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ABSTRACT

This study presents reliability and availability analyses of four different types of robot-
safety systems with common-cause failures. The system failure rates and the partially
failed system repair tates are assumed constant, and the failed system repair time is
assumed arbitrarily distributed. Markov and the supplementary variable methods were
used to perform mathematical analysis of these models. Generalized expressions for state
probabilities, system availabilities, reliability, mean time to failure, and variance of time
to failure are developed. The models developed in this study can be applied to their
corresponding robot-safety systems to predict robot-safety system reliability and

availability, and to prepare appropriate maintenance scheduling policies.

it
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Chapter 1

INTRODUCTION

1.1  Background
The history of robots can be traced back to the fourth century B.C. in which Aristotle
presented the idea of the functional robot and stated: “ If every instrument could
accomplish its own work, obeying or anticipating the will of the others...”[88, 97]. In
1941, science fiction writer Isaac Asimov first used the word robotics to describe the
technology of robots and predicted the rise of a powerful robot industry. In the following
year (1942), Asimov wrote “Runaround”, a story about robots, which contained the
“Three Laws of Robotics” [89]:
e A robot may not injure a human nor, through inaction, allow a human being to
come to harm.
¢ A robot must obey the orders from humans except when such orders conflict with
the First Law.
e A robot must protect its own existence as long as such protection does not conflict
with the First or Second Law.
There are many definitions of the word “ROBOT”. For examples, Oxford English
Dictionary defines robot as an apparently human automaton, intelligent but impersonal
machine, while Webster English dictionary defines robot as a mechanism guided by
automatic controls. However, the following two definitions are widely used in the

industrial sector [90, 91]:



e An all purpose machine equipped with a memory device and terminal, capable of
rotation and of replacing human labor by automatic performance of movements.

e A programmable, multifunctional manipulator designed to move materials, parts,
tools, or specialized devices through various programmed motions for the
performance of a variety of tasks.

In 1960 there were probably not more than a few hundred robots throughout the world.
Since then the robot population has grown at a remarkable rate. By 1983 it reached
around 30,000 [92]. According to the International Federation of Robotics (IFR) and the
United Nations Economic Commission for Europe (UN/ECE) the worldwide industrial
robot population increased to 350,000 in 1987 and 710,000 in 1997 [93, 94]. A
conservative forecast for industrial robots for 2005 is 965,000 [95]. Figures 1.1 and 1.2
present a histogram for the population growth of the robots and percentage breakdowns

of robot world population for various countries, respectively.

1200000
1000000
800000
600000

400000

No. of Robots

200000

0

1983 1987 1997 2002 2005
Year

Figure 1.1 The population growth of industrial robots
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Figure 1.2 World population breakdowns of industrial
robots for the year 2002

Today robots are used in various sectors of industry for purposes such as arc or spot
welding, underwater exploration, outer space exploration, fire fighting, medical aid, and
relieving humans from performing hazardous tasks. The ever-increasing number of
robots and the large number of serious robot-related accidents indicate that safety is still
the prime concern in the design, installation, operation and maintenance of robots [96,
97]. Nonetheless, a robot must be safe and reliable. An unreliable robot may lead to
unsafe conditions, high maintenance costs, inconvenience, etc. Over the years, a vast
number of publications on robot reliability and safety have appeared. In 1991, Dhillon
listed over 460 publications on robot reliability and safety in his book entitled, “Robot
reliability and safety” [97]. For the period 1973 to 1997 a comprehensive review of

published literature on robot reliability and safety is presented in Ref. [87].



1.2 Literature Review: Robot Reliability and Safety

This section presents a review of published literature on robot reliability and safety for

the period covering 1997-2002 [1-86]. The sources of these publications are presenting in

Table 1.1.

Table 1.1: The sources of 86 publications reviewed

No.

1

13

14

Source (Journal name / Conference proceedings)

Journal of Robotic Systems

Proceedings of the IEEE International Symposium on Assembly and
Task Planning

Proceedings of the IEEE International Conference on Robotics and
Automation

IEEE Transactions on Reliability

Reliability Engineering & System Safety

Advanced Robotics

Accident Analysis & Prevention

Proceedings of the 2001 International Symposium on Micromechatronics
and Human Science

Proceedings of the 2000 International Symposium on Micromechatronics
and Human Science

Compliance Engineering

International Journal of Human Factors in Manufacturing

CIRP Annals

IEEE Transactions on Systems, Man & Cybernetics

Proceedings of the Annual International Conference of the IEEE on

Engineering in Medicine and Biology



17

18

19

20

21

22

23

24

25

26

27

28 .

29

30

31

32

32

33

34

35

Operations Research Letters

Proceedings of the IEEE International Conference on Intelligent Robots
and Systems

IEEE Transactions on Information Technology in Biomedicine

Journal of Intelligent Manufacturing

Journal of Guidance Control & Dynamics

Proceedings of the American Control Conference

International Journal of Robotics Research

Journal of Quality in Maintenance Engineering

Robotics & Autonomous systems

Journal of Infrastructure Systems

Proceedings of the IEEE International Conference on Systems, Man and
Cybernetics

Proceedings of the Annual Reliability and Maintainability Symposium
IEEE/ASME Transactions on Mechatronics

Proceedings of the First Joint BMES/EMBS Conference

Journal of Intelligent and Robotic Systems

IEEE Transactions on Robotics and Automation

Proceedings of the International Conference on Human Interfaces in
Control Rooms, Cockpits and Command Centres

International Journal of Modelling & Simulation

Robotica

Robotics World

Proceedings of the IEEE International Conference on Control
Applications

Mathematical Methods in the Applied Sciences



36

37

38

39

40

41

42

43

44

46

47

48

International Journal of Industrial Ergonomics

Proceedings of the International Workshop on Advanced Motion Control
The Industrial Robot

Chinese Journal of Mechanical Engineering (English Edition)
Proceedings of the IEEE/ASME International Conference on Advanced
Intelligent Mechatronics

Proceedings of the IEEE International Symposium on Industrial
Electronics

Proceedings of the IEEE International Workshop on Robot and Human
Communication

Proceedings of the IEEE International Conference on Intelligent
Engineering Systems

Proceedings of the International Conference on Nuclear Engineering
International Journal of Systems Science

Microelectronics &'Reliability

Proceedings of the ANS 7th Topical Meeting on Robotics and Remote
Systems

Journal of Robotics and Mechatronics

1.2.1 Classification of the Literature

The publications on the subject are classified into three broad categories: (i) robot

reliability, (i1) robot safety, and (ii1) miscellancous. The category of robot reliability is

divided further into three subcategories: methods, evaluation, and models to assess

overall robot system reliability. Similarly, the robot safety category is subdivided into

classifications such as general safety, human factors, safety methods/systems, and robot



safety standards. The miscellaneous category includes published literature that discusses
topics directly or indirectly related to both robot reliability and robot safety. All these
three categories and their sub-classifications are presented in Table 1.2 and reviewed
below.

Table 1.2: Categories of literature on Robot Reliability and Safety

(1) Robot Reliability

e Methods: [5] [29] [33] [40] [42] [58] [63]1[67] [73] [82]
e Evaluation: [50] [55] (78] [85]
e  Models: [19][23] [27] [70] [77] [79] (81]
(i1) Robot Safety
e General: (7] [8] [11] {12] [22] [31] [32] [35] [47] [54]
(66]
e Human Factors: [1] [9] [10] [16] (18] [21] [28] [36] [37] [38]
[43] [45] [46] [48] [59] [65] [68] [72] [74] [84]
[86]
e Safety Methods: [4] [6] [13] [14] [15] [26] [34] [56] [60] [62]
[61] [64]
(a) Safety Systems: (2] [3] [17] [20] [24] [25] [41] [49] [52] [53]
[71] [76]
o Safety Standards: [83]
(iii)  Miscellaneous [301[39][44] [51] [69][75][80]

1.2.2  Robot Reliability

With the ever-increasing utilization of robot technology in industries, the reliability of the
robot becomes an important issue. Over the past 5 years, many publications concerned
with robot reliability methods, evaluation and models have appeared. Their reviews are

presented below.



¢ Methods

In 1997, Cavallaro and Walker [82] described qualitative fault tree analysis by presenting
in detail the major failure modes of a robot manipulator-based system used for tank waste
retrieval. In the same year, Lendvay [73] presented a prediction method to demonstrate
that a mathematical character recognition based on the similarity of the reliability
parameters of components, can be applied for defining the reliability of the
electromechanical products. In 1998, Ulrich and Borenstein [67] developed an enhanced
Vector Field Histogram (VFH+) method for real-time mobile robot to improve the
smoothness and the reliability of the robot trajectory. In the same year, Shi et al. [63]
developed a new approach of robot on-line fault detection and diagnosis based on the
neural networks model of robot controlling system in Flexible Manufacturing Systems
(FMS). In 1998 and 1999, Lee et al. [58, 42] developed a new way of integrating human
and the robot, for robot path generation to increase the accuracy and the reliability of
teleoperation. In the following year, Carreras and Walker [40, 29] proposed a novel
alternative interval-based method for reliability estimation of a robot manipulator system
by using fault trees. In the same year, Dixon et al. [33] presented a prediction error based
fault detection method for robot manipulators. In 2001, Carreras and Walker [5]
developed further the robotic-based interval methods.

e Evaluation

In 1997, Monterverde and Tosunoglu [85] introduced a fault tolerance capacity measure
for Tobot systems by using serial and parallel mechanisms, kinematic redundancy, and
dual actuators. In the same year, Musto and Saridis [78] developed an entropy-based

reliability assessment technique for intelligent machines and concluded that the



minimization of entropy at all levels of the hierarchical control structure can be
interpreted as the maximization of a reliability bound. Two years later, Leuschen et al.
[55] investigated and evaluated the reliability of hydraulic robots by using the technique
of analytic redundancy. In the same year, Monterverde and Tosunoglu [50] developed
further the fault tolerance measure and demonstrated its application to serial and parallel
robotic structures.

e Models

In 1997, Dhillon and Fashandi [81] presented a general model for performing
probabilistic analysis of a robot system by using the Markov method. In the same year,
Harpel et al. [79] applied coverage models to the basic components of the joint of a robot
and performed analysis of a three-joint kinematically redundant robot manipulator arm.
In the same year, Younis and Hamed [77] developed a stochastic approach for modeling
the robot-served manufacturing system by introducing two new parameters of the robot
availability and the machine stoppage. In 1998, Leuschen et al. [70] developed a fuzzy
Markov model for analyzing fault tolerant designs under considerable uncertainty and
applied it to the MLDUA robot system. At the end, they concluded that computational
complexity is the main drawback of the model. In 2000, Michaelson and Jiang [27]
presented a novel model representing a redundant system in multiple mobile robots to
investigate overall system reliability and fault-tolerance capability. In the same year,
Savsar [23] developed a stochastic model to determine the performance of a flexible
manufacturing cell under random operational conditions. In the following year, Leuschen
et al. [19] presented a fuzzy Markov model to analyze a prototype hazardous waste

cleanup manipulator.



1.2.3 Robot Safety

Safety is an important issue in the design, manufacture, and operation of robots. This
section reviews publications that appeared after 1996.

¢ General Safety

In 1997, Varley [85] developed safety-related software for surgical robots by using the
techniques of identifying potential hazards and tracing their mitigating factors throughout
the project lifecycle. In the following year, Perret [66] discussed a case study for
concerning developing a service robot for nuclear safety. In 1999, Fox [54] pointed out
that robotic safety is everyone’s responsibility, including plant managers, buyers,
integrators, maintenance people, operators, and robot manufacturers. In the same year, a
new approach for real-time collision avoidance of position-controlled conventional six-
DOF arms and dexterous seven-DOF arms was developed and demonstrated by Seraji
and Bon [47]. In 2000, Gregory and Kangari [35] introduced a new methodology for
performing cost/benefit analysis of robotic system to reduce health risks and potential
deaths. In the same year, Rovetta [32] discussed the progress on telerobotic surgery
control and safety. Also, in the same year, Anderson et al. [31] introduced the integration
of modular telerobot control architecture, called ‘SMART’, into the accident response
mobile manipulator system (ARMMS) to improve precision, safety, and operability of
manipulators. A total of four publications appeared in 2001. Das [12] discussed specific
ergonomics problems of socio-psychological factors, system safety design,
communications, training, and workplace design with respect to industrial robots.
Armstrong [11] presented guidance for achieving functional safety of electronically

controlled equipment. Chan and Courtney [8] reported a survey conducted to examine the
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safety and ergonomics issues of robotic workplaces in Hong Kong. Hamada and Fujie [7]
discussed robotic applications in laboratory that support social safety.

¢ Human Factors

In 1997, Yamada [86] presented a human-oriented design approach for human-robot
coexistence based on human pain tolerance limit. Also, in the same year, three more
publications appeared. Yamada et al. [74] further discussed and proposed a human-robot
(H-R) coexistent system that allows H-R contact in the safeguarding space, and
demonstrated the validity and efficient utility of the safeguarding space by two practical
experiments. Kuroda [72] conducted an overall review of the influence of ethnic culture
on human-robot cooperation. Morita and Sugano [68] proposed a safety design
methodology for human symbiotic manipulator. In 1998, Shibata and Inooka [84]
investigated a psychological evaluation of human arm motions and robot arm motions by
using the rating scale method. Wakita et al. [65], in the same year, proposed physical and
intelligent augmentation to the coexisting robotic systems and realization of safety
through information sharing. In 1999, Lin and Wang [59] analyzed human errors and
robot failures associated with a human-robot drilling system and proposed
countermeasures and feasible recommendations to enhance the hybrid system’s safety
and performance. In the same year, Graves and Czarnecki [48] discussed the design of a
man-machine interface for a mobile telerobot to reduce operator workload and error rates.
Also, in 1999, Ikuta and Nokata [46] developed a safety evaluation method for human-
care robots and defined safety values for devising general safety strategies for these
robots. Also, in 1999, six more publications appeared. Takanobu et al. [45] studied

remote interaction between human and humanoid robot. Lim and Tanie [43] presented a
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study of human behaviour in a collision environment by using a human-friendly robot
with passive viscoelastic trunk. Kajikawa et al. [38] analyzed human arm movements of
catching a moving object for improving robot safety. Yamada et al. [37] presented Fault
Tree Analysis (FTA) concerning robot-human safety. Yamamoto et al. [36] demonstrated
that fuzzy control is an effective method to realize the robot’s avoidance motion. Morita
and Sugano [21] developed a technology map for standardizing safety measurements of
human symbiotic robots. In 2000, Lim and Tanie [28] investigated the technologies of
human robot symbiosis and performed research on human safety mechanisms of human-
friendly robots. They also proposed a human-friendly robot with passive viscoelastic
trunk and passively movable base. In the same year, Traver et al. [18] presented elusive
and ergonomic strategies for making service robot human-safe and human-friendly. Song
et al. [16], in the same year, proposed visual mechanism, based on space variant vision, to
improve human-robot interaction in rehabilitation robots. Also, in 2000, Ikuta et ak [9]
proposed a danger evaluation method for human-care robots. In the following year, Tkuta
et al. [10] developed a robot simulator (SAFE-CAD) for the danger evaluation of various
types of human-care robots operating under various environments. In 2001, Dario et al.
[1] reviewed different approaches and technological implementations in the area of
humanoid and personal robotics.

o Safety Method

In 1997, Caccavale and Walker [56] proposed a new fault detection scheme based on a
full-state diagnostic observer for robotic manipulators. In 1998, Aghazadeh et al. [64]
presented a hazard analysis method to evaluate and improve the safety of robotic work

cells. Also, in 1998, Juang [62] proposed a computer-aided potential field method for
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manipulator collision avoidance. In the same year, Lankenau et al. [61] addressed the
development of a real-time safety layer for an electrically driven wheelchair and
presented a new formal design method for safety improvement in rehabilitation robots. In
1998 [60] and later in 2000 [34], Yang and Meng proposed an efficient neural network
model for real-time path planning with safety consideration in a nonstationary
environment. Also, in 1998, Shen et al. [57] proposed an approach to solve the problem
of robot motion planning and collision avoidance. Two years later, Roger and Mclnnes
[26] presented a path-planning method to generate safe trajectories for a small free-flying
robot camera. In the same year, Fei et al. [15] put forward a methodology of hazard
identification and safety insurance control (HISIC) for the enhancement of safety of
medical robot. In the following year, Fei et al. [6] developed a safety model with three
axes (software, hardware and HISIC) to analyze potential hazards of medical robotics. In
2001, Zurada et al. [14] presented a neuro-fuzzy approach to robot system safety with the
utilizations of an integrated sensing architecture and detection and decision logic. Burger
et al. [13], in the same year, studied the design and test of a fail-safe numerical control for
robotic surgery. Also, in 2001, Tunstel et al. [4] presented fuzzy logic approaches with
respect to robot safety and survivability.

(a) Safety Systems

In 1997, Pegman and Reed [76] suggested that more complex electromechanical systems
with competent control systems could be quite beneficial to improve safety of remote
robot operations. In the same year, Rachkov [71] reviewed software and hardware
measures to organize safety systems of technological climbing robots. In 1998, Lawn and

Takeda [53] presented robotic-hybrid wheelchair designs for applications in barrier
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present environments. A total of four publications appeared in 1999. Karlsson [52]
developed a capacitance sensor for safeguarding operators of industrial robots. Kawaji et
al. [49] proposed a safety system for human-machine co-operation. Kim et al. [41]
developed tele-robotic safe systems for preventive maintenance and remote inspections
for use in nuclear power plants. Komatsu et al. [20] introduced a safety mechanism by
using a gas spring. In 2000, Karlsson et al. [25] proposed a dynamic safety system based
on sensor fusion for use in industrial robots. In 2001, Beerthuizen and Kruidhof [24]
presented system and software safety analysis of the European Robotic Arm (ERA). In
the same year, Vanderperre [17] performed stochastic analysis with respect to availability
of a robot-safety device. Also, in 2001, Engel et al. [3] introduced a safety robot system
for use in craniofacial surgery. Takaoka et al. [2], in the same year, reviewed the
development of a live-line maintenance robot and introduced a new intelligent system for
a fully automatic live-line maintenance robot.

e Safety Standard

In 2000, Fryman [83] proposed a robot safety standard for the design and installation of
industrial robots.

1.2.4 Miscellaneous

In 1997, Dhillon and Yang [80] presented reliability and availability analysis of a
redundant robot system with one safety system. In the same year, for achieving high
reliability and safety of manufacturing systems Zeng [69] studied maintenance of car
assembly lines. Also, in 1997, Dhillon and Fashandi [75] presented an overview of safety
and reliability assessment techniques in robotics. Two years later, Dhillon and Fashandi

[51] presented reliability and availability analysis of a robot with duplicate safety units.
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In 1999, Fei et al. [44] discussed a methodology of the verification & validation (V&V)
to ensure the safety and reliability of a medical robot software. In the same year, Li et al.
[39] proposed a Max-plus algebra model for human/machine cooperation to improve
safety, reliability, and fault tolerance of operations in teleoperation systems. In 2000,
Dhillon and Aleem [30] reported the results of a survey of Canadian robot manufacturers
and users concerning robot reliability and safety.

1.3  Objective of the Study

Robots are complex and sophisticated machines, and many robot systems involve
interaction between humans and robots, thus the reliability and safety of robots are very
important. In usual robot reliability and availability analyses, the occurrence of common-
cause failures is overlooked and only general failures are considered. A common-cause
failure may be defined as any instance where multiple units or elements fail due to a
single cause [98]. Under such conditions, the end results may not present a true picture
regarding the actual system reliability and availability. The main objective of this study
was to perform effective reliability and availability analyses of robot-safety systems with
common-cause failures. To meet this objective, the correlatign of reliability, safety, and
the occurrence of common-cause failures are carefully considered for four types of robot-
safety systems. Markov and the supplementary variable methods were used to perform
mathematical analysis of these systems, and specific expressions for state probabilities,
system availabilities, reliability, mean time to failure, and variance of time to failure were
developed.

Comparing this thesis with those of previous researchers, the main contributions of the

study are:
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e The models in this study integrated general failures (hardware failures), common-
cause failures and general repairable system.

e The models in this study considered common-cause failures to occur from any of
the operable states of the system when at least two units are functioning normally
and generalized the failed system repair time process with various distributions
that may be of more practical significance.

e The models in this study can be applied to their corresponding robot-safety
systems to predict robot-safety system reliability and availability, and to prepare
appropriate maintenance scheduling policies.

1.4  Organization of the Study

This study is presented in six chapters.

Chapter 1 provides a brief background of robot reliability and safety and a detailed
review of published literature for the period 1997-2002.

Chapter 2 presents stochastic analysis of a robot-safety system having one robot and n-
redundant safety units with common-cause failures.

Chapter 3 presents stochastic analysis of a robot-safety system having redundant robots
(k-out-of-n) and one safety unit with common-cause failures.

Chapter 4 presents stochastic analysis of a robot-safety system having n-redundant robots
and m-redundant safety units with common-cause failures.

Chapter 5 presents stochastic analysis of a robot-safety system having one robot and
redundant safety units (k-out-of-n) with common-cause failures.

In Chapters 2-5, the system failure rates and the partially failed system repair rates are

assumed constant, and the failed system repair time is assumed arbitrarily distributed.
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Markov and the supplementary variable methods were used to perform mathematical
analysis of the models. Markov method is a reliability analysis approach used for systems
with constant failure and repair rates, while supplementary variable method can be used
to perform reliability analysis of systems with constant failure rates and time-dependent
failed system repair rates. Generalized expressions for state probabilities, system
availabilities, reliability, mean time to failure, and variance of time to failure are
presented. Some special case models are also presented.

Chapter 6 presents conclusions and recommendations for future studies.
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Chapter 2

STOCHASTIC ANALYSIS OF A ROBOT-SAFETY SYSTEM
CONTAINING ONE ROBOT AND
N-REDUNDANT SAFETY UNITS

WITH COMMON-CAUSE FAILURES

2.1  Introduction

Robots are complex and sophisticated machines. Past experiences indicate that robots can
constitute a source of great danger to humans. Robot safety is of utmost importance as
Ramirez pointed out, “In short, safety is a concern because generally robots are extremely
strong, fast, deaf, dumb, blind, automatic, and therefore dangerous” [99]. There is
absolutely no doubt that a robot not only has to be reliable, but also safe. Thus, the safety
unit is an important element of the overall robot system. More specifically, an overall
robot system is made up of a robot and its associated safety units. In effective robot
reliability and availability analyses, the coupling between reliability and safety must be
studied and the occurrence of common-cause failures considered.

The concept of redundancy is widely used to increase the safety and reliability of a
system. It can also be applied to the robot-safety systems, in particular to safety units.
Therefore, this chapter presents reliability and availability analyses of a robot-safety
system having one robot and n-redundant safety units with common-cause failures. The
system failure rates and the partially failed system repair rates are assumed constant, and

the failed system repair time is assumed arbitrarily distributed. Markov and the
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supplementary variable methods were used to perform mathematical analysis of this
model. Generalized expressions for state probabilities, system availabilities, reliability,
mean time to failure, and variance of time to failure are developed. A special case model
(n=2) is presented.

2.2  The Description of the Robot-Safety System

The block diagram of the robot-safety system having one robot and n-redundant safety
units with common-cause failures is shown in Figure 2.1, and its corresponding state
space diagram is given in Figure 2.2. The numerals and letter n in boxes and ellipses of

Figure 2.2 denote system states.

N
1 A ’
2 C
i ,n i
A the robot

B: n-identical safety units

C: common-cause failures

Figure 2.1 Block diagram of the robot-safety system with common-cause failures.
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Figure 2.2 The state space diagram of the robot-safety system with common-cause
failures. The numerals and letter n in squares, rectangles, and ellipses
denote system states and fi=(n-i)As, for i=0, 1, 2,..., n-1.
At time t=0, the robot and all n safety units start operating. The robot-safety system can
fail due to the failure of the robot itself or the occurrence of a common-cause failure.
Nonetheless, the robot-safety system will function normally until at least one safety unit
and the robot are operating normally. The system goes through (n+1) distinct operating
states. A common-cause failure can occur only if at least one safety unit is functioning
successfully. Once all n safety units fail, the robot may continue to operate and
subsequently it may fail either safely or with an incident. The degraded or fully failed

robot-safety system is repaired.
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Assumptions

The following assumptions are associated with this model:

t)

(ii)
(i)
(iv)
W)
(v

(viii) The overall system fails when the active robot fails or a common-cause failure

The robot-safety system is composed of one robot and n identical safety units.
The redundant safety units are operating simultaneously.

All failures are statistically independent.

All failure rates and the partially failed system repair rates are constant.

The failed robot-safety system repair rates can be constant or non-constant.

The repaired robot or a safety unit is as good as new.

occurs.

Notation

The following symbols are associated with the model:

i

i state of the overall robot-safety system: for i=0, means robot and all n
safety units are in perfect working condition; for i=1, means robot and n-1
safety units operating normally while one safety unit has failed; for i=k (where
k=2,3,...,n-1), means the robot and n-k safety units operating normally while
k safety units have failed; for i=n, means robot operating normally while all n
safety units have failed.

j™ state of the failed robot-safety system: for j=n+1, means robot failed with
an incident and all n safety units have also failed; for j=n+2, means robot
failed safely and all n safety units have also failed; for j=n+3, means robot
failed itself while at least one safety unit is functioning; for j=n+4, means
robot-safety system failed due to a common-cause failure.

time
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Ax

Hi(x)

pi(x,AX

pdf

zj(x)

Pi(H)

Pi(t)

P;

Constant failure rate of the safety unit.

Constant failure rate of the robot failing with an incident.

Constant failure rate of the robot failing safely.

Constant failure rate of the robot.

Constant common-cause failure rate of the robot-safety system in state i; for i
=0,1,2,...,n-1.

Constant repair rate of the safety unit in state i; fori=1,2,...,n.

Finite repair time interval.

Time-dependent repair rate when the failed robot-safety system is in state j
and has an elapsed repair time of x; for j = n+1, n+2, n+3, n+4.

The probability that at time t, the failed robot-safety system is in state j and
the elapsed repair time lies in the interval [x, x+Ax]; for j = n+1, n+2, n+3,
nt+4.

Probability density function.

pdf of repair time when the failed robot-safety system is in state j and has an
elapsed time of x; for j =n+1, n+2, n+3, n+4.

Probability that the robot-safety system is in state i at time t; for i=0,1,...,n.
Probability that the robot-safety system is in state j at time t; for j = n+1, n+2,
n+3, n+4,

Steady-state probability that the robot-safety system is in state i; for i =
0,1,...,n

Steady-state probability that the robot-safety system is in state j; for j = ntl,

n+2, nt3, n+4.
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Pi(s)

Pi(s)

AV(s)

AV,(s)

AVi(t)

AVK(t)

SSAVs

SSAV;

Re(s)

Ri(s)

Ry(t)

Laplace transform variable.

Laplace transform of the probability that the robot-safety system is in state i;
fori=0,1,...,n

Laplace transform of the probability that the robot-safety system is in state j;
for j=n+1, n+2, n+3, n+4.

Laplace transform of the robot-safety system availability when the robot
working with at least one safety unit.

Laplace transform of the robot-safety system availability when the robot
working with or without the safety unit(s).

Robot-safety system time-dependent availability when the robot working with
at least one safety unit.

Robot-safety system time-dependent availability when the robot working with
or without the safety unit(s).

Robot-safety system steady state availability when the robot working with at
least one safety unit.

Robot-safety system steady state availability when the robot working with or
without the safety unit(s).

Laplace transform of the robot-safety system reliability when the robot
working with at least one safety unit.

Laplace transform of the robot-safety system reliability when the robot
working with or without the safety unit(s).

Robot-safety system reliability when the robot working with at least one

safety unit.
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Ry(t) Robot-safety system reliability when the robot working with or without the
safety unit(s).

MTTF, Robot-safety system mean time to failure when the robot working with at least
one safety unit.

MTTF: Robot-safety system mean time to failure when the robot working with or
without the safety unit(s).

o Robot-safety system variance of time to failure when the robot working with
or without the safety unit(s).

2.3  Generalized Robot-Safety System Analysis

Using the supplementary method [100,101], the system of Equations associated with the

diagram shown in Figure 2.2 can be expressed as follows:

PO 1 b0y = PO+ 3 [} P 0w, (exie @1
dp,()

S L a RO = (=4 DALLO P (for i=120n=]) 22)

drp, (1)

— talO=4F,0) 23)
oP.(x,t) OP,(x,1)
o T e THOREN=0 2.4)
(for j=n+Ln+2,n+3,n+4)
where

a, =nd, + 4, +2,
a,=(n-A,+A4, +A,+ 4, (for i=12,.,n-1)

an =ln‘+ﬂ’rs+ﬂn
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The associated boundary conditions are as follows:

P, 0,0)=4,P,() (2.5)
P,.,(0,1)=4,P,(t) (2.6)
Pn+3(0’t) = ﬂrnz—ll)l(t) (27)
P,..(0,0)= E%R(f) (2.8)

At time t=0, Py(0)=1, and all other initial condition state probabilities are equal to zero.
2.3.1 Time Dependant Availability Analysis

Using the Laplace transform technique and the initial conditions in Equations (2.1) -

(2.8), we get
(5+a)P,(s) =1+ 4P, (s)+ Z [P, (x.5)t, () 2.9)

(s+a)P(s) = (=i + DAP () + o Pu(s)  (for i=12,.n=1)  (210)
(S+an)Pn(S) = ﬂ’sPn—l(S) (211)

aP;(x,s)

sP;(x,8)+ + 4, (x)P;(x,8)=0 (2.12)

(for j=n+Ln+2,n+3,n+4)

and the boundary conditions:

P, (0,5) = A,P,(5) (2.13)
P,,(0,5)= AP, () (2.14)
P,;(0,5)= lr'f:Pi (s) (2.15)
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n-1

P,s(0,5)= Y AP ()
i=0
Solving differential Equation (2.12), we get the following expression:
P(x,5)=P,(0,5)™ exp[—[: 1,;(8)ds)
(for j=n+Ln+2,n+3,n+4)
Since
P.(s)= [:PJ.(x,s)dx (for j=n+Ln+2,n+3,n+4)

and together with Equation (2.17), we get

Pj(S)=Pj(0,S)1_Z'j(S) (for j=n+ln+2,n+3n+4)
where
L P,(0,5); ¢ exp[~; p1,(8)dSHix
(for j=n+lLn+2,n+3,n+4)
or

Z,()=[ ez, (®dx  (for j=n+ln+2n+3n+4)

z,(x) = expl-[ ,(8)ddu, (x)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

.21)

where zj(x) is the failed robot-safety system repair time probability density

function.

Using Equations (2.10), (2.11), and (2.19), together with

n ntd 1
PRACED N AOE,

i=0 J=n+l

we get the following general form of state probability solutions:
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N(s)

PO)= S

(for i=0]1,..,n)

N, (s)
M(s)

P.(s)= (for j=n+Ln+2,n+3,n+4)

where

_— nﬂ‘slul
bos+ u -k,

(n=i+DAu, .
iy DA =12,.,n-1
Grag-k, I "D

k, =tk

ﬂ rsIl

i=1 ﬂ:

n-l m k

A, = A0+ (T-D1

m=l =1 i

n-1

a4 =ﬂ'::0+2( H_)

m=1 i=1 i

M(A)—A(I+ZH——+§ - Z(b)

Ny(s) =1

N,(s)= H N(s (for i=0,12,..,n)

m-l

[-Z (s
Nj(b')=u (for j=n+Ln+2,n+3,n+4)
R
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Thus, the Laplace transform of the robot-safety system availability with at least one

working safety unit is

P Y N,)
)=y P(s) =22 229
D=3 R0 =2 (229)

Similarly, the Laplace transform of the robot-safety system availability with or without
working safety units is given by

" Zn:Ni(S)

AV, (0= 2RO =5

(2.30)

Substituting the Laplace transform of z(x) for different repair time distributions in
Equations (2.29) and (2.30), and taking the inverse Laplace transforms of the resulting
equations, we can get the time-dependent system availabilities, AV (t) and AV (t).

2.3.2 Steady State Availability Analysis

As time approaches infinity, state probabilities reach the steady state. Thus, Equations

(2.1) — (2.8) reduce to Equations (2.31) — (2.38), respectively.

n+4

a,P, = i, P, +,-=Zm [:Pj (), (x)dx (2.31)
a.P =(m-i+DAP + U, Py  (for i=12,.,n-1) (2.32)
a,p,=AP,, (2.33)
dP;ix)wj(x)Pj(x):o (for j=n+ln+2,n+3,n+4) (2.34)
P, (0)=4,P, (2.35)
P,,(0)=4,F, (2.36)
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pL=45"P 237)

i=0

n—1
P, (0)=) AP, (2.38)

i=0

Solving Equation (2.34), we get

Pj(x)=ﬂ.(0)exp[—[0xﬂj(§)d§] (for j=n+Ln+2,n+3,n+4) (2.39)
After a failure the robot-safety system under repair steady state condition probability is
given by

P =[P®dx  (for j=n+Ln+2n+3n+4) (2.40)
Substituting Equation (2.39) into Equation (2.40), yields

P, =P (0)E,[x] (for j=n+lLn+2,n+3,n+4) (2.41)

where

E,(x) =[] expl-[ 11, (8)dsldx

- (2.42)
= L xz ;(x)dx

which is the mean time to robot-safety system repair when the failed robot-safety
system is in state j and has an elapsed repair time of x.

Substituting Equations (2.35) - (2.38) into Equation (2.41), we get:

P, =4,PE,,[x] (2.43)
Pn+2 = /’lrsPnEn+2[x] (244)
n—1
Pn+3 = 2’rZPiErHB[x] (245)
i=0
n—1
P..=Y APE,,[x] (2.46)

i=0
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Solving Equations (2.32), (2.33), and (2.43) - (2.46), together with

43P <1 (2.47)
i=0 J=n+l

lead to the following general form of the steady state probability solutions:

n+4
Py=(L+ Y LE[xD" = L (2.48)
J=n+l G
L, i L .
p==p, =]][=PR  (for i=12,.,n~1) (2.49)
K, m=t Hm
L n L
P ==2pP_ =T]=P, (2.50)
/‘tn ' Elltul °
P, =L,E [x]F, (for j=n+Ln+2,n+3,n+4) (2.51)
where
L= 1+ZH—L'—
m=] i=| lui

L = Q}____lj-w’_ (for i=12,.,n-1)
a.

L., = l,(l+§ﬁ£

m=1 i=l i
n-1 m

Ln+4 = ﬂco + Zﬂml—[%
m=1

i=1 i
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G=L+ ijEj[x] | (2.52)

J=n+l
The generalized steady state availability of the robot-safety system with at least one
working safety unit is expressed by
L- Hi
n—1 - - ﬂ
SSAV, =Y P, =—2t (2.53)
par G
Similarly, the generalized steady state availability of the robot-safety system with or

without working safety units is given by

SSAV, =Y P, = EL;' (2.54)

i=0
For different failed system repair time distributions, the values of G are obtained as
follows:
(i) When the failed robot-safety system repair time x is exponentially distributed, the

probability density function of the repair time is
z;(x)=pe” (;>0, j=n+Ln+2,n+3,n+4) (2.55)

where x is the repair time, and J; is the constant repair rate of state j. Thus, the

mean time to robot-safety system repair, E;[x], for the exponential distribution is
E [x]= l‘(;mxzj(x)cbc=L (for j=n+Ln+2,n+3,n+4) (2.56)
Ky
Substituting Equation (2.56) into Equation (2.52), we get

n+4 1

G=G, =L+ ) (L;— (2.57)

J=n+l j
(i) When the failed robot-safety system repair time x is gamma distributed, the

probability density function of the repair time is
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(i)

B
Hy X

r(B)

Bl =i

L>0) (2.58)

zj(x) =

(for j=n+ln+2,n+3,n+4)
where x is the repair time, I'(B) is the gamma function, and p and p; are the shape
and scale parameters, respectively. Thus, the mean time to robot-safety system

repair, E;[x], for the gamma distribution is

E,[x]= [:xzj(x)dx = ;ﬂ— (for j=n+Ln+2n+3n+4) (2.59)

j

Substituting Equation (2.59) into Equation (2.52), we get

' n+4
G=G,=L+), (Ljﬁ) (2.60)
J=n+l J

When the failed robot-safety system repair time x is Weibull distributed, the

probability density function of the repair time is expressed by

2, =, fHe™ Y (B>0) (2.61)
(for j=n+lLn+2,n+3,n+4)
where X is the repair time, and [ and J; are the shape and scale parameters of the

Weibull distribution, respectively. Thus, the mean time to robot-safety system

repair, E;[x], for the Weibull distribution is given by

B )= [, e = ()" 5T 2.62)

(for j=n+ln+2,n+3,n+4)

Substituting Equation (2.62) into Equation (2.52), we get

n+4 1 1 1
G=G, =L L(—)" =T (- 2.63
v +,§il[ ’(ﬂ,) 7 (/),)] (2.63)
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(iv) When the failed robot-safety system repair time x is Rayleigh distributed, the

probability density function of the Rayleigh distribution is expressed by
2,(0) = wxe ™ (u,>0) (2.64)
(for j=n+lLn+2,n+3,n+4)

where x is the repair time, and | is the scale parameter. Thus, the mean time to

robot-safety system repair, Ej[x], for the Rayleigh distribution is

E,[x]= [ xz,(m)ax = |- (2.65)

4y,
(for j=n+Ln+2,n+3,n+4)
Substituting Equation (2.65) into Equation (2.52), we get

n+4
G=G, =L+ (L, Z’i—) (2.66)

J=n+l J
When the robot-safety system repair time x is lognormal distributed, the probability

density function of the repair time is

~(nx-p, )
[——s1

20,

1 2
z(X)=—m——=e 7 (for j=n+Ln+2,n+3,n+4) (2.67)
i) x0, V2%

where x is the repair time, and Inx is the natural logarithm of x with a mean and

variance |1 and &7, respectively. The conditions on parameters are as follows:

O-Jt
o, =l [I+(—)" ,
! H,

(2.68)
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(for j=n+lLn+2,n+3,n+4)
Hence, the failed robot-safety system mean time to repair, E;[x], for the lognormal

distribution is

a,,2
T (for jEn+ln+2,n+3,n+4) (2.69)

Substituting Equation (2.69) into Equation (2.52), we get

a,,2

n+4 ( /1)'/ +T

G=G, =L+ Y [Le

J=n+l

g (2.70)

2.3.3 System Reliability, MTTF, and Variance of Time to Failure
Setting n+1(X)=Mn+2(X)=Mn+3(X)=Un+4(x)=0 in Figure 2.2. With the aid of Markov method,

the system of differential equations becomes

B | o b @)= P (1) @.71)
B | 0, p1) = (=14 DAPLO + P ) @72)
(for i=12,..n~1)

d’; 2D 0 P )= AP() 2.73)

"; O_21.r0 @79
ar L) D_1p0 (2.75)
0, S -
i%“l:gzﬂ P () @77)
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At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.
Taking the Laplace transforms of Equations (2.71) - (2.77) and solving the resulting set

of Equations, we obtain the following Laplace transforms of state probabilities:

n_ i k nt4 )
Py(s)=[s(1+ ZHﬂ—’”+ > ’af ) (2.78)
P(s)= ﬂ%"‘—PO () (for i=12,..,n) (2.79)
PJ.(s)=£lSiPo(s) (for j=n+Ln+2,n+3,n+4) (2.80)

The Laplace transform of the robot-safety system reliability with at least one working

safety unit is

R,()=3 26 =0+ ST[R6) @81

Utilizing Equation (2.81), the robot-safety system mean time to the failure is obtained as

follows [103]:
n-1 m
)15
MTTF,, =lmR,,(s) = — =2 (2.82)
2L
J=n+l

Similarly, the Laplace transform of the robot-safety system reliability with or without the

working safety units is

R©=3 20 =0+ 2R 283)

i=0 m=l j=] i

The mean time to failure under this condition is
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1+ZH—

MTTF, =limR,(s) = — =200 (2.84)

n+4

2L

J=n+l
The time-dependant robot-safety system reliabilities, Ri(t) and Ry(t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (2.81) and (2.83).

The system variance of time to failure is expressed by [103]

ol=-2 LmR,'(s) - (MTTF, )?

nt+d

2(1+ZH—)(1+ZH L+ Y a,) 2Zk (2.85)

m=1 i=l i m=l i=1 ,' J=n+l

pro - — = (MTTE))’
J=ntl J=n+l

where

R,(s) denotes the derivative of R«(s) with respect to s.

= hm(H (for m=12,...,n)
i=1 i
dj—-ls1_r)r01a (for j=n+Ln+2,n+3,n+4)

adn+l = £l_r)1;)1an+l = /lrikdn

adn+2 = 11n‘larH-Z = Z‘rskdn
s—=0

n=l
adn+3 = hmam—] = ﬂ‘rzkdm
5—0

m=1

n—-1
Ainea = hman+4 = Zﬂ’cmkdm
50

m=1

mk, , k.
d1 -k—')' denotes the derivative of [ [— with respect to's.

#=1 i =l i

36



aj’ denotes the derivative of aj with respect to s.
The number of safety units to be incorporated within the robot-safety system is the matter
of desired level of safety. More safety units we use, the better system reliability and
MTTF we achieve. For the specified values of model parameters, the plots of Equations
(2.81) (i.e., after taking inverse Laplace transform), and (2.82) are shown in Figures 2.3

and 2.4, respectively.

o 2,=0.0006, 1,=0.0004, A,=0.0005, 1,=0.0006, A,=0.0002
= 2:=0.0001 (for i=1, 2, ...,n-1), j;=0.0009 (for i=1, 2, ...,n)
= ]
& 0.8 1 =0 (for j=n+1, n+2, n+3, n+4)
P
'E 0.61
T ]
@ 3
E 0.4
7 ]
=
75
=]
]
o
i 4

0.2'.

0777300 400 600 800 1000 1200 1400 1600 1800
Time, t

Figure 2.3 Reliability plots of an irreparable robot-safety system with at least one

working safety unit.
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2,=0.0006, 1,=0.0004, A,=0.0005, A,=0.0006,
4007 4=0.0001 (fori=l, 2, ...,n-1), 1;=0.0009 (for i=1, 2, ...,n)
-.200 p; =0 (for j=n+1, n+2, n+3, n+4)

Robot System Mean Time To Failure, MTTFrs

Common-Cause Failure Rate, A,

Figure 2.4  Mean time to failure plots of an irreparable robot-safety system with at

least one working safety unit.
2.4  Special Case Model 2.I: (n=2)
For n=2 in Figures 2.1 and 2.2, the model becomes for a system having one robot and
two redundant safety units’. The corresponding system of Equations can be obtained
from Equations (2.1)-(2.8) by setting n=2. Furthermore, robot-safety system state
probabilities [Pi(t), Pi(t), P Pj], availabilities [AVi(t), AVi(t), SSAVy, SSAV],
reliabilitieys [Rus(t), Re(t)], mean time to failure [MTTF;, MTTF;], and variance of time to
failure [0°] can also be obtained by inserting n=2 into the corresponding generalized
Equations.
2.4.1 Time Dependant Availability Plots for n=2
Setting:
A=0.0006, As=0.0004, A,=0.0005, A~=0.0006, A=0.0002, Ac=0.0001,

1=41,=0.0009, 1=0.0010, pe=0.0011, ps=0.0012,  ps=0.0006

" Detailed analysis is provided in Appendix A.

38



in Equations (2.23)-(2.24) and (2.29)-(2.30), and for gamma distributed failed system
repair times using Maple computer program [102], the time-dependant plots of robot-
safety system state probabilities and availabilities are shown in Figures 2.5 and 2.6,
respectively.

2.4.2 Steady State Availability Plots for n=2

Setting:

A=0.0006, A;=0.0004, A,=0.0005, A~=0.0006, A,=0.0001,

w1=p2=0.0009, W3=0.0010, ns=0.0011, ps=0.0012, pe=0.0006

in Equation (2.53), and for gamma and Weibull distributed failed system repair times
using Maple computer program [102] plots for SSAV, are shown in Figures 2.7 and 2.8,

respectively.

14 A:=0.0006, A,;=0.0004, 1,,=0.0005, 1=0.0006,
] A=0.0002, ,,=0.0002, p,=1,=0.0009,
o8] \ 15=0.0010, 1,=0.0011, 15=0.0012, }15=0.0006
o ] 5
= 1 n= Pa(t)
= E].B.'_
® ] Py(t)
= ]
=
O 0.44 |
o - Pi®) Ps(t)
i ]
w
' ] . Py(t
0.21 — o)
: - Pa(t)
» T —
]

200 400 600 800 1000 1200 1400 1600 1800
Time, t

Figure 2.5 Time-dependent probability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.
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Figure 2.6

Figure 2.7

Robot System Availability, AV(t)

0.8
0.67
0.4]

0.2

n=

AV ()
A=0.0006, A,=0.0004, A,=0.0005, A,=0.0006, AV (t)
Aw=0.0002, A;=0.0002, p1,=1,=0.0009,
113=0.0010, 1,=0.0011, 11s=0.0012, 115=0.0006

---------

Time, t

Time-dependent availability plots for a robot-safety system with gamma

distributed (f=2) failed system repair time distribution.

Robot System Steady State Availability, SSAVrs

0.83
077 n=

0.4 ’ )
1 — : p=1.0
”"’z\sw

0.2 B=2.0

0.1

2,=0.0006, A:=0.0004, A=0.0005, A,=0.0006, A;;=0.0001
p1=H2=0.0009, 13=0.0010, 11,=0.0011, ps=0.0012, ps=0.0006

o

" 00002 00004 00005 00008  0.001
Common-Cause Failure Rate, Aeq.

Robot-safety system steady state availability versus common-cause failure

rate (Aco) plots with gamma distributed ($=0.5, 1, 1.5, 2) failed system

repair time distribution.
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n“__
B=2.0

0.8+ B=1.6

\ B=1.2

0.6

0.4-:\\\\ B0

0_2_-: 2s=0.0006, A=0.0004, A=0.0005, 1,=0.0006, A;;=0.0001
1 H=z=0.0009, 115=0.0010, j1;=0.0011, s=0.0012, pe=0.0006

077 gobo2 00004 00006 00008  0.007
Common-Cause Failure Rate, A.

Robot System Steady State Availability SSAVrs

Figure 2.8 Robot-safety system steady state availability versus common-cause failure
rate (Aco) plots with Weibull distributed (B=1.0, 1.2, 1.6, 2) failed system

repair time distribution.
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Chapter 3

STOCHASTIC ANALYSIS OF A ROBOT-SAFETY SYSTEM
CONTAINING K-OUT-OF-N REDUNDANT ROBOTS
AND ONE BUILT-IN SAFETY UNIT

WITH COMMON-CAUSE FAILURES

3.1 Introduction

In Chapter 2, the redundancy of safety units is used to increase the safety and reliability
of a robot-safety system. In this chapter, the redundancy of n robots is considered along
with one built-in safety unit to perform same or similar tasks. At least k robots must be
operative for the robot-safety system success. More specifically, the robot system
consists of n identical independent robots of which at least k (<n) robots must function
normally for the robot system to operate successfully.

The chapter presents reliability and availability analyses of a mathematical model
representing a robot-safety system having n-redundant robots and one built-in safety unit
with common-cause failures. Expressions for state probabilities, system availabilities,
reliability, mean time to failure, and variance of time to failure are developed. Two

special case models (i.., 1-out-of-2 and 2-out-of 3) are presented.
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3.2  The Description of the Robot-Safety System

The block diagram of this robot-safety system having n-redundant robots and one built-in
safety unit with common-cause failures is shown in Figure 3.1 and its corresponding state
space diagram is given in Figure 3.2. The numerals and letters n and k in the boxes and

ellipses of Figure 3.2 denote system states.

A

N

1 :.... _____ .__.lA/

1

t i

2 :

1 ]

t 1

: ] ' 1
— x L c

] ]

} 1

: | ! | !

i ] 1

1
n ! :
Lelemea -——d

A: k-out-of-n robots
B: the safety unit
C: common-cause failures

Figure 3.1 Block diagram of the robot-safety system with common-cause failures.
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H2n(x)

H2n+l(x)
}\‘cn-k
xcn-k-l
i
\ A | Y v
Ag | T IN fogl o fo-
w2 P22 o | 1 e P o (2
TTTX MW (K== Uri =% Lo Umked =t L.k T
As As| | 62 As As
7\vcn e1 ~ 9n-k
Ms Hs en-k-\ Ms Hs
Y fo fi a2 for1 =t fak
n "I n+1 " 2n-k-1 | 2n-k —’®
Mt T
Ac2n-k-1
}\fCZn-k

Figure 3.2 The state space diagram of the robot-safety system with common-cause
failures. The numerals and letters n and k in squares, rectangles, and
ellipses denote system states, and f;i=(n-1)A,, for i=0, 1,..., n-k.
At time t=0, all n-redundant robots and the safety unit start operating. The robot-safety
system can fail due to the failure of the (n-k+1)™ robot or the occurrence of a common-
cause failure. Nonetheless, the robot-safety system will function normally until at least k
robots and one safety unit are operating normally. The system goes through (2n-2k+2)
distinct operating states. A common-cause failure can occur only if at least two units
(including at least one robot) are functioning successfully. Once the safety unit fails, the
robots may continue to operate until the failure of the (n-k+1)™ robot. The robot-safety

system has a total of (2n-2k+5) distinct states. It means the array of numerals
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representing system states may be discontinuous. For example, for a 2-out-of-4 robots,
the array of numerals representing system states are 0, 1, 2, 4, 5, 6, 8, 9, 10. More
specifically, in this array of numerals, numerals 3 and 7 are missing. The degraded or
fully failed robot-safety system may be repaired.

Assumptions
The following assumptions are associated with this model:

(i) The robot-safety system is composed of n identical robots and one built-in safety
unit.
(i) The redundant robots and the safety unit are operating simultaneously.
(iii) All failures are statistically independent.
(iv) All failure rates and the partially failed system repair rates are constant.
(v) The repair of the safety unit has the priority over the repair of the robot when the
overall system is in the partially failed operating state.
(vi) The failed robot-safety system repair rates can be constant or non-constant.
(vii) A repaired robot or safety unit is as good as new.
(viii) The overall system fails when the (n-k+1)th robot fails or a common-cause failure
occurs.
Notation
The following symbols are associated with the model:
i i state of the overall robot-safety system: for i=0 means all n robots and the
safety unit are in perfect working condition; for i=mn+q (where m=0, 1, and
q=0, 1,..., n-k) means (n-q) robots and (1-m) safety unit operating normally

while q robots and m (where m=0 or 1) safety unit have failed; for i= 2n-k
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means k robots operating normally while (n-k) robots and the safety unit have
failed.

j j® state of the failed robot-safety system: for j=2n means the robot-safety
system failed due to the malfunction of the (nk+1)™ robot while the safety
unit has also failed; for j=2n+1 means the robot-safety system failed due to the
failure of the (n-k+1)™ robot while the safety unit is functioning; for j=2n+2

means the robot-safety system failed due to a common-cause failure.

t time

As Constant failure rate of the safety unit.

Ar Constant failure rate of a robot.

Aci Constant common-cause failure rate of the robot-safety system in state i; for i

=0,1,..., n-k, n,..., 2n-k, if k=1, Ae2n1=0.

s Constant repair rate of the safety unit in state i; for i =n,n+1,...,2n-k.

Mri Constant repair rate of the robot in state i; for i=1,2,...,n-k.

0; Constant repair rate from state qg=n+i to state i-1 ; fori=1,2,...,n-k.

Ax Finite repair time interval.

(%) Time-dependent repair rate when the failed robot-safety system is in state j

and has an elapsed repair time of x; for j=2n, 2n+1,2n+2.

pi(x,t)Ax The probability that at time t, the failed robot-safety system is in state j and
the elapsed repair time lies in the interval [x,x+Ax]; for j=2n, 2n+1,2n+2.

pdf Probability density function.

zZi(x) pdf of repair time when the failed robot-safety system is in state j and has an

elapsed time of x; for =2n, 2n+1,2n+2.
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P i(t)

P{(t)

P;

Pi(s)

Py(s)

AVi(s)

AV(s)

AV(t)

AV(t)

SSAVis

Probability that the robot-safety system is in state i at time t; fori=0,1,...,n-k,
n,..., 2n-k.

Probability that the robot-safety system is in state j at time t; for j=2n,
2n+1,2n+2,

Steady-state probability that the robot-safety system is in state i; fori=0,1,...,
n-k, n,..., 2n-k.

Steady-state probability that the robot-safety system is in state j; for j=2n,
2n+1,2n+2.

Laplace transform variable.

Laplace transform of the probability that the robot-safety system is in state i;
fori=0,1,..., n-k, n,..., 2n-k.

Laplace transform of the probability that the robot-safety system is in state j;
for j=2n, 2n+1,2n+2.

Laplace transform of the robot-safety system availability when the robot-
safety system working with the safety unit.

Laplace transform of the robot-safety system availability when the robot-
safety system working with or without the safety unit.

Robot-safety system time-dependent availability when the robot-safety system
working with the safety unit.

Robot-safety system time-dependent availability when the robot-safety system
working with or without the safety unit.

Robot-safety system steady state availability when the robot-safety system

working with the safety unit.
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SSAV;

Ry(s)

Ry(s)

Ri(t)

R(1)

MTTEF;

MTTEF:

Robot-safety system steady state availability when the robot-safety system
working with or without the safety unit.

Laplace transform of the robot-safety system reliability when the robot-safety
system working with the safety unit.

Laplace transform of the robot-safety system reliability when the robot-safety
system working with or without the safety unit.

Robot-safety system reliability when the robot-safety system working with the
safety unit.

Robot-safety system reliability when the robot-safety system working with or
without the safety unit.

Robot-safety system mean time to failure when the robot-safety system
working with the safety unit.

Robot-safety system mean time to failure when the robot-safety system
working with or without the safety unit.

Robot-safety system variance of time to failure when the robot-safety system

working with or without the safety unit.

3.3  Generalized Robot-Safety System Analysis

Using the supplementary method [100,101], the system of Equations associated with the

model in Figure 3.2 can be expressed as follows:

d})o (t) 2n+2

+a,Py (1) = 1, PO+ PO +OP, O+ ) [ P (x, 0, ()dx  (3.1)

B s 0B, = =1+ DA PO+ PO+ BP0, Pr @ B2)

t

(for i=12,.,n-k-1)
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dPna-; ® +a, P, )=+ l)ﬂ,P,,_k_l O+ J7N £ ® ' (3.3)

‘%@ +a,P ()= AP, ) (3.4)

dpd;t(th a,P(t)=Q2n-i+DAP_()+A,P_, () (3.5
(for i=n+lLn+2,..2n-k-1)

dizzi—;k.(’_) va, P (O)=k+DAP, O+ AP () (3.6)

where

a, =nA, +A,+4,

a,=(n-DA, +A4,+,+ U1, (for i=12,.,n-k-1)

a,, =kA +A, , +A + M1,

a,=nk, +24,+U4,

a,=2n-0A, +6,_,+ 1, +A, (for i=n+lLn+2,.2n-k-1)

a2n-k = k/?’r + en-k +:us + ﬂc2n—k (If k = 1’ 2’02}:-1 = 0)

oP;(x,t) . oP,(x,1)
ot ox

+ 4, (X)P;(x,0) =0 (for j=2n2n+12n+2) 3.7)

The associated boundary conditions are as follows:

P, 0,0)=kAP,, (1) (3.8)
P,,.(0.0)=kAP, () (3.9)
PO =S APO+IALO U k=L Ay, =0) (.10)

At time t=0, Py(0)=1, and all other initial state probabilities are equal to zero.
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Unfortunately, it is very difficult to obtain general formulas for robot-safety system
reliability and availability using Equations (3.1)-(3.10). However, for special values of k
and n, Equations (3.1)-(3.10) can be solved. This is demonstrated for (k=1, n=2) and
(k=2, n=3) subsequently as special case models.

Setting ;=0 (for i = 1,2,...,n-k) in Figure 3.2, which means the repair of the safety unit
has the priority over the repair of the robot during the robot-safety system up states,

Equations (3.1)-(3.2) and (3.5)-(3.6) become:

dfz(:’t(t) +a Py () = 1, P () + U, P, ® +2"‘Z+2‘-: j(x,t),u']. (x)dx (3.11)
d];,ft) +a,PF, O=Mn-i+ l)er,-_1 O+ PO+ uP,, () (3.12)

(for i=12,.,n-k-1)

__—dlz; f’) +a,P()=Q2n—-i+DAP_ () + A,P_, () (3.13)

(for i=n+Ln+2,..2n-k-1)
iliz—”c;tL(t—)— +ay, Py )=k + DAL, )+ AP, () (3.14)
where
a, =nl, + Ay +4,
a=(n-DA +A,+A +Uu, (for i=12,...,n—-k-1)
a,=2n-A, + 4, + 4, (for i=n+ln+2,..2n-k-1)

a2n—k = kﬂ’r +:us + chn—k ([f k = 1’ /’{‘cZn—l = 0)

Equations (3.3)-(3.4) and (3.7)-(3.10) remain the same.
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3.3.1 Time Dependant Availability Analysis (i.e., 6;=0, for i= 1,..., n-k)

Using the Laplace transform technique and the initial conditions in Equations (3.3)-(3.4)

and (3.7)-(3.14), we get

2n+2

(s+ag)Py(s) = 1+ 4P, () + Hp P (5) + Z [\ By (x5t ()i
(5+a)P,(5) = (=i + DA, Py (5)+ Py (8) + 1P, (9)
(for i=12,..,n—k=1)
(s+a, )P, ()= (k+ DA,y (5)+ 1Py, , (5)
(s+a,)P,(5) = APy (s)
(s+a,)P(s) = @n—i+DAP () + AP, (5)
(for i=n+L,n+2,.2n~k-1)

(5+a,, )P, (&) =k +DAP, . (5)+ AP, (s)

sP;(x,8)+

dP;(x,s) )
= + 4, (x)P;(x,5)=0 (for j=2n2n+12n+2)
P2n (O’ S) = kﬂ’rPZn—k (.S)

P,,.(0,5)=kA P, (5)

2n—k

Pra©,9) =S AP0+ SALE G E=] Ay =0)
i=0 i=n
Solving differential Equation (3.21), we get the following expression:
P,(x,5) = P,(0,5)™ expl~| 11,,(6)d9]
(for j=2n2n+12n+2)

Since
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(3.15)

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



P,(s)= [:P, (x,s)dx  (for j=2n2n+12n+2) (3.26)

and together with Equation (3.25), we get

P,(s)= P,(0,5) - ZS” ®) or jeaman+lme2) (3.27)
where
l—i—{'(sl = P,(0,5)[ ™ exp[- [ 1, (8)ds¥x (3.28)
(for j=2n2n+12n+2)
Z,(s)= [0"’ ez, (x)dx  (for j=2n2n+12n+2) (3.29)

2;(x) = expl—[ 41, (6)dSu,, (x)
where zj(x) is the failed robot-safety system repair time probability density

function.

The Laplace transforms of the probabilities of all the system states add up to 1/s, ie.,
n— 2n—k 2n+2

ZP,(.S)+ D P()+ Y Ps)== (3.30)

i=0 i=n J=2n

Solving Equations (3.16)-(3.20), (3.22)-(3.24), (3.27), and (3.30), we get

Py(s) = [5(1+ZW+ ZZ‘:‘ S 3P Z(A) L (3.31)
i=l i=n+l Jj=2n
P()=WPE)  (for i=12..,n-Fk) (3.32)
P.(s5)= 4 Fy(s) (3.33)
s+a,
P()=V ()  (for i=n+ln+2,.,2n-k) (3.34)
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a; [1- Zj Q) )
P(s)= ———S—P0 ) (for j=2n2n+12n+2)
where
(n-i+DA,
ki = Au L
[S ta, - — Moy (ki+l + ‘LL)]
s+a,, S+a,.,

L — ﬂs +ﬂri+1Li+l k'-

(for i=12,.,n-k-1)

s+ an+i
(k+DA4,
kn—k = -
A,
s+a, , ————
S+a,,
Ji
n—k , kn—k
Ak,
M,=—— (for i=12,.,n—-k-1)
s+ an+i
N =B DAFAL 12—k =)
s+ an+i
Ak
M,,_k — s’ n—k
s+a,, .
_(k+DA +AL,,
nk s+a,,,
L
I/Vl - kl + _l*_;
s+a,
Vl - M1 + _4_&
s+a,
W, =kW_+LV, (for i=23,..,n-k)

V.=MW_+NJV,_ (for i=23,.,n-k)
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oy =kAY

r n-k

a2n+l kﬂ’rWn—k
n=k 2n-k
Aopia = lco + Zlciu/i +ﬂ’ Z ci’ i-n (l.f k= l’ A‘cZn—l = O)
i=l S + a,  i=n+l
2n—k 42 1=7 (s
H—s(1+ZW+ +ZV +Ya, ()) (3.36)

i=] i=n+l J=2n s
Thus, the Laplace transform of the robot-safety system availability with the working

safety unit is

n—k

n—k 1 + Z VV’
V()= P(s)=—2— (3.37)
i=0
Similarly, the Laplace transform of the robot-safety system availability with or without

the working safety unit is given by

ﬂ n=k

n—k 2n-k 1 +Z(W+V)
AV (5) = ZP(A)+ZP(A)— ¥4, - (3.38)

Substituting the Laplace transform of zj(x) for different repair time distributions into
Equations (3.37) and (3.38), and taking the inverse Laplace transforms of the resulting
equations, we can get the time-dependent system availabilities, AV (t) and AV (t).

3.3.2 Steady State Availability Analysis (i.e., 8;=0, for i= 1,..., n-k)

As time approaches infinity, state probabilities reach the steady state. Thus, Equations

(3.3)-(3.4) and (3.7)-(3.14) reduce to Equations (3.39) - (3.48), respectively.

2n+2

ayP, = f, P, + 1P, + Z[ P, (x)u,, (x)dx (3.39)
J=2n
aP,=(n-i+DAP_ + 1, P, +UP,, (for i=l..,n-k=-1) (3.40)
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an—kPn—k = (k + 1)A'rPn-k—l + lusPZn—k (341)

aP =AP, (3.42)
aP,=Q2n-i+YA,P_ +AP_, (for i=n+l,..2n-k-1) (3.43)
a, P, ,=k+DAP, , +AP_, (3.44)
dP,(x) .

o +U,,(x)P(x)=0 (for j=2n2n+12n+2) (3.45)
P, (0)=kAP, (3.46)
P, (0)=kA,P,, (3.47)
Poa@ =S AP+ AL k=), Ay =0) (3.48)

Py

Solving Equation (3.45), we get

P,(x) = P,(0)exp[~ [0 ©,(8)ds]  (for j=2n2n+12n+2) (3.49)
After a failure the robot-safety system under repair steady state condition probability is
given by

P=[ P®dx  (for j=2n2n+12n+2) (3.50)
Substituting Equation (3.49) into Equation (3.50), yields

P, =P, (0)E,[x] (for j=2n2n+12n+2) (3.51)

where

E,(x) = | expl-; 11, (8)ddd

i (3.52)
= L xz;(x)dx

which is the mean time to robot-safety system repair when the failed robot-safety

system is in state j and has an elapsed repair time of x.
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Substituting Equations (3.46) - (3.48) into Equation (3.51), yields:

=kA P, ,E, [x] (3.53)

2n+l kﬂ‘rPn—kEZnﬂ[ ] (354)
n=k 2n-k

P2n+2 = ZﬂciRE2n+2 [x]+ Zﬂcil)iEbHZ [x] (l.f k= 1 ﬂc2n-l - ) (355)
i=0 i=n

Using Equations (3.40)-(3.44), and (3.53) - (3.55), together with

n=k 2n~k 2n+2
Y P+ P+ P =1 (3.56)
i=0 i=n Jj=2n

we get the following general steady state probability solutions:

n—k 2n-k 2n+2
B =0+3.0, +—+ SU,,+ 3 a,E,[x])" é (3.57)
n i=n+l J=2n
P =0Q.F, (for i=l,..,n-k) (3.58)
A .
P =—=P (i=n) (3.59)
an
P =U_P, (i=n+1,.,2n-k) (3.60)
P, =a E [X]F, (for j=2n2n+12n+2) (3.61)
where

C, =limk, (for i=12,.,n—k)

50

D, = lin(}L,. (for i=12,.,n-k)

k+1)A
Cor ==
an-k -
a2n—k
Dn—k = #S Cn—k
Apek
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- (n—i+1)A,

! A AD,
[ai - o —Hin (Ci+l + )]
a a

n+i n+i

p, =ttt 212 n—k-1)

i
nti

E, =1in3Mi (for i=12,.,n-k)

F, =1in(}N,. (for i=12,.,n-k)

E,,_k — ﬂ‘scn—k
a2n-k
k
F, = k+D)A, +AD,
aZn-k
E, =/1—S(—j-"- (for i=12,.,n-k-1)
F=OZDARAD 1 n—k-)
an+i

0, =lin(}W,. (for i=12,.,n-k)

U, = lingVi (for i=12,...,n-k)

D
Q1=Cx+/1s .
an
F
U1=E1+//Ls L

0, =C0O,_+DU,, (for i=23,.,n-k)
U =EQ_ +FU,, (for i=23,..,n-k)

asZn = kﬂ‘ Un—k

r
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s2n+l kﬂ’ Qn-k

n-k 2n—-k
Aoania = Moo Z ci~ i-n (l.f k _1 2'(:2n— )
i=l i=n+]
n=k 2n=k 2n+2
—I+ZQ +——+ YU+ aE, (3.62)

,, i=n+l J=2n
The general expression for steady state availability of the robot-safety system with the

working safety unit is expressed by

n~k

1+ZQ
SSAV,, =) P, =—=— (3.63)

i=0
Similarly, the general expression for steady state availability of the robot-safety system

with or without the working safety unit is given by

2n-k

n—k 2n-k 1+ZQ +——+ ZU

SSAV, =) P+ Y P =—= G" il (3.64)
i=0 i=n

For different failed system repair time distributions, the values of G are obtained as

follows:

(i) When the failed robot-safety system repair time x is exponentially distributed, the
probability density function of the repair time is

z;(x)=pye " (U,; >0, j=2n2n+12n+2) (3.65)

where x is the repair time, and p; is the constant repair rate of state j. Thus, the

mean time to robot-safety system repair, E;[x], for the exponential distribution is

given by

E,x)= [ xz,()de = 7}— (for j=2n2n+12n+2) (3.66)

7
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(i1)

(i)

Substituting Equation (3.66) into Equation (3.62), we get

G=G, _1+ZQ +—+2"ZkU +2f(a L_) (3.67)
i=1 n  i=ntl J=2n

When the failed robot-safety system repair time x is gamma distributed, the

probability density function of the repair time is

Hy (i x) " e
I80:))

z,(x)= (B>0, j=2n2n+12n+2) (3.68)

where x is the repair time, I'(B) is the gamma function, and P and y; are the shape
and scale parameters, respectively. Thus, the mean time to robot-safety system

repair, Ej[x], for the gamma distribution is given by

E [x]= l: xz ;(x)dx = ,uﬁ (for j=2n2n+12n+2) (3.69)

o

Substituting Equation (3.69) into Equation (3.62), we get

G=G, _1+§Q 2%+ %6, L #—) (3.70)
n i=n+1 Jj=2n

When the failed robot-safety system repair time x is Weibull distributed, the

probability density function of the repair time is expressed by
2,(x) = pPe Y (B>0, j=2m2m+12n+2) 3.71)

where x is the repair time, and B and p; are the shape and scale parameters of the
Weibull distribution, respectively. Thus, the mean time to robot-safety system

repair, Ej[x], for the Weibull distribution is given by

E [x]= [:xzj(x)dx = (,ulq.)l/ﬁ ;F(ﬂ) (for j=2n2n+12n+?2) 3.72)

Substituting Equation (3.72) into Equation (3.62), yields
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n-k 2n-k 2n+2

G=G, =1 4+SU. Ly lpd 373
+§Q+ +§l +JZ2;[ ’ud ,B(,B)] (3.73)

(iv) When the failed robot-safety system repair time x is Rayleigh distributed, the
probability density function of the Rayleigh distribution is expressed by

x/2

z,(x)= ,u,]xe u,; >0, j=2n2n+12n=2) 3.74)

where X is the repair time, and |; the scale parameter. Thus, the mean time to robot-

safety system repair, E;[x], for the Rayleigh distribution is

E,lx]= [: xz, (x)dx = (for j=2n2n+12n+2) (3.75)

4u

7

Substituting Equation (3.75) into Equation (3.62), we get

n-k 2n-k 2n+2
G=G, —1+ZQ +—+ YU+ (ay ’ﬂ (3.76)

n i=n+1 Jj=2n
(v) When the robot-safety system repair time x is lognormal distributed, the probability
density function of the repair time is

~(nx-p, )’ |
20, °

(for j=2n2n+12n+2) (3.77)

z.(x)= 1 e
! xo, 27
where x is the repair time, and Inx is the natural logarithms of x with a mean and

variance |1 and 67, respectively. The conditions on parameters are as follows:

Ux
=In_|1+(—2)?* ,
Ky

4
K.,
,ij =In W (378)

(for j=2n2n+12n+2)
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Hence, the failed robot-safety system mean time to repair, Ej[x], for the lognormal
distribution is

s,.2
)

E[x]=e 2 (for j=2n2n+12n+2) (3.79)

Substituting Equation (3.79) into Equation (3.62), we get

A,k 2n4+2 w O
G =G, —1+ZQ +—+ DU, +Dlaze ” ? ] (3.80)
i=l n i=n+1 j=2n

3.3.3 System Reliability, MTTF, and Variance of Time to Failure (i.e., ;=0, for i=
1,..., n-k)
Setting pan(X)=Han+1(X)=U20+2(X)=0 in Figure 3.2 and with the aid of Markov method, the

system of differential equations becomes

LoD s 6B = AP0+ 1P (3.81)
LD 1 680 = =i+ DAPLO+ R P+ 1P ® (3.82)
(for i=12,..n—k=1)

Loty PO =R DAPL O+ Pk O (3.83)
B o P @)=AP0) (3.84)
d’; t(’)+ P(t)=Q@n—i+D)AP_ () + AP_ (1) (3.85)

(for i=n+Ln+2,..2n-k-1)
di;(—’) +ay, P ()= (k+DAP,_, ()+ AP () (3.86)
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dar, (1)

dt = kﬂ' P2n-k (t) (3.87)
d1)2n+l (t) —
— kAP, (t) (3.88)
dP2n+2 Q) Zk i ,(t)+2"f AP Gf k=1, A, =0) (3.89)

At time t=0, Po(0)=1, and all other initial state probabilities are equal to zero. Taking the
Laplace transforms of Equations (3.82) - (3.89), and solving the resulting set of

Equations, we obtain the following Laplace transforms of state probabilities:

Py(s)= [s(1+"f:W + zi‘ V. ., + znf N (3.90)
P.(s) =W, P (s) (for i=12,.,n~k) (3.91)
A

P,(s)=—"—Py(s) (3.92)
s+a,

P(s)=V_,F(s) (for i=n+1ln+2,.2n-k) (3.93)
a.

P,(s)=—=Fy(s) (3.94)
s

The Laplace transform of the robot-safety system reliability with the working safety unit
is
n=k
R (s)=D P(s)=(+ ZW )P, (s) (3.95)
i=0 i=l

Utilizing Equation (3.95), the robot-safety system mean time to the failure is obtained as

follows [103]:
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n—k
1+>.0)
MTTF,, =limR,,(s) =—2— (3.96)
a

j=2n

L)

Similarly, the Laplace transform of the robot-safety system reliability with or without the

working safety unit is

R(s)= "jfp(s)+“fp(s) (1+ZW+ ziV,_")P (s) (3.97)

The mean time to failure under this condition is

n—k 2n-k
a+>.0 +—+ SUL)
: i=1 i=n+1
MTTF, = 111_1)13 R.(s)= —" (3.98)
as
Jj=2n

The time-dependant robot-safety system reliabilities, R(t) and R/{t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (3.95) and (3.97).

The robot-safety system variance of time to failure is expressed by [103]

a® =-2lim R, '(s) - (MTTF, )’
n—k 2n—k n=k 2n-k 2u+2
2(1+ >0 +—+ U+ ZQ +— + YU+ D ay)
= i=1 an i=n+1 an i=n+1 Jj=2n (3 99)

2n+2

3a,)

i=2n

2n—-k

2(§W,,,- B NA

_ i=l i=n+} - (MT.].F’ )2

2n+2
Za

Jj=2n

o

where
R/’ (s) denotes the derivative of R(s) with respect to s.

W, =limW,  (for i=12,.,n-k)
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=lin(}V,._n' (for i=n+,n+2,.,2n-k)
Qyon = lsi_r’rolah '=kA V.,

— 11 1
Ao = lima,, "= kAW, |
50

n-k 2n-k
Aoz = llrrla2n+2 - Zﬂ‘ W ﬂ'm 2 Z di-n (l»f k= 1’ A’cZn—l = 0)
i=l n i=n+l

Wi’ denotes the derivative of W; with respect to s.

Vi denotes the derivative of Vi, with respect to s.

a;’ denotes the derivative of a; with respect to s.
3.4  Special Case Model 3.I: (k=1, n=2, 6,#0)
For k=1 and n=2 in Figures 3.1 and 3.2, the model becomes for a system having two
redundant robots and one built-in safety unit. Since k=1, it is a paralle]l redundancy, the
corresponding system of Equations can be extracted from Equations (3.1)-(3.10) by
setting k=1 and n=2",
3.4.1 Time Dependant Availability Analysis (k=1, n=2, 6:+0)
With the aid of Laplace transforms and initial conditions, from Equations (3.1)-(3.10) for

k=1 and n=2, we obtain the following Laplace transforms of state probabilities:

P(5) =B+ Y s T, +i ,l JIONS % (3.100)
F(s) =1F(5) (3.101)
A
Py(s) = —=—P,(s) (3.102)
s+a,
Py(s) =Y, P, (s) (3.103)

* Detailed analysis is provided in Appendix B.
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a;[1-Z,(5)] .
Py(s)= —’—S—j——Po(S) (for j=45,6)
where
ay =24, + A+ A,
a = +A,+A,+u1,
(12 = 2/1r +202 +:us
a,=A +6,+ U,
24, (s+a, + M)
Y = s+a,
bos+a)s+a) - A,
24,1+ 7%
_ s+a,
To(s+a)s+a)-Au,
a, =17,
as =AY,
ag =A,+ A0, + A,
s+a,

s, 1-Z.(s)

A
H=s(1+Y +——+Y, + ) a. /
(+7, s+a ? z / '

safety unit is

a7, = Y B0 =

the working safety unit is given by
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Thus, the Laplace transform of the robot-safety system availability with the working

(3.105)

Similarly, the Laplace transform of the robot-safety system availability with or without



A
147, +——+7,

3 .
AV, (5)= Y B (s) = —— 2
i=0

(3.106)

Substituting the Laplace transform of zj(x) for different repair time distributions in
Equations (3.105) and (3.106), and taking the inverse Laplace transforms of the resulting
equations, we can obtain the time-dependent system availabilities, AVi(t) and AV (1),
Setting:
A=0.0006,  A,=0.0006, A=0.0002, Ac1=A=0.0001, 0,=0.0010
1s=0.0009,  Uy=0.0010, p4=0.0011, Ws=0.0012, W=0.0006
in Equations (3.100)-(3.104), and (3.105)-(3.106), for exponential and gamma distributed
failed system repair times, and using Maple computer program [102], the time-dependant
plots of robot-safety system state probabilities and availabilities are shown in Figures 3.3-

3.6, respectively.

2,=0.0006, A,=0.0006, A=0.0002, A ;=A,=0.0001,
0,=0.0010, 1,=0.0009, t,,;=0.0010, 1,,=0.0011,

.. 081 Hr5=0.0012, |1,,=0.0006

.E_: J

banl h - —

= 061 k=1, n=2

= 06

o g

E Pi(t)

© 049 b

& 1 PO K /Pi() ' Py(t)

& PO P()
1

0.2 ‘
1 T

g Pa(t)
500 400 BOO 800 1000 1200 1400 1600 1800
Time, t

Figure 3.3 Time-dependent probability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.

66



0.81
] . AV(t)

U.B': , AV.(0)

0. 4_: k=1, n=2

] 2,=0.0006, %,=0.0006, Ae=0.0002, A;;=A2=0.0001,
0.2 8,=0.0010, 1,=0.0009, 1,,=0.0010, 1,,=0.0011,
1,5=0.0012, ,6=0.0006

Robot Systern Awvailability, AV(t)

07777200 400 600 800 1000 1200 1400 1600 1800
Time, t
Figure 3.4 Time-dependent availability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.

2,=0.0006, A,=0.0006, Ag=0.0002, Ae;=Ae;=0.0001,
0,=0.0010, 1,=0.0009, 1,,=0.0010, 1,,=0.0011,

8]

. 11,5=0.0012, 11,¢=0.0006

T ]

bon 1 = =

£ 067 k=1, 0=2

® ]
1 Ps(t) —

-g . o(t) PO

':c: 0.49 pyy

E 4 P‘_a(l)

3] 1 PO — / Py(t)

- ;7/

éﬁ#‘;’ ' Pi()

0% 200 400 600 GOD 1000 1200 1400 1600 1800
Time, t

Figure 3.5 Time-dependent probability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.
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Robiot System Availability, AV(t)

k=1, n=2

. 2=0.0006, A,=0.0006, Ay=0.0002, Ae;=Ae;=0.0001,
0.27 0,=0.0010, 1,=0.0009, 1,,=0.0010, 11,,=0.0011,
1s=0.0012, 1,6=0.0006

Time, t

AV ()

AV(t)

0 """200" 400 600 800 1000 1200 1400 1600 1800

Figure 3.6 Time-dependent availability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.

3.4.2 Steady State Availability Analysis (k=1, n=2, 6,20)

As time approaches infinity, state probabilities reach the steady state. Thus, the steady

state probabilities from Equations (3.1)-(3.10) for this special case model (k=1, n=2) are

as follows:

6
P =(1+7, +éf—+Y4 +Y aE[x])? =El;"
a

2 J=4
P =Y.F,
P, = ’%S"Po
a,
P, =1,F
P = a E[x]F, (for j=4,5,6)
where
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(3.108)

(3.109)

(3.110)

(3.111)



Y, =limY, = %2
0 a,a;, — A,
242, (1+24)
Y4 = hmYZ = __—E_Z__
s=0 a,a, =AU,
a94 = A’rY4
asS = ﬂ'rY?a
as6 = ﬂ’cO + ﬂ“clYZ: +M
a,
y) 6
G=1+Y,+=2+4Y, +Y a,E [x] (3.112)
a, Jj=4

The steady state availability of the robot-safety system with the working safety unit is

expressed by

L 14y
Ss4v, =Y p =2
pary G

(3.113)

Similarly, the steady state availability of the robot-safety system with or without the

working safety unit is given by

, I+, + —ﬂi +7,
SS4V, =Y P =— 2 (3.114)
=0 G
Setting:
A=0.0006, A=0.0006, A;=A=0.0001, 0,=0.0010
1=0.0009,  1u=0.0010, p»=0.0011, ps=0.0012, }is=0.0006

in Equation (3.113) and for Weibull distributed failed system repair times, the plots for

SSAV, are shown in Figure 3.7.
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Figure 3.7 Robot-safety system steady state availability versus common-cause failure

rate (A) plots with Weibull distributed (B=1.0, 1.2, 1.6, 2) failed system

repair time distribution.

3.4.3 Robot-Safety System Reliability, MTTF, and Variance of time to failure

(k=1, n=2, 6,20)

Setting J4(X)=Hss(X)=}ss(x)=0 in this special case model (i.., k=1, n=2), we obtain the

following Laplace transforms of state probabilities:

Py(s)=[s(d+1, +

P (s) =1, F, ()

P,(s)= 2 B(s)

T a,

P = Y, ()

a.;
Ps)=LE)

ﬂ’s : El_j_ -1
—+1,+), )]

s+

2 J=4

(for j=45,6)
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Thus, the Laplace transform of the robot-safety system reliability with the working safety
unit is
1
R,(5)= D P(s)=(1+Y)Py(s) (3.120)
i=0
Using Equation (3.120), we get the following expression for the robot-safety system

mean time to failure:

1+71,

6

Zasy’

=

MTTF,, =limR,,(s) = (3.121)

Similarly, the Laplace transform of the robot-safety system reliability with or without the

working safety unit is

R()= Y P06 =(+T, + =24 1,)P(9) (3.122)
s s+a,

The mean time to failure under this condition is

1+7Y, + ﬂ—‘+ Y,
MTTF, =limR,(s) = S T— (3.123)

6
29
j=4
The time-dependant robot-safety system reliabilities, Ry(t) and R.(t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (3.120) and (3.122).

The robot-safety system variance of time to failure is expressed by
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o* =-2lmR, '(s) - (MTTF,)’

A
2(1+Y3+—s+Y4)(1+Ys+£’+Y4+’1rYdl+2’rYd2+201Yd1’)¢C22/13)
a a a
_ 2 o — L (3.124)
Q. a,)
=
4,
2(Y41—a—2"’ydz)
- —2 - (MTTF.)?
Zasy’
J=4

where

R,’(s) denotes the derivative of R«(s) with respect to s.

2/'Lr (1- /13/213 ) 2/’{7 (a3 + ASIUS )a; +a,)
Y, =lim?,'= 2 L
=0 a,a, — AU, (a,a, = A,u,)
22,4,(—- L) 24,4,0+ 2@, +a))
Y, =lim?,'= . T e
N ala3 - ﬂ’sﬂs (ala3 - A‘sﬂs)

Y’ denotes the derivative of Y; with respect to s.
Y, denotes the derivative of Y, with respect to s.
Setting:
A=0.0006, A,=0.0006, Ac;=A=0.0001,
0,=0.0010  p=0.0009, Pn=0.0010, Hn=Hrs=Iss=0
in Equations (3.121) and (3.123), the plots of the robot-safety system mean time to

failure, as a function of common-cause failure rate (Ac), are shown in Figure 3.8.
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Figure 3.8 Mean time to failure plots of an irreparable robot-safety system as a
function of common-cause failure rate(Ac).

3.5 Special Case Model 3.11: (k=2, n=3, 6;20)

For k=2 and n=3 in Figures 3.1 and 3.2, the model becomes for a system having three

redundant robots and one built-in safety unit. At least two robots must function

successfully for the robot system success. The corresponding system of Equations can be

extracted from Equations (3.1)-(3.10) by setting k=2 and n=3",

3.5.1 Time Dependant Availability Analysis (k=2, n=3, 6;#0)

With the aid of Laplace transforms and initial conditions, from Equations (3.1)-(3.10) for

k=2 and n=3, we obtain the following Laplace transforms of state probabilities:

Po(s)z[s(1+Y5+ -+, +i a, _Z' NS % (3.125)

P,(s) =Y,B,(s) (3.126)

* Detailed analysis is provided in Appendix C.
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P,(s)= —2_ B (s) | (3.127)

3 |

P,(s)=Y,P,(s) (3.128)
P(s)= ‘L‘[l%f(ﬂpo &) (for j=678) (3.129)
where

a, =34+, +4,
a, =24, +A,+A,+ 1,
a3 = 33’? +2’03 +‘us

a, =2, +0,+A,+ U,

32,(s'+a4+££"—)
Y. = s+a,
T (s+a)(sta)-Au,

34,4, (1+ 229
Y, = %
’ (s +al)(s+a4)_2’sﬂs
a, =24.Y,
a, =217,

A A
ag=A o+ A, Y+ f: ~+ 4,7

3

L 1-Z,(5)

A,
17, +Ya, — 22
a, Jz:; / s

H=s(1+Y,+
S+

Thus, the Laplace transform of the robot-safety system availability with the working

safety unit is
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(1+7Y;)

A7, ()=3 B = (3.130)

Similarly, the Laplace transform of the robot-safety system availability with or without
the working safety unit is given by

1+Y, + A, +7Y,

PIACED WAORS WACEEEES

(3.131)

Substituting the Laplace transform of zj(x) for different repair time distributions in
Equations (3.130) and (3.131), and taking the inverse Laplace transforms of the resulting
equations, we can obtain the time-dependent system availabilities, AV(t) and AV ().
Setting:

A=0.0006, A~=0.0006, Ap=0.0002, A=A3=A4=0.0001, 0,=0.0010

~=0.0009, pn=0.0010, p=0.0011, pr=0.0012, p=0.0006

in Equations (3.125)-(3.129), and (3.130)-(3.131), for exponential and gamma distributed
failed system repair times, and using Maple computer program [102], the time-dependant
plots of robot-safety system state probabilities and availabilities are shown in Figures 3.9-

3.12, respectively.
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Figure 3.9 Time-dependent probability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.
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Figure 3.10 Time-dependent availability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.
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Figure 3.11 Time-dependent probability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.
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Figure 3.12 Time-dependent availability plots for a robot-safety syst

distributed (B=2) failed system repair time distribution.

3.5.2 Steady State Availability Analysis (k=2, n=3, 6;20)
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As time approaches infinity, state probabilities reach the steady state. Thus, the steady

state probabilities from Equations (3.1)-(3.10) for this special case model (k=2, n=3) are

as follows:
A, & a4 1
Py =(1+Y,+=2+Y,+ Y a E [x)" =— (3.132)
a, =6 G
P =Y,P, (3.133)
P, =—=F, (3.134)
a;
P, =Y;F, (3.135)
P, =aE [x]F, (for j=6,78) (3.136)
where
34,(a, +—-—Sﬂ’)
Y. =limY, = 2
T aa, - AH,
34,1+ &
a
Y, =lim¥, = ——3—
’ s=0 ’ a1a4 —ﬂ‘sﬂs
as6 = ZﬂrYB
as7 = 22’ry7
Ay = Ao+ A1 + At + 4.7,
3
A 8
G=1+Y, + =2 +Y, + > a,E [x] (3.137)

a, J=6
The steady state availability of the robot-safety system with the working safety unit is

expressed by
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1
sS4V, =2Pi _ 1+7,

3.138
2 e (3.138)

Similarly, the steady state availability of the robot-safety system with or without the

working safety unit is given by

. . 1+7, +£‘—+Yx
S84V, =Y P+Y P = —~—Ga3— (3.139)
i=0 =3

Setting:
A=0.0006,  A,=0.0006,  Ac;=A3=hx=0.0001, 6,=0.0010
1=0.0009, pn=0.0010, ue=0.0011, p~=0.0012, n5=0.0006
in Equation (3.138) and for Weibull distributed failed system repair times, the plots for

SSAV; are shown in Figure 3.13.
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05% |
0.45\
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049 1:=0.0009, 11,=0.0010, p1,6=0.0011, ,,=0.0012, 1,5=0.0006

ystem Steady State Availability, S5SAVrs
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Commuon-Cause Failure Rate, Ay.

Robot S

Figure 3.13  Robot-safety system steady state availability versus common-cause failure
rate (Ao) plots with Weibull distributed (=1.0, 1.2, 1.6, 2) failed system

repair time distribution.
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3.5.3 Robot-Safety System Reliability, MTTF, and Variance of time to failure
(k=2, n=3, 6:%0)
Setting Ps(X)=H7(X)=Ms(X)=0 in this special case model (k=2, n=3), we obtain the

following Laplace transforms of state probabilities:

Py(s) =[5+ Y, +—2 4 ¥, + Zs;ﬁ)]-‘ (3.140)
+a, 0 S
B(s) = Y,P(s) (3.141)
A
P(s)=—22—P,(s) (3.142)
+a,
P,(s5) = Y, P,(5) (3.143)
P,(s) = f’sipo &) (for j=678) (3.144)

Thus, the Laplace transform of the robot-safety system reliability with the working safety
unit is
1
R,(s) =D P(s)=(1+ YR (s) (3.145)
i=0
Using Equation (3.145), we get the following expression for the robot-safety system

mean time to failure:

1+7,

8

Ya,

=6

(3.146)

MTTF,, =imR,,(s) =

Similarly, the Laplace transform of the robot-safety system reliability with or without the

working safety unit is

R.(8)= iP,.(s)+ iPi(s) =(1+Y,+ - fs +Y )P, (s) (3.147)
=0 i=3 a,
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The mean time to failure under this condition is

1+, + /1— +Y,
MTTF, = limR, (5) = S E— (3.148)

8
2.4,
J=6
The time-dependant robot-safety system reliabilities, Ris(t) and Ri(t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (3.145) and (3.147).
The robot-safety system variance of time to failure is expressed by

0° =-2limR,'(9)-(MTTE)’

s
21+Y, -+-£"‘—+Y8)(1+Y7 +f°s—+Y8 F2A Y, A2A Y+ A, Yy~ A Y )
a, a, a
_ — 3 (3.149)
Q)
J=6

A
2(Yd5 _217+Yd6)
& —(MTTE)

8
Zaa:/
Jj=6

where

R/’(s) denotes the derivative of R(s) with respect to s.

3,0- 22y 32, (a, + 20, +a)
a a
Y, =lim¥,'= - :
ds ’13(} ’ aa, —AM, (a,a, _ﬂ'sﬂs)z

A -2y 344,0+ D)@, +a,)
Y, =Lm?Y '= R N %
@0 aa, — AU, (a1a4"’1s,us)2

Y’ denotes the derivative of Ys with respect to s.

Y denotes the derivative of Y with respect to s.
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Setting:

=0.0006, A=0.0006,  Ac1=A;3=Ax=0.0001,

0,=0.0010  p=0.0009,  P;=0.0010, Hrs=}irr=Plzs=0

in Equations (3.146) and (3.148), the plots of the robot-safety system mean time to

failure, as a function of common-cause failure rate (Ac), are shown in Figure 3.14.

Figure 3.14
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Common-Cause Failure Rate,A,.
Mean time to failure plots of an irreparable robot-safety system as a

function of common-cause failure rate(Ac).
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Chapter 4

STOCHASTIC ANALYSIS OF A ROBOT-SAFETY SYSTEM
CONTAINING N-REDUNDANT ROBOTS AND
M-REDUNDANT BUILT-IN SAFETY UNITS

WITH COMMON-CAUSE FAILURES

4.1  Introduction

In previous two chapters, either redundancy of safety units or redundancy of robots in a
robot-safety system is considered. In this chapter, the redundancy of both robots and
safety units together in a robot-safety system is studied.

Thus, the chapter presents a mathematical model to perform reliability and availability
analyses of a robot-safety system having n-redundant robots and m-redundant built-in
safety units with common-cause failures. As in Chapters 2 and 3, Markov and
supplementary variable methods were used to develop generalized expressions for state
probabilities, system availabilities, reliability, mean time to failure, and variance of time
to failure. A special case model (i.e., m=2, n=2) is presented.

4.2  The Description of the Robot-Safety System

The block diagram of this robot-safety system having n-redundant robots and m-
redundant built-in safety units with common-cause failures is shown in Figure 4.1 and its
corresponding state space diagram is given in Figure 4.2. The numerals and letters n and

m in the boxes and ellipses of Figure 4.2 denote system states.
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A: n-identical robots
B: m-identical safety units
C: common-cause failures

Figure 4.1 Block diagram of the robot-safety system with common-cause failures.

At time t=0, all n-redundant robots and m-redundant safety units start operating. The
robot-safety system can fail due to the failure of all n robots or the occurrence of a
common-cause failure. Nonetheless, the robot-safety system will function normally until
at least one safety unit and one robot are operating normally. The system goes through
[(m+1)n] distinct operating states. A common-cause failure can occur only if at least two
units (including at least one robot) are functioning successfully. Once all m safety units
fail, the robots may continue to operate until the failure of the n” robot. The degraded or

fully failed robot-safety system may be repaired.
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Figure 4.2 The state space diagram of the robot-safety system with common-cause

failures. The numerals and letters n and m in squares, rectangles, and

ellipses denote system states, and fy=(m-k+1)A,, for k=1, 2,..., m; fi;=(n-

QA for g=0,1, 2,..., n-1.
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Assumptions

The following assumptions are associated with this model:

(i) The robot-safety system is composed of n identical robots and m identical safety
units.

(i)) The redundant robots and safety units are operating simultaneously.

(iii) All failures are statistically independent.

(iv) All failure rates and the partially failed system repair rates are constant.

(v) The repair of the safety unit has the priority over the repair of the robot when the
overall system is in the partially failed operating state.

(vi) The failed robot-safety system repair rates can be constant or non-constant.

(vii) A repaired robot or safety unit is as good as new.

(viii) The overall system fails when all the active robots fail or a common-cause failure

occurs.

Notation

The following symbols are associated with the model:

i

i state of the overall robot-safety system: for i=0 means all n robots and m
safety units are in perfect working condition; for i=kn+q (where k=0, 1,..., m,
and q=0, 1,..., n-1) means (n-q) robots and (m-k) safety units operating
normally while q robots and k safety units have failed; for i= (m+1)n-1 means
only one robot operating normally while (n-1) robots and all m safety units
have failed.

jth state of the failed robot-safety system: for j=(m+1)n means n robots and m

safety units have failed; for j=(m+1)n+k (where k=0, 1,..., m) means n robots
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Hsk

Hri

Ax

(%)

pi(x,t)Ax

pdf

zj(x)

Pi(t)

Pi(t)

failed while k safety units are functioning; for j=(m+1)(n+1) means the robot-
safety system failed due to a common-cause failure.

time

Constant failure rate of a safety unit.

Constant failure rate of a robot.

Constant common-cause failure rate of the robot-safety system in state i; for i
=0,1,2,..., (mt+1)n-2.

Constant repair rate of the safety unit in state i=kn+q; for k = 1,2,...,m and
q=0, 1,...,n-1.

Constant repair rate of the robot in state i; for i=1,2,...,n-1.

Finite repair time interval.

Time-dependent repair rate when the failed robot-safety system is in state
and has an elapsed repair time of x; for j=(m+1)n, (m+1)n+1,..., (mt1)(nt1).
The probability that at time t, the failed robot-safety system is in state j and
the elapsed repair time lies in the interval [xx+Ax]; for j=(mtl)n,
(m+Dn+l,..., (m+1)(n+1).

Probability density function.

pdf of repair time when the failed robot-safety system is in state j and has an
elapsed time of x; for j=(m+1)n, (m+1)nt1,..., (m+1)(nt+1).

Probability that the robot-safety system is in state i at time t; fori =0,1,...,
(m+1)n-1.

Probability that the robot-safety system is in state j at time t; for F(m+1)n,

(m+1D)ntl,..., (m+1)(nt+1).
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P;

Pi(S)

Pi(s)

AVi(s)

AV(s)

AV(t)

AVi(D)

SSAVs

SSAV;

Rx(s)

Steady-state probability that the robot-safety system is in state i; fori=0,1,...,
(m+1)n-1.

Steady-state probability that the robot-safety system is in state j; for j=(m+1)n,
(m+1)n+1,..., (m+1)(nt+1).

Laplace transform variable.

Laplace transform of the probability that the robot-safety system is in state i;
fori=0,1,..., (m+)n-1.

Laplace transform of the probability that the robot-safety system is in state j;
for j=(m-l:1)n, (m+Dn+l,..., (m+1)(n+1).

Laplace transform of the robot-safety system availability when the robot-
safety system working with at least one safety unit.

Laplace transform of the robot-safety system availability when the robot-
safety system working with or without the safety unit(s).

Robot-safety system time-dependent availability when the robot-safety system
working with at least one safety unit.

Robot-safety system time-dependent availability when the robot-safety system
working with or without the safety unit(s).

Robot-safety system steady state availability when the robot-safety system
working with at least one safety unit.

Robot-safety system steady state availability when the robot-safety system
working with or without the safety unit(s).

Laplace transform of the robot-safety system reliability when the robot-safety

system working with at least one safety unit.
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Ri(s)

Ra(t)

Ri(t)

MTTF;s

MTTEF;

Laplace transform of the robot-safety system reliability when the robot-safety
system working with or without the safety unit(s).

Robot-safety system reliability when the robot-safety system working with at
least one safety unit.

Robot-safety system reliability when the robot-safety system working with or
without the safety unit(s).

Robot-safety system mean time to failure when the robot-safety system
working with at least one safety unit.

Robot-safety system mean time to failure when the robot-safety system
working with or without the safety unit(s).

Robot-safety system variance of time to failure when the robot-safety system

working with or without the safety unit(s).

4.3  Generalized Robot-Safety System Analysis

Using the supplementary method [100,101], the system of Equations associated with the

Figure 4.2 model can be expressed as follows:

d})() (t) (m+1)(n+1) ©
+a,Py(0) = u PO+ pu PO+ Y, [P (k1) (<) 4.1)
J=(m+1)n
LD 1 6Py = (=i + DA, PO+ 1, Por(©) + 1B (O (42)

(for i=12,.,n-2)

dP,;; @ . a P (t)=24P_,(O)+u,P, () (for i=n-1) (4.3)
dPZt(t) +a,, P, ()= (m—k+DAP, () + ty P, () (4.4)
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dP,(1)
dt

dl:)(k+1)n—l (t)

at

dr,,(t)
dt

dP,(r)
dt

dP, . (t
(m+1) 1()+Cl

dat

where

(for k=12,.,m-1)

+a,P(0)=[(k+Dn—i+ 1L P_ () +(m—-k+DA,P_, ()
+ :uslc+11)i+n (t)
i=kn+lL,kn+2,. ., (k+1)n-2
GOt 12, am—1 )

+ a(k+1)n-1P(k+1)n-1 »= 22’r1)(k+l)n—2 O +m-k+DAAP, ()
+ By Przyna )

(for k=12,.,m-1)

+ amann (t) = lst—l)n (t) (for l = mn)

+aP{)=[(m+Dn-i+1JA,P_ () +A,P_, (1)

ro - T 1-n

(for i=mn+l,mn+2,.,(m+hn-2)

(m+l)n—l})(m+l)n—l (t) = 22’rP(m+l)n—2(t) + ;{’stn—l (t)

(for i=(m+n-1)

a, =ni, +A,+mi,

a,=(n-iA, +A; +mi +pu, (for i=12,.,n-2)
a, =, +A,  +mi +u, (for i=n-1)

Ay, =hA, + Ay, +(M—k)A + 1y (for k=12,.,m-1)

a, =[(k +Dn—iA, + A, +(m—k)A, + iy
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i=km+1km+2,.,(k+Dn —2)
k=12,..,m-1

(for {
ey = A + Aty (m-Kk)A, +pug, (for k=12,..m-1)
a,, =hA, + A, + H, (for i=mn)

a, =[(m+Dn—ilA, + 4, +u,,
(for i=mn+l,mn+2,.,(m+Hn-2)
Ametyns = A Hom (for i=(m+Dn-1)

0P, (1) 0P, (x,1)
ot ox

+p,(X)P;(x,1) =0 (4.10)

(for j=(m+Dn,(m+Yn+l,..,(m+Dn+1))
The associated boundary conditions are as follows:

Pj (O’t) = ﬂ'r})[m+l—j+(m+l)n]n-l (t) (41 1)

(for j=(m+Dn,(m+Dn+1,...,(m+Dn+m)

(m+1)n-2

Prny (0= D AP0 (4.12)
i=0

At time t=0, Py(0)=1, and all other initial state probabilities are equal to zero.
Unfortunately, it is very difficult to obtain general formulas for robot-safety system
reliability and availability using Equations (4.1)-(4.12). However, for special values of n
and m, Equations (4.1)-(4.12) can be solved. This is demonstrated for (n=2, m=2) as a
special case model, subsequently.

Setting p;=0 (for i = 1,2,...,n-1) in Figure 4.2, which means robots are irreparable at the
operable state of the robot-safety system, generalized expressions are developed. Thus,

Equations (4.1)-(4.3) become:
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dP.(t (me(nel) v

S JORT R ACRD Y W TCOMER 413)
J=(m+1)n

LA s a2 0)= -1+ DAL, O+ P, 0 @14

(for i=12,.,n-2)
Cﬂ)’?d;;(t) +a, P_(6)=24P _,(O)+ u,P,, () (for i=n-1) (4.15)
where
a, =nld, +A,+mi,
a,=(m-NDA +4,+mA, (for i=12,.,n-2)
a,, =A +A,,+mi, (for i=n-1)
Equations (4.4)-(4.12) remain the same.
4.3.1 Time Dependant Availability Analysis (i.e., u,i=0, for i= 1,..., n-1)

Using the Laplace transform technique and the initial conditions in Equations (4.4) —

(4.15), we get

(m+1)(n+1) w©

(s +a)P(s) =1+ py B+ Y, [P, (x)dx (4.16)
J=(m+l)n

(s+a)P,(s)= (=i +DAP, () + 1P, ,(5) 4.17)

(for i=12,.,n-2)
(S + an—l )Pn—l (S) = 2Z’rl)n—z (A) + IuslP2n—1 (‘S) (for l =n- 1) (418)
(s+a,)P, () =(m—k+DAP, () + sy P, (5) (4.19)

(for k=12,.,m-1)
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(s+apP(s)=[(k+Dn-i+1A P () +(m—k+DA,F_,(s)
+ ﬂsk+l})i+n (S)

i=kn+Lin+2,.,(k+n-2
(for{k =12,..m-1 )

(S + a(k+l)n—l )])(IHl)n—l (S) = 2}"r‘P(k+l)n—2 (S) + (m - k + l)ﬂ’st -1 (S)
+ /Usk+1P(k+2)n-1 ()

(for k=12,.m-1)
(s+a,,)P,,(8)=A4F, ()  (for i=mn)
(s+a)P(s)=[(n+Dn—i+1]4, P (s) + AP, (5)

(for i=mn+lmn+2,.,(m+n-2)

(S + a(m+l)n—l)})(m+l)n-l (S) = 22’r1)(m+1)n—2 (S) + ﬂ’stn—l (5)

sP;(x,s) +

OP,(x,s)
1, (DB, (5,5) =0

(for j=(m+Dn,(m+Dn+1,.,(m+1)(n+1))
Pj (03 S) = /’{‘rl)[m+l—j+(m+l)n]n-—l (.S)

(for j=(m+Dn,(m+Dn+l,..,(m+Dn+m)

{m+1)n-2

P(m+1)(n+l) 0,5)= z AsPi(8)
=0

Solving differential Equation (4.25), we get the following expression:

P, (x,5) = P, 0,5)¢™ expl~[, 1,(6)d5]

(for j=(m+Dn,(m+Dn+l,....(m+D(n+1))
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(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)



P.(s)= [:PJ (x,8)dx (for j=(m+Dn,(m+Dn+1,..,(m+Dn+1)) (4.29)

and together with Equation (4.28), we get

P, (b)
(s) = P,(0, ) (4.30)
(for j=m+Dn,(m+Dn+1,..,(m+1)n+1)
where
1“ Z 4(.5') 0 X
= P,(0,9)[ e expl-| u,(8)doYix 4.31)
(for j=(m+Dn,(m+Dn+1,..,(m+D(n+1))
Z,(5)= [:e-“z S (x)dx (4.32)

(for j=m+Dn,(m+Dn+l,.,(m+)n+1))

z,(x) = expl~{ 1, (8)dS 1, (x)
where zj(x) is the failed robot-safety system repair time probability density
function.
From now onward, we let i=kn+q (for k=0, 1,..., m, and q=0, 1,..., n-1) (it denotes the i
state of the robot-safety system), the letters k and q denote the number of failed safety

units and failed robots, respectively.

Simplifying Equations (4.17) — (4.18), (4.20) — (4.21), and (4.23) — (4.24), we get

gn+q 1 (S) 1—[
gl

=ty l(n—g+DA
k—

gn+q l( ) £
+ ra (f h“Ur[q]f)(Z #Sh[(n q+1)ﬂ ]g hH r[q]l)

Pkn+ q (S) =

WMs

»—-?‘:‘

(4.33)

Gor 1=t g (=002
or i= ,
Py 123,n-1
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where

-qg+DA
K _ (n q-+ ) r Hom (for q:l,z,,,,,n—l)

r{glm

S+,
2’3
Halm = P (for g=12,..,n-1)
mn+q
(n—g+1DA, 4, k=12,.,m-1
Kogn == 4+ DA,y (for{ )
s+ akn+q - lusk+1Ur[q]k+1 q= 1,2,...,}7 -1
m-k+DA k=12,..m-1
Uy = — 24D (or{ )
S+ akn+q ~ MgV qpn q= 1,2,.,n-1
/‘lso =1
—g+DA
Kr[q]O = (n q + ) r/uso (for q = 1,2,".,” __1)
s+ aq - :usIUr[q]l
Similarly, simplifying Equations (4.19) and (4.22), we obtain
K, kK, k=12,.,m
B, (5)==%PF,,¢)=]]-"R©  (for{ ) (4.34)
Ha g=1 /usq q= 0

where

K, = A (for k=m)
s+a,,
- (m—k+1)ﬂ’s:usk

(for k=12,..,m-1)
S+akn —Ksk+l

Ksk

From Equations (4.33) and (4.34), the Laplace transform of the i state probability can be

expressed as

k=012,...,
P()=YR(s)  (for i=kn+q( D) (433)
q=0L2,.,n-1

where Y; is the function of the Laplace transform variable, s.
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Y, =1

kK, k=12,..m
= cd (for { ) (4.36)
g=1 lusq q = O

m Y

DY e H al

S ln-g+DAF*

+;(HUWXZ Lo th Kqn)

Fah1 gn Hy[(n—g+1DA,]

(4.37)

k=012,.,m

= kn
Gor 1=t el 123,00

The Laplace transforms of the probabilities of all the system states add up to 1/s, i.e.,

(m+1in-1 (m+1)(n+1) 1
F(s)+ Q2 Pi(s)=- (4.38)
i=0 Jj= (m+l)n

Solving Equations (4.33)-(4.38), we get

(m+Dn-1 {m+1)(n+1) 1-Z.
P =i+ ST+ S, (b))]-1 - (4.39)
i=l J=(m+)n
Y. k=0]1.2,..,
P(s)=— =kn 4.40
=g Gor i=knra( Z 0 ) (440)
a,(1-Z,()]
B(s) = (4.41)

(for j=(m+Dn,m+Dn+1,..,(m+D(n+1))
where

u; =17

[m+1-j+(m+1)n]n-1
(for j=(m+Dhn,(m+Dn+1,..,(m+Dn+m)

(m+1)n-2
a(m+1)(n+1) = 2’00 + ﬂ’an
i=1
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(m+Dn-1 (m+1)(n+1) 1— Z (S
H=s(1+ )Y+ i aj————-—f( ))

i=l J=(m+1)n s
Thus, the Laplace transform of the robot-safety system availability with at least one
working safety unit is

mn-1 1+ ZY'

AV, ()= L) =—— (442)

Similarly, the Laplace transform of the robot-safety system availability with or without

working safety units is given by

(m+Dn-1 1 + z Yz

AV, ()= Y R(s)=—H— (4.43)

Substituting the Laplace transform of zj(x) for different repair time distributions into
Equations (4.42) and (4.43), and taking the inverse Laplace transforms of the resulting
equations, we can get the time-dependent system availabilities, AV (t) and AV(t).

4.3.2 Steady State Availability Analysis (i.e., p=0, for i= 1,..., n-1)

As time approaches infinity, state probabilities reach the steady state. Thus, Equations

(4.4) - (4.15) reduce to Equations (4.44) — (4.55), respectively.

(m)(n41) |

a,P, =1+ p P,(1) + (ZD [P, (r)p; (x)ax (4.44)
J=mrhyn

aP=(n-i+)A P +u,P,, (for i=12,.,n-2) (4.45)

a, P, =24P,_, +pu,P,,, (for i=n-1) (4.46)

Py =M=k +1D)AP, .+ ty. Py (for k=12,..,m-1) (4.47)

@, =[(k+Dn—i +114, Py + (=K +DAE, + ty P, (4.48)
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i=kn+1,kn+2,.,(k+Dn-2
or
(f {k =12,...m—-1 )

AstynarPierne1 = 24 Paaiyny + (M =k + DAPy + tg i Plrioyna
(for k=12,.m-1)

AP = APty (for i=mn)

a,P =[(m+Dn—-i+1, P +AP_,

(for i=mn+lmn+2,..,(m+n-2)

Amityn-tEimstyn1 = 24P, (min-2 T AP

mn-1

P, (x)
dx

+4,;(x)P;(x)=0

(for j=(m+Dn,(m+Dn+1,.,(m+Dn+1))

P,(0)= 2R

m+1-j+(m+1)n]n-1

(for j=(m+Dn,(m+Dn+1,.,(m+n+m)

(m+)n-2

P, (m+1)(n+1) 0)= AoF,

i=0

Solving Equation (4.53), we get

P;(x) = P,(O)exp[~[ p,(5)d5]

given by
P = [:Pj Mdx  (for j=(m+Dn,(m+Dn+1,.,(m+1)(n+1)

Substituting Equation (4.56) into Equation (4.57), yields

P, =P, (0)E,[x] (for j=@m+Dn,(m+Dn+1,..,(m+1)(n+1))
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(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

After a failure the robot-safety system under repair steady state condition probability is

(4.57)

(4.58)



where

E,(x)= [0“’ exp[- jo" 1,(8)dsdx

i (4.59)
= L xz ; (x)dx

which is the mean time to robot-safety system repair when the failed robot-safety
system is in state j and has an elapsed repair time of x.
Substituting Equation (4.54) - (4.55) into Equation (4.58), yields:

Pj = ﬂ’r})[m+l—j+(m+l)n]n-1Ej [x] (4‘60)

(for j=m+Dn,(m+Dn+l,..,(m+Dn+m)

(m+Dn-2

P(m+1)(n+1) = lc'il)iE(mH)(n-rl) [x] (4.61)

i=0
From now onward, we let i=kn+q (for k=0, 1,..., m, and q=0, 1,..., n-1) (it denotes the ih
state of the robot-safety system), the letters k and q denote the number of failed safety
units and failed robots, respectively.

Simplifying Equations (4.45) — (4.46), (4.48) — (4.49), and (4.51) — (4.52), we obtain

m P
Py =2, £ kH "4l

e Mg l(n—g+1DA, 1
k—

+2 (] 1 rmf)(Z Lo th Lygy)

h=0  f=h+l n Hal(n—g+1)4,]

(4.62)

k=012,...m

=kn+gq,
(or i 1 {q=1,2,3,...,n—1)

where

- A
=1in(}K = (n=g+DA o, (for ¢=12,.,n-1)
5

rlglm rig)m

mn+gq
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=1limU A (for ¢=12,..,n=1)
a

Vigm =lmU, .,

mn+q
. —-g+DHA k=12,.,m-1
L, =ImkK rlalk (=g + D (for { " )
$-0 vy = MoV rigpens g=12,.,n-1
_ k= -
Ve =limU,p, = —E DA (72
Winsg ~ HserV rigyent =12,.,n-1
/‘so = 1
(n—q+ DAz,
Ligo= llmK,[qlo — 0 (for g=12,.,n-1)
q /l.\'l rlq]l
Similarly, simplifying Equations (4.47) and (4.50), we get
_ Ly T+ L. k=12,..,m
P, = (k-—l)n H =P, 0 (for { ) (4.63)
Ha g=1 Msq =0

where

L =lmK, =2"m  (for k=m)

5-30 wn
L, =lmK,, _(m=k+ DA py (for k=12,.,m-1)
50 A = Kot

From Equations (4.62) and (4.63), the Laplace transform of the i state probability can be

expressed as

k=012,..,m

P =Y0P i =kn+gq, 4.64
i sit 0 (for ! q {q=0,1,2,...,n—1) ( )
where
Y o=lmY,  (for i=kmeg{t o bRy (4.65)
S =lmyr; or 1= .
s = P 012,.,n-1

Using Equations (4.62) - (4.65), together with
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(m+Dn-1 (m+1)(n+1)

B+ 3P =1 (4.66)

i J

we get the following general form of the steady state probability solutions:

(m+1)n-1 (m+1)(n+1) 1
Py=(1+ DY+ D aE D' =— (4.67)
il J—(m+)n G
Y, k=012,.,m
P =5 or i=kn+gq, o 4.68
=g 1231 (4.68)
P, =a E [x]F, (for j=(m+Dn,(m+Dn+1..,(m+1)(n+1)) (4.69)

where

ag = 131_13(')1 a; = AY s{lm+-j+(m+Dn]n-1}

(for j=(m+Dn,(m+Dn+1,.,(m+Dn+m)

(m+)n-2
A (mel)nel)} = lAl_I)l(‘)l Amatynety = Ao T zﬂaYg
)
(m+1)n-1 (m+1)(n+1)
G=1+ X Y+ Da.Ex] (4.70)

i-1 J—(m+)n
The generalized steady state availability of the robot-safety system with at least one

working safety unit is expressed by
mn-1
P Z{ Y,

SSAV, =Y P =—_2— (4.71)
0 G

Similarly, the generalized steady state availability of the robot-safety system with or

without working safety units is given by

(m+)n-1

(m+D)n-1 1+ Zlei
SSAYV, = P=—-—"™— 4.72
g ZOZ / G (4.72)
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For different failed system repair time distributions, the values of G are obtained as

follows:

(i)

(if)

When the failed robot-safety system repair time x is exponentially distributed, the

probability density function of the repair time is
z,(x)= pe (4, >0, j=(m+Dn,(m+Dn+1,..,(m+Dn+1) (4.73)

where x is the repair time, and p; is the constant repair rate of state j. Thus, the
mean time to robot-safety system repair, E;[x], for the exponential distribution is

given by

E,[x]= [ xz,(x)dx = L (4.74)

J
(for j=(m+Dn,(m+DHn+1,..,(m+1)n+1))

Substituting Equation (4.74) into Equation (4.70), we get

(m+)n-1 (m+1)(n+1)
G=G, =1+ DY, + Y (a,—) (4.75)
i=t jetm+n ~ Hj
When the failed robot-safety system repair time x is gamma distributed, the

probability density function of the repair time is

ﬂjﬂ xﬂ—le-#,x

—_— 0 4.76
A (6>0) (4.76)

zj(x)=

(for j=@m+Dn,(m+Dn+l,.. . (m+1Dn+1))
where x is the repair time, I'() is the gamma function, and B and p; are the shape

and scale parameters, respectively. Thus, the mean time to robot-safety system

repair, Ej[x], for the gamma distribution is given by

E;[x]= [0“’ xz,(x)dx = £ (4.77)

Hi
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(iit)

(iv)

(for j=(m+Dn,(m+Dn+l,..,(m+1)(n+1))

Substituting Equation (4.77) into Equation (4.70), we get

(m+)n-1 (m+1)(n+1) ﬁ
G=G, =1+ DY, + D (a5~ (4.78)

i=1 j=lmiyn M,
When the failed robot-safety system repair time x is Weibull distributed, the

probability density function of the repair time is expressed by

z;(x)= ,Ujﬂxﬂ_le_ﬂ’(x)ﬂ (£>0) (4.79)
(for j=(m+Dn,(m+Dn+l,..,(m+1)(n+1)
where x is the repair time, and B and p; are the shape and scale parameters of the

Weibull distribution, respectively. Thus, the mean time to robot-safety system

repair, Ej[x], for the Weibull distribution is given by

o 1 1
E [x]= (x)dx = Ve _T 4.80
Jx)= [ xz, (%) o 5T ﬂ) (4.80)

(for j=(m+Dn,(m+Dn+l,...(m+D#n+1))

Substituting Equation (4.80) into Equation (4.70), yields

(m+1)n-1 (m+1)(n+1)

1
G=G, =1 Y, —)VE =T 481
' Z ’ J= (mzﬂlin :uj ﬂ (ﬂ)] ( )

When the failed robot-safety system repair time x is Rayleigh distributed, the

probability density function of the Rayleigh distribution is expressed by
z;(x)= lujxe—”’xz/2 (u; >0) (4.82)
(for j=(@m+Dn,m+Dn+l,..,(m+1)(n+1)

where x is the repair time, and p; the scale parameter. Thus, the mean time to robot-

safety system repair, Ej[x], for the Rayleigh distribution is
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T

E,[x]= [: xz,(x)dx = v (4.83)
J
(for j=(m+Dn,(m+Dn+1,.,(m+1)n+1)
Substituting Equation (4.83) into Equation (4.70), we get
(m+Dn-1 (m+1)(n+1) T
G=G, =1+ DY, + D(a, |[-—) (4.84)
i=t tmn .\ A

(v) When the robot-safety system repair time x is lognormal distributed, the probability
density function of the repair time is

~(nx-p, )
e,

1
z.(xX)= ——————¢ v 4,85
= e Tam (4.83)

(for j=m+Dn,(m+Dn+1,..,(m+1)(n+1))

where x is the repair time, and Inx is the natural logarithms of x with a mean and

variance p and o°, respectively. The conditions on parameters are as follows:

O-x
o, =ln [1+(—)* ,
! Hy,

4
Hy,
,uyj =In m (4.86)

(for j=(m+Dn,(m+Dr+l,..,(m+1)(n+1)
Hence, the failed robot-safety system mean time to repair, Ej[x], for the lognormal

distribution is

T (for j=(malmmalntl,miD@+l)  (487)

Substituting Equation (4.87) into Equation (4.70), we get
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(m+1)n-1 {(m+1)(n+1)
G=G, =1+ Y Y.+ Y [aze

i=1 J=(m+l)n

Iy, 2
(Hy, +——)

2] (4.88)

4.3.3 System Reliability, MTTF, and Variance of Time to Failure (i.e., us=0, for i=
1,...,n-1)
Setting p(x)=0 [for j=(m+1)n, (m+1)n+1,...(m+1)(n+1)] in Figure 4.2 and with the aid

of Markov method, the system of differential equations becomes

i (t) —=+a,P,(t) = u,P,(® (4.89)
dI; M L, P =(—i+DA,P_ )+ p,P,, (1) (4.90)
(for i=12,.,n-2)
dP:i_;(t) +a,,—1P,,_1(t) =2)“rP”-2(t)+,us1P2n_1(t) (fOr i =n—1) (491)
dP;—nt(t) * aknPk" (t) = (m - k + l)ﬂ'stn—n (t) + :usk+l kn+n (t) (492)
(for k=12,..m-1)
£ PO =[(k+Dn—i+1A4P () +(m—k+DAP_, ()
(4.93)
+ :usk+l itn (t)
(f {i =kn+Lkn+2,..,(k +1)n—2)
or
k=12,...m-1
dP +1)n— (t)
k ;t — + Ayt Presiyt @) = 22, Py, o () + (m =k + DAP, (1) 4.94)

+ g1 Birayn1 ()

(for k=12,.,m-1)
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dPZZ ® P_(1) =4, P o (for i=mn) (4.95)

mn mn

ar, f’)+ P()=[(m+Dn—i+14P_ (1) +AP_ (1) (4.96)

(for i=mn+1mn+2,..,(m+hn-2)

dl)(m+l)n—l (t)

o YmniEmean- 1()=24,F 1y () + A,F,,, (£) (4.97)
(for i=(m+Dn-1)
dP,(1)
2= 2, B et () (4.98)
(for j=m+Dn,(m+Dn+1,.,(m+Dn+m)
M (Mfzm P() (4.99)

At time t=0, Po(0)=1, and all other initial state probabilities are equal to zero. Taking the
Laplace transforms of Equations (4.90) — (4.99), and solving the resulting set of

Equations, we obtain the following Laplace transforms of state probabilities:

{m+1)n-1 (m+l)(n+l)a

P(s)=[sA+ XY+ Y :)]- (4.100)
i=] J=(m+1)n
k=012,...,
PO=YRG o i=kneal — o) ") (4.101)

P.(s)= fl—j—Po(s) (for j=(m+Dn,(m+Dn+l..,(m+D(n+1)) (4.102)
B

where
Y; is the function of the Laplace transform variable, s; which can be

derived using Equations (4.36) and (4.37).
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The Laplace transform of the robot-safety system reliability with at least one working

safety unit is

mn-1 mn-1

R,(s)= 2 P(s)=(+ L Y)P(s) (4.103)

Utilizing Equation (4.103), the robot-safety system mean time to the failure is obtained as

follows [103]:

mn-1

(1 + Z Ysi)
— 14 — i=l
MTTF,S —lsl_l)l(')ers(S)—W (4104)
dg
J=(m+1)n

where

k=012,
Y, =lmY,  (for i=km+q.( ’"
hm g=123,.n~1

AY

r® s{{m+l-j+(m+1)nn-1}

ag =lima

(for j=@m+Dn(m+Dn+l,..,(m+Dn+m)

(m+1)n-2
= 2’00 + ﬂ'ciYsi

i=l

Asimel)nen)] = Ll_r)% A me)(ne1)

Similarly, the Laplace transform of the robot-safety system reliability with or without

working safety units is

{(m+1)n-1 (m+1)n-1

R ()= D P(s)=(+ D YIR() (4.105)

The mean time to failure under this condition is

(m+1)n-1
a+ 27T
—1; — i=1
MTTF, =linR,(5) = —mi— (4.106)

2.4,

J=(m+1)n
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The time-dependant robot-safety system reliabilities, R(t) and Ry(t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (4.103) and (4.105).

The robot-safety system variance of time to failure is expressed by [103]

o’ = —2limR,'(s) - (MTTEF,)?

(m+1)n-1 (m+1)n-1 (m+1)(n+1) (m+1)n-1

21+ DY)+ XY+ Yag) 2 DY, (4.107)
_ i=1 i=1 J=(m+1)n i=1 A ﬂ—T 2
= CEITT TS = ( F,)
( Ya,) 2.4y
J=(mtl)n J=(m+)n
where

R/'(s) denotes the derivative of R(s) with respect to s.

k=012,..m
Y, =limY;' or i=kn+gq, S
di 0 1 (f q {q — 0’1’2’.",’1 __1)

— 1 —
ay =lima;'= 4Y; .

0 J+(m+1)nln-1}

(for j=(m+Dn,(m+Dn+1..,(m+Dn+m)

{(m+1)n-2

— 11 | -
A dl(mel)ns1)} — lﬂ}%“(ml)(ml) = zﬂ’cini

i1
Y/ denotes the derivative of Y; with respect to s.
a;’ denotes the derivative of a; with respect to s.
4.4 Special Case Model 4.1: (n=2, m=2, p1#0)
For n=2 and m=2 in Figures 4.1 and 4.2, the model becomes for a system having two
redundant robots and two redundant built-in safety units. The corresponding system of

Equations can be extracted from Equations (4.1)-(4.12) by setting n=2 and m=2".

* Detailed analysis is provided in Appendix D.
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4.4.1 Time Dependant Availability Analysis (n=2, m=2, u,1#0)
With the aid of Laplace transforms and initial conditions, from Equations (4.1)-(4.12) for

n=2 and m=2, we obtain the following Laplace transforms of state probabilities:

Fy(s)=[s +iYi + iaj I;Z“j“(i))Tl = % (4.108)
i=1 =6 s
P(s)=YR(s) (for i=12345) (4.109)
a,[1-Z,(s)] :
P(s)=—1——"—=P(s) (for j=6789) (4.110)
5

where

a, =24, + A +24,

a, =4 + A, +2, + 1,
a, =24, +A,+ A +u,
a,=A, + A, +A, + 1,
a, =24+, +4,

aS zﬂ“r +1u32
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24 u
K ri*s0
o s+ a,
1 2
HK’U]I K HK'U]I 2 K
Y =Kt = —b 4 0 —
217 Iusl (ZAr) q=l1 lusq
Y2 = Ksl
#sl

K
K. K H w2 K

51 + 1=1

Y, =
Hs Ha ﬂslzj’r g=l :usq

q=1 /‘lsq

Kr[l]2 2 K

[1==

ﬂsZ g=1 /‘lsq

Y, =

4
a9 = 2’(:0 +Z/’1’01Yl
i=l

S, 1- Z(s)

-s(l+ZY +Z a,

Thus, the Laplace transform of the robot-safety system availability with at least one

working safety unit is

1+ZY
V.(s)= ZP(;)— = (4.111)
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Similarly, the Laplace transform of the robot-safety system availability with or without

working safety units is given by

1+ZS:Y,.

AV,(s)=iP,.(s)=—I—;— (4.112)

Substituting the Laplace transform of zj(x) for different repair time distributions in
Equations (4.111) and (4.112), and taking the inverse Laplace transforms of the resulting
equations, we can obtain the time-dependent system availabilities, AV (t) and AV.(t).
Setting:

A=0.0006, 2A,=0.0006, A=0.0002, A=A=As3=Ax=0.0001,

Hs1=H=0.0009, #;1=0.0010, pe=0.0011, 1,=0.0012,

us=0.0013,  Hy=0.0006
in Equations (4.108)-(4.110), and (4.111)-(4.112), for exponential and gamma distributed
failed system repair times, and using Maple computer program [102], the time-dependant
plots of robot-safety system state probabilities and availabilities are shown in Figures 4.3-

4.6, respectively.
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Figure 4.3 Time-dependent probability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.
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Figure 4.4 Time-dependent availability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.
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Figure 4.5 Time-dependent probability plots for a robot-safety system with gamma

distributed (f=2) failed system repair time distribution.
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Figure 4.6 Time-dependent availability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.

113



4.4.2 Steady State Availability Analysis (n=2, m=2, p1%0)
As time approaches infinity, state probabilities reach the steady state. Thus, the steady

state probabilities for this special case model (n=2,m =2) are as follows:

S 9
Py=(+Y Y, +Y a,E [x)" =1 (4.113)
i=1 J=6 G
P=Y,P,  (for i=1234)5) (4.114)
P, =a E[x]P, (for j=6,789) (4.115)
where

L, =limK,, = st

50 a4
. 22
L, =1limK = Leka
50 -7
a2 52
IusO = 1
27 u
: _ 2
Lr[l]2 - thr[l]2 - —
-0 as
22 u
4 — ri*st
Lr[l]l £§%Kr[1]l
a,
224 u
: — ri*s0
Lr[l]O - ISI_I)I(}Kr[I]o - a
1

2
HLI'[I]I L HLI‘[I]I 2 L
Y,=lmY =L, + = sl g 420 - s

50 Zﬂ’r ,usl (22’,) g=1 /jsq
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I1
L
Al 2
1=1 L,

Ys3 - lin(}Y; - =
= Hg Hg K (2ﬂ’r) g=1 lusq
2 L
Y, =limY, = ?
4 s—>0 4 1;‘1[#”
L 2 L
Y, =limy, = 2=
520 Hso g=1 Iusq
asé = ﬂ’rYSS
as7 = ;{’rYSS
asx = /?’rYsl

S 9
G=1+).Y,+) a,E [x] (4.116)
i=1 Jj=6

The steady state availability of the robot-safety system with at least one working safety

unit is expressed by

) 1+ZB:YM.

SS4V, =Y P = ——E‘— (4.117)
i=0

Similarly, the steady state availability of the robot-safety system with or without working

safety units is given by

S 1+ZS;YS,.
SSAV, =) B =—5—

4118
2. G (4.118)

Setting:
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A=0.0006, A=0.0006, A =Ao=Ac=A,=0.0001, ps1=p2=0.0009,
1=0.0010, pe=0.0011, ps=0.0012, pg=0.0013, pe=0.0006
in Equation (4.117) and for Weibull distributed failed system repair times, the plots for

SSAV,; are shown in Figure 4.7.

] p=2.0
0] p=1.6

1 p=1.2
U.B{\

p=1.0

047 (n=2,m=2)

Lo i

{ A=0.0006, A=0.0006, Ae;=Ae=Aa=Au=0.0001, p,(=0.0010,
1 Mai=He2=0.0009, 16=0.0011, n-=0.0012, ps=0.0013, p1y=0.0006

02

07 gohoz 00004 00006 0.0008 0001
Common-Cause Failure Rate, Ag.

Robot System Steady State Availability, SSAVrs

Figure4.7  Robot-safety system steady state availability versus common-cause failure
rate (Ao) plots with Weibull distributed (B=1.0, 1.2, 1.6, 2) failed system
repair time distribution.

4.43 Robot-Safety System Reliability, MTTF, and Variance of time to failure

(n=2, m=2, u,1#0)
Setting pe(X)=p7(X)=pe(X)=po(x)=0 in this special case model (n=2,m=2), we obtain the

following Laplace transforms of state probabilities:

P(5)=[s0+ Y, +i‘1—{')]-‘ (4.119)
P(s)=YP(s) (for i=12345) (4.120)
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P()=LP(s) (for j=6789) (4.121)
:

Thus, the Laplace transform of the robot-safety system reliability with at least one

working safety unit is
3 3
R,(5)=D P(s)=(1+ Y Y)P,(s) (4.122)
i=0 i=1

Using Equation (4.122), we get the following expression for the robot-safety system

mean time to failure:

MTTF, =lmR,,(s) = —=— (4.123)

9
Za-v'

6

Ay

Similarly, the Laplace transform of the robot-safety system reliability with or without

working safety units is
5 5
R.(s)=D P(s)=(1+ ) T))Py(s) (4.124)
i=0 =1

The mean time to failure under this condition is
MTTF, =lin(}Rr(s)=——L— (4.125)

The time-dependant robot-safety system reliabilities, Ry(t) and Ry(t), can be obtained by

taking the inverse Laplace transforms of the resulting Equations (4.122) and (4.124).
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The robot-safety system variance of time to failure is expressed by

o’ = ~2limR,'(s) - (MTTF)?

5 5 9 S
20+ ) YA+ Y+ a,) 2X7, (4.126)
i=l i=l =6 i= ‘
= 9 2 J T : - (MTTF’ ) 2
(z a.sj ) Z a-?'
v’ J=6
where

R/(s) denotes the derivative of R(s) with respect to s.

Y, = linolYi' (for i=1234,5)
a, = li_r)lt}aj' (for j=6,7189)

g6 =limag'= A7

s—0

o =lima,'= Y,

50

ag =limay'=17Y,

50

5s—0

4
=lima,'= Z
i=]

Y; denotes the derivative of Y; with respect to s.
a;’ denotes the derivative of a; with respect to s.
Setting:
A=0.0006, A=0.0006, (Ae=0.0002), Aci=Acz=Ac3=Aes=0.0001,

Hs1=p=0.0009, u1=0.0010,  pe=pr=pg=po=0
in Equations (4.123) and (4.125), the plots of the robot-safety system mean time to

failure, as a function of common-cause failure rate (Aco), are shown in Figure 4.8.
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Figure 4.8 Mean time to failure plots of an irreparable robot-safety system as a
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Chapter 5

STOCHASTIC ANALYSIS OF A ROBOT-SAFETY SYSTEM
CONTAINING ONE ROBOT AND
K-OUT-OF-N REDUNDANT SAFETY UNITS

WITH COMMON-CAUSE FAILURES

5.1 Introduction

The robot in the model of Chapter 2 is allowed to work without safety units. However, in
some critical situations, the robot cannot be permitted to work under any unsafe condition
(e.g., a life support medical robot), because a failure of that robot may cause injury or
death to human beings.

Therefore, this chapter presents reliability and availability analyses of a model
representing a system having one robot and n-redundant safety units with common-cause
failures. At least k safety units must function successfully for the robot-safety system
success. Markov and supplementary variable methods were used to perform
mathematical analysis of this model. Generalized expressions for state probabilities,
system availabilities, reliability, mean time to failure, and variance of time to failure are

developed. A special case model (i.e., for k=2, n=3) is presented.
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5.2 The Description of the Robot-Safety System

The block diagram of this robot-safety system having one robot and n-redundant safety
units with common-cause failures is shown in Figure 5.1, and its corresponding state
space diagram is given in Figure 5.2, The numerals and letters n and k in the boxes and

ellipse of Figure 5.2 denote system states.

________________ B

I “
I

: r'e
1 1 — !
. 1
N 1
' 2 :

— A ___: — [ E— C I
1] ] 1
: ) | 1
1 k !
N 1
1 | I I
I | ; | !
] ] 1
: Ll n | !
Lo —— |
A: the robot

B: k-out-of-n safety units
C: common-cause failures

Figure 5.1 Block diagram of the robot-safety system with common-cause failures.

At time t=0, the robot and all n safety units start operating. The robot-safety system can
fail either due to the failure of the robot itself, the malfunction of the (n-k+1)™ safety unit,
or the occurrence of a common-cause failure. Nonetheless, the robot-safety system will
function successfully until at least k safety units and the robot are operating normally.

The system goes through (n-k+1) distinct operating states. A common-cause failure can
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occur only if at least k safety units and the robot are functioning successfully. The robot-
safety system has a total of (n-k+4) distinct states. It means the array of numerals
representing system states may be discontinuous. For example, for a 2-out-of-4 safety
units, the array of numerals representing system states are 0, 1, 2, 5, 6, 7. More
specifically, in this array of numerals, numerals 3 and 4 are missing. The degraded or

fully failed robot-safety system is repaired.

Ho+1(X)
n+3
un+3(X
Aco Act A2 Aenk
o fi f, fok-1
0 11 12 n-k
p < e« -] n+l
T8} [ U2 M3 Hng
Ae A A A
Hae2(X)
n+2

Figure 5.2 The state space diagram of the robot-safety system with common-cause
failures. The numerals and letters n and k in squares, rectangles, and
ellipse denote system states and fi=(n-iAs, for i=0, 1, 2,..., n-k.

Assumptions
The following assumptions are associated with this model:

(i) The robot-safety system is composed of one robot and n identical safety units.
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(i) The robot and redundant safety units are operating simultaneously.

(iii) All failures are statistically independent.

(iv) All failure rates and the partially failed system repair rates are constant.

(v) The failed robot-safety system repair rates can be constant or non-constant.

(vi) The repaired robot or a safety unit is as good as new.

(vii) The overall robot-safety system fails when the active robot fails, a common-cause
failure occurs, or the (n-k+1)" safety unit fails.

Notation

The following symbols are associated with the model:

i i™ state of the overall robot-safety system: for i=0, means robot and all n
safety units are in perfect working condition; for i=1, means robot and n-1
safety units operating normally while one safety unit has failed; for =m
(where m=2,3,...,n-k-1 and k=1,2,...,n-1), means the robot and n-m safety
units operating normally while m safety units have failed; for i=n-k (where
k=1,2,...,11), means robot and k safety units operating normally while n-k
safety units have failed.

j j® state of the failed robot-safety system: for j=nt+1, means robot-safety
system failed due to the malfunction of the (n-k+1)® safety unit ; for j=n+2,
means robot-safety system failed due to the failure of the robot itself; for

j=n+3, means robot-safety system failed due to a common-cause failure.

t time
As Constant failure rate of the safety unit.
Ar Constant failure rate of the robot.
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i

Ax

Hix)

pi(x,H)Ax

pdf

zi(x)

Pi(t)

Pi(t)

Pi(s)

Pi(s)

Constant common-cause failure rate of the robot-safety system in state i; for i
=0,1,2,...,n-k.

Constant repair rate of the safety unit in state i; fori=1,2,...,n-k.

Finite repair time interval.

Time-dependent repair rate when the failed robot-safety system is in state j
and has an elapsed repair time of x; for j = n+1, nt+2, n+3.

The probability that at time t, the failed robot-safety system is in state j and
the elapsed repair time lies in the interval [x, x+Ax]; for j = n+1, n+2, nt+3.
Probability density function.

pdf of repair time when the failed robot-safety system is in state j and has an
elapsed time of x; for j = n+1, n+2, nt+3.

Probability that the robot-safety system is in state i at time t; fori=0,1,...,n-k.
Probability that the robot-safety system is in state j at time t; for j = nt+1, nt+2,
nt+3.

Steady-state probability that the robot-safety system is in state i; for i =

Steady-state probability that the robot-safety system is in state j; for j = ntl,
n+2, n+3.

Laplace transform variable.

Laplace transform of the probability that the robot-safety system is in state i;
fori=0,1,...,n-k,

Laplace transform of the probability that the robot-safety system is in state j;

for j=n+1, nt2, nt+3.
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AVi(s)

AV(t)

SSAVis

Ry(s)

Ry(t)

Laplace transform of the robot-safety system availability when the robot
working with at least k safety units.

Robot-safety system time-dependent availability when the robot working with
at least k safety units.

Robot-safety system steady state availability when the robot working with at
least k safety units.

Laplace transform of the robot-safety system reliability when the robot
working with at least k safety units.

Robot-safety system reliability when the robot working with at least k safety

units.

MTTF,; Robot-safety system mean time to failure when the robot working with at least

5.3

k safety units.
Robot-safety system variance of time to failure when the robot working with
at least k safety units.

Generalized Robot-Safety System Analysis

Using the supplementary method [100,101], the system of Equations associated with

Figure 5.2 can be expressed as follows:

&), a,Py(t) = m P (1) + f [: P, (x, 1) (x)dx 1)
'dP“d "—ft) +a,P(f) = (n=i+ DA P () + P () (52)

(for i=12,..,n—k—1)

L@ g, 1, ()= k+DAP O (5.3)
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9P, (x,1) . dP;(x,t)
ot ox

+ 1, (x)P;(x,1) =0 (5.4)

(for j=n+ln+2,n+3)
where
a, =niA, +A, + 1,
a,=(n-DA,+4, +4,+4, (for i=12,.,n-k-1)
a,, =kA, +A4, + A, o+l

The associated boundary conditions are as follows:

P 0,0H=kAP_, () (5.5)

F,,(0,0) = ﬂﬁﬂ ® (5.6)
i=0

P00 =5 4,P.0) (5.7

i=0
At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.
5.3.1 Time Dependant Availability Analysis
Using the Laplace transform technique and the initial conditions in Equations (5.1) -

(5.7), we get

n+3

(s+a0)Py(s) =1+ P (s)+ Y | P, (o) (x)dx (5.8)
J=n+l
(s+a)P,(s)= (=i + DAL () + H1 Py (8) (5.9)

(for i=12,..,n—k-1)

(S + an—k)Pn—k (b) = (k + 1)ﬂ‘sPn—k—1 (S) (510)

B | (0P, (xi5) =0 (5.11)
ox

sP(x,8)+
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(for j=n+ln+2,n+3)

Pn+1 (O’ S) = kﬂ‘spn—k (S) (5 12)
Py0,9) =43 P) (5.13)
Pon(0.9)= 3 A.P(s) (5.14)

Solving differential Equation (5.11), we get the following expression:
P,(x,5) = P;(0,5)e™ exp[~| p1,(8)dd] (5.15)
(for j=n+ln+2,n+3)
Since
P(s)={ Py(xs)dx  (for j=n+ln+2n+3) (5.16)

and together with Equation (5.15), we get

f;(s)=Pj(o,s)1;ZSfﬂ (for j=n+Ln+2,n+3) (5.17)
where
1-2,6) P,0,5)[ = expl=] 4,(8)ddYix (5.18)
(for j=n+lLn+2,n+3)
Zj(s)=[:e"“zj(x)dx (for j=n+1ln+2,n+3) (5.19)

2,(x) = exp[~[, #,(6)dS, (%)
where zj(x) is the failed robot-safety system repair time probability density

function.
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Using Equations (5.9) — (5.10), and (5.17), together with

nt4

ZP(S)+ > P(s)=- (5.20)

i=0 J=n+l
we get the following Laplace Transforms of state probability solutions:

N, ()

YRS (for i=0],..,n-k) (5.21)

P(5) =——=

N, (s)
M, (s)

P(s)= (for j=n+lLn+2,n+3) (5.22)

where

— nﬂsﬂl
' s+a -k,

(n—-i+DA U, .
ma ST =12,..n—k -1
Co(s+a) -k (or " )
k+DAu,_,

kn—-k =
s+a,

n—k k

. =kA H_

i=1 lul

n-k m

a,, =,1,[1+Z(H5)]

m=l =l i

n—k

= Ao + Z (ﬂmH—)

1_1

M (5)_5(1+§f[—+"2+3 -2, (S) (5.23)
i=l m—l J=n+l

N, (s) =1 (5.24)

N,(s)= H——N (s) (for i=0)12,..,n-k) (5.25)

m—l
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N A7)

(for j=n+ln+2,n+3) (5.26)

Thus, the Laplace transform of the robot-safety system availability with at least k

working safety units is

w  2NG
AV, ()= P (s) = ‘M—(T)” (5.27)

Substituting the Laplace transform of zj(x) for different repair time distributions in
Equation (5.27), and taking the inverse Laplace transform of the resulting equation, we
can get the time-dependent robot-safety system availability, AVi(t).

5.3.2 Steady State Availability Analysis

As time t approaches infinity, state probabilities reach the steady state. Thus, Equations

(5.1) - (5.7) reduce to Equations (5.28) — (5.34), respectively.

n+3

a,P, = 1P, +]§1 f:Pj(x)uj(x)dx (5.28)
aP =(n-i+DAP + 4Py (for i=12,.,n-k=1) (5.29)
a P, =kAP,, (5.30)
f%’ﬂwj(x)zvj(x):o (for j=n+Ln+2,n+3) (5.31)
P, (0)=kAP,, (5.32)
P,,0)= ﬂ,gl’i (5.33)
Pn©=S 4P (534)

=0

Solving Equation (5.31), we get
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}’j(x)=Pj(0)exp[—[:ﬂj(§)d5] (for j=n+ln+2,n+3) (5.35)
After a failure the robot-safety system under repair steady state condition probability is
given by

P =[ P()dx  (for j=n+ln+2n+3) (5.36)
Substituting Equation (5.35) into Equation (5.36), yields

P, =P, (0)E;[x] (for j=n+Ln+2,n+3) (5.37)

where

E,(x)= | expl-|, ,(8)d5ldx

- (5.38)
= [0 xz ;(x)dx

which is the mean time to robot-safety system repair when the failed robot-safety
system is in state j and has an elapsed repair time of x.

Substituting Equations (5.32) - (5.34) into Equation (5.37), we get:

Pn+l = kﬂsPn—kErHl [x] (5'39)
n—k

P, =4, PE,,[x] (5.40)
i=0
n-k

P =Y APE,,x] (5.41)

i=0

Solving Equations (5.29), (5.30), and (5.39) - (5.41), together with

n+4

SP+3P =1 (5.42)

i=0 J=n+l
yield the following steady state probabilities:
n+3

Py=(L+ Y LE|[x)" =

J=n+l

1
- 5.43
G (5.43)
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L L
P==p, =T["2R  (for i=12,.,n-k-1) (5.44)
;ui m=1 :um
L n—k L
P = o=k Poya= H_"Po (5.45)
n—k =1 i
P, =L E [x]F, (for j=n+Ln+2,n+3) (5.46)
where
nk m
L=1+> T[]+
m=1 =1 i
+ DA, u,
L= (n—i L) i (or =12,k =1)

L= k+DAu,_,
an—-k

n~k
Ln+l = kls £L

i=] i

n—k m L
L,., =2’r(1+zn_,

m=l i=l M

n-k m L

L, =2, +Z cml—["L

m=1 i=] i
n+3

G=L+ Y LE/x] (5.47)

J=ntl

The steady state availability of the robot-safety system with at least k working safety

units is
n—k L
SSAV, =) P, = o (5.48)
i=0

For different failed system repair time distributions, the values of G are obtained as

follows:
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(@)

(if)

(i)

When the failed robot-safety system repair time x is exponentially distributed, the

probability density function of the repair time is
zj(x)=,uje_”"x (; >0, j=n+lLn+2,n+3) (5.49)

where x is the repair time, and ; is the constant repair rate of state j. Thus, the

mean time to robot-safety system repair, E;[x], for the exponential distribution is

E [x]= [:xzj(x)dx=—'[—£1— (for j=n+Ln+2,n+3) (5.50)
j
Substituting Equation (5.50) into Equation (5.47), we get
n+d 1

G=G,=L+ Y (L;— (5.51)

J=n+l J
When the failed robot-safety system repair time x is gamma distributed, the

probability density function of the repair time is

_ )™

5 (B>0,j=n+Ln+2,n+3) (5.52)

z;(x)

where x is the repair time, ['(B) is the gamma function, and B and ; are the shape
and scale parameters, respectively. Thus, the mean time to robot-safety system

repair, E;[x], for the gamma distribution is

E[x]= [:xzj(x)dx=ﬂﬁ (for j=n+1n+2,n+3) (5.53)

J

Substituting Equation (5.53) into Equation (5.47), we get

n+3
G=G, =L+ Y, (L, 5, (5.54)
J=ntl 7

When the failed robot-safety system repair time x is Weibull distributed, the

probability density function of the repair time is expressed by
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(iv)

\2

2,(9) = p, BeP e (B>0,j=n+Ln+2,n+3) (5.55)
where x is the repair time, and [ and | are the shape and scale parameters of the

Weibull distribution, respectively. Thus, the mean time to robot-safety system

repair, Ej[x], for the Weibull distribution is given by

)= [, W= ()" 5T (5.56)

(for j=n+ln+2,n+3)

Substituting Equation (5.56) into Equation (5.47), we get

n+3 1
G=G,=L L. VE_T 5.57
+_Zm[ (u,.) ; (,B)] (5.57)

When the failed robot-safety system repair time x is Rayleigh distributed, the

probability density function of the Rayleigh distribution is expressed by

x/2

z,(x)=u;xe " (u,>0,j=n+l,n+2,n+3) (5.58)
where x is the repair time, and p; is the scale parameter. Thus, the mean time to

robot-safety system repair, E;[x], for the Rayleigh distribution is

E,[x]= [ xz,(x)dx = z (5.59)

4u;
(for j=n+ln+2,n+3)

Substituting Equation (5.59) into Equation (5.47), we get

G=G, = L+"Z+3(L/ ) (5.60)

When the robot-safety system repair time x is lognormal distributed, the probability

density function of the repair time is
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~(nx-p, )
——1
20

& (for j=n+Ln+2n+3) (5.61)

z,(x)= ———1——e
xo, N2 .
where x is the repair time, and Inx is the natural logarithms of x with a mean and

variance 1L and o7, respectively. The conditions on parameters are as follows:

o —m1+£if
& u,
4
} A,
,ij =In W (562)

(for j=n+ln+2,n+3)
Hence, the failed robot-safety system mean time to repair, E;[x], for the lognormal
distribution is

%2

2 (for j=n+Ln+2,n+3) (5.63)

#y,+
E [x]=e

Substituting Equation (5.63) into Equation (5.47), we get

n+l
G=G, =L+ Y [Le

J=n+l

)
By, +—2=)

2] (5.64)

5.3.3 System Reliability, MTTF, and Variance of Time to Failure
Setting Pav1(X)=Hn+2(X)=tn+3(x)=0 in Figure 5.2 and applying the Markov method, we get

the following differential equations:

2O 40,1, = 1RO 69
__d’; f” +a,P (1) = (n=1+DAP, (O)+ P (1) (5.66)

(for i=12,.,n-k-1)
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Bo® g P )= k+DAE,O) | (5.67)
dr

dPn-H (t)
12 = kA, E,, (1) (5.68)

dP,,,(t) _ Zrnz-/*:Pi(t) (5.69)
at i=0

Lea0 S 300 (5.70)

At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.
Taking the Laplace transforms of Equations (5.65) - (5.70) and solving the resulting set

of equations, we obtain the following Laplace transforms of state probabilities:

n=k i n+3
P(s5) = [5(1+ZH——+_Z S’)]‘l (5.71)
P(s)= H—P (s) (for i=12,.,n-k) (5.72)
P()=-LR(s) (for j=n+Ln+2n+3) (5.73)
M

The Laplace transform of the robot-safety system reliability with at least k working safety

units is
n-k m
R, (s)= ZP(.S) (I+ZH———)P(A) (5.74)

Using Equation (5.74), the robot-safety system mean time to the failure is obtained as

follows [103]:
n—-k m
ST
MTTF,, = lingR,s(s) == it (5.75)

YL,

J=n+l
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The time-dependant robot-safety system reliability, Ru(t), can be obtained by taking the
inverse Laplace transform of Equation (5.74).

The robot-safety system variance of time to failure is expressed by [103]

0'2=—21imR '(8) = (MTTF,)?

n-k m n+3
2(1+ZH—)(1+ZH + Y a,) 2dem (5.76)
el i=l M, m=1i=t M J=n+l m=1 2
- —(
n+3 nt+3
(L) 2L
J=n+l J=n+l

where

R.'(s) denotes the derivative of Ryy(s) with respect to s.

—hm(H =LY (for m=12,.,n-k)

j=] i

ay =lima ' (for j=n+Ln+2,n+3)

50
a4 =lima,,, = KAK gyt
s=0
n=k

adn+2 = P_I}gamz = lrzkdm

m=1

n=k
A g -hma Zlmkdm

m=1

(H—]i‘—)' denotes the derivative of H-k—’ with respect to s.

i=] i i=] i
aj’ denotes the derivative of a; with respect to s.
The number of safety units incorporated within the robot-safety system is the matter of
desired level of safety. More safety units we use, the better system safety, reliability, and

MTTF we can achieve.
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5.4 Special Case Model 5.I: (k=2, n=3)
For k=2 and n=3 in Figures 5.1 and 5.2, the model becomes for a system having one
robot and three redundant safety units’. However, at least two safety units must function
successfully for the robot-safety system success. The corresponding system of Equations
can be obtained from Equations (5.1)-(5.7) by setting k=2 and n=3. Furthermore, robot-
safety system state probabilities [Pi(t), Pj(t), P;, Pj], availabilities [AVy(t), SSAV],
reliability [Res(f)], mean time to failure [MTTF], and variance of time to failure [0?] for
the special case model can also be obtained by inserting k=2 and n=3 into the
corresponding generalized Equations.
5.4.1 Time Dependant Availability Plots for k=2 and n=3
Setting:

A=0.0006, A,=0.0006, A=0.0002, A =0.0001,

1;=0.0009, ps=0.0011, ns=0.0012,  ne=0.0006
in Equations (5.21)-(5.22) and (5.27), and for gamma distributed failed system repair
times using Maple computer program [102], the time-dependant plots of robot-safety

system state probabilities and availability are shown in Figures 5.3 and 5.4, respectively.

" Detailed analysis is provided in Appendix E.
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Figure 5.3

Figure 5.4
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5.4.2 Steady State Availability Plots for k=2 and n=3
Setting:
A=0.0006,  A,=0.0006, A =0.0001,
W=0.0009, 1e=0.0011, ps=0.0012, e=0.0006
in Equation (5.48), and for gamma and Weibull distributed failed system repair times
using Maple computer program [102] plots for SSAVy, are shown in Figures 5.5 and 5.6,

respectively.

k=2, n=3
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Figure 5.5 Robot-safety system steady state availability versus common-cause failure
rate (Aeo) plots with gamma distributed ($=0.5, 1, 1.5, 2) failed system

repair times.
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Figure 5.6 Robot-safety system steady state availability versus common-cause failure
rate (o) plots with Weibull distributed (B=1.0, 1.2, 1.6, 2) failed system
repair times.

5.4.3 Reliability and MTTF Plots for k=2 and n=3

Setting:

A=0.0006, A,=0.0006, (A=0.0002), A =0.0001,
Ha=Hs=pe=0

in Equation (5.74) and using Maple computer program [102], the time-dependant

reliability plots of the robot-safety system are shown in Figure 5.7. Similarly, plots of the

robot-safety system mean time to failure, using Equation (5.75), as a function of

common-cause failure rate (Aco), are shown in Figures 5.8.
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Figure 5.8 Mean time to failure plots of the robot-safety system as a function of

common-cause failure rate(Aco).

141



Chapter 6

CONCLUSIONS AND

RECOMMENDATIONS

6.1  Discussion

This study presented a review of published literature on robot reliability and safety for the
period 1997-2002 and a reliability and availability analyses of various robot-safety
systems with common-cause failures.

The models developed in the study incorporate elements of hardware failures (failures of
robots and safety units), common-cause failures and general repairable systems. The
analysis considers robot-safety systems with constant robot and safety unit failure rates,
constant common-cause failure rates, and constant partially failed system repair rates, and
arbitrarily distributed failed system repair times. Generalized expressions for state
probabilities, system availabilities, reliability, mean time to failure, and variance of time
to failure are presented. Some plots of these expressions are shown.

If the failed robot-safety system repair times is governed by the exponential distribution,
then the transition rate from one state to another state of a system is constant and does not
depend on how long the system spends in a given state nor does it depend on how it
arrived at a particular state. This assumption leads to Markovian process, and Markov
method was used to perform mathematical analysis of the system. However, when the
distribution is not exponential (e.g. gamma, Weibull, Rayleigh, or lognormal), then the
repair process becomes non-Markovian, and the supplementary variable method was used

to perform mathematical analysis of the system.
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‘Due to the computational complexity, additional condition that robots are irreparable at

the operable state of the robot-safety system is assumed to obtain the generalized

formulas pertaining to the model presented in Chapter 4. Moreover, for the models in

Chapter 3 and 4 it is assumed that the repair of the safety unit has the priority over the

repair of the robot when the overall system is in the partially failed operating state.

6.2

Conclusions

The main results obtained in this study can be summarized as follows:

Based on certain assumptions, generalized formulas for the robot-safety system
state probabilities, system availabilities, reliability, mean time to failure, and
variance of time to failure were developed.

The generalized formulas developed in this study can be used to calculate robot-
safety system reliability and availability, and to develop appropriate maintenance
scheduling policies.

The number of safety units incorporated within the robot-safety system is the
matter of desired level of safety. More safety units use, the better system safety,
reliability and MTTF achieve. 7-

The robot-safety system’s availabilities (steady state availability and time-
dependant availability), reliability, mean time to failure decrease with increasing
values of common-cause failures. This is true regardless of whether the common-
cause failure rates are time-dependent or constant, the system units are identical
or non-identical, the system is repairable or non-repairable.

Comparing all the models developed in this study, it can be observed that an

increase in the number of redundant robots would improve system reliability and
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6.3

o

mean time to failure more significantly than that of an increase in the number of
redundant safety units. On the other hand, an increase in the number of redundant
safety units would also improve system safety tremendously.

Recommendations for Further Study

The time-dependent system availability was studied for special cases when failed
robot-safety system repair times were assumed exponentially or gamma
distributed. It is still difficult to get the time-dependent system availability
expressions for Weibull, Rayleigh, or lognormally distributed failed system repair
times since the Laplace transforms of the probability density functions of those
system repair time distributions don’t exist. For those distributions, different
techniques need to be developed in further studies to solve this problem.

Critical common-cause failures that cause the entire robot-safety system failure
were considered in this thesis. The models could be studied further by considering
both critical and non-critical common-cause failures.

The models discussed in this thesis assumed constant robot and safety unit failure
rates, constant common-cause failure rates, and constant partially failed system
repair rates, which can be studied further with time-dependent failure rates and

partially failed system repair rates.
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APPENDIX A

Special Case Model 2.1

Setting n=2 in Equations (2.1)-(2.8). The model becomes for a system having one robot

and two redundant safety units. The corresponding system of Equations become

B0 ¢ 07y = P+ 3 [ PG (o0
dh t(’) +a,P () = 24, P, () + 1, B, (1)

dP, (1) _
—2=+aR(0=4R0

OP;(x,t) OP;(x,1)
+
ot

+ 1, ()P, (1,1 =0
P,(0.0)= 2,B,(¢)

P,(0,0) = A, P, (¢)

P0.0=4 Y R0

1
P,(0,£)= Y A,P()
i=0
where
a, =24, + A, + A,
a =A +2, + A, + 4

a2 = /lri + /’i’rs + Iu2

(A.1)

(A2)

(A3)

(for j=3,4,5,6) (A.4)

(A.5)

(A.6)

(A.7)

(A.8)

At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.
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A.l  Time Dependant Availability Analysis
Setting n=2 in Equations (2.23) and (2.24), we get

N, (5)

R(s)=m (for i=0,12) (A.9)
P (s) =) | =3,4,5,6 A.10
j(S)_—MO(S) (for J= ”’) ( : )
where

2 m 6
a;

Mo(s)=s(l+znﬁ+z

mel it Hi St H;

)

N,(s)=1

N,.(s)=lL[k—"'N0(s) (for i=12)
=t Hm

a,

NQ(S)=S+,U
3

a,
St H,

N,(s)=

as

Ns(s)=s+#
5

4
S+ He

Nq(s)=

— 2}’.““1
' s+a -k,

160



2k

a4 = A‘r.rn—L

i=1 M

aS =2’r(l+£)

H

a6 = ﬂ’co +ﬂ'cl Ikll_
1

From Equation (2.29), the Laplace transform of the robot-safety system availability with
at least one working safety unit is

D N,(s)

4V, ()= P9 = = (A.11)

Similarly, from Equation (2.30) the Laplace transform of the robot-safety system

availability with or without the working safety units is given by

2 ZNI(S)
AK@=ZR®=7{® (A.12)

Substituting the Laplace transform of zj(x) for different repair time distributions in
Equations (A.11) and (A.12), and taking the inverse Laplace transforms of the resulting
equations, we can get the time-dependent system availabilities, AV(t) and AV(t).

A.2  Steady State Availability Analysis

Setting n=2 in Equations (2.48) - (2.51), we get

6
a=@+2ggmﬁ=l (A.13)
J=3 G
p=Lip (A.14)
Hy
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2
P, =L—2P1 = —L—"Po ' (A.15)
A, i=1 H;
Pj =L jE ; [x]F, (for j=3,45,6) (A.16)
where

m=1 =1l i
Ll Zﬂ’sﬂl
a,—L,
A
L2 - .\'ﬂ2
a,
2L
L =2’ri —
’ I;Iﬂ.»
2 L

LS :j’r(1+£l—)

H

L= A + Ao &

H

G=L+iL,Ej[x] (A.17)
j=3

From Equation (2.53), the steady state availability of the robot-safety system with at least

one working safety unit is expressed by

2 Li
1 L—H;
SSAI/m=ZP,.=———'G=l : (A.18)
i=0
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Similarly, from Equation (2.54) the steady state availability of the robot-safety system

with or without working safety units is given by
< L
SSAV,=ZP,=E (A.19)
i=0

A.3  System Reliability, MTTF, and Variance of Time to Failure

Setting n=2 in Equations (2.78) - (2.80), we get

P(s)= [s(1+Z]'[-—+Z s)]- (A.20)
R(S)=ﬁ§"'—ﬁ)(S) (for 1=12) (A21)
P (s) =f’sLP0(s) (for j=3456) (A.22)

From Equation (2.81), the Laplace transform of the robot-safety system reliability with at

least one working safety unit is
L k
R, ()= Y B(s)=(1+=)R(s) (A.23)
i=0 Hy

From Equation (2.82), the robot-safety system mean time to the failure is obtained as

follows:

MTTF,, =1mR,,(s) = ! (A.24)

Similarly, from Equation (2.83) the Laplace transform of the robot-safety system

reliability with or without the working safety units is

R.(s)= Zp(s) (1+Z]'[—)P (s) (A.25)

m=l i=1 i
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From Equation (2.84), the mean time to failure under this condition is

2mL

L3]S

MTTF, =limR, (s) = el Ay (A.26)

6
2L

j=3

The time-dependant robot-safety system reliabilities, Rys(t) and R(t), can be obtained by

taking the inverse Laplace transforms of the resulting Equations (A.23) and (A.25).

From Equation (2.85), the system variance of time to failure is expressed by

o’=-2 LimR,'(s) - (MTTF.)?

2 m L 2 m L 6 2
20+ Y [T D0+ 2 [T+ 2ay) 2) ka (A27)
- m=t i=1 Hi m=1 izt H; Jj=3 __m=l —(MTTF;)z

[

QLY 2L

where

R.'(s) denotes the derivative of Ry(s) with respect to s.
ok

k,, = hn(}(H—)' (for m=12)
= i1 lui

az =lima; = A,k,,

s—0

a,, =lima, =4,.k,,

50

a, =lima, =4k,

s—0

a,e =limag = Ak,

50

(H —kL)' denotes the derivative of H—kL with respect to s.

i=1 M i=1 M

a;’ denotes the derivative of aj with respect to s.
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APPENDIX B

Special Case Model 3.1

Setting k=1 and n=2 in Equations (3.1)-(3.10). The model becomes for a system having
two redundant robots and one built-in safety unit. Since k=1, it is a parallel redundancy.
The corresponding system of Equations become

d}j;t(t) + aoPO(t) = :urlljl(t) +,U_‘P2 (t) + elf,‘j(t) +ZG: [: Pj (x’ t)‘url (X)dx (B.l)

RO o B(1)y=24,P, (1) + 1, P(0) (B2)
‘”Z @, a,P(0)= AP, 0) (B.3)
B 1 o5, = 2,0+ RO (B4)
OP.(x,t) OP,(x,t) _

LS T B D=0 (for =456) (B.5)
P,(0.0)= 4,B(0) B.6)
P,(0.0)= 4P ®.7)
B0, =Y 2,P() (3)
where

a, =27, + 2, + 4,
al = A’r + ﬂ’cl +2'.t +/url
a2 = 22’r + 2’02 + /u.c

aJ =2’r+01+1u.r
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At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.
B.1  Time Dependant Availability Analysis
Using Laplace Transform technique and the initial conditions in Equations (B.1)-(B.8),

we obtain

(s+a)By(5) =1+ 6,(5) + LB () + iyB(5)+ Y [ Pty e (BI)

(s+ )P (5) =24, By(s)+ 14, Py (5) (8.10)
(s+a,)P,(s) = A, P,(s) (B.11)
(s+ )Py () = 24,B,(8) + A,R(5) (B.12)
SP,(x,5) + an;: ., 4 @P,(xs)=0  (for j=456) (B.13)
P,(0,5) = 4, P,(s) (B.14)
P(0.5) = 4,R(5) (B.15)
&mm=2a&m (B.16)

Solving differential Equation (B.13), we get the following expression:

P,(x,5) = P,(0,5)™ exp[~[ 11,(8)d8)  (for j=456) (B.17)
Since

P (s)= [: P(x,s)dx  (for j=456) (B.18)

and together with Equation (B.17), we get

1-Z(s)
s

P,(s)=P,(0,5) (for j=4,56) (B.19)

where
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I—Zsj (s) = P,(0,5) ":e_.u eXp[".[:,U,j (8)dSKx (B.20)
(for j=4,5,6)
Z,(s)= [:e""z [xdx (for j=456) (B.21)

z,(x) = expl-| #,(8)d61u,(»)
where zj(x) is the failed robot-safety system repair time probability density
function.

The Laplace transforms of the probabilities of all the system states add up to 1/s, 1.e.,
3 6 1
DR+ Pi(9)= (B.22)

Solving Equations (B.10)-(B.12), (B.14)-(B.16), (B.19), and (B.22), we get

6 lZ(s)

P,(s)=[s(1+7, +- +Y +Za % (B.23)
P (s) =Y,F(s) (B.24)
A
P(s)= Fy(s) (B.25)
s+a,

P (s)=Y,F,(s) (B.26)
P(s)= G2 o (or j=456) (B27)

A
where

24, (s+ay + i'y—)

+d,

Yl=

(S +a )(S + aa) - ﬂ'.nu.r
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s+al

24,4, (1+

)
(s+a)(s+ ag) = A

2:

a, =4%,
a5=2'rYl
A A
ag=ApytA 0+ 2
s+a,
6 1-Z (s
H=s(+Y,+- Y,+>.a, ()

j=4
Thus, the Laplace transform of the robot-safety system availability with the working
safety unit is

(1+Y)

V. (s)= ZPU (B.28)

Similarly, the Laplace transform of the robot-safety system availability with or without

the working safety unit is given by

1+ + +Y,

s+a,

- (B.29)

A= P =

Substituting the Laplace transform of zj(x) for different repair time distributions into
Equations (B.28) and (B.29), and taking the inverse Laplace transforms of the resulting
equations, we can obtain the time-dependent system availabilities, AVy5(t) and AV(t).

B.2  Steady State Availability Analysis

As time approaches infinity, state probabilities reach the steady state. Thus, Equations

(B.1)-(B.8) reduce to Equations (B.30)-(B.37), respectively.
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6 o0
aPy = P+ P+ 6P+ Y [P )y (x)dx | (B.30)

=
a,P, =24, P, + u.P, (B.31)
a,P, = A F, (B.32)
a,P, =2A.P, + AP, (B.33)
aF) 1 (DPX)=0  (for j=456) (B.34)
P,(0)= AP, (B.35)
P(0)=2,A7 (B.36)
2
P(0)= AP, (B.37)
pary

Solving Equation (B.34), we get

P,(x) = P,(0)expl—| 41,(8)d8]  (for j=456) (B.38)
After a failure the robot-safety system under repair steady state condition probability is
given by

P=[ Pxds  (for j=456) (B.39)
Substituting Equation (B.38) into Equation (B.39), yields

P, =P (0)E,[x] (for j=45,6) (B.40)

where

E;(x) = [ expl=[ p,(5)d51dx

. (B.41)
= [O xz ;(x)dx
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which is the mean time to robot-safety system repair when the failed robot-safety
system is in state j and has an elapsed repair time of x.

Substituting Equations (B.35) - (B.37) into Equation (B.40), yields:

P, = 2,P.E,[x] (B.42)
P, = A, RE[x] (B.43)
F= iﬂ’ciPiEﬁ[x] (B.44)

i=0

Using Equations (B.31)-(B.33), (B.42) - (B.44), together with
3 6
Y P+Y P =1 (B.45)

we get the following general steady state probability solutions:

ﬂ 6
P=(+Y,+==+Y, + Y a E[x])" = L (B.46)
a, J=4 G
R =YF, (B47)
A
p=2p (B.48)
a,
P, =Y,P, (B.49)
P =a,E[xIP, (for j=456) (B.50)
where
A
22, (a, + 2
Y, =lim¥, = %
=0 aa; — A p,
24 1+
Y, =lim¥, = ———— 2
=0 aa, _ﬂ’.rlu.r
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a,=A41Y,

r

a.rS = )"

r

Y

A
a5 =Ao+t 4,1, +'/162_J

2

6
G=1+Y, +11—"—+Y4 +Y a,E;[x]
a, j=4

(B.51)

The steady state availability of the robot-safety system with the working safety unit is

expressed by

1
ssav, =Y p =115
i=0 G

(B.52)

Similarly, the steady state availability of the robot-safety system with or without the

working safety unit is given by

4,
s 1+, +—+7,

SS4V, =3 P =t
~— G

B.3  System Reliability, MTTF, and Variance of Time to Failure
Setting pr(xX)=pes(X)=ps(%)=0, the system of differential equations becomes

d})o (t) + aoljo(t) = lurlI)l(t)+ /'I‘I.)z(t) +01I)3(t)

DO 1 an0 =240+ 15O

dpP,(t) +a,P, ()= AP (1)
dt

‘”jjh(’) +a,P(1) =24, P,(0) + 4P
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(B.54)

(B.55)

(B.56)

(B.57)



dF,(1)

EUSYRI0 (8.58)
LELEPRA0 (B.59)
BO =3 2.0 (B.60)

At time t=0, Po(0)=1, and all other initial state probabilities are equal to zero. Taking the
Laplace transforms of Equations (B.55) - (B.60), and solving the resulting set of

Equations, we obtain the following Laplace transforms of state probabilities:

P.(5) =ls(1+ ¥, +—— ¥, + S L0 (B.61)
s+a, s
P,(s) =Y, Fy(s) (B.62)
A
Py(s) =——F,(s) (B.63)
s+a,
P,(s)=Y,F(s) (B.64)
P,(s) = fSiP(, ) (for j=456) (B.65)

The Laplace transform of the robot-safety system reliability with the working safety unit

is
R.(5)=Y P(s)= 1+ F)R() (B.66)

Utilizing Equation (B.66), the robot-safety system mean time to the failure is obtained as

follows:

Y.
MITF,, =lmR,,(s) = ke (B.67)

Z ag
=4
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Similarly, the Laplace transform of the robot-safety system reliability with or without the

working safety unit is

R.(s)= iP,.(s) =1+, + A L Y)P(s) (B.68)
pary s+a,

The mean time to failure under this condition is

1+Y, + %3 +7Y,
MTTF, =limR, (s) = . E— (B.69)

6

Z a

=2
The time-dependant robot-safety system reliabilities, Rys(t) and Ry(t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (B.66) and (B.68).

The robot-safety system variance of time to failure is expressed by

0'2 = —21in(}R,'(s) "(MTTFr)2

A
2(1+7, +£+Y4)(l+ Y, +£+Y4 +A Y, +A Y, + A, Y, - ‘2)“")
a

2
= 2 - %@ (B.70)
> ay)
j=4

A
Z(Ydl "_;'*'de)

- 2 ~(MTTF.)?

where

R//(s) denotes the derivative of R,(s) with respect to s.

A A
24,(1-2E5) 2, (a, + 2o ) a, +a)
Y, =limY,'= G _ e S—
20 aay — A, (a,a; — A1)
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202 204,04+ 2@, +a)

2 4 2

aa, — Ay, (a,a, - ’1«/‘.«)2

Y, =1irr01Y2'=

Y.’ denotes the derivative of Y with respect to s.

Y,' denotes the derivative of Y, with respect to s.
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APPENDIX C

Special Case Model 3.11

Setting k=2 and n=3 in Equations (3.1)-(3.10). The model becomes for a system having
three redundant robots and one built-in safety unit. At least two robots must function

successfully for the robot system success. The corresponding system of Equations

become
dlz(;(t) +a,P,(t) = p, P, () + p P (t) + 6,P, () + Zsl [: P (x,1) p,; (x)dx (C.1)
RO 1 0B (1) =34, B,0) + 1P () (€2)
B0 on0=1R0 (€3)
D) | 4P (0)= 34, B0+ AP 4
oF D)  OFD B, (P, (x,)=0  (for j=679) (C.5)
ot ox

P,(0,8) =24, P,(t) (C.6)
P,(0,1) =24, P(1) C.7)
B0.0)= 3 AP0+ Y AE® (€3)
where

a, =34, + A, + 4,
al = 22? + }“cl +/1.r + ”rl

a, =32, +A,+p,
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a, =24, +6,+ A, +u,
At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.
C.I  Time Dependant Availability Analysis
Using Laplace Transform technique and the initial conditions in Equations (C.1)-(C.8),

we obtain

(5+a)By () =1+ 0P+ RO+ PO+ [ P r ), dx  (C9)

(s+a)R() =34, B(5) + 1, A() (.10
(s+8,)P,(5) = 4B (5) 1)
(s+a,)P,(5) = 34,B,) + AR () (C12)
OP;(x,s)
sP(x,5)+ jax + p,, (X)P;(x,5) =0 (for j=6,7.8) (C.13)
P,(0,5)=24,P,(s) (C.14)
P,(0,5) = 24P (s) (C.15)
P05 = Y 2P0+ D AAG) (©.16)

Solving differential Equation (C.13), we get the following expression:

P,(x,5) = P,(0,5)e™ exp[~[ p1,(8)d8]  (for j=6,18) (C.17)
Since

P/(s)= [0 P(x,5)dx  (for j=618) (C.18)

and together with Equation (C.17), we get

1-Z (s) .
Pj(s)=Pj(o,s)——Si— (for j=6,138) (C.19)
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where

I—Zj(S) © x
L= =P,0,9) e expl- [ 1;(8)dsux (C.20)
(for j=6,1.8)
Z,(s)= [:ez Jxdx  (for j=6,18) (C.21)

2,(x) = expl-|; 1, (8)d8 1, (x)
where zj(x) is the failed robot-safety system repair time probability density
function.
The Laplace transforms of the probabilities of all the system states add up to 1/s, i.e.,

y P(s) +28:Pj(s) 1 (C.22)

=6 §

1
F(s)+
=0

L

¥

Solving Equations (C.10)-(C.12), (C.14)-(C.16), (C.19), and (C.22), we get

_ R B s SN |
Po(s)—[s(1+Y5+s+a3+Y6 +j§=;a, == (C.23)
F(s)=Y;F,(s) (C.24)

y)
P(s)=—"—FR(s) (C.25)
s+a,
Py(s) =YF,(s) (C.26)
a.[l-Z.(s)] _
P(s)=———2L=P(s) (for j=678) (C27)
S
where
3, (s+a, + S’i‘; )
Y, = 3

(S + al )(S + a4) - A’.Uu.\'
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s+a,

344 (1+ 20y
a,
Y, =
(s+ ax)(s +a,)- A M,
a, =22,%
a7 = 22"}‘),5
aﬁ = /100 +/101YS + 2’632'5 +/1c4Y6
s+a,
8. 1-Z, (s)

H=s(1+Y5+

+Y +z

Thus, the Laplace transform of the robot-safety system availability with the working
safety unit is

(1+Y)

V()= ZPU (C.28)

Similarly, the Laplace transform of the robot-safety system availability with or without

the working safety unit is given by

1+Y+ +7,

s +a,
H

AV, =Y P+ S P6)= (€29)

Substituting the Laplace transform of zj(x) for different repair time distributions into
Equations (C.28) and (C.29), and taking the inverse Laplace transforms of the resulting
equations, we can obtain the time-dependent system availabilities, AVs(t) and AVi(t).

C.2  Steady State Availability Analysis

As time approaches infinity, state probabilities reach the steady state. Thus, Equations

(C.1)-(C.8) reduce to Equations (C.30)-(C.37), respectively.
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8 o0
aPo = P+ P+ 6P+ [P (n, (9 (C.30)

pr
aP =31.F, + uP, (C.31)
a,P, = A.F, (C.32)
a,P, =34,P, + AP, (C.33)
9B | g, WPE=0  (for j=678) (C34)
P,(0)=24,P, (C.35)
P,(0)=24,P, (C.36)
BO)=Y AP +3 AP (C37)
= 5

Solving Equation (C.34), we get

P,(x) = P, (0)exp[- [0 £, (5)d8]  (for j=6,18) (C.38)
After a failure the robot-safety system under repair steady state condition probability is
given by

P = [0‘” P(x)dx  (for j=6713) (C.39)
Substituting Equation (C.38) into Equation (C.39), yields

P, =P, (0)E [x] (for j=6,18) (C.40)

where

E;(x)= [:’ exp[—j: H,(8)dS)dx

= [: xz ;(x)dx

(C.41)
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which is the mean time to robot-safety system repair when the failed robot-safety
system is in state j and has an elapsed repair time of x.

Substituting Equations (C.35) - (C.37) into Equation (C.40), yields:

P, =24 P,E[x] (C.42)

P, = A, RE;[x] (C.43)
1 4

P, =Y A PEx]+Y A,PEx] (C.44)
i=0 i=3

Using Equations (C.31)-(C.33), (C.42) - (C.44), together with

ip, +ip, +ipj =1 (C.45)

i=0 i=3 Jj=6

we get the following general steady state probability solutions:

8
P, =(+Y, N Y, +Y a,E [x])" = 1 (C.46)
a, =6 G
B =Tk (CA47)
A
P =—F (C.48)
a,
P, = Y,P, (C.49)
P, =a E[x]P,  (for j=678) (C.50)
where

p)
31 (a4 Yﬂf )
Y, =limY, = %
§-0 a1a4 _l.vlu.t
A1+
a,

Y, =limY, =
8 .vl—>0 6 a, - /1_; M,
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a.vﬁ = Zﬂ’rYX
as7 = 2ﬂ'r'Y7

A
Ay =g+ A, 17 + ca3 St Aoty

3

8
G=1+Y7+—)“—“—+Y8+Zaijj[x] (C.51)
a, j=6

The steady state availability of the robot-safety system with the working safety unit is
expressed by

1
ssav, =3 p =10
e G

i=

(C.52)

Similarly, the steady state availability of the robot-safety system with or without the

working safety unit is given by

A
1+Y, +—=+¥;

4 a
P+Yp=— B (C.53)
=3

S84V, =
G

r

-

I
o

& t

C.3  System Reliability, MTTF, and Variance of Time to Failure

Setting prs(X)=H(X)=p:s(x)=0, the system of differential equations becomes

W) | 4P @) = R0 + 1P+ O (0) (C.54)
9RO | 4R =34,P0) + 1 P() (€55)
PO 0,1, 0= 2,80 (C.56)
T+ a,P 0= 34RO+ 1RO (€.57)
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dP,(1)

20 n0 (C.58)
an() _

20 -, R () (C.59)
O3 1,80+ 2 2P0 (C.60)

At time t=0, Py(0)=1, and all other initial state probabilities are equal to zero. Taking the
Laplace transforms of Equations (C.55) - (C.60), and solving the resulting set of

Equations, we obtain the following Laplace transforms of state probabilities:

P(s) = [s(1+ ¥, +—o 17, + S Ly (C.61)
s+a, =S
P, (s) = Y;P(s) (C.62)
A
Py(s) =——F(s) (C.63)
s+a,
P,(s) =Y, Fy(s) (C.64)
P,(s) = %PO ) (for j=679) (C.65)

The Laplace transform of the robot-safety system reliability with the working safety unit

is
R.(5)= Y P(s)= A+ Y)R(6) (C66)

Utilizing Equation (C.66), the robot-safety system mean time to the failure is obtained as

follows:
147
MTTF,, =limR,,(s) = ks (C.67)

Ya
j=6

g
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Similarly, the Laplace transform of the robot-safety system reliability with or without the

working safety unit is

B 6= 3P+ D RE =+ + =+ E)R() (C68)

The mean time to failure under this condition is

1+Y, + & +Y;
MITF, =limR, (s) = S B (C.69)
| Z a
j=6
The time-dependant robot-safety system reliabilities, R(t) and Ry(t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (C.66) and (C.68).

The robot-safety system variance of time to failure is expressed by
o= —21i_1)101R,'(s)—(M TTF)

Al
AT, 2T+ Y, 425 4 F, 42 Y 42 Y 4 A g 2242 Y,)
- % % % (C.70)

e,y

A
2(Yds —;{ + Yda )
3 —(MTTE)?

8
Za-v'
j=b

where

R/(s) denotes the derivative of R(s) with respect to s.

3,0- 1) 34,0, + 240, +a,)
a

Y, =lim¥,'= I 3
d3 50 5 (1104—/1“/1.t (a1a4—2’.tlus)2

183



3,4, (—-2) 34,4,0+ %), +a)
Yd6 - lln(} Y6 - (13 aJ _ a3 -
= ala4 - ﬂ’xlu.\' (ala4 - A'.rlus)

Ys' denotes the derivative of Ys with respect to s.

Y denotes the derivative of Y¢ with respect to s.
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APPENDIX D

Special Case Model 4.1

Setting n=2 and m=2 in Equations (4.1)-(4.12). The model becomes for a system having

two redundant robots and two redundant built-in safety units. The corresponding system

of Equations become

d’:‘; D s 0By (0) = AP O+ 1 BOFY, RAOTHOL

dp (1)
dt

+a,R() =24, B0)+ 1B ()

dP,(t
20 1 0, P, )= 2480+ PO

B 1 0,n0) =21, RO+ 2RO+ 150

dr, (1)

+a,P,(t) = A,P,(1)

dF; (1)

+a,Py(1) = 24, P,() + AP, (¢)

OP,(x,r) OP, (x,1)
+
Ot

Fp,HP D=0 (for j=6789)
P0.0)= 4Py (@) (for j=618)

B0,0=3 AP0

where

a, =27, + Ay +24,

al = ﬂ’r +/lcl + 22’( + Iurl
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(D.2)

(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)

(D.9)



a, =24, + A, +A + 1,
ay=A, +A,+A +u,
a, =21, + A, + 4,
ag =A, +ly
At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.

D.1  Time Dependant Availability Analysis

Using Laplace Transform technique and the initial conditions in Equations (D.1)-(D.9),

we obtain
(s +a)By(s) = 1+ i, B (8) + Ha P o) +Z " P x sy () (D.10)
(s+ @) (5) = 24, By(s) + 1, By (9) (D.11)
(5+ @) (8) = 24Py (5) + s Pi(6) (D.12)
(54 @)Py(5) = 24, By () + 22, B () + 13 ) (D.13)
(s +a,)P,(s) = A.P,(s) (D.14)
(s+a;)Py(5) = 24, By () + LB (5) (D.15)
SP,(x,5)+ 6Pj;;c,s) Fu,OP(65)=0  (for j=6789) (D.16)
P.(0.5)= A, Boyy(s)  (for J=618) (D.17)
P05)= 24P (D.18)

Solving differential Equation (D.16), we get the following expression:

P, (x,5) = P,(0,5)e™ exp[~ [0 1, (5)d8)  (for j=689) (D.19)
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Since
Pj(s)=[:Pj(x,s)dx (for j=6,189) (D.20)

and together with Equation (D.19), we get

1-Z,(s) .
P,(s) = P,(0,5)— (for j=6,189) (D.21)
A

where
1- Zj (S) © x
—==F09) [ e expl- | ,(8)ds (D.22)

(for j=6,789)

Z,(s)= [: ez, (xydx  (for j=6,189) (D.23)

z,(x) = expl=|, p1,(8)dS 1, (%)
where zj(x) is the failed robot-safety system repair time probability density

function.

The Laplace transforms of the probabilities of all the system states add up to 1/s, i.e.,

9

> P(5)+ X P (5) =~ ©.24)

j=6 §

L

Solving Equations (D.11)-(D.15), (D.17)-(D.18), (D.21), and (D.24), we get

() =1s0+3 7 +Ya, l;zéi(i))]" - -}1; (D.25)

P(s)=Y,P(s)  (for i=123,45) (D.26)

P(s)= G2 o (or j=6789) (D.27)
)

where
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K = 5 82
2 s+a,
21‘.::”(1
4 s+a,-K,
/u.v() =l
22, 1y
Kr[l]2 = 2
S+ as
22,4,
Kr[l]l = :
s+a,
22, Ky
K —_ r 5
o s+a,
1 2
HK"[III K HK"[I]I 2 K
Y =K. +-1= B =0 5q
l e 22}‘ lu.tl (211‘)2 g=1 :u.rq
K
Y, ==
/u.\'l
I1
KI‘
Y _ Kr[l]l &_'_ =1 i IZ‘[K.rq
’ Hqy Hq lusl 22’1‘ g=1 lu.tq
2 q
Y, =[]~
* g=1 lu.rq
2 K
Y5 — r[1]2 H—'E‘
M g=1 lu.tq
a, =AY
a, =11,
aB = /q’rYl
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a‘) = j"L‘O +Z4:)‘ciYi

i=1

o 1- Z(s)

=s(l+ ZY + z
Thus, the Laplace transform of the robot-safety system availability with at least one
working safety unit is

1+ ZY
V,.(s)= ZP (s)= (D.28)

Similarly, the Laplace transform of the robot-safety system availability with or without

working safety units is given by

1+ iY,
AV (s) = ZP (s) = —= (D.29)

Substituting the Laplace transform of z(x) for different repair time distributions into
Equations (D.28) and (D.29), and taking the inverse Laplace transforms of the resulting
equations, we can obtain the time-dependent system availabilities, AVy(t) and AV (t).
D.2  Steady State Availability Analysis

As time approaches infinity, state probabilities reach the steady state. Thus, Equations

(D.1)(D.9) reduce to Equations (D.30)-(D.38), respectively.

9 00
aoPy = Py + p Py + Y | P (), (1) (D.30)
j=6
a11)l = 2A‘rPO + /u.cIPB (D'31)
P, =2A.P, +u,P, (D.32)
03})3 = Zﬂ“rP2 + 22%131 + quZ})S (D33)
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a,P, = AP, (D.34)

a,P, =22,P, + AP, (D.35)
dP,(x) .
n +u,;(x)P;(x) =0 (for j=6,78,9) (D.36)
P (0)= A Paa; (for j=6,18) (D.37)
4
P(0)=Y A.F, (D.38)
i=0

Solving Equation (D.36), we get

P,(9) = P,Oexpl-[ 1,(8)d6]  (for j=6789) (D39)
After a failure the robot-safety system under repair steady state condition probability is
given by

P=["P(x)dx  (for j=6789) (D.40)
Substituting Equation (D.39) into Equation (D.40), yields

P, =P,(0)E,[x] (for j=6,189) (D.41)

where

E,(x) =, expl- [ u,(8)d51ax

; (D.42)
= L xz ;(x)dx

which is the mean time to Tobot-safety system repair when the failed robot-safety
system is in state j and has an elapsed repair time of x.
Substituting Equations (D.37) - (D.38) into Equation (D.41), yields:

P = AP, ,,Elx]  (for j=618) (D.43)

J
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4

P, = Zﬂ’ciEE‘) [x]

i=0

Using Equations (D.31)-(D.35), (D.43) - (D.44), together with

LI WA

i=0 j=6

we get the following general steady state probability solutions:

5 9
P=1+3 Y, +Y a B [x])" ==
i=1 j=6 G

P =YF (for i=1273,45)

i St

P.=a_E [X]PO (for _] = 6373839)

J g
where
. A
L, =limK,, = =2
50 a4
. 22
L, =limK, =—eFd
: s=0 -L
a2 52
lu.rO = 1
24,4,
— 1 _ 52
Ly =tmK ), =—
50 a5
24 1
1 — rislt
Ly =lmK, =
50 a3
22,
— N —_ s0
Lip= limK,, =
>0 al
i
L
AL
0 Lcl

1 — 1= s
Y.tl - 1‘1_11(}}71 - Lr[l]O +
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2

[TLuw , L

= RY
+ {=0 q

2ﬂ’r lu.rl (22?)2 g=1 ﬂsq

(D.44)

(D.45)

(D.46)

(D.47)

(D.48)



L
Y, =limYy, ==
50 /”.u

H l
1!
I"[] 2 .

L, L
Y, = lin(}Ya =
N :u.vl /usl lu.wl(ZA’r) g=1 :u.vq

[
Y,=lmY, =] [
54 50 4 g-1 ﬂ_rq
L 2 L
Y, =limY, =—=]]—*

§ s—0
’ ys2 g=1 /’t.cq

a.r6 = ﬂ'rY.vS
a.r7 = ﬂ’rYxB
a.r8 = )“ry;l

4
a.\‘9 = ﬂ’cﬂ + Zﬂ'ciyxi
i=1

5 9
G=1+). Y, +> a,E[x] (D.49)
i=1 j=6

The steady state availability of the robot-safety system with at least one working safety
unit is expressed by
3
3 1 + Z Xri

SS4V, =) P =—2— (D.50)
par G

Similarly, the steady state availability of the robot-safety system with or without working
safety units is given by

1+25:Ys,.

e D.51
G (D.51)

&Mn:ia:
i=0
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D.3  System Reliability, MTTF, and Variance of Time to Failure
Setting pe(X)=p7(X)=1s(X)=Ho(x)=0, the system of differential equations becomes

dk (1)

+a,Py(6) = R0+ 1, P (D) (D.52)
AR | o P @) =24,P,0)+ 1P (0) (D.53)
‘”Zt(’) +a,P,(t) = 24, P, (0) + 1, P, (0) (D.54)
RO 1 o,p,0)=24,B,0+ 22, R0+ 1B (D.55)
B ) | 4 Pty = A.P,(1) (D.56)

dt

di;t(’l +a,P,() =24, P,(t) + A, B, (¢) (D.57)
%(’—) =A,Pq,, (1) (for j=619) (D.58)
ifz_t@ _ 2 AP (D.59)

At time t=0, Po(0)=1, and all other initial state probabilities are equal to zero. Taking the
Laplace transforms of Equations (D.53) - (D.59), and solving the resulting set of

Equations, we obtain the following Laplace transforms of state probabilities:

F(s)= [s(1+‘2)1 +iﬂ)]" (D.60)
i=1 j=6 S
P,(s) =Y, Fy(s) (for i=123,4,5) (D.61)
P(s)=LR(s) (for j=61389) (D.62)
N
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Thus, the Laplace transform of the robot-safety system reliability with at least one

working safety unit is
3 3
R, ()= R(s)=(1+ L Y)R(s) (D.63)
i=0 i=]

Using Equation (D.63), we get the following expression for the robot-safety system mean

time to failure:

MTTF,, =lim R, (s) = i (D.64)
)
j=6

Similarly, the Laplace transform of the robot-safety system reliability with or without

working safety units is
5 5
R,(s)=Y.P(s)=(1+ 2 Y)F(s) (D.65)
i=0 i=1

The mean time to failure under this condition is

1+2Y.\'i

MTTF, = limR, (s) = —~— (D.66)

The time-dependant robot-safety system reliabilities, Rys(t) and Ry(t), can be obtained by
taking the inverse Laplace transforms of the resulting Equations (D.63) and (D.65).

The robot-safety system variance of time to failure is expressed by

ol=-2 limR,'(s) - (MTTE,)?

5 5 9 5
20+ R YN+ Y +Day) 23T, (D67)
i=1 i=1 =6 i= 2
= 3 : ! I ! - (MTTFr)
(Z a.rj) a-v'
j=6 i=6
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where
R,'(s) denotes the derivative of R.(s) with respect to s.

Y,=lmy'  (for i=12345)
ay =lima,'  (for j=6789)
Qe = 1irr01a6'= A Yy

1§ "
a,, =lima,'=A,Y,,

5s—0

a, =lima,'=1Y,
50
4
a4 =lima,'= Zﬂ’ciydi
s—>0 pony

Y/ denotes the derivative of Y; with respect to s.

aj’ denotes the derivative of a; with respect to s.
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APPENDIX E

Special Case Model 5.1

Setting k=2 and n=3 in Equations (5.1)(5.7). The model becomes for a system having
one robot and three redundant safety units. However, at least two safety units must
function successfully for the robot-safety system success. The corresponding system of

Equations become

IO R0 = )+ 3 [ PG (e €D
O 4 a,p0)=32,B0 E2)
dr
an;:’t) LD (OP(H=0  (for j=456) (E.3)
P,(0,¢)=22.B,(t) (E.4)
RO.0=4Y R0 (E3)
B0, = Y 2P0 E6)
where

a, =34, + 4, + A,
a, =24, +A +A,t
At time t=0, Po(0)=1, and all other initial condition state probabilities are equal to zero.

E.l  Time Dependant Availability Analysis

Setting k=2 and n=3 in Equations (5.21) and (5.22), we get
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_ NG

P(s)= M) (for i=01) (E.7)
P.(s) =) =456

j(S)—m (for j=4556) (E.8)
where

Mo(s)=s(1+-£€‘—+zﬁ:ajl——é£92)
=4 $

1

N,(s)=1

N,(s) =2 Ny (s)
U

1

N4(S)=a4l‘——zi(i)

N,(s) = a;

1-Z(s)
A

N(s)=a, 122,6)

kl - 32&#1
s+a,

a, =21‘1c‘—

M

aS :Ar(l+—k—l')

1

k
ag = Ay + Ay ;l‘
1

From Equation (5.27), the Laplace transform of the robot-safety system availability with

at least two working safety units is
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1 ZNI(S)
Ah®=ZB®=%ﬂ5— (E.9)

Substituting the Laplace transform of z(x) for different repair time distributions into
Equation (E.9), and taking the inverse Laplace transform of the resulting equation, we
can get the time-dependent robot-safety system availability, AVi(t).

E.2  Steady State Availability Analysis

Setting k=2 and n=3 in Equations (5.43) - (5.46), we get

6
Py=(L+Y LEI[x)" -1 (E.10)
= G
P = -llP0 (E.11)
H
P, = L,E, [x]F, (E.12)
P, = LE,[x]R, (E.13)
Py = LE([x]F, (E.14)
where
L= 1+—LL
H
A
L1 = 3 .nul
a,
L4 = 21( ‘_LL
H
LS = ﬂ'r (1 + .Ij-)
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L
L6 = lcO +)“cl —

1

G=L+iLjEj[x] (E.15)

j
From Equation (5.48), the steady state availability of the robot-safety system with at least
two working safety units is expressed by

1
SSAv, =Y P =< (E.16)
i=0

E.3  System Reliability, MTTF, and Variance of Time to Failure

Setting k=2 and n=3 in Equations (5.71) - (5.73), we get

ki o9
Py(s)= [S(1+;‘—+;—;—)] (E.17)
k,
P, (s)=—PF,(s) (E.18)
P (s)= %Po ) (for j=456) (E.19)

From Equation (5.74), the Laplace transform of the robot-safety system reliability with at

least two working safety units is
: k
R, (s)=D P (s)=(1+-")F(s) (E20)
i=0 H

From Equation (5.75), the robot-safety system mean time to the failure is obtained as

follows:

I~

1+—
MTTF,, =1mR,() = — £ (E21)
2L

j=4

h

W
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The time-dependant robot-safety system reliability, Rr(t), can be obtained by taking the

inverse Laplace transform of Equation (E.20).

From Equation (5.76), the system variance of time to failure is expressed by
o =-2lmR,,'(s) - (MTTE,)’

L. L ¢
2(1+—‘l)(1+—‘+zad,-) o (E.22)

— H H =4 d
- : 3 —— (MTTF;‘V )2

(ZLI.Y ZL,

where

R/'(s) denotes the derivative of Ry(s) with respect to s.

32

b,y =limcay= 2%
s—0 /”1 al

a, =1'i_r+r(}aj' (for j=45,6)

a, =lima, =24k,

50

Qg5 = lmol as =A,ky

5>

a, =limag = A,k,

50

k . k. .
(%) denotes the derivative of —L with respect to s.
H H

a;’ denotes the derivative of a; with respect to s.
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APPENDIX F

Miscellaneous Plots

M.1 Models 3.1 and 11

Setting ;=0 (fori=1, 2,..., n-k) in Figure 3.2, for k=1 and n=2, the model becomes for a
system having two redundant robots and one built-in safety unit. For the specified values
of this model parameters, the plots of Equations (3.37)-(3.38) (after taking inverse
Laplace transforms), (3.63), and (3.96) are shown in Figures F.1-F.4, respectively.
Similarly, for k=2 and n=3, the model becomes for a system having three redundant
robots and one built-in safety unit. At least two robots must function successfully for the
robot system success. For the specified values of this model parameters, the plots of
Equations (3.37)-(3.38) (after taking inverse Laplace transforms), (3.63), and (3.96) are

shown in Figures F.5-F.8, respectively.
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Figure F.1 Time-dependent availability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.
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Figure F.2

Figure F.3
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Time-dependent availability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.
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Robot-safety system steady state availability versus common-cause failure
rate (Aco) plots with Weibull distributed (B=1.0, 1.2, 1.6, 2) failed system

repair time distribution.

202



=
Q
o
(]
3

2,=0.0006, A,=0.0006, A, =A:=0.0001,
1=0.0009, 11;;=0.0010, prs=prs=}rc=0

[#1]
o
2
QA
il

k=1,n=2, 0,=0

Robot System Mean Time To Failute, MTTF
N
[ ]
(o=}
<

] MTTF,
1000 MTTF
0" pobo2 00004 00006 00008  0.001

Common-Cause Failure Rate, A,
Figure F.4  Mean time to failure plots of an irreparable robot-safety system as a

function of common-cause failure rate(Aco).
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Figure F.5  Time-dependent availability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.
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Figure F.6

Figure F.7
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Time-dependent availability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.
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Robot-safety system steady state availability versus common-cause failure

rate (Aco) plots with Weibull distributed (B=1.0, 1.2, 1.6, 2) failed system

repair time distribution.
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Figure F.8  Mean time to failure plots of an irreparable robot-safety system as a

function of common-cause failure rate(Aco).

M.2 Models 4.1

Setting u;=0 (for i = 1,2,...,n-1) in Figure 4.2, for m=2 and n=2, the model becomes for a
system having two redundant robots and two redundant built-in safety units. For the
specified values of this model parameters, the plots of Equations (4.42)-(4.43) (after
taking inverse Laplace transforms), (4.71), and (4.104) are shown in Figures F.9-F.12,

respectively.
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Figure F.9  Time-dependent availability plots for a robot-safety system with

exponentially distributed failed system repair time distribution.
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Figure F.10  Time-dependent availability plots for a robot-safety system with gamma

distributed (B=2) failed system repair time distribution.
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Figure F.11  Robot-safety system steady state availability versus common-cause failure
rate (A) plots with Weibull distributed (B=1.0, 1.2, 1.6, 2) failed system

repair time distribution.

B
o
o
o
)

[43]
o=
=]
a
i X o

Robot System Mean Time To Failure, MTTF

20001
MTTF,
MTTF,
10007 2,0.0006, ,=0.0006, Aet=Aor=he=Ac=0.0001,
Ho1=H=0.0009, pe=ps=ps=i1=0
07 "pobo2 00D04 00006 00008 0.001

Common-Cause Failure Rate,A.
Figure F.12 Mean time to failure plots of an irreparable robot-safety system as a
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