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Abstract

The transmission of information over a communication channel vastly depends on the level
of knowledge that a transmitter and a receiver have about the channel and the interference.
The transmission of information subject to insufficient knowledge of communication envi-
ronment is called communication subject to uncertainties. The goal of this thesis is twofold:
1) To introduce new models for uncertain communication channels; 2) To define, compute,
and analyze the performance of communication systems subject to introduced uncertainties
from an information theoretic point of view. Various communication scenarios of compound
single-input single-output and multiple-input multiple-output Gaussian channels are consid-
ered. There are three main contributions of the thesis: 1) The modeling of the channel and
the noise uncertainties using H> and L; normed liner spaces in frequency domain; 2) In the
case of single-input single-output channels, the channel uncertainty is modeled as a subset
of H* space, while the noise uncertainty is modeled either by a subset of H* space or by
a subset of L; space. Explicit formulas for the channel capacities, called robust capacities,
and the optimal transmitted powers in the form of new water-filling formulas, are derived
that explicitly depend on the sizes of the uncertainty sets. Moreover, when the noise un-
certainty is modeled by a subset of L, space, the capacity formula has a game theoretical
interpretation, where the transmitter tries to maximize the mutual information, while the
noise tries to minimize it. It is shown that a saddle point exists and that the optimal PSD of
the transmitter is proportional to the optimal PSD of the noise; 3) In the case of multiple-
input multiple-output channels, two problems are considered. When the channel uncertainty
is described by a subset of H* space, it is found that the transmission over the strongest
singular value of the nominal channel frequency response matrix, representing the partial
channel knowledge, is optimal for a large uncertainty set. When the noise uncertainty is
described by a subset of L, space, the optimal power spectral density matrix of the noise is

proportional to the optimal power spectral density matrix of the transmitted signal.

il
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Chapter 1

Introduction

One of the most fundamental problems in communications is the computation of a maximal
information transmission rate over a communication channel, which is known as Shannon’s
capacity, introduced in “A mathematical theory of communication” [64]. Channel capacity
gives the ultimate upper bound on a transmission rate for a particular communication chan-
nel, for a specific decoding error (for instance, average or maximum). The channel capacity
is an ultimate bound because if a transmission rate is above the channel capacity, then the
reliable transmission of information is not possible, i.e., the probability of a decoding error

is bounded away from zero.

This fundamental result is explained in more detail, below. Assume that a source gener-
ates messages belonging to a set Q = {wy, ...,wa} that should be reliably transmitted over a
communication channel, which is defined as a probabilistic mapping h : X' — ), where X
is the channel input alphabet, ) is the channel output alphabet, and [ is the length of the
channel input sequence. In order to communicate messages reliably over a communication
channel subject to disturbances, one introduces a mapping f : @ — Z at the transmit-
ter, called encoding, from the set of messages (2, to the set of codewords = = {x;,...,xp},
M = 2B, A codeword x = (%, ...,zF), k = 1,..., M, which is transmitted through a com-
munication channel, is a sequence of letters z¥, i = 1,...,1, of length [ from the channel input
alphabet &. Thus, = C X’. R represents a code rate, i.e., the ratio of the number of bits
needed for representation of all messages from 2, log, M, and the codeword length I.

The channel h maps a codeword x; € = to the output word y; € ¥, T C Y. A word
vi = (y¥, ..., uF) is a sequence of letters y¥, ¢ = 1,...,1, of length ! from the channel output

alphabet ). The received noisy codeword yy is mapped into the original set €2 by a decoding
function g : T — Q.
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Assume that a codeword xx = f(wg) is transmitted and that y; = h(xy) is a received
word. An error in transmission occurs when g(yx) = g(h(xx)) = g(h(f(wk))) # wi. The
probability of transmission (decoding) error when the encoding-decoding pair (f, g) is used,
is denote as P!. A positive constant R, is called an attainable rate if there exists a sequence
of codes (I,2'f) such that the decoding error P! — 0, as the codeword length ! tends to

infinity. The channel capacity C is equal to the supremum of all attainable rates.

@ X y &
source —| encoder || channel | —_, decoder [ “"0 cor

f h g

Figure 1.0.1: Model of communication system

Shannon brought forth the mathematical framework for the computation of the channel
capacity C if there exists a suitable stochastic communication channel model. He showed
that the capacity of a discrete memoryless channel is related to the so-called mutual infor-
mation I(p, Q). The mutual information is defined as the relative entropy between the joint
probability p(zx,yx) = p(zr)Q(yx|zx) and the product of marginal probabilities p(zx)p(y)
[64, 22|, where z and y, are the letters from the input and output channel alphabets, re-
spectively. The channel capacity C is equal to the maximum of the mutual information
I(p, Q) over all possible probability mass functions of an input letter p(zx), where Q(yx|z«)
is a known conditional probability mass function of an output letter y; given an input letter
zx, [64]. Shannon’s channel coding theorem states that if the code rate R is less than the
capacity C defined by a maximal mutual information, then reliable transmission is possible
with arbitrary small probability of error. And vice versa, the converse to the Shannon’s
coding theorem states that if R > C, then the probability of the decoding error is bounded
away from zero.

In Shannon’s definition of the channel capacity, it is assumed that the conditional distri-
bution Q(yx|xx) is completely known. The legitimate questions that can be asked are: How
does the channel capacity change if the conditional distribution Q(yx|zx) is not completely
known? How can the channel capacity be computed if the conditional distribution is not
completely known? What are the optimal communication strategies when the channel is
uncertain? These questions do not have purely theoretical meaning. The practicality of

the previous questions can be understood by realizing that any channel estimation intro-
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duces errors. This implies that the channel will never be perfectly known to the transmitter
and/or receiver. This thesis tries to give the answers to the above questions for a specific
class of communication channels when there is partial knowledge of the former. Communi-
cation when there is partial knowledge of a channel is often called communication subject
to uncertainty.

Shannon himself realized the importance of computing the channel capacities when the
channels are uncertain. For this specific reason, he introduced the notion of “channel state
information” (CSI) [65]. For instance, the knowledge of attenuations, delays, and Doppler
spreads at the transmitter and/or receiver represent the CSI in the case of wireless channels.
Shannon computed the channel capacity of discrete memoryless communication channels
when the CSI is available to the transmitter. The first paper dealing with the capacity for
the class of channels is the work by Blackwell, Breiman, Thomasian [12] and Dobrushin [29],
in which they computed the channel capacity of a class of channels. A comprehensive review
of the topic can be found in [48].

The rest of the chapter is organized as follows. In Section 1.1, the review of related
literature is given. In Section 1.2, the thesis goals are introduced and motivated. In Section
1.3, the survey of the technologies where the thesis results may be applied is given. In Section
1.4, the statements of the problems are presented. In Section 1.5, the main contributions of

the thesis are outlined.

1.1 Survey of Related Research

This section summarizes the models and results on the capacity of uncertain channels which

are relevant to this thesis.

1.1.1 Channel Modeling

In practical applications, one of the important issues in channel capacity computation, is the
choice of an appropriate channel model. When the channel is uncertain, this is not a trivial
problem. One of the main thesis contributions is the introduction of new communication
channel models in the frequency domain, when the channel is subject to uncertainty. In this
section, some current models are presented.

In the information theory literature, a basic model, which is often used to describe a

parametric uncertainty in the channel is the one depicted in Fig. 1.1.2 [48]. A variable 6,
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—_— Q(ylx,&) —

Figure 1.1.2: Probabilistic representation of a communication channel

which belongs to a certain set ©, parameterizes a conditional distribution Q(y|z,6). Hence,
instead of dealing with a fixed known channel, one considers the capacity for the class of
channels {Q(y|z,0) : 6 € ©}. Generally speaking, there are two classes of uncertainty mod-
els; the class of compound channels, and the class of arbitrarily varying channels. Compound
and arbitrarily varying channels (AVC) are further classified into discrete memoryless and
finite-state channels [48].

Next, the compound and arbitrarily varying discrete memoryless channels are presented,
following [48].

Discrete memoryless channels

A family of discrete memoryless channels

{Qlylx,0), xe X", y e Y, 6 € B}, (1.1.1)

where

n

Qlylx,8) = H (yel2t, 6) (1.1.2)

and {Q(v:|z,0), x: € X, y, € )V, 0 € O} is a suitable subset of the set of all stochastic
matrices X x © — ), is called a discrete memoryless compound channel. Thus, compound
channels assume that the true channel Q. (¥|X,6) is unknown, though, it is assumed that
Qirue(yY|X, 8) belongs to the family of channels (1.1.1) and remains unchanged during the
course of a transmission.

AVC’s are generalization of (1.1.1) to include time variation in §. The difference comes
from a need to model situations in which the channel changes during subsequent transmitted

letters z;. Assume that ¥ is a finite set of channel states and © = X°°. Then an AVC is
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determined by

Qylx,s) = lf[lQ(ytlxt,st), (1.1.3)

where s = (81, ..., 8,), and {Q(ys|zs, 8:), x € X, y: € Y, s; € £} is a suitable subset of the
set of all stochastic matrices X x £ — ). Hence, at each moment ¢, the transition matrix

Q(y:|zs, s¢) is unknown, and it is determined by the channel state s; € ¥.

Gaussian channels

Continuous alphabet uncertain channels received much less attention in the literature than
their discrete counterparts [48]. Most of the results are related to Gaussian uncertain chan-
nels, which are briefly described below.

A Gaussian arbitrarily varying channel (GAVC) is defined by
y=x-+s+n, (1.1.4)

where X, s, n, y are random variables in R*. n is an additive noise consisting of k independent
and identically distributed (i.i.d.) zero mean Gaussian random variables. Here, s is a
jamming sequence, whose distribution is unknown and satisfies a power constraint, x is
a transmitted signal, and y is a received signal. The special case of (1.1.4), when s consists
of k i.i.d random variables, gives rise to a compound Gaussian channel.

Another type of Gaussian compound channel is found in [63], where the channel is rep-

resented by

y=Ax+n. (1.1.5)

The uncertainty is introduced by assuming that a linear transformation A is unknown, al-
though it is known to belong to some pre-specified class of linear transformations. x and y

are in general continuous signals, and n is an additive Gaussian noise.

MIMO channels

Of special interest are MIMO channel models, due to the applications of multiple-antenna
systems for wireless communication. Initially, multiple-antenna systems promised consider-
able gain for fading channels as compared to single-antenna systems [69], [34]. However, at

a later stage, it has been shown that this gain depends on the level of knowledge that the
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transmitter and receiver have about the channel [38]. The received signal of a flat fading

channel is given by

y=Hx+n, (1.1.6)

where x is a transmitted vector in C™, n and y are random variables in CP, and H is
a channel matrix in CP*™. The additive noise n and channel matrix H are ergodic and
stationary, and their entriés are i.i.d., zero mean, circularly symmetric complex Gaussian
random variables. This model is also called zero-mean spatially white (ZMSW), and it
corresponds to the long-term average distribution of the channel coefficients, averaged over
a number of propagation environments.

If the fading paths between different antenna pairs are correlated, then the proposed

model is called a channel covariance information (CCI) model, and is given by
H, = (A")/2H(AYH)Y2, (1.1.7)

Here, H is a zero mean circularly symmetric complex Gaussian, and A* and A~ are called
the transmit and receive fade covariance matrices, respectively.
If the channel matrix H is not perfectly known to the transmitter and/or receiver, the

uncertainty is modeled as additive
H=H+E. (1.1.8)

Here, H represents the estimation of H, while E is an estimation error. When H is constant,
and E = /o H" (o is constant, H" is zero mean circularly symmetric complex Gaussian),

this model is called channel mean information (CMI) model.

1.1.2 Literature Review

In the past, based on the previously discussed models, channel capacity problems were
defined and for most of them the solutions, in terms of channel coding theorems, were
found [48]. Also, universal encoding and decoding strategies were proposed that enable
reliable transmission of information over uncertain channels close to channel capacities. One
deficiency of universal strategies is their unacceptable complexity, due to the difficulty in
implementing it in real systems, such as wireless communication systems. Hence, this is an

area of active research.
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This section provides a review of the channel capacity results for Gaussian uncertain
channels. The review outlines some important results in the area, and motivates the work

undertaken in the thesis.

A. Previous work on Gaussian uncertain channels

Historically, it appears that Blachman was the first to investigate the channel capacity
subject to uncertainty using a two player game theoretical framework [9]. One participant in
the game is a transmitter-receiver pair, while the other is a jammer. The role of the former
is to choose a communication strategy that maximizes the channel capacity. The role of the
jammer is to minimize it by choosing between different noise signals. Blachman considered
the case when the transmitter and jammer can decide between finite number of strategies.
Based on a game theoretic approach, he defined “pure” and “mixed” strategies. In pure
strategies, the players pick up their strategies deterministically, as opposed to mixed, where
the players pick up their strategies according to some probability law. Using the von Neu-
mann theorem, he established the existence of a saddle point for the mixed strategy problem,
when the pay-off function is the average capacity with respect to the probability laws of the
transmitter and jammer. Moreover, the capacity of the uncertain Gaussian band-limited
channel is given, when the transmitter and jammer have limited power. Blachman proved
that the worst jamming strategy is a white Gaussian noise, while the optimal transmitted
signal is also a white Gaussian signal. From his game solution, the well-known Shannon’s
formula for Gaussian band-limited channels is obtained.

The capacity of a band-limited channel perturbed by the interference which depends on
a transmitted signal was discussed in [10]. Here, power constraints are imposed on both the
signal and the interference. Lower and upper bounds on the channel capacity are derived by
using a sphere caps packing technique. The channel capacity is computed for the case when
the channel is subject to additive white noise in addition to an interference signal, finite
in power. Then, the interference is expanded such that a part of the interference power is
proportional but anti-parallel to the signal. The rest of the power is orthogonal to the signal,
and it is used to augment the white noise. This is so-called “interference of the second kind”,
relative to the case when the interference is present only (“interference of the first kind”).
The channel capacity is given by Cy = W log[l + (VP — VaJ)?/(N + (1 — a)J)]. Here, P is
the transmitted power, J is the interference power, W is the channel bandwidth, and N is

the white noise power. The coefficient a < 1 is chosen to minimize the signal-to-noise ratio
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(VP = vVaJ)?/(N + (1 — a)J). It was shown also that for randomly selected transmitted
messages on the sphere of radius \/1_3, the worst case interference is the interference of the
first kind or the interference of the second kind, whose component orthogonal to the signal,
is white Gaussian noise, i.e., it is random in direction.

It appears that the most general framework to analyze the capacity of compound Gaussian
channels is the one provided by Baker [2], [3], and Baker and Chao [5], [6]. These results are
also related to the classical work of Kolmogorov [45], Gelfand and Yaglom [36], Pinsker [59],
and Gallager [35].

In [2], the channel is represented by y = Ax + n, where x is a stochastic process repre-
senting a transmitted signal, and n is a zero-mean Gaussian process representing a noise. It
is assumed that almost all sample paths of x belong to a real separable Banach space B, and
that almost all sample paths of n belong to a real separable Hilbert space H. A is assumed
to be a measurable function from B into H. Thus, the classical results are extended to a
non-linear A. Necessary and sufficient conditions are determined for the existence of the
mutual information between the transmitted and received signals, I(x;y), in terms of con-
straints imposed on the probability measure of the transmitted signal p, and the covariance
operator R, of a Gaussian noise probability measure p,. The sufficient condition can be

expressed as
px © A} range(RY?)] = 1, (1.1.9)

where p, 0 A71[C] = p{x : Ax € C}. For this kind of constraint, the supremum of I(x;y)
is achieved when p, o A~! is Gaussian.

This approach is further investigated in [5]. The channel model is given by y = x+s+n,
where s is a jammer signal, and n is a Gaussian background noise. All considered signals
belong to RM. In this case, RM denotes also an inner product space (RM, (-,-)), (u,v) =
Eile u;v;. Denote the overall disturbance by z 2 s+n. Then, the covariance matrix of z can
be expressed as R, = Ry +Rs = RY2(I+Z)RL/?, where Z is a covariance matrix. The energy
constraint on the transmitted signal is given by E|x||2 < Py, where ||x|n = |RY?x||, and
||l.ll is Euclidian norm. According to [2], the maximization over the transmitted signals can
be limited to Gaussian measures p, having a covariance R, = RY/?T R./?, where T is a linear
and trace class operator, with eigenvalues {7; };>1. This is a necessary and sufficient condition
for the existence of the mutual information, and it is related to (1.1.9). The transmitted

signal constraint can be further reduced to E||x||2 = ¥; zi < Py, 2 = ©||(I + Z2)Y2U*w||?,
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where U is a unitary matrix satisfying RY/? = RY2(I + Z)Y2U*, and {u,}n>1 is complete
z n =

orthonormal set. Then, the mutual information can be expressed as
1
I(x;y) = 53 log(1+ (1 +%)7)- (1.1.10)

The coefficients «;, which are related to the jammer’s signal s, are equal to (Zv;,v;), v; =
U*u;. Further, the expression for the mutual information (1.1.10) is used as a pay-off function
to compute the channel capacity in the presence of the jammer s.

Baker and Chao generalized previous result to the infinite dimensional channels in [6].
It was concluded that the effect of jamming is to convert the infinite-dimensional channel
into a finite-dimensional channel having the same constraints in terms of the jammer’s and
transmitter’s power constraints and the covariance of known Gaussian noise.

Instead of modeling uncertainty as additive interference with unknown statistic, the un-
certainty can be imposed on the operator A that affects the transmitted signal as in the
case of (1.1.5) [63]. This equation is general, and it is applicable to discrete-time channels
as well as continuous-time. The operator A may represent a convolution operation. In this
case, the received signal is given by

yt) = [ " h(t — M)a(r)dr + n(t). (L1.11)

—o00
The uncertain channel is defined by a set B of communication channel impulse responses h(t),
which satisfy certain constraints. Denote the corresponding channel frequency response by
H(f), the power spectral density of the transmitted signal by Sx(f) and the power spectral
density of a white Gaussian noise n(t) by N. The proof of coding theorem requires that
h(t) € B be integrable and that B be conditionally compact. Under these conditions, the
channel capacity of this compound channel is given by

i int [ ot 4 SEOIHDP
C=gpi) . Ty

)df. (1.1.12)

Thus, the channel capacity is expressed in the frequency domain. It is interesting to note
that the capacity depends on the magnitude but not on the phase of the transfer function
H(f).
Compound Gaussian channels are also investigated in [29], [51], [28], [71], and [13].
Next, an overview of certain results associated with GAVC’s is given. A typical model

for GAVC is described by (1.1.4). Here, the interference s and transmitted signal x are
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mutually independent. Hughes and Narayan defined several problems for different types
of constraints imposed on the transmitted signal x and unknown interference s [40]. It is
assumed that the channel is scalar and that randomized codes are used. They considered
two types of constraints, peak and average power constraint on both transmitted signal and
interference. Out of four different cases investigated, only one, when both the transmitted
signal and interference are subject to peak power constrain, has the Shannon’s capacity. In
this case, the capacity is equal to the capacity of the Gaussian channel when the power of a
known Gaussian noise is augmented by the power of the interference. Thus, the interference
cannot do more harm than the Gaussian noise of the same power. In other cases, only the
A capacities exist. Hence, the error probability cannot be made close to zero as the length
of the codewords tends to infinity.

In [41], the vector version of the GAVC is considered. The transmitted signal and inter-
ference are subject to peak power constraints. It is found that there exist transmitter and
jammer strategies that achieve a saddle point with respect to the mutual information. The
optimal transmitted power is the one that water-fills the overall power of a background noise
and jammer signal.

In [24], Csiszar and Narayan computed the capacity of GAVC for deterministic codes.
Basar and Wu [7] employed a game theoretic approach to study uncertain channels, but in
their approach the mean-square error was chosen as a pay-off function. For more detailed,
and in-depth consideration of classical results on communication channels with uncertainties
see [23], [48], [8], [75] and references therein.

Previous work on MIMO uncertain channels

In communications, MIMO models can be used to describe different communication prob-
lems. Most recently, MIMO models have been used for representation of multiple-antenna
wireless communication. But earlier, the model was used to describe multi-pair telephone
cable that includes the effect of far-end crosstalk [16]. MIMO model is also used for rep-
resentation of communication between sensors in a sensor network. The literature review
given here is mostly focused on the results related to the multiple-antenna communication
systems.

When computing the capacity for MIMO channels, one usually specifies the type of
channel information available to a transmitter and/or receiver. Two types of information

patterns are used, namely, the availability of CSI, which means that the realization of the



1.1. SURVEY OF RELATED RESEARCH 11

channel matrix H is known to the transmitter and/or receiver, and the availability of channel
distribution information (CDI), which means that only the channel matrix distribution is

known to the transmitter and/or receiver.

When the channel matrix has a full rank and is constant and known to both the trans-
mitter and the receiver, the MIMO channel can be transformed into min(p, m) independent
channels. Here, m and p denote the numbers of transmitter and receiver antennas, respec-
tively. The optimal transmitter’s covariance matrix of the transformed channel is diagonal,

and it is found by applying the water-filling argument [70].

When the CSI is available at the receiver side, and the CDI is available at the transmitter
side, the main conclusions are the following. For ZMSW channels, the optimal transmitter’s
covariance matrix is a scaled identity matrix [70]. For large number of transmit antennas
m, the channel capacity grows linearly with the number of receiver antennas p. It was this
result that sparked the interest in MIMO communication systems. Regarding the outage
probability, it is conjectured that the optimal covariance matrix is diagonal with the power
equally distributed among a subset of the transmitter antennas. The higher the rate, the

higher the outage probability, and the smaller the number of active antennas.

For the CCI model, the optimal transmitter’s covariance matrix has the same eigenvectors
as the transmit fade covariance matrix A* [43]. For CMI model, the optimal transmitter’s
covariance matrix has the same principal eigenvector as the channel mean matrix, and the
eigenvalues of the remaining eigenvectors are equal [44], [68]. For both CCI and CMI models,
the necessary and sufficient conditions for beamforming are determined [44]. The conclusion
is that the additional information regarding the channel, in the form of the channel mean or
covariance, increases the capacity and helps determine the dominant mode (beamforming);

moreover, the capacity is achieved using scalar codes [38].

When changes in the channel are fast enough so that the receiver is not able to track
them, there is no channel state information. In this case, the receiver might be able to track
the short-term distribution of the channel [38]. The main conclusions are as follows. For
a ZMSW model with CDI at the transmitter and receiver, if block fading is assumed, the
capacity is achieved when the transmitter’s signal T X m matrix is equal to the product of
two statistically independent matrices: a T x T isotropically distributed unitary matrix and
a certain T x m random matrix that is diagonal, real, and nonnegative [50]. T is a positive

integer that represents the length of the coherence interval in symbol periods, and m is the
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number of transmit antennas. Here, the channel capacity does not grow if the number of
transmit antennas is increased beyond T. This result is generalized in [79]. While it is
assumed that the channel model is the same as in [50], a geometric approach in computing
the channel capacity is taken. It is found that the channel capacity grows linearly with
m*(1 — 2) for high SNR, where m* a {m,p,|T/2|}. Also, it is shown that the optimal
number of transmit antennas is m*, i.e., the use of larger number of antennas does not give
larger capacity gain. If the block fading assumption is removed, then for high SNR, it is
proved that the channel capacity grows only double logarithmically as a function of SNR
[49].

For CCI models, the results are not so pessimistic [38]. Similarly to the ZMSW case, the
capacity is achieved when the transmitter’s signal T X m matrix is equal to the product of
statistically independent T' x T isotropically distributed unitary matrix and certain 7" x m
random matrix that is diagonal, real, and nonnegative, and the matrix of eigenvectors of the
transmit fade covariance matrix At. Contrary to the ZMSW model, the channel capacity
increases for m > T, as long as the transmitter’s antenna channel fading coefficients are
spatially correlated.

The effect of the channel estimation error on the channel capacity and outage probability
is studied in [77], and the optimal spatial and temporal power adaptation strategies are
provided. It is concluded that the spatial adaptation improves the ergodic capacity and
reduces the outage probability. The temporal adaptation is useful in reducing the outage
probability, while the effect on the ergodic capacity is negligible. Additional references that
consider the capacity subject to uncertainties, when the channel is known to the receiver but
not to the transmitter, are [58] and [53].

The previous discussion applies to the MIMO flat fading wireless channels. The other
type of wireless channels is frequency selective fading channel. It is used to model broadband
wireless channels.

A frequency selective fading channel with L significant scatterer clusters is given by
-1
y(t) = >_ h(j)z(t — j) +n(t), (1.1.13)
=0
where h(t) represents the ™ tap of the discrete-time MIMO fading channel impulse response
[14].
Brandenburg and Wyner [16] computed the MIMO capacity for the case when the chan-

nel frequency response matrix H(e’®) (corresponding to the discrete Fourier transform of
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{h(t)}{2°) and the power spectral density of the noise n(t), Wy(8), are known to the trans-
mitter and receiver. A similar result to this one is obtained by Raleigh and Cioffi [62]. The
capacity result is given in terms of singular values of H(e/?) and water-filling in the frequency
domain over the singular values. Another interesting result is {14], where the channel ca-
pacity of the orthogonal frequency division multiplexing (OFDM)-based spatial multiplexing
system is derived. It is shown that the use of MIMO frequency selective fading channels is
beneficial in terms of the capacity gain relative to the flat fading MIMO channels in contrast
to the SISO fading channel case.

1.2 Thesis Motivation

The focus of this thesis is on Gaussian compound channels, which are described by the

following equation

y=Ax+n. (1.2.14)

Here, x and y represent discrete-time or continuous-time signals, A is a convolution operator,

and n is an additive Gaussian noise. A convolutional operator is defined by

Ax(t) = /oo a(t — 7)x(r)dr (1.2.15)
in continuous-time case, and by
Ax(t) 2 S a(t —n)a(r) (1.2.16)

in discrete-time case. The main goal is to compute the channel capacities and determine
the optimal transmission strategies for two basic models: 1) When there is uncertainty in
the channel frequency response, and 2) When there is uncertainty in additive noise, which
is not correlated with the transmitted signal. Thus, a clear distinction is made between
the two models of uncertainty. To achieve these goals, the thesis introduces a modeling of
uncertainty in the frequency domain.

From the previous literature review, it can be seen that current uncertainty models are
often given in the time domain. On the other hand, modeling in the frequency domain is
natural for both continuous-time and discrete-time stationary Gaussian channels, because

the mutual information and random coding exponents are expressed in terms of channel
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frequency responses and noise power spectral densities as in (1.1.12) (see [35], [63]). The

goal of this thesis is to fill in this gap.

The uncertainty modeling in frequency domain can be applied to frequency selective
channels, in which the channel capacity, for the perfect CSI at the receiver, is given by [57]
PIG(t, f)I?

+00
C= E/_oo log(1 + =) df, (1.2.17)

where G(t, f) is a frequency response at time t,

+00

G(t,f) = [ glrt)e > mar, (1.2.18)
-0

and E denotes the expectation taken over the statistics of the random process G(t, f). Here,

g(7,t) is the impulse response of the wireless channel, N is the power spectral density of

white noise, and P defines the power constraint.

The models introduced in the thesis bring some advantages and flexibility that previously
introduced models do not have. One advantage is practicality, because it is possible to extract
the uncertainty model from channel measurements, based on the Bode and Nyquist plots.
Also, the capacity expressions and optimal transmitters’ strategies (in terms of optimal
power spectral densities) are presented in the frequency domain, which is more suitable
representation from the engineering point of view as opposed to the capacity formulas given
for instance in work by Baker and Chao [5] and [6], (1.1.10). By analyzing the optimal
strategies in the frequency domain, one can obtain the information about the change of
the optimal bandwidth subject to uncertainties in the channel frequency response or in the

power spectral density of the noise.

A(FIW ()

Holf) |0 P

Figure 1.2.3: Additive description of uncertain Gaussian channel
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1.2.1 Modeling in Frequency Domain

To described the uncertainty of a communication channel, H>* methods [80], which model the
uncertainty of a system frequency response by using the H* normed linear space (the space
of analytic and bounded frequency responses in the open right half plane) are employed. If

H(f) is a transfer function matrix, then the H* norm, ||.||«, is equivalent to
|Hlloo = supa[H(f)], H € H*, (1.2.19)
feR

where G[H(f)] is a maximal singular value of H(f). For instance, an additive uncertainty
description of a channel frequency response H (f) in the presence of additive noise n, shown

in Fig. 1.2.3, is given by the following set
{H(f) € H® : H = Hpopp + Dy W1, Hporp € H®, Wy € H®, A} € H®, || Ay]loo < 1)(1.2.20)

H,.om(f) is the so-called nominal channel frequency response. It is the result of the previous
channel measurements or belief regarding the channel. A;(f)W:(f) represents the pertur-
bation that determines the size of the uncertainty set. A;(f) is a variable stable transfer
function that accounts for the uncertainty in the phase, and acts like a scaling factor on the
magnitude of the perturbation. Wi(f) is a fixed stable transfer function, the weight. From
the definition of the additive uncertainty description, it follows that the uncertainty set is
a ball in the frequency domain centered at H, o, (f), with the radius |W;(f)|. Therefore,
the uncertainty set can contain all kinds of transfer functions which are located at distance
[W1(f)] from Hpom(f)-

H* models capture both parametric and non-parametric uncertainties. To understand
a difference between parametric and non-parametric uncertainty descriptions, note the fol-
lowing example. Take a second order transfer function

1

H(s) = s2+as+b’

(1.2.21)

s = j2mf. A parametric uncertainty description of H(s) is obtained by letting the parameters
a and b to take values in certain interval. Hence, a set of second order transfer functions is
generated by varying a and b in their corresponding sets.

On the other hand, a low structured uncertainty description can be obtained by identi-
fying the nominal transfer function H,,m(s) = H(s) and the radius W;(s). In this way, the
uncertainty description is richer than the parametric description, as the uncertainty set can

contain transfer functions that are different from second order transfer functions.
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In addition, by randomizing Hyom(f), the proposed H>® models can be made even more
general (see [57]). Randomized H* models can be used to compute the capacity of time
varying wireless fading channels. The short term uncertainty (within a coherence time [60])
can be modeled by H* methods, while the long term uncertainty can be captured by the
distribution of Hpom(f).

The previously discussed H* uncertainty models are used to describe the uncertainties
with respect to the channel frequency response as well as with respect to the power spectral
density of the noise. The uncertainty in the power spectral density of the noise can also be
represented by a subset of Ly function space, by limiting the total power of the noise. For
some applications, as for instance, in communication subject to jamming, it is a reasonable to
assume that the transmitter and the receiver do not have the information about the nominal
power spectral density of the noise as required by H*> uncertainty models. Rather, they
may have just a rough information about the total transmitted power of the jammer. Thus,
in this thesis, H* and L; uncertainty models will be used to model the uncertainty in the

power spectral density of the noise.

1.3 Survey of Related Technologies

This section describes several examples of communication systems in which channel uncer-

tainty is an intrinsic part of the systems.

1.3.1 Wireless Systems

Because of the mobility of users, the time variations of the environment and the multi-
path character of the wireless signals, the wireless channel continuously changes with time.
In order to provide a required quality of service throughout the transmission, mobile and
base stations estimate the channel parameters and adapt the encoding/decoding schemes
and the transmitted power accordingly. Because the estimation introduces errors, this leads
to the uncertainty about true channel parameters. Also, since the cellular system is a
communication network, the users in addition to the targeted signal, receive interference from
other users which work in the same bandwidth. Therefore, the interference from other users
in a communication network represents another source of uncertainty. This problem is more
prominent in the systems that use unlicensed bands (such as IEEE 802.11 standard), where

many services operate in the same band without any regulations. Thus, it is necessary to



1.4. THESIS OBJECTIVE 17

compute the channel capacity under uncertain conditions and provide optimal transmission
schemes. In Section 3.3, the capacity of a wireless multi-path channel is computed for two
cases: 1) when only the receiver has a partial knowledge of the channel, and 2) when both,

the receiver and transmitter have partial knowledge of the channel.

1.3.2 Jamming Systems

The communication systems in the presence of jamming are the classical representatives of
the communication systems that deal with uncertainties. In this communication scenario,
two or more parties communicate among each other. The adversary party tries to disturb the
communication in the opponent network by sending jamming signals. Because the jamming
signal and its statistics are usually unknown to the parties that communicate, the jamming
signal may be viewed as a source of uncertainty for the users of the communication network.

Section 3.4 provide the formula for the capacity of the channel subject to jamming.

1.4 Thesis Objective

The objective of this thesis is to define and compute the channel capacities and give op-
timal transmission strategies for uncertain stationary Gaussian channels when the channel
uncertainty is described using H* and L; normed linear spaces, in frequency domain. The
problems, when the channel frequency response and/or the power spectral density (PSD)
of the noise are uncertain, are considered for both single-input single-output (SISO) and
multiple-input multiple-output (MIMO) communication channels. Thus, the main focus of
the thesis is on a specific class of compound Gaussian channels. In this thesis, the capacity
of the uncertain channel is referred to as the robust capacity.

In Chapter 3, SISO communication channels subject to uncertainties are considered. The
channel model is given by the following equation

+oo

y(t) = / h(t — 7)z(r)dr + /_:)o w(t — T)n(T)dT. (1.4.22)

—C0

Here, x 2 {z(t);—00 < t < 400} is a wide sense stationary process with finite power
representing a transmitted signal, n £ {n(t); —o00 < t < +oo} is a Gaussian noise, y =
{y(t); —0o < t < 400} is a received signal, and A(t) is the impulse response of the channel.
The filter 1 (t) shapes the PSD of the noise n. It is assumed that A(t), w(t) € Ly. Moreover,
Sx(f) and Sy(f) are the PSD’s of x and n, respectively, and H (f) is a channel frequency
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response that corresponds to h(t). The channel capacities of uncertain Gaussian channels

are defined as the optimization problems by using the mutual information rate

Sx(DIH )P
Sa(HIW (£

as a pay-off function. Here and throughout the thesis, the base of the logarithm is e. The

condition for the existence of J(Sy, Sy) (see chapter 8 of [35]) is given by [*2° S—n(%df <
+00.

+o0
J(Sxa Sn) = / log (1 +

—0C

)df, (1.4.23)

The uncertainty of a channel frequency response H (f) is modeled by using two low
structured uncertainty models in H* space; namely, additive and multiplicative models.

The additive model is given by
By 2 {H(f) € H® : H = Hyomy + M Wi, Hyom, Wi, Ay € H® | Ayl < 1}, (1.4.24)

where |W1(f)| determines the size of the uncertainty set. The multiplicative model will be
presented in Chapter 2. The uncertainty in the overall PSD of a noise, Sq( f)|W( N, is
modeled either through the uncertainty of the filter W( f), as a subset of the H® space

Bo E{W(f) € H® : W = Wonom + DoWa, Weom, Wa, Ag € H, | Aalleo < 1}, (1.4.25)

or through the uncertainty of Sy(f), as the subset of the L; space

B2 {s.(f): [ :° Salf)df < Po). (1.4.26)
Here, the constant P, determines the size of the uncertainty set. A number of different
problems are defined depending on whether the channel, the noise, or both are uncertain.
The channel capacities and the transmitters’ optimal PSD’s are obtained as the solutions of
corresponding maximin optimization problems, when J(Sx, Sy) is a pay-off function. In all
problems, the maximum is taken over the set of all possible PSD’s of a transmitted signal
having bounded power

AL s /+°° S«(f)df < P}. (1.4.27)

—00

If the channel frequency response is uncertain, the minimum is taken with respect to all
channel frequency responses which belong to the uncertainty set B;. If the power spectral

density of the noise is uncertain, the minimum is taken with respect to all power spectral
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densities of the noise which belong to the uncertainty sets defined by B, or B;. The most
general information capacity problems are defined by
sup inf inf J(Sx,Sn), (1.4.28)
SxeAWeB,y HeBy
and
5,}154 s,i.Ielgs }L_Iig‘fg1 J(Sx, Sn)- (1.4.29)

The term “information” capacity is introduced in [22] (see page 184) to denote the the
maximum of the mutual information. In this thesis, information capacity is used to denote
the maximin of the mutual information in order to distinguish between the maximin mutual
information and the channel capacity, here referred to as operational capacity.

The definition of the information capacity as a maximin of the mutual information rate
may seem too conservative. However, the level of conservatism depends on the size of the
uncertainty sets, and smaller uncertainty sets yield less conservative capacity. In the thesis, it
will be shown that these information channel capacities represent the operational capacities.
The maximin definition of the capacity formulas have a game theoretic explanation. One
player is a transmitter that wishes to maximize the mutual information rate over the set
A, while the other player is the noise (jammer), that wishes to minimize it over the set
Bs. However, it should be noted that the channel capacities of compound channels are not
always equal to the maximin of the mutual information. For an example see [48].

In Chapter 4, MIMO communication channels subject to uncertainties are considered.
The channel is defined as follows

+oo
y(t) = > h(t-5)z(j) +n(t), (1.4.30)

j=—o0
where x £ {z(t) : t € Z} is a m-component complex stationary stochastic process represent-
ing a transmitted signal, n = {n(t) : t € Z} is a p-component Gaussian stochastic process
representing an additive noise, y 2 {y(t) : t € Z} is a p-component stationary stochastic
process representing a received signal and h = {h(t) : t € Z} is the sequence of complex

p X m matrices representing the impulse response of the MIMO communication channel.

The information channel capacity problems are defined as maximin optimization prob-

lems, in which the pay-off function is the mutual information rate given by

T(Wi, W) = iﬁ / " log det(I + H(™*)W,(8) H* (°)W=2(6))db, (1.4.31)
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where W (6) is the PSD matrix of x, W,(8) is the PSD matrix of n and H(e?) is the channel

frequency response matrix, which is the discrete Fourier transform of h, 6 € [0, 27].
The solutions of the following two problems are derived:

1) When the noise PSD matrix is completely known, while the channel frequency response

matrix uncertainty is modeled by an additive model
B2 {H € H® : H = Hoom + WiAWa, H, Hoom, W1, Wa, A € H*, | Alloo < 1}, (1.4.32)

2) When the channel frequency response matrix is completely known, while the uncertainty

in the noise PSD matrix is modeled by a subset of L, space,
2
By & {Wa(0) : [ Trace(Wa(6))d8 < Pa}. (1.4.33)

The maximum is taken over the set of transmitter’s PSD matrices subject to the power

constraint

AL (W,(6): 02" Trace(Wy(6))d6 < P.}. (1.4.34)

In the case of uncertain channel frequency response matrix, the minimum is taken over all
channel frequency response matrices, which belong to the set B;. The information capacity
is defined by

v&t‘l& ng]gl J(Wy, Wy). (1.4.35)

In the case of the uncertainty in the noise PSD matrix, the minimum is taken over the set
B,. Thus, the information capacity is defined by

sup inf J(Wy, Wh). (1.4.36)

WxeA Wn€B;

For certain special cases of the problems defined by the sets By and B, it is shown that
the computed MIMO information capacities (1.4.35) and (1.4.36) are equal to the operational
capacities.

Chapter 5 contains the main points of the thesis and suggests directions for future re-

search.
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1.5 Contributions

The main contributions of Chapter 3 are the following:

1.

The channel capacity formulas are derived which show how the capacities decrease

with the size of uncertainty sets;

. The transmitters’ optimal PSD’s are obtained in the form of water-filling equations

which depend on the size of uncertainty sets as well. When the size of an uncertainty
set increases, the transmitter tends to shrink the optimal bandwidth of a transmitted

signal and to regroup the power towards lower frequencies;

The derived capacity formulas are employed to compute the capacity of ergodic chan-

nels;

When the noise uncertainty is modeled by the set Bg, it is found that the optimal PSD

of the noise S2(f), i.e. jammer, is proportional to the optimal PSD of the transmitter,

So(f);

It is shown that all derived capacity formulas are equal to the operational capacities

of corresponding communication problems.

The main contributions of Chapter 4 are the following:

1.

The information channel capacities decrease as the size of uncertainty sets increase;

. When the channel is uncertain, the information capacity formula suggests that the

transmission over the strongest mode of the nominal channel frequency response ma-
trix, representing the partial channel knowledge, is the optimal transmission strategy

for high uncertainties ;

When the noise is uncertain, the optimal PSD matrix of the noise W2(6) is, in a sense,

proportional to the optimal PSD matrix of the transmitter W2(6);

It is proved for certain special cases of problems defined by the sets B; and B, that

computed information capacities are equal to the operational capacities.



22

CHAPTER 1. INTRODUCTION



Chapter 2

Modeling of Uncertainty

The objective of Information Theory is to provide the fundamental limits for reliable trans-
mission of information subject to different assumptions on transmitted signals, disturbances
and channel models. In this section, signal normed linear spaces and system normed linear
spaces are introduced. System normed linear spaces are useful for the characterization of
channel uncertainty. In this thesis, the uncertainty of channel frequency response or the
uncertainty of power spectral density of the noise will be described by subsets of normed

linear spaces. The sizes of those uncertainty sets are quantified by their norms.

2.1 Definition of Signal and System Norms

Next, the definition of normed linear spaces used in the thesis are given. All definitions

presented here may be found in [80].

Definition 2.1.1 Given a vector space (V, C), where V is a set of vectors and C is the field

of complex numbers, a real valued function || - || is called a norm on (V,C) if and only if
1. ||zl| >0,Vz e V, 2 #0,
2. |lz|| =0 if and only if z =0,
3. |laz| = |al||z||, Va € C, Vz € V,

4- Nz +yll < llzll + llyll-

Definition 2.1.2 A wvector space (V,C), accompanied with a norm ||.||, is called a normed

linear space.

23
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Remark 2.1.3 A distance between z,y € V may be defined as d(z,y) = ||z — y||, which is

so-called “induced” matric, because it is defined by using a norm.

2.1.1 Signal Norms

The signals, which are used in the thesis are finite energy or finite power signals. In this
section, the formal mathematical definitions of those signals are given. Although here the
definitions of real-valued signals are given, the complex-valued signals are defined in similar

manner.

Definition 2.1.4 The || - ||, norm of Lebesgue measurable functions z : A — R over a set
A C R is defined as

( /A |x(t)|”dt)l/p, 1<p< +oo, (2.1.1)
and
l2(®)lle 2 ess sup la(®)] (212)

Here, esssup z(t) stands for essential supremum, and it is defined as the smallest number «

such that the measure of the set {z : f(z) > a} is zero.

Definition 2.1.5 The set of all functions on A having finite || - ||, norm is called L,(A)

space.

Definition 2.1.6 Assume that a signal x : (—o00,4+00) — R has autocorrelation function
R, (7), which is finite for any T € R, and has a corresponding PSD Sx(f). Then, the power

semi-norm is defined by

2 A . i +T 9
lzlle = Jim o [ le(t)dt (2.1.3)
+00
= /_oo Sk(f)df. (2.1.4)

The norm ||.||p is a semi-norm because there exist signals different from zero having ||.||p
norm equal to zero. For instance, those are all signals that have finite duration. The norm

||.llp is also called the root-mean-square value of the signal.

Definition 2.1.7 The set of Lebesque measurable functions z : R — R with finite ||.||2

norm, which is denoted by Ly(—00,400), represents the signals with finite energy.

Definition 2.1.8 The set of functions z : R — R with finite ||.||p norm, which is denoted

as P, represents the signals with finite power.
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2.1.2 System Norms

This thesis deals with frequency responses that belong to so-called H* space. Further, the

definitions of ||.||« norm and H* space as well as related ||.||2 norm and H? space are given.

Definition 2.1.9 A complez-valued function g(s), defined on an open set S C C is an
analytic function at point zo € S if it is differentiable at zy and at each point in some

neighborhood of zy. A function g(s) is analytic in S if it is analytic at each point in S.

Definition 2.1.10 Ly(jR) is a Hilbert space of matriz-valued functions on jR and consists
of all complex matriz-valued functions G(j2n f) (G(j2nf) is a matriz with a fized size) such
that

+00
/ Trace]G* (52 f)G(j2n f)]df < -+oo. (2.1.5)
The inner product of Lo(jR) is defined as
A [t s .
(G1,G2) 2 [ TracelGi(j2n £)Galg2m )1 df, (2.0.6)
for G1,Gs € La(jR). The inner product induced norm is defined as

Gl 2 /(G,G). (2.1.7)

Definition 2.1.11 H? is a closed subspace of Ly(jR) with matriz functions G(s) (s =

o+ j2nf is a complex frequency) that are analytic in the open right half plane. The norm
of the H? space is defined as

IG5 £ sup [~ TracdlG (o + j2n1)Go + 2w (218
= [ DraceG*(j2n f)Gli2m Y. (219)

Remark 2.1.12 Ifx, as an input to a system G(j2nf), is a white noise such that Sx(f) =1

for all frequencies, the output PSD is given by Sy(f) = Sx(f)|G(G2rf)?> = |G(52nf)2
Therefore,

Iylle = lIGll2, (2.1.10)

which follows from (2.1.4). Thus, the H? norm of a transfer function measures the root-

mean-square response of its output when it is driven by a white noise excitation.
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Definition 2.1.13 Ly (jR) is the Banach space of matriz-valued functions G(j2n f) that

are essentially bounded on jR, with a norm
Glloo £ ess sup&[G(j27f)], (2.1.11)
fER
where (G527 f)] is a mazimal singular value of G(j2x f).

Definition 2.1.14 H™ is a closed subspace of Lo(jR) with matriz functions that are ana-

Iytic and bounded in the open right half plain. The H® norm is defined as
Gllee £ sup3[G(o + j2r )] = sup &[G(j2x f)). (2.1.12)
>0 feR

In the rest of the thesis, the shorthand notation for a transfer function will be used, G(f),
f € R, instead of G(j2r f).

Remark 2.1.15 When a communication channel is a SISO channel, the definition reduces
to

|Glleo = sup |G()]- (2.1.13)
fER
Hence, the H® norm, in the SISO case, represents the peak of |G(f)|.

Definition 2.1.16 The frequency response G(f), which belongs to the H* space is called a

stable frequency response.

Remark 2.1.17 Ifx, as an input to a system G(f), has a PSD Sx(f), then the root-mean-

square value of the output y satisfies

vl = [ s/ (2.114)
= /_:OIG(f)IZSx(f)df (2.1.15)
+00
< swlGUP [ SN (2.1.16)
= G I3, (2.1.17)

implying the connection between root-mean-square and H*® norm,

(Gxle
< |Glloo- 2.1.18
e (2.1.18)
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Previous remark points out on an alternative definition of the H* norm. The H* norm
is defined by

IGxllp &

= |G|l oos 2.1.19
Ixip#o [1%|lp ICl ( )

which explains why the H*® norm is called induced norm. Next, H? and H* norms will be
compared to show the advantage of the H* norm, when the two norms are used in defining
the performance of robust systems.

In the case of the H2 norm, the norm-bound specification ||G||; < M, is equivalent to
IGx|lp < M for x a white noise.

However, in the case of the H™ norm, from (2.1.18), it follows that the norm-bound
specification ||G|| < M is equivalent to ||Gx|lp < M, for all x, ||x[|p < 1.

Thus, if x represents noise or interference signal, and if G(f) is a transfer function from
the noise x to the decoding error e, the specification of the performance in terms of the
bounded ||G||oo, Will imply that the decoding error e is bounded for all noises x, ||x||p < 1.
In contrast, the boundedness of ||G||; implies the boundedness of the decoding error e only

for x a white noise.

2.2 Modeling of Uncertainty in H* Space

This section provides two examples of uncertainty set descriptions in H* space, additive
and multiplicative. These two descriptions are general enough to illustrate the concept.
The choice of the uncertainty description depends on the problem at hand. This type of
uncertainty description can be used to model uncertainty in the channel frequency response
and the PSD of the noise.

2.2.1 Additive Uncertainty

The additive uncertainty model of the frequency response H(f) = Hpom(f) + A1 (f)W1(f) is
the sum of two terms. The first is the so-called nominal frequency response H,om (f) that rep-
resents the known part of H(f). The other term, A;(f)W;(f), represents the perturbation.
The choice of the nominal frequency response H,.m(f) is based on the previous experience or
belief that one has regarding the physical laws that govern that channel behavior. The trans-
fer functions H,om(f), Wi(f), and A¢(f) belong to the H*> space. W;(f) is a known stable
transfer function, and A,(f) is a variable stable transfer function with ||A;(f)|lec < 1. The
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frequency responses H(f) and Hpom(f) have the same number of unstable poles. Thus, no
unstable pole of Hyom(f) is canceled in forming H(f). Since H(f) = Hpom(f)+A1(f)Wi(f),
it follows that |H(f) — Huom(f)| < [Wi(f)], i.e., the uncertainty set is the set of all H(f)
that belong to the ball centered at H,.n,(f) with radius determined by the magnitude of
a fixed known frequency response Wj(f). Thus, the size of uncertainty set depends on the
frequency and it is determined by |W;(f)|. The smaller the magnitude |W;(f)|, the smaller
the uncertainty set. The transfer function A;(f) accounts for the phase uncertainty and
behaves as a scaling factor on the magnitude of the perturbation because its magnitude is
between 0 and 1. The block diagram of additive perturbation is shown in Fig. 2.2.1.

In the case of discrete-time MIMO systems, the additive uncertainty description is of the
form H(e’®) = Hpom(€®) + W1(e?%)A(e7®)Wy(e??), where H,om(e??) is a nominal frequency
response and Wi (e”)A(e7)W,(e?) is a perturbation. Wi (e??) and Wa(e??) are known stable
transfer functions. A(e?®) is an unknown stable transfer function such that ||Alle < 1. If
Wi(e'®) = I and Wa(e?®) = w(e?®)I, where w(e?®) is a scalar fixed function, H(e’®) describes

the disk centered at H.,om(e’®) with radius w(e).

A(F)W(f)

H,.() |—-@—

Figure 2.2.1: Additive uncertainty description

—| H,,(f) AW

Figure 2.2.2: Multiplicative uncertainty description
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2.2.2 Multiplicative Uncertainty

The multiplicative uncertainty model is described by H(f) = Hoom(f)(1 + A (HWi(SF)),
where the frequency responses H(f), Hnom(f), A1(f) and Wy(f)) satisfy the same conditions
as in the additive uncertainty description. This model implies that |% = 1| < |WLi(f)I-
It means that the ratio %ﬂ% at each frequency belongs to the ball centered at 1, with
radius |[W1(f)|. The size of uncertainty set is again determined by |Wi(f)|, while A;(f)
accounts for the phase uncertainty and behaves as a scaling factor on the magnitude of
the perturbation |W;(f)|. The block diagram of the multiplicative uncertainty description
is depicted in Fig. 2.2.2. The corresponding MIMO model is given by H(e/®) = (I +

W1(e7%) A (e7)Wa(e)) Hpom (7).

2.3 Modeling of Uncertainty in L; Space

The uncertainty in the PSD of the noise is described by a subset of the L; space. For SISO
channels, the description is given by {Sa(f) : [* Su(f)df < P,}, while for MIMO channels
the description is given by {W,(6) : 2" Trace(Wy,(8))d < P,}. The difference between H>
and L, descriptions is the following. In the case of H* uncertainty description, it is assumed
certain a priori knowledge regarding a channel or a noise in the form of nominal frequency
response H,,m(f). In the case of L; models, this a priori knowledge does not exist. That
is why the L; uncertainty description is a good model for the communication subject to
jamming, where it is reasonable to assume that the communicator could have just a rough

knowledge regarding the power constraint of the jammer.

Remark 2.3.1 It may be seen that the use of white Gaussian noise has been ruled out by
the definitions of previous sets that define all possible noise PSD’s. Because one application
of the result is jamming, the reason for doing this is to exclude the process that does not exist
in reality. Further as discussed in [35] (Chapter 8, Section 3), the white noise assumption
has certain deficiency in terms that obtained results (probability of decoding error) depend

on what occurs at very large frequencies.

2.4 Summary

The normed linear spaces, which are used to represent the signals, noises, and channels, are

introduced. More specifically, the H* and L; uncertainty descriptions are explained, which
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are employed to represent the uncertainties in the channel frequency response and the PSD

of the noise.



Chapter 3

Robust Capacity of SISO (GGaussian
Channels

3.1 Introduction

In this chapter, the capacities of SISO Gaussian channels subject to the uncertainties defined
in the frequency domain are derived. These channels belong to the class of so-called Gaussian
compound channels. Although, in a realistic environment, one deals with communication
networks, the results obtained for SISO communication channels are the first step in studying
reliable communication over uncertain channels. The SISO results will provide insight into
the MIMO channels considered in Chapter 4. Moreover, the channel coding theorem is
derived, which guarantees the existence of a single code for corresponding compound channel
that enables the reliable transmission, provided the code rate is less than the robust capacity.

This is the reminiscent of the channel coding theorem derived in [63].

The chapter is organized as follows. In Section 3.2, the channel capacity formulas are
presented when the channel and the noise uncertainties are described by subsets of H*®
space. In Section 3.3, the results obtained in Section 3.2 are applied for derivation of the
capacities of ergodic and non-ergodic uncertain wireless fading channels. In Section 3.4, the
capacity formula is derived when the channel frequency response uncertainty is described
by a subset of H* space, while the noise uncertainty is described by a subset of L, space.
In Sections 3.5 and 3.6, it is shown that the derived information capacities are equal to the

operational capacities.
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n

|
W(r)
) Ap) <l> ;

Figure 3.1.1: Uncertain Gaussian continuous-time channel

3.2 Robust Capacity with H* Channel and/or Noise
Uncertainty

The basic model of the compound Gaussian channel considered in this chapter is shown
in Fig. 3.1.1, based on (1.4.22). The channel frequency response uncertainty and the un-
certainty in the PSD of the noise are modeled using the mathematical tools described in
Chapter 2. Three different problems are defined and then solved. The uncertainty sets are
defined as follows

A2 {5 /:° Sx(f)df < P}, (3.2.1)

Ay 2 {H € H® : H = Hogm + Dy W1, Hyom, W1, A € H,||A]|0 < 1}, (3.22)
A3 S {W € H® : W = Waom + DaWa, Waom, Wa, Ay € H”, [|Aglls < 1}. (3.2.3)

The precise definitions of the problems are given below.

First problem. (Channel unknown, noise known) Suppose the channel uncertainty is
described by the set A;, while the PSD of the noise, S,(f), is known, and ||As||e = 0. The
channel capacity is defined by

g SNIEP
0= sup ot 5 [ o6 (1+ 5 7mw p) 424

Second problem. (Channel known, noise unknown) Suppose the noise uncertainty is

described by the set As, while Sy(f) is known, and ||A1|lc = 0. The channel capacity is



3.2. ROBUST CAPACITY WITH H* CHANNEL AND/OR NOISE UNCERTAINTY 33

defined by

S ()| Hrom (£)?
C= Si‘égl M}Ielflsé/ log ( 5. W ()P )df. (3.2.5)

Third problem. (Channel unknown, noise unknown) Suppose the noise uncertainty is
described by the set Az, the channel uncertainty by the set A;, and S,(f) is known. The
channel capacity is defined by

~ R G S(N)HS)P
o= g i 5 L s (S ) Y (@29

Clearly, the first and the second problem are special cases of the third problem. Therefore,
only the the solution for the third problem will be given, while the solution of the other two

will be stated as corollaries.

3.2.1 Robust Transmission in the Presence of Channel and Noise
Uncertainty

In the next theorem, the solution of the third problem is presented.

Theorem 3.2.1 Suppose S(lgv'{,‘;':if()flﬁnl‘;},gf()flgr)z is bounded and integrable, and |Woom(f)| #

|[Wa(f)|, Vf € (—o0,+00). Then the following hold

1. The robust capacity defined by (3.2.6) is given by

1Hnm( A
c=3 [ s (S W) (3:27)

where v° is a Lagrange multiplier found via

/ (Uo _ Sa(f)(Waom (£)] + [Wa(£)])?
S (1 Hnom ()] = [W1(£)])?

in which the integrations are over the set

Sa(H)(Waom ()] + [Wa(£))?
(| Hnom ()] = W1(£)])?

)df -p (3.2.8)

S={f:1°-

>0, v° > 0}. (3.2.9)

2. The infimum over the noise uncertainty in (3.2.6) is achieved at

A3(f) = exp[—j arg(Wa(f)) + j arg(Wom ()], [ A%/l = 1, (3.2.10)



34 CHAPTER 3. ROBUST CAPACITY OF SISO GAUSSIAN CHANNELS

and the resulting mutual information rate after the minimization is given by

inf [T Se(NIH(H)?

inf [—oo log (1 + Su(f)|Waom(f) +~A2(f)W2(f)|2)df (3.2.11)
- [ Se(HIH(S)
- /—°° o (1 - Sa(H)(|Waom ()| + IWz(f)|)2)df’ (3:2.12)

where the infimum is over ||Az(f)|| < 1.

3. The infimum over the channel uncertainty in (3.2.6) is achieved at

AY(f) = exp[—j arg(W1i(f)) + j arg(Hnom (f)) + 7], [Afllc =1, (3.2.13)

and the resulting mutual information rate after minimization is given by
[t Sx () Hnom(f) + A (S)Wr(f)?
nt [ 108 (L4 S5 e+ W)Y
e Sx(f) (| Hnom ()| = Wi (H)])?
= [ s (4 S )

where the infimum is over ||A1(f)]le < 1.

(3.2.14)

(3.2.15)

4. The supremum over A; yields the water-filling equation

Sa((Waom(H) + Wa(DIP _

) (B (D) - TR

(3.2.16)
Proof. The proof is given in Appendix A.

Remark 3.2.2 From the definition of the set S, it follows that the integration in (3.2.7)
and (3.2.8) is only over the frequencies for which |Hpom(f)| > |W1(f)]-

From the above theorem, it follows that the capacity C' depends on the two fixed and known
transfer functions Wi (f) and Wa(f), which determine the size of the channel uncertainty set
and the size of the noise uncertainty set, respectively. Therefore, for smaller channel and
noise measurement uncertainties, i.e., for smaller |W;(f)| and |W5(f)|, the robust capacity
is larger. Moreover, W1(f) and Wa(f) affect the water-filling formula (3.2.16) that defines
the optimal transmitted power in the presence of uncertainty. Finally, (3.2.7) shows that
the robust capacity is equal to the capacity of the worst case channel, |Hpom ()| — [W1(£)I,
and the worst case noise, |Wyom(f)| +|Wa(f)|- This, is a consequence of the norm employed

to describe the uncertainty, which measures only magnitude and the fact that the mutual
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information is given in terms of the magnitude of the channel and the PSD of the noise.
Clearly, if one employs a different norm to describe the uncertainty, then the resulting
formula will be different. Nevertheless, it appears from the obtained results, (3.2.7), (3.2.8),

that the H* norm is a natural norm to define the uncertainty in the frequency response.

Corollary 3.2.3 The solution of the first problem is obtained by setting |Wa(f)| to zero for
all f € (—oo,+00) in (3.2.7) and (3.2.8), which implies that the PSD of the noise is perfectly

known.

Corollary 3.2.4 The solution of the second problem is obtained by setting |Wy(f)| to zero
for all f € (—o00,4+00) in (3.2.7) and (3.2.8), which implies that the channel frequency

response is perfectly known.

Corollary 3.2.5 The solution of the classical capacity formula is obtained by setting |W1(f)|
and |Wy(f)| to zero for all f € (—o0,+00) in (3.2.7) and (3.2.8) [35].

Remark 3.2.6 The channel capacity of an uncertain discrete-time channel is obtained from

Theorem 8.2.1 by formally removing the integrals in (3.2.7) and (3.2.8)

1 VO (| Hpom| — [Wh))?
C==:lo ( ) 3.2.17
2 8\ S (W T W32 (3:217)
Sn(|Whom| + [Wal)?
Vo — =P. 3.2.18
(| ~ W] (32.18)
Substituting v° into C gives
1 P(IHnmnl - lWIDQ
C==1 (1 ) 2.1

2\ S (Waoml + W22 (3:219)

It should be noted that in (3.2.19), the channel capacity is measured in nats/channel use,
while in (3.2.7), the unit is nats/s. Also, for the discrete-time case, Sy, represents the noise
variance, Sy represents the transmitted signal variance such that Var(x) = Sy < P. |Hpom|

is a constant representing the nominal channel (the proof of this claim is found in Appendix
A).

By using a similar approach, one can derive the channel capacity formulas when other
H*® uncertainty descriptions are employed. For instance, for the multiplicative uncertainty

description

A& {H € H® : H = Hoom(1 + AW1), Hpomn € H®, W1 € H*, A € H*, || Ao < 1§:2.20)
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the capacity is found by replacing Wi(f) with Hpon(f)W1(f) in (3.2.7) and (3.2.8). The
optimal A(f) is given by A°(f) = exp[—j arg(W1(f)) + jn], ||A%|e = 1. In the special case,
when |W(f)| =0 for all f € (—o0, +00), the robust capacity formula is given by

1 V[ Huom ()11 = (W (HD]?
C=§L*%( Sa(F)Waom (£)I2 )# (3:221)

where v° is a Lagrange multiplier found via

[ (v o oD
' (| Hnom (NI = WL(HD]?
in which the integrations are over the set
pe — Sa(D)Waon(1)P
S (DI - AT

3.2.2 Uncertainty and Optimal Bandwidth

)df -P (3.2.22)

5 >0, v >0} (3.2.23)

Theorem 3.2.1 implies that the the optimal bandwidth depends on the frequencies over which

Vo — S“(({ }}l&f}’;ff‘_ Mf?f)f)f}')z is positive. The optimal PSD, S3(f), is found by pouring power,

constrained by P, into the well S"(({ }}Lﬁ(’}gff %f,%’;g}“z, till the level v°.

When the channel and noise are uncertain, the shape of the well depends on the sizes of

the uncertainty sets, |W;(f)| and |W5(f)|, for each frequency f. An interesting point here is
that for physical systems more uncertainty is found at high frequencies rather than at low
frequencies. Thus, |Wi(f)| and |Ws(f)| should be assigned larger values at high frequencies.

This aspect is explained by considering a wireless fading channel. The low-pass repre-

sentation of a time-varying impulse response of a wireless fading channel is given by [60]
o(1,t) =) an(t) exp(—J2m fora(8))8(T — Ta(2)), (3.2.24)

where o, (t) and 7,(t) are attenuations and delays, respectively, and f, is a carrier frequency.
The phase of the signal 6,(t) is determined by 27 f.7,(t). This means that the change in
T.(t) by 1/ f. will result in the change of 8,(¢) by 2n. Therefore, for large f., 1/f. is a small
value such that a small motion in the transmission medium can cause a change in 6,(t) by

27.
. . Sn(F)(|Wnom (£ HWa(f)])?
Hence, as frequency increases the distance between a perturbed well (Hnom (I TW: ()2

and the nominal 5= IQLTIZBI'{ I will increase. Consequently, the perturbed well is narrower

than the nominal one. From here, we may deduce that the optimal bandwidth for an uncer-

tain channel will be smaller than the optimal bandwidth for a channel which is completely

known. One has to have in mind that the two wells have to be filled by the same power P.
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3.2.3 Examples

Next, four examples are presented to illustrate the effect of the uncertainty on the robust

capacity formula and the optimal transmitted PSD.

A. Uncertain Channel and White Gaussian Noise

Suppose the nominal system is given by a first order low pass filter

_aB
j2nf + B

where o, 8> 0, and hence, for f =0, H(0) = o. The uncertain channel is then represented

Hyo(f) = (3.2.25)

by the following multiplicative model

aoe . (f)
D= Fnp+p

where a,(f) = a(1+ A1(f)d), and |A((f)] < 1, Vf € (—o0,+00), 0 < § < 1. The transfer

function Wy(f) that determines the size of uncertainty set is obtained from

(3.2.26)

i )
s 1] = A < I = W) < 32.27)

If § = 0, the channel is perfectly known, and, hence, there is no uncertainty. The larger 4,

the larger the uncertainty set. It should be noted that [[Hnom(f )|(11V+|W1(f WP is an integrable

function of frequency f, which is a necessary condition for the existence of the robust capacity
formula. N represents the PSD of the noise, which is equal to Ny/2. The uncertainty set
is depicted by the Nyquist plot in Fig. 3.2.2. The Nyquist plot of the nominal frequency
response corresponds to the solid circle, while the Nyquist plot of the true frequency response
corresponds to a Nyquist plot that falls between the dashed circles. Hence, one candidate
for the true channel is depicted by the “irregular” Nyquist plot, shown in Fig. 3.2.2.

Using Theorem 3.2.1, the formula for the robust capacity is computed by substituting
| Hpom (f)] and |W1(f)| into (3.2.21) and (3.2.22). The constant »° is computed by solving the
integral constraint equation (3.2.22). The value of the constant v° is substituted in (3.2.21)
to give the robust capacity C. The formulae for the robust capacity accompanied with the

optimal PSD is given parametrically by

0 v _ 32
o~ H{E g L) pass

S::(f) — {VO—C((Qﬂ-f)2+ﬁ2)7 |f| S %V%ﬂ _132 (3229)

0, otherwise
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a(1+5)

a(1-3)

Figure 3.2.2: Nyquist plot of the first order system uncertainty set

where 1° is the solution of

{v°P — 3B {1v°}? + 328" — B0 — 9c(7rP)2 =0, c=

N,
1 L (3.2.30)

o2 (L )
Here, (3.2.29) implies that the transmitted signal will be different than zero only if v° >
c((2wf)*+ 4?). Since (27 f)% + 32 represents a parabola, then based on (3.2.29), there should
be two intersections of the constant v° and ¢((2r f)% + 3?), for a fixed power constraint P.
The integral power constraint (3.2.22) gives (3.2.30), which has one real solution and two
complex conjugated solutions; the real solution of (3.2.30) is unique and equal to the optimal
v°. Hence, the points of intersections of ¥° and the parabola c¢((27f)? + 4%) determines the
true bandwidth of the optimal transmitted signal BW = % ch — (32. This observation

- 27

will be verified shortly via the closed form solution of the cubic equation (3.2.30). The real

1/3
solution of (3.2.30) has the form v° = ¢(% + (%C(TI‘P)Z) . The closed form solution for the
capacity is then

N\E/ \1/3
C— l{ (9)1/ 6(%)1/3 ~ Btan™ M} (3.2.31)

7 l\4 g
So(f) = { (%c(wP)"’)l/3 —c(2rf)?, |f| < 72(%)1/6(15)1/3 (3.2.32)

0, otherwise

4 c

1/6 1/3
The optimal bandwidth of the transmission is given by BW = %(9) (ﬂ) . Because
BW and S2(f) depend on the constant ¢, they also depend on the parameter ¢ that defines
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the uncertainty. Thus, the larger the channel uncertainty 4, the larger the constant ¢, the
smaller the bandwidth BW. This quantifies the importance of the presented approach,
because it shows how the uncertainty affects the optimal transmitted bandwidth as well.

The previous calculation is employed to construct Fig. 3.2.3, 3.2.4, 3.2.5. Fig. 3.2.3
shows how the robust capacity decreases as a function of the channel uncertainty §, for
different values of the channel parameter o (which determines the channel gain), for a fixed
cut-off frequency 8 = 2710% rad/s, P = 0.01 W, Ny = 107 W/Hz. As expected, the robust
capacity decreases as the uncertainty increases. Moreover, it is noted that the difference
between the capacities for different values of o are larger for smaller values of 4, and as ¢
increases, the value of the robust capacity tends to zero. Also, the larger «, the larger the
slope of the capacity curve.

In Fig. 3.2.4, the robust capacity is shown versus the cut-off frequency 3, for different
values of the parameter §. The capacity increases as the function of the cut-off frequency
(3. It can be noted that the difference between the channel capacities for different values of
d changes slowly with 3. The parameters are chosen as follows: P = 0.01 W, Ny = 1077
W/Hz, a = 1.

Fig. 3.2.5 shows the optimal transmitter’s PSD for different values of the parameter 4,
which determines the size of the uncertainty set. It is shown how the optimal bandwidth
shrinks as the uncertainty ¢ increases. The other parameters are chosen as follows: P = 0.01
W, No = 107" W/Hz, a = 1, 8 = 2710* rad/s.
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Figure 3.2.5: Optimal transmitter’s PSD parameterized by the size of uncertainty set &

B. Uncertain Channel and Colored Gaussian Noise

To illustrate the effect of the channel uncertainty on the capacity in the presence of a
colored noise, we consider the following example. The channel is modeled by a second order
transfer function H(s) = m‘ﬁ”—wg, s = jw = j2nf. It is assumed that the damping
ratio £, while unknown, belongs to a certain interval, 0 < o < § < &p < 1. This
set is approximated by using the following procedure. We choose the natural frequency
to be w, = 2 7 10* rad/s, nominal damping ratio &,,,, = 0.3, and 0.2 < £ < 0.5 (see
Fig. 3.2.6). Further, the size of the uncertainty set is defined by |Wi| = |Hpom| — |Hiow|,

2 2
— Wn = — % =
where Hiou(s) = = Tl Hoom(s) = = ez~ Lhe values of &, = 0.2 and

&up = 0.5 are deliberately chosen such that |Hys| = |Hpom| -+ |Wh| is a good approximation of
H,p(s) = m Thus, the frequency response uncertainty set is roughly described
by |Hnom|£|W1|. However, |Wi| = | Hyom|—| Hiow| implies | Hipw| = | Hpom|—|Wi1|. This means
that the robust capacity is determined by the transfer function Hy,,. The uncertainty set is
identified by the range of the damping ratio, A& = &, — &low, AE = 0.30 for this particular
case. The value A€ = 0 corresponds to the nominal channel model. The PSD of the noise is
given by the first order transfer function Sn(f)|Waom(f)> = [535/°, s = jw = j2rf, where
a =1, 8 =5 10* rad/s. The power of the transmitted signal is limited to P =0.01 W.
Fig. 3.2.7 depicts the robust capacity for different sizes of the channel frequency response

uncertainty sets. It can be seen that the robust capacity decreases as the channel uncertainty
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increases. Fig. 3.2.8 shows the effect of the channel uncertainty on the optimal PSD of
the transmitter. The change of the optimal bandwidth is negligible, which is expected
because the uncertainty in the damping ratio does not affect the channel bandwidth. Thus,
the channel uncertainty may affect the robust capacity, but this does not contribute to a

significant change in the optimal PSD of the transmitted signal.
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Figure 3.2.6: Approximation of channel uncertainty set
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C. Channel Known, Noise Unknown
It is assumed that the channel frequency response is completely known, |W;| = 0, and
Sp = 1 W/Hz. The noise uncertainty set is defined by W(f) = -2Y)l_ where &,(f) =

i2nf/B+1°
£+ Ao(f)O€, £ = /B, 0 < 8 < 1, a0d Waom(f) = gy Thus, [l — 1] = |Ag(£)d]

< |6| = |Wa(f)|, and the uncertainty set is described by a ball in the frequency domain,
centered at |Wyom(f)| with radius W(f). The radius, i.e., the size of uncertainty set is
determined by the parameter 8. The channel is modeled by a second order transfer function
H(s) = mrigtsrar
50000 rad/s, { = 0.3, and P = 0.01W. Fig. 3.2.9 shows that the robust capacity decreases
as the size of the uncertainty set determined by d increases, while the slope is larger for small

uncertainty. Fig. 3.2.10 shows the optimal PSD of the transmitted signal S2(f) for different

s = jw = j2nf. The parameters are chosen as follows: o =1, 8 =

values of § and constant P. It appears that the transmitter tries to combat the uncertainty

by reducing its bandwidth, and by regrouping the power towards lower frequencies.
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D. Channel Unknown, Noise Unknown

To illustrate the effect of the channel and the noise uncertainty on the capacity, we
consider the following example. The channel is modeled by a second order transfer function
H(s) = ﬁim—w%, s = jw = j2m f, where it is assumed that the damping ratio ¢ although
unknown, takes a value from the certain interval, 0 < (o < ¢ < (up < 1. This set is
approximated by using the procedure described in Example B of this section. We choose the
natural frequency to be w, = 2 m 10* rad/s and a nominal damping ratio (,om = 0.3. The
uncertainty sets are identified by the range of the damping ratios A{ = Cup — Ciow, AC =0,
A¢ = 0.15, and A¢ = 0.30, while A{ = 0 corresponds to the nominal channel model.
The noise uncertainty set is the one considered in Example C. The power is constrained to
P =0.01 W. Fig. 3.2.11 depicts the effect of the noise uncertainty for different sizes of the
channel frequency response uncertainty sets. Similarly to the previous example, the channel
uncertainty tends to affect the capacity more for lower values of uncertainty. For instance,
the distance between the curves A¢ = 0 and A( = 0.15 is larger than the distance between
the curves A¢ = 0.15 and A¢ = 0.30.

Capacity [nat/s]

T S SR B

— . . S SN P
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Uncertainty 5

Figure 3.2.11: Robust capacity - channel-noise uncertainty
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3.3 The Capacity of Uncertain Wireless Fading Chan-
nels

In this section, the results from the previous sections are applied to compute the capacity of
uncertain wireless channels.

Consider a received signal, consisting of a two-ray model given by
y(t) = 21(8)z(t — 1) + 22()z(t — 72) + n(t). (3.3.33)

Here, z; 2 {z1(t) : —00 < t < +oo} and z2 = {za(t) : —00 < t < 400} are the complex
amplitudes of the two random scattered components, which are realizations of independent
zero-mean complex, stationary Gaussian processes having independent real and imaginary
parts. The constants 7; and 7, are the nominal delays which are assumed to be known.
The signal n = {n(t) : —00 < t < +o0} is a complex white Gaussian noise with two-sided
PSD, Sa(f) = 2Np. It is assumed that the channel is band-limited to bandwidth W, and
that the transmitter has finite power, i.e., Sx(f) € B; 2 {Sx(f) : jv‘g//; Sx(f)df < 2P}
Without loss of generality, time division multiple access (TDMA) scheme is assumed, where
the message is conveyed in K time slots. Each time slot has length T, and each is transmitted
in a different frame of length Tr. Further, it is assumed that 2WT >> 1 and T, >> T,
where T, is a coherence time [60]. It follows that the change of the scattered components z,
and z, during one time slot of duration 7" is minor. Thus, within one time slot, z; and z; are
slowly varying as functions of time, and, hence, they are represented by random variables.
On the other hand, it is assumed that z, and z» may change considerably over the whole
frame Tp.

Under the above assumptions, the mutual information rate conditioned on the specific

realization of the channel, z;, z, 71, and 73, is a random variable, given by [57]

1 rW/2 Sy H 2
I(x;y|z1 = 21,22 = 22,71, T2) = 3 /_W/2 log (1 + —-ﬁngv-OgDI—)df, (3.3.34)

where
H(f) = 2™ 4 zed?rim, (3.3.35)

Here, the sample paths of the random scattered components z; and z, are approximated by
complex valued random variables z; and 2, respectively, as explained in [57]. H(f) is the

channel frequency response in one particular time slot out of K, with the spatial frequency
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parameter f. In [57], it was shown that 3 = |H(f)|? is exponentially distributed random
variable, independent on spatial frequency f.

Since (3.3.34) is of the form considered in the previous section, we can further proceed
by identifying the nominal channel and the perturbed using an H* uncertainty model.
The uncertainty regarding the channel parameters z;, 25, 73, and 7, is described through
the multiplicative uncertainty description, B, = {ﬁ (f) € H® : H(f) = Hpom(f)(1 +
A(HOWL(S)), Huom € H®, Wy € H®,A € H®,||Alloo < 1}, where H,om(f) = H(f). The

multiplicative model is chosen because it is convenient to model the uncertainty in time

delays. Suppose that a more realistic model is given by

H(f) — (1+Aa)e-j27rf(l+A‘r)(zlejZ1rfn +Z26j27rf7"2) (3336)
= (1+Aa)e QA g (f), (3.3.37)

where the uncertainties in time delays and attenuations are described through the parameters
Ao, Aoy < Aa < Aay, , and AT, AT, < A7 < A7y, Then, the multiplicative
description of the channel frequency response is described in terms of Wi(f), from the

following condition

H .
% - 1[ = |(1 4 Aq)e 2 O+HAT) 1) <|Wi(f)|, V AT, Ag, f. (3.3.38)
This condition is implied by the definition of the multiplicative uncertainty representation.
Next, the following two cases are investigated: 1) When the CSI is present at the receiver,

2) When the CSI is present at both, the transmitter and receiver.

3.3.1 Capacity of Wireless Channels with Imperfect Knowledge
of CSI at the Receiver

The channel capacity of the wireless channels, with no restriction on the decoding delay
(K — 00), is known as ergodic capacity. Following [57], the ergodic capacity for the wireless
channel described by the model (3.3.33), with the CSI at the receiver side, is given by

w2

. 1 Se(HIHS)I?
Cp = f E= log (1 + =XV
E silégl i}ng 2J-wy2 o8 ( 2Ny

)df, (3.3.39)
where the expectation is taken over the random variable 8 = |H,om(f)|2. Since the CSI is
not available to the transmitter, it follows that the optimal PSD of the transmitter S2(f)
should not depend on the nominal transfer function H,om(f). The following theorem gives

the value of the channel capacity for low and high SNR.
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Theorem 3.3.1 The ergodic capacity of the wireless communication channel (3.3.33), sub-
ject to the channel frequency response uncertainty description defined by By, when the nom-

inal CSI is available at the receiver, but not at the transmitter, is given as follows

1. Low SNR

2
Cp = % k/_‘:///z [(1 - I2WJ/\'/10(f)D2] ik (3:3.40)

where

2P

k= R (3.3.41)
w2 2Ny

The optimal PSD of the transmitter that mazimizes the mutual information, is given

by
sy() = GPHUE, (3342
2. High SNR
Cp = % /S [log (”0(1 ”JXZIU W) - c|df, (3.3.43)
where
o 0
/s \df = /( 1_|W1( e )df_2Px, (3.3.44)

and S £ {f:v°— U—%vér()W > 0}, and C =~ 0.577... is the Filer constant.

Proof. The proof is given in Appendix B.

Remark 3.3.2 S2(f) given by (3.3.42), suggests that the optimal PSD, for low SNR, behaves
like a matched filter which is matched to the “uncertain part” of the SNR, gl—j—‘;v—(l\l,()im For
high SNR, S2(f) given by (3.3.44), water-fills the “uncertain part” of the SNR, Q:L‘;%ﬁlﬁ

Although in the previous derivations, it is assumed that the nominal frequency response
H,,,(f) is not available to the transmitter, it is assumed that the transmitter has the

information regarding the size of the uncertainty set in the form of |W;(f)|.
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3.3.2 Capacity of Wireless Channels with Imperfect Knowledge
of CSI at the Receiver and Transmitter

1. Ergodic capacity. When the CSI is present at both sides of the communication link, the
ergodic capacity is given by [18]
1w Sx(HIH ()
Cp=E f—/ log (1+ 220y e 3.3.45
5= 3 it 5 o ()Y (3345

In this case, the optimal PSD of the transmitter S2(f) is the function of the realization of

the nominal channel frequency response 8 = |Hnom(f)[?.

Theorem 3.3.3 The ergodic capacity of the wireless communication channel (8.3.33), sub-
ject to the channel frequency response uncertainty description defined by By, when the nom-

inal CSI is available to the transmitter and receiver, is given by

Cp = Ep % /S log (V"ﬂ(l —QJIVV;G(f )|)2)df, (3.3.46)
where
o _ o 2-ZVO .
/Ssx(f)df—/s(u ﬂ(1—|W1(f)|)2)df_2P" P. as., (3.3.47)

4 -y 2N
where S = {f : v° — gr—ptppe, P- a.s.> 0}

Proof. The proof is given in Appendix B.

2. Capacity vs. outage. When there is a restriction on the decoding delay (i.e., K is finite),
the Shannon capacity does not exists in the strict sense [57]. This means that there is a
non-zero probability, which is independent of the code length, such that the instantaneous
channel parameters could take values such that the coding rate, no matter how small, cannot
be supported over the channel with an error probability which exponentially decreases with
the codeword length. In this kind of applications, the outage probability is considered, which
is defined by

Pr(sup inf I(x;y|z1 = 21,22 = 22,71, 72) < €). (3.3.48)
Sx€By HEB2
This is the probability that the random variable supg cp, infgcp, I(X;¥|Z1 = 21,22 =

z9,T1,T2), Which represents the instantaneous robust capacity, is smaller than e. The ex-

pression for supg, p, infzcp, 1(X;¥|21 = 21,22 = 2,71, T2) is given in Appendix B. It can be
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seen that the outage probability depends on the size of the uncertainty set |W;(f)|. For the
case of a completely known channel, |W;(f)| = 0, and the above probability is evaluated by
using the Lobachevsky’s functions [57].

The main benefit of the approach, shown in this and the previous section, is that it enables
the estimation of the cost of robustness with respect to uncertainties of each parameter
separately (for instance, with respect to attenuations only) or with respect to combined
uncertainties (of both, delays and attenuations). The cost of robustness, which is the loss
of the capacity due to uncertainties, comes naturally from the capacity formulas since they
depend directly on the size of the uncertainty sets. It should be noted that the important
part of the capacity solution is the construction of the transfer function W;(f), which is not
a trivial problem [30].

Ergodic capacity numerical example. This example illustrates the application of a multi-
plicative uncertainty description for the computation of the ergodic capacity subject to the
uncertainty in the fading wireless channel parameters. It is assumed that the transmission
bandwidth is W = 30 kHz, P, = 5 mW, Ny = 5 10~® W/Hz. Further, it is assumed that
the uncertainty due to the attenuation estimation error is given by 0 < Aa < 0.9, and an
uncertainty in the delay is given by 0 < A7 < 0.1. Fig. 3.3.12 shows the decrease of the

ergodic capacity versus the attenuation uncertainty, Aca.
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Figure 3.3.12: Ergodic capacity versus uncertainty in attenuations
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3.4 Robust transmission in the Presence of Jamming

In this section, the capacity of continuous-time Gaussian channels is computed, when the
noise uncertainty is described by a subset of L, function space. Specifically, it is assumed
that the noise uncertainty is described by the set, Ay 2 {Sy : (f) [*° Sa(f)df < Pa}, and,
hence, the noise power is finite. The transmitter has some information about the jammer’s
bandwidth or the channel (such as the range of frequencies, which is modeled through the
filter W(f)), but has no information about the PSD of the noise S,(f), aside from knowing
that it is finite in power as depicted by A4. The size of the admissible set A4 is determined
by the constant P,. In addition, it is assumed that the channel is uncertain, and the channel
uncertainty is described by the set A;. The advantage of the approach taken here is that
the optimal transmitter’s and jammer’s strategies are given in terms of optimal PSD’s as
opposed to [6], where the strategies are given in terms of the operator’s eigenvalues, which
could be more desirable from the engineering point of view.

Subject to the above uncertainty description, the channel capacity is defined by

C = sup inf inf > log(1+ S"_(fm

Sx€A; Sn€As fieAy J-o0 Sa(HIW ()2
If W1(f) = 0, the channel capacity in the presence of solely noise uncertainty is obtained.

)df. (3.4.49)

The solution of (3.4.49) is obtained by first applying the result of Corollary 3.2.3 to resolve
the minimum with respect to the channel uncertainty. Then, the maximin optimization
problem remains to be solved, where the minimum is with respect to the noise uncertainty,
and the maximum is with respect to the transmitted signal PSD. In the sequel, without loss
of generality, it is assumed that W;(f) = 0 and W(f) = 1.

The channel capacity is formulated as a two player game with the mutual information
rate as a pay-off function, where the transmitter, i.e., communicator chooses its strategy
from the set A; to maximize the pay-off, and the jammer chooses its strategy from the set
A, to minimize the pay-off. Thus, the strategies of the two players are the PSD’s which
belong to admissible sets Ay and Ajy.

However, before we proceed, it is important to distinguish, depending on the application,
which player chooses its strategy first from the corresponding set. In order to that, we define
the maximin and minimax problems, also known as the lower and upper values, respectively,

as follows

Lower Value: C™ = sup _inf J(Sy, Sn), (3.4.50)

Sx€A; Sn€A4
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Upper Value: C* = inf sup J(Sx,Sn)- (3.4.51)

Sn€A4 Sx€A;
The Lower Value corresponds to the case when the communicator announces his strategy

Sy in advance, while the jammer announces his strategy S, = Sn(Sx) after knowing his
opponent’s choice. The Upper Value is defined in an analogous way. In general, C~ < C*
(also known as weak max-min inequality [15]). If the inequality holds with equality then
C = C~ =C*, and C is called the value of the zero-sum game, provided there is a saddle
point. If a saddle point exists then the supremum and infimum can be interchanged implying
independence of communicator’s and jammer’s strategies. The saddle point property is
defined as follows. Assume that S2 and Sy, are the optimal strategies of the communicator

and jammer, respectively. Then the saddle point property is described as

J(Sx, S2) < J(S2,52) < J(S2, Sn), (3.4.52)

X?'~n

where Sy € Ay and S, € A4. Thus, a saddle value J(S2, S9) represents the optimal value of
the cost function for both players.

From the definition of the problem, it is not clear whether a saddle point exists [56]
(because this optimization problem is over infinite dimensional function spaces, and the sets
A; and A; may not be compact). Hence, the Lower and the Upper values C~, C* will
be explicitly computed by using convex optimization techniques and the Lagrange duality
principle. It turns out that the optimal strategies of the communicator and the jammer are

the same for maximin and minimax problems, implying the existence of the saddle point.

The Maximin Capacity. Here, we provide the solution of (3.4.50) (i.e., Lower value), C~.

Theorem 3.4.1 Consider the additive uncertainty description of H(f), A1, and noise de-
scription given by A4. Suppose that Sx(H)(H, "°’S"n({};+|wl(f W2 s bounded, integrable. Then the
following holds

¢ =5 [ 7 108 (14 T UHnm(1) ~ WADD?) (3.453)
where
o (Hum(D] = WAD)?
5l0) = S o ()]~ WA D)E T 90)" (3:4.54)
so() = — M)l = WA

208(M (| Hrom ()] — W1 (£)])? + A3)
_ %Sﬁ( £, (3.4.55)
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+oo +00
[ suhdf =P [ Sahdf =P (3.4.56)
in which A and A\ are Lagrange multipliers of the two constraint sets A4, A1, respectively.

Proof. The proof is given in Appendix C.

Remark 3.4.2 The statement of Theorem 3.4.1 can be easily extended to the case when
there is a fized white noise term s = {s(t) : =00 < t < 400}, in addition to n. The PSD of
overall noise z(t) = n(t) + s(t) is given by S,(f) = Sn(f) + Ns, where Ny is a constant over
all frequencies, and Su(f) € As. Then, the optimal jammer’s PSD is S5(f) = Sz(f) — Ns,
where S;(f) is given by (8.4.54).

From (3.4.55) is deduced that the optimal PSD’s of the transmitter and jammer are propor-
tional. This is a conclusion that cannot be seen in the finite dimensional cases (for instance,
see [41]) and infinite dimensional case [6]. It appears that both signals try to mimic each
other and that the best possibility for both is to create a white noise like situation. This
is concluded from the formula for the channel capacity (3.4.53), which is illustrated in Fig
3.4.13, |R(f)| = |Hnom(f)| — |Wa(f)]. Also, by manipulating (3.4.54) and (3.4.55), it is
shown that the optimal PSD’s satisfy so-called water-filling equation
s3(f) 1
(Hnom(H)l = WL 228
where S5(f) is given by (3.4.54). This means that both players try to put most of their

Se(f) + (3.4.57)

power at frequencies where the opponent’s power is small. This is consistent with the finite
dimensional solution of vector channels, provided each frequency is viewed as a separate
channel [41]. Finally, it is important to note that it is possible to distinguish and measure
the impact of two types of uncertainties on the capacity, namely, the channel uncertainty and
the noise uncertainty, and the impact of the channel uncertainty on the optimal strategies.
The Minimax Capacity. The upper value C* is computed by first performing the maxi-
mization of J(Sx, Sn) over Sx(f) € Ay, for a given Sy (f) € Ay. It is well-known that the max-

imization over A; gives the classical water-filling formulae S2(

Sn(f) _. 1
S0) + o WA = D
where A$ is a Lagrange multiplier of the set A;. Next, infg,ca, J(S2(Sn),Sn) is found by

using Lagrange duality technique as before. The optimal PSD’s turn out to be equal to
the optimal PSD’s in the case of the maximin problem, demonstrating the existence of the
saddle point (see Appendix C). Thus, C™ is equal to C~, and they correspond to the value

of the zero sum game C.
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Figure 3.4.13: Explanation of jamming capacity formula

3.4.1 Examples for the Capacity Subject to Jamming

A. Jamming with Known Channel

This example is based on the results of Theorem 3.4.1 which gives the maximin channel
capacity C~, when H(s) = w?/(s? + 26wns + w?) is completely known (W, (s) = 0), £ = 0.2.
The SNR is defined as SNR = 10log(Px/Pn), Px = 0.1 W, which implies that the SN R will
depend on the noise uncertainty. As the uncertainty increases (i.e. P, increases), the SNR
decreases, and hence the capacity decreases. Fig. 3.4.14 shows the channel capacity as a
function of the SN R for different values of the natural frequency w, (in rad/s) (which affects
the bandwidth of the communication channel). As the bandwidth increases, the capacity also
increases, indicating how the channel capacity is affected by the channel frequency responses

H(s). From Fig. 3.4.15, it can be seen that |H(s)|"252(s) water-fills $°(s). The parameters
are chosen as follows: £ = 0.2, P, = 0.055 W.

x 10*
9 — S
8 ®, =3710" rad /s o
7
6 @, =2710rad /s e
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[23
©
=
o4
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Figure 3.4.14: Channel capacity vs. SNR, jamming with known channel
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Figure 3.4.15: Water-filling effect

B. Partially Known Channel with Jamming

This example is an application of Theorem 3.4.1, in the presence of the channel uncertainty
and jamming. The channel is represented by the second order frequency response H(s) =
ﬁm, where a damping ration ¢ is uncertain, and w, = 2710* rad/s. It is assumed
that £ belongs to the interval A{ = &, — &up. The nominal channel frequency response
H,om(f) is determined by the nominal damping ration &,om = 0.3 (see Example B in Section
3.2.3). The transmitted power is limited by P, = 0.1W. Fig. 3.4.16 shows the change in the
capacity vs. the SNR ration, defined as SN R = 101log Py/ P, for different values of A¢. For
instance, the channel capacity decreases by 3 knat/s due to the noise uncertainty, when the
SNR decreases from 2dB to 1dB for A¢ = 0, and decreases for additional 3 knat/s, due to
channel uncertainty A¢ = 0.15. Fig. 3.4.17 shows that the optimal transmitter’s strategy to
combat the noise uncertainty is to shrink the bandwidth and to regroup the power towards

the lower frequencies.
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Figure 3.4.16: Capacity vs. uncertainty, jamming and channel uncertain
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Figure 3.4.17:  Optimal PSD of the communicator, jamming and channel uncertain
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3.5 Channel Coding and Converse to Channel Coding
Theorem

In this section, it is shown that all the capacities derived in the previous sections are indeed
the operational capacities of the corresponding compound channels. That is, the channel
coding theorem and its converse are derived. The channel coding theorem states that there
exist encoders and decoders such that the decoding error probabilities tend to zero exponen-
tially, uniformly over the uncertainty sets, as the codeword lengths tend to infinity provided
the code rates are smaller than the derived capacities. The converse of the channel coding
theorem states that if the code rates are larger than the corresponding capacities, the de-
coding error probabilities cannot be made arbitrary small as the codeword lengths tends to
infinity. The channel coding theorem and its converse are derived by extending the approach
of Root and Varaiya [63], who derived the channel coding theorem and its converse for the

class of white Gaussian noise channels, to colored Gaussian noise.

Next, the definitions for a channel code, an attainable rate, and operational channel

capacity are given.

Definition 3.5.1 A channel code (M, ¢, T) for a set of communication channels B is defined
as the set consisting of M distinct time-functions {z1(t),...,xx(t)}, in the interval —T/2 <
t < T/2 and the set of M disjoint sets {Dy, ..., Dy} from the space of a received signal y,
such that

1T,

= /_ @0 < P (3.5.58)

for each k, and such that the error probability for each codeword satisfies
Pr(y € Di|zi(t) sent) <, (3.5.59)
k=1,..., M, uniformly over the set B.

Definition 3.5.2 A positive constant R is called an attainable coding rate if there erists
a sequence of codes {(M,€,,T,.)}, M = exp[T,R|, such that when n — +oo, then T,, —
+o00 and €, — 0 uniformly for all communication channels in B. Here €, is the codeword

probability of error as previously defined in (3.5.59), and T,, is a codeword time duration.

Definition 3.5.3 The operational capacity C represents the supremum of all attainable rates
R.
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Next, we introduce the additional conditions on the sets A;, Az, and A4, which are
sufficient for proving the channel coding theorem and its converse.

Define the frequency response of an equivalent communication channel by

S (OIHF)R\ V2
K(f) = (ﬁ%) , (3.5.60)
and denote its inverse Fourier transform by k(t). Further define sets A; and B;, 7 = 1,2, as
follows
Ay 2K (f) : Se(f) € Ar, H(f) € A3, W(F) € A3}, (3.5.61)
Az S{K(f) : Sx(f) € A, H(f) € A, Sulf) € Adl, (3.5.62)
B 2 {k(t) : K(f) € A;, k(t) satisfies 1.,2.3.}, i = 1,2, (3.5.63)

where A; corresponds to a particular problem, and

1) k(t) has finite duration 4,
2) k(t) is square integrable (k € Lo),
3) 2 |\K(f)2df + [ |K(f)2df — 0 when a@ — +oo0.

Subject to these conditions the sets B;, i = 1,2, are conditionally compact subsets of L,
(see [63]). Moreover, the compactness is sufficient for the proof of coding theorem and its
converse. Note that the condition 1) can be relaxed (see Lemma 4 [33]). Finally, denote the
operational capacities of the codes associated with the sets of channels B; by C;, i = 1,2,

respectively. Then the following theorem holds.

Theorem 3.5.4 The operational capacities C; for the sets of communication channels B;,
i = 1,2, are equal to corresponding robust capacities, and they are given by (3.2.7) and
(3.4.53), respectively.

Proof. The proof is given in Appendix D.

3.6 Coding Theorem Using Worst Case Channel No-
tion

The proof of the coding theorem can be simplified if the following fact is observed (commu-

nicated to the author by Prof. Kschischang, external examiner).
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From Theorem 3.2.1, it is clear that the robust channel capacities are equal to the channel
capacities of the worst case channels and the worst case noises from the uncertainty sets.
Based on the definitions of the uncertainty sets, the worst case channel corresponds to the
channel with the minimum gain and the maximal noise for each frequency, out of all possible
channel frequency responses and noise PSD’s.

This suggests that a universal code (the one which works simultaneously for all channels
belonging to the uncertainty set) is obtained by constructing a code for the worst case
channel. If this code performs well on the worst case channel, it will perform even better for
“better” channels.

Here, it should be noted that the channel capacity depends on the magnitude of the
channel but not on its phase. This can be explained in the following way. A continuous
time channel, considered in this chapter, may be understood as the set of infinite number of
narrow band channels, each centered at one frequency. For each of these channels, the worst
case channel is the one that has the smallest magnitude and the largest noise. The phase
does not matter because it can be estimated with arbitrary accuracy, which does not affect

the capacity.

3.7 Summary

In this chapter, the information theoretic limits of compound SISO continuous-time Gaussian
channels are considered. Specifically, the uncertainty in the channel frequency response is
described by a subset of H* space, while the uncertainty in PSD of the noise is described
either by using H™ space or L, space. First, the problems when the channel frequency
response and the noise uncertainties are defined in H* space, are considered. It is shown
that the robust capacity formulas are explicitly given in terms of the size of uncertainties sets.
New water-filling formulas are derived which show how the optimal PSD’s of the transmitted
signals are affected by the size of uncertainty sets. The above results are applied to wireless
fading channels. The second class of problems considered, is based on the assumption that
the PSD of the noise is described by a subset of Ly space. The channel capacity is formulated
by using a game theoretical framework, where one player, the communicator (transmitter),
wishes to maximize the mutual information rate over the set of finite power PSD’s, while
the other player, the jammer (noise), wishes to minimize it over its constraint. Although

the problems are defined over infinite dimensional spaces, and, hence, the application of the
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von Neumann minimax theorem is not possible, the existence of a saddle point is shown.
Moreover, the solution states that the optimal PSD of the transmitter is proportional to
the optimal PSD of the noise, and that the water-filling equation holds for the optimal
transmitter’s and jammer’s strategies. Finally, it is shown that all computed capacities are

equal to the corresponding operational capacities.



Chapter 4

Robust Capacity of MIMO Gaussian
Channels

4.1 Introduction

This chapter is concerned with the information theoretic bounds and optimal transmission
strategies for compound MIMQO Gaussian channels, when the channel and noise uncertainties
are modeled in the frequency domain. It generalizes the results for SISO compound channels
found in Chapter 3. One of the reasons for uncertainty modeling in the frequency domain is

motivated by the mutual information rate formula, which is given in the frequency domain
(see (4.2.7) below).

The organization of the chapter is as follows. In Section 4.2, definitions of information
MIMO channel capacities subject to uncertainties are given. Again, as in Chapter 3, the
expression “information capacity” is used to denote the maximin of the mutual information
rate, which is different from the operational capacity, i.e., the channel capacity. In Section
4.3, the solution of the information channel capacity problem is obtained, when the channel
uncertainty is described by a subset of H* space. In Section 4.4, the solution of the infor-
mation channel capacity problem is provided, when the noise uncertainty is described by a
subset of L, space. In Section 4.5, two examples of information channel capacity computa-
tions are presented. In Section 4.6, the operational meaning for the computed information

capacities is discussed.

61
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4.2 Problem Definition - MIMO Case

Consider a discrete-time MIMO channel defined by

)
YO = 3 At 3)2G) + (), @2.1)

j=—o0
where x 2 {z(t) : t € Z} is a m~component complex stationary stochastic process represent-
ing the transmitted signal, n & {n(t) : t € Z} is a p-component complex Gaussian stochastic
process representing the noise, y 2 {y(t) : t € Z} is a p-component complex stationary sto-
chastic process representing the received signal, and h 2 {h(t) : t € Z} is a sequence of
complex p X m matrices representing the impulse response of the MIMO communication
channel. It is assumed that x generates a Hilbert space [17]. Here, H(e) represents the

channel frequency response matrix, which is the discrete Fourier transform of h given by

H(e®) = Jrfjo h(t)e=3, (4.2.2)

t=—00

where 6 is the normalized frequency (as used, for instance, in [16] or [60]), and it is assumed
that 3 h(t)e 7% converges in La(Fy), to a limit in Ly(Fy), denoted as H(e?®). Ly(Fy) is
a Hilbert space of complex-valued Lebesgue-Stieltjes measurable functions H(e’®) of a finite

norm
j6 A n 0 «( 38
1H ()| arsy 2 Trace /0 H(e®)dF, () H* (7). (4.2.3)

Fx denotes the matrix spectral distribution of x [17], which is assumed to be absolutely
continuous with respect to the Lebesgue measure on [0,27]. Hence, dFy(8) = Wy(6)db,
where Wy(0) represents the PSD matrix of x. Wy () represents the PSD matrix of n.

This model can be used to represent a multi-pair telephone cable that includes the effect
of far-end crass-talk [16].

Next, two information capacity problems are defined; first, when the channel frequency
response matrix H(e/®) is uncertain, and second, when the PSD matrix of the noise Wy (6)
is uncertain.

First problem: Channel unknown, noise known. As in the SISO case, the uncertainty
of the channel frequency response matrix can be described by using two low-structured uncer-
tainty representations, additive H(e?®) = H,,om (e7%)+W,(e7%) A(e7)Wy(€7%) or multiplicative
H(e?) = (I + W1(e?®)A(e??)Wa(e7)) Hpom(€??) [80]. Similarly to SISO case, Hypom(e’) is
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the nominal frequency response, and W (e#%) A(e?®)Wy(e??) is the perturbation. W;(e?®) and
W, (e?%) are stable transfer matrices that characterize the frequency structure of the uncer-
tainty. In this section, we use the additive model in the derivation. Further, introduce two
sets

2w

A 2 {W,(6) : [ Trace(Wx(6))d6 < B}, (4.2.4)

Ay 2 {H € H® : H = Hupry + Wi AWy, H, Hyom, Wi, Wa, A € H*,||Allo < 1}. (4.2.5)

More specifically, let W;(e®) = I,, and Wa(e?®) = w(e?®)I,,, where w(e’) is a scalar fixed
function, and I, stands for the identity matrix of dimension k. Thus, H(e’’) describes
the disk centered at H,,m,(€®) with radius determined by w(e?®). This specific type of
uncertainty is chosen because is more tractable in computations. The information channel
capacity subject to uncertainty in the frequency response matrix H(e’?) is defined by

o= “iléal I}2£2 J(Wx, Wy), (4.2.6)
where

I (Wi, Wa) = % /0 " log det(L, + H(e®) Wy () H* (€)W=2(6))ds,  (4.2.7)

is the mutual information rate between processes x and y [17]. The notation (.)* means
complex conjugate transpose, and I, stands for identity matrix of dimension p. The condi-
tions for the existence of the mutual information rate formula are the following [17]: 1) x
and y are wide-sense stationary Gaussian processes, 2) x and n are mutually independent,
3) x and y are full-ranked processes (for the definition of full ranked processes see [17], page
26, Definition 3.1), which is needed to apply Szego formula ([17], page 36, Theorem 3.4) in
the derivation of the mutual information ([17], page 146), 4) Joint PSD matrix of x and y

[ Wi (6) ny(G)]

W2, (60) Wy(0) (42.8)

is nonsingular, where Wy, (6) is the PSD matrix of y, and Wiy () is the cross-PSD matrix of
x and y. Formula (4.2.7) has been already used in [54]. Here, it is assumed that the noise is
white, Wy(0)) = I. The effect of the colored noise can be taken into account by factorizing

Wa(6) and including it in the channel frequency response matrix H(e??).
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Second problem: Channel known, noise unknown. The noise uncertainty is defined
through the uncertainty of the PSD matrix W, (). It is assumed that although unknown,
Wi (6) belongs to the set Az £ {(Wa(8) : & Trace(Wn(8))d8 < P,}. The same constraint
is introduced for the transmitter such that A; 2 {Wi(8) : f2" Trace(W,(8))dd < P}.
The information capacity of an uncertain MIMO channel is defined similarly to its SISO
counterpart by

C%2 sup _inf J(Wy,Wa). (4.2.9)

WxeA; Wn€As

In the next two sections, the solutions of (4.2.6) and (4.2.9) are presented.

4.3 First MIMO Problem : Channel Unknown, Noise
Known

Here, it is assumed that the transmitter and the receiver know the nominal channel fre-
quency response matrix Hpom(e??), as well as the size of the uncertainty set w(e?®). This
implies that both, the transmitter and the receiver, are aware of uncertainty set A,. The
solution of the MIMO capacity problem, in the case of the channel frequency response un-
certainty, uses the singular value decomposition of the nominal frequency response matrix
Huom(€7%) = U(e?®)S(0)V*(e?®), where U(e®) and V(e) are p x p and m x m unitary

matrices, respectively, and

=0
Y= [ o OLxm, (4.3.10)

where ¥;(0) = diag(01(6), ..., 0n(0)) is a diagonal matrix whose elements are called singular
values of H,m(e?), where n < min(p,m). Also, the derivation assumes a specific structure

of the matrix A(e’?),

. . J6 )
A(e) = U(e®) [Alg‘f ) 8] V(&) (43.11)
A (e?) is an n x n matrix, where n is the rank of H,,,m(e’?), n < min(p,m). The reason for
introducing this assumption is that it enables the application of Hadamard’s inequality for
maximization of the mutual information with respect to the PSD matrix Wy(6). This means
that the most general problem defined by set A in (4.2.5) still remains unsolved and it is

the part of the future work. In Section 4.6, it will be shown that the information capacity
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computed in Theorem 4.3.1 represents an upper bound to the achievable rate in the most
general case, for arbitrary A(e’?).

The information channel capacity is given by the following theorem.

Theorem 4.3.1 The information capacity of a discrete-time compound MIMO Gaussian
channel modeled by (4.2.1), subject to a channel frequency response uncertainty described by

H®> norm constraint through the set Ay and subject to (4.8.11), is given by

C = 232 [ osluton(0) = (&)l (43,12
> [ (= (00) — (&) )b = Py, (43,13

where
S 21{6: 1 (0:(8) — lw(e®)) 2> 0}, i =1,..,m, p>0, (4.3.14)

and p is related to the Lagrange multiplier of the power constraint associated with the set A;.

A matriz A%(e’®), which minimizes the mutual information rate, is given by

e~ JargQw)+jn 0 e 0
. ~jargw)+jx .,
A (e?) = 0 T N 0 (4.3.15)
0 0 . e-Jangwye

Notation arg(w) stands for the phase of the transfer function w(e’®).

Proof. The proof is given in Appendix E.

Corollary 4.3.2 If |w(e’)| is equal to zero, the formula for the channel capacity when there

is no uncertainty is obtained [16].

Remark 4.3.3 The information capacity formula implies that the capacity will be different

from zero only if there exists an interval of frequencies such that o;(0)—|w(e?®)| > 0, i=1,...,n.

From the derived information capacity, it can be seen that if the uncertainty |w(e?®)| grows
over the whole frequency range, at one point it will reach the lowest singular value ¢,,(6) of

the nominal frequency response matrix Hy,om(€?). Then, the optimal way of transmission is
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to concentrate the power on the rest of the channel modes, and not to allocate the power to
the mode that vanished because of uncertainty. By the same logic, if the uncertainty keeps
growing, the modes will vanish one by one, and at the end only the strongest mode will
remain.

Also, it should be noted that the information capacity for memoryless channels is obtained
from the above capacity, by formally removing the integration, in the problem statement
and final answer. Then, W, represents the covariance matrix of the transmitted signal, W,

represents the covariance matrix of the noise, and H is the channel matrix in time domain.

4.4 Second MIMO Problem: Channel Known, Noise
Unknown

In this section, the problem of computing the information channel capacity of a Gaussian
MIMO channel when the PSD matrix of the noise W,(6) is unknown, is considered. Again,
as in the SISO case, the problem may be treated as a game between the transmitter x
and the noise/jammer n. Using the same reasoning as in Chapter 3, the standard result of
the game theory cannot be applied to claim a saddle point existence [56]. Therefore, the
problem is solved by directly solving the maximin problem. The finite-dimensional version
of the problem has been solved in [71] by using the saddle point existence and a linear matrix
inequality technique. Thus, the explicit dependence between the optimal transmitter’s and
jammer’s strategies cannot be seen. The obtained results for MIMO capacity resemble the
results derived for the SISO case. The information channel capacity of the MIMO Gaussian

channel with the noise uncertainty is given by the following theorem.

Theorem 4.4.1 The information capacity of a discrete-time MIMO Gaussian channel mod-

eled by (4.2.1), subject to a noise uncertainty described by the Ly norm constraint posed on
the PSD matriz W, (6), As, is given by
27 , .
C= 4i / log det(I, + H(eYW2(0)H* () W2~1(6))d8, (4.4.16)
T Jo

where the optimal PSD matrices satisfy

WR2(6) + %W,‘:(H)H (e )WR(6)H*(¢”°) + %H (€ )WR(6) H* (¢°)W3(6)
1

B 478

H* (YW H(0)(I, + H(YW2(0)H* (e )W2=1(0)) 1H (&) = 4n X1, (4.4.18)

H (eI YW2(6)H*(e'®) = 0, (4.4.17)
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and Ay > 0 and AJ > 0 are the Lagrange multipliers associated with the constraint sets A,

and Ay, respectively, which are computed from

2T 27
/ Trace(W2(8))d6 = Px, /0 Trace(W2(6))d§ = Pa. (4.4.19)
0
Proof. The proof is given in Appendix F.

Remark 4.4.2 From the solution given in Appendiz F, it can be seen that the optimal
solutions W2(0) and W2(6) constitute a saddle point of the optimization problem given by
(4.2.9), meaning

J(Wae, Wg) < J(WR, W) < J(WQ, Wa), (4.4.20)
for any Wi (6) # W2(0) and any W,(0) # W2(0). In addition, it is true that

inf J(Wy,Wa) = inf W, Wy). 4.4.2
ke, TV ) = i, 2, TV ) a2
Further, note that (4.4.17) and (4.4.18) correspond to SISO equations (C.0.3) and (3.4.57).
When H(e?%) is square and invertible, after some manipulation of (4.4.17) and (4.4.18), it is
shown that

We(h) = %H*(ejo)W,‘,’(G)H(ejo)(H*(eje)H(eje))“l, (4.4.22)

which is MIMO equivalent of SISO (3.4.55). Thus, when the transmitter does not know the
PSD of the noise, it will use the PSD matrix W2(6), which guarantees the transmission rate
of at least J(Wg2, W?) according to (4.4.20). Similarly, “nature” tends to use the PSD matrix
W3(6), which is a scaled version of the optimal PSD matrix W2(6). Hence, (4.4.22) shows
the advantage of a direct solution of optimization problem (4.2.9), since it directly relates
the optimal transmitter’s and jammer’s strategies, which cannot be seen if the problem is
solved through numerical techniques.

In addition, the derived formula can be used to model the communication channel subject
to jamming in the following scenario. Assume that the jammer knows the number of antennas
that is used by a wireless system. One such example is a public cellular system subject to
the jammer’s attack. If the channel matrix between the jammer and the base station of

the cellular system is denoted by G(e?®) (of dimension p x p), then the mutual information
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subject to jamming is given by

T Wa) = o [ log det(l, + H(Wa(6) " () (G(e*) Wa(0)G" (7)) )d0
= % /027r log det(I, + Hl(8j0)Wx(9)H;(eje)W;l(H))dG, (4.4.23)

where H, (%) 2 G~1(e7)H(ei®). Here, it is assumed that G(e?) is an invertible matrix.

4.5 Examples

4.5.1 Partially Known Channel

The following example illustrates the computation of the channel capacity, when the uncer-
tainty with respect to the channel frequency response matrix is described by the subset of

H®° gpace.

[ AN
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Figure 4.5.1: Magnitudes of [Hpom(e/®)]11 and [Hys(€”)]11

The uncertainty is represented by the additive description H(e?) = H,,;,, (€%)+A(e?®)w(e??).
The nominal channel frequency response matrix is given by

1 1 1
(/] 1-5e-191—ze"7 1—-ze~7
Hnom(e] ) = 2 4 4

1
1-4—16—19 1—516_-79 I—Z[e_jo

, (4.5.24)



4.5. EXAMPLES 69

while the upper bound on the uncertainty set is given by

(4.5.25)

'] 14
iy 1-1e-36  1-1.-j6

Hyp(e7) = { 14 5|
1-3e= 38 1-Ze 30

where § is a known constant. The magnitudes of [H,om(€%)]1; and [Hy(e?®)]1; are shown
in Fig. 4.5.1. The size of the uncertainty set is determined by observing that &(H.,;(e’®) —
Hom(€7) = 6(A(e®)w(e’)1,,) < |w(e?®)|, where 5(A) is the maximal singular value of a
matrix A. It is chosen that |w(e?®)| = 6(Hyp(€®) — Hpom(e%)) for each frequency 8 € [, 7).

In Fig. 4.5.2, 4.5.3, the size of the uncertainty set |w(e’®)| is compared to the singular
values () and 05(6) of the nominal frequency response matrix Hy,om(e7?), respectively, for
6 = 1.6. Fig. 4.5.3 suggests that the transmission over the second mode is optimal just over
the part of the frequency bandwidth, where g,(8) > |w(e?®)|. This implies that for a larger
size of the uncertainty set |w(e’®)|, the weaker mode will not be used in the transmission.

The capacity is computed by employing (4.3.12) and (4.3.13). It is interesting to ob-
serve (4.3.13). It requires the positivity of u — (0:(0) — |lw(e?®)|)~2. Fig. 4.5.4 shows
(o1(8) — |w(e?®)])~2, while Fig. 4.5.6 and 4.5.5 show (0(6) — |w(e’®)|)~2. In order to have
a transmission over the i** mode, the constant p, which is chosen in accordance with the
power constraint (4.3.13), must be larger than (o;(6) — |w(e?®)|)~2 over at least one frequency
6 € [—m,]. Because o;(0) — |w(e?®)| is smaller for smaller singular values of a nominal chan-
nel frequency response matrix, (o;(8) — |w(e?®)|)~2 is larger for smaller singular values. This
can be verified from Fig. 4.5.4 and 4.5.6. Thus, for small values of transmitted power P, the
level of power poured into (0;(6) — |w(e??)|)~2 may be small. Hence, for small transmitted
power Py, it could happen that the weaker modes could be left without power. In fact,
the larger uncertainty makes the weaker modes even weaker, which may contribute to the
transmission only over the strongest mode for small transmitted power.

Fig. 4.5.7 shows the channel capacity versus the parameter §, which determines the size
of the uncertainty set, for a fixed value of P/N,. As expected, the channel capacity decreases,

as the size of uncertainty set increases.

4.5.2 Partially Known Noise

Next, it will be shown how the channel capacity of a MIMO communication channel can be

computed when the PSD matrix of the noise, Wy (), belongs to the set A3, which is a subset
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of Ly. The channel frequency response is completely known, and it is given by

1 1

. 1.5 I _—3

H(e®) = [l“ff S ] (4.5.26)
1—1.-j6 1—Le—36

4

In this case, the channel frequency response matrix H(e’®) is square and invertible. Then,

the optimal PSD matrices of the communicator and the jammer are given by

we(h) = %H*(eﬂ’)(@r)\glp + 4mASH (7% H* (e79)) 1 H (e79), (4.5.27)
2
W2(8) = (4 XL, + 4n XS H () H* (e/%)) "V H () H* (). (4.5.28)

The formula for a channel capacity becomes

C=4 / " log det(L, + i—;H(eﬂ’)H*(eﬁ))da (4.5.29)
To find all required quantities, the Lagrangian multipliers A¢ and A are numerically com-
puted. Fig. 4.5.8 shows the channel capacity vs. SNR = 10log Py/P,. The transmitted
power is limited by P = 0.1W.

- T A T B R P PP

2.8+ -
7

26} /
2.4} e

224 e

C/BW (bit/s/Hz)

1.6

141 e

1.2 ) I L i 1 I L - i 1

SNR (dB)

Figure 4.5.8: MIMO channel capacity subject to uncertain noise

It is interesting to notice that the Lagrange multipliers A$ and A§ represent the derivatives

of the capacity C with respect to P, and P, respectively. The multipliers are shown in Fig.
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4.5.9 and 4.5.10. It can be seen that the capacity is more sensitive to variations in P, and
P, for high SNR. But, a better picture regarding the sensitivity of the capacity with respect
to P, and Py is obtained by comparing the relative perturbation of the capacity, —A(TC, to the
relative perturbations of P, %ﬂ, and Py, A—If:&. Viewing C as a function of P, and Py, and

taking the limit with respect to P, and Fx, we get
AC/C P, dC

S, = lim 26/[C _ B dC (4.5.31)

A0 AP /P, C dP,

The ratios of relative perturbations are shown in Fig. 4.5.11 and Fig. 4.5.12. For this
particular example, the relative perturbation of the capacity is between 1/3 and 1/2 of the
relative perturbations of P, and P,. Thus, the sensitivity of the capacity with respect to P,
and Py is not significant.

Other important conclusions come from the optimal PSD matrices W2(0) and W2(6)
depicted in Fig. 4.5.13, 4.5.14. Two transmitted signal PSD functions, [W2(8)]11 = [W2(8)]22
and [W2(8)]12 = [W2(6))21, and two noise PSD functions [W2(6)]11 = [W3(8)]22 and [W2(8)]:12
= [W2(8)]21 are presented. The first conclusion is that the off diagonal elements are different
from zero, which implies that the optimal transmission and the optimal jamming require
cooperations between different transmitters and different jammers in MIMO communication
jamming scheme. Another interesting observation is that diagonal and off-diagonal PSD
functions are, in a sense, complemental. For instance, the minimum of [W2(6)];2 corresponds
to the maximum of [W2(6)]11, and vice versa. This might be the case for this particular
example, but it remains to be explored if this is the rule and under which conditions, or

merely it is a coincidence.
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4.6 Achievable Rates for MIMO Channels

In Chapter 3, it is proved that the operational capacities of corresponding SISO compound
channels are equal to the worst case channel capacities. In this section, it is shown that
in the case of MIMO compound channels, certain additional conditions have to be imposed
in order to prove the achievability of the worst case information capacities computed in
Theorem 4.3.1 and Theorem 4.4.1.

4.6.1 Achievable Rates for Uncertain Channel

When the channel uncertainty is described by the set A,, it is shown that the supremum
and the infimum of the problem defined by (4.2.6) (see Appendix E), can be interchanged.
Moreover, the form of the information capacity formula given by (4.3.12) and (4.3.13), and
subject to (4.3.11), suggests that we are dealing with the information capacity of the worst
case channel, as in the SISO case. Namely, from (4.3.12) and (4.3.13), the worst case
channel is determined by the singular values of the nominal channel matrix, H,,(e’®), that
are reduced by the size of the uncertainty set |w(e’®)|. Similarly to the SISO solution, where
the capacity is the function of the magnitude but not the phase, the MIMO capacity depends
only on the singular values of the channel frequency response and not on the unitary matrices
U(e?®) and V(&%) [16]. Therefore, all channel matrices, which have the same singular values,
constitute an equivalent class, where all members of the class have the same channel capacity.

Next, it is demonstrated that that the worst case channel capacity, given by (4.3.12) and
(4.3.13), can be achieved, subject to (4.3.11)

Al (eje) 0

A(ej9)=U(ejo)[ NI

]V*(ejo) = U(e?)A,(e)V* (), (4.6.32)

where U(e’?) and V(e?®) are the unitary matrices that correspond to the singular value

decomposition of the the nominal channel frequency response matrix
Hpom (e7%) = U(®)S(0)V* (e7?). (4.6.33)

Note that, even when

Ay(e) 0

As(e) & [ SR (4.6.34)

is an unknown diagonal matrix such that ||A,(e?®)]|o < 1, in general, A(e?®) is not diagonal.

Thus, the uncertainty is placed on each element of the matrix Hpom(e®). Any channel
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frequency response matrix from A, subject to (4.6.32) is given by
H(e®) = U(®)(Z(8) + As(e?)w(e?))V* (), (4.6.35)

where £() + A,(e’®)w(e?) is diagonal. In order to achieve the worst case channel capacity,
it is enough to diagonalize the channel matrix H(e?®) by precoding the transmitted signal by
V(e’®) and by shaping the received signal by U*(e?®) as shown in Fig. 4.6.15. Consequently,
n parallel channels are obtained, which enables the use of SISO codes. Here, each of n codes

is tuned on the worst case channel o;(8) —|w(e?)|, i = 1, ..., n, for each of n parallel channels.

n
MIMO l
v channel ——(G)—| U-
H

Figure 4.6.15: Channel capacity C vs. é

In the general case, A(e’®) does not have a form (4.6.32), where A,(e?®) is diagonal.

Next, look at the following form of the additive uncertainty description given by

H(€®) = Huom(e?) + A(e®)w(e?®) (4.6.36)
= U(E)ZO)V*(?) + A(e?)w(e?) (4.6.37)
= U(E)(Z0) + U () A(e®)V (e w(e?®)) V* (7). (4.6.38)

Thus, the second term within parentheses corresponds to (4.6.32), i.e.,
Ay(€7%) 2 U* () A(e°)V (). (4.6.39)

It follows that the most general case (4.6.38) is equivalent to the case when A,(e’®) is not
diagonal. Then, A,(e’) can be written as the sum of diagonal and off-diagonal part, namely,
Ay(€7%) = Ag diag(e7%) + Ag of f-diag(€7?). The effect of off-diagonal elements of A,(e’®) may
be represented by an additive noise, which will be explained next. The equivalent channel
frequency response, obtained by precoding the transmitted signal by V(e?®) and by shaping
the received signal by U*(e) (see Fig. 4.6.15), is given by

H,,(e7%) = U*(e®) H (/) V (%) (4.6.40)
= 2(6) + As diag(€0)w(€™®) + A of 5~ diag (€ )w(e™®), (4.6.41)
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with the output of the i** channel, represented in the frequency domain by

yi(€%) = (0:(8) + 8,4 (e”®)w(e?))z; (%) + Zés,ik(eje)w(ejo)xk(eja) +ny(e). (4.6.42)
ki
Here, 6s,ij(eje), 1 <i<p, 1< j<m, are the entries of A,(e’?). The off-diagonal elements

85,45 (e%%), i # j, contribute to the equivalent noise

Neqi(€7%) = ni(€7) + 3 85,k (7 Yw(e?)zi (). (4.6.43)
k#i
Thus, one can use n codes, each tuned to a corresponding o;(#) — |w(e?®)| channel, and has
to include the additional noise term created by off-diagonal elements of A,(e’®). This means
that the operational capacity in the most general case will be less then the value found in
Theorem 4.3.1.

4.6.2 Achievable Rates for Uncertain Noise

When the noise uncertainty is described by the set As, the existence of the saddle point is
proved in Appendix F. Thus, as in the SISO case, it suggests that the notion of the worst
case noise can be employed.

To prove the achievability of an information capacity computed in Theorem 4.4.1, in addi-
tion, it is assumed that the receiver has the knowledge of the noise PSD matrix W;,(#), while
the transmitter does not have to know it. If the transmitter uses a “Gaussian codebooks”
(the definition of “Gaussian codebooks” is given further in the text) and the PSD W2(8),
obtained in Theorem 4.4.1, the achievable code rate is J(W2(6), Wx(6)), given by (4.2.7), for
any choice of the PSD noise matrix W,,(0) (guaranteed by [16]). From the saddle point prop-
erty, which is proved in Appendix F, J(W2(8), W2(0)) < J(W2(6), Wa(#)), implying that
the achievable transmission rate is lower bounded by J(W2(#), W2(6)). This transmission
rate is achievable when the worst case noise affects the transmission (having PSD W2(6)).
Hence, the compound capacity is given by J(Wg2(6), W2(8)) subject to the assumption that
the receiver knows Wy, (6), but the transmitter does not have to know it. The transmitter
has to have knowledge of J(W2(6), W3(0)) in order to choose a transmission rate. There-
fore, “Gaussian codebooks” provide the robustness when the transmitter does not know the
noise. In the rest of the section, the computation of the probability of the decoding error
is given when the maximum likelihood decoding is used, to illustrate the point made. Here,

the intention is not to give a rigorous derivation of the probability of the decoding error,
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but to show that an upper bound on the probability of the decoding error decreases as the
function of the mutual information rate. This will imply that the worst case channel has
the largest probability of error, meaning that for all other noises from the uncertainty set,
the performance of “Gaussian codebooks” has to be better. The upper bound is obtained
by using a similar procedure given by Gallager ([35], pages 379-381) and Brandenburg and
Wyner [16].

Assume that a “Gaussian codebook” is used. Thus, the codewords {x;}¥, of length N,
where x; = [z;(0), ..., z;(N — 1)], z;(k) e R™, k=0,...,(N — 1), i = 1, ..., M, are the sample
paths of M independent discrete-time Gaussian processes, having the same PSD matrices
W2(6), the one that is optimal with respect to the worst case noise PSD, W2(0) [47]. It is
assumed that stochastic processes, which generate the codewords, are zero-mean and ergodic.

Next, the equivalent representation of the channel, given by (4.2.1), is introduced. Based
on the Gallager’s work [35], the equivalent representation of (4.2.1) is given by a convolution
type operator T, having the frequency response Hj(e’®) = W;1/2(9)H(e/), and additive
white noise having PSD which is an identity matrix (see also [16]). Here, W 1/2(8) is obtained
by factorizing W;1(8).

Further, we compute the probability of decoding error for M = 2 codewords, assuming
that the maximum likelihood decoding is used. Denote by u; = [u;(0),...,u; (N — 1)] and
ue = [u2(0), ..., u2(N —1)], us(k) € RP, i = 1,2, k =0, ..., N — 1, the outputs of the filter Ty
for two input codewords, x; and x,, respectively. Thus, u; = Tnx;, i = 1,2. By adding the
equivalent Gaussian noise z = [2(0), ..., 2(N — 1)], z(k) € R?, k = 0,..., N — 1, whose PSD

matrix is identity matrix, the equivalent representation of the channel is obtained
vi=Tyx;+2z, t=1,2. (4.6.44)

Also, we define a norm for a codeword or the channel output as follows

IEYIE ;g (k)% (4.6.45)

where || - || is Euclidean norm. Then, the probability of the decoding error when a maximum

likelihood decoding is applied, subject to the assumption that x; is sent, is given by
A
Fep = Pr{|llyr — Tnxel|| < |llyr — Txl|[}. (4.6.46)

After some manipulations of (4.6.46), we get [16]

Pox = g1t = sl = @( Glwa — i), (4647
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where ®(u) = [ exp[—% ]dx Next, we are going to use the fact that the codewords x;
and x5 are random and independent. First, observe that the argument in (4.6.47) has three
terms, SN (lua ()12, SN lua(k)|? and 2 YN o w}(k)ua(k). We multiply and divide the
argument of ® by N. For N large enough, due to the ergodic assumption and because u;
and u, are independent, term

N-1

2 1 w L
Jim ~ Z i (k)us(k) = 5=Trace /0 Hi (€)W, (0) HE(67)d6 (4.6.48)

vanishes. Here, Wy, x,(6) represents the cross-PSD of x; and xz, which is equal to zero,
because x; and X, are obtained from independent and zero-mean Gaussian processes. Two
other terms + S0 [lui(k)||? and % L 50! llua(k)||? are asymptotically equal, because two
independent processes, whose sample paths represent two codewords x; and x,, have the
same PSD matrix W2(6). In other words

N e
Jim —-leul B = Jim —leuz(k)ll2 (4.6.49)
= hm ——ZHU )I? (4.6.50)

1 .
_ 760 0 *( 76
= 27z_Trace/O Hy(e”)W2(0)H{(e””)db. (4.6.51)

Therefore, for very large N, the probability of the decoding error is transformed into

1 N-1
Pe,l = < N Z ”Ul —’Uq )“2> (4.6.52)
- @(\/ - Trace /0 Hl(eﬂ’)W,‘g(())Hf(ej")d()), (4.6.53)
or
N

Py = @(\/ESNR) (4.6.54)

where

Al 27 0 9
SNR 2 - Trace / Hy(°)W2(8) H (67)de. (4.6.55)
1]

Here, the goal is to obtain an upper bound on the probability of the decoding error as
a function of the mutual information. Observe that H;(e?)W2(0)H;(e’®) is Hermitian and

therefore diagonalizable. Thus, H;(e?®)W2(0)H}(e’®) = V(e®)A(9)V*(e), where A(6) is
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a diagonal matrix, containing the eigenvalues of H;(e®)W2(6)H;(e®), \i(6), i=1,...n. It
follows that

27 i .
SNR = o-Taace [ Hy(e®W2(0) () (46.56)

2T 0
]_ 2r N

= o ' 4.6.57
L S log(1 + A(6))d8 16.58

> om i 0.

> o [l Llos(1+x(0) (46.58)
1 27 ) '

= 2—7?/ log det (I, + Hi(e”’)WR(6) H (e'°))db. (4.6.59)

0

The inequality follows from log(1 + u) < u for base e. Consequently, having in mind that
®(u) is a decreasing function of the argument, the upper bound on the probability of error

is given by

P= @(%) < @(W) (4.6.60)

If the Chernoff bound is applied, for M > 2, the upper bound on the probability of the

decoding error is given by

N

P1 < (M = 1)e /W2 Wa), (4.6.61)

Thus, from (4.6.60), it is clear that the upper bound on the probability of decoding
error, for a specific channel and noise, is obtained by substituting, the specific channel and
noise, and the optimal transmitter’s PSD matrix. Because ®(u) is a decreasing function, this
implies that the worst case noise, characterized by W derived in Theorem 4.4.1, achieves
the largest upper bound on the decoding error, out of all noises from the uncertainty set.
The same conclusion is obtained by Diggavi and Cover [28], where the authors considered a
similar problem (in their work, they considered covariance matrices of the transmitter and
noise) with the same assumptions on the receiver and transmitter knowledge, but where
Mahalanobis distance decoding is used.

As for the future work, it remains to be seen if the achievability of the information
capacity derived in Theorem 4.4.1 can be proved for the case when both, the transmitter and
the receiver, do not know the noise PSD. One approach would be to generalize the derivation
of Root and Varaiya [63] to MIMO case. To see this, introduce the following matrix spaces:

1) the linear space of p x m matrices, I, 2 {hy 1 Z — RPXm THo oo [[Pnlij| < +00,1 <

? n=—
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i < p,1 < j < m}, where [hy);; is an entry of the matrix h,, 2) the linear space of square
summable sequences of p x m matrices, 2 £ {h, : Z — RP*™, ¥ o hall? < 400},
where ||h,||2 £ Trace(hnhT), and T denotes a matrix transpose. Then, the coding theorem
might be obtained by paralleling the approach given in Section 3.5. Namely, by using these
spaces, it is possible to redefine the conditions for conditional compactness of the set As,
found in Section 3.5. It should be observed that condition 3) is not needed, because we deal
with a discrete-time case where the integration in the frequency domain is between 0 and

2.

4.7 Summary

This chapter deals with the information bounds of compound MIMO Gaussian channels
with memory for two different types of uncertainty. The uncertainty of the channel matrix
frequency response is described through a subset of H> space, while the uncertainty of
the noise PSD is represented through a subset of L; function space. For both problems,
the explicit information channel capacity formulas are derived, as well as the optimal PSD
matrices of the transmitted signals. For the case when the noise is uncertain, the optimal
PSD of the noise/jammer is derived, and it is shown that it is proportional to the optimal
PSD of the transmitted signal. For the case when the channel frequency response matrix
is uncertain, the channel capacity formula and the optimal PSD of the transmitted signal
depend on the size of the uncertainty set. From these two formulas, it can be concluded that
the transmission over the strongest mode of the nominal channel frequency response matrix
is the optimal strategy when the size of the uncertainty set increases. At one point, the size
of the uncertainty set will dominate all weaker modes of the channel matrix, and, hence, the

transmitter will send information only over the strongest mode.



Chapter 5

Conclusion

5.1 Synopsis

This thesis illustrates the effect of the channel and noise uncertainties on the performance of
communication systems from an information theoretic point of view, when uncertainties are
modeled by subsets of H*® and L; normed spaces, in frequency domain. SISO and MIMO

compound Gaussian channels are considered.

H®* uncertainty descriptions are used to represent the uncertainties in the channel fre-
quency response and the PSD of the noise, when there exists some a priori knowledge re-
garding the channel and the noise. L; uncertainty models are employed to represent the
uncertainty of the PSD of the noise, when only the knowledge regarding the average power

constraint on the noise is available.

In the case of SISO communication channels, when the channel and the noise uncertainties
are represented by subsets of H™ space, it is shown that the channel capacities and the
optimal PSD’s of the transmitted signals depend on the nominal channel and noise models,
and on the sizes of uncertainty sets. The optimal PSD’s of the transmitted signals are
obtained in the form of the water-filling equations. The H* modeling technique is also
applied to derive the capacities of ergodic wireless fading channels. When the uncertainty in
the PSD of the noise is represented by a subset of L; space, the channel capacity problem is
formulated by using a game theoretic framework. For this infinite dimensional optimization
problem, it is shown that a saddle point exists. It is proved that the capacity achieving PSD
of the transmitted signal is proportional to the optimal PSD of the noise (jammer).

In the case of MIMO communication channels, two problems are solved. When the

channel uncertainty is represented by a subset of H space, it is shown that the channel
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capacity and the optimal PSD matrix of the transmitted signal depend on the size of the
uncertainty set. The channel capacity formula suggests that the one-mode transmission is
optimal for a large uncertainty set. When the noise uncertainty is represented by a subset
of L, space, the optimal PSD matrix of the noise (jammer) is proportional to the optimal
PSD matrix of the transmitted signal. In general, the two optimal PSD matrices are not
diagonal, which implies that there should exist a cooperation between the transmitters of
multiple-input systems. Moreover, as in the case of SISO communication systems, it is shown

that a saddle point exists for L, noise uncertainty model.

5.2 Directions for Future Research

The new approach for modeling, analysis, and design of uncertain communication systems,

which is introduced in this thesis, raises a few issues related to
1. Encoding and decoding for uncertain channels;
2. Generalization of proposed models;
3. Relations between frequency and time domain models;
4. Applications of the models in network information theory.

This thesis introduces the description of a compound channel using a nominal and perturb
part. From the point of view of encoding and decoding, it would be interesting to design
such an encoder and decoder that would operate on the compound channel, defined by the
nominal channel and the size of the uncertainty set. Further, this concept could be extended
to a corresponding adaptive scheme, where the nominal model and the size of the uncertainty
set could be updated as more and more data are collected by the receiver. This would be an
extension of universal encoders and decoders. It is predicted that this scheme would require
less information rate for a feedback channel than existing adaptive schemes, that convey the
CSI to the transmitter continuously in time. A new robust adaptive scheme would feed back
the CSI consisting of the nominal model and the size of the uncertainty set, only when it is
found that the current description is too conservative or when the size of the uncertainty set
Zrows.

Another direction for further research is a generalization of uncertainty models proposed

in the thesis. It was shown that H* models can be used for uncertainty modeling of ergodic
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and non-ergodic wireless fading channel. Here, it is assumed that the nominal frequency
response is a random variable exponentially distributed. The ergodic capacity is found by
taking the expectation over the exponentially distributed nominal part. The H* description
is used to model a short term uncertainty within the coherence time 7,. The long term
uncertainty can be modeled by introducing uncertainty in the distribution of the nominal
frequency response. This uncertainty might be introduced as a ball of distributions. The
center of the ball can be defined by the nominal distribution of the nominal frequency
response, and the radius would be determined by the relative entropy constraint. For this
kind of a model the channel capacity can be computed, and corresponding universal encoders
and decoders can be built.

In this thesis, the emphasis is on the frequency domain uncertainty models. It would
be interesting if the connection between the frequency domain models and the state space
models could be established. [73].

A natural extension of the proposed models is to consider their application in network

information theory.
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Appendix A

Robust Capacity - Additive Channel
Uncertainty

Proof of Theorem 3.2.1. The condition for boundedness and integrability of

([ Hnom (£)] + IW1(£)])?
Sa(F)([Whom ()] = [Wa(f)1)?

comes from Lemma 8.5.7, [35] (page 423). Namely, a sufficient condition for the existence

(A.0.1)

of the mutual information in the frequency domain is the integrability of S—(Ifﬂ)lvf-‘}%)l—, for all

H(f) € Ay and all W(f) € A;. This is satisfied when Sﬂé}%‘ﬁiﬁ%}”gr_/}&g();)l)z is integrable.
Thus,

v |H()P oo (Hpom ()l + Wi (£)])?

— = df < df. A.0.2

/-oo Sa(H)|W(f)2 /—oo Sa(F)(Waom ()] — [Wa(£)])? (A.02)
Next,

+00 2
HeAg V-0 Sn(f)|W(f)'2

is computed. From the fact that |A;(f)| < 1, and because log is a monotonically increasing

function, it is clear that (A.0.3) is equivalent to

oo Sx(£) (| Hnom ()| = IW1(£)1)®
[ (=)
when A(f) = A(f) = exp[—jarg(W1(f)) + j arg(Hpom(f)) + j7]. The infimum over the

set As can be found in a similar way.

(A.0.4)

—o0

The problem of finding supremum is exactly the same as in the classical case [35]. This

leads to the modified water-filling equation

Sn(f)([Whom ()| + [Wa(HD® _ o
(lHnom ()] = WL ()])? ’

89

Se(f) +

(A.0.5)
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where v° is a positive constant equal to —1/2A, such that

/S So(f) = P, (A.0.6)

A . 0 _ Sa(H)([Wrnom (H|+Wal(H)])?
where § £ {f : v° — 22Tt AL TR > 03,

Next, it will be shown that the capacity formula for the corresponding discrete-time

channel is just the special case of the previously derived formula for the channels with
memory. A channel with a memory can be seen as a group of infinite number of channels,
each assigned to one frequency. Thus, we have to find the channel capacity that corresponds
to just one frequency. First, assume that the signal is multiplied by a window in the frequency

domain G(f) =1, f € [-W, W], and G(f) = 0 otherwise. Then the channel capacity per
Hz is given by

_ W Hu( )] — W]

= aw L S spmtn i) ¥ (A.0.7)
L[ (o S Wm0 WA
W J- (RO ELAG)E

)df _P (A.0.8)

When W tends to zero

_ 1 V(| Hnom (0)]| — [W1(0) )2
C= 2 x 2W2W1 (S (0)(|Whom (0)| + [W2(0))) 2) (A.0.9)
0 T n( )(anom(O)l + |W2(0 )
50 = g2 (v = 2 e ) (A.0.10)
giving
Ly (1 SO Huan (0)] — [Wa(O)])?
C=glog(1+ OO W) (4.0.11)

Further, denote the autocorrelation function of x by Ry(7). For 7 = 0, Rx(0) = E[z?(t)] is

the variance of a random variable z(t). Also, for band limited case
+W
Be(0) = [ SAf)df. (A.0.12)
Then, when W tends to zero, the variance per Hz is given by
1 _ Qo _ 1 2
By the same line of reasoning

1 (¢
57 Bn(0) = S2(0) = L B2, (A.0.14)

2w



Appendix B

Capacity of Wireless Fading Channels

Proof of Theorem 3.3.1. The capacity is given by

Cg= sup inf FE
Sx€B; Al <1

The infimum can be switched with the expectation, because it is taken over A(f), which is
not random. The infimum with respect to the multiplicative uncertainty is resolved similarly

to the infimum found in Appendix A which gives

e Sl Hoom (1) (L + ADWA(F)2
f{lglfs‘g ~W/2 log (1 + 2N, )df
- o8 (1 + o )df, (B.0.2)

for A°(f) = exp[—j arg(W(f)) + jm].
Here, 8 = |Hnom(f)}? is the exponentially distributed random variable, with density
p(8) = exp(—0), 8 > 0. By Fubini’s theorem, we are able to exchange the expected value

and integration with respect to frequency in (B.0.1). Then, (B.0.1) transforms into

1 rW/2
Cg = S 5 ) e log(1 + Bp(f))df (B.0.3)
T ae 1/W/2 —exp(p () Ei(—p (f))df (B.0.4)
SUD 5 [y P i((—p : 0.

where p(f) = W, and Ei(z) = [° %du is the exponential integral function. Be-
cause, it is not possible to find the closed form solution in general, the expressions for low and
high SNR will be given. By using the expressions found in [57], —exp(p~Y(f))E;(—p*(f))

can be approximated by p(f), for p(f) << 1, and by log(1+ p(f)) —C, for p(f) >> 1, where
C is the Eiiler constant.
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1. (Low SNR, p(f) << 1). The ergodic capacity is given by

1 (W2
Ce = suwp / sz(f)df (B.0.5)
W2 S (F)(1 — [Wi(f)))?
= i B.0.6
SxEB1 2/W/2 2]\/vO df ( )

The upper bound on the integral can be found by using the Cauchy-Schwartz inequality as

follows

([ SOOI Y [ sy [ [L BTy, (g0)

—w/2 -w/2
where the equality over Sy(f) € B is achieved for

LG

orey _ 1.
Se(f) =k SN, (B.0.8)

Here, k is a positive constant The optimal PSD S2(f) is computed by substituting (B.0.8)
into the power constraint f W/2 S2(f)df = 2P and solving for k.

2. (High SNR, p(f) >> 1). The ergodic capacity for this case is given by the formula

L /W/z [Iog (1+ Se(£)(1 lwl(f)l)z) _C] " (B.0.9)

Se€By 2 2N,

Thus, this is a standard formula for the channel capacity except that the frequency response
of the communication channel is replaced by the part (1 — |W(f)|)? that describes the un-
certainty. The optimal PSD is in the form of water-filling formula such that S2(f) water-fills

2Ny
A-wi(Hh?"
Proof of Theorem 3.3.3. The capacity is given by formula

E sup inf
S.€By HeBy

= /W/2 ——"(f)IH(f)P)df. (B.0.10)

w/2 2Ny
The infimum is given by (B.0.2). Further, the optimal transmitted PSD is given by a standard

water-filling formula

2Ny

) =V~ T A= (DR

P. as., (B.0.11)
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where 1° = &

=5 > 0. The constant v° is computed from the constraint equation

/S So(f)df = 2P, P. as., (B.0.12)

where § = {f : v° — T f)ﬁ11\]3|wl( A > 0 P. a.s.}. The capacity formula is obtained by
setting [W(f)] = (1 + Aa)e 2w +am) _ 1|
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Appendix C

Capacity of Gaussian Channels
Subject to Jamming

Proof of Theorem 3.4.1. Without loss of generality, the proof of the theorem will be given
for Wi(f) =0, Waom(f) = 1. The conditions of integrability and boundedness of &%(ﬂnf—)ﬁ

are sufficient conditions for the pay-off functional

o0 ] 2
J(Sx5a)= [ ; log (1 + S—"(-fg)lgc()—f)‘)df (C.0.1)
to exist [35]. To find the infimum, the following Lagrangian is used
o0 i 2 )
Ti(Ss, Sas M) = -;- / ; log (1 + W)dﬁ /\1( /[ ; Su(F)df — Pn). (C.0.2)

For a given Sx(f) € Ai, infs,ca, J(Sx,Sn) is found by sup,, 5qinfs,ea, J1(Sx, Sa; A1). The

variation with respect to S,(f) gives the quadratic equation

S (Sx(f)) + Sa(Sx (S (NIH) ~ 2L)\1nf>’:c(f)|f;[(f)|2 =0. (C.0.3)
The positive solution of the quadratic equation (C.0.3)
S = 5~ SR & SN+ S DAOR ) (€09
is replaced in the Lagrangian J;(Sx, Sn, A1). Thus
sup inf J(Sx,Sn) = sup sup J1(Sx,So, \1). (C.0.5)

Sx€A; Sn€A4 Sx€A1 \120

Further, the supremum with respect to Sy is resolved by defining the Lagrangian

Ta(S, S, M, Ag) = %/_“:’ log (1 + %)df
n( [ sasdmdr - Pa) =l [ s - B). (C.06)
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Thus,

sup inf J(Sx,Sn) = sup sup Jy(Sx,Sq, A1) = inf sup sup Jo(Sx,S2, A1, A2).(C.0.7)

SxCA; Sn€A4 SxEAL A120 A220 ), >0 Sx€A;

The optimal transmitter PSD S2(f) and the constraint equations are found by application

of Kuhn-Tucker conditions. By varying J2(Sx, 53, A1, A2) with respect to S2(f), we get

A (| Hnom ()| — IW()])?
2X(A (| Hnom () = IW(£)I)? + A3)”

Then, S3(f) is substituted in (C.0.3) to find the optimal PSD of the noise SS(f).

Su(f)

(C.0.8)

Minimax capacity. In order to show the existence of a saddle point, we need to prove that

Siggl s.l,rel,fu J(Sx, Sn) = S,I.Ielg4 silégl J(Sx, Sn)- (C.0.9)

The easiest way to prove this is by assuming that a saddle point exists and by showing that

the optimal strategies in this case are equal to the optimal strategies derived in the case of

maximin capacity. Next, define a Lagrangian

T1(Ses Sas Aty Aa) = %/_:" log (1 + W)df + /\1(/_:0 Su(f)df — P,,)

—)\2( | " S (f)df — Px), (C.0.10)

o

where A, A2 > 0. The Lagrangian is varied with respect to both Sx(f) and S,(f), assuming
the independence of two strategies. By varying Ji(Sx, Sn, A1, A2) with respect to Sx(f), the

water-filling formula

0 Sn(f) _ L
S D~ D~ 228" (C0.1)

is obtained. By varying Ji(Sx, Sn, A1, A2) with respect to S,(f) gives (C.0.3). By combining
(C.0.3) and (C.0.11), exactly the same strategies are obtained as ones found in Theorem
34.1.




Appendix D

Colored Noise Coding Theorem

In Section 3.5, it is claimed that the channel coding theorem and its converse, which were
proved by Root and Varaiya [63] for a white Gaussian noise, may be adapted for the case of

a colored noise.

The problem of computing the channel capacity and proving the channel coding theorem
in the presence of a colored Gaussian noise for a known channel frequency response of
a continuous time Gaussian channel and known PSD of the noise was first defined and
considered by Gallager in [35]. At the same time, Root and Varaiya [63] proved the coding
theorem for the class of continuous-time Gaussian channels but in the presence of a white
noise. The idea is to combine these two approaches to prove the coding theorem for the
class of Gaussian channels but in the presence of a colored Gaussian noise, or to be more
precise, it is shown that Root’s and Varaiya’s coding theorem still applies when the two key
lemmas (Lemma 8.5.1 and Lemma 8.5.6), given by Gallager [35], are rederived for the class
of Gaussian channels B;, i = 1,2, as defined in Section 3.5. Why these two lemmas are
important for the proof will become clear from the discussion below. Further, B is used to
represent any uncertainty set to ease the notation.

The Gallager’s idea is sometimes called the whitening of the colored noise. It consists of
dividing the frequency response of the channel H(f) by PSD of the noise Sy(f)W2(f), as
it was done in (3.5.60). Then instead of working with a channel frequency response H(f),
one deals with an equivalent frequency response K(f) = H(f )/ \/m W( f) and equivalent
white noise with PSD equals to 1 W/Hz. But, Gallager assumed that H(f) and Su(f) are
completely known. Thus, the whitening approach will be used to prove that the result from
[63] can still be applied when some of the components of K(f), H(f) or Su(f)W2(f), or

both are unknown, i.e., belong to an uncertainty set.
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ko) . g,7)
1 |Js.(Na(r)| « é NE
— == S 1/ 4 —
020 IS, w(f)

Figure D.0.1: Equivalent channel model

Consider a model of a communication channel shown in Fig. 3.1.1. By applying the trans-
formation from [35], this model can be transformed into equivalent one, shown in Fig. D.0.1,
in the sense that two models for the same input have the same output. There are some differ-
ences between two equivalent models. First, the equivalent noise z = {2(t); -T/2 < t < T/2}
in Fig. D.0.1 is a white Gaussian noise with the PSD equal to 1; second, there exists addi-
tional filter with the impulse response g(t) with the Fourier transform equal to the square root
of the PSD of a colored Gaussian noise G(f) = \/T(]‘)W( f); third, the impulse response
of the equivalent channel k() has a Fourier transform K(f) = \/?(f)ﬁ (H)//Sa(HW(F);
fourth, the PSD of the transmitted signal is introduced in the channel frequency response,
but this does not change anything with respect to mutual information (recall the formula
for the mutual information in the frequency domain). If one could, for a moment, neglect
the additional filter g(¢), and with the assumption that the impulse response of the equiva-
lent channel k(t) satisfies compactness conditions (1),2), and 3)) given in Section 3.5 (which
implies that the channel capacity would depend on the equivalent frequency response K(f)
with the equivalent additive white noise z), the coding theorem derived in [63] would be ap-
plicable for a colored noise also. In other words, the communication problem with a colored
Gaussian noise is reduced to a problem with a white Gaussian noise. Then the operational
capacity of the class of Gaussian channels is given by

C= inf /log (1 + NIK(S )|2>df (D.0.1)
Sx(f)EAl K(f)eB 2 N )

where K(f) is the frequency response of an equivalent channel with impulse response k(t)
(follows from Theorem 6, 7, and 8 [63]). N is a constant representing the PSD of a white
Gaussian noise, which in our case is equal to 1. Thus, to prove the applicability of approach
found in [63], it is enough to show that the filter g(t) does not destroy any information about
x in v if the equivalent frequency response belongs to an uncertainty set B.

Before presenting the main result, the Theorem 8.4.1 from [35] (page 392) will be cited
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because it is extensively used in the derivation. The theorem is a consequence of some

functional analysis results on linear operators with symmetric kernels (see for instance [46]).

Theorem D.0.1 (Theorem 8.4.1) Let h(t,7) be nonzero, and let [ [ h%(t,7)dtdT < +oo
be satisfied. Then there exists a sequence (infinite or finite) of decreasing positive num-
bers, called eigenvalues, \y > ... > X\ > ... > 0, and in one to one correspondence with
these numbers, there ezist two sets of orthonormal functions ¢;(7) and 6;(t), called input

eigenfunctions and output eigenfunctions respectively; these numbers and functions have the

following properties

1.
/R(T177-2)¢i(7—2)d7'2 = \i(T1) (D.0.2)
R(mi,m) = / h(t, 71)h(t, 75)dt (D.0.3)

2.
VAbi(t) = / h(t, 7)s(T)dr (D.0.4)
Vhgi(t) = / h(t, 7)0;(r)dt (D.0.5)

3.
/ Ro(t1, £2)0;(t2)dts = Ai(t:) (D.0.6)
Rolti,ts) = / h(ty, T)h(ts, 7)dr (D.0.7)

4. Let z(7) be an arbitrary Ly function and let (z,¢;) = [ x(7)¢;(7)dr. Then the following
three statements are equivalent
i) (x,¢:) =0
it) [ R(m1,To)z(12)dme =0
iii) [h(t,7)z(r)dr =0

Moreover if x(7) is expanded as

(1) =3 @iti(7) + e (7); 31 = (2, 1) (D.0.8)
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Then
/ h(t, T)z(7)dr = in\/;iei(t) (D.0.9)
/R(Tla7'2)w(7'2)d7'2 = in/\i¢i(t) (D.0.10)

5. Let u(t) be an arbitrary Ly function and let (u,0;) = [u(t)0;(t)dt. Then the following
three statements are equivalent
i) (u,6;) =0
i) [ Ro(t1,t2)u(ta)dta =0
iii) [h(t, T)u(t)dt =0

Moreover if u(t) is expanded as

u(t) = Z uib;(t) + u(8); u; = (u, 6;) (D.0.11)

Then
/ B, T)ult)dt = 3 uiy/gi(r) (D.0.12)
/ Ro(ts, t2)u(t2)dt; =Y uhbi(t) (D.0.13)

6.

™) =3V Adi(n6i(2) (D.0.14)
/ / h2(t, ;)dtdr - Z by (D.0.15)
R(my,7) Z/\ &i(11)b:(12) (D.0.16)
Ro(ty,t2) ZA 0:(t1)0 (D.0.17)

7. Ai and ¢;(T) are the solutions of the following mazimization problems

A = max || / h(t, 7)a(r)dr|2 (D.0.18)
Ai = max || R(11, 72)2(72)dr2|2 (D.0.19)

where the mazimization is over all z(7) satisfying ||z|2 = 1, and (z,¢;) = 0 for

1 <j <. ¢i(1) corresponds to z(T) that mazimizes the above quantities.
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Figure D.0.2: Equivalent channel model 1

This theorem represents a useful tool in analyzing continuous time channels. It trans-
forms a continuous time channel into the countable number of parallel random variable type
channels. To see this, Theorem D.0.1 is applied on the system shown in Fig. D.0.1. In the
next derivation, the approach given by Gallager [35] is closely followed. At the beginning, it
is assumed that the transmitted signal has finite duration 7. To avoid any ambiguity, which
might emerge about the limits of integration in the convolution integral, the time-invariant

filters k(t) and g(t) are replaced with time-varying filters (see Fig. D.0.2)
k(t—7), 7| <T/2

Fa(t, ) = { 0, otherwise (D-0.20)
_q9t—1), [t <T/2
a(t,7) = { 0, otherwise (D.0.21)

Let {p:(T)}, {&(t)}, and {n:(t)} represent the sets of eigenvalues, input eigenfunctions,
and output eigenfunctions of the filter &,(t, 7), respectively. Similarly, {\;,}, {¢:4(t)}, and
{6:4(t)} represent the eigenvalues, input eigenfunctions, and output eigenfunctions of the
filter g1(¢, 7), respectively. Then according to the part 4 and 5 of the Theorem D.0.1
vi(t) = Y (@iy/ms(T) + 2)m(t) + 2 (2), (D.0.22)
where {z;} and {z;} are the coefficients of the expansions of z() and z(¢) with respect to the
input eigenfunctions {£;(t)} and output eigenfunctions {7;(t)}, respectively. The term z,(t) is
the part of the white noise z(t) orthogonal to the output eigenfunctions {;(¢)}. At this point,
it is interesting to note that white Gaussian noise does not have representation with respect
to time variable, i.e., it cannot be represented as a collection of random variables such that
each corresponds to a particular time instant. On the other hand z; = (z,6;) = [ z(t)n;(t)dt
represents Gaussian random variable, and there is no problem in dealing with it. Further,
introduce the following notation v; ; = Tiy/Pi + 2.
As noted in [35], if {v1,;} could be computed by the receiver from the observed signal

¥, the mutual information between the transmitted signal x and received signal y would
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—l  ky(t,7) gty |—

Figure D.0.3: Equivalent channel model 2

correspond to the mutual information between the random variables {z;} and {v;;}. But
there exists a problem because the output of the filter g,(¢,7) does not uniquely determine
the input vi(¢). Actually, there could be found different signals v;(¢) that would give zero
at the output of the filter g,(¢,7) [35]. That is why the channel filter k;(¢,7) has to be
modified such that the component of the signal u(t) at the output of the channel filter does
not contain the components that are orthogonal to the set of input eigenfunctions {¢; ,(¢)}
of the filter g,(t, ) (see [35]). A modified filter is given by

k()(t, T) = quz,g(t) / kl(tl,T)(ﬁi,g(tl)dtl. (D023)

From equation (D.0.23), the impulse response ko(t, 7) is the expansion of the impulse response
ki (t,7) on the set of input eigenfunctions {¢; 4(t)}. At this point, it is important to emphasize
that the received signal y remains the same. This can be seen from part 4 of the Theorem
D.0.1, and it is the consequence of the fact that the output of the filter does not contain
the part of the input signal that is orthogonal to the set of input eigenfunctions. Define the
eigenvalues, input eigenfunctions, and output eigenfunctions of a modified filter ko(¢,7) as
Ai(T), ¢i(T), and 6;(t), respectively. The modified equation (D.0.22) is given as

vo(t) = S (@i /M (T) + 2)0:(t) + 2 (2) (D.0.24)

B
where the explanation for {z;}, {2}, and 2,(t) is similar to the previous one, except that the
expansions of the signals are with respect to the output eigenfunctions {6;(¢)} of a modified
filter ko(t,7). Also, as it is done in the previous consideration, introduce the following
notation vy; = ®;v/A; + 2. Fig. D.0.3 shows the model of transformed communication
system.

Thus, by this two steps, the original continuous-time channel is reduced to the set of

countable number of parallel random variable channels. By using Theorem 7.5.1 (see [35]),
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which gives the capacity of parallel Gaussian random variable channels, the capacity of
continuous-time additive Gaussian channel is given by

1
Jim, 7 3 log (1 + ,\,-(T)). (D.0.25)

Gallager proved that this limit can be represented in terms of the frequency response of the
channel H and PSD’s Sy(f) and Sy(f) (Lemma 8.5.3, Lemma 8.5.7) as

oo Sx(NIH ()P
/_oo log (1 + W)df, (D026)

by relating the sum of eigenvalues {u;(T)} of the original model and the sum of eigenvalues
of transformed model {\;(T)} given in Fig. D.0.2 and Fig. D.0.3, respectively, in Lemma
8.5.6. Also, he proved that for the model given in Fig. D.0.3, it is possible to reconstruct the
sequence {vg;} from the received signal y in Lemma 8.5.1. But, his proves are valid when
the equivalent channel frequency response K(f) is completely known. In order to be able to
use Root’s and Varaiya’s result [63], one needs two prove that these two lemmas are true for
all equivalent impulse responses k(t) from the uncertainty set B.

Now, we are ready to discuss the main part of the proof. First, we discuss Lemma
8.5.6 from [35]. It relates the sums of eigenvalues of the filters ko(t,7) and ky(t,7), as T
tends to infinity. We want to show that Lemma 8.5.6 holds for all k(t) € B uniformly
over B, where B is the set of all impulse responses k(t) that satisfy the conditions given in
Section 3.5. To prove that, Lemma D.0.2 is used. It relies on a well-known Arzela-Ascoli
theorem [46]. To apply that theorem, the following notation is introduced. Here, (D.0.23)
can be seen as a mapping from the set B to R for fixed parameters t and 7. Denote this
mapping as qr,-(k(t)) = ko(t, 7). By Lemma 8.5.5 [35], it is known that limr_ qro(k(t)) =
limr_, ko(t,0) = k(t). So, the limit of g7,0(k(t)) is known. Actually, one has to show that

the limit is uniform over B.
Lemma D.0.2 Assume that k(t) € B. Then

Am aro(k(t)) = Am ko(t,0) = k(t) (D.0.27)
uniformly over B.

Proof. It should be noted that the set B is a conditionally compact subset of L, that

follows from its definition (see [31]). Thus, to prove a uniform convergence in (D.0.27), by
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Arzela-Ascoli theorem it is enough to show the equicontinuity of the family of mappings
{ar0(k(t))},0 < T < oco. Assume that k.(t), ky(t) € B. It follows from the definition of B
that their truncated versions k; 4(¢, 7), k1 5(¢, 7) belong to L, with respect to variable ¢t. Then

qu,T(ka(t))—QT,T(kb(t))l = ‘Z¢z,g /kla t17 ) kl,b(thT))¢i,g(t1)dt1KD-0-28)
< Zlaﬁzg Mk1,a(t,7) = Erp(te, 7))ll2ll ¢ (1)1 AD.0.29)
= Zlm Mlksalts, ) = krp(ts, 7))z (D.0.30)

which holds for any 7, and therefore for 7 = 0 as well. The inequality follows from
the Schwartz inequality, while the last equality comes from the assumption that the in-
put eigenfunctions {¢;4(t)} are orthonormal. Thus, when ||k .(t1,7) — k15(t1,7))|]2 — 0,
lgr0(ka(t)) — gr0(ks(t))| tends to zero which proves the equicontinuity of the family of map-
pings {qro(k(t))}, and that in turn proves the assertion of the lemma.

In the next step Lemma 8.5.6 is rederived for the set of channels k(t) € B. The derivation

exactly follows the steps of the original lemma up to the point when Lemma D.0.2 is applied.

Lemma D.0.3 (Rederived Lemma 8.5.6) Suppose that the impulse responses ki(t,7) and
ko(t,T), which correspond to the impulse response k(t) € B, have the following sets of eigen-

values p;(T), A\i(T'), respectively. Then

Jim T Zul = Jim T Z N(T (D.0.31)

uniformly over the set B.

Proof. Having in mind that k(t) is a time invariant impulse response, from (D.0.15) follows
that

%;m(T) = % [ [#itmyatar = [ ke (D.0.32)

Further, observe that \;(T) < pi(T) (see Lemma 8.5.4 [35]). So, to prove the lemma, it is

enough to show
Jim / / k2(t, 7)dtdT > / K()dt — e (D.0.33)
for arbitrary e. By Lemma D.0.2, for any ¢, one can choose T, such that

f k2(t,0)dt > / K2(t)dt — e, T > T, (D.0.34)
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uniformly over the set B. Further, (D.0.23) can be rewritten as
ko(t+7,7) = ¢ir(t+7) / k()i r(u+ 7)du (D.0.35)

From (D.0.35), ko(t + 7, 7) represents an expansion of k(t) by means of the orthonormal set
{¢ir(t +7)}. As explained in [35], by Lemma 8.5.5, the reminder of the expansion, i.e., the
part of k(t) orthogonal to all {¢; 7(t+7)} is also orthogonal to all {¢; 7, (¢)} for T > T, +2|7|.
It means that the reminder of the expansion of k(t) with respect to {¢;r(t+7)} can be upper
bounded by the reminder of the expansion of k(t) with respect to {¢;7.(t)}, and the letter
can be upper bounded by € giving

/ k(¢ + 7, 7)dt > / K(t)dt — e, T > T. + 2}7]. (D.0.36)

This follows from (D.0.34) and the fact that ko(¢,0) is nondecreasing while converging to
k(t) when T increases. In other words, the reminder is nonincreasing as 7" tends to infinity.
The previous statement is the result of Lemma 8.5.5. Now, due to

1 [T/2

- / Y R r)dtdr > &
T 7==T/2 Jt=—00 0™ - T

/ k2(t, 7)dtdT (D.0.37)

T_T,
IT|< ==

and by noticing that (D.0.36) is true for T' > T, + 2|7|, equation (D.0.37) becomes

= [ [ Kt rydtar > T2 | [Bd - (D.0.38)

Letting T — oo, the required result is obtained. Thus, (D.0.33) holds uniformly for all
k(t) € B, proving that the summation of the eigenvalues of two impulse responses are the
same in the limit.

The next step in relating (D.0.25) and (D.0.26) for the set of impulse responses B, is to
rederive Lemma 8.5.1 [35] such that it holds uniformly over B. To rederive Lemma 8.5.1, we
need a sequence of lemmas whose proofs are given below. The lemmas are concerned with
the properties of the impulse responses kq(t), ks(t) € B when ||k, () — ky(¢)||2 — 0. Just have
in mind that by the definition of B, k,(t), ks(t) € Lo.

Lemma D.0.4 Assume that ko(t), ky(t) € B, and that ko.(t,7), kop(t,7) are the corre-
sponding modified filters. Whenever ||kq(t) — ku(t)||2 — O then |koo(t,7) — kop(t, 7)| — O for

any T.
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Proof. Using the definition (D.0.23)

|ko,a(t, 7) — kop(t, 7)| = |Z¢zg / a(ts = 7) — ky(t1 — 7)) i 4(t1)dt1| (D.0.39)
Z |61, (D1 l1ka(t) — Ko@)l (D.0.40)

IA

The inequality follows from the Schwartz inequality and orthonormal property of the eigen-
functions. So, from (D.0.40), for any value of 7, |7| < T'/2, whenever ||k,(t) — ky(t)]]2 — O
then |koq(t, 7) — kop(t,7)| — 0.

Corollary D.0.5 If ||ka(t) — kp(t)||2 — O then |ugq(t) — uop(t)| — 0 for any value of .

Proof. This follows from ug(t) = [ ko(t, 7)z(7)d7, Lemma D.0.4, and the fact that z(7) €
Ls. Apply the Schwartz inequality, and the result is immediate.

Next, we use some of properties of Theorem D.0.1 to show what occurs with the eigen-
values {A;:(T)} and {X;(T)}, output eigenfunctions {6,;(t)} and {6:(t)}, and functions
Ry o(t1,t2) and Rop(t1,t2) of the corresponding filters ko o(t), kop(t) when ||k.(t) — ks (t)|2 —
0.

Lemma D.0.6 Assume that k,(t), ks(t) € B, and koo(t, ), kop(t,T) are the corresponding
modified filters. If ||ko(t) — ko(t)||2 — O then

1 A i(T) — Xi(T)| — O for each i
2. |Roa(t1,t2) — Rop(ts, ta)| — O for each t1, to
3. |64:(t) — 65:(t)] — O for each i.

Proof.

1. From equation (D.0.18) of Theorem D.0.1, an eigenvalue ); can be understood as the norm
of the linear operator @; on the space of L, functions defined as @Q;x = [ ko(t, 7)x(7)dr, where
ko(t,7) is called the kernel of the linear operator @;. Thus

1Xai(T) = Xi(D) = 1Quasll — I Quglll (D.0.41)
< |1Qai — Qugll (D.0.42)
= ”31”1p | [ (Koa(t, ™) — kop(t, 7))z(T)dT|? (D.0.43)
< sup [|ko,a(t, 7) = Kos(t, 7)llallz(t) 2]l (D.0.44)

lIxfi<1



107

where the last inequality follows from the Schwartz inequality. Now, the proof follows from
Lemma D.0.4.

2. Start from the formula (D.0.7) that relates Ry(t1,t2) and ko(¢,7). Then
|Roo(t1,t2) — Rop(t1,t2)] = ‘/(kﬂ,a(tlyT)kO,a(t2aT) — kop(t1, T)kop(te, 7))dT
< /lko,a(t2»7)||(k0,a(t1,7') — kop(ts,7))|dT
+ [ oslts, Dllkoalta, ) = os(ta, T))ldr  (D.0.45)

When ||k4(t) — ks(¢)||2 — 0, then by Lemma D.0.4 both integrals on the right-hand side of
(D.0.45) tends to zero that establishes the result.

3. This part is implied by  and 2. Gronwall’s lemma is the key ingredient of the proof. By
using (D.0.6)

00i(t1) — Opi(t1)] = ‘ / ( t1,t2)aaz(t2)—%;I;Z)Hb,i(tg))dtg (D.0.46)
< /l%l(ea,i(h) — 05,i(t2)) |dt2
+ / 96,i(t2)(R(/)\’z,(it(lj’.,§2) R(/’\:fl’tZ )[dt2 (D.0.47)

Note that any eigenvalue A;(T') is strictly greater than zero by Theorem D.0.1. Further,

introduce the following notation

() 10a,i(t1) — 65.:(t1)| (D.0.48)
}Ro tl,tz)

(D.0.49)

St t t
Os,i t2)(R§: ((1T)2) - R{;\: hula )‘dtz

iy

Gronwall’s lemma states that if fi(¢), fa(t) > 0 are continuous functions on the interval of

integration, and constant K > 0 then it is true that f;(¢) < K exp [ J fz(s)ds] giving

(D.0.50)

10a:(t1) = Bb.(t1)| < K exp U ‘ﬁ/\aﬁ(}%)

When ||kq(t) — ky(t)||2 — O constant K tends to zero by  and 2 of this Lemma so the result

follows.

dt2] (D.0.51)

The preceding two lemmas are the useful results that will help in the rederivation of
Lemma 8.5.1 [35].
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Lemma D.0.7 (Rederived Lemma 8.5.1) Assume that k(t) € B. Then the set of random

variables {vo;} found in (D.0.24) can be uniquely determined from received signal y uniformly
for all k(t) € B.

Proof. As for Lemma D.0.3, the main tool is Arzela-Ascoli theorem. Original Lemma 8.5.1
states that the error due to the omission of the filter g; (¢, 7) tends to zero if enough number
of terms of the series expansion of y with respect to the output eigenfunctions {6;,(t)} of
the filter g,(¢,7) are taken. By using Arzela-Ascoli theorem, it will be shown that this error
tends to zero uniformly over the set B. Again, the derivation closely follows the steps of the
original Lemmma 8.5.1.

Because the output of the filter ko(t, 7) suppresses the components of the input that are
orthogonal to the set of input eigenfunctions {@;,(¢)} of the filter g;(¢,7) it is possible to

expand any output eigenfunction 6;(¢) of the filter ky(¢,7) without a reminder
(6) = 3 Bisdia(t), where Bi; = [ 6:()65,()dt (D.0.52)
J
The consequences of original lemma are also

Yoi = iﬁi,j/UO(t)‘bj,g(t)dt+/UO(t) i Bi j5.4(t)dt (D.0.53)

Jv054(8)t = g [ 00(r)esg(r)ar (D.0.54)

Replace now (D.0.54) into (D.0.53)

> \/ﬁ_ [v®8i00dt+ [00t) 3 Busbsohdt  (D.055)

j=m+1

that shows how the random variable vy ; can be computed if y is observed. Here, the main
problem is to show that the second term in (D.0.55) tends to zero as m — oo uniformly over

B. The second term can be rewritten as

[0) S Budia®idt= [wld) 3 Bisbsudt+ [ 3 i, DO56)
j=m+1 j=m+1 j=m+1

It was proven by original lemma. that both terms tends to zero when m — oo. First consider

the first term in (D.0.56). To prove the lemma we need the following result

[%0,0(t)Bi 5.0 — wop(t)Bi50]

IA

%0,0(8)(Biga — Bijs)| + 18:56(u0,a(t) — uop(t))]
|0,0(t)(Bijia — Bij)| + €1, € >0 (D.0.57)

IA
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where the second inequality holds when ||k,(t) — ky(¢)||2 — 0, because of Corollary D.0.5.
The signals ug4(t) and ugp(t) are the output signals from the filters ko o(¢,7) and kop(t, 7),
respectively, when kq(t), ks(t) € B. Here, the same approach applies as in Lemma D.0.2.
Denote the first term of (D.0.56) as ¢,,(k(t)), the functional from B to R. The original
lemma shows that im,, o, gm(k(t)) = 0. Further, the equicontinuity is proved for the family
of mappings {g(k(t))} as follows

|qm(ka(t)) _qm(ka(t))I = |/ Z ﬁz]aan ﬂz,] bUo b( ))¢Jy9(t)dtl (D058)

Jj=m+1

[ 3 lonalBia — Buasllbso(Oldt (D.0.59)

j=m+1

< { [ luoatt e [ (3

where the first inequality comes from (D.0.57), and the second comes from the Schwartz
inequality. To prove that |gm(k.(t)) — gm(ka(t))] — O whenever ||k, (t) — ky(t)]|2 — 0, we have
to show that |G; 4 — Bijsl — 0 if ||ka(t) — ks(t)]|2 — 0. Thus

IA

610~ Begall55(2)) 7 }(D.0.60)

Jj=m+1

|Bija — Bijel = \/ o,i(t) — 0b,4(t)) 6 ()dlt| (D.0.61)
< |16ai(t) - eb,i( Mz (D.0.62)

The inequality is the consequence of Schwartz inequality and orthonormality of eigenfunc-
tions {¢;4(t)}. The equicontinuity follows from (D.0.62) and Lemma D.0.6, part 8. So, by
Arzela-Ascoli theorem the limit lim,,_,o gm(k(t)) = 0 is uniform for all k(t) € B. The proof
that the second term in (D.0.56) tends to zero uniformly over B is similar to one give for the
first term.

Thus, it is proved that Lemma 8.5.1 and Lemma 8.5.6 (Lemmas D.0.3 and D.0.7) given in
[35] are true for all equivalent impulse responses k(t) € B, uniformly over B. This means that
(D.0.25) tends to (D.0.26) uniformly over B, which is the condition required by Theorems 7
and 8 in [63] to prove a channel coding theorem and converse to channel coding theorem for

class of channels B.
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Appendix E

MIMO Channels with Channel
Uncertainty

Proof of Theorem 4.3.1. Theorem 4.3.1 provides the solution of the problem (4.2.6) for
the specific structure of the matrix A(e?’) given by (4.3.11). Otherwise, the maximization
step of the mutual information with respect to the PSD matrix Wy(6#) would be much harder
to solve because we would not be able to use Hadamard’s inequality as in [69).

The idea behind the proof is the following. First, the necessary conditions in terms of
Wy(0) and Wy, (6) are found for the problem defined by (4.2.6) (supinf optimization problem),
for a general form of A(e’®). Thereafter, the necessary conditions for the inverse problem
are found (infsup optimization problem), subject to a general form of A(e?®). It turns out

that the necessary conditions are equivalent, implying that

Sup Jnf J(Wx(6), Wa(9)) = inf Sup J(Wi(6), Wa(6)). (E.0.1)

This means that sup and inf problem may be interchanged. Second, by considering infsup
problem, we show the reason for taking the specific structure of A(e’®). In the third step,
supinf problem is solved for that specific structure of A(e?®).

To show that supinf and infsup of J(Wy(6), Wa(8)) are equal, first, the supinf problem
is solved explicitly. Notice that the constraint H(e’®) € A, is the same as [|A(e/)]|o < 1.
Instead of working with this constraint, we will work with the constraint A*(e?®)A(ef®)—1,, <
0, for 6 € [0,2n]. This notation means that A*A — I,,, is non-positive definite. The latter
constraint implies the former. This modification does not change the problem, because it
turns out that the optimal A°(e?®) lies on the boundary, ||A°(e)]|eo = 1.

Next, define the Lagrangian

27
Jl(Wxa A: K) = %/ log det(Ip + (Hnmn + ’UJA)WX(Hnom + wA)*)d0

™ JO
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+ /0 " Trace[K(A*A — I,,)]d6, (E.0.2)

where K is non-negative definite matrix, which is a Kuhn-Tucker condition [15]. The varia-

tion of J; with respect to A(e’®) gives

iwwx(ﬂm + wA°)* (I, + (Hnom + WA )Wy (Hpom +wA°)*) ! + KA>*

=0, (E.0.3)

which cannot be solved explicitly. Therefore, it has to be accounted as the equality constraint
in order to resolve the supremum part. The original problem supy, ¢ 4, infja.<1 J(Wx, Wa)
is equivalent to supy, 4, SUPg>o J1 (W, A%, K) as its dual [15].

Further, introduce the Lagrangian
To(Wie, A%, K, A = 117? /0 " log det(I, + (Haom + 0A*)Wi( Haom -+ wA®)*)d6
+ 02” Trace[K(A*A — I,)|d6
- o ’I‘r.[S(%wa(Hnom + WA + KA (I, + (Hogm + WA"YWi( Hoom + wA%)*))]d6
—/\1( 02” Trace(W,)dd — Px), (E.0.4)

where A is a positive constant, which is a Kuhn-Tucker condition [15]. Then

sup sup J1(Wy, A° K) (E.0.5)
WeE€A; K>0
is equivalent to
inf sup sup Jo(Wx, A% K, Ay), (E.0.6)
M20 K>0 WxeA,

because (E.0.6) is a dual problem of (E.0.5) [15]. Since W,(0) and A°(e’®) are related
through the equality constraint (E.0.3), the Lagrangian J, has to be varied with respect to
both, W, (6) and A°(e?®). By varying J, with respect to A°(e?®), the following equation is

obtained

1
Ewa(Hnm + wA*)* (I + (Hnom + WA YWy (Hpom + wA°)*) ™! + KA =

WiH?,, SKA™*w + WA SKA™* w2, (E.0.7)

where the term on the left hand side is equal to zero (see (E.0.3)). This observation implies
that

wWi (0)(Hz o (€7%) + w* (%) A%* (e7%)) SK A** (/%) = 0. (E.0.8)
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From (E.0.8) follows that either Hy,,m(€7?) +w(e??)A°(e®) = 0, or $ = 0, or K = 0, or some
combination of the previous conditions is true. If H,om(€?) + w(e?®)A°(e’®) = 0, then from
(E.0.3) follows that K = 0, meaning that the constraint imposed on A°(e’®) vanishes, and
the channel capacity C is equal to zero, which is a trivial solution. Thus, the possibility that
remains is S = 0. This and Lagrangian J> indicate that sup and inf problems may be solved
independently. To verify this claim, observe that when S = 0, the Lagrangian J;, (E.0.4),
corresponds to the Lagrangian when a saddle point exists. When a saddle point exists, the
Lagrangian consists of the pay-off function, the term that describes the constraint on A(e’?),
and the term that describes the constraint on W,(6), while the Lagrangian is varied with
respect to A(e?) and Wy () as they were independent. This is exactly the case of (E.0.4)

for S = 0. Hence, the conclusion is

sup inf J(Wy(0),W,(0)) = inf sup J(Wy (), Wa(9)). (E.0.9)

WA, HEA; HeAs weea,

Thus, for § = 0, we vary the Lagrangian J, with respect to Wy(8) to get
(Hnom + wA*)* (I + (Hpom + WA )YWa(Hpom + wA®)*) ™ (Hpom + wA°)
= dn\l,,  (E0.10)

which represents the equation that is satisfied by the optimal W2(6). From Kuhn-Tucker
conditions [15]
27
M| Trace(W2(0))dd — Py] =0, (E.0.11)
0
2T
Trace[K (A*A — I,,,)]df = 0, (E.0.12)
0
and observing that \; # 0 and K # 0 (because the opposite conditions imply trivial solution
C =0), it is obtained that
27
/ Trace(W2(6))d8 = P, (E.0.13)
0
1A%(e7)]|00 = 1. (E.0.14)
The previous equations do not provide us with the complete solution for A°(e’). The reason
for this is that || - || norm puts the constraint on A*(e?®)A(e?), but not on A(e??) itself.
So, we have to make an additional step to find A°(e?).

Next, it is shown why we deal with a particular case of A(e??). We find what conditions

should be satisfied such that the integrand

det(I, + (Hpom (") + w(e?®) A(€7)) Wi () (Hpom (e7) + w(e?®)A(e))*)  (E.0.15)
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can be maximized in Wy (6) by using Hadamard’s inequality. Having in mind that H,om(e?) =
U(e?%)(e??)V* (%), and by using the fact that det(I, + AB) = det([,, + BA) (where A is

n X m matrix, and B is m x n matrix), the integrand can be expressed as

det(I, + V*W,V (E + wU*AV)*(E + wU*AV)) (E.0.16)
= det(I, + WyR*R), (E.0.17)

where R 2 ¥ + wU *AV, and W,y 2 V*W4V. Further, by using Hadamard’s inequality (as
in [69]), the determinant can be upper bounded by the product of the diagonal elements,

det(I, + Wi R*R) < I, (1 + [Q]x1), (E.0.18)

where
Q = WyxR*R. (E.0.19)

The equality in (E.0.18) is achieved when Q is diagonal. If R*R were diagonal, Hadamard’s
inequality could be used to maximize the mutual information rate in W,. Then maximizing
Wy would be diagonal. But, if A(e?) is chosen as in (4.3.11), R*R is diagonal. Further,
one could solve for Wx(0) by employing the Lagrange multiplier method. But, this approach
would lead to some ambiguities because it can be shown that such determined Lagrange
multiplier increases with uncertainty, and the next step of minimization with respect to
A(e?®) will not be clear. Therefore, we will get back to the original supinf problem and use
this information concerning the diagonal property of Wy and R*R, to determine A°(e??),
which minimizes J(Wy(6), Wa(6)). Thus, assume W, is diagonal and choose the matrix
A(e?) as follows

Al(eje)

A°(e?) = U(ejo)[ 0

8] V(e (E.0.20)

and A;(e?®) is n x n matrix, A;(e”®) = diag(dy, ..., 8,), where n is the rank of H,,,(e#),

n < min(p,m). This ensures that R*R is diagonal. Then
det(I, + Wy R*R) = II"_, (1 + [Wiliilo; + dw]?), (E.0.21)

where {o;}?, are singular values of H,.,(e?®). Note that A{A; is identity matrix, which

comes from A*A = I, (see (E.0.12)). It follows that |6;| = 1,7 = 1,...,n. The determinant
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in (E.0.21) is minimized when &; = |o; + &;w|? is minimized. &; is lower bounded as follows

& = 0+ 206 |w| cos(arg(s;) + arg(w)) + 16;]%|w|? (E.0.22)
> (0; — |w))?, (E.0.23)

where §; = |5;|e}aT8() = JaI8@) and w = |w|el2T8®) The matrix A;(e?) that achieves

the lower bound is given by

elergwiHs o L. 0
. ~jarg)ic ..
A() = 0 eI § 0 (E.0.24)
6 0 . e_ja‘rg.(w)+j7r

The optimal PSD matrix Wy () is found by substituting (E.0.20) into (E.0.10).
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Appendix F

Capacity of MIMO Channels with
Noise Uncertainty

Proof of Theorem 4.4.1. The solution of the MIMO channel capacity in the presence of

the noise uncertainty requires the solution of the following optimization problem

sup _inf J(Wy(8), Wa(0)), (F.0.1)

Wi€A; Wn€Az

where J(Wx(8), Wa(8)) = & f3" log det(I,+H(e?®)Wy(0) H* (e*)W;1(6))df. As in the SISO

case, we formulate the Lagrangian
1 2
B(Was Was M) = - / log det( + HW, H*W:1)df
0
2
Y ( | Trace(Wa)do - P,,), (F.0.2)
0

where A\; > 0 is a Kuhn-Tucker condition {15]. The variation of J; with respect to W, gives
the quadratic, Riccati type equation

WE(6) + SWEO H(WEO) () + 5 H( WO H (< )W3(e)
1
B 47

H(eYW2(0)H* (") = 0, (F.0.3)

which cannot be solved explicitly, in contrast to the SISO case. Therefore, it has to be
accounted as the equality constraint in order to resolve the supremum part. The origi-
nal problem supy, 4, infw,ea, J(Wx, Wh) is equivalent to supy ¢ 4, supy,>o J1(Wx, W3, A1)

(dual problem [15]). Further, introduce the Lagrangian
1 2w
o (Wo, Wi Ay D) = = / log det(I, -+ HW, H*W2)d6
0

2
+,\1( /0 Trace(W?)d8 — P,,)
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27
—)\2(/ Trace(W,)dd — Px>
0
1
47 A

27 1 1
- / Tracel K (W -+ 5 HWxH Wy + s WRHW,H — —- HW, H")|d6, (F.0.4)
0

where A, is a positive constant, and K is a positive semi definite matrix, which are Kuhn-
Tucker conditions [15]. Then,

sup sup J1(Wy, W2, A1) (F.0.5)
Wx€A1 A120
is equivalent to
inf sup sup Jo(Wy, W2, A1, As), (F.0.6)
2220 3, >0 Wi€ A

(dual problem [15]). Since Wy and W are related through equality constraint (F.0.3), the
Lagrangian J; is varied with respect to both, Wy and Wg. By varying J, with respect to

Wy, the following equation is obtained

1
H*We (I + HW H*We ™)' H — ar H*W,KH + )\—H*KH =d4r)I,.  (F.0.7)

i
By varying J, with respect to W,,, we have

—WEY(I, + HW H* WS ) " HW, H* WS + drA L, = 4n K (2W2 + HW, H*). (F.0.8)

(F.0.8) can be further massaged to give

1
W2 W —

o W', — s
= —Al,, (I + HW H*'WS WK (2WS + HW H )W

1

=0, (F.0.9)

HW,H*

which follows from (F.0.3). Hence, one or more terms on the right hand side must be equal
to zero. From the setting of the problem, the only possibility that remains is K = 0. This
implies that the two constraints imposed on Wy and W, can be decoupled, and that the
saddle point exists. Thus,

wzlgh Wf.réfAs J(Wy, Wo) = ng‘\s vztéal J(Wy, Wa), (F.0.10)

as well as

J (Wi, W) < J(W2,W2) < J(W2, Wa). (F.0.11)
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In addition, (F.0.7) and (F.0.8) transform into

H* (@ YW2 1 (0)(I + He Wy (0)H* (e®)YW2~1(0)) L H (&%) = 4n ), I(F.0.12)
WS HO)(I + H(e®)W, (0) H* W2 (6)) * H ()W, (0) H* (e )W2~1(6) = 4n ), [(F.0.13)

These two equations represent the necessary conditions (4.4.18) and (4.4.17), as given in the

theorem.
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