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Abstract 

In this thesis we expose some of the theory behind Deligne-Lusztig varieties. To this 

end, we develop the general theory of flag varieties, the theory of -BiV-pairs, and the 

theory of varieties defined over finite ground fields. With these tools in hand, we define 

Deligne-Lusztig varieties. We then study the Deligne-Lusztig varieties associated with 

general linear groups using flags, and give a complete description in the case of GL3. 
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Chapter 1 

Introduction 

This thesis is mainly concerned with two things. Although it is the secondary goal, 

we mention first that we would like to better understand the structure of the gen­

eral linear groups. We do this by using them as the running example in this thesis. 

The primary goal is writing down a definition for the Deligne-Lusztig varieties asso­

ciated with certain algebraic groups. These varieties were introduced in the paper 

[Deligne-Lusztig], as a tool for studying the representation theory of finite groups of 

Lie type. We now state the definition found in that paper. Of course, they are not 

called Deligne-Lusztig varieties there, but are simply denoted X(w). 

Definition 1.0.1 [Deligne-Lusztig, 1.4] Let G be a connected, reductive algebraic 

group defined over Fq with Probenius map F. Let X be the flag variety and let W 

be the Weyl group. Then, for w € W, X(w) C X is the locally closed subscheme 

of X consisting of all Borel subgroups B of G such that B and F(B) are in relative 

position w. 

It is clear that, especially for the beginning graduate student, there are many things 

to be explained before this can be made sense of: What does it mean for a variety to 

be defined over ¥q? What is a flag variety, Weyl group, Borel subgroup? Moreover, 

what is a scheme, and what does it mean for things to be in relative position vol So 
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when we say that this thesis is about writing down a definition, we mean that we 

want to shed some light on the concepts on which the definition relies. 

Before we delve too deeply into this, let's take a moment to establish what sort 

of background is assumed. Vaguely put, the reader is assumed to have a "good" grasp 

of "basic" algebraic geometry and algebraic groups; something like [Hartshorne, 1], 

and [Springer, 1-2,5]. We now make this more precise. 

From algebraic geometry it is important to be comfortable with the notion of an 

algebraic variety. Of course the answer to the question: What is an algebraic variety? 

depends on who is asked. It is most desirable for us to use the following definition 

taken from [Springer, 1]: 

Definition 1.0.2 An algebraic variety is a compact separated space X together with 

a sheaf of reduced A;-algebras Ox, such that X can be covered by open sets each of 

which is isomorphic to a closed subset of an affine space. 

If X is isomorphic to a (Zariski) closed subset of an affine space then it is called 

an affine variety. 

Such things are sometimes called, as in [Deligne-Lusztig], reduced schemes of 

finite type over k. These are not schemes in the usual sense, that is in the sense of 

[Hartshorne, 2]. Moreover, we do not need to be bothered too much about sheaves. 

Familiarity with the coordinate ring of an affine variety suffices most of the time, and 

in cases where it would not, it turns out we are mainly interested in the underlying 

topological space. Other key concepts we require are morphisms of varieties, see 

[Humphreys, 4] or [Springer, 5], and products of varieties presented in [Springer, 1] 

or [Humphreys, 2]. 

From the theory of algebraic groups we require the contents of [Springer, 2]; in 

particular all of our algebraic groups are linear. Any other prerequisite knowledge is 

listed at the start of the appropriate chapter. 
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Returning to Definition 1.0.1, note first that scheme is to be interpreted in the 

sense of Definition 1.0.2 and so, from here on, no actual scheme theory is needed 

in this thesis. We have stressed this point because, after reading Definition 1.0.1 a 

newcomer may be tempted to spend a great deal of time learning about schemes; this 

is a fine and noble cause, but in this case is ultimately not required. 

Now, if we ask what it means for things to be in relative position w, and what is 

the Weyl group, we are led to the notion of the Bruhat decomposition of a reductive 

algebraic group. It is true that every reductive linear algebraic group has a Bruhat 

decomposition, and details of this very long chain of arguments can be found in 

[Springer, 7,8]. These notions can be captured using the idea of Tits systems. In 

fact it follows from the discussion mentioned in [Springer, 7,8], that a reductive linear 

algebraic group comes equipped with a Tits system. It is this idea that we study in 

Chapter 2. The advantage is that Tits systems have been axiomatized (see [Bourbaki]) 

and so can be studied abstractly without all the baggage of algebraic geometry. 

Varieties defined over ¥q are presented in Chapter 3. This has much the same 

flavour as an introduction to algebraic geometry over algebraically closed fields, but 

the extra structure we get from the Frobenius morphism does add some spice. 

Borel subgroups and the flag variety are studied in Chapter 4; up to this point 

the discussion might be considered elementary, but from here on the work is much 

more serious. The proofs are typically much longer, and often require us to call upon 

high powered results from [Springer, 5]. The payoff is that we obtain very good results 

that hold for all linear algebraic groups. 

Then, finally in Chapter 5, we face the Deligne-Lusztig varieties with some small 

hope of understanding them. The main goal in this chapter is to introduce and 

organize the Deligne-Lusztig varieties, as well as some interesting related varieties. 

At last, in Section 5.5, we investigate the Deligne-Lusztig varieties associated with 

the groups GLn using flags. This approach allows us to completely settle the case of 

GL3. 
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The Deligne-Lusztig varieties are studied for their applications to representation 

theory; information gleaned from them, by means of zeta functions and cohomology, 

can be used to construct certain kinds of representations of finite groups of Lie type. 

See [Deligne-Lusztig] or [Geek]. 



Chapter 2 

The Theory of B TV-pairs 

The first stop along the road to Deligne-Lusztig varieties is, as discussed in the in­

troduction, the Weyl group and the Bruhat decomposition. Following [Bourbaki, 4.2] 

and [Geek, 1.6], we show that any abstract group satisfying the axioms of a Tits 

system has a Bruhat decomposition (Theorem 2.3.6), and then we show that general 

linear groups admit Tits systems. In Section 2.4 we examine some of the internal 

structure of a group G that admits a Tits system. We then prove a technical result 

called the exchange condition in Section 2.5. We put this result to use in discussing 

the longest element of the Weyl group. 

The background required for this chapter is minimal; in particular no knowledge 

of algebraic geometry is required. All that is needed is some group theory and linear 

algebra. 

2.1 Tits systems 

If G is a group and B is a subgroup of G then B x B acts on G by (bi, 62)# = hgb^1. 

The orbits of this action are the sets BgB. They are called double cosets and the 

set of double cosets is denoted B\G/B. The double cosets of any subgroup partition 

5 
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G. 

If C = BgB and C = Bg'B then CC' = [jblMeB B^gb^^B. Thus CC' is a 

union of double cosets. 

Definition 2.1.1 [Bourbaki, 4.2] Let G be a group and let B and N be subgroups 

of G such that T = B n N is a normal subgroup of TV. Let W = N/T, and let S be 

a subset of W. The quadruple (G, B, N, S) is called a Tits system if the following 

four axioms are satisfied: 

(Tl) The subgroup generated by B U TV is G. 

(T2) The set S is a generating set for W, and consists of elements of order two. 

(T3) If s G S and w G W then sBw C J5ti;B U BswB, for any representatives s of s 

in G, and w of w in G. 

(T4) If s 6 5 then sBs"1 % B, for any representative s of s in G. 

Since T C 5 it suffices to verify axioms (T3) and (T4) for a single choice of repre­

sentatives. 

Example 2.1.2 Let G = 63 be the symmetric group on 3 letters, and B = {e, (13)}, 

and iV = {e, (12)}. It is easily checked that the subgroup generated by B and N is 

G. Since B n N = {e} we have W = N. Let S = {(12)}. Then 5 generates W, and 

axioms (T3), (T4) are easily checked. Thus (©3, B, JV, 5) is a Tits system. 

Groups that do not admit Tits systems are easy to find. For example if G is abelian 

then axiom (T4) can never be satisfied. The quaternions provide a non-abelian ex­

ample of a group that does not admit a Tits system: Since every subgroup is normal 

there is once again no possible choice for B. If G admits a Tits system we may also 

say that G is a group with a BN-pair, and the group W is called the Weyl group. 

Definition 2.1.3 [Geek, 1.6] If (G, B, N, S) is a Tits system such that C\n€N nBn^1 C 

T, then we say that (G, B, N, S) satisfies the saturation axiom. 
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Example 2.1.4 Consider the Tits system (6 3 , B, N, S), of Example 2.1.2. We have 

f]neN nBn~l = Bfl{e, (23)} = {e} = T. Thus (6 3 , B, N, S) satisfies the saturation 

axiom. 

Example 2.1.5 [Kumar, 5.1] Suppose that (G, B, N, S) is a Tits system and let H be 

a non-trivial group. Then it is straightforward to verify that (Gx H, B x H, N x 1, S') 

is a Tits system, where S' = {(s, 1) | s G S}. But, even if (G, B, N, S) satisfies the 

saturation axiom, we show that (G x H,B x H, N x 1, S') does not. Indeed, 

p | (n, 1)(B x H)(n-\ 1) = f] nBn'1 xH£Txl. 
n€N neN 

Definition 2.1.6 [Geek, 1.6] Let (G,B,N,S) be a Tits system, and suppose 

1. there is a normal subgroup U of B such that B = UT; 

2. for all neN, nUn~l f l B C [ / . 

Then we say that G has a split BN-pair. 

Example 2.1.7 Consider the Tits system (6 3 , B, N, S), of Example 2.1.2. Let B = 

U then U is normal in B and B = UT; recall T = {e}. It is clear that (2) is satisfied. 

Thus 63 has a split BN-pa,ir. 

In the next section we produce a non-trivial example. 

2.2 Tits Systems for General Linear Groups 

Following [Geek, 1.6] we show that, for a field k, the group G = GLn(k) admits 

a Tits system. This can also be found in [Bourbaki, 4.2]. Let B be the subgroup 

of upper-triangular matrices, and let TV be the subgroup of monomial matrices. A 

monomial matrix is one with exactly one non-zero entry in each row and column. 
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Then T — B n N is the subgroup of diagonal matrices. Also, let U be the upper-

triangular unipotent matrices: These are upper-triangular matrices in which each 

diagonal entry is 1; they are sometimes called upper-unitriangular. 

Proposition 2.2.1 The subgroup B may be written as a semi-direct product of U 

and T, that is B = U x T. 

Proof: We first show that B = UT. Let b = (by), and take t to be the diagonal 

matrix given by tu = bu, for 1 < i < n. Now let u G U be given by u^ = hjtjj~, for 

j > i. Then b = ut, and thus B = UT. We now show that U is normal in B. Let 

u E U and b G B. Then bub'1 G B since B is a subgroup. Moreover, the eigenvalues 

of any such element are all equal to 1, Therefore bub'1 G U, which gives that U is 

normal in B. Finally, since T C\U = {1}, we have B = U x T. Kk. 

Recall that a permutation matrix is one that is obtained by reordering the columns 

of an identity matrix. The set of n x n-permutation matrices is a subgroup of GLn 

that is isomorphic to &n. This isomorphism can be realized by the map that, for 

1 < i < n — 1, sends the transposition (i i + 1) G &n to the matrix Si which is 

obtained by switching the ith and % + Ith columns of the identity. It can be shown 

that the set of permutation matrices form a complete set of coset representatives for 

N/T. It follows that W = N/T is a group which is isomorphic to &n. When speaking 

of the Weyl group W of GLn we freely use the language of symmetric groups; that is 

we identify W with &n. The following lemma is immediate. 

Lemma 2.2.2 The group W is generated by the subset S = {si\l<i<n — 1}, in 

which each element has order two. 

Now, if i ^ j and a G k let Xij(a) be the matrix whose (k, I) entry is a if k — i and 

I = j , and is 8ki otherwise, where 8ki is the Kroenecker delta. 

Lemma 2.2.3 Let 1 < i, j < n and i ^ j . Then Xij = {Xij(a) \ a G k} is a 
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subgroup of G. 

Proof: For any a G k the matrix Xy(a) is either upper or lower unitriangular, 

and hence has determinant 1. Thus X^ C G. 

From the formula for matrix multiplication we see that Xij(a)Xij(P) = Xij(a + 

/?). Thus Xij is closed under multiplication, and Xij(a)~1 = Xij(-a). Thus X^ is a 

subgroup of G. ^V 

Definition 2.2.4 The subgroups X^ of G are called root subgroups. 

Proposition 2.2.5 Let w G W, and let w be a representative of w in G. Then 

wXijW~ = Xw(i)w(j). 

Proof: Let Eijipt) be the matrix whose (i,j) entry is a, and is 0 otherwise. Then 

X^ (a) = I + Eij(a). Thus, it suffices to show that wEijW'1 = Ew^)w(j). It also 

suffices to show that SiEijSi = ESl^)Sl^, for all si G S, since S is a generating set for 

W. Multiplication on the left by si switches rows I and / + 1, while multiplication on 

the right by Si switches columns I and I + 1. Thus the only non-zero entry of SiEijSi 

is in position (si(i), Si(j)). A^ 

Lemma 2.2.6 [Geek, 1.6] Let Vi be the set of upper-unitriangular matrices whose 

(i,i + l)-entry is 0, and set Xi = Xiji+i and X^i = Xi+iti. Then Vi is a subgroup of 

U that satisfies 

1. U = XtVi = ViXu and V D Xt -{I}, for 1 < i < n - 1; 

2. SiV Ŝj = 14, and SJXJSJ = X_j. 

Proof: That Vi is a subgroup, and that U = XiVi = ViXi is an exercise in matrix 

multiplication which we omit. It is clear that Vi n Xi = {I}. The proof of (2) is 
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similar to that of Proposition 2.2.5. 

Theorem 2.2.7 [Geek, 1.6] The quadruple (G, B, TV, S) is a Tits system. 

Proof: We show that (G, B,N,S) satisfies axioms (Tl) - (T4). 

(IT) We must show that G is generated by B U TV. Let g G G, and choose b G B 

such that bg has as many leading zeroes as possible; that is, the total number of 

zeroes that appear, in any row, before the first non-zero entry. In this case we 

show that each row has a different number of leading zeroes. Indeed, if this were 

not the case we could row reduce bg by subtracting some row from an earlier 

row to increase the number of leading zeroes, but this row reduction amounts 

to multiplying bg on the left by some Xij{a) with i < j . That is, we have 

found some b' G B such that b'g has more leading zeroes than bg, contradicting 

the choice of b. Thus bg differs by a permutation matrix, which is of course 

monomial, from an element of B. So nbg G B for some n G TV. 

(T2) This is Lemma 2.2.2. 

(T3) We begin with the identity 

0 1\ II -t\ It 0 

i 0/ lo i 7 \ o - r 1 (2.2.1) 

in GL2. Now, for 1 < i < n — 1 there is an embedding fa : GL2 —* GLn given 

by 

fii-i 0 0 N 

^ 0 0 In-i-lJ 
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By Lemma 2.2.6 we have that U = X^Vi and X-i = SjXjSj. By Proposition 

2.2.1 we have B = UT, thus B = X^T. So 

SiBsi = SiViXiTsi = SiViSiX^SiTsi = ViX^T 

Applying 0j to Equation 2.2.1 gives X_j C {/} U XjSjX,T, so 

ViX-iT C y , ({ /} U XiSiXiT)T = V,T U ViXiSiXiT C £ U B S i R 

Let iy G W, and let 1 < i < n — 1. There are two cases: w_1(z) < ty_1(z + 1) 

and w~l(i) > w~l(i + 1). In the first case we have 

SiBw = SiViXiTw 

= ViSiXiTw 

— ViSiWw~1Xiww~1Tw 

= ViSiwXw-i{i)w-i(i+iyr (Proposition 2.2.5) 

C ViSiwUT 

C BsiwB. 

In the second case w~l(i) > w_1(z + 1), and let y = SiW so that y'1^) = 

w~l{i + 1) < w;_1(i) = y~l{i + 1), and by the first case SiBy C BsiyB = BwB. 

Thus, 

Sj5w = SiBsiy 

C(BU BSiB)y 

= ByU BsiBy 

C £Siu> U B{BwB) 

C £ S i u>£ U B w B . 

So, for all w G VK and Sj G 5 , we have Sj-Bii; C BstwB U BwB, and so axiom 

(T3) is satisfied. 
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(T4) Conjugating B by an element Sj we obtain SiBsi = SiXiSiSiViSiSiTsi, which by 

Lemma 2.2.6(2) is equal to X^V/T, but X-MT % B. So, s^Bsi % B for any 

Si e S. 

Thus (G, B, N, S) is a Tits system. A 

Proposition 2.2.8 The Tits system (G, B, N, S) for G = GLn described above sat­

isfies the saturation axiom. 

Proof: Let B~ be the subgroup of lower triangular matrices, and let wo = 

(1 n)(2 n— 1) • • • G 6„ . Then one verifies that B~~ — WQBWQ~1 , and so P|n e A rnBn_ 1 C 

B~r\B = T. A 

Proposition 2.2.9 The group G = GL„ has a split -BiV-pair. 

Proof: By Proposition 2.2.1 B can be written as the semi-direct product B = 

U xi T. Moreover, for all n € N, nUn^1 C\ B Q U, because the eigenvalues of any 

element of nUn"1 are 1, and we are intersecting with B. AA 

2.3 The Bruhat Decomposition 

Here (G, B, N, S) is a Tits system with Weyl group W. For w € W let iv be a 

representative of it; in iV, and let C(w) = BwB. If w and ti/ are representatives of 

w then w~lw' G T. So .BioB = Bww~lw'B = Bw'B. This shows that C(w) is well 

defined. It is clear that C(l) = 5 , C*(u;iw;2) C C(wi)C(i«2) and C O " 1 ) = C(w)-\ 
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Definition 2.3.1 [Geek, 1.6] The double cosets C(w) for w € W are called Bruhat 

cells. 

, , (o A 
Example 2.3.2 Let G = GL2, then W = {T,wT} ^ 6 2 , where w = . S o 

V V 
C{w) = BwB=\[a j | c ^ o l , andC( l ) = £ . 

Definition 2.3.3 [Geek, 1.6] Let w € W, and w ^ l . Then, as <S generates W, we 

may write w = S i . . . s9 with s i , . . . , sq € S. If the number g is as small as possible 

then the expression w = si... sq is called reduced, and the number q = l(w) is called 

the length of w. If w — 1 we set l(w) = 0. 

Note that, for s G 5 and w £ W, we have l(w) — 1 < l(sw) < l(w) + 1. Indeed, 

let w = ti... tp be a reduced expression; if l(sw) > l{w) then l(sw) < l(w) + 1, 

because sti.. .tp is an expression for sw. Conversely, suppose l(sw) < l(w), and let 

w = t\... tp be a reduced expression. If l(sw) < l(w) — 1 then there is an expression 

sw = r i . . . rq with q < p — 1, but this yields an expression w = s r i . . . rq which is too 

short. Thus, l(sw) > l(w) — 1. Moreover, l(sw) ^ i(w). This can be shown using the 

relationship between groups with a BN-pax and Coxeter groups, as can be found in 

[Bourbaki, 4.1]. 

We have also that l(wy) > \l(w) — l(y)\. 

Example 2.3.4 Let G = GL3 then W = 6 3 , and S = {(12), (23)}. Let w = (123) 

then w — (12) (23), and this is a reduced expression for w because w g S. Thus 

l{w) = 2. 

Lemma 2.3.5 [Geek, 1.6] Let (G,B,N,S) be a Tits system, and let J C S. Set 

Wy C W to be the subgroup generated by J. Also set Nj C Â  to be the subgroup 

generated by the representatives of Wj in N. Then the set Pj = BNjB is a subgroup 

of G. 
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Proof: We have Pj1 = {BNjB)~l = BNjB since B and Nj are subgroups, and 

it is clear that Pj contains the identity. It remains to show that Pj is closed under 

multiplication. Since BPj C Pj it is enough to show that NJPJ C Pj. Moreover, it 

is enough to show that sPj C Pj for s G J. Now, 

sPj = sSiVjP 

= s ( J BnB 
n€Nj 

= [J sBnB 
neNj 

C [ J (PsnP U BnB) (by axiom (T3)) 

QPj. 

So P j is a subgroup of G. J^k 

Theorem 2.3.6 (The Bruhat Decomposition) [Geek, 1.6] Let (G,B,N,S) be a 

Tits system with Weyl group W. Then G may be written as a disjoint union: G — 

Proof: In Lemma 2.3.5 if we take J = S we obtain Ps = BNB, a subgroup of 

G which contains B and N. Thus by axiom (Tl) we have Ps = BNB = G. Hence 

G — Utuew C(w). It remains to show that this union is disjoint; it suffices, as double 

cosets are either equal or disjoint, to show that if C(w) = C(y) then w — y. We 

proceed by induction on mm{l(y), l(w)}, and we may assume that l(y) < l(w). 

Suppose that C(w) = C(y) for some w,y G W. If l(y) = 0 then y = 1, and 

so B = ByB. So BwB = B showing that w e B. So w G B D iV = T, and 

w = 1 = y. Now suppose that l(y) > 0, in particular let y = si... sr be a re­

duced expression for y. Let x — s 2 . . . s r so y = S\X, and l(y) = l(x) + 1. Now, 

s'i±J5 C BsiiB — ByB = BwB, so ± 5 C siBwB. Applying (T3) to this relation we 
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obtain BxB C Bs\wB U BwB. So BxB = BsiwB or BxB = BwB, again because 

double cosets are either equal or disjoint. If BxB = BwB then, by induction, x = w 

which is absurd since l(x) < l(w). So BxB = Bs\wB which shows, by induction, 

that x = sxw. Therefore, y = S\x = w. • • 

2.4 Some Multiplication Rules for Bruhat Cells 

Here we use the Bruhat decomposition to prove some identities for the multiplication 

in G. We then relate these results to the length function which allows us to prove 

some key statements: that the subgroup B is self normalizing, and that the set S is 

unique. 

Proposition 2.4.1 [Bourbaki, 4.2] Let (G, B,N,S) be a Tits system, s G S and 

w e W. Then: 

, n( ,ni , J C(sw) if C(w) % C(s)C(w) 
1. C{s)C(w) = < ; 

[ C{w) U C{sw) if C(w) C C(s)C(w) 
2. C(s)C(s) = BuC(s); 

3. C{s)C(s)C(w) = C{w) U C{sw). 

Proof: 

1. By axiom (T3), we have C(s)C(w) C C(w) U C(siw). It is clear that C(sw) C 

C ( « ) C H , so if C(w) C C(s)C{w) then C(w) U C{sw) C C(s)C(«;). Applying 

(T3) gives equality. 

If C(w) ^ C(s)C(w) then C(w) n C(s)C(w) = 0, since C(s)C(w) is a disjoint 

union of double cosets. But, C(s)C(w) C C(iy) U C(siy), thus C(s)C(w) C 

C(sw). We have equality since we have a single double coset on the right. 
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2. If C(s) % C(s)C{s) then by part (1) C(s)C(s) = C(s2) = C(l) - B, but this 

contradicts axiom (T4). Thus, by part (1), C(s)C(s) = C(s) U B. 

3. By part (2), C(s)C(s) = B U C(s). Thus C{s)C(s)C(w) = (BU C(s))C(w) = 

C(w) U C(s)C(w). By part (1) C(s)C{w) = C(sw) or C(s)C(w) = C(w) U 

C(sw). In either case C(s)C(s)C(w) = C(w) U C(siu). 

A 

By inverting the relation in axiom (T3) we obtain, for w-E W and s G S, w~1Bs~l C 

C(sw) - 1 U C(w) - 1 = C(ty-1s) U C(u;_1). So we obtain a right-handed version of 

axiom (T3): tui?s C C(ws) U C(w). There is thus the following right-handed version 

of Proposition 2.4.1. 

Corollary 2.4.2 [Bourbaki, 4.2] Let (G, B, N, S) be a Tits system, s £ S and iu G 

W. Then: 

, _ , ,n[ , J C(ws) if C(w) % C(w)C(s) 
1. C{w)C(s) = < ; 

[ C(w) U C(ws) if C(w) C C(w)C(s) 
2. C(i»)C(s)C(s) = C ( « ; ) u C W . 

The following refined version of Proposition 2.4.1(1) is very useful, as it marries the 

notion of multiplying Bruhat cells to the length function on W. 

Proposition 2.4.3 [Geek, 1.6] Let (G, B, N, S) be a Tits system, s G S, and w G W. 

Then 
/ C(SW) if *(«!,) > /(«,) 

C(s)C(w) = < 
[ C(w) U C(sw) if l(sw) < l(w). 

Proof: We proceed by induction on l(w). If l(w) = 0 then, for all s G S, 

Z(sw) = Z(tu) + 1. Moreover, C(s)C(ty) = C(s) = C(sw). 

Suppose that l(sw) > l(w), and write w = yt with t E S and J(w) = Z(t/) + 1. If 

l(sy) < l(y) then l(sw) = /(si/t) < l(sy) + l < l(y) + l = l(w) which is a contradiction. 
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Hence, l(sy) > l(y). Thus, by induction, we have C(s)C(y) = C{sy). Now, by-

Proposition 2.4.1(1) we have that C{s)C{w) = C(sw) or C(s)C(w) n C(w) ^ 0 . We 

show the second is impossible as follows. Since w = yt, it would yield sByHBwBt-1 ^ 

0, and so C(s)C(y) n C(w)C(t) ^ 0 . Therefore, C(sy) D C(w)C(t) ^ 0 . Moreover, 

by the right handed version of Proposition 2.4.1, C(w)C(t) C C(wt) U C(tu). Thus, 

C(s2/)flC(^) ^ 0 , or C(sy)nC(w) ^ 0 . If C(sy)nC(wt) ^ 0 then C(sj/) = C(wt), 

and so the Bruhat decomposition gives that sy = wt = yt2 = y. Thus s — 1, which 

is impossible. Similarly, if C(sy) D C(tu) ^ 0 then sy = w, but this also yields 

a contradiction since l(y) < l(w) < l(sw). Thus, C(s)C(w) C\ C[w) = 0 , and so 

C(s)C(w) = C{sw). 

Now suppose that l(sw) < l(w) then l(ssw) = l(w) > l(sw), and by the first case 

we have that C(s)C(sw) = C{w). So C(s)C(s)C(sw) = C(s)C(w), but by Propo­

sition 2.4.1(3) we have that C{s)C(s)C(sw) = C(sw) U C[w). Thus C(s)C(w) = 

C(sw)UC(w). A 

We now show that the subgroup B is self-normalizing. This result will be very useful 

in Section 5.1, where we define the variety of Borel subgroups. 

Corollary 2.4.4 [Geek, 1.6] If (G,B,N,S) is a Tits system then the normalizer of 

B in G is B; that is, NG(B) = B. 

Proof: Let g E NQ(B). Then g E G so, using the Bruhat decomposition, write 

g = biwb2 for some w E W and bi,b2 E B. Then B = gBg~l = biwb2B(biwb2)~1, 

and so w E NQ(B). We show that w = 1. If ui ^ 1 we may choose some s G S such 

that l(sw) < l(w), and so, by Proposition 2.4.3, we have C(s)C(w) = C(w) \JC(sw), 

in particular sBw D 5ii ;5 ^ 0 . This gives that s G BwBw^B, but iy G NQ{B) so 

s G NG(B). In particular sBs^1 C 5 contradicting (T4). SO«J = 1 and g E B. AA 
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Corollary 2.4.5 [Geek, 1.6] Let (G,B,N,S) be a Tits system, and w G W. Then 

w G S if and only if w ^ 1 and B U C(w) is a subgroup. 

Proof: HseS then £UC(s) = C{s)C(s) by Proposition 2.4.1(2). Thus BUC(s) 

is closed under multiplication and inversion; it contains the identity since it contains 

B. Thus B U C(s) is a subgroup. 

Conversely, if B U C(w) is a subgroup for some w EW, and w ^ 1 then we may 

choose some s G S such that l(sw) < l(w). In this case, Proposition 2.4.3 shows that 

C(w) C C(s)C(™). Thus s G C{w)C{w)-x C B U C(w). So s G 5 or s G C(«;), but 

s $ B. So s G C(w), thus C(s) = C(w). We deduce, using the Bruhat decomposition, 

that w = s G S. j£k 

Corollary 2.4.5 shows us that if (G, B, N, S) is a Tits system, and (G, B, N, S') is also 

a Tits system, then S = S'. So S is intrinsic and we may say that (G, B, N) is a Tits 

system. This also explains the terminology "G has a £?iV-pair" used, for example, in 

[Geek]. 

Example 2.4.6 Let G = GL3(F2). We have seen, in Section 2.2, that G has a BN-

pair, where B is the upper-triangular subgroup, and TV is the subgroup of monomial 

matrices. Moreover, 

S= < 

' 

o\i = 

^0 1 0^ 

1 0 0 

1° ° V 
, 0 2 3 = 

(\ o oN 

0 0 1 

1° 1 °J 

> 

' 

] 

but there is another element of order two in W, namely the matrix a\z = 

Moreover, S' = {o"i2, (T13} is a generating set for W consisting of elements of order two. 

But, even though axioms (7T) and (T2) are satisfied, we now show that (G, B, N, S') 

(° 
0 

V1 

0 

1 

0 

l \ 

0 

°y 
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is not a Tits system. Indeed, we have the equation 

A .1 cA 
0 1 1 

V° ° V 

0̂ 0 Is 

0 1 0 

I1 ° °J 

(l 1 l\ 

0 1 1 

1° ° V 

0̂ 0 Is 

0 1 0 

I1 ° °J 

(l 1 l\ 

0 1 0 

1° ° V 
= 

0̂ 1 0s 

0 0 1 

I1 ° °; 
The left hand side of this equation is an element of Ba^Ba^B C C(aiz)C(ai3), and 

the right hand side is (T123 G C(<Ji23) which, by the Bruhat decomposition, is disjoint 

from B and C(ai3). Thus B U C(cr13) is not a subgroup. So, by Corollary 2.4.5, 

(G, B, N, S") is not a Tits system. 

Corollary 2.4.7 [Geek, 1.6] Let (G, B, N, S) be a Tits system. If w G W has maxi­

mal length, then G is generated by B and wBw"1. 

Proof: If w has maximal length then l(sw) < l(w) for all s € S. So, by Propo­

sition 2.4.3, we have C(s)C(w) = C(sw) U C(w). In particular w € BsBwB, which 

gives s G BwBw^1B which lies in the subgroup generated by B and wBw~l. So, 

since every s £ (B,wBw~l), we have that N C (B^wBih"1). Thus G = {B,wBw~l), 

as G is generated by B and AT. ^V 

2.5 The Exchange Condition and Longest Element 

Lemma 2.5.1 [Bourbaki, 4.2] Let s\,..., sq G S, and let w G W. Then 

C(sx...sq)C(w)C \J C(sh...sipw). 
i\,...,ip 
0<p<g 

l<ii<i2<-~<ip<q 

Proof: We proceed by induction on q. If q = 0 there is nothing to prove, and if 

q = 1 then Proposition 2.4.1(1) says that C(s)C(w) C C(siu) U C(w). 
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Now, suppose that q > 1, S i , . . . , s g G S, and tu € W. Since C(si...sq) C 

C(si)C(s2 • • • Sg) we have 

C ( S l . . . 5,)C(«;) C C(S l)C(s2 . . . sq)C(w) 

QC(si) M C(SJ1 ... Sjpw) by induction 

o<p<g- i 
2<h<j2<-<jp<q 

U C(si)C'(s j l . . .s j pu;) 
J ' I . - J P 

0<P<9-1 
2<h<J2<-<jp<q 

Q U (C'^i^i • • • SJPW)
 u ^ i i • • • SJPW)) • 

j i . - j p 
o<p<g- i 

2 < J i < j 2 < -<jP<q 

The last inclusion, which is obtained by an application Proposition 2.4.1(1), gives the 

desired result. ^V. 

Proposition 2.5.2 (The Exchange Condition) [Geek, 1.6] Let (G,B,N,S) be a 

Tits system, and w E W. If S\... sg is a reduced expression for iu, and s € 5 is such 

that l(sw) < l(w) then sw = Si... Si... sq, for some 1 < i < q; Sj indicates that Sj is 

omitted from the expression. 

Proof: If l(sw) < l(w) then, by Proposition 2.4.3, C(s)C(w) = C{sw)liC(w). In 

particular sBw n BwB ^ 0 , and s G BwBw~lB = C(w)C(w~1). Let w = Si • • • sq 

be a reduced expression. Then s G C(w)C(w~1) = C{s\... sq)C(w~l) which, by 

Lemma 2.5.1, is contained in (J^ i C(SJJ . . . s^tu-1) for 1 < ix < i2 < • • • < ip < q. 

Hence, by the Bruhat decomposition, there is some x = s^ • • • sip such that s = xw~l. 

Clearly p < q else s = ww~l = 1. 

Let t\ • • • tr be a reduced expression for x. Then 

1 = Ifaw'1) > l(w) — l(x) = q — r > q — p. 
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Thus p = q — 1 so sw = x = Si... §i... sp for some 1 < i < q. AA. 

Proposition 2.5.3 [Geek, 1.6] Let (G,B,N,S) be a Tits system, and let J C S. 

Let Wj be the subgroup of W generated by J. Then every w G Wj has a reduced 

expression consisting entirely of elements in J. 

Proof: Let w G Wj. Then we may write w = Si • • • sq with each s; G J. If 

l(w) < q then there is an i G { 1 , . . . , q} such that /(s, • • • sq) < l(si+i • • • sq); otherwise 

we have a chain of inequalities: 

1 = l(si) < l{sis2) < • • • < Z(si... sq), 

contradicting the fact that l(w) < q. Now we may apply the exchange condition to 

obtain Sj • • • sq = Sj+i • • • §j • • • sq, for some j . Thus w = Si • • • Sj • • • Sj • • • sq, and we 

can continue in this way to obtain the desired reduced expression for w. AA 

If (G, B, N, S) is a Tits system whose Weyl group W is finite then there is some 

w G W that has maximal length. We will denote such an element by wo, and refer 

to it as a longest element. More generally, if J C S then the subgroup Wj has a 

longest element, which we denote by wj. 

Theorem 2.5.4 [Geek, 1.6] Let (G, B, N, S) be a Tits system whose Weyl group W 

is finite, and J C S. Let wj G Wj be a longest element then, for any w G Wj, 

l{wwj) = l(wj) - l(w). 

Proof: Proceed by induction on l(w). If l(w) = 0 then w = 1, so l(wwj) = 

l(wj) — 0. Now suppose that l(w) > 0, and use Proposition 2.5.3 to take a reduced 

expression w = S\ • • • sps for w, where s G J and each s, G J. Then, by induction, 

l(si • • • SpWj) = l(wj) — p. Now, let q = l(wj) — p and take a reduced expression 

ti • • • tq for S\ • • • SpWj, with each £; G J. Thus wj = sp- • • Sit\ • • • tq. Since l(wj) is 
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maximal we have that l(swj) < l(wj), and so by Proposition 2.5.2 (the exchange 

condition) there are two cases. Either 

(1) swj = sp • • • §i • • • S\ti • • -tq for some 1 < i < p, 

or 

(2) swj = sp- • • Siti • • -tj • • -tg for some 1 < j < q. 

If (1) is true then we can multiply on the right by (si • • • SpWj)'1 to obtain w~l — 

ssp • • • si = sp • • • §i • • • s\, but this shows that £(iy-1) < p. Then l(w) < p, which is a 

contradiction. 

Thus (2) holds. So by multiplying on the left by s\ • • • sp we obtain wwj = 

t\ • • • ij • • • tq, and so l(wwj) < q — 1, but l(wwj) > q — 1 as l(w) = p + 1. Thus, 

l(wwj) = q — 1 which is equal to l(wj) — l(w). AA 

Corollary 2.5.5 [Geek, 1.6] Let (G, B, N, S) be a Tits system whose Weyl group W 

is finite, and let J C S. Then 

1. there is a unique longest element wj G Wj. It has order two; 

2. an element w G Wj is the longest element if and only if l(sw) < l(w) for all 

s e J. 

Proof: 

1. First note that 1(WJWJ) — l(wj)—l(wj) = 0, so WJWJ = 1, and wj has order two. 

Now suppose that w and wj are longest elements, then l(wwj) = l(w) — l(wj) = 

0. So wwj = 1 and w'1 — wj = wj1. Hence w = wj. 

2. If wj is a longest element then, for all s G J, l(swj) = l(wj) — 1 < l(wj). Now 

suppose w G Wj is such that l(sw) < l(w) for all s G J, and that l(w) < l(wj). 

Then l(wwj) > 0, and so for some s G J we have l(swwj) < l(wwj). But, 
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l(swwj) = l(wj) — l(sw), and l{wwj) = l(wj) — l(w). Thus l(sw) > l(w), which 

contradicts our choice f w. 

A 

Taking J = S in Theorem 2.5.4 and Corollary 2.5.5 we obtain that l(ww0) = l(w0) — 

l(w) for all w G W, and that W has a unique longest element. This longest element 

has order two, and is the only element that satisfies l(swo) < l(wo) for all s G S. 

Using these techniques we now determine the longest element in the Weyl group 

W = 6 „ for the Tits system (GLn, B, N, S) described in Section 2.2. 

Proposition 2.5.6 [Geek, 1.8] Let G = GL„ and (G,B,N,S) the Tits system de­

scribed in Section 2.2. We have, for 1 < i < n—1 and w G W = &n that l(siw) > l(w) 

if and only if to_1(i) < iu_1(i + 1). 

Proof: We have seen, in the proof of Theorem 2.2.7, that if w_1(z) < w_1(z + 1) 

then C{si)C(w) C C(siw). It follows from Proposition 2.4.3 that l(siw) > l(w). 

Conversely, if w_1(i) > w~l(i + 1) put y = Siw so that 

y-1(i) = w~1si(i) = w~1(i + l)<w~1(i) = w-1si(i + l)=y-1(i + l). 

So as above C(si)C(y) C C(siy), and so l(sty) > l(y). That is, l(w) > l(siw). ±k 

It is now easy to see that the longest element, in the Weyl group of GLn, is that 

which corresponds to the permutation (1 n)(2 n — 1) • • • G 6 n ; it is represented by 

the matrix 

( A 

V ) 



Chapter 3 

Varieties Defined over ¥q 

We now assume the background in algebraic geometry discussed in the introduction, 

although unless otherwise stated, varieties are always affine. From now on k is an 

algebraic closure of a finite field Fp, where p is prime. We use q for some power of p. 

The goal of this chapter is to introduce linear algebraic groups that are defined 

over ¥q, and to prove Lang's theorem which is fundamental to the study of the 

Deligne-Lusztig varieties. We begin in Section 3.1 by developing the notion of a 

Frobenius morphism, which defines the affine varieties defined over ¥q. We mention 

now that varieties defined over ¥q are not just varieties where we have replaced k by 

¥q, but are in fact fc-varieties with extra structure. In Section 3.2 we give an algebraic 

interpretation of varieties defined over F9. A key idea is F9-structures on fc-algebras. 

This can provide a framework for generalising the notion of being defined over a 

subfield to the case char(fc) = 0, where there is no Frobenius morphism available. 

In Sections 3.3 and 3.4 we look at how general affine varieties defined over ¥q relate 

to algebraic sets defined over ¥q, and put these objects into a category. Finally, in 

Section 3.5 we introduce linear algebraic groups defined over ¥q and prove Lang's 

theorem. 

24 



3.1. Frobenius Morphisms 25 

3.1 Frobenius Morphisms 

In this section we generalize the notion of the qth-power map on k, which we denote by 

Fq. Consider the case q = p. Then, for a,b G k, Fp(a + b) = (a + b)p, and if we expand 

using the binomial theorem we see that every coefficient is divisible by p, except the 

coefficients of ap and If; both of which are 1. Thus, as char (A;) = p, we have that 

Fp(a + b) = (a + bf = dP + V = Fp(a) + Fp(b). Clearly Fp(ab) = Fp(a)Fp(b), and 

so Fp is a ring homomorphism. It follows that Fq is a ring homomorphism, because 

Fq = F£, for some r > 1. Moreover, Fq is injective as its domain is a field, and as 

k is perfect, being algebraically closed, Fq is surjective. We therefore have that Fq is 

an automorphism of k. 

Now suppose that Fq(a) = a. Then aq = a, and so a G ¥q. So the fixed points 

of Fq is the subfield Wq, and thus Fq an an element of the Galois group of k/¥q; it is 

called the Frobenius map. 

It is clear that we can extend this map to a bijective morphism An —» An, that 

is just Fq in each coordinate. We also denote this map by Fq. 

If A is a ring, we write A9 for {aq \ a G A}, and we denote the coordinate ring 

of an affine variety X by T(X). 

Definition 3.1.1 [Geek, 4.1] Let X be an affine fc-variety, and let F : X —> X be a 

morphism such that the induced morphism F* : T(X) —»• T(X) is injective . Suppose 

q is a power of p such that 

1. the image of F* is r{X)q; 

2. for each / G T(X) there exists an m > 0 such that {F*)m(f) = pm. 

Then we say that X is defined over Fq, or X admits an F^-rational structure, 

and F is the corresponding Frobenius morphism. 
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Example 3.1.2 [Geek, 4.1] Let X = An, F = Fq. Then F* is injective as Fq is 

surjective. Let A = r (X) = fc[Ti, ...Tn]. We have that i^-A) = A" since for each 

1 < i < n, F*(Ti) = Ti o Fq = Zf. Finally, since A; is algebraic over ¥p, we have that 

each element of k is contained in some finite subfield of k. So if / G A there is some 

m > 0 such that all the coefficients of / are in ¥q™. In this case (F*)m(f) = / ? m . 

Therefore Fg is a Frobenius morphism. 

Definition 3.1.3 [Geek, 4.1] Let X be an affine A;-variety defined over F9, and F : 

I ^ I a corresponding Frobenius morphism. The set XF = {x E X \ F(x) — x} is 

called the set of Fg-rational points of X. 

Example 3.1.4 [Geek, 4.1] In Example 3.1.2 we have 

XF< = {(x1,...,xn)ekn\(x1,...,xn) = (xl,...,x«n)} = FZ. 

3.2 Arithmetic Frobenius Morphisms 

In this section we show that the geometric notion of being defined over ¥q has a very 

nice algebraic meaning. 

Definition 3.2.1 [Geek, 4.1] Let X be a A;-variety defined over F9 with corresponding 

Frobenius morphism F. Then the map a : T(X) —> T(X) defined by 

*(/) = (FT\fq) 

is called the arithmetic Frobenius morphism. 

Note that a is well defined because F* is injective and F*(T(X)) = T(X)g. 
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Example 3.2.2 Let X = An, F = Fq and / = Y,aiTi\ • •-Tt € kiT^ • • • ,Tn] = 

T(X). Then F*(£ ^T^ ... T?) = £ a^i1 • • • Tfr o F = £ ^Tf1... T^". So 

*(/) = (FT\fg) 

= (FT1J2aiT'il---Tnn 

= 5>?7* ... 7*\ 
So in contrast with F*, which acts on the variables, the arithmetic Frobenius mor-

phism a raises the coefficients to the qth power. 

Proposition 3.2.3 [Geek, 4.1] Let X be an affine A;-variety defined over Fg with 

corresponding Frobenius morphism F. Then the arithmetic Frobenius morphism a 

satisfies the following properties: 

1. It is an automorphism of T(X); 

2. For all / G T(X), and f G k we have a(£/) = £%(/); 

3. For all / G T(X) there is some m > 0 such that am(f) = f. 

Proof: 

1. We have that a is a ring homomorphism as it is the composition of the ring 

homomorphisms / i—> fq and (F*)_1 . We show that a is injective. Let / G 

ker(a) then 0 = a(f) = (F*)" 1 ^ 9 ) . So /« = F*(0) = 0, and so / = 0. 

Finally, if g G T(X) then, as F*(T(X)) = T(X)9, we have F*(#) = / 9 for some 

/ G T(X). So, as F* is injective, # = (F*y1(P) = <r(/). Thus a is surjective. 

2. Let £ G fc, and / G r (X) . Then <r(£/) = ( F * ) - 1 ^ / ) 9 ) = ( F * ) - 1 ^ / 9 ) = 

e 9 ( j p * ) - i ( / g ) = e % ( / ) . 

3. We first show that F* and a commute. Let / G T(X) then F*(a(/)) = 

F*((F*)-\P)) = p, and a(F*(f)) = (F*)-1^/)9) = (F*)-\F*(P)) = p. 

So F* and cr commute. 
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Now, let / € T(X). Since F is a Frobenius morphism there is an m > 0 such 

that (F*)m(f) = /«m . So for any n, fn = (F*)-m((/«m)n). We show that 

(F*)mOm ( / ) ) = (F*)m(f) then, as F* is injective it follows that am(f) = / . 

So, 

{F*)m(am(f)) = am{{F*)m(f)) (since F* and a commute) 

= am ( /<H (by choice of m) 

= (F*)-m(( / 'H ( 'm) (by definition of a) 
= f9 (by choice of m) 

= (n m (/)• 
Thus a - ( / ) = / . 

Before we continue with our study of the arithmetic Frobenius map we pause to prove 

a nice result from linear algebra. First note that {wi,..., wn} C k is linearly indepen­

dent over ¥q if and only if, for every r > 0, the same is true of {Fq(wi),..., F^(wn)}. 

Lemma 3.2.4 [Goss, 1] Let {tui, . . . , wn} C k, and let A be the matrix 

/ 

A = 

w\ Wr. \ 

\F^(Wl) Fr1 

( 

(wn)J 

Wl Wn 

\ W, wl 

\ 

J 
Then, {wi,..., wn} is linearly independent over Fq if and only if det(-A) ^ 0. 

Proof: To show the forwards implication, proceed by induction on n. If n = 

1 then there is nothing to show. Suppose that, for any linearly independent set 

with cardinality t, that the corresponding matrix has non-zero determinant. Let 

{wi,..., wt+i} be linearly independent over ¥g. Suppose, towards a contradiction, 

that det(.A) = 0. Then the columns of A are linearly dependent over k. That is, 
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there exist cti,... at+i £ k, (not all 0) that satisfy the following linear system: 

otiwi + •• • + at+iwt+i = 0 

axw\ + • • • + at+iwq
t+l = 0 

otiwl + • • • + at+iwq
+1 = 0. 

We assume, without loss of generality, that «i = 1. Since char(fc) = p, and q is a 

power of p, raising any one of these equations to the qth power is the same as raising 

each of the terms to the qth power. Thus when we subtract the qth power of the ith 

equation from the i + 1st equation we obtain 

(a2 - Oiq
2)w

q
2 + ••• + (at+1 - aq

t+l)w
q
t+l = 0 

(a2 - al)wl + ••• + (at+i - aq
t+l)w

q
t+l = 0. 

Since {w2,... ,wt+i} is linearly independent so is {m9,,... ,wq
+1}, and we have by 

induction that det(A') ^ 0, where A' is the matrix: 

/ 

A' = 

Wn W t+1 
A 

>,9 -It follows, for each 2 < i < t + 1, that a, — cq = 0; that is each a^ £ Fg. Thus the 

original equation 

W\ + a2w2 H h at+iwt+i = 0, 

has coefficients in Fq contradicting the fact that {^i,..., wt+\) is linearly independent 

over Fg. 

Conversely, suppose that det(-A) ^ 0, and that 5Z™=1 ot-iWi = 0, with each Ofj G Fg. 

Then, 

' ..v V 
cui ; H \-an 

W / \< I W 
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Thus, ( a i , . . . ,an)
T € ker(>l), which is 0. It follows that each ctj = 0, and so 

{wi,..., wn} is linearly independent over ¥q. AA 

Lemma 3.2.5 [Geek, 4.1] 4.1 Let X be an affine A;-variety defined over ¥g, F the 

corresponding Frobenius morphism, and a the arithmetic Frobenius morphism. Then, 

for / G r (X) , the subspace V = span{<7-?(/) | j > 0} is finite dimensional, and has a 

basis consisting of elements fixed by a. 

Proof: We may assume that / ^ 0. Choose, by Proposition 3.2.3(3), an m such 

that am(f) = / , so that dim(V) < m, and let {£0, • • • , £m-i} be an Fg-basis for the 

subfield ¥qm of k. Define, for 0 < i < m — 1, 

m—1 

We show, for each 0 < i < m — 1, that cr(/j) = / j . 

m—1 

(̂/<) = E a J + 1 ( ^ ) 
j = 0 

m—\ 

<Tm&f) + ^2°j(u) 
J = I 

m—1 

= 6 / + E ^(6/) «r=&and ffm(/)=/) 
m—1 

Consider the matrix 

£o 

M = 

\ « 

>m-l 

S m - l / 
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The set {£0, • • • ,£m-i} is linearly independent over ¥q, and so, by Lemma 3.2.4, the 

matrix M is invertible. Thus, by definition of the fi, 

M~l 

which shows that the fi span V. 

( h \ I o°u) \ 

\fn-lj V^-H/)/ 

Definition 3.2.6 [Springer, 1] Let A be a A;-algebra. Then an Fg-structure on A 

is an Fg-algebra AQ contained in A such that the map m : k <S>wq A0 —• A, given by 
m ( ]C ai ® xi) — S ctjXj, is an isomorphism. When a € AQ we say that a is rational 

over Wq, or just Fg-rational. 

Theorem 3.2.7 [Geek, 4.1] Let X be an affine A;-variety defined over ¥qr F the 

corresponding Frobenius morphism, and a the arithmetic Frobenius morphism. Let 

A0 = {fe T(X) I a(f) = /} = {/€ r(x) I F*(f) = /n-

Then AQ is an Fg-structure on T(X), which we call the Fg-structure induced by 

F. 

Proof: Let {/i,..., fm} be a set of algebra generators for T(X). Then, by Lemma 

3.2.5, the subspaces V* = span{crJ(/i) | j > 0} are finite dimensional and have bases 

consisting of elements that are fixed by a. Thus there is a set of algebra generators 

for T(X) consisting of elements which are fixed by a: Let {gi, • • • ,gi} be linearly 

independent set with this property. 

Let B be the Fg-algebra generated by {#i , . . . , g{\. It is clear that B is a finitely 

generated Fg-subalgebra, and that the map k ®F, B —> T(X), given by ^2 ai® hi ^-> 

^ctihi, is an isomorphism. We claim that B = AQ. Let £ G ¥q, then 

file:///fn-lj
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It is clear that <J(& + #,-) = g{ + gj, and a{gigj) = gig^ so B C A0. Since {pi , . . . , gt} 

generates T(X) we have that {g\l .. .g\l \ ij > 0} spans T(X); choose a basis £ from 

this set. Now, let / G AQ and write / = J^H ^ ^ I 1 • • • 9\l •> ai e ^- Then 

Thus a* = a,, and so on G F9. This shows that A0 C B, and so Ao = B. • • 

Example 3.2.8 We saw in Example 3.2.2, that for the Probenius morphism Fq on 

An, that the map a takes a polynomial and raises its coefficients to the qth power. 

Thus, the condition that / G A0, namely cr(f) = / , is equivalent to the coefficients 

of / being in F,. Thus A0 = ¥q[T1, . . . Tn]. 

3.3 The Category of Affine Varieties Defined over 

F 

Here we define morphisms between varieties defined over F9, and so we construct a 

category. 

Definition 3.3.1 [Geek, 4.1] Let X, Y be varieties defined over ¥q, and let Fi : 

X —• X, F2 : Y —• Y be the corresponding Probenius morphisms. Let AQ C r (X) 

and 5 0 C T(Y) be the Fg-structures induced by F\ and _F2 respectively. A morphism 

$ : X -» y is called denned over Fg if </>*(50) C A0. 

It is clear that identity maps are defined over Fq and that the composite of two 

morphisms defined over ¥q is defined over ¥q. Hence, there is indeed a category of 

affine varieties defined over ¥q. 
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Example 3.3.2 Suppose — 1 is not a square in ¥q. Let X = Y = A1, i = \f—l and 

let ip : X —> Y be given by <p(x) = ix. Then ip is a morphism, but <p*(T) = iT £ ¥g[T]. 

Thus <̂> is not defined over Fg. 

We will give, in Proposition 3.4.6 below, a characterisation of morphisms defined over 

¥q in the case that I C A " and Y C Am are closed subsets. 

Proposition 3.3.3 [Geek, 4.1] Let X, Y be varieties defined over ¥q, Fi : X —• X, 

F2 : Y —> Y be the corresponding Probenius morphisms. Let <fi : X —• Y be a 

morphism. Then 4> is defined over F9 if and only if F2 o <\> = </> o F\. 

Proof: Let A0 C T(X), 5 0 C r ( y ) be the induced F^-structures. Suppose that 0 

is defined over ¥g, and let f E B0. Then 

0*(F2*(/)) = 0*(/9) (since / e B0) 

= P(f)9 

= W ( / ) ) (since 0*(/) 6 A0). 

Thus, for all / € B0, (F2 o 0 ) / = (0 o F i ) / . So, as i?o generates r ( F ) as a A;-algebra, 

F2 o 0 = 0 o Fi. 

Now, suppose that F2 o 0 = 0 o Fi, and let / € Bo- Then 

JW*(/)) = *•(*?(/)) 

= 0*(/9) ( s i n c e / G 5 0 ) 

= </>*(/)9-

Thus 0*(/) e 40- A 
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3.4 Embeddings in Affine Space 

In this section we show that any affine A> variety defined over ¥q is essentially a closed 

subset of some An that is the vanishing set of some polynomials with coefficients in 

Proposition 3.4.1 [Geek, 4.1] Let X be an affine variety defined over Wq, and let 

F be the corresponding Frobenius morphism. Let Fq be the standard Frobenius 

morphism, Fq(ai,..., an) = (a\,..., a%), on A". Then, for some n, there is a closed 

embedding t : X —* An that is defined over ¥q. 

By Proposition 3.3.3 this says that when X is an affine variety defined over ¥q, there 

is a closed embedding i : X —• A" such that 

is commutative. 

Proof: Let A0 C T(X) be the Fg-structure on T(X) induced by F: See Theorem 

3.2.7. Since A0 is a finitely generated Fg-algebra we may write A0 = Fg[Ti, . . . , Tn]/Io, 

for some ideal IQ C F 9 [TI , . . . , Tn]. Let / be the ideal of k[Ti,..., Tn] generated by I0. 

Then because A0 is an Fg-structure on T(X), T(X) = A0®k= (¥q[Tu ..., Tn]/I0) <g) 

k = k[Ti,..., Tn]/I. Let ir' : A;pi, . . . , Tn] —> k[Ti,..., Tn]/I be the canonical epimor-

phism, and let 7r be the composite 

fc[T1,...,Tn]-^A:[r1)...,Tn]//-^r(X). 

Then n is a A:-algebra homomorphism so there is a morphism i : X —> An such that 

7r = i*. Moreover, i is injective since n is surjective, and t(X) is a closed set in 

A" being the vanishing set of / . Thus t is a closed embedding. Finally, as 7r takes 

F g p i , . . . , Tn] to A0, we have that i is defined over ¥q. £k. 
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Corollary 3.4.2 In the setup of Proposition 3.4.1 we have: For each x G X there is 

an m > 0 such that Fm{x) = x. 

Proof: It follows from Proposition 3.4.1 that, for all m, t(Fm(x)) = F™(L(X)). SO, 

let x E X, and i(x) = (a>i,..., an). Then, there is an m > 0 such that each ai G ¥qm. 

So, Fgm(a1, ...,an) = (a1,...,an), but Fqm = F™. Thus, 

i(x) = Fqm(i(x)) = t{Fm(x)) 

and so Fm(x) = x, because t is injective. JL^. 

Let V, X be the vanishing and ideal operators in A". We have, from the proof of 

3.4.1, that i(X) = V(J) since T(X) ^ k[Tx,.. .,Tn]/I. 

Corollary 3.4.3 [Geek, 4.1] Let X be an affine variety defined over ¥q by a Frobenius 

map F. Then, 

1. F is bijective; 

2. the set XF of F9-rational points is finite. 

Proof: 

1. We first show that F is injective. Suppose that x,y G X, and F(x) = F(y). 

Choose an t as in Proposition 3.4.1. Then LF(X) = tF(y), and so Fq(t(x)) — 

Fq(i(y)), but Fq o L is injective so x = y. Thus F is injective. 

Now let x € X. By Corollary 3.4.2, there is some m > 0 such that Fm(x) = x. 

Thus F(Fm'1(x)) = x and so F is surjective. 

2. First, for all x G XF, F,(i(x)) = t(F(x)) = L{X). Thus, L(XF) C (An)F" = FJ, 

which is finite. Then, as t is injective, XF is finite. 
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In light of the discussion above we see that we can restrict our attention to closed 

subsets of An that are defined over F9. 

Proposition 3.4.4 [Geek, 4.1] Let X be an algebraic set defined over ¥q. Let A0 be 

the Fg-structure on T(X) induced by F = Fq. Then, for a closed subset Y of X, the 

following are equivalent: 

1. F(Y) C Y; 

2. F(Y) = Y; 

3. X{Y) may be generated by a subset of AQ\ 

4. Y = V(S) for some S C A0. 

Proof: 

(1 =>• 2) Let y G Y then, as F is bijective, there is a unique x G X such that F(x) = y. 

We show that x eY. Choose an m > 0 such that Fm(x) — x, then Fm~1(y) = 

x. Thus x is in the image of F, which by hypothesis is contained in Y. So 

F(Y) = Y. 

(2 =>• 3) We first show that / = T(Y) is invariant under a. Let / G / , let y £ Y, and 

let g G T(X) be such that g = a(f); that is F*(g) = f9. Then g(F(y)) = 

^*{g){y) = fg(y) = 0. So g vanishes on F(Y), which is equal to Y, and so 

9 e l(Y). 

Now, let S1 be a finite set of generators for / . Then, from the proof of Proposition 

3.2.7, we may assume that S consists of elements fixed by a, equivalently S C 

A0. 

(3 = > 4) Let S be a generating set for I(Y) that is contained in A0. Then Y = V(S). 
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> 1) Let / e S. Then, by Theorem 3.2.7, S C A0 means that F*(f) = /«. So, for 

y e Y, we have f(F(y)) = F*(f)(y) = f*{y) = f{yY = 0. Thus, F(y) € Y and 

F(Y) C Y. 

A 

Notice that the proof (1 =>• 2) did not require that X be an algebraic set with 

F = Fq. Thus it is true for any affine variety X defined over ¥q by a Frobenius map 

F. 

Proposition 3.4.5 [Geek, 4.1] Let X be an algebraic set defined over ¥q by the 

Frobenius map F = Fq. If Y C X is closed and the conditions in Proposition 3.4.4 

are satisfied then F\y is a Frobenius morphism for an Fg-structure on Y. 

Proof: Let </> = (F\Y)*, and let / = Z(Y). We have that / is F*-stable, because 

F(Y) = Y. Then 4> is injective, as F\y is surjective. Identifying T(Y) with T(X)/I 

we obtain 

#r(y)) = 4>(r(x)/i) = F*(T{X))/I = v{xy/i = v{yy. 

Thus 0(r(Y)) = r (F ) 9 . Finally, Xf + Ie T(Y), then there is some m > 0 such that 

(F*)m(f) = fim, and so (f>m(f + I) = {F*)m(f) + I = pm +1 = ( / + 7)«m. Thus F | y 

is a Frobenius morphism. ^A 

We now give the promised characterisation of morphisms defined over ¥g between 

algebraic sets that are defined over ¥q. Suppose that X C A" and Y C Am are 

algebraic sets with F(X) = k[Tu . . . , Tn]/I and r(K) = k[Su ..., Sm]/J. Recall, that 

given a fc-algebra homomorphism <f> : T(Y) —> T(X) we can construct a morphism 

tp : X —-> Y such that </?* = cj) as follows: Put fi + I = 4>(Si + J), and then let 

(p = ( / i , . . . , / m ) . The restriction of ip to X is the desired map. See [Hartshorne, 1.3]. 

Proposition 3.4.6 [Geek, 4.1] Let I C A " , y c A r a be varieties defined over F„ 
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and let ip : X —> Y be a morphism. Then, ip is defined over ¥q if and only if 

V = (/i, • • •, /m), for some / l 5 . . . , fm G F , [7 i , . . . , Tn\. 

Proof: Let A0 and B0 the the Fg-structures on T(X) and r(Y) respectively. 

It is clear that if ip = (fi,...,fm), for some fi,...,fm £ F j T i , . . . , Tn] then </? 

commutes with Fq, and thus <p> is defined over F9. 

Conversely, if <p is defined over ¥q, that is (p*(Bo) C ^40 then the / i , . . . / m dis­

cussed above are elements of Fg[Ti, . . . , Tn], as the Si + J G BQ. ^A 

3.5 Lang's Theorem 

From now on knowledge of linear algebraic groups is assumed. In this section we give 

a brief overview of what it means for a linear algebraic group to be defined over ¥q, 

and we prove Lang's theorem which, as we shall see, is important in the study of 

Deligne-Lusztig varieties. 

Definition 3.5.1 [Geek, 4.1] Let G be a linear algebraic group. If G is defined over 

¥q as a variety, and the multiplication and inversion maps are defined over ¥q, then 

G is defined over ¥q. 

Example 3.5.2 Let G = GLn(k). Then G is defined over ¥q. Indeed, as a principal 

open set of A" , we have that G is a closed set i n A ^ 1 ' 2 ; a principle open set is the 

non-vanishing set of a single polynomial. It is given by V(Tdet — 1). The polynomial 

det has coefficients in ¥q, and so G is defined over ¥q. It is clear that the multiplication 

is defined over Fg, and the inversion map is seen to be defined over ¥q using the adjoint 

formula for the inverse of a matrix. 

As should be expected, it is the groups GLn that are the special objects in the category 

of linear algebraic groups defined over ¥q. The strategy is to combine Proposition 
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3.4.1 with the linearisation of affine algebraic groups to obtain, for any afflne algebraic 

group G defined over ¥q, a closed embedding (p : G —> GLn that is defined over ¥q. 

See [Geek, 4.1] for further details. Diagrammatically we have, for all G there is an n 

and a group homomorphism 9? such that 

G—-GLn 

G — G 

commutes. 

Definition 3.5.3 [Geek, 4.1] Let G be a linear algebraic group defined over ¥g, and 

let F : X —> X be its Frobenius morphism. Then, the map L : G —> G, given by 

L(g) = 9~1F{g)) is called the Lang map induced by F. 

Definition 3.5.4 Let X, Y be varieties. A morphism 0 : X —> Y is called dominant 

if <j>(X) is dense in Y. 

Theorem 3.5.5 (Lang's Theorem) [Muller] The Lang map is surjective. 

Proof: The group G acts on itself by g • x = g~1xF(g). By [Springer, 2] there 

is a closed orbit O for this action. Thus, if x € O, the map <p : G —> O given by 

ip(g) = g • x = g~lxF{g) is a dominant morphism. We show that <p has finite fibres. 

It then follows from [Humphreys, 4] that dimG = dimO. 

Let ip : G —> G be given by ip(g) = xF(g)x~1. Then the fibre over x of ip is the 

set of fixed points of ip. Since F is a Frobenius map there is some m > 0 such that 

Fm(x) = x. Set h = xF{x) • • • Fm-1{x). Then Fm{h) = h, but Fm is a Frobenius 

morphism that defines G over ¥qm; see [Geek, 4.1]. Thus, h is an element of the group 

GFm which is finite by Corollary 3.4.3. So h has finite order; let r be the order of 

h. Now, for g 6 G, it is easy to see that ipmr(g) = Fmr(g). Thus the fixed points of 

tpmr lie in Gpmr which is finite. So -0mr has finitely many fixed points, but every fixed 
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point of ip is a fixed point of ijjmr. Thus, ip has finitely many fixed points, and so the 

fibres of <p are finite. 

S o O C G have the same dimension, but G is connected and hence irreducible; 

O is also irreducible being the image of G by ip. It follows, since O is closed in G, 

that G = 0. Thus 1 e O, and so G = {g • 1 | g e G} = L{G). So L is surjective. ±k 



Chapter 4 

Flag Varieties of Linear Algebraic 

Groups 

In this section G denotes a linear algebraic group, and k is an algebraically closed 

field. Our task in this section is to define a Borel subgroup B of G, and study the 

coset space G/B. This space is called the flag variety. It is the last major piece of 

the Deligne-Lusztig varieties puzzle. 

Understanding the variety structure of G/H, when if is a closed subgroup, is in 

general difficult; for our purposes it suffices to know that it has the quotient topology. 

The details are in [Springer, 5.5]. 

The material found in this chapter is in most books about linear algebraic groups, 

but we recommend [Springer] as a reference for the presentation given here. This is 

because there are two equivalent, yet very different, approaches to collecting the 

results found in this chapter: The main difference is in the definition of parabolic 

subgroups. We say that a subgroup P is parabolic if G/P is complete (Definition 

4.2.1), and then prove that a subgroup is parabolic if and only if it contains a Borel 

subgroup (Theorem 4.3.4). In [Borel] and [Humphreys] these roles are reversed. 

41 
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4.1 Complete varieties 

Definition 4.1.1 [Springer, 6.1] An algebraic variety X over k is complete if for 

any variety Y over k the projection morphism X x Y —» F is closed. 

It is typical to compare completeness for varieties with compactness for locally com­

pact Hausdorff spaces; this comparison is made in both [Springer] and [Humphreys]. 

The reason for this comparison is that a locally compact Hausdorff space X is com­

pact if and only if it satisfies the condition in Definition 4.1.1 with Y replaced by any 

locally compact space. The following result strengthens the analogy. 

Proposition 4.1.2 The image of a complete variety under a morphism is complete. 

Proof: Let X be a complete variety and let ip : X —> Y be a surjective morphism. 

Let Z be any variety and let C be a closed subset of Y x Z. Consider the following 

commutative diagram: 

X xZ-Z-^YxZ 

Z 

where p and q are the second coordinate projections. Then p(C) = q((<p, idz) 1(C)) 

which is closed by completeness of X. Thus Y is complete. AA 

It is obvious from Proposition 4.1.2 that completeness is preserved by homeomor-

phisms. 

Example 4.1.3 Let X be a complete variety, and (ft '• X —> Y a morphism with 

graph Q = {(x, 4>{x)) \ x € X}. Then Q is complete, being homeomorphic to X. 

Example 4.1.4 If X is a singleton then X is complete. Indeed, for any variety Y 

the projection X x Y —• Y is a homeomorphism. 
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Example 4.1.5 Let X = Y = A1. Then I x 7 = A2. The image of the closed set 

{{x,y) | xy = 1} C X xY under the second coordinate projection is the non-closed 

set A1 \ {0}. Thus A1 is not complete. 

Proposition 4.1.6 [Springer, 6.1] Let X be a complete variety. 

1. A closed subvariety of X is complete. 

2. If Y is a complete variety then so is X x Y. 

3. If <f> : X —• Y is a morphism of varieties then <f>(X) is complete, and closed in 

Y. 

4. If X is a subvariety of a variety Y then X is closed in Y. 

5. A variety Y is complete if and only if the irreducible components of Y are 

complete. 

6. If X is irreducible then any regular function on X is constant. 

7. If X is affine then X is finite. 

Proof: Suppose X is a complete variety. 

1. Let Y be a closed subvariety of X, and let Z be any variety. Then the projection 

map Y x Z —» Z is the restriction, to the closed subset Y x Z, of the closed 

map X x Z —> Z, and hence is closed. So Y is complete. 

2. Suppose that 7 is a complete variety. Then for any variety Z the projection 

(X x Y) x Z —> Z is the composite of the closed maps X x (Y x Z) —>YxZ 

and Y x Z —> Z. Thus it is closed. 

3. Suppose 4> '• X —> Y is a morphism. Then its graph £ is a closed set in X x Y 

[Springer, 1.6]. Thus, by completeness of X the image of Q under the projection 

X x Y —*• Y is closed. This image is 4>(X). We have seen in Proposition 4.1.2 

that 4>{X) is complete. 
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4. If X is a subvariety of Y then X is the image of the inclusion morphism, and 

so is closed in Y by (3). 

5. If X is complete then each irreducible component is complete, by (1). 

Conversely, if each Xi is complete, and Y is any variety then a closed set C in 

X xY can be written C = (J C* where Cj = C D (Xj x F) . So the image of C 

is closed in Y being a finite union of closed sets. 

Note that this fact together with Example 4.1.4 shows that a finite variety is 

complete. 

6. Suppose that X is irreducible, and that / : X —• k is a regular function. Then 

/ defines a morphism / : X —> A1. X is irreducible so f(X) is also irreducible, 

and by (3) is closed in A1. So if / is non-constant then f(X) = A1 because 

dim(A1) = 1. This would imply that A1 is a complete variety, which by Example 

4.1.5 is not the case. Thus any regular function on X is constant. 

7. Suppose first that X is affine and irreducible. Then by (6) any regular function 

on X is constant so Ox = k. But, X is affine so Ox = T(X). Thus T(X) = k. 

This shows that T(X) is a field, and thus X is a point. 

So, given that an affine variety X has finitely many irreducible components, 

and that each such component is a point, we have that X is finite. 

So far we have seen an example of a non-complete variety, but the complete varieties 

that we have seen have not been very interesting. Fortunately, there is a large class 

of interesting varieties that are complete. First we state a lemma from commutative 

algebra. 

Lemma 4.1.7 (Nakayama's lemma) [Atiyah-MacDonald, 2] Let R be a ring, and 
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M C R a maximal ideal. If A is an i?-module such that A = MA then there is an 

x e A \ M such that xA = {0}. 

Theorem 4.1.8 [Humphreys, 6.2] Projective varieties are complete. 

Proof: Since a projective variety is a closed subvariety of P n for some n, and a 

closed subvariety of a complete variety is complete by Proposition 4.1.6, it suffices 

to show, for each n, that Pn is complete. So what we have to show is that, for any 

variety Y, the projection map Pn x Y —» Y is closed. 

We reduce to the case that Y is affine and irreducible. First, if the irreducible 

components of Y are {Yi}i<m, and C C Pn x Y is a closed set then C D Pn x Yi is 

closed for each i. So, if the projection P n x Yi —> Yi is closed then so is the projection 

Pn x Y —• Y. Now, a subset C is closed if and only if its intersection with each element 

of an open cover is closed. We can cover Y by finitely many affine open subsets; say 

Y = UYi. Then the sets Pn x Yi form a finite open cover of Pn x Y. So the projection 

Pn x Y —• Y is closed if and only if each of the projections Pn x Yi —> Yi are closed. 

Thus, we may assume that Y is affine and irreducible. 

Let Y be an irreducible affine with R = T[Y], and let Ui = {[xo,..., xn] | Xj ^ 0} 

so that {[/j}"_0 is the standard affine open cover of P". Let Vi = Ui x Y, then {Vi}Q=1 

is an affine open cover of P" x Y. Moreover, 

T[Vi\ - T[Ui x Y] 

= r[Ui] ® r[y] 

= k[X0/Xi,...,Xn/Xi]®R 

— R[Xo/Xi,..., Xn/Xi\. 

Let C C Pn x Y be closed, and let y e Y \ p(C). If there is an / G R such that 

/ ^ I({v}) a n d / £ 1(p(C)) then D( / ) is an open neighbourhood of y that does not 

meet p(C). Doing this for all y 6 Y \p(C) shows that p(C) is closed. 
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Let S = R[XQ, . . . , Xn], with the usual grading by degree 5 = 0 Sm. Now define 

Im = {f e Sm | f(X0/Xh..., Xn/Xi) G 1(d) for all i) where d = C n l i Then 

let 7 be the homogeneous ideal 7 = ® 7m. Note that, as elements of the fraction 

field, if / G Sm then f(X0/Xh . . . , X n / % ) = (^)f(X0,.. .,Xn). 
i 

We first show that for all g G 1(d) there is some m such that -X f̂/ G 7m. 

Fix an i G {0, . . . , n } , and let g G 1(d). Then g is in particular an element 

of Ri = R[Xo/Xi,...,Xn/Xi}. Let m = deg(g) + 1. Then X?~lg G Sm_i, thus 

{X?-1 /X?-l)g G i?j. It is clear (since g vanishes on d) that (X^/Xf-^g is de­

fined and vanishes on Q n ^ - , but dnVj = CnV-D^- = CjCiVi thus (X?~l / X?~l)g 

vanishes on Cj fl V$. Now, Xi/Xj vanishes on V̂  \ Vi, and so (X™ / X™)g vanishes on 

(Cj \ Vi) U (Cj n V$) = C,-. This is true for any j thus X™g G 7m C 7. 

The sets C, and C/j x {?/} are disjoint closed subsets of the affine variety V$, so 

1(d) and l(Ui x {y}) generate the unit ideal in r(Vr
i) = Rt. Let M = l({y}), 

so X(C/j x {?/}) = Ri <S> M = M7?j. Then there is an equation 1 = /j + ^ • m^gij 

where / , G 1(d),m^ £ A7 and p^ G 7?j. We have just shown that multiplica­

tion by some power of Xi takes fi into 7. We may choose an integer m! large 

enough such that this is true for all i , and that for all i,j, X™'gij G Sm>. So 

Xf = Xf(l) = Xf(fi + ^mmj) = XP'fi + Y.j™ijX?'9ii G Im, + MSml for 

all i. So there is an m > m! such that all monomials of degree m are in 7m + MSm. 

Then Sm C Im + MSm, and hence these sets are equal. Taking the quotient by Im 

we obtain Sm/Im = M(Sm/Im), thus by Lemma 4.1.7 there is an h G R\ M (so 

h(y) 7̂  0) such that hSm C Im. In particular we have for each i that X™/i G Im, and 

so /i G X(Ci) for all i, so /i G 1(C). Now, h E R so p*(h) = h, and so /i vanishes on 

p(C). Therefore, D(h) is a neighbourhood of y that is disjoint from p(C) as required. 

A 
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4.2 Parabolic Subgroups 

Definition 4.2.1 [Springer, 6.2] A closed subgroup P of an algebraic group G is 

called parabolic if the quotient G/P is a complete variety. 

Since a parabolic subgroup is closed G/P is a quasi-projective variety, as can be 

found in [Springer, 5.5]. But G/P is complete and hence closed by Proposition 

4.1.6(4). Thus G/P is projective. Conversely if if is a subgroup such that G/H is 

projective then G/H is also complete by Theorem 4.1.8. Thus we may have taken 

the definition of a parabolic subgroup to one such that taking the quotient yields a 

projective variety. 

Example 4.2.2 Let G° be the identity component of a linear algebraic group G. 

Then G° is of finite index. So G/G° is finite, and hence complete by Proposition 

4.1.6(5). Thus G° is parabolic in G. 

Let if be a closed subgroup of G. Since the canonical map ir : G —» G/H is an 

equivariant homomorphism of G-spaces, it follows from [Springer, 5.3] that for any 

variety Z the map (n, idz) '• G x Z —> G/H x Z is an open map. Thus, as it is also 

a surjective morphism it is topologically a quotient map. 

Lemma 4.2.3 (Transitivity) [Springer, 6.2] If Q is parabolic in P, and P is parabolic 

in G then Q is parabolic in G. 
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Proof: Let Z be any variety, and consider the following diagram: 

P x G x Z 
(7T2,idGfXz) 

P/Q xGxZ 

GxZ 
(7T3,idz) 

G/P x Z • 

• ^ G x Z -^ G/Q x Z 

p i 

P3 -^z 

where / / is multiplication restricted to P x G, 7ri,7T2,7r3 are the canonical quotient 

maps, and Pi,P2,P3 are coordinate projections. Note that every map in the above 

diagram is the identity in the Z-component, and so the diagram commutes. 

We need to show that the map p\ : G/Q x Z —• Z is a closed map, whence 

Q is parabolic in G. Let A C G/Q x Z be closed, let B = (-KI,'K\Z)~1{A), and 

C = (fjf, i&G-xz)~l{B). Then C is a closed set in P x G x Z, which maps to A. So by 

the commutativity of the diagram it suffices to show that the image of C in Z, when 

sent around the diagram in the counterclockwise direction, is closed in Z. 

Let D = (7r2,idGxZ)(C). We show that (7r2, idGxZy1(D) - C; that C C 

(7r2,idGxz)_1(-D) is clear. Let (pQ,g,z) G .D, with (p,g,z) G C, and let (p',g',z') G 

(7r2,idGxZ)_1(pQ,y,z). Then (pQ,g,z) — (p'Q,g',z'), and thus z = z', g = g' and 

pQ = p'Q. Since pQ = p'Q we have p_ 1p' G Q, and so there is some q £ Q such 

that p' = pq. Now, (p, g,z) E C so (̂ rp, 2:) G B, but 5 , being the full pre-image of 

A, has the property that if (h, x) G B then (/ig, x) G B for all q £ Q. Thus, for 

all q E Q, (gpq,z) G B. In particular (gp',z) G i?, and so (p',g,z) G C. Hence 

( v ^ i d c x z ) - 1 ^ ) C C and so (n2,idGxz)~1(D) = C which is closed. It follows that 

D is closed because ( ^ i d c x z ) is a quotient map. 

Let E = p-i{D). Since Q is parabolic in P the variety P/Q is complete. Thus, 

P2 is a closed map, and so E is closed. 
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Let F = (7r3,idz)(£). We show that (7r 3 , id z )~W = E. Let (gP,z) E F with 

G?,z) E £ , and let (#',z') E {^idz)-\gP,z). Then (<?P,z) = (g'P,z!), so z = z' 

and gP = g'P. Now, C7~V 6 P so there is some p E P such that g = </p. Since 

(5,2) € £? there is some p' E P such that (p',g,z) E C, and thus (gp',z) E B, and 

so {g'pp1, z) E B. Let p" = pp' so that (gV, z) E B which yields that (p",g', z) E C, 

and so is mapped into E by p2 o (n2,idz)- But P2((^2,^z)(p",g', z)) = (g',z), thus 

(flf',2) E E. Thus, (Trs^dz)-^^) = E which is closed in G x Z. It follows that F is 

closed because (7r3,idz) is a quotient map. 

Finally, we show that p3(F) is closed in Z. Indeed, P is parabolic in G so G/P is 

complete. Thus p$(F) = Pi(A) is closed in Z. So G/Q is complete, and Q is parabolic 

in G. A 

Lemma 4.2.4 [Springer, 6.2] 

1. If Q is a closed subgroup of G containing a parabolic subgroup P then Q is 

parabolic. 

2. P is parabolic in G if and only if P° is parabolic in G°. 

Proof: 

1. Let Q be a closed subgroup of G containing a parabolic subgroup P. Since G/Q 

is the image of the complete variety G/P, under the morphism gP 1—» gQ, it is 

complete by Proposition 4.1.6(3). Hence Q is parabolic in G. 

2. For both implications we will use that G° is parabolic in G; see Example 4.2.2. 

Suppose that P is parabolic in G. Then P° is parabolic in P, and so by 

transitivity (Lemma 4.2.3) we have that P° is parabolic in G. Then, as G°/P° 

is closed in G/P°, it is complete. Therefore P° is parabolic in G°. Conversely 

suppose that P° is parabolic in G°. Then since G° is parabolic in G, we have 
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P° is parabolic in G by transitivity. Thus, by (1), P is parabolic in G since it 

contains the parabolic subgroup P°. 

A 

Lemma 4.2.5 [Springer, 6.2] Let X and Y be homogeneous spaces for G, and let 

4> : X —• Y be a bijective G-morphism. Then X is complete if and only if Y is 

complete. 

Proof: Recall, [Springer, 5.3], that under these hypotheses the map ((f), idz) : 

I x Z - > 7 x Z i s a n open map. So (4>, i&z) is bijective, continuous and open. In 

other words it is a homeomorphism. In particular it and its inverse are closed maps, 

thus X is complete if and only if Y is complete. AA 

The following theorem is really the heart of the section. It is the main tool that we 

use to study Borel subgroups in the next section. 

Theorem 4.2.6 [Springer, 6.2] A connected group G has no proper parabolic sub­

groups if and only if G is solvable. 

Proof: By assumption G is linear so we may take G to be a closed subgroup of 

GL(V) for some (finite dimensional) vector space V. 

Suppose that G has no proper parabolic subgroups. Since G C GL(V) we have 

that G acts on P(V), and this action has a closed orbit X [Springer, 2]. So X is 

closed in P(V), and hence, by Theorem 4.1.8, X is complete. Let x G X and let P 

be the isotropy group of x. Define a map 0 : G/P —» X by gP *-> g • x. Then 4> is 

a bijective morphism of homogeneous G-spaces, and so G/P is complete by Lemma 

4.2.5. Thus P = G since G has no proper parabolic subgroups, and so X = {x}. 

Let x\ be a representative of x in V. Then span{xi} is a G-stable subspace. 
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Let m < dim(V), and suppose that {x i , . . . , xm} is linearly independent such that 

for each i € { 1 , . . . , m} the subspace spanned by {x\, . . . ,£*} is G-stable. Let W = 

spanjxi , . . . ,xm} and V = V/W. Then G acts on P(V'), and as above this action 

has a closed orbit X, consisting of a single point {x}. Let xm+i be a representative 

of x in V. Then {x i , . . . , xm+i} is such that for each i £ { 1 , . . . , m + 1} the subspace 

spanned by {x i , . . . , xi} is G-stable. 

Thus, there is a basis {x i , . . . , Xdim(V)} such that for each i £ { 1 , . . . , dim(V)} 

the subspace spanned by {x i , . . . , x,} is G-stable; that is there is a basis H of V such 

that, for all g E G the matrix of g with respect to H is upper-triangular. Thus, G is 

isomorphic to a subgroup of the upper-triangular subgroup in GLn, which is solvable. 

Hence G is solvable. 

Conversely suppose that G is solvable. Recall G is connected by hypothesis. We 

proceed by induction on dim(G). Suppose that dim(G) = 0 then G, being the trivial 

group, has no proper parabolic subgroups. Now suppose that dim(G) > 0, and let 

P C G be a proper parabolic subgroup of maximal dimension. By Lemma 4.2.4(2) 

the identity component P° of P is parabolic, moreover dim(P°) = dim(P) so we 

may assume that P is connected. Let (G, G) be the commutator subgroup, and let 

Q = (P, {G, G)). Since (G, G) is normal Q = (G, G)P. Moreover, (G, G) is a closed 

connected subgroup [Springer, 2] whence Q is a closed connected subgroup containing 

P. By Lemma 4.2.4(1) Q is parabolic, so by maximality of P, Q = G or Q = P. 

Suppose that Q = G. The set (G, G)/{G, G) n P is a homogeneous (G, G)-space 

with respect to left multiplication, as is the set GjP. Let 

<f>:{G,G)/{G,G)nP^G/P 

be given by x(G, G) n P i-> xP. Note that 0 is well defined since (G, G) n P C P. 

Then 0 is a morphism of (G, G)-spaces which we claim is bijective. Indeed, if 

</>(x(G,G)nP) = </»(y(G,G)nP) 
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then y~lx G P, but x,y e (G, G) so y~xx G (G, G) n P. Thus 4> is injective. Now let 

gP G G/P then, since Q = G, we may write 5- = p'p for some g' G (G, G) and p E P. 

Then gP = g'pP = g'P = (f>(g'(G,G) D P). Thus 0 is surjective. Thus, by Lemma 

4.2.5, (G, G) fl P is parabolic in (G, G) since P is parabolic in G. Since G is solvable 

dim((G, G)) < dim(G) so, by induction, (G,G) has no proper parabolic subgroups. 

Thus (G, G) n P = (G, G), and so (G, G) C P, but this implies that Q = P, which is 

a contradiction. 

Suppose that Q — P. Then (G, G) C P which gives that P is a normal subgroup 

of G. In this case G/P is affine [Springer, 5.5.10], but G/P is is complete since P is 

parabolic. Thus G/P is finite being both affine and complete; Proposition 4.1.6(7). 

Moreover, G/P is connected since G is, so G/P is the trivial group showing that 

P = G which is a contradiction. AA 

Notice that in the proof of Theorem 4.2.6, particularly in the forwards direction, we 

were interested in how G acted on complete varieties. This connection is further 

explained in the next section by Borel's fixed point theorem. 

4.3 Borel Subgroups 

Definition 4.3.1 [Springer, 6.2] A subgroup B of G is called a Borel subgroup if 

B is maximal among closed, connected, solvable subgroups. 

Example 4.3.2 Let G = GL„ and let B be the subgroup of upper-triangular matri­

ces. Then B is a Borel subgroup. 

Corollary 4.3.3 (Borel's fixed point theorem) [Springer, 6.2] Let G be a con­

nected, solvable, linear algebraic group, and let X be a complete G-variety. Then 

there is a point of X fixed by all elements of G. 

Proof: There is a closed orbit for the action of G on X [Springer, 2.3]. Then, as 
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in the proof of Theorem 4.2.6, the stabilizer of a point x G X is a parabolic subgroup, 

which by Theorem 4.2.6 is the whole of G. jCk. 

The following characterisation of parabolic subgroups is taken as the definition in 

[Humphreys]. It is a powerful theorem that equates the technical condition that G/P 

be complete with a simple containment relation. 

Theorem 4.3.4 [Springer, 6.2] A closed subgroup of G is parabolic if and only if it 

contains a Borel subgroup. Furthermore, if B is a Borel subgroup and P is a parabolic 

subgroup then P contains a conjugate of B. 

Proof: We may assume by Lemma 4.2.4(2) that G is connected. Let P be 

a parabolic subgroup of G, and let B be a Borel subgroup of G. We show that 

P contains a conjugate of B. Since B acts on the complete variety G/P by left 

multiplication, by Corollary 4.3.3 there is a fixed point for this action. So, there is 

a gP G G/P such that for all b G B, bgP = gP. In other words g~lbg G P for all 

b G B. This shows that P contains a conjugate of B. This conjugate is also a Borel 

subgroup. Indeed it is isomorphic to B. Thus, P contains a Borel subgroup. 

Conversely, by Lemma 4.2.4(1), it suffices to show that a Borel subgroup is 

parabolic. Let B b e a Borel subgroup of G. Note that if G is solvable then B = G so 

B is parabolic. We proceed by induction. Suppose dim(G) = 0. Then G = {1}, being 

connected, and hence is solvable. We now suppose that dim(G) > 0, and that G is 

non-solvable. Then we can choose, by Theorem 4.2.6, a proper parabolic subgroup P, 

which by the first part of this proof contains a conjugate B' of B. Now G is connected, 

and hence irreducible, and P is a proper closed subvariety. Thus dim(P) < dim(G). 

So B' is parabolic in P by induction. Thus by transitivity (Lemma 4.2.3) B' is 

parabolic in G, and so G/B' is complete. Finally, G/B' = G/B since B and B' are 

conjugates, and so B is parabolic in G. AA 
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Corollary 4.3.5 [Springer, 6.2] 

1. Any two Borel subgroups are conjugate. 

2. If 4>: G —• G' is a surjective homomorphism of linear algebraic groups then the 

image of a parabolic subgroup is parabolic. 

Proof: 

1. Suppose that B, and B' are Borel subgroups. Then by Theorem 4.3.4 both are 

parabolic, and we have that B contains a conjugate of B' and B' contains a 

conjugate of B. Thus, B and B' are conjugate. 

2. Let 4> '• G —> G' be a surjective homomorphism of linear algebraic groups, and let 

P be parabolic in G. Let P' = 4>{P). The morphism of varieties G/P —» G'/P' 

induced by 4> is surjective so G'/P' is complete by Proposition 4.1.2. Hence P' 

is parabolic in G'. 

A 

Consider the case of G = GLn. It can be shown, see [Alperin-Bell, 2.5], that any 

subgroup that contains the upper-triangular subgroup B is either G or is one of the 

the so called staircase groups: the block upper-triangular subgroups. So any proper 

parabolic subgroup in GL„ is a conjugate of a staircase group. For the sake of having 

a picture, let n — 3. Besides B and G there are two staircase groups: one that consists 

of matrices of the form 
* * * 

*£ •£ 'F , 

yO 0 *j 

and the other consists of matrices of the form 

* * * 

0 * * • 

i 0 * * , 
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Corollary 4.3.6 Let B be a Borel subgroup of G. Then G/B is a projective variety. 

Proof: By Theorem 4.3.4 B is parabolic whence G/B is projective. AA 

We have now shown that if B is a Borel subgroup of G then the quotient G/B is 

a projective variety. Moreover, by the conjugacy of Borel subgroups, this variety is 

independent up to isomorphism of the choice of B. 

Definition 4.3.7 For a Borel subgroup B of an algebraic group G, the quotient G/B 

is called the flag variety of G. 

The flag variety is so named because, in the case of G = GLn, there is a strong 

connection between the variety G/B and the set of flags in V = kn on which G acts; 

see Section 5.5. We preview this by computing the flag variety for GL2. 

Example 4.3.8 Let G = GL2. Then G acts transitively on P1 by multiplication. So 

we have a morphism G —> P1 defined by g i—> g • [1 : 0]. The fibre of this map over 

[1 : 0] is the Borel subgroup B. Thus G/B = P1. 



Chapter 5 

Deligne-Lusztig Varieties 

In this final chapter we define the Deligne-Lusztig varieties, but not until Section 

5.4. We are still missing two pieces of the puzzle: Frobenius stable Borel subgroups, 

which we prove exist in Section 5.3, and the final mystery of "relative position" which 

is discussed in Section 5.2. Sections 5.2 and 5.3 are concerned with collecting some 

key related varieties that are mentioned in the literature, and clarifying some of the 

terminology surrounding them. Then, in Section 5.5 we examine some Deligne-Lusztig 

varieties for general linear groups in terms of flags, and this brings our journey to an 

end. 

5.1 The Variety of Borel Subgroups 

Let G be a linear algebraic group equipped with a SiV-pati in which B is a Borel 

subgroup. Then, as shown in Chapter 4, X = G/B is a projective variety called the 

flag variety for G. Sometimes in the literature, see for example [Deligne-Lusztig], the 

flag variety is referred to as the variety of Borel subgroups of G. In this section we 

explain this phenomenon. 

Let 03 denote the set of Borel subgroups of G, and define a map u : G/B —» 03 

56 
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by (j(gB) = gBg-1. 

Theorem 5.1.1 The map u is bijective. 

Proof: We first confirm that ui is well-defined. If gB = hB then g~xh G B, and 

so g~lhBh~lg = B. Thus, hBhr1 = gBg'1, and UJ is well-defined. 

If hBh~l = gBg~l then B = g~xhBhr1g, and so g~lh G NQ{B) which is equal 

to B, by Corollary 2.4.4. So, g~xh G B whence gB = hB, and u is injective. 

Now, let B' be a Borel subgroup. Then, by Corollary 4.3.5, B' = gBg~l for some 

g G G. Thus, B' = oj(gB) and ui is surjective. A V 

Using this bijection, we can transport the projective variety structure of G/B to 55 

and speak of the variety of Borel subgroups. This language is traditional, as it is used 

in the original definition of Deligne-Lusztig varieties found in [Deligne-Lusztig]. We, 

however, typically prefer to work directly with the flag variety X = G/B. 

5.2 Relative Position of Borel Subgroups 

In this section we discuss the notion of relative position of Borel subgroups and define 

some new varieties using it. We are mainly concerned here with introducing these 

varieties and sorting out the terminology as the names and notation tend to varyt, 

and so this area can be confusing to the newcomer. 

Definition 5.2.1 Let G be a linear algebraic group with a BA^-pair, where B is a 

Borel subgroup. Let Bi, B<i G B, say B\ = gBg~l and 5 2 = hBh"1. We say that B\ 

and Bi are in relative position w, for w G W, if g~lh G C(w). 

The terminology of being in relative position can be misleading as it suggests that Bi 

and £2 are in relative position w if and only if B% and B\ are in relative position w. 

This is generally not the case as g_1h G C(w) implies that h~lg G C{w)~l = C(w~1). 



5.2. Relative Position of Borel Subgroups 58 

Definition 5.2.2 [Deligne-Lusztig, 0.2] Let w G W and set 

0(w) = {(Bi,B2) G 25 x 03 | Bi and B2 are in relative position w}. 

The sets 0(w) are sometimes called Schubert cells. 

We find it more convenient to interpret these sets in terms of the flag variety: 

0(w) = {{gB, hB)eX xX | g~lh G C(w)}. 

Example 5.2.3 Let w = 1. Then 0(w) = {{gB,hB) | g~lh G B}. Thus 0(1) is the 

diagonal in X x X; in particular O(l) = X. 

(o A 
Example 5.2.4 Let G — GL2. Then W = {1,^0} where w0 = . As in the 

V V 
previous example, O(l) = X (which in this case is isomorphic to P1). If (gB,hB) G 

X x X, and g~lh G" B, then by the Bruhat Decomposition g~lh G C{WQ). Thus, we 

may write X x X = 0(1) U O(w0), and this union is disjoint. 

Example 5.2.4 portrays a general trend which we now prove. 

Proposition 5.2.5 We may write X x X as a disjoint union X x X = Y[w€W 0(w). 

Proof: Let (gB, hB) E X xX. Then, by the Bruhat decomposition, g~lh G C(w) 

for some w G W. Thus, (gB,hB) G 0(w). Moreover, if (gB,hB) G 0(w) n 0(y) 

then p_1/i G C(iu) D C(y). Hence, tu = y, and X x X = ]Jw€W 0(w). Juk. 

Note that X x X is a G-space, where G acts by g • (xB,yB) = (gxB,gyB). 

Proposition 5.2.6 Let w G W. Then G acts transitively on 0(w). 

Proof: Let Ow denote the orbit of (B,wB). So for (gB,gwB) G Om, we have 

g~lgw = w G .Biy-B and so O^ C 0(w). 



5.2. Relative Position of Borel Subgroups 59 

Conversely, if (gB, hB) 6 0(w) then g 1h G BwB, say g lh = xwy, with 

x,y € B. Then: 

gx • (B,wB) = (gxB,gxwB) 

= (gB, gxwyB) 

= (gB,gg-1hB) 

= (gB,hB). 

Thus 0(w) C Ow. So 0(w) = Ow, and G acts transitvely on 0(w). AA 

It follows that 0(w) is a locally closed subset of X x X, and hence has the structure of 

a variety; see [Springer, 2.2.3]. We refrain however from dubbing the 0(w) Schubert 

varieties. As we shall see, this terminology is already overworked. In fact the closure 

0(w) of a Schubert cell is sometimes called a Schubert variety; see [Hansen, 1]. 

Now that we have shown the 0(w) to be homogeneous spaces for G we can define 

a surjective morphism </? : G —• 0(w) given by <p(g) = g • (B,wB). So, the 0(w) are 

irreducible. We now examine the fibres over ip. As these fibres are all isomorphic it 

suffices, for our purposes, to consider the fibre over (B, wB). 

If g is in the fibre over (B,wB), then (gB,gwB) — (B,wB). It follows that 

g e B Pi w^Bw. So what we have is that 0(w) = G/(B D w~lBw). Using this we 

immediately recover the result of Example 5.2.3; that 0(1) = G/B = X. We also 

remark that, in light of Theorem 4.3.4, a Schubert cell 0(w) is projective if and only 

if w — 1. 

Example 5.2.7 Let G = GL„. We consider the longest element WQ £ W; it is 

/ l \ 

represented by the matrix WQ = . A straightforward computation shows 

V1 / 
that B fl WQBWQ = T, the diagonal subgroup. Thus O(w0) = G/T. 
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Going back to the general T is normal in N, we have that T C w lBw for 

all w € W. Thus we always have the following bounds on the dimension of 0(w): 

dim(X) < d i m ( O H ) < dim(G/T). 

We now construct another collection of objects that take the name Schubert varieties, 

see [Springer, 8.5]. Using the Bruhat decomposition it is clear that we can write X 

as a disjoint union X = [ ] w e W C(w)/B. The C(w)/B are, like their pre-images 

under the quotient map, called Bruhat cells, see [Springer, 8.5]. In [Springer] the 

Bruhat cells just defined are denoted X(w). We will not use this notation as X(w) 

is normally, that is in [Deligne-Lusztig], used to denote the Deligne-Lusztig varieties 

of Definition 5.4.1. 

Definition 5.2.8 [Springer, 8.5] Let w € W. The closure of a Bruhat cell C(w)/B 

is called a Schubert variety. 

It would be nice if the Schubert varieties 0(w) and C(w)/B were isomorphic, but as 

we now show, this is not the case. 

Let pi : 0(w) —> X be the first coordinate projection. It is clear that p\ is 

surjective. We show that the fibres of p\ are isomorphic to C(w)/B. Let gB 6 X, 

and put Y = Pi\gB). Define ip : Y -» C{w)/B by <p(gB,hB) = g~lhB. We show 

that (p is an isomorphism. First note that the codomain of <p is indeed C(w)/B, as the 

domain is a subset of 0(w). Now, if g~lhB = g~xkB then hB = kB so <p is injective. 

If xB € C(w)/B then xB = ip(gB,gxB), and (gB,gxB) € Y so ip is surjective. 

It can be shown, as it is in [Springer, 8.5], that a Bruhat cell C(w)/B is isomorphic 

to A ' ^ . In particular dim(C(w)/B) = dim(C(w)/B) = l(w). Now, by the preceding 

paragraph, 0(w) is an affine bundle over X with fibres isomorphic to C(w)/B. Thus, 

d]m(0(w)) = dim(0(w)) = dim(X) + l(w); see [Geek, 2.2]. So, as they do not have 

the same dimension, the 0(w) and C(w)/B are not isomorphic. But, it is clear 

that they share a connection. As we have shown, both the 0(w) and the C(w)/B 
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give covers of their ambient spaces that are indexed by the Weyl group, and their 

dimensions are related by a simple formula. So even though it can be confusing the 

abuse of language is understandable. 

5.3 Frobenius Stable Borel Subgroups 

It is clear that when we take the F^-structure of Example 3.1.2 that the upper-

triangular subgroup B of GLn is Frobenius stable. In this section we show that any 

linear algebraic group defined over ¥q has Frobenius stable Borel subgroups. It then 

follows that if G has a BN-p&ir in which B is a Borel subgroup then we can choose 

that Borel subgroup to be Frobenius stable. 

Lemma 5.3.1 [Geek, 4.3] Let G be a connected linear algebraic group defined over ¥q 

by a Frobenius morphism F. Let 7 b e a non-empty set on which G acts transitively. 

Suppose there is a map F' : Y —> Y satisfying 

F'(g-y) = F(g)-F'(y), 

for all g G G and y G Y. Then YF is non-empty. Moreover, if the stabilizer of any 

y G Y is closed in G and there is a |/o G YF whose stabilizer is connected then GF 

acts transitively on YF . 

Proof: We first show that YF' is non-empty. Let y G Y. Then, because G acts 

transitively on Y, F'(y) — g~x -y for some g G G. Since G is connected we may apply 

Lang's theorem and write g — h~lF{h) for some h G G. So, 

F\y) = g~1-y = F ( / i " > • y 

which implies that F(h) • F'(y) = h- y. Hence F'(h • y) = h- y, and h • y G YF'. 

Now, suppose that the stabilizer of any y G Y is closed. Let yo G YF be such 

that the stabilizer of yo is connected, and let H be that stabilizer. We first show that 
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F(H) C H. Let seH. Then 

F(s) • y0 = F(s) • F'(y0) = F'(s • y0) = F'(y0) = y0. 

Thus F(s) G H, and so F(H) C if. Then, as H is closed, we have that F\H 

is a Probenius morphism for H (Proposition 3.4.5). Now, let y G YF . We show 

that y and yo are in the same GF-orbit. Write y = g • yo for some g E G. Then 

2/ = F\y) = F'(g • yQ) = F(g) • F'(y0) = F(g) • y0, and so g-lF{g) G i?. By Lang's 

theorem, applied to H, we may write g~1F(g) = h~lF{h) for some h E H. Then 

/i<7-1 G GF and Zip-1 • y = h • yo = yo- Thus ?/ and yo are in the same GF-orbit, and 

GF acts transitively on YF'. AV. 

Corollary 5.3.2 [Geek, 4.3] Let G be a connected linear algebraic group defined over 

Wg with Probenius morphism F. Then G has an F-stable Borel subgroup. 

Proof: Define F' : 03 - • © by F ' (5) = F(S) . Recall, by Corollary 4.3.5 that 

G acts transitively on 03 by conjugation. Now, for g G G, F'(g • B) = F'(gBg~l) = 

F(g)F(B)F(g)-1 = F(g) • F'(B). Thus 23F' is non-empty; that is G has an F-stable 

Borel subgroup. AA 

Since the stabilizer of any B1 G 03 is B' (Corollary 2.4.4) it is closed and connected, 

being a Borel subgroup. Thus, we have that GF acts transitively on 93F '. In particular 

Q3F' is finite since GF is finite. So G has finitely many F-stable Borel subgroups. 

5.4 Deligne-Lusztig Varieties 

Here, G is a linear algebraic group defined over ¥g by a Probenius map F. Assume 

G has a .BiV-pair in which B is an F-stable Borel subgroup. Let W be the Weyl 
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group, and X = GjB the flag variety. At long last we can define the Deligne-Lusztig 

varieties. 

Definition 5.4.1 Let w 6 W. The Deligne-Lusztig variety corresponding to w 

is given by X(w) = {gB G X | g~lF(g) G C(w)}. 

We may also regard X(w) as the subset of 05 consisting of Borel subgroups that are 

in relative position w with their image under Probenius. This is the original approach 

taken in [Deligne-Lusztig, 1.3]. 

Alternatively, if Q is the graph of the Frobenius map F, then the first coordinate 

projection 0(w) fl Q —> X(w) is an isomorphism. In fact, 0(w) C\ Q is taken, in 

[Hansen, 1.3], to be the definition of X(w). We have that 0(w) fl Q is locally closed 

in X x X and so has a variety structure. 

Note that the X(w) are denoted Xw in [Geek, 4.3] and Z(w) in [Springer, 8.3]. 

We have that X(l) = {gB | g~1F(g) G B}. This set has other interesting inter­

pretations. We now translate this into the language of Borel subgroups and relative 

position. If B' = gBg~l is an F-stable Borel subgroup then gBg~l = F(gBg~1) = 

F{g)BF(g)~1. Thus g-lF{g) € NG(£) = B, that is B' £ X(l). Conversely, sup­

pose B' e X(l). If B' = gBg'1 and g~1F(g) e B, that is if gB G X(l), then 

B = g-1F(g)BF(g)-1g. So B' = F(g)BF(g)-1 = FigBg-1) and so B' is F-stable. 

Thus X(l) is the set of F-stable Borel subgroups. Next, we give a very concrete 

interpretation of X(l). 

Lemma 5.4.2 [Geek, 4.7] Let H C G be a closed, connected and Frobenius stable 

subgroup. If F{gH) = gH then there is an h G H such that F(gh) = gh. 

Proof: We have that H acts transitively on gH by h • gh' = gh'h~l. More­

over, as F(gH) — gH and H is F-stable, we can define a map F' : gH —> gH by 

F'(gh) = F{gh). Then F'(h • gh') = Figh'h'1) = F{gh')F{h)-1 = F(h) • F'(gh'). 
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Now, the stabilizer of an element of gH is the trivial group which is closed and con­

nected. Thus the conditions of Lemma 5.3.1 are satisfied, and so (gH)F ^ 0 . This 

gives that F(gh) = gh for some h 6 H. jCk. 

Now, with the setup of Lemma 5.4.2, we show that GF/HF = (G/H)F. Indeed, 

if g E GF then gH = F{g)H = F(gH), that is gH £ (G/H)F. So there is a map 

TT' : GF - • (G/H)F given by g .-» gH, and if rf(g) = 7r'{g') then g^g' e H, but 

g~1g' £ GF so the fibres of n' are the cosets of HF. Moreover, n' is surjective by 

Lemma 5.4.2. Thus, GF/HF 2* (G/H)F. In particular GF/BF 2* (G/B)F. 

Proposit ion 5.4.3 We have X(l) = GF/BF. 

Proof: We have X(l) = {gB \ g~lF(g) e B} = {gB \ gB = F(gB)} = {G/B)F = 

GF/BF. A 

Notice that, as X(l) = GF/BF which is finite but not a point, the Deligne-Lusztig 

varieties are not generally irreducible in contrast with the Schubert cells 0(w). We 

do, however, still have a decomposition of X as the disjoint union of the X(w). 

Example 5.4.4 Let G = GLn. Then GF is just the general linear group over ¥q, 

and BF is its upper triangular-subgroup. Thus X(l) is the flag variety of the finite 

algebraic group GF. 

The next and final section is devoted to the Deligne-Lusztig varieties associated with 

general linear groups. 

5.5 General Linear Groups 

Here G = GLn(k) is defined over ¥q, as in Example 3.1.2, and (G, B, N, S) our usual 

Tits system from Section 2.2. Let V = kn and J-(V) the set of full flags in V; see 
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[Alperin-Bell, 2]. We denote an element of T{V) by (Vi). We now close the thesis 

by studying some Deligne-Lusztig varieties associated with G; we give a complete 

description in the case that n = 3, and we are also able to characterise the X(w) for 

certain w E W. To do this we exploit a correspondence between Borel subgroups and 

flags. 

Definition 5.5.1 Let (V̂ ) E J~(V). A marking of (Vi) is an ordered basis (vi,..., vn) 

of V such that, for each 1 < i < n, Vi = spanj^i , . . . , Vi}. 

Example 5.5.2 Let ( e i , . . . , en) be the standard basis of kn, and let Ei = span{ei, . . . , e^}. 

The flag (Ei), marked by e = (e i , . . . , en) is called the standard flag. 

Proposition 5.5.3 [Alperin-Bell, 2.5] The action of G on J-(V) given by g • (Vi) = 

(gVi) is transitive. 

Proof: Let (V )̂ E 3~(V), and let (vi,... ,vn) be a marking of (V )̂. Let g be the 

column matrix [vi... vn]. Then g € GLn since {vi,..., vn} is linearly independent. 

Moreover, for each i E { 1 , . . . , n} we have get = v^ Thus g • (Ei) = (Vi), and so G 

acts transitively on J-(V). JOL 

We have already used, in the proof Theorem 4.2.6, the easy fact that the stabilizer of 

the standard flag is B. It follows that the stabilizer of a full flag in V is a conjugate 

of B. Then, by the conjugacy of Borel subgroups, the map tjj : 55 —> J-(V), sending 

gBg"1 to g • (Ei) is bijective. 

Definition 5.5.4 Let (Vi), (V() E F(V). Then (Vi) and (V() are in relative posi­

tion w their corresponding Borel subgroups are in relative position w. 

More precisely, (Vi) = g • (Ei) and (V-) = h • (Ei) are in relative position w if 

gBg~l and hBh~l are in relative position w, that is if g~lh E C(w). 
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Theorem 5.5.5 Let (V )̂, (V() G F(V). Then (Vi) and (V() are in relative position w 

if and only if there is a marking v = (vi,..., vn) of (V )̂ and a marking v' = (v[,..., v'n) 

of (V() such that, for each 1 < i < n, v\ = vw^). 

Proof: Suppose that (Vi) and (V )̂ are in relative position w, and that (V*) = g-(Ei) 

and (V() = h-(Ei). Then g~lh G C(w). Writingg~ lh = b1wb2 yields b^g^hb^1 = w, 

and so letting g' = gb\ and h! = hb^1 we see that, as 61,62 stabilize (Ei), we may, 

without loss of generality, choose g, h such that g~lh = w. So, for each 1 < i < n, 

we have g~lhei = wei, which gives hew-i^ = gei. Let Vi = gei and v[ = hei. Then 

Vi = gei = hew-i{i), which implies vw{i) = gew{i) = hew-iw{i) = /ie, = v[. 

Conversely, suppose that there is a marking v = (vi,..., vn) of (V )̂ and a marking 

v' = (v[,... ,v'n) of (V() such that, for each 1 < i < n, we have v[ = vw^y Then 

define g,h G G such that fj = pe* and v[ = hei. Then hei — v[ = i>w(i), so letting 

j = w_1(z) we obtain, for all 1 < j < n, hew-\^ — gej. Thus g~1hw~1ej = e .̂ So, 

<?_1/i = iu G C(w), and the flags (V )̂, (V/) are in relative position w. AA 

We are now in position to study the Deligne-Lusztig varieties associated with general 

linear groups in terms of flags. We adopt the following shorthand. We say that a flag 

g • (Ei) G X(w) if g~lF(g) G C(w); that is we consider X(w) to be the set of flags 

whose stabilizer is in X(w). We also abuse notation and write F for the Probenius 

morphism on V. Theorem 5.5.5 tells us that X(w) is the set of flags (Vi) that have a 

marking (v^, such that (vw^) is a marking of (FVi). 

Example 5.5.6 When w = 1, X(w) is the set of flags (Vi) that have a marking (v^), 

such that (v^ is a marking of (FVi). Thus, for each 1 < i < n, FVi = Vi, and so 

X(w) consists of flags (Vi) in which each Vi is F-stable. 

We now give a complete description of the Deligne-Lusztig varieties associated with 

G = GL3 in terms of flags. 
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Example 5.5.7 Let G = GL3, w G W. We begin by deriving some necessary condi­

tions that a flag (Vi) be in X(w). 

Let w = 1. As in Example 5.5.6, if (Vi) € X(w) then FVi = Vi, for each 

1 < i < 3. 

Let «; = (12). If (Vi) € -X"(iy) then there is a marking (vi, v2, v3) of (Vi) such that 

(v2,Vi,v3) is marking of (FVi). So, FVi = spanjt^} 7̂  Vi, but FV2 = span{w2,Wi} = 

v2. 
Let w = (23). If (V )̂ e -X"(w) then there is a marking (wi, f2, f3) of (Vi) such that 

(^1,^3,^2) is marking of (FVi). So, FV1 = Vi, but FV2 = span{vi,t>3} ^ V2. 

Let w = (13). If (Vi) G A"(u>) then there is a marking (vi,v2,v3) of (V) such 

that (v3,v2,Vi) is marking of (FVi). So, FVi = span{t>3} (£_ V2, and FV2 C\V2 = 

span{w2} 7̂  Vx. 

Let ID = (123). If (V) £ -^(w) then there is a marking (vi,v2,v3) of (V) such 

that (i>2, ^3, vi) is marking of (FVi). So, FVi = span{i>2} ^ Vi, but FVi C V2. Finally, 

V2 n FV2 = span{?;2} ^ Vi. 

Let w = (132). If (Vi) G X(w) then there is a marking (vi,v2,v3) of (Vi) such 

that (^3,^1,^2) is marking of (FVi). So, FVi = span{t>3} ^ Vi, FVi 2 V2 and 

FV2 = span{u3, v^ ^ V2. Finally, V2 n FV2 = Vi. 

Let us take stock of what we have learned in the following table: 

w = 

FVi = Vi 

FVi C V2 

FV2 = V2 

FV2 n v2 = Vi 

1 

/ 

/ 

/ 

X 

(12) 

X 

/ 

/ 

X 

(23) 

/ 

/ 

X 

/ 

(13) 

X 

X 

X 

X 

(123) 

X 

/ 

X 

X . 

(132) 

X 

X 

X 

/ 

We can now see, by looking at the table, that the necessary conditions derived above 

actually characterise the X(w). 
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We finish the thesis by giving a characterisation of the Deligne-Lusztig varieties asso­

ciated with general linear groups when w is a transposition of the form w = (i,i + l). 

Theorem 5.5.8 Let w G W be the transposition w = (i,i+ 1). Then X(w) consists 

of flags (Vi) that satisfy the following conditions: 

1. If j ^i then FVj = Vj; 

2. If j = i then FVj ^ V}. 

Proof: Suppose that (V*) 6 X(w). Then, by Theorem 5.5.5, there is a marking 

(v i, ...,vn) of (V) such that (vi:..., Vi-i,vi+1,Vi, vi+2 • •• vn) is a marking of (FVi). 

So, conditions 1 and 2 are satisfied. 

Conversely, suppose that (Vi) is a flag satisfying 1 and 2. If j < i or jf > i + 1 

then, by 1, FVj = Vj, and FV}_! = V^x (V0 = {0}). So F(Vj \ V -̂_i) = Vj \ V^. If 

j = % then, by 2, FVj ^ Vj, but FV̂ - C Vj+i. So we have a marking of (Vi) of the form 

(vi, ...,Vi, Fvt, vi+2,..., vn). To see that (vi,..., Fvh vi: vi+2,..., vn) is a marking of 

(FV^) we only need to show that i>, G FVi+i\FVi, but this is true as {v\,..., Vi, Fvi} is 

linearly independent and {vi,... Vi-\, Fvi) C FVi. Thus, (vi,..., Fv^ v^ vi+2,... ,vn) 

is a marking of (FVi), and so (V) G X(w) by Theorem 5.5.5. • • 

As we have seen Theorem 5.5.5 is a useful tool. We have used it to turn the question 

of being in some X(w) into questions about F-stable subspaces. 

Here we are at the end. At times the task has been arduous, but it seems hopeful 

that we can now claim a clearer understanding of the Deligne-Lusztig varieties and 

their accoutrements; as well as a good sense of the structure of general linear groups. 
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