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Abstract

The Stefan-Maxwell equations are a system of nonlinear partial differential equations
that describe the diffusion of multiple chemical species in a container. These equations
are of particular interest for their applications to biology and chemical engineering.
The nonlinearity and coupled nature of the equations involving many variables make
finding solutions difficult, so numerical methods are often used. In the engineering
literature the system is inverted to write fluxes as functions of the species gradient
before any numerical method is applied. In this thesis it is shown that employing a
mixed finite element method makes the inversion unnecessary, allowing the numerical
solution of Stefan-Maxwell equations in their primitive form. The plan of the thesis is
as follows, first a mixed variational formulation will be derived for the Stefan-Maxwell
equations. The nonlinearity will be dealt with through a linearization. Conditions for
well-posedness of the linearized formulation are then determined. Next, the linearized
variational formulation is approximated using mixed finite element methods. The
finite element methods will then be shown to converge to an approximate solution. A
priori error estimates are obtained between the solution to the approximate problem
and the exact solution. The convergence order is then verified through an analytic
test case and compared to standard methods. Finally, the solution is computed
for another test case involving the diffusion of three species and compared to other

methods.
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Chapter 1

Introduction

1.1 Stefan-Maxwell Equations

The Stefan-Maxwell equations describe the process of diffusion in a mixture of mul-
tiple chemical species. They were developed independently by Maxwell and Stefan
and serve as a generalization of other diffusion laws. Simpler diffusion models such
as Fick’s Law [15] have been shown by Duncan and Toor to give inaccurate results
in ternary mixtures [11]. Therefore the Stefan-Maxwell equations are preferred. The
Stefan-Maxwell equations have applications to biology and chemical engineering. A
simple derivation of the equations is presented here. A more detailed discussion of
the physics behind the Stefan-Maxwell equations can be found in [15] or [22].
Physically the system represents a mixture of n ideal gases, where each species @
has a mole fraction of §;, in moles per unit volume, and a flux of J;, in moles per unit
area per unit of time. If the mixture reaches steady state, the divergence of the flux

will be equal to some reaction rate r;. This leads to the following: For ¢ = 1,2, ..., n:
V . JZ =T;.

The motion of the gases will cause the particles of one species to be dragged by

the particles of the other species in the mixture. This drag force is balanced by the

1



1. Introduction 2

partial pressure gradients of the species in the mixture. This leads to the following

expression for 1 =1,2,...,n:

1 =& — &

)
C D;;
tot =1 i

Vg =

where D;; is the binary diffusion coefficient between species ¢ and species j, and
ciot > 0 is the total concentration of the mixture. The coefficients D;; and Dj; are
taken to be equal [15].

Consider a domain  C R?, such that the boundary of Q ,I', is divided into two
components, I'p and I'y. These components satisfy: I'p () I'y = @. On the boundary
I'p, the molar fraction &; is taken to be f;. On I'y, with outward unit normal vector
v, the normal flux of species 7, J; - v, is taken to be g;. Since the variable &; represents

mole fractions, at any point in the domain the following condition holds:

dog=1.
=1

To define the full system we will make use of the following fact in [3, 16]:

=1

We will use the following definitions:

f = (6175% "'7571)7
T = (1, Jas oo Jh).

The Stefan Maxwell problem for steady n-ary diffusion becomes: Find (J, £) such

that the following equations are satisfied in 2 for i = 1,2, ..., n:

Ve - LZH:—@JFWJ, (1.1.1)

tot j=1 1]
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V-J = (1.1.2)

D& = L (1.1.3)

d Jio= 0, (1.1.4)

with the following boundary conditions on I":

éi = fz on FD, (115)

Ji-v=g; on I'y. (1.1.6)

Remark: If all of the binary diffusion coefficients are taken to be equal to a

value D, then the Stefan-Maxwell equations become:

Ji=—-DV¢, fori=1,2, .. n. (1.1.7)

This equation is referred to as Fick’s Law[15, 22].

The nonlinearity and the coupling terms in the Stefan-Maxwell equations make
finding analytic solutions difficult or impossible, therefore numerical methods are
necessary. In this thesis numerical solutions are found using mixed finite element
methods. To set up the numerical method we need to establish a mixed variational

formulation for the Stefan-Maxwell equations.

1.2 Mixed Variational Formulations

In this section mixed variational formulations are introduced by their application
to the Poisson problem. The difference between a mixed variational formulation
and a standard formulation, is that the mixed formulation solves for two variables

simultaneously. A detailed look at mixed formulations can be found in [7, 20].
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The Poisson problem is as follows: Find a function « in the domain 2 C R" such

that:

—Au = r on ()

u = f on TI.

where I' is the boundary of €.

To obtain the mixed formulation we make the following definition:

p = Vu.

We can now rewrite the Poisson equation as follows:

p—Vu=0 in €,
Vep=—r in Q.

To find weak solutions of the above system, we multiply the first equation by
a vectorial test function ¢, and the second equation by a scalar test function v. We
then integrate both equations over the domain (2. Finding weak solutions of the
above differential equations is now a matter of solving the following problem: Find

(p,u) € Q x V satisfying:

/(p-q—i—uv-q)dx = /fq-vds,
Q r

/vV-pd:B = —/rvdaj,
Q Q

where v is the outward unit normal vector to the boundary T'.
To complete the mixed variational formulation we need to identify the spaces Q
and V. In order for the above integrals to be defined, we require that the divergence

of the functions p and ¢ are in L?(Q2). Therefore the space Q will be defined as:
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H(div;Q) ={q € (L*(Q)"| V-q € L*(Q)}, (1.2.1)

and V will be taken to be L?(Q2). Take r € L?(2) so that the integral in the right-
hand side of the second equation is well-defined. The function f will be taken to be
in H'/2(Q) so the boundary integral in the first equation is understood as the duality
product of ¢ -v € H~Y?(T) with f € HY*(T), see [23, p. 9]:

/fq vds =< q -V, | >paamycmer) -
r

This and related operators will be defined below.

The formulation above is now our mixed formulation for the Poisson equation.
It allows us to solve simultaneously for both u and its gradient p.

The Stefan-Maxwell equations naturally lead to a mixed variational formulation
where u stands for molar fractions and p represents the fluxes. Surprisingly enough,
such a formulation and related mixed finite element methods have not yet been pro-

posed for the Stefan-Maxwell equations, at least not that we know of.

1.3 Literature Review

The Stefan-Maxwell equations can be found in applications throughout the chemical
engineering literature. The usual method for finding a numerical solution is to invert
the system and apply the finite element method. In [1] a model for bone tissue
growth using coupled Navier-Stokes and Stefan-Maxwell equations is described. The
authors invert the Stefan-Maxwell equations to express the fluxes in terms of mass
fractions before applying a finite element method using the finite element software
Femlab. In [4] a benchmark for diffusion and fluid flow is introduced. The model
used relies on an inversion of the Stefan-Maxwell equations before applying a finite

element method to find the solution. A model of water transport in a fuel cell is
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described in [14] using Stefan-Maxwell and concentrated solution theory. The flux of
water at the membrane is determined using concentrated solution theory. The fluxes
are expressed in terms of the mass fractions before applying a finite element method,
except on the boundary where normal fluxes are used as boundary conditions. The
stability of the finite element scheme for Stefan-Maxwell equations is considered in
[17]. The system is inverted so that the flux is written explicitly in terms of the mass
fractions before any finite element scheme is applied. A finite volume approach is
applied in [18] where the flux is written in a discretized form using what the authors
refer to as a “coupled exponential scheme”.

Less often a finite difference scheme is used to numerically solve the Stefan-
Maxwell equations. In [9] a finite difference scheme for the mole fractions and veloc-
ities is used to approximate the gradients of the mole fractions. The molar flux is
expressed in terms of the velocities and mole fractions and solutions are found using
a 4th order Runge-Kutta scheme. A 1D problem is considered in [16] to study the
phenomena of uphill diffusion. The Stefan-Maxwell equations are solved using a finite
difference discretization, and the numerical method is shown to be second order and
a condition for L*°-stability is found.

Recently work has been done looking at the mathematical properties of Stefan-
Maxwell equations [3, 16]. In [16] conditions are imposed which show that if the initial
functions £ are nonnegative functions in L>(£2) then the Stefan-Maxwell equations
admit unique smooth solutions for all time, moreover &; remains nonnegative. It has
been shown in [3] that the time dependent homogenous system is well-posed for a
solution that is local in time. Additionally the same paper has shown that the mole
fractions &; are non-negative for the inhomogenous case, under certain conditions on
the reaction rates. A main piece of the argument in both proofs is that the system is
invertible for each J; as a function of V¢;.

There has been, until now, no work done on the Stefan-Maxwell equations in the

context of mixed finite element methods. The system of equations naturally leads to
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a mixed formulation. In this thesis, mixed finite element methods will be developed

and applied to the Stefan-Maxwell equations and compared to previous work done.

1.4 Outline of the Thesis

The thesis is orgranized in the following way. In the second chapter a mixed varia-
tional formulation of the Stefan-Maxwell equations is found and conditions for well-
posedness are determined in the case of ternary diffusion. In the third chapter the
ternary mixed variational formulation is discretized using mixed finite element meth-
ods. The method is then shown to converge to a solution of the Stefan-Maxwell
problem and error estimates between the approximate finite element solution and the
exact solution are found. In the fourth chapter, numerical test cases are presented.
The first test case is used to verify the error estimates found in chapter three and
to be used for comparison to standard methods. Numerical solutions are then found
using mixed finite element methods for two other test cases and are compared to

solutions obtained with other methods.



Chapter 2

Mixed Variational Formulation of

Stefan-Maxwell Equations

In this chapter a mixed variational formulation will be proposed to obtain a weak
solution to the Stefan-Maxwell equations. After the problem is set up, the existence
of a solution for a linearized problem will be analyzed using standard theory for

abstract saddle point problems.

2.1 Variational Formulation

We first establish a mixed variational formulation of the Stefan Maxwell equations
given in equations (1.1.1)-(1.1.6).

By looking at the equations we can see that the Stefan-Maxwell equations form
a degenerate system. The degeneracy can be removed if equations (1.1.3) and (1.1.4)
are used to reduce the system to n — 1 species. For ¢« = 1,2,....n — 1, we can do the

reduction as follows:

1 §idi — &iJj n &ndi — &idn
Dij CtotDin
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n—1

. Z <§sz‘ - fz‘Jj> n 1-&—-&—...— &) i+ & (N +H T+ o+ Jur)
1

Ctot Dij Crot Din

n—1
~ CotDin * Crot ; (D,. N D_m> (§di — &iJj)

ij

Define the following coefficients for 7,5 = 1,2,....n — 1:

1 1
i = — . 2.1.1
o J Dzn Dij ( )
The above equation can be stated as:
—V§ = i (& 2.1.2
5 CtotDzn Ciot Z ! 5 ) ( )

The molar fraction variable, now deﬁned as & = (&1, ..,&u-1), is taken to be in

(L2(92))"~1. For the rest of the thesis we will use the following definition:

Vo= (L))" (2.1.3)

Before we derive the weak formulation, some preliminary spaces will be defined.
To enforce the boundary condition on I'y, we need to ensure that it is possible to
define an operator which outputs the normal component of a vectorial function on
the boundary. This will allow us to embed the boundary condition into the functional
space to which J belongs.

To start, we define the trace operator:

Theorem 2.1.1. (/20],page 10) Let Q2 be an open bounded set of RN with Lipschitz
continuous boundary ', and let s > 1/2. There exists a unique linear continuous map
v, called the trace operator:

Vi HY(Q) - HV(Q),

such that,
1(q) == ¢qlr Vg e H(Q)NC(Q).
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We shall use this trace operator to define a normal trace operator.

Theorem 2.1.2. (/20], page 10) Let Q2 be an open bounded set with a Lipschitz bound-
ary I'. Then there exists a linear continuous operator v, € L (H(div;Q),Hﬁl/Z(F))
such that

7(q) == q-v|p Vg€ C™(Q). (2.1.4)

Definition 2.1.3. Let Q) be Lipschitz domain with boundary I' and I'y C T'. Then

the restriction v,y (q) of 1.(q) to U'n is defined as follows:
<Yy (@), () >p-120 ) xm1/2wn) =< 1(@), Y(P) > p-12(0) s H1/2(r), (2.1.5)
for all ® € HY(Q) with ® =0 on T'/Ty.
From (2.1.4) we have:
Yy (@) =q-vlpy Vg€ C™(9). (2.1.6)

So the flux variable will be taken in the following space:

Q={q € (LXQ)"'|V -4 € )} (2.1.7)

If we enforce boundary conditions on the normal flux we will use the following

functional space for J:

Qy={q € (LP()" V-4 € L*(Q);wry(a) = gi on Tn}, (2.1.8)

where g; € HY/?(I'y) are given for i = 1,...,n — 1. We define @ in a similar fashion

where v,,r,(g;) = 0.

To simplify our notation we write:

<q-v, d >FN::< AN (q),’y(q)) >H*1/2(FN)><H1/2(FN)7 (219)
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and similarly on I' and I'p.

To put these equations into a variational form, we multiply (2.1.2) by a test
function ¢;, where ¢ = (q1, ..., gn—1) € Qo, and multiply the reaction equation (1.1.2)
by a test function v; where v = (vy, ..., v,_1) € V, then integrate both equations over

the domain €2. For i =1,2,..n — 1 we get:

Ciot

/ UL‘V : Jz dr = / T;0; dzx.
Q Q

By applying integration by parts, the gradient term on each & can be removed

1 [ Jiq —
/Q—V&-qi dr = /Q— ( D +;aij(€ﬂj'qz’—fﬂi'%))dﬂ%

at the cost of a term on the boundary:

1 (Jira |
—<¢ g >F+/§iv'%’d33 = /_ ! +Zaij(fiJj'Qi—5jJi‘Qi) dz.
Q Q Dm j=1

Ciot

Since the test function ¢; is in the space )y the boundary term vanishes on I'y.

This leaves the following equations for i =1,2,....n — 1:

n—1
L[ Jiqi
4 v, & >rp /Qﬁ q cht<Dm ;1: i (&djai — & Q)>

To enforce the condition on I'p we substitute & with f; in the boundary term.
To ensure the duality product is well defined, f; will be taken in HY?(I'p). We
are left with the following mixed variational formulation: Given f; € HY?(I'p) and

r; € L*(Q) find (J,€) € Q, x V such that:

n—1

Jiqi Qij

/ 1 + — (5iJj'q@'—§jJi'Qi) —&Viq |de = —<gqi-v, fi >rp,
o \ CtotDin =1 Ctot

(2.1.10)
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/UiV < Jidr = /rivi dz, (2.1.11)
Q Q
fori=1,2,...n—1and Vg = (1,92, -, @n_1) € Qo, ¥ v = (v1,09,...,0,-1) € V.

It will be useful to know what conditions ensure that a solution to the variational
formulation is also a solution to the Stefan-Maxwell equations. We will make use of
D(£2), the space of infinitely differentiable functions with compact support on €.
Now let (J,€) € @, x V be a solution to the above mixed variational formulation. By

rearranging (2.1.11) in the formulation we get the following equality for all v; € L?*(€):

/(V - J; — v de = 0.
Q

Since J; € H(div; ), we know that V - J; is an L*-function. By taking v; €
D(Q) C L*(Q) we recover V- J; = r; in the sense of distributions and since both sides
of this equality are in L?(2), the equation is true almost everywhere on §2.

To recover the rest of the Stefan-Maxwell problem we consider:

n—1
Ji' 4 [0 7¥

/< ) +Z S (& 4 — & ai) _fiv'%>dx+<%'%fi>1“p: 0.

Q

CtotDin 1 Ciot
]7

If we assume that & € H*(Q2) then we can apply integration by parts to the &V - ¢

term and get:

Jiogi = ay
/Q (CtOtDin ; Ctot (5 J q 5] q) 6 q >

- <@ &> +<q v, fi >rp

Ji = Qij
= iJj — & i | ad
/Q <Ct0tDin " Z Ctot (&dy = k) + V8 > v

J=1

—<q V& >ry +<q v, fi —& >y,

The above equation is true for all ¢; € H(div;Q), so take ¢; € (D(Q))¢ C
H(div; §2). Since g; vanishes on I' we recover equation (2.1.2) in the sense of distribu-

tions. To recover the boundary conditions, take ¢; equal to zero on I'y. This choice
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of g; is possible due to the surjectivity of the «, r, operator. For this choice of ¢; we
obtain that:
< gV, fz - 61 >FD: 0 vq S H71/2(FD>7

which implies that f; = & in HY?(I'p). Since HY/?(I'p) C L*(T'p), we get that f; = &
almost everywhere on I'p. The boundary condition on the normal flux of J is satisfied
in H~1/2(I'y) since it belongs to Q,.

So a solution to the mixed variational formulation with £ € (H'(Q2))? and J; €

H(div; §2), will also be a solution to the Stefan-Maxwell problem.

2.2 Existence and Uniqueness for the Linearized
Ternary Stefan-Maxwell Equations

In this section the Stefan-Maxwell problem is analyzed using the theory for mixed
variational formulations, often referred to as abstract saddle point problems. This
theory will be briefly reviewed here, and is based on [7, Ch. II| . Following this review,
the general theory will be applied to the case of ternary diffusion.

Take V' and @ to be Hilbert spaces with inner products (-, -)y and (-, -)g, respec-
tively, and their associated norms defined as || - ||y and || - ||¢. Define two bounded
bilinear forms a(-,-) : @ x Q — R and b(+,-) : Q@ x V' — R. The abstract saddle point
problem is stated as follows: Given f € Q* and r € V* find (J, ) € @ x V such that:

a(J,q) + b(q,&) =< f,q>¢xo VqinQ, (2.2.1)

b(J,v) =<1, >yexy, YoinV, (2.2.2)

where V* and Q* are taken to be the dual spaces of V and ) with < -, - > denoting the

duality product between the subscripted spaces. The saddle point formulation can be
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given in an equivalent operator form by defining operators A : Q — Q*, B : Q — V*,

and B* : V — Q* such that :

< Ap,q >qg-xo = a(p,q) p,q € Q,

< Bq,U >yrxy =< (¢, B*v >Q><Q*: b(Qav) YORS ‘/avq € Q>

where B* is the adjoint of B. This yields the following saddle point problem:

AJ+ B¢ =f inQ",
BJ=r in V™
To ensure the existence of a solution to the above saddle point problem we make

use of the following theorem from page [7, p.42]; where in our case ¢ is the primal

variable and v the dual variable:

Theorem 2.2.1. Let V and Q be Hilbert spaces and a(-,-) and b(-,-) be bounded
bilinear forms with associated operators A and B, such that the following conditions

hold:

e The bilinear form a(-,-) satisfies the coercivity condition over Ker(B):

a(p,p) > A|pl[y >0 Vp € Ker(B). (2.2.3)

e The bilinear form b(-,-) satisfies the inf-sup condition:

b
it sup LYo g (2.2.4)

veV\Ker(B) geq ll9llellvllv
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Then for any f € V* and r € Im(B), the saddle point problem equations (2.2.1)-
(2.2.2) admits a solution (J,£) € Q x V where J € @ is uniquely determined and

€ €V is unique up to an element of Ker(B*).

Proof:  For a proof see [7, Ch.II]. |

To apply Theorem 2.2.1 to the Stefan-Maxwell equations, the nonlinearity will
have to be dealt with in some way. In this work the variable &; is taken to be a known
non-negative function whenever it is multiplied by a flux J;. These known functions
will be denoted by &; and used in a fixed point iteration to solve the fully nonlinear

Stefan-Maxwell equations. Additionally we take ¢, € C(€2).

For simplicity we consider the case of ternary diffusion:

J; 1
—V§ = — | aa (& — &1 2 (& — §adi) |,
: CtotDin Ctot <041(§ =& )+a2(€ 2= )>
for i = 1,2, where o;; = D%n — Dlz

Since there are only three binary diffusion coefficients, we can always ensure that
D15 is the largest, by relabeling the three species. Therefore the analysis will assume
that this has already been done and D;s is in fact the largest of the three binary

diffusion coefficients. Define the following quantities:

Ay = —— — a9 2.2,
aq D13 0412527 ( 5)
Qg = a2dy, (2.2.6)
B = amb,, (2.2.7)
~ 1 _

= — — 2.2.
B2 Do agiéy, (2.2.8)

where £, and &, are assumed to be known non-negative molar fractions in as
required for the linearization. The molar fractions &, and &, will be taken in L>(Q)

to ensure the continuity of the bilinear form af(-,-).
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Define two bilinear forms a(-,-): Q@ X Qo — R and b(+,-) : @ x V — R:

1 B B - -
a(p,q) = / — (041]71 ~q1 dx + Qopo - 1 + Bip1 - g2 + Bap2 - ¢2 ) dx (2.2.9)
Q

Ctot

b(q,v) = —/ (1 V-q1 +vV - qo)dx. (2.2.10)
Q

Using the bilinear forms the problem can be restated as follows: Find (J,&)€
Q4 %V such that

a(J,q) +b(q,§) =—<q-v,f>r, Vg € Qo, (2.2.11)

b(J,v):—/r-vdx Yv €V, (2.2.12)
Q

where r = (rq,r3) € V.

In order to apply Theorem 2.2.1, the unknowns J and £ must lie in Hilbert
spaces. In general, the zero function is not an element of (),, so ), is not a Hilbert
space. Fortunately this problem can be resolved by letting J =J + J, where Jy € Qo
and J, € Q,. This splitting is possible since 7,1, is surjective on H~2(Q). So for
any ¢ there will exist a Jg, not necessarily unique, to perform the splitting. Now

substituting the definition of J into a(-,-) we get:

a(J,q) +b(q,§) = — < f.q >r,

a(Jo + Jg,q) +b(q:€) = — < f.q >,

a(Jo, q) +alJyg, q) + b(q. &) = — < f,a>r,
a(Jo,q) +0(¢,§) = — < f,q>r, —a(Jy,q)

Repeating this process with b(-, -):
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b(Jo+ Jy,v) = —(r,v)y
b(Jo,v) + b(J,,v) = —(r,v)y
b(Jo,v) = —(r,v)y — b(Jy,v)

Define two linear functionals as follows

< f~7q >Q*><Q: — < faq >FD _a(J97Q>7

and

< T, 0 Syegy= —(r,v)y — b(Jy,v),

The problem can now be restated: Find (J,£)€ QoxV such that:

a(J7 Q) + b(qag) =< f’q >Q*><Q ,VC] € Q07

b(J,v) =< F,v >y«xy ,Vv € V.

(2.2.13)

(2.2.14)

(2.2.15)

(2.2.16)

Now to obtain the existence of a solution to this linearized problem we need to

prove that the bilinear forms a(-, -) and b(-, -) satisfy the hypothesis of Theorem 2.2.1.

To start, consider the following lemma:

Lemma 2.2.2. If min(

and o — 31 > D%Q.

11 L)
D127 D13’ Da3 D2

Proof:
We first prove that a; — ay > DLH.
N - 1 1 1 - 1 1 -
ap— Qg = — — — (= - —
1 2 D13_ (D]E D1_2)§1 _(D]_g D12)€2
1-& 0 & & 2

- -
D13 D12 D13 D12

1—51—Z2+51+Z2
D13 D12

L > 0, then we have that & — & >

_1
D12
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1—51—Z2+§1+Z2
D12 D12

v

1
Das

Now to prove the other inequality, we proceed in much the same way:

~ ~ 1 1 1 - 1 1 =
BQ—BI - D23_ (D2_3 DI_Q) 2 _D_23 D_12>£1
_1-& & _& &
D23 D12 D23 D12

1-§ -5 &+E

?23 . _D12_
L -GG GtE
D12 D12
1
D12

We have used the fact that the &,’s add up to one and that the binary diffusion

coefficient Dy, is the largest.

We now consider the continuity and coercivity of a(-, -) with the following propo-

sition:

Proposition 2.2.3. If the binary diffusion coefficients satisfy 3Do3 > D15 and 3D13 >

Do, then the bilinear form a(-,-) is coercive and continuous.

Proof: = We rewrite the bilinear form in the following way:
1 & ar Qg Pl
i 1
a(p,q) = / —> (a.a) | . . | de
@ Htot iy b B J2

Since ¢; > 0 in Q, there exist values ¢, and cmap such that 0 < cpin < Crot <
Cmaz €verywhere in Q. So when bounding the bilinear form from above or below, we

can use Cpin O Cpge and ignore ciop.
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To start we consider the coercivity of a(-,-). The bilinear form is coercive if
and only if the symmetric part of the matrix is positive definite with the smallest
eigenvalue uniformly bounded away from 0 for all ;. So to prove the coercivity we
will consider:

5 G2+
=57 B

Positive definiteness of the matrix will be established by showing that the matrix

has strictly positive eigenvalues. To do this we apply the Gershgorin circle theorem

to find lower bounds on the eigenvalues of Agy,,.

We now consider the Gershgorin circle for the first row:

- -3 - - 1 >
201 — (G2 + f1) 2> 200 — (au — Do + 51)
12

1 — — 1
= Dn 2y — anéy + Dy

1 1 1\ = 1 1 \= 1
R e

Dy Dz Dio Dy D1y Dy

1-% &6 & 1

+222 — 22 4
D13 D12 D23 D12

where the inequality comes from applying Lemma 2.2.2.
This last line is a linear equation in &,, so for &, € [0, 1] the minimum value will

be achieved at one of the interval end points. Therefore we get:

+ 1 3 1 )
D3 D1y’ Dy Doy

where the positivity comes from the assumption that 3Dy3 > Dys.

261 — (g + B1) > min{ > 0,

Now consider the other Gershgorin circle:

26y — (G2 + B1) > 202 — (G2 + fo — DLIQ
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= — — & — el + —
Do 042151 041251 Di

1 1 1\ = 1 1\ = 1
= )a- )&t 5o
D23 D23 D12 D13 D12 D12
1-€ £ £ 1
RS T TR T O
D23 D12 D13 D12

As before the last line is a linear equation in &,. So we get:

I E T S
20 = (@ 4 Bu) 2mind -t s T D

+>0,

here the positivity comes from the assumption that 3D3 > D1s.

By the Gershgorin theorem the matrix has positive eigenvalues, so we can con-
clude that it is in fact positive definite.

To prove the continuity of a(-,-) we only need to show that the operator A is
bounded [2, pg. 334]. Therefore we need to show that |[Av||v. < C||v||v«. By
showing that the matrix A, has uniformly bounded coefficients, we obtain that the

constant C' in this inequality is finite. Since &; € [0,1] the functions &; and j; are

11
D137 Dag

bounded above by DLB and DL% respectively. By taking C' = max{ } we get

that ||Av||yv. < C||v||vs. Therefore we can conclude that a(p, q) is continuous.

To prove the inf-sup condition for b(-,-) we will make use of the following lemma

from [20]:

Lemma 2.2.4. For any v € L*(Q) there exists p € H(div;Q) such that V -p = —v

and that satisfies the following inequality:

||p||H(dw,Q) < (\/ 1 +C§22> ||UHL2(Q)7

where Coq is the constant in the Poincaré inequality for the domain 2.
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Proof: For a given v € L*(Q) consider the following variational problem: Find

¢ € Hg(Q) such that:

/V¢~V¢ dx:/vwdac Vi € Hy(9).
Q Q

By the Lax-Milgram theorem for any v € L?*(f2) there exists a unique ¢ € Hj(£2)
which satisfies the above variational equation. By taking the test function ¢ equal to

¢, we get:

Vel 2oy = / Vo du

= /wadx

ollze @@l 2()
Cal|v|| 2@ IVl L2

= |[Vollr2) < Callvl|z2e)

VAN

IN

Setting p = V¢ and integrating by parts:

/vadx:/gp-V@/)dm

:<p-u,w>r—/vad:c
Q

:—/1/JV-pdx,
Q

where the boundary term vanishes because v = 0 on I'. Take ¢ € D(Q) C Hg(Q),

we get that V- p = —v in D’(2). Combining the above results we get the following:

HpH%I(div;Q) = HpH%Q(Q) + IV 'pH%?(Q)

<|IVl[72q) + IV - pllZ20)
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= CEZHUH%Q(Q) + HUH%Q(Q)’

which immediately implies the desired result.

We can now prove the following proposition:

Proposition 2.2.5. The bilinear form b(-,-) for the Stefan-Mazwell problem, satisfies

the following inf-sup condition:

. b(p,v)
inf sup ————— > pu,
veV peq [Vl IvIIplle

for some p > 0.

Proof:
Let v; and vy be L2(2) functions such that V - p; = v;, i = 1,2, as in Lemma

2.2.4. Then we have:

fQ -1V -pr — vV -pydx
[[[vr, va][lv

||U1||%2(Q) + ||U2||%2(Q)
Vol + llealage)

= ol + ol B

2 2 1
2 <Hp1HH(dz’v;Q) + HpQHH(div;Q)) m

1

= IPllQ:

where the inequality comes from Lemma 2.2.4. This leads to the following:

b(p,v) =

b -V -p1 — 0V - py dx
sup (p, U) > fQ 1 b1 2 D2
veq Iplle 1pllo
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Lol
y——— )
V14 C3 Y
1

The above is equivalent to the proposition since Jics >0

We can use the results in this section to prove the following theorem:

Theorem 2.2.6. There exists a unique solution (J,&) € Q,xV to the mized formula-
tion of the linearized Stefan-Mazwell equations, when the binary diffusion coefficients

satisfy 3D23 > Diy and 3D13 > Dqs.

Proof: By the application of Theorem 2.2.1 we have that there exists a solution
(J.€) € Q4 x V to the Stefan-Maxwell problem. Furthermore if J = Jy + J,, then
Jo will be defined uniquely for a given J,. Now consider two solutions to the Stefan-
Maxwell problem, (J*, &) and (J2,€2). Let J = J' — J? and € = ¢! — 2. We have
that J € Qo since J'-v = J%> - von Ty and £ =0 on I'p. So (J,€) € Qo x V is a
solution to:

a(J,q) +b(¢,6) =0 Vg € Qu,

b(J,v)=0 ,Yv € V.
By taking ¢ = J and v = é we can combine the above equations to get:
a(J,J) =0.

The coerciveness of a(-, -) implies that J = 0. The system is therefore equivalent
to:

Set ¢; € (D(Q))? C H(div; ). Then we have

0= / &V - qide = — < Vi, ¢ >piayxno) -
Q
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Therefore we have that V& = 0 in D'(Q). Since & is L*(Q) we have that &
coincides almost everywhere with a constant function [5, Corollary 2.1, p.9]. Since ¢

is a constant function we have that & € H'(Q2). Now for ¢; € Qy we get:

O:/éiv'%‘dx

Q

:_/Vgi’Qidx+<Qi'Vagi>F
Q

:<q1"7/,£~i >FD7

for all ¢ - v € HY(I'p). This implies that & = 0 in H/?(I'p), and since & is
constant, we obtain that & is zero everywhere on €.
Since J and 5 are zero we obtain the uniqueness of solutions to the linearized

Stefan-Maxwell problem.

Remark: In order to consider the fully nonlinear Stefan-Maxwell equations we
would need to consider a fixed point mapping from &, to & and show that it converges
in some space. This was attempted using Sobolev embeddings, in particular the
Rellich-Kondrachov Theorem. However we were unable to make any progress as the

fixed point mapping was continuous but not compact.



Chapter 3

Numerical Analysis

The theory of mixed finite element methods is summarized here with an emphasis
on results that will be used to approximate the Stefan-Maxwell problem. In the first
section the general mixed finite element problem is stated as well as the main theorem
for solution existence. In the second section the finite element spaces that approxi-
mate the functional spaces of the continuous problem are stated. The final section
investigates the stability and the order of convergence for different finite element

spaces.

3.1 Discretization of Stefan-Maxwell Equation

The finite dimensional approximation of the Stefan-Maxwell problem (2.2.15)-(2.2.16)
is as follows: Find (Jp,,&,) € Qn XV}, that satisfy the following:

a(Jn,qn) +0(aqn, &) =< f,an >q-0  Yan € Qn, (3.1.1)

b(Jh,Uh) =< T,Vp >y*y Y, € Vh, (312)

where V}, and @), are finite dimensional subspaces of V' and @), respectively. The

bilinear forms above define two operators, Ay : Qn — Q5 and By, : Qn, — V;*. The

25
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operator By, has a kernel defined as Ker(B,) = {q, € Qn| Brgn = 0} = {qn €
Qn| b(qn,vn) = 0,Voy, € V. }.

The existence of a solution for the continuous problem does not imply the exis-
tence of a solution to the discrete problem. This is because, in general, the operator
By, is not the restriction of B to )y,.

The existence of a solution for the mixed finite element method is established by

the following theorem from [7, p.60]:

Theorem 3.1.1. Let V' and Q be Hilbert spaces and let a(-,-) : Q@ x Q@ — R and
b(-,-) : @ XV — R be bounded linear forms with associated operators A : Q — Q*
and B : QQ — V™.

Moreover let Vi, CV and Qn C Q be finite dimensional subspaces and Ay, : Qp, —
Q5 and By, : Qn — V;* the operators associated to the restriction of a(-,-) and b(-,-)
to their respective finite dimensional subspaces.

Now assume the following are satisfied for two constants A\, and py, :

(i) The bilinear form a(-,-)
Ker(By,):

v, xv, satisfies the following coercivity condition on

a(pn, pn) > /\h||ph||g;2 >0 Vp, € Ker(By). (3.1.3)
(11) The bilinear form b(-,-)|v, xq, satisfies the following inf-sup condition:

b
it sup U)o (3.1.4)

on€Vi\Ker(B}) ,eQn [|anll@l|vnllv
Then for any f € Q* and r € Im(B) the finite dimensional saddle point problem
has a solution (Jn,&n) € Qn X Vi, where Jy, is uniquely determined and &, is unique

up to an element of Ker(B;).

Proof:

Full proof can be found in [7, section 2.2].
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If the mixed finite element method converges and the constants \, = A\ and

up = i are independent of h, then we have the following a priori error estimates:

a b
17 = lle < 1+ L0+ By ing 17— aullo-+ I e 6~ il .15)
bl o
- <1+ - e — anlla. (3.1.
le=&llv < 0+ sur pig— ity + 10 g 117 . 316)

Remark If Ker(B),) C Ker(B), then we have the following error estimate:
1~ ille < (14 181 Ty g 117 — gy 3.17)
- A W aneQn

A proof of these error estimates and others can be found in [7, Sec 2.2].

3.2 Finite Element Spaces

In order to determine if a specific mixed finite element method satisfies the hypothesis
of Theorem 3.1.1, two finite dimensional approximations of the spaces V' and () need
to be specified on any mesh 7}. For this paper the mesh 7} will always be a regular
triangular mesh. This means that the domain €2 will be tesselated by triangles, such
that if any two triangles share an edge, then they share the entire edge. Individual
triangles in the mesh will be denoted by K. Let h = maxger, hi, where hy, is the
size of the element K.

The space V will be approximated with the finite dimensional space Pk of piece-
wise polynomials of degree k, which are discontinuous on element boundaries. If
P,(K) is taken to be the space of k-th degree polynomials on any element K, then

P¥ is defined as follows:

P = {vy € (L*(Q))*|va|x € (PR(K))? VK € T)} (3.2.1)
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For k > 0, if we enforce continuity across elements K of T}, then we get the following

space:

P = {u, € (CO()? | vulx € (P(k)? VK €T}, } (3.2.2)

There exists an interpolation operator onto the space P with the following

property from [20, p.90]:

Proposition 3.2.1. Let k be a nonnegative integer. The interpolation operator 11y, :

V — P satisfies the following error estimate for k > 0:

l|lv — Hth%/ < chk+1|v|k+1vg Yv e (Hk+1(Q))2, (3.2.3)

where |v|j11.0 is the H*(Q) seminorm.

The space @) will be approximated using the k-th order Raviart-Thomas finite

element, RT*. To construct the space we need the following definition:

Definition 3.2.2. A homogeneous polynomial is one where all non zero terms have

the same degree. The space of homogeneous polynomials of degree k will be denoted

Using homogeneous polynomials we will define the following space on an element

x \ -~
RTH(K) = (Px(K))* + Py (K).
Y
The degrees of freedom for RT* are chosen such that the normal component g, - v
is continuous across element edges. This is done in such a way as to ensure that the

element is a subspace of H(div;2). For k = 0, the degrees of freedom for ¢ - v are

taken at the mid-edges. For k > 0, see [7] for details on how this is done. We can
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now define the Raviart-Thomas finite element space over the entire domain 2. For

k> 0:

RT* = {q, € (H(div;))?| qnilx € RT*(K), i = 1,2, VK € Tj}. (3.2.4)

The space H(div;{2) can also be approximated with the Brezzi-Douglas-Marini
elements of order k + 1 [6]. The space BDM**! defined by:

BDM*™ = {q), € (H(div; Q)| gl € (P(K))? i =1,2, VK € T,}.  (3.2.5)

The degrees of freedom for BDM**! finite element functions are chosen such that the
functions are in H(div;)). For triangular elements we have that RT° ¢ BDM! C
RT' ¢ BDM? and so on.

The space RT* has an interpolation operator, 7,, with the following property:

Proposition 3.2.3. Let v € PX. There exists an interpolator 7, : (H(div;Q))* —

RT* that satisfies the following properties:
@) [ 0¥ (@ = mla)) = (3.2.6)
Q
(@) [lm (@)l < Cillallq, (3.2.7)

for a constant C independent of h.
The interpolator also satisfies the following error estimate for q € (H*1(Q))? :

2
Im(@) = dlle < Ch* M (lalksro + D |div(g)|ki1,0) (3.2.8)

i=1

Proof:  See Sec 3.4.2 and 7.2.2 in [20]. |

These finite element spaces and their associated properties will be essential in
proving that the method converges. The properties of the interpolators will be nec-

essary for investigating the convergence order of the method.
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3.3 Stability and Convergence of the Finite Ele-
ment Method

To analyze the stability and convergence of mixed finite element methods, suitable
finite element space combinations must be chosen such that the coercivity and the
inf-sup conditions are satisfied. For this, we choose the RT*/P% or the BDM"/Pk
combinations for discretizing J and &, respectively. This choice of spaces has the
property that div(RT*) = div(BDM**1)= Pk This means that the operator By, is
just the restriction of B to the subspace RT* or BDM**!. So the coercivity condition
on a(-,-) over Ker(By) is implied by the coercivity condition over Ker(B). For the
rest of the convergence analysis, only the Raviart-Thomas space will be considered,

although the BDM**! analysis is very similar.

Lemma 3.3.1. Assume there exists a p > 0 such that Vv € L*(Q), 3¢ € Q, q¢ # 0,
that satisfies the continuous inf-sup condition, equation (2.2.4). Now assume there

exists an operator T, : Q — RT* such that:

(1)/thv-(qi—7h(qi)) —0 =12, (3.3.1)

(2) Im(@)lle < Culldlle, (3.3.2)

then the inf-sup condition for the discrete problem (3.1.4) is satisfied for a constant
independent of h.

Proof:  See [7, Prop. 2.8, p. 58] or [20, Lemma 7.2.1, p. 235]. |

We can now prove the following proposition:

Proposition 3.3.2. If ¢; € H(div;Q)?, then the inf-sup condition for the discrete
problem (3.1.4) is satisfied for Q, = RT* and V,, = Pk.
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Proof: By Theorem 2.2.1 there exists a p such that Vo € V,3g € Q,q # 0 that
satisfies the continuous inf-sup condition, equation (2.2.4). Since ¢; € H(div;Q)?,
by Proposition 3.2.3 there exists an operator 7, : H(div;Q)* — RT* that satisfies
(3.2.5) and (3.2.6). Now we can apply Lemma 3.3.1 and conclude that the inf-sup

condition for the discrete problem (3.1.5) is satisfied for a constant independent of h. 1l

We will conclude this section with the following theorem:

Theorem 3.3.3. Assume the binary diffusion coefficients satisfy 3D23 > D1y and
3D3 > Dis. The mized finite element method for the linearized Stefan-Mazwell
problem defined by (3.1.1)-(3.1.2) has a solution (Jy,,&,) € RT® x PY., where Jy, and
&, are unique. Provided the solution (£,J) € (H*1(Q))? x (H*1(Q)2)?, then the

following error estimates are satisfied:

1€ = &llv < CR M (|Elirr0 + [ ks + [div(T)]es1,0), (3.3.3)
1T — Jully < CR* (| T |ksr.0 + |div()|ki1a), (3.3.4)

where | - |10 denotes the H*! semi-norm over .

Proof: By proposition 3.3.2 the discrete inf-sup condition is satisfied, and the
coercivity of the bilinear form a(-,-) over RT* is established by the coercivity over
(H(div; 2))2. Therefore by Theorem 3.1.1 we have the existence of a solution (J;, &) €
RT* x Pk
Since Ker(By,) C Ker(B) we have the following error estimates from (3.1.6) and
(3.1.7):
1€ = &nllv < vhiélfgc 1€ = vl +eo inf [IJ—anlle,

J—Jllv <cs inf || = anllo
1/ = Jullv < es inf 17— allo

1Ll

where ¢; = (1+ =7

)7 C2



3. Numerical Analysis 32

We use the interpolation operator’s error estimate, (3.2.3), to get an error esti-

mate for £ in terms of semi-norms.

inf 1€ — vally < IIE — gl

UhEPdC

< Chk+1|§|k+1vg Vf c (Hk+1(Q))27

with a constant ¢ independant from A and &.
We proceed in the same way using the interpolator (3.2.7) to get an error estimate

for J in terms of the H*t! seminorm.

inf ||J— <I||J—=mJ
thel}%TkH wlle < 117 —mJllo

< CR M| v + |div(JI)|r10),

where this holds for all V.J € (H*™1(£2))?)2. We can now substitute the estimates for
the infimums of the norms into the error estimates above to get equations (3.3.3) and

(3.3.4).

3.4 Standard Finite Element Methods

For the sake of completeness standard finite element methods are presented here. For

this, we make use of the following definition:
o
B B
where the terms in the matrix are defined by equations (2.2.5)-(2.2.8).

A:
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By taking equation (1.1.1) and using equations (1.1.3) and (1.1.4), the three

species system is reduced to the following two species system:
2
—VE =) Aylj,
j=1

fori=1,2.
The fluxes can be expressed in terms of the mole fractions and their gradients

by inverting the equation above to give:
2
Ji=—Y AV, (3.4.1)
j=1

fori=1,2.
By taking the divergence on both sides and applying equation (1.1.2), we obtain
the following for ¢ = 1, 2:

2
~V- () AVE) =
j=1

The variational formulation is obtained by multiplying the above by a test func-
tion ¢; and integrating by parts to remove the divergence term. For a Dirichlet
problem this yields the following variational formulation: Find € € (H*(£2))? where
& = fi on I' such that:

2
-1 . . — A
/ﬂ<j21 A VE) -V da /mez d, (3.4.2)

for all ¢; € H}(Q) and i = 1,2. Just like in the case of the mixed finite element
method, this problem is solved multiple times where the nonlinearity is resolved using
the fixed point &, ; := 0&,; + (1 — )&, ;. The finite element space approximation will
use the continuous P* spaces for k& > 1. These finite element methods will be referred
to as “Standard P*”.

For these “Standard P*” methods the flux will be recovered by solving (3.4.2)

for £ and using equation (3.4.1) to strongly recover the flux J. The flux component
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J; will be approximated by the space P?* x P?! for i = 1,2 as this yielded the lowest

L? error in the numerical tests described in the next chapter.



Chapter 4

Numerical Results

In this chapter the mixed finite element method is used to compute approximate
solutions to the Stefan-Maxwell equations. We first discuss the implementation of the
mixed finite element method using FreeFem-++-[13]. Three test cases are considered.
The first test case has a known analytic solution which is compared to the mixed finite
element solution and used to verify the error estimates from the previous section.
The second test case was initially proposed by Mazumder in [17], and its solution is
computed using the numerical scheme. The third case, proposed by Bottcher in [4],

is a variation of the Mazumder test case.

4.1 Implementation of the Mixed Finite Element
Method

The mixed finite element methods were implemented using the open source software
FreeFem++[13]. Computations were done using the 64-bit version of Ubuntu 12.10
on a computer with 9GBs of RAM and an Intel Core i7 processor.

The software was used to construct the meshes, to build the finite element func-

tions, and for plotting the solutions.

35
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A fixed point iteration was used to resolve the nonlinearity of the Stefan-Maxwell
equations. The &, were initially taken to be zero everywhere in the domain, then the
linearized Stefan Maxwell problem was solved numerically using the direct solver,
UMFPACK. The solution &, was compared to the initial guess &, through a com-
putation of ||&, — &,||y. If the norm was greater than 107'°, the functions Eh,z’ were

updated using the following equation:

Eh,z‘ =0&p; + (1 — U)Eh,m (4.1.1)

where o € [0,1]. A o value less than one represents an under-relaxation of the fixed
point and may be necessary to achieve convergence. The procedure is then repeated
using the new values for the &; functions until the norm ||, — &, ||y is less than 1071°.
The fixed point iterations were then stopped and the solution (J, §) was plotted using
FreeFEM++’s built in plot function.

4.2 Analytic Test Case

A test case was constructed on a domain €2 with boundary conditions and reac-
tion rates such that the solution to the Stefan-Maxwell problem was known exactly.
The L?-error between the exact solution and the numerical approximation was then
computed for varying mesh sizes. This was then used to determine the order of
convergence of the mixed finite element methods.

We consider the domain © = [0,1] x [0,1] and proceed with the method of
manufactured solution where an analytical solution is provided and the data (right-
hand side and boundary condition) are adjusted so the Stefan-Maxwell problem is

satisfied. Define two functions f; and f> as follows:
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x € [0,1], y=1
fi=q r=1, y € [0,1]
0 Otherwise

( cosh( % )cos(75")

z € [0,1], y=1

T2
) =R zel0,1], y=0
f2 - cosh(7) .
— x=0, ye€|0,1]
0 Otherwise

\

For this benchmark, Dirichlet boundary conditions are used on all I'; i.e. I'p =T
The reaction rates are defined by two functions r; and ry in the domain €2 as follows:

. (a21 1 o 5420412) (sm(ﬂx/2)+sinh(7ry/2)> (12,1

7 a D192 Dysx? 42

o — % _ 0612541 Blom sm(mc/Q) + Slnh(ﬂ'y/2) (4 9 2)
’ X Dasx?  Disx? A ’ -

where the x in the above equations is defined as follows:

L ans anb (4.2.3)
Dy3Dy3  Dag Dy3 o

X:

The exact solution of the Stefan-Maxwell equations for this data is given by:

£ = 3in(7rx/2)7;92inh(7ry/2)’ (4.2.4)
£ = cos(wx/Q);gsh(ﬂy/Q)’ (12.5)
Jy = _—52vgl + @V@, (4.2.6)

X~ X
Jy = Piye, — Yy, (4.2.7)

X X

The problem was then solved using the mixed finite element problem described

in the previous section with a uniform triangular mesh, seen in Figure 4.1. The binary
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diffusion coefficients were taken to be as follows: Dy = 15, D13 = 10, and Dy3 = 5.
The concentration was taken to be uniform everywhere, ¢,y = 1. The L2-errors for
the mole fractions (E;) and for the fluxes (E;) were computed with varying mesh
sizes using the three different mixed finite element methods. Using o = 1 the fixed
point method usually converges in about 6 iterations for this test case. The errors

were defined as follows:

B = ( 1= @+l - <52>h|2dx) " (128)

E; = (/Q |Jy = (J)nl? + | T2 — (JZ)thx) 1/2. (4.2.9)

The mixed finite element space combinations are RT°/PY | RT'/P', RT'/P}
and BDM'/P) where the first element refers to the flux space (Q;) and the second
refers to the molar fraction space (V4). Note that the space RT'/P' does not fall
under the hypothesis of Theorem 3.3.3, hence it is not clear what the expected con-
vergence rate should be in this case. The problem was also solved using standard
finite element methods with the finite element spaces P' and P?.

Figure 4.2 shows plots of -In(E) as a function of -In(h) for all methods. A linear
best fit was found using the least squares method, so that the slope of the lines could
be used to determine the order of convergence for each method. The L? errors and
order of convergence for all these methods are summarized in Figure 4.2 and Table
4.1.

A comparison of the exact functions with some of the mixed finite element ap-
proximations can be seen in Figures 4.3 and 4.4. In all cases, the finite element so-
lutions for the concentrations look very similar to the exact solutions. The RT°/PY,
solution shows small wiggles in the mole fraction isolines due to the piecewise constant
approximation of this variable. On Figures 4.5 and 4.6 , the fluxes computed by the

RT'/Pj. mixed finite element method look similar to the exact fluxes. We only show
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Figure 4.1: Uniform triangular mesh, 40x40 grid, 3200 elements

Table 4.1: The slopes of the least squares best fit to the -In(E) vs. -ln(h)
data for each of the finite element methods

Finite Element Method Slope for £ Slope for J

Standard P2 3.0001 2.0059
Standard P! 1.9999 0.9999
RT'/P., 1.9997 1.9997
RT°/PY. 0.9988 0.9988
RT'/P! 2.0073 1.0038

BDM*'/PY. 1.0000 1.0038
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Figure 4.2: Plots comparing the errors of the different finite element methods
with respect the number of elements in the mesh. A comparison of the mole
fraction errors is given in (a) and a comparison of the molar flux errors is
given in (b)
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the flux calculated using the RT'/ P}, method since the other methods yield identical
results.

For RT°/P), and BDM"'/PY. it can be seen that both the mole fractions and
the fluxes have a first order convergence rate. Similarly RT"/P;, has a second order
convergence rate in both variables. The standard P* methods have the same k + 1
order convergence in the concentration variable that the RT*/P¥ method has. How-
ever, when we attempt to recover the flux from the standard finite element solution

we lose an order of accuracy.
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Isovalue Isovalue

Species 1 Species 1
IsoValue IsoValue

(c) RT'/P! (d) RT"/P},

Figure 4.3: Comparison of the exact and numerical solutions for ;. Results
are shown on the mesh with 3200 elements.
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(a) Exact solution

Species 2

(c) RT'/P! (d) RT"/P,

Figure 4.4: Comparison of the exact and numerical solutions for &. Results
are shown on the mesh with 3200 elements.
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4.3 Mazumder Test Case

In this test case we have a 10cm by 10cm box with three openings. One opening on
the bottom, one on the top, and one to the left as seen in Figure 4.7. For this we take
no flux boundary conditions away from the openings (I'y), and a Dirichlet condition
at the openings (I'p), assuming only one gas is flowing into the box at each opening.
There are two variants of this test case. The first is the one originally proposed in
[17] where all the binary diffusion coefficients are equal and the second proposed in
[4] where all three binary diffusion coefficients are different. For this test case we take

our gases to be Ny, HyO and Hs.

k—ﬂfcm—b{ Hzol )474 cm4h‘

10 cm

|

Figure 4.7: Diagram showing the geometry for test cases 2 and 3.

For these test cases, mixed finite element methods were applied to the mass
formulation of the Stefan-Maxwell equations as in [4]. This way the mass fractions,
Y;, and mass fluxes, j;, could be computed directly. The mass formulation is found

using the following equalities:

MY; i
51‘ = ‘ and Jz = ]—Z, (431)

my; m;

where m; is the mass of species ¢ and M is the mass of the mixture. The concentration
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term ¢,y was also replaced with p/M, where p is the density of the mixture. The

mass formulation of the Stefan-Maxwell equations is:

MY;  M? = Yjii — Yij;

Y, : (4.3.2)
my; 1% = mimjDij
vl (4.3.3)
m;

> vi=1, (4.3.4)

> =0 (4.3.5)

i=1
We can proceed to put the mass formulation into a mixed variational formulation

as we did with the mole formulation. When this is done we arrive at the following

bilinear form a(-, -) for ternary diffusion:

a(j, q) :/9%2 ((; —Ea) j1 +?1aj2> Cqy da (4.3.6)

p mymsDi3
M? (. 1 5\ -
+/ — (Yzﬁjl + (— - Ylﬁ) ]2) “q2 dz, (4.3.7)
Q P mamgzDa3
_ 1 1 _ 1 1
where a = mmaDs — mimsDi and = momaDas — mimaDia For the total mass and

density we have the following:

p=Yimi+ Yomg + Ysmsg, (4.3.8)

1
M:—%JF%JF% (4.3.9)

The other parts of the mixed formulation are found just by substituting in 4.3.1.
With this formulation we can now proceed with the next two test cases.

For the Mazumber test case all the binary diffusion coefficients are taken to be
equal to 10 ¢cm?/s. The value of the coefficient will not change the solution for the
mass fractions [4], it will however change the flux. A non-uniform mesh was created

using FreeFEM-++'s “buildmesh” function. The mesh can be seen in Figure 4.8.
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Figure 4.8: Mesh containing 2,148 triangles, used to compute solution to
Mazumder test cases. Generated using FreeFEM++ buildmesh function

The computation was performed using the given mesh and the mixed finite el-

linear solver and ¢ = 0.03. The heavy under relaxation was necessary to achieve
Computations were performed using the RT0/P0 method and were visually similar
the RT0/PO solution. This is due to the numerical solutions being constant on each
element. The plots for the RT1/P1dc method can be seen below in Figure 4.9 and
4.10. Visual they are identical to the mass fraction plots found in [4] calculated on

convergence of the fixed point. The calculation required a CPU time of 22 minutes.
to the RT1/P1ldc method. The main difference was that the isolines were jagged in

ement method RT'/P;.. The simulation took 631 nonlinear iterations with a direct

an 80x80 grid using quadratic polynomial elements (P?).
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Isovalue Isovalue

(a) Mass fraction of N (b) Mass fraction of HoO

IsoValue

(¢c) Mass fraction of Hy

Figure 4.9: Plots of the mass fractions for the Mazumder steady state test
where all binary diffusion coefficients are taken to be 1
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(a) Molar flux of Ny

(¢) Molar flux of Hs

Figure 4.10: Plots of the mass fluxes for the Mazumder steady state test
where all binary diffusion coefficients are taken to be equal
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The third test case was presented in [4]. It uses the same domain and boundary
conditions as the previous test case, the difference comes from the fact that the binary
diffusion coefficients are no longer taken to be equal. The coefficients were taken to be
Dn,—m,0 =1, Dny—pg, = 10, and Dpy,_pg,0 = 100. The fixed point converged in 631
iterations (o = 0.03) and required a CPU time of 22 minutes. Since the constants «
and [ are not zero in either test case 2 or 3 the fixed point iteration converges in the
same number of iterations. The mass fraction plots from [4] were computed using P?
elements on a mesh with 6400 grid points and are visually identical to ones in Figure
4.11. Despite the large difference in binary diffusion coefficients the mass fraction
plots are quite similar when compared to the equal diffusion case. Plots for the mass
fluxes are shown in Figure 4.12. Here we can see that there is a lower nitrogen mass
flow between the nitrogen inlet and the water inlet and a larger mass flow between
the nitrogen inlet and the hydrogen inlet than for the case of equal binary diffusion

coefficients. Similar remarks can be made for the other two species.
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Isovalue Isovalue

(a) Mass fraction of N (b) Mass fraction of HoO

IsoValue

(¢c) Mass fraction of Hy

Figure 4.11: Plots of the mass fractions for the steady state test where the
binary diffusion coefficients are taken as Dy,_mg,0 = 1, Dn,—p, = 10, and
Dy, p,0 =100
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Figure 4.12: Plots of the molar fluxes for the steady state test where the
binary diffusion coefficients are taken as Dy,_mg,0 = 1, Dn,—p, = 10, and
Dy, p,0 =100



Chapter 5

Conclusion

The contributions of the thesis are now summarized and future work is considered.

5.1 Contribution of this Thesis

In this thesis the Stefan-Maxwell equations for the diffusion of n species were con-
sidered in the context of abstract saddle point problems. Such a setting was never
investigated for these equations. A main benefit is the ability to solve for both the
fluxes and the molar fractions without rewriting the Stefan-Maxwell equations. The
difficulty in the application of the mixed finite element theory to the Stefan-Maxwell
equations is the presence of several primal and dual variables, all linked together
through a degenerate system of partial differential equations. To remove this degen-
eracy, we had to express one variable from the others and find a strategy to have a
generic substitution technique that applies to n-ary diffusion. While we could pro-
pose a variational formulation for n-ary diffusion, the analysis of the well-posedness
of the problem stands only in the ternary case, and only after a linearization of the
system. In the case of quaternary diffusion and above, using the Gershgorin circle

theorem to obtain lower bounds on the eigenvalues of the quadratic form becomes

23
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very cumbersome and alternate technique would be recommended.

In chapter 2, a mixed variational formulation was derived for a linearized version
of the n-ary Stefan-Maxwell equations. Then the case of ternary diffusion was ana-
lyzed and shown to be well-posed when the binary diffusion coefficients were within
a certain range of each other. In much of the literature the well-posedness of the
Stefan-Maxwell equations is not considered. While the considerations of chapter 2
were for a linearized version of the Stefan-Maxwell equations, investigation of the
fixed point could extend the work of chapter 2 to conditions for the well-posedness of
the fully nonlinear Stefan-Maxwell equations.

In chapter 3, the linearized mixed variational formulation was discretized using
a mixed finite element approach. Applying standard theory for mixed finite element
methods showed that whenever the linearized Stefan-Maxwell equations were well-
posed, then properly chosen mixed finite element methods converge. An investigation
into the fixed point could also extend the theoretical results of the numerical method
to the nonlinear case.

The method was tested explicitly in chapter 4 on a manufactured problem. Here
the error estimates from chapter 3 were explicitly confirmed through numerical tests.
It was also shown that an order of convergence is lost when calculating the flux using
standard methods. Two other numerical test cases were considered and compared
to other solutions attempted in the literature. A main contribution of this chapter
is that it shows that the mixed finite element method can be used to get species
concentration solutions similar to the literature, while also getting infomation about
species flux. Furthermore, the mesh size needed for solution convergence was smaller

than in previous work.
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5.2 Future Work

Some areas for future work:

1. Expand on the conditions for when the method is well-posed. One of the
tests performed in this paper went way outside the conditions for proven well-
posedness. Additionally, the condition of coerciveness of the bilinear form af(-, -)
is stronger than necessary, a weaker pair of inf-sup conditions are all that is nec-

essary for well-posedness of the saddle point problem.

2. Investigate the fixed point method used to determine conditions for when it

converges and when it does not.

3. Apply the mixed finite element to more applied engineering problems e.g. in

fuel cells or biology, perhaps involving time dependent phenomena.
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