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PRIFACK

An inestimadle amount of specialization end self-ocriticism charecter-
1zes current mathemmtical research. In the field of mathemmtics »roper,
& great number of mathematical books and periodioals are beimg issued, oone-
taining countless now theorems, restutements and new, original solutions
of 0ld prodlems, and new methods of proof. It has been said that though
the delegates to mathenatical congresses may be quite competent mathemati-
cians themselves, they cannot possidbly comprehend all the over-spebialized
topies presented (l). According to the historian Cahori, if the history
of mathemntics in the nineteenth century alone were written with some de-
tail, fourteen or fifteen large volumes would be equired (2). The same si-
tuation obtains in the literature, and at the congresses dealing with ap-
plied mthemetics. 2ven the non-mathemeticien feels the impact of mathema-
tics on gemerel culture through the inareasin: number of boors end articles
endeavoring to present methematics in a simplified and popularized form,

Contemporary research in mathematics itself 1s nearly rivelled by an
equal productivity in philosophicel inquiries on mathemetics. Cuestions
of mathematioal method and symdoliss are being exssiined under the titls of
Symbolic Logic, while othar invaestigrtions are concerned with the founda-
tions of mathsmatics, with theories on numbaer, functions and strueture.
Wamerous philosophical discursions deal with the applicebility of mathema-
ties to physios, t0 chemiastry and dbiology, and to psychologicel and econo-
mic sitvetions, The more extonded problems covering the speoulative rela-

tions of mathemantics to loglo, psychology and philosophy in generel -~ pars

(1) Bs Te Bell, The ‘ueen of the Sciences, Baltimore: williems & Wilkig
Seupany, 1931, p. 1g; 2 similar remark can bs found in Ceorge Sarton, The
3tudy of the Histdzf'of linthematigs, Harvard: Farvard University Prass, 1936
P 13.

(2) Plorien cajori, “Plans for e Hictory of Mothemmtdies in the Wimuvee
Century,” Sglange, n.s., 48 (1918), p. 279,
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of a growing philosophy of scienco ~=- nrc boing invostiruted by & prowing
mmber of thinkors.

The specific prodlem whieoh in hovrain concoived ag boin- nerulstent and
basic to much == indeed, if not nll -- of tho ourrent 4iscussinons concerning
she philosophy of mathematics is tho neture of mathemrti )l abstrection. It
is with thir cuestion that the present inquiry 15 concerned ap attempting to
discloss tha dootrinel pertinonce and speoculntive valu: of mothomnticael sb-
streotion for current philosophicnl thoorics on the nature of natherx tios.
A study of this kind mtumudlnvoton many Tolontad »ronlama, s on analysis
of its historical antecedantn, i¢ts relation to exparience, its differencs
from other abstyactiva processas, nnd its partinance to contomporsry exten-
siona of mathemting,

Thess closely relnted themes hava provoked the following order of consé
deration, An introductory part of ons chapter aims to clarify the prodlem
by distinquishing and speculatively ordaring ths wvarious possible viewas that
can ba held on mathomntical thought. The noxt pa-t considers soma selected
historical positions, and the last part contains the discussion of mathema-
ticnl abstrection.

My thanks are 4due Primarily to tho "oclaty of the i"rocious 3lood to
which I owo a cherished Bebt nf agrotituds, I% was through ita egoncy that I
was givem tha oprortunigy to study end thet I ves .lirsated intc the philoso-
phical aspects of mathewsios amd acience. The influence of the lost Rev,
Joseph M, Harling, C.FP.5., PheD., Auxilicry Biohop of Kangas 7ity, Dr, u-
dolf Allers of Georgetown University and Tr, Raymond 1. “{lder of the Univer
visy of Mishigan -~ 2ll of thaw my teschorsa in the past -- i@ gratofully sck
nowledged. The direstion and kindnens of the Rov. Herri Cretton, O.}.I.,
Phe Loy “eTeley Of the University of Ottawe, “ov. R0m00 Trudel, O.icI., Phel
SeTeley Jo uBey Doan of the FPaculty of Philosophy of the Univerasity of Ottae
wa, and "r, Thomes (reemwood of ths Universities of ttnwa and .ontreal, and

of tholir collengees at the University of Ottaws, wor.: inavluablu,



INTRODUCTCRY,
Chapter 1, The “roblem of Xathematical Abstraotion

A fundamental confusion of terrinolary characterises the literature
bearing on tne philosophical aspects of msthematics, Mathematiocal logioc,
Mathematical Thilosophy, Philosophioal ¥athematics ani! Metamathematlcs are
Lut a few of the expressions ourrently nsed tc icaignate the cognate as-
rects of mathematios and philesonhy, This verbal -iisorder is but eymto-
matic of more dasic disputes, A variety of opinionated attitudes is
commor today: mathematies iz equated to logie and to all exmot thought;
the perfestion of mathematioal abstraction bas supplanted and superseded
metaphysios; the universe of mathematical diseourse offers a unique though
tentative view of the world of nature (1),

Various faetors are responsible i'or these disparate views. Mathema-
tics presently ocoupies a position of envious importance (2), Fxaggerated
opinions of its nature are readily oceasidned by its strong influence on
sveculative and cultural thorzht and ite numberless practiocal appliocations,
Seocndly, the philesephical basksround of ocur times and presemt rhilosophical
trends are netorious for an excensive regard for mathematics and soience,
and a correlate distaste for metaphysies, et-ios and theology. !athemti-
cians and seientists have philosophised in this antimetaphysioal atmosphere

(1) A recent sumoary and survey of rathematical research and nhilosoe
phical spesulation on mathematios can b found in louis ©s Kattsoff, A
Philo of Mathematies, Amesy Iown State College ress, 1648, ZKatfe
W%WMQt reference will be made, supplants an earlier,
similar survey by .ax Blask, The liature of Mathematios, lLondon: Kozan Paul,
1933, Por the contemperary situation regarding the philosophy of mathemse
ties see Chapter VII, delow,.

(2) 1t e \nn"nm that mathemmtics, so succeesfully applied to rhye
sics, chemistry and the soiences of none=living matter is gradually deing ine
treduced imto blology, psychelogy and the solences conesrned with life, Pop
a bwroad, popularised and somewhat exaggzeratod survey of the significance of
mathematies for other sciences, see Hollis R Cooley, Navid Gans, Norris in
and Howard R, Wahlert, Introduotion to Mathematics: A su whuinnﬁ Math

matioal Ideas and their Welaticns to othor Flelds of Kknowledge, New York:
Hourhton MATFIin Company, 1957, Chapter 21, ppe bOS<817,




since the days of :he Cartesians (3). Thirdly, most r~ilosophers arc neglest-
ful of mathematical dootrine, ‘- The difficulties inherent in lts abstractive pro
cess w1 symbolism, the lack of time, interest or mathemanticsl talent, and lhe
confort of relaxing im the view of one's own philosorhical rosition are 'urtial
reasons for this deurth of philosopaical response. Fourtkly, the matheaticlan
as & rule untutored in philesophy, ecrutinise the universe fram the view of it
matioal abstraction alome (4)s Veglectful of metaphysical i lieations, -eny =
thematioians make indiseriminate renoraliszations, as mathematios is ".'.e subjec
in which we never know what we are talking about, nor whethsr what we are sayin
is true” (58); or, "From the intrinsic ovidensce of his creation, the Great Archi
tect of the Universe now begins to appear as a pure mathematician® (8),

The general disregard for the dootrine of philosophical adstraction has co
tributed to and emphasized this want of speculative ascord (7). The olarifioam-

tions whioh it embodies regardiing the nature of soience and the distinetion and

(3) 7Fe=ds Thonpard, ‘reeis d'histoire de la philesophie, nouvelle edition
revus et corrigee, Tournal; Jesclee & Cle, 1545, ppe IIFEKBT or see Charles

Sinrer, A Short History of Sclence to the fineteenth Cent Oxford: The Clae
rendon ress, R Tnsurgeat Century,” ppe 1 e A thorough study of
the oririns of modern science iz contained in Fdwin Arthur iurtt, The iﬂetan%si

oal Foumdatiems of Modera Mysical Sciense, New York: liarcourt, Jrace an

vany, 1932, Chapter I, "Introtuction,” rr. 1=22 and passimy an! in “tienns Gile
son, The lLmity of ;hilonophinl'mgrignu London s §50a3 ant sard, 1938, Part
‘me, "The Lediaeval Experinent,” ppe s~182.

(4) Jaoques Maritain, The Teprees of Enowlodre, Londom: The Centenary
“ress, 1937, ppe. 58=83,

(5) Dertrand Russell, “Recent Work on the I'rincirles of kathematiocs,” Ine
ternatiomal Monthly, ¢(1901), pe 84, —

r James Jeans, The a-torim Univeres, new revised edition, YNew
York: The Mecaillan Company, s Pe 185,

(7) Through the influential thought of Leidtnis and Xant, the word "abstra
tion" has suffered a Calsification of its origimal meaning, It frequently re-
fors, in the contemnorary view, to a qualitative state or pose of the mind whic
lacks an extra-mental ocounterpart. PFor a use of the term in this falsified sor
ses Bir James Jeans, ihid., Chapter V, "Inte the Neep Waters,” np. 137«188, or
George ', 3irkhoff, "NRthesatics: Quantity and Order,” in Science for a New Vor
edited b’ J. Ge mm. Yow Tol‘is H‘rpﬂr & m’ow'. 1533, PPe 508305. ii;‘
word is used in this essay to deeipnate 'hat aotion of the wind which specifies
speculative seience, and will be explained below in Chapter VIII,




interrelation of sciences, are, however, “inlazenta} in solving :revalent
mathemationl disputes. If a mathematician ignores or neglects the lis-
tinotions of logleal, :etaphysical, scientifio and philosophiosl abstraes
tion in his reflections on the universe, stranre consequences result, The
metanhysical teashing »:. the amaloc: of boing;,“ the 1istinction of substance,
quantity and [uality, ratter mnd e~irit, lose treir significance, Togle,
r.arology and “sychology are oredited with solentific status only %o the
extent that they are amenable 0 mathematical treatient, while the vast
realm »f ~robable and im.crcctl scientific knowledre topether with the
o, irions and knowledge of +he criinary -~erson, are reputed as erroneous
and unenlightened (8), That such is the present situatiom for mamy ma-
thematician~philosovhers is a consrally socepted proposition,

In >rder %o ‘istinguish the point of view which is adopted through=
out this essay, it is necessary to classify these iivercrent views, illus~
trate ~hem, and adont s Jdefinite and consistent terminology. Adopting
abstraction itself as a dasic for “ivisgion, ''e pessible views on mathee
matics fall under five broad categories ranging from e preesoientific

attitude towards methematics to the extreme of identifying mathematical

(8) This nerleot of the ~re-soientifio and other legitimate views de~
siies that offered by methemmtics aunl sclence is soundly oriticized in Raily
Meyorson's ldentity and Heality (Aulhorised trarnslation b Fate Loewenberp,
londem, teorge Aller und Unwin, 1:30), passim; zee sgpecially Ghapter Al,
"Cosmon lense,” pp. 364-383, For a nimffu criticism see Loon Chwistek,
The Limits of Solences Cutline of the kethodology -f the Exeet Sclences
Trranslation By Belen Charlotte brodle And Arthur . Coleman, Introducti. n
and Appendix by Helen Charlotte rodie, Wow York: Harcourt, Srace and 7 e
pany, 1948), Chapter I, "Imtroduetion;” py. 1-2% and Chapster IT, "The
Tinite of Jound leasom,” pp. 24«02, In Btudes sur le “ole de la sensea
medievale dans la “oromtion du systeme cartesien (Deuxlieme rartie lus "ri =
des de :hllosophle medievale,” Revus et considerabloment sugmentee, ‘aris;
Jo Vrin 1930), Etienne :ilsan points out how Jesoartes' mathematioiam elie
rinated ocher scientific speculation; see Deuxieme fartie, "desoartes et
1la metaphysique medievale,” Chapitre I, ppe 141-100,




and metaphysioal abstraction and thus equating all solence to mathematics.
The first is the noneabstractive or -re-solentifio, which incluies numbere
mystioism, the ordinary jereon's soquaintance with mathematios, the emperi-
nental view, and theories whioch do not oredit mathematios witn achieving
scimtific abstraction. The second is the abatractive view of the sciences
and of the -nilogophy of nature which includes the historical view and that
of applied mathematics, The third category is the adstraction proper to the
science of mathematios, The fourth is the abstractive view »f logiec as ‘ig~
tinct from mathematios (%), The fifth is the abstraction of retaphysies,
more commonly ocalled "aritiocal” teday (1C). The attempt to ;lace buth
legitimate and erroneous positions on mathematias within essh of these
classes, meots with a partial overlapping and clash among these :ivisions,
especially ix the relation of any claps to that of metaphysical abstraotion,
This is attributable, though, mot to the inadequacy of the divisions bhut to
the unity of human seience and knowledge and to the fact that the mind seeks
synthesis and truth (11), lior;ov.r, much of the consomitant confusion and
mny of the srrors are direstly attributadle to the eapriciouancss of a given
thinksr snd to his predisposition, from his mathematical viewpoint, towards

hasty and unwarranted gsmeralisatioms, ror example, one historian may merely

(3) 7Tnis ts in contrast to the tenets of legieism, a current theory
maintaining the identigy of logio and mathemmties. For a swmmary of this
pﬁliti sce louin o Xatbmoff, op. 0it,, pp. 03=118,

(10) Tvide, ppe 1o7, Kattwoff views "metaphysies™ or philosephy as
haviag merely & eritical funetiom, whioh is but a modern restaterent of
Kant's Srenseendesstal crisioisn,

(31) Trwin Schreedingsr, ‘hct is Life?, Yew York; The Hacmillan Come
pany, 1948, Prefase., pp. vitwwiil,” Sekroedinger points ocut the mind's
desire for symthesis and unity, This tendensy towards unification is alszo
brought out sWremgly in Fierre iousselot, The Iatelleetuanlism of Saint
Themas, Translated with a foreword by James F, OllMahony, Londenm: &Hheed

s 1936, Chapter V, "Phird Substitute for the Pure Idea; Bystems
and Iyﬁoll." PPe 147-108,




catalogue dates, names and mathematioal facts, eensidering this %o be his

proper fumotion (12), Another may exhibit a delightful blend of humanisu

(13), or a curious socio=biolosicel attitude to the historical development
of mathematios and the influences which played upom its growth (14).

A brief consideration and elucidution of these five groups of attitu~
des towards mathematios is esmential both to delimis the scope of =his es-
say &nd t0.f1l010l0 the significant positiom ooeupied by the dootrime of
rathematioal abstraction, Essentially it iz our intentiom werely te ex-
slloate mathemationl adstraction itself, a speculative Jetermination which
is proper to the mctaphysieian, Even though it is the mathemacician who
"abstracts” in the scievce of mathemstiocs, it is readily granted that the
matbowatician who faitlates a seli-acuscious analysis of his mathematical
ozerations is abstracting anew — abstrecting on mathematical abstraction -~
ard has enterad the abstraotive process of setaphysica, If such abstrao-
tion is erformed without deliberate intent and conseious realisation, me-

taphysical and mathematical abstraction are identified, and disaster to

(12) This is the general method adopted by historisss of mathematios.
As an example, see Floriam Cajori, A HBistory of Xathematics, mecond edition,
Lew York: The Maomillan Company, 1931,

(13) The reference is to Juorge Sarton who is largely responsidle lor
the emphasis on studying the history of science and mathematiocs in the United
States, Sarton 1s saxewhat izbued with the positivism of Aupuste Comte,

For his humanist view, sue, especiclly his The Bish of “cience and the
Eew Bunani Comdridge: Barverd University \rese, 1638; Jhe Ttuly of the
Ylstory of Science, Canbridge; farvard University fress, 1938, “His monu=
zental work inspired 1y the Comtian notion of history is tho Introduction
to the Matory and Maclod of “oiencs, three volumes in five, Taltimorae,
FA1Tans ard “Alkine .oupany, 1527-1948,

(2¢) E. 7, Bell, The Developnent of Mathemntics, Kow York: louraw Bill,
1540, passim. fell'zs style aud resurks ure indleative of a frame «f mind
frequen’ ound in the specialist who subjlects the mareh of ristory to the
1imited soupe of his sclence, The effects of sush trestuent, naturally dise
aztrous as they are, inoresse for s muthematician accustomed as e 18 to cer-
titude and dedueidility, and frequently lacking, as he iovs, the care for de-
tail and the insight into partisulars and the compliocated situations of hige
tory which oharscterise the good historianm,




speculative truth is an inevitable oconsequence (15). This is but the ine
ceptive stage of a ourrent lrame of mind, eventually begetting a nental
ilstaste for other seientifiec abatraction and a csvelier treatment of the

speculations of other solences,
I« The iTe-Sciantific View,

The four groups included under a noneabstractive acquaintance with
nathematics, oowprising number wysticiem, the view of the ordinery man,
the experimental view and theories not orediting sathematics with the
nerfecticn of science, are alike in being non-seientific, Consequently,
for this view, mathematical knowledge is werely probadle and cpinionative,
The preescientific statements and propositions which are held by reople
in the pre-soientific view, have not attained .he perfectiom of ssience,
oannot be supported by proofs and reasons, and lack the characteristics
of osrtainty, necessity and universality preper to seiemtific lmowledge.

From the adbundant evidenee of astrology and number mysticism it is
casily seon that a quite fadbulous and mystical -- really, a non-rational --
view of mathematics has frequently oocurred in history (18). The notiom
of number ur form wes intriguing even in the early history of thought,
Strange povers and divine lﬁtluoncos were attributed to number of form

either under the guise -f some rolirious rite or mystiecal philosophy,

(18) “There, at any rate, lios the despest root of the Cartesian
philosophy. If anything can be truly said to express its innermost spiris,
it s what I venture %o eall "lathematioism,” for .Jescartes' philosophy was
nothing elss them & resklessly condusted oxperiment %o ses what hecomes of
humn knewledge when moulded into comformity with the pattorn of mathemme
sical evidemse." ktienns Gilsem, ope 8i%e, pe 133, This original errar
of Deseartes has not as yes been repudiated by many contemporaries.

(16) See for emample, the study of Vinoent Foster Lopper, MNedissval
Wusber Symbolism, New York: Columbis University iress, 1938, or Tymn Vhern-
dike, History of kmcle and Fxperimental Science, six volumes, Mew York,
Columbia 'niversity Fress, 1023= .




This interpretation of mathematical entities derives from the vugaries of
an umsontrolled op axvessive use >f *he imaginstion., As a consequence,
even though this atbéitude has oocourred frequently in the history of thought,
exerted mush influence and even exists today, it can hardly be olassed as
ratiomal and will not ooncern us here,

The rree-soientific asquaintance and use of rathematios by the ordinary
person, singe it is but imperfectly scientifie, likewise belongs here, This
view, however, iv legitimate, oven though it is confused and exdraces many
inassurasies, Por it is rrecisely this class of people who attond school,
and wiom weo attempt te 11ft up, by ocur teaching, % the level of mathema-
tical sbstrastien. Ordinary asquaintenceship with the universe includes,
as a rule, seme imperfeetly mathematisal notioms; on the stremgth of these
notiens teachers sf mathematiecs attempt to indude the scientific considers-
tion of mathematical entities in the imaginations and minds of heir pupils,
thus actualiging in thes the science of mathematios, Mow this can be Jlone
noet expertly and properly, of course, implicates a knowledge of what mathe-
matical abstraction is; as, of course, a philosophy of teaching (17).

In She ezperimental eanproach to matroematios, as investigzation iz rade
of the precess through which a child or person learns to count or learns
sdeut figures, From these experinants, which often furnish illuminating
and helpful results, one car infer tentative theoriss on the ;sychological

origing of mathematvies, 8ush theoriles are useful in lformulating beneficial

(17) In Mathematies' Teachers Views on Certain lssues in the Tesohing
of Nathematics (how York: Colwmbia Teachers tollege, 1041), ioward Homer
gives the results of a survey ooncerned with philosophical aspeots of the
toashing of mathematics. B8es alev Max Bleck, "The Relevance of Mathema=

tieal Fhilosophy to the Teaching of Mathematios,” The Matiematical Casettie,
32(1938), PPe 145-163,




methods of teaching and shed somw light on spegulations ooncerning the
foundations >f mathematies (18). ~uite of recessity, however, the ine
vestirator has some rrincinle of hypothesis in mind whose verasity he
wigshes to establish, and frequently the recults of suoh experimentation
are colered and interpreted from this pesyehological or meteplhysioal noint
of view (19),

As an exasple of theories not crediting mathematics with being a
speculative sciense, the materialistic view of Thomas liobdes readily
comes to mind (20), Cranting universality only te the names of things,
he had a radically empiricist view of all soiengse, regarding mathematios
as a frustrated idealigation of sense impressions, and d-?;:.l;g')tbo abili-
ty of human nature to consider lines or surfases as heing devoid of dreadth
or thickness, This view of mathematies, though rare, was adopted in a

milder form by the Writish empiriciste, Loske, ‘lume and Jolm Stuart Mill,
1I. The Scienges and the philosophy of nature,

p_l’
;t: Listorioal treatment of :mthematies and the sciences whioch use
mathematios comnrise this sscond group., It is ocharacteristio of the multi-
ple sclences in tils lavter oclass - physios, chemistry, biology, sceio-

logy and others -- serely to srply mathematioal prinociples or conolusions

(18) Llouis O, Eattmoff, op. oit., Chapter 13, "Xanmoury's Signifie
loint of View," ppe 198-2086,

(19) Arthur Pisher Beatley, Linguistie Analysis of Mathematios,
Bleemington: Irineipia Fress, 1937, passin,

(20) Carl 3, Boyer, The Conoests of the Caleulus, New York: Colume
bla University “ress, 1639, -~v. 178178,




to their own subjest ratter (31)s They do not, as & rule, question its
validity or its method, The interaction Letwsan these sciences and e~
thematies in the course of their development is significant (22). New
problems frequently arise in the sciences, requiring xathematical treate
mant and thus stimulating mathematical discoveries., Similarly, rathe=
matical inventions are suggestive of new theories in coionuer:;odioun
of new fields of researsh,

The historian of mathematios is concsrned, firet, with narrating
the osourrenge of mathematical faots. 3y investigating human records,
historieans look for the answers to the question, ¢ contridutions have
been made %o mathematics?! The prodlens of when, where and by whom sueh
items were invented and dlscovered and what these items are, liBes in
this domain. -roperly speaking, the historian of wathematics should
lnow what mathematiocs is in order to be ablc to ¢laseify the sontridbu-
tions,

Frequently a philosophiocal interpretation of these facts is ocoupled

with the historioal work (23)., In investigating the curly records of wan,

(21) In the metaphysical view, these sciences are said to be subaltere
mated to mathematics, Subalternatiom can be baged on the principles, end
or objest. See Jasques Meritain, op. oit., Chapter 1, "rhilosophy and kx-
perimental Selenes,” °p. 8785, or See Vicoent Fdward Smith, The Philoso=
phieal Frontiers of }'%uou, Washington: Catholio University of America
Press, o 8 and IIX, ppe 22«56, or Sernard ullaky, "Sudal~
ternation and Mathemationl Physics,” Laval Theologique et Philosophique,
2(1948), pp. 89-107,

(38) Sir William Cesil Dampier, A History of Science snd its Relae
tions with ‘hilosophy & Religion, third edition, revised and enlarged, New
York: Yhe imonlllan Company, 1943, Uespite occasicnal insccuracies, Dampler
Wil {1lustrates this intersstion between science and mathenmaties; ses
Chapter 1V, "The Newtonian ¥poch,” pp. 160=216,

(23) 7Por a drief comparisem of history and the philosophy of history,
sse Gilvert J. Garraghan, A Juide to Historicsl Method, edited by Jean

Y%elangles, How York: Fordiam lfnfvoruitzn?'rou, 104€, Chapter 16, Yo, &, "The
Philosophy of Mistory,” ppe 367=380, pages 3T0-871 Garraghan pa!nt- out
the error of historismis which would, from a ‘ositivietic bias, limlt the
historiam to a mere reocrding of facts,
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for example, ‘he historian way approach these records with en evolutionise
tle or pragmatio attitude of mind, thus modifying his presentation and in-
terpretation of these faots, This attitude is 1ndion€in of the gradual
reintroduction of the historian as one who looks for the meaning in M
history and considers the laws of historioal growth, Regent histories
of mathematios point in this direction (24), Some historians, however,
betray the fallasy of comparison judgment in which the perfeotions of
our aye or soms historiocal period are taken as a standard or messure of
the greatness or the value of previous or future historical events (28),
Historieoephilosophisal accounts of maihematics present the followe
ing prodlem: has nathematios ohnnn;o‘ its nature as a science as it grew
in content and nethodelogy throughout history? If it is maintained that
such an nuntial‘ 'chs.ngo is possible (for oxample, that it is now seen that
mathematics and logic are identical (26)), them a true sciemge -f mathe-
maties or a philosophy of mathema'ios never really exists or is possidle,
The science of mathematics would constartly be fluctuating not onmly in
mythed, but in its very nature, One would never know, in any :istorical
period, whether ws had ever arrived at the degree of abstraction proper to
mthematies, nor whether aay santributions were properly soientific, There

would bs no reason in consceraing oneself with the nature of the problems

(24) This ise true especially of the works of George Sarton who inolines,
however to a Comtian interpretation of seience; ofs Footnote 13, above,
(88) This seems to be cue of the faults of Fs T, Bel1's The Sevelop-

ment of Mashematio see footnote 14, abovs,
(28] "The feot that all iathematios is Symbelio loglec is one of the
greatast discoveries of our age; and whan this faot has bYeen established,

the remainder of the principles of mathematios oconsists im She analysis of
Symbolic Logio itsslf." DBertrand Zussell, The I'rinciples of Mathematiocs
New York: W, %, Norton & Oompany, 2nd editlom, 1537,
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of & seience which never attains proper existence, A striotly evolutionis-
tieo view of mathematios or of soience ie a vontradiotiem (27).

On the other hand, it is possible to mainteim that though the intrime
sie nature of mathewatios dee» not change, the abstrsetive process of the
mathematiolsn can becoms more :reocise ar! l.ss dependent, for example, on
imaginative intuitions or constructicns, In this case, the historian would
show the birth of mathematics as an independemt scionce, complete 1N it-
self in the sense that it would have the necessary sbstrectiem and perfec-
tion to be recognised as mathemmtics, yet have the possibilities of fur-
ther development and of a more abatractive treatment within the limits of
mathematical abstrastion itself. IV ie maimtained here that iathemalics
does mot alter its nature so fundamentally as to bhesome unregognisable as
suen’’ :nb to destrey mathematioal ecntimuity, The type of abstraotion proe-
veF to mathematies wes barn and had achieved a recegnisable eontent and
nethed already by the time of Fuelid (28), By their separation and dise

tinotiem cf number mystieism or allled eentridutions frem mathematics,

(87) Louis O, Xattsoff, gn. aite, Chapter Twelve, "G3del's Theorem
aud Formel Systems,” pp. 182«188, Xattsoff writes about ddel's famous
theorem and its relation to formal systems: "If, as is agreed, the formal
systems can Ve used to systematige fields of knowledge, and if .re GBdel
theoren appliss to such moplieations, it would mean that no field of
knowledge so systematised cen ever be complete, At any state there will
always be questions formulable in the system %hat need a wider system
for their solution, Bince it ia the contentiom of the suthor of this book
c:.at logic and mathematies do tell us something sbout reslity, the G3del
theorem tells us that there can never be a complete and final theory of
reality, i.e., mstaphynisse This does not leed to mysticism, bLut to an
evolutionary scheme of reality." p-. 194-1908,

(28) "eseif we should study any subject properly, we must study it
as something that is alive and growing and oonsider iL with reference to
its origins and its evolution in the past. In the case of mathematics,
it is the Greek comtribution which it {s rost cesen“ial to know, for it
wae the (resks who {irst made mathematics u soience.” Sir Thomas L, Heath,
A Hanual of Ureek yathamatics, Oxferd: The Clarendon Press, 1931, p. 1,
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historianSof mathematios indicate their belief in the recognisable content
of mathematics. PMurther discoveries after Fuclid -- new methods and new
problems, applications to other sciences end .ractical affairs -- are but
a natural growth and:horivod expansion of the fundamental abstractions
achieved by the Greeks, What increases is our understanding and use of
mathematical abstraction through the introduction, for example, of new
methods, various systems of geometry and algebra.

The applications of mathematios to problems of chemistry, physics,
biology and economics, are made by men who fall into the class of applied
mathematicians., This spplication of the principles of mathematics to the
objects of scientific abstraction was adumbrated by the early Pythagoreans;
and, of course, the efforts of Archimedes in this direction are justly
famous., The essential element in this process is *he coordination and sub-
ordination of the manifold and mﬁtablo in nature under the unity and prin-
ciples of meathemntical abstraction. The history of mathematics memorializes
the terrific struggle that thinkers faced in gradually establishing the re-
levance of a quantitative study of nature, For example, the many attempts
to find a procedure for studying motion and change were finally rewarded
with the algerithm of the caloulus, clarifying, at the same time, the con-

cepts of mathematical with the notions of number, function and the limit

R
process (29).
Mathematics is being applied with increasing success to three groups
of science. In the soiences concerned with non-living matter, astronomy,

physics, chemistry, geology and orystallography, its use has been most

(29) An ingeresting account of this century-old struggle is given in
Carl B. Boyer's The Concepts of the Calculus cited above,
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strikiag snd sucgesaful, The applieasion of mathematicml primeiples to
the sciences copowrned wish living saitter is of three types; mathemas
tics is spplied o bhology and rolated subjests (30); to yeyshelogy (31);
and, in stasistical applications, an enalytio attempt is made to place
the predictadie relatedness hetwasn oontingent thimgs im cerrespondence
to the interrelatedness of mathematical entities (32, The mmthematics
of :rebability ixvelved in statistios ai.ww, .8 te measure the fluctua-
tion, motion and change assosiated with the world of nomeliving and
living mature,

Rxamples sf philosophical spesulatien by all types of applied mathe=
matiolians are numerous, Considering omly those whe deal with astromomy
and nhysies, the names ef Linstein, Jeans, Shitehead, Eddingsom and Schroe-
dinger resdily suy;gest themselves. Mentally overfamiliariged in viewing
mature through the abdstraction of matherstios or physies (and, possibly,
oover having really aciieved the abatractien of metaphysies), these uen
readily adopt a redustionist sttitude to reality, Ume thinker, viewing
an ordinary desk with hias solentific mental eye, proclaims chat

Is A8 & hest of Giay electrie aharges darsisg hither and thither

with incongseivabdle velocity, Instead of Yeing solid substance
wy desk is more like a swarm of gnats (38).

e

(30) W. R, Thompson, Seience and Comw ada- $ An Aristotelian Ex~
siti Xew York: Longmans Groen and Co,., s PPe -
more recent article on mathematios and blologzy ‘:y Thomp son, 'hh.'ahmtiquo
et dologle,” laval 1neclorique ot Philosorhique, 3(1047), -:, 77-88,

(31) Joweph Fr¥bes, ﬁSmpm Lum hoIa Tae I:xmimomall-, Romas
Apud Adden 'Jnivcr-itatil dregorianse, 1 troduetlo, De Fine ot viis
payehologiae empiriose,” pp. 6-18,

(32) Vinsent Edward Smith, & 0l1%e, PPe 42+88; ar see Hollis %,
Cooley, et. al., 0p. 0i%s, pr. o Fora pepn{uriud mathemationl
presentation see MaroId 7, Davis, A Course in Ceneral Maghematics, Sloening-
ton: The :rincipia Press, 1938, Chapter X1V, "The ons of Jtatisties,"
iPe ”7‘354.

v (33) 8ir Artdar Tddington, New Pathways in “clence, New York: The
Mm’.llﬂ Coxpauty, 1935, pe 1o
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In oonsluding a series of leatures on .hat is Life?, Bohroedinger finds

that although my body funetions as a pure wechanism acoerding to the laws
of nature, I Imow that I direct 1t, This directive "I" has led, hs be=~
1lieves, to the notion of a plurality of such "1's," to the invention of
souls and similar problems, The bestter slternative whioh he suzsests, is:
sinply %o keep to the immediate experience that consalousness is a
singular of whigh the plural is unknown; that there is only one
thing and that, what seems to be & plurality, is meroly s series
of different aspects of this one thing, produced by a deception
{the Indian Majm); the same illusion is produced in a gallery of
mirrors, and in the same way Gaurisankar and it, “verest turned
out to be the same peak seen from different valleys (34),
Exaxples of sush seientific sxtravagansas can be ocalled from the w.rke
of many leading astronomers, physicists, biclogists and sooiologists (35).
The relation of the philosophy of nature as the brasches of cosuolegy
and psychology to mathematios was an asute diagnostic problem for "lato,
Aristotls, lescartes, Leimis and Kant, Today, however, outside of those
who adhere to the unity of the philosophical tradition (38), cosrmologiats

are fow in nunber and most zsychoelogists consider their work to be merely

(34) Erwin Sehroedinger, What is Life?! The rhysicel Asyect of the
living Cell, New York; The iacmillan Corpany, 1046, p. 00,

%33} "ConSrary to the view that raychology is hostile to religien we
believe that if we are willing to moderuise cur congeption of God we can
expley the methods and results of biologieal psychologzy in defense of &
viow of the world whioch is easentislly religious, But the pod whom we
here propose to substitute for the god of traditional theology may seem n
strange god to many, And yet thie god alone makes possible the only 1life
we know of; this god is the scuree of all the enorgy on earth whioh sus-
tains man and his institutiens, Ir brief, 1 wisk %o urgue that god is
% And as light god oan Jo all those things snish snis most reearkable
r of modern physies can secoxplish,” Oliver L, Relssr, Phnol?_lg
and the Coneepts of ¥odern 3oiense, New York: The Mmomillan (o., s Do 104

(38 % nam of fIne studies deal with the relations of the philosepky
of nasure %o sathematios, of whioh the followimg are representative: Jacques
Maritein, la Philososhie de la Nature: Tssal oritique sur ses frontieres et
sa_ebjet, Faris: F;orro Toqul, Sene editiem, n.l’.’?'i’aﬂ”?f%ﬁ aamé Aubhor,
eieneo and Wisdom, Few York: Charles Soriltuaer's Sons, 1940, Oh, I, "Selence
mr;;:xiu and Ch,I1I, "The Philosophy of Hature, ppe. 24«89, and

the Degrees of Knowledge aited above; Tves Simon, Prevoir et savoir ¥ontreal
MM W, R. Thompson, to1enos s ToRHoH Tenke, olted '
above; Edward Vineent Umith, The Philosophiosl Frontiers of Physies oited alheve,
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experimental and stetistical. This eurrent desrth of a  hilosophicsl
appraissl of nature d:stinot from metephysies is partially expliceble
by the huge success of the mathematioal and physiosl sciences, snd is
a strong fastor in explaining the many philosephioal reflections stem-
mdng from seientists in bielozy, chemistry, physies a~d nllied fields
of investigation. In this relsation of the sciences to the philosephy
of nature, in fact, Lhere is ¢ confusion of terminology end thought
parallel to that covering the relation of philosophy end mathemat ios,
Though the vague designstion "philosophy of sotenee,” ‘e often used

to cover psyshelosiesl, moral.pol‘tio:l and metaphysiesl remsrks and

views, 1t is, properly spesking, the funetien of metsphysicel scienee (37).
111, Logienl Abetrastion

In the negative abstrsotion of leglo, one considers en objeot which
is related to something in nature, »nd whish does not exist as sueh in
nature but only in ‘he mind, The ehjeots of logiocal oconsideration are
supplied, so to speak, by the reflective mind which is capable of sube
Jeciing these logieal obleets to s disleotioal proeess withont necesserily
implicating a referense to en obhjeot in neture, The eloss connection and
use of this type of ebstrastion and mental dislectieel preaess to that of
methometies is reedily seen. Por the coneepts of mathematiesl sbstrsection,

theugh they have sn extra-mental referenee of origin te objects in nature,

—

(37) An able presentation of the relewance of metaphysios as properly
being the "philosophy of scienee” cean be found in any of the works clted
in the previous footnote. Thet many oontemporary works ere sprinkled with
moral psychologiesl and metaphysical allusions under *he brosd cover of
"philosophy - scionce” I8 evident in the works »f Jeens, Whiteheed, :lanek,
Fddingtom, Cassirer and cihers.
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are oonsidered by the mind sa sbatracted from these natural objeets,

Yony mathematiciane, nolding that methematics end legies ere
tdentisal, frequently propose 'he added equation ef all soientific
thinking to thet of methematiecs, Dertrand Fussell is sn ocutstanding
contemporary example of this view which hsd previously been held by
Leibais, «olLff, Peano, Frege and Boole (383), Russell's definition
of mathematios is well ¥newn:

Pure mathemetiss ia the class of all propesition of the ferm
'p tmplies q' where p end q are propositions oonteining one
or were variables, the same in the twe propositiens, snd
neither p nor centeina any eonstents except logioal eon-
stants. And logieal constants are all notiocns definsble

in terms of ‘he following: impliestiom, the reletion of @
term to 5 ¢lass of whioh it is ¢ member, the notion of sueh
that, the notion of relation, and sush further notions es
may be involved In the genersl notion of propositions of the
sbove form, In sddition to these mathematies uses s notion
which is not a oonstituent of the propositions whioh it cen-
siders, rmamely the notion of +ruth (39),

Similar definitions, equating lorie snd rethematics, sre freguent (40),

e sampling of which is conteined in Ploher's srtiele on "Fundamental

(33) See C. I. Lewis, A Survey of Symbolic Logle, Berkeley:
University of Califarnia Press, 1018, for an historicel study of mathe-
matiocs end loyic.

(M; Bertrend kussell, The Prineciples of Wethematies, pe S.

(40) %amples of various definitions of raihemstios have been
collested end presented in the follewing works: Kobert Edouard Morits,
Yoworsbilis Vathematloa, New York: The Weemillen Company, 1814, Chapter
Ty "Pefinition snd (bjects of Mathewatios, ppe 1=9; John Wesley Young,
Lestures on Fundsmemtel Coneepts of Algebra end Ceometry, Kew York:

The Meemillan Compeny, 1011, l.-cture 'X'Q;. "Henersl Eonoiuolonl." PPe
218-2883 F. Ts Bell, Men of Mathematics, Wew York: Simon end Schuater,
1937, "They Say, ¥bat IThoy Zay, Let Them Say,” ppe xix-xxi)} Loiie 0,
h:uofr. Ope @ite, Chapter 2) "Definitions of Nethematies,” pp.
8=16,
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Caneeptions and Methods of Nethematios" (41). Pleree, for axemple,
says that "Mathemeties is the science whish draws necessary conoclusiens”
(42), while RSoher himself yives this definition of mathematioss
If we have a certain oless of objeots and & oertein class of
relations end 1f VYhe anly questions which we investigate are
whether ordered :ro:ups of these ohlects 4o or do not satisfy
the relations, the results of the investigstions are eslled
methematies (43),
Por this group of msthematicians, of whioh there ’a e large number,
lozi6el and mathemat ical sbstraction a. e not olwarly distinguishable,
As a consequence, all sciences sin.uld .0 ;overned by ra:ihemstical

logie ~= the eontemporery version of Dosoartes'!, leibrizr's end Comte's

universsl mthematios (44),
IV, Mathematieal Adbstraction

The mathematician ss teecher or specislist == the mathematical
nethematieian, 8o to speak -- fits into this alase, The mathemetiocian
es such exists onl,; when he 1s setuslly using his mind as s mathems-
tiolan in thet degree of science celled methermatiesl abstrection, as
he performs aetusl msthemmtical eperations of the mind. At other
times, he retains mathematical images in his memory, a certein mathe-

matioel adaptability in his immginstion, snd the solentifio hebit of

(41) M, N8cher, "The Findementel Conoepticns ard Methods of Mathe-
maties,” fulletin of the American Methermticsl Soosety, Vol. X1 (1904),
pre 116-13E,

(42) 3Ibide., pe 117,

(“; m.. pe 127,

(44) ¥ preseatation snd eriticism of “he progrem of methemetiosl legic
cen be found in Herold !, Smart, The "hilosophienl Presuppositions of Mathee
matiesl Lozlo, Cornell 2tudies in Philosophy, ne. 17, New York: lLongmens
Green & Company, 1985,
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the econslusions of the sciense of uathematios im his mind (45),

Suppoas, Lo 11lustrate this viewpoini, that a student is wigaye!
in the study of the Caleulus, It is not necessary for him to know ite
Jrecise definition or {te history im order to understand the temonstre~
tions or to wurk the probdlems, I..0 subjsot matter ic preseanted to him,
a mothod of lcmonstratiag propertvies is usedy and tne studeat, if he i
ocapable of maitlhematical abatrastion, aoquires the knowledge of the qua~
litstive and quantitetive eharacters ¢f the Caloulus. If the siudent
questions the existenee of a preper subjest matter for mathematies, he
cannot proceed any further im the science umtil ite existence be showm
him by construstion or definitiom; 4f he questions the mode of demonstra-
tiom, the lezie of the urosedure needs %o be shown him. Suprosing that
e rrants bYoth of these spd is cajsable of mathemasical adstrastiom, he
acquires, with the help of his imagination and by a number of aots of
mantal abstraction, the nadiv of the science of the Galoulus,

Or eunsider the case of ihe mat wmatisian as specialiste He ie ¢ n-
cerned with what is immediately :iven: the problem to de solved and the
methods of solution, The sathemaliciean considers strusturs and its re-
lations, symvols ant inelr laws of combination, or merely reflests on
abstrast reletions wnich may materialise into mathemmtical comeclusioms,
fihen, however, the mathemstician womders about the meaning of mathematios
or questions i1ts apnrlicabdility to natures or ite relation to logic, he 1as
begun to eonsider mathewatics 1taelf from an extrapolated view, that of

motaplysics, Unleas he is consolous of this new viewpeins, he may confuse

(63) Chapber IX of this essay will attempt to clarify the notion of
mathenatical abstrsation,
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or ideatify the entities which he liolds in mathemationl abstraotion with
other consepts,

This defective understanding ef the proper place and funotion of
pathematical abatraction ecclors most of the current researsh and specu~-
lation concerned with the philosophy of mathematios, Such questions ir
mthematies as the notion of mathematical existence, the ultimate nature
of number or funetion, though they can be siven a striotly mathematical
treatment -~ the inner oconsistensy and rigor of these donecepts, for
exmample «~ are questions which are outaide the abstrastion of mathemme
ties and bdelong to metaphysies or logies Of the false and strange spe-
eulative conclusions which resuls from a nmegleet of the doetrine of
mathematical abstrastion, the antimonies and paradoxes which have arisen
out of discussion on the foundations of mathemsties are illustrative (48),

Ae an examrle of the limitation and uniqueness of mathematical ade
stractiem, eonsider the relatiom of the imagination to mathematios,
Suppose that s mathenmatician wishes to examine the psyoholegy of ine
veution in mathematies (47), or illustrate the relstion of the imaginae
tiem to mathemmtieal abstraction (48)e The existence and nature of the
imagination, a question proper to psyshology, is assumed, as is the nature

snd existence of mathematical entities as eatablished in metaphysies,

Such an investigatiom, sensequently, can have neither a psyshological

(48) . Leuis O, Kattsoff, ﬂi.o“u pPe 8753,
(47) As is dons, for eumiple, in Jaeques Hadamard, The Fsyeho
invewtion in she Mathematieal Field, Frimoetons Princeton u'nInﬂIEx !un,

(48) For emanple, see Fdward Keasner and James Hewman, Mathematles and
the Imagination, Bew York: Simon and Sohuster, 1940, eerscially ppe S67-382.
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nor a mathematiocal attitude, for it is outside “he .lemonstrative scope
of either sciemae, and it 1s wetaphysioal because it orders “he re’stions
of a paychological subjeet to mathematics, One ounnot Jo this succoss~
fully unless he eimite the validity of bdoth metaphysios and psyeholory,
and understands the relation of the abstrastion nroper to both of tiese
scienges in ountrast to mathematios (49),

An examle from one of the sshools on the foundetions of mathemmtics
serves to point up the distinetion i:otmon mathomatical and nonemathemae
tical abstraction, The theory known as formalism (50) holds, briefly,
that cathematios is similar to a same played with arditrary symbols
according to arbitrary rules, internal gonsistency being the only ree

quirement in this zame, 3y this jeu 4'esprit, a mathematioal theery

arises whish must be kept distinot from a theory about mathematios,
Theories adout mathematics are oleassified as metamathematics, Neta-
sathesatics deals with such prohlems as structure, cateporiocalness and
oconsisteney., Whether this view, Hilbert's forsalism, be trus or not (it
bardly orediits the science of mathematios as being seientific), it is
evident that here is a distinotion hetween the activity of the mathe=

matician as mb and a more ahstracted consideration of mathematics,

(49) Por an extreme emample of spaculstive error at its worst, see ...
Lanoslot dogbern, sathematios for the Million, London¢ deorge Allen & Umbem,
1942, and, by the sams aut'or, Selenge for .ne Citisen, second sdition,
Londons George Allen & Usbon, 1643, Hogben Intsrprets tha histarical
developmens of mathematies by reference to sorceries, fabulous stories
and %o the process af dialestioal maverialism., lie zasks himself altere
aately as theologian, metaphysisian, philosepher of history and acieatist,
e 48 far outeide the soepe of mathematiocs or seience praper and sssumes
the role primarily of the metaphysieian who orders and relates the braunches
of Jmowledge to each other,

(50) Max 3Slack, The Naturs of Mathematios, "Supplement A: Formalism,"”
DPe 147-188,
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Unlike the logistic view of mathematios, formalism srd intuitionlsw (51)
sesm Yo offer o hesic distination Hetween mathematicsl abstraction proper

and sn slternate view of ~athemetios.
V. letaphysical Abstraction

The ultimate in apesuletive scisnce, mataphysics as a sclentifie
habit informs the mind both with the knowledge of being and with a judsing,
oritical hahit (%2), Its ocspseity as a solentific habit hae been denled
since the dsys of Rant; in lts oriticel and aystematising rele however, its
velidity s still guite universally acknowledzed though often .dentified
with legie or with philosophy itself, Beeoocn, Descartes, T.eibniz and Kent,
viewing metaphysios from mathemationl, soientific and logieel esbstraction,
beroaned its misaersble :1izht (83), and their sttempts to make 1% mathe-
metieal, physicel or logiosl are echoed todey.

Refore considering an outline of the legitimate view that metsphysios
of fers on ecurrent mathemstiocal speculetion, ‘he ;seudorwtephyrsicel view of
rathematicliem rust be olarified, “athemsticism eppesra under verious nemes

as mathemeticel philosephy (54); mathemetical Ideeliam (55); methematioco-

e e

(61) Ibvid., pp. 168=210.

(82) Joseph T. Cesey, The Primmcy of Mets iew, Washingtons The Catholie
University of Amerios Press, 1658, pp. B4~101.
(63) Yhis is brought out in Btienne ®ilsorn's The Unity of Philosephicsl

Experience sited sbove,

(84) Fritors in french ususlly use the %term philosophie mathématigue. Jee,
for exemple, P. Gonssth, Philosophis methématique, Peris) Hermann et Cie, 1989,
Or see Cassius J. Xoyser, Methemetical Fhilosophys A 8¢vdy of Fate end Preedom,
New York: E, P, Dutton # £0., 1087. Feysor's hooka snd numerous artioles are
tinged with mathometism. Tobias Dantsig cehoes e similer strain in his two beoks
Aspeats of Beienes, Hew York: The Mecwillan Compsny, 1937, pessim, and Yumber, t
languege of Bolemeer A Critiesl Survey written for the Cultured Non-Methematiocie
Vhird edition, revised sud sugmenved, Hew Yorks ihe Wacmilian Company, 1041,

(656) Gastom Wilhaud, Les Fhilosophes Géométres de ls Gréce: Platon et ses
prédboesseurs, Psriss J. YrTh, IUSE, Fp. &=V,




motephysioal philosophy (56)s universal mothemetics (87); erd, in e broad
sense, scientism (58), Briefly, msthematioism reinteins thet only methe=
reticel ebetraction affords s legitimete outlook on the universe and con-
soquently, thet nathematics is the only sclence. Its adhorents propose,
in some form, that the abstrast view snd methodology of mathemstios slone
guelify in desling with problems of scientific, cultursl or senerel knowe
ledre., Fethemstics, in this view, is coterminous °‘n scme serse with all
science; rhilosophy, bioclegy, chemistry -- science in ,enerel -= elther
sre msthemtiocal or should aim to bocome such, This hyperereductionist
view of the universe submits all »f reelity to the moasure of the mathew
motical yardstick, sudsuming the diversity of things under one morotonous
view, the mathematioal,

Some general chasracteristiocs sare common t0 the verious distinruishable
types of mthemetioclsm (89). Pirst of all, it is on extremw, ultimate, or
firsl sttitude, mmnifesting iteself es philosophical rationalism snd idealism,
or positiviem scd seepticiem (60). Eecondly, by not distinguishing various
levels or types »f heing, methomaticiem is wniversalist snd univocel (61),
Beesuse it is ultioate and univeresl, methomstioism is likewise reductionist,

There is no distinetion of quantity from quelity, homogereity from hetereo-

-~

(86) Prederick Copleston, A History of Philesephys Volume 1, Gresce snd
Lome, Westminster:s The Newmen Bookshop, L1548, p. S2. Coplasion sposks of the
Pythagorean msi'.enatico-metephysics) philesophy.

(87) Roth Veseartes snd Leibnisz spoke of a "Universal Mathesis;” see
Josepk Mareohal, Frecis d'histolire de ls philosophie moderne., Tome preomier:
de la renaiesance s ‘ant, Louvain: Yuseum lessisnum, 1533, pp. 75«80 on
Noseartes, and pp. 168-181 on Leibnis.

(58) Joha Wellmuth, Kature and Origins of ‘clentism, Milwaukee:
Ksrquette University Preas, 1944, paseim.

(59) Gaston ¥ilhneud, op. cite, "introdustion Géudrale,” Pe l=49, 1n
shess opening pages of his BeX BH the philcaopher-geomsters o¥
stresses the importance of ¢ methemeticsl education in lesding en individusl
to ideslism and dopwmtism,

260) Ibids, ppe =B,

61) Jawes F. Anderson, "Ma-hematioal and Metsphysicsl Anslogy n 8t
'!'homu." The Thomist, 3(1941 s PPe 487-808,

Gresos, Milhaud
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gonelity, infinite frgm finite im its view by comparisen to these dis-
tinctions in metaphysios end philosophy as oconformable to extrs-mental
reglity (62)s Thirdly, im view of the rigid determimation with whieh
mpthematioal abstrmotion rogards realivy, methemstloiem evokes a pro-
psusity to dogmetise and to nake categoricsl stetements soncerning Lhe
oomplex, deteiled qualitative states whiash characterize the universe
elang with the guantitativa.

As o glaas into whial thinkers can b placed, mathematicism may de
sudbdivided into three groupse 7The views of twe of these subdivisions, of
sourse, may be straddled by s .iven wathepatioian, dMathomaticiem mey ex-
hibi¢ itselfl under the faom of Mnl}u. This peculiar attitude, en an=-
sient hadit of mind, was found in its perfeet state in the Pythagoreens
snd Platenistsa, in Lescartes and Spinosa; and today, in Jesns, Hddington,
Eussell and othars. MNathematioism takes the form of empirieism in “he
alaims of those who require mathematiesl certitude in all ssiences, in-
oluding seiences in whiaeh this goal has not, nor will likely be attained. .
Coneepts or prapesitions whieh cennot be subjeeted to methematicsl pro-
esdure srs rogsrded as conjeoctural, superstitious or unsolientifie) qua~
1ities or substaneos not amanable to nvasuring devioes ere considered
fabulous, mystiee)l or supermatural. Protagores’ diotum, "mam is ‘he
measurs of sll things™ 1s parodied as "mesdure is the mensure of all

shings (63)." EKepler, Galileo, Xelvin and some modern methomaticel

2“; Goston ulh“.& eites Pre 13-49,

63) Rebert Andrews 1%an, Zlectrons (£ end =), Protonu, Photoms,
Noulrons, Nesclfent, end Gesmie Rq_-‘. revieed edition, Ghigeges The Umi=
versity of Chiesge Fress, 1047, P S
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physicista are members of this group (64). Thirdly, me.hemeuvic.sm assumes
the form of positiviem or logiesl pouwitiviem (66), As sueh, it proposes
that only sueh items as are redusible ‘o end verifiable vy the rrocedures
of limguistie analynis or symbolie logie are ereditedle w:.th screntifioe
status. Although mthematioism is frequently, in this view, identified
with logie, it is ap ultimmte, metephysieal view, ior Lnese men, logie

is little more than a sywbolioc language ocongesling or stretifying Lhe re-
sults of empiriesl investigeatien,

Finally, thers is a legitimate field of philemophiesl inquiry concerned
with the nature of wethematiisal abstractien which is termed the philosephy
of xatuematics saroughout this essay. This view besrs some resemblancve io
a 'ield of inquiry wnioh appears under the guide of various names, ss ori-
tiesl philosophy of ™athemative, the epistemology of mmthematiocs, the mete~
physice of mathematics (66); metemsihwmatios, inmtuitionism end legleiem (67).
In being thus somnested with rathemsiies, however, the word philesophy ie
ocurrently given a meaning end usage thst is quite liversl end inexest; phie
losophy, ss s rule, is oredited wiih a mere critiosl fumetion, grented solely

s Judging eapasity, or denominated ss eontributing mothing further than e

(64) The extreme, sensuslistie methematiolam of Thomss Yobdes belongs
hore likewise, Cf. Carl B, Boyer, op. aiS., pps 176=176,

ies Loufs O, Xattseff, op, olf,, p. 246,

¢6) Por o nznﬂor view, sse Charles De Koninek, "Thomism snd Solentie
fio Indetorminism,” in Proceedings of the Amerioesn Cathplie Philosophiesl
Assoeietion, 12(1686), p. 75, -ng Johm 7, Wnistaker, “ihe Fmiifon_%mo-
maties in F.gu Hi{erarchy of Speeulstive Solence,” The Thomist, 5(1941), pp.
467-506, Other attempts to olesr the relations of mathemstics and philoso-
phy een be foumd in Lo is 0. Rattsoff, 0p. cit., ppe 1-2, and James Byrnie
Shaw, Leature the hil sma i, Uhieagot Open Court
Publishing CGompeny, 1918, pp. 1-13,

(87) .. These latter three views will bde explained below in Chapler VII,




measure of restraint and eaution in the analysis of mathematiocal
knewledge (68),

The philosophy of mathematiss which concerns us here, however, and
of which the nature of mathematical abstraction is the basioc and certral
rroblenm, involves both a more exaot and extensive use of the terme Ketae
physies not only hus a critiocal and defensive functiom (68)p it is a
renuine scisnco similar to other sciences in that it inlays the mind with
a qualitative habit, yet distinoet and unique inasmuch as it is the su;reme
gcienoe (70)s 1In its capacity as & soienee, then, it 13 correctly viewed
as performing a double function; it motually occafers solentifiec knowledge
of things (71); and, seeondly, it oriticises and defends the truth, value
and valility of human knowledge both ;reesoientifiec and scientific, and
1t arbitrates the relations between the sciences (72).

The contemporary situation im philosophisal spegulatious on mathe=-
natics 12 of sush a nature that both funetions of metaphysics are smployed
throughout this essay, In its first function, that of contributing genuine

soientifie knowledge, metaphysios is the scienee of the vory veing of things

(68) lians Reichenbach, Rxperience and Prediction, Chioago: The Uni-
versity of Chicage “ress, 1938, In -he Freface, (pe ¥), leichenbach writes;
"american :rageatists and behaviorists, ingzlish loglistic eplstemologists,
Austrian positivista, Oerman representatives of the analysis of soience,
and Tolish logisticians are the wain groups to which 48 due the orizin of
that philosophic movement whish we now call "logistio empiricism,” ...all
charasterised by their common descent from a striet disavowal of the meta~
phor language of metaphysios.s."” In Chapter I, "Nocaning," he attributes
to what he aalls epistaiclogy the thrasfold task »f Leing dosaristive,
ocritioal and advisory. %e¢e np, 3-16,

(69) A,=M, Tirotta, ""e Metaphysicae Defensivae Naturs secunium Jootrinam

Aristotelico~Thamistiocan," Anfouou-, 4(1987)6199. 252-270 and pp, 430-453,
o ]

(70) Joseph T, Casey, es PPe M=)

(71) George ¥. Buekley, The Wature anl Unity of Metaphysics, Cha;ter II
"Jefinition and Jivision of the Bubject-Cenia o?lm{'l-"-p #i08," pp. 3780,

(78) Ibid., ppe 206-210,




a3 such and deala with anything which is in any way whatsoever; in this

way it snawers the preblem of the general nature of ssience, the unity
and plurality of seiences, an! the nature and fumotiens of partioular
scisnces, In its oritieal and defensive role metaphysiocs will be used
as validating the truth and pertizence of other sclen=ifie abstrastive
processes tl.an that of mathematical abatraction, and &’ ordering the
complex relations with which mathematics 18 related to pre~scientific

knowledge, and %o the :articular, multiple szcionoes that are being
cultivated today.
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FART I, AY¥ BISTORICAL BURVEY CF MATHEMATICAL ABSTRACTION
Chapter Il, The Ristorical Problem of Mathematioal Adbstrastiom

An historical account of the nature of =mathematiocal abstrection
shows that {% is the central prodlem of any nhilosophioal spesulationm
on mathematies, From the time of Thales, or the first Greek thinker
who abstracted the mathematiscal, intellestual contemt from the sensible,
thinkers have confused or identified the objests held in mathematiecal
abetraction with the ocdjeets of logle, >f sciense or metaphysics, and
even with the nature of things themselves, All the speculative questions
whose correct answer hinges on an alequate grasp of adatrastion in mathe~
matios -~ existence, certitude, trutd, applicability % nature -~ nre
unsuceessfully met by thinkers who neglocted this problem,

the deduotive certainmty of mathematiocs, its tenuous relation to the
senseeperceptible, its exactuess and profundity, exsroise an attrastion
that is difficult to resist (1), Mathematicsl abstraction had scarcely
been achieved, when the ancient Pythagoreans, captivated by its excellence,
{nitiated the first program of mathematicismy they attenpted Lo subsume the
diversity and flustuation of things under the rigor and determination of
nunder and form (2)e "lato and Aristotle had %o teke mseount of the popu=
larity of the Pythagorean dootrime; in fast, we already find Aristotle in~-
sisting against vhe Pythagereans nnd the Platonists, in those early deys,
that 1t is impossidle to attribute real existence to the objeats hell in

(1; Omston ¥ilhaud, op. sit,, "Introduetion Genernls," pp. 1~49,

(2) P. Copleston, A Elstory of rhiloso Volume I: Ureece and Reme,
Weetrinater: The Eveumar 3o ° s DPe .




mathematical abstrastion (3). The Pythagoresn sexperiment, though un~
sussessful, is a frequemtly recurring “heme in the history of thought
ard iz oftez eredited with cxeroising a strong influenee on all subd-
sequent scientifie and philosephioal thinking (4).

Of the many thinkers who concern themselves with mathematies in
its philesophical aspect, fow deal cxpressly and explioltly with methe~
matical abstrastion as such, As a separated gquestiom of inquiry, the
sature of mathematioal abstraction ims not & i‘roquently oggurring questionj
aoat thinkers num,thnt:;fturc of rathoxwiics 12 self~svident or never
consider an understarding of mathenmatioal sdstraction es basie to all dise
cussion an the rature of mthemntics, For example, when Cartesian mathe=
maticism was popular, few thinkers broached the Jelicate but pertiaant
query, Fhat is mathematios? At that time, the attitude of acceptabdbllity
to mathematies which was inaugurated with the ensisssnce, s:d the re-
markable applicability to prodlems and the numberless discoveries that
quicidy followed Jescartes' analytic geometry, precluded the prudsnos
of questioning 14e nature (8), Fenze 1t i3 necessary to ferret out the
theories on mathexaticul abatrastion from the Lmplisations which are

U=

(3) More dasioally, of courss, the Iythagorean attempt oan be reparded
as the ingseptian of a long struggle to zaim recognition for the vaueuty of
the abetrastion proper %o mathematics and the ponsequent admission of %
importanse of the quantitallvg sloneat.is ustare. G€s Thomas Little Heath,
“Greek Kathematios and Astronory,” Scripta Mathema 6(1988), pre 215-282,

(4) wdern thinkers pay tribuie, sometines uucuu. Pythagoras

or [late fer their program of mathemntis.tlua of reality. 3Ses, for exmple,

tho §oﬁ°‘ﬂ" ir ﬂt Jonns %mm second odition‘

sane author

'hu terious Miiverse iomd editient, Canwhridge: ‘\'ﬁo Universisy Prou
M. B and pe ¢ or ssé Alfred ﬁorth Thitehead, Advertures of Ic\ou.

Cambridge: ‘The Umiversity Tress, 1933, rp. 19e195; mmc
d Panotion aud Binstein's Tneory of Relativity, Ohleazot won CowrR, 1035,

pe 158; Sartrand Tuasell, 4 History of Jeatern lo% Yer York: Simen

and Scluster,

I PPe 3 .
.. (8) n. 6 doliu;vood, The Ildea of Beture, Oxford: The Olarendon Press,
v 9P 9B
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latent in what such thinkers ss Descartes hsve writtem on mathematios or
from the role snd the funetion msthematies ‘s given In Ltheir philosophy
and science.

The explicit seocondsry sources for s history of wsthemstioal ebeilrsotion,
or, more especially, rfor the relstion of metlhematiics to philasophy are relative-
1y few (6), There is, moreover, much dissgresmont end d.spute on the extent,
influence and relation of mathemeties to the philesophy of individual thinkers.
It is only recently, in fect, alony with the self-conseiousness of mathematice
and science, that the ‘nfluence of mathemstiocs on the historieal formsiion of
philosophy is being sufficiently oredited (7). Kany soholars today are osutious
sbout the relation of methemstics to philosophy, and some shie sway from or re-
jeet the relewance of a philosophical viewpoint of mathematios (8)e Others
weleome & philosophical ettitude ss Lealthful and even provocative of mathee
matieal discovery (9). These sttitudes, importent as they ere in the study

of sn individual thinker, also hsve a pronounced effeet on the future relation

(6) A clessieal study, in Prench, is Leon Rr.nschvicg, Les Etapes de le
Philosophie Methémetique, Feris: Fresses Universiisires, 38me &dition, 1947,
Brunsehvieg's work is, unfortunately, tinged with idealism snd ratheraticism,
Edwin Arthur Buret's book, The Metaphysiosl Foundstions of Moderm Scisnce,
eited above, likewise scoms Lo e sn extrems interpretstion. A contrary
thesis to the one oontained in 3urti's book cen be found in Edward w, Strong,
Procedures snd Metaphysies, Berkeley: University of Celifornie Fress, 1936,

A ;004 example of this oen be found in Joseph Meréchal, Préais
d'Histoire de le Philesephis Moderne, Tome Premier: De la Rensissence @
Kant, Louvein: Museum Eooninnun. 1583, By the same suthor, ece ihe study
entitled Lo Point de départ de la Wétephysique, 6 volumes, Peris: Desclée

de Brcuu.r: s passin,
(8) “There will Le Jess mysticism in the mathemsties of the future than

there has teen in that of the past, end fewer grandiose cluims to immortslity
end eternal youth, MNethematies will become leas self-comscious, less intree
spestively oritical, snd more boldly oreative. It will resign its soul to the
metephysicians for such tertures as thsy may choose to infliet, feeling nothing;
for it will continue to serve with its living body the purposes of the men who
oreate it Lo meet humsn needs rather than ¢ be the plaything of sterile philoe
sophies,” %, T. Rell, The Development of idathematics, Vew York: MeoGraw Will,
1949. pp [ 17‘“175.
() Cerl B. Boyer, The Conoepts of the Caloulus, A t.ritiesl and Historical
Disoussion of the Derivative end the Integrel, Few YorkT Columbis University

Pross, 1339, Chapter VI1I, "Conclusion", po. £99=309
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of mathemetios to philosophye.

A psssing emphasis must bs laid on the mutusl influence of mathematios
end philosophy on each other in the course of their development (10). As
will be shown telow, the evidence for their !nteractiom, quite evident as
it !s in the works of philoscrhor-methemstiolans es Pythagorss, FPlsto,
Descartes and Leibnie, cen likewise be detected in philosophers who were
not mathematiciens es lLocke, Derkeley snd Kant, Thojleiro. neturally, obe
vious speculative .ssues sbout which both methematics end philosophy are
concerneds quantity, spece, time, infinity snd number. CIven with regard
to less spparent theorsticsl mstters, however, both mathematios snd ;lhiilo~
sophy have grevitated towerds esoh other in their dewelopmeutsl history end
ere doing so today. ?or“‘oumlo, the type of knowledge snd proocedure fur-
nished by methematiocs in comperison to morsl knowledge wes the progrem of
investigetion to whiob the British empiricists set themselves, Analesgous
questions eoncerning the interrelatednsss of mathemstics and philosophy,
methemetics end the sciences, have frequently appeared end are oommon
speculative coin today (11).

The usual ehronology of the history of mathematies proper is not

(10) Hollis R. Cooley, et ale, Op. oite, ppe 593609,
(11) ¥illiem Ceeil Dampier (FPormerly Whethsm), A Eistory ef Seiense

and ite Relations wish Philosephy and Religlom, Shird editiom, revised
ard enjargsd, New Yorks Ths ¥eowillien Gompany, 1943, Chapter X,
"Seientifiec Philosephy and ‘ts Outlook,” pp. 445~-492,
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relevant to su historieal survey of methematiosl sbatraction (12). heither
doss the basis for demarcating the different historiecal periods nor do the
guides for elessifying types of econtributions apply (13). Instesd, s olassi-
fieation “ased on what sre frequently oalled the three orises of mathematics
w11l be followed (14). The first period witnessos the struggle of mathematiosl
adatraction ~~ alorng with that of sclence and philosophy -~ to ;nin end keep
resognition. It comprises the anclent views which Pythagoras, Pleste and
Aristotle began and whioh con'inue throughout medievel times. Although s

close reletion between philosophy, selence and methemstios charsoterizes this

(12) Por a short survey of the history of mathematies, of. Raymend
Clare Arshibald, Outline of the Hist of Mathematios, Pifth edition,
revised and enlarged, Oberiins Yhe a%gﬁsnntiot! Asscciation of Americs,
1941, The history of mathematios is usually divided into seven periocds.
The first period, from early times to snolent Badylonia and igypt imclusive,
is but a period of beginnings. The Ureek comtribution, from about 600 3.C,
to 500 AJD., comprises the second period whioh signaligzes the impertant
introduetior of deductive ressoning into methematios, #From 300 to 1200
AD., the third period comprises the Windu, Arebio and Persisn contribu-
tions end is significent for the tresnsmission of Ureek mathemstios and
the intreduetion of RindwsAradis numbersls, The fourth period, thet of
EKuropesn msthematiocs oxtending from 1200 to 1600, merks especially ‘he
developuent of symdolic slgedrs by the Frensch and Italian mathemstioclians,
The fifth period is the outstsnding seventeonth century which includes
such “res* names as Permat, Descartes, Kepler, Galileo, Muygens, Newton
ond Leidnis, end such en important step ss mathematiocsal snalysis from
whieh sanalytie geomotry, the oaloulus snd other developments arose.
Applications of metheratios to the physicel sociences snd astronomy sre
noteworthy in this period., The next period, the sixth, developed the
methema ticel tradition and oreeted such subjects as actuarial scienee,
the osloulus of variation end different goometries snd al;jedras. The
final period, the nineteenth aentury to present Limes, is one of un-
believedle fruitfulness and nrodustivity in mathemntios. Lleplace snd
Lagrange, Labatsehewsky, Gauss and Cauchy are but s few of the oarly
great nemes in this neriod which includes many grest oontemporary
mathematicians,

(18) Oontridutions tc mathematios are generslly clessed under three
broad hesdings. One of these is number with ite implication of dis-
oreteness, exhibited at first as arithmetie end algebra, The concept
of form snd eentimeity, the second eolass, showed itself especially ss
goometyy and later es struotuwre in mathemetiocal relations and theories,
The third hesding includes contridutions to method, notation and eimiler
devises, Cf, K. T, Bell, e ¢i%4p PP 3=18,

(14) “Abrahem A. Prnonggi.-“ﬁho Kooent Controwersies ahout the
Foundetions of Methematios, "Seripta Kesthematice 13(1047), pp. 17-18,
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period, mathematieal thought and discovery is oi'ten found completely
divoreed from philesephy) philosophy ofsem is feund meglestful of mathe-
matics in its analysis (18). The second peried, though it arises from

» slow end soattered though echerent development, begins spproximately
with the publiestion of Descertes' snalytis geemetry in 1687, and his
program of mathematisism. In this second period, a grest rebirth in
methematies snd in seiense, and ¢ olose connection frequently begetting
e confusion of sciense, methematies and philosophy, resppesrs. The in=
voention cof analytis geametry and the recegnition of 1ts fecundity as

s mesns of invention im mathematies and pkysics, foster in NDescartes

the dreem of 8 universsl mthemmtios which he hopes will qualify im
desling with problems of all mowledge. The Certesians fellow lescertes
in furthering this ideal sefence., Lleibnis, by his ocsloulus and rathema~-
tieiom, aotually inftietes the steps towards its realisstion. JMost of
the philesephers of this period feel themeelves bound to deal with ma~
themsties in soeme form, or to explain how and why other knewlsdge,
though it lacks the handsome gqualities of methemstiocs, i¢ yet walid (16),
The prodlea ef the distinction betweon philosephy end mathemetias, osed
by the prezram of methemetieising #11 knowledge st lesst with respect e
nsthemstienl method, eppears frequently, leading to Chris!ian von “olff's
proposel of two types of imowledre: #etavhysios and its ultimate csuges,
scionew and {ts preximmte causes, the period eomoludss with the raiioma~

tieally ultimete and ebsolute interpretetions of Newtom, Xant end Auzuste

(18) This sepersbility of mathemetiocel from philosophicel or sclentifie
abstreetion cen be viewed as an historiesl argument favoring the distinetion
of these various types of abatrsetive processes.

(18) Killiem Cecil Dampier, Ope 21&'0 rre 208=216,
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Comte,

The third and final iﬁ;::;: the sonSemporary scens, is one of
growing sslf-conseiousness for both mathematics and sciemse, In the
eighteenth sentury, discussions arise on the foumdations of the oal-
sulus aad the theory of infinite series, The program of arithmetisa-
tiom follows, and is sucoeeded by a number of antinomies and paradoxes,
S8ohools cf thought ocn the foumdations of rathematics develop, and the
analysis of the nature of mathematios, its relatiom to other sciences
and philesephy agein become paramount nroblems (17),

It will be sasily sesn that the survey embodied in this shapter is
not a history of wmathematieal abstraesiom, Per, ,roperly speaking,
an account of the results arising from mathcmatiocal sbstraction is mere-
ly the history of ‘he soience of rathematics, The uistorical sketch
which follows is wmore aptly termed a history of the metanhysios of
mathematioal abstraction or a history c¢f the philesophy of mathematiocs,
It arises in answering these two questions: (a) what metaphysical posi-
tion have ;ast zhinkers aionted on the -ature of mathematios? and (b)
in their hiloscphical acoount of what mathematics is, have they suffi-
clently distinguished mathematics ani its method from inetarhysios, loric
and science in general? A speculative inquiry of this sort imnlies, iloun,
t.at though a nathematioian frequently questions the nature of his .cionce,
he engages in this inquiry not as matheratician dut as jhilosopher; and,
secondly, that suoch an endeavor is not the proper functiomn of the uathe-

matioian asz such but that of “he mathematiocians as man and philosopher,

(17) Rerman Weyl, The Open World, Xew Haven: Yale University -ress,
1934, paseim,
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Iz answering the twe questions posed adbove, ths following historical
resune, by placing a man's theory on mathematioal abstraction withim his
systematis phllosophical sfforts, reveals two iruths; firstly, the
mitual interaction of mathematics with other types of scientifis abstrace
tion; secondly, the recurrence of an amcient, modera and recent gonfu=-
sion or iientification of mathematiosl method or abstraotion with that
of other seiences frequeatly manifesting itself as the error of mathe-
meticism, Thus the historical view argues that a proper understanding
of mathematical abstraction is neceesery for a-eculative truth {m gene=-
ral; end, more pointedly, for “he contemporary ~hilesophiocal speculae

tions stexming from the science of mathematios,



Chapter IIl. Anoient Gonoeptions.

Mathematies hed its historiosl origins in practiocsl necessities (1).
The counting and measuring processos of the anscient pecples, especially
the Babylonians, RBgyrtians and Persians, grew ocut of their primitive
engineering prodlems -- surveying, construetion, building walls and
dirging dikes =~ end out of their sttempts Lo number the days of the
yosr, to eount sheep sand compute intervst. These ocountless submsthe=
wet icsl faets, constituting an elementery arithwetic, a eometry and
en enslysis of e sort, end an algebrs without symbolism, were the in=-
heritance of the Greoks (8),

The Oreeks did more tham absord these faots (3). Bresking with
mythelogy emd the current apreal to pepuler fansy, they sohieved the
sbetreetion proper to methematios as well as that proper to science
ond philesophy snd oreeted the scientifiec outlook, Ir mathematics ite
self, they are to be eredited not omly for their contributions but ese

pecially for founding msthemsties as s soiense dy introducing the ume

(1) A diseuseion of the views om this problem oan be found in Carl H.
Boyer, op. oite, Ppe 1418, lMany recent books, popularizing mathematies,
give a delightful but fenoiful acoount of the origin of mathematies, re-
garding it as the offepring of cemwention, use, or as s result of the grae
dual perfecting of the humen brain, 3uch asesunts are quite fiotitious,

These authors interpret historieal faets from a prejudiced and even mythoe

logieel peint of views, See, for example, Lanecelet Hogbem, Mathewatios for

the Millioms, passim, snd Gaylerd M. Merriman, %o Dissover Mathewmaties, Wew
2 Johm Wiley ons, 1942, ppe 1-8,

(8) Themas L. Heath, A Memmal of Greek !mthemsties, Oxfords The Cla-
rendon Press, 1841, Chapter 1i, "Numerical Notstion and Prectieal Celoulatiom,”
PPe 11«38, See slse Oystein Ore, Number Theory end its History, Chapter I,
"Counting and Recording of Wumbers,” pp. 1-Qé.

]
G U L B 8 R st K M A g AT S
the Greeks and supplied them with preliminery meterial, this edmission is in ne
way prejudioisl to the originality of the Greek renius. Bolence and Thought, as
distinet from mere prectical asleulstion snd sstrologicesl lore, were the result
of the Greek genius and ware due rejther o the Egyptiens nor to the Babyloniens
F. Copleston, op. cite, nye 15«16, For a similer testimony see John Burnet,
Early Greoek th?ouop yhy, fourth edition, lLondoni Adam and Cherles 1lack, 154§,

PPe 15«30, and Thomes ., festh, Lope _mou Chapter I, "Introdum:ory". e 1=104
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fying prineiple of deduetive reesoning (4). In their attempt ‘o relate
struoture to rumber, they sre also responsidble for the view that a mathe-
metionl concern with nature !s ¢iite relevent, thus opening the way for a
program of applying methematios te natures. Finslly, the -enius of the
Greek mind extorded to a speculstive treatment of methematieal sbstraction,
snd 8 consideration of the relations between rethemstios snd the other
soiences which hsd but lately Leen born (6). In this way they initiated

the first notions of a philosophy of mathematics (8).
I, The Pythagoresns

%“hen the sehool of thinkers k- own es the Pythagoreans speoculsved in
Greece, a number of opinions were deing of'fered on the nature and rineiple
of a1l things. These eerly piencers, whom Aristotle celled "physioiste® or
philosophers ~f nature, had aohieved s high level of selenti’ic and philoso~
phical sdstraction. The eerly Ionians held, with Thales, thet weter is the

prineiples of sll thinge. Others sided with Anaximander's tesehing thet the

(4) "They crested the systematic mathemstical treory based upon exioms
snd developed Dy means of lopicel deductions in the form of proofa, the standard
pattern for mathema:ics, as it is formilated todey,” L. L. Foodruff, editor,
The Development of the Sciences, Second Series, Few Haven: YTale Univerasity
Press, 1041, pe 4. BSee Custon :ilheud, op. oits, pp. B1=69,

(6) Most seholars pay tribute to greek genius. In The Development
of Mathomatiecs, K. T. Zell soems to take a eontrery view on the worth of the
Greek eontribution to mathematios and to oivilization. A eomparisen of the
various places in whioh he spesks of the Creeks indisates, howsver, that his
on pssssnt remarks sre to be interpreted as flippantly se they are made,

t 18 deyond our purpose here to exsmine the exagierated and mysticel
views of number or form, or their use in symbolism. A deteiled study of these
developments cer be found in Lym Thorndike's History of Mezio and Experimental
Scienve, oited ebove, Por the symbolism and mystioiem attached to parts
of methematies, see Vinoent Foster Ropper's Medieval Kumber 8ymbolism, eited

sbove, pes .
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changes we cbserve in nature originate from a eonfliet of opposites whieh
srise within the original element ealled the indeterminate. Some followed
Anaximenes, who tauzht that all things come from sir through s process of
oondensation and resctian, This propensity to rationalize the coaseless,
slmost unintelligidle ohange im rature, was sdopted by the Pythagoreans.
t1though they came of e euricns mixture of mystiecism and a bent for ma-
thematies, the Pythagoresns were likewise seientifio, end thrived in the
new intelleetual atmesphere (7).

To the ourrent scientific snd philosophical attempts towards rendering
nature intelligible, the Pythagoreans contributed s new ocutlooks was there
not & connection between the attitudes of the physiecista and that offered
by mathematios? All the physicists hed tried to solve the prodblem of the
many acd the ones they had sought for ldentity in diversity. The Pytha~-
goreans suggested that possidbly the sameness in diversity could be modounted
for by number and structures ¥e need no lenger inquire what the primitive
matter i (th;a the Pythagoreen mathematical sutlook oliminates that of
selentific and philosophicsl abstrsetion); we een say that all thimgs ere
ounber and form. Aristotle writes that

The Pythagoresns, as they are oslled, devoted themselves to
mathematics, they were the first to advanee this study, and
having beer brought up in it, they thought that ite principles
were the prinsiples of o1l things (8),

The application of the Pythagorean tenmets to nature were successful,

In acousties, their doetrine pointed out that the qualitative differences

(1) Jobn Burnet, op. eit., Chapter VII, "The Pythagoresns,” pp. 276-308.

(3) Mote 108, D88 B 23-6; seo also 986 « 15 and 1050 o 3z, Heferences
to Aristotle are from The Works of Aristetle, Translated ;nto English under the
editorship of W. D, koss, eleven volunus, Uxfords The Clarendon Press, 1908~1931,
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betwoen notes sre due to the way in which the plueked musiosl string takes
up different shapes. Likewise the concordence sf musiesl tones was well
expleined by their retio of numbers. Uy snslysing bodies into surfaces,
surfeces into lines and lines into points, they spplied their dootrine to
nature snd demonstrsted, to the ;hysiecists, thet rmthematicsl nonoepts
explsined the world of rature (9)., Each body expresses the number fourp
surfsces, threej lires, twpjy the point, cne. If we add these together,
we get ten, the perfeot nuxbor. The whols universe seemed to submit to
this interpretation by mathematical adbstrsotion; the forms and figures
of the cbjeots of sense experience could de seen to have geometriocal con-
tours, while the constellations of the hesvens were explioable both as a
configuration and a number. And hence, as four dots csn represent the
configuration of e square, three of s triangle, two of s line and one of
a point, the Pythagoresns readily

supposed the elements of numbers to be the elements of all

things, snd the whole hesven to be & musical scale and a

number (10).

Pythagerean mathsmetiecism, then, attempted to identify the objects
held in methematical abstreotion with ell things and eliminated he proe-
priety of the esrlier sbatracted views of ths physicista, Nsture, they
agreed with the esrlier physioclets, is orderly and changes in harmomious
proportionss tut the very arder and the proportiom is number and form.

And wheress the esrlier physieists had thought of weter, air, fire and

(9) Thomas L. Heath, 22. cite, PPe 28=88,
(10) Metaphyeics, 986 & 1-¥,



sarth ss elements and prineiples, the I'’ythezoresna held numbers end
forma to he the intrinsle prinoiples of nature end to bo iswenent
in things themselves (11),

The pleusibility of the Pythagorean d-e‘rines attreoted many
followers and the sohool flourisied. Arietotle wrots of them and
the Plateniste:

mathematiocs has come to be idemtiocal with philosophy
for moderny thinkers, theugh they say that it should
be studied for the seke of other things (12).
The "seandalous diseovery” (18) of the irretionala in mathematies,
however, became en insupersble obstecle to FPythagoresn mathemetios
end their mathemsticiem. Ia the appliocation of the alde ~F e square
to its diagomal), an imoommensurable retio was discoversd, and no way
of resolving this diffieulty could Ye found, The attampt %o epply

nathemetios to nature, and the endeavor to relate ecomtinuity »s

form tc disoreteness ss mmber, wes adbandored, slthough the Pythagorean

(1!; R, 8, Gollingwood, :R cide, Pp. 0m88,

(1f) Metaphysios, 992 a,

(18) Brunsehvieg speaks of ,ho "scandeloun diseovery” of tha
irrationsls as & faotor in lessening the influenee of the Pythagorean
sohools Leon Brunsohvieg, h role du Pyths orim dens 1'évolution
des Tdbes, Paris: Wormenn & Cle., 1




influence end cutlook on these metters continusd (14).

In the meantime, other sehools of thought with highly metsphysicsl
sbstresctions, flourished. Hersolitus opposed the statie and stomio con-
oept of nature sdvoosted by h's predecessors with a J namle philosophy
of becoming. He answared the question of !dentify in diversity by holding
that the Ono is the »rinciple of all things. The esserce of the e lies
in ite being both the many snd the One st the same time, so that all things
sre in ¢ constant state of flux end ohsnge. rarmenides, on the contrary,
teught s philosophy of beinge There is no changej; deing is, snd all things
sre. The dostrines were pitted spgeinst eash other, and acute discussion
srose through the efforts of Zeno o:f Flea, Parmenides® most nrominent
pupile. In support of his master snd in opposition to the Pytheagoreans
snd other sehools, Zeno offered his famous dialecticel ebetreotions which
srpued in favor of continmous as sreinst diserste quantity, Zeno used
his dislectical talonts to show that Psrmenides' stetie philosophy was the
beat; if one grented the :ideas of the Prthagoreans or even of the Atomistse

with their "infinitely smll¥ quantities (15), sntinomies arise whioh ere

(14) The Pythsgoresn influence pesses through leto and the lige-
Pletonists to Saint Augustine, eventually resching scholasticisms where the
Fythagorean notion of numbered order in seometry, srithmetliec, musiec snd
astronomy, rmde thess [four subjeots the quadrivium of medieval ingtruetiong
8ir V. C. Dampler, A Eistory of Boience, Hew York: MeoMillam, 1943, pp. 17-18,
On page twenty Dampler writes, "After the Renaisssnce, the idea of the ime
portanse of number was taken up by Copernicus and Fepler, who laid chief
strees on the methematical harmomy and simplielty of the Hellocentric hype-
thesis s the best evidence of its truth. In our own day, Aston with hias
integral atomic weights, Moseley with his atomic numbers, Flanek with his
quentum theory, end Einstein with his claim that physical facts sueh as
gravitetion sre exhibitions of local space=time properties, sre revieing
1deas that, in older, eruder forms, sppesr in Pythagorean philosophy.”

Dampier refers to ¥hitehead ss his suthority for this statemsnt. It shcould

be pointed out that it 18 possidle to separate procedure in soience from such
motaphysiocal implicstions as are found oxample, in Pythagoresn mathe-
maticism, One cen say that seientists as such are mersly relating straoture

to number, without eny metaphysiosl implicetions se to the existence of these
mumbers in things, which 1s eleser to Pythagerean view, Thie distinetion
between FFocedures end mtghynin in methematios hes been studied in Xdward

¥, Strong, Preocedures and Netsphysios, Berkeleys University of Californie Fress,

19368, see Chapter I end Chapter II,
(18) H. Do P, Loe, Zenc of Elea: A text with translation and notes, Cambridge:
The University Press, 19383 or see Cerl B, Boyer, 8pe cite, ppe 21e22,
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inscluile by the theory of number snd form. Msthematios feils te retionelice
nature as ¢t fails te rationslise the incommensurable segments in the tesohing
of the Pythagoreans,

Another school, the Atomists, tawght thet an infinite mmber of in-
divisible units celled atons, differing only in size ard ashape ere the prine
ciples of sll shinge. From the verious formations and oonfiguretions whieh
these atoms subsume, the four elerents and ths world of nature sre brought
into beinge This theory, however, wes alse unable to eope with Zeno's ar-
suments. Hence the dootrine of the infinitesimally smsll srd the infinite

in number, which the Atomists proposed, was graduslly ebandoned (16).
1I. Plaste

Through their insietenes on the intelligivility of noture, sll these
esrly thinkers exercised a profeund infl .ence on the philosophy of Plate.
Scosrtes, Plato's tesoher, advenced the thought of these mem by introe
duoing the maieutis method and the notion of definitions be sceentmated
the importence of ethies and dieplayed the necessity lfor elarifying the
goal of sll selentifioc endeaver, the Universal. Plato's respsot end debt
%o all these thinkers is repaid in the work of his dielegues, where they
often play the leeding roles in presenting soientific, methemetiocel and
philosephiesl points of view,

In order to enter Flato's Academy, & oertein amount of profioiency in

mathemntics was requisite. "Let none enter here ignorent of geometry” is

(18) F. Goplestom, op. oite, pp. 72=78.
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s welleknown phrase whish was, supposedly, the edmissions stendard to Plato's
sehool. This respect and eulogitation of mathematios whioh §s found in Plato's
writings, is principelly due to Pythagorean influence. ¥lato's deference to
sstheratios likewise prodused s number of gradustes who mede important eon-
tributione to the growing science of rathematies (17).

Plate's attempt to solve the problem of the one end the weny consisted
of o dusl psysholozicsl process: e gradual purificstion of the shadows and
sense images of the world of nature, end the process of recollection., BHis
philesophy is dominated by the fundemsntsl prineiple that the proper object
of =11 true scienee is the world of idess $n which man pre~existed, end of
which the sensespereeptible world is but s shadow or oopy ylelding only
spinion, Por Plato, in contrsst to the esrlier thinkers, hsld tha% essences,
forms, nuxberTs -= the irtelligidle as such ~=- trsnscended the world of nature
end were not immanent withinm i<,

A student is initiated into the process towerds knowledge from his state
of ignersnee by beginning with the sensible world, of whieh he cen garmer only
opinion, 7he lowest type eof opinion is that aequaintenoceship or mere con~
jesture s man hes of the fleeting "images” im the world esoout us. Buch s
sen judges wrongly thet externmal mature is the true reslity. A higher tjype
of opinion, faith or belief, is achieved when a man reslises that those
irs 08 sre nothing mere than reflections of something more basioslly resl.

Fo reslises that exterral nature is not what {t purports to .ej; and, though

he has pot got 1t as yet, he is on the road towarde solentifio kriowlediee

(17) See the interesting remerks Plato makes eoncorning Oreek ignorsnde
of geometry in Laws, 319 4 - 820 ¢, References te Plato sre taken from The
Dialozues of Plato, Trenslated into Eaglish by B, Jowett, with an Im
by raphael Demos, two velumes, Wew York: Random House, 1937, JBN S s e




The sesond stage, thet of krowledge, sleo has two subdivisions. In the
lower, = man begins from hypotheses and proceeds, not to e prineiple or
form, but te @ conelusiom. Such men are "really endeavoring te behold
those objests whieh s persom can only see with the sye of thought” (18),
or the objests of methematies, Msthematicsl ebstrsetion, them, though
1t has the funetion of retiomslizing the fluetustion of neture, is only
on the road to knowledge. The men who shstrset in this way are clessed
as having understarding, which ia the intermediate stete of mind between
ovimion and the fimal stage of soientific kmowledge -~ pure resson, the
understanding of the forms and ideas themselwes, In crder to srrive st
the stase of pure resson, one rust begim with the hypotheses of the
previocus section (methemetios), end rice to the first principles, the
world of forms and ideas, It !s >-ly here that the inner msaning of
ell th'ngs is gresped in the centemplation of the Cood (19),

The prgblem of Plato's dootrine on the nature of ‘athemstics and om
the relatiem of mathematios to the Porms is s widely disputed one (20),
It is agreed that Plato's sesrsh for ratiomelity in nature was fruitless
snd that he theredy consigned the study of nature to the realm of une
certain, shifting opinion, 7The rythegoreans had made the ensemble of

numbers and thingo correspond. ['lsto lifted number out of the world

ﬁ? Republie, 610 e - 11 s«
19) Vor s good diagrapmatic amelysis of these various stages, see
P. Copleston, 2;. citey Ppa 162,

.?,‘.O) See F. Eoplutoq. Gpe 0484y Ppe 168206 for s recent sumnary of they
opinions on Plato's mathemeticism, A study of the irfluence of the P
on Plato 4s given in Thomss Gresnwood, "The Fletonio Theory of the Contimng,"
The Thomist, VII (April, 1944), pps 179=203. 3See aleoe F. Buriques et G, De
ant{ilana, Le Probléme de ls Xatidre: Fylhegorieiens et Elestes, Paris;
Hermann & Ote, 1958) those uuthors disouss the orlgin of Pythaforean mathee
msticism, pp. 11«17. 8ec also, Geston Nilhsud, op. oit., pp. 327-368,




of nature and made it trenscendent; it cocupied an intermediary position
betwesn the sense world and the world of ideas, Seemingly, ‘lato -~ and
certainly later ,latonists -~ was not content with this scheme, Accord-
ing to Aristotle ard -any modern seholars, "lato taught that wathematics
ie not only the means by which a man resches true inowledge, but even the
ideal world itself can only be made rational and intelligible through
mathematies, In this way "lato offered a different type of mathematicism
froem that of the Pythagereans, The Fythagereans had identified the scienti-
fio abatraction of the earlier thinkers with that of mathematios, Plate
eliminates solentific abstraction (21), and identifies xashematical with
metaphysieal abstraction in idealistic mathematiciss, In "lato's philo~-
sorhy, it has been said, "God ever reomstrizes (22)",

If "lato is nct to he understood as proposing mathematicism, then
his notions on mathematios were quite in harmeny with current mathemati-
ocal nractice., Mathematics hag unto itself a special faculty of the soul,
oalled understanding (23). It is olassed among the rurely intellectual,
as oprosed to the :raotical seiences (24), Although the mathematioian
uses sensible things as symbols in his demonstrations, his rurpose is
to lay hold of the trianmgle or square in itself which he loces by ration-
alizing nature; that is, by reducing the fluctuation of images and shadows

to forms, for "im these perplexities the socul naturally summons to her aid

(31) "Flato's eriterion of reality was rot consistensy in experience but
reasensbleness in tshought, For him, as for the “ytharoreans, thore was no
necessary distinetion detween rathematics an:t lcimnoo# both were Lhe result
of deductiom frem elsarly perseived first rrinciples.” Oarl B, Boyer, o.¢ cite,
Pe 28,

(22) ™is quetation san be found in the deli htful work of "obert Sdouard
Norivs, Nemorabilia Nethematica, pp. 289=270; Morits's book, though old, ia an
iml\(ab}o sourge of tions on mathematios and “he philesophy of mathomaties,

23 ll-ggblio, ¢ 511 C; ses Theastetus, 184 D,

(24) PRatesman, 288 D,
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caloulation and intellizemce” (2%). Mathems:ioal adatraction rakes much

use of hypotheses, whoss wvalidity the mathemmtician doss r :t question hut
simply uses im drawing his gonclvaions (28), Purther, the existence of a
square or a triangle is sssumed Yy ‘he mathematician; it is what fs given to
him, and furnishes his zoint of departure for mathomatical demonstration,

The usual divieion of wathematiss inte arithmetic and geomotry is wentioned,
Tagh of these branches, heowever, has two varieties, the impure (wh'ch seems
to be mathematics 1tself), and the rure, The latter is the -hilosovhical :use
of -athematies; the nhilosopher must be an arithmetisian, "hecause e has

%o rise out of tha sea of ohange and lay hold of “rue “einp" (27),
III, Arissotle

Aristetle owed muoh %0 “1s -redecessors and espeoially to his teacher,

“lato, There oan bde little douds, however, of the originality snd rreatness
of his zontridution to the new sciertifioc locetrine -f the early Wreeks i:::f
to the :rodlems posed by the mathematical rhilosophers, In his logical
treatises, we meet for the first time in the history of th-ught a oom: lete
and quite satisfying account of the nature of rre-gaientifio Imowladge, and
of the nature, divisions and extent of soientifie mowledge (20). In both
c3ses & Man may -ossess knowladpe; what es-eclally dl-tingui.hfielcatifio

knowledge is its universaligty, demonstrability and certainty,

i::g B e aeraito 1, mo.

(2v) 1is, V1I, 988,

(s8) e's logical trestises portray his soientifie ideal, The
Myder A-nlzgégp exanines the forzal validiSy of inferemse, or the valid derivae

on of ocmolusions from given premises, The Costarier Amalyties analyses the

charagteristios of premises if our knowledge is %0 bYe the most perfest ohtainadle
that is, truly seientific, In the Torios, Aristotle shows row we a-tain end
Justify the nremises that are sed in the argpuments of Jailv life, The rotiom
of sciense itself cocuples the rain ;art of the "asterior Analytics,




There is s realm of preesciantific Imowledge, Aristotle tesshes,
which corresponds roughly te Plato's theery that omly opiniom can be
odtained of nature (29), It is the realm of the fancies of the ruet
which induce im us a state of mind called estimation about the truth
of things; it is the realm of the persuasions of the rhetoriocism whieh
breeds a suspiciom of truth withim us, inclinimg us to adopt one part
of a eontradiotion; it 1 the realm of the predabilities of the dialocti-
cian whieh gives us opiniom, whereby we accept one pert of a contradioto-
ry propesitism, with fear that we may de in error, Sinee some ferm of
reasoning, man's distinetive astivity, ocscurs in all these states of
uind, Aristotle felt that ths logieian should examine thelir respective
nerits,

Plalectics, a favorite Aristotelian device, is s fertile sourve of
ergument, demonstration and msthods of arrivimg at $ruth or sppreximas
tions to the truth (80)s Prodlems of any sort are its eoneern, and the
arpuments and disoussions it crevekes arige from vrevesisions whioh
either are, or seem to be generally ascepted, Dialeotics bYeing mn ocasy
way to learn, it is of ~uch servise in the asquisition cf sctsntifie
knowledge and plays an impertant role in all the soiences, Its main
funetion cocurs im denlimg with the realm »f the changeable and oontimpent

whore truth is diffieult to establish, Jalestical arguments rest on what

(29) Fosterior Amalyties, 71 a 1-10,

(30) In Aristotle's comoepticn, “ialectios played a large ,acrt as
prevaratory to the asquisition of esch scienoce, I% ~erformed an imgortant
function in the aprroach towards science throuph the sonsideration of doubts
and 41fficulties, and the opinions offered by previous thinkers,
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oan be okserved te be the esse only in most instences, Iadustive ex~
amples snd the type of ayllegism known as enthymems are the main . Sypes
of arguments used in dialegtieal knowledge,

Selentific Mmowledge, which is rot limited merely te lmowledge of

forms or mathezatiocs, is deslt with shiefly in the Ppeterior Analyties.

¥e suproee curselves to pessess unqualified scientifio

knowledge of a thingseevhen we think that we kmow the esuse

on whieh the fact depends, as the cause of that faet ond of

no other, and, further, that the fact could not he ather

than 1% s (1),
It is imowledge odtained only by strict demomstratiom through the syllorism
of the first mood and firat figure, having hoth premices waiversal emd
affirmative (32), This implies Shut the premises rust bo "Srus, pricery,
immediate, detter imowm than and prior %o the oconolusien, which is related
to them as offeat to cause” (38). Setentifie, im.oppesitien %0 pre-seien-
tifie knowledge, is damomstrative (34), is imowledge of eauses (38), of
universals (36), of essence (37), of form (38). These strict requirememts
for knowledge to be classed as solmmbifie, redues much mowladge to the pre-

soientifis level, espesially te that of Dialectics.

(31) Tosterior Analyties, Tl » 8-12,

(32) Thls La a rigorous oongeption of seiense, "Of all the figures the
rost sclentifle is the first, Thus, it 13 the vehiele of the demonstraticna
of all the msihsmatical solences, such as sr.thmwtie, gecmetry, amd optics,
srd practically of 211 the soiences that inveatigute causes... “osterior

% 79 a 18-21.
Paste~ior Anslvtiaog, 71 b 20.22,

(u; T?u,;}gr ﬁ&@b 74 5 37; 50 b 95 87 b 35,
(38 ‘onterior Lytics, 71 b 03 94 » 20, Cf, also Thysies, 194 b 1°,

Hore Aristotle has im mind hls dootrime of the feur canses. sal kmowledye
implies necens'ty,

(36) Posgerior dual 57 b 38; see alse Vetaphysies, 1086 b 6; 1059 b
28; 1003 a 13, iﬁ@ﬁsﬁ'thm@ ae sush is ineffadle and ganmmot be the

ebjeat of saionee,

- (87) or Analytios, 99 a 22, Xstaphysies, 1031 b 7, 1031 b 20,
(s8) 412 n 9y 414 a 4,




In the process of teaohing, science is induced in the pu-il dby
demsnstration, It begin~ with the student's pree-existent ¥nowledge of
self=evident prineiples, It supposes the student's aoquaintanceship
with a fas$, the comprehensiom of a term, or bdoth, All proof ultimately
rests on the grasp of self-evident princinles whish are known by an act
of immediste understarding, ineapable of demonstration end thus, self-
evidentt, These principles are inocapadle of Jemonstration, Ariatotle
maintaing, or we are committed to an iInfinite regress in the proceas
of soiences The teasher presents the students with factas, with the
terms and the sudjeset-matser of the sciendge, with the varied opinioens
that have been offered on the matter under comsideration, and with
dialectiocsl suppesitioms,

The actuality of scientifio imowledge, cousequently, arises in the
nind of the studemt by inducing in him the nrocess of abstraction from
what is piven in sense data., It is theorwtical or speculative, as opposed
to rractieal knowledge (39). Theoretical knowledge is intereated in truth
as sush and is more noble than prestical kmowledge, which relates truth
in the mind te human sobioms of en Mult;r; fective natures Theoretical
soimesd arises in three ways, Jy the rrooeds of seientifio adstraction
of the first degree, a student studies pature itself under the aspect of
mobile heing, The oconsepbs and definitions which arise in the atudent
mind bear & direes relation to the world of nature, They are the mental
grasp of the permmnent, universal and the neceasary lodged within nature
in peneral, and in eash thing, The entities whigh the mind holds in this

(39) Mewaphysiss, 953 b 20; 1025 b 1-1026% 53; 1084® 1-1084° 1¢.
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type of sbstraotien are seen to be of such n type that they are connested
with matter for their existenece, and in order to be Inown, They are :.ot
transoendent or epart from the world of nature., The whole realm of nature,
living and non-living, ie inoluded under this abstractive proces- in which
inductive and deductive methodology ococur,

The seeond sype of abstraction is that proper %o mathematios, which
likewise origimates through the senses, though often from a minimum of
experiense (40), In his disoussion of mathematios, Aristotle foreidly
rejects the rmathematicism of the P'ytharoreans or ‘latonists or any theory
w-ich equates rathematioal entities with a separately real world of nature
or selfesxisting ideas (41), Mathematios {s distinzuished from the first
adstractive process; thers the mind abstracted from the individual sensible
matter of each thing and arrive at the ooncept of common sensible matter,
In mathematics, the mind abstracts from cormon sensible matter and a-rivea
at the rotion of "intelligzibvle” matter, The mathamatician

strips off all the semsible qualities, e.r., welight and lightness,

hardness and its contrary, and alsec heat and ccld and the other

sensible contraries, and leaves only the quantitative and con-
tinuous, scmetimes irn one, sowmotimes in two, scmetimes in thres

dimensions, and the attributes of these qua quantitative and cone
tinuous,.. (42),

(40) "Mhat has been said ic oconfirmed by the faot that while young
men beoome gecmetioclians and mathematiocians and wise in matters like thesge,
it is thought that a young man or practical wisdom canrot be found..e.ine
deod cne might ask this question $00, why a boy may beooms a mathematiocian,
but not a philosopher or a physicist, Is it because the cbjests of wathe~
maties exist by abstraction, while the first prineiples of these other
sub fegts come from expsrience, and becaume young men have no ocnvietion
about the latter but merely use the proper lanmage, while the esserce
of mathematical objects is olain enough to them?!” Nichomacheam Bt:ics,
1142 a 10«19,

(41) Meta-hyeies, Jooks XIII and XIV; see Aurustin ansion, Intro-
duotion a lrﬁ_%mriltotolicimno deuxiems sdition, revue et augmene
tes, ‘aris, J, §r1n, 1568, On, V, No. 5, "Distinsotion de la physique et des
mathematiques d'spres Aristote,” pp. 143-188,

(42) Metaphysies, 1061 a 29+35,
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"hat the mind acihiieves here, then, are the sonespts proper to mathe-
mtios. The methematiolen considers quantity either as the comtinuocus
extension of peemstry or the disorste units of arithmetie, Though he
surmons the aid of the senses for illustration and makes mush use of
the {maginatien, the nathematioian is not ooncerned with objects as the
1imiss of a dhysical body; nor does he consider the attributos

indicated es the atiritutes of guoch bodizs, That {s why ‘e
separates them; for in thought they are separadble from motlen,

and {t makes no ‘ifferencs, nor doces any falsity resuls, if
they are separated (43),
The spplication of mathematios to optics, harmonies and astronomy is
sctioved by seienses which 1lie betwsen physics and mathematics., The
objests held in the mind by seientific abstrection are :lealt with by
the abstraction of mathematios (44). Geametry, fer oxample,
investigates phynioal 1ines but not gua physical, opticas ine
vestigates ratiwmaticsl )ines, hut qua ohysical, not qua mathee
matiosnl (¢8),
In its ap-liceticns to other sciences, mathematios is superior to them,
If one reaches impossi-le consequences in mathematics, they
will reproduse themselves when applied to physical bodies,
but there 117 be ’ifficultics ir physics which are 't
prefent in sathematisaj “or mathematiss deals with an
shatract and ~hysies with a ~-ro concrete cbjeot (48),
The methodology of mathematios, like that of all the sciences, is treated

by lorie, kathematics, though 16 may use 1lalwotics, ‘s Alstinct from i1t (47),

(e8) 183 v, 31-35,

(¢4) ¥or a disoussion of these "middle” rolemces, sce W, U, ‘loss,
Aristotle, third edition revised, london: ¥ethusn and Company, 1837, p, 70,
See also Aupurtin dension, sp, cite, vr. 186-195,

(48) Phvwics, 194 a, #-11,

(468) De Coelo, 200 a, 13-18,
(47) Tosterior Analytics, T7 b 27-33; 78 a 10-13,
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Mathematioal abstrection, though 1% is not the highest and nohblest
which the mind oan ashieve, is yet most proportionmats to the ‘':umen
mind (48). I8 deals with the necessary (¢9), has the highest tyve
of gertitude (50) and offors aonslusions that are timeless (51).

The third abstractive process doeg not s-ise from a remsmbrance
or contexplation ef a separated world of ideas, az :lato held, but from
a oconsideration of the world of nature, This abstractiom, metaphysics,
is the hirhest, noblest and most 4ifficult (62), It abatracts wore . al
ieeply from the world of nature by not considering being as modbile
or quantitative, but being as such, Its concepts and definitions, us
substanee, notentiality, actuality, are sear to have no necessary
oconnection or dependence on matter in “heir consideration by the mind,
Thus, not being fraught with change and contingeney, these abstractions
yield the hirhest type of speculative sclence, DBesidos this rusitive
knowledge which 18 the fruit of this abstraction, retarhysios has a
eritical function: 4t orders the abstraction of the other sciences,
determines the speculative relations hetween them, and estabdlishes
the sreoculative princivles of all solence, Netaphysios, the highest
type of speculative solence, is superseded by two higher states of mind,

The first is understanding «~« a radit of mind whioch sees the eonclusions

of science as related to the speculative rrineiples of all thought; the

gceg Mghz!iua 1078% 8-14.
49 'mi”' 2 15=-24,

(s0) De Coele, 308* 28,

(51) Yor a recent study ef Aristotle's philosophy of .athematies, see
Thomas Oreerwood, Vtudes sur la Cornaiscsnnee Mathemmtigue, Cttawa: lea Fditions

de 1'Universite 1'Cttaws, 1542, "1a ‘ensee Nnthematique o 'Aristote,” pp. 33-62.
(52) Metaphysics, °63% 30-93° 30,




sesend is wisdem, whieh sees the order and relatiom of all things se God,
138 ultimade primciple,

Altheugh there are gigaificants points of agresnent between Aristotle
and his predecessers, he d1d nod nerely harmenise their views, iather,
his attitude was that

I8 1s juet that we should be greteful, not orly te shose with.

whose views we may arree, but also to those who have expres-ed

more saperficial views; for these also contributed something,

by developing before \w the nowere of thcught (53),

By his theory of knowledge and his olaseificstion and dlstinetion of the
gsoiconces he wished to vindicate many legitimate poiutl. of view, 3By
eliminating the Platoric theory of a scienoe concerne:d only with the
reoall and contemplation of a world of ideas; by denying the idealist
fderntiftoation of mathematical with metaphysical abstrastion ia the
Tlatonist teaching or with scientifie adstraction in the Fythagorean
attitude, Aristotle hoped %o estadlish many wvalid tyres of solentifie

knowledge (5¢), The transcendent idoas or forms besome, 30 to speak,

W 9938 %», 12-16,
(84) The following diagram will serve to emphasise the differenss between
Flato and Aristotle.

P PLATO » ARISTOTLE
“ure fmason: fnowladge of /Muphy-un Third & highest Syp
Ideal world & [ of abstractive Imowledge of
Sclentifie the Good, God. Seien nature, leading to knowledge ¢
Fnowledge ' titte!  Wered Osuse, Ood,
L Studies being as such,
Nathematiost Prelude to Nathemutios: Second and interme-
, kmowledge of Jiary type of abstractive kag
Ideal World Knowl ledge of nsture: heing ap
AN edge

interrediary Setemoes
Fhystos: Pirat ard lowest e;p. of
abstractive imowledpe of req)
worlds mobile det

Pad ks | Dialestics: Knowledge of highest
Pre-saientifio Presseiontifio probabilisy g type of
Fiswledpn Tnowledge Opiniem:

Con jeature Susploion of truth:

Estimation of truth:



irmanent in the world of nature as the essences and acoidemts of Shings;
through abstraction the mind conoeptualizes the sasence and the aceidents
of natural things in the vearious types of scienee, With repard to the
tla' onic mathematical ideas as such, “hey exist only in the mini whieh
develops from “hem the pure or applied sciences of rathems ics, Hemoe
the essential, the quantitative and the qualitative aspeots of na.ure

sre intelligivle snd the -~roper concern of varicus sciences,

The generations immediately succeeiing the “ythagoreen, Platonio and
Arisiotolian schoole gontriduted 1ittle waterial that ts germane tc the -ro-
hlem o ~athematical abstSraction which 1s dSeing considered here (85), With
sore oxeeptions, number mystioism, soeptioism and lack of mathematical
speculation followed in the decadence of Hellenio and flollenistioc thoupht,

These intervening cemturies are more properly viewed as e prolomged reriod
of -reparatiem for rathematics and solence (88),

In fast, only in the ¥iddle Ages is the rroblem of ~athematical abstraation
expressly riven a philosophiocal consideration in the Aristotelian traditiomn, es-
peoially by 32, Thomas Aquinas (57), But the mediewvals contributed towards the
future growth of rathematics in e nuaber of ways. Various mathematical compene
diums were edited; change, variadility of quantities, the infinite, infinitesimal
and the continuum were subjeoted to livcly theoretical discussion; Creek matho-

mtios, as well as science and philosophy, were preserved and translated; the

(88] Yor the influseos of Jemooritus and the saerties, sce Pederige Pardque
.0 "iedorie "evelorment of Lorie: The Principles ant Strueture of Scienge in the
oncegt% of hm)wmtml Thinhon Authorigzed translaticn from the fullmw

g ‘%lt and Company, 1939, Chapter I, "The legie

of the Apolents, po. 1-«, soe alno Leon Robin, la ‘onsve Uree ct origines
de l'esprit seientifique, aveo me carte hors texts, Eiition revue ot oorrfm avee
une ﬁbgh hie not&iqua pouvelle, ‘arles: Albin Kiohel 1948. o 377.388

88) George Sartom, Introdugtion to the Uutory of hnu, galm 1, II;
se0 also, AR, Whiuhud. %im and the Yodern horid, ppe 10=18,

(87) Thomas Oresmwnod, op. scit.,"”la Cormaissance mathematique 4'apres
Saimt-Thomas,” pp. 63-109,




relations and reapestive spheres of reason an! faith were widely
disoussed and the apposiVesess of reason ss & powerful instrument

of sceculative consideration was vimiicated (e8).

(88) Carl B, Boyer, op. 0ite, Ohapter IIl, "Medioval Contriutions,”
PPe 61‘”;



Chapter 1V, The Cartesian !ra.

The founding of mathematios as a science end its macessory <avelop~
ment by the Greeks marked the first golden era of mathematics, The seven-
teenth century, the secand greas period of -athematiesl history, sipnaliged |
by its ;-phnio on analysis, the begimnings of modern mathematios (1), This
fruitful seriod comprised the founding of analytic geometry by Mermat and
Descartes; the imeeption of orobability theory in Fermat and "ascal and
Format's highor arithmetie; the applicatiom of mathematios So dynamios
by (alilee an! the Srwtonian theory of the universe; the ‘iiscovery of ale
rorithms for the caloulus by Leibnis and Newton; the synthetic geometry of
Tesargues and “ascalj the notiem of symdolic logie in Leibnix,

The rediscovery and progrese of mathematical thought had a widespread
effeat on the current oultural outlook (2). An unmboumded faith in the ex-
collence and ocertainty of =athematios rose, and the applieation of i%s -rin-
siples to astronomy, vhysies, and allied branches was {nitiated, A keon in-
terest in the quantitative elements of nature alowly supplanted the study of
pature in its qualitative aspeats, I xtreme views I favor of the new solences,
amounting even to oontewmpt for theelogy, umetaphysics and roral kncwledge, led
wy‘thlnhn to adopt a shser mechanical view of nature,

The new mathematies had a ‘'iress influense on philesophical thought (3),
In oontrast to mathemtiecs, philosephy was looked upon as empty speculatiom,

and nany attempts were xade to remedy these supposed fallings by introducing

(1) w%, W, Bouge Bal}, A ooumt of the History of Mathematiesz, ““ird
edition, Now York: The Maemi "0es 1901, ppo 289-276, Bee nisc ¥, T, Rell,
ops oity, Chapter I, *The Besimning of Moderm Mathematios,” p-, 1185150,

Oharles ¥iager, A ﬂ_l%ﬁ mg% ef Salende to the ¥ineteenth Centu
Uxferd: The Claremdom ‘ress, 1041, 'The Insurgent Century,” ppe 188=247, *

(3) Yor the impaet of mathematios and solomce on sixteenth and seventeenth
century theught see Edwin Burts, op, cit., passim, fee also Fdward T, Strong,
oDy _o18,, passim, '




matshamationl abstraction and -ethod inte ~hilosophy. In this way wvarious
forms of mathematiolam eppeared, The growing convietion that nature is
esscntially mathematiosl in 188 makeup, reestabvlished the ’ythagorean-
Platonie traditien in metaphysics, The suscessful adoption of mathe-
matics in experimental seiense ;reiisposed verious thinkers to employ
it im peyshelogical, religious and ethical inowledge (4)e
The genoral sentimemd concerning mathematios bvefore “escartes ia

epitomized in the views of Conrsrnicus, Kepler and Galileo, Yitk Copere
nfcus (1473=1843), vathematics took a forward step by being applied snew
to astronamy. Though his heliccentric theory of the universe was ‘ased
on a small amoumb of empiriesal evidemce, Consrnicus nro-osed jts ascceptance
for its evident arrangeaent ;t astroponical faocts in a more simple and
orderly mathamatios} freme (5), Propesing a theory of empirioal mathe-
mtisisn, be "old mathematios to be the nagle key to the study of nature,
whose étructure be considered as mathematieal end quantitative, A strong
anti-Aristetelian, Copeamicus was an erdent enthusiast for the Neselytha-
goreanisy which had been ushsred in with the Yensissance and had laft sueh
a zarked influemce on Cardinal Wioholas of Cusa, Both Cuss and Coperniocus
held extravegant views on the range of mathematical adstraction,

. Kepler (1!'{1»1680). had a i-ep love of astronemy almost equivealent to

sun~aprehip (6), Be eagarly read Copernious’ works and adonted his idess,

(¢) This \Eﬁ be seenr to be true espesially of Locke, Fume and the
Sritish empiricist school,

(s) Cf. X, A, Burts, ope oit., Chapber 11, “Coperniews and Kepler", -v,
23-43 and Fhemrd ¥, eit., Ohapter VII, "Setentifte Method amd Leta
physies ln’!(aplo.r,' pe 1 ﬁi. .

8) Yorai view sowewhat akin 4o Xepler's fantastd
¥,8,C, Horthrep, Science wnd FPirst ‘rineipl York: the l:m‘::ﬁ::og:.:o;esa.
"Henss, there sre two rode, One, the meorosoopic atom is a sisrle porfect sube
stanes, The other, the masreseorie unity of mature as a whele 18 e complex sube
stanee. lamy of the inscusistencies in theologiesl “‘eory have arisen hecnuse
of she failure to Aistinguish between these ¥wo divine objests.” p. 262,



Convinced of the principles that mature ‘oez mothiry in vain, that nature
loves simplieisy and chooses the easiest means for its ends, Copernicus
claimed Shat his mathematiesl thecries exhidited the deep aonnection ~f
the mathematically-harmonious motions of nature, That the only Srue
knowledge of nature is quantisative was the fundemental tenet £ his em-
pirical mathematiolsm, In Kepler's umiverse, rathematical krncwledge was
wost perfeat; its conolusions were certain an:! mot subjeoct to doubt, and
it revesled to us the only real heing, the quantitative,

The mathematieism of these soientists culminated in Galilee (1864-16842).
A great and famous seientisty he was familiar with Sreek geometry and was
strongly influenced by the !'ythagerean-Platenic lime of theught, Fis scier-
tifie theories owed much bo late medieval sresulation on m~tios, the indivi.
sibles, the infinite, the centinuum and the notiom of impetus, Nore than his
predecessors, Jaliles insisted on the mathematical sharacter of nature and
congsidered it as governed by imsmteble laws, Nature moved in verfeet rre-
oelsion and ordery not lepie, but mathematies foined with exveriment was the
clue to rature's seecrets, Cbsarvation ylelded the general mathewatical
echeme of nature with which the mind beoame imredistely informed; the mind
them deduced a theory vwhich must always be verifiadls in aoctual events,
Galileo was wost slear in his emphasis on the reality of primary an? the
fiotive charaater of secomdary qualities;

Jus thet external bodies, to exoite im us those tastes, these odours,

and thess sounds, demand other than sige, figure, number and slow or

rapid notions, I do not believe; amd I judge ¥hat, if the eary, the

tongue, and the nostrils wers taken away, the fipure, the numbers,

and the motions would indeed rexein, dDud not the odours nor the tastes

nor the sounds, whish, without the livimg animal, I de not believe

are anything else thas names, just as tiokling is rreeisely nothing
but a name {f the armpit and the nasel menbrane bde removed (7).

(1) As quoted in E, A, Bum. OPs 2_13_0. Pe 75,



The new sotentifie novement fostered by Corermiwus, Kepler and
Galileo separated soientifis from philosophlcal abstrastion and lad to
the eventual iisregard of the latter, Purbher, sclantific abstraotion
beoane quasi-identified with mathematiocs. The quantitative and mathee
maticsl character of -sture alone was imvortant and rathemetios slowly

infiltrated into all soientifie speculation,
1. Desecartes

The favorisatien of mathematies and sciente and the distaste for
soholastie theolegy and philosephy are emdodied in Deseartes (1596-1850),
The founder (with Fermat) of anelytio gesmetry, Descartes was likewise the
inaugurator of a mathematieized wetaphysios, In both regards he was o
ehild of the past and & mau of his tine (8), Ne displayed e sertain mental
soquettishness (§), however, by his admitted distaste and disavewsl} of
historieal ard deetrinal influsnees on hia gpeculations, His petaphysies,

yet couched in scholastie terminulogy, liscloses him as an haditue of theip

(8) "in fues, Sheugh Dessartes’ antipathy v0 history 1s part of his
shiles » his philosephy in its twm has ite historical setting, The twe
prinod precesupstions of Dessartes were hip mathematioal methed and his
perssual approsch te philosephy. Ia bdeth there lurks a hosdility to the
ristorieal avbleck, The nesessary sruths of mathematies-are independent
of texporal shanges, They are always necsssary. The order in whieh they
happen 48 irrelevent %o thamg their artioulation is not that of events of
sinee On Whe other hamd, the psreoral appresch, placing as i% doea the
whole onue of the seareh alfber truth on the individual, who rust live
through each twrn of the argumed he diecovers, relieves him of the study
of presedent and imposss Simply the w of reflsoting methodicelly om .

She implisasiems of his cwn emperienee. - A, Boyce Glbecm, The Thilopephy
of Desoa Lordon, lethuem and Co,, 1838, pp. 3-4,

] Joseph Nareehal, Presie d' »e de la :ihilosaphie Yode
Tome remiert De 1a Remsiseance a Kant, Inr Waswdh Leswianum, iﬁ.

Pe .
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thought (10), Parthermore, 18 mmtal oondition wus jue to a randly
sumber of his predecessors, Saiut Augustine, the ienaissacce lleoe
Platoniste and contemporsry seientists (11),

A mental waloontent, Descartes considered is ;ast experiocnos ia
philesophy, sclience and letters -arely as ocumilative evidence for the
sorry state in w-igk he formd Imawledre and saiense %o bep

B3yt ag soon ae I hat finished the entire courss of studYe.s,

I found myself involved in so many doubts and errors, that

I wap corvineced I had sdvarced no farthef in all my attemnts

at leam than he disoovery at every tumn of ay cma

tenoranee (12),

Tho excellence of -athematics and its “nr-gtive influense on himy however,

was riven proper oredit, Of his student¢ “ays at la Fleche, hLe writes,

I wes eppecinlly delirhted with mathometies, on accoumt of the
certitude and evidonas of “l.eir reasonins (13),

llo looked 90 mathematios under its elementary ‘orzs of srithmetio

and cecomstry as represeatative, but inciplent -clels of truthg

(10) "Em deeidant “'etandre l'explioation ratMematique a lu totalite
du reel, Dascartea visnt de substitusr le roint de vue Au sujet a celui
40 1'cbiet, S'engageant en offet a considerer la methode rmathematique
comme le geul exercics normal ot legitime do la reisam, il rem:lace la
soience seolastique, diversifiee duns ges methodes comme elle 1'etait
dans ses objcts, gy \me sciense soxme 1'cst sa methode neme; il s'em-
gage a prossder toujours g priori, en sllent 4des idees aux choses, au
1isu ds preeeder Soujours s posterio oommn le trowimme, vn allant des
choses aux acneepts; i1 s'eblige enfinm a sudstituer au reel, pris dans
sa complexite conarste, un ensemble d'idees definies a chacume desquelles
oorrespendme chose, au lieu ds proceder, corme le thomisme, a .me analyse
conoeptuelle du omrv& 01‘1.:‘ oomplexite 4des conoepbs .;, :mklo sur la
complexits des ohoses. enne Gileon, Etudes sur le e do la ¢
Nedicvale dans la Pormation du Syfveme Cartesien, ‘aris: J. Vrim, 1%,"

) ,
Pe i!l). A, Boyos Oaon, ops oiles FPe 129
(12) "dais sitot qus j'cu wwue tout ce cours -J'otuvin...Jo me “rouvoln

cobarasse Je¢ tant de ‘outes & srreurs, 'il ~e sopbloit ntavolr feit sutre
profit, en tascrant de 'iugbruire, sinon que }'avols decouvert de - lug en
plue mom ignerance,” Ueuvres de Descartes, Charles Adam & Feul Tanmery, -cris:
Leopold Cerf, 1897-1513, Discourg dela Yetiode, Vole VI, pe 4¢ Al quotetions

fyom Dosqartes are [ this edision
(13) "Jo mo plaisois eurtout aux Fathematiques, a cause lo lu esrtitude

& de }'svidence de leurs raisons,” Ulgoours de la linthole, “ol. VI, e Te




Arithgotics et Geomstrime..stiroa objeotum ita purus et simplex
versantur, ut nihil plane suppenant, quod experisntia rediderit
ince l?d tota conglshunt in consequembils ratiomabliliter
{edueendin (14

\

/o

The inherent rigor of matlematical demonstration rartioularly jratified
hiz, end he averred tha' those who sack truth

Circa nullum objeetux debere scoupari, le quo nom possint hadbere
eortitudinem Arighrmetiols ot Usometricis demonstrationibus asqualem (15).

Current lack of mathesatieal development surprised Desoartes; though mathe-
e

matios had ‘s strong foundations, it seemed strange that "they should have
had no loftier superstrusture reared on them (18)," Instead of bein reatly
compacted in a uniform dootrime, the rarts of mathematios seemed disordered
and of 14tkle use:

as to the analysiz of the ancisnt and the aljppbra of the moderns,

besides that they embrase oaly mattors “ighly sbatract, and, te

appearance, of no usee.esthers results an art full of confusion

53 obscuriity calculated to embarrass, instasd ol a eslonce fitted

to oultivate the mimd (17),

“hen Veacartes regarded the phllosorhy of the Scheolwmen, it was only to
ocensure their syllogistio method as

that method of philosephiting whigh others have already discovered and

thoss weapons of the sehoolme:, ~redbable syllezimme, whioh are so well
suited for disleatical ocombat (18),

(14) "Px quituy evidemter oolligitur, quere Arithmetica » Cecmetria ocasteris
diseiplinies longe certiores existant: quia soilicet hae folas oiroa objeotum ita
rurem & simplex versaztur, ut nihil pleae supponant, quod experientia reddiderit
ingertum, sed totas consistunt in econsequentiis ratiomabiliter dedusendis,” Regue

las ed Direotionem Inmrig, Yol, X, p. 368,
8) "eeorestun veritatis iter quasrentes sirea nullum objeotum debere
cosupari, de quo rom possint habere certitudinem Arithmeticis & Geometriols

demenstrationibus aequalem,” Idid,, p. 306,

(18) "..emals jo ne remarquois point enoore lsur wvray usage, & passant
qu'elles ne servolent qu'sux Arss Mechaniques, je n'estomnois de ce gque, leurs
fendepens egtang #i forme & si solides, on n'avoit rien basti dessus de plus
”1.”. Viseours de la Hethode vﬁl. VI. Pe Te

(177 ""ule, pour 1 yse des snoiens & 1'Algebre des wodernes, autre
qu'elles ne s'estendent qu'a des matieres fort abstraites, & qui me sexblent
Hfaucum usage...qu'on en a fait :m art oonfus & ohsour, qui embarasse 1'esprit,
au lisu d'wne moience qui le sultive,” Discours de la Mathode, Vel, VI, -, 17«18

(18) ".iodamnamus 1llam, quem aseter{ hactenus invenerwumt, philosorhandd
rationem, & acholasticorum, optissima dellis, vrobabilium syllogisrorum tormonta,

Berulee ad Directiomem Inpenii, Vol. X, ». 363,




6l

The logie of the sahoolmen is enly sble to sffect & status of o.inion
and probabdle knowledge; it !s concerned with empty problems o:c. {nils
to guarantee the ocertitude of truth. iclence, lettere snd leerning ‘n
reneral were prescribed by Nesosrtes, snd he found nc one sdeguetoly
equipped with truth, ne pleace where it was ta.nght an! no truth o
certain thet it ocouli not be dousted,

Fraupht with these doubts and with s;wculu:.ive dissstisfaction,
l'egsosrtes cmijeciured Lhat 4he ~rewvelent berrenness of truth and 'or-
tility of error were due to a fasulty cud confused wmet. ., He dssired
8 mode of ;srosedure ‘n ressoning thet would dissolve his -wrsonal dos.bts,
enable him to asonieve eertainty for the ;004 of menkirki, and possibly
empower hir with the reconstir.c.ion »f the entire edifice of luman
Knowiedge. ihe MeLNOG which he 'misarihed wes disolosed to him in
metheomaties (19,. It had two admirable traitss -+he simplicity and
generelity of its sxioms, end the long chein of ressoned ceduotions
enabling the mind te sdvunce from “he simple to the etmplex)p

the long okein of simple snd easy reesonings by reens of whioh

gocmeters are aceustamed to reach the aeonclusions of their most

diffioult cemoustrations, kas lod me to imegine that #ll things,

%o the koewledge of wnich man is competeat, are mutuslly oonnected
in the same WaYeeo{(20).

(19) "Powr Dessartes, la seiense est essentiellement une, phis quelle

n'est rien d'autre que 1'intelligenes su.traweil, ot qu'il n'y & 4.'me seule
de esmprendre. I} doit dons y avoir une sexle manidre, mé seule

wéthode pour. arrsn;er les domaées complexes d'wm probldme quells - u'4d soit,
ders ume thatne de reletions eir)les entre des $léwents airmlos eon dernidre
saslymee Lo relstiom fnitiale doit §tre le plus simple de toutes, efin (um
1tsspris puinse la esisir dens un seul aete, dens uno intuitiem individuslle
ot indiviebe," Thams dreswwood, “Urigines de 1a géométriesmlytique,” Nevue

Tritostrislle g%dim. 34 (1048), pe 177,
angues ehaisnes do raisons, toutes sirples-& faciles, dont
les Gegwetres ont ecustume de 89 sevoir, pour parvenir a leurs ~lus diff.

ciles demimetys tiome, mevoient donne ocansion de v'imeginmer que “nutes los
shosos, qui peuvent tomber sous lea comnoisance des hommes, s'entrasulvent
on meeme faooReee” Disocours de ls Hethode, Vol, VI, p. 190,



Mo thematics] procedure slone guarded the passage »f truth and fitted
211 types of soientiffe inquiry, since "All seiences are intersennseted
snd dependent on one anocther (21).°

We mus¢ not imazine that one ¥ind of kmowledge is morw obeeure

than snother, sinoe all inowledge is of the same kind throughout,

and conaists solely in combining what 1s self evident (22),

Desosrtes® high regard for rathematios wess not eompletely new or
originsl (23), Favorsble opimions on mathematies wers prewvalemt, end
Nescartes himself speske of his method em known te the sncients, "But
my opinion is thet these writers then with s low sort ewmning, deplersble
indeed, sup ressed this mowledge® (24). To eomprehend Desesrtes' aon~
tribution, it ‘s recesssry to understand his distinetien detween the
1itsrery forn of wrising geomstrieslly snd the gecmetries) method ite
self (28), The litersry form or presenting deetrime is quite unime
portant in itself, since it consiste

norely im putting forward those things firet that should be knowm

witheut the aid of whet comes subsequently, end arranging sll other
matters so that their predf deperds solely on whet pressdes them (26),

(21) “..osunt enim cmmes inter se vonjunetas h & se invicem
dependentes...” Regulse sd Direoctionem Ingenii, Vol, X, p. 361,

(22) “Denique ealligitur querte, ex distis, nullas rerum cognitiones
unas sliiz, ebsouriores esse putandss, eum omnes e¢jusdem sint naturse, & in
sole rerum per se notarum eompositions consistent.” 1bid., pp. ¢27-428.

(28) *Put whether or nst Desosrtes originated the high esteem im which
methemat 108 was held, it was without doubt the emeeption whish influenced
him most profoumdly im the development of his philossphy.” Leon Reth,
Spinozs, Nescertes and ¥aimonides, Oxfords Clarendon Press, 1924, p. 12,

!ii) “Hano vero postes sb ipsie Soriptoribus perniaiosa quadem astutia
supressem fuisse erederim...” Regulse ad Directionem Incemii, Vel, X, p. 376,

(28) Bee Rerry Auatrwm Wolfson, “he Philosophy of Spinosss Unfolding
the Latent Procesees of his Reasenirn:, Cembridges Harvard Universiwy Fress,
Volume ¥, Chapter I, 'ﬁm”iul “athod,® pp. BeSl,

(28) “Orde in eo tantum oonsistit, quod es, quse prima prepenuntur,
-abeque ulla sequentium ope debeant cegnosoi & relique deinde oninia ita
despomd, uwt ex praecedentibus folis demonstrentur.” Secundas iesponsicmes,
V11, pe 158,




The geometricsl method proper is distinguished into proof by
aynthesis or by analysis. RBuclid is a fine example of proef by swn-
thesis; he Begine with primary notions end comwon axioms, sets forth
proposi‘ions ard uses construetion. Eualid proceeded from effect to
cause, fram the complex to the simple. It is this method which les=
cartes discards fop proof by analysis., Thus the Certesian originelity
ley in the universsl epplication of a specifio mathematiocsl method
to o1l soientifie inquiry, the method of analysis (27).

Cartealan anslysis resscns a prior. It is a movement from cause
to effeot, from the simple to the complex. Intuition s its point
of departure (28). By annexing new materials %o the original in-
tuition, the mind employs deduction in unfolding what was germinslly
ocontained in intujition as e cause (29), Intuition is more eertain than
deduotiom, for it is simple. Intuition is its own explenstion and
justifications !t 53 a mentel ultimate which discloses irreducibdle,
simple natures, Summarily, then, by intuition the mind lays hold of
olear and distinet idess, snd supplements this sot by deduection

through whioch we understand all those things which ere coneluded

with necessity fram certsin other things whieh are certainly

knowa (30).

Descartes! speculative conception, then, of mathemmtiocs and science

in sensral, eliminstes the necessity of any mental sbstresotive proocess

(27) “Bow the charsoteristio mark of mathematicsl knowledge is,
firstly, the simplisity and generelity of the axioms with which it
starts, snd, seoondly, the long ohain of dedustions by which we pess
from the simplest truths %o the most complex. Intuition and deductionm,
then, ere the two ocemplesentary paths by whioh we may travel to the
truth, But dedustion requires s starting=point, and thus the centre
of Descartes' epsitemology is his theory of intultion.” A, Boyce Gibsenm,
Ope .‘.to. pe 1524

Regulse ad Dirsotionem Inpenii, Vol. X, pp. 388-539,
(39) Tb Ezu PPe 3G0=370,

Wosepor quam intellizimus, illud omme guod ex quibusdam aliis
esrto oomth necesssrio concluditur.” Ibid., p. 369,



theugh it foreed him te adopt a theory of immate ideas. The aslortion
of a clear and distinct idea as a beginning poiat was the first re-
quisive, This initial point was then used as an instrument in the dis-
sovery of new truths by the mind's presenting new and uninown materials
$o this metal airrer. The mind then retionalises emoh item of this
new material by making sach oonformable, ons after another, to the measure
of the intuitive ideaes From this wmilateral inference of the mind, a
series of dedustions resenbdling a neatly linked chainm of reasonings ensue
(31).Ir this wy,

passing litsla by little from one to the other, we may asquire

in time a nerfect imowledge of the whole of nhilosephy and

asoend %o the highest degres of wisdom (32),
Descartes gave a mumber of rules (33) to serve as ruides for this mental
process; o acsept only what is clear and diltimt (1ntuition); to separste
sach difficulty into all its compounemt parts (analysis); to bogin with the
simplest and easisst and proceed to the unknown and complex (dstuction)y
to be complete and amit mothing (hypothetisal industion), The ado:tion

of this method, Dsssartes believed, would perfeos the hadi$ of liscovery,

since
of a1l those who have hitherto sought truth in the sciencos, the mathee
mtiolans alone have heen able 3¢ find sny demonstrations, that is, any
certain ond evident ressons, I Jid not doubt that such mugt have been the
rule of their demomstratvious (34),

3% Ta verite, Yol K, pp. 49€-497.

3
10 (32) As queted {n Leon Roth, Spinoam, Deseartes & Maimonjdes, Oxtord,
the Olatvendon Press, 1984, p. 15§ sec Chapter I of Hoth's work for a fine
Seamaryy of Desoartes’ method, The beok aleo aontaine a shors but fine study
of the welations bLetwean NDencarXtes and 3Spinoza,

E“) D sooury de ls ode v°l. ‘VI. PP 1"1’.
34) Veook conslde qu'ontre tous ceux qui ont oy devant recherche la

vorite dana les solenses, 1l n'y a eu que les seuls Mathematicions quil ont pu

trouver quelques demomstrations, c'sat a dire quelques ralsons certuines & evid
tes, e ne douteis point que o8 ne fust par 102 msures qu'ils ont omnmon...g!

Digoours 4e la Mhﬁd., '01. “, Pe 1%,



Descartes employed this method to all the scienass (36), Ia its
application 3¢ metaphysios, his procedure and results are well known,
He found himself foreed te doubt anything that could be subjeot to doubt,
The testimony of the external and intermal senses, of the ;rinoiples of
ressoning, end speoifically the existouos of God, the oxternal self and
mathematisal truths (whose rethod hs retained), were imcluded. Through
this progressive withdrawal from all existencs and evidenee, nothing was
left dut his doudting, thinking self: Cogite, erge sup arose as a clesr
and distinet intwition (36), The new -aterials which he found withim the
tShinkiny self -« God, the world, his body -= were permitted to emter the
domaim of reality and intslligibility orly by being made eonformeble %o
the basic intuition (37), Descarses’ chaim of reasoning has degun: the
thinking self has en idea of Uod whieh omly Jod could have placed there;
God exists. God's veracity would mot permit the thiaking self te be dee

seived with regard to the impressions of an externsl world; the external

(i8] "The mathermaticsl imterpretation of nature imwolves, iz the first
plasse, the application o’ general numerioal relations to “ifures in space,
whieh resulted in Jsssartes' omm discovery of analytical reemetry; in the
second, the a-~lication of rathexmtical analysis as a whole to the study of
roving bodies, as ;rasticed (though not entirely ¢o Descartes’ satisfectiom),
by Galileo; and, in the third, the reduction to meohanical formulae of =ll
physiologleal phemomens, inoluding *he instinotive resctions of snimalsy
whieh apneared to bde ‘ndieated hHy Narvey's new theory of the cireulation
of the bdleod,” A, Bovee Gibson, gp_. gg,.. Pe 187,

(36) “Thus it s Desoartes’ nathematioiem which leads te his psyoho-
logiom, Mo posits the self for determination just ss the geometer posits
spaces and miscomeeiving the fashion in which we find its proparties in a
triangle, ke makes what is in fact an empirical enumoration % the modes
of thinking substance.” Marthinus Versfeld, An Fssay on the Metephysios
of Dossartes, lLondent Methusm and Co., 1940, n. 86,

deoretart 1'universalite de la methode mathematique, i1 a fait
w osup de foree. Un avait toujeurs su avent 1ni quo’ln omg:smn mathe-
t lus gertal de tous, parge qu . '
:.onéi‘::. lmg’;u “l.: de gos’;: . a ‘og a 3 lxl'.togg:t ;: o:l:r nax‘:nm
vaissances sutres mathematiques, ous Jong, du point de vue de 1la ghi-.

losophie medievale, le¢ role Ae 1'indisoiplinatus, celul qui me® 2 n roint d'tone
neur a chercher dans n'importe ﬁmﬂﬁ‘ﬂ'ﬂﬁ%m dogre de certitude qu'elle

ne comporte pas, B'um mot, {1 ne comnait plue 4'inte iaire eatre le vrai
ot le faux; o'est 1'elimination radicale du -robable,” Ftienme Gilson, ope cit,,

iPe 234~238,




werld sxists,

The tdeslistic mmthematicimm whieh Dessaries founded wreaked a
retreastive revence on 1%z auther and his successorsy In retum for
the denial of rre-ssientifio ‘mowledge and the preper views of abstrastive
precessss other than “he mathemmtionl, iisestroua speoculative resul's
followed (38), Ths Cartesism sotenoe lost sight of the analogy of beingg
the existense of Cod was subjected t.c doubts and denislsy the world of
nsture, denuded of qualities, was eguated to extension, thus severing
the “elieate suture of matter to apirit and sauffing ot the slichtest
bi% of 1ife im plant, animal and hman hodies. Descartes' exagperated
dualism is evidemt in the metaphysicel antithesis of matter and apirit,
the psyehological dighotemy of hody and soul, the epistemoloxiecal dis-
Junction of thought and objest (39),

The fallure of Usscartes’ mathamaticism was rescgnised by his
successors (40), He hai, however, !uocn‘nfully turned the iirectiom
of non=sghalastie philosophisal thought onte a read that it has since
travelledt the spulation and imitation of rathematios and soience, o

distruss of metaphysice and a iislike 7or theology (41)., Desoartes'

(38) “Deseartes commence en offet par sliminer toute qualite et
touse forme du domaine de la rmature; or la negation radiesle de la qualite,
e'eat la negation radicale de 1'analogie entre le matariel et 1'intelligidle,
ot acmse 1'analorie etait ls methiode soclastigue ~ar exesllense pour allep
du mord a Dieu, aetts vole traditionelle se ferwe devant Dencartes, Aveq
sa renstration coutumiere, il 1’a diem wu, ot 11 1'a 41% avec franchise,”

jyg.ba 268,

R Narthinus Versfeld, ope cite, Che XI "Conoluding “emarks,” np,
148-170,

(40) Spimess and Leibnis, avong others, peinted this cut, "So the
raticsalisn of Jessartes results in cempiete sceptieimms.. Usscartes’ ve
insistase on She fast of the individual pessession of truths has led him
to the expltisid denial of wniversal truthe In so far Yhen as he was in assarch
of, and believed hinmelf to neave found a logic which should help in the dige
sovery of, snd yprevids & theory for, truth, he must bs proclaimed to have

f‘“ e s PPe BE-39, ¥

""-’5%:2) sn‘m'w study of Des Brienne
o Pa of Desgurtes ;| i
o loasonhios) ars Two, v H1sam, m




iomediate end subsequent suscessors did not attempt to recast philose-
phisal speeulasien but remained in the Cartesian tradisiom (42). Even
those vhe epposed his thought and method fell under his influemce and
developed Cystoms of raviomalism, empirioism, pentheism, weshanism end
scepticiom,

11, Spinesa

Twe of Dessartes' Lmmdiste foliowers, Geulimex und Welsbremshe,
developed the senclusiens latent ia his ssparwtiom of wmind from matter and
in his netdon of Oed. Spinses (1632-1677 ) was epparently eppessd te
Desoartes i erinicised his dostrimes (43), Yoo hie pantheism is direstly

Lo \
based on Dessirtes® noticm of substanee and on the adoptiem of the Cartesian /

'

e

method, The wery title 'm'- prineipal work, Fthies Ordimy Gecmetrise
Bamonstraty (44)," 18 an eohe of Cartesiin mathematicism, Am ethical motive
prompted Spinesa %o writs; he sought for she kmowledge that weuld make mem
hapry, By Seavhing wem to Yok upea things in sush wise that Shey would be

led % grent woral perfestion, % hoped to lead them to etermal dlessedness,

S0 the Wnowledge of the "Summom Domm,..sopnitionem unionis, quam mens cum tota
Naturs habet (48)." The passage of the mind to this state is a hardy one.

%o 'vast go from the mmital condition 49 were rerception and imadoquate ex-
periense to the state of ratiomal Imowledge with its adequate ideas; only

frem here car wo Yo led to the final phase where mam attains the intellectual

love of 9od (48),

~143) Joseph Varechaly ape 8i%s, Dpe 83~84, Mareshal suwmarises the different
sstiartns whieh students of Dessartes' philosephy have made of his predaminant
eharvoteri some regarding him primarily as a physicist and mathenatician,
™ ian or en apologete,
Q)A‘%ﬂmm influsnces on Spimesa {s foumd im Jeseph Mareedn

= ,fm’ . ino talan the following edi d
' a a rom the fo tions
;3 11 oMy 4 e : ?}orgv ‘uotquot leperta ﬂgj *
3 rtias, ﬁtm Com KpUd et ; .
3“ afySadus el leet _andetione, Vele 1, pe 6.
48) 1 A




To schieve this goal both for himself and cthers, seemsd to Spinosa
an imposaidle tosk, Nistory revenled the many attempts men have made in
this regard, and their tragie fallures (47), Spinosa surwieed that a
faulty wathed was responsidle, and he searched for an impersonal and
eertain vrecedure wh'sh wauld yet allow the freedom of unrre judiced
inquiry, This method he found in Nsscartes, DPistimpuishing himself frem
Descartes, Soinogsa comnlained that Descartes had erred in using this method,

He had, first of 21}, treated God as an asylum ignorantiag.

Sed 11le ¥entem a Cormore adee distinctam conceperat, ut nec ufus
uwnionis, neo ipsius lantis ullam singularem ceuses sssignare potusrit,
sed necesse ipsi fuerit, ad causam totius Universi, hoe evt ad Dem,
reourrere (48).
Deseartes had likewise maimtained the freedom o/ the will, 3pincsza
emphatigally rejected Soth propositions, dissosiating hinmself from Cartesiae
aisn as much as possible, bHut adopiing the mathematical aswthod,
The Pripeipia Thilosophias Cartesisnas, a work {n which Spinosa reeasts

Desoarbes' frincipia Thilosephigs ik synthetic form, contains an imeresting

prefase by Meyer. It was writtem at Upinesa's request and spproved by hin (49),
In hie prefeces, Myyer sulogises the wmathemntieal wethod as deing "tutiui—fq'-"ir
veritatis indagandas atque dooendi viam, ommibus, qui supra vulrus sapere volums,
wnanimis est sententia (60)." Ee laweuts the fact that other veiences have

not heem treated mathemmtisally, " r wuét people judge it as merely appliocadle

a"‘ma
> o mathematies, - - e e

(47) Bthiaa, ¥, Fracf., pe 347,
(68) Memati Dss Cartes 'rincipiorum "hlosophime, 'wrs I et II, Praef.,
pPe 103,

{42) Leon Soth, op, 0it., nn. 40«81,
(s0) Imid,, ps N oy




This has ecsused wmoertein and umoclear demonstretiocna in these soiemees,
» e
Descarses, disseruing the miserabdle plight of phileseply,
nova lNethodus e Senedris in luoem protrawerat, Philosophiae
tundananta ineoncussa eruif...Tuidbus plurimas veritates ordine
a0 certitudifie Mathematiea superstrui posso (Bl1).
Neyer tham desorides the Cartesian method of amalysis oand oontrasts it
with synthesis, Spinssa‘’s puwrpese in presenting Descartes iringipis in
synthetie ferm is ta elarify she destrine for thoss of meagre talent,
Noysr then rentions, sigeificamtly, sthas Spimcsa's treatnent does nct
follew Desoartes sompletely, nor éoes 1% imply that Spimosa aceepts sll
that follews. In fast, Meyer stresses the faot thas Spinonn rejects the
Cartesion doghrine of fina)l ssusality, snd freedom of the will, and that
there are some things which surpass the capacity of humen rsason, Spinmose
Judieat enim ista omnia, o etiam plura illa maris sublimia abque
sudtilia, non tagrtum clare ot distinede a nobis eomeipi, sed etiom
commedissime explisari posse, si modo humerus intellectus slia via,
quam quae & Jartesie aperta atque strata ost, in veritatis invessi-
gationem rermmqus cognitionem dedusatur; atque ideo scientarum fune
danente & Gartesie srute, et quae ab ipeo readifisstn sunt, non
sufficere ad cames as difieillimas, quas in yeleis scourrums,
snandendul stque solvendss, sed e requird, si ad 111wd
csognitionis fastigiwm intellestum nostrum cupimus evehors (52),
Spinesa’s use of the mathematical wethod is impressive, Begimming with
the intuitive definition and notion of substance in theXthigs, he deduses
the real erder, Spinosa's mathemnticisn differs frem that of Descartes’
in roimt of departure, and by the rigorous correspondence of the resl to

the mathematieally ideal (83), Regardingthe naturs of God, Spincsa writes,

?‘; s Po 1043

(8!) o P 108,

63) . Pare 11, “rop, Vil; see also John Caird
Edingthogh ay M1TTen iactwosd & Sons. 088, po NETTEL



Verum ego ne satis olare ostendisse puto, a summ i pouentie,
sive infinite matum infinita infinitis modis, hoo est, cania
nedessario offluxise, vel semper csdem necessitate sequi; eodem
M40 ag ox natura trianguli ab asterme in sstermm sequitur,
eius tres emmilos asquari ducdus rectis (54).

Weeh regard to “is geometrieal treatment of the nature, astiens end

emotions of man, Spinosa remarks
Mg sire dublo sirum videbitur, quod homimmm vitis et ineptias
mere Geonetirise Srastare agsrediar, et certs ratione lemonstrare
velin ea, quae ratieni » quaeque vana, absurda, et
horrenda ease clamitant (88),
Spisosa replies that einoe only necesaity snd determination exist im natyre,
the geametrieal treatment is walidy
De affestwm itaque mature et viriws, ao Nentis in ossdem jo’ = tia,
eaden Yothodo agam, qua in prashiest de Jeo et Yante egl, ot
Tamanas sotiones atque appetitug considarabo parinde, ac si guaestio
1inei# planis, aut de sorporidus esset (36),

Spimosa 414 not conssrn hirself with the nature of mathemstios, He was
merely interested (n ite dedudtive ewrduinty or! exectness, His phlloseplky
Wb but ~ure methewmtioism (97),

Spinean‘'s dovelepment of Descartes' phrilosophy was not adopted by sube
sequent thinkers, OCartesionium, (rvmtend, adopted three major foree, One
rroap of thinkers, of vhom Leidnis is moet prominems, emphosiged the idvalistio
aspe® in Densurtes; sncther, typified by la Metbrie and the Preneh philesophes,
mdnd towards mecherism dnd meterialimm; the thisd, the 3ritish scheol,
Joveloped a prencmved enpirfoism, - A1l thres schosls are alike in Sheir adepviomum

of sems fumdsmiatal positions eor teneis of Carvesian philosephy,

‘72 (84) Mniea, I, ( e XVIT), Sehol . 53,
ug mm.xf "n'Z.:..p. oy P

:g Mm Wm. 113% I'QI“@,WM & etromg
lﬂi.' Bpinese's mathesmtioionm, See Uhnpter i1, rioal Method,”.
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Leidnis (1848-1718) 18 often oalle’ the last universal penius, Mtm
His countless references t¢ auclemt, modiewval rn! contemporrry thinkers
{11ustrate his wide learning and capaoity for Jetail (58), They likewise
revesl his basic trait and tendemoy: to nomrromise and synthwtise, to
remove individual iifferences, - harmonize s eculative oprosition in his
own "centre de perspective (59)."

Leibnis was fully appreeiative of these nummrous influencea, FKis
scquaintanse with Aristotle, ‘lato and *he Soholastios made him desire
to eombime their doctrines with the moderns (6C), He was familiar with
the dootrines of Praneis Baocon, Hobhee, Galileo, Descartes, Ipinosa,

Malebranshe and contemiorary philesovhers and scientists (61 )o Owing

(sag Josezh %roohd, OBe 2ite, Ppe 184=181,
(59 consideration 4o cu systeme falt voir aussi ques lorsqu'on

entre dans le fonds des ahoses, on remarque plus de le raison qu'on ne
oroyait dans le plupart des sestes des ;hilesophes. Le peu de realite
subetantielle dos choses zonsidles des Sesptiques; la redustion de toud
aux harronies cub nowbres, idees ot perceptions dee :ytharoristes et
Tatoriclens; 1'm et mome un tout, de Parmenide et de 'lotin, sans auvewm
Spinogisme; la commexion Stelolenns, compatible avec la spentansite des
sutres; le l.ilesophie vitale des Cabalistes ot Hermetiques, qui mettent
du sentinemt par tout; les formes et tmtelechies d'Aristete ot des Sgo=
lastiques, ot ospendant 1'explisaticn mesanique de tous les phenomenes
particuliers selon Demcorite et les 'odernes, eta,, 8¢ trouvent reunies
coume dans '‘m eentre de perspective, d'sul 1'obiet (omdrouille on le ree
gardant de out autrs endroit) fait volir sa repularite ct le gonvenanee
de ses parties,” lettre a Besmage, “rdmann, pp. 158=154., Similar passares
oscur throughout Leibnis's works; cf. Nouveaux Tssais, 3k, I, Ch, I,
zl’m. Po 2085,

(#0) "J'ai teujours sts fort conteat, mems dans ma jousness de la Norale
de Platon, ot encore en quelque fagon de sa lbtxhr et aussi ces Jdeux soienset
vont~slles de comparnie, comme la Nethemmsique " ique, 34 quelgqutun
reduisoit Flaton en s 11 remdrald un prand service au gonre rm-h. ot
1'on verroit 'en approche un peu,” Fxtrait d'ime latire a lr nd de

r8, 171 0 ﬁl‘m. Pe 728, 1!1 the mm%-—

0 sune garacon, les Feudians de mon age chantolent: lwmms Ar!.tog.),...
lnto(ot)&:lrig d:l‘ u:ii«mt in pr:Wun." 1 o Do 728,

&l bnis’s ° was the a to re ways
loo! at things, thg mmand the rodern, the ﬁhcolzgg;::g‘:: =t:?m muh:xiiul
the re }{ioul and the seientifie, He desired to pive all rorsible scone te
soientific research, all gmnlbh breadth to knmtfodg: bt not legs 4id he wish
%o give all possible depth end reality to relirious fiof"." John Theodore MNers,
Leibnig, Kew York: Hacker ?’roup,uiua.




%0 Deseardes ! influential pesition, Leibais was prempted $o make clear
his ewa pesitien by eentrast %o the Cartesiemse Leidaia pronocuneed many
antieCartosian sentinants. (6R), Maintainiag that "in Cartesic ejus
wethodi Santum prepositum temee (83)," he nroposed a dynamist view of
nature, reimgtated: final eausslisy and improved Dessartes’ muthsmatics as
ovidenss .of his oppesition to the. Cartesians, iut his ambitiva to determine
She simple elements of thoughty his Sheory of innate idead, sxd his mathe-
mbieisn plesed Ain in she Usrbesiam traditien,

leftais'e notion of & universa) oharseteristic and his metaphysical
dootrine are twe aspoots which demorstrate the influence of amathemmtios

on his thoughh (84). The first of these prapossd an ultimate ijentification

n) Y u_:qlo."!“'. *I1 w'arriva un jour de dire, que le Carte-
sianitime ¢ 8¢ qu'il°a e bon n'etelt que 1%antiechambre fe la veritadble
philesophie,” Lettte & un smi sur le¢ Cartesisniswe, 1698, Frdwmnn, p, 123,

(a3 171, 1cés,

Thomas i Erdrenn, oD. »
nfToowbe of oat Soon Loibnts's Ahought' oon g P

Le 1 The ¥enaiolog 3 other “hilosophicnl ¥ritings, translated with
rodustion an tozxﬁhﬂ Latts, g%ndms Wfﬁe; Cumberlege, 18483 see

Latta's lntroduction, especislly ppe 74«86, A sinilar study ls prefixed

to G.=¥, leitnig: Couvres Uhoisies, aves prefacs, notes, tadle par questions

ot tadle deg noms propres, par i, ‘renant, Faris: Libratris Oarnier Preres,

nedes 800 the editor's prefacs to the selestions from Leibnig, An older,

put still valuable work is %&%‘b The 'hilosophical VYorks of, Comprisimg

the Monadolopy, Wew m ) ure, Principles of Xature end of Crace,

Totters tc Llarve, ‘efutat of Bpinosa, and hie othor imnertant rhilesonhieal

opustuion, together with the Abridrement of the 'lLeodicy smd  xtracts from Lhe

Koy pg hmap Upderstanding, Trenslated from the oripinal latin snd french
'\H%ﬁ mif. % Ueorss artin Dwnasn, Now Daven: Tuttle, Ygrohouse & Taylor, 1820,
RAeferenses to Laibnis are taken from the above thres worke, “ut principnlly from

Ood, Ouil, Leibmititic Oneya Philossphios Quas %@t. lating Gul)ioa Jsrmanics
An, +dite recosnivit ¢ temporum rationibus 2ispasite plurius ineditls suxit

ctions eritiss atqwe indioibme, instruxit Joannes Fduardus Erdmamm,.Pars
Prisr. ot Fars Altera, Derelini: Sumtibus O, Tiohleri, 1239,
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of abstractive thinkinmg with his symbolie logie (68). This idea was seen
to be imnracticable and was Sentatively laid astide. In the wetaphysics,
which represents his mature Shimking, the notion of a universal mathematiocal
science played a Tormative pars,

The ambition to unify all krowledge by a miversal logic pussessed
Leibnis at the early age of sighteen, when it had been stimulated by the
work of Raymond Lulle and others (86), who, he arrits were his predecessors
in this invention, He aimed to oonstrus an "alphabet of human thoughts.”
What the Italian mathematicien, Vieta, had done for Algebre, he hoped to do
for all the sciences,

81 daretur vel lingua quaedam exsote (qualem quidem Adamicam vocant),

vel salten rpenve serivturas vere ;hilosephicas, qua notiones revo-

carentur ad Alphabethum gquoddam cogitationum humanarum, ommia, quee
ex datis rations assequi, Inveniri vossent quedam genere oalouli

perinde sc resclvuntur problemata aritimstica aut geomstrica (67),

leibnis's ides of this Combinstory Art, Imiversal Characteristis,
Universal l‘nguago,or iniversal Mathematics was Sased on the notion that all
goncepn are themselves simple or reducible to a small number of simnle
ooncepts, If the simple oconcepts are desipgnated by appropriate symbols,
they oan be eombined into composite conoepts with the laws of arithmetics
Susmarily, them, ths logical algedbra aimed to replace concepts by symbols

asd their combinations, rrepositions by the relations betweer symdols,

(68) "Reumir tous les hommes on une faxille qui ait la meme sclenge,
la meme langwe: el a ete le but que leidnit s'est proposs, Ostte reol¥jfim
At etre le christianisme; et cette langue, la caracterisique universelle,®
Clodius Plat, leibnis, Paris: Pelix Aloan, !MU. Pe l¢ See also Louts
Couturat, la logi de Leibnis d'aprg¢a des docwments inedits, Faris:

Polix Alemn, 1901; a ol T«u,‘% survey of Symbolle Logic 3erkeley:
University of California Froes, 1918, o, S-hS.

(68) Yor a study of these sources, see Joseph Iwanicki, Leidbnis et les
deronstrations mathematiques deo 1'existence de Dieu, Strasbourg: Libdbreirfe
Universitaire 1'Alsace, 1983, »p, 107110,

“(67) De Seiemtis Universali seu Caloule "hilosophico, ¥rdmanm, op, gits,
Pe N
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and thus substitute caloulation for reasoning, Leidais ventured this
fagetious remark as to future human argumemntatiom,

Que fastod, quando orientur controveraise, non magls iisputations

opus orit imter &:os philosorhes, quam inter duos comrutistas,

Sufficiet enim, calamos in manus sumere, sederequo ad abacos,

ot 5ibi mutuo (aecito si rlacet amico) diceret asloulemus (8e),
Besides eliminating barrem srgumentation, the ocombinatory art wes to
insure tnventiveness in science and even permit a demonstration of God's
existenoe with the certituds of mathematicsa,

leimiz saw that twe requiremente were necessary %o achiove this com-
biastery art: an snsyolopedia as an inventery of all human knowledre and a
universal charapteristioc or system of sirns represemting the concepts and
the legitimate mmmers of cowbinetion, Mealisinmg that the 1dea of an in-
vextory of lman thoughts was & vast undertakine and not the work of a man
or a gemovation, lLeidmis began to carry 4+ the scheme himself and sought
eellaberstors for the prefest, Mo even authorised a plan for a socliety
which would werk on the Ensyslopedia, to b= aslled "6rdre de la Charite,”
Cl’“lothill ""1"““"’" vel imoris Divini," Onee the encyelepedia had
berun to take shepe, the: sywbelism and its avnlieation would be s relatively
sasy task, The eholce of signs and t“elr signification would be extremely
importants They should be shosen for their nsefulness in signifying and as an
aid to reasoning, leibnis propesed that the symbolimm possess the suprlensas
and generslidy of his own motation of the d4iffersntial saloulus, thus obtaining
oontrolladle certitude and aveiding ocoriroversies,

(88) Ivid,, pe 84e
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Two iifficulties, net sudbject to the comhinatory art, faoed
lLethmig, The one was the imnrasticability of the scheme; ‘e was umadle
to oA a suffieient nuwher of people to earry nut the wsrk entailed in the
enevelopedia, The other was that "eee oarecteres rresurroseroiemt ls ve=
ritable ~hilosovhie, ot oo n'cet Qe rresenteremt que i'oserois entrepreamdre
ie les Pabriquer (89)," Agoordinrly, thourh ke Yent the rreject in mind,
Lotdnis turred his affords to speculative thourht and towards harmemising
reliricus and pelitical efforts (70),

leivnig's mmerous ~hiloscphical spesulations can be centered, in a
partial synthesis, adout his dootrine of substarse., Deseartes had imputed
reality to twe oprosed substances, natter and sririt, which Spinosa had re-
duced S0 a ranthelist wmmity, DNezcartes' ‘nterrretation ef matter as con-
tinuoune, {nert, mevmetrical cxtension canedle of infinite divisibility,
was cpvosed by the e'omist conoention of matter as discrete, active,
arithmeticel extension, ultimmtely indivisidle, Leibnis soored hoth
theories on Yhelr reduotion of substance o uantity and the climination
~f quality, Quantity alone docs not differentiate; mers sxtension has
ne reaningy there rust de somethin~ extended (71),

The 4ifferentiating charmoter £ Leibniz's substance lay ir the selfe

active mrnad (72). These ultimate metaphystioal ‘m’%s, monads, were real

68) As quoted in Joseph Mareshal, op, cit., p. 1€6,

70) Barold Ry Zmars op, g}_ﬁ.' Chapter Twn, 'lelbnis's Locio,” pp. 12«88,

71) "Ceux qui veulent que 1'entendue -eme solt une substance, renversent
1'ordre des parulés sussi-dien que des pensees. Outre 1'entendus i1 faut avoir
un sujet qui soit etendu, c'est-a-iire, ‘me subetance a laquelle il appartienne
d'etre repetes our continues, Car 1'-~tendue ne aisnifle jqu'une revretition ou
waltiplicite continues de ce qui est repandu; \me pluralite, continuite, et coe
existende des nartlies: ot ar oconsequent clle ne suffit point pour expliquer la
nature meme de la sudgtsnce rerandue ou repstee, 4ont la notion ezt anterieuvre

a oslle de se repssition,” ixtrait 4'une lettre, 2 Pe 114e

(72) Leibnis's dootrine on monads is synthetised in La Moneiologle. Frdmenn
Ppe T08-711, la Yonadoloris, written im 1714, two yeurs before his death, cone ‘
tains a condensed statemant of his philosephy, In Systeme Fouveau de 1a Rnture,

(Ffrdntm, PPe 124=128), Leidbnisz ~ives & nerz rel socount of how o was 1eod
to his theory on the naure and communisation o roneds,
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like the atom of rhysies but inextended 1ike the mathematiscal roint (73);
they were {wmaterial in essence vet material in the semse that they rmade
ur an extended bedy (74), Since they were sssentially self-active and
sctivity has r~ rerts, the monads were indestr.ctible, .urtherr-re, gince
nothing can affeot nure setivity, the monads 0~.14 only rhanre from withing
they wore fmmrtedle ab extra (76), ¥o twe monads were alile, hut emch
rossessed nrover intividuality, The selfwsativity of each monad cone
sisted in the constent mirroring, representins ani raeflecting of the
entire monadic 'miverse in varyiny degrees of continuous nerfeotion (76),
They were *~ “e looked uncn as mirrorins, in mioroscopio fushiom, the
macrogeopie universe,

This eaetivity rave qualitative snecification to each monad, WFithin
the moned itself, Aosire and nereeption were distinsuished (77), Deaire
wag the self.active tendensy of the moned as & part of a whole to realise
itse1fy percention was its vassive mirrering ~# the universe, XNom-living
matter - Bare —orads «- had ‘maeonseious perception and wers impulse ar
4egirey plands and animals had conseious ~croeptimm with instinct as dcoire;
nen had gelfecomsoi-m rereeption (apgapoertion) and will as desire (78),

Leidnis comelitered Yiving hoties as commcred of a central monad «~ a zoul

Aslorie, n, 8, Yrdmarn, p, 705,

(75) Tvid, =n. 73 ses also 3ertrand fumsell, A Critiocal Sxposition of the
Philos of Leibris, Oawdridger The University Freas, 1900, p. 4f,

In; ia lLonadologle, n, 56«82, Frdimamnm, r, 700=710,

(r7) Xold., . 1&‘-‘!‘, Pe T08-707,

(718) "Lafe la connoissance des verites necessalres et eternclles st ce qui
nous distingus des zimples animmux et nous faitavoir la Raison et les sciences, e
nous elavant s la oonmoissance de nous reomes et de Dieur, "t c'est ce qu'on
appelle en nous ame raissonable ou Esprit,” Ibid., n. 29, Erdmann, p, 707,"The
necessary and eternal truths are the first prmpl“ of all rational knowledge,
They sre innate in us, They are, in faet, the very principles of our naturs,
as of the universe, besause it is of our ossence to represent the whole universe,
Thiz consoiocusmess or Jmowledge of these truths 1a kmowledge of ourselves, and
it 1 ot the same time knowledge of Uod, who 18 the final resson of all thin-s,"

Robert Latta, Leibnis The Monadolagy and ather Philosophieal firitings, Oxford;
The Clarendon Press, 1898, pp. 253-234,




or enteleshy -~ surrewnded hy nom-living moneds which were subjeet to it,
In thie way Leidnis preposed hAls selution of Jescartes' .roblem of matter
and spirdt,

The umiverse was eompssed of an infimity of sush wenads., Mith the law
of indigsesrnibles, iLeibnis held shat no ¥wo mcnads are alike; there were
no 4duplications and superfluities im nmature, The law of analogy prevented
contradietions and eontraries in nature by viewing 2ll momads as iifferiny
uot in kind, but merely ia degres. Jy the isw of contimuity, the momads
could be seen as an infimivte geries of terrs '‘noreasing im verfestion from
the least perfeot ~unad to *he limis of God, the rerfesct momad (78), Sinece
there wasigm infinivy of monads, nc new rnes were sdded nor taken sway by
deeth (80). All wemads were oreated at the begimming of time and will norish
torether at tine's end, Ueneration and serruption were wmerely other terms for
the ceaseless evolution and invelwtion of monads, Fimally, by his principles
of pre-established harmony end cosmologioal optimism, Leidbsis considered the
monadic universe es the best possible whigh God could have oreated, and in
whioh all She inner menadic echanges have boen harmeniously pree=sstablished and
work constantly fer the bess,

With the aid of these ultimate units, Leibmis's two chilesephies (51)
present & somowhat cohersnt systeme Fssentially logieal, idealist and mathe-

matioal in his genersl outlook, leibniz based his philosophy on the a.loptiom

ey
b~

79) BExtreit d'une lett au.;._rma, i rdmann, ppe 104=108,
00; Mﬂ. o UrimeEn, p. 711,
a nis'e sa vhilossphieal thought was definitely formed by 1670

when he_ sent n.;:‘%&qgﬂmmto Arnauld, Eis latter -hilosophy ‘s the
loginsl dewelo of she netiom ef substance. Sf, Bertrand Russell, A Histo

of Wewtorn "hile Bew York:s Simem amd Zchuster, 1948, Chapter XI, Lelbmis,

7p. 581-698, Our retanding of Laidnis's thoupht stems from the efforts of

Ruesell's and Couturat's werks, cited adove,
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of mathematioal meshed and two prinsiples, contradiction and auffieient
reason (82). In weth-d he 'issinruished analisis rrom synthesis, The
notion of amalysis was not merely hreaking ‘om s complex ~hule inte its
eomponent narva; analysis included the abstractive reluction of these
parte (in which process leidniz's mathematics prevents him from seeing
that he thus destroys the identity of these parts) %o a olenr {dea or

a orinoiple, In syntheais the rrocess is reversed: the moverment is from
the simple to the composite, HRis monsdology had already :ndieated ::is
prooedure, while his theory of s ':niversel science i1llustrates “his methed
wore strikingly,

By his nomadolory, lei'miz was able to sliminate Jescartes' :a'ical
dualiem f ratter and s-irit with its corseqient inle andence © selfe
oorseiocusness, Thourgh the mind !s an individual, indepenient substance, ¢ts
menedic nature qualifies it as rne of an ‘nlinite number of substances, to
which it {3 alike and all ¢f which it r flecte, Human self=-consclousness,
a mere perfectly develcpod degres of - erce:tion, is duwe to .hen preater
slarity and distinstiorn of the idsas which it subjects to analysis, These
ideas are immate and are the ultimete principles of all knowledge (#3),

But leibnis 4did not consider all idicas :r - .wiedve a8 inna-e, The

method of analysis had to be a-~lied to prepositions in order to make them

(s2) “"™wbous utor in demonstrando principiis, quorum unum est: falsum
asse quod implicat eomtradiotionem; alterum est: omnis veritatis (quas lsswdista
sive {dontica ron est) reddi posse rationem; hoc ¢st, notionem prasdiesti semper
notioni sul suddect! vel oxpresse vel implioite inesse, idque nop minus in
denomimationibus extrinsecis -uam Intrinsecin, non rinum in veritatidbus cone
tinrentidus quas nmecessariis lcoum haders,.” QE Scientia iniversali sau le

Caloulo ingd co, Erdwamm, p, 83, Ca la ¥onedolegie, n. 3133, Frdmwm,
pe Y07, 56 e ¥ntura ot Usu Selontlae (enerslis, ' rdmamn, pp. P-RE,

(e3) & ux kseais, 3k, I, Chanitre 1, "8'1]1 y o des Prizoipes inesce
dans l'equ% 50 !'m,l Updmarm, pre t04-118,
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elearly intclligible, Analysis was the reduction cf all true propozitions
to identioal onos (84), True propositions which !¢ not ,rodigats tie rote
of existing at a particular time are rrcessary ux! analytio, thegse whieh
predicate partigular existence ars “rntimrert and synthetis, The first tyre
of prepositions, called :ruths of -easoring, yleld necessary truths; whil.
the second, termed truths of fact, “eal with contingent truths. Leibnis
proposed the goal of human knowleige as the reduction of even -ortingent
truths to idemtiocal rropositions (85),

Since a propositiom corsists of a subjeot and a predioate, its redustion
%0 idertity regquired that all ;redicates were to re reducible to “he s.bject of
which they were rro.iicated, This wuld be tantsmount to “emcmatrating that
all the requisites of en ef vot were comprised within i.s cause. This re~
luotion, for the triuths of reasoning, lay in the mind (tself, The re‘uetion
was to he effegted by aid . ‘he rrinpiple sf comtrudiction (or 1ientity, or
paaolbi’lty) {r. virtue of » igh that wes faulse which contalned a contreliction
and that true which was contradiotsry to the {else, rimitive truths of
reagoning were the i{denticel rropositions rhemselves; derivative were nll
others -- axioms, rontulates, relations - which were to e reduged to the
rrizitive with the ;rinsinlep of ecniradiction (88), All ihese Lruths were

&t least virtually irmate within us,

(84) Bertrand dussell, op, Pe 4¢ ussell lists five primeipal
premisses of Leibnis's philooophyn i .very proposition has a subjeet and

a predisate, II, A sudjest may mave predicates whieh ure qualities existing
ut varisus timese (Such a subject is called a suhstance,) !I1, True propoe
sitions not asgorting existenes at yarticular times are neoessary and analytio,
but sudh as assert existemse at -arttouler timeos are contingent and synthetio,
The 1atter depend upon final causes, IV, The 'y~ 1g s substanee, V, Perception

Z;ozga knoglod;. of an extermal world, i.e,, of oxistents ~'her “ban ~vself and

Oi 1 49,
r1 une propositiom necessaire 48t celle dont le contraire ine
pli oontrudict te! ¢ #st toute proposition identique su Aderivee regcluble

smcntrer n' t rag autre chose que rescuire les
ien ot subgtituer au torme iafini sa def{nition ~u me de se
particl pour gag.r uns sort A'equation, ¢ cat a iire la coinclience :lu ;rellsat

avee le sujet dens une proposition reciproque.” Jo la Libaorte, “renant, p. 288,

gur g’qaﬁt’ et t.k" Mﬂt é" v.ri%' .On 0 ﬂ?ﬂll. negoes i Los HE tnl Jgiqua\'
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Leidnis held that only God has a prior ant adeguate kmowledge of
the other olass of judgmenta, those concornsd with oontingent matters,
termed truths of faot (87), All thess juirments invelved an atsrivution
of rresent existense to a subject, Cur krowledge of those aross from our
passive mirrorinr of the 'niverse -7 wonadie oxistence, Leibnis set up
the redustion of truths of fast t~ ‘dertios)l sropositions es his ideal
aim; this implided tha: all the sxistential -redicates which rave eor can
over Se sttributed to an Individual -- for example, to Aloxander the Ureat =-
belong nscessarily to him and make up his"notion” (88). It is this in-
finity of infinite monadio relations rrd eomplexities that “od cnly lnmows,
for sach substance “as infinite number :I rossidle rreiicates and is an ine
finity of individualisy (88), XNen's minds were limited and thus unable
properly to mirror this infinity whioh oomes tc ‘s through our passive
experienses, We cnly Ymow these truths with confused perveption; they are
obtained by industiom through the sense (80), "ere we able to grasp an
sdeguate understanding of any existing sudject, we would lmow all its
possible predieations (91),

In order for us to 4iseerm truths of faet, then, the ~rinciple of
sufficient reason was to be a-plied ($2), ¥o fact was true .mless there was
e suffisient reason why 1t should be s¢ and not otherwise, This would do=
zonstrate the "eompossibility” of am existent subjeot, shuwing its existence in

the “ivine pre-established harmony., All compessible thinga exist -- that is,

(s7) La Yomadologie, n, 33, 3638, Soe also Nouvesux "ssais, Chapitres

g ey

Whutmmtm,
s 338e, P 47y woe Dicooun de kstaphysiqus,
Pm-zz s

) Fouvesux "sssig, Mk I, Chapitre I, 5, Erdmanm, p. 206,
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all these things whish are harmemious with the surrcunding totalisy

of existente - in kewping with the lavs of finality and of cosmoe

logleal eptimism (83). Jwsmn kmowledge of these contingent fasts was
oalled prixidive vhim 18 referred to the fasts of experismes themmelves,
Darivative facts wore thoss inferred frem the primitive by using the prine
olples of sufficiont reasen, Sthue determining their agresment with the
world as o wiode (84), W ¥new eentingent faets only by prodable are
gumemte (93)3 they werw nerdly stages of a series of terms which appreached
sruths ef ressoning e a 1imts (08),

Our Brviedge of Ohe' truths of reaseming, 'wd, fer siwir proper sphere,
sertain knowiedge, esspecinlly us iz mesaphysies (97), In i»waphysieal knowe
ledge wo preperly attridude qualitias te the memad which it:really posseases,
Retaphysiss, for-lefwmis, was foumded on the method of sraditional legle,
and wav prédiontive, The riadmess of the individual substande as a source
of Imowledge was evident, vinee 18 sugnrised within :%self all past, present
and ‘frture predicates whioch could ever ve attributed 4o {8, Hataphywios
was thus the justification of avery true prepesitione It dees not deal with
pure abiirsetiens, Leitnis Sensured any wetephysiss, like the Cartesiang,
which wished o fo'md 180e1f en pure adetrastions or mere relations, The
verfoet -analynis oFf ull omesivable predisates «~ the infinitely infinite =
only was knewn by the Divime ronsd, Xan, however, was able to reflect many

of th‘nb.prﬂluiﬁnt with the aid of the prinsiples of contradlction,

—— Y B
gng Bertrand Russell, op, cit., pe 68 £f,
o) $ here suvisioned the uze of the caloulus of probabilities;
in Leibnis's well ordered world, the most probable sombination must be
achiovedy see Joseph Mareshal, %. ?é‘_:_,, pre 178-102,
?:gl Houveaux Lssai ?k. » pitre 111, 14; Frdmarnm, ppe. 343-348,
“renant’s “refuos iy - nd Jonen echal, op, olt
Ppe 166-183, » Phe xxxi, and rh Marechal, ope oit,,



Solding %o a metaphysies of rediestion, Leibuis malntained that
the truths of faot preperly belomg to matiwmatics and meohanlos (98).
The proper soncern of nathematics was relaticne (99), These relations
he termed "abstractions™ or "phenowena beme fumdata,” founded, that is,
on the emorste reality ef substande, dut not metaphysiocal mg‘.t‘prodiubh
of substance as such, The mind tius achieved the umiversal, whish was
the prineiple of the relations between things, A logical or mpthematical
truth was bub a glinpss of the system of infinitely possible relations
which oan sharasterise the momedic universe, lMathematisal spece and time
are net things of substances. Spase is merely our absbraction of one
possidle order of simultanecus existenses; our "notioms" of space are
mere "abstractioms” frem the inner, monadic changes, Similarly, time
is but ocur adstrastion of the order f simultanecus existenses., lLikewise,
extension is but an “abstrastion” which neglects L' properties of the
rich, oomcrete existenee of the monad, and extension lacks renuine reality
as such (100),
The application of this distinction between a metaphysios of predication
and a mathematics and seiense of were relations would, prossidbly, have ha! many
svanbling effeots, though leibmig 4did not earry out tihis vrogram, The eprarent

riger and necessity of mathematisal soiense would, in such a case, e no longer

éﬂ; Bertrand ~ussell, ?. cltey Do 49,
99) 1Ibid,, ppe 13-14; Ses sur la lettre 4'Arnauld, “renanmt,

Pe 148,
(200) Premant'e Prefaee, p, xaxvi,




a matter of mush oondern, sinve wathematics merely furnishes relative
and not abeclute or ulsLmie imowledge, 3Jimilarly, mechaniss and cther
seienses merely deal with appearances, which, though wll founded on
substanoe, 4o not deal with Shings themselves, These aomceptions of
Letwni®¥101), as those enbodied in his universal sharseteristic (102),
carried a rronocunced influense on future speculation almost equal in
weight to his invemtiem of the ealeulus (10B), Little attentiom, howe
over, was rives by suscessive thinkers to his ‘nsistence om rhilesephical

tradition, or to his numerous attempts at speculative harmony,

g

1 (100) Ibidy pre xxuimelis see aleo Joseph NMarechal, ops 618s, "re
!m) Harold B, Swart, The ‘hilosophical Presun -
—-ti le e 11 m on? refurpcsitions of Yathe

and Leibnis.” p; B;”&”m"a The Concepts of the Caloulus, Chapter V, Newtonm
’ (] - Y




Chapter V. Britigh Tmpiricism

The seheol of retionalism which Jescartes inaururated on the
Eurepean continmmt had a correlative bHut dissident riwal in Shs ers
of Brisish smpiricion (1), In Mathemtics and nhysios, Cartesian
sprieriam was offset by Newten's oxroriremtalemathematisal methed,
while in the formuletion of philosephical predlems, the British
thinkers adepted the emnirieal and orisical astitude of Johm Looke
in centrast %e eontineamsal dogmatisem end idealism (2), This eriviesl
attiitude was comdined with a nreetical avprensh %o philesephicel pro-
blems, causing the Brit¢ish school te be more seneermed with ethieal
and politieal problems while the maticnalists emrhasised systematis
philosaphy (3)s The ratiommlist emphasis on intellestual apd the
awpirieist coneern with sense imowdedge are *he two threads of thought
later pathered uwp by Kang, whe attsurted ¢o knits them tepsther withous
laying wndwe stresec on sither,

(1) For s brief contrast between these two sehools of L ourht see
Co 2 liaﬂ‘l" iloeke Jerkeley tums, Oxford: The Clarendon i'ress, 1931,
"Conolusi PPe 15R=169,

(2) “Ine Yesay was the first deliberte atbewpd, in modern nh:ilosephy,
to engage in what xigh$ now he called epistemclorical inquiry, but mixed
up by lecks with questions lorienl, prycholegiocal, end ontelopical; all
subordinated in ris design to ‘what may be of :se 0 us, in our presemt
stats,’ and to 'our ceneerEN as huamn heings,' Locke inmsugurated the
modern e-istemolorical &k, characteristic of philesophy in the eighteenth
century, which culminated in Xamt..." Alemander Campdell Praser, in
An *asay Coneeming Pumam Understeanding, by Johm Looke, 2 vols,, Oxford:
the Vlarendem s, Vraser's"roleronsma,” v, v,

(3) A comparisem »f the practical and empiricist aspests of dritish
philosephy with the systematio philosophy of the sontinem$ is given im

Fawin A, Burts, %g ‘nglish .hi)osophers frew Bason to Ni1 edited, with
an indreduotion, Few York: dern iibrary, 1939, " i(ntreduetion, pp,
izexxii, Cowpare the analysis of the cultural backrround of Brisigh

oupiricism in Derérand Aussell, A Huto% of %ﬁog ’hilosophy, New
York: Siwon and Solmster, 1945, Chapter X1, losaphical Libermliem,"”
Phe 596-608,




Both the retionalist ant ew-iricist sohocls treatei the prohlem
ef toicnti!‘i: and rathematioal abatraction pomewhat oavalierly, ‘he
rationalist *heory of science in "escartes, ‘pincsa ard lLeibdbnis, in-
fluenesd by mathematies, inolined to an identifieation ~f all sciences,
with no regard towsrds a careful mental prooess of abstraction, Cere
tainty, exactness, olarity and intuitive ideas were “he scientifie
nessuret, rields of snesulative research in which ‘hese -oals were
unattainahle were sither ienied snientifio status or "retionaliged”
to zeet the iisal standard, This ~ropensity to homorenize the proe
babllity and intricasy inherent in Hur kmowledge of na‘ure, of psy-
chology morals and polities, was i:e to “heir .atrematicism, he
retional ists cverlooked the oomposite rature :f ran and offered an
"anpelio” eplatemology (¢) which lod them to misunderstand the
:norﬂit; of moral kmowledge, to ;roposs & non=ultimate attitude to
ethios, peychelegy and polities, and to deny the appesiteness of any
other sciense,

The samw denial of adstraction, though on different erounds,
sharacterigsed Britieh empiricimm, Attemrting to wodel rhilcsophieal
truth and method on the expsrimental-mathsmatioal method ->f Newtonian
scienoa, the Sritish empirioists apnlied a -urely desoriptive prooess

to mental states, Though starting with metarhysical presuppositions (5) --

(¢) dJaoques Maritain, Ihree ‘eformerss Luther - Jesgartes - m;.__;__u*
Londont Sheed and Ward, 1947, 'Usunmc, or the !i!;’eamntion of the Anrel,

PPe %

“(;s Gibson writes of Locke: "Thus, l1ike many other thinkers, ' 'mo dese
tined to prove an illustratiom of the truth that metarhysios has a way of
avenging itself on those who alizht or disregard it, und that its deapest o=~
tanglensnts are often reserved for thoss who think they have discovered a path,
by following whieh 138 Jifficulties may evaded,” James Ginaon, !%&v, Theory

En>wled 4 _1%s Yistoriesl Relsations, Canbridge: The 'riversity Press,

s Pe 1le




yot denying the rightfulness ef wondering about ultimate causes -
this approach, imitiated by Johm logke, culminated in ‘he rabid
soeptioism of Javid Kuwe and inspired Fant to bemoan vrevious metee

physiocians' imitation of mathematics and sc'enoce ().
I, Bawtom

Isano Newton (1642-1727), who wisldad a powerful influenoe on
iritish empirieism (7), may well bs looked upenm as the refleotiom of
the various new -ovements laitiated with the lepaissance (r) and as
their tempersry culmination, fle ~athered unto himself the mathematical
current that came threugh Copernious, Ferler, Gallleeo and lescartes,
the emphasis on observation of Dacon, larvey, Gilbert, Boyle and locke,
and the tempering influence of religion and worals Crom the Cambridpe
Platonists, Looke, 3erkeley, fume and Kant, though they disagreed with
the rhilesephiocal ‘;tp-ct- in !io;mm ~- agpocially his netaphysies of
space and tims -~ admired the system wrourht dy his r;raiul. fiis specu-
lations were the springs of the gosmogony later proposed by Kant and la-
pilace, And althourh he 'ms an Muhn. Hn&n oontinuss the
Cartesisn spirit which resppears in the sommolopical and ewolutiemary
systens of the oightasnrth and ninetsenth oemturies,

Nomton's mathemutisal systen of the universe, often referred te as
the elaseical view, lasted until the more receas relativity and quantum
theoriss, ¢ had, 'tn tum, dethroned the Cartesian phyaiss and astrenesy,
Desoardes, with ~harsgteristie mathesatioal apriorism, had propesed to

Yoo

(8) BSee Snapter VI, -belew,
#(7) for the interaetion of Newtem and looke, Newton and his oon~

Souporarien, see James Jbsom, 9pe gite, Chapter X, "Loske and Contempora
English “hilesophy,” 7pe !83-26%? A3es ' v

(2) Edwin Arthur 3urts, The Metaphysioal Foundations of ' hysiss, Chapter
:I’;’;glboﬂ and Boyley (1), Vamary of t'!ﬁo TreNewtonlan Tevelopment, pp?
®



establish the miversal laws of mature on the basis of sowe arditrarily

ahosem hypsthesis ssoerding to which the fasts were to “eoome rationalised (9),
Yar example, in emplaising the origim snd neture <f the universe he ronosed
the notism of hemcgemsous oerpereal mass to which the Creator gave an

original metien, In this way, vertieal or whirlpool movenents were set v

snd absolute extensien brély imte a manifeld (10),

Nowken oppesed Desoartes' solentifio procedure and resgultswith his om
solentifie contributions and his empirioalsrm:hematical method whish he
constently refers to ss his o (11), Hie fnwous dictum, “hypotheses non
finge” (18), is the negative rrenerty of his method voleing disapprowal of
the oholee of arditrary prinoiples end assumrtions in the knowledge of
sature, . He preposed as & sesitive weasure, that the proper oriemtution
of soience lay in an odservational analysis <f nature by experiments whieh
yield faots snd properties (18). Rech property wes them designated dy
an apprepriate oymbel and their mutval interdependence could de analysed

(10) A, Boyse Civesm, The Philoserhy of Desoartes, Landom: Methuen &
c." l”.. cm’ nlx. .m b\ﬁ.l .| Py e & ”0.

(11) Per a study of Bewbon's -ethod sece Henry 2, Burke, "Sir lsasc
Fewton's Formal Coneeption of Sgientific Method,” The ¥ew Scholasbieism,
10(1988) Ppe 8-113,

(12 if any one offers eenjestures adout the Sruth of thinss from the
more possidilisy of hypotheses, I do not see ‘ow anything ocan be determined
in any selente,..."herefore I fudged that mc should abstain from conaldering
hypotheses, as frem s fallascious argument,” Sir Isase ¥~vton, 3ir Isess
u's Nephepmtical ‘rinciples of Waturel P‘d.l.{_‘%y and Yis Svatem of the

Sransiated in Suglish by indrew ¥obte in 172§, edited by 'lorian

i Borkeley: Univereiby of California Presas, 1948, "Jenernl Sgholium,"”
¥ S'“m to Kewton are ‘rom this odition,

13) "o no other way know the sxtensiom of bodies than by our sense,
nor do these reash it ia all bodies; hut Hesause we Deroeive extersion in all
bodies that are sensible, thereforo we ascride it usiversally to all others
als0s That swumdance of bodies are hard wo learn Ly experiente,. That all
bodies sre {mpenetradle we gather not from reason, “ut from sensation,”
Ivid,, Bule III, p, 399,




mathematioally (1¢), Through this mymthetis mathematicel oombinatlon
one oould predict and deduse further rhenomena (15)e Fven for this
progess, experiments were oonstantly to ruide and verify procedure (18),
Xerrbon may be looked upon as a protagonist of the philesephy of
seience that {8 7¢t today and es ewbodying the stress and strain between
the two types of solentists, the mathematioally-minded ani the ,hysically
or empirieally-minded (17), For the first, nathemgtios is the queen of
the scienses and the validity of zathematioal truths, srasped Ly a mental
intuition or viewed as a free crestion of the mind, is unquestionable.
‘ure zathematios is ¢ fraws inte which all natural events are to »e
fitted, and the laws of nature as formulated in equations express the

quantitetive character of nature and allow further laws %o be ‘educed,

(14) "eeemnd therefore I offer tis work as the rathemetical rrine-
sirles of philesephy...dy the prepositions mathematically demonstrated
in the first book, we then derive from the cel«stial phenomena the forces
of gravity with whigh bedies tend to the sun sand the severnl nlanets,

frop these forces, dy other rropositions which arc also mathe-
mticsl, we deduce the motions ¢f the planets, the comets, the moon,
and the sea, I wish we oould derive the rest of the rhenomena of na=
ture by the sare kind of reasoning from mathematicsl prineiples..."
Ihid. Prefece, pps xvifexviii,

hs) *eeothe Whole burden of ~hilosophy seers t0 oonsist in this =
from the phencasna of motions to investigate the foroes of nature, and
then from these forces to demomstrate the other vhenomens...” Ibid.,

PPe mwm

(6] "In experimental philosophy we are to ook upon rropositions
inferred .by gemeral industiom from rhenomens as accurately or very nearly
srue, notwithsteanding any contrary hypotheses that may be imapined, till
such %ims as other rhenomena cocur, by which thoy ray either be made more
soourate, or 11ablo to exceptions, This rule we may follow, thats the
argument of indugtion may nct be ovaded by hypotheses.” 1bid., Prefuce,

(17) Por o similar eomparison, sec Fwbert Blanche, lLa Boience
Physique ot la Aealiter Mealisme, -ogitivis dathemati Pariss
¥resses Universitaires, 1948, "I:tro?ucﬂon s PPe 88 and passim,




Yor the enpirisally-minded scientist, mathematics is but a teol,

she handzaiden of the soiences, Mathematigal entities arise from
observing nature and their validity is tested there, and mathe-
matios is dut a handy tool or symbolie language devised for in=
terpreting physioal fasts. Striaetly speaking, for this view,
notiing 1s deducible, and we can only asgertain that nature is purew
1y juantitative through observatiom. By his insistense on the rriority
of sxperiment, Newton seoms to have favored the latter view (18),
Koreocver, in his attitude towards soience as the exact mathematical
formlation of the laws of the .niverse and by his positivistie
notion that one can learn truths about nature without rresupposing
or implicating any hypothesis or theory on the ultimate nature of
things, Rewton fostered an outlook whigh is common today,

The sriritualistic and anti-mechanistis aspeot of Rewton is
evident in his participation i{m current theological debates and in his
religious writings (19)s Solence itself, as ‘e writes in the (~tics,
leads us %5 God through our reeognition eof the order and adaptation of
nature, God's chlef attribute is Mis previdense, whish Newton construes
in such fashicm tha% God i{s a species of "cosmis plusber® who keeps the
f4xed atars from oollapeing ir the center of space (20), and patches up
the irregularities of the universe that are constantly inoreasing, Sod
is adle te fumotion ia this wise Desause He (s a perfect spirit, miver-

sally extended in space and time, This s Yewton's ultimate explanation

e

&:; Bawin Arthur Bures, [ o Ss0 PPe 216223,

J. W, K, Sullivan, Yesac c_ryt‘i_cg, 1642-1727, London: Mackillan
and Company, 1938, Onapter ¥V, pp, 138=170,
(20) Eawin Arthur BurtS, op, alt., ppe 294=295,



of absolute space and time: they are -= with a tribute to Berkeley -
the emmipresense and sternity .7 Cod, the ’ivine sensoriums

The ssceptance of this "selentifiec God™ !s paralleled, in Newton,
with belief in the “seiantifie man,” Tewton socepts the surremt hyperdualism
of Deseartes and all its implications “orether with the notion that
secondary qualities are mers modifioaticns of the rerceiver (21),
Pinally, the ¥ewtonlan world itself is "scientifie.” Only primery
qualities sudieot to rathematiocal oonndent'ion are real, The universal
theory of rravity, the reduction of all motion to thres universal laws,
atomiem, the concept of absolute space and time whioh he tried to prove
loienhfﬂully, and hig notion ~f ather as a medium in whioh the forces
and motions are proparated nr.’ recreated after heing spent -- all add
up to the ploture of the universe, in Kewton's whole view, as & larre

rachire, with Sod introdused as a mechanioal appendage (22),
11, locke

Befare the time of John looke (1438-1704), two earlier Fnrslish
philosophers had eld a somewhat pejoretive view of mat'ematicel ab-

straction, Prancis Jeeon had viewsd 1t as an afterthought %o "hysies (23),

.. ”. 88-3”.
Eg Thid,, rp. 200-299,
m‘ LAM of Tm%‘, Book 11, Yol, I, ppe 184-244 in
Ty, wo% ir r%u eon, Tord Chaneeller of Pnpl With & Life ~f the
r g1, in three volumes, “hiladelphims M, Xurphy, 1876,

Bactn's ignorance of mathamatios is well mown, Despite the achisvements
of Zepler and Galilee, he subjected it toc severe oritioimm, Cf, Kovum
Orgesum, Boek I, Aphorisms, 6 Vel, 1I, p, 348, In Book II of The Advance«
ot ¢ leaming, (Vol, I, pe 199) Daoon seoms more interested lm poimting
out the demefits ' mathwmtios for the mind, whioh “o sompares to the bene-
fits of Seamis for the bedy, lathematies will sharpen the wit that 13 Aull,
sake fit the wit that (s wandering and make abstract the wit whioh is ‘oo
inherens iz sense,
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and Thomas Hobbes, whose philosephy oar be claspod nu sensuzlistic
mathemticisn, proposed a nopeabstractivy notion of mathematics
tantammmt to the dmial of mashemation) abstreotien itselr (24),

In the msantime, rathematios ra! -airad an envinhle reutation.
Fewton's sathexatics served g %o intensify the “irh regard im
whioh mathematios had sone %o bHe ol in seventeenth century Tnrland,
For most shinkers of th's sime watheratios, and especially geomstry,
was the ideal typs and standard of sll dmowledme (2B), lLocke waas sub-
Jugated do the influmae " thir view £ ~athesatics, adong with hie
training iz Schwlastisism, inowledge of Cartesianism and the currents
of cantemporery Faelish shourks (28), This veriet philosophical com-

ditioning stands out espesially $» “is ~ain work, An "ssay C-mcerning

Yumen Undsrstarding,

The Fesuy rrew out of a discussion in whish Looke had enraged
with five or six friends, the quewtion at {ssme bdeing the validity of

(24) BHobbes, the archematerialist, is a unique exampyle of sonsua-
1istio mathematioieon, Recsoning for “im was Hut s kind of addition amd
substraction, lNatheanatios was alnost akin to sensory experience, for he
could not afeit that lines and gurfeces we-s deprived of slight dimene
sio ux even in their conceptiamy Carl 3, 3oyer, op. s Do 176,

_ {a5) "The views of Yobdas, Looke an! (later) Cond{ are illuse-
trative, in a gemersl wny, of the loghll conoaptions prevalent in the
interim that sepsrates leidniz from Dessartes, For these thinkers,
just ag “or Doscartes, the ideal Sype of all kmowledge is that which
they unisrstood by mathemationl, teide the adsolute sertatinty gus-
ranteod by rigorous mathematical derocustration omly probability re-
mained, This however was not %o limit all our knowledge to mathomme
ties, sinee 1t wna still held that the method employed so successfully
in that field cn:1d aleo be adapted to other matter.” Mar-14 2, Smars,
The “hilos 3 pe Go

s L' “hilosophers from Bascon %o
¥11l, On ppe xvili-xix of the in¥roduotion, Jurtt polnts out how Locke
reflects tho praelical sttitude “oward :''losophy typloal of his Limes,




the prineinles of moralivy and revenled religiem (87), which the
Cambridge “latoniste had sought to put on a sound basie (28), It
was this aim that promphed Looke im writing the Yesay (20). Its

PUFpPOSEe was,

to imguire into the originmal, oertainty, and extent of h
knowledge, together with the grounds and degrees of boliis

opinion, and assantie..(30).
The essay was conceived, however, as merely preliminary to the ese
tadlislnent of the validity of hupan imowledge with respecs to moruls
snd relirien (81)., For,

in an age that produses such masters s the great Muygenius, and the
incomparadle '‘r, Towton, with some other of that stralm, it is asbition

to be emrloyed as an under-laberer ia cleariag the srouvnd a
1ittle, and removing some of the rubbish that lies in the way te
knowledge (38),

(27) "Our bustness here is not to kmow all things, ut thome which cone
cern our conduet,” W Vel. I, p. 31,
(28) See pp. of “raser's prolegomena in Fasay Conoerning upan
41
o Lrit

Inderstan E‘ glr g_.im '3% (8011lated and Ammotated wi egonens,
fagrrarh ocl, and Mistorisal by Alexander Campbell Fraser, two

volumes, Oxford: The Clarendon ress, 1804), All quotations from Locke
are takem from this odition,

(29) "Vie may now sum up our accoumt of the primary and main problem
of the Fssay, In it lccke undertakes the investipation of the nmature and
conditions of a knowledge which in &t ~noe absolutely certein, strietly
wiiversal, 'instructive' or synthetical, and 'real’; the eonsequest deter-
minution of “he possible extemt of sueh knowledge; and the exsmination of
1*s distinetion from and reslatien to other forms of cognition, which are
deficient in scre of the respects emumrated, Waile the mathematioal
selcnces furnish vs with the typical exsamrls of sush knowledge, its most
izportant contenta are held to rafer %o the ob of our moral and
religious conseiousness,” James Gidhaon, looke's of Enowledre and
its Histerionl Relations, Cesbridge: ws the Lmvou;ty ‘ress, 1951, pe 7e
son pointe cut, in ohapter ons of his rims study, how Locke ocame to

write P See alse i 1, Aarem, Joim #, Londoas Oxford, 1837, v, i,
%ﬁ%w"& s Po 38, ’ .
&

8 was his interest in the selentifie discoveries of his day,
he leaves no room for deubt that in his opiniom the imowledge which is of
greatest impertance fer man is that which relates to his duty, and to the
existence of the Divine Seing, whoes law be conceived this dusy vo be,"

Jenws 3idaon, ape Pe &
(32) Fssay, 1s to the Aeder, Vol, I, p, 14,




loake's theory of inowledge is gredually doveloped in the Essay.
After showing, in the first beck, that he holds no brief with a theory
of innate ideas, he amamines the origim of knowledge in the msescond book,
All eur ideas (33), frem which ocur pidgmemts or true knowledge are fopmed
snd which arise from the twofeld emperisnge of sensationm and reflectien,
are sisher eimple or complex. A man is 20t adble to make up simple idcasy
the nind is passive in getting them from experiemse., Simple ideas arise
in diveree ways, {rom one senss or ore, from reflectior or reflection
combined with seasation, (lLeske then “istinguished the simple ideas :f
primry or mathematical qualitiea which have resl existence from those
of sesendary or im;uted qualities whish only virtually exist), By com-
bvining and extending sisple ideas nr “eriginmals,” the mind exhibits its
power of predueing new ideas in the astivity of ewmparisem, composition
and abstrestieon, which yleld complex idess celled modes, substances and
relatismss The third book deals wish lecks's theory. of the nature,
meening and use of language,

It 48 in the fourth book, the most importemt of the _ssay, that Locke
deals with mowledge in generel, Ihe judgment in whioh we have kmowledpe
is "sub the perveptiom of the connsoticn and agreament, or dissrresment
and repugnansy of any of our ideas” (s4)e Uli"'.;'ll propositions are the
nakeup of mowledge which bun the distinotive badge of cerbainty and 1»

(82) Looke's wide ufe of "12eq” 1s evidenmt thraoughout his Fasay,
"Matever is meant by phantmap, nobion, spegies, or whatever it is which
the mind can be emwcloyed abewt in thinking,” Sasay, Vol, I, I, r, 18,
Gibeen says, "as the universal implicate of oomztzon. ideas are in-
volved alike in the semaidle apprehensiom of a colour and in +he thought
of an ahetrast objeet or relatiom, which cannot be presented to the sense,
Yor the word he disclains any spocial partiality, and avows himself ready
to 'ohange the term 1dea for a better' as soon as his oritiocs omn help
him to cne whioh will bear as well the required width of denotation,”
James Oibson, ope git,, xg. 18,

(“) z‘"’. P ch"t.r 1. 2, vol. II. Pe 167.



referent te a roality independent of the mind; kmowledge is "real.”
Gf the two maim kinds of kmewledge, "dememstrative nowledge 1s much
more iwperfest tham imtuitive (35)," Ia the latter, "the mimd pere
oeives the agreement or dissgreement of two idess immedistely by thems
selves, without the intervension of amy other (368)," "and shis kind
of knowledge is the elearest and. the »ost eertaia that human frailty
is sapable of, Ihis part of knewledge is irresistible..,” (37). In
demonstrative knowledze, sheugh ite certainty is unquestiomadle, the
wind rust operate "by the imtervention of other ideas (one or wore,
as it heppens), to ‘iseever the agresment or disagreement whioh i%
searahes...” (38), rreceded by doubt, the ssage or demonstrative
knowledge 18 not as easy %6 chbtain as intuitive; demsmstrative know-
ledge is ferved to rely on the ideas of intuitive kmowledge whish it
uses as "proofs.”

The most perfect type of demonstrative knowledge is mathematies,
But although "1% has Heen gensrally taken for granted thas mathematics
alone are espable of demenstrative certainty” (39), thia iz not the
case, The reascn for this, Locke says,

Has been not only the general usefulness cof those soiences, but

becauss, in comparing their equality or excess, the modes of

mmbers have svery the least 1ifference very clear and perceivable...

But in other simple ideas,...we have not sc nice en? accurate s dis-

tinotion of thelr differences as to rerceive or find ways Lo measure
their just equality -r the least differonces (40),

pter 1, 9, Yol, il, p, 175,
u; r,‘;?’x 30.,1( v, Chaptor 2, 1, Yol, 11, p. 176,

S84 Po 177,
(s8) E"m » Chapter 2, 9, Vol, Il, p. 178,
(39) # Book xv Chapter 2, 9, Vol, II, p. 182,
(40) Easay, Book xv cbaptor 2, 10, Vol, 1I, ., 183,



Other soiences, then, are capable of demonstrative certainty,

Continuing, looke exsmines the extent of human knowleige with regard
to the four sorts of affirmation or negation we oan make, identity, co-
existenes, relation and real existence, Under relation, hs -akes a strong
case for cur demonstrative kmowledge of morality in comparison to rathe-
matios, The complexity and sensible represenSations acoompanying woral
mowledge have made reople think it inscapable of demonstration, HMathee
matiee, by comparison, has the advantage, since it uses sensible marks
which are "not liable te the vmcertainty that worde oarry in their
signification (41)." Sesondly, the moral ideas are more complex than those
of =~athematios, hemee their names are of wore uncertais aimiflsation and
it 18 =ore diffieuls for the =ind to retain these :recise comdinations,
Thirdly, the weakness of husen remory is rot as evident in remembering
mthematiosl as moral dgmenstrations, for

She mumerieal charagters are helps to the memory, tc record and

retain the several ideas ahout which the lemonstration is made,

whereby & man may know how far his intuitive knowledge in sure

veying several ~f the rartioulars has rroceeded; that so -e¢ may

witheut confusion go on to what is ,»t unknown, and at last have

in one view before him the result of all his ~ercertions and

reasonings (63),

In eomeluding his cemparison, Loeke suggpests that the diffioulties of other
domonstrative kmowledge, sush as morslity, de resclved by adourate definitions,
universally aseepted ard retained,

and what metheds algebra or something of that kind may hereafter
suggess, te remove the other diffieulties...(43),

41) & Book I¥, Chapser 3, 19, Yol, II, -, 209
gczi ¥s 300k 1V, o Po 210, P TS
v, ter 8, 20, Yol, II, p, 211,



Chapter four of the fourth book of the Yasay deals with the
reality of human Jmowledge. Simple idees yleld real Imowledge, since
they are but “"the produsts of t-ings orerating on e ~ind in a naturel
way (44)," Weh regard %0 comnlex ldess, all of them, oxmoept for
substanoe,

being archetypes of the wind's own magking, not intended to de
the oopies of snything, rot referred to the existenae of any=-
thing, as % their originals, cannot want any conformity ne-
cessary to real k. owledge (48),

Mathemstical ¥ncwledre, sinee 4t is =7 thia type, is of unquestinnable
realivy and eertainty, for

it 1s only of ocur own 1deas, The rathewaticisn considers, the
Sruth and properties belonging to s réstedls or olirele, only as
thay are in idea of his own wind, For it is possible he never
found either of them existing mathematiocally, i.e., precisely
true, in hie life (48),

Loeke's aralysis of mathematical ¥nowledge holds that it is the mere
petidaption of agreememt or Iisagreement of ideas; 1ts demonstration is
but the rereeption of this egresment through other ideas or mediums,
XKoral tmowledge is - the same neture, and hence has similar validity,
Per, fust us

ell the Aigoourses of the msthematiclans about the agquarimg of

a oirele, conie sections, or any cther part of mathematics, con-

sern not the existence of amy of thome firurszy bub their de-

monstrations, which depend on their ideas, are the sawe, whether

there he any square or circle existing in the world, or nit..e{47),
3¢ 1t 18 likewise trus that

the truth and cerdainty of woral Ziscourses abstracts from the

lives of men, and the existence cf those virtues in the world
whereof they treate..(e8),

*ssay, Soek IV, Chapter 4, 8, Vol, II, p, 280,
seay, 3ook 1V, Chapter 4, 8, Vol, I1I, pn, 231,

(44)

(48) A

g::g fu&’ %e.", Chapter 4, 8, Vol, 1I, p, 240,
48



The methods of {mproving our krowledge are considered in chapter twelve,

Hot from mexims of "oertain mo&ogniu,' but rather from the comparing

of clear and distinct ideas %0 which we annex -roper and constant names,
is our kmowledge improved, The best way to do this,

is to be learned {n the schools of the mathematieimns, whe from

very plain and sasy bSeginnings, by gentle depgrees and a continued

chain of reasonings, prossed te the dimeovery snd demonstration

of truths...(49),

These strong and emvwessive cleims for the exoellense of mathematics,
the surety of its method and the Jelicity of its symbols, lLocke attributed
to the elemsntary subjeots of arithmstie and geonstry, Uoth of thess
aud jests, though'they originsated from the deperisnce of ;primary qualities
asd could be aprlied %o the world, were independent of the oxistenas of
od jests confermadle to them, Of the two, that of arithmetie or number
offsre rreater nrecision and mcsurnoy snd is more perfeet, The mind
fmuodiately, ip fact, perasives the truth of simple arithmetical operse
Sions, The quanbities 77 geometry, hawever, oannot he expressed with
such nrecision and finish, Conbinuous extension does not lend itself
as readily %0 every nmimate difforence of quantity,

These charasteristies of mathematics, then, signalise its distinstion
mmd values though, Looke insista, imowledge of moral matters is more im-
portant and equally aa eertain, His frequent use of emasples taken from
mathomtios or quantvitative notiens and his very account of knowledge

1teelf, reveal a strong bYias for mathemstiss and a preclivity o model

(49) 3Zseay, Boek IV, Ohapter 18, ¥, Vol, II, p, 366,



all scienss and demcnstration aceerdimgly. It is :hese faotors whish
lead ene %0 dolieve that locke not only had an inadequate view of

mathematies a8 sush, but thas he inolined %o a mild from of mathes

satiotm

111, Berkeley.

fhem but a young -mm of twenky at Trinity “cllege, Uuklin, Ceorpe

Berkesley (1885<1763) pudblished two works, Arithmucloa abogue Algebra aub

Euelide Demonstrata and Miscellanes lati.smatioa, «:ioh are inlieative of
his early interest and eompetence in mathamtics, 44 Liv same college
Berkeley was exposed %0 tne uew spirit in ,::1)asophy through the study
of Sagenm, kobbes, Jeseardes, Locke, and Johm Toland the [ree~thinker, as
well as e she seiensific discoveries of laihr iz and Newion, Liow these
vhilosephers and solentists affsctcd him is reserdsd, fortumately enough,
ia his Commonplasg: ¢ek, his diary from his twentieth to his twemty-fourth
year. It was during this early period that ne ’ormed his fumeus rejeesion
of substentialisy te matter, his ohief title te fame ia philosephical
annals, His eppesitiom %0 the atreistio treads of his time and to free~
thinkers i3 reral snd mathexatical matters, merecver, were an important
fester in determining the progreas of sathematios ani science (80).
Loske's theory of primary and secondary qualities is tle point »f
dopsrture for the philosephy of Berkeley, Locks proposed a distinotiom
between' the realisy of the mathematisal and quantitative gualities of
matter, whieh he oalled primary and which were real, from the hasy ex-
petionce of the secomdary quauﬁu’?or tovoh and taste, whioh were less

T ” v

(”) Oarl B, Soyer, mg_‘zp. Ppe 284-220,




real, leske alse left an wnsuosessful analysis of subgtance, equivalent
$e a denial of 1%s realisy,
eeenot imagining how these simple ideas cau subsist by themselves,

W acoustom ourselves to suppese some substratum wherein they do
subsiss, gm whieh they do result; whioh oh therefore we oall

substanoe
hrbl?, howsver, could see n~ reason for maintaining the first

distinetion, He points ous, in A Treatise Concernirg the Prinniples of

Baman Xnowledre, that some of the prirary qualities themselves are glven

through the sams senses whioh yleld sevondary qualities, Further, rrimary
qualities themselves only arise Shrough combinaticns of secondary qualities;
Berkeley cenfideritly comoluded,
in short, extension, figure, and motion, abstracted from all other
ualisies, are insenceivable, Whers Sherefore the other sensible
qualities are, there must these be alsc, to wit, in the mind and
neowhere else (53),
Omse Berimley has disposed of the firss, Loske's week defence of substanse
18 no longer required, Derkeley rejects substansee whiah is wot nereeived
snd retains that which 18 peroeived: esse est pereipers et pereipi (58).
This phrase contains heth Berkesley's spesulative pesition and the answer
Shat be will Shrust against the free-thinkers and materialists: materially
removed from matser, sudbstantiality from substanes, wikh matter or subatance

being bub an exteriorisation or extrepelasion of the Divine (84).

(S1] Jehm Looks, kssay, Book 1I, Chapter 23, 1.

(58) A Treatise Conosrrine the Priminl« of Tuman ¥nowled 5_0', “art 1, 9,
Yol. I, pe ¥68, A1l references to ley are from The Vorks of Jeorge Berkeley,
wish Preface, Annotntionl, Anrendices, and An Agooumt of his life, by Algnnder

W m Tolumes, Oxferds at the Blarenden rons, 1901,
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Armad with this dootrine, and with bis nointed gifts &f wit and
sercam, 3erkeley bravely wanders off inte the ocamns of the fres-thinkers
of his time (55), Ke states that the acceptance of the loctrine in the
Principles can ashieve a refwtstion of sooptiolsmy a lidberation of thourht
from usnecensary ani meaningless abstractions; s purifiestion of natural
philosophy which becomes 'mt the interpretatioca of the ideas of serse,
the Divine lanpguage of nature; a aimplifiocstion of mathematios with its
weaningless infinitesimals and sgros discarded; an oxplanatiom of belief
in the existensce of others; a vindigation of faith in God Tho signifies and
is signifiod in the world af mature,

This initial work of Bevleeloy’s had been ;resedsd, in 1708, by An
Fesqy Somrd a New Theory of Yisien (B8), which wan both a prelude %o his

main theory on substanos and also an attack on Newton's conoeption of rature,
The work coutains hie investigation of the relations of the sense of sirht
to spase, distance magnitude and place. Berkeley followed these two works
with apother in 1713, written in dialorue form, entitled Threa Jialocues

between Hyles and "hilonous, In this work, hilonous rerresents 3Jerkeley,
while liylas argues agzeainst Serkeley's positiom on substance, During this

same year, Berkeley contriduted a number of essays %o an "nrlish marasine,

the Ouprdien, whose main oontent is directed again towards the freethinkers,

In one of these essays hs thows his wif mdjmixo Yoth in the content of

the sssays and in thelr $3ble, A visit to the rinesd Gland™ of & fres-thinker,"”
and "The Finea) fland of & Free=Thinker." . Serksley {magines himself a

Wm fellowing subtitle: "Mherein the Chief Causes
of Eryer and Difffoulty in the Selensds, with the Grounds of Seepticiem, Athelem

and YeFE1ipiop are Inquired Yhte,” Vol, I, pe 211,

(38) "The WAS B piomser, meant %o apem the way for tho disclosure
of the Eepred 1ah re why tw&ama, 1es¥ the world mirht be shocked by
:':b”r:yt diselosure.” Yorks, “Life ~ Jarkeley by the editor,” Vel, I, p,

]



101

henounculus truvelling about in the comtenta ->* Lhe freewtiinker's
wind, and exposes ita shameful contents,

Others of lerkeley's works areslon; the save strein, !'ls Je iotu (87)

and Aleiphron, or The Hinmute "hilosopher aim to justify religicn and

oppese sgeptioiem, With the appearance of The Analyst Ur, i [iiseourse
Addressed to an Infide] Hathematicisn (53) Berkeloy's hitherto scattered

remarks about the ~a'hemsatics and mathomstiolans -7 his time were ax-

panded, TFraser says of Tha Apalyst,

It was followed by a comtroversy in whioh sore ~f the most
eninent mathematicians took part, Mathematiea exeuat %g
might have besn the motio of the Apalyst.

ass ons {2 mathematios, it is argued, are as mysterious

as those of theologiams and mebaphysieiena, lMathematies oamnot

translate into psrfedfly intelligible thought their own dostrines

{n fluxions (89),
Berkeley's critioisk had a ~ od effeot on the imadequately formulated
foundstions of the Caloulows in Howton and Leibuls, snd was one of the
feactors that paved the way towards & rigorous forsmulation of its “nses (€0),

In adittion to his direct criticiem of ma:hemmtioians, Jerkeley -id

some analysis of mathematios itself, In the Irinciples, for examrle,

he mrovosed a spscies of ratheratiocal nominalism, similiar to Tobhea'

(87) Praser wrises (Life of Berkeley by the d#ditor, Vol. I, pe xivi),
"The material world, chiefly under *he ostejory of subatanoe, inspired the
Prinel: ‘The material world, vnder the sategory of oruse or rewer,
nsp the De botuse.lioles svolvit ot agitat res mirht be talken as
the Persula of the maverialism he soupht to dissolve. Lemw rereipiy et

arisa$ wolem signifiesntem, 8 _sese ost reroipi expresses what Jerkeley
would substitute for the msterialistie formula,

The subtisle of the reads: "Fherein it is examined whether
the Ohjess, Principles, and renges of the lodern Analysis are more Jse
tinetly semedived, or more evidertly dedused, than Religious Kysteries,"”

"Wo Vole 11X, pe 1o
9; Life of Berkeley by the Rditor,” Vol, I, p. Ixxiit-lxiv,
60 or a fine presantation of Berkeley's eritiolsms and of their
effeat, see Carl B, Boyer, op. oit., Ohapter VI, "The ‘eriod of Indecisiom,”

PPe 224-380, m
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ssnsualistie mathssmtien,: Aritlmetio, M writee, "hath been thought. o
have for iss ebjeet abutrast idess of number (81)," M, arrues Berkeley,
pumber is dut a collestion of wnits, and since he hes nrevicusly established
that there de no sush thing as umity, ~r unit in abstract,
there are no ideay of numbeors in sbastract, demoted by the
mmeral memes rigures (62),
Femorisal relations, therefors, are only realised iz conerete experience,
For, in Arithawtio,

w0 regard not the things but the afigme; which nevertheless

ars rot regarded for thelr own sake, but hecause they direst

ws how te aet with relation o Shings, emd dispese rightly

of them,eelt is evident from what has been said, thonme things
vhich pass for adatrast truths and theerems eonserning rambers,
are im realigy conversant about no odjoct distinet frem particular
numeradle things..ee(63).

The saxe reasoning is aprlied to Ceometry, Kettled by “he loose use
of "infinites” and "infinitesimals” of his tize, he enys,

The infinite divisidility of finite eavension, though I8 18 nod
oxpreswly laid down either as an axiom or theorem in the olemante

of that seienes, yet i3 Shroughout the same sverywhere

and thought to have s¢ inseparable and essential a oconnestion

with ¢he prizeiples sud dowmwtrations in Geomedry Shat mathémn~

tiolang never admit it inte doudt, or melke the least question of

1% (e4).
This notiom of the infinite e the sourve of the paradoxes which militate
azAinat’ posmon aeunse, and whieh mnke mathemsties 4ifficult and tedious,
Berkeley argues from the mature of our 1deas that no finite extension
either centains izmmerable parts or is infinitely divisible, ' Berkeley

aarires somsons objeating ¢o his elimination of the infinite that 1%

P 1 M I‘ Ne 1“’ \' I, pe 384,
) UPO

Mlm
:lh m,‘,« 827,
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would destrey the very foundaticns of Jeometry, mnd

thoi; great wen who have raimed that golence o sc astonishing
a height, have besn all the while bullding a osstle in the air (65).

He snowers, significantly,
that whatever is uwseful in fnmm’ and promoteos the benefit of
human 1ife, doss still remain rirm and unshaken on our Prineiples;
thats seience sonsidered as practical will rather receive advantage
than any prejudiee Prom what “as been sald (88),
Fer the reat, shough it shoyld follow that some of the more in=
tricate and subtile parts of Speculative Mathematies =ay bde pared
off withouS any prejudice to truth, yet I do not soe what damaze
will Be thenae derived %o -ankind (67),

In Shis, and in his other works, Serkeley, when he speaks of mathematics,

inelines towards a nominalist view and arpears to introduce a pragmatiec

test of usefulness for nseertaining the velidigy of rathemationl notioms,
IV, Fase,

Dnvid Hume (1711-1778) spplisd the prosedures of the new goiences %o
tre M{:‘;‘!l Treative of Human ¥ature (68), Bothihis work arnd his
esay Congarning Human Understanding were mersly intreduatory studies to
morals and poli¥ies whieh elaimed his foremcst fmterest (68), VWith these

e

u; by Ne 181, pe 351,
ss) Told; °

tr; 1d,, ™ 191, p, 383,
ee) Nim ¥ was first sublished im 1786, An !n ernin
Hombn ng, published in 1748, 18 a resusting of the first part of
the t1 larly, ja Xﬁgg Conserning # ﬂoghi pudlished in
1798, is & re-edition of ond p of the tise, 1 quotations
from Mame are teken frem A "reatiss of iwman ¥ature by David Mumo, Reprimbed
frop the origimal editien dnd edited, wish an Amalyieal Index, by L. A,
Se¢ gp Oxford: The Claremdon "reas, 1898,

2 {89, b\o sbutitle of Mxw's wirk reads, "An Attempt to intreduce the

raperimanial Nothdd of Rehsoming luto Norsl Subjects.” In this conneotion
849 As'D, Lindgay's romarke in hia, iztrodustion te the modern 1idrury edition,

W Velums one, p, wavd, (Bew York: B, *, ’;zton and
Oe g
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w0 works hs hoped $o show thas neither mathematies nor physics had
any greater alaim te exmcbness than the science of man (70), A great
aduirer of Newten (71), Hume proposed to use the experimamtal method
of observation in all the human solences, without any attemspt to deal
with ultirete explanations, the use of hypotheses or presonceived
theeries, In this way, tume helped to further intersst and enthusiasm
for the seianses of man which were extensively devaloped in the
ninetesnth century (72),

Loocks ard Derkeley had likewise attempted to justify moral and
religious knowledge by equating them to mathematios and science, lume,
Shough withim their tredition and grestly obligated to both (73), was

(700 "'T te ovidend, thet all the seiences have a relasien greater or less,
%o human nature; and Al howewer wide any of them may saem to run from i, they
3t11) returms back By one passape or ancther, Fven Mathsmmtios, Neture) ?’Mlolo-
phy and #l Asligion, are in some reasure dependent on the scionse of ~an
since they lle umder the corniszance of Mem, and are ‘uilred of by their pmn
and faculties,” Ireatise, Imtreduction, pe wiw,

(72) Yume, 5t coems ~opod to be the Fewton of mental science, For Lewton's
influence u Fume, see Forman Xemp Smith, 'he hilosephy of lavid fume, & Sritie
oal 3t\,:,1¥ ite Wﬁtml uno*;rim. Londens ‘tacMillan oc,, 1941,
Chapter III, “The Influense of Newdon and of Loske,” pp. 63-78,

(ve) h\u wrobe them as & ilder of the Jelence of Hman Fature, and so
it was ag sush that he exeroised his mmin ipflusnes on his succossors, Ko en-
couraged in mem She hope of sShe sucoessful extension of seientific ;ro~rees to
human nature itselfs thus mirht come o reasoned, definitive and acourate answer
to all problems -- relizious, meral, sooial and politicale..llers was a ratione
slist indeods the founder, with Butler and Eartley, of that beliof im and ene
thusiamm for the Ssiemse of Humsn Hature which was so important in the ;hilosophy
sad in the practieal politiss of the nineteenth cerntury,” C, 2, orris, Locke
Be J Oxferd: The Clarendon Fress, 1981, p. 113,

spiritual philosephy of Jerkeley in Ireland wus thus a develop-
h in one direetion of elements latent in looke's Fgs The next susceeding
evelusion of chilesophy im these islands, of historioca nwommo. ogcurred in
Mmd,‘ in an owusu dlr-obten. Hume's Treatise of !urman MWature and his

F ry Congperni m g;_u_-! dy, wore published half a cens after the
the one som ore the other rather later em :gil. Looko s

m bhc n- hn 10.22 \uuo at work at Fd
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Pe OXXXiV,
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dissatisfied with sheir ascount and initisted a fresh start, Treating
the mind as an odjest is treated in ;hysisal science and carsfully
snalysine ite eontente, he reached n uu}:rilmg and :ooptio;l somelusiont
all kmowledge and gdience were explioable “wv the 3 rrersions nf sense
nigeoiated Shrough custom or habit,

In order to hold to his original contention that the riclmess and
complexity of soientific knowledge was duc solely to the habitual asso-
eiation of primitive ;erseptions (74), an! that no soiensces go deyomd
experience (75), iume was forded o 4o violence tc the motion of -
straction, fume quoted the orinion of Serkeley, "a sreat chilosepher,”
approvingly;

ese@ll general ideas are nothing but particular ones, annexed to

s sertain term, whigh gives them a more sxtensive signifisation,

and makes them reeall upon coocasion other imdividuals, which are

sirilar to them (76),

Abatract ideas were not universal or conceptual; their nature is such
that they are

asein themselves individual, however they may hesome reneral in

their representation, 7The lmage in the mind {e only that of a

icular object, tho'! the application o™ it in our reasening
e the same, 28 17 1t were wniversal (77),

(74) A1l the pereeptions of the human mind reselve themsslves inte
two distinmet kinds, which 1 shall call impressions and idess.” Ireatise,
Bk, I, Part I. Bect, I. Pe 1o

'('rn) "But i~ this i{mpousidility of explaiming ultimate rinciples
should be esteemed a defect in the seience of man, I will venture to affim,
that 'tis & defect common to it with a1l the scisnces, and all the arte, ia
whieh wo cur emplaoy cureelves, whether they de such as are cultivated in the
soheols of the philosephers, or rractised in the shops of the meanest artizans,
Wone of them can go beycnd emperience, ar eztadlish any principles whish are
aot feunded on thet authority.” Treatise, Imtreduction, p. xxii,

(v6) Treatise, Book I, “art I, See¥, VII, 5. 17, Hume was indebed te Losks
for e prineiple that all ocur knowledge comes from experience and the come

oamiteant prodlem of reconsiling this primeiple with the dootrine of ¢
of ldou.? Looke ocomnoluded vm:g the incomsistensy of abstract Mo:t whh:m

denied, Hume follows ths positiva of Barkeley,
-~ (17) Imd,, pe 20,
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Hume then olaimed that a repetitiom of expsrience is sasociated by
custom and ~iven a name, Ths utterange of “hat name "revives that
austom” we “ave acquired and one or rore of these origirally ex-
perienced 1dses, The mind them sepsrates or partially considers
those ideas which are demanded by cceasions and by the mumpose of
1life,

Hume oonsidored mathematies and seience under the complex ideas
af relation (78), CTomplex ideas arose from sirnle !.leas through the
law of assceiation, whieh ume compered o the idea of attraction in
physios (79), "¢ ‘he soven types of relations (80) he admitted, re-
semblanes, sentrariety, degrees in quality and quantitative or mmeri-
cal prepertisn sonstituted the realm of wathematios and sciemcs. 7These
relations depended solely on ideas, and could %e the ohjeosts of knowledge
and certainty, The first three of these relatinns "are iiscoverable at
first sight, and fall ore properly under the -~rovince of intuition than
demonstration (81)," It is under the fourth, vroportions in quantity

or pumber, that Hume considers mathematics,

(78) Jokm laird, Yume's Yhilosephy r of Numan Na‘ure, London: ie*huen and
Co., 1932, Chapter IV, "“pace, Time and "xternal 'xistenos," pp. 64«03,

(79) "Bere iz a kind of attraction, which in the mental world will be
found %o have an extreordinery effects as ir the natural, ani to show ite
sslf in as many snd as various Torms, Its effects are every where conspicuous;
but as to {ts causes, they are mostly unknown, and wust be resolv'd into
oririnal qualities of human nature, which I protend not to explain, Tothing
is more requisite for s true philesopher, than to restraln the intemperate
desire of searching into causes, and having cstedblish'd any dootrine upnn
a sufficient muher of oaxperiments, rest contended with that, whonr 'eo sons
a farther examination would lead him into obsoure and uncertain speculatiors,”
Treat B, I, Yart I, Seoct, IV, pp. 1213,

The sovez relations which lume distinrulshes are livided into “wo
o:un:c. ‘l'h; firat e;l!gdl“ the four listed above, The gzecond olass Ingludes
idont relafions of time and nlace and causation, Treati By, >
3”@10:’ ,ope 89273, . atise, Bk, I, “art 1II,

(e1) Inid,, -. 72
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In his troatment of mathematies, BMme 4istinguished betwoen
geonstry and arithmetios In his view, peometry is bub an enpirical
dostrine, founded on observatien of the rough arpesransos of physioal
facts;

00 o FOOMINIY, e o tho! 18 mueh oxcels, Yoth in universality and
sxadtness, the loose judgmants of the senses and imagination;
yot never attains a perfeet precision and exactness, Its first
prinsiples are still drawn from the gemeral appearance of the
objeets; and that appearanee can never afford us any security,
when we exsmine the prodigious minuteness of which nature 1s
suseeptivie (82),

Jeometry lacks exactness; we only approximate the adstractness of its
figures or propositions,

When recmetry decides anything sonsermiang the preportions of
quantity, we ought not to look for the utwost presisiom and
exactness, Kone of its preofs extend so fer, It 8 the
4imensions and proportions of fisures fustly; but roughly,
and with some l1iverty, Its errors ares never considersble;
nor wou'd 1t orr at all, 4id it not aspire tc such an abso=-
lute perfection (83),

The ideas then, of rerfeet lines, fiyures and ancles have no resl exise

tence, In pretending to use abetract ideas, mathematieians are like
philosophers who use them as a mesns to "cover many of their absurdities (84)."
Bume viewsd aritimetis and algebia differently, for exaotness and certaine

ty oould be achieved in these sudjects, In them

We are possest of a precise standard, by vhich we oan judge of

the equality and prepertisns of numbers; and ascording as they
serrespend or not to that standard, we determine their relations,
witheut any pessibility of errore When twe numbers are so combin'd,
as that the one has always an unite answering to every unite of the
other, we promounse them equal; and 'tis for want of sueh o standard

of equality in extamsion, that ry can saearce He esteem'd a
perfect and infallidle soience (88),

(a2 %Egg,, Pp. 7378,

?” 1d., Bke I, Part l!, Seotion t". pe 48,
s4) Doid,, ¥, I, Fart 11, Seetion I, p, 72,
(“ -517’. p. 11.




108

Hume seems to have leld this view of *he exactress of ar'thmetic and
algebra Secsuse of his peyochological stomism whioh proposed that each
elexent of conssious oxperiemse is proserved as a wunit., In Hume's
view, goemstry, arithmetle snd algebra, in keeping wits all demomstrse~
tive scisnces, contained a feir ascumt of probability, Bo dlgebraist
or sathematieian is 30 expert or so confident, however, that he immee
diately believes truth ou its 4Aiseovery; he repards it rather as a
were ressibility which gradually incresses towards a certainty shat

s never perfestly attaived (56),

.(e8) Ioid., BE, I, Part IV, Seotton I, pp. 180-187.
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Chapter VI, ldealism and Positivism,
I, Xant,

To lmmanwel Xant (1724-1204) 1% appeared that sescartes, Looke
and thelir fellowers had been seduced in metaphysiecs, for they had un=
sugeegefully attempted to introduse the nethod and abstraciive proe
cesses of mthexatiss and seiemse into philossphiscal researsh (1),

Tae assent deing laid, in the Cartesian tredition, on pure rathemae
tics, varteus forms of idealism snd reticaalism ensued, !nder New-
ten's influence, the 3ritish philescphers had, instead, stressed ihe
physieal and observational aspeot of applied mathematios, concluding
vith empirieism, positivism and sosptieism.. Xant seconded the high
regard with whieh doth seheols had loeked upon mathssatiece and seiense,
whese suepass made iham self-justified, Consequently he dirested his
philosephisal efferts tomards demsmstratiag how they were true and «t
aseortaining vhat feliaiteus funotionimgs of ressen enabled them to
reason 50 suecessfully (3). Qm.phe other hand, metaphysics, ehampioned

Yernurrt, “Yerrede sur sweiten Auflare,”
Bend I, n. M‘, sud ~Oomeui ® en Ki Metaw
Ehﬁ% orrede, s PPe 1ell of lmyranue t's 11 2

g.x“ von Po Gedan '. Klﬂktl. J. ;;. '. ﬁm’mﬁ. ‘r. B.LIOM.OIO.
T™h, Yauleantines, X, Yorilinder, 8 Bandemn und Supnlement-Band, Leipsig:
Mrr' Bushhandlung, 180)-1908,

(R) "Or.31 et fyappe par un doudble fait, D'un eote, om trouve
les i sons nederne du met) les mathematigques, la geomstrie
o, la qus mthamatique gui, aveo l'acstronomie de Xewton, s'iwpo-
saient doromavent sans esntester de oelles=ei, la valeur es consacree
par le suceses, s'ead & dire par 1'sccord de tous les penseurs, et le
progres constant do leurs depsuverstes, Do 1'awtre oote, on woit la
netaphoique au sense devems.traditionnel depuis Desgartes: o'est a
dire 1'etude des treis prinsipales sudstances: le monde (oosmologie),
mh’ (mhol::ﬁlpg:s Diew :m«.). ot celle~gl n'est au

quiune perps sugcoession de systemes contradiotoires
qul s'entredetruisent,” 7.-J, Themoard, Presis d'Histoire de la "hiloe

e, v. 683,
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alternatuly by idealism and empirieian, had beenm enbroiled im suecesaive
contradighory systens sud had seewingly failed in the pursuis of trush,
Kant aimed, them, to nare the constitubive slements of =o'’ .ratics and
soienoe whese sertainty wes unquestiiessdle and to define the value and
sphere of wetaphysios by properly artieulating the extrems of rationalism
as sypified in she leiwmie=lolff philosephy with thad of lume's empiri-
eiom (3),

kant's philosephy of Sranscendental eritieims «» in whioh the res-
pective roles of resson and experienme were sritieised and tham reunited
in o sramseendent synthesis -~ was farmed over a mmiber of years, fis
sarly eareer was raried bWy the study of Newbonian scienco and rationalist
philosaphy (4)e In his "Thoughts on “he Trus kstimate of Vis Viwa" of
1747, he emtered the surrewt dispute of the Cartesiane ard Lelbnisians
wish regerd %o the proper apvession for the sount of & forse, Newton's
influsmee led te his "Genersl Histery and Theory of the Eeavens" of
1788, in whish he spplied Newton's eemceptien of the solar aysten to the
sideresl universe (8), lis philosophieal Swadning during this period was
that of the Letwnis~-%elff tSredition, whisch presented lLeibniz's philesephy

. {8) For a short summary of Xant's relations to his predecessers
and comtemperaries, see William Wallaoe, Xant, Edinburgh and Leaden:
%111iam Blagkweod ard sons, 1892, Chapter Xi =Tho Philosophical Pae
vironmewt of Kamb,” pp, 138-138,

(6) Tor Bowton's early influemce on Xant ses Jeseph Narochal, Le Foint
de %E_g! d; la Ml%?iﬂ; Cahter IIIy la Critique de Xant, treisieme
edi ) ' e : » 1944, ppe 37-30,

(8) The full tisle of this work is "Usnerel FHistory of Nature and Theory
of vhe lisavens: an Yssay cemeerning the Comstitution and the meshanics)
oririn of the Univurso treated on Nowtoniam Prinsiples.” Jes W, Hastie, Xant's
Copmn t+ As in his “ssay on the Retardatien of the Hotation of the Papth
axd hie !iemueo and of the Heavens, with Iptroduotion, Arpendices
and & rorbrait of Thomas Nright of Darhem, .5163 ani Translated by %, llastle;
oonn‘::: "Iranslator's Introdustien,” for <he influence of Wewton and of science
on .
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as & seiemes of -ure pessibilivy (8). dant was much coneermed, in
this sarly peried, with atbewpts to compromise Jewton and “he Leibmis
when he kmew (7),

A gradual »reak with tha Wolffian  hil-~sephy and s temdensy towards
H:ﬁo'o enpiricis= merked the second pericd of Kant's formatiom, e wrote
& number of treatise ee;oorncd with the question that was o besome
ocapital in his “uture speeuletions, the relation of mthomtign and
seiemce to retanhysics, HNoteworthy anong thu.eth the eassay ;u sube
witted to the contest spomsered in 1783 by the lerlin icaiamy of Sclsnces
on the quo;tion, "is nauphy-i;o sapadle of e certainty ogml to aathematies?”
In this essay, "On the Widence o7 %he ’'rincinles of Mntursl Theelogy and
¥orals,” Xamt eengured those Whinkers who had 1istakeamly attempbted to make
sotaphysiee like mathematies (8), clatnimp What they hed aisunderstoo! the
mature ef mstaphysies, phyeios and rathemstics, lathsmatiounl ocertainty
was du mainly to the mind; the mathowntioisn begins with axions and de-
ﬁuﬁ-ﬁ, ferming u-um by syathesie eomstrustion in o -puh_nx ine
mitiens Fast physiss h.d beem tes.a yrieris by beginaning with pestulates
and definiviens, 1% had attempbed to model ftself too strietly en mathe-
e, L‘“ physies, especially thas of Newton, had degun rigitly with
ehsorvatien and quantitative measurements, Thysiosl method is nore akin

. s e o

(6) Por Nalft's Asvelepmat of Leidnis's philosophy, see Edward
Criti rhdl of I 1 two volumes, Clasgew:
lei0one » °1‘~ OM. PP. “Q
(r) i, by WUndsuy, Londens Ernest Bamm, 1934, Chapter 1I,
"Kants's Preweritioal ¥ri acd hig reletiom to his predecessors.®”
(8) Jesorts Jn:sehal, sp, sit,, vp. 96-78,
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to metaphysies, fer the metaphysician must begin with such concepts
as body, soul, spacs and time, whioh were cowmplex items of oxperience,
lathematios, then, was synthetiae; w'ile physics and metaphysiocs were
mlytio; (9)s 1I: this essay Xant had 11::le hope for the future of
metaphysies <~ po one had as yet written a metaphysie; setaphysios
must chengse its nature in order to attain truth,

Kant's inaugurel dissertation of 1770 marked .l1s first definitive
synthesis between rationalism and empirieism (10). In this work, "A
Msasertation on the VP;om and Principles of the Jensible and Intelli-~ible

%orld,” Xant reaffirmed his faith in and hope ".r nthphyﬂ.oi (11),

(9) "Tms — st the outset at any rate ~- wathematics and phie
lesophy preeeed in epposite waye., 7The method of mathematics is svae
thetic or 4irest from the first, inasmuch a3 it providies its owm
dafinitions and proeecds straightway %0 formilete its axiams, and
from thrse ani its definitions to deduce their consequences, The
wethed of metaphysiocs, en the cther rand, musts bde analytis or imverse
so long as iss definitions and sxioms are still to seck,” James ard,

4 £ 5, Cambridges the Universisy iress, 1928, p, 23, -~
t+ has oftem been noticed that Kant, from the beginmning
40 the end of his eareor, shews a dendensy %o seek for some middle
term or higher reconciling prineiples between opposite schools of
e are in a my defeading the honour of lwman reason, when
we reconeile 12 with {tself in the persona of different writers of
high intslligencs, and discover the truth, which by such men i3 never
entirely missed, even in their cormtradietory uttersnces,' This sen-
tenoe quated from the first published easay of Kant, in whigh he en-
deaveors %o find a way of comdining the different views of Descartes and
Leftnig wpen vig vi gives the keymote ef most of hiz subsequemt writinr,
Te mediate between lLeibmis and Hewton was the alm of his first phileso-
10al essays; to mediate between the Fnglish Fapirioism and tbe German
tionalism may de said to be cae of the malm objects of the Critioal
Phil o" Edward Caird, op, o Yolume I, p, 161,

(11) Zaut's interest in metaphysios was partly remewed by the reading
of lottnig'e ¥ Fenalg, whigh had recently been pudblished; ses 4, D,
[indsay, 92. ﬁ:zﬁsz. Un Kant's relatien to Leitniz, ses Robert
Latts, ops oit., sppendix 7, “Zant om bis Relation to Leidbmis,” pp. 208.211,



113

Maintaining that "sensitive coxitata esse rerum representstiones

utl apparent, intelleotualia autem siout! sunt”" (12), Kant A{stinruished
the ~henomenal werld of the passivity of sense from the nowmenal world
of the aotivity of intellipence, Within sach, he suddistinpuished
ratt-r and form, Though sensetions were the matter f sens'ble knowe
ledge, '’ 0 were received in a ocertain spatianl an! temrorsl srderin~
(the ‘ntuitions »f %is latter Mj (18)y Tith resrest to active,
fntelli~ible ' wledge, Kent snoke of a lorfoal and a real use of
intellirence, In its logleal use, intelli-ence nctively organised
the apponninco: of sense into emmirieal ¥nowledge ss in physies for
the external senses, and as in peycholory for “h~ internal eense,

The real uss of intelligense oscurred in metaphysios which dealt with
the intellirible world preper, the noumenal realm, The matter of the
nounenal world lay in 1ts ultimate, sizmle parts, the laws of our
mental asbivity in reletion te sxperience; the form was the intere
estion botween the substanees of which the noumenal world was gom-
stituted, Nstaphysies was coneerned with nowmenal or:.rzal werld,
seienee with the phenomemal world,

(12) Nams, '&vgp?, "De Mndi Sensibilis atqus Intelligibilis Forma
ot Principiise,” owemtd~Band, p, 107, See also A.D, Lindsay, ore cite,
PPe MB.

(13) °I1 y a ure autre questien preliminaire, plus diffieile a
resoudre: oc'est de savolr quelles sont les scienses que “ant a consie
deress comme fuisant partis de la lMathematique pure, et quel est leur
rapport sux deux formes & priori de la sensibilite gqui en sont selen
lui le fomdememt., La pensee de Xaont est simgulierement flottante sur
oes deux pointa, pourtant sssentiels, Duns la Disss o de 1770,
1'espace otait 1'ebjet de la Geometrie, le temps celui Focanigque
pure; ot ces isux soienses faisaient partie de la Mathematigue -ure,"
Leuis Couturat, "la Philesophie des Mathematiques de &nt,” devue de
Metaphysique et de lornle, 12(1904), -, 335, -




124

Fleven years later, im 1781, Kant pudlished the Kritik der
reingn Vernunft, which embodied his ultimate synthesis oonmcsrming
the pessibility ef spesulative truth in metaphysics, mathematios and
seience (14). Im this work Xant was not ecmeerned with a dectrine
of abstrestion as the elue to the nature of soience and metaphysies;
in fast, he used the word "ahstiraation” to desizmate nental cvnstrusts
having no absolute refersmee to thimgs or their appearances, Kand
was ooneerned, instead, with the nature of judgments, their origin
and role in asquiring truth, Diemissing analytical judements as
uare tautslegies for they "add mothing to the nctiom of the subjeet” (15),
Kant limited the Lritik to symthetio judgmemts which "add to the subjeot
a predicate not at all thought in 18" (16); only these Judgnemts were
ampliative and inoreased lmowledge (17),

est: '"Comment des jugements synthetiques s priorl sont-ils possible!’
W'il existe do tels jugements, c'est oo t ne doute pas wa
instant, oar se sont de tels jJugements qui sonstituent, selon 1lui,
la metaphysique et la methematique pure. [xpliquer conment ces juge-
nents sont legitimes en mathematique et {llegitines en metaphysiqus,
tal parait otre le but de la Critique de la Ralson pure; tel est em tout
cas 1'objet de 1a Methodologie transcendentale,” Ibid., pe 321; see almo
Joagh Murechal, Lo Teint de Depart fe 1s Yetaphysique, Cahier III, pp,
87- )

(1s) Vpripe, tik der retinen "¢ "Von dem Unterscheils
Analytis h‘:.::: synthetiseher Urtheile," ‘and I, pe %5,

(18) 1Ibid,, pe 86

(17) e belief in the power of anslysis ha! been the result of
reflexion on mathomatigal processes, The certain asesurance in that fleld
of rew knowledge, anparently rot by analysis, ~ale analytical reasoninr
appear the trus type of all & prieriknowledge, Kant, however, insists
that methematical “iscovery is not a mere matter of analysis, It always
inyolves & synthotieal element: sven the result of a sirmle aum is not
yot by analyeis, but by ocoumting or some kird of sonstrustion, !e challenges,
thersfore, the rationalist sssumption that 2 prior hu';rents arc recessery
analyties” 4o Vo lindsay, ope cits, p. 58=59,

(14) “le question fondamentale de 1;;?@»- de la ‘alsom pure
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Kot all synthetie judgments were slike, Synthetic s priori
Juignents, concerned with seoidental and comtinfmt material, leck
the nctes of universality and necessity proper to true, scientifio
knowledee, These latter oould not furnish universal and necessary
truth, lience the seientifie character of these juirments arose /rom
& scurge prior to experiendes & nure eontribution of the mind. They
were a syathesis of the matter of sense data and the form whieh the
nind eentriduted to thess shapeless deta of sense, Xant them pro-
posed that a true theory of seientifis kmowledge had te inquire inte
the nature of this deuble eemtridutiom in sense peresptien (Transe
condental Aesthetio), in pure understanding (Transcendental Analytis),
ard in pure ressening (Zremsecndembal Dialectic), Xant's aim, te show
how synthetio a posteriori judgmemts were possible, wns squivalent, in
%is eyes, te selving the guestion of the nature of retaphysios and
demonstrating the pessibility of mathemties, and scienge, The con-
elusion of the Kritik and of the Kantiamn symthesis was that only mathee
matios and sciemee, Which deal$ with the phenomesal world, were marked
as genuine soience; mataphysioal speculetions was relegated to the realn
of vmctliul necessity, ite objects -~ Jod, mature and the world =
were merely neoumenal uniknowable realisies which averted the adbsolute
doow of metaphysios, worals and relipgion forecasted in the closing

pares of the Kritik der reinen Vernimft,

The firet nart of Kam$'s Kritik der reinemn Vermmft oontains his

ron=ghetractive solution to the mature of mathematios and saience under
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the %itle of Transcendental Aesthetic (18). ihile he regarded Newbon's
end lelbniz's notions of space and time as inadequate, he “ald fast

to the finality of Newtonian physios (18) and wes largely influenced
Y the results of Leibrig's mathematioiss (20). Using arguments from

reometry and arithmetic, Kamt pronnsed that spnoe an! time were dut

(17) “I? vo ta¥e the Aeathetis hv itzelf, we may view it as
dirested against Soeptioism, In #8 far as it showa that the deter-
minations of our space and time are not 4iseoverad by analyais hut
develeped by synthesis, sad shat they are not pure ‘relations of
1deas’ Sut ‘ave obinctive reality. At the same “imo, as 1% proves
that this a prieri synthesis has referense to the forms of sense,
it alces that the odjeetive reallity in question can be rerarded only
as phenomesal, and that, thereferc, ne infersues san ds drawm from
the objective value -7 nathematical science %o auppert the idea of
She poasibilisy of knowing thinss in themselves, The ultimate ~c-
sult of the Aestletic, therefore, scems to fall on the side of
Sgepticiem, in o0 far ss it confines knowledge to themowena, or at
Jeest 7ives no encocurarement to the idea of its sxtension hevond
phemonesay and en the side of Dogmatism, in so far as it rroves
that mathematical “rutk iz lue to a prieri synthesis, and yet obe
jestive. Fdward Caird, op, oit,, Volums I, p, 229,

(12) “He happily began his work by appropriating all the
mathematsieal and physisal) scienee of his age, and he rade it the
stable foundation and eriterion of all his sudsequent thinking,

e was a faithful diseiple of Newtom, to whose primoiples and
methcd he owed most of his formative nower, lie laid it downm that
the ‘remaine methed nf Metaphysics ie cne and the same im nrimeiple
wit' that which Newton introduced into nhysieal seience,'"” W,
H&I':i‘, Sites Pe xvrii,

(20 Leitnis also Kant derived she distinction between
knowledge of things ic themselves, which is riven ir -ure intellectual
corncapts and Jnowledze of ~henomens, snd the asonoeption that spaee
and time are eoncerned with ~henomena mo% wih thimgs in themsslves,”
A, D. Limqy, e Qit.. Pe 29.
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the forms in which =1l appearances of things were manifestod; they were

were the mudbjective conditions of sensibility which reddered extornsl and
internal sensasion possidle (21). To ba raized to the distinctive level

of judgments, these resultants of sensibility must receive the character

of universality and necessity from the a priori foms of intelliribility
supplied by sonception, \/

The process of sonferring intelligibility on sensibility through the ' K
twelve sategories -~ the & priori forms of ure understandiag yieldin-.
judgnents -~ was damonstreted in the Trenscendentcl faoalytic (22) In
this realm, pure understanding medinted detween tha omtozories and space.
Time was the sch-'ma scgording to which the understunding functioned, erch
category possessing its own shheowa whioch was somehow related to time and re-
mlted in fudments (23),

In the Transcendontal Diaslesgtic Kant explained how the final unity of
Judgnents arose and how tho definitive stamp of science was given to mathe-
zatical and sofentifis knowledge. Pure reason was given this task through
the thres a priori forms, the ego, the world and God., These ideas did not
coatriduts $0, but merely regulated knowledge., ¥ith the aid of thesa three,

roason forms the three sciences of psychology, commology &«nd theology. It ulti~cte

(31) Eant, Rerke, Kyitik dor reimen Vermunft, "Von der Zeit," Bund I,
PPe 91-95,

(22! ""hen we g0 to the Apalytic...it is shere shown shat the & priori
forms of ~onseption cannot, any mors then the 8 priori forma of pomcptio". sup=-
ply an instrument by which we may resch any kwhm of reality not given in
nensej while thoy 4o sup-ly, end are needed to supply, pri.ciples for empiri-
onl knowledgs, 1..8. for knowledge of phencmenal reality.” siward Caird, op.
cis., Volume I, p. 230

(23) Louis Coutura$, 9p. ait., pp. 348-352
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refarred p1} phencmess to the ego ss bhoir unknowable commen gﬁ\mdo
uoin; 8}l exterpal ovents and phencmsna as parts of a systematised,
inexplieabls wniverse, and thinking all things to be the result of

& suprens, Npmbh intelligense, The temptatiom to consider the
three ideas as constitutive and not rerely regulative of exjerience
had Seem sugeumbed %0 by philosophers ¢- the jast, Sy the paralogisms
of pure reason Fant attempted to show the errors of such views,

Thus the Xritik der reinan Vermunft conoluded wish the umkmowability
of the nounenel world for metaphysics and thou quasi-knowledgs of thinge
a8 they appear in mathematics and soience, lant devoted his seoond
oritigue, tha Xritik dsr praktischer Verrwmft, to s'ow how the truths
whigh e removed from the province of speculative reascn, ‘he {reedom
ef the will, the immortality of the soul and the existence of God' arose)
the obligatary weight af the moral law was the basis for their asceptance,
In the third oritiqua, Kritik der Urtheils Xrufi; Xant employed the faculty

of sesthetie exparience as tho mediating 'ink Letwmen the abstract ecn~
eeptions of jure resson and the rractical view nf the moral order in
practieal reason,

Kant had Yegun with this predlem: the miserahle ;light of wmetae
_physies as alternately subjested to the strains of dogmatism or empiricim
and the eontrasting sugcess of mathematios and seience, History, hv saw,
rmnlnd that arnlying madhematioal and eseimntifio procedure to the
spiﬂml world yislded barm. soeptieal result The only comclusion
he oould nlmtqy wag to oredit mathemntios and seienos with knowledge
of thﬂ sppearances of sense, and to deny the possidility of speculative,
mstaphysioal Imovledge of the nature of nowmenal things. In the Kritik
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dey veinen Varnunty (34), by ssuparing the ssthed of mathematles
with that of metaphysiss, kant shewed why $he method of the cne did

net obtadn in the othwre Firel, mathematies began with axicsw or
synthetis & prieri-primeiples (35), au initial proceduwre which

was iapessidle fer phllesoplys Jecend, mathemmtical definitions
were.oreated by en arbivrery synthesis and thus were indisputables
Centrarily, vere wo evem b0 attampt definition in philcsophy, there
was no assuranoe that a defimition of an empirioal or pure ccnoept
was adoquate, sines these definitions never revealed ths nounwnal
shing itselfy nor oan philosophieal conocepts as substanos or cansa-
144y be nesetsarily and wiversally kucwn elther in psroentiocm or
eambeptiong f\ey they were merely roml:itive ritlons, " ‘i, rathe=

ratics alone ws aapable of irocon~estahle dercnstrations; ¢t ~res-nted,

-—

by {*s axions anl definitions, th; meagures ~{ necegeity anc universe-
1ity neceasary far saismce, letaphysios, dby opmesition, cculd never
produse She intuitive represestation of noumemal things in themselves,
NMotephysieal sneswlatien, then, was radiecs)ly ‘mposzible,

lant's eaneertien ¢f uman nature ard the nmind -« his vrimitive, ume
sroved esomptiens -~ were sush as to make true knowledpe either in
seienee, mthenaties, mebaphysics or theology umattainable, It was Tu:

sverbearing influenge of mathematios and chysics on Kant's chilosophy

(24) Ses, in thic comnection the study of <, I', “road, "Kant's
Treory of Mathesatieal and :hilesephical Reasoning,” Frooeedings of the

Ari 1%an oty, Wow Series, ¢2(1042), rv, 14,
I V. oohog "Xaut on the Fropositions of iure athematics,”
loism, 1 ?m'r). PPe 140187,
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whish helped bring ot this deplorsdle solution (26). Mis suceessors,
1ike the follows of Cartesiun idealism and Lockeian empiriciem, accepted
hle eonelusions as the only instruments with which they could approach
the questious of he pessivility and of the types of spegulative know-
ledre, ' The senfusten of mthimatisel, logloal, solentific and mota-
physiss) abstrastion with sach other and their dlsastrous resulte in
anclent and previous ferms of mthematiciem lead Xan¥ to the same
montal inpavess She separation of Ood frem Hig creation, the dfur-
cation of the intelligible and sensidle realms, the denlial of the
analogy of deing and the theoretiodl closure of ran's efforts to
ansver the Kantian questions, what can I know? what can I hepe fer?
end what ouht I-det

IZ, Comte

In a more antensive senme than any of hig precessers -~ Descartes,
Bewben, Kant ov $he Paglish empiriois¥s -~ Auguste Comte (1798.1887)
was fuseinated with the maw soiengea (27), It ia true that Degcartes had,
by his meshaniom, mmde 18 fashionable So coensidsr living things as devoid
of 1tfes Thé swppewed imposaibility of explaining the interaction of
mattor and spiri§ «« a prodlem posed dy Detoartes -- had engendered a
progressive materialisation of payohological study and an increasing

predilsstion to constider memtal phenomenn as roverned sy the lawe of

(28) Eeieme Gilsom, The Unity of ‘hiloscphicsl Fxperi Chapter

1X, "The Pbruiu of Kant,” pp. 51,
(27) For an analysis of Comte's reverence for the soienses and his

attitude to th-.t see ppe 7-17 of Gouhier's introdustionm te b.zgu_g_‘tq Comte
cho 8 fer,

W aves une introduetion par Henri OGounier, Part
[ 4
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physisal soienes, A host of materialists and pan-rhenorenaliste
ATORS, in most of whem, hewever, Strains of metaphysies were still
diseernidle, The Fnglish espirieists, evirred by the aseendancy
of mathematioal and shywieal selenee, attenpted.to safeguard reli-
rlous and moral Xmowledpge by emmlating she metheds of sclence,
Kant's stristures on imtellestunl imowledge, and his faverization
of vhysiss, mathematica and the exaot soiemces of sxperiemte, eaneaised
this general tremd, Dut all theed multiple rovewsnte tewards making
newledge wathemntionl and seientific were encempassed in t'w posisive
thlesephy of Amguste Oomte (28),

Combe had achisved sows show of hrilliamee in mathématies when
744 & vowng ran, and later sarned his aily dread by teaching mathe-
matios Yotk srivetely and at the Feole Polytechnique, Kis assecie~
tiom as student and seoretary to Sainte3imen gave him a virorous
impulye Sowards the scelal sciences, Disagreeting with the notes eof
urgeney end Usmadisoy that SainteSimem connested with his sectal
reform program, Comte laft him to establish his own school of thought,
3e%h Joseph Pe Naigtre and Coneerdet contriduted greatly to the emtrel
{den of his pomitive philesophyr the gradual replacemsnt of dogwa emd
staphysies by a nified mathematical seience (29),

Comte’s Cours de Thilosophie “ositive (30) embodies this new

(88) See Etienne Oilsen, The Unity of "hilosephicel “xperiaence,

Chapter X, "The Bocielexism of A, Comte,” pp. B63-276, for a fine sumary
o

(89) Llater in 1ife Comte entersd a "mystical” period, HNe aimed to
unify net only uman thought, dut the entirely of human existence wniler his
pesitive religion whioh {s expounded {n ie Eysteme ds elitigue Pesitive,
~ MP‘ od\lhl.l'. w... PP 17-31.

(30) quotations sre taken from Cours ‘o thilosophie "ositive par
An Comte, Quatrieme dition augmentee ie la ‘reface -‘‘un discirle b

une etude sur les irogres 4u positivieme par ', Littre, "ix vnlumes, ‘arie:
Lidrairie J,~B, Bailliere et Fila, 1777,
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dootrine in the form of wizty lestures., It opons with sows brief
considerstions on the preogress of the humen race as exomplified by
his law of the three stages (31). In the first, or theologiecal

ers, wen seught for an abaclute and trenseendert mearing ~f nature,
riehly indhlging in the use of the imagimetien. This synthetie view
prepesed by theelogy had been, for a time, doth successful and useful,
Oreduslly the seeend or retaphysiesl stage, searehing yot for en eb-
solute though immanent answer to men's queries, supplanted the theo-
logicel. It likewise was sharseterised by wain and imeginetive
solutions, but it proved itself to hHe neither resoureeful mor se-
tisfactery. The third, or finel ers, is the pesitive. Adandoning
the quest for au absolute, it 18 eomtent with the relesive, end
supplests the use of imagimery fietioms by en inereasing .se of
ocbservation sud by ite growing eolleetion of the faets of experience,
The imner ineompatidility of the three stares is not adeolute, They
oen eoexist in e single ers or im a single men (38); more advenced
pecples, hewewver, will be recegnissble by their sseription to posie
tivistio doetrines, of whieh Comte preelaimed himself the high priest
and %0 which he ‘nvited disciples,

To the questien, what 18 pesitive philosophy? Oomte suewers that

fn; Cours, Yol. I, pp. &-11,

82) "Cheoum ¢e nous, en contemplant se propre histoire, ne se
seuvienteil pas qu'il s §%6 suceessivement, quant & ses notions les
plus imporsantes, théclosiem dans son enfanres, -“.F{!““. dans se
jounsaee, et ioien E‘Ann es virilité?! Cotte wirification ecet
feoile aujo ul pour tous les hommes au miwveau de leur sidele.*
Cours, Vel. I, ppe 11-12,
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le ocaraetére fondamental de la philosophie positive est de

regarder tous les phinemines comne assujettis & des m.

naturelles ‘nvarisbles, dont le déceuverts préoise ¢

rédustion su noimdre mewbre pessible sert le but de boul

nos efforts, en ecnaidérant corme ebsclument inaccoasible

e vide de sens powr nous resherehe de ee qu'on appelle

les csuses, soit premidres, soit fineles (38).
This is the origimality, then, of the Comtian doetrine: s) the ne-
getion of philessphissl abstreetiom or the sesrsh for final snd first
esuses; b) the affirmation of the basle ldentity of a1l selenees. All
other prodlems sre to o regerded oo insoluble snd left to the imegina-
tion of the theolorians snéd the subtleties of the metaphysicians (34).

Six soiences comprise the aerpe of positivist docetrine. They are
bated on Comte's law of the eneyclopedie division of thw sciences, that
of deoressing generulity and ircressing com:lexity. Mathemmties is the
highest snd the :restest science and knows bodies ss suoh (35). It hes
the simplest cbjects and the most wniverssl laws; 1t fupotions es the
universaliging and unifying deetrine. The other seiences merely ocon-
sider special groups of bodies} astronomy desls with the stars, ohysios
with our plenet, chemistry with teorrestrial and mineral “odies, snd
physiolegy with orjzanised or living bedies. S3Sociology, or soeial physies,
doglc with human fectiss its objeots sre the :cst oomplex, and ‘ts laws,
the least wniversal. The order listed ebove is, Comte oleima, both a

retiensl order snd the order of the historieal eppearsnce of these

sciences,

(88 Pn-ﬂn loqon, Vols I, po 16,
403G ey Pe 17,
(u Comte defimitely oxcludes metaphysics from his purview, end
attrioutes & wmetaphysicsl knowledge to reihemsiics; Etienns Gilsem, o Ope 8it.,
PPe 861266, -

'S
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The sims of positive philesophy, » spesial end general one,
sre inseparsdle. The speeisl sim, "le plus grand et le plus pres~
sant besein de natre intelligenee”, is to terminate ithe system of
obumum:rﬂnou by founding sccial physies (36). The generel
sinm idensifies the Cours es one of positive philosophy) it is to
insuleate & knowledge of cenersl seientifie reletions and iaws, to
ocaordinate previcus knowledge ss Lranshes of the greav usree of
poeitivietie science (37), This smbitiems progrsm warrsnts s
division of lebor um:nioutuu. for whieh Comts pleads by
pointing out the salutery eoffests %o the pesitive program t‘ar
sooietyr the generel laws of legie will be elarified; e needed
reform in educatiom will ensus, and the six scienees will be studied
in the propor order of preeedures fro; the simple to the complex; the
progress of positive seiense will be prometed; & soeisl reorgenisetion
will originate (88).

The umifying solence, 11; the Cemtian sechews, and the ideal to which
the others were to Le made sonformeable, wes sethamatiocs, Comte had
reslly sspired to constitute an objeetive synthesis of the sciences
through mathematies) WS, as he conpleins, an insuffieient develepment
of pesitivistiec philesophy made him be eontent with s subjeetive,

(36) ° vaintenamt que l'esprit humain s fondé la physique edleste,
1a physique terrestre, soit mbeanique, soit ehimique; la physique organique,
sott vightale, roit animle, 41 lul reste & terminer le systdwe des soiences
diobservetion en fondent ls physique soeisle.” Cours, p. 2%,

2"; Ivid., Pe 23, owl,

88 grande erise politique et morale des sectités aatuelles tienmt,
on dornidre analyws, & 1'anarehie intelleotuelle...le désordre actuel des
intelligenses tisnt, em dernidre analyse, & 1'empled eimultanéd des tpols
philessphiss redicalemsnt ineempatives: 1l philesephie théolopique, 1a
philesephie mitephysique et la philesephie positive.” Tbid,, pe 41,
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persemal synthesis, Ris methematieimm, then, 's evidently a hold
and extensive program, It 18 the most smbitious of all types of
‘mathematieiam, uniquely snvisaging all orders nf truth as comprised
under the Amdamentsl notions sf mathemetical abstrametion: figure,
‘movement, quantity and mumber. ™mly in mathematias de we achieve
wniversslity and soourasy. It renders precise and sxaot the In-
definiteness of ohserveble phenmomena (39),

Sefore presenting his importent division of mathemmtics as oon-
srete ond ﬁutrut. Comte soneiders mathematios in general. 1t is te
be viewsd as "n'étant autre chose qu'.ne lmmense axtension sdmirable
de 1s logique nsturells & un sertain ordre de dédustions (40)."
Conte veys warm tributes to its unity snd its anelent oharseter,
but is piqued ot S4a former definitions end divisions, vegzue and
insignifiesnt o3 they were. The firet problem, then, Sinoe rathe=
mtics is now sufficiently perfeeted, is te coordinate ite perts
end to prepere it for progress.

Ksthematios has heen ‘l1ledefined ss the "seience des grandours”

or "la foience qui s pour dbut ls wesure des grandeurs” (41);® fer

(39) “Dane . 1'é%at actuel de diveloppeMast de nos connaissences .
potitives, 11 eemvient, je crois de regsrder le seiense mathématique, moins
‘eomwe uns parsie eonstituanse de lo phileseophie nasurelle proprement dise,
que oomme $temt, depuis Descartes et Newien, la vresie dase fondamemtale de
toute eette philosephie, quoique, s psrler exastemsat, elle soit & le feis
1'une ot 1'sutre. Aunjouwrd’hul, on offes, la ssienes rwthlmatique est bien
mains importente er les cennaissances, trds-résles et trds-;récisuses
néenwsine, qui la-compesent directersnt, que commo constituent 1'instrument
le ples puissnt que l'esprit humain puisse employer dans ls recherche des
leis des phénondnes pasurels.” Ibid., Deuxidme Legon, , . .ce

L ) D“o. Pe 87.

41),.18id,, 2reiatdme Legom, p. 0.
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"ost apercu meolastique” is only “asically correcte It -evely irmlies
& direst und naive gomparison of objeot to objeckemeasur<l, Such
wessurenent is often impossidble, say, ‘n the ocase of oelentinl 1is-
tances, From this quasieimprastisability, “o~te elaims, an immetus

was glven L~ forz the matbemstioal solences by instituting a search

for indireot messurement; this solution was found by rathematicians,
They substituted ir lirect measures whigh zre directly -essuradle; ¢ en,
by diagmosing the relations between the ir'irect dut known -easures, the
direct and unknown weasures ¢ould be foumd, In this way mathematiocs
supplisd the power for the muumnt‘o’ all of nature, and its

exact definition is given, "en 1ul assignant pour dut la resure in-

Jireots doz zrandours, et disant qu'on s'y propsse constamment e
detorniner los grandeurs Jes unes par les autres, d'apres les rela-

tions nreolsss qui oxistent entre ellea” (42), But this definitien,
Cowte argues, 1o sgiivalent %o the (reek ideas of anlence in gemeral,
and not the mcderm designation of methemmtios as "la soience par exe
osllence (43,," For selense has no other turrose but to determine the

relations of rhencrena and coordinate fects (44), Methemmtiosl research,

(42) "Cet enenss, m: liew de denner seulemsnt d'idee d'wm grt, comme le
fomt Jusqu'iel toutes les definitions ordinaires, caracterize irmsdiatement
ume veritadle _-!1_%, ot la naootre eurele~cl.amp ommposee ! 'un - izmense en~
chainemsnt d'operations intelleatuelles, qui rourront evidemment devenir
Sres<soapliquees, s raison de la suite 4d'intermediaires qu'il frudra etabl ir
entre quantites inconnues et cellss qui comportemt une mesure direete, tu
nombre des variables scexistantes dans la gquestion propease, et de la nature
des rolstions qui fournirent em’re toubes ses diverses prandsurs les phene=
menes evnsilerec,” Lb%. vs 98,

(‘3) Ibid.’ Ps L

(e0) V.. .de determiner Aes ;henomenes les wna rar los autres, d'apres
les relations qui existemt entre eux, Tewte sqionge ¢onciste dans la o0~
ordiuation dec faits; st les iiverses obnm&ohﬁadam entierement iselsss,
41 n'y surgit ~as de sciense, On pout meme dlre que la soi ost vasentiel-
Jemsnt destinee a dispenses, autant que le comportent lee divers ~henomenes,
de toute ohservetien direets, an -armettant e deduire fu plus ebit nombre
possible de dommees imnediates le plus prand nombre nceaible e resultats,”
Ibld,. e 99,
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in faot, deale with Both “h¢ quantitetive end “:e qualitasive in e
higher ard vore ~crfest way than each low.r aclence nomaiders its
svhere ~* objests, It (s the -erfect ssience un' {s the hirlesh
sbatraction attainable in the -ositivist era (45),

Combe gives a twofold divimion of ~sthematios imtc abstract and
ooncrete, This ~rineipal division (the secandary 4division is into s~
tromowy, rhysios, chomistry, rhysiology ani scocial physics) is seen to
arise from the considermtion of amy rathematical prodlem, The order
of resenrch oomstituting conorets mathsmatics aims to ¥ ow the precise
relssioms whieh hold betwsen quantisies under oonsideration, Onee this
has been sccomplished, abstract rathematies is simply a question of Ase
termining the unkmown numbers from the precise relations of the known,

Yor examrcle, Galileo used concrete mathemation to estadlish the law

ef falling bedica; once he had found the law, then, krnowing the hel-ht
ef the hody, ne could leara the unknowm time of fall, or vice versa,
30th dbranches, Comte concludes, are squiwvelent in rolnt of difficulty
and umderstanding (48),

Concrete mathematias is the hasis of all seiense, It ocnaiders the
phenomens of the mmiverse oither in thelr statio aspeot as ronerel geometry,
or in thelr dynwxdc aspest as in mschaniws, Both hranches :© concrete matlow

matios ain to discover the equations which unify phenomona, and they comrr-ise

{48) "Clest Tome par 1'etude des mathematigues, ot seulement par elle,
que 1'on “eut se faire une idee e 0% aprrofoniie de ce que ¢'est qu'une
soience, C'ent la uniquemomt qu'on doit chercher a connaitre aves preolsion la
m)gemnlo que Y'osprit humain swmloln eoastarmert dane “cutes ses re-
sherches positives...C'est la eralement que notre ontendememt a donme les nilus
grandes rreuves de s forees, rarce que les {dees qu'il v nconsidere sont 4u plus
haut degre d'sbstraction possible duns 1'ordre positif, Iouts education sgienw

tifique ’ni ne commence point par uns telle otule peche done negessairsment par
" hazo.) es 1o 79=100, {{taltios inserted),
4¢ 102,
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the two f\mdanmotal seivnoes (47), Oonorete mthematios, under

both aspeats is basisally and essentially experimentsl, fw on

direct observation, The simplicity of the phenemena which it eonsiders,
Yields a high degree of sywtematisation, "qui & pu quelque fois faire
meconnaitre le caractere sxperimental de leurs premieres principes (48)."
"Jnlilr; abstract -athemties, conorste mathematios uo:uua.rily varies its
laws when new phencmens are introduced, It ls, “herefore, nr,faoicl, and
lzaediately conserned with p'encmens, In ite ; resent developmenmt, how-
ever, thg px;egm of ooucrete mathemtios ‘as only “een completsly applied
%o utronenlo?'l rhenomena and to a :art of terrestrial phyeics,

Adstract nathematics is genoral in nature, It is jurely legin}.
n;iml. consists of "une serie de deductions rutionnelles plus ou
moins prolomgee” (49), and is composed of what 1s called the caloulus
or rathematieal analysis, The terms of aansrete mathematics, equations,
sre its point of departure, and nhdtnﬁ sathematies has for it:purpeu
"dodniv_‘roﬂ toujours les valeurs des quantites inconnuss par celles des
quantites connues (30)." If we compare abstract %o conerete mathematies,
we find that m{z‘tionl ideas are wore sbatract, gemeral and simple than
goometrioal or meshanicel idess (51), Fathematical snalysis is, in faet,
the basis.of positivist knovledge; Its ideas ere rost universal, shstraot

. or

- v
Y o
"

or (47) "Masi 1a geomatrie ot le mecanique oonstituent, 1ar elles-memes,
1es doux seissges naturglles fondementalos, en ce sene, que tous les effste
naturels ~eurett stre 4ohous gomme 1o #ixmples resultats necesssires, ou des
loin do ]'entendud, on 4e8 lois du meuvement,” Ibid,, p. 108,

« (68) Ib1d,, p, 87, °

gy

T

- (¢9 o Te 104s
(” o Peo 108,
. (8 {deee aonlySiques sent evidemment a 1 fois plus abstraites,

piue ' gonerales ot pine siuples que les idees ri weani ques., "
,mzon-m. geonetriques ou nweaniques
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and sinple (52). Mathemmtionl abstrustion is the tirhest ran is
capable efs If eme attampts to prebs mors deenli, he will fall “ime-
vitablemend dems les reveries mesaphysiques” (58), This hirh narfeotion
of mathamationl smalyeis 18 not dus, as Comdillao and the metaphysielans
argue, %o the masure of the eonaise ard peneral sipns empleyed as in-
strumemts ian reasoning, Ihis, Comte says, $» an exugperated idea, A1l
the great esnoeptions of analysis, he says, were discovered without ree
sourse 40 signsp they were dus to the extrems simrlicity of She ideas

of analysia which ean be expressed in any kind of »sirne,

Ihe domain of doth oonorete and abetract vatiiematios is, “rom the
logieal viewpoin$, neewssarily and rigorously wniversal, end ultimately
reducidle %o & questiom of mabers (84). That all cur researches ere
ultimately pointed t0 3 question of nwders Comte 1llustrates by an
example teken from living bolies ~- & class of phenomena least socessidle
te "1'esprit mathematique (53)." OSimilar to the ‘ythagorean coneeption
of a harmeny in the hody, Comte's {llustration holds that in every ~athoe-
logieal case *he therapeutie questions involved can he envisaged as a
mere determination of quantities which are recessary for the normal

existenss of the ergsnisn (64), Im prastise, Comts admits, the phenomens
w

(52) “la veritadle base rabiommelle du systems sntier de nos connaisaan-
ses positives, Flle constitue la premiere ot plus parfaite de toutes les
ssionces fomdamentales, Lea idees lont elle s'oocupe sont les plus universelles,
lu plus abstraitos ot les plus siwples gue nous pulsnions reslewent aeoncevolir,”

Dider gty &.. pe 100,

(6¢) "Car il n'y a pu do tion q\ulooneg\» qui ne pulase finale=ent str
OOROUD OO0 m.t.m des ites 1 n unes iar les autr« d'ae
res certaines re DAr comme reductible, en dermiere anae
yoe, hro siwple qunt!m 8o nombres !M!.. ps 111,
8y Pe
iss s s oRANS 10 cat patnologiquo, v Yonteil pnu arifeste que woutes les
uutim ‘e t'wn cutst ve peuvent otre ominreu onalutav '* a dotcrminer
?m tcnu £ d vers mndificateurs de 1 »rm« tme qu iven‘t: aeir
our le ramener a 1'etat normal, on admnbtnntsiauivnnt 1 uanvm o8 rece
{

ntru s valeurs nulles, neratives, ou_veme oon'cru et. lres, - uel -
unes do oes quantites dana’onrtain m&ze Inid,, p, 112, 688, OuUr gqualgues
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are 5o oomplex t .at we are pregsemted with umsurmoumtadble !ifficulties
in usimg Shis method, but it s an aim worthy of attainment (57),

Conte's mathematieiom un'l sosiolepism had a *ﬂ;laoproad and teiling
effeat on the future study of solance, payohology ani sociology. Three
Comtian diresticns were followed explicitly: first, we only know sense
phenomsna and their lsws; second, Mypothcses can be utilized to coordinate,
oonecil i-to‘. m.d ;nurpm these p&wnlm, bus without seeking into deeper
causes; ‘thtr;l, the n.th—ttoo-uimim emphasis and method was adepted,
Biologlul uionu. under Darwin and Speneer, wus g_nrbod' in a positivist
interpretation, leadiing to the '.'ho:rion of socialism and Marxiem, A
gradual mathematization of psyehology resulted in the foundation of the
psychephysies of Tundt and the dynamis psyoholegy of 2Ubhot, Finmally,
the uoialoiy of Durkheim cQ his ’uhool., apolied the ponltivi philesophy

to Comte's dream of a sooial t;'llylit’l (s8).

(67).. “Fazes que 11 y & evideamut impossibilite tetale d'obgenir
Jamais ds veritables lois sathematiques, ce n'est pas nearmeins gu'om
doive cesser, d'apres ocelas, de osnvevoir, on these philosephique generale,
les phenomsues de tous les ordres comre necessairememt soumis par eun-
nenes & de¢ lois mathematiques,” Ihid., pe 117¢ .ee0'est par les mathe-
mdiques que 1a philesephis pesitive o commencs & s¢ formor: c‘n“\';_.
d'ellies que neue vient la I3 etaits done naturellement ings-
vitable que, lorsque la mems re ds preseder a-du ¢'entendre a cha-
oune des astres seiences fendamcutales, on ¢'efforgait 1'y imtroduire
1'osprit msthematique o \a,p}.\u Wut degre quo ae le comporteiont Jes

p 8 oorrespendamites - - o Do 188¢, .. ; ,
‘. 7») Yoy a: fine sumwry of&&to sature and influemes of positiviem’
m Toed, Thommard, op, o9it., Chapitre IV, "le posttivieme,” pp, 892

[ ]
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Chapter VII, Contexporary Hrectionge

Ouly two other historisal periods, that of the (ireeks and thet
of the resurpense of wathematics im the seventeenth to eighteenth
esnturies, witnessed the slese comhmotion of mathematics te philo-
sophy that exists veday (1)s Soon after ita birth as a seience,
sathematios suaocessively ran the gauntled of rythagorean realisn
and 7latenic idealism; 1% besars an adetrective seiemce for Aristotle
and cthen passed inte the irresponsive hands of rysticism, eleotioism
and sosptisian (2), The rise of mathematies in ths seventosnth and
eightoenth eenturies showm similar trends in the :hilosophical view
on mathematiocs empressed by Fenler, Gulileo, Descsrtes and Leibmis,
by the Sritish empirietists and Xant, After this periocd the philosophy
of mathematies was given camparatively little atsention by either
philesophers or mathematicians; while mathematiolans dusied themselves
with furtheriex thelr soience and i1 establishing the ealoulus on o
sound basis, ~hilosophers, for the most vart, turned their offorts
in the direosion o7 the soeial and ~sycholerical sciences (3/,

Of the large numder of hisSuriesl faotors respomsible for the

presemt Selfeconssiousnesss ef makhematicians, the following can be

(1) Joim ¥esley Young, Leetures % Fundarental Conoepts of qup_rg

and Ggomet ¥ow Yorkt The laomi:lan Uompany, s e 37, Je6 also
orakan A, Frmh.l.. "The desant Controversies adout the Foumdatiocne of

Mathematies,” Seriiva hmu% 13(1947), ppe 1718,
(8) Leon Wobin, La ‘ensee ot les origines de 1'esprit soien-

tifique, Livre 1V, (hapitre  remier, septicisme,” pp. 577-3E6,

(3) VPor a n-‘m'::‘ the major philosephical tendensies during
this peried see Pomde Spe 0i%e, Chapitre IV, "Le Tositivisme.”
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signalized ar being mathemtieally She ozt aignificant and formatizw,
Already in the efpMteenth sentury, *he aeute digcuasions which had
arisen on the feundations of the infiritesimal celoutum (4 led to
A1fPioulsies with the theory of infinite series and sti~:la‘ed a rore
rigorous g-nrogch to ~athematios, The gradual rise of varicus alrebras
and reometries after an 'miwterrurted reign =f Muolid frr tlirteen
oenturies ocoasioned a further, critiosl wnnder soncerming the nature

of deductive reasoring and f rathermtiss itsel? (5). “elerstrass'
quite ruoccessful attempd to foumd matheratioal analys's on arishretical
basis, Oartor's inmtroduction of the theory of ‘nfinite sete, and Tepro's,
Frere's snd Dedeind’s aim (8) tc base ra-remtiss ~m ~ure lngle followed
easch other in rurid succession (7). Xromeoker vigorsusly objected to
these views, esnecially to those of Cantor, ~aintaininy ¢%at all valid
rathematios ust de expredrible in terws of the ratural mmbers, rut

his objectinng were ~assed sver and Omuntor's ideas, fruitful for

(4) An excellent study of ths mart the infinitesimal caloulus played
in fostering a oritical views of mathematiocs can he found in Carl 3, Boyer's
The Omcq;y of the Celeulus, slready referred to, For s atorter study,

aton, ‘is‘c'-e du caleul, ’ariu ‘rennes Univeraitaires, 1048,
Chapitre V, "“'smalyse rathematique,” ppe 110123,

(s) wuu.. Ceeil Dampier, A m-tmy of Sciena o 451485,

(6) Riohard D-do!:lnt:l. LT thoa_ eory or nu I, Contimuvity
snd Irrational Numhe 11, Yhe Yature and Meanin ors anthorhod
transistion of Wooster Woodruff Deman, Chicagot m ourt, 1901, In the

prefase to the first edition of The hturo and &min& of Bumbers, Jedekind
speaks of the number oonoept as an imme-itiate inference from the laws of
thourdg (pe 51), and of the possibility of dringing our notiors of spece
and time into harwony with the numder~domain which is ‘hus orested; see
ope 3le40 for this tutomtinr rrohoo.

(7) Leon Srunschvieg de la rhilowophie mathematigue,
e 330324, See alse F, ﬁ Mlopum of athematios, pre
3013513, and 7 ierre-k, lhﬂhul. Hutoln do la womotrfo ﬁrtl: - ressce
‘Iniwniuim, 1048, Chapitres VY ot VII,




138

mathematieal disooveries as they were found to be, prewailed (a,,
#ith the introdustion of the antinomies and araioxes which
Cantor's theery of sets provoked (8), however, iisoussion bocame
more aoute; mathematislans bYecame more severely critionl of vhe
nature of mathematical abstraction, and a number of schools of
“hought arose, . oinoare demanded that all mathematical notions be
finitely definable and that definitions be verifiable »v s fin‘te
number of everationa (10), The Tarls Uclool, headed by such men as
Borel, Lebesgue, Jaire and Hadexard, thourh nrirmrily enncerned with
funotiocns +nl ~easurs theory, joined the curremnt ; .iloseriicel 8 cu-
1aticong on the fi.ite and the infinite, insgell nnduﬂlitohcad's

Princinria Mat!ematios, ultimately derived from the work of Veano

and Fregs, atiompted to establish the validity and conaistensy of
mathematics on ‘e basls of primitive lozical ooncepts (11). The
sochool of Hibvert, known as Torraliem, emphasiszed nostulational -ro-
cedure and attempted to retein the whole of formal rmthemmtics by

proving ite freedom from contraifetion throuch introduction of the

(7) 1In the introducticn te Contriw:.tions to the "suniing of ‘he
Theory of Transfinite Humbers by Georg Cantor (lransiated, and provided
with an Introduction and Notes, by "hilip ', 3, Jourdeinm, lafialle: “-en
Cours, 1947), Jouriaim poimts out the influence of previous work on
Cantor, especially that of “elerstrass (pp. 10-23), Jourdain also
sumarizes Cantor's rhilosophical attem-ts towards fustifying the in*ro-
duction of -he tranefinite numbders (pp, £7-71), ard summariges ‘he develop-
went of the sheory (-pe 73-82),

(7) See Louis O, Kattsoff, op. oite, pre 752, for a summary acooumt
ol these antinnmies,

(10) 7, relsware, The Foundations of Science: Science and I thesina
The Value of Ssiencs, Yolence and Wbthqgi.nuthoth03'E;;;;TIETEngggE;EFEEL
Bruge Aaistend, with & sSpecial preface by Poineare, ar ! an introduction by
Josiah Royoe, %q' York:s The “clence Press, 1929, -, 448485, )

(11) Sertrand Mssell a'.d A, ¥, itehead, . rinci-ia atrematicon, sscond
edition, three volumes, Cambridge: The University ' ress, 1037, ror a BUTTARry
of the arguments of :rineipis Wathematiea see lax Jlmok, The Wature of Hathae-
matigs: A Critviesl Survey, Lordon: Fegan reul, 1033, nn, 19=11f; sen also “he
eriticiam of Black on ppe 139144,
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motien of metanathematios, OJreuwer, vhose views trsce back %o

Xent and '.?"-ronoobor: preposed his intultionist view whieh regards all
mthematios as construstidle from a besal mathematieal intuitiom end
whish would eliminete .c large part of the infinite in mathsmatics,

The -olr-c::'{tloal analysis of mathesatios which arose, in rart,
from these and cther fastors, is signiffeamt {nasmich as it fo &
field of research principnlly the ooncern of mathematioians, Ine
1tially concernsd with what is gemerally termed a oritieism of the
foundatlions of mthcutiu: ‘\‘.!io' 1niut1'ptlcmn carrisd on dy rathe~
raticians have spread into other soienses ~- history, logio psyeholegy
and retaphysies -~ and are rightfully viewsd as a ocsnfrorSation of
mathewatios to philoscphy (12),

In attempting to present a partihl bubt synthetic view of con-
temporary .mh.uo. -%-i'u from ;Ath'cn;ei« or spdiating towards
11:, the olassification offered in n)npto'r one of thias essay will be
P:llo'od. nder the pro-l&lwtiﬂowﬂm, the many attempts te popu-
larige mathematical and seientific doctrine will b bdriefly summarised,
Since th;‘;nu of wathematies, sspeeially ir the ;hysieal selemsss, has

likewise dred speculatiom om the nature of nathematios, the views -f
the c‘lmthtc and phﬂuo}hnu of nature will form che second greup,

B \JIA

' (12) Zhis fuos is tworessingly being brought se the "* by aathe-
mtiglang, Yor Wxaxples of eoneeptions of the philosophy of mathesatios .
ses Nax Slngk, %i Wﬂhﬂuﬂ' PPe 1=6y Berwarm Woyl, The

R

Yorld, Gaepter " ppe FT<B4; Rertrand Russell, Our Knowl
) ' Vorld, Bew o t Wy, ¥, Norten & Company, 132'5'.—“&" ﬁ.
as the of M™ilesephy,” wp, 3888,
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The view of loricel abstraation, fnrminr & thi-t er v, 111

sumearige thoss views whigh s’ i11 malintain aliett ction of logle

from mathematios, The fourth group will isal wit): asreculations

of fered by mathematicians themselves; des ite variation of oninion,

the thres schools of logloism, forwalism ant intul” onism are st'll
d1atinruishable and will be trested in *hat .-!er (13), Inasmuch as

a mmbder of -“ilaosophers have concerned themselves witl ‘he neture of
mathematies as they nave of science in general, their theories, f-rming
s f1fh rroup, will be briefly outlined in conolusion to this historical
survey,

Faeh of the theories on the rature  wathemationl abstraction
which are ~resentsd below necessarily imolioate a meta;hysieal posi-
tion on mathematice, It is onlv motaphysics whioh has, as {ts -roper
o-roern, a view whieh s completely outaide that of any -artieular
scienae, Tor, if a mat ematioal vhysicist claims that ~rthematics
18 pure tha:vht, rig theory expreases a view of ‘e entire odifice
of mathematicsy it is a nental stange somletaly outeile the foma'n,
sontent and reaning >f either mathemntios or ~hysios, It i free
quently congeded that welaphysisal theories have scrn dearirg on

rathematics, but merely a sritical one (14), Mt nr theory -erely

(13) Por an introdwosioa to current Sheoriss on the founda¥ions of
mthmuuhuo E. .. Stabler, "An Interpretation and Cewparisom »f Three

Sohools of Thought 1in the l’oumuﬁonl of Nathematies,” Kathematica Temcher,
2e(1935), ppe B3y © Larguier, "Gohosls of Thourht in Medorm
Mathematiocse,"” Mfﬂ.‘- s "Pe 885-340; Abraham A, Fraenkel, "The

90 nt Cmtrv‘r ubcut tbo Foundations ¢ Hathematics,” Sorirta Mathe-
maties, 13(1937), ppe 17=38; Adolf Trasmkel, Eimleitung in Jle Senpeniehrs,
iritte uﬁ‘mmu uad stark erwesiterte auflage, New York: Dover Publiome
Lo

t%o Yiertes Kapitel, "Zrsonlistermecen der Gmdhm und ihre Folean,™
» 0

uis O, ht*uﬁ‘ ol ) 4 N
Heang hla‘zonm 'lg"d'll”«l.etim ( nm: M%& 3;1-’ j-6e
Chicego rress, 1938) merm*m!sfeﬂogory with three taeks, *fn nf
being desori-tive, oriticel ani advisory; ~p. 3-186,
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volces oritical ooemts without being acoompanied by s doctrimal,
exvository nosition, If T say thet wathewaticn is +-% to be iden-
t1fled +ith lorie, I usually lend roawons in sunrars f this view
imrlicating me in some deetrinal poaitiom on e nature of bHoth of
these soisnces (18),

A olarifying remapk ghould be put hare on the relations hetween
mat'eratios and retaphysias, In -resentiny the theories “elow, no
olain s heing made here th-t' the mathematioian is not to develop
mathematios at top and bottomy that ‘s to say, “he mthomatician
is not only to develop his ecience, but shoul! ever exhibhit a rightful
ecnoern qus mathemsticlan with mathematical ultimates ard with the
methods and bases of his solencs (18), The mathematielan “urned
philosovher, however, may maintein that beyond the mathematieal ule
timate nodhing more is "o bHe gon~hty or ‘e ray freely indulse in
metaphysiesl spsculation -n mathematice with little resard to the

implications involved, Consequently, “he views presonted below aim

(18) F, Gonseth, hilosophie athematique, sveo cinq deolara=-
Stens 40 M, A, Chwroh, W, dekermann, A, Heyting, i. Jernays et I,
Qwristek, Faris: Hermanmn & Ole, 12392, -n, B=€,

(uS "We aro here congerned with the nature »f the positive
integers which are Xnowm aleo as natural numbhers, Contemporary mathee
satical epinion follews that of previcus oenturies in regarding these
pumbers as the keystone of the mathematisal struoture,,.lowsver, une
1i%e our predecessors of only half a ocentury ago, we o not think of
methematics as bogimming with the natural numbors sz its dosic slements
and precesding themee to the development «f its various branches, The
1atent views tend %o assign to these numbers a middle positiom in the
structure af this seienss, The lower portions are devoted to the foundae
tione of mathemmties whigh are established in the peneral theories of
relstion, order, sets, and groups as well as of logic. Above the level
of the natural musbders have been erected the various speoifio mathematieal
dlseiplines such a8 the theory of numbers, algebram and the various theorieg
of fumotions, as well as moet of the peometrioal studies.” Abraham A,
rm.”‘ 1, "Fatural ¥ubers as Cardinals,” Seripte Mathematica, 8(1939),
p. “:,
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to comrress, with sore measure of cci.nleteness and exnorit e, &
metaphysioal presentation of the leading theories -r ‘he rature of
mathematics, whether of‘ered by a lorician, rathematician, peycho-

logist or rhilosophere
1 ‘re-fetiensific Influenses

‘resoinding from current mumber-mysticism and astrological
pmtleo; whigh seem an imevitable counterpart of oiviliszation, the
relation of mathematios "xo the pre~goientifio man can be gsoen in the
prowing mmber of books whigh attempt to -opularige rathematics, The
first olass f these bZwoks wmerely aim to teach mathematios as such,
Filled with useful information and delirhtful exunples, aizing teo
unnu. the mystery which ~an ‘Smgima is cast about mathemmtios and to
ropularige it%s i'-iafc, these “ooks bdoast of a large aals and a droad
influence (17), A careful perusal of some of these works, howover,
shows that bdesides a presentation of mathematioal dootrine, thelr
m:thorl are likewise interested in presenting definite ocommitwments
on tho utun of society, philosophy, religion and soiences «- on the
whole f1e1d of human oulture (18)s "latorical insccurasies and
aprioristis views neither proved nor capable of preof are mingled with

the presentation of wathematical facts, presedures and conteat (19),

{17) A few --pln of this Syne of book, some of whieh have desm
referred % pmhul are: Zdward Xesner and Jemes Newman, hhnhombtou
MMQ. Ml of lc*hunuu Arnold

hmtu Aeow "‘.‘a"co..

o
- {18) tee for sxample, loll!l g cocloy ot al, Imtrodugtion to Math
tlee Cha; ter I and Chaniers XVITI.XXI; soe alee K, dlghardson, ?mm«m‘;l of
h‘uﬂnl, Mp}:r;sl:n:l XViil, or Gmylord ¥, DNerriman, To' Jl{8cdover faLhee
- ters
m has dean Indl o Lamcelot Dogben's Mathematics for the

114 snd Bgiemoe for the Cit are roteworthy exampies of an extreme end
retation of the re realm of humen culture,

a
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In this regard, these books are similar to another clase of books
about mathematics whieh have & rore nhilosophical purpose, Cone
¥ineed of the delirhts of wathematios, its historieal and cultural
inportance, rathematiciang and speculative thinkers penerally will
presend reflected views on what mathematios is and how it 1s related
as a soslal foree to oivilisation and culture (20), FHere, likewise,
11t4le regard is often had for truth, and there seems to be more
concern in presenting one's rrivate, arm-chair musings on "mathematiaos

as & oulture olue" (21),
11, Soientists end Philogephers of Nature

T™he sesond group of speculations ferming the contemporary rathe-
metical pattern, comprises the speculations of a number of seientists,
ostmelogists and historians on the neture of rathematios, A halfe
ecxpresded tendency towards idealism or seepticisn is frequently dis-
cernidle ameng solentists, s tendency which may be desoridbed as the
belief that reality as such can be placed into partial or complete
nm 4 mathemtieal ideas or rathematioal thinking; cone
sequently, all svailabdle knewledge 18 coextensive to ratheratics and

(20) See the resems W edited by
¥llism L, Sgheat, and re te previsusly, fer a typlical example of
& grewp of ceaflisting views ca the nature of mathematies and its walue
as e zum foree,
21) T™he essays sud books of Cassius J, Yeyser (Bee ll.buomh{ at
the end of shis essay) are gocd illussrations of this fres, liberal view,
sse, for emmmplo, Lectures I, IX, and Leotures X¥IIl.XXI of this book, Mathe~
matisal Philee t A Study of Fate and FPreedom; leoctures for Fducated Laymem,

sew Yo iton & Co,, 1937. Yor g eimilar example, $eo the two °ocks
of Tobiak Dentsig, Aspeots 5f Satenoce (New York, Tho vacsilian Cowpany, 1987),

Yumber: The lan of Jeionce; A Critioal Survey ¥iritten for the Cultured

Konelathemasiolam (Third edition, ravised and enlarged, Hew Tork: The aomillan
W series Que Taiseie? igsued by ‘resses Universitaires of
» 9m, has o similea¥ ~urposé, but is an attempt to cover the whole
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zathematical method 1a the emly relieble procedurs for thought (22).

This theory 18 ‘isruised in variovs expressions: the rathemmtioian

creates his sc'e-ce (23), he exercises an ectivity of =ure thourht(g4),
rathematiosl laws are ‘¢ laws ~f a1l rure and exmot thorrht (28), the
matlermtio’an seiges mathematios ‘ndepondertl: of all sxperierce (24),

The copeniality ~f naturs to a -mthermiieal inter-retstion “as been

sartly resvonsidle, 1t ssews, for the visws that roint in trim direction (27),
altrough {& ‘s a cormonrnlase Bub necessary waming to wete that an absolute

proposal of this type of methematiolsw 1s not frequently rade nrr elearly

~ ——.

(22) A, Cornelius lenfamin, 9pe 0ite,Chanter XX, "The Mature of ‘eality,”
PPe 438-442; zee also "tiemne “ilson, W‘J’nity of "hilosephien) Feperience,
Pre 132#182, and “aul Yuoy, "Les mathematigues et 1'idealisme :tilosophique,”
in les erands ccurants de la nensae mathematique, “reaentes nar ¥, de Licne
nais, Paris: 3ellerend A Fontonayesumeroses, 1648, -, 370=377,

(88) "%e s™all see more clearly the impdrtant bearing of this latter
remark when we cowe to ‘igouss more olosely in snothor ohanter how the
universe s larrely *he sonstrustion of eash individual mimd,” Kerl Pearson,
The Srazmar of Scienge, ‘art I: h-osical, London: Adam ard Charles lack,
1211, -o 15,

(24) "La science mathematique a pour essance de jousr perpetuellerent
o r la mutation de "orme=lol on lermeeohiet at recirroquament.” 1, Dawval
ot 8,-T, :1ildaud, le¢ raisonnement vathematl ‘arisy fressecer Universi-
taires, o 139; moe slso TTe 1854158 and OPe %ﬁ-m.

(28) "Lixewise tho mathematician, thege rany centuries, 'as been
searching for lorical structure end ®inding it éverywhere,,.the wast
domain of -urely zatherstical thought forms ard for irrefutable to-timony
that ths subjest ns well as the cbjootive world is mathematical, Thus
with Ceseoartos be will Zgglare Omnia ghtid me mathematica fiunt ~- with
me everything tums n%o rathematlcs.® Jecrze 7, Pirkhoff, “at ematicst
Quantity and ‘rder,” in Bglence for a “ew World, edited by J, U, Growther,
Tew York: Barper and Brothers, 1834, ;. 297,

(28) “"Today wathematics is unbound; it has cast -ff 1ts ciains,
Whatover its essence, we recognise 1% to he as free as the mind, as nra-
hensile as the imagination, Nom~Euolidenn reometry ia proof “hat mathe-
matise, unlike the music of the aphores, is man's cwn lmndiwnrk, subject
only %o the limitations imposed by “he im of thourht," Edward Kesner
and Jameg Sewman, lathopatics ant the Imagination, -. 358; ef, also -r,
381-362.

(27) J, %, %, Sullivan, The Limitatirns of Sclence, London: “hatte
and Windue, 1033, n», 231,
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formlated, and may later be revoked (38),

The position of 5ir James Jeans, for exarple, is well known
and his doetrine has been frequently presented and oriticised (2¢),
Jeans maintains that mathematics enters the universe from adbove --
through the Jivine oreative process -~ and all our Imowledee is but
a gradual intussusception of the mathematical universe oreated dy
the Divine Mathematician (30), Though he 'as riven no definite for-
mulation of his views, Einstein, in a number of nlaces, secems to lead
towards idealism (31), A nmber of other thinkers show a zimilar ten-
denoy in this direotion (32),

That rathematics is to be regarded as merely an extrinsic tool

or instrument distinot from phvsical idoas which the mirnd employs im

(28) BSertrand Aussell, The :rinciples of Vathematics, "Intredustion,”
iTe ixex
(293 Ses A, Cornelius Denjamin, ups oite, ppe 448-451; L, Susan Stebdins,
“hiloso and the _lecicsul, London,-ﬁthm and Coe, 1937, Chepter IT,

e Tscape of Sir James Jeans,” pp. 19-44,

(30) 38ir James Jeans, The lew BJackrround cf Seienge, ' x”ordt: Cambridge
University Press, 1938, 'p, 206-207; ihe kysterious Universe, segond
sdition, Cambridge: The Universisy Press, 1587, oo, 111=12¥, In “hvaiocs
sad Philosephy (lew Yerk:s The Maomillan Company, 1043), he sesrs %o
waver a dit on this position; see pp, 45«49 and pnp., 198217,

(31) Albers Eimstein, The Method of Theorstical Physice, Oxford:

The Clarendan Press, 1933, ppe 11«13 and 1he Morld as 1 ses 15, Yew V- ric:
Gaviel Fresa, 193¢, pp. 38=B4s Hee also Alhert Einstein and Leopold Infeld,
The Pvelutiem of 108, Neow York: 8imom and Sshugter, 1042, pp, 2WBe249,

and ppe 310-811, and his artiele, "lamarks on Sertrand Russell's Theory of
Enowledge,” in W of Bertrand Aussell, Volume V of The Lib

of ldvi_n‘_ﬂg_%i_mb“g,‘ fted By ‘'sul Arthur Sohilpp, Evansten and Chieago:
¢ stern luniversity, 16044, pr. 27¢-20],

(32) TPor a summary acesunt of idealistis trands in physies from &
positivist view, see Phillip-Trank, Bstween ihysiss and "hilese Camdbridge:
Harvard University Fress, 1941, Chapter 1V, "Is there a Trend towmard idealism
tn “hysies?™ ppe 104-116,
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phystoal soience if also & pepular view entertained Yy mathematical
physioists (33). In fast, by remerally failing to rrant that the
truth of human ¥nowledge lies in 1ts conformableness tc ‘he real,
the rajor tendency of mathematical physios seems oriented towmrd
a sosptical attitude towards the truth end validity of both mathe~
matios and the chysical solences (34), D isallowing for “he truth of
either ordinmary and rhilosephical ¥nowledge, many solentists hold
that ~hysieal acierce (tself bog:m‘n truth and ylelds nothing Mt
mere gonjecture or plausidilisy (38) —- to which they add postoripted
Sridutes to the mysticsl experiemce (38) or the realisy of mathematical
universals or relations (37)e

Though he has frequently bsen mcoused of matheratical idealism,
A, 3, %ddington seemingly surperts the conception of ~athermatios as
being & toel or imstrument for physical science (3f), even oensidering

geometry as rersly an experimentel asience (77), ‘hysiesl science, i

(33) "Methematios is a toel specinlly suitadle for desling with
shstrast conoepts of amy kind and there $s)limit to its rower in shis
field, Yer this reason a hook on the now physics; if not rurely dese
eriptive of experimental work, imst be essentially rathematical, All
the same the mathemsties 10 only a tool sand one should learn to hold
the mu-n 1deas in ome's mind without refersnoe to the mathematisal

forms” P, Dirae, The Prlmlel_o_‘ °€ &:\-u_ Nochanies, Yew York: Oxford
miwnity Press, nee, ” P

 (34) OF the mamy statements that eould be addused in suppord of this
sowards l«pthun. goe, for sxample, Jertrand “ussell, Human Xnow.

m&nq
lodge: Its Bco.;g Lh.i%!, Sew Yevtt Simom and Schuster, 1948, Vart Three,
5;":.' ysios and Zxperiense,” pp. 195-200, and Part Your, passim,
(38) ‘a, 8, Rddington, The Nature of the “hysical Vorld, Chapter
X1V, "Causation,” 293315,
(e !bi oo Ohapter XV, “"Soience and Lystioism," pp. 316-342,
(87) Yor a brief ymmtien of this view, see Antonio Aliotta, "Recent
MWO in Logie,” in Soience for a New World, edited by J, G, Crowther,
3§

PP
”' 11 03 Sir Arthur Eddington, The "hilosophy of “hysioal Sohnog& Pe T4 and
® -
de not h1n¥ ¢ omn d t %
Oudlt}m‘?}z“ruo.g 2 s tamob:f g wrmo:% 8 bg H “ &3‘6’-’”’“
and howeve the mthmtion superstrusture may now mm h t obaarva-

tioral basis, it s properly spesking an experimental seionce.”
Phiinmtors Tha Hakture of the Phwalas) Hasld n». 1R2.
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in Sddipgton's view, has eseaped the tyrermy of the eagimesr cnly to
ba subjectsd to the yoke of the wathemmtioian; neither sathemmtics
nor physies, he eaneludes, 7ive us s true ‘mcwledge ~f' the world,
a knowledge which is only to be had shrough either ordinary or the
mystical axperience (40),

The term sosmclopiste, as here emnleyed, refors te the rslativety
srall pumber ./ thinkers who adhere %e the distinotien and pertimsnce
of a philessphical study of nature distimet from science and from mete~
physios (41). Abstrecting from the soundness of bheir acgmelogioal dostrirne,
there is disssrnidle, in this zrewp, s tendemey tc consider the abstractive
nature of mathematics from a commological instead of a wetaphysieal point
of .view (42), For example, it may be prepased that the wathematician por-
perly receives his understanding of iafinity, motien snd other spsculative
eongeptions from the eosmologist (48), Simarly, one easily finds an wne
satisfastory understanding of the naturs >f auch aathematical abatractions

NN

(40) See footuote 36, above; see alse "Conslusion,” (ppe 3483-383)

of Tg;’ lhsur% of the ~%15§ ﬂor%d.
. an his o0woris study of the gradual ‘isplacemxent of

the philemophy of naturs by soience, see Jacques Maritain, La Fhilossphie
do la Falure, Chapitres I et II; for a statement on the connestion and ree
Tatiof of the philesophy and he soiemces of mature, see Chapitre III, ibid.
A regent attempt to relate rhysical seience and philesephy is that of Jemn

Dudgat, L'eeuvre ? 1'1n¥xg‘% o EBE‘%’ referred to previously,
( » for example, feus Zainbonge, Summ Cosmolegiae fH'!
1 Py c.put

of suralis Generalig, Montreal: Imprimerie du lessager,

, a Or vJgoodus ran, Cosmologia, Mexico: luena "rensa, 1944,
Caput 11, These suthors ssom %0 confuse a physieal and a mathematical view

of g\lri Qz.' ve

‘ &%) 2es, for emample, Jasques Naritain, The Dezrees of Knowledge PDe
98-03 and p, 348; see also, his la 'ilosephie de 1a Nature, pp. 0«93, where
he spoaks of the phil of nature as being a wisdom ssoundum quid,
{adtative of met wisdon,
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as number (¢4), or the mistaken atdridution of a eoswologisel
oongeption of quantity and 15g {etarminationa so tvhe quantitative
consideration preper to mathamatiocs (48).

Elstory, being a sstence comncamed wish speculatively knowing
the wiversal causes an! reascns of the past, eontinrent mobdility
and olange o" man and his cultural effnrts, liss on the same level
0" spreculative solence as phvaies, commnlogy and nsycholory (48),
Awong hi-to;’tm, a im-ga number, rerhaps wmwitiingly, adopt this
view and sucoeed, as ruch as is possidle, in re~astualisinz the ances~
tral conditioning of manking, Thus, te work of 7, L, Heath (47) end
Carl 3, Joyer (43), smong others, ia a frank portrayal and appraisal
of what methematics was in the wut; and of the necessary roasons why
it developed as !t 4id, The rredominant influence of Comte's positivimm,
‘hovnv‘.r,’ is saen in many Mntorim of mathematies a;\d seiemce, Fven the

work of the noted histerian feorgs Sarton (49), admirable and paimstaking

(¢4) This seems to be the basis for the eriticism ef ¥areel Lellemand,
log st sa xotaphysique, Paris: Desslee ds Srouwer et Cie,

e

(48) , This, wnfortunately, soorsz % charasterise tha good plemesr work
of ¥, Nesnem, ia (Romsa: Apud Asdes Pemt, Universitasis Gregoe
rianee, WS. Nota s Spatils Motageometrieis,” ppe 468+488, and in a
series of articles sppearing in the M% (see Bivlle to this
ssssy)s His avtitude aud that of other authors in the phi cal
tradision may Ye dus to their preposal of three degress of forwal abstraction
‘for epgoulgtive scienso, in which & ocertain kind of contimuity holds bHete
weon these three levelg of spesulative seiemse,

(68) See Chapter IZ, belew, for a presentation of the distinstdon of

wtﬁ sclienges,
4%) T.. Lo -Feath'e work has been “ons espseislly in the histery of Greek
sathamasiess . see Bidliography at the end of this essay, .

w aur _(48) Carl 3, Beyer's The O 8_of the Calgulus 18 an aecurate end quite
oouplete study of the many factors miﬁ helped or retarded the imvemtion of th
f -/ # *

T 5::3 The taflvense of Oomte on Barton is diszoernible in seattered remarks

in his on te the Hisevery of Sei in The Hisbory ef Sei
, iem, Cambridge: rnnraﬁwnity Fress, . n ﬁnx;"#g

£olence g the Few Nunantem,
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research though it is, is interspersed by comments whic! show
Cowte's influsnes. Other historians, such as *, 7, Jell, ‘wige
past mathematies on She nresemt merits <f the solencs, and nake
free, inhﬁnhkin renarks on tre historieal nature ~f cathematios
that have 1'%tle fwotual ~r thecretical foumdetion (50), &imilarly,
there is a nmbder o7 historice=oridical essays and dooks in whieh
an attempt 12 made to establish the oontinuoul unity of rathematieal
thaurhl, sometimes misusing or restrating past comesptions to it

s -rivately adepted nhiloseophical pattern (51),
111, Logleimns

Although many contemperary sathematioians view mathenatics
as identical with logis, as will be shom below, and although many
scientists (52) and others have adlopted thie view (53), there is a
groving axa;lbor of speoulative thinkers from all fields who deny that
this proposition of equivalency has been established (54)¢ In various

N {
(80) See, for example, The Usvelopment of Mathematics or The Magie
of Yow York: saGrewHiil, 1946.
As an example, ses Chapters I-1II of Todias Jenbzix's Aspects

of Sei

lg; “Legle in it purest form, whish is rathematies, only coerdinates
and articulates one Sruth with anether, It rives harmomy te “he superstrugture
of seienge; Yut 1t sammot previde the foundetion or the bulldinpestones,”
dux Plemelk, P! 1e ﬂeig? Go%?, Prolegue by Albert Ninstein, tsranslation
and dlographieal netes by Jawes kurphy, Bew York: ¥, W, Fortom & Company,
1932, ye 85,

(83) Por example, in the eonslusion %o The Concepts of the Caleulus, Carl 3

writser "aterielistie ani 1deslistio philomophies have doth failed to
arvreofate the mature ~f mathematies, as ssceptod at the present tiwme, Matheme-
5180 18 swither a dswoription of naturs nor an explanation of {ts operation; it
is mob gumoerned with physieal wmotiom or with the metaphysiocal generation of
Qumitios, It is merely the symbolio loglc of rossihle relations, ard as suoh

is conserned with neither approximate nor absolute truth, ‘ut only with hypo=
m troth, That s, methpmatios determines what conelusions will foﬁmv
(84

frox riven premises, p, 308,
See, for o 1e, Norris . Cohen ard "rmest %arel, An Intro 1
Logie and Solentific N hoé. reface; see also John C, Coél.},m

Legie, New York: The Keemillan Company, 1642, Preface,
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aritical studies, it has been yointef out that the tenete of

logicism in Leibnis, Boole, Peano, Proge, “ussell and others (£5),

1s based on an imnlicid or expliocit metaphysical position whose
falsity is undeniable, Further, the supposed difference of Aristote=
lien ard Symbolie Logie (86) or the proposed supplanting of Arisbote-
lian apd olassical logio by s non-Aristotolian system (57), are merely
spsculative positions whose validity is questionadble (88), In faet,
in a pumder of writers dealing with the nroblem of Aristotelian end
S:mbollie Leglo, there is lisceraddle a basic solution for reuniting
classiocal an! symbolic logie, as there is for valideting *he 'mity

of logle and its distinction from mathematics (59).
IV, Hathematiolens

The first of the theories ourrently preposed by the mathomatiocians

(88) %ee, for example, Andre Darbon, La :hilosophie des atheme~
%‘ur a resent, oritical study of logicism; secs alse Hormamn E »
t ties and logle; A 3rief Survey serving as a prefege to a review

of The f"!nnazg{ of Sertrand assell,” The American Mathematigs] Nonthly,
53(154% ’ Ple 2«13,

(58) Yor an intreduetory dessriptien and smalysis of Sywbolle logic
and its peints ~f 4ifference from Aristotelisn Logio, See farl Femger,
*The Hew Logie,” "hilosophy of Scienss, 4(1937), pp. 299-336,

(87) A1fred Korzybski, Soienve and Semity: 4 Introduosion to Won-
Ariatatoli% %tm and Genera tics, third sdition with new preface,
Ia 1les ternstional Yon-Arissotellanr Lidrary Mublishing Company.

(58) Bee the disouseiom on logieism in Thomas Ureenwood, Les fonde-

onts de 1o hel i Tows 11 Critique du nominalisme logistique
Wm et Cle, 1038, S SRR ey,

In
(59) Thomas Ureenweed, QE. %‘! Ily Justifications des calouls
_1_%%!‘ end, by the same author, ty of Logie,” Ihe st 5),
PP «470; the work of Yerris R, Cohen and Ermeat “agel, An Imtroduecbiom to

Lo 4 Soien¥ific Yethnd, i{s likewise pointed teward Nunhz;g K;Iliohlhn
sni iﬁ&iia Yozloy see aise, I, X, Boohenski, "'n Analoey,” The Thomist,
11(1848), ppe 424=447,
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who form the fourth group undsr ecasideration is logieisw (60), in
which emphasis is ylaged on the olese affinities that hold bhetween
rathematies and logiee Harking bask teo & dream ef Reymsnd lulle,
Leibnis had already haped te establish a universal characteristie
for all thought whiech weuld be analogeus to the symbolism of mathe-
matios, emadling ;n to think ani reason merely with symbols, Nis
offu'!o in this direstien were taken uwp and adetted by sush men as
Angustus Do Horgan (1808+1876) and Deorge Becle (1815-1064), the
latter bdeing usually oredived with to\ndhg. symbolde “‘“«; !(m.
The ~ore effective direstion from whish eurrent legieimm sprang,
howsver, was due to the work af Frege amd Peams (62), e whose
tmpiretion Boapell and Mhisshead were !.nbbtd 'for rinsipie babthee

matise’ ({‘). Contemporery ima.tipiorl. of whem there 18 a large

A

(60)¢ Por ar introdustory ascowmt of logleism, see Louis O, Fattsoff,
o8 oi%,, Mm Fight, "The Foundations of Mashemavioes I, mum
Foun: aﬂm. pe 93-115, or see the artiscle refarred %0 above by Xarl
Por & quite complete pisture of the sontenperary nom in logls,

iengow,

se® 1 I3 L'Owusil Mextals ‘enses, lanpaxe,
Yathemat{ ;Eriu ﬁ%’l &;ﬁuﬂn. 1587, ﬁ-nien m“
mtn 113, "La Critique Comtemperaine,” y. 1e 181 to Pe

1° 20-11, which algo oontains & sketoh of She effest of the mew develop-
monte on mathematies and experimemtal knowledpe,

(81) Per a brief historical summary of logicism see ¥, !. Bell, #pp sit,,
Pre- 818+638, A ltm; rcnntnun of the case for legieimm is given in

Besbyand Reseell, The iples o ihthmtiol, Chapter 1I, "Symbelie logle,"
ppe 10-38, and 1in wpton Y Joumdations of htho-tlu and
Other Lorios) WNese edited by % 5, 3 te, with a vreface by U, Lo
oove, 3; York: Harcours, 3rase and Company, 1881, Leon Owisbek's Linits
of Sei _ eontaing a metaphysioal and eultural plea fer lopieism, see

P‘D.L 19-23,

(u) fax S1sck, ez, sif., $Pe 18=19, and Leuis C, Xasteeff, op. oit.,
DPe

’ (ca) fes Harold &, D-’:! The 'hﬂennuod Preguppositions of Yatho-
5_% » PPe for « ssmmary aeo of
devel

of mathomstionl logle ud an able eriticien of its proposals,
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mmber, inelude sush men as Chwistek (84), Tarski (48 ) ard Lukasiewies
in the Pelish Scheel (86); €, I, Lewie (87), Alonse Chureh (68), Max
Black (69), and Quiwe (70) in the United States, and a growing mumber

of contemperaries (1),

(84) Leom Chwistek's work, The Lim!ts of 3e¢iense, contains a Cine
"Insrodustion” (;p, xxi=lvii) to his work by the translator, For a sumsary
af his tecdnical sentributions, see lLouis O, Kattseff, op, 8%, pp. 107=
118, ChwisteX's work is one of the mest recant in which a metaphysical
eritique accompanies a teégknical contridution to the field of 8Symbolie
Locie

?as) A smmary view of the work of Alfred Tarski 4¢ aveiladle in
his Introduction to logie ard to the Mathodolozy of Jeductive Seiences,
trans¥ated by Claf Neimer, mmiarged and revised editiom, New York:
Oxferd University  reszs, 1941, see Author's prefaces,

(es) 2, Jordan, The Devel of lMathematieal and of
1’-&2.1 Positiviem in Toland between the two Va z"o;ig Scienee and

Sz, Wow York: Oxferd Waiversivy Froes, Ty =

(67) C, 1, Lewis is auther nf A Survey of 140 Lorie (Berkeley:
University of Galifornin Prems, '1518), whioch treces the history of
symbolie logio frox the time of lLeibnis,

(e8) as aseound of Ohurch's work see Louis U, Kattsoff,
;2' eite, ter Ten, Chursh's Flementalistiec Mathematica: Combinatory

o ons,” po. 136-185,

(68) Max Blask, author o? The Fature of Kathomatics frequently cited
here, has recently published Crit h on Imtroduotion to Lopie
and Sgientifie Mhod: Yew York: “rentice-fiall, 1948, i{n which he speaks
of the valwe of wa ties us dus 40 {ts symdelie and deduotive eharacter;
gee 855«358, Its distinotion from other selences is, however, adopted:

Respect and admirwtion for mathemasies should, howswer, always be tem~
pered by the sbvious reflection that ssientists using mathemadies nust
have somgthing %0 oeunts hewever important, mathematics is dut an instrue
ment of scienese, and without the measurement of the »rodusts of experience
the mmtheamatt antitior ossurring in soientific theory would %o no

1ink with the real world,” p, 386,
~. (70) ¥, Vo Quine, Mathematieal loric, New York: A, -\, Nortom Company,

(73) It {s deyomd eur purpose hers to attempt to 1ist the growing

anoun$ of ressarch being dome in legieimme Yor a broad, summary ploture,

see ¥, 7, Bell, Devel of Nathematios, ppe 618-8538, In the United
States, The AsBooistion for 11ie loria, issusd a dibliography of

Symbelfe Logte for 16681908 in ite offfoial publication, The Jourmal of
%. 1(1938), pps 121=218; this bibliograrhy is being supplemented
y ‘ indexes, and can be seen for a list of the more prominent cone
tributors to both 1ogielsm and symdolie lorie,



Tha propositiom fundanental to ali these investigations 1s
thet mathematies has a closer relationship tu logle thasn hisd pree
viously been reaiized ani that mathematics is ultimately based on
loric. The aim of logicimm {8 to areot ret-~mties es a closed
deduotive symtem on the hasls ¢ logieal ultimmtes te which all
sathexatical ~ropositioms and gonnepts, it is claimed, are roducie
ble (72). Although the exact ‘lpeeulnln relationsnip betwsen
thase two scisncea ig rot frequently streased, ‘ie vicws on their
intersction vary from ‘ertrand iussell's cvert identifloation of
them (73) to that =f warely analysing the speculative proximity of
their nature and -ethods (74). The use f syvmbolism in this ree
ductive process of sathematies to logis s of utmost irrortance,
ani the problem of ua:omatics and logie is loocked upon as e part
of « more global coccern whioh is the formsl struoture of dedustive
reasoning as investigated by the symbolie method (75,

Twe basis concerns of logicism are the elucidation of the nctiom
of number ar? the eoneept of the continuum, In attemrting to reduge
these twe yroblens to logioal nature and formulation, logicism ene

countersd the prodlem of the finite and the infinite in mathematics

(72) Yax Black, op. 8it,, pp. 7-8,

(7s) Cf, Bertrem m‘?.‘i:, Introduction to Mathematieal "“‘1“!2!2
Lonfon: Georpe Allem & Tmion, 1638, pn. 194-208,

(74) "I do not feel that muoh of a case cen bYe wade for the necess!
of redusing -mthomatic# to pure loric...” John L. Zooley, ope cib.,"Freface.”
e vils sec algo his presentatiomn of the Feano postulates for Eﬁ: natupral} ’
nxmbc!(' system, pPPe ru-ea} and of :he olass definiiion of number, pp, 281294,

.. {78) Alonsc Ohurch, "A Bibliegraphy of Symbolic Logis,” The Jourmal

of Syubolts Lorie, 1(1986), p.121, P
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with the result that s mmder of paradexes, inoonsistencies and
apparent sontradiesions developed (76), To solve these naradexes,
veriocus extra~legissl axioms and postulates were croposed, which,
hewever, failed o sbsolve logieism from fallure (77),

The “heory now ¥mewm as forsalism can properly be viewed as
having 188 histcrieal zesesis in the rethed of axioms end postulates
that traces back to Fuslid's ‘lememts (78), Ite distinotion as a theery,
hewever, '1ies were immdistely in the use of nomeSuclidean recmetries
and ip the riee of algsbras threugh the efforts of Lodatschewsky, Riesann,
Goorge Pesceck, Hamilvem ond Ve Morgame Formalism today, though elesely
allied %o these histerieal antecetents and to lorieism, aimd to somwdat
the over-emphasis placed on logie or a recourse to intuitien By a stress
on pree~lepical or pre-mathematical symbols, Alec known as axiematios or
postulasionisn, formmliem is principally due to Javid Nilbers'(79)

(1862-1934) and his eolladerators, Von Neusann, Bernays and Ackerman (80),

(78) Yor a summary of these, see Clarence Irving Lewls and Cooper
Farold langford, Symbolie logie, Chapter XIII, "The l.ogical Paradoxes,”
PPe 430=488; or, for a simple sSatement sece Louis O, Kattsoff, op, oit,,
PPe 87«92,

(77) “The relstion betweon mathemmtics and logio is neither identity
nor that < conclusions to premisses, but consists in tho fast that nathe-
mties must bo uded in the systematic develepment of logic (as of all
organised systons); and the similarities between lozie and rathematios
spring frem the faot that the first, in its 'philosophic' aspest, is the
syntax of possible states of affairs, while the second 1s the syntax of
all orgenized sywtoms,” Max Black, op. oite, Pe 144, This remark is
preceded, pp, 130-144, by & short summary of arguments against the pro-
posed f4endifieatior of logis with mathemstics,

(v8) E, T, s.ni i!. 2i%.,Chapter 9, "Towards Mathematical Struoture:
18011910, ppe 1 3 see espeoially pp. 170-175 and pp, 1958,

" (79) Seo Rermaym Weyl, "David Bilbert and his Mathematical Work,"
Bulletin of $he American ‘athematioul Soelety, 50(1044), pp, 612868, for
& fine presentation of LUilbert’'s work, For a technieal presentation of
,‘omlm, see Louils O, Kattsoff, 3%. 9_1.%., Chapter nine, "The Foundations
of lathematies: 11, Hilbert's Fermalism,  pp. 116-138,

(80) ¥, Gomeesh, Fhilosophie mathematique, "Le formmlism Hibertien,”
['"e ‘Ml’
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Koved by the many paradoxss to whieh logia!sm and Cantor's theory
of sete had riven cocasion, hilbert wished to e-ect both clasesieal
mathematios m‘\& set tmi'y as a oconplete and none-gontrol'ctory system
under the form of a sheer oaloulus levci?! & interpretation and oontents
Formalism olaims that mathematios corprises *wo 'ivisions, mathematics
and metarmthematios (Bl1), lathematice iteelf is comvosed of arbitrary
marks or ¢ymbols, Cf these we “ave a vre-mmthematioul lo.eirrt, which
we are able to manipulate almost meohaniocally without reference to any
astua]l wathematicel entities, Though sometimes pre;antod a8 though the
symbole were meaningless, formalism really holds that ue can —anipulate
the symbols into a oonsistemt system without any ooncorn: in so doing,
as to whethep or not the symbels have weaning or an application, letes
mathematios deals with the theory of preof for wathematies itmelf; 1% is
eoncerned with proving sonsisteney, independence and ottegoricealness of
& set of mathematical axiows (82),

In a broader view, Hilbert seems to hold that rathematias expresses
the ideal oonditicns of any scionee, and that metemathematios is a tes=-
eription of the rules ssoording to whish all ratiomal thinking proceeds (83),
Asnee 1t in interesting %o rote that despite its sucaess in rostulateesystems

d axicmmtios, the two aims vhich charasterise formelimm -« that of

(81) "Pormalism is & technique first, and cnly secondarily e
philosphy: a teodnique for the investigation of the lorioal interw
relation of branches of mthc-uu and a philosophy to assount for the
suveess .f 3\53 mlq‘.. “x 51“0’(. _?2. cit.‘ Te 149.

(#3) x, r, Bormays, “"Sur les queet lons | methodolopiques actuelles de 1g
theerie Hilhertierms de la damonstration,” in loas ¥niretiens de Zurich sur lea
!W et la zethode des sciences mathematigues, Ge9 decemdbre 1938,

es ot discussions publies rar ¥, Uonseth, Zurioh: 8,A, lLoemanm, 1“1,
Pre 1M4el41,

(03) Max Black, ops sit., ppe 147-162,
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formalising all mathematies and loris and 5" Jemonstratling the formal
omgm of this formalisnsion -- led to the intcresting thecrem

of G3del, 034e) demonstrated that thourh evervthing mathematioal ean
be formalised, all of mathewatios cannot bs exhausted i~ any one system;
consequemtly, “e thowod that thers exist undootidable for-mlae which
carrot be formalised within the svstem {tself, for aach formal system
requires a wider and ~ore inelusive systam to demonstrate its own
fernl(ntim (s4),

The p.lﬁhtim\:ll Seohnique embadied ‘n Hilbert's fermaliem and
the envharie on legienl’ mmalywis wers two feoters which encouraged the
rise of Swemiiokh esnbury logioal posistvien, Fistrenstein and lians
Hahn, for example, -mmnud Shat m—u.‘- is wothing more than a
vast tautology {(€8), ??Mh'! views had a strong influenee on
the positiviem of the Viemma Cirele, which had besn orgamised under

~——y eprp—

(8¢) Inids, ppe 187<188, "If, as is agreed, the fermal systems
oan be used be systesatise fields of mowledge, and if the Gdel theeren
syrlies %o soch spplicetioms, 1% would mean that no field of knowledgs
s0 sysbesatized can aver B¢ Somplete., At any stage there will always
b quertiony forsulible in the system that need a wider system for
thelr solution, BSingse 14 is the contention of the euthor of thig dosk
that legie and mathematioe do tell us something adeus reality, the
63de1 theoren tells us Shat Shere ¢an never be a esmplete and final
theory of reality, $.0,, wetaphysics, This dees not lead %0 wysticism,
but te an evolutionary scheme of reality.” louis ., Fattscff, op. cit.,
PPe 10¢=195, A non-teshnieal presemtaticn of the thecrem oar be found
in Jo B, Rseer, "An informal expositiom of Proofs of USdel's theorsms
and Chureh's theoress,” 1 of Symbelie Logic, 4(1€39), ;. 35«80,

(s8) L. Wittgenssein, Trectatus Lopiao~"hilosophieus, New York:
Rarocurt, Mrace and Gewpaxy, 1081, pesaly Tans Vahn. Lorixue, mathe-
matique et connaissanee de la realite, introduction ie ¥, 3011, Parist
Hermamn ot Cie, 1938,
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8chliok and which is presently advocated LHv Carmap (88), hoichanbach (F7),
Frank (88) and others (R9), The aim of the lorical positivists is not
restrioted to mathematios, but is concerned with an analysis of all
languages and thelr semantics, and with a completely nevative attitude

towards ~etaphysioa (90),

(88) Tor Mdolf Carnap's views see The loriesl 3:mtax of lLanruare,
Bew York, Marcourt, Braos and Company, 1937, and Foundations of loric
and Mathera“igs, Volume I, “umber 8 ~f Intarnati-nal Fnovelopedia of
Unifind Seience, Chicarot The University of Chicaro rress, 1059,

(A7) tians “eichenbaech, in ’xperisnce and ireliotion (Cricapo:
The university of Chicere Press, 1938), spe:ks of the moverent of
1n~ietic empiriciam as being both a striot Jisavowml of the reta-hor
lanruage of metaphysies and a sutmission to the rostulates of intellec-
tual disoinline; Freface, p, ve¢ Similar views are expressed in his
Philogorhis Foundations of Quantum Keshanies, 3erkeley: University
of California Press, 1944, Frefnce, pre Wevili,

(28) “hilip Frank, Between Ihysics and ihilosenhy, Cambridre:
Rarvard University "ress, 1541, pesaim, Joe his romarks in his
biography of Hinstein oailed Pinstein: His Life end Times, translated
by George Rosen, eiited ani revised by Schuichi Kusuka, New York:
Alfred A, Fnoff, 1947, rp. 42=48,

(89) A eumary view of -ositivism can be “ouni in Yves Simon,
“ravolr et ssvoir, kontreals Editions 4e 1l'ardrs, 1944, Chapitre
711, "Llecole e Vienno,” ppe 117139, and A, Cornelius 3enjemin,

An Introduetion to the “hilesephy of 8¢ience, Chapter VIII, “Theories
of Bolentific C-noepts, :n. 147172,

(90) A growing movement ealled the 'nity of Saience Xovement
is corcerned with unifying science especially throurh the anslysis
of languages, tets~languages, logice and meta-logles., BSee F, Oonseth,
op. 6its, "VI, Le mouvement de 1'unite de la eolence,” pp. 60-62,
and She publieations heing 1esued from the University of Chicame
Press under the venernl title f International Fnoyelopedia of
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™he intuitionism of Brouwer, sometimes called finitiam or
nes-intuitionisn (91) can be viewsd as developing from the views of
Kant, the mathematician Kronecker, !oinoare, and the aris Sohool
of mathematieians (92), The brilliant efforts of Weisrstruss towards
the arithmetisation of all of mathematice by orienting mathematical
analysis towards an artthreticsl dasis instead of its previous zeoe
metrie foundation, was soon followed by Cantor's *reory of infinite
sets, These twa ilseoveries led to s fruitful development of the
theory of functions and stimulated efforts towards grester rigor
Shrough abstraciness and gzenerality, Yeierstrass' offorts were
favoradly viewsd by Kronmeoker (1823-1891), who made the extreme
demand that all mathamatisal rasults sre snd must be showm to be
results issuing from the natural numdbers, and who forgibly rejeoted
the Cantor theory of infinite sets (93),

Kreneaker's nosition had an undoudted influence on many rathe=
ratioians among whom was Henri Poinoare (1854<1812), Though ‘cincare
held to & formalist attitude in reometry (54), he vigorously opposed
both legiseism and formlime (95), Helding to s finitist attitude toe
wards mathematios, he insisted that everything mathemmtical except the

(M) Avreham A, Praemkel, The Seornt Controversios ahout the
Foundad of Mathematies,” p. 28,

") Iuid,, pp. 38-24,

u KT, Bell, g_g 0ite, Chapter 9, "Towards Mathematical
Shrosture: 18011910, ° pp. 170-201,

(94) “"The axioms of gecmetry thorefors are neisher synthetic a
prior judgnemts nor expericental facts, They sre conventicns; our
cholce ML:II posaidle conventions is Mod by experimmntal facts;

but 1t rem end is limited omly o noou sity of avolding nn
«m {¢ is that the postulates can n ri nroual truse
tho experimental lows which have determined t.FGIr aioption are

.”m other words, the Axioms of em (I 40 not lpuk f those
s .:(mu\ are merely disgulssc vi {oineare, op. gife, p-

See, for example, Chapter ¥, "The htolt Efforts of the Logias-
L‘Qlﬂlﬂ nid 47248
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set of natural mmbhers bde finitely definadble, and proposed that

the bYody of mathematicse u’ulthuly rooted in the nrinciple =f
mathematiosl Induotion, whese validity !s intuitively ascertsined (96),
Tdentifying uthomuo;l existence with any demonstration of non=
'eontnatdin. he rejected the choice axiom (87) and olaimed thet

it werely bYegged the questiom and did nct demonstratively yield
methematical existence,

The Paris 3Sekool of pure mathematios, comprised of Borel, 3atre
ard Lehesgus, “orether with Falamged -- who diffﬂ"l from “he first
three -~ ms ooncerned mainly with function theory and its establishe~
ment on a sound basis (98), In & serioes of 1;tton to esch other (©1),
these rem entersd into a discussion ooncerning the validity of Zermelo's
multiplicative or shoice axioms, The interest of this sehool centers
mainly in funetion and set theory in relatiom :f the foundations of
mathematios,

Srouwer (10‘3— ) and ,bh; Duteh sohosl of intuitionism which

P

(96) “Hathewatical induetien, that is, demonsiration Ly resurrence,
on the eontrary, immeses itself weeessarily besause it is only the affire
mation of & property of the mind itself,” Ibid,, p. 40, see slec r, 41,
230 and pp, 4834885,

2:? 1 s Po 43“85. >

#lank, 9p» 818., Pe 189-172,
(88) These letters wers published in various plases; see Bmile Borel

la sheori Sone edition, Farie: 1928, ’Appmdix."'

e also ¥y Y, i.ebesgue, 8 contveverses sur la theorie Jes snsaxdles et
%.. queation des fondementa,” in 7, Oonseth, Les entresiems de Zurish, pn.

09=124,
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tnoludes Reytiag (100), Xolmogoroff (101), and lammeury (102),
prepoded o quite complete and systemtic basis for the foundations
and nature of mathematiss (103), In order to ret a olear under-
standing of the oppesing theories en the foundatiems, Srouwsr
mintaing thet one sust understand what we nmean by adfence as @
social feses, and relate mathematios to its puyshelogieal snd
soclological origing, The mathematical attitude, fer Brouwer,

15 based uldisately on man's intuitive resognitiem of strusture
rin to the early maxn's resormition of struoture in the family or
in’ sosiety, Mathemmties, as & bransh of ssirmtifie thought con-
cerned with the strusture of thencmema, arises from wman's intui-
Siom of time as shetracted from a1l emotional eontenmt and yields
the funtamental phenomams of rmathematical thinkimg: ¢he imtuitiom
of twe-oneness (104), From such a basic intuitien, this school

(100) A statement of the intultiomist pesitiom by Arend
Eeyting oan be found in F, Uonseth, "hilosophie mathematique
"Los Tondements des mathematiques du point go vue Intuitiomniste”
ppd 73=75

(lﬂ’ Ibid,, ppe S3e84,

(102) T presentetion of Mammoury's positiom 18 given in lLouis
0, Katteoff, cp, oits, Chapter Thirteen, z’tﬁm«ry'l Bignifio Point
of views A roturn to “syohologism,” pp, 198-206,

(108) L, %, J, Brouwer's inaugural address at the niveraity of
Amgterdanm in 1912 exnoumaing the intuitionist program has been re-
printed as "Intuitiorism and Yormelism," Bulletin of the Amerioan
Mat iesl sty, 20(1918), pp. 81-98, Jes also Arnold Uresden,

rouwer's {ons to the Foundatioms of Mashematies,” 3ulletin

of the Ame thematioal Sosiety, 30(1988), ppe 31«40,
1 sky op. 918s, ppe 1884189 and p, 103, See alee

Bverest X, r, "Srouwsrian “hilosophy of Mathema¥ics,” Soripte

Nathomntion, 7(1840), ppe €076,
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slaims to develop not wersly the numbers one and two and all the
mtnml numbers; but, by a modifisation snd repoanted application
of this sane method, it proposes ta derive all other lesitimate
mathezatisal entities,

llenoe, for Zrouwsr, the origin of mathexatios iz direetly
sounseted with the peychologieal intuition of two-cneness, while
-th.:.tzoax existonoe 1s soinaident with construstidil ty, and
sathormtieal truth 18 1ikewise assured by construetibility in a
finite n@or of steps. 3rouwer would not admit that a mere proof
of freedom f‘m contradistion gives “he status of existence %0 a
mthematioal coroept o:; theorex, 5reunr was led, by the logzical
oom;émol of his theory to deny the validity ef the tertium nom
Satur, or prlneipli of exsluded middle, though not in the zsnerally
:;oe-ptod udoumdfng of the logieal prineiple itself, Fuphasising,
from his z:tlock, the lnability.ef mathematiclans to pive a rule wheree
by the necessary construgtiom of proposed mathemationl entities can

be carried out, “e concludes that there are nathematiocnl theorems whioh

>

L9 <

spparently oan he mﬁ:{her 'prmd nok disproved, Thus .o denias the

solvability of all mathemsSical rrodlems (105),
¢ .

——

(108) "f¢ the dispute between Brouwer and more orthodox philosoe
phers with respeot to the walidity of the Sertiun non datur is sees
to be one as to the nature I sathematioal existense rather than as
te the validity of the logieal prinoiple...drouwer, indeed, is not
denylng the m&_\g_n_ga%ﬁ.iu the generally scoepted interpreta
tion af what logioal pr pie, bub rather enghasising shat existence
n sathematios is synonynews with consbrwebibility, and that the wruth,
end indesd significanse, of matheastieal theorems is conditional onm

the pesmibilisy of oonstrusting the sativies whiek eecur ia their
formulation.” Max Jlack, cp. $ihs, p. 196,
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In the larper view of ‘is philosophy, Brouwer holils that
sathemties i; iquinloi\t %o all exaot and recise formulation
of thought and of {tself bears no necessary rolatiom to experience,
In this regerd, 3rouwer indicatas his indehtedness to Xant (106),
Yor though Brouwer rejested Fant's notion nf intuitive spacs,
h; retained his temching that time is a ~ure intuition riven &
priori, Llikewise, his denial of the rrinciple of the exsluded
midile appears %o be little more than a reinterpretation of Xart's
{nsisterce on the necessity of consirueting mathematical sorcepts,.
Brouwer's irsistence ;:f the independence of wathematics (irtuitive
mthu:ntloa) from mathematioal speech 'ite symbolic expression)
1ndio:aboa hise lmni;ig towards Tantian idealism;y Zor mathemstical

speech or language, he ssys, 18 merely reeded for commnication

ar.d Tor ran's memory (107),

Ve Motaphysioians

“rofessional pﬁiloi&phon, genorally regarding mathematics as
the zwlt oertain and :M the most diffioult of seiences, have, as rule,
left untouched the vastness of molsrn xathematiocsl research ard s:eoula-
tion, 'Tho” who have no$ partaken in an cutright professionally hiloe
sovhisdl study of mathematios, renerally view it, as 4id Kant, as un-

impeashable ovidenss of man's ability %0 achieve certaisty, and gererally

(208) Ipid,, ppe 187=161, In Fhilosonhie Mathematique, F, Uonseth
suggpests that »'s views hold a stromger kinship to Spinora than to
Rant; see »e 08,

(107) Avralam 4, Fraeakel, "The Zeoent Controversies about the Foundaw
Slons of NMathematios,” ppe B4e30,
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speaking, philosevhers asoept statements from mathematicians without
oriticism, Others, of ceurss, adcpt an extrers, snti-vathreratizal
attitude, Nowever, the mumbder cf rhil-go-hers :arresentative cf a
properly mstaphysical view on the rature of rattemeties in the retent
past is suffiolently large to dwarf the supposed [ro-‘nenge cf any
one thinker, Consequemtly, s bdroad classificsttur of -hilosorhieal
spesulation on mathemntics will Ye adopted as o' owing Alrerti~ne
towards soeptioism, {dealimm, andi-intellectualism an' a final ~roup
of dietines and diverse -endencises,

Though not frequeatly cor openly aidvocated, sceptirism, as a
philesephical explanation of ra:hematical selence, has its r~dem
ae well as ite aneient defenders. Being a ~repossl vhiskh p-~enrg
in varfous disguinses, it can remerally ~ r-rreriged sp necetiry *he
possibility of rathematios as a soienée concorred with repl %“elre
and as affirming that the perfection of methematice ies Hut a refined
derivative of sense impressions (107), athemetics, 'r this view,
ie frequently viewed as a mero lanruage or 2 facile inrtr mons ~f
researeh (109), as dealing with no snecific audject rmtter (110),
or as being redueible o the a%eiract'~m ? lnwver sslences (11}),

Ihsories whieh .4, have & surface ags ¢zt o” llerliss :r logioism,

» ¥
.

(108) C.-a, latsant, la Yathema$iqie: "hilosophie, 'nseipnement,
Aouxiens edition, revue et corriges, '&ﬁse ‘authiersVillars, 1907, in
the "frefase”, Laisant yropasss thet the xathermatica) soierces are ex-
gorh.nul o 12; seo almo in1ie ., Katteoff, on, cit,, Chapter Pive,
Fasel'¢ rice-postulational iefinision of numder,” cr, 4M=49,

(108) This seems te be the view of Brmss lgch; see his The Solence of
Nechamiost A Critieal and iiigtoria Ascouns ef its .’!-r:.lmz"rﬁim
Trom the Germmn by I. Jo Cormmek, fifth odition, La Balles Lpen Ceurt, 1848,

(110) This view is penerally ndvanced By thoss whe over-em-hasize the
formal charagter of -athematical roasoning,

(113) Ia sane way, solemtists and eosmelorists generally ineline to
this “prysiesl” view 5% ra‘hematics,
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or whigh lay undue emchasis on lerle ~r thou-ht (112), often lead,
%v the prineiple of the interreduetion of error, %o a sosptioal
v,}cw af mﬂullgiul 15 lenee,

Jath in his le rrobleme de 1'ghgtraction and in L'idee de ne=

oessite, Jean Lanerte ably presants the seertiesl positioms In the
latter work, he undertakes an analysis ef the nreperty of hypethetieo-
dedustive nessssity attriduted to mathematios by such men as Serrus,
“ertrand Bugsell, Plerre Joutroux, louis Coutura$, Cavailles, and of
“he current proresals hy fermalista ard logicisista that mmthematicel
devonstration 1s equivalemt to comstrustion (118), Since both prepe~
s_lall_, he peints out, ultimatel:- maintain that negessity in mathematice
and iis mode of demcnstratior. are due ultimetely o rere memsal eon-
vontiona >f sowme sors, necessity in mat ematies i bduts a pseudo-idea
sd rathematios Stself oan hardly be viewed as a geruine sgicnce (114),
7o ooumterast these views, he “repesss that what has ordimarly Heen
termed the proseas of albstragtion be vievad as redusible 4o more tene
denoles or sentiments regerding the real, These subjective sentiments
bave sone res@blanes or analogy to the real; and, though ned ylelding

speculative knowledge, enable us to deal ish the real, existimg sensiblo

-

(112) Maroel 30ll and Jasques Reinhars, Les %’-’-—'— de 1w lorique,
Paris: Pregses Univearsitaires; 1944; see Chapitre -L'ynite de la
sciance,” (pp, 117«123), where the authors view logis as the primerdial
seienee, mathematios as &, nliad locie,

(113) Jean Laparne, i* de necessite, ‘aris: iresses lniversisaires,
1941e In She introduchion (pexi), Laporte elaims that Shere are Mt two
Sypes of rational negsssity; the firss, based on existemee, 1is caussl or
physical, whils %he second, dased an essence, is ideal or logicesmmthenstical.
In part sne he comsludes, with Xalebranche and Fume, that eausal nesessity
mest be sbandvoed, ‘art Ywa, pp, 76-148, sontaing ¢ sunmary of current views
on the hature of demscstretion and ueesseidy in mathematies, and om the first

primeiples of lerie,
m M. .CMI‘”ion.. PPe u“m.
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world (118 J,

An updne stress on thi orsative uuility of vhe wind is pore
Sraysd by e group of philosopliers wiw; are ei.hei cutright idealists
or whose basic Senets and final plilesephiocsl Jdesisions are un-
nissakably marked by au inelination in this direetion, rom:nent
amon; tiese 48 legn <unsshviag 11G), @ho hae .one mush commendable
work en Whe philosoply ol natlemmiics, -7 .rygorlance equal L. thai
of Brumsehvieg, uile Meyersou's acute aralysis of scienoce, .is sound
oeriticiem of the history of . .tLematios an! science, o.' pueitivicm,
snd of the philoagphiscal teusts .rorosed dy .clemtists is, uniurtuna-
tely, tinged with a vosture <! idealiss (117, ‘he rzl.uratioism
end pkilosopber “ermainn eoyl, who prusently rclds Lo intuit.on.sm
on the foundations of mathematics, 1s an cutsta.ding uxenple of the
delighee of metaphyslos presented from he rathewasioal - icw (110,

A speoial group under ideallam ic tlat of logleism as & broader view,
comorieing a number o U inkers for whem logic is Hoth man art cf
reasoning and a theory of reality, as Jean Cavai.leg end I, uJonseth (118);
for others the £igld of sciease an! thought is largely self-orea'.w!l,

and rathemaiics i3 presemtied as “in: “‘w sclenge I pure creatiun oy

(118) "ia reases astrnite demeuire confinee aux alentours iu reely
elle ne mord ras eur lul, :lle rous alde a le manier; elle ne nous
1a fait pas sozmattre,” Jean Laporte, ie prouleme de i'abstraction,
fresgez imiversisaires, 1740, p, 199,

(112) Fror a short study of Jrunsohvieg, seec L.- , Sertillanjes, o
Chetgtiariome ot lez  hilomo;les, dsux Lores, deuxierme el'tion, rartss
Auhier, 1941, tome deuziems, pre 4868=5604,

(117) Thomas R Aelly, Explanation and Remlity i~ thes hilusor y I
kmile reen, Prinoeton: Princeten Unlversity iress, 1937, p. 117e

s for exmmple, Yeyl's The Open Werld, Chapter !l1, “Infinity.”

119) ¥, Gonsoth has shi'wa a oaonsinued Interest in the -~hilosarhy f
sathematies and 'as proposed a theory on the foundations o mathematios which
he calls jdeonimme; eee his Qu'esteoe me 1a loriqus?, ‘arias: Yermamm & Cte,
1987,
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the mind (1%0).

Anti-intellestualist theeries, which are widespread toiay, are
similar in their denial of an intellestual truth-aontent %o mathematical
as to all seientifio knewledge, Hy nimning the validity of all se’entifie
nowledge on actionary, affestive or volitienal bases, these theories
wust de regarded as deing 1ittle else than complicated oxpresaions of
seepticism with regard %o the attainment of spesulative soience, Nathe-
matics, in these views, is regarded as “eing werely symbelis (121), or
{1t s subsumed mder s pragmatie (122), an instrumentalist (123), or s
thenomenologioal attitude (124),

In the final group of thoge who have devoted thamsslves to sreculations
on mathematios in the total view of ~hilosophy are those who, while remmining
within the traditional sebriety of rhiloserhy iteslf, lave attempted te
establish a speculative rappert between uetaphysios and matlwmatics, Among
mathematicians, for exan:le, a large mmber rive asvidence :f a scund
rhilesephiocal atgitude on the rature, funotion and teaohing of mathematiocs.
Among soientists, the view of Jean lUgujat and W, H, Thompser, and the views
of sush professiocnal philosephers as Jasques laritain, Vineent "dward Smith,
Thomas Greemwood, dobers Feys, Harold -+, “wmrt, Guerald des iauriers, louis

iy Xagteoff and knx Hlack are indieative ef & thouphtful consideration of the

(120} For a recent sxe~;le of t.?(xil view, sce F,%,C, Northro)'s The Lopie
of the “clences ani %he ‘umanitics, (New Yor¥: fhe Xaomillan Comrany, 1947
Trefeos ani aﬂptor X1, = Ve 4T

(121) Alfred Y-rasybe¥i, op, gis., Joct LII, ’art VIII, "n the Strusture
cf Yathematios,”

(122) W111tam Jares, Crhe ’rineiplea of Psyehology, two volumes, London:
Maerillan ard Corrany, IQOY:voiuno two, ppe 852-A59,

(128) See Matner's Introduetion to Intelligence 'n the todern -crlds
John Dewsy's "hil sophy (edited, end with an introclueticm hy soseph atier,
Fow !(Zrkz)ﬁo ¥olorn L-i‘or;;yi 1939),

124) Werner Srook, rtrodugtion to Contemporary Gsrman oh
Cambridge: The Univeraity rress, lwﬁ,ﬁ?iunurl,%q%p- 1%-'55. Henerhy,
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rany pr-blers tisclaned Yy preseat vathematiocal reczaarch, and
pel o 4ovmpels the roasit 118y of cstabliehing a scsculn*ive harncny

Y brren - eta hyslos < mat'.esaties,
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PARP Ily THF NATURL CF WATHFMATICAL ABSTRACTICRN
Chaptor V11I, The Oistinstion of Spesulative 3oiences,

The pressiing historical sketeh argues for the oxistense of two
antithetioal tendencies in philnsophiocal views of mathematios ard 1t
rositien in the wider demain of soience (1). Cr fpequemt occourremee and
popular today, the monist view ;r {dealistie mathematiocism argues for the
generic and spesific identity of speculntive solemee and the legaligy eof
but one solence, mathematios (2), Resurrestinmg the aneient FPythagerean-
Tlatonis cutleok, the tradition of Ousa, Kepler and Descartes “eemsme a
powerfu}l influence in spesulation and fathered many attempss at mathemmtical
monism (3), By overemphasising she role and freedom of the mind in mathe-
reatical scisnce which recognises no intermediary stapes betwesn the mathe-
»atiocally Srue or false, this view engenders an absolute demand -« ume-

quivocally certain and exsct Im-wledge or none «- and a redugtienist

(1) "% find, scoordingly, that fdealists have tended more and wore
to regard all mathematios as lealing with rere appearsnce, whils enpiriciets
have held sverything mathematical to “e arrroxirmation to some exeaot truth
about whigh they had mothing to tell us.” 3ertrand Pussell, The Frinciples

of Methematies, p. 4. SET
(2 ® whole :hilcsophy of Uescartes was virtually oontained in that

initial desision, for the I thimk, hinee I am 1@ she first prinsiple f
Degcartes' ;hilosophy, dut 1t s his rledpe to mathematical evidemos that
le4 Descartes to the i think, This, 1 am afretd, was one of those initial
declsions, which bege® sysSems of rhildséphy where ewerything ie eenclusively
Justified, oxvept their very rrineiples If we need a philemophy whose
csrtitude 1s equal to that of mathematies, ovr firet prineiple will have

to be the 1 ehtuk{ but do we need sueh a vhilosephy? And supposing we do,
can we have § n other worde, are e sure that evervthimg thas is

{9 susoeptidle of & mathematically evident interpretationt The answer,

of eourse, 18 arbitrarys You have a full right to bet on the affirmative,
dut 1t is gamdling, and if Dy any’charse you hawpem %o de wrong, yow will
Yo pla ng a losing game from Yegimning to end, Ml‘yﬂ!ﬂﬂ‘ will be mathe-
mationlly proved in yrur phnum}:ﬂ:ya save only this, that everyShing can,
and must bs, mathematically nreved.,” Ftienne Jilsom, The Imity of Fhiloso=

phical Fxperience, pp. 132-13%,
(3) 1bid., Part Tws, "The Cartesian Papert i
" ‘ment,"” pp. 128223, Gilson

points out how Cartesiar mathematiocism was succeeded by the physicism of
Kant and the sociologism of Comte,
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program <= all soiences must sonform to mathematioal rigor. l!w,'

impatient 1s the thought of Flave, Jesoartes, Upimosa and Leibnis

%o brand all matters of spesulative Sheught with the dedustive

sharaster of mathematios, with its certainty, olarity and abstrastness,

Onee an initial propositiem is found as a poins of departure, their

reasening, like an infinite series, continues precipitately in the

unilatersl direction of sheer dedusticen (4). Pith regard to rethematios

1teelf, idealism a-parently holds that the wmind, severed from all de-

pendense or relevance %0 sense date or the world, generates mathematioal

natures in virginal fashion (8). When pressed for ar ultimate response

ooneerning the origin of mathematisal entities, the idea'lst oan emly

have reccurse to ‘nrate ideas, imtuitions or other imexplicadle ulsimates (¢),
The empirieist trend whieh issuss finally in ecepticism and smaterialism

and of which Hodbes, jume and some comtemporaries are typloal, has not

been as often wpheld, lﬂying undue stress on the slemant of sensation which

oseurs in mathematics and in all sciense, this seeptical view endangers or

-

“ (4) Varold R, Smart, The "hilesophieal Presuppositicns of Hathematical

j_ PP 88,

Mh) “It 1s the merest Sruiem, evident at cnoe %o unsophistioated
steermsion, that mathematios is & human invention,” PN, Sridgusn, %'
Lorie of Yodern ‘hysics, Wew York: The Macmillen§ Cempany, 1929, p,
"Today mathemetics is tabound; 1t has onet off 1ts ehains. "havever its
esuenss, we resognise it to be as fres as the mind, as prehensile ae
the imaginatisn, Nop-Ewslidesn geemetry is proef that mmthematies, ume
l1ike the susic of the spheres, is man's own handiwerk, subjeet enly ve
the lisisations taposed by the lawes of Shoughl,” Tdward Xasner and Janes
Nownan, hﬁmin and the lmaginatiop, Sew York: Zimon and Schuster,
1940 369, - o
"(55 Tor & brief analysls of mathematisal idealfism ges C, T, My Juad,

sp.lgdoyn Thought, lemdens Faver & Faber, 1033, Seetiom VI,

%y sonesived ae wenisl or spiriteal,” pp, 94=100¢ or A, Cornelius
Ben judny, @D, ,Jj_o. R 448-48),
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denies the sbatract sharseter of mathematical reasoning, An earthy

philosephy, 1% usually umdertakes a ;a'ioomul analysis of ideas,

aiming to reduse them to rere impressions, Loath to greant the marks

of z;nivomnty. ne¢essisy and mbn;ty 60 human ¥nowledge; it is

slow to eredit man's abstrastive effurts in mathematios witi. any

exastness or presision (7)., A one-sided ard disjointed explamatiom

of rathematical seience results, MNumsn nature is conceived as a

sponge or blank wall upem which impressions somshow impinge, leaving

t.:nou tormed ideas., The existence of mind or 1%s active importanse in

forming, retaining and refining mathematical consepts is ‘enied (s).

In respomse to questioning, the seeptic may merely repeat his opening

poclti;:n, "Al11 1 Xnow is sensatiom,” or "All ideas are but oepies of

{mpressions,” or mmbly and apologetically aver that man can kmow little.
| Apparently profieiency in mathematios is of such a nature that the

m‘ﬂmnﬁciu who philosophises seems to be easy prey to the extremes

of tdealimm or materialism (9)., As will be pointed out below, mathematics

(77 The lozieal positivists apparently deny any relation between mathee
matios and reality, "For the positivists, mathematios is a bYranch of leglo, and
logie is merely a language, all 3f whose statements are tautelopies, In so far
ss mathemsties is a language, it 18 & construst of symdbols formed by the ine
aﬂtator row. purpose of preserviag his empirical data,” louis (', Fattaoff,

s Yo [

or example, in The Logieal Syntax of lLanruage, (Rew York: Barcourt,

Sraee and Company, 1937), Rudolf Carmap maintains, "Metaphysieal philose

tries to go b-ma the expirieal ncientifie qunt{onl of a domain of noimo
and to ask questisms cemserning the nature of the dbiscts of tho dcmiim, These
questions we held to be pseudoequestionms,” p. 331, formalist view of the
nature of mathematioes seems to rpoint to a soeptieal or nominalist attitude;

see Jo J om, Treasise of Forral Logie, volume three, p.35, Copenhagen: 153!
19) 1f the -ﬂﬁin of whieh the universe is on a nalvely realistic
view suppesed He oonsist: substance and space~time, turm out to be mathematiocsnl,
Shad is eempletely resolvable into wathematisal formulas, and if %o bs mathema«
tioAl 1s to be meutal, more will be implied by the various statemsuts asserting
the mathemetieal mature of shan that the universe 1s deseribadle in term
orumeu: 1% vtuiboth 1Mod wg. ths mtv:rn nmult :thoutiu.

s simee ma 8 thour madhewatioel & -
ratiea} th e bons dens. Thl1oeornise 3 of Nodern Seierge’ Noathe
Yorks:. llugiha ,il s Po 68, Jee aleo s OPe Oit,,
"Introdustion,” pp. 1=49 the study of tho influence of uthcmti'e'%\ -
seiense on philosophy.
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is an abstress sotlense; it may econsider concents in *heir very state
of abshraction with a quasi-indiffersnce to *heir ltimate arigin
frem gengation or their reapprlisabilisy te reality, Conseguently the
distinetion of ~athematieal from lericel and wetarhvsiesl ccncepts
ie vreeine and delteate, waking 1% easy forthe mindi‘?‘nl into i14nelism
and identify theme On the other lawd, =athematical corcepts retain e
trace of their origin from sense Aate and arn greatly Aonendent on ‘he
imagination, lenge any appliestion %o *he rnal wrid which assumes the
existenos of a resl mathematisal order is reoessarily materialist; and
rathematicism oan, =8 in the case of Hodbes, load ..o Hrute materiuliam,
%hile it is preper teo develop mathemmtical science an! %0 apply
is wherever pessibley while it s ef sreculative import to stuly snd
discern 1ts relation %o retaphysies, chemistry an? the numersus soiences,
tdealism supperts an erronsous axtreme 1n maintaining that all solences
are mathomaties, fust es dess waterialism in considering the universe
mathematieal in essence. BSuch statements, often casd off as spaculative
pearle of wisdam, have ne weaning (10), Wo ~an is & 4aily-breed ra-
thematician or sclentist; the same rathematician who may write that God
is 2 mathematiclian, or the sotientist who maintains in e lcoturmlmumt
that a #akle is a whirlnool of eleotrrng, complaing that *.is eleotronie
coffee is aald or distasteful, The whole o l1fe an' the Yifae of thought

i rremter snd risher Shan —athematies,

(20) In coswenting om Book II of Aristotle's Wetaphysies, 3aint
Thomas Aquinas poinds o:t hew eustom and trainiag oan influeros a xan's
attitude to truth: “Here he showm how in the conslderetion of truth
wem aoeept it in verious ways, saylng that some do not seospt mhat ig
said to them exespt it he j;ut in & mathomatical rmnmer, Indeed, ‘ue %o
custem, this attitude is characteristle of those v o were rourished on
mathematies,” In II Ketaphysicorum, Leot, 7, n, 334,
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The propesitien comsrasted to idealism and vaterialism that
t?cn is a y}mlity‘ot sglenges== ~owsver the distinction detween
them is qo.iﬁ.d == appears in some form in Aristotle, the nede
toval sohoolnem, Loske, Jerkelsy, “ant and ramy contemporsriss (11).
Conperned ss they were vit).\ the inroads mads by athematics and science
and {ta mroaohunu‘ cn the validity of other views of the universe,
these thinkers aimed to place rathematics within the wider domain of
npoeu:hun and prastioal soiemoe, To this :ur-ose, “hey investigated
the rature, conditions and mathods of inowledge in ¢enerdl and in
partigular, “oring to establish & correspondence Setwsen ‘he unity
ef mulgiplieisy in the wmfiverse with that of & number of listinet
sciences, Many oonhqeury philosophers, mathematieldns and selentists
exhidbit e 1like concern towards substantiating the au meticity and
logality of different branshes of lmmvlodgo, oorrobontingg, in this
way, the sogenoy of Aifferent viwpcintl on reality (12),

It 1s this larger view of thinps, them, with which the preseat

shapter is conserned, By placinrg mathematios in {ts preper plase

(11) Por o ll:ouh of such theories, ses J, Arthur Thomson,
troduetion to » Lendon: lllnu & Jergate, 1911, thtor'%’

assification or o Sciences,” pp. 82=124; “ut Thomson concludes
(pp. 125+4) that {4 is a mere mavter of diseussiep whether soienee
is one or manifold, 3Jee slsc A, Cronelius Benjamin, Au Introdustion
ts the Phil of Setense, Ghapter XVIII, “"The Clessification of thg
Eimu.' ppe 389=417, or Jean Fourastie, !iota sur Ja nkilozophie des *
ae Cariss Fresses Universitaires, 1944,

This aopears %o b& the Lrend of the philosopheresoisntisty, as

Bddingten, Jeans, Whitehead, :lansk and oshers; end of the philossphere
mthematicians as W. Messell, Potwenre, For an inclusive ltudy of this
type, see Joan Deujat, L'Owurrs de 1!Imtelligense o !} Parigy

Praspes Universiteires, 1548; see alee &, of Wasurel
Soiwmtow, Camdridge: The University ! reas, 1938, Ohnptcr ntroduction,'

PPe 1333 and Chapter XIX, "Natural Solence and General Thoupht, PPe
458-477,
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within the dounin of kmowiedge and thus showinmg that, in common with

a1l selences, it arisss Shrough the mental acticn of adstrastion from
sense 4aba, She Sheory of a plural ity of soliences which is here pro-
vosed validetas the existence of Aifferent soiences sach with its own
prinsiples, questions and wethods, imnified by metaphysics, lathema-
Sfos, in Shis view, cosupies a uniqwe position; 1t has its own fitness
1n‘the “renge of hiuman ‘newledge mnd a singular pertinence iz man's
study of reality, The validivy of this enquiry, however, takes inte
asosunt ¥he truth thiat the ity of human nature sriges from & twofold
primetiple, soul aid watter, This metaphysieal dualiem, once poorly
understood and rejected by Dessartes mid by many today, alone gives
proper ouphasi® to the gern of truth contained in the ewpiricist's
ouphasis on sengstion avd the {deulist's stress on mind, True philoso-
Py takes inte seocurrt things as they ars, letting its thoupht of reality
e measured by the realfties adous whigh it thinks and ressons in wmathee
metics, philosephy and im all knewledge (13),

‘Kaowledge in general

The question here preposed on the nature of aathematiesl adstrassion can
‘ . - * Ll
caly o satisfacterily amswered when it 1s viewed as part of a wore com-
prehinnsive predlem, he ntture of knowledge in genernl., Yor, in erder te

(137 ~%or an earnewe and patient study of the fmetion of phileserh
in dealfmg with the problems ef iwality 4melusive of the quuti& proz Y
pesnd Wy sontemporary feience and mathematios soo Juoques Maritain, The

%&m Part ‘One, "Phe Degrees of Mationma) Knowledge,
P .
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point out how pure mathemasies iz a speculative soisnce vhuh originates
from the pental ection of formal abstraection from things, it 1s necessary,
first, to.show tbe prelatien of all solentifie kmowledgs to pre=soientifio
knowledge by reviewing the mpsure I knowledge in geperal snd polmting
out that both aotusl and hubhtml saiengse is but & more perfest posscssion
of knevledge. ‘ree the meaning of the slusive term "spisnce” }ps heen
resolved in this way (14), the manner of distinguishing speculative from
prestical science and the distinotiom of thres speaifio types of specula~
Sive scienee -~ metaphyaicsl, rathematioal and physical sejsnce ~-- aan
be more readily aseertainsd (15),

In the larger eomprebensism of knpwlsdge, it is sjpsrent that mot
only scleatists or philosorhers possess true knowledge, but evsry man
whe enjoys the use of reason poaseses soms truth and is able to exunciate
something srue as eignifying the lauterier qualisy of qonsiderstion end

reflsetion (16), Mhem we cowmenly sssert that & wman shows something ==

» e e o

(14) It is generslly admitted that the word scieace is gurrestly
used with different meanings. For a suwary analysis of five ourrent
thegries on the nu.turo +£ soienes and of philosephy, see 4y Cornelius

OPe Q. rpe 3=40,

(15 E'hn fundemental terets on which the above inquiry rests, that
of the truth ¢f human Imewledge, the unity of human mature and the dis-
tinotion of faoulties in man, though they lie beyend the seope of this
inguiry, are propesitions without which one eammot .philosophise and
attain twth. The historieal reusons for deuying these brubhs are, summe-
rised in various places; for example, see Ttionne ilsen, The Unity of

Pnn;%gmm Exparience, Chapter XI, "The Sreakdowm of Kodern Philosephy, "
=501, nd Chapter XI1, 'Thc Bature and Unisy of “hilosophleal -
u’o o 308-327 ,
( Arutouo. Notaph n 095* 30 - 908® 14. Tor an amalysis
of tho nature of‘pr;l;hni o ovledge and P:u r'httou to ssispee and
hile ses ams, "Introduction te Philosophy,” The Thonigt,
(1981 P l”‘“"
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as when we !slnlessly aay ! oan do notldng ure with im; he knows
what he is doing” «= we attribute a centent of some kin! %o *hat
porson whioh {§ distinatly his and ie iireative 7" his actions,
All our dealings with our fellow ren aseums *ha% this sontent re-
niles, in sowe way, within him; for whether we wake the professor
of astronomy at night to question him shout the stars or ro.so some
inotor or nachanie for =rofessoral purposes, we are confidant that
treir ordi.ary and teshnical Ymowledge ta ~art ol their makeup,
"Hat all knowledie, whether rre-scisntifie or sclentifis, spaculative
or ractical, sense ‘r intellsotual, is hahitual to = person iz a natter
£ comror Selief mnd & foundatiom for social orpanisetion and action (17),
The imowledze whish a rmn kolds within him is the union of ':is
power to lmow with what ig xnowadble in thin-s; 1t is hic wentel possession
of the trukh about things of all eorte; numbers, waves, wotors, -crees, s:mbols,
and the eiole of extreemental reality. <hilosophers, in tl.is corneection,
~ar o the esgential nature of knowledge clear whern they say that the esserce
of an actual ast of knowledge lies in the {dentification o the intellect

with the thing Xnown (18), The man who is asked to bespesak for us his

ORI o et e g s e

(17) Aan 4, koSwaeney, "hc %-oial ‘ole »f Truth, *ashington: The
Catholis Lnivareity of Amoriean :ress, 1943, -, 137-148, ur see ¥illiam
A, Gertard, ". -1 ~inlen, Jeterminism, snd ¥res ¥111," The Thomist,
9(194¢), v:. 172-185,

‘18] "ihe wosi general ides 57 knowledge fa thaet of the extension
of & *cing, or rather .7 the ‘c=be of the knower, he.2md Ytreelf, In
order to kuew, one mug’ somshow hHhesome an¢hery for %o know In to he
ennther, It is a sort of .u-tioipatlop ic the toeha ol ancihar, r:t
inas:uch as this other, the cbject, is an indiviluml, ~vistiag Yetinct
and separste fro: the rrowing s bject, 1t insswuch as ‘e s.-jeet dy
knewing tecomes in che intentional order and lives the 1des, the reelity,
which is the objeet,” ien-1 wnard, "The :r.blem .f Jnowledgs in Jeneral,”
The Kodern Sehoolman, 24(1846), p. 1,
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knowledge of raiiun i3 nsyehalorion'ly awara of the “nulcive he
:‘soncaul ard £ “ow ha ~rlars - fnrr11irihle notes of Yhe rature
and nrorverties »” raiium so that “e oan rresont “'.em an cing in
ons %o ens gorrasvnndence with. that =ich ho Wnows of ratium itself,
Here, of :omrse, as 1n all human matlers, o ifferences hetween
oer an‘; thelr nosgzemsion of truth -av be strikxingly liverso; the
knowledpe which an expert has achieved ia vastly sursrior and

more perfest tham that of a tvro, rhile heredity, sarly education
and enviromment, individual talents, “he nature and di“ficulty of
the objests we aix to know and various rsyshnlorienl factors help
partially in accomnting for these A1fferonces {19),

" true philesephy has always argued with {dealists and sceptios
and maintained that our minds Imow thinrs and not rerely impressions
or idess of things, Vere we tc hold serisuslv %hat we 4o not know
Shings and that we ¥now nourht »ut our -wn {maves, "‘on everything
e m;«i'nd would be truey in thie case mar mould Ha Lthe weasure
of all thinpgs ant their first rrinoivlie, and Scorates' sncient emarl
at Protagoras for his theory of knowledge w514 applyt "I wonder that
he 4i4 not deghn his Sook on Truth with a deolaration that w nigeee

which has sensation is the messure »7 all thin~s (20)," It hae been the

(18) & thorough and studied ax;slemation ¢f the ressons {or these liffe-
rImees oan bde found in Lec ¥, Bond, 'The Effecs of Sodily lemperament on
Psyshies) Characteristics,” The Thomist, 1C(1847), 1. 483501, and 11(154€),

PPe 3?-1?&.

- (RO I em oharmed with his dcotrine, that what ar-en-z is %o cach one,
but [ wender that reo di4 rot begin his book on Truth with a decleration that s
L&; or dogefuced daboer, or some other yet stranger monster whisch has gensation

the zeasure of all things...for Lf truth is only sensation, and no man oan
dtsoers another's feelings datter then he, or hes any supsrior risht to deter-
mird whether his opinion is true or false, but ench, a3 wu rave saveral tinmes
nrnm is o hinself the sole ge, and wwyuuing that he Jjudges ie trus
an rish%, why, ny friemd sheuld Pretategras e preferred to the place of wis-

and instrustion, and deserve ¢to Le well gﬁid, and we pogr ignorsmuses have
%0 go to h if esoh one {s the meansure of his owm wigdom?!” 'lato, The Diale
of, ppe 183«i84. Jee alse Saint Thomms Aquinas, Swema Theolo 1«4 q.m‘%
©.3 and, by the same author, In XI Metaphysicorum, Lect, 5, n, 2:24,
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philessphie sperd of -idealiam and scepticism, shrough an erreneous
analysis of the Judgment and Shreugh their negleot of either mind

or reality in explaining kmewledge, to deny the existonee of true
mowledge conformabdble to Shiags, thus leaving a seeesaw effest im the
hietery of ~hilosephy (21),

S1nee all intellestual Mnowladge is, in scme way, an idemtification
of that whioh ‘mews with the thing known and the humam rind has true
Imowledge of Shinge, ax wmassailadly necessary sondision for pre-seient!fio
or seientific Inewledge is lmmateriality (22). "hem I say "I Imow to-
weee” or "I an a commolaseur of wines” I do not nesn that.l have peppered
my wind vith tedacas or:drowned it in wine, Yut 1 do wesn that my Judgwent
of what each of thess things 1s and which I he2ld im an intellectual marmer
within pe ~e.the nature and essence of each -~ has a real, objeetive countere
part iz tobases or 1s wine, Similarly, when I ohtde a studemt ot an in-
eorredt anrver or refuse %o rive him a puﬂ.ng ra.rk .fbr an imepd definition
of & funetion, 1 do ntt merely asmume that h; has not mril;d the
dofinitiom dut, more speeifically, that he has not assimilated tha$ which
{e Yrombdle, Irowledge as embedied in fudpment {6 thus a quality which
delinestes anéd scecifies the humam xind w=ith the lmowmdle bHeing iar real,
:ﬂn-mt;l beingy the wm.’ mbure, wlty. qualities ;nd properties

of things immmoently exist withim the mind, arnd a relatiom of simlitude

(21) For s short sketeh of the epposition between 1dealism und
seopticion, see Faul Janet & Uawriel Seailles,’ A History of the 'roblems of
Phil , Sranslated by Ada lonahan, odited Yy Femry 8, Vol, o

tor 17, "The Uslations Betwwen ¥ind and Hatter,” pp. 214«843,

(22) ¥euriee R, Bolloway, "Abstraction from Matter ir Human Cognition

Acsording to 3t, Thomas," The Moderm Schoolman, 23(1948), vp, 120=130,
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between these notes ag kuvwn by the mind and as existentially

regs:dent in things, obtaine (23).

lamaterislity, the condition of all intollootzul knowledre, is

"ot however inmediately attainadble by the human »ind wi.ich ‘s bound

to matter end sust et turough mar's senecry wakeup; nor is removel
Trom matter, wi.ich is the neceessry jroperty ot.‘ aan's lncvledre,
ismediately given to the mind from things as they exist in existential
ocneretion (24), ‘ierce we find that in *he actions of acquirimg and
perfecting ¥nowledge, man's mind exercises the complex combination of
meutal actions which are traditionally familiar as simple awprehension,
judgment and reasoning (25), It is thr:ugh the exersise of these three

actions of his uind that ran begores the knower, sudsuming the rich enrtend

(23) "This “egoming anither without lcsing one's v in!ividualisy
ray seem an imrlioit denial of the nrincirle of contradiotion, In ;oint
of fac%, however, trere is no such .lenial hore for the simprle reason
that the one imewing becomes the object in the order of intention (the
interticnal crder) while r'ﬁnining what he 13 -- =an =- in the crder of
rat Yow “he order of ‘ntertion ia the order of the mind, the order
g % owledge, and, for zan, 18 the crder of immaterial representation,
Consequently, to “he smd that the subjeet may “»eoome the objesot in the
order of intsantion while remsining ttself in the order of nature, it
{s neceszary that the corporal objieoct de received not chysiocally, as
1% exists in real ty, but intentionall that is by means of an imma-
terial nprounhuou in Wﬂend lienard, ope oits, e Go
“Thowleige and sensation are divided to correspond with the
real itiu. potential Imowledge and sensat:on anewering %o potentialities,
actual ¥ -wledre and sensatiom to astualitics, "ithin the soul the
faculties of )ma\vledp and sensation are potentially these chjeots,
the cne what is \nowable, the other what is sensidis, They must be
sither the things themselves or their forms, The former alternative
{s of course 1mponib10; 1% s not the etone which is rregent in the
gonl wut its form," Arutcaﬂo go Soul, 431% 24-30,
(25) George ‘drr¥ ot ?oo rudh 1. in the Judgment,” The New

Sshelastieism, 17(1

s PP 1.15'
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of things wnde himself and sequiring an immaterial counterpars,
within Wis sind, of the truth adows things (28),

Through %he ald of tnternal and external sensory powers, nan'e
mind 1o adle %0 offestuate a liaison with reality in the phamtasm
through wiish the Whing 1s preferred te the mind anéd, on the basis
of whieh, Vhe mind. realises for 1%welf the emshdlity in the Shing (27).
This eMtention of She requisite immateriality is imitially sshieved
Shrenzh siawle anprehensien, For, although the truth or faleiby of
Mamn knrowledge resides in fudgmnts whish are memtal pronetnosments
on the very existencs -of Chings, simple apprehinsion is She fires "
setualisetion of the mind's jetentiality te kmow (38), In ashieving
tromterinlily Shreuch thie somplex psychelegital action, man's mind
1{e ecnserned Merely with the sinple matures of Shings as they are
prevented threugh the auxiliary imagery of the extermal and iwtermal

(28)~ Mess thinkers resognise the faet that the human mind has an
unlimited petemtiality to know; this seems to “e the meaning of the
phrese of Kerman Woyl, for smample, in The Upem Warld (New Faven: Yale
University Press, 1934), "the infinite 1s sccessible to the mind ine
tuitively in the form of She field of possidilities open into infinity...
Pe 83

[ ]

(27) In the Summ Theolegica (qe 84, art. VII, e,), Saint Thomas
Aquinas shows that man's sensory faeulties are required for aoquiring
meviedge and for wtilising imowledge already possessed,

(28) Mowever they may have terminated their reascaing on this
question, philosephers have resognised that the problem of human lmowledge
ultimately rests on twe pivetal questions: 1) Is truth a conformity of
mind te shing? and 2) In what operation of the mird does truth reside?
A dosision on oither of these questions implicatos a 4ecision on the
othery for emample, if truth s said to de confarmity of mind to thing,
then 1§ suet be deeided in what asts of the mind this comformity oeeurs,
Seeptioienm seeme %0 snswer that there is no mind, but that man, deing
Sorely reseptive, ashieves some ¥ind of eenformity; {dealism seems to
Todge the ullinste truth of human knowledge in the acts of simple
apprehension in whish tho mind oreates r produces ideas, Tor a state~
et of the wedian solutiom to this question, see Gerald 3, "helan,
“Voram Sequitur Rsse Rerwm,” Medimeval Studies, 1(1839), ppe. 11-22; see
alee "m n‘. mm‘. &. Q_t_.. Qe 85. ‘rt. 2, Ge
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sensory powers, The nind loes nat cerrsiter that wiby which & asir;le
nature nay “e joimed; it rather rrescinds from spatio-temporal
characteristios, Uy giving iue attention arl consideration, it meraly
s:pretends or perceives the nature of tre thing present to the mind,
For examnle, if I were to :resent @ndd-shlped, covered objeot 4o
wy class, ¢t ey weuld merely, in simnle aprrchencion, porosive it ae
e "thine™y after removing its cover, they would perceive a clock,
fece, - r minute-tand -- dependent, a~ony cther fesicors, on whither
'

they direst tleir cgbonticn and consideration, Fach of these sental
actions 's a simple Beisure by my nind of a nature, of that whioch the
“ting 1se It is a universal concept adbstracted from the rarticular
thine, whieh, thouzhf it may de joined witl other things in reality,
is ca~ahle of bHeir~ separately connidered and conceived by the mind,
Sumrearily, *hen, thowrh the <hing itself is the point of departure
in my pursuit ~f knowladge, the "irst terczinal .int which I achieve
is the immaterial similitude that the mind has thus formed unto iteelf (20),

saving once aoquired, through sinmnle arprehension, conoepts which
are mental presentations of the ratures »f things, the mint {s abkle
tc onunclate a ‘udgrmant hy whieh it -ossrsses Lie truth of thinpgs or

discerns their falsity (30), iIn this act of mental comrosition or

(29) Tor a rood sxplanation of this relation of mind to being, see
’tienno “ilaen, ) Jeuxieme ‘artisi La lature, Chapitre V1I,
"Connalssanee ot vorite," pn. 313=331,

(30) "In rast, it {s nur Judgmente alone that are oapahle of heing
trus or false, “oreepts and aonoepds, on the other hand, scan never be
false, Their funstion is simply %o 322;¥!!¥§ == %0 make nmentally rresent
what is really presem$,” Jeerge Barry O'locle, op. cits, pre 1-2.
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divisien, the mind affirms or deniles the serrespondence of what
16 within the mind to what i® true of Shings themselves, Por
ssnple, having onoe shown te ne some objsct whieh I am told is
a closk, and having spprehendsd 1ts nature, I am adle in the fuSure
tc make a judgwent affirming or denying the nature ~f clook as I
understard 1% of any objeet showm te me, It ig, therefore, in the
sctien of fudging and the mental act of reasoning whish ultimately
issues tn ‘udgments, that the trth of human kmowledge lies, Thus
Yoth simple apyrehension and ressoning are only related to truth
to the extent Yhat | wakw a nontal or gpolan affirmal »r denial
converning extra-mental realivy in the judemens (31),

~ ;% vy feigmenia, them, my memtal Imowledge identifies
1¢self with what’' {9 trus or false in things themmelves, and (s ex
hivited as having or lusking such conforwity, If I am taking a
course in ¢leotrisal weasurswents and falsely fudge the positive %o
be the negitive pole with disastrews results, r if a machanio
Judpes that ny wutemobile will not Aumesion preperly besause it
lacks oil, or if I state thak the spase of our experience is curved «-
I s t-\r!ag mul prenowsseuents and qdaudm whioh either hlw an
mﬂ Mo?.n in tM.nn mﬂ:n t;, or lask this oomﬁomﬂ
and l”‘ﬁlﬁt

K2 R
7 (81) "o say @f Wiy in ¥hat 1t 'ie nod, or of what (s net Shat
ivie, " 1{s Talue, while ‘%o sdy of what 1s that it s, and of what is not
that {9 19 mos, L» trusg 8o that he vho says »f anything that it e
or Skat 1t 19 m, vnx lg sﬂh‘r what I8 true or vhwh is false,.,
m-rnu Nstaphysies, 10117 28<20, See slso Gersld 3, Ihelan, op, olt.,
PPe 1788, '
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it a1l ‘uigments, thah YUer may he L-ue, acn tnb qunliricd
by the same legree of certitide .r firmraeg, ~n! 1% 1a this v riable
relation to t--th as joutfully, -rewrhly r nocessarily true which
*}e rind ray comsags that i "%err~-igtag horan km wic 'se intc the
i) ;;égo clasges =7 jrescientifirs)l: and ~f solentifically true
Idgrents (827, Fer exanple, a nea’anic is i~ncrant or &-huful
of why = autor: bile ‘oz not fimo“‘on when he arrives in e-swepr
tc my oa'l “or assistance; !4 way, --ever, la-e a large mumher of
possille juigments ‘‘at }isx experience *ells pi- ray - bahly arrly;
after I have infrrmed him of what ~oowr-e?, re ~av fina'ly ard cere
tainly judge that the automobile las¥s ~at~line or some nther necessary
elexzant, The same range of ‘he ~lausible and ““e certe!in, ‘he con=-
“inrent an? recessary, holis frr at-er rrao*ical affa rs, as it does
f:r spaculative scirnce i4gelf, T rar truly 1id-e that certsin
reac.ions can %o ~x~lalred ‘£ 1 sun-ose ‘Tt licht axhitite a wavew
li%e motion, whil: a -~or-uscrle=like act'on ™ =~ laln ~'“ers snd o
quantum 111-ment =111 axplain -ore or wost chgervable nhencmena (ss),

I A+ = e = S A o o

(32) T e distirotiom of pre=geientifie and scientific kmowledge nnd
She validisy o~ t'e former !s rradually being recogunised, See fer ezample,
the interesting remarks rade by George ‘cole (Volume 'I: The 1‘2" of
Thought in Ueorge Boole's cnllo%%%ﬂ legical Works, edited by r, ¥, 3,
Jourdain, Chicagor L-en Lourt, 0), on the nature .f seience, pp.
418448, (r see Chwistek's coneern with demareating “he distinetien
between trege two tvres of knowled-e, an! fn combattinr “he oxcessive
elaimg of snientists in Leea Chwistek, The Limits of Solemes, Chapter I,
"Istrodustien,” ppe 1=28 ard Chapter 1y The Limits nf Sound ‘eason,”
ppi 2452, Fmile Neysrsom's tendencies in this regard are well known,
see for exar—le hie article, "le sens cormur virc-t-{1 la Cconaissance?”
<evue 1s Hpta~hysique et 4s Morale, 30(1928), nn. 13-21, end 'mile Meverson,

Tdeutity and .isality, Chapher X1, 'Cormon Sense.”
[i%) %E;:;; Jresnwocd, Frel la Theorie des Quanta, {ttawa:
Leg Editions de 1'Universite d4'"stawa, o tien s Gonnaissance rt

Causalite "hymiques,” ppe 49=61,
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In all these cases I am makin- true fuigments; thelr diffarcnce
l1ies in the derree of sertainty and sxtent of arplicability te
real effecta, having as its lower bound perplexity, mcertainty
or sheer doudt, an! for its u per Yound the absolute certitude,
Resess ity and demonstradility of sefeme~ itself (34},

Iy '.l"lmorunt, then, in any ~hilosephical view of seienee,
te consider that the realnm of rre-soieantifiec inrwledge is an ares
in whieh truth has deen attained and is atsainadle and likewise
thet much of what is frequently raraded as certain is later seen
to Ye ;-only conjest iral or prodbadle, The ilstingmishing features,
in faot, of selentific knowledpe are 1te camprehension of a universal
necesrity in nature itself, and n consequent certitude and firmness
of & therenee %o & judgment on the rart cf the mind iteelfy Is it not,
in fast, true, that a man usually progressss through various stages
hefore he asquires sclentiffie knowledge (35)? Cur senses sre the

prineiples from which knowledge originates; through the acquisition of

-

(S4) The failure to recoghise the distinetion of -re-soieniifie
and selentific kmowledge and the consequemt inadility to distinguish
the nature of sertaimty and truth is found in many writers on “he
philosephisal aspecte of nathematios and science, The various stages
may de cutlined as followe: the jfudpments of pre-gselent’ fie knowledge

go from doudt through suspieion ari ~rebability to the cersainmty of

ened, In all thess cames exoept Aoudt, the mind can make true juig-
menta, Truth, on the othsr hand, formally considered as such, does not admit
of degress) hewsver, 1t can %e said te He nre rerfect as ¥mowing an object
eompletely or im pleeemsal fashion, nr by the firmmess to which the mind
assente S0 the true fudgmans, Tor ar ascoumt of the likenesses and differences
of pre-geientific and selentific krowledre, see °y 2, "ror-son, Science and
Cosmon e, Chapter I, “Introduetion,” pr. 1=8 and Chapter 'I,"Cemmor Sense

o b poe Pel6,

38 it is perhape a petulant remerk to resall *kat many writers forpet
or neglest the psychelogloal orizing of science from cxtraementel reality,
through the aid of paremts, teachers and warious other influences. .n this
connestion see Vineent Horr, How %e Infl.ence ‘me Amother: The .sycnology
of Social Intermotion, X¥ilwaukee: 3ruce ublishing Company, 1545, Chapter

IV, "%ecial Learnirg,” pp. 80-81,
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experiense, art, exd the aid of memory, a man advances towards the
gesl of scientifie posasssion of tyudh (38),

This vast realm of  prevsoimiifio knowledge or imperfeot
p‘ountiou of trqt'h is purqmbhtory and .propt,dqutic to that of
scionee and arranges i4self in a hierarchical order (37). 'stimation,
the lowest typs, is the yehtim of the aind ta tryth ysually sescoiated
with poetry which exphasises the appsal to the senses or the dslights
of regular movememts, and is acrely representative of truth itself,
The mind ig not overly concerned with the truth or falsity of thab
sbotrt which She poet aings, b s pleased to scgept and enjoy the,
images and 1deas which axfo:?mgomd. ™ uh:d is more definitely
related to tyth in the state of doubt, for 1S has begun S0 ruminate
and resson adout possidle Judgﬁﬁs. eiongh 11 uotiul!y endraces none
of them for lack of evidemse, Rhwtorie, de it that of the mathematiolan,
oreter, velitieten or fitend, stire the mind end inolines 1t to ssoept
e, rether than umh-r s of a oonbnaloein and dresds a stxte of
wind onlled sespieion ot‘innih. Tnp fourth tnp.rruuc relation to truth
by whish the mind ohnn_on its wuy mm seience is the state of
ospinten, belief or probability,' Actually adopting sne part of & con=
tradistery, *h nind yot l‘om 1% say be in error and runs back and
forth in »g&hﬁn nlhion. seeking for sruth im the matter coneerned,

(s8) Aristotle, “oggghy_liol 500> 22-u83% 23,
(37) Aristctle, Tosterior lyhions, 712 1.710 8;
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The sougces of epiniem or belief are prohsble propositiona
whick ' are.-true in the most cases, penerally acoeptel, or which scem
te be generally aBdepted but are not really suoh (38), I'robability
is investigsted in a domain of reasoning which philoso-hers call
Malestien (39); 8% 19 in this reslm that, cumulatively speaking,
common publie opimiem ie formed on matters of uolitice and prudence,
advertisesset of manufastured produsts molds opinion, and pepularised
infrraatien en mathexatioal and sclientifis matters {s presented (§0),

5 (38) The history of all the sciences is {llustrative of how con-
Jootures and generalisations of a hirh degree of probadbility and
soeeptability in explaining a mmber of effects were helpful in further-
ing imowledge or in achieving sciontifio cortitude, Ywen the progress
of soiense %eday is much assisted by hypotheses, oonjectures and

sy roxluail s, Ses, for example, 5ir Willism Cesil Damrier, ope cits,
Ghapter ¥, "Ninetsenth«Camtury Fhysies,” pp. 317-308. 7This same po

is brought out strikingly in Thomas Oreemwood, .'roleromene a la Theorie
das_Jesprha, passim,

(39) The term is used here as dencminating that part of loglo,
froquently neglocted, concermed with the nethod of reasoning frem
prebable prepesitions which are based on common knowledge, the use of
{nduetion snd hypetheses, All sciense, in its progress, uses dialeetical
mgterial whioch it may later disoord or revamp into a mcre accurate
approximation, For an explanatiom and {llustration of the Sem gquite
glose to its usage here, see Mortimer J, Adler, Uinlectia, New York:
Maroourt, Brace mnd Oempany, 1927, "Introdustory,” pr. 1«28, W, D,
Carimichael's book, The Logie of 'iiscovery, (Chicazo: Cpemn Court: 1930)
is an attempt in dialnrotics, as is also Jacques liadamard, The Papehology

of Invemtion in the ‘ashematioal Vield,
20) The questiom of the extent to whioch a thoughtful persem

should sllow himeelf to be influensed by public opiniom is studied

in Max Ousidewski, "Publie Opinion and Thomistie Prinoiples,” The Wew
?%glg_gﬂ_o_ﬁ_& uhm),. PPe 1382160, Leon Charistek ia The Limity o%
_01&’ soundly oritieises the erroneous views whish are curremt y
en

propagated as solentific Sruthe; pp, ¢7=52,
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In the latter realm of rrobability, rorocver, mush of the true
knowledge that seienee proposes is to “e allcosted, For it is being
more renerally admitted that the trush of reny sciontific rroposals,
theoriey and sontiuglions ere not certalin goience Hhut nrodmbly or
eondeoturally true (41); In the history of -ethematies, for emar:le,
Ahe colerdifin denonttreation of the wathormstioel truth of ths saloulus
wad net st all avident %o 1:9 imventors; a cemparstively long neriod
of tire elapasd, in fash; dafore the notions:of Punstien, lirit and
mmber had themsslves become Suffisiently clear to ~athomatisiens
S0 be sudsequemtly Lui¥iliszed in esdablishiny the ealoulus as mathoma~
seally setentifie destrine (42), Or;’as snother illustratiom, 1t
oan de solnted ouB that both the theery of Newten snd of Fimsgtein
sruly avely to She univerve; the degree of their sppliecation, hewever,
1s liiited nod 20 mueh by our -athematios as by cur imoerfest end hence
prodadle Mrvwledge' of She maturs of the universe (43), Par, snx will
be roinmted owd laber ¢m, a mathematioel scheme or system {» "Wt one’
way-in whiek the mabhetmticlian may conjecture that the comtinuity
6F %he 'miverse it ordersdj the annlication »f e mthMiul schome
to extra=vental reality of living or rineliving nature dtissloses,

sonveniontly, our limited and rerely prodable Immtvledpre - it setual

T41) OF dhe frequent uttersncos rmado by seientists in this repard, see,
for exsurles, A, 8, Fddinrton, The Nature of ths ical World, pn, 303-315
and, by *he taxe wuthcer, The Philosonhy of Thywiv ience, on, 8%105 and
pasein, Vany selentists however, expeot to find adsolute cortitude on all
umabbeore and ;rc led, as & oonnq!;enoo, to apparently sceptical senslusions
on ) or ;
on et .:vlod fo : ”:oo the_conclusion in Bertrand "usgell},

he Congey

Yow York: Simon amd Soluster,1948, p. 50
opts of the Caloulus exvellently illustrates

] v ‘ Dé . e
'310«“100"“1 developmamy 61 Whe eéalculus; see hHis remarks in ghlpt.l‘ VIiI,
one}it)o%s ok -Soluites

L. . ..m“ f"&s; "_%’-M_i The Crowth of ldeas from Farly Concepts
to Relativity &Y Luanta, t S{kon and SohuAter, IM!; 34:1) 'r‘* Tingtein
and Lsopold Infeld illustrate the use of prodability and oonjecture in the
progress of ahyﬂu; ?" authors, however, rroqumyy represent “his rrogress
as due te a “creation” of the mind; ses, for example, the conoluding
remarks, yp. 310313,
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existence,

11, Seientifie Fnowledre

"hen we consider the domaim of seiense or perfect kmowledge,
we are no longer eoncerned with a fluetating or unstable, 'ut a
firm and unshakable adoptiem Ly the mind of one part of a contra=
dietory propesition (44). The nmind ne lenger has fear of arror,
after much deuds, umesrtainty and difficulsy, it has finally
assimilated the sruth of thiagss The mind now knows that the truth
of its judgeems has been deronstreted with unshakable cortitude, tha*
the judgment deals with what !s nesessarily such in extraemental
reality and is capable of demcmatration (46), If we corpare the
dissinction between the knowledge, say, of a professional mathemae
tisiam arn? a reghanic, & baker and a pclitieian, it is seen that each
1o ooncerned with the thinga of exrerience, but each in hiz owm way,
Tere the baler, who might be skilled in his rractiecal art, to maintain
that democeresy is she best form of government, he would hHe unable, as
a rule, to dememstrate this proposition or to support his assertion -y
sufficiently solentifie reasons; and a ec.anioc who had a passing,
popularised soguaintanse with relativity theory would no doubt, fail
an examination oa the mathematics of relativity, Fdusation and personal

initiative are two of the wany factors whioh scoentuate :he genuine

(¢4) Cwen Bennett, The Nature of Demonstrative iroof, Washington:
The Catholie Un.versity uf.Amrica Press, 1048, Chapter 11, "The Jeginnin's
of Intellestual Tnowledge,” pp, 3-13,

(45) Aristetle,  vaterior Analvtics, 72P 5.73% 20,
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differsnee between pre-soientific and soiemtifie lnowledyge, and
whigh enadle us te wmderstand how seience is marked by a firm Semure
of the wind vo the sruth it Xnows (¢8).

™ve mury roads whishrlead to soientifie imowledre as a oertain
and necessary comision of what v had vaguely nowm, or as leadiny
from the unimowm t¢ the known, all origimate, censequently, ia prior,
pre=soientific tmuwiedge (47), Soience is ssquire! on the basis of
this precomuition by a demenstration of the existence of a thimg or of
& property of She'Shing,  Mhether actually tewght us by another as a
body of dechirine or.whether we surselves scquire it an a dissipline,
seienee arises from precornitions of varieus sorts ultimasely elaseie
fiable as three: 1) -he Semplex prizeiples or sourecs ¢f demenstravionm,
2) She subjest of demonstrasion, which is that which the dememstratiom
conderns, and 3) the prepertiss we'demonstrate as trus of the sudjest
matter under sonsideration (48),

The wmprevable somplax principles, nesdless to say, may be general
exioms common to all soientific sndeaver or proper to a eertain fleld
of investigetion, and their nusber for sciense as sush or for s partisular

B g

(48) "We suppese cursslves to nossess unqualified seiemtifis Jmowledre
of & thing, as opposed to Jnowing i8-in the aseidental way in whioh the
sophiet knowe, when we think that we know the eause on whiah the fagt
deceinde, a8 the canuse of that fact and of no ether, and, further, that
the faeh could nod be ether than it 18y low tha¥ scientifie mwwing ie
somedhing of ‘this sors' is avident =~ witnses Yosh those whe faleely
cluim 44 and those who astually possess it, since the former merely
imagine themselves !: e, while the lnurbm also aotually, ia the
oondision desoribed,” Aristetle, I e N7 Buld,

- (47) Artaeole, 1bid,, 718 1<FI” 7; eee alsec Owen demnets, op. ait.,
Onapter ITI, “The Preefxistent Xnowledge Hecessary for the Demonstrative
8,115?-,‘ PPe 14-33, .

48) George &, Buskley, The Nature and Unitpy of Mesaphysics, Chapter I,
"The Kature of Science,” pp, 1-36,
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scienge may b large. Frequenily, of course, what may be assumed
a8 a prineiple early in an investigation, way later be seen either
to be a false asmumptien or oapable of preof (49). -hile each
partioular scienge has i%a own prineiples, the prineiples of
1dentity, _oontrumm. sufficient reason, ecausality, and uni-
formity of nature are general axioms (80),

Eith regard %0 the precegnition of a proper subjecd master for
a riven seiense, it is manifest that no teacher ur student can proceed
unless, in some way, the gubjeats matiter is fpreknowm Sefore actusl
deronstragion (51). Were a sSudent of plane gecmetry to questiom the
existense pf points, lines or plames, I nighd aredit him with metaphysical
astutensss but would likewise endoavor to Jemonstrate, by definition and
construotion, the existence of a oirele or square which form part of the
proper sudjest matter ef peametry. In rhysical science, moreover, due
to the spatio-temvoral existenoce of the subject, a dessnstration of the
exigtence of subject matter is ‘requently lene more immediately by ex=
periment, Mush of physisal seience is, in faot, concerned with sense-

(49) Popr discussien en this point, see ierris R, Cohen and Lrmess
Fagel, An Imtredumetionilogie and Soientific Yethod, New York: Harcourt,
race and Ceapany, 1586, ter Vi1, '"The Sature of a Legieal or Mathe-
matical System,” pp. 129-133,

(50) Worris R, Cohem and “ruest Sagel, e Chapter 11, "Seme
Prodlems of legic;” see espeesially pp. 181-187, where the authors show
the basis of lorical prineirles in extresmental reality. See alsc James
deoon Sulliven, Ar Pxumimation of "irst Prinoiples in Thought end det

Yashingsem: Catholie University §f Americs "ress, 1939; sce Chapter
(ppe 1=34) for a study of gemeral crinciples, and Chapter Il (pv, 85=08)
for partiecular, prinoiples,

(51) In Proosiuros and ¥etaphysies, Pdward W, Strong analvsos t>is
point of view for mathematical demonstrat:on in the "Appomdix,” pr. 221245,
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b

imredinte demonstration of suhjects of demonstration ss when .
show, by various experimmmds, the existence of atoms or of elestrioity
to a doudting pupil,

<4 ,unw{
» what I endeavor $o do with the subjeot matter, say, of
geometry, is %o demonstrate the ~roperties of any of its continuous
quantidies, as of s circle or a triangle, Apain, defore I can :rro-
ceed te demonstrate properties of equality, similarity or oollinearisy
ss renuinely attridutedls to the subjest matter, I must first inform
the student what these properties are; only them oan their proper
{nlerence in the subjeot be estadlished (52),

It 19 in this rmanner, by scts of seientific demonstration dased
on previocus knowledge and condined with illustrations and various
irarinative insights, that scisnce is selfeacquired or taught, and
likewige reaches out to include the previously unkrown, The teacher of
mathermtioal sotonce, for (nstance, has pruiding principles for his
ressoning process whiah snable hin hadbitually to reason with faclility,
corfidence and sursty about the existenge or non-exigtense of a oountless
mundber of quantitative relations and preperties attributable to ocomtinuous
or 4disorete quantities, 3Similarly, the existenoce of a microsuniverse of
unique, uniegellular anirals opemed for biologists a new sudjoes matter
of imvestigation which has growm doth in complexity and vestness while
revealing, at the same time, a realm in which much of our knowledge is

(52) Inid,, cre 242-245,
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not as ywh ssisnsifie, bub eonjeatural, spimionative and probable (53),
..Consequently, demonstrasive seiense, senserned wish prinsiples,
subjeos matter and properties, shows the intimate comneetedness of
seientific to pre-asientifie Inowledge and wsw how the habit
of sciense is aoguired erd that it is cither an individual ronhal
action or a habit of mind (84), which sharacterises and differentictes
some knowledge as ocartain, ocapadle of demonstration amd concorned with
what is necessary and universal in extrasmental reality, (ur eultural
belief and intercommunicaticrn substentiate thess oharssteristies of
solentific mowledge (88), If I perform & number of experiments on
lirht and publish the agientiffically certain results in s treatise or
scientific jJowrmal, I have no fear Shat ths niversal and certain knowe
ledze contained in my experimgmt ean be wmderstood and werified, if ascount

is zade of various conditions that may exist in Jifferent varts of the werld,

. (53) Ralyh@taymer Li1lie, Gencrnl ‘islegy and fhnon»¥ of Organism,
Chicago: The University of Chieago 'ress, 1945; see Chapter I, "Living

and Nonliviag: ¥iclorical :welutiem ani Jevelopzens,” pr. 1134, and
Chapter 1I, "Living and Nonliving Systems,” ppe. 26=50,

. (54) The "nadis” of.seience here refers %o an intellestual virtue
or to what is more commonly but loosely called the "sslentifio outlook”,
the "seientifies “abit” or L'espriy soiemtifique, These current expressions,
theugh varue and undebermined in their use, are surely indieative of some
intermal view,.asrsct or eontent Withim: ran <« an intelleetual hadit or
virtug as here maintained -- whioh &’ mex may or dees possess. Por example
see Jean Ullzo, "ia position moderme du débeS: esprit geometrique, espris
de finesse,” (ppe 331-338) or Zene uras, "la mathemstique, objet; de eulture
ot outil de trawail,” (pp, 350-348) in Les gramds eourants de 1a;
mthemptiqus, presentees par F, Leldonnais, “or an explanatiom c
tern ag here used, see Etienns Gilson eite, Douxiems “artie, Chapitre
VI, "L'Intellect et la osspaissance rasiomelle,” pp. 291-351R,

(68) Alan Jo WoSweemsy, ope gibys ¥Pe 137-140%
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True, % ¢ ne8 t'w sepe, idemtical experimemt; ut the sameness
and the 1jentity of the universality, oertainsy and necessity whic:.
1% onntaine are the properties of seientifio knowledge which my
rublicatien purpores %o ewpress and whioh furnish the hasis for
histerieal study (88).

The argumant holds equally well with regard te ~athematical
science, Survoss, for emample,-that 1 publish the results of &
propositise’i- rumder tsheory or formulate a mathematical system
hitherto not imveated, #sre ! even to use worda instead of sym~-
Yolise to empress my rathematiecally soiemtifis eomcluaions, a
contermorary or futurs vathematician would be capadle of understand-
ins the wesnine - my sciemtifie offsrta and resulss (67), 4As in
sther solenees, 1t ‘{s aprarent that mathematiocal ocensepts are universsl,
“ave uneguivocal c¢ertainty, are charastsrised dy necessity und are
ca::.‘*lc ~f Jomomstration, dathematioel dootrines, in faot, pessess
e In¥iffarence te raslity, tha: $hey 4o not, as s rule, provoke
ke heated arguments that ‘saciolegioal or reyoholagieal judgnentds

or ~rorositions usually incise,

o o

(86) HMivert J, o.m.ha, A duide to ietorical lethod, Chapter ‘hree,
"Cortainty in Histery,” op..70-80, For a {ine discussion ou the motions of
universality and cantinpensy ss chtmuriwtc of humsn rnowledge, sce .

Dalvies, "Plecussion du Buytemdiik,” im Cahiers de rhilosop:ie
ds la oa pudbliees pa collin et Wwland lMdes, t Yueg sur la

o animale, par Hanl Andre, V.«lo~Jd, Juytendjik, Leorge Jwelshauvers,
VYaurice ropos, disoussion, nctes par demy Collin, oland

Dalbies, Jaoquu Marttain, Parte: J, Vrin, 1630, ppe 95-108,

(87) T™he use of words “efore symbels, for exmmple, in the early history
of algedra is woll ¥mownt: Por a shors sketsh see Fenry B, Tine, The 'ur ere
Systes of Alpedrs treated Theeretieally end “igtorically, New York: G, r.
Stoshert & Co,, 1047, 'F'ez* T "Mstorical"; or sce John ﬂosloy Young,
Leotures on Fundamental ° nnevt. cof Alrebra and Usomstry, "Mote: The srowth
of Algedraie ?ynboliu, b, e U, Nitchell, pp. 226=289, or a more comprehensiw:
presentation, see F, Cajori, A History of Mathems'iecal Notations, two volumes.
Chicagos Opem Court, 19272, Volume I,
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Besed on ¢ differenss of purpose or prineiple, haditial
#ciencse is commonly loeked upon as beting e'ther pure scieree --
theoreticel or apesulstive -- or spplied soierce (83). The
ord for whieh a men seeks speculstive ecience is to soquire truth --
mathematical, biologieel, metaphysiesl or eny sort; the rurpose
of nreetiesl Ymowledge ‘s some geod to be achieved, the proper
funetioning of sny ection or work outeide the mind itself (69),
When & pupil cresps the notion of funetien, number, limit, group
or operster, he has sequired speeunlative methematies; the applio-tion
of these trithe to prastice]l prodlems end other solences constitues
apnlied muthemetios,

The vrineiples, or ultimate sources ’rom whish speculstive or

prectical seiende er‘ses ‘s the second mesns of distinguishing them (60).

(88) There are, of course, many current theories w)’5ch negete
the distirction between specilstive (pure) and prascticsl (epplied)
science, Posivitism, operaticnelism, instrumenteliem snd ex!sten-
tialism ere gernerclly slike in denyirg the existerce or walidity
of speculetive knowled:w s~¢ emphasise the volitionel, sotive or
affective sgpeot 'n rsn as the souree of in-wledpe, Tlw two “ooks
of Felix Xlein, Elerwntar, Mathemmtics from sr Advenced Stendpoint,
(trerslsted from the t-ird gervar ed:tion by T, 'y Hedriock ard C, A,
Nodle, Volume I: Arithmetic ngobrl Roat iy, Wew York: Dover
Publiestions, 1948, a~d Volume 1Tt “eometry, Yew York: The Mscmdllen
Cempeny, 1989), sre exeellent ﬂlu rstions of ‘e difference betweer
pure end applied methemstios, For a recent philosephicsl study of the
distinesion between spesulstive atd preotiosl mewledge in genersl,
see Jean Petrin, Connsissanse Speculetive et Commsissence Pratiques
Pondements de leur dlsticetion, Ottawe; Les %ditions de 1V nlversité
aV8%%awa, 1948,

(89) This doss uot deny the pessidility of sn ordering er
sonstrustion within the mind es e speculstive art which is dene in
legie and mathemetios, ss will Ve peinted out below, Bee, in this
eonnectien, Seint Thomms Aquines, Do Vorénto. Qe 3, orte 3, e

(80) Jeem Petrin, op. eite, pp. "
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Por speculetive knowledge, things themselves or sxtra-mertal
reslity sre the prineiples from which, in finel e slysis, speculative
science arises and by whieh ‘¢ is measured, The rovemsnt ca:n ve viewed
a8 reing from thirrss to the mind; for the ineipient resction of ren
on impressions from ebjects results, under proper sonditions, in his
soquiring knowledge of what *hese things are. Im preoticel kmowledye,
on the sontrery, the prineiples are within the mind ard the movemsnt
is fros the mind %o thingss in phraseclogy anclogous to mathommties,
the wind is reasured in speculetive soience dy thincs, whille the =ind
ie the ~easure of things in preatical or preductive scienee (61),

This manner of dissinguishing these two speaies of solence is
reedily verified in mathematies, In the tesching of mpthematies
et %he elementary, sesondary, cellege and univeraity levels, we
corroborete the difference which we hold to oxist between pdure and
sprlied mtheretics in the sswe fashion thet we do for science in
generel (62), As the history of seienes points out, the spplication
or snplicedil gy of mathematies to relativity, to quentun tngory
snd %0 She subject mater of other scisnces which nas resulled in such
combinstional salences as mathematieal % :sies, physiesl ohemistry,

nsthematical biclogy smd so forth, further validetes the d:atinotion

- (61) Henri Pichetee, "Cemnsiderstion wur quslques prineipes fon-
damentaux de la doetrine du epdoulatif et du pratique,” Laval Theo-
logique et Philosephique, 1(1948), ppe 53-50., T

(68) There is, of sourse, @ tendensy in those oceipied with the
practieal epplicetion of methematios te spesk of physicsl geometry or
chemioca)l methemtios se there is frequently a tendenocy to ne;leet or
despise the applieetions of methemtics, Por en illustration of the
tension between these two attitudes, see Pierre Duhem, Ope oite,
Chapitre 1V, "Les théories abstraites et les moddles mécsniques,” ppe
7781,
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of pure from applied seience (635).
Lesving aside, for the presemt, the realm of practieal science
espeeially as appliceble to metherxeties (64) we ask whether there is
but ome seience or manys is the truth of things speoulstiively
kneowable ir uniquely different modes whioh exhibit themselves as
specifioally distinet hadits of speculstive soience! This question -~
soience as doth s unity end & miltiplicity, or how the same thing
esn be known in different sciences -- requires that both the common
charseter of soience and its orinoiple of diversificetion be ocon-
sidered, The hebit of science, while being similar te pre-scientifiec
mowledge es & mentsl possession by way of iderntification with the
knowable, is yst different from pre-seiemtifioc knowledge by being
cablal end eertsin knowledge concerned with what is universsl snd
necesssry in extreementsl reslity. 7o snswer the guestion regerding
the neture and digtination of speculative sciences, then, duve
attention must be peid both to the menner ‘n whish mar holds scientifie
knowledge end te the part which thinge themselves play ir its accuisition (65).
(48) T™his s brought out well in E, T, Jell's The Development of Methe-
matics, Ghapter 16, "The Impulse from Sejence,” np, SS0-343 !E Chapver 17,
rom Yechanies to Generalized Variahles,” pp, J44-385, In the follewing
Chapter, "Pram Applicasions te Abstraotions,” (pp. 386-373), Fell peints
up the intersction between mathewmstics and the sciences to wnlsh it is
applied,
(64) Por s fine atuly of tha appliestion of rathemetics ‘o physios.
see Jeexn Daujat, l.'oeuvre de 1'intellizence en physique, espoclally Chapters
IV and Y, On the reYatiem of -athemetles %o biology, sve %. i, Thompson,
“oiencd end Commen Solence, Chepters 8 aud ¢,
(€8] Thomss VYom Aquias In Librum Josthii de Trinitate Cusstiones Quinta
ot fexts, Weoh dem Autograph God, Vat, Jat, JOB0 mit %inle: tunz herausgeseben
mﬁmg-. Frivourg) Sceiété philosaphique, 1048; sce Tuvsestio V, Art. 1,

PPs 25=31¢ ALl references or quotstions from the Commorntapy of Saint Thomas
Aquimas on the De Trinitete will e teken from this cdition.
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The basie aondition of all knowledge and henoe of science is

immeeriality. Unadle to know things ir their ephemersl sudjeetlon

t0 the unpredietedle vicissitudes of ohenge and motion whiah typify
their sqtual existence, the mind, by domtoricl{ntng things, constitutes
them os solentifie objects (6¢). Sinae, moreover, soioence deals with
what is necessarily suoh in reality end not with what is sontingeat or
aspable of beirg other than it is, ilmmebility or ronon'l fram change

s sn sdditional requirement faw the judgments of scientifie imowledge (37).
Both requisites, immaterislity snd immobility or removal from matter

and motiem, sre sghieved by the mind in ‘aanph apprehension through
abstraotion from unnk;datc or through the seeond operation of the

#ind in whieh a judggq;t of separation is pronounced (68). In simple
aprrehension the mind forms unto itself a scienti!fie oonoept as formmlly
.8ignifying the immeterially snd immodilely conceived neire of s thing,
while 'n the judgmemt it lnd)ivnt\u separation (89), Were it not for \1
the fact that en objeotive stratificatiom in reelity corresponds te

this abstraetive or sepsrative sction of the mind, ¥nowledge might

be cousidered ideslist - a falsifiostion of reslity. Consequently,

ia whet follm.;. oonsideration g!’ adstrection as total or formal,
sod of the judgment of separatien, will be seen to dlsclose & triple

(u) Thomae Vem Aquin, -1bid,, pe 26,
(87) L.=B, Oreiger, "Ade¥Feetion ot sepuration d'aprés $. Thomss,"
Revue des Seiences Philesophiques et Thbologiques, 51(1947),pp. 3+80.
- ‘.ﬁ“!’ ”3 ﬁ-‘OO
69) “J.-Ds Robert, "Le Métaphysique, scienes distincte de toute
autre diseipline philosephique selon Seint Thomas d'Aquin, “Divus Thowes,®
24(1947), pp., 208-222,
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distinstion of what is immaterial, necessary and immobile in reality
isself, and yleld thres types of soiences: physical seience arising
from total abstrestions washematical, from formal abstraction; meta-
phiysieal, from she judgmant of separation (70).

As the history of ssisnce and our owm oxperience mssure us, the
wind of =an is not eonstantly considering reality in a state of selentific
abstraction, ner does the mind readily do so (71). Although man is
sonstantly being affeoted in his sensory akeup by ratter and motiom of
all serts, ke is not eonstantly exercising an actual soientific action
on these many influeness and senss impressions; no“ sclentist is constante
ly encaged in igsuing seientifio juigments, In faot, before achieving
scienes, xan has already amrrived at nugh pre-soientifio knowledge through
the actions of judgments and reaxonings on extra=mental nalﬁity; inthis
process he is stimulated, of course, dy hooks, conversations and arguments,
lectures, his owmn musings -~ and any number of extra-rental impron?ionl.
The immodbile oonseptien ar! ocuomsideration of objects recessary for soientifio
knowledge is atitained either throurh a more perfect, suste ned and patient
consideration of reality in simple apprehension in which the mind actually

T70) Thomes Vom guin: on.fg&;. Quaestio ¥, Art, 3, pp, 3643, The
question of the specificaticn of sclences outlined adbove, adheres closely

to the theught of Saing Aquinae, For « simdlar view, seo L,.Y, Repis,
.Fia Patlcserhie de la maturs,” snd "tude et Necherches Pudlises par le

Cellege ODominiesin d'Vstawa, Cshier X1 ‘hllosorhie, pp. 127-186, Cttawa:
By Geligar, varticipation dane 1a philesovhie 1o 8, The 4'Aquin, Paris:
J. ¥rio, xm,%&?x“"tu% 5 "LVstre,” ppe 318-841; 1,8, Ga o‘i“‘"g.r‘;""%i-'e“monen
ot separation d'apres 3, Thomms,” cited sbave, and Jo«D, Robert, op, cit.,
Some ocemtsmporery writers, following Cajetan and Jom of 8¢, Thomas, spesk of
three degrees of fermal abstraction; for a presentation of this view, soe, for
mic ﬂw Harftain, The Degrees of Enowledge, Tart One, passim,

i) This plea for the noticn of the sclentist as actullly envaged

in solentif'ic abstraction or the details attendant upon soientifioc work from
the solentist as & man is frequently irnored despits {tes relevance in re-~
udph a8 distinetion of solencs frow the nreescientific and science from
1ife, e part that pre-scientifie knowledge of mathematies »lays in learning
the sciense of mathematics is pointed out to some extent, for example, in

Coeley, Hollis R, ot %., Intreduction %o Yathematiocs, pasaim, and Felix
chh. _22' 9_1}., E..‘ ™
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sngagzes in total or formal abstragtien, or through the close,
sclentific realisation of reality which the mind can acquire im
the separation of metephysios., Confused ooroepts and the prebable
truth of fudgments beooms clear and fixed in the mind in sueh wise
that the gedentific judgeants made are perfectly conforrwable to
reality, AJgeordingly, steady attention, nrelemged ecnsiderasisn amd
s complex set of psygholozisal fastors - depmmdent on individual
talents and makeup =~ are reqQuired, ae that the mind ~ay form unte
{tgelf a formal significatien of the nature presented to it in the
phantasm ani achieve ssieatific judcments (72),

34nce it 1s the indetarminacy and roetentialisy of matter whioh is
the source of ohange and movemsnt of every type, ‘ne difficulty of e
sclentifie appraisal >f things invested with retter and subjest to
=o*ilon and change lies in this very faot: the relaticn of dependence
or independenss which thinzs hear to matter for their very existemce (73),

A sacientifie consideration of thincs show that they can be considored

(712) Jeeques Maritain, Digtimggg_gw unir ou les degres du Bavoir,
nouvelle edition, rovus et aurmentae, laris: Jescles de -rouwer et Cils,

1746, Annexe I: “A /ropos du Coneept,” pp. T60=810,

(73) This entire question of ma'ter and its relevance for the
nature ~f mathematical abstractiem has reseived compardsively little
sttention by rhilosophers or philesophising mathematicians, :-oszsidbly
because 'f a biased attitude towards ontolorical anmd epistemolorxiocal
dualiem, DNesically Aristotelian, the listi-ction ¢f the warious types
of matter thet is used here 1z also drought ouS, in various places, by
Saint Thomas Aquinast see, fer sxample, In VII Metaphysisorum, Leeg: 1lI,
n, 18011536 where "¢ points out its use in 4istinguishing speculative
selences; see alse Ip III de Aniwa, Legts 8, ne 708-717, and Summa

M;o;igu, qe 86, art. 1, ad 2,
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(a) {n the setlences and philosevhy of nature as dependent om matter
for their exlstence and in order to %e Imown; (h) in mathematieal
science as dependent on matter for their existence bt not in order
to te krown; (e) in medaphysiecal solence az ‘pdependent of matter
for existence and in order to de ¥nown,

The first scientifie study of thines in the rhilesephy and in the
saiences of nature ‘a -ne wh'eh ir “ased on the intrimsic and necessary
relation whish things have %o he ioined %o matter for their very existence
and, accordingly, to %e ‘mcwn, Trixie, the cat with whon the children
play, an elm tree which shalles the yard, a huge rastiff whieh fieghtens
the ohildrea out of the yard and ~ut ~f their wite -~ exist im sensible
mattor (74), Fxtra-mental reality as coraidered under this firss
scientific neint of view 18 the reality of animals, men, trees, che-
mioals, and existing things whieh are acnoreted in individual semsibhle
satter; as, for examnle, the privately possessed fur, olaws, flesh and
testh of a dege The ssientific mind, however, in total adetraction,
corgtitutes these things as seientifie odjects by preseinding fren
their individual tratits and forms the wniversal: 1t ehetraet the uni-
versal, potential whole from the parts in whish the thing exists as

sudject. Thus, to knew seiemtifically the nature of dor, I cannot

(74) T™he term sentible matter is here used as being either in-
dividual or common., Individual eensidle waster refwrs to the personal,
private matter of flesh and bones which an individual, emisting subatance
posseasdll in its spatio-tamporal existence; common sensidle matter refers
%o the nind's adstracted, universal cemesption of individual sensidle
mttsr as freed by the nind from the determinstiens of dimensions, time,
and individualising, private qualities, The spequlative sciences of
tetal adstraction abstract from individus) sensible matter, and juige,
resson end define in terms of common sensidle matter,
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sclentifioally consider him without referencc to matter at all,

bub the ratter ir which T molenti“loally envision him is the matter
cormon to all material things a: ! technically known as aommon
sengible ratter;y the 4ddog hat lrre, fur, olaws, teeth, —r, ‘n thke
sclert'flo atudy of electricity, 1irht, skin or hydrogen, althouph
1 vise tndivitual instances of these as my point of denarture, my
interest in theee odjectas is their cowmon nature, ~roperties and
accidents as the terninal voimt of sclence (75),

Tr trder %o have the gerus of selence, this first roint of
ierarture of adgtracii-n -= that of relineuistinrs thin-s {u trelp
conoradion -« 18 requisite, Inaamuoh as matter ‘s the basis of
r*iian, sorcomitant with thia adetrastion Mrem matter is the corre-
l1ative requiresent of ahetraction from cartieular mavcmont; whigh
sre featured in the flux and variation af individual things, That
which is sudjest to c-ange and movement 6an ho what 1t is one instant,
and be cranred the nexB; thus it 1s requirsd for the sttainmen$ of the
sclert!fie level that natures, esssnces, common properties <~ ‘he ne-
cessary and mehanping reascns of *hat w-ieh in itself is subject

to mobil1ty and contingerey -~ be ashieved (78), Relinquishing, then,

(78) ¥mile Keyorson, Identity and Rwality, Chapter XII, *Conclusion,”
pp; SM. S 0VRCE

(78) Though the saience, meaning end nature of seience is disputed,
it 1s commonly granted that selense is eoncerned wit: “he general, the
abstrast, aud the universal. Yven logicel positiviets sllow save type
of peneralisstion and temporary syntheeie, For some references tc ‘he
1doa of sbatraetness and generslity in rathematies, sec G, H, Nardy,
A Ebio!m’c Apology, Oumbridge: The University Uress, ;p, 2B-52,

or AP revarks of Julian 11 Coolidge in the ""pilorue” to A Mgrory
of gtrise]l Vethods (Oxfordr Clarendon Fress, 1540), pp. 427-483,
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the rrivate, rersonal, {ndividuating ~laracteristics of sensible
mattnr, the mind, in total adstractiom, considers the universal
reture # igh it se setualised unto iteelf 'rom tle ~hataam, as
abstragted frer the parts ir whioh ‘t is ac-ually ‘Fe subfects
‘nge the rental terminus iz thus achieved for soientific consider-
ation, the mind is adle to utrer solsntific Julgments hearing on
extra~pental reality (77),

All speculative scienees are echaraoterised by the “irst degree
of abstracting % o wuniversal from rartiocular thines whioh ias c«lled
total abstraction since it ahstracts a universal whole -~ & totwm --
from {ts sudbjeetive narts, - “ile familiar wi:) and kn~wing the ir-
4ivi 1nal thines of experiense !r ‘aily life, man ‘.as no strigt science
of the c~rcrete individual ‘Firnp which (s irneffohler mentally and
verbally the {niividusl thirr s, “or sciance, an unspeakals ard
ymiescribable reteroreneity (78). Though the mind doos n-t dirmotly
of {tself atial~ a knowledre of the sir-ular thing in {ts concreticnm,
1t§%1ectl on the phantasm cr iware supnlied -y its in‘ernal :owers 'r
memory and imarina“ion, an? thus has a - flactive I "eige of ‘ndivii:al
thinre, I, for example, I ask you 10 :nu liked the sketokL of Manoleon
3onaparte which I showed you yesterday, memory an.! imarination su--~iy

you with the {mage upon which the mind refleots ani reaches ~ut to attain

(77) The entire psysholorical process hv which the mind is led to
solentific judgnents ia & pertinemt nart of the growing philosophy of
science and philosophy of mathomatics, Felix Xleim, in the two volumes
of Element ¥athematics from an Advenced Standpoint, Jaoques Hadamard,
in his "sychology of Inventiom in the ¥athematica) Vield, and Henri ‘oincare,
{ii Bolense ari Hyyothesis, among others, have congerned themeelves with the
matheratieal assects of this question,

(v8) %, i Thompsen, op, sit,, Chenter 1II, "The Yature of Ccience,”

Te 1?‘27. md :hm. Gf.ﬁm“. 22.0 S_i_t..' “Te 49‘500
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& Xnowledre of the ainpular thimge iThe immedlate senaes experience
of the aetrooomer at “he tclescore, for exsrile, enahles him %o
idertify & star; bhut .is means of identificution are nainly sen~
gory en- his genscry fasultiss fulfill thesw funetiuns “y sur-lying
khe resesszr. imagery. (his r-flective wuwleipe 1s va:ifastly
jiffece.’ (rom the knowledge ke exhi“its ir a leaturm .n the rature
an} gornstitution of the stars (79,

wr kn wleige, then, in this first level o” sciense and in al
science, is that of a mind joined with ratter and Adspendent on matter -r
its fnformation about thingse 7he min! deale with universal
naturep, accidents and properties, and wit! such reneral conceptions
a8 oulture lag, minimum threshold of experience; bdbut, for full and
complete knowledge (and in order to add ‘o our ocmprehension of thines
an re-embrece them in wider ani rore accurate gersralities) we rust,
a8 ren, »e concerned with the individual an! the sinpular; in this
Wy we compensate foc the meantal retreat into abstractness au! generality
by a correlative movement towards the simgular which we aim, ultimately,

to now as it 18 (80),

(70) "ur mind essnnet Jirestly ki-w the l*n;ultrl bub tha gtr-~ular is
1irectly known by Ya threurgh the sens'tive nowers, which are reoce: -ive of
f-rme frox thinre in a corporeal organy thus our sernsitive powers receive
these forms under determimate dimensions and in this wuy leai to the ¥mow-
odge of the singular materitl thine.” Sa'n% Thomss Aquines, De Voritate,

R o Co
QBO z...ﬂolonoe is oconcerned with gorethinr in two ways: in one way

privarily and nrincipall: an? thus sciemce ie founded on the universal rousons
of whioch it deals; in arocther way stlrrce cenle with some thinrs secondarily
and Eg;n certalr re’loetion, and t! :8 'hL cunocema ' 286 L ires . wiigh these
are the reano-s, inesmich a# it a.»lfies t .e vrivercal rwazore o€ -articrclar
thin~s even to nartioular t'ings by the “alp of tre inferior ~cwers, F-r the
knowey ngas the wnivergal roagson hoth ar the thing nown and ag &« means of
mowing, 1 am able, for o:aupko throurh “he umiversal resson I men, to
Jud‘g 8 Yt this or that wan, 1} the univeranl ~easons of thinrs ! nwever,
are ixmobile canaoquontlg in this regari, averv science deals wlth the
negessary, gon. of the ¢ fnwu, however, of which thase are the reasons are
necessary and immobile, and rfome are contingent and mobile; in this way there
are sald to “e sciences of contingent and robhile thines,” %hQMII Von Aquin,

o 0it,, Quaestic V, art, 2, at 4; p. 38, Jes wlwo Harold °, Umart, The Logie

of Solence, pp. 80-81,
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The sciences coptsined :mder this first degree of total
shstraction are ~enerally oalled nhysical sciences or the soiences
and :*-ilosophy - ¢ ~ature, and inolude many rarbiculer brarches ~-
pritiss, -h-latry genlogy, paye! clory, ethioa, soclolory and otlura,
Th~uph encn ‘as i:s own ’uoltlonn, -ethn's a1! ~ringi;rles, “hey are
ali¥e svecifically in abstracting from sensible :at*or and mov ment,
conaidering reality in terms of common ratter, an? requiring, for he
full reslisation of kmowledge, the rim %S¢ ¥now thin-s 'n their ule
timate eororetion, Thaough mueh of our krewledge in these aciences has
rot as et been crowned with the certitude of gel~-ce, our air in
knowing {s, evidently, %o nohieve t:iz ~erfect certitude, Jranting
the distirction of the ordinary =man's knowlelge from hishly probabdble
hudgments and fron the certain juigments of sclence, and conceding thre
digtinetion hetwwen th-oe spegulative scimens in each of which certitude
i{s attainable, the iialeotical movement o° knowledrge towards science and
the tension and strain which frequantly arise hHetween ““eo sc!erces and
sciantists is readily axplicable (rl),

*51losophers have ri-htly contenle? Zhat (n ¢! is lowes:, yet

perfect type of scieptific knowledpe, we firsi firl ran eonfronted /
Hue .4uigéﬂ:£14;zﬁf“°“ /
with'the prorer forwal 6;3;;i~3?/%is rind: the quidditv or nature

o? senniblo things es riven hinm in simrle ap-rehension wogn trrth !

(81, Tmile :cyornen'e lderbity end iealisy is & olose 8tudy of this
inter-scientifio tensien mand the relntion of sgient.fis ‘.o "re-scientifie
hid'l"ﬂ:‘.
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is attained in judgesmts on the very axistence and nature of
axtra-nental reality (82). The difficulty -f attaiming kmowledge
of reality 1n. this type cf scientific endeaver was already umder-
stood by Plave whe condemmed all these selences to the realm of
rrobability; he was upable to explain how man sould schieve ratiemality
from the multiple, {rrational movemsnte and ehanres whieh charaeterise
thinges in this level of seiense, Like many a sudsequent Shinker, he
failed to erasp thad here the soientific wuind, thourh faced with
robility and materiality, is well adle lmﬁoriallg: and immob{lely
to conoceive and juige of reality; amd, by refleotion on phantasns,
eomplx;o f{ts trus knowledge with things themselves and know the nature
of modile being (83),

The judgments and definitions of the coteri@ of ssiences whioh
lay on this r\m level of seience, are in torns of conmmon, Sensible
matter. Abstracting from their mathematioal formulatiom, electricity,
stoms, nitrogen and skin tissue, if they are sufficiently dmown ¢o
ran to de defimed, are dorinoti in terms of common matter, Our difficulty
in defining tr.nn things 1ies in the fagct that we may as yet de ignorant
or have merely pnb;bh knowledge of their natures, and hoth the rise
and the multipligation of seliences on this firet level i¢ due te the

f20% that nature, being highly determined and actual, oontaing much

—

(22) ‘“Satural things are ¥mown throuch sbetraction Crowm individual
matter, though not throuph comclete abstraction from sensidle matter, FPor
xan i{s knowsus eomposed of flesh and bonesy “hrouzh abstraction, however,
frowm Shis {lesh and these hones. Thus it is that mod the intelleet dut
She senses or imagimation directly know singulars.” Seint Thomas Aquinps,
In Ii1 Je Avima, lest, 8, n, 718; soce alsc “ls Suwma Theelogica, I, 4. 85,
.‘_f_!. 5. ad 3.

(857 Thomas Vor Aquin, Quaestio ¥, Art, B, pe 34,




that man cean know, Further, our manner of mewing through abstraction
sdds to the diffigulties attendant on knowing immaterially end ismodilely,
those things whioh are heing subjected te ceaseless motion an! clanre,
The ultimate Ju-tirio,ation ~f the prinoiples which are used as bnses
of demonstration or guiding prineciples in thess ssiences, for exarple,
the uniformity of nature ~r the primciple of caupality, is due to
l.tlphy!i?l. Any qunti?pmg of the validity of these principles,
or any gttqt to validate their use, while ¢ frequent indulgenee
of soientists in this reals, i properly a metephysical view ocutside
the seope of these first l’imln (84 ),

In formal sbetrsotion, the sepond type of soleusifie abytrasien
preper to natho‘-tlg';lguilcm?. the sotivisy of simple apprehensiom
is uniquely distinet in its poiat of terninaticm withia the wind,
ulthough. elike in 1ts points of departure or origin, ZXathemsiocsl
natures originate byxnbnnotion from the data of sense, tut in s
different manner from the physical natures of tetal abstraction. In

total abstraction, as has been seen, the wind prescinds ‘row the sine

)
rular charasteristios wd’conomtntu on the universal nature, thug
yielding c whole with {ts sudjective, potentially predicadle parts,

{n the other hand, im mathematical abstraction, we are asked to oonmsider,
for ?u-py, a regular polygon or & line drewy on & blackboard or ime

perfectly realised as the linmits of some_ physiocal bedy, In this memtal

(s4) See Goerge 4, Juekiey, F. 838+, PP. 8084210, where She author
driefly shown ths relatienehip of weta 8 to the particular sciences,
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aotion, we neglest in either or botk ceszes, all the serase
qualities, the solor, weight, texture of the objeot presented
te us end merely comsider the order of the parts - tne , fven
cbjeos) the order, namely, which gives the tning a hexaonal,
cirevlar, ellipscidal or other strieture, In this cese the
mind sbstracte ferm frem the matter te whioh it is ocssentielly
joined in reslity and from whioh it is sefised -~ through the
eid of the senaory powers -~ and presented dy the imaginstion
to the mind (68).

The terwinstion of this abstrection with a mathematiesl
m}un. whether it be o oircle, & set, & group or s numbder is
n’ltly different frem the firet. In Setel sbetrsction the mind
1s oonserned with e formsl representation of the nature of the
things in formsl sbetrsction, the mind preseinds from what the
thing is == a oiroular apple or quasi-continuous pieces of ohalk
for-ing‘h- hexagonal figure ~-= and forms a significontion of the
thing werely es indiestive of the order of its parte (86),

The seient! fio consideration of the universe in mathemstical
seience, ocusequently, is not concerned with the reslity of plents,
horses and soundsj)’ but, by preveinding frem sll the qualities of
these materisl objeets and forming a ecmoesptusl signifieation of
thom only s¢ in some way quantified things, the mind forme em
sbstracted universe wto itsslf. Leality, them, ss the basis

(Olg Thomes Von Aquim Qu«tu VI, Ard, 2, ¢ o 63
(.. tm.. Quaestioc v ’U P ‘i. e )
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and the messure of my knowledge ir spesulative methematicsl ssiense,
is not reelity ss sueh ' i r;nluy only as quenti’ied, The things
with which mathema*!cs deals sre dependent on sersible matter %o
oxist Lut not to be known: if enything oireular, aquere, or ellip-
soidel ia to axist, 1t‘do<>l u; with sensitle =atler in Lthe resl,
extra-mentsl world; in msthematieal shetrsot‘on, however, I prescind
from sensihle »stter btoth ae ‘indlvi:lnl end 83 common,

1 do aot, nmmnr..rd inquish a1] referénce *» raiter in mathsmatiesl
science, Cusntity, ‘ein, sn dceident of bod.in. esnnot. exist or be eon-
ceived spart “rom some reference 0 ~e“ter. Jn mathematiesl e'strsetion
1 sbstreet gusnti’ied u\;bltanoé. In thie case, *lrugh, substense is
merely amnde-rodvgs the 3 % 'sct in w)‘!‘oh quantity properly ané reelly
resides in reality -- u't!nt in whteh ;uanﬂty or 't*-.o order o the parts
o® subste-ce sre - azd a8 ‘he 8 bimet in which T sabstractively consider
1t with *ha mind, Inssmich ss “he first level hss s oken of sensible
matter == that s, ma‘tsar »s '-;ncpttblo' to the serses -- es individuel
or con;on, the no’hionmt of mathemetical alstrection, not atteining
ocomplets fresdom from all reference to matter as sueh, 's teshnically

referred to ss ‘ntelligible metter (¢7), Intelligidble matter, or matter

o (e7) znuutglblo nﬁu' refers 4o substanes ea abstrseted from all

qualities and morely af’ested by quantity; insemush ss we retain quentified
substaree, we resein medter, though intelligidle matter is rot direstly
atteinable as sush by Lhe Senses exeept through the qualities end by

ssinding from the qualities. Intelligidle vatter 16 individual or common,

viduas)l .ntelligible metter refers to single instanses of subsdence as
affested by quantity es visuslized in the imsginstion, for exemple, three
sonsentric cirelesj common intelligible natter is the sommon net.ire == Cor
example, of comoentric oireles -- as kntwn by the ‘wind, The mathemetiesl
Asiences are congerned with oommon intelligidble matter in ite quelitetive
state of diseretsness or continuity, through the sid of the individuation
ond multipliontion of quantified eubstenses in the imaginetion, See in
this conneotion, footnotes 78 and 78, above, Metaphysiosl sciunce, as
will be pointed out, abstrects from all matter,
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whieh i the prineiple of indeterminstion and potentiality as
made quasl-intalligible to the mind, is lirewise 'ndividusl or
ecmmon, T™he mind ette'ms the cosmon nature ~f mathemetiocsl
entisies by eenceptwitising from the individusl phentesms of the
fragination; the multiplieetion of mathematioal retireap 'n this
*mathemstionl “miveres® is done by nets of the imeginstion, Por
example, 1 may ssk my oless to coneider three oireles lying on thelr
eomnon tSangent; the multipliostion of eircles ‘s a tesk which man
schieves through the aid of the imagimetion, while the neture of
the cirele snd its definitiom are limited merely by this ireginative
eontent, snd hemve, in 2 sense, 8s wmlimited ss the Smaginmatiom (18),.
Sinee the wethemsties]l universe besrs s furtive likeness to the
physieal umiverse, it is impertant to lay ewphawis on this notion of
invtelligidle matter, The feet thet my sbstreot knowledge of men is
soen te ‘¢ trus of esch men hes given cocasion to seme philosophers snd
scientists to eonclude thst there is » humen nsture whieh exiats apart
fron el]l men end in whiech they shares the a}p&mi incongruity of bdeing
sble to multiply mathemstivsl imstenves of cireles, nughers snd other
entities end of heing able quite suecessfully to spply mathematies)

imowledge %o reslisy has elee led thinkers and mathematieians to

{88) 1t should de peinted out shat the sdeve ewplamation does

nod grant that smthemmtios 9 ¢ free erentien of the mind or that the
luws of mathemptionl shought are imposed by the mind on reslity, lnstead,
1% is hare meinteined that the laws of mathesatiocs] thimking sre imposed
o the mind from the very msture of quantified substenee as given to the
mind o8 it abstraets from the phentasms given by the serse from extra-
eta) reslity., 4 mere detailed explanation om this peint is offered

in the following ehepher,
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substantify mathemstisal netures and to speek ef the extersality

of mathematitel relations (E9)s 7This spesulative error cen be
obviated only \f it 18 bowm in wind thet in methemstiesl abstreotion
ornd judgmenté, the methematieiam sonsiders that waieh is in reality --
substandd snd’the aeotient QUARSItY -« not aa it .8 iR reslity where
it 's alweys joimed Ve semsille metter, quelities motiom and change,
But a® abetracted frem reslity by a msmel remowal of these features;
the sethemtioian sensiders substanee and quantity in terms.ef intelli-
gible metber with: the help of she Lmaginaticn. Mlense, though it has
hapensd in the psss thet asthematicians have orred-in idemtifyimg the
imsgimntive ‘prostifiadton’ of  space with 10s intelligidle contemt, it

Is olear that suoh’ judgments bearing om emSreementsl reslitsy are not
the preper functien of speduletive mihemstisal seienee as sush (90),
Yuch of the recent pregroSe in methemtisel solence .8 due te the
progressiw reslisstion thet imagimetive envities are not to de
ldentified with the intelligibiliey of the guantisy of msthemation;
‘Jusk ws tueh of he ‘spleulative canfusion reserding progress ias due
te » oontinued lack in undsrstanding the nature of sbatraction in

methematies (91).

w. . (89) _Thia is the metaphysical irplication of the theory of logloism,
espeeially that »f Bertrend Russell; see André Darben, L PM““F“ des
oleine

&_ﬁ%&l ¥tide wur 1s logistique de Kussell, publiBe per

La Gracs=larber avee 1a solleboration de Francois Cha‘elet, Preface de
Renk Poirier, Paris: Presses Universita!res, 1:49, "eiziéme Leyon, "Le
Réaligmme M‘tqm.l PPe 177-197,

.{90) The quesation of applying mathemmtiesl principles to other scieonces
end eonsequently to reslity is, of course, based on the fsot that quantified
substance is sbetraeted from extre-mentel reslity snd re-appliee there
A% dwe ecoount 1s taken of qusl:ties, motion and change,

(91) Cerl B, Boyer, op. oit., Chapter VI1I, "Conolusion,” pp. 199=309,
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Certain points of similarity snd difference betwesn total
end formpl shetrsetion will help to slarify them. Both types
of sbastrmotion end the judgments ef the speculs “ive sclenees
developed from them sre ultimstel: messured by reslity; hewever, .

7]
.

{
it s the fasiliar werld of things with sounds, eelors end tastes (L

Leved

whose seientifio nature is ultimmtely sought in the physiesl sefences,

end ullﬁ'juamto vltimetely terminste therej while in mathemetiocs,
“he neture ~{ the resl world-enly os abstrsetively comsidered es
quentified sudbstanee is seught, and its judgments terminete in the
imaginetion (88). In both eases, the ultimate veint of depsrture

for thes abstraction peeulier te eash scienes is seneible metter;

the point of arrival, however, or the ranner in whioh the formal

objeat of eash soimnes is constituted, though alike in being unie- b e
vorsal, is different inesmuch ss tha wmiversal of tosal edstrection '. o
is a universsl ¥:cle based on the compesition in reelity of e whole |. L
with i{ts parts, while that of methematies is the universal of £
quantified form hesed on the compesitiom in reality of mattar and

form (93), iurther the prosese »f total or forwal ebstreetion is

elike ‘nesaseh as what !s°sbstreoted erd considered ebstractively

by the mind, is reslly joined in reelity: whether I ebatraset the

nsture of men from sn 'ndividual men, or the mature of eircle from o

olroilar objeot, I am coreidering thinge wiich ere not so sepersted

, mas Vem Aquin, ;2. eite, "usestio V, Art, 2, ppe. 63-65.
- (B) Idid., Cuenetio ¥, Ars. Y, pp. 3341,
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in reality, but merely as constituted as soientific objeots,

Pinslly, theye is s cifferensce ir the ‘ntelligibility which
esch of these aciences yields, The movement of the mind in total
ehstraction is sn ascension from the psrtioulsr to the universel
end thenoe to the more universsl, as when the mind proceeds from
the rature «f brute snd map to thet of animel, :oing townprds what
is more general in extension end less in comorehension. A similer
cese is the progressive generslisetion of physieal theories, whieh,
*hough capable of irelnding more phenowens, contsin less !ntellie
gibility snd ~omprehensi>ility in themselves, In to%al abstraction,
ss 8 consequence, the farther the mind becomes removed "rom the
determination and sctuslity of extra-mentsl reelity, the more cone
goniality end intelligibility there (s or the scientist., In the
ocsse of formel absirsciion, however, the sbetracted natures of
mathematics sre ~ore .rtelligible to :s in “he abstraotive stete
than in their extra-montsl existence., For example, *he rature
of a eirole or en algedbrajio group is more knowadle to me thar s
an extrsemeptsl circular ohjeat or some imperfect realisstion
of sn elgedreio ;roup (94).

The distinetion of the movement of the mind #s Leing simply

apprehensive ir vhich the mind obteins simple quiddities, netures

(94) Georges Douligand et Jesn Deshats, Ls Vethématique et son
unitéy _jntroduction aux élémembs de l'anslyse ot X g philosephie
des scismees dlductives, sves oent quatre-vimgt-cinq figures, Paris:
Payot, 1947, Troisiome Pertie, Chapitre TI, pp, EB30-253,
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or esszences is vastly differsnt fros thes which is roper to the
Sudpment which direstly attains existense, 35ines the wimd is eon-
eorned in metaphysieal ntmgr“h the very being of things, it
Do lomger abstrasts that which is jeined as sush in reality, for
that weuld be equivalent to a separation of the very existense of
things ani the mind would be in error (95). In the judjments of
metaphysiss one can enly separate tlwt whieh is really separated [,»
in realisy, as vhen I say svanis-net« WUENRIR;Or deing i»
not squivelent tec none~being; ocorsequently, metsphyeios is wore
properly said to he based on & preeess of separstion rather than
on e yproceas of abstrection ($6€).

The seientific tudgmenta of metaphysical seiende, then, are
proncunsesents on she very texture of reality isself primarily
throurh separasion and megasion, For example, i~ ia only by lmowe
ing the separetion >f e beimg from other beings that I am adble %o
diseern that beimg is; simtlarly, it is enly by zresping the setual
division of a shing from other thipes arnd the lack of Aivision in the
thing iteelf that I em able to affirm that being has unity (97), Ia
the total or fermal adbstrestion of simple apprehension the miad is only
ooncerned with a partioular aspect of beimgy 1% abstracts one shing

without knowing and corsidering arother to whiah the thing may be joined,

(u; Thores Von Aquin, op. ci%., Quaestio V, Art, 3, n,, p. 36,
(98) Yor & more detatl tion of the nations of adssrastion
aud separation see J,-D, Rebert, op, oit,, pps 200-8R2, or L,-B, Geirer,

ope 9ftsq Dpe 15-40,
%’ Saint Thomms Aquinas, De Veritate, q. 1, art. 1,
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and is concermed with juigments adout this partioular aspect of
reelity, In metaphysieal soiense the mind aime to krow the very
existence of things and the ontolorieal texture of reallity itselfy
its initial processss, in consequence, are concerned in proncuncing
on the very separation -f thiag:lin order to make sorsequent affire
wations or the nature of reality.

Yetaphysics, 1ike all spiences, originates ultimately from
the eenges; the things with whigh it ecncerns itsslf by econstituting
them sz seientific objects, havcxor, boing independent of matter in
their sxistence, sre Vlihwiu hniopudmb of matter in Yeing concelived,
kpown and defined (98), In thias 1-;.;-1‘1 wanner 1 know those things
which in some cases do exist in matier as tubchm;c, being, rotentiality
and actuality, but to whose essence it is not necessary that they be
joined to matter, Furthermers, I am also eapable dy a process of
negetion, remsval of imperfeotions and analogy, to attain the kmowledgze
of Cod, the ultimate primcipls :f all being (99), ketarhysios is pro-
perly said to deal with whatever is, inasmuch az 't is; or, as ie fre-
quently said, it deals with being ae such (100),

The inhersnt expellence of metaphysics, then, is due to the fact

that {t {g a soientific attaimment of the very heing of reality, and that

598) Thomas Vom Aquin, op, oite, Ruaestie VI, Art. 2, 0., Pe E4e
7)) id., Neestio Y1, Art, 3, e., ppe 67-70, and Quaestio VI,
Art, 4, ¢ o PPs 74‘78Q

(160)° Gerura 3, "heolan, “A Note on the Formal Objeoct of Metephysiocs,”
The New Hnlutgi%. 13(19«)‘ PPe 197=201; see also Vincent Zdward Smith,
"Cn se "Jeing' of Vetephysies,” The New Seholastioisr, 20(1048), rn. 72-84.
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it ia the rost perfect manner of Xnowing of whiol the human mind
ia oarn~le (101). Inasmuoh as it Aeals with whataver ls in any
manner, metant sies 18 not onl; a solonce o:ncerned wiil: extra-
nental reality as the umiverse of substance, sccidents, sctuality
art tolentiality, 'ut it has a leriBinate corcer: with ‘le heing
and nat.re ¥ the tartisilar eciencas ard the relaiion “etween
nolenees; ‘t is, in fact, the universal sclence of whioh ' inkers
have 1rsamed a-1 whoss knowledre {a socurht for wy rhiloso-hising
soientists ani =at .enn-lolans (102), istephysies offers a wolt-

Sansohaung ani a lebensansehaung that is only limited by the

lirits of whatever is or  a: "e; and, as a corollarv te this scien-
tifio, dostriral fumc*ion ~-leh it exeroises, metaphysics haz a

Ao fenaive and coroilintory role ~nich ‘¥ ofta- s~cken of as epis-
temoloricnl, tre philoss hy of <clanse ¢r ithe pl:llosophy of rathe=
raties (108), If a sro-lative thinko}, nowever, "ons its eriticasl
rerd while denyirg Ll'e existance -f -ola;’ysics, Y& ihereby nlaces
hi=sclf irn the awhwar!, contradiot~ry position of denying the relee

vares cof a view which he himself has alonted {104),

(101) iristotle, Yetachysios, c€2% =-pgs® 24, av1 003* 30-008> 30,

(102) "There is & scienoe whiah ‘nvestigates belng as Deing and t-e
attribdutes which Yelong to this in virtus »f itg own rature, "ow 4his 15 not
the same as any of the so=oalled apecial soilences; for none of these cthers
tresty universally of haing as being, They cut off a vart of belng and ine
vostigate ¢’ & attribube of this pari; this is what the rathematioal aciences
for instanee do." Ibids, 1003% 21-26; aee nleo 10038 261008 34, pasaim,

(108) A.<k. :irctta, "Ue Yetaphysloae Jefensivae Natura secundum Jogtri-~
nam Aristotelico-Thoristioam.” Anrelicum, 4(1927), op. 252-270 and ~y, 430

453, (1'4) "You say, wrote Aristotle ir a celebrated dilerma, one wust - hilo-
sophise, Then yon puwt ~hileseophise, You say cne should not -hilosophise, Then
(to prove :rur contention) yeu must rhiloscrtise., In any case you pust rhi-
loscphise.” Jaoques laritain, Ar Introdugtien to 'hilosophy, transla'si by ¥,
I, #atkin, Lordon: Sheed ani Mard, 1946, v, 78,
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Logis, whieh has suprlented metaphysical fare for many a
somtemporary Shlaker, 18 nct s spsculative selence of total or
forwal adsgrectien nov ¢f separation. Lorical censidapation (s
traditionslly desisnateld as #ealing with second intentinns (108),
Shough 1% has a clese affinity with’' metarhysioal, mathematical ad
phystenl sciense, Peor emawnle,' ]l san setentifisally ‘mow the nature
of wany om the basis of Ship knowledre my nind ecan reflect on its
own astiom, censider .man ag ¥rown By my mind an? realise that this
rature with its abebracstion from She aonditionr of matter aan be ate
tri>sed te, and really is, in other ir lividuals. Ir tris way I form
the secemd imtention, ihe waiverdal as nredioadle of wany, and it is
thus that the nind, acding in =0de lozies, surplies the notions of
renus, evesies, J;Q;;;;;:E“aooiacne and nrerarsy (102),

Legis, in the sense of betnr a setende ¢nd an art of ¢he nind,
considers these sacond 1n%1mc ubwol dtaly, regardleoss of Sheir -
=ateriality or Lumterinlity, ocorr:peidilitsy or {incorruptibility
in extraswewtal rexliity, and i¢ nes ennoerned with the essenves
of Shings as sush (107),:~ The lack of properly distinpuishing a
lopion) amd a 1ialestical ressoning adeud tiinge whigh reed not

anrly exsept as sheer possidility %e the' real, from a nhiysieal,

(108) The first intentions ef the mind sre “he direct universals;
»y reflestion, the wind sees thess Hreot .miversals as nredieable of & rroup,
snd thus forme umto iteelf a second intentiom or the logical universal as
sneclies or genuse -

-(108) Aristotle, lstaghysics, 1004™ 33-1004° 28,
(107) Thomms Vum Aquin, gp. eit,, Quasstio VI, Arty 3, ae, Pe 69,
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mathematiosl or wetaphysiesl considerstion of reeslity, readily
leads te spesulative sonfusioem (108). In Shis oomnectien, not
chly the open sleim that matheomsties end logio ere identiosl,
but the frequent legisel investigetion of resl’‘dy send ordering
of the scisnces 18 dus %6 ¢ failure to recognise tha odlique
nature of logie., Nere again, of eoirse, the multiple aspects
open %0 science are revealed: there 's s metsphyelcel, physios}
snd mathemstionl science of reslity, end there is s metaphysics
of svience and mathemetios a3 well as 8 logie of science erd
»a thews S108 (109),

The hisvarely of three spéculetive ssiences, based ss they
are on the nature of the mind and eof thince, 1s consonant to s
similer gredstion in man's coweres to know, Zach of the solences
originstes with '‘he sense$, and, ultimately considersd, teruinates
there (110), threugh mere Immedistely et other sense powers, Inege
nuch o8 the cosncepts end definitions of total adstrection are in
torms of common sensidble matter, the ultimate test of their
versaity ~- as the emtire rode of precedure in the sciensens and
philosephy of neture ‘ndicates -~ lies in the evidenos furnished

by nsive experience or the nore refined experience of selentifie

(108) This has deen pointed out in Etlieune Gilson's The Unity

o ?ﬁ?ln;ghioﬂ ®xzperiense, ;
Thomas Von Aquin, 5 c1%e, Numestio VI, Are, 1, o4, ppe
BB-57,

(110) Beint Thomas Aquines, De Yeriteie, .. 13, ort. 3, ad 8,
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instruments (111). Since, in the formel abstrsotion of mathemetical
sotenes, the mimd 1§ free of sensidble mstter :n 1ts aoneeptions
and definttioms, $% doss not neeessarily terminate in the external
sensee (118). Hewever, in its retentiom of intelligidle matter
or substeres &8 quantified mathematios demands verifiention in the
imaginstion which repreduses individuml mathematical entities (118).
Pinslly, in wetaphysies, though tbe wind begins with extsrnal sense
evidence, it sebisves immateriality as such, end the truth of meta~
physical .‘wdgmemts lies withia the first principles ef being ss
nown by the wind, -

In sumery, them, 96.9 sertaia and evident knowledge of what
e thing 1s and why it eannot be obher than it is, apesulstive sclence
is the habit, the qualitative feeility ef ocbteining true conclusions
in mstters of scientifie econoerm alout extrs~mentel reality, This
quality of mind, the eeoisntifie, is slresdy induced though merely
im ity inshostive stete, by the first soientifie sot of demonstretion
shioh an individual »ind reslises; but thia is an imperfact, defective
srd volative state of the neientifie habit, Sush & man.can, perhaps,
eduee some seientifis sonelusions but only with diffieulty and through

s lsborious prooesse As & perfeat habit of mind, sciences getualises

(111) “For the truth of ithe conelusions of phywicel ‘seienee, odservation
is the suprems Court of Appealesel do mot Shink that snyone -~ least of sll,
those who sre oritieal of the modern tendeneies of physies -« will disegree
with She first sxiom of seolentifie epistemology, namely thet the knowledge
obteined by the methods of physicsl soience is 1imited te obessrvetional
jknowledge in the sense explained above.” Sir Arthur Fddington, The Philesophy
of ’hysical Seience, pps 9=10; see slse Thomas Von Aguin, op, olt., Ousestie
vi. Arts 3, 8 Py €3-84,

(112) It is sometimes gugzested that the ultimate weli@fyof methemstios

_rests on ite applicabilit external obiects, This theor ever, seemd
“$0 dedy the spesulitive nature of methemsties end reduees l{ to prastieanl
sethemstios. 7or an expression of this view, sce Lo is 0, Kettsof?, ope clt.,
PPe 250-888, L s PR . ——

(113) Thomes Vom Aquin, ops 8ite, Guaestio VI, Art. 2, c., p. 63,
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the mind's potestiality te know in such wise thet the mind ie ons'ly
adle to ratiosimete Bensernming those matiers whieh appertain to s
full detontifiec knowledge of extra-mental reslity end to print out
orrors in solentifie mttsrs, Zven in a long or difficult demonstre-
tien, the man whé perfuctly enjoys the seientifie ha'iit can prooeed
surely snd senfidently, net nesding teschers or books as en mid to
his resewming proeess.”

This dietinetion of & perfect snd luperfeet habit of sciense
s one whish we Prequemtly find validsted in daily 1ifes among the
pepilé who present themselves t0 us eash vear, there aro slwsys sowe
whe gresp the metter quie¢kly end withous difficulty, and who scen
becoms sdept at resdening in a given subfest, while others, we krow,
never seen to develer bLéyond en imperfeet sdaptastion to scientie
truth, ° These laetter pupily achieve a high dcifooygf faith snd pro-
Badility but leek the Mabi% of seiense. %ven smong men of seientifie
o8l ibre there are the wesk snd the ltrbné. srd not all tesohers
or habituss of seierice wéktiews the perfeet possession of habitusl
scienes, Asquired as’ 1% 'is through personsl scts ef demonstrst.on,
and disposing its possessor to demonstrate fscilely snd surely the
truth he possesses, the hsbit of seienos can be intensively incressed
by repeated scots and extensively by the wider saope of objects to
whieh it is seen to apply, as it oan, by lsek of use, graduslly
lose its F?rcof

Ume of the happy results of poesseseing the scientific hebit is the
sbility to order, arrenge end systemmtisze the aoncepts which we possess

into e« system of seierces, The prineiples of the solence, its definitiona,
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divisions and proofs sre soordinsted, srranged ‘n e logziesl
order, apd thus presented te the pupil or recorded in articles
and besks. This Smportant sspest of soieree is all importent
imasnueh as 1t has & Bearing on the surremt endeavor of methe-
mticisns to deduse the whole sonvent of mathemeticsl science
from s basic, given content, and on siwmilar efforts towsrd sve-
tomatising ether selenses, This logicsl srreagement does not
always eenform to the Atstorissl order of the invention of the
seienee, nor to the best pedagozicsl method of tesching) 1% aims,
rether, to offect a logiosl érderg of inferring end demonstrsting
the unknown from the previotsly knowm,

Feffeet soience, the complete realisation of similitude between
the mind end the totel knowable eontent of things, is sn :desl towards
whieh an individusl men may temd .ut never reslises, An umsccountable
number of fects militate sgeinst the :ndividusl's =ind becoming all
things; or perfectly reflectin; the total order = the universe; by our
eorbined- efforts, how?wr. we sre able to contribute grestl: towsrds

the sdéwenge -f metephysicel, physicsl end mathema‘icel soienos (114),

(114) Aristotle, Metephysies, 593* 30-093® 30,
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Chapter IX, The Nature of Mathemstioal Abstreotiom

It bas been painted out iR the preseding aralysis of the dis~
tination of spesuletive science inte the three classes of metaphysies,
wstheomtios and physios, that the inhersnt supremacy of metephysies --
dealing, as it does with amything that is im eny way at all -~ qualifies
it-to study the nature of she heing whioh 1s investigated by sny sciense (1).
Censequently, the questien conserning the neture of sethemstieal abatraction,
if esked by a speculative thinker as legician, ecemelegiss, peychelegish or
matlons'iclen is not groparly posed im this memner end oan.only lesd to
speoulative error. svidently 4if I ask What {s mthemeties? ] heve stopped
outside of the confines of mathematicss holding it at bey and st a re-
flective diatenae, I serutinise its nmature and eavieiom it in the re-
lationship uhhrooorduwutu it %0 the other seienees and 40 all that

is (2)0

(1) "It &= phnélophy, "tor axample, nct meithematies, whieh talls
us whether irrstioual numbers and indefinite nuabere ere reel Ieiags
or only rationsl deings, wvhether the non~ouelidesn gesmetries are retional
eonstrussions bullt on euslidean geometry end whish leave the laster its
privileged posisjon, or if, on the eantrery, they senstitnte a sueh ‘grester
system of whieh euslidean geemmSry is enly one speeimen; whedther mathe~s
»atics and logie ere divided or nit by immovadbly drawn frontiers, ets.
In & word, % is philosophy which sssigne the aorder whish reigas between
%he sciences: ientis et ordimare,"Jeequas Maritain, The Degrees of
Knowledgs, p.,_l#: b

(2) "Im gooerel ome wight reise She question, %¢ whet kind of
selisrce 1t bHelongs to discuss the d4iffioul Sted about the mtter of *the
obiects of mthemstics, Weither te phymios (becsuse *he whole injury
of the physieist is sbout the thinge thet heve ‘n themselves e prineiple
of movenent and rest), nor yet to the sciemce whieh ingiires ‘nte de-
aonstretion snd sclencess for this is Just the subjest whioh 1% ine
westigntes. It rewairs then the® ¢ s the philosephy which we heve
set befors ourselves that trests of those sublects." Aristotle, Metsphysics,

15-20, a
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the first distinotien, them, that s iuvolved in any atbempted
investigation of surreat mathematloal research is that whioh holds
between . tne.mthemstician and the motephyeieian (3). ln the domsinm
of mathenatics itself, one medte sush mathemetfissl :lilme.es as point,
nwmber,, wgit.and erder, whose meaning end use bhe asibematficisn ine |
vestigeten as possible points of departure [or matbematiesl dencmstrstion)
eided by these foundationsl elemente and by other influeneeg, the ma~-
thonetioisn develops methemation) soiones, This development of methems=
tics ot tep-end vebtom say, for tho sake of clarity, be snalagously

termed o uni-dimensisnel eencera »ith mathematios(4); morgover, sinee

_—_x )

e+ (3) Thls distinetion scoms Lo Ve in the beokground oI the following
quotetion: "However, .n!ike o.r predecessars of -nl:- half a century ago,
we do ned think of methemetios as beginning with the pstural numbers as
its besio slexents sad proceeding themce to tha development of its weric s
brenehes. The letest views teand €0 sssign to these numbers a middle
position ir -he struoture ~f {h's science., The lower ;nrtions sre devoted
to the foundations of reathematios wnish ere establ’shed '+ the genersl
theories of relstions, order, se's, end zZroups ss well as of leogle,
Above the level eof the natural nmumbers have “.een erested the various
specifio sethematisel diseiplines such as the theory of numbers,. algebre,
ond the verieus theories of funutions, ss wall es nost of the geometriesl)
studies.”,. Abrelism A. Fraeskel, "lat'wral Ruomders ss Cardinsls, Seripta
Mathematise, 6(1838), p. 60. The distinetion Letween tlhe metap ian
and the sethemsticisen $8 breught out in Fdward ¥, fSdrong, Procedures and
e ies, see Chapters I and II; books twelve end thirteen “of Aristotle's
ate ies oontein tie resumé of his argumeats for this distinetion im
eppositien to she, Pythagoreans end Platoniate,.
ovy (4) ®We must state whether it, belongs to ore or 4o different scienees
40 inquire into the truths which are .in mathematios celled axioms, snd into
substanea, Evidently, the inquiry into ‘hoese slso elon s to one science,
snd At the seience of the philosapher; for these triths hold good for everye
thing that ia, and net for sous spesial genus apart from others, And all =en
use Shem, beesuse Wwy are Wwue of leing being and each genus has being.
But uen use them iuat wo far as .o esvlafy uheir pruposea; that is, as fer
o8 the fenus %0 whish their demonstretions refer oxtends, Therefore sinoe
Shese srushs elearly.hold goud for sll things vearg (for this is what is
‘aommon te them), %o -him whe studies Veing &gng bolonu the inquiry into
-thaon o8 well. And for this reason no one is condueting # specisl Smquiry
tries to say saything sbout their truth or falsity " neither the ;eometer
nor the arithmeticien.,” Aristotle, Netephysics, 1006* 16-31,
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Shey only desl witi. a partioular sspeet of veing snd rot with be:.ng

o8 sush, ¢ similer umiedimpnsional end limited develeopment charscterises
ell other seienses but metaphysics. Any fallure to rocognise the limite-
tions imtrinsie to the very ssture of esch of thess special scienee --
shenistry, geclogy, sethemstios snd psyshology, for exam:le -~ implies
thet & man has umwittingly succumbed to uttering ultimmte pronounce-
ments on the naiure of things from the specisliged view of his soienoce,
end is herd pus to esoape speoulstive errors (8),

The seeond, Lroader domein of current researsch on mathemstios
oompriess eny further questioning on ths nature of these mathemstical
ultimetes or on the foundetions and rature of rathematiaes s8 » apeculative
seisnce) (ere the methesmtician or speculetive thinker, heving reoo.rase
te e« reflective aralysis (%) of methamstiocs, has turned philosopher

end metephysieisn (7)¢ It is mathematics as currontly envisioned in

(B) This attempted deduetion of reul!ty acsording to the limited
messure o some partioulsr solsnce, is, of course, a chronie sveculstive
siokness of nind, Btienne Gilson's Ihe Unity of Fhilosophisal Bxperience
111ustrates how metaphysics beoeme o loglcism, ¢ metremmticiem, a physicism
end a sociolegism == ¢ process whioh is bdeing repeated tedeys. The mind's
desire for truth snd unisy exn enly de sstisfied with the ultimete answers
of metaphysies,

(8) Reflective as used here does mot mesn privete epiniom or erm=
shair spesulation,. but rether refers to a redirection of the mind on the
eontent of its ewa astions) seo Jeeques laritsin, The Degroes of Knowledge,
Part Ones The Degrees of kationel Xnowledge, Chepter IV, Saphysicsl
Inowledge,” PPe 246-301,

(7) Of course, a prewslent snti-metsphysical snd anti-philosephical
sttitede would deny that the Methemetielian is currently engaged in mete-
physical speeulesion, The enly retort thet osn he msde to sueh e denial
ts that of Aristotle: “"Yeu sey, wrote Aristetle in a cslebreted dilexmns,
one must philosophise. Them you must philosophise, You say one should not
philosephise. Then (%o preve your eomtention) you must philosophise. In any
eese you must philosophise.” Jaoques Meritein, An Introdustion te ihilosophy,
Pe Y.




218

this secend domdin -- & reflective study of its nature, position
in the wide demain of knowledge and oulture -- which is tuat proper
to the philosophy of matiwmatics and wnich ray Le termed i is sulti-
dimensional aspect, with which this essay anda great amount of current
speculation is primarily concerned (8),

Viewed from this multi-dimensional aspect afforded by cetaphysics,
it ie readily seen fnat “he full meaning of current solf-sorscicusness
in mathematios is really but a confrontation of mathematics to metaphysies.
Disavowing the existence cr relevance of uhphyuc; s hOweVer, speculative
thinkers wariously incline to logicism, physicism, mathematiciem, and, in
the dreadth of their own retaphysical position, to idealiem or te
scepticism (9), I, fer example, I write that whatever philcsophy
there bde is wmerely oritioal, controversial and persuasive, and taat
mathematics, as equivalent to lo:ic, Ls contrastingly deduotive and

constructive, I nropose an ultimmte view (17); though erranecus, tnis

(8) tLouts O, Rattseff, op. olt., chnpm- Sixjesn, "Mathamstics and
Reallity,” pp. 244-153,

(9) tes tas diseussion of G, Boul.tuml. "le matheraticien au seull
de la metmpaysique,” ievus de hmyugu. ot do NMerale, 52(1947), pp.
$06-3231. Bouligamd coneludes, "...jo crols pouvoir eenelure que ahague
sathematicien se reclame d'une mesaphysijque; olle wvarie d'une varie d'une
perscune & l'autre, et dans l‘'ensoable elle balance enire la pole de la
simplioite jointe m:la generalive maxima, qui nous sollioitait a 1l'instant,
ot oelui de la construstibilite, qui fascinera toujours les practiciens,”
pe 321, Bee also the interesting profece of Jaoques iindemard (pn. v-xii)
in F. Gonsetn, Les Fondammn$s des athematiques.

(30) “"Tae distinetlen of pailosophy and mathematles is broadly one
of point of view; mathematics is norstrustive and deductive, philosephy
is eristoal, and in a certmin impersonal sense centroversial. iherever we
aave deduative reaseming, we nave mmthemmtios; bus the prinoiples ef deduction,
the recognition of indefinable entities, and the distinguisaing between
sugh entities are toe business of pnuoum. Pailosephy is, in faet, wainly
8 guestion of insight asd pereeption.” -Bertrand fussell, The Princioles of
Mthematics, p. 129,
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view tempers aund eolers my cm:tdo;ation of both real and lozical
existeonoe and I am eaught, altematsly, in denonminuting the -ature cf
reality with logical fiction or mathematloal riger (11). The prinoiples,
met..0ods; the very nblmc;in and limited view of sume special seience
ig, by an act of the will (12), thus confounded with the view of mstaphysics,
and even reality iteelf ia unadble to reotify tne adoption of sueh an
erronecus view (13),.

Tm‘:‘fonmtimd distinction between a mefaphysician and a
ma thexatiofan rc.n.duy explains the contemporary metaphysical situation
in rezard %o mmnt;.on. The oontupowy-mtm-atieun.“mﬂng falien
heir to a airhl: déveloped sclonecs, 18 atbtempiing to resassemble and
reesatabliah tnis innerited body of mathematiecal doctrlno‘into A Byde
tezatio arnd independent moience. Though mathexatics has frequently
been prompted and stimuleted in its historical or individual develope

F
ment by practical needs, by problems from physics, chemistry and other

(13) “..ephtlosspnieal argument, strictly spsaking, sonsists
sainly of an endeaver %e cause the reader %o perceived what hué bLesn.:
peresived. by 21 aathor, *The argument, in shers, is net 07 Whe mature
of preof, dut of exhertation, Thus the question of the present ciapter:
Is there any indsfinadle sat of entitiss sommonly called numbers, aod
differcnt frex the set- of sntities abeve defined? 43 an csseatially
philosepniosl questsion, t¢ De settled dy inspection rather than by
ascurade aMing of resaseming, Ibid., p. 130,

(12) Thne influsmes of the will in adeptiag erronscuz views is
brought eut-im Aleysius §. Rether, Truth and frrovr( A Stuly in Critieal!
Logio, 3%. Louts: B, Herder, 1914, Chapter Sixth, "The u’ﬁ{"m atlon
[ or,” pp. 104117,

o (us Por example, 1if a eclipeiet is asked t0 explain hew M san
get aloag'with the roalisy of knives and 'ferks, doge, catss sad talephome
poles, i ;ip unable te adequately include these things in his outlook;
gee, in this regard, Bertrand Russell, iluman Knowledpe: Its Seope and
Limits, Part Tires, Chapter II, “Solipsisn,” pp, 176-161,
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scienees, by influsnces suyggested turough oxperience amd intultions

of all sorts (14), these factors are looked upon as oxtransous. Aluing
to reduss tae cemplexisy of matnematieal doatrine to & bare minimum of
elements (15), tae wathematician metnodically directs nis efforts
towards a sonstsant resimplificatiom and reduction of principles by a
resocurss to logieal, peyehologlesl or symbellie ultimates, or by
deaying the need of metaphysical eor extra-rathsmatieal notions asd
appeals (16). Swsmrily, then, the nstaphysical endsavers of sany
zathematiolans can be deseribed as comprising 1) a previous acceptanee
ef the entire corpus of current zathematical dootrine as valid; &)

am attexpt to determiue the simple, ultimate mathumatical naturess

$) a consequent revuilding ef this inivially accepted matomatissl
truth with the hope of being able %o denominate nathemmtics as an
artieulats, oohgr-nt.mtdmilunt. svstematie and solf«coutained

sclience (17).

(14) See, in this couusction, the intereatiag anelysis ef the
differonce bYetween invention and desorir‘ion in mathematios and its
effect om a sound view of the vature of mathematics in Thoams “reenwcod,
*Inveution and Description in Matnematics,” Prooceedinge of the Arigtetelian
oot NeBo, 30(1930)' PP, 7%-%0 S

Thie attemp® to attain the mintmum elemsnts of wathematics ia

somron to all philosophiedl excursicns on the foundations of mathemmtias;
seo lLouls 0, Kattsof?, op. oite, Chapter Thrme, "The Nature of the Objeots
of Mathesmtios,” pn. 16-78."

(36) In T™he Limigs of Solenss, Leon “hwistek arguss strongly
Azaingt a redaphysiocal reference for mathematica. See Chapters II and III,

(17) 1= The Wature of Mathematics, Max Glack points ocut how the
formalis s and loglolsd YUwory on the nature of mathematies, presenting
mathezaties as sesething waich has heen achieved, 18 a statioc view; he
meuvions the dynamlo aspsct of iuntuitionisw as orie o the pofnts in
its favor; pp. 169.173,
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In aAls endeavor to re-orect the corps of retiematical doctrise,
the mathamatician has fregquently bounded into extra~matusmatieal territory
aod foumd nimself confronted with logle, anistory, psyshology, metaphysics
and reality. His efforts, in conssquence, .ave a ;nilosophiecal significance,
for tney snow rirsg, tuat in ais phliosopuioal conditioning tie mathe-
matician has fallen heir to situer a proncunced idealist or empirielst
outleck (18). By proposing that tns whole ocntent of matnematios is
virtually and solely rssident in a basie, simple intuition or in & small
oumber of simple, mental natures immediately given and knowm =- out of
wnieh the wicle complex content of matmemmtios is weaved by the mind --
the mathematician adheres to a philoseopuloal thsory ou the nature of
mathematios whieh is frequently referred to as sathematical atozisw (18).
His philosephiocal theory on the rature of mathematical reasening is, in
Shis eonnegtion, similar to the ldeallst katicnale of Usscartes; he
proposes something as "given” for his point of departure a movement of
dedustion by tae mind Lowarde a desired, Corelnowmn goal, aud a point of
arrival wilch is really synonymous «#ith the ILnitlal atarting poimt (20).

{(18) “¥e find accerdingly, timt idsalistia uave Serded mere and more
te regard all matiiommtios as dealing with nere appearance, waile empiricists
anve wld everytaing -mtismmatidal % 0o appreximation %o some sxmot truth
aboult whieh they had nothing to tell us." Bertrand Hussell, Ops 0it., p. &,
See alse Philllp Prank, Setween I'nysios and Philosovny, Chapter IV, “Is there
a Tremd toward ideallam and Physlosi” pp. LO4-1XE,

(19) Carl B, Beyer, _._z. Cit%e, Pe 23 and p, 80,

(20) Speaking of Hobbes, Looke and Condilleo, Hareld R. Smars arites:
“fhe fundanental conceptism common to all of the thinkers mentioned, and

Bﬁﬂr‘%ﬂﬁ‘%‘!&% oy JE s g 14 L B R R e
4 has ocore % He ealled, in cur own a.?. the 'linear'! eouception of iun-
forenes, Such differences as that between Hobbes' advooacy of the syllogism
ard Locke's ;lea} mggon of 1:. or'b::w:ontzm \'mrio\:- abesoluvely fixed
startin nts © sush as ‘s o ldeas' or ‘intultions' d{d akt
g&:g:o thinkers frma. opting ae tho{r om, and uncritically acce tr{ngg
as an sdequate asoount of inference, the Cartesian sciema of a domnltngiva
ehain of reasoning, mechanically ‘compounded] or added and substracted, link
by link, from premises or definltions to Lhe conclusion. So much these phie
losophers gleaned from a logleal study of Luclidean end Cartesian geometry."

Hareld . Smart, The Philosephical Presuppositions of lathematical
14051.. PP C=T,
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The adoption of “his -uilceepnieal tneory on tae nature of
rathematical reasoning (21). somms to underly the frequent state-
wents which are wade mccepting the na*ural mumbers as mathematioally
"given" and the accompanylnp cleime “:w% an hietorieal, sycholopieal
or wetanhysical roference for the i-dividual ~athematictaa, or for
the scisnce in general, is irrelevant (22), As another sxample, in
thw development 7 function theory from the aatural numbers as colnt
o” demarture, it is sometines claimed that the mind Mlilds up the whole
complex 40ctrine of uthematlcs in this Pashion (23). Is tnis not

rather a sinmcle oage ¢ the selontifie madhematician possersings *he

v

(a?‘ma fs ot *the place for a detailed -hilosorhical or nsvohoe
logical analysis of matrematics. nl: a few points asnould be stressed,
There seems to be a sreat danger in the prevatling overemphmeis on tne
dsduc i va-postulational claracter of manesatics. Trus, thw eleoment
of conptructive invention, of direeting and motfwvatiny fntuivion, s
apt to eluda a slz~le uvhilosophical formulaticn; but it remains the core
of any sat:amatical schievenent, even in the =08t adstract fields, If
the eyrstallized dedustive feorm is tue foal, intuition amd construetion
are at least the driving forees, A sari-:z Shreat to the very life
of science 18 i--iled in the assertion that mathematios iz nnthing
dut a Systen of oonclusions drawn from definitiens and pestulates
that aust he conaistont but otherwise s be ereated - the Cree will
of the ~atheraticlan, If this descrintion ware mecirate, matiswmadios
oould not attract any intollipgent person, It would be a pame with
definitions, rules and syllosioms, without motive or geal, The netiea
that the intslleot can create meaningful postulational systems at its
whin 18 o deoceptive half-truth.” Rienard Courant and Herdert Robhins,
Rbat (s Matiemantics?, p. xvil; sce also larold . imart, The Lq}_o of
3olonce, p. 711e

1!8) Por a swwary of *hese regent vicws, seen Leon Chwisbek, Ope cite,
Chapter III, "The Dovelopmnt of the Coneept of Wumber,” pp. 53-88."
(283) Current textbooks o:. function “heory illustrade tals claim,

800, for example, ', {4, ¥itehell and ¥, 4, Yels, The Klements of Mathematical
mn*m. two volumes, Londont Yaomi!lan and Company, 1957, Volume 11,
Chap I, "Arithmetic Basis of the Infinitesimal Calsulus.”
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habit of mathematical solence, using this habitual abllisy,
exploying memory and imagineticu, imtroducing lemmas to inolude
extranecus matter, and employing various illustrations to demonstra~
tively teaoh “he rish content of the subject matter under oconsidera-
tiont (84).

A furtoer, second point of philesopnical significance in eurrent
speculation lies in the evident feilure to distingulsh the multiple
aspects of the problems under eonsideration (26). The guestien,
what are She foundations of sathematics? 1is but part of & more global
questiea, pequiring, for a conplete response, that we be concerned with
1) the rature of rathematical abatraction itself as a spsculative
science, which is properly the netaphysiocal aspesct of the problem;

2) 1ts paycholorioal origins, which includes Lts order of learaing

and order of invention; 3) 1te hissorieal origime; 4) its lorie, or

the mature of proof, manner of demonstration, the provliems of con-
sistensy, freedom from soniradietion, as well as its dlalectieal aspects, .
as the nosion of probability in mathematies. Only after suoh distinctions
are sade oan, for example, such a question as the rotion of mathematical

"existense” -~ g0 frequently senfused wish tesds for its walidity amd

(24) Thie view iz aptly 4llustrated (n both volumes of Felix
Neints Blemontary Matiwmatics from an Advanced LHtandpoint. Klein's
preseatation, nis oritical rowarks and his ef'forts (o offset excossive
formalism in the teaching of mathematics, are well ¥mown,

(28) Chaptersy three and four on the matnewmatioal sciences in
Harold R, Smart's The Logic of ‘olence argue for the merit of these
distinct consideration of mathematics,
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construotibility -- be seen to mean the habis of soience in an indi-
vidual mathematician, or the abstraction of quantified eubstance as
the proper concern of ~s theemtics, or the historical records of tw
soience in books and articles (26).

The distinction of the metaphysician from the rathematician and
the distinction of the rany pards of the guestion on the nature of
mathematios are especially nezlected in discussione on its foundation$(27).
Though muoh concerned with ultimates, statements of an individual ine-
vestigabel-are sorewtines unecloar as to whether he believes there is an

w B

ultimate in mathematios which wathematics alene can find and boyo&,\no

further questions are poseible (26), or whether he yrants the pos-

(26) See, for example, Aristotle’s dlscussion on the notion of
mathemtical existenve in Book Tairteen of the ¥etaphysics, especilally
1076 17-1078% 6. In his discussions with Pythagoreans and Platonists,
Aristotle faoed wany problems on the nature of mathematics that are
discuseed today,.

(87) Tt has been breught out in a mumber of places tiat each
of these theories ccv the foundations -~ logiclasm, formalism and ige
tul tionfism -- are echarncterized both by a method and a philcsephical
theory; for legziocism, sos Thomas Zreenwood, Les fondements de la
W. tome I, paseim, and, by the same autior, htudes
sur la Connaissacoe Mathematique, pp. 1=7 and pp. 37«32, or see Andre
Barben, [a philosophle des mathematigueg, pp. 1-8; for formalism, see
Max 8lack, op. 6i8., 147-188 ard Louls U. Kattseff, op, eits, pp. 116~
119 and pp. 134=138; ror intuitienism, sse Max Black, op, 3____1?... PPe
186-196 and Louis 0, Kattseff, op. olt., pp. 150~158 PPe 174177,
A bread, oritical view ¢f the three Gchocls ocan be found in Abraham A,
Prasnksl ‘s article, "7The Regounts Contveversies about the Foundations of
Mathewa tics.” : Lo

(28) This seems % be the bdasic assumption of Leon Chwistek; his
inpassionsd ocomments and eritiecal remarks on all selences but mathematical
legic are seattered throughout T™he Lieibte: ef Hcienoe,
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2ib{1ity of an nltimade within the science —- for which he seevs -~
without demyine the relewance of wetathysies as supplying and as
pointine ~ut the relations of mathemniics o exrerience, sxisterde

eni %n S e eciences (29), Porralism, imsisting cm rarks and symools

as ultimate antnres, heings out, 1t ie trus, the formal ocharseter of
matheratical rethed, *he dialectisal asvect of mathematics and the
Impertance of symheliem; 18 faila, however, to answer adequately what
ratrkematics 15enl” o, Formalise .ices nct eonsider the origin emsd
relati~n - -nthematies to nonenathsiatiocal scienscs, nor does it eanswer
how a vere reretition rr-erranpement of supposedly —eaningless marks is
rat-omatical eelenne or allows us to eoumt real cbjects (30), logiclam
hag hr:zat +n tha front the faes that ratheratios is a close ally e

1n-ie, and, under the form of =athematieal Jogic has vprrad a wide

(28) "Is “es turned cut that (under She assuwertion Shad -odern
mathenatics is corsistent) the solution 7 certain aritiret! al mpeblems
requires $he uee of assuaptions -asent’ally transcending artsiretiz,

i.0,, the darain of the kindi of elemertary inlisputadle evidense that

ray 0 most “ltkingly comparel with sursa --ren Slon, Yurthermore 1%

seens likely that for leciilng oertain ~ropositiong of absteract sed

thecpy an! oven Tor -artain raslated quastions o7 the thecry r{ real

sumbars now axioms basel “n neme hi‘lhsrto uninemm {dea will he receses=y,
Ternays also ~he ajyiarmil. losurmcuntahle A1ffioul-leg whioh scme ther
mathexratical ;ro>lems Lave baen presenting for many years are Ave o

the fash that “he regessary axiemg 'ave not yet been foumd,” Kurs

del, "amssell's “sthematicsl lo-{e.” in The Philosephy of Bertrand
Russell, 7olume V, The Libr of Livin- “h!!ouowEaruE ;ditoﬁ by aul

Arthur lenilp3, Yvanston and Chhecage: Sorthweetern miversity, 1844,

pPe 127-128, Ir this sonneetion, 3ee the 'nterostirg ertinle %y the

saxe author on ‘he contimuum problex: "™t 1¢ Cantor's " ntinuvum

preblem!” The Aweriocan Methemstiosl ¥ert!'y, 84(1047), pr. 318825, where

he aopoludes that noseidly & new set of axioms or a new mathemationl

outlook ig roguired %o solve the :r-bhlam * the econtinuum,

( (30) See the brief criticiem of fermalisn in Sertrand useell, o-, cit,,
"Introduction to the “econt "dition,” pp, v-vi, or t‘at in Prank Plumntom
Rarspy, The Fcuniations of Yathomatios and other lcu.-ical Fassays, nv, %<5 and
rpe 52=P01,
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breach in *he wicle problem of deluctive reasorirg, symbolism end
wathemticel “et)ciology, Its assertion uf rothematisal end logleal
equivalence arl 1ts roposed logloal Lltiwates, Fowever, are as yet
in~reved ard loeicien has loft uniouched & whle oot rle « gponuine
stoculative ;rvorleng (21), Fven thcugh it reirtrainoes the olose
~=lationship of sych.logy and ex erirrce to :atheratics, '~tultionism,
by nliir- that the rathoma'foal int ition is tie originel sxperir-ce
of o~ and hy attem-tin~ S0 equate rethema-ies sith conet. uctibility,
pronoses en incomplete selution thet bdristles with rectultysiosl,
historical and s:~hological sssurptions (52).

Talken, ‘hen, as “lilosophical -roposcls axplaining t' e complete
nature of rathematics, tuese theories e pear to imnligate a ~ata-hysics
of mowle! 2 and i-cline towards 1d.alism or empiriocisse. Tney are but
commem trAieations cf an outspoken contemporary -stavhysieal bias (33),

a rrejudieinl rerard for all hiljsophiocal sreouletion as such (34), and

(31) Louts 0, Kattaoff, op. eit,, n~. 106=107,

(32) Max Black, op. oit., vpe 186+200; see “he ‘nteresting descripsion
5 the mutua) oriticism of formalism and intuitionism in 7. T, Bell, The
Jevalopman® of Mathermtios, :re 626628, and pre B30-B832,

(33) (chard Courant and Herbert Wobbins, on, cit., m. xvitexvitd,

(34) "In the .pilorue %0 The foundaticns cf l'atheratics and Other

Lozioal 'saays,” Frank “lumpton Hamsey, rccerriv- *~ a 'egture by ‘erterd
~ussel on “That I Jelieve,"writest “"Of sourse hs rain staterent sbout
value might be .isr .ted, ‘ath moat of us would agree t'at the obhjeotivity
of good mas a thing we had rettled and dismissed with the existoence of tod,
Theology and ibsolute Ethics are twn farsus e hjeots which we ‘ave reallsed
te have me real objects,” r~, 2/ P=289, A Yittle later ho oonoludes: "Th's
Lbrings we back to Tussell and "Fhat I ' 1lisve.” If I wes to write a Yelé-

1 should call it not "Mhat I believe"” hut "What ! feel," This
is conneoted with Wittgenstein's view shat rhi’csophy ices not ~ive us
beliefs, but rerely relieves feelings of intellestuml disaccmfert,” rr, 290281,
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8 la6k of reta; ysical treining and insight (35), == a1} f whieh
have influensed the realm of spsculative reflectien tn mathemmtics,
At the same time, however, this jlodal sxamine'.iop of the feundations
of mathematids and related questions has again disolcse. ‘Lo multi-
dicvensional and manifold relstions whisch inseparsbly bind reatshematies
ko metaphysies, loglo psyekolegy and the sclercos, ani, ir a broader
view, to civiligation and culture itself (38),

It wil) be our purpose in this scation end in the following
orapter, to jndlcate, a8 much as poseible, how .!nge recent Aiscussions
have, Urcr the wmetaphysioal ;oint of view, served hut to ;olarize the
intrinsie relaeiness by whish rathemstics is secured in its proper

place within the orler of spesulstive seiences (37), To projose,

(35) "Philosonhy can cnly contemplate, examire, and clarify the
Forme of eoerdinate ¢t . -ht snd rrineiples by ~eans of which a ocdordinate
sphere of thoupht eajins systematio unity, The s-e~ial sciences provide
ke empirteal rill which, Yy controllirg these rrinciples, makes them
enordinate with actual eventg, It relrp to rive an integrated view :f cur
knowledge as regards direction ard {deal; 1% ts in thie serse that it may

be called the gejence of sclengeg,” Irwia 3iser, A ferers]l Schems for

Katural Svstewns %’atuve Congiderad as &8 Tunetion of Ui ces of eotivity

and nf lodes cf “eleotion,), hiledelyhiss ‘estbrook ~ublishing Co., 1038 ik
this remark is later followed by "It {s 'oped that or the appropriate
oogasior the contours f this view will be filled o t with richer concrete
dotall and that %'.¢ idertity - * rhilosophy and sciende may Hbe rore cone
clusively shown,” Ibide, pe 140,

(37) Riehard Courant end Werbert Moddins, op. cit., £o. XV=xixz) see
also Crapter Twentw=one, "The Further Significance of Mathematioce for Qther
7ields of Kmowledge,” im lsllis 3, Cooley et al,, Introduction ‘o Yathematics,
T'"e 583-418, .

{37) Impossinle as it would % Pere %o l'sclosn the existence and walidity
of the philosophleal sclences of retaph sics, aosmclegy ar! ssyshalo p Lheir
porti-ence Por rmthemetics and relatelness to {4 is elaired Shre this
sssay, The only altercative to thie view is to claim t'et all selewmces mugt
ultimgbely harken o %he pronouncemente of ratheratios or logie or mere privude
opinion, "hile 1t is here claimed that metarhysics 18 effectively adle to
attain speculative truth erd that it deter-ines the 4 .ruv of soiences and
orders them with resrect to each other, st Lhe sarc Sime each sdience has a
logitizate coneern with its twn rrinciples, questions, msthods, consistensy,
souraes of trith and problems of error, ¥or a rresentation of thin view see
Jasques Maritain, opl elte, Mart Ones The Jeprces of Rational #nowle ire,
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sonsequently, as is l.are ‘ome, that speoulative rathomatics is an
abstrective, speculative solience iz not to %ake a rosition that runs
oounter to all acntemporary proferred by mathematiclsns (32), Many

of the theories commonly nreposed, it will dbe seen, are partial emphases
ard aspests of the total nature »f mathematics as a speculative science;
they frequently deal with satters on the fringes and jerirhery of mathee
matics, and need t0 he properly ordered to indicate “ow, as ~srtial truths
or rartial errors, they 1ie within the common rround of metaphysics and
mathematies (39),

The resolution of doth the basie and the nerinheral rroblems whieh
eon-rige the wetaphysioal tmnigntien on the rature of »athematicr are
nere gear %o cluster about the centripetal prodlemy en adeguate spesification
ard determingtion of the intellectusl habit of rmathematies ns an
sbetraetive scisnoe, Simoe speculative soience is rossured by the truth
of shings, an objestive, sxtre~memtal foundatiom “or msthemmtics in
reality must de ~ointed out 1) as revealing, in some way, the laws
of ~athematical bdeing to the minds'$) as being the poins of departure
for each man who aoquires mathematical science; 3) e containing an
ebjsctive eontent comdserning whieh *he mind reasens snd %o whioh the

aind decomes identified by judgmenss in the radit of rathematiocal science;

(38) For example, mathematics is generally conceded #0 de a science
of abstractions or as dealing with reneralities; see, for examcle, the
followiny selected references: Erie T, Bell, The Jsvelopment of Mathe-
matics, pe 8, Chapters 8 and 9, peseim, and, by the same author, Ih
ﬁo‘;'or &im« Pe 143 Julian 11 Coelidge, A E;%ggo mokricnl
%yﬂo;\n pPPe 422-423) Jeorge David 3irkheff, thematicss
sity and brdor. pe 308,
(30) Legioiom, for emample, bas rerely considered the relatiom of
mathematias %o logie; intuitienism, to yeyehology and formalism has ene
phasised rathematical method,
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4) s inauring *he o~jeative "giveness” upen whiioch tio ra¢ r-matician
invents and slahorates zatheratioal science in warious ways, The aim
of this chanler {e to letermire the ratrematiocal sutloo!, and to suwarily
poimt ot {ts dlstinction from an! - latedness to the other e;mculstive
80! wnces|yv)

In the -rocess of simple adprehansion, <hen a me-rematical figure
is TOint01~04t for t'e firgt time ar? ocslled a "hexamcon,” the mind rrroly
abdstracts mathematioal natures from sense data(¥)., This payohic state
{s renifestly lifferent ;'rom one irn whch a peculiarly com:lex looking
rurve it irawn, as‘onishinzly callel a eirple curve, and a =a''.~matical

Judrment is .tterel: "z gimple curve ‘s no W ich nu-where crosses unon

1ta01f". (41), !r *he onze © girple ar~rerension the mind abdstracts

(40) A comrlete rhilosophy of rathemmticsa ea here envisioned would
negessitaie a consileraiieon 2f rroblems suggested in this culline,

¥ PATHYSICS __-— ObJective wasis in reelity
\J ‘ure ——"— - Oririnates from total ahstractinn {Intuition:sm,
Yielding its ultimate: ) Continuous
Quﬁ‘zﬁ{ Dtiscrete

For-al causality (Formalis and ioricism)

10010 X - tipthod of Jemvmetration

/ . logio of liatlemationl Jemomstration
LATEERMATICS ‘ ls Conoepts, terms, language, symhols,
T 2, «ropesitions,

\' 3. Reasoning.

Applied Mathematios,

(41) "lere thers are really two Aistinos catogories of Shings of which
en socount must bs given -« the ideas or conoepts of wathematice, snd the
propositions of mathemsties, This distinetion is neither srtificial nor une
nesessary, for the great rajerity of writers on the subdbjeet have cencentrated
shelir atvertion ob the explanation of one or cther of these categories, and
erronecusly sutrosed that a se-ilsfactory explanation of the other woul?l ipe
zetiately “ollows” “rank Plumpton amsey, or. 0i%., p. 2.
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natures vhich are not abstraoted or separsted in reality; or, as

is frequently and correotly said, the perfeot cirecle, line or group

of mathsmatical abstraction does not exist ns such irn reality wut onlv
as held in ahstraetion by ¢the rin!, Hence it follows that we sannot
11£% this adstraction as such to a judpment and say "The mathematioel
oirele extsts imn this oirele drewm on the board,” or "This object 1z the
number one.” For, on the other hend, can we fudge that “the cirele
exists apart from all ratter,” or the natural numders réally exercise

g sevarste existonee,” I% can only bLe said that with the aid -f the
imarina-tom, the =mind, by abstracting from gensible matter, iz adle to

consider and fudge the ocurve - f a mathematiocsl nature in ahstracto,

The objects, thersfore, which are given toc the zathematician for h's
condideration in the ~rocess - simple approhindon. are M‘cn to depend

on sensible matter for their extra-mental, imverfect existense as mese’
terwinal noimts of the extension of sny sense-peroenrtidle thing, dut do
rct derend on sensidle mattsr for being aonceived, immpined, defined and
considered in mathewatical solence; tiey are oonosived and 4defined in terms

of intelligidle matser (42),

(42) The use of the teshnlcal term "intelligidle matter,” will surely
meet with adverse reaction, Simply stated, “he nesceseity of definimg or
ooneeiving of rathematical entities in terms of intelliridble matter means:
1) I only know sirgular imaginative or construsted instances of s ciresle
by Imowing the iniversal aature of eiroley 2) to defime or adeguately*
desigrate the universal mature of oirele I ruust plase oirele in the larger .
class of firure or fafinite set of voimts (in the cortinnm of intelligidle
matter) and determime ite formal mature by distimguishing it frem the slass
or set in which it belenge. Intelligible matter, them, ultimately is son-
sinuity iteslf, or & determined kind of contimuity, as when I limit a mathe-
matical investiratiom to what determination of the infinitely potential line
from sere to one,. fee, in this commeotion, Aristotle's letaphysiss, 1034b
20-1038% 25 and the ocmmentary of “eint Thoras Aquinss on this pasnere,
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Thus, in -at.ematioal sbstraction, s fuor #i.leh shilusorhers
have Lraiitionally Jealgnated as quaatified rubstaros, (8 sbstracted
fror. seusible master. Teshnically, . hllese:lu-s 'av- ssl! that %ois
for is ebatracte! from sonsidle ratser (¢ whicl I+ {e neoc isarily

united secunlum egse -- for its vory being —= hut not neceasarily

jointed to it sscundum intellectum -- for it tc be knowm (43), This

1s equivalent to ssserting that ~athematiscal natures are scen not to
be realisadle as such in reality, t-cugh 't likewige weans that if
aaything eiroular or magagonal is to exist, it rnlv «xists ir nature
28 the izperfect iimensional termimaticus of a thysieal Hody,

{*s attribution .. quan-ity as *r~ formal objeot of zatlhemntical
abstracticn o' ! as :he uliimsbe suhiest stior of rathemmtical dewonstrae
tion requirees ascme elucliaticu “ecause ~” %hr frequemt denial 'hat 'hie
denomirstion is po longer valld fer comtem orary or modern :.atheratics,
iror the many or!tieiszs voiced in this regard (44), cne woull a%ost
conclude that Qquantity in the songe of sheer matter, weight, iimcensions
an! seasurements were heing rrovosed as the proper oonsem ¢f athematiars,
it .s sali, for examrle, “hat quantity oan he g rnridered ‘e ohject of

Greek or olasaical mathematice (45): mnoiern rathematics “as n- sudjeot

(43) Aristotle, Metaphveics, 1007” 11«83,

(44) ~cee, for emarple, 3artrend “ussell, Introduction to Mathomatioal
Philosephy, Lemden: Osorge Allen & Umibm, 1938, nr, 178-19%; an!, “wv ‘he
sare author, The "rineinles of Methsmstioal ''hilosephy, Chapter XIX, and
Chavter XXIII, where Messell ineiste on the mesiem of order, and pres-nts
s view eommonly shared by logicista, Bee alwo Alfred Forsybeki, 3eiehoe and
Sanity, Part ¥, Ohapter XVIII, "Nathemstics as @ languare of a Btrueture
S8imilar to the Ssrueture - the Wnrld,” np, 247207,

(48) Vireent Bdward 3nith, The Philosophieal Frontiars of Physioe,
re. fife8l,




732

matter but pure form (48), or the mers Joduotion cf any premises (47).
(v the other hand, an equally frequent denomination of mathematiocs
as dealing with the disorete and eontinuous (48), as o ic.rned with
Torm and structure (49). or as investireting order end numder (6¢),
yoint towards the recognitien of quantity as “he basio soneideretion
of =sthematies,

“he notion of quantity which ~etaghysics designales uas the formal
object of zathwwmtios and in whiok tho laws of »at) ~~atical being ure

oonteined means he ordes of the .arts of s.bstsrge (51), In U'.ie gense,

quantity dces nct mean the bulk or weirht . £ sn sbjeot whosze impact

we fesl upron physical contast, dather, quantity here reaspaends to the
ultizate quest of the mathematliolan: the socleutiflie inowledge of the
order «f the rarts of juantified subatance as abstraoted from nature,
through posscssion of a solent.fia inkellegtusl habit whioh is speelifio~
ally mathematical, 3Honos, in consraat to idenlist or empiricied notions,
mathemetlios i3 not created from nothing by the mind nor is 1% redusible

to mere exact sense-impresnions (52). Cuantity as "-~iven" tprough the

(6€) Jen the ‘afinition under "Group 2° in Louts O, Xattsoff, ore cit.,
e 11-13.

(47) Intd,, "iroup$," pp, 12«14,

(48) T.¥, 311, 7he Uovelorment of Mathematles, o, 12-15; Abraham 4,
Pruenkel, "The legent Gootroversies Ab-ub the Foundations of Mathematios,”paesis

(495 Jeorre Devid Birkheff, "Mathemmticst Quamtity and Order,” ~-, 39%279'7‘1
the suthorts pesition on the rature of rathematics 18 not consistent t»rou~hout
the entire artisle,

(50) The n>tions of order and mumber are ourrertly emnbasised as Seins
ultinate notions; see 3ertrand Rumesll, The irinciples of Nathematios, passinm,

(81) Thomas Von Aquin, ope cite, Tuaestio V, Art, 3 al, 8, p, 41;
ses also A, Cormeliua Ben » Sis 01%., Chapter XTII, "Order, Mumber and
antisy,” pp. 284«278,

(u3 Themes Greemwood, "Invention and Deseription in Mathematios,"”
Dhe 8880,
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mental preoess of salentific abstraotion -~ thcuch n-t refleotively
known, aralyee! or aonaidered by the s maticlan as juantiiy iteelf
whigh is a netaphysioal consileratiom ~- {s substaroce oonsilere: sclely
as nantified and defined as the urier of the parts of substanec, ‘ieroce,
netaphysioally spesking, but the ontolorical ultimate in rature and the
psyeholorical ultimate which is riven through simple anrrehension end in
the first scientific act of mathemutioal abstrastion, is nct a girmle but
& comrlex thing, indefinitely rieh in oomtent (53). The esential leter-
miration of the soientifio habit of nathematiscal abstraction lies in
having the mind becormo sonformable and identifiable ¢t the nature of
sudetance s#olely az quantified; in this way the mathematician posseases
the reaiiness a4 facility to judge and to resscn “urther oconcer ing the
order of the narts of sudatance with the aid of nhis sernsor, mekeup and
pany octher extra-mathema*ical rucreesticne and {nairphts (74), The rain
A{fficulty of understanding quantity as t.¢ forwal object < =atleratice,

: © gourse, lies in reslising that substruce snd quantity alone do not

(53) "But the mind ocmun also cemsider obhjeots abstracted ard purified
from wetter tn so far as it 13 the general grousd of the sensible properties,
whether aetive or naseive, of bedies, In “his ocase it consiiers only one
proserty which {9 detachens fror bodles == what rewmeins whem all the sonaidle
is removed <« guantity, zwmber and extension taken as such: an cbjeet of
thaurht whioh canrot exie8 without ssusible matter, bus whioh ;ean de gome
osived without 1%, e.re, Rothing sensible or expsrimmmtal enters into the
definitien of an ellinse or a square~roct, This is the great kinpgiem of
Nathemation: the irowledge of quantity am o' ch, in its rightful relations
of order snd reasuremert,” Jasques laritain, The Degrees of Knowledge, pr,
48«48, e

(84) Ses Thowms Oresmwood, "Invention and Deserivtion im iatliematios,”
for a desoriztion of the ha'it of mathematiocnl reasoninr, The two volumes
of Folix Klein's Flementary lsthematics frem an Advenced Standnoing are an
exeellent {1luntration of the wamy, aorplex fsetors whieh are concerned in
rathematioal inventivensss and dosenstration,
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exist as sush and as separated from qualities in nature, “ut only
23 oonceivable <~ 1 gbhstractihle by the wind (58),

“ne <" *'a resasons why quantity was rreviocusly scoarted by
matieraticians ns their ~rover o :aideration and why it ‘s -ot so
refparded “-in ne doult lies In “he fact ttat ure ra' o rtiecs has
bsen wore clanrly 'stineuished from a ~lied . athermtica (7€) and
sls0 in the frct that ' hllosophieal '‘seussions on the foundations
of -athematics, lodring the rathematical :1timate in loric, symbolism
or intultion, heve a4 2 ronsures! {~"luence on mathematioal thourh (57),
4 nmore detalle? prosentati-n of tl'e rc opals of eta-hvsicians on
juartity, ‘oxever, will 8 cw Yow rathermtics ia the gluly of quantified
substance ever ir its ;resent emvhasis on corresponierce, order and
maspure (52),

“uantity 1s analarously livited by meta. hvsielans inte transcendental
and predloamental. They vsint out that transcendental quantity, a fleld
aof wetarhysieal inquiry, is used to simify the amoumt of rerfeetion or

entitative He'nr w-ich a thing possesses {69), The being of & giraffe,

AL va

(58) ".eofor in mathamatioal sclence the mind 1.&- h:14 on the conatituent
elerents of entities and construets and resonstruots in ite own right what ¢
has 4rawn from seneidble data or Built upon tre ., Sreating what in the real
(vhem tiey are ent's realis) are the aceidonts or properties of bolios as if
Loy were subntnngiii g:%;il end asg if bhe notions whioh it holds of them
were free of any experimendal erigin...” Jasques Marisain, o0, on A. 41,

(56) " T. 3011, Develo of Ya tics, Chapter 18,

Appliostions to Abatrtotionl, PDe

57) Por & short, sumpary scoowmb of thil inf]:ence see }hrold "o Spart,
The lo-4 Bol Chaapter 111, "The lMstheratiocal Boisnces,” pr. 84—9‘.

58) L,«3, Guerard dss Lmri-n. "Analyse 4¢ l'etrs ~athsmatiqus,” Revue

% ot Theo 22(1633), ;'Pe 386=431 and pre
0F Tressnts a s rrary o » nresent en, hasls on oardinality,
ordor and llnit by ~athematicians, and their ~hilosonnical relevance, His
nmethed, approach and ovnslusions have been summarized and oriticised by V),
Salmam in Bulletim Thomiste, 4(1934<8), pr. 559368,

(59) Tint Thomas Aquinas, In V Notayhy-log_ga!, Leot. 15, n, S54=976,
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for examnle, is intrinsicully grester than tha hniny of & stone,
Transeendental quantity, es dased un the guhatantial or soccidental
verfection of a bYainp -- on 188 wwnount or ~lenitnde of -~erfeotion --
isr oken of as virtual quantity, while % haged on & oo sldermation
of a plural‘ty £ sueh bYeines is gpokem of az transsendental quantity
or transes: dental mmber, I'is yumntity is 4denominated ae¢ trensoendentel
Yeeause it deals witt the very “wing, truth, 'mitv anl goo'ness o <hin-s
which are proverties “ransosrdimg the oaterories of substance end
accidents (80,, . reilcurental quantity or that npover teo Lhe caterories,
1s the lesignation of quantity ss tre order of rarts cutside of vartas  n
a2 quantified whole, The word orlcr here does not sinify the reletion
of order itself, but he dasis of l.is relation or the feet that -arts
are arran~ed according to priority and - steriority (81,, Trediicawermtel
quantity, then, gontains “»th the notiem «f a multitude, clase, or sed
of rarts, and the order of these -arts aconrding to some reasurs or
standard of reference,

Fredicamental -ruantity, of whieh wathematiocs is an abstrective

study, is either trat of eontinuity and oo-tent or discretonssn and

(80) 3See, in this cormectiom, Uaston Lsaye, la theorie de la ~rsurs
ot d'existerce d'un maximum selon faint Thomms: Archives e ' hilosorile,
M. Yarist ‘eaucheans et mes fils, 1940, Intredustion,

(~1) A. Cornelius 3enjmmin, dn Introduotion %o “he “hilesophy of
Seience, pp. RB4=250; Tor s :nihemmtiocel analysis of the notions of order,
sets =rd the continuum, see Fdward V, miington, The Continuur and Jther
Types of Seria]l Order, With an Introdustion to Cantor's Transt'inite lumbers,
ﬂu& edition, Cambridret Farvard University Press, 1942, Cho~ter 11,
"General 'roperties of - imply Urderwd Clanses or Series,” pr. 10«18,
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deterzination (62). Contimuity in quantity iz t »t algnified by

the huxtapcsed continuation of ite r~artep it is oftr- nalled

ragnitude o ° i® reruted es-eaially for % .o intri-sie potentiality

ard indeterminatin- which 1% :ocesesgsos nn well as for tis divielhility
or separahi’'.ty into rarte of ike rature, The reometer or top-lorist
deterauines this potentiality ~¢ the comtinuum (83) -~ this intelld-idle
rmatter —- in various qualitetive waysy 1t (s the fleld, Juain or
votential haokrround for wsricus firures, “heir qualita’ ive states,
thelr Tiotive movenents of trarslation a~' ratatim , thelr tr-nsforma-
“iong, mituel relations, mivelomae an? + Mugl yedv ALY I8 wit ir

“{s inT'n’%ely nctent al content ('), € rtinucue jua-sit:- whep *'us

- w-— - —

(63) “Yew 1t i3 obwious thet iu these re-a~ adly s'milar rrorcr-ce=
wents, hy sgientista and hilosophers of the -re teet ‘ivereity of o~
look and training, there is iaplioit somethin~ of %he ut- =t imrortance
for the lorician to cansiler, These¢ thinkers astually ¢ nfirm esoh other
in the view that homoremeity and axtermality «- or, better, continuity
and disereteress -- elong, as cowylementary formal characteristics, to
all mathemationlly constituted objeuls, to *he entire content of rathee
matical science.” farold R, Smart, ‘he loric of Science, p. 8%; see 1,
87=94 for Smart'’s Aiscussiom on this point,

(63) "Noum iirons encore quelque wots ('um troisie-s pramd type de
structure, les structures Lonologiques (ou torologies)r elle rournisasnt
une fermulation mathematique abstraite des n tions intuitives de volsi
de limite ot de continmuite, auxquelles nous conduid ~cire ac oc tion e
1'espace.” Xiocolas Bourbaki, "L'Architexture dos mathenatiques: la rathe-
matique, ou les Mathematiques?!” in les “rands Courantas ‘e la penses mathe-
matigue, pe 42; see 3ourbaki's wholn w art'cle (=, 38<47) Por ar interesting
aralysis of how the ‘stermination of the continuum ~a:- be regarde.l,

(64) "The reason for this 1s thet re4tor, whioh Ls ‘e nrineiple of
individuation, i# rot knowm in 1taelf and is known on)y “hrough rrr, from whi(

“>e universal reason is taken, And (“ersfore ginrular thinrs are not 'n wn in
th. r absenge excent throt univorau‘u. Hatter, howuvar ‘e nnt nlv a orine
z ¢ of r'ividuation in n{u ar gsersihle +k1n¢a also in mathama*t&nl
mtters, unn kind of ratter 1s senaible, arnolher is 1ntulliy1b1c. dronge and

wood are exanrles of sonsihle rat e, or any kind of redile mattor as fire snd
water and all oliers - f this kind; o, lJnh rather rirgular sonaible %' inre are

1 i c
T kD) PR R BT T e R Mool R0, e
ls e form of wan is in txin matter whioh is an organie hgdy so the nrm °

oirolo or grlnnglo is in this rabter, whloh is ¢c'ther cuv’inu t{f or a aurraoa

or & bod Saint Thomas Aquines In'Vil Vetarhysicorum, 'cct, 10, n, 1496,
In this z:vsrth lesson on gho atarhviics, Ta¥nt TRGFES freq .eutly point: out

that eontinuity 1t001f, r as a detorrined t:e of enntinuity, is 1 ¢ bnoke
ground and basis of -2t nematioal sotiors and o ratdl s,
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determined in some war By a formml oausality (48) of some type,

ray b8 leter-ined mathematioally in any numher of i « rions (82)s
Umphasiginec, In oontrast, “he units of continuity, disorete

quantity {s &t cnce wore determined ':arn ocontimous and yet arises,

in dlverse -arrers, from the =crtinunmum, Althe.ch mmber, like form,

arises from a' c-pacticn (87), n & all pumbers arise 'n this wavy %o

t7e ~athsmatician, 'n Jrat, all mmberk car be rerarded as ~atherriionlly

aliYe ani arise, in sore way, from the ahstractive oonsideration of the

~eeds of tous conti-.on- (8B), Diseretsness irvolves the seraratencrs

(88) The “raditional view, that . atematiocs is rrimarily concerned
with formal causality, can be seen as heing substantiated todmy by the
cuprrent ewrrasis whiech lorleis~, formalism and even intuitiocism place
or the formal aspect in rathwmtionl acierce, See Thomms Vom Amuin,
on. oit,, . use-io VI, Art, 1, c,, ne 37,

A8) Ihe n nction 2 Aimensionaliny in -sthematics, ““ourh anelsc~o sly
derived fron *he ~re-se‘ortifie and salentifio exyperience cf “*e -atiematician
is unique, and is not a study of extrawmental dimensionality, :hilosenhars,
in ruaging the resulte, 7orth and merit of -athewatics, frequently fail te
realize tiat the mathesmtical universe  nl+ Hears a liveness %o *he extra=
zental wniverse, Fer e quite ascurate presentatiem cf th's notien, nee
Yietor ¥, Lensen, The Eature of rh -1onl ?h.°r§h A 8tudy in Theory of

apt

Knovlodzgg Haw York: John hiloy'& fons, 1931, s "Fuali-ean
tl’y. )Iyl' 60‘7‘.

Lo Cormelius Jemjamim, o>, eit,, pn. 260="7]1, The authrr

uite elsarly pointe cut the relevance nf rre-seientifio experience Por +he
rathexaticiun'’e notion af nmumber, an? stresnes the difforerces of wathee
ratleal vmbera lron those whigh are used in or'!inary presesses cf ramting
and eas.r: e

(68) "ill veasuremsms whish emtains in continusws quantities s Aerived,
in some way, fraom number, Comsequently the re’ationg whieh 'o0l.! of eome
tinuous quantity, alio ars atirihutahle to mmber,” Saint Tnmeas Aquinme,
Ig V Metevhysieorum, Leet. 17, ne 1007, The cline reiationahip and inter-
fVion <iween form amd mumber neld by Aristotle (see, for axar-le, 'te-hvmios,
1002 20at1) gnd by Jalrt Thomas Aqinas, iz quite in kmep'ng with surrent
thou-ht on the numerical determination of the continuum, For a philesephico-
waxuaqn*ilnl study a:omnlltvin; these ~-lLions, #ee Th~vaw ureerwood, la Nature
du irans Utitawms Lo Liitions de 1' niversite d'"ttawn, 1946, nasaiml' '
ses eapecially "Uoaclusions ilcaophiques,” pp, 58«88,
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or secarability of w multitude of eontinuities, each of which is
viewed as & Jdotermined sontinuum and whose annunt is ~oas:re! Yy
ado~tine some unit as a weasure, For examrle, by im»e iing numbers
and -~oints in *he cortinuum we determine its potential, indetermirate
parts (49)3 in so doins, of eourse, “he corresponience or rabehing of
parts ray “e am--aaised, or their tuxtarnsitiem, position, or other
tra of order, The ultimate units of discreteness whisch arise from the
neasuresent of the gentirrum are murbers of some asort -- natural, real
or even grouns of numbers as in Stranxfinite o -rerideration -=- for any
of ~hese rumhers iz Hut ~ne - of ordering and measurins the ine
Aetar=iracy of ths -~ontinuum ("0),

3oth continuous ar 1 digcrete quantity, *then, alb-it o various

qualitative, forral determirations (71, A noneterrinatine line or a

(°9) Por an intrcductory sccount of the determi-stion ~f the eone
tinuum numerically, sees John Yesley Youns, Lect.res on ‘undarwntal Concernts
of Aliegra ard Jecmetry, lLectures VI-X1I.

(%T-WWW 3lerpinski, Hypothess du Continu, Warzew: Lwow,

1934, "“refase,” (ppe iii-v) for a reaent statersmt om noth the hypothesis
and the prodlem of ¢tne continuumy $tierpinski apnroaches the hyrothsess of
the contimnm fror the notion of quantity and fronm that of c¢rder, Throurhous
he i# cerverned with the ~robiem of affectively :letarminigg comtinuous noten=
tiality with the discrete determination of mmber end series of mmbers, For
& more reoent statemant of the somtinuum problem, sce Kurt Gidel, ™t 1s
Cantor's Contimnm Problem,” The American Mathematical Monshly, 54(1947),

Ppe 515=585; G8del comiestures, in aoneluding, that possibly a new set of
axioms may help resolve the rressnt Aiffioulties om the continunum,

(71) The tnsistense on quarntity as the nroper object of mathematies
sh 1t not he taken te exolude the wvast realm of the qualitative which obtains
{n mathematics, That with which mathematiocs is congerned is quantifies
substanse (wittout sensidle qualities); the determinations of Shis quantified
substanee are aobtained threugh methematisally qualitative attridutions, T™hie
can be seen esnesially in Tepolorical ccnsiderations and in . rojective
Jeometry, For a fime discussion on the imterrelstion hetwoen the mathematically
quanditative and qualitative, ses [aibnig: The Yinalolopgy and other hilosew
hical Zrit'r;s, fraralated S Tohert lata, In“roii~tion, rart 110, "Jetuiled
Etntomnt af the “hilcsephy of latbnig,” (-, 78«8C), where Latta tisousses
leibnis's mathematios in relution %o ria ~hilosorhy,
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1ine from sero to one, the qualities of obliqueness, angularity,
ourvature, dengeness, gollinearity, conneotivity and limensionality
are hut & rardom number of 'ih.n formalities whigh denominatively lle
in the domain £ 1ne0111_;lb1c matter, These various determinatinng,
ir faot, give the lie %0 beth idealintic and sceptionl attitudes to
mathematiag (72)s The very raes of t}f‘?u rathematical formalities
indicade their inportlgtirm from the world of sensation, as do the
naces for the rathematigal cperations of ediing, imbedling, making

& oot dense about a point, At the same time, the crestiveress of wan
the ﬂmtp‘:nuci:m is atrikingly 1llustrated by this mode of procedurs
in the wathematical realm; in this realm, stim.ated by kis o
previous investigations, the nleasures of mathematical rearoning, the
desire for umity, the urge to solve problems and by various needs and
insights, the mathematician lp,ni:fiql and determines the fmnnitod
potegtiality of irtelligible metter (73).

(72) "%e have foupd that the rathematigian shares with other natural
soientists the oontemt supplied by the world of existentisl -henomena, Dut
he studies this werld only in {ts quantitative aspects, i, e, "niy in so far
a9 the sbiests of that werld my he rerarded as at the seme Lime wore or less
ecar ' ekaly homogenecus with, and external or !ndirfomt to, ope an ather,
Ani we lnow now, as loviclans and lemerhers, what to think - he dvotrine
Shat pure wmthematics iz & com-letely a triori scienes, construeted Wy rure
thoughll, funotioning apart from all experiense, That dootrine turns cut te
be the produbt, not ¢f mt analyais of sstual mathematieal comseytiong and *
mram, A of & gratuttous Rysisal hypothesis, This hypothe#is, ¢o
the effeet that thought and ence are separate somewhats, lending ue,
a8 1= does, in all sorte “of inpouibh Aunlisms and irresclvable oontya.
dictions, sc far from being eonfirmed m&mu, is the enexy of m
solenoe and of all philesophy,” Barold 2o 088e, Do 8By

(73) 8se Yeurti Foincare's presentation of the oroatiou of She rathe-
satieal sontinmum in y siges 'of Sst (pre 46-54); abstrasting from
the phil Hieal inser§ions, a o at adsurate ;icture of the inventiveness
of wathematieal reasoning is glven, ) *
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07 iathematies alee sreats of other entivies whish, though not
quantitative of shessalves, have an ascidental sorrelation with
QEEIiSy as being ssmshow dependent on ihe Time and motiom, as viewsd
by the mathematiotmn;, are. capable of quantisative treatment beceuse tat
te whish time and motien helemg, are themselves quantified and divisibvle (74),
Time 18 doth divisidle and eontinucus desause of the susoessive conbimmity
of motiemg time is retiem eonesived as a uni-dimmmsional eurremt, Noticme
is divisidle and weasurehle not vrirmrily dus to itself, but ultimately
besause of the osrtimuons magnitulde er »odium iw whish motion coourse
Stwtlarly, spsce as studied in sathembios is wot the resl space of cur
experienee, thourh ultimataly resal spase is the fourdation for the »ethe-
raticisn's swudy (¥6), The rmthematician rerards space by viewing it under
the formaliby of mimulthnsous comdimmity; in this multistimemsienal cortext,
he regards the continam of intsalligihle matter as posssssing limitless
neterrviality and eonbamt vhish he variously dotermines dy the mathematical
oonoept of dimsmstiomalisy (78),

Another group of entitiss to whish a mathematiocal treatazents 1s

sy P ERY e

(Te) See A, Corvelius Senjurin, opy ¢ifs,; Chapter XIV, “Spase, Time,"
PPe 279=311, for a quita accurate analysis of the notions of spece and time
in erderinary md in solentifio eonsiderations,

7’5 ) The rathematical nations of spage, time mnd limensiom, redustively
and resrodstively viewnd, arise from sxperiemss; im the yprecess of wmshematioal
sbetsaction, however, ouly an snalagous likeness $s axtre-sental spass and
time are retaimad, This eomcepbien helns explain she reason why philesophers
and mathamesicians frequently make confusiny statements about wathsswbios)
space and vime, xnd, ab the wame time, exnlains how these methematsical apace
or .time systems are apclicadble, with varying -easures of exaotuess, to
extra~senta) dimensionality in spase mnd Sime,

#  (78), For un tintrofuotien % the mathemtiocal consideration of dimens
storality, ses Jolm Wesley Young, ops 8ibe, lLestures XIII=XVII,
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accidentally or oonmectedly attributa“le are gqualities, such as the

color of an objeet, or the quality of heing a musiclan - =athematician,
Here, of course, there is an indireect mweasurenent of the qualitutive
aocidents f gome lu;»jut who 'oesesses thene modificati-nsy vuri:f.:ul
m:hodl ~f reasuring these qualitative perfections are hvon@d and
properly 1ie in the realm cf applied mathematios, w' ich attem:ts s oor-
relation of “he rrinoiples and conel:sions of mathematics to quantity as
sudb jeot %o qualities, matter and ~otion on the first level ~f seimnoe (77).

L

In ~aesing, it ehould he n‘.rm, that whatever is ‘nined, in some way, %o
quantity, as iependent unontinllly or sooidentally for its axistence and
operation uron quantity, san somehow “e riven an nnnl[tgaullx Tqmtitctiv'
considerasion (78),

‘ In quantitsy as riven in mathematieal abetraction, thenm, bosh *he
'notion of sontinuity and disoreteness are no;.mtinlly oontaineds quantity
can be abetractly viewed as an 'ndivided and indivisible unity -- a number,
or as an .otuniy undivided form or whole, t%.: rh potentially diviﬂblo”ag’
lnftnit\;n (79)e fven in a siample considerstion of a oircle we can !ise
tinguish the abstracted substance of the oirole as ~iven, and as ocapadble of

being virwed in its discrete detearmimation as & unit or «ne ¢irele, or in

i (77) Per a resent stuly of the anrlications of rathematies, ses Vineemt
Eaward Gnith, The l’hi}om'g-% Fronbiere of ‘hys Chapters II and III,

"(78) 809,. hewever, in this eonneotion, the Alseerning remarks on the
1imite of mathemationl applisations in Joan Daujat, L'Usuyre de 1'intelligence
o P Dapitve ¥V, "Les limites 4o 1'intelligthilite mathematique,

. el.
P (79) “New wottiom 18 supposed So bHelong to the elass of things which are
oontd and she infinite presents itself firgt in the aontimucus =~ that 1is
MW 14 sems adeud nfinite' 18 o"tsn used in definitions of the sone
Vreows (‘what 15 inPinitely divisible (s continucun'),” Aristoble, iMmywies,
200% 17419, : N
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1te fluetuating indetermination us & aovbimuous form er firure,

In this connestion, frequent wemtion {8 made in mathematieal 1iterature

of the svererecurrert preblem of the ‘iscrete and the centimucus as the

fooul sroblem of mathematies; 1% is veinted ont h~w the temsion between -

there twe cualipative seates of mathemationl quamtity hat been & russling

question,” yet, withal, a fruitful souree oF wathematical tavewtivemess’ (8C),
The three types of sresulative seienve, them, “ed]l with quantity in

s N17feront wammer, and there is e ohjestive bawis for this 4ifference,

T the' first derree ~f total absiravtton, the wind considers quantity as ’

¥he aocident ~rever Yo wabdile, quantified Ledivep in the philosorhy mnd

the physics]l seterces of nuture, bhediew are consldered in their extetertial

dotermination In spaseAinmg, and as subjected te yemuine quant¥itetive amd

quulitative ehunge and motion (81). On the other hand, mathemmties coneiders

hodies ae rerel quantified substences through ebetrasting frer the qualisies

and ehanres which ere rart and rarsel of sensidly existent thinge; while

apriieadle %0 the extra-mansal world with some weasure of exactness, mathes'

natieel ecneeptions and vvatems of space, tine and the order of the varts

(80) “Avraham A, Praemkel, "Phe ‘woent Condroversies Abowd the Founds-
tions o!‘ Mathematios," i':-.'—:f.‘ the mthor Seems to oonelude (pe 80), ade
mitting sene tyve of "n stenge” of the eembinmm, Thie imterplay of the
eontinueus and diserete not 'niy cecure throughout the history of -athematios
(oen 7.’ 7,5 8911, The Leve of Iﬁth-un, ratsin), bus also in shysiesy:
see, for emample, Louls de Sroglie, 'Le role des rathematiques dars le de-
velopremsut de la rhysique Shesrique contesporaine,” in les Grands Covrants
» presentes par F, Le Lionratis, np. 388-412,

ity and extarmaligy of rart and whole wh-{oh oWtatnp
whan sathematisally may be gontrasted with the relative
@iverglly af hetsrogeneity and interpenatraticn of .art and whole when ohjects
are Sersd more gomervhely, In the latter csfe *ho rart s neéver in any
tupordsan senee of o sume mature as the whole into whigh 1% onters, and doth
rart and whole ‘eBemntial wedifieation of mature as a result of any
shange ‘in the one relatively to the other,” Narcld B, Smrt, ope oite, re <0,
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of quantified “o1les never corresnond emmatly to extra-mental reslity
where ‘ualities, nobility and change charmoterise real existence (R2),

This 1iversity of oonsideration detwasn totel an! formal abstrection
is necess-rily enthadiged 1n order to saferuard theses two legitimate views
of quantity, sonfussd as t:ey requently are. Por 'xamnle, 1 a ssientiss,
PhilalO{‘Qr or oo-mnlogilt mainta’ng that 1t 's adaurd %o speak »f Pour,
five or nedinensions or transfinite nmumvers (23), he {a confounding the
quantity of mathomatics and Shat of the scienges and the rhilosephy <! nature,
‘ure wmathematios does nat ronoumse 1ts solent'flc judgments on the extrs-mental
real, but »nly on abstraoted, juantified suhetanoe -- 2 stete in whieh Shinge
4n rot exist excent in ~athematical abstraction (84),

In eontrast tc the view of suentity affordsd rither in total or forml
abstraction, meta-' 8lce repsris pre-icamental quanti¥y as a princinle of
baing, the ntolo-leal ansident ¥ ioh Malonrs to ‘*hie cstegories, ard likewige
stuites “he analac--~us notlom of transeerdontel antity, Jith rerard to pree
1icamental quantity, motanhysicians poing out “hat +i~:sh gubstance is - rior to
all the accidents of “e'hg, quantity “es & »ricrity of rature over the other
sccidents, -‘requently termed, for this reazon, the first accident, suantity
erders the -arts - waterial suhstarce ant 1g “he basis of oxtension and
other corporeal properties (88), All sensible qualities are directly rooted
in mentity es their immediate :rinsirle of ba'rgy throurh quantity, these

sensidle acoidents are rooted im the individual substance, This i3 the ultimmte

(82) T™his treit of sathematios -- its -artisl and appromimative applica-
tien %0 extra-mental reality -- is quite renerally adwitted, zo that it would
be futile to insiet on this -oint,

(23) See, for example, the conelusions of Harcel lallemand ir lLa Transe

fini1 Se lerigue et sa metephysique, pp. 201207,
4) Thoras Von Aquin, or. oit,, Gumestio WI, Art, 1, o,, ;n. 57-¢7,

(88) “aint Thomae Aquinas, Zp v Lstaphysicorum, lect, 18, n, ""7-E0R8,

o ]



reason why whatever is qualitative or rooted in quantity can %= -iven
an anelogously quantitative omsideration; throuch vrricun ratheunt{cal
measures, the rrincirles of rathemntics are arplied ¢ -unlitn+ive states (88),
This cetolorieal 4tuxtaposnition of -vant '€y tr substanse ~ives —inntity
s nrominence an' ure-erinence cver the cther acciienta whioh 4s uninue and
distinot, In fact, many “hinkers have hesn led %o suhatar “4fy the v ri-us
va‘reratioal adstractione of form, rumber an’ relidg, by atiei™wiing en
extra-mental existence to the abstrec-ions -~ —n‘tematical c~lence (£7),
or to demy the existe-ce of -~goonlary, qualitativae ~‘aracterissics, (ne
of the reascns for this realy attridution of an extra-—ortel existerce to
mathematical abstractions lies in t>« fact *hat *tourh quantity ‘s an
accident, it 19 rightly treated as tve¢ subieot mattr -f -athematical scicrce
with its own definable qualitative :ronerttlae (82), 'mlees some sound, meta=
physiocal raflection ~oints out that quantity is tere oonnidered as intelliridle
matter -- gudbstance fcine! rmerely to gquantity -- the hwp from the mathematiocal
to the real order can readily oeour,
Tuantified substanae, “ten, as dealt with %y the ra~hematiciar 1" -rs
from quantity as reflectively imown, ani viewed 23 & ~rincinle »” heinr
1y the -etavhysician, as it does "ro- extra«-mentnl quantity of rthyesieal

science, The seme R ainmilar questicns o' ov% urntity, m ~~over, may be

o e vy e

(88) Thomas Von Aquim, op. ai%., “uesstlo V, ‘rt. %, at 8, r, 72,
(R7) As has hrep frequently roint: 1 aut, *he ce'rcl of logloler ‘as
heen led to this view; see, for examnle, Thomes Greenwocd, les Fondements

de la loxigue & 1holiau.,l$omp I Oritique du mominalisme lopistique, passim,
m «e ‘mart, :h® ‘hilosophiesl Presuppositions ~f Wn“hemale lorlc,

&01_21

) Masheraticians of past and present have looked upen the natural
numders, the gontinuum, snd mathematioal relations as heing somehow "real)
A oollection of these attributions of extra-mentsal reality of some sort to
rathematieal entities would de hotkh interesting and instrustive,
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uhd,h.' oach of theae soisnces (89)s The prodlem of infinity in
antity. may be;eqaidered by sash, Shough the three responses to the
questien: of - Lnfinidy in QUEAtiSy cannet be eontradiotery insasueh as
witizately, they refor to extrasnemtal quantity ss abstrestly viewsd
wnder Shres . distinot, ssientifis aspeots. Ia the view of total abstreo-
sion, serporsel sudstange or .its whele.summation may be foeked upon as
astuadly. finise and potentially tnfinise; frem.the mathematisal view, the
question of astual infinity in quantity.is of lissle import compared to
the potential infinity of questified substence advetraetively eemsidered;
iv the mstaphyaisel - view, the very nature and being of iafiniby and ite
relatign to the infinity ef physical and rathemmbisal ssience 1s eonaidered (90)
The .above sempariscn hetween three views of quandisy 4llustrates how .
the greater immateriality of a.seienes.cives i a apeoulesive hezenony edew.
She soiemces delow 1%, lNetephynies is,the moet fweaterial seienee .and reeds
the least spegulative primeiples, .Jathemasies, inamneh as it adds quantity
%o substangs is isss lmaserianl, and wot ealy needs the -primsiples of reta-
physias but.addisional casa; physisal . 501e9ee;, desling not merely with
substange .and- quansisy, ->ub adding quality and reblility, and aining te hnew
wabile being, in the nest . semplex.of the three level of seisnce (91), "hile
both mathemnties snd physiee reeeive<thelir prinsiples of -sposulation from ...y
notaphysies, -mathemsties.cxereises & spesulasive funetion. over. the asnolusions

(!ﬂlio':o g famoud mndm: of motion, for example, z;o tar:cuonﬂ y 1l d

serairs e e Ll atipsatt i ey, paiel
¥ro mn Constdered,” %w.m. )

!t il hory mnnm mrm«m 8 onn oonside and solved on al)

*hree M g:o ﬂvo soience
’!I.ft tim; o not; thet many mathematieians have considered
the problem of inrtn ty \mder %he vhysiosl, rathematioal and metavhysioal upoct

m though they may concludo bhni only the nathematicsl answer has validt
tho remarks of 'hidip E, B, Jourdaln in Contributions to the Founding of the

of Tranafinite Nmborl by Georg Centor, "Introduetionm,” nr-, ER=82,
T X awssary of this dootrine on the number and dependends of the prin-
oiples of spesulative séiense oen be found in Thomas Von Aquin, op. eif,-
Queestio V, Art, 3, ad 8, p, 4%,
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off rhysteal sotemts, If; fer emample, 1% is mathematieally certainm
Shat no cemtradistien r-sulds:frem sonsideriny quantified substance
as potentially dfivietble ad {afinttum, then ‘t will hot be poseie
ble "er She philosenhy or the seience of mature %o dispreve oertainly
the sBasibility of an infinise multisude (92),

It should be emchasised shat quantity as the formal) object of
mathematies is not %o “s esnfused or identified with i4s analysis
iz the shilosophy cr seienses of mature; not is wathematical quamtity
to Yo loeked upom as 14entieN)l -to one or all  the common sensibdles
or secondury guwalisies (93), Thie “physi¢al” view of mathematiss, though
froquemtly fewm4d, 1s due either S0 & lack of grasping the nature of mathe-
matical abstrastion, or nperhapd to the faet that the quantity of =athematics
is veyohalerically attained throvigh the sénsidle qualities of thimes (9¢),
These and sim{lar A1fficuldies ean smly be obvisted 1f the 1Cgitimmey ¢
both tetal and formal adstractien and of ‘mébaphysies 1s conceded,

Somewihnt in conbrast, them; te currest philoséphical thesries on the
existenss end nature of the mathematical vitimate, 1% 18 hers maintained thet
uantity as given te “he mathematiciem 10 met a simple bub & eomplex subdjeet,
indefinitely rich in centens, There 1s, in thinge, %he real ‘sccident of
antity iuseparedly jetmed’to an erfsting substanse with comsemitans aeeidents

of coler, taste, WirM and share; in mathemmties, the wmind actuslises enly

LR

(62) Saint Themas Aquimas, In TII:7g Ooelo at Mmdln; Bgut, 3, n, 4,
+-2¢ (98) JowepN Mudeehal, Le Foind de depart de Yo wetarhvelgue, Ouhier Vi

MM%..@O oria._w, pre 118, 8qqe) 868 Migo Jroques
in; ep, oo Do 178, o ‘

o S‘(“) - o8 ”lﬁﬂil. _Ozo Oxt.. Pe 175 and ve 250,
b t v,

e
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the formnlit& of substanee and quantity by abstra-tion, thus raking

the potential formality in the thing an intellipgidle formality ar!
ienominstins quantified substance as a selent:fic ~“jeot (95). The
epecifiostion of the ha™lt of mathematical scienae consists, accordingly,

v “aving the nird beo ~o gonformadle ©- ~uantifie! substance o-~aiter~s
sbstraotly as danuded of qualities, r~tion fni charpey woss saion of this
Ma™it rraces tne min! nit only with a oonformity to quentified substarce hut
also with the reairress and fre.'ify %n resscn [ .rther o~ cerniry “he nrder
of the arts of suhstance (96),

Similur %0 all }n wleirs and s-ecificelly to n-eculative scisnce,
mathema*ics as a sairnce crueists in Judirents w-ish gre the result :f *he
seconl oreration of Lthe rind and act of sinple erpr-ehengion, The rature, ori-
zin, nesessity and truth of t'eae judoments,is, of course, & =mtter clogely
allied to :na's viesw on the nature of both science and rathematics i%sel? (97),
For axample, ' lato, hclding ar innatist & eory, leid the origim o” the mathe=-
matigal judement im “Le process of recalling what had previcusly rren Fnown
{- & nre-existent ocontemplation of *he world of §tsas, while the .'ytharoresns
located <>e surety of rathematical Judgments in their aprlicedility te reality
{tself, Dmscartes idralisticeily pimned the certairty of wathematiocal judge
sents on the badge of olarity snd self-eviienge #hich they possessed, and

was “oreed to rescrt %e an imnatiest viewj; while the Jritish emuiricists, lnolle

(98)%ee, in t.is eonmection, Saint Thomas Aquinas' deseription ~f the
mammer of rocedure im total ani formal abstrastion and in retarhysiosy
M VO‘ Aquin. ___2.. .t", “t;’ ‘I. Am I. O., ! e 55‘81.

(96) Ses *he rallowing Oharter for & nresentation  the -de of reason-
ing im wathemaical sclence,

(97) Fmile Leyerson, * cheminement de la remase,  tomes, 'aris: “"elix
Aloan, 1931, Livre 11I, Le raiscrnnewent "at' ) wiiijue, Che dtrc rpeter, "les
Deux Crnoe-ti-nn du rqinonnnmqnt ~athematique,” nr, 2.7-%2",
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ning towards “he extrerss of the ybthagorean outlook, msie reslity
1t8e1f the meagurs of the exactness o>f c:r wathematlieal ileas, Tor
Imranuel Kant, the indubitable sertainty of wathematieal ‘idrments s
due *o s;ecial gatrgories of the m!r1 whioh {mnres<r] the fluctuating
imrressions »f gense, while for Corte the a rival -7 the ~gthemat oel
era was, in i{tself, the istorico=s~oiolozioal zuarantee of their cer-
tainty, in the sontemporary aouaofhthls veoillntion “owards {teslimm
or soeptleism en the nature »Af the mathematiosl %utement i v-r in
losigler, int:itio-iom an! formalism (98),

A -r1ian 80l tion to the arigin ard naturs - f the ratteuwaticsl
Jedrment ts tendad by lewire -gt)ematics as an abgtrective s-eculs-ive
science, Like all so!ence an! - cwledpe, the ha It of —athematics arises
>r-inally, »v shstractinn fror the senses, thcurh “he --eciseness of this
roint of oricin -ay !iffer in manner for esch i !ividual (92), Those who
have the m/starious amd unimicwn comdbinstion of gifts whicl. are oalled mathe~

matical talent or renius, frequently require liitle nrevious exper'ence with

—— - — % —— -

(sr) Louis O, Fattsoff, ip. cit., Chapter Sixteen, "Mathema’ics and
Reality,” ppe 244-263; Xattsoff pives a broad sum:ary of the directions toward
whieh contcmgornry +hilogon-iosl trnught on mathematics tonds,

(#9) “Eous avons, J{'autre part, .ris a tache autrefois de montrer
qu'en ce qul ooncerne leur nature intime, loas etres qui sont censrs aorposer
le - rie de n tre peroention directe celui dont le eeng comrmum nous irvose la
pres:noe quand nous ouvrcns les yeux le matin, ne sent en rier !ifferente ‘e
coeux los theories solentifiques, s'sssimilent au contraire enteriement a oos
derniers: le sens commm, ¢n sor snsemble, n'est ju'une remiere ahteiche de
theorie scientifique et philosephigue, d'elsboraticn enteriement inconsciente,
mais confectionnes eelon dus procedes tres anglogues a ceux que auit la pensee
oonsoiente, sugsi bien en soience qu'en philosophle.” “:ile Meyersen, op. oit.,
livre 111, pe 368, ZThough emperisnce is the point of departure for the formal
abgtraotion ' =mathematias, it »lays a sugrestive a:d -t a dlrest, ropnulatery
rale in mathematics, This notion will he “riefly acnsidered in the follrwire

chaplier,
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reslity, or little tutoring to soquire the mathemmtiocal habit; in fact,
one aot of solentifie demonstrasion may be sufficisnt, OSherg whe may
oven later beeoms capabdle mathematicians, require a more olose and more
frequent liasiem with She mathematieal content of extra=mental realisy,
before the hasit ie indused within them (100}, In all omses, however,
pre-seientifie knowledge end the use of the senses and the imagimation
are the prineiples from whiesh mathematical abstreotion arisess the
spssulative thinker whc my adept an ideal igstic or seeptical position
in this regard is but deayimg the hisvery of his own experiemes, and that
of mathematies iteelf (101),

8inge 1t is here olaimed that mathematical judgments are neither
proncuncensnts self-svident to the mind as in an idealist theery, mor yet
merely such as £o be verified oaly if applicadle to yealisy, what is the
mathematiocal Jjuigment, and in whas Joes 18z truth consiss? It has been
pointed cut that unlike tetal ahstraotiom, the “ormal abstreectiom of
msthemstios oonsiders things as indspendent of sensible matter for being
conaeived, hut dependend on intelligible ratters; and that it is in the
huginn?‘.lon that quantified substance is visualiszed ar individual intelli-

zidle matter, The mathematisal judgmenta, accordingly, terminate in the

(100) Bee the offehand remarks of Henri FPoinsare or this point in

The Foundati of Sel Papt I Number and Magnitude, Chapter I, "On the
Eature of Bashemtisal ﬁmiu,” Pre Sledl, ,
(101) The main point on which we wish to insiet is that mathematiss is not

irznate or sheerly a self-greative affairy exocept for the viewa of absolute
idealists, there is quite general arresment, it se-ms, sthat experience furnishe:
at least the point of departure for metheratiocs, In The Jevelopment of ¥athee
zatios, Yo T. 3ell brings this poins out in a number cf rlaces; ses, for
.mj... PPe 3'1‘. ¥Pe 1“.1”. Pe 190 and Pe 104,
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fosginatsioen, whers their truth is seen to bo residemd in their
capability of bveing imaginatively realised or sctualisedy cnoce this
has been achisved, and the judgremt verified, a further validation is
Bo Jlonger necesssry, and s more abstrast formulation of the juldgments
may ensue (102),

The freguent statement Shat modsry -abiematics has shed intuitive
appeals, seems, cf course, %o deny this reference to intelligible matter,
However, as in the oase of mezining monwsuclidean geomstry, 1t st he
Jyooalled that the imagination end mermory supply cther immges tharn visual,
i1f I mention the delighia of consuming a cholos stesk or the toush of a
000l bresse cn a warm, clammy might, such word images ars sufficiemt for
my statement to be understood, even though mesory sand imnginagiom may, ia
the case of a steak, have taste or visual images or buth, and in the case
of a hreese, toush.c- visusl images, 'r Yoth (103), Consequently, in non-
ouclidean Sarsimology, whem it,1s said that,.the "sum of thres angles.is
greater than a straight angle” it i3 not necessary mt this fudgnent de
pletorially visualiged and verified in-the imagination Jush as it is not

o 4 “‘

(102) In "Invention and Jesorintiom in Mathematics,” Thomas Fresmwood
voints »u% that this olose de endence of mathematiocs on the imagination is
esrecinlly seen in the prooess of invention snd that the results of invention
are, howavar, usually pressuted in a simple, lopieal form.. See, ia this
Mo-, lenrd loimcare, !f: LB ﬂu&thmuul .Jalenaes,
Chapter 1, "lntuition and lo thenaties,"” ppe 310+222. . Por an exe
pressiea of she traditicnal vi.u on thil watter, sec Thomas Von Aquin, op, olt,,
Quasstiq VI, Art. 2, ey ppe €3+i4e Tithia the framewerk of muhthm
seiense itselfl, <7 cuurse, Ve mathemmtielan is free to set up mathematical
oriteria which must Ye.fulfilled in order to validaie the existense of mathe-
nasisal entitiss; 16 is eu tShis poixnt that wuoch ot the surrent Msoussion "n
the foumdations of ‘wathemnties is lod(ml.
5 . (108) Mark Aleysiws Gaffney, 7h
8¢, louiss B, lerder, 1942, Chepter
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nesessary for the prorositiom of the sum of three anrles equalling
a straight angle (104). Or if I gay that the first tranefinite mmber
‘s the number we “ave reached by susmmation of all demumeradle infinities,
I may attemst t0 illustrate this judgment with a line as eontinuum, but
18 18 rot nesessary that this e done, In these cases, it ie suffieient
that the meanimg of the words and symbols used de krown, an! that the
order of the tarts - substence be eoneeptually and imaginatively attainadble,
as being the ordinal charmster of quantified substanse -- the ultimate
sudjeet of attridution in thess cases (108),

When It {e asked whether there is a correspondence of rathematical
Judgmeuts to extra-mental reality, it is cloar from what has been said,
thet ao one~=to-one oarrolpondomo'o:iltn. Yathematics !§ not sefontifionlly
congerned with the determinate, oxra-mental qualita tive,quantity of indie
vidual things, This question, in fact, oan Lest be answered by’cmriag
its judgmwents with those of 'nihphylh;ul gcience and with those of the philoe
sophy and seiences of n‘tur. (108)¢ In the latter two olasses of selence,
a 4ireet carrespondenge holds bctvnr: tl'zo way things ’objootinly exi:t and

the way in which ran utters solemtifie judpments upon them, For u&plo,

(104) The frequent statememt that a nom~suclidean geometry cannot be
tmaginatively visualised seezs to imply that the imagination is limited to
visual{ging in three=dimensional space. This seems %o oontaln an implioit
confusion of visual with imaginative representation, and en attridution of
dimensiernlity to the imagination mot o-msonant with ite nature, Strietly
speakiny, mscording %o sush a view, one. ehould not be able to "imagine”

a uni~dinensionsl line or a two-dimsnsional plans,

' (108) A good 1llugtratian of the elose dependence of topolaogy on the
inpgination can be fomd in Rehard Courant and Herdert fobbins, %} is
Fathematios?, pr. 2585-248," This section helps 1llustrats the remerkadle
onpASTndn of the imagination, as it representatively deforms an! treansforms
mathesatical natures,

(108) Bee, in this scnnestion, the elose analveis in Thomas Von Aquin,
&. Oit.. Qu.‘.t“ ". Art, 1. Cey Ple 58=01,
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consldering elther the judgment *\:.“t“ man 15 a watter-soul romposite,

or the judmt‘ that man is a ntiéml animal ir contrast to the fudg=

ment ?-hl%ry rart of a ¢irole is equiitetant from &  int withiam called

the center, I see that the first judpment is {1 the first degree . £ abstractiony
it presoinds from the watter and coul proper to ar individual men, knows the
speoifie nature of a man, and soneiders the nature ae ~radicable of imferiors,
In the second judgment, the =~eta:hvsieal 4efinitiom, the judrment torminates
in the intellirible as such without natter; we are smphasiging the immaterial,
though extra-mental points of intelligihility in wan, fn the rathematical
judgment, no extra~mental cirecle fulfills the do"'initin;u. however, i we
?ﬂ!ﬁilﬂ frow sengible matter completely and consider form or qmtﬁfiod(
matter, the olrele ocan be e-roeived, defined ard iragined as fulfilling +hig
{efin{tion ir terms -f {ntelligible matt r slcne (107),

Mathematiosl +idpmemts, then, lying between those of meiaphysics and
the lower solsnces, are uniqu?. In faot, the nature of the mathemstioal
Judgment {9 sush that: 1t also lise betweon those of lopie, which exclude
existenge, and thoge »f mere neseibilisy which retsin some inner relation
Vo existense; the mathemstioal judgment is indifferent to real, logical or
pessible uifttuo. Thile the habit of mathenatlieal science ‘s & perfection
of ¥he vind'as 1§ sny other ssientific havit, the mode in v-ioh existence of
methommtical Judgments is formulated, puaranteed and verified is unique,

(207) In the eleventh ledson of his commentary en the seventh book
of Aitstotle’s Metaphystes (In VII Mesgphysioorum, Lect. I3, rn. 1601-1838),
Baint Thowas Aquinss emplaing the close analogy that oWtaing bebween the
definitions and judgments of the thres levels of speculative seience,
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Mathemationl 1. !pments ere in a universe, as it were, by themselves,
fer the vathewatioism treats abstrsct things as abstract (108), Yet,
the sud jeet matter of ~ethematies 18 mot nurely mimdemade ncr completely
‘4seovered im natire as we discover the properties of radiumjy the mind
receives quanti ied substance from nature, and, alded by the pest pre-
golentific and solentific experience of the athematician, inducts ra-
thematies with the uid of the imarinavion (109)e

The intermediary vosition wt 1eh the cathematieal Judgrent holds
between logical and possible being begets & propensity in the mathemati:ian
to reach ous inte “Hoth iirectiems, On the one hand, mathematics, like all
scisnce, mavres o rich use of t'e logieal imtentions wiich {t reflectively

forms from its conslderation with the ‘ireet study of mathematiosl natures

(108) "The mathematician esnmot, however, take mush satisfaction in this
{mpamity from heinrs ~roved wrong by the faots ¢f ma“ure, for the rrice of
ttig imrmmity is that his scionce “was no vssessary applioation to nature,
That -wmt}omaties has Besn so widely arplicadble is ‘uie %o the fact that ‘‘e
seetilates end axio=s were first ochosen in the 1irht of what experience hea+t
disolosed nature %o e, b nathmamtics iteelf alfords n. suarantee %iha'
the oholoe of nostulates re;resents an absslutaly correct desoriotion of
*he mathematical proper-ies of mature to all !iwmes ani place=g, The a*lc-
ratician L& on gertain rround .1y so l.ng as he otays within & slosed
syster and agserts meroly that his theorems follow from given prenises
with-i% makine any slaim for ~he faetual trush of those pramises,” Albert
¢, Jamsperger, "hilesophiss cf Seienge, New York: ¥, U, Crofts : Co.,
1042, . 1583 wi%h the next unumog however, the author conoludes, "“athoma-
tics ‘s a nuraly asnlytical selenee,

(100) "nile cathematiss ie not 5o he viewed as an exverimsntal eoloree,
1% gheuld be - inted -ut +hat deivy a soisnee of quentified substance (ad-
stracting from sensible qualities), is is » Jireot science, goncerned with
real ard not logieal beinge This is peinted out well in the following
quotetiont”,..The rathematician, abssrasting, iows not ewmeider s *hin, cther
t-an it {8, or he does not umderstend the line to be w.th ut asnsidle ratter,
Wt he c-rmpidrrs the lime and i%s properties withcut the consideration of
sensible mattery apd thus there is no dissonanes Hetween the intellest and
the thing, because that which is of the meture of line ssoundum rem, 4oes not
derend on that w-ich akos satter semeible, bSuk rather the sonverse chtaing..."
Thomas Von Aquin, op, ci%., Quesstio ¥, Art, 3, ad 1, p, 41,
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witkhin the imaginstion; it will s~vek of series -/ nurbers ant pro1-e
ol systems, which raey appear to be ar resl to ihe matheratician as a
nusber of sn oquation (110)e The "rurimity of =athwma’ioal to possitle
teing, on the -ther Lani, an! itg int'mate cornection with sense ex-
perience, will tunt the nathamatigian to attridute an extra-mental
reality to 'his oonoentions and ‘uwigmentss 7ltimstely sonsidered, in
fact, any Srue —athematical judgment or self-sohsrsunt mathematical system
eontains the inner possidility £ being re-ap;liceble, with vurying lerrces
of suscess, to extra-mental qualified substanse (111)e

Truth, *'en, ari the scientific characters of nesesaity, universality

and certeinty are not, for the rathema“iclan, a ratter of corresponierce w'th

(110) The use of logicel heings in “te inventicn en! Aevelopment o
mathamat 162l se’ ‘ree w11 he ~orpfdered in tle followlng eha ter, It shvidd
we roSnted out -ere, rowever, thet dialectiss (lorica uteons) plays a lerge
part in mathemstioal inventiveness, levelopument ari lewonetratiurn, as it foes
in all speculstive solences. ‘hat in fagt ray et first aprear merely %o ‘e
a logical heing ‘n ma*' mmatiecs, will, In %the ocourse of U!me, turm ~ut to be a
wathematiosl beins, In :his gonnection, for exemple, “he frequent demomi-sn'lion
of trans”inite rumbers or non-enclidear geormetry as purely losical beings, is
too hasty a genereslization, Jt ts here maintained that romeeuclidean geometry
fe ro more ror ‘ess real than euclidean to the wnkhou;tici::i nor are trange
finite numbers xore or lass real than imaginaries, irrstionals or transeenden=
tals, The rain point at lssue, it egrems, is ¢ nt thus lfar the rathematicien
has not ag et besn ahle 20 rive a vathematical Jemonsiration of their existence
and the ~roof fcr the exigstence of thege new nathematiosl entities is s%1l1l in
the Aiaslectical stage.

(111) Provably “eeause @ has n~t a rronched the na*.re of mathamatioal
abstraction frem the view of .etaphysios, Louis ©y Ketsoff, in %is fine sumsary
of current throries on the foundations o wathematios, conoludest "From what
hos bean said, it follows that there is no real !istinotiem Hetween mure and

lied mathemation, “ure mathemstios s u.re anly in se far as it oan e

«ppli and a plied rathematios can “e a plied unly as {£ 18 ~ure, If w#e wigh
to kee~ such a 4istinction we night say that the pure ~athematician is intereste
{n mathematical provositions as tautologles, the a-nlied mathematiolan in the
aontevtelorical aspeet of these same prcponfﬁionl.' Toris 0, Yattsoff, o-, cit,,
ve 2803 gee elgo ;n, 260-753, The position wh-ah iz here meinteined is ~'at the
prinsirles of quantified substerce, having been solientifically assertained Wy
abstreastion from wedlile reality, are reea-plicable *c their vltimate acurce with

a measure ¢~ success “hal 18 linited srecisely by the ad4ition cf the prine
ciples of mobile heing, Jee, in this oconnection, Thersa ‘on inuin, S e ni%.

Q\l"lﬁiﬂ v. Aft. 3. ‘d S. !‘:1 ﬁ md -‘A ’n’ :". ‘4‘]_‘12.
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reality as sush -~ ‘n ‘43 mohile heing (112), Dealinr -ith e realm

f Ynowable natures and beinge, rathemmsios ‘s, in trth, a Alrect
scie~go; nerlecting L' e qual tative ohanres and motions i1 extra=

mental reality, crevrp, mathesllics construes ite own world within

the {rarination w-ich is modelled, thrc:-h *he architechtonie art of

the watho&tictm, on “he real world “rom his rast experionce and
oreativ: ‘nsirhts, Cmoqucn:bly. the mathematioal ju'ement is o'no to
which the eonformity :;otion of truth a-pliss as an ultimmte oriteriom:
the »'nd dbeeomes conforwmable %o qumi:ii"’iod substance in mhhﬂnt}c’ul
sclence (113), & ~ore immed{iate oriterion with which the mathematicisns
are largely concerned at rrosent, (s the ocoherenge notion of truth; it is
here, especiallv that the ~athewatician demmnds the notion of construstidilisty,

or requires consistency, oategorienlness and interpretation of axiomessts (114),

(112) "And similarly with regari to any one Svpe of geometry;
Luglidean zeorwtry was mever ahsolutely irus in the sense in which certain
philcsc-*erg eonceived it to de, owing -ainly, perhaps, to its seeming
stebility, Meither is it .iow vorrpotly imtorpreted ns a werely 'conventieral'
systom of definitions, postulates, and their formal consequences, telling us
nothing about thw resl sature of spasse The truth lies betweem these extremos,
The researehes -f mathematiolans and other scientists are simply demonstrating
thet noe ane l{'ﬁcﬁ_cf goonetry ocan exhaust the richmess o~ content ineluded
in the reneral field of their investigations, 14 elemmsnts preove gapable of
omtering twto new and histherte wmsugpasted relutionships, snd new slements are
naturally brought to light in She swme crocess of developmens,” Harold .,
Smrt,(ﬁ’_. cite, pp. 110=111,
- 3) Tee the qustation from Saint Thomas Atuinas in footnote 109,
above,
; (I.M‘)’hg For an 1““&0!7 axeaple of this notion, see Louls 0, Xattsofr,
o £ Ohagter Fourteen, “The Strugture of she athematical System,” pp,
sinple, inbrcdustory sveount, see Jo)n Wesley Young, Lectures on Pundamwental
Con £ A Leotures IV-¥, pp, 3687, It is possible,
af aeurse, tedeg this study of consistenoy and categoricalness as referring
te the ninimm requiremssts for dialectieal propositions, a contention whiéh
will not be develaped 4n this sssay,
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ir these ondsavcrs, ‘he ccherenos notion of truth is & rettrer of getting
up the cinimum requirements for the admissgion I a mathematioal ocomoeption,
judgmemt or system; and, in Shis oonnectior, it is ~dvious that not all of
mathecatios is cartain, uriversal ar.! lerwnstredle ’rom the moment of its
initial invention and thet a long reriod of time cay cnsus helore its
soientifio certainty is Jamonstrated (115),

The adaptebility of the mind o rethematica, tho readiness end facility
with which it considers end ressoms ip this scienocs, arc lilrewise explicadle
by its interrediary position, Metaphysical scienoc i# 3ifficult for the
aind; joined as is the mind to semsible matter an'! depeniont as it is upon
the senses, the immaterislity of metaphysica and its sreculstive distance
from the world of the sense increass the difficulties of its moguisition (118),
There are diffieulties likewime ip aoquiring a rcrfest scientifis knowledpe
‘n the rhysical sciences and in the philosophy of naturej the very t! ines
which we wish to know Yein~ {mmersed in mobility and ralerizlity, spesculaiive
patience, detailsd observation and renewed experience are required for
xnowlo’ge of them (117). The scicmses ol politles, soclology and ethies,
as well as tho soierce «{ geologye physles anl chewistry, chly achieve ine
cronsing periection arl golentifie status dy a counatant an? studied coroom
with “ho very mobility snd unprediotability o” natural t:'nrs theswelves,

Joth 47ficultiecs ure avoldel in mathesmtios; oo the cne Fard, mathematios

(118) 2s will be explained in the following chapter, it ie ~ere maintained
that there 1s a dimlectical tissus or periphery surrouniing every soicnce as
the ;rincipal means “y which soience progresses, This fact, and the olose
oonnsction of rathematioal development on the imagina*ion and ite past exe
nerience of mmthemsatioian, has been aptly prescnted wi'h: regard to the
leveloposmt of the ealoulus in Carl B, 3o er's wcrk, The “oncepts of the

ulus, Frequently referred o above,
&!&.....m‘g Jacgues Yaritain, The Jerress of Knowledso, ~p. 258-268,
(317) The whole history e” “hese sciences of total abstraction bears
out the feot t at a oornstant rannort with extra-mentsl reality is a requisite
for soquiring and for develeping imowledge of nchile bbings
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does not ashieve complete 1~torhliey as does mhlphylioa‘, while, on

the other hand, thcugh experience is nocou::y and frequently helpful,

it iz not the minute and studied ohwervation of mobile *'inrs in their

very mobility, In ‘fae‘b, t}:o rathemetical natures are most knowmble in

themselves and also most kmows'le to usy we have inluced “hem within

cur Ina-inetions ani exercise a quasieoreative crnirol over them (118),

Raving once udequately Astormined the nature of mathematioal antitien,

we o:ix, with the ald of a few orinoinles, exhibit their inner ocherence

by showing how they follow from a minimm mumber of -rinciples (119),
m‘m-,nxﬁmm view of matherstios as & s-eoulative soience aris ing

from abstraction, conn«iuontly, opens to view a new soope for what is oosmonly

oa1led mathematisal philosophy and which js more ppoperly termed the philosephy

of mathematios (120). TMeagreeing with the aimplioflt answer of "mind"” offered

(118) In commenting on a remark of Aristotle's about the accurasy of
sathematics, (Arigtotle, _mm%g, 990% 15+17), Saint Thomas Aquinas
writes that the minute accurasy of matheomatics “is not to be required in
all things a%out which thers are solence, bub only in those which do not have
(sensinle) matitér, Yor those things which have (sensible) matter are subleet
to xotion and variation; consequently every type of oertitude cammot be had
in al) 2f them, WThat (s sought {n them {s mot that w!ich recessarily and
always i3, but that phieh cbtains in most instances, Immaterial things, indeed,
are; in themgelved ~cst certain for they ere immoweable, ™ut thome thinrg
which are irraterial in their very nature are nol certain to us because, as has
been said, of the nature of cur intelleat, Dut mathematical beings are abatrac.
ted from matter snd yet are not above our intellect; eansoquently the most
certain reasons are found im them,” Saint Thomes Aquinas, In 11 Vetarhysicorum,
loet. 2 Ne 855;

-~ dlﬁ) hie deduotive neture of mgthomatios should not “e over-emphasised
as ot imply that deduction is tho omly wethod foumd in mathemstics. (me can
present sathematios and other solences deduatively, induotively, amalytiocally
or synthetically, ¥hat makes rathematies peculiarly smenable 8o a deduotive
presentation 1s 4ue to the siall mumber of  rinoiples needed. in mathematics,
the smml]l smount of experiemoe requisite and ites corngern with formal onusslity;
see Narold ?, %mart, The Lozie of Solences, Chapter IV, ppe 95-108,

(120) The spesuletive analysis of the relation of rathematios and metaw
physiss which follows {2 besed on the philossphical conoeption of enalory.
For an introduoctory account of mlos;{ and 1ta rlaoe in rhilosophy, see Jersld
B, Phelen, Jaint Thomas and A%:;%q, ¥ilwaukee: Marquette University ‘ress,
1941, and James 7, Anderaon, Jtudies in Metaphysiocs,” The Thomist
8(1941), ppe 564-587, ——
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by 1dealists who would make n divire of human mathommtics, and with
the uninteresting rerly of "impression” offered by emciricists who
would reduge human to animal mathematies, the -etarvhysioal answer
afforded by mathematical abstraotion is complem. but in ite very
gomplexity, in its {nsistense ou the many relations whioch bind mathe-
matics to reslity, to other soiimees erd to the mind, in its inslstence
trat the truth cen b%e Xnowm and in {ts humble cenlsssion that there is
much that is yet unknown, the nature of mathomatics as an abstractive
science opposes any conception of wathermtiocs as regressive or static
and ineists on the progreseive and dynamio view, lan the mathemabician,
in this view, 40es tuild up mathematics deocause of pragmatic needs, of
dermands {rom other sgierces and from various evher ecesasional stimulante)
at the sare time, by nointing out that the laws of mebhematical thought
derive from those of wathematiesl deing, by insistimg that mathematics
is concerned with a definite content and thst the mathematiclam does and
has attained speculstive mathematlesl truth, snd by peinting out that there
are other soienaes and culturel oudnwn’ open for -poiulauon and enjoyment -
the view of mathematics within the hisrarchy of scienves and within the wider
domain of hmumen endeavor sets no limitations or hounds to humem mathemstioal
effort (121),

The interesting complexit®y and manifold relatedness ¢ the philosorhy

(131) Ome of the ressons why an atunianee of speculative confusien
obtaine in current 4isouvssions on the foumdations of mathematies is the
negloot or denial of other stiences, If poyshology, logio and metephysics
are not admitted to be genuine soiences and a mere mathematioal analysis
of matheratics is attempted, speculative confusion and errer iz unavoidable,
Any reflective or speculative considerstion of mathemetios' is metarhysical -«
1t is a further abstraction on methematical abatraction itpelf,
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of mathematies is pointed up when we compare the universe f rathema-

tioal discourse with that of metaphysies and the lower seiences, The role
of similitudes nnd'cmlog&u is both important and signifiosnt, Natural
things, for example, whioh are studied in the first degree of scienos are
cormosed of matter and form; Shrough the Iiti of effiaient and final causality,
the realm of sensible matter 1s oonstantly shifting and chanping, The rathe=
matician, though, is not eongerned r'wush sxistonoe, with -m-;: comee to be

or vasses away; for, in relinquishing sensible matter, he has abstracted
slso from efficient and final causality, retained a mere likeness of
material causality and is mainly conoernsd with formal causal ity (122),

Yot the likmmess to nnt_ural things are striking and readily decsitful,

48 there are rany nen @dor cne gpecies, so there sre many triangles under
the one spesies of triangle, many figures and groups, rings 3;5 ideals (123),
In faot, intclligible mtux; plays the part of the material element in

(122) T.eeto mot anl to he acted uporn does not pertain to beings
as they éatist in our omsideratidn, Hut rather sz they are In existense, The
liathemtician, however, considers abstract things only socording to his cone
sideratian, mmd thus those things, to the exteat that they core under the .
soasideration of the mathemsticien, cannot be the primeipls and the term

of wmotien; oomsequently, the rathematieian dces not Aemonstrate through
officient or final causose..” T:emas Von Aquim, ope 8i%e, Suestio V, Art, 4,
g_”. P. 51.

(123) "There are some forms whioh, though not needing matter under the
determined dispositien of sensible gqualitiss, nevertheless require matter
sxieting im quantity == as a triangle, a square, and similar things <« and
these are called mathematical; they abstraot from sensidble matter, “ut not
from intellirible matber, inasmich &8 sontimucus quantity, abstracted from
oy seneidble quality, remains withim the intelleet, Thus it appoars that
as natural things have form {n matter, so do methematiosl thingas “eceuse
of this, bosh in natursl end in mathematieal things there is a difference
betwean tre thing snd that whioh it is) consequently, in hoth there are
round mawy individualg wdsr one spesisss For fust as there are mamy men
wder one srecies, €0 there are =amy tﬂmgn under one specles,” Saint

Thomas Aquines, In [IT Tthigorum, Leese VIII, n, 708,



mathematical concepbtions and de"initions analag us to “'e role
of sensible matter in the “irst degree (124), Thourh matheratieal
natures are -t zenerated an? 4o not, strictly s-ealing, ocome into
baire or exist in a state of Hecoming, +here is a fanciful resemblance
in tre i:r!mry moversnts and qualisative states which characterise THE
N::)éi "*?‘ ox’ gtenae :n that - the world of natural thinrs,

The faat that there are no eingular ' ‘ngs in the -mthematiosl realm
Yot merely iriividual resemblances, indioates another unique nrogerty ~f
mathermtical so'snoe, The -mthermtioal -abtures, thourh not capable of
extrwemental cxistonce as suoh, are not -urely "iectit‘ sy it is the
natural state o* rathemat{cal natures o bo so abstracted erd adbstractly
consjdered and wuth=rwt tonl natures are 8t'11 ens naturae and not rerely
one ratierie (125), Without ad4iny anything further to leter—ine or ine
dividuete 1%, a vartisular circle of any kind may be considered the umie
verssl circle ar? retains all the rroperties of circle as sush, Conse=
quently, in mathematiocs the peneral cases hold alike for the s-ecial;
and, onoe mathsvatiocsl na*nres have heen prorerly denominated and understood,

we sre able £ 1aduce tha special cases from the universal formula (128),

(124) Saint Thomes Aquinas, ‘n Y1I ¥rtarhymicorum, Lect X, -assim, This

whole lesson ghould be consulted as a sourge for Saint Themas Aquinss' philoso-
phy of mathemat‘os,

(126) "“ere gceus “c w a Yendaney in those who sr~eculate withim the
bounde of +raiit‘onel nhilesovhy, to atiridute a merely lorical bYeing to =suoh
mathomatioal natures as have recently been invented, I$ is here mainte ned thet
*} curh these are methematical bdelnge -- emtia realis -« maShematiolans as yed
do mot suffieinrntly understond their mot ematical nature, ard are onl: canable
P agtahlighl “om 4ialecoticallye

?12 ’ "gm we can ;rooeed from & ~eneral mathemgtiocal “ormula, -~ lor
enmla! 1&2

.
hus
the formula of a ourve of She seoond order, -- to the
goonetr ‘orms ol dhe oirele, the clllzao. otc,, by coneidering a osrtain

ramster which ococurs in t and pemitting it %o vary throurh a continusus
2:1'10- of magnitudes, ‘igrohg:e mrg un!vorlzl conaept shows 1gulf also the
more rich in ocontents whoewer has 1t can defwee from {¢ all the ratheratiocal
relations which soncern the special problems not ue isolated Yut as in con-
tinuous connection with sach other, thus in their deeper systematio oonnections,
The iniividual oase & nobt mludpa from eonsideration, it is rixed ar! ree
tained as a perfectly determinate step in a reneral vrocess of change.” “rnet
Cassirer, Substance and "unction and “inmtein's T)eory of Relativity, ~uthoriged
translation hy William Curtis Swabey and larie Collins Swahey, “hieago: Mnen
Court, 1928, n. 20,
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As mathematios ’noreases in adstrectness, it likewise inoreases in
gousrality, and the wore unmiversal mathematical nature iz also more

rich in deduetive gontent; from the forrulation of higher forms of space,

the nature of Cuclidesan space is more clearly understood, Similarly,

from the formulation of trenscendental and $ransfinite mumbers, the nature of
mathematical number 1tself is olarified, Mathematies, dealing with abstraot
thinge as sush, naturally gravitates and develops towards inoreasing
abstraction (127),

In the multipiioation of mathemetical forms in the rotential comtinuum
of intelligible matter, we oen distinguish she thing -- the imaginative
presentation of a parabola or line-segment — from what it ia, its nature (128),
The mathematical nature is trested as if it were a substantial thing; we
attribute qualities to it, and subjest 1t to various types of mathematical
operstiocns n;:d aoctions. Mathenatical actions likewise hear but a furtive
likensss to other actions; extraoting roots, multiplying, inbedding mmbers
in the mathematigal combimuum, making a set dense —= while they are rhysical
ecticns of ran's nind and imagination —- considered in their nature as multi-
plying or dividing are merely aations by a kind of similitude (129)s PFven
the use of potentiality an! infinity in mathematios is analagous (130),

(127) See, in this connection, Alfred North Mhitehead, Soi and the
Modern World, Ceambridge: The University Press, 1928, Chapver 11, E?Fothmtio.
a8 an Rlement in the Higtory of Thought,” pp. 2854,

(1ze; Saint Thomas Aquinns, In III D¢ Anims, Leot, VIII, n, 714,

(129) "For those thimge which obtain nocb—rz'ing %o nunber, are nct actions
exospt acoording to similitude, as to multiply, 4ivide and others, en has ale
ready been said in other zhou, narely, in the second Yook of the "hysios,
where Aristotle shows that mathematios abstracts from motiom, and consequently
there cannot be in them sotions of this kind, whioh are according to motion,"

Saint Thomms Aquinas, In: ."'r"iwi;i' physioorum, 17, ne 1024, .
(130) Ibide, In V aphynicorum, leot, I, n, 1774,
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The infinity of points that I mathematically discern between sero

and cne, or the equivalence of geometrical systems or sets of postulates,
are indioative of how m?;phorlnl'ly, imaginatively and quasi-ereatively
van is adle to order and bring forth the mental universe of mathemstioal
diseourse,

The very analogy, metaphorieclusee and simllitude of this mathematioal
world, however, betrays both its dependence on and distinction from sense
uata, physical sciensce, t'e philosophy of nature and metaphyseis, The
mathowatiolan couli not speek of the density of sets, of the inclusivensss
of a group or ring, of the higher order of a Aifferential equation had
he rot himself lsarned and borrowed tl':o meaning of density, groups and
owvdors from his own previcus experiemce of the wmiverse, Nor oould the
mthemticisn respond % questionings on the walidity of his mathemmtie
cal astions and operations, unless he had recourse to some metaphywieal
and ultimately defensive doctrine,

The mathematical universe, though apparently forming a world of
thought unto :1tself (131), ocoupies a medisn position within the field
of spegulative science, Above it 1ies the metaphysical realm of more rerfect
Imowledge and of knowledge more satisfying iu itaelf; for metaphysios by
achievin- LUmateriality as such, attains the very being of reality, Ine
aszuch as the ultimato determinations o the nature of mathematios are
metaphysical, the mathematician is subject to metaphysiocal truths, In
his milti-dimengional questionings on the nature of his science and in

(131) Aristotle, Mam%*g%it 10768 01078 8, In this passage,
Arigstotls is conserned woe m§ the presise meaning in which mathe~
mtisel cbjects oar be smid to "exist,
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his very operations and reasonings as scientist, he makes frequent
sdmission, at leasts by implicstion, of this metaphysical supremacye
Fhenever he questions the difference between oontinuity and discrete-
nees, the ultimate validity of peometrieal reesoning, the origin of the
natural muabers or number as suoh, the nature and types of infinite --
the xmathematiclan is oconcerned with the very being and nature of his
science,

The mathematioisn exeroises a sirilar hegemony over the group
of seienges in the first level of abstractiom, OSince his rmaln concern
is the study of quamtity undcr the relations of order and rmeasure, the
mathematiciam is rightfully an authority in any domain where the quantie
tative is oconcerned, He has made a sciencs, a wisdom, and an art of
dealing with quantitative, to which the first lovel of science, interested
as it ie 1y knowing and adjudioating thinge in their mobility shd
materialivy, loocks for neans of determiming and dealing with the
quantitative as invested in changs and matter (132),

(132) ".eo"hatever impossidilities hold oongerning mathematioal
bodies, mecessarily hold for natural bodies; this &s so because rathe-
matical things arise through abstraction from natursl things; mathematical
things, however, are related appositely to the mathematicel ez‘or they aid
sensidle nature ard motiom to them, from which mathemetiosl deings abstrnot);
and thus it is ovident that those things which hold of mmthematios are rro-
served in natural things, but not the converse, Consequently, whatever
inconvenient reasons are against rathematioal beings are also arainst
muul bt not th: oo?vo;;:.;.ﬂunt Tgozl Aquinas, In I1I De Coelo ot

do, Lo 3, Ne 4 In reeg o owledpe, Jaogues Zaritain
seemg to argue that the phM of nature governs mathematioal eonceptss
see po 38, and Part Onoe: The Degrees of Raticnal Enowledpe, passime
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Chapter Y, Mathamatioal ’batrsosion und Contsmporsry hathemutios.

Matory testifica %0 the fact that wmany philosophers, by introdueing
currant mathematical proposmls or sapposedly certain methematicel state-
mants ns 1)1lustrwtive or confirmmtive of their dootrine, were zometinmes
requited for this obeisance by a later condemmmtion (1), In fmat, a ma-
theratical eondemnesion of this sort is frequently viewsd as bdeing both
& denonstretion and an adequate rafutation of the faleity of the phileso-
phical procosals. In this apparent process of refutine philesorhicel tee-
ehings, however, there is not only found a cortain amount of precipitancy
in judging the whole philosephiocnl system by some casual, 11lustretive ex-
ample, Mt also a cerdein species of scimmtific dogmatisa whioh may actuml-

1y involve an ungsertain, unproved or insomplstsly understood proposition (2).

(1) See Bertrand Russell's oritfaism of Immamusl Kant &n The Prinei-
ples of Mathemmtics, Chapter LII, “Lant's Theary of Spese,” pp. mﬂi.
or leon "hwistek, The Limits of Seienco, Chaptey IX, "Préedblrmg of the Me-
thodology of the Rxmaet Sciences,” pp. R17-867, where "hwistek's use of a
meotaphysioal view is combined with denials of the relevance of mataphysics
and witk warnings of its dangers.

(2) writing ebout the new aystem of logic whish was inaugurated with
Rassell and Whitehead's Principia Muthemutica, Leoa Cloistek maintnins:

"Mhen this new syston 1s campletoly worked out, we will be able
t0 sny that we have at our disposal an infallidble apraratus which sets off
sxaot thought frem other forms of thought.

The 014 4rov=m of the logleiens concerning & eonsistent logieal ap-
payatus will no longer bhe a miynge. Junt as we have cslculatine maohines,
in tinme we will have the appartus necessury to derive the general theorems
of semantice,

However, I think that thare i3 no reason $0 waig un4il this ideal
hns deon achieved.

“he vary oconfimmation of sush a possibility offers weapons which
are ndequate to oombat the agstasks of the anti-rtionalists and to free ua
from any possidility of attack by them.

A socisnce whioh is based upon an infellibls aystom of logic and
which {nvolves no irretional assumptions will be able ¢to fulfill the mission
townrds socisty which Professor Mstanson requires of it.

Such a science will not fall insc arror and will not be dbrought to
a standstill as & result of its own illusions.

Sueh 6 seiance will bs #ble to say %0 the nations: CQonstruct new
eoncepts if nothing else, but guard against oparnting arbitrarily with them.%
Leon Chwistek, The Limits of Scisnas, pp. 28-23. Chwistek's whole book
should bde consulted am an instance of a dsfonco of mathemtisel logic and cg
an example of an attack, sometimes virulent, against »11 other systens,
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I mey sey, for example, that mathematics and logic are identicel, and,
OR the basis of this poswlated position, believa thet I am adla to re-
fute all previous philosophiecal analyses of mathemmtical problems (3);

a% the same time, my very position or the seientifioc statament I employ
as the measure of all $ruth, may itself be unproved or, perhaps, even in-
capable of proof (4). The srror of Immanuel Xent's philosophical posi-
tion, for instange, i{s mot at all pointed out dy showing that his notion
of adbeolute space is now mathematiocally untenable, $hough this may be em-
Ploysd as a senfirmatory argument (5). The mathemstician ia not, as has
Trequently desn pointed out, comserned with philosophy im his cepacity as

methamntioian. Comsequently, the philesophical error of Kant can only bde

(3) This dogmatie position was adopted by Bertrand Russell, and ex-
pounded in & mmber of his writings, especially in The rrinciples of la-
thematics; it s, further, the pesition of Leon Chwiataek and others., ¥.
Se G« Northrop, for example, in The Logio of the foiences and the Mumani-
ties (New York: The Maomillan Cempany, iwri. substidutes logle for meta-

physics throughout the book, with speculative fioction as e result,

(4) The supposed identity of mathematios with loglo is slowly losing
adherents. Fer a2 recent, theroush discusasion of logicism and its metaphy-~
siocsd impliecstions, see /ndre Darbon, La philosophie des methemeotiques.

(5) As has beon pointed out in Chapter VIII above, metaphysics, meth-
sntics, the philosonhy and the sciances of nature are mutnally harmonious
and clossly releted. All thess sciences are concernsd, in their own ways,
with true, seientific knowledge of extra-mental reality. Contwmaiotions
and disagresmsnts bLetween them are gonerally expligable by our inability,
in a given historical period, of scientifically demonstreting the certi-
tude of the truth we posasess. Hsncs, conflicts betwsen metaphysice and
science cannot bhe real, dut mersly apparent. In this oonnsstion, one should
not be epeculatively precipitate and expeot to gard ench new, scientific
proposal with philosophical adequacy.
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refuted on philogophical grounds by showing, umong other points, the er-
TOT of his fundamental postulate of am apriority of oataegories in the
aimd, Stuilerly, so cast out Aristotle’'s, Nesoartes' or Loibnia’s phi-
losophy on 4ho basis of same inmosumate mutheumtiosl statements is moro-
1y indulging in speculation whioh is distnted by an unprovedlo assump~
tion: sciemce and mathemntios are $he detemminants of what 1s true (8).

Oonsequently, (¢ is not the einm of this chapter to sipport or to
estadblish the metuphysical oconclusions shat have been offared by giving
tham & mathematical blassing, nor $o0 attempt the evan more Aifficult sesk
of estedlishing a mimute sorvespondense of metaphysies to mathematios (7).
The pressat chapter, Tather, aims ¢o show nn inner, dasic hameony betwosn
Betaphysics and current diveotiéns iz mathemtics an? in $he philosophy
of matheammtica:. In this attempt, the generul truths Of metephysias and
the txuths particularly relevent €0 the nature of mathamatingl abstreo-
tion serve as speculative guides in ordering the oontont and &iscussing
Sho nature of the mmltiplo questions which 1lie batwesn the diaputod fron-
tiers of metaphysios 2nd methemntics,

It should he moted, in papssing, that ths proncuncoments of evomn
arest mathaxmiticians on the method or on the nature of mathemnticos are $o

Sadged onm Sheir own merits rather than on the auphority from whiach they

(6)In his most recent book, me raowledgus I%s “oope and Lindte,
Bertrand Mussell proposes a philosophy which takes as i$s point of depar-
ture the coemonly socepted scientifio knowlodge of our times; see “"Invyo-
duetion,” ppe. xi-xvi, and Part One: The World of Teionce, ~haptar I, "Ine

dividual and fooial Knowledge,” pp. 3-8,

(Y) Yeoquas Maritain, The Jegrees of Knowledgo, Ppe. 58«63 end pp.
76-81.
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come (8). The common intellectual disense of roquesting and sudsequent-
1y venereting philosophienl, raligious and sooiologiocal pronoungements
from mathemticians who mey have had no previous truining in those fields
is, no doudt, inouredbls (9), However, as one¢ nsturally patronizes and
truets a doctor for medioal tryeatmant but not necessarily for the history
of physics, #0 it ie proper to judge mstaphysiocal pronouncements both with

regard to Sheir source and on their own meriss (10).

v

(8) "No more than any other man does the solentist see himself $hin-
king. Doudtlessa, if has peculisrly powerful gifts, he may succued, by a
slow and pationt anglysis, in sometimes recoguizing the true psth whigh his
thouzht has followed; dut the fact of being & sclentist, nay, evon a great
scientists, hes nothing to do with is. Indeed, the distinotive quality of
a great sciontist is a powerful sofemtific instinct, a sort of divination
which allows him o touch the high places only. The discovery, it has of-
ten been noticed, somes S0 him suddenly -- afver long labor, of course; it
is a flash, a revelntion: is 1% astonishing S$hat he hag not been adble to
tge its genesis” And s0 it followe that we must not look to the scien-
ti8t for the principles whioh have really guided his thought; we must not
evon believe him on his word when he tries to state them, He may have dis-
dovered thess principles in elmost any oShexr way $han by & patient ana)ysis
of his own thought. Me has most often found then already fashioned in samo
book; they penetrated him without his knowledge, destuse they Pervaded the
intellestunl atmosnhere surrounding hin.” '"eile Meyerson, Idmtisy and Re-

uig [ ’. 39'0

(9) ™This explains how one ocan gn asStmy in searchinz for the prineci-
plas of ssience, oven on the supposition thet ons is following closely she
soientists; their methodioal ways nre cheerfully aceepted, without questio-
ning whether the aforesaid methods hed ever yeslly been apvliod dy the smei-
entists sthemselves.” Ibid., pp. 387-888,

(10) Wo one as succeeded in pointing this ocut as well as ‘:mile Yeyer-
son im his hissorico-critsicnl works, A study similar to thet of Meyerson's,
though eonceynaed only with mathematics, is lerre Boutmux, 1.'Idea)l scien-
tifique des mnthematiciens (Peris: PFelix Aleean, 1920); Bousroux, however,
offers sore oconclusi~ng fyom his study with whioch it is 4iffiouls to agr:e.
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The seareh for ths unity of mathematios (11}, & popular theme to0-
day, is akin to the seaych for sthe unity of any particulnr science, or
of science in genaral. Nhat we seek in our questionings on the unity
of sciencs 1s a principle of unity and of diversity; the prineiplef must
help to order the Aivarse parts of the sciance, and, at tho snme timm,
serve as the meamure of both the perfactions and limisastions of the soi-
ence, thus onadling us %0 adopt or dimcard matters, questions, prodlems,
thoories and judgments that are relevant or alisn %o the ssicnoe itself.
In thelr quest for the unity of mathemntica, thinkers have been led to

logie (12), %0 lancuage (13), to symdolimm (14), %o intuition (15), to

(11)"es, for example, Albert lautman, :ssais sur l'unite dos scl-
ences mathem«tiques dans laur developpement sotusl, 7aris: Hermann &
Cie, 1938, or the ~-neral tenor of the articles in Les grends courznts

4e la pensee nethom:tique, presentes par Y. Le lionnuis,

(L2) *m s'astachent ainsi chaque fois, non pas o la quentite des
elements, mais a l'existence ou a 1'ermature des etres que l'on compaps,
on degcouvre einsi entre lo fini et 1'infini des analogias de structure
ot des adaptations reoiprogques, 4'ou 11 resulte que l'un:te des mathemm-
tiques ast essentiellement gslle 4sas schemms logiques qui president a
L'organisation de lsurs edifices. Nous retrouvons &insi des considers-
tions qui rejoignent aeolles que nous avons developpees dans notrs these
prinoipale. LKotre zsaaatﬂ sur les notions da struoture et d'exi-tencs on
mathenetiques tend on effet @ montrer qu'il est possidle de retrouver au
sein des theories nathemtiques, des ideos logiques inoarness dans le mou-
vamont meme de cos theories.” /lbart lautmmn, op. oit., pp. 57-88,

(13)Rudolf Carnap, "Poundations of logic end 'wuthemitics,” Volume I,

Jhmber 3 in the I;tc%uonnl #neyolopedia of Uaifiad ~cienco, “hicapo:
Univarsity of Chicego Preas, 1939, passin,

(14) See the presentusion of lillbart's formaliem in Louis ", Katte
sof?, op. oit., Chbapter Nine, pp. 116-13%.

(13) Quite a mmber Oof mathem:ticians and philosophers yefer $0 “in-
tuition” as e species of ultimate for mathematies, without agouretely de-
signating what the term neans. This seems t0 be & mysterious answer or,
at the lenst, a gonfession of facing an insoluble problem or of irnorsnce.
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the matural mumbers (16), 80 oxdar (17), %0 the mind (18), nnd $0 reali-
ty 4tself (19); and, in all of these directions, a partiel uaity has boen
found (20). The probtlem of the unity of mathematiss, however, appronched
through the insights offered by mathomatical abstracotion, is ultimetely
seen t0 reside in the notion of quantified substance. Uitk this prinei-
MNe as the main guide, an attempt will be made, first, to point oud the
unity of the nature Of mathematics; second, to fllustrate this unity ia
tho origin and development of mathematies; third, 10 eorrelate this unity
with the logic of nnthenmaties.

The mature of mathemmtical ssience is unified and spacifioed by fits
ultimnte subjest matter, guantity, or the oxder af the parts of quanti-
fied substance. The hissorieal davelopment 0Of mathonasios (81), and the

(16) A short sketah of She adherents 30 maturel numbors as ax ulti-
sate for mathemtics, im found im Leon Clmistak, ap. oit., Chapter III,
*The Develepment of the Concept of Number,” pp. 53-88,

(17) See the imporsant pars that the eomsepsion of order plays in
Bertrend Russall, The 7 rineiples of liat tics, Part Iv: Order, DD.
199-28¢.

(18) The denomination of mind as the ultimate, unifyins principle
of mrthenatics geaerally stens fxrom idealistie philesophy which oongei-
ves of the nind as somshow “ereating® matheratios ex nihilo. See, for
exanple, James Bymaie Shaw, op. eit., Pr. 166-168.

) (19) Reality is designated ns the uaifying prinsiple of mathemtics
by empiricist-minded spesulations whieh would, for axample, even maku go-
anedry a physiocal socience.

(80) Is should be poimted ous, again, timt man as methemutician has
s rightful oconcern with strietly mathemationl ultimatea. Objeotions arise
only wvhen these mathematiocal ultimutes are given a metaphysioal status.

(21) I the diatinotion betwoen mathem:tics amnd the philosopky of ma-
thexntics is gmated, then the history of mmthematics ean be seen t0 pola-
rize about the notions of quantity, continuigy and discreteness, number and
form == on the oxderiag of the parts of quansified substance. GSee, fOr ex-
ample, the renmzks in 4. T. Bell, The Davelo $ of Mathammtios, Chapter
I, "Oeneral Froevectun,” pp. 5-84, or the ramarks in Pelix !:inin. Flementae
Mathemetios from an Advancsd Standpoint, Volume I: Aritiretie, Aliﬁr% Ans-
lyeis, Pp. 6-16 and pp. 77-85.




testimony of mnthemmticinns thomselvos {28), 1llustrete and holp %0 cone-
fim the consomance of mathomntios itself to the metaphysioal position
on its nature, Trom the extmm-nolated viow of mnthomtics which metaphye
sios affords, the nlternating stress on number and form, the searc’ for
naw methods and algorithms for ¢resating numbar and fow: togethor or se-
mretely, aro vicwed as dDeing & gonfife$ intrinsic to the matu~ of quan~
tity 1teelf (23),

Tho unisy of nnture resident in methematics requires not a gtatie,
but a develomentel and &mamic unity whioh oun account for the diverse
oonsiderations and amphases in the history of mnthemetios. It is sore-
tines contended that there is a dichotomy of some sort botwoan anciens

or classical and recent or modern mathemating (24). Notd morely refer-

(22, Ons must likewise distinruish the methemmtioian propsr fram the
philosophizing mothematialan to swe the full effect of this alain., There
are, literslly, hundreds of mathemetioinns who are concerning themsslves
with arithmetic, geomestmx, the culoulus, and the various dranches of me-~
themtica)l investigation into continuous or disorete quantity, Histori-
ans of mathematias, mothonaticel congresses and mathemstical journals are
cumlative evidence of what mothenatios is ooncernod with in its existen-
tial status today, as weoll as in tho paast.

(23) *Trha opposition of formal principles exhibita itszelf in the sci-
ence of mathemmtics as well, 7Yver sinoe Pythngoras, this gcionsce hans been
faoing the issus botweed continuity and dincontimuity. Thie issue ks ox-
hibited {tself in different theories on the relation detween goometry and
afithmetic. 2t different tines in tho history of soclence one of these soi-
enges has besn supposedly reduced to the other. In the modern world, the
tandency has dasn to reduce meorietry to arithmetio. Dut the reductionas
ave never been décistvéy* V¥, 7, (. Northropn, Jcience snd “irst Princi-

les, P. 241, 0(ome view this conflict as being inheront in, and as an ex-
pression of ocoidentel or oriental ocultura. Zee, £Or exumple, Oswald Speng-
lor, The Decline of the Lest, Authiorized trenslotion with notes by Charles
Prapcis Atkinson, £ volumos, 'low York: /lfred /. Knopf, 1926, Volume I, "In-
srodustion.” Spengler holds thst the oocidental mind emphasizes form and
the ordental, number.

(24)The anncuncement Of a nev methemetics 1@ ususlly aceompsnind by ye-

ti themstios as Yol omehow co
?::kz:.zhﬁghb.qmn‘u' Ry’.’"ﬁ.ﬁ??ﬂ?or%ﬁ'wﬁft:ﬁa aognn ogwn‘o‘f’tha ablg 3;-
fenders of this new view; his proposeals are summrized in The Fhilosophy of
Alfred MNorth “hiteheud, Volume IXI: The Library of Living Thilosophers, edi-

ted by Faul Arthur Gehilpp, ‘vanston and Chicngo: Northwestorn Univeraity
?num-&gu. "~hitehead's Philosophicsl Development," by Victor Lows, see
PPe .




ring $0 the faat thet historians date the pericd of modern mathemtics
&8s baving dbeen initiated through the introduotion of annlyticel geametry
and the oaloulus, this conesption of mathermtics seens to imply either
tvo mathamstica, or that & new mathermtios huas baon invented t0 mypersedC
the old. As hms beon previously indicated, it is here maintained thet
the Oreeks founded mathematics ns & solance} its ¢onaequont development
and expansion are but wldonc: of a dosper undorstanding and alarification,
on the part of man, of the soience «f quantity (28). If the unique na-
ture of the Jndnoat-* of mathematiosl abstraction had besn properly un~
deretood dy previous mathewatiacians and mn-taphysiciana, thers might possid-
1y havs been no misunderstandiing conesrning geometrias of verious dimen~
elons of diffurent methods in algebma, as thers is no prasent need for
doudting tho reality of trunsfinite mmbers. Theses intar-sciantific clash-
o8, however, mny be beneficial to the assgientists concerned and prevent mis~
@1ded remsoning, loose terminology and extrsme speculative statoments; in
this way, for exampla, the judgmants :£f pure ruathomatics, though closely
aligned, in their initial invention, to exvsrience snl to practical moth-
emmtics, eventunlly are ssen to be capable of un abstract formulntion, and
generelly such a fomulation is fashioned (R6),

That oncisnt and recent mathamitics are but earlier and later menifes-

tations of a unified mathammtioal sciance dan be discerned by camnaring

(28) In his Diffaorential and Integxal Caloulus (trenalnted by *. J.
Yofhane, new revised eﬁhton. 2 volurten, New York: Intersciencs Tudlighe
ers, 19468), Richard Courant points out thnt elamentary or anoient matheme-
tics 1s charnoterized by its assosiation with and proolivity for gecmetry,

wharets modorn mathemntics, besides having denefited by new methods, emphe-
sizes nmmber; see Volume I; pp. 1-3.

(88) This 1s the basic thensis of Carl B. Boyer's The Jonecepts of tho
Caloulusi see his disoussion in Chapt:r I, "Introdustion,” pp. 1-13,
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them firet, with respect %0 comtemt, and second, with regard to method.
The eontent of mnthematics for She nnoients inoluded arithmotie, oucli-
dean gzeometyy, number theory; in addition, they hud the esassntianl elements
of Srigonouetry in the coniec seotions and, in Archimddos especially, a
rudimoatary ealoulus (27). I8 is evident that the eontent of mathemmtics
las {mneasuradbly increased. This development, however, has not besn of
Suoh & nature as to danand a ner definition of %he soience in the sense
that it no lomger deals with quantity, but has become, instsadl, the logi-
oal deduction of premises of amy s0rs, Or the free and eampletely unlimi-
ted domain of Muman greativeness.

IS is possidle, in faot, %0 regard the conteny of anoient snd recent
mthemties reduotively as bofing ultimastely arithmetic =- or redusible so
the nature and to the soience of disoretenessa} or, ulsimately recmetric ~-
OF Tedusidle %0 the naturs and to the soienes of continuity (28), In this
viaw, more sdvanced bdyanches of mathemsatios are slaborations or sombine-

tions of theso two fundamonta) saiences. Tho striking differences detween

(27) Por a short summry of (reek mathematiocs, see Thomes Little
Heath, “"Oreek }Vathermtics and ..stronomy,” !gripta Mathematica, 5 (1938),
PPe 218=23., or tho sams author's A Hanual of Creek Mathemsios.

(28) In the artiocls, "L'Architecturs des mathamotiqQues: la mathema-
tique, ou les mathemtiques?” (in Les nds courants de la ponsee riathe-
matiques, pressntes par Y. Le uonnah;, Nigholas Bourbaki writes: "Bien
que plus actuelle que jarais, 1l ne faudraeit pas croire cue gette ques-
tion soit nouvello; elle s'est posee presque des les premiers pas de la
soienas methematique, 'MWt qu'en effat, meme on nepligeant les msathema-
tiques appliquaoes, {1 subsiaste, entre la geometris of% 1'arithmetique (du
noins aur leur aspedt elemsateire) une evidente dualite d*origine, eelle-
o4 etaat initialesent scienae du disoxut, cells-la de 1'stendus gontinue,
deux aspests qui s'opposent redicelament depuis la desouverte des irratie.
onelles.” p. 36. See, in this connection, the oolleotion of etatements on
aritlmetic, slgebru and geometry in Robers Muoayd Moritz, Vemorsbilia Mae
themtica, Chapters WI-YVIII, pp. 261-32]1,
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wodern and previcus mathemnsios is $0 be explained espeaially by the
invention of aew methods, of a more perfeot and supple symbolis, and
of an Anereased eomvrehension of she nature Of gontinuity and disgrete-~
ness (29),

By relinquishing sensible matter, all the WIunches Oof mathemmtios
Aie on the same level of sbatmotion; they are all oconserned with abstruct,
quantified sudbstance. Two speeifically distinct selences, however, by
sonsidering quantified substunce as continucus or ag diserete, oomprise
She unified corps of mathemmtionl saiense. This bifurcation of quantity
into She two irredueible types of arithmetic and geametry is bosed on the
vory mature of quantity iteelf as given in mathematical abstraction, Sinoe,
ia mathemtienl adstruetion, the laws of matuamtical being are givea to
She mind, the mutual irreducidility of stheae two brunches of msthexntics
sosides, in last analysis, in the very ncture of realisy itself (30).

Of the two seiences, aritimetio is ¢ommonly oredited with achievins
e higher Sype of immatoriality, for disorete quantity is, by its very nece
Sure, more determined, vhile continuous quantity 1s more indeterminate and
potential (31). With gontinuous quantity theore ia given to the mimd a sud-

Ject which has an infinite potentiality for determination within its very

(89) %, To Bell, Tho Develop:xent of kathemmtics, Chapter Y, "General
Trospectus,” pp. 3-24,

(30) Louis de Broglis hns insisted on this frreducibla charegter of
the oontinuous and diserete in phpsios, mathemetics ani other solances; aee
his Hatger end Lighst The New hysiecs, Trunslated by .. ‘. Johnston, Hew
Yeoxrk: Dover Pudliocations, 1946, Pert Vi Philosophiocal Studies om Juantum
Thysics, pp. 217-8Y2, and his article, "Le role das mathematicues duns le
daveloppement de ls physique theorique eontamporaine,” in Les grunds cou-

rants de 1n pensoe mathemmtiquo, presentes per F. Le liomnnis, ,p. 3968-
a2,

(31) Aristotle, Fostarior _.nal tica, 87% 31-35.
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mature; that whieh is oontinmous may be oom\?d as a line, plans, or
o¥en & multi-dimensional dommin (82), The disoretenass of mumber, howe-
vor, thouch 1% cam be increased ad infinitums, is a potentinrl infinity
which is more preperly viewed as lying cutside $he mmbder deing ndded to
Or inorensed, as is the case, for exanmple, in trensfinite mmbers which
can be viewed as groups of numbers determinately given (B3).

- Wambex, then, as a determination of discrete quantity, is definite
ani deternined, while continuous quemtisy, though determuined to & gertuin
extent as form, eomtains an insrinste indetermination in its vory nature.
This omables us to understand why it {s that arithmatie is, in a sense,
less derdndent then geamoetry on the imagimetion, Though phantemas are nee-
ded to represent the consceptions of both, almost any phantasm qunlifies to
represent a number, whereas & specific phantamm is yequired to represent o
parsbola, a triply-oonnected domain or a torus (34). The indetarmination
of continuity in camparison to discreteness is emphasized aad supported by
the fact that geamatry has mors of the qualitative attached to it (38); in
fact, it may readily de that this indeterminutenses and qualitative charec-

Sor of geometry explains why gecmetry is sometimes regnvrded as a physical

(S2) Yor a mathemtionl snd philosophioal presentation of getmetry
similay to the view adopted hers, see Thomas Greemwood, issais sur ls Pen-
Ses geametriqua, Ottawa; Les editions do 1'Universite a'Nttawm, 1943.

(33) Thomas Oreenwood, 1a nature du $reunsfini, ppr. 60-81,

(34) This is not moant to deny tho possibilisty of giving a formsl de-
finition t0 these geometricul entities; it is maintained herc, however,
that a definition of a mathammticnl entity or sudject munt be given under
some form of intelligible matter -~ surface, line, plane, and a0 forth, or

continuity itself.

(35) Pisrwe Duhem, La Theoris Physiques s0n objet == &= struature,
PP. 167187,




seiemos of real space, and furtder explaim how philoeephers in the pass
bave not eredited 1t with the muTe Perfeot sxaetness of mambor (36).

Since these two solenees sre spesifieally dissinct and irredueiblo,
in & sense, they may bave Sheir own principles, use Sheir ovn mothods and
ask their own questions, for sheir opposed nuturs is roeted within she ve-
Y nature of quantity isself. At the seme Sime, 3ince quantity is the ul-
Simate mubject of comsideration, she methods of She one con be successfule
1y and fruitfully applied $0 She other; even in this cose, the methods of
aritimetic ere mors resdily applicable t0 geometry shan the oonversc, The
Berit snd utility of amalytical geometscy rwsides more in tho faet tms fi-
fures ecn be dealt with bWy mumbers shun the cenverss. To She - thematiclan
who, we might sny, is more "physicel” ninded and whe for many reasons pre-
fors geonetry preacisely decauss it relies more on the imeginetion, the stu-
4y of eontinuity will be preferred $0 that of dimoretensss (37).

Recogaition of the primncy of aritimetie over geozetry, of naumber o=
Yor the oomtinuum follows not only fram the metephysical considerasions of

. quantsity, but oan likevise bs gleaned from the actual development of mathe-
matios (38), and from the testimony of mathemuticians themselves (39). The
present, pronounced «nphasis on numbor and the resognition of its priority,

however, is matched with an equal reaognision of the importanee of she oon-

(38) mile Meyerson, " chsuinemsnt de la peusee, Livre TI], pp. 298-
306.

(38) This nosion of prefersase feor one 8speos of methem:$ics than ano-
Sher is prodadly based on hereditary, savironmental and psyecho=phppical fae-
sors, Yenri Peincare bas given some astention t0 this prodlem in The Foun~
dations of ~cience, pp. £16-22%, and Flerre Boutroux's [ 'Idea]l soientifigue
des nathemm ticions strikingly 1llustrmtes ttis preference for various bran~
ches of mathematics as well as for analytic, synthetia, deduotive and indug-
tive methode of preaasenting mathematiocal scionce.

(38) Garl D. Boyer's The _“ongepts of the :'alculus an! 7, T, Bell's The
Developrant of Wathematics 1llustrate this recoanition of the primacy of nume
Wer over form whioch greadunlly replacod the Groek emphasis of forn over number.

(39) For a short summury of s .me of thess opinions, ase Lson ‘hwistel:,
The Linits of “clencs, Chaptor III, pp. 53=82,
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Sinuum as & muthemasionl ultimete (40). The alterneting atrass on either
of these two aspests of quantity illustretns the speculative depsadence

of mathezaties on metaphysios; mathematioians of both past and pressat,
frequently have regourss to metaphysiaal considerstions for a more scou-
rate determinatioa of their conceptions (¢l)s An interesting instance of
She dspendenee of mathemmtics on metaphysios is illustrased in current dis-
eussion on the nature and erigin of the "matural® numbers, which heve besn
frequently signelized as mathemtioally ulti s:te. The spessulative confu-
sion which is presontly attached to theses discussion, hovever, can bo par-
inlly ocleared by recosnising that though mathexotics desla with numbars,
it only considers them as elements of mathemstiocal abstraction. Ths natu-
Ml mmbers, in the anthemtics)l view, are no more nor less real than tren-
soendental numbers, equations, or camplex roots., Baefore the mathemmtician
abstruats, he has already learned to count with mmbers; consequsntly the
numbers with whioh man counts and the counting process itsslf are not glven
40 childrem or to mankind by the matheuntician, but $hs gonverss ohtalns.
Por 1t 1s on she basis of previous exporisnge that the existence of mathemn-

tioe]l mnbers are agcertained and further devaloped in the scicntifle procoss

(40) See, fo» example, the article by Furt G0del, “That is Cantor's
Contintum T"roblem?* (The Anarican Methemmtical Monthly, 854 (1947), pp. 510-
525, where ths 2uthor shows the present points of tension between numdar
and the continmm,

(41) ¥athomntiolans, of courss, will deny thut any recourse to metsphy-
sics 18 ever mde, In questioning the ultimate ori-in of tho naturel nime
bders or the ~ontinuum, however, and in lodging $hese notions in logie or in
attriduting some sort of pre-existence to thess mumbers, methemeticians are
secking extrea-mmthemntical snswors which oen only be supplied dy metaphysics.
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of mathexr ticnl abetraction (42),

The ether 1seus of comparison between unoient and recent mathemtios
is thnt denaminatsd by mathod, It 1s here, espscially, that mashemmtios
has made undeniadle and simmifioant progrwss which, besides improvement
in notations and symbolimm, incluies the methodsdory of analytical goome-
¥y, the onloulus, and the yecont imtredustion ef muthsmatical logic as
an aid in formalizing and facilitatine muthamsical operations (43), WNo-
Sable improvements in method are genevally aceompunied LY an insreased un-
deretanding of mesheuationl ebetraction, oven thouph the:individual mesh-
emticlan who fosters a major advence in method may not de reflectively
eomimant of this faot. At the same time, though new methods inorease the
oxtensive donain of nethematies as woll es clarifying i8s content (44),
Shoy are not sufficient in thexsslvas %0 alsor the naturs of mathemmtioss

pIOverly viowed, in fact, they dut enhance its unity as the pelenaes of dis~-

{42) Burmder for the mathemntician is s musthemticz) bsingi consequent-~
ly mrthemuticel numbsrs lie on the sacond level of abstra-tion., At the same
time, tho mathemstician, defore he snagages in muthem:ticoal abgtrection, hes
already learmed how to count and has been Ziven the so-gulled "naturel” pum-
bers in $his way. All ¢the mathemetion)] numbers whish are developed arise
from mrthermtical abstrection with ths holp of various {1sighita and expari-
snoce of all sorts. This dependence Of soience on pre-seiontific experience
h.s been bdrought out, partially, in Hertrand Rususell, ™uwman Fnowledge: Its

%OE llll u’u". ”o “”’2:‘9.

(43) A ?ine study of the advances in mathematical method, sapecislly
ephasizing notation and symbolisn, is Florian laiori's ;A History of lathe-
metionl Hotations,

(44) Por axample, the recsnt micgeas of fomalizing much of mathematics
ocan be regarded, quite ascurasely, as pointing up the charactar of formel ceue
sality propser to mathamation., Thrt discoverios in method have elarified the
content and inoressed tho extensive 4cmain of mnthematics can be seen from a
sonsideration of the quiok development that followed the introduation of ana-~
lytical guametry and the oalculus; their methodology was instrumental in re-
venling hitherto unknown curves and relationships between number and fom;

sse ". T. Bell, The Nevslopment of Mathsmaticse, Chapter 7.
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orotemess and .continuigy,

One of the fires differsnces of method usmlly emphasized as differ-
entiating resent mathematies s 185 freedom from imaginntive schemps, dia-
grams or eoastruciions. This freedom fram sonstructibility, however, is
@ slai~ made from the logleiss or formalist view, and is inescapably con-
Reated witl the dootrinal posivien of ench of theme nehools -- their de-
Rial of ocomtent 40 mathamatiss ‘and their over-emphasis on the formal ne-
ture of mathamaticel resgeming. In opposition to logloism and fomnlism,
intuitionism has ineisted on the comnsctedness of mathematics with conatruo~
$1b11i8y, and hes contributed sreatly towards & renowed sonsideretion of
mikammiicn)l method end riger, espesially in the current rescarches on the
mathenntica) infinite (45). Matheumties of 0ll times is heavily indedt-
od to imaginative construotion emd mchematic representation in 1ts very mi-
ture, i{ts developrant, process of invention and in teaching; it is to the
marit of intuitionism that it has yeo-amphesined tie ‘connevtedness of mathe-
mtios to pre-soientific experience ant to payohnlogy (¢8). In connection
with constructidbility, it should be peointed out that it is not quite true
t0 say that she ancients used the synthetic method fn contrust to ths pre-
sent emphagis on anslytical methodsj here, egni:, the history of mathemntios

qud current praocvice show the amphoyment of both mothods Creely (4Y).

(45) Louis N. Yattsoff, op. cit., PPe 174177,

(48} Taro}d °, Tmart, op. git., p. A33.

(47) “eep in this connmction, the study of Pierre Bousrcux, %
glsntifggue dep mnthemticiens, Boutmux studies the remarks which mat -
ticians thamselvas have made on mathematical mathoddlogy and on She nature
of mathematios. He points out how ons matheuntisian may marely prefey —-

an.inexplisable fast «- the analytis to the aynthetic method, and how 4if.
ferontly mathamaticians mve attexpted t0 define sach of thase methods,
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T™he e¢losensss of early mathematics to experience end to prectical
nesds Ms not beon changed as all in recent nathemntics; if anything,
this slose and suggestive relasion of origin in experience, and tha sphere
of applicability 0 mmture has immoassurably inoreased and helped further
mathowmtioal developuent (48). A% the same sime, the sohool of formaliam
has helped to stress the aature and use of deduction im mathemtics, as
well as the importance and fertilisy of symholism and formal causality in
methematiocsl demonstration, Though all the sciences deal with formal cau-
sality, their concern with meterial, efficient and final causalitr is not
fourd in mathanatios except analegously, and the notion of fomenl ocmuse in
mthemntics is viewed as universal in itself and as having & deducible con-
Sent, Once a given perfastion has been achioved in mathematics, ons can re-
armanee the order of inveation into & loglcal order whare the whole mrtheam-~
Sicel content or systen is viewed ms flowing from a few principles. This lo-
gleal presentation of results, however, is hut methodioal; it need not de
adopted exeept for purposes of rigor, logioal ocoherence and mathematical ol-
smmnes (49).

Yiffering not i3 ulsimase content but mainly in method, angient and re-
cent mathesmtics exhibit the struotural and developmental unity of the sci-
ence eoncerned with oxdering she parta of quantifried substance, .ven the

/

{(¢8) The mutual interaotion of mathemetics an4 the sclenves of totsl
ebstraction has benefited doth, At the sams $ime, quantitative msthods ers
beinn intPoduced into almost all of thssa sciencea. As an examnrle of such
an applioation prefaced by a philosophical discussion on 1ts rightfulness,
see John Von Neumann snd Oskar Norgenstern, mg%_t_)_g_g_an;_mma«:c________w_w
havior, Princeton: Pringeton University Freas, 1944, hapter T, "Formulstion
of 7Zconomic Problems,” pp. 1-48.

(49) "Tho obvious conclusion is thnt mathemetlos cannot be idontified in
with their own desoription, or evon with the deductive method which justifies
this operasion -~ no more than pliysias can be identified with the descriptive
structure of a theory. Howevor far is carried & deductive procens a'.plied %o
a group of methemnticel notions, it is naver possible for dedustion to exhaust
the potantialities Of the notions considorod.” Thomas Creenwood, “Invention
and Desoription in Mautheretios,” p. 84.
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disctssions on the foundations of mathamatics serve to emphasize this u-
nity which is vouchsafed to mothemaéics by metaphysios. The distinction

of logic from mathematios is gmduslly bein/ admitted enew, and a number

of efforts are being made to slim symbolic logic with sreditionel logic (50).
This rescarch reopvens the possibility of removing the metaphysical assump=-
tions which were implied in the early and laser investigations in the field
of symboliec logio, and suggests the further possibility cf pointing out

how mathematical logic is reducidle in pert to0 mathematical method and sym-
boliam, and to the expreasion of quantitative order (81), By its striking
distinotion 0 muthenatics fram metamathametics, formmlism can de viewed

as insisting on distinguishing mathematics a? such from metaphysical thoo-
ries on mathematics and frm other saoiences] in fact, by distinguishing mo-
thematios and a theory about mathemtios, formalism itself is a metamathamn-
tios -- & metaphysioal thaory on its neture (B88). Asids from being rooted
in fdealistic philosophy, intuitionis, by inalsting on the psrchologlcal,
historiocal and soociologionl a:paotn of mothematics, hag prevented the ste~
tic conception of rathemstics intrinsic to logioism and formalism from being

overly influensinl, and has emphasized the intrinsio conneotednens of man ag

(80) See, for example, Thomas Greenwood, Les fonlaments ds lo%gua -
balique, Tawie 1I: Jussifiocation des oslouls logiques, snd I, U, Bod g,
"On Analogy,” The Thamist, 11 (1948), pp. 434-447.

(51) Thomus Greenwood, ‘!tudoa sur la oonneissance Haothemntique, "Les
Prineipes de la logique mathammtiqus,” pp. 1=32,

(52) This seems to be Sthe meaning contained im Kurt 00del’s famous
theorom; see Louis O. FetSsoff, op. eit., PP. 194-198,
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mathematician $0 man as pro-scientific, sofentific and culturel (83).

A eeeoni mode in which methenatics munifests its unity as & science
eoncernod with quantisy is in i%s origin, in 1its relation to pre-soionti-
fic knowledge and to axperiemce, and in 1ts relation %o tho Ameginstion.

Of the two main questions whioi naturally suggest themselves, tho origin

of mthut!cul science fram previocus expsrisnce will be oonsidered first,
and thon {ts psychology of invention. The basis for & 4istindt considere-
tion is that since the first 4a the order of learning end the second is the
order of invention, somo diffuerences mnﬁ betwuan thess two manners of ao-
Quiring mathemnticel soience (54).

¥hile mathemntiociene ere much concerned with proofs, syrbols, construce
tions and judgments, mathenatiocs, like ell sotanco’u. has 1ts oriein in pre-~
seientific knowledge andi in sonss experionce (55)., Whilfe it 1a true that
mathemetics i3 & scisnce, that it is abstractive, {t 13 clso true that no
man is oonstantly exercising aets of mthsm;ioul abstraction, Lothemti-
onl ebstraction as a aclentific aot may eithsr be self-dnduced -- as in me-
thamtical s_gniua. porhaps -- or stimulated by parent, teacher or book,

But even tho‘abnuy S0 eount Or the use ot the numbars t;a-only employed
in the countine process are not asts of metheantical adstrectien; number-
ing and counting in mathematios are merely operetions amaloous %0 the phy-
siocal acts of counting renl objests. A recognition of this pre-soientific

basis would possidly prevent attridbution of s mystical quality $o0 the patu-

(34) Hanri Poinoar, The Foundations of Jsience, Book II1 ¥Wuthewmtical
Ressoning, Chapter II, *MHathemmticel Definitions and Teuching,” pp. 430-
447,

(68) Quite a number of testironies oculd be adduced to support this
eonolusion; see, for example, . 7, M. Joad, W London;
Vietor Oollancs, 1938, Chapter V, "Logic and ¢ wg of Thought,” pd. 148~
152, pPe 113-114. Fonri Yoinoare’'s The Foundations of <Selence, =. 7. Bell's
The Development of lathemmtics, Carl B. Boyer's The Congepts of the ’sloulus,
and Felix ¥lein's two volumes, flemantary -athemntics from an Advenced “tand-
point are but a rendom mmber of studies which insiet on the purt of expori-
ense in mathemstios.




rel mmbers or arid, metaphysieal speculasion on how they sre odbtained.
Guestions on mathemtieal mmber ars distinct from questions on mmber
18self; the formor are spesulatively roferruble 10 metaphysics with re-
#ard $0 their nature and sciensifie consens, and only redustively redu-
eible in their origin t0 pre-scientific knowledge. In faet, the full
meaning of the historicsl origins of mathematics indieates shet (a) thexre
was, as far as we ocan Ais0over, & time whed RO man had as yet actually ea~
aaged in mathemmtical abstression, and (b)whetever wan it was who first,
say, abstreatly eonceived of Sriangle and Proved a nscessary and univer-
88l property of triangle is the founder of mathemmtieal soience (56).
This historical lesson is anslegous %0 4he lessoa that can de lear-
ned fram daily life; without pessidly ever having achisved muthematical
abstruetion, peohle count, add, multiply and sudbtract. A pamllel case
holds for abstrection ia physiocal, and separation in metaphysical seoi-
once (07). The lower bound of methematies, oonsequently, beth in its

% ¢86) "In the cose 0of mathesmtios, iV 48 the Greek contridbusion whieh
it is most essontial to know, for it was the Oreeks who first made mathe-
mmtics a scienco, As Xans ouce wrote, 'a light broke upon the firat man
who demonstrated the property of ths isosceles trianglc (whethor his name
was Thales or what you will)'; since which tims, thanks to 'that wonder-
ful people ths Creeks', methammtice his trevelled ‘the safe romd of a sci-
1mge." The Grecke in faet laid down the firet prineiples in the shape of
indanonstrable axiems or postulates to de assumed, framed the defini-
tions, fixed the tetminolocy and invented the methods ed initio] and thia
they 414 with sush unerring logio that, in the eenturies which bave sinoe
elapsed, there has boen no noed %o reconstyuct, still less %0 reject as wn-
sound, eny sssential part of their doctrine.” Thamas L. Henth, A Manual of
Creek Mithemmtics, p. 1. o

(57) Thas sciestifio knowledge 1s¢ depwndent in its origins on pre-sci-
entific knowledgs and closaly comnooted with 1%, is being more widely admit-
ted. “mile Moyerson has eloquently ineisted on this foot; in his latest dook,
Rumar Kmowledge: I%s Seope and limits, Bortrand Pussell entadblishes a elose
$%i¢ botveen pre~seiontific and soientifioc experiongs -- though both are view-
od as ylelding merely prddable knowledge,




historical and psysholegiocel oriains, lies in pre-scientific knowledge
end experience; in this sense, insuitionism has direated the philosophy
of mathematios in its proper dirdetion, as formaliem and logicimm have
peinted out metaphysics amd logie ns ths uppsr bound of mathemtical de-
velorment (38),

In all processes of mathemmtioal reasoning, and in embodying the re-
silts of such reasoning in lectures, articles, or books, t:e matherx:tician
ahd all ssientists mecessarily use phansasms, words, sonsible signs and
symbols -~ a vindication of thes semne origins and sonse~-depsndence of hu-
s methematics and soience, The fdealist who confusedly claims thnt ma-
thamatics is somshow a pure oremtion of the nind, denies his own experience
and the testimony of the history of mashemmtios just as the empiricist, by
denying the memtal process of seisntific sbstmmetion, oconfounds pre-scionti-
fio and scientifio knowledse. linthemntice is not made more pulagable or
attreactive by being thus ascoutsred in ideeclistie or empirisist habit, and
such srromedcus positions on {ts nature are not the explioativs csuses for
its mow:h and development, and, us & matter of feot, may not bo followed

in mothamatical prectice as all (39).

(58) Is is here sclaimed that any ettempt to write sbout mathemmtics --
whether done dy a physicist, historian or commologist -~ is besicnlly and re-
Guotiv.'ly a motaphysionl view of mathemntics. Though scquaintance with the
sciences on tho first level of abstrection nay help the muthemmsioian fur-
ther the development of his soience and emadble him %0 understand bhattor the
oature of nathemotios, speculative remayks on mthemntics or discussions on
188 relation t0 other sciences are the funotion of the metaphysician., PFor
exanple, most of the esesys in les grends courents de le pensee mathematigue
(presentes par P. Le Lionmais), and in kathaoatics: Our Gront THeritags (edi-
ted by 7illism L. “chaaf), are really written from the metaphysionl view.

(39) This point 1s brourht out in Piorve Boutroux's l.'ldeal scientifique
des mathematioiens, and has boeen stronsly emphasized in -rile «eyerson’s works,



To present mathematios ans originating ultimataly from previous ex-
PoTisnce and pre-seiontific knowledge is not, of courve, to pressnt ful-
ly-developed mathematics. Any originasive theory, harking dack to hum~
ble beginnings, is, in a sense, regressive. Nor 4oes this theory aim to
Plecs restrictions on mathematioal fywedon and inventivensss, In fact,
it 12 true that Wy comparison with the experimentation necsssary for the
physicist or the acquaintance with detail proper to practioml and politi-
o8l wisdom, a minimurs of sense experiemce may suffice for the scquisition
of mathematios (80). The history of mathomutics iz replete with examples
of meon -~ gorie Of tham even pioneers -~ who had yeachoed mathometical matue
ity and oreative power at an early age. /t twenty-two, Nescartes had foun-
ded amalytios) geometry. Pasoal's precociousness pormitted him, at the age
of fourteen, to be admitted to the sciontific discussions out of which the
Fremeh Acedemy of Soclences developed. Newton laid the foundations for all
his sudsequent work in mmthematics from the age of twenty-one %30 twanty-
three. At fifteen, Leibniz had already posscssed the ideo of his combina-
tory ext, and many other methemticians, Abel Galoin, Lobetpchewaky and

others, 414 good mathematical work about the apme of twenty (81).

(60) T fact was already recoguissd by Aristotle; ses his Postarior
Analytics, 81" 1-8, and ichamachesn ~thies, 11422 12.19.

(61) Seo, in this regard, . T. Bell, iien of Luthemutics (Wew York:
Simon and Schuster, 1937). Bell brings oud, in his historical skotches,
this trait of an early adaptability to mmthemutics,




This Peady adaptability 40 muthemation at sn early age, while it may
be tTrue Of men of genius and, im & restricted sense, of any men Who to-
quires the habit of mmshemstionl solence, must dbe properly understood.
Though mathematics may arige from & minimm quote of scuse uxperiencs, it
1s inevitadly dound up with she imaginatios and the past experience of the
individual mathematician., GConsequently, while the physieist must be in
constant liaison with extra-mental reality and <hile the methemticien nedd
not have this intimete ralatiomship, the mauthematiciun relies, prorvortion~
ately, on his imagination, Though a compurison of methessu'ioian end phy-
sioist with respect $0 the origis of both scisnces is frequently muie, it
must ds recalleéd that methemnticel matures are not existent as such in ex-
tre~nental renlity, but merely in the imagimationi hence tho umiverse of
She mathamntiotian is ono of imaginative construction amnd invention with the
masorials of his past experience. The physicist is more definitely limited
by the complexity and mobility of extre-memtal roulity; in such medimn soi-
ences as mrthemntical physics and mathematicul biology, the physicist or
biologist, after suffiocient experimentation, resches up to mathsmaticel prin-
oeipvles and conelusions as un aid in knowing and meesuring oxtrea-mental rea-~
1iey (eg).

Thus muthesatics, like nll spsculative scisnces, has a double depen~
dsnoe on induection end experiense, In the firat pluge, the nathemmtician
and al)l the solentists abstyect the universal from singular things. Second-
ly, 81l sciences are concernad with the proceas of judgin;: and reasoning, in

which universal and nesessary predicates ure ettriduted to =subjects, In both

(62) For an explanation of how the mathormticlun ant the physicist are
Joinsly concerned with knowing extre-mental reality, see Jean Daujat, op.
ait., Chapitre IV, "L'Intelligibilite mathemmtique de la theorie physique,®
PP 108-143,



Sensas, mpthamtios and the other solences oan be said to bde dependent

on experiemce and induction., Mewever, once mathemmtioal abstrection has
been achioved, a minute and detailed analysis of extra-mentnl reality may
20 longer be nesessary, and the wiches of mathemtioal experionss lie O-
pen within the imaginasion, where the indetormination of intellijzible mat-
ter is the infinitely potential support for qualitative detorminations of
all sortas,

The ultimste origin of mathematioel entitieca from extre-mental expe-
rience 40es not meseasarily imply that a reduotion of muthematics to phy-
sios is deing preposed (63). But the thaory doaa claim that in its histo-
TY, in its origin within each person and in its development, mathematics is
bounden t0 sanse experience., The viry concepts which are employed in muthe
ematies -~ structure, order, relation, domaina, inolusivenors, greater, up-
per bound and countless others -- are sloquent testimony o the faot thet
unlaess ons had persomally or visariocusly leayrned whet sSructurs, oxder, ro-
latednens, inolusivensss and go forth, are, he would not de s#ble inventive~
1y to attribute these gqualitative statas %o the methematicel natures in the
mthemtiocsl universs, Mathamatical conseptions likswise carry with them
thelr relatednese ani intimese conjunotion with pwacticeal needs, and their
faniliarity witl the suggestions, insights and mothods of all the sciencas
of total ebstrection (64).

The intimeate affiliation of muthamtics %o pravious pre-seientific,

(63) In his Lsgtures on the i’hilesoply of i.themstice, Jumes Byrnie
Shaw labels as an empiriciet or physiocal view (p. 10, ppe. 154=158), ang the-
ory which attridutes the origin of mathematios to the naturel world of phe-
nomenn,

(64) Ces, in this connection, Robart Neltheil, "1 'Analoris en metheme.
tiques,” in Les grends eoursnts de la pemmes 1¥thematique, »ressntes par v,
Le Lionnais, pp. 48=-53, whare the nuthor gives some 1llustretions of the spe-
logical insights sugcested to mathaemt:tics from other aclences.
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phystieel, mathewntical, and evsan mataphysiorl knowledge ia espscially dis-
sornible in mathemtical invontion (63). Mumsrous exsmples sbound in which
analogies t0 Dhysics (48), so previous mathemtiocs (67), and even to mata-
physical comeentions (68), afforded imasinative insight into muthemtical
iaventiveneas, Not serving as a hindranae but as a positive help and sti-
mulant, axtrr-mathemmtioal suggestions and referdnces have proved to dba aids
$0 the greater fruition snd powerfi:l developnent of mathematicsl scianae;
possibly beoauss of the {nScrmediary naturs of mathemetics and of its analo-
mouSeharmcter, mthamtioians heve, often unwittingly, trensported thoe math-
mmntical reelm 40 thnt of extra-mantad reality itsslf, to thet of the phy-

sien) an! matanhysical sciences (69).

(68) This hnm dasn pPoimted out in Thomms Hreenwood's article, "Inven-
tion and Nessription in Mathematics,” pasaim,

(68) Louis De Brozlie, “Te rolas dns mathemr tiquea dans le developpe-

ment deo 1ls Physique theorique contemporaine,” in Leg gresds couranss de lo
psneea mothematiquo, presentes par ¥, Le Lionnais, pp. 296-41...

(67) Henri Polnenr, TRe Youndations of Belencs: ~ecienco end Method,
Book I, Jcience and the Tcientist, “hapter III, "athemtical Creation,”
Y. 583.3084, )

(68) reorg "antor 1= the bast exzmnrle of this} see his “orntributions
trapslated by Philip

(68) Jaoques Maritain, The "egrees of Knowledre, »p. 176-177,
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In this wegard, the prasentation of n mathematicel inveantion is rare-
17 glven in the mulidiplex and oomplex fomm in whish its imnvention oscurred,
ond most great mathemticians have, upon excogitating a mathemationl con-
tribution, presented 14 in a logioal, meat nnd dedudtive form (%0). In
fact, 1t would he impomsidle, in most osses,to retyege all the ateps, pro-
cessea and ruminations throuzh whigh the mind was carried and moved about
in the process of inveation, The attempts &t outlining this proeess, eom-
Plex though it is, form part of a psychology and logle of invontion on which
increasing attention is being foeused(7)).

The third mode in which mothermtionl abstraction serves $0 umify the
apparent heterogeneity of present mathematieal seience is in i%s relation
to logic. Yot bainy n dirses dut 8 fefleoctive science, logic is not, as
such, concerned with extrn-nental reality; 1t is wholly and directly depsn~
dent. for the existence of i%a conaoeptions and detemminations of its nasure
on metanhysicsz, and only partially and impsrfectly on the other soiences.
Theories on the nature of logic which disavow its dependence on metaphysics
and attenpt & logioal amelysis of reality, are, &s a result, extraemely cam-
Pliecated speculstive coneeptions; yet they orn still be shown t0 be litsle

else than apparent substitutions of lozxiexl for metaphysical proncusements.

(70) ™oms Creemwood, “"Invention end Desgription in kiathamatics,™
PP« 8081,

(71) Ronri Poincare was one of the first solantists 90 give his atten-
tion to this subject; sees his The Foundations of tolemce. See th: artiels,
*"L'Invention seientifique: la mathematique,” by Jacques Hademenrd (in L'In-
vention, exposes et discussions par Charles Blondel, d. Claparede, J, Ha-
damard, L. De Broglie, Kd. Bauer, Paul Valery, lLouis Brsuet et -x. Guyo-
not, Paris: Yelix ‘lean, 1938), or the more rescunt work of Jacques sado-
mard, An % on the Psysholoay of Invention in the Mughoratiesl Field.

Re D, Oarimichael has given some agtention to Shese prodleams in his The
lozis of Mesovery (Chieape and lLondon: Open Jourt, 19%0),
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Both legiciem und formalism, for exmmple, profess to be non-metaphysical
in announeing the quasi-identity of mathamtics with logle. IMowevur, as
;u been mentioned above, varicus studias have pointed out thet loxioism
and formmlism gomprise both a doectrine and a mathod} not only has the mets-
phayaieal doetrine of erch Been suscessfully ohallenged an! inmpugned, dut e
Teslisrment of theiy mothod and sy»bolism into that of the trditionsl lo-
glocal form gives pramise of a future benefit to logie itself and to other
soiences.

The partiel formalisation of mathamatics, which is the meritorious
songribution of doth logieism end formelim:n, has, however, led to warious
extreme positions. mite {n'contrmst $0 the bland complinents of absolute
Recessity an? rigor whieh ware fémmerly atSributad to it, methematics is,
at present, often viewed aa offering merely probadle truth (7°), 2timls-
Sed4 by the reeomition of treating mathematicnl demonstretion in a complete-
1y fomsal manner, variesmtod epinions have nrin“tm disoussion on the
foundations of nathematios, The wide assortment of views inoludes a demi-
al that methamtioal rensoning bas any content whatever and that it ia but
sautology (73), shat it is but a hypothetico~deductive eystem (74), that

1t 1s based on the pragmatic choles of many possidle systens (785), and thnt

(72) Marold R, Ammrt, Tho Logic of “olence, pp. 64-72,

(73) Byank Plumpton Ramsey and L. Yistgmmatein, close adherents %0 the
logicism of Bertrand Tuassell, proposed thas tautologic-l mature of mathema-
ticel propositions; see "rmnk Plumpton Ramsey, The Foundutions of *athemm-
tics and Other Logicanl seays, pessim,

(74) Morris 7. “ohen and “rnest MNagel, op. 8it., Chapt-r VII, "The e~
ture of a Lomgiosl or Mathematicel System,” Pp. 129-180,

(78) Jee, for examplas, the Introduction (pp. 8%-30) so kyioﬁa and Hypo-
thesis in Henri Poincare’'s Tho Foundntéons of “eience; Toincere has consis-
tently argued for this position.
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it ariees fPom the £iat of the mathomatical oreator (76)s In the view

of mnthemtioal sbwtmaction here adopted, emch of these and othor our-

¥ent Sheories emphasise but one, limited uspest of the nature or method

of mathematics, end it is enly because these theories generally ars ereo-
ted as the unique, ultimate explanation of the whole of muthematiocs, that
Shelir partial emphases on the truth ankroquonny loss sight of. Tor,
whiile 1% 15 drue that one cen scientifically discourse with purely formel
logic in mathematics aa in other soiences, the subject matter of the demon~
stration, while temporerily suspendsd or not oonsidered, returns again whon
thare 1s question of estimating the merits of & mathamatical system which
mey have $hus been invented (77). Comsequently, while thers may be no li-
nit to human inventiveness and indulgenee in erscting fomal eystems, the
relation of dependence of such systems on previous experience and imegina-
tive adumdrations and regombinations, ae well as the question of the con-
sietensy of the gystom and the subjeet with whioch it ia aoncerned in sppli-
e8bility or use, are oxtre-formal and indispenrmsable influences (78).

Only a true conseption of logic can oxhibit not only the unity of ma-
thamntics ia fitself, but also 1ts elose kinship with both naturel end ecie-
eatific loglc. The aptitude and natursl inslination which man posssses to
reason orderly in his discursive processaes, though it baas frequently boen
fll=used, is inherent in the very nature of man; logic itsel?, na the soi-

ence of spaculetivoly ascortaining how man reasons corrsctly, end as the

(76)Tames Bymie ‘haw, op. cit., pp. 166~-188,
(77) Louis . Xattsoff, op. oit., Chapturs 14-15.

(78) Jeaeques Hedemard, /n :issay on the t’qoholo% of Invention in ths
Lethemnticel Fiold, “hapter VII, "Different Kinds of Muthamatioal liinda,"
PPe 100-118,
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finished art of properly asondusting rsason, is dut n development of
Shis native ability (79). lLogio as a sciemce comaiders thoa reasoning
process not only in mathematics, dut in all soiencen, for the scisnce of

EmBoPime of the mind's raflective oconsidsration of its

logic 1s but the
own actions., lMnathemationl abstraction, sonssquantly, considersd as a meth-
od of arriving at true and golentificully certein msthemmticel conolusions,
is unified to the method of other scisnces and philosophy by the unity of
the mind itself; whatevar diversity from other types of mofentific reason-~
inz mathemmtics may possess, arises from She fact that mathematics is cone
cerned with a different subjset mattor of demonstration.

7oral Logic is the resclution of the mind's discursive movaments in-
%0 its formel principles; it denominates and explainas the mentsl motions
which the mind is to take in order to presorve the right dirsctions in ree-
soning (80). TYomal logio, and its use in all the sciences, is not as such
fnterestad in truth; it is intarested in the rightness and consistency of
the nind's movements; it encoureges & simplicity of movemente ¢':.rough the ;
syllogiam and through symbolic axprassion and abdbreviation (81), Mling\
with the study of the thres main movements of the mind, simple apprehem~ !
sion, judmment and reasoning, fomal logic dces not as such inolude tho

imaginative end inventive ability of man, which is more prop.r to logic

ag dialecticnl, and to logic as an art combined with psychology (82). Just

(79) Angelo ¥, Pirotta, “urrie ‘hiloyophise /ristetelico-Thomistiocas:
Tolumsn I, Philosophis Rationalis, pp. 17-1B.

(80) Ibsd., Pp. 20.

(81) Alburt G. Rmmsperger, Op. oit., Ph. 169-171.

(82) Jaoques iindamard, op. git., Chaptor I, "Generel Views and linqui.
ries,” Pr. 1-20, This chaptor contains an intoresting, short acocount of
various theories on human invantion,
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a8 the formal rulea of logia apply to any ¥ype of forunl retiocination, so,
tco, the general rules of material logic epply to any type of ratter or sub-
Ject with which roasoning is concerned, that of msthemntics es thut of oth-
or sciences, letorial logic, however, introduces a new ocovnsideretion; by
res:lving reasoning or mental disaourse into its motter or th:t about which
ressoning 1s concorned, matorisl logic considers the yuslitetive nuture of
the subjsct matter in order that a true sonclusion may be formulated, Whe-
ther its truth be saientificully certaiu, probadble, or merely copinionative.

The fagt thet man cun arrive at true conclusions which he may only hold
as opinionative or as probasble, is parellsled by a 4Aivision of tha body of
loglorl sciance into demonstrative or dootrinal logis, and dialestidal or
useful logic (83). The logic of striotly sciemtific demonstrmtion, concer-
ned with the manner in which the mind may arrive at & cartain, universsl,
and necessary knowledge, points ocut, among othar features, the nesd and use
of warious pre-sclontific and indemonstyadly cartain prinaciples as pre-gog-
nitions from which soientific dmzonstration arisss. Doctrinal logie like-
wise includes & study of the nature of sclence ond its distinctive divi-
sions; in this lattor as in 4ts othar functions, it is wholly and complate-
1y depdndent on metaphysics to guide its reflective consideration,

%hile the study of demonstrative or dostrinal logic has been generul-
ly presented in teuching en’! in &iscussions on logic, the nature and use
of dislecti~el logic has been wilely nuglected. Yet 1%t is this refleotive
study thzt doth odern scisnce an! mnthematics have appecially used to susch

advantage. In fact, thero is & measurc of dlalecticul reasoning in all she

(83) Angolo M. Firotta, op. vit., PP. 160-164; see, nls cSaint Thomna
Aquinas, Tn I Posteriorum /malvtisorum, lact. 20.
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sciances. The prectice of ,ristotls, thoush fraquently dubded as being
too dogmutic, and the procedure of “eint "ho~ s Aquinas and the medievals,
though oftan categorizmed as involvamon* in vapid and arid dialecticel dis-
putatinng, are tha very methods that any man uses in th~ wvarifous routes
and devious detours which his mind follows towards the woel of selentific
truth, an? these methods are employed in successful teaching (B4),

In 1ts Q@inlectionl movement, the mind is in inquisitive motion and in
inventive rescaroh. It moves about within the sot and limited sphers of
4isocurse which 1t has outlined for itself, ani, anslogously speaking, runs
back and forth in cexitative fashion from one alement %0 anothor (85). It
may be regerding a mmher of conceptiona or propositions which have but e
8 likeness of, and similitude to twwth; the mind alternately but truly
adopte this vearisimilitude of what appssre to be true -- cheoking, in vari-
ous ways, the plausibility of omch proposition., Thuse propositions, the
springs of dialeatical reasoning, are of three main kinds: 1) they may be
somposed of rurely logical tarms which merely signify the second intentions
of the mind, »s genors, speces and ths other prediocable, or -nrlopgously ocone
structive {nventions a&s group, system, set, or set of sets; 2) thoy mey ba
prineiples which mro not native to th: sclence unier considaration, dut are
borrowed from another scienca, or sormon to several sciences, as statemonis
on mathem:tical continuity applied to physics or blology for purposes of

comparison and insight; 3) they may be prinoiplee which, though probeble

(84) Aristotle's uss of dielectios can be seer eapsciolly in his
Metaphysics; his theory of dialectical rensoninz is ecattercd in his lo-
glea)l works, especially in the FPost-rior Analytios. The above presenta-
tion is based on Aristotle and on uint Thomas Aquines' commentariasas on
Aristotle.

(88) 2mint Thomas Aquinnas, In IV Metaphyaicorua, lest. IV, pasain,
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in themsslves, are acoepted as points of departure for reasoning as if
they were gertain premises, and oaly yield probable eonclusions, &8 in
the decieions of prnetical 1ife and in methewntionl probability (88).
This interrogntive dialestio of the mind eapy, in the first two lnstances,
yield either probabls or demonstrative conclusions, for in this case the
prinoiplon 0f reasoning themsslves are not pwobeble, but tho mind doubts
their a-plieadbility to the matsor under consideration. In the third case,
singe the very propositions themselves nre not osrtain, only opinicnative
Judgments can ensus -~ though those opinions, it rmst be emphnsized are
true, probebls judamonts (87),

™Mealsctincal ressoning plays o large part in mathemmtical demonstrntion
and especielly in 18s develo-wental invention. In the first type of dis-
locti®]l reasonine, where purely lomical terms coms into consideration, tho
nind forms logicnl congepsions boarins only a furtive likensss to mathsma-
tical entitiass, and cogitates upon tham in a glosoe, inventive fmghion. The
desoription of "antor's process of inventing trensfinite numbers (88), for
exnaple, ffdicates how these loglorl bLeings, rof;ouvaly formnd for consie
deTotion by the mind, led to his con!ribution., In fact, inansmuch as the
rigoreus proof end mathemetical dexonstrntion of trensfinits mmbers has not,

$¢t seams, Doen ms yot formulated, the trnnafinits mmbers -« though the truth

(86) In his latest book, Human hnowledge: Its cope and Limita; Ber-
trend Russsll denies that we huvo certain, demonstrative knowledge. lils
amlysis of the probadbility and dialectical rsasoning in pre-soleatific
snd soientific knowledgs -- abatyactin- from his philosophicul interpre-
tations ~- is quite Zenernlly sound,

(87) naint Thomas Aquinas, Op. oit., n. 574.

(88) Georg Cantor, op. eit., Jourdain's Introduotion, pp. 52-82,




about thom is most likely known -~ are only probsbly true and their oer-
sainly Srue existonoe as mathermmtioal entities has not as yit boosn estad-
lished (89),

In like fashion, the sac nd manner of dialeoticel reasoning is fro-
Quently employed in mathemstics with fruitful results. Ona may take arith-
metioal principles and apply thom to the continuum, or the converss (90);
ons may evon adopt physical or metaphysical principles an', with the insight
thus affordsd, induce or invent new muthemmutical nntures. The demands of
physics on mathemmtics (91), or rnantor's cass oan he referrad to as two
of the meny instanges in whiash the principles of ‘other soiences may bhe
wittingly or umwittingly employed in mmthematias, Ier> angain, howevoer, &
mathemntical demonstr:tion of the results effscted by borrowings principles
of other sciences may not be immedintely forthcoming, mni the mathematical
conolusion mey be tmly hald, dbut only with probahility snd o desrse of
gertainty.

The tirn;;wo mothods of diamlectidal roesoning, then, are used by the
mmthemetialan, the scientist andi the philosopher. The third type, that bda-
sed on propositions which in themsalves ars only probable, is also used in
all the scisnces, but does not yield morse than & probable conoclusion, and

seens tO de ompedblo Of hoth 2 rearessive and a progressive use. In the

(89) This contention -~ thet mathematicsl natures may at first only
be capable of a dialectiocnl existence -~ needs further development, of
oourso., In /n Sssay on the . sycholory of fhwention in the -wther:ticel}
Yield, Jesques .wlamard seams to have this nétion in mindj see pp, 435-58,

(90) Georg Cantor, ap. git., Jourdeints Introduction, pp. 1=10.

(91) Albart lautman, :esail sur l'unite des ssiences mathematiquos
dans leur developpement actuel, p. 7.




firet, the regressive use, for example, it may appear to be quite probae

" ble that methematics is completely expressidle in logioal or pre-logieal
asynbols (98)} in feet, in emtaring into the domain of mathomatios with
Shis principle and attempting $0 make mathamationl netures lose their 1dsn~
%1ty and he tr:ymeformed in%o purely logieal or preelogical symbols, I may
evan sochiove & phenomensl amount of sucaees. Howavey, thers sre two Ob-
stacles which I must yet overcomes 1) tho proof of my initia)l proposition
is lac¥ring, and 3) 1 heve only suceeeded in formalizing that pars of mathe-
mati:e whieh has thus far beon givem historical and scientific status; eom-
sequently, thourh my method may preduse sere fruitful results, it hen an
emPtY, barren resils as goal, snd is o static aonception of mnthemticel sael-
enss, Tiis mathod is likewise adeptabls in 0¢her seiences: fn philosophy,
for exmmple, I may adopt the “osition thnt I most likely omn explain every-
thing in terme of mathemmtios ap 414 NescaXtes and az 4o many COontaMPOYR-
ries, or in tarms of apirit, us a14 Mews).

In ¢he seeod, or pronressive use of s prodable preposition, whiceh is
an employment of the method whick may lee! $0 new results, I adoph & cer-
t2in number of PrObLadle Prepasitions axd them use this method of mental 4is-
course te yleld a comelusion which may heve a greater amount of vrobabili-
$y. TFor iastaunco, sll the solances of tofal abhatmmetion, aiming as they do
$0 Xnow nature in its rodide indet-mination, make fraquent en* lerge use
of this mentel dialectic, Xathemmtics may ammlogously imitnte this procens.
On the dasis of some Prevismusly known, though prodadble ropositions, I mmy
conatxue further propositions which have & less, or equsl prodebiligy, I

may, for inetanoce, take tha oxiztonco of tvansfinite numd«ro as my point

(92) This attempt fa true espooislly of logloism .nd formmlism; see
Harold R, ‘mart, The Lozsioc of “alences, pp. 98=-09,
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of departure, 2nd launch ocut {nto new combinations of mumbers, and lesding
me, perhape, to now axioms and prinoiples.

Viewing mathematics, then, as sn shatreetive science within the wider
and richer domain of speculative soience snd $he logic of science, its uni-
ty sad quantitative charmctor appears more plausible. For, in this soncap-
tion, the methemstician is not viewed as im oz idealist fmshion, as marely
contemplating quantitative aubstance and eut off £xmz the richness of hss
previous pre-s¢immtific and acientifiec experience, and yet his inventive-
ness and creativensss 1s sufficiently acoounted for; neither is the matbheme-
tician viewed as in an empiricist snalysis, as rooted $0 nature and limited
by the sensations whioh are chennelled into his sensory powars, where Shey
may leave same limited impresaions. In the view afford by she metaphysie-
eian, the mature of mathemmtical abstmaction and its relation to metaphy~
sics, to logic, to psychology, to history and to pre~scientific experience,
as well as its appliocadility to the soiences, are soen to releted parts-of
the cemplex, yst true and sdequate detarmination of mathamatics. ¥hils the
assange of mathamatios is its fresdom, it cen only purchase this Sreedom
and moke limitless progress By recogaizing the speculative bounds and limi-
tations inherent in its vory nature. Though it has been said that Cod made
the maturel numboers and nan made the rest, it 1s more correct, metuphysiosal-
ly and mathematioally, to say that God mede the muthemsticlian end the uni-
varss, end ths mathematician hes abstrectively an inventively construed

the nathematica of the divinely fashinned universe.
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Chapter XI. (onslusion

It hms bean well snid thmt in the consideration of truth, men look
upon it in various ways beoguss of custom and training (1). The philoso-
phizing mathomaticinn, for exnmple, socustamed ¢n the frecdon of m:thema-
tical remsoning and to the spparent rigor in which muthemmtics can be pre-
sented, d0es not genorvally look with speculative sympathy at the afforta
of the solencu—:r total nb:tncﬂon,@at motaphysical demonstrations,
.‘unila;ly. philooopl;;;a.;m philosophizing ao;;;:; in she rirst abstrae~
tive level of solience, fresquently regard tho precision of mure mathemmtics
as exnggcrated or as deing samewhat too refined %0 be Oof practical use,
Come men, looking upon mathematios, ses it rR3 & logicel or aenthotic art,
while others viow it as the work of man the mnkor and practicioner., It is
likewiss ¢true, howev:. rr, that 2 diversity of speculative sclencss requires
that truth and certitude be 20uizht in proportion to $he things about whiel
each soience is concerned.

¥ith regerd to the nature of mathemmtion)l abetrection, diverse attitudes,
sterming from an artistio, logical, shbsolutist, physical or prectical bdent
of mind, have, throughout history, msde of mothemetics an aesthotic art, a
sheer lo-ic, ¢ ereative knowledge, a physioal science and & asystem of com-
putation and mecsumtion., Theso positions on the nature of mmthematics ean
be partly mccountad for, it is trge, by paycholegical reesons. However, the
very nzture of nathematiocel cdstrsation, deeslinc as it does wit' sbhstrect,
quantified substanoe, and bearing sich close speculative ansloriss to meta~

physios, to logis, to physics an? to extru-mental reality, soems to be such

(1) Arietotle, Yotaphysios, 994‘ 30-995% 20,
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63 $0 lend itself readily o arroneous positiona and half-trutha.

A tirst type of confuaion to which mathamntics has readily lont it~
self, is one whiol tends to 1dsatify tho very nature of mothesetios with
the nature of other soiences. Already in the infancy of mathematica, Greek
philosophical congeptions of mathemtics imoludod thy views thot msthezm-~
tioal oonception was synonymous vith physiocnl or metaphysiocal, that mnthemm-
tical aoncontion revemloed tho very nuture of the universs, thnt mathemnticsal
naturos exercised & spraretely ronl axistonce, and oven tho soeptical view
thnt rethomnticsl abstreation was & falsification of reality from which ethe
ionl abstention was urged as a forz of virtue.

A second kind of confusion on the nature of mathematiocal abstrection
stans from o lack of distinguishing tho question of its naturs from ite
uethodzlogioal proosdure, '‘athemetical natures are somowhat alike end some-
what diffarent from metsphysiocal, loglonl, dialectical, and mersly possibls
natures, ant these various types of congeptions nay bs confused due to the
sirilarity of the sglentifis or dinlecticel remsoning prooess oxployed. Dese
oartes himself, forgetting thet mathormties was mainly concorned with fommal
caunsdlity nnd that other szoinrncos usod matarial, finnl and officient causs-~
11ty decause tho nature of theso cciencos demmndod such causel troatment,
viswod the invantiosn of aonalyticul geametry 83 o prophetic and introductory
gasture to employing the samc method of formal rethemntioal deduotion in el)
the saiences. The Cartesian habit of nind becams o speculetive fault that
tainted consequent methemiical apeculetion; Doscortes® followers did not
proderly distinsuish notheretiocal fras physical and metpphyeiom) sciencs, and

soemad unable to rid themselvas of thir inherited, mpriorintic dent of mind.



The partisl truth which each of these historioal positions on the
nature of mathematicnl abstrection portrays and their insdequacy in yiel-
ding » complete explanation and & true judgasnt on the naturs of mathema-
tics, oan only be ascerhained whan matheuutics s viewed within the total
pattern of spsculative soience and human knowledge. The contomporery
schools of legicism, fomalien and intuitionism have defaulted in their
consideration of the nature of mnthematiocs espesially bdecsuss their views
derive fron idealistic, empiriciss or logioist philosophiosl ancestry.
Further, since they genarnlly consider speculaticns in mathemntics as be-
ing non-netcphysicsl anid pursly mathemmtical questions or questions of lo-
gic, mOst contemporary views are timged with muthamaticiam,

¥ithin the total view of hunen kaowledge, the proper mekaup of math-
ematiocal abatraction 18 sesn to isvolve 1) an extmementnl foundation for
mnthemntics and {ts aonsequont oonnectedness to the precognitions of pre-
scientific knowledge ~~ a truth which is partially drought out dy intui-
tionism; 2) the mental movement of seisntific edstrection, snd the mcoom J\\{
panying distinotion of mathematicel abastraction fram the ebastrection propox/'\.
to the philosophy and the solences of mature -- a tiuth largely neglected )
in current spesulations; 3) the intimate oonnection end, ut the seme time,
distinction of mathemmtisal abstraction from the reflectivity and symbo-
1iam of loriznl abstreotion -« a truth over-emphasized by logicism and
formaliam; 4) the close relatedness of mathematical abastrection o &)l

hman forms of endeevor in bhoth prectical and speculative sciencs,
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