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ARSTRACT

¢ ! 4
A methodology has beeén developed for rigorous modelling .
of spacecraft having flexible appendages. + is shown that
the complete dynamics of the system could be described by a
coupled system of ordinary ané partial differential

- eguations. These eguations indicate 'a very strong and
¢intricate nature -of interaction between the rigid and the
flexible parts of the spacecraft. tabilization of the
system has been proved using Lyapunov's approach. Some

simple and practically implementable Zeedback controls are
suggested for stabilization.

tability of £lexible structures in the presence of
distributed white noise has been investigated. It is shown
that by application of velocity feedback a flexible beam
perturbed by distributed white noilse could be stabilized 1in
‘the mean sguare sense anc almost sure sense with respect t
a ball in the en 1CTCY Space. An optimal damping coefficient
nas been deduced for obtaining the maximum decay rate and
the minimum size o‘ the attractor. + is alsc shown that a
flexible spacecraf becomes unstable when subjected ol
random dlsbu*bances. abllzbv of  svstem vibrations could
be achieved bv simple feedback controls. .
Technicues ©f optimal control theory have been utilized
in *den_i‘viﬂg the paramegters 0f vibrating svstems..
Necessary conditions of onulma11hv have been derived for
identification ¢f parameters in systems governed Dby second
order evolution ecguations. = These results are utitized to
determine the parameters of a flexible beam.

t
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Chapter I

 INTRODUCTION

With the eVer‘increasiﬁg demand for high speed global

communication links, the number of satellites in earth orbit

is steadily increasing. "However, the capacity of " the
geosynchronous orbit is not unlimited. It has been
suggested , that, in order to reduce interference,

geostationary satellites must be at least four degrees apart
irom each other, SO tﬁat‘there could ,.be at most -Sd
satellites in the orbit. A possible solufion to reduce
congestioﬁ'in the geosynchronous orbit is to deploy— very

N
large satellites’'with multiple beam antenna so that one

satellite would-meet .the commfiigation-'requirements of a

large area on . the earth. ' _ _—
e

1

In addition, ‘ la:gé.geoSynchronous satellites are also
required ¢ ha&ness the unlimited supply of energy évailable
froé the sun, to build. space 9bservatory or.spacglab, to set
up permanenf' orbital base for deep space exﬁioration etc..
In general, these spaceéraft would be very large, hence
structurally flexible, and highly'complex.structures. These
are the zibé?lfed third generation spacecraft (the flexible
spacecraft),\and are expécted‘to be deployed in space in the

-

early nineties.
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Typically these spacecraft would congist. of a rigid main
body along with several flexible appendages such as long
beams, large soclar panels and antennas etc. A schematic
diagram of a communication satellite proposed by the
Government of Canada is shown 1in Fig. 1.1. In Fig. 1.2 we

- »
show another proposed model of a NASA spacecrait.

The pfoblem of modelling and control of these large
flexible spacecraft has been a subject of <considerable
research over tﬂe last few years. Flexibility of various
compdnents of the spécecraft introduces many unforeseen
coﬁplexities in the process of system modelling and
controller design. To ensure satisfactory performance of
the spacecraft it has become necessary to take into account
distributed nature of the flexible members. The subject of
this thesis concerns with the problem of developing a
methodology for rigorous modelling of these large flexible
spacecraft, taking 1into account the flexibility of éheir

compgﬁents, and design of stabilizing control schemes.
)

|



. REFLECTOR

<
-
o
¥
mn
o)

ANT. FEED

. Fig. 1.1 Schematic Diagram of

—
a

lexible Spacecraft (Canada)

FLEXIZLE 2

(4]
o

”~



1.1 A BRIEF REVIEW OF PREVIOUS STUDIES

1.1.1 Modelling and Control o=

In the early stages of space exploration when spacecraét
were bui&; small andé mechanically simple, ?he elastic
defoizﬁélons were relatively insignifiéant. The assumption
of rigidity of the satellite was, thus, acceptable for all
practical purposes. = Numerous investigations have been
carried out in the past on modeflihg~of attitude and orbital
dynamics of rigid body satellites, and degéquof ac;ive and
passive controllers for attitude stabiliiation.or orbital
maneuver. A few representative. studies, iq this respect, ’
arel[l, 9,38,59,&5,73]. A relatively detailed treatment of

the subject could be found in [36,74].

Oon tﬁe_contrary, a modern space vehicle containing rigid
bus, long beams,l larée/antennas and solar panels would be
partly rigid and partly flexible. A need for rigorous
investigation of the eifects of structural. flexibility on
the spacecraft motion was felt as early as 1958 when some
anomalous behavior of EXPLORER-I was observed.  EXPLORER-I
was passively spin stabilized about its principal axis of
minimum moment of inertia - a configuration which was later
proved to be unstable. Thomson and Reiter-[?i{75], followed
by Meirovitch [48] attributed this behavior Eg two_flexiblé
antennas attached to the E@tellite. Attitude instability

problems were also observed in EXPLORER-XX and ALOUETTE-I,
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and were believed to be caused by flexigility cf some of the
éomponenké. These observations led to an extensive
research, as docuﬁentgd in the survey paper [57], towards
understanding the effects of structugal flexibility on the

satellite motion.

There are several methods available in the liferature for
mathematical 'modell;ng of flexible satellites. Many of
these methods treat the elastic continuum in a discrete
fashion. An earlier approach [39,60]1 is to regard the
elastic system as being écncentrated ‘at certain points in
the domain of extension of the continuum. Then the classical
methods of rigid body dynamics is wused in order to obtain
the com?lete dynamics ‘in the form of a set of ordinary.

differential eqguations.

Anmother commonly used approach [22,32,37] in mpdelling
is to approximate the dvnamics of +the flexible parts by a
finite number of modes. In this method <the dependent
variables, describing the motion of the elastic continuum,
are described by finite sums of product of space aependent
eigenfunctions: and time dependent generalized coordinates
known as the modal coordinates. The system dynamics, thus
obféineé? is freguently represented in the form ¢f a linear

differential eguation such as

.

M3+Gg+Kgs=F. ’ (1.1)
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>

The vector g in (1.1) consists of rigid body modes

representing angular pééfﬁidns and velocities of the bus, .
and the modal cocordinates associated with the natural

vibration of the appendageé.

2 wide 1list of contributions could be found in the
literature on the control of large flexible spacecraft
represented by the modal equation (1.2}, A numbef of papers
in the proceedings of #IAA Symposium [50] deal with the
modal dynamiés' and ;ontEoi éystem design using modern
control theory. " Rank conditions for contrellability ané
observability have been derived ‘in [40,41]. Technigues of
optimal control theory have also been utilized [13,54,67] in

designing optimal feedback regulators for stabilization of

flexible spacecraft.

The modal method has the aévantages that it gives rise to
a set of linear ordinary differential equéﬁions which are
readily understcod by the practicing éhgineers and which can
be treated with advantage wusing the known results from
finite dimensional control theory. However, - the number of
modes of.a flexible structure is actually infinite, and for
a given system there are no clues "as to how many modes
should” be included in the modell\ip vield satisfactory
results. It is also obvious that the  number of modes
producing satisfactory vresults is .éifferént for different

structures, so that a generalization of the method is not
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. possible., Another 1mportant problem that 15 to be resolved
is the ,effect of controls derived from this finite
-dimensional Todel on the actual system; This problem ié

commonly kno%n as the 'Control Spillover' [14].

Studies Pave also been performed in the past towards
rlgorous mﬁdelllng of flexible spacecraft in terms of
'partlal differential equations [14,15,33,34,77]. 1In these

studies larFe space structures are described by a system of

hyperbolic}partial differential eguations of the form

v

A
M2 X —a:+ Ay = £(£,%), (1.2)
el -
,; - |
where VY = y(t,x) represents a vector of instantaneous

dzsplacemen_s of the structure from its equilibrium p051t10n
and £ is jthe applied force. The internal restoring forces

are represented by the time invariant, symmetric, positive
; .

(spatial’ differential) operator A . The operator D
répreseﬁts the 'sbructﬁral and gyroscopic damping. Using
1nf1n1wp dlmen51onal System theory for hypérbolic systems,

optlmai controllers and stab1llzlng feedback regulators have

~

been %uggested in these works. The. dynamics of a large

space. structure consisting of multiple beams,” and a

stabilizing ‘control scheme for the system using boundary
' 4

feedﬁack have been suggested in [30].



Representation of structural vibration (ooth transverse
and torsioﬁal) ot the Spacecraft by equations of the form
(1.2} is rathematically rigorous as compared to the modal
method. These studies would be of practical significance if
the elastic body dynamics could be decoupled from the rigig

body dynamics. However, in general, equation (1. 2) is only

- o -

a partial -representation of the complete dynamics of large
flexible spacecraft. = This is because of lﬂg fact that the
dynamics of the rigid and the flexible members are actually
ndnlihearly'coupled. Rigid body rotation of the structure

is not vef flected in the equation (1.2).

The most: natural model describing the dynamics of the
flexible spacecraft would be a set of ordinary differeptial
equations 'for..tﬁe rigid body and a set -of partial

“cifferential equations for the flexible parts. This type of
ssvscem mode1 W1ll be termed as "Hybrid system . A dynamic
-model of flexible spacecraft in the form of hybrid system
has beén introduced by Meirovitch [51,52]. Using Lagrangian
mechanics, Hamilton's canonical equations in the form of
hybrid system have been obtained in these papers. Defining

L)

rigid body angular rotations by ¢, 1 =1,2,3 and elastic

-

body displacements by (u,v,w), this hybrid dynamics is given

by:

L

CDE for Attitude Motion

- s el= 0 4 i= 1,2,3, 0 1.3.2)
v o i .



PDE for Elastic Motion
L : [IL i _
L —-i(z‘ﬂ) L (a,v,w) =0 , (1.3.5)
o TENTY y Ve = e
:L o[ 2L B
- - j‘f—(--,)‘f' L,(ufvlw) =0 ,
ol ¢ T\ oW W

where the Lagrangian L 1is defined as

-

L = K.E. - P.R. = [ L(g,u,v,w) &

In (1.3), L represents an appropriate spatial differential

operator for deformation of the elastic continuum,

Lyapunov's approach have been utilized 1in these papers to

obtain gravity gradient stabilization [51] and spin

stabilization [52] of a flexible spacecraft.

Although this method provides a rigorous approach towards
o i .
studying the dynamic behavior of flexible satellites, - there

are few criticisms that are worth mentioning. In these

papers the deformation of the elastic members is described

with respect to a coordinate system loceted at the mass
center of the deformed body. Since this mass center varies
with time because of vibrations, calculation of the total
deformafion of the body would produce computationél
complexities. 1In practice, one woula, rather, be interested

to measure the deformation with reference to the undeformed
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‘state. The proof of Atabilization 1in [51:52] requires the
assumption that.the- eflections of the eiastic body in the
three directions are indepgndentl it also makes critical
~use of the sméllest eigenvalue of the: elastié member which
. is very difficult to determine except for some. simple cases.
References [51,52] consider only passive stabilization of

the system.

in view of +he above discussion it 1is clear that, teo
ensure satisfactory performance, there is a need to take
into account the flexibility of the different compon;nﬁs of
~the spacecraft. In order to study the effects of structural
flexibility on the éatellite' ﬁotion, it 1is necessary o
develop a model which is mathematically rigorous yet simple
enough for theoretical as well as numerical investigation.
To facilitate design and analysis of control schemes, it is
preferable to describe the deformation of the elastic parts
with reference to the undeformed configuration. It is also
essential to design active controllers for stabilization of

the flexible épacecraft.

N

———————————

1.1.2 Stability in a Noisy Environment

v

Satellites in space are often subjected to random
disturbances. Some common sources of such disturbances are
meteorite collisions, variations in solar and magnetic

pressure due to disturbances occuring in .the sun,
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aerodynamic forces due to atmospheric effects, ‘thermal
gradient, as well as on-board disturbances due to ﬁétors and
pumps, fuel sloshing etc. These disturbances wohld‘produce
random torgques as well as spatially distributed random
forces on the flexible spacecraft. Thus i; is essengial to' ..
study the stability Tpropertiqs of the spacecraft in  the

.

resence 0f random disturbances, and to develop appropriate
] E )PT 1

control schemes for stabilization.

The gquestions of contrél and stabilization of the systems
governed by the deterministic wave equation have heen
“discussed by several authors, notably [3,18,26-29,44,62,63).
Using distributed and boundary feedback, Chen [26-29]
proposes several control schemew for expdnential

stabilization of the wave equation in a bounded domain.

5

el . . . .
Input output stability of. a2 transmission. line has been

treated in [3].

The problem of stability of a class of parabolic partial
differential eguations 1in the presence of distributed and
boundary noise have been discussed in [4,10]. Chow [31] has

deﬁeloped a Lyapunov type stab a genéral

TWH

1

¥

ty criterion fo

o |

[a ]

m
"
cr

class of stochastic evolution eguations on Hilb space.

Application of stochastic filtering and control theory in
satellite attitude control problems is an important area of
research. Wong [7%], and Wong and Ahmed [80] have suggested

optimal anéd suboptimel controllers <for stabilization of
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rigid body satellites in the presence of - random
disturbances. Contfol‘sygtem design for flexible structures
in & noisy environment hayé also been reported in the
literature, for example [47,64,66]. The system dynamics

used in these studies is essentially the modal dynamics

(1.1) with additive white noise, such as

0

X = Ax-+ Bu + v , (State eguation)
. _ (1.4)
y = Cx +w , ) (Observation equation)
where v and w are Gaussian white noise processes. ‘The

associated cost function. for the optimization problem is

I3

" taken.as o \

T

c

J ="ES “{<x,Qx> + <u,Ru>iét . (1.3)

Using Riccati formulation, optimal feedback regulators have
P > :

been suggested in these studies.

However, +to the knowledge of the author, no attempt has

been made on stabilization of flexikle spacecraft whose

2

e

dynamics 1s governed by a hybrid system -with additive -
di

istributed white noise.

N
1.1.3- Parameter 4“dentification

An important and essential aspect of modelling any
physical system is the identification of parameters in the
model equation. For the flexible spacecraft, the pertinent

parameters are moments of inertia of the rigid parts and the
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"elastic parameters for the flexible parts. ~ There are
several experimental metﬁods-available for méasureﬁepg} of
inertia. On the other hand the élastic elements, such as
beams, are freguently truss structures rather than a sol:id
continuum of metal. For .simplicity and reduction of
¢computer cost in dynamic studies, it has been sSuggested
[68,69] ;hat' a truss beam could be represented by an

eguivalent solid beam.  Thus one needs to determine the

parameters cof the eguivalent beam. -

¥me problem of identification of unknown parameters in
distributed s&stems have received considerable attention in
the. past as  documented in the survey paper [43]. The
‘. guestion . of exact identifyability of parameters in
distiihptéd systems have been considered in [42,58,70].
Trotter-Kato theorem have been used in [16,17] to prove the
‘convergence of an approximating sequence.of parameters which
is obtéingq on the basis of finite dimensional approximation

bf-thé' distr£buted system.  Techniques of optimal cohtrol
theofy have ‘also . "been utilized in identifica;ion of
parame;efs in di;tfibuted systems. Optimality conditions
for controls inr the coefficients of a clags of hyperbolic

systems Have been developed by Ahmed [5]. - Necessary

conditions of optimalitv for both controls and parameters

-
¢

combined together in a class of distributed systems arising .
from stochastic differential equations are presented in [6].

identification of parameters for certain.first and second

—
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order partlal dlfferentlal ecuatlons haye:been-diSCQSSed bf
:Lzons [45] Chauegg_\[Z& 251" has suggested a’ numerical
technique for determlnaexan of parameters in Q@istributéd
systeﬁs“- A general formulatlon fbr 1dent1f}catiqn' of_an
operatof in- systems governed by parabollc, hyperbolic ané

structurally damped hyperbolic evoluulon eauatlons have been

discussed recently in [11]. L e s

The concept of structural damp{ng is an important topic:
in the theory of vibrations. :Experience shows that energy
is dissipated in all vibrating systems, . including .those
generally known as conservative,. so that all vibrations
eventualiy~die out. (One should; however, note that the
decay rate of energy due to thishintriﬁSig damping is very

small.) This type of damping.-is cglled "structural damping”

and it is generally attributed t the Thysteresis of the
elastic material. The author is not aware of any
investigation regarding the identification of structural

demping coefficient.

[+
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1.2 OUTLINE OF THE THESIS

< .
.The thesis is organized as follows: Chapter I contains

themotivation to the problem of modelling and stabilization
of <flexible spacecraft and & brief review of previous

studies in this area.

In chapters II and III we present a methodology for
developing a rigorous dynaﬁic'model for flexible satellites.
For clarity of thé method, a simple satellite configuration
i1s considered in chapter II. yThe complete dynamics of the
satellite in terms of berid system 1s developed following

twoe different approaches. Some simple feedback controls are
;suggested for stgbili#ation of the'satellite. An algorithm
for numericél integration of-the -hybrid dynamics, . and_
1llustrative numerical resulté are also presented 'in this

chapter.

In chapter III, the results of chapter II are generalized
towards modelling and stabilization of flexible spacecraft

of more-general structures. The results poesented in this

. / . . . . \ )
chapter;iizggs flexible spacecraft with multiple beams! bend

beams, and solar panel.

Stabilization of glexible structures in the presence of
random disturbances is considgied in Chapter IV. First, the
questién_of stabilization of systems governed by thE'Qeam
equation in the presence of dist;ibuted white noise is

Y

R
-
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considered. The technigue developed <for the beam equation

is® then extended to prove the stability of flexible
Ry -

spacecraft governed by-hybrid dynamics.

Chapter V concerns with the problém of identification 6f
* parameters of a flexible beam. Techﬁiques. of optimal
control theor& have been utilized in this chapter for
optimal 1identification of beam. parameters, especially

flexural rigidity and structural damping.

Concluding remarks and sulsestions for further research

are presented in Chapter VI.

Original contributions in this thesis include:

1) A methodology for rigorous modelling of flexible
spacecraft in terms of variables which are physically

meaningful and are available for direct measurement;

27N

a direct proof of stabilization of the system using

simplgkggkdback_ccntrols;

sections 2.2, 2.3, 2.4 [12,19,201,

also sections 3.2 and 3.3. ;jfp

ii) Brponential ind almost sure stabilization of vibra-
tory systems in the presence of distributed white
noise; sections 4.2.2 and 4.2.3 [21].

111) Stability of stochastic hybrid systems as applied to
flexible spacecraft; section~4.3.

iv) Identification of structural damping of a flexible

beam ; section 5.3.1.



Chapter 11I

MODELLING AND STABILIZATION OF A FLEXIBLE
SPACECRAFT

-

The third generation spacecraft to be launched in the
- next decade would consist of a rigid main body which carries
(most of) the contrel and instrumentation hardware, and
several flexib;e appendages such as long beams, . large solar
panels, and antenﬁas etc.- Typical configuration of these
satellites are'ghqyn in Fig. 1.1 and Fig. 1.2 in Chapter 1I.
From the dimension of the various compeonents in these
figures, it is clear that these satellites are .structurally
very flexible. For opractical | applzcaﬁions such as
communigation, it is essential to maintain a high degree of
pointing accuracy. Also it i1s necessary that the flexible
parts of the spacecraft must not vibrate. This, 1in turn,
reguires representation of the complete system -by an
appropriate dynamic model and development of suitable
control schemes for 'stabilization. In order to develop a
methodolegy for modelling =a spacecraft of arbitrary
‘structure, in this ﬁhapter we consider a,relqtively simple
spacecraft configuration, and derive an accurate dynamic

-

model and several stabilizing control schemes.

_'17 -



2.1

NOTATICONS

Reference Frames

18

= (ib,jb,kb): Body frame of reference.

(i_,9_.k.)

-
-

(13,]3,k3)

ties

Veloci

hts

5(31};2,u3)

(Ov_wol

Displacements

b

tti

¢)

Pl

Orbital reference frame,

Beam reference f{rame.

Angular velocity of the F_ frame with
respect to the inertial space.

Angular velocity of the Fy frame with

-

respect to the F frame.

Earth angular rate.

Velocity of mass element of the beam
with respect to the inertial space.
Velocity of the mass element of the beam
with respect to the 7, frame.

HVelocity of the origin of the Fy frame

in the inertial\fpace.

N

»

jB direction.
Beam deflection in the-kB direction.

Beam deflection in the

Beam deflection vector.
‘Positipn”veqtor denoting the beam mass
element in the beam frame.
Pbsition'of the origin of the beam frame
kin the bocdy frame. |
N

Position veétor denoting the beam

element in the body frame. -



Parameters
) m = mi{x)
¢ = o (x)
L
) & s_tO,L]
: 5
. ,IB
IT = ‘Ib+ I
+ BI, (EL)
. H:
- ) T = (T,.Ts
S ) F = '(F},,Fz

.,T3):

) 3

18
Beam mass density per unit vol&ﬁe.
Beam mass density per uﬁit length;
Length of the beam.
Beam spatial domain.
Bus inertia tensor (Constant).
Beam inertia tensor (time varying).
Total satellite inertia.
flexural_ rigidicy of éhe beam for
deflection in the j; (k3) direction.
Angular momentum of thé satellite with
respect to the body frame.
To;que applied to the bus.

Force épplied to the beam: . 7

‘Mathemat-ical symbols - - -

o " A-b

- Additienal

, reguired.

Dot product'between a tensor.and a .
vector, Or between two Vectors.
.Cross product between two vectors.
Norm of the. vector a. . ¢

Time derivative of a vector A in the
inértial'space.

Time derivative of a.vector in the body

’ //fr;me. ' : -

notations will be introduced in the text as



2.2 MODELLING

A flexible structure in ‘an ‘earth-orbit would undergo

Py

‘ . -
three types of motions, wviz. a) rigid body translation

‘ . L}
perturbing the orbit, b) rigid body rotation perturbing the
orientation of the ‘satellite;' anéd c¢) - vibration of the

4 elastic members causing elastic deformation of the

étructure. In this study, we shall be concerned only with
the last two types of motions, while assuminé that the
attitude m§tion_ and the vibration of the elastic ~members
ha;e négligible effect upon the orbital motion of the
spacecraft; or that the spacecraft is equipped‘with suitable

control mechanism which -maintains the desired orbit.

The spacecraft considered in this chapter consists of a
rigid main body (commonly known as bus) and a long flexible.

beam rigidly attached to it as shown in Figure 2.1.

. Satellite _dnx Beam
body - .

-— -

o
N

Fig. 2.1 Schematic DNiagram of a Tlewxible Spacecraft

~

L e
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We firét note thatﬁ if the body* and the beam are
considered separately, then the dynamics;*bf each is well
established. More specifically, the aﬁtitude motion of a
rigid body satellite.véhicle can be described.[36] by a set
of nonlinear  ordinary differential’ equations; and' the
é:an;veéée vibrations of a flexible beam is governed [76] by
the Euié; eguation, which is a hype}bolic partial -
‘diffeféntial,- eguation - involving fourth order spatial
derivatives. However, in the present problem,'since the beam
_}is mounted on the bﬁs which spins about its axes during
perturbations, the complete dynamics of the system Ean not
be descfibed just by a collection. of_thesé two sets of
equations; _réther.must be modified appropriately so as %o
-take care of the interaction between th; bedy and thélbeam.'
Following [19,20], in this section , Wwe derive the attitude
dynamics‘df the -body considering the effects of vibrations
of the beam, and the equations .of transverse vibration of

the beam taking into account the effects of body motions.

&

2.2.1 Reference Frames

'In order to derivé ‘the dynamics of the flexible
spacecraft, we need to introduce appreopriate reference
frames. -~ We define a body .coordinate system representea by
the right handed unit vector triad sz(ib,jb,kb). This body
coordinate system. will be  assumed to be- fixed to the

satellite bus. _ We suppose that the rest position of the

. .
we shall use the terms body and bus interchangeably.
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beam is along the ib,axis, with one end of 'the beam rigidly

- fixed to the satellite body at a distance R from ‘the center

of the body coordinate system (see Fig. 2.1). For . .the study

¢f beam wvibrations, we need tc .define a beam.coqrdinate

system represented by the right handed unit vector " triad

|

g = (15,35,k3) .5uch that‘-1B (respectively ig and kB) is

rallel to i, (respectively j, and k,), and that thé'origin

-

of 'the beam frame 5  is at (R,0,0) with reference to the °

a

body frame Fb.

_We consider the motion of the flexible spacecraft in a
circular geoFsynchronoug orbit around earth. We shall
.suppose that the acceleration of the\earth 1s negligible, so
that for all practicéi purposes its center could be regérded
as fixed in inertial "space. For the study of attitude motion
of the spacecraft in a circular orbit, we shall introduce an
orbital reference system Frz(ir,jr,kr) v with the origih
coinciding with the "origin of the body frame, the axis i,
tangent‘to the orb{tal path in the ﬁirection of travel, the
axis k_ pointed towards the center of the earth,and the axis
angular velocity of the. body-f:ame' with respect to the
reference frame and “,. be the angular velocity of the
reference frame with respect to‘the inertial space. We shall
denote = = uw,_ + “p- Letting =, denote the angular velocity of

a

the earth about its own axis, we have

o, = (0,-e,0) 2.1

i_ normal to the orbital plane. Let =, = (ul,uz,u3) be the

7
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2.2.2  Inertia Tensor

The inertia tensor of the satellite main body.is denoted
by Ib, which is not necessarily diagonal. However, we assume

that I° i§ not time varying and is positive definite.

We now compute' the moments of 1inertia of the flexible
beam with reépect t¢ the body coordinate system. Letva point
P on ‘the perturbed beam be denoted by the vector (x,y,2) in
the FE frame. Then, the point P can be represented by the
vecéor

r=(x+R, v, z), (2.2)
with reference tp the body frame Fyy s Letting dm dencte
the mass of a géneric element on the.beam, the beam inertia

tensor I1° with respect to the body frame is given by

. -1 -
Nx 3% ®z
6 ~
1° = | -1 I -1 , (2.3)
V™ vy ¥z
. “lan Ttzy Izz
where
2 2. _ P N
I = S {y" + 2"} anm , I = I =/ (x+R)y ém ,
s < XV v
. 2 2, . - .
= ' 3 = = 7 A
Iyy J {{x+R)" + =z} dm,, Iyz Izy 7 vz dm , C(2.4)
I = f {(x+R)2 + v21 Am I = I = f {(x+RYz @m "
: zz By P ’ 3 xz Tm i

Unless otherwise specified, the integrals-will be assumed to

be taken over the whole body of the beam.
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Let L be the lengéh of the beam and = po{x) be its mass_
per unit leﬁéth. Then, assuming that the displacement of
the beam from the -rest posi;ion-is_-small, (2.4) can be

rewritten as:

~

)

L 5 > L -
.Ixx = j slvT + z%) éx , -va = va =‘[ o (x+R)y éx ,
0 . - - 0
L 5 5 L
= o2 < 1 z = = o] r
Iyy é sl (x+R)7 + z°1) ax , Iyz Izy ‘é ovz dx , (2.3)
AT
o L :
I = [ o{(x+R)2 + vz} dx I =1 = f p(x+R)z éx
22 0 - - NZ zZX 0 o o

We note that deflections of the beam could occur in the
j5 and kg directions, which are denoted by y=yl(x,t),
z= z(x,t), and that these deflections are governed by the '
beam dynamics to  be discussed in the next section.
Naturally, the inertia tensor of the beam varies with time.

. ~.

We, however, assume that the beam will not elongate in‘'the

axial or iB direction.

2.2.3 Modelling using Newtonian Dvnamics

With this preparation, we can now derive the dvnamics of
the comﬁiete system, We shall use Newton's laws of motion
in order to derive the attitude dynamics of the satellite-
bus and the equations for the transveése vibration of the

beam.
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2.2.3.1 Bus Dynamics

Consider an incremental mass element &m of the beam
located at r from the center of the body coordinate
system Fb and let v denote the velocitv of &m with respect
to the :inertial space. We also suppose that the center of
mass of the bus coincides witb the origin of the body frame.
Then, the total angular momentum H of the system about the

—-

center of the body frame is given by

b

-

H = ID-(ub + w ) + J{rxv) ém , (2.6Y

-

where I-a denotes the usual dot produc¢t between a tensor and
a vector. The velocity v of the incremental masé element dm
wiﬁh éespecﬁ to the inertial . space can be expressed [3%,71]
by .

L-:vo+v+(wb+u:_)xr, , (2

where Vo 1is the velocity of the origin of the body frame
- with respect to the inertial space and v 1s the velocity of
dm with respect to the body frame. Assuming that the beam

will not elongate in the ib direction, we can write

b ’ | : {1>8)

2%}
N

3y

-~ r
il

v o= (O’

F

Mo
fad

-

The equation of attitude motion of the spacecraf: is
obtained by -equating the external .torgue to the time

derivative of the total angular momentum, viz:

v
o83
-4 m

¢E o, ‘ (2.9)

where T denotes the external torgue applied to the satellite.

7
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The dvnamics of an earth orbiting satellite could be
considered as being equivalent to the one rotating about an
axis normal to the orbital plane with an angular velocity
equal to the orbital angular velocity [53]. As mentioned
earlier, ‘we shall be concerned with the case 1in which the
origin -of the body frame describes a fixed circular orbit,

R
i.e, radius }Rd= constant, so that the term involving zz—= v
R . . -

0
could be ignored {(c.f. [51]). Then using (2.6) and (2.7) in

(2.9}, the eguation of attitude motion of the £flexible

spacecraft is obtained as

c b ! o} d ;. t
IT (7 wh #2017 ) + 07 (pxw) éal = T . (2.10)
N (=3 .

L

b
[

Note that the angular momentum of the beam about the center

of the bedy frame is given by

-3 _ <3 . : - .
ITey = I '(ub + e ) = for x((xb + w_ ) xxr) dm ,(2.11)

-
b

where the vector r denotes the position of generic mass-
element dm on the beam as . .given in (2.2). It is interesting
to note that the vibrational velocity of the beam has a
direct influence on the attitude motion 65 the spacecraft;
indeed, the integral in the left hand side of (2.10) gives
the contribution of the beam velocities to the total angular

momentum of the system.

In order to obtain the attitude dynamics in some
convenient form, it is necessary to perform the

differentiations indicated in (2.10). The time rate of



-

change of any vector A relative to the inertial space is
ud " -

denoted by 3T and that relative to the body frame by" ".

Then, as is well-known [35,71],
aA : :

I = A4+ wxA . . {(2.12)
Using the differentiation- rule (2.12) in (2.10),- we
obtain the wvector dynamic equatibn governing the attitude

motion of the flexible spacecraft as

m

TT.L + owox (I5ew) + 2frx (wxv) ém+ [rx¥dm=T ,-(2.13)

T R . N .

where I = I¥ + I” 1s the total 1inertia tensor of the
. . ; B .

spacecraft. We recall that the beam inertia tensor I~ (given

rT'i
by (2.3)) is time varying, so that I~ is also time varying.

another useful form of the attitude dynamics is obtained

by performing the vector operations (see Apbendix a) in

(2.13) as given below:

- o . . .
¥y ¢ My o Wy gl Wy £ Ty
Tl - T ~
[*] @yl F w3 0 —wy [I } wy mugl*t [ E01 = | T
Wy (L..2 wo) ul 0 ) £q Ty
where
ﬂ—jL {vgzz—z—f-y-i-? =L+ 2wz 2} ax
17 Jg °—2t2 - 12 <Y IR 1°7¢ ’
£ j . { = (x+R) ézz + 7'- - w.) L2 _ 2 zjiy - 2w (R+D)jiy} x
B2 g PETRRIT 2lwy= wglzmy — g2 T Swy RIS ‘
L- . 82v A ez A

=t

27

,(2.14)

(2.15)
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It is to be noted here that the total inertia matrix IT
varies only with the position of the beam, but £;, £, and £,
depend also- on the velocity and acceleration of the beam
particles. It 1is clear that the attitude motion of the
flexible spacecraft is highly affected by the vibrations of

the beamn. In the case of an {infinitely) rigid beam, the

. - - "2 L2
. . v 3z . v z
displacement y,z, velocity =< ,== and acceleration = , =—
‘ st " ot 3t2 3t2

of the beam particles with respect to the body frame are all
e '

zero. Conseguently, fl, Ez and f3 reduce to zero and_IT

becomes time -invariant. The resulting form of (2.14) is the

well-known attitude dynamics [36] of a ri&iﬁ body satellite.

o
-§:;%gfz Beam Dynamics . d

The transverse vibration of a flexible beam with respect
: | . .
to a reference .frame fixed in inertial space is given [76]

by the wQ&l—known Buler equation:

,T"?.’v 82 ' . .\2v )
p(x)—=—= + EI(x)—— | = £ , (2.16)
"2 R "2
ot oW ox
where p» is the mass per. unit length, EI is the flexural

rigidity of the beam and f denotes the distribution of
forceé applied to the beam.. In the present Dproblem,
although the beam reference frame is- not fixed 1in the
inertial space because of angular motions of the bus,-‘the
above eguation could be appropfiately modified to obtain the

dynamics of the beam.

-
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In the present problem, deflection of the Beam could

., \

occur in two dirébtions, viz: jB and kp. Denoting the
corresponaing deflections by y=y(x,t) and =z:=z(x,t) and
under the assumption of small deflection and no "Etructural
>damping“ the transverse vibfationrof the beam is géverned'by

~

. N - ) . = .
2 | Y L2 “Iy 0 52 Y Y
! = . . " R
o (%) = t 5 =" _ : (2.17)
ctT L2 g 0 FI_|&8x" Lz F :
z= z

where %V and ?z dqqg;é the ‘force distribution actfng on the
beam, and EI, and EI, denote the flexuraf rigidity of the
beam for deflections in the j, and k, directions

respectively. ’

-

In a rotating frame of reference, a pértitle experiences
some extraneous force [71] arising essentially due to the'
rotation of tﬁé coordinates. .Since the beam is mounted on
the main body, having the angular velocitgr(yb +w.), each
particle of the beam would be acted upon gy such a force in

gaddition to, the externally applied forces,, such as control
for#eéi Considering an infinitesimal seétion cf the beam of
length ém located at a distance r from the center of body
frame, the total force distribution acting on the beam is,

then, given by

. “total T Fcontrol T °* 7 _ R
where - ’ (2.18).
a = (u;bé-c:;rV) xr + (mb+mr) x ((wb+wr) x ) +2(wb+ur)x v -
- ~—
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Thé'téise terms in the above equation are commonly known
[71,74] as‘the EBuler acceleration, centrifugal acceleration

and coriolis acceleration respectively.

Substituting the jy and ké component of (2.18) to the
right hand side of (2.16}, ‘we obtain the eqguation governing

the transverse vibration of the flexible beam.

.2 v . 0. '-2’.01 gl B 32 EIY 0 2 v
p— P — + Z, -
T | 209 0 “Hlz o oexT\| 0 EI %% 2
r 2- . A
SuyT ws wl,-i- (u.l2 - mo')m3 v
+ p
-, 2 2
L wy (L».z-wo).u:,) wj - (02— m‘o) z
r -~ 0
wa ¥ wl(mz‘j—uo) Fy
+ ol ) (x+R) = ' (2.19)
+ o, v ®

X

“where Fy and F, denote the control Zforces applied to the

beam in«<the jB and kg direction respectively.

- ~ ’ M .-
We note here that the iq tomponent of {2.18) represents
an axial force acting on the beam which would tend to change
the orbit of the spacecraft.‘ However, this component does

not come into consideration in .this study, since we have
» ~ Al

assumed that - the spacecra®t is on a fixed geo-synchronous

orbit.
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The boundary cenditions for (2.19) can be obtained by

-~

observing the cantilever nature of the beam. They are as

follows:

v(0,8) =0, ©z(0,&) =0, g
By oy ' 3z oy = .

:‘X (Orl-) - O r [l " (O;\. ‘ 0 r -

- , (2.20)
"‘2\;‘ 222

ET ﬁ(L,u? =0 r LIZ R 2(th) =0 +

- oen X i

2y . 2 :

& A _ & for 2Z N0 e

= (n:\_ 2)@,%} =0, = (HIZ»E“{‘?}(}.‘,\_) = 0.

It is interesting to note that the vibration of the beam
in the twe direct%ons afe not independent, rather is given
by tﬁe coupled system of -paftigl'differential equations
(2.18). Purther, in the absence of any rotation of the main
body, these equations reduce to the usual eguaticn for

transverse vibration of a cantilever beam.

-

2.2.4 Modelling bv Lagranagian Method

i

he dynamics of the £flexible spacecraft could also: be:

.3

derived wusing" the principle of least action or the

Hamilton's principle, according to which everyv mechanical

L5

Q.

system is characterized by a certain functien (g,

-

known as theyLagrangian, and the motion of the svstem .ls such

that the achion S defined by



is minimum.

the general*zed coord rnates q and the generalized veloc1t1es
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The Lagranglan L of the system is a2 function of

,

a and ‘is gIVEn by ,

=
-

whezre T is the total kinetic energy and V is the total

potential energy of the system.

The necessary condition for

the action $ to have a minimum is that its first variation

t, - i
j; "L,
“1

el

O

38 = ¢

£) @t =0 « (2.21)

with the end conditions &g = 0 at t=t, and t,.

q,

-

.

2.2.4.) System Rinetic and Potential energy .

For the derivation of the .dynamics of the flexible

~

saacec*a-b—uéing the Eamilton!s principle, we now. 1ntroduce

Ay

the kinetic and potential energy of the system.

»

"The kinetic energy of the satellite bus is given by

-

1 [ ér  ér .-
7 = = - - = Zém - (2‘.22)
b 2. J ¢t &t r
bus

where r = Ry + D, denotes the absolute position of the

incremental mass element d&n of the bus. relative to the

inertial space, with RO defining the position of the origin
of the bodv frame in the inertial frame and D-defining the
 position of the mass element d% relative to the body frame.

~
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As mentioned earlier, we' shall-dssume that the'origin of

‘the body framé coincidés with the- center of mass of the

satellite bus.-Then, using (2.12) in (2.22) it follows that

o= 2Py v e L oLe(1P- ST
) T, = 3 M_wo vy +'§ ws {I7w) , (.23
dRO - } ‘
where vy = zr— Is. the velocity of the origin of the body

frame relative to the inertial spacé,‘Mb- 1s the mass of the
; . : :

satellite bus and I

. is its 1inertie tensor with respect to

the body frame. . RS

P

-

]

4

The kinetic eriergy .of the beam is obtained in a similar -

way and is gi;en by

- "o 1L o &t dr .. ' 2
T ‘fa=§»-f 3t Tar <7 (2.24)

e ) beam . . _
with T _= R, + D + &, where T denotes the absolute position

"of the incremental mass element &m ¢f the ~ beam relative to

the. inertial space, D defines the position of the mass

element dn relative to the Bqdy frame in .the uyndeformed

state and d represents the deformation of dm relative to the

. body frame.- Indeed, with reference to Fig. .2.1, "~one notes.

that D = (R +'x,0,0) - and & = {0,y,2). Clearly, r =D = &,

where r 'denotes the position of the beam mass element dm -

relative to the bedy frame.:

_ The system potential. erergy - arises from two sources,

namely elastic -apd-gravitational. = Since .the aim of this

study is' stabilization by using . dctive controllers, .

>

gravitational potential will be . ignored. The ‘elastic

-
\
- v

MY

N
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potential energy due to deformation of the 'beam“ is  a
. function of the partial,derivatives of the displacements y,z
with respect to the spatial variable x. Under the assumption

of small deflections, the potential energy of the beam is

iven by L
: ) v o= 1 J’ fill(jix)z + EI ( gz )z}dx (2.25)
3 2 Ty 2 Tz 2 !
- . - ) 0 - oM o . .
where EI = EI (x)(respectively EI, ) is the flexural

rigidity.of the beam for deflections in the jz direction

(respectively kj. direction).

2.2.4.2 Complete Svystem Dynamics ;

~

- By Hamiltop’s. principle, the dynamics of +he flexible

spacecraft in the absence of any control is determined [53] -
by 2 =2 S | ‘
£ Las =5_f; (7, + T, - Vi)t =0, (2.26)

subject to

¢

C
b
}=

ct

he end conditions

$i= 0 £4.= 0 Ir,= 0 v =0
b L 2, ’ 3 r - ’

tn

= - = = .
z =0 at £t = ¢ t

5 o r
< . ~ ’ . . -
where <, %5, Z; are the Euler angles describing ¢t

he.

[o)
2]
-
0]
3
t
v
T
[N
O
=]
O
rh
r
o

e Dbody frame relative to the reference.

fr . . - ' . !
frame. “~

“

Development of the system dynamics following this

variational formulation of Hamilton’s principle .is very

attractive because of 1its conceptual simplicity and
- T - ’ . - = . " -
,universality of application. However, in the present problem,

-

since the body frame rotates with respect to the inertial

-
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space, one needs some extra care in taking the first

variation of the Lagrangian L.

The virtual displacement of the elastjic body relative to
the inertial space car be given [23] by

§T = SRy + 69 x (D+d) + ¢d

, - (2.27)
where cos= (651,662,6935 is the virtual rigid rotation of the
body frame relative to the reference frame. Further, using
(2.12}) one obtains
a ,; .
el
a ] : ) - (2.28)
where dw = gg(ﬁﬁ)denotes the wvirtual rotation rate of the

5(%%) = svg . bu x (Ded) + 58 .x {wx(D+d) + &}

body frame.

As discussed earlier, for the case of a satellite in a
fixed circular orbit , we have vd = 0. Then, téking the
first variation of the Lagrangian as ia (2.26} using the

equations (2.23)-(2.28) and assuming ,small angle rotation,

one obtzins .
el t, rt. ]
§ j“ 2 Lat = J; 2 Su-(IT‘u) de + ), 2 Su 'jo((D+d)xd) éx
"1 1 1 ‘ .
Ft, (L ) .
| 2( 0 iv.e € (e -
+Jt J oo tw x (D+d) + &} dt(fd) éx qt

t L - 2 L

(Y20 2% pv 57 . 3%y .

Je [;qu_z “&x) D e (BLyT5) oY ] at
1l & -“5x 0 D 0

ftz 322 pz 3 322 L
_Jt [EIZ -:-—-jo 5_\_) - E_(EI '\—2) cZ :l ct »
1 5x 0 CR O 0 -

(2.29)
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where 17 = 1%41° is the total inertia tensor of the satellite
with respect ~to the body axes and » = p(x)is the  mass per
unit length ;nd L is the length of the beam. By assumption
the beam is inextensible, so thatéd = (0,38y,dz) .
Integrating (2.29) by parts and noting that the variations
591,552,653,5y,52 are arbitrary, we obtain the set of
coupled.- differential "equations for the dynamics of the

flexible spacecraft as given below.

{1

,g?[(IT . u)]+ %E[I((D+d)x &) m]= 0, ) (2.30)

ang

-

with the boundary conditions (2.20), where we have used the

e

tati =[a, A A ) = [a, 3 he j-th
notation [A]j “ [ § R Ak]j,k [Aj Ak] te denote the j-t

and 'k-th componént of the vector A.

Using (2.12) in (2.30) and (2.31) and noting that

r=D+dand vzg= (0, £

~ ’ ~
-
ot )

az
ol

), we obtain the same dynamics

t

for the controlled flexible spacecraft as given in section
. :

12.2.3, i.e. ({2.14) for the dynamics of the rigid@ body ané

(2:719) and (2.20) for the flexible beam.
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2.2.5 Complete Svstem Dvnamics using Euler-Bernoulli Beam
Theory

The complete dynamics of the _fléxible spacecraft
consisting of a rigid main bedy and a flexible beam rigidly
Ettached to it, therefore, is given by the set of ordinary
differential t£2.14) anéd the set of hyperbolic partial
differential equations (2.18) with the boundary conditions

(2.20). Defining s=(y,2) gnd noting ;ha; w = (ulrwz‘mgruB),

this hybrid dynamics could 'be eéxpressed 1in the folléﬁing
compact form: .

IT(e)d + Alw) IT(8) w + £(u,8) = T,
2 . 2.\ (2.32)
P> + pBl(u)—a—t +—-§(B -c—>+ 083(m)¢ + (:-:+R);JB4(L~‘) = r,

aw 2 axz

rh
@)
3]
ct
1/
(ap ]
-
]
~m
p]
n

fC,L], 2long with the boundary conditions
. ‘ 2 '

o . ' B

¢ _ .
> 2(L,t) =90 , ¢

3N (2.33)

[+% )

<y
Le J
-
cr
—
I

[s%]

2

52 in 3 a2 _
T (0,t) | ?E(Bz ﬁxz)(L,t) = 0.

I
o
~

-—

The matrices.A, 31,52,33 and B, are defined appropriately so
that (2.32) 1is compatible with (2.14) and (2.1%). We note
that the attitude dynamics of the spacecraft is nonlinear in
the angular velocities‘ W, .while the beam eguation is only
apparently linear in the deflection ¢. But, since the
coefficient matrices of the beam eguation are functions
of w, which in turn depend nonlinerly on ¢, the whole systenm
of equations (2.32) is actually nonlinear. It 1is clearly

observed that the twe sets of equations are strongly
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coupled. Any rotation of the body would induce vibrations in
the beam and vice-versa. It is also important to note that
the deflections of the beam are described with respect to

the coordinate system fixed at the unperturbed position.

2.3 STABILIZATION

In this section we studvy the problem of stabilization of
the flexible spacecraft. 1In order to use the spacecraft for
any application, for example communication, it is desired
that the spacecraft must not wobble and the beam must not

vibrate. Accordingly, we consider the following rest state

Q, “a =.;.;O, Wy = 0

anéd for almost all x e_[O,L],

T

l:

v = 0 ’ E_'X: 0,
c- (2.32)
z-= 0, <Z-g,

ns
r

and pose the following stabilization problem: If the system
is perturbed from the above mentioned rest state, can- we
find a control that will eventually drive the system back to

the rest state?
1

This problem of stabilization of the flexible spacecraft
could be solved following Lyapunov's approach, with the
total energy of the system serving as a natural choice of
the Lyapunov function. In the following result; we sho# that
the spacecraft could be stabilized in the asymptotic .sense

by application of simple feedback controls. -
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Theorem 2.1

o

Consider the system described by (2.14) and (2.19) with
the boundary conditions (2.20). Suppose that the controls

applied to the system are given by the feedback law

LT = (=kywq, —kz(mz—uo), -k3w3), kT,kz,k3 >0,
ané (2.35)
Fo= (=&, ()55, =&, (0 2E), &,,8, » 0 a.e. on o .

Then the system is asymptotically stable (in the sense of

Lyvapunov) with respect to the rest state (2.34)

Proof

,
we shall dEHOuEJ_(Vr £ 2..¢)and according to the previous

Q

notations uzﬂ;1,u9-u0,u3) and ;= (y,z). Scalar multiplying

.both sides of (2.13), (which is eguivalent to (2.14)) by u
. T _l B B . ; . L

and notlng that I"=I"+ I, where I” varies with time because

ot vib tions, we obtain

E—E%(ITW:) -m} %- iE s+ 2J (wxv)) »w ém

+ (zxV)ew ém = Tow . (2.36)
~Now, it can be easily verified that

(I ) ew = Jf(rx(mxr}}'u ém =J,{!’..'>:I“i cm
(-IB-u) w = I(Vx(mxf))‘u ém -E-;(IX(LL-‘XV)}'U ém

:-2J(ux(uxr’))l°v am .

Using these results , (2.36) becomes

d—; [%-(Ib'w) 'm]-&-

rd

1 r
%jlwxrlzdm- Jex{wxx)) v dm

QPL
ot

-

+ J(rx&)-m dm = T-uw (2.37)



Equation (2.19) couid be rewritten as

"2 .2

~” & c c ¢ N N
L .2+ 2(3.) 2) + £Q {&xr
ct e X o
where ’ =1

8,

{‘J

2-0

Then, scalar multiplying .

the

2

001 -

above” eguation by

integrating by parts over x..2 = [0,L] and using the

40

n?
O

and

- —

)
it

boundary

conditions (2.20), we obtain
- . 2 -
o, 37 Rt Rl
S L ( s 4?‘2dx + & = 3, —= . =—@x
ct 2 Jn ot . ét 2 - 2 ~ s - _2
+ L2 (0{8xr + wx(exr) + 2exv})-— &x = [F-=<5 ax. (2.39)
i :‘.‘t o~ C‘t
. v ¢2Z o & )
Recalling that v;(o'a~'€+ =(0,~=) , (2.3%). can also be
. [ [
written as
- 2 2
i_}_:'—'zd -;-1‘. f',_:, ¢z ¢ ¢ w |4 r Y enr Am
=5 v mot 3 J 2" T 3¢ (uxxr)-v &r
- X c X - .
. - .. N iAol
+ '(;.:g(;;x:')) v Gm = i Fe—FCx . {(2.40)
- - - LS S
Adding (2.37) and (2,40), one obtains . -
. . - 2 el -
¢ | 1,.b 17 2, 1 o 87 2Ts
Io| 3Tl 5 vrexz T dm v 5 B,/ -—— dx
-2 oM o
7 e :
= T-w + | F-—dx . (2.41)
- [, C o
J-
Define Viw,v:t) by
( o ) _ 1. b 1 ", 5Ty 2, 1 C 522 2
I vy - = — | - - 1y Sl - — - S a
wowit) =301 w) t oy “v( - 2} éx + 3 j _Iz{ 2) éx
o T EM - ex
~7
1 7 L2 1 7 ey 2
+ 5 womu YZowovi€ax 4 5 | p{ =%+ (R4R)w,-w, 2z} dx
3 | onlepTHglzmugyitd 7 flget (AR ey-w,207d
1 A ) L2, :
25 [ ey o GerR) (eymug) Poan (2.42)
r
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Then from (2.41) and (2.42), we have

d Wy - = M. ”P.aé r ) - .
STV(e,95t) = Thu o+ ‘L T (2.43)
For the given set of controls T and F as defined 1in the

statement of the theorem, (2.43) becomes

|ﬂa

o . 2
Viw,v;t) = —klwl - k

L g
—

18]

3
- 4 - .E’..y 2 4 - b i? 2 2 4
JaeasDian - [a e (E e 2.an)

We claim that V is positive definite. In fact, positivity

m

W2 a4
of V with respect to o and 223 ,2-%2,¢¥ 9Z ig immediate.

e r Pl
. .2 L =2 sz 8}? et .
Further, if ¢ ; and < 3 are zero a.e. on?2, then, using the
. axT . ax” . .
boundary conditions (2.20), one could easily verify that y
’ » - - - - -
and z are necessarily zero on 2. Hence, V 1s positive
£33 g
definite. ~
~
From (2.44}), we see that S% is negative semidefinite
c .
for the given controls. Therefore, the rest state is

stable in the sense of Lyapunov. We show that the rest state

is actually asymptotically stable.

cv . . .

If == were to vanish identically for all t clty .5 1,0
v oz . i

must be zero and %?f and-%E must be zero a.e. on & for all

¢

tclt,,t)] (see (2.44)). This requires that
s =0, _ :

.....

anc

— — - Q.
5 5 0 a.e. on

- -
(3

o

Then, from (2.38), it follows that
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The elliptic equation ~ (2.45) alongh with the boundary
conditions (2.20) implies that ¢(=(y,z)) is =zero on o

Therefore, %% is negative definite. Hence, the functional
defined by (2.42) 1s, indeed, a Lyapunov functional and
consequently, the rest state of the system (2.14) and (2.19)

is aéymptotically stable. . This completes the proof. [

Remark 2.1

The Lyapunov functional defined in‘h(2.42) actually
represents the total energy of the system. We note that the
first term in (2.42) represents the kinetic energy of the
satellite -body; the second and third terms give the
potential energy of the beam due to deformation caused by
vibration. The last three integrals in (2.42) representing
%f[viwx£[%dm is the total kinetic energy of the beam due to

vibration and rotation of the body axes.

Remark 2.2

From (2.44), 1t 1s clear that 1in the absence of any

control,

S V(w,b:t) = 0,

[N

so that V(w,v;t) = V(e,y;0) for all t. This impli;s that the
system 1is conse?vative. However, interchange of energy
between the body and the beam ’méy take place leading to
changes in the body velocity trajectories and in the

amplifﬁde of vibration of the beam.

&
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The distributed control 1law given in Theorem 2.1 may be
‘aifficult or costly for practical implementation, since it
. involves application of damping throughout the length of thg
beam. Therefore, it is essential to consider stabilization
of the flexible spacecraft using localized controls. We éhow
that asymptotic stabilization the system could Ee obtained
by application of 1localized dampinghoh tﬁe beam along with
the feedback_t?rque on the bus.. We wi%i' need the following

Lo . . . -
result in the sequel. - ) 4

- N

Proposition 2.1

There exists a set Ac 2 z[0,L] of positive Lebesgue

measure “such that the velocity’ Zt does not  vanish
identicélly for all t. | |

Let ¢ (x,0) = ¢O(x) and w«w (0) = ;0 be arbitrary, Fe

prove the assertion by contradiction. Suppose that no such

- set A exists, Theﬁ, iz isxzero a.e. on 1 f9r ~all t.

- -

Conseqguently, the second equation of (2.32) implies that

2 2
@ o & N ot Y =
5(B, ) + By (w)e + 2 (x+R) B, () = 0,

X o X

-

which holds for arbitrary v and tz0. Scalar multipliying both
< sides of the above equation by ¢ and. integrating by parts

over 7, we have

B e o, = Y ay e . c) . 3w+ T wie (x+RY & S
> =% S s f o3 twrene @x + B (u)fo(ee)

o~

0.
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-

Sinceub is arbitrary, « can take arbitrary wvalues in R,

Hence the above eguation Implies thaty

-

-~

.2 .2 -
¢ D c o Co.
i ‘[ E, 75 " 54X = 0 for all £=0.

2.
e ? éy ¥ X f"a 202 ¢x for some ¥ » 0 r
- - : | < for : ’ ’
j’* \ Jo L2 Y
- Pt P ol
\/ ' L4 - - "2 .-2 )
- - I - c % - & oo
- Y miniEl_,E2I_C ) F2 T 27 T2 éx = 0 .
v z oM &

Hence ¢ is zero a.e. on % for all t:0. 'Th%f gives rise to a

contradiction, since : is continuous in ¢t and ty is

&

arbitrary. =

o

We now present the result on asymptotic stabilization of

the system using localized controls.

Theorem 2.2 . ' 2

Consider the system (2.14) anéd {2.15) with the boundary
conditions (2.20) and suppose that the controls are given by

the localized feedback structure:

o T o= Ry SR lugmug) s =Rovg), Ry LRy Ry 20,
anc (2.26)
- _ R i gy 2
Fo=olme, By —S )
5 3
with &, (x) =,IZ,a, X, (®) . a, o .
-~ - - - "_; - -
¢, () =_-;1bi xg (=) Boos 0,
'\:‘_ l

.~ denotes the iIndicator function of the set. E and

{a,,i=1,2,--- N}‘and {31,’1 1,2, M

()

are any two Zamilies

-

of -Lebesgue measurable subsets of - such that <=and << do
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-

¢
un

not vani'sh identically on -3. ané -Z; respectively. Then, the

- -

[

system is asymptotically stable with respect to the rest

state (2.34).

Proof ' : -
—_— - . P
Follows from Proposition 2.1 and Theorem Z.1l. _

2.3.1 Controls applied to both the Bus zné the Beam
We now present the results of numerical simulation ci the
’
flexible spacecraft governed by the set of oréinary
; ~ - S
Gifferential eguations (2.14 anéd the set of partizl
differential eguations (2.1%) with the boundary conditions
. . v
(2.20). Thi hybrid set of eguations were solved

simultaneousliy using a combimation ¢of Runge-Rutta me:thold for

the ordinary dilfferential eguations ané finit giiierence

For the purpose of simulation, we assume that the

1

satellite bus inertia matrix is diagdhal and <chat the beanm

is uniform along i1ts length. The following parameters were
used in the simulation: . : “
3us, Datea Bean Data
I7 = 645 siug It Zength L = 18,8 It
B - ; . o idtew mr oo 2SS0 B 1w £e2
I7 = 100 " - Tlexural rigidity BEI = 35330.85 lb It
2 - ! -
I° = 868 - Mass density © = 2.86 x 10 ~slug/ft.
>
- Legation of Beam R = 3 It

from the center of bocdy frame.

T

2
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whe;e'l? » 1=1,2,3 are the diagonal entries of the Satellite
bus inertia I°, which is constant. However, note that the
beam inertia I” = Ig(y,z) {see (2.3)) and hence the total
inertia I- = 1° + I° are implicit fupctions of time. The

b
o
bt
(24
b
o
[
3]

onditions were takern as:
- : q

.. {0) = 0.03 rad/sec

*2(0) = 0.02 Con .
"‘:(O) = 0-01 "
> e
anc.:O{ x-2:0,L ] ‘s
:¢. x,0) = o, E: (x,0) = Orr N
T T, ’ ' 'v
‘ v (x,0) =. =z (x,0) =:[{{Cosh :L+Cos :L)(Sinh x-Sin
v o
- (8inh ‘L+Sin L) (Cosh “m-Cos
~nere - satisfies Cos "L Cosh 1L+ 1L =10, e*= -0.001071.

2.3.1.1 Proportional Control
f

wWe 'Iirst consider stabilization of the spacecraft by
using propertional controls applied to both the bus and the
beam as in (2.46). We consider -

ky = 600, ky = 100, -ky = 600,

) - [0.25,1.0]

where ;;\the indicator function of the set E (g;pressed
. .

in normalized form). The beam damping coefficients d, and

¢, imply that the controls are applied only on a small

. s -
Ssection of 5% of the length of the beam located at the free

»
l]}

end. ig. 2.2-2.10 show the effectiveness of +he chosen

feedback law in stabilizing the flexible spacecraft.

b,
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. As mentioned earlier {see Remark 2.2), the uncontrolled
system is. conservative. In other words, the sum of the
absolute {i.e.  with respect to the inertial space) bus

C '

energy and the absolute beam energy remains constant. Not

e

. . ¢
that the absolute energy of the. bus i1s given by the first
term of .the Lvapunov functional-(z.%zl‘ and the rest of the

terms of (2.42) represent the absolute energy of the:beam.

- Since the beam is attached to.the bus, interchange of emergy
between the bus and the beam may take ©place during
\ - -'. ' A . .
perturbations leading to changes in the amplitude  of.
!

T . xr .
vibraﬁ&ons of the beam and the wobbling of the bus. This can

be clearly observed "from Fig. 2.2, Case A. (A slight

variation in the tdétal  energy of the uncontrolled system

. 4 - -
could be attributed

to the truncation and discretization
errers associated with numerical simulation). With
N Q _ I
application of the suggested controls the bus angular

g
o
it
-
o
=)
0
o -

nd the beam vibrations decay t¢ zero as’can be seen

"in Fig. 2.2, Case B. -

Fig 2.2 describes the response of the flexible spacecraft

in terms of energy. Acdditional information regarding the

beam vibrations and.the -bus angular motions are .given in
N . :
details in Fig. 2.3-2.1C. ‘ -

In Fig.-2.3 and 2.5, we show the deflections of- the beam
g. 2.3 ar , ea

’
at the %ree end, i.e. v(L,t) and

oc

<

LT

e ies are plotted in ' Fig 2.4

st

rt

it is clear that

igures

rh
™

hese

& .. . -

.

L—I
rt

z(L,

). " The corresponding
bl

.6 respectively,

3%

nd

o]

in - absence of appropriate
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controis (Fig., 2.3-2.%, Case A), the beam oscillatioens grow
with time, thus making the spacecraft unsuitable for any

application. However, with the application of the chosen

feedback controls, these oscillations eventually decav to

zerc. This can be observed from Fig. 2.3-2.6, Case 3.

The fact that the beam .vibrations afe reduced throughout

its length’'can be observed from the beam 'relative energy’

curve of Fig. 2.7. We define the beam 'relative energy’
-, .,

£ o - Y £ 3 3 v N - -

sunction as a measure of vibration of the beam with- respect

to the bodyv axes by

= T v t22 BT, :%w2 =T iz
I B O N o B e B S P oéx. (2.
el -
- - e " Z,‘-:.- - o
. ) :

we note that : Z7(t) represehts the total energy o

th

the beam

es that all

[
pae

velative to the body axes. CIezrly, E£-(t)=0 imp

ion. In

[agd

the 'points of the beam are at the rest posi

Fig. 2.7, Case A, we observe that in the uncontrelled systeg

ot
¥
14
U
1
[+1]
£
"
M
,A.l
v
rt
b

ve energy dincreases with time, indicating

growing oscillations of the beam -with respect t¢ the bo

)

[9 0]
re

N

axes. The applied feedback controls successiully eliminate

all the beam vibrations throughout its length as indicated

by the decayed beam energy in Fig. 2.7, Case 3.

The eifects ©0f beam vibrations on the satellite bus

angular velocities are shown in Fig. 2.8-2.10,Case &a. It

.can Dbe observed, irom these fligures, that the angular
velocities . and .. experience larger fluctuarions as

La

~1
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compared Lo wi. This is because of'the fact thét the beam
vibrations in the jb and kb directions would contribute to
the total angular- momentum about the k_ and j axes

respectively. Note that the beam is along the i axis, and

b
that there is no deformation along the axial direction. The -
relative magnitude of the bus inertia and the beam-inerﬁia
is another contributing factor. Stabilization .of the
angular velocities. by the application of the feedback

controls can be observed from Fig. 2.8-2.10, Case B.

It is to be noted here that the rate of deééy of beam
vibrations and also the bus apgular velocities depend on the
magnitude of the coefficients in the feedback law. A larger
‘feedback would- produce a faster stabilization of the
flexibie.spacecraft. Furthermore, from Fig. 2.7,Case B it
can be observed that the beam vibration increases initially,
_even though the controls are applied to the systeﬁ. However,
the magnitude of the controls can be "suitably chosen in

order that the vibrational energy is nonincreasing.
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2.3.1.2 Bang Bang Conmtrol = ° I .

-

Practical implementation gilihe proportional cbntrqls of
Theorem 2.1 and Theorem 2.2  require throttleable devices.
However, for satellite applications bang bang type of
controls are more sultable aS'éompared to the propo}tioqal
controls. The foli&wing result on the s£abilizétion of the

'flexiblgfspacecraft using béng bang controls follows easily

from Theorem é.2.

Corollary 2.1 ) '

Let the function sign be defined by

Pl

1, ¢ >0,
- o

sign i = (-1, i < 0,

0, = = 0.

-]
1
¥

D

"l

0

b4

$¢]

18}

i

—F
-

I
by
n
}J
93
5]
3

|

I
[al
)]
}-l

Ly
o1

the rest state of the system described by eguations (2.14)

and (2.15) is asymptotically stable.

The effects of controls corresponding to the feedback law

(2.48) are also illustrated by simulation results as shown
in Fig. 2.11-2.19. 1In these figures, we have used the same
initial conditions as in Section 2.3.1.1 . For the control

law {2.48) we take

. . - . A 5 ~ -
= (=&, (&) sign{=2) , -¢,(x) sign ;t)), ¢;sCy = 0 a.e. on

RETIY
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k. = 3.0 , k. = 0.5 2.0 ,

..
-~
[}

d; = d, = 0.05 Xg.95,1.0] -.

A comparisop of the Figures 2.11-2.19 with the Figures
2.2-2.10 indicates that the ovefall response of the system
under the action of the control law (2;48) is guite similar
to-those corresponding to the controls (2.46). The basic
différence in the two sets of figures is in the nature of
decaf of yarious states of the system. In the former case,
i.e. Figures 2.2-2.10,'£he decay rates become slower as the
magnitude of various states become smaller, whereas in the
later case, i.e. Figures 2.11-2.19, it remains more or less
unchanged. This could be observed specially by comparing tﬂé
pairs Fig. 2.8 - Fig. 2.17, Fig. 2.9 - Fig. 5.18, and

¥

Fig. 2.10 - Fig. 2.19.
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2.3.1.2 Deadzone Control

In some of the applications of geo-synchronous

satellites, it is not absolutely essential to attain
* -

asymptotic stabilization of the system. Further, for the

purpose of saving Zfuel, it suifices to obtain only an

approximate stabilization in the sense that the perturbed
) . e] T

syvstem trajectory would converge <to an < -neighbourhood of

the desired Test state by application of appropriate

controls. For such cases, we have the fellowing corcllary.
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2.12) -and (2.19) with

the boundary conditions (2.20). Let the feedback controls be

N
T = (=x%.Z2 (--q)""-,.)d: (.*’)_‘h) ,—-:?C:Z (“:-:,))r --I.":—)t’:-\ Or
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Simulation results corresponding to the deadzone control

(2.49) are presented in Fig. 2.20-2.28, where, for

comparison,  we have used the same initial condifﬁqns as in

the case of bang.bang controls“(see page 56). The feedback
coefficients in the control law (2.49) were taken as

bl

kl = 3.0,. k2 = 0.5, k3 = 2.0}

dl(X) = dzfx) = 0.05 X

—r

(0.95,1.0] -
and the deadzone limits as

3 4 5

¢y - €, = €5 = 0.001 and e, = ¢, = 0.05.

Energy decay charactéristic of the system corresponding
to the deadzone controls is shown in Fig. 2.20. It is
observed that thé systeﬁ vibrational energy is feduced to a
small value determined by the size of the deadzone. In the
simulation results this 'deadzone level' eﬁn{gy was obiained

-4 . . . . . .
as 7.0 x 10 » which, however, is not visible in Fig. 2.20.

The response of the system in the presence of éhe'
deadzone controls is .further illustrated in the beam
vibrational velocity curves of Fig. 2.22 and Fig. 2.24 and
in tﬂe bus angﬁlar velocity curves of Fig, 2.26—2.28. From
these figures, it(is clear that all the beam vibrations ang
the bu§ ’ angular motions are reduced te the_‘ small
neighbourhood, as pérmissiblé-by the size of tﬂe deadzone,
of'the zero state. In practice, the sizefpf the deadzone is

determined on the basis of stability requireménts of the

particuldr application.. Comparing the Figures 2.20-2.28
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with those for the bang bang controls, i.e. Fig. 2.11-2.19,

we observe that the response of the system in the two cases

are very similar outside the deadzone region. -In case the

deatizone limits, i.e. =, , i=1,2,...5, are reduced to zero,
the system response would coincide with that for bang bang

controls.
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2.3.2 Controls applied to the Bus only
w -

. ) t o .
In this section, we consider the stabilization of the

flexible spacecraft by application of controls applied only
on the bus. We shall consider the control structure given by

T = (—klwl, —szwz—wo), —k3w3) ’ kl’k2'k3 >0 , :

ané (2.50)
F = (0,0)

From (2.43), it is clear that when controls are applied only
on the bus, the Lyapunov fungtiona; V (see (2.44)) has a
negative semidefinite éerivative.f_ Consequently, one
concludes that the system 1is merely stable, rather than
asymptotically stable.

~J
Simulation results of the hybrid dynamics (2.14) and

{2.19) with the above cdntrol law are presehted in Fig. 2.29
and Fig. 2.30. The feedback coefficients kl,k2 and k3 were
taken as in Section 2.3.1.1 . From Fig. 2.29, it is clear
that the given control stabilizes all the bus angular
velocities quickly.a Further, it was observed that the beam
vibratioﬁs_aré also reduced to some extent (Fig. 2'30). by'
the action of the bus velocity feedback. fhis can be
explained from energy Eonside;ation of the system. As
discussed in Section 2.2, tpe beam vibrations have the
effect of‘prbducing sofie motions of the bus. These bus
angular velocities would then be reduced by the .action of
the (busf feedback) control. This in effect means flow of
energy Iagm the beam to the bus and eventuai dissipation.

Consequently, the beam vibrations would eventually decrease.
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We note, however, that the rate of decay of the beam.

L3

energy is  slow ag compared to the case when controls are
applied to both the bus and the beam (Section 2.3.1.1) and
becomes even slower as amplitude of vibrations becomes
smalier, thereby takiné longer time for _Et;bilizaﬁfon.
Therefore, tﬁe control scheme with both the.bus and the bea

feedback (Section 2.3.1.1) i;-more: efféé?%aé than the one

with the bus feedback only. ’ L



TAR

040

-1
)—
om
Tl
-
lu -
W
=11
cnc-,..
wl
_l—
—o Iy WITHOUT CONTROL
s _ . B) 3¢ WITH CONTROL (2.50)
> o )
v LA :
o : .
o L)
9. 00 2.00 4. 00 6. 00 8. 00 1b.00
TIME.(SEC)
Fi1g.2.29  Satellite Bﬁs Znergy :
o - [
Q
] .
- W,
-9 :
o5
Z 7 CAY— WITHOUT CONTROL
o © B)4——¢WITH CONTROL (2.50)
<<
LU—
m .
. -
Jl )
o. N - F :
%' 00 2'.00 £.00. - 6-.00 g.00 - 10.00

... TIME(SEC)

Fig.2.30  Beam Relative Energy

~4

K3

by



J . + - ‘ B - | - ) 7 3

2.2.3 Controls apnlied on the Beam only

. wWe consider the beam Zeedback civen by

.= (¢.0.,c) .,
anc (2.51)
t . T . Lz - A -
T o= (-—cl(..) ~ -c?_(::) Tz J Sy sCyT 0 a.e. on \/
where ¢, ané d, are as given in (2.46}. Then, it Zollows

from (2.43) that == 1is onlv n

[

gative semidefinite, indicating

that the svstem.is merely stable.
-

3
Simulation results with this control law are presented in

Fig. 2.3 ancé Fig. 2.32. The beam energy curve of Fig. 2.31
clearly illustrates the fact that all the vibrations of the

. beam (with respect to the body axes) are eliminated by

ct

. ' . i Lo . . . .
action of the control applied to the beam. However, <his

control has very little effect 1in stabilizing-the rotations
of the satellite bus.as can be observed from Fig. 2.32. An
explanation similar to that of Section 2.3.2 can be given

-

from energy consideration of the system and the fact that

any rotation of the bus gives rise to vibration of the beam. .

The only difference is that the direction of flow of energy

is reversed in this case. However, since the rate of

dissipation of the (bus) energy 1s extremely slow as
observed in Fig. 2.32, this" control scheme would be
unsuitable for stabilization of the spacecraft.

. 3
] - -

8

he

P ane
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N 1)
associatec with the satellite, we have a

vibration is governedé bv the Euler-RBerpoulll eguasion. The L

wavelength is several +times arger\Fhan
cimension of the beam,ané tha

dis placemen; are neg’zg*“le. The

fairly accurate in the case of a thin beamn.

dynamics ' of the beam,

above-ment

equation. Using the Timoshenko model for

=

obtain an improved dynamics for

discussed below. Further

that the control law of Section 2.3 is

effective

b

that ir remains egually

modified system,

-2.4.1 Timoshenko Beam Eguatien .

RS

) Considering rotary inertia and shear

)

incrementahﬁsectiqn, an improved model
_vibration of a flexible beam is g*ven by

equation [76]:

MICS USING TIMOSHENKC BEAM EQUATION

in the formulation of the beam dvnamics (Section

re that the

which

ione@ limitations, is given by

the flexible

the results in

2.2)

ssumed that the beam

bending

the cross—sectional

the rotarv inertia and shear

-Bernoulli sheory is
However, a more
ovércomes the
the Timoshenko beam
the beam, one could
spacecraft zs
“this Sectiqn show

robust in the sense

F

.1n stabilizing" the

~.

displacement of an , '
for the transverse

the Timoshertko beam

. "2 . - .
°o v 0_ I’-vr Sy_ _ I - 'l
T2 T ey LRGAL: )] £
dt p
r . T {2.52)7
5T 3%+ ' 3 c S
o a . o L -
= - xea(iL - o) - mell) - g ,‘/w\ _
A 5t2 Jx ax’ 2=
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0
"

mass per unit length,

- A = area of c¢ross section,
y ' ” K = Timoshenko Shear constant,
G = Shear modulus,
I = moment of area of cross section,
£ = force distribution acting on the beam,
v = transverse deflection,
2 = angle of rotation of the mass element
«
on the beam due tc bending,
E = Young's modulus.-
Defining the vector p (p,,p,,2,.,p,) by -
~J 1 "2 3 &
o2V e IV -
Py Tk v Py F RGA (i - %)
(2.53)
D, ¢ — , o, @ EI i=,
3 ER T A oM
the 'system of equations (2.52) can be written in the firkt
rder hyperbolic form as
3D E)e] -
M(x) = =8B = +Cp+F , (2.54)
o o
s 1 11 .
M(x) ™= 2, TET, S o= . . :
. (x) dilag (¢, gz 5+ 8T ¢ (2 :5)_

-
— -—

0 1 0 0O [0 0 0 0] . ’fj (2.56)
, 1 0 0-0 C 0 =1 ‘0 0 |
¢+ o' B = . r cC = , F =
0 ¢ 0 1 0 1 0 O 0
. 0 0 1 0 1 0 0 0 O 0
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2.4.2 Complete Svstem Dynamics -

is discussed in Section 2.2, the complete dynamics. of the

dynamics or Lagrangianhfofmulation: In this sec¢
shHall use Newtonlan method for the de:ivatibn. . ?i:st, we
note that the bus dynamics and its derivation are Eompletgly
identical to those discussed in Section 2.2.3.1. So we shall

discuss the derivation of the beam dynamics only.-

Correspondingffo the déflection in the jE direcfioﬁl we‘
define the vector p as in (2.53). ‘ Similarlfh wé défiﬁe the-
- vector o] for ‘the deflection in the kB direction. Foliowing{
-the prSCedure _;s discussed in Section 2.2.3.2, we ngﬁe that

the effective force distribution acting on the beam in the

*j. and k_, direction is given by

G
.

ij?

v v 3. : z z ks

155]

where'E‘V and a:e'the control forces applied to the beam

in the j. and k_ directions respectively ,and o, and = _ are
B B ! 3 .k .

%heAjH and kB components of the acceleration a given by {(as
=] . fe

.ln (2.18)) l\

. n
L
1]

Q:L:‘X‘;:+u><(u:xr).+2;3"v‘, {(2.18)
. — .

3

’
-~

Using (2.56), the dynamics of the flyxf%le beam mounted on

the satellite bus is, therefore, given by

M, o] . ip & o] fo] ¢ o] ] _ (2.57.2)
. =I - o+ . . .

Lo

‘where F = (F_- oajdﬂog o, O‘ Fz—ouk, 0, 0, 0).
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The matrix M, {respectively M) in (2.57) denote the

z
in (2.53)) corresponding to *

-

diagonal datrix M (as defined

%)
[}8)
w
[$1]

_deflection in the jB (respectively k_ } direction. We note
o

‘that MV and Mz are not necessarily the same.
- . N 5

S

The boundary conditions for (2.57} are given by

. py(0,2) = 0 . ql(O,t)v= KO '
o, (L,t) =0 , G, (L,t) =0,
2 2 (2.58)"
p3(0,t) =0 . q3(0,t) =0,
p,(L,t) =0 ., g,(L,8) =0 .
k| 4 a . )
The complete dynamics o the .£flexible spacecraft

considering the mdre detailed dynamics of the beam is,
therefcore, given by the set of ordinary differential
equations (2.14} in conjuncticen with ;the' partial
differential eguations (2.57) with the boundary conditions

(2.58). Once again,; we note that_these two sets st equations

are very strongly coupled. Further, the vibrations of the
beam in the jB and ké directions are interdependent through :

the forcing term which is a function of the angular velocity

“of the bus. Clearly, in the absence ?E any rotation of the

bus, these equations reduce to. the usual eqguations for the

. « -
transverse vibration of the beam. A,
. N

: U
\:\ o

.
L\
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2.4.3 Stabilization

&

-

We now-consiéer'-the problem df_stabilization of the
f}ekible spacecraft described by.the detailed model (2.14)
and (2.57) with the boundary conditions (2.58). We show that
the_séme feedﬂack controls considered in Section 2.3 age

equally effective also in this case.

Theorem 2.3
Consider the system described by (2.14) and (2.57) with
the ‘boundary conditions (2.58).° Suppose that the controls

applied to -the system are given.by the feedback law

e (oKuw., Sk (eomul) . -k %, 0,
, T = (=Rywy, ~kylugmug), —kgugds ByoRpeRg >
and (2.59)
F o= o(md. (x)iX, —d.0)2Zy, &, ,d 0 a.e. on =
FOEOATC RIS, T NI TE e 908y €. on - .

Then the -system is asymptotically stable {(in the sense of

Lyapunov) with respect to the rest state

v, =0, vy = wa, w, =0,
1 2 03 (2.60)
=20, ga=0.
Proof
-2
Scalar multiplying (2.57) by (p,g) and integrating by

parts overx <2 = [0,L] and-usi?gy the boundary conditions

-
¥

(2.58), we obtain .

94-{%‘f fMyp°D + M g.q} d£]7+ —f(er)-v éﬁ

dt | JF z3+9 _
. a*
- (ux(uxr))ev am = [ Fe2foax, (2.619
A  TTEE
. . -’r;v az
where F = (F_,F,) , o = (y,2)}) and v = (0,%.,5%) .

n
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Adding (2.61) and (2.37), one obtains
¢ ~1,.b N N SR 17 .o Ax Lr o A
a< LE(I rw) cw F -f_f'_x ém + 5 _J-M}’p v éx + 5 ,,'V:Zq of C‘.h]
'+_j(;xr)-¥¢dm + _f(rxé)-; dm = Tew + f; F-%% éx
g
Using (2.55), the above eguation could be rewritten as
: - 7 te
A S Vi{u,p,git) = Tew + 1. F- 2 4ax . (2.62) ..
where the Lyapunov function V(w,p,g;t) 1s defined as <\\ ‘
o | .
1 E 1 7..32 N . 12 ) . /’—
V(w,p,¢5t) = E(Ib ) ouw + 5, 32 ¢ wly - (x+R) (wz—wO?J dx f
1 v . L2, L 12 L.
\-{:5 Mc 3:5 + (:\+R)u3-ulZ{ 2w o+ EJHO ;(-‘-2 walZ u-3Y‘ ax
Lyl 2 . eL 25 ax
+ 2 . l.(‘:\-‘)y .D3 s (‘:’. z C.‘3J d:\
Ll 1 2 . 1 2, .. Ll 1,2 1, 2
* 50 Uges)y ot {gER)y 9! dx + 2Jn{(EI)y P, +(gp), Gy Ax
(2.63) -

Cléé:ly,'v as defined in (2.63) is positive definite and for

the ‘control structure (2.59) given in the statement of

av. ., <. . . ..
the theorem, at ¥'s apparently negative semidefinite.

Therefore, the rest state of the system is stable 1in the

sense of Lyapunov. We show that the system is actually

asymptéticaliy stable.

-

If %% were ;g_vanish-idénéically for .all t F[tlft21;.m
must be zerc and Py rqy must be';éro a.e. on o for all
t thi'tE]' This requires that

T
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W= O r
& X
boad anc
& . .
pl 0-’ ql O -
Conseguently, from the ;%irgt equation in (2.57.a) for P,
together with the boundary condition pl(O,t) = 0, it follows
that p, = 0 a.e. for all ¢t « ft1,t27. Then. the second
eguation of (2.57.a) - implies that P, = 0 a.e. for all
tc rt1,t2? and using the third equation of (2.57) we have
-1 - 1 e
p =C a.e. Similar conclusions held £or g. Hence %% is
- negative definite. . Conseguently, the rest state of the
system (2.24) and (2.57) is asymptotically stable.
Remark 2.3 ) -
The Lyapunov functional (2.63) represents the total

energy of the system described by (2.14) and "(2.57). 'The

first term in (2.63} represents the kinetic energy of the
bus and the next three terms give the kine&&g eneréy of beam
. . RN _ )

due to vibration and rotation about the body axes. _ The

kinetic energy due to rotational displacement of the beam

particles is given by the fifth term in (2.63). The last two

terﬁs:of (2.63) represent the potential energy of the beam:

due to shear displacement and bending respectively.

Remark 2.4

Results similar to Theorem 2.2, Corollary 2.1 and
" Corollary 2.2 remain valid also for the modified model of
the flexible spacecraft given by -eguations (2.14) and

(2.57).

N
«



Remark 2.5
From Theorem 2.1 and "Theorem 2.3, it is clear thet

whether or not the beam is represented by a detailed

dynamics, the flexible spacecraft cansg asymptotically

stabilized by application of simple feedback controls.

Remark 2.6

The feedback controls suggested in this chapter are
practically implementable. This involves measurement of bus
anéular velocities and beam wvibrational velocities: and
could be done using accelerometé:s or similar devices. The
control schemes could be realized .using thruster jets

located on the bus and on-the beam at appropriate positions.

2.5 SUMMARY

In this chapter, we develop an accurate model of ’a
flexible spacecratft Eonsistipg of a rigid‘-bus and a beam
rigidly attached to it. It 4s shown that the completev
dynamfcs of the system could be- described by 2 coupled
systém of ordinary and partial differential eguations. These
eguations indicate a very strong and intricate_na%ure_ of

-

interaction between the bus angular motions and the, beam

vibrations.

An important aspéct of this model is that the system is

. described in terms of variables which can be physically

&



83

measured. This 1is extremely important in the analysis of
system behavior and also in the design of stabilizing

v

controls.

It has been shown that the flexible spacecraft can be
stabilized by application of simple feedback controls. A
combination of bus velocity feedback and beam damping has

"been found to be most effective in stabilizing the system.
These controls can be-practically iﬁplemented. It 1is also
shown that ~ these control laws are equally effective -
irrespective of order of accurécy’ in modelling the béam
dynamics. )

An algorithm has beenldeveloped for simultaneous solution
of ‘the hybrid «dynamics of the flexible spacecraft. No .
spécial attention was given to improve the efficiency of the

-program in this study. Yet the CPU time was found to be
Qery.small, A typical run for the solution of the system
equations‘took 20 seconds of CPU time and a ‘memory of 100K
on a AMDAHL 470/V 8 computer. It is expected that the CPU

. time could be further reduced by improving the effi&iency;gf

the FORTRAN code. . . /
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‘ *  Chapter III
'MODELLING AND STABILIZATION OF FLEXIBLE
SPACECRAFT OF MORE GENERAL STRUCTURE
In géneralj a flexible spacecraft is expected to be very
large and highly romplex structure . In order to develop a

methodplogj for modelling such spacecraft, in this chapter

- we generalize the dvnamics presented in Chapter II. We also

~

consider the gquestion of stabilization 0of the system and

develop simple stabilizing control schemes.

-a kS

' \We consider a Spacecraft consisting of a2 bus, two beams

and a solar panel. We shall suppose that one of “he beams
is rigidly attached to the bus: but its position and angle
with respect to the body are completely arbitrary. The

second beam is rigidly attached to the end of -the firﬁt one

with the angle between them being arbitrary. * We shall cail

‘this two-beam-structure a bend beam. Similafly,” the solar
panel is located at an arbitrary positéonrwith réspect to
the bus. We shall assume that the satellite is in a fixed
geosynchronous o¢rbit and develop the completé‘ dynamic.
equations descriBing the angula; motions of the bus and the
transverse vibrations of the beams. For simplicity of

presentation, we shall discuss the results in two

subsections: Spacecrait.consisting of 1) the bus-aédlthe
£ ) n
- - 84 - ‘
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bend beam, and ii) the bus and thé solar panel. These
results will then be combined together to give the complete
dvnamics of a spacecraft consisi}ng of a;bus, a bend beam,

and a-solar panel. e .

. » 3.1  NOTATIONS

.

——5ubscript Notations:
\ . .
b for bus; 1 for boom; 2 for tower; 3 for solar panel.

Reference Frames. -

-

F

b (1b,jb,kb): Body frame of reference.

F_=(i_,j_,k_): Orbital reference frame.

i
-

r. {i.,3.,k.}

. “ A [

Reference frames for Boom {(:=1),
' v
Tower {.=2) and Solar panel (:i=3).

Velocities

we = (0,=wgy, 0} : Angular velocity of the 7 frame with
respect to the inertial space.

" L J . o

“y, =(¥1,%5,%3) : Apgular velocity of the 7, frame with

respect to the Fr frame.

Velocity of the mass element dm. with

“

<
.

respect to the Ff. frame.:
- a

<)
e

N Velocity of the mass element dma with
‘ respect to the Fb framef
Displacements : . -
r, = (xl,yi,zi) : Position vector of tﬁe mass elemeht'dmL
with respect to the Fe frame.
T : Position vector of the mass element dam.

i

with respect to the Fb frame.
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Parameters

- c. o= oAx.)
[ o

)

.

‘e

1)
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Boom dispiacement from Ebe rest staﬁe. .
Toger dispiadement'ffoQ the rest state.
Posit}on Sf the Brigiq of the F  frame
in the body frame.
Mass deqsity'per unit lengthhof the boom
or the tower. i |
Length of the béﬁm {tower).’
Lengtﬁ (width) of the sclar pénel.
Bus %pe:tia tensor {(Constant).
Boom ktower, plate) inertia tensor

time varying).

<
Flexural rigidity of the boom (tower).
Torgue applied to the bus.

Force applied to the boom (tower or

pla;e). ~ o -

MatHematical Svmbols

~ A'b

e

-
..

Dot product between a "tensor and a

. vector, or between two vectors.

Cross product between two vectors.

Norm ¢f the vectar a.
Time derivative of a vector in the
inertial space.

Time derivative of a vector in a

rotating frame.

Additional notatiocns will be infreduced in the text as

reguired.

“

.\mlw//f_
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3.2  SPACECRAFT CONSISTING OF A BUS AND A BEND BEAM

We first consider the problem. of maﬁelling and’
stabilization of:a spacecraft consisting of a %igid bus and
two beams (or a bend beam) as shown in Fig. 3.ﬁ. We shall
use the term boom to denote the beam which Es directly
attached to the bus, and the term tower to denate the other
beam. 1t is assumed that the beams are flexible but the
joint between the boom and the tower is rigid. Following
the procedure discussed in Chapter II, ve derive the dynamic
equations describing the attitude- motion of .bhe bus
considering the effects of vibrations of the boom ang tower.
Similarly, - we develop the equatidns for " transverse
viSra;ibn ¢f the boom and‘the tower-taking into account the
effects of motion of the bus.

3.2.1 Reference Frames and Inértia Tensors

-

*Let Fb'z(ib,jb,kb) denote the body reference frame and
Fr E(ir'jk'kr) the orbital reference Erame as introduced in
Section 2.2.1. We also reguire reference frames to describe
the vibration of the two beams. _We shall use sﬁﬁsc;ipt 1 to
denote any variable related to the boom, and subscript 2 to
denote any vériable related to the tower. We define the
boom coqrdinaée system Fl ; (il'jl'kl)' “such that'il is
aleng the " direction of the rest position of the boom and

that the origin of F, frame is located at the joint between
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the bus and the boom.; The directien 6% jI carn” be suitably
chosen to obtain other computational advantages. - Thié will
be further clarified later in this chapter. Then the

direction of 5{,15 given bg 11f31'

Similarlyw we define the “tower coordinate frame

My

<

n

{il,j,.k,) with the origin located at the joint between

the boom and the tower at rest. The axis i, 1is along the

1 .
direction of the rest position of the tower and the axis j,

is suitably c&g;éﬁt’f:ﬁe_ shall assume that the 7, and Fy

frames are stationary with respect to the F, frame. A

schematic diagram of -the spacecraft along with the'reference

fvames is shownAn Fig. 3.1

Bus

-

Fig. 3.1 Schemotic Diagram of a Spacecraft
: with a Bend Beam.
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Let & point\\E;on.;he perﬁufbea bocm be described by the

~ . . .
vector ry = (xl,yl;zi) %in the boom frame of reference Fl.

-

. N i N L N . .
Then, this point could 'also be described with respect to the

body frame f_, by s "~
b N
r. = R, - M.r ‘;\ (3.1)

- ]

where R, is the vector denoting the origin of the F, frame

1

with respect to the F frame aﬁd\ M is the Euler

b o
: + . . .
“transformation matrix [74] given by N,
. - N i ‘\._
N
e . : SN i
iCaCy - SsC28Sy -S¢Cv -~ SuC&8C¢ 'Se8y]
. E . ' - ‘ ‘ B
My =[CeSv +8:C¥Cy  -S:Sy +.CICECY -S3Cy|, (3.2)
(- ' )
S - , - (o
where C7i = Cos?® and §7 = Sini,‘
The‘éngles o ;; , anéd : -are the Euler angles between the Fb
frame and the 7, frame of reference! We note that M, is
Lk -1 - ) ) :
orthogonal i.e. M = Mly, and reduces to identity when the

Fb and Fl frames are parallel.

A

Let vlwdénote the velocity of the particle P with respect

to the f.

frame 1
N ame is

frame. Then the velocity of P in the Fl
given by '
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Similarly, let M, denote the Euig;“fyﬁnsformation matrix

between the Fb and F2 frames. Then, the displacement and

the velocity of a particle in the tower with respect to-the

Fb and 7, frames are related by:

LY

Ty = Ry * Mpr,

- (3.4)
Vo T Myvy

where E2 and 62 (respectively r, and v,) denote the position

“

and velocity of the ébrticlé in the Fb frame (respectively

F, frame) and R, defines the position of the origin of f

2
frame with respect to the Fb frame.

It-.is to .be noted that since Fl and f,

stationary with respect to the %} frame, the transformation

frames are

matrices Ml and M, are independent of time and can be

determined if the unperturbed positions o¢f the boom and the

tower are given,

The inertia tensor of the satellite bus will be denoted

by Ib, We shall assume that .Ib is not time varying. The

boom and the tower inertia tensors (with respect -to the body

frame) will be denoted by I and 1, respectively, -

b ] -
Let L, and 51 denote the length and the mass’ per unit
length of the boom. Then the inertia tensor I, is given by~

!’Ll '

- / LT - £ B .
1 o PpnEtBIUy - By Ey Jaxg
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‘it can.be verified that

- where U, is the identity matrix of dimension 3 x 3. Further,

K Ll ot " . .
- _Il-u = JQ 21 (rlﬁ(w xArl)) dxi - ‘ . o
Similarly, letting ﬂz and'é2 denote the length'and mass

per unit length of the tower, we have

- L~2- 7.
f 12 = Jo czk(r2 r2)U3 - B, B éxz , i i ?
and ; RN
. 1,_‘1'..2 .
. 12'“‘ = )‘0 Cz(rz“(u*rz)) d\z
C . ] o .
3.2.2 " System Modelling o ; ©- )
As mentioned in Chapter .II, the complete dynam;cg Og'd

flexible spacécraft‘ could bef derived;using the Lagragpgian

method or'~the Newtonian dvnamzcs. " In thié chaptér we shall

.ollow the Lagrangxan methad. For thxs purpose " we firsi

1ptrodqce'the total Llnetﬁc ene*gv and the. total poteotiai

v

energy of “the system. ' ' .o

; . .
Let Mb denote the to;al mass of the satellzte bus and I

"

its moment of 1nert1a with respect to the bodv frame Then,

assumlng tha_ "the origin of the body frame. cozncxdes with

the center of mass of:the -bus;‘_the'bus kinetic energy is

Y

given.by (as in (é.:é)l

o

b.:- ’ . (3.5)

H

it
b

<

<

+
tof

-

3

o

1



-

~ 92

where vy is the velocisy of the origin of the body frame and

Te(mupre ) denotes the angular velocity of the body frame,

. all with respect to _the inertial space. Note that the first

term of (3.5) represents the translational kinetic energy

and the second term gives the rotational kinetic.energy’of

" “the bus. ‘ o s

“owe

The kinetic energy of the boom is given by

1 (d‘fl Jfl :
T = = | = . et L dm . (3.6)
. . 1 25 d dt l,- s
boom -t
with x.‘l = RO + Rl + erl ;- (3.7)

where ?l denotes the absolute position of the incremental

mass element am, of the boom relative to-'the inertial space,

the vector Ry defines the position of the origin of the body

frame in the inertial space and R * M. r_ = t. defines the..

171701

position of the mass element dm ~~with. respect to “the body .

¥

frame_(see Section 3.2.1 and eguation 3.1). . We note that

~

<the position of the mass element dm) with respect to the

.

1

-

boom frame 1s given by the vector r_.

The kinetic enefgy of the tower is obtained in a similar

way and is given by

. i ] s dfz_ df?"dw\ s
2T 7 L ode de Tt (3.8)

tower -
with F, = Ry + R, + M, (3.9)

. where £, denotes the absolute posagion of the incremental

mass_ element dma,‘of the tower withrespect to the inertial

A
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space. The position of dm,, is'defined by the vector fé

relative to

relative to the tower frame, and by R, +,Mér2

the body frame (see equation 3.4). ’ -

v " The elastic potential energy of .the system arises from

transverse and _torsional deformations of . the boom and the

- tower. In this study -torsional deformations will be
S

neglected. The deformations of the bcom could occur in the

3y and kl , .with the

'cor;éspbnding deflections denoted by ¥, = yl(xl,t) and

two transverse directions, 1i.e.

21 = zl(xl,t) respectively, We shall, however, assume that
the boom will not elongate -in the i, direction. - Then under

the assumption of small deflections, the elastic potential

-~ energy of the boom is given by: - -
L , o , :
_ _l_ ! 1 Iobe 57 f’/yl .‘7'2 -!/?l\\}d.. 3.1
. ViTz. 1 T 2 \z, )T 2 iz, iTTL (3-10)
0 sx AT/ ex] ANTL -

‘ 0 EI

oY Z .
h dIl and EIl'denotl

for deflections. in the jl- and‘ki ‘directions respectively.

where . EI,

z
1
n

it

J ‘
o owi g the flewxural rigidity of the boom

. We note that in the case of non uniform boom, EIl-would be 2

)

function of“xw.

-

The potential energy V2‘ of the tower .is obtained in a

similar way., Denoting.transverse deflections of the tower

in . the i, and ks di;ections by ¥, = yz(gz,t) and

“

z, ;vzz(let) respectively,-we have



]
l./‘z .2 yz\ 2 (Yz\
v, = % : EI, Zus N dx, (3.11)
ax2 2/ oh2 \22

where EI, =

In (3.11), EI., denotes the £flexural ':igidfty and LZ the

length of the tower.

The dyramics ¢f the spacecraft in the absence of any
control is obtaifed from the wvariational formulation of

Hamilton's principle:

/»‘-2 L C-;" - = 't2 m . T + 7 -1 - v 1 d« (-; 12)
L R S P 2, SEronees
1 Tl
subject to the end conditicgns
vy =07 s, =0, 16, =0,
and ’
vy = o ., ‘Zl =0,
vy = 0, ;',."2 =90 ,
P - - -.;‘ et ;T. - = 3 r l
at t IS where 17 %, and ?5 are the uler angles

describing the orientation of the body frame relative toe the

reference frame.

The virtual displacement of the boom mass element dm., -~

T

which is ‘defined by the vector I in the inertial space

-

\
{see egquation 3.7), is given by (c.f. (2.27))

¢
I'fa
1}
I'e
s
+
n
e
x
e
t
A

3
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the virtual rotation of the body

-

q';‘
where" 3 = (88, ,¢88,,88,) 1
< -( 1 , 3)
frame relative to the inertial -space. Then, using the rule
differentiation in a rotating reference frame i.e.

of.
(2.12), we. have
/dff : .
) :Kdt‘/ = dvg + GFX(R1+ Myr.) o+ SEX'LX(R1+ Myro) o+ M, £
° - - d .
v T M oaT ¢ryd. (3.14)
dRO : .
where Vo T ar denotes the velocity of the origin of the
body frame in the inertial space. :
an__

" The virtual displacement and the virtual velocity of

incremental mass element dm, of the- tower are obtained in a

similar way”and are given by’
:'rz = £RO + CC « (?\2"‘}' M2r2) + \12 er . (3.15)
N R . ‘ :
zm ) = vy F Sux(Ryb Miro) 4+ fsx{ux (RyF Moro) + M T,
o, Sery. (3.16)
) 2 dt 2°° '.
_~
that, by assumption, the satellite describes a -
that svg = 0. Then using

We recall
orbit, so

fixed circular
(3.5)-{3.121) in (3.12) and taking the first variation, one

obtains:
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By assump:tion, the boom and the tower are inextensible so.

that Z<r, = P , < L TL = , £ , S . T R
ha 1 (0 ¥y zl) and 5 (o Y, 22) hen
integrating the first- five%terms in (3.17) by parts using

the fact that <o = S_ (i2) and noting that the variations

D

3

8

3

] rEE, 8y . ,521 iy §z, are arbitrary, cne
obtains the set of coupled differential equations £for the

dynamics of the flexible spacecraft ‘as given below:
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Bus Dynamics (without control)

l -
d .
o [Tt Tt I e+ dt .L 1 (RyFMyz dxMyry dxl]
+ = 20 (R r )xM r. dx i = 0
gtli, 2R 2’ 2 9%y ] ’
Boom Dvnamics {(without control)
. ’ 2 2 v
- 3 3 I\
Ql 3T {L"l { erl+ wx (? +M rl) :[ + :—"2- [Ell-j-( )]— 0,
. Jllkl chl n}xl \21
Tower Dvnamics (without control)
d_ M { M, Fo+ wx (R4 3 22 R EERIE
°2 Gt 2Ta® Br(RptMampli) o+ Ty 1Bl =0
: v JarFay 9%y Xy A2 ~

where we have tsed the notation [A] [A k 1 to denote

ik
the j- th and k- th component of the vector A.

In order to obtain the dynamics in a mere convenient

form, we perform the differentiations in (3.18) using (2.12)
- sy, oz, )
and use the facts that r. = v. = (0,—=,—%), i=1,2. ' Then
1 i Bt ot )

(3.18)

the complete dynamics of the flexible spacecraft along with™ ~

the control tbrques and forces 'is given bya:
Bus Dynamics(with control)

L
1 ‘
(:Eb+Il+I2) cw ot u'x [(I +Il+1'2).'m] + [ pl(Rl'+MlFl) *M_ov. dx

1'1 771

0
- Jf@z : Jle S
FE Ry*+M, M % 2% ¢
. b 92( )XI2 5 c:‘t_.2 + 2 b ol(Rl+erl)x(u Mlvl)dhl
L ‘ .
. J[ 2
+ 2 B o) { =
7, yz(R2+¥2r2)x(mXM2v2) dxz T , {3.19)
Boom Dynamics(withvcontrol) .
"2 (ﬁ ) 52 2 v '
o, £ 1) . EI. 5 . (—1 *
! -t M = F ’ - .
R T axi 1 axf vz /|7 1% 1 (3.20)

-

ai = &x(Rl+ MyTy) o+ wx(wx (Ry+ ¥y )+ 20V,
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Tower Dvnamics (with control) ,
L2 Y .2 2 v
. -2\ 3 3 ¥ * _ C e oy
P + —= |EI (>+DQMu = F, , (3.21)
2.2 (22/ axg [. 2 axg z, 22 %2 2
. ) 9
Say = u_:><(R2+ Mzrz)..f mx(mx(Rzﬂ-,Mz.rZ))_ + 2 wXMZVZ . )
0 1 ¢
Q‘ = . . ,
¢ 0o 1
where T is the torque applied to the bus .and F F. are the -

1’ 2
forces ap@lied toe the becom and tower_respectively;' To

obtain the boundary conditions for the boom and the tower

dynamics (5.20)—(3.21), we make the following assumptions:

Al) The Boom is rigidly attaéhed to the bus.

A2) The remote end of the tower is free. .

A3) The joint between the boom and the tower iérrigid.
A4) Thé il—jl plane of the boom coincides with the

i —j2'plane of the tower.

2 R
A5) The deflections of the boom and the tower are small.

Cn the basis of these assumptioﬁs and the equatipn'(3.17),'

we obtain the bounaafy conditfons.fo; (3.20) and (3.21) as
follows:

| v o , *
J <Zi>(0,t) =0, : %;—(Zi)(o,t) -0 ,
X

) axz axz 2 -
- /Yy Y ' ,
! 3 ("1 - g - ' )
e = e = B (C200, .
. / x4z T %5 \ Z,
/ \ / (3.22.b)
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-

! 2 ' .2

2 - @ yl - R El Yz‘ *
ix (EIi 2 | LB = g [Blp z] (0.%) Cos e,
1 aX 2 ax .
1 2
7 - {3.22.c)
f 622 \ " “22 N
LR - sl o B z %2
x| Pt Tz Br® T ag {Elz ) 9
1 ::-:l Z’\ u}(z .
where & denotes the angle between the boom azg_ the .tower
o ' ' )
measured in the usual positive @direction, 1i.e.  the angle
between the il‘and i2 axes as shown in Fig. 3.2.
* h y
‘s : ot
Jl -
Tower
- b \32
&  Bus AN L
1
. Boom
Fig. 3.2

We note here that the boundéry -;ondipibd% (3.2é.a)'
foiiows_easiiy from the assumptions (Al)- and (A2}. " The
assumption (Al) implies that the displacgment ana the slépe
of displacementl at the fixed end -of thé bocom must vanish.
The free "~ end assumption (A2) of the tower shows that the
bending moment-and the shear force -ﬁuSt be iero. The
‘rigidity assumption (A3) of the joint between the boom and
the tower gives rise-télthe condigions,~+3.22.b). This is
becausé'of the fact that the slope)of isplacement and its

<
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(spatial) derivative on either side_, of the joint must be

equal in order that the joint be rigid. Finaily, the

conditions (3.22.c) are obtained from the assumptions

”(33)—(85) and simple geometrical arguments.

Remark 3.1

The as;umbtion (a4) does not pose any restriction on the
spacecraft cohfiguration. Ssince the booﬁ and the tower are
only one aimens%oﬁal elements. Selectionfof a reference
frame’ is always at one's disposal and is usually done
suitably to obtain mathematical simplicity.

3.2.3 Complete System Dynamics e

fhe complete dynamics of  the <flexible ~ spacecraft
consisting of ‘4 rigid body, a boom and é tower Is,
therefore, given by the hybfid dynamics {(3.19)-(3.21) along
with the boundary conditisns (3.22). . From these equations,
it is clear that the attitude dJdynamics of the bus anc the
transverse vibrations of tﬁe boom aﬁd the tower are strongly
couﬁied. Any vibration of these elastic members would

induce motions of the bus and vice versa. As in Chapter II,

we noterthét in the case of infinitely rigid boom and tower,

_the bus attitude dynamics (3,19) reduces to the usual
dynamics [36] of a rigid body satellite. Similarly, ‘if the

,bocm and the tower are -considered@ to be isolated from the

bus, equations (3.20) aﬁﬁ;(3.21) reduce to the usual Euler

equations describinmg the transverse vibrations of a beam.



101

3.2.3.1 Spécecraft Dvnamics with Multiple Beams

" The dynamics of a spacecraft consisting of 2 rigid bus
and several flexibleipeams located at arbitrary pdsitions on
th& bus and plgced at -arbitrary angles with réspect to the
body frame can be obtained easily from (3.19)—(3.52), and is

given by:

Bus Dvnamics T “
- -L. -
. o 0t -
IT'; + \J’(:IT"_}) + ., 2. {(R.+ M.r. )~ M.v. 4dx.
= it LT i1 77
1 -0
fLi
+ 250 T o (R4 Mir)x (ux Mov,) Gxo. =T,  (3.23)
. T/o SEREES S S 171 i

Beam Dvnamics

.2 L2
R ,.2 o 3 *
- 1, = EI. —>14 c.Q M. a, = P,
i, ,.2 L2 i, i* i1 i’
oC oN R34
i
.2
& ¢l
,i(O,t) =0 , LIi —3 (Ll,;_) =0 ,
uh’.i ~
_ (3.24)
.. - 2. . :
i ey = 5ty i _
10,8 =0, — BI, — J (L,t) =0,
2 o ax
i
L el
where IT = I, + .. I. ,
b  —71
i
2. o= oxr, o+ oux(wexr,) T2 ouxv. .
i i i

1
The coordinate transformation matrices Sétween; the iidj
frame and the individual beam frames are denoted by Mi‘ In
case the spacécraff consists of a rigid bus and only one
beam lcocated on “the ib axis, then M; is an identity matrix,.
and the dynamics (3.23)-(3.245 reduce to the dynamics (2.13)

and (2.19) as derived in Chapter II.

S
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3.2.4 Stabilization

In this section we study the problem of stabilization of

the ileiible spacecraft déscribed by the -coupled system of

ordinary “and partial differential egquations {3.19)-{3.21)

.along with the boundary conditions (3.22)}. We will consider

the following rest state for the system.

. o = Or w = ow ’ L.'.,"_- 0 ’

and 1 2 0 - .
‘l = 0 ’ zl = 0 ’: ' )
by ) _ : for xlg‘@,LlJ
_l = 0 1 = 0 ;
3t ! R r~ (3.25)
YV =0 ’ pA =0 Y .
-2 2: "\ . T L
1o ) - 3o } Ior :\2 < LO'LZ] .

#—?’—2 = O 2 = 0 1 .

3t L R Tt I/- :

We show that fhe'spacecraft could be stabilizea in the
asymptoti? sense by appl{catioﬁ of simple.feedback controls.
For the proof of stability we shall follow Lyapunov's
approach with thevtotai energy o{ the system as the naturalr
choice of Lyapunov functional. We present this result iﬁ

‘ H -~
the focllowing theorem.

, Theorem 3.1

Consider the system described by (3.19)=(3.21) with the

boundary conditions (3.22). Suppose that the controls

applied to the system are given by the feedback law:



-

e

T =

F1= (-dl(xli

F2 = (—d3(x2)
Then the system is

asymptotically stable-

Fr L PR
v

.12 X
3 —d, x

2103

(—klulg -kz.(’-dz- Uo)a —k3u’3)f- klrkzrk3 > o,

sense with respect to the rest state (3.25).

Proof

For brevity

Al

and

-
15 R M

both sides of (3.19)

we shall

\ah
ne

2
by w

denote

R
2

+ M .
2 2

'azl
ggv), dl,d2 > 0 a.e. on Ql'
(3.26)
322 .

T )y d3,d4-> 0 a.e. on.o, .
in the Lyapunov

¢l:(yl.zl), 4y z(yz,zz),
Scalar multiplying

and noting that the boom and the

tower inertia matrices vary with time because of vibrations,

we hawve

-G
ol

1

+2 7

-
-
-

X (wxM. v

;1 1

\Mlél)-m dm1 + ((f2 XM2G2)‘w dm2

l)-) L

1
it [5((1b+ I+ 12)-3)-u} -

am

1

Using the rules of elementary

A), it can be easily verified that, for ¢ =

T E
—
.
e
1}

+ 2 [ 12, (v

[
,.’
M)

. 1. 7
({lfu)'w - F(Iycw)w

1) rw de = Tew.

| 272
’ ‘ (3.27)°

vector calculus (see Appendix

1,2, -
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Using these results in (3.27), one obtains

.

- a [1 1 .2 1 . 2
: d_t—[i(lb.w).mfj fijrll dml+§ I]mxrz[ dmz]

+ j(rl)&Mlvl) “w dm ‘[(mX(urr Y)-M 1V1 dml.
+ f(fz XMZ\-.’Z) "W dm2 - j’(u)x (mxfz))'szz dm2 = T'w (’3.29)
Scalar multiplying. both sides of (3.20) by 3¢ and
integrating by parts over 0, z [0,L,] and wusing the facts
. 3z g P
_l 1 l . .
= = and notin that M 15
that v, (0, ey —=) (0,Bt ) ‘ g 1
orthogonal, we have . T
-4 4L [!M v, |%am, + % ‘EI 32% . 32¢l d\ + < lz1 32¢1 . &
CEI AR A e 5 A S I e § I T e S A 4
. . 1 3 u.‘l ¥ .\l 1o
- .az¢l 3¢l Ll o
' - EI — + (wxZ2.) M v, dm,"
1 axi Xy g J 1 11 1
. ' ey
+ [m x (w x rl) ) -Mlv]: dml =£1Fl'3t dx_l' (3.30)
Similarly, using {3.21), one obtains
22, 52, ' .2, L,
d[lf 2 1[ g f 2.} [ 2] <
dm., + = ET . dx., |+ —/|EI - & .
b .
dt 2V2 27 27) 2T 2 2]” | 2_"‘c2 ‘ .
. - ' [+ . (SR
2 2oL 2 2 0
it ¢2 i, |2 r
T T o T SRRy, dmy
3}:2 210 T
- 3o
f@ T (o X B)) My, dmy = Jf-z',at Sdx, 2(3.31)
) 2, n
- o a¢l ¢a¢
We now define the functional Vv(t) = Vi, ¢l’"t ,Qz,nt ;b)) by
Vit) = = (1 m)'u‘i’—jhlv-ﬁ&xﬁ"-zdm+£5¢.‘~* +uxf, | %a
2 b 2 /") Pl GMpT g impvptunt,y | amy
2. .2 2 2
- 1 R RS! a7 2 7%
+ =] E . i, +=| E ¢
2£ i3 T3 9wy g Bl —=axg
1 R Y t2 TRt
] - {3.32)
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Then ‘adding (3.29),(3.30) and (3.31) and-using the

bouﬁdary'conditions'(3.223} we have

which for the given set of cohﬁrdls;'becomes"

. e Aoy
ge - Tre t fFl"EE__ dx
'..‘l

1

2

+

K3

5 7. .. -
u3 - AJ[; dl(hl) .

3y
=

(3.33)

2 ‘
dx

-l‘

RN 2

. must be zero and

fn o iR Rk [ i 'ﬁ3'3d¥'
-l e axg- eyt |3 ) axyn [ 8,00 i axp R34

t

.4 et 2
SRS U ) 2

2

One could easily verify that V is positive definite, and

from {3.34) i;‘”istq;éar‘;hat -8V

LY

L§aphnov.

.aétually asymptdtically stable.’

—_—

at »
" Theréfore, . the rest state (3.25) 1is stable in the sense of

is negative semidefinite.

In-what follows,- we show that the rest state is

-

-

£ 9V we;efté vanish idéntiqally.fpc all tj?[tl,tz], then

- Chax

‘ st ost
and =

must be zeéro almost everywhere on

This requires

ﬁl_ =) respect:vg}y for all F-gﬂ;l:tzl-
that .
w =0
2, 2, ‘
2 ‘rl _ o ‘12
2 =0 and _T

o),
rt
o
ot

’

82 . 32°1
522 Ellatz -
1 1
20 SISO
,, : .—_z'flzfﬂ-” '
B 03\2 JD\Z 2

© Then, from (3.20) and (3.21), it follows that ..

= P a.e. Qn‘ﬂl'and Rzl,

respectively.

1

S

-
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"From the eqdatibds (3.35) alpng':with.';he boundary

'condiFions (3.22), ong'coﬁclﬁdes that ¢y = 0 , and ¢i;§-0;

'Thhé, 'gg is negqtive-definite!-' ]Henpefthe"funqpionai v

defined by (3,32)'is a'Lyapunov_fun;tioﬁali 'ConSequentl},

the rgSt'state‘offthe §§§tem is-aéymptb;ically étable. This"

.'pompletés‘thé p;oaf;gi | | | -

‘Remark 3.2

-

‘ Tﬂe Lyapunov function {3.32) 'repféseﬁts the total energy
of the §y$tém:‘ We note that thé firét term-in‘(3.32) gives
thg kine;ic‘energy of the.satellitg bus: and Eﬁe secoﬁd and
Ehird‘térms give the kinetic energy of the boom and.tower
':reSpecﬁively due_t6 bibration_abd_rotation of ﬁﬁe Bbdy axes,.
,.Tﬁg elastic po;enﬁial energy of the boom and .the toyef are

représented‘by the.last two té;mé of (3.32)-

Rl

Remark 3.3

: e .
It is clga;'irdm. (3.33),7 that 1in the ‘ébsence of any
controls, . V(t) .= V(d) for.all t, - which~impliéé';hat the
system-ig conservative. That is the sum of thé_absolute'bus"
energy}-  boom enérgy' and tower energy remains constant.
HOwever; interéhange of energy among' the bus and Ehé-two
'elastic 'members.(boom and tower) may . take place Aduriné

perturbations leading' to changes in the amplitude of

_vfbrations of the elastic membBers  and the wobbling of the

b'LlS. R . ] . — ) o ) . -
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For practical applications, it is- preferable to use
. » - _
localized controls rather than the’ diskributéd controlg
considered in Theorem 3.1. Since .the elaéﬁic vibrations do
not vanish 1identically over any finite subinterval of

positive length of the boom or the tower, we have the

following corollary:

€orollary 3.1 _ ‘
Consider the system{(3.19)-(3.21) along with the boundary
conditions (3.22) and consider the control 'scheme given by

~ the feedback structure:

T = (=kyuye =Rylegmugly wkyugls Kyekpeky > 00
3V 3Z. T d
o= - : ‘-l - - _.._.]_'
F= (= (xydgg=r mdy (%) 5570
: 3y sz, (3.38)
s e o2 °e2 :
Foo (maylxydag=y =4, () == .
with
Ni ‘i .
d; = Ihay x ;(x) ,aés‘:-o,l:l,z,
J=1 AT
3
N _ .
4, = 8BS y (%)) , b5 0, k=13,4.,
j=1 ? B 1 .

- 3

where g denotes the indicator function of the'se;- E and

i S = « o= L3 o= k 3 = PR ) =
{Aj,j—l,z, Ni}’ i =1,2 and {Bj,3 1,2, N}{}, S 3,4-a;§
any four families . of Lebesgue measurable subsets of'?.l and

. ' : Iy. 3z, Y
22 respectively such that the veloci;ies{atl,ggi}, 1=1,2 do
not vanish identically onUA§ andUBs respectively. Then the

system is asymptotically stable with respect to the rest

state.(3.25).



Remark 3.4

The system
stabilized with

P4
'S

o] feedback ¢
stabilization

-neighbourhood ©
d

apply only

Corollary 2.2).

108

(3.19)-(3.21) ‘"could "also be asymptotitally

respect to the origin using ‘bang bang type

ontrols (c.f. Corollary 2.1). In case

of the system wit respect to a small

£ the origin Iis permissibleJ it suffices to
eadzone <type of eedback

controls (c.f.

3.2.5

Simulation Results

We now present numerical results on the stabilization of

tlexible spacecraft governed by the coupled

tial -eguations.(3.19)

e

the -parti

]

and 17

dynamics, we
equations 1into

-
(¥

using. the sem
Runge-Rutta met

bus equations (

We assume

diagonal, and

their length.

_tﬁat the boom and the

ons (3.20)-(3.21) with the boundary

Tor numerical simulation

of the hybrig

first

.@differential

a set of eguations by

i-discretization & ané then use,

hod@ to. solve these eguations along with the

-

The algorithm is discussed in details

3.19).

that the satellite bus inertia matrix is
tower are uniform along

We use following data in the simulat:ion:



109

Bus Data T
- 1® =7645 slug ft. ' T

12 = 100 . -
12 = 669 . X
.3 .

Boom-and Tower Data .
Flexural -rigidity.

' Ef, .= EI,.= Diag(3550.8,3550.8) 1b £f,
Mass densit_v_:l =8, = 2l86x10_2nslug/f; -
3oom length il - 16.8 £t

) Tower lehg;h L2 = 9:4'£t - . )
Boom located on the ib axis
) Distance from origin of 7_-frame R, = 3 ft. ‘

v

-

m 4
w
LOWe 12

. Q ..
axlis 95 wita

-

We assume .that the boom j, axis 1s parallel

respect to 'the Boom i, axis.

to the bus jb
axis and that the iz-jz plaﬁe is coincident to the i, -],
. plane. Clearly, under these  assumptions, ;he Buler
transformation matrices Hi andé gy gre given by ' y,
; - ~
1 0 0|
L R
M= ¢c - 1 0 ‘ , _(2.37)
. ) ” : ’
.0 .0 1]
. . -I
Cos 85, -S:in 85. Oi
|
M, = ]Sin 95 Cos 95 0 . (3.38)
‘| : ’
. 0 ¢ 1
L s



For the initial conditions we take

wy£0) = 803 rad/sec-
E . ¢, (0) = 0.02 . R ]
. w3(0) = 0.0%- " ST T '
anad .ayl ] 521 N :\"\
J ot (%p.0) =0, st (X/0) =0, c[0,1,]
N - 3z, 7
St {32,0)— O.r 3t (xzro} 0 r C[O L ]
' 12 .2 - .
- 2 yl - [} -zl’ .
= (x,.0) = 5 (xy,0) = Q(xl),xlﬁIO,Ll]
2 R R - 9% -
% 2,
. 2 (%p.0) = - 3 (Xgr0) =10 (x,+ L 1) x.,c[O L, ]
cx2 dxz

where _
S (x) = c}Cosh-AL.+-Cos A1) (Sinh xx + Slﬂj:\)

- ) -=(8inh iL + Sin *L) (Cosh ix + Cos -

with’ Cash iL Cos L +.1 =0, and L = L, + Ly ; € = -0.00196."

It has beer observéd in Chaptgr II that effective -
stabilization .ofighe spacecraft - *e&uifés a dual control
scheme, 1. e. a2 combination of torqgues aoplled to the bus and
forces applied to bhe beam - Similar’ characteristicé were
observed also for the snacecraf“ considered in this chapter
This is a’soaacareht from (3.34), since in case controls are
-agplied only on the bus, 'br'the boom, or the toﬁer, the;"

Lvapunov functional (3.32) has negative semidefinite ..

derivative indicating mere stability of the system instead



of asymptotic stability. ;nl'ﬁﬁis section, we present
numerical result§ on st;bilization. of the flexible
spacecréft by using proportional feedback controls (3.36)
applied to-tﬁe bus, the boom, .and thé tower. The feedback
gains used in the simulation are as follows:

T

| = 600.0 , k, =200.0 , k3 =600.0,

o
"

and

d; =4, = 3"‘[0.95,1.0] ’

dy = d4 = 1’5[0.95_,1.0,]' :
where X g {is the .indicator function of the set E.  The
effects of the controls on stabilization-of_.the'spécecraft

is presented in Figs. 3.3-3.16.
. S
From Remark 3.3, it is clear that the uncontrolled system

is conSefvative. That 1is tﬁe'sum og'ihe_ébsplute energy of*
ﬁhe bus, the boom and the tower remains constant for all t.
But beca;se‘of mechanical éttachmeﬁt of,'the'busAénd the two
elastic members (boom. and -towér), ipﬁéfchéngé-of energy
among them may take place during perturbations -leading to
;hanges'in the -bus angular veloCiﬁy trqjécto:ies and th
vibrations of theé elastic members. Thisncouid be c1e£;I§
observed from tﬁé fluctuation of energy ithig. 3.3, Case A.
(Note that in-case.the'éué and the two beams are considered

decoupled from each other,. then the energy of each element

would remain constant.). With the .application of the
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‘Fugggstea controls the bus kinetic  energy ana the
vibt%tionéi energy of-Ehe boom and .the tower decay ngiéré'
fbps ~ stabiliZzing the system kFié. 3.3, ' Case © Bj).
'Stabilizationlbf the various states of the system are shown

&,

éeparately'in Figs. 3.4~3.16. ) ) E

In Fig. 3.4 and 3.6, ‘we show the deflections of the boom
at the extreme ehd,,“i.e. - yl(Ll,t) and zl(Ll,t). The
corresponding velocities are shown in Fig. 3.5 and 3.7

respectively. The defleciions y (L_,t), =z (L +t) and the

. . e -2 2
corresponding velocities =< (Lz,t) and == (Lz,t) of the
tower at the. free end are shown 1in Fig. 3.8-3.11. It is

- clear from these figures that in the absence of any control,
< the satellite would be unsuitable for any eapplication
becausef of .continued Gibr;tions of the elastic members
(Fig. 3.4-3.11, Case A). ‘With the épplication of thg chosen
feedb§ck controls these vibrations eventually decay to zero

as observed from Fig. 3.4-3.11, Case B.

In order to show that the vibrations of the boom and 'the
tower are eliminated throughout their length, we consider

their 'relative energy' definedgby

L P2 2 2 .
TIVa 2 /3 RV itz 2
e (t) _ :f 1 ayl -.J” oZl 2 N EJ "Vl‘ . E' Zl\r s
1 = Jo 5t )\t o a,2' 0 L2 *1
L Py L ox .
1, VL .
(3.39)
o 22 2
EENCI R - R S J LI L
=2 - JO‘ ‘i\at /,‘I' '\at) & i\ax ; p 53¢ | ’ 2
.\ 2 }.‘ \O 2 ‘l aad
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-

Clearly El(t)_= 0 and Ez(t) =0 implf that all the ‘points oﬁ
~the boom and the tower are at the undeformed rest”state. In

Fig. 3.12-3.13, Case A, we observe that in the uncontrolled
system 'these relative energies increase with time,

'indicating growing vibrations of the boom and the tower.

Evential decay of all the elastic vibrations by the action
of~ the  chosen feedback controls 1is clear from Fig.

3.12-3.13, Case B.

The effects of the controls. in stabilizing.the satellite
bus angular velocities are shown 1in Fig. 3.14-3.16. As in

Chapter 11, we observe that.in the uncontrolled system, Fig.

>

g and w3

.experience larger flactuations as compared to wy The

underlying reasons are again location of the boogs and the

3.14-3.16, . Case A, the angular velocities w

tower with respect to the body axes and relative magnitude

of their inertia. Stabilization of the angular velocities
by applica&ion of the fgedback controls could Eg/observed
from Fig. 3.14-3.16, Case B.
- - 7
Remark 3.5
Response of the system in‘the presence of'bang bang or
deadzone  type of feedback controls have similar
characteristics as those presented in Chapter II, and hence

will be omitted.

e
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%.00  2.00 - 4.00  6.00  8.00 10.00

TIME (SEC)

Fig. 3.3(A) Absolute Energy of the uncontrolled System.

——¢ 3

‘ ehoo 8 00 1’5.0_0

_ TIME (SEC) '

Fig. 3.3(B) Decay of (absolute) Energy with ;onﬁrols (3.36)
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BOOM DISPLACEMENT

ST 115
A) WITHOUT CONTROL
- B) ¥—% WITH CONTROL (3.36)
[ —
L
] -
).
N
<
(=30 -
1
R
o~
(=10
! -
]
-
c. g I -1 I 1
'0.00 2.00 4.00 6.0  8.0¢ 10.00
TIME (SEC) ' '
Fig. 3.4 Boom Displacenent yl(Ll,t)
L]
o
N . . '
A) —— WITHOUT CONTROL -
- - B) x> WITH CONTRCL (3.36)
Oo '
<] -
M —
'_
&
3
o
o
o
—to
Sy
-2
="
Q
o
CDO
o
<|\l ] 11 1 i ]
0.00 2.00 4.00 - 6.00 8.00 10.00 .
TIME (SEC) -
ayl
Fig. 3.5 Boom Velocity T (Ll,t)
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o .
- .
o
-| _ A} WITHOUT CONTROL ot
- B) *—% WITH CONTROL (3.36)
— . n - .
LS
o )
, -
[—
- -
:U—IO -
o
i
o -
-
g~ *
a | ~
No -
—y
edl
Zl
o .
Q|
. mO
- J
? B n o 1 1 1 1
0.00 : ._?.00 4.00 6.00 g8.00 10.00
- - TIME (SEC)

Fig. 3.6 Boom Displacement zl(Ll,t)'

(FT/SEC)

o
e
N-. -
. A) WITHOUT CONTROL.
B) % WITH CONTROL (3.36) |
o |- ' !
o
o 0
3
-
(&)
o
—n //’
we
=2
o=l
O .
o
Q. | ,
o .
“:l ' . i . 1 T 1
.00 2.00 . 4.00 6.00 g.00  .10.00 -
TIME (SEC) '
: ) 32
Fig. 3.7 Boom Velocity s (L, . t)

l’
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i K —— WITHOYT,TONTROL
] T . B) ¥—= WITH CONTROL (3.36)

—Eﬁsﬁf

P

TOWER DISPLAG
-9.20-

D.40

0.00 2.00 400 . 6.00 8.00 10.00
»  TIME{SEE) '

Fig. 3.8 Tower Displdcement v2(L2,t)

3

-
'
I

- A) WITHOUT CONTROL ' )

B) =< WITH CONTROL (3.36)
. .

1.
1

(FT/SEC)
00

0
+

-3
=<
=)
O
o
_JQ'
=° .
el
L
=
O
—o e
=4 .
1 ] I 1 T )
0.00 v 2.00 4.00 ©.00 8.0Q 10.00
TIME (SEC)
ayz

Fig. 3.9 Tower Velocity

[+2}

T8
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L A) —— WITHOUT CONTROL e
" B) ¥— WITH CONTROL (3.36)

9

(FT)
40

-

LV 3

0.00
i
x .
X

1
1

-D.40

"

TOWER DISPLACEMENT

0.80

00 . 2.00 4.00 - 6.00.  8-00  10.00

TIME (SEC)

r o-.

-

Fig. 3.10 Towexr Displacement 22(L2,t) -

.00

LY

WITHQUT CONTROL:

B) %—% WITH CONTROL (3.36)

.00

Y

(FT/SEC)

00

0.
&

'IowER VELOCITY
—1.00.

2.00

0.00  2.00 s.00. - 6.00  8.00  10.00
S ' TIME (SEC) ; ’

o .

N
st

Fig. 3.11 Tower Velocity (L, st)
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’ o S " A) ——= wiTHOUT CONTROL ' e
I . . L BY ¥ WITH CONTROL (3.38) : B
13 o'— . P i '
M .
- - > .
- o
o
we .
zO
. e : :
. T
- . o
[an)
- Qo P
S : :
o ¢ " v
- 2 % « w NV -
' 0. 00 2.00 4.00 6.00  8.00 . 1000 . ; -
TIME (SEC) i .
« - - Fig. 3.12 Boom Relative Energy El{t]
- . . '
(=]
~ . ! . .
i - ©A) —— WITHOUT COMTROL .. "~ _
]
B) #— WeTH CONTROL (3.36) )
. B ) - : . .
. - O .
o
: 5 . S
[do)
W
28 ~ W
m . =
o - -
ot
Lt
g -
-3
o
< « v
S5 00 2.06  4.00 6.00
TIME (SEC)

Fig. 3.13 Tower Relative Energy Ez(t)
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D'-\
lO »
S
R
v b
'—-
o)
o)
wo.
e
. A WITHOUT CONTROL A
Se B) #—= WITH CONTROL (3.36)
T
) gc}“
-l
42
o
jasls]
. =k A4 ¥ : A ]
.00 2.00  4.00 eh o0 8- 00 1C.00
. TIME (SEC)
Fig. 3.14 Bus angular Velocity wy {(rad/sec)
-
o
[T+
o .
) Iy WITHOUT CONTROL
o B) ¥— WITH CONTROL (3.36)
L]

L.

)

2.00

4. 00
T1ME (SEC).

6.00

W
8-00 10-00

Fig. 3.15 Bus Angular Velocity'ua2 (rad/sec)
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A

20

A} —— WITHOUT CONTROL
B) == WITH CONTROL (3.36)

.10 Y
0.

01' 15

O\L.’IO

.

1

0.05

.,

000

.00 200 4.00 6.00  8.00 10.60
TIME (SEC) B -

.Fig, 3.16 Bus Angular Velocity Wy (rad/sec)
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3.3 SPACECRAFT CONSISTING OF A BUS AND A SOLAR PANEL

In this section we consider the problem of modelling ané
stabilization of a spacecraft consisting of a rigid bus and

a flexible solar panel as shown in Fig. 3.17. It is assumed

(nd
%]

that the solar panel is rigidly fixed to the bus, but i
position and angle with respect to the bus is.completely
arbitrary. As in the previous cases, we shall assume that

the satelliite 1s on a fixed geo-synchronous orbit, and we

. . .
+ develop the dynamics for the attitude motion of the bus and

s

for the lateral vibrations ¢f the solar panel., -~

3.3.1 Reference Frames and Inertia Tensors

Let 7, =(1, ,3. .,k )} denote the body frame of reference

b' b
fixed to the center of mass of the bus. Similarly we
consider the orbital reference frame & = (i*,j k) as

g

T

introduced in Section 2.2.1" .

We 'shall  wuse subscript 3 to dencte any guantity

associated with the solar panel. In order.to describe the

vibration of the solar panel, we define the coordinate

system F, by f_ = (i_,,j,.k.}, with the axis 1i_ along the
. 3 3 377373 3

major axis of the solar panel in the unperturbed position

and the axis j3 along its minor axis. The axis k. is, then,

-

orthogonal to the i3-jﬂ Dlane. It 1s further assumed that
3 .

<1 -j3 plane coincides with the middle plane of the

3
unperturbed solar panel. This is further illustrated in



Fig. 3.17 Schematic Diagram of a Spacecras

with a Solar Panel.

.vJ

Fig. 3.17. We shall assume that the r_ frame is stationary

3
with respect to the Fk frame.

as

Since the orientation of the ~solar panel with respect tho
the body frame 1is arbitrary, we need to introduce a Buller [

- transformation matrix M3 (c.f. equatron{(3.2)) to describe

the orientation of the F3 frame with respect to the Fb

frame. Let a point P on the solar panel be denoted by Ehe
vector r, = (x3,y3,z3) in the F3 frame of :?ference and by
f3 in the Fb frame, with the corresponding velocities
denoted by v_ and ¢

3 3
Section 3.2.1, we have _ | o fﬁ;
[

respectively. .Then as discussed in \\\

- .
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H)
I

3 = R3 + M3r3‘ L ' . (3-46)-i

<}
|

3 = My, . . | (3141)

where R3 1s the vector denoting Fhe oriqih.of the'FB‘ffahe
with respect to the.Fb frame._ We note that the matrix.MB’is
crthogonal and 1is obtained easily if the position of the
unpefturbed solar panel is given. Furthermore, since F
frame is stationary witﬁ.regpect to thé Fb fr;me, _M3 is a
constant matrix. IR - " e

, -

Let L§ be the length of the-solar panel and Lg "be its
" width. Then the inertia tensor 13. of the solar pan?l 1s
given by -
rLg ,*L§/2
I, =, ) P32y E)Uy = £5 211 A, dyy, (3.42)
0 -Li/2

3

where p3£zp3(x3,y3) is the mass density per unit area and

U, is 2 3x3 identity matrix. We note here that because of

-

3
so that I3 is also time varying. We shall assume that the

vibrations, the vector r. and hence ?3 would vary with time

solar panel will. not elongate in the iS and'j3 directions.
The deflections in  the k, ‘Qirections, denoted by
zj = ;3(x3,y3,£), is - goyerned by appropriate dynamic
equatibns_to be derived later in this section. ‘
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3.3.2 System Modelling

In order to derive the complete dynamics of the flexible

'spacecraﬁt, we first introduce the total kinetic energy and

the total potential energy of the system. The bus kinetic
energy arising due to translational and rotational motichs >
is given by (3.5). For the kinetic - epergy of the solar

panel we have

=
I
SR
joF
3

dt dt 3" (3.43)

3 0 3 373" ' C

where ?3 denotes the absolute position of the incremental

with T

Ii

)

+
)
+
K4
H

mass element »dm3'of ‘the solar panel with respect %o the
. \

inertial space, and R3 * M,To = ?3

3 with respéct to the .body frame (see equation/13:40)).'

. [
defines the pos%ﬁion of,
dm

The position of the origin of the body frame in the inertial

space is denoted by the vector R

v

0

The potential energy of the system arises due to elastic
deformation of the solar panel. As mentioned earlier,. we
shall suppose that the solar panel will not elongate in the

i, and j3 dirgction; and the deflections in the k3 direction

-

will be denoted by z, = zé@xa,yé,t). Assuming that the
vibrations of thé solar panel could be represented by that
of a thin uniform elastic plate, the potential energy of the

system could be given by [72,76]:
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Pzz 322 322 2 A
— 1 { 2 ' ) )
VB = '2- D j’ji}ﬂz.?’] - 2(1_ﬂ)[- 23 < 23 -( 3 )J}dXB dY3
3'23 R _ _ax3 ay3 cx3.ay3‘r ]
' ' 3.44
22 32s ( -
with A¢ = —= + ; :
2. . 2 .
X o -

y
~

where™D is the fle%ural rigidity of the plate and n is the

Poissbn's ratio. Lettiné h dencte the thickness of \the

plate and E the Young;s modulus, the flexural rigidity is

given by D = Ex’/12(1-n?) . 0 _

With this introduction, we Bre now in a position to
derive the dynamics 'of, the flexible spacecréft. By
Hamilton's principle, the dynamics of the system in the
absence of any control is determined by the variational
equation .

t
2 (f2- .
& Ldt = &) (T, + T, = V3) ét , (3.45)
t t
1 -
subject to the end conditions . i

56, =0, "ég,’=0, S8, =0, dz, =0

at t =ty and»té, where e i=1,2,3 are the Euler angles

- describing the orientation of the body frame relative to the

reference frame.

The wvirtual displacement and virtual velocity of an_

incremental mass element dm3 of the solar panel are given by



= & + & o
or3 oRO 88 (R3 + M3 r3) + M3 or3 , (3-%6)
/axr - ) .
T :_OVO + OmX(R3+M3r3) + oex{wx(R3+M3r3) + M_r.}

5 g—t<or3) X (3.47)

By assumption - the satellite describes a fixed circular

orbit, so that 6R0'= 0, and 6v0 = 0. Then taking the first

variation of .the”_Lagranéian L as in (3.45) (withe
(3.5),(3.43),(3.44) substituted) and using the equatioﬁs
(3.46)-(3.47), and notipg.that 69i,$62,éé3,and 623 "are
arbitrary, we obtain the hybrid dynamics for' the flexible

spacecraft as given below:

' -
-

"Bus Dynamics(without contrcl)

-
-

d - - d r . . 1
—_— - —_— { x . =
= ‘_(IL?+ I+ L£p3.R3 £ Myrg)x MgE, d-x3 dy,]= 0

3
Plate Dvnamics(wi%hout control) (3.48)
~
d . * 4 VR X . '
°3 IE LMB{uX(R;+ M3r3) + Myrglt +.;(D 323) =0,

k

where we have used the notation (A)k = (Ai'Aj'Ak)k = Ak Lo

denote the k-th component of the vector A.

Using the rule (2.12) of differentiation in a rotating

S2 4
frame of reference in (3.48) and noting that &3 = (O'O’EEi)'
the dynamics of~the controlled spacecraft 1s thus”given by

- PR -

w—‘// -
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Bus Dénamics(with conktrol) .

. ay

3

(It Il xBIb+ 13)-w] + J;D3(R3+ Mor. )xM.v 5

373 3°3
3

luxtiyy,) dx

dx

r hd =
+ 2m 93(33+ M3r3) 3 d}3 T , (3.49)

Plate Dynamics{with control)

3223 N . :
s " " = .
23 77 TR 2z5) + ooy Qy Mg oay = Fy o ~ (3.50)
with oy = ;x(R3+.33r3) + owx(ux (Ryt Moro)) + 2 wxMyv,

0. = ¢ o 1]

The boundary conditions for (3.50) are given below:

%2z
At Xy = e = 2, f‘O anc 3§; =0 ,
£ .2, .2 .3 .3
At w, = 1N 2 a3, 24 (a- )—;4337 =0
& ..3 3 R -2 | R 2 - ’ N -3 L= " N - r
[l ER X eX, 0
3 =3 3 373
+~ = 7= -,—y
At y3 /2 and +...3,/2 : (3.51)
3223t 2223 VBZ.J 3323
“+ T = = T2—n =
—5 — o, —3 + (2-7) T3 o
oV . Ea ER S IX o V.,
-3 3 -3 3 =3

- We note that the conditions at x3= 0 are the usual boundary

it

he fixed edge of a plate, while rest of the

conditions representing bending moment and shear force are

the natural boundary conditions for free edges.
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The completet. dynamics of the flekible sﬁacecrdft
consisting of & rigid bus and a-solar ﬁénel, ,éhereforey is.
given by the coupled system of ordinafy differential
equatidns (3.49) and the partial differential equdtions
(3.50) along with the boundary conditions (3.51). Clearly,
the two sets of equations aéé véryﬁstrongly coupled. Any
" angular motion of the bus would induce v}brations‘ &f the
solar'panél and vice vefsa. As in the other cases, we
observe Ehat.in'the case of an infinitely rigid plate, the
bus dynamics reduces’-to ;he usual dynamics of a rigid body
satellite. Similafly, in the absence o¢of any mot}ons of the
bus, the plate eguaticn (3.50) réduces-to the usual dynamics

[72] for 'lateral vibration of a flexible plate.

3.3.3 Stabilization -

We . now study the cquestion ,cf stabilization of (the

-
>

flexible spacecraft described by the hybrid dynamics (3.49)
. , )

. , ) o3 .

- (3.51). - We consider the <follewing rest sEate for the

v

svstem:
B T S T S
o4
and for (x5,¥;) ¢ [o,ng.a E-Lg/z, +L§/2] = (3.52)
3z,
z. =0 , = =0 .

Fecllowing Lyapuneov's approach, we show that the sPacecraft
could be stabilizeéd 1in the asymptotic sense by application
of simple feedback controls. This ds stated in the

following theorem. -
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Theorem 3.2

Consider : the system described by the hybrid - dynamics h

(3.49) - (3.50)  with the boundary condjtigns (3.51) and
consider the feedback controls given by
‘ T = .(-klu'l’ -kz(wz' UO) r. —k3u3) [} kl:k21k3 ;%I
and . ) | 323 o - ) ' \-_(3.53)
F = (_dFXB'YB) §¥fﬁ , d > 0 a.e. on 93.

Then the system is asymptotically  stable (in the sense of

'L%apunov) with respect to the rest state (3.52)..

Proof:

-

]

- For brevity, we shall denote T, = Ry * Myr,. Scalar

multiplying both sides of (3.49) by «, we obtain

d i euY e Ir g 12 - e 8 ;
STz Iyed e+ g e n BT amy | we [Eox g, dmg
s 4,(u>!(ux ;3))-M3V3 dm3 = T-w - (3.54)
o - | _ ' LN
Similarly, scalar multiplying both £ides of (3.51) by =T
~and integrating by parts over Ty we have
_d_ ‘F.J; ! i T2 oy ;1 o - ¥
gt L3 . MgVa dmy T Vv ) Mgvy dmy
o - °Z3
+ f (@ x (wx Z3)) -Mavg dm, = JC Fyt 3% 6\3 dy3
3 (3.55)

where'v3 is as given in (3.44).
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We now introduce the total energy of the system denoted
: - .-3z .- . : N
V(LT = V(w,z,gzi),giveq by -

3 dm3. + \'3 . (3.56)

Note that the first two terms in (3.56) represent the total =

kinetic energy,and vy is the " potentiai energy of the plate.

Then from (3.54) - (3.56) it follows that

or

<

av 3

m -

= = T-u+ f J édx., dv, .
'C,t - lJﬁ = st 3 -3

S {3.57)

The rest of the proof is similar to that ¢f Theorem 3.1.5

‘

Remark 3.6

From (3.56) and (3.57),: it 'is observed that in the

-

absence of any control, the total system enerdgy is

conserved, although there .may be interchange of energy

during perturbations between the rigid and the elastic

members of the spacecraft.

<

Remzzk E-Z‘ " . L9 N

The dynamics of an antenna, on-board a spacecraft could
‘also be “developed following similar procedure ' as discussed
in Section 3.2 and Section, 3.3. '
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3.4  SPACECRAFT CONSISTING OF A BUS, A BOOM, A .TOWER, AND
TA SOLAR PANEL - .

THe-complete dynamics of a flexible spacecraft consisting
,of a rigid bus, 2 boom, a tower and a solar panel could be
developed following the procedure presented in Sectlons 3.2

rl

and 3.3 and is given by:

Bug Dynamics

!

. 3 . )
T~ . T A .

- + e Y. + . . J . .
IT-G % wx (ITw). é; C(R M r) <My v odmg

i=1
3 _ -
T >
+.2 4 J(R;+ M, r.) x{wxM,v,) ém, =-T ,
i=1 - ‘
where IT =.I_+ I, +1I l I
b 1 2 307
- Bodm Dynamics Given by eguation (3.20)
Tower Dvnamics . © "Given by eguation, (3.21)
Solar Panel Dynamics Given by equation (3.50) .

The boundary conditions for (3.20)-(3.21) are given by

(3.22), and those for .the eguation (3.50) by- (3.51).

"The model could be extended to'include any number of
elastic elements. Also stabilization of the system using
velocity feedback follows easily.as shown in' Theorem 3.1 and

_Theorem 3.2,
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3.5  SUMMARY -

In this chapter, we pfésented a methodology for
dgveloping tﬁe complete dynamics of a flexible spacecraft of
general étructure. Complete dynamic ecuatiéhs-are developed
for a spii7craft conszstlng of a rigid bus, a boom, a tower,
and a solar panel. It is shéwn: that the complete dynamics
"of the system could be described bv a hybrid system of

eqﬁatidns, i.e. & set of ordlnary dlfferential equations for
the rigicd membefé and a set of partial differential
equations for the elastic members of the’ spacecraft. These

equations indicate that the rigid and €lastic members of the

spacecraft interact very strongly during perturbations.

tabilization of ‘the system is proved following
:Lyapﬁﬁov's approach. l1t.1s shown that flexible spacecraft
could be stabilized by application of simple feedback
controls proportional to the bus angular velocities and the
vibrational velocity of the elastic members. These controls

are practically implementable.

Although the system dynamics appears to be somewhat
complicated, we have demonstrated.that it could be simulated
cen a digifal computer. A tvypical run <for the results
presented in this chapter took 90 seconds of CPU time on a

AMDAPL 470/V B computer, and it.could be further reduced

bv 1mp*ov1ng the efficiency of the program.



Chapter IV

STABILIZATION OF FLEXIBLE STRUCTURES IN THE
PRESENCE OF RANDOM DISTURBANCES

Flexible structures in space are often subjected ,to
random disturbances arising- from vaéious sourgeé such lés
meteorite collisions, ° variations in solar pressure and
magnetic fields due to disturbances occuring in the sun, as
well as oﬁ—board distu;bances such as sloshiﬁg of liquid
fuel, dis;urbanéeé due to motors aﬁd pumps etc.’  These
disturbances may prbduce.réndom_tﬁrques_ as well as random
spatially distributed forces on the flexible spacecraft;
anc may be very detrimental to the overall, stability of
the system. A staglé spacecraft may gain some angular
motions.of the bus,- aﬁd/ép vibrations of the beam or other .
élastié members. If the disturbances persist, then in the
absence of ‘ap?ropriate céntrols, these small motions mav

' build up and lead to instability of the system.

In this chapter we consider the problem of stabilization
of - flexible spacecraft in the presence of random -noise
acting on the -bus and on the beam. We shall assume that the

structure of the spacecraft is the same as that considered

in Chapter II. We shall further assume that the beam is

- 134 -
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uniform along its length. First;_ we consider the QUestion
of stabilization of a- flexible beam in the presence =of
distributed noise. This result would then be extencded to

the stabilization of a flexible spacecraft 1in a noisy

environment.

4.2 NOTATIONS

Let Q be an open bounded set in R. We denote by,Lz(Q)
the eguivalence classes of Lebesgue measurable sguare
integrable functions on Q. We shall use - the standard

e}

notation H (Q) to denote the Sobolev space [2] of order m on

Q cefined by

m
L8]
i
bt
(-
3]
[ ]
lL |
™
-
s8]
o
{
g3 |
H
o
¢t
W
N¢]
[
H
2|
I
H

;
— - 2 =
b - _ ( Y Ef\" K \\2
g 2 -m I )
@) Aax I ;..2(Q)/ -
The space H (Q) ecuipped with the scalar product
v — 3w 3’2
(y,z) = L .~,\ . ’
B {Q) acma3x’ ER
' . ? --‘2 (Q)

is a2 Hilbert space.

The solutions of ‘hyperbolic svstems such as the beam

equation are freguently defined 1in certain energy spaces.
or. the present problem we define the energy space £ by

r]l



Ez Y x 2,

P S ey g .
- - 1¢L Il (Qf‘ ¢(0) - O.r 5?(0) - 0 i (4.2}
ZEL2(Q) .

- -\
The energy space £ 1is given the norm

[$%)
<

v ez)

m

.’.‘ r -~ 1 |2~ -
iI‘L El —= + s 2 ; CX\ ’ (4.3)
\ 2 |
0 ,
where EI > 0 and » > 0 are constant.

Let (o,F,P) denote a complete probability space, where 2
is the sample space, f is the sigma algebra of events on =
and P is the probability measure on 7 . Let F be a Banach

1]
space. Then by Lz(:,F) we denote the eguivalence classes of

™

strongly P-measurable functions on = with values in F such

~ that
L, .
2 .

RIS

NS ap

N
' T 3
. / . e o '/

tr] b

R

Lz(f_,?)

where E {-} denotes the mathematical expectation of Its

argument. For {any Banach space ¥, we shall use

H

2 (o) (f£.F: L ELcoTo ' (4.5)

)
n-T

to denote the ball of radius r in F.

in addition to the notations stated above, we shall

continue using the notations introduced in Chapter II.
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4.2 STABILIZATION OF A FLEXIBLE BEAM

In this section we shall consider the problem of
stabilization of &z flexible beam in the presence of
distributed noise. The dynamics of a uniform beam is given

by the well-known Euler equgéion o

|2 L4
2 YV - sV . -
ol 5 + EI 2 = u(t,\) + '(trx}r t‘-or X :QE(OJ—J 1(4-6}
st I
where v * y{t,x) 1is the transverse deflection of the beam

and :(>0) is'the mass density per unit length ané EI (>0)
ig fhe flewural rigidity of the beam. We shall-suppose
that the beam is acted upon by 5 distributed "white noise
denoted by LEflt,x). ‘We shall give ~ further
characterization of thé.noise process latef in this section.
We are interested to find a control ult,x) that stabilizes

the system (4.6) which is otherwise unstable.

The boundary conditions for (4.6)  depend on the ghys

(21}

cal

conditions ‘a2t the two ends of the beam, (such as rigidly

- 1lXeC,

[ i}

ree, or simply supported encs). In this studv we

ed by the fact that the

cr

consider a cantilever beam, motiva

P

beam associated with a flexible spacecraft is cantilever in

nature. Thus we have the following boundarv conditionss:

N

.2
v(t,0) =0, ZX(t,1) =0,
- ) FRS
(£.7)
Y 33‘\! ’
—<(t,0) =.0 —=(t,L) =0 .
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As is wellknown, by applying a simple transformation of

variables one can normalize the beam eguation (4.6}, which

gives rise to certain mathematical simplifications.

However, in this study we shall restrain ourselves from

édoing so, since we areninterésted to relate the vibration
~.characteristics with ;he beam parameters such as and EI.

~
The gquestions of control and stabilization of systems

governed by the deterministic wave eqpation have been
considered by several authors, [3,18,26-29,44,62,63] to name
a few. Control schemes for exponential stabilization using
distributed and boundary feedback have been developed in
[26-29]. Stability of systems governed by the wafe equation
in the pfesence of distributed noise has been considered in
[21]. For the barabolic systems éfabil&ty questions under
very general conditions has been treated in [10]. In this
chapter, for the study of stability of the beam eguation in'
the presence of distgibuted noise, we shall <£follow

essentially the same method as developed in [10,21].

4.2.1 A Distributed-Noise Process

In this section, we give a characterization of the noise

process - (t,x) perturbiﬁg the beam eguation. . Let
(

{n

n
Gaussian white noise processes such that:

£), n=1,2,--+ « } denote a seguence of indepéndent

s {nn(t)} =0 , for all n,
g {h_ (£)n (7))} = 5(t—f), for ail n, :(4_3)
E on_(t) n_{1)} =0, for all n # m.
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We now define the distributed noise ¢{(t,x) By .
£(t,x) = nii S nn(t) ¢n(X) '
- | : (4.9)
with ¢ =z <=, ‘
n=1 =T
whére, for convenience, one can take the seguence
{e, n=1,2,--- =} to be the eigenfunctions of the operator
A defined by . :
. i
AVU z : Z ) X ¢ (OrL) ! ’
3x (4.10)
: o4 | 3 azw 353
with D(A) ={ucE (Q):u(0)=0, 3 (0)=0, 2(L)=0, ——g(L)=O}.
: ) e ax IX :

However, ‘any sequehce‘{¢n} ¢ D(A ) which forms a basis for

LZ(Q) can be used..

It is known that the operator A has an infinite system
of distinct positive eigenvalues -{An} and ;he ¢corresponding
eigenfunctions {én} form an . orthénormal (after proper
rormalization if necessary) basis for LZ(Q)" Th?n, clt,x)

v

represents a distributed white noise satisfying

IY)E{:z} =0,
ii) for h,f ¢ B2(Q)'

(Covih,f} = 8 {(z(t+<,+),h) (&(<,-),f}}
= §(t) £ 0% “(on,h) (on,f)
n=1 )

1l

s(t) (Th,f)

where the covariance operator r is defined by

r oz b 2

® nZ1 % *n ©® op - :

Then the trace of the.covariéﬁ%% operator is given by

oo

(Trace qu £) () = e(t)nél (?én,¢ ) = 5(t)

n

(S
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More precisely, letting {wn,h ="1,2,--- =} dencte a sequence

_of _independent standard Wiener processes whose generalized

-~

derivatives ° are the white noise processes
{nn,n =1,2,--- »}, the Lz—valued Wiener process {¥W {t),tx0}
is given by L@ . -
Wt} = ¥ ¢ W_(t) & _(x) .
n :
n=1

Then for §,f cLz(Q), the covariance operator is given by

E{ (W(t)~®(s) ,h) (W(t)-W(s),£}} = (t=-s)(’h,£) .
- . 2
Note that, £for each n =1,2,--% = , ¢, . represents the

noise power associated %ith the n-th eigenmode of vibration

and the sum ﬂjloi= g is the total power spectral denéity of
. B N \ .

the noise process /. Finiteness of g implies that ncise in

very higher order modes are insignificant.

4.2.2 Mean Scuare_Stabiliz;tion

/

With this development, we.can now coﬁsider the guestion
of stabilizationlbf ﬁhé system (4.6). It is clear that in
the absence of any éontrol, i.e. wuz0, the.noisy system
(4.6) has no stable rest staté: and in fact, .the system is
unstable. In what Eollows, we shall suppose that the
control is provided by the wvelocity feedback, - 1i.e.

3v

o) q s .
u ==z 3, «>0, and study the stability properties of the

following contrelled system:

“ | | -~4¥ \

—
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— 4+ — = T 1 a [N -
) EI 2 u oz S wn(t) vn(x),,x ﬂgl t =0,
st - aX (4_11)
= - . ¥
: Rl :
e 7 - .
satisfving the\\boundi;z-iiiéiﬁignsn—+éx7) anéd the initial
conditions : . '
. . .
vi0,%) =5y, (%), 5(0,x) = z,(x)
J » 5‘0 -‘ ’ E‘t r< = ZO =) -

Clearly, because’Pﬂf the perturbifig ncise, there 1is no

stable rest state of the svstem (4.11). However, 1in the
next theorem we show that the svstem K with-z > 0, is

~exponentially stable in the mean sguare sense ,with respect

m

to a ball in the—energy space ¢ * where the energy .space
is as defined by (4.2} and (&.3).

. -G
-Definition 4.1 : Stabilitv in the Mean ~

-

. -

The system (4.11) is s2@id to be stable in the mean if .

LA
']
<
1

there exists a constant k 2 0 such <that fo

4

v R 2k,
there exists an r > 0 such that ={!l(v fv) ()12} < R for all
‘t 2 0 whenever E {j(yo,zo)fgﬁ < .

»

‘Definition 4.2 : Exponential §&pbilitv in the Mean

"be exbonentially stable in

—
3+
0
w0
a3
b

The system (4,11

the mean if for ev (yo,zo) <L (o,E0, i.e.

E {nyb,zo)Hg} < ~, there exists constants -, : >0, ;. R with

n +tg 2 0, such that
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Theorem 4.1

Consider the beam eguation (4.11) with the velocity

[7%)
Red

feedback u =-2z=, =z > 0, and subjected to the distributed
noise : having the power spectral density g = :Ei<-m. Let
4

Q)
ot

-

the 1irmitial" state ({y

0.20} ¢ X ELZ(:,; be arbifrary and

independent of the noise process. Then the system is

- -

gloBally exponentially stable with respect to the ball

B,(z), z = u(qE27gxl),'where‘kl, ky -, with k, <k, , are two
positive numbers depending on = .

- ' .
Proof

Let the seguence i:q} and {11} be as defined ih Section

T4.2.1. Since {:_ } férms an orthonormal basis for Lé(Q), we
have the expansion -
Cvit,x) = T v (%) e () T~ a1y
' n=1 n <

i

where {¥_} are random processes satisfying the stochastic

differential eguation :

sy + v -+ Ry Vv =z n kol " o= J o ees ™ A 3
“n 3-_}’:.1 EI n +n n n( ) I3 ,l'&l ) (‘1.1..3)
Letting 2, =y, we.can formally rewrite (4.13). "as an Ito
- - - . - - N -
. . - . B T
differential &qguation . .
a O 7 r e I '
] [
) v r0 ‘ ‘ -
REY YopEele 00 :
= BIx o1 at* | 5 dK‘Tn (4'14)"‘.
dz - n -—l Lz _n :
n 2 -2 n c

where {W , n=1,2,"-- =} are independent standard Wiener

processes whose generalized derivatives are the white noise

processes {“q' n=l,2,«++ =}.

M
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Now for edch integer n, we define the functions

5 EIA 2
. o3 T \ ‘ o}
v, (a,b)= (5 + —2%% s tan + 5%, (a,p)c 8%,

and introduce the processés {Vn(t),f 2 0} gefined by

Vn(t) z Vn(yn(t),zn(t)),. . (4.15)
where {y ,z } are solutions of equations_(4.14)n. Then, one
verifies that the process {V_} has Ito differentizl given by

.2 ) o .
X .o 2 v 2. 22 .
. = i— - EI- - dt + o | + = }oaw .
cvn — I n Ya z, at nl Yo = Zn! A (4.16)
Integrating this last -equation over (0,t) and "taking
L . ,“ 2 /
expectation and noting that t —— E {yn ,zi } are locally
integrable, we have . - .
ot 2
Ev_(g) =2 v_(0) +2 | 2 o Er s v? o522 as. (2.17)
bo! n "0 T no-n ne T )
" We now define the functionals 'V and V by
2 2 2
C.oa., 2, zEI.:%v. Z 3 3V, .
Vit) = Ty dy fELE 2 20 T Loy Wiay (4.18)
. FA od . 2 2t ¢w = 3t
Q 7 oax
i - -
- PN 2 ¢ 2
o ’ oV AR ‘ 3 :
vit) = BEI —% 7 + - £ P éx = iy,=) (4.19)
-Q b - tvE

where .y = v(t,x) is the sclution of the system {4.11).

Us®*ng the elementary inequality

- ™~ g

2

. z 1,
.. @b Fa’+ £ b forall c}o, (4.20)
- - ' . } . A ‘\,.‘ . ' €
ané the Poincare’'s ineguality AN
~
] ol
r 2 - c ) .
v [+3 SN =1 —-:2- ¢x , Ior some K > O,
- - -
Q Q R
(&.21)
- L\
- ~
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one can find two positive numbers kj and k,, with k; < k,

)
Y

and independent of y and e such that
ky V(E) £ V(t) S Kk, vit) . ‘ L (4.22)
F rmore, substitqting (4.12) into (4.18) and usiﬁg
‘Parse 's identity, we have N .
vit) = T v (t),
‘ n=1 n )
where- v i1s as defined in (4.15). Since each Vn is

‘monnegative, W is also nonnegative and it follows .from

monotone convergence theorem and Fubini's theorem that.

. . ‘h_:
E vit) = i) E V(%) o
= E V(0) + & L 262 C B P EI: v? 4022 1 g
Y9 @ n=l"n =1" n*n PZy 2GS
© ' C S (4.23) .
" Using Parseval's identity (for each t.2 0)
- o . ' BN
P EL o v® 4522} = ﬁz]iiiuz e o 1BY) ? = v . 24
n=1+\ n “n “znj B !q_2~ SRl L (Q)_ » (4.24)
oL@ 24
and noting_fhat :ci=cq<-m,-we_obtaiq frbm'(4.?3) that
. oo
EV(t) =E V() + {Z2-EV(s)}ds . = (4.25)"
0 .

Combining the inegualities (4.22) with the_e@uation (4.25),

one obtains

Evie) < S.E s 2 (E Vo) - S exp(- ¢ ©), . (4.26)



. . ‘ h 145

-

which shows that the system is exponentially stable with

= f§E27;E1), where X = Lz(:,E).

respect to the ball 3.(:2),

RS

Iin other words, as t —= , the expected energy of vibratiocn,

. —_r . V2 Ty . - -

i.e. E{ i{ly,==)"} would exponentially decay to some value ..
fe c - " -

Remark 5.1 ’ .

-

Exponential stability of the dJdeterministic beam eguation
corresponding -to (4.11) (c.f. [26]) can be obtained directly

from (4.26) by setting ‘the noise power density g = 0, i.e.

~ 2 =~ 1
Vik) - . Vi0) exp(- ‘_{—'t) -
1 ) "2

Remark

8]

[+

Using the enengy function” V as in eguation (4.189) in

conjunction with (4.14) one obtains

. -
~ Ty o ow L. rTg ooy T -~ . o
£ V{t) = E V(0 = - 2®EL ey . és, C(e.27)

o L,(Q) "
. . - Ce w2
- . . - . T - - s — BN
which indicates an asvmpto:ic 1limit of E { ==} .
B . N A Y - S

However; asymptotic stability of the systen (&.11) cannot be

ince the invariance principle- -

assertained from this relation s
(commonly used in  the stabiliszy analysis of finite
dimensional problems) is not well established <Zor the

infinite dimensional svstems. This problem has been avoided

ng. the 'energy-like' ZIuyncticnal V

b

in this study by introduc

as in (4.18) and bv establishing the inegualities (4.22).

'_.I
Vs
rt
Ve
o
[}
—
.
L[]
N
[ %]

Note that because of the inegua ), the functional
. -3 .

- to the energyv functional V.-

Y

v

[ h
(=]

s completely ‘eguivalen

(&3

+
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Remark 4.3
-_— - = .
It is also clear from (4.27) that in the absence of any’
damping, i.e. o = 0, - the (expected) energy grows in time,

indicating that the uncontrolled system is unstable.

4.2.3 Almost Sure Stabilization

Theorem 4.1 gi#es mean ‘sguare stability of the system
which.from practical point.éf view does not prevent certain_ . -
trajectories from . taking very large values withi small but
nénzero probability..--Thprefore,' it 1is mbre'appropriate to
Bonsider the guestion of stability in the almost sure sense
which essentially Fharécterizes ﬁhe propérties pf the gampie
paths and‘is, in fact, a much more stronger result compared
to the mean sgﬁare stability. . gimost sure stability” of
parabolic systems under very geheral conditions has been
treated recently in'[lOI. For the beaﬁ equation, wg'presént
the following result, the proof of which is essentially
similar'to tﬁat of. [iO]. We first igtroduce the following
definitidﬁlfor almost sure stability.

-

‘ . . .
Definition 4.3 : ‘Almost Sure Stability :

The system (4.11) is said to,be:'aihost surely globally
" asymptotically stable’ if there exists an E valued ¥

measurable random - vagiable Y such that .far all

. -
3y

(y(O,-)ﬂ;§(0,- ) ¢ E,
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and is said to be almost surely globally asymptotically

stable with respect to a closed set K< £ if - . .

Theorem 4.2
Consider the - system (4.11) ané suppose that ‘the
hypotheses of the Theorem 4.1 are satisfied. Then K the

system is almosg surely asymptotically stable with respect

to the ball B:-(2),: =vgk,/ak,, i.e. P{lim(y,=<) (£) « B.(z)}=1.

Proof ' - .

‘ Let Fs be an increasing family of completed subsigma
algebras of the :.algebra F generated by the random

]
variables y_,z_  and the Wiener processes {W , n =1,2,... ol}.

0" 0 n
That is . o . : -
i o @ Ti¥geZgs Wo(8), sl 2,00e v, v sl
Integrating (4.16) from s to t, 0 < s st ané taking
conditional expectation with respect to F_, we obtain
— . i =3
- t . 27
BV (6] F 3 o=V (s) 4 Z 0 Fa eri o2 2. .. o
Juy o ;= i) L = Rl - N T
n s nt's 5 x 5 “n zn. < s 2
- . "Hence, by monotone convergence theorem an&_ Parse%ai‘s
+  identity it follows that
- (t -
- [N - — - ) O . fo- ~ . - o '
E{V(t)1 F_} = V(s) + E (2 - Vsl as P
S T oL a s .
. ~ s
. Ule T -7 Y.a,. . .. . :
@ V(s) + g B iFG-VIelideF_ ], (4.28)
. . 2 JS a -J_‘ .

where the last inequality follows from (4.22).

.



S

Let s 2 0-'be any arbitrary time ;nd'FS

supermartingale.’ Furthermore, V(t a TS) is

i1s given.

that . ’ v
) . EN 2 (aya '
P {(v, =2)(s) £B-(8)} =1.
o< C
- 1 ":‘V --2 ~ ,.2 ' . ‘
.That is U(}’,E‘E)(S).;E = V(s) > ¢7. By th:ﬁe
. ) . . o :
this ‘also implies that Vv(s) > = ky © T otg
the process V(t) violates this ineguality, i.e.
- =dnf {t2s:vit) £S5k} ‘
‘s - - . i 2 .
Define the stopped process V(t At ) by
vita T_} = v(t) if ¢ < T
= - 3 > T .
3 V(.S) if ¢ s
“Then from (4.28), it follows that, for s € & < ¢,
= I+ - - S 7[5 - 1€ < T
E «V({t A‘S)' ':A-- < ‘J(v A lS) 1z t ‘S
ShT g :
T V(i Az i1f 0t 2o« .
' . ( s’ - s
4 : - _ -
Therefore, - the process {V(trxrs), Fono
. EAT

positive”

by Doob's supermartingale convergence theorem ([55],

TG;'pp;-965.

-

exists and is fipite almost surely. In other words
- y ~

lim v(t} —— ¥, v s

t —=

U' \Q

2

148

Suppose

quaiify.(4i22),

be first time

is a
Hence,

Theorem

k with probability one.
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Hence, by the ineguality (4.22)3“

gk ' LY

Iim V{t)—vy',v's ‘,2 with probability one.
t—>x . x%y .
Since s ¢ 0, ) and.(yo,zo)c g (P-a.s.) are arbitrary the

conclusion ofrthe'theorem follows. T .

d.2.4 A Subobtimal-Choice,g£ Damping

"It would be desirable to choose the feedback ‘coefficient
{damping). = so that one obtains maximum decay rate and
min;mum' size'f;: "the attractor. From Thecrem 4.1 and
Theorem 4.2 uwé observe that the radius r of the attractor

and ‘the decay rate 4@ are given by
r = Mci3verse BEPE Sd =1k,

" where the constants kl and k2 can be obtained easily from

(4.18)-(4.22) as

0 - o ' . - o1
k, = min {—, = - 3. 1 defined for o> 0, 3 <« e, ¢ @
- ' ol ) (4.29)
~y 252, ~ -~ l r_‘
kK, = max {K(z + - + o= = 4 } de¥ineé for a> <g. <w-
2 (2 2 ) 5 - 7{:—2 or 0, O €2

-~

It i1s.clear from the above that such an « exists and-can be

determined.in the following way.

Since we are interested to find the smallest attractor
- and the largest decay Trate, it is necessary to obtain the
. supremum of k, and the infimum of k, over the domain as

defined in (4.29). First fixing a«, we have
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up k, = =—
| Su 17 2s 7
S, o2 2 , D
2 1
0 1
k = — <4 . .
Inf 2 " = 2 .,
0<cn< = - 2 =z (i + -
2 - 2 ,
- .- -~
: sK ‘\
ané hence, for the given z, one obtains ] ’ S
2 2g

S
h?—‘
I
/-“‘\
'_l
t
9] o
o
X
~—
'y

) (4.30)
celi-laedETE
3’"/-’ ~
Asymptotic behavior of the décay rate & 15 (£.30) with
respect to = indicatés'that as.g _;_1 , & = q% . 0 . _That
is the decay rate of energy doeé not increase arcbifrarily
for large values of .. This;confbrms with an observation
R .

made in [26], pp.—73 for the deterministic wave eguation.

Also one observes that ¢ — 0 &s "» 0. . The asvmptotic
22¢: .

t
3}

t

properties of the size~"gf the attractor with respect to =

are Jjust the opposite. Thfg ustifies existence of an
*

-

Vo
[

wh

optimal ‘damping < for meximum decay rate and minimum size

of the attractor; and from (4.30) cne easily obtalins

* - N
' = * -
o3 = {¥3 = 1) =/~
"!-._. N ; - .

At this stage we need an estimate of the constant K 1In
the Poincare's inequality (4.21). It is easy to verify that

. . 3 .
an estimate of K could be given by XK = (L) /(BEI) . Thus,



we have the following estimates Zfor

.

coefficient ‘and the corresponding size of

151

-
™3

he best damping

+he attractor.

* 2 S o= i "I’E—i lf; . . - .
= = 4{(¥y5 = 1] — {Damping Ccefficient)
L
. ' 5
- .* - f— -2- l ’:LI )
a = (35 = 1) = = (Decay Rate)
IR B -
L
2 % I '
(r=) = s e (Attractor Size).
, -y yEI v
(vS - n-
1t is clear from the above relations that the more the’
_ beam is rigid, the faster :is the decay ©of vibrations and the
smaller is the size ¢f the attractor. On the other hand a
: . -
. > L
heavier beam would reguire longer time to settle down after

‘e

Similarly, a longer beam would vibrate for a

a disturbance.: 3
time with a larger amplitude.

radius of the attractor increases with the increase

th

noise strength g , implying that the amplitude of

angd—

the

YT

b

v

st

ation will be larger if the noise 1s stronger;

shrinks to zero 1in the absente of any noise as in

deterministic case. It is interesting to note that the best

*

. damping coefficient x is independent of the nolise strength-
.and is determined solely by the properties of the beam
‘material. -

Remark 4.4 -
The damping coefficient a given above 1s not optimal in

the strict sense, since it is obtained using the particular

choice of the V function as in (4.18).

-
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4.3 STABILIZATION OF A FLEXIBLE SPACECRAFT IN A NOISY
ENVIRONMENT -
As mentioned in the introduction of this chapter,

satellites in space are. often subjected. to random

disturbances arising from va;idus sources."In this section,
we consider the problem of stabilization of fiexible
spacecraft in the presence of these random disturbances. We
show that stability- ©f the system could be échieved by
application of, simple feedback controls. —We shall
follow the same notations as introduced in Section 2.1 and

A

Section 4£.1.

N

£.3.1 - g%stem Dvnamics A

Wwe shall suppose that the. structure of the spacecraft is
the same as shown 1in Fig. 2.1 of Chapter 1II. For
“simplicity, we shall assumé{that the beam is uniform along
its length. Then the complete dynamics of the 'system as

developed in Section 2.2 is given by:

Bus Dvnamics

T ) T ;L . - L .

- - - - I -

Il + .x(I7-w) + 207 . rx{uxv) dx + ¢ (r=v) éx = T, (4.31l.a)

Ll JO ' '0
‘Beam Dvnamics .
. 220 Y] 4y -

e =5 i | *EI = | +Ma=F, (4.31.b)

Ehel Lz_] ax Lzl .
Ld
where to= exr o+ oux{exy) +2 %V,
lo 1 0] ‘
and M o= -
'\
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with the Bgundary conditions..

v . .- 27y
(£,0) =0, —| {(t,L) =0,
! ix |2 .
, [v! 3T _ (4.32)
Ew (t,0) =0, —3 ?(t,L) = 0.
A ) ax ZJ
and the initial conditions
5(0) = o9,
¥ S AN Yy .
i 0 = (x) =", 22| (0,x) = (x) = v,
A ZO - Z- 21

where , denotes the angular velocity of the satellite bus,
and y,z are the beam displacements. (Rest of the notations

used in the above eguations are given in paée 18).

In the eguation (4.31), the terms in the right hand side

denote the total .torque and the total force acting on the
system and would consist of two components, viz. a) a

control component, and b) a noise component, 1.e.

g
T = Tcohtrol + ?noise d

P =F + F .
= “control noise

- . .
For the control component, we shall consider proportional

feedback as in Chapter II, i.e.

T = - , with X positive definite, '
control (4.33)

w g

K
= =D 0

o)l

£ , with D positive gefinite ,
control .

where s ={(y,z). We shall assume that the damping 1s aﬁplied

uniformly on the beam so that D is a constant matrix.

wt .~

X
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For the noise component of ~ torque perturbing the bus

equation, we shall consider Gaussian White noise processes

given by - )
: Tnoise = Vit r _ .(4;34-?)
- +1 .2 _3 . . LS
where ;t = (gt,nt,;t) and v = dlag(ul,vz,v3)./ The\ three

. ¥ : /
mutually independent components of Ry affecting the bus

angular motions about the three axes. of the body frame

satisfy

JE 50} = 0, 451,2,3,

E {z3(t) :30)) = s(t-7) , for all i=1,2,3,
g og-i -3 (e LR

E {zi(t) ¢ %:)} i #3 .

The noise perturbing the beam will be mod®led as a

1]
o
-
rh
O
L8

distributed white noise as discussed in Section 4.2.1. Let

Ty . .
{21 denote the seguence of eigenfunctions "of the, operator
. . A . .

n
2

= 2 Z defined in (4.10) and {:
X !

eigenvalues. Then the distributed white noise affecting the

)

} the corresponding

n

beam vibrations will be given by g

n.n n ’
(4.34.b)
with T2 { % (¢! 5 )}z g < = ,
' n 'n P
2 n=1 .
- 1 2 - .
where n_(t) = (n_(t), o (8)), n=1,2,-0- = denoge & seguence
: I g X

of independent Gaussian white" noise proce$ses with each

component satisfving (4.8), and c. = diag( gi, 52). The
n ;

power spectral density of the noise process is then given by
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"We shald further assume that the noise processes
fp v ni. ni, n =1,2,--- « are all mutually independent.

£ this s@ge we introduce a first order approximation in

——r H

¥
ro" m

f‘ matrix IT in the bus egquation. We ncte that I §5'compoéed
of two components, viz. a) the bus inertia Ib}//Q%{Eh is a
bonstént, and b) the beam inertia,la, whiéh varies w?éh time
during vibratrons. In.practice most of ‘the control and

- instrumentation hardware would be contained in the satellite

bus, so-that the bus inertia Ib

- " . B . .
to the beam 1nertia I7 . Furthermore, -~1in practical

would be very large compared

- applications the beam vibrations would not be allowec to

o

exceed certain reasonable liﬁigs. Hence for all practical

purposes, it is reasonable to assume that the total inertia

ITEEIb+ IB = Ib+ Iﬁ z‘Ig, where I? is the Mest state
inertia of the beam. Conseguently, we replace 17 in

~
.

(4.31.a) by IT and throhghbﬁé the rest of this chapter we

O‘!
shall assume that the beam deflecfions are small-?hNote that

Ig represents the total rest state inertia of the_ satellite.

- -—

- _ o
For brevity, we shall supress the index T in the term-IS

-‘Thus'the complete dynamics of the flexible spacecraft ir
the: presence of. rando% disturbances and the ({eedback
controls is f@presenEéd by the qgﬁéled system of stochastic
differential equationé (4.31)-(&.34). In the next section,
we study the queétion-of stability of this system. As in
the prevaqus section, we shall follow Ritz—Gé%grkin approach

v

in order to prove the stability of- the system. -

~

— _—the system dynamics, more precisely 1in the ‘total inertia.

(¥4
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i

Proposition 4.1 ~R

Consicder the svstem described by (4.31) with the boundary
“conditions (&£.32), andéd subjected to the noise processes

.be arbitrarv such

rsor- -
e
-
that
el -
- L2.0.2 "N
roos S - — .- - : F]
- v - - = = = . =
= - r = ) 4 . oy
B P ~ ey !
, S ~2 (ORI _.12 oy o,
2NC LLgeDencent CI Te NICLSe Troccesses. Then

1) the unceontrolled system 1s unstable,-

11} the controlled systen with the veloclity Zeedback

zre 00 0y Lo C__D) 14 T
— =t ) e - :.42’0,:.4:' 2 --‘\-—-G '.“ 2; - "\v:v:‘
Proof ;
Let {-_} be the secuence of eigeniunctions of <the
P .‘,
operator A = : satisiving (4.20) anéd +«:_! . be <the

3]

- -
R

corresponding ‘eigenvalues. Since the seguence {-_! forms
an : orthonormal basis for L.oA0,L}, we can  construct’ an

: N e ¢ NN P ST
approximate solution {.7,v ,z"} of (4.31)-{(4.32) by cdefining

N x

.
.
}-4

WA,



1)
LA

or b

re

Ve - sha

J{x+R)
C -

expression

[

1

n

X

-

solution -

vity, we shall

the

upnress

-

lon

notas o=
cx ané v_ = (0,v ,zZ
= o

(x_,¥

P

).

index N in {LN.Y

v\)’

Z
-
o

Then

157

N _N
L2

where

using the

at the< approximate

s c:
15-..e5

Tate Tl ilann 20 SRS Y I B (r
. “—
gy - "‘\‘ -~ e W L :
wiere .. 1S the N-th approximation of :C ang
- 'w:) -
et W denote

Generalized deriva

-3

m

-
i

[
fu

it

{7

e

th

O

E -
W
Szmilarly,
3
c . -
Zor each n =1,
s
satisiying:
-1
- -
- ——
.
ed
-.‘v-
. .
wlitn 4 = .
-

Levting

14N

v

ot

[wH

coulc be formally

ol

O
s

(r

pin

ive is the Gaussian

{ 5)

L)

-
e 3

1
-2 z7. 2 -
— ZI-_:_ BOU W O
P
- - WA sy
S T

wnite

a2 standaré Wiener process

. can be formally
R 4 - - ..
c Cililerentizl eguatidlnh:
N
= 200I iz ilev)) o+ Rl
N
- - - [ ‘.—:-\'-
(£.33) in (5.2l1.%), one
N, (¥ i and {z_! are
.
+ BI + oM a2 =
o o
- - (_ py ) had 2,4. - -
ol ol
,z ) and ._= (v ,z

o
D
-r:\ o
~ -
L

{vect

ne:

cr) whose

'se process

— ;

wIltiten as the
—~
ok

-

Vo= Ew~ . 2 2=

a ¥ - \1...)4]

can verifiyv that,

N £

Bt

ecuaticn
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where

processes

'Y
"

Using (4.3%), one easily ob

{

W

ocesses {n

|
Mo

21,2,

’
A

(0,v

o

n=1,2,~w--

-
S m #

‘v-.\'
- ‘) .

[

AN -
E — T —-_—
- = .
.
- T Ml
2

—~

g o
+

!

Ml

1 are

(r
M (e
L)

..
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independent standard Wiener

{t)’ n'—_lrz(.’-' :\":

wr e

3
]
B 1

. T L
Cin 7 - e !
-
n=1 o
LTt gx = L meran
- 0 - - .)A2 “. niy
; {
tains
N )r
-
- ! I ! . ~
-5) <) "“(Mn w)
"~ 07
. r ‘
EZVx - |
= i .
n T Tn 0 o
7&, .

A

whose generalized derivatives are the white nolse

he process {Vk(t),t > 0} defined by

Then

= z_:Gt.
2 bot
.a0)
S .
~



(4.35)

easily verifies that

"into (4.44) ané using the Parseval’'s ident

v(t)

"/

bl

lim V' (t),

Ne—w»

N

(4.38)

~
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[¥h

L4
oy,

one

Substituting the eguations (4.36), anéd (4.41) 1into
(4.40) ancé after some algebric simplifications, we obtain
\ - ~
LN -l -1 i - S : -
v = = Tl - - W e S = 4 - = M~ ~ . — TV el a3
av 15 Tr (v I :) e --(vn "nk Du+v, ¢
N
L0 egwS s ozl eéwl (4.42)
2y nn ol
=. T ’
Integrating this last ~“egeation over (0,%) anc taking
. . \ i
. . . \ - 2 25 .
expectation ané assuming.- that t—=E{ _ °, . 71 are
locally integrable, we have
= N S P =1 ; ;
EVU(s) = ENV(0) - E, 5 Tr{.'I, ") - RK.-.: Cs
2 o
-0 .‘
?
- ~
R D _
+ = oy Tx{cl ) - Do - G5
- g amy 2f non non
{a.43)
- TN
We now introduce the functional V definecd by
. -5 — . L 2
Vig) = 2 (°-yeie 2o v s i % as s foET RELSR
LR R TelTeTeg s Y T s SR T R 2 =
0 C =x
. A CRE-EY
Note that <the functional V represents the total energy oI
the system and, as discussed 1in Chapter II (see eguation
(2.42) and Remark 2.1), is positive definite.  Subswmtuting



| 160
where V' is as defined in (4.39).  Note that v is also

positive definite. Then psiﬁg Fubini's theorem, Parséval's-

+

identity and taking the limit N. ©, it follows that

. F!t " )
= ! -1 1 o
E V() = E V(0) + (% Tr(u! + = T (o' o
(t) . :( ) - 113 T FJ IO v 55 Tr n;l(cg-cn)} ;
' LB el ERNET) . .
P E {{Revw) + D(Et 8t> }] ds -
- . ) , Lz(O,Ll

It is clear from the above that in the absence of any

- - - - . ’ ; ’—/
damping, i.e. K = 0 and D = 0, the system (expected) energy

increases with time indicating that the uncontrolled system

is unstable. ©On the other hand, for
R A [

C . LR . ) B 1 o ' :
T o (XKL-l) + DI=-— O Iz Tr(v'I V) 4 == Tr ° ! }
’ R R -3y "2 (v 0 ) 20 T n=l(cncn)"

L,(0,L) :
the system expected energvy in nonincreasing. Thus the sys::;\
vibrations will remain bounded once it starts with finite

.

_energy.

_Remark %£.5

P . .
The above result shows that the system 1s merely stable.

However, <from the numerical results presented below, it

appears that the system is indeed asymptotically sfable'with
respect to some neighbourhood of the zero'sta£g.‘ It-wdﬁ%ﬁ
be interesting to prove ésvmptotic stability of the flexible
spacecraft; ané in case it is not globally‘gsymﬁtoticélly
~
stablé, one-would be in;efested to determine the domain of

asymptotic stability.
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4,.3.2.1 Simulation Results

o, = diag(0.02,0.02) and ¢_=0 for alln =2,3,--- =

16l

‘As 'a numerical experiment,  we investigate the stability

properties of the ;}exible spacecraft described by

(4.31);(4.33i and under ‘the control law (2.46). We shall
use the same system parameters as in Section 2.3.1 and the
gains in the control structure (2.46) as in Section 2.3.1.1.

For = the noise, we take v = diag(0.2,0.2,0.2) ang,

1 .
In the/gghulation, Gaussian noise processes were generated

using the IBM subroutine GAUSS ané numerical integration was
carried out using a’Runge—Kutha -like algorithm as discussed

in [61]. The ‘response of tpé noisy system under the action

of the feedback controls are shown in Fig. 4.1-4.10.

Fig. 4.1 shows the absolute energy & the uncontrolled

system. Comparing Fig. 4.1 with Fig 2.2 (for - the
corresponding deterministic system),we observe an increasing

trend in the total energy of the system which indicates that

[

the uncontrolled system is unstable. The feedback control-

vy

b

(2.46) stabilizes the system as shown in Fig. 4.2 Wit

respect to a small neighbourhcod ol the zero state.

-

The displacements and the yelocitieé of the beaﬁ at the
free end are shown in Fig. 4.3-4.6. The small ampliﬁude'
vibrations of the beam {at larger values of time) coulc be
clearly observed from these figures. This is more wvisible
in Fig. 4.7 where the nonvanishing beam :elative'ene:gy is a

definite indication o©f sustained beam vibrations.
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The decay of bus angular motions due to the effect of the
feedback controls 1is shown 1in Fig.l4.8-4.10. "We observe
that, unlike in  the deterministic case (shown in
Fig. 2.10-2.12) the -  satellite keeps on wobbling at smali
anéular velocities. This i1s because of the presence of the
noise perturbing the_ system. ﬁe further observe that the
angular velocity “y experiences larger fluctuations as
compared to wy and ©ye The main reason fsf this is the
smaller bus inertia I2 .

L

Remark 4.7

In Proposition 4.1, we require uniform damping on the
beam. Although in the control law (2.46) we use localized
damping, numerical studies shows.that the effects bf this
control law is véry similar (gualitatively) to that. of

uniform damping.

r
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%.00  2.00 4.00 6.00  8.00  i0.00
- ~ .. TIME(SEC)
Fig. 4.1 Uncontrolled System Absolute Enercgy .

\\. WITH CONTROL (2.46)

oy

Y v

4.0 6-00 8.00 10.00 -
TIﬁE(SEC)' :

1
(=]
<
%' 00 2.00

Fig. 4.2 Decay oI Absoclute Energy with Control.

-

-
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~ 1 . WITH CONTROL (2.46)

e

BEAM DISPLA
~0.20

o f-19

.00  2.00 4.00  6.00 8.00 18
, TIME (SEC) ‘ AL

I';j
|._J
L8]
s
(VY]
u
14
i}
=
lw]
-
n
U
'_l
[+1)
0
®
1
]
3
f
bt
o
I

5.00

A

WITH CONTROL (2.46)

(FT/SEC)
II-OO

"

Y
.00

0CcIT
01

0.00 2.00 2,00 ' 6.00 8-00  10.00
TIME (SEC)

. — : ) : oV -
ig. 4.4 Beam Velocity ££(t,L)
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] WITH CONTROL (2.46)

.00 2.00 4.00  6.00  8.00  10.00
TIME (SEC)

Fig. 4.5 Beam Displacement z(:,L)

2‘00

WITH CONTROL (2.46)

i

1,00

(FT/SEC)

-

.00 2.00 4.00 6.00  8.00 - 15.00
TIME (SEC) .

1g. 4.6 Beam Velocity —={(+,L)
g Y,



BUS ANGULDAR VELOCITY

BEAM ENERGY

1,00

«10”"

0,30

4.00

WITH CONTROL (2.46)

-

3,00

2,00

400  6.00  8.00  10.00
TIME (SEC)

P00
o
o
4
el
[=]
[=]

Fig. 4.7 Beam Relative Energy

0.40

WITH CONTROL (2..46)
-
o
2
S.oo:  2.00 4.00 6.00 00
TIME (SEC)

Fig. 4.8 Bus Angular Velociﬁy wy (rad/sec)

, -
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WITH CONTROL (2.46)
t

1™
l.‘|5 ? OI.GO_

9

AR VELOCITY
0,30

UL
15

G
%

BUS

P, 00

I4.5b .
TIME (SEC)

™

Fig. 4.9 Bus Angular Velocity AN (rad/sec)

~

0.20

010"

Ol'ls

AR VELOCITY
©0.10

WITH CONTROL (2.46)

ANGUL
0,05
—

BUS
00

g

.00

TIME (SEC)

Fig. 4.10 Bus Angular Velocity w (rad/sec)

3

"4.00 -00 - -00 .

167 °



4.4  SUMMARY

In this chapter we study the stability properties of.

flexible structures in the presence of‘ distributed noise.
It 1is shown that a flexible beam perturbed by these
disturbances becomes unstable in the absence of any-éqntrgﬁ}
By application of wvelocity feedback the ‘system can be

stabilized in the mean sguare sSense and-almost sure sense
. )

with respect to a ball in, the energy 'space. The radius of-

this attractor increases wrth the increase. of the .noise
strength.énd .shrinks to the origin in the'agsencg, of any
_noise 'as in the deterministic cage. The radius &f tﬁe
attractor and the deca?araté cf _energy dépend also on the
damping. It has been found that tbo much " of damp§ng
.dé?eriorates the stability properties of the system. '-An
optimal dampiﬁg coqfficient has begn.derived in order to

maximize the size of the attractor and minimize ~“the decay

€

rate. : - -

We also consider the problem of stabilization of a
spacecraft which |is partlf rigid and- partly flexible and
subjected to ;éﬁdom disturbances. - We show that the

uncontrolled system is unstable —and, that the system

vibrations "can be stabilized by application of simple

feedback controls. This is also clarified by simulation
results.

SET ‘

. ,_ch":* .

-
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Chapter V-

) IDENTIFICATION- OF BEAM PARAMETERS .
-An 1mportant and essential aspect of modelling .any
physical system is the identification of paTameters in the

model equation. These model eguations are usually inferred

.on the basis of fundamental physical laws and some

idealizing assumptions; but contains certain parameters

which are coii}étely unknown because of lack of precise

understanding ©f the system, or only partly known because of

poor measurement data. The analyst must determine .these

parameters on the basis of the available field data.
N :

This problem of identification 6f éarameters arises
naturally in"the modelling of flexible ‘spacecraft. The
systém model~ developed 1in Chapter II and Chapter III
contain ‘certain ;nidoén ﬁéraméte?s suéh as a) ﬁomeht'of
imertia of the “rigid body,and b) 'mass density, flexural
rigiaity, and  structural dam?iﬁg of the elastic body.
Determination of mass moment bf inertia of the riéid body 1is

relatively simple and could be done experimentally through
P .

dynamometer test or retardation test. On the other hand,

the elastic members of a  flexible spaéecraft’may consist of

trusses rather than. d solid continuum of metal. = While

@

by
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conceptuaily, it 1is possiﬁle to develop a detailed dynaﬁic

model of a truss ~beam taking into account each and every

element of the truss, .numerical_ simulation of such a model
would be extremely difficult and\costly. An 1nexpensive

solution to this problem is to represent [68,69] the truss zyf

structure by an eguivalent continuum beam or plate. * Then,

the problem that remeins to solve is £0 'determine the

parameters of the eguivalent heam or plate.

-

—

The problem of ,ideﬁtification of pérametérs and, in
general, .operators in systems governed by first and second
order evolutlion eguations have been discussed recently in
[(1il. - Following the method developed in [11], in this
chapter, we present certain necessary conditions for optimaI.
identification of parameters in a class of linear second
order hyperbolic sysLems. : These results are then used to

determine the parameters of a flexible beam. We shall use

the following'notations in the sequel.

5.1  NOTATIONS.

Let H be a real separable Hilbert space and V a linear
subspace of H carrying.the structure of. a reflexivg Banach
space w%th V dense in H and the injection V< H continuous.
We'idengifyfﬂ with its duaZ, so that we have VaH= V', where
A i§ the topological dual of V. Let,lo!H-,Il-[Ev and ji.|

- \?l
denote th norms in H, V and V' respectively. We shall

——,

‘.



- N 171
denote the scalar product in B by (.,.); or (-,-}, and the

-

rt

-

or any Banach space E and a boundeé interval I<R, let

LZ(I,E) denote€ the eguivalence classes . of strongly
measurable functions ¢ on I with wvalues in E such that
. .2 ' - ) .
o f(e) Zdt < - . The space Lé(l,z) furnished with the norm
topology £ _= (o 7 £(t) _d&t)” is a Banach space. In
Lo(I,E) ~ E .
case E is Hilbert, L,(1I,E) is also a Hilbert space.

Similarly we use L (I,E} to denote the Banach space of

strongly measurable E valued functions ‘on I with the norm

rn

= ess sup{ £(t) _, t<I}. Let C(I,E) denote the

space ©f strongly continuous E wvalued functions on 1I.

; . g ) : ‘
Furnished . with the uniform - topology
3 ‘.= supl £(t) _,t. 1}, C(I,E) is a Banach space. We

I
use L(E,F) to denote the space of bounded linear operators-
from a Banach space E to a Banach space F. Further

\hotations,will be. introduced in the sequel as regquired.

5.2 PROBLEM FORMULATION - e

N ~
-t . ’

The dyﬁamics of flexible structures such as beam or plate

couléd be described by second order - linear evolution

-

"equations of the form: ' <(
*x + a(t,g) x = f , ) (5.1)
) . LS
*+ yalt/g) x +alt,q) x =f, (5..2)
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L

where 2 denotes the appropriate spatial differential
operator, | The second equation (5.2) is known? as the
. -structﬁrally damped hyperbolic .system with =~ @éing a
uhknown paramétér. Also unkgo?n.is ;he pafamete; g (g nay
' be a'vectpr as well) in the-_spatial differégzgal operator

A .  Appropriate assumptions on A will 'be introduced

. ‘ °
shortly,

-

Let # denote the Hilbert  space of observations and~
N .

Vo C{I,1) the observed data or the response of-the natural.

-

system. We shall assume that the observation equation for

the model system 1s given by

'y = Cc¥ ,
where C < L(H,#) and x is the response of -the model system,
We defrne a cost index or identification error 2s the mean
square differende between the model output 'y and the
& -

observed data vy, iJe.’

.~T

LJley) = 5 icxte) - il e, o

w1
L

J
i

Then the problem of identification of parametefs ¥ and g
- could be considered as the. problem of minimizing ﬁhe cost
(5.3) subject to the dynamic constraint (5.1) or (5.2). We
éhéll follow the technigues of optimal control of
‘distributed systems [7] and develop the necessary conditions
characterizing the éptimal elements for the unknown.

o

-
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\5.3 ' NECESSARY CONDITIONS FOR' OPTIMAL IDENTIFICATION

¢

[y

5.3.1 Identification of Structural Damping ¥

We first assume that the operator A is cémﬁletely known
{i.e. g is known) and let 'I = (0,T), T < » and
{a(t,g)z a(t), txi?} dermmdte a" family of linear operators
with wvalues &A(t). L[(V,v'). Consiaer the structuraliy
aaﬁped system | ]

X +YA() %o+ Alt) x = £,

(5.4)
~”

= x_, x(0) = x: .

x(0) 0 X

We shall suppose that the operator A satisfies the following

-

conditions:

-

Al) t—> <a(t)e¢,vw> is measurable for each o, ¢ V- and

that A C>(I,L(V,v')) such that

<A(E) e, v fcj{¢lb{:¢;§for all te I,

A2) A satisfies the Garding's ineqpality,ﬂi.e. there

‘exists ah « > 0 and £~ R such that

»

‘ 2 2 %
‘<A(t)¢,¢>v,’v.+ Bloly » i ¢ﬂvéfor all tcT.

Then we have the following results:




-

. Theorem 5.1 LkB]

Suppose that the operator A is self adjoint and satisfies

the basic aséumptions (A1) and (A2), and let A Dbe
symmetric aad-f> 0. Then for'évery fc iz(f,V‘)" Xg* V‘and
X, < H, the system (5.4) has é unigue solutioh, er x(v)-
satisfying | o

o

1) x o L_(I,V)e L(1,9),
1) x <L (1,H) 7L (1,V),
138) KoL (1,v), '
2 ‘
and except for a null set
iv) x --C(I,V) ané x - C(I,H).

Let - = [0,:], ¢ < % , denote the class of admissible
parameters for the ‘unknown Y. Then, we consider the
. . . . N

problem of identification of am element v < © so that the

'qidentification'error (5.3) is minimum subject to the dynamic

:const:aint (5.4).. For the proof of necessary conditions of
optimalié@ in identification, we shall make use of the-
Gateaux differential of x(?@ with - respect to the parametef
¥ .. " Indeed we show that tﬁé Gateaux differential of x at ¥0

~.

in the direction v , defined as -

i(Tb,Y) = lim (x(yo+6§) —.x(wo))/e r '

g —0

AN

exists_and that it is the solution of a related differential

equation. In this regard we have the following result:
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Lemma 5.1
Let x(Y) denote the weak solution of the Cauchy problem
(5.4) corresponding to v ¢ ". Then at every point v0 . ", the

function v — x(v) has a weak Gateaux differential in the

~direction ?':TO, dencted %(?O,n- +0), and it is the solution
of tﬁp Cauchy Problem - o
P92 F+azs=% ) a0 i
s (5.3)
F(0) = 0, and %(0) = Q¢ ,
where :¥O = x(vo) is the response of the system (5.4)

corresponding to v =YO. Further, X crLZ(I,ﬁ)m c(I,v) and

% . LZ(I,V) r C(I,H).

Proof

f i
‘Since T . 1s convex, we have, for all ?0, v T,
\,5_\,0 - - _-.0 - ™ ) -1 P : )
=Y e o (v=yY): T for all 0 €£c £ 1., Define
i
£ <

F = D) e/

Then using the Gifferential eguation(5.4) one easily obtains

O e vTAT T o+ oAt = v0 Syl Aoy |
) | - W (5.6)
) =0, ¢ (0) =0 ’
Vd = .
. We sh¥w that the weak limit of ¢ exists and indeed, is the
weak solution of {(5.5). o ~
~

. Scalaf_multiplying the - first equation of (5.6) by +°, we

- L

. -h.ave o B '--.; - . . ‘ \/>

rd L . Te 2 £ LtE- tE 4 1 £ €
gT 3. 0y T Y SRR+ Ep g shenee
N 1 . : 0 0 .<
~ ‘ Co=ZcAet, et 4 (v —w) RRTLETs L
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-, _
Integrating the above expression over (0,t) and using the

”~

asSumbtions (Al) ané {Aa2), Schwarz iﬁeguality and the

. elementary inequality

1 .2 L2 . ‘
2ab v =—a 4+ = b” for allnn > 0 ,
one’jE;éins'
I } : . N t
T LR - PR IS (LTt
- H gV v T H ‘g v
s 1t g .02 Ll
+ 2y i eT D @g e+ =0 (v = y)Ax O ,88 + af e O ds
‘0 H e . V ‘0 Y
. (5.7)
It can be easily verified that,
- ’t - -
_ , ‘_:”(t)]fs*rf f ae ,
- i - aa /0 aa i )
so that, from (5.7) we have, for 5 = v =z,
2 + v 593 o + = '¢:3]\2; < (BT 4+ 2yTiz) fi:‘:li a:
. 51 9 _ ‘0 :
ol s
T 1= 2 .. -
. + i T ods o+ —=i ,(‘x‘o—:«)A }O‘ ,agf (5.8)
p Y £ . A%
0 20
Clearly
- t
f/_’?:'é + o @E‘.?i < (2v" e+ :cj'r)f §5€'§
Wt : N 0 :

e 2 . T .
13515 * aletlly (—i— SO0 a®) g, a) exp (Xt
v o 0 ’ )
~. _ . (5.9
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Energy estimate ‘for 's° now follows easily from (5.8) and

(5.9) and is given by, for almost all t ¢TI,

1;5.2 Lo Theren 2 as €y
T R e Yol WY 2 S
H 0 V Y
1 ‘/.'.- .‘ ‘ - .
<—— _<w.‘°-~.'-)fr.fz.xof-.de> exp (XT)” . (5.10)
\'/ 2 ’.O
which holds uniformly for all 0 < : < 1. It is clear from

the abovk ineguality that the sequence {s°} is contained in

2 bounded subset of L (1,vici (I,V) and {¢*} in a bounded

2
subset of L (I,H) ﬂLz(I,V). Since LZ(I,V)' is a reflexive

b« {4°} and

£2 7y ey, “with 0 s'%ls 1, relabelled as { sV and {37},

Banach space, we can extract subseguences {

* . % .
and two elements ¢ and : such that

{27 ———— * weaklv in ngI,V) .

'5* weakly in LE(I,V) . (5‘;1)

-

-~

Herlce the Giteaux differential of x(y) exists and is given
4 0 0 * - . x
by x(+vY,v =v7 )=z ¢ . It remains to show that o is a

solution of (5.5).

.
»

Indeed, since A¢n———¥ Ae” in L2(I,V') weakly , and

-
L}

-
!
=
<>
1

(*Ore_(v=vOyyast—w L 0a1% 7 g L,(I,Vv')

L}

it follows from (5.6) that 3R, L2(I,V‘) and Bn‘—;f* £ in’

L2(I,V') for \a sultable : « LZ(I,V') -and that : is,the
distributional ! derivative &% . Hence o~ satisfies the

eguality /
'\

. * .- %k * . .
_ ¢ YOA$ + A0 E: (YO - T)Axp . v
Ty
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f;
Since .:*c¢ L;YI,V) and L*c L2(I,V'), it follows from

intermediate derivative theogem [46] ™ that Tx e C(T,H).
Similarly, from (5.11) it is clegr.that s* ¢ C(I,V). Then

5*(0) and :*(0) are well defined elements and equal " (0)
- Tl ) -
A

and ¢ (0) respectively for all n. Hence :* satisfies-the

differential equation (5.5). This completes the proof.J

With the help of the above results, we now prove the
< -1

following theorem on the necessafy‘conditions of optima%&ty

" characterizing the optimal parameter ch r.

-

2

Theorem 5.2
Consider the hyperbolic system (5.4} with the structural

damping +>0 unknown. Let f.-Lz(I,V')y xol:v, and X H.
Then the best approximation Yocffor the unknown parameter v
is determined by the simultaneous solution of the system

T
equation .- .

{(5.12)

the adjoint syéteh
(50 - Oxx30 4 a¢0 iy (i - ‘
T (5.13)
IZO(T) = 0.and 3%(T) = 0 ,- | ‘ :

o=t

and the inequality

~T ~7T
0 - 0 . L .
¥ jO <A,z » dt = 1.0 -:Ax0,20> at - (5.14)

for all + ¢ 1 . ‘ K



- N 179

Proot

Since ¥ —_ x{v) has weak Gateaux difﬁerential in T,
it follows that. the‘idéntification error J, defined 1in
(5.3), also has a Gateaux differential. Then in b{de; that

J attains its minimum at v% ¢ T, it is necessary that-

sroCme® = tim 2T a0 0] 20 L 5

e=—07

Using the results of Theorem 5.1 and Lemma 5.1, it follows

trom the above that

Pt
J! (‘,’—YO) = J -:C:T:(yo,*g"‘fo),C}:(YO)-§> dt = 0, (5.1l8)
40 . _ H
where i(?o,%— YO) is the weak Gateaux differential of x at
the point TOC—T in the'direction'?._yo.

&

Using the canonical isomorphism Ly defined by

L A S L

for all h < H, the Ineguality (5.16) could be rewritten as

: T -
Voo Oy T o0 0 kA0, ;
JYO(. i )J— )O cx({y ,v-v7).,C uH{Ch(: ) y),va,ct 20,
B . (5.17)
“for all v < .°, where C* ¢ L(H',H) denotes the adjoint of the

operator C.

'The inequality (5.17) = could be further simplified by
— introduciqg the so called adjoint variable z which igjthe

- solution of the following equation:

Ll

5 - 40a"5 + A#z = C*ﬁu‘(Cx(Y

~z(T) = 0 and z(T) = 0.
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Since C*li{(Cx(YO) - ¥) LZ(I,%)‘=L2(I,V’), reversing the
flow of time t —r g-t, it folléws from Theorem 5.1 that the
adjoint  system (5.18) alsoc has a weak solution

2¢ Ly(1,V) ¢ C{T,V) and Z¢ Ly(I,v) rC(I,H). :

-

Utilizing {(5.18)  into the inequality (5.17} and
integrating by parts, one obtains

ST o . \a

L& + Y AR + AR,z it 0 . - 5.19
)O ¥ ¥ AX AR, Z V',Vc 0 (5.192})

The necessary inequality (5.14) now follows from {5.5) and

(5.19). This completes the proof. _ -

-

‘Equations (5.12)-(5.14%) represent.a complete set of
o . : 0
necessary condltions USiNg which the unknown parameter vy

could be iteratively computed.

5.3.2 Identification of the Parameter Q

The necessary conditions of optimality for identification

of the perameter g in ‘the undamped system {5.1) or the

structurally dampéd system (5.2) could be obtained following

the procedure discussed in [11]. In what follows, we shall
present the main results, while the proof could be found in

(111,

-

[

Let @ be a compact metric space and TWldenéte the metric
: ; I

topology on Q and denote the corresponding topological space

—_—

LS

. .
.
. / |

o
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i . :

by . Q. We consider the undamped system {5.1) and seek an

element qOEQ s0 as to minimize the identification error
m .o :

~

(5.3).  We will . need the following assumptions in thé-

sequel.
A3). The family of operators {A(-,q),g:Q } satisi& the
assumptioné {Al) and (A2) with certain constants

c, =z, 58 independent;of qcQ -
. >~ I8

.A4) The mappiﬁg g — A(t,q) from Q@ -to L(V,V') is conti-

~nuous in the strong operator topology, in the.sense

.~

- that . whenever,

qn———+ qoin Q, K(t,qn)v — A(t,qo)v N

strongly  for all t . I; 0,T) and vV,

Lemma 5.2 .

—_ -

Suppose that the operator A satiéfy the assumptions (A3)
. o : ‘ i
and (a4) and g — Alt,g) is.once Gateaux differentiable in
the weak operator topolegy of L{v,v') "“and the Gateaux

differential is weakly measurable on I. Then the solution x

- —_

of the system,(5.1) has a weak Gateaux differential .at each

point in the direction (g - qp), denoted i(qQ,q—qu , and is

given by the weak solution of I

%+ ale,g) % = a (g ,d-q) =0, .o
En R (5.20)
'%(0) = 0, %(0) =0 , - :
) .
[~}

—
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where A'(qo,q—qo)« is the Gateaux differential % a at chQm : .
in the direction qo—q and x° = x(q%) is the response of the |
System (5.1{ correspoending to. g = qo. Further, |
(ReLy(1,vr0 C(T,V) and ¥YL (1,5 ) e C(T,n ).
-
Following the same.procedﬁre as in the preceding section,
one proves the following necessary conditions for optimality i
for identification of the parameter g. . ’
Theorem 5.3 T
Suppose the assumptiong of Lemma 5.2 hold, and xdc v,
Xy H, £ ng(I,H). Then in order that qoc Qn be the best
approximatien to the unknéwn parameter g, ét- is necessary
" that there exists a pair {xo,zo}t:cff,v) x C{1I,V) satisfying
/‘,‘('x'o +ate,d%) X% =, (5.21) .
' x%¢(0) :‘XU.’ x0¢0) = xi ,
} (20 + A% (e, g0 20 = ¢l exg®- F (5:22)
2m =0, %m0, '
aldng with .the ineguality - \\\-\\ .
i .7 . ' -
; "C’) <A‘{q0,q0 - q)xo,zo:- ét = 0 , {53.23)

il

for all g « Q. ; . ' S ' o
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Remark 5.1 . '

Necessary conditions of -optimality for the parameter q,
or for . g and y together for the system (5.2) ¢culd be

developed following the same procedure as discussed above.

5.4 COMPUTATIONAL ALGORITHM AND EXAMPLES

~Based on the necessary conditions presented in the
p}écedingfsection, an iterative procedure can be developed
{111 for determiﬁing the optimal parameter to’approximate
" the unknown. ?br simplicity of presentation, we discuss the

contents of the algorithm with reference to Theorem 5.2; but

the same-algorithm holds for Theorem 5.3 if references are

made to the appropriate.equations.

F

Rewriting the ineguality (5.14) as

.

, T b o . . .
Tgtr) = e T ean 0 2% w0 - o
v / -
we can ident{fy, for each'v - 7 -,
It= - <Akl 2 dt ..o M (5.24)

‘0 L VT,V

as the dgradient of the cost function (5.3), where x and z

are the solutions corresponding to - « of the system

r

eqguation  {5.12) and the adjoint equation (5.13)
respectively. Using this gradient, we can use the fellowing
algorithm .to compute the unknown parameter. This algorithm

is a special case of the general algorithm presented in

[111. - S .-
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Algorithm

repeating the procedure for different initial guesses for

“&. Update the parameter by'settjng/

1. Guess Yle r for TO and set i.= 1.

2. Solve the system equation (5.12) with Y0= yi.
3. Solée the adjoint equafion>(5.13) with YO='yi .
4. Compute the Gfadient.J;i‘as given in (5.24).

5. Compute the search direction,

a) Gradient method: S

.

or b) Conjugate Gradient method:
st o g s st st
1
;> ; ' i o2 2

; oot T % AT

where 2 I [T LJYi—lL .

Y1+l = v 4 Esl N

where ¢ > 0 is chosen sufficiently small so that
i+1 i Coivl v
J(T Y o2 J(x™) ana Y c i N
7. Set i = i+l and repeat from step 2 until a conver--
. gence criterion is satisfied, for example
. : i+1 1 '
¥

JTTTY =TT s e

where "2 > 0 is chosen suitably small.

5.2

As in any gradient'methdd," the iterated parameter would.

tend to seek a local minimum. - This could be avoided by

the unknown.?

-
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The cost index or the 1identification error considered in

the examples is‘giyén by
Ca T .2
Ji;:q) =3 'b Hg(Yrq;t) - yHLZ(Q)

where § is the “given" observation data, v is the ‘solution

dt , (5.25)

of the model eguation as a function of the unknown parameter
yefl , @cQ and A >0 is a weighiing factor.  With
reference to the equation (5.3}, we note that the

observation space H = LZ(C) and C is the identity map.

For numerical solution of the model eguation and the
cofresponding a@jofnt eguation, “"we have used finite
difference / semi-discretization methods with the spaiial
grid size of 0.05. The observation data for the actual
systeﬁ i.e. ?(-,tj were generated with known values of the
paéameter in the _eguations which, in the seguel, will be
referred to as the "true parameter”. . N
Examolé §.£

We first consider tﬁe'structurally damped beam equation

given by
2 s atv 54y :
o ¥ —_—— —— :’_4.. = ~ - 4 ~™ T 1
ST @t 0. xc0:n  te 0,1,
k) ca X oxX i
v(0,t) .= 0, vil,e) =0,
Fo,e) =0, <:/o§¥(1,t> =0, (5.26)
ax : . oX
. 3
“ v tw EA A -
Y(.‘C;O) - Yo(:\) r at(kro) - 0 r
vo(x) =  cl(Coshr = Cos 1) (Sinh ix - Sin ix)

- (Sinhi = Sin i) (Cosh ix - Cos sx)|, £=-0.00012,

and i satisfies Cosh % Cos » =1, » # 0,



3

- . . y el .
where the damping parameter y 1is  unknown. Iy.For " this

v=__g,£2),

From the ;;ZEES:ity;(s,14)n one can obtain the

.example, =~ we can congider

Y -2¢n
V' = H ) I
( )

necessary gradient as

-rT 1 3
J:' = - / d vV

Y b ‘0 st sx

The “true” parameter -is taken

weighting factor in th¥ cost index ~(5.258)

=102,  In Table I,

Y

as y* = 0.001

. . ) .1
parameter\K\ corresponding t¢ the-initial guess 'y

time taken im this example was 75 seconds.

H = Li(ﬁ),

is assumed to be

we summarize the convergence of the

J(v)

—_—

;ﬁ Table I
3 .
-;/} Iter Y
o | 0.0
l 1. 0.3377381D-03
N 0.5820642D-03
'3 | 0.7550328D-03
f 4 0.8710657D-03
s 0.9420695D-03
6 |  0.9796204D-03
7 0.995311§D—03
8 0.9996251D-03
9 0.1000035D-02
107 | 0.99998760-03
11 0.1000007D-02

0.2146177D 06
0.8834628D 05
0.3362766D 05
0.1119205D 05
0.3035701D 04
0.6049853D 03
0.7436543D 02
0.3924051D 01
0.2507304D-01
0.2646957D-03
0.2764182D-04

0.8550624D-05

True - 0.001
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Example §.g

of the parameter g in the undamped beam

azv EEV‘
—= + g —.=0, x (0,1)=z 2
L2 .4
= st X ~ -
2‘V“' -
yvi{0o,t}) =0 , __i(l't) (5:28)
Lo X
¥ig,8) = 0 ﬁ—-(l t) y
ax r IO 4 . 3 ’
- 9X
vi{x,0) = _O(X) ' %%(x,O) =
where yo(x) = cBCosh A"+ Cos i) (8inh
- -{(Simh i + Sin 1) (Cosh ix - 265 ix)|

with Cosh X Cosi +_lf:\b

For this,éxample,‘ue-can take

Vo= {4 LHz(Q):¢(0{ = Q, %% : o, //}

and H = LZ(Q)._ The space V' is the®
linear functionals.on V. ™ Using the nécessary condition
(5.23) for optimal  identification, the gradient 3 s

cbtained as

AT .1 2 2
4

J'= - o2 X222 L aet (5.29)
e -0 -0 x? xz»

Q)
Q2

@

@

For the "true” ‘erameper;. we take d* =‘l.0; and \éﬁf
weighting facter 1 in 15.25)_ is taken as * =-lDll; Thgf
iteration was initiated with ql= 0.5 and convergence was
obtained in i2 iterations. The results are shown in Table

1I. The CPU time required for this example was 15 seconds.

.-

L
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- Table II - /
Iter.| =~ g T 3 (q)
0. 0.5005000D 00 0.1843745D 06
1 0.7656415D 00 0.2632193D 05
2 084358160 00 0.1056968D 05 <
3. 0.8966337D 00 0.4330934D 04 -
4 | 0.9347122D 00 | .0.1656497D 04 '
5 0.9617468D 00 © 0.5529317D 03"
6 0.9799527D 00 |  0.1491455D 03
7 0.9910922D 00 0.2913371D 02
8. 0.9969367D 00 ‘| 0.3426452D 01
R 0.9993286D 00 0.164208SD 00
10 | 0.5999556D 00 0.7175859D-03
11 0.1000008D 01 |  0.1027614D-04 ,
| 12 -|.  0.9999982D 00 © 0.1212595D-05
True _170‘_— 'f~—~n--i«~"—~;'——-
Remark 5.2

-

In case the 'parameters (mass density éné. flexural "
rigiéityf‘ af"the beam eéuation (2.16) are functions of X,
one can parametrize them by using apprapriate polynomials.
Then the identification problem reduces to that of finding a

set of constant parameters.
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5.5 SUMMARY

»

~In this chapter, 'we consider the problem of

identification of parameters in vibrating systems described

by second order evolution equations.. Typical examples of
this class ofvsygtems are vibrating strings, transverse and
torsicnal vibratior of beams, transverse vibration of plates

etc. For identification of parameter$ in a particulare

system, it suffices to. consider the appropriate spatiaiA

differential operator A in the system dynamics.

Following the techniques of optimal control theory, we
have developed the necessary conditions of optimality for
identification of the unknown parameters. It is shown that
the optimal parameter minimiz;n% the mean sguare differénce
between the '6bserved: data and the respoﬁse of the moae;
eguation, ;s'determined by sim;lténeous solution of the
Systgm‘equation, the cégrespénQing adjoint equation, and an

associated maximality conditioen.

For numerica;lfcomputétion of the unknown parameter, a
gradient. ' algorithm is "presgnﬁgd which ufiiizes the
maxiﬁality gonditidn “haracterizing the optimal parameter.
.Illﬁétratiye numerical examples are presented for

_identification of parameters in the beam equation..: In

given to minimize the computer _ time. "Yet the CPU time

required in these examples was found to be quite small. It

is expected that the CPU time could be further reduced by

improving the efficiency of the algorithm.’

—_—

developing the combuter-éofthére, _no special attention was

v



Chapter VI_

CONCLUSIONS AND SUGGESTIONS FOR FURTQER RESEARCH

6.1 CONCLUSIONS

Develcpment in control theory have taken place mainly on

systems which Canyhe-adequately described either by ordinary

differential equafions or by partial differential-equatiqns;

But there are some practical systems which can be accurately -

described only by 'a coupled systém of ordinar} and partial

-differential equations. - An important and prominent example

in this category is the flexible spacecraftl which‘ is the

. + 4 . ) ' - " ’ . . :
subject "of this thesis; = and this has been a topic of.

continued research at NASA " and other spacé-organizations.

" Some other. .interesting examples [78] in this class of

’systems ares power s¥stems, mass transport system,

aerodynamic reentry vehicle with ablative surface etc.

In general, large'flexible spacecraft would be partly .

rigid and partly flexible. In 'tpis thesis,'-a methedology
has - been developed for rigorous modelling of. sﬁéh
spacecraft. It has been*sﬁown.tha; tﬁe completé'dynamics of
the system could be described- by “a hybrid .system of
eguations,i.e. a sét;of ordinary differential equations for
the rigid parts; and a sex-of'part;al differential eguaticns

-
1

- 1l90 -

U

f



‘beam and a solar panel, "and iii)

" members

- most effective,

for the flexible parts. These equations in

stroné and intricate mature of interaction bet

- - .« -

and the flexible parts of the spacecraft
equations have: been derived for

a rigid bus and. a flexible beam,

beams. . -

.

. . . s - -

An important aspect of-this model is that

described in terms of variables which can
This is -

measured.
i

system behavior and, also in the

-

controls. Furthermore,

are-described with respect

which are fixed at their unperturbed positions

the system.variables physically more meaningt

::c:mr.mt:atlona'l complexlt:es.

tabilization of the flexible
using Lyapunov's app*oach. - It has been
asvmptotlc StablllZE;lOﬂ of the system could

appilcatzon of simple feedback controls.

spacecraft consist

extremely Important in the
design of
the deformations o

to coordinate

191

dicate a very

ween the rigid

‘Complete dynamig

ing of i)

ii) a rigid bus with a bend

a8 rigid bus and multiple

‘the system iss

Y

be -physiéally

staﬁilizing
f the elastic
systems
. This makes

ul and reduces

‘spacecraft has been proved |

shown that

be obt azned bv

A combination of

bus veloc1uy Leedback and beam damolng have been found to be

These * rcontrols °  are

implementable. ' It“has 'also been shown that

laws are equally. effective irrespective of
accuracy in . medelling the beam dynamics. . -

Jpractically
these control

the order of

-

analysis of

EH
]
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Although the system dynamics appears to be somewhat

complicated, it can be simulated on a2 digital computer for

numerical studies. An algorithm has been developed for

simultaneous solution of the hybrid system. The CPU time

required for. a typical 'run for the examples presented in

this thesis is guite small and could be further reduced by

improving the efficiency of the algorithm.

It is to be néted here_ that. the equations developed 1in
this thesis gives an exact dynamics of the spacecraft under
the given assq@ptions. " One mightf,be tempted to Sbtain a
;implified dynamics by approximating some of the coupling
terms bétweeh thé ordinary and the partial differential
equations. Such an attempt has been made by the auther. It
has been found that a first order approximation of
displacement = 0 and velocity ~ 0 in the coupling terms
gives results which are more or less close to the solutions

obtained £from the exact dynamics. But approximation of

acceleration gives rise to completely erroneous results.

Thus it 1is essential to study the system behavior on the
basis of coupleé system of ordinary and partial differential

equations.

Stability of flexible structures in the presence of
distributed white noise have alsoc been investigated. It has

been found that by application of .velocity feedback a

\ flexible beam perturbed by distributed noise could be

~
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stabilized in the mean square and almost sure sense with
‘respect to ball in the energy space. The amount of damping
could be suitably chosen in order to maximize the decay rate
and minimize the size of the a;tracto;._ It 1is also shown
that the wuncontrolled flexible -spacecraft would -become
unstable 1if it is pertu;bed' by random disturbances.

tability of system wvibrations could be achieved by

application of simple feedback éontrols.

Techniques of optimal control theory have been utilized
in identifying the parameters of vibrating systems. It has
been shown that the optimal parameter minimizing the mean
square difference between the model equation output and the
actual observed data is' determined by simultaneous solution
of the system eguation, the corresponding adjoint qugtion,
and an associated maximality:condition. “an algorithm which
effectivély uﬁilizes this maximality. condition: .has been

presented in order to compute the unknown parameter. .

n brief, control of attitude motion and supression of
elastic vibrations “of fléxible spacecratit are important
problems in space technology. To ensure satisfactory
performénce of large flexible spacecraft, it is essential to
consider the distributed nature of the elastic members in
the system modelling and the coﬁtroller design. A method
has been presented in this thesis to obtain su;h”a'rigogous
model of flexible spacecraft. .. Also several simple

practically implementable feedback controllers have been

~

suggested for stabilization of the system.
h R
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6.2 SUGGESTIONS FOR FURTHER RESEARCH

As a continuation of this thesis, further research could
be conducted along several directions. A model of flexible
spacecraft without the assumption of a fixed ?rbit, and
including the Euler angles would be more elaborate and’
comprehensive. ® In addition, oné. woulé be interested to

include the gravity gradient torgues in the system.model. .

. . T .
The control structure developed in this -study uses
distributed control supported on a small section of the

beam. Design of stabilizing controllers using boundary

feedback wou&d be of interest. Experience with rigid body

satellites show that passive controllers can be used for

stabilization of the system in the case of small-

~disturbances. Similar passive devices for stabilization of

the'flexible ‘spacecraft would be of practical significance
for the purpsse of saving fuel. Design of optimum
controllers ;hould also be carried out to stabilize the
spacecraft in minimum time and with minimum expenditure of -

fuel.

Robustness of a stabilizing —controller requires

stabilization in the presence of random disturbances. In

this respect, it is required to prove asymptotic’ stability

and to estimate the size of the attractor for the spacecraft

governed by the stochastic hybrid system.
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For the identificéfion part,.. it is important to obtain
the. unknown parameter - from experimental data which- maé,
actually, be‘avaiiable at certaiﬁ spgtial discrete points.

A computer software package for-parameter identification of

. distributed systems would be very useful to industries.

And finally, to the knowledge of .the author, not much
work has been reported on systems which are govexned by a
coupled system: of ordinary differential equations and

partiai differential equations. It would be of significant

" interest to give an abstract formulation of the problem and

to pursue further research on control, stabilization,

optimization and related areas for this class of systems and

«thelir stochastic versions.



'AppendiX'A

SOME IDENTITIES FROM VECTOR ADGEBRA

-

Some vector relations frequently used in Chapters II-IV
are given below. Let A,B,C be three. vecﬁo;s and T be a

tensor in the rectangular coordinate system (%,¥,%2), defined

. .J
by - . .
A=ZXA_ +9FA +ZA
x N z
B.= 2 B}c + By + Z Bz
C.= X Cy + v Cy + Z C, -
& ’ -
T = [® 9 2] T\\ Txy T\z bid
\ "
T T T g
v vy ‘vz
T T T 3
L Tzx zy zz | { |
Vector Relations . A
‘ A-(BxC) = B-(CxA) = C-(AxB) -
Ax{BxC) + (BxA)=xC = Bx (AxC)
P Ax(BxC) = (A-C)B - (A-B)C ;‘ : .

I

Vector and Tensor Operations <

~

‘A-B=AB +AB + AB
. XX vy z 2

-~ - Y -_— ’ - + -y -
AxB -x(Asz Asz? + §(2B -A B ) z(AxBy AyBx)

T-A

TH

x| TxxAx + TxyAy + szAz )
A

+ (T A +T A +T A )
vx % % vz z

<

+3 (T A +T A +T & )
zx X zv v 2z z

- 196 -



Appendix B

-

NUMERICAL SOLUTION OF HYBRID DYNAMICS: ALGORITHEM-A

—_—

—_—

For numerical solution of the hybrid dynamics (2.32), =a

combination of Runge-Kutta method (for. the ODE system) and

Runge—-Kutta algorithm

The beam equation

order eguations as:

e R
it 1
34 aze

1 _ -1

o e

J f/ ax2
Lol N s
where .z =—
’Jl :dt

2.
- i Y2
1 L2
o X
and s z

in {2.32) could be written 1in two first

|
t
£
+
1y )

> finite difference‘methed {for the RDE system) was used. The

is available in many standard texts.

(B-1)

- 2"‘ - .
=, (Equation (B-1) 1is shown in

v

>
N

. oX . - P
the normalized form assuming a uniform beam). Then a finite

‘difference approximation for (B-1) is diven by [56]:

3l(l,j+l)

¢2(i,j+l)

Y

TR ym i a Wi s

01 L%, 3) (Au)2L¢2(l+l'j) 2¢2(f’3)+ 2y (1 l.J)]

#1084 t3) - Bye(id) ¢ RG] 0, (8-2)
N T . . . .

¢2(l'j)‘+(,t)2;ﬁl(l+l’3+l)'2°1fi'§f%lf? (1-%,3+1ﬂ,

where i  denotfes the spatial <and j the time discretization

points. The displacement ¢ in (B-2) is_ obtained easily

2

from ¢_ and using the boundary‘conditions as:

¢ (i+1,3+1)

. - F !
26(1,3+L) = o(i-1,3+1) + ¢2ﬁi,j+l)(£x)

2
(B-3)

- 187 -~
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. ALGORITHM-A ~

v
—_—

} Read Data .
lu(O).¢(x,o)| - .

£ =0

Y e —— 1 -

| : .
| = Solve ODE system for w. : Solve PDE system for
! .~ in (2.32), using . . ih (2.32) using Qiff.

|
|
¢
i

Runge-Kutta method, to | Lfcheme (B-2)-(B-3), to

obtain w(t + 2t). obtain &(x, &+ it

| | g —

t=t+ st
et I
' Print output

j wlt) ,elx,t) ]

r_',‘_fyu

-
. sTOP )
For accuracy and pumerical stability, it is reqguired to

take the PDE-~-solution - time step .t' smaller than the ODE-~-

solution-time-step :t .



,.Appendix c

NUMERICAL SOLUTION OF HYBRID DYNAMICS: ALGORITHM-B

The semidiscretization scheme involves approximating
the partial differential equation by. a set of ordinary

differential eqguations. Defining

1
W
[}
oQJ (%)
"
— (a3
—

-

the boom dynamics (3.20) could be written as three. first

order equations as in (B-1). Note that, in  terms of the
. notations of Cﬁapter‘III, 2 = (yl,zlf ~is the éisplacement‘
© vector. Then the approximate _QDE> system for -the boom

dynamics (3.20) is given by:

: ;l(i) = S, (1)
: Sy -1 - Sy o - . - .
08 = - =S [aGeD) 2 E) +TE (m ]
(ix) . _
+ 7 By5,0d) - B (4) + 5 (0] “(c-2)
iLi) = LT E(iHL) -2 fo(d) + 1o (i-1)]
3 = =S5 -2 5,0 gt

{ax)

where i denotes the spatial discretization points and v

denotes the time derivative.

- 198 -
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Simila?ly, the tower dynamics is also approximated by a

system of ordinary differential equations in terms of the

variables Ny oeTo s and;nB idefined”as:' g - 7
nl = ¢2 -y o
3¢ .
_ 2
'2 T 3t ’ ,‘(cf3)
N
_ P %
N, = 2 .
2

Thus the hybrid dynamics (3.19)-(3.21) is written. as a

complete system of ordinary differential equations of the

form b ‘
X = F(X) ) :
- . - (C-4)
X(0) = XO ,
where . )
X = u!,{fl(l),:z(i),'—,B(l)), 1 = 1,2, .- N),
) (np (1), ()08, 4 = 1,2, - M)

Runge-Kutta . subroutine is then wused for solving the

eqguations (C-4).
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