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ABSTRACT

Huffman encoding is studied as a loglcal
consequence of the Shannon code for discrete
noiseless channels. By means of the Kraft-
McMillan 1lnequality, a new algorithm for Huffman
encoding is given. In many cases, the algorithm
proves to be considerably shorter than previously
known methods. An upper bound is found for the
lengths of the individual Huffman code words.

In conclusion, the efficiency of Huffman codes

is discussed.
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INTRODUCTION

Information theory has its origins in the engineer-
ing problem of transmitting data accurately and effi-
ciently through telegraph lines, telephone cable, radio
bands, etc. The data may vary from the thousands of words
in the English vocabulary to a small set of numbers like
{0, 1,..., 9}; however, the transmission system is often
limited to a few symbols. Binary symbols such as positive
or negative charge and electrical pulse or no pulse are
common. |

In this paper accuracy 1s not of concern, since an
error-free system is assumed. It is also assumed that the
encoder produces a finite positive number D of distinct
signals that can be transmitted and then processed by the
decoder. Thus, this paper restricts itself to a discrete,
noiseless channel--a system that delivers to the decoder a
perfect copy of each distinct symbol produced by the encoder.

One measure of efficiency is the time taken to send and

K

121 be a list of possible

receive each message. Let {ai}
messages, P; the probability that ay will be transmitted at
any given moment, and ny the number of symbols needed to
encode G; Then the average length of the code for these
messages equals Z§=l n;p; - To save transmission time,

this average should be as short as possible.

A desirable property of an encoding is that it be

instantaneous; that is, each code word can be immediately
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recognized and uniquely decoded. D. Huffman [15] gave

taneous code for any finite set of messages {ai}§=l with
fixed probabilities of transmission {pi}§=l . The purpose
of this paper is to derive another algorithm for Huffman
codes. The method given here both shortens in many cases

the number of steps in the procedure and aids to elucidate

the nature of Huffman codes.

Chapter I presents commonly accepted definitions and
lemmas basic to the study of instantaneous codes. The
sources from which these details are drawn are given in
square brackets; the numbers therein refer to the
bibliography.

Since inductive arguments are frequently employed,
no mention of thils fact is made in the proofs. The form

of the argument will reveal when induction is being used.

Chapter II develops a new algorithm for Huffman encoding.
For any fixed set of probabilities {pi}§=1 , & unique
instantaneous code is constructed. The algorithm repeatedly
reduces the average length of this code. The process ceases
when further reductions would destroy the instantaneous
property of the encoding. Theorem 1 states that the al-
gorithm has relatively few steps; Theorem 3 shows that the

resultant encoding is Huffman.
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Y,

Chapter III gives examples of codes derived by applying
the algorithm in various forms. Some results that simplify

computation are illustrated.

Chapter IV describes a Huffman code with reference
to the lengths of the individual code words and in terms

of its overall efficiency.

A



CHAPTER 1

INSTANTANEQUS CODES and the KRAFT-McMILLAN INEQUALITY

DEFINITION 1: Let Z be a source of data and let A = {ai}§=1
be the total vocabulary of symbols used by Z . Then each

o is said to be a word and A a woad Lisf of K words.

DEFINITION 2: Let T be a channel consisting of encoder,
transmission line, and decoder. Let D > 2 be the number

of symbols acceptable to T . Then the set {0, 1,...,D - 1}
is said to be the coding alphabet and an integer x ,

0<x<D=-1, a2 code Zetter.

DEFINITION 3 [1, p. 46]: A bfock code, or simply a code,

relates each word ai of a word list A into a fixed

sequence of code letters. These fixed segquences are called

code words and are denoted by X, = (x1 Xy ven xni) I
is the Length of the code word X .
K
Hence a code may be denoted by {(ai, Xi)}i=l .
DEFINITION 4: A code {(ai, Xi)}§=l is said to be uniquely

decodable [1, p. 48] if every finite sequence X% .. Xu

= xl x2 eee X of up code words and X code letters is

A

distinet from every different finite sequence of v code

words Yl Y2 oo Yv =YV e Yy of A code letters.
Therefore a uniquely decodable code can decode any

code letter sequence X Xy eee Xy at most one way.

DEFINITION 5: A code {(a Xi)}§=l is said to be instan-

i’

taneous [1, p. 50] if each word received through a discrete

noiseless channel can be immediately and uniquely decoded.



An instantaneous code is a uniquely decodable code with
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Xi = X)Xy ... X § recognized as soon
as i1t is received. That is, no investigation of the subse-
quent code letters is needed to assure the decoder that

X, X

o eer Xy is a complete code word, namely, Xi .

1

DEFINITION 6: Let Xi = x1 x2 ven xn be a code word, The
i

sequence of code letters (x; x5 ... x,) with ) < n, 1is

1

called a preféx of X, [1, p. 50].

LEMMA-1: A code {(ci, X.)}ﬁ_l is instantaneous iff no X,

1 1= J
is a prefix of Xi , for all 1 and all j not egual to i .
[1, p. 51]

Proof: The sufficiency. Let the sequence

L. X0 oo = X9 X5 o0 X cee
1% 1% ry ¥1 92 In

J
be sent through the channel. By the prefix property

X Xy een X is distinct from all other code words. Also,

i

X Xy eee X is not a code word for m < n; as no prefix of
Xi is, and hence Xy Xy eee X Will not be decoded. Again

1 Xp eee Xy ¥ s Xq Xy e xni ¥y Y5 5 »-. are not code

words as Xi is not a prefix of any other code word. Therefore

Xi is uniquely decipherable as soon as X Xy e Xni is

received.
The necessity. Assume there exist code words Xi

and Xj such that Xi is a prefix of Xj . Consider the

sequence

Xi Xj vee = X Xy ...xni Y1 ¥y e ynj ceee



Ir n, = nj s Xi = Xj , and the sequence cannot be

uniquely decoded. Assume ng < nj . Then X Xy eee X

could be either Xi or the first n, code letters of Xj
-0 decision could be made, if at all, until at least one
more code letter is examined. In any case the sequence

cannot be both uniquely and immediately decoded. QED
LEMMA 2: [17, 20, 22; 1, pp. 53 - 61]
THE KRAFT - McMILLAN INEQUALITY

Let {ni}Ii{=1 be a set of positive integers. Then

there exists a uniquely decodable code {(a Xi)}§=l with

i’
these word lengths if, and only if,

K i
]
Zizl D i =
Proof: The sufficiency. Let {nj.}f=1 be a set of positive
-n,
i

integers such that X§=l D ~ <1. Itis enough to show
that an instantaneocus code with these word lengths can be
constructed.

Let N = max {ni}iK=l , and let 4y > j=1,2, ..., N
be the number of ng equal to j . That is, Z?=l qj =K.
Then Z?=1 qJD_j <1 or Z?=1 quN'j < D" . Hence

N N-1 N-2
dy <D - qlD - q2D - v - qN-lD .

Since qj >0, 3=1,2, ..., Nand D > 0 , the follow-
ing sequence of inequalities is formed by successively

dividing by D and rearranging the terms.

N-1 N-2 N-3
qN-l <D - qlD - q2D - e - qN_gD



By means of Lemma 1, an instantaneous code is construc-
ted as follows:

Since q £ D, q; distinct code words of length equal
to 1 are formed from {0, 1, 2, ..., q -1} . D-gq
distinct prefixes, namely {ql, q +1, ..., D - 1} , can
be used for longer code words. Thus (D - ql)D code words
of two code letters may be formed with distinct prefixes.

As q, < (D - ql)D’ the necessary code words are constructed.

=l _  pi-2

Let Y, = Dj -q quJ - e -qj-lD , for some j,

J 1
1<j <N . Assume qj code words of length j have been
formed satisfying the prefix property. Ais qj < Yj s
Yj - qj Gistinet prefixes of length j remain. In fact,

(Yj - qj)D code words of length Jj + 1 may be formed under

the prefix property. As q, ., < (¥

3 - qj)D » these code words

J
can be constructed.

The necessity. Let I = {(ai, Xi)}§=l be a uniquely
decodable code with code word lengths {n,}} . . That is,
each finite sequence of r code letters can be decoded at most
one way. Let Qr be the number of sequences of q code
words that can be formed so that each sequence has exactly
r code letters. Since each sequence must be distinct,

r

Q, <D, as there are only DY distinct r-tuples.

r



consider ( J3., D *)%=(0 T+D 2+ .. 4D T )9,

Let N = max {nl}l 1 Since each of the X2 terms of the

i Ty -y
expansion is of the form D D ... D % and there
are Q_ terms such that n. +n, + ...+ n. =r, implying that
r i i, lq
q £r <qN , then
X "% g _ rQN DT b-T
( zi=l D )t = Zr =q QD Z <gN-g+1<aN.

Since N 1is constant, and the inequality holds for all gq ,
-n,
K i -

By means of the prefix property, given the {nl}§ 1

of an instantaneous code, a representation of the code may
be easily constructed [1, pp. 52 - 53] .
One method is to construct "trees": Let D=2 .

= Note 271+ 273 4+ 2734 o 4 o~ < 1 . Procede as follows.

<< i

——

Then
n1 =1 Xl = 0
n, = 3 X2 = 100
n3 =3 X3 = 101
ny = 4 Xu = 1100
n.=4 :; X.= 1101



DEFINITION 7: Let I = {(a,, Xi)}li{=l be a code with code
K .
1 +h In 1 Naf3inrna
word lengths \nyyy_q - Define
=-n.
_ X i
Sp % Lj=1 D

Hence by the prefix property and Definition 7 with the
Kraft-McMillan Inequality, an instantaneous code may be

redefined by I = {(o,

1 ni)}§=l such that S

1 <1l

+ 1K
Then {(ai, X))}

$)75=1 Ty be constructed as illustrated on the

previous page.

ENTROPY of the SOURCE and SHANNON CODES

DEFINITION 8: Let 7 Dbe a discrete source and {ai}§—1

the word list of all possible words used by Z . Let

{pi}§=1 be given such that p, is the probability that o

is emitted (i = 1,2,...,K) with Z?=l p; =1 . If successive

words @, @ ... are statistically independent, Z 1is szid
1 2

to be a zero-memory source [1, p. 14].

A zero-memory source is completely described by {ai}§=l
K
i=1 °

For the statistical independence of Z gives the probability

and {pi}li{=l and shall be denoted Z = {(ai, pi)}

of any sequence of words 0, Q. ... O, as p. DP: ... D .
1ot n 11 42 n

DEFINITION 9: The enttopy Hp(Z) [1, p. 14] of a zero-
memory source Z = {(ai, pi)}§=l with respect to a code with

D code letters is defined by

K
Hy(2) = =[i.; pjlogy p; -



Shannon [30] indicates that -logD p; serves to measure
G, . Hence it gives the value
of the information that ey did occur. It also justifies

the use of approximately —logD Py

DEFINITION 10: Let 2Z = {(ui, pi)}K be a zero-memory

i=1

source. The n-th extension I of 2 [1, p. 20] is defined
n

by 2z = {(Bj’ nj)}§=l where the Bj are distinet sequences

- _ n
of code words Bj = (ail ai2 e O ) for 1i=1,2, ..., X

Therefore “j =P, P: +.. D, . Also

n .
K K K K

Ve Mo = 1s _q Ds 1Dy eeels _aPs =1.
J=1 73 i 1 i i,=1 i, in—l i

Thus 2" is a Zero-memory source,

n

Z" is also called a "finite delay source". In practice,

the coder waits until a segquence ¢, ¢

1 i

2 n
is received from Z and then encodes this sequence as a

. n
single word from the zero-memory source Z

}K

LEMMA 3: Let Z = {(ai, pi) =1

be a zero-memory source

n
and 7" = {(sj, "j)}§=1 its n-th extension. Then

n
HD(Z ) = nHD(Z) .

Proof [1, p. 21] : Let each Bj = (a, o, ceely ) . Then

code letters to encode ui

. ai of n words



n
ny _ K
Hy(27) = -ijl m,logy T,
n n
_ K K
EJ -1 "ylogy By i ZJ -1 T5logy b, s, 7 ZJ -1 Tjlogp By
For any » , 1 <r<n,
an 7 7K K
=liaq Tologn Do = =)S 4 D: 1083 Dy Ls _q Dy eee )5 _q Ds
j=1 "j77°D i, i 1 i, D i, 11—1 5 1n—1 i
-Zg =1 Py logD py = HD(Z) .
r r r
Therefore Hy(2") = nH(2) . QED
DEFINITION 11: Let Z = {(al, -1)} be a zero-memory

source and I = {(ai, ni)}li{=1 an instantaneous code on Z .

The average fength of I, denoted by L. , equals ZK

i=1 1p

[1, p. 66].
For a source Z = {(ai, pi)}li(=l and an instantaneous

_ K _ K
code I = {(a;, n)}_; on Z, Hy(2) = -]i; p;logyp, ;s

i

-n
- 7k i _ 7K X
SI = zi=l D , and LI = zi=l n.p, are independent of

the word list {al}§ _y + Henceforth the interests cf this
paper centre on the probabilities {pi}§=1 characterizing

the source Z and the code word lengths {ni}§ of I.

=1
For this purpose, the code I shall be denocted by the rela-

with the set of probabilities {p.}K

tion {(pi, n.)}K $Yia

i77i=1
fixed. To return te the {(ai, ni)}I;_:=l form of I , let
K
= {(ai, pi)}i=l . Then o, +p, +n, (1 =1,2,...,K)
gives the customary form, aside from trivial differences in

the case of equiprobable words.



DEFINITION 12: Let {pi}lit1 be a fixed cet ui puorbabiirties,
Then the Shamnon code [30; 1, p. 721 E = {(p., n )}

is the unique code defined by:

-logy p; <ny <1 - logyp, (i =1,2,...,K) .

-n,
By the left-hand inequality, D : <Py (i =1,2,...X) .
Therefore S. = ZK D—ni < ZK p. =1 . Hence, E is an
I i=1 - &4i=]1 *i ) ’

instantaneocus code.

LEMMA 4 [30; 1, pp. 72-73] :

SHANNON'S THEOREM on NOISELESS CODING
Let Z = {(ai, pi)}1§=1 be a zero-memory source and

n
2" = 15, nj)}§=l be the n-th extension. Let E and E°

. n
K K
be the Shannon codes {(pi, ni)}i=1 and {(nj, \)J.)}J.=l

for 7 and " , respectively. Let Ln be the average

length of E° . Then

Hy(2) < L, / n < Hy(Z) + 1/n .
n

Proof: By Definition 12, E™ = {(m )}3.{=1 is defined by:

. V.
3’ 7

~logy 7, < vy < 1 - logy Ty (G = 1,2,...,K%)

Then

n n n n
K K K X
- . < TV, < . T, = ) T.log~ T, .
2j=1 mslogy Ty < zj=l 33 zJ=l j zJ=1 ;%8 T

That is, Hp(2") <L, <1+ Hy(2") . By Lemma 3,

ny _
HD(Z ) = nHD(Z) . Hence HD(Z) <L / n < HD(Z) + 1/n . QED
Ln is the average length of the code words in o
. n
per word Bj = (ai] ai2 ves ain) in 27 . Hence, L, / n

is the average length of £ per o, emitted by Z .
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Therefore by increasing the complexity of the encoder and
decoder to transmit K- words, the average length of the code
per word from Z can be made arbitrarily close to the
entropy of the source.

However Shannon's code, while instantaneous, is often
inefficient. In the next section, an encoding is intro-

duced which is, in a sense, the best instantaneous code.

HUFFMAN ENCODING

DEFINITION 13: Let {p,};_, be a fixed set of probabilities.

A flufgman (or optimum) code [15] C = {(pi’ ﬁi)}?=l

an instantaneous code of minimum average length LC .

is

Huffman's procedure for constructing an dptimum code
for a fixed set of probabilities {pi}§=l is in two parts:
Part I:
(I :1) List all probabilities such that Py 2Dy 2 +ee 2Py -

(I:2) Let A =K (mod D-1) such that 2 <A <D.

1
(I : 3) Define a new probability list {p'}K such that

i‘i=1

i 1712, o, K- A

pk, = z§=K-A+l Py - Hence X' =K - A+ 1.
1

Repeat steps (I: 1, 2, 3) for {pi}§=l until a list is

formed with D or fewer probabilities.

LEMMA 5: In the second (or subsequent) list, let X' be
the number of probabilities. Then K' = D (mod D-1) ;

so A =K' (mdD-1) , 2< A<D, implies A=D.
Proof: Let A = XK (mod D-1) . Then by (I : 3) A of the
probabilities are summed to one new probability in the

second list and K' =K -A+1 =1 =D (mod D-1)
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Next let K' be the number of probabilities in any

list after the first and assume X! = D (mod D-1) . Then

for this list A = D . Therefore the succeeding list has

K" = K' =D + 1

1 =D (mod D-1) . QED

There are [(K - A) / (D -1)] + 1 probability lists
in this form of encoding. Let KJ, j=0,1, ..., (K-A)/(D-1)
represent the number of probabilities in each 1list, starting
with the shortest list. Denote these lists by Pj = {pi}fil )
i=0,1, ..., (K-4)/(D-1) . [The §j of pg is a superscript.]
= By Lemma 5 and step (I : 3) K, =D . Thus Kj =D+ j(D-1) ,
;‘ §J=0,1, ..., [(K-A)/(D-1)] -1 . For j' = (K-a4)/(D-1) ,

. Using this terminology, (I : 3) becomes:

?Z For Pj+1 , (K-4)/(D-1) > j > 1 , define a new probability

f : - [nd1 d .

. list PJ = {pi}i=1 such that:
: j +1
7 o = pi , 1=1,2, 0, Ky -A =Ky -]
ki K :
= I v d+l g+l

P P, = =g, Pi -

J J
Part II:

0 , assign the code words 0, 1, ..., (D-1)

. (II : 1) For
= 0 0 0
A to P1s> Pgs ++s Pp respectively.

. 5 B4 g
(I : 2) For 1< J < (K-A)/(D-1), let p = zi=Kj P

as in (I :3), l<acx< Kj . Denote the code word for
pl of length ooy W, 1=1,2, ., Ky . Then assign
. J+1 J
code words for Pj+l as follows: 15 is encoded by Xi

for i=1,2, ..., a-1 and by X%+1 L T

™
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The last D

j+1 i+ i+
p% +1° pi 12, ceey pi 1 are encoded by adding the code
J J J+l

probabilities of Pj+l ,» that is

letters 0, 1, ..., (D-1) to the prefix Xi , respectively.

Hence the code word lengths ng+1 » 1=1, 2, s Kj-l s
are the same as the ni s 1=1,2, (.., 0-1, otl, ..., Kj+1 .
Jtl _ -
But ny o=y +1, 1i-= Kj’ Kj+l, s Kj+l
EXAMPLE: For D=4 and X =14 = 2 (mod 3)
g P4 : C4 3 ¢ C3 PZ : CZ P1 : CI PO : C0
-+1.00 «
- 42 o] :
’ .20 1 20 1 20 1 20 1 .20 11
: —+.20 2 20 2(
¥ 18 3 .18 3 .18 -3 .18 3 .18 3
-+.12 00 .12 00
"""" .10 01 .10 01 .10 01 .10 01
- .10 02 .10 02 .10 02 .10 02
.10 03 .10 03 .10 03 .10 03
= .06 20 .06 20 .06 20
: 06 21 06 21 .06 21
: 04 22 04 22 04 22
3 .04 23 .04 23 .04 23
) .04 000 .04 000
i .03 001 .03 001
o .03 002
' .02 003 .02 003
- .02 0020
- .01 0021
S =1, 1=0,1,2,3 and SCll = 254 / 256 . Also Lcu =1.77.
1
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that each code Cj > 4=0,1, ..., (K-A)/(D-1) is instan-
taneous and of minimum average length; that is, all are

Huffman codes.

LEMMA 6: Let C, = {(p? nJ)}l 15 3=0, 1, «oo, (K-8)/(D-1)

19

be the encoding associated with the probability list Pj .

Then S, =1, j=0,1, ..., [(k-2)/(D-1)]-1. If

J
K =D (mod D-1) , then for j' = (K-A)/(D-1) , SC =1
J'l
if not, S <1.
Cj'

Proof: Let
-1

0 . Then ng =1, i=1,2, ..., D and

Cy li=1 D

Assume for some j , 1 < j< [(XK-A)/(D-1)] - 1, that

SCJ = 1 . Then, by Lemma 5 Kj z Kj+1 = D (mod D-1) and
Kj+l = Kj +D-1 by (I :3). Let pj denote some proba-
bility in P, such that o) = 1.3 j+1 pd™ . Then encode
P... such that nd't =nd 41 i = X,, K.+1 K Thus
j+1 i a s S Rt I I £ 3
J+1 J
_ J+l _ J J+l (na+l)
Sg. =132 =L Dt Lk
j+l i
Kj —ng -ni Kj —ng
= zi=l D + D = 1, since SC. = Zi=1 D =1.
i#a J
If X =D (mod D-1) , the above holds for Cj' s
j' = (K-A)/(D-1) . If A =K (mod D-1) is less than D ,
. )
X ‘ng -n
2i=K D “ <D implying that S, < 1. QED

j'-1 J'
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e €
H
1
l_l
[
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w
(43}
2
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“w

j=1,2, ..., (K=2)/(D-1) by (II : 2) is a Huffman code.

Proof: For all j =1, 2, ..., (K-4)/(D-1) , Sp <1,
J

by Lemma 6; so, Cj is instantaneous by Lemma 2--Huffman
encoding is a "tree" method of of assigning code words with
the prefix property. Hence it is sufficient to show that

L, is minimum, § =1, 2, ..., (K-24)/(D-1) .
J

. 0 D 0
For j =0, Cj= {(pi, .l)} hes n; =1,
i=1,2, ..., D. Thus, no n? can ve reduced, and
_ D <D S s
LCO = )i B4Py = li= P is minimum.
Assume for some Cj , 1<J < (K-4)/(D-1) , that LC
J
is minimum. Let pg be 2 probability in P, such that
j j+l pitl Gl . .
DY 2 177 . Then ng'T>m 41, i KJ, Kj+l, , Kj+l
To see this, assume nj+l < nj K, <B <K Thus
) B = Ma 2 Pty 2P Z g4
j _Jtl L
_ Kj-l -ngy ng Kj+l ng
3 = D ~+D + 1,925 D
C, i=1 i=K
j+l J
i#8
J+l
_ J+l .
= 21 1D 2 > 1, since Kj+l > Kj +2 .
i#B
But this contradicts Lemma 6.
+1 j .
It is enough if nJ ni +1, i-= Kj, L
+ +1_j+
Then L, = [;< J+l 4+l i+l = 2131 pJnJ + % f1 J 1 i 1
j+l i
B j i3 J+l J+l J+1 J+l
= z <, pyny + n ot z i z .

lra
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K

since {p3*1}.3%1 is the set of lowest probabilities in P, ..
1 1=n, JTi
by (I : 1) and (I : 3), and Ly is minimum, then L, is
J J+1
minimum. QED

Huffman [15] pointed out that the code word length iy
of the encoding equals the number of times p; was summed
to form a larger probability and these new probabilities were
in turn combined. Neumann [23, 9] gave a simple algorithm
for finding how often these combinations were performed.
An example taking the probability list previously encoded
with D=4 and K = 14 = 2 (mod 3) follows on the next page.
Neumann's method is actually a shorthand for noting
in every list how each probability was formed. Just as
in Huffman's procedure, first A = K (mod D-1) , 2 <A <D,
probabilities are summed and then D more are successively
combined. This continues until the sum 1.00 is reached.
But with each summation the construction of the new proba-
bility from the original probabilities is described in the
second column of table 2.

With respect to the example, the first step sums the
two lowest probabilities .02 and .01 to .03 , and denotes
this by .03 | ¥2 in table 2, step 2. In the second step
the four lowest probabilities are summed, namely .04,
.03, and .02 from table 1 and .03 from table 2. But since
.03 | #2 represents an implied summation of two probabilities
from the original 1ist, this implication is maintained by
shifting *2 one place to the right. Thus .12 | ¥3¥2 notes

that .12 1is the summation of five probabilities, three



Step 1

Step 3

Step 4

Step 5

Step 6

Table 1

.28
.18
.10
.10
.10
.06
.06
.ol
.04
.04
.03
.02
.02)
.01)

NN

.20
.18
.10
.10
.10
.06
.06
.04
.04
.04)
.03)
.02)

NN SN S
. - .

.20
.18
.10
.10
.10

06)
.06)
ob)
0b)

.20
.18
.10)
.10)
.10)

—~

.20)
.18)

Table 2
(.03) | *2

.12 #3%2
(.12) #3%D

.20 L
(.20) ®l
(J42) | *¥3*3%2
1.00 #Q¥7%3%D
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of which have been combined once and two twice. Note that
in step 5, .20 | ®4 and .42 | *3%3%2 are summed by first
adding the corresponding summation indicators, shifting

this total one place to the right and then registering the
number of probabilities summed from table 1.

Continuing this way, eventually the K probabilities
are summed to 1.00 . Then the implied summations may be
used to assign Huffman code word lengths ﬁi . There will
be two ﬁi =1, seven ﬁi = 2 , three ﬁi = 3, and two
A, = 4, Since Py 2Dy 2 ... 2Py, then #

K
i=1

<A, < ... <1
1= = =

is formed. Finally by the prefix

K *
and so {(pi, ﬁi)}
property, an encoding such as the one previously illustrated
can be constructed.

Neumann's method thus has one more step then Huffman's,
but the last step merely reflects the assigning of code words

of length ng = 1 to the probability 1list P, in Huffman's

0
procedure.

However, both Huffman's and Neumann's procedure have
at least (X-A)/(D-1) steps. As K increases, this becomes
more and more unwieldy. In the next section another algorithm
will be discussed, based on a method suggested by Shiva and
Sheng[32]. There, two properties of the probability set

K .
{p; ¥y, will be assumed.

First, let X = D (mod D-1) or equivalently K =1 (mod D-1) .

For if K = A (mod D-1) , 2 < A <D , then substitute

K . .
= M d .
Py Zi=K—A+l p; asin (I : 3) of the Huffman encoding

Thus X' = D (moc D-1) as desired (Lemma 5). Having found
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1
.)}K . 5 by Lemma 7 the last

the Huffman encoding {(pi, ﬁl 121

step is to assign z, =13 + 1
as in (II : 2).

Note that in the binary case with D = 2

5

K =1 (mod D-1) automatically.
Secondly, without loss of generality, take {pi}li{=1

such that Py 205 2«00 2 Py - Hence in a Huffman encoding

K ~ ~ ~
Hpys B0y 5 By <8, < uus <

i K *



CHAPTER 11
ANOTHER ALGORITHM for HUFFMAN ENCODING

) _ K
DEFINITION 14: Let I ~{(pi, ni)}i=1
-n
K i
i=1 D

be a code. Then define

Rp=1-8=1- )

LEMMA 8: Let E = {(p n.)}Ii{=l be a Shannon code. Then

i Vi

Ry zu , 2,0 - 1)D™" ; for integers a, »0<a <D.

Proof: Since a Shannon code 1s instantaneous, S; < 1, giving

E
n,=-n. n
§=1 D% 1 s =D& . That is,

[=¢)
| v

0 . Define §; = )

[92]
"

B Sl / 82 . Now D > 2 implies that for any integer a > 0 ,

-1 =0 or D*-1 = (D-1O*L+p*2 s ...+ 1)

Thus (D -1)|(DF T -1),1i=1,2, ..., K. Hence

Sl =K =1 (mod D-1) and 82 = 1 (mod D-1) .
Therefore 82 - Sl = 0 (mod D-1) and
g
Rp = (S2 - Sl) / S, = B(D-1)/D

for some integer B > 0 . By repeated application of the

Euclidean aigorithm,

z n ~H , for integers au , 0< 2, <D,
u=1 2D

n g M vnK
Finally R = (D - 1)D z“ 1 u ) = Ly=1 & (D - 1)D
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DEFINITION 15: Let {pi}?=1 be a fixed set of probabilities.

An instantaneous code M = {(pi, ng)}§=1 is said to be
minimal if LM is a minimum such that each ng is less
than or equal to ny of the Shannon code E .

By definition, a minimal code is not necessarily a
Huffman code, and vice versa. However, Theorem 3 will show

the two codes to be equivalent.

LEMMA- 9: For any fixed set of probabilities {pi}}i{=l ,

.. .. K
M = o =
there exists a minimal code N {(pi, ni)}i=l . Also Sy =1.

Proof: Let E = {(p,, ni)}§=1 be the Shannon code for
}K K

{p. Then there are at most I_

ifi=1 10 distinct codes

with each code word length less than or equal to ng . Since
the Shannon code is instantaneous, instantaneous codes form
a non-empty subclass of this set of codes. Hence M =

{(py, nO)}

155 can be chosen from the finite subelass such

that L is minimum.

M
By Lemma 2, SM <1 . Assume SM <1, Define
0_pno o
Sy = liey DX 1 ang s, = DK . then Sy =S, /8, and
S; <8, . As in the proof of Lemma 8, 8, ¥8,=1 (mod D-1) .
For 0<b<D-2, 5;,+b Z S, (mod D-1) giving 8; +b <38
Thus S1 +D-1 < S2 . And therefore
-n®

ST=S,+(d-1D % =(s,4D-1) /8, <1.
So, there exists a code M' = {(pi, n{)}§=l with nf =n¢ ,
i=1,2, ..., K-1 , nk = n% -1 and SM' =8'"<1.
By Lemma 2, M' is instantaneous and since Pg > 0, LM' < LM .

This contradicts the minimality of M . QED

5
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DEFINITION 16: Let E = {(pi, ni)}li{=1 be a Shannon code.

Then vs 1is said to be the valuation of ng

X
i=1 °
minimal code M = {(pi, ng)}§=1 can be found in at most

THEOREM 1: For a fixed set of probabilities {pi} a

[-logD pK] steps, where py 1is the lowest probability.
Before considering the algorithm needed to prove

Theorem 1, some machinery must be introduced.

DEFINITION 17: The codes considered in the algorithm are
called the yu-£fh oufer codes, yu = Nys Ng=1, ..y 2, 1 and

_ K .
are denoted Eu = {(vi, Dss ni)}i=1 . EnK, the original

K
Yo

plus the valuations vy of E .

outenr code, is composed of E = {(pi, n the Shannon
K
i=]1 ?

K-l, nK-2, «eey 2, 1 represent codes evolved from

i)
code of {pi}

Eu s H=n

En at successive stages of the algorithm. They are said to
K

be neduced outer codes.

LEMMA 10: Let wu , Ny > W > 1, represent any distinct stage

of the algorithm and let Eu be the u-th outer code. Then

: _ Tk -V
for integers a  , REu = ly=1 av(D -1Dp", 0<a <D.

Preof: For u =n, , this is immediate from Lemma 8.
Assume the hypothesis for some vy , N > B2 1.

Let u' = u =1, Then

- TH' _ Y _ -u
REu = ly=1 av(D 1)D”7 + au(D D" .
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Let M be the minimal code for {pi}I:f:l of Theorem 1.
Then by Lemma 9, Ry =0 . Also by Lemma 8, 0 < a, < D .

Hence au(D - 1)D™" can be subtracted from R; by, and only
u

by, reducing sufficient n, 2 ¥ . As all such n; are listed

in E they are then reduced, giving, for 0 2a, < D

u J
- - _ 1)p~H = g -V
REu' REu 2, (D -1)D°" = )0 1 a,(D-1)D7" . QED

LEMMA 11: Let vy, D 2 w21, be a distinet stage of the

algorithm and E _ = {(Vi’ Py» ni)}li{=1 the u-th outer code.

u
Then each n; 24, 1<i<K, is in a set of the form
{ni >y j=1,2,...,F} such that
J -n,
i,
F_op J-p,

j=1

If m is the number of such sets in E, » then D|(m - au) .

Proof: First let u = ng . Then as n, <n (1 =1,2,...,K),

K

ni >y = nK implies that ni = W . Thus each ni > uis

-n,
l .
in a singleton set {ni =y} and D T=D%". Let m

1

be the number of the sets {ni = nK} in E

1 n

K
(¥) Let b, » V=1, 2, ..., u-1 be the number of sets

{n, =v}land let b =m . Then

1, u
_ ¢k B SRR -V

SEu =15z D T = Iy 00T

By the Euclidean algorithm, bu =qD+b, 0<b<Dand

b, ¢ > 0 integers. Now

b D= (gD + b)D7H = qp¥* & bD7H
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Therefore DYV !(SE - oD™") . Also by Lemma 10,

u
= TH - =V 1-y -U
Rg vl 2,10 1)D so that D |(RE - au(D - 1)07H
H i
Since > 1, Ry +S; =1 implies D' [(Ry + 8 )
H H W W

Thus D™F |{[b + 2,(0 - DIDHL Then D |[b + 2,(D - 1)]
or D|(b - au) . As 0<ba <D, b= a, . Now
= = + = + - .
m=b =ge)+b=gD+a andso D|(m au)
Secondly, assume the hypothesis holds for some arbitrary v ,

ng>uw>1l. Let w'=u-1. Since m> 0, and Dl(m-a) ,

1
1,2,...,F} with

there are at least a sets fng 2w
J
-n

i,
E§=l D ¢ =0D"". In these a, sets, the n, are replaced by

J
ni =n; - 1 . These sets are then in the form
J J -n! 1-n
i,
s F _ ¢F _ n=u'
{nij >u' :j=1,2,...,F} and Zj=l D Y= Zj=l D J=0D
By the hypothesis, D|[(m - a,) . Therefore the remaining
(m - au) sets are combined D at a time giving (m - au) / D
sets of the form {ni >u>p' s §o=1,2,...,F'Y where ni
J -n! -n. J
: B! o F ol g
is unchanged from nij and zj=l D =D zj=l D = D
Finally any sets {ni = u'}l unreduced from the original
L
iy iy
outer code En have D =D . Let m now be the number
K
of sets {ni >u' :j =1,2,...,F'} . By the previous argument
. J
(¥), Dj(m - a,) QED

u
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. DEFINITION 18: Let u , nK >p > 1 be a distinct stage

of the algorithm with u-th outer code EU . Lét mu be
the number of sets in Eu of the form given in Lemma 10.

Define Nu,k = {nij >u o= 1’2""’FA} such that
-n,

F

A i, _ a=u . _
Zj=l D "j=D"3 x=1,2, ..., m, . These Nu’A are
said to be the p-blocks of Eu .

Thus each u-block may have one element ni =y or

1
several ny >p, J=1,2, ..., F

j M

DEFINITION 19: Let Eu > Dy 21 >1 beayp-th outer code

with u-blocks Nu,A s A=1,2, ..., mu . Let Eu, be

a reduced outer code such that p' = p - 1 with p'-blocks

Nu',k' s A =1, 2, .., mu, . VA , the common valuation
of Nu A is defined inductively as follows:
3
For every singleton p- or u'-block, say Nu y o {ni = pl ,
n -

S V,=v, =p;D (hence for u =n v

: l]_ i K ° }\a>‘=132"'°>m

is well defined as each Nu A is a singleton set). For
]

the reduced outer code Eu, s & common valuations VA'

u
é£ ave found by dividing V, by D, and (m,-a) /D of
. the VA' are derived by averaging the VA , taking D of
éé them at a time.

To be specific,

”;. VA' = VA /D, A=At=1,2, ..., au .
R - . '_ - + 1_
Let Ay, = {}: 2, ¥ D(A N 1) +1 <xx< 3, D{x ap)} )
A=t au+2,...,au+(mu-au)/D . Then V,, = ZAA' v, /D.
The remaining p'-blocks are singleton sets {ni = '}
1
unreduced from EnK with VA' = vil .
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- For programming convenience, each ny in Nu A is
B h ’
given the valuation vy = VA .
J
ALGORITHM: Repeat steps (i) and (ii) for y = g, Mp=1, ...
successively until step (iii) can be applied.
(1) List all (V> by 1y) sO that vy > vy > .uu > Vi -
(ii) If for the first listed n, , say g-= 1, 2, ..., G
=N -n
G-1 g G g
Zg=1 D S<Ry <] =10 %

a2 reduced outer code is formed as follows--otherwise

proceed to step (iii):

Consider the u-blocks Nu \ = {ni >u o= 1’2"“’FA} s

2

L J
e A=1,2, ...,m . If a #0, replace each n; in
s 1
! - - - . .
. Nu,l by ni: n; 1, A=1,2, ..., 2, Hence there
J J
are new common valuations VA' = VA / D and
T -n!
o F i,
= 2331 p Jd=pH, a=a=1,2, ..., 2, -
o Now for any value of a , Dl(mu - a,) by Lemma 11.
Combine the p-blocks Nu,k s A= au+1, au+2,,,., mu taking

them D at a time and averaging their common valuations.

N

That is, N s N (where X = au+1,

P,A 2 T A+l 2 Tt T adD-1
au+D+1, au+2D+l, vees mu-D+l ) are replaced by

-n!
r i,
. Al j _ pl-u
Ny = o} >w:j-= 1,2,...,F,} such that 2j=1 D =D
J
E - . H th ! are
E and a + 1A <a +(m a,) /D ere the nlj
unchanged from the nij 5 FA' = FA + FA+1 + ... 1 FA+D-1
and Vy, = (V, + Vy,q + oo #Vyypq) /D
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Let p' = u-1. There is a reduced outer code Eu'
with p'-blocks N , ,, , common valuations V,, , and
B o N
- J -y .
REu' = REp - 2D s 25=1 a D"" . Return to step (i).

(iii) Here, for the first listed N, &= 1, 2, vouy G,

-n
Zg=l D &= Ry - A final reduced outer code M is given

U
by replacing the ng by ng -1, g=1,2, ..., G.

As RM = 0 , no further reductions to an instantaneous code
are possible (Lemma 2). END OF ALGORITHM

LEMMA 12: Let Eu > Oy > u>1, beayp-th outer code.

Then for each u-block Nu,k ={n, >p: j=1,2, ..., F
with common valuation VA s, A=1,2, ..., m
F
A = -
zj=l pij = VD" .

Proof: For u =n this is immediate from Definitions 17

K 2
and 19. Assume the lemma holds for some w , ng>wu>1,
and let u' = p -1 . There are three cases to be considered
in the formation of p'-blocks and common valuations in Eu,

(a) If 2, #0, for A =x=1,2, ..., 3, the u'-blocks

are constructed such that Nu',l' = {ni. >ut i j o= 1’2""’FA'}
J
-' ' = - .
with ny =n; 1, for all n; in Nu,k . Hence
J J J . P
-u' 1=y, _ -H _ A _ Al
V)\rD = (V)\ /D)D) = V)\D 23:1 pij = ZJ'=1 pij .
(b) For a fixed A', a +1 <" < a, ¥ (mu -2a)/D,

let AA' again be defined by:

- . | - | B .
AA, ={ia ¢ D(A' - 2 1)+1 <x<a +DA" -a)}
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oz Then M]J'a)" = {piJ >k J = 1,2, JFAI} such th
= -n! -n
¥ 1, F i
_ A J. A J o p.opH = poH
F}\l ZA}\’ F}\ 3 J=l D ZA}\‘ ZJ:l D - D D - D 4
and V,, = ZA V, /D . Then

v, /D) =DM] v

At Ay, At A

g ) 2A j= l p - 23 1 Py

B A %

ot "1 H _ = = !

= (c) For A" > a, t (mu au) /D, Nu',k' {nil pt}

o _ait !

: and by Definitions 17 and 19 p, =v, D" =v D" . Q&D

1 1 A

; ff Since, for all nij in Nu,k s Vij is set equal to VA s

: -ny
= then v,0 " =v, ]\ D d j =1, 2 F Consequent-
= A i lj=1 I B A I W :

- o 'nij

ly VD77 = Zj=l v D . By Definition 17, for all

=5 J

= n3 7y

i ny < U, v, = piD or p; = viD .

i;' DEFINITION 20: Let E be the original outer code. Let
M be the final reduced outer code and M, the final
value of u 1in step (iii) of the algorithm. The change
in the average Length of Eu » the ju-th outer code, is
dented by ALU and is defined as:

E B ; W= nK, nK -1, «uey uo + 1

T bL, =L - L
o u p-1

ALU = LE - LM .
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DEFINITION 21: The chauge iun the average Lengih, denoted
by 4L , is given by n
an =75 g
U-UO u
Proof of Theorem 1: For the original outer code E = En )
K

ng < [-logD pK] + 1 , where Py 1s the lowest non-zero
probability and [x] is the integer part of x . Since
Hy 2 1, the number of reduced outer codes in the algorithm

(np - ) < [-logy pyl .

Since for a fixed set {pi}§=1 the original outer
code E 1is unique and AL = LE - LM > to show M is minimal
it is sufficient that AL be maximum.

For u = Ngs Ny = 1, ..., o + 1, a]J = 0 implies

that ALu =0. If au # 0 , by Lemma 12,

a F a
_ T H A _ T H -y
8L, = Iye1 Ly=1 piJ = Lo VD

Since Vi A=1,2, ..., 2, is maximum by step (i) of

the algorithm, ALu is maximum.

For Hy there exists some G , and g=1, 2, ..., G

such that [° D E=Ry .
M
0

G
H = R
ence ALUO ) =1 pg E

UQ

-n -n
G G
=] .vD & > Vng=l D &= Vg

g=l g
By step (i), Va2 Vi s 126G+ 1. Also vgq > vy/D > vg/D R
g=2,3, ..., G. For assume Vg, < vl/D . Since

ny <1- logD Py s V< D and so Vagy € 1 . Thus all

ng in M have been reduced at least once from the ni in E .

il
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QN
Then R, > (D-1)J{_,D %=

i=1

Ro SE >D > 1. But by Definition 1

Therefore all alternative sets {ni :h=1,2,...,H}

=n. h

. i
such that J,_; D B . Ry have valuations v, < v,;

Hy h

SO ALu is maximum. By Definition 21, AL is maximum.
0
Since each code word of M has length bounded by the ng

of the Shannon code E , M is a minimal code. QED

THEOREM 2: Let E {(pi, ni)}§=l be the Shannon code

for a fixed set of probabilities {pi}§=l . Let

K
1131 -

K
i=1

of minimum average length such that ng < ni , 1=1,2, ..., K

A= {(pi, n!) : ni>n Then the code M = {(p

i ng)}

i)

is a minimal code with n? < n. < n!

Proof: By Theorem 1, this is trivial when A =E . So

assume for some j , 1 <j <KX , that nj > nj . Since

n! >n 1. By

<
i-"i° E -

= Definition 12, n, < 1 - logy p; <nl implying that

i=1,2, ..., K, then SA <S

n, n!
Vj = ij J <D <vy=p,D J . Hence nj is shortened to nj
with valuation always greater than or equal to D . That is,

..... A is reduced to E . By the algorithm, E 1is reduced to M.

As the valuation has always been maximum, the proof of

Theorem 1 shows M to be a minimal code. QED

) THEOREM 3: Let E = {(pi, n )}K be the Shannon code

i’7i=1
cq e K
for a fixed set of probabilities {pi}i=l . Let
~ 1K . K
C = {(pi, ni)}i=1 be a Huffman encoding of {pi}i=l . Then
for all 1, ﬁi <ng . That is, every minimal code is a

Huffman code.
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Proof: Assume for some Jj , 1< j <X, that A, > n‘j
Let C' = {(p,, n!) : n! = max[n, 5 138
;—l, l 9 40
definition, C' can be returned to C by reducing the
ni of the form ni =n, >1 (i.e. v! < D). By

i i
a a q lq

Theorem 2, C' can also be reduced to a minimal code M .

Now there exists an n3 = ﬁj > nj s, such that vj >D .

Since ni > ng o i=1,2, ..., K, then S

ct E -
-n!
- J - - = -
so (D -1)D < 85 SC' < SM SC' S¢ SC' as

. Sy = S; =1 by Lemmas 6 and 9.

Therefore C' can be reduced to either C° or M°
-n!

where Syo = S0 = Sy + (0-1)p J <1, and
. Lo =Ly =D s Lo =Ly -p (o =19 p.  is defined
M C J ¢ C q q g=1 lq
to be the maximum possible decrease in LC’ by reducing
-n! -n!
n! =d, >n, and D 9 =7% D 9. Bug v!>D>v, ,
i i i q=1 j - i
K q q q q
1 f_n!
= ni nt nj ni
q=1,2, ...,Q ,hence p, D *<pDY or p. <p.,D 4,
1 J 1 J
. ! q
B . Nt . -n!
Then . <p.DY D % or < p,
lf That 1is, LMo < LCo . By Theorem 2, the minimal code M
;: is found such that LMo - LM > LCo - LC . Therefore
;;‘ 0 < LCo - LMo < LC - LM . Hence LM < LC » contradicting
L, is minimum. QED

C



CHAPTER TII

EXAMPLES and APPLICATIONS of the ALGORITHM

The algorithm as presented in Chapter II is in a form
sultable for computer programming. Examples will be given,

some of which show methods that can simplify computation.

EXAMPLE 1: For D = 2 ., The original encoding {(pi, ﬁi)}§=l

is taken from Huffman [15]. Twelve steps were needed in

his procedure,

Table 1
: by By Yy fig
20 3 1.60 2
.18 3 1,04 3
.10 L 1,60 3
.10 Y 1.60 3
100 b 1.60 3
"""" 06 5 1.92 }
.06 5 1.92 5
.0l 5 1,28 5
. .04 5 1,28 5
ob 5 1,28 5
= 0l 5 1,28 5
.03 6 1,92 6
01 7 1,28 6
In Table 1, Z§=l p; = 1. Also -log, p; <y <1 - logy by
n

~

(Definition 16), and #, is

”f: 1
e i

(Definition 12), v, = p,2
the length of the Huffman code words.
b -2

s, = 83/128 and so Ry = T 4272 o7 4

In Table 2, only the valuations A and the code word

lengths ny of the outer codes Eu are necessary: the proba-

bilities p; are illustrative. Common valuations are found
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by halving or averaging valuations and the final Huffman
encoding arranges the probabilities in descending order

with the resultant code word lengths in ascending order,
K

as in {(pi, ﬁi)}i=l of Table 1,
Table 2
57 : Es By
b; 1, vi Dy Dy V. By M V. Py ony
06 5 1.92 .06 5 1.92 ,06 (5)4 1.60 .20 (3)2
.06 5 1.92 ,06 5 1.92 .06 5 1.60 .10 (4)3
.03 6 1,92 ,03 6 1.60 .20 3 1.60 .10 (13
.20 3 1.60 ,20 3 1,60 ,10 4 1.60 .10 (4)3
J10 4 1,60 .10 & 1.60 ,10 4 1.60 .06 5
.10 & 1.6¢ .10 & 1.60 .10 L 1,60 .04 5}
.10 4 1,60 .. & 1.4 ,18 3 1.4 .18 3
.18 3 1.44 .18 3 1.28 .04 5 1,28 .04 5
04 5 1.28 04 5 1.28 .04 5 1,28 .0k 5}
04 5 1,28 .04 5 1.28 .04 5 1.28 .04 5
04 5 1.28 .04 5 1,28 .04 5 1,28 .03 6
04 5 1.28 .04 5 1,28 .03 6 1,28 .01 6
01 (7)6 64,01 6 1.28 .01 6 L6 06 &
E,: (1,28, .01, 7) is the only case to be considered. As

2_7 is a term of RE , 7 1is reduced to 6 , giving the

new valuation .64 =1.28/ 2.

Eg: and (.64, .01, 6) are combined,

as 2

(1.92, .03, 6)

is not a term of RE . They appear with common

valuation 1.28 = (1.92 + .64) / 2 as a 5-block in E5

-6 -6 5

since 2°° +27° =27

Multiple element u-blocks are bracketed in E5 and EM .




-33-

3% (1.92, .06, 5) 1is reduced, for it is the first

5-block on the valuation list and 277 s a term of RE .

The remaining 5-blocks NS,A s A=2,3, ..., T are
combined in order of their appearance on the list, and their
common valuations are averaged.

qu The first four code word lengths are reduced by 1

-n,
since Z§=1 o 1oyl , and these are the terms still

to be accounted for in RE . Hence, the final code word

lengths have been found (S, =1 and Lo = 3.42).

c
EXAMPLE 2: In this and subseguent examples, the probabilities
are not used after the original valuations have been computed.

However, since the {pi}§=l are in descending order, the

= ~ 1K
= R

¢ = {(py, ;)5 -

when found are written in ascending order to give

The example is tabled on the following page. As D=6 ,
and K = 29 = 4 (mod 5) , tle last four probabilities,
B namely, .004, .002, .002, and .002, are summed to p, = .0l
vi_ [denoted by parentheses]. When the Huffman code word length
fi_ for this substitute probability is found, set f, =1n_ + 1,

o i o
i= 26, 27, 28, 29 . The substitute probability p, and its

code word length ﬁa is then removed from the final encoding.

The ng and v, are defined by the Shannon code:

un

n,
;é- _1og6 D4 < ny <1- log6 P; and A pi6 l, i=1,2, ..., 25

and i=a. Sg= 101 / 216 or Ry = 5(5)6'3 + 3(5)6“2 .

n

Note that (D - 1)D 1. (5)6—l >Ry and hence ny = 1

E

cannot be reduced. Therefore to assist calculations, Vv, is

given the value 0.0 so that i1t will appear at the bottom



D=o and K =29 = 4 (mod 5)

Shannon Huffman Valuation
Code Code List
F | C~ l i
~ No Py ny vy f n, ; vy ng
1 .20 1 1.20%0.6; 1 5.40  (2)
2 .18 2 50 1 168 ()
3 .13 2 468 | 1 4,68 )
4 .13 2 L.68 1 432 1)
5 .05 2 1.80 2 4,32 (3)
6 .04 2 1.44 ! 2 4.32 (3)
7 .04 2 1.44 2 4,32 (3)
8 .04 2 1.b4 2 4,32 (3)
9 .03 2 1.08 2 2.16 3
10 .02 3 4,32 2 2.16 3
. 11 .02 3 4,32 2 , 2.16 3
12 .02 3 4,32 2 2.16 3
- 13 .02 3 4,32 |2 2.16 3
s 14 .02 3 4,32 2 2.16 3
= 15 .01 3 2.16 3 1.80 2
g 16 .01 3 2.6 3! 144 2
:i' 17 .01 3 2.16 3 i 1.44 2
B 18 01 3 2.16 3 1.4 2
. 19 01 3 2.16 3 1.08 2
- (@) p>(.01) 3 2.16 i (3) 1.08 3
o 20 005 3 1.8 {3 1.08 3
21 005 3 1.08 P33 1.08 3
22 005 3 1.08 § 3 i 1.08 3
23 .05 3 L.08 ;3 I 1.08 3
24 .005 3 1.08 i3 §§ 1.08 3
25 005 3 1.08 | 3 H 0.0 1
26 004 | v I
27 __J.ooz b
28 |.002 4 %i
29 |.002 y
S, = 1294 / 1296 and L, = 1.49 .

Q

=

-

N PP
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of th

(]

valuation list.

In E3 » step (iii) of the algorithm applies immedi-
ately, reducing the first eight ng by 1 as indicated by
the parentheses. As illustrated here, step (iii) may apply
at an early stage of the algorithm; in particular, this
offen happens when there are a number of equal proba-
bilities.

Finally, ¢ ={(p., ﬁi)}igl is found by ordering

A, < i~ < ..., < 1
1 -"2~- - g

i= 26, 27, 28, 29 .

In

. < og and setting ng = 3+1

J

Because K # 1 (mod D-1) , S, < 1. END OF EXAMPLE.

C

Three results are given which can assist in the
application of the algorithm. It is assumed that

K =1 (mod D-1)

RESULT 1: The following are equivalent:
(I) -logy p; <10y <1 - logy py

1-n. -n,

(I1) D > p; 2D 1

n

_ i
(III) 1< vy < D where v, = piD

By (II), for a given set of probabilities {p.}g

i“i=1 >

a sequence of inequalities is formed with a parallel

K
sequence for code word lengths {ni}i=l :

-1 -2

P, >D " > Dy > D~>p, > D_3 > e

=
]

n,=1; ng=2; 33

a
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. By (III), a system for finding the n. and v, for

5

{piji=l is constructed:

Let r=1, and v, = p.Dr . If vi < 1, increase

r

r until 1 < vi <D then n, =r and v, = vi

i i’

K
i=1 ?

K and either of the above suggested

If py 2Dy 2 .en 2 pg for a Shannon code {(pi, ni)}

then n1 < n2 <0 $n

methods may be used successively for P s i=1,2, ..., K,

to find n, .

RESULT 2: Let E = {(p,, ni)}§=l be a Shannon code with

Dy -u
Ry = [=p 2,(D- 107", 02, <D. Let Q
1

*%j number of ni = U, H = nK’ nK - ls seey 2:

be the
Then for

all yu , nK >u>1, there exists an integer bu such that

Q = bn D+ a
g X X
" and QIJ + blH'l + a]-H‘l = buoD + au ; nK >u>1
;;i In fact, since 0 <a <D, then b = [Q /D] and
C - U nK nK
bu = [(Qu + bu+l + au+1) / D], ng>u>1.

Proof: As in Lemma 12, there are three cases to be considered:

- (a) a is the number of u-blocks formed by reducing

L U+l

= (p+l)-blocks, n, >u>1.

K

- (b) LI is the number of u-blocks formed by com-
s bining (p+l)-blocks D at a time, N > | 2> 1.
(e) Qu is the number of u-blocks {ni = p} not

1
reduced from E , ng > ¥ 2 1.
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Therefore, let mu be the total number of p-blocks.

Then mnK = QnK , and mu = Qu + bu+l + a

By Lemma 11, Dl(m -2), l<uc<n QED

K
By means of this result, an algorithm can be constructed

to find the a, s Ng2u2> 1, o0f Rp .

e

RESULT 3: Let M = {(p. i

35 fi;) .1 be a Huffman code with

K =1 (mod D-1) . Then

"D+l T Pk-Di2 T ccr THg S ptl
Proof: This is immediate from Huffman's procedure [15]. QED

This result permits a defining of a new original outer
K

code, Let E = {(pi, ni)}i=1 be a Shannon code, and let
) : ) K _
n=ngp+t1l. Define a code E'= {(pi’ ni)}i=l by:

nl=n, , i=1,2, ..., KD

n} = min{nK_D+1, n} , 1= K-D+l, K-D+2, ..., K .

By Theorem 3 and Result 3, ﬁi < ni , 1=1,2, ..., K3
so E' can serve as the original outer code.
EXAMPLE 3: (The example is tabled on the following page.)

The {pi}§=1 are listed in descending order. By means

of Result 1, a sequence is set up:

.25 > p, .03125 > ...

v

.125 > Py

v

.0625 > P,

| v

n 5 3

g =35 n, = 4 n

c
Result 3 permits (.003, 8) and (.0015, 8) to be used
8

in the original outer code. Then vy = piZ , 1 =K-1, K.



.iiéf;‘?ﬁ,‘-’ééi!,![a‘.‘?i‘.jz r. et

s

Shannon
Code

.19
.16
12
.10
.06
.045
.04
.04
.04
.035
.03
.03
.02
.02
014
.0115
.01
.01
.01
.01
.003
.0015

=

H D W U1 O 3 0o

W 3 3 3 3 3 Oy N O Oy U1 U U1 WU WU Ul e W w3

(-
[an)

[}4

O

O O D D O &= O N

P S e T i T = o T T = R S S S e

520
.280
.920
.600
.920
440
.280
.280
.280
.120
.920
.920
.280
.280
.792
72
.280
.280
.280
.280
.768
.384

Huffman
Code

(bu+1

+ + + + 4+ + +

+
[\

nN w = Vv = = -

(1]

00O 00 1 3 ~3 N —~3 O O ON Ul Ul Ul Ul A1 U1l Ul e Wb W

p+l

)

+ 2

T e e R L e T e =i = = SR

Valuation
List

.920
.920
.920
.920
.792
.600
.520
472
440
.280
.280
.280
.280
.280
.280
.280
.280
.280
.280
.120
.768
.384

=
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N
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By Result 2, au s

N > > 1, is found by means of

an algorithm. Here, Qu is the number of singleton sets
{nil = p} in the original outer code, bu = [Qu + (bu+1 + a
and 2 = (Q *tb 4 ta,,)md2), 0< 2, <2 . Then

ny -
Rg = Zu=1 a,(0- 107" .

Then the valuation list {(vi, ni)}K

that vy > v, > ... > vy . Step (iii) of the algorithm applies

$=1 is ordered such

p+l

-n,
immediately and since Ry = Zz=l 2 ' of the valuation list,

the first seven n, are reduced by 1. The Huffman code is

formed as before, ordering the

~ 1K
A, b

; With n, <1, < ...

EXAMPLE 4: D=5, K=17 21 (mod 4)

Shannon Code

. n,
pl 1

.23
.18
.09
.08
.07
.0625
.058
.03
.03
0275
.0265
.0225
.0216
.021
.0186
.018
.0138

w D D PPN

RN

w W w w w w w w w

N

f (.1365, 2)

y (.0930, 2)

Huffman Code

e

[N T A TR A& TR A TN A6 T A I A N AO BN LG RN \C RN AC B AC I AV A\ LA

<

)1,

ﬁK .
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u Qu (bu+l . au+l) bu'D 3,

3 15 = 35 + 0

2 + = 1.5 4+

1 1 + = 15 + 0
_ -2

In this example, it was not necessary to take valuations.

As RE is a simple expression, and the 2-blocks can easily

be found, inspection of the Shannon code immediately gives
the Huffman code. The three 2-blocks with highest total

probability are reduced. END OF EXAMPLE.

Another form of the algorithm does not calculate the
common valuations of all u-blocks, but restricts itself to
u-blocks of high valuation, u = Ngs Ny = 1, ..., 2, 1.

It investigates the original outer code En , and selects
K

sufficient ni > W to form the au p-blocks of highest
valuation. By Lemma 12, these are also the au u-blocks

of highest total probability. All the ni in the selected
J

p-blocks are replaced by ni =n; - 1 , written one space
J J

1 The moving of ni one column to

J J

the right is equivalent to setting its valuations vi = vy / D.

J J
1 which have not been reduced have in the first
column Vi 2 1, in the second 1 > v, 2 D"1 , in the third

to the right of n

The n

pt s vy 2 D2, etc. Thus the n; remain in order of

valuation if one proceeds down the first column, then the

second, third, etc., ignoring the reduced ny

"\
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Any ni reduced by means of Result 3 is found in the
original outer code and hence appears in the first column.
Since the valuations of such n; are less than 1, these ng
properly belong in the second, third, or following columns.

But vy < 1 places them at the bottom of the first column.
Therefore they are reduced only after the Ny g of the Shannon

code is reduced. By Result 3, this is a legitimate procedure.

Thus these n

g may remain in the first column until further

reduced.

EXAMPLE 5:

Huffman Encoding for the Dewey Distribution
of the English Alphabet

(The example is tabled on the two following pages.)

-11

Phase 1: Since 2 is a term of RE , an ll-block

must be reduced. (1.6384, .0008, 11) is the first 1l-block
on the list and so has the highest valuation of all 1l-blocks.

Writing (11) 10 represents the division of v, = 1.6384 by 2 .

10

To subtract 2~ from Rg, 2 10-block is reduced.

The first listed n, > 10 are marked with a * . Only

i

the first three n, > 10 are so marked, as (1.6384, .0008, 11)

1
and (1.0240, .0005, 11) form a 10-block which includes the

ng > 10 of highest valuation. The unmarked 10-blocks then

have valuations no greater than this one. Also
(1.3312, .0013, 10) is a 10-block in itself and needs only

to be compared to 10-blocks composed of one or more n, > 10 of

higher valuation.




Shannon Huffman
Code Code
Py ny Vi Ay
Space .1859 3 1.4872 ‘ 3
E .1031 b 1.6496 3
T .0796 L 1.2736 4
A L0642 L 1.0272 y
0 .0632 L 1.0112 y
I .0575 5 1.8400 4
N L0574 5 1.8368 4
B S .0514 5 1.6448 4
= R L0484 5 1.5488 4
H L0467 5 1.4944 y
; L .0321 5 1.0272 5
D .0317 5 1.014k 5
U .0228 6  1.1592 5
c 0218 6 1.3952 5
= F .0208 6  1.3312 6
= M .0198 6 1.2672 6
: W L0175 6 1.1200 6
b Y .0164 6 1.0496 6
= G .0152 7 1.9456 6
P .0152 7 1.9456 6
S B .0127 7T 1.6256 6
5 v .0083 7 1.0624 7
< K .0049 8 1.254k 8
. X 0013 10 1.3312 10
o J 0008 11 1.6384 10
= Q 0008 11 1.6384 10
7 0005 11 1.02%0 10

1Ly 710, Ty g6y 72
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Valuation List

.9456
.9456
. 8400
.8368
.6496
6448
.6384
.6384
.6256
.5488
Jhgny
L4872
4592
.3952
.3312
.3312
.2736
L2672
2544
.1200
L0624
.0496
.0272
L0272
.0240
L0144
L0112

.0152
.0152
0575
L0574
.1031
.0514
.0008
.0008
0127
L0484
L0467
.1859
.0228
.0218
.0208
.0013
L0796
.0198
.0049
.0164
.0083
L0164
L0642
.0321
.0005
.0317
.0632

n

i

Phase 1

(11)
11 #

—
o

I~ U H Ul 0N ON 00 O =

(S 2 N — R O ) B ) ]

O O O W U1 WU

10

Phase

= O 3 O o O\ ==

5
(11)

5

4

2

10

Phase 3
(1) 6
(7) 6
(5) 4
(5) 4
() 3
(5) &

(11) 10

(11) 10
(1 6
(5) 4
(5) 4

3
(6) 5
(6) 5
6
10
b
6
8
6
7
6
4
5
(11) 10
5
4
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From these marked ng > 10 , two 10-blocks can be formed:
1.3312 .0008 11 1.3312 .0013 10
1.3312 .0005 11
Since the common valuations and total probabilities are
equal, the choice between the two 10-blocks is arbitrary.
It will prove advantageous to reduce the one with the

most n, > 10 .
l—.

Phase 2: Here =T can be immediately subtracted from R
by reducing (1.9456, .0152, 7) , the first 7-block on
the list.

Similarly 2—6 is subtracted as

(1.9456, .0152, 7)
(1.6256, .0127, 7)

is the first 6-block on the list.
For 27° , a choice must be made from the n, >?2
marked by a ¥ . There are two 2-blocks to be considered

since the first 3-block on the list is obvious.

0575 5 L0575 5
.0574 5 L0574 5
.1031 4 .1031 4
.0514 5 .1859 3
0484 5
L0467 5
.0228 6
.0218 6

The left is equivalent to (.4091, 2) and the right to
(.4039, 2) . Hence each n; > 2 in the right-hand 2-block
is reduced by 1 . As RE = 0 , the Huffman encoding 1is

given in Phase 3. END OF EXAMPLE.



[SIERRI NN 1 2 AT 3 B

Y P TR M S TR

-l

Schwartz [29] has pointed out the desirability of having
the largest Huffman code word length ﬁK and the sum of

the code word lengths Z§=l ﬁi as short as possible.

. K
RESULT 4: Let {(vi, Py ni)}i=l be an outer code. To

. X ~ K = _ ~ 1K
minimize fi, and zi=l fi; of the Huffman code C = {(p;, A)}_ »

1

list all (Vi’ Py» ni) of equal valuation in descending order
of n, . Then apply the algorithm.

Proof: Though the Shannon code, and hence the original

outer code, is unique for a fixed set of probabilities

K
o3 di27

the Huffman encoding need not be. This occurs

when a choice must be made to reduce ni of equal valuations.
Since Ny > Ny 1 > ..0 210y, 0¥ listing the n, of equal
valuation in descending order, Dy will be reduced whenever
its place on the valuation list requires it. That 1is, ﬁK

will be as short as possible.

Also, reducing the largest ny gives the smallest

-n,
increase D © in SE ; so the total number of reductions is

maximized. Therefore 2§=1 fi, is a minimm for a Huffman

encoding C . QED
K

Let {(py, n;)}j.; Dbe a Shannon code with p) >, > ... 2 Dby -

In practice, Result 4 is implemented by listing the valuations

of EnK such that v, > v, > ... 2 Vg by some method that

examines in turn (vi, D5 ni) , 1=K K-1, ..., 2, 1.
Since nyg > myp g > ... 205 207 the (vy, pys n,) of
equal valuation are listed in order from the largest ny

to the smallest.
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By this ordering of En , the u-blocks with the most
K

members also have the largest values of ng 3 hence, either

criterion can be used in listing the p-blocks with equal

common valuations.

EXAMPLE 6: (The {pi}Ii(=1 of Example 1 are encoded using

Results 1, 2, 3, and 4.)

: D=2.
z Shannon Code Huffman Code
| I
|
B Py M Vi ‘ !
| .20 3 1.60 ‘ 2
= .18 3 1.44 3
.10 4 1.60 3
= .10 L 1.60 3
.10 4 1.60 4
.06 5 1.92 4
- .06 5 1.92 4
.04 5 1.28 5
- .04 5" 1.28 5
| .04 5 1.28 5
.04 5 1.28 5
.03 6 1.92 5
.01 7 =6 .64 5
- u Qu (bu+1 + au+l) bu-D au
f 2 = 1.2 + O
5 6 + 1 = 3.2 + 1
- 4 3 + 4 = 32 + 1
3 2 + b = 3.2 + 0
2 0 + 3 = 1.2 + 1
1 0 + 2 = le2 + 0
RE=2'5+2"4+22

A
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Vi pi n,
Phase 1 Phase 2 Phase 3 Phase 4
1.92 .03 6 ¥ 6 # (6) 5 (6) 5
1.92 .06 5 ¥ (5) 4 (5) & (5) 4
1.92 .06 5 5 ¥ (5) & (5) &4
1.60 .10 4 4 % 4 % (4) 3
1.60 .10 4 il L ¥ (4) 3
1.60 .10 i 4 b o# I
1.60 .20 3 3 3 % (3) 2
1.48 .18 3 3 3 3
1.28 .04 5 5 5 % 5
1.28 .04 5 5 5 % 5
1.28 .0l 5 5 5 5
1.28 .04 5 5 5 5
64 .01 6 % 6 * (6) 5 (6) 5
In Example 1: fiy =6 ; 2§=1 iy = 55 .
Tn Bxample 6: Ry =53 Jyq By = 53 -
In both examples: SC =1, L, = 3.42

CODING WITH CONSTPAINTS

Karp [16] suggests the problem of constructing instan-
K
}i=l

and having least average length.

taneous codes A = {(pi, ﬁi) subject to "constraints"

These constraints normally

are dictated by physical limitations of the encoder and the

decoder. One case is an upper bound, N > 1, placed on

the code word lengths; that is, ﬁi <N, 1=1,2, ... K .
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veso T

P To find A& , 2 procedure analogous to the algorithm

for minimal encoding is used. Assume that Dy 205 2 «vv 2Dp s

and that logD K <N« Dy s for Dy from the Shannon code,

K

E = {(v,, ni)}i=1 . Let the original outer code be defined by

1

K Then S

By = {(pgs M}y - B, <1 (or REN >0 ), and

the code word lengths with highest valuation are reduced

until RA = 0 1is reached.

p Usually this procedure can be shortened by defining
K

the original outer code as E' = {(p;, n}) : nj = min[ni, N1}
gt 2 0 , then Ey reduces to E' in a manner
similar to Theorem 2. Finally, reduce the ni in E

= For if R

i until Rg, =0 .
= EXAMPLE 7: D=3 . K=17T =1 imd2) . N=3.
& Dy ny ng ﬁi ﬁi
: .18 2 2 2 2
= .12 2 2 2 2
.12 2 2 2 2
i .08 3 3 2 2
.075 3 3 2 2
.07 3 3 3 2
.06 3 3 3 3
.05 3 3 3 3
.05 3 3 3 3
045 3 3 3 3
.04 3 3 3 3
- .03 4 3 3 3
.03 4 3 3 3
.02 4 3 3 3
.01 5 3 3 4
.01 5 3 3 4
.01 5 3 3 4

Ly, = 2.425 Ly = 2.385

i=1



CHAPTER 1V

oz ENTROPY and HUFFMAN ENCODING

Shannon's "Theorem on Noiseless Coding" (Lemma 4)
states that the capacity of a channel can be made arbi-

trarily close to, though not less than, the entropy of a
K
i=1 "~

encoding sequences of two or more source symbols rather

source, Z = {(ai, pi)} This is accomplished by

~

k. than encoding each symbol emitted. Let C = {(pi, ni)}§=l

be a Huffman code for Z , and ¢™ 2 Huffman encoding *

= or "

, the n-th extension of Z. Abramson [1, p.87]

- , notes that LC s ch /2, Lps /3, ... rapidly approach
= HD(Z). Typically L, or at most Lgo / 2 closely

j approximate HD(Z). We wish to illustrate why Huffman
encoding is efficient in this respect.

e THEOREM 4: Let C = {(py, ﬁi)}li{=1 and E = {(p,, ni)}§=l

be the Huffman and Shannon codes, respectively, for a

zero-memory source Z = {(ai, pi)}§=l with entropy HD(Z).

Let r, =n, - ﬁi , i=1,2, ..., K. Then

= _ oK )
= Lo - HD(Z) = zi=l pi(logD v, ri) .

Proof: By Theorem 3, ﬁi <y hence re 2 0 ,i=1,2, ..., K.

Note the identity:
n
n, = lOgD[(piD i) / pi] = logp vy - logy Py s i=1,2, ..., K.

~

K K
Then L zi=l nlpi - (-zl=l pilogD pl)

[an]
~
{]

K " _ X )
Jio1 Py (By *+ logyy) = Jiop pylny - 7y + logp Py)

n

X - ED
Ij=y py(logy vy = Ty) - ¢

5
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Hence, if r, 1is approximately equal to log. v, ,

i D 1
then LC - HD(z) is small, and the Huffman encoding ¢
is efficient.

Suppose for some J , 1< Jj <K, that rj does not

"approximate” logD Vj . Since 0 < logD vJ <1, assume
that », >2 . Then f, =n, - pr, ; thus n! =n, -1
J = J J J’ J J
l-n,
with valuation vj = pj /D 9 <1 has been reduced.

This implies that the decrease pj in LE when we reduce

1-n,
nj is less than the increase D J in SE . Should this

occur many times, the Huffman code proves to be inefficient.
Thus an efficient Huffman encoding occurs whenever
]

i v, = ' then 1 pproximately equ
Since logD Ve =Dy ¥ logD Py s then n; approximately quals

approximately equals 1ogD Vs i=1,2, ..., K.

-logD Py - Unlike the Shannon code, though, ﬁi can be

greater than, equal to, or less than, —1ogD Py -

One cause of inefficient Huffman encoding is illustrated

in the following example. Here, for a source Z with
. 6 - -

probabilities {pi}i=l » Py = .80 , vy = 1.60 ,
1og2 vy = .678 , but n, cannot be reduced. Consequently,
n, i=2,3,4,5, 6 are reduced twice giving an
inefficient Huffman code C . However, by taking the
Huffman encoding, 02 , of 22 , the second extension of
Z, py= 6L vy = 1.28 , log, v; = .356 . Then
- n, =0 more closely approximates log2 vy and

1 1
only three of the n, , 1i=2,3, ..., 36 are reduced

1

twice. 02 can be considered efficient.
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D=2, D. n,
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.64
.048
.048
.04
.04
.032
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024
024
. .016
f;‘ .016
.0036
= .003
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. .0025
- L. = 1.15 L0024
| .0024
.002
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.0018

.0018

- .0016
. % . o7 .0015
.0015

= 975 .0012
.0012

.0012

§ .0012
= .001
E .001
.0009

R .0008
: .0008
.0006

.0006

.000k
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- DEFINITION LIST
Definition No. page
average length 11 8
block code 3 1
change in the average length 21 28
change in the average 1ength(Eu) 20 27
code
code letter
e code word
ié? coding alphabet
1 common valuation 19 2k
%Ef entropy 9 6
;;z Huffman code 13 10
; instantaneous code 5 1
ff length of a code word
=z minimal code 15 20
'%% n-th extension of a source 10 7
Ar optimum code 13 10
original outer code 17 21
prefix 6 2
reduced outer code 17 2l
Shannon code 12
uniquely decodable code b
i valuation 16 21
: word
word list
Zero-memory source 8 6
u-blocks 18 24
p-th outer code 17 21
é; RI 14 19
51 7 6
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L ERRATA

B Page 5, line 6T¥: Replace second iast "<" by "=" .

Page 7, line 3T: Replace the line by: "of the inform-
ation one receives if ai did occur. It also

justifies..." .

Page 7, line 8T: Replace " =1, 2, ..." by

"5= 1,2, ..." . -

Page 14, line 5B: Replace "=" by ">" .

Page 20, line €T: Replace the second sentence by:

SR B ERRE G

"Theorem 3 states a sufficient condition for the

43

two codes to be equivalent" .

ks rter

Pzge 20, line 7B: Replace "0 <D " by "0<h LT
Page 24, line 3T: Replace "Lemma 10" Dy "Lemma 11" .

25, line TT: Replace the line by:

. ~-n -
G-1 g G g
(D - 1)zg=1_ b < REu < (D- 1)zs=1 b

5 A A VT
g
g

Page 26, line 5T: Replace the equation by:

A -n
-1, 0 &= R .
1

Pege 27, line 3B: Replace "dented" by "denoted" .

# nT: n-th line from top

mB: m-th line from bottem




-57-

Page 29, line 12T: Replace the line by: "is 2 minipal

code with n

(a) ng >n; -1 ,i=1, 2, ..., K.

(b) If mg <n; ,J=1,2,..., 7, then

J J

v. >v, , forany r such that r>J ."
i, -1
J r
Page 29, lines 5B to 1B: Replace these lines by
: K

1" .L = .. n. K

Theorem 3: Let E {(pl, nl)}1=1 be the

Shanncn code for a fixed set of probabilities

{ = 0 :

ﬁpi}i=l . Let M {(pi, ni’}i=l be a minimal

code satisfying conditions {a) and (b) of

Theorem 2. Let C = {{p,, ﬁi5}§=1 be 2
e
Huffman eocoding of {piji=l . Then for all 1,

n, < ny . That is, every minimal code formed
4 =
by reducing only the maximum valuations is &

Huffman code."
Page 34, line TT: Under p,; , replace ".18" by ".15" .

Page 13, line 8B: Under p, , replace ".0164" by

n.0175n

Page 49, line 6B: Delete: "By Theorem 3, ﬁi 2143

hence T; 2 0,1i=1,2, ..., K.






