-brgph1 + 2.0)

nt = 1nt{bigphi#(ksx-1)-/ph1j+1

nr = ksx - nt

1f (ksx.gt.126) ksxz = 126

do 15 1 = 1, ksy

do 15 3 = 1, ksx
w(i1,)]) = 0.0
15 continue
CCREABSABARNARNNEARNANBBBNSRNEBESENARNBNBIRRNGNBRORAIRGBBEBANNIIRRAIBRBERNRBERBEBES

call grid (ksx.ksy.x1.eta.nt.nr.incode)

A2 2 X222 22222222 X 22 2222 X2 t2 2 22222 a2 8282222 2322 2 222222 22222 X0}
call shapell (l,nt,ksy.ka,dummy,el2m,x1,.eta.incode,w)
call shape34 (1l,nt.ksy.xa,el3m,eldm,x1.eta,incode,w)
call shape78 (l.nt,ksy.ka.,el7m,elBm.x1.eta.1ncode,w)
tphy1 = phi
talmds = almds
almds = almdsephi#phi1/(phir®phir)
ph:r = phir
call shapel2 (nt+l,nr,ksy.ka.dummy,em2m.x1.eta,incode,w)
call shape34 (nt+l,nr,ksy.ka,em3m,emd4m,%1,eta,1ncode,w)
call shapeS6 (nt+l,nr,ksy,ke.dummy,emém.x1,.eta,1ncode,w)
call shape78 (nt+l,nr.ksy.ka.em7m.emBm,x1.eta,incode,w)
do 20 1 = 1, Kksy

do 20 3 = nt+l, nr
w(i,3) = -1.0%w(1,])
20 continue
almds = talmds
phi1 = tphi
call shape34 (nr+l,ksx.ksy.ka.er3m,erdm.x1.eta.incode,w)
call shapeS6é (nr+1,ksxz,ksy,ka,dummy,emém,x1,eta,incode,w)
call shape78 (nr+l, ks, ksy.ka.,er’m,erfm,.z:.eta,.izcode.w)
write(6,#) 'Output file? (Use quotation marks)'
read (5.%) outfile
write(6,%) 'Writing displacement matrix to file ',outfile
open(25,f1le=outfile,status="new')
de 106 j3 = 1,ksx
106 write(25,999) (w(i11,))),11=1,ksy)
399 format (21{(el0.3.1x))
close (29)
return
end

4. Common Subroutines

c

C'.....II.QI...l....'..ll.....'.I.IIII..I.IQ.I......I.QI..........IQIQ..

subroutine bb0 (as)
C........II....II!IIII.III'.....'.I'III...‘..I....l.l.I.IIQ‘QI.'...III.O
I

implicit real®*8 (a-h,o-2)
common k,ki,k),poi,.glim,almds,phi,phir,pl.1edge,alpha
dimension as(32,158)
do 200 1 = 1.,k1
do 200 j = 1.kj
as(1.)) = Q.
200 continuse
return
end
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CI....QCQ.‘..".....'.Q.‘..I..'.-.'....'......I.'II.....".I.II'.I.II’..

subroutine bbl2 (1bb,1con.as)

C-..I.. (222222 X222 RS2 2R 2R R R 22 R XX R X 2 R a2 R 22 XX R R R R RS RS SR F R R RN R R SR X §
implicit real#*8 (a-h,o-z)
commen k.ki.kj.poi.qlim,almds,phi.phir,p1,1edge.alpha
dimension as(32,16)
phis = phi#phi
do 200 ) = 1.k)

emp = }*pl

emps = emp%*emp

bms = phis®(almds+emps)

bm = dsqrt(bms)

testm = almds-emps

gms = phis®testm

1f (gms.1lt.0.0) gms = -gms

gm = dsgrt(gms)

1f (1bb.eq.l) then

1f (testm.lt.0.0) then
1f (bms.gt.qlim) then
tdm = -(bms-poisphis®*emps)
7(gmsS-pol*pnls*emps )
tddm = 1.0-(1.0+tdm)

else
tdm = -(bms-poi¢phis®emps)*dsinh(bm)

1 7((gms-por*phis*emps)®*dsinh(gm))
tddm = 1.0/(dsinh(bm)+tdm*dsinh (gm))
end1f

else
tdm = (bms-poil*phis*emps)®dsinh(bm)

1 7{(gms+pol*phis®*emps)*dsingm))
tddm = 1.0-(dsinh(bm)+tdmedsin(gm))

end1f

else
1f (testm.lt.0.0) then
1f (bms.gt.glim) then

tdm = -1.0
tddm = -1.0/(bms+tdmegms)
else

tdm = -dsinh(bm)- dsinh(gm)
tddm = -1.0-(bms®*dsinh(bm)+tdmegmsedsinh(gm))
end1f
else
tdm = -dsinh(bm)-/dsin(gm)
tddm -1.0/(bms®dsinh(bm)-tdm#*gms*dsin (gm))
endif
end1f
do 200 1 = 1,ki
enp = 1*p1
enps = enpe*senp
1f (1edge.eg.l) then
as(:1,3} = 0.0
1f ((i1cen.eg.l).and.(1bb.eg.1l)) then
as(),3) = 1.0
else1f (1con.eq.2) then
1f (testm.1t.0.0) then
1f (bms.gt.qlim) then
as(),)) = tddm®(bm+tdmegm)

alse
as{j.J) = tddme®(bm#dcosh(bm)+tdmegme#dcosh (gm))
endif
else
as(].]) = tddme® (bme®dcosh(bm)+tdmegmedcos (gm))
end1f

elseif ((icon.eq.3).and.(1bb.eg.2)) then
as(y.,3) = 1.0

elseif (1con.eq.4) then
1f (testm.l1t.0.0) then



1f (bms.gt.glim) then
aln = tddme (bmse*bm+tdme*gmseqgm)

azn -tddm#emps* (bm+tdm#*gm)
else
aln = tddm® (bms#*bmedcosh (bm)

+tdmegms#*gm#dcash (gm))

a2n = -tddm*emps* (bm®*dcosh(bm)+tdmegmedcosh(gm))

end1f
else
aln = tddm® ({bmsebm#dcosh (bm)
-tdm*gms*gm*dcos (gm) )

aZn = -tddm*emps* (bm#*dcosh (bm)+tdm*gm*dcos (gm) )

endif
as(J.,}) = -(aln+(2.0-po1)*phis=a2n)
endif
elseilf ((1edge.eg.l).or.(1edge.eq.4)) then
1f ((1con.eq.l).or.(1con.eg.3)) then
as(1,3) = 0.0
alse

1f ((testm.1t.0.0).and. (bms.gt.qlim)) then
exl = -2.0%enp®dcos(enp)”/(bms+enps)
ex?2 = -2.0%enp®*dcos(enp)/(gms+enps)
else
exl = -I.0%enpe*dcos(enp)®*dsinh(bm) (bms+enps)
1f (testm.1t.0.0) then
ex2 = -2.0®enpedcos(enp)®dsinh(gm)/ (gms+enps)
else
ex2 = 2.0%enp*dcos(enp)®dsin({gm)/(gms-enps)
end1f
end1if
1f (1con.eq.2) then
A5(1,1) = tddmeemp*(exl+tdmeex?)
else
aln = -tddm*emps®emp* (exl+tdmeexl)
1f (testm.1t.0.0) ex2 =« -1.0%ex2
a2n = tddm®emp® (bms®*exl-tdme*gms*ex2)
as(1,}) = -(aln+(2.0-po1)®a2n-phis)
end1f
1f (1edge.eq.2) as(1.,)) = as(1i,])edcos(emp)
endif
elserf (1edge.eq.3) then
as(1,3) =~ 0.0
1f (1con.eq.2) then
1f ((testm.lt.0.0).and.(gms.gt.qlim)} then
as(j.)) = 0.0
else1f ((testm.1t.0.0).and.(bms.gt.glim)) then
as().j) = tddmetdme*gm-dsinh(gm)
else
as(),)) = tddme (bm+tdmegm)
endif
elseif (i1con.eq.4) then
1f (testm.lt.0.0) then
1f (bms.gt.qlim) then
1f (gms.gt.qlim) then
aln = 0.0
az2n = 0.0
else
aln = tddmetdmegms*gm-dsinh(gm)
azn = -tddme*emps#*tdmegm-dsinh(gm)
end1f
else
aln = tddm® (bmse*bm+tdmegmsegm)
az2n = -tddm*emps* (bm+tdmegm)
end1if
else
aln = tddm® (bmsebm-tdmegms*gm)
azZn = -tddm*emps* (bm+tdmegm)

AS8
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end:f
as(31.)) = -(aln+(2.0-po1)®*phis=aln)
end1f
else1f (1edge.eq.12) then
1f ((i1con.eqg.l).or.(1con.eq.3)) then
1f ((testm.lt.0.0).and.(bms.gt.qlim)) then
exl = bm/(bms+(emp-enp)*(emp-enp))
gx’ = -bm~(bms+(emp+enp)* (emp+enp))
ex3 = gm-/(gms+(emp-enp)* (emp-enp) )
ex4 = -gm/(gms+ (emp+enp)* (emp+enp))
else
ex]l = bm# (dcosh(bm)-dcos(emp-enp))
7 (bms+ (emp-enp)® (emp-enp))
ex? = bm*(dcos(emp+enp)-dcosh(bm))
/(bms+ (emp+enp)* (emp+enp) )
1f (testm.l1t.0.0) then
ex3 = gm#(dcosh(gm)-dces (emp-enp))
7(gms+ (emp-enp)* (emp-enp) )
exd = gm®(dcos(emp+enp)-dcosh(gm))
/(gms+ (emp+enp)* (emp+enp) )
else
1f (gms.eq.((emp-enp)*(emp-enp))) then
ex3 = dsin(gm}-2.0
else
ex3 =~ gm*(dcos(emp-enp)-dcos (gm))
< (gms- (emp-enp)*(emp-enp) )
endif
1f (9gms.eq.((emp+enp)*(emp+enp))) then
ex4 =« -dsin(gm)-2.0
else
ex4 = gm#(dcos(gm)-dcos (emp+enp))
7(gms- (emp+enp)® (emg+eng))
end1f
end1f
end1f
1f (1con.eq.l) then
as(1.}) = tddme(exl+ex2+tdm®(ex3+ex4))
else
1f ((testm.1t.0.0).and. (bms.gt.gqlim)) then
yl = (emp+enp)/(bms+(emp+enp)*(emp+enp))
y2 = -(emp-enp)/{bms+ (emp-enp)* (emp-enp))
y3 = (emp+enp)/(gms+(emp+enp)* (emp+enp))
y4 = -(emp-enp)/(gms+(emp-enp)*(emp-enp))
azn = tddm® (bms* (exl+ex2)+tdmegmse (ex3+ex4))
else
yl = (emp+enp)*(dcosh(bm)-dcos(emp+enp))
7 (bms+ (emp+enp)* (emp+enp) )
y2 = (emp-enp)*(dcos(emp-enp)-dcosh (bm))
7 (bms+ (emp-enp)* (emp-enp))
1f (testm.lt.0.) then
¥3 = (emptenp)®*(dcosh(gm)-dcos (emp+enp))
7 (gms+ (emp+enp)* (emp+enp) )
y4 = (emp-enp)®(dcos(emp-enp)-dcosh(gm))
7(gms+ (emp-enp)* (emp-enp) )
a2n = tddme (bms® (exl+ex2)+tdmegms® (ex3+ex4))
else
1f (gms.eq.((emp+enp)#* (emp+enp))) then
y3 = dsin(gm)-2.0
else
¥3 = (emp+enp)® (dcos(gm)-dcos(emp+enp))
/((emp+enp)* (emp+enp)-gms )
end1f
1f (gms.eq.((emp-enp)®(emp-enp))) then
y4 = -dsin(gm)-2.0
else
v4 = (emp-enp)*®(dcos(gm)-dcos(emp-enp))
/(gms-(emp-enp)* (emp-enp) )
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end1f
aln = tddm® (bmse#(exl+ex2)-tdmegms* (ex3+ex4))
end1if
end1f
aln = -tddme®emps®(exl+ex2+tdme (ex3+ex4))
adn tddmeemp® (bm® (yl+y2)+tdmegme (y3+y4))
tdl dcos (alpha)®dcos(alpha)
1 +por#*dsin(alpha)®dsin(alpha)
td? = dsin(alpha)edsin(alpha)

1 +pol*dcos (alpha)*dcos(alpha)
td3 = (1.0-po1)*dsin(2.0%alpha)
as(i,)) = -(tdl*phisealn+td2*aZn+td3*phi*aln)
end1f

elself (1con.eq.2} then
1f ((testm.lt.0.0).and. (bms.gt.qlim)) then
exl = (emp+enp)”(bms+(emp+enp)* (emp+enp})
ex? = -(emp-enp). (bms+(emp-enp)*(emp-enp))
exl = (emp+enp)/(gms+(emp+enp)* (emp+enp))
exd4 = -(emp-enp)/ (gms+ (emp-enp)® (emp-enp))
yl = bm/(bms+(emp-enp)* (emp-enp) )
y2 = -bm/(bms+{emp+enp)® (emp+er;p))
y3 = gm/(gms+(emp-enp)* (emp-enp))
y4 = -dm/(gms+ (emp+enp)*(emp+enp))
else
exl = (emp+enp)#*dsinh(bm)~(bms+ (emp+enp)*(emp+enp))
ex2 = -(emp-enp)sdsinh(bm)/ (bms+(emp-enp)* (emp-enp) )
y1l = bme*dsinh(bm)/(bms+(emp-enp)* (emp-anp))
y2 = -bme*dsinh(bm)/(bms+ (emp+enp)* (emp+enp))
1f (testm.lt.0.0) then
ex3 = (emp+enp)®*dsinh (gm)

i 7 (gms+ (emp+enp)® (emp+enp) )
ex4 = -(emp-enp)®rdsinhigm)
1 /(gms+(emp-enp)* (emp-enp) )
y3 = gm#dsinh(gm)
1 7(gms+ (emp-enp)* (emp-enp) )
¥4 = -gm®dsinh(gm)
1 7 (gms+ (emp+enp)*® (emp+enp) )
else
1f (gms.eq.((emp+enp)® (emp+anp))) then
ex3 = dsin(gm)-/2.0-/gm-dcos(gm)~ 2.0
v4 = ex3
else
ex3 = (emp+enp)®*dsin(gm)
1 7((emp+enp)® (emp+enp) -gms)
y4 = gmedsin(gm)/((emp+enp)®(emp+enp)-gms)
endif

1f (gm.eq. (emp-enp)) then
ex4 = dcos(gm)-2.0-dsin(gm)-2.0/gm
y3 = exd

elseirf (gms.eq.(enp-emp)) then
ex4 = dsin(gm)-/2.0/gm-dcos(gm)~2.0

y3 = -ex4
else
ex4 = (emp-enp)®dsin(gm)
1 7(gms-(emp-enp)®(emp-enp) )
y3 = gmedsin(gm)/{gms-(emp-enp)*(emp-enp))
end1f
end1f
end1f

aln = tddm*emp® (exl+ex2+tdm® (ex3+ex4))
a2n = tddm®(bm# (yl+y2)+tdmegme® (y3+y4))
as(1.,])) = alnedcos(alpha)+(a2n*dsin(alpha)/ph1)
endif
end1if
200 continue
return
end
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C
C

'IC.'.l-III..‘IIIII...II"I.II'I..D..I.I..I.‘..II....‘I...II‘-.'.I"-II

'

subroutine bb34 (1bb,1con.as)

building blocks 3 and 4
implicit real#8 (a-h,o-z)
common k.ki.k).pol.qlim.almds,.phi.phir.p1.1edge.alpha
dimension as(32,16)
phts = phieph:
do 200 3 = 1,k)
emp = j*pi
emps = emp*emp
bms = (1.07phis)®(phise®almds+emps)
bm = dsqrt(bms)
testm = phis*almds-emps
gms = (1.0-phis)etestm
1f (ams.lt.0.0) gms = -gms
gm = dsqrt(gms)
1t (1bb.eq.3) then
1f (testm.lt.0.) then
1f (bms.gt.qlim) then
tdm = -(bms-po1#(1.0-/ph1s)®emps)

7((gms-por#(1.0/phis)*emps))
tddm = 1.0/(1.0+tdm)
else
tdm = -(bms-p01'(1.O/phls)'emps)'d51nh(bm)
“({gms-poi1#(1.0/phis)®emps)*dsinh(gm))
tddm = 1.0/(dsinh(bm)+tdme*dsinh(gm))
end1f
else
tdm = (bms-po1%(l.0/phis)*emps)®*dsinh (bm)
“((gms+poi* (1.0 /phis)vemps)esdsin(gm))
tddm = 1.0/ (dsinh(bm)+tdmedsin(gm))
end1f
else
1f (testm.lt.0.0) then
1f (bms.gt.qlim) then
tdm = -1.0
tddm = -1.0/(bms+tdm®gms)
else
tdm = -dsinh(bm)-/dsinh(gm)
tddm = -1.0/(bms®*dsinh (bm)+tdmegms*dsinh (gm))
end1f
else
tdm = -dsinh(bm)/dsin(gm)
tddm = -1.0/(bms*dsinh(bm)-tdme*gms*dsin(gm))
end1f
end1if

do 200 1 = 1,k1
enp = 1%p1
enps = enp*enp
1f ((1edge.eq.l).or.(1edge.eq.3)) then
1f ((icon.eq.l).or.(1con.eq.3)) then
as{i1,3) = 0.0
else
1f ((testm.1t.0.0).and. (bms.gt.qlim)) then
exl = -2.0%enpe*dcos(enp)” (bms+enps)
exl = -2.0%enpedcos(enp)~ (gms+enps)
else
exl = -2.0%enp*dcos(enp)*dsinh(bm)~(bms+enps)
1f (testm.1t.0.0) then
ex2 = -2.(0%enp*dcos(enp)edsinh(gm)/ (gms+enps)
else
ex2 = 2.0%enpe*dcos(enp)®dsin(gm)/(gms-enps)
end1if
end1if
1f (1con.eq.2) then

Aol
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as(1,]; = tddmvemp® (exl~+tdmeex’)

-tddm#emps*emp® (ezl+tdmsex2)
1f (testm.lt.0.) erl = -ex?
azn tddm*emp* (bmse*ex l-tdmegmsesex?2)
as(1,)) = -(aln+(2.0-po1)*phis®a2n)
end1f
end1f
1f (1edge.eq.l) as(1,3) = as(1,))*dcos(emp)
elseif (1edge.eq.2) then
as(1,]) = 0.0
1f {(1con.eq.l).and.(1bb.eq.3)) then
as(3,3) = 1.0
elserf (1con.eq.2) then
1f ((testm.lt.0.0).and.(bms.gt.qlim)) then
as().)) = tddm® (bm+tdm*gm)
elseif (testm.1t.0.0) then
as(j.])) = tddm®(bme#dcosh (bm)+tdm*gmedcosh (gm))
else
as(3),)) = tddm® (bme*dcosh(bm)+tdm*gmedcos (gm))
end1f
elseif ((1con.eq.3).and.(i1bb.eqg.4)) then
as(j.j) = 1.0
elseirf (icon.eqg.4) then
1f (testm.1t.0.0) then
1f (bms.gt.glim) then
aln = tddm* (bms*bm+tdme*gmse*gm)
a2n = -tddme®emps* (bm+tdmegm)
else
aln = tddme (bmse*bme#dcosh (bm)+tdmegmse*gmedcosh (gm))
aZn = -tddmeemps®(bmedcosh (bm)+tdmegme*dcosh (gm))
e:-\d~ £

sROPIN

aln

uoct p

else
aln = tddm®(bms#bm#dcosh (bm)-tdm*gms*gm#*dcos (gm))
az2n = -tddme*emps* (bm*dcosh (bm)+tdmegmedcosgm))
end1f
as(J.)) = -(aln+(2.0-po1)*a2n/phis)
end1if
else1f (1edge.eg.4) then
as(:r,3) = 0.0
1f (i1con.eq.2) then
1f ((testm.lt.0.0).and.(gms.gt.qlim)} then
as(j.]) = 0.0
elseif ((testm.l1t.0.0).and.(bms.gt.qlim)) then
as().}) = tddmetdme*gm/dsinh(gm)
else
as(),]) = tddme(bm+tdm#*gm)
end1f
elsei1f (1icon.eqg.4) then
1f (testm.1lt.0.0) then
1f (gms.gt.glim) then
aln = 0.0
aZn = 0.0
elseif (bms.gt.qlim) then
aln = tddmetdmegms*gm- dsinh(gm)
azn = -tddme*#tdmegm-dsinh(gm)
alse
aln = tddm® (bms*bm+tdmegmsegm)
a2n = -tddm®emps® (bm+tdmegm)
end1f
else
aln = tddm® (bms#bm-tdmegms*gm)
a2n = -tddm*emps* (bm+tdmegm)
endif
as().)) = -(ala+(2.0-poc1)=a2n-/phis)
endif
elsei1f (1edge.eq.12) then
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1f ((icon.eq.l).cor.(1con.eq.3)) then
1f ((testm.1t.0.0).and.(bms.gt.qlim)) then
exl = bmwdcos(enp)
- {bms+ (emp+enp)* (emp+enp) )
ex? = -bm*dcos(enp)
7/ (bms+ (emp-enp)* (emp-enp))
ex3 = gmw®dcos(enp)
7 (gms+ (emp+enp)* (emp+enp) )
-gm*dcos (enp)
~“{gms+ (emp-enp )% (emp-enp) )

exd

else
exl = bm#*(dcosh(bm)®*dcos(enp)-dcos(emp))
7/ (bms+ (emp+enp)* (emp+enp) )
ex2 = bm®*(dcos(emp)-dcosh(bm)edcos(enp))
7 (bms+ (emp-enp)* (emp-enp))
1f {testm.lt.0.0) then
ex3 = gme({dcosh(gm)*dcos(enp)-dcos (emp))
7 (gms+ (emp+enp}* (emp+enp) )
exd = gm#*(dcos(emp)-dcosh(gm)*dcos (enp))
7(gms+ (emp-enp)® (emp-enp))
else
ex3 = gm®*(dcos(emp)-dcas({gm+enp))
7 (gms-(emp+enp)® (emp+enp) )
ex4 = gm#(dcos(gm+enp)-dcos (emp))
7(gms- (emp-enp)® (emp-enp) )
endif
end1f
1f (1con.eq.l) then
as(1.)) = tddm#(exl+ex2+tdme®(ex3+ex4))
else
1f ((testm.l1t.0.0).and. (bms.gt.qlim)) then
v1l = (emp-enp)edcos({enp)
7 (bms+ (emp-enp)* (emp-enp) )
y2 = -{emp+enp)*dcos(enp)
7 (bms+ (emp+enp)® (emp+enp))
y3 = (emp-enp)*dcos(enp)
7 (gms+(emp-enp)* (emp-enp) )
Y4 = -(empt+enp)*dcos(enp)
7(gms+(emp+enp)® (emp+enp) )
aln = tddme (bms# (exl+ex2)+tdmegms® (ex3+ex4d))
else
yl = (emp-enp)®*(dcosh(bm)®*dcos(enp)-dcos (emp) )
7 (bms+ (emp-enp)* (emp-enp) )
y2 = (emp+enp)*(dcos(emp)~dcosh (bm)*dcos (enp))
7/ (bms+ (emp+enp)* (emp+enp) )
1f (testm.lt.0.0) then
y3 = (emp-enp)®(dcosh(gm)*dcos(enp)-dcos (emp))
7(gms+ (emp-enp)® (emp-enp) )
y4 = (emp+enp)* (dcos (emp)-dcosh(gm)*dcos(enp))
7(gms+ (emp+enp)* (emp+enp))
aln = tddme(bmse (exl+ex2)+tdmegmse (ex3+exd))
else
y3 = (emp-enp)*(dcos(emp)-dcos(gm+enp))
7(gms- (emp~enp)* (emp-enp))
y4 = (emp+enp)*(dcos(gm+enp)-dcos (emp))
7(gms- (emp+enp)* (emp+enp) )
aln = tddm® (bms® (exl+ex2)-tdmegmse (ex3+ex4))
end1f
end1f
a2n = -tddme®emps*(exl+ex2+tdme® (ex3+ex4))
a3n = tddmeemp* (bm#* (yl+y2)+tdmegme (y3+yd))
tdl = dcos(alpha)®dcos(alpha)
+poi®*dsin(alpha)*dsin(alpha)
td2 = dsin(alpha)®*dsin(alpha)
+poi*dcos (alpha)*dcos(alphe)
td3 = (1.0-poi1)=dsin(2.0%alpha)
as(1.,]) = -(tdlephisealn+td2#a2n+td3ephi#ain)
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endif
200 continue
return

end

endrf

self {1con.eq.l; then

1t itestm.lt.0.0).and. (bms.gt.qlimj) then

exl = bmedcos{enp! (bms+(emp+anp)* emp+enp

ex2 = -bm*dcos(enp) - (bms+(emp-enp}*(emp-enp))

ezl = gm*dcos{enp). i(gms+(emp+enp)®(emp+enp) )

2xd = -gm*dcos(enp) - (gms+(emp-enp)*{emp-enp))

vl = iemp-enpl*dcos(enp)  (bms+(emp-enp)*(emp-enp)}
v2 = -lemp+enpi*dcos(enp; ‘(bms+ (emp+enp)*{emp+enpi
3 = 1emp-enp)*dcosienp)  (ams+ emp-enp)* emp-enpj |

= bm*dcas(enp)*dsinh(bm)
= -bm®*dcos{enp)®*dsinh(bm).

iemp+enp)tdcosienp| (gms+ (emp+enp)* (emp+enpg} .

w1 = {emp-enp)*dcos(enp)*dsinh(bm)

T
:‘.‘
u

end.?
endyf

fsg

N
e L

n

(bms+ (emp-enp)*(emp-enp) )

-(emp+enpi*dcasienpi*dsinh (bmi

(bms+ (emp+enp ) * (emp+enpi i
tm.l%.0.0) then
= am*dcosienpi®*dsinh (gm)
‘igms+ (emp+enp ) * (emp+enp) |
-gm#dces (enp)*dsinh (gm)
fgms+ (emp-enp)* (emp-enp) )
= (emp-enp)*dcos(enp)*dsinhigm)
(gms+ (emp-enp)* (emp-enp| |
= -temp+enp;*dcos{enpj*dsinh (gm;
|gMS+ (emp+enp | * (emp+enp | ;

gqm*dsin(gm+enp)  (gms-{emp+enp)* {emp+enp))
-gm*dsin (ym+enp)- (gms-iemp-enp)* (emp-enp} )
(emp-enp)*dsin{gm+enp)
{{emp-enp)*(emp-enp)-gms )
lemp+enp) *dsin (gm-enpi
(ams- (emp+enp | * emp+enp

El

]

"

aln = tddm® (bm* (exl+ex?)+rtdmegme (ex3+exd))
a2n = tddmeemp®y1l+yv2+tdme (v3+v4])

asfi,j)
s
1con
a3(1,!
dit

= alne*dcos(alphaj+ialn*dsinialpha). phi)

= 4 vet to he added

= 0.0

subroutine kbS6 (ibb.icon,as)

building blocks S and %

tmplicit real#3 (a-h.o-2)

common k,ki1.k),poi,qlim,almds,phi,phir.p1l,1edge,alpha
dimension as(32, 14

phis = phi®ph1
do 200 ) = 1,k)

emp = j*pl

emps = emp*emp

bms = phis*{almds+emps)

om = dsqrtibms)

testm = almds-emps

gms = phis®testn

1f (gms.1t.0.0) gms = -gms

gm

dsqrt (gms)

(bms+(emp+enp)* (emp+enp) )
{bms+ ({emp-enp|* (emp-enpj )

Aod



AGS

1f (1bbk.eg.5) then
1f (testm.lt.0.0}) then
1f (bms.gt.glim) then

tdm = -(bms-poi*phis*emps)
1 /(gms-pol®*phis*emps)
tddm = 1.0-(1.0+tdm)
else
tdm = -(bms-poi*phis*emps)®*dsinh (bm)

“{(9ms-por*phis®emps)*dsinh (gm))
tddm = 1.0-(dsinh(bm)+tdme*dsinh(gm))

—

endit

else
tdm = (bms-poi®phiseemps)edsinh (bm)

1 7 ((gms+pol*phis*emps)*dsin(gm))

tddm = 1.0/{dsinh(bm)+tdmedsin(gm})

end1if

else

1f (testm.lt.0.0) then
1t {(bms.gt.qlim) then
tdm = -1.0
tddm = -1.0/(bms+tdmegms)
else
tdm = -dsinh(bm)~-dsinh(gm)
tddm « -1.0-(bms*dsinh(bm)+tdme*gms®dsinh(gm))
end1if

else
tdm = -dsinh(bm)~/dsin(gm)
tddm = -1.0/(bms'd51nh(bm)—tdm'gms'd51n(gm))

end1f

end1f

de 200 1 = 1,k1
enp = 1%p1
enps = enpeengp
1f (1edge.eq.l) then
asf(1,)) = 0.0
1f (icon.eq.2) then
1f ((testm.lt.0.0).and.(gms.gt.qlim)) then
as().3r = 0.0
else1if {(testm.1t.0.0).and. {bms.gt.glim)) then
as{j.)) = -tddm*tdm®gm-/dsinh(gm)
else
as(].]) = -tddm®(bm+tdmegm)
end1f
elseif (1con.eq.4) then
1f (testm.lt.0.Q) then
1f (gms.gt.qlim) then
aln = 0.0
a2n = 0.0
else1f (bms.gt.qlim) then
aln = -tddmetdmegmsegm/dsinh(gm)
al2n = tddm®*empse*tdme*gm/dsinh(gm)
else
eln = -tddm®* (bms*bm+tdmegms®*gm)
a2n = tddmeempse (bm+tdmegm)
endif
else
aln = -tddm® (bmsebm-tdmegmsegm)
a2n = tddm*empse® (bm+tdmegm)
end1f
as(J.)) = -(aln+(2.0-po1)*phis®azn)
end1f
else1f ((1edge.eq.2).or.(1edge.eg.4)) then
1f ((1con.eg.l).or.(1con.eq.3)) then
as(1,3) = 0.0
else
1f ((testm.1t.0.0).and.(bms.gt.qlim)) then
exl = 2.0%enp/(bms+enps)
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exl = 2.0%*enp”(gms+enps)
else
exl = 2.0%enpw#dsinh(bm)/(bms+enps)
1f (testm.lt.C.Q0) then
ex2 = 2.0%enpe*dsinh (gm)~/(gms+enps)
else
ex2 = 2.0%enp*dsin(gm)/(enps-gms)
endif
endif
1f (i1con.eq.2) then
as(1,)) = tddmwemp®(exl+tdmeex2)
else
aln = -tddme*emps*emp® (exl+tdmeex?2)
1f (testm.lt.0.0) then
a2n = tddmeemp# (bmse*exl+tdm*gmseex?2)

else
aZn = tddm®emp® (bms*exl-tdm*gmserex’)
endif
as{1.3) = -{aln+(2.0-pc1)*a2n-phis;
end1f
1f (1edge.eq.2) as(1,]) = as(1,})*dcos(emp)

end1f
elseif (1edge.eq.3) then
as(i1,)) = 0.0
1f ((1con.eq.l).and.(:bb.eqg.S)) then
as(j.jy = 1.0
elsei1f (icon.eq.2) then
1f (testm.lt.0.; then
1f (bms.gt.qlim) then
as(3j.]) = -tddme®({bm+tdmegm)

else
as(;,3! = -tddme(bmedcosh{bm)+tdmrgmrdcosh(gn;
endif
else
as(}.)) = -tddm*(bme*dcosh(bm)+tdmegmedcos (gm))
end1f

elseif ((1con.eq.3).and.(1bb.eqg.6)) then
as(j.j) = 1.0
elsei1f (1icon.eq.4) then
1f (testm.1t.0.0) then
1f (bms.gt.glim) then
aln = -tddm® (bms*bm+tdm*gms*gm)
a2n = tddmwemps*(bm+tdmegm)
else
aln = -tddme* (bms*bmedcosh (bm)
+tdmegmse*gmedcosh (gm))
a2n = tddm*emps* (bme*dcosh (bm)
+tdmegmedcosh (gm))
end1f
else
aln = -tddm®(bms*bmedcosh (bm)
-tdme#gms*gm*dcos (gm))
aZn = tddme*empse* (bmedcosh (bm)
+tdmegmedcos (gm) )
end1f
as{3),3)) = -(aln+(2.0-pc1)®*phis*a2n)
endif
elseif (redge.eq.12) then
1f ((icon.eq.l).or.(1con.eq.3)) then
1f ((testm.1t.0.0).and.(bms.gt.qlim)) then
exl = bmedcos(emp-enp) (bms+(emp-enp)*(emp-enp))
ex2 = -bme*dcos(emp+enp)/(bms+ (emp+enp)* (emp+enp))
ex3 = gmedcos(emp-enp)/(gms+ (emp-enp)® (emp-enp))
ex4 = -gmedcos(emp+enp)~(gms+ (emp+enp)* (emp+enp))
else
exl = bme® (dcosh (bm)*dcos(emp-enp)-1.0)
7/ (bms+ (emp-enp)* (emp-enp))
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exl = bm# (1.0-dcosh(bm)#*dcos (emp+enp) )
7 (bms+ (emp+enp)® (emp+enp) )
1f{ (testm.l1t.0.0) then
ex3 = gm®(dcosh(gm)*dcos(emp-enpj-1.0)
7(gms+ (emp-enp)* (emp-enp) )
ex4 = gm#(l.0-dcosh(gm)*dcos(emp+enp))
7 (gms+ (emp+enp)* (emp+enp) )

else
1f (gms.eq.((emp-enp)*(emp-enp))) then
ex3 = dsin(gm)edsin(gm)- 2.0 gm
else
ex3 = gm#(1.0-dcos(gm)*dcos(emp-enp))
7(gms-(emp-enp}* (emp-enp) )
endif
1f (gms.eq.((emp+enp)®(emp+enp))) then
ex4 = -dsin(gm)*dsin(gm)- 2.0 gm
else
ex4 = gm*(dcos(gm)*dcos(emp+enp)-1.0)
7 (gms - (emp+enp)* (emp+enp) )
end1f
end1f
end1f

1f (icon.eq.l) then

as(1,3]) = tddm®*(exl+ex2+tdm®(ex3+exd))

else
1f ((testm.1t.0.0).and.(bms.gt.qlim)) then
yl = -(emp+enp)*dcos(emp+enp)
7/ (bms+ (emp+enp)* (emp+enp) )
y2 = (emp-enp)*dcos (emp-enp)
~(bms+ (emp-enp)*(emp-enp) )
y3 = ~-(emp+enp)®*dcos(emp+enp)
7{(gms+ (emp+enp)®(emp+enp))
y4 = (emp-enp)®*dcos(emp-enp)

7 (gms+ (emp-enp)® (emp-enp) )
22n = tddm® (bms*({exl+ex2)+tdmegms® (ex3I+ex4))
else
¥yl = (emp+enpj*(1.0-dcos(emp+enp)*dcosh (bm))
7 (bms+ (emp+enp)* (emp+anp) )
y2 = {emp-enp)*(dcos(emp-enp)*dcosh(bm)-1.0)
7/ (bms+ (emp-enp)* (emp-enp) )
1f (testm.1t.0.0) then
y3 = (emp+enp)®(l.0-dcos(emp+enp)edcosh(gm))
7(gms+ (emp+enp)* (emp+enp))
y4 = (emp-enp)*(dcos(emp-enp)edcosh(gm)-1.0)
7(gms+ (emp-enp) = (emp-enp) )
a2n = tddme (bms* (exl+ex2)+tdmegms® (ex3+exd))
else
1f (gms.eq. ((emp+enp)*(emp+enp))) then
¥3 = dsin(gm)®dsin(gm)~/2.0/gm
else
¥3 = (emp+enp)®(1.0-dcos(emp+enp)*dcos (gm))
7((emp+enp)®(emp+enp)-gms)
endif
1f (gms.eq.(emp-enp)) then
y4 = -dsin(gm)edsin(gm)~2.0-/g9m
elseif (gms.eq.(enp-emp)) then
y4 = dsin(gm)®*dsin(gm)-/2.0/gm
else
v4 = (emp-enp)®(dcos(emp-enp)®*dcos(gm)-1.0)
7((emp-enp)* (emp-enp)-gms)
end1f
a2n = tddme® (bms* (exl+ex2)-tdmegms* (ex3+ex4))
end1f
end1f
aln = -tddmeemps®(exl+ex2+tdm* (ex3+exd))
a3n = -tddm®emp® (bme® (y1+y2)+tdmegm® (y3+y4))
tdl = dcos(alpha)®*dcos(alpha)
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1 +poi*dsin(alpha)*dsin(alpha)
td2 = dsin(alpha)#*dsin(alpha)
+pole*dcos(alpha)*dcos(alpha)
td3 = {l.0-po1i)#dsin{2.0%alpha)
as(1.]) = -(tdlephis*aln+td2®a2n+td3%phi®a3n)
end1f
else1t (1con.eq.2) then
1f ((testm.lt.0.0).and.(bms.gt.qlim)) then
exl =-(emp+enp)*dcos(emp+enp) (bms+(emp+enp)* (emp+enp} )
ex2 = (emp-enp)®dcos (emp-enp) (bms+ (emp-enp)*®(emp-enp))
ex3 =-(emp+enp)*dcos(emp+enp)  (gms+ (emp+enp)* (emp+enp)

b

ex4 = (emp—enp)'dcos(emp-enp)/(gms+(emp—enp)'(emp-enp))
yl = bmedcos(emp-enp)/(bms+(emp-enp)*(emp-enp))
yZ = -bmedcos(emp+enp)/(bms+ (emp+enp)e (emptenp))
y3 = gme*dcos(emp-enp)~(gms+(emp-enp)®(emp-enp))
yé4 = —gm'dcos(emp+enp)/(gms+(emp+enp)'(emp+enp))
else
exl = -(emp+enp)*dcos (emp+enp)®*dsinh(bm)

1 < (bms+ (emp+enp) ® (emp+enp) )
ezl = (emp-enp)*dcos(emp-enp)*dsinh (bm)

1 7 (bms+ (emp-enp)* (emp-enp) )
¥yl = bmedcos(emp-enp)edsinh(bm)

1 /(bms+ (emp-enp)* (emp-enp) )
y2 = -bmedcos (emp+enp)®*dsinh(bm)

1 7 (bms+ (emp+enp)* (emp+enp) )

1f (testm.lt.0.0) then
enx3 = - (emp+enp)*dcos (emp+enp)*dsinh(gm)
1 7 (gms+(emp+enp)* (emp+enp))
ex4 = (emp-enp)*dcos(emp-enp)*dsinh(gm)

1 “{gms+ (emp-enp)* (emp-enp))
y3 = gm®dcos(emp-enp)*dsinh(gm)
1 7(gms+ (emp-enp)* (emp-enp) )
y4 = -gmedcos(emp+enp)*dsinh(gm)
1 7(gms+ (emp+enp)* (emp+enp) )
else
ex3 = (emp+enp)®dcos(emp+enp)*dsin(gm)
1 #(gms-(emp+enp)* (emp+enp) )
y4 = gmedsin(gm)*dcos(emp+enp)
1 “((emp+enp)* (emp+enp) -gms)
ax4 = (emp-enp)*dcos(emp-enp)#*dsin(gm)
1 7((emp-enp)® (emp-enp)-gms)
y3 = gm*dsin(gm)®*dcos(emp-enp)
1 7(gms~(emp-enp)* (emp-enp))
end1f
end1f

aln = tddmeemp® (exl+ex2+tdm* (ex3+ex4))
al2n = -tddm*(bme (yl+y2)+tdmegme (y3+y4))
as(1.)) = aln#dcos(alpha)+(a2n*dsin(alpha) phi1)
end1f
end1f{

200 continue

return
end

subroutine bb78 (ibb,icon.as)

implicit real®8 (a-h.o-2)

common k.ki.,kj.pol.qlim.almds,phi,phir,p1,1edge,alpha
dimension as(32,16)

phis = phiephi
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de 200 3 = 1l.k)
emp = j*p1
emps = emp%emp
bms (1.0/phis)#(phis*almds+emps)
bm dsqrt (bms)
testm = phis*ralmds-emps
gms =« (1.0-phis)#testm
1f (gms.lt.0.) gms = -gms
am = dsqrt(gms)
1f (1bb.eq.?7) then
1f (testm.lt.0.0) then
1f (bms.gt.qlim) then
tdm = -(bms-poi¢(1.0/phis)%emps)
“(gms-poi1* (1.0 phis)*emps)
tddm ~ 1.0-(1.0+tdm)
else
tdm

-(bms-po1+*(1.0-phis)*emps)*dsinh(bm)
7{(gms-poi1* (1.0~ phis)®emps)*dsinh(gm))
tddm = 1.0/(dsinh(bm)+tdmedsinh(gm))
end1f
else
tdm = (bms-po1#(1.0-/phis)*emps)*dsinh(bm)
“((gms+poi*(1.0/phis)®emps)®*dsin(gm))
tddm = 1.0-(dsinh(bm}+tdme*dsin{gm;)
endif
else
1f (testm.lt.0.0) then
1f (bms.gt.qlim) then

tdm = -1.0
tddm = -1.0-(bms+tdmegms)
else
tdm = -dsinh(bm)dsinh(gm)
tddm = -1.0/(bms®dsinh(bm)+tdm®*gms*dsinh(gm))
end1f
else

tdm =~ -dsinh(bm)- dsin(gm)
tddm -1.0/(bms*dsinh (bm)-tdmegms®*dsin(gm))
end1if
end1f
do 200 1 = 1.k1
enp = 1ep}
enps = enp%*enp
1f {(1edge.eq.1).or.(1edge.eq.3)) then
1f ((i1ceon.eq.l).or.(1con.eq.3)) then
as{i,3)) = 0.0
else
1f ((testm.1t.0.0).and. (bms.gt.qlim)) then
exl = 2.0%enp/(enps+bms)
ex2 = 2.0%enp/(enps+gms)

else
exl = 2.0%enp*dsinh(bm)/(enps+bms)
1f (testm.l1t.0.0) then
ezx2 = 2.0%enpedsinh(gm)/(enps+gms)
else
ex2 = 2.0%enp*dsin(gm)/(enps-gms)
end1if
end1if
1f (1con.eq.2) then
as(1,]) = tddm®emp* (exl+tdmeex2)
else
aln = -tddm*emps*emp® (exl+tdmeex2)
1f (testm.1t.0.0) ex2 = -ex2
a2n = tddmwemp® (bms*exl-tdmegms*ex?)
as(1,)) = -(aln+(2.0-po1)%*phis=a2n)
end1f
1f (1edge.eq.l) as(1,]) = as(1,])edcos(emp)
endif
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1f (1edge.eq.2) then
asfi1,3) = 0.0
1f (1con.eqg.2) then
1f ((testm.lt.0.0).and.(gms.gt.qlim); then
as(),)) = 0.0
elsei1f ((testm.1t.0.0).and.(bms.gt.qlim)) then
as().j) = -tddmetdmegm-/dsinh(gm)
alse
as{j,)) = -tddm* (bm+tdmegm)
end1f
elself (1cen.eq.4) then
1f (testm.lt.0.0) then
1f (gms.gt.qlim) then
ailn = 0.0
azn = 0.0
elserf (bms.eq.qlim) then
aln = -tddm*tdmegms*gm-dsinh(gm)
azn = tddmetdmeewps*gm-dsinh (gm)
else
aln = -tddme® (bms*bm+tdme*gmse=gm)
a2n = tddmeemps* (bm+tdmegm)
endyf
else
aln = -tddme (bms*bm-tdm#gms*gm)
az2n = tddm®emps* (bm+tdmegm)
end1if
as(J.,)) = -(aln+(2.0-po1)*a2n/phis)
end1f
elsei1f (1edge.eq.4) then
as(i1,)) = 0.0
if ((1con.eqg.l).and.(1bb.eq.7)) then
asfy,1y = 1.0
elseif (1con.eq.2) then
1f (testm.1t.0.0) then
1f (bms.gt.qlim) then
as(}.,)) = -tddme(bm+tdmegm)
else
as(1.,)) = -tddme(bm®*dcosh(bm)+tdm*gmedcosh (gm))
end1f
else
as().)) = -tddme®(bm®dcosh (bm)+tdme#gmedcos(gm))
end1f
elseif ((1con.eq.3).and.(1bb.eqg.8)) then
as().)) = 1.0
else:f (1con.eg.4) then
1f (testm.1t.0.0) then
1f (bms.gt.glim) then
aln = -tddme® (bms*bm+tdmegmse*gm)
a2n = tddm®emps* (bm+gmetdm)
else
aln = -tddm®(bms*bm®dcosh (bm)+tdm*gms*gmedcosh (gm))
aln = tddm®*emps*(bm®*dcosh (bm)+gmetdme*dcosh (gm))
endi1f
else
aln = -tddm® (bmse*bm®*dcosh (bm)-tdmegmsegmedcos(gm))
al2n = tddm*emps* (bmedcosh (bm)+tdmegmedcos (gm))
end1f
as().j) = -(aln+(2.0-poi)*a2n-phis)
end1f
elseif (1edge.eq.12) then
1f ((1con.eg.l).or.(i1con.eq.3)) then
1f ((testm.1t.0.0).and.(bms.gt.glim)) then
exl = bme#dcos(emp)” (bms+ (emp+enp)* (emp+enp))
ex2 = -bme*dcos(emp)/(bms+(emp-enp)* (emp-enp))
exd = gme*dcos(emp)/(gms+(emp+enp)* (empt+enp))
ex4 = -gm*dcos(emp)/ (gms+ (emp-enp)* (emp-enp))
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exl = bm#(dcos(emp)*dcosh (bm)-dcos(enp))
7 (bms+ (emp+enp)* (emp+enp) )
ex2 = bm# (dcos(enp)-dcos (emp)*dcosh (bm))
7 (bms+ (emp-enp)* (emp-enp) )
1f (testm.lt.0.0) then
ex3 = gme®(dcos(emp)®*dcosh(gm)-dcos(enp))
7(gms+ (emp+enp)* (emp+enp) )
ex4 = gm*(dcos(enp)-dcos (emp)*dcosh (gm))
7(gms+ (emp-enp)* (emp-enp) )
else
ex3 = gm*(dcos(enp)-dcos (emp)*dcos (gm) )
7 (gms- (emp+enp)* (amp+enp) )
gm* (dcos (emp ) *dcos (gm) -dcos (enp) )
7(gms-(emp-enp)* (emp-enp))

ex4

end1f
end1f
1f (1cen.eq.l) then
as(1,3)) = tddm®(exl+ex2+tdme (ex3+ex4))
else
1f ((testm.lt.0.0).and.(bms.gt.glim)) then
yl = (emp+enp)}*dcos(emp)/(bms+ (emp+enp)* (emp+enp))
y2 = -(emp-enp)®*dcos(emp)/ (bms+ (emp-enp)* (emp-enp) )
y3 = (emp+enp)®dcos(emp)/(gms+ (emp+enp)* (emp+anp))
v4 = -(emp~enp)'dcos(emp)/(gms+(emp-enp)'(emp—enp)]

y! « (emp+enp)*(dcos(emp)*dcosh (bm)-dcos(enp))
7 (bms+ (emp+enp)* (emp+enp) )
y2 = (emp-enp)*(dcos(enp)-dcos(emp)*dcosh (bm))
7/ (bms+ (emp-enp)* (emp-enp) )
1f (testm.lt.0.0) then
y3 = (emp+enp)* (dcos(emp)*dcosh(gm)-dcos(enp))
7(gmes+ (emp+enp)® (emptengp))
y4 = (emp-enp)®(dcos(enp)-dcos (emp)*dcosh(gm))
7(gms+ (emp-enp)* (emp-enp))
aln = tddm®(bmse(exl+ex2)+tdme*gms* (ex3+ex4))
else

y3 =~ (emp+enp)®(dcos(emp)®dcos (gm)-dcos (enp) )
7((emp+enp)® (emp+enp) -gms)
y4 = (emp-enp)®(dcos(enp)-dcos (emp)*dcos (gm))
7({emp-enp)* (emp-enp)-gms)
aln = tddme (bms#(exl+ex2)-tdmegms® (ex3+ex4))
end:yf
end1f

a2n = -tddmeemps*(exl+ex2+tdm® (ex3+ex4))
a3n = -tddmeemp® (bm®(yl+y2)+tdmegme (y3+y4))
tdl = dcos(alpha)e®dcos(alpha)
+poledsin(alpha)*dsin(alpha)
td2 = dsin(alpha)edsin(alpha)
+pol®dcos (alpha)*dcos(alpha)
td3 = (1.0-poi1)*dsin(2.0%alpha)
as(1,]) = -(tdlephis*aln+td2®a2n+td3*phi%aln)
endif
elseif (1con.eq.2) then
1f ((testm.lt.0.0).and.(bms.gt.qlim)) then
ex]l = Dbmedcos(emp)”/(bms+(emp+enp)* (emp+enp))

ex2 = -bmedcos(emp)/ (bms+(emp-enp)® (emp-enp))
ex3 = gmedcos(emp)/ (gms+ (emp+enp)* (emp+enp))
ax4 = -gmedcos(emp)/(gms+ (emp-enp)* (emp-enp))
yl = dcos(emp)®(emp+enp)/((emp+enp)® (emp+enp)+bms)
y2 = -dcos(emp)®(emp-enp)/((emp-enp)®(emp-enp)+bms)
y3 = dcos(emp)®(emp+enp)/((emp+enp)* (emp+enp)+gms)
¥4 = -dcos(emp)®{emp-enp)/((emp-enp)*(emp-enp)+gms)
else

exl = bmedcos(emp)#dsinh(bm)/ (bms+(emp+enp)® (emp+enp))
ex2 =-bmedcos (emp)*dsinh(bm)/ (bms+ (emp-enp)* (emp-enp))
¥yl = dcos(emp)*(emp+enp)®dsinh(bm)

7 ( (emp+enp)* (emp+enp)+bms)
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y2 = -dcos(emp)*(emp-enp)*dsinh (bm)

1 7((emp-enp)*(emp-enp)+bms)
1f (testm.lt.0.0) then
ex3 = gm*dcos(emp)*dsinh(gm)
1 7(gms+ (emp+enp)* (emp+enp) )
ax4 « -gmedcos(emp)*dsinh(gm)
i 7(gms+ (emp-enp)* (emp-enp) )
y3 = dcos(emp)*(emp+enp)*dsinh(gm)
1 7 ((emp+enp)*(emp+enp)+gms)
v4 = -dcos(emp)*(emp-enp)*dsinh(gm)
1 7((emp-enp)*(emp-enp)+gms)
elise
ex3 = gme*dsin(gm+emp)
1 “(gms~(emp+enp)* (emp+enp))
ex4 = gmedsin(gm+emp)
1 /((emp-enp)®(emp-enp)-gms)
¥3 = (emp+enp)*dsin(gm-emp)
1 7 ((emp+enp)* (emp+enp)-gms)
vy4 = (emp-enp)*dsin(gm+emp)
1 7 (gms- (emp-enp)* (emp-enp) )
end1f
endif

aln = -tddm®(bm®(exl+ex2)+tdmegme (ex3+ex4d))
a2n = tddm*emp® (yl+y2+tdm® (y3+y4))
as(1,)) = aln#dcos(alpha)+a2n®dsin(alpha)- ph1
end1f
endif

200 continue

return
end

CII..lI.'IIII...-...Q...Q............I.....I....I..........II.l..'.....l

subroutine factor (as,icon,tphi)

c....l............-I........l..................Q.....I...II...II....'.I.

[od
c

takes care of continuity between segments of the
parallelogram plates

implicit real#*§ (a-h.,o-z)
commen k,k1i,kj.pol,qlim,almds,ph1,phir,p1,1edge,alpha
dimension as(32.16)
tphis = tphietphi
phirs = phirephir
do 39 mm =~ 1.k1
do 39 nn = 1.k;
as(mm,nn) = as(mm,nn)
1f (1con.eq.2) then
as(mm.nn) =~ as(mm,nn)*phir-/tphi
elseif (1con.eq.3) then
as(mm.nn)= as(mm,nn)*phirs/tphis
elsei1f (icon.eq.4) then
as(mm,nn)= as(mm.nn)®phirsephir/(tphis®tphi)
end1f
39 continue
return
end



CI....-I.III.'.....I'....II"'!.ll'I.lI...‘.l.IIIIII"IIII..GIII..I.l...

subroutine grid (ksx.ksy.x1,eta,nt.nr,incode)

CI....I..II.III..I..I.I.II...'.l.'.IIIII'..II..'IQ'.'.III.....I'..III..I

c
c

aa0an

creates a grid of nodes for the properly proportioned
display of the mode shape
implicit real=8 (a-h.o-z)
common k.ki,.kj,poi.qlim,almds,.phi.phir,.pi.1edge,alpha
dimension x1(126), eta(2l)., incode(21.126)
1nteger nt.nr
deltazxit = (2+phi-/phir)/(ksxz-1.0)
deltaxir (2#phirsphr + 1.0)~(ksx-1.0)
deltaeta 1.07(ksy-1.0)
do 10 1 = L, ksy
eta(1) = (r1-1)*deltaeta
write(6,%) 1, eta(1i)
10 continue
write(6,#) 'xi1:"'
do 20 3 = 1l.,ksx
:f (jJ.le.nt) then
%1(]) = (3j-l)sdeltax:it
elsei1f (J.le.nr) then
¥1()) = (J-l)edeltaxir - phir/phi
else
¥1()) = 1.0 - x1(ksx+1-])
end1f
write(6,.®) j, x1(])
20 continue
write(b.,%) 'generating zero-matrix'
1 =« 1nside, 2 = ocutside
do 40 3 = 1, ksx
do 30 » = 2, ksy-1
1f ().le.nt) then
1f (eta(1).gt.(1-%1(3))) then
incode(1,]) = 1
aelse
incode(1,]) = 2
endif
elsei1f (j.le.nr) then
incode{1,]) = 1
else
1f (eta(1).1t.(1-x1(3))) then
incode(1,]) = 1
alse
incode(1,3) = 2
end1if
endyLf
30 continue
40 continue
do 50 3 = 1, ksx
incode(l,3) = 2
incode(ksy,)) = 2
50 continue
do 90 1 = 1,ksy
write(6,999) (1ncode(l,m) .m=1,ksx)
90 continue
999 format (' ',10013)
return
end

AT3
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o4
C.'.‘.IIGI...I.G.I..II....'.'...I.Q....I.I'.‘.IIII...Q'Q.I..'I.IIII...’.

subroutine shapel? (31,)2,ksy.ka.elm,e2m,x1.ete,incode,w)
CIII..I.III.III.I.Q..I.Ill'.lll.I.IIIIII.I'.I.II..IIII...III.IIIIQI.IIII

-~

C
implicit real#8(a-h,0-2)
common k,k1.kj.poli.qlim.almds,phi,.phir,pi.1edge,alpha
dimensicn x1(126), eta(2l), incode(21,126)
dimension w(21,126).elm(16).e2m(16)

c write(®,®) 'beginning shapell’

ph1is = phi#*pha

do 108 1=1,ksy

do 107 j3=31,32

1f (incode(1,)).eq.1) then
do 104 m=1.ka

emp = mepl

emps = emp%*emp

bms = phis® (almds+emps)
bm = dsqrt (bms)

testm = almds-emps

gms = phis®testm

1f (gms.1lt.0.0) gms = -gms
gm = dsqrt(gms)

1f (testm.1lt.0.0) then
tdlm = -(bms-poi*phise®emps)®*dsinh(bm)

1 /((gms-poi1*phis®*emps)*dsinh (gm})
tddlm = 1.0/(dsinh(bm)+td1lmedsinh(gm))
td2m = -dsinh(bm)/dsinh(gm)
tdd2m = -1.0/(bms*dsinh(bm)+td2megmsedsinh (gm))
wl = elm(m)*tddlm® (dsinh(bm®eta(1))

1 +tdimedsinh (gmeeta(1)))*dsin{empr*x1{]))
w2 = e2m(m)®*tdd2m® (dsinh (bmeeta(1))
1 +tdZ2medsinh(gm®eta(1)))*dsin(emp*x1(]))
else
tdim = (bms-poi®phis®*emps)®dsinh(bm)
1 /((gms+pol®phis®emps)*dsin(gm))

tddim = 1.0/(dsinh(bm)+td1lme®dsin(gm))

td2m = -sinh(bm)/sin(gm)

tdd2m = -1.0/(bms®*dsinh(bm)-td2me*gms*dsin(gm))

wl = elm(m)etddlm» (dsinh(bmeeta(1))
+tdlmedsin(gmeeta(1)))®dsin(emp*x1(]))

w2 = e2m(m)*tdd2m# (dsinh (bmeeta (1))

[

1 +tdZ2medsin (gm*eta(1)))®*ds1in(emp®*x1(]))
end1if
w(1,]) = w(1,])+wl+w2
104 continue
else
w(i1,3) = 0.0
endif

107 continue
108 continue

c write(®,®)' ., .done shapell'
return
end

c

C.........I.......-.........................................I.'.........

subroutine shape34 (J1.32.ksy.kb.e3m,ed4m.x1.eta.incode.w)

Cr s aa NN N RN AR R R NN E Rt G RN C N RN NS NN NSNS RN NEENERRARRESRERAS

o]
implicit reale®8(a-h.o-z)
commen k.ki1.k).poi.qlim,almds,phi,phir,pi,1edge,alpha
dimension x1(126), eta(21), incode(21,126)
dimension w(21,126),e3m(16).e4m(16)

c write(6,.*) 'Beginning shape34...'’
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phis = phiwph1l
phins = 1.0/phis
do 108 1=1.ksy
do 107 3=31,)2
1f (i1ncode(1,)).eq.l) then
do 104 m=1.kb
emp = mepl
emps = empYemp
bms = phins® (phis*almds+emps)
bm = dsqrt (bms)
testm = phis*almds-emps
gms = phins#testm
1f (gms.1t.0.0) gms = -gms
gm = dsqrt{gms)
1f (testm.lt.0.0) then
td3m = -(bms-poisphins®emps)®#dsinh(bm)
1 “((gms-poir*phins*emps)*dsinh(gm))
tdd3m = 1.0/(dsinh(bm)+td3medsinh(gm))
td4m = -dsinh(bm)-dsinh(gm)
tdd4m = -1.0/(bms*dsinh(bm)+td4m®*gms*dsinh (gm))
w3 = e3m(m)*tdd3Im» (dsinh (bmex1(3))
1 +td3medsinh (gm®*x1())))*dsin(empeeta(1))
w4 = edm(m)®tdd4m® (dsinh(bmex1()))
1 +td4m'd91nh(gm'x1(3)))'dsxn(emp'eta(l))
else
td3m =~ (bms-poi®phinseemps)#dsinh(bm)
1 7/((gms+poi®*phins*emps)*dsin(gm))
tdd3m = 1.-/(dsinh(bm)+td3m*dsin(gm))
td4m = -sinh(bm)/sin(gm)
tdd4m = -1./(bms*dsinh(bm)-td4megmsedsin(gm))
w3 = edm(m)etdd3me (dsinh (bmex1())}
1 +td3medsin(gmex1())))*dsin (empeeta({1))
wd = edqm(m)e*tdd4m® (dsinh(bmex1(]))
1 +tddmedsin (gm®*x1())))*dsin (emp®eta (1))
end1if
w(1,)) = w(1,])+w3+w4
104 continue
else
w(i,)) = 0.0
endif
c write(6,®) 'w(',1,'.',3,')=",w(1,]), 1ncode="',1ncode(1,})

107 continue
108 continue

c write(6,®) '...done shape34'
return
end

c

C.........Q..........I.........................I...........I.........I..

subroutine shapeS6 ()1.,32.ksy.ka.eSm.eém.x1.eta,incode,w)
CI‘.I....l.l..l.lll.....'lll.IQIIIQ...II...l.llll..l....lll'l!l.I.II...I

implicit real®8(a-h,o0-z)

cammon

k.ki.kj.poi.qlim,almds,ph1,phir,pi,.1edge,alpha

dimension x1(126), eta(21), incode(21,126)
dimension w(21,126),e5m(16).e6m(16)
c write(®,®*) 'Beginning shapeSé...

phis
do 108
do 107
1f
do 1
em
em
bm
bm
te

= phiephi

1=1,ksy

J=31,32

(1ncode(1,3).eq.1l) then

04 m=1,ka

o = mep1

ps = emp*emp

S = phis*(almds+emps)
= dsqrt (bms)
= almds-emps

stm
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gms = phis*testm
1f (gms.lt.0.0) gms = -gms
gm = dsgrt(gms)

1f (testm.1t.0.0) then
tdlm = -(bms-poir®*phis®emps)®*dsinh(bm)

1 7((gms-poir®*phis®*emps)®*dsinh (gm))
tddlm = 1.0/ (dsinh(bm)}+tdlm®*dsinh(gm))
td2m = -dsinh(bm)-/dsinh(gm)
tdddm = -1.0/(bms#*dsinh(bm)+td2me*gmsedsinh (gm))
w5 = eSm(m)*tddlm® (dsinh(bm=(1.0-eta(1)))

1 +tdlm'd51nh(gm'(l.O-etc(l))))'d51n(emp'x1(1))
wH = ebm(mj*tdd2me (dsinh(bme*(l.0-eta(1)))
1 +td2m*dsinh(gme (l.0-eta(1))))*dsin (emp*x1(]))
else
tdlm = (bms-poi®phiseemps)®dsinh(bm)
1 7/{(gms+poi#phis*emps)®*dsin(gm))

tddlm < 1.07(dsinh(bm)+tdlmedsin(gm})

tdZ2m = -sinh(bm)/sin(gm)

tdd2m = -1.0~(bms*dsinh (bm)-td2m*gms*dsin (gm) )
wS = eSm(m)*tddim® (dsinh(bm* (1.0-eta(1)))

1 +tdlm'd51n(gm'(l.0-eta(1))))'dsxn(emp'x1(3))
w6 « ebm(m)*tdd2m®(dsinh(bm*(1.0-eta(1)))

1 +td2m-d51n(gm'(l.0-eta(1))))'dsxn(emp'x1(3))
endi1f
w(1,)) = w(1,])+wS+wb

104 continue
else
w(i1,]) = 0.0

end:f

107 continue
108 continue
c write(® ®) ' .done shapeté’
return
end

c..l......ll.........I..II.....I...-..I...I....II....I...l.l.......l..l.

subroutine shape78 (jl,)2.ksy.kb,e7m,e8m.x1.eta,1ncode,w)
C.....I........III.'III......II...ll...II.I.I...Q-.......II....I.D.I..II
implicit real®8(a-h,o-z)
common k,ki,kj.poi.qlim,almds,phi,phir,p1,1edge,alpha
dimension x1(126), eta(21), 1ncode(21,126)
dimension w(21,126),e7m(16).,e8m(16)
phis = phiephi
phins = 1.0-ph1is
do 108 1 = 1, ksy
do 107 3 = 31, 32
1f (incode(1.j).eq.l) then
do 104 me1,kb

emp = mep1
emps = emp*emp

bms = phins®(phis*almds+emps)
bm ~ dsqrt (bms)

testm = phis*almds-emps

gms = phins®testm

1f (gms.1t.0.0) gms = -gms

gm =~ dsqrt(gms)

1f (testm.1t.0.0) then
td3m = -(bms-poi*phins*emps)*dsinh(bm)
1 7/((gms-poir®phins®emps)*dsinh (gm))
tdd3m = 1.0/(dsinh(bm)+td3m®dsinh(gm))
td4m = -dsinh(bm)-/dsinh(gm)
tdd4m = -1.0/(bms®*dsinh(bm)+td4megmsedsinh(gm))
w7 = e7m(m)®*tdd3m#® (dsinh (bm#* (1.0-x1(3)))
1 +td3medsinh (gm®(1.0-%1(j))))*dsin(empeeta(1))
w8 = eBm(m)®*tdd4m® (dsinh(bme®(1.0-x1(3)))
1 +tddm#dsinh (gm® (1.0-x1(Jj))))*ds1in (empeeta(1))
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else
td3m = (bms-poi¢phins®emps)®*dsinh (bm)
1 7((gms+pol®*phins*emps)*dsin(gm))
tdd3m = 1.0/ (dsinh (bm)+td3m=dsin(gm))
td4m = -sinh(bm)/s1in(gm)
tdd4m = -1.0/(bms*dsinh(bm)-td4m®gmsedsin(gm))
w7 = e7m(m)*tdd3m® (dsinh (bm*(1.0-x1(])))
1 +td3m‘dsxn(gm¢(1.0-x1(J))))'d51n(emp-eta(1))
w8 = e8m(m)®tdd4me# (dsinh (bme(1.0-x1(3)))
+td4m-d51n(gm'(1.0-x1(J))))'d51n(emp'eta(1))

[

end1if
wW(1,}) = w(1.,])+w8 +w7
104 continue
else
w(i1,)) = 0.0
end1f

107 continue
108 continue
return
end

c..l..'....".I..I'.'l.....'.I......II‘....I.....-........'....I.I'.I...

subroutine determ (a.n,det)
c'l......ll....I......l...IC..I.I...I.II................I'IQ....I.IQI-.I
c finds the determinant by pivotal reduction
c courtesy of Dr., H.T. Saliba
implicit real#B8(a-h.o-2)
dimension a(320,320)
sign=1.
last=n-1
c start overall loop for(n-1) pivots
do 200 1=1,last
c find the largest remaining term in 1-th column for pivot
big=0.
do SO k=1.n
term=dabs(a(k,1))
1f (term-bi1g)50,50,30
30 big=term
lak
50 continue
c check whether a non-zerc term has been found
1f (b1g)80.60.80
c l-th row has the biggest term----1s 1=l
80 1f (1-1)90,120,90
c 1 1s not equal to 1, switch rows 1 and 1
90 si1gn=-sign
do 100 )=1,n
temp=a{1.])
a(i1,3)=a(l.3)
100 a(l,j)=temp
c now start pivotal reduction
120 pivot=a(1.,1)
nextre=i+1

c for each of the rows after the 1-th
do 200 j=nextr.n
c multiplying constant for the j-th row 1s
censt=a().,1)/pivot
c now reduce each term of the j-th row

do 200 k=1,n
200 a(j.k)=a(j.k)-constea(i. k)
c end of pivotal reduction----now compute determinant
det=sign
do 300 1=1.n
300 det=det®a(1,1)%23
c ~ this factor can be adjusted to accomodate
c varicus orders of magnitude of the trial eigenvalues
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gc to 61
60 det=0.
el return
end

c'..'.II..IIllI..QQ..II.I-.IIlIIII...III...‘.......'.I'...I.'I..I'“..I'I

subroutine detsol (a.,n.x)
c.I.I.C.III...Q.IQIIIII.I.II..........I...IIII..I.I.I'IQIIDI'I.'CIIC.Q..

c solves for the eigenvector using pivotal reduction
c and back substitution
c courtesy of Dr. H.T. Saliba

implicit real#8(a-h,o-z)
dimension a(320.320).x(320)
sign=1,
m=n-1
last=m-1
do 10 1 =« 1l,n
(1) = 0.0
10 continue
c start overall loop for(n-1) pivots
do 200 1=1,last
c find the largest remaining term in 1-th column for pivaot
bi1g=0.
do 50 k=1.m
term=dabs(a(k.1))
1f (term-big)50.50,30

30 big=term
l=k
50 continue
c check whether a non-zero term has been found
1f (bh19)80,60,80
c l-th row has the biggest term------ 1s 1=]
80 1f (1-1)90,120.90
c 1 1s not equal to 1, switch rows 1 and 1
90 do 100 j=1.n

temp=a(1,])
a(i.3)=a(l,y)
100 a(l,))=temp
c now start pivotal reduction
120 pivot=a(1,1)
nextr=i+1
c for each of the rows after the 1-th
de 200 j=nextr.m
c multiplying constant for the j-th row 1s:
const=a(),1)/pivot
c now reduce each term of the j-th row
do 200 k=1.,n
200 a(j.k)=a(j.k)-constea(1,k)

c end of pivotal reduction-- perform back substitution
m=n-1
do S00 1=1,m
c irev 1s the backward :i1ndex, going from m back to 1
irev=m+1-1
c get y(irev) 1n preparation

y=a(irev,n)
1f (1rev-m) 400,500,400

c not working on last row, 1 1s 2 or greater

400 do 450 3=2.1
c work backward for x(n),x(n-1)----- substituting previously
c found values

k=n+1-3

450 y=y-a(1irev,k)*x (k)
c finally,compute x(irev)

500 x(irev)=y-sa(irev,irev)

60 return

end
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