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An inestimable amount of specialization and ael f -orl t lo ian character­

i s e s current mathematical research. Zn the f i e ld of mathematics proper, 

s great number of mathematical books and pariodioala are being issued, con­

taining countless now theorems, restatements and new, original solutions 

of old problems, and new methods of proof. I t has been said that though 

the delegates to mathematical congresses may be quite competent mathemati­

cians themselves, they cannot possibly oomprehend a l l the over-specialized 

topics presented (1) . According to the historian Oahorl, i f the history 

of mathematics In the nineteenth century alone were written with some de­

t a i l , fourteen or f i f teen large volumes would be required ( s ) . The same s i ­

tuation obtains In the l i terature, and at the congresses dealing with ap­

plied mathematics. iSVen the non-mathematlolen fee l s the impact of mathema­

t i c s on general culture through tha Increasing number of books end art lo les 

endeavoring to present mathematica In a simplified and popularized form. 

Contemporary research in mathematics I t se l f la nearly rivalled by an 

equsl productivity in philosophical inquiries on mathematics. Questions 

of mathematical method and symbolism are being examined under the t i t l e of 

Symbolic Logic, while other investigations are concerned with the founda­

tions of mathematlea, with theories on numbor, functions and atrueture. 

Humorous philosophical dlsoursions deal with tha applicabil i ty of mathema­

t i c s to physios, to chemistry and biology, and to psychological and econo­

mic s i tuations, The more extended problems covering the speculative re la­

tions of mathematlea to log io , psychology and philosophy in general — part 

(1) B. T. B e l l , The ;,ucon of the faiences, Baltimorei ftilllams & wiikts. 
company, 1991, p. 12; a similar remark can be found in George Barton, The 
Study of the Hjstfof'of Mathematics, Harvard: Harvard University Prasa, 1996 
f. 19. 

(8) riorian taOori, "Flans for a Blotbry of ifcthematlos in the Kl&etee 
Century," Solenoe. n . s . , 48 (1918), p. 8wo. 
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of a growing philosophy of solonce — nro boinp invoatLmted by a growing 

number of thinkers. 

The specific problem which In herein conoolvod no boTn • ^oruiotont end 

basic to muoh — Indeed, i f not n i l — of tho ourront -Uscuaslono aonoernlnf 

the philosophy of mnthemntlcs la tho nature of muthenr-ti .? 1 abstraction. I t 

la with th i s question that tho present inquiry Is ooncwrnad no attempting to 

disc loss the dootrlnnl pertinence and speculative villus of mnthomntleal ab­

straction for current philosophical thoorien on tho iuituro of ra«thor* t l o a . 

A study of this kind natumllyknvokoa mnny Tainted pr^l*wao, as on nnnlysls 

of i t s historical antecedentn, i to relation to experience. I t s difference 

from other Qbstra6tlv« processes, and l to portinenco to oontompornry exten­

sions of mathenmtins* 

These c lose ly related themes hava provoked the followin/r order of consd 

deration. An introductory pert of one chapter nlns to c larify the problem 

by distinguishing «nd speculatively ordering th«» various possible views that 

can be held on mnthoEmtlcnl thought. The noxt part ooneidors some seleoted 

hiatorleal posit ions, and the lost pert contains the discussion of mathema­

t i c a l abstraction. 

My thanks are due primarily to tho Society of tho i>"oJous iilood to 

which I owe a cherished ftebt of grotltudi. I t was through i t s agoncy thnt I 

was given the opportunity to study on^ thct I > RB .?ir>otod into tho philoso­

phical aspects of mathematics and science. The Influence of tho ! opt Rev. 

Joseph M. Marling, O.PP.fi., Ph.T>., Auxiliary Mohop of Kanoaa i l t y . Or. Ru-

dolf Allars of Oeorgetown University and Dr. Tfeymond I . ' i lder of tho Unlvei 

wity of Michigan — a l l of them my teachers In the pnot — i s gratefully sck 

nowledged. The direction end kindness of the Rev. Henri Oretton, O.V.I., 

Ph. 1 . , ~.T.L.» of the University of Ottawa, ^ov. Ttoneo Trudel, O.H.I., Ph.I 

S .T .I . , J . \ B . , Dean of the Faculty of Philosophy of tho University of Otta­

wa, and T*# Thomas nreenwood of the TTnivoroities of Ottm/a and ontroal, find 

of their colleagues at the University of Ottnwu,wor--. inavluablu. 
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Chapter 1. The ^oblom of Mathematical Abstraction 

A fundamental confusion of terrinolory charaoterltea the literature 

bearing on tne phllosophioal aspects of mathematics. Itethematioal IAR1O# 

Mathematical rhilosophy. Philosophical Jeathemtioe ani Matamathematios are 

but a few of the expressions currently -jsed tc i^sipnate the oognate as-

reots of mthematlos and philoeor>hy. TMs verbal Usorder is but symto-

matio of more basic disputes. A variety of opinionated attitudes Is 

common todayt mathematics is equated to logic and to all exact thought\ 

the perfection of embhematloal abstraction has supplanted and superseded 

netaphyaiosf the universe of mathematical discourse offers a unique though 

tentative view of tho world of nature (1). 

various festers are responsible for these disparate views. Mathema­

tics presently occupies a position of envious importance (2). Exaggerated 

opinions of its nature are readily occasioned by its strong influence on 

speculative and cultural thonght and its numberless praotloal applications. 

Secondly, the philosophies! bnolr̂ round of our times and present Philosophical 

trends are notorious for an excessive regard for mathematics and science, 

and a correlate distaste for metaphysics, ethios and theology. Mathsmmtl-

eiaas and scientists have phllosophiied in this antimotaphysieml atmosphere 

(1) A reoent summary and survey of mathematical reaearoh and philoso­
phical speculation en mathematics can be found In Louis r. Kattsoff, A 
rnilooophy of JBrthematles, Amest Iowa State College rt,ae, 1946. Kat£» 
soff*• gook, to wt.ioh frequent refereaee will be made, supplants an earlier, 
similar survey by ita Bleak* Tho Kature of Mathematics, London t Regan Paul, 
1988* For the contamriorary situation regarding the philosophy of methema* 
tios see CDsaBtsr VII. below* 

(2) It is well known that matheaatles, so successfully applied to phy* 
sles, chemistry smd the soienees of non-living matter is gradually being in* 
trodmoed into biology^ psychology and the solenoes concerned with life* for 
a broad, popularised smd somewhat exaggerated surrey of the significance 0f 
mathematics for other sciences, see Hoilis R# Cooloy, David Onus, Korrls EUa 
sad Howard *• ffahlert. Introduction to Mathematical A survey emphasising tmth 
matloal Ideas and theirlfelations to other Fields of" Inowledse, flow' Vorfci — 
Hourhtom Mifflin Company, 19^7, Chapter 2T't pp. 583-617. 
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sines the days of the Carteeiane (3). Thirdly, most philosophers are neglect­

ful of nathemmtlcal doctrine. The difficulties inherent in its abstractive pre 

cess tr.l symbolism, the lack of time, interest or mathematical talent, and '.he 

oonfort of relaxing in rhe view of one's own philosophical position are ' urtial 

reasons for this dearth of philosophical response. Fourthly, the raathcr * tic Ian 

as a rule untutored in philosophy, scrutinise the universe from the view of :mt 

matioal abstraction alone (4). Neglectful of metaphysical in- lioatione, "any n 

thorns tioians make indiaoriminate reneralisations, as mthematlos is "-\e sub joe 

in whloh we never know -what we are talking about, nor whether what we are savin 

la true" (5)f or, "Prom the Intrlnslo evidence of his oreation, the Great Archi 

toot of the Universe now begins to appear as a pure mathematician" (6). 

The general disregard for the dootrlne of philosophical abstraction has oo 

tributed to and emphasised this want of speculative aooord (7). The clarifioa-

tione whloh it embodies regarding the nature of science and the distinction and 

(8) F.-J. Thonnard, freels d'hlstoiro do la phlloeophlo, nouvelle edition 
rwvue et oorrigee, Toumali Resoles A Cie, 194$, pp.~ 446-46^7 or see Charles 
Sinser, A Short History of Selenoe to the nineteenth Century, Oxfordj The Cla­
rendon Teas, 1941, "The Insurgent Century," pp. 188-247. A thorough study of 
the origins of modern science is contained in Fdwin Arthur nurtt, Thft Sfctaphyal 
oal Foundations of ftodmrn Physloal Science, Sew Torkt Karcourt, 3raoe and Com­
pany, 1932, Chapter I, "IntroTuot'lon,'' pp. 1-22 and pass lag an.i In Itienne Gil-
•on* The '̂ mity of ^hilosophiosl Fxperlenoe, T onion» Sheed and "iard, 1938, Part 
One, "the Mediaeval kxperlEasnt,w pp.H5-l2*2, 

(4) Jaoques Marl tain. The Agrees of Knowledge, London i The Centenary 
^r#ss, 1937, pp. 5&-6S. 

(5) Dertrand Russell, "Recent Work on the Principles of Mathematlos,n In­
ternational Monthly, 4(1901), p. 64. 

(6) Sir James Jeans, The Mysterious Universe^ new revised edition, Hew 
Torkt Tho Maoaillan Cospaay, 1942, p. lee* ~ 

(7) Through tho influential thought of Lelbnis and Kant, tho word "abstrs 
tlom" has suffered a falsification of its original meaning. It frequently re­
fers. In the contemporary view, to a qualitative state or pose of the mind whic 
lacks an extra-mental counterpart. For a uss of tho term in this falsified sex 
sos Sir James Jeans, Ibid., Chapter T, "Into the Oeap Waters," pp. 137-186, or 
Oeorge .'». Mrkhoff, "anthemetios t Quantity and Order," in Science for a how ttor 
edited by J. 0. Orowther, Vow Torkt Harper A Brothers, 1934, pp. 30e-309. The 
word is used in this essay to designate M>at aotlon of the mind whloh speclfloi 
speculative selenoe, end will be explained below in Chapter 711I. 
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interrelation of sciences, are, however, rnr̂ JanentaJ, in solving » revalent 

mathematical disputes. If a mathematician lj»nores or neglects tha lie-

tlnotlons of logical, riotaphysioal, scientific and philosophical abstrac­

tion In his reflections on the universe, strange oonsequenoes result. The 

metanhysioal teaching ot. the analog of being^' the distinction of substance / 

quantity and quality, natter and spirit, lose (heir significance. Tojric, 

Penology and "syohology are credited with scientific status only to the 

extent that they are amenable to inathematioal treatment, while the vast 

realm of '-robable and inv.crfVc'-.l; scientific knowledge together with the 

o, lr.ions and knowledge of ^he oriinary -»erson, aro r«i>uted as erroneous 

and unenlightened (ft). That auoh is the present situation for many ma-

thematician-philosophers is a generally accepted proposition. 

In jrdvr to distinguish the point of view whloh is adopted through­

out this essay, it Is necessary to classify these Ivorfont views, illus­

trate hen, and adoit a definite and consistent terminology. Adopting 

abstraction itself as a basic for division, '.l c possible views on mathe-

amtlos fall under five broad categories ranging from a pre-soientiflc 

attitude towards mathematics to the extreme of identifying mathematical 

(8) This neglect of the ">re~eeientlflo and other legitimate views be­
sides that offered by mathematics «jii science is soundly criticised in foully 
Meyerson's Identity and Hoallty (Authorised translation by Kate Lewwenberf, 
London, itoorge Allen and Wnwin, K-30), pegs la; see especially Chapter 11, 
"Common Sense," pp. 964-368. For a similar' criticism see Loon Chwiatek, 
The Limits of Science i Outline of the ifrthodology -A' the Exeat ScSoncos 
(translation by Selen Charlotte Brodie and Arthur r. Colemac, ' IntroJuotin 
oud Appendix by Helen Charlotte irodie, New Yorkt Harcourt, 3race and '7̂rn-
pany, 1946), Chapter I, "Introduction;" pj» 1-2S and Chapter II, "The 
Unite of Sound Season," pp. 24-02. In gtudea a.r le ole do la ransae 
medievale dans la formation du systems cartes ion X^euxleme par tie Jos F̂.t -
dot do '; hilosophle aedievale/"" Revus et eonsiderabloment augmenteo, ^arisi 
J. Vrin 1930), Stienne uilson points out how >eeoartes* mathematioism eli­
minated other scientific speoulationi see Deuxieme ^artie, ">esoartes et 
la mstaphysique medievale," Chapltre I, pp. 141-100. 
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and notnphysloel abstraction and thus equating all selenoe to mathematlos. 

The first is the non-abstractive or .re-soientifio, which inoludes number-

mysticism, the ordinary person's aoqualntanoe with mathematics, tho experi­

mental view, and theories which do not credit mathematlos wUh achieving 

scientific abstraction. The second is tho abstractive view of the sciences 

and of tho Philosophy of nature which includes the historical view and that 

of applied nathenatlos. The third category Is the abstraction proper to the 

soienoo of mathematics. The fourth is the abstraotive view if logic as iis-

tlnot from mathomatioa (9). The fifth It the abstraction of jsetaphysies, 

more commonly called "critical" today (10). The attempt to place both 

legitimate and erroneous positions on mathematlos within eaoh of these 

classes, moots with e partial overlapping and clash among these divisions, 

especially in tho relation of any class to that of metaphysical abstraction. 

This is attributable, though, not to the inadequacy of the divisions but to 

the unity of human selenoe and knowledge and to tho fact that the mind seeks 

synthesis and truth (11). Moreover, much of the concomitant confusion and 

many of the errors are direotly attributable to tho oaprieiousness of a given 

thinker and to his predisposition, from his mathematical viewpoint, towards 

hasty and unwarranted generalisations. For sxsnple, one historian may merely 

(9) This is In contrast to tho tenets of logiolsn, a current theory 
maintaining the identity of logio and mathematics. For a summary of this 
position, see Louis c, Kattsoff, op. cit., ppm 93-118. 

(10) Ibid., pp. 1-T. KattsofT views "metaphysics" or philosophy as 
having merely a oritieal function, which is but a modern restatement of 
Kant's transcendental eritloism. 

(11) Erwin tohroeeinger, Hhst la Life?. Hew Torkt The Macmillan Com­
pany, 1948, Profane, pp. vii-viii. Sohroedinger points out the mind's 
desire for synthesis and unity. This tendeney towards unification is also 
brought out strongly in Pierre kousselot. The Intollontuallan of Saint 
Thomas, Translated witm a foreword by James F. O'Uahony, London» Sheed 
a m n W d , X9M, Chapter V, "Third Substitute for tho Pure Ideat Systems 
and Symbols," pp. 147-198. 
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catalogue dates, names and nathomatioel facts, considering this to bo his 

proper function (12). Another may exhibit a delightful blend of huncniesa 

(13), or a curious soeio-biQloplcal attitude to the historical development 

of mathematlos and the influences which played upon its growth (14). 

A brief consideration and elroldution of these five groups of attitu­

des towards mathonmtios is essential both to delimit the scope of r.his es­

say and to disclose tho significant position occupied by tho dootrlne of 

mathematical abstraction. Essentially it is our intention merely to ex­

plicate mathematical abstraction itself, a speculative determination whloh 

is proper to the metaphysician. Even though it is the nathemaclolan who 

"abstracts" in the science of mathematics, it is readily granted that the 

mathematician who initiates a self-conscious analysis of his mathematical 

operations is abstracting anew — abstracting on mathematical abstraction — 

and has entered the abstractive process of metaphysics. If such abstrac­

tion is performed without deliberate intent and eonssious realisation, me­

taphysical and mathematical abstraction are identified, and disaster to 

(12) This is the general method adopted by historians of mathonmtios. 
As an example, see Fiorina Cajorl, A History of Mathematics, second edition. 
Hew "Torkt Tho ttaomillan Company, 1&3RC 

(18) The reference is to doorgo Sarton who is largely responsible for 
the emphasis on studying the history of soienoe and mathematlos in the United 
States. Sarton is somewhat imbued with the positivism of Auguste ^omte. 
For his humanist view, see, especially his The Historyof"cienoo and the 
gem Bnmanlsav Cambridget Harvard University Press, 1936\ ThaTTtady "o"frtho 
^1 story;J Soienoe, Cambridge i Harvard University Press, l'SSftS. His menu-
sental work inspired >y tho Coiafcian notion of history is tho Introduction 
to the !ttstory and kbtf.od of 'loieaoe, three volumes in five, 3oltimor«r~" 
^liiams ani %lkins Joznwny* 1»2M5*«. 

(14) F. T. Bell, The De/relopiaont of Acthomatlos, Kow Yorkt Uoiferasr Bill, 
1 S*°* P***^** Sell's atyla and roaarkt are "indicative of a frame of mind 
frequently found in tho specialist who subjects the march of history to tho 
limited scope of his selenoe. The effects of such treatment, naturally dis­
astrous es they are. Increase for a mathematician aooustonod AS he it to eer-
titude end deducibility, and frequently lacking, as he io*s, tho care for do-
tall and tho insight into partieulars and tho complicated situations of his­
tory whloh characterise the good historian. 
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speculative truth is an inevitable oonsoquenoe (15). This is but the in­

ceptive stage of a current frame of mind, eventually begetting a Mental 

ilstaste for other soientifle abstraction and a cavalier treatojent of the 

speculations of other sclenoes. 

I. The »re-3cientlfio View. 

The four groups included under a non-abstractive acquaintance with 

mathematics, comprising number mysticism, the view of the ordinary nan, 

the experimental view and theories not crediting nathematioa with the 

perfection of science, are alike in being non-scientifio. Consequently, 

for this view, mathematical knowledge is rerely probable and opinionative. 

The pre-scientlfie statements and propositions which are held by people 

in the pre-soientific view, have not attained ho perfection of science, 

oannot be supported by proofs and reasons, and lack the characteristics 

of oertainty, necessity and universality proper to soientifle knowledge. 

From the abundant evidence of astrology and number mysticism it is 

easily seen that a quite fabulous and mystical — really, a non-rational — 

view of mathematics has frequently oocurred in history (13). The notion 

of number >r form was intriguing even in the early history of thought. 

Strange powers and divine influences were attributed to number of form 

either under the guise of some religious rite or mystioal philosophy. 

(18) "There, at any rate, lies the deepest root of the Cartesian 
philosophy. If anything can bo truly said to express its innermost spirit, 
it is what X venture to call "Mathematician," for tfosoartea* philosophy was 
nothing else then n rasMeesly conducted experiment to see what becomes of 
human knowledge when moulded into conformity with the pattern of •« theme-
tied evidence." Btienne Oileon, OJJ, elt#, p. 188. This original error 
of Descartes has not as yet been repudiated by many contemporaries. 

(18) See for ennmple, the study of Viaoent Foster hopper, Mediaeval 
s\asbcr Symbolism, Hew Yorkt Columbia University Press, 1938, or Lynn Thorn-
dike, History of Bogie and Experimental Selenoe, six volumes. Wow Yorkt 
Columbia i'nlrersity Press, 1923-1928. 
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This Interpretation of mathematical entities derives from the vagaries of 

an uncontrolled or excessive uso ?f the Imagination. At a consequence, 

even though thlt attitude has occurred frequently in tho history of thought, 

exerted mush influence end even exists today, it tan hardly '>e olaased as 

rational and will not oonoorn us h^rmt 

The nre-eoiemtifle eequnintanoe and use of mathematlos by the ordinary 

person, einee it is but imperfeotly soientifle, likewise belongs here. This 

view, however, is legitimate, even though it is confused and embraoes many 

lnaeeureeles. For it Is preoieely this elass of people who attend school, 

and won we attempt to lift up, by our teaching, to the level of mathema-

tienl abstraction. Ordinary aeqeminteneeshlp with the universe lnoludes, 

as a rule, seme imperfeotly mathematical notions\ on the strength of these 

notions teaohert of mathematics attempt to induce tho soientifle considera­

tion of mathematical entitles in the imaginations and minds of their pupils, 

thus aotualislng in them the solence of mathematics. How thlt can be done 

Kost expertly and properly, of course, implicates a knowledge of what mathe­

matical abstraction isi as, of oourse, a philosophy of teaching (17). 

In the experimental approach to mathematics, as investigation is rede 

of the process through which a child or person learns to count or learnt 

about figures. From these experiments, whloh often furnish illuminating 

and helpful results, one oan Infer tentative theories on the psychological 

origins of mathematics. 8ueh theories are useful in formulating beneficial 

(17) In Mathematics» Teachers Views on Certain Issues in the Tenoning 
of mthemntlos (Now Torkt Colnmbja Teaohert College^ 1941), Howard Homer 
givet the results of a survey ©oneerned with philosophical aspects of the 
teaching of mathematios. See else max Blaok, "The Relevance of Mathema­
tical Philosophy to the Teaching of Mathematics," The fcSafc^ematical Qasette, 
22(198?), pp. 149-168. 
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methods of teaching and shed some light on speculations concerning the 

foundations jf mathematlos (18). >Jite of necessity, however, tno in-

vestirator has some principle of hypothesis in mind whose veraoity ho 

wishes to establish, and frequently the reeulte of such experimentation 

are colored and interpreted from this psyshologioal or metephyeioal point 

of view (19). 

As an example of theories not crediting mathematics with being a 

speculative science, tho materialistic view of Thomas hobbee readily 

comes to mind (20). Granting universality only to the names of things, 

he had a radically empiricist view of all soienoe, regarding mathematics 

as a frustrated idealisation of sense impressions, and iaujilng the abili­

ty of human nature to consider lines or surfsees as being devoid of breadth 

or thickness. This view of mathematics, though rare, was adopted in a 

milder form by the British empiricists, Locke, Hume and John Stuart Mill. 

II. The Sclenoes and the philosophy of nature. 

historical treatment of mathenatlss and the sciences whloh use 

mathematlos eemorlse this aeoond group. It is characteristio of the multi­

ple sclenoes in this latter class — physios, chemistry, biology, socio­

logy and others — merely to a*piy mathematical prlnolples or conoluslons 

(18) Louis 0. Kattioff, op. oit.. Chapter 13, "fcannoury's Signlfle 
Point of View," pp. 196-208. 

(19) Arthur Fisher Bentley, linguittlo Analysis of Hathomatlos, 
Bloemingtomt Principle Press, 193k, passim. 

(20) Carl 3. Boyer, The Contests of the Calculus, Hew Torkt Colum­
bia University -rets, 193*, pp. IH'AU, 
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to their own subject matter (21). They do not, at a rulo, question itt 

validity or itt method. The interaction between these sclenoes and ma» 

thcmatiea in the course of their development it significant (22). New 

problems frequently arise in the soionooa, requiring mathemntioal treat­

ment and thus stimulating mathematical discoveries. Similarly, mathe-

matioal inventions are suggestive of new theories in soienoe predictive 

of new fields of research. 

The hietorlnn of mathematlos is conosrned, first, with narrating 

the oeeurrenoe of mathematical facts. By investigating human reoords, 

historians look for the answers to tho question. What contributions hare 

been made to mathematicsT The problems of when, where and by whom sueh 

items were invented and discovered and what these Items are, lifes in 

thlt domain, rroporly speaking, the historian of xsathamatioe should 

know what mathematlos is in order to be able to classify the contribu­

tions. 

Frequently a philosophical interpretation of these facts Is ooupled 

with the historical work (23). In investigating the enrly reoords of man. 

(21) In the metaphysical view, these sclenoes are said to bo subalter-
nated to mathematics. Subaltercetion can be based on the principles, end 
or object. 8ee Jaequos Marltain, og. olt.. Chapter I, "Philosophy and Kx-
perincntal Selenoe," np. 27-88, or see viaoent fdward Smith, The Philoso­
phical fra>*iert of Phytlotf Washingtont Catholic university of Amerloa 
Press, 1947, Chaptert II and III, pp. 22-66, or Bernard Mullahy, "Subel-
terrtttion and Mathenatieal Phyalot," Laval Thoologlquo et Philotophiquo, 
2(1848), pp. 68-107. 

(88) Sir William Cecil Oanpier, A History of Soienoe and its Rela­
tions with Philosophy ft Religion, third edition, revised and enlarged. Hew 
Torkt The Maenillan Company, 1848. Oetpite occasional lnaoouraeiet, Sampler 
well Illustrates this interaction between selenoe and mathematlos} see 
Chapter IT, "The Bewtonian Xpoeh," pp. 180-216. 

(28) For a brief comparison of history and the philosophy of history, 
see Gilbert J. Gerraghan, A Quido to Historical Method, edited by Jean 
Wangles, Bow Yorkt Pordham tfniversTty Press, l'#46. CWpter 16, So. 8, "The 
Philosophy of History," pp. 387-360. On pages 370-371 Oarraghan points out 
the error of hlstorlspMS whloh would, from a - osltiviatio bias, limit the 
historian to a mere reoordlng of facts. 
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for example, the historian may approach these reoords with an evolutionit-

tie or pragnatlo attitude of nind, thus modifying his presentation and in­

terpretation of these foots. This attitude Is Indicative of the gradual 

rolntreduotian of tho historian as one who looks for the meaning in stay 

history and considers tho laws of historical growth. Recent hlstorlee 

of mathematics point in this direction (24). Some historians, however, 

betray the fallacy of comparison Judgment in which the perfections of 

our are or some historloal period are taken as a standard or measure of 

the greatness or the value of previout or future historical events (28). 

Hlatorleo-philotophieel accounts of mathematlos present the follow­

ing problemt has mathematlos change* its nature as a selenoe as It grew 

in content and aethodology throughout history? If it is maintained that 

sueh an essential change la possible (for example, that it is now seen that 

mathematics and logle are identieal (2(5)), then a true soienoe ->f mathe­

matlos or a philosophy ot mathematlos never really exists or is possible. 

The soienoe of mathematiea would constantly be fluctuating net only In 

method, but In its Tory nature. One would never know, In any historical 

period, whether we had ever arrived et the degree of abstraction proper to 

•nthematiet, nor whether any contributions were properly scientific. There 

would be no reason in cenoerning oneself with the nature ef the problems 

(24) This is true especially of the workt of George Sarton who inclines, 
however to a Gentian interpretation of seiencei of, footnote 13, above, 

(88) Thlt seems to be one of the faults ofT. T. Boll's The Qovolop-
ment of Mathematloti tee footnote 14, above, 

(So1) "The foot that all Khthenetios is Symbolic Logle is one of the 
greatest discoveries of our agOf and when thia fact hat been established, 
the remainder of the prinoiplos of mathematlos oonsiats in the nnnlytit of 
Symbolic Login itself." Sertrand Kussell, The Prinolplet of mathematics. 
now Yorkt W. W. Korton ft Company, 2nd edition, 1837. 
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of a eei<*nee which mover attalna proper existence. A strictly evolutionis-

tlo view of mathematlos or of selenoe is a ooatradiotlen (27). 

On tho other hand, it is possible to Maintain that though tho intrin­

sic nature of mathematlos dees not change, the abstractive process of the 

mathematician can booono more Creoles arl 1̂ -ss dependent, for example, on 

imaginetive intuitions or constructions. In this oaso, the historian would 

show the birth of mathematics as an lnaCpendont solonoe, complete ifcf it­

self in the sense that it would have the necessary abstraction and perfec­

tion to be recognised as mathematics, yet have the possibilities of fur­

ther development end of n more abstractive treatment within tho limits of 

mathematical abstraction itself. It le maintained here that Mathematics 

does not alter its nature so fundamentally as to become unrecognisable at 

such as to destroy mathematical continuity. The type of abstraction pro­

ber to mathematlos was bom and had achieved a recognisable eon tent and 

method already by the time of Kuolid (28). By their separation and dis­

tinction of number mystleism or allied eentributlont from mathematics. 

(87) Louis 0. Kattaoff, SA, ql$., Chapter Twelve, "OJdel's Theorem 
and Formal Systems," pp. 182-198. Kattsoff writes about CoMel's famous 
theorem and its relation to formal systems t "If, as it agreed, the formal 
systems oan be used to systematise fields of knowledge, and if :;he G8del 
theorem applies to such amplications, it would mean that no field of 
knowledge »o systematised can ever be complete. At any state there will 
always be questions formulable In the system that need a wider system 
Tor their solution. Since it is the contention of the author of this book 
t:.at logio and mathematlea do tell us something about reality, the GSdcl 
theorem tells us that there oan never be a complete and final theory of 
reality, i.e., metaphysicc, Thlt does not lead to *ystioicm, but to an 
evolutionary scheme of reality." p->. 194-196. 

(28) "...If we should study any subjoot properly, we must study it 
as something that la alive and growing and oonsider it with reference to 
its origins and Its evolution in the past. In the case of mathematlos, 
it Is tho Greek contribution which it is r»st ossential to know, for it 
was tho Greokt who firet made anthematlea a salence." Cir Thomas L, Heath, 
A Manual of Orcok yattiemntloa, Oxfordt The Clarendon Press, 1S31, p. 1. 
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historlanSof mathematlos indicate their belief in the recognisable oontent 

of mathematios. Further discoveries after Euolid — new methods and new 

problems, applications to other sciences and practical affairs — are but 

a natural growth and derived expansion of the fundamental abstraotions 

achieved by the Greeks. What increases is our understanding and use of 

mathematical abstraction through the introduction, for example, of new 

methods, various systems of geometry and algebra. 

The applications of mathematios to problems of chemistry, physios, 

biology and economics, are made by men who fall into the class of applied 

mathematicians. This application of the principles of mathematics to the 

objects of scientific abstraction was adumbrated by the early Pythagoreans} 

and, of course, the efforts of Archimedes in this direction are justly 

famous. The essential element in this process is the coordination and sub­

ordination of tho manifold and mutable in nature under the unity and prin­

ciples of mathematical abstraction. The history of mathematics memorialises 

the terrific struggle that thinkers faced in gradually establishing the re­

levance of a quantitative study of nature. For example, the many attempts 

to find a procedure for studying motion and change were finally rewarded 

with the algorithm of the caloulus, clarifying, at the same time, the oon-
, ̂  51*»£ it*** 

oepts of mathematical with the notions of number, function and the limit 
A 

process (29). 

Mathematics is being applied with increasing suocess to three groups 

of soienoe. In the sciences oonoerned with non-living matter, astronomy, 

physios, chemistry, geology and crystallography, its use has been most 

(29) An interesting account of this century-old struggle is given in 
Carl B. Beyer's The Concepts of the Calculus cited above. 
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ttriking end auoceaaful. The applieation of mathemmtleel }>rinciplet tc 

the seleneec oenoemed with living matter it wi three types i nethena-

tios it applied to biology t»A related suhjsets (80)» to psychology (31 )j 

and, in ttatittieal npplieatlons, an analytlo attempt is mads to pleoe 

the predietnble relntednest between oontingent things in oerrespondenoe 

to the interrclntedncss of nmtheantioel emtitlea (32 y. Tho nmthemmtius 

of probability involved in statistios i U ^ « i to measure the fluctua­

tion, notion and change eeaoeleted with the world of non-living and 

living nature. 

Examples of philosephioel speculation by all types of applied mathe-

matioicnt are nuneroue, Conaidering only those who deal with astronomy 

and physios, the names tf kinstein, *eant, whitehead, KeMington and Sohroe-

dinger readily surest thentelves. Mentally overfanilierlted In viewing 

nature through the abstraction of nalhec.&tiot or phytiet (end, possibly, 

never having really aoitloved the abstraction of metaphysics), these men 

readily adopt a reductionist attitude to reality, una thinker, viewing 

an ordinary desk with his scientific mental eye, proclaims chat 

It is a host of ttmy electric oaargea darting hither end thither 
with Inconceivable velocity. Instead of being solid substance 
my desk is more like a swarm of gnats (88)* 

(80) W; a. Thompson, Selenoe and CojatenSettaet An Aristotelian Ex­
position, tew Yorkt Longmena Green and Co., 1937, pp. 111-124. See tjbfaa 
mere reeent ertlele on mathematios and biology by Thompson, "kkthenatique 
et biologic,* Laval IntQlo^ique et Philosophlque, 3(1947), ?.;.>, 77-88, 

(81) Joseph8 FrUbes, CompendlunTtycholoeinao Experimenualla. Romact 
Apmd AOdet yhivertitatit Sregorlanee, 1957, ̂ Introduetio, De fine et viit 
psychologies empirione," pp. 8-16. 

(32) Tinecnt Edward Smith, OP. olt,. pp. 42-88t or tee Hoilis ft* 
Cooley, et. al., op. olt.. pp. B^R-oWT For a popularlted anthematloal 
presentation tee Harold T. Davis, A Course in ftnersl Mathematics. Blooming-
ton t The irintipia Prett, 1938, Chapter Slv, "fhe '̂ inotiont of Sfcatittiot/ 
-,p. 237-254. 
.*. (33) Sir Arthur Fddingtoa, Bow Pathwnyt la Solonnc,. Hew Yorkt The 
smemillan Oompany, 1938, p. 1. 
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In ooneludlng n series of lectures on What it Llfef, Bohroedinger findt 

that although ny body functions as a pure mechanism aooerdlng to the laws 

of nature, I know that I direct it. Thlt directive "I" has led, he be* 

llevet, to tho notion of a plurality of sueh "I»t," to the Invention of 

soula and slnilar problent. The better alternative whloh he suggests, itt 

slaply to keep to the immediate experience that consoioutnets is a 
singular of which the plural it unknown} that there la only one 
thing and that, what teems to be a plurality, is meroTy a series 
of different aapeott of this one thing, produoed by a deception 
(the Indian she*)} the same illusion is produoed in a gallery of 
mirrors, and in tho same way Qauriaankar and lit. Tverast turned 
out to be the same peek seen from different valleys (34). 

Examples of aueh teientifle extravaganaas oan be called from the works 

of many lending astronomers, phyaioittt, biologlttt and tooiologlttt (56). 

The relation of the philoeophy of nature as the branches of cosmology 

and psychology to mathematios was an acute diagnostic problem for Plato, 

Aristotle, £*soartes. Lei amis and Kant. Today, however, outside of those 

who adhere to the unity of the philosophical tradition (86), ooamologlstt 

are few in number and most psychologists oonsider their work to be merely 

(84) Erwin bohroedinger, What la Llfef The Physical Aspect of the 
Living Cell, Sew Torkt The Haomillan Company, 1946, p. 90, 

(38) "Contrary to the view that psychology it hostile to religion we 
believe that if we are willing to modernise our conception of Cod we can 
employ the methods end results of biological psychology in defense of a 
view of the world whloh is essentielly religious. But the god when we 
hers propose to substitute for tho god of traditional theology may seem a 
strange god to many. And yet this god alone makes possible the only life 
we know off this god it the source of all tho energy on earth which sus­
tains man and hit Institutions. In brief, I wish to argue that god la 
light| And as light god oan do all those things whloh enls moat remarkable 
reality of modern physios oan accomplish." Oliver U Reiser, Philosophy 
and the OcnecptS of Modern 3oleneo, Hew Torkt The Maomillan Co., 1986, p, 194 

(38; A number of fine studied deal with the relations of the philosophy 
of neture to mathematlos, of which the following are representative t Jaeques 
tsarttnln, U Phllesophlo do la Maturet Pssal critique sur set frontleret et 
soil ebjet. Parist Pierre Tooul. Some edition, n.d,, sndH5y~the flame author, 
seience and wisdom. Row Torkt Charles Sortoner*e Sons, 1940, Ch, X, "Science 
and wisdom*" pp. 3-38 and Ch.II, "The Philoeophy of Mature, pp. 24-89, and 
ffiyPtgreot of Knowledge cited above % Tvet Simon, Provoir et savolr, Montreal t 
Kcxviomt do l'erbre, 1944» W. i?. Thompson, :'<ci«mee''an'd Common Sense, cited 
abovei Mward Tineent Smith, The Philotophloal Frontiers of Physics sited Above, 
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experimentel and s t a t i s t i c a l . This eurront dearth of a ^hiloaophloal 

approisel of nature dist inct from metaphysics is partially sxplloeble 

by tho huge success of the "mihematioal tmd physical sciences, end is 

a strong factor in explaining the nany philosophical reflect lone stem­

ming from sc i en t i s t s In biology, chemistry, physics ar>d nil led f ie lds 

of investigation. In th is relation of the se'enees tc tho philosophy 

of neture. In f ee t , there is e confusion of terminology end thought 

parallel to that covering the relation of philosophy end mathematlos. 

Though the vague designation "philosophy of soienoe," <e often used 

to cover payehelngleal, moral (pel't ieel and netephysieel remarks snd 

views, i t I s , properly specking, the function of <«etephyeloel solenee (37) . 

I I I . Logical Abstraction 

In the negative abstrsotlon of log io , one considers an object which 

is related to something in neture, »nd which does not exist es such In 

nature but only In *he mind. The objects of logleal oonslderstlon ere 

supplied, so to speak, by the reflective mind which <s oapable of sub­

jecting these l o g l e t l objects to s d l s l ee t l ca l process without neoesssri ly 

implicating * reference to an object 1n neture. The close connection and 

use of this type of she fraction find nentel d ia lect ics 1 preeeaa to that of 

mathemetlet i t readily teen. For the eoneeptt of mathometleol ebetreetlon, 

though they have an extra-nental reference of origin to objects in nature. 

(8?) An able presentation of the relevanee of metaphytlot es properly 
being the "philosophy of seioneo* oan bo found in any of the workt cited 
in the previout footnote. That twaj contemporary workt are sprinkled with 
morel psychological snd metaphysical allusions under *.he brood cover of 
"philosophy •>!* soienoe" i s evident in the works of Jocns, whitehead, rlanck, 
Kddlngton, Cassirer end others. 
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are considered by the mind es abstracted from these nature! objects . 

Many mat bene t;l elans, molding that mathematios end logics ere 

identical, frequently propose '.he added equation of a l l so ient i f le 

thinking to that of mathematics. Sertrand Kussell i s an outstanding 

contemporary example of this view whloh had previously been hold by 

Leibuls, o l f f , Peano, Frege and Boole (38) . MussoU's definit ion 

of mathematlot i s well knownt 

Pure mathematios la the c lass of a l l proposition of the form 
•p impliet q' where p end q are propositions oontoining one 
or mere variablet , the «eme in the two prepotitient, end 
neither £ nor e contains any constants except logleal con­
s tants . And logical constants are e l l notions definable 
in terms of <he followingi Implication, the relation of a 
tern to e elaas of which it i s e menbor, tho notion of such 
that , the notion of relat ion, and such further notlone et 
may be Involved 5n the general notion of prepositions of the 
above form. In addition to these mathematiea uses a notion 
whloh i s not a constituent of the propoeitions whloh i t con­
s iders , namely tho notion of truth (89) . 

Similar def ini t ions , equating lo.-le and ns< hematics, ere frequent (40) , 

a sampling of which is contained in Beoher*s art ic le on "Fundamental 

(38) Sao C. I . Lewis, A Survey of Symbollo Lo^lo, Berkeley! 
University of California Press, 1918, for an historical study of mathe­
matiea and l o g i c . 

(89) Bertrond Stuesell, The Principles of Mathematics, p . 8 . 
(40) Sawples of various definitions of rmthematios h«v» been 

eolloetod snd presented in the following worksi Kobert Edouerd Merits, 
Mtncrsblllt Pathtnetlet, Row Yorki The Keemlllen Company, 1914, Chepter 
Ti! 'Definition end Objects of Mathematics, pp. l -9 i John Wesley Young, 
Leotures on Fundamental Concepts of Algebra end Ocenetry, Hew Torki 
The Maemllltn Company, 1911, Doture XXI, "Wenerei Conolusione," pp. 
218-288| E. T, Bel l , M**n of M«thornetlot. Row Yorki Simon end Sehuater, 
1987, "They Sty, *bat ihoy Say, Let Them Say," pp. xlx-xxi^ Lo-Jia 0 . 
Ketttoff, o£. c l t . . Chepter 2i "Definitions of Mathematiea," pp. 
8-18. 
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Conceptions and Methods of Mathematics" (41) . Pierce, for example, 

says that "Mathematlos Is the selenoe which draws necessary oonclusiens" 

(42), while Booher himself [Ires this definit ion of nathemstlost 

If we have a certain c lass of objeots and a certs in class of 
relations and If the enly questions which we investigate are 
whether ordered ^rcaps of these objects do or do not sat tsfy 
the relat ions, the results of the investigations ere cel led 
methemsties (43) . 

For th l t group of msthematiclent, of which there is » large number, 

l c f i e e l and mathematical abstraction a.*e not d e a r l y distinguishable. 

As a consequence, a l l sciences shield ••« governed by ns'.hematloal 

locio — the contemporary version of Descartes*, Leibniz's end Comte's 

universal mathematics (44) . 

IT. Mathematical Abstraction 

The mathematician as teeoner or speciel let — the mathematical 

mathematician, so to speak — f i t e into th is c l a s s . The mathematician 

ss sueh exiats only when ho i s actually using his mind as a mathema­

t ic ian in that degree of soienoe cel led urnthemeileal abstraction, as 

he performs actual mathematical operations of tho mind. At other 

times, ho retains mathematical images in his memory, e certain mathe­

matical adaptability In his imagination, end the sc ient i f i c habit of 

(41) M. aSeher, "Tho Pundanentel Conceptions and Methods of Msthe-
natiea," tiullotln of the American hethewstlcel Society, Vol. XI (1904), 
pp. 118-iSBT 

(42) I b i d . , p . 117. 
(43) Told"., p . 127. 
(44) A~prctcntation end criticism of the program of lwthemstleal legio 

een be found In Harold ! • Smart, The Philosophical Presuppositions of Mathc-
wttleel Logic, Cornell Studios in Philosophy, no. 17, New Yorkt Longmans 
Croon * Company, 1928, 
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the conclusions of tho soienoe of u* thematic* in his mind (46). 

Suppose* to Illustrate this viewpoint, that a student is <mga£«~ 

in the study of the Celeulua. It is not neoessary for him to know its 

4 rooise definition or its history in order to understand the leeonttm-

tlont or to work the problems. T.io subject natter is presented to him, 

a method of viemonstrating properties is used} and tne student, if he is 

capable of mathematical abstraction, aoquiree the knowledge of the qua­

litative and quantitative characters of the Calculus, If the student 

questions the existence of a proper subject natter for mathematios, ho 

cannot proceed any further in tne toieaoo until Its existenoe be shown 

him by construction or definitions if he questions the mode of demonstra­

tion, the logic of the procedure needs to bo shown him, Supposing that 

he fronts both of these and is capable of mathematical abstraction, he 

acquires, with the help of his imagination and by a number of acta of 

mental abstraction, the habit of the soienoe of the Calculus. 

Cr oonsiier the ease of the aathematiolan as specialist. He io c n-

oerned with what is immediately ;iveni the problem to be solved end the 

methods of solution. Tho nathenetiolan oonsldert ttruoture end itt re­

lations, symbols a»4 their lews of combination, or merely reflects on 

abstract relations wnioh may materielise into mathematieel oonolutions, 

When, however, the aathonetieian wonders about the meaning of matnemntles 

or questions its applicability to nature or its relntlon to logic, he ias 

begun to consider mathematios itself from an extrapolated view, that of 

metnphytiet. Unless he is oonsolous of this new viewpoint, he any oenfuee 

(48) Chanter IX of thlt ettay will attempt to clarify the notion of 
mathematical abstraction. 
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or identify the entities which he hoi (is in mathematioal abstraction with 

other ooneapta. 

This defective understanding of tho proper place and function of 

mathematical abstraction colors most of the current research and specu­

lation concerned with the philosophy of mathematlos. Such questions in 

mathematlos as the notion of mathematioal existence, the ultimate nature 

of number or function, though they oan be £lven a striotly Mathematioal 

treatment — the inner oontltteney and rigor of thete ooneepte, for 

example — are questione whloh are outside the abstraction of mathema-

tint and belong to netaphyalet or logic. Of the false and strange spe­

culative conclusions whloh result from a neglect of the dootrlne of 

mathematioal ebetreetlon, the antimonies and'paradoxes whloh have arisen 

out of discussion on tho foundations of mathenetlss are illustrative (48). 

As an example of the limitation and uniqueness of mathematioal ab­

straction, consider the relation of the imagination to mathematics. 

Suppose that a mathematician wishes to examine the psychology of in­

vention in mathematies (47), or illustrate the relation ot the imagina­

tion to mathematical abstraction (48j. Tho existence and nature of the 

inaginatlon, a question proper to psychology, is assumed, as is the nature 

end existence of mathematical entitles as established in metaphysics. 

Such en investigation* consequently, can have neither a psyehologieol 

(48) - Louie 0. Katttcff, so, tit,, pp. 67-93. 
(47) At It dene, for encttjacTtc Jaequet Hademard, The Psychology of 

invention in the Mathematical Field, Princetont Prineeten uhivarsity Prett, 
1948. " " Z=L 

(48) for esnnple, etc Edward Keener and James Bowmen, Mathematlos and 
the Imagination, tew Yorkt Simon and Sehueter, 1940, er>«oially pp. 387SR2. 
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nor a mathematioal attitude, for it is outside the demonstrative scope 

of either soienoe, and it is metaphysical because it orders the relations 

of a psyehologioal subject to mathematios. One oannot do thlt success­

fully unless he admits the validity of both metaphyalos and psyoholocy, 

and understands the miction of the abstraction proper to both of these 

toiencet in contrast to mathematics (49). 

An exarâ le from one of the schools on the foundations of raathemat.ios 

serves to point up tho distinction between mathematical and non-smthema-

tioal abstraction. The theory known as formalism (60) holds, briefly, 

that wathematioa is similar to a game played with arbitrary symbols 

according to arbitrary rules, internal consistency being the only re­

quirement in this game, 3y this jeu d'esprit, a mathematioal theory 

arises whloh must be kept distinct from a theory about mathematios. 

Theories about mathematios are classified as metamethematies. Meta-

mathematlos deals with sueh problems as struoturo, eategerieelness and 

consistency. Whether this view, Kllbort't formalism, be true or not (it 

hardly oreiits the selenoe of mathematios as being soientifle), it is 

evident that here is a distinction between the activity of tho mathe­

matician as_ suely and a more abstracted consideration of laathematiea. 

(49) For an extreme cxeisple of speculative error at itt worst, see, 
Lancelot i&gben, Athena tips tor the Million, Londont Oeorge Allen A toe*on, 
1948, end,, by the tome avjt̂ or, Soienoe for '>hc Cltlson, aeoond edition, 
Londont aoorge Allen A Union* 1948, Bogbon Interprets the hittorioal 
development of mathematlee by reference to toroerles, fabulous stories 
and to the proeeea of dieleotioal materialitn. lie masks himself alter-
netely at theologicn, metaphyaltlen, philotepher of history and eolentltt, 
iie it far outtide the scepe of nethemetict or soienoe proper and assumes 
tho role prlnerily of the xtetcphytielan who ordert end roletet the branches 
of knowledge to each other. 

(80) Mas Slack, The Mature of knthomatlot, "Supplement At Formal ism," 
pp. 147-188. 
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Unlike the logistic view of msthemetlet, formalism trA lntultionisir (Si) 

seem to offer a basic distinction between mathematical abstraction proper 

and an alternate view of mathematics. 

V. Mstaphysloal Abstraction 

The ultimate in speculative soienoe, metaphysics ss a scientific 

habit informs the wind both with the knowledge of belnfi and with a ^d^lng* 

critical habit (82). Its capaeity et a scientific habit has been denied 

since the deys of Kanti In Its orltlesl and syetenatising role however, its 

validity is still quite universally acknowledged though often identified 

with logic or with philosophy itself. Bacon, Descartes, Teibnis and Kant, 

viewing metaphysics from mathematical, soientifle and logieel abstraction, 

bemoened Its miserable plight (S3), and their attempts to make it mathe­

matical, phyeloel or logloel ere echoed today. 

Before considering an outline of the legitimate view that metephysics 

offers on current F» themetleel speculation, the ;seudo«et»phyalc*l view of 

msthemetlelsn must be clarified. Msthemetleism eppeers under various names 

as smttheaatioal philoeophy (N>)l msthometioal Jdeallsm (Kfi)i mathematteo-

(81) Ibid., pp. 169-210. 
(82) Joeeph T. Ceeey, the Primaey of Motaphyolos, Wsehingtoni Tho Cathollo 

University of America Frost, 1958, pp. 84-101. 
(68) Thlt i t brought out In Stienne Gllaor.'c The Hnlty of Phllosophlool 

Experience cited above. 
(54) Writers In fronoh usually ase the term philosophic raathonatiquo. See, 

for example, F. Gonteth, Philotophie mathematlqoe. Part si Hermann ot CleY 1939. 
Or see Cattint J. Keyter, Mathematical Philotophyt A Study of Fate and Freedom. 
Sew Torkt K, F. Putton * Co J, l$8T, Reyaorro'Tooka end' numerous articles are 
tinged with mathemetien. Tobiet Danttig cehoos e similar strain In his two books 
Atpeett of Soienoe, Mew Torkt The Hecnlllan Company, 1937, passim, and dumber, t 
Language of Sciencet A Crltieal Survey written for the Cultured Hon-wathewctlcla 
third edition, revised and sugnenttd, Wow Yorki The Maenillan Company, 1941, 

(66) Oaeton Mllhaud, Lee Phlloeophos Geometres do la Grooot Piston et see 
predooooteuro, PerUi J. Vrlh," 1034; pp . '8^ . ~"~~~ 
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netephyaioal philosophy (68)f universal mo them t ics (87)j and, in a broad 

sense, selentlam (68) . Briefly, mathematician neluteins thet only metho­

rnet leal abstraction affords s legitimists outlook on tho universe and con­

sequently, that mathematlos i s the only eelenoe. Ita adherents propose, 

in some fern, that tho abstract view and methodology of ™athemetics alone 

qualify in dealing with problemt of s c i en t i f i c , eultursl or ^enerel know­

ledge. Vathematiet, in this view, i s coterminous n seme ae»ae with a i l 

selenoe| philoeophy, biology, ehemistry — science in general — either 

are mathematical or should aim to become such. Thie hyper-reductionist 

view of the universe submits a l l of rea l i ty to the raeesuro of tho mathe­

matical yardstick, subsuming the diversity of things under one monotonous 

view, the mathematioal. 

Some general oharaoteriatiee ere common to the various distinguishable 

typee of aathometieiam (69) . First of a l l , i t i s en extreme, ultimate, or 

final att i tude, nanifeeting i t ee l f ea phllosophiesl rstlonelien snd ideal isn, 

or positivism and scepticism (60) . Secondly, by not distinguishing verious 

l eve l s or typos i f being, methomatielen i s univerenllst and univooai (61) . 

Boeeuse i t i s ultimate and unlvereal, methemstioism is likewise reductionist. 

There i s no dist inct ion of quantity from quality, homogeneity from hetereo-

(88) Frederick Cepletton, A History of Philotephyt Volume 1, Qreece and 
home, Westmlnstert The Hewmen Bookshop,! 11)48, p. 32. Copleston speaks "of the 
Pythagorean natheaatloo-mstaphyaloel philosophy. 

(87) ?*oth TJeseartes snd Lelbnis spoke of a "Universal Ma thesis t" see 
Joseph Msreehal, Preolt d'hlatolro do le phlloeophie nodorno. Tome premlert 
do la renaissance a v«flt. Louvaint Museum Lessisnum, 1833, pp. T6-80 en 
Pesesrtes, end pp. 188-181 on Lelbnis. 

(88) John Wellsaith, The Nature and Origins of iciomisra. Milwaukeet 
Merquette University Prett , 1944, pat t in . 

(69) Gaston Milheud, op. c l t . , "Introduction Generals," pp. 1-49. In 
these opening peges of his ooekHHT the philosopher-geometers of Greece, Milhaud 
stresses the importance of e mathematical education in leeding an individual 
to idealism and dogmatism. 

SO) Ib id . , pp. 2 -9 . 
81) Tames F. Anderson. "H**hewatieal and Metaphysical Analogy in S t . 

Thomas," The Theadst, 3(1941), pp. 487-808. 
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geneity, infinite tx-on finite .in i ts view by oonparison to these dis­

tinctions in aetaphyslot tad philosophy as confoemable to extra-mental 

rofllty (82). Yhixdly, In view or the rigid determination vlth which 

met hemstleal ebatraotion rcgtrdt reality,, mathematician evokes a pro-

pent i t y to dogmatise and to nake oetegerioal statements concerning the 

eonplex, detailed qualitative statea which eheraeterlte the universe 

along with the quantitetive. 

As a tlaet into wh'eb thinkers can be placed, nathematicitn may be 

eubdivided Into three troupt. The views of two of thete subdivisions, of 

source, may be straddled by a &iven mathematician. Mathematician nay ex­

hibit Itself under the fern of idealisn. This peculiar attitude, an an­

cient habit of nind, was found in i ts perfect state in the Pythagoreena 

and Platenlttc, in fieeeartee and Spinetei and today, in Jeans, Kddingtone 

fiueaell and others, nathenatielsm takes the form of empiricism in the 

alaima of those who require nethematleel certitude in a i l seienoee, in-

eluding aeioneca in which this goel has not, nor will likely be attained. 

Concepts or propositions whloh cannot be subjected to mathematical pro­

cedure are regarded es oonjeeturel, superstitious or unscientific) qua­

n t i s e or tubttaneot not amenable to maturing devleet ere considered 

fabulous, mystlool or supernatural, Protagoras' dictum, "nan i s 'he 

meeoure of s l l things" i t parodied as "meanore is the measure of e l l 

things (S3)." Kepler, Galileo, Kelvin and some modern Mathematical 

u n m a n • ii y ! • , I . i. , I I - I I « . W . 

(88) (Jeston Milhaud, f t . a i t . , pp. 18-49. 
(88) Robert Andrews MJUikan, fflaotrono (/ end - ) , Protons. Photons. 

weutrcnc, neaotrone, end Qctislo Keye, revised edition, Chicagoi The SnA-
vertity of Chleege Proas, 1947, p. 4. 
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phycitittt are members of this group (64). Thirdly, met,hemetioism assumes 

tho form of positivism or logical positivism (oS), As such, it proposes 

that only sueh items et are reducible fe end verifiable oy the procedures 

of linguittle analysis or symbolic logic ere oredltablo with scientific 

status. Although uatheuntleisu la frequently, in this view, identified 

with logio, it is an ultimate, metaphysical view. For. Uese men, logle 

is little more than a aymbolio language congealing or at ratifying the re­

sults of empirical Investigation. 

Finally, there is a legitimate field of philosophical inquiry eoneemed 

with the nature of Msthematieal abstraction which is termed the philosophy 

of tsatuanatios throughout this essay. This view beers some resemblance to 

a field of inquiry wnioh appears under the $uide of various names, as cri­

tical philosophy of "mtheneties, the epiatemelogy of anthematlos, the mete-

physios af mathemetiet (fi$)» metameihematies, intuitioniam end logician (87). 

In being thus connected with nathematlcs, however, the word philosophy is 

currently given a meaning and usage that is quite liberal and inexacti phi­

losophy, as a rule, is credited with a mere sritieel funetion, granted aolely 

a judging eapeeity, or denominated as contributing nothing further then e 

(64) The extreme, sentusiittie mathematician of Thomas Hobbes belongt 
here likewise. Cf. Carl 8, Boyer, op. alt., pp. 178-178. 

(65) Louis""?, Ktttsoff, eg,. «Tt.,"pT 246. 
(68) For * similar view, tee Charlee Do Keninek, "Thojdtn and Soienti­

fle Indeterminitm," in Procoedlnga of the Anerleen Cathrlls Philosophical 
Association, 12(1988), p. 78, and John #. Whlttaker, "The Position of Mathe-
matlss in 'he Hierarehy of Speculative Science," The Thomlst, 3(1941), pp. 
467-808. Other attempts to titer the reletions of mm thorns tics and philoso­
phy can be found in to i t 0. Katttoff, Op. c i t . , pp. 1-2, *nd James Qyrnle 
Shew, Lecturet on the Philosophy of MatKamTffî  Chicagot Open Court 
Publishing Company, 1918, pp. 1-18, 

(67) These letter three views will be explained below in Chapter VII, 
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measure of restraint and caution in the nnnlytit of mathematioal 

knowledge (88). 

The philosophy of mathematiea which oonoerna ut here, however, and 

of which the nature of rcathemetloal abstraction is tho basic and oantral 

rroblsn. Involves both a store exaot and extensive use of the term. Beta* 

phytiet not only has a oribloal and defensive function (69 )| it is a 

genuine sclenoo similar to other sclenoes in that it inlays the mind with 

a qualitative habit, yet distinot and unique inasmuch as It if the supreme 

selenoe (70). In its oepaeity as a soienoe, then, it is correctly viewed 

as performing a double function; it netuelly confers scientific knowledge 

of things (71)| and, secondly, it critloites and defends the truth, value 

and validity of human knowledge both pre-eoientifie and aoientifie, and 

it arbitrates the relatione between the sclenoes (72). 

The ooatenporary situation in philosophical speculations on mathe­

matios is of sueh a nature that both functions of metaphysics are employed 

throughout this essay. In its first function, that of oontrlbuting genuine 

aoientifie knowledge, netaphysies is the scienee of the very being of things 

(68) Hans Selohenbaah, Experience and Prediction, Chicagot The Uni­
versity of Chicago prest, 1988. In the Preface, (pV'vj, 3elohenbaoh writett 
"American .ragmatistt and behavloristt, in<r,lith logistic eplstemolo^ists, 
Austrian posltlvlsts, Oerman representatives of the analysis of science, 
and Polish logisticiana arc the wain groups to -4iioh is due the origin of 
that philosophic movement whloh we now call "logistio empiricism." ...all 
characterised by their oomexm descent from a strict disavowal of the meta­
phor language of metaphysics..." In Chepter I, "Moaning," he attributes 
to what he calls epittesaology the threefold task of being descriptive, 
critical and advisory. See pp. 3-16, 

(69) A.-M. rirotta, " V teetaphyaioae Defentivae Ha turn secundum Doetrinan 
Aristotelioo-T^boxdsticam," Angelioun, 4(1927), pp, 252-270 and pp. 430-483. 

(70) Joseph T. Casey, op? 6It., pp. 84-101. 
(71) George M. 9uekley>Vhe'nature an! tnlty of Metaphysict. Chatter II 

"definition and Jivitlom of the Subjeet-Oenus of Metephytlos," pp. 87-80, * 
(72) Ibid., pp. 208-210, 
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as suoh and deals with anything which is in any way whatsooveri in thlt 

way It answers the problem of the general nature tf eeienoe, the unity 

and plurality of telenoet, an J the nature and funotlent of particular 

sciences. In itt critical and defensive role metaphysics will be used 

at validating the truth and pertinence of other scientific abstractive 

AS 

processes than that of mathematioal abstraction, and -by. ordering the 

complex relations with which mathematics is related to pre-scientiflo 

knowledge, snd to the particular, multiple soionoes that are being 

cultivated today. 
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PART I. AS HISTORICAL BUKTEY OF MATMfiMATlCAL A88TWCTICW 

Chapter II. The histories! Problem of Matheraatical Abstraction 

An hlttorioal account of the nature of mathematioal abstraotion 

show*, that it Is the oentral problem of any philosophical speculation 

on mathematlsa. From the time of Thales, or the first Greek thinker 

who abstracted the mathematioal, intellectual content from the sensible, 

thinkers have confused or Identified the objeott held in mathematical 

abetraetion with the objeott of logle, sf tclento or metaphyalot, and 

even with the nature of things themselves. All the speculative questions 

whoso correct answer hinges on an adequate grasp of abstraotion in mathe­

matiea — existence, oertitude, truth, applicability to nature — ore 

unsuccessfully net by thinkers who neglected this problem. 

The deduotive oertnlnty of mathematics, its tenuous relation to the 

secse-perceptiblo, its exactness and profundity, exeroise an attraction 

that it difficult to ret1st (1). Mathematical abstraction had soareely 

been achieved, when the ancient Pythagoreans, captivated by its excellence. 

Initiated the first program of mathematieisni} they attempted to subsume tho 

diversity snd fluctuation of things under the rigor and determination of 

number and form (2), Plate and Aristotle itad to take account of the popu­

larity cf the Pythagorean dootrinej in fact, we already find Aristotle in-

sitting against the Pythagoreans and the Plntonistt, in thote early days, 

that it it impossible to attribute real existenoe to the objects hell in 

(1) Gaston Milheud, op. ait., "Introduction Oenemle," pp. 1-48. 
(I) P. Cepleeton, A History of Philosophy, Toluno It Oreooe and Reno, 
instert The Ihmaac Kokshop, lKI, pj>. Js*?*, ' Westminster 



88 

smtheamticel aba traction (3). The Pythagorean experiment, though un-

sustotsful, is a frequently recurring theme in the history of thought 

ar.d is often oredlted with oxeroising a strong Influence on al l sub­

sequent soientifle and philosophical thinVlng (4), 

Of tho many thinkert who oonoem themselves with smthemetloi in 

i t t philosephloel aspect, few deal expressly and explicitly with mathe­

matical abstraotion as suoh. As a separated question of inquiry, the 

nature of mathematioal abstraction la not n frequently occurring question! 

most thinkers assume.that nature of nathemetiee It self-evident or never 

consider an understanding of mathematioal abstraction as basie to a l l dis­

cussion on the neture of mthemeties. For example, when Cartesian mathe­

matician was popular, few thinkert broached the lelioate but pertinent 

query, Whet i t mathemntioa? At that time, the attitude of acceptability 

to asathematiet whloh was inaugurated with the Renaissance, and the re­

markable applicability to problems and the numberless discoveries tnat 

quickly followed 3etoertet' analytic geometry, precluded the prudence 

of questioning i t s neture (8). Pence It i s neoeisary to ferret out the 

theories on mathematical eeetraetlon from the lnplleatlont whloh art 

,(3) Hare basloslly, of court*, the Pythagorean attempt oan be regarded 
as the inception of a long struggle to gain recognition for the validity of 
the abstraction proper to nmthenmtiot and the consequent admitsion of the 
importance ef the quentitei'.vo element .in nature, fif. Thomas U t t l e Heath, 
"Orock emtheamtlee end Astronomy," Script* xhtbWglo*. 5(1938), pV. 215-232. 

(4) Modern thinkers pay tribute, comet iaee titsotsivo, to rythagcrnt 
or rlctc for their program of nnthematiiu.tiaa of reality. See, for exaiq>le, 

the %ttcrlout universe, second edition, Cambridgei The University Press. 
IteV'pV HT tn'd" V," ISfJ or tee Alfred Iterth Whitehead, Adver.turot of Idoet. * 
Cambridget The university Prett, 1933, pp, 194-1981 Bmst Cnssirer, SuWctnce 
tna* Function aad glntteln'* Theory of Relativity. CMoa^ot ^ton Court,' lw£*V " 
p. 1381 8ertrnnd anecell, A History of SostCra Philosophy. Vow Torkt Simon 
end Schuster, 1948 pp, Stf377 

- . . W t , a.JtUiMfwCCd, The Idee c^ future. Oxfordt The Clarendon Prett. 
1848,- pp, 98-lOi, 
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latent in what suoh thinkers as Descartes have written en methematiee or 

from the role end the function mathematios » &ivan in their p>dlosophy 

and selenoe. 

The expl ic i t secondary souroes for e history of mathematical abatreetion, 

or, more especial ly , for the relation of mathematlos to philosophy are re lat ive­

ly few ( 6 ) . There i s , moreover, much disagreement end dispute on the extent, 

influence end relation of smthemeties to the philoeophy of individual thinkers. 

It is only recently, in feet , clonic with the self-oonseiousness of methemeties 

end selenoe, that the influenoe of mathematics on the hlstorieel formation of 

philoeophy i s being suff ic ient ly credited ( 7 ) . Many aeholara today are cautious 

about the relation of cmthemetioe to philoeophy, and some thie away from or re­

ject the relevance of a philosophical viewpoint of •athematios ( 8 ) . Others 

welcome a philosophical attitude as healthful and even provocative of mathe­

matical discovery ( 9 ) . These s t t i tudes , important as they are in tho study 

of an individual thinker, also have a pronounced effect on the future relation 

(6) A c lass ica l study, In French, i s Leon Brjnsohvicg. Las Stapes do la 
Phllotophlo Mathornetlquo, Paritt Presses Univereiteires, Seme edit ion, 1947. 
Brunsehvieg's work i s , unfortunately, tinged with Idealism and mathemstloism. 
Edwin Arthur Burtt*s book. The Metaphyeioal Poundstions of Modern Science, 
elted shore, likewise seems to be an extreme interpretation. A~contrary 
thesis to the one contained in Burtt's book oan be found in Sdward '«. Strong, 
Procedures and Metaphysics. Berkeley! University of California Press, 1938. 

(7) A ^ood example of this oan be found in Joseph Mareehal, Precis 
d'Hlstolre do ie Phlloeephie Moderne, Tome Premiert Co la Keneissance'a 
Kant, Louvelni Museum Leesienum, 1988. By the same author, eeo the study 
ent i t led Le Point do depart do la Motephysique, 6 volumes. Par1st Deselse 
de Brsuwcr, 1944-1947, passim. 

(8) "There w i l l be l ee s mystioisn in the eethematlss of the future then 
there has been in that of the past, end fewer grandiose claims to immortality 
end eternal youth. Mathematics wi l l become lees seif-eonsoious, l e s s intre* 
tpeetively o r i t i o e l , snd more boldly creative. I t wi l l resign i t s soul to the 
metaphysicians for sueh tortures as they way choose to i n f l l e t , feeling nothingt 
for i t wi l l continue to serve with i t s l iving body the purposee of the men who 
create i t to meet human needs rather than to be the plaything of s t e r i l e phi lo­
sophies." K. T. Be l l , The Development of Mathematlos, New Yorki MoGraw H i l l , 
1948, pp. 174-178. 

(9) Carl 8. Boyor, The Conoepts of the Csloulus, A ' . r l t les l and Hietorioal 
Dlseuttlen of tho Derivative and the Integral, Bow Yorki" Columbia" university 
Press, 1839, Chapter VIII, "Conclusion", po. 299-309. 
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of mathematiea to philosophy. 

A pessing emphasis must be laid on the mutual influenoe of methemetles 

end philosophy on each other in the course of their development (10). As 

will be shown below, the evidence for their interaction, quite evident aa 

it '.a in the works of philosopher-methematiolana as Pythagoras, Plato, 

Descartes end Lelbnis, csn likewise bo detected in philosophers who were 

not raethematicisne as Locke, Berkeley and Kant. They^are, naturally, ob­

vious speculative Issues about whloh both mathematics and philosophy are 

eonoernedt quantity, space, time, infinity and number. liven with regard 

to leee apparent thooretleel natters, however, both mathematios end philo­

sophy have gravitated towards eaoh other in their developmental hietory end 

mr9 doing so today. For example, the typo of knowledge end procedure fur­

nished by mathematios in comparison to morel knowledge was the program of 

Investigation to which the British empiricists set themselves. Analogous 

questions soneeming the interrelstodness of mathenatioe snd philoeophy, 

mathematios snd the sclenoes, hove frequently eppeered end are common 

tpeoulativo eoin today (11). 

The usual chronology of the history of nathemetiea proper is not 

(10) Rollis R. Cooley, et el., eg. olt., pp. 693-809. 

(11) Killiam Cecil Danpier (Formerly Whethen), A History of Soienoe 
and its Relations with Philosophy and PolIgloo, third edition, revised 
and enlerged. Sew Torkt' 'The Maenillan Company, la43. Chapter X, 
"Scientific Philosophy and its Outlook," pp. 448-492. 
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relevant to an historical survey of mathematioal abetraotion (12). Neither 

does tho basis for demarcating the different historical periods nor do the 

guides for classifying types of contributions tpply (18). Intteed, s classi­

fication *aeed on what are frequently called the three orites of mathematics 

will be followed (14). The first period witnesses the struggle of mathemetleal 

abstraotion — along with thst of science and philosophy — to j «in and keep 

recognition. It comprises the ancient views which Pythagoras, Plate and 

Aristotle began and which continue throughout medieval times. Although e 

close relation between philosophy, science and nethematles characterises this 

(12) For a short survey of the history of mathematics, ef. leynond 
Clare Archibald, Outline of the History of Mathematics. Fifth edition, 
revised and enlarged, Obnrlim The Mathematical Association of America, 
1941. The history of mathematios is usually divided into seven periods. 
The first period, from early times to ancient Babylonia and Kgypt inclusive, 
le but a period ef beginnings. The Greek contribution, from about 800 B.C. 
to 800 A.P., comprises the second period whloh signalises the important 
introduction of deductive reasoning into mathematios. From 300 to 1200 
A.?., the third period comprises the Hindu, Arable and Persian contribu­
tions snd is significant for the transmission of Creek msthematiee and 
the intredaction of Rlnde-Areble numbersls. The fourth period, that of 
Kuropeen anthematios extending from 1200 to lbOU, marks especially the 
development of symbolic algebra by the French and Italian mathemstielana. 
Tho fifth period is the outstanding seventeenth century which includes 
suoh rreat nsmes as *ermet, Desosrtes, Kepler, Cellloo, Rnygens, "ewton 
end Lelbnis, and such an important step «s mathematioal analysis from 
which analytic geometry, the calculus end other developments arose. 
Appllostions of mstherwtios to the physical sciences snd astronomy are 
noteworthy In this period, the next period, the sixth, developed the 
methemetleel tradition end oreeted suoh subjects as actuarial scienee, 
the os1cuius ef variation and different geometries snd algebras. The 
final period, the nineteenth century to present times, is one of un­
believable fruit fulness and productivity 1n srsthenatiot. Leplaoe snd 
Lagrange, Labataehewsky, Gauss and Cauohy are but a few of the curly 
greet names in this period which Includes many great contemporary 
raa t heme tl dens. 

(18) Contributions to mathematios are generally classed under three 
breed hosdings. One ef these is number with its implication of dis­
creteness, exhibited at first as arithmetic and algebra. The concept 
ef form snd continuity, the second class, showed itself especially as 
geometry end ieter es strusture in mathematioal relations and theories. 
Tho third heeding includes contributions to method, notation end similar 
devises. Of, 8. T. Bell, op. pit., pp. 8-16. 

(14) "Abraham A. Kreenkel, "The Recent Controversies about the 
Foundations of Mathematiea, "Scripts Mathematiea 18(1947), pp. 17-18. 
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period, msthematical thought and discovery is orten found completely 

divorced from philosophy| philosophy often is found neglectful of mathe­

matlos in its analysis (18). The aeoond period* though it arises from 

a slow end scattered though coherent development, begins apprexiuately 

with the publication of Descartes* snalytic geometry in 1687, and his 

program of mathematleitn. In this second period, e greet rebirth in 

nathemetles snd in science, and a elose connection frequently begotting 

e confusion of soienoe, amthornetlee and philosophy, reappeero. The in­

vention of analytic geometry and tho reoegnltion of Its fecundity as 

a means of Invention in mathemetics end physios, foster In Descartes 

the dreen of s universal matheentloa which he hopes will qualify In 

dealing with preblenc of all knowledge. The Cortes lens fellow Descartes 

in furthering this ldeel scienee. Lelbnis, by his calculus and mathewn-

tleisn, actually Initiates the stepe towards its realisation. Moat of 

ihe phlleeephers ef this period feel themselves bound to deal with ma­

thematics In some form, or to oxplein how and why other knowledge, 

though it ltckt the handsome enclitics of mathematics, is yet valid (16). 

The problem ef the distinction between philosophy snd mathematlos, posed 

by the ftregrau of methemetlelsimg all knowledge St least with respect tc 

metheaatiesl method, eppesrs frequently, leading to Christ ian von 'Wolff's 

propeeel of two types of taowledret Metsphysios snd its ultimate causes, 

selenoe and its proximate causes, the period oonaludee with the natheme-

tlcslly ultimate and abeoluto Interpretetions of liewton, Kent end Augusts 

(IS) This severability of mathematioal from philosophical or soientifle 
abetreotion een bo viewed as an historical argument favoring the distinction 
of these various types of abstractive processes, 

(18) ffllliam Cecil Dempier. 0£. olt., pr. 208-216. 
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Cento, 

The third end final remrt, the eontenporary scene, is one of 

crowing self-coneeloutness for both mathematlos and scienee. In the 

eighteenth century, dlsoussions arise on the foundations of the oal-

eulus and the theory of infinite series. The program of arltheotlsa-

tion fellows, and is suooeeded by a number of antinomies and paradoxes. 

8ohools of thought on the foundations of wathenatlos develop, end the 

analytlt of the neture ef watheraatlos, Its relation to other sclenoes 

and philoeophy again become paramount problems (17). 

It will be easily seen that the survey embodied in this ehepter is 

not a history of wothemetieal abstraction. Per, properly speaking, 

an account of tne results arising from aathcnmtioal abstraction is mere­

ly the history of the soienoe of athematios. The historical sketch 

whloh follows is more aptly termed e history of the metaphysics of 

mathematioal abstraction or a history of the philosophy of mathematics. 

It arises in answering these two questionst (a) what metaphyaioal posi­

tion have j ast linkers adopted on the ature of mathematios? and (b) 

In their philosophical aooount of what mathematlos Is, have they suffi­

ciently distinguished mathematios an < its nethod from inotaohysios, lo,~ic 

and soienoe in general? A speculative inquiry of this sort imnlirs, ;.hcn, 

t;.at though a aathematiolan frequently questions the nature of his .:eionce, 

he engages in this Inquiry not as mathematician but aa philosopher! and, 

secondly, that sueh an endeavor is not the proper function of the uafche-

matlelan as such but that of the tfiathematioians as man and philosopher. 

(17) Herman Wcyl, The Open World, Kow Ravent Yale University ress, 
1934, passim. 
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In answering the two quettlont posed above, the following historical 

resume, by pleeing a man's theory on mathematioal abstraction within his 

systenetle philosophical efforts, reveals two truths i firstly, the 

mutual interaction ef nethematiot with ether types of soientifle abstrac­

tion! secondly, the recurrence of an ancient, modern and reoent oonfu-

sion or identification of mathematioal method or abstraotion with that 

of other sciences frequently manifesting itself as the error of mathe-

metieltn. Thus the historical view argues that a proper understanding 

of mathematioal abstraotion is necessary for s eculative truth in gene­

ral j and, more pointedly, for '"•he contemporary >hiloaophioal specula­

tions stemming from the soienoe of mathematios. 
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Chepter III. Ancient Conceptions. 

Msthematies hod its historical origins in practical necessities (1). 

The counting snd measuring processes of the ancient peoples, espeoiolly 

the Bsbylonlsns, Bgyptlans and Persians, grew out of their primitive 

engineering problems — surveying, construction, building wells snd 

dirging dikes — end out of their ettempte to number the days of the 

year, to count cheep and oompute interest. Theee countless eubmethe-

mat ieal feeta, constituting en elementary arithmetic, a geometry and 

an analysis of a sort, snd an algebra without symbolism, were the in­

heritance of the Greoks (8). 

The Creeks did more then ebeorb these foots (3). Breaking with 

mythology end the current epical to popular feney, they achieved tho 

ebetreetlon proper to wethemsties es well as that proper to scienee 

end philoeophy end created the scientific outlook. In ns*-hematlee it­

eelf, they are to be credited not only for their contributions but es­

pecially for founding methemstioe as e science by introducing the unl-

(1) A discussion of the views on this problem con bo found in Carl B. 
Beyer, op. eit„ pp. 14-16. Many reeent books, popularising methaneties, 
give a delightful but fanciful eeeount of the origin of mathematics, re­
garding it aa the offspring of convention, use, or as a result of the gra­
dual perfecting ef the human brain. Suoh aeeeunts ere quite fictitious. 
These suthere Interpret historieel facts from a prejudiced end even uytho-
legieel point of views. See, for example, Leneelet Hogbon, Mathematics for 
the Millient, passim, snd Onylerd M. Morrlman, To Piseover Mathenetios, Mew 
terki John Wiley A Sons, 1942, pp. 1-8. 

(t) Thomas L. heath, A Manual of »rook Mavhonatlos, Oxford* The Cla­
rendon Frees, 1941, ChapterTl, wMunerleal Rotation and Preotical Calculation," 
pp. 11*88. See else Oystein Ore, Mumbar theory end ite history, Chepter 1, 
"Counting and Recording of Numbers," pp. 1-24. 

Bgyptiens endthe sstronomioal observations of Babylonian astelogers Influenced 
the Creeks snd supplied then with preliminary materiel, this admission is in no 
way prejudicial to the originality of the Creek genius. Scienee end Thought, tt 
distinct from mere preotical calculation and astrologies! lore, were the result 
of the Creek genius and were due neither to the Bgyptlans nor to the Babylenient 
F. Coploston, op. clt., 0j>. 18-16. For a similar testimony see John Surnet, 
Early Greek Philosophy, fourth edition, Londoni Aden snd Cherlee T*lack, 1948, 

pp. 18-80, and Thomas L, Heeth, 0£. ait,. Chapter I, "Introductory", j,p, 1-10. 
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fying principle of deduetivo reasoning ( 4 ) . In their attempt ^o relate 

structure to number, they sre also responsible for the view that a rmthe-

metieal concern with nature ?s q rite relevant, thus opening the way for a 

program of applying mathematics to nature. Finel ly, the genius of the 

Creek mind extended to a speculative treatment of mathematical abstraction, 

and a consideration of tho relations between mathematics and the other 

seienees which had but late ly been horn ( 6 ) . In this way they in i t iated 

the f irs t notions of a philosophy of mathematics ( 6 ) . 

Z, The Pythagoreans 

then the school of thinkers lr>own ss the Pythegoreene speculated in 

Greece, a number of opinions wore being offered on the nature and principle 

ef a l l things. These early pioneers, whom Aristotle called "physicists" or 

philosophers of nature, had achieved a high leve l of sc ient i f i c snd phlloso-

phlcel abstraction. The eerly Ionians held, with Thales, that water i s the 

principles of a l l thlngt . Others sided with Aiwximander'e teeehlng that the 

(4) "They eroated the systematic smthematieel theory based upon axioms 
end developed by means cf logical deductions in the form of proofe, the standard 
pattern for mathematics, as i t i s formulated today," L. L. Woodruff, editor. 
The Development of the Sciences, Second Series , Bow Ravent Tale University 
Press, 1941, p . 4 . See Costen milhaud, eg . o i t . , pp. 81-69. 

(6) Most scholars pay tribute to tBs Creek genius • In The Development 
of Mathematiea, F>. T. Bell seems to take a contrary view on the worth of the 
Creek contribution to mathemetlot and to c i v i l i s a t i o n . A eonpariaen of the 
various placet in which he speekt of the Greeks Indicatea, however, that hit 
on passant remarks are to be interpreted aa flippantly ee they ere made. 
"""" (6) It i s beyond our purpose here to examine the exaggerated and mystical 
views of number or form, or their use in symbolism. A detailed study of these 
developments can be found in tynn Thorndike^ History of Magio and Experimental 
Scienee, eited above. For the symbolism end nyttlclsti often atiaobed to ports 
of mathematics, see Tlneent Footer hopper's Medieval number Symbolism, eited 
above, pessin. 
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changes we obeerve in neture originate fron a oonfliot of oppositet whith 

arise within the original element called the indeterminate. Some followed 

Anaximenee, who taught that all things come from sir through n process of 

condensation and reaction. This propensity to rationalise the oeeselets, 

elmott unintelligible change in nature, was adopted by the Pythagoreans. 

although they came of s curious mixture of wystieism and a bent for na-

thematlee, the Pythagoreans were likewise scientific, end thrived in the 

new Intellectual atmosphere (7). 

To the current aoientifie snd phllocophloel attempts towards rendering 

neture intelligible, the Pythagoreans contributed e new outlookt was there 

not e connection between the attitudes of the physltists and that offered 

by mathematics? All the physicists had tried to solve the problem of the 

many and tho onei they had sought for identity in diversity. The Pytha-

goreant tuggetted that potsibly the sameness in dlvereity could be accounted 

for by number and structure. Ke need no longer inquire what the primitive 

matter is (thus the Pythagorean mathematical outlook eliminates that of 

aoientifie and philosophical abstraction)! we can say that all thingt are 

number and form. Aristotle writes that 

The Pythagoreans, ss they are tailed, devoted themselves to 
mathematios, they were the firet to advance thie study, end 
having been brought up in it, they thought thst its principles 
were the principles of ell things (8). 

The application of the Pythagorean tenets to neture were successful. 

In acoustics, their dootrlne pointed out that the quelltative differences 

(7) John Burnet, op. elt.. Chapter Til, "The Pythagoreans," pp. 276-309. 
(•) bctaphytlee, 988 F28-6| see also 986 a 16 and 1090 a 3*. References 

to Aristotle arc from Tho Works of Aristotle, Translated mto Rngllth under the 
editorthip of W. D. fcoss, eleven volumet, 'Oxford t The Clerendon Press, 1908-1931, 
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between notes are due to the way In whloh the plucked wusiosl string takes 

up different shapes. Likewise tho conoordance of musical tones was well 

explelned by their rstio of numbers. By ssslysing bodies into surfaces, 

surfaces into lines snd lines into points, they applied their dootrlne to 

neture snd demonstrated, to the physicists, that uathematioal nonoepta 

explained the world of nature (9). Each body expresses the number fouri 

surfsees, three| lines, two; the point, one. If we add those together, 

we get ten, the perfeot number. The whole universe seemed to submit to 

this lnterpretetlon by mathematical abstraotionf the forme end figures 

of the objeote of sense experience could bo seen to have geometrical con­

tours, while the constellations of the hocvans were explicable both aa a 

configuration and a number. And hence, as four dots can represent the 

configuration of a square, three of a triangle, two of a line and one of 

a point, the Pythagoreane readily 

supposed the elements of numbers to be the elements of ell 
things, and the whole heaven to be a musical socio end a 
number (10). 

Pythagorean unthematieiem, then, attempted to identify the objects 

held in methematioal abstraction with all things and eliminated the pro­

priety of tho eerlier ebatraeted views of the physicists. Kature, they 

agreed with the eerlier physioists, is orderly end changes In harmonious 

proportions| but tho rmry order end the proportion is number and form. 

And whereas the earlier physicists had thought of water, air, fire and 

(9) Thomas L. Booth, 0£. clt., pp. 86-88. 
(10) Metaphysics, 886 a 1-TT" 
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earth aa elemente and prlnoiploa, tho Pythagoreans held numbers and 

forms to be the intrinsic prinoiplos of neture end to bo Immanent 

in thi nee thomselvoe (11 ) . 

The p laus ib i l i ty of the Pythagorean d'Crinee attracted nuny 

followers end the eohool f l curl sited. Aristotle wrote of then and 

tho Platonictat 

mathematios has come to be idontloal with philosophy 
for modern tMnkert, though they *ey that i t should 
bo etudiod for the soke of other things (12) . 

The "seandaloue discovery" (18) of the irrationals in methematiee, 

however, become en lneuperable obstsolo to Pythagorean mathematics 

and their •wthematloiam. In the epplloation of the side i f « square 

to i t s diagonal, an incommensurable ret lo was <iieaovered, and no way 

of resolving th is d i f f icu l ty oould be found. The sttempt to apply 

mathemeties to nature, snd the endeavor to relate continuity *e 

form tc disoretonoss as number, was abandoned, although the Pythagorean 

I •! « . H « . . . . . . I I II II 

(11) R. 6. Collingwood, op. eit., pp. 43-8A. 
(It) Metaphysics, 992 e , " e M T * 
(18) Brnnechvieg tpeakt of the "teandalont dlsecvery* of the 

lrratlonelt at e faotor in leeeeninf the influenee of the Pythagorean 
eeheelf Leon Bruntehvieg, Le role du Pythagorlsme dent l1 evolution 
dee Ydees, Farlti Wmrnenn settle., 18*7, p. 21. 
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influence end outlook on those matters continued (14). 

In the meantime, other aehools of thought with highly metaphysical 

sbstreetiont, flourished. Heraoiitus opposed the static and atomio con­

cept of neture advocated by h » predecessors with a û -namio philosophy 

of becoming. He answered the question of Identify in diversity by holding 

that the One is the principle of all things. The eesenoe of the One lies 

in Its being both the many and the One et the same time, so thet all things 

•re in e oonstant state of flux end change. Pormenldes, on the contrary, 

taught a philoeophy of being. There Is no change| being is, and ell things 

are. The doetrlnes wore pitted against each other, and acute discussion 

of 
arose through tho efforts ef Zone ami Sloe, Fermsnides* most prominent 

pupil. In support of his master end in opposition to the Pythagoreans 

snd other schools, Zeno offered his famous dialectical abetrootions whloh 

ergued in fever of continuous as epsinst discrete quantity. Zeno ueed 

his disleetloal talents to show thet Fermenides* stetie philosophy was the 

best| If one granted the ".dees t>f the Pythagoreans or oven of tho Atonlsts 

with their "Infinitely small" quantities (13), antinomies arise whloh ere 

(14) The Pythagorean influence passes through Pisto end the hee-
Flstonlsts to Saint Auguetlne, eventually reaching scholasticism where the 
Pythagorean notion of numbered order in geometry, arithmetic, music and 
astronomy, made these four subjeots tho queerivium of medieval instruction| 
Sir w. C. Dampier, A History of Soicnoo, Hew Yorki SJaoMillan, 1943, pp. 17-18. 
On page twenty Dampier writes, "After the Reneissenoe, the idea of the im­
portance of number was taken up by Copernicus and Kepler, who laid chief 
stress on the nsthematioal harmony and simplicity of the Heliocentric hype-
thesis ss the beet evidence of its truth. In our own day, Aston with his 
integral atonic weights, Mottle* with his atonic nunbere, Planck with his 
quenturn theory, end Einstein with his claim that phyaieel facta auoh as 
gravitation are exhibltiona of local apaee-tine properties, ere revising 
ideea thet, in older, cruder forme, appear In Pythagorean philosophy." 
Dampier refers to Whitehead ss his authority for this statement. It should 
be pointed out thet it is possible to separate procedure in soienoe from sueh 
motephysioal inplieationt st are found* tiw example, in Pythagorean mathe­
me tleitn. One een say thet telentitts at'tueh are merely reletlng structure 
to number, without eny metephytloal implications as to the existence of thete 
numbers in things, whloh It eleter to the Pythagorean view, Thie distinction 
between procedures end netephyelot in msthematiot hat been studied in Edward 
l. Strong, Procedures end Metaphysics, Berkeley* University of California Press, 

1936, see Chapter I end Chapter II. 
(IB) H. D. P. Lee, Zeno of Sleai A text with translation snd notea, Cembrldgoi 

The University Press, 193o| or see Carl 8. Boyer, oj>. cit.. pp. 21-22. 
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insoluble by the theory ef nunber end form. Mathematlos fslls to rationalise 

neture as «.t fails to rationalise the inoomensureble segments in the tesohing 

of the Pythagoreans. 

Another tohool, tho Atomists, taught that an infinite number of ln-

divieible unite oallod atoms, differing only in else ard shape ere the prln-

ciploe of ell thlnga. From the vtrlous formatiocs and configurations whloh 

these atoms subsume, the four elements snd tho world of nature are brought 

into being. Thie theory, however, wee elee unable to cope with Zero's ar­

guments. Henee the dootrlne of the infinlteeimally small and tho Infinite 

in number, whloh the Atomists proposed, was gradually abandoned (16). 

II. Plato 

Through their ineietenee on the intel l ig ibi l i ty of noture, e l l these 

eerly thinkers exercised s profound influence on the philosophy of Plato. 

Seesrtea, Plato's teacher, edvaneed the thought of these men by Intro­

ducing the maieutie method and the notion of definition! be accentuated 

the inportente of ethiot end ditpltyed the neoeteity for clarifying the 

goel of a l l scientific endeavor, the Universal. Plate's respect end debt 

to al l thete thinkers i t repeld in the work of his disloguet, where they 

often play the leeding roles in presenting soientifle, mathematioal snd 

philoeophleel pointa ef view* 

In order to enter Plato's Aeadeny, a certain amount of proficiency in 

mathematlos was requisite. "Let none enter here ignorent of geometry" i t 

(16) F. eopletten, og. c l t „ pp. 72-78. 
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a well-known phreee whloh wee, euppoaedly, the admissions standard to Plato'a 

school. Thia reapoot and sulogisation of wathornetios which i s found in PlatoU 

writ ings, i s principally duo to Pythagorean Influenee. Plato's deference to 

ucthenatios likewise produced a number of graduates who made important con­

tributions t o the growing selenoe ef mathemetles (17 ) . 

P is te ' s attempt to solve the problem of the one end tho many contitted 

of e duel psychological processi e gradual purification of the shadows and 

sense insget of the world of nsture, end the process of recol lect ion. Bis 

philosophy i t dominated by tho fundaments1 principle that the proper object 

of «11 true tolenee is the world of ideas In whloh man pre-existed, and of 

which the tense-poreeptlble world is but s shadow or copy yielding only 

opinion. For Plate, In eontrest to the earl ier thinkers, held thet eosenoes, 

forms, numbers — the i n t e l l i g i b l e ea euoh — trenscended the world of nature 

end wore not immanent within I t , 

A student i s in i t ia ted into the process towards knowledge from hie state 

of ignorance by beginning with the sensible world, of whloh he een gamer only 

opinion. The loweet type ef opinion i t that acquaintanceship or acre con­

jecture e man hat of tho fleeting "images" in the world aoout us . Such a 

men judges wrongly thet external nsture i s the true r e a l i t y . A higher type 

of opinion, fe l th or bel ief , i s aohleved when a nan real ises thet those 

images ere nothing more than reflections of something more basioelly rea l . 

He roe U s e s that external neture is not whet i t purports to ..*) and, though 

he hat not got i t as ye t , he i t on the rood towards colontif io knowledge, 

(17) See the Interesting remarks Plato makoa concerning Creek ignorance 
of geometry In Laws, 819 d - 820 c . References to Piste are taken from The 
Plalot?aea of Plato, Translated into Knglish by 8 . Jowett, with en I»to*£**4sexa 
by Baphoel Demos, two volumes. Bow Torki Random Kouee, 1937. /w/*ei-«"*r 
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The aeoond stage, that of knowledge, e lse has two subdivisions. In the 

lower, a nan begins from hypotheses and prooeedt, not to a principle tr 

fore, but to t conclusion. Sueh men are "really endeavoring to behold 

those ebjeett which a person can only see with the «ye of thought" (18), 

or the ebjeett of nethematlea. Mathematical abetrection, then, though 

i t has the funetion ef retionellsing the fluctuetlen of nature, i s only 

en tho rood to knowledge. The men who abatraet In this way are classed 

es having understanding, which la the Intermediate s ts te of mind between 

opinion end the final stage ef soientif le knowledge — pure reason, the 

understanding of the forms and Ideas themselves. In crder to arrive st 

the s t s te of pure reason, one rust begin with the hypotheses of the 

previous section (methemeties), snd rise to the f irst principles, the 

world ef forms and ideas. It i s -?nly here that the inner meaning of 

a l l th'ngs i s grasped in the contemplation of the Pood (19) . 

The problem of Plato's doctrine on the nsture of 'athemetlea snd on 

the reletion of mathematios to the Forma is s widely disputed one (20) . 

I t is sgreed thet Plato's search for rationality in nature was fruitless 

end that he thereby consigned the study ef nsture to the roe In of un­

certain, shifting opinion. The rythagoraans had aade the enaeable of 

numbers and things correspond. Plato l i f t ed number out of the world 

(18) Republic. 610 e - 611 a. 
(19) For a good diagrams*tie etc l y s i s of those various stages, see 

F. Copletton, op. c l t , , n» 182. 
, (20) See r . Copletton, op_. o l t« , pp. 188-208 for a reeent summary of the 

opinioat on Plato'a ma theme t l c lan. A etudy of the influenee of tho Pythtgareeaa 
on Plato i s given in Thomas Greenwood, "The Pletonio Theory of tho C o n t i i ^ ^ 
The Thenist, Til (April, 1944), pp. 179-208. Boo also F. Snriquea et 0 , D* 
SantlliannTLe ffoblene do It Mat lore t Pythsgorlolont et Elsotss. Paris t 
Kernann tt Cle, 1888| thete buthert discuss the origin ef Pythagorean maths* 
smticltn, pp. 11-17. See e l s e , Oeston Milhaud, C£. t i t . , pp. 827-866. 
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of nature and made it tmntoendenti it occupied an intermediary position 

between the tente world and the world of ideas. Seemingly, r lato — and 

certainly Later 'lstonists — was not content with this scheme. Accord­

ing to Aristotle and -may modern aeholars, ̂ lato taught that mthemetics 

is not only tho means by which a nan reaohea true Bnowledge, but even the 

ldeel world Itself oan only be amde rational and intelligible through 

mathemntlet. In this way Plate offered a different type of mathemntloltm 

from that of tho Pythagoreans. The Pythngereant had idontlflod the scienti­

fic abstraotion of the earlier thinkers with that of mathematios. Plato 

eliminates soientifle abstraction (21), and Identifies Mathematical with 

vetaphysloal abstraction in idealistic Taathemetloiam, In "lato's philo­

sophy. It has been said, "Cod ever geometrises (22)". 

If -lato is net to be understood as proposing smthemetiolen, then 

his notions on mathematlos were quite in harmony with current mathemati­

cal nraetioe. Mathematios has unto itself a special faculty of the soul, 

called understanding (23). It is classed among the turely intellectual, 

as opposed to tho ^raotioal sciences (24). Although the Tmthematieien 

usee sensible things as symbols in his demonstrations, his purpose is 

to lay hold of the triangle or square in Itself whloh he does by ration­

alising nature} that is, by reducing tho fluctuation of Images and shadows 

to forms, for "in those perplexities the soul naturally summons to her aid 

(81) "Plate's criterion of reality was r^t consistency in experience but 
reasonableness in thought. For him, as for the ^ythatroroans, there was no 
neeettery distinction between mathematiea and sol<.tnoej both were the result 
of deduction freti clearly perceived first frlnciples, Carl B. Boyer, o^. cit., 
p. 28, 

(22) Thlt quotation een be found in the delightful work of riobert Sdouanl 
Morltt, Memorabilia Mathematiea. pp. 269-270| Merits't book, though old, is an 
invaluable source of quotations on mathematlos and the ohllotophy of saathomatiet* 

(23) Bopubllo. 71, 811 C| tee Theeetetut. 164 0, 
(24) Statesman. 268 D. 
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calculation and Intelligence1' (2ft). MnthemaMoal abstraction rakes much 

use of hypotheses, whose validity the mathematician does r :t question but 

simply uses in drawing his conclusions (26). Further, the existence of a 

square or a triangle is assumed by ".he mathematician! it is what is given to 

him, and furnishes his foint of departure for mathematical demonstration, 

the usual division of *ethenatlos into arithmetic and geometry is mentioned. 

Peeh of these branches, however, has two varieties, the impure (wVeh seems 

to be mathematiea Itself), and the ,̂ ure. The latter Is the Philosophical :;se 

of mathematlos| the nhllosepher must be an arithmetician, "beoause ' e has 

to rise out of the sea of ohange and lay hold of true beinp" (27). 

III. Aristotle 

Aristotle owed much to M s predecessors and especially to his teacher, 

i~lato. There can be little doubt, however, of the originality and rr*atness 

of his contribution to the new sciertifio ioctrlne f the early wrecks mend 

to the -roblems posed by the mathematical philosophers. In His lofical 

treatises, we meet for the first time in the history of thought a complete 

and quite satisfying account of the nature of rre-eeientlfio knowledge, and 

of the nature, divisions and extent of soientifle knowledge (ft). In both 

oases a man may ossess knowledge! what es-eolelly dlstlngulsh^selentlfie 

knowledge It Itt universality, demonetrablllty and certainty. 

16) Memo. 87. Of. Bcwnhlio. Tl, 810. 
(IT) agublic. Til, S88. 
(88) Aristotle's logical treatises portray his eolentifie ideal. The 

*94ci' Annlytiee onawtnot the formal validity of inference, or the valid derive-
tion of conclusions from given promltet. The Posterior Annlytiee analyses the 
charetterittiet of premitos if our knowledge is to be the most perfect obtainable 
that It, truly scientific. In the Tonlos, Aristotle shows how we attain and 
justify tho promises that are <sed in the arguments of dallv life. The ration 
of scienee itself ooeuplos the main part of the Posterior Analytics. 
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There it a realm ef pre-eoientlflo knowledge, Aristotle teaches, 

whloh correopondt roughly to Pinto'a theory that only opinion oan be 

obtained ef neture (29). It it the realm of the fancies of tho r^ot 

which induce in us a state ef nind called estimation about tho truth 

of things| it it the realm of the persuasions of tho rhetorician which 

breeds a ouawielpn of truth within us, Inclining us to adopt one part 

of a eentrediotloni it is the realm of the probabilities of the dialecti­

cian which gives us opinion, whereby we aooopt one part of a contradicto­

ry proposition* with feer that we may be in error. Since some form of 

reasoning, man*a distinctive activity, eeoure in all these states of 

mind, Arlttotle felt that the logdelan should examine their respective 

merits, 

Dialeotloc, a favorite Arlttetelien device, le t fertile source of 

Sjrgunent, demonstration and methods ef arriving at truth or epprexina-

tlenc to the truth (80), Problems of any sort are ita concern, and the 

errumwmts and discussions it rrevokes arise from orooesitlont whloh 

either are, or teem to bo generally accepted. Dialect lot being an easy 

way to learn, tt la of much service in tho acquisition of aoientifie 

knowledge and plays an important role in all the solenoee. Itt main 

function occurs In dealing with the realm r>t the changeable end oontimrent 

where truth it diffieult to ettabliah. dialectical arguments rest on what 

(29) Posterior Analytics, Tl a 1-10. 

(80) In Aristotle's eonoeptlon, •ialeetist played a large ,.ert as 
preparatory to the aeeulsltlon of each telenet. It performed an Important 
function In the epproeeh towards science through the consideration of donbte 
and difficulties, and tho opinion* offered by previout thinkers. 
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tan be observed te be the eate only in most Instances, Inductive ex­

amples and the type ef syllogism known as eothynene are the main types 

ef arguments used la dialectic*! knowledge, 

Solentiflc knowledge, which i t not limited merely te knowledge of 

forms or mathesatles, i t dealt with thiefly in the Posterior Analytics. 

^e suppose oureelvet te pettett unqualified aoientifie 
knowledge of a thing...whan we think that we know the cause 
on whloh the foot depends, es the oause of thet fast end ef 
no other, and, further, that the fact could not be other 
then i t is (81). 

It is knowledge obtained only by etriot demonstration through the syllogism 

of the first mood and f irst figure, having both promisee universal end 

affirmative (32), Xhie implies thet the premises j*u*t be "true, prliau-y, 

immediate, better known than and prior to the oonoluslen, which i t related 

to the* at effect to cause" (38). Scientific, in opposition te pre-scien­

t i f i c knowledge* i t demonstrative (34), i s knowledge of eauees (88), of 

unlvereelt (88), of essence (37), of form (33). These etriot requinsnents 

for knowledge te be classed as aoientifie, reduce much knowledge to the pre-

scientific level , especially te thet of Dialectlot. 

(31) Posterior Analytlet. 71 b 8-155. 
(32) This is a rigorous ooneeptlon of scienee, "Of a l l the figures the 

nost scientific is the f irst . Thut, i t is the vehiolo of the demonstrations 
of e l l the mathematioal sciences, such at arithmetic, geometry, end e?tles, 
and practically of all tho solonoet that investigate causes... posterior 
* ^ f t ? S - 79 a 16-21. 

CSSJ Posterior Analytlet, 71 b 20-22. 
W Posterior W y t i e t . 74 h 27, 90 b 9, 87 b 86, 
(55) Posterior Anelytiot. 71 b 0t 94 a 20. Cf, alto Phytlot. 194 b If. 

Bore Arittotle hat in mind hit doctrine of the four oaesee* Cental knowledge 
implies necessity, 

**•) fotforlpr W y t t o * 8T b 88| tee alee Metaphysics. 1086 b 6, 1080 b 
28| 1008 a 13, The Individual thin* as sueh i s ineffable and cannot be tho 
object of solonce, 
"~ <*T) Pcttcrlor anaiytlos. 99 a 22| MotaphTSlos. 1081 b 7, 1031 b 20. 

(88) V i a e Soul. 412 a 9i 414 a 4, 
'''"•••'ttaja^awsBBSBnwswss^wsr' 
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In the preeett of teaching, soienoe is induced in the pu>11 by 

demonstration. It begin- with the student's pre-existent knowledge of 

self-evident prlneiploe. It supposes the student's eequaiatenoeship 

with a feet, the comprehension ef a term, or both. All proof ultimately 

rests en the grasp of eolf-evident principles which are known by an act 

of Immediate understanding, incapable of demonstration and thus, self-

evident. These prinolplet are Incapable of demonstration, Aristotle 

maIntelat, or we are committed to an Infinite regress in the process 

of selenoe. The toeeher presents the students with foots, with the 

terms and the subject-emitter of the soienoe, with the varied opinions 

that have been offered on the matter under consideration, and with 

dlaleotloel suppositions. 

The actuality of selentlfio knowledge, consequently, arises in the 

mind of the student by inducing in him the nroeese of abstraction from 

what la irlven in sense data. It is theeretieal or speoulative, as opposed 

te »reotleel knowledge (89). Theorotieel knowledge is interested in truth 

as sueh and is more noble than praetleel knowledge, which roletet truth 

in the mind te human eotioue of en ethieel or factive neture. Theoretical 

toleneet? arieee in three ways, Sy the ^reoett of scientific abstraotion 

of tho first degree, a student studies nature itself under the aspect of 

mobile being. The ooneootc and dcfinitlena whloh ariae in the student 

mind bear a direct relation to the world of nature. They are the mental 

grasp ef the normoment, unlvereal and the neeeasary lodged within nature 

in fenerel, end in oath thing. The outitlee which the mind holdt In this 

(29) Motaphyties. 908 b 20, 1028 b 1-1028* M | X084a 1-1064* 14. 
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type of abstraotion are seen to be of suoh a type that they are connected 

with natter for their existence, and in order to be known. They are :>ot 

trantoendent or apart from the world of nature. The whole realn of nature, 

living end non-living, la Inoluded under thlt abttreotive prooes- in which 

Inductive and deductive methodology occur. 

The teeond type of abatreetion is that proper to mathometlos, whloh 

likewise originates through tho senses, though often froa a minimum of 

experience (40). In his discussion of mathematios, Aristotle forcibly 

rejects the mathonetieitai of tho Pythagoreans or Platoniatt or any theory 

w'ieh equates twrthenatioal entitles with a separately real world of nature 

or self-existing Ideas (41). Mathematios is distinguished from the first 

ebstractive processi there the mind abstracted from the individual sensible 

matter of each thing and arrive at the concept of common sensible matter. 

In mathematios, the mind abstracts from common sensible matter and arrives 

at the notion of "intelligible" natter. The Mathematician 

strips off all the sensible qualitiet, e.g., weight and lightness, 
hardness and its contrary, and also heat and cold and the other 
sensible oontrarlet, end leaves only the quantitative and eon-
tlnuout, tome timet ir. one, sometimes in two, sometimes in three 
dimensions, and the attributet of these qua quantitative and oon-
tinuout..,\42). 

(40) "*hat has been said Is confirmed by the fact that while young 
men beoone geeuetloians and n* thornetioians and wise In matters like these, 
it it thought that a young -ian or practical wisdom cannot be found.••in­
deed one might ask thlt question too, why a bey may beoone a mathematician, 
but not a phllotepher or a physicist. Is it because the ebjeett of Kathe-
matiet exist by abstraotion, while the first principles of these other 
tubjeett come froa experience, and because young men have no conviction 
about the latter but merely use the proper language, while the essence 
of mathematical objects is olaln enough to themT" Slohomaohean 8thlet. 
1142 a 10-18, 

(41) Metaphysics,, Book* XIII and nVj see Aurustln Mansion, Intrp-
duotlon a la Physique Aristotollolor.no, deuxieme edition, revue et augmen-
tee, Parit, J. vrin, 1940, Ch. V, No. 3, "Distinction do la physique et dot 
mathematiques d'aproa Aristote," ^» 143-186. 

(42) Metaphvslet. 1061 a 29-38. 

http://Aristotollolor.no
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whet the mind ao)doves here, then, are tho ooncnpts proper to mathe­

matlos. The mathematlolan oonslders quantity either as the continuous 

extension of freomotry or tho disorete units of arithmetic. Though he 

summons the aid of the senses far illustration and makes much use of 

the Imagination, the aathematioien la not oonoomed with objeott ma tho 

limits ef e physical bodyi nor does he oonaidor the attributes 
indicated as tho attributes of ouch bodies. That is why he 
teperatet thetif for in thought they are separable from motion, 
and it <nakos no Hfferenoe, nor c'oes any fa!*Hy result, if 
they ere tepereted (43). 

The epplieatlen of methomatloa to optica, harmonies and astronomy is 

achieved by teieneet whloh lie between physios and mathematics. The 

obloots held in the nind by seientifio abstraotion are dealt with by 

the abstraction ef Mathematics (44). Ceonetry, for example, 

iwest 1 rates phytloel lines but not que phytloal. optics in­
vestigates matlteaatioAl Haas, but qua, ohysioal, not qua mathe­
matical (48). 

In its applications to other sciences, mathematlos is superior to them. 

If one reaches impossible consequences In nathenatios, they 

will reproduce themselves when applied to physloal bodies, 
but ther* •••rtli be 'ifflcultics ir physios which are ",ct 
present in sntbomstle*] for nmthenmtlos deals with an 
abstract and ".hysios ,jrLth a -ow concrete object (4fi). 

Tho me-chodology of TOithematioa, like that of all the sciences. Is treated 

by lo^lc, Mathematics, though It rany us* -Ualeotiot, la distinct from It (47), 

(48) Physios. 183 b, 81-88. 
(44) For a discussion of those "middle" eoienoes, sec W. D. Joss, 

Aristotle, third edition revised, Londont Methuon and Company, 1987, p. 70. 
See alec Auruetin Mantlon, op. cit., pr>. 186-193. 

<48> ^hytlos, 194 a, i-ll, 
(46) geCoelo, 29& a, 13-16. 
(47) Posterior Analytlet. 77 b 27-38! 76 a 10-13. 
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Mathenetlcal abatmotion, thcvuth it la not tho highest and noblest 

whloh the mind oan achieve, ia yet inoat proportionate to the vuaan 

nind (48). It deals with the necessary (49), has tho highest type 

of certitude (60) and offers conclusions that ere timeless (61). 

The third abttreotive prooett does not s-lso from a remembrenoe 

or contemplation ef a separated world of ideas, as /late hold, but from 

a consideration of the world of nature. This abstraction, metaphysics, 
i. 

is the h rheet, noblest and most difficult (62). It abstracts more ^ 

deeply froa the world of nature by not considering being as awhile 

or quantitative, but being as such. Its concepts and definitions, as 

substance, potentiality, actual lty, are seer, to have no necessary 

connection or dependence on matter in their consideration by tho mind. 

Thus, not being fraught with change and contingency, these abstractions 

yield the highest type of speculative soienoe. Besides this positive 

knowledge which is the fruit of this abstraction, rota^hysios has a 

critical functiont it orders the abstraction of the other soiences, 

determines tho speoulative relations between then, and establishes 

the speoulative prinoiolee of all soienoe. Metaphysics, the highest 

type ef speoulative soienoe, is superseded by two higher states of mind. 

The first is understanding — a rabit of mind whloh aeea the conclusions 

of soienoe as releted to the speculative nrinelplea of all thoughti the 

(46) Metaphvslot. 1078*- 8-14. 
(49) Phvslee. 200* 18-24. 
(80) VCooU* 808* 28. 
(81) For a recent study of Aristotle's philosophy of mathematlos, see 

Thomas Creenwood, Etudes «ur la Connaiosanoe Mathonctique, Ottawat Les Fdltions 
do Tunlversite d'Cttawa, 1942, "la ?ontee~^themtiquedTArltfcote," pp. 33-62. 

<5*) Metaphysics, 993* 30-993b 30. 



62 

tettnd it wieden, whieh teee the order end relation of all things te 0od, 

its ultimate principle. 

Although there are significant points ef agreement between Arittotle 

and his predeeeasers, he did not merely harmonise their views. Bather, 

his attitude was that 

It is just that we should be grateful, not only to those with. 
whose views we may arret, but also to those rho have expressed 
more superficial views| for these else contributed something, 
by developing before us the cowers of thought (53). 

By his theory cf knowledge and hit classification and distinction of the 

sclenoes he wished to vindicate smny legitimate points of view. By 

eliminating the Platoric theory ef a scienee concerned only with the 

recall and contemplation of a world of ideasi by denying the idealist 

identification of mathematioal with metaphysical abstraotion in the 

rlatonist teaching or with scientific abstraotion in the Pythagorean 

attitude, Aristotle hoped to establish many valid tyres of soientifle 

knowledge (54). The transcendent ideas or forms beoone, so to speak, 

(88) Motaphysloe, 998 b. 12-16. 
(84) The following diagrea will eerve tc eaphaeite tho difference 

Plate and Arittotle. 
/ PLATO _ ARISTOTLE 
-\xre Season J Knowledge of /Metaphytiet i Third * highest typi 

Ideal world ft / of abttreotive knowledge of 
Scientific) the Coed, Cod. Solonj nature, leading to knowledge < 
Knowledre jfi tlfiej *4ret Oauee, Cod, 

Studies being at such, 
tathenmtiett Prelude te ) Mathematiosi Second and interme-

kmowledge of ] ilary type of abstractive knoi 
Ideal World Kneel / ledge of nature t being at 

tdgc / wantun. 
(Intermediary 8ol«noet) 

Phytleet First and lowest type a] 
x \ abttreotive knowledge of real 

/ worldi mobile being, 
P***** jDtaleetlesi Knowledge of highest type of 

Pre-seientlfloj Prc-eclentifie) probability 
feewledge * | Ihowledge / Opinion t 

(conjecture [ Suspicion of trutht 
\ I Estimation of truth i 
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inwjment in the world ef nature at the essences and aeoidenta of thlngtf 

through abstraction the nind conceptual1tot the eatenee and the eceidentt 

of natural things in the various types of soienoe. With regard te the 

Via onlo mathemetleal ldoea as suoh, they exist only in the mini whloh 

developt from then the pure or applied aoieneet of rathema let. Hence 

the essential, the quantitative and tho qualitative atpeett of nature 

are intelligible and the proper oonoern of various sclenoes. 

The generations Immediately succeeding the Pythagorean, Platonic and 

Aristotelian sohoola contributed little material that is germane to the pro­

blem or mathematioal ebetreetlon whloh la being considered here (56). With 

some exceptlout, nunber mysticism, toeptloian and laok of mathematical 

speculation followed in the deoadeooe of Hellenic and Hellenistic thourht. 

These intervening centurion are more properly viewed at a prolonged reriod 

of freperetlen for matheaatiet and toienoe (86). 

In feet, only in the Middle Aget it the rroblen of -athematioal abstraction 

expressly rrlven e philoeophieal eonslderetion in the Aristotelian tradition, et* 

poeielly by St. Thomet Aquinet (57). But tho medievalt contributed towardt the 

future growth of nethenetioa in a number of waya. Yarleue matheamtleal compen-

dlunc were edited| change, varieblllty of quentitiot, the Infinite, inflnltetlmal 

and the continuum were tubjeoted to lively theoretical dlscueaieni Creek mathe­

matios, as well as science and philosophy, were preserved and translated} the 

(8&J For the lufluoBoe of 3eaoerltut and the sceptics, tee Federiga Pnriqus 

*".o '"ittorle development of Lottie* The Prinoiplos andJ3trapture of ^clenoe inthe 
Conception of Matlioaetieel Thinkert, Authorited translation fron the XteTlanl»y~ 
Jerome Rosenthal, 'K'ew Torxt %mtyno\t and Company, 1929, Chapter I, "The Legio 
ef the Ancient*, pp, 1-48f tee alto Loon Robin, La "tctee Oreeque et Ice orlglnet 
do 1 '»tt»rit eelentlflque. svoo ia»e carte hort teste, Edition revue et oorrlgee avet 
una Bibliographic methedique nouvelle, arisi Albln Klohel* 1948, pp, 877«386. 

(86; George gajrton. Introduction to the ^ittory of Science, volutsis I, H i 
tee alto, A,B, Whitehead, Scienee and" the Modern *orld,*pp, 18-16. 

(87) Thomat Creenwood, og,. olt.."La Connalttance Rtathematlque d'apres 
Salnt-Thonas," pp, 68-108. 
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relationt and respective spheres of reason and faith were widely 

discussed end the eppetitetjtft ef reason as a powerful instrument 

of speculative consideration ant vindicated (88), 

(88) Carl 8, Beyer, op. oit.. Chapter III, "Medieval Contributions," 
pp, 61-98, 
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Chanter IT, The Cartesian Lre, 

The founding of mathomatloa at a soienoe and its accessory 'ovelop-

ment by the Creeks narked the firet golden era of mathematiea. The seven­

teenth century, the seoond greet period of athoma^ioal history, signalisedj 

by Its emphasis on analysis, the beginnings of modern mathematios (l). This 

fruitful period oonprised the founding of amalytlo geometry by Format and 

Descartes| the inception ef orobability theory in Fernet and "asoal and 

Permit's higher erlthmetlei the epplloation of nathenetics te dynamloc 

by tfallleo an! tho J-̂ wtonian theory of the universe| the discovery of al­

gorithms for the ealoulus by Loibnit end lewtoni the synthetic geometry of 

"•esargues and "cecali the notion of symbolic logic In Lelbnis, 

The rediscovery and progress of mathematical thought had a widespread 

offoot on tho current cultural outlook (2). An unbounded faith in the ex­

cellence end oertainty of mathematics rose, and the application of itt rin-

eiplet to astronomy, physios, and allied branches was initiated. A keen in­

terest In the quantitative elements of nature slowly supplanted the study of 

neture In Itt qualitative atpeett. rxtreme viewt an favor of the new selenoes, 

amounting even to contempt for theology, metaphysics and '-oral kncwledge, led 

many thinkers to adept a theer meohanleal view of nature. 

The new mathematics had a Hreet influenee on philosophical thought (3). 

In contrast to mathematlos, philosophy was looked upon as empty speculation, 

and many attempts were made to needy those supposed falllngt by introducing 

(i) W, W. Souse Ball, A eaort Account ef the History of Mathotntlot. *-Mrd 
edition, new York* The Maenillan Co,, 1901, pp. 269-276. See also T. T. Bell, 
o£. fit,. Chapter I, "The Be^laniaf of Modern Mathematiea," p-i, 118*180. 

If) Che riot 8inger* A ^ r t History ef Be lento to the Nineteenth Century. 
Oxfordt The Clarendon "ress, 1941, The Insurgent Century," pp, 185-247, 

(8) Tor the impact of mathenetltt and soienoe on sixteenth and seventeenth 
century theusjkt tee Sdwin Burtt, eg, oit.. passim. See also Edward P, Strong, 

PPt 0**«* £•»•*»» 
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nathenatioal abttraotlon and rethod into philosophy. In this way various 

forst) of aetheaatioiam appeared. The growing conviction that nature is 

essentially natheamtiecl in Itt makeup, reestablished the Hythagorean-

Pletonie tradltian in aetaphytlet. The successful adoption of mathe-

aatiet in experlaamtol selenoe jrediapoeed verlout thinkert to employ 

it, in peythologioal, religious and ethieel knowledge (4). 

The general continent concerning mathematiea before Sescsrtec It 

epitomised in the views of Copernicus, Kepler and Galileo. With Coper­

nicus (1473-1843), mathematics took a forward step by bein? applied anew 

te actrenany. Though hit heliooentric theory of the universe was voted 

on a smell amount of empirical evidence, Copernicus ~>ro~ceed its aooeptanee 

for its evident arrangement of astronomical facte In a more simple and 

orderly mathematical frame (8). Proposing a theory of enplrioal mathe-

catieita, he H«ld nethenatioa to be the rcaglo key to the study of nature, 

whose ttrueture be considered at mathematical and quantitative. A strong 

antl-Arlstetelien, Copernicus wet an ardent enthusiast for the neemPythn-

gerennlsa which had been ushered in with the Renaissance and had loft sueh 

a Barked Influenee on Cardinal Wloholat of Cuta. Both Case and Copernicus 

held extravagant viewt on the range of mathematical abstraotion. 

Kepler (1871-1680), had a hop love of astronomy almost equivalent to 

tun warship (6), Be eagerly read Copemlous' works and adopted his Ideas. 

(I) This wiil be teen te be true especially of Looko, Hume and the 
British empiricist school. 

(8) Cf, *. A. Burtt, egj, o|t„ Chapter II, "Copernleue and Kepler", -r. 
23-43 and Tdward W, Strong, op. cit.. Chapter Til, "Selentlfle Method and Heta-
phyoiet in Ropier,- pe, 168-184. 

($) . tor a resent view somewhat akin to Kepler's fantaatic petition, see 
F.S.C, terthrep. Joiencc and first Hrlnolplot> hew Torkt the Maomillan Co., 1952, 
•Hence, there are two *edt. One, the maoroeoopio atom la a aisole perfect sub-
atanee. The other, the neeroeeoplc unity of nature at a whole is a complex sub-
ttenee* Many of the inconsistencies in thoologieal theory have arisen booauso 
of the failure to distinguish between these two divine objects." r>, 262. 
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Convinced ef the prlnoiplee thet neture 'oes nothlrr in vain, that nature 

lovet slnplielty end chooses the oetlett *eane for Itt ends, Copernicus 

eleimtd that hit natheuntieel theories exhibited the deep connection *t 

the laathomatieally-harnoniouo motions ef nature. Thet the only true 

knowledge of nature la quantitative was the fundamental tenet f his em­

pirical mathenatitltn. In Kepler's universe, Mathematical knowledge was 

*ost perfectt Its conclusions wore certain an.-J not subject to doubt, and 

it r*realed to us the only real being, the quantitative. 

Tho mathenatloisa of these scientists culminated in Galilee (1864-1642). 

A greet end famous selentittf he was familiar with creek geometry and was 

strongly influenced by tho Vytkagerean-Flatenio line of thought. Wis scler-

tlfie theories owed mueh te lete medieval speculation on motion, the indivi­

sibles, the infinite), the oontlnuua end the notion of impetus. Wore than his 

predecessors. Colliee insisted en the nathematieal character of neture and 

considered It aa governed by immutable laws. Mature moved in nerfeet »re­

els Ion and order| not IORIO, but mathematics joined with experiment was the 

clue to nature's secrete. Observation yielded the general mathematioal 

scheme of nature with whloh the mind beeeme inrediately informed| the mind 

then deduoed e theory which must always ho verifiable In actual events. 

Galileo was i&ott tloar in hit emphasis en the reality ef primary and the 

fletlve oharaoter of secondary quel1tleaf 

3ut thet external bodies, te excite in us those tastet, thete odours, 
and these sounds, demand other than site, figure, nunber and tlow or 
rapid motions, I do not bollevot snd I judge that, if the ears, the 
tongue, and the nostrils were taken away, the figure, the numbers, 
end the motlont would indeed remain, but not the odours nor the testes 
nor the sounds, whloh, without the living animal, I do not believe 
are anything elte than names, just at tlokling it precisely nothing 
but a name if the armpit and the nasal membrane be removed (7), 

(7) As quoted in 8. A, Buret, oj>. pit., p. 78. 
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The new seleetlfle movement fostered by Ccpernxwue, Kepler and 

Galileo separated selentiftt from philosophical abstraction and led to 

the eventual Hererard of tho letter. Further, soientifle abstraotion 

became quasi-Identified with methemntios. The quantitative and mathe­

matioal character of mature alone was important and nathematlot slowly 

infiltrated into all soientifle speculation. 

I, Peteartet 

The favorieatien of mathematiea and science and the distaste for 

soholastie theology and philosophy are embodied in Descartes (1896-1650). 

Ths founder (with Format) of anelytie geometry, Descartes was likewise the 

lnaugurator of a nsathemetieised metnphytiet. In both regardt he was a 

child of the peat and a men of hit time (6), Be displayed e certain mental 

ooquettiehness (8), however, by hit admitted distaste and disavowal of 

historical and doctrinal Influenee* on hit tpeoulabiont. Bit petaphysios, 

yet couched in soholastie terminology, discloses him as an habitue of their 

(6) "la fact), though Ueeeertet' antipathy to hietory it part of hit 
eMleeoafcy, hit phAlpoophy^ln itt turn has its hietorioal setting. The two 
orlaBiwfl preoecupetlone ef flctoortoo were hit mathematioal method seed his 
psrctnal epproeeh te philoeophy. In both there lures) a hottillty te the 
hicterleal outlook. The neeeetary truths ef mathenetieaare indopeneent 
of temporal eham*eo. They ere always neooaeary. The order in whieh they 
happen ia Irrelevant tc thoatf tholr articulation it net that of eventt of 
time* On the other hand, the poreord approach, placing at it deet the 
whole onus ef the eeareh after truth on the individual, who must live 
through each turn ef the argument he discovers, relieves hUa ef the study 
of precedent and impotoa aletpiy the duty of reflecting nethodicelly on 
the implications ef hie own experience. A, Boyce Qlbeon, The Phllotcphy 
of Oeteartet^ London, Uethuem and Co., 1982, pp, 3-4, 

(9) Of], Joseph Mareehel, Prtolt d 'Bletolre do la | hllosophle Modorno. 
Twee render* Be la Henalssanee a Banjj, Lcuveint autwtta Utojmnuny 19887 
pa 81# 
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thought (10), furthermore. Ma montal condition was hie to a roodly 

xuwjber ef hit predooeatert, Saint Augustine, the Xenaisdanoe "eo-

Platonlstt and ooatemporary to lent i t t a ( l l ) . 

A mental waloontent, Peteartoa considered his past experience ia 

philosophy, soienoe and letters -wroly as cumulative evidence for the 

sorry state In w îoh ho fo'«rl knowledge and soienoe to bet 

But as soon as I ha* finished the entire course of study.. . , 
I found nytelf involved In to many doubts and errors, that 
I was convinced I Had advanced no farther In all my attempts 
at learning, than the discovery at every turn of my own 
lfnorenoe Tl2). 

Tho excellence of mathematics an'! i ts "orr»ative Influence on him, however, 

was riven proper credit. Of his students* 4ays at La Fleohe, he writot, 

I wet especially dellrhted with mathoamtlet, on account of the 
certitude end evidence of t.h*»lr reasonInr (13). 

fio locked te matheaatiet under i t t elementary forms of arithmetic 

and geometry as representative, but incipient d e l s of truth} 

(10) "MB deeidsnt d'otendre 1'explication nathematique a la totalite 
du reel, r5esoart«s viont do substltuer lo mint de vue du sujet a oelul 
de 1'ohjet. B'engageant en effet a eonsidorer la methode mathornetlque 
oomme lo soul exereloe normal et legitime do le relten, 11 remrlaoe la 
soienoe teolattique, divorsiflee dons tot methodee comae olio l 'etait 
dene tee object, fay una scienee ocetat l ' es t sa methode nemei 11 s'en-
gege a xtt*ee4er toujour* a priori, en el lent dot ldeet tax ehotee, an 
lieu do proeeder toutteurt a pctterlorl. oomme lo thomitae, wn allant de* 
choset eux eoneeptt| 11 s*oblige eafina substltuer au reel, oris dens 
se eeaplexite ocnerete, ua ensemble d'ideee definles a ohtsjune deequelles 
eorretpondtnc ohoee, au lieu de proooder, oomme le thomitme, a una analyse 
oonoeptuclle du oonoret ou le eonplexite dot concepts se model* sur la 
ooraplexite des ohoeea." Btienne Wilson, Hudes sur lo folo do la Peacae 
Bedlcvale dent la Toffsatjon du Tj^ljya^ Parist Ji» v'ria, 1980, 
P* U l ) . A, Boy**- B^aen, on. *lt>, pp, 1-29, 

(12) "Mais s i tot quo j'eu aoheue tout oe court i*otu'les.,.je me *:roi;vola 
eaberatte de tant do Routes & erreurt, ju'il n* tenblolt n'avoir fait autre 
profit, en tascr^nt de i.'lnttrulro, slnon que j'avoit deeouvtrt de lus ©n 
clut won lanonmce.* Oeuvret de Petoartes. Chariot Aden A Paul Tannery, -eriti 
Leopold Cerf, 189T-19li; plseourt dô la gethode^ Title Tl, p. 4, All quotation* 
froa ^ottartet are from thlt edition, 

(18) "Jo mo plaltoi* turtout aux Wathonetlquet, a oauso .le la certitude 
k de 1'evidence do leurt roitont." ">itoo.urt do la .'•frthotfp. Vol. H , ;-. 7. 
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Arithmetics et Ceoattria,.a«iroe objootua ita purua at simplex 
vertcntur, ut nihil plane ttippcnant, quod experitntla rediderlt 
incertaa, ted tota eontittunt in oonaequentiis rationabiliter 
iedueendltt (l4;. 

The inherent rigor of mathematical demonstration rcrtioularly gratified 

him, and he averred that thoee -»ho suck truth 

Circa nullum objeetua debere eccupari, Je que non potslnt habere 
eertitudlnea Arlthattlolt et Qeenetriels demonstrntionibus aequalen (16). 

Current leek of mathematleal development surprised ^etoartet} though mathe-

matiee had ear ttrong foundations, it seemed strange that they should have 

hed no loftier superstructure reared on them (16)." Instead of beia neatly 

compacted in a uniform dootrlne, the pert* of mathematlos seemed disordered 

and of little uset 

as to the analysis of the ancient and the alkabre of tho moderns, 
besides that they embrace only matters highly abstract, and, te 
appearanee, of no use..,there results an art full of confusion 
ar.d obscurity calculated te ©mbarracs. Instead nf a oeienoe fitted 
to cultivate tho mind (17). 

3h*a dosoartet regarded the philosophy of the Schoolman, it was only to 

oensure their tylloglttle method as 

that method of philosophising which others have already discovered and 
those weapons of the sehoelm&r, ^rotable tyllogitat, whloh are to well 
suited for dialectical combat U « ) . 

(14) "Fx quihut evideater colligltur, quare Arlthnetlea * Geoaetria oaeteris 
diteipliais longe eertieret existentt quia sollleet hae folae eiroa objootua ita 
purua A simplex vortantur, ut nihil plane tupponant, quod oxperlentia reddiderlt 
ineertua, sed totae eontittunt in eontequentiit ratlonabiliter dedueeniit." Btftu-
lac ad Pirectlonem IngonUr Tol, X, p. 868, 

(18) "...reetua veritttit Iter quaerentet olrea nullum objeetua debere 
ooeupari, de quo non peaaiat habere eertitudlnea Arithnetloit A ueometrloit 
dementtratlenihut aequalen," Ibid., p. 868, 

(16) ".„aaft je no remerqueia point enoore lour vray utage, A passant 
qu'ellet no servolent qu'aux Arts Meehaniquet, je n'oatonnolt de ce que, lours 
fendemens ettant tl form* A si tolldet, on n'avolt rien bastl dessus de pint 
relevc, Pltoour* de la Methode. Vol, VI, p. 7, 

(17/Ui''uls, pour 1 'Analyse dot ancient A 1'Algebra dot modernet, autre 
qu'elle* no s'estendent qu'a des matlerea fort abttraitet, A qui me sessblent 
i'auouu utagCcqu'en en a fait un art oonfua A ohtour, qui embaraste 1'esprit, 
au lieu d'une ttlenee qui le oultive." i> 1Bcourt de la Mathode. Tel, VI, -v. 17-18 

(16) "...damnamut illam, quern eaeterl haotenus invenerunt, philooophandi 
ratlonea, * soholostloorun, optisslma bellis, probabilium syllopisnorum torraenta* 
asrulae ad Direotionem Ingenll. Vol. X, p. 3G3. 
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The l o c i t of the schoolmen is only able to effect a e tat us of o, anion 

and'probable knowledge! i t Is concerned with empty problems ru.i. f a l l s 

to guarantee the oortitude of truth. Jiclenoe, le t ters snd learning in 

f;eneral were proscribed by Pesosrtee, and no found no one adequately 

equipped with truth, no place where i t was taught and no troth to 

certain thet It ooul>; not be donated, 

Fraught with these doubts and with specula.ive d i s s s t i s fee t ion , 

T'esoertee conjectured that the rrevelont barrenness of •ruth and * ' .T-

t l H t y of error wore duo to a faulty <»'d contused aet.v.-H.. He Paired 

e ^odo of proeedure In ressonine thot would dissolve his ;>«r*<?nel d$^btt, 

enable him to aonieve oerteinty for the good of nenklnci, and possibly 

empower him with the reconstruction of tho entire edifice of human 

Knowieege. xne metnoe wmen no <«neartneo was discloeed to him in 

mat heme tloa (19 / . I t had two admirable tra ' t s t *,he simplicity and 

generality of i t s axioms, snd the long chain of reasoned deductions 

enabling the mind, te edvanee froa the elaplc to the eonplesi 

the long oho In of simple end eoey reasonings by meens of which 
geenetere ere aoemetemed te row eh tho oonolusions of their moot 
d i f f ieu l t oomoiistretions, hat led no t t imegine thet e l l things, 
te the knowledge ef wnlta man le eeapetent, are mutually oonnocted 
In tho seas way..«(t0}« 

'in — • '" '» ' "'"• ' "•"• 

(19) "FOOT 8eaeertee, le eeienee eat eeeentlellement tme, ptcfte qu'olle 
n'oct r iend'eutre que l ' U t e l l i o s n t e au.travai l , e t qu'll n»y « ^^'une seulo 
aeniatc do eemfirondre. 1} doit dene y avoir una seulo nsmlere, tme soul© 
method* pour arranter lee deaneoe complexes d*un problene quelle i*ll so i t , 
dent un* ehetne do re le t ion* elmplc* entre dec Alements s ingles en demiere 
analyse. La rc let ien in l t i a lo doit otro l e plue simple de toutea, e f la >kuo 
l*eeprtt puinae i t ee ia ir dent un eeul ee te , den* una Intuition indlvi'duello 
et iadivieee." Thcaas tfreonwooe, *Originee de l e geo»«trieertelrtiT«o." rtovuo 
TrtTcstrlollo Comedienne, 84 (1948), p . 177. 

(iO; "Ceo ian^MSt^ehmianee de raleone, toutea e i n p l o s * feel l e e , dent 
lea ucametree ont touttamc do ee eevolr, pour pervenir e lours - lus d l f f i -
e l l o e demonetretion*, m'evoiont donne eeoeticn de ft'latginer que 'outes lee 
ohoeee, qui peuvent tomber sous la oonnoisanoe doc hammot, s'entresmlvent 
en meome feeon. . ." Dlsoourt de la Methode, Vol, VI, p . 19. 
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Mathemetleal procedure alone guarded the passage of truth and fitted 

all types of soientifle inquiry, slaoe "All selenoes are lnttreenneeted 

and dependent on one another (21)." 

Wo mutt not imagine that one kind of knowledge ia more ebeeure 
than another, ainoe all knowledge is of the seme kind throughout, 
and consists solely in combining whet le self evident (22). 

Deseertes* high regard for mathewetlet woe not completely new or 

original (23). Favorable opinions on natheeatlet were prevalent, and 

Descartes himself speak* ef his eethod se known te the ancients, "But 

ny opinion it thet these writers then with e low tort cunning, deplorable 

indeed, suppressed thit knowledge* (24). To comprehend T>esearteev oon-

trlbution, it is neooessry to understand hia distinct ion between the 

literary form of writing geometrically snd the geometrleel method it­

self (26). The literary form or presenting dootrlne Is quite unia-

portent In Itself, sinee it consists 

merely In putting forward those thing* firet that should be known 
without the aid of whet cones subsequently, end arranging all other 
matters so that their proof depends solely on what precedes then (26), 

(21) "...sunt onim omnes Inter so oenjunetse A a se invleea 
dopendentet..." Regulae ed Mreotlonea Ingonll, Vol. X, p. 861, 

(88) "Denlquo eolligiter querte, en dietla, nullaa rerun eognitiones 
unaa allien ebeourioree ease putandes, eun omnes ejuedea elnt neturae, A in 
sola rerun per so notarial compos It lone consistent." Ibid., pp. 427-428. 

(28) "But whether or n->t neteertet originated the high esteea In which 
msthenatiee wee held, it waa without doubt the conception which influenced 
hia most profoundly in the development of hi* philosophy." Loon Retfe, 
Splnosa, Deeeertos and ̂ almonidos, Oxford* Clarendon Press, 1924, p. 12. 

{24} "Hane vero pottos sb Tpslt Seriptorlbus pernioiosa quaden astutia 
suproteta fuieeo erederia..." Mogul ao ad Plrootlonoa Ingenil, Vol, *, p. 376. 

(88) See Rsrry Austryn wolfson, ~*ho Philosophy of Splnosai 'infolding 
the Latent Freeesecs of his seasoning, Csabridgoi Harvard University Press, 
Volume f. Chapter I, "Behind the (feemetrieel Method," pp. 8-31. 

(26) "Orde in eo tentum consistit, quod ea, quae prima proponuntur, 
abeque wile seeecntiun ope debeant oegneeol A rellque deinac eninia ita 

despeni, at ex praeeedentlbut folit dementtrentur." SeOundae tCaponsionet, 
VII, p. 158. 
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The geometrical method proper is dtt inguiahed into proof by 

synthesis or by analys is . Ruolid i s a fine example of proof by eyn-

thes l s i he begins with primery notions end oomnon axioms, sets forth 

propositions and uses construction. Kuolid proceeded froa effect to 

oauso, from the oomplex to the simple. I t i s this method whloh Oes-

oartes disoards for proof by analys is . Thus the Cartesian or ig inal i ty 

lay in the universal applieation of e specif ic mathematical method 

to a l l sc ient i f i c inquiry, the method ef analysis (27) . 

Cartesian analysis reasons a prior. I t i s s movement from cause 

to e f feot , from the eimple to the complex. Intuition i s Its point 

of depsrture (23) . By annexing new materials to the original in­

tu i t ion , the nind employs deduction in unfolding what was gewdnslly 

eontalned in intuition as a oauso (29) . Intuition Is mora certain than 

deduction, for i t le simple. Intuition is i t t own explanation and 

just i f icat ion) 5t Is a mental ultimate which discloses Irreducible, 

simple natures. Summarily, then, by intuit ion the mind laye held of 

clear and dist inct ideee, end supplements this act by deduction 

through whloh we understand a l l those things which ere ooneluded 
with necessity froa certcin other things whlsh are certainly 
known (80) , 

Peeesrtee? speoulative conception, then, of mathematics and soienoe 

in general, eliminates the necessity of any mental abstractive prooess 

(8T) "Bow the ehareeteristio mark of mathematical knowledge i a , 
f i r e t l y , the slmpllelty end generality of the axioms with which i t 
s t s r t s , snd, secondly, the long chain of deductions by which we pass 
from the tixqplott truths to the moot complex. Intuition and deduction, 
then, ore the two aeapleatntary paths by whloh we nay travel to the 
truth. But deduction requires a starting-point, and thua the centre 
ef Deseertot* epeitcmology ie hit theory of intuition." A. Boyce Gibson, 
2£» t i t s , p . 182, 

(28) Regulte ad Direotlonea Ingonll, Vol. X, pp. 366-369. 
(29) I b i d . , pp. 369-370. 
(80) "•••per quam inteillgimua, illud omne quod ox qulbusdam aliia 

oertc eognltlt nteeettrie eoncluditur*" Ibid., p. 869. 
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though it forced hia to adopt a theory of Innate ideas. The adoption 

of a altar and dittinot idea as a beginning point was tho first re-

quisltt, Thlt Initial point was then used as an instrument In the dis­

covery of new trutha by the nind'a presenting new and unknown mater1alt 

to thlt mental nirrer. The nind than rationalises oaoh item of thlt 

new aatorial by making each oonf ormablo, one after another, to the measure 

of the Intuitive idea, Froa thla Unilateral inferonoe of the mind, a 

aeriet of deduction* retombling a neatly linked chain of reaaonlngt ensue 

(81),Jn thl« "*y* 

patting little by little froa one te the other, we may acquire 
in tine a nerfeot knowledge ef the whole of ohilosephy end 
attend to the highett degree of witdoa (82), 

Oeseartes gave a number of rules (33) to serve as ruides for this mental 

process| to aecept only what is clear and distinct (intuition)) to separate 

eaeh difficulty into all its component parts (analyala)) te begin with the 

simplest and easiest and proceed to the unknown and complex (deduction)) 

to bo eonplete and omit nothing (hypethetleel induction). The ado;tion 
i 

of thla method, Descartes believed, would perfeot the habit of lisoovery, 

since 

of all tho** who have hitherto sought truth in the soienoe*, tho mathe* 
aatiolene alone have been able tc find any demonttratlont, that I t , any 
eertele and evident reatont, I did not doubt that sueh must have been the 
rule of their dewmsetrationt (84). 

1 (3l) %ehtrch» do la verlte. Vol, X, pp. 486-497*, 
^ (32) A* quoted in Leon Both, Sulnoxe. Daaearte* a Malaoaldos. Oxford, 
the OUtendoa Pre**, 1984, p. 1B§ eee Chapter Z of Both*a weak for e fine 
sWQBWAty of Dceeartee' aathod. The book also contain* a abort bat fine study 
ef the relation* between Oeaeartee and Splaoaa. 

(38) Djaoour* de la methode. Vol. VI, pp, 18-19. 
(84) "•••It eontlteront *uv«atr* tout eeux qui ont oy devant reoherohe la 

verlte dant let teienae*, 11 n'y a eu que lot teult Mathematicians qui ont pu 
treuver queleuea demoaatratlons, e*ett a dire quelquea raitent certainet A evider 
tea, j * no loutois point que ee no futt par let assures qu'lls ont oxamineet...* 
Sjtoour* do la methode. Vol, t l , p, 19. 
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Descartes employed thlt method to all the sciences (36). In itt 

applieation te metephyaica, hia procedure and results are wall known. 

Ho found hineolf foreed te doubt anything that could be subject to doubt. 

The tettiaony ef ths external and Internal senses, of the principles of 

reasoning, and epeolfioally the exittonoe of Cod, the external self and 

nethsaatiaal truth* (whoso > othod he retained), were Included. Through 

thlt progressive withdrawal froa all existenoe snd evidonee, nothing was 

left but his doubting, thinking seifi Coxito. ergo sua, trots as a titer 

and dittinot intuition (86), The new eteriale which he found within the 

thinkinr self — God, the world, hit body — wort permitted to enter the 

domain of reality and ineligibility only by being made conformable to 

the basio intuition (37). Descartes' chain of reasoning has begunt the 

thinking self hae en idea ef <Jed which only Cod could have placed there) C 

Cod existt. Cod's veracity would net permit the thinking self te be de­

ceived with regard to the impressions of an external world) the external 

u 

188) "The mathematioal interpretation of nature involves, in the first 
place, the applieation of general nunerloal relations to figures In space, 
whloh resulted in Jeteartet' own discovery of analytical reoaetryi in the 
second, the amplication of r-athemtloal analysis as a whole to the study of 
moving bodlee, aa rreotioed (though not entirely to Descartes' satisfaction), 
by Celllee) awl, in the third, tho reduction te mechanical formulae of all 
physiological phenoaeaa, including the Instinctive reactions of anlmalt) 
whloh appeared te be indicated by Harvey'a new theory of the oireulatlon 
of the blood," A, Boyce Gibson, on, oit.. p. 1<*7. 

(88) *Thut It it fcoeartea'mat henat lo lea whloh leads te his psycho-
legian. Re posit* the self for determination .just as the geometer posits 
spacet and miseonooiving the fashion In which we find Its properties in a 
triaagle, he maket what la in faot an empirical enumeration to th» modet 
of thinking tubtttnee*" Marthimis Veraftld, An Ettny on the Metaphysics 
of 3*>***rtes. tendont Methuea and Co., 1940, p. 88, 

{87) "in deeretant 1•unlverealite de la methode mathomatlque, il a fait 
un ecu* do force. On avalt toujour* tu event iui que lee connaiasaneea aathe-
matlque* etaient lot plot oertalnet do tout, parce cu'alios portent sur l'objet 
oonerot le plu* simple de tout, lul soul a songe a denier toute valour aux eon-
nalttcnoet autros que matheaatlquet. II joue dona, du point de vue do la phi* 
lotephie medievale, le role de I *lndisolplinttut, eelui qui met s n noint d*hon-
neur a ehereher dant n*import* quelle discipline en iogre de certitude qu'elle 
no coaporte pat. B*un not, 11 no eonnelt plu* d'Intermedial re entre le vrai 
et le feuxt •**tt 1'elimination radloale <tu prpbable. Stienne Gllson, opj, elt,, 
H % 234-238, ""*" 
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ojorlel exlett. 

The idealistic aatHeaatiei*B which Descartes founded wrecked a 

retroactive revenue on it* author and hia successors* In return for 

the denial ef pre- te lent 1 H o knowledge and the proper view* ef ahatraetive 

pre****** other than the mathematioal, disastrous speoulative results 

followed (38). The Cartesian telenet lost sight of the analogy of being) 

the existent* of Cod was subjected v doubts and denials) the world of 

nature, denuded of qualltl**, was equated to extension, thus severing 

the Jelloote suture of matter to spirit and snuffing o-t the slightest 

bit of life in plant, animal and hunan bodies, ^etcartes' exaggerated 

dual ita it evident in the metaphysical ant i thee It of taatter and spirit, 

the psychological dichotomy of body and soul, the epletemelogleol dis­

junction of thought and object (29), 

'rite failure of "eaeartes' mathematician was recognised by his 

successors (40). He ha-i, however, successfully turned tho direction 

of non-scholastic philosophical thought onto a road that it has sinoe 

travelledt the emulation and imitation of mathematiot and selenoe, a 

distrust ef metaphysics and a litlike for theology (41). ^etoertet' 

(88) "I>***artc* commence ea effet par allainer toute quelita et 
toute forme du doueine de la nature) or la negation reditale do la quallte, 
a*oat la negation radieale de 1'analogic entre le materiel et 1*Intelligible, 
et oomme 1'analogic etalt la methode soolaetique <-ar excellence pour allot 
du aondva Oieu, aette vole tradltlcnelle te feme devant Oeteartea, Ave* 
sa penetration ooutuxdere, 11 1'e M e n vu, et 11 l*a 4 It aveo franehlee," 
IhJLd.,, e. 268, 
„ . \8») **rthlnus Vers fold, op. elt,, Ch. XI "Concluding Seaarkt." nn. 
148-lVOe 

(40) Spinean ana Ulanlt, a»ong others, pointed this out. "So tho 
rationallea ef ^saaaitt* result* in oeapleta soeptieita,.. ^eacartec' very 
faeisjtcaeo on tho > fact of the individual posset tion of truths has led hia 
to tho serplielt denial of universal truth. In to far then as he was in search 
of, and believed himself to «eve found a lo^lc whloh should help in the dis­
covery ©f, and provide a theory for, truth, he meet be proclaimed to have 
failed," Leon Bathe 2L» *ft#» PP» 86-ew, -* 
/Jf?" 5* ^tj*^*5***! •**& ot ****** »y »tlenne Silton, The tfeitv of nftlose^hleal Jxporienco. Fart Two, =SJSJ 
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immediate and tubtequent successors did not atteant te recast philoso­

phical speculation but remained in the Cartesian tradition (48), Bven 

the** wh* eppoeod hi* thought and method fell under his influence and 

dcvelowext ty*ten* ef rationallea, enalrieiaa, peathelen, mechanism and 

Moptielau*. 

IX, Bplnosa 

Two ef ftasssrt—' tans II ate feUuemut, ueulisstn and 

acwelepoA the eenclueion* latest in hi* separation ef tritnt froa matter and 

in hi* notion of 0*4* epinxem (1632-1677 ) naa apparently oppooed to 

ne**arcf* and trUloiaed hi* doctrine* (48). l e t hi* paatheiaa 1* directly 
_ _ ' V/ 

bated on flcssartoo* notiea of substance and on the edeptien ef the Cartoeian ( 

method. The very t i t l e of SpinetVt principal work, Bthlec Ordiao. Qooactrlco 

g*aon*trat| (44) / i* an echo of Cartoeian mathoaatlolsa. An ethloal aotlve 

proaptod Bplneca to write) he tough* for the knowledgo that would make men 

hap-y. By teeohtht; men t* I**jk upca thing* in sueh wi*e that they would bo 

1*4 %• great moral perfection, he hoped te lead theao to eternal blessedness, 

to the xnomiengeof tho "Suaamci bonua..•cognition** unlonlt, quaa men* eua tota 

nature habet"(48)." The patcage ef the nind to this state 1* a hardy one* 

te'wust go froa the msntal condition t e acre perception and Inadequate ea> 

penenee to tho state ef rational knowledge with i t* adequate ideas) only 

froa here een we be led te the f ind phae* where man attaint the Intellectual 

lore of cod (48), 
^..jUeU Jotaph sarooheJL, oes. "sit . , pp. 68-64, aareahal aunmarltet the different 

e*tlar**e which ttudente ef Oetcartes' philoeophy have made of his predoainent 
regarding hia primarily aa a phyiioict and nathomatleian. 

eh*^ct»ritt |a, suae regarding hia prianri 
ether*: a* a aotsja^aUlan or en apologete, 

<4f) A*tudy of tho nunatrew* influence lecudyef the nunarew* lnflucnoo* en Bpinota i t found in Joseph ahreeha 
op.. e t t ,*pp* 107-113. 
_ 3**> *•# <?"£ t i^?w ."l*1 •B*ao?» • t !»»*» fn"1 *h« Allowing editiont #*. Van Tloten et «J*P.B, Land* Bsasllatl fte 8oia**n Opera Hjefcnuot Seperta Bunt, 
Bditle iortla, kgne gonllasTWBB*"^^ ^ ' 

W ,|rcctituf ^Jntoa**%u*_, oration*). Vol. I , p. c. 
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To achieve thla foal both for himself and crthert, seemed to Spine** 

an iapcttlble task. History revealed the many attempts men have made ia 

this regard, and their tragi* fallurea (47). Bpinota tumitsd that a 

faulty method was responsible, and he searched for an Impersonal and 

certain procedure -h'oh would yet allow the freedom of unprejudiced 

inquiry. This method ho found in "Nwcnrtes. Met tarnishing himself froa 

Descartes, Snlnosa complained that Descarte* had erred in utlng thlt method* 

Re had, first of all, treated Cod at an asylum l<^cranti*4|. 

Sed llle teuton a Corpora alee dlstlnctaa ocnooperat, ut nee hu+ea 
unienl*, neo lpciut Monti* ullaa tlngularea cause* eatignere petuorit, 
ted neceste ipti fuerit, ad eautam tetiue Onlverti, he* o*t M Beets, 
roeurrere (48 )• 

Qeeeart** had likcai** maintained the freedom ©•: the will. Spinota 

eerohatloelly rejected both propotltioat, dissociating hlmeelf from Cartes le­

al ea aa nuoa aa possible* but adopting the matheaatleal method. 

The ?i^a*lala Philotophiac Cartotlanao,. a work in whloh Spinet* recast* 

Deeoartec* Principle, I^lloscphlec in synthetic font, eontaina an interacting 

preface by *eyor. Xt was written at 8pine*a*s request and approved by hia (49), 

In hi* preface, Mayer eulogltet the mathcantleal method as being "tutitsiutaejinf 

vcritati* imdagaadae etque doceadl visa, oanlbue, qui supra vulruo eapere volunt, 

uaaniais est sententia (60)." lie laments the feet that other sciences have 

not been treated matheaatleally, r->r must people judge it aa merely applicable 

'> te metheaatioa, - — - — - — — _-

(47) Off Bthloa. V, ?raef., p. 247. 
(48) antati D** Cart** Vlnolpiorua Phllotcphlac. ''era I et II , Praef., 

(48) Leon Batik, op, o i t . . »*• 40«41, 
(SO) Ibid., p. 103-4. 
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Thi* ha* eemsed uaoertcln and unclear deaunctratlona In thee* teieaoe*, 

Oeeeertee, 4i**ornimg the mleereal* plight of philoeophy, 

nova Methods* e tenebri* ia lueea pretraxerat, rhiloeephiao 
fiaila—tt lnooncusee eruit,,.quibue pluriaa* veritatoa ordiao 
eo eertitttdlaa sethoaatlea superstrui posso (61). 

•oyer than desorlbes the Cartesian method of analysis and contrasts i t 

with ayntheela* Bpinota** pureete ia presenting Oeeoartos rrinolnla in 

synthetic fort* la to clarify the deetrinc for those of meagre talent. 

Beyer then mentions, eigalfieently, that Splmoea'e treatment dec* not 

fell*** Peecejrt** eoaplotoly, nor dees i t imply that Spimota aeeeptt al l 

thet relieve. In fact, Meyer etreetee the feet that opinean rejeote the 

'ml in * T *awj BiaBalti of final eeueellty, and freedea of the wi l l , end thet 

there are tome thing* which surpass the oapaeity of huaan reason* Bpinota 

Judieet enia lata oania, ae etlaa plum Ilia ma îs sublimla atque 
tuhtilia, non tssrieoa alar* et dlctlaotc * aocia eoneipl, cod otloa 
ootsatdlsslao carpileari petae, si mode huaanut intolleetut alia via, 
quam eject) o Oartwio aperta atque ttrata cat, in veritatic inveati-
gatiaa*a rcruaqu* oegniticnea dedueeturi atque idee solentarua fun-
exeueBta a Cewteele eruta, et ejaao ab ipoo *uasi**)dUi*aac *unt, non 
*uffi**r* ad oane* a* dlf1*11lines, quae in •stephyeieia oeeurrunt, 
*o**t1tast oemnulenoktB at sat aelvcaaas, cod 9M* requlri, ai *4 illad 
eegnitianlc factlgiua Intelleotua noctrua euplaua evehere (58), 

Splneea'e use of the nathanatleal method i t imprettlve. Bogianlng with 

the intuitive definition and notion of substance in theY£M*e, he dedueee 

the real order. Splneta's aathiaatlelaa differ* from that of D***artee* 

in point of coverture, end by the rigereu* ocrreependeneo of the reel te 

the mttheaatleelly Ideel (88). Hegardinfthe nature of Cod, Splnota wrltee. 

81) IW4,, * . 1 0 4 , ^ 

(63). f*M*a, ?hrt I I „ rep, TXIf tee alto John Calrd, Spinoaa. 
8din*jBli»gh and London* Willi** BlacleecoA 8 Boa*, l e e . , pp, l l t t l l f . 
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Vera* ego no satis olare oetendlsse puto, a suxam >«1 po.ontla, 
sive infinite nature Infinite Infinltit nodi*, Hoo eat, omnia 
neccssarlo effluni**, vol semper cedent neoettltate sequl) eodea 
none a* ex nature triengull ab oeterme et ia aeternun aeeuitur, 
ejut tret tanulee ecquari duobuo rectit (54), 

*Hfit regard tc hit geoaetrieal treatment of the nature, aotien* and 

emotions of man, Splaoaa remark* 

81* sine dublo anrua videbitur, quod hoalnua vlt ia et inept lea 
nor* floenctrloo Vtcjtar* aggrediar, et certa rati one lemons t rare 
volla ea, quae ratleal repugnare, quaeque vena, abeurda, et 
horrenda esse claaltant (88), 

Bpincam replie* that since only neceeaity and determination exist in natMro, 

the geoaetrieal treatment i t valid, 

De affectum Itaoue nature et vlribut, a* Monti* in eotdem po--- t in, 
eadea Kathode agan, qua in pr***fleBtibe*' do 3eo et cento egl, et 
hwnanaa actionet atque anpetltua contldcraho nerinde, ao t i ojaaettlo 
liaoia% planis, aut da eerperibu* esaet (86), 

*plno*a did not concern hisaclf with the nature of matheaatiet. Be was 

merely interacted in Its deductive eorteinty 'and exactnees. Hi* philoeophy 

wa* but ?ure letftheamtlotaa (*T)e 

•>laeaa*t dxnrelepenoJt of aceoortee* ptrllo*ephy wee not adopted by sub­

sequent thiaaers* Oartetianlva, Incteed, adopted three major for**)* One 

rreup of tltiaJbtrt, ef whew Lolbnlt i t most prominent, eisphcelted the idwellatlo 

la Oa*j*ej*j**f enotaer, typtfled by la Mettrie and tho French ph&leccphoc. 

toward* m*ohanl*a *JB4 mcterlalieni the third, tho SrltUh school, 

teveloped a erewounccd emflrieiaa. All three schools are alike In their aiiop'iltaiiiiiia 

of scn*> rwalaeiwjtal position* *r tenet* ef Coj***i«n philosophy. 

• O N M * -
8 '• ^ . j ^ 84) 8%hi«a, I , (rrcp. XVII), 9eholHav p. 88. 

88) Ethioa, XfX, rroxtf,, p. 120. 
MaW r« At*. 

(of) harry Aattrj* Bnlfwtn, in The hllogophy ** *&***? aako* a ttrong 
%4*e«a** aathcamtielaa, So* Chafer II, 4%m Oeoaetrloal Method.". 

FP* 
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I I I . Lelbnlt 

Lelbnis (1648-1716) la often calls.! the l a s t universal ranlus. 4ani 

His countless reftrenoet to ancient, medieval r!i>! contemporary thinkert 

i l l u s t r a t t h i t wide learning and capacity for detail (55). They likewise 

reveal h i t batie t ra i t and tendeneyt to oomnromite and synthetise, to 

remove individual differeaoee, v harmonise speculative opposition in his 

own "contra de perspective (89)," 

Lelbnis was ful ly appreciative of those numerous Influences. His 

acquaintance with Ari t tot le , ' l a t e and the Scholsetlot made him desire 

to combine their doctrines v ' th the moderns (60). Be was familiar with 

the dootrlnoc of Francis Bacon, uobbec, Galilee, Pesoertea, Splnosa, 

Malebranehe and contemporary philosophers and sc ient i s t s (61 ) • Owing 

(88) Joseph KarooJuU^ on,, o i t . , pp. 184-161, 
(89; ^La contiaeratioa do ee system* fa i t voir austi que lor ton'on 

entre done le fend* de* ehott t , on roaarquo plu* do l e ralaon en'on no 
oroyait dans l e plupart dee soctee dot philoccphe*. Le peu do rea l l t e 
•ufeetantlolle dee eheae* sentlblet dec Seeptlquet| Le roduetien do tout 
aux harmonies out noabret. Idee* et perception* dot *ytharorlttet e t 
Platesleiene i 1'un et memo un tout, de Permenide et do f l o t i n , sans auoun 
Spinosltmo) la connexion Btoloienne, compatible avec la apontaneite dee 
autret) l e uhlloeophie v i ta l e dea CebaUete* et Hornetlquee, qui mettont 
du centiment par tout) le* formes et "nteieohie* d'Ariatote et dot Seo-
l a t t i e u e t , et eependant 1•explication aeeanlque de toua lo t phonomenoc 
partleullore selon fleaeerlbe et le* odernct, e t c . , te trouvent rounlee 
coma* dan* **n «entre de perspective, d'outj l 'objet (eabrouilio ea l e re -
gereaat do out autre endroit) fa i t voir sa rerularlte et l e oonvenanoe 
de cee parties ." Lettre a Boanaro. -rdaanjo, pp. 188-184. Similar paetagec 
occur throughout Le'lbnIf Vworkt) ef. Spuveaux r 'ctait . 3k. I , Ch. I , 
Frdsann, p. 208, 

(*0) "J'ai teujeurt etc fort content, nan* dan* ma jeuenea* de la Morale 
de Flatea, et encore on cueleuo faoon do aa tVattphyalquot autt i oat deux toicneei 
vont-el lee de eonpegnie, comma la Metheamtiqne et la Physique, Si quelqu'un 
reduieolt Platon en ayttaae, 11 readmit un grand tervloe au jjonre hunain, et 
l*on verrolt quo j 'en approche un "eu." Fxtralt d'late lwttre a Kr, Btaond de 
noataort. 1718, Rrdaann, p, 728, Xn the seme l e W c r n ^ ^ T s n s r l t e i j ^ u a n g — 
v e t o i t joune gareon, lea Ftudlans de men age chantolentt "umraus Aristoteios, 
f la t s et Euripides, ceeidcruat in profundus*. " Ibid . , p . 728, 

(61) "Lelbnlt't philosophy was thut the attempt to reconcile two ways of 
lacking at thing*, the ancient and the . odorn, tho theologlanl ar '• the mechanical 
the religious and tho s c i e n t i f i c . Be dcalrod to rive e l l possible scone to 
sc ient i f i c research, a l l posslbls breadth to knowlodrej but not loss did he with 
to give a l l pott ibl t depth and rea l i ty to religious bellof," John Theodore Sort, 
Lelbnlt. Row Torkt Backer Proas, 1846, 
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to 9o*o4urtct' taflueatial position, Lolbait was prompted to nako altar 

hi* ewa petitiea by eoatratt to the Cartealaate Acibui* pronounced many 

aatl-Cartoataa sentiment* (62), heinteiniaf that "ia fl*rt**i* eju* 

eethodi tsntun pr*po*itua tenee (63)," he proposed a dynaaist view of 

nature, reinstated^ final *aut*lity and improved i>ee*arte*' mtheantlc* aa 

evidence of his opposition to th*. Cartoeian*, Jut hi* eaeitiwa te determine 

the simple elements of thought, his theory of innate idoafl, and his nmthe-

matleita pieced *}» in th*,*orte*l*a> tradition* 

Lelbai**t action of a unlvereal ohcr**tori*tio and hie aetaphyalcal 

dootrlne are two atpeett whloh demonstrate th* influence of mathematics 

on hia thought (64). The firot *f these proposed an ultimate id*ntlfi*atlon 

%9%) fair example, Ictawahi, "XI mtarrlv* un jour de dire, one le Carte­
sian! tm* a* oe qu'll a tt ben n'*t*it'ouo 1'anti-ohambr* 4* la veritable 
philecophie." 'Lettre a un ami sur 1* Carteslsnlsme. 1688, ^rdwann, p, 128, 

(63) gplttola a4L Jeeobua Thpaaalun. XXX, 166&. r̂*>wam* op. ojt», 
(84) The influence of n*tn*m*tio*oa Lelbnlt ft thought can be found in 

Lolbnja i The Mcnadolosar and other hiloeophioal ^ritings, translated with 
Introduction and Botes by Robert Letts, LondontCeoffrcy Cuabcrlego, 1948) aee 
Latta's Introduction, especially pp» 74-86, A timilar study It prefixed 
*• &•"*• ^-eibnlBt Oeuvret Bholtlct, ave* preface, notes, table par questions 
et table de* none proprct, par I* ^Tenant, Farias Llbrairie Camler Frerot, 
e.d,t tee the editor** preface to the selections froa Lelbnlt, in older, 
hut s t i l l valuable work i t lelbnlt*.. The Philosophical work* of. Ccapriting 
the eknadolory, *ew Syttca of^tajt'u^r*,'^rlnalpl*'* oi11' tTaturc and' of Cracc, 
Letters to Clarke^ RefujUtjon of ^pinota, and'hie other important philosophical 
oTniteuleC, t e t h e r wilfr ît̂ ^ and ^xtractt from" th* 
Key ^staya ongunw'^d*^ from the original latin snd fren'ch 
with hot** by c»cor5* Martin Duncan, Bew Haven« Tuttle, Mcrohou** A Taylor, IB90, 
3eforen*e* te Lelbnis are token froa the above three workt, *wt principally frea 
Cod, Pull. Leibnltllt Qnore Phlloccphica Qua* ,%*t*nt, Utlnc OalHo* Cernanlca 
ffpyn, »dito reeognlvlt * teaporum ratlonibu* il*po*ita pleribu* ineditl* auxit 
iataroductdone erlt ie* atque lndiolbnc, lastruxit Joannes ftduardua Erdmean, Pars 
Frier e t rat* Altera, Barelinlt Suatlbua 0. iohlarl, lft»9. 
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Of abstractive thinking with his symbellt logle (66). Thlt idea waa soon 

te be impracticable and was tentatively laid aside. In tho raetaphysics, 

which repreeente his nature thinking, the notion of a unlvereal mathematical 

selenoe played a Normative part. 

The ambition to unify all knowledge by a universal logic possessed 

Lelbnlt at the early age of eighteen, when It had been stimulated by th* 

work of Raymond Lulls and others (66), who, he emits were his predecessors 

in this Invention. Be aimed to construe an "alphabet of human thoughts." 

What tho Italian mathematician, Viota, had done for Algebra, he hoped to do 

for all the sclenoes. 

31 daretur v*l lingua quaedan exaeta (quale* quidaa Adamioaa vooant), 
vol aaltem reau* scripture* vera rhileeenhleee, que notienee revo-
earentur ad Alphabethun euoddaa eogitationua huaanarua, omnia, quae 
ex datla rati one assequl, Invenlri »ee**nt quedea genere eel cull, 
perlnde ac resolvuntur probleaata arithmetlea aut geometric* (67). 

Lelbnis's idea of this Combinatory Art, t'alvercal Characteristic, 

Universal Lanruago.or nivorsal Mathematics was ^asod on the notion that all 

ooncepta are themselves simple or reducible to a small number of simnle 

eoneeptt. If the simple ooncepts are designated by appropriate symbols, 

they can be combined into composite oonoepts with the law* of arithmetic* 

Summarily, then, the logical algebra aimed to replaoe oonoepts by symbols 

and their combinations, propositions by tho relations between symbols. 

(68) "Beunir tout les hoanes on une familie qui alt la memo soienoe, 
la men* leaguet tel a etc lo but quo Lelbnlt s'est propose, Oettc rell^ta 
dfelt etro lo ehrlctianiaae) et cettc langue, la oaracteritique unlveraelle,* 
Clodius Pint, Lelbnlt. ?arlsi Felix Aloan, 1918, p. 1. See alto Louis 
Couturat, La logiquo de Lelbnlt d'apr^a dec documents lnedlts. Parist 
Felix Alean. 19011 and 8,ll. Lewi*, A .iurvey of Syabollo Logic. Berkeley! 
University of California Press, 1918, po, 8-18. 

(66) Tor a study of these sources, see Joseph Iwaniokl, lelbnlt et les 
demonstrations nathonatlquo* de I'existence de Plou. Strasbourgt Libratrie 
feniversitalre 1'Alsace, 1985, pp. 107-110, 

(67) Do Soiontla unlversall sou Caloulc ^hllosophloo. Krdmann, op. oit, 
P. 88. " — 
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tad thus substitute ealoulatlon for reasoning, Lelbnlt ventured th i s 

facetious remark as to future huaan argumentation. 

Que factor, quando oriontur cont roverslac, non magic disputation* 
ecu* e r i t i*t*r cue* phllotophet, quaa inter duos comrutittaa. 
Suffioiet enim, oalamos in menus sumere, scdcrequo ad abaoot, 
e t t l b i mutue (aeolto t l pleoct amteo) dlocret caleulemus (6*). 

Betidat oliaanatlng barren arguaoatatlou, the ocmblnatory art was to 

in euro invent Irene et la tolenee and «»ven permit a demonstration of Cod's 

oaletoaoe with tho certitude of mathematics. 

Lelbnlt tew that two reenlrement* were necessary to achieve this com­

binatory arti en eneyclepcdle aa an inventory of a l l huaan knowledge and a 

unlvereal ehareeterletle or syctea of sipne represent in f the concert* and 

the legitimate meaner* of combination. fttalitla* that the idea of an in­

ventory of heann thought* was a vast undortaklnr and not tho work < f a man 

er e generatioa, Lelbnlt beenn to carry art the scheme himself and sought 

collaborator* for the project, he even authorised a plan for a society 

whloh would work on the Bncyclopedie, tc b« called "vrdra de le Cherite," 

•V teolota* Tke^Mlorua vol Amorlt Bivlni." Once the encyclopedia had 

begun t e take ehepo, the symboli*a and i t* annliettlon would be a re lat ively 

easy ta*k. The eholee of clan* and t^elr t irnif leat lon would be extremely 

important. They (should be ehoeen for their usefulness in signifying and as an 

aid to reasoning, Lelbnia proposed that the sydaellam pees ess the supploneaa 

and generality ef hi* own notation ef the differentie l caloulus, thus obtaining 

controllable certitude and avoiding oontrovcrsl**. 

(66) Ib id . , p , 84* 
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Two difficulties, not subject to the combinatory art, faced 

Lelbnis. The one was the Impracticability of the scheme) > e was unable 

to sot a sufficient number of people to carry out the w^rk entailed In the 

encyclopedia. The other was that "ee* oaraeteres rreeurpoeorolont la ve­

ritable " M I O S W B M O , et oo n*o*t q>»« rretentor«ent que 1'oaorolt ontroprondre 

.** les fabrleuer (89)." Aeeordlnriy, though he kept the project in mind, 

lelbnis twrred his efforts to epeoulative thourht and towards harmonising 

relirieu* and pelltloal effort* (70). 

Lelbnlt's mimerout philosophical spoeulatlonc oan be centered, in a 

partial eyntheeie, about his dootrlne of •ubctane*. £>eeeartea had ineuted 

reality to two opposed substances, natter and sr'rit, wMch Splnosa *ad ro-

duoed to a pantheist waity. Descartes' 'nterprotatlen ef runttor as con­

tinuous, inert, «?c«»etrloal extension capable of Infinite divisibility, 

wee opposed by tho etow 1st oonoontlon of (hotter as discrete, active, 

arithmetic*! extension, ultimately Indivisible. L«ibnis scored both 

theories ©n their reduction of substance to quantity and the elimination 

of quality. Quantity alone dors not differentlatef noro extension has 

no r-eaningf tfcere nust bo something extended (71). 

The dlfferentiatlnp character «• f Lelbnis's sibotancc lay in tho self-

active monad (78). These ultimate metaphysical un ts, nonads, were real 

(4t) As quoted In Joseph Usroohal, ©£. oit.. p. 166. 
ITO) Harold ft, Smart ojs. cJLjtj,, Chapter Tw^T *lalbnls»a Xclo," pp. IB-IB. 
171) "Ccuac qui veulent que I'entendue nemo solt une substance, renversent 

I'ordro do* paroles austl-blen que des pensees. Outra I'entenduo 11 faut avoir 
un sujet qui soit etendu, c*est-a-llre, '-me substance a laquelle il appartlennc 
d'etre repctee our oontinuee. Car l'^t endue no tlvnifle qu'une renretltlon ou 
nmltlpllolto contlmiee do oe qui est repandu) una pluralito, oontlnulte, et oo* 
existence des partiesi <»t par consequent ©lie no sufflt point pour expliquor la 
nature nemo de la substauoe rorendue ou repotee, dont la notion est anterleure 
a cello de sa repetition." ^xtralt d'nne lettrc. Srdaann. p. 114# 

(72) Lelbnis'S doctrine on monad* is tynthetietd In La Xonadologlor Frdaann, 
pp. 705-711, La Monadologl*. written in 1714, two years before his death, eon-
tain* a oond*n*ed *t*t*a*nt of hi* philoeophy. In 8yetome louvcau do la Baturo. 
(Frdmean, pp. 124-128), Lelbnis Hves a pars m l account of how > c was" led 
to his theory on the nature and oomnunication o* : oneis. 
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l ike the atom of physi** but inextended l ike the mathematioal joint (73 )j 

they were immaterial in essence yet material in the sens* that t v ey made 

ur an extended V»dy <T4). Sinoe they were essent ia l ly se l f -act ive and 

ac t iv i ty '"as r,̂  rer t s , the wonads were lndestr-ct lble , T. urtherr-re, since 

nothinf oan affect pure ac t iv i ty , the monads no dd only ^hanre from within) 

they were Immutable ab extra (76). So two «>ennda wore a l ike , hut each 

possessed proper individuality. The se l f -aot iv i ty of each monad con­

sisted In the constant *1 rrering, representinr end reflecting of the 

entire monadic *miverse In varying degree* of continuous perfection (76). 

They wore *-o he looked neon at mirroring,, in microscopic fashion, the 

macroscopic universe. 

This ac t iv i ty *^ve qualitative specification to each monad. Within 

the monad i t s e l f , desire and perception were distinguished (77), desire 

we* th* se l f -act ive tendency of the monad as a part of a whole to real ise 

i t s e l f ) perception was i t s rjasslve wirrerinr, «f the universe. *on-living 

r^atter — bare -tma^s — had 'moeneeious perception and mere impulse as 

desire) plant* and animals had cancelous ~,erooptlrtn with instinct as denirei 

man had telf-c^neci^Jt ;*reepti*n (apfjayeertlon) and wil l as desire (7fl). 

Lelbnlt considered l iving bodies as ©om-osed of a central son©:*. — a soul 

(747 La lonadelcgie7~n. 6, Krdmann, p. 706. 
(75) Ibid, n. 7) see also Sertrand 7<ueaell, A Critical Exposition of the 

Philosophy of Lelbnlt. Cemeridget The University Press, 1900, p. 4R. 
(76) La kenadoiegie. n. 56-62, Frdaana, n. 700-710. 
(77) Ibid . , n. 14-24, p. 706-707. 
(78) "Aia'ie la connoissanoe des verites noeessaires et eternelles est ce qui 

nous distingue des simples animaux et nous faltaroir la fclson et les sciences, e 
nous elevant a la connoissanoe de nous Tsames et do Clour. H e'est ce qu'on 
appello en nous ame ralssonable ou Keprit." Ibid.. n. 29, frdamim, p. 707."Th* 
accessary and eternal truth* are the firtt prineiplet of all rational knowledge. 
They are innate in ut. They are, in fact, th* vary principl** of our natura, 
aa *f the universe, because it is of our essence to represent the whole universe. 
This consciousness or knowledge of these truth* it knowledge of ourselves, and 
it It *t tho same time knowledge of God, who 1* th* final reason of all things," 
ftobert Latta, Lelbnlt The Moaadology and ether Philosophical Writings, Oxford, 
The Clarendon Frees, 1896, pp, 233-234. ^ 
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•r enteleehy — surrounded by non-living monad* whloh were subject to it. 

In this way Ulhnia proposed his solution of t)***arte*' . roblem of matter 

•ad spirit. 

The universe was eoapeeed of an infinity of sueh meneda. With the law 

ef lndlscernlbles, Lelbnis held that no two monad* arc alike) there were 

no duplication* and euperfiuitlee in nature. The law of analogy prevented 

eontradietlons and eentrerlee ia nature by viewing all monads aa ilfferlng 

est in kind, but merely in degree. *y the law of continuity, the raenada 

could be seen as aa Infinite series of ter^s no re*sing in perfection froa 

tho least perfect -K>nad to the limit of Cod, tho perfect monad (79). Since 

there waettja infinity of monads, no new rnos were added nor taken away by 

death (60). All wonnda wore erected at the beginning of time and will norish 

tegether et time'* end* feneration and eerruptlon were merely other termc for 

the oeeeeleee evolution end involution of monads. Finally, by his principle* 

of pre-estebilsbed haraeay and eoemolcgleal optimism, Leibalt considered the 

monadic uaiver** ee the best possible which Cod could have created, and in 

which ell the inner menadie change* have boon hermeniously pre-established and 

work etncteatly fer the beet. 

With the aid of thcee ultimate unite, Lelbnia't two Dhlle**phle* (61) 

prottot • •eaewhat coherent system. K*s*atially legieal, ideaHat and mathe­

matioal In hi* general outlook, Lelbnis based his philosophy on the a !option 

{"> S*tre}t <»uno lofrtnt e,^r, *frfl*, I reman*, pp, 

(81) LeibniB** nature philetephieal thought wet defI 

104-108. 

definitely formed by 16f<t 
when he.eent ..is giaccur* d* Mataphvslau* to Amauld. Sis latter hllotophy 1B 
logical developmejie 9f the notion of substance. Cf, Bertrand Hussell, A History 
Of cottorn 1illoscphy> Sew Torkt Siaen and Bohuaber, 1948, Chapter XI, Le lWt , 
pp. 681-696;Our understanding of Leibnlt's thought stems fron the efforts of 
aussell't and Couturet** work*, oltod above. 
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• f mathematioal vtebhod and two principles, contradiction and suff icient 

reeeon (82) . In method he Ustin'ruiehed analysis from synthesis . The 

notion of analysis was not nerely breaking .om a oomplex -hole into i t s 

component nertS) analysis included tho abstractive rel ict ion of these 

parts ( in whloh proeeee Lolbnis's mathematics prevents him from seeing 

thet he thus doctroys the identity of those parte) to a ol«nr idea or 

a orlnoiplc. In synthesis the process i s reversed! the movement is from 

the simple to the composite. His monadology had already indicated ';'iis 

procedure, while his theory of a itniveraal science I l lustrates this rethod 

more str ikingly . 

By his meaadelory, Lelbnlt was able to eliminate Descartes' rn' icel 

dwaliaa ->f matter ard sp ir i t with i t s coreeq-iwnt ini» endence r s e l f -

oorselousmeet. Though tho mind is an individual, indepenJent substanco, <ts 

merjadle nature qualif ies i t as 'no of an 'nfir.lte number of substances, to 

which i t i s a l ike and a l l of whloh i t r f l o o t s , human self-ocnseiousnesa, 

a nere perfectly dovelopod degree of eree:tion, i s due to .he greater 

c lar i ty and dist inet ien of the ideas which i t subjects to analysis . These 

ideas arc innate and are the ultimate principle* ef a l l knowledge (flS). 

But Lelbnlt did not consider a l l 1 ieas r !?"-.. wledfje as innate. Tho 

method of analyai* had to be a l l i e d to proposition* in order to make then 

(82) "nubeu* utor in demonstrando principiia, quorum unum et t i falsua 
• t t e quod Implloat eontradletionen) alteram e t t i eanlt v t r i t a t i t (quat imaadlata 
• ive ldontica non es t ) reddl posse ratioBca) hoc e s t , notionem praedlcatl semper 
notion! sui subjoeti vol exprosso vol impliolte lnesse, idque non minus in 
uenonleationibut extrlnflools -;uaa intr lnsec is , non rlnusi In verltntibus con-
t in rest lbu* qnam aeooaearlis looua habere. * V* -So lent ia Universal 1 turn 'M 
Caloulc Shllooophlco. Erexensn, p , 88. Cf, La"' monadolotin. n. 31-'82,nBroamnn, 
p , TOT. Bee alee r%"*»tura et Vsu h>\ot?^^y*r^h\^^ ^ritmrm^ pp. *6-«e. 

(88) Bcmvoaux ****!*• **• h Ohapitre X, *8»il y a dot Prtrcipot Inee* 
dan* 1 'esprit d* 1 nimm, 'rdxann, pp, B04*>tl8. 
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clearly intelligible. Analysis was the reduction of all true propositions 

to identical ones (84). True propositions whloh 'o not /rodieate the rote 

of existing at a particular tin* are r-»'oess*ry &r;i analytic, these which 

predicate particular exietenee are -mtinirert and synthetic. Tl:r first ty-e 

of propositiona, railed truth* of roasorlng, yield rjeoessary truth*) whil* 

the second, termed truth* of fact, -teal with contingent truth*. Lolbnis 

propo**4 tho goal of human knowlodgc as the reduction of even contingent 

truth* to ldentloal repositions (86). 

Since a proposition consists of a subjeot and a predicate, Itt reduction 

to idertlty required that all rredloatos wore to PC reducible to .he subject of 

which they were «re Jioated, This would be tantamount to •lemonstratlnr" that 

all tho requisites of an ef<"eot were comprised within 1 (.s cause. This re­

duction, for the truths of reasoning, lay In the mind Itself, The reduction 

was to be effected by aid ;f * he principle of contradiction (or identity, or 

possibility) lr; virtue of *» loh that was false which contained a eontrediction 

and that true which was contradictory to the false. rimitivo truth* of 

reasoning wore the Identical proposition* themselves) derivative wore nil 

other* — axiom*, postulates, relations — whloh were to be reduced to the 

primitive with the ;rlnc inlet? of contradiction (86), All these trutht wore 

at least virtually innate within us. 

(84) Bertrend autsoll, op_. oit,, p, 4. Missel 1 list* five principal 
premisses of Lelbnis's philoeophyt "I, .very proposition has a subject and 
a predloate, II, A subject may have rredloatos which arc qualities existing 
at various tinea, (Suoh a subject is called a substance.) III. True propo­
sition* not asserting existence at particular ti*»»8 are necessary and analytic, 
but such a* atsert existence at -articular time* are contingent and synthetic. 
The letter depend upon final oatises. IV, The ir« le a substance. V. Perception 
yields knowledge of an external world, l,e„ of *x!*t*ntt M.hrr M-an myself and 
my states. 

(88) ̂ HRwpirt un* proposition neoessairo -»st cello uont le oontraire in-
plique contradiction j tell* *et tout** proposition idontifa* ou -irrlvsa resoluble 
en fdentlquet et telle**e*t les v*rit*a cu'on opell* noooBHitos ̂ c-.taj-'f.vsiquo* 
our geoactrlque*, an Off»t, deacntrer n'ett rat autre choec que rescuiro let 
term** d»une nropetltion et substltuer au torme lefini sn definition --u .no d* 
parti** pour degager una sort d'equation, e'eat a dire la coinci i«nce <iu i-r« !i 
avec le sujet dans ime proposition raciproque." •)* U Libert*, Prcnant, p. 268. 

se 
t !icat 
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Leibnlt held that only Cod has a prior arH adequate knowledge of 

the other clatt of judgments, those oonoomed with oontingent matters, 

termed truth* ef fact (87), All these 1u.ig»ents Involved an attribution 

of ^recent existence to a subject. Cur knowledge of those arose from our 

pectlve mirroring of the 'miverse f monadic oxistenoe. Lelbnlt set up 

the reduction of truths of fact to <4*r£loal propositions as his ideal 

a in | this Implied that all the existential -reiicates which .-eve or can 

ever be attributed to an Individual — for example, to Alexander the Croat — 

belong necessarily to him and make up hls"notlon" (B8). It is this in­

finity of infinite monadic relations <*rd complexities that &od enly knows, 

for eaeh substance has Infinite number ~f possible predicates and is an in­

finity of Individuality 169>. Men's minds were limited and thus unable 

properly to mirror this infinity whloh acmes to s through our passive 

experience, *e only knew these truths with confused perception) they are 

obtained by Induction through the sense (90). *ere we able to grasp an 

adequate understanding ef any existing subject, we would know all it* 

possible predications (91). 

In order for us to discern truths of fact, then, tho "rlnoiple of 

sufficient reason was to bo a-plled (92). Bo fact was true unless there was 

a sufficient reason why It should be se and not otherwise. This would de­

monstrate the "eonpoasibillty" ef an existent subject, showing its existence ia 

the >lvin* pr*-e*tabllsh*d harmony. All eompossibl* things exist — that i«. 

(67) La ttonadoloicl*, n, 33, 36-88. So* alto Bcuvcaux a sals. Chapitres 
at at aVeVta 

>?»} 2to*m fr Wp^m* ?rwm*t pP. 92-98. 
(88) eertrend J*ie**ll, op. e l t* . pp. 60-61. 
(90) "ouvaaux "ssal*. Hintroduction," pas*lm. 
(SX.) B*rtrejsd 3ueaoll» ep_. ojc^, p. 47) aee Dl«cour* de Aotaphyslgue. 

FrmHffayp* 88-84, 
U i ) l̂ ucaauae ssai*. 81c, I, Chanltre I, 8, Krcmnna. p. 209. 



81 

al l the** thing* whloh *re aarmeni*u* with th* surrounding total i ty 

of exl*t*nce — in kocnfng with tho 1*** of finality and ef cocao-

logical eptlaita ( II ) , thman kneel*dge ef these contingent fact* waa 

oallisd primitive whea i t referred t e the feetc of experiomee thenaclvee, 

derivative fact* were tho** Inferred frea the primitive by using tho prin­

ciple* ef sufficient reaeta, thue deterainiag their agreement with the 

world aa a whole (94). *"*» knew eenCincent feet* only by probable or* 

gunaat* (89)f they were ncrdy stage* of a eerie* of torn* which approached 

truth* of retnealng a* • limit (98), 

Our kn**ft*4*j* of the' truth* of reasoning, had, for thair proper ephere, 

certain' Vnewlodgo, e**eoially a* in metaphyal** (97), In isee*Bhyoi*uJ know­

ledge wo properly' attribute quel1*1** to the monad whieh it 'really poos es sec. 

aetephytias, for Uiwait, was founded om the method of traditional iejrle, 

and wa* predicative. The riehn*ea of th* individual •aeetana* a* a eouroe 

of knowledge wat^ovidcot, tlace i t e*aprlae4 within iteelf e l l peat, preeent 

andc future predicate* whloh could ever be attributed to i t . t*«t«phyele* 

wa* thu* the juctlfteeti** *f •very tree eropeeltlca* Xt dee* net deal with 

pure ab*tr*etlent. Lethal* Ceasured any metephyelec, like th* C*rtecl*ne>, 

which wiahoi te fend iteelf en pure abetreetion* or mere relations. The 

perfect analysis of o i l eemeeivable predieatec — the infinitely infinite — 

only waa known by the divine monad, #en, however, was able to reflect meny 

ef the** pr*dl**tien* with tho aid of the prineiplet of oontradlotion, 

111 11""? «** ' *»m 
88) Bert rand Sussell, p£, o i t . . p. 66 ff. 
**' p* 1* llbertc. Pronant, pp. 288-291, 
68) lelbnlt h*r* envisioned ths uss ef the calculus of probabilitiesi 

In Leibnlt'e well ordered world, the mo*t probable combination must be 
achieved! *e* Joseph kureehsl, op. o i t , . pp, 179-162. 

Jw< »*wr«*w» U**!fo **• **» o»tpitre III, 14) Srdmarm, pp. 343-348. 
(•7) Bee ?r*n*nt'a Preface, pp, xxiv - xatxl, and Joseph hhrnohftl, pp, e l t 

pp, 186-193. 



82 

Balding to a metaphyal** of pr*di«ation, Lelbnlt maintAlned that 

the truths of fact properly belong to fnatheaatloa and mechanics (96), 

The proper concern of natheaatltt was relations (99), Theee relations 

ho termed "abctraotiona" or "phenomena boa* fundata," rounded, that is, 

on th* concrete reality ef substance, but not metaphy«l*al and predieable 

of *ub*tanee ea aueh* The nind thus achieved the unlvereal, which was 

th* principle ef the relatione between things, A logical or mathematical 

truth wa* but * gllnpee ef the eyttea of Infinitely possible relation* 

which oan characterise the asnadio universe, mathematioal spaoe and time 

are net thingt of, tubettneee. Bpaee 1* merely our abstraction of one 

possible order of simultaneous existences) our "notion*" of space are 

TTjere "abetraotione" frea the inner, monadic change*. Similarly, time 

is but our abstraotion of th* order - f simultaneous existenees. Likewise, 

extension is but an "abetraotion" which neglect* the properties of the 

rleh, concrete existence of the monad, and extension lacks genuine reality 

as suoh (100), 

The application of this distinction between a metaphysiot of predioation 

and a mathematiea and soienoe of mare relations would, possibly, have hal many 

•Mantling effects, though Lolbnli did not carry out thla program. The epparent 

rigor and necettity of •atheaatlonl selenoe would, in sueh a ease, be no longer 

96) Bertrend -ussell, o», c j t . . p, 49, 
99) Ibid., pp, 18-14) see Sjmcrouo* sur la l^ettr* d'Araauld,. ' renant, 

p. 148, 
(180) Jhremeat'e Preface, p. xxxvi. 
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a setter of much ocnocrn, einee wethometi*a merely furmithet relative 

and not eeaelutc or ultimate knowledge. Similarly, weohaniet and other 

science* a*r*ly deal with appearances, which, though well founded on 

substanoc, do not deel with thing* thea**lvc*. These conception* of 

Leloni83(l0l), a* those camodlecj In hit universal characteristic (102), 

carried a rrenounced influence on future speculation almost equal in 

weight to his invent lea ef the ealculu* (lOt), Little attention, how­

ever, waa riven by suooetslve thinkert to his Insistence on philoeophieal 

tradition, or to hi* numerous attempt* at speoulative harmony. 

,w <J**) I&snt *»• ««i2fii| see alto Joseph Mareehal, op, eit„ **r. 

(101) "fold 8, Smart, The rhilosophlo*! Presume sltlona of Math*.. m *HJZ?Hm 0h***,*t M "tTirr; 
_ . , T J S w * r l *! J^ET* *h* Concept* of the Caloulutf Chapter 7, "Howton 

ana Milbait, pp, 167-288, 
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Chapter 7. British Tmplriolsm 

The school of rational lam which i>eeeertee Inaugurated en the 

Bareyeen continent had a correlative but dissident rival in the era 

ef Brltleh cnalrlclaa (l). In anthem t loo and *hv*i*e. Car tee ion 

aprleriaa was effect by Beaton** oxpcrireatal-ma thomet leal method, 

while in the formulation of philoeophieal problem*, the British 

thinkers atsetsd the onelrleel and crltieal attitude of John Locke 

in contrast te continental dogmatism snd Idealism (2), This erltieel 

attitude wa* eoablmed with e practical aoertaea te phlleOvcnioel pre-

blcojs, eauaing tho Britich school te bo mora concerned with ethical 

and political problems while the rationalists emphasised *yct*n*tio 

philoeophy (3), The rational1st emphasis en Intellectual and the 

osa>lriel*h ooneera with sense knowledge are *he two threads ef thought 

Inter gathered «P by Kant, who ett waited to knit then togcthor without 

laying undue etreee ea either, 

1 • 1 a — • » — i n ..1.. 1 •• I .in a 1 

(i) For a brief contract between the** two schools of t^mrht see 
C. A. MerriC| Locke Berkeley Hun*. Oxfordt The Clarendon rest, 1931, 
"Conclusion, pp. 186-169, 

(8) "The haeey was the first deliberate attempt, In modern philosophy, 
to engego in whet might now be called eplstcnelogleal Inquiry, but mixed 
up by Locke with eueetien* logleal, psychological, and ontelogieal) all 
oubordlneted in his design to 'what may be of '-so te u*, in our present 
•tat*,' and te 'cur ©en**!**) aa huaan being*.* Look* inaugurated the 
modern e-ietemolorleal elk*, characteristic of philosophy In the eighteenth 
oeetary, whloh oulalnated in Kant..," Alexander Campbell Trater, In 
An ^aaay Concerning Puman %d*rstsndlng^ by John Locke, 2 vols., Oxfordt 
the Clarendon Fro*a/1hr*Mr,*TVolofW*n*, p. iv. 

(8) A comparison if the preotical and eaplriclst aspect* of British 
philoeophy with the tyttoaatio philosophy of th* continent 1c given in 
Fdwin A, Burtt, The fellah tinc«*ph*r* frea Bacon to ail*., cdlte*, with 
an introduction, lew York 1 The Modern library, 1^39, "Introduction, pp. 
ix-xxii, Ceeecro the analytlt of the cultural background of Britich 
•aplriciea in Sertrend rtussell, A History of Western Philosophy. Kew 
Torkt Sine* and Schuster, 1648, Chapter III, "rhilosophioel Liberallam," 
pp, 898-808, 



u 

Both the rationalist and ewrirlolst schools treated the problem 

of scientific and iathometioal abetreotion somewhat cavalierly, "ho 

rational let theory of selenoe in leeoartes, bpinota and Lelbnlt, ln-

flueneed by mathematiea. Inclined to an identification of all sciences, 

with no regard towards a careful mental process of abstraotion. Cer­

tainty, exactness, clarity and Intuitive Ideas wore the soientifle 

measures, fields of speculative research In which '.hose ^oals were 

unattainable were either ienled solcntiflo status or "rational1104" 

to seat the 11 *al standard. This propensity to homogenise the pro­

bability and intricacy inherent in iur knowledge of nature, of psy­

chology morals and politics, was 1 -.ic to their ^athematioisa. -he 

rationalists overlooked the composite nature -f r*n and offered an 

"angelic" eplstemology (4) which lod them to misunderstand the 
•s -

morality of moral knowledge, to ^ropoee a non-ultimate attitude to 

ethics, pSYChelegy and polities, and to deny the appealtoness of any 

other selenoe. 

The same denial of abstraotion, though on different grounds, 

characterised British empiricism. Attempting to radel Philosophical 

truth and method on the experimental-mathematical method of Hewtonian 

science, tho Sritlth empiricists applied a purely descriptive process 

to mentel states. Though storting with metaphysical presupposition* (5) — 

(4) Jacques Marl tain, force ̂ former* i Luther - '>otonrtcc - Bnuaocau. 
Lonieat Sheed and Ward, 1947, 'ooeeartec, or the Ima'rnatlenef thelnp-el, 

(8; aibton writot of Lockei Thut, like many other thinkert, he ™ c des­
tined to prove an illustration of the truth that raetaphysict Has a way of 
avenging Iteelf on those who slight or disregard it, and that itt deepest ot:-
tangltnant* are often reserved for those who think they have discovered a path, 
by following which it* difficulties nay evade*," Jane* Clbaon, Locke't Theory 

fffaawleAp ago
1 It* Historical, B*latlonar Cambridge t The ' rlvarsity Press, 

981, p» H e 
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yet denying the rightfulness ef wonderlnr. abo-it ultimate causes — 

this approach, initiated by John Locke, culminated in the rabid 

aoeptiolsm of Javld Bun* *nd ln*pired Kant tc bemoan oroviout mete-

physloiant' imitation of mathematlot and science (f). 

I, lewtea 

Isaao Newton (1642-1727), who wielded a powerful influenoe on 

V it inn empiric lam (7), way well bo locked upon as the reflection of 

the various new movement* Initiated with the 3eaait»ance (r) and as 

their temporary oulmination. fle fathered unto himself the mathematical 

current that came through Copernicus, Kapler, Galilee and IVseart**, 

the emphatit on obeervatlon of 3aeon, iJarvey, CUbert, 3oylo and Locke, 

and the tempering Influenee of religion and morals from the Cambridge 

Plateniete. Locke, Berkeley, Thaw and Kent, though they disagreed with 

the philoeephloal aspect* In Bewton — especially his Metaphysics of 

space and tine — admired the system wrought by his nonius. His specu­

lations wore tho springs of the o^aaogeny later propoeed by Kant and La­

place* And although he wa* an *)rti*6art**ian, fowton continue* the 

Cartoeian •pirit whi«h reappear* in the cotaologloai and *voluti«Bary 

system* ef the *ight**nth and nineteenth oenturiee, 

Bewton** metheaatlaal system of th* universe, often referred te a* 

the elassleel view, letted until the mere reeent relativity cad quaatua 

thoerict. It bod, in turn, dethroned the Cartoeian phyalec end aatreneay. 

Deeocrtoc, with *harc*t*risti* taatheaatloal apriorica, had proposed tc 

%t • I HI • n H . I . . . , . — • — 

(6) 6*o chanter TX, below, 
r(7) for the interactlea ef Bewton end Look*, Bewton and hit eea-

tcts»*r*rica, see Janes Cibeon, eg, oit.. Chapter X, 'Leek* and Contemporary 
English Philosophy," pp. 232-2667 

(8) Edwin Arthur 3urtt, The Metaphysical Foundation* of hyslos. Chapter 
Tl, "Gilbert and Beyle/ (l), tunaary of the ^re-Fewtonian Development, p», 
197-301. 
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eetabl l ta th* unlvereal law* of nature en the basis of BOM arbitrari ly 

choeea hj 00 abaci t aeoerdlng te which the facta were to become rationalised (9 ) . 

for *wi"w4e, itt enpleining tho origin and nature cf the unlv*rs*(he "ronosed 

the notion ef homog*a*ous ocrporeal mas* to whloh the Creator gave an 

er ig iaa i action* In th i s way, vertical or whirlpool movenente were set '»t> 

and absolute extension brCjne Into a manifold (10), 

Beaten oppesod Deteartot' sc ient i f i c procedure and results with his own 

eolent i f ie centrlbutlon* and his *apiKosJU«mthematloal method which he 

constantly refers t e as his own (11) . His fmouc dlctun, "hypotheses non 

flag*" (18) , i* the negative rrc!>erty of his method voicing disapproval of 

the choice of arbitrary principles end assumption* In the knowledge of 

nature* .Ho propeced as a posit ive measure, that the proper orientation 

of science lay in an observational analysis of nature by experiments which 

yield facta and propertiee (13) . Bach property was then designated by 

en appropriate eyab*l and their mutual Interdependonee could be analyted 

(10) A. Boyce Citeea, The Philosophy of 3ocoartoa. London» Methuen A 
Co,, 1988, Chanter T i l l , "The Attributes of l e d , a pp. 264-270, 

(11) for e study of Buwten's -ethod two Henry 3, Burke, "Sir Itaao 
Ttcvton** Formal Conception of Beientiflo Bethod," The Bcv Scholasticism. 
10(1984), pp, 88W119, 

(12/ If any one offer* conjecture* ab*ut th* truth of thing* frora the 
9er* pecc ih i l l ty of hypotheses, I do not sec vow anything oan bo determined 
in any a*l*nce..»,therefore I tidfed that w should abttain from oontidoring 
hypothec**, aa tvmm a fallacious ergunent," H r I*aa« *«wton, 3lr Isscf) 
tewtcn'* aathwwitlcal 'rlnolplo* of Ittural Phllotophy and Pj* Sytteti of the 
%rl*t translated In aagllaa by Andrew Motto la 1728, edited by Hcrlan 

rB*rk*l*yt Univereity of California p r e t t , 1946, "Cenernl Scholium," rtreaooe t o Boston are from th i s edition* 
"*o no other way know th<» extencion of bodies than by our sense, 

nor do theee reach I t in a l l bediecf but booauso w* poroelve extension in a l l 
bodice that are aentlbie , therefore w* ascribe i t universally to a l l others 
alto* That abundance ef bodies ere hard we learn by experience...That a l l 
bodle* are impenetrable we gather not from reason, \>ut frow sensation," 
Ibid. . Bui* I I I , p . 399. 
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untheantioally (14). Through thi* *^pth*ti* mafchenatioal oombinaHon 

on* oculd predict and deduce further phenomena (IS), 'ven for this 

prooesa, experiments were constantly to ruid* and v*rify proocdure (16), 

Bewton nay be looked upon as a protagonist of the philosophy of 

soienoe that is met today and as embodying the stress and strain between 

the ten typoa of scientists, the mathematioal ly-mlnded and the ,-hvaieally 

or *apiric*lly-aind*d (17), For the first, ftatheaatlos is the queen of 

th* sciences and the validity of -athematioal truths, >~reaped by a mental 

intuition or viewed as a free creation of the mind, is unquestionable, 

lure aatheaatioa is a frame lnte which all natural events are to be 

fitted, end th* law* of nature as formulated in equations express the 

quantitative character of nature and allow further law* to be deduced. 

(14) ",.,*nd therefore I offer tv-is work as the mathecretlenl prin­
ciples of philosophy...by the prepositions mathematically demonstrated 
in the first book, we then derive from the celestial phenomona the forces 
of gravity with which bodies tend to the tun end ths several planets. 
Then, from the** forces, by other propositions which are alto Athe­
ne t leal, wo deduce the motions of the planets, the comets, the moon, 
end the sea, I wish wo could derive the rest of the phenomena of na­
ture by the same kind of reasoning from mathematical principles..," 
Ibĵ L,, Preface, pp. xvii-xvlii. 

(18) "..•the whole burden of Philosophy score to consist ia this — 
froa the phenomena of notlent to investigate tho foroot of nature, and 
then from those forces to demon tt rate the other rhenoacna..." Ibid.,. 
pp. xvii««riii, 

(187 "In experimental philoeophy we are to look upon preposition* 
inferred.by gcacral Induction from Phenomena as accurately or very nearly 
true, notwithstanding any contrary hypotheses that may be imagined, till 
tuch tin* a* other r*>cnomena oocur, by which they m y either be tmdc mora 
accurate, or 1 labia to exceptions. This rule we may follow, that the 
arguawmt of Induction may not be evaded by hypotheses." Ibid.. Preface, 
fourth Hul*, p, 400, 

(17) for a clmilar comparison, seo Robert Blanche, La floiencc 
Phylqu* et le aealltai Baallaae, osltlvlsmo. hathoaatitao. farlat 
^retset Cnlverisltal r—, 1946, "Introduction , pp. 6-6 and pat sin. 
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for tho eaplrieally-mlnded scientist, matheaatle* 1* but a tool, 

th* handmaiden of the sciences. Mathematical entities arise from 

observing nature and their validity is tested there, and mathe-

mnti*c is but a hendy tool or symbolic language devised for In­

terpreting physioal facts. Strictly speaking, for this view, 

i.tt/jing is doduoiblo, and we can only ascertain that nature is pure­

ly quantitative through observation. 3y his insistence on the priority 

of experiment, Bewton seems to have favored the latter view (16). 

Moreover, In his attitude toward* selenoe as the exact mathematioal 

formulation of the lawa of the universe and by hi* posltlvlstic 

notiea that one can learn truthe about nature without presupposing 

or Implicating any hypothesl* or theory on the ultimate nature of 

thing*, Bewton festered an outlook which is common today. 

The spiritual1stle and antl-ncchanlstio aspect of Newton Is 

evident in his participation in current theological debates and In hi* 

religious writings (l0)^ Selenoe itself, as ^o writes in the (rtios. 

leede u* to Cod through our recognition ef the order and adaptation of 

nature. Cod's chief attribute it His providence, which Newton oonctrue* 

in such fashion that Cod 1* a spool** of "cecal* pluaber" who keep* the 

fixed store from eollapelng in the center of space (20), and patches up 

the irregularities of th* universe thet are constantly increasing. Cod 

it abl* t* fuaotivn in thi* wis* beoeu** Re 1* a perfect spirit, univer­

sally extended In space end tine, Thi* It Beaton's ultimate explanation 

« M » M i I II I 

16) Sdwin Arthur aurtt, eg. c l£ , , pp. 8i*»828, 
19) J, a. B. Sullivan, lilacBewton. 1648-1727. Londom MacMlllan 

and Company, 1988, Chapter T, pp, 138-170. 
(80) Edwin Arthur Bartt, pc. e i $ , , pp, 294-295. 
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of abeoluto space and timet they are — with a tribute to Berkeley — 

tne eeuipre**noe and eternity f Cod, the Mvln* sensorlua. 

Th* acceptance of this "scientific God* is paralleled, in Bewton, 

with belief In the "scientific mn." **wton accepts th* ourr*nt hyperdualism 

of 3*s«arte* and ail it* implications together with the notion that 

secondary qualitiec are mere modifications of the peroelver (21 )• 

finally, th* B*wtonlen world itself ia "scientific." f>nly primery 

qualities subject to mathematical cor.si deration are real. The universal 

theory of gravity, the reduction of all motion to throe universal laws, 

etoausn, the oonoopt of absolute spaoe and time whloh he tried to prove 

scientifically, and his notion f ether a* a m*dlum In which tho foroe* 

er.-i notions are propagated n>^ recreated after being spent — all add 

up to the picture of the universe. In Beaton's whole view, as a Jarre 

mohire, with 0od Introduced as a mechanical appendage (22), 

II. Locke 

Before the time of John Looks (1638-1704), two earlier PhgU-th 

philosopher* had htld a somewhat p*joratlve view of mathematical ab­

straction* Franelc Bacon had viewed i t a* an aftertheught to "hyslot (28)) 

" tfe J Ibid., yp, 2ft6-287, 
l) I S £ * T*Pe 880-298, T*»f *•»*<»•• PP« e o v - « w » 

( t l ) See The Advenesmaul of reaming. Book II , Tel, X, pp* 

Author by Basil acntagu. In throe volumet, hlladelphlai M. JHurf 

>. 184-244 In 
Life "f the 

M. Siurphy, 1876. 
Bacon's Ignorance of mathematics i t well known, ttasplte tht achievement* 
of Kepler and dalilee, he tubtsatod i t to severe criticltm, Cf, Kovua 
Ortcnua, Beck X, Aphorism*, 6, Tel, IX, p, 848, In Book II o f fhe Advance­
ment f Learning, (Tol, X, p, 198) Baocn ceem* more in tercet ed in pointing 
cat th* benefit* f ttathenatlo* for the mind, whloh ve oospores to th* b*n*-
f i t* of tennis for the body. Mathematlos will sharpen the wit that Is dull, 
make f i t th* wit that 1* wandarlng and make abstract the wit whloh is ?oo 
Inherent in •en**« 
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and Thoaa* Hofcbee, whoce philoeophy oar be olaaswt ns aensuelletie 

matheaatlttiaa, proposed * nan-ebttractivn notion of matliomatict 

tantamount to the denial of matheaatleel abstraotion itaelf (24). 

In the mtentimc, mathematics ha'! ~«<r>ed an enviable /•c-'utntion. 

Bewton** aathematloa **rved but to intensify the high regard in 

which mathematios had cone te be v«el' in seventeenth century norland. 

For noet thinker* of th4• time natheaatiea, and e*pe*l*lly geometry, 

was the ideal type and standard of all knowledge (26). Locke wea sub­

jugated te the influence <->' this view <-f "athematies, along with his 

training la Beheioetlclan, knowledge of Certesleniea and the currents 

of iiimtsaaii raijr English thought (88), Thi* veried philoeophieal con­

ditioning stand* out especially *r 'is rain work. An *,"**ay Concerning 

Human fodarstar.dlng. 

The *sssy grew out ef a di*cue*ien in vhi*h Locke had engaged 

with five or six frienda, the question at ia*te being the validity of 

(24) Behcet, the aroh-aatcrlalitt, is a unique example of sonaua-
lictio mathematieitm* Btascning for him was but a kind of addition and 
subetrectien* aetheaatiot wa* almost akin to ttntory experience, for he 
could nat aimit that line* and turfmoes were deprived of slight dimen­
sionality even in their conception | Carl 3, 3©y*r, eg, oit,, p» 176, 

(25; "The view* of Xobbos, Look* and (later) Condilla* are illus­
trative, la a general way, of th* logical conception* prevalent in th* 
interim that teperatct lelbnia froa Cetoartes. Tor these thinkers, 
jutt at r>r 3oteartet, the ideal type of ell knowledge Is that which 
they understood by mathematioal. Outtidt the abtolute certainty gua­
ranteed by rigorous matheaatleal demonstration only probability re­
mained. Thi* however was not to limit all our knowledge to mathema­
tics, since it wat still h*ld that the method employed so successfully 
in that field en Id also be adapted to other natter." Bar Id 3. Smart, 
The ^ l * * ^ ^ J ^ m p f ^ p <* hathcaatl**; Log,lp, p. 6, 

(267 Rhvla Arthur ourtt. T >* Rngllth ^hllotophert from Bacon *° 
gjll. On pp. xvili-xix of tha introduction, 'lurtt points out how Loeko 
reflect* ^ho practical ettltud* toward ;-Vlo*ophy typical of his timet. 
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tho principle* of morality and revealed religion (27), which tho 

-snhridg* i'latonist* had *»uaht to put on • •ound bad* (8«), It 

waa thla a la that prompted Locke in writing the «*eay (20), Ita 

:>urpo*o 

to ianolre into tho original, eertalnty, and extent of human 
knowledge., together with the ground* and degree* of belief. 
opfoloa* and a*a*nt>**(80). 

The ecaay waa oonoclvod, hum*tor, a* Rarely praliatnary to the 

tebliahaeot of the velidity of huaan knowledge with reapoot to moral* 

and religion (81), For, 

in an ago that produae* suoh master* • • the groat HaygenluBi, end the 
inoonparablo ,rr. teuton, with some other ef that strain, i t la ambition 
•neusji to be employed aa an undcr-lohoror le clearing tho ground a 
l i t t l e , and removing some of the rubbish that l ies in th* way te 
knowledge (88), 

tatus 

(27) "Our bu*!n*s* hero 1* not to know all things, but those whloh con-
ocrn our conduct.* ^tay . Iatratactloau Vol. X, p. 31* 

(28) 8*« pp. xvi-xvil of Eraser's pralegnaana In An ^*tay Concerning V __ 
^nd*r*tandlnit by John ookc. (foliated and Annotated with Pralegomena, 
Biographical, - r i t W l , and Historical by Alexander Campbell ?r***r, two 
volume*, Oxfordi The Clarendon r«a*, 1884). All quotation* frea Locke 
are taken from thi* edition* 

(89) "ft* may now sum up our account of the priaary and sain problem 
of tho Fatay. In i t -coke undertake* the investigation of the neture and 
oondltlon* of a knowledge which Is at once absolutely certain, str ict ly 
universal, 'Instructive' or tyntheticel, tnd 'real*) the eonaequeat deter­
mination of the possible extent of such kno*&*4tj*| and tho examination of 
i*t dlttlnctlcn from and relation to other for**) of cognition, whloh arc 
deficient in sore ~>f the respeot* enuaer*ted« Vhile the aathOBSitieal 
Mlonoe* fumlah v» with the typical example of such knowledge, i t t rao*t 
important oontentt are hold to mfot tc the objects of our moral and 
rellgieu* c^tcloutne**," James dbson. LookV* Th*cry of Knowledge and 
i t s Historical Eolation*. Cambridge* a* the "Snivortity '.'root, 1931, p,"T. 
Cihson points out, in chapter one of hi* fin* study, how Leek* cam* to 
^ • • V S T *&£& ** *l* > U A y ^ John Locke. Londoai Oxford, 1887, r , nr. 

(*°< fffty* Introduction*. 8 Tel, A, p, 26* 
(81) -teen aswas hia lntereet in the seientlfio discoveries of hi* 

h* leave* no rocn for doubt that In hi* opinion th* knowledge whioh 1* of 
groatoct lmx*rtaaec for men i* that whloh relates to hia duty, and to the 
esaetenee of tho divine Seing, who** law be conceived thic duty to be," 
J*acc Cibaon, eg, egg** p. €• 

( « ) g*—y* spictle to the Boeder, Vol. I , p, 14, 

day. 
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Locke's theory ef knowledge 1* gradually developed in the B*say. 

After chewing, in tho first bock, thet he hold* no brief with a theory 

of innate ldeaa, ho ratal TITS tho origin ot knowledge in the second book* 

All our ideae (33), frea «hloh our judgments or true knowledge are formed 

tad which aria* from the twofeld eaperionec ef sensation and reflection, 

are either tlapl* er coaplex* 4 nan is not able to make up simple ideas % 

the nind is passive in getting then froa oxperienoe* Simple ideal arite 

ia dlwra* waya, froa one tenae or wore, frea reflection or reflection 

eeablnod with sensation, (Locke then -iirtinguiahed the simple ideas .f 

ptiaary or aathenetical qualitiea which have real existence froa those 

of swndary er input** qualities which only virtually exist), 9y oom-

bining and extending simple ldeaa or "originalt," the mind exhibits its 

power of producing new ldeaa in the activity of oaapari«*n« ooaposition 

and abatraetien, which yield complex idee* celled mode*, substance* and 

relation*. The third book deal* with Locke'c theory.of the nature, 

•cowing and use of language. 

It ia in tho fourth book, the moot important of the ,-'*a*y* that Locke 

dealt with knowledge ia general* Xhe,judgment in which wo have knowledge 

is "but the perception of the connection and agreement, or diaagratment 

and miasjauiiij ef any of our idea*" (id)* Unlvereal sropocition* arc the 

makeup ef knowledge whloh heart the dittinetive badge of certainty and it 

(88) Looke's wide ut* of "idea" 1* evident throughout his 'saay. 
"whatever 1* meant by phantaan, notion, species, or whatever It is which 
the nind can be euoloyed about in thinking." 8t**y. Vol, I, X, p. 16. 
Clbtea aaya, "a* the unlvereal implicate of oognitioa. Idea* are ln-
volv*4 alike in the •caslblc apprehension of a colour and in the thought 
ef an abctrnet object or relation, which cannot be presented to the tense. 
For tht word he disclaims any tpecial partiality, and avow* hlm*elf ready 
to 'change the term Idea for a better* a* soon as hi* erltloa oan help 
hia tc one whloh will bear at well tho required width of denotation." 
Janet Oibton, op* oit., p* 18, 

(34) Kssay, look IT, Chepter 1, 2, Tol, II, p. 167. 
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referent te a reality independent of the alndf knowledge la "real." 

Of th* two main kinda of knowledge, "demonstrative knowledge 1* auch 

more imperfect than intuitive (38)," In the letter, "tho nind par­

cel vet the agrteacnt er disegreeaent of two idees immediately by them­

selves, without the intervention of any other (36)," "and this kind 

of knowledge is the «i*are*t and the »o*t certain that huaan frailty 

is capable of* Thi* part of knowledge it irresistible..." (87). In 

demonstrative knowledge, though Its certainty is unqusstloaabl*, th* 

mind xtu*t operate "by th* Intervention ef other idea* (one or more, 

a* it happens), to -?isoever the agreement or disagreement which it 

searches.••" (36), freceded by doubt, tho stage or demonstrative 

knowledge 1* sot a* eaoy to obtain a* intuitivei demonstrative know-

lodge la forced to rely on the idee* of Intuitive knowledge which it 

uses at "prooft." 

The moot perfect type ef demonstrative knowledge is mathematiea. 

But although "it has been generally taken for granted that mathematics 

alone are capable of demonstrative certainty" (89), this is not the 

cose. The reason for thlt, Locke says, 

Baa been not only the general usefulness of those sciences, but 
because, in comparing their equality or exoess, the ^odes of 
number* have onrory the least difference very clear and perceivable.•• 
But in other simple Ideas,.,we have not so nice and accurate a dis­
tinction of their differences as to ^rrceive or find ways to measure 
their .just equality -<r the least differences (40), 

(38) gaser, 3ook tV. Chapter 1. 9, Vol. il, p. 175. 
(36) Testy. Book *7, Chapter 2, 1, Tol. II, p. 176, 
(37) *ssay. Ibid, p. 177. 
{*•) 8»w*y. Seek IT, Chepter 2, 9, Vol. 11, p. 178. 
< M> '$**&> Sock IT, Chapter 2, 9, Vol. II, p. 182. 
(40) Essay, Book XV, Chapter 2, 10, Vol. II, t. 103. 
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Other sciences, then, are capable of demonstrative certainty. 

Continuing, leoke examines the extent of human knowledge with regard 

to the four aorta of affirmation or negation wo oan make. Identity, co­

existence, relation and real existence. Under relation, he -akes a strong 

oase for our demonstrative knowledge of oorality in comparison to mathe-

matloo. The complexity and sensible representation* aooompanyiag moral 

knowledge have made people think it incapable of demonstration. Math*-

aetioe, by eoeaeriscn, baa the advantage, since it uses sensible marks 

which are "not liable te the uncertainty that words carry In their 

slgnifioetlen (41)." Secondly, the moral idea* arc more oomplex than those 

of mathematics, hence their nsaes are of -wore uncertain a I jm if lest ion and 

it Is mere diffieult for th« %lnd to retain these preeiee combination*. 

Thirdly, th* weakness ef huaan memory it rot a* evident in remembering 

netfceantieel aa mere! (teweaatrationa, for 

tho numerical character* are help* to the memory, to rooord end 
retain the several ideas about which tho demonstration It rcadt, 
whereby a man way know how far hit intuitive knowledge in sur­
veying several 'f the particular* has proceeded| that to he may 
without confusion go on to what I* }*t unknown, and at last have 
in one view before him the result of all hit ;ereertione and 
reeeonlngs (48), 

In cenoluding hi* oeaparleon, Locke suggests that ths difficulties of other 

domonttrttlvo kamwleege, such a* morellty, be resolved by accurate definition*, 

universally accepted sad retained, 

and what method* algebra or something of that kind say hereafter 
•uggest, to remove the other dlffl*ultl**,,,(43)» 

I 41) K***y, Seek XV, Chapter 3 , 19, Vol, IX, -... 209, 
,«*) ffijty. 3cok IT, I M , , p, fio, 
ce) Tccay. Beck IT, Chapt*r 8, 20, Tol. II, p. 211. 
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Chapter four ef the fourth book of the Essay deals with the 

reality of human knowledge. Blaple ideas yield real knowledge, since 

they arc but "the product* of tM.nr* operating on t';e "-ind in a n*tur*l 

way (44)," with rcecri to commissi Ideas, all of them, except for 

eubatanoo, 

being archctypee of the wind'* own marking, not intended to be 
the eoplee of anything, not referred to the existenoe of any­
thing, as to tholr originals, cannot want any conformity no-
cecaary to real V. owl edge (45). 

tntha—tloal kncwledge, since It Is c-* this typo, is of unquestionable 

reality and certainty, for 

It la only of our own ideas. The ^thexntlolan considers, the 
troth and prepertie* belonging to * ratteVle or oIrole, only aa 
they are in idea of hit own wind. For it It possible he never 
found cither of then existing mathematically, i.e., precisely 
true, in M c life (46). 

Locke's analysis ef mathematical knowledge holda that it la the mere 

pWooptlon of agreement or disagreement of Idoast ita demonstration is 

but the perception of this agreement through other Idea* or medium** 

kerel knowledge 1* ~f th* tamo nature, and hence ha* similar validity. 

Per, Juet a* 

all the diccourte* of the mathematiclent about the squaring of 
a circle, conic section*, or any other part of matheaatloe, con­
cern not the existence of any of th©ce figuresj but tholr de­
monstrations, which depend on their ideas, are the same, whether 
there he cay square or circle existing in the world, or n>t...(47). 

Be it lo likewise true that 

the truth end certainty of moral ^lsoourses abstraots froa tho 
lives of men, and the existence of those virtues in the world 
whereof they treat...(48). 

t44) v"*r. Bock IV, Chapter 4, 3, Vol, II, p. 230. 
(48) »'»say. Book IV, Chapter 4, 6, Vol. II, v. 231. 

[*) ^v*** Mi* 
(4T> E , , a y* ™ * IV» CnAPfc" 4, 8, Vol. II, p. 240. 
(48) 1**ay. Ibid. 
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The method* of Improving our knowledge are considered in chapter twelve. 

Bet froa aaxlaa of "certain pracccgnlta." but rather from the comparing 

of clear and distinct idea* to which we annex -roper and constant names, 

Is our knowledge improved. The best way to de this, 

1* to bo learned in the schools of tho scthemetieinn*, who froa 
very plain and easy beginnings, by gentle degrees and a continued 
chela of reasoning*, pro—d to the discovery and demonstration 
of truths.,.(49). 

Thee* strong and eneceeive oleic* for the exoellence of mathematios, 

tho surety of it* method and tho feliolty of Ita eymbols, Locke ettributed 

to the elementary subjects of arithmetie and geometry. Both of theee 

cub^cete, though-they originated from the *mperi*nee of primary qualities 

and could be applied to the world, ware independent of the existence of 

objeoto eoafcrtablo to then. Of the two, that of arithmetic or number 

otform greater rurooision and eeeuraoy and is wore perfect. The mind 

immndlately, in fact, perceives the truth of simple arithmetical opera-

tlone. The quaatltio* off geowetry, however, cannot be expreosed with 

sueh T>reelelen end finish. Continuou* extension does not lend itself 

as readily te every minute difference of quantity, 

Theee eharacterietio* of atthaaati**, then, aigaallt* ita dlctlntttion 

and value| though. Look*) insist*, kncwledge of moral matters is more im­

portant and equally aa certain. His frequent use of examples taken from 

nathcaatlec or quantitative notion* and hie very aeoouat of knowledge 

Iteelf, reveal c strong bin* tor matheaatlc* and a proclivity to aod*l 

(49) latay. Beck IT, Chapter 12, f, Vol, II, p, 266, 
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all Mice**) end dcaeattratUn accordingly. It is th*** factort which 

load ant tc believe that Locke not only had an Inadequate view of 

matheaatioa aa *u«h, but that he ln*lin*4 to a mild froa of icthe-

matieaa, 

III. Berkeley* 

Shea but a young .->mn of twenty at Trinity ~cliege, ;ub!in, George 

Berkeley 11688-1763) published two workt, Arlthiauclca absque Algebra out 

Euclid* Oononatrata and kiscellanea ^thenatloa, ..doh are indicative of 

his early Interest and competence In mathematics. -'̂  '-' • sam college 

Berkeley was exposed to tne new spirit in , .'.nosophy through the study 

of Saoea, aebbee, oo»oartot, Looke, and John,Tolaad the free-thinker, as 

well a* to the scientific discoveries of LoiV.is nod h'ewton. liow these 

phlloeepher* and sclentiets affected hia ia reeerded, fortuaatoly enough, 

in hie C^mwmpla**)'-i*ck. hi* diary froa hie twentieth to his twenty-fourth 

yeer. It wa* during thi* early period that,no formed his fameua rejection 

of substantiality te matter, hi* ohief t i t l e te fame in philosophical 

annals. Bis eppesltlea to the atheist!* trend* ef his time and te free­

thinker* in moral *ni mathematical matter*, moreover, were an important 

factor in determining the progree* of mathematiea and soienoe (80). 

Locke's theory ef prlaary and secondary qualities is the point of 

departure for the phile**phy ef Berkeley* Lock* proposed a distinction 

between" the reality ef the mathematical and quantitative qualities of 

tatter, which he called primary and which wore real, froa th* haay «x-

perl*nce ef the secondary qualities of teech tnd teat*, which were less 

« « — - » . Il • « ! I — « » " I " " - -' ' ' - *— ' 

(80) Oarl B, Boy*r, 0*^ o i | . , pp. 224-229. 
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real, Lecke also loft an unouoeeeefwl analyals of •mb*t*noe, equivalent 

to a denial of i t* reality. 

• ••net Imagining hew the** alanl* idee* can subsist by themselves, 
we aecuctoa ourselves to suppose some substratum wherein they do 
tubtlst, and froa which they do result| which therefore we ce l l 
substance (81), 

Berxely, however, could see n*» reason for maintaining tho first 

distinction. Bo point* out, in A Treatise Concerning, the Principle* of 

Bunan knowledge, that tone of the priraary qualities themselves are given 

through the same senae* which yield secondary qualities, Further, primary 

qualities themselves only arise through combinations of secondary qualities} 

Berkeley oonfidentiy concluded. 

In short, extenelon, figure, and motion, abstracted from al l other 
oaalitieo, are inconceivable, "here therefore the other aeaclbl* 
qualities are, there aust thete be also, to wit, in the mind and 

else (62), 

Cace Barbel** ha* diapetod of the f l r t t . Look*'* week defence ef substance 

1* no longer required, Berkeley reject* substance which le not perceived 

end retains that whloh 1* perceived» esse cot, oereipera et pcrcloi (58). 

Thi* phra** eontaina both Berkeley'* speculative position cad the answer 

thet he will thrust against the free-thinker* and materialist* t materiality 

removed froa matter, eubetantlality frea eubetenee, with matter or cubctanee 

being but an exteriorication or extrepeietlen ef the divine (64)* 

(81) John Looke."*ssay. Book IX, Chapter 28, 1. 
(82) A Treatise Concerning the frlneiplot of ttuxen Knowledge, Part 1, 9, 

Tel, I , p« 888. All references to sWfceley are "frea*The ffiTrtt of 3oorn* l*rkcj.cyJL 
with Preface, Annotat1one, Appendleet, and An Account of his Life,"by Alexander 
C a x ^ U Tracer, 4 volume*, Oafcrdt at th* Clarendon i'rooa, 1901* 

tec) *86*mV truth* there are so near and obvious to the mind that a man need 
only open hit eye* to see them, Such I take thi* isKorteut one to bo, v i s . that 
t l» *hoT7 ef >&ven en3 furniture of,the earth, in a word a l l these bodlio which 
compose the mighty franc of th* world, have not any subsistence without a wlndT 
that their being Is to be perceived or known} that consequently to long at they 
are not actually perceived by con, or do not exist in my mind, er that of any 

In the aind ef __ _ _ _ _ 

sifts :&^n^&trtr$Si.*>Sl£*« "Mf£~irvsC~i 
p. 860, 
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Armed with thi* dootrlne, end with > is pointed gift* of wit and 

•ereeta, Berkeley bravely wander* off into the camp* of the free-thinker* 

ef hi* tine (&l>). Me states thet the acceptance of the doctrine in the 

Principles oan aohlavo a refutation of *ooptlol*ti| a liberation of thought 

from unnecessary and meaninglo** abetreotion*| a purification of natural 

philosophy whloh bottoms* but tho interpretation of the ldeaa of sense, 

th* divine language of neturei e •lapllficetlon of natheaatloa with It* 

meaningless Infinitesimal* *nd awroc dieearded} an explanation of belief 

lr. the existence of otherai a vindication of faith in ®od <*ho signifies and 

is signified in tho world of nature* 

Thla Initial work of Bartwdey** had been f receded, ia lTOt, by A« 

Tcstg tcwnrdl a Hew Theory of Vlelcn (84), which wa* both a prelude to hi* 

anln theory on substance and al*o an attack on Bewton** •oaooption of nature* 

The work contain* his Invest 1 gat lea of the relation* of the sense of sight 

to space, distance,magnitude and place* Berkeley followed theee two work* 

with smother in 1718, written in dialogue form, entitled Three Halo^uoa 

between hylec end hllonou*. In thi* work, hilonou* represents Berkeley, 

while Hylaa argue* against Berkeley'* potItion on substance. During thi* 

•a** year, Berkeley contributed a nunber of assays to an ' n^ltsh faar,asine, 

the uue^eiaa* who** main content i* directed again toward* th* free-thinker*. 

Ia on* of these essay* ho show* hi* wit and aatlro both in the oontent of 

the os*ay* and in their t i t l e , *X v i s i t to the 'ineal Cl*n4*'of a" free-thinker," 

and The Pineal 41*8*1 of a Fren^Thlnker." „ Berkeley tamglnes himoelf a 

JBnJ Th* ffincipW h*Ttk*) following subtitles "Wherein th* Chief Causes 
of ttntaT anil Biffioulty in tho Selenoe*, with th* Ground* of Scepticism, Atheism 
and trfellglon are Inquired Into." Vol. I, p, 211, 

(ML) The 3*ojfr i*A* a pioneer, meant to open the way for the tils closure 
of the secret w44*t which He WAX ourdened, leaf the world airht be shocked by 
stt abrupt disclosure.* worka. "Life of Uorkeley by the editor,w Vol, I , p, xt-rille 

i 
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hewouaoulu* travelling about In the contents ^ 'ho free-thinker** 

mind, and oxpotet Itt thameful oontentt* 

Otherc of Berkeley's workt arolonr the same strsln. 'is 3o i'otu (87) 

end Alcjjhron. or The Minute Philotopher aim to justify religion and 

oppece eceptlolsm. T?ith the appearanoo of The Analyst Or, A Mscourso 

Addressed to an Infidel ththnantloisn (88) Berkeley's hitherto scattered 

remarks about the -at hematics and mathematicians •>? hi* time were ex­

pended* Tracer taya of The Analyst, 

Xt was follow*d by a oontrcv*r*y In whloh sore of the most 
eminent nath*matieiana took part, Kathcnat.leo exeunt in 
ayateria, eight have been the motto of the Analy*t. The 
stsiiaptlont in cmtheuatios, It Is argued, are as mysterious 
as those of theologian* and metaphysielana. Mathematics cannot 
translate into perfectly intolllgibl* thought their own doctrine* 
in fluxions (69). 

Berkeley't eritielta had a " od effect on the Inadequately formulated 

foundation* or th* Calculeuc in Bewton and lelbnlt, and was on* of tho 

factors that paved the way towardt a rigorous formulation of it* bases (60), 

In addition to hi* direct oriticlea of oahbenetieians, Berkeley Ud 

some analysis of mathematios Itself. In the ?rlngiples. for example, 

he proposed a apeole* of nathenatloal nominalism, simillar to Hobbe*' 

(8T) rraser write* (Life of Berkeley by the editor. Vol, I, o, xlvi), 
"The material world, chiefly under the category of substance, Inspired the 
Princlwleo* -The material world, under th* *at*gory of cause or power, 
in*piro4 the a* hotu,„h*lc* evolvit et agltat mantes might bo taken at 
tho formula of 'iŵ "*at*)ri*li*a' he "sought to dissolve. Men* porolplt et 
erltat molea slgnlfl*ante». cu.lut ettt ett rerolpi expresset what Berkeley 
would substitute for th* materialistie formula, 

Uti) The subtitle of the Analyst roadsi "Wherein it Is examined whether 
th* Object, rginoipica, and Insnranoes* of the Modern Analysis ar* more dis­
tinctly* ssaetived, or more evidently deduced, than JfeligJLou* Hysteric*." 
'workB. Vol. 111. P. !• 

(89) Work*. "Life ef Berkeley by the Editor," Vol. I, p. Ixxili-lxlv. 
(60) For a fine pratentation of Berkeley's critiolsms and of their 

effect, see Cerl 3, Boyer, oo. cit,. Chapter Tl, "The rerlod of Indecision," 
pp. 224-280, pessia* 
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eenaunllstl* meChemntie*. Arithmetic, he writ**, "hath been thought to 

have for ita ebjoot ebetreet ldeeo of mummer (61)," But, argue* Berkeley, 

number is but a oollecticn of units, and since ho has previously established 

that there be no *u*h thing as unity, ^r unit in abstract, 
there er* no idee* of nuabcr* in abstract, denoted by the 
naaoral **a** end flgurea (62), 

Bunorleel reletieno, therefore, ere only realised In ooncrete experience, 

for, in Arithmetic, 

CO rognrd not the thing* but tha tig*)*! which nevertheless 
are not regarded for their own sake, but because they direct 
a* how te act with relation t* thing*, «nd dispose rightly 
•f them.»•it is evident froa what Hat been laid, those thing* 
which pee* for abstract truth* and theorem* concerning nunber*, 
ar* in reality conversant about no objoet distinct froa particular 
numerable thing*.•«•(68)* 

The same reasoning, 1* applied to Oeemetry, Bottled by the loo** us* 

•f "infinite*" and "Infinitesimal*" of his tiae, he say*. 

The infinite divisibility of finite ea**n«i«m, though it 1* not 
expreocly laid down either aa an axiom or theorem In the clement* 
of that eeleoee, yet is throughout the eeme everywhere »u*pe**c, 
and thought to have so Inseparable and essential a connection 
with the prlneiplee end dewenct ration* in C*emetry thet mathemn-
tlclan* never admit it Into doubt, or make the least question of 
it (<4)« 

This notion of the Infinite is the source of the paradox** whloh militate 

against' eoanoa aeaoe,* and which make mathematic* difficult and tedlou** 

Berkeley arauee from the nature of our Idea* that no finite extcn* Ion 

either tttitnla* iantiaorahle pert* or is infinitely divisible, ' Berkeley 

ixar.lncc tone ant objecting to hi* elimination of the infinite that ft 

» « I « I i i HI mi p . i in 
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would deetrey th* very foundations of Geometry, and 

theae great men who have raited that aclenec tc to aatenlthlng 
a height, have boon all th* while building a cattle in th* air (d5). 

He anoear*, elgnlfioently. 

that akctevtr is ueeful ia geometry, and promote* th* b*n*fIt of 
human llf*, does still remain firm and unshaken on our Principle*} 
that t*i*noo considered *s practical will rather receive advantage 
than any prejudice frea what ha* been said (86), 
S*r too ream, though it should follow that some of the more In­
tricate and subtile parts of Speculative Mathematie* say be pared 
off without any prejudice to truth, yet I do not see what damage 
will be thence derived to -unkind (67), 

In ahia, end in his other work*, Berkeley, when he speck* of mathematlos. 

Inclines toward* a nominalist view and acpeara te Introduce a pragmatic 

tost of usefulness for ascertaining the validity of nathematleel notions* 

XT* Bone. 

David naa* (1T11-17T8) applied the procedure* of the new tcicncct to 

the ftttcly » "it Treatise of Human Baturc (66), octa-fni* work and hia 

*s*y Concerning Suaea tfederatanding war* aerely introductory studio* to 

morale and polities which claimed hit ferenost interest (69), With theee 

66) Xhfli*. n. 181, p. 881* 

ST) i j ld l , *• 181, p, 888, 
'") **^!l*£M*l'm* f l r t t ?«bli*kc4 in 1788. An Inquiry Concerning 

j %*^ro*acdinr. iwbllshed in 1T48, 1* a recasting or the first part of 
**IS*M*f s***l***7| f» Xwttiry Conoorntnt: Hunan Moral*, published m 
Itwf, It t re-edition of the toood part of th* Treatj*o* All quotations 
froa Bon* ere taken froa A "• routine of Ihjxon Mature by David Bun** Reprinted 
free the original edition And edited, with an Aa*lytl*al~Xtt4*x, by L, A, 
Selby-Mgra, Cxforde The Clarendon Piroc*, 1888, 

£? (69) Th* sbutltl* *f Hume's work roads, *An Attempt to lntroduo* the 
xv^THmental hethod of Seasoning into Sbral Subject*." Xn thit tonnootlon 

so* A , © . Lindsay's remark* in his Introduction to the modern lihrary edition. 
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uto work* he hoped te thow that neither natheaati** nor physio* had 

any greater *laia te exaotnoc* then the ceience of man (TO). A groat 

admirer ef Bewton (Tl), Hun© proposed tc ue* th* aaxuirixemtal method 

of observation in all the huaan toionoet, without any attempt to deal 

with ultimate explanation*, the u»e of hypotheses or preconceived 

theerleo. In thlt way, buna helped to further interett and enthusiasm 

for the ecioneee of men which were extentIvaly developed in the 

nineteenth century (72). 

Leoho and Berkeley had likewi** attempted to tuatify moral and 

fwllgloua knowledge by equating them to mathomatio* and science, Hume, 

though within their tradition and greatly obligated te both (78), wa* 

(*•* "*T is evident, thet al l the sciences have a relation greater or leas, 
to hunan netorOf end that however wide any of then may seea to run from It , they 
s t i l l return book by one passage or another. Fven Mathomatio*, Batural Philoso­
phy and Bojbural "Religion, are in some reasure dependent on the scienee ©f""*4ui|' 
since they l ie under the cognisance of Ban, and are ,<u<!*ed of by their power* 
and faculties*" Traatiao, Xntrcductloa, p. win* 

(71) Suae, i t seems hoped to be the Kowton of mental selenoe. for Bewton's 
Influence on Hume, see Herman Beep Smith, the hlioeophy of i>avld ihune, A, writl-
eal 3tudyof Its Origin* and Central "octrlJWt,.Londoni WacMillan <>., 1941, 
Chapter i n , The Xnfluonoo ef Bewton an4 of Locke," pp« 63-78, 

( t l ) "Hun* wrote then a* a builder of the Science of itaaan Suture, and so 
It was a* math that ho exercised hi* wela Influence en his successors. Ro en­
courage* in can th* hope of the successful extentIon of scientific progress to 
huaan nature Itself« thus might come a reasoned, definitive and accurate answer 
to a l l problem* — rellgiout, m*ral, social and political,••Here was a ration­
al let Indeed* the founder, with Butler and fiartley, of that belief in and »n-
thweiasjt far th* 8*lea** of Huaan Mature which wa* so inportant in the philosophy 
and in tho practical politic* of the nineteenth century. C. 8* /'orris, loeko 
Berkeley Ifcosa, Oxfordi The Clarendon Fro**, 1981, p. 118, 

(TeT^h* •elrituni phUeccphy ef Berkeley in Ireland was thus a dovelop-
ncyjo i« on* diroetloa of elements latent in Look*'* E*<ay, The next succeeding. 
evolution of Philosophy ia thete Ulead*, of historical Wortane*, occurred in 
Scotland, in an opposite dirootion* Hume's Treat las of litunaa Bature and hi* 
Inquiry Concerning Hunan ttadcfotc^dinc, wore published helf~eenlury after the 
Eaaeyi the one some veare before, and the other rather later than Sirls . Look*'* 

^ ^ . ^ J J ^ S s a d ?i ri?*vi!i?:*2!\,r*ftp«lTOoBJj of real exittonce1 that Locke 
took as presupposed in el l knowledge by man* of ideas,•" Alexander Campbell 
Fraser, editor, *n_;s<arn Conco»|nr '.'iman Understanding by John Icoke Vol, I . 
p* oxxxlv* """ ~ *~l ' 
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dissatisfied with their account and initiated a fresh start. Treating 

the mind a* an object is treated In physical selenoe and carefully 

analysing itt eententt, he reached a sunrlsing and soeptioal conclusiont 

all knowledge and awiencc ware explicable by the 1 rre?slon* of sense 

fjtXgeelated through oustoa or habit* 

In order to hold to hit original contention that: the richness and 

eoaploxlty of soientifle knowledge was du« solely to the habitual asso­

ciation of primitive ;ereeptlone (74), ar* that no sclenoes go beyond 

experience (76), &um* wa* forded to do violence tc the notion of oa­

st raetion* Suae quoted the opinion of Berkeley, "* great philosopher," 

apprcvlnglyi 

•••all general idea* are nothing but particular one*, annexed to 
a certain tern, which give* than * more extensiw* signification, 
and makes then recall upon occasion other individuals, which are 
similar to them (76)* 

Abstract ideas wore not universal or conceptual| their nature la sueh 

thet they ar* 

•••in themselves individual, however they may become general in 
their representation* The image in th* nind is only that of a 
particular abject, the* the epplloation o" It in our reasoning 
be the same, as If It wore unlvereal (77), 

(74) "All the perception* of the huaan mind resolve theaselva* into 
two dlatinct kind*, which I shall call impr**slon* and ideas," Treaties. 
Bk. I, Pert I, *ect, I, p. 1, 

(TB) "But 1" this impossibility of explaining ultimate - rinoiples 
theuld be esteemed e defect In the science of man, I will venture tc affirm, 
thet 'tis a defect common tc It with all tho selenoes, and all the arts, la 
which wa ear: employ ourvolve*, whether they be such a* ar* cultivated in the 
Wheel* of the philosephcrs, er practised in the thopt of the mcanett artittat, 
Bon* *f tha* can ge beyond experience, or establish any principles which arc 
not founded on that authority." Treatise. Introduction, p. xxil. 

to) Treatise, Beck I, ?trt I, Beet, TIX, p. 17, Hume mat Indebted te leek* 
for tho prlnelpl* that all our knowledge ooaet froa experience and tha oea-
oomitant probloa of reconciling thi* principle with the dootrlne of the x*n*raHi 
ef idee*. Look* concluded with the inc«a*lst*n*y of abstract idea* whl*fc Berkeli 
denied, Hume fellows the position ef Berkeley. " 

to) Xei4*. p. 20. 
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Hum* then claimed that a repetition of expertenoe it associated by 

custom and iven a name* The utterance of that name "revives that 

custom" we v>ave acquired and one or rore o** these originally ex­

perienced Ideas, The mind then separatee or partially considers 

those ideas which are demanded by occasions and by the compose of 

life, 

Buas eoneidered matheasti** and scienee under the ooaplen ideas 

of relation (76), Complex ideas arose froa single l-!oas through the 

law of association, which r*uae oomoared to the idea of attraction in 

physios (79). 'if 4he seven types of relations (80) he admitted, re­

semblance, contrariety, degreea in quality and quantitative or numeri­

cal prepertlctt constituted the realm of mathematics and science. These 

relations depended solely on ideas, and could be the objeott of knowledge 

and certainty. The first three of these relations "are ^sooverable at 

first sight, and fall '"ore properly under the -rovinoe of intuition than 

demonstration (8l)." It Is under the fourth, proportions \n quantity 

or number, that Hume consider* mathematics. 

(?8) John Laird, Hume's Philosophy of Human Ka'.ure. London 1 ui«*:huen and 
Co., 1S32, Chepter IV, "Space, Time and External **lstenoe," pp. 64-P3. 

(79) "Bore is a kind of attraction, whloh In the mental world will be 
found te have an extraordinary effects as lr. the natural, ani to show it­
self in as many and as various forms. Its effects arc every where con*piour>us} 
but a* to its causes, they are mostly unknown, and mutt be resolv'd Into 
original qualltlo* of human nature, which I pretend not to explain, "OtMng; 
Is wore requisite for a true philosopher, than to restrain the intemperate 
desire cf t*arehiag into causes, and having, establish'd any doctrine upon 
a sufficient number of oxperiaentt, rest contended with that, when > o sons 
a farther «xaaiaatiea would lead him into ob*oure and uncertain speculations," 
Treat is*. Sfc, 1, *ert X, *eot, IV, pp, 12-18, 

(80) The seven relations whioh JJuat dlstinruishe* are iivlded into two 
classea. The fir*t comprise* the four Ust*d above. Tho second class includes 
identity, relatione of time and place and causation. Treatise. Bk* I. art III. 
Section I, pp. 89-73, ' * 

(«) X*i<U. P. T2. 
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In M* treatment of mathematics. Bun* distinguished between 

geometry and arithmetic* In Ms vi*w, geometry i t but an empirical 

doctrine, founded on ob**rvatlen of the rough eppeereneo* of physical 

f**t*| 

...geometry...tho' It much excel*, both in universality end 
exaotne**, th* loo** judgment* of the sense* and imagination) 
yet never attain* * perfect precision and exactness. Its first 
printlpiea are atiil drawn froa th* general appearance of the 
object*i and that appearance can never afford ut any security, 
when we canalnc the predlgltut ainutenctt of which nature it 
suBoeptlble (88), 

floeactry lack* cxactne**| w* only approximate tho ahstraetno** of its 

figure* or propositions. 

When geometry deeIdes anything concerning the proportions of 
quantity, we ought not to look *or the utmost precision and 
exactness. Bone of its proofs extend so far. tt takes the 
dimensions and proportions of figures justly| but roughly, 
and with some liberty* It* errors are never considerablet 
nor wou'd It orr at all, did it not aspire to such an abso­
lute perfection (88), 

The ideas then, of rerfeet liaec, figure* and angles have no real exis­

tence. In pretending to use abstract ideas, mathematicians are like 

phlloecphert who use thoa as a means te "cover many of their absurdities (64)." 

Baa* viewed arithmetic and algebra differently, for exactness and oertaln-

ty could bo achieved in those subjects. In thoa 

We era pottos* of a preolso standard, by which we oan judge of 
the equality end prepertlen* of number*t and **oording as they 
eerre*pend or not to thet *t*ndard, we determine their relations, 
without any possibility of error. When two number* are so oombla'd, 
a* that the one he* alwaya an unite an«*erlng to every unite of the 
other, wo pronounce then equal | and *tl* for want of such a *t*ndard 
of equality in extension, that secantry can scarce be esteem'd a 
perfect and infallible soienoe (86), 

(88) Iaii*. pp* 78-78. 
(88) TO.. Bk. I, Part IX, Section IT, p. 48, 
(84) Ibid.. BsW I, Part III, Section I, p. 78. 
(88) tgl., p. 71* 
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Bun* *c*as te have held this view of "he exactness of arithmetic and 

algebra because of his psychological atomitm whloh propotod that each 

element of eea**l»u* experlenee it preearved a* a unit. In Hun*'* 

•itw, geometry, arithmetic and algebra, in keeping wltj> all danonatra-

tlve sciences, contained a fair amount of probability. Be algebraist 

or aatheaatician is so expert or so confident, however, that he Imme­

diately believe* truth ou itt diteoveryi he regards It rather at a 

mere possibility which gradually iaore**** toward* a certainty that 

la never perfectly attained (86), 

-to) Xbl4.* aL X, Part IT, Section I, pp. 160-187. 
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Chapter Tl, Idealism and Positivism. 

X, Bant. 

T* Tenants! Kent (1724-1P04) it appeared that eaoart-s, Locke 

and taoir fcllcwar* had boon seduoed in metephysio*, for they had un-

sueeecsfully attempted to introduce the acthod and abctraetiv* pro-

oesse* ef mathematics and s*lem*e into philo**phioal research (l), 

tho accent being laid, la the Cartesian tradition, on pure rcath*ae* 

ti**, varioua form* ef idealism and rationallea ensued, tfeder *ew-

ton»* influence, the British ?hil**oph*r* had. Instead, *tre*s*4 th* 

payaleal sad obeervatlonal atpcet of applied matheaatltt, concluding 

with enpiri*i*a, peeltlvUa end scepticism* Kant seoonded the high 

regard with whl*h both school* had locked upon aatheaetlec and science, 

waeee sueoats and* thoa self-justified. Consequently he directed hi* 

phUo«**hical efforts toward* doatactratiag hew they were true and at 

accertainlng what felicitous functlcning* of reason enabled than to 

reeeon ce •u*oco*fully (2). (oŷ fsi* other hand, «R*taphy*l*«, cheap ionc4 

(l) 8** frit Ik dor ralnon Tommfft, •Terrode tur awe 1 ten Auflago," 

»x* t|e "^i-ita-ita***7rnl*7*** m »jm joimj^ipmuof^ 
phvclk* nTorrade," Bend IX, pp, 1-11 of Irrvinuol Sant'a stjavtlloh* Berks. 
aeraucgegebea van **• Cedaa •• Klnkel, J. K. T. tirohmann, F. k, 8*hi*l*, 
Th. Taulentlner, 2* Tcrllnaer, 8 Benden und Supplement-Band, Leiptlgi 
Sorr^octwa *Mu*ba*jUung, 1901-1908. 

( t j "ttr.il ett frapp* par un double fa i t , 0*un eete, on trouve X*9 ftifcccc* CB son* asdernc du meti le* mathemetiques, la g*oaetrie 
*t, la aeyeifuo aetheaaticue ajai, avec l'astronoml* de Bewton, s'inpo-
salent doioaaital *ons eeatoctet 4* oellee-ei , 1* valcar e* ooneaoree 
per lo *uo****, * , **t a dire par l'aceord de tou* le* pensours, et le 
pregre* eeeetent do loom acoeuverte*. Oe 1'autre cote, on volt l e 
metepbaSlaao a* sea** deveaaCreditlenncl ocpula D*oeerto*t o'ect a 
aire I'oteao oee trel* priaeipele* Bub*t*nceti le mead* (ooeaologie), 
l'*m* huaalne (peycheleglc) et Die* (theedlcee)i et celle-ol n'est au 
ceatcclre qu'uno perpetuolle suooassion de systeae* *ontradl*tolr** 
eat * *entreec»rul*ent." F..J, Theanard, Trools d'Hlstolre d« la "hllo-
•jchjfi, P. one. ~ 

http://ttr.il
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altei tajanlf by Ideellta and ewmlrieiam, bad been embroiled in euecosslve 

oonwredifltjory a atom* and had eeemlngly failed in the pursuit of truth* 

Kant slate, than, to name the oonstltutlve elements of :-o'' initio* and 

scion** whoa* eertainty was unquestloaabl* and to define the value and 

sphere ef metenhyslo* by properly ertieuletlng the wrftrene of rationalism 

as typified In the Ulbnl*-*olff philosophy with that of hue*'* empiri­

a l s . (8) . 

Bant** philoeophy of trenccendentel criticism — in which the res­

pective rolee ef reeeon and experience were eritioised and then reunited 

in a transcendent synth**tc — wa* fenced ever * nunber of yea re* Bia 

early career wa* narked by the study ef Bewvonien science end rational let 

philoeophy (d). In hi* "Thevghts on *>heTr«o Estimate *f Vis Viva" of 

174T, no catered the current dispute of the Cartesian* ard Lelbniaiane 

with regar* tc tho proper tsgejstsloa for the amount of a ferae* tewten's 

influence led tc hi* "eeoeral Bistory and Theory ef the Heaven*" *f 

1T88, ia which he applied Bewton'a •exception ef the color system te the 

tl«creel universe (6 ) , hi* ehilesophleal training Curing thi* period was 

that ef the Lor*nit-"elff tradition, whleh presented Uibnls's philosophy 

• in •"- - -- • -• •- - - - — — 

(8) for e short suaaary ef Kant'* relations to his pred*eow**r* 
and eeatesmererle*, see William Wallace, Kant, Rdlnburgh and Leadeni 
William Blackwood and son*, 1692, Ch*pt*r *« The Philosophical Be-
vironcnttt ef lent," pp, 188-188, 

(4) for Bewton•• early influence on Sent see Joseph hareehal, Le feint 
do Qcecrt do la *utaphytiau*. Cahier lilt U Critique de Xnnt, trelsiewT 
edition1 rorisi 9eaol*a do sreuner, 1944, pp, 37-39, 

(8) The full titl* of this work 1* "Ceneral History of Neture and Theory 
of the Ceeveoet en K*eay concerning the Constitution and th* mechanical 
origin of the univureo treated on Bewtcnlaii Principles." Sec W. Hastlc, Kant's 
Cosmogonvt As In his %**ay on the 2etcrdatlen of the notation of tho PartSt 
and hi* Batural Hietory and Theory of the Heavens, with Introductionr A^nandiaas 
end e Portrait of Thome* "right of Durhaa, *dltcd and Translated by w. ?!a*ti*| 
oonsult "Translator's Introduction," for the influence of Bewton and of soienoe 
en Beat. 
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aa a aeieacc of >ure peccability (6). 4ant wa* much concerned, ia 

thi* early period, with attempt* to ooanroaloe Sawton and 'he Lelbnlt 

when he knew (7), 

A gradual break with the Wolffian rhil«**ohjr and a tendency tcward* 

Hume'a ampirlelc marked the second period of Kant's formation. Bo wrote 

a number of treatise concerned with the eueetlon that wa* to becom* 

capital in hie "uture speculations, the relation of mathematics and 

seleaee to retarhysics. Bcteworthy aitong th*se is the essay he sub­

mitted to the contest sponsored In 1763 by the Berlin Aoaleay of Solances 

on the question, "Is mstaphyslee capable of * certainty equal to aathematieet" 

Im thlc eesay, "On the trideace of the rrinci?lee of Batumi Theology end 

Morals," Sent censured those thinkers *So had Mistakenly attempted to make 

ocwaphyeleo like aathexettle* (»), cleimiais that they had misunderstood th* 

n*tur* ef nwtonhyci**, phyclCS and nnthaaatlet* Latkaaatlaal certainty 

wa* erne aaimly tc the mlad| the ami )i—alula* begin* with axioms and de­

finition*, forming staitsis by synthetic •onetruotlon in a special in-

tmitlea* Fast phycie* had boa* tee, a priori i by beginning with pcctulate* 

end oeflnlvicm*, it h*d oilsnptoi to model itself too strictly on aatho-

-1 
nati*a, Bccent ehysic*, **yooially that ef Bewton, had begun rightly with 

eeeervatien and ouantltative measurements. Tiysieal method it more akin 

j • . m. i ..-»M»wm»»» 

(6) For Wolf f ^'•**•! HIMISJI of Ulenl*** philosophy, too Edward 
Cairn* The Critical rhilc*o?hy of l*n*mnl lent, two volume*. Olactcwt 
JtstttJ tawlehose a fionn, 1889, Yoluaa one, pp. Be-103* 

(T) s. D. Uttdcay, Usfo Lcadeat Br*e*t Bonn, 1934, Chapter XI, 
"Bent** Pre-eritioal BrttiagS and hi* relation to hit predececsors." 

(8) Joseph Jutraahal, Ojpj. «!$, , pp. 48-76, 
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tc a*tanhy*ios, for the metaphysician must begin with such concept* 

as body, soul, space and time, which were complex item* of experience* 

icthematloc, then, wa* synthetici w*lle phycios and metaphyslo* were 

analytic (9). Ir this essay Kant had lit Me hope for the future of 

metephyeiea — no one had aa yet written a metaphyslo| metaphytiot 

mutt change ita nature In order to attain truth, 

Kant's Inaugural dissertation of 1770 marked Is first definitive 

•yntheel* between rationalism and empiricism (lo). In this work, "A 

iHssertatleu on the Torn and Principles of the Sensible end Intelligible 

World," Kant reaffirmed his faith in and hope r;-r metephyeltts (ll). 

(9) "Thu* — at th* outset at any rate — methane tie* tnd phi­
loeophy proceed in epcotito way*, Th* method ef aathoaatles 1* syn­
thetic or direct from the first, inasmuch at it provides itt own 
definition* aad proceeds straightway tc fermulet* it* axicaa, and 
from these and its definition* to deduce their eontequenoet* The 
uethe4 ef n*t*ahyaios, en the other bond, meet be analytic or inverts 
to long aa it* definition* and axioa* ar* still to took,* Jam** Ward, 
A 6tu4y ef feat* Cambridge 1 th* University ^reee, 1928, p, 88* ^ 

(10/ It ha* often been noticed that Kant, froa the beginning 
to the end ef hi* career, •hew* a tendency tc cook for come middle 
torn or higher reconciling prlnoiplec between opposite schools of 
thought, 'Be or* in c any defeating the honour of huaan reason, when 
we reconcile it with itself in tho person* of different writer* of 
high intelligence, end discover the truth, whloh by suoh men Is never 
entirely aic**4, even In their eontr*di*tery utterance*,* Thi* sen­
tence quoted froa the first published essay of Kent, in which he cn-
ceever* tc find a way of combining the different view* of ^escort** and 
Lelbnlt upon vit viva, give* th* k*ynot* ef nott of his subsequent wrltin-, 
T* mediate between Lelbnis and Bewton wat th* ala of hi* first philoso­
phical essays t to mediate between the English taalriolta and the German 
Bntlonalisa nay be taid to be one of the main obj*ct* ef the Critical 
Philosophy.'' Edward Cairn, eg, oit.. Yelua* X, p. 161* 

(ll) teat** interest in metaphysics was partly renewed by the reading 
ef Lelbnis's Bouvcaux ****la> which had recently been nubH*h«d$ tee A. D, 
Lindsay, 0£, e ^ , pp, 29-32, On Sent'* ralatlou tc Lelbnlt, tee Sohert 
Utte, ©£• oijs*, appendix ?, "font on hit Sciatica to Lelbnlt,* pp. 208-211, 
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Maintaining that *ten*ltive cogitate esse rerun representstl ones 

utl apparent. Intellectualia autem siouti sunt" (12), Kant distinguished 

the Phenomenal world of tho passivity of sense froa the noumonal world 

of the activity of Intelligence. Within each, he subdlstlnguished 

wetter and form. Though sensation* were the "flatter of sensible know­

ledge, ' i oy were reoelved In a oertsln Spatial and temporal orderln-

(the 'ntuitlon* -f his latter Kritlk) (13), ^Ith respect to active, 

intelligible i* wledgo, ̂ ant e^oke of a logical and a real ice of 

intelligence. In Its logical u*o. Intelligence actively organised 

the appearances of sense Into enrlrioal Vnowledge as In physio* for 

tho external senses, and as in psychology for tV. internal sense. 

The reel use of Intelligence occurred In metaphysics which dealt with 

the Intelliflblc world proper, the noumonal realm* The matter of tho 

nounthoi world lty in Itt ultimate, simple parts, the law* of our 

nomtal activity in relation te experiencei the form wa* th* inter-

cation between tho substances ef which the noumonal world was con­

stituted, aetaphyal** waa concerned with aowacnal orTreal world* 

••lea** with th* phencaet*! world* 

(12) **M, terke, "Bo hundi Sontlbllle atque Intelliglblli* Feme 
et rrlaelaU*," Supplement-Band, p. 10T, See alto A.D. Lindsay, or, cit, 
pp. 44-46. 

(13) "II y a una autre quest1 en preliminalre, plus dlfficil* a 
resoudret e'est de aavoir quelle* sont les sciences que Kant * oonsl-
dereoe eomme faleant parti* de la Matheme tlque pure, et quel est lour 
rapport aux deux forat* a priori do la tentlbillte qui en tont tolen 
lul le fondomont. La tea*** do Bant eat sIntel ierament flottcntc sur 
ec* deux point*, pewrtaat ecsentiels. Can* la Pjaaartatlo de 1TT0, 
l'eepaeo etalt l*ebjet de la Oconetrio, le tear* oelui de la Ueeanique 
pure | et ooe deux coienoo* feieelent pertle de la Bathcmatlque -ure." 
Louis Ceuturet, "lev fhiloecahlo dec hathaaatlquct de *nt," *evu* dc 
Mctaphyelquo et de Morale. 12(1904), -.. 336. — — — 
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Bleven years later, in 1781, Kent published the Iritik dor 

roinen Yomunft* which embodied his ultimate synthesis concerning 

tho possibility af •pcculativ* truth In metephycle*, mathematios and 

science (14), In thlt work Bant wa* not concerned with a doctrine 

ef abstraction a* the elue to the nature of eolenoo and metaphyaleci 

In fact , be used the word "ehstreetioa" te designate mentel constructs 

having no abeoluto reference tc thing* or their oppearancee* Kent 

we* aoaccrned, instead, with the nature of judgments, their crigia 

and role in acquiring truth* JHonlssing analytical judgment* a* 

mere tautelogie* for they "oca nothing to the notion of the *ubjeet" (15), 

lent limited the Irlt lh te •jathetlc judgment* which "add to the subject 

a predicate not at a l l thought in it" (16)j only theae judgmentt were 

aapliative and inorcaeed knowledge (17). 

(14) "L* question fonoeaeatalc do la Critique do la :*elaon pure 
ectt 'Coaaent des jugoment* •yntbotlqu** a priori sont-lls posalbloY' 
Qu'il exiato 4c tele jugeasntc, e'est oo dont Kent ne doute pea un 
Instant, oar se tout do te l t jugemente qui constituent, Solon lu l , 
la metaphyeiquo et la mctheaatiquo pure* Ijcpllquer eoaaent eoc juge-
mentc sont legitime* en sathematique et 11leg!tines en metaphyalqu*, 
tol parait etr* 1* but d* la Critique do la Baicon purai tel est en tout 
cas l'objet de la Msthodologio tranrewdontalcr" Ibld"«. p. 321 f see also 
Jo«*ph sarachal, Lp Point de depart -fa Is ^etaphylqu*. Cahl*r III, pp. 
87-92. 

(15) tant, Servo- Iritik dor relnen /ernunft,. "V*n dca untcraeheilo 
Analytlaohor una eynthetitcher Othello, " land I , p. r,5. 

(18) Ibid*, p* 66* 
(17) "The belief in the power of analysis ha 3 been the result of 

reflexion on netheaetieal processes* The certain assurance in that field 
of new knowledge, *ppar*ntly got by analysis, -a-Je analytical recsoninn 
appear the true type of all a priori knowledge, Kant, however, insists 
that mathematical discovery is net a nere matter of analysis. It always 
involves a synthetical elementi even the result of a simple sua la noV 
got by analysis, but by oounting or some Vied of ion*truction, lie challenges, 
therefore, the rationalist assumption that e. prior hi.*,7**iitt ape necessary 
analytic. A. 'i. lindsay, erg* cit*. ?p. 5P-59* 
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Sot a l l synthetle judgment* were a l ike . Synthctlo a priori 

judgmcntc, concerned with accidental and continent material, lack 

the note* of universality and necessity proper to true, sc ient i f i c 

knowledge. These lat ter could not furnish unlvereal and neoossary 

truth* hence tho sc ient i f ic character of theae judgments arose from 

a source prior te experiencet a THire contribution of the mind. They 

were a synthesis ef tho cotter of s*n*« data and tho form which th* 

adad centributccl to theee shapeless data of sense* Kent then pro-

peeed thet e true theory ef sc ient i f i c knowledge had te inquire into 

the nature ef th is double eemtrlbutiom ia sense perceptItP (Trane-

eendental Aesthetic) , in pure unpretending (Transoondental Analytic), 

and in pure reopening (fioiits misuse 1 Dialectic)* lent '* aim, t o show 

how cyathetio * posteriori judgment* wore poetible , wae equivalent, in 

hi* eye*, t e solving the ejection of the nature of vetaphysle* and 

*swomstrutting the pees ih i l i ty of metheantl**, end soienoe* The con­

clusion of the I r i t ik and of the Kent ion synth*si* was that only snathe-

aat lee and teienco, which dealt with the phcriwaanal world, war* marked 

ae genuine soioacei -witaphysioal speculations was relegated to the realm 

of practical necessity, i to object* — Cod, nature and the world — 

wore merely nsuacnal unknowabl* real i t lee which everted the abaolute 

doom of aetaphy*!**, moral* and religion forecasted in the closing 

page* of the Krltlh dor relnen Tornmft. 

The f i rc t part of Kant's Krltlk dor relnen Ve.rnunft oontaln* his 

non-abetractive solution to the nature of mathematlos and soienoe under 
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the title of Transcendental Aesthetic (ifi). 'Mle he regarded Howton's 

and (eibnis's notions of space and time as inadequate, he v«ld fast 

to t̂ e finality of Newtonian physios (19) and was largely influenced 

by the result* of Leibnlt's mathematloi*m (20). Using arguments from 

geometry and arithmetic, Kant proposed that space and time were but 

(lr) "If we take the Aesthetic by Itself, we «ey view it at 
directed against S*ep*l*l*a, ia »• far aa it thows that the leter-
mlnatlons of Tir opaoo and ti~<? are not diseovered by analysis but 
developed by •ynthcela, and that they are not pure 'relation* of 
Ideas' but vave ob.Native reality, At the sa»« -IT/!, as i*: proves 
thet this a prior*, cynthesl* bee reference to the form* of sense. 
It shc-rs that the objective reality In question oan be regarded only 
as phennasoal, and thet, thereferc, no Inference can be drawn froa 
t'ie objective value 2" rxathoaatleal science to support tho idea of 
tho possibility ef knowing things in themselves. The ultimate -c-
sult of th* Apathetic, therefore, seem* to fall on the side of 
Scepticism, ln.ee far as it confine* knowledge to phenomena, or at 
least give* no encouragement to th* idea of its extension beyond 
phenomenal end ee the side of Doxaatiaa, ia *c far aa It r-rovea 
that mathematical truth la iue to a priori synthesis, and yet ob­
jective, Keward third, en. oit*, Tolune I, p. 229, 

(19) "He happily began his work by appropriating all the 
aathanatittal and physical science of hi* age, and he /node It the 
stable foundation and criterion of all his subsequent thinking, 
-© wa* a faithful disciple of Newton, to whose principle* and 
method he owed most of his formative power. He laid it down that 
the 'rcnudne method of Metaphysics le on* and tho same in principle 
wit>. that which Newton introduced into physical selenoe.'" ^. 
Hassle, oua cite, p* rrii. 

(20> "rrca lelbnlt aleo Kant derived the distinction between 
knowledge of things is themselves, which Is given In -sure Intellectual 
concept* and knowledge of • hsnnwtaa, and th* conception that space 
and time are concerned with Phenomena not with things in themselves." 
A. D. Lindsay, op, oit*, p. 29, 

http://ln.ee
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the forms in whloh a l l appearances of things were manifested ( they wore 

were the subjective conditions of sensibility whloh rendered external and 

Internal sensation possible (21). Tc be raised to the distinctive level 

of judgaents, the** reeultant* of sensibility must receive the character 

of universality and nooee*lty from the a priori formn of intel l ig ibi l i ty 

supplied by conception. \ / 
X. 

Tho proocBS of conferring intel l igibi l i ty on sensibility through the 

twelve categories — the a priori forms of pure underetandlaK yielding 

judgmentc — wa* damonotrated in the Tranaoendentcl Analytic (22). In 

this roala, pure understanding mediated between the categories and space. 

Time was the schema according to which tha understanding functioned, OP oh 

category possessing i t s own schema whloh was somehow related to time and re­

sulted ia judfpents (281, 

In th* Transcendonto1 Dialectic Kant explained how the final unity of 

judgmentc arose and how tho definitive stamp of science was given to mathe­

matical and scientific knowledge. Pure reason was given this task through 

the three * priori forms, tho ego, tho world and Ood, Theae ideas did not 

contribute to , but merely regulated knowledge. With the aid of these three, 

reason forma the thro* eclenoec of psychology, oocaology and theology. It ultlrnte 

(21) lent, Tv'orke. Kritlk dor rolaon Temunft. •Ton dor Zolt," Band I , 
pp. 91-98. 

(22v,rrhcn we go to the Analytic...it la there shown that the a priori 
form* of conception cannot, any more than the n priori forma of perception, sup­
ply an Instrument by which ws may reach any knowledge of reality not given in 
nance; while they do supply, and are needed to supply, pri.otplee for empiri­
cal knowledge, 1. 8. for knowledge of phenomenal reality." Edward oalrd, op. 
oIt . t Volume I, p. 230 

(83) Louis COUtUMt, On. e l t . . pp. 348-388 
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refejrtn all phtaranaa te the ego a* tholr unknowable oonacn ground, 

cooing all external events and phenomena aa parts of a ty*t**ati*cd, 

Inexplicable universe, tnd thinking all thlngt to be the result of 

a tuprcao, unknowable intelligence. The temptation to consider tho 

three ideas a* constitutive and not merely regulative of experience 

had been tucounbed to by philosopher* I- th* past. By th* paralogism* 

ef pur* reason Kant attempted to show the error* of sueh views, 

Thuj the Iritik dw relnen Vernunft concluded with the unkncwahility 

of the noUDWoal world for metaphysioe and the queti-knowledgo of thins* 

a* they appear in mathaaatict and soienoe* Kant devoted his second 

critique, th* Iritik der praktltohcr Vomunft. to sl>:«r how the truth* 

which be removed froa the province of speculative reason, the freedom 

of the will, the immortality of the soul and tlie existence of God.arose| 

the obligatory weight of the i*oral law was the basis for their acceptance. 

In the third critique, Iritik der ^rthellB Krafti lent employed tho faculty 

of actthetle experience at tho Mediating link between the abstract con­

ception* of pur* reason and the practical view nf the morel order in 

practical reeeon* 

lent had begun with this problemt the miserable plight of meta­

physlo* a* alternately subjected to the strain* of dogmatism or •apirielsa 

and th* contracting success of mathematios and selenoe. History, ho saw, 

revealed that arnlylng mathematioal and eel*ntlfio procedure to tho 

spiritual world yielded barren, sceptical rrnults. "he only conclusion 

ho could validate was te credit mathematlc* and **i«noe with knowledge 

of the appearance* of •*n*«, and to deny the possibility of speoulative, 

netaphyaioal knowledge of the nature of noiantnal thing** In the Iritik 



119 

dor roinon V*rnunft (24), by eetspering the »*tho4 of »*theantic* 

with then of metaphyei**, lent shewed why the method of tho one did 

net obtain in the other, rirct* mathematioc began with axiom* er 

synthetic a oricri prlneiple* (26), au initial procedure which 

iapoeeible for philoeophy* ^eoend, amtheaatioal definition* 

oroatod by ea arbitrary synthesis end thus were indlcputabloe 

C«ntrarily, were we even tc attempt definition in philoeophy, there 

wa* no aaeuranee that a definition of an ess/lrleal or pure ocnoeet 

wee aeeeuate, •lace theee definltlonc never revealed the noumonal 

thing i t set ft nor can philoeophieal oonoepts aa substance or oausa-

l l t y be neeeeeorily end uaivereelly kut<m either in porot"vtion or 

sane apt ion* for they were sorely ran Ittive r •»*: ions, i" 4 r i , i.uithe-

ratles alone was capable of *roon"estable denonst rations) 5t ^res«-nted, 

by l*:e axiom* and definition*, the measures of necessity and universa­

l i t y nooeceery for •cieaoe. ttetaphysloe, by opposition, could never 

tho intuitive reercscntatlon of noumonal thing* In themselves. 

*t>**ul«tien, then, was radios 11 y <mpoeslble, 

lent** conception ef huaan nature ard th* nind — his primitive, un­

proved ***v*n*i*na — wore tu«h aa to make tru* knowledge either in 

**i«n*c, aathcaatl**, motaphycica or theology unattainable. It waa Tu* 

influence of atthenatio* and nhysiot on Kant's ihiloaophy 

(84) See, in this eormeotlon the study of v. l\ Iroad, "Kant's 
Theory of *ath**nti*al and hllccophloal Beaconing," ^roooodlng* of tho 
Ari*totollan8o*l*ty. Bow Series, 48(1942), P!„ 1-84. 

(88> 48881 J. Toohey, "Kant on the Prepositions of Jure kathoKntioc," 
The B**/Sohcla*tlcl*n* 11(1887), pp. 140-187. 
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which holp*4 bring oat this deplorable solution (84). "is successors, 

l ike tho follow* ef cartesian ideoliaa and Lookoian empirieltm, aeoepted 

Mo eewclutiom* e* the only instrument* with which they could approach 

tho oweetloa* of the peccibillty end of the types of speculative knaw-

ledge* The awjareeten of v*ttheuati**l, leeieel , scientific and weta-

phyoiool abstinotice with eaeh other snd their dl*a*trout result* in 

anoieat end devious ferae ef natheaatloisa led Mtmt te the sane 

ueatel tt*n*9**t th* •eearation ef Ood from His creation, the bifur­

cation ef the Intelligible enc sensible realm*, the denial of the 

analogy ef being and the theoretical closure of ran** effortt to 

aaawor tho Kantian queetion*,'what can 1 knewt what can X hope ferf 

*m4 what eegat X cot 

IX, Coat* 

In * acre aatoaslvc eons* then any of his processor* — Oocoarte*, 

Bewton, Boat ev the BngliSh enplrlcfsts — Auguste Cento (1796-1687) 

was feeoinatcd with the new •clsnce* (27), It 1* true that 3e*e*rt** had, 

by hia iiiaohaalaa,' made i t fashlouabl* to eencider living thing* a* devoid 

of l i f e* The ewppOMd iMpo**lblllty ot explaining tho Interaction of 

matter and spirit — a problea poted by Deasorte* — had engendered a 

prcgrcMivo materialisation ef psychological study and an increasing 

predilection to cent1 der mental ph*aenenn aa rovcrn*d by the law* of 

(28) fitlenn* Ollsoa, The unity of ^hllocophlcel Bxpcrlcncc* Ch*pt*r 
IX» Th* Phy*i*l*a *f lent,'" pp. 22T*>862, 

(87) Tor an analytit *f Coat*** reverence for tho telencea *nd hi* 
attitude to then, too pp* T-1T af Couhicr't lntreductlca to Augu*tc Coatei 
Ofuwyes ehcisic l*ve* un* introduction par Henri Oouhier, Pariat Auhicr, 
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physical colonee, A ho*t of materiallata and pan-?h*noK*nall*t* 

are**, la meet ef whoa, however, stralac of motepaytloo wore t t i l l 

dl***rulbl*. The Bngllth •nplrUlet*, stirred by the *»**ndancy 

of mathematical and ohveieel eclowee, attempts* to *af*fuard rol l -

gieua and eerel knowledge by emulating tho aethtd* ef soienoe. 

Kant'a stricture* on Intellaevual Imewiedge, and hi* feverisatlon 

of physio*, wotheaatlec and th* enaot soiemoe* ef oayerleeoe, **neol**4 

this general tread. But al l theee anltiple movocentc tewurds making 

vwowledg* a*thea*ti*al and aaieatifi* were eaceapoaood ia the pool wive 

philoeophy of *agu*t* Comte (28), 

Combe had aohieved some show ef brilllance in mathematlos whoa 

but e yewar v«n, and later earned hia daily breed by teaching aathe-

matlo* both erivetely and at the feole Polyteehnique, Kle aceoele-

tiaa *• stueent end secretary to Saint-Simon gave hia * vigorous 

impulse toward* th* social sciences. Disagreeing with the notec ef 

urgency end iaacdleey that ealnt-Simon oonaeeted with hi* •oeial 

refera progrcn, Ocate left him to establish hit own school of thought* 

Beth coooph B* Bairtre and Coneordet contributed greatly to tho central 

Idee ef hit positive philosophy! the gradual replacement of dogma ettt 

ssroaphjtloo by e unified matheaatleal selenoe (29)* 

Oca**'* Pour* do ?hllo*ophlo "osltlvo (SO) embodlec thi* new 

(•8) Bee Etienne Cllton, The Unity of Hiiioscphlcel "frporlnnoo. 
Chapter I , "Th* Bocieleglea of A. Comto. pp. 268^276, for a fine aunaary 
on Otssba* 

(89) Later in Ufa Oca** entered a "mystical" period, he aimed to 
unify not only huaan thought, but the entirety of huaan existence under his 
pooltivo religion which 1* expounded in his Systcmc de relltjquc fotltiro. 
Boo Henri Oouhier, oo* c^t*. pp. 17-31, 

(80) All quotation* are taken from Court ^ t'Mlosophlc ~osltlv* par 
Auffust* Coat*. Quatrieme "dltion augswratee ie le reface "''un llsol^le et 
ivuac etude cur let »fog,ret du posltlvisme par *•", Llttro, "lx vnlumet, larls» 
Llbralrie J,-B. H i l l lore et Plla, 1977. 
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dootrlne in the form ef • i a ty lecture*. Xt open* with seme brief 

consideration* on the pregree* ef tho htaraa race *• *xompllfl*d by 

his lew of th* three stages (81 ) . In the f i r s t , or theologlesl 

ere , men sought for an ebcelst* and tr*na**nd*rt meaning ~>f nature, 

r ichly inOnlging in th* use of th* laagiaetlen. Thla synthetic view 

pr*pece4 by theology hed been, for a t in* , both eueecssful end useful* 

Oradotlly th* see end or re)taphy*l**l *t*g*, *e*rahlng ta t for en cb-

celote though Ismement answer to msn's querloc, supplanted the thee-

l c g l o c l . I t likewiae wa* characterised by vain an* long 1 native 

•o iut lcne , but i t provo4 i t s e l f t e be neither resourceful nor ee-

t i s f s e t e r y . The third, or flnel ere. Is the pee l t lve . Abandoning 

the qwect fer en ebeelute, i t lc content with the re la t ive , end 

•uppleut* the aee of ia*gin*ry f let lone by en laereeslng use ef 

ebcervetien end by i t* grewlng ee l leet ien ef the feetc of caperieeee* 

The inner incompatibility of the throe stare* i s not ebeolute. They 

can eoexict In a clagle era er ia a single man (88)i more edveaeed 

peeplee, however, w i l l be reeegnisable by their aecriptlca to poci-

t l v l s t l e doctrines, of which Cento preelciaed hiacclf the high priect 

end to which ho 'nvited di*clplec . 

To the question, whet lc peelt lve philoeophy? cento enewerc thet 

(* l ) £o u r*f Vol. I , pp. 6-11, 
(82) *Chaeua d* nou*, en oonteaplant sa prepre hls to ire , no ce 

ceuvlentwil pa* qu' i l • 8t4 successivement, quant I aes notions l e s 
plus importantes, thoolecl**} 4ana son enfanee, wttephy*lolea dan* ss 
jeuneeee, e t phy»lo'lon dans sa vlrl l l t4T Cctto verif ication e s t 
fae i lo eujourd'hui pour toue lea hoaaec au niveau ce leur a lcc le ." 
Ccur*, V*l, I , pp, 11-18, 



128 

l o oareetora fondaaental 4e la philosophic positive eet de 
rogarcor tout lee uta niacin** **am* eeeujettia e doc led* 
naturallet invariable*, dont le ddeeuverte precise et l e 
rCoCotlon au raolndr* neabre pocsihle cent l e t i t de teue 
nos e f forts , en eonslderant eonmc ebeolumcnt inaoeesaible 
et viae de «ona poor noua reeherehe de ee qu'on appellc 
lee oauee*, solt pramltrea, so l t finales (88) . 

Thi* i s the original i ty , then, of the Coatian doetrlnot e) th* ne­

gation of phllcccphicei abstraction or tho search for final and f lrot 

eeoceti b) tho affirmation of the bade Identity of a l l eeleneee. All 

other problem* are te e regarded ee insoluble end l e f t t c the imagina­

tion of tho theologianc and the *ubtl*tlee of the metephyaloians (84) . 

Six eoience* oompricc tho oorpe of poeit iv ict doctrine. They are 

based on Ccate*c lew of th* encyclopedic divieion of the eeleneee, thet 

of decreesing generality end increasing complexity. Mathematics i s the 

highest and the greetect selenoe snd know* bodice es suoh (86) . It has 

the simplest objects snd the most unIvoreel lew*} i t facetion* *• th* 

unirerealising and unifying doctrine. The other eeleneee merely con­

sider special group* of bodies| astronomy deal* with tho stare, chysios 

with our plenet, chemictry with terrestr ia l and mineral >odiee, end 

physiology with organised or l iv ing bodice. Sociology, or social physics, 

deals with hunan factsf i t s obloots are the ?ost ooaplex, end Its lew*, 

th* least universal. The order l i s ted above i s , Comte claims, both a 

ratlone1 order end the order of the hlotorieel eppeerence of theee 

coicne**. 

— i i - »i»l I . I l W W * * — • • ' • n 

to) 8our«* rramilro tcaoa, Tel. I , p, 16, 
(84) TblX. p. 17. 
(84) Coat* dcf ia l t* ly *xeludo* metaphysics frea his purview, sad 

aturloutee • metaphyslosl knowledge t c ra» then* t. ice i Ktienne Oii*on, op, e l t . 
pp. aol-244* " * 
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The ciaa ef pet l t lve philosophy, a *p**Ul end general one, 

are inaeparable. The cpcelcl s in , "1* plu* grand et l e plue pree-

aant bceeln de notre Intelligence", ia to terminate the system of 

observation seieneee by founding tooial physlee (84) . The general 

aim Identifies the Courc • • one of positive philosophy! i t Is to 

inculcate t knowledge of general sc i ent i f i c reletiona and lews, to 

coordinate previoae knowledge se brenehec of the ^reat tree of 

poc i t iv ic t l e science (87) , This embitl*n* program warrants a 

divieion ef labor among ee lcut l e t s , for which Comte plead* by 

pointing out the salutary • f fee t s to the peeltlve progreu for 

coolotyt the generel lew* of logic wi l l be c lar i f i ed | e needed 

reform in education will ensue, end the s ix seieneee wi l l be studied 

in tho proper order of precedurcc from the simple te the complexi the 

progress ef poeitive selenoe wi l l be promoted! • social reorganisation 

wi l l originate (86) . 

The unifying selenoe, in the Gentian scheme, and the ideal to whloh 

tho other* wore to bo wade conformable, was Mathematics, Comte hsd 

real ly ecplred to constltut* *n objective synthesis ef the sciences 

through atthomati**! bat, a* he complain*, an insufficient development 

ef po*i t lv i*t i* philosophy made hia be *ontont with • subjective. 

(88) " **int*n*nt qu* l '**prlt humaln • fend4 1* phyaiqoc ed lecte , 
l c physique terrcstre , s e i t ateenlquc, so l t chimiquei l e physique orgenique, 
t o i t v lgeta le , pelt animal*, 11 lu l rests I terminer le a y t s a * doe selenoes 
d'ebeervetion on fondent la phyelquo toelalc ." Cour*, p. 22• 

(8T) Tbl4. , p . 28, : v 

(86) *1* grenoe criso politique et morale dec 8*dft*t** eotucllcc t i e n t , 
en eerniire analyse, i l»en*rehlo i n t e l l e c t u o l l e . , . l e dosordre actual des 
intel l igeneee t i e n t , en eeralere analyee, a l»*apl*l timultsn* des trois 
phllocophlec redicelament lneeapatlvesi 1* philosophic thtologlque, 1* 
phlleoephle metaphy*lqe* et Is philosophic poeit ive." Ib id , , p. 4 1 , 
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personal tyathesit. His mathematician, then, • evidently a hold 

and cxtcaalvc program. It' is the moat ambitious of all types of 

mathematician, uniquely envlcaglng all orders nt truth ss comprised 

under th* fundanentel notion* of mathematical abet recti on i figure, 

movement, qutatity and number. Inly in mathematiea de we achieve 

universality and aooureey. ' Xt renders praoic* and exact th* ln-

definitence* of obs*rv*bl* phenoswn* (39). 

Before pr***ating his icportant division of -nathemstios a* con­

crete and abctraet, Comte consider* m*th*nttitt In general. It l e t e 

be viewed aa "n'itant autre ehoae qu'wne laments extoreion admirable 

do la toglceo neturelle I un tart*in ordr* do deductIons (40)." 

Gnat* pay* warm tribute* to it* unity and it* ancient character, 

but i* piqued et !t* forcer definition* **4 41vis ions, vague end 

Insignificant sic they'were. The flrat prcblea, then, tinoc ncthe-

natlec i t now Sufficiently perfected. Is te coordinate its pert* 

end te prepare It for prcgrctt. 

Msthaotti** ha* been *ll-defined aa tht "science des grandeurs" 
o r *lt solcncc tjul t pour but 1* me sure des grandeur** (41) i* f*r 

(89) "Baa* l'etat aotuel da diveloptcmtnt do no* eonneicasBcec 
p**ltiveo, 11 ceavieat, je oreIs do regcrder la •*i*n«* aetheaatlque, aoin* 
eoaMo unc parti* •enotitaente 4* 1* philecephie oaturcllo proprement dit*, 
que ocaa* 4tent, depute Decoartea et Bewton, le vraie base fn ****** tal* d* 
toute oottc philteephle, qnoiqu*, e perler cneet*m*at, el le solt m le f*is 
l*ua* et l'eutrc. Aaj*urd'hui, *n effet, 1* science :neth*matiqu* *et bloa 
asias impcrttnt* «r Itt oonaaicsanoes, tr4e-r»eles et tr«s-pr«oi«ueet 
nccnaftlac, qui L*<co*n***nt direetetnent, que comma constituent I * instrument 
1* pi** pui*ant qu* 1'esprit hum*in pulss* employer den* Is reoherche dot 
lclc dec peeneath** natarel*." Ibid., Douxleae Logon, ,:.. Ju. 

(40) Ibid., p. 87. 
(41), Ibid., Treislcme Leoea, p, 90* 
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"oet eperou scolastiqu*" It only basically oorrect. It - ^ * l y inpMes 

a direct and naive coTJipariton of object to ohjoot-weatur* <• 6uoh 

mcaturement i s often impossible, say, 4n the case of oelettral i la-

t*nce*« From this quaai-impraobieability, ro~t* *laim*, an lrnnatu* 

wa* given U form the mathematioal *ci*noes by Instituting a search 

for indirect meaaure»eut| this solution was found by nathematlelan** 

They substituted in 11 root measures which ere directly ->es»ureble) t en, 

by diftgnoting th* relationt between the l r ' l r e o t but known -assures, the 

direct and unknown measures could bo found. In th is way mathematics 

supplied th* power for the measurement o* a l l of nature, and i t* 

exact definition It £lv<sn, "en lu l asslgnant pour but la ^esure ln -

U recto, dot &rea4eura, et dlaant qu'on t 'y propoae oanstaiamant do 

determiner ,les grandeur* l e s un** par les^ autrea, d'apre* ie* re la­

tions precises qui existent entre s l ice" (42). 3ut this definit ion, 

Comte argue*, i s equivalent to the (rreek ideas of science in general, 

and not the modern designation of mathematics as "la soienoe par ex­

cellence (48)*" For scienee has no other vurtose but to determine the 

relation* of pher.o.t.ena and coordinate facts (44). Mathematioal research, 

(48) *0*t onenoo, am Ilea de demner seulcment d'ldee d'un a r t , meat 1* 
font jucqu'lei toutes los definitions ordinalres, oaraotoiise lxaedlatemcat 
wne veritable colenoo* et 1* mantra «ur-le-c\*mp otteotte " m Immen** *n-
chainement d'operation* Inte l lec tual le t , qui nourront evidemment devenlr 
tree eempliqmee*, e raisom do la suite d•Intermedlaires qu' l l faudra ctabl lr 
entre quantIte* lnconnue* et ce l los qui comportout une neture directo, du 
nombr* 4es variable* eoexietaetee dan* 1* question prope***, et do l a nature 
4e* relations qui fcurnlront entre toute* eee diverse* grandeur* les pheno-
senet eenslderec." Ibid*, p* 98* 

(43) Ib id . , p7"9T. 
(44) ". . .do determiner dec phoncawnec le* uns rar l e s autre*, d'*pre* 

le* relation* qui existant entre eux* Toute colenoo conflate dene la co­
ordination dee fa i taj *i lee ilvcrae* observation* ctciont cutlereneat l se l*** , 
11 n'y aurfit -aa d* toicnee. On pent som* dire que la solone* e t t estent1*1-
l«a*at d*stlnco a ditp*nt*t, autant quo lo oomportent l e s divert ^hvnomono*, 
de toute observation direct*, on -ermettant le d*duira lu plus e t i t nombra 
pocslbl* de dotmee* imn*4i*t** le plu* p;rand nombra ?osslbl* do resultata." 
Ibid. , p . 99, 
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In feet, deals with both th< quantitative end v,« qualitative in a 

higher and *-ov* -ytrfeet way than each low.-r aoienc* considers i t s 

cohere "><* objeott• It It the ^erfecfc tclenoe «;•> ' is tho highest 

abstractIon attainable in the rocltlvlat era (45). 

Coat* give* a twofold division of -* thematic* Into abstract and 

ooncrat** This : rinoipal division (tho secondary division Is Into as­

tronomy, physios, chemistry, physiology ani social physics) i s seen to 

erlce froa tho consideration ef any raatheuctloal problem. The order 

of research constituting concrete mathematles aim* to Vrm the precise 

r*lation* wMeh hold between quant i t lea under oonsideratlon. Once thla 

ha* been accomplished, abstract »mthematic* Is simply a question of de­

termining the unknown number* froa th* precise relation* of the known. 

for examrie, Oalileo used ooncrete mathematios tc ottablith the law 

ef falling bodlet} once he had found the law, then, knowing the height 

of the body, he could learn the unknown tine of fa l l , or vie* versa. 

Beth branch**, Comte concludes, are equivalent in point of difficulty 

and underttandlng. (46), 

Concrete mathematios is th* bail* of all science. It consider* the 

phenomena of the universe cither In their static acpeet at general geometry, 

or ia their dynamic aspect a* in mechanics. Both branches :f concrete matha-

antic* aim to discover the equation* whloh unify phenomena, and they com:-rise 

(48) 'd^ott done par 1'etude de* natbenatlques, et seulcmcnt p*r e l l e , 
que l'on •*eut ce fai'-e one Idee juste «t epprofonlie d* ce ûc o'est qu'un* 
selenoe. Cost 1* uniTuomont qu'on dolt chorcher a connaitra avec preelclon la 
Fjothede genomic que 1 •ecprit hunaln wwnloi* eo«*ta»nMfrst dans '.out** se* re-
ehorohec poeitive*...C*e*t le egalement que notre entendement a donne les nlus 
grand** ^reuvet de *a force, paroe que les ideas TU'11 y constder* sent du plus 
bout dcfrc d'sh*J»r*ction po*«ibl* dan* l'ordro posit i f / Tout* education eoien-
tlfique qui no ccs*t*ncc point par una te l le etude peche don* neecsealremont par 
•a bat*." Ibid.. F" * PO-100, ( i ta l le i Inserted). 

(46) Kit* , p. 102, 
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tho two fuaonaantel *elonoo* (47), Concrete mathaaatle*. under 

both aspects i t basically end accentially experimental, founded on 

direct oeoervatlon* The simplicity of the phoneaena whloh i t considers, 

yield* a high degree of sxOtematieatlon, "qui * pu quel cue fols felro 

fljooomnaltro 1* oareotere *aTerlm*ntal de lour* pr*ml*ros prlnoip** (48)." 

'-JnllVe abstract *• atheantlet, ooncrete mathcmatlct necessarily varies Ita 

law* when new pheaoaea* ar* Introduced, 7t Is , therefore. Special, and 

Immediately concerned with phenomena. In Its present development, how-

ever, the program of concrete aathewatios V*s only boon completely eppllcd 

to astronomical rhenoeena and to a «ari of terrestrial physic*, 

Abetraot ^atheoatl** It general in nature. It ia purely logical, 

rational, con*1st* of "une serie d* deduction* ratioanell** plus ou 

aoin* erelong**" (49), and Is composed of what is called the oaleulua 

or icathonatieal analysis, Tht terms of ooncrete Mathematics, equatiena, 

are it* point of departure, and ab*tra«t rotheuatle* has Tor it* purpoe* 

"deduira toujour* los valour* des quantite* lnconnues par cellos do* 

quantlt** ocnnuea (SO)." If we compare abstract to ooncrete mathematiea, 

we find thet analytical ldeaa are more abetraot, general and simple than 

geometrical or mechanical ideas (61), fetheaatle*l analysis i s , la fact, 

th* ba«l* of pocltivist knowledge] i ts Ideas a<~e n-ost universal, abetraot 

"• ••• (47) "Ataci la teenotri* et la mccanlque constituent, yar ellei 
lc* dee* eeieaee* naturallet fondamewtal**, en ce acne, que tou* let cffett' 
n*tur*l8 âwvCwi etr* census coma* 1* *lmpiet retultats neoastairat, ou des 
lols 4* l'entecdtt*, oo dot lols du ncBlomcla," Ibid., p, 108, 

i«* \*k M&» »• *?* 
-': (4ti TOL* n, 104* 

(80) Ibl**. p. 108, 
(81) "tee idee* analytiqu** sent *vld*aacnt a la fci* plu* abstraitet, 

plus general** et pl«i« tlmpl** quo let idees fconetriqu** ou aeooniqu**." 
Xhld*. pee 1C4W1C8, 
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and aimpl* (68). Mathematioal abetractlon it the >lghett ran it 

capable of• If *ae attaapt* to probe more oecolv, he will fell "lno-

vltablement can* lc* reverie* metaphysieues* (f>8). Thi* high perfection 

ef mathematioal aaalyala 1* act due, a* Condi1 lac and the metaphysicians 

argue, tc the nature ef the concise end femoral slgnt employed at in­

strument* in reaaoning* Thla, Coate caya, is aa exaggerated idea. All 

the greet conceptlone of analytic, he says, were discovered without re-

eourec te sign*! they were due to the extreme •iapllelty ef the Idees 

ef analysis which sen be expressed in eny kind of sigc*« 

The deaaia ef both concrete end abetraot mathaaatl** I*, "rem th* 

l*gi*al viewpoint, aeeeaearlly and ritcreuely universal, and ultimately 

reducible to a question of numbers (84). That all our reteerehet are 

ultimately pointed to a eueetlou of tuaabera Comte illustrate* by an 

example token from living bodies — a class of phenomena least accessible 

to "1•esprit matheraatique (5r0." "Imllar to the ythagorean conception 

of a harmony in the body, Comte*s Illustration holds that In every ->atho-

logleel ease the therapeutic questions involved can he envisaged as a 

mere determination of quantities which are necessary for the normal 

exioteae* of the ergenitm (66). In practice. Coat* admits, th* phcneaena 

(88) "to veritable bete ratlonaelle du system* antler de no* eonnalsaan-
ee* poeitive*, H I * oenetitue lc premiere et la plu* parfalt* d* toutea les 
selenoe* ftejatatiital**, Lo* idees dost olio t'oooupe sont les plus univereellee, 
lo* plus •hetrelte* et 1*« plu* timple* qu* nou* pultslont raelemeut conoevolr." 

^xA) , f g j M , . ut. 
(54) "Car 11 n'y a pa* de question quelconque qui ne puis so flnal^ent »tn 

nencuo eemec concictcnt a determiner do* quant ito* les unes par lea autre* d'a-
pres certain** relatione, et€ par ccnvcaucnt, oommo reduetibie, en demiere «na-
ly**, a un* tiapl* question do nonbre*. Xbla., p. Ill* 

(86) '.••dans le cas pathologiquc, '-,'e*t-ll pas "iar.ife*t* que tout*'* les 
fuestlen* !e thorapeutique pcuvent etro envisa^ees qowrao cons 1st a ;t a determiner 

es cuantlte* do tou* les diver* modlfioateurs de 1'̂ r•"«.'!Itme qui .1̂ 1 vent a*"lr 
sur lui pour le ramoner a l 'etat normal, on admettant. sulvant 1'usage lot f«t>-
metrec, le* valour* mil lea, negatives, ou .seise contradict. t-#s. nour'quelquot-
une* d* ce* quant1tea dans oortaln oast Ibid., p. 112, 
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are so ceapltti t at we arc presented with unsurmouatable >lffloultlcs 

In using this method, but It is an aln worthy of attainment (67), 

Coate'* watheaatltlta and soelologlsa had a widespread and tolling 

effect on the future study of soienoe, psychology and sociology. Throe 

Contian direction* were followed explloltlyt first, we only know sense 

phenomena and their lawti second, hypotheses can be utilised to coordinate, 

eonolliete and Interpret thocc phenomena, but without seeking Into deeper 

causes I third, the mathenatioc-cclentific emphasis and method was adopted, 

31nlogical eclence, under Darwin and Spencer, was garbed in a po*ltlvl*t 

Interpretation, leading te the theories of socialism and Marxism. A 

gradual mathematisatlon of psychology resulted In the foundation of tho 

pcychophycic* ef Tundt and the dynaaie psychology of 2ihot. Tlnally, 

tho sociology of IHirkhelm and his school, applied the peeltlve phllescphy 

to Comte's dream of a social physics (SB), 

(87)n "force que 11 y a eridemment isaeolhilite totals d'obtenir 
jamais de veritables lols mathesetlquce, oe n'est pa* neanaoin* qu'ea 
doive cesser, d'apre* **la, de ceaoevoir, on theee phllotophlque generalc, 
let phencsatte* de tou* lc* ordra* com** n*oessairement souml* par eux-
memea a de* lols mathematicjue*." Ibid., p, U T , ••,0'eet par les aatho-
aatlqucc quo la philooephio positive e oomwenoe a s* formeri **«sV. 
d'elle* que nou* vicnt 1* tjt£*4C> XI eteit dont naturalleacnt In**-
citable on*, lorsft*) la xeee «anl*r* 4* preceder a du •'entendre a eha-
eune do* autre* *ci*nc*t f—mWirialoa, on t'tfforotit d'y iatroduir* 
Vesprit m*ts*m*ti*ue a urn plus haut d*gr* qu* a* 1* eenportelea* Jet 
phonos***** *trrssv*c4s*4s„." Xjgd., p. 188,, .. t' 

884, 

(88) For a fin* tuaaary *f the nature and influence of potltlviaa 
F,-J, fhooaard, ©p.. o i t . . Chapltra XT, "Le posltlvisme," pp, 692-

. 
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Chapter Ti l . Contemporary 'irection*. 

Only two other hietcrieel period*, that of the Creek* and thet 

ef the resurgenee ef vatheaatio* in the seventeenth to eighteenth 

centuries , witnessed the e leee conjunction of mabhtaatioa t* philo­

eophy that exlet t today ( l ) . toon after ita birth aa a •• ion**, 

sathcaatloo eucoo**ivoly ran th* geuatlet of rythagore*n realiaa 

and rlatenio ideall*m| i t became an abctractivo eeieace for Arlctotlc 

and than passed into the irreaponaive hende of mysticism, eleetioiem 

and eoepticlcm ( » ) . The r ice of mathenetiee in the seventeenth and 

eighteenth eenturicc chow* similar trand* in the rhiloecphlcal view 

on mabhcmetlo* expressed by Fenler, Oalileo, l>eeoertee and Leibnis, 

by the Britlth empiricist* *nd Xant. After thi* period the philosophy 

of mathaaatle* wa* given comparatively l i t t l e attention by either 

philosophers or mathcanrtieinnCf while matheaatlolan* busied thencelves 

with furthering the ir soienoe end in establishing th* ealoulus on a 

sound basis , rhllo*opher», for the mo*t >art, turned tholr efforts 

In the direction of the social and eyeholegloal sciences (3J* 

Of the lerge number ef historical faotors rcsponclbl* for th* 

proeeat ••lf-c*n*cleu*ne*c ef mathematician*, the following can be 

(1) John uoeley Teung, Lectures on Fundsmontel Concept* of Algebra 
end uooaetry. Bow Torkt The Womi^len Company, l i l l , p, 37, #*e also 
Abrahaa A, Fraenkel, "The a***ct Controversies about the Foundations of 
aathatatic*," 3*rlrta Mathamtloa. 12(1947), pp, 17*19* 

(2) Icon flobln. La ?ea*c* Qr**qu» *t l e t origin** do l ' e tpr l t colon 
t l f lquc . Wvro IV, whaaitr* «>*ui*r, WU Sceptic lame," pp. 877-866, 

(S; For a sumsnury view ef tho major phllo**phioal tendencies during 
th i* period see F,-J, Thoanard, pu* e l t . . Ohapitrc IT, "Ie r 0 » i t iv l tnc ." 
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signalised as b*ing ^tremtt ioal ly th* "«*t significant and formative. 

Already In the eighteenth century, *he acute dlteusslont which had 

arisen on th* founds t ient of the Infinitesimal eeloulus (4; led to 

di f f icul t !** with tK* theory of inf in i te **rie* and *ti»-ul*t*u a r*>re 

rigorou* *r««rcaeh to iitbewatlo*. Th* gradual rise of vnrloua algebras 

and rao-etrl** after an uninterrupted reign i f Euclid f<-r thirteen 

centuricc occasioned * further, er i t lo s l wonder concerning th* nature 

of deductive reasoning and if retheaatles l t»* l f ( s ) . *eier*traas' 

quite successful attempt to found ?*thew*tlo*l analyses on arithmetical 

bo*la. Cantor's Introduction of the theory of i n f l i i t * s e t s , and Toar.o's, 

Pro-re •• and ^edekind's elm (6) to base r»t*ewatle* *>n -«r* 1*gi« followed 

eeoh ether in rapid sueoesalon (7 ) . Kroneekor viroreuclv objected to 

these view*, especial ly to those of Cantor, ~alntalnlnr that a l l valid 

mathemetlee wu*t be exprettlbl* in term* of the natural masher*, but 

hi* objection* were -eased sver and Cantor•• ideas, fruitful for 

(4) An excellent study of the r>art the infinitesimal calculus played 
In festering a cr i t i ca l view* of raathematie* can be fo nd in Carl 3 , Beyer's 
The Cer.ceet* of the Caloulu*, already referred t o . For a shorter study, 
srasfrScn* Teton, ^is+c'-'e du caleul . »*rl«i :re»nes Un Ivors Ita Ire*, 1946, 
Chapitr* 7, "L'tsmlyso sathesetique," pp, 110-128, 

(6) Willlea Cecil Daaeler, A History of Science, pp, 451-485, 
(6) Richard ftedeklnd, J****yc" on the Theory of lumber*» X, Continuity 

and Irrational Buab*r*i IX, Tne Watur* and Meaning of Buwbers. *uthorlsed 
translation of Woo»t*r woodruff Bcman, Chieagci Open Court, 1901. In tho 
preface to th* f i r s t edition of The Baturc and Meaning of Buabcr** 3*d*klnd 
speak* of th* number concept a* an "immediate inference froa the lew* of 
thought ip. S i ) , and of the poss ib i l i ty of bringing our notlors of speoo 
and t ine into harmony with tho number-domain whloh is '.bus oreatcdf see 
-op, 81-40 for thi* Interacting rreface, 

(7) Leon Bruntohviog, U s ctapos de la rhlloscphi* aath—atique. 
up, 210-824. See also B. % Bol l . ThTlWelopaoat of jStH*nmt!es, pp, 
301-818, and ' lerre-t* Merohal, hl*tolr* do la Oooactric/Tarl* t ressoa 
Tfaiv*r*itaire*, 1946, Chapitre* Tl et YII," 
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mathematical discoveries at they were found to bo, prevailed (Bj. 

with the Introduction of the antinomies and araloxes *vhioh 

Cantor's theory of set* provoked (§) , however, Hsousalon became 

mem aoutOf **thematieian« became wore severely cr i t i ca l of the 

nature of ssathomatloal abstraction, and a number of school* of 

thought arose. oineerc demanded that a l l tnathcmaticai notions be 

f i n i t e l y definable and that definitions be verifiable \v a f ln ' te 

nunber nf operations (lO). The *arit School, headed by such wen as 

ilorel, Lebecgue, Scire and Hadamard, thourh r>rlmrlly c*ne«rned with 

functions t-.n.i r.*asure theory, joined the current p'.ilosoy'lcal 8;TCU-

lati^n* on th© f i i i t * and the inf in i te , Russell and ^.iteheed*s 

fr lncir ia fcathenatloa* ultimately derived from the work of 5*e*no 

ani Trege, attempted to establish the val idi ty and consistency of 

mat hematics on '.he basis of primitive logical oonoepts ( l l ) . The 

school of Mibert, known as forrallam, emphasised postulatlsnal ro-

oedure and attempted to retain the whole of formal mathematlos by 

proving i t* freedom from contradiction through introduction of the 

(") In the introduction to Contrlb-ttlonc to the ^ounling, of •he 
Theory of Tranoflnlto Buab»r* by Ceorg Cantor (translated, and provided 
with an Introduction and Kotos, by Philip x. 3. Jourdain, 'emails» ' -en 
Oourt, 1947), Jourlain point* out th* influenee of previous work on 
Cantor, especial ly that of ^»ierstr*ss (pp. 10-28). Jourdain also 
summarises Cantor's philoeophieal attempts towards justifying the Intro­
duction of -.he tr*n*flnlte moabers (pp. £7-71), aftd summarise* th* develop­
ment of tho theory (op. 72-62). 

(?) See teu i t 0* la t t tof f , eg, o i t . . p*. £7-92, for a suramary aooount 
Of these antinomies, 

(10) rr* cinoaro. the foundation* of Sciencei Scionoo and Hypothesis, 
The Taluc of Science* Science and i.'othodft authorised ir'ariVlatlon by Ceorya 
Bruce rfeleteed, with a tpecial preface by "oincarc, ar * an introduction by 
Josiah loyoe, *#» Torki The "olenee hreet, 1929, r~. 448-468* 

(11) Sertrand hit s e l l avd A* H, Whitehead, riwclpl* athcmatlca. s«oond 
edit ion, three volume*, Cambridge! The d i v e r s i t y .'rtct, 1927." For a summary 
of the arguments of .'rlnclpja &<a thomet lea see 2J*x "Jlaok, The datura of «athe-
natl**» A Critical Survey. Undent Began >aul. 1055, *n. T^lTe f ~*oe alicTthe 
c r l t l e i c a of Black on pp, 159-144, 
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motion of actamataaantlea* Sreuwer, whoee view* trace back to 

Xant and 'roneokeg, proposed hit Intuition1st vl«w whloh regard* all 

mathematics as eonatruetibl* from a basal mathematical intuition and 

which would eliminate a large part ef the Infinite in mathemntlo*. 

The *elf-erltl*al analysis of uath*m*tl*« which aroaa. In part, 

from theee and other factor*, 1* eientfleant Inasmuch a* tt is a 

field ef reseereh principally the oonoern of ieath*aatioi*n«* In­

i t ia l ly concerned with what 1* generally termed a orltlelan of th* 

foundation* of mathemabio*, th* investigations c*rrlod on by *atho-

Biatleian* have spread Into other science* — hietory, logic psychology 

end jr.etephysioe — and are rightfully viewed a* a confrontation of 

sa theee t ics to philoeophy (12)* 

la attempting to present a partial but ayathetle View of con-

temporary epooulatioa stsmsdng froa isatheaati** er atdlatlng toward* 

i t , th* classification offered itt chapter one ef thlt ettay will be 

followed* %der the pre-eolent!fie view, the many attempt* to popu­

larise mathematical and scientific doctrine will be briefly suaoarlted* 

Since the ucc of vethematics, especially ir. the ihyeieal eel*****, ha* 

likewio* bred tpeoulatloa on the nature of rathematioc, the view* ?f 

th* *«l*ntl*t* snd philosophers of nature will form th* second group* 

(18) This fact 1* tneveeeiwrly being brought te the ferde by ncthe-
natUlana* For wxanpl** of conception* of the philosophy of nathenatioc , 
se* tax Blatjk, op. cite Greece*****" pp, l~6t •srmann *oyl. The Owen 
1»orl4, waawter TJX ^ f i a i t y , " pp* 6T-84f lertrand Russell, Our knowledge 
eTth* >xt*rnel *orid, Be* Torkt w, W, Barton * Comeeny, 1929,~*aarter I I , 
l e g i o a* th*i***em*e of rhllcsophy," wo. Sft-44* 
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The view of logical abstraotion, forming a thi.-d rr "r-., '111 

susmrlse tho*e view* which s ' U l maintain adltt l ctlon of lofiio 

from mathematlos. The fourth jroup will <#al frith speculation* 

offered by math*matlel*n* thcmcelvest do*' i t e variation of opinion, 

the three schools of lorioiem, formalism and intul'- onis^. are s t ' l l 

distlninjlshabl* and wil l be treated In that _-!<"• (15). Inasmuch as 

a number of Mlosophers have oonoomed themselve* with t-he neture of 

mathematics as they nave of soienoe In general, their theorlea, farming 

a f i f th group, wil l b* brief ly outlined \* conclusion to thi* historical 

survey. 

Fooh of the theories on the nature f "nathematloal abstraction 

which are "resented below necessarily implicate a »eta;;hytieal posi­

tion on mathematics. It i s onlv aotaphysicc wMoh has, as Ho roper 

o-t^oern, a view which t* completely outside that of any -articular 

science, for, i f a mathematical physicist elalrss that ~ftth*n»tlo» 

la pure tho ifht, -'•is theory expresses a vl«*w of '."••* entlr* edif ice 

of mathomctiosi It Is a nenbal stance sow-letely witei *e the loma'.r., 

content and weaning, ->f either irethewjotios or hyslo*. It in fre ­

quently conceded the* metaphytleal theorie* have sewn bearing on 

nathematics, but werely a cr i t i ca l o«e (14), But i" theory -ere ly 

(18) For an introduction to current theorie* on the foundation* of 
Ratheaati«t, aee E. ±i* Stabler, "An Interpretation and Comparison of Three 
School* of Thought in the Foundation* of Matheaotl**," *ath*n*tlea Teacher, 
28(1935), pp, 6-36} iverett a. Largtti*r, "School* ef Thought la' K e r n 
t%th*aatica," Thought 12U957), nP. 2B5-240t Abraham A, Fraenkel, "The 
<eo-nt CantrevcraiM about the *owneutloua >f M*«hea**ie*," Bcrlpta bctho-

wetle*. 18(1927), pp* 17*36| Adolf Fracmkel, Klaleltuag la Jle hengoniehro. 
i r i t t * uag*arbelt*te uad ttark^erweiterte auflage. Bow Torki Dover Publlea-
t i o n * ^ | 2 | t Tlcrtes Sapltel , "Hreebutterunfcn der tfrundlairen und lhre Fol-

OB; Louis 0. la t teef f , op, o i t* . > 4 an J lax. Black* op. o i t , , pp. 1-
Heno ieichenbeeh, in fcogorloahe" • f fr f i eo ic t Ion (0hioc*c> xaw^TvoraUy of 
Chioago >re*s, 1988),mere*y:eredi*t VpietesJology with throw tasks, tf««t " 
being, deeorl"tlve, cr i t l oa l and advlsoryi *>p, 5-16* 
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voice* crltieal oonssents without being accompanied by a doctrinal, 

expository no*itlon. If I e*y that lethenatics Is r̂ t to be iden­

tified *lth logic, I usually lend reasons in aurtmrt •>? this view 

Implicating mo In come dcctrlnal position on tie nature of both of 

theae seieneee (18)* 

A clarifying rants*: should be put here on the relations between 

raat»ematioe and rntephysios. In -recanting the theorie* below, no 

claim is being Rede here thet the mathematician is not to develop 

mathematiea at top and bottomf that < s to ««y, tho -tat hematic Ian 

1* not only to develop his science, but should ever exhibit a rightful 

oonoern qua mathematician with laathematlcal ultimates and with the 

methode end bases of his soienoe (16), The mathematician turned 

philosopher, however, may maintain that beyond the mathematioal ul­

timate nothing more is :o be so»'-ht| or lie >ey freely indulge in 

metaphysical speculation >->n mathematics with little regard to tho 

lisp11oatIons involved. Consequently, the view* presented below ala 

(16) F, Gonccth, y'hlloaophlc Mathomatlqu*, a TOO cinq deciara-
tlena d* an* A* Chmroh, <*, Askeravuui, A.' Ssiyting, * . Bernays et ;. 
eaerittek, f'eriat Hermann A 6le, 1959, -n, 5-6* 

(16) "Be ere here concerned with the nature of the poeitive 
integer* which are known alto as naturali_numbere. Contemporary matho-
aatiool eplnion follew* that of previous oenturl** In rerardlnn these 
number* a* the keystone of the mathematical structure.•.However, un­
like our predecessors ef only half a oentury ago, we lo not think of 
mathematics aa besjanin^ with th* natural numbers as its basic element* 
and proceeding theee* to the dovolopaent of its various branohee. The 
latest views tend te atelse. to thete nuabcrt a wlddl* pocltloa in the 
•treeture of thi* ceienoe. The lower portion* ar* devoted to the founda­
tion* of matheaati** which are established in the general theorie* of 
relation, order, set*, and group* a* well a* of logic* Above the level 
ef the natural mothers have been erected the varlou* *p*eifio math«***tleal 
di**iplin** Sueh •• th* theory of numbers, algebras and the various theories 
of functions, as well at most of the geometrloel studies*" Abraham A, 
Fraenkcl, "Batural cumbers aa Cardinal*," Script*, fcethomatlca. 8(1889), 
p* 68. -, 
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to compraec, with some m»**ure of oo..rl*t«m#>ss and exaoUt ..'.lo, a 

xetaphyalcal prccentetlon of the leading theorios - m 'he ratura f.f 

mathcnati**, whcth*r offered by a logician, T«th«natieian, psycho­

logist or rhllosophor, 

A, Pro-8olontifio Influences 

rescinding from our rent ituaber-wystlolsn and astrological 

praetloec which seem an Inevitable counterpart of olvilisatlon, tho 

relation of nathemntioe to the pro-eelentiflo nan oan be seen In the 

growing number of books which attempt to -opularlie nathematioc. The 

first class f these book* mer*ly aim to teach mathematlee aa such. 

Filled with useful information and delightful examples, aiming, to 

unveil tho mystery whloh nan imagine* is oast about math*matio* and to 

popularise itt 1Uas, thete oek* boast of a large sole and a broad 

Influenee (17)• A careful perusal of some of these works, however, 

show* that besides a presentation of matheaatleal doctrine, their 

author* are likewise interested in preeanting definite oonwitment* 

on the nature of society, philosophy, religion and 9010000 — on the 

whole field of huaan oulture (lfi). "Ustorloal inaoouraolc* and 

apriorlcti* view* neither proved nor capable of proof are mingled with 

the presentation of •ethoxatlcel facts, preeeduree and content (19). 

« • * . 

(17) A few eexwapla* of thlt type of book, **me of whloh have 
referred to previously, aret Sdward Keener and James Newman, Mathematic* 
and the Inaxinaticaii a, ttohardeoa, Fundauentelt of hathomatieSt Arnold 
Jreadea* ** Invitation to hathoontloo. Bow Terkt Senry Rolt and Co,, 
1484* *ew Terki • aomillan Company, 1941. 

,-: (16) ti*e, for exarple, Mollis S Cocloy et al* Introduction to l*jtth*ma-
t toajBe^ts* I *BU V**1** 5 5 I J * m » •*• *•** "C^thkrdcon. r V a W n t a S of 
nwthoaati**. Chapters J , IX, XTXIl, or Oaylord K fierriman, TcV/iacover Hath'**; 
antics, Chaptor* 1, 13 and pectin. 

0 9 ) As has been )ndl*t"JUI above, Lancelot Sogbon1* hathematics for the 
• ir • ~ - rrn•- - - 1 - j - m — - 0 — • • . r - - J n " **• * * 

^rotation ef th* entire reala of huaan culture. 
^ t ^ 1 ? 8 ? ^ ^ ! 8 ^ * " 0 * *** ^ * C i H W ^ * " r******T •»mnclec~o>"an~alrtrc^^ 
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Xn this regard, theae book* ar* similar to another class of books 

about mathoaati** which have a more philosophical purpose. Con-

of tho delights of mathematics, its historical and cultural 

i, w*thea*tleiane and •p*oulativ* thinker* generally will 

present reflected views on what aathaaatioc 1* and how it 1* related 

a* * social force te oivil lent ion and culture (80). Here, liked**, 

llttl* rogerd 1* often hed for truth, and there seem* to be more 

concern la presenting one** private, arm-chair musing* on "mathematios 

as a culture clue" (21)• 

IX, Scientist* end Philc**ph*r* of Bature 

the second group of speculation* forming tho contemporary matho-

aetieel pattern, eenprleee the *p*cul*tion* of a number of s*l*nti*ts, 

**saelogists and historians on the neture of loathematiet. A half-

exprecced tendency toward* idealism er scepticism 1* frequently dit-

ccrniolo cxeng ••lantlsts, a tendency which may be described at th* 

belief that reality a* such oan be plaood Into partial or complete 

•orroseoetono* to aatheaatleal ldeaa or matheaatloal thinking| eon-

••fuently, all avallabl* knewleege 1* coextencive te mathonatica and 

(tO) *e* th* reeent tathematlcti Our Ofat Heritage, edited by 
Vlllian L, 8ehaaf, and rafsrred to previously, tor * typioal *xaaple of 
a grcap of conflicting vi*ws at the neture of mcthematl** end it* valu* 
a* a secial force, 

(21) The essays and beck* of Cassia* J, Keyter (B*e Bibliography at 
the cad of thi* assay) arc good illustrations of thi* fro*, liberal vlew| 
•co, for exsnplo, lecture* I, XX, end Icoture* XfTIX-XXI of thi* book. Mathe­
matical Phil*ocphyi A Study of Fate and Freedom! Lecture* for Fduc*t*d Laymen, 
"VtmtoTkm't^fOuVoon"* Co., 198T. For .a similar example, tec the two vookt 
or Tobies Baniaig, Aspect* of Science (How York, The Womillan Co-spany, 1957), 
*Ha*beri The Language of So1once i A Critical purroy Written for the Cultured 
Kon-l*jithetmticinn Tthl'rd' edition, revised and enlarged, Www York» The fcacmillan 
0»a*auy. 19*1). The series Que Salo-jet Issued by Press** Univ*reltairc* of 
**"*, France, haa a *imilar purpose, 'but It an attempt to cover tho whole 
field of learning. 
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aabhematleal method Is the only reliable procedure Tor thought (22), 

This theory i t -Hsrulsed In varlouc expressions! the mathematician 

creates hi* s e l e c t (23), he exorcises ar. ac t iv i ty of n«ro theur,ht(24), 

mthematie*! law* are " e law* of *11 r\tro and exact tV"»ht (SB), the 

matVenatio^an seises mathematics independently of al1 cxpcrl«?rce (9*?), 

The eogeniality •>? natur* to a -Tathematieal irfceriretatlon ha* been 

partly responsible. It seems, for the views that -oint in thl t direction (27;, 

although It '9 a oorgnonnlacc bet necessary wa ml nr, to veto that an absolute 

prop©**! of this type of rethomatiot*m i t not fraeueatly *\ade rvr clearly 

(22) A. Corncliut Menjaaln, oj?. oit..Chepter XX, "The Mature of "wellty," 
pp. 456-442| tee alto t i s a n e Alison, The unity of ^hllooophioal Experience. 
pp. 152-152, and 'eul !*uoy, "Us mathcraatiquo* et l^Tdealitste ; hilotcphlquo, ' 
X"1 U t grands eon rants de la ponaoo taathcwatltyuo, nretente* nar *• de Licn-
na i t , P*rl*s 3ell*nand A Font©nay-aux-ro*e», 1P48, "-;• 570-577. 

(88) "*c ebell eee more clearly the imphrtant bearing of this la t ter 
remark when we cose te -lisouss wore oloeely in another charter how the 
universe i s largely tho construction of each Individual mind." Karl Pearson, 
The Cream*r of Soionoo. Tart I» hyalcal. London» Adam and Charles 'Hack, 
1911, -.* 16. 

(24) "La soienoe mathematlque a pour essence de Jeuer perpetual 1 went 
*•> r la mutation de 'orme-loi en ferme-oMet et reoiproquewent," \ *>nval 
et 8.-T, ^illbaud, '* raltonncaent tmthoactlqu*, iar i s i Prestos %lver*i-
talr**, ' • 159j toe also pp. 155*156 and" pp, 1*5-145, 

(88) "LlVewia* tho rmthcmttlclan, these wany eenturiet, 'a t been 
••arching for lor leal. structure and finding It everywhere,,, the vast 
domain of urely- imthcmatleal thought form* ard for Irrefutable to *fe lawny 
that the subject at well as the objective world Is mathematical. Thus 
with Setcartos he wi l l declare Omnia a*hd a* mathematiea flunt — with 
a* everything turn* into rethemafclbs. "oorra 9, Mrkhoff, wSstveaatie*t 
Quantity and vrder," In Bel one* for • **wyorld, edited by J. C, firowthcr. 
Bow Forki harper and Brother*, 1934, p." 297. 

(26) "Today wathenatlcs i s unbound| i t ha* oast :ff i t s c alna. 
Whatever i t * e**ence, we recognise It to be as free aa the mind, aa r>r«-
hent l l t at th* Imagination* Bcn-BuolMenn ceorsetry i s proof that math*-
mati**, unlike th* male of th* tpherot. Is rstn's rwn handiwork, subject 
only to the limitation* imposed by the laws of thought," Edward Keener 
and James B*wJnan, flethomtlot and the Imagination, - • 559% of, a l to p. 
561-362. 

(27) J. t , ff. Sullivan, The Limitations of Science. Londoni Chatto 
and Windus, 1°33, n. 251. 
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foraulcted, and may later b* revoked (26). 

The position of Sir Jams* Jeans, for exarple, i s well known 

and his doctrine has been frequently presented and or l t lo i ted (29) . 

Jeana maintains that mathematlos enters the universe from above — 

through the 01 vine orcatlve prooess — and a l l our knowledge i s but 

a gradual Intussusception of the mathematical isnlverse created by 

the divine Mathematician (SO). Though he hat riven no definite for­

mulation of his views, Kinatoln, in a number of nlaoea, seems to lead 

toward* idealism (51), A n tuber of other thinkers show a similar ten­

dency In this direction (32). 

That nethematles Is to be regarded as merely an extrinsic tool 

or instrument dist inct from physical Ideas whloh the mind employ* lav 

(28) Bortrand tassell. The principles of Mathematlos. "Introduction," 
iT. l*-x . 

(29) See A. Cornelius 3enjcmin, op. e l t . . pp. 448-451} L. Susan Stebblnr, 
[hi1osophy and the Physicl*t«, London, Mothuen and Co,, 193T, Chapter II , 
Jlf\e 7e«ap* of Sir James Jean*," pp. 19-44, 

(SO) Sir James Jean*, Th* NPW ^ackKround of Science, xfordt Cambridge 
Oniver*ity-rres«, 1938, p. 296-297t The J^terlou* universe, second 
edit ion, Cambridgei The %lveralty Pre**, 1987, np. 111-122, In ?hy*lo* 
aad PUlo**ohy (hew Yorkt Th* aaondllan Company, 1948), he see*-* to 
waver a b i t on thi* pecit icni aee pp« 48*49 and pp. 196-217, 

(81) Albert Siaste in , Th* method of Theoretical Phyei**, Oxfordi 
The Clarendon Free*, 1988, pp. 11-18 and The *Wld a* X see I t . Bow "f^rkt 
Covial Prece, 1984, pp, 3e*84* Bee also Albert Binttein and Leopold Infold, 
The Evolution of Phytic** *ew Yorki Simon and Schuster, 1942, pp, 288*249, 
•as. pp* 310-811, and hi* a r t i c l e , "Bnmnrka on Bortrand Au***ll ' • Theory of 
Knowledge," in The Hiilooephy of Bortrand flu**»U, volune T of The Library 
of Living *'hllo*ophor*,' edited by aul Arthur So'hllpp, Evansten and Chicago i 
Bnrthwettern Luiveralty, 1944, pp, 276-291, 

(32) For a •ussaary aoceunt of idca l i s t i e trend* in phyai** froa * 
p c s i t l v i s t vi*w, see Phillips frank, B**woen '_hy*lct tnd follotcphy. Cambridgei 
Harvard Del veraity Fro**, 1941, Chapt*r iv , *It thera * Tr*nd toward idealism 
in hysl*t?" pp, 104-126* 
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physical science if alto a popular view entertained by mathematical 

phytloictt (33). In fast, by generally falling to grant that the 

truth of human knowledge lies in its conformableness to the real, 

the mejor tendency of mathematical physios seems oriented toward 

a sceptical attitude toward* the truth and validity of both mathe­

matiea and the physical selenoes (34). disallowing for the truth of 

cither ordlnery and Philosophical knowledge, many scientist* hold 

that -s-hyalsal science Itself bergar^s truth and yields nothing but 

mere conjecture or plausibility (88) — to which they add poctcrlptcd 

tribute* to tho mystical experience (36) or the reality of matheentieel 

unlvereal* or relation* (37), 

Though ho hat frecuently been accused of mathematical Idealicm, 

A. 3. Sddington seemingly support* th* ecnecption of -athenatio* a* 

being * tool or Instrument for phyaloal science (3ft), even considering 

geometry a* merely an experlmentel science (?f). ."hysloal science. tt> 

(88) "hatheaatlec is a tool specially suitable for dealing with 
•••tract concept* ef eny kind and thera ls**lmit tc its power in thi* 
field. For thi* reason a book on the ..new phytic* | if not purely dot-
•riptlvc ef experimental work, aust be eaeentially rcthematloal. All 
the seme the aathematlct 1* only a tool and one should l**rn to hold 
th* pneeloal idea* in one'e mind without reference to the R*th*aati**l 
torn** F, Dlrae, The Principle* of Quantua Mechanic*, B*w Tcrki Oxford 
diversity Fro**, 1886, w?r*f*oc, p, vii. 

,(84) Of th* many *t*tewcnt* that could be adduced in eupport of thlt 
tendency toward* socptlolsa, sec, for example, Sertrand '\is**ll, Bunaa 8aow» 
lodge i Its **opo *cd Limit*. Bow Torki Siaoa and Schuster, 1948, Fart Three, 
Chept*r"lY, ^hytioc and ^xperlcnee," pp. 195-809, and Part Four, oettia. 

(38) A* 8, Rddington, Th* Baturo of the hyslcal "orld. Chapter 
U T , "Coueatlon," 298*816, 

to) Xbld.. Chapter XT, "Soienoe and hystlciaa," pp. 316-342, 
(•T) For a brief pr***ntetl*n of thlt view, see Antonio Alietta, "Reeent 

Bev*lM*Mut* in Logic," in Science for a New World, edited by J. 0. Crowther, 

(88) Sir Arthur Kddlngtoa, The Philoeophy of hysloal Science, p* 74 and 

139) jl do not think that it een be di*put*d that, both *tymolo*Jetlly and 
traditionally, geometry is the science of n*f*ur*meat of the apace around hat 
and however anon the mathematical superstructure nay now overweigh the obaerva-
tloral bad*, it I* properly speaking an experimental selenoe," A. S# 
«,4rlJLruEtiaB +*m « « f c » r . nt fefc* P t n m < A * l ttn»1J « . 1 * 9 . 
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in tddington's view, ha* escaped the tyranny of th* engineer only to 

bo tubjeoted to the yoke of the matheme*ioian) neither mathematic* 

nor Bhytleo, he •omeludrs, give u* e true kncwledge >̂f tho world, 

a knowledge whloh it only to be hed through either ordinary or the 

mystical experience (40), 

The torn eoemoleriet*, aa her* «**»loy*4, refer* to the reletivoty 

•nail number jf thinkers who adhere te the distinction and portxennoe 

ef a phile**phi*al study of nature dietlnet froa science end froa meta­

physics (41 )• Abstracting froa th* soundneee of their ooatnological doctrine, 

there 1* di***rnibl*, in this r.reun, a tendency tr. consider the abstractive 

nature of mathematlos froa a coamolcgical In*toad ef a «etephyeioal point 

of-view (42), For example. It may be proposed that the mathematician por-

perXy receives hit understanding of infinity, motion and other apoculetlve 

eeaoeptient from th* ««*aologist (48), Slnerly, on* easily find* an un­

satisfactory understanding of the nature of suoh mathematical abatreetlon* 

(40) Boo footnote 88, above| coo alee "Ooncluclon," (pp. 348-368) 
of The Faturc of the '"hrtloal "crld* 

• 4 4 1 1 For on hl*tcriOC*criticel study of th* gradual Htpiaooment *f 
th* philt^acpby of nature by s*l*nce, see Jaoqucs Maritain, La Fhllooophlo 
d* la Baturo* Chapitre* X *t IX| for a statement on the connection and re* 
latien of the phllcecphy and she soienoe* ef nctur*, tee Chapltrc III, ibid. 
A recent atteapt t* relate physical science and philosophy 1* thet of Jean 
Daunot. t*ecuvra do 1 Mntollltonoo en physlqu*. rotorroA to pravioutly, 

(417 See, for example, Friderleus Selntenge, Bunme. Cosnoleglao sou 
^lo*cplda Batural i t Qeneralis^ Montreali Impriacrie du Kettager, 1941, Caput 
• et T X , ^ J*.cobus Cutttvu* Karen, Ccsmelogla, eexleot Juena ^ranta, 1944, 
Caput l ie These author* seem to confute a physical and a mathanatioal view 

' ( « } See^"for example, Jacques harltain, Tho Ocgreoa of Knowledge, pp* 
98*88 end p. 848| see alee,* hia lc ^llotophlo de la Baturo. pp. 90-98. whore 
he speak* of the pbilcecehy of nature a* being • wisdom secundum quid. 
Imitative of metaphysical wl**ea* 
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aa number (44), or the mitt*ton attribution of a oosmolorleal 

conception of quantity and Its determination* te uhe quantitative 

consideration proper te mathematiea (46), 

Hietory, being a science oo^oerned with speculatively knowing 

the universal causes on 1 raasons of the peat, contingent mobility 

end ohenge or Man and hie cultural effortc. Hoc on the scne level 

o" srceulatlvo soienoe a* physios, cosmology and psychology (46). 

Among historians, a l e g e mmber, nerhape unwittingly, adept this 

view and succeed, as much as i s peoslbl*, In re-eetuellslm; the ances­

tral conditioning of mankind* Thus, the work of T. L. Heath (4T) and 

Carl 3. 3oyer (48), among other*, Is a frank portrayal and appraisal 

of what mathematics was in the rest, «nd of the necessary reason* why 

It developed as it did, Th* predominant lnfl'ienoc of Comte's poeitlvlan, 

however. Is seen in many historian* of wathematle* and scienee, Bven the 

work of the noted historian Cccrgc Sarton (49), admirable and painstaking 

(44) Thi* •een* tc be the heal* for th* erlt ielsa ef Parcel Leliemand, 
* Tr*j*t?ntt *a lcgieue *t sa a*t*jjhw*l*uo. FaH*i 0»*elee de Brouwer et Cie, 

(48), Thla, unfortunately, toons to characterise the good ploaoer work 
of • . Bbanea, ia Q**»m4csla, (theae t Apud Aedes feat* %iv*reitatls Orogo-
rianace 1*44)# tote YU, "Be Bpetlls «ete<soee*trlei*," pp* 488-468, and in a 
•erica of articlo* appearing la the (h-ogorlaaun (so* iHbU*gr*nhy to thi* 
e***y), Ai* ottitud* cad that of other authors in the ehilccceaieal 
traditio* nay V* due te tholr prope**! of three degree* of fontal abstraotion 
for speculative science. In which a certain kind of continuity held* bet-

tasss, three levels ef apeeuietiv* s*i*nc*, 
(oe) ece Cheater XX, below, for * presentation of the distinction cf 

f s su lat ivc *oience«* 
14?) 2. .L.-t:eath'* work has been one especially in tho history cf Creek 

aatheatrtioof **e Bibliography at th* end of thlt essay, 
*» -vr v*o)rfOarl 8, iJcyer't The Concepts of the Calculu* Is an accurate and o.ults 

so* study *f the many fcetera which helped or retarded the invention of th 
aahenlaSa 

(49) The lnflnenc* of Boat* on Barton is dlsocmlble in scattered remtrkt 

•jtttlfa* Cambridge* Barv*rTU»Iv*r*lty Prett, 198T, and in % a r e f n 
-Science ,f*jd the Bow BUEMUII**}, 
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reeeareh though i t i t , i t intercpereed by comments whloh show 

Coate's Influence. Other historian*, such as *. ?. 3ell , uigc 

p**t wmtheaati** on th* pre«eut narlt* of th* soienoe, and nak* 

free, <ntcrpretotive remark* on the historical nature -f oatheaatlos 

that hawe l i t t l e factual ->r theoretloal foundation (50). Similarly, 

there Is * number of hlttorieo-crltioal essays and books In whloh 

an attempt Is made to establish the continuous unity of mathemetleal 

th^uvht, aowetines misusing or restratlng pest conceptions to f i t 

a -rivately adopted philoeophieal pattern (51). 

I l l , Logician* 

Although many contemporary sathematleian* view mathematics 

as ldontleel with legio, a* will be thown below, and although seny 

scientist* (82) and others have adopted this view (S3), there is a 

growing nunber of speculative thinkert from all fielit who deny that 

thlt prepeeltiaa ef eenlvaleney hat been established (54). in varlou* 

(80) *oc, for oxaxplo. The teyolopacnt. cf Mathematlct or The Mario 
«b*ra>B*w Torkt *eOr*w-Hill, 1946* 

4* an *xample, see Chapter* 1-111 of Tobias 3entsig*a Aspect* 
of Soieaoe* 

Cot) *Lcgi* la it* purest fora, which is mathematics, only eoerdlnatec 
and artiouletc* on* truth with enether. It give* harmony te the *up*r*tructure 
of selenoe| but i t cannot provide the foundation or the buildlnr-aton**." 
*hx Flejtosl, *horo X* Science Coin*?. Prologue by Albert Klnttein, trantlation 
and Mofraphl**l notes by J«ne* Eurphy, Bew Yorkt w, W, KortoB A Company, 
1932, p* 68, 

(81) Per eaautplc. In the conclusion te The Concept* of tho Calculu*. Carl 3 
3oyerwrlteet "haterialistlc and Idealistic philoaophie* have both failed to 
appreciate the nature -f mathcactl**, at aeccptod at the pretcnt t ine, Mttheaa-
tlSo 18 neither a d***ription of nature nor an •xplanation of i t* operation! i t 
1* now concerned with physical notion er with th* metaphysical generation of 
tjaeweltl*** Xt i t merely the symbol lo logic ef possible relations, ar.d a* tuch 
i t concerned with neither tpcroxiaate nor absolute truth, »wt only with hypo­
thetical truth. That 1*, inalhemafcic* determine* what eonclualont will follow 
logicallv from riven premitct. p. 508. 
, . to) fee, for oxajwjle. Korrit '.. Cohen ard * meat S'ag.el, An Introduction tc 
Logic end Scientific «*thod* Preface i tee alto John C, Cooloy,T ; rimer of ho'rn» 
Logic. Bow Yorkt The hsenlllan Company, 1942, Preface, 
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critical studies, i t has been pointed out thet the tenets of 

logician in Lelbnis, Boole, i'eano, Frog*, Assail and others (f>f>). 

It bated on an Implicit or explicit motaphytloal position whose 

falsity It undeniable. Further, the *upp***d difference of Aristote­

lian and Symbolic Logic (66) or the proposed supplanting of Aristote­

lian and olasslcal logic by • non-Aristotelian system (87), are merely 

speoulative position* whoso validity Is questionable (86), In fact, 

in a number of writers dealing with the problem of Aristotelian and 

-vmbolic Legio, thera i s ll*o*ra4bl* * basic solution for reuniting 

classical an ! symbol lo logic, as there is for validating the >?nlty 

of Logic and ita distinction from mathematics (51?), 

IT. Wath*aatioians 

Th* first of the theories currently proposed by the mathematicians 

(8*0 See, for exaaple, Andre Carbon, La Philosophic des Mhth*ne-
tlou»*. f*r a recent, critical study of logloleni •«• alec nermann *eyl# 
wMatnematiet and Loglet 4 Brief Survey serving as a preface to a review 
of The rhjlescphy of 3ortrand ***—11*" The Amerloan Mathematical Monthly. 
63(194*J, pp. 2-iS. 

(56) For an intreduotcry deccriptien and analysis of Symbolic Logic 
snd its points *f difference froa Arietotollon Logic, 3** Karl kengor, 
"The Sew Logic," ?hllo»ophy of Solenet. 4 (198T) , pp* 299-336. 

(87) Alfred Kortybtki, 6*l*noo end Sanityt An Introduction to Bon-
Arlstotcllan Syttomc and Oeneral Beaantlc*, thirl edition with new prefaoc, 
lakevillet The Into mat IcRaT^on-Arittote lien Library i*ublithlng Company. 

(66) See the ditcucclca on logi*l*m in thoma* Greenwood, Les fondo-

fonts do !B loglque syabcllquc. Teee It Critique du nominallsme loglstlque. 
•r ls i Heraausi et Cie, 1938. 

(59) Thoaae •Irsoowced, op, oit** Tone IIi Justifications des caloul* 
lo^loueci and, by the same author, "The Tfclty at Logic," The Thctdtt. 6U94"s). 
pp^ 487-470i th* work of Morris S. Cohen and truest hagel. An Introduction to 
Loeio and Soientifle Method, 1* likewise pointed toward reuniting Artstote1ian 
and Bymholie l»*gi*l *•• al*o, X. *. 3oohentkl, "On Anclogy," The ThemJtt. 
11(1946), pp. 424-447. 
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who form the fourth group under eeacleeretloa i s legitime (60), In 

which emphasi* is placed ea the eleee tfflnltleo thet hold between 

mathemntiee and logic. Harking back to e dream ef %vaend Lullc, 

Lelbnis had already hoped te establish a universal characteristic 

for al l thought which would be analogous to the symbolise of mcthe-

matlcc, enabling men te think and reason sercly with symbol*. Hi* 

effort* in this direct lea were token up and abetted ay sush men a* 

Insect** B* morgan (1808*1876) end George Boole (1816*1884), the 

letter being usually oradlted with founding eyabolle logle (61). 

The "or* effective direction from which current lefieion •prang, 

heemeev, wa* du* to the work *f Freae and Peea* (88), to who** 

Intel ration Bunnell and *hitehend were Inoebted for >rlnolpl* Kathe* 

notice' (68). Contonporary investigatera, of whan there 1* a largo 

(80), For an introductory aeoowat of legielaa, see Louis 0. Kettsoff, 
oe* e l t . , Chnpt*r Fight, "The Foundation* ef *athe*a*te*f X, Lorlatie 
."ounVtlon*,* pp. 98-118, or *ee the article referred to above by Karl 
^snecre Per • cult* complete piatura of th* eeatctapercry scene In legio , 
• • • ft*^1*!**^ Francois*, Tone I,, L'OueillexfB.**•!» en**c. tongege, 
^tNraatloue. Strict Llhrelrie Larouaco* 1947. Section 3 , La Fen*** 
Loglcuc, whepitro III, "U Critique f1s***ca*ie1**,* p. 1* 18-1 te P . 
1« 80*11, which alse contains a sketoh of the effect cf the new eeVclof-
ment* *n nathemctl** and enycrlatntal knawledre, 

(61) Far e brief historical mastery ef loglei*a see B, f. Bell, £g» e l t . . 
pp*- SI4-636. A strong presentation of the cace tor logielati 1* given itt 
dertsced Baecell, Th* Principles of juithematlot* Chapter II, "Symbol 1* Logic," 
op* 10-82, and In Frank Hums ton eancey* XWTcmadoti*a» of *ht nonet 1** and 
Other Logical lt**y*. edited by 8* B. Sralthwaite, with a preface by Q, E. 
fcoore, acw Torkt Sercourt, 3meo and Ceanany* 1881* Leen Ohwistek's The Limit* 
of Boieaasv eontain* a metaphysical and cultural plee for logic!**, «oo 
aepeelalV pn.' 19*28* 

(oe) fen* Black, oe, e j t . . pp, 16-49, end teuio C. Xetteeff, op. e l t . . 
PP* 

(88) toe Harold a. tWrt* Th* -hlleeonhioal Pro*uppo*ltlott* of «ath*-
emyaj&jLoxle, Chapt*r* III*YI, pp* 26*98 for a saaaary account of th* 
cevotcfaeaTcf nathentii**! logic end an able •ritloiem cf it* proposals* 
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number. Include tuch men aa Ohwistek (64), Tarski (l5 ) ar 1 Lukaeiowie* 

in tho Polish Sohoel (88)| 0, 1, Lewi* (67), Alonto Ohurch (66), Max 

Black (#8), and Onto* (74) in tho united states, and t growing nunber 

of ouutempera rlo* (71), 

(64) Icon Chwi*t*k*S work. The Malta cf aclonco, contain* a fine 
"Introduction" (&p. xxi-lvi i) to his work by the translator. For a tuamary 
nf hi* techni**l contributions, tee Louis ' \ Ketttoff, eg, e l t , , pp, 107-
118. Chwitiok** work 1* one of the noct recent in which a net*phy*i«al 
erltieas eeeeapeniee a technioal contribution to the field of Symbolic 
Logic* 

(68) A summary view of the work «f Alfred Tsrakl 1* available In 
his Introduction to Logic ard to the Methodology of Reductive 8clonccc, 
trenelated by Claf Belmer, enlarged end revicod edition. Bow Yorki 
Oxford university 'rest, 1941, see Author's prefaces. 

Loglcel Pocitlvita in Poland between the two Ware, "olish Scienee »nd 
Learning. Vow Terkt Oxford tnlversity "rett. lt4e*V 

(67) C. I . Lewis Is author of A Survey of ^ja%tllt Logl* (Berkeleyt 
«niv*r*lty ef California Prett, 1"IPJ, which trace* the history of 
tyabolio logle froa the time ef Lelbnlt* 

(68) For a •uanery ac**unt of Okurch** work te* Louis u* lattsoff, 
op* e l t* . Chapter Ten, Church's Flomental1stle Mathematical Coabinatory 
Fotin3avlcn*,0 pp. 186*168, 

(69) tax Bleak, author of The Baturo of tfr thematic* frccuently cited 
here, he* recently'pubHehed Crltieal ThfanHag on introduction to Logic 
and Scientific hethod. Bow Tnrkt ;Y*nt lee-Rail, 1946, in whloh ho spaaks 
of th* value *f aatheaatio* a* due to Itt •yoaeli* end d*duotivo eharaaterf 
pp. 866*884* Itc distinction froa other sciences i s , however, edoptodt 
"Retpoet snd a dmiration for mathcaati** Should, however, s i ways be tem­
pered by the abviou* reflection thet scientists using wethematiee mu*t 
hav* *o*cthl»g to osunti liowcrcr laportaat, matheattios 1* but an instru­
ment of science, end without the measurement of the product* of experience. 
the aethemetioal «eantttl*4r ecourring in soientifle theory would have no 
link with the real world*" p. 388, 

~. (TO) W, T* Quine, *mth*m*tl*al l-ogic. Bow Torki ff. »•. Norton Company, 
1940, 

(71) It i t beyond our purpo** her* to attempt to Hat the growing 
amount af reoearch being dene in logician. Per a bread, summary picture, 
• • • B, T. l o l l , The I^lopnont *f hathematlo*. pp, 616-836. In the United 
State*, Th* AsBoolatlen for Bynbcll* Lorio, latued a bibliography of 
Symbol!* logic for 1686-1888 in it* cffioial publication. The Journal of 
8 |af£U*J*jU, 1(1938), pp. 121*2l8i thi* bibliography la being supplemented 
•y"reeil*e* Ana Indexes, and can bo teen for a l i t t of the more prominent con­
tributors to both logi*isa and tyabollc logic. 
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The proposition fundamental to all these investigations is 

that matheantiet has a oioeer relationship tu logic than had pre­

viously been realised and that mathematics is ultimately based on 

lorle. the aim of logician Is to erect r«»tv rustics as a closed 

deductive system on th* basis of logical ultimate* tc whloh all 

mathematioal proposition* and concepts, it la claimed, are reduci­

ble (72), Although the exact speculative relationship between 

theee two selonoos is not frequently stressed, the views on their 

Interaction vary from '*rtrend Russell's ov«rt Identification of 

then (73) to that - f ferely analysing the speculative proximity of 

their nature and methods (74), The use cf symbolism In thi* re­

ductive process of »*thematic* to logic s of utmost importance, 

an 1 the problem of aatMomatios and logio is looked upon as a part 

of a more global cocoern which is th* formal structure of deduetlv* 

reasoning as Investigated by the symbolic method (75/, 

Two basis concerns of logioism are the elucidation of the notion 

of number orA the concept of the continuum. In attempting to reduce 

these two problem* to logical nature and formulation, logician en­

countered the problta of th* finite and th* infinite in mathematics 

(Tf) Max Blaok, 09. elt.. pp. 7-P, 
to) Of. BertraadHta*t*ll. Introduction te Mathematioal Philosophy, 

Londont 0*erge Allen A Union, 1938, pp, 194-206. "~ 
(74) "I do not feel that mueh cf a ease oan bo made for the necessity 

of reducing -nthematic* to pure lcric..." John -. >oclcy, op* cit.,"Preface * 
p. vilj see *l*o hi* presentation of the Feano postulate* for th* natural * 
number syatca, pp* 271-281 and of ';he class definition of number, pp. 281-294 

(Tl) Alonse Church, "A Bibliography of Symbollo Logic," The Journal ' 
Cf Bynbollo Logic, l(l986), p,l2l. — s s & 

# — 1 * 1 1 1111 1 ii 1 ii un w " r *WW" 
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with the result thet e number of peradexe*. Inconsistencies and 

apparent contradiction* developed (76). To tolve the** :crade*ee, 

various emtre-leeieal axioms end poctuletee were proposed, which, 

however, failed to absolve logleism from failure (77). 

The theory new kitten as formal lam oan properly be viewed *• 

having it* hictcrical casesis In the method of axioms and poctulato* 

thet treoce back to fuelId's ilemonts (78). It* distinction as a theory, 

however, l i e* w e iemedlately in the use of nou*3ucllde*n gcoaetrl** 

end i* the rice of algebras through the efforts of Ubettohew*ky, BUntmi, 

floors* Peecoek, Hamilton end Do horgca, Form*ll*a today, though clctely 

all ied te theee historical antecedent* and to logician; alma tc combat 

the tvsr eaphaela placed on logle or a recourse to intuitlea by a *tress 

on pro*lCgiecl er wre*aathcmatical symbola. Also known as sctteaatie* or 

ecotmUtlonlSa, formalism 1* principally du* to >awid filbert (79) 

(1642-1934). *n4 hi* collaborators. Ton Neumann, sernay* and Aokorman (SO). 

(76) For a cusnary of the**, see Clarene* Irving Lewis and Cooper 
Harold Langford, Symbolle Logic* Chapter XIII, "The Logloal Paradoxes," 
pp. 480*4881 or, for e simpl* '(Statement see Louis 0, Kattsoff, on. o i t . , 
pp. 87-92* 

(TT) "The relation between mathematics and logio is neither identity 
nor thet cf conclusion* tc prenisaes, but consists in the fact that nathe-
matlee must b* used in the systematic development of logle (as of al l 
organise*) *y*tea*)| and th* aialXarltlet between loglo and nathematlo* 
spring froa the fact that the f i r s t . In i ts 'philosophic' aspect, is the 
syntax of possible states ef affaire, while tho second 1* th* syntax of 
al l organised sy*tomc," Max Black, o£. e l t . . p. 144. Thi* remark 1* 
proeceed, pp* lew*144, by * short *umm*ry of argument* against the pro-
poeed identification cf legio with mathematics, 

<T8)"2, T, Sell, op. cit..Chapter 9, "Toward* *5athemetioal Structuret 
1801*1810,* pp* 170*80l| ••* •*p*cl«lly pp. 170-176 tnd pp, 198*6* 

(79) 2e* Bemann Weyl, "David Bllbert and hi* Mathematical Work," 
Bulletin of the AnerUan ^th*natloal Society. 80(1944), pp, 612*666, for 
a fine presentation cf Hubert's work,For a technical presentation of 
Foraalica, see Uuls 0. Kattsoff, oo, o i t , . Chapter nine, "The Foundation* 
•f Mathonatitti IX. Hubert's F«raaTlaaVr pp. 116*136. 

(60) P, Coaceth, rhllosophle natheattlqu*. "Lo forxalltm Hlbortien," 
pv>. 49*81* 
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Beved by the many paradoxes to which loglo'sm and Cantor's theory 

of sets Had riven occasion, Mlbert wished to *.-ect both classical 
4 

aathenati** tnd set theory as a bonpleto and non-oontrn '.'o^ory systca 

under the fom of a sheer calculus levoi' f interpretation and contents 

Fo rani ito claim* that aathenati oa conprisec *wo 1 Wis Ions, mtheaetle* 

mini metamthenmtlet (61), Mathematics i t se l f is conrosed of arbitrary 

mark* or Cyabolt, Cf thocc we ^av* a 3>re-f»thea*tio*<l U.slfht, which 

we are eble to manipulate almost meohanioally without reference to any 

actual mathematical entit ies . Though sometimes presented a* though the 

tyabols were neemlngless, formalism really holds that uo oan 'manipulate 

the tyabol* into * eontittcut ty*t*a without any ooncern, in so doing, 

a* te whether or not the tyaboli have canning or an application. Mete* 

aatheaatle* deal* with the theory of proof for nathematia* i t t t l f i It i t 

concerned with proving coatlatoncy, independence and ottegorioalneas of 

e eet ef matheaatleal axioms (82). 

la a broader view, Bllbert seems to hold that ;*thematic* «apT****S 

the ld*al coaditlon* of any toionoe, and that cteiexa thematic* is a Ins­

cription cf the rule* •ceordlng to which all rational thinking proceeds (88), 

3*a*e i t 1* interesting to rote that despite i t s success in fo*tulat.e-*yst*nt 

and axlcaatios, th* two eiac which characterise formali*a — that of 

(61) "Fermallaa 1* * technique f irst , and only aeoondarlly a 
oMloa*yhyt a technique for the investigation of tho lorloal Inter­
relation ef branoh** ef mathatmtltt and a philoeophy to account for tho 
tueeett of that technique." *ax llack, og, o i t . , p. 149, 

(88) k, P, Beraays, "Bur le* (junction* m*thodologlau*s actuclle* do la 
th**ri* Bllb*rtl*ane do la deraonstratlon," In Us ^ntrot!ens de Xurloh sur lea 
foaoowoat* et la method* des science* watheeatlauct, 6-9 decombre 1986> "* 
Exp**** *t discussions public* p*rT, Conseth, "Zurloht 8.A. Locmann, 1941. 
pp. 144*181, 

(81) Max Black, eg* e l t , . pp. 147-162. 
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formalising all mathematics and logic and t," demonstrating tho formal 

•onoleiwnoy *f thi* forealisation — led to the interesting theorea 

of Codel. codel demonstrated that though everything mathematical ean 

bo fonealited, all of mathewatiot cannot be exhausted In any one systemi 

oonseeeoatly, he showed that there exist undoci-iable formilae whloh 

oanret be fornalltod within th* svetem Itself, for each formal system 

require* « wider and ••ere inclusive system to demonstrate Its own 
• J-

fcraalltatlCM (84)* 

The ptSttltt local technique embodied In Hubert's fermallaa and 

tho ewnheci* on legieol* analyd* were two fecterc which encouraged the 

rise of twentieth oontury logloel peclttvlaa, Vlttreaateia and Hana 

ttahn, far exxatple, waintalned thet nathenaUee la nothing mora than a 

vast tautology (48), w^ttgcnetcin't view* had a strong Influence on 

the f»oeitiv4*a of the Tleune Cirol*, whloh hed been orgmeised under 

(84) Ibid,, op, 167-16*. "If, • • is agreed, tho formal eyetemc 
can be uscd''***y*t*natlso field* of kaowledge, and i f the G d̂el theorem 
•yplle* te *uch em*li*utl**o, i t would mean that no field of knowledge 
so t j t tcaat l fd oca ever to eoaplate. At any rear* there will elwayt 
be *Ju*t*l*B*l formulabl* in th* tvetea that need e wider cyetem for 
tholr eolation* Binee It is the contention ef the author of thla bock 
that legic and netheaatloo 4e te l l u* comethlng abeut reality, the 
teeel theorem te l l* u* that there can never be a complete end final 
theory ef reality, t«e«, actcphyciece Thic dee* cot lead to mysticism, 
but te en evolntionary scheme of reality." louls ^, Xattaoff, oo, e l t . . 
pp. 194*iM, A non-techniesl presentation of the theorem oar. be found 
la J, 8. itesser, "An lnforaal exposition of Proofs of CSdcl's theorem* 
cad Church's theorea*," Journal of Symbolic Logic. 4(1939), ;?• 55-60, 

(86) L* Wlttgeatt*ia, Traatatu* Lorioo-Phllosophlou*. Bow Torkt 
Baroourt, Brace and Cewooay, 'l'9S2, passing -?*ans frfah'n, î oTlque, nathe-
matlquo et connalssaneo d* la raallta. introduction ie ** Soil, ^erfst 
I*rmann ct~?io, 1988. 
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Sohllok and whloh Is presently advocated bv Caraap (86), J'oichenbach (F7), 

Frank (68) and othera (89), The aim of the loploal pos l t lv iats Is not 

restricted to mathematlos, but i s concerned with an analysis of a l l 

lenfueges end their semantics, and with a completely negative attitude 

towards netaphyclos (90), 

(56) ?or Rudolf Carntp's views see The lop-loal Syntax of Lanruafc, 
Bow Tork, Kcreeurt, Braoc and Company, 19*V, and Foundstlpns of "Loric 
and MathoTaatiaa, Volume I, Somber 5 of International ^.cyclopedia of 
^nlfjwd~ Soienoe, Chieegot The Dnlvorslty of C~hloa*o Press, 1989. 

(57) Han* "elehenbaoh, in Experience and t'rodlotIon (Chieafoi 
The university of Chi**g* Press, 1936), spe.k* of the moves*nt of 
l og i s t i c *mplrlolsw as being both a s tr lot disavowal of the rr^ta-.hor 
language of metaphysics and a submission to the postulates of Inte l lec­
tual discipl inei Preface, p. v. Similar view* are expressed 'n his 
Philosophic Foundation* of Quantum hechanio*. larkeleyt University 
cf California West , 1944, ^refsee, p«. w-wli i . 

(P8) h l l i p frank, Betwen rhvtlct and rhlloto*hvi, Cambridge! 
Harvard University "rasa, 1941, pacolsu %* his remrks In his 
biography of Hinstoln oallcd Einsteint His l i f e and Times, translated 
by George Sosen, e l l ted and revised by Schulchl Xusuka,"Hew Torki 
Alfred A. Knoff, 1947, ro. 48-48* 

(«9) A summary view of -ositlvism can be fo-mi in Yves Siaon, 
'ravoir et sevolr, Montrealt Editions do I'erbre, 1944, Chepitre 
I I I , "L'ecole de Vlenne," pp. 117-139, and A. Cornelius benjamin. 
An Introduction to the Fhllotophy of Science, Chepter T i l l , "Theories 
of 3oient l f lc Concepts,™ r > 147-172. 

(90) A growing movement called the Vnlty of science Movement 
is concerned with unifying science especially through the analysl* 
of language*, iceta-lenguages, logics and meta-logl**. See F. Ooneeth, 
op. e l t . , "Tl, Le nouvement do 1'unite de la scionee," pp. 60-62, 
and the" publications being issued from the University of Chic*** 
Press under the rerjersl t i t l e ' f international Rncyolopolla of 
Onlflcd Science, 
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The iatultlenlSB ef Brouwer, sometimes «*ll*d flnltl«n or 

nee-lntuitlonlcm (91) can be viewed *• developing from the view* of 

Kant, tho mathematician Kronockcr, $ olnoarc, and the ; arit School 

of aathenati*Ian* (98). The brilliant cfforte of w*ler*tre*s towards 

the arithmetlsatlon of all ef sathosatloc by orienting mathematioal 

analysis towardt an arithmetical basis Instead of Its previous £eo-

metric foundation, waa soon followed by Cantor's theory of infinite 

•et*. These two discoveries led to a fruitful development of the 

theory of function* and stimulated effort* toward* greater rigor 

through abstractnees and generality. w*i*r*traa*' efforts were 

favorably viewed by Krenecker (1*23-1691), who made the extreme 

demand that all mathematical results are and must be shown to be 

results Issuing froa th* natural numbers, and who forcibly rejected 

the Cantor theory ef infinite sets (93), 

Krenecker'* position had an undoubted influcnoo on many mathe­

matician* among whom was Henri Telneara (1654-1912), Though 'oincare 

held tc a formalist attitude In geometry (94), he vigorously opposed 

both logician and formallaa (95). Holding to a finltiat attitude to* 

ward* matheaatlos, h* Insisted that everything mathematioal except the 

(tl) Abraham A, Freoakol, Th* accent Controvertlot about the 
Pouaeatien* cf hatheaatloa," p. 28* 

(88) Ibid,, pp, 23*24* 
(88) K, T. Bell, oo* e l t* . Chapter 9, "Towardt Mathematical 

tcrueturai 1801-1910/ pp, I7o-201, 
(84) "The axiom* of geometry therefore are neither synthetic a 

trior judgment* nor experimental fact*. They ar* conventionst our 
chcico anong all possible conventlent i t guided by experinewEal f*ct*j 
but i t reatlnt fro* ond 1* limited only by fh* necessity of avoiding al l 
contradiction. "Tnus It I* that th* postulates can remain rigorously true 
•Ten though the experimental law* whloh have determined their avlopiion are 

~J T , | n oth*r word*, th* Axioms of fleoaofcry (I do not speak . f tho** 
rf^ujithnctlorare merely dlspulsocl dtflnitlohs.* Henri * oincare, o£, o l t , .p , 

(9*) 8CC, for cx*mpl*. Chapter T, "The tote*t Effort* of the Loglt-
U*l*n*,* I t ld^ on, 472-486. 
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•et of natural number* be finitely definable, and proposed that 

the body of mathematicc is ultimately rooted in the principle f 

mathcaatlo*! Induction, whose validity Is intuitively ascertained (96), 

Identifying mathematical existence with any demonstration of non­

contradiction, ho rejected the ohoioc axiom (97) and claimed that 

it merely begged the qu ett Ion and did not demonstratively yield 

methematltel existence. 

The Parit School of pure mathematlos, comprised of Sorel, Scire 

and Lebeegue, together with Hadanejrd — who diff«r* from the first 

three — was concerned aelnly with function theory and its establish­

ment on a sound basl* (96). In * serio* of letters to each other ('"'!"'), 

the** r*n entered Into a dlcoutsion oonoerning the validity of Zcrnelo's 

multiplicative or choice axiom* The Interact of this school centers 

mainly In function and set theory In relation f the foundation* of 

mathematics. 

Srouwer (1688* ) and the Dutch school of intuitIonian whloh 

•———mtm*. 

(94) "Ethernetioal induction, thet is, demonstration by recurrence, 
on the eontrary, imceeee Itaelf aeeetterily beeaute it It only the affir­
mation of a property ef the mind iteelf*" Ibid*, p. 40, aee *l*o r>, 41, 
880 and pp, 488-466* 

$•*) fo*«*» p. 488*488. 
(98) *ax 83 •lack* en* e l t . . pp* 169-1T8* 
(88) Thee* letters were published in varlou* plceesj sec Ball* Boral, 

Loeene our la theorie do* font*Ion*. 3*ne edition, i'ariat 1P2«. *App*ndix.s 

See also IVH, lebesgue, To* oontrovor*** *ur 1* theorie dec eneemble* et 
1* question dec fondementc," In t. Oonoetn, le* entretlens do Zurich, pr>. 
109-184, 
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include* Boyting (100), Kolaogoroff (101), and Manneury (102), 

prepeted t celt* ooaplcto and sytteaatic ba*l* for the foundation* 

«nd nature *f *nth**atio* (101 )• Xn order to got * olear under* 

standing of the opposing theories en th* foundations, Broueor 

maintain* that on* must und*r*tand what w* mean by aecenee aa e 

toolal force, and relet* mathematlos tc It* psychological and 

sociological origins. The wathemetioal attitude, fer Breuwor, 

1* baaed ultimately en aan*t Intuitive reoognitie* ef structur* 

*>ln tc the early man'* recognition cf structure in the family or 

in see levy, axth swat let, tt a branoh of calmtlfio thought con­

cerned with the *trtt«tur* of phenomena, ariae* frea wan** intui­

tion cf tin* a* abetratted froa all emotional content and yialda 

the fundanentftl phenomena of mathenatl**! thInkingi the intuition 

of twe-on***** (104). Froa sueh a batlc intuition, thlt school 

(100) A statosjcnt of the lntuitlonitt position by Arend 
Boyting can be found in F, Ooneeth, Hillogophic wathowatlauc. 
•te* Foncenent* des aathsottlque* du point do vuo intuitioanltte" 
ppl T8-T6, 

(101) Ibid., pp. 62*64* 
(102) A pretctttetlon of kannoury'a pot i t ion It given in Loui* 

0* KatttOff, oj>, oit*. Chapter Thirteen, *M*nnoury'* Blgnlflo Point 
of viewt A return to ?tyohologl*n," pp. 198*206, 

(lOt) L, 5. J. Browser's inaugural address at the 'Jnlvoraity of 
Amsterdam in 1912 announcing the lntuitlonitt program hat been re­
printed ea "intttitioniea and formalism," Bulletin of the Amerlccn 
Mstheaatl—1 teoioty. 20(1913), pp* 81-96. iJee also Arnold Dresden, 
"Brouwor'* Contribution* to tho foundation* of Matheoatl**," 3ull*tln 
*f the Aeerioon B%th*w»tio*lj8o»loty* 50(198*), pp, 81*40. 

(104) Mix Block. o£. °**** up* 188*169 and p. 188• See alto 
Bvorott X* Wauler, Srouweiian ^hllocephy ef *ntheaatlea," Baripta 
Bethatatl**. 7(1*40), pp. 60*78. 
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Claim* tc develop net merely the nuaberc one and two and all the 

natural number*| but, by a modification and repeated application 

of thi* sane method, i t propose* to derive all other legitimate 

mathematlcel *ntltl*«, 

Hence, for Brouwer, the origin of sa thematic* ia directly 

connected with the psychological intuition of two-oneness, while 

mathematical existence 1* coincident with constructlbll'ty, and 

mathematical truth i* likewiee assured by constructibllity In a 

finite number of step*. 3rouw*r would not adrait that a aero proof 

of freedoa from contradiction give* the statu* of existence to a 

mathemetleal concept or theorem. Brouwer was led, by the logical 

ooncoquenec* of hi* theory to deny the validity ef the tortlum non 

datur. or principle of excluded middle, though not in the generally 

e*o«ptod understanding of the logical principle Iteelf* 3apha*i*ing, 

frea hi* s itlook, th* inability of aothomatiolan* to give a rule where­

by the necessary oon*tru«tlon of proposed mathematioal entities oan 

be carried out, uo conclude* that there are nathematioal theorem* which 
* J • 

epperently oan be neither proved not disproved. Thus . e denies the 

eolvabillty of all mathematical problem* (105). 
t 

(108) "So the dispute between Browser end store orthodox philoso­
pher* with reepeet to the validity of the tertlun non datty i* seen 
to be one a* to the nature of n«theaatlcal existence rather then as 
tc the validity of th* logical principle*•*3rouwer. Indeed, 1* not 
denying the tertian BOB ooiwr in th* generally accepted Interpret** 
tion of that logical principle, but rather emphaalting that «xi«t*aoo 
ia sathaaatlec i* tjo*ota/nouc with c<m**tru*tlbllity, and that tho truth, 
and Indeed slgnlfloonee, of *cth*natloal theorem* 1* conditional on 
th* possibility *f constructing tho eotltlee which occur in their 
ferawlatl**." tax Black, oe, ajj|*, p. 196. 
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In the larger view of vis phllotophy, Brouwor holds that 

mathenatlea I* equivalent to all oxaot and iroois* formulation 

of thought and of Itaelf bear* no necessary relation to experience. 

In this regard, 3rouwer indloates hi* indebtedness to Kant (106), 

For though Browser rejected Kant's notion of Intuitive space, 

he retained his teaching that time is a -ure Intuition riven o 

priori* Likewise, his denial of the principle of the excluded 

middle appears to be little more than a reinterpretation of Want's 

Insistence on the necessity of constructing mathematioal oonoepts. 

Browser's Insistence of the lodependence of mathematics (intuitive 

Matheaatloe) from a** thomet leal speech (its symbol lo expression) 

Indicates his leaning towards Kantian Ideelismi for mathematical 

speeoh or lenjruage, no says. Is merely needed for communication 

and f*r nan's memory (107), 

T* lurtwiahytlelan* 

rofessional philosopher*, generally regarding mathematlc* as 

th* ?o*t certain and yet the moat diffieult of sciences, have, as rule, 

left untouched the vastness of modern Mathematical research and specula­

tion. Thocc who have not partaken In an outright professionally hilo-

•o?hlo«l *tudy cf math teat ice, ranerally view It, as did Kant, a* un-

lap—Chabl* evidence of man1* ability to achieve certainty, and generally 

(108) Ibid., pp. 197-191, In Fhllo*ophi* etthwaatlqu*, F, Conacth 
*ugg*oto that Bvevwer'* view* hold a atronger kinship to Splnosa than to 
Raatf *ee ** 48. 

(107) Abrehaa A* Fraenkel, "The Seoent Controvertlet about the Founda­
tion* of aathenati**,* wpe 84*80* 
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•peaking, phll*a+*h*r* a***pt *tat*ments froa mathematicians without 

cr i t ic ism, Oth*ra, *f o*ur**, adept an extrene, aribi-inatrematlsal 

at t i tude, tewever, th* nuaber ef r h i l ' s c h e r * t«rrrsontat4ve cf a 

properly metaphyalaal view on the nature of rmtVewaties in the reeent 

pact ia suff ic ient ly large to dwarf the •opposed iro-'nenee ef any 

one thinker, Coneeeuently, * broad elect if lo* Von of -hlloeevhieal 

•peculation en nethcaatie* wi l l b* adopted at s'owing directl-nt 

towarde sooetloiaa, ideal I sa, anti-Intellectual Ian on-' n final -roup 

of di*tln*t and divers* tendeneiea. 

Though not frequently cor cpenly advocate!, seepM i* 1 tm, as a 

phileaophi*al explanatlen of natheomtloal science, has I ts r^dern 

as well as i t s ancient defenders. Being a ^ropossl wV«h R->-»«»re 

In various disguises, i t etn reecrally " * *—Tr laed »t *rw*+.*.rr *the 

poss ib i l i ty of mathematlot at a toiente eencorred with r*al V^rjr 

and aa affirming that tho perfectlac ef mathematle* is but a r* fined 

derivative of sense impression* ( lCt) . ^thematic* , *r this v*.ew, 

I* frequently viewed as a mere lanruage or i faeU*" Instra^n*: "r 

research (109), as dealing with no specific subject matter 0.10), 

or a* being reducible • '.o the abetraot '-n t* If^er selenoe* f i l l ) . 

Theories which -*., have a surface aa *'jt of* Ileal4-**. ,r loglolen, 
, ) 

•' '•• • ' — ^ - ^ W O W l I • * •' " * — * W » ^ — ^ 

(188) C,-A. Laisant, U ^thoaat iqio' **hllo*opr.lc. ^n**lrnetrent, 
deuxleme edit ion, revue •t 'oorrigoo, ?*aris • authier-Viilars, 19071 in 
tho n?refeee", Laisant yrepe*** that th* Mathematical sciences arc ex­
perimental, p . 12 | *ee alto l - r i s >•'', Kattsoff, op, e l t , . Chapter Fi-re, 
"?*•*>. '* BaplKee-poetulational definition of nwnherT*' pp, 4*-49. 

(189) Thlt rVcmt te be the -view ef Kratt U*chj tee hi t The Science of 
tochenlc*! A Critical and Hutcrlc Account ef l t c £evc^eomen|7~tr«n*T*^*a' 
frea the Ceivain by T. J* Cemeek, f i f th edit ion. La Baliet <-©*n Court, 1846, 

(110) Thi* view 1* generally advanced by theee who over-emphasise the 
formal character of athematieal reasoning, 

(111) Xa same way, sc i ent i s t s and eocnelo?lct* generally incline to 
thlt "physlosl" view of nathematles. 
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or which lay undue ewnhaal* on lorle r̂ tvou-ht (112), often lead, 

hv the princifle af the Intcrreductlen cf error, to e *o*ptio*l 

view nf taatbcaaticcl tcle*ee, 
e *• 

3cth in hit La rroblemc de 1'abstraction and ia l^ldco de no* 

cesslte, Jean Lapert* ably preaenta the *oe?tleel positive* la th* 

latter work, he undcrtakee an analysis of the property ef hypothotioo-

deduotivt noeeesity attributed te mntheaatiee by such men as oerrus, 

^rtrand Kuttsll, Pierre Boutroux, Louie Couturat, Cevallle*, and of 

':he current prope**!* by formalist* and l*giel*i*ta that matheaatleal 

dcronatrctlon is couivalea* to construct i«n (lid)* Since both prone-

sals , be point* out, ultimately maintain that noeeesity In mntheaatiee 

and it* rode of deuenetrntier. are due ultimately to nere mental con­

ventions of some sort, necessity In natheaetl** 1* but * pseude-idee 

ard retijematic* itself, omn. hardly be viewed as e genuine science (114), 

To oouutaraot these views, he <-rope*** that whet.ha* ordiaarly been 

termed the prooots of abstraotion be viewed a* reducible tc mere ten* 

denotes or sentiments regarding the reel. Theee subjective continent* 

have some ras«tablajtee or analogy te the reelf and, though net yielding 

speoulative knowledge, enable ut to deal ^ith the real, existing tentiblo 

(112) oerecl Boll and Jeoque* J*4nbert, Lc* *topoa de la lorlguc. 
Paris i ?re**oe %lvcr*itaira*, 1944| *e* Chap It re U , -"L •unite do lo 
science," (pp, 117*128), where the authora view logic cc the vriaerdUl 
science, and natbeaatict aa a,plied logic, 

(113) Joan Icccrtc* *'ld** do neooceite^ :*rlai Crosses uhiveraltalrec, 
1941* .In the introduction (p*xi), Laportc elala* thet there are but two 
type* of rational neoottltyi the flrat, beted on oxletenee, 1* oauaal or 
phytlcal, while Sko tssnnd, eased on ee**noe, i* ideal or login* eathometloal. 
In part an* ho oencludec, with lalebrencae and Suae, that caueel necessity 
meet bo abandoned* Part two, op* 76-144, contain* a •unwary of current view* 
on the nature of oenecurttetien and aeoeecity in eetbeaatiee, and on tho first 
prlnotaloe cf legio. 

Old) i i i d . , "Conclusion," pp. 149-186. 
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world (U6 )• 

An undue stress on tht creative u i l i t y of the mind Is por­

trayed b y e group ef philoeopher* v}w are el-her outright iuCalirta 

or whoa* bacio tenet* and final philosophical decisions aro un-

mletakehiy acrked by an inclination in th i s direction. roicnont 

emonr ti.ece L* Leon -runachviog 116), who hat done such commendable 

work ea the philosophy o* aetlieaatios, '-f .jii.ortat.ee e^ual ',i. thai. 

of BruBS*hvief, u i l * IJeyersoi-'s acute a*.aly«is of ncienoe, Ms sound 

oriticiem of tho history of . wthenatios anl soienoe, '-><•' pucitivirm, 

and of the Dhileaophieal tenet* >roj-.o*«d by .c iantist* i s , unloj-tuna-

t e l y , tinged with a vesture c: idaaZLsa (117;. Ihs t ul..u;xts.ioian 

end philcecpher -ermeun oyl , who pr*»*er.tiy Velds vC intuit'..or..sa 

en the foundation* of >Nath«matiea, i s an outstanding .jxr.nple of th* 

delight* of netaphyale* presented froja the retheuatioal '< '.*'.? J l w . 

A speolcl group under idealism ic t}.a,t of loglolsm as a broader view, 

oonorising a number <*>: »; inkers for when lo^io i s both an art cf 

rceconing and a theory of real i ty , as »Oan Cavalries and ", ionseth (119)j 

for othera the f ie ld of *oi*aoe aril thought ia largely solf-orea'.ed, 

and matbeaatle* Is presented as Vir*.* \a science ef pure creation "ay 

(116) "La oeose* ahstrnlt* demeure conflnee aux alentours lu reel f 
e l l e ne word nas eur lul* - H e rone aide a le mauler} e l l e ne nou* 
l e fa i t pa* oorJlaitre,' , Joan Uporte , *• trcblen* de 1'abstraction, 
frees** ' te ivcv l ta lre* , K<40, p, 1«9, 

( l l * ) For a shnrt ttudy of arena ohviag;, too A. . , Sertillan,-;**, > 
Christiar<wae at lea rhiloso}'hot,_ deux tones, deuxlenc eJ' t ion, r'arlst 
Aublcr, ir^ii,' tome «euxi*ne, op", 48B-604* 

(117) Tlioaa* R* •folly, gsylanatlon and Reality 1^ the j U l o s o j ^ _ f 
Smile weyercon, Frlnoetoni r r inoe tenInver t I ty * rose,"1587, "p. "ill", 

u TOM) See, for «***»1*. Weyl't The 0**n acrid, Ch»Pt*r m , "Infinity." 
(119) F, Goncoth ha* •Jcwn a oon-*nu*d int*r**t in the -hiloaarhy >f 

mathematics and :>as proposed a theory on the foundations or mathenatloa rrhleh 
ht ca l lc ldeonittwt *oe hi* Qu'ect-ce (»* la loglguot. 'ar ls i Memann & die , 
1987. 

http://jii.ortat.ee
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the nind (120). 

Anti-intellectual1st theories, which are widespread today, are 

aimilar in their denial of an Intellectual truth-content to matheaatloal 

aa to a l l ec lcnt i f lo knowledge. »y olnnlng the va l id i ty of a l l a e e n t l f l c 

knowledge on actlonery, affective or volit ional baaoa, theae theories 

must be regerded ee being l i t t l e e l se than cornelleatod expressions of 

scepticism with regard te the attainment of speculative science. **the-

sa t l ea , in theee view*, i t regarded a* being merely cyaboll* (121), or 

i t is subsumed nader a pragaatl* (122), an Inst r* mental l e t (128), or a 

fhcmocenologioal attitude (124)* 

In the final group of thocc who "are devoted themtelvet to speculation* 

on ?eth*«atlo* In the total view of philoeophy are those who, while remaining 

within the traditional sobriety of rhlloeephy I tee l f , :>avc attempted t e 

ectabliah a speoulative rapport between aetaphyclo* and mathomaticc. Among 

mathematician*, for exampl*, * large nuaber five evidence :f a sound 

philosophical attitude on the nature, function and teaching of mathematics. 

Aseng sc ient i s t* , th* view of Jean Uaujat and », ft, Thompson, and th* view* 

of *u*h professional philosophers as Jasques Karltain, Vincent dward Smith, 

Thomas Greenwood, Robert Feye, Harold •<, Smart, Oocreld do* i.aur!»rs, louls 

<'• Xettsoff and fcsex Black are indiactive ef a thoughtful consideration of the 

(120) for a recent axc-rle of this view, •»• F.S.C. Korthro;>'s fho Logic 
of the ?clenc»t and the Tfunonltlos* (N*w Yorkr The iaomillan Company, 1947J| 
' reface an f Chapter Xtt. 

(121) Alfred -^rtybsfci, 0£. o i t . , *oo'r H I , Art T i l l , "Cn tne Structure 
cf tathomatlos," 

(12*) William James, fhc r-lnclples of Psychology, two volumes, London» 
Uaomlllan and Ccirrany, 1901, volume two, ""pp, 662-*69, 

(128) See letner's Introduction to Inte 11 ig*nco J^n_thc_^oJer?> -•'orldi 
JchnJ>ew»y't 'Tillrsophy (edited, and with an Introduction by ^oae^BaTTcr, 
Row Torkt The KoTom Library, 1989), 

(124) Werner Srook, An Introduction to Co»tc*jpojyry German hilosophy, 
Cambridge: The Onlvertity Preet, 1935, "HutterlT" pp, '16-20, " 
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many nr-bl«r:B 1lac2o.«*d s y present mathematioal re»earc"i, and 

pel \ townrls 'ho ~ni»r "Hty of cstabllehfnr a sreoula*:'ve harncny 

Vir^sm : *>*•& hysloo <i:H ntat'esatics. 
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PAW III THF KATTJKt CV VATn*aATICAL AH3TBACTI0B 

Chapter Till, The Distinction of Speoulative Sciences, 

The preceding historical sketch ergue* for the oxictenee of two 

antithetical tendencies in phllotephleti views of matheactloc and it* 

petition in the wider dentin cf tolencc (l), Cf frequent ocourrenoe and 

popular today, the njonltt view ef ideelietle mathoa*tiol*a argue* for the 

generic and «p*elfi* identity cf speculative science end the legality of 

but one science, meth***tlos (2), Resurrecting tho anelent Pythagoroan-

?letonle outlook, the tradition of Cuaa, Kepler and Oeceertec became a 

powerful Influence in speculation and fathered many attempts at a*thometleal 

aonlsa (8), By ow*rcapha«itlng th* role end freedom ef the mind in mathe­

matical science which recognise* no intermediary stage* between the mathe­

matically true or false', this view engender* an abeoluto demand — une­

quivocally certain and exact knowledge or none — and a reductionist 

(1) "** find, accordingly, that idealists have tended wore and more 
to regard all mathematics as Healing with rrore appearance, while empiricists 
have held everything matheaatleal to be artrroximatlon to eome exact truth 
about which they had nothing to tell us," 3ertrand Russell, The Principles 
of *athoa*tl*«. p. 4. ->..7i 

(2) '"The whole .hiloeophy of Descartes was virtually contained In that 
initial decision, for the I think, hence I am 1* th* fir*t principle f 
Oetocrtot* philosophy, but It Is his fledge to matheaatieal evideno* that 
led aetcarte* to the X think. Thlt, t aa afraid, waa on* of those lnitlol 
dooltlont, which begot tysiea* of philosophy where everything lc eenclu*lv*ly 
jCttificd, *xo*pt tholr very principle* If we need * phll***phy whose 
certitude It tqual to that ef mathe*ati*s, *«r first prlaclplc will have 
to be the I thlnkt but do w* naad such * *hlle**nhy7 And •uppoalng wo do, 
can we hav* it? in other word*, *r* •*• *ure th*t overything that ij» 
it tusocptibl* of a nathematioally evident interpretctlenf Th* ancwer, 
of course, it arbitrary, Tou hav* a full right to bet on the affirmative, 
but It It gambling, and if by anyohanae you heueea to bo wrong, you will 
be playing a losing game from beginning to end, Everything will be mathe-
aatleaily proved In your philoeophy, **ve only thi*, that everything can, 
and mu*t b*, aathemttleally r»rev*d." £tlenn* Cilson, The Unity of Philoso­
phical Kxperienco, pp. 182-133. ~ 

(6) Ibid.. Port Two, "The Cartesian Baperlt 
*"—" 'xant," pp. 126-223. Gilson 

points out how Cartesian mathematioism was sucoeeded by the physicism of 
Kant and the sooiologism of Comte. 
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pragma •» all seieneee nuct *onf*ra te mathematioal rigor, how, 

Impatient is th* thought of Flat*, etoartea, aplaota and Lelbnlt 

tc brand all matters of speculative thought with the deductive 

character of mnthematlc*, with its certainty, clarity and abatractacss. 

Once en initial prepoeltien 1* found as a point of departure, their 

reesenlng, like an Infinite series, eontinue* precipitately In tho 

unilateral direction of cheer deduction (i), with regard te rethematlc* 

Itself, ld**ll*n apparently hold* that the wind, severed from ell de­

pendence er relevance tc sen** dat* or the world, generate* matheaatleal 

naturae in virginal fashion (8), When pressed for ar ultimate response 

concerning the origin of nathenaticel entitles, the Idoa'lct oan only 

have reccurac to Innate Idea*, intuitlonc or other inexplicable ultinetes (c). 

The empiricist trend which issue* finally in scepticism and notarialism 

and of which Bebbes, /fun* and son* contemporarlot ar* typioal, hat not 

boon a* often uphold, laying undue ttrett on the element of sensation whloh 

occur* in nethematlec end In all science, this sceptical view cndaagera er 

- N * . 

'•* <4) Boreld K 2wcrt, The Philosophical Presuppositions cf Mathematical 
JwtjBVji pp« 6*B* 

{9) *It l c the m*re*t truism, evident »« once tc unsophisticated 
cbeerrmticn, that math star! t t 1* t huaan Invention," *,*. fridtxen. The 
Lorlo of cedern Physic** Bow Torkt The taoaiilan45 Company, 1829, o,"1SS. 
"Today methematics l* unbound| i t has o**t off i t s ehalna. Bhabever i t s 
essence, we roocgnlto It to be as troo aa the mind, a* prcheuelle ac 
tho ImegLnAtion* Ho»-Eu*llde*n gttattry Is proof that mathematics, un­
like tho tnujic ef the ••Here*, Is nan'* own handiwork, subject only to 
tho limltatleno tateeed by the law* of thcuftj*,* tdward Keener and Jams* 
Bcoaan, n*th*watlea and tha Imaeinatlop. Bow Torkt Hwm and 2*hu*t*r, 
1940# *# W T ~ 

(6) for a bri*f analyols of matheaatl**!, ideallem sec C, r. tt, Joed, 
juid*t* h*dera Thought. London• F*bor 4 Fabor, 1988, testion Ti, 
"Jueilty eeaeelvod ee mental er sp ir i tua l / pp, 94*1001 cr A. cerni ccrnelluc 
3*sjamln, en. e l t* . pp, 448-481, 
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donlec the abstract character of mathematioal reasoning. An earthy 

philosophy. It usually undertake* a piecemeal analysis of ldeaa, 

aladng tc reduce then te nere impressions. Loath to grant the marks 

of universality, necessity and stability to huaan knowledge! it lc 

slow to credit nan's abstractive efforts In nathoaatlc* with any 

exaotnoM or precision (7). A one-sided and disjointed explanation 

cf matheaatioal selenoe result** huaan nature 1* conceived a* a 

sponge or blank wall upon which Impression* somehow impinge, leaving 

traeec termed ideas. The existenoe of mind or Its active Importance In 

forming, retaining and refining Mathematical concept* 1* denied (8), 

In roeponoo to questioning, the sceptic may merely repeat his opening 

position, "All 1 know Is sensation," or "All Idea* arc but eeples of 

lapre**!***}," er huaely and Apologetically aver that nan can know little. 

Apparently proficiency in mathoxetio* Is of such a nature that tho 

matheaatlelaa who philosophises seems to be easy prey to the extreme* 

ef ideal lea or materialism (9). A* will be pointed out below, mathematios 

Tf) Th* logical positivists apparently deny any relation between mathe­
matics and reality* "Tor the peeltlviett, m*them*tl** it a branoh of logic, ani 
logic 1* merely * language, all of whoae statement* ar* tautologies. In so far 
ac mathenotle* 1* * language, it 1* • construct of symbols formed by the ia* 
T M*£fl* o r '0cV*** Purpose of preterrlng hit empirical data." leult c>, Tattaoff, 
flsjt sBf/s P* **c* 

18) for example. In The Logical Syntax of Language. (Sew „ Torki Bareourt, 
lireeeend Company, 1987), fiudolf Carnap maintain*. »*et»p**yslcal philoeophy 
trio* to go beyond the enplrl«al scientific queetlont of a domain of soienoe 
and to ask questi*at concerning the nature of the bbjeot* of the itwtMa* Thocc 
questions wo held te bo pseudo-questlent." p. 331. The formalist view of tho 
neture of ncthcattltt eeemt tc point to a sceptical or nominalist attitude| 
sec J* Jdrgenccn, Tr**tl»* of formal Lorlo,. volua* three, p.86, Copenhagen t 1981 

19) "nut if the entitle* of which th*universe la on * naively realistic 
«w *umecsod to eonsistt *ub«tanoc and spaoe-tlne, turn out tc be aatheaatlcal, —J, „_«___^„ _ ^^^ w w ^™™«.™^™. 

tea* u'ec^wtely'res^lvablc'into foraulae, andif to b*~natheaa-
tleel 18 to be mental, mere will be lap lied by the various tt*tementt atserting 
tat aathoaatlcal nature of tolags than that the ualverae 1* de**rlbable in term 



166 

i 

Is an abatvoet ••l*n**t It may consider concepts In their very state 

ef abttracticn with a queal-lndlfferenee to *hoir ultimate origin 

from sensctlon or their voapplInability to reality. Consequently the 

diet1action ef •*etheaati**l frea lerloal and vetarhycical concept* 

1* vreeice and delleat*, neklng it ea*y fe**lhe «ind'f*ll into idealise 

and identify then* On th* other hand, mathematical concepts retain a 

trace of their origin from *en*e data and are greatly d<r\endent on 4,he 

inaginatlon, hence any application to the r«*l wnrid which assumes the 

exlstene* of a real mathematical trior is reoossarUy materialist} and 

mathematlelsa oan, as in the case of Hobbec, lead :.o brut* Materialism. 

While it Is proper to develop matheaatleal soienoe an J to apply 

it wherever *e*sihl*f while it Is ef speculative Import to study and 

discern it* relation to metaphysics, chemistry anJ the numerous selenoes. 

Ideallea supports an erroneous extreme in maintaining that all science* 

are raathoaatl**, lust as dees materialism in considering the universe 

mathematical i* essence. Such statements, often east oft as speculative 

•earl* of wiedoa, hove n* meaning (10), Bo *en It a dally-bread ma-

theoatiolan or sclent1st| the same mathematician who nay write that Cod 

la a r*thamatlal*n, or the scientist who nelntain* In a l*Cturo-environment 

that a tabl* te a whirlpool of electrr-nt, complaint that "is elootronie 

coffee It oeld er dlst**t*fu1. The whole of 11f* an? the life of thought 

1* neater and richer than -^sthematlo*. 

(lo) In commenting on Book; tl of Aristotle's Metaphytics. Saint 
Thome* Aeuina* point* out how custom and training oan Influence a man*a 
attitude te trutht "Here he show* how !n the consideration of truth 
men aceept it In varlou* way*, *aying that son* do not accept what 1* 
•aid te thoa except it be jut In a mathematical rntmmr. Indeed, <lu* to 
euctan, thi* attitude le characteristic of those *r o were nourished on 
mathematics." In II Metanhycloorum. Loot, 7, n. 334, 
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The profcoltlen contrasted to Idealism and •.at*riali«m that 

th*r* i t a plural i ty of science^— however the dist inction between 

than i s *p**lfl*d — appears in some form in Aristot le , the med-

ieval schoolmen, Locke, Berkeley, «ant end reny contemporarlo* ( l l ) . 

Concerned at th*y were with the inroads made by isethomatlos and science 

and ita cnoroachaeatt on the va l id i ty of other view* of the \mlvcr*e, 

theae thinker* aimed to place matheaetio* within the wider domain of 

speculative and practical soienoe. To this iur-oee, they Investigated 

the nature, condition* and nethed* of knowledge In general and in 

particular, v-oting to establish a correspondence between the unity 

ef mult ipl ic i ty in the universe with thet of a number of I l t t inot 

eeleneee, tony oontouporary philosophers, eathenatlclint and t c i e e t l t t * 

exhibit a l ike concern toward* substantiating the authenticity and 

l e g a l i t y of different branch©* of knowledge, corroborating. In th i s 

way, tho cogency of different viewpoint* on real i ty Cl2). 

It i c thi* larger view of things, then, with which the pretent 

chapter ia concerned* By placing mathematlos In It* proper place 

( l l ) for a sketch of suoh theories, see J, Arthur Thomson, In­
troduction to Science, leneent "11Han* 4 Bergat*, 1811, Chapter i t , 
"Classification of the Selenoe*," pp, 82-124» but Thomson ooneludcs 
(pp, 128*4) th*t i t i c e mere wetter «f 41sCu*ci«*) whether cclenoe 
1* one or manifold. Sec also A, Cronelius Benjamin, An Introduction 
to the rhllosoony of •elonoe. (theater ATXXX, "The Classification of toe 
Science*, r pp. 399*417, or~3*an "ourastle. Bote sur la. philosophic do* 
OOlcaeoa* ParUi Fr**J09 «niv*r*italrc», 1948, 

J l l ) Thi* aop**r* to b« th* trend of the phllo*ophor*eelentl*t£, as 
Bddingten, J*one, whitehead, rlanek and others| and of the philosopher-
mathematiolams a* «eyl , Btese l l , foiaeare. for an inclusive study cf thi* 
typ*, see Jean Oaujat, L>Oeuvre de l^XjtteUlecno* en ^ M u t y Perlat 
tVosSos •Jniveraitalre*, 1946| tee a lee L* »» Beacon* The "onaln of Batural 
Bclewco, Ceabrldgot Th* Oniveraity I rest , 1928, Chapter I , ^Introduction," 
pp. 1-28| and Chapter XIX, "Batural Science and Gen*rel Thourht," pp, 
462-477. 
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within th* domain of knowledge end thut •hewing that, in cowaen with 

nil talon***, it *rl**s through th* m*nt*l act 1en cf abstraction from 

sen** data, th* theory *f a plurality of •elenoee which Is here pre-

acecd validate* the existence ef different tcienecc etch with itt own 

principle*, •ueetlen* and method*, unified by m*t*phy*l««, Matheaa-

tlcc, In this view, occupies e unique position| it ha* itt own fitness 

1* the range ef hunan kcewlodg* and a singular pertinence in w*n'* 

etucy of reality. The validity of thlt enquiry, however, takes into 

ooocunt the'truth thet the unity* cf hunan nature erltc* frea a twofold 

priaelple, *eul and wetter. This netaphyelcel dualism, one* poorly 

undorctocd end rcjeotod by Beeoartcc end by many today, alone give* 

proper osRduMtt* to th* germ of truth' eontalned in th* «t*>lriel*tv* 

•stjdiasia on eoa*etlon and the idealist's Strait en mind. True philoso­

phy tekoe into aotutait thing* •* they arc, letting ita thought of reality 

be neaturod by tho real I tie* about which It thinkt and roatont in math** 

matioc, philosophy and in all knowledge (ll), 

Knowledge in general 

Tho question hove proposed on th* nature of mathematical abstraction can 

only be satisfactorily answered when It is viewed as part cf a more eom-

pteacaciv* preblea, the nature ef knowledge In seaeral. Tor, In erdcr tc 

J JiCtJPfMi' * n W J i a " 

(Iff eer an **m**v and patient study of the funetion of philoeophy 
in deal lag with the problaa* ef reality Ineluelvc cf the questions pro­
posed ey ocnt*apor*ry toi*nee and mtthematlot t«* Jacques Bhritaln. The 
Seevey ef fa^ndso* Part One, Th* Oegree* of Bational Knowledge, ^~ 
pr>. 87-801, 
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point tut how pure aathaaeeies 1* » speculative science which originates 

from the mental action of formal abatracticn from thing*, it it neccttary, 

first, to, show th* ralatlcn of all soientifle knowledge te pre-eoientifio 

knowledge by reviewing the nature < f knowledge in general and pointing 

out that both actual and habitual scienee is but. a more perfect pocsesslon 

ef knowledge, T C * the meaning of the elusive term "selenoe" let been 

resolved in this way (14), th* manner of distinguishing speculative free 

practical science and the dittlnetloa of thre* specific type* of *peoula-

tiv* **ioac* — m*taphy*ic*l« matheaatleal and phyaloal science — can 

be more readily eatertained (18), 

Xn th* larger eojaprahomtloa cf knowledge. It it apparent that not 

only aolontlat* or philocopherc posses* tru* knowledge, but «v*ry man 

who enjoy* th* us* of reason po*t*se* son* truth and it abl* to enuneiat* 

fonothlag true as signifying the interior cjuaUty of ©cmtiderttien, end 

reflection (16)* When we commonly assert that a man shows something — 

» 1 tim i m»o»' " i i 

(14) Xt i* generally admitted that tha word science is currently 
used with different meaning*, for a summary amalyele of five current 
theories on the nature --f science and of philosophy, ••• A* Cornelius 
Btejaxdh. op, alt*, op. 8-40* 

( i s ) The fundamental tenets on whloh the above Inquiry rest*, that 
ef the truth at huaan knowledgo, the unity of human nature and the dla-
tlaotlae of faculties in men, though they l ie beyond the coop* of this 
inquiry, *r*" preposition* without which one oensot phtleccahi** tnd 
attain truth* Th* hittcrital reasons for denying th*** truth* ar*. tumraa-
rited in varlou* pl*o**f for example, «•* %ti*noc 11son. The fruity of 
Phll**cphleA, PgpflrlTTti Chapter IX, "The Breakdown of feodern Philosophy," 
pp, 277*801, and Chapter XXI, "The Batura and %lty cf ?hlio*ephl*al ' 
%tn*rl*aC4," rp, 508-827, 

(18) Aristotle, hotaphycte*, 998* 80 - Bfif* 14. *or an analysis 
of tKc nature of pr**tclcnti.fi* knowl*dg* and i t t relation to *oi*nee and 

rhilosophy, tec *. % Kane, "Introduction tc Philoeophy,' The Thoalst. 
(1989), pp. 198-SIX. 

http://cnti.fi*
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as when we helplessly say "I oan do nothing ure ylth >iraj ha know* 

what he Is dclng" — w* attribute a oentent of son* klnl to *nat 

person which i% d ist inct ly his and 1s ilrootlve <\* his actions. 

All our dealings with our fellow r«n assume that this oontont re­

s ides , in some way, within hlmj for whether we wake tho professor 

of astronomy at nl^ht to question him about the stare or ro >se some 

doctor or r.oohanle for profess-'oral purposes, H« are confident thet 

t v e i r ordinary and technical knowledge is rert of thoir makeup. 

"hnt a l l knowledge, whether pre-so1*nt\fie or so lent i f lo , speculative 

or . rus t i ca l , sense r Intel lectual , i s habitual to a person Is a matter 

f common belief and a foundation for social orf-anlsatlon and action (17). 

The knowledge which a nan holds within him is the union of ' i s 

power to know with what Is knowablo In thingsj It is his ttental possession 

of the truth about things of a l l sortsj numbers, waves, rotors, hrrses, symbols 

and the whole of extra-mental rea l i ty , Philosophers, In this correction, 

™a>e» the eaoential nature of knowledge clear when they say that the essence 

of an aotual aot of knowledge l i e s in the Identification of the Intel lect 

with tho thing known (18), The nan who la asked to bespeak for us his 

(17) Alan J. fceSweeney, ?hc ^ o i a l <ol* of Truth, Washingtoni The 
Catholic Iniverslty of American *re«s, 1943, •>, 187-146, Or sec William 
A, '5rrlard, "• ' - I lo ->Irion, Jetermlniem, and Free BUI," The Thomlst, 
9(l"46), p;.. 172-165. 

(16/ "*hc iftosv general idea jf knowledge is that of t.v- extension 
of a hcing, or rather -f the to-be cf th* J r . w r , he,-red Itre l f , In 
order to knew, one xu*': somehow become anttheri for to knew Is te be 
another, i t is a sort cf ra-t1oipafcion if. '-he to-be or another, r ?t 
in*s:moh as this other, tr* objeot, Is an indlvl!u*] , «-riatlajr ' l s t lnct 
and separata fro!; the knowing S"bJeot, b'it inecsuch ns '»-« sv^jeet by 
knowing becomes in she intentional order *»d l ives the idct , th* r e s l l t y , 
whloh It the object," ^en -1 wmard, "The *'r«.blom of knowledge in Ccnoral," 
The «ed#rn teheelaaa, 24(1946), p. 1, 
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knowledge cf radluw Is ptyeholorirta'ly awnre of the v-mirl^e ho 

possesses ard cf how S« triers f •• 4nv- •illflb"'* notes nf V->o rature 

and properties •->** radium so that he oan r re sent t'.om as '-(-In,- in 

one to one oorras-pondenoe with 'that. V-loh 'no knows of return i t t t l f . 

Here, of jo'sree, as In a l l human matters, V'.* >iff©rcn<5«a between 

net anl their possession of truth -cy bo strikingly livcrsoj the 

knowledge which an expert has achieved i s vastly superior and 

more perfect than that of a *"yro, f h i l e heredity, narly education 

and environment, Individual talent*, the nature and di f f icul ty of 

th* obj**t* we a i s to know and various r*yeholoHct»l f*otc>rs h*lp 

part ia l ly In accounting for the** difference* ( l ° ) . 

True philoeophy has always argued with ideal lets tnd sceptic* 

and maintained that our wind* know tMnr* and not nerely impression* 

• r id*** of things. Were we to hold seriouslv that we do not know 

thins* and that we knew ueuvht but our nwn images, *>-en everything 

w* nereeived would be truef In th i s case mar. would be the v-waaure 

ef a l l thing* »nd th*lr f i r s t principle, a:*l ^oorates' ancient enarl 

• t Tretarcra* for his theory of knowledge wo Id applyi "J wonder that 

he did not begin h i t book on Truth with a declaration that a p i g , , , 

which has •cassation is the measure nf a l l thirds (20)," It has been t i e 
* — m a t m M i ... 

(19) A thorough and studied explanation cf the reasons for these llffe-
r*u**S *en be found in Leo h. Bond, Tha Effoot of Bodily Temperament on 
Peychieal Characteristic*," Th* Thoaist, 1C(1047), py„ 418-501, eni 11(1948), 
pp. *fcl04. 

(80) I am ©harmed with his dootrlne, that what ap-ears i* to each one, 
but I wonder that >-e did *-ot b*gin his book on Truth with a declcratlon that a 
plf or eeg*feced bakecn, or torn* other yet stranger monster which ha* sentatlon 
l* th* ataaure of all things...For If truth It only tcntatlon, and no wan oan 
discern another** f••lings better then he, or has any superior riajht to deter­
mine wheth*r hi* opinion is true or false, but each, as *w have several timet 
recocted, It tc Miwtlf tht tole judge, «nd everything that he judges it true 
tad right, why, ay friend theuld Fretatogra* be preferred to the place of wis­
dom and Instruction, and deserve to be well paid, and we poor ignoramuacc hav* 
to go to hia, if each one 1* th* «*aeur* of hi* own wildcat T'lato, The Olaloru 
of. ppm 168*164* 8ee cite «alnt Thomet Aeulaaa, Burma Thaolorjc*, *,. 85, art, 2 
c,| and, by the same author, Xn II *%t*phy*loorum, 't»ct."5. n, '2224, 
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phlleaophl* sport *f ldeftllsa and toeptloita, through en erroncou* 

analysis ef th* judgment and thraugh their neglect of cither nind 

or reality In explaining kuowledse, to deny the existence ef true 

knowledge Conformable to thin**, thus leaving • see-saw effect in the 

Metcry cf -Mleeephy (21). 

Since all Intellectual kncwledge i t . In come way, an Identification 

ef thet which knew* with th* thins, known and th* hunan rind ha* tru* 

knowledge of thin?*, an waastallabiy n*«*atary condition for pro*eclentiflo 

er scientific knowledge i s immateriality (22), «hen X say "I know to-

beeee* er "I am a connoisseur ef wines" X d« net mean that.1 have peppered 

my wind with tebaooe er drowned i t in wine, but X do moan that ay judgment 

of what eaeh ef theee thing* 1* and which I hftld In an intellectual manner 

within.jae -e^Jtbe nature and e*s*ncc of each — has a real, objective counter-

pert in tobeeoo or la wine. Similarly, when X chide a ctudent at an ia-

•erreot *n*w*r or refuse te rive hie * pa**ing mark for an inept definition 

ef e function, 1 do net merely e**une that he ha* not aemoriacd the 

4ofinltl*a hut, more tpeelfleally, that h* has not aa*iailated that which 

1* kttowabi*, tnewlodfe a* embodied in judgment i* tha* a quality whloh 

dClincat** and socoiflec the huaan mind-with the knowahlo being of real, 

v 
extra-mental beingi the kncwable'nature, Quantity, quelitice and ore-pert les 
of tbinr* iamtaoently exist within th* mind, and a relatien of tlailltud* 

(21) for * abort cketoh of the cpcocltiea between idealisa and 
•eeptUlen, see F*ul Ja«*t 4 CeJorlol 8*alllwa,i A »l*tory of the Problem* of 
Phlloeochy. tranelated by Ada Konahan, edited by natarj eeces, Tel, IX, 
Chapter IT, "Th* Elation* B*tw**» Slnd and Matter," pp, 214*842, 

(22) Maurice a* Boll©way, "Abstraction from hatter in Human Cognition 
According to 8t , Thoa**," the Mcdarn Schoolman, 23(1946), rp. 120-150, 
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between thes* rotes as known by the nind and as ext t tont ia l ly 

resident In thing*, obtains (n3). 

la*at*rl*l ity, th* condition of a l l lnt*ll*ott al cnowlcd/e. It 

ot however Immediately *tt*lnable by the human nind whloh Is bound 

to matter *nd must act through nan1* sentcry makeup| nor is removal 

frow matter, wMch Is the necessary sropcrty of Man's * rKwledra, 

Immediately given to the mind from thing* as they exist in exis tent ia l 

concretion (24). 'erce we find that in the actions of acquiring and 

perfecting knowledge, man's mind exercises the complex combination of 

mental actions which are traditionally familiar as simple a- prehension, 

judgment and reasoning (26), It i s t h r e s h the exeroise of these three 

actions of his mind that snn beeves the knower, subsuming the rich e x t e n t 

(23) "This becoming another without losing one's own Ini ividuallty 
may seem an Implicit denial af the 'principle of contradiction. In ^>oint 
of fact , however, t'.cre Is no suoh denial hero for the slstple reason 
thet the *»ne knowing becomes the object in the order of intention (tho 
Intentional order) while remaining what he Is — -en — In the order of 
nature, ^ow the ord*r of 4nt*rtlcn i s the order of th* mind, the order 
of* knowledge, and, for aan, i s the crder of lamaterlal representation. 
Consequently, to the end thet the *ubjcot may beeom* the object in th* 
order of Intention whil* remaining t t t e l f In the order of nature, i t 
i t necessary that the corporal object be received not physloally. as 
i t exl*t* in real ;ty, >>ut Intentional ly* that 1* by ™oan« of an imma­
ter ia l representation in the *u¥j*ct," Henri ftenard, CD. o i t . . r . 6. 

(24) •Showleige and sensation arc divided to correspond with the 
r e a l i t i e s , potential knowledge tnd tentation answering to po ten t ia l i t i e s , 
aotual V'-wlei^e and sensation t c ac tua l i t i e s . Within the soul the 
facult ies of knowledge and sensation ar* potential ly these objeotc, 
the one what 1* Vnowahle, tht other what i s sensible . They must be 
• lth*r th* thing* th*a**lve* or their form*. Th* former altornctlv* 
i t of source Impossible It It not the ttont which i t ^resent in the 
soul but i t t fora." Arit tot le , On %he 3 0 U i . 451b 84.80* 

(28 J Ceorgc .^*rry 0*T**le, "Truth It In tht Judjrmtnt," The »ew 
Schelatt laltn. 17(1943), pp. 1*18. 
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ef thlngo onto hiacclf and acquiring an iamaterlal counterpart; 

within hi* ndnd, ef the truth about thiagt (86), 

Tnreu*> the eld of taternal and extereal ccn*ory power*, m*n*s 

•and lo eblo to effect***** • llaleou with reality in the ph*a*a*a 

throufjh wench th* thing 1* preferred te tho nind and, on the heel* 

ef which, the mind realise* for iteelf the kaatexetllty in the thing (27). 

This eateatlea of tho roquUlt* Immateriality 1* ini t ia l ly achieved 

through slsole anereheneica* *Cr, although th* truth or fa ls i ty of 

haatn knowledge reel dee la judgaaat* which are mental pr*a**at—cat* 

ee the roay eKlateaeoef thing*, sluele appr***aotea is tho fir*t 

aetualltetlsa of the adad*a petemtialtty to knew (88). la eehleving 

Immateriality threoth thla eo*al*tt *«yeh*l*Rl*nl action, men'* aiad 

1* concerned sftroly with the tinpl* naturea ef thing* *• they ar* 

srooonlod through the aunillary lxetery of tho sateraal and internal 

<28)v Mast thinker* rcoosniao the feet that the huaan mind ha* an 
unlimited petcatiolity to knowf this seem* to be the meaning of the 
phreee ef aernan woyi, for aaaapl*, in The Open World («ow Havent Talc 
Cbiverslty ?rooo, 1984), "th* infinite 1* *ocecslblc to the mind In­
to ! t i vol y la the fera of th* field of possibilities open into inf ini ty . . . 
P« 68, 

(27) In tht Summa Theologloa (q* 84, art. Til, c . ) . Saint Thomas 
Aqulna* •hoes that man's *«n*ory~faeulties are required for aoqulrlng 
aaao4*d*o end fee vtlllalag knowledge elready pe**otted, 

(88) However they nay have terminated their roaeonlng en this 
question, philosopher* have reoegniscd th*t th* prcblea of huaan knowledge 
ultimately rest* on tw* pivotal questionst l ) Is truth * conformity of 
nind t* thlngT *nd 8) X* what operation ef the nind does truth reside? 
A decision on either ef theae questions Implicates * decision on the 
n*Jw**| for *a*aple, i f truth 1* eald to be conformity of mind to thing, 
then i t auet bo decided in what aetc of the aiad this conformity occurs. 
tooetlelsa Stent tc answer that thera 1* no nind, but that wan, being 
actoly reeoptlve, achieves some kind of eonferaltyi ideoliaa seem* to 
lodge tho wltimct* truth ef huaan knowledge in the cot* of simple 
cpprchcnoicn In which tho mind creates ' r produce* idea*. Tor a state-
eaat of the cedlan solution to this question, see Ceroid 3. heIan, 
"Terua 8eeultur *••• aerua," Mediaeval Studies. 1(1939), pp. U-22 | see 
*!•* taint Thoa** Aquino*, Qfc. o i t . . q. 85. art. 2, o. 



176 

sensory power*. Th* wind loos not cn>sl'!rr that. w. W. which a single 

nature smy be joined} it rather prescinds from spatio-temporal 

oharacttrictlos. 9y giving iuo attention and cons;deration, it weroly 

a; prehends or perceives the nature of tne thing present to the mind. 

Tor example, if 1 were to -. resent t&s. odd-shaped, covered object to 

my claas, t ey wculd sserely, in simple ar>r>r<*h«'.,.clon, parcelve it aa 

a "thinp"j *fter removing Its cover, fchey would perceive a clook, 

face, -.-.•r mlnuto-^and — dependent, â song other factors, on whither 

they direct t* air attention and consideration, 'aoh of these -rental 

actions 'a a simple atisure by my mind of a nature, of that which the 

t*'ing la. It \9 a universal concept abstracted from the particular 

thin?, which, though*/ It raay be joined with other thlngc in reality, 

is eatable of beir,<- separately considered and conceived by the mind. 

Sumrearlly, *hen, though the tNlng itself is the point of departure 

In my pursuit ~f Vnowledg*, the pirst terminal oint whloh I achieve 

ie the Immaterial similitude that the mind has thus forzaod unto itself (2^), 

leaving once acquired, through slwple apprehension, oonoepts vhlch 

are mental presentation* of she natures ->r things, th«t rln'. is able 

tc enunciate a .ludgment by which It possesses U,c truth of things or 

dlsoern* their falsity (SO). In this act of mental composition or 

(29) for a (rood explanation of this relation of mind to be'ng, see 
tienno H I son, L* Thoai*m** Deuxieme Partial La Mature, Chap It re T U , 
•Connaissanee et verlte," pp. 318-881* 

(80) "In fact. It Is our judgment* alone tv>at are oapable of being 
tru* or f*l*«, >r*cpt* and eonocptc, on tho other hand, can never he 
fala*. Th*ir function 1* simply tc reprccent — to make mentally ^resent 
whet lo really present." Oeerge harry 0»Toolo, op* elt., pp. 1-2. 
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dlvialcm, the aiad affirm* or denies the correspondence of what 

la within the mind tc what la true of thine* themselves. For 

camaplc, having once shewn to no some object which X cm told lc 

e clock, end having eppreh*ad*d it* nature, I am able in the future 

to make « taisaoat afflralng or denying th* nature <"f cleok ac X 

understand It of any object shown to me, Xt la, therefore, in the 

action of judging end the mental act of reeeenlng which ultimately 

iesue* in <udt***nt*, that the truth of human knowledge Hot. Thu* 

both clwplc arerehencien and reasoning ar* only related to truth 

tc the extent that I make a mental or opokCm afflrmal or denial 

concerning extra.weutal reality in the .fudgaeat (81)« 

•• Thrr ,•-h -ry fcr^nentt, then, my *ental knowledge identifies 

i tee l f with what' 1* true or fal** In thing* th*a**lveo, end 1* *x* 

hicltod a* having or lacking *uoh oenfornity. If X aa taking a 

ccuree in electrical meecurement* and f*l**ly judge the pooltlvo te 

be the negative pel* clth dlaattreee remits , «r i f • m*«h*nlo 

judge* th»t my autemobll* will not function properly hoeauee i t 

lack* o i l , or i f I state that th* spa** of our experience 1* curved — 

X am making mentel pronoenoewente and deoi*i*nc whloh cither have an 
t- t- • u 
exect oe*artereart in thinrc and are tsao, or lack this counterpart 

«-

and are fal**e 

„ „ ^ 
'*"' tel) "To say ef Viet i* th*t tt'is not, or of what is not that , 

lt-1s, i* fal**, while to sty of what to that it la, and ef what ia not 
that It it net, it tract *o that He wh* tays if anything that it 1*. 
or that it It not, will Say either what it true or what 1* false,,,* 
dricwHla, "ctaphytlo*, 1011° 26-29, lee also Oorald ), : helan, eg, oit 
pp, lTeec, 
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>jt a l l Viirjnentt, V.vv:-h - v - y nay be t-'»*, a— -.nt qur.lKird 

by the tame ^er.ree rf rerMtr.l* ,-r f«rmr«»s8, »*1 i t ^ tMs ".riable 

relation to t - ; th as io-ibtfully, -robnbly >r necessarily true which 

the find **ey rossest that •»lf,fer*"~*Ut*s hrmn kn-vr\* '»e l-.t^ the 

trr "arge c lssses rf yresei -nMfWiny ard ^r sc ient i f i ca l ly true 

Judgments (S2' , ?cr example, a n*c>a*l<* is i-ncrant or >i- h'^ul 

of why -..y autor. bi le ?o^s not f<«oMr>n w ên b<* arrives In a-twer 

te my oall for assistance) ).* -flay, V—«=vw, ; a e a large number of 

possible judgments «^at Ms experience ••••lis 11" ray -r-bably a?plyi 

after I hare informed him cf what «eo»»r-e.i, r* -a" f inally and cer­

ta in ly judge that the automobile laeVs " s a l i n e or sore other necessary 

•loKont, The sane ranee of 'he plausible and -v«« c«rt«<n, *He oon-

tlnrent and recessary, hol^s f^r ctuer '-"•noMrnl affa rs , ss I t does 

fir speculative science I t se l f . * way truly ,yH-e that certain 

reactions can be «x^ la.lr.nl 't J> suppose l'-st !:'-ht exv.i':'ve a wave-

UVe motion, while a ^or-'ssMe-like net'on my - lain "'hers end o 

quantum .Ji1-^y*nt •Hll explain rnrr nr tr»st ^baervacle nhenc!T»na (53). 

(82) T-e distinction cf ere**cl*ntlfl* and sc ient i f ic knowledge and 
the v a l i d i t y C t -e former 1s fradually bein.t recognised, See for example, 
the interesting remarks red* by George >o lo (Volume rl« The lew* of 
Thought la uoorgo Boole's Collected Logloal Work*, edited by r. r . B. 
Jourdain, ChioagoT t-en Court, 1940), on this nature t.f selenoe, pp. 
414-44S. ''r see Ohwi*t*k's concern with d seer eating the dlotinctien 
between tv-e»e two tyt>ee ef knowledge, ani lc oonbettinr the oxoesslvo 
claim* ef a d outlet* in Aee* Chwi*t*k, The Limit* of Science. Chapter 1, 
"Intrecnetlon," op, 1-28 and Chapter II* "The l imi t* <->f Sound iieeeen," 
pe | 24-88. 4sU* heyetwoa't tendencies In thlc regard are well known| 
eee for exa-^le *•*« a r t i c l e , "Ie sens eorwur v^rt - t - i l !a CcnnalcsancoT" 
Jevu* le thta^hyelou* et de Moral*. 80(1928), np, 13-21, and * i l c Meyereon, 
identity and .ea. l l ty. Chapter « , Coweon Sense." 

ill) Thomas Greenwood, Tralotcncnc* a la Theorie doc Quanta. Ottawai 
U * Edition* do l 'unlvorstto d*^tt**a, 1948, Sectl*n VTI, "Connaissanoe ct 
Oaueellte /Tr/slques," pp, 48-81* 

http://la.lr.nl
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Xn all these case* I am maklnr true judgment*j their difference 

lie* in th* decree ef eertainty and extent of erplloablllty to 

r**l effects, baring a* it* lower bound perplexity, uncertainty 

or cheer doubt, an! for itc uyper bound tho absolute certitude, 

necessity snd demonstrebillty of eel one* iteelf (Si). 

Xt *c imoortant, then, in any Philosophical view of scienee, 

to ocncldcr that the realn of rre-eoientifie knowledge is an area 

In which truth has been attained and is attainable and likewise 

that auch ef what is frequently paraded as certain Is later seen 

to be merely oonjeet'iral or probable. The distinguishing feature*. 

In fact, of scientific knowledge are ltc comprehension of a universal 

necessity in nature Itaelf, and a consequent certitude and firmness 

of adherence to a judgment on the part cf the mind ltselfh, X* it not, 

ia fact, true, thet a man ususlly progresses through various stages 

before ho aequlrea scientific knowledge (86)t Our senses are the 

principles froa which knowledge originates| through the acquisItion of 

(34) The failure te reoognic* the distinction of -re-sol ont1fie 
and scientific knowledge and the consequent inability to distinguish 
th* neture of certainty end truth Is found in meny writers on the 
phllceophioel aspects of natheaatles and science. The various stages 
way be outlined ac follow*! th* judghent* of pre-**lent*fie knowledge 
may go from doubt through suspicion art probability to the oorteiaty of 
science. Xn all the** oases except doubt, the mind een wake true judg-
a*atc. Truth, on the other hand, formally considered a* *uoh, does not admit 
of degreeei however. It can be cald to bo -ore perfect a* knowing an object 
eoapletely or In plotexcel faahlen, «r by the firimes• to whloh the mind 
accent* tc the true judsnwarc. for an account of the llkenotses and dlfforenccc 
of precedentifie and aoientifie knowledge, see '. R, ""rcr-aan, f»ci»noo and 
Oceana $fatc, Chapttr I, ^introduction," pp. 1-8 and Chapter J I,wCession Sense 
*nd ecioaco. pp. 9-18. 

(88) it is perhap* a petulant remark to recall that many writers forgot 
or neglect the psychological origins of soienoe from extra-mental reality, 
through the aid of peronta, tcaohera and various other influences, m this 
connectlea see Tlnoent Borr, How *o Influence 0*0 Anothert The • sychology 
of Social Interaction. Milwaukee1 3ruce ubllthing S^mpany, 1945, Chapter 
IT, w5coial Learning," pp, 80-81, 
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experience, art, and th* aid of memory, a nan advance* toward* th* 

g*al of scientific poc****Vtn of truth (M). 

This vast realm of pre-*oi*nUfio knowledge or imperfect 

possession of truth i t preojtublatory and propedeutic to that of 

science and arrange* Itself in a hierarchical order (87). Estimation, 

th* lowvat ,typ*. It the relation of the mind to truth usually associated 

with poetry which emphasises th* apjp**! to the sense* or the delights 

•f regular noveeenta, and Is merely representative of truth i tself . 

The mind i t not overly concerned with the truth or falsity of that 

about whloh the poet ting*, but 1* pl***«d to ftccept end enjoy the., 

inagos and Ideas whloh arc *ngg**t*d* The mind 1* more d*flnlt*ly 

related to truth la tho ttatt of doubt, for It has begun tc ruainat* 

and reaaon shout possible judgments, though i t actually cahreces none 

ef thee for tack *f evlcenee. Rhetoric, be It thet ef the aathtattielan, 

orator, politician er fitted, st ir* the ndnd end Incline* i t to aeoept 

one, rather than another port of a oontradlotlon and breed* a state of 

tded o*U*d *wcpi*l«a of truth. The fourth imperfect relation tc truth 

by which the ntad charters it* way toward* science 1* th* state of 

•pinion, belief or prekoJbllltyV Actually adopting one part of a con-

tradlotery, the ndnd yet fear* i t nap be la error and run* b**k and 

forth in eegitctlv* fashion, •coking for truth in the matter concerned. 

(t«) Ariatotl*, Metaphylo*. 0COb 22-1*83* 22, 
(87) Arlatotlo, rectorlor Analytic*. 71* 1-71° 6j 
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The source* of opinion or belief tre probable proposltlcnt 

which'ere true in the nott octet, generally accepted, or which toea 

to bo generally aaoeoted but are not really suoh (38), Probability 

la lnveatltjeted la e dentin of reaioning whloh philosophers call 

-4aleetlc*(B9)f it Is In this realm that, cumulatively speaking, 

eeamea puello opinion 1* forced on matters of >o 11 tics and prudenoe, 

advert l*e*aot cf manufactured products molds opinion, and popularised 

infrrmetlc* ce aathonatioal and tclcntiflc matters 1* presented (40), 

•J (84) Tho history of all th* so lone es 1* illustrative of how oon-
jcoturcc and generalitationt of a hlr,h degree of probability and 
•ntspiahUlty ia Ckplcinlng a nuabor of effect* were helpful in further­
ing knowledge or In achieving solontlfio oertltudc, ^ven the progress 
of colcnee today ic auch assisted by hypothec**, conjecture* and 
{.;.;,r.jiai,..:'-t, See, for example, Hr wlllisa Cecil Dampier, oo* oit.. 
Oasater T, "Hia*teenth*0entury Physios," pp, 217*888. Thlc same point 
is brought out strikingly in Thomas Greenwood, 'rclegomcnc a le Theorie 
*» **&b r***1** 

(82) Th* term is used here as denominating that part of logle, 
frequently neglected, concerned with the method of reasoning frea 
probable prope*ition* which are based on oommen knowledge, the use of 
Induction and hypothec*** All science, in it* progress, uses dialectical 
aaterlel which it may later disoord or revamp into a mure accurate 
approximation, for an explanation and llluetratlon of the tern quit* 
eloee te itt uteg* here, •«* Mortimer J, Adler, 31aloetic. Hew Torkt 
Harwnrt, Brae* and Oeapeny, 192T, "Introductory," pp. 1-28. 8, D, 
Carlaioheel'e book. The Logic of :Hsogv*ry* (Chicagoi Open Court: 1980) 
it an *tt*npt in dialectics, as I* also Jaoques Hadamard, Th* Psychology 
of Invention In the ^thematleal Wield. 

K 0 ) T h e question of tho extent to whloh a thoughtful person 
should allow hia**lf t* be Influenced by public opinion is studied 
in "ax tasibawskl, *Tu*li« Opinion and Thoxdctl* Prinoiplos," The **w 
icholastlclta. 19(1948), pp* 188*180. Leon Chalet**: in Th* Ljaits ai 
Science, soundly criticises the erroneous view* whi*h are current today 
and propagated as tclcntiflc truthti pp. 47-62* 
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la tht letter realm of probability, i-oroover, much of the true 

knowledge thet science proposes is to be allooeted. For It 1* being 

more renerally admitted that the truth of rany sclwr.tlfle rropoeal*, 

tSeorie* and conclusion* are not certain science but nrobahly or 

eenjceturally true U l ) , In the hl*t*ry of -nathomMet, for example, 

the s*t*ntlfto dCmonStratica *f th* vathometioal truth of th* celculut 

wet net at all evident te it* inventor*f • ••mparatlvely long neriod 

of time danced, in fact, before the notion* of function, limit and 

nunber had thenselvet beeca* sufficiently clear to ^atba*e.tl*l*a* 

te b* sue**qy*atly utilised in •stebllshlnr the calculus a* iwithoaa* 

t ical ly seientifi* d**trln* (42). Or, as another illustration. It 

oan te nolnted out that * both the theory cf tewton tnd of "in«t*tn 

truly »'fly to th* unlver**t the degree of their evplieeVCR, however, 

ic limited not *e~mu«h by our -atheaatl** a* by our iwoerfeet and hone* 

praveele knowledge'of the nature ef the universe (48). *or, a* will 

be pointed out lcter ea, a 'mathematioal scheme or system is but one' 

way In which the"mathea*tlel*a way conjecture that the continuity 

Of the 'miverae i t erdercd| the amplication if a setnametieel eeheme 

t*r*xtr**^**t*l reality at living or r><n-llving nature discloses, 

*eneec^ewtly, our 1 lasted and merely probable knmrledg* ->f It* actual 

Wl)'°frcho JTreeuesj* utterances made by selentlttt in thit regard, see, 
for exampl**. A, S. Fddin«r*en, The Mature of the ^hysloal *orld. pp. 308-516 
and, by +,h+ teire wither, Th* Philosophy of T^y*l*el Science, p*, 89-105 and 
pactitu »*ny »*ientl*t* however,""expect to find absolute certitude on al l 
wetter* end are le4, a* a oonsaquencc, to apparently sceptical conclusion* 
on natters ef science, for example, • • • th* conclusion in Bcrtrand r*u3soll. 
H*wjan an*wl*drc| It* SCOP* and Limits. 8*w Torkt Sinon end Sehueter, 1948, p. 801 
'" Hot) *oA 8 / toysr's The Concent; of the Calculus excellently Il lustrate. 

calculu*| *eo h{7*remark* In Chapter T i l l , 
W 

« Th* Growth of Idea* from Forly Concept* 
alaon and 8ehu*t*r,~ 1942) Albert Klncieih 

and Leopold Infold illustrate the us* of probability and conjecture in the 
progrett cf ?hy*l**i tht author*, however, frequently represent this rro^ress 
a* duo te e "erection" of the aindi *o*, for example, the concluding 

, pp, 810*818, 
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existence. 

IX. Scientific knowledge 

Chen we consider the domalm of science or perfect knowledge, 

we are no 1eager concerned with a fInstating or uncteble, :ut a 

fire and unshakable •deptlea by the mind of one pert of a contra­

dictory proposition (44). Th* mind no 1 surer ha* fear of error,' 

after much doubt, uncertainty and difficulty, it hae finally 

assimilated the truth of thing** Xho mind now knows that the truth 

of ltc judgment has been demonstrated with unshakable certitude, that 

the judgneat deal* with what U necessarily sueh In extra-mental 

reality and is capable of demonstration (45). If we compare tho 

distinction between the knowledge, say, of a professional mathema­

tician ar.-i a reohenie, e baker and a politician. It ic seen thet each 

la concerned with the things of experience, but each in his own way. 

Here the baker, who might be skilled in his practical art, to maintain 

that democracy is the beet form of government, he would be unable, as 

a rule, to demonstrate thla proposition or to support his assertion vy 

sufficiently scientific roasonsi and a :-.*c>anlo who had a passing, 

popularised acwuaintanec with relativity theory would,no doubt, fail 

en exaalnatien ea the tnathematlos of relativity. Education and personal 

lnitletlv* are two of the many faotor* which aoecntuate the genuine 

(44) Owen Bennett, The Mature of Demonstrative Proof. Washington! 
The Catholic University of America Press, 1948, Chapter II, "The 3eglnnlr>/s 
of Intelleotuel Knowledge," pp. 8-18, 

(48) Arl*t*tl*, otterior Analytics. 72° 5-73* 20. 
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difference between pre-ccicntlfio and soientifle knowledge, and 

which enable us te understand hew science i s worked by a fIra tenure 

• f th* aiad tc the truth i t know* (48), 

The many reede which'lead te colentlfio knowledge aa a oortaln 

and nececcary eornltloe *f what ws hed vaguely known, or as leading 

free th* unknown tc tho known, al l orlginat*, eeeaeeu*ntly, in prior, 

pre-eeieatlfi* knowledge (4T). Science i t acquire I on the basis of 

thlc precognition by * d—sasjtrctlaa of th* oxietenoe ef * thing or of 

* property of the'thing, Whether actually temght u* by another aa a 

body of dootrlne or whether we eureelvec ecquira i t a* • discipline, 

seicacc ari*** from preeomitlon* of varl*u* **rt* ultimately elassl* 

fiable *• threei 1) the complex priatlple* or courooi ef soeonotrotlca, 

8) th* subject of deraoactration, whloh 1* that whloh the demonstration 

concern*, and 8) th* prepertlec we" domonctrete aa true of the cubjeet 

matter under eoncldcratloa (48)* 

The vnorovabl* eeneia* prinoiplec, aoeeleet to coy, may be general 

txiome ceamon to e l l oelentifio endecvor or proper to e certain field 

of Investigation, and their nunber for eclenoo *a aueh or for a particular 

(48) "c* suppeoe ourselves to recce** unqualified scientific kaowledre 
of • thing, et oppoeed to knowing, i t i n th* accidental way in which the 
eoehltft know*, when we think thet we know the cause on which the face 
de^ehdt, • • the oauso of-that fact and of no other, and, further, that 
th* fact oeuld not be ether than i t Is , Row that eeicntifle knowing 1* 
•enadftifttg bf'this tort' la avident — wltne** both those who faleoly 
Oleic i t and thocc who ootuelly pose*** i t , since the foraar merely 
Imagine theaeelve* to be, while the letter, ere also actually, la the 
ctmditiefj decoribed," Arl*tctle, Ibid*. 71* 8*14, 

• (4f) Arittotle, ibid*, Tl* l*Tl* T| cec alae Ow*n eeanett, oo*. e l t* . 
Chapter ITX, "The *W»'**iet*nt Knowledge "eooaaary for the ttenonctrative 
Syllerlaa,* pp, 14-88, 

(48) floor** *. Beokley, Tho nature and ft»lur of aateohvalca- Chapter I . 
The Kature of Science, pp. 1-86. 
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•elen** may be large, frequently, of course, what may bo assumed 

a* a principle early in an investigation, way later be seen either 

to be a fa lse MSumptien or capable of proof (49)* 'Ml© each 

particular scienee haa i ta own prinoiplee, the prineiplet of 

Identity, oontradietioa, tu f f l t i ent reaaon, oeusal l ty , end uni­

formity of nature arc general axiom* (80), 

Kith regard t e the precognition of a proper subject natter for 

a riven •e losee , i t 1* n*mlf**t that no teacher »r student can proceed 

unless , in some way, the eubjeot matter la fpreknown before aetuel 

demonetrapioc (51) . **ra a student of plane geometry to cuectiea the 

oxictene* of point*, l ines or plane*, 2 night aredit hia with Metaphysical 

astutenctt but would likewise endeavor to demonstrate, by definition and 

cor.struction, the existence of a c i rc l e or *quar* whloh fern part of tho 

proper subject matter ef geometry. In physloal scienee, moreover, due 

to the epetio-t**rcor*l existence of the subject, e deaenotretlaa of the 

exletenee of *ubj*ot matter i s frequently lone more immediately by ex* 

perlment, *u*h of physical eclenoo i s , in fact , concerned with eoneo-

(49) far dltouttien en thi* point, see Uerrlc H* Cohen and i-rnee* 
ffegel. An XntieoNetlon^gi* *nd Scientif ic Method. Hew Torki Haraourt, 
9raee and Csap any, 1988, Chapter TU, "The Sature cf a Ug iea l or Matbe-
matioal 8y*tea," pp. 129-188, 

(80) terrl* R* Cohan and r .m, , t Segal, op. e l t . . Chepter I i , "Sea* 
Prcblea* cf logic1" cee e tptc ia l ly pp. 1PI-187, wher* th* author* show 
the bat i s of logical prlnclplcc in •xtra-mentel rea l i ty . See also James 
•Coca eel l iven. An iixaainatlcn of f i r s t Prinoiplos In Thought end doing, 
Washington t Catholl* Qeivoralty I f America rest , 1989| sec Chepter 1 ^ 
(pp. 1-84) tor a study of general principles, and Chapter II (pv, 86-98) 
for pertleular. principle*. 

(51) In Procedures and Metaphysics. Edward *. Strong analyses t^is 
point of view for jeatbematleal domonstrat.on In the "Appendix," pr. 221-246, 
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Immediate demonstration of subjects of demonstration as when I 

show, by varlou* exptrlatn&i, tht existence of atom* or of electrlolty 

to a doubting pupil, 

ri ratty, what I endeavor to do with the subject matter, say, of 

geometry, ia to demonstrate the properties of any of It* eontlnuou* 

quantities, a* of a circle or a triangle. Again, before I oan : ro-

cood te demonstrate properties of equality, similarity or oollinearity 

es renulncly attributable to the subject matter, X must first inform 

th* student what these properties are} only then oan their proper 

Inference in the subject be established (52). 

It ie In this wanner, by acta of scientific demonstration based 

on nrevioue knowledge and combined with Illustrations and vurloua 

imaginative Insights, that science is self-acquired or taught, and 

likewise reaches cut to Inolude the previously unknown. The teaoher of 

mathematical soienoe, for instance, has ruidlng prinoiplos for his 

reasoning preocee whloh enable bin habitually to reason with facility, 

confidence and surety about the existence or non-oxictence of a oountlese 

number of quantitative relation* and prepertl** attributable to continuous 

or discrete quaatitic** Similarly, the existence of a miore*unlvoree ef 

unique, uni-eellular animalt opened for biologist* a new subject setter 

of Investigation whloh ha* grown both in oomplexity and vastus** whil* 

revealing, at th* tame tine, a realm In which much of our knowl*dg* is 

(52) Ibid.. Fp, 242-245, 
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not ac yet se ieat i fU, but oonjeotural, epinlonatlve and probable (58), 

..Conttaueatly, demonstrative eeienoo, cenecrned with principle*, 

•ubjeot matter and properties, ohowe the intimate oonneetodneos of 

scientific to pro**elentifio knowledge end «ea*C both how the habit 

of soienoe is acquired and that i t is cither an individual wonaal 

action or a habit of aind (84), whloh characterises snd differentiates 

some knowledge a* certain, oepable of demonstration and concerned with 

what ie neeeesary and universal in extra-mental reality. i>ur cultural 

belief and intereonmunioatlon sucstaatiate theae eherecterlati** of 

*oleatiflo knowlodgc (68)* It X perform a number of experiments on 

light end publish th* scientifically certain recult* In a treatlce or 

scientific journal, I have no fear that, the univereel and certain know­

ledge contained in my expertstawt sen b* uadoretood and verified, i f account 

is made of varleua cendition* that may exist la different rerte of the world* 

i (88) aaljMtayaer Llll i*, General Ijlcgy and iUloc*nky of Organl*m. 
Chicago: The University of Chicago Tress, 164S| see Chapter I, "living 
and Monlivingt biological Kvelutiem end development," pp. 11*84, snd 
Chapter IX, 'Living and lonliving 3y«teae," pp. 26-50, 

(54) Th* "habit" of. science here refers to an intellectual virtue 
or to whet ic acre commonly but looeoly called the "celentlfic outlook", 
the "aclentlfic habit" or i 'ctprit cqlcntifiouc* Thete current cxprctnlont, 
though vague and un4*c*rmln*d in tholr use, are surely Indicative of some 
internal view,.a*?ect or content enthlSA; man — en intellectual habit or 
virtue as here maintained — which a* man may or deee acaoeat. for example 
see Jean blliac, "i-a position modem* da dceatt ecprlt geoactrlqu*, eecrit 
detfineote," (pp.. 881-888) or osno A»reo, "le natheaatlque, objet de culture 
et outU „de travail," (pp, 288*848) in let grondt oourants de la^fe**** 
nana—tlqu*. presentee* par F. LeUonnaia* For an explanation cKihe ' 
term at Here u**d, tec etiantj* 'il»on,op, e l t ,* a*uxl*a* artie, Ohnyitr* 
Tl, "L1Intellect et la oennaiccanoe r**ionollo,n pp* 191-812* 

(8*1) AM*n,tJ. «c3*o*nsy, o£* oit*. pp. 137~l40e 
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True, 1* ft rtet the acne, ldaatlocl cnperlmemti but the sameness 

and th* Identity of the universality, certainty and neoecsity whic . 

i t contain* ar* the preoertle* of ee ient i f lc knowledge whloh my 

ptrblloatlen purport* t c Caere** cad whloh furnish th* basis for 

h<*t*rl**l study (88). 

The arreeent held* equally well with regard te mathematioal 

scicfiee. Suppose, for *xempl*,'that I publish th* results of a 

propeeltlea'l~. ruaber theory or formulate a nathaaotle*l *y*t*a 

hitherto not Invented* *ere 1 even to u*e words instead of sym­

bolism to ecprcc* ay rethematleally aclentl f io conclusions, a 

contemporary or future <nathenatlolen would be capable of inderstand-

inr the <seanlnr - f my sc ient i f i c effort* and result* (67). A* in 

other eeleneee, l t l * apnarent thet mathematical eeaeeptc are unlvereal, 

have unequivocal certainty, are characterised by neoecsity and are 

capa'-le -f demenctration. Mathematical doctrines. In faot , poetess 

s-reh iniiffer#noe tc rea l i ty , that they do not, a* a rule, provoke 

the heated argument* that coelolegioai or psychological judgment* 

or -royesitions usually ino i tc . 

(88) tHltert J. Oorvcjtkcn, A wuldc to l i toeloal hctliod. Chapter 'v-ree, 
"Certainty in Histery," pp*-70-*J5J Ver a fine discussion on the notions of 
unlvereallty and contlnreney ea eh*raot*ri*tie cf hunan Knowledge, see •'. 
ualbi**, "Oiaeucaitti da rapport ce U* 8uyt*ndjlk," in CaMera d* Philosophic 
do l a nature, publleeo per asay Collin et Poland e l Met , tVt Vues sur la 
Tsycnologle animal*, par Han* Andre, r . - J . - J . 9uytendjik, ueorge haslshauvers, 
Vauriee ifanqeat, Awent-propoc, dieeueelon, note* i*r demy Collin, Poland 
Dalbles, Jaaqamo •hritain, I arls i J , Vrin, 1980, pp* 95-108* 

(87) The use of worde before symbols, for axcapl*, in the **rly history 
at algebra 1* well known t For a «h*rt •ketch see Henry B, f ine . The :w. e r -
8yt*m of Altwhra treated Theoretically end ^ ls tcr ioc l ly , Mew Torkt G. F. 
Steehert * Co., 1947, ?ar+ TI« "Historical"i nr soc John Wesley Toung, 
Lecture* on Fundamental ' noepts of Algebra and Geometry, "«otos The Growth 
of Algebraic Symbolism," b> -'. Q. kl tehol l , pp. 22P-259, "or a more oomprehenslvi 
preeentatlon, see F, Cejorl, A History of Mathematical Rotations, two volumes. 
Chicagoi Open Court, 192P-9, Volume I* 
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Based en c difference ef purpoee or principle, h e M t e l 

••lenco 1* commonly leered upon • • being either pure seieroo — 

theoretical or specul st ive — or eppllcd scienee (66) . The 

end for which e men seeks speculative selenoe Is to acquire truth — 

Mathematical, biological , metaphysical or any eorti the purpose 

ef practical knowledge <e sons good to bo achieved, the proper 

functioning ef any aotlon or work outside the mind i t s e l f (69) . 

when e pupil gratpt the notion ef function, number, l imi t , group 

or operator, he hot eequired epeealatlv* mathematical the epplloation 

of theee tr«the to practical problem* and ether selenoes ^enstltues 

applied mathematics. 

Th* principles, or ultimate soirees from which speculative or 

preotical scienee erases <e the second r̂ ean* of distinguishing thorn (60) , 

(86) There ere, of course, msny ourrer.t theories which negate 
the dist inction between speculative (pure) and preotloal (applied) 
eelonce, Posivitlsm, opcratlcnalisa, lnstnmwntellsm snd existen­
tialism are generally alike in denying the existence or val idity 
of speculative knowledge and ompha*lc* ths vol i t ional , sot IT* or 
• f fee t i re aspect in r»n as th* aoiree of -.n wledf,e, ihe two '-ooks 
of Felix Klein, Blcrent»r> Wa them* t i c s from ar. Advanced Standpoint, 
(translated from the t^.ird germar. edition by' r",T," Hod r I ok ard C, A, 
Noble, Voice* If Arithmetic, Algebra, Unalytir, Vow 7orkt Povcr 
Publications, 194*7 sr.d Volume H i "•comotryT^ew Yorki The Maenillan 
Ceaeeny, 1989), ere excellent i l lustration* of ,v.a dlfferoncc between 
pure end applied methaantict, for a reeent phllosophiesl study of the 
dist inct ion between cpeeulvtlve cud preotloal kneol*4gc in general, 
• • • J*an Petrln, Connalesanoa 8pccul*tlvc et Connoissanoe Pratlqoot 
Pondcncnt* de l*ur dlstjjcctlon, Cttawai tea Editions de TT/nTversTt* 
dTi^iiiri***. 

(59) This does not deny the poss ib i l i ty of an ordering or 
oeactruotion within th* mind as a •peeulsiive art which Is done in 
legl* and nothoeetios, ss wi l l oe pelntsd out below, t ee , in this 
connection, Selnt Thona* Aqulnae, P* Vcrjtctc, q, 8, ar t . 8, e . 

(80) Teen l'etrin, o£, e l t . , pp. 29-54. 
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For cocoulctlve knowledge* thing* themselves or extra-mertel 

real i ty era the prineiplet from which, in f inel a a l y s i s , speouletlvc 

soienoe erlcec and by which *t *• meesurcd. The noverwmt os:i oe viewed 

es rolrtg from thir.^ to the windi for tho incipient reaction of non 

on lmpresclone from eblcetc resultc , under proper condltionc, in hie 

coqulring knowledge of whet these things ere . In preotical knowledge, 

on the eontrary, the princlplee ere within the mind e^d the movement 

le from the nind to thingsi in phraseology anelogou* to methewatie*, 

th* mind is noeeurod in speculative coicnec by fixings, while the mind 

ic the measure of thlnge la prectlcel or productive ceiencc (61) . 

Thi* manner of distinguishing thee* two epeoiee of soienoe ic 

reedi ly verified in ma theme t i e s . In the teaching of m*the*ati«* 

at the elenwntery, secondary, eollegc end university l eve le , we 

eorrebcret* th* difference whleh we hold t e exlct between pure and 

applied msthenatlee in the eene fechion thet we de for science in 

general (62 ) , Ac the hietory of science paints out, the application 

or eoplleebU <*y of mathematice to re le t lv l ty , to quantum theory 

end to the aubjoct natter of other seionaes whloh nas resulted in suoh 

eoabluctionel sciences as mathematical physics, physical chemistry, 

nethemetieal biology snd so forth, further validates th* dist inct ion 

(41) Henri Pichette, "Coneidcretion sur quelques prlneipec fon-
dementaux do la doctrine du epeoulatif e t du pratique," Laval Thoo-
loglque e t Phllocophlqoo, 1(1946), pp. 68-8fl. 

(68) There i * , « f **ur**, e tendency in those occupied with the 
preefcieel cppllection of mathemetios te tpeck of phytical geometry or 
ehealeel met hems t ie* • • there ie frequently e tendency to neglect or 
despise the cppllection* of »• themetlcc. For en i l lustrat ion of the 
tone lea between theee two cttltud**, see Pierre Duhem, op, o i t , , 
Chepitre IT, "Les theories *bstrait*s et l e s modelea mdoeniquee"," pp. 
77*81. 
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of pure froa eppllcd scienee ( 0 8 ) . 

Leaving cald*, fer the present, the recln of preotical scienee 

eepeeiel ly ac applicable tc eathot* t i c s (84^we ask whether there I* 

but on* eclenee or wenyt 1* th* truth of things speculatively 

knowabl* i s uniquely different mode* which exhibit themselves as 

•peolf ioal ly dletln«t habits of speeuletlve seieneef This question — 

soienoe ac both e unity end c multipl icity, or how the seme thing 

een be known in different seienoes — requires that both the common 

character cf science snd i t s principle of diversi f iest ion be con­

sidered. The htbit of scienee, while being similar t e pre-seientif io 

knowledge • • * mentel possession by way of identification with tho 

knowabl*. It yet different from pre-et ient i f le kncwledge by being 

easVeal tnd certain knowledge concerned with what 1* universal end 

neeessery in extra-mental rea l i ty , Tc anewer the quection regarding 

tho nsture and distinction of speculative teleneet , then, due 

attention oust be p«ld both to the manner in whloh mac holds sc ient i f i c 

knowledge end te the pert which thlngc thcneelvee play In i t s eoeulslt icn (68) , 

(68) This i s brought out well in E, T. l e l l ' s The Development cf Metha­
ne Uo* , Chapter 14, "The Impulse frea Science," np. 885-548 end Chepter 17, 
"PromMeehenles to Generalised Variables," pp. J44-S66* In the following 
Chepter, "Prom Applloatlone to Abstraction*,* (pp. 886-873), Bell point* 
up the interaction between nethematios and the aoieneoe to *m'oh i t Is 
applied. 

(64) For s fine study of th* sppi'cetion of rwthenetles < o physiow, 
see •lean Deujat, L'oouyre de 1' lntcll igence en physique, espoolally Chapters 
IT tnd T. On the relation of""'«th«.witlos to biology, see 7i. ft. Thompson, 
"olonoo end Couwcn Science, Chepter* 8 and C. 

(88) Thorn** Von Aqulat In klbrun 3octhll de Trlnltetc Questlonec Quints 
et Poxtc, tech dom AutographTkod. Vet. l e t , 9880 a i t ?-'• nle i tuns; here us go i; ebon 
von Peul fycer, •vieeurgi Sooiotd philoeephlquo, 1949| see Cuscstlo V, Art, 1, 
pp. 28-81* All rafer«reo* or quotations from the Coaroontary of Ssint Thorns 
Aquine* on th* Pe Trlnltetc will be teken from this d l t i o n . 
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Th* bstlc condition of a l l knowledge and hence ef science is 

lame or ia l I ty . Unable to know thing* ir. "heir ephemeral subjection 

to the unpredieteble vle i t t i tudes of oheng* *nd notion which typify 

their *ctJ*l «xi*t*n*e, the mind, by dematerialit in. th i r s t , constitutes 

them et sc ient i f i c objectc (6C). Since, moreover, soienoe deals with 

what i s necessarily such in real i ty and not with what Is oontingent or 

aepcblc of being other then i t is,, , immobility or removal from change 

la an additional requirement fa* the Judgments of so ient i f l e knowledge (37) , 

Both requisites* immcterlcilty and immobility or removal from natter 

and motion, are eohieved by the mind In simple apprehension through 

abatracticn from ser.se data er through the second operation of the 

mind in which a Judgment of separation i s pronounced (88) . In simple 

apprehension the mind form* unto i t s e l f * so ient ' f ie oonecpt as formally 

.signifying tho ivre tcr ic l ly and immohilely conceived net ire of e thing, 

while In the Judgment i t indicates separation (69) , Were It not for . 

the fact that sn objective strat i f icat ion in real i ty corresponds t c 

thlc abstractive or ••perctivc cation of the mind, knowledge might 

be considered ideeIlet — e fa ls i f icat ion of rea l i ty , Conecquently, 

la whet follow*,"t censlderttion cf the traction at total or fcruel, 

end of the Judgment of separation, wi l l bo seen t* dleolose * tr iple 

•*aw**wa*** II e a qui' •a*** i mmmmmprnm^m-mm 

(88) Theme* Ten Aqein, ib id . , p . 28. 
(87) L,*8, Orelger, "Abetractica et separation d*apres 2 . Thowec," 

Revue des Science* fhlloccphlquco et Thdolcglouo*. 81(1947).pp. 5-20. 
(4s) fbld., pp, 81*40, 
(09) "**.-D, Retort, "Ls *4tephvalqu*, science dlstinete do tout* 

•utr* dltelpllct philosophlqu* stlon Saint Thomas d'Aquln, "lHvusThowe*," 
24(1947),' pp., 208-228, "~ 

http://ser.se
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di*tin*tl*a of what 1* leant*rial, n*o****ry and immobile in reality 

Itself , and yield three type* of soienoesi physical soienoe arialng 

froa total ahetroetioni mathematical, from formal abstraction| acta-

physical, froa the judgment of separation (TO)* 

Aa tho hietory of acienoo and our own experience assure u*, the 

mind of man la not constantly conaidering reality In a state of scientific 

abstraction, nor dec* the nind readily do to (71). Although Ear is 

eoaetantly being affected in hit ttntory nekeup by ratter and notion of 

a l l atrtt , he is not c*n*tantly exorcising an aotual scientific action 

on theae aaay influence* and sense iaprtttiont} nod, scientist i s constant­

ly engaged ia 1*suing ••iantlflo judgment*• In fact, before achieving 

coleneo, man hoc already arrived at much pre-coientific knowledge through 

the oetloue ef judgmeata and reasoning* on extra-mental realityi inthls 

preoocc ho le stimulated, of course, by book*, conversations and arguments, 

leoturee, hi* own musing* — and any number of extra-frontal impressions. 

The ianobile oeneeptien ar 1 oonald*ratlon of object* neccttary for soientifle 

knowledge Is attained either through a more perfect, sustained and patient 

consideration of reality in simple apprehension in which the mind actually 

(TOJ Thomas Von M^Jo* op. t i t . . Qu*«tlo • , Art. 3, pp. 58-48, Th* 
questlta of the specification of cclcncet outlined above, adheres closely 
te the thought of Saint Those* Aquinas, Tor a similar view, tee L.-v. Kegis, 

. Pic Phlloeephie de 1* nature, and *fcudo ot T?eoh*rch*t Publloot par le 
Col lege 3oainlo»ln d^ttcwa. Cahlar It JiilotophlcTpP. 127-188, Ottawa t 
i»-t* Oelger. le tartlclpation dans la fhilooophic 1c S, Thorn** d'Aquin. Pari si 
4. Trie, 1948, ChapItre XII, "L'etre," pp, 318-841j L,-o* ueiger, "Abstraction 
et separation d'*pre* 3* Thomas," oited above, and «J,-D, %b*rt, oo, p i t . . 
Sons ccntoaperary writer*, following Cajetan and John of St. Thoa**, eeeak of 
three degree* of fermel •bctraotloni for * «r***ntation of thlt view, *oo, for 
ewu^le, Jeeouc* ajurltain. The Degrees of Knowledge. Part One, passim. 

"(Tl)'tnl« pl*a for th* Qlttlnotien of the to lent 1st at actually antra rod 
ia tolontlfle tbttrtctlon or the detail* attendant upon scientific work from 
the sclentlet at a man is frequently lmorod despite It* relevance In re­
cognising e distinction of selenoe from the prc-soicntiflc and science froa 
l i f t* The pert that pr*-*ol«ntiflc knowledge of nethematic* play* In learning 
th* t«l*n** of mathematics la pointed out to some extent, for example. In 
Coclcy, Boll is H, et alj,, Introduction to fothcmatlos, passim, and Pelix 
Klein, op. o i t . . passim. ~ 
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engage* in total or formal abstraction, or through the close, 

tclcntiflc mallaatlon of reality which the mind oan acquire ia 

the separation of n*t*phy*lo*. Confused ooneepte and the probable 

truth of judgment* become dear end fined in the mind in tuch wis* 

that th* scientific judgments made are perfectly conformable to 

reality. Accordingly, steady attention, prolonged eoncideratien and 

a complex oct of psychological factor* — dependent on Individual 

talent* end makeup — are required, aa that the wind -ay form unte 

iteelf a formal signification of th* nature presented to it In tho 

phantasm ani achieve ccientlfle judgments (72). 

Since it is the Indeterminacy end retentlality of natter whloh Is 

the source of change and movement of every type, tne difficulty cf a 

scientific appraisal of thing* invested with mtfeer and subject to 

motion and change lice in this very faoti tho relation of dependence 

or independence whloh things hear to matter for tholr very existence (73). 

A scientific consideration of things show that they oan be considered 

(72) J*cqu*s Meritala, Pjatlnguer near unlr ou les degree du devoir. 
nouvoUe edition, revue et au^mentee, rcrit« Jesolee de ?rouwer et Ale, 
1<*48, Annexe Ii "4 »rop©s du Concept," pp. 789-819* 

(78) This entire question of ma1tor and its relevance for the 
nature -•f mathematical abstraotion has received ocmperdtlrely little 
attention by philosopher* or philosophising mathematicians, osslbly 
because f a biased attitude towards ontolorioal end epistemologloal 
due11em. Basically Aristotelian, th* Hat I ret Ion of the various types 
of matter thet is used here Is *1«* brought out, la varlou* places, by 
Saint Thome* Aquinas t see, for example, Xn VII «et*phylccrua. Lsot« II, 
n, 1601-1536 where He pelat* out its use ia distinguishing speculative 
sciences| tee alto lc H I de Anli-a. Loot* 8, n. 708-717, and Su*ja\ 
ThoolQglca. Cj. 82, art* 1, ad 2* ~ 
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(a) in the science* and philosophy of nature as dependent on mstter 

fer their existence and In order to be known t (b) in mathoa*ti**l 

teienee at dependent en matter for their exlttenec but not in order 

to be krowni (o) in m*taphy*l*al eoienee a* independent of matter 

for existence and In order to be known* 

The flrat scientific study of things in the philoeophy and in tho 

solenoes of nature *s -no wVch 1B based on the intrinsic snd necessary 

relation which thing* hsv* to bo joined to natter for their very exletenoe 

end, accordingly, to bo known. Trial*, the cat with when tho children 

ploy, an elm tree which sheaes th* yard, a huge rastiff whloh frightens 

th* ehlldren out ef tho yard and -ut "f their wits — exist la sensible 

wetter (74), Txtra-a*nt*l reality aa considered under thlc flrat 

tclcntiflc oclnt of view It the reality of aniunle, men, trees, •ho­

wl eels, and existing thing* which arc oenoreted in individual aenslble 

matter| as, for exaarle, the privately peeseesed fur, claw*, flash and 

teeth of a dog. The scientific mind, however, in total abetreotion, 

constitute* theee thlngc a* tcitntlfi* object* by prescinding frea 

their individual traits and forms the universali It abetraot the uni­

versal, potential whole from the parts in whloh the thing exists as 

subject. Thus, te knew scientifically the nature of 1o», I oannot 

(74) The tens **ntlbl* matter 1* her* used es being either In­
dividual er common. Individual eontiblo matter refers to the personal, 
private natter of flesh snd hence which an Individual, axisting substsnoe 
posseateaVln It* aaatlo-taeporal existencef common sensible natter refers 
te the aiad'9 abstracted, unlvereal conception cf individual sensible 
matter at freed by the nind free the determinations of dlaentlont, time, 
end individualising, private qualities. The speculative selenoes of 
total abstraotion abstract froa Individual sensible matter, and judge, 
reason end define In terms of common sensible matter. 
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scientifically consider him without reference to matter at all, 

but the natter in which T seitnti leaHy envision bin is the matter 

common to «H material thinr* a. ! technically known as cow on 

sensible vetterf the dog hat l-rt, fur, olaws, t»*th. r. In the 

sc'.ent.'flo ttudy of tleotrlclty, ll^ht, skin or hydrogen, although 

I use individual instances of these as my point of departure, my 

interest in thete objects is their eotmnon nature, properties and 

accident* as the terminal point of science (75). 

?r> t-rder to have the g**us of selenoe, this flrat '••oint of 

ic-srtura of abstraction — that of fellr.gu!sMr.r things in t'̂ ir 

ecnoreVcn — is requisite. Inasmuch as matter <s the basis of 

r'Mon, oorvcomitant with this abstraction frow matter it the corre­

lative requirement of abetraotIon from particular movement* which 

are featured in the flux and variation of individttal things. That 

wMoh Is subject to change and movement can be what It Is one lnctant, 

and be changed the nexti thut It It required for the attainment of the 

scicrttfic level that natures, ettenecc, common properties — the ne­

cessary and unchanging reason* of that wMeh In Itaelf 1* subject 

to mobility tad contingency — be achieved (7«). %llnquithing, then, 

(78) *ailc Keycrson, Identity and 3ealltya Chapter XII, "Conclusion," 
pp, 884-440* soi»«ee 

178; Though the aaienoe, meaning and natura «f selenoe is dl*put*d, 
it is *oanonly granted that soienoe is concerned with the general, the 
abstract, tnd the universal, Kvcn logical potitivittt allow ttne typt 
of rtxitralitatlon and temporary tynthesl*. for son* r«f*rcnoct tc the 

iSOt 
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the private, personal, individuating oharacteristicB of sensible 

let*-"-, the mind, in total abstraction, considers the universal 

nature wvich it :-ss aetuallsed unto itself rom the ;<hatasm, as 

abstracted frc. the parts in whloh <t is actually ',ht> subject* 

•̂ nee th* mental terminus Is thut achieved for soientifle oonsidei— 

ation, the mind is able te utter scientific judgments bearing on 

extra-mental reality (77). 

All speculative sciences are characterised by the 'irst degree 

of abstracting t'-a universal from particular thinrs whloh Is cnlled 

total abstraction since It abstracts a universal whole — a totun — 

from its subjective parts. .'Mle familiar witv and knowing the Ir-

divi hsal thl^.rs of experience in •'ally life, ran -as no strict soienoe 

of the <""• crete individual thing w?s ic". is Ineffable i mentally and 

verbally the Individual thirr Is, °or science, an unspeakable ard 

vnl^scrlbable heterogeneity (78), Though the mind doos not directly 

of Itself attal" a k".owled!»e of she similar thing In Its concretlcn. 

It fleets on the phantasm or i-im?# supplied >y Its Internal rowers r 

memory and lttaftir.e'ion, ar.-? thus has a reflective \r* :"-lelge of indlvi-i-.-al 

thin?*. If, for example, I ask you if : nu liked the sketch of Naooleon 

Bonaparte which I showed you yesterday, memory an.! Imagination su-^ly 

you with the Image upon which the mind reflect* and reaches .->ut to attain 

(77) The entire psychological process by which the nind Is led to 
scientific judgments Is a pertinent onrt of the growing philoeophy of 
soienoe and philoeophy of mathematics. Pelix Klein, in the two volumes 
of Blom»ntarr Xufchswatlo* from an Advanced Standpoint. Jaequee Hadamard, 
ia his "sychology of Inventl*a In the "Mathematical Field, and Henri ?olnoare, 
** tolonoo erd Hyrctncols* airong others, have concerned themselves with the 
mathematical aspect* of thlc question* 

(78) «. {. Thompson, op* elt.. Chapter III, "The "store of ^clcnoe," 
-T>. 17-27, and rhooa* Creenwood, op. elt., ~r. 49-50* 
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* knowieds'e of the sinrulnr thing* ^he immediate s^nso experience 

of the astronomer at the tclescor.e, for ex*™ le, ennMos him to 

idertify a atari but .is mesne of identification ar« nainly sen­

sory an- his s«nscry faculties fulfill these functions by sup-lyinr 

the neceesar-. imagery, This reflective kir.wleigc Is r>e:.< f'istly 

iiffe.-e.it iroa the knowledge he exhr^Jts ir a lecture ,v the rature 

ani constitution of the stars (79). 

vur kn wledge, then, in this first level o** soionoc and In all 

soienoe, is that of a mind joined with matter and dependent on matter f~<r 

its information about things. The mini deals with universal 

nature*,accident* and properties, and wlt>< suoh general conceptions 

as culture lag, minimum threshold of experience| but, for full and 

complete knowledge (and in order to add to our comprehension of things 

an'i re-enbreoe them In wider and »"ore accurate generalities) we rust, 

as .yen, be ooneemed with the Individual an 1 the singular; in this 

way we oompotisate for the mantel retreat Into abfftractness aril generality 

by a correlative movement towards the singular whloh we aim, ultimately, 

to know as It is (80). 

(70) w_ur mind cannot iireoily ki.-.w the s'ngulari but tho s'r-ular Is 
-llrcotly known by us through the sensitive rowers, whtoh are reo«'J;lv© of 
f-rme froa thinrC In a oorporoal organ* thus our sensitive powers" receive 
those form* under determinate dimensions and In tills wuy leal to the know­
ledge of tho singular material thine;. Sa'nt Thomas Aquinas, Pc Vorltate. 
*> TO, art, 6, c. - — _ — _ — » 

(80) •••Science Is oonecmod with eotwthinr in two ways: in one way 
primarily tnd nrlnclpally and thut science Is founded on the universal reasons 
of which it deals| in another way *v*.Woe f!«al» with some things seoondarilv 
and by a eertalr reflection, ar.vi tl >z 5 b concerns V ^tio *.vir«»s , f v/'i.loh these 
are the "wso-s, inacwioh at it a:plies t e »>*-;veroal "eaaore <*f -articular 
things oven to particular t'lng* by 1he u«lp of tve inferior cowers, fr-r the 
knewer *>a«s the universal reason both as the thing known and as a means of 
knowinr* 1 am able, for example, throurh the unlvereal reason of man, to 
judge about tM* or that »nan. All the universal reasons of tMnrs, I owever, 
are iKmobllet consequently, in this regard, «rary science 4eals with the 
necessary. Some of the thin<?B, however, of which these arc the reason* are 
neoecsary and lmtceblle, end some arc contingent and mobilei in this way there 
ere said to he sclenoes of oontingent and rwblle things." Thomas Von Aquin, 
op. oit,. Quacctlo V, art. 2, ad 4j p. SB, 3eo also Harold r>, Smart, The Logic 
of Science, pp. 80-81. 

http://iiffe.-e.it
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The soienoe* contained under this first degree of total 

abstraction are <*en*rally called yjhysical sciences or the sciences 

and ;M!osophy f mature, and lnolude ^any rartlcular branches — 

physloe, ;V istry renlory, psyc! olory, ethlos, sociology and otrcrs* 

Th'-uph eac*5 >•*« 1 za own Ouesiions, -etho's a-v* -rinctrles, *:hey are 

alike specifically in abstracting from sensible r-attor and nov wont, 

considering reality in terms of comon rratter, ani requirinir, for the 

full realisation of knowledge, the f«lm t«« imnw things ir, their ul­

timate eororetlon. Though nuch of our krowledge In these sclenoes has 

not as yet been crowned with th* eerMtude of scl*"C», our air. in 

knowinr is, evidently, to achieve this perfect certitude. Granting 

the distinction of the ordinary ram's knowledge from highly probable 

judgment* and fron the certain ju-lgments of science, and conceding the 

distinction between th-oe speculative sciences In each of which oertltude 

la attainable, the dialectical movement o" knowledge toward* science and 

the tension and strain whloh frequently arise between the sciences and 

scientist* is readily explicable (Pi)* 

^Mloaophera have ri*htly contender! that in Vl» lowest, yet 

perfect type of scientific knowledge, wo first fiM nan confronted 

witvThe~proper forwal ohAoon of h\« mlndi th© quiddity or nature 

of sensiblo thing* a* r.iron him In siisirle apprehension whoso tnrth 

(61; -nlle *«c.yorneu*c Identity and •aellty is a olose ttudy of this 
intcr-tclentiflo tension and the reletion"of soiontifio to pre-*ciontifi* 
knowledge* 
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is attained in judgaseit* on the very -xlatenee and n*tur* of 

•xtra-mental reality (12). Th* difficulty f cttaininr, knowledge 

of reality in thi* typo ef scientific endeavor was already under­

stood by note who condensed all the** telenoet to tho realm ef 

probability| he waa unable te explain how man could achieve rationality 

from the aultlpl*, irrational movement* end chanre* whl*h character!•• 

thlnjt* In this level ef science. Like oeny * tubtequent thinker, he 

failed to rrasp that here the scientific mind, thouffc faced with 

mobility and materiality, is well able immaterially and lmnobllely 

to ooncelvo end judre of reel It yt and, by reflection on pbantasne, 

compare its true knowledge with thlngc themselvet tnd know the nature 

of mobile boinr, (ee). 

The judgmenta and deflnltlonc of the eoterlg of ceienoot whloh 

lay on this first level of science, arc in term* of common, sensible 

matter. Abstracting from their raatheaatloal formulation, electrioity, 

atoms, nitropen and ckin tissue, if they are sufficiently known to 

man to bo defined, are defined In term* of oomnon matter* Our difficulty 

in deflninr these thinr* lies in the fact that wo may as yet be Ignorant 

or have noraly probable knowledro of their natures, and both the rice 

and the multiplication of sciences on this first level It due te the 

fact that neture, being highly determined and actual, oonta1ns much 

(82) 'Satural thlnr* are known throû -h abstraction from Individual 
matter, thuuî i not throurh oostoleto abstraction from sensible matter. Por 
man is knewi*** composed of flesh and bonest throw-h abstraotion, however, 
from this fi«eh a»d the** bones. Thus It is that act the intellect but 
the senses *r ine^lsetUa directly know singulars." Saint Thonat Aquinas, 
*• I:* •)*..Aa,i,Bi* **•*• •» B« Tld| *e* also ul* 3usae Theolo^ica. I, q. 85, 
art. 5, ad 5, 

(*oT" Thome* Ton Aqula. Oncostlo T, Art. 2, p. 54* 
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thtt man con know. Further, our manner cf kneeing through abatmetion 

add* to the difficultlc* attendant on knowing l*aat*rially and iamebiloly, 

tho** thlnrt whloh *re belnp; subjected t* oeeseless motion ar,'. o!enfe. 

The ultimate justification ~f tho principle* which *r* us*d a* base* 

of demonstration or guiding principles in these sciences, for example, 

the uniformity of nature or the principle of causality, it due to 

metaphysics. Any questioning of the validity of these principle*, 

or any attempt tc validate their use, while a frequent Indulgence 

of scientists in thi* realm, it properly a metaphyalaal view outside 

tho scope of thocc first **l«ftX***A (84)* 

la formal abstraction, th* tocond typ* of tolent if1* *betr*eeien 

proper to matheaatleal scienee, the activity of simp1* *ppr*h*n*lon 

Is uniquely distinct in its point cf termination within tha mind, 

Although alike in Itt pointt of departure or origin, **th*n*tieei 

nature* originate by abstraction froa the data ef •«***, but in a. 

different manner from tho physloal natures of total abatracticn. In 

total abstraction, as,has been seen, th* nind presolnd* prov. th* sin-

rulnr character!sties and concentrates on the universal nature, thu* 

yielding a whole with its subjective, potentially prcdloablc parte, 

tfe the other hand, in mathematical abstraction, wo are asked to consider, 

for exaapl*, a regular polygon or a lino drawn on a blackboard or im-

perfectly realised as the Units of soot physical body. In this neuaal 

(84) 4*0 Tcargo a* *uekley, caj* elt*. pp. 204-210, whore the author 
briefly shew* fake reUtlenehip of metaphysloS to the rertloular sclenoes* 
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action, we neglect in either er both oases, a l l the sense 

q u t l i t l e t , the color, weight, texture of the ob>ot presented 

to us end merely eentlder the order of ttte yarta '-f t ie i^iven 

ebjeett tho order, neatly, which gives the tning s hexagonal, 

droo ler , e l l ipsoidal or ether structure. In this esse the 

mind abstract* f e w free the matter tc whloh i t ie essent ia l ly 

joined in reality and frea whloh i t lc s*ised — through th* 

eld of the cencory powers — end presented by the imaginetie* 

to the nind ( t f ) . 

The termination of thla abatracticn with e wathewatieel 

nature, whether i t to * c i rc l e , a act, a group or a number le 

vaatly different from the f i r c t . In t e t e l cbctraotlon the nind 

i s concerned with a formal repreeentatlon of tho neture of the 

things in formal abatracticn, th* nind prescinds from whet the 

thing 1* — • eiroulcr epplc or queci-oentinuouc piece* of chalk 

foraing a hexagonal figure — and form* s s ignif ication of tho 
.A* 

thing moraly *s indleet lw of th* order of i t s parte ( •«) • 

Th* eolonti f io consideration of the universe in mathemetleal 

eclence, ccnccquently, ic not concerned with the real i ty of plentc, 

horcco and count*!/ bet, by ereseiadlng frea a l l the qvcl l t i** ef 

thee* aatorial object* end foraing e oo*coptu*l s ignif ication of 

them only •* i a *o*e w*y quantified thing*, tho mint forme ea 

•**traeted universe unie i t a e l f . &**ilty, thoa, at the beclc 

(84) Then** Von Again, Qat—tl* Tl, Art, 2 , * , , p . 42 . 
(•4) laid,, QoT*8tio ,̂TnrtT*7 *d o7?. 41, 



202 

and th* meeaure of ny knowledge 1r. speculative mathematical colon**, 

1* rot r e s l i t y *s sueh r it real i ty only ss quentiflcd. The things 

with which -tm thorns'-'os des Is sre dependent on sersible natter te 

exlet but not to be knownt i f anything circular, square, or e l l i p ­

soidal ia to nxist , i t doos so w<th sensible *aat»«r in the ree l , 

extra-mental worldi In anthemstleal sbstrtot'on, however, I prescind 

from sensible natter both as individual end as common. 

I do cot , M(vwaver, rel tnqulsh all reference +1 *«* t*»r in na thomet loo 1 

science. Cuantlty, e inv an teeldent of bodies, eennot exlet or be con-

oelved apart 'rom SOTTO reference to -otter , Jn mathens*ieel abstraction 

I abstract quantified substance. In this ease, *><ugh, substance is 

merely considered as the s b 'cot in which quantity properly end really 

resides in res l l ty — as t ia t i i wh'ch quantity or the order of the parts 

op subcts-ee sre — and *s 'he s ibjeet In which T abstractively consider 

It with the mind, Inasmuch as the f irst level has spoken of sensible 

matter — that i s , rm'-tnr ** -ereeptible to the serses — es individual 

er eomnen, 'he achievement of mathematical abstraotion, not attaining 

oomplete freedom from al l reference to matter as sueh, 's technically 

referred to as in te l l i g ib l e ratter (f"r). Inte l l ig ib le matter, or setter 

(47) In te l l i g ib le wetter refers to cubctanee ce ebctrccted fron a l l 

queUtle* tod meraly af acted by quantityi inecnuch ee we retain quentiflcd 
cubetencc, we rateIn mctter, though Inte l l ig ible matter Is not d irec t ly 
ctts ineble es such toy the senses except through the quel1ties end by 
prescinding from the quelI t les , Inte l l ig ib le ratter 1* Individual or common. 
Individual Inte l l ig ib le setter refert to t ingle instances of substence as 
affected by quantity at v l tat l l sed In the lmtginttlon, for oxemple, three 
coaocntrlc c i rc l e* | eonaon in te l l ig ib le mctter lc the common neture — for 
example, ef concentric c ircle* - - •« known by the mind. The mcthemetteel 
toieneet are concerned with common in te l l i g ib l e setter in Its qualitative 
t tat* of dlotretcnoee or continuity, through the aid of the individuation 
end nult lpl leat ion ef quantified *ub*tan**« in the imagination. See In 
thi* connection, footnote* 78 and 74, above, uCtaphysloel soloneo, a* 
wi l l b* pointed out, abstracts from a l l matter. 
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which lc the prlnoipl* of Indeterminetion tnd pctentiellty t t 

made euMl-lntelligibl* to the nind, i t likewise ndlvlduel or 

•omen. The mind *tt*iaa th* oonmon n*tnra -f tsathemetlosl 

entitles by concept art 1sing from th* 1 ndlvlduel ph*nte*ms ef the 

lragiretiont the multiplies Me* of mathematical netvres <n thlc 

"mstheastlesl universe* it dene by e*tt of the imagination, for 

example, I may esk my elsss to eon aider three ol rales lying en their 

•earn** tangents th* multiplication cf circle* is * task which man 

eehieve* through th* eld cf the iaaginetlon, whll* th* nature of 

tho circle end its definition era limited aerely by this iraglnctlve 

een tent, end hence, in • **n**, at unlimited et tht inaginatlon (>i8). 

Since the mathemetleel unlveree beer* a furtlv* likeness to the 

physi*el unlveree, i t ic lmportsnt to l*y •uphttlt on this notion of 

intelligible sat tor* The fact thet my sbstrsot "knowledge of man lc 

coon tc e true of eeoh sen be* given occsslon to some philosophers end 

sclentlete te conclude thet there 1* s human nature which exist* apart 

free e l l men end in which they sheroi th* Apparent Incongruity of being 

cblc to multiply wethemetleel ieetamee* of olrelet, nudmere and other 

entltice end of b*lng eble qolte succeccfully te spply nethesatlcel 

knowladgo to reclity tea alee led thinkers and mathematlelsns tc 

{ee) I t ehould be pelated out thet th* ebeve explanation docc 
net great that w*th*n*tl*« Is • free ereetlen of the mind or thet the 
lew* at antheaetioel thought era iaposed by th* mind on re*ilty* ln*t**d, 
i t i* here naintelxed that the lew* of matkcaotleel thiaklng era imposed 
an th* nind frea the very aatur* of quentiflcd subs to nee ac given te the 
aiad ee i t abet note from the phentetm* given by th* eer>so from extre-
nssttal reality. A mere detailed exelenetlon on thi* p*lnt is offered 
In th* felltwlng *h*pter. 
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substatstify *n%h**atl**l*»ct**e* and tc speck ef the externality 

of ma thomet 10*1 ralatien* (e*)* Thi* teceulatlvo error oan be 

obvlcted only i f i t ve bora la aiad the* in aathesetleel ebetreetlon 

end judgaente* the *etkea*tl*l*a •eneloore thet wnich i t in reclity — 

substance end'the tooteoat quantity — cot ea i t is in reclity where 

it is *lw*y* jotn*4 te ceneibl* n*tt«r, qualities notion *nd change, 

but cc eb*tr**t*d from reality by o mentel reoevol of the** features! 

tho nethesntlols* ••n*i«er* *u**t**oo eat quantity ia terms of in te l l i ­

gible matter with* the help ef the ftaaglnetlen. hence, though it has 

happened In the peat that aathewetleien* have errceMn identifying the 

iaeglix«tlra*pr***j**04**'of space with it* in tc 111 t i t l e content, i t 

ic oleer that euoh-judgment* seerlag on on*ra«seatal reality ore not 

the proper funettaa Of **e*«l*tlvo a*tha*cti**l ••lenoo • • tuch (*0)« 

kuah of th* recent progJOS* in netkoaatieel eticnee <* cue te the 

prcgreeclvo reel loot lea tact laaglaetlve ontitiec are net to *»* 

Identified with the Intel l igibi l i ty of the quantity ef matheactictf 

just •* much ef the tpOculetlve eonfuclon rotording progr*** 1* du* 

t* • continue* leek in malcretending the neture ef eb*tra«tlca in 

nerthenotles <vl). 

£<.. (3») ^Thi* Js th* aetaphysioal lr»plloatlon of the theory of logician, 
ecpec ic i ly that of tertrend Kuttellt tte Andrd Perbon, Lc Phllotophlo dec 
Mata*t)*ni*uqti Etude tur It legistlqut de Puctcll, public* per fcadolelne 
Le Oraee-Dcrben evee 1* ooTisbor«itlon do Franco is Cho+nlet, Prefeee de 
Pen* Polrlcr, Parlsi Presses I'nivernita'.res, 1.49, •"eisiene Levon, "Le 
Rtsll**e hogique." pp. 177-197. 

(»0) Th* question of applying mathematical principles to other selenoe* 
end eoacequently tc reclity 1*, of ecursc, baced on the fact thet quantified 
subctanee Is abstracted from extra-mental reality and re-eppliec there 
i f da* sesount 1* token of qu*l t i*s , motion snd ohango, 

(21) Cerl 8, Beyer, eg. a l t , , Oh*pt*r VUI, "Conclusion/ pp. 299-409. 
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Govtsin point* of s imilarity end difference between total 

and formal sbstr**tlon wi l l help to atarlfy then. Both typos 

of ebstrootion end the ju4gaontt at the cpocuis lve science* 

developed froa then are ultimately meeeured by rec l i ty ! hewevor, . 
f A ' 

It s the fasdllcr warl4 of thlngc with sounds, colore end tastce , J1 '' 

whos» eeient i f le v mature is u l t iaate ly sought In the phyclcel ceicnoec, 
< * 

snd o i l i t s jut Keen t* ultimst*ly tersdnete there f while in mcthemetics, 

the nature "f the reel worldseely et abetreetlvely eoncidcrod at 

quantified substance i s sought, snd i t* judgment* terminate in the 

imagination (84) , l a both eases, tho ultimate oelnt of deporvero 

for the ebetreetlon peeuller t e each cclcnec Is eemeible metteri 

the point of arrival , however, er the Banner ia which the formal 
J 

object of each soisnoc i s constituted, though alike in being unl- .] .(^ >» 

versal, ia different ineeauch as the mivorool of total contraction 

is e universal whole baced on the composition in real i ty of c whole 

with i t t parts, while that of msthematl** i c th* unlvereal of 

quantified form based on the eeaeesitiom in real i ty of mctter and 

form (03 ) . rurther the proeeee at te te l or formal *b*trection i s 

al ike Inasmuch aa what J a'abstracted »rd considered abstractively 

by the mind, i s real ly joined in rec l i ty: whether I ebstraet the 

nsture of men froa en '^dividual man* er the nature ef c irc le from a 

e l re i lar object, Z am eorsidcrlng things w 4oh ere not so separated 

LfuT Thomas VeaAquia, op, e l t * , Ouccstlc T, Art, 2, pp. 85-66. 
(el l ibid., ceteetlo T, Art,"*7 PP. »*-4i. 
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in rec l i ty , but merely at constituted as so ient l f io objeots. 

Pinslly, there is a differenoo lr the nte l l lg lb11l ty which 

eseh of these Bcienoes y i e lds . The movement of the mind in total 

sbstrsotion is an sscenslon fron the psrtloular to the universal 

and thence to the nore universal, as when the mind proceeds from 

the nature r.f brute end rap to that of animal, j.Mn^ towards what 

i s more general in extension and less in comprehension, A similar 

case i s the progressive generalisation of physical theories, which, 

^Lough capable of ir.cl'idlng more phenomena, contain l e s s i n t e l l i ­

g i b i l i t y snd '-o!TprehenslMllty In thenselves. In total abstraction, 

as s consequence, the farther the mind becomes removed from the 

determination and actuality of extra-mental roe l i ty , the more con­

genial i ty and i n t e l l i g i b i l i t y there is ;'or the s c i e n t i s t . In the 

esse of foriel abstraction, however, the abstracted natures of 

mathematics sre -tore Ir te l l ig ib le to JS in the abstractive s t s t e 

then in their extra-mental existence, for example, the nature 

of a c irc le or an algebraic group ia more knowable to we thar is 

sn extrs-mentsl circular object or some imperfect realisation 

of an algebrelo -.roup (94) , 

The dist inct ion of the movement of the mind *s jetng simply 

apprehensive in *hiob the nind obtains simple quiddities, natures 

(94) Georges Qouligsnd et Joan Peshots, Ls Mcthenttimto et son 
unltdi introduction tux »ioaont* do l»tritiyce eYTT 1* phllcecpnT**" 
des science* deductiv**, svee een^l^'fcre-vlngt^e 1 nq~"?i sure* t Par 1 st 
reyoi , 1947, Troleleme Pcrtie , Ohapitre I I , pp. 280-258, 
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er essence* i c vast ly different from thet which 1* roper to tho 

judgment which directly attain* existence. Since tho mind i t con­

cerned in inetaphycleel raienee with the very being ef thlngc, i t 

no longer abatraeta that which ia joined ac cuch in rea l i ty , for 

that would be equivalent te a separation of tho very existence of 

thing* and the mind would be in error (95). In the judgments of ,. 

metaphyaie* one oan only s*perate that which l c real ly separated j 

ia rea l i ty , as when I e*y a man 1* wet * »aun**ia*jror being la 

net equivalent to non-being| consequently, a*t*phy*lo* 1* more 

properly said to be baaed on a rreeese of separation rather than 

on a rrooeee of abetraotlon ($4). 

The sc i ent i f i c judgtenta of metaphysical eoienoc, then, are 

proueunssawBts en the very texture of real i ty i t s e l f priaari ly 

threerh separation and negation. For example, i t la only by know­

ing the separation af a being from ether beings thet I an abl* to 

dieeem that being i c i similarly, i t i s only by grasping the actual 

division of a thing froa other thicr* and the lack of division in the 

thing I tee l f that I am able to affirm that being ha* unity (97). In 

th* tota l or formal Abstraction of simple Apprehension the mind 1* only 

concerned with a particular aspect ef belncj It abstract* on* thing 

without knowing and considering another to whloh the thing may be joined. 

(84) Thome* Ten Aquln, op. e l t . . Quaoetlo V, Art. 3 , c „ p. 39. 
(M) for * more detailed lonwi nation of the net lone of abstraction 

and separation see «J,-D, Robert, *JD. e l t . . pp* 209-222, or L*-B. Oclrer, 
• " p . l e -40 . 

Saint Thoaa* Aquinas, 0* Vorltato. q. 1, art , 1. 
2ft> «**»# pc« l*-40. 
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and is ooaocrned with judgment* about this particular aspect of 

reality* In m*taphy*i**l science the mind elm* to know th* rory 

existence of thing* and the er»tolorleel texture of reality Itselff 

its initial processes, in consequence, are oonoernod In pronouncing 

on the very separation --f thing* In order tc max* consequent affir-
•I ' 

mat ion* or> the neture of reclity, 

hetephytiec, like all eeleneee, orlginatee ultimately froa 

the teases | the thlngc with which it eonoorns Iteelf by oonetitutlng 

then aa soientifle,objeets, however, being independent of matter in 

tholr •xistenee, ere likewise independent of matter in being conceived, 

known and defined (98). In thi* immaterial manner i know thocc thing* 

which la some oases do exist in matter as substance, being, potentiality 

and actuality, but tc whose essence it is not necessary that they be 

joined to wetter* Furthermore, I am aleo capable by a proeocs of 

negation, receval of imperfections end analogy, to attain tho knowledge 

of Ood, tho ultimate principle -»f all being (99). Kotaphycio* it pro­

perly taid to deal with whatever 1*, inasmuch as :t Itj, or, as Is fre­

quently cald, it dealt with being as such (100). 

The inherent excellence of ractaphysles, then, it duo to the fact 

that it 1* • soientifle attainment of the very being of reality, and that 

(tt) Thoaa* Ten Aquln. op. elt.. Quaestlo 71, Art. 2, c , p. 64, 
to) Told., QiMiectl* TV*Art. 3, *,, pp. 47-TO, *nd Quaestlo VI, 

Art. 4* *,, pp. 74-78, 
(16*)) Oerald 8, "helan, *A koto on the Formal Object of Metaphysics," 

The »cw Scholasticism. 12(1944), pp. 197-201| ••• also Vincent Sdwerd Smith, 
"0a th* 'Sain*;1 of hetephytiec,* The tpw Scholastic!*^ 20(lf>46), HJ* 72-84. 
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i t l« the west perfect manner of knowing of whloh tho huraan mind 

is oa^n-le (101). Inasmuch as It deals with whatever is In any 

manner, rr^tacV/eiet i t not only a soionoe o.ncemed with extra-

wental real i ty as the universe of subttaneo, accidents, aotuallty 

arl '-ot^ntiallty, vut It has a l er l t l - ate ooncer-. with '.he ".<*\n& 

and netv,re c* tb« '.articular sciences ard the relation between 

»oi*r<eesf It 5s, lr. fact, the universal science of whloh IK Inkers 

have lreamed â  I whose Vnowledra i t sought for by rhllosofhising 

sc i en t i s t s an! ^at'.eaAtleians (108). metaphysics offors a wclt-

sanschaung a i l a 1 ebencanschaung that Is only limited by the 

l imits of whatever Is or .>ar. ';ej and, us a corollary to this scien­

t i f i c , doetriral funeMon - - leh It exercises, rtetaphyalot has a 

da'Vnflve and coroll iatory rolr 'sMoh 4 s ort«" spoken of as cpis -

temolofiefcl, the philoso/hy nf science «.r the philosophy of re the­

re t ie* (108). If a r r o lativo thinker, nowever, ona i t s cr i t i ca l 

rarb while denying tl'* existence -f -'©tajx-ysies, Ve thereby places 

hi-.8'-If in the awkwa-- I, contradictory position of denying the rele­

vance ef a view which he himself ha* a looted (104). 

(101) Aristotle, Vctephysios. r2«* R-983* 24, avi 093* 30-f)93b 30. 
(102) "There is a scienee which investigate* be log as belnr and the 

attributes which belong to this is virtue >f i t* own nature. Tow VIJI i s ivt 
the sane as any of the co-called special sciences 1 for none of tl-ese othera 
treats universally cf beinr, as belr^. They cut off a tert cf being and in-
vest lgate t o attribute of th l t parti this i t what the rathematlcal acienooa 
for Instance do," Ibid*, 1005* 2 l -26 | tee alto lfX)5* 26-1005^ 34, passIff. 

(lOt) A.-!«. i l r c t ta , "3e i-etaphyaieae Hcfcnslvae datura scoundum i>octri-
nam Ari*toielico-Thow ,lat leans." fogejlouw, 4(1927), op. 252-270 and iv , 4^0-
4S3 

(l?4) "You say, wrote Arlctotlc ir a celebrated dilemma, one must philo­
sophise. Then yon must nhilocephlse* Tou sey one should not rhliosophlse. Then 
(to prove <nir contention) yen must rhiloso^Klse, In any case you nust rhl-
losophise,M Jaoques . 'eritaln, An Introduction to "hllosophy, tranaia'ed by J , 
I , Catkin, Lordoni Sheed an i %rd, 1946. p. 7ft. 
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Logle, whloh hae supr»ianted metenhyeleal fare ''or -nany a 

nn«\ aantu my thtadter, 1* not • speculative soienoe of tota l or 

formal abetkraetiea ner ef eeperetlon. W l * * l consideration Is 

tmadltlenaUy des l ine ted as dealing with second lntentlont (109), 

though It be* a close af f in i ty wlth'metarhytleal, mtthoaatleal ard 

phyeioal soienoe. for example,'11 can sc ient i f i ca l ly know the nature 

of eon} on tho bests ef th l t knowledra my nind ctn ref lect on i t t 

own act ion, consider man a* known by my «lnd an-i real ise that this 

*etvre with i t s abttraetien from the eondltions of natter can bo a t ­

tributed t e , and real ly i s , in ether in ilviduals. In tMs viay I form 

the secead lactation, the waiver**! as nredloable of wehy, atd i t ia 

thee that the mind, acting in mode lorioc, ouppli** th* notiont of 

rase*, ei»eclee, MfrartaSj, aooidewt *r.d nrorerty (lO*), 

l e g i o , in th* eeweo e f beinr a ceience end an art of the mind, 

ooaoiderc these second intentions atOolwtCTy, rerardlee* of the ir 

meterlel i ty or lwaber ia l l ty , oerwwtlbi l l ty or i iwomipt ib i t i ty 

in extiaieuenttl r e c l i t y , and 1* not concerned with the essences 

of thin** ac *u*h (iO*,),'~Th* lack of properly dl*ti**?uisMnr, a 

lor ies ) and a dialect ical reeeon ing about thinre which' t»eed not 

anvly camwjpo' a* eheer neat ib i l l ty t e the^ real , from a phyclcel. 

(105) The f i r s t intentions ef the mind are the direct universalet 
by ran set ion, tho wind **ec theee diraot universale as nrcdioabl* of a r.roup, 
and the* ferae unto i t e e l f a second intention or the logical universal as 
sreeie* or genu*, 

(!C«) Arietotle , Kot*x>hy»icB. 1004" 33-1004* 26. 
(107) Thoun* Von Aeuln. op. e l t , . Quaeeti* 71, Art,- 3 , a . , p . e s . 
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aatheaatlcel or nctcphyeicel eonelderet<on ef rea l i ty , readily 

lccde to cpeeuletlve eonfuclea ( l o t ) . In th is connection, not ' 

only th* open *l*ia that metheeeftiee ead logic ere identieol , 

hut tho fraq neat l*gl**l investigation of rec l i ty end ordering 

of tho ccicneec lo duo te e failure t e rccognloe the oblique 

neture of l o g l e . Here egeln, ef eojrae, tho aul t lp l* especte 

open t e soienoe ere reveeledi there I* e metcphycicel, phytioel 

end mathenctlcnl selenoe of r««illty, end there lc e metaphyeicc 

cf celenoe end wathemeties es well as a logic of soienoe and 

we then* t ie* (100) , 

The hierarchy ef three *pc*wietlve eeienece, baced as they 

ere on tho nature ef the mind end cf thing*, I* consonant tc a 

el teller grade tion in ~>*n'e newer* t e know, tte oh of the soienoe* 

originate* with 'he senee^and, ultimately considered, tcrminctec 

there (110), through were Immediately at ether sense powers. Inas­

much a* the eeneept* end dcflnltlcnc cf tota l ebetreetlon are in 

termc ef eemnon sensible m*tt*r, th* ultimate test of their 

veracity — es the eatira node of procedure In the se lenses end 

phileeephy of netore iadieete* — l i «* in th* evidence furnished 

by naive experience or the wore refined experience of sc ient i f i c 

(108) This hat been pointed oat in EUenne Wilson's The Knlty 
• * l*hjlcsophic*l ffxporlon**. f ' 

ilv*) Thoaoc" Ton Aquln, ov. e l t . . *uoestlo VI, Art. 1, e „ pp, 
88-87, 

(110) Sslnt Thome• Aqulnaa, Do T*rlta*c, ,o« 12, e r t . 8, ed 8 . 
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instrument* (111). Sinoe, In the formal abetreotion cf mathemetleal 

soienoe, the aiad IS free ef sensible matter n it* conceptions 

end definit ion*, i t dcct not neecMerlly terminate In th* external 

eencee (111) , However, in i t s retention of i n t e l l i g i b l e nettor 

or cuhctcncc ee quantified matheme t i e s demands verif ication in th* , 

imaginetion which reproduces Individ en 1 nathenatieal en t i t l e s (118)* 

f ina l ly , in metephyoi**, though the aiad begin* with external cense 

evidence, i t achieve* Immateriality aa aueh, and th* truth of meta­

physical judgment* l i c e within the f lrat principles ef being st 

known-by the wind* ••<-.'. 

In stannary, the*, ee e aorta la and evident knowledge ef whet 

e thing is and why i t cannot be other than i t ia , ape«ulatlve science 

ic the habit, the qualitative f C e i l i t y e f obtaining true oonelucionc 

in wettors ef selent1fie concern about extre-meatel real i ty . This 

qncllty cf mine, the t e i c n t i f l e , ia elready Induced though merely 

la i t * Inchoative c tc to , by th* f i r s t sc ient i f i c act ef demonstration 

which en ladividvel mind re*ll*eci but thla ia an imperfect, defective 

end ve le t lve s te tc of the nelent i f le habit* Such a man*con, perhepc, 

educe een* ce lent i f ic conclusions but only with d i f f i cu l ty and through 

a labor!oue process* Ac a perfect bebit ef mind, science •etual lsec 

(111) "for the truth of the conclusion* of phytiecl cclence, ebccrvatlon 
i t . t h e tupreno Court of Appeel,,»I do act think thet enyone — least of o i l , 
those who arc cr i t i ca l of the modern tendencle* ef physlec — wi l l dieegroo 
with the f irs t exloa of sc ient i f ic oplstonolegy, namely thet the knowledge 
obtained by the methods of physlotl soienoe i s limited to observetloncl 

,knowledge in the sense expltlncd above." Sir Arthur Kddington, Th* Philosophy 
of Ihycicol Science, pp. 9-10| see e l se Thorns* Ton Aguinf op, e l t , . Oncot ic 
v T T i r t . 2 , c . pp, 82-64, 

(112) I t l« tcmttlmtt tuggetted that the u l t i sa to velltHlt/of mcthemctioc 
recte oa i t t eppl ioebl l i ty 4f external objects . Thlt theory, however, teemt 
to deny the *peeul*tive nature *f methese t i e s snd reduce* i t to preeticcl 
act hose t i e s , for an expracslcn of thi* vi«w, see Lo Is 0, Fettsoff , op. e l t . . 
pp. 260—884* »» y ^ 4 , t i "^ • 

(118) Thomet Von Aquln, 0£, c i t . . Qucestio VI, Art, 2, c „ p, 63, 
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the" mind's potential ity te know in suoh wlec thet the mind is e s s ' l y 

eble to ratiocinate concerning thocc matter* whi*h appertain to • 

fu l l d d e a t i f l * kncsfledgc ef •xtrt-mentsl real i ty and tc p^int out 

errore in to lant i f i* tatter*, ?.v*n In • long or d i f f icu l t dcmonstre-

t i *n , th* man wh* perfectly enjoys the sc ient i f i c h* i t een proceed 

carely end confidently, act needing teachers or boekt aa an aid to 

hi t reeeoning presets ." 

Thlt distinction: of s perfect snd Imperfect hcblt of science 

18 one which we frequently find vslidtt*d in dally l l f e f tmeng the 

pwpilf who pre**nt theaoelv** t* «« *e*h year, there ere e l weye come 

whe graCp th* wetter quldrly end without d i f f icu l ty , and who aoon 

become edopt at raafaaing In a given cubjeet, while othera, we know, 

never teem to develop beyond an imperfect edeptstIon to sclcntic 

truth. ; These l e t t e r pupils achieve a high degree of faith and pro­

babi l i ty but lock the habit of soienoe. !?v*n among >nen cf so lent If lc 

calibre there *r* the eeetr end the strong, and not a l l teeehcrc 

or hcbltue* of science •ehiev* th* p*rf**t pocsesslon ef hebltuel 

sc ience, A*q*ir*d **MVi* through personal acts ef demonstration, 

and disposing i t * po*scc*or te demonstrate f ec i l s l y snd surely tho 

truth ho possesses, the hsblt of selenoe can be intensively inercesed 

by repeated eete end extensively by the wider scope of objectc te 

which i t le seen to epply, at It can, by lack of use, gradually 

loco i t s force. 
*- * J* 

One ef th* happy results of possessing th* scientific habit is th* 

•billty to order, arrange end eyeteaati** the oonoepts which wo possess 

Into c eyetee of science. The principles of the science, Its definition*. 
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division* and proof* era coordinated, arranged in a logical 

order, end the* pr***n**d te the pupil or recorded in art ic les 

and bocks. Thi* ieaortant ••poet of selenoe Is a l l important 

inaemueh a* i t ha* a tearing on the current endeevor of net he­

ms Melons to deduce the whole aontent of methemetleel selenoe 

from s b a d e , given content', and en similar effort* toward sve­

toes t l s lng ether science*• Thi* logical arrangement docs not 

always conform to tho hlatorieel order ef the invention of the 

**i*nee, nor to the'best pedagogical method ef tcaohlngi i t a la s , 

rather, to effect a logiecl OrAOrp of inferring tnd demonttrating 

the unknown from the previously known. 

reffcet eeience, the complete raelisatlon of similitodo between 

the mind end the t e t e l knowsbio content of thlngc, le an 'deal towards 

which en individual nan amy tend >ut never rea l i ses . An unaccountable 

number of foots militate against the -.ndlviduel'a mind beeomlng a l l 

thing*; or perfectly reflecting the toteI order of the universe! »y our 

combined'effort*, however, we sre sble to contribute greatly towerdc 

the edvence -t metaphysical, physical and taathemetieel selenoe (114). 

(114) Aris tot le , Metaphysics. 998" 80-998b SO. 
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Chapter IX. The Nature of kethemetioel Abstraotion 

IV has been pointed cut in the preceding analysis ef tho d i s ­

t inct ion of »p*«ulatlv* science inte the three classes of **t*phy*les, 

Mcthcmatiec *ad physios, thet the inherent euproaacy *f metephysics — 

deel iag, e t i t does with anything that j c in any way at a l l — q**llf ies 

i t - t o study the aatur* ef th* belag which I* investigated by any selenoe ( i ) . 

Consequently, the question ceneerulng the ustare of •etaemetleel aOctreetion, 

i f asked by • speculative thinker e* l eg le i sn , eo*n*l*el*t, pcychelegiet or 

me thorns Mcisa is not properly posed in thlc wanner cn4 oamealy Iced te 

speoulative error. Evidently i f I ask what i t matheaetle*? 1 have stepped 

outside ef the corfines of mathematical holding i t at bay and at e re-

f leot ive distance, I cerutiaite i t s nature and cnvieien i t in the re ­

lationship which coordinatee i t to the other ecicneee end tc * l l tact 

i s ( ! ) • 

kt • . i 1 

(1) "It i s philoeophy, for example, not aatbemetlea, which t e l l * 
us whether irrational numbers end indefinite noaeere are real *eiage 
or oaly rational beinga, whether the noa-ceelldeaa geemetrice *re rational 
•contraction* built on euelideen geometry end which lceve the le t ter i t* 
privileged pos i t ion , or i f , on the contrary, they constitute • eeoh grocter 
ty t tee of which cueiidean g**m*try is only en* specimenj whether nathe-tf 
notice and logic are divided er nit by immovably drawn frontiers, e t c . 
In c word, i t la philosophy whloh ceciyis the order which reign* between 
tho science si eapientic —t <*rdia*re,wJ*oqunc Maritaia, The Dcgrocc of 
Knowledge, p , ,41 . " . i,. 

( I ) "In general on* might raise th* que**ion, te whet kind"-of 
seleroe i t bcloage tc dismiss the d i f f i cu l t i e s about the matter of the 
objects of mathematics, neither t c phyclec (boeeuse the whole Injury 
of the physicist is about the thing* thet h«ve in themselves a principle 
of movement and r e s t ) , nor yet t o the solcnee which inquires 4ntc de­
mons trot ion end seieneeei for thi* ie jact the subject whloh It in-
vcet igetce . It reunite then thet i t '.s the phllocephy which wcheve 
eet before ourcolve* thst treats of those subjeett.* Aristot le , Metaphysics, 
Mto* 18-80. 
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The f irct dlct iaot icn, thee, that • involved in any ettempted 

i*v*ctigc%ioa of eurrcat nethematlcel rcsecroh i t that whloh hold* 

between.tno>smbheoaticlaa*ivd •he oet*phy*i*i*n (3)* In th* doaala 

• f wa theme t i e s i t s e l f , one ***** *u*h sathemet.lccl .ltimt.ea ss point, 

nwnser,iW*it,*t4 *rd**», waoae meaning and use the iaatbeaatiel*n in - „ , 

vcetlgetee ee pecclblc point* of departure for mathematical dcocnatratloni 

elded by these foundational *l***ate *nd by other influoacef, the ne-, 

tacm*tl*ina develops mstaeoaUeel soiouae. This development of methea*-

t lea s t tee^end act tea ray, for the sake.or c lar i ty , be tnclagcutly 

termed e uni-dlmcnsi*nol ceneer* *ith tneth*netio*»(4)| moreover, since 

-ftm.r . . . . , „ , .,,, . « -

>* (4) This dist inct ion teems to be ia the background of the following 
quota t l oat "However, <nllke o..r predecessors of only half a oentury ago, 
we do ac t think of met hornet toe a* beginning with the natural numbers as 
i t s beslo elements sad proceeding thence to the development of i t s verio s 
brenesec* The l«tost view* tend to • • s ign to the** number* • middle 
position In the struotere r>f (h'.s soienoe. The lower portion* sre devoted 
to tho foundations of Rethomatles which are eatabl'shed w. the general 
thooriec of relations, order, s e t s , end groups as well as of l o g i c . 
Above the leve l ef tho nature! numbers heve "een erected the veriant 
spec i f ic omtheeiatieel dieeipllnee such a* the theory of numbers,, Algebra, 
end the verlouc theorie* *f funetion*, at well es most of the goesetrleal 
s t u a i o c . V Abrahea A. ftraeukei, "Natural Boaters at Cardinals, Script* 
Mcthcwetlaa, 4(1939), p . 49. Tha dist inct ion between t i e mctephyalcien 
end the sa thomet i*i*n ic brought out i n Kdanrd w, strong, tYoocdurc* end 
MctCjphy*!**, tee Chapters I and 11} books twelve and thirteen of Aristotle1 s 
hetephy*!** oontsin th* recuse of hi* argument* fur this dist inct ion in 
epeeeltlon t c the PyChagoreeo* ead rlctoniata* 
«.»• (4) • » • moat state whether i t , belong* to one or to different seicnocc 
t e inquire late the truths which arc I n mathematiea eallcd anion*, and into 
•u**tane*« Evidently, the inquiry into 'hose s l so ' elnn,.s to one soienoe, 
and that the science of, the phllooephet'i for the** truth* hold good for every­
thing that i c , end net for some spoolal genu* apart from others. And e l l sen 
ue* them, beecuec they are true of bet ag oua bein^ and eeoh genu* ha* being. 
But men use then iuet so far *sTto cs t iafy toneir prupocce; thet i* , • • far 
• • the genu* t c which their demon*tr*tion* rafer extends. Therefore since 
these truth* c learly .hold go<*4 for e l l tMag* qug. ^ u ^ (for thlc i t what i t 
ĉommon to thoa) , to him who studio* being qua being belong* th* inquiry into 

-theee as wel l . And for thi* reason no one who i s conducting s special inquiry 
tr ice to sty anything about their truth or f a l s i t y — neither the geometer 
nor the arithmetician," Aristot le , Motsphysios, 1006* 16-31. 
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they only deel e l tu c partieuier aspect cf being end rnt with being 
s 

es such, c eimilar uai-diaontionel end limited development chsraoterises 

•11 ether sciences but metephytiot. Any failure to recognise the l iml ts -

tionc intrlncie to the vary neture of eeeh of thete special science — 

ehemietry, geology, • • themeties and peyehology, for exam;le — lmpllet 

thet * man has unwittingly succumbed to uttering ultimate pronouneo-

mente on the •lature of thing* from the specie Used view of hit soienee, 

end le herd put to ocoepo •p**ul*tiv* errors ( 8 ) . 

Tho second, brooder domain of current reaeareh on mathematics 

cemprieec emy further questioning on tha nature of theae mathematical 

ultima tee or on the foundstion* end nature of rathenatl«e ss • speoulative 

selenoei tore the mathematician or speoulative thinker, having reoojrse 

t c e ref lect ive enaiysis (S; cf Mathematics, has turned philosopher 

end m*t*phy*i*ian ( 7 ) . It i s mathematics • • currently envisioned in 

(6) This attempted deduction of real i ty according to the limited 
measure of sone particular soienee, i s , of course, e ohronic speculative 
sickness ef mind. 8tlenne Oilson's the Unity cf Philosophise! Sxperieaee 
Ulo«trstc* how metechvsloe boeeme e logic ism, a eetheraticiea, a physic law 
and a sociologies! — e process which ia being repeated teday. The mind's 
deslr* for truth snd unity can only te ceticfied with the ultimate answers 
ef setsphyeiee* 

(8) aef leotive ee used here does aot mean private opinion or arm­
chair epeottlfttien,, but rather refers t e e redirection of the nind on the 
content ef i tc own cctlenci see Joeauee Meritain. The Degrees of Knowledge. 
Pert Qaei The Degreee of (atlonel Knowledge, Chepter IV, Metaphysical 
Knowledge," pp. 240-801. 

(7) Of course, * prevalent ent1-ewtaphyoloci end anti-phlleccphlcel 
stt i tude would deny thet the Hcthemctlelan lc currently engaged in meta­
physical speculation. The only retort thet oen be node to sueh e denial 
i s thet »f Aria tot lot "Ton coy, wrote Arietetle In e celebrated dilemma, 
ore must philoeephlce. Then you must philosophise, Tou cay one should not 
philosophise. Then ( tc prove your contention) you muet philosophise* In any 
eesc you muet philosophise," Jeoquee Meritcin, An Introduotlon to Philosophy, 
p , 78. ~ 
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thl t teeend domAin — a reflective study of It* nature, position 

in th* wide domain of knowledge and culture — which Is tuat proper 

tc the philoeophy of mathomatloi and which *ay bo tensed I ts (multi­

dimensional aspeot, with whloh this essay and a great amount of ourrent 

speculation i s primarily eonocrncd (8 ) . 

Viewed from this wulti-dlmenslonal aspect afforded by metaphysics, 

i t i s readily seen that the fu l l meaning of current soIf-consciousness 

la ma theme tie* ia real ly but a confrontation of natnomatle* to metaphysics. 

Disavowing th* existenee or relevance of mtaphyales, bo*wver, speculative 

thinkers variously Incline to loglelsm, physlelsm, matheaatleltm, and, in 

tho breadth of their own metaphysical posit ion, to idealism or to 

scepticism ( 9 ) , If , for example, I write that whatever philoeophy 

there be Is merely c r i t i c a l , controversial and persuasive, and taat 

mathematics, as equivalent to l o - l c . Is contrastingly deductive and 

constructive, I nropoae an ultimate view (1~>)J though erroneous, this 

(8) Louis 0 , Xattsoff, 0£. o i t . . Chapter Sixteen, "Mathematics and 
Reality," pp. 244-204. 

(9) tarn tee di*eu**ion ef d, Bouligand, "Lc mataaeetielea au seuil 
de la metnpaysique," aevue d* Meta»ay*lquc e t de Morale, 52(1947), pp. 
206-321 • coullgaod conclude*^ l*7,7je crolc pouvoir conalare que cheque 
mthematiaien se reelam* 4'une metaphysiquei e l l e varie d'unc verie d'une 
pereonoe « l*a«tre, e t den* l*eaeemble e l l e balanoc outre la polo do la 
c iae l l* i to joint* at la generalIte maxima, qui nous s o l l i o i t a i t a 1'Instant, 
* t oelui do l e cons true t i b i l l t e , qui faaclnera toujour* les practicians." 
p. 321, Bee alec t»* interacting prefaoc of Jacques iuadamard (pp. v -x i i ) 
la f. Uouseta, Le* PoueW*ent* 4cs aataonatlquoo. 

(80) "Too dist inct ion of pcilocophy and "Mathematics Is broadly one 
of point of viewi mathematics i s constructive and deductive, philosophy 
la c r i t i c a l , and ia a certain impersonal sens* oeotroversiai, Wherever «re 
oave deductive reeteaing, *o nave nath*aati**i but feho principles ef deduction, 
the recognition of Indefinable e n t i t i e s , and the distinguishing between 
tuch ent i t i e s ar* to* business of phUo***ny. Philosophy i s , in fac t , mainly 
a quocticn of Insight cod perception." -Bcrtrend Russell . The Principles cf 
Mathematics, p . 129. ""* 
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view tempers and colors my consideration of both real and logical 

exi»tenee and I am caught, alternately. In denominating the atore cf 

rea l i ty with logical f ict ion or mathematical rtgcr (11). The prinoiplos, 

met.odsi the very abstractive and United vie* cf some special science 

i s , by an act of the will (12) , thus confounded with the view of metaphysics, 

and even real i ty I t se l f i s unable to rectify tee adoption of such an 

erroneous view (18). 
• 1 : 

The aforementioned dist inction between a stetaphyslelan and a 

mathematician readily explains the contemporary metaphysioal s ituation 

in regard to mathematics, ?ho contemporary mathematician, having fal len 

heir te a alrhly developed soienee. Is attempting to reassemble and 

reeatabllah t»le Inherited body of Mathematical doctrine into a ayt-

teaatlo and independent selenoe• Though mathematics has frequently 

been prompted and stimulated In i t s historical or Individual develop-
** 
mout by practical needs, by problems from physics, chemistry and other 

(11) ". . .phi lesephieai argument, etrletljr ***aklng, consist* 
mainly ef an endeavor teeauco the ree4er to **r«*iv*d what aa* been 
perceived by t t* author. The argunent, in short, i s set cf the aatur* 
cf proof, but of exhortation. Thus the question of the present cjtaptert 
I* there any Indefinable eet ef ent i t le* teaaonly *nil*4 numbers, aod 
different fratc the a e t e f ent i t i es above dofintdt i s an ec tcat la l iy 
pktleeeeaieal qu***!**, «• be **ttlod by Inspection rather tnan by 
sccurat* ehaiea of reateting. Ib id . , p. 130, 

(12) The inflwaac* *f to* wi l i In *d*ptiag erroneous vice* 1* 
ereugat cut la Alcyclas J . t e t t e r , froth and i r r o n A otudy in Cri t ica l ' 
Logic. S t , Louisi f. Herder, 1914, Shapter Sixth,""The Mill In eolat ion 
te never," pp. 104-117. 

" (18) for example, If a eol ie* let l c asked to explain hew he can 
set aioag'with the real i ty cf knives and farka, dog*, cats aad telephone 
pete t , a t ; l * unable tc adequately include these things In his outlook} 
sec , in this regard, fiertrend Russell , Human Knowledge! I t t fecope and 
Limits, Part Three, Chapter I I , "•cUpelae," pp, lTo-l tK 
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sciences, by influences suacsted through experience and intuitioot 

cf a l l oertt (14). these factors are locked upon a* extraneou*. Aiming 

to reduce toe complexity cf natnemati*al doctrine to a bare minimum of 

clement* (IB), toe «a thematic Ian sethodloally directs ttis effort* 

towards a constant resimplification aad reduction of principles by a 

recourse tc logical, payeholegieai or symbol1* ultimate*, or by 

d*nying the ne*4 of metaphy*l*al *r extra-rettuwatioal notiea* aad 

appeal* (16). 8eaexrily, then* the metaphysical endeavors of aany 

ma themetioiana can bo described as comprising X) a previous accoptanee 

of the entire corpus *f current oathamatlcai doctrine as valid} 2) 

an attempt to determine the simple, ultimate mathematioal nature*j 

f ) a consequent rebuilding cf this initially accepted methtaatlacl 

truth with th* bop* ef being able to denominate mathenatie* aa an 

articulate, coherent, eelf"Consistent, systematic and self-contained 

science (17)* 

(14) Sec, la this eeuseetion, the interaatiag analysis ef tne 
difference between Invention and desorlrMon In mathematics and ita 
effect *n a sound view of the nature of matheaatiec in Thomas Greenwood, 
•Invention aad nescription tn Mathematics," Proceeding* of the Aristctellan 
Society, n .« , , 80(1930), f*»»- le 

(18) This attempt to attain the minimum clement* of mathematic* Is 
common to a l l philosophic t l excursions on the feuadatlona of mathematics} 
see Louis 0. IGttttcff, oe. o i t . , Chapter Three, "The Mature of the Objeott 
of Mathematiea," pp. 1*^22. 

(16) In The Limit* of Solo etc, Leon f hwlttsk arguca strongly 
against a ffotaphycioai r*'ra"r*n** for matbenabiot. See Chapters II and III. 

(17) I>. The Wcture of Mat bona tie s , Max Black point* out how the 
f*fanll*t and leglclat theory on the nature of matheaatlet, pre*oatinJ| 
mathaaati** aa come thing wnlch ha* bean achieved, lc a statio viewj he 
mentione the dyneaio aspect of lntulticntsm as one of the points in 
i t s favorj pp. 104-172. 
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Xn A1» endeavor to re-orect the oorp* of mathematical doctrine, 

the ma then* t i c Un ha* frequently bounded Into extra-mathematical territory 

and found hlxeclf cocfronted with l o g i c nistory, psychology, metaphysics 

and r e a l i t y . Hi* e f for t s , in oonsoquenoe, »ave a jhilosophieal t lgnlf ioanot , 

for tney snow f i r s t , tuat In bit phiIosopuic*l conditioning t i e mathe­

matician on* fal len heir to either a pronounced Ideal I t t or empiricist 

outlook (14), By proposing that too whole content of matnematiot i t 

v irtual ly and so le ly resident in a bat io , simple Intuition or la a small 

nuabor of aimpl*, sental natur** Immediately given and kr.oen — out of 

which the wide complex content of smtresmtloe i s weaved by the wind — 

the mathematician adheres to a philosophical theory on the nature of 

matbeaaticc which ia frequently referred to as uathamatieal ateoitm (19), 

Hit phiiotophloal theory on th* return of mathematical reasoning i s , in 

thla connection, similar tc tht ideal i s t actional* of LCsoart*** ho 

proposes something as "given* for hi* point of departure a movement of 

deduction by t i e mind toward* a deal red, foreknown goal , and a point of 

arrival which i s real ly synonymous *lth the In i t ia l i tert ing point (20), 

(18) "94 find accordingly, that ldeaUtta have tended mere and more 
t e regard mil mathematl** ac dealing with mere appearance, while empiricist* 
oave held everytning mtiamatioei to bo ao*r*sAmatl*a to acne axact truth 
about whloh they nod nothing te t e l l us." Bortraad Russell , op. o i t . , p. 4 , 
See alec Phi l l ip Prank, Sotoeon Poyslos aad Philosophy, Chapt*r IV, "Is there 
a Trend toward ideal ian and Physio* 1" pp. 104-^1X5, 

(19) Carl B, Beyer, C£. e l t * , p. 22 and p, 60. 
(20^ Speaking ef iiobbes, tooke end Oondlllae, ceroid a. ttmart writes; 

"The fwneenental coneoptiea common to a l l of the thinkert mentioned, and 

HI&HriVtt • 
what ha* cone to bo ca l l ed . In our own day, the ' l inear' conception of In­

ference, Such differences as that between Hobbes' advocacy of tho syllogism 
and Locke's partial rejection cf i t , or between tte v*u*lous absolutely fixed 

starting-points of knowledge, sueh aa 'simple ideas' or 'Intuit ions' did net 
prevent theee thinkert from adopting as their o«m, and uncrit ically accepting 
a* an adequate account ef inference, the Cartesian sciema of a demonstrative 
chain of reasoning, mechanically 'compounded^ or added and subtrac ted , link 
by l ink , from premises or definition* to '.he conclusion. So much these phi­
losophers gleaned from a logical study of Euclidean and Cartesian geometry." 

ceroid <. Smart, The Philoeophieal Presuppositions of 'M.theretlcal 
U g i o , pp. 8-7, 
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Th* adoption of tnlt Villoeoonleal bneory on too nature of 

mathematical reasoning (21). seam* to undcrly the frequent s ta te -

nente which are -ado aoceptlng the natural numbers as Mathematically 

"given" and the aerorapanylnr, claims t:»ot an h i s tor ica l , sycbologleal 

or metaphysical reference for the individual vethe-netlelan, or for 

the soienee in general, i s irrelevant (22). Aa another example. In 

the development of funetion theory frosi the natural numbers a* ooint 

o" departure. I t i s sometimes claimed that the mind builds up the whole 

complex doctrine of ••sathenatloe In this fashion (28) . Is tnls not 

rather a Blnr.lt* oaoo cf tne sc ient i f ic mathematician possesainr *-he 

(ayThls Is -o t the place for a detailed rhlloscrhleal or nsyoho-
lOfeleal analysis of netftematles, Only a few point* snould be stressed, 
there seems to be a threat confer In the prevailing overemphaeie on tne 
deduct! ve-postulatlonel character of matnesmties. True, the elemsnt 
of constructive Invention, ef directing and motivating Intuit ion, i s 
apt to elude a s ix - l e whiiesophlcal formulation} but It remains the core 
of any mathematical achievement, even in the *ost abstract f i e l d s . If 
the eyrstall lxed deductive fora i s tte goal, intuition and construction 
are at least the driving forces, A sorl- is threat to the very l i f e 
of science Is i - - i l e d in the assertion that aathenati©* is nothing 
but a fy*t*m of ocnelvteiont drawn from definition* and we*tul«tco 
that must be consistent but otherwise -a, be created •; the free wil l 
of the "9k thematic ian. If this description were accurate, mathematlos 
could not attract any intel l igent person, i t would be a p,a»m with 
de f ln i t lont , roles and syllogiem*, without native or goal. The notion 
that tne Inte l lect oan create meaningful pcctulatlonal systems at i t s 
whla 1* a deceptive half-truth," Rieaard Ceurawt and Herbert Robblne, 
ghat 1* MnthamatlctT, p. xv i l } see also Inrold .. Smarts, The Lo^lc tf 
Science, p. 71 . 

(28) for a sumrery of these recent views, seen Leon Chwlstek, op. e l t . , 
Chapter I I I , "The ^•vslepnent of the roncept of Number," pp. 68-42, 

(23) Current textbookt or. function theory i l lus trate t i l t claim. 
s e e , for example, ' . H, Mitchell and v.H. 3 e l s , The Klement* of tethnnatloal 
Analysis, two volumes, Londont «aoml1lao and Company, 1*57, Volume I I , 

Chapter tkl, "Arithmetic Ba*l* of the Infinitesimal Calculuc." 

http://Blnr.lt*
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habit of mathematioal s*i*nc*. usin* this habitual a b i l i t y , 

employing memory and Imacinetiou, Utreduelne lemmas to Include 

extraneous s e t t e r , and employing varlou* i l lustration* to domonetre-

t ive iy tcaoh the rich ocntcet cf the *ubj*ct matter under considera­

t ion T (14) , 

A furtoer, seoond point of philosophical significance in current 

speculation l i e s In the evident failure to distinguish the uultlpl* 

aspects of the problem* und*r consideration (28), Ths question, 

what are the foundation* of mathematics! 1* but part cf a more global 

question, requiring, for a complete respen**, that we be concerned with 

1) tho nature ef natnenatieal abstraction Itaelf as a speculative 

sc ience, which i s properly the metaphysical aspect of the problem} 

2) i t * peyeholofloal or ig ins , whloh includes i t* order of lecrning 

and order ef Invention} 8) i t s historical origins} 4) i t * l o r l e , or 

the aatur* of proof, raanner of demonstration, the problem* of con­

s is tency, freedom from •ontradlatlon, as c e l l as i t * dia lect ical aspects;, 

a* the notion of probability in mathematics. Only after *u*h dUtlnct lons 

are aad* can, for example, such a question as the notion of mathematical 

"existence" — so frequently confused with tes ts fer i t s val idi ty and 

(24) This view 1* aptly i l lustrated in both volumes of f c l l x 
Elein'e alcwontary Mathematics from an Advanocd i> tend point. Klein's 
presentation, his cr i t i ca l roistrk* and hi* efforts to offset excessive 
formal lea In tho teaching of mathematics, are well known. 

(28) Chapter**-thro* and four on the matheaatleal sclenoes In 
Harold 2 . Smart's The Logic of > olonoo argue for tho merit of these 
d i s t inc t consideration of Mathematics'. 
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construet lbl l l ty — bo seen to wean the habit of soienoe In en indi­

vidual mathematician, or tht abstraction of quantified eubatanec ac 

the proper concern cf Tathomtlea, or the historical record* of th* 

eeienee in book* and art ic les (26) . 

The dist inct ion of tha metaphysician from th* mathematician and 

the dist inct ion of the reay parts of the question on the nature of 

mathematlos ara especial ly neglected In discussions on Its foundations(27). 

Though muoh concerned with ultlmates, statements ef an individual in-

vestl|^t*r-vtre sons times unclear a* to whether he believes there i s an 

ultlmatt la mathematics which -satheieatios alone can find and beyond no 

further question* are possible (26), or whether he grants the pot-

(28) Sec, for example, Aristot le's discussion on the notion of 
mathematical exietenoe in Book Thirteen of the Metaphysics, especial ly 
1074* 17-1078* d. Xn hit discussions with Pythagoreans and Platonlstt , 
Aristotle faced many problems on tho nature of mathematios that ara 
dlsouceed today, 

(17) I t ha* boon brought out in a nuabor of pla**t tltat *aeh 
of these theories oc the foundation* — logic ian, formalUm and In­
te l tlonlam — a r e characterised both by a method and a philosophical 
theory| for l o f l o l t a , so* Thome* Greenwood, Us* fondomentt at* ia 
lcglcuo sysfco11qu*, tome I , paasia, and, by Eho same author, etudes 
sur la Conn*l**cccc lavthematlquc, pp, 1-7 and pp. 80-82, er see Andre 
pcften, La philosophic do* mathematlque*, pp, 1-81 for formalism, aee 
tax Black, op. * l t * , 14T-142 and jouit 0 , Sattscff , on, e l t , , pp. 116-
l l t eat pp. 124*184} far Intel t lon i ta , •«• tax Slack, onTcVt. , pa. 
184-140 and Leal* 0 , l a t t so f f , on. o i t . , pp. 184-188 and* ppT"l74-177. 
A bread, c r i t i c a l view of the three"tehool* oan be found In Abraham A. 
freenkel't a r t l e l e , "The geeeet Cseereverslec about the foundation* of 
ththtentie*." . " " 

(28) Thlt seem* to be the basic acsueptien of Leon Cheistek} hi* 
ine***loa*d oowment* end cr i t i ca l remark* on a l l sciences but mathsnatical 
legio are •eattered throughout The Licit** of Selenoe. 
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sibility of an ultimata within tshs soienee — for which he cook* — 

without dewyin* th* relorano* of metaphysics at supplying and a* 

poitjtlnn; ->ut t*>e relatione of MatHenatlec tc exrorienoe, exlstorcc 

ar* *<? »•»* sclenoes (2t), Fo real ian, ins is feint* ri i»erks and symbols 

at ulti^te nnV»ros, bring* out, it It true, the formal character of 

nethemetlcal *athed, »he dlaleoticel atoeet of mathematics and the 

Importance of cymbalie»} It fails, however, to answer adequately what 

mathematios its*!*" Is. Pomolle* loe* not coasid*r the origin aad 

relation '+ -n<-hustles to nea-3*th*natio*l *olenocs, nor does it answer 

how s •»•*-« repetition *r erranscnent of supposedly -earing!ess narks *>a 

matbrr-atleal *elen«* or allow* us to eouat roal objects (80', Logicism 

has br.-'̂ bt *o the front the fact that wathe?»t1oe is a close ally to 

l<\™ie, and, under tbe fcrw of sathematleal lorlc ha* tarred a wid* 

(2*) "It has turned out that (under the avaiwrtion that '-od̂ rn 
mathematios is consistent) the solution o' oertaln arltliretl A \ \ oreblema 
require* th* use of aa*uapt'an* ssssr.t'ally traneeendinf; trit?>r-«-tis. 
I.e., the cereia of the kind of elementary indisputable evidence that 
ray bo irost Ittingly eomparci with nvr.a<* -.TOO .tion, Turthermore it 
seens likely that ror -Jeoi Ung oertaln propositions of abstract set 
t^-cry an! oven for -ertsln related questions of the theory tf r^l 
nunbart new axloxia basol :.-a seme hi*herio unknown He* "-ill be reo*s«a-y, 
Terhaps alto -he ay-iar-sntl,. iasurncuntsble dlffleulMc* which some 3th*>r 
methcretical problem* have been presenting for 5*any yeart are due to 
the fa** that the necessary axioms have not yet been found," Kurt 
wo'Jol, "acetoll't ethsaatletl lo-io," In The Philosophy of Scrtrand 
Kutt^ll, Tolune T. Ihe Library of livlaf: "hji'lctô hert, Tdlted by naul 
Arthur" ftehllp;, Sv*n*ton and Chicagot Sorthwtftorn 'diversity, 1944, 
pp, 127-128. In this connection, see the 'rterettlr.g article by the 
same author on the continuum froblex? Wr,i*t 1s Cantor's "-cMnvmn 
problem?" The American hathematlctj Ebati ".y. 54(lM?), pp. 318-825, wh»r* 
he concludes that pe**lhly a new sat cf axioms ?r a new wethcmatloal 
outlook I* required to solve th* ,ir"b!*m -f the continuum. 
( (80) See the brief criticism of formalism in Bortrand Russell, cr_. elt., 
"Introduction to the "econi Edition," pp. v-vl, or that in frank Plumnton 
%meey. The Foundations of ^thematloc and other ho-leal Assays, pv.. 3-5 ar,d 
pp. 62-P1* 
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brcaoh In '•he whrle problen of de luotlve reatonirg, symbolism end 

KathoTOtle*! "^t^rvioloxy. Its assertion of rothesmtioal and logical 

equivalence ani Its roposed lo^ioal vltiwates, however, are aa yet 

vn-rev«*d a'd lo«;lfll8.7i has left untouched e. wVlc oc*-« ri« <f genuine 

stoculative ]'-ô l»-\s (al), f>en though it relrtrv-rluovs tK<« close 

—''ationsbip of sychi.logy and rxerlToc to r athletics, 4 ""tuition! sm, 

by ^l'ir- that th«* "-athoma'loal lut̂  Ition Is the original *xp9rl^-ioo 

of "a" and by att'-m-tin- to equate L.athema~.ios .?ith const, jctibility, 

proposes an incomplete solution that bristles with re tct,\y«loal, 

historical and s^holaa-lcal assurptlons (52), 

Taken, *-hen, as ^Mloaophical ;roposele explaining t' « complete 

nature of ratheraat'es, tb«»so theories appear to implicate a metaphysics 

of knowle!-e end ircltne towards Idealism or ©rapirioism, Triey are but 

oowmon indications of an outspoken contemporary rstaohyalcal bias (53), 

a rr« judicial rerard for all t h 11 ̂ sophloal speculation as such (3d), and 

(31) Louis 0. Ehttsoff, on, elt,. n->. 106-107, 
(32) tax Slack, op* e l t . , op. 146-200} ceo "he interesting description 

n" the Tiutual or l t io iaa of" 'formallea and lntulblonlsm In ". T. Bell , fhe 
development of Kathematloc, ;p , 825-82A, and pp* 830-832. 

(33) iiehard wourant and Herbert 'tebblns, pj>. c I t , , m . x v i l - x v i l l . 
(24) "In the »pllofue to The Foundations cf Jetheratics and_ k>*'iar 

LQ;1OQ1 Essays," Frank lumptou Akm*ey, »*c'Vr»-i»,~ *« a 1*oture by '^rtard 
mussel on "Shat I /Tellov*,"write*i "Of course h\» rain stmter-ent about 
value wi^ht be .isr .ted, %«it moot of us would arre* t v at the object ivi ty 
of goed was a thing we led rattled and dismissed with the existonce of Uod. 
Theology and Absolute Ethics are two ^amus «'^jeots wMch we * ave realised 
to Sieve rr real objectc." v^. ?f P-2P9. A l i t t l e later ho oonoludeas "This 
bring* ne back to 2tu«e*ll and "What I V l l e v e . " If I was to write a * e l t -
*nn—h*un| I abould ca l l i t not "What I believe M but "What I fee l ." ThTs 
Is connected with *ittg*n*t*in'* view thet philosophy foes not <-!•* it* 
belief*, but merely relieve* feellnge of Intellectual dlscoufcrt," r-p. 290-291, 
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* lack of rretap-.ysloal training and insight (35), — aU f which 

have influenced the realm ef speculative reflection en mathematics. 

At the same time, however, this kltbal «xamin*v.lo» of the foundation* 

of aathematl** and related questions ha* again diso3c.se-. -he multi-

diirenslonal and manifold relation* which inseparably bind ir*th*matlot 

to metaphysics, logic psychology and the soieccos, and, J.n a broader 

view, to c iv i l i sa t ion and culture i tae l f (3fl). 

I t wi l l be our purpose in this BOOtion and In the following 

chapter, to inuloate, as <*ueh as possible, how M »se recent discus8ions 

have, -Crvr tho tpctaphyaloel ;oint of view, eervod but to jolariae the 

intr ins ic relateIness by which j?at heretics i s seoure'J in i t s proper 

plaoe within the or.ler of speculative sciences (37), To propose. 

(35) "Philosophy oan only contemplate, examine, and clarify the 
ferae of coordinate t u -ht and yrlncipiet by reans of which a coordinate 
sphere of thouijht rains systematic unity. The special eclenect provide 
the empirical f i l l i n g which, by control!irr, thete rrlnclplet , makes thoa 
coordinate with actual event*. It hel̂ -p to rive an Intofxated view -f our 
knowledge at regards directIon and ideal} i t le in this ter.te that i t way 
be called tho science of science*." Irwin Blser, k Qgr.oral Sohowc for 
Natural System* jfetyr* Ccnalde'rad as • ^unction «f *;pcc of ^ l c c t l v i t y 
and »f vu>des cf g o looUW?7^hUadc i phi a i *estbrook ublishiag "So, , 10381 '* «^ 
this rereark i s later followed by "It le ' oped'that or, the appropriate 
occasion the contour* f th is view wil l be f i l l e d c t with richer ooncrete 
detai l and that •/>• Identity . ** rhilosophy and science way bo rcre con­
clusively shown." I b l ^ . p. 140* 

( s O Richard Courant snd kerbert bobbin*, on. e l t * . pc. xv-xiX} s*e 
c lso Chapter Twenty-one, "The Further Significance of" Mathematics for Other 
Fields e f 2aowl*dgo," in Hell i s 2. Cooley ct s i * . Introduction *.o >'«thcmatioc. 
j - . 583-«15. 

(ST) Infostlhl* at i t wouHd be ver« *,o 1'teloac the existence and va l id i ty 
of th* phUotophieal soienctt of aetaphytlct, cosmology ar! jcycholory, their 
pertinence for rcthewntio* and relAtc*ln«ss te i t ic claimed throughout th i s 
eecay* The only alternative te thlc view i t to claim Vet a l l **le*ee* must 
ultimately barken to the pronouncements of rathenatlot or logic or mere private 
opinion* "hila i t i s here claimed that m*ta?hy»lo* i t «ffcetlv*ly able to 
attain speculative truth and that i t d*t*r-im>* the a .ro of sciences and 
order* then with respect te each other, t t the tare tlra* each si lence has a 
ld f i t iaate concern with It t own prineiplet , queetlont, methods, eonsittenoy, 
tourcet of trttth and problem* of *rror, vor * presentation of tMs view see 
Jeeques Marifccin, oj«l c l t»* Part Onei The 'Jejn-oes of Rational KnowleVe. 

http://diso3c.se
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consequently, at i s ) ere 'tone, that speculative mthctmatlot i s an 

abetraetive, tpeculatlve soienoe i s not tc tck* • petit ion that runt 

counter to a l l contemporary preferred by rethenctleians (39) . Many 

ot the theories ccvmxmly proposed, i t wi l l be seen, are partial eaphttes 

and a»pe*t* cf the total nature of mathematics at a tpeculatlve science) 

they frequently de»l with setter* on the fringes and periphery of mathe-

aat le* , and need to be properly crdered to indicate vow, as -artial truths 

or tert la l error*, th*y 11* within the common ground of metaphysics and 

mathemstioe (39). 

The resolution of both the basic and the peripheral problem* which 

e<wr>ri«e th* 9<et«phy*lCft1 invettlration on the r.sture ot rwthematiee are 

nere seen to c luster about the oentrlpetal probleaf an adequat* specification 

ard determination of the intel lectual habit of nathematle* at an 

abetraetive selenoe* Since apeeulatlve soienoe ia measured by the truth 

cf thing*, an objective, extrc m*et*l foundation "or nathematicc in 

rea l i ty sect be pointed out l ) a* revealing, in son* way, th* laws 

of athematioal being te the nlndfCf) at being the point of departure 

for each sen who acquires mathematical soienee} 3) as containing an 

objective content concerning which the wind rontons and to which tho 

mind becomes identified by judgments in the habit of mathematioal science} 

(88) For example, mathematics i s generally conceded to be a eelonee 
of abstraction* or a* deal lag with reneralltlec} a**, for example, the 
following selected referencesi Rrio T, Boll, The development of Matho-
matlc** p. 8 , Chapter* 8 and 8, pa**la. *md, by the same author. The 
Queen of the eelence** p* 141 Julian Iewell Oeelldge, A Eatery cfaaomotricnl 
keteoec, '"t>ilogwo"* pp. 422-483} Oeorge Oevid Sirkhcff, Ethernet lost 
Quantity and Order," p. 308* 

( f t ) l eg l e i ea , for example, ha* merely considered the relation of 
m* thematic* to logic} intuit Ion ism, t e psychology and formal i t a hat em­
phasised mathematical methode 
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4) as insuring >.h* objective "glvoneas" upon which t in r,a*' "-ii'?ci*n 

invents and ©laboratet sathertatiocl scl«roe Irs various ways. The aim 

of th i s chapter is to ieteradxe the wathe*atioal outlool, and to suwaarUy 

point OMt i ts distinction from an! •• latedness to the other •;*culative 

8 Q < « » n r e | t ^ t ^ 

In the :r->cess of alraple apprehension, ^hen a ma- tematioal figure 

is polntel ojt for V *• f i r s t t ine ar i called a "hexagon," the mind ^ r o l y 

abstracts matheaatleal natures from sense data(*JX3. This psychic state 

Is nenlfestly different from one ir. wh'ch a peculiarly eomlox looking 

rurve i s Irawn, astonishingly called a simple curve, and a rnJ;\«~.fttieal 

judgment ts >.tt*rei: "a simple curve Is no w) ich n^w'ere crosses upon 

i t se l f" . (41). '-r th* ense •f e^mle ar^rehension tho mind abstracts 

(40) A eomrlete philosophy of nathemntles as here envisioned would 
necessitate a consideration of ; roblens suggested In this outl ine. 

Ml I'A^HYSICS ^ ^-.Otjcotlv* besis in real i ty 
\ \[ ^urc -^——- - Originate* frow total abstraction (Intuition^ sm) 

Tlelding its ultimate! ) Continuous 
Oit*rf ; < J{ ~".scrota 

Fcrra l c a u s a l i t y (Formalis* and Loriolsre) 
LOGIC ' y - . Method o f Jecrmstrat ion 

^ "-——. logic of •athematlcal Ce*ea*tratlon 

iIATBKttATlC8 1. Cenoepte, terms, language, symbols. 
2« «ropesltlone. 
I. R*c*onlag. 

/ 

'Applied Mathematlos. 

(41) "here there arc really two distinct oatego rise of things of whloh 
en account mutt be given — the idee* or eonoept* of vathesatiot, and the 
preposition* of »ath*m*tieo« Thi* distinction 1* neither artificial nor un­
necessary, for the greet tmjcriby of writers <>n the subject have concentrated 
their ottertlon on the explanation of one or other of theee categories, and 
erronooutiy suenoted that a satisfactory explanation of the other wouH im­
mediately "cUow," ''rank i'lumpton ejssey, OJJ, elt., p. 2. 
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nature* which sre not thatraoted or separated In reality} or, at 

it frequently tnd correctly tald, tho porfcot circle, line or rroup 

of mathematical thatrootion doea not exltt es tuch ir reality but only 

at held in abstraction by the ninl. Renoc It follow* that we cannot 

lift thi* abetreotion as suoh to • judgment and tay "The mathematioal 

circle exlttt la'thla oirale drawn on the board," or This object is the 

number one," *er, en the ether hand, oan we judge that "tht circle 

exlttt apart froa all matter,* or the neturtl numbers really exercise 

* eererate existence," It can only be said that with th* aid of the 

laariaaTloe, th* mind, by abstracting from sensible matter, 1* able to 

consider and judge the ourve <vf a mathematioal nature In abttractc. 

The ebjeett, therefore, whloh ere given to the aethematlclan for h't 

consideration in the ^recess -f simple apprehension, are seen to depend 

en ccnclblc matter for their extra-mental, lmntrfett existence a* no**' 

terminal r>oints of the extcntlon of tny tence-poreeytlble thing, but 4* 

r-rt depend on sensibl* setter for being conceived, imagined, defined and 

oonslderod In mathematical solence^thcy are conceived and defined in term* 

of inte'lllrible matter (42). 

•• m • imiemiw em • ' — -* • — •. i w o • ai mm 

(42) Th* 'ice of the teehnloal term "intelligible matter," will surely 
meet with adverse reaction. Simply stated, the necessity of defining or 
conceiving of mathematical entitles In termc of Intelligible matter meansi 
l) I only know singular isaginatlvc or eonebrueted inctance* of a circle 
by knowing tho univoraal nature of circlet 2) to define or adequately* 
designate the waivercal nature of olrele X must place circle in the larger 
claw *f flrjure er definite set of point* (in the eontlnuua ef Intellleible 
wetter) end determine it* foranl nature by distinguishing It from the class 
or act in whloh it belong*. Intelligible natter, then, ultiaately is oon-
ttnulty itaelf, or a deterained kind of * continuity, ec when I limit a mathe­
matical invest 1 iretlea te what determination of tho infinitely potential Una 
from sere to one.. Roe, in thlc connection, Aristotle'* hctanhysl**. 1054h 
20-1044* 28 and the commentary of 'elnt Thomas Aquinas on this passare. 
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Thua, in "ttV.eTatioal abstraction, a fwn- wi.ioh ^hlloBOfher* 

have wraiit leasi ly designated as quantified rubstar.oo, Is abstracted 

from sensible matter. Technically, yhllpso-. h^-s '.nv" sai '. that tr ie 

f . r t i s abatractel from sensible rettcr tc which !•- Iff n&c Tsarily 

united ttqunlum esse — for Its v ry being — but not necessarily 

jointed te i t secundum intellectual — for It to be known (43). This 

Is equivalent to asserting that rathoaatleal natures are seen not to 

bo realisable as such in real i ty , tV-ush It likewise means that i f 

anything «iroul*r or honegonal i s to exlet . It only exists ir nature 

as the laperfoot iimensional terminations of a rhytlcal body, 

Cvs attribution jf quantity as th<* formal object of niathematloal 

abstraction a* 1 as :he ultimate subject sttor of retheaatioal do*onstr«-

tion requires some elucidation because </' th*- frequent denial hat 'his 

denomination is no longer valid for con ten. orery or modern .-.athematlos* 

<ror the neay criticisms voiced In this regard (44), one woul\ ar-ost 

conclude that quantity in th? sense of sheer matter, weight, Umcnsions 

axii seasurementt were heln$ proposed as the proper ooneera of athcmatiariB. 

i t .s Sa i l , for examtle, that quantity oan w« c-r.nldered t*» objoot of 

Oreek or c lassical «athewatlos (4fi)t so^ern Tatheiaatlos ^as m sub loot 

(48) Aristot le , hetaphyclos, 10TT0 11*88. 
(44) Ree, for example, 8*rtrand fusseU, Introduction to Mathematical 

follqtcpl*y> lendeni Oeorjre Allen * Onwta, 193fl, pr, l^- l f l*} an!, V- uhe 
same author, The rtneipie* cf mathematical hUcsephy, Oh*pter XIX, and 
Chanter XXXI1, where ftaaaell ins i s t s en the *otl*n ef cr ier , and prat'ntt 
s view sommonly shored by Icg lo i s t s . See also Alfred Kortybeki, Science and 
Sanity, P*rt T, Chapter m i l , "*eth*aatics at t Ienruare of a Structure 
ttmilcr to the Structure -f th* World," pp. MT-tW. 

(48) Vincent toward Smith, The Philosophical Frontier* of Phytlce. 
pp, «fW81, 
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matter but pure fr>rn (48), or the sere deduction cf any premises (47). 

6o the other hand1, an tqually frequent denomination of mathematios 

as dealing with th* disorat* and continuous (48), as c i.c<.rn*d with 

form and structure (49), or as Investigating order and number (6C<), 

point towards the recognition ef quantity as Mi* basic consideration 

of mathematics* 

The nation of quantity which .eta^hysics designates us the formal 

object of aethematio* and In whloh the law* of mat! ̂ -aticel balnfi u.r* 

contained means ihe order' of .the .arts of 8Jb*t*re* (51). In '.'.is sonse, 

quantity does net seen the bulk or woifht , f an abject whose Impact 

we feel upon physical contact, father, quantity here responds to the 

ultimate quest of the mathematiciani the solentifio knowledge of the 

order of the part* of quantified subctanoe as abstracted from nature, 

through possession cf a scientific intellectual habit which is specific­

ally mathematioal* Hence, in contrast to Ideallet or empiricist notiene, 

mathematics is not created from nothing by the mind nor is it reducible 

to mere exaot sense-Impression* (52). Ouantlby as ""Ivwn" through the 

(49'j See t^o definltien under "Group 2* in Lo'tis 0. K*ttsoff, or, elt,. 
pp. 11-12, 

(47) fb id . . "-IreufxeV pp, 12-14, 
(48) 2.T. l o l l , Tho iVralp*moat of fetHonatlo*. w , 12-18} Abraham A. 

Traenkel. "The decent Coatroversles Ab**ut the ro^mcetlon* of Mathematie*, "pa* sin 
(49) deerre 0*vid Birkhoff, "Uatheisatlesf Quantity and Order," n-. 2*fe-ZP7: 

the author's position on the mature of frethematic* 1* not consistent throughout 
th* entire artlvl** 

(80) The nation* of order end number are ourrer-tly ewr>ha*lt*d as beln?; 
ultimate notion*} • • • Sertrand ftuecell. The '"rinelalot of %thow*tlo*_, pa**la* 

(41) Thoaaa Von Aquln, on* o i t . , Quaestio"V# Art. 3 a I, 8, p. 41} 
see alec A. Oernellu* DCnjAtslB, o;;.~ o i t . . Chapter XTII, "Order, dumber and 
hjantlty," pp. 284-278* 

(84) Thome* Greenwood, "Invention and Ascription in *atbtaatiot,* 
pp* 4C-SO, 
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mental preoass of solcntlflo abstraotion — thcu-h n<-.t reflectively 

known, analysed or oonsiderad by th* <"a.;i" matlcian as ;;uantlt:,' Itself 

whlah is a rietaphysleal consideration — is substanoo oonsliorc i solely 

as niantified and defined as the or-.lor of the parts of substance, Henoe, 

raetaphyaloally Breaking, bvth the ontolorieal ultimate In nature and the 

psychological ultimate which is riven through simple aprrohenslen and In 

the first scientific aot of mathematical abstraction, is not a simple but 

a complex thin*. Indefinitely rich in oontent (53). The escntlal leter-

nlnation of the solcntlflo habit of nathematieal abstraction lies in 

having tho mind beooioo oouformable and Identifiable to the nature of 

substance solely as quantified} in this way the aa theme *-.ielan possesses 

the resUnens a-d facility to judge and to reason further ooneer* in£ the 

order of the r»rte of substance with the aid of his son BO r*,' mkeup and 

raany other extra-mathematical rucTCStions ani insirhts (V3)« The w*ln 

difficulty of understanding quantity as i'-.i* fonual object cf «-At):e**at!c8, 

' c course, lies in realising that subst-'ree itnif. quantity alone do rot 

(83) "cut the mind oan also crsider objects abstracted and purified 
from natter in so far a* It is th« general crousd of the sensible properties, 
whether active or passive, of bodice* In thlc oacc It considers only one 
property which It detaches free bodies — what remains when ell tho sonstbl* 
Is removed — quantity, neater and extension taken as suohi an object of 
thnufrht wMoh cannot exist without sensible matter, but which ;een be ooa-
oolvod with&ut it, e.r,, nothing sensible or cxperitantal onters into the 
definition ef an ellipse or a square-root* This la the greet klnfdea of 
Mathematical the kmewlodte of quantity aa s oh, in its rightful relations 
of order and »*acurenent*" Jaoquec Marl tain. The O»g;rocc of Knowledge, pp. 
48-46* 

(84) See Thoa** Oreenwood, "Invention and Description In Ethernetlos,"1 

far a description ef tho ha it of matheaatleal reasoning. The two volumes 
ef Felix title's lament a ry tlsth*mttl*s free an Adv*nccd Standpoint are an 
excellent Illustration ef the nany, complex factera which "are eoceerned In 
aethewetle*! Inventlvenest and demonstration. 
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exlet as such and as separated from qualities In nature, but only 

as conceivable «M ebctractiblc by tho mind (SB). 

*n* ?* *̂ <* reasons why quantity was previously s c o o t e d by 

•flat'r>^etiolane i s their proper o«v sideratlon and why It 's -ot so 

regarded tMa- no doukt l i e s In the fact tVat ure f**- ,f x t i e s has 

been more clearly '<»VtnruUhed from a'- l ied . ftthonatlcs (f.f) and 

also in the *Vc*- tv<at J l lo tophlea l '-souBBlons on the foundstlont 

of *tathematies, lodrlng the statheioatloal !ltlr>ate In loplo, symbolism 

or Intuition, have hn<* a ror-jurceJ i~Hucnee on rsatlewntloal thought (57). 

A nore detailed presentatl'-Ti of t !e -re ostTs of r-sta^hvtlolana on 

quantity, vowf-ver, will s c«w Jew rafchenetlos Is th* stuiy of quantified 

substance ever \r Its present emnhesls on correspondence, order and 

aaeejsre ( " ) . 

\uantity ia anala^o^sly llvi!ed by seta, hvsiolan* into transocndental 

and preiloamental. They point out that transcendental quantity, a f ie ld 

of tetarhysloal inquiry, i s used to signify the amount of perfection or 

ent i tat ivc be'nr wHoh a thing possesses (69), Th* being of a giraffe . 

(55) " . . . f o r in math<matloal science the mind lays h>ld on the constituent 
elements of ent l t l cc and constructs end reconstructs in i t s own right what i t 
h*» drawn from censlbl* data or built upon ^ e ., treating what In the real 
(when trey ere ent?e rcalia) are the accidents or properties of boiios a£ lfM 
ii.oy wort substantial beinga and a£ If th* notion* whloh It holds of then 
were free or any cxperi**ntsal o r i g i n , , , " Jaoque* karitain, on. o i t . . - . 41. 

(56) ~. T. 3*11. Th* ?J*v*lowe»nt_of ^ thenat lo t . Chapter l e ^ F r o n 
Applieation* to Abstraction*,w pp, 880-478, 

(8T) For * short, suncary account of thi* Influence see Harold K. Smart, 
The Lode of Bciayao. Geeeter I I I , Th* Mathematical Science*," pp, 84-94* 

(5p; L,»f. (feerard do* Uurlera, "Analyse do l ' e tra mathenmtlque," Hovu* 
act Sciences TnUo*ophlcu** et Th*olcrfou*« 22(1933), ^ . 896-431 and P P . 
588-WP. Th* author crasents • S'.-rrery of th* present aw, has i s on cardinality, 
order and limit by "ethematiolana, and their -hilosop^ical relevance. Mia 
method, epproeeh aad conclusions have been suam*rls*d and cr i t i c i s ed by :">. 
Salman In Bulletin Thonlst*. 4(l934-n), pp. 589-868, 

(88) Saint ThoseT Aquinas, In T Mttstphytlcorotu Loot. 16, n. R54-976, 

file:///uantity
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for example, i s Intrinsical ly greater than the bMnr of • stone. 

Transcendental luantity, a* based on the substantial or aoelde«tal 

oerfcotion of « be<nr — on i t* *«ount (-r Plenitude of perfection — 

l sroken of as virtual quantity, while t v t based on a n"'iids!*ti<jn 

of a plural Jty f such beings lc tpckea «f a* transcendental quantity 

or transeo' dental number. ?».!• quantity Is denominated a* tranaccndental 

because It deals with the very **'ng, truth, \mitv an* ^oodnees o" things 

whloh are prooerties transcending tho categories cf substance and 

aooidentc (80;, V* iloesental quantity or that nreoer to tho cctefor ies , 

i s the designation or quantity as th« order of rarts ntrtside of parts In 

a quantified whole. The word o»-l<-r here does not signify the relation 

of or^iar I t s e l f , but the basis of -'.is relation or the fact that -arts 

are arranged according to priority and s ter ior l ty (61; , Predieenerital 

quantity, then, oontalnc H»th the notion of a multitude, c las s , or set 

of parts, and the order of theee --arts according te some -assure or 

standard of reference* 

rrelioamental quantity, of which mathematics i s an abstractive 

study, i s either that of continuity and cor tent or discretonesn and 

(60) 3ee, In th is connection, uaaton I*ayc, l e theorie de la_ "'•sura 
et d' ex is t croc ^'un ''cxlmuiw solan feint i?howatt Arohlvet .'e ; hlTosop'hie, 
XTI, ^'artsi eauohosne et ses f U s , 1940, Introduction. 

("!) A, Cornelius Benjamin, An Introduction to the -hllosophy of 
Science, pp, 284-260} for s r-fttheaatloal analy*!* of the notlont of order, 
set* and the continuum, sec Rdvard V, <\mtiagton.» The Continuur and Other 
Type* of Serial Order. With an Introduction to Pantor]*» Tranttlnite^^uabcr*. 
Second edit ion, Cambridrai Harvard UnSv*rslty P~res*7 1842, ^ho^ter TI^ 
"wenerel Properties of -imply Ordered Classes or Scries," pp. 10-16, 

file:///mitv
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deteralnetlon (62). Continuity In quantity l« b »*t signified by 

the juxtaposed continuation of Its ••artt} i t i t ofir«~ <-t«U<»-5 

magnitude «r ' Is routed es"eoially for t .* lntrl-s^C potential ity 

and lndetermlnatio'- whloh H. :ostessos as well as for Its d i v i s i b i l i t y 

or seperabPLty Into parts of "• ike >ature. The Remoter or top--locist 

determlnoc th i s potential ity i f the continuum (88) — this 'n ie l l i* lb le 

Batter — In various qualitative waysj I t i s tho f i e ld , «'i "ain or 

potential background for various firures, 4-.beir qualita'iv* s ta te s , 

their f iot ive movements of translation «- ' i*ot««t1<"» , the*r t^ns^orma-

*"ions, npjtuel relations, «i tj'iiv&loio** a"' ' '**:G1 r "^ '•IblMt;' wit ir 

"-Is ln f 'n ' t e ly ^ e t e n t e l content (G'1). C r.tlnurus -juc-tlty when *w:s 

(«2) "Jfew i t i s obviouc t^st lu theee re-a^ ably similar rrorc"-ce­
ment*, by sc ient i s t s and hilosophors of the -rwtpet Mvarsity of o rt-
look and training, chore i* Implicit somthln" of the u*- ?t laaTortance 
for the logician to c"ntiicr. These thinkert actually confirm ©ooh other 
in tho view that homogeneity and externality — or, better, continuity 
and discreteness — oolong, a* cornyleacntary formal character*, s t i e s* to 
a l l mathematically constituted object*, to *h*» entire content of nethe-
ret lea l 8010000,* Harold 2* &aart, -be lorlc of Science, p. 8$) see r • 
8T-94 for Smart'• discussion on this point. 

(68) "2oua dlrons encore quelque mots <' 'un t r o i s i f - o grand typo de 
structure, lea structures bopoloftlques (ou topologies)t e l l e ^ournifSHnt 
une formulation matheaatiqu* abotralt* des n tion* Intuitive* d* yqlslnajto. 
*• l i e l t o et de ccntinulte. auxquelles nous conduit -rtr* oo c< t ion de 
i*o*poce." Kioele* Bourbahi, "L*Archltexture dos mathenatique*» l e rathe-
met i que, ou l es Usthaaatiquest" in l e s "rands Courants *o la pen*** mathe-
matlquo. p. 42} see 3ourbaki,a whol* art'o"l» fr'". 38-47) r'o'r ar interesting 
arnly*l* of how th* 'etermination of the continuum "«;• be rogfirdoJ. 

(64) "The reason for this Is thst r ^ t o r , which i s ' >••« *>rineiplo of 
Individuation, Is r.ot known In i t s e l f and i s known only through f>m, from whi< 
*/-e universal reason i s taken. And therefore *Hrular th<n<-fl are not ' n wn In 
th*ir cbs*nce excent through universal a. Matter, however, «s n">t -nlv a prin­
ciple of > Mviduatien in t lnrultr ters ib le • .Man, but also in mathematical 
tat ter* , wne Wind of ratter i s sensible, artolher Is In te l l i g ib l e . Sronse and 
wood are examples of sensible r n t ^ f , or any kind of mobile se t ter at f ire and 
water and a l l others - f th i s kind} b, such tatter rirgular sensible V inrs ar* 

t h | & 1 n e * % . m ^ 
as tne fora of man 1* In th i s wetter whloh i s an organic body, so t V *»m of i 
c i rc l e or triangle le in th i s s e t t e r , which l e c ' t W continuity, or a surface 
or a body. Saint Thorns Aquinet, In VU tfotayhysl const, ' cc t . IC, n. 14f'f., 
In th l t seventh lesson on the wtenhysibs, ^STnt xnoma* freq .*»itly points out 
th*t continuity I t se l f , r as a detorrined tyi « of e w t l n u l t y , i t 1 >r back­
ground and baslt of -m thometio*l notions and ., f rati ".s. 
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determined in some way by a formal causality (86) of some type, 

may be ieterrr-ined methematloally In any number of t'\ «* plons (6-*), 

ioaphaslsinr, in oontrast, the units of continuity, discrete 

quantity is at once nore determined •.'.an continuous and yet ar i ses . 

In diverse - w e n , from the o^i-tinun'is. Althr.,<-h number, l ike form, 

arises from a' r t r a c t s (67}, n t a l l numbers arise '.n this wav} to 

1" c 'ethesatle'an, "n Ttct, all xn/wbera ftr be regarded AS '-atheistical I V 

alike and ar i se , in some way, f--"vn the abstractive consideration of the 

'-ecde of t.-<* eonti\<".-i (flft), discreteness lrvolres the severs ten ITS 

(8S) The traditional view, that . athematiot Is rrlmarily concerned 
with formal oauaallty, oan be seen aa being substantiated today by the 
current ca^as i s wMeh lor l e ia - , formalism and even intuit Ionise place 
on the formal aspect in mathematioal noleroe. See Thomas Von Afjuin, 
or*, o i t , , iuaeq'-lo VI, Art, 1, c , n, 57, 

(fifi) the net Ion of dimensionality In -athematlcs, ";V>urh ansls^oi s ly 
derived frcw. the T o - s e ' e r t l f l c and sc ient i f ic experience cf *;>•«» atl ematleian 
is unique, and i s not a study of extra-mental dimensionality, rhileeOhers, 
in. ruarlng the re»ultc, worth and merit of "*thematics, frequently f a i l te 
real ise that the mathematical universe ^nl' hears a likeness to **-.* extra-
a*«tal universe. Tor a quite aeeurtite presentation of th's notion, see 
Victor f. lemcen. The Katura of Physical Theoryi A Study In Theory of 
Knowledge. Baw TorkV John » i l ey A ?t>ne, 1481, Chepter' 11,"^'ucll^ecn''"" 
Geometry, ><;,. 50-74, 

(87) A. Cornelius benjamin, (v_, e l t , , pp. 260*»*71. Th* *uthnr 
mite olaarly point* cut th* relevance of pre-eelentlf ie exner4enoe for the 

TT* thematic ian'e notion of number, and stresses th* difference of vathe-
.vatleal umbers from those which ar* used in or'inary processes of oo'mtimp­
end eaS-rir.;;. 

idS) *JJLl m***«rem*n* which obtains In continu-ms quantities is derived, 
in soree way, from nuw&er, Consequently *•**• '-••'ation* which ' «•!•! nf ron-
tinuous quantity, also are attributable to number." Saint -h-«mas Aquinas, 
In V lartaphy*i*or'BB, l e * t . 17, n. 1007. The ol>no relationship and inter-
Allien 'xtween form aad number neld by Aristotle (see, for nxa^-le, ' nt.eyhyBioc 
10C2n 2C-11) and by 3alrt Thomas Aquinas, i« quite in k«ep'.ng with current* 
thou ht on the numerical determination of the continuum, for s pMlesephlco-
vatheuatiaal etudy oxemnllfylng these ^.--Uons, tee Th^st '•'reewwood, fejiaturo 
du *r*n*fi«i* Ottawa! U t edition* do 1 • nlv*r«lte d*'ttawa, 1944, passimi"""" 
se* **ce*isuly "-oaolueion* fhllctophlquce," pp. 58-88, *"*"""* 
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or separability of a multitude of continuit ies , eeoh of wMoh i s 

viewed as a determined continuum and whose anmwt Is ^eesuro i by 

ado^tir.r sows ijilt as a "insure. Tor example, by info* 'Sing number* 

and joints In the oo^tinuura we determine Its potential . Indeterminate 

parts (w)% <n so do inf., of course, the correspondence or ^etching of 

part* way be ee-^aalsed, or their iuxtaposition, posit ion, or other 

tyre cf order. The ultimate units of discreteness which arise from the 

mear.irowent of th" ornt'r'-on are numbers of some sort ~ natural, real 

or even grouns of numbers as In transflnita crf lderat lon — for any 

of these run>ers Is but n̂n ty-« of ordering and neasurirr the In­

dole r-i. racy of the -cntlnuura (''^). 

3oth continuous ar 1 discrete quantity, then, ad*lt of various 

qual i tat ive, forrial determinations (71}, A non-terPinatinr line- or a 

(*f?) For an introductory aocovint of tho determiiBtlon -f the con­
tinuum numerically, see John E êaley Yrun f̂ Lectvres on rundarwntal Concepts 
of AUegra ard floonotry, Leo tu res TI-X1I. 

(TO/ ^ee aeelaw Sierainskl, Hyyttth*** du Contlnu, Raraawt Lwow, 
1434, "Preface," (pp* l i i - v ) for a raaent eta torrent on both the hypothesis 
cad the problem of tne continuum} Sierpinaki appreaohee the hyrotha*'* of 
th* oontinuua fron the notion of quantity and from that of i rder. Throughout 
he i e oenoemed with the ->roblem af ef fect ively determining oomtlnuouo poten­
t i a l i t y with the discrete determination of nunber end serlec ef numbers* For 
a more recent ctetemant of (du* continuum problem, see Kurt OooCl, ""hat la 
Cantor'8 Continuum Problem,* The American Mathoaoticol Monthly. 54(1*47), 
pp. 816-828} Oo'del oonlectures. In concluding, that poeeiVly a new cot of 
axioms say help resolve the r.reeent d i f f i cu l t i e s on the contlnuua* 

(71) The insistence on quantity aa the nroper object of nathenetiec 
•h; uid not bo token t e exclude the vaet realm of the qualitative which obtains 
in mathematics. That with which mathematics la concerned 1* quantified 
substance (without sensible qual i t lee)} the determinations of this quantified 
substance are obtained through mathematicelly qualitative attributions* This 
oan be seen cancelally in Topological consideration* end In • rojeotive 
htexetry* For a fine dlsouetJon on the interrelation between the raathenatiealis 
quantitative and qualitat ive, aee I*vlbnlsi '^.e Vonalolotry and< other hi loso-

§hloal t f l V n g s , translated by Robert lata,"tn^.ro^V tion, *art r- \Tt "" Jefwiled 
t e t e e n t of the hil'sophy of lo 'bnls ," (*•", 74-KC), where Letta 'Hsousse* 

Ie ibnis 's matheoetio* In relation to Ma '-.hilosophy. 
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line from tore to one, tha qualities ef obliqueness, angularity, 

ourvatura, densonesB, celllncarlty, connectivity and iinensionality 

ara but a random nuabor of these formalities which denomlnatlvely He 

in the domain f Intelligible matter* These various determinations, 

in fact, give th* 11* to both i4#alletle and sceytloal attitudes to 

nathematia* (72), The very nan** of these Dethraatlcal formal Itle* 
•5 ' . • * 

Indicate, their Importation from th* world of sensation, as do the 

name* for the n*the*atl*al operations of adding. Imbedding, making 

a act dena* about a point, ̂  At th* came time, the crcatlveness of "en 

th* mathematician 1* strikingly Illustrated by this mod* of procedure 
9 

in the xatheaatioel realm. In title realm, stimulated by hi* own 

previeu* investigations, the nleasuras of matheaatleal reasoning, the 

desire for unity, the urge to solve problem* and by varlou* need* and 

Insights, the mathematician speciflet tnd determines the unlimited 

potentiality of Intelligible matter (73). 

(72) "** have found that the nethematlclan shares with other natural 
•elentitta the oontent Supplied by the world of *xl*t*ntl*l 'henowena. But 
h* studies thi* world only In Its quantitative aspect*, 1, e , , only In so far 
ee the objectc ef thet world way he regarded as at the same time "tore or less 
cemrOeaely homogeneou* with* and external or Indifferent to, one another, 
Aa-i wa know now, as logician* and t^leeerher*, what to think -f th* doctrine 
that pure ^thematic* I* * eearlttoly a, priori science, constructed by rmra 
treugaue functioning apart from all experience. That doctrine turns out to 
be the product* not of an analysis ef actual natheaatieel cenooytlcnm and l 

aetbod*, but of a gratutteus wet*shy*leel hypothesis, Thi* hypothesis, to 
th* *ff*et that thought and ex$4ri«neO are **p*rat* somtwhats, landing u*, 
aa it decs* in al l torts "af iwpotslbl* dualise* and Irresolvable contra­
dictions, tc far from being confirmed by any sol one*, 1* th* enemy of oi l 
teionee and of all philoctphy," Barold \ 8**\rt# op* o i t . . p. "43. Y; 

(Tf) *ce Henri Folneare** prcsentatien ef She creation of the *the-
aatloal aontlwniB In Tfta »oundatSo*c of *oi*o*»c (PP, 44-54)| abstracting from 
the philotepKioal incertlouJ, a aoimvwhat accurate picture of the Inventiveness 
of *athc*eti«al reasoning i t given. 
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•' tetheamtlcc al»* treats ef ether entitle* whloh* though not 

quantitative ef tfcteeelvee, hove an accidental correlation with 

eejsntity a* being awawtow depcadttr* en it* Tla* and motion, as visaed 

by the mtheraitilclen* ere capable of quantitative treatment beoeu** t>-at 

te whi*h time and motl*n belemg, are chemeelves quantified and divisible (74)* 

Tiao lo both dtvieible end eontinuoue becaua* of the eueooeslve eotrtiaaity 

of met leaf t la* 1* m*tlan conceived ec a unl-dl nouclonal •urreat* Motice 

ic dlviclhle cad ueeourahl* net primarily du* to Itself, but ultimately 

because of the oewtinuoa* taeniwed* or medium in which motion eooure* 

Sfwtlarly, apace as studied in mathematics is net the reel space ef cur 

experience, though ultimately real spaee la th* fouadati*n for tho mathe­

matician** otudy (?6). The R*thematician regard* space by viewing i t under 

tho formality of e^eulteaoou* eentisnuVtyi in thi* mul*l*>tlaoa*local context, 

he regards the eowtinuun ef intelligible matter a* ?***m**lag Haiti*** 

Turteritlcltwy end content whloh ho variously determine* by the matheootieel 

concept ef dimensionality (Td)* 

Another aroup of entltioo te which a aathaaatloal treatment i* 

(Te) *eo A* Oornelluc Benjamin, on* e l t . . Chapter UT, "ffccn, 1100," 
pp* 274-811, for a quite aoeurate analy*!* of the notion* of space and tla* 
in ©rderinary end In *oleetifio considerations, 

ITS) The mathematical notions of space, time and dimension, reduetively 
and retro**tivol y viewed, arise froa experience} in the prececc ef etthcantloel 
ae*e**Krst«n, however, only aa **alagoue likeness to oxtra-eentel cpeoe aad 
time arc reteined* this eome***ien hole* eanlaia the reeeon why phUeeepnere 
and wathcaaticlen* freuueatly make eonfueiag ctatement* about matliaaatloal 
•pee* and t i e* , and, at tho cam* t iao , explain* how theae matheaatieal apace 
or; .tlew cyotcm* are applicable, with varying -eaturet of exactness, to 
extra-mental diaemsioneliwy in «p*ee and time* 

<• (Tf) for an tat*e4*o1*fton te the mathematioal oemsldemtlett of dlmene 
slerallty, *e* John Wa*l*y Toung, op, tit** Leeturo* XIII-X7H. 
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accidentally or connectedly attribute' le are qualities, suoh as the 

oolor of an object, or the quality of bring a musician -r mathematician. 

Hero, of oourse, thera la an Indirect Measurement of the qualitative 

aooldents if a one subject who < oesesses these nodlflosti. ;.S| various 

methods >f i-easurlng thete qualitative perfections are Invented and 

properly lie In th* realn of applied mathematlos, w'ioh attempts a cor­

relation of '•he principles and ooncl-islcnt of mathematlos te quantity as 

tubjeet te qualities, matter aad -otion on the first level ~f selenoe (77). 
• * 

la -.-.Bslng, it should he rea*rk*d, thet whatever Is in',nod, in tome way, te 

quantity, aa iependent essentially er aooldentally for Its existence end 

operation upon quantity, can somehow be riven an anal/agoualy quantitative 
7 

consideration (7fi). 

In quantity as riven in mathematical abatraction, then, both the 

notion of continuity and discreteness are potentially contained} quantity 

oan be abetraotly viewed as an undivided and indlviclbl* unity — a number, 

or as an aetually undivided forn or whole, thi • rh potentially dlvis lbl* ad 

Infinitum (Tt) . SVen in a simple oorvslderation of a c irc le we oan l i s -

tinruish the stetracted substance of the c i rc le as ftl"«r, and as capable of 

being vlowed in Its discrete determination as a unit or una c i r c l e , or In 

>*<(TT) fur a reeent otudy ef th* anal lections ef rethematles, tee Vincent 
toward sadtH, The PMlettehltcl Front lore of hytl**. Chapter* XI and H I . 

'(?8) eW,/however. In thi**connectien, the discerning remcrks on the 
l imit* of mathematical applications In Jean Oaujat, L«Oe>ifye de 1'Intelligence 
•e *hy*1*eem vkeeitfw T, h lee l l a i t e * do 1 • i n t e l l i g t c i l i ta matheaatlqu*," 

PP. lu-m. 
(Tt) "*ew motion 1* supposed te belong to the cleat of things whloh ara 

tow*l**ee*i and th* in f in i t e present* i t s e l f f lrat In th* continuou* — th*t 1* 
how i t aamm about that ' in f in i t e ' i s often u*od In definition* of the con-
tlneoa* Cwh*t 1* Inf ini te ly divis ible la oentlnuoua')." Arlatotl*, I 'hylc*. 
200» lT»l t , 
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i t * flu*eu*tim* indct*rtdn*tion *• * continuou* fora er f lrurc. 

In thie'ee?meett*«i, frequent tetrHoa 1* nod* In mat been t l eel l i terature 

of the evei—retmrrcnt *r*bl*a of the M terete tnd the ocntiauewc *• th* 

fecal nrebieet ef methemati**| i t 1* feinted o>it ><-<w the tension between -

these two 'jualitetlve state* of mathematical froantity hat been • pussllag 

question, yet , withal, a fruitful *o«trce of vethenetlocl iaveutivene**' (80). 

The three type* of •teoulattve science,"thoa, ***1 with quantity in 

a different wanner, and there i s Oh objective ba*ls for thi* difference. 

T« the1 f i rc t derree - f t o ta l abetraettevt, *.h* wind eon*id*r* quantity a* ' 

th* *cclds*it grocer to mobilo," quantified bodiest In the philoeophy and 

t ; e phyeloal Bclerces ef lurturo, bodie* are considered in their wxi*tertl*l 

denomination in eoaee-tiwe, and a* •objected te yenufne quantitative aal 

qualitative ohsnte and motion (81). On the ether hand, math seat 1«* o'onclder* 

bodie* ac rerely quentiflcd substance* through *tetwasting from the qucl i t ics 

Mid ohanfc* which ere rert 'and Tercel ef sensibly exit tent thing*f while 

awVlloable to the extra-mental world with some meaeure e f exactnets, aatho-

wetlocl eoncoptienc and *r*tem* of space, time and th* order of the pert* 

(80) ' Abrahan A.- Frnankel, "The %eent Controveroice About tho Founda­
tion* of hutheaatlos," p**slai the author seems to ooncludc (p. 38) , by ad­
mitting come type cf "ere •caUtercc" of the oentinvnt*. Thi* intorpiny of the 
centlnueu* and discrete not nly occurs throughout tho history of rathcmetles 
<«** F.-f,* Bel l , The" Deralerm*fit cf jfcthccetlco. rass ln) . but *l*o in bhyei**.-
• ee , fcr caaaple, Louie de Profile, "Ie role dec mathematlqucc dans le de-
vclssi —eat ee la ?-hyeieee theerlquc cocteapcralne," in lee Grands Courants 
de 1* ncjs*** 2*thtMtlquo« prasentes par F, l e l ionrals , pp. 348-412. 

v**\ This bxnwg***ity *nd externality of part and whole wMeh cwtataS 
wh*n nodi«*c* a're considered eathsnatleally toy be contrasted with the re lat ive 
Mvcrair^ ef heterogeneity and lMterpenetration of ; art and whole when .objects 
are **tja\aerjtd more concretely* In the la t ter ess* the rart i s never in any 
iacsi'tsat «*noe of tne aame aatur* *• the whole Into which It enters, and both 
part aad whole''a***rtCe*sonti*l modification of nature a* a result cf any 
thenge In the on* re lat ive ly t o the other," Harold 1* Swart, og* o i t , , ' p . <0. 
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of quantified So l ies nar*r correspond eauetly to extm-wentel rea l i ty 

where • |uallt i#s, nobil i ty and change oharaoteriro real existence (F2), 

This diversity of oonsldertt'oh between total an' formal abstraction 

Is necessarily emflix*xll*ww' In order to safeguard tr**« two legitimate view* 

of quantity, sonfused as they frequently arc. For xsvrmlc. If a s c i e n t i s t , 

philosoi "er or oostologist nalntt'nt that 1t <s absurd to speak of four, 

f ive or n-dlnonslons or tran**"lnit« numbtrs (^?»), he Is confounding the 

quantity of roathomatics and that of the sciences and the rhllotophy <rf matur*, 

lure mathematics does not ronoun** i t s sc lent ' f ie judgncntt on the extra-mental 

real , but ^nly on abatraoted, quantified substance — a state in which things 

-?" rot exist exoertt in mathematical ab*tr*ctlon (84). 

In contract te the view of quantity affordad f i t t e r in to ta l or formal 

abstraotion, m^t*-1 vsict reraris pre-lieamental quantity a* a principle of 

be^ng, the r t o l o l o a l accident w ioh belongs to *h« eateroriot, and llkewi** 

t t u l i e s the anala^-nis notion of transeerdentel •-•.a^tity, »*'ith regard to pre-

Hcamentnl quantity, metaphytleian* point out that t'.< ;̂»h substance i s ; rior to 

a l l the aooldcnts of be'.hg, quantity has a priority of nature over the other 

aool ients , frequently termed, for th i s reason, th* f irs t aociient, quantity 

erders the rarts f Tutorial substaree nni It *-h»» basis of extension and 

other corporeal properties (88). AU senstbl* qualit ies are directly rooted 

in Tuarrtity ss their immediate ;rlnelr.le of be'rg} throuvh quantity, these 

sensible accidents are rooted la the individual cubctanee. This Is the ultimate 

(§t) This t r a i t cf m*th*aetl** — Its -art lal and approataatlve applioa-
t i en te extra-mental real i ty — i s quite generally admitted, so that i t would 
be fu t i l e to ins i s t on th l t rolnt, 

(81) See, for exempl*, the conclusion* of Karoel leUeaand lr le Trans-

(P4; Thor-as Ton Aquln, or* e l t . . Quaestlo ¥1 , Art, 1, c , , ,r>. s r -?7 . 
(88) "alnt Thomas Aquinas, &{V %teffhytlcorura, loot , 18, i . """-^P*. 
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reason why whatever 1B qualitative or rooted 1n quantity oan be -iven 

an analogously quantitative canal *er«tlont •: brooch vrU-u* <-athf"anMcal 

measure*, th* rrlnolrlet of rathemntios are arplled f niolitn*-lve states (fifi). 

This ostolofioal luxtapoMtlon of nj*nt<ty to subwtance <*lves "Mjintity 

a prominence an' nre-etrinenoo ever the other aeel-ienta whloh i s unique and 

d is t inct . In fact , many thinkers havo hee»n led to suh«»ti»'*-! fy the v rl'us 

rothertatloal abstractionB of fora, turner an'' fol lda, by attributing »>n 

extra-eental existence to the abstractions r " -nthoriatioal f l e n o e (*?), 

or to deny the existence ef •eoonfiry, qualitative ->vnr8cter!sties, f'ne 

of the reasons for this roa !y attribution of an extra-'*cr>i»l exl?t<*-nce to 

mathematical abstractions 3'es In th< fact *-hat i-hourh quantity ' s on 

accident. It i s r ightly treated i s t*? subjeot s e t t - r tf *athewatic«l science 

with i t s own definable qualitative ;ron«rtl«s (S p ) . Unless 805»e sound, meta­

physical reflection "olnte out that quantity i s here considered aa Inte l l l r lb le 

natter — substance joined rcerely to quantity — the lump from the mathematioal 

to the real order oan readily occur* 

'Quantified substance, *ven, as dealt with by the .-a" hematic lac ^ ' ^ r t 

from quantity as ref lect ively kn^wn, ani viewed «s a -rlnc'nle •>* **1n<* 

by the -^taphysician, as i t does "rr- extra-rental quantity of rhysloal 

selenoe. The same ;•# similar questions a'ov* r'P^t'ty, m< "'-over, way be 

(88) Thomas Ton A<»uln, eg. n i t , , "'ua^c îo V, *rt. 3, ni fl, r. "2, 
(*7) As baa h'-np frequently rolnt> '. out, *.h» cc"'.cl cf logiolsK x.Jka 

been led to t^iic view} see , for example, Thomas Greenwood, log ^ondetaente 
do i a l o g i qu* synbollauo, Tom* Ii Critique du nominal lame logist lquc, passim. 
an'd1 oaOoad v . "mart, The VhllQsophlesl Presuppoaltlpns f- f^*"«!*£lliJi^fJ?*. 
p***la* u ~ *~ 

1*4) Matheeetielent of p*tt and pre*ent have looked upon the natural 
matter*, the ocntlnuua, snd mathematical relations at Heinr. somehow "real." 
* collection of these attributions of extra-mental reality of some sort to 
matheaatleal entities would be both interacting and Instructive. 
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a*kcd;ineach *f theae sciences (44), Th* problem of infinity in 

•>entityaay b*,*en*lderad by **eh, though the three responses to the 

question ef inflaity la quantity caanet be contradictory lnaenuoh as 

ultimately, they refer te extra•cental quantity a* abstractly viewed 

under three dietinot* **ieertlfi* Mpeots. la the view of total abstrao­

tion, **rpese*l aubstaace or i t s whale swamation may be hooked upon at 

actually, fin l i e aad potentially infinites frea, th* mathemat leal view, the 

question cf actual infinity in quantity le of Ut t lo iapert ccsaerod to 

the poteatial infinity at^quantified sutetesoe abctraetively eea*id*red| 

in the m*taphy*i*al vitw» the very nature aad being of infinity *nd it* 

relation to th* Infinity ef phy*l*al and rathoaatioel science is **suiid*red (90) 

The above ceaparieen between three view* of quantity illustrate* hew , 

th* greater Immateriality of e,**i*nee,giv** i t e cpcculativc tegemomy <•)•*>. 

the seicaeoc below i t , hetcphytlee i t ^the meet immaterial toiceco end need* 

the ieaet *peouiatlvc principle** Mathematiea, *n*emueh ee i t adds quantity 

to subttsnoo is lot* iaattericlef«nd not only seed* th* prineiplet of «ote-

phy*i*« but additional onaat »ey*l*als*ia***, dealing aot merely with 

sutetsjute «nd quantity, but adding quality aad m*blllty» and aiming te knew 

mobile being,iis th* meet eemplen«of the three level ef ceienee (91)* while 

•etc meth*aati*s and ohyeleo re*elve<their principles ef speculation frea en-s 

nctephyej**,>aathataTtat.exer*laet e speculative function, over the cencluclone 

«•* » * nwrw xmrnmmmmtm^mm mnmw~m*mwww. p i 

three levele of teeetlat ive *elence, 
(90) I t le-IntorettlnB te nete.thtt many mathematicians have considered 

the problem of infinity under the phy*lo*l, rathematloal and meta*>hy*l**l a*p*ct 
•von though they m*y conclude that only the rethcmatleftl answer has validity. 
See the raaark* of 'hi l ly £'• 8, Jourdcln in Contribution* to the Founding of the 
Theory ef Tranaflnltc Sumbors by Qeorg Cantor, ^Introduction,"^ r»* • 52-82. 

(91) A *uaaary of thlt doctrine on the number and dependence of the prin­
ciple* of cpeeuletl'To *41*ncc oan be found in Thomas Ton Aquin, 0£« oi t , -
Q**c*tl* T. Art. 8, *d 8, p, 41, 
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*•/ phyoloal toicmoe. If, for example, 1% 1* meth*natl*ally certain 

that no centradiotlea results Trow coaeldorlng quantified tubttenoo 

a* toteatially 4|ivisible ad infinitum, then <t will hot be pecil-

bl* per tho philosophy er the **lenoe of neture tc dlsprcve oerteinly 

the eCttibillty of an infinite multitude (92), 

1% *hould be emphasised th*t quantity a* th* form*!! object of 

mathematics i s not te be confused or identified with it* analysis 

ia the philoeophy or sciencesCf nature) act is «eth*aatl**l quantity 

te bo looked upon a* 14eirtl**l to on* or all f the oowmon sen«lble* 

or seeoneery quelltles (*»), Thlc ^phy*!**!" view of *ath*watie*, though 

froewoatly found, is duo either to * l«ok cf grasping the nature cf mcthe-

a*tl*al abetraot ion, or fNirhep* te the fact that the quantity of *«athcaatlet 

lc ecyehelertcally attained through the eeneiele qualitle* cf thing* (44), 

The** end similar 'difficulties een only he obviated i f the ife$tl»x**lrof 

both total and feraal ebctracticn aad of ^eetapbyci** i* oonccdod. 

Scacwhet in oontratt, then, te *un,*nt pMlotophie*! thoorict on the 

exlet en** end nature of the metheaatiOal ultimate, i t It here malntained that 

4uan*lty *• given te the mathtattiolcn i* not * *ianl* but • ecaplox subject, ' 

indefinitely rich in content* There i e , In thinge, the real Occident*of 

qucetlty ln*eparahly joined1 to an existing tubttan** with concomitant accidents 

ef color, tes te , weight end chop*) in snrtheaatl**, th* mind actual i*e**nly 

(42) Saint Thomas Aqutuee, In IIX'O* Occlo et ^m^q.'-h*»t, St n* 4* 
*••"* (48) Joseph hareohal, le Point do" depart do Ta"^etarhyHfw*. Oahier Vi 

j f Jf&^g* «**«»jb*» Mj**M9 a ^ t e **• u % ••,".1 i t i t j l so Jacques 
aaritaln. eo* oifr*; P* !**• ' * 

"" ''(M)~4lifBe* Mnritaiae eg,, o i t , , p, 178 and p. 250. 
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th* forsa l i ty of substance and quantity by abstraction, thus naWing 

th* potential formality In the thing an Inte l l ig ib le forraallty an! 

ienomin&tlr.r quantified substance as a sc ient i f ic «>-jeot ($5), The 

specification of thr> ha^lt of f-e.thema'-iQal selenoe consists , accord'ngly, 

'r vavini$ the nix >] beo w conformable t- "{Uantiflei tubttftnoe C'^nller"^ 

tbatraotly as denuded of }ualltle», ration t ni ohcngC} ">os8< esion <>f this 

haMt rraces tne mlr.! n't only with a conformity to quantified substarce but 

also with tho reaWess and f r e l ' i t y to reason f .rther o~* cemir-g "--hr ^rder 

of th* arts of substance (94), 

Similar to a l l Vs wledge and specifioally to s-eculatlvo science, 

isatheactioc as a soienoe oins is ts In Judfnents w'loh are the repult ;f the 

seooni operation of the ndnd and n^t ef simple a?vr-'**hension. The nature, or i ­

gin, necessity and truth of tl«*so judgment*»is, of course, a 'natter c losely 

a l l i ed to on*'s view on the nature of both selenoe and ratheaat'os I tse l f (97), 

For example, •lato, holding ar Innatlst theory, leid the origin o r tho mathe­

matical judpaent In the process of recalling what had previously r*-hn Hiown 

1- a ^re-existent contemplation of the world of 1 l*as, while the ^ytharoreane 

located t v e surety of rethematlcal judgmente in their a;*p l ice b i l l t y to rea l i ty 

I t se l f . fieseartee l laelisfcioally sinned the oertairty af wathenetioal judg­

ments on the badge of c lar i ty and eelf-evidenee wtioh they pocsetted, and 

wa* ''creed to rescrt te an lanatlct view} while the Jritlch cmpirleietc, Inol l -

(dg)3ee, in tMs connect ion, Saint Tho«as Aquinas' description ->f the 
manner of rocedur* In total an-1 formal abstraction and in retarhysios} 
Thotac Ton Aquln, ag* o l * . . ^aaeatle *7. Art* I , c . , ; •>. 55-81, 

(»«) See *he following "Charter for a presentation ;" tho de of reaaon-
ing in mathematical soienoe* 

(97) Smile fceyerson, y ohealnogent d* la pens^e. 3 tomes, 'ar ls i '**llx 
Aloan, 1931, Mvre III , U> ralsonrseiient "at*. ''mll^ue, Che i t r o ' r*--l»r, "I.«s 
Daux C«mo«",ti">nfi du raisonne^ent **athematique," np, ?\ *>-''"'"', 
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nlng towards the oxtrwree of the ythagorean outlook, iieie real i ty 

I tee l f the measure of th« exactness of o-ir irathematloal i i<»a». For 

Imaanuel Kant, the Indubitable certainty of ^athenaHcal /udrxemt* was 

due to asocial oatt«gr>rles cf the r.4-^i whloh imprests 1 the fluctuatlnr 

impressions of sense, wh'.le for Comte the a rival -f the -atheraat'oal 

era was. In i t s e l f , t^e Mstorlco-s^ciologloal guarantee of tholr COr-

talnty. In the o^ntempornry scaae, this vac i l la t ion toward* 1-teal ism 

or soeptlclcm an th? nature 'if tho mathematical ju l<rm*nt i s ?•-" In 

lo*ioier*, Int'tltic-icm an-! formalism (°8) , 

A T"liaa sol"tlon to the origin fer.-l nature r f the ret*-emetic a 1 

^"dracnt is f i - l 'H by 'tewlr* rat? emetics as an abstractive s-eeuie'-ive 

selenoe. Like al l so !«*'-. se an' '" rwledge, the ha It of -athamatlcs arises 

:r - inal ly , ^y abstraction fror the senses, though the ;-ccleenoss of this 

point of origin .-say l i f fer In reann«r fcr each 1:. i lviiual (*?$). Those who 

have the mysterious smd unknown combination of s i f t s whloh are oalled raathe-

matioal talent or srenius, frequently require l i t t l e nrevious exper'ence with 

(9p) Louis 0, Kattsoff, ££. e l t . . Chapter Sixteen, "Mathematics and 
Seel i ty ," pp, 244-263} Kattaoff f»,ivo* a broad summery of the directions toward 
which contemporary vhil^so^'losl taught on mathematics tends, 

(44) Rous avons, d'autre part, y r l s a teoho autrefois de montrer 
qu'en oe qui oonoerne lour nature intlme, les etres qui sent census oonpoeer 
l e - r. H de n tre perception dlrecte oelui dont le sens comnun nous lrmose la 
presence quand nou* ouvron* les yeux l e matin, ne sont en rler fifferente 'e 
oeux ie* theories solentifique*, s ' s s s la l l ent au contraIre entericmsnt t oes 
dernlcret l e sens oemtaat, en son ensemble, n'est qu'un* , remlere *bason© de 
theorie tcientlf lque et phiioeophlqu*, d'elaboration enteriement Inconsclente, 
mala oonfoctlonnce colon des precede* tre* analogue* a oeux que sui t la jensee 
ooncoiente, *u*sl Men en soienoe qu'en philosophic." r»Alo Meyerccn, o^. o i t . . 
Liwre I I I , p. 3E0. Though capcrlenoe i t the -point of departure for the formal 
abstraction of Rathematlot, i t plays a suggostlvc a: d u t a direct , r^nlatory 
role in sethanatict* Ihls nution wil l v>« briefly oontliered In th** foll<Tw*rr 
chapter* 
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reality, or l i t t l e tutoring te aoquire the uathanatloal habit} in fact, 

on* cot of toientifie deaeuetrat'an may bo sufficient. 0*h*rj,wh* m*y 

•von l*t*r become capable mathematicians, require a more clocc and RK re 

frequent lie*{en with tho matheaatleal content of extra-mental reclity, 

before the habit is Induced within them (lOO). In all oases, however, 

pro-scientific knowledge and the use of the sense* and th* imagination 

are the prinelplce free whloh matheaatleal abatracticn erica*f th* 

speculative thinker who may adept an ideal i s t lc er ••optical position 

in thi* regard 1* but denying the hietory of hie own experience, end thet 

ef mathcaati** i teelf (lOl). 

dinoc i t lc hero claimed that mathematioal Judgment* ara neither 

pronouncement* *elf-evident to the mind aa in en ideallet theory, nor yet 

sorely suoh aa to be verified only i f applicable to reclity, what lc the 

mathematical judgment, and in whet doe* it* truth con*1stT It has been 

pointed out that unlike total Abstraction, the fomel abetraot Ion of 

anthem*tie* ooneider* thing* aa independent of cenclbl* setter for being 

conceived* but dependent on intelUglble ratters **><* th*t i t 1* in th* 

imagination that quantified aubctanee la visualised as individual Intel l i ­

gible matter. The mathesetical judgment*, accordingly, terminate in tho 

(100) 8oc the ojtf-aend remark* of Henri Folncero on thi* point in 
The founaatlcas of Science. Part It lumber and Magnitude, Chapter I, "On the 
Baturo of MathcnaU**! aaaeoaiag," pp, 91-42, 

(101) Th* main point on whloh we with to Insist 1* that mathematics is not 
Innate or theerly e ••lf-oroatlve affalri except for the view* of absolute 
ldeali*t*e there 19 quite general agreement, i t *em*, that experienoe fumi*h*i 
at least the eclat cf departure for aathenati**. In Th* evolopmont of mathe­
matics. *# T* 3cll bring* thi* point out in a nuabor cf rlaoe*} see, for 
exampl*, pp. 8-19, pp* 144-190, p* 190 and p, 194. 
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Imagination* where their truth i t toon to bo reticent in tholr 

capability of being imaginatively realised or actualisedf once this 

ha* been achieved, and the judgment verified, a further validatist* Is 

no longer neoessary, and a mora abatract formulation of th* judgment 

may ensue (102)* 

The frequent atattment that modern -> Atlantic* has sled intuitive 

appealc, teems, cf oourte, te deny thi* reference to intelligible matter, 

Sewever, a* In the caac of imagining non-cuelidcen g*om*try, i t esuat he 

recalled that tho Imagination and aarery *upply other lmag** than visual. 

If I mention the delights of eouauulng * choice steak or^the touch of a 

cool creese on a wan*, clammy might, *uoh word imago* ara sufficient for 

ay statement to bo under«tood, *v*n though memory and Imaginatiom may, in 

tho oeee of a steak* have teste or visual image* or both, and in th« «*«* 

ef a broese, touch -cr visual imago*, or both (109), Consequently, in non-

•uelideaa terminology* whan i t , i t *aid that,the "sua of thro* anglea.it 

greater than a strtight angle'' i t is not neoessary that thi* judgment bo 

plctorielly visualised and verified in-the Imagination just a* i t 1* not 

• ••'•f-lfr 

(1C2) In "Invention snd 3*«orl?>tioa l« Kathematiet," Thomas 3rewnwood 
»olntt out that this Close do ender.ee of mathcnatlct on th* Imagination i t 
especially seen la the prcoett of invention and thet the result* of invention 
are* however, usually presented In a Blaple, lorleal fora*. ^ee, in thi* 
ooaaeetlea, ueari lalacere, «e* cit** art If Tte, Math etieUcaJ. Sciences, 
Chapter I , "Intuition end leg!**** ^thematic*/ pp, 210-222* « For an ex­
pression of the traditional view en thi* matters toe Thome* Von Aeula, eg* o i t . . 
Quaostlo YI, Art. ?., c „ pj>* C3-44. Within th* framework of *pcoulattvo 
••ioaoe Iteelf , <•-•*" ouuree* the metheaatleiaa 1* traa to set up mthematloel 
criteria which mutt be •fulfilled ia order te validate the existence of nethe-
•etleal entities l It ic en thlc point that uuoh of the current ntouisien n 
the fewAdeticn* of mthmatlea i s lodged* 

; (14*) hark Alowcluc Ocffeoy, The : syoholfey 9 f tho W l o r _S*as**, 
ft** leuici V-herder, 1942, Chapter U I t 'The Ineglnatlon," or. So-J 07. 

http://anglea.it
http://ender.ee
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n*e****ry for the proposition of the sum of three ancles equalling 

a straight angl* (104), 0 r if I say that th* flrat trans finite nuater 

is th* nuater we have reached by tumaatlon of all denumerabl* infinit ies . 

I may attempt to Illustrate this judgment with * Un* as continuum, but 

i t i* rot noeottary that thi* b* don*. In the** *as*«, i t ia sufficient 

that th* meaning of the word* and symbols used be known, and that the 

order of the parts <• t subctencc be conceptually and imaginatively attainable, 

ac being the ordinal character of quantified subctanae - - th* ultimate 

subject of attribution In these case* (108), 

when It is asked whether there Is a correspondence of matheaatleal 

judgment* tc extra-mental reality, i t Is cl«ar from what has been said, 

thet ao one-to-one correspondence exists. Mathematics is not scientifically 

concerned with tho determinate, extra-mental qualitative,quantity of indi­

vidual things. This question. In fact, oan best be answered by comparing 

i t* judgment* with thos* ef aetaphysieal soienoe end with thocc of the philo-

•ephy and sciences of nature (108), la the latter two elate** of science, 

a direct correspondence holds between the way things objectively exist and 

the way in Which ran utters scientific judgment* upon th*a. For ex**rpl*. 

(104) The frequent statement that * non-euelideen geometry cannot be 
imaginatively visualised ••cm* to imply that the imagination i t limited te 
visualising In thr**-dlm*n*lon*l tpaec. This *eeme te o ont a In an Implicit 
confusion of visual with imaginative representation, aad an attribution of 
dimeneienellty to the imagination not consonant with i ts nature. Strictly 
speakim , according to such • view, one, should not be tble te "Imagine" 
a unl-dim*n*ioc*l lino or a twe^ineasienal plan*, 

(104) A good Illustration «f the oloe* dependenco of topology on the 
Imaglnttloa can be fend In ftlehard Ceurent and Herbert fobblna* uhct It 
a*theaatlc*T, pp. 285-246.' Thlc taction holpt Illustrate the remarkable 
oapabilitiec of th* imagination, as i t representatively deform* an,! transform* 
mathematical natures* 

(108) See, In this connection, the close analysis In Thorns Von Aquin, 
op, e l t . . QutottlO Tl, Art, 1, e . , pp» 88*81. 
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oocsi ierinc either the judgment U a t rnan 1» a matter-soul r-omposite, 

or the judgnont| that man Is a rational animal in contrast tc the judg­

ment' thawrery pert »f a c i r c l e i s equlllstant from a ,«~int within called 

the oenter, 1 *ee th*t th* f irs t judgment Is in the f i r s t degree f abstraotion} 

i t prescind* from the wetter and "oul proper to nr Individual wan, know* th* 

speoifl* neture of a nee, and conslderc the nature as -redioable of Inferiors, 

In the second judgment, the "tetaT hysloal definition, tho judgment terminates 

In the in te l l i g ib l e as sueh without setter} we are emphasising the immaterial, 

though extra-mental point* of I n t e l l i g i b i l i t y in *«n* In the rethematloal 

judgment, no extra-mental c irc le f u l f i l l * the definition} however, i f we 

precclnd from sensible -natter completely end consider form or quantified 

s e t t e r , the c irc le oan be e-^eelved, defined ard i«»glned as fu l f i l l ing *hls 

definition In terms ->t Inte l l ig ible matt-r alone (107). 

Mathematioal judgments, then, lying between those of metaphysics and 

th* lower sciences, are unique. In fact , th* nature of the raathematioal 

judrseet 1* such that i t also l i e * between those of l og ic , which exclude 

existence, and thoa* of mere reesl b i l l t y which retain cone inner relation 

t o drl*t*n*Of*the mathematical judgment i t indifferent to real , l og le t l or 

pectihlo existence* While the habit ef mathematioal science ia * perfection 

ot the wind'at i$ any ether to lent i f io ha1-It, th* mod* in w ich existence of 

aath*aati*el judgxents It formulated, guaranteed and verified It unique* 

(10T) tn the eleventh lesson of his commentary en the seventh book 
of Arrctotlc's Mete phytic* (In TH httaohytlcorua. Loot. U , nn. lBOl- l tWj, 
•e lnt ThoeaB Aqulha* *apltln* th* oloso analogy that obtain* between the 
definition* and judgmantt of th* three levels of speoulative selenoe. 
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Mathematical +u ! resets are in * universe, a* i t were, by themselves, 

r-r th* vwthftsatlola* treata atetraot things as abstract (108), T«t, 

the subject mctter of r a them* t i e* Is not rarely aind-made nor completely 

Hsocvered In nature as we discover tho properties of radium} the mind 

receives quantified substance from nature, end, aided by the past pre­

scient l f i e and so ient i f le experience ef the ethematioian, induct* ma­

thematics with the aid of t i e imagination (109)* 

The intermediary noaitiom w» leh the setiteeatieal juignent holds 

between logical and possible being beget* a propensity in the mathematician 

to reach out Into both direct leas . On the one hand, mathematlos, l ike a l l 

science, maVea a rioh use of t o logical intention* wnioh i t ref lect ive ly 

form* from i ta consideration with the 'irect study of mathematical naturae 

(10*) "The mathematician cannot, however, take auch satisfaction in th i s 
itssnnlty from be!** proved wrong by the facte of nature, for the rrloe cf 
tMs Immunity 1* thet his science has no Deoessery application to nature. 
That •aatVemetics hoc been so widely applicable Is rue to the fact that *-\e 
?cvt"letee and axions were f irc t ohoeen in the l irht of what experience hai 
disclosed nature to be. hit mathematics i t e e l f affords n̂  ftuarantee tha*. 
the flhoioo of postulate* represents an absolutely oorrect desorlption of 
the mathematioal properMe* of nature to «U times and plac<*s« The a'-Vc-
aaMelan i c on certain wound >>ly ao l.n? as he stays within a closed 
system and aaeerte merely that his theorem follow from given premises 
with-trt mkln*- wry *lelm tor r.h" fastual truth jf tho*e preml***," Albert 
9. %m*perr*i", j>l»Uosophlee tt Science, Hew Torki f. l . Crofts - Co., 
1942, •. IS*} with the next sentence, however, the author concludes, "^theme-
t i c s Is * nurely esalyt lca l science, 

(109) Chile mcthemetics 1* net to bo viewed aa an expert sent a l solerce, 
i t should b# "'luted ut that • being a science cf quantified substance (ab­
stracting front sensible qual i t i es ) , i t i s a vltract soienow, concerned with 
reel ar.d not logical being. This 1* pointed out well In th* following 
quotationi"..•The mathematician, abstracting, ie** not o«nrider a thin., ether 
f a n i t i t , Tor he dee* not understand the l ino to bo w.th'ut sensible patter, 
but >•*•- c n e l i r r * th* l ino *nd i t* properties without the consideration of 
sensible watterf and thus there 1* n* dissonance between th* in te l l ec t and 
the thing, becaucc that which i t of the nature of l ine secundum rem* doct not 
depend on that wHofc teke* matter sensible, but rather the oonverae obtain*, . ," 
Thomas Ton Aquln, eg* olt|*. <ca\ectlo T, Art. 8, ad 1, p. 41* 
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within the Imagination} i t will s^«ak of series ••<' numbers and rrvi-9 

o* systems, which ray appear to be as real to -he ranthewatloian as a 

nuater of an equation UIQ). Die nrwlmity of tmthenatloal to poesi l le 

being, on the other ' en l , an5 i t s Intimate oornoctlou with sen** *x-

perlenoo, wi l l tr.n,t the '^thowat5oi*n to attribute an extra-mental 

rea l i ty to th is conceptions and judgments. Ultimately consiterod, in 

fact , any true tethematlonl judgment or •elf-ooherant mathematical sy*t«a 

contains the inner poss ibi l i ty f being re-ap;.liceble, with varying ierr^«s 

of suooecc, to extra-mental qualified substance ( l l ) ) * 

Truth, t*en, ari the sc ient i f ic characters of necessity, universality 

and certainty ere not, for the pathos* Mo ian, a ratter of correspondence w'th 

(110) ?he use cf logical beings in the invention en 5 development cf 
rational-leal se* -re* wil l h* * >sMcred in tJ*r» following oh* tor, *+. shmM 
•>*- ro^V-ad out u ere , however, that dialectics (lo»loa utontJ plays a large 
part in mathematioal Inventivoneis, levclopraent ari ienonetratIon, aa i t 1oes 
in a l l speculative sciences. th«t in fact nay at f i r s t appear merely to >e 
a logical Ni'nr. 'n ma*.' ematics, - / i l l . In the oourso of time, turn riut to be a 
<*athenatloel beinp:. In this connection, for example, the frequent denomi-R ion 
of trana"lnlie numbers or non-coclidcax, geometry as purely logical beings, ic 
too haety a generalltatton. It i s h*r* maintained that Ecn-*uolid©an geometry 
i s no more n-r ^ess real than euclidean to the 'ethenatlolan, nor are trans-
f ln l t* numbers wore or lass reel than itnaglnarlat. Irrationals or tranto*nden-
t a l s . The rain point at Issue, i t t^ems. Is t at thus far the rathematlolan 
ha* not as yet bft-c able to give a eathcattlcal ilewonttrablan of their existence, 
and the ^roof f?r the existence of these now catheraatioal ent i t i e s i s s t i l l In 
tht dialectical stag** 

( i l l ) Tr*b*bly be«aus* >« has no* a preached th* na*.ure or rnathirsatioal 
abstraction from the view of otaphysioa, Louis ( \ Kettsoff, In his fine summary 
ot current theories on the foundations of wathematios, concludes» "From whet 
has been said, i t follows that there is no real ' i s t inet lea between nuro and 
applied mathematict, ?ure mathematios Is i.re cnly in oe far as i t can Se 
appliod, and a plied nathcnatlot can be a plied only as i t i s pure. If w« wish 
to keof such a dist inction we might tay that the ^-ira -athomatioian is interest* 
in mathematioal propositions at tautologiet , the tonlled mathenatioian In the 
aoatautelcgiaal acpoot of these same proposition*. loi i t 0, fet teoff , or, e l t . , 
». 280} tee ftlto ~n, 2S(V?83. Th* position whoh ie her* walnt.slned is thwtth* 
prlncirl** of quantified tutetarc*, having b**n *c icnt i f l c«Uy ascertained by 
abetrtetlen from mobile rec l i ty , are re-a-plloable \c their ultlrmte icuree with 
a Treasure e'" suooos* that 1* United orecisely by the addition cf th* prin­
ciple* of mobll* being. 3ec, in th i s connection, Thfiroc "on '"pin, c * e l t -
Quaestlo T, Art. 3 , ad 8, ad B and ad >", y. «'l-'-2. 
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real i ty as svoh — Jn ' t t mobile being (ll%\ Brallr.* '-ith a realm 

-.? knowabl* natures and beings, *ethematic* ' s . In t f - t h , a direct 

sc<*-cc| ncrleeting t*e qual'tative ohanpee and motions U< extra-

mental rea l i ty , ! c-cr^r, matho'iattos construes i t s own world within 

the iverination wMoh ia modelled, thrr.u-h th<* arcMteohtonie art of 

th* mathematician, on the real wurld rrom his 7*ast experience and 

oreativ* ^ s i g h t s . Consequently, the mathematical ju*m»ent 1* one to 

whloh the conformity notion of truth a pl ies as an ultimate crltorlont 

tho s<nd becomes conformable to quantified substance in mathematical 

seiene* ( U S ) . A -*ire Immediate «rit«r'on with whloh the mathenatioitnt 

are largely concerned at nresent, i s the coherence notion of truth} i t i s 

here, especial ly that the -athewatlolan demands the notion of oonctructlbi l i ty , 

er require* consistency, oategorlcalnccc and interpretation of axiom-cetc (114), 

(112) "And similarly with r^parl to any one type of geometry} 
-uclidecn g*o.*wtry wa* never Absolutely true in th* sente in wMoh certain 
philcsc~v*r* conceived It to be, owing mainly, perhaps, to I ts ***ming 
stabi l i ty* heither ie It ;wv oerreotly interpreted as a meraly •conventional* 
syctea ef definit ions, postulate*, and tholr formal ooncequcncoc, t e l l ing us 
nothingjabout the real neture cf space* The truth l i e s between these extremes* 
The receerche* of mathematicians and other sc ient i s t s ar* simply demonstrating 
that ne one *y*t*R .ef goaaatry ten exheuct the rlchnets o" content included 
in the general f i e ld of their Investigations. Id elements prove capable of 
eateriag tate new, and hitherto onauceeoted relutlonthipt, and new element* ara 
naturally brought to l ight la tho same rroeees of development." Herald <• 
Smart, oc, s i t** Pl?» 110-111* 

~r~ UT2J "free* the' quotation from Saint Thome* Amiinas in footnote 109, 
above* 

(114) Tor an Intra castcry example ef th is notion, see Loui* 0 , Battsoff, 
op. oit** Ghayber Fourteen* "The Structure <•>!' the Mathematical System, ** pp, 
?Q7.2lTand Chapter Fifteen, 'Feotelatlesnl Method*," P P . 283-248. For * 
simpl*, introductory account, aee John cet loy Toung, Lectures on Fundamental 
Concents of A^obra and Ooonetry. Lecture* IT-Y, pp, S8-4T. I t 1* po .s lh l* , 
of oeurec, te^regard thi* study of oon*l«tency and oategorloalnett as referring 
tc th* aiainus requireeent* for dialoctloal propositions, a contention which 
wi l l net be developed i n thla essay* 
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Ir. these endeavcr*, the coherence notion of truth is n, » et^r of setting 

up the cinlaua raquircteat* for the admission t.f a cethematioal conception, 

judgment or system} end, in this cnrmectior, it IK obvious that not all of 

aatheeetiee is oartair., universal and ienonttrubl* ?ror». tho taoment of itt 

initial invention and that a long period of time ray ensue heforo its 

coientifio oertainty it demonstrated (116). 

The adaptability of th* nind to *athematict, th« readiness and facility 

with which it considers and reasons in this science, arc likewise explicable 

by itt intermediary position. Metaphysical science is difficult for the 

mind} joined aa it the mind to sensible setter axil deponent at it is upon 

the sense*, the inaateriellty of metaphysics end its tpeculativ* distance 

from the world of the sense increase the difficulties of it* acquisition (116)* 

There are difficulties likewise in acquiring a rerfeet scientific knowledge 

4n the phycioal solocoes and in the philosophy of nature} th* very tl Inge 

whloh we wish to know bein~ iw>er*od In mobility and rn'.criality, speoulative 

patience, detailed observation and renewed experience are required for 

knowledge of them (117). The sciences of politics, sociology and ethics, 

as well as tho ooior.oe cf geology* physic* anJ chemistry, only achieve In­

creasing perfection ar.d soientifle status by a constant and studied conoorn 

with the very mobility end unpredictability o* natural th'nra theacclves, 

doth difficultlc* are avoidel In matheemtiosj on the sno card, aathOtietlo* 

(115) As will be explained in tho following chapter, it le here maintained 
that there la a dialectical tissu* or periphery surrounding every soienoe a* 
the principal mean* by which soienoe progresses. This foot, and the olocc 
connection of mathematical development on the Imagination and the past ex­
perience of mathematician, ha* been aptly presented wif.h regard to the 
development of the caloulue In Carl 8* Bo or'* wcrk, The ^onocptt of the 
Ca^lculu*. frequently referred to above* 

U14) •Jacquea &aritaiB, Tho aorross of Knowlcdg:o. -p. 288-268, 
(117) Tbo whole history cf these soloncos o^ total abctraotion bears 

out the fact tot a oonatant rapport, with extra-tental reality 1* a requisite 
for *equlring and for developing knowledge of mobile being* 
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doc* not achieve complete Immateriality as does metephyslcc, while, on 

tha other hand, though experience i s necessary and frequently helpful, 

i t Is net the minute and studied observation of mobile V inrs in their 

very mobility. In fact , the mathematical natures are most knowable in 

thcneelvee and also most VnowVle to usi we have induced •-tea within 

©tn- ima'lnatlou* and exercise a quasi-creative control over thera (118). 

Having one* adequately determined tho nature of mathematical en t i t l e* , 

we o«n, with th* aid of t few wrlnolpl«s, exhibit their lnn»r oohorenco 

by showing how they follow from * mlnimm nunber of '-rinciple* (119). 

The Kstarhycloal view of mabhemtio* as a speculative science arising 

from abstraction, oontoqutntly, opens to view a new toopc for whet 1* oommonly 

called mathematical philoeophy and which ia snore peeper-ly termed the philoeophy 

Of methemntlot (120). "Hsagreeing with the slmplleltt answer of "mind" offered 

(118) In commenting on a remark of Aristot le's about the accuracy of 
mathematie*, (ArlstotlOe -eta&hvalo** 984* 18-17), Saint Thame* Aquina* 
writes thet the minute accuracy of matheaatloo "is not to be required in 
e l l thinra about which there arc to l tace , but only in thocc wMea do not have 
(seasibl*) aatWr. Tor thoa* thing* which have (sensible) se t ter ar* subject 
to motion and variation} consequently every type of certitude cannot te had 
in al l cf them. What la sought in them is not that wMoh necessarily and 
always i s , but that which cbttins in most inttaneea* lameteriel thlngc, indeed! 
arc,- in themtelved "*osfc certain for they arc iimwoteable, "Vit tho** thlnr-* 
which are imraterial in their very aatur* ar* not oertaln to u* becaucc, as has 
boon ta id , of the nature of our Inte l l ec t , But mathematioal beingt are abetreo* 
ted frea mctter tnd yet are not above our inte l l ec t} eentequently the moat 
certain reatont arc found In thea," Saint Thome* Aqulnaa, In II letephyalcorun^ 
Loot, 2 , n, 839, 

(110) Thlc deductive neture of mathenatlo* Should rv->t "e over-emph**lBed 
• • ot imply that deduction i s tho only method found in matheaoti*** On* oan 
pr**«nt asthcBatlo* and other toi*noc* deductively. Inductively, aaalyt ioal ly 
er synthetically* ^hat males mathenatieo peculiarly anenable to a deductive 
prcaenttttott It duo to the s ta l l nuater of .r inciple* aecded in mathenatiot, 
th* snail amount of experience requisite and Ita oonoora with formal oausalltyj 
see Harold R* 8anrt, The Logic of Science** Chapter IV, pp* 95-109* 

(120) The speculative analysit of th* relation of natheraatlos and meta-
physlc* which follow* i t based on the philosophical conception of analogy. 
For an introductory account of analogy and i t s place in philosophy, see Gerald 
B, Phelttt, Saint Tlwma* *nd Analogy. Milwaukeei Marquette University reas , 
1441, and James F. Anderson, "Two Studies in Mctaphyaic*," The Thoml«tr 
8(1941), pp. 684-587, 
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by l i ea l l t t t who would make n dlviitc of human mathematios, and with 

tho uninteresting r*ply cf "lmprctBion'' offered by empiricist* wJ o 

would reduce human to animal eathenatl**, the r eta?hy*io*l anawer 

afforded by matheaatioal abstraction i s complex, out In it* very 

complexity, In It* intlttence on tho nany relation* whloh bind mathe­

matics to reality, to other toieneet end to the mind, in Itt Insistence 

that th* truth oan be known and In i t* htanbl* eenfc**icn thet there 1* 

mueh that Is yet unknown, the nature of mathceetioe a* an abstractiv* 

soienee oppose* any conception of mathomtlec a* regressive or static 

and Insist* on the progressive end dynaado view, Man the an thematic ian, 

in this View, doe* build up netboeetlo* becaucc of pragmatic needs, of 

demand* froa ether *oler.«ea and froa varlou* other occasional ttiaulante} 

at the same time, by pointing out that the law* of matheaatleal thought 

derive froa thocc of mathematical being, by lnalctlag that mathematics 

i s concerned with * definite content and thst the mathematician does and 

ha* attained tpecrulsnlvs mathematical truth, and by pointing out that there 

arc other sciences and cultural ettdeevert open for vpoculatlon and enjoyaant — 

the view of mathenatles within tho hiercrehy of science* and within the wider 

domain of htman endeavor aett no llmitaticna or bounda to hunan mathematioal 

effort (121)• 

The interesting ccnplcaiwy and manifold reletednctt <-f the philosophy 

(121) One of the reason* why an abundance cf *p*oul*tlv* oonfuaien 
obtain* la current ditenetlent on the feuadatien* of a*th«m»ti** ia the 
negleot or denial of other •elenaec. If peyehology, logic and aetaphycle* 
ere not *daittod te be genuine •oieneo* and a aero actteaatlocl analysi* 
of xetheretio* lc attempted, speculative confusion and error 1* unavoidable. 
Any reflective or speculative consideration of mathematics ia metaphysical — 
It i t a further abstraotion on matheaatioal abatracticn itself* 
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of mathcmatiet i t pointed up when we oompere the universe cf cethoraa-

t l oa l discourcc with that of cetephyslos and th* lower eolonoos* The role 

of similitudes end analogies i* both important and s ignif icant . Natural 

thing*, for example, whloh are studied In the f i r s t degree of soienoe era 

ooanosed of matter and fora} through tho aid of e f f ic ient end final causal i ty , 

the realn of sensible matter 1* oonstantly shifting and changing* The rethe-

aot ie ian , though, lc net concerned with existence, with whet comes to bo 

or nasses away} for, in relinquishing sensible s e t t er , ho has abstracted 

also from ef f ic ient end final causality, retained a mere llkcnecs of 

material causal i ty and i s mainly concerned with formal causality (122)* 

Yet the likeness to natural thing* ar* atriking and readily deceitful* 

dm there arc nany nan under one species, so thera are many triangle* under 

the nne Creoles of trlangl*, many figure* and group*, rings and ideal* (128). 

In fact , in te l l i g ib l e matter play* the part of the material element In 

(122) "•••to act ani to be aoted upon doe* not pertain to telnet* 
a* they cadet la our oonadiesetlon, but rather as they are in existence* The 
kertheamtieian, however, considers Abstract thing* only according to his con-
aideratien* and thue 'those things, to tho oatent that they core under tho -. 
oensldcratien of the mathooctoiolen* cannot be the principle and tho torn 

of motion} eoneequently, the mathwaatlelan doe* not demonstrate through 
ef f lo lent or f ine ! oeueee***" Ilea** Von Aquin, o£* elt** Quettio V, Art* 4 , 
ad 7* p. 61* 

(124) "There are tome form* which, though,not needing matter under the 
determined dl spooltien of •ensible qualltlo** n*vcrth*le*s require matter 
exist ing in quantity —-a* * triangle, a square, and similar things — aad 
thee* ere called mathematical t they abetraot from sensible matter, but not 
froa i n t e l l l f l o l c natter, lneeauoh aa continuou* quantity, abstracted from 
any acfieible quality,' remains within the i n t e l l e c t , Thue i t appears that 
a* natural things hav* fora in matter, to do matheaatioal thingst bectu** 
• f th i s* both in natural end in natheaatioal thing* there l* a difference 
between the thing end thet which i t 1*} consequently, i» both there are 
found many individual* under one specie*. For jutt *• there are many wen 
under one *roei*4, oo there are feany triangl** under on* species.* Saint 
Tho*** Aquinas, In XII Pthlyorum. Loot* T i n , n^ 708* 
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mathematioal conception* and definitions analan: >u» to V o rol* 

of sensible matter In the rirnt degree (124). Thovrh mathematical 

nature* art *^t generated and do not, s t r i c t l y steal ing, oorae Into 

belrg or ex;*t in a t t*t* of becoming, there is * fanciful rae*mblanee 

In t v e imaginary movement* *nd qualitative states which oharaeterlt* THE 

mode *>f ox'stance tn that -f the world of natural thinrt . 

The fact that there Arc no singular t> 'nf.B in the -Tathcmatioal realm 

but merely i^ilvidual re**mblanoes, indicates another unique property ^f 

natheratlcal soienoe. The •ethftmatical -abures, thourh not capable of 

extrw-wmtal fxistonce as suoh, arc not mrely "lot it*' B} i t i s the 

naf-ural state <•>* ratheretloal nature* to bo to abstracted and abstractly 

considered and ncthwe* ical nature* aro s t ' l l ena naturae and not rarely 

en* rati ot-Is (128). Withotrfc adding anything further to leter^ine or in­

dividuate I t , a ^articular c irc le of any kind may bo considered the unl-

vercel e i rc lc ard retain* a l l the properties of olrcle as such. Conse­

quently, in mathematics th* general onset hold alike for the s-eolal} 

and, "nee mathematical natures have been properly denominated and understood 

we arc able to deduce the special oases from the universal formula (126). 

(124) Saint Thnmas Aquinas, In Til LVtanhycloorua, Loot X, as elm* This 
whole lesson should be consulted as a source for Saint Thcaa* Aquinas' philoso­
phy of nathemat'os, 

(125) here 9099a to he a •enJCcey in these who speculate within the 
bound* of +-ra.iit*onal philosophy, to attribute a merely logical being to suoh 
mathematical natures a* have recently boon invented. It 1* here nalnta'ned thet 
*-: ou-h the** arc '*efthemfttleal be Inge — antic, real la — aa thematic i ana as yet 
do not suf f ic ient ly undoratanl their a&t lematical nature, ard are only capable 
-f AttabllsMnr v-,ca dial cot leal l y , 

(I2e) "Thu* wr can 7 recced from • •"•eneral Rctheaatlcal formula, — for 
exaxr-le, from the fonttl* of • curve of the second order, — to tho special 
gcoactrfoal form* of tho o lro lo , the e l l lpa* , e t c . , by considering a certain 
parameter which oocura ka then and permitting i t to vary through a continuou* 
tori** of magnitude*. Here the more universal oonoopt shows i t s e l f also the 
more rieh in contentt whoever he* i t een deduce frow i t a l l the rathematioal 
relatione whloh eonoera the cneelal problem* not as lsolnted but a* in con­
tinuous connection with each other, thus In their de*p*r systematic oonnoctlons. 
The individual oaso is not excluded froa consideration, but i s fixed ar.! re­
tained as a perfectly determinate *t*p in a r«neral rooess of change." r m » t 
Caealrer, Substyoo. and Function and ^.inatein't Tl.oory of r^elativity. authorised 
translation by William Curtis~Snab*y •nd'^eri* Collins "^wahey, Chicagot r>o*n 
Court, 1925, > 20, 
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4* mathematiea 'noreattt la abttraotnots. It likewise Increase* in 

generality, and the more universal mathematical nature is alao more 

rioh in deductive content} from the formulation of higher fora* of space, 

the nature of Euclidean •pace it more clearly understood. Similarly, 

from the formulation of transcendental and transflnite nuater*, th* nature of 

aathaaatieal number Iteelf Is clarified* lethornetles, dealing with abetraot 

thlags as such, naturally gravitates and develops towardt inoreating 

abstraction (127), 

In tho multiplication of mathematical fora* in th* potential continuum 

of intelligible matter, we otm dictlnguloh th* thing — the imaginative 

preaentetion of a parabola or lino-segment — from what It is. It* natura (128), 

Th* mathematioal nature is treated a* if it were a substantial thing} wo 

attribute qualities to it, and subject it to various typ** of mathematical 

operations aad aotloaa. Mathematical actions likewise bear but a furtive 

llkenee* to other action*} attracting roots, multiplying. Imbedding number* 

in the mathematical continuum, making a tot dense — whil* th*y ar* physical 

action* of man'* mind and imagination — con*ld*r*d in their nature at multi­

plying or dividing are nerely cation* by * kind of similitude (129). I-vou 

th* u** cf potentiality anl Infinity in mathematios it analagoua (ISO). 

U2r; See, In thlt oomiootion, Alfred north Whitehead, felcnoo and the 
Modem World. Cambridget The unlvtrtity fraao, 1928, Chapter II. "Mtthenatlc* 
aa am Blcment In th* History of Thought," pp. 24-54, 

(128) Saint Thomas Aquinas, In III Oo Anita, loot* Till, n. 714. 
(129) "For thoco things which obtain according to number, arc not action* 

except according to aimllltude, at to multiply, divide and others, as hat al­
ready been laid in other plaoes, namely. In the second book of the '"hysiot, 
where Aristotle shows that mathexetlct abstracts from motion, end consequently 
there cannot be in then notion* of thi* kind, whloh ar* aooordlng to motion," 
Saint Thoma* Aquinas, In T M*tephyolooro*A. Loot* 17, n« 1024* . 

(180) Ibid*, In VIII mctaphyalcoruaT lect. I, n. 17T4. 
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Th* Infinity of point* that I mathematically discern between sere 

snd one, or the equivalence of geoxetrioal systems or sot* of postulates, 

are indicative of how metaphorically, imaginatively and quaal-ereetively 

can It tble to order end bring forth the mental universe of matheaatioal 

dl**our**. 

The v«ry analogy, a*tephori*alu**s and slmilitud* of thi* »ath*m*tioal 

world, however, betrays both Its dependence on and distinction from tense 

eta, physical eolenee, t' c philoeophy of nature and retephysclc. The 

tathomatiolan ooull not speak.of the density of sets, of the lnoluslvenea* 

of a group or ring, of the higher order of a differential equation,had 

he rot hlneelf learned end borrowed the meaning, of dontity, group* and 

ewdora froa his own previous cacperlenoe of the universe. Xor could tho 

aathemntlolaa respond to questionings on the validity of hie mathemati­

cal actions and operations* unless he aad reoourae to aone aetaphyeleal 

sad ultiaately defensive dootrlne* 

The mathematical unlveree, though apparently foraing a world of 

thought unto iiteelf (121), oooupie* a median position within tho field 

of tpeculatlve soienoe* Above it lie* the mctaphycloal realn of nor* perfect 

knowledge end of knowledge mora •etlsfylng In itself} for mctaphyeloa by 

achieving imatteriallty as such, attains the very being of reality* In­

asmuch as tho ultimate determination* of the nature of xethaaatlos are 

metaphysical, tho mathematician 1* subject to metaphytloal truths. In 

his aulti-dicwnalonal questioning* on the nature of hit science and la 

(121) Aristotle, itJtaphyslot, 1076* 8-1078° «, In this passage* 
Aristotle Is oceecrnod with detoiSalng th* preelte nooning in whloh nathe-
matleel objectc eon be said to "e*i*t* 
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his very operation* and reasonings et tclontitt, he makes frequent 

adsdttion, at least by implication, of thlt netaphyaloal supremacy. 

Whenever he que*tion* the difference between continuity tnd diaorete-

ncct, the ultimate validity of gsowetrleal raasonlng, the origin of tho 

natural numbers or nuater a* such, the nature and type* of infinite — 

tho mathematician la oonoerned with th* v*ry being and natura of hia 

•oience* 

The mathematician exeroltet a tidier hegemony over the group 

of cclence* in the flrat level cf abstraction* Since his main concern 

is the study of quantity under the relations of order and measure, th* 

mathematician it rightfully ac Authority in *ny domain where th* quanti­

tative I* oonoerned. He ha* made e cclence, a wisdom, and an art of 

dealing with quantitative, to which the firct level of soienoe, interested 

aa it 1* id knowing and adjudicating thing* in their mobility and 

materiality, look* for mean* of deterndttjag and dealing with th* 

quantitative aa Invested In change and matter (132)* 

(152) "•••Whatever lapottlbllitlet hold concerning natheaatloal 
bodice, necessarily hold for natural bodie*) this 4s so because mathe­
aatioal thing* aria* through abetreotion from natural thing* I matheaatioal 
thing*, however, ere related appositely to the matheaatleal 'for they add 
sensible nature ard motion to then* from which mathematical beinr* abatrnot)} 
and thu* it is evident that tho** things which hold of mathenatios arc pre­
served in natural thing*, but not the oonver**. Consequently, whatever 
inconvenient reason* ar* against mathematical teing* arc also are.In*t 
natural* but not th* convert**" Saint Thonat Aqulnaa, In III *>c Coelo ot 
Mundo* lent* 3, n* 4* In The ^sgree* of Knowledge. Jaoques Britain 
*«*m* tc argue that the phllocxtphy of natura govern* mathematical eoneepttj 
see pa aw, and Part One: The Degree* of Rational Knowledge, pasfilm* 
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Chapter X, Mathematical Abstraction and Contemporary tothenntlos. 

History test if lo* to the fact that many philosophers, by introducing 

current nath«amtio*l proposal* or aappoaedly certain aethcmatlcal state­

ment* as illustrative or confirmative of their doctrine, were sometimes 

requited for thi* obeisance by a later condemnation (1). In fact, a aa-

thsnatiral condemnation of thlt cort i t frequently viewed as being both 

a demonstration and an adequate refutation of the fnleity cf the philoso­

phical p*o*o*el*. in thi* •pparent prece** of refutlnr philosophical tea­

chings, however, there lc not only found a certain amount of precipitancy 

in Judging tho whole philosophical aystea by some casual, illustrative ex­

ample, but alco a oertaln *p*oi*« cf •ciemtifle dogmfttlaa whloh any actual­

ly involve aa uncertain, unproved or incompletely understood proposition (2), 

(1) .toe Bert rand TtasselUs criticism of lamnnuel Kant in Th* Princi­
ple* of Hatha—tlca, Chapter I I I , %*nt** Theory of Space," pp« 452-441, 
or Leon Chwletek, The Limit* of Science. Chapter TT, "Problems of the Me­
thodology of the Rxaet Bcienoes," pp. 817-267, where nhwlat*k*s use of a 
aotaphysloal view 1* combined with denials of tho relevance of metaphysics 
and with warning* of i t* danger*, 

(2) Writing about the new system ef legio which was inaugurated with 
*a***il end Whitehead** Principle Mathaantlce. Leon Chwlstek maintain*J 

"When thi* new system is oompletoly worked out, we will be ablo 
to any that we have at cur disposal an infallible apparatus which sets off 
exact thought from other forme of thought. 

The old draws of the logiclnne concerning a consistent logic* 1 ap­
paratus wi l l no longer te a airnge, foot aa we hnve calculating machines, 
in time wc wil l have the aptartu* ntceta*ry tc derive the general theorea* 
of soaeatioc* 

However, I think that there 1* no reason to wait until this ideal 
ha* be*n achieved, 

vhc very confirmation of aueh « possibility off ere weapon* which 
ere adequate to combat the attatke of the ant 1-rationalists and to froa ut 
from any possibility of attack by them, 

A solnnce whloh ie based upon an infallible system of logic and 
whloh involves no irrational assumption* will be able to fu l f i l l tho olsalon 
towards society whloh Professor tfntenson requires of It , 

Such a science wil l not fal l Into error and will not be brought to 
a standstill as a result of Ita own Illusion*, 

Such a soienoe will be able to say to tha nations: Construct new 
concepts i f nothing e lse , but guard agnlnst operating arbitrarily with them.*1 

Loon Ohwlstekt The Limit* of Science, pp, 28-23. Chwlstok'n whole book 
ehould be consulted as an instance of a d«fonoo of suttharautlaal logic and a* 
an example of on attack, sometime* virulent, against nil other systone. 
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I way aay, for example, that aatheaatios and logic are identical , and, 

on tho basis of th is postulated posit ion, believe thut I am able to re­

fute a l l prevloue philoeophieal analyccc cf nathematloal problcns (3); 

at the same time, ay very position or the sc ient i f ic statement I employ 

ao the measure cf o i l truth, aay Itael f be unproved or, perhaps^ even in­

capable of proof (d) . The error of Xmmaxuel Font's philosophical posi­

t ion , for instance, i s not at a l l pointed out by showing that his notion 

of cbsolute space i s now mathematically untenable, though thi* may be en-

ployed as a confirmatory argument (B), The mathematician i s not, ac ha* 

frequently been pointed out, concerned with philosophy la hia capacity as 

nBtkeantlalan, Consequently, the philosophical error of Kant can only bo 

(3) This dcanati* position was adopted by Bertrand Jtaeeell, and ex­
pounded In a number of hi* writing*, espsoinlly in The principle* of Ma­
thematics} i t i s , further, the position of Leon Chwistek and others. ?. 
3. 0. Northrop, for example, in The Loglo of the loionoea and the Huraanl-
t loc (Wow Yorki The Maomlllan Company, 144*), substitutes logic for mcta-
physios throughout tho book, with speculative f lot ion as a result , 

(4) The supposed identity of mathematios with logio Is slowly losing 
adherents. Per a recent, thorough discussion of logiclam and i t s metephy-
sioed implications, see Andre Darbon, La philosophic des mathemotlqueg. 

(5) A* has been pointed out in Chapter T i l l above, metaphysion, math­
ematics, th* philoeophy and the science?* of nature are mutually harmonious 
and olosoly related. Al l these sciences are concerned, in their own wayo, 
with true, sc ient i f ic kncwledge of extra-neatal rea l i ty . Contradictions 
and disagreements between them are generally explicable by our Inabi l i ty , 
In a given his tor ica l period, of sc ient i f i ca l ly demonstrating the oert l -
tude of the truth we possess. Hence, confl icts betwaen metaphysics and 
selenoe cannot bo real , but merely apparent. In thla connection, one should 
not be cpeculatlvely preoipltate and expect to garb each new, sc ient i f ic 
proposal with philosophical adequacy. 
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refuted en philoeophieal grounde ay showing, uaoag other polnte, the er­

ror of hi* fundamental peetulate of ea apriority of estogcrie* in the 

mind. Alallerlr, te cast out Arietotle**, Docoartoc' or Lelbnls'e phi­

loeophy on tho bcelc of come inaccurate matheaatioal otatement* 1* mere­

ly indulging in speculation whloh 1* dictated by *n unprovablo cesuap-

tioni *el*no* and astkeaatlct arc the determinants of whnt 1* true (d). 

Consequently, It lc act the elm of thla chapter to support or to 

cstehllah the aetaphyoleal conclusions thet have boon offered by giving 

then * netheaatloal blessing, nor tc attempt the even nore difficult tack 

of eetebllchlng a minute eonwtcoadent* of •etaphyalcs to mstheaatlee (7), 

The present chapter, rather, alee to cbcw an inner, bcelc hafnoay tetweoa 

Mtapbyoic* and ourrent 4ireotl*ns in aathcnatlo* and In th* philoeophy 

cf aathatsttec* In thi* ntteapt, the seneral truth* of metephysio* and 

the truth* particularly relevant to the nature of mathematical abstrac­

tion eerve ac epeeulative guid** in ordering the content and discussing 

the nature of the nwltlylo queetlone which l i e between the disputed fron­

tier* of actaphycloe and methenntic*. 

I t theuld be noted, in passing, that the pronoanoeavnts of even 

greet setaaBatlolaaa on tho method or on the nature of aathaaatltt *re to 

judged on their own merit c rather than on the authority from whloh they 

(4)In hie meet recent book, Htcen Knowledgu» It* "cope and Llndta. 
Bcrtrand auoeell propoeea a philoeophy which take* a* it* point of depar­
ture the eoamenly accepted colentlflo knowledge of our tineas *ee "Intro­
duction,'* pp. xl-xvl, end Pert Ones The World of reianoo, chapter I , "In­
dividual and Hoolal Knowledge,* PP. 3-0, 

(T) fcoquec Marlteln, The degrees of rnowledao. pp, 98-63 end pp, 
T4-81. 
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come (8). The common Intellectual disease of roquestlng and eubeequeat-

ly venerating philoeophieal, rellglouc aad aoclological pronounceaumt* 

froa aathomatlolana who xey have had no prcviou* training in those field* 

la, no doubt, lnourabls (9). However, as one naturally patronise* and 

trusts a doctor for medical treatment but not neocccarily for the hietory 

of physics, *o i t Is proper to judg* netaphyalcal proaounoomenta both with 

regard to their source end on their own aerii* (10), 

(9) "No more than cay other man does the so lent 1st ac* hiaaelf thin­
king, Ooubtleat, If bat peculiarly powerful gifts , he may suooeed, by a 
•lew and patient anylytlt, in sometimee reeogniziag the true path which hie 
thought ha* followed} but tte fact of being a sclentlct, nay, even a great 
BOlentlet, ha* nothing to do with i t . Indeed, the distinctive quality of 
a great solent1st i s a powerful solcntlflo instinct, a sort of divination 
which allows him to touch tho high plaaea only. The discovery, It has of­
ten been noticed, come* to him *udd*nly — after long labor, of courses It 
ie e flash, a revelations lc i t astonishing thet he ha* not been able to 
trace l tc sennslc" And *o i t follows thet we auet not look to tho scien­
t i s t for the principle* which have reelly guided hi* thought; we must not 
even believe him on hlc word when ho trio* to state them. He may have dlc-
dovered theee princlpioc in elaoat any other way than by a patient analysis 
at hi* own thought. He tec meet oft*n found them already fashioned in some 
book} they p«n*trat*d him without hlc knowledge* because they pervaded the 
intellectual atmosphere curroundlng hia," "Jsile Meyer ton, Identity and Pc-
a l l t r . p. 38*. 

(9) Thi* explains how one can go astray in searching for the princl­
pioc of cclence, oven on the euwpoeltlon that one 1* following oloccly the 
•*l*ntl*t*i their methodlcel way* ar* cheerfully accepted, without questio­
ning whether tho aforesaid aothod* had over really been applied by the scl­
ent late themselves,'* Ibid. , pp. 887-888. 

(10) Wo one baa euoocoded in pointing thi* out aa well ac tail* reyer-
een in his hletorloe-erltlaal workc, A *tudy aiallar to that of t'oyorcon's, 
though concerned only with aathtaatlcc, 1* Ilerro Boutroux, I.'Ideal cclcn-
tlflque dec nntheaatlolcnc (Parlat Pellx Aloan, 1920)} Boutroux, however, 
offers acne conclusions froa hlc ctudy with which i t le difficult to agree. 
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The search for the unity of mathematics (11) , a popular theme t o ­

day, i s akin te the search for the unity of any partleulnr soienoe, or 

of selenoe In general. tfket we seek in our questioning* on the unity 

of cclence i s a principle of unity and of divers i ty | the principles' must 

help to order the diverse part* of the science, and, at tho snac t i » e , 

eerve as the measure of both the perfections and limitations of the cc l ­

ence, thus enabling us to adopt or discard matters, questions, problem, 

theories and judgments that tre relevant er al ien to the science i t s e l f . 

In their quest for the unity of aethemntioe, thinkere hnvo been led to 

logic (IS) , to language (13) , to symbolinm (14), to Intuition (19), to 

( l l ) f e e , for example, Albert Lautman, ^ssala sur 1'unite doa sc i ­
ence* mathaantlquas dans lour dcveloppemcnt ootuol, Parlei Hermann A 
rile, 1938, or the -moral tenor of tho art ic le* In Lc* Brands oourants 
do l c pencco nfetharg-tiquc. present es par F, Lo Llonnni*. 

(14) * » *'atta*hant alnol cheque f o l s , non pas a la quant i t s des 
elements, male a 1*exletonce ou a 1»armature des etres que l'on compare, 
on dooouvre ainel entre lo f ln l ot l ' i n f l n i do* analogies do struoture 
ot dee edaptatloao reolpraquco, d'ou 11 reeulte qu* l 'unl t* des matheoa-
tiquee est accentiellement ce l lo daa aebaoBS loglques qui president a 
1*organisation de lour* edi f ices . Nou* retrouvons e ins i des oonsldem-
tlons qui xejolgnent co l l e s que nous avons developpeea dan* notre these 
prlnolpale. Kotre Aaoni/L anr lee notion* de struoture et d'existence on 
antkenetlqu** tend en offet a aontrer qu' l l cat possible de retrouvor au 
coin doa theories matheaatiques, des idees logiquc* Incamecs dans l c mou-
veaont memo do COB theories." Albert lautman, 0£. o i t . , pp. 97-56. 

(13)Hudolf Semap, "Foundations e f Logic and '«th*m»tlo*(" Volume I , 
Nuabor 3 In the International itpoyolopodla of Unified "olenco. ^hlca/?o: 
University of Chicago Proas, 1959, pngaln. 

(14) Sec the preeeatatlon of Hilbart's foiaallam in Louis \ Catt-
eoff, C£. e l t , . Chapter Nine, pp. 114-133. 

(13) Quito a author of a*t tear, t i e lens and philosopher* refer to ''In­
tuition" ** • spoolec cf ultimate for oathcnatlc*, without aoourately de-
alanatlng wh*t the tern mean*, Thi* aeeme to bo a mysterious answer or, 
• t the l e a s t , a confection of facing an inaoluble problta or of ignorance. 
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the natural nuebere (II) , to order (17), to the mind (IS), and to recli­

ty i tee l f (19), end, in a l l of these directions, a partial unity hae boon 

found (80). The problca of the unity of ne themetiea, however, approached 

through the insights offered by natheaatleal abstraotion, is ultiaately 

aeon to reside in the notion of quantified aubstanoo. V.lth thla prinol-

pl* *• the aela guide, aa attempt wil l bo node, f lrat , to point out the 

unity *f the nature of mnthonatloe; second, to llluctratc this unity in 

tho origin and development of aath*nntle*{ third, to correlate thlc unity 

with the legio of isnthcnatl*** 

The nature of aathsaatloal e s lease le unified aad *peoiflod by i t* 

wit Iante «uhj*«t setter, quantity, or the order of the parte of quanti­

fied substance. The historical development of aathenati** (81), and the 

(14) A chert sketch of the adherente to natural nuabore a* an u l t i ­
mate for aattematloc, ic found in Loon ahwlctek, eg. e l t . , Chapter III , 
"The Development of the Concept of Number," pp. 43-88* 

(17) Be* th* iaportant part that the conception of order plays In 
Bert rend Russell, The yrinclglcc of uathcmatlc*. Pert Ivt Order, pp* 
199-894. 

(18) The denomination of mind ac the ultimate, unifying principle 
of mntbenetloe generally atone from ldeelletle phil**ophy which concei­
ve* of tho mind aa somehow "creating* mathematiea ex nihllo. See, for 
etjtanlc, James Byraic Shaw, •£ . e l t . . pp. 144-148. 

/ (19) Reality 1* designated as the unifying principle of aathesmtie* 
by aupiriolat-mlnd*d •peeulatlon* which would, for example, even aaku ge­
ometry a phyalcel coienoe, 

(80) I t should be pointed out, agjtla, that nan ac mathematician hoc 
a rifthtful ooaoem with etrictly matheaatioal ultima tea. Objection* aria* 
only when those nethtantloal ultimate* ore giv«n a aetaphysloal atatu*. 

(81) If the diatlnotion between aatheautiot and the philosophy of ma-
thenatlo* 1* gxeaied, than the history of mathematios can b* seen to pola-
riac about the notion* of quantity, continuity and diaeretenesa, number and 
fora — on tho ordering ef the part* of quantified eukotanec. See, for cx-
aaple, tht remark* In *• T. Bell, The Development of Mftth<aaatloa. Chapter 
I , "Ooneral rreeoeetua," Pp. 8-84, or the renarkc In Pclix Klein, Rlaaontary 
MathomEtlQg from an Advanced standpoint. Volume X; Arithmetics Algebra, Ana-
lrolo. PP. 4-ld and pp. 77-46. 
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testimony of anthenttlolnno thomoolvo* (22), Uluotreto and help to oon-

firra the aonconanoe of mstharcntloo i t e e l f to the metaphysical position 

on i t s nature. Prom the extm-polated view of mnthoatitlea whloh met«phy­

s ios affords, the Rlternatlng stress on number and form, tho scare1, for 

now methods and algorithm* for treating number ond fom together or cc-

parately, are viewed a* being e confl ict Intrinsic to tho natu^ of quan­

t i t y i t a e l f (23). 

Tho unity of nature resident in me thematic* roqulret not a o tat le , 

but a developmental and dynando unity which con account for the diverse 

consideration* and oaphaee* in the history of motheaetloa. I t i* cora-

t lae* oont ended that there i s a dichotomy of some sort between ancient 

or olasaloal and recent or aodern aethematla* (£4). Mots' morely rofer-

(22) One must likewise distinguish the methematloian proper from the 
philocophining mathetatloiaa to aaa tho f u l l effect of thlc claim. There 
arc, l i t e r a l l y , hundreds of nathemetlolnns who are concerning themselves 
with arithmetic, aeenetn** the ealoulue, and the various branches of a e -
thsnatloal Investigation into continuous or discrete quantity. Histori­
ans of aatheaatic*, mathematical oongrcscea and mathematioal Journala are 
ouBulatlve evidence of what mnthanatios la oonoornod with in i t s existen­
t i a l statu* today, ac well as in tho peat. 

(23) The opposition of fomol prinoiplos exhibits I t s e l f In the s e l ­
enoe of mathematics ae we l l . Tver since Pythagoras, th is ooionoe has been 
facing the lssuo between continuity and diooontiauity. This isau* has ex­
hibited I t s e l f in different theories on the relation between geometry and 
arithmetic, At different t ine* in the history of science one of thocc *oi-
tawea has been euppoaedly reduood to tho other. In the modern world, the 
tendency hen been to reduce «eonetry to arithmetic. But the reduction* 
hav* never been dtelstvey* ?, .-., c. Northrop, Solonoo and »lrat Prlncl-
plec , p. 841, fJome view thlc confl ict ** being Inherent i n , and a* an ex-
precclon of occidental or oriental culture. "»oe, for example, Oswald Speng-
l c r , The Pecline of the Ccct. Authorised tranclotion with note* by Oharlo* 
Pranci* Atkinaon, 8 voluaos, now Yorkt Alfred A, Knopf, 1988, Volume I , '•In­
troduction,'* Spongier hold* that the occidental mind amphaclsec fora and 
tho oriental , nuabor, 

(84)The announcement of a now m*th*natlos 1* usually accompanied by re-
m*xk* which b e l i t t l e pt*t.,oonooption* of swthenetloe ae being somehow con-
oocracd with quantity. Alfred forth Whitehead has been one of the able de­
fender* of th lc new view; h is proposals are summarized in Tte Fhllogophy of 
Alfred Horth Whitehead, Volume III : The Library of Living Philosophers, edi­
ted by Paul' Arthur nchllpp, vanston and Qhlengo: Northwestern University 
Pre**. 1941, "nhitehend's rhlloaophlonl Development," by Victor Lowe, sec 
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ring to the fact that historians date th* period of modem ma them t las 

aa having been initiated through the introduction of analytlo»l geometry 

•nd th* oclouluc, thi* conception of mnthenatlc* seems to imply *lth«r 

two mathematics, or that a new mnthematlcc hae been invented to supersede 

the old. A* be* boon previously indicated, i t 1* here maintained thet 

the Greeks founded mathematiea a* * sciencej it* cona*quont development 

end cxpenelon are but evidence of a deeper understanding and clarification, 

on th* part of man, of the *olenoe of quantity (88), If the unique na­

ture of the judgments of mathematical abstraction had been properly un-

deretood by previous mathematicians and a taphysioiana, theri might possib­

ly have been no ai*und*rstaniing concerning geometries of various dlraen-

*lon* of different methods in algebra, a* there ia no present need for 

doubting tte reality of tntnsfinite numbers. Those lnter-ccl'mtif lo c la sh­

oe, however, aay te beneficial to the scientists concerned and prevent ale-

guided reasoning, loose terminology and extreme speoulative statement*; in 

thi* way, for example, the judgacntfl -f pure mathematics, though olosely 

aligned, in their init ial invention, to ext>*rlonoe and to practical nuth-

anatica, eventually arc coon to be capable* of un abstract fonmtlntlon, and 

generally tuch a fomulation i s fashioned (84), 

That onolent and recent mntheantloo arc but earlier nnd lat«r manifes­

tation* of a unifl*d mathematical soienee ten be discerned by oomnarlng 

(83) In hi* r/iffarcntlal nnd Integral flaloulu* (translated by ?. J. 
t'oflhane, new revised edition, 8 volumes. Hew York: Intercolenoe Tublleh-
****, 1946), Plohard Courant point* out that elementary or ancient mntheme-
t iot It characterised by i t* aeeoelation with and proclivity for geometry, 
where** modern nnthemntles, beside* having benefited by new methods, empha­
sise* ntsabtr; toe Toluae I i pp, 1-3. 

(86) Thi* 1* the basio thesis of 0*rl B. Boyer'* Tho yoncopts of tho 
Oaloulusi see hie discussion In Cheptor I , "Introduction," pp, 1-13. 
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then f l r a t , with respect to content, and second, with regard to method. 

The content of mntheaatlos for th* ancients included *rlthmotlc, ouoll-

d*an geometry, nuabor theory| in cddition, they had the essential elements 

of trigonometry in the conic sections and, in Arohiraedo* especial ly , a 

rudimentary oaloulue (87), I* lc evident that the content of mathematics 

has immeasurably inorecced. Thlc develcpnent, however, hae not been of 

ouch e neture ec to demand e new definition of the soienoe in the sense 

that i t no longer deals with quantity, but hae booomc, instead, the log i ­

cal deduction of prcal*** of aay sort , or the free and completely unlimi­

ted domain of huaan oreatlvenesc. 

I t i c peeelble, In fact , to regard the content of ancient and recent 

aathewatie* reduotlvcly ce being ultimately arithmetic — or rcdudlble to 

the nsture and t o the selenoe cf diaeretenesa{ or, ultimately reonetrle — 

or reducible te the neture end to the ecience of continuity (88). In thla 

view, more advanced branches of aathematloe are elaboration* or combina­

tion* of tkeco two fundamental cclence*. Tho striking difference* between 

(87) Per a short summery of Greek mathemntloc, aee Thomas Li t t l e 
Heath, "Greek lotheismtics and <\stroooi3y," Script* Mathamatlon, 9 (1938), 
pp. 218-S3L, or tho came author's A Manual of Greek tfothomatioo. 

(88) l a the a r t i c l e , "L'Arehiteoturo dec mathsBcttlquea: la mathema-
tlque, ou lee mathematlqu**?" (in Lea grand* oounmtc de la pen*** notho-
matlqu—. presentee par P, Le Llonnale), Nicholas Beurbakl writes: "Men 
qus plus eatuel le que jamais, 11 ne faudra i t pas oroire qua oette quee-
tlon colt nouvcllo} o l i o e'est posse presque des lee premiers pas de la 
aolence metheemtique, -"tot qu'en o f fe t , mene en neffllgeant lee ranthemn-
tiquee eppllquoea, 11 cubclate, entre la geometrie ot l'arithmetlque (du 
aoin* oar lour aspect elementalrt) un* evidente duelite d*ortglae, c e l l e -
Cl ctcnt lnl t la lcacnt aolence du discrot, ce l l* - la d* l'etendue continue, 
deux eepecta qui c'oppoeent redlealament dopuls l e deocuverte dee l r r e t i -
0*01100." p. 34. tee, 1* thlc oonncotien, the col lect ion of statement* on 
arithmetic, algebra and geometry in flobert Hduoerd Merit*, Vemorcbllln Ma­
tt*** t i c a , Cheptera TVI-rviII, pp. 261-321. 
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eedem and previous netheantloe 1* to te explained especial ly by the 

invention of new method*, of « acre perfect aad supple symbolism, and 

• f en Increased eomnreheasioa Of the nature of continuity and dlecrete-

acee (89) . 

By rtlinqulehing sensible natter, a l l t t e aranoh** of mathesatlo* 

l i e on the same leve l of ebetreetlon; they are a l l concerned with abstract, 

quantified eubetence. Tec •peci f ioal ly dis t inct selenca*, however, by 

conaidering quantified substance as continuouc or «s discrete , oomprlss 

the unified cor pa cf matheaatleal sa lease. Thlc bifurcation of quantity 

into t t e two irreducible typec of arithmetic and geometry le »o*ed on the 

very aatur* of quantity i tae l f a* given l a aatbomatleal abstmotion, Since, 

in matheaatleal abetractlon, the lew* ef matutnmtioal being are given to 

the mind, the mutual lrxeduoiblllty of theae two brenohee of methemBtlea 

ree i i e c , in last analys is , in the vory neture of rec l i ty i t s e l f (30) . 

Of the two seieneee, erithaetlo l c ccamoaly credited with achieving 

a algaor typ* cf laae ter ia l i ty , for dlsaxet* quantity l a , by i t * very na­

ture, acre determined, while continuouc quantity la more Indeterminate and 

potential (31), With continuouc quantity there la given to the mind a sub­

ject which has an inf in i te potential ity for determination within i t s vary 

(89) 3, T. Bel l , The Development of Kathonntlca. Chapter I , "Oeneml 
Pro*p*otu*," pp. 3-24, 

(30) Louis de Broftlle has insisted on th i s Irreducible character of 
the continuouc and discrete in phyeioc, mathematlos anl other soienoe*; see 
hi* Hatter ead l i ght t Tha hew ovales. Translated by ••. H. Johnston, Hew 
Yeski Dover Publications, 1944, Part 7s Philosophical studio* on >*uantua 
Fhysiee, pp* 817-878, and hia a r t l e l e , "Lc role dec nathesmtlques dan* 1* 
4ov*loppeaont de la phyalquc theoriquo eontemporaino," in Lea grand* oou-
ranta de la peneoe mctheaatlquo. presentee par P, Le Llommls, .̂p, 398-
412. 

(31) Aris tot le , Posterior ..nnlytlca, 87* 31-35. 
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naturet that whlok 1* ocntintcu* may be eonctueed a* a l ine, plan*, or 

•von * multl-dlaenolonal donaln (88). Tho dlccrotonoao of number, howe­

ver, though i t can be increased ad infinitum. 1* a potential Infinity 

which i s more preserly viewed *• lying outclde the number being added to 

or Increased, a* i s the cace, for exanple, in transf inlt* numbere which 

can be viewed *• groupa of numbere deteraiuately given (83). 

Wuabor, then, as a dctoralnctlca of discrete quantity, 1* definite 

and determined, while continuouc quantity, though determined to a certain 

extent ac fom, eontaina an lntrlnele indetermlnatioa in i t t Y*ry nature, 

Thla enables us to understand why i t i s that arithmetic i s , in a sens*, 

lea* dependent than geometry on the Imagination, Though phantaame are nee­

ded to reprocent tte conceptions of both, almost any phantasm qunlifie* to 

represent a nuabor, whereas a specific phantasm is required to represent c 

parabola, a triply-oonaected domain or a torus (84), The indotnrralnntioa 

of continuity in comparison to discreteness i s emphasised aad supported by 

the fact that geometry has mora of tho qualitative attached to i t (83)} in 

feot, i t may readily te that thi* Indctermlnateneea and qualitative charac­

ter of geometry explain* why geometry ie sometimes regarded as a phyalcal 

(3£) Tor a methexetlcal and philoeophieal preaentotlcn cf geometry 
similar to the view adopted hero, tea Thomas Greenwood, steals cur la Pen-
sec gcomctrique. Ottawat L«* edition* de l'TTniversitc d'Ottawa, 1943, 

(33) Thoma* Greenwood, Ie nature du treasflnl, pp, 40-81, 

(34) This Is not meant to deny tho possibility of giving a foranl de­
finition to thocc geometrical cntltle«| It 1* maintained hero, however, 
thet c definition of a mnthosatioal entity or cubJ cot muat be ftlvtm under 
•one fora of Intelligible matter — surface, l ine, plans, and ao forth, or 
continuity itaelf . 

(38) Pierre Ouhem, La Theorie Phyalquet son objet — BV struoture, 
PP. 167-18P. 
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•tlenoe of reel epeoe, end further espials how philocephers la the past 

hav* not •redited i t with the core perfect **x**tne*s cf snabor (34). 

Since these two ecltnt** are specifically distinct and irrodeeible, 

in • cense, they any have their own prlaolplet, uaa their own methods and 

eek their own qaeetion*, fcr their opposed nature 1* rooted within the ve­

ry neture of quantity Iteelf. At the sens tla*, since quantity la the ul­

timate subjcot ef consideration, the acthodt of the one con be •uooeecful-

ly cad frultfuUy applied to tte other| even in thlc ooce, the eethodc of 

arithnotlo *re more rccdlly *ppli*eble to gecaetry than the converse. The 

aerit end ut i l i ty ef analytical geometry resides more in tho f t t t that f i ­

gures *aa be dealt with ay numbers tana the oeaveroe. To the n» theaeiloten 

who, wo alght coy, le core "phytiotl" minded and who for many reaeone pre-

fore geometry pr**ls*ly because i t rcUec sere on the imagination, the stu­

dy of continuity will be preferred to that of discreteness (37). 

Reoognltioa ef the priancy of Arithmetic over geometry, of nuabor o-

vcr th* continue* foilowa not only froa the aetaphyclocl considerations of 

quantity, but can likewise be gl*an*4 from the aetuel devel*pn*at of mathe­

matiea (88), and frea the testimony of mathewntioians tteaaelvec (39), Tte 

present, pronounced emphasis on nuater and the recognition of It* priority, 

however, lc aatohed with en equal recognition cf the Importance of tte eon-

(36) 5alle ttoyereon, TXi oheilnsmont de la pensee, Llvre III, PP* 898-
306. 

(34) Thi* notion of proforeaee far one aepeot ef as thews t ie* than one-
tter ic probably teeed en hereditary, environacntal and peyeto-phnyleal fao-
tttr*. Henri Pelneare has given sons attention to thlc problem in The Foun­
dation* of ''olenoc. pp, 810-22E, end Pierre Boutroux'c I'Ideal colontlfiquc 
des math*Bmtlcl<>na strikingly Illustrates t ' ia prefer once for various bran-
ohe* of ma them* tic** as wall as for analytic, synthetic deductive and Induc­
tive methods of presenting mathematical so lane*. 

(38) carl B, Boyer** The Jonoepts of the ^loulua *ad Z. T. Bell 's The 
O*velopment of Mathcmstloa il lustrate thla recognition of tho prioncy of mas­
her over form whloh gradually replaced the Greek emphasis of fom over number, 

(39) Por a short summary of e me of these opinions, ace Leon 'hwlflrtek, 
Th* Limita of Aolence, Chapter III , pp, 33-82, 
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tlnuua aa a aatheaatloal ultimate (40). The alternating atros* on elthor 

of the** two aspect* of quantity illustrates th* speculative dependence 

of aatheaatl** oa mete pay ale a} mathematicians of both pact and pretest, 

frequently have reoource to metaphysical considerations for a mors accu­

rate determination of their conception* (41)* An interesting instance of 

the dependence of aattesatl** on aetaphyelo* 1* illustrated In current dis­

suasion on toe nature and *rlgln of th* "natural" number*, which have been 

frequently eigneUxed aa nathetntloelly u i t i v t e . The ap*oulMlve eonfu-

alea whloh lc aaeooatly attached to these disousslon, however, oan be par­

t i a l l y cleared by roeopnlelng that though mathematics deals with aumbere, 

i t only eoneldere then ac elcnentc of mathematioal abstraotion. The natu­

ral aunherc, in the aattesmtloal visa, are no more nor lea* real than tran-

cocndcntal numbers, equations, or complex roots. Before the nmthttsutlclan 

ahatmctc, he ha* already learned to oount with numbers{ consequently the 

numbers with whloh nan counts and the counting process i tse l f are not given 

to children cr to aeoklnd by the nethematloian, but ths converse obtains. 

for i t ie on the ba*i* of previous experience that the existence of aathene-

t lce l nuahere are accertalned and further developed la the aolontlflc proooas 

(40) 3se, for exeacl*, t te article by Kurt OOdel, "ffhat le Oantor'* 
Continuum Problem?" (The Amrloan Xethcraatlcal Monthly. 54 (1947), pp. 515-
585, where the author shows tte present point* of tension between nuabar 
and the contlnuua. 

(41) Mathematician*, of course, will deny th/>t any reoourse to metaphy­
sics le ever tqCfla. In questioning the ultimate orl.-in of the natural nura-
btrt or the -cmtlnuua, however, and In lodging theae notion* In logio or in 
attributing some sort of pro-existence to those number*, met heme tiolans ar* 
•coking extra-nethonmtlo*! answers whloh can only be tupplitd by aetaphyalc*. 
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*f mettexmtloRl abet root ion (48), 

The ether Issue of ooapnrlaon between one lent and recent mat hems t ic* 

lo that donealnuted by method. It 1* here, especially, that schematics 

h** aad* undeniable and significant progress which, besides Improvement 

In notations and oyaeollem, include* the methodology of unalytloal geome­

try, t t e calculus, and the recant introduction of mathematical logic as 

an aid In fcenmllxlng and facilitating anth«nwtloal operations (49). No­

table lnprovcncntc in method are generally accompanied by an Increased un-

teretandlng of mathematical abetrection, even though the .individual aeth-

caatiolan who foot ere e aajor advance In method aay not be reflectively 

cognisant of thlc fact. At tho cane time, though new aothodc inoreaa* the 

extenelve domain of mattenatlcc *a well es clarifying ita content (44), 

they are not sufficient in thcmeelves to alter the nature of mathematiocf 

properly viewed, in fact, they but enhance ita unity es the ecience of dle-

(48) Nunber for the mathematician la a matheaatleal belm?f eoneequent-
ly rw.thcmtitlcel numbors He on the second level of abstraction. At the same 
time, tte xetteantlolan, before he engages la abtheesitlaal Abstraction, has 
already learned how to count and has been given the so-called "natural" nun-
bore in thlc way. All th* mattematlenl nunber* whloh are developed arise 
from mnthemtlael abstraction with the help of various insights and experi­
ence of a l l corte. Thlc dependence of cclence on pre-eclentIfio experience 
hiC teen brought out, partially. In Bert rand Rueaoll, %an * nowlcdge: Its 
'loop* end Limit*, pp. 837-239. 

(43) A fine study of the advanottn in mathematical method, especially 
•aphttltlng notation and symbolism, ie Plorian iajori*s A Hietory of t>& the­
ae tion 1 notation*. 
*»w»«e*w»e»*a»»e»>***»»*i»«--*«eB»»»*^—•«•*•> 

(44) Por *xample, the recent sucoeaa of formalizing much of mathematics 
oan bo regarded, quite aoourately, ac pointing up ths character of formal oau-
aallty proper to matheaatlon. ?h><t dlsoovarlo* in method have clarified the 
content and Increased tho extensive domain of mnthematic* oan be aeen from n 
concldcration of the quick development that followed the introduction of ana­
lytical goometry and the calculus; tholr methodology was instrumental in re­
vealing hitherto unknown curvet and relationship* between number nnd form; 
•e* ?.. T. 1*11, The ̂ velOTxaent of Mnthcnetlqs^ Chapter 7. 
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orot*n*o* and continuity. 

One of tte firct differences of method usually •aehatixed a* differ­

entiating recent matterne Us* t* Its freedom froa Imaginative schemes, dia­

gram* or «cnctrootlonc. Thi* freedom froa oon*truotibllity, however, 1* 

• *lalr and* from the l*gi*lst or forms l i s t view, and 1* inescapably con­

nected wit> th* doctrinal position of en«h of these school* — their de­

nial of content to me thematic* end t te lr over-onphfttlt on the fomal na­

ture ef mathematioel reasoning. In opposition to logician and fowmllam, 

intuitlonism ha* Insisted on the connectedness of metheaatlca with eonstruo-

• ib l l l ty , end has ocntrlbuted greatly toward* a renewed conelderetion of 

aatnenatlcal acthod and rigor, especially in th* current researches on the 

»tbenatic*l infinite (45). Mathemetioe of a l l time* is heavily indebt­

ed to tssicinatlve construction end schematic representation In It* rary na­

ture, ita development, prcocec of Invention and In teaching; It 1* to the 

merit of Intuitlonism that i t tec rc-*m?he*i**d the connectedne** of uetbe-

aatlo* to prc-eolentlflo experience and to psychology (46). In connection 

with constructIblHty, i t should be pointed out that It Is not quite true 

to aay that tte ancients need the cynthetlo method in contract to the pre-

eent «apbn*l* on analytical aethedsf here, agM*:, the history cf mthsantic* 

and current preoticc chow the ewpsoyment of both method* fr«*ly (47). 

(43) Louis 0. ratttoff, pp.. oj£., pp. 174-177. 

(46) Tferold P, flnart, 0£. e l t . . p. 113. 

(47) neap in thlt connection, tho study of Pierre Boutroux, L'ldcal 
eclentlflque de* mnthoflptlplona, Boutroux studies the remarks whloh methane 
tiolans themselves hav* made on mathematioal i%»thodhlogy and on the nature 
cf mathematics. Ho point* out how oan mathematician aay merely prefer — 
en* Inexplicable feet — tte aaalyti* to the cynthetlo method, nnd how dif­
ferently matheaatloUns have attempted to define each ef theae method*. 
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The «los«nees of *arly aethonntlas to experience tmd to preotloal 

needs has not been clanged et a l l in recent nethemntla*; if any tiling, 

thi* close and euggestlve relation of origin in experience, nnd tho sphere 

of applicability to neture has lmaoasurably laereasod and helped further 

nethsnmtlo«l development (48), At the same time, the eohool of fonaallam 

has helped t* *tr*a* the nature and use ef deduction in zsathamtics, as 

well •* tte inportanec and fert i l i ty cf symbolise and formal causality In 

mathematical demonstration. Though a l l t te sclenoes deal with formal cau­

sal i ty, their concern with materiel, efficient and final causality i s not 

feuMl in mathematics except soaleejeuoly, end the notion of foxntvl cause In 

nethematlcc i s viewed as universal in i tself aad *• having a deducibla con­

tent. Once a given perfection baa been achieved in mathaaatlca, one oan re­

arrange the order of Invention into a logical order whore the whole mathema­

t ical content or system 1* viewed aa flowing from a few principle*. This lo­

gical presentation of result*, however, lo but nethodlcal; It need not be 

adopted except for purpoeoa of rigor, logical coherence and matheaatleal e l ­

egance (49). 

Offering not in ultimate content but mainly in method, ancient and re­

cent mathematics exhibit the structural and developmental unity of the sci­

ence concerned with ordering the part* of quantified substance. ,Ven the 

/ 

(46) The mutual interaction of roathematloc ani th* sclenoes of total 
abstraction has benefited both. At the earn* time, quantitative method* are 
being Introduced into almost al l of theae tolenoes. At an example of such 
as application prefaced by * philosophical discussion on it* rightfulness, 
see John Von Neumann end Osk*r Itorgenstern, Tteory of Canoe and conoaio Be­
havior. Princeton: Princeton Unlvercity Prea*, 1944, Chapter I , "Formulation 
of ^oonomlo Probleme," pp. 1-45. 

(49) "Tho obvious concluclon It thut mathonmtios cannot bo Identified in 
with their own dcccriptlon, or cvon with the doduotlvo method whloh justifle* 
this operation — no more than physioe can te identified with tho descriptive 
structure of a theory, Howcvor far 1* carried a doduotlvo proceas avpliod to 
a group of metheaotlcel notions, It i s novor possible for doduotion to exhaust 
the potentialities of the notions oonsldorod," Thomas Greenwood, "Invention 
and Oceoriptloa in Athenetioe," p. 84. 
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dlflouaclons on the foundation* of mntheaatloa serve to emphaalze thi* u-

nlty whloh 1* vouchsafed to motheraatlos by netaphysios. The distinction 

of logic from mathematiea le gradually beta,* admitted anew, and a nuabor 

of offortc are being node to all^n *ynbollo logic with traditional logic (00). 

Thla research reopen* the pocclblllty of removing the metephysical assump­

tions which wore implied in the early and later investigations in th* field 

of ayabollc logic, and suggest* tte further possibility of pointing out 

how mathematical logio lc reducible In port to mathematical method and sym­

bolism, and to the expression of quantitative order (01). By Its striking 

distinction of mathematics from metamathtxaatioe, foraallam can be viewed 

ae Insisting on distinguishing mathematiea as suoh from actaphysical theo­

rie* on mathematics and f r m other coienecc; in foot, by distinguishing ma-

thenatlo* and a theory about mnthexatlo*, formaline Itaelf Is a metamathemn-

tioe — a netaphycloal thaory on Its nature (58). Aelde from being rooted 

in idealistic philosophy, intuitlonism, by insisting on the psychological, 

historical and sociological aspects of mathematiea, has prevented the sta­

t ic conception of nathematlcs Intrinsic to logician and formalism from being 

overly influential, and tea eaphaslxod the Intrinclo conncotodneiss of man ac 

(50) Sec, for example, Thomas nreenwood, Le* fondements de loglquo *xn-
boliquc, Tome II* Justification de* oaloulc losjiquec, and I , M. Bobhsnski, 
"Oft Analogy," The Thonlt. 11 (1948), pp. 484-447. 

(51) Thomas Greenwood, gtudoa cur 1« oonnalaaanoe aothawitlqu*. "L*a 
Prinelpes de la loglquo aattemntlqu')," pp, 1-38. 

(08) Thi* seems to bs ths meaning oontalned In Kurt OOdel's famous 
theorem; see Loul* 0. Fotteoff, op, e l t , , pp, 194-190. 
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mathematician to man as pre-aclentl f ic , soienti f le and cultural (S3), 

A aeoond mode la whloh nfttteiofttlos manifest* It* unity a* a soienoe 

concerned with quantity i s in i t s origin, in i t s relation to pre-sc ient i ­

f i c knowledge and to experience, and in i ta relation to tho iraaginbtlon. 

Of tho two main question* which naturally suggest themselves, thu origin 

of mathematical aolence froa previous experience wi l l be considered f l r a t , 

and then i t s psychology of invention. The basis for a dist inct considera­

t ion ia t t e t since the f i r s t i s the order of learning end the second i s the 

order of invention, soma differences exlstd between these two manners of ac­

quiring aathemntioel selenoe (54). 

While mathemntloians ere auch concerned with proofs, aytibols, construc­

t ions and Judgments, matteraAtioa, l ike e l l aolence*, has I t s origin in pro-

eclent l f lo knowledge and In sonna experience (55), Whiles It Is true tbnt 

methemetlot i s a science, that i t Is abstractive, i t i s ulso true that no 

man Is constantly exercising acts of nfathaaatloal abstraction. Mathemati­

oal abstraction as a solcntl f lo act may either be self-induced — ee In ma­

theaatioal genius, perhaps — or stimulated by parent, teacher or book. 

But even the ab i l i ty to count or the ucc of the number* ecnaonly employed 

In the counting proeeee or* not aots of mattemntioal abstraction; number­

ing end counting in mntheaatlc* art aerely operations analoieuc to tho phy­

s ica l net* of counting real objectc, A recognition of th lc pre-oolentifio 

b e d * would poosibly prevent attribution ef a mystical quality to the natu-

(54) Henri Polnoar, The Foundation* of 3el*no». Book Ut I'Mthcmtioai 
Reasoning, Chapter I I , "HatheaRtleal Definition* and Touching," pp, 430-
447. 

(54) Quite a number of teetlnonlee could bo edduoed to support th is 
ooaelueloni coo, for *x*mplc, •:• w K, Joed, Quid* to ^hl^oaophy. London; 
victor OoUanes, 1936, Chapter V, "Logic and the leva of Thought," pp. H 6 -
158, pp. 113-114, Henri Polnoare's Tho Foundation* of iolenoo, i , ?. Be l l ' s 
The development of MathemBtloa, Osrl B, Boyer's The Concept* of tho 'aloulus. 
and Pollx Fleln'a two volumes, ilemnntary ^thenr>tlc8 from an Advanced ntand-
polnt are but a random number of studies whloh ins i s t on tho part of experi­
ence in natheantios. 
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ral natters or arid, a*t*phyai*«l •p*oul*«lea on how they tre obtained. 

Question* en mathematical number ara t istinot froa qutttlonc on number 

Itaelf; the fonaer are •p**ul*tlvoly roferrebl* to aetephyal** with re­

gard to their nature aad eclcnfiflc content, end only reductlvely redu­

cible in their origin to pre-eolentlflc knowledge. In fact, the full 

meaning of the historical origins of mathemeticu Indiestee ttet (a) there 

waa, aa far as we oca discover, c tin* when ao nan had es y*t actually en­

gaged in mathemetleal atetrestion, end (*)whetever man i t was who f irct , 

any, ebetmotly conceived of trlaagle and proved a neoeecary end unlver­

eal property ef triangle 1* th* founder ef matheaatleal soienoe (84), 

This historical leeaou i s analogous to the leeeoa that oan bo lear­

ned from dally l i f e ; without peesibly ever having aohieveg mattematl*al 

abctraetioa, people eount, odd. Multiply and eubtraot. A parallel cace 

teldo for abatraotioa in phyeioel, and oeparatlon in netaohyelcal eci­

ence (87). Tte lever bound of aathenetlee, consequently, both in i t s 

i (44) "In th* case cf aattetatloe, i t It the Greek contribution which 
i t 1* most essential to know, for it wna the Oreeks who first made mat ho­
ne t ics a acleneo. A* tent once wrote, 'a light broke upon the first man 
who demonstrated the property of the Isosceles triangle (whethor hia name 
wo* Thai** or what you •• i l l ) ' ; close whloh time, thanks to 'that wonder­
ful people the Oreekc', aathanatlc* has travelled 'the safe road of a ocl-
•yco.' The Oreeke in fact laid down the firct principles in the chape of 
tee indemonstrable axioms or postulates to te ascuaed, framed the defini­
tion*, fixed th* terminology end invented the method* eb lnltloi and thla 
they did with *u*h unerring logle that, in the centuries which have einoe 
•l*p**d, there ha* been no need to reconstruct, * t l l l lcae to reject aa un­
sound, any ****ntial part of tholr doctrine," Thane* L, Heath, A Manual of 
Crock JMhtfcatloe, p, 1. 

(57) That aoientifie knowledge 1* dependent in it* origin* on pro-cel-
entifio knowledge and closely oonneotcd with It , lc being nore widely edmlt-
ted, 3*11* Moyerson has eloquently insistod on thlc foot; In his latest book, 
Hunan leewledsc* It* Stone aad Licit*, Bortmnd Puaeell cotabllshe* a close 
t i e between nre-*ol«mtlfle aad eoioutifle nxperlonoo - - though both are view­
ed a* yielding surely probable knowledge. 
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historical and pcychologloal origin*. Hoc in pre-scientific knowledge 

end experience; in thlc sense, Intuitlonism hat directed the philosophy 

of aathauatlta in i t* proper direction, a* forma l ias and logician hove 

pointed out aetaphycioc aad logle aa the upper bound of aathewstioel de­

velopment (58), 

In e l l proooeeoc cf mathcaatlocl reasoning, and la embodying tho re-

•ulto of auch reasoning in lectures, articles, or books, the rati theae tic ian 

and a l l s*lent 1sts neoossnrily ucc phantasms, word*, sonslblc eigne and 

eyehole — * vindication of the sense origin* and aonce-dependenoe of hu­

aan aatheaatica and ao lance, Tte ldoaliat who confueedly claims ttet aa-

theaatlcs le aonehow e pure creation of tte mind, denies his own experience 

end th* testimony of the history of mnthenatles just aa tho empiricist, by 

aCnylng tte mantel prooeee of scientific abstraction, confounds pre-ceiontl-

fio nnd solent i f lo knowledge, liathenntis* is not made acre palatable or 

attractive by being thue aeooutsred in idealletle or enplrlelst habit, and 

«uoh erroneous pocltiona on i t s nature arc not the explloetlva eausoe for 

l t e growth and development, and, as a matter of fact, may not be followed 

ia mathematical practice nt ni l (59). 

(56) It la hero claimed that any attempt to write about mathematics — 
whether done by a physicist, historian or eoenologlst — Is besicully and re-
duotiv ly e aotaphysloal view of mathanntioa. Though ac qua intones with the 
eeleneee on tho first level of abotraotlon may help tte nrnthemntlclan fur­
ther the development of hi* soienee and enable hia to undo retend bettor the 
nature cf nathcaotio*, epeeulativo remark* on atheantlo* or discussions on 
It* relation to other eolencee are the function of the metaphysician. For 
example, most of the eesaya In Ice grand* oourents do le ponaec Hathematlguo 
(presentee par P. Le Llonnal*). and in Mat tenet lo*: Our 0 rent Heritage (edi­
ted by 71111am L, rehaaf), are really written from tho metaphyelonl view. 

(59) Thlt point lc brourht out In Plorro Boutroux's L*Ideal colentlflquo 
doe mathcnatlolens, and has been strongly emphasized in Jaiile «*eyer eon's works. 
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Tc p r o m t aathematlca as originating ultimately from previous *x-

perleaee and pro-scienti f ic knowledge lc not, of couroo, to present fu l -

ly-dcvelcped nnthcaatic*. Any originative theory, harking book to hum­

ble beginning*, 1*, in a sense, regressive. Nor does th l t theory aim to 

place restrict ions oa mathematical freedom and Inventiveness. In fac t , 

i t i s true that by comparison with t t e experimentation necessary for the 

phyoielet er the acquaintance with detail proper to praotloal and p o l i t i ­

cal wisdom, a minimum of eenee experience any suffice for the acquisition 

of xetheaatlos (60). The history of mathematics lo rcpl*t* with example* 

of aon — cone of them even pioneer* — who had reached mathematical matu­

r i ty and creative power at an early a&o. Pt twenty-two, rCBcftrtee had foun­

ded analytical geometry. Pacoal's prcooclouan*** permitted him, at tho age 

of fourteen, to be admitted to the soientif le discussions out of which t t e 

Trench Aee demy of rvjleneee developed. Newton laid thi foundation* for a U 

hi* subsequent work in sntteaat les froa the age of twenty-one to twenty-

three. At f i f t een , Lelbnis ted already possessed the Idea of hie combina­

tory o r t , and many otter mathematicians, Abel Oelolo, Lobatoohewaky and 

other*, did good aatheautlcal work about the age of twenty (61). 

(60) This feet was already recognised by Arittot le; see hi* Posterior 
Analytics. 81* U6, and ?Tlohonechean K'thlca, 1148" 18-19. 

(61) Sec, In thlc regard, •-. T. Bol l , Men of *• athaantlcs (:**w York: 
Simon end Sehueter, 1937), Bell bring* out, in hi* historical skntchea, 
this tra i t of an early adaptability to nathamutlos. 
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Thla reedy adaptability to aetaeaetlon at an early eg*, while i t may 

be true of men of genius and, In a restricted sence, of any man who ac­

quires the habit of mathematical *olence, must bo properly understood. 

Though mat tenet loo way *ri«a from a minimum quote of sense experience, i t 

l c inevitably bound up with t t e ineginatloa aad the past ex peri one o of the 

individual sattenet lolan. Gcncequently, while the phyeioitt must be in 

constant l ia i son with extra-mental reality and 'bile the ran thews t i c ten need 

not have thla intimate relationship, the mathematician r e l i e s , proportion­

a te ly , on hie imagination. Though a ooapari«on of methematicIan and phy­

e i o i t t with reapoot to t t e origin of both coienoea la frequently made, i t 

Bust be recalled t t e t aath*a*tle*l natures are net existent as suoh In ex­

tra -aental rea l i ty , but merely in the imagination; hence tho universe of 

the mathematician i s one of imaginative oonctruotlon and invention with tho 

materiel* of hlc past experience. The physic1st 1* more definitely limited 

by t te complexity and nobi l i ty of extra-mental rotility; in suoh median cei­

cnoec ae Bctthetntleal physics and mathematical biolo^qr, the physicist or 

b io log i s t , after sufficient experimentation, reaches up to mathematical prin­

c iples end coneluelons ac an aid in knowing and measuring oxtre-montul rea­

l i t y (68) . 

Tana mathematics, l ike a l l speculative aclonoeiJ, hoe a double depen­

dence on induction and experlenoo. In the f lrat place, thu nathemntleiftn 

and a l l the eolentlet* abetraot tha unlvereal from singular things. Second­

l y , a l l sclancoa aro oonoerned with tho process of Judging and reasoning, in 

which unlvereal and neeecaary predioatos ure attributed to subjects. In both 

(68) Por an explanation of how the mnthomtlolan eni the physio le t are 
jo int ly ooneerned with knowing extra-Mental rea l i ty , so* Jenn ttaujat, op. 
o i t . . Thopltr* 17, "L' lnte l l lg lb l l i to ranthenntique do la theorie physique," 
pp. 104-143. 
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• •aces , notbexntlos and the otter aolcnasa oan be aald to te dependent 

on exnerleaoe aad laduotlon. Itomover, onoc mathematioal abetreotion tea 

teen achieved, a minute and detailed analysis of extra-mental real i ty may 

ao longtr bo necessary, and th* aloha* of mathsaatloal experience l i e o-

pen within the Imagination, where the lndetoralnation of Inte l l ig ib le mat­

t e r la t t e Inf in i te ly potential support for qualitative determination* of 

•11 sorts , 

Tte ultimate origin of mathematioal ent i t l e s from extra-mental expe­

rience docc not aaccccarlly imply that a reduction of mathematics to phy-

clce l c being proposed (63). But the theory does claim that in i t * histo­

ry, in i t s origin within each person and in i t s development, mathematics l e 

boundan to cense experience. The vnry oonoeptc whloh are employed in ra«th­

omet lea — *truoturo, order, relat ion, domains, lnaluaivenors, greater, up­

per bound and countless other* — are eloquent testimony to the foot thnt 

unless one had poreonally or vicariously learned what struoture, order, re­

l e t edness, Inoluolvenees and *o forth , are, te would not be «ble inventive­

l y to attribute these qualitative state* to the mathematical natures in the 

mathematical universe, Mathematical conceptions likewise carry with them 

the ir reletednese and Intimate conjunction with practical needs, and their 

familiarity with the suggestions, insights and Kathode of n i l the eolonaes 

of tota l abstraotion (64), 

The intimate a f f i l i a t ion of m»themntlos to previous pre-sc lent l f lc . 

(63) In his Lectures on the ?hlloflop?iy of *<.theantice, James Syrnio 
Shaw labclc ac an empiric l e t or physlaal view (p. 10, pp. 154-1!>5), ant) the­
ory whioh attrlbutoa the origin of mathomatioa to the natural world of phe­
nomena. 

(64) Ceo, In th i s connection, Ttobert Thslthell, "I 'Analorie en matheaa-
tlquee," in Le* grand* courant* de la penwee withematlque, proBranten per ?. 
Le Llonnole, pp. 48-53, where th<* author givet) some Il lustrations of the ana­
logical Insights suggested to rautbem* tl.'M from other sciences. 
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physical, aattematic^l, and even m*tapbyslo«l knowledge i s especially d l s -

•ernlble In *nth*natioal lsvontlon (68), Jlumeroua cxaaplc* nbound In which 

analogies t o phytloc (44), to previous mathematics (67) , and even to mcta-

phyeioal conceptions (68), afforded Inarclnativ* Insight into mathematical 

lnvcntivencao. Not serving as a hindrance but a* a posit ive help nnd * t l -

nulant, extra-mathemntloel suggestion* and references have proved to te olds 

to the greater fruit ion and powerful developraent of mathematioal science; 

poeelbly because of the lnternedlery nature of ma thomet l es nnd of i t s naalo-

eouScheimctor, aathenmtioians have, often unwittingly, transported tho mnth-

enmtical realm t o t t e t of extra-aente4 rec l i ty I t se l f , to that of the pky-

clenl anl aetanhysleal sclenoes (69), 

(48) Thlc bne been pointed out in Thorn** Greenwood'H a r t i c l e , "Inven­
t ion and Description in Mathematics," pasajra. 

(66) Louis Do Broglle, "Te role do* mnthomtlques dans l e devoloppe-
nent da la physique tteorique eonteaporeine," in Lee, grand* couranf do la 
ymsee reatheraatiquo, present es per 7. Le Lionnnls, pp, 298-4 !>., 

(47) Renrl Polncnr, The youndqtl?ns of JSplonce: "'clones end Method, 
Book I , . d o n e e and the "olentiat, Chapter I I I , "L&ttematlcal fraction," 
pp, S8S— 394, 

(68) feorg %ntor i« t t e best example of th is ; see his ?or.tributlona 
to tha Pounding of t te Theory of Traatflnito lumbers, translated by Philip 
», ^. Tonrdaln, Jourdaln's Introduction, pp. 88-BR, 

(64) Taequce fctaritain, The "egrocs of Knowledge, pp. 174-177. 
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In thlc regard, the preecntetioa of n mathotatlcRl Invention i s rare­

ly given in the multiplex nnd complex fom In which ita invention occurred, 

end moat great maths** tla lens have, upon excogitating a matheaatioal con­

tribution, presented i t In a logloal, neat nnd deductive form (TO). In 

faot, i t would be iapoMibl*, in aoet oases,to retrace a l l the steps, prc-

oossee end ruminations through which tte mind wee carried end moved abcut 

in t te ppccecc of Invention. The cttenptc at outlining thlt process, eom-

plek though i t l e , fom part of a psychology and logic of invontlon on which 

increeelnf attention le being focused*71). 

The third mode in which mathematical abstraction serves to unify the 

apparent heterogeneity of present mathematical soienoe la in ita relation 

to logic. Wot belnf. n direct but c reflective aolence, logic le not, ac 

such, concerned with extm-mentnl reality; i t la wholly and directly depen­

dent for the existence of it* eoneeptlone and determinations of i t* nature 

on metaphysics, and only partially and imperfeotly on tha other solenooa. 

Thoorlee on the nature of logic which dicnvew i tc dependence on notaphyeio* 

and attempt a logloal aaalycic of reclity, ar*, as a result, extremely com­

plicated speculative eoneeptlone; yet they oan e t i i l be shown to bo l i t t l e 

else than apparent substitutions of logical for metaphyaioQl pronoucomenta. 

(70) Thome Creenwood, "Invention and Description in Mathematics," 
pp, 80-81. 

(71) Bonri Polncarc wa* on* of th* first scientist* to give his atten­
tion to thi* subject; see MR The roundatlone of 3olonoo. Boo th; *rti*l«, 
"L •Invention aelentiflques 1* mettemutique," by Jhoquo* ifedaratird (In L*In­
vention, expoeee ot diecuMlenc par oharl** Blond*l, d. olaparede, J, Ha-
daxerd, L, D* Bregllc, to. Bauer, Paul Valory, Louie Bnmat et •-&. Ouyo-
not, Pari*: Pelix .lean, 1938), or tha more reoont work of Jacques 'lada-
merd. An Aaccy on tte Psychology of Invention In the thrfchftretloal Field, 
R. D. Ctrialeteel has given some attention to theae problems in hi* The 
logic of THscovery (Chicago and London: Open Oourt, 1930). 
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Both logielen uad fomallam, for example, profett to be non-mete physical 

in announcing the quasl-ldentlty of anthe<etlcs with logic, Tfowevor, as 

hae been mentioned ebove, various studio* have pointed out thet loglolaa 

and foranl lam comprise both * dec trine and a method; net only hae the aeta-

phycital doctrine of each boon cuocecafully challenged an'! Impugned, but * 

realignment ef tholr nothod and tynbollam into t tet of the t n dltlonel lo-

gleal form gives promise of c future benefit to logic itself and to other 

ecience*. 

The partial fomalisation of mathematics, whloh i s the meritorious 

contribution of both logicIsm and formsliam, has, however, led to varlou* 

•xtToae positions, Quite in'contrast to tte bloom1 oompilnsnt* of absolute 

•eeessity and rigor which war* formerly attributed to i t , mathematics i s , 

at preeent, of tea viewed as offering merely probable truth (7p), rttlmula-

ted by tte recognition of treating aethematlenl demonstration in a complete­

ly fexeel manner, variegated opinions have erlso^fron discussion on the 

foundation* of mnthematio*. The wide aeeertneut of view* Includes * deni­

al t tet nethowttleal reasoning has *ny content whatever and that i t i s but 

tautology (73), that It ia but a bypothctlco-doduotlve tyctca (74), t tet 

It 1* te**d on tte pragmatic choice of many possible ay stems (70), and thnt 

(78) Bhrold W. ftsart, Tho U>r±e of "olenoc. pp, 64-78. 

(73) "rank Pluaptca Faaccy nnd L, Wittgenstein, close *dher*nt* to the 
logio lam of Bertrand Russell, proposed the tautologio 1 nature of a«thc*a-
tlo«l propositions j see Prank Pluapton Rwaaey, The Foundations of *ath«Ba-
tlqs and Other Logical essays, paws in. 

(74) Morris P. Cohen and '-Crneet Nagel, 0£. e l t . . Chapter VII, "The na­
ture of a Logical or Kntheraatloel Sy*tan," pp. 189-150• 

(78) ^co, for *xsatplo, tte Introduction (pp, 87-30) to Science and Hjypo-
th**l* In Henri Poincore'o Tho Poundwtson* of Science; roincere has consls-
tcntly argued for this position. 
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i t urleo* from the fiat ef the natteaatlcal oreator (76). In the view 

of nathenatloel abetreotion here adopted, eeoh of those and otter cur­

rent theories emphasise but one, limited aspect of the nature or method 

of mathematics, end it ia only booauso these theories generally are eroo­

ted aa the unique, ultimate explanation of the whole of mathematlos, that 

their partial eaptese* oa the truth arejrrequently lost sight of. For, 

wall* It is true that one oan scientifically discourse with purely formal 

logic In mathematios as in other ecienoea, the subject mntter of the demon­

stration, while temporarily suspended or not considered, returns again whon 

there lc question of estimating the aerits of a mathematical system whloh 

nay have thut boon Invented (77). Ceneequontly, while there may be no l i ­

mit to huaan inventiveness and indulgence in erecting foimal cyst ems, tho 

reletlea of dependence of tuch systems on previous experience and imagina­

tive adumbrations and recombinations, ae well ac tte question of the oon-

tlttcney ef the system and tte eubj*ot with which i t ic oonoerned In appll-

cebllity or ucc, are extre-fontal end lndlepenoable influences (78). 

Only a true conception of logio can exhibit not only the unity of s»-

thaantl** in i tse l f , but also Its close kinship with both natural and sci­

entific logic. Thu eptitude and natural inclination whloh man poaaeeec to 

reeeon orderly In hi* discursive processes, though it has frequently boon 

ill-uccd, lc inherent in the very nature of sen; logic Itself, na the sci­

ence of spaculetlvQly ascnrtalnlng how man reasons correctly, and aa tho 

(76)J*n*a Byrnio Chaw, op. e l t . , pp. 166-160, 
(77) Louis 0, Xattaoff, 0£. o i t . . Chapters 14-15. 
(78) Jecquc* Hsdaaard, An Stacy on the ^ayohology of Invention in tha 

Uethcaatlnal Field. ;htpter VII, "Different Kinds of Matheaatioal iilnds," 
pp. 100-115. 
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finished art of properly conducting reason, 1* but " development of 

th i s native ab i l i ty (79), Logio as a soienoe ooneldora tho reasoning 

process not only in mathenatlos, but In a l l sciences, for the soienoe of 

logic la but the sat* leant* of the mind's ref lect ive oonsiderntlon of i t * 

own actions, ?<lathematloal abstraction, consequently, considered a* a meth­

od of arriving at true and sc i ent i f i ca l ly certain mathematical conclusions, 

i s unified to the method of other sciences and philosophy by the unity of 

the mind I tee l f ; whatever dlvereity from otter types of so ient i f le reason­

ing ma thometlas may possess, arises from the foot thnt mathematics i s con­

cerned with e different subject matter of demonstration, 

'"or-el Logio Is the resolution of the mind's discursive movements in­

to i t s formal principles; i t denominates snd explains the mental motions 

whloh the mind i s to tar© In order to preserve tho right directions in rea-

conlng (80). Foxnal log ic , end I t s use In a l l tho sciences, i s not as suoh 

Interested In truth; It Is Interacted In the rlghtness and consistency of 

the mind's movements; It encourages a simplicity of movements through t te 

syllogism and through symbolic expression and abbreviation (01), Pealing 
J 

with the ctudy of t t e three main aovwsenta of the mini, simple apprchen- ( 

d o n , judgment and reasoning, foneal logic doe* not as such inolude tho 

imaginative and inventive ab i l i ty of man, which i s more prop.r to logio 

ae d ia l ec t i ca l , and to logic aa an art combined with psychology (82). Just 

(74) Angclo U. Pirotta, ^umn Phllosophlaft ArlBt*t*lloo-Thomlstloae; 
Tollman I , PhllOBOphla Rational!*, pp. 17-18. ~ 

(80) Ib id . . p. 20. 

(81) Albort a. Bameperger, op. o i t . . fib. 169-171. 
(68) Jeoquee ifadnmard, oj>. o i t , , Chapter I , "General Views and inqui­

r i e s , " pp* 1-80, This chapter contains an intoreotlng, short aooount of 
various theorie* on hunan Invontlon, 
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aa th* formal rules of logic apply to any typo of forranl ratiocination, *o, 

too , the general rules of material logio apply to any typo of ratter or •ob­

ject with which reasoning i s concerned, that of mathematics as thut of oth­

er aolences. i c t o r l a l log ic , however, lntroduoes a new oonoidoration; by 

resolving reasoning or acntal discourse Into I t s matter or that about whloh 

reasoning Is concerned, mat oriel logio ooxuiidera tho qualitative nuture of 

the subject matter in order thnt a true conclusion may be formulated, whe­

ther i t s truth be sclentif1CMlly oertalu, probable, or merely opinlonatlve. 

The fact that man con arrive at true conclusions which ho may only hold 

as oplnlonetlvo or a* probable, Is paralleled by n division of the body of 

logical science into demonstrative or dootrinal log io , and dialeotldal or 

useful logic (83). The logic of s t r i c t l y sc ient i f ic demonstration, oonoer­

ned with t t e manner in whloh the mind may arrive at a aorta in , unlvereal, 

and neoeaeary knowledge, points out, among otter feature*, tho need and us* 

of various pre-selantlf io and lnderaonatrably oartaln principle* as pro-cog­

nition* from which soient i f le demonstration ar ises . Doctrinal logic l ike ­

wise includes a study of the nature of soienoe end i t s dist inctive d iv i ­

sions; In this la t tor as in 4ts otlur functions, i t i s wholly and complete­

l y dependent on metaphysics to guide I t s ref lect ive consideration. 

Shi la ths study of demonstretivo or doctrinal logic has been general­

ly presented in touching en> in discussions on log ic , tho nature an-l use 

of d ia lec t ica l logic has been wlioly nugleotod. Yet It Is th i s ref lect ive 

ctudy thnt both modern eolenoe an! rant hematic; a have especial ly uoed to cuoh 

advantage. In fac t , there l c a measure of dlaleotlohl reneonliig in a l l the 

(83) Angolo U. Pirotta, ojj. o i t . , pp. 160-164; see , nle Taint Thomas 
Aquinas, Tn I Posterlorum /nalytloorura. Loot. 30. 
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•clflacee. The practice of Ari t tot le , though frequently dubbed as being 

too doaeHtlo, and tho procedure of relnt "Wiô  a Aquino* and th« medieval a, 

though often categorised as involvonwm* In vapid nnd arid dialoct ical dia-

putetlons, are the v*ry methods that any man u**« In th--> various route* 

and devious detours which his mind follows towards tho *?p©l of aclentlf ic 

truth, an<! theee methodo are employed In successful teaohlng (84). 

In i t * dia lect ical movement, the mind 1* in lnquleltlve motion and In 

inventive research. It moves about within the sot and limited cpterc of 

dieoourse which i t hn* outlined for i t e e l f , «n<U analogously speaking, runs 

beck and forth in cogitative fashion from one element to another (85). It 

may bo regarding « number of conceptions or propositions whloh have but e 

e Ukenccc of, and similitude to t w t h ; the mind alternately but truly 

adoptc thi* verisimilitude cf what appear* to te true — oheoking, in vari­

ous way*, the p laus ib i l i ty of oaoh proposition, Thoso propositions, the 

spring* of dia lect ical reasoning, are of three main kinds: 1) they any bo 

composed of rarely logical tonne which merely signify the second Intentions 

of the nind, ac genera, spaces and th-» other predloable, or -••n^logously con­

struct ive Inventions es group, *y*tem, sot , or act of sets ; 2) they may b* 

principle* Whloh arc not native to th> soienoe under consideration, but are 

borrowed from another soienoe, or common to several sciences, no ctatamonts 

on mathemutioal continuity applied to physics or blolo ;y for purposes of 

comporleon and Insight; 3) thoy aay be principles which, though probable 

(84) Ar i s to t l e ' s use of d ia lect ics onn be seer, especially in hi* 
Metaphysics; his theory of d ia lect ica l reasoning Is eontterod In his l o ­
gical works, eepecially in the Posterior Analytloc, The above presenta­
tion l* baaed on Arlctotlc and on t in t Thomas Aquinas* canm«nt»rl«a on 
Aristot le , 

(86) "elnt Thosac Aqulnaa, In IV Uataphyainorun, Loot. IV, paaaln. 
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la thcneelve*, are accepted ec points of departure for reasoning ac if 

they were certain premises, and only yield probable *onolu»iono, *a In 

the deelclono of practical l i fe and In mathematical probability (86). 

This interrogative dialectic of tte mind oan, in the firct two Instances, 

yield either probable or demonstrative conclusion*, for in this ooso th* 

pTineiplJB of reasoning themselves aro not prohablo, but tho mind doubt* 

t te lr applicability to the matter under consideration. In tte third cace, 

einee the very propocltlon* themaelvoa are not certain, only opinionatlve 

judgaents can ensue — though th*s* opinion*, i t muet bo emphasized,are 

true, probable judgments (87). 

n ialeoticel reasoning play* a large part in mathematical demonstration 

and eepecially in ita developmental Invention. In the f irst type of dia­

lectical reasoning, wtere purely logical termc coma into consideration, tte 

mind forme logical conceptions boarim? only a furtive likeness to mathema­

tical entit ies , and cogitates upon thorn in a close, inventive fashion. Tte 

description cf center'e process of Inventing tronsflnito numbers (88), for 

example, dedicatee how those logical beings, reft&atlvely forand for consl-
t 

dent lo* by the mind, led to bis contribution. In fact, inasmuch ao tho 

rigorous proof and matheaatioal danonetrotlon of tranaflnlte numbors tec not, 

i t soome, boon as yet formulated, the tranaflnlte numbers — though the truth 

(84) In his latest book. Human knowledge: Ita >oopo and Lialts; Ber-
trend Ttumell denies that we havo certain, demonstrative knowledge. Ilia 
anelyels of the probeblUty and dialectical reasoning In pr*-*oleatlfic 
snd solentIflo knowledge — abstractIn* froa his phllosophloal Interpre­
tation* — le quite generally sound, 

(87) .Taint Thomas Aquinas, op. o i t , , n. 574. 
(88) Oeorg Cantor, on, p i t , . Jourdaln's Introduction, pp, 58-88, 
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about thoa 1* most l ike ly known — aro only probably true and tholr aor­

ta Inly true existence a* mathomtlaal ent i t l e* had not as y tt bean estab­

lished (89). 

In l ike fashion, the scowl manner of d ia lect ica l reasoning 1* fre­

quently employed in mathematlos with fruit ful resul ts . Ona may take ari th­

metical principles and apply thw» to the oontlnuum, or the converse (90); 

one may even adopt physical or metaphysical principle* an' , with the insight 

thu* afforded, lnduoe or Invent now mathematical natures. The demands of 

physios on mathematics (91) , or cantor's case oan be referred to ac two 

of the many Instance* In whloh the principle* of other sciences aay be 

witt ingly or unwittingly employed In mnthematiie. Hero again, however, a 

methenatlccl demonstration of the results effected by borrowing principles 

of other sciences may not be immediately forthcoming, ?*nd tho mathematical 

conclusion may be truly held, but only with probability and a decree of 

certainty. 

The f irs t two methods of dialect ical roasonlnfr., thon, are used by tho 

mathematician, the eolent 1st and the philosopher. The third type, that ba­

sed on propositions whloh In themselvos are only probable, Is also used In 

e l l the sciences, but dooc not yie ld mora than e probable conclusion, and 

seems t c be oapeble of both a regressive and a progressive use. In the 

(89) This contention — that mathematioal natures may at f lrat only 
t o capable of a d ia lect ical existence — needs further development, of 
course In An Saeay on the . syoholory of fhconllon in the •%tht*^tioKl 
y i e l d , 7**que* vidanerd seems to have thla notion in mind; ace pp. 43-33. 

(90) Ocorg Cantor, 0£. e l t , , Jourdain** Introduction, pp. 1-10. 

(91) Albert lautman, ,;asal sur 1'unite dee aolcnoos muthematlquos 
dan* l*nr dev*l*pponent actual , p. 7. 



;. .-<i 

f lv*t , the regressive a**, for example, it aay appear to be quite proca-

ble that raethematics 1* completely exprccsible In lo^loal or pre-lofiioal 

symbol* (94)| in fact, In entering Into the domain of iMthamatlc* with 

this principle end *tt«*ptlng to make mathematioal nature* lone their Iden­

t i t y and be transformed Into purely logio* 1 or pro-logical symbols, T way 

even eahiove • phenomenal amount of sucoes*. However, there are two oo-

etcelec which X muet yet overcomet 1) the proof of ay init ial preposition 

i s lacV-lng, and 8) I have only cueeeeded In formalising thet part of enthe-

matl*• which tec thue far been given historical and scientific status; eoa-

eequently, though ay method aay produce acne fruitful results, i t te* an 

empty, barren result *• goal, and la a static conception of rnnthanatlecl aol­

ence, Thlc method lc likewise adaptable la other a*lenoea; in philoeophy, 

for oxeanle, I any adopt the ooeltlon that I most likely can explain every­

thing In tens* of mathematle* a* did n**oartea and a* 4* many conteapore-

riee, or in termc of cpirit, se did Kegel. 

In th* •ecor.d, or prccreeelve ucc of e probable preposition, which 1* 

an es^lownent of the aethod which aay lea ? te new results, I adopt a cer­

tain number of probable prepeeitieno end then utc thi* method of mental dia-

eeuree to yield a conclusion whieh may hrve a greater amount of provabili­

ty, vor lneteueo, a l l the seieneee of total abstraction, aiming as they do 

to know nature in i tc mob ike indet«r»inatlon, stake frequent an" large ucc 

Of thlc nental dialectic. Matkenetiea aay analogously imitate thlt process. 

On the tecic of tome previeaaly known, though probable roponitionn, I may 

oonctrue further propeeltione which have a less , or equal probability. I 

any, for lnctanoe, take thi existence of tranaflnlte nundv r» a* my point 

(98) This attempt is true ctpooially of logloiaw .-nd foraslism; ana 
Harold ^. ranrt, The Lo îo of alenoa. pp. 96-99, 
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of departure, and launch out Into new combination* of numbers, and loading 

me, perhaps, to now axiom* and principle*. 

Viewing mathowttloa, then, a* on abetraetive science within the wider 

and richer domain of speoulative science end ths logic of science, i t s uni­

ty snd quantitative character appears nore plausible, for, in this concep­

tion, the mathematician i s not viewed a* ia an idealist fashion, as merely 

contemplating quantitative *ub*teaoe and «ut off from tte riehncc* of hte 

prevlou* pro-eeientifio end scientific experience, aad yet hia inventIve-

neec and creatlvences la sufficiently accounted fori neither i s t te aatteaa-

tlolen viewed a* in an empiricist analysis, •* rooted to nature and limited 

by tte sensations which ar* channelled Into his sensory powers, where they 

any lecve come limited impressions. In the view afford by the aetephycl-

eian, the nature of aathsaatlcal abstraction and ita relation to metaphy­

s ics , to logic, to psychology, to history end to pre-solcntlflo experience, 

ac well as i t s applicability to the sclenoes, are aeen to related partoof 

the complex, yet trje and adequate determination of mathematics. While t te 

«*e*aoe of aathematies la i t* freedom, it oan only purchase this ireodoav 

end moke Umltleee pregreee *py recognizing the speoulative bounda and limi­

tation* Inherent In Itc very nature. Though It tee been said thet Ood mode 

the aaturel numbers and man aade the rect, i t Is more corraot, matttphysioal-

ly and mathematically, to any that Ood made the mathematician end the uni­

verse, end th* mathematician hea abatraotivaly and inventively construed 

the mathematics of the divinely fashioned universe. 
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Chapter XI. Conclusion 

It has bean well enid that In the concldcration of truth, non look 

upon It in varlou* way* because of custom and training (1). The philoso­

phizing mathematician, for example, accustomed to thr freedom of mathema­

tical reasoning and to the epparent rigor in which mothemstics can bo pre­

sented, does not generally look with speculative sympathy et the effort* 

of the so lone oe of total abet rect lem; or at metaphysical demonstrations, 

similarly, philosopher* end philosophizing scientists in tte first abstrac­

tive level of soienoe, frequently regard tho precleion of pure mathematics 

as exaggerated or aa being somewhat too refined to be of prootloal use. 

Homo men, looking upon mathematics, see It aa a logical or Rent hotlc art, 

while others vlow i t ns the work of men the makor and praetloloner. It 1* 

likewise true, bowev r, that a dlvereity of speoulative aclcnoHi require* 

that truth and certitude be sought in proportion to the thing* about which 

•act soienee is concerned. 

With regard to tte nature of mathematioal abetreotion, diverse attitudes, 

stemming from en art ist ic , logical, absolutist, physical or practical bent 

of mind, have, throughout hietory, made of mathematics an aesthetic art, a 

cheer lorio, a creative know.1odgo, a physical telanoe and a system of com­

putation and aeaBurntIon. Thceo pool tion* on the nature of sattenatio* can 

be partly accounted for, i t is trno, by psychological reasons. Howcvor, the 

very nature of mathematical abstraction, dee lint- as It does wit* abstract, 

quantified substance, and bearing such close •peoulntlvo analofrios to taota-

phyales, to logic, to phycios and to extra-cental reality, aocms to be such 

(1) Aristotle, 'otaphysios. 994b 30-998* 80. 



899 

** to lend Itself readily to erroneous positions and half-truth** 

A first type of confusion to whloh ma thereatice hae readily lent It­

aelf, le one whloh tend* to Identify tho ^rory nature of mathematics with 

tho nature of other science*. Already In tho Infancy of suit hematic A, Greek 

philosophical conception* of mathemtloc Included tte views ttet mathema­

tioal conception was synonymous with physloel or metaphysical, that mathema­

tical oonoaption revealed tho very nature of tho univerva, that mathematical 

nature* exeroieed e separately reel oxiotonce, and oven tho sceptical view 

thnt oathomRtieal abatracticn wa* a falsification of reality froa which eth­

ical abstention was urged a* a form of virtue, 

A second kind of ooafusion on tho nature of mathematical abstraction 

stems froa a leak of distinguishing tho question of i t* nature from ita 
o 

aethodlORlcol procedure, "athemetloal natures aro somewhat alike and acme­
's 

what different from met©physical, logical, dialectical, and merely posalbls 

natures, an-i those various types of conceptions nay be confused due to t t e 

similarity of tho scientific or dialectical reasoning prooea* omployed, Des-

oartec himself, forgetting that mathocntlc* no* mainly conoornod with formal 

cauatlity and that other scionoos used material, final and offioiont causa­

l i ty because tho nature of these ociancos demndad auoh aauanl treatment, 

viewed the Invention of analytical geometry o* n prophetlo and Introductory 

gesture to employing the aareo mothod of formal natheaatloal doduotion in a l l 

t te coiencos, Tte Cartesian habit of nind became n *p*oul«tlvo fault that 

tainted consequent mathematical speculation; Daeocrtco' followers did not 

properly distinguish matterstloal from physical and metephysloal aclenct, and 

seemed unable to rid themselves of thi? Inherited, aprloriotle bent of mind. 
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The partial truth whloh each of those historical positions on tho 

nature of matheaatioal abstraction portrays and tholr inadequacy In yiel­

ding a complete explanation and a true judgment on the nature of santhataa-

t l ec , oen only be ascertained when mathematics i s viewed within the total 

pattern of speculative science and human knowledge. The contemporary 

echoolc of logician, formalism and intuitlonism have defaulted In tholr 

concldcration of the nature of antkenatlca eepecially because their views 

derive from idealist ic , enplriolct or logic 1st philoeophieal ancestry, 

further, since they generally consider speculations in aathematlo* as be­

ing non-metcphysical and purely mathematioal question* or questions of lo­

gic, nott contemporary views aro tinged with am thematic lam. 

Si thin tho total view of hunan knowledge, the proper makeup of math­

eaatioal abstraotion 1* aeen to involve 1) on extm-aentnl foundation-, for 

antheBxttlec and i t s oonecquoat connectedness to the precognitions of pro-

eel ont if lo knowledge — a truth whloh ie partially brought out by intul-

tIonian; 8) the mental movement of scientific abstraotion, #nd tho aoocrw X 

ponying distinction of mathematical abetreotion from the abstraction proper> 

to the philosophy and the ecienoea of nature — a truth largely neglected ' \ 
—-— — *» 

In current speculations; 3) tte Intimate connection aad, at the aarae time, 

distinction of mathemetleal abetreotion from the reflectivity and symbo­

lism of loflrnl abstraotion — a truth over-emphasized by logiclem and 

formalism; 4) the close rclatodneoa of mathematical abstraction to e l l 

hunan fora* of *nd**vor In both practical and speculative science. 
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