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. | Abstract

We study the spectrum of the vector boundary value problem

= /\R(‘t)y et Lh
y(b),

—(P()y) + Q(t)

J+ J
y(a) =0

where P, Q,R are m X m symmetric matrix functiéns, P(t) is positive definite, '
~R(t) is nondefinite and the entrivs of P~(2),Q(t), R(t) belong to L[a, 1], and in
particular discuss the existence of two infinite sequences of real eigenvalues. We also
present two asymptotic formulas for the distribution functions of the positive and

negative eigenvalues when R(2) belongs to some special classes of matrix functions.
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Introduction

N . ‘ .
The problem of the existence of cigenvalues for the regular nondefinite scalar

Sturm-Liouville probleni ’

- (p(t)u.')' + q(t)u = Ar(t)u | a<t<b (Q.1)
u(a)cosa — (pu')(a)sina = 0 ‘ {0.2)
u(b)cosf — (pi)(b)sinh = 0 o -(0.3)

where 0 € o, < 7 and —oo < a < b < oo, has been treated in many different

respects. In fact, Richardson [35] and Atkinson-Mingarelli (3] have proved that -

-Whenever . X
/ re(t)dt > 0 and / r_(t)dt > 0 (0.4)

the problem (0. 1-2-3) has two infinite sequences of real eigenvalues, one posiiive
and one negative, and each one of which has +oo and —oco for its only points of
accumulation, wherery = 1/2[ | v [ 4r ] end r_ = 1/2[ | r | =7 |, (r4(resp.r_) are
commonly described as the positive (Tesp. negative) part of ).

In [35] Richardson proves the above result for the Dirichlet problem
Le ,a=f=0in (0. 2-3) when the coefficients p, ¢, r are continuous and

p(t) > 0.The method he cmp—loys there depends on the behaviour of the zeros of



solutions of (0. 1) for V'trymg | A | On the other hand, Atkinson-Mingarelli prove
the same result in [3] by using a modified Priifer angle method when the coefficients
have the mere properties 1/p,q,r € L(a, b), (i. e. , are Lebesgue integrable on [a, b))
and p(t) > 0 a. e. :

A vector boundary value problem corresponding to (0. 1-2-3) is

— (P(t)y) + Qt)y = \R(t)y a<t<h (0.5)
(Ajy(a) + AP(a)y (@) + (Buy(b) + B2 P(b)y' (b)) = 0 (0.6)

(j = 1,2), where P(t), Q(¢) and R(¢) are m X m symmetric matrix functions,
P(t) is positive definite for ¢t € [a, b], while A;;, By; (4,7 = 1,2) are m X m constant
. p ? ? 313 J ’J }

matrices satisfying

4 AV, A" =BY,.B" (0.7)

~

L

and the rank of the matrix [4, B] equals 2m.The matrices 4,8 and ), are defined

by
A§ All Alﬂ — Bll BE'Z
A2l -’422 BZI BEQ
o T
(2 %)

Here we restrict our attention to the case when
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In this case‘“the:'boundary conditions (0. 6) reduce to
y(a) = 0 = y(b) (rs)

giving us the Dirichlet boundary conditions.

Similar to scalar boundary value problems, ([6], [9], [10]), the vector bound-
ary value problem (0. 5-6) generates a right-definite problem (sce Section 2. 1)
when the matrix function R(t) is nonnegative definite for ¢ € (@, 8] and the set
{t:tela, b],R(t) is positive definite} is of positive measnre.This problem has
been studied systematically by Reid in [31].The existence of cigenvalues for the
problem (0. 5-6) was treated there by means of variational methodls.

The Sturm-Liouville boundary value problem (0. 5-6) is said to be nomir:ﬁ:r%.;_‘_;
when the matrix function R(¢) is nondefinite on [a, b]. In this case we define 1;61'1@‘_?;.
negative matrix functions Ry (t) and R_(t) associated with R(t) (sce Scction 1. 1)"
similar to 7, (t) and r.(¢) in (0. 4) and consider the problem (0. 5-6) with the

following assumptions on R,.(t) and R_(t) :

The sets . '
{t:t€la, b,Ry(t)is positive de frnite} (0.9)
and .

{t:tela, b],R_(t) is positive defir}ite} : (0.10)

i )
are of positive measure. These conditions can be interpreted in a way similar to

(0. 4) -



The existence theorem for cigenvalues of (0. 5-6) takes the form : (see Section
4. 2),

Whenever Ry (t) and R_(t) have the properties (0. 9) and (0. 10) respectively the
problem (0. 5-6) has two infinite sequences of real cigenvalues,one positive and ane

negative, and cach one of which has +00 and —oo for its only points of accumulation.

Although this result is similar to the existence theorem we had for the scalar-
nondefinite problem none of the above cited methods for the scalar case scems to
have a direct generalization to prove the result for the vector.nondcfinite problem.

We shall present a method to settle this result for the Diriclhlet problem
(0. 5-8) which scems possible to extend for the general nondefinite problem (0. 5-6).
Our method will be based on a certain two parameter boundary value problem.For
example, in order to show the existence of nonncgative cigenvalues of (0. 5-8) we

consider
!

— (P)y) + Q()y + #R-(t)y = AR (¢ )y, (0.11)

where i > 0, with boundary conditions (0. 8).This problem is a right-definite
problem for cach fixed p. Thus we can use the results of Reid [31) to show the
existence of eigenvalues A(x) of (0. 11). Such A(z) is a continuous nondecreasing
function of x (see Section 3. 2). Consequently, when A(u) = pp for some g the
equation (0. 11) is exactly equation (0. 5) with the same vector function y and
A = po since R(t) = Ry(t) — R_(t). Hence p is a nonnegative eigenvalue of (0.
5-8). Next interchanging the roles of Ry and R_ in (0. 11) we can generate the
negative eigenvalues of (0. 5-8).

In the sequel we will establish some upper bounds for the number of negative

cigenvalues of a right definite problem and alsg-for the number of nonreal

3



@

eigenvalues of a nondef’mitc problem of the type (0. 5-8) (see Sections 2. 2 and
4. 2).

Among the other results in our presentation are asymptotic formulas for the real
eigenvalues of the nondefinite vector boundary value problem (0. 5-8). If Ny (s) is
the number of cigenvalues of (0. 1-2-3) which lic in the interval [0, s} then
Atkinson-Mingarelli [3] showed that

}irgzNj/(;)% [ e @ ) . (012)

This result has a n_atu'ral extention to the vector problem (0. 5-8) if the matrix

coefficients P, @ and R are « wagonal. In this case

12

Jim f}) = 2 [ S oo (0.13)

where ny(s) is the number of eigenvalues of (0. 5-8) which lic in the interval [0, s],
P(t) = diag(pi(t),. .., pm(t)) and 'R(t)l_'z diag(ri{t),...,rm(2)).

If we denote the sum of the square roots of the moduli of all the cigenvalues of a

square matix A by A;s;(A) then the previous equation becomes

i ML= 2 [ (P RO (0.14)

since P(t) is positive definite. The asymptotic formula (0. 14) agrees with the

result of Gohberg and Krein [15] where the same formula (0. 14) is obtained when

-



P and R are not necessarily diagonal but R(t) is nonnegative definite on [a, b].
Here we establish the result (0. 14) for the nondefinite problem (0. 5-8) when R(t)
belongs to certain classes of matrix functions. In particular, the case when R is
functiona’ly commutative (sce Section 1. 2) and @ is arbitrary will be considered
~ thereby extending the results of [15] to this problem, (see Section 4. 3).

Another interesting result we present here is the dependence of the limit
(0. 14) of n,.(s)/+/s for the nondefinite problem on the remainder in the asymptotic
estimafes of the eigenvalues associated with a certain right-definite prob-lern, (sce
Section 4. 3).

We note that similar asymptotic results hold for the distribution function of the
negative elgenvalues of (0. 5-8). i. ¢., if n_(s) is the nimber of cigenvalues of
(0. 5-8) which lie in [—s, 0] then

Jlim ”:/(;) = %ijI/g('P_l(t)R_(t))dt. (0.15)

This result has been established by Atkinson-Mingarelli [3] for the scalar
boundary value problem (0. 1-2-3). '



Chapter 1
Preliminary Results

In the study of differential cqﬁations we are frequently concerned with properties
of the ecigenvalues and eigenvectors of syfumetric matrix functions. "In first two
sections we shall present a few such properties which we will use throughout this
dissertation.

Most of the time we study differential equations associated with some given
boundary conditions.Such problems are called boundary value problems. Problems
of this kind can be studied more effectively through integral equations, in fact here
we study boundary problems by means of compact integral operators on suitable
Hilbert spaces. Section 3 will be devoted to the statement of some propertics of

compact operators.
e,

1.1 Matrix Notation

We denote the linear vector space of ordered m-tuples of complex numbers, with
complex scalars, by C,,. The lincar vector space of ordered m—tuples of real num-
bers, with real scalars, is denoted by R,.. The m x m identity matrix is denoted by
I, or by merely T when there is no ambiguity. The symbol @ is the zero matrix of
any dimensions. The conjugate transpose of a matrix .4 is denoted by .4*, When

matrix A is real and A = A" we call A symmetric.



A vector is a matrix with one column. If £, n are vectors of Cyy,, then [€, n] denotes
the inner product 37, 7,6, = n"§. In particular \/[5_,5 =| £ | denotes the norm of
a vector £. If A is an m X m matrix, tl'len the norm of A is equal to the maximum
of | A€ | on the set {£;°€ € Cn, ] € |=1}. Moreover, if A is a symmetric matrix then
the norm of A is equal to the maximum of | [4¢,£] | on the set {§; £ € Cp, | £= 1}.
The norm of the matrix A is denoted by [ A |.. ‘

If Ais a symmetric matrix and [A¢, €] > 0 ([AE, €] = 0) for every nonzero
vector § € Cy, then A is positive (monnegative) definite. We denote thisby A > O
(A > O). Ingeneral A > B (A > B) means that A and B are symmetric
matrices of the same dimension and the matrix A — B is positive (nonnegative)
definite.

When A and B are two symmetric matrices with 5 > O there exist values A

)

At & oaBe (1.1)

satisfying

for £ # 0. If such A exists with corresponding vector £, then

[A¢, €8] = ABE,E) and [§,A¢ = X, BE).

Therefore (A — X)[B¢, €] = 0 since A is symmetric. Consequently A - X, as B is
positive, and A is real. We also note that if A is nonnegative, A[B£, €] = [A¢, €]
implies that A is nonnegative. If A; and A, are two distinct real values satisfy-
ing (1. 1) with corresponding vectors & and &; then [Aﬁl,fg]\ = A [B&1, &) and
[€1, AL2] = Aq[&1, BE,]. Therefore (A — Ag) [B€1,£2] = 0 and

[B&r, &) = 0. (1.2)



Also, if A satisfies (1. 1) for two linearly independent vectors then we can choose
two such vectors ¢; and &, with the property (1. 2).
In [38] H. F. Weinberger studies the vector equation (1. 1) systematically and

\

Theorem 1.1 Let A anid B be mxm sywnmetric matrices with B > . Then there

gives a variational method to find those values A.

ezists a sequence of real values Ay > Ay > ... > A, satisfying (1. 1) with

_ corresponding vectors £ = ug such that
(1) [Bua,ug) = bag, o, f=1,...,m,
(1) M = [Aug,uy] is the mazimum of the quadratic form A[€] = [A€, €]
on the class . ’

PN = {{;-1 6 € Cma [Bfa’f] = 1}3

r

(i1i) for B=2,...,m, the class
TPnvg = {& €eln,[BEusl=06=1,...,8-1)}
13 nonempty and Ag = Alug] is the mazimum of A} on Tyj.

Proof. See ([38] page 39 ).

Corollary 1.2 Let V = {vy,...,v} where 1 < k < m, be given vectors of C,
and A[V] denote the mazimum of A[f] on the set

Pn[V] = {§ €€Cn, [BE,E)=1, (BE,vs)=0,8=1,...,k)}

then Mgy is the minimum of A[V].

Proof. See ([38] page 56).



- Corollary 1.3 Let Ay, A; be symmetric and B be posz;t:'vc m Xm matrices. Also
let {AL ull} and {A2,ul} satisfy

Ay = MNBul  and  Apl = ABd?

be given by Theorem 1. 1. Then A, > A, (A 2 Ay) implies that A\ > A2

(’A; > A2),ca=1,...,m. In particular,
Ai—eB < Ay < A +eB
implies that | AL = A2 | < ,a=1,...,m.

Proof. The first part is proved in ([38] page 62). To prove the second part note
that | Ai[€) — A[€] | < € on Tn[V] for every subset V. Thercfore | AL — A | < €

forevery a = 1,...,m.
Al
bl

Corollary 1.4 Let A be nonnegative and By, B; be positive m x m matrices. Also

let {pd,vl} and {p2,v2} satisfy
Auc}; - ‘ulBl‘U;‘ and .sz = /liBQUi

-

be given by Theorem 1. 1. Then B, > By implies that p2 > pl fora=1,...,m.

Proof. See ([38] Theorem 3. 8. 1).

If the matrix B is replaced by the identity matrix 7 in the preceding discussion

then {Aq , ua}, @ =1,...,m, are the cigenvalues and cigenvectors of the matrix A.

10



According to the spectral theorem for symmetric matrices, ([18] page 275 ), if
Ay > A >..> A

ixy TR 2 ik, are distinct eigenvalues of the symmetric matrix A,
then there exist'symmetric matrices &,, @ =1,...,k, such that
(i) A= N&E+ ..+ ’\ik‘gka

() T =&+...+&

(i) &8 = b.5Ea.
Then note that since
{
[E26,6] = [E26,8] = [Ea6,E:8] 2 O for € € Cy,

4

every matrix &, is nonnegative definite.Consequently,

AT —A = (A =28+ (N = N
and

A - /\,'kI = (/\il — f\;k)£1 + ... 4 (/\,'1 - f\ik_l)gk_[

are nonnegative matrices. Hence we have the following

Theorem 1.5 Let A{A) end A, (A) be the mazimum and manimum eigenvalues
of the symmetric matriz A respectively. Then

An(A)T < A < M(A)T
If Ais a nonnegative matrix then there exists an unique nonnegative matrix C
such that 4 = C? (see, e. g. , [13] page 223). We call such matrix C the square root

matriz of A. Now for given symmetric matrix 4, A? is nonnegative and therefore

A? has a unique square root matrix. We denote this by | A | and define

11



Ar=S[l Al + 4

b=

and -

A =[] 4] - A.

SR

Then A, and A_ are nonnegative matrices with
A, 2 A and A > -A_.
More properties of these matrices can be found in ([37] fec. 108).

t

1.2 Some Properties of Matrix Functions

A matrix function is called continuous, integrable, etc. , when each clement of that
matrix possesg’ﬂ_s the specified property. For a given compact interval [a, §] the
symbols Cp.r[a, 8], ACwrla, b}, Lmrla, b], L2 [a, b], L5 [a, b], will denote the class
of matrix functions A(t) = [Aas(?)], (a =1,...,m; B=1,...,r), which ongfa ,b]
are respectively continuous, absolutely continuous, Lebesgue integrable, Lebesgue
measurable and | Aas(t) |” integrable (e =1,...,m; § =1,...,r), measurable and
essentially bounded, i. e. , there exists a finite constant k(.A) such that each of
the sets {t; | Ayp(2) | > k(A)} has measure zero, For convenicnce we will denote
Conla, 8, ACmila, b, Lula, b, L2l b, LZyle, b, by Cula, 8, ACula, ),
Lole, b, L7 [a, b], LZ[a, b] respectively. Also when m =1 and r =1, Cla, ¥,
ACla, b), Lla, b}, L?[a, b], L*®[a, D] denote the respective classes. When there
is no wnbiguity as to the interval [a, b] under consideration we omit the symbol
a, 8L |

If the elements of a matrix A(t) are of AC[a, b], then A'(t) significs the matrix
of derivatives where these derivatives exist, and the zero matrix clsewhere; corre-
spondingly, if the elements of A(t) are of L{a, b) then f* A(t)dt denotes the matrix
-of .integrals of respective clements of Alt). If A(t) and B(t) are equal a. e. on there
~ domain of definition, we write simply A(t) = B(t).

12



The class of vector functions L2 [a, b] are characterized as the space consisting

of all m dimensional vector functions

flz) = (fal2)) (a=1,...,m)

z € [a, b] with real valued measurable coordinates f,(z) (e = 1,...,m) such that

-

- b m
]ﬂ S| fule) e < oo

N,

The inner product in L% [a, 8] is defined in a natural way by the formula

G = [ S5

o=l

T

for f = (fa) and ¢ = (g.) belonging to L2 [a, b].Then L% [a, b) is a Hilbert space
with respect to this inner product.

L2 «m(la, 8] x [a, b)) is the Hilbert space consisting of matrix functions

Az, t) = Ayp(z,t), (a,8=1,...,m)

with elements measurable on [a, 8] X [a, 8] such that

boppom
// Yo | Aaslz,t) | dzdt < co.

afd=1

The inner product of two elements A(z, 1) and B(x,t) is defined by

13



(A,B) = fab / " S Aup(e, )Bap(es ) dudt.

* a,f=1

Next we consider the vector equation
Aty = AB(t)u ‘ (1.3)

for ¢ € [a, 0] when A(t) is symmetric and B(t) is positive definite on [a, 4. Let
Aslt)y @ =1,...,m, be a sct of rcal values satisfying (1. 3) with corresponding
vectors uq(t). Also let {A(2) ; ua(2)} satisfy Theorem 1. 1. for each ¢ € {a, b]. Then
the ineqﬁality

1ty | = HEZRO sl <4 < 5Bl 0

holds for ¢ € [a, ] and 6 = 1,...,m where B~'(t) = [B;(t)].

Theorem 1.6 Let A(t) be symmetric, B(t) > O on [a, b] and A(t), B7'(t) be

elements of class LY, [a, b]. Then the functions As(t) which satisfy (1. $) are of.

class L®[a, b].

Proof.This result follows from the inequality (1. 4).

In order to study the properties of matrix functions A, (¢), A_(t) of a given

symmetric matrix function A(t) we need the following lemmas.

14



Lemma 1.7 Let U(t) be an m x m matriz of class LY, [a b and |l £ 1 then

the matriz .
V() = T - 3 ald®(t) (1.5)
k=1

is defined on [a, U] with ¢; = 1/2, cx = (1. 2...(2k — 3)}/(K!2¥),
(k=12,3,...) and | -

(1) V(i) is of class L33

(i) VAt) = I-U(t)
(35)  IFU(t) > O then V(1) 2 O.

Proof. This can be obtained by slightly changing Lemma 1. 4. of [30] and so is

omitted. .

Lemma 1.8 Let A(t) be nonnegative definite and of class LY, [a, b). Then

A(t) < [ Al

on [e, b] where

| Allee = ess sup | A {A(2))].
t€fa, b

Proof. Since A(t) < A (A())T for t € [a, b] by Theorem 1. 5, the result follows

from Theorem 1. 6.

»

P

Theorem 1.9 Let A(t) be an m x m nonnegative matriz funclion of class L7

mimt’

Then there <zists a nonnegative matriz B(t) such that

15



 A(t) then B(t) = c(). 4

(i) Bt) = At)
(1)  B(t) ts of class LY

mm

(i) If C(t) is another nonnegative matric such that CH(t) =

g

Proof. Since A(t) is of class L%, there cxists a positive constant & such that
O < kA(t) < I. The symmetric matrix U(t) = T — k> A(t) satisfies

O < UR) < Tand U(t)is of class L. If V(?) is defined by (1. 5) then
B(t) = 1/kV(t) is a nonnegative matrix satisfying (i) and (ii). Since B is the limit
of polynomials in A clearly A commutes with B, Then CA = €* = AC and hence
CB = BC. Consequently (C+B)(C—B) = C*~B? = O, and also if () > ©
then individually C(C —B) = O and B(C~B) = O . Thus (C —B)? = @ and
C = B o

Corollary 1.10 Let A(t) be a symmetric matriz function of class L% . Then
matriz functions Ay(t) and As(t) are also symmetric matriz functions of class
L, |

Proof. Theorem 1. 9 shows that the nonnegative square root matrix | A(t) | of
At} is of Lgg,,. Thus A, (t) = [ | A(t) | +A()] and A_(t) = L[| A(t) | —A(2)] are

[0

symmetric and of L .

Theorem 1.11 Let A(t) be symmetric and a,(t) > ax(t) = ... 2 a,(t) be its
eigenvalues satisfying Theorem 1. I for t € [a, b]. -Then

af(t) 2 af(t) > ... > o

—_— m

(1) 20

ere the eigenvalues of AL(t) end



an(t) 2 amy(t) 2 ... 2 af(t) 2 0

L

are the cigenvalues of .Al‘_(t), where af = maz (a;, 0) end ¢ = maz (—a;, 0).

Proof. Since A(t) is symmetiic there is an orthogonal matrix S() such that
S*AS = A= diag {ai,...,am}. Then A2 = SAXS*impliesthat | A|= S|A|S
and hence A1 = 35{A+ | A[}S". Thercfore S"ALS = diag{a},...,a}} showing
that af,...,a} arc the cigenvalues of Ay. Similarly af,...,a;, are the cigenval-

ues of A_. The rest of the theorem follows from the fact that if a(t) > b(t) then
at(?) > bT(t) and b7 (t) = a™(t).

Corollary 1.12 Let A(t) be as in Theorem 1. 11, then

™

GO < Aut) < at (0T

and

ar()I £ A-() < e, (DT

Proof. This is immediate from Theorems 1. 5 and 1. 11.

Some other clementary properties of eigenvalues and cigenvectors of matrix {func-

-

tions can be found in [32].

Next we mtroduce a special class of matrix functions called functionally com-
mutative matrices. An m x m matrix function A(¢) for t € [a, b] is said to be

functionally commutative in case

17



A($)A(s) — A(s)A(t) = O

forall ¢, s, € [a, b].

If A(t) is symmetric and functionally commutative then there exists a constant
nonsingular matrix Z{ such that U~ AU = T (t) where T (t) = diag(a,(t), ..., an(t))
and a(t) 1s as in Theorem 1. 11, (sce [12]). Then as in the proof of Theorem 1. 11

we have

UTPWAL(OU = To(t)  and  UTTAL(OU = T-(1)

where Ji(t) = diag(at(t), ..., at(8)) and T_(t) = diag(ai (1), .. ., azn(1)).

1.3 s-Numbers of Compact Operators-and their

Properties

In this scction all the operators are assumed to be defined on L2 [a, b].Also we
”
assume definitions and basic propertics of operators. Let A be a compact operator,

then

~—-

H = (A-A)llz

is also a compact opecrator [14]. The norm of an operator A is denoted simply by
|A]. _ )
The cigenvalues of the operator H are called the s — numbers of the operator

A.

-

18



s We shall enumerate the nonzero s-numbers in. decreasing order, taking acount

of their multiplicitics, so that -

sj(A) = X;(H)

where A;(H) is the j th cigenvalue of H obtained by the max-min principle (sce [14]
page 25).

We note that

(A =] 4]

L

If A 1s a compact self adjoint operator then

si{A) =

A (A) | G=1,2,......).

It 15 also obvious that for any scalar ¢

s;(cA) =| e s;(A) (7=1,2,......).

Theorem 1.13 Let A be a compact operator, then

(i) si(A)=s;(A7) G=12..... )

(i1)  For any bounded operator B,

s(BA) <| B | 55(A) (=120,

19



SJ(AB) SIBISJ(.A) (]=1,2,)

Proof. See ({14] section 2. 1).

Theorem 1.14 Let A and B be compact operators, then

Smin—1(A+ B) < s5,(A) + 5,.(8) (mn=1,2,...... )

-

and

Sman—1{AB) £ 5, (A)sp(B) (myn=1,2,......).

Proof. Sce [lll].

Next we have an asymptotic theorem concerning s-numbers.The proof of this
h} -

theorem is due to Fan [11].

——
IS

"Theorem 1.15 Let A and B be compact operators and thet for some r > 0

lirlolo nsy(A)=a and  lim n"s,(B) = 0.

n—0oQ

Then

re

Jim n's,(A+B) = a.

20



e 7

Proof. From Theorem 1. 14 it follows that

3(k+1)m+j(-A + B) S Skm-!-j(A) + 5m+1(B) A

(m=1,2...;5 =.1,...,k).
Since any integer 7 admits the representation n = (k + 1)m + j, it follows that

i

Nl

-j/\' (1.0)) A

HIE_TI(}O n"s,(A+B) < ((k+ 1)/_k)ra

and tilcreforc, since & is arbitrary,
‘ ~

linc:.o s (A+B) La.

TL—

On the other hand, A = (A + B) — B and conscquently

9
‘S(k+1)111+j(-A) S Skm-{-j(A + B)Sm-i-l(s)a
or
Sm+j(«4 + 3) > S(k+1)m+j(a4) - 3m+1(5)-
“setting n = km + j and letting n go to infinity, we obtain
lim n"s,( A+ B) > (k/(k+1))a,
or, since k is arbitrary,
lim n"s,(A+B) 2 a (L)

From (1. 6) and (1. 7) there follows the theorem.

Let A, an operator acting on some suitable dense subspace of L2 [a, ], be defined

by
b
Ay:jﬂ A(t, 3y (s)ds ' (1.8)

for y € L2, where A(t,s) = [A;(t,s)]. Then the adjoint B = A" of A is defined by
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N
By= [ Blt,s)y(s)ds |

e

with B(t,s) = [Bi;(¢,s)] where

Bij(3,s) = Aj(s,t) (i,7=1,...,m).

Theorém 1.16 Let A be defined by (1-8), then A is a Hilbert- Schmidt operator if
~

and only if A€ LY [a; bl x[a,b]. Morcover, Hilbert-Schmnidt operators are compact
operators,

Proof. Sece ( [14] Section IIL 9). , \



Chapter 2 T

Right-Definite Boundary

Probleins -

In this chapter we shall consider the vector differential cquation

— (Y + Q) = ARGy (2.1)

on the compact interval [a, 0]. Here P, Q, R are real valued m x m matrix func-
tions; y(t) = (ya(t)) is an m dimensional vector function and X is a parameter:

Throughout this chapter the matrix coefficients P, Q, R satisfy the conditions

H, The matriz functions P(t), Q(t) are symmetric, P(t) is posi-
twe definite and P~'(t), O(t) are of class L, [a, b].

bieR Y

H, The matriz function R(t) 15 symnetric and of class L2, [a, b]

with R(t) > O on [a, b]. Also, the set {t; t€[a, b], R(t) > O} is of positive

measure.

"
Under these conditions, given any point t, € la, b} and real m dimensional

/,' : 93
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~

vectors § and 7, there is a unique solution y of (2. 1) which exists on [a, 8} such
that y and Py are absolutely continuous on [a, 8], y(to) = £ , (Py')(te) = 1 and
(2. 1) is satisfied a.

parameter A is reaf this solution is always real valued.

:on [a, b] (see, e g ,[29], section 15 and 16]) When the

In Section Late shall define the right-definite Sturm-Liouville boundary prob-
lems associated with the differential equation (2. 1) and the Dirichlet boundary

conditions

y(a) = 0 = y(b). (2.

[ ]
(O]
St

and then discuss the properties of A in such problems.

We devote Section 2 to extend some cigenvalue distribution results of
I. C. Gohb;’.erg and M. G. Krein [15] to a general right-definite Sturm-Liouville
problem.This will be done by introducing an integral operator corresponding to the

problem (2. 1-2) and studying the s-numbers of that operator.

, o«

2.1 Existence of Eigenvalues

According to the terminology of Everitt [8] boundary problems of the type (2. 1-2)
are called right-definite if R(t) > O. Morcover, we say the problem’ (2. 1-2) is
regular if for no solution yo(t) (% 0) of the equation —(P(t)y') + Q(t)y = 0 the
vector function R(t)yo(t) is almost everywhere equal to zero.

The condition H, will guarantee that problem (2. 1-2) is regular right-definite.

' We note that if Q(¢) > O in (2. 1) then H, can be relaxed to

f

'n"i[a 1 b]
with R(t) > O on [a, b]. Alse, the set {t; t € [a, b], R(t) # O} is of positive

measure,

'H; The matriz functwn R(t) is sﬂnmctrzc and of class L

which will ensure tle regularity of the right-definite problem (sce [31] and [34] ).



On the other hand if Q(t) is arbitrary then the condition H, is not sufficient
to guarantee that problem (2. 1-2) is regular. For example, consider the scalar

Sturm-Liouville problem
—u" = Ar(t)u

u(a) = 0 = u(b),

where 7(t) is contipuous and changes sign in [a, 8], and let Xg b:h'r cigenvalue with

cigenfunction ug(t). Then the vector problem (2. 1-2) with P(¢) = Iy,

0= —/\07"01R=-00
0 0 01/,

o[

has a solution

satisfying —(P(t)y') + C(t)y = 0 and R(t)y = 0 showing (2. 1-2) is not regular.
The regular Sturm-Liouville problem with Dirichlet boundary conditions con-
sists in finding the values of a parameter A for which equation (2. 1) has a solution ¥

(noni-dcntica.lly zero vector) satisfying the boundary conditions (2. 2). If such value

A with corresponding vector function y exists we say A is an cigenvalue and y is an

cigen function of the problem (2. 1-2).

Theorem 2.1 All the cigenvalues of the right definite Sturm-Liouville problem
(2. 1-2) are real. _ )

Proof. Suppose A is an cigenvalue of (2. 1-2) and y = y; + 12 is a corresponding

cigenfunction with yy, y; real valued vector functions. Then taking L2, inner product
of y and (2. 1)

—((PY),9) + (Cuy) = MRy,y). (2.3)

Now integ-ation by parts and use of (2. 2) yield the result

((PyY,y) = —(Py,¥).
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‘Also
(Py'y) = (Pyiuy) + Py, va) — o Pro, vp) + (P, vz)
=" (Py,,91) + Py, v2)
since P(t) is real valued and symmetric.. Therefore (Py’, y') is real. Similarly (Qu,y)
and (Ry, y) are also real. Then the equation (2. 3) implies that (Im ',\)(’Ry, y) must

be equal to zero. But for no eigenfunction y can (Ry, y) be zero. Thercfore Irad = 0
and A is real. B

Therefore we can find some Ag, possibly complex, which is not an eigenvalue
.of (2. 1-2). For such Aq there exists a continuous matrix function (%, s, Ag) called

Green’s matriz function with the property that if A is an cigenvaluc of (2. 1-2) then

J
i

W(t) = (0= 20) [ Glt, 5, 3o)R(s)y(s)ds (2.4)

The fundamental properties of G ?t, 3, Ag) and results related to integral equation
(2. 4) can be found in [31], [34], [2]." -

T

Lemma 2.2 The integral 3perator G : L — L2 defined by
]
Gy = / G(t, 5, o) R(s)y(s)ds . (2.5)

s compact.

Proof. Since G is continuous and R € L,

G(t,3,20)R(s) € L2 [a, b] x [a, b]. Now from Theorem 1. 16 overator G is com-
paét.

[@, b] the product matrix

26



Theorem 2.3 The cigenvalues of right-definite Sturm-Liouville problem (2. 1-2)

form o discrete set with no finite point of accymulation.

A

Proof. Since G is compact its eigenvalues form a discrete set and zero is the only

possible accumulation point. Now the theorem follows from (2. 4).

Next, we state the following well known result (sce [7], [18], [31])-

Courant-Hilbert mirn-max principle
Let | .
J[y] = {(Pyisyr) -+ (Qy,y)}, \\__\\

D={yeilla, b v.Py € ACula, Bl.(Py) € L}, and y(a) =0 =y(0)},

and

U = {yeD; (Ry,y) = 1}
Also let Ay < Ay £ ... be the complete sequence of eigenvalues of (2. 1-2). ¢
Then N

An = maz min Jy]-
{ph"'1pn-—1} cD i e
i=1,...,n—1

if the following edditional hypothesis 13 assumed.

H. There ezists o real number ko such that J[y] — ko(Ry, y) 18 positive
definite on D. A J
The fol'owing two corollaries are immediate consequences of the preceding prin-

ciple.

27



Corollary 2.4 Let {X; ; v} be the sequence of eigenvalues and eigenfunctions

corresponding to the functional J[y]. Then

(1)  {aXi; vi} is the sequendy of eigenvalues and etgenfunctions

corresponding to the functional aJ[y] for a positive real number a.

(i) {M— a; yi} is the sequence of eigenvalues and cigenfunc-

tions corresponding to the functional Jly] — a(Ry,y) for a real number a.

Corollary 2.5 Let /\(1.') < /\g'.) < e be the complete sequence of eigenvalues
of the problem '

-

— (P + ity = AR(t)y (20

with boundary conditions (2. 2) for i=1,2. Also let

Jilyl = {(Pv' v) + (Qiy, )}

If Ii[y] < Jafy] for every vector function y in U,then AV < AD) for every n.

- Theorem 2.6 Let pi) < 0 < ... .. be the.complete sequence of eigenvalues

of the problem

(PO + Q) = pRi(t)y

with boundary conditions (2. 2} for i = 1,2 where both R, and R, satisfy H,y. Also
let Ri(t) 2> Ra(t) on e, b). .

If ‘Uf\zr) < 0 < ,u‘(-gl,l then 1i¥ < pfV < 0 fori=1,...,N and
0< M < P fori=N+LN+2,.......



7

Proof.This is a restatement of some Sturm separation and comparison theorems in
[27] and [[28] Chapter IV] and so is omitted.

Thus in order to obtain the eigenvalues of (2. 1-2) from the min-max principle
it remains to show that the eigenvalues of (2. 1-2) are bounded below.

Note that if Q(¢) O on [a, b then J[y] is nonnegative on D and there-

2
fore M(Ry,y) = J[y] = 0 for any cigenvaluc A of (2. 1-2). Hence A is nonneg-

ative. Next we consider the case that Q(t) is not nccessarily nonnegative defi-
nite on [a, b]. In this case we can assume without loss of genarality that the sct
{t:tela, b],Q-(t) # 0} is of positive measure.

We now consider the boundary problem
~(P(t)y) + Qu(tly + ARty = p(MNQ-(t)y (2. 7

with boundary conditions (2. 2). Then all the cigenvalues of (2. 7)y are pesitive
when A is nonnegative and consequently the min-max principle can be used to

obtain these eigenvalues p(\). Let us denote the eigenvalues of (2. T)A~(2. 2) by

0 <« ]J.](/\) S ﬂ')_(/\) S ......

for A > 0.

When A = 0 the cquation (2. 7), is

—(Pt)y) + Qs (t)y = Q- (t)y. (2. Mo

29
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Then in view of Theorem 2. 3 the number of cigenvalues of the problem (2. 7)—(2. 2)

which lie in the interval [0, 1] is finite.Let us denote this number by N,

Lemma 2.7 Let {y;}i2, be the sequence of eigenvalues of (2. 7)o — (2. 2) then

oD ' b .
Z;%=f TrH(s, s)Q_(s)ds (2.8)
1=11" a

where H(x,s) is the Green’s matriz function of

-
~(PE)Y + Qu(t)y =0
y(a) = 0= y().
Proof. See [33].
Lemma 2.8 Let 0 < gy K pp € ... S pny <1<y < ovel e be the scquence of
eigenvalues of (2. T)o — (2. 2) then -
b
Ngf TrH(s,s)Q_(s)ds. (2.9)
a 4
Proof. From (2. 8)
N 1 > 1q -
St Y —= [ TrHs,$)Q (s)ds (2.10)
i=1 Hi 1i=N+1 i a
RO
Note that )
ARy
NSy — (2.11) «
i=1 M

side of (2. 10) is certainly greater than Y%, 1/,

30
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Theorem 2.9 The right-definite Sturm-Liouville problem (2. 1-2) can hque at most

N negative eigenvalues, where N 1s as in Lemma 2. 8.

Proof. Suppose —A; 2 =X 2 ...... arc negative eigenvalues of (2. 1-2) with
AN >0,2=1,2..... . Then rewriting (2. 1) we have

—(P(t)y) + Q+(Dy + AR()y = Q-(t)y.

Therefore, for evey i, ptm, (A} =1 for some m;, 7 =1,2,...... , with the convention
that m; > myg if A = Ay

If mm; > N then using Corollary 2. 5 we have g, (0) £ pt (A1) = Lior my > N.
This is a contradiction as (2. 7)o~(2. 2) has ouly N cigenvalues in the interval
[0, 1].Therefore m; < N. Next we will prove that m, < my. If Ay = Ay then
by the convetion m; < m;. So we suppose A, > A;. Applying Corollary 2. 5
to problem (2. 7)), and (2. T)y, we have pip,{(A1) € pmy(A2). On the other hand
o (M2) = gt (M) = 1. Thus gt {A) £ e (A1) and hence my < my. If iy = my
then fem, (M) = jtm, (A2) = 1 and consequently, by Corollary 2. 5, for every A in thic
interval [N, A4] '

1= Hm;(Al) S ﬂ-ml(’\) S /tml('\'l) = 1.

i e, pm,(A) =1 for every Ain [Ar, Ag]. Now rewriting (2. ) with y,, (A) =1
we have every —A in the Tnterval [=A2, —A;1] is an eigenvalue of (2. 1-2). This
contradicts Theorem.2. 3 and therefore my < m;.

Now, if (2. 1-2) has NV 4 1 negative cigenvalues, after repeating above argument
at most 1\} times we have 0 < myy; < 1. This is a contradiction again as my4,

must be an integer. Therefore (2. 1-2 ) has at most [V negative eigenvalues.

Corollary 2.10 If the number of negative eigenvalues of the right definite Sturm-
Liouville problem (2. 1-2) is N then \

b.
N 5/ TrH(s,s)Q-(s)ds.
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In view of Theorem 2. 9 we have the following

]
" -

Theorem 2.11 The cigenvalues of the right definite Sturm-Liouville problem
(2. 1-2) are bounpded below. Lo

2.2 Asymptotic Distribution of the Eigenvalues

- &
In this section we shall prove the following

Theorem 2.12 Let n(r) be the number of eigenvalucs of the right-definite problem
(8. 1-2) whick lic in the interval [0, 7]. Then n(r) satisfies the asymptotic formule

. n(r)
lim, Jr

- % / b Aja(PTHER())dt (2.12)

where

Mp(PTOR®) = 3 yorld)

(\/JJ. =2 0 7=12,....m)aend wi(t) 2 ... 2 w,(t}) (= 0) are the roots of the

equation det(R(t) — wP(t)) = 0.
a

This theorem is an extention of the following result of I. C. Golberg and

M. G. Krein.
!
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Cheorem 2.13 Let ng(r) be the number of eigenvalues of the right-definitc problem
(2. 1-2) with Q(t) = 0 which lic in the intervel [0, 7). Then ne(r) setisfics the

esymptotic formula /)

lig ol _ 1 " AP OR)) L. (2.13)

r—00 T ™ a

Proof. See ([15] scc. VL. 8. 3).

Let
. 0<A <A< ...

be the sequence of cigenvalues of (2. 1-2) with Q(¢) = 0 and
—OO<,/,\_‘ S/\QSSA,O <OS/\;0+] S ......

be the sequence of eigenvalues of (2. 1-2). The existence of such an
integer 7y follows from Theorem 2. 9.
If {z,,} is a sequence such that z,, ,/* 00 as m — oo, then for evety m > M

(sufﬁciéntly large) we find some integer k(m) with the property that
0 < /\ﬁ:(m)—l S T S ’\k(m)‘ (?'14)

However,

n(’\k(m)—l) S n(l‘m') S n(’\k(nl))'

(k(m) —1—10) < n(zm) < (kem) —io). (2.15)
Now combining (2. 14) and (2. 15} we have

k(m)_(iﬂ'}'l) < n(‘rm) < k(m)_io

1/2 = /2 = 1/2
/\k(m) zid )‘k{m)—l

form > i4. Consequently, the proof of Theorem 2. 12 follows from the next theorem

which will be proved later.
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Theorem 2.14 The eigenvalues A, of the right-definite problem (2. 1-2) have the
property -
f ‘ n

lim — = ;rl—/bAl/g(P“l(t)R(t))dt. : (2.16)

N—0o /\}1/2

. In order to prove Theorem 2. 14 we first assume that A = 0 is not‘ an eigen-
value of the problem (2. 1-2). This assumption is not restrictive as the translation
A—= A+cwherece R, ¢ 79 0 is sufficiently -small, transform (2. 1) into a problem
of the same form whercin A = 0 is not an eigenvalue. We then observe that & =1

is not an eigenvalue of the boundary problem

~(P(t)y) = —kQ(&)y (2.17)

with boundary conditions (2. 2).Moreover, when —% is not an eigenvalue of this
problem there exist an m x m Green's matrix function §(#,s;k) such that the

unique solution of nonhomogeneous problem
o
— (P = ~kQE)y + f | (2.18)

with boundary conditions (2. 2) is given by

y(t) = j bg(t,s; k) f(s)ds

for any vector function f € LZ[a , b], where the matrix function G(¢, s; k) has the

property that

G(t, s k) = [G(s,t; k)]
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(sce [2], [31] Chapter VI }. Theretore every solution of the groblem
(2. 1-2. 2) is given by
5 !
b
y(t) = /\/ G(t, 5, 1)R(s)y(s)ds. (2.19)

Since for cach ¢ € [a, 8] the matrix R(t) is nonnegative definite,there exists for each
t € [a, b] a unique matrix of the same type whose square is R(t). We denote this
matrix by R'2(¢). Then by Theorem 1. 8, ’R'/?(t‘) € L®

et

If in (2. 19) we make the substitution

2(t) = RV (t)y(t) (

2.20)
and multiply the resulting equation from the left by R!/2(t), we obtain an
integral-cquation in L2 [a, b,

z(t) = A fnlf?(t)g(t; 5; 1YRY2(5)z(s)ds, (2.21)
with the symmc%g'c Hilbert-Schmidt matrix kernel
RYA1)G(t, 5 1)RM2(s). (2.22) |

Conversely, if z(t) (€ L%]a, b)) is a solution of (2. 21), then it follows that z(t)

must have the form (2. 20), where

35
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y(t) = A/ab G(t,s;1)R V2(s)z(s)ds. (2.23)

Thus two equations (2. 19) and (2. 21) are equivalent (sec [15] page 257 ).
- We shall next define the integral operator A4, on L} [a‘: b] by

m

3
.//

b o
Apy(t) = j RYHG(t, 5 YRYA(s)y(s)ds. (2.24)

v

Then Ay is a self adjoint compact operator as its kernel is symmetric
and Hilbert-Schmidt.

Since & = 0 is not an ecigenvalue of the problem (2. 17-2. 2) the preceding
discussion is also valid when % = 0. Thus, in particular, we have the self adjoint

compact operator Ay on L? [a, b] defined by

m

b
Agy(t) = f RV )G(E, 53 0)RY*()y(s)ds. (2.25)
" Then thc.eigenvalues of Ap are the reciprocals of the cigenvalucs of problem
(2. 1-2) with Q(t) = O. Thercfore
1

sn(Ag) = v (2.26)

Lemma 2.15 The s-numbers of the operator Ay have the property

1 gt :

Tim n2sa(As) = (; / Am(P-‘(t)R(t))dt) . (2.27)
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Proof. This follows from Theorem 2. 13 by-’taking the limit in (2. 13) through the
sequence {A] }.

Lemma 2.16 Green’s function G(t,s;-) satisfics the resolvent cquation

-

Gtsit) = (i) = (1= 1) [ (& DQOG(E s k)t (2.08)

tf b and I are not eigenvalues of boundary problem (2. 17)-(2. 2).

Proof. For f € L2 [a, b] , the solution of problem (2. 18)-(2. 2) is

v®) = [ Gt k)7 (s)ds.

On the other hand since & = [ is nnt an cigenvalue of (2. 17)~(2. 2) this y may be

also written as

WO = [ 0tsD) {1~ D) + £(5)) de
= [ Gt eds + (1= k) L9600 [ ete,it)st)as

i

Combining these two results we have

[ {6t - ottty - [ st6ne0.s e £(5)ds = 0

o

Since this is true for evéry f € Li[a, b] there must hold the identity (2. 28).

Since the two integral operators A1 and A have the same domain Li[a, b we

shall corsider the integral operator 4; — 4, which is given by

(A~ Ag)y(t) = /ﬂb ’Rl/z(t)[g(t, 8;1) ~ (¢, s; 0)]7?,‘/2(3)31(3)(1'3 (2‘.29)
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fory € L? [a, b].NO\{making use of the identity (2. 28) the equation (2. 29) becomes

(= At = = [ R0 { [ 600, 0000506, 10 Rt

for every y € L% [a, b].Therefore

m

./-ll - .AU = _BOB]

where B, and By are the operators
-

Byy(t) = /ubg(faf;l)ﬂ"z(é)y(f)dé

and

b
, / Boy(t) = / RY2($)G(t,£;,0)Q(E)y(£)dE
‘ /

i

defined on L2 [a, b].

It 1s easy to verify that both matrix kernels

Gt EIRIE(E)  and  RUP(1)G(2,6;0)Q(¢E)

are elements of L2, [a, b] x [a, b].Thus B, and By are compact operators. Therefore
by Theorem 1. 13
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s;(Bo) S| RYVZ || @1 5;(Co)

and

s;(B1) S| RV [ 54(C)

¢

-for (j =1,2,...... ), where Cy and C, are the respective operators

. b
- Coy(t) = ] G(t, & 0)y(€)de

' b
Cuy(t) = [ G(t,& Du€)de

defined on L2 [a, b].Note that the s-numbers of Cy are the reciprocals of the cigen-

values of the boundary problem

~(P(t)y') = Ay

. ‘ y(a) = 0= y(b)

pr——,

while s-numbers of C; are the reciprocals of the absolute value of cigenvalues of the

problem

—(P(t)y) + Qt)y = Ay

. y(e) = 0 = y(b). \
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Therefore
1 b AN
lim n?s,(Co) = (—/ Al/g(‘P_l(t))dt) (2.30)
=D ™ a
from Theorem 2. 13 with R(¢) =7 and

lim, 5a(C) = 0 (2:31)

since the cigenvalues of corresponding boundary problem have no finite
accumulation points.

From Theorem 1. 14

5211(3061) S 3271—1(8081) S Sn(BO)sn(Bl)

and thercfore

(2?’1)252"(8031) S 47’12311(80)3"(51) (232)

and

(2n - l)zsgn_l(ﬁgBl) <4(n - 1/2)23,,(Bg)sn(31). (2.33)

Now in view of (2 30) and (2. 31) the right sides of both (2. 32) and (2! 33) tend

to zero as n — oo. Consequently,

im n2s,(BoB:) = 0. RN

IL— 00 \
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Lemma 2.17 The s-numbers of the operator A, have the property

=0
AN
~

i e Ay) = (% / b Al,z(”P-l(t)R(:))dt) . (2.35)

~ e
Proof. Since A; = Ay — By, the proof follows from Theorem 1. 15 and equation
(2. 34). h
Proof of Theorem 2. 14. For sufficiently large n we have A, is positive and

therefore A, = 5,(A;). Now the result follows from Lemma 2. 17.

The value /7 (l/rr IN Allg(P“(t)'R(t))dt) is called the first term in the a,a:.y‘m,p-
totic equation of the eigenvalue distribution function n(r) of the right-definitc prob-
lem (2. 1-2). Then in view of Theorem 2. 12 we have that the first term of n(r)
is independent of the cocfficient Q(¢).We will make use of this phenomenon later
to obtain f{symptotics for cigenvalue distribution functions when the matrix ‘R(t} is

nondefinite.
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Chapter 3

Two Parameter Boundary -

Problems

1

As we have remarked at the end of last chapter the asymptotic formula for the dis-
tribution function of eigenvalues n(r) of (2. 1-2) does not depend on the cocflicient
matrix function Q(#).This motivated us to study the right definitc Sturm-Liouville
problem with a varying coefficient matrix function @(#). In section 3. 1 we consider

the boundary value problem
—(P(O)y) +(Qt) + 1Ry = Mp)Ru(t)y (3. 1),

for each real g with boundary conditions (2. 2).

The boundary value problem (3. 1), — (2. 2) can be treated as a two parameter
problem. The history of two parameter differential equations goes back to the
begining of this century. According to Richardson [36] there were many people who
studied two parameter problems before him. But Richardson himself investigated
the exact problem that we have here in 1912 for scalar differntial equations.Since )
then, various aspects of two parameter eigenvalue problems have been investigated
by- several people. Notable researchers include P.Binding and P.Browne.In [4] and

[5] they study the eigenvalue problem for an operator equation in two pzrameters. .

-
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An application of these latter results to Sturm- Liouville boundary problems can be
found in {20]. Very recently Allegretto and Mingarelli [1] used the two parameter
preblem in connection with nondefinite scalar boundary problems. ‘

In section 3. 2 we discuss some propertics of M) and y{x, 1) as functions of p
and will make use of these results in Chapter 4.
#  Section 3. 3 will extend the results in Chapter 2. 2 about integral equations

corresponding to right-definite problems to the case of two parameter boundary
problems (3. 1), — (2. 2). -

3.1 Existence of Eigenvalues

Here we are concerned with two parameter boundary value problem (3. 1), — (2. 2
when the coefficient matrix functions P, @ satisfy condition ‘H; and both R} and
R. satisfy conditions H; and H. with R replaced by R, R_. '

We note that when matrix functions P, @, R4, R_ satisfy tljosc conditions bound

ary valuesproblem (3. 1), — (2. 2) is right-definite for each fixed p. Cousequently,
the 1'05197(:3 in Chapter 2 are valid for (3. 1), — (2. 2) and in particular for each real

number g the eigenvalues of the problem (3. 1), — (2. 2) are discrete, bounded below
and can be obtained by the Courant-Hilbert min-max principle.

We recall the space -

! D= {y e L2[a, b]; v, Py € ACwu[a, b],(Py) € L% and y(a) = 0= y(b)}

and the set

U = {yeD; (Ryy,y) = 1}

Let the functional J[y; ] be defined b{‘—

Ty = {(Py,v) + (2 + uR )y, 1)}
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Then by the Courant-Hiibert min-max principle,

o '

/ An(p) = max min Jy; 1)
4 {pl?"'ypn—l}CD yEZ{
‘ (Ry!pi) =0
i=1,...,n-1
where
ﬁ(#) < Aafp) < M) £l
is the complete sequetice of cigenvalues of (3. 1), — (2. 2).
N

If i1 is chosen to be equal to —1, then the smallest cigenvalue Aj(—1) of

(3.1)_; — (2. 2) is the minimum of J{y; —1] over the sct Z{. Thercfore

Jlyi =1 = {(Py,y) +(Q=-R)y, 1)} = M(=1)(Ryy,y) (3.2)

w 10r y € U. Now we denote A (—1)gby Ao for convenience and ﬁ:c this.

Next, we introduce the quadratic functional, which is again denoted by J[y ; ],

¥

Ty 1] = {(Py,v) + (@ + 1Ry, y) = N(R4y, 1)) (3.3)

for y € D. Then the inequality (3. 2) implies that J[y ; —1] is nonnegative definite
on U. Consequently J[y ; p] is also nonnegative definite on i/ for every p > —1
since J[y; p] = Jly; —1] for every such pu. Moreover, by Corollary 2. 4(ii), the
successive minmax ratios of J(y ; p] on U yield the values A, (i) — XAy for every

positive integer n.
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3.2 Continuous dependence of eigenvalues and eigen-

" functions

We begin this section with the follwing

Theorem 3.1 For cvery positive integer n, \,(yt) : [0, 00) — [M(0), o) is a

nondecreasing continuous function of s

Proof. Since

\ - Ty p] 2 Jly; gul
for y € U and y; > p1; > 0, by Corollary 2, 5
: ¢

/\n(!_f-'z) - 1\0 2 f\"('!l.l) -— 1\0
for every positive integer n. Thus
,)‘n(ﬂ?) 2 ’\n(l"-l)

and hence A\, (pt) is a nondecreasing function. s

"To show A.(u) is continuous consider ug € [0, o). Then, for y € i,

|y 1) = Jlys ol = | (e - Ho)l(R-y,y) |
= |pu = pmo|(Roy,y)
S o le = ol ((Roy,y) + Ty s pio — 1))

since J{y ; pg — 1] > 0.Now
(Roysy) + Ty o — 1) = Jly s peo)-

Therefore we can rewrite the preceding inequality

| Iy s u] = Jlys o] 1€ 1~ g0 ) Ty ; pro)

and hence
(A=l —po DIy i po) < Jlyin) < (1 | g = o N[y ; 0]
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" for y € U. Then a combination of Corollaries 2. 4 and 2. 5 now yiclds that

(1= | 1t = tto DOm0 = X0} < Anp2) = Yo < (14 | 1t = 10 [)(Mn(t0) = Ao)

and therefore

— L p = o | (Aupr0) — Ao) < Aulpe) = Aaliso) <l ae = peo | (Au(h0) — Mo).

The monotonicity results in Corollary 2. 5 show that for u > 0,
An(‘“ﬂ) 2 /\n(—l) _>_ )‘1(_1) = "\U

and hence

An(tto) = Ao 2 0. .

Thus ‘ .
M) = Malmo) [ < e = g0 | Cralrte) = o)

and hence A, () is continuous at g = .

The second order differential equation (3. 1), can be written as a first order

system
=P Yz, v =Gz, Mp)u (3.4)
with
u(z) =y(z),
v(z) = P(z)y' (z)
and

Gz, 4, Mp)) = Q=) + pR_(z) — Mp)R.(z).
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Then the corresponding first order matrix system is

U =Py, V= N} (3.5)

where U and V are m x m matrix functions.
We now consider the initial value problem associated with (3. 3) and the initial

conditions ,
L(((L, Hy '\(”)) = C)'.' V‘(an“a ’\(l“)) =1 (36)

This initial value problem has a unique solutionn (2{zx, iz, A(1t)), V{z, 1, A(1)))
in the interval [a, b] for every fixed ¢ € [0, c0) when P, Q, Ry, R_ satisly the
conditions H, and H,.

It is not difficult to sce that

TL(:L',,(L,/\(;J)) = u(?:#i’\(/‘))g

15 a solution of (3. 1)‘(1 satisfying u(a) = 0 for any arbitrary vector £ € I,.
Thercfore y = U£ 1s a solution of the second order differential equation (3. 1),
satisfying y(a) = 0. Thus A(n) will be an eigenvalue of (3. 1), — (2. 2) if and oaly
if

y(b) = U(b, i, My ))€ = O

for some nonzero vector £. i. e. if and only if

detU(b, i, A(ir)) = 0.

-
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" Therefore the eigenvalues of the problem (3. 1), — (2. 2) are given by the zeros
of the function det (b, iz, A(z)) = 0. If the problem (3. 1), — (2. 2) has nonsimple

eigenvalues we have the following result.

Theorem 8.2 The multiplicity of any cigenvalue of (3. 1), — (2. 2) coincides with

its multiplicily as a root of the function

det U(b, p, A(p)) = 0.

Proof. Sce [ [15] Theorem VI. 1. 2{’\"

Since the preceding results are valid for any ¢ € [0, o0) we can study the matrix

function U, (z, 1) defined by

L{"(x: #) = ZA’(CE, H )‘ﬂ(r“))

as.a function of pu. .

Lemma 3.3 The matriz function Uyn(z, 1) is continuous as a function of i1 for each

. fized z € [a, U]
Proof. Integrating the two ¢quations in (3. 5) and using (3. 6) we have

LICE RS0 [P / "G, WU (s, p)dsdt

where the subscript n of U, (z, 1) and G, (s, u) is suppressed for convenience.

Therefore

Uz, p) — Uz, 1) = ./j ’P-l(t)f:g(.s,u)u(s,y)dsdt—_/:’P-l(t) ’/at G (8, p1o)U(s, proddsdt
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= f f PG (s, ) ~ G(s, o) U(s, pio)dsdt
E f fnt PHOG(s, ) U (s, 1) = U(s, ro))dsdt.
Then \ ;
| Uz, 1) — Uz, o) | < [ /u:’l P || Gs, 1) = Gls, o) 1| U(s, eo) | dsdt

+. j‘: '[7 | 'P_I‘Ef) G, pe) | U(s, i) = U(s, o) | dids. P

Now
[P 1S HP™ oo
128, 1) 1S s 1o
1G(s, ) IS o] IR Nloot [ AG) | R4 lleo + 1121l
and !

[ G(ss1) ~ Gsama) | < i = |1 RL(3) [+ 1AG) = M) || Ra(9) |
4 po b IR ot 1208) = Mpo) | Rl

-

[N

yield the result

| U(x, 1) — Uz, o) ]a
< P Yoo Muallos (i = si0 | IR [loot | Aut) = Asta) | Rt lleo) (b= @) +
1P oo (| 12 ] [R-lloot T AL1) | IR 4]leo + IIQIIW)/u | U(sypt) —U(s,p10) | ds

This can be written as -

| U ) = UGz, wo) | S e = po | en [ AG) = M) |
+ c;;(,u)_/; fU(s,p0) = U (s, 10} | ds ’ (3.7)

with
¢t = [P oo 1o lloo I R=lleo (0 = @)%, c2 = 1P oo [1ehuglloo IR lleo (b — @)

and

(1) = 1P oo (L] IR Nlaot [ M) | Rt lloo + [1Ql1co)
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n application of Gronwall’s inequality to (3. 7) gives

| Uz, 1) = Uz, #‘o) 1< (e [ # = po | +e2 | Mp) —Apo) 1) exp{es(s1)(b — )}

Since A() and ca(x) are continuous at g = yo the continuity of 2(z, i) at 1 = o

now follows.
¢

If the eigenfunction corresponding to A, (u) is denoted by y,(z, ), then

_.._\\-_\ | yn(xiﬂ) = Un(m,,u)f, ~

for some £ € R,,, which is a solution of the system of lincar equations

Ua(b, 1) = O.

Note that y,(z, 1) = U, (z, u)é = P=1()Va(z, p)€. Thus
yi(a, ) = PrHa)Vala, )€ or € = Pla)y,(a,p) since V,(a,u) = T from (3. 6).
Hereaf_tér-,»withouﬁ loss of generality, we assume that every eigenfunction y, has the

property |"’P(a)y;(a,,u) |=1. -

Lemma 3.4 If{nn} s a sequence such that 1, — pqo then the sequence of eigen-
futictions {yn(z, pm)}_, has a subsequence converging to y,(z, po) for every positive
integer n. ' '

/ ’

.Prtv‘)of. Suppose yn(z, tm) = _Z;{n(:z:,ym)fm. Then {{.} is a scqucﬁéc of vee-
tors in R, with the property that U.(b, pm)ém = O 'and | €, |= 1 for every

m.Using Bolzano-Weiérstrass theorem we can extract a convergent subsequence of =~ -



o

Fi
{&n},which is again denoted by {Em} for convenience.Let lim,, e &m = &o-Then

| éo |= 1. Therefore,

| uﬂ(b‘l ”0)50 | = | uﬂ(ba .“0)60 - Z"{n(b: “m)fm I
S I z’(n.(ba ,“0) - un(baitm) I -+ |un(bn”'0) ” {0 - é}n |

and the right side goes to zero as m — oco. Hence Uy, (b, 11p)é = O and | & |= 1.But

then
yn(-T, ;UO) = L{n(-r) 1”0)60-

Now

| y,t(:r:, Jum) - yn(l'y.uﬂ) l = | uﬂ(a:! #U){U - z’{n(ﬂ:s #m)fm | v
S l uﬂ(xaﬂﬂ) —U,,(.’I:,,Ltm) l + l un(‘T: 1”0) “ 60 - ‘sm ]

and this goes to zero as m — co at every z € {a, b]. Hence there follows the lemma.

Theorem 3.5 For every posttive integer n, A (pe) 19

(i) differentiable almost cverywhere on the interval [0, oo} and

! e _ (Royulz, 1), vz, 1)
d” (R+yn($1#)) yn(Idl))

(3.8)

whenever differentiable.

(ii) Lipschijz continuous and strictly increasyng on the intervel [0, 00).

Proof. From Theorem 3. 1 A,(y) is nondecreasing and hence differentiable almost
everywhere on [0, oo).
Left-multiplying the equation (3. 1), by y.(z, g0} when A, (p) is an eigenvalue

and integrating from a to b yields

M) Ry, 1) y(e, o)) = (Py (2, 1), v (2, 0)) + (Quz, 1), y(=, o))
+ w(R_oy(z, 1), y(x, 1o))
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where the subscript n of A, () and y,(z, i) is suppressed for convenience.Similarly

/\([lo)(R+y($, 1“0)! y(a:-, f")) = ('Py'(:c, 1“‘0): y'(m, J”')) + (Qy(:c, ;“0): '_fj(-T, 1”'))
+ ﬂ?(R— y(m, .”0)7 y(:L‘, J“)) .

Then ' ) :
Alpt) — A o) _ (R-ylz, 1), y(z, pt0))

1t~ Ho (Ray(z, 1), y(z,400))
Let {stm} be a sequence with s < gy < pm and imy, oo e = pio. Then Lemma

(3.9)

3. 4 1mplies the existence of a subsequence of {y(z, yt,,)}, which is again denoted by

the same notation for convenience, such that

y(:?:, ﬂm) — U(J?, }UU)

as m — co. Therefore

lim Alim) = Ajo) i -yl frn:), y(z,00))
mee Hm — Mo moes (R+y($s/tm)}y($a /"0))
K ) — ('R..y(:r,,ug), y(l‘,,llo))
(Ryy(z, pa), y(z, pr0))’

inner product, showing the right derivative of A(u)

2
m

by using the continuity of L
at p = o 1s equal to the right side of (3. 8) and hence follows (i).

To prove (ii) we first note that

)‘ﬂ(n‘ul) 2 (’py'(x!f;2)) y’(‘r::”i!)) + (Qy(l’, 1“'2)# y(I:#Q)) + #1(72‘—?](3:’”'2)! U(‘T,IIQ))

because of the min-max principle. This can be written as

An(pa) 2 An(p2) + (11 — 2 )X(Roy(z, 2, y(z, p2)).

A similar consideration will give us

An(lu'l) 2 An(lul) + (n“'l - .ul)(R—y(x’ #1),9’(1’,#1))-

Therefore
/\n - An
| (I,iif — Ha2 (lluz) l < max {('R,_y(:z:, #1), y(:c? J“l)): (T\’._y(:l:, :u?): y(ms ﬂ?))}"

< ”R"”w max {(y(l', nul)ﬂ y(x: J”'l))! (y(;t’ “2)’ y($7 /12))} .
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& make use of the fact
ly(z, )= O ()

for z é [a, b] (sec [2] } and hence obtain that

max {(y(, j11), y(, 1)), (W, p2), v, 1))} < CetrViieerVia

where ¢; and C are constants. Conscquently, on compact sets this is uniformly
bounded and hence A, (1) is Lipschitz continuous.

Since Lipschitz continuous functions are absolutely continuous we have

Aa(1t) = Au(0) + /:‘ A (s)ds
-

for 11 € [0, 00). Now the result follows from this since A’ (;) is positive a. c. by (i).

3.3 Related Integral Equations

If for some 1o > 0, all the eigenvalues of (3. 1),-(2. 2) are positive then

jt = —jig cannot be an eigenvalue of the problem
s .

—(P(t)y) + Qtly = pR_(t)y (3.10)

with boundary conditions (2. 2).Hence the nonhomogencous problem

‘ —(P(t)y) + Qt)y + moR-(t)y = f (3.11)
with bonndary conditions (2. 2) has a unique solution and it is given by
b Lo
y(t) = [ G(t,s5i o) f(s)ds (3.12)

n

53



oS

for any f € L%®[a, b], where the Green’s matrix function G(¢, s; tp) hi#s similar
properties to those stated in Chapter 2. 2. In particular G(t,s; o) = [G(s,t; jt0)]"
and if p > pug

b .
G(t,s5) — G(t, 85 0) = (“_"O)L G, & o) R-()G(E, s; p)dE. (3.13)

The condition @ > yo guarantees the existence of G(t, s; i) as all the cigenvalues of
(3. 1}4-(2. 2) are then positive. Thus any solution of (3. 1),-(2. 2) is

given by b

i
4

| : .
| \: V&) =Mp) [ Gt s R (s)ds (3.14)

for ot 2> po. A consideration similar to that we had in Chapter 2. 2 will

show the equation (3. 14) is equivalent to

. N

=(t) = A(p) ] RY()G(2, 55 1)RY (s)=(s)ds (3.15)

where z(t) = ’Rilz(t)y(t). Consequently, we have

=s.(A,) (n=19,..... ) (3.10)

fé{ {2 fto, if we define the integral operator A, on L2 [a, 8] by

Ay(t) = / RYOG( 53 yRY(s)y(s)ds - (3.17)
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Then ‘-‘ '
<
’ ) b '1 2 1/2
(A = Ao u() = [ RLENG(0) = Gt po)) R (s)y(s)ds (3.18)
C L

and making use of (3. 13) yields

b b 1/2 | 1/2 '
(A A)u(®) = (o = 1) [ [ REHOG,E 10)RA€G(E, 5 1)RY (5)y(s)deds.

(3.19)
Thus
(A — Aoy = (110 — 4)B;, B,y (3.20)
for y & L2[a, b], if we define
B,y(t) = /': lez.(t)g(i, ; YR (s)y(s)ds. _ '(3-?1)

Although the next result is a corollary to Theorem 2. 12 we state here as a
separate theorem since its applications are far reaching, (see Chapter 4. 3). This

theorem can also be viewed as a consequence of equation (3. 20) and Theorem 2.
13.

e

Theorem 3.6 Let n,l(a') be the number of eigenvalues of the right-definite problem
(3.1), — (2. 2) which lie in the interval [0, r]. Then n,(r) satisfies the asymptotic

formula
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lim

T—CO

n“(r) —
r

for CUETY ft > o, where ig 1s defined as in (9. 11) and
2. 12
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Chapter 4
Non-Definite Boundary_Problems

We once again consider the vector Sturm-Liouville boundary prgblem

~(P(t)y) + Qt)y = AR(t)y Y (4.1)

on the compact interval [a, 5] with Dirichlet boundary conditions (2. 2). In this
occasjon the coefficient matrix functions P, Q satisfy H, while the matrix function
R satisfies the condition

[}

Hs  Matriz function R(t) is symmetric and of class L2, [, b).

Also, the sets {t: t € [a,’b], Ry(t) > O} and {t: tela, b], R_(t) > O} are of

positive measure. !

In Section 1 we shall discuss some properties of the cigenvalues and eigenfunc-
tions of (4. 1)-(2. 2).Most of these rcstﬂts arc natural extensions from the scalar
nondefinite problems to the vector case heféin. '

In Sectinn 2 we will settle the existence of positive and negative cigenvalues of

(4. 1)~(2. 2) under the hypothesis Hs. In fact the method we use here will show

that these eigenvalues are generated by certain two parameter boundary problems. )

&7

i

/
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Asymptoptics for distfibutioz_l functions of positive (Elmd negative eigenvalues of
v (4. 1)-(2. 2) will be obtained in Section 3 when P, Q, R belong to certain classes of

matrix functions.

4.1 Non-Real Eigenvalues

The regular nondefinite case arises when tie coefficient matrix function R(t) of

(4. 1) satisfies the condition H3. One of the features of the nondefinite case is
the possible existence of nonreal cigenvalues. The existence of possibly nonreal
eigenvalues for the scalar Sturm-Liouville problem was first hinted by O. Haupt [16]
in 1915 and then by R.G.D.Richardson [35] in 1918. However, as A.B.Mingarelli [26]
pdints out neither author gave /a.ﬁ instance of such an occurence. M(_Jre properties
of the eigenvalues and ecigenfunictions of nondefinite scalar Sturm-Liouville problem

" have been discussed in (21], [22] and [24].

In [17] E. Hilb showed that the scalar boundary problem

—tu +q(tu = lu (4.2)

with Dirichlet boundary conditions admits a countably infinity of complex eigenval-
ues with no finite point of accumulation when ¢(#) is a complex valued continuous
function. So if we choose g(t) = q;() + 1q2(t) so that A = 1+, v 5 0 is a nonreal
cigenvalue of the scalar boundary problem with the corresponding cigenfunction

then

"

—u —(p—q(t)u = (v — gt))u

and

u(a) = 0 = u(d).
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Thus A =z is an cigenvalue of a problem of the form (4. 1-2. 2) where

Pty =T, Qt) = (1t = )T and R(t) = (v — ¢,)T with the corresponding cigenfunc-

tion y = (u). This example shows the possible existence of nonreal cigenvalues for

nondefinite vector boundary problems.

Lemma 4.1 Let A be 2 nonreal ergenvalue of (4. 1-2. 2) with the corresponding

eigenfunction y. Then

(Ry,v) = 0.
Proof. Tuking L2, inner product of 3 and (4. 1) we have
—((Py),9) +(Quiy) = ARy, y).
Now integration by parts'and use of (2. 2) yield the result that

Py, v )+ (Qu,y) = MRy, u) (4.3)

Since P(t) and Q(t) are real valued and symmetric, the left side of (4. 3) is I'Q}Il.
/

Because of the same reasons (Ry,y) is real. Therefore
(ImA)(Ry, y) = 0

and since ImA # 0 we have

(Ry,y) =0.
Therefore, if A is a nonreal eigenvalue of (4. 1-2. 2) with the corresponding

cigenfunction y, then from (4. 3)

(Py',y) +(Qery) = (Q_y,y)
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and hence (Q_y,y) is positive. Thus the 6ocfﬁcie11t matrix function Q(t) of (4. 1)
must have the property that Q_(t) > Oonfa, b] and theset {t: ¢ € [a, V], Q_(t) # O}

is of positive measure.

Lemma 4.2 Let A be a nonreal cigenvalue of (4. 1-2. 8) with corresponding cigen-
function y. Then X is also an cigenvalue of (4. 1-2. 2) with corresponding cigen-

function §. : .

Proof. Taking the complex conjugate of both sides of (4. 1) and observing that

the coefficient matrix functions are real valued there follows the lemma.

&

Lemma 4.3 Let \; , A; be nonreal cigenvalues of (4. 1-2. 2\2 with \; # A;. Let
¢i , ¢; be two corresponding cigenfunctions. Then ¢; # ¢; and
(P, 6;) + (Qdi, ¢5) = 0 (4.4)
Proof. The result ¢; # ¢; is trix:ially true since the problem (4. 1-2. 2) is regular. To
establish (4. 4) first take the LZ inner product of (4. 1) when ); is an cigenvalue

with ¢;.Now use of (2. 2) yields
(P9 6)) +(Q6:,85) = MR, 45).

If (R, ¢;) = 0 then we have (4. 4).Otherwise, interchanging the roles of 7 and j in

the preceding argument we have
(Pés ) + (Qaj, 81) = (R, ).

Using the properties of the inner product this equation is the same as

\.

N (Poi, &) + (Qdi, ;) = A (Réi, é;)-

Thewfore :
(i — AR 4} =0 or  (Ai=X;)Rei,¢5) =0
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showing that \; = X;. This contradicts the fact that ) # A;. Thus (Réy, ¢} = 0

- and hence follows (4. 4).

Note that if A is a nonreal cigenvalue of (4. 1)-(2. 2) then taking the complex

conjugate on both sides of (4. 1) we have

- =P + QT = TR

. -
since the coefficient matrices arefeal valued. Therefore, A is also an cigenvalue of (4.
1)=(2. 2). Hence nonreal eigenvalues of (4. 1)-(2. 2) occur in pair.s. Let the number
of pairs of nonrcal eigenvalues of (4. 1-2. 2) be M. Also, let the cigenvalues j; with
corresponding eigenfunctions #; of the problem

1 4 K

— (P()y) + Qu(t)y = pQ_(t)y o {4.5)

and (2. 2) satisfy
£

S g £ oSy 1< v < ptvgr Sl

»
Ay

for some integer N. Then N is finite in view of the results in Theorem . ©.

Theorem 4.4 Nonreal cigenvalues of the nondefinite Sturm-Liouville problem

(4. 1-2. 2) have the property that



Proof. If M = 0 then the thcorem is trivizﬂly true. So we may suppose that\flfz 1.

If (4. 1-2.°2) has a nonreal cigenvalue then for a vector fllIiCtiOﬂ y € D we have
g :

(Py',y") + (Qu,y) = 0.
Rewriting this as _
' (Py',y) +(Qev,y) = (Q-y,y)

we sce that gy £ 1 since g is the minimum of the ratio )

{(Py,v) + (Qev, /(2. w) (4.6)

over the set D. Let Ay, Az, ..., Apr denote a collection of nonreal cigenvalues labelled
in such a way that \; # Kj for all 4,7, 1 <4,7 < M. Let ¢y,...,¢s denote M

corresponding eigenfunctions. \e
. |
Assume the contrary that A > N. Then construct f(¢) = TM ced; where the
generally complex ¢;, 1 <4 < M are chosen so that ey
3 v .
(Q_fi) =0 i=1,2,...,N. & (4.7)

Now (4. 7} describes a system of N linear equations in M unknownss Since M > N
this system has a nontrivial solution ¢y, ¢, ..., car which we now fix. Note that then

f #0 and f € D. Furthermore use of Lemma 4. 3 shows that f satisfies

-

(P FY+(Qff) =0

or
(Pf,1f')+(Q+fﬁf) = (Q—f‘lf)

Once again by variational principles py4; is the minimum of (4. 6) over vector
functions y € D satisfying (Q_y,1,) =0 fori=1,...,N. Since f is such a function
. . /1 . - -
we have that py) cannot exceed 1. 1. e., yn,; < 1, which is a contradiction. Thus

M < N and so the nonreal eigenvalues of (4. 1-2. 2) form a finite set.

1y

We note that the preceding theorem also follows from a more general result of

Mingarelli (see [25] ).



Corollary 4.5 If the number of nonreal eigenvalues of the nondefinite Sturm-Liouville

problem 1s 2M then

b
JlfISf TrH(s,s)Q_(s)ds

where H(t,s) i defined as in Lemma 2. 7.

Proof. This follows from Theorem 4. 4 and Lemma 2. 8.

Thus not every A € C' is an cigenvalue of (4. 1-2. 2). Consequently for some Ag
which is not a@ cigenvalue of (4. 1-2. 2} there exists a continuous Green's matrix

function G(t, s, Ag) with the property that if \ is an cigcm‘alug of (4. 1-2. 2) then
b
y(t) = (A= ,\U)/ G(t, 5, Ao)R(s)y(s)dds

Y

for some y € D. Lemma 2. 2 shows that the integral operator G : L

bl bl

- Z -
—_—

m "

defined by !

b
Gy = / G(t, s, \o)R(s)y(s)ds

1s compaci. Now invoking the properties of compact operators we have

Theorem 4.6 The eigenvalucs of the nondefinite Sturm-Liovville problemn (4. 1-2.

2) form a discrete set in C with no fintte accumulation point czcept possibly oo,
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,f

- Lemma 4. 7 Let A; 1id A; be nonzero distinct rcal cigenvalues of (4 1-8. 2) wzth

correapondmg ezgenﬂmcimns qb, and ¢;.Then

\\&.
(Rei, ¢;) =

Proof. A mecthod similar to the proof of Lemma 4. 3 can be used to show this and

Al

so 1s omitted. :

Another interesting property of cigenfunctions corresponding to nonzero real

cigenvalues of (4. 1-2. 2) is given by the following .

Theorem 4.8 The nondcﬁni@ Sturm-Liouville boundary problem (4. 1-2. 2) has

at most finite (though possibly empty) set of positive (negative) eigenvalucs with the

property that corresponding cigenfunctions y satisfy

(Ry,y) < 0 (resp. > 0). (4.8)

51

Proof. It suffices to prove the theorem for positive eigenvalues as the other case

follows from_similar considerations.If (4. 8) is satisfied by some ecigenfunction y
of (4. 1-2. 2), then (Py, %) + (Qy,y) is nonpositive and so Q_(t) > O on [a, {]
and the set {t:t € [a, b), @_(t) # O} must be of positive measure.Therefore we
can now consider the boundary problem (4. 5-2. 2).We recall that the cigenval-
ues p; of (4. 5-2. 2) with correspoding eigenfunctions ¢; have the property that
i Epr <. < py €1 < piyyg for some integer N.

Assume the contrary that there exists M > N distinct positive eigenvalues

A, Az, ..o, Aar of (4. 1-2. 2) and cach of which has an cigenfunction satisfying (4.
8).Let us fix such a set of cigenfunctions and label them ¢, ¢2,...,¢0a1, the order
being of no ’

impértance here.Then cach ¢; satisfies (4. 1) and by Lemma ;1} T (R¢;, ¢;) =0, for

7

_a
s
I

i#7,1<i,7<MNowlet f= E?il cj¢; be chosen so that
(Q—f: 'ﬂbu) =0
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for: =1,2,...,N.Since M > N a nontrivial collection of ¢;, ¢y, ..., cpsr may always

be found.Fixing such a\set of ¢;’s we have f satisfies (2. 2) and
™~

RN = (CaRe Y ed)
= Z | C; |2 (RQS;,d)i)
: )

Morcover,

\ , M , A M
PFLEY+(Qff) = (Zc.-%.-,Zcé)+()ZC,Q¢.,Zc¢,
=1 i=

A
=" Z | e P [(Péi, 6:) + (Qéi, 60)]

(Pdi, d;) + (Qi, ¢) =0 for i # j.
Therefore
A .
(PFLAYHQAEN = Flal (Réid)
< 0
P EY4(Quf, f) < (QLF ) (4.9)

Now 41 1s the minimun of the ratio (4. 6) over those y '€ D satisfying
(Qey,¥pi) = 0 for ¢ = 1,...,N. Since f is such a vector function jyvyy does not

exceed one by (4. 9) and this is a contradiction. Thus A < N and hence follows

S~

N\)

4.2 Existence and Distribution of the Real Eigen:)

values

. ~—+the theorem. : N

\

Hereafter we are concerned with only the real eigenvalues of (4. 1-2. 2). We will

use those results found in Chapter 3 about two paramecter problems to show the
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existence of nonnegative eigenvalues of (4. 152. 2).
If v (2 0)is an cigenvalue of (4. 1-2. 2) with corresponding cigenfunction , «

then

—(P)y) + Q) = Y(Re(t) = R_(t))y

and

y(a) = 0 = y(b).

But this is equivalent to

—(P(t)y) + Qt)y + YR-(t)y = 7R+ (t)y

and

Therefore -y is an eigenvalue of (3. 1),~(2. 2) with cigenfunction y.
Le.,v=X(v) for some':.
\ Conversely, if the curve Ai(p) in geA-plane intersects the line A = . at the point

it = o then A;(p0) = 1o and therefore there is some y € D satisfying -

~(P(1)y) + Qt)y + poR-(t)y = 11oR1(t)y.

or

- —(P(t)y) + Qt)y = woR(t)y.

Ve
e

Thus 4 is an eigenvalue of (4. 1-2. 2). Hence we have the following

Theorem 4.9 A nonnegative real number p is an eigenvalue of (4. 1-2. 2) if and

only if pu is an eigenvelue of (3. 1),—(2. 2).
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In this section we shall also need the conditions

H*  Hypothesis H. 1s satisfied with R replaced by R,

and

H™  Hypothesis ‘H. is satisfied with R replaced by R_.

We next consider the curve A, () for every n such that A,(0) > 0 and show that
An(p) £ pfor sufficiently large g, which in turn shows the curve Au(t) interseets the
line A =y in pA-plane.In fact it suffices to show above resule for (), cigenvalues

of the problem

~(P()y) + Qe(thy + pR_(B)y = N(j0) R (t)y

with boundary conditions (2. 2), since :\,;(,u.) 2 A(p ) If e > 0, then dividing through
above equation by u we get
1 AL,

ot 1
~;('ﬁ(t>y) 2 Quly + Ro(t)y = SR (.

Soif prg > p1y > 0, then 1/ > 1/415 and consequently from Corollary 2. 5

: :\,l(;q)/,ul 2.5\,1(;12)/112 for every n

-

showing that A,(;)/p is a nonincreasing function of g Therefore X, (j1) € p for
sufficiently large f. '

From the preceding discussion we have that for every n such that A(0) > 0,
the curve A, (p) intersects the line A = g in pA-plane. These curves then generate
infinite number of positive eigenvalues of (4. 1)-(2. 2).

A similar consideration with interchanging the roles of Ry and R_ we will get

the sequence of negative eigenvalues of (4. 1)-(2. 2). We have proved the following

/ L
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Theorem 4.10 Let P, Q satisfy the conditions Hy, H*, H™ and R satisfy the con-
dition My, then the nondefinite Sturm-Liouville boundary value problem (4. 1)-(2.
£) has two infinite sequences of real eigenvalues, one positive and one negative, and

b4 - . + .
cach one of which has 400 and —oc for its only points of accumulation.

In view of Theorem 4. 10 all the nonnegative cigenvalues of (4. 1-2. 2 ) are gener-
ated by the curves \(u) and can be obtained by studying the points of intersection-

of Ai(y) and the line A = i in pA-plane.

Theorem 4.11 There ezists an integer iy such that M\{(yt) génerates ezactly one

eigenvalue of (4. 1-2. 2) whenever i > 1.

Proof. Since A;(0) is positive for sufficiently large i we can certainly choose an
mteger #; such that A(z) > 0 for every 7 > ¢; and p. Then from the discussion:
prior to Theorem 4. 10 we have such A;(u) must intersect the line A = j at least
once. On the other hand from Theorem 3. 5 (ii) Ai(u) is strictly increasing and
hence it can cross the line A = g only cnce. Therefore Aj(y) will gencrate exactly

one eigenvalue when ¢ > ;.

From Theorem 2. 10 the eigenvalues of the boundary problem
~(P()) + Q) = SR_(t)y (4.10)

with boundary conditions (22) are bounded below. Thus there exists a smallest
cigenvalue 9; of (4. 10-2. 2) such that §, > —co. Note that if §, < 0 then (—6,,0)

is the point of intersection of A {¢) and the u axis in gA-plane.

Let
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.........

\
be the complete sequence of nonnegative eigenvalues of (4. 1-2. 2). The existence of
such a sequence follows from Theorem 4. 10. For convenience we denote the curve
which generates v by Ag () and the cigcnvnluc generated by A; () by 47, where
1y is as m Theorem 4. 11. If for every 7, Ai(s) gencrates n; cigenvalues of (4. 1-2.
2) then ‘the quantity T3 defined by Z}‘:Tn(n; — 1} is finite from Theorem 4. 8. We
now fix To, 7} and Ty together with s¢ = max{yz, , —=6,}.

Theorem 4.12 For cvery n 2 Ty the n'* eigenvaluc v, of ({. 1)-(2. 2) iz generated

by the curve Ay, 1 (it). Moreover,

/\11‘}'3'1—7';(7“) = Tn . ("1:].].)

Proof. Since Ai() gencrates exactly one cigenvalue of (4. 1)-(2. 2) for 7 > 4,, the
index of the curve which generates v, must be (n — T1) 4 7,. The equation (4. 11)

is now obvious.

Theorem 4.13 Let n.(s) and n,(s) denote the number of cigenvalues of respective
boundary problems (4. 1-2. 2) and (3. 1),~(2. 2) which lie in the interval [0, 3].
Then the following identity holds for s > sq

ny(s) = n,(s)+(Ty -~ Ty — 1). (4.12)

Proof. Because of Theorem 3. 1 the largest cigenvalue of problem (4. 1-2. 2) and
the largest eigenvalue of (3. 1),-(2 . 2) which lic in the interval [0, s] are gencrated

by the same curve. Let us denote this curve by Ap,(jz). Then

T,
np(s) = > n

=Ty
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and

n,(s) =T,
as 3 > 3g. Also, since A;(ut) gencrates only one cigenvz;luc of (4. 1-2. 2}, for ¢ > i,
we have
i
L o= 2 (m-1)
i=Th
‘.l. Ty
= > (m-D+ 3 (u-1)
=T =iy +1
T,
= E(n; - 1)
=Ty ’

Then the expansion of this sum yiclds

T, ’ ' ‘
Tz = n; — T, Tg -1 Y
1'=XT:0 ( \“ ) )
= ny(s)—n,{s)+ (Tp + 1).

From this there follows (4. 12).

The following two corollaries are immediate consequences of this thcorem.

[

Corollary 4.14 The lim,_.oo n4(s)/V/s ezisis if and only if the lim,_n,(s)/\/5

exists and when they ezist the two {&mits are_equal. |

Y

Corollary 4.15 The distribution function n,(s) satisfies the inequality

AN
| ni(s) < mua(s) for s> so. !

4.3 Asymptotic Distribution of the Eigenvalues / ‘A

The purpose of this section is to formulate a conjecture which we answer positively

for some special classes of matrices P, Q, R.
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Conjecture 4.16 Let 'P; Q satisfy the condition H, and R satisfy the condition Hg,

then the following asymptotic formulas hold for the eigenvalue distribution functions

n4(s) and n_(s) of (4 1)-(2. 2).

.o (s 1 st L
lim : 1—/_(:) = ;'[a Ay (PR ()t (4.13)_

and

3>
)

lim ”:/(3? - %fb Ara(PYEYR_(2))dt (4.14)

where Ay is defined as in Theorem 2. 12.

In the one dimensional case, i. ., when m = 1, this is simply a special form
of Jorgens conjecture [19]. In this case Atkinson-Mingarelli [3] have answered the

conjecture positively and showed that the scalar boundary value problem

— (p()e) + g{t)u = Ar(t)u flgg’,wa»

w(a) = 0 = u(b) O (4.16)
L
admits the following asymptotics :
. Ny(s) 1 gt (7‘ t)) -
lim = — —< ) dt 4.17
i =7 =2 [\ @) (+17)
and .
. N_(s) 1 gb (rt))
lim = — —L 1 dt 4.18
w01 () o
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where N, (s) and N_(s) are the respective positive and negative cigenvalue distri-
butions of (4. 15-16) p,q,r satisfy 1/p,q,7 € L(a, b) and .
Pro@)dt >0 and Pr_(H)dt > o0. '

Note that if we consider the problem

— (p()e) + q(t)u = Ary(Hu (4.19)
b4

with boundary conditions (4. 16), then the distribution of the positive cigenvalues
of this problem will have the same asymptotic formula (4. 17). Also the asymptotic

formula for the distribution of positive eigenvalues, of the problem

'— (p(t)u') + q(thu = Ar_(t)u (4.20)

w

with boundary conditions (4. 16) will coincide with (4. 18). Therefore the asymp-
totic distribution of the positiye eigenvalues of the nondefinite problem depends
only on the positive part of the Tunction r(t) and the negative eigenvalues depends
only on the negative part of r(¢). |

An c:gtcnsion of the preceding remark to the vector boundary value problems
and the asymptotic formula obtained by Gohberg and Krein (sce Chapter 2) for

such right-definite problems is the motivation for Conjecture 4. 16.

Let P, Q, R appear in (4. 1) be diagonal and denoted by P(t) = diag(p,(t), ..., pn(t))
Q) = diag(q:(t), ..., gm(t)) and R(t) = diag(ri(2), ..., m(t)). If Ais an eigenvalue
of (4. 1)-(2. 2) with eigenfunction ¥ = (%), then
-

S e

— (P(®)) + a:(tyi = dri(t)ws (4.21)
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and

yi(a) = 0 = y:((b)

for at least one 7 since y # 0.
Conversely if A is an cigenvalue of (4. 21) for some 7 then it is also an eigenvalue

of (4. 1)-(2. 2) with cigenfunction
=

0 |

’ 0 ] . ~

L

Therefore, A is an eigenvalue of (4. 1)-(2. 2) if and only if it is an eigenvalue of

(4. 21) for some 7. Hence we have

T = D) '

where Ng)(s) is the number of eigenvalues of (4. 21) which lie in the interval [0, s].

From (4. 17) lim,_ Ni,')(\s)/\/.; = 1/7 [} \/(r:(t)/pi(t))4dt and therefore

=3
+
——

n
s

lim
A— 00

= g%/ﬂb\@jt #

- L5\ Go)

= 1 [ AP R0

P
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C 4
Y

Similarly wg can establish (4. 14) for the negative eigenvalues. Hence we have proved

- Theorem 4.17 Let P, Q satisfg'; H, and R satisfy Hy then Conjecture ?._16 is true

if the marices P, Q, R in (4. 1) are diagonal. : N

In order to- answer Conjecture 4. 16 when the matrices P, Q, R are not nccessarily
dngon&w: will’ consider the right-definite problem (3. 1),-(2. 2). A combination
of Corollary 4. 15 and Theorem 3. 6 will give us =~ °

e 8

where | = 1\1/2(?3 1(!f) +(t))dt. Then
[ . —
J lim +(S) <!
_/’/ e \/‘;

because of Theorem .{l. 13. ‘
If the matrix Q(#) in (3. 1), is replaced by Q.(t) = ¢ ()T we get “
[ v

~(P()) + Qa(t)y + HR-(8)y = Np) R (t)y (4. 29),

&

where 0 T(t) is as in Theorem 1. 11. From Corollary 2. 5 the nth eigenvalue of the
ploblcm (3. 1),.~(2. @ does niot exceed the nth eigenvalue of problem (4. 23), ~(27.2)
since Q(t) < Q. (¢) < Q.(¢). Hénce no(s) < n,(s) for every s and” 511&@11tly arge

py.where pi(s) is the number of eigenvalues of the problem (4. 23),~(27 2 %}Vhlc.h Jie

in the interval [0, s]. This in particular implies n%(s) < n,(s) for sufficiently large
sand .

v

5

" lim ”(S)z i 0(3). T (4.24)

3— 00 \/- g—r00



We recall that if R(t) is functionally commutative then there exists a constant
nonsingular matrix 2{ such that 4Ry () = T (¢) and U~ "R_()U = J-(t) where
Jy and J_ arerdiagonal matrices and their diagonal entries consist of the cigenvalues

of Ry and R_ respectively (see Scction 1. 2).

Theorem 4.18 Let Q satisfy Hy, HY, H™ and R satisfy Hy then Conjecture 4. 16

19 true if P(t) =TI end the matriz function R(2) i3 funciionally commutative.

[

Proof. When P(t) = T the equation (4. 23) becomes
—y" + Q) + #R_(t)y = Mu)Ra(t)y.

Now substituting y = I{= in this gquation and then left-multiplying Ly 2™ we get

[

2+ B4 () + B T-(1)s = M) T4 (1)
since U1 Q4 (1)U = Q4(t). Now considering the dorresponding nondefinite probleny
with diagonal matrices
—:z' 4+ Q;(t):: = AT (t)z
with boundary conditions (2. 2), where J = J, — J-, and making use of Corollary
44 and Theorem 4. 17 we deduce
| L 2208

1 b
m B = 2 Mo

1 b :
= = [ Aup(Reept.

o nals)

1 b
lim =2 ZEfn Aya( R (1))t

from (4. 24) and‘formula\(tl. 13) follows from the inequality (4. 22) and Corollary
4. 14.

RN
.'\Then

. TN
A stmilar vonsideration with interchanging the roles of Ry and R_ will give us
4. 14): .
(4. 14) )
- - ; . { 75 ‘
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Corollary 4.19 Let Q(t) satisfy the conditions in Theorem 4. 18 and R(t) be o
congtant symmetric maetriz, then Conjecture 4.0 1s true if the nondefinite problem”

£4. 1)-(2. 2) is regular. ~

Proof. The regularity of the problem (4. 1)-(2. 2) will allow us to use the results
in Chapter 3 and Section 4. 2. Then the corollary follows from Theorem 4. 18 since

every constant matrix is functionally commutative.

y Theorem 4.20 Let Q(t) satisfy Hy and Ht. Then Conjecture 4. 16 is trud for

ne(s) if P(t) = T.and the matriz function R(t) satisfies the conditions H, and H;

where &
| ~ o

H, The matriz function R(t) mtiéﬁcs Hy and has the property
that R.(t) is diagonal.

M\

Hs.  The matrizfunction R(1) satisfies T, and has the property that

R(t) is either nonncgative definite or nonpositive definite at each t € [a, b).
Proof. The cigenvalues A,(u) of the problem

~y" + Oy + KR () = ()R (y (4. 25),

-

with boundary conditions (2. 2) where Q,(t) = ¢} ()T, R_(t) = R (t)Z, are com-
parable with A, (), the cigenvalues of problem (4. 23),~(2. 2), since

Q1) < G4(t) and R(t) S R-(2)

-

from Corollary 1. 12. In fact from Corollary 2. 5 S

5\,‘(#) > () >0 for n=1,2,.....

and hence ‘ » —>
) < n(s) :
\' Iy
. . .
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F
for every p and s where fi,(s) is the distribution function for the eigenvalues of (4.

95),-(2. 2).Thus, in particular,

7(s) < n%(s). ©(4.26)

Next, we construct a nondefinite boundary. value problem corresponding te the

two parameter problem (4. 25),-(2. 2), viz.,

B - y' o+ Qult)y = TR(t)y | (4.27)

with boundary conditions (2. 2) where R(t) = Ry(t) = R_(¢).Then R(t) is a
. diagonal matrix satisfying the conditionr Hs with R4 (t) = Ra(t) since Ryu(t) 2 O,
P R_(t) > O and

Re(OR-(8) = Ra(t)rn(DT = ri(O0R4(8) = Ro(IR4(1) = O

because of condition Hs.
Since the matrices Q4 and R in (4. 27) are diagonal we have from

Theorem 4. 17,

1
11210"1.0 n:/(.;i) = 7-‘_"/; 1\1/2(R+(t))df

1 g
= ;/“ Ap(Ra())dt = L.

?

Therefore, from (4. 26)

0f .
' im "2l S (4.28)

=00 Jg -

Combining this with (4. 24) we have the theorem from (4. 22) and Corollary 4. 14.

? The following corollary can be proved by interchanging the roles of R, and R_

in the above theorem. ~
- 7

. [
[}

Corollary 4.21 Let Q(t) satisfy Hy and H™. Then Conjecture 4. 10 i3 true for
n_(s) if P(t) =T and the matriz function R(t) satisfies the conditions H, and Hs

where =~ . " .
,v
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H, . The matriz function R(t) satisfies Hy and had the property
that R_(t) is diagonal. '

and Hs is as in Theorem 4. 20.

. In view of the Theorem 3. 6 the eigenvalue distribution function n,(s) of
(3. 1),-(2. 2) satisfies the formula
S AC))
lim = =1 4.29
2o /5 ( )

Therefore, we can write an asymptotic equation for n,(s) as

mu(s) = V3l + R(p,s) (4.30)
with the remainder Ry, s). Then

lim M =0.

IO \/g
from (4. 29) for each fixed p. On the other hand from Corollary 4. 14 the distribution
function ni(s) of (4. 1)-(2. 2) will have the asymptotic formula (4. 13) if and only
if

. fis,s) ,
Lim s =0 (4.31)

Thus in order to attain the formula (4. 13) it is sufficient that

R{p,8)=0 (’—33-) 4 _ (4.32)
for every fixed s and some 6§ > 0.Therefore, the asymptotics for the distribution
function'ni(s) of the nondefinite problem (4. 1)-(2. 2) depends on the remainder
in the asymptotic equation (4. 30) of the distribution function n,(s) of the right
definite problem (3. 1 ),-(2. 2).

We state these resulis in the following

o

Theorem 4.22 Conjecture 4. 16 is true for ni(s) if and only if the remaind®r
R(,8) in the asymptotic equation (4. 80) of n,(s) has the property (4. 81). More-
over, if R(u,s) has the property (4. 82) then n,(s) satisfies the formula (4. 13).
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