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INTRODUCTION

Here we offer a proof of John von Neumann's version of the
spectral theorem for self-adjoint operstors in Hilbert space making.
use of the theory of vector lattices. The fcheorem in question reads
as follows:

For each self-adjoint operator B in & Hilbert space % there is

one and only one operator function E, (= @ <t < ®) such that
1) E, is a projection operator;

2) EtEszEt for t % s;

3) Et permutes with each bounded operator which permutes with Bj

L) 2im E.f =0 and
t
tran

1im Ef

1>

£ forallff%;

5) Ef is 2 left-continuous function for all f € (% :
6) f is in the domain of definition of B, i.e., f€ mB’ if
and only if

[ 24 {E L, 1) <o

In this case

& [taEs

% and

'E ||zt]]? = ft a B, 1>
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II

The operator function E_ satisfying conditions 1) to 6) is

called the spectral function of B and the second last formule is
called the spectral resolution of B.

The key to the present proof of the spectral theorem is the
observation that every strongly closed ring (% of bounded self-adjoint
operators is a complete vector lattice in the usual operator theoretic
sense of partial ordering and that, if (% contains the identity opera-
tor, one can take the identity operator as unit of the vector lattice;
moreover, the basis of the vector lattice in this case consists of all

projection operators contained in (% , and (¥ itself will be a complete
vector lattice of bounded elements. This fact then ellows the use of
Hans Freudenthal's integral representation theorem for elements of a
complete vector lattice with unit; the spectral resolution of a bounded
self-adjoint operator in a Hilbert space turns out to be a direct conse-
quence of Freudenthal's theorem., Furthermore, we obtain the spectral
resolution of an unbounded self-adjoint operator in Hilbert'space by use
of the vector lattice theoretic union of complete vector lattices of boun-
ded self-adjoint operators in Hilbert space. It is noteworthy that this
approach to the spectral theorem succeeds with onlj & modest amount of
information from operator theory in Hilbert space,

In the literature of the subject it has been appreciated forla long
time that the theory of vector lattices constitutes a new foundation of
classical spectral theory; in terms of this new approach the heavy appar-
atus of integration theory could moreover be jettisoned. However the
case of wnbounded self-adjoint operators did not seem to fit in readily
agd we therefore made a special effort to accommodate this crucial case -

in our treatment.

XERO ‘KERD g’xeno'
corJv; feopy: icory,




III

The study of vector lattices in functional analysis commenced
with the address of F, Rigsz at Bologne in 1928, A modernisation of
spectral theory in terms of vector lattices began with H. Freudenthal
end S.W.P. Steen in 1936, Starting in 1941, H. Nekeno published &
long series of papers in which he went subétan‘bially Beyond his pre-
decessors. Nekeno wrote several treatises giving = sysfematic account
of his findings. Other prominent contributors to the theory of vector
lettices are L.V. Kentorovic, M.G. Krein, S. Kekutani and T. Ogasswara.

Tn our treatment we endeavoured to render a reasonably self-contained
presentation throughout and, to eid the reader, we compiled a list of

special symbols used in Chapter I.
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Chapter I
A SURVEY OF THE THEORY OF VECTOR LATTICES

1, Let E denote a vector space over the real numbers:. Suppose
thet in E there is given a certain set of elements of which it is asser=
ted that they are "larger then zero"; this is signified by vriting x >0,
vhere 6 ‘denotes the zero vector in E, Ve call all elements of E which

are larger than zero and the zero element © positive and denote by E"'

the collection of all positive elements of E. Wepu x>y if x=-¥y> 8.

As usuel, X >y means that either x>y or X=Y.

The vector space E is sald to be a yvector lattice, if the ordering
introduced above satisfies the requirements: A) if x> 6, then x # é;
B) if x> 8 end y > 6, then x+y > 6; C) for any two elements |
x, YEE the gupremun, x V y, exists; D) if x> 8 a;nd A is a real
number larger then 0, then Ax > .

Another definition, equivelent to the foregoing one, is the following:
A vector space E over the real numbers is termed a vector lattice, if E
ig o lattice and the relation x >y implies that | (a) x+2z>y+32 for
any z€E end (b) for any real A larger than 0 we have Ax > Ay,

A vector lattice is called complete (resp. o-complete) if every boun=
ded (resp. bounded and counteble) subset of  E heas & supremum.

2, Let E be a vector lattice, and let T be an indexing set. If

xté E forell t€T andy= VvV (-xt) exists, then =y = /\ Xy o
teT t€T

Proof: From =X, &V (t€ 1) we get =y £ X, (t€T), If u€E end

u g X (t€ 1), then =x, < -u (t € T) and therefore y < u, Or U £ =¥;




j;his meens =y = /\ Xy
teT

Remark: From the forégoing foilows that for any x, Y€ E
xA y = =[(=x) V (-y)]. - (2.1)
3, If E is a vector lattice end x, y, 2€ E then ve have the

identities
(xVy)+z=(x+2)V(y+2z) (3.1)

(xAy)+z=(x+2)A(y+z) (3.2)

.A special case of formula (3.1) is:
[(x=-y)Vol+y=xVy (3.3

Proof: Let u=xVy., Then x<u end x+ zLu+t 2. Similarly we
.get y+ 2 <u+z and therefore (x+2z)V (y +2) cu+z, If ve let
v={(x+2)V(y+z), then v < u+ z, Moreover x+z_§_vorxiv-z_.
Similarly y £ Vv = 2. Thusuf_v-zor.u-’-zf_v. This meens that v =u + 2
and formula (3.1) is verified.
To show (3.2) we make use of (2,1) and (3.1)
=)V ()] + 2= L) V()] # (=2)) =
ek =)V (- 2)] = (x4 2)A (n 42,

(xAy) *+2

L. Let E be & vector lattice. If X, € E (te T) and \/ x, exists,

te?T
theny-'-\/ x =\/ (y +x,) foreany y€E and
t t
teT teT
(\ 7. o
V_ lex,) tor a>0
teT
a X, =
te?T (ox,) for « <0
t€T
. Proof: Let x=\/ Xx.. We have that y + x_ <y + x (t € T), hence
—_— t, 4 -
teT . .
(y +x,) <y+x If u€E suchthat y +x <u(t€T), then
teT



Xy

\/ (y + xt).

teT

_<_'u-3y end therefore x <u~y or'x+y.<_u. Hence y + x =

If a=0 the statement is evident. Suppose ‘_bhé.t ‘'@ > 0. ‘Then

ax,

. &% (t € T) end hence \/ (ax,) cax. If veE such f.hat X LV

te T

(t€ 1) then x, < oLy or x< o"Yv, Hence ax <v eand therefore

ax=\/ (ax,) for a > 0.
teT ~

For the cese when « < 0, we note that \/ (la] x,) = lalx. By
tel

sectton 2, /\ o) = A\ Cclel %) = -\/ (o] x) = -lol\/ %, = ox. .
teT teT teT

teT
Remark: Using (3.3), (2.1) and the first pert of the statement above, ve

get
xVy=slx=-y)Vel+y=[(y)V(x)]+x+y==(xAy) +x+y.

Hence
(xVy)+(xAy)=x+y (4a1)
5, Let E be a vector lattice and x& E, AC E. We define the

following:

+
X

o
%
e

xV 8 (positive part of x); A ={x :x

X

(«x)V 8 = =(xA 8)(negative part of x); A ={x : x€ A}
x| = x* + x~ (modulus of x)} |A| = {|x] : x€ A}

Tt is clear that x o X, |x| > 6 end X = (=x)",

6. If E is a vector lattice and x€ E, then x =% = x. If
x=y -z, vherey, 2€ E, then x <y end X £z
Proof: Taking y = 8 in (h.1) we get x= (xV 8) + (xA8) =x =x.
To prove the second assertion, we note that y=x+12 2> x aixd y 2o,

It follows that y > xV 0 =x. Similerly z=y=-x2-x and. z >0

thus z > (-x)Ve=x.

'XERO
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7. Tt can readily be seen, that in a vector lattice E, the

following relétionships hold:
(x+y) 2 x4y
o+ -
+ ox ifae>0 _ ox ifa>0
(ax)" = - y (ax)” = + ;
-ax ifa <0 -ax ifa<O
olxl < x < dxls lx eyl <Azl # [vls Jex| = foflx]s

9 only when x = 0, If x <y, then <t _<_y+ and x >y . The set

|x| =
{x, + x, € E, t € T} is bounded if and only if {{xt| : %€ By t€T)is

bounded.

8. Let E be & vector lattice and x € E (t€ T), If x= \/ X
. t teT v

exists, then

< =\/x:, X = X (8.1)

LET tel

Proof: To show that x+ =\/x: we make use of the associative law for
upper bounds: let the least upper bound of & non-empty set X contained in
a lattice L be denoted by sup X; if the set X can be represented in the

form X = U }(‘t and for each t € T sup Xt A exists and if in addition
. teT

y= \/ Yy exists, then y = sup X. Indeed, if x¢ X, then x¢ Xt for
teT

some t € T and thus x < v, < Y. Hence y is an upper bound of the set X,
Since XtC X for any t € T, and if u is an upper bound of X also, then u
is an upper bound for Xt as well; therefore 'A < u, implying y < u. Hence

it follows, if y_ = sup X, and y = sup X exists, then y = Voo
t Vg t t

teT
<x/r:r;ﬂ lﬁnﬁ *ERO
‘(T{)T‘Y' ’Cnf‘Y1 Cony
e ey e e B Y
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Thus x = xV o= (\/ x )V = \/ (x.Ve) = x',:._ To
» teTl © 0 LET . teT

ghow that x = /\ x

> we note that x > X, implies that X <x
teh T

for any t€ T, let y€E be such that y_f_x: for all t € T,

Then =y > -x; or x: -Y 2% Passing to the upper bound on both

gides of the inequality and observing thet the upper bound on the left

gide exists by the first part of this proof and using the gtatement

under Section ki, we get x -y >x= x' - X", Hence =y > X or
¥ < x» This completes the proof.

9., In a vector lattice E the infinite distributive laws

x/\(\/Tyt)-\/ (xAy,) md xV(t/G\ryt)'t/e\f,(vat)»

té€ teT

are satisfied.

Proof: let y = \/ Ve exist, then 7« x = (yt - x) and by (8)
_ t€T t€T :
(v-x"= /\ (y, = 07 By section 2, =(y - x)" = \! (-(y,, = x)7)
teT te T
or (y=x)A 6= \/ ((y, - x) A 8). Adding x to both sides of the last
teT
equation we get yA x= (yt/\ x)s
tel

To prove the second formula we replace X by =x and y,c vy -yt in the

first formula.

10, let E be a vector lattice,’ Two elements x, ¥ € E are said to

be disjunct, denoted by x d y, if. Ix|A ly] = 8, Two sets xl. x2c: E
are said to be disjunct, denoted by Xl d X2, it x1 d X, for arbitrary

Xy %, where xle Xl and x, € x2. It is clear that x d x = § only if.

AF




&

x = 63 two disjunct subsets of E can therefore have only one common
element, namely 6,
11. Llet E be a vector lattice, For any x € E we have x+ dx. .

Ifx=y-z,wherey,zeE+andydz,theny=x+andz=x.
4, = + -+ +
Proof: Iet u=xAx. Sincex, x € E , we have that u€ E ., Ve

ty=x ~uendz=x -u Then y, z € E' and by Section 6, y=z = x
we have, by Section 6 again x+1_. Yy and therefore u = x+ -y <0, Thus
u = 0, vhich proves the first part of the above statement.

Next let x =y - 2z be & given representation, where y, z ¢ E+ and
y 4 z. By (6) y=x++vwhereveE+. But then z = x + v and
YAz 2v. Sincey dz, ve get v = 8 and the proof is complete,
Remarks: If E is a vector lattice; then |x| = xV (-x) for any x € E.
If -y <x <y, then [x| <y, In fact, using (3.3), Sectio(n 6 and 11,
we have
xV(=x) = |x| + [(x = [x])V(=x = |x])] = |x| + [(-2x")V(=2x")] =
x| = 2(x"Ax") = |x].

If -y <x<y then =y < -x <y, and since |[x| = xV(-x) we have
x| <v.

12, Let E be a vector lattice., Suppose that in E for some element
uvwe heve 8 < u < x+ yvhere x, y € E+. Then u can be represented‘in
the form u=v+ v, where 6 <v<x and 6 <w<y,

Proof: Let v=uAx and v=u-(uAx). Then v+w=u 6 <v<x
and € < w. To complete the proof it remains to shew that w < y.

8V (u«-=x), Since

w=u-v.=u-(u/\x)=u+[(-u)V(-x)]

y2u=-x and y >0, we have 8V (u-x) eVy=y,hencew_<_y.

iA

S RERO
¥ERd) xR, {XERO




Remark 1. It x, ¥, 26 E' then
x Ay +2) ¢ (xA v} + (xAz). o (12.1)
Indeed, let u=x Aly + z) then u f_yA+ z end we canjrite UE V4V,
where ef_v:y, <V <2, Moreoverv,wf_u:_xsothat vy Ax
and w < XAz, Hence x Ay +2) _<_(x/\y) +(xAz)
Remark 2¢: let xAy =86, end z >0 then
sAlx+y) s (zAx)+(zAY)
Proof: From X Ay = 0 follows
x+y=xVy
hence zA(x'+y)=zr\(xVy)=(zI\X)V(z/\Y)
Finelly, from x Ay =8 follows
(zAx)AN(zAy) =8

hence zl\(x+y)=(zl\x)+(zf\y).

13. 1¢ the sets F and G in & vector lattice E are disjunct, then
go are their linear hulls.
Proof: We ghow thet, if x ¢ F end y, 2 € G, then xd(y+2) end
x d (ay) for eny reel . Using (7) end (12,1) we get
o< |x| aly+ 2l < sl A Clsl+ 12D < (xl A lyl) + (|| A |2]) = o
Hence |2| Ay * 3] =0

Let 8 =max {1, |a|}. Then
o < |2 A lay] < 1xI A lallvles (Ixl A lyl) = e
Hence [x| Alagl = o

. If E is a vector lattice, X, €. ' (3=1,2, 0040 end

dexkforJ#kthen

n : .
= X : (ab,1)
I 1\{1 1 |




Proof: For n =2 (4.1) implies (14,1). Suppose (14.1) holds for

some nj we show that it is also true for n + 1.

n n
let y= \/ X then by hypothesis y = ): X, Since
i=1 i=)

xn+lA y = 0 and hence .

n+l

x. = (\/ x.)Vx . =yVx .=y+x .= Xy 0
¥ .‘i 191 i n+). n+l n+l i'-z'-l i

+
P
=

15." I E is & vector lettice, x, y € E and x d y, then

(x+y)=ateys amd |x+y] = x|+ |yv].

Proof: Since |x| A |y| = 6 we have that Ay =xAY =6
Moreover by Section 1l «Fax end y dy . By Section 13
-

+ + - - - -
(x +y)d(x +y). But x+y=(x++y+)-(x +y ). Agein by

.+ - = -
Section 11 (x + y)+ =x +y and (x+y) =x +y and therefore

x+y| = (x+p)t + (x+y)” ey e x4y = x|+ vl

16, If x = Xy +X,t 400t X where x, belongs to the vector

2 J

I

Proof: By Section 13 and 15 we have that X = xz et x;. Thus

if we had for at least one index J that xg > 6, then we would have X

o+
end this would contradict the assumption x € E Therefore xJ = 6 and

X _>_eforj=l,2,....,n.

J

T
'XERO XERO
-eory | ’r‘nr‘v;

lattice  end x, 4 % for § 4k end x€ E, then x, € E for 3=1,2, .



Remerk 1: If xl+x2+....+xn=eandx3dxk(k#j),then

x,=0 forJ=1,2, 4044+ 0 Indeedinthiscase-xl-xz-...

J

- X = ¢ and by what has just been shown we obtain x,y = X € E+ for

J J

3=1,2, « 4« ,n; this means hovever that Xy = g ford =1y,2, 4 40
s D

Remark 2: If Xy Xy ¢ o o ,xn={=eandxadxk for J % k, then

Xys Xpp o 0 s x, are linearly independent. In fact, let

oyX) * GXy + oo o X = 8. Since (aij) a (o ) for J + k, then

x, =6 for 3=1,2, ..., n and therefore in view of

by Remark 1 o
y 5%

our assumption aJ =0 for J=1,2, 0+ 4 4 40,
17. lLet E be a vector lattice. If X € E (t€ T),yé E and

x, dy for all t € T and ifx=\/x (orx=/\x ) exists, then x 4 y.
t M t & t

Proof: Let x =\/xt. Assume first that xt > 6 forallté€ T. By
t

section 9, x A Iyl = (Vx) A vl 2\ (x A I = e.
£ £

In the general case replace the element Xy by X, = X0 vhere

t. € T is some fixed index. Here\/(x, -Xx, )=x=x >0 andby
© M to %o —

. _ +
Section 8 x = X, —\/(xt - xto) . By Section 13, (xt xto) d y holds

and therefore (x, - xto)+ d y holds for all t € T. Using now what has

t

already been verified sbout positive elements, it follows that (x - xto) dy

and therefore x d y where x = (x - xto) + X, .

When X =/\xt, the proof is similar, namely we replace X, by Xy o
t .
1

A

. e
'XERO XERO { XERO
"ﬁ\w anPYL cory
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18. let L be a lattice, A sequence: (xn)n-l

of elements of L

1s said to be order-convergent ((0)-convergent for short) to the limit

. x € L, if there exist two monotone sequences (yn);-l’ (z n)n=1 of éle-

ments of L, which are, respectively, decreasing and increasing such

thatx'n}'nﬂ\n/zn and 2, $% 5V, forn=l,2,. Voo

‘Remarks:. - The. (9)=limit. is. unique provided it exists. The algebraic
and lattice theoretic operations in & vector lattice E are (b)-conti-
nuous: (this. can. be seen. by Section L and 9j:

(o) (o) (o) (o)

x =+ x and x' » x'm x +x' + x+x'y, ax -+ oax (for an
n n -’n n X n ( y

(o) ' (6)
real number a),an x xV x' and an x! =+ xA x',

From the (o)=continuity of the operations in a vector lattice it readily
follovs that |
(o) L L (o) (o)

(1) x > x=mpx > x, X * X, Ixn + Ixfs

(o) (o)
(34) - |xn| > Bmx 0

(o) (o)
(111) x  * x 1s equivalent vith Ixn-x| + 03

(o) (o)

] 1) ] ]
(iv) X, Y X X X and xndxnforallnimpliesxdx.

(o)

(v) x + x if and only if there exists a monotone sequence Va v 0

in the sense of (o)-convergence such that lxn - x| < vh for all n,

™ | n
. H...k_m F'J w NR

<€
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19. A subset F of a vector lattice E is sald to be nbrmal if

it is stable under the formation of linear combinations of its elements

and if the normality condition holds, i.e.

x€F, |y] <|x|=>yeF.

If F is a vector subspace of a vector lattice E satisfying the conditions

of normality, 'then F is a sublattice of E,
Proof: Clearly x,y € F=>|x|, ly| € F and [x| + |y| € F. Since
lxa yly [xvyl < x| v Iy] < 1xt + [yl
we have XAy, xVyePF,
Thus a normel subset of a vector lattice is itself a vector lattice,
20. let E be a vector latticé end let F be normel in E, If

X €F (t€T)and x =\t/xt, (x =/t\xt) exists ip F, then x is the

supremum (infimum) of the set {xte E:te T}inE,

Proof: Let x=\/x inF,ye¢e E and y>x forall t €& T, Then
—_— M t -

z=XAy<x and 'zf}_'_xt for all t€ T, From xt_<_z§_x we get

lz| < [x] + Ixtl because z+ix+ and z~ <X end hence

|z =z++z-ix++x;1!x(+ lxtl.

Therefore z ¢ F and since x =\/x

, 1s in F, ve have z > x. Thus
t .

z = x and hence x < y.

21, Iet E be a vector lattice and let F be normal in E., Then

(o) (o)

x + x in F, vwhere xne F for all n, if and only if xn + xin

E and (x ) . is bounded in F.
n‘n=l
9 e




-

(o)

Proof: 1If X, * % in F, then there exists a monoctone (0)-conver=
gent sequence v+ 6, where v € F such thet [xn -x| < v, for
ell n. By Section 20 x -+ x inE, That (Xn):=l is bounded in F

follows from its (6)=-convergence.

(o) °
Next, let x -+ x in E, where (xn)n=l is bounded in F, Then

there exists some y € F such that Ixnl <y for all n. Also .
[xn - x| SV, + 8 vhere v € E, By (i) of Section 18, Ix| <v.

Thus x € F and |xn - x| < 2y. Putting u, = vnl\ 2y we get
(0)

u€F forelln,u +6inFeand |x =x| <u. Hence x =+ x
n n n ="n n

in F.

22. A vector lattice E is called Archimedean if from x € gt
and boundedness of the set {nx}:___l it follows that x = 6,

Remark: If E is an Archimedean vector lattice, then it is easy to
see that:
l, If nx<y forell n=1,2,...,,then x<80

) where o, are real numbers, and .

2. If u=supat(a=1nfa .

t

x (ax = inf o, x).

x € E+", then oax = sup a 4

t :
(o)
3. If |xn|f_y (n=1,2, 4+ . ) and o >0 thenax — 6.

(o)

4, If x -+ x and a -+ a then o x -+ ox.
n n n'n
23, In an Archimedean vector lattice E we say that the sequence

(xn):

converges in the sense of regulated convergence ((r)-convergence

=1

FERD) . XERO'
CORY ‘ ’CCT‘{

e el W v - 1 N S
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for short) to the element x € E, if there is an element u € E+,
called the regulator of the convergence, having the property that to
any ¢ > 0 there corresponds an n, = no(e) such that Ixn - x| <eu

for n 20,

(r) (o)

. 1
Remarks: X + x implies X, + x because we can teke Y, =X + 2l

and z, =X = %l-u; then Y + x and Z, 4 x in the sense of the (o)~

limit.
The (r)-limit is continuous w.r.t. the algebraic and lattice theo-
retic operations:

(r) (r) (r)

If x + x, x* » x' eand o +a, then x +x'— x+x',
n n n n ‘n

(r) (r) (r)

ax =+ ax, xVx! + xVx'" and x Ax' > xAx".
n'n h n n “n

24, A positive element pf a vector lattice E is called unit and
is denoted by 1, if xA Ll > 6 for any x> 8 and x € E., In other words,
if x€ E and xd 1, then lx= 0,

If 1 is a unit of a vector lattice E and if E contains elements
different from 6, then 1 > 8; if E consists of 6 only, then 6 is the unit
element.,

25. Let E be a vector lattice with unit 1. The element e € E is

called unitary if e A (1 -e) =6, The set of all unitary elements is

called the basig of the vector lattice E and is denoted by o@(E).

ﬁglwvwﬁ i

Remark: From the definition of unitary elements it follows that e > 6
and 1 - e > 083 this means that 6 < e < 1. Hence 6 and 1 belong to the

basis. If e € & (E), then 1=~e € & (E) and conversely.
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26, The basis B (E) of a vector lattice E is a sublattice of

E. If for any'set of unitary elements e, (t€ T) e =\/e or e =/\e
t M t % t

exists, then e € & (E). The basis, with the ordering slready exis-
ting in it, forms a Boolean algebra and for any e € & (E), el=1l-c¢
is the complement of e.

Proof: ILet e=\/t. Then efl-ef_l-et for any t € T. Since
—_— N :

et/\ (1= et) =6, we have e A (1 -e) =0 for any t € T, hence by

distributivity e A (1 = e),'(\/et) AL-e) =\/[e,c A(1=e)=e.
t t
If e =/t\et then -e =\t/(-et) and 1-¢e =\1-,/(1 - et). Since

(1-¢) € %-(E), it follows by what has been shown, that (1-e) € & (E)

end therefore e € & (E).

Since o (E) is sublattice of E and E is & distributive lattice,
& (E) is a distridbutive lattice as well, The elements 1 and & are the
largest and the smallest elements, respectively; e A (1 - e) = 8 by de-
finition of unitary elements, From Section 14 follows e V(la«e)s=

=e+(l-e)=landsol=-e=ce',

Remark: Let e, e, € & (E). If e, de, then e +e, € 5 (E).

If e >e,, then e -e, € B(E). The element e, is disjunct from

the element [el - (elA 62)]-

Indeed, e, * &, = elV e, € $H(E). To prove the second statement

1

we observe that (1 - el) d ey implies (1 - el) d ey therefore

\

l-e *e, ¢ B (E) and consequently e  -e,= 1-(1- e, + e2) € B(E).

1
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To prove the third statement we note that

<l¢e

e, = (e A e2) =e + ((-el)V (=e,)) = 0 v (e, - e)) < e,

and (1 = e2) de

' 2°

2T. If E is a vector lattice with unit 1, then every élement
x€ E for which |x| < 81 for a certain real § (depending on x) is
called bounded. A vector lattice with unit ell elements of which are
bounded, is called a vector lattice of bounded elements.

All bounded elements of a vector lattice with unit form a normal

gset in the vector lattice., The notion of bounded element depends on

‘the choice of unit in a given vector lattice.

28. For any Boolean algebra & there exists an Archimedean vector
lattice of bounded elements, the basis of which is isomorphic to the
algebra B .

Proof: By the Stone representation theorem (see Appendix), every
Boolean algebra & is isomorphic with the Boolean algebra of all open=-
closed subsets of a certain totally disconnected compact Hausdorff space
H. Considering the subset E of the vector lattice C(H), consisting of
all finite valued continuous functions, where the functions of E are all
fossible finite linear combinations of characteristic functions of the
open~closed sets of H. Under the customary ordering end the usual defi=-
nition of the algebréic operations, E is en Archimedean vector lattice. i
For unit in E we take the function x(t) £ 1. Then the basis % (E)
coincides with the family of characteristic functions of all open~-closed
sets of H and will be isomorphic with the given abstract Boolean algebra

B . In eddition, all elements in E will be bounded.
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29, If in a vector lattice E each non-em;;ty bounded set of
positij(e elements has a supremum, then E is a complete vector lattice,

Proof: Every non-empty set in E which is bounded from above has a

supremun, Indeed, let x, € E (t€T) and X Su forallt €T,

Put xt'; = X, v L vhere to is some fixed index in T, We have that
0

% & u for all t€ T. Moreover x; -x >0 forall t€T, Since
0

x!

g =

<U ™
, SU-X

t

it follows from the hypothesis that y'-_\/(xé-xt )
0 0 - ' ¢ o

exists, By Section b y' + x, =\/x1!‘. By the associative law of upper
' t

]
bounds (see Section 8) \t/xé =\t/(xtv xto) =\t/xt and the existence of
\/x is shown.
t
t
To complete the proof we have to show that if in a vector lattice

E each non-empty subset bounded from above hes a suprémum, then it also

has en infimum, i.e. the lattice is conditionally congpléte in the usual
terminology of lattice theory, Indeed it is enough to shqw that for any
non-empty set bounded from below there exists en infimum: If XCE s '
non-empty and bounded .from below, then the set I of its lower bounds is
also non-empty and bounded from ebove by an elemert of X, Then y = sup I
exists, By definition y < x for any x € X, i.e. ¥ is one of the lower
bounds of the set X, which meens that y € I, Since y =sup I, y is the
greetest of the lower bounds of the set X, so that y = inf X.

30. A normal subset F of a complete vector lattice E is a complete

vector lattice.
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Proof: By Section 19, F is & sublattice of E end it remains to show

that F is a conditionally complete vector lattice. Iet xt € F,

X, >0 (t.e T) and X, <ué€&F, Then y=\£/xt < u exists in E,

Since F is normal end y € F, y is the least upper bound of the set

(x.) in F, By Section 29, F is then a complete vector lattice.

*'ter
31, If in a vector lattice E for every countable bounded set of '
positive elements there exists a least upper bound, then E is & o-éom-
plete vector lattice.

Proof: Repeating the proof in Section 29 we show that every countable

set of elements of E bounded from above has & supremum.

To show the existence of the infimum, let xne Em=1,2, ¢ ¢4 )

and x >u€B Then =x <u€E andthe set {-x r is bounded
n — n — n'n=1

(-] 0
from above and y = \V/ (=-x_ ) exists. By Section 2, -y = X .
n n
n=1l n=1
32. A normel subset of a o-complete vector lattice is a o=complete
vector lattice,
Proof: See proof in Section 30.
33, Any o=-complete vector lattice is Archimedean.

Proof: Let 6 <x and nx <y for elln=1,2, ¢ + o + FPut

u =\/(nx). By Section b u+ x =\n/(nx +x) =u and thus x = 0.
n

3%, The basis & (E) of a complete (g-complete) vector lattice E

with unit 1 is a complete (g=-complete) Boolean algebra.
Proof: By Section 26, o (E) is a Boolean elgebra in vhich 1 and 6 are

the largest and smallest elements and therefore any set of unitary elements
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is bounded, If E is a complete vector lattice, then any set of

its unitai&. elements has & bound which lies in & (E) (see Section 26).
The completeness of &% (E) is therefore shown in case E is a complete
vector latt.ice. The verification of the above statement in case E is
a o-complete vector lattice is similar,

v

35, If E is a o-complete vector lattice with wnit 1, then for

any x € E+

\/ (11 A x) = x (35.1)
n=1

o

Proof: Since (nlA x) <x foralln=1,2, ... ,\/(nl/\ x)=y 2
, n

exists, Using the associative axld"distributive laws,\/(nll\ y) =
n

(x = y)A 1. Then

\/[(nl/\ x)/\y]=(\/(nl/\x))/\y=y. Put u
we EY, Here (mlAy)+u=(ml+u)A(y+u) <m+1)1Ax, and’

therefore y =\/(nl A x) =\/[(n + 1)1 A x] 3_\/(!11 Ayl +u=y+u

Consequently u < 6. We have that u=6and (x-y)Al=26, From

in

the definition of unit we get x-y=68o0or Xx=Y.
36. A normal subset F of a o-complete vector lattice E is called
a component of E provided that the following condition is satisfied: if
XCF end sup X (inf X) exists in E, then sup X€ F (inf X € F),
Remerk 1: Since F is & linear space, the fore-going condition amounts ‘
to the requirement that any subset X of F, having a least upper bound in
E, satisfy sup X€ F. The corresponding statement concerning greeatest

lower bound follows from Section 2.

Remark 2: The concept of component of & complete vector lattice E is

defined in the same manner.

37, If X 1is an arbitrary subset of the c=-complete vector lattice
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’

E, then the set xf’, consisting of all x € E which are disjunct from

the set X is called the disjunct complement of X.

38, The disjunct complement of any XCE is a component of the
g=complete vector lattice E.
Proof: By Section 13, X0 is & linear space, If x € 52 end lyl < Ix|,
y€E then ydX, Tus X  is normel in E. By Section 17, 1 15 then
a component of E. | |

39, let F be a component of a o-complete vector lattice E and

X € E+. If in the set of ﬂl elements y € F satisfying the inequality .
8 <y < x, there exists a largest element, then this element is called
the projection of the element x onto the component F a.n‘d is denoted by
(F]x. For an arbitrary element x€E ve define the projection of x onto
F by the formula
[Flx = (Flx' - [FI<7,
provided that [F]x+ and [F]x~ exist. According to the foregoing de-
finition, if x€ E end [F]x exists, then 8 < [F]x ¢ x, For an arble
trary x€ E, if the.proJection exists we have
8 < [F']x+ < x end © < [Flx~ < x°, therefore
|tF)x| = |(F)s* = [F)X" | ¢ Flx' [Flx™ < 5"+ X = |x, (39.1)

| 40, Let F be a component of a g-complete vector lattice E and Fd
the disjunct complement of F. In order that [Flx exist for an element
x € E, it is necessary and sufficient that x be representsble in the form

x=y+3z,vwhere yéF and z€ Fd. 1f such a representation exists,

then it 1s wnique end we have

x = [Flx + [F3)x. ] (40.1)
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Therefore, if the projection of the elément x onto F exists, then

its projection

onto the disjunct complement Fd exists as well,

Proof: First we show the necessity. It is enough to consider the

case wvhen X €

+ .
E'. Let y= [Flx exist, Weput z=Xx-y (then

z > 8) and show that z 4 F holds, Take an grbitrary u€ F and put

v =2zAlul. Then vg_e,veF, since F is a component end y+ V<X

By definition of proje)ction it follows that y+v<y end therefore .

v=9and zdF. The required representation X =¥ + 2 results, whe:"e

ye F and zeFd.

We next show the sufficlency. Let x=y+ 2z where yé€ F and

7 € Fo. We consider first the case when X € E'. By Section 16, ¥,z 2 84

Ife<usx and u€ F then udz and by inequality (12.1)

usuAxg(u

Ay)+(uAz)=uAy ie. uZye Thus yctF]x. It

« is arbitrary, then by Section 15 =y + 2ty x =y +2 endby

vhet has just been proved v = [Flx' end ¥y~ = [Flx~, 1. ¥y = [Flx

In a similar way we get 2 = [Fd]x, and the representetion of formuls

40,1 is clear,

b1, If E s a complete vector lattice, then for any X € E the

projection onto any component F exists.

+
Proof: It is enough to consider the case when X € E.

Since the set of

elements y € F satisfying the inequality 8 ¥y <X is bounded in E‘

the supremum O

£ this set exists and belongs to F because Fise cqmponent

of E. This supremum is the greatest &among the y's.

Remark: The foreg

vector lattice

42, The

oing statement does not hold in & general g=complete

component F of & g=-complete vector lattice E is called

e
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essential component, if F is a o-complete vector lettice with unit.

43, In a g=complete vector lattice E the projection of any x€ E
onto any essential component exists. )
Proof: Let F be an essential component of E and let the element u€ F
be a unit, i.e. xAu>0 forany x€F and x> 6. let x€E, x20

and put z=\/(x/\nu) (h=1,2, 40+ .)s Then 8 <3z <X, and since
n

nu€ F for all n, we have xA nu € F because F is a component. Thus
2 € F. Now teke an arbitrary y € ¥, such that 6 <y < x. By section 35,

y =\/(nu Av) _<_\/(nu A x) = z. Thus z is the largest among the elements
n n

vy e F setisfying the inequality © <y < X, and therefore 3z = [Flx, that

is for x> 0

[Flx =\/(x A nu) (43.1)

n
The existence of the projection for arbitrary x¢€ E is now clear.
L4, Suppose that X is an arbitrary subset of a o-complete vector

dd((

lattice E. We can form 3¢ 4 the usual way. By Section 38, X (= Xd)d)

is a component and it is clear that XC de holds, The component de is

called the component generated by the set X. If the component is generated

by & single element u, we write E (={u}dd).

45, de is the smallest component of the complete vector lattice E,

' dd
containing the set X3 if X is itself a component, then X =X,

Proof: Let X be & component., Toke sny X € de; it can be represented in

y # 2z, vhere y€ X and 1z € &, By Section 15, |x|=|y|+|z]

and therefore |z| < |x| end ze€ de. Thus 2z & 2z, implying z = 6 and

the form x

x =y € X, Hence xddc X and we have de = X
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Let X be en arbitrary set in E and let F be the component

cenerated by X» Then FOC X° and 0D X%, By what hes alveady

d

béen shown F‘d = F and therefore dec F.

k6, If the sets Xl, X

5 CE and Xl a X2, vhere E is a complete

vector lattice, then the components generated by Xl and X2 are also

disjynct.

Proof': We have XlC Xg. By Section 38, Xg is a component and since

dd - \ dd d

Xl is the smallest component containing Xl it follows that Xl c X2
ad dd

and hence Xl d X2 .

4T. For a o-complete vector lattice the notion of essential compo-
nent and component generated by an element are equivalent; in the compo-

¢
nent Eu the element |u| pleys the role of unit.

Proof: let F be an essential component end let u be its unit. Then
d d A : d_. .d
r°c {u}% We show that x d u implies x d F, i.e. {u} & F~, hence

Fd = {u}d end by Section L5, F = {u}dd. Indeed suppose thet for some
y € F, x is not disjunct with y i.e. z = |x| A |yl > 8. Since 2z 2 Iyl
s€ F and zAu> 0because u is a wnit in F. Clearly |z A u> o,
From |z| < |x| end |x| A u=8 follovs |z2] A u =16 which is e contra=
diction. Thus x d F, and the proof of the first part is complete.

For the converse we show that in each component of the form {u}dd

. . dd .
the element lul plays the role of unit. In fact, if x € {u} anda

d
x > 8, and at the same time x A Ju| =6, then x € {u}’s Thus xdx

and this means that x = 6,

; XERQ
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Remerk: We have shown that if the element u?> @ plays the role of

the wnit in the essential component F,‘then F= Eu' It follows there-

fore that if the o-complete vector lattice E is itself generated by the

unit 1, then the component El’ generated by the wnit, coincides with E.

Since {l}d consists of  only, we have {l}dd = E,
48, For the projection onto an essential component we use new

notationj if Eu is the component generated by the element u, then we
write [u]x for [Eu]x. We see that [l]x =x for ell x€ E.
By (U43.1) the projection onto the component E, for x¢ E

becomes
[ulx =\/(x A nw). (48.1)

49, In a complete vector jattice E with unit.l, all components
are essential,
Proof: lLet F be an erbitrary component of E. Weput u= [F]1 end
show that u acts as uwnit in F. let x€F such that x > 6 and put
y=xAl, Clearly 6 <y <X and y € F. By the definition of pro-
jection y < u, hence

xAu>yAu=y>6.

50, let E be a gacomplete vector lattice and F a component
such that for any x€ E the projection [Flx exists. In Section 43
it was shown that the projection exists if T is an essentiaml compo-
nent. If E 1is a complete vector lattice then F can be any of its com-
ponents, see Section 41, The projection mapping satisfies the following
properties:

(1) [Fl(ox + By) = o[Flx + 8[Fly;

At
oyax
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Remark: We have shown that if the element u > @ plays the role of

the wnit in the essential component F,'then F= Eu' It follows there-

fore that if the o-complete vector lattice E is itself generated by the

wnit 1, then the component El' generated by the wnit, coincides with E,

Since {l}d consists of 8 only, we have {l}dd = E,
48. TFor the projection onto an essential component we use new

notation} if Eu is the component generated by the element u, then we
write [u]x for [Eu]x. We see that [1]x = x for all x € E.
+
By (U43.1) the projection onto the component E, for xe E

becomes
[ulx =\/(x A nu). (48.1)

L9, In a complete vector lattice E with unit.l, all components
are essential.
Proof: Let F be an arbitrary component of E. We put u = [F]1 and
show that u acts es wnit in F, Let x€F such that x > 6 and put
y=xAl.Ckwm 6 <y<x mdyéF.Byme&ﬁMﬁmofmm
jection ¥y < u, hence

xAu>yAu=y>6.

50. let E De 8 ‘sacomplete vector lattice and F a component
such that for any x € E the projection [Flx exists. In Section 43
it was shown that the projection exists if F is an essential compo-
nent. If E is a complete vector lattice then F can be any of its com=
ponents, see Section 41, The projection mapping satisfies the following
properties:

(1) [Fl(ax + 8y) = ofFlx + 8(Fly;

Y
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(11) ([Flx)E = (Flet, |(F)x| = [Flxls
' ‘xifand only if x€ F
(111) ([Flx =
@ if and only if xd Fy
(iv) if x>y then [Flx > {Fly;

(0)- (0)
(v) 1if X % then [F]xn + [Flx

Proof:
(1) It is only necessary to verify the additivity of the projec-
tion mepping, since homogeneity is trivial. Let u=x+y then by

Section 40 x = xl + X5 y=v + Yo where Xy yle F and %59 Yo € Fd

vith x, = [Flx end ¥, = [Fly. Therefore u = (xl + yl) + (x2 + yz)

and since F and Fd are linear subspaces, Xy + Y, ¢ F and X5 + Yo € Fd.

Again by Section 40, Xty = [Flu.

(i1) Clearly [Flx = [F]x+ - [Flx~, [F]x+, [Flx" > 6 and
(Flx" a[F)x" hence by Section 11 [Flx* = ([Flx)" and [F)x" =
([Flx)~. For the second part ve use the linearity of the projection
_operator
(7] = ((F10)* & (171" = (Bl + (P06 = (F)x" + x7) = [Pl
(1i1) Result follows from (40.1) and the uniqueness of representation
proved in (40). ‘
(iv) 8 <x -y dimplies & < [Fl(x = y) = [Flx = [Fly implies
[Flx > [Fly.
(v) Using (39.1) ve have [[Flx = [Flx| = |[Fl(x - )| < |xn - x|,

(0)
Since |xn - x| + o, the result follovs.
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51, If E is a vector lattice and the elements x € E(te T)

. + / -
are mutually disjunct and\/xt and\/xt exist in E, then the element

S x,- defined by
+ t

+ -
5 x '\/xt "\/xt
t
is called the union of the elements X (t € T),

52, The union of a finite number of elements X (k=1,2, « o o 4 1)

of a vector lattice E is defined. Moreover

s x =]
S = o
k=1 & k=1 e o
holds, In fact by Section 1k we have ~ ,
n n n n. n n
+ - + - + -
s o=\ -\/g= 1 -1 50 o= 1 5
=1 k M g k=1 g k=1 g k=1 g k=1 L x k=1 x
If A is a complete vector lattice, then the union of any bounded set of

. +
pairwise disjunct elements xt(t € T) exists because in this camse\/xt

and\/x; exist. In a o-complete vector lattice the union of any bounded

countable set of pairwise disjunct elements exists.

53, Let E be a vector lattice and suppose that § %, exists for
4 N .

xteE(teT). For any t, s € T end t # s ve have X, d X and also \

£ dx, Since ¥ dx forawy €T it follows from Section 17 that

\/x: d\/x;. From the definition of union of elements (see Section 51)

+ + - -
we derive by using Section 11, that (f xt) =\/xt and (Sxt) =\/t'

- + - + -
Hence Ii xt‘ = (i xt)+ + (? x,) =\t/x,c +\%/x.t = (\t/xt) v (\t/xt) =

v
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\/(xt Vv xt) =\/|xt| . Thus for positive disjunct elements the union
t t ‘

coincides with the supremum.

5he If S x exists end x, dy forall x (t€ T) in a vector

t t
lattice E, then y d S X..
t
. t .
Proof: By Section 17 y d |xt| implies ¥ d\AxtI. But by Section 53
t

|x|=|Sx| hence y d S X_.
\t/t tt’ t

55, The essociative law holds for unions. In a complete vector
lattice E the associative law is formulated in the following menner: If

the set {xt : t€ T} is bounded and consists of pairwise disjunct ele-

ments and the set T of indices t is represented in terms of pairwise non-

overlapping subsets T (a € A) such that T = U T,» then
a€h

8. x =8 (s . xt). (55.1)
tem a€A tET,

Proof: If |x, | <y for all t€T, then | s x| <y forallaceh
- v ter © ~
a

In addition, if & # b, then we have (S xt) a(s xt) so that the
' teT, teT

itersted union on the right hand side of (55,1) has meaning., Using the

associative law for upper bounds (see Section 8), we obtain

+ - . + -
= _\ )" = - -
a.se A (tse T %) ; \a/(tse T, ) a/(tse T, " \a/t\e/Ta " \a/t\e/‘l‘a *

. fo\/ <= .
-\/ xt- xt S xt.

teT teT teT




56, let F be e subset of a vector lattice E and let

A= (xt)t&T’ AC F.M A is seid to be complete in F if MOr=e,

j,e. if there is no element (excepﬁ 8) in F which is disjunct from all
xte A.

" A set (Et)t€ T of components is said to be complete in F if

the set A= U Et is complete in F,
t

57. In & o-complete vector lattice E o set (Et)te o Of mitually

disjunct components complete in E, is said to form & _@ecomnositio_r_x_ of E

if for eny x € E the projection onto each of the components Et exists.

Remark: An example of a set of components forming & decomposition of a

g-complete vector lattice is any essential component and its disjunct

complement.

58, If two components F and G form a decomposition of & g~-compiete

vector lattice E, then G = Fd.
Proof: Since F d G, we have that GC Fd. On the other hand we can

4

represent any X € F% in the form x = [Clx +y, vhere ¥ = (¢ Jx. By

(39.1) |yl < |x| end therefore ¥ ¢ FO. Moreover ¥ € %, By virtue

of the completeness of the system {r,G}, y =0 and x*= {6]x € G, Thus %

ch G and the proof is complete.

59, If in a g-complete vector jattice there is given & complete

set (xt)te m of pairwise disjunct elements X, +hen the components

Ey» genersted by these elements (Et = E, ), form a decomposition of the
t

o-complete vector lattice E.

— e .
[ XERO 1XCRO! XCRO
cory: . copy
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Proof: By Section 46 the components E, are pairwise disjunct.
Moreover, if some x € E is disjunct from all Et, then it is of
course also disjunct from ail Xy and because of the completeness of
the set (xt)te 0 x; 8. This implies that the set of components

(E is complete. By Section 47 all components E, are essential

t)te T
and therefore projections onto each of them cen be realized.

60. If the components E, (t€ T) form a decomposition of &

b i b L rad bl T Tt bt e T 1D L L DA

complete vector lattice E, then any element X ¢ E is representable

uniquely in the form of the wnion

x= 8§ x (60.1)
where X, € E, md x, = [Et]x.
Proof: We verify the formula

x = 8 [E ]x (60.2)

t
Taking X € E', then (60.2) becomes X =\/[Et]x. gince 6 < [B Jx <x
t

for all t€ T, we get y=\/[Et]x_<_x. If (x=-y) dE for allt€ T .
t .

then we conclude from the completeness of the given set of components '
+
that x -y = 9, and (60.2) is verified for x € E  and hence also for w

arbitrary x € E. We now show that (x ~y) d E, is in fact true for

any t€ T, Assuming the contrary, then for some s € T there would
exist an element z € E_ such that u= (x = y)Az >0, Inthis case
we would have u € E_, [Es]x+u<-:Es and 9_<_[Es]x+uf_y+u_<_x,

which contradicts the definition of [Es]x, and the assertion is proved.

‘ XERQ' XERO
ERO A
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The wniqueness of the representation (60.1) is seen as follows.
Fixing ¢ ¢ T and using the associative law for unicns (see Section 55)

and :Section 52, we have x = xt =8(x., S x Y=x_ + S xs. Clearly

S
t LT R

X, @ S x end by 'Section 40 x is unique for every t€ T,
s t
s+t
61, Given a femily (Et)te 0 of complete vector lattices, let E
be the cartesian product of the sets Et; define eddition and scalar malti-

plication in E componentwise and let gF = ((x) . x € E for all

t € T}, With these definitions E is a complete vector lattice, called

the union of the vector lattices Et’ and denoted by S Et‘ Note that
t€T

if x = (xt)teT ¢ E, then |x| = (|x‘c|)t€’l"

If toe T 4s fixed, then the set Zt of all x € E for which
o

xt if t=to

o if t=|=to (x, € E, )
(o} [o}

will be a component in E. This component is elgebraically and lattice

theoretically isomorphic to Et . Moreover, if each element X € Et
o 0 o

is identified with the family (xt)té Iy where xt = Gtto xt0 (Kronecker

delta), then Et js identified with Zt . Therefore the Et's form a
o o}

decomposition of E and [Et]x =x for x= (x’c)teT‘ We can write the

elerents of F 8s X = g x andcallXx the union of the elements xt.
t€T

" e
"XERO XI'RO.
0OPY COryY:
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62. The wmion E = SEt of the complete vector lattices E,

with units l‘c, is a complete vector jattice with unit; as unit in E

we can take Slt‘

. .
Proof: Let ¥ = Slt’ then y € E . If x=05% € E and x>8, then
X, 7 @ for some t. Bubt then X, A lt 50 ; hence x Ay >0, vhich means

that y acts as a unit in E.

63, If the complete vector lattice E is decomposed into components
Et’ then E is algébraically and lattice theoretically isomorphic to a cer-
tain normal sublattice of the complete vector lattice Y = SEt'

Proof: By Section 60, each x € E has the form x = Sx, vhere x = [Et]x.

We essociate with every element x € E the element y € Y which by formula

introduced sbove has the form y = SX, s i.e. is the set ([Et]x) of vrojec~

tions of the element x. The set of all elements ¥ ¢ Y which are the image
elements of x € E we denote by y', Since each x € E Dby (60.2) is uniquely

determined by it's projections onto Et’ the correspondence among E and Y' is

one-to-cne. Since the projection maoping is linear, we have that the alge-
braic operations on the elements of E correspond to the same overations on

their imares in Y'. If x> 8, then (B ]x > 6 for all t€ T end there- Q
. |

fore the correspondine set ([Et]x) > 6, Conversely if y €Y', y=([Et]x) > 8

then all [Et]x > § and by (60.2) we have x > 8. This means that E and Y'

are algebraically and lattice theoretically igomorphic.

Tt remains to verify that y' is a normel sublattice in Y. Let

XERO XERO XERO'
&orv ! coPY: copy
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N

y=lx)ey, 2 (z,)€ Y end |z} < |y|s From the definition of ¥'
follovs that there exists x € E for which [Et]x = %, for gll t€ T,

Then |zt| < ‘xtl = |[Et]x| < |x|. Thus the pairvise disjunct elements
z, of E are in & bounded get and x' = Szt exists in E, By definition,-

the image of the element x' in the set Y' will be 2. Hence 2z € Y' end

y' is & normal sublattice of Y.

6h, Iet E be s g-complete vector latiice with wmit 1 and B (E)

as bagis., We verify the following gtatements:

(1) If 1=Se (et ¢ B(E), t€T), then the set (et) is complete
: t

in E.

d
(1) For any e € G(E), E, =By o

(111) If e=5e, (et ¢ $(g),te€T), then for any x € E we have
%

lelx = 6 [e,]
e lx 5 e, Jx

(iy) If ey, e, € % (E), then for any XE€ E

le, 1(leyln) = [y A ey 1% (65.1)
(o)
(v) I£ e + 8 (en ¢ $H(E)), then [en]x—-) g for eny x € E.

Proof:

(1) Let x¢ E and xde for 81l %+ € T. Then by Section 54

xdl and this is only possible if x= 6.

(1i) Since e d (1-e), we have by Section 52 thet 1= S(e, 1 =€)

Thus by statement (1) sbove, the system of elements e and 1-e is complete

in E. By Section 59 the components Ee and El—e form a decomposition of

~
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the g=complete vector lattice E end by Section 58 Ed = El .
e -e

(111) It is sufficient to prove this formula for X € B, By (48.1)

[e)x = \/(x A ne) = \/(x A\t/net) - \/\t/(x A ne,) =VV(XI\ ne,) =
n n tn

n
(e, }x.= Sle, ]x.
\‘b/ % t
(iv) Ssince e, = (e21\ el) + (el - (e2/\ el)) and the terms on the

right hand side are disjunct and belong to the basis, ve get bj Section 3

that [ell([eelx) = (e, A ell([ealx) + e - (e, A el)]([ealx). By the

remark in (26) e d (e]‘_ - (ei A e2)) and therefore Ee2 d [el - (el/\ e2)]

which implies that [e:L - (ezl\el)]([ezlx) =9. Similarly [eal\el]([l-ezlx)=e.

Since x = [elx + [1 = e]x =nd the projection mapping is additive we derive

[el]([e?_]x) = (e, A ellx.

(v) The sequence {[enllxl} is decreasing, Putting y = inf {[en]|x|},

ve get <y < [en]|x| end hence y € E, end ¥ a(l=- en) for all n,
. n

By Section 17 ¥ d\/(l - .en) = 13 but this occurs only for ¥ = 9,
n

!

(o) (o)
Therefore [en]\x] + 8 end therefore (e Jx = &

65. let E be a g-complete vector lattice with unit 1 end basis

$(E). Then every unitary element is a projection of the wit 1 onto a

certain essential component.. Conversely, the projection of the unit ele-

ment 1 onto any esgentiel component is e unitary element, acting in this

component as & wit element.

Proof: If e € &% (E), then 1=e+ (1 - ) is & decomposition into

disjunct summends of the unit.

da _a
But e ¢ {e} Eeand l-eeEl-e_Ee

g
-
- T
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and by (40) it follows that e = (eld, ‘
Conversely, let x€ E end e = [x]L ‘Then by (40.1) the unit

decomposes into disjunct swmends 1= [x]l + z, vhere z = 1 = [x]1 =

[L-ell. Thus ed(l= e) and hence e e $ (E). To see that e acts

as & unit in the component Ex we use en argument similar to Section L9,

66. The basis & (E) is isomorphic with the set of all essential
components of & g-complete vector lattice E with unit 1 and ordered by
inclusion, If E is a complete vector 1attice. with unit, then the basis '

%(E) i{s isomorphic with the set of gll its components.
_lizls_é_i;: We associate ea.ch essential component with the projection of the
unit onto this component, Since we get in this way the unitary elements
generating the séme component, the correspondence is one-to-one. By
Section 65 the image set of all essential components is the entire_ basis

% (E). Moreover, the inequality e, <€, is equivelent with the inclu-

sion Ee c Ee . The second part of the above gtatement follows from
1 2

Section 49.

67. Let E be a g=-complete vector laﬁtice with unit 1 and let

B (E) denote its besis. For eny e,, €, ¢ B(E) we have
[ee]el =e A e (67.1)

Proof: In Section 65 we showed that e = [e]1 for eny e € & (E).

From (64.,1) follows (67.1) by substituting x = 1.

68, let E be s g=complete vector lattice with unit 1 and basis

% (E). The projection of the unit 1 onto the essential component E_,

x € E, is called the trace of the element X end is denoted by ex; thus

)

S R S

S



e, = [x]1=\/(ll\n|x|). : &

n

Remarks: By Section 65 the trace e € B(E) for eny x€E

is e wnit in the component E , thet is E, = E,. Thus, if x40,
X . ;

then e # 0. Moreover e, = (xJ1 = [|x|11 = €l

The trace has the following properties:

(1) xdyende d e, are equivalent,

(11) |x] < ly| implies eiiéyi

(111) [ex =x; ‘ _ :

(iv) [ex;]x =x [ex?]x =ax; (2 -re _'_]x =axs(lee Jx= x+’
. X X

(v) e_.=e  +e
(vi) If x =\/xt, vhere X > 8 (t € T) then e =\/ext

(I¢ x =/\xt, where X, >8 (t € T), then e < ex'b holds for all‘t) .

Proof:

(1) If xdy then by Section L6 E dE, end therefore e d e .

The proof of the converse is similar.
dd dd
_(11) From |x| < |y| follovs e x1 or E, = {x} ey} =Eg; &\

this together with e = [x)1=sup {x€E :02X < 1} end

ey = [yl1=sup {ve Ey 1 8<y <1} implies ex_<_ey

(1i1) Since x € Ex = Ee it follows from Section 50 (111) that

X

[ex]x = X,




(iv) h+h=[le-[le-[fh+-hﬁf.Bm X ax, . ?
x x x ‘

- + dd -
hence x 4a {x} dd ona [x )X = 8, Thus [e +]x = x. From Section 64
. .

(111) follovs [1-e Jx={1)x- [e Jx=x- x' == x", The other C
X X !

two equations are proved similarly. ‘

(v) e = €| = {|x|h =\/(1/\n|x|) =
\/(l/\ (nx V nx)) \/((1/\ nx )V (LA nx)) =

=(\/ (1A nx)) V \/(1 Ans)) = (€LY XL =

= = +
e*Ve_ e, *e .
X X X X

(vi) e, V(ll\nx)=\/(lf\n t)=
V\/ (1Anx)=\/\/(l/\nx) \/

70, let E be s o-complete vector jattice with unit 1, For each

x ¢ E and each resl A we put _

vrre -

X
&) = €(a1x)’

e X {3 the trace of the positive part of the element Al = X and

¥ (E), For fixed x€ E the system of elements (e’;), vhere A

€ &

RS
)

|
!

gf = [(\ - %)L ;

runs through (= =, =) is called resolution of X.

Remark: From the definition of trace it follows that

By Section 69 (iv)’ [e’;]()\l -x) = [e()‘ . )+]()\l -x) = (A - x) > 0,

On the other hand by the linearily of the projection mapping and (67.1)

Gt - e ,__,___.r-'_._.., q, -
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X
we have [eX](X.I.--x)=)\[e’;]1-[e’;‘];g=ke;c - [e’;]x. Hence Ae’; - [e’;]x >0
or

[e’{]x. < )\e’;. : (70.1)

similarly, [1 = e’;]()\l «x) = = (A1 = x)” < 0 and hence

[1= eyl 2 ML - &) (70.2)

f

7L, let E be e g-complete vector lattice with unit 1, For each

x € E the resolution of the element x has the following properties:

(1) eﬁg_e’{ for u > A

1 V=1
A

(111) /\e’; =0
A

(iv) ex z ex (the fesolution is left-continuous for each A).
" u A

x x X :
(v) If wu, > ¥, 21 2}, then (e* - )ale -e5 )e i
1-"2~="1 2 My My }‘l >‘2
For increasing AMee < X < ) e’; increases from 6 to l.

Proof:

+ +
(1) If w> A, then ul-Xx2Al=X ond hence (w1 = x)° 2 (AL = x)7
By Section 69 (ii) ez > e);

(i1) Let e= \/e;, then 1=-e<1l= e’; for eny reel X, Now for eny
A

%>0 we obtain by using (39.1) and (70.2)

A

M1 -e) <A1~ e’;) <f1- e’;]x < |,
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" Recalling that every o-complete vector lsttice is Archimedean (see
Section 33) it follows that 1 -e =8, or e= 1.

(111) The verifice.tién is similer; for negative A we use the ineque-
lity |A|e > [ex]x which obtains from (70.1)

(iv) We have Al =x= \/ (ul - x) for every real A, By Section 8
12

(Al - x)+ = \/ (ul - x)7 end by Section 69 (vi) e’; = \/ eﬁ.

u<A peA
(v) Since the resolutioxi is monotone, we have et - e* <1 -.ex
| Moot
end e:; - e;f f_e;‘ and therefore (e* ~er)a (e’; - e}; )e
- B ook 12

72, let E be a g-complete vector lattice with unit 1. For any

. u>Ave have the formule
X X x X x X
Me}, - e)) < le) - e, Jx s ule - ey)s (72.1)
Proof: First we verify the formula
x X x X
- = - » 2.2
e, AL ek) e, e} (72.2)
x x X Xy _ (1o X X _ Xy,
In fact 1~ e, = (1=~ eu) + (eu - e)\) = (1 eu)V (e“l ek),
X Xy
vy distributivity e A (1-¢)=
X X x x X x % .
- - - . b th
(eu AL eu)) v (e‘l /\(e“l eA)) =e =€ Now by epplying to bo
sides of (70.2) the projection mapping [ei:] we obtain

Al - e}) < [}l - el Jxs

Using (67.1) and (72.2) on the left-hand side and (64.1) and (12.2) on

the right-hand side of this inequality we ocbtain the first inequality in

(12.1). To obtain the second

e 2o M H\ ’

inequality in (72,1) we substitute in 70.1

R el

P
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p for A and apply the projection mapping f1- ei] on both sides.

Finally we apply (64,1) and (72.2) on the left-hand side and (67.1)

and(72.2) on the right hend side.

73, In a o-complete vector 1gttice E we can, with the help of f |

(0)-convergence, introduce the notion of infinite series 2 X, x ¢ E)

where (o)-lim §

xn) is taken to be the sum of the series under consi-
me n=0

It is easy to see that the existence of (0)=lim ( 5 X, ) implies

deration.
px n=0
(0) +
¥, 8. TFor (o)-converpence of & series with vositive elements (xné E) ;
!
1

it is necessary and sufficient that the sequence of its partial sums be ;

bounded; in this case the sum of the series coincides with the supremum of

its vertial sums. If 8 < X, f_yn for all n > nos then form the (0)=con=-

L.}

5 x . If the series
cn
n=0

Temtana A

) y, follovs the (o)=-convergence of
n=0

vergence of

©0

Vox | is (o)=-convergent, then
n=0

in this

e ey

5 X, is (o)-conversent as well;

v ——

case the latter series is said to be absolutely converpgent.,

let all terms of the series X X be pairwise disjunct end suppose

(-

that the set (x )°° is bounded; then S X exists. We verify thet S X =
D n=1 n n=0 |
T i
2 x 3 this meneralizes Section 52. Indeed, k
n=0 n &

+ . - :
\V/ \V/ - lim \V/ X - (o) - lim \\/ X = I
o ngp D DED \
rego ke £

cory
[ B— -
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= (o) = lim ( X = ") = (o) - 14 .", .
° ] nEO n nZO g ° pm nEO " nZO "

*m -
Tvomsided in infinite series x, offer no difficulty; we define
- :

" -Z x = (o) = lim .Z X = (o) = lim nzl X + (0)=1im nzo X

74, The integral representation theorem of H. Freudenthal: o ‘

Iet E be a c=complete vector lattice with unit 1. Then each element

x € E is representable in the form
[ ]
x= f A de); ’ _
- .
vhere the integral sign signifies the (0)=1imit of the integral gums
b
3 = i tn (eA - ex )
- n ne-l

formed for en arbitrary partition of the real line (=) with the points

-m<...)\_1<A0<)\1<...<w,where)\nflf_tnf_knforallnand

the (o)=limit is taken under the condition that € = sup (An - Xn-l) + 0.
n

‘proof: By (Tl.(vi)) : (e’; - e’; ) d (e:; - e;‘c ) for n# m Moreover
n n=1 m mel '

all elements of the form (e’; - e;f ) are bounded by 1; hence their union
n n-l

© {g defined end using Section 71 S (e* - e )= \/(ex -er )=
A A A A
. n n n-1 n n ne-l :

(o) = lim \/ (e: -e’; ) = (0)=1lim § (e; --e;c ) =
p =psnsp n n=l P n==p n n=1

(0)=1lim (e’; - e’; ) = 1.
: p ‘p -p-l
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It follows from Section 64 (iii) that

x=8 [ef =& Ix (h4.1)

-e’; ) for n = 0,

n n-l

+1,+2, ... Fron inequality (72.1) follows v = [e;f - e); Ix
n ne-l

iAa

<O - A )(e’; - e’; ) _ge(e): - e’; ), (Th.2)
n n-1 n n-1

> K

Using formule (39.1) we obtain- |x] +e12 [e}; -e, Ix -s:(e’)\c - e’; )
n n-1 n n-1

Ix -_e(é;f - e); ) > - |x| = € 1, Thus the elements V,
n n-1 n n-1

form & bounded set end their wnion is defined. By Section T3 Sv = 2 v,

-0

and hence the integral sum 3 hes meening. Formula (T4.1) cen be written as

Using inequality (7h.2) and properties of infinite series o-complete

vector lattices ve get

[+ ] % «
9-x =11 (tn<e’;n - e’;n_l)-[e’;n - e);n-ll")':‘-z(vn'[e*n - e*n-l]x” <
T T X X _ X _
i_Zan-[e’;n - e’;n_l]xlj__z E(eAn - e)‘n_l) = ¢ S(eAn -e n_l) =¢ L

Therefore x = (o)-lim j ;
e

Remark: If two elements X, Y€ £ have the same resolution, i.e.

e;f = e{ for all A (or even all rational A ), then x =y, AlSO, the

integral representation is unique since the resolution is left=-continuous.
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75. A.c-complete vector lattice E with a binary multiplication

is called s partislly ordered ring provided the following conditions

hold:

(1) Gz = xlya)s

(B): xly +2) = xy + xz (¥ + 2)x=yx+ 2%

(©): (ax)y = x(ay) = a{xy) for every real number o3

(D): There is & multiplicative wnit 1 (>8) such that for 211 x€ E

we have x1=1x=X (therefore there is only one unit)s
(E): x>6endy28 implies xy 2 03

(F): xA 1= 0 implies X= 9.

Remerk: If x 2% and zg_e,then Xz > YI and zX > Z¥.

76, Let el and ey be unitary elements in a partially ordered

ring E, Then ve have the formula

leyley = le,Jey = €% = %

Proof: We substitute the identity e; = €% + el(l - e2) into formula

(67.1): [e2]el =e,Ae =& A (ejey ¥ el(l - e2)). We shall show that

e, A el(l - e2) = ¢ and hence by remark 2 in Section 12

[ezlel = (e2 A elez) + (e2 A (el(l - 82)))-

Indeed since 6 2€) % 1,0<1-¢8 % 1 we have by remark in Section T5

that iel(l -e)) c1l-¢ hence

B < e e, A (el(l - ez)) <e, A (el(l - e2)) <e, Al - e2) =8 i.e.

ee, A (el(l - e2)) =g, This string of inequalities also shows that

e, A (el(l - ee)) = § , which together with \e2,/\ e e, = e, establishes

XER . .
'g(E)F‘cV) cony
v e T rp-_w-—--—v H‘ e e monm e T T =TT

FURFREREVEIe £

ek ot $4h g e it e A e bAoA 8 S
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[eQ]el = e ey The remaining equalities follow from (67.1).

77, IfEis a partially ordered ring, % € E+ and v € E, then
xy] < xlyl and lyx} < fvlx
prontt Tndeed, vl = v’ = w7 ¢ 'l e 1) = wt + = xlvl.
Similarly lyxl < ly\x.

78, let x and y belong to a partielly ordered ring E and

B <x<B 1, where B is some positive real constant. Then for fixed X

the products Xy and yx aAre continuous.

Proof: let ¥y = (0)=lim v s then by Section 18. (v) there exists a
n-re

monotone sequence YV, 4+ 8 in the sense of (o)-convergence such that

!}r - yol < v for all n. By Sections 75 and TT we have

n
I, = 2] = |x(y, = vo) <sly =yl 28vy
v, x = voxl = |y, - ¥, x| <Blv, =yl <8V
Therefore Xy _ = (o)=lim XY, amd ¥ X = (o)=1im ¥ X

-+ boaud

79. For any unitary element e in a partially ordered ring E we

have for any bounded element x € E the equation

felx = ex = xe (79.1)

Proof: Using the integral representation theorem by Freudenthal Section

Th we have

X = I)\de};.

0

o]

. . P X
Hence x = (o)=lim }: tn(ek - €
-® n nel

). By Section 76 we get

felx = (o)-Lin [ %, (tele’;n - [ele’;n_l) =

'

XERD
.corY cory:

- [
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5 x X _
(o)-lim § t, (e, =€ Je = . |
-0 n n-1 1

(o)-lime ( ]t (e} - e )
- n n-1

v b 3 b e e oA e

aim (Tt (€ =X e,
(0)=lim -Zn eAn e)‘n..]_

Formula (79.1) follows then from Section 78,

|
|
|
!
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Chepter II

AN APPLICATION OF VECTOR LATTICE THEORY.

We now turn to the ‘consideration of linear operators in Hilbert

escribed in the Introduction.

space end endeavour to complete the task d

let B denote the set of all bounded linear operators in a Hilbert

space % o If fy e e e £ € (%. and ¢ > 0, then 'U_(Aogfl,...,fn;e)

is to denote the set of operators A in 3 sstisfying the system of in=

equalities

(A - 8l < (321,2,« 028

for a given A/ in B . The set ’U.(AO; f0 000 fn;s) is called

a strong neighborhood of the operstor Ao. The set of strong neighbor-

vergence of & sequence (An),

hoods generates & topology of B . The con

n=1y2y 6 ¢ 0 to an operator A in this topology means that for every

fe% ||Anf-Afl|—>o gs 0+ ®}

\

A is called the strong limit of the

sequence (An) .

The operations oA, A + B, AB (in the product one factor is kept fixed)
gence. Passage from A

are continuous relative to the strong operstor conver

to A¥* is not necessarily continuous with respect to the strong operator

convergence.

an arbitrary linear operator A in a Hilbert space .

ar operator B in '% if BAC AB

bounded linear

We recall that

is seid to Eermute with a bounded line
nolds, thet is if BA =AB on Q)BA. If both A end B are
rmute if they commute. We shall use the

operstors, then we say that they pe
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symbol AvB %o signify that the operator A permutes with the

operator B.
A self-adjoint opera‘tor' A is said to be positive, if (Af,f) >0

holds for all f € D Ve signify this by writing A > 0.

bounded self-adjoint operator,'then A2 ig & self-adjoint positive

operator.
We now teke up several elementary propositiéns vhich will turn out

to be useful at a later stage of the discussion.

1: If the bounded linear operators Al and A2 are self-acijoint,

if A2 > 0 and AlvAe, then the gelf-adjoint operator A12A2 is positive.

proof: (i Ryfs T) (apyts B2 = (a,pts AyT) 200

II: If the bounded linear gelf-adjoint operators A eand B eare pOSi=

tive and permutable, then the self-adjoint operetor AB = BA is also posi=-

tive.
proof: We may assume that A # 0 and hence [|a]| > 0. We define &
sequence (An)’ n=1l,2,0 0 ¢ of self-adjoint operators by putting
A 2 .
& e = - = Py o o 0
A =T A T as o EbL S )

nere E denotes the identity

o

and we show thet < 1-\n <E for every n;

For n = 1 we have

0< (af £) - {nt, £) Ml < & £)

* operator.

~end therefore 0 < Ay < E, Since
. L2
E-Ay~ (E-An)+An
and
@ (XERD:
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3

A . =A _a2-a2_ a3+ _onZ e
" T n "% n

we have that

=00 2
Aah (E-A)+ A (E - A

By the jnductive assumption An >0 end E = An >0 so that by pro-

ition I b. -
position 1 above we obtain B An+1 >0 and An+1 >0 and therefore

0<h < E, From

L, 2,,02 2
A=A A Faoa oA +An+1andAn+1_>_0

it follows that
n n
321 (nt 1) = 321 (a2, 2) = (e OO S 1)

holds; this means thet the series 5 ||Ajf| |2 converges and therefore

lim HAij = 0. It follows that

n
2 -— -
1im (le A, )£ = lin (AT - An+1f) = AT

Since BvA by gssumption, we s€€ that BVAJ for every J3 hence

(mag, £) / [1all= (saf, 1) = lm él (o1, £) =

n
= lin |}
=1 1

and this shows that BA is positive.

11T: If all operstors of an increasing sequence (An) of bounded

linear self-adjoint operators are mutually permutable end if there exists
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o self-gdjoint bounded linear operstor B such that Aan and An <B
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for all n, then the sequence (An) converges to & self-adjoint operator

A satisfying AnvA and A < A <B. A similar statement holds for de-

il b e 15

creesing sequences.

Proof: We consider the dgcreasing sequence of positive operators

for m>n the operators

A e

Hn =B =~ An. They are mutually permuteble;

Hm(Hn - Hm) end (Hn - Hm)}in are positive by proposition II sbove.

Hence for every T € %r :

(u2r, £) < (HH f) < (8P 1)

from which we infer that the non-increasing sequence of non-negative

nunbers. (Hmzf, f) = ||Hmf||2 hae e limit, dependent on f, and that

(Hmﬂnf, f> has the seme limit for 1, n + =, Thus we have

. 2 .. 2 )
1im ||(5 -8 )E]|" = m (-8, £) =

=un ([ (870, £) -2 (np e, £) * (8%, £y 1=0.

By the completeness of the space ‘% the seguence an converges for

every T € ‘%r so that the same js true of the sequence Anf. Ve define

ote that A is linear and self-adjoint. The relations %

Af = lim Anf end n

imply An <A< B and the relations

An —<-An+l and An < B, for all n,

i . = i A VA.
AnvAJ gnd lim Aj A imply nv

a bounded linear self-adjoint positive operator, then

Vs If A is
there exists & unique bounded self-adjoint positive operator B such that
B = A.
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groof: Evidently we may assume thet A <E, gince we may replace

Aby A/||Al]. Ve define & sequence of self-adjoint operators B 8&s

fol}Lows

_ _ 2
B. =0, Bn+1-Bn+ (1/2)(A-Bn) (n=0,1y25 ¢ ).

Tt is seen by jnduction that if & pounded self-adjoint operator C per=

mutes with A, then it permutes with all Bn; hence we have Aan (because

AvA). Next, B vA, for all m, implies B VB, for a1l m and n.

Since

E-B, =E-8 " (1/2)(A - Bna) = (1/2)(E - Bn)2 + (1/2)(E - A)

we heve that E-.B >0 for all n. Since B vB we have 1
n - , n n=l !

_ 2 2
B, ~-B =B * (1/2)(A - B ) - B_1- (1/2)(A = B 5 )

ey
A

= 2 2y = =
=B =B ;- (1/2)(8 " =B,y ) = (8, - B (B~ (1/2)(B_ + B ) =

= (1/2) [(E-B) + (E- B,_)) (B - B )

which means that B > B . Indeed, for n = 0 we have
n+l — N0

B, = (1/2)A >0 = Bye

By the inductive assumption Bn - Bn-l > 0, so that by proposition 11

above Bn+1 - Bn >0 holds as well because Bn+l - Bn ;s the product

of the permutsble and positive operators (1/2) [(E - Bn) + (E - Bn-l)]

and B =B .. The sequence (B_), satisfying therefore
n n=1 n ;

0= B0 <3B < E, converges by force of proposition 111 to a posi=~

< 4 o
—

1
=3+ (12)(A- Bng), we

tive operator B. Hence, teking n = o in Bn+l

ret that
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Proof: Evidently we may gssume that A < E, gince we may replace

e

Avy A/ HAH We define a sequence of gelf-adjoint operators Bn' as

fol;Lows

—-— . - . 2 = \
B, = 0y Bn+l-Bn+(l/2)(A-Bn) (n=0y1y2y 0000 ,

Tt is seen by induction that if & bounded self-adjoint operator C pes=

mutes wi_th A, then it permutes with all Bn; hence we have Aan (becausé |

AvA). Next, Bva, for ell m, implies B VB, for all m and n.

Since

B-5, =E-B, - (1/2)A- 37 = (1/2)(E - 3 )2+ (1/2)(E - 4) R

we have thabt E-«B >0 for all n., Since B vB we have
n - . n n-l

2 2, _
B4l " B = B + (1/2)(A - B, ) - By~ (1/2)(A = B ) =

P

.
LS T A

2 2 _
B -Ba" (1/2)(B " =By ) * (8, = By (- (1/2)(B_ + Byy)) =

(1/2) [(E - B) + (= B, )] (B = Bpy)

which means that B 5 B . Indeed, for n = 0 we have
n+l — N

B, = (1/2)A >0 = By

e o e e R AR

By the inductive assumption Bn - Bn-l > 0, s0 that by proposition 11

above Bn+l - BY1 >0 holds as well because Bn+1 - Bn ;s the product

of the permutsble and positive operators (1/2) [(E - Bn) + (E - Bn_l)]

gnd B_ =B .. The sequence (B ), satisfying therefore
n n-l n ‘ :
0= Bo < Bl ¢ .. . <E, converges by force of proposition 111 to a posi~
2
tive operator B. Hence, teking n > @ in By B + (1/2)(A = B ), we

get that
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B=B+ (1/2)(A-32:) or 32 = A

To see that B is uniquely determined, ve cbserve first that every

bounded gelf-adjoint operator C, permutable with A, is also permuteble

with B since CvA implies Can,' gnd this in turn implies CvB., If

therefore C is bounded end positive, and 02 = A, ve get that CvB

holds because AC=CA= C3. Let 31/2 and 01/2 be two positive

operatdrs satisfying (31/2)2 =B and (01/2)2 = ¢ (their existence
is assured by the first part of the proof), let T € % ve arbitrery

end g= (B= ¢)f., Then we geb, gince CvB,

(2l 2+ 11621 = Coo€) {ca &)

= (3 + QB - O g) = (6 - Aty gy =0

0. But

[}

Hence B1/2g = Cl/2g = (0 eand therefore Bg =0 and Cg

this implies
(5 - ol1? = (- 0, £) = (B =08 £) =0

or Bf = Cf. gince T is arbitrary, we have thet B =C,

n o Hilbert space

+ AQ)-l

Ve Given an unbounded self-adjoint operator Ad

t% . Then the positive bounded self-adjoint operator B= (B

exists, A permutes with B, and HBH < L

e domein of definition is

Proof: Let 7 denote & linear qperator whos

dense in % (a self-adjoint operator satisfies this condition). We shovw

- -1
tnat the operator B = (E + T*T) 1 gnd the operator ¢ = 7(E + T#T)

are defined everyvhere and HBH <1 and HCH <1 moreover B is

symmetric and positive.
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The graph of Ts denoted by Gps is the set of &ll peirs (£, T*),

where f runs through the elements of ;DT’ in the Hilvert space

‘% @ ‘%' . In %@ (% we consider the following two mappings

U(f’ g) = (g, f)$ v(f, S) = (g, -f).

We note thet these mappings are unitery operetors and that

UV = VU end R =1,

ands for the jdentity mapping on ‘%@ ﬁ’ , With this nota=-

vhere I st
= (1“, g*) , which defines the adjoint

tion the equation (Tf, g)

g*, can be put into the form

{vig, 70, (& gt)) =0
is mede up of those elements of % @ ‘% which

. GT* is therefore a subspace of ‘ﬁ@ ‘ﬁ ,

set VGy (that is

operator T#g =

This means that G

are orthogonal to VGT

nt of the closure of the

namely the orthogonal compleme

V6. =V E;, we can write

V_G'T). since VGq
g = ‘%@‘% YO

rator is closed if and only if the operator is

The greph of & 1inesar Op€
r operator with dense domain of defi= -

closed. Thus, ifT is & closed linea

tion in ‘%, , then Gy end Cnx

in %@% , Let h pe an &rb

ose the element fn, 0) of t% @‘% into the sum of &n elemen

are orthogonal complements of each other

itrary element of \% . One t.hen‘can de~

t of

comp
GT and an element of 'VGT* in a unique manner:
(n, 0) = (£, T6) * (T*g, =8):
By passing to the components, We can write the system of equations
o) .
& Hn? | e one
: | LT = s e /{;

-]
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h=f+ Mg and 0=Tf=¢g
with wnique solution f in . o and g in J)T*' By putting‘
£=3h and g=Ch
ve define two mappings on ‘% into itself which are linear., We can -

wri{:e the system of equations in the formv

E =B+ T# end 0=TB~C,

whence C=TB end E=B* o#7B = (E + T*T)B. From the decomposition
of (h, 0) we get that

|Inl|? = 1y ]2 = T1(e, 012 + 1%, -&)]? =

L lel2 e Lnel 2+ Lol 2+ Hell2 l]

so that ) 'i
|

|

el (2 + Vw2 = 12l1® + 1el1? < Inl 1%

mus |IB]] <1 end llcll 22 ‘

For an element U in the domain of definition of T#T we have

<(E + T*T)u, u) = <u, u) + (Tu, Tu) > <u, u)

end therefore (E # p#7)y = 0 implies u = 0. Consequently, the

jnverse (E + T*T)’l exists. It is clear that (E + T*'r)_’l is defined

everyvhere and equels B because of the equation E =3B+ T¥B =

= (E + T#7)B which appeared furtherv sbove, Since
(Bu, v) (Bu, (£ + T¥T)BY) = (Bu, Bv) * (Bu, THIBY)

(3u, Bv) + {T*IBU, Bv) = ((E + ™1)BY, Bv )

<u, Bv>

"

and

<Bu, u)

it follows that B is symmetric and nositive.

(Bu, (& + mr)pu ) = (Bu, puy + TR, TBu) >0
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Finally, we consider the self-adjoint operator A and let

2y=1 -
B=(E+A2) end C=aB=A(E+ 22)~t. By vhet hes been proved
already, B is symmetric and boundeds in fact 04 B {E. Multiplying

both menbers of the equation AE + 4°) = (B + A%)A by B on the left and

n the right end keeping in mind that (E + A2)B = E and B(E + A2)C E
we get at once that BAC ABj; this means that A permutes with B.

VI: Let Ml’ MQ’ e e MJ’ ., . . be a sequence of subspaces of

a Hilbert space "%, which ere mutually orthogonal and whose direct sum
is the entire space ‘% . For an arbitrary element f in % let f;] de=

note the prp,jection of f onto M1. Let Al’ Aa, FORPRRN Aj’ s 4 s DEE

sequence of given linear operators such that the component of A 3 in Mj

is a bounded self-adjoint operator mapping M1 into itself, Under these .

conditions there exists one and only one self-adjoint operator Aon ‘% .

in general not bounded, vhose component on M1 is Aj for 1=1,2,

';DA consists of all elements f for which the series

IRl
ERAER

converges, and for these f we have

Proof: First we note that the mapping A defined gbove is linear.

. eﬁ A is dense in (% vecause it contains all elements of the form

fl + f2 + .00 %t fn. In addition, A is symmetric since for all elements

e
XERO XERO'
cory cory| )
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f, g € °D we have

(Af, g) =1 <AJfJ, gj> = (fi, A gJ) (z, 2e) .

let g € "OA*’ then for all f € SD ve get <Af, p) (f, A*g)

and therefore j-z-l <Ajfj’ $j> = le <f,j’ (A*g)d> .

Choosing as f &n arbitrary element of Mi ythen fJ =0 forj#1i

and

When Ai is assumed to be self-adjoint in Mi’ then

* =
(A*g), = As8;e

We obtain

T a2 = Tl 1% = liwel
-i=1 i=1

thus g also belongs to ,;DA and we have

-

= * = A%
pp = 1 (A g); = Ae.

Ag =
i=l ‘ i=l

He—1 8

This shows thet A* C A But A is symmetric, nence A* = A, It

remains to verify that A is unique. Tet A' be eany gelf-adjoint opera=
tor which hes component A1 in MJ‘ Since A' is closed, it is necessé=

rily defined for all elements £ for which the series 5 A'fj convergess

the sum of this series will also be equal to A'f, Since A‘fj = Ajfj’

and since the convergence of & series of orthogonal elements is equivalent

with the convergence of the series of squares of the norms, the set of

XERO

-
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inory © (wv * ooy
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these elements f coincides with $A and for these f one fla;s A'f = Afy

thus A'2 A, But A is selfadjoint and therefore maxim_ally. symmefrié;,

hence A' = A, |
Let Ly denote the set of all linear bounded éelf-ad,joint operdtdrs

in a Hilbert space faa . If A B eV , then the producf me T if o

and only if AB = BA, lLet A € " and o be & scalar, then "ct A e ’3"'

if and only if «'is a real number., DMotivated by these 'oba.ervations, we

call a set UL of bounded linear operators bin‘%» a ring, if for any

A, B E Ol and any resl number o the operators A + B, AB, and a A also

belong to UL,
In the set /¥ we can introduce a partial order by writing A > 0 if
end only if A is positive; A > 0 means that (Af, £ >0 forall .

£ € \ea— end A# 0, R.V. Kadison [b] showed that under this ordering

" the set‘rbp does not form a lattice (since AN'B exists ind if and

only if A<B or B <A
We glve some definitions before going on with the conmderations.

A partlally ordered set S is said to be directed upward (downward)

_if for any “two elements a, b € S there exists an element ¢ & 5 such

thé,t c>a wd C2 b (c L a and ¢ < b). An upward directed set S
is called a path 1f for any a €S there is an aLement b€ S such that
b > a (i.e., S has no greatest element), By a path of opera.tors will be

meant a family of operators (At)teT’ where T is a path. A path of

1

self-adjoint operators will be called increasing (decreasing) if and only

if s <t implies A <A (A > A). Apsth (A),gqp of bounded opera= -

tors is said to ¢ onverge to the operator A in the sense of the étrong

operator topology, i given any nelghborhood U of A in the t0polog1cal

Q
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space B (see the first page of this chapter), then A, is eventually
in U, that is, if there exists an index to such that Até U for each

t > to. A subset of the set T is seid to be strongly glosed, if it is

—-—

_ closed in the sense of the strong operator topology, that i{s the limit of

any strongly convergent path of operators of the subset also belongs to

the subset. If At + A in the sense of the strong operator topology s

At and A belong to T and if At permutes with Be I for each
t € T, then A permutes with B as well., Indeed, for any £ € °OB

we have BAtf = Ath + ABf, But Atf » Af end, since B is closed,

Af € {OB end BAf = ABf.
The proof of the following proposition is completely analopous 10

the proof of proposition TII further above.

VIiI ¢+ lLet (At)te 0 pe an increasing path of peirwise permuting

self-adjoint operators such theat At < B for all t€ T and B € T .

Then sup ‘A‘t = A exists in T end A is the strong operator limit of

(A ) e e
Proof: Let H =3 - A (t € T), vhere By = ||B||E end E is the

jdentity operator on % . It is clesr that Ht >0 and that the opera=

tors Ht form & decreasing path, If s 2 t for s, t€T, then Hs -<-Ht

- - itive by pr osition
and therefore (Ht Hs)ﬁ,c and Hs(Ht Hs) are positive by prop

1T above. Just as in the proof of proposition 111 we obtain

0« {12, £) < (BAT £} ¢ (82, 2) forey ! e g

s R .
J,’ff‘,f?] imwv {

oy T

e ;.:_,;;E
* il pec il
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: 2 L

Thus 1lim <Ht f, f) = lim (Hsﬁtf‘, f) . Therefore
2 _ .,

1im ||t - Bf] | = Lin <Htf - H £, BT - HE) =

- an [ (82, 2) -2 (HES 1) ¢ (8P, £) 1=0;
this means that for each f € ‘%: the strong limit of Htf exists and
therefore the strong limit of Atf exists. In other words, there exists
a bounded linear operator A such that Atf-* Af forell f € ‘%f .

The operator A is symetric end therefore pe T . since the path

(At)te'r
_f_(Bf, f) . Hence At_<_A for a1l t€ T and A <B. Since B can

be teken as any upper bound of the set {At: t € T} we have that

A = sup At‘

VIII: Let (1 ve any strongly closed ring of bounded self-adjoint

operators, then cV 0 exists for any C € a .

Proof: Let C € OL . Since (I is a ring, 02 € (X , Tt is cleer

that 02 >0, From the proof of proposition IV above concerning the exis-

tence and unigueness of the sguare root of a positive pounded self-adjoint

linear operator we know that this square root cen be represented as the

strong limit of & certain sequence of polynomials in terms of the "vadical®

operator without free term. We recall that the sequence of approximating

polynomials for the square root of the operator A was of the form:

2
B.=0, B =Bn+(1/2)(A-Bn),

.
where we assumed that HAH <L Since C2 € (1 , then any polynomial

XEROC ’ (XERD,
COPY : cony!
v 3 S S e T - B R -4

is increasing, for any e % we have <Atf’ f) < <Af, f> <

ot it e e e b

XERD
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in terms of C2 without free term is also contained in a s end

since ‘(X is strongly closed, B = (02)1/2 e L. veput
A= (1/2)(B + C) (e (L)
end show that A =CVO0.

Let D=A-C=(1/2)B-0C) € (b . tet T, denote the null-

space of the operator D, that is the subspace consisting of ell f

such that Df = 0. let ’GCQ denote the orthogonal complement of %1
in ‘% . Tt is easy to see that '(]C 1 is invariant for any operator'

0 € (U ; indeed, if f € ’()tl, then
p(of) = ODf = Q0 = 0
(vecause a is a commutative ring) and therefore of € ’Jtl' From the

inveriance of ,Jtl also follows the invariance of 'JC 5 for any operator

o ¢ (1. Fromthe definition of TC, we nave thet C.=B = pon T,

Moreover,
A= (1/8)(B = C)(B +C) = (1/8) (8% - B) = 0.

Thus DAf = 0 for eny f € ‘% and therefore Af € fMl sor all

£ € ‘% _ 0n the other hend, if T € JCp then AL € P, vecsuse
of the invarience of the subsnace IME' Thus A=0 on 'M o But

D=3B -A and therefore B=D on ’6{2.

£ € M, =1 2). By the invarience of the subspace ’E(k (k =

> a
we have for any operator @ € !

P
FERD XERG!
coPY : aorY

XERO
copPyY
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My f € (% can be represented in the form f = fl * fz, wvhere
1, 2) w
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(ot, £) = (ory, 1) * {ot,, f2> — (1)
But | A_‘f2 =,:Dfl = 0. We therefore get
(s, e) = {ar), 1)) = (., fl> (2)

and

<Df2,lf2> = (g, 1, )

A>0 and D20

(ot, 1)
By the definition of square root B > 03 thus

implying A 2 C.
Suppose nov that H is en arbitrary operator of (1 satisfying

H>0 and H > C. Then for eny f € ‘%‘ we have by virtue of the

fact that C=B on ’6(1 end by force of the equations (1) and (2)

thet (A, £) = (Bt,s fl) = (et fl> < {ur, fl) < (ue), A%

+ (ut,, f2> = (uf, £) . This memns that A CH end consequently

a=cVo.

Remark: It is easy to see that (X is a vector Jattice; we only need to

verify that A, B € a implies the existence of AV B. The foregoing

proposition VIII gives that (A - B)V 0 exists. But it can be seen that

[(A-B)V0]+B=AVB.

IX: Any strongly closed ring (_x of bounded gelf-adjoint linear

operators on & Hilbert space forms & complete vector lattice,

Proof: By the foregoing remark it remains +o show that an arbitrary sub-

set % of (1 which is bounded from sbove has & supremum.

We can then regard 8 as an

We adjoin to

f- the suprema of all jts finite subsets.

perator, then it will

upward directed set. If in t there is a largest ©

be the supremum of the set E . If however there is no such operator in

.
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8 , then tne operstors neking up f form an increesing path and

ath has & strong 1imit A, vhere

by proposi.tion yII ebove this P

A=sup€ in%”. Smcethermgai Ae(l
a as wells This completes the proof.

g strongly closed,

and A = SUP 8 in the lattice
o+ - -
et € =cV0,C = )V o emd lcl = ¢ + ¢, In the proof

of proposition VIII e showed thab ¢t == (1/2)( + O T ¢ =

)y =D, |cl = ct+C =B, |cl = (02)1/2, ¢ =0

‘%& decomboses into the

*
.c= (1/)(B=-C
on ’M and C+ =0 on 'ate; the space

’Ut,a. Each operab

s that %1 and 'ﬁta reduce OL.

-C on '6(2. Tnerefore for &ny

orthogonal subspaces ’6[1 and

on 'ﬁtl and on '6(2. This mean
+
’0’(1 end C = -\C\ =
* u -
1-Cf2,where £, € 'Otkfork—l,Z

¢ T, =d ¢t, € T,

and therefore for any T € ‘%,

on the other hend \c} £= ¢ £+ C "t
I \C\f\\=\\CfH- (3)
By (3) we get that the null=-spaces of the operetors A end \A\ coincide
and, moreoveTs ghat for any A€ a _ |
[ oall =11 A P (b)
n) end A= Al\/ A2\/ e V

Xt Let.'AJea (321,20

Then \%‘ can be decomposed into mutually orthogonal subspaces ‘% 3

quch thet A=Ay O ‘%1 for each -

reducing O(. s

4xcno- I
\

)
TorY | ——
' v_“ e S mpnrvl

or of a is invarient
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Proof: First-we verify the statement for n = 2, Then
am + - -
A= h, + (A - ) =Byt (1/2)((4, - Ay * |4, - Al =
= (1/2)[(A, + Ay) + |a, - Al le

By vhat has peen said sbove, ‘% decomposes into the orthogonal sub=

spaces ‘%1 end '%2, reducing (X , such that |Al - A2\ = Al - A2
on ‘%l and !Al-Azl = A2 - Al ‘on ‘%2. Then A= Al on ‘%l

end A=A, on ‘%2.
We now proceed by induction end suppose that the proposition is

4rue for n operators.- let A= AlV voe VAnV A1 (AJG a .

We put B=AV... V A so that A=BVA ¢ As in the case of
. 1 n n+l

two operators, we de compose % into two subspaces z and m , redu-

cing a , such that

Bonx
A—

Ar\‘.‘l on m .

For each operator Q€ a , we sipmify by Q' its component in the sub=

space x . The operators Q' also form e strongly elosed ring which ve

denote by (' and by proposition IX ()* forms & complete vector

. . 2,1/2
lattice. The modulus of each operator Q' of (' is defined b¥ (")) / )

that is the component of the operator |0| in the subspace oﬁ . Then

- + - .
(Q')+ and (Q')” are the comonents of @ and O , respectively. We

gee that the analogous gtatement for bounds of finite gets of operators of

O[' nolds as well in (]! we have the eouality B' = Al'V vos VAn'.

By the inductive assumption there exists 2 decomposition of the subspace

XERO XERO
teapy conyY: cory
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x into mutually orthogonal subspaces ‘%l? o vy ‘%‘n’ reducing .
a', and therefore also reducing OL , such that B' = A1 on ‘%1.
Thus = . =
us we have that B Aj on ‘%j If we put ‘%'n-!-l T , then ve |
see that the subspaces %1, e ‘gn and <6, ey Form the re-

quired decomposition.

Remark: A similar proposition holds for infimum.

XI: In order that the operators A, B € Ol be disjunct as elements
. of the completé vector lavtice 0{_ , 1t 1s necessary and sufficient that

|

|

the space '%- decomposes into orthogonal subspaces ‘%1 and ‘% 5 i
. i

]

such thet A =0 on ‘%1 and B=0 on ‘%2. :
i

Proof: Since the null-space of eny operator A of Ol coincides with the

null-space of the modulus |Al, it is enough to congider the case when

A, B> 0.

AT TN T

1f ANB =0, then by the sbove remark the condition is seen to be

necessary.

KGN EETE!

Conversely, suppose that the condition holds. We put C = AAB. Ve

observe that U, V € (I and 0<U LYV imply HUfH f_HVfH for any

f € ‘% , Using this fact, we see that from 04 C £ A we get at once

C=0 on ‘% 1 In the same manner vwe show that C=0 on %2. Thus

cf =0 forall f € ‘% and therefore AAB =0.
XII: If the strongly closed ring 0’. contains the identity operator

E of ‘%- , then one can teke E as unit of the complete vector lattice 0{ .

In this case the basis fﬁ( Ul Y} of the complete vector lattice will con-

sist of all projection operators, conteined in Ul , and (1 itself will be

A : o e
o XERO XERO' Kero
cory ) .(‘Or’\'l *oPyY
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a complete vector lattice -of bounded elements.

Proof: First ve verify that E acts as unit in (., wt ae O,

————

A>0 end A ANE =0, By proposition' XI sbove there exist mutually

orthocomplemented subspaces ‘%, 1 and ‘%2 such t_ha’f. A=0 on

‘%l end E=0 on %2. But the latter means that ‘%2 con= ‘

tains the zero element of (% only. Hence (%l = ‘% and Af=0 on

all of ‘%.

Let E be teken as unit in the complete vector lattice O( . ITA

n= H?ﬁﬂ (at, t) end

su (Af, f) , then for any bl 3 \%- we have
Heli=

(e, £) =m {1 e} < {ar, 1) <m0 (1 s) = (e, £)

A is a pounded element of the com=

is an arbitrary operator in OL and

M=

Thus nE < A < ME vhich means that

plete vector lattice 0[ .

Let the operator P € Ol project the space (% onto the subspace

I; . Then E - P orojects % onto the subspace W= ‘%@d‘ﬁ .

Hence, by proposition XI ahove, we get that P A (E - P) = 03 this means

that P belongs to the basis B 0.

Conversely, let P be an arbitrary witery element of Ol s ‘%l

the null-space of P end c%z = (%@ (%1 - since PA (E-P) =0,

then by proposition XI above we geb thet E=-P=0 on %2, or P=E

on “%,2, and P=0 on ‘%,1. This means thet P is the projection

operator of ‘%, onto (%,2. The proof of the proposition is finished.
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Let A denote en arbitrary (not necessarily bounded) self=-
adjoint lineer operator in a Hilbert space %} . let EE be the set
" of all bounded self-adjoint linear operators in (%, which permute with
A. The set ef is strongly closed, but might not ﬁe & ring because the
opérators permutsble with A might not commute with each other. Select

from EE the subset G ’ consisting of all operators conteined in é%

_and permuting with eny operator from 65 . It is clear that CZ is not
empty because it contains the identity operator E. CZ is & ring. . In
fact, it is enough to verify that multiplication does not lead outside of 1 ;

(. 1zt v,veld ,then U, VE E end therefore UV =V and

this product belongs to (1 . CZ ig strongly closed. By proposition X

Cl is a complete vector 1attice. We teke E as unit in this vector

1attice (see proposition XII).

If the operstor A is bounded, then A € Cl end by the integral : :

representation theorem of H. Freudenthal we have

A= [t dE,
-t '<4

B = e:, that is (Et)’ - <t < @, is the resolution of the

where 't

operator A. By pronosition XII the resolution (Et) consists of pro=-

Jection operators. From Section Tl Ch. I we get the pasic nroperties

of the resolution. In particular, the left-continuity of the resolution

means that

E, = lim E (5)
. s*=0

is in the sense of strong convergence. Indeed, by proposition VII we

-
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R

have thet lim Es in '0.' is the strong limit of the path (Es)’ and
s<t

since all. .Es € a , this limit also belongs to Ol , because the ring

()Y is strongly closed, This 1imit has to be the supremum of the set

{Es : 8 <t} in (1 : by Section Tl, Ch. I it coincides with E, and

we have formula (5). The resulting representation of the operator A
forms the content of the spectral theorem for bounded self-adjoint
operators.

We now suppose that A is unbounded. By proposition V the posi-

tive bounded self-adjoint linear operator B=(E + A2)"l exists, A
permutes with B, and ||B|| ¢ 1. We show thet B € (L . Let C be

eny operator in 5 . Then ca’e 72C end therefore C(E + A2)C (E + A2)C.

From the latter we obtain BC(E + A2)BC B(E + A2)CB. But (E + A2)B. =E

and B(E + Az)c: E. Thus BCC CB. Since &D

Bc " %, , we get BC = CB.

Thus B € & and B commutes with any C € & ; this meens that B € (X.

Let (Et) be the resolution of the operator B. Since 0<B<E,

ey ol v ¥ ¥ o8 e Tvos | o ot SRR

we have that Et =0 for t <0 eand Et =E for t > 1, We verify

that the resolution (Et) is continuous at t = 0 end to the right.

Let EO = inf E,. Then Eo is a projection operator and by formula
t>0 t

(70.1) (see Ch. I) it follows that 0 < [EO]B < tE, for t > 03 but ‘

this is true for any t >0 and therefore [EO]B = 0. By Section 79,

Ch. I the projection onto 2 component is equivalent with multiplication

by the unitary element generating this component. Thus EOB = 0, that
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cory copy }
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is B =0 on the subspace x onto which the operator E0 projects

‘%/ . Since, however, the operator B has an inverse, Jﬁ has to

consist of the zero element of (%. only and therefore Eo = 0.
let P, = - = - =
0 E. El and Pk El/k El/(k-!-l) for k=1, 2y 0 ¢ oo
By the continuity of the resolution (Et) gt t = 0 we have

L]

S P =
=0 * k=0

P = E. (6)

#We— 8

We denote ak (k=0,21,2y) 0 ¢ ) the component of the complete vector
lattice d generated by the operator Pk and by (%k the subspace of
the Hilbert space (% , on which the projection operator Pk is reulized.

By properties of the resolution, the operators Pk (k =0, 1,2y ¢ ¢ )

are pairwise disjunct; from proposition XI it follows that the subspaces

§r!

‘that the system ( (ﬁ, k) is complete in ‘% end that the components Q X

k=0,1,2, 400 ) are peirwise orthogonal. Formula (6) implies

generate 2 decomposition of the complete vector lattice 0[ (see Section 59,

Ch. I). For, if we suppose that the system of subspaces (%‘k’ generating

the subspace $ , were different from ‘% and P be the pfojection operator

oo &£, then by proposition VII it would follow that

-4
p= | P
k=0 ©

of strong convergence and thus P € Ul and P = sup Pk in

in the sense

(L . But this would contradict formula (6).
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Since Pk € Ol , 8ll subspaces (%‘k. are invarient relative

to the operator A and relative to eny operator of (1 .

The range of the operator B coincides with the domein of defini-
tion of the operator A2 and oD 2 c oDA. We have BP, = [Pk]B >
A

> (1/(k + 1))Pk-, therefore the operator BP has on’ ‘%k a positive

infimum end thus maps %’k onto (6;1{ which meesns that %k C o@ K
Thus the operator A is symmetric on (6. K* mapping all of C%'k into
jtself. Hence the operator A is bounded and self-adjoint on % X and

the operator Ak = APk is bounded and self-adjoint on all of % .

It is clear that all. Ak € 8 ., We verify that Ak € OL . Let
¢ € & , then teking into accownt that P, € (X , ve have CA_= CAPR

c ACPk = APkC = AkC. This means that Ak commutes with any C € 6 :

e

and therefore Ak € Ol .

AU TG

The operstors Ak are pairwise disjunct as elements of the complete

véctor lattice OL , and Ak is disjunct from P1 for k # J. From the

latter ve get that A € ([, for each k.

We form the wnion X of the complete vector lattices ak' Each

element x € X has the form

vhere Q‘k € ak' From the set of bounded self-adjoint operators Q’k

we construct t.he self=adjoint operator Q -in the space (% , coinciding

- - -
rong Rerd (XERS: keno
" [corY coryi

) [ — — o o
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on each % X with the operstor O (see proposition vi), Let Y

be the set of all self-adjoim:: operators cbtained by this method. Ve

have (X c Y. Moreover, if x=8 Pk, then the corresponding operator

coincides with A end therefore A€ Y.
By this construction one establishes a one=to-one correspondence

pbetween the elements of the complete vector lattice X and the operators

of ¥, and therefore, with the usual definitions for the algebralc opera=
tions and ordering. Y is turned into a complete vector lattice. BY
gection 62, Ch, I we note that E can be teken as unit in'Y and then by

Section 63, Ch, I we pet that the TWo pases H( (L ) and G(1)

coincide.

Thus we have an imbedding of the operabor A into a certain complete

vector lattice with unit, the basis of which consists of projections.

Then the spectral resolution of the operator A is potten in the same way

as for bounded self-adjoint operators further above. From the very method

for getting the spectral yesolution it directly follows that the spectral

family of & gelf-adjoint operator A consists of projection operators Et’

permuting with any operator C € ’0~ which permutes with A

A
(€0

iy
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APPENDIX
Stone's Representation Theorem: Every Boolean ring with unit is
isomorphic with the Boolean ring of ali open end closed subsets of
a totally disconnected compact Hausdorff space.
For & proof consult item.# 2 in the Bibliography.
Addendum to Section T5 of Chepter I:

A vector lattice E is‘called a generalized partially ordered
commutative ring with a multiplicative unit if for certain pairs of
elements X, ¥ € E there is. defined a product xy € E such that
1) if xy exists, then ¥X exists and Xy = ¥X3
2) if xy, (xy)z and yz exist, then x(yz) exists end

(xy)z = x(yz)s
3) if xz end yz exist, then (x ; y)z exists end (x+y)z = xz+yz§
4) in E there is en element i, called multiplicative wnit, such that

the product xi exists for any x € E and xi = x3

5) if xy exists and lxl| < |x| end |yl| < |yl, vhere . xy Xp5 Vs
y]‘e E, then XY, exists.

6) if x,y> 6 and xy exist, then xy > 0;

1) if xy exists, then (Ax)y exists for any real A and

(Ax)y = Mxy).

In any o-complete vector lattice E with unit 1 one cen define a
multiplication such thaet E Dbecomes & generalized partislly ordered

commutative ring in which 1 coincides with i (multiplicative unit).

let E be a o-complete vector lattice of bounded elements and 1

be a unit in E. Suppose that F is a function mepping E X E into
i

E as follows

e XERD| [XERD XERO'
vy | XERG XeRo: ‘/copv‘,
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1) Flx +-y,.Z) = Flx, z) + Fly, z), F(z, x +y) = F(z, x) + F(z, ¥);
2) F(x, 1) = F(1, %) = x; '
3) if xy > 6, then F(x,y) 2 6.

Then F(x, y) = Xy, where xy is the product defined further above,
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List of Special Symbols

(The enumerstion refers to the section number in Chapter I)

X positive part of x, 5
X negative part of x, 5
| x| nodulus of X, 5
+
A positive part of a set A, 5
A negetive part of a set A, 5
lAI modulus of a set A, 5
xdy disjunctness of two elements, 10

X, dX disjunctness of two sets, 10

(o)=lim order-convergent limit, 18
(r)-lim regulated convergence limit, 23
1 wit of a vector lattice, 2}

e zero of & vector lattice, 3

;f; (E) basis of a vector lattice E, 25

e! complement of & basis element e, 26
Xd disjunct complement of X, 37
[El]x projection of x onto the component El’ 39
de smallest component containing X, Ly ‘
Eu component generated by element u, bk ‘
[ulx projection of x onto component generated by U, LY
S X, 1attice theoretic union of elements, 51
t
o =9 (¢
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lattice theoretic union of sets, 61
trace of x, 68

+
trace of (M - x), 70

resolution of x, T0

NICED

(0)=lim § X, order convergent limit of & series, T3

P n=0
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