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A B S T R A C T

In this thesis, we consider three parameters associated with graphs :
stack number, track number, and layered pathwidth. Our first result
is to show that the stack number of any graph is at most 4 times
its layered pathwidth. This result complements an existing result of
Dujmović et al. that showed that the queue number of a graph is at
most 3 times its layered pathwidth minus one (Dujmović, Morin, and
Wood [SIAM J. Comput., 553–579, 2005]).

Our second result is to show that graphs of track number at most
3 have layered pathwidth at most 4. This answers an open question
posed by Banister et al. (Bannister, Devanny, Dujmović, Eppstein, and
Wood [GD 2016, 499–510, 2016, Algorithmica, 1–23, 2018]).
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1
I N T R O D U C T I O N

This thesis addresses the relationship between three types of graph
drawing layouts: layered path decompositions, stack layouts and track
layouts. In this chapter, we introduce the types of graph layout by pre-
senting an informal definition and discussing the relationships that
exist between these graph layouts and popular classes of graphs. We
also discuss the applications of various types of graph layouts as well
as survey some of the related research. In Chapter 2, we present more
formal definitions and provide concrete visual examples.

1.1 graph decompositions

Layered path decompositions are a type of graph drawing layout that
were first introduced by Banister et al. [3, 4]. Layered path decomposi-
tions are a generalized version of path decompositions. A path decom-
position is a graph layout where the vertices of a graph are placed in
a sequence of bags such that if uv is an edge in the graph, then both
vertices u and v must be placed in a bag together and such that all
the bags that contain a particular vertex vi must be consecutive. The
width of a path decomposition is the size of its largest bag minus 1.
The pathwidth is the minimum width of any path decomposition. In
a layered path decomposition, the vertices are also partitioned into dis-
joint sets called layers. Edges in the graph can only connect vertices
within one layer or within subsequent layers. The width of a layered
path decomposition is the size of the largest intersection of a bag and
a layer. The layered pathwidth is the minimum width over all layered
path decompositions.

A tree decomposition is defined very similarly to a path decompo-
sition. A tree decomposition is given by a tree whose nodes index a set
of bags. Similarly to the path decomposition, if uv is an edge in the
graph, then both vertices u and v must be placed in a bag and all bags
that contain vi must form a connected subtree. The width of a tree de-
composition is equal to the size of the largest bag minus 1, and the
treewidth is the minimum width over all tree decomposition. The con-
cept of treewidth was first introduced under the name of dimension by
Bertelé and Brioschi in 1972 [8]. The concept was then reintroduced
by Halin in 1976 [34] and rediscovered again by Roberston and Sey-
mour in 1984 [51]. The terms treewidth and tree decomposition were
first introduced in Robertson and Seymour’s work. Layered tree de-
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1.1 graph decompositions

composition is a comparatively newer concept which was introduced
by Dujmović, Morin and Wood in 2013 [24]. In a layered tree decom-
position, the vertices of a tree decomposition are also partitioned into
disjoint sets called layers. Edges in the graph can only connect vertices
within one layer or within subsequent layers. The width of a layered
tree decomposition is the size of the largest intersection of a bag and
a layer. The layered treewidth is the minimum width over all layered
tree decompositions.

Note that while layered pathwidth is at most pathwidth, pathwidth
is not bounded by layered pathwidth. There are graphs—for example
the n× n planar grid—that have unbounded pathwidth and bounded
layered pathwidth. Thus upper bounds proved in terms of layered
pathwidth are quantitatively stronger than those proved in terms of
pathwidth. In addition, while having pathwidth at most k is a minor-
closed property, having layered pathwidth at most k is not. For ex-
ample, the 2× n× n 3-dimensional grid graph has layered pathwidth
at most 3, but it has Kn as a minor, and thus it has a minor of un-
bounded layered pathwidth. An analogous statement holds for lay-
ered treewidth as well.

In the table 1.1 we have summarized the best known bounds for
pathwidth and layered pathwidth with regards to specific classes
of graphs. In the table 1.2, we have also summarized the relation-
ships known for pathwidth and layered pathwidth in regards to other
graph layouts. If no bounds are known, we have simply omitted the
results in order to keep the tables pertinent and brief. These tables
also contain the bounds for treewidth, layered treewidth, stack num-
ber, queue number and track number.

Pathwidth and treewidth are central to the fields of structural and
algorithmic graph theory [13, 36, 49, 30]. Notably, in the field of three-
dimensional graph drawing, Dujmović et al. showed that graphs with
bounded pathwidth could be drawn as a three-dimensional straight-
line grid drawing with O(n) volume [22]. Pathwidth can be applied
to the domain of natural language processing [42]. Treewidth also
has applications in complexity theory. For instance, it was shown by
several authors that there are many NP-Hard problems that can be
solved in polynomial time on inputs with bounded treewidth [2, 10,
30].

Layered treewidth and layered pathwidth have been shown to have
applications in the domains of intersection [53] and structural graph
theory [21] as well as nonrepetitive graph colouring [24]. Other ap-
plications of layered treewidth include the study of queue layouts,
track layouts [18, 24] as well as stack layouts [19]. Similar applica-
tions hold for layered pathwidth, namely we can use bounded layered
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1.2 stack and queue layouts

pathwidth to obtain bounds on stack number (the proof of which is
presented in Section 3), queue number [39] and track number [4].

1.2 stack and queue layouts

A stack layout of a graph G consists of a total order σ of V(G) and a
partition of E(G) into sets, called stacks, such that no two edges in the
same stack cross; that is, there are no edges vw and xy in a single stack
with v ≺σ x ≺σ w ≺σ y. The minimum number of stacks in a stack
layout of G is the stack number of G and is denoted by sn(G). A stack
layout is also called a book embedding and stack number is also referred
to as book thickness or page number. An s-stack graph is a graph that
has a stack layout with at most s stacks. Queue layouts are defined
similarly however, E(G) is partitioned into sets, called queues, such
that no two edges in the same queue nest; which is to say that there
are no edges vw and xy in a single queue with v ≺σ x ≺σ y ≺σ w. The
minimum number of queues in a queue layout is the queue number of
G. Stack layouts were first introduced by Ollmann in 1973 [43]. Queue
layouts were later defined by Heath and Rosenberg in 1992 [40].

Currently, it is an open problem whether stack number and queue
number are bounded by one another. Heath et al. proved that ev-
ery graph with a 1-queue layout, has a 2-stack layout and that every
graph with a 1-stack layout has a 2-queue layout [39]. Yannakakis
proved that planar graphs could be embedded in 4 stacks in 1989 [62].
Until recently, It remained an open problem, whether planar graphs
had bounded queue number. In 1992, Heath, Leighton and Rosenberg
conjectured that queue number was bounded for planar graphs [39].
In 2019, Dujmović et al. proved this conjecture, showing that planar
graphs could be embedded in 49 queues [20]. However, this bound is
not tight, since the best lower bound on the queue number of planar
graphs is 4 which was shown by Alam et al. [1].

Stack layouts have applications in sorting permutations [28, 35, 44],
complexity theory [31, 41], and graph drawing [9, 60, 61]. Applica-
tions of queue layouts include: scheduling parallel processors [40, 46],
fault-tolerant processing [47], parallel matrix computations [45], and
sorting networks [54]. Queue layouts have also contributed to the field
of graph drawing, notably, graphs of bounded queue number have
O(1)×O(1)×O(n) volume [27].

1.3 track layouts

Track layouts are a type of graph layout closely related to queue lay-
outs. The terms track layout and track number were first defined by
Dujmović et al. [23] in 2005. A t-track layout of a graph is a partition
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1.4 bounds and relationships

of the vertices into t sets V1 . . . Vt called tracks such that each track is
a linear order ≺1 . . . ≺t and such that there are no edges vw, xy such
that v, x ∈ Vi and w, y ∈ Vj with v ≺i x and y ≺j w. The track number
is the minimum t for which G has a t-track layout and is denoted by
tn(G).

Track layouts are closely related to queue layouts since track num-
ber is bounded by queue number and queue number, in turn, is
bounded by track number. Dujmović et al. showed that a graph with
track-number k has queue number at most k − 1 [23]. Dujmović et
al. also established that the track number of a graph G is at most
2O(qn(G)2) [25].

Since track number is closely related to queue number, we find that
many applications of queue layouts also apply to track layouts.

1.4 bounds and relationships

In this section, we summarize the known bounds for the graph layout
measures discussed above. Table 1.1 reviews the best known bounds
on the graph invariants for various classes of graphs. Table 1.2 sum-
marizes the relationships known for the graph layouts discussed above
in relation to the other graph invariants. The classes of graphs we
chose to include are Halin graphs, trees, X-trees, planar, outer planar,
series parallel, arched levelled planar, and bipartite graphs.

Below, we will define the less commonly known classes of graphs.
Halin graphs are a special type of planar graphs. A Halin graph is
constructed by connecting the leaves of a tree into a cycle. The tree
must have at least four vertices where none of the vertices have degree
equal to 2. X-trees are also a type of planar graphs. An X-tree is con-
structed by taking the complete binary tree on 2n+1 − 1 vertices and
adding paths connecting each consecutive vertices at level i, from left
to right, for 1 ≤ i ≤ n . Outerplanar graphs are planar graphs where
the vertices of the graph can be placed on the outer face of the figure.
A series parallel graph has a source vertex s and a target vertex t and
can be transformed into the K2 graph by repeating the following op-
erations: (1) replace a pair of parallel edges with a single edge; and
(2) collapse a pair of edges connected to a vertex of degree 2 other
than s or t into a single edge. Finally, arched levelled planar graphs
are levelled planar graphs which have been augmented with arches
that connect vertices on the same level. Arched levelled planar graphs
can be embedded in the plane in such a way that none of the arches
cross each other.
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1.4 bounds and relationships

Pathwidth

Halin pw(G) = O(log(n)) (Bounded by
treewidth)

tree pw(G) ≤ log3(2n+ 1) [52, Theorem 5]

planar pw(G) ≤
√

n [13, Corollary 23]

outerplanar pw(G) = O(log(n)) (Bounded by
treewidth)

series parallel pw(G) = O(log(n)) (Bounded by
treewidth)

Treewidth

Halin tw(G) ≤ 3 [11, Theorem 4.7]

tree tw(G) = 1 [12, Proposition 3.1]

planar tw(G) ≤
√

n (Bounded by
pathwidth)

outerplanar tw(G) ≤ 2 [13, Lemma 78]

series parallel tw(G) ≤ 2 [57]

Layered pathwidth

Halin lpw(G) ≤ 2 [4, Corollary 18]

tree lpw(G) = 1 [21, Theorem 28]

planar lpw(G) ≤
√

n (Bounded by
pathwidth)

outerplanar lpw(G) ≤ 2 [4, Corollary 16]

arched levelled planar lpw(G) ≤ 2 [4, Theorem 3]

Layered treewidth

Halin ltw(G) ≤ 2 (Bounded by layered
pathwidth)

tree ltw(G) = 1 (Bounded by
treewidth)

planar ltw(G) ≤ 3 [24, Theorem 17]

outerplanar ltw(G) ≤ 2 (Bounded by
treewidth)

series parallel ltw(G) ≤ 2 (Bounded by
treewidth)
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1.4 bounds and relationships

Stack number

Halin sn(G) ≤ 2 [32, Theorem 1]

tree sn(G) = 1 [7, Theorem 2.5]

2-trees sn(G) ≤ 2 [50, Theorem 3]

X-trees sn(G) ≤ 2 [14, Proposition 3.3]

planar sn(G) ≤ 4 [62, Theorem 2]

planar bipartite sn(G) ≤ 2 [15] [45, Corollary 2.2]

planar 3-tree sn(G) ≤ 3 [38]

outerplanar sn(G) = 1 [7, Theorem 2.5]

series-parallel sn(G) ≤ 2 [50]

arched levelled planar sn(G) ≤ 2 [39, Theorem 4.2]

Queue number

Halin qn(G) ≥ 2 [32, Theorem 2]

qn(G) ≤ 3

tree qn(G) = 1 [40]

2-trees qn(G) ≤ 3 [50, Theorem 9]

X-trees qn(G) ≤ 2 [40]

planar qn(G) ≥ 4 [1, Theorem 2]

qn(G) ≤ 49 [20, Theorem 1]

qn(G) = O(log n) [18, Corollary 2]

planar bipartite qn(G) ≤ 49 [20, Theorem 1]

planar 3-tree qn(G) ≥ 4 [1, Theorem 2]

qn(G) ≤ 5 [1, Theorem 1]

outerplanar qn(G) ≤ 2 [39, Theorem 4.3]

qn(G) ≥ 2 [40]

outerplanar bipartite qn(G) = 1 [4]

series-parallel qn(G) ≤ 3 [50, Theorem 9]

qn(G) ≥ 3 [58]

arched levelled planar qn(G) = 1 [40, Theorem 3.2]

Track number

Halin tn(G) ≤ 6 [4, Lemma 8, Corollary
15]

tn(G) ≥ 5 [48]

tree tn(G) = 3 [29, Theorem 3]
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1.4 bounds and relationships

2-trees tn(G) ≥ 5 [16, Theorem 5]

tn(G) ≤ 18 [16, Theorem 9]

planar tn(G) ≥ 7 [25, Theorem 13]

tn(G) ≤ 461, 184, 080 [20, Theorem 52]

planar bipartite tn(G) ≤ 461, 184, 080 [20, Theorem 52]

planar 3-tree tn(G) ≥ 7 [16, Theorem 5]

tn(G) ≤ 4, 000 [1, Corollary 1]

outerplanar tn(G) = 5 [25, Lemma 22]

outerplanar bipartite tn(G) = 3 [4, Theorem 3]

series-parallel tn(G) ≥ 6 [23]

tn(G) ≤ 15 [16, Theorem 9]

arched levelled planar tn(G) ≤ 5 [17, Theorem 2]

Table 1.1: Bounds for common classes of graphs

Bounds on pathwidth

treewidth pw(G) ≤ (tw(G) + 1) log n) [13, Corollary 24]

layered
pathwidth

unbounded (Banister et al. showed
that several classes of
graphs have bounded
layered pathwidth but
unbounded pathwidth
[4])

layered
treewidth

unbounded (The complete binary
tree has ltw(G) = 3, but
unbounded pathwidth)

stack number pw(G) ≤ sn(G) log n [13, Corollary 24] [56]

queue
number

pw(G) ≤ qn(G) log n [13, Corollary 24] [58,
Theorem 3]

track number unbounded for tn(G) ≥ 3 (The complete binary
tree has tn(G) = 3, but
unbounded pathwidth)

Bounds on treewidth

pathwidth tw(G) ≤ pw(G) [13, Lemma 3]

layered
pathwidth

∃G : lpw(G) = 1, tw(G) =

Ω(n)
(G is the n× n planar
grid)
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1.4 bounds and relationships

layered
treewidth

unbounded (Dujmović et al. showed
that planar graphs have
ltw ≤ 3 but unbounded
treewidth) [24,
Theorem 17]

stack number tw(G) ≤ sn(G)− 1 [56]

queue
number

tw(G) ≤ qn(G)− 1 [58, Theorem 3]

track number ∃G : tn(G) ≥ 3, tw(G) = Ω(n) (G is the n× n planar
grid)

Bounds on layered pathwidth

pathwidth lpw(G) ≤ pw(G) (We can make a trivial
layering where all
vertices are placed in
one layer)

treewidth lpw(G) ≤ (tw(G) + 1) log n [13, Corollary 23]

layered
treewidth

lpw(G) ≤ ltw(G) log3(2n + 1) [4, Lemma 10]

stack number sn(G) ≤ 1⇒ lpw(G) ≤ 2 [4, Corollary 16]

∃G : sn(G) = 2, lpw(G) =

Ω(log n)
(G is a binary tree plus
an apex vertex)

∃G : sn(G) = 3, lpw(G) =

Ω(n/ log n)
[26, Theorem 1.5]

queue
number

qn(G) = 1⇒ lpw(G) ≤ 2 [40, Theorem 3.2][4,
Corollary 7]

∃G : qn(G) = 2, lpw(G) =

Ω(n/ log n)
(There exists
3-monotone expanders
with qn = 2 but they
have pw Ω(n) and
diameter O(log n), so
their lpw is
Ω(n/ log n))

track number tn(G) = 1⇒ lpw(G) = 1 (G has no edges)

tn(G) ≤ 2⇒ lpw(G) ≤ 2 (G is a forest of
caterpillars)

tn(G) ≤ 3⇒ lpw(G) ≤ 4 Theorem 4.1

∃G : tn(G) = 4, lpw(G) =

Ω((n/ log n)
[26, Theorem 1.5]
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1.4 bounds and relationships

Bounds on layered treewidth

pathwidth ltw(G) ≤ pw(G) + 1 (By transitivity:
ltw(G) ≤ tw(G) + 1
and tw(G) ≤ pw(G))

treewidth ltw(G) ≤ tw(G) + 1 (We can make a trivial
layering where all
vertices are placed in
one layer)

layered
pathwidth

ltw(G) ≤ lpw(G) (A valid layered path
decomposition is also a
valid layered tree
decomposition)

stack number ∃G : sn(G) ≥ 3, ltw(G) =

Ω( n+2
3 )

(G is the n× n grid
with a dominant vertex)

queue
number

∃G : qn(G) = 2, ltw(G) =

Ω(n/ log n)
(There exists
3-monotone expanders
with qn = 2 but they
have tw Ω(n) and
diameter O(log n), so
their ltw is Ω(n/ log n))

track number ∃G : tn(G) = 4, ltw(G) =

Ω(n/ log n)
(There exists
3-monotone expanders
with tn = 4 but they
have tw Ω(n) and
diameter O(log n), so
their ltw is Ω(n/ log n))

Bounds on stack number

pathwidth sn(G) ≤ pw(G) + 1 By [33, Theorem 1]
and [13, Lemma 3]

treewidth sn(G) ≤ tw(G) + 1 [33, Theorem 1]

sn(G) ≥ tw(G) + 1 [56, Theorem 1.1]

layered
pathwidth

sn(G) ≤ 4 lpw(G) Theorem 3.1

layered
treewidth

sn ≤ 4 ltw(G)(log3(2n + 1)) Theorem 3.1 and [4,
Lemma 10]

Open Problem 1

queue
number

qn(G) = 1⇒ sn(G) ≤ 2 [39, Theorem 4.2]

9



1.4 bounds and relationships

Open Problem 2 (It is still an open
problem whether stack
number is bounded by
queue number for
qn > 1)

track number Open Problem 3

Bounds on queue number

pathwidth qn(G) ≤ pw(G) [59, Lemma 2]

treewidth qn ≤ 36 tw(G)∆(G) [59, Lemma 3]

qn(G) ≤ 2tw(G) − 1 [58, Theorem 1]

layered
pathwidth

qn(G) ≤ 3 lpw(G)− 1 [23, Theorem 2.6] [4,
Lemma 9]

layered
treewidth

Open Problem 4

stack number sn(G) = 1⇒ qn(G) ≤ 2 [39, Theorem 4.3]

Open Problem 5 (It is still an open
problem whether queue
number is bounded by
stack number for
sn > 1)

track number qn(G) ≤ tn(G)− 1 [23, Theorem 2.6]

Bounds on track number

pathwidth tn(G) ≤ pw(G) + 1 [23, Lemma 3.2]

treewidth tn(G) ≤ 1 + (tw(G) + 1) log n [23, Theorem 2.4]

tn(G) ≥
1
2 (tw(G) + 1)(tw(G) + 2)

[23, Theorem 7.4]

layered
pathwidth

tn(G) ≤ 3 lpw(G) [4, Lemma 9]

layered
treewidth

tn(G) ≤ 3 ltw(G) log3(2n + 1) [4, Theorem 11]

queue
number

tn(G) ≤ 2O(qn(G)2) [25, Theorem 8]

stack number Open Problem 6

Table 1.2: Relationships between graph layouts
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1.5 new results

1.5 new results

As previously mentioned, this thesis delves into the relationship be-
tween layered pathwidth and two graph layouts: stack layouts and
track layouts. In Chapter 3, we prove that the stack number of a graph
is at most four times its layered pathwidth.

It was known that graphs that have bounded layered pathwidth
have bounded queue number and since track number is bounded
by queue number, graphs with bounded layered pathwidth also have
bounded track number. It was shown by Bannister et al. that a graph’s
track number is at most 3 lpw(G)− 1 [4]. In the other direction, graphs
with track number at most 2 are forests of caterpillars and have lay-
ered pathwidth at most 2. However, the existence of 4-track graphs
that are expanders implies that there are 4-track graphs whose lay-
ered pathwidth is Ω(n/ log n). These results leave a gap for 3-track
graphs. In their paper, Bannister et al. conjectured that 3-track graphs
do in fact have bounded layered pathwidth [4]. The second result
of this thesis, is to confirm this conjecture by showing that 3-track
graphs have layered pathwidth at most 4. The proofs presented in
this thesis establish the relationship between these different types of
graph drawing layouts.
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2
P R E L I M I N A R I E S

In this section, we will present the formal definitions and notations
and introduce key concepts that pertain to our proofs. We will first
introduce path decompositions, and their general form: tree decom-
position.

2.1 graph decompositions

A path decomposition of a graph G is a sequence of subsets of V(G)

called bags (B1, B2, ...Bn) that satisfies the following properties:

1.
⋃n

i=1 Bi = V(G)

2. For each edge uv ∈ E(G) there exists a bag Bi such that u ∈ Bi

and v ∈ Bi

3. If u ∈ Bi and u ∈ Bk for i < k then u ∈ Bj for all j ∈ {i, . . . , k}

The width of a path decomposition is the size of the largest bag. The
pathwidth of a graph G, denoted by pw(G) is defined as the minimum
width of any path decomposition of G minus 1.

Figure 2.1 demonstrates an example of a graph and its path de-
composition of pathwidth 2. We separate the graph’s vertices into a
sequence of bags such that if an edge uv exists in G1 then both ver-
tices u and v must appear in a bag together. Furthermore, if a vertex
u is contained in a bag Bi and is contained in a bag Bk then u must be
present in every bag between Bi and Bk in the path decomposition.

v1
v4

v5v2

v3

v6

v8

v9
v7

(a) Graph G1

v1
v2
v3

v4

B1 B2 B3 B4 B5 B6

v3

v4

v5 v5

v8

v4

v5

v7

v5

v7

v9 v6

v5

v7

(b) Path decomposition of G1 with path-
width 2

Figure 2.1: An example graph G1 = (V1, E1) and a path decomposition of
G1 with pw(G1) = 2

A tree decomposition of a graph G is given by a tree T whose nodes
index a collection of subsets of V(G) into bags (B1, B2, ...Bn) that satis-
fies the following properties:
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2.1 graph decompositions

1.
⋃n

i=1 Bi = V(G)

2. For each edge uv ∈ E(G) there exists a bag Bi such that u ∈ Bi

and v ∈ Bi

3. For each v ∈ V(G), the set T(v) of bags that contain v induce a
non-empty connected subtree in T

Similarly, the treewidth of a graph G, denoted by tw(G) is defined
as the minimum width of any tree decomposition of G minus 1.
The Figure 2.2 demonstrates a graph and a tree decomposition with
treewidth 2.

v1

v4

v5

v2
v3

v6

v8

v10
v7

v9

v11

(a) Graph G2

v1 v2 v3

v2 v3 v4

v3 v4 v7

v4 v6 v7

v4 v5 v6

v7 v10 v11

v3 v7 v8

v7 v8 v10

v8 v9 v10

B1

B2

B3

B4

B6

B5

B7

B9B8

(b) Tree decomposition of G2 with
treewidth 2

Figure 2.2: An example graph G2 = (V2, E2) and a tree decomposition of G2
with tw(G2) = 2

Next, we will establish the definitions of a layering as well as the
concepts of layered path decompositions and layered tree decompo-
sitions. A layering of G is a mapping of G’s vertices to a sequence
of disjoint sets which we will call layers. This layering will be de-
noted by ` : V(G) → Z and has the property that if vw ∈ E(G) then
|`(u)− `(v)| ≤ 1. We denote layer i as Li = {v ∈ V(G) : `(v) = i}.

A layered path decomposition consist of a layering and a path decom-
position. The width of a layered path decomposition is the size of the
largest intersection of a bag and a layer. The layered pathwidth of G is
defined as the minimum width of any layered path decomposition on
G. We will use the notation lpw(G) to denote the layered pathwidth
of a graph G. An example of a graph and its layered path decomposi-
tion is presented in Figure 2.3.
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2.1 graph decompositions
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(a) Graph G3

v1
v4

v3
v2

v3 v6

v11

v8

v11

v13

v7

v14

v9
v12

v1
v2

B1 B2 B3 B4 B5 B6

v3
v5 v5

v13 v13 v13 v13 v13
v14 v14

v11
v10 v8v10

v9

L1

L2

L3

(b) Layered path decomposition of G3 with layered pathwidth 2

Figure 2.3: An example graph G3 = (V3, E3) and a layered path decomposi-
tion of G3 of width 2

Likewise, a layered tree decomposition consists of a layering and a tree
decomposition. The width of a layered tree decomposition is the size
of the largest intersection of a bag and a layer. The layered treewidth of
G is defined as the minimum width of any layered tree decomposition
on G and will be denoted by ltw(G). An example of a graph and
layered tree decomposition is presented in Figure 2.4.
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2.2 stack and queue layouts
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(a) Graph G2
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L2

L3

B6

L4

(b) Layered tree decomposition of G2 with layered treewidth 2

Figure 2.4: An example graph G2 = (V2, E2) and a tree decomposition of G2
of width 2

2.2 stack and queue layouts

We will now introduce the formal definitions of stack layouts and
queue layouts. A stack layout of a graph G is a total ordering σ of
the vertices of G and a partitioning of the edges of G into sets called
stacks such that there exists no crossings. Two edges uv and xy cross
if both edges share a stack and u ≺σ x ≺σ v ≺σ y. The stack number of
G corresponds to the minimum number of stacks required to achieve
a stack layout of G. We denote the stack number of G with sn(G).

A queue layout of a graph G is a total ordering σ of the vertices of G
and a partitioning of the edges of G into sets called queues such that
there exists no nestings. Two edges uv and xy nest if both edges are
on the same queue and u ≺σ x ≺σ y ≺σ v. The queue number of G
corresponds to the minimum number of queues required to achieve
a queue layout of G. We use qn(G) to denote the queue number of a
graph G. Figure 2.5 illustrates an example of a graph, G4, and a stack
layout with sn(G4) = 2. For this same graph, we were able to find
a queue layout with qn(G4) = 2 with a different ordering σ while
retaining the same partition of the edges.
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2.3 track layouts

v1 v2

v8 v3

v4

v5v6

v7

(a) Graph G4

v1 v7 v8v4 v5v2 v3v6

(b) Stack layout of G4 with stack number 2

v8v3 v7v6 v2v5 v1 v4

(c) Queue layout of G4 with queue number 2

Figure 2.5: An example graph G4 = (V4, E4), a stack layout of G4 with
sn(G4) = 2 and queue layout of G4 with qn(G4) = 2

2.3 track layouts

Finally, we will introduce the concept of t-track layouts. A t-track lay-
out of a graph G is a partition of V(G) into t ordered independent
sets T1, ..., Tt (with a total order ≺i for each Ti, i ∈ {1, ..., t}) with no
X-crossings. An X-crossing is a pair of edges vw and xy such that, for
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2.3 track layouts

some i, j ∈ {1, ..., t}, v, x ∈ Ti with v ≺i x and w, y ∈ Tj with y ≺j w.
The minimum number of tracks in any t-track layout of G is called
the track number of G and is denoted as tn(G). A t-track graph is a
graph that has a t-track layout.

Figure 2.6 demonstrates an example of a graph and a 4-track layout.
We separate the graph’s vertices into 4 tracks such that no pair of
edges cross between any two tracks.

v1

v4

v5

v2

v3

v6

v8

v7

(a) Graph G5

v1

v4

v5

v2

v3

v6

v8

v7

T1

T2

T3

T4

(b) t-track layout of G5
with tn(G5) = 4

Figure 2.6: Graph G5 = (V5, E5) and a 4-track layout of G5
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3
S TA C K N U M B E R I S B O U N D E D B Y L AY E R E D
PAT H W I D T H

theorem 3 .1. Every graph with layered pathwidth k has stack number at
most 4k.

Proof of Theorem 3.1. Let B = B1, . . . , Bp be a path decomposition of
G and ` : V(G) → Z be a layering such that B will have layered
pathwidth lpw(G) = k with respect to the layering `.

The path decomposition B is left-normal if for every distinct pair
v, w ∈ V(G), min{i ∈ Z : v ∈ Bi} 6= min{i ∈ Z : w ∈ Bi}. In order to
achieve this left-normal path decomposition, we can simply say that
if a bag has two vertices v, w ∈ V(G) such that min{i ∈ Z : v ∈
Bi} = min{i ∈ Z : w ∈ Bi} we can prepend an identical bag to Bi

and remove one of the vertices. It is straightforward to see that this
transformation will not increase the layered pathwidth of B. We use
the notation v ≺B w if min{i ∈ Z : v ∈ Bi} < min{i ∈ Z : w ∈ Bi}.
When B is left-normal, ≺B is a total order.

For any edge vw with v ≺B w we call v the left endpoint of the edge
and w the right endpoint.

First, we establish how to obtain the total vertex ordering σ that will
be used for the stack layout. For every distinct pair x, y ∈ V(G) where
x and y are not necessarily joined by an edge and where x ≺B y, we
will assign their order in σ as follows.

1. If `(x) = i and `(y) = j with i < j then x ≺σ y.

2. If `(x) = `(y) = i and i is even, then x ≺σ y.

3. If `(x) = `(y) = i and i is odd, then y ≺σ x.

This completes the description of the total ordering σ on the vertices
of G. With this ordering we can obtain a stack layout whose stack
number is at most 4k.

If an edge vw where v is the left endpoint and w is the right end-
point, has `(w) = `(v) + 1 then this edge has a positive slope and has
a nonpositive slope otherwise.

Next, we define the colouring ϕ : E(G) → {1, . . . , 4k} which de-
termines the partition of E(G) into stacks. We begin by establishing
a greedy vertex colouring ϕ(v) : V → {1, . . . , k} such that for ev-
ery i, j ∈ N, if two vertices are in Bi ∩ Lj then they will receive
different colours. We can colour these vertices with k colours since
the layered pathwidth is k and so no intersection of a bag and layer
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stack number is bounded by layered pathwidth

will have more than k vertices. We now colour the edge vw with the
colour ϕ(vw) = (a, b, c) where a = `(v) mod 2, b is a bit indicating
whether vw has positive or non-positive slope, and c is the colour
ϕ(v) of the left endpoint v. This means that all edges can be coloured
with 2× 2× k colours, which amounts to a stack number of at most
4k. Figure Figure 3.1 shows a left-normal layered path decomposition
and Figure 3.2 demonstrates the stack layout we would obtain by fol-
lowing the vertex ordering and edge partitioning we have described.
In the example, since the original layered path decomposition had a
width of 2, we can show that we are able to obtain a stack layout with
fewer than 8 stacks. In this instance, we obtained a 5-stack layout.
All that remains is to show that σ and the partition {{vw ∈ E(G) :
ϕ(vw) = (a, b, c)} : (a, b, c) ∈ {0, 1} × {0, 1} × {1, . . . , k}} is indeed a
stack layout.

L1

L2

L3

v1

v4v3

v6v5

v2

B1 B2 B3 B4 B5 B6

Figure 3.1: A layered path decomposition of width 2

v1 v4v3 v6 v5v2

φ(v1v2) = (1, 1, 1)

φ(v1v3) = (1, 1, 1)

φ(v1v4) = (1, 1, 1)

φ(v5v6) = (1, 1, 1)

φ(v3v2) = (0, 0, 1)
φ(v3v6) = (0, 1, 1)

φ(v2v4) = (1, 1, 2)

φ(v5v3) = (1, 0, 1)
φ(v5v4) = (1, 0, 1)

Figure 3.2: The stack layout of the example graph in Figure 3.1

Consider any two distinct edges vw, xy ∈ E(G) (whose left-endpoints
are v and x, respectively). First observe that, if `(v) ≡ `(x) (mod 2)
then either `(v) = `(x) or |`(v) − `(x)| ≥ 2. In the latter case, the

19



stack number is bounded by layered pathwidth

only way in which vw and xy can cross with respect to ≺σ is if
`(v) + b = `(y) = `(w) = `(x)− b for some b ∈ {−1, 1}. However,
in this case, vw has positive slope and xy has non-positive slope, or
vice-versa, so ϕ(vw) and ϕ(xy) differ in their second component.

Therefore, we only need to consider pairs of edges xy and vw where
`(v) = `(x) = i. We assume, without loss of generality that i is even
and that v ≺σ x. With these assumptions, there are only three cases
in which vw and xy can cross:

1. v ≺σ x ≺σ w ≺σ y. Since `(v) = `(x) = i is even and v ≺σ x, we
have v ≺B x and `(w) ≥ i. If `(w) = i, then v ≺B x ≺B w, so v
and x both appear in some bag Bj and ϕ(v) 6= ϕ(x), so ϕ(vw)

and ϕ(xy) differ in their third component. If `(w) = i + 1, then
w ≺σ y implies that `(y) ≥ `(w), which implies `(y) = `(w) =

i + 1, so y ≺B w. We now have v ≺B x ≺B y ≺B w so v and x
appear in a common bag Bj and ϕ(vw) and ϕ(xy) differ in their
third component.

2. v ≺σ y ≺σ w ≺σ x. Since v ≺σ y, `(y) ≥ `(v) = i. Similarly,
since y ≺σ x, `(y) ≤ `(x) = i. Therefore, `(y) = i, so y ≺B x.
This is not possible since, by definition, x is the left endpoint of
xy.

3. y ≺σ v ≺σ x ≺σ w. Since y ≺σ x, x is the left endpoint of xy,
and `(x) = i is even, we have `(y) = `(x)− 1, so xy has positive
slope.

Since v ≺σ w and `(v) = i is even, we have `(v) ≤ `(w), so
vw has non-positive slope. Therefore ϕ(vw) and ϕ(xy) differ in
their second component.

Therefore, for any pair of edges vw, xy ∈ E(G) that cross, ϕ(vw) 6=
ϕ(xy), so the partition P is a partition of V(G) into 4k stacks with
respect to ≺σ, as required.
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4
3 - T R A C K L AY O U T S H AV E B O U N D E D L AY E R E D
PAT H W I D T H

theorem 4 .1. Every graph G that has tn(G) ≤ 3, has lpw(G) ≤ 4.

It will be easier to prove our result for a weaker notion of layering.
An s-weak layering of G is a mapping `s : V(G)→ Z with the property
that, for every vw ∈ E(G), |`s(v)− `s(w)| ≤ s. The sets Ls,i = {v ∈
V(G) : `s(v) = i} are called s-weak layers. The terms s-weak layered
path decomposition and s-weak layered pathwidth of G, denoted lpws(G),
are defined the same way as layered path decompositions and layered
pathwidth, but with respect to s-weak layerings of G.

lemma 4 .2. For any s ∈N, lpw(G) ≤ s · lpws(G).

Proof. Given an s-weak layered decomposition of G with s-weak lay-
ering `s, we define `(v) = b`s(v)/sc. Now ` is clearly a layering of G
and, by definition, for any bag Bj and any s-weak layer Ls,i = {v ∈
V(G) : `s(v) = i}, |Ls,i ∩ Bj| ≤ lpws(G). Therefore, since any layer
Li = {v ∈ V(G) : `(v) = i} is the union of at most s-weak layers,
|Li ∩ Bj| ≤ s · lpws(G) for all i ∈ Z.

Let G be an edge-maximal n-vertex graph with tn(G) = 3. Here
edge-maximality implies that for any pair of vertices xi, yj ∈ V(G),
either xiyj ∈ E(G); or there exists xi′yj′ ∈ E(G) for some i′ > i and
j′ < j; or there exists xi′yj′ ∈ E(G) for some i′ < i and j′ > j. Similar
comments hold for yi, zj and zi, xj. It is helpful to recall that G is a
planar graph that has a straight-line crossing-free drawing with the
vertices of T1 placed on the positive x-axis, the vertices of T2 placed
on the positive y-axis and the vertices of T3 placed on the ray {(a, a) :
a < 0}. See Figure 4.1. The edges in Figure 4.1 are drawn as curves
only to help readability. The drawing would be non-crossing even if
all edges were drawn as straight line segments.

Let T1, T2, T3 be a 3-track layout of G with T1 = {x1, . . . , xn1}, T2 =

{y1, . . . , yn2}, and T3 = {z1, . . . , zn3} and the total orders ≺1,≺2,≺3

are implicit so that, for example zi ≺3 zj if and only if i < j. In terms
of Figure 4.1, this means that x1, y1, z1 form the triangular face con-
taining the origin and xn1 , yn2 , zn3 form the cycle on the boundary of
the outer face. From this point onward, all track indices are implicitly
taken “modulo 3” so that for any integer i, Ti refers to the track Ti′

with index i′ = ((i− 1) mod 3) + 1.
The following observation follows from the fact that G’s 3-track

layout is edge-maximal.
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3-track layouts have bounded layered pathwidth

x1

y1

z1
xn1

zn3

yn2

Figure 4.1: The standard planar embedding of a 3-track graph.

xi

yj

xi

yj
yj′

xi′ xi

yj

yj′

(1) (2) (3)

Figure 4.2: The three cases in Observation 4.3.

observation 4 .3. For any two vertices of G on distinct tracks, say xi

and yj, at least one of the following conditions is satisfied (see Figure 4.2):

1. xiyj ∈ E(G); or

2. there exists xi′yj′ ∈ E(G) with i′ > i and j′ < j; or

3. there exists xiyj′ ∈ E(G) with j′ > j.

Theorem 4.1 is a consequence of the following lemma.

lemma 4 .4. The edge-maximal n-vertex graph G with tn = 3 and |V(G)| ≥
3 has a 2-weak layered path decomposition, B1, . . . , Bp, with 2-weak layering
`2 of width 2 in which

1. for each i ∈ {1, 2, 3} and each v ∈ Ti, `2(v) ≡ i (mod 3);

2. B1 = {x1, y1, z1};

3. `2(x1) = 1, `2(y1) = 2, and `2(z1) = 3;

4. Bp = {xn1 , yn2 , zn3}; and
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3-track layouts have bounded layered pathwidth

5. xn1 , yn2 , zn3 appear in 3 distinct consecutive layers.

Before proving Lemma 4.4, we show how it implies Theorem 4.1.
Since layered pathwidth is monotone with respect to the addition of
edges, it is safe to assume (as Lemma 4.4 does) that G’s 3-track layout
is edge-maximal. By Lemma 4.4, therefore G has lpw2(G) ≤ 2 and
therefore, by Lemma 4.2, lpw(G) ≤ 4.

Proof of Lemma 4.4. The proof is by induction on the number of ver-
tices of G. If |V(G)| ≤ 4, then the result is trivial. Next, suppose that
G has a cut set C = {xi, yj, zk} having exactly one vertex in each track.
Since G is an edge-maximal graph with tn = 3, xi, yj, zk form a cycle
in G. Now, the subgraph G1 of G induced by {x1, . . . , xi, y1, . . ., yj,
z1, . . ., zk} is an edge-maximal graph with tn(G1) = 3 and we can
inductively apply Lemma 4.4 to find a width-2 2-weak layered path
decomposition of G1 in which xi, yj, zk are in the last bag and are as-
signed to three consecutive distinct layers r + 1, r + 2, and r + 3. Note
that there are three possible assignments of xi, yj, zk to these three
layers depending on the value of r mod 3. Suppose, without loss of
generality, that `2(yj) = r + 1 (so `2(zk) = r + 2 and `2(xi) = r + 3.)

Next, consider the graph G2 induced by {xi, . . ., xn1 , yj, . . . ,yn2 , zk,
. . ., zn3}. We apply Lemma 4.4 inductively on G2 relabelling tracks
to ensure that in the resulting layered decomposition `2(yj) = 1,
`2(zk) = 2 and `2(xi) = 3. We can now obtain a width-2 2-weak
layered path decomposition of G by joining the two decompositions.
In particular, concatenating the sequence of bags for G1 with the se-
quence of bags for G2 gives a path decomposition of G and adding r
to the indices of all layers in the layering of G2 gives a 2-weak layering
of G.

Thus, all that remains is to study the case where G contains no cut
set having exactly one vertex on each track. We claim that, in this case,
G contains the edge x1z2 or it contains the edge z1x2. Since G is edge-
maximal, this is obvious unless n1 = n3 = 1 so that neither z2 nor x2

exist. However, since |V(G)| ≥ 5, this would imply that x1, z1, y2 is a
cut set with one vertex on each track, since its removal separates y1

from {y2, . . . yn2}.
We will construct a path P = v1, . . . , vr, an example of which is

illustrated in Figure 4.3. The first vertex of P will be one of x1, y1, z1

and the final three vertices are xn1 , yn2 , and zn3 , though not necessarily
in that order. The path P will spiral in the sense that vi ∈ Ti for all i ∈
{1, . . . , r}. Observe that this spiralling implies that the subsequence
of vertices of P on any track Ti is increasing (getting further from the
origin).
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3-track layouts have bounded layered pathwidth

v1

v2

v3

v4

v5

v6

v7

Figure 4.3: The path P used in the proof of Lemma 4.4.

P is constructed greedily: if P has reached vertex vk, it continues
to the neighbouring vertex vk+1 of vk with the highest index on track
Tk+1 that is not yet in P. We will call this vertex vk+1 the furthest
neighbouring vertex of vk. To see why this is always possible, recall that
P already contains an edge vk−3, vk−2. Now, without loss of generality
we can apply Observation 4.3 with xi = vk and yj = vk−2, so there are
three cases (see Figure 4.4):

vk

vk−2

vk−3

vk−1

vk

vk−2

yj′

xi′vk−3

vk−1

vk

vk−2

yj′

vk−3

vk−1

(1) (2) (3)

Figure 4.4: The path P can always be extended.

1. vkvk−2 ∈ E(G). In this case vk−2, vk−1, and vk form a cycle in G.
Then either {vk−2, vk−1, vk} = {xn1 , yn2 , zn3} or {vk−2, vk−1, vk}
is a cut set with exactly one vertex in each track. In the former
case, the path P is complete. The latter case is excluded by the
assumption that G contains no such cut sets.

2. there exists an edge xi′yj′ ∈ E(G) with i′ > i (i.e. i′ > k) and
j′ < j (i.e. j′ < k− 2). This case is not possible, since this edge
would cross vk−3vk−2.
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3-track layouts have bounded layered pathwidth

3. there exists an edge vkyj′ ∈ E(G) with j′ > j (i.e. j′ > k− 2). In
this case, P is extended by adding vk+1 = yj′ .

Thus we have constructed the furthest vertex path P = v1, . . . , vr,
whose first vertex is one of x1, y1, z1 and whose last three vertices
are xn1 , yn2 and zn3 (not necessarily in order). We assign layers to the
vertices of P as follows: For each vertex vi on P, we set `2(vi) = i. Note
that this satisfies Conditions 3 and 5 of the lemma and also satisfies
Condition 1 for the vertices of P. For each t ∈ {1, 2, 3}, any vertex
v ∈ Tt that is not in P is assigned to the same layer as v’s immediate
successor in P ∩ Tt. This assignment satisfies Condition 1 for vertices
not in P. Finally, we will prove that this gives a 2-weak layering of G.
In other words, in the worst case, a vertex v with `2(v) = i can only
share an edge with vertex u where i− 2 ≤ `2(u) ≤ i + 2.

Any edge between v and w where neither v nor w is in P will only
span one layer. Any edge between any two vertices vi and vj where
vi, vj ∈ P, will span only one layer if j = i ± 1. This would mean
that vivj is an edge in the graph G and that this edge was used to
construct our furthest vertex path P. If j 6= i ± 1, then there are two
cases:

1. j = i± 2 This edge is possible and would create a cut set. This
edges will only span 2 layers since `2(vi) = i and `2(vj) = i + 2.

2. j = i ± 4 This edge cannot exist since it would contradict our
greedy path constructing algorithm. If the edge vivi+4 (or the
edge vi−4vi) existed then the edge vivi+1 (vi−4vi−3 ) would not
have been added to P.

Whenever we have an edge between a vertex on the furthest ver-
tex path and a vertex not located on the vertex path then we have 8

cases (see Figure 4.5). Without loss of generality, assume the spiral is
travelling from T1 to T2 to T3. Let xi be a vertex on the constructed
path. First, we look at the possible cases for an edge between xi with
`2(xi) = m and yj where yj /∈ P.

1. `2(yj) = m + 4 + 3n where n ≥ 1. This edge cannot exist, since
it would create a crossing.

2. `2(yj) = m+ 4. This edge cannot exists since it would once more
contradict our greedy path algorithm.

3. `2(yj) = m + 1. This edge will only span one layer.

4. `2(yj) = m + 1− 3n where n ≥ 1. This edge cannot exist, since
it would create a crossing.

Second, we look at the possible cases for an edge between xi with
`2(xi) = m and zk where zk /∈ P.
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3-track layouts have bounded layered pathwidth

xi

yj

(1)

yj

xi

(2)

yj
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(3)

yj

xi

(4)

zk

xi

(5)

zk

xi

(6)

zk

xi

(7)

zk xi

(8)

Figure 4.5: The edge between a vertex xi and a vertex yj or zk cannot span
more than 2 layers
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3-track layouts have bounded layered pathwidth

5. `2(zk) = m + 2 + 3n where n ≥ 1. This edge cannot exist, since
it would create a crossing.

6. `2(zk) = m + 2. This edge spans exactly two layers.

7. `2(zk) = m− 1. This edge will only span one layer.

8. `2(zk) = m− 1− 3n where n ≥ 1. This edge cannot exist, since
it would create a crossing.

Next, we will need the notion of levelled planar graphs. The class of
levelled planar graphs was introduced in 1992 by Heath and Rosen-
berg [40] in their study of queue layouts of graphs. A levelled pla-
nar drawing of a graph is a straight-line crossing-free drawing in
the plane, such that the vertices are placed on a sequence of parallel
lines (called levels), where each edge joins vertices in two consecutive
levels. A graph is levelled planar if it has a levelled planar drawing.
(This is a well studied model for planar graph drawing, so called
Sugiyama-style [55, 5, 37, 6].)

Figure 4.6: The graph G− P is a levelled planar graph.

Now, consider the graph G− P obtained by removing the vertices
of P from G (see Figure 4.6). We claim that this graph is a levelled
planar graph in which the levels of the vertices are given by the lay-
ering `2 defined above. Refer to Figure 4.7. One way to see this is to
imagine G as being drawn with its vertices on the three vertical edges
of a hollow triangular prism so that x1, y1, z1 are the vertices of one
triangular face and xn1 , yn2 , zn3 are the vertices of the other triangular
face. Now, if we remove the triangular faces of this prism, cut it along
the embedding of P, and unfold the resulting surface so that it lies in
the plane, then we obtain a drawing of G− P in which the vertices lie
on a set of parallel lines and in which the edges only join vertices on
two consecutive lines. This gives the desired levelled planar drawing
of G− P.
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3-track layouts have bounded layered pathwidth

x1 y1 z1
x1y1
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z5
z5

y4

yn2
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Figure 4.7: Cutting a prism along P to obtain a levelled planar drawing of
G− P. Edges that span 2 layers are drawn in purple.
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Figure 4.8: The graph G with the path P and edges that span 2 layers drawn
in purple

By a result of Bannister et al. [4, Proof of Theorem 5], G− P has a
layered path decomposition B1, . . . , Bp of width 1 using the layering
`2 defined above. If we add the vertices of P to every bag of this de-
composition we obtain a width-2 2-weak layered path decomposition
of G. Finally, to satisfy Conditions 2 and 4 of the lemma, we prepend
a bag B0 = {x1, y1, z1} and append a bag Bp+1 = {xn1 , yn2 , zn3}.

We note that it is possible to unravel the induction in the proof
of Lemma 4.4. In particular, even if G has cut sets with exactly one
vertex on each track, we can still construct the path P starting from
one of x1, y1, z1 until it is not possible to extend P. This happens either
because P includes xn1 , yn2 , zn3 or because P includes some cut set xi,
yj, zk. In the latter case, we continue extending P by spiralling in the
other direction. Again, cutting the prism along P produces a layering
of G that is compatible with a levelled planar drawing of G− P. The
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3-track layouts have bounded layered pathwidth

fact that this layering is also a 2-weak layering of G follows from the
fact that P only changes directions after crossing a cut set.
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5
C O N C L U S I O N

The main contributions of this thesis are:

1. In Chapter 1, we provide a summary of bounds on pathwidth,
treewidth, layered pathwidth, layered treewidth, stack number,
queue number and track number for common graph classes.

2. Also in Chapter 1, we summarize the relationships that are
known between these different graph layouts.

3. In Chapter 3, we provide a new bound on stack number for
graphs of bounded layered pathwidth. We prove that graphs
with layered pathwidth k have stack number at most 4k.

4. In Chapter 4, we provide a new bound on layered pathwidth
for 3-track graphs. This result closes an open conjecture of Ban-
nister et al. [4]. To close this conjecture, we show that graphs
with 3-track layouts have layered pathwidth at most 4.

Finally, we would like to discuss a few open problems related to
this area of research. In Chapter 1 we presented a table with the
known relationships between the graph layouts. We would now like
to present the following open problems that discuss the relationships
that are still unknown.

open problem 1. Is stack number bounded by layered treewidth?

We know that lpw(G) ≤ ltw(G)(log3(2n + 1)) [4, Lemma 10] and
in this thesis we’ve proved that sn(G) ≤ 4 lpw(G). By transitive prop-
erty, we can say that sn(G) ≤ 4 ltw(G)(log3(2n + 1)). However, we
pose the question, whether a function using only layered treewidth
can express a bound on stack number.

open problem 2. Is stack number bounded by queue number?

open problem 3. Is stack number bounded by track number?

open problem 4. Is queue number bounded by layered treewidth?

open problem 5. Is queue number bounded by stack number?

open problem 6. Is track number bounded by stack number?

We remark that the bounds we have presented in this thesis were
not shown to be tight. In Chapter 3, we showed that any graph with
layered pathwidth k, has stack number at most 4k.
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conclusion

open problem 7. Can we reduce the bound on stack number for layered
pathwidth k?

In Chapter 4, we showed that any graph with a 3-track layout
has layered pathwidth 4. The best lower bound on 3-track layouts
is lpw(G) ≥ 2 (a triangle will give this result).

open problem 8. Can we reduce the bound for layered pathwidth of
graphs with tn(G) = 3?
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