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Abstract

In this thesis, we introduce a novel routing algorithm which we
call "compass routing” to find paths between pairs of points in planar
geometric graphs.

Our main goal was that of developing, whenever possible, routing
algorithms that, using only "local information”, the position of our
destination and a finite amount of extra memory, find a path from a
starting position to our destination.

We developed "compass routing” based routing algorithms for
trees, Delaunay triangulations and orthogonal convexly embedded
geometric graphs. Several related results on various types of geometric

graphs were also studied.
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CHAPTER 1. INTRODUCTION )

Chapter 1

Introduction

The shortest path problem is one of the most fundamental problems
in computer science. Briefly, given a graph G in which there is a cost
(weight) associated with each edge, the goal is to compute the least
expensive path between pairs of vertices of G. A shortest path algorithm
is studied in Chapter 2.

In this thesis, we are interested in developing, whenever possible,
“local routing algorithms” for graphs. A local routing algorithm is
defined to be an algorithm that finds a path vo = u, vi, va,...Vm = Vv
between two vertices u (source) and v (destination) of a graph G such that
vertex viy) is chosen among the neighbours of v; using only the identity
of v and the information stored at v; concerning its neighbours; that is, the
full information about G at any time during execution is not available to
us.

The idea of using local routing algorithms arises from the following
problem:

Suppose that we are given a road map (see Figure 1.1) of a town.
Furthermore, assume that we are at point s of the map and we wish to
travel to point d in the map. We start by choosing the road which points

the closest to the direction determined by dotted line segment joining s to
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d, that is, we pick the road sa to arrive at intersection point a. Similarly,
we next choose the road ab, followed by bc, and finally cd to arrive at our

destination d.

. Mf“?d
sl e
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S a C

\

Figure 1.1: A road map

In the context of this thesis, we will think of a road map as a
geometric graph and the way we select roads upon reaching intersection
points as compass routing.

Let us now look at the notion of compass routing. First we will
consider compass routing from a historical perspective. Using a compass,
we can direct ships, airplanes and road vehicles. Generally speaking, a
map and a compass are the two main items required both for land
navigation and marine navigation. Land navigation is considered
formally in [Kals83]. In land navigation, a compass and a map are of
extreme importance when we wish to explore undeveloped country which
is rarely travelled. For complete details regarding navigation with map
and compass in wilderness, refer to [Blan92], [Gear80], [Flem82] and
[Kjel76].

In this thesis, we study routing problems in planar geometric
graphs. A planar geometric graph is a graph embedded on the plane such
that its vertices are represented by points and its edges by non-

intersecting straight line segments.
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Figure 1.2: Road map of Mexico City
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The above mentioned procedure motivates the following algorithm

which we call compass routing:

Suppose we wish to travel from vertex s (source) to vertex d
(destination) in a geometric graph G. We start to walk along the edge of
graph G incident to vertex s which has the closest slope to that of the line
segment joining vertices s and d. This process is repeated at each vertex
we arrive at, until we reach the destination vertex d.

Using this procedure, we compute two paths (not necessarily the
shortest) from Viveros to Terminal Aerea and Tlatilco to Tacuba on the
road map of Mexico City shown in Figure 1.2. The resulting paths are
shown in red and green respectively.

We present some definitions in Chapter 3 which will be used
throughout this thesis.

This motivates the study of the following problem: Let G be a
planar graph. Can we find a planar geometric embedding of G such that
compass routing always produces the shortest path between any pair of
vertices of G? As we will see in Chapter 4, any tree can be geometrically
embedded such that compass routing always finds the shortest path
between any pair of vertices; however the same is not true for both planar
and outerplanar graphs.

In Chapter 5, we study orthogonal geometric embeddings. An
orthogonal geometric embedding is defined to be an embedding in which
every edge is either horizontal or vertical (also called rectilinear
geometric embedding). We will look at orthogonal tree embeddings and
balanced trees (a tree in which every node except the leaves has degree
4).

In Chapter 6, we study a slight variation of the original problem;
namely, when can we guarantee a path (not necessarily the shortest)

between any pair of vertices using compass routing. Here, we look at two
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cases; convexly embedded geometric graphs (a graph in which every face
except the exterior one is a convex polygon) and Delaunay triangulations.
As we will see, we use local geometric information to compute a path
between any pair of vertices in both cases; that is, the algorithms
presented for both cases are "local algorithms".

Finally, in Chapter 7, we present a routing algorithm which we call
Algorithmic Geometric Routing which, given any convexly embedded
geometric graph, and using only the positions of starting and destination
points produces a path between them. Related work has appeared lately
in the context of routing in wireless networks. In [Stoj98], the authors
presented a new location based Geographic Distance Routing algorithm.
They use concepts similar but different to those studied in this thesis.

Some of the results in this thesis are presented in [Kran98].
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Chapter 2

Shortest Path Problem

In this chapter, we look at a classical and fundamental problem in
graph theory, namely the shortest path problem. This problem has
generated much interest since the conception of the idea in the 1950’s
and hence, a lot of research has been carried out for finding the possible
solutions to it.

The shortest path problem also appears as a sub-problem of other
optimization problems, particularly those concerning transportation and
communication networks. This problem can be solved efficiently by
numerous algorithms that have evolved during recent years. Some
examples include the algorithms by Dijkstra, Ford, Floyd and Dantzig.
All these algorithms have a polynomial time complexity.

2.1 Shortest Path Problem

Suppose that a motorist wishes to determine the shortest possible
route from Ottawa to Vancouver. Given a road map of Canada containing
the distance between each pair of adjacent intersections, how can we find
this shortest path?

One possible method is to list all the routes from Ottawa to

Vancouver, compute the total distance by adding up the distances on each
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route, and choose the shortest. It is easy to see that there are too many
possibilities, most of which are simply worth not considering. For
example, the route from Ottawa to Vancouver through Halifax is
obviously a poor choice.

In a shortest-path problem, we are given a directed graph G=(V,E)
along with a weight function W: E ---> R which maps edges to real-
valued weights. The weight of a path p=[v,,v(,...,v] is the sum of the

weights of its constituent edges i.e.,

k
wp)=Z w(vi,vi)
i=1

We can define the weight of a shortest path from vertex u to vertex v by

&(u,v) = | MIN{w(p): u = v} if there exists a path fromu to v
oo otherwise

The problem of determining the shortest path from vertex u to
vertex v can then be defined as finding any path with weight w(p) =
S(u,v).

Now recall the Ottawa-to-Vancouver example. One can model the
road map as a graph in which the intersections are represented by
vertices, the road segments between intersections by edges, and the road
distances by edge weights. The goal is to determine the shortest path
from a given intersection in Ottawa to a given intersection in Vancouver.

Other than distances, the weights of edges can also be interpreted
as metrics. They are often used to represent time, cost, penalties, loss or
waste, or any other quantity which accumulates linearly along a path and
which one seeks to minimize.

As mentioned before, there are several different algorithms that

determine the shortest path between two vertices in a weighted
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(unweighted) graph. For complete details please refer to [John90],
[Rose91], [Corm90] and [Gold91]. We will look at one of these
algorithms, namely Dijkstra’s algorithm, in detail:

2.1.1 Dijkstra's Algorithm

This algorithm solves the single-source shortest-path problem
given a weighted, directed (undirected) graph G=(V,E) for the case in
which all the edge weights are positive numbers. As a result, we assume
that the weights are positive numbers (i.e., w(u,v) > 0) and that we wish
to determine a shortest path from source s to destination d.

Dijkstra's algorithm involves labelling all the vertices. Let us
denote the label of a vertex v by L(v). At any given moment, some of the
vertices will have temporary labels and the remaining ones will have
permanent labels. The vertices with temporary labels are stored in a set,
say T. Initially, all the vertices except s have temporary labels. During
each iteration of the algorithm, the status of one label changes from
temporary to permanent. As soon as a vertex receives a permanent label
it is circled. At the termination of the algorithm, the vertex d receives a

permanent label. The label L(d) of vertex d is the length of a shortest path

froms tod.

Input: A connected, weighted graph in which all edge weights are
positive.

Output: L(d), the length of a shortest path from vertex s to vertex d.

Step 1: [Initialization] Set L(s):=0. For all vertices x adjacent to s,

set L(x):=w(s,x). For all vertices x not adjacent to s, set
L(x):==. Let S:={s} and T:=V(G)-{s}.
Step 2: [Done?] If dg T, then stop. (L(d) gives us the length of a
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shortest path from s to d).

Step 3: [select next vertex] Choose veT such that L(v) is the
smallest and then set T:=T—{v} and set S:=S+{v}.

Step 4: [Revise labels] For every vertex xe T which is adjacent to v,
set
L(x):=MIN{L(x), L(v)+w(v,x)}
Now go to step 2.

Now we give the proof of correctness of Dijkstra's algorithm as
follows:
We will use induction on the number of iterations of the loop

(which consists of steps 2-4) to show that before step 2 is executed:-

(1) The label on a circled vertex v gives the length

of a shortest path from s to v.

(ii)  There is a shortest path from s to a circled vertex

v consisting only of circled vertices.

(iii) The label on an uncircled vertex v gives the length
of a shortest path of the form
(s, Vi, ...y Vm), Where v=vp and s, vy, ..., V-1
are circled. If there is no path of
the form (s, vi, ..., Vi) Where
V=V ands, vy, ..., V- are

circled then the label on v is oo,
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Note that this algorithm terminates as soon as vertex d is circled,
therefore it follows from (i) that L(d) gives us the length of a shortest
path from s to d as required.

Initially, the vertex s has the label O, for any vertex x which is
adjacent to s has the label w(s,x) and all other vertices have label o. At
this point (i), (ii) and (iii) hold. Hence, the basis step has been verified.

Now assume that (i), (ii) and (iii) hold the ith time that we arrive at
step 2. Consider an additional iteration of the algorithm. First, at step 3,
the uncircled vertex v having the minimum label is circled. We first show
that (i) holds for vertex v, i.e., the label L(v) now gives the length of a

shortest path from s to v. Suppose that there is a path

(iv) (S, Vi, veor Vi)s

where v=v, and whose length is less than L(v). According to (iii), we
must have some vertex v; (where 1<jSm) uncircled. Let k be the least
index with vi uncircled. Since every edge has positive weight, the length

L' of the path

(V) (S, Vi s Vk)

is less than the length of path (iv). In (v), vk is the only uncircled vertex
therefore the label on vy is at most L' using (iii). Since L' < L(v) therefore
we have contradicted the choice of v. Hence, (i) holds for v. A similar
argument shows that (ii) holds for v.

Finally, we prove that after the labels of the uncircled vertices
adjacent to v are updated in step 4, (iii) holds. Suppose that we have an
uncircled vertex x which is adjacent to v. There exist two types of path

of the form
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(vi) (s, Vi, .y Vm), Where x=vy and only s, vy, .., vy are

circled.

namely those in which vp-= v and those in which vy 1#v.

First we consider the case when vy,;2v. Recall that according to
(ii) there exists a shortest path from s to vy consisting of only circled
vertices, none of which is v. The length of this path is equal to the length
of the subpath (s,vi,...,vm—1) in (vi). Hence, the length of a shortest path
in (vi) with vy_v is L(x).

When v,;=v then a shortest path of the form (vi) is obtained by
taking a shortest path from s to v with length L(v), then appending the
edge (v,x). The length of this path is L(v)+w(v,x). Thus the length of a
shortest path of the form (vi) is

MIN{L(x), L(v)+w(v,x)}.

Therefore, after updating the labels of the uncircled vertices adjacent to v
in step 4, (iii) holds. We now have verified that (i), (ii) and (iii) hold prior
to the (i+1)st execution of step 2. The inductive step is complete. Hence,

the algorithm is correct.

Theorem 1 Given a simple, connected, weighted graph G on v vertices

and letting f(n) denote the number of times Dijkstra's Algorithm examines

an edge of G in the worst case, then f(n)=O( n’).

Proof: Note that Dijkstra's Algorithm examines edges at step 4. Since the
graph G has n vertices, the maximum number of edges examined at step
4 is n—-1. Note that step 4 is inside a loop consisting of steps 2, 3 and 4.
This loop is executed as long as de T. Since in each iteration of this loop,
one element is removed from T, and initially T has n—1 elements, this
loop is executed at most n—1 times. Therefore, the number of times

Dijkstra's Algorithm examines an edge of graph G is at most (n-1)>. We
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have
f(n) < (n—-1)< n® = O(n?)
as wanted. QED
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Chapter 3

Definitions

The purpose of this chapter is to formally explain the notions of
geometric graph and compass routing along with some other definitions.
Let us begin by looking at two types of connected and weighted

graphs:
(1) the edges of the graph have arbitrary weights (see Figure 3.1).

Figure 3.1: Edges have arbitrary weights

(ii)  all the edges of the graph have the same weight 1 (see Figure
3.2).
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Figure 3.2: All the edges have the same weight |

In this thesis, we will work with graphs of type (ii), i.e., the graphs
in which all the edges have weight 1.

Let us now look at the concept of geometric graph.

Definition 1 A graph is called planar if it can be drawn on the plane
without any edge crossings.

Now we define a geometric graph as follows:

Definition 2 A geometric graph is a graph drawn on the plane such that
each vertex corresponds to a point and each edge is a closed straight line

segment connecting two vertices but not passing through a third vertex.

The C(n,2) segments determined by n points in the plane, no three
of which are collinear, form a complete geometric graph with n vertices
(see [Pach95]).

In this thesis, we assume that the edges do not intersect one
another, i.e., we will be working with planar geometric graphs throughout
our work.

An example of a geometric graph is given in Figure 3.3. Given the
set of vertices, their coordinates and the adjacency matrix, we draw a

geometric graph as shown.
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<ab,c,d.e,f,g,h>
a(0,8), b(4,7), c(3,4), d(4,1), e(0,0), f(-4,1), g(-3,4), h(-4,7)

a b d e f g h
a 0 1 0 0 0 0 0 1
b l 0 1 0 0 0 0 |
c 0 1 0 1 0 0 1 0
d 0 0 1 0 1 | 0 0
e 0 0 0 1 0 1 0 0
f 0 0 0 1 | 0 1 0
g 0 0 l 0 0 1 0 |
h 1 l 0 0 0 0 | 0
a
h b
g c
f d

Figure 3.3: A Geometric Graph

In the past there have been numerous studies concerning planar

graph embeddings with straight line segments (see Figure 3.4). For
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Figure 3.4: Planar Graph embedding

instance, recall that the theorem of I. Fary [Fary48] shows that every
plane graph has an embedding (or drawing) in which the edges are
straight line segments and the vertices are points in the plane. Starting

with the algorithm of Tutte in 1963, there have been many algorithms
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presented for straight-line embedding of plane graphs, see [Tutt63],
[Chib82] and [Read87]. In [DeFray90], the authors prove that every
plane graph having n vertices has a straight-line embedding on the (2n—4)
by (n-2) grid and an O(n*log n) algorithm is presented to embed the
graph.

In [Cast96], Castafieda and Urrutia looked at straight line
embeddings of planar graphs on point sets. Given a finite set P, of n
points in the plane in general position, we say that P, supports an n-
vertex planar graph G if there exists an embedding of G on the plane such
that the vertices of G are mapped to the elements of P, and its edges to
non-intersecting open straight line segments joining pairs of elements of
P, which correspond to the pairs of adjacent vertices in G. Any such
embedding is known as a straight-line embedding of G on P,. If any point
set P, supports G then graph G is said to be a universal graph. The
authors in [Cast96] proved that the set of universal graphs is exactly the
set of outerplanar graphs. Furthermore, an O(n?) algorithm is presented
which produces planar embeddings of outerplanar graphs on point sets.
This result was improved in [Bose97] in which the author presented an
O(n*log n) algorithm. Another study which has been motivated by
geometric embedding problem is by Frances Yao [Yao91]. Given a set of
points S in the plane, define Gy = (S,Ex) to be the k-nearest-neighbors
graph of S where (u,v) € Ex if u is one of the k nearest neighbors of v.
The author in [Yao91] has presented some results regarding the graph
properties of Gy. In particular, the bounds on the diameter of the graph Gy
have been derived.

Suppose that we have to traverse a path in a geometric graph G
starting at its vertex s and ending at vertex d. We say that we apply
compass routing if we start at the edge incident tc s having the smallest
angle with the segment joining s and d. This principle is applied at every

vertex we arrive at until vertex d is reached.
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We express this formally as follows:

Definition 3 We say that the path s=v,,v,,...,v,=d of a geometric graph G
was obtained using compass routing if for all i=1,2,...n-I the edge
vi_vi has the smallest angle with segment v,_;v, among all the edges

incident to v;.,.

In this thesis, we are interested in the geometric graphs in which

applying compass routing would result in a shortest path between s and d.

Definition 4 We say that a geometric graph G supports compass routing
if for every pair of vertices s and d of G, compass routing (starting at s)

produces a shortest path between s and d.

As mentioned before, the term "shortest path" is expressed
according to the link distance function, i.e., the distance refers to the
number of edges in a path.

It is interesting to note that given a geometric graph, compass

routing may fail for either of two different reasons:

Q) We never reach our destination d. This case is illustrated in Figure
3.5. Observe that in this embedding of the pentagon, compass
routing fails to produce a path from s to d since o < B and hence

we get into an infinite loop between the vertices s and b.
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an infinite loop

Figure 3.5: The destination d is never reached.

(i1) Compass routing produces a valid path between the vertices s and d
but it is not the shortest path. This case is illustrated in Figure 3.6.
Observe that in this embedding of the pentagon, compass routing

does not produce the shortest path from s to d.

Figure 3.6: The path between s and d is not the shortest path.

Observe that for the geometric graph in Figure 3.5, compass routing
works for any pair of vertices except (s,d) and (b,d). It is worth noting
that while compass routing does not work for pair (s,d), it does work for

pair (d,s).



CHAPTER 3. SOME IMPORTANT DEFINITIONS 20

We shall now introduce the concept of single source compass
routing (SS-CR).

Definition § Given a geometric graph G and a vertex s € G we say that
G supports single source compass routing from s if for any vertex d # s,

compass routing finds a shortest path between s and d.

Observe that the geometric graph shown in Figure 3.5 supports
single source compass routing from d but not from s.

Note that the following embedding of the pentagon is optimal since
compass routing produces the shortest path between any pair of vertices,

unlike the embeddings in Figures 3.5 and 3.6.

(=
(¢4

c —eod

Figure 3.7: An optimal embedding of the pentagon

Now we look at single source compass routing for any given class

of graphs.

Definition 6 We say that a given class of graphs supports single source

compass routing if, for any graph G of the class and any vertex s€G,
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there exists a geometrical embedding of G that supports single source

compass routing from s.

Observe that, trivially, K, the complete graph on n vertices,
supports compass routing.

It is also easy to prove the following:

Theorem 2 The class of polygons supports compass routing.
Proof: Each graph of this class can be represented as a regular polygon in

the plane (see Figure 3.8).

Figure 3.8: A convex polygon with 11 edges

Observe that for any two vertices s and d of this polygon and any
two neighbours r and t of the vertex s, Zrsd < Ztsd if and only if
distance(r,d) < distance(t,d). QED
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Finally, we define the concepts of SS-CR embedding and CR-
embedding.
Definition 7 Given a vertex s of a graph G, a SS-CR embedding of
graph G is defined to be a geometric embedding which supports single
source compass routing from s.
Definition 8 A CR-embedding of graph G is defined to be a geometric

embedding which supports compass routing.
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Chapter 4

Geometric Embeddings

In this chapter, we study the geometric embedddings of planar

graphs, trees and outerplanar graphs.

4.1 Planar Geometric Embeddings

In this section, we study the following question:
Does there exist a CR-embedding for every planar graph? We

prove:

Theorem 3 There does not exist a CR-embedding for every planar
graph.

The above theorem is proved in Section 4.3, in which we show that
not every outerplanar graph has a CR-embedding. Since outerplanar
graphs are a subset of planar graphs, it follows that the above theorem
holds. On the other hand we prove in the next section that there does

exist a CR-embedding for every tree.

4.2 Tree Geometric Embeddings

In this section, we study the following:
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Theorem 4 Every tree has a CR-embedding.

Proof: We will prove the result for balanced trees with respect to r. For
non-balanced trees, we can add dummy vertices to balance them such
that the degree of every non-leaf vertex is greater than or equal to 3. We
then find a CR-embedding of the resulting tree and then delete the
dummy vertices at the end.

Let Tx . be a rooted tree with root r such that each vertex except its
leaves has k children and the diameter of Ty is 2*L, i.e., the distance
from any leaf of T to the root is L.

We now prove by induction on L that Ty has a CR-embedding.

We will show that there exists a geometric embedding of Ty
(k 2 3) which supports compass routing such that there exists a family of
concentric circles C,,...,Cy centered at r with diameters d; <d > < ... <d,

such that all the vertices of Ty which are at distance j from r lie on the

circle Cywhere | <j <L.

C

Figure 4.1: LayerL =1



CHAPTER 4. GEOMETRIC EMBEDDINGS 25

Let L = 1. For our first iteration, we place r at the center of a circle C,
and its children at equidistant points on C, as shown in Figure 4.1. Now
suppose that we have an embedding of Ty on C,,...,CL which supports
compass routing. Next we show how to extend it to an embedding of Ty L+
which supports compass routing.

First we determine the placement of a circle C,, as follows:

/ \

CL

Figure 4.2: The circle Cy and the tangent points

For every vie C, we draw a tangent line to circle Cy at v; as shown
in Figure 4.2. Notice that these tangent lines form a convex polygon

enclosing C,.. Here, we assume that there are always enough vertices on
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CL so that the tangent lines form a convex bounded polygon. Now we
place circle C,i around Cp such that all the vertices of the convex

polygon are left outside the circle Ci,, as shown in Figure 4.3.

Figure 4.3

(ZOOM)
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I, mirror image of line segment 1

all the points are
inserted in this region P’

line segment | which

joins the vertices
parent(P;) and P;

oLine

parent(P;)

Figure 4.4: Proving the inductive step

Let P; be any point on the circle C, representing a vertex of Ty at
a distance L from r (see Figure 4.4). We would like to find the region on

the circle Cp,; in which to place the children of point P; such that the
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resulting graph supports compass routing. We first draw a tangent line
tLine to the circle Cp at point P; and then draw another line segment
oLine orthogonal to tLine at P;. Without loss of generality, we assume
that tLine is parallel to the x-axis and oLine is parallel to the y-axis. Let
the points P;.;, P; and P;,, be three consecutive points on circle Cp. Let o
be the angle between tLine and the line segment joining the points Pi.,
and P; and let B be the angle between tLine and the line segment joining
the points P; and P;,;. Let | be the line segment joining the points
parent(P;) and P;. We now take the mirror image I’ of | with respect to
tLine as shown in the figure above. Let y be the angle between the line
segment joining the points P;.; and P; and 1.

Now we draw a straight line |” from P; such that the angle between
I” and the line segment joining P;.; and P; is v. Notice that the size of the
angle between |” and I’ is 2*a.. Let P’ be the point where the line segment
I’ intersects the circle Cp,, and let P” be the point where the line segment
1” intersects the circle CL,). We place all the children of point P; on the
arc joining the points P’ and P”.

Let u and v be any two vertices of Ty Let O,y be the smallest

angle that an edge incident to u forms with the dotted line segment
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Figure 4.5

joining vertices u and v (see Figure 4.5). Let B,, be the second
smallest angle that an edge incident to u forms with the dotted line

segment joining vertices u and v. Now we define &,, = Byyv — Ouv. Next

we define

€ = MIN {¢,, where u,v € V(Ty;}.

We now make a final modification to the choice of Cir,; as

follows:

We shrink the radius of circle C, so that the angle formed
between any vertex P at P of the embedding of Ti . and any two children
of any point P;on Cy is strictly less than € where P # P;.

Now we show that with this final choice of C,; we obtain an
embedding of Tyxy.; which supports compass routing. Again letting u

and v be any two vertices of Ty .1, the following two cases arise:
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(1)

+(ii)

both u and v are at distance at most L from r. It is easy to see that
if neither of u and v are at distance L from r then the path
produced by compass routing from u to v will be unaffected.
Suppose then that at least one of them, say u, lies on C.. By the
choice of the position of the children of u, we can verify that
when travelling from u to v, compass routing will not choose any
of the edges connecting u to one of its children.

at least one of u or v lies on Cp,;. Suppose that both of them lie
on Cp, and that we want to go from u to v. In the first step,
compass routing chooses the edge joining u to its parent p(u).
We now observe that by the choice of € compass routing will
choose edges as if we were travelling from p(u) to the parent of
v, namely p(v). Once we arrive at p(v) we will take the edge
connecting it to v. A similar analysis can be done for the case

when only one of u or v lies on Cyi. QED

4.3 Outerplanar Geometric Embeddings

An outerplanar graph is a graph which can be embedded on the

plane in such a way that its vertices are the vertices of a convex polygon

and its edges are represented by a set of non-intersecting straight line

segments. An example of an outerplanar graph appears in Figure 4.6.
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Figure 4.6: An Outerplanar Graph

Now we ask the following question:

Does there exist a CR-embedding for every outerplanar graph?

Theorem 5§ Not every outerplanar graph has a CR-embedding.

Proof: We start by showing that convex embeddings of outerplanar
graphs do not support compass routing. Consider an embedding of a fan
F, in which all its vertices form the vertices of a convex polygon, where a
fan F, is a maximal outerplanar graph with a vertex v, called its apex,

adjacent to all the other vertices of F, (see Figure 4.7). We will assume
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that the vertices of F, are labelled vq,vy,...,vn,v such that v; is adjacent to
vi+1 Where 0 <i < n-1 and v is adjacent to v; where 0 <i < n.

Vo2

v

Figure 4.7: A convex fan

We need the following result before completing our proof.

Lemma 1 For every € > O there is an ng such that any convex polygon
with n 2 ng vertices contains eight consecutive vertices such that their
interior angles are greater than or equal to T-€.

Proof: Let € > 0 be a constant. Observe that any convex polygon
contains at most mg = [2*n / €] vertices with interior angles smaller than
or equal to Tt-€.

Let np = 10*me. It now follows that we can select eight
consecutive vertices such that their interior angles are greater than or
equal to mt-€.

Lemma 2 If n is very large then no convex embedding of F, supports

compass routing.
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Proof: Let € >0 and n > ng. Suppose that we have a convex embedding
of F,, that is, an embedding of F, such that all the vertices of F, are the
vertices of a convex polygon which supports compass routing. By
Lemma 1, we pick eight consecutive vertices vj,...,vi,7 from n+1 vertices
such that each interior angle is greater than or equal to n-€ where € is
very small. In other words, the eight consecutive vertices which we

select are almost on a straight line (see Figure 4.8).

A

Figure 4.8: Choosing eight consecutive vertices

Observe now that Zvi,,vi.3v; has size at most 2. Now suppose
that we want to go from vi,3 to vi. Notice that the shortest path from vi,3
to v; is of length 2 via v, and thus Zviv;,3v; is smaller than Zvi,2visav;
which is smaller than 2e (see Figure 4.9), that is, compass routing

chooses the edge v;,3v followed by the edge vv; to go from vi,3to v;.
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Figure 4.9

Now suppose that we want to go from Vi3 to vi,6. It is now easy to
see from Figure 4.9 that Zvvi,3vi.6 is almost T and thus compass routing
chooses the edge Vis3Viws. However, the shortest path from vi;3 10 Vise is of
length 2 via v. Hence, we have a contradiction.

Next we show that the non-convex embedding of F, does not

support compass routing. We consider only the case in which the angle

VoVV; is less than T with a large number of vertices (see Figure 4.10).

\

Figure 4.10: A non-convex fan with very large n
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Let Conv(v,vy,...,v,) be the convex hull of {v,vy,...,va}.

Lemma 3 At least half of vertices {vy,...,v,] must be convex hull vertices

of Conv(v,vy,...,Vp).

Proof: Let Py, be the convex hull of the embedding of F, and let v; and

vi+j be the two consecutive vertices on Py, as shown in Figure 4.11.

i+

Figure 4.11: v; and v;,;are consecutive convex hull vertices

We want to show that j < 2, that is, if v; is a convex hull vertex then

either vi, or vi,2 must be a convex hull vertex as well. Suppose that this

is not the case, that is, j> 2.

Vi Visj

v

Figure 4.12: v;,| and v;;, are not convex hull vertices
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Now suppose that we want to go from v; to vj,j using compass
routing (see Figure 4.12). Observe that using compass routing we will
first go to vertex vi,. Notice that vertex vi,; is not adjacent to vertex viy
since j > 2. Hence, compass routing will produce a path with length
greater than or equal to 3 from v; to v;,;. However, the shortest path from
Vi to vi,; is of length 2 via v. Thus at least half of vertices {vo,...,vs} are

convex hull vertices (see Figure 4.13).

Viz2
e
Vit ..’"'f" ‘\"""»..
e -,
Vol “BVik
A
Figure 4.13

Note that in the above figure, lii—iwi1I<2 where 0 <t <k-1.
This completes our proof of the lemma.

Using the same technique described in Lemma 1, we now pick
twelve convex hull vertices which are almost on a straight line. From
these vertices we choose the middle eight vertices. In these middle eight
vertices there exists a non-convex hull vertex, say vy, and we select three

vertices on each side of v, as shown in Figure 4.14.
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v

Figure 4.14

Notice that there are two cases concerning the location of vertex vy
namely (i) vy is outside the triangle v,'v,"x and (ii) vy, is inside the
triangle v,'v,"x where the point x is the intersection point of the dotted

line segments joining v,’ to v,” and v,” to vy’
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Let us now consider Case (i) in which the vertex vy is outside the

triangle v,'v,"x (see Figure 4.15).

Figure 4.15 Case (i)

Suppose that we want to go from vy” to v’ using compass routing.
Notice that we choose the edge v,"vy since it forms the smallest angle of

all the edges incident to v,” with the dotted line segment joining the
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vertices vy” and v,’. Therefore, we arrive at vertex vy. Note that v,’ is not
adjacent to vy. Hence, this is not the shortest path, since the shortest path
from v,” to v,” is 2 via v. As a result, we have a contradiction.

Let us now consider Case (ii) in which the vertex vy is inside the

’ ”

triangle v,’vy"x (see Figure 4.16).

v

Figure 4.16 Case (ii)
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Suppose that we want to go from v,” to v’ using compass routing.
Notice that the shortest path from v,” to vy’ is of length 2 via v. The
vertex v must be placed such that compass routing will pick vertex v to
go from v,” to v/, that is, we choose the edge v,"v followed by the edge
vvy'.

Now suppose that we want to go from v,’ to v,”. It is now easy to
see that Zvv,’v,” is almost m and thus we choose the edge vy'vy.
However, the shortest path from v’ to v,” is of length 2 via v. Hence, we

have a contradiction. QED
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Chapter 5

The Orthogonal Case

In this chapter, we study the problem of finding orthogonal
embeddings of geometric graphs such that several instances of compass
routing would work.

Recall that an orthogonal geometric graph is a graph such that all
edges are either parallel to the x-axis or the y-axis. Therefore it follows

that the maximum degree of any vertex in such graphs is at most 4.

5.1 Orthogonal Tree Embeddings

We start by proving that not all trees in which every vertex has

degree at most 4 have a CR-embedding.
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e

e

Figure 5.1: An Orthogonal Embedding

Let T be the tree shown in Figure 5.1 and r be the vertex at the
center of T.

Given any orthogonal embedding of T and a vertex v of T with
degree 4, let N(v), S(v), E(v) and W(v) be its neighbours where N(v)
represents the northern neighbour, S(v) represents the southern
neighbour, E(v) represents the eastern neightbour and W(v) represents

the western neighbour as shown in Figure 5.2.
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N(v)
®

W(v‘

.E(v)

1-

S(v)
Figure 5.2: Vertex v and its neighbours

Notice that since any non-leaf vertex v of T has degree 4, therefore
N(v), S(v), E(v) and W(v) are well defined for such vertices.
Furthermore, any vertex in T which is at distance less than or equal to 2
from root r has degree 4 and all the leaves of T are at distance 3 fromr.

We now show that there does not exist an orthogonal CR-
embedding of T. We prove this by contradiction as follows:

Suppose that there exists an orthogonal CR-embedding of T. Using
this orthogonal embedding of T, we let ps = W(r), p2 = S(pa), p1 =
W(p2), p3 = E(p2) and s = S(p2) (see Figure 5.3).

\\\

., Pa 'l‘

Figure 5.3
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Similarly let pg = S(r), ps = W(ps), p7 = N(ps), d = W(ps) and ps =
S(ps) (see Figure 5.4).

o -

\,\\ ps
v\\ Ld
ps . /'
\\.
-.,.'_.\
.\“»

Figure 5.4

Let the coordinates of ps be (-x;,0). Let the coordinates of one of
the children of ps, namely pi, be (-xi,-y;). The vertex p2 has three
children, p;, s and p;. Let the coordinates of p; be (-x;-X2,-y1), the
coordinates of p; be (-x,+x3,-y|) and the coordinates of s be (-x;,-y;-y2).
Next let the coordinates of pg be (0,-y3). Now let the coordinates of one
of the children of ps, namely ps, be (-x4,-y3). The vertex ps has three
children, ps, d and ps. Let the coordinates of p; be (-x4,-ya+ys), the
coordinates of d be (-x4-Xs,-y3) and the coordinates of ps be (-X4,-y3-Ys).

Now suppose we want to go from vertex s to vertex d in the
orthogonal embedding of T. We must first go to vertex p2. Now notice
that d must be above the line L; with slope —1 going through p,,
otherwise using compass routing we would fail to reach ps in our next
step, which is a contradiction since the shortest path from s to d must go

through p4 (see Figure 5.3).
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Similarly, suppose we want to go from vertex d to vertex s in the
orthogonal embedding. We must first go to vertex ps. Now notice that s
must be above the line Ly with slope —1 going through ps, otherwise
using compass routing we would fail to reach pg in our next step which
is a contradiction since the shortest path from d to s must go through ps
(see Figure 5.4).

However, it is not possible to have an orthogonal embedding which
satisfies the above two cases. Hence, this shows that there does not exist
an orthogonal CR-embedding for every tree in which each vertex has

degree at most 4.

Now we ask the following question?

Does there exist an orthogonal SS-CR embedding for any given

tree in which each vertex has degree at most 4?

We will now prove that this is indeed the case.

Theorem 6 There exists an orthogonal SS-CR embedding for any given

tree T in which the degree of every vertex is less than or equal to 4.

Proof: Let the root r be any vertex of T. We will prove the result for
balanced trees with respect to r. For non-balanced trees, we can add
dummy vertices to make them balanced trees and then these vertices will
be deleted at the end.

Let T be a balanced tree of depth k with root r. We label each
vertex of T. The label of the vertex depends on the distance of that
vertex from the root of T. All the vertices having depth | are labelled 1,
all the vertices having depth 2 are labelled 2, all the vertices having
depth 3 are labelled 3 and so on until every vertex of T has received a
label. Note that the root of T has depth 0 and hence it is labelled with a
label 0.
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Next we orthogonally embed T such that the resulting orthogonal
embedding supports SS-CR from r. We use the origin as the root of T.
All the vertices with depth 1 are placed at distance 2! from the root, all
the vertices with depth 2 are placed at distance 22 from their parents, all
the vertices with depth 3 are placed at distance 2“? from their parents
and so on. Finally, all the vertices with depth k are placed at distance 2°
from their parents (see Figure 5.5).

Now we prove that the resulting orthogonal embedding does
indeed support SS-CR.

P

Figure 5.5: T with depth k=3
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Suppose that we want to go from source vertex r to any vertex d
using compass routing (see Figure 5.5). Without loss of generality, let us
assume that d is on the branch of T generated by N(r) = p,. We join
vertex r to vertex d by a dotted line segment. Now notice that the edge
rp; forms the smallest angle of all the edges incident to vertex r with the
dotted line segment rd. Therefore, we take this edge and arrive at vertex

p2. Our result now follows by an inductive argument. QED

5.2 Balanced Trees

In this section, we will study orthogonal embeddings of balanced
trees in which the vertices of our trees are restricted to have integer
coordinates.

We now concentrate on the following problem:

Find the smallest m X m grid in which any balanced tree of depth k
can be orthogonally embedded such that the embedding supports SS-CR.

Theorem 7 The smallest m x m grid for which there exists a SS-CR

embedding of T of depth k is the (2*' = 2) x (2**! = 2) grid.

Proof: We first show that the embedding of the balanced tree T
presented in the previous section fits in the m x m grid where
m= 2k+| - 2

From Figure 5.5, we can notice that the distance from the source

vertex r to the unique leaf L on the y-axis and above r is

042" +2%4 . 42!
which equals
k-1

T =2k
n=0
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Similarly, the distance from r to the leaf L’ of T on the y-axis and

below r is 2~ 1. Hence, the distance from L’ to L is
2(2*-1)=2""1-2

Finally, we show that T cannot be embedded on any smaller grid,
that is, our embedding of T is optimal. To show this, we first prove that
the width T(k) of the optimal m x m grid in which T can be embedded

satisfies the following recurrence equation:

T(k) =2(1 + T(k-1)), k21, T(0)=0.

L
. ® //
N s
™, //
™, . g
™. ®p /
\\\ , e
S ‘/
o -  J
y /,/ . w
.
s / \\.
Ve .
vl ™
r ™,
) //’ .
rd ® ™.,
ly:x X ly:—x
Figure 5.6

To prove this, let us consider an optimal embedding of T in which
root r lies at the origin. Let ly— and ly- be the lines going through r.
Now notice that in our embedding of T, no edges of the subtree of T
generated by N(r) = p; intersect either of these lines going through r,
otherwise compass routing would fail to produce shortest path between r

and any vertex of this subtree (see Figure 5.6).
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Let I’y and I’y be the lines going through p; (see Figure 5.7). It
is easy to see now that I’y—x and I’y are not intersected by any of the

edges of the subtree of T generated by p;. Nextwe note that the

Figure 5.7: The area T(k—1) x T(k-1)

lengths of the edges used in each of the rectangles ap,dp,, bp,aL and
cpibps by the subtrees of p, generated by W(p)), N(p1) and E(p1)
respectively are optimal since otherwise we would be able to reduce
these lengths further and get a better embedding of T which would be a

contradiction. Notice that the rectangle dp,cp contains no vertex of T
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and hence, by copying any one of the subtrees generated by W(pi),
N(p:) or E(p;) into it, we get an embedding of a tree with depth k-1
which can be embedded on a grid of optimal size with width T(k-1).
Note that the distance p;p = p1L. If this embedding is not optimal then
we can easily get a better embedding of T which is a contradiction.
Notice that the closest point to r on the y-axis where p could lie is at
(0,1), that is, the distance rp equals 1.

Hence, the distance from r to L is 1 + T(k—1) and therefore the
distance from L’ to L is 2(1 + T(k—1)). Therefore we have the recurrence
equation

T(k) = 2(1 + T(k—-1))

By expanding the above recurrence, we have
Tk)=2'+22+2°+ ... +2

which can be rewritten as

Tk)=20+2'+22+2°+ .. +2¢-2°

Therefore,
k
Tk)= 3 2" -20=2%"_1-1=2%1-2
n=0

Notice that this value of T(k) equals twice the distance fromr to L

computed earlier. QED
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Chapter 6

Approximations and Variations

We now turn our attention to the following problem:

Given some class of geometric graphs, is there a routing scheme
based on compass routing which will at least guarantee that for any
starting position s and final destination d, we always find a path from s to
d?

It is important to recall here that we are interested in routing
algorithms which use only a finite amount of memory and "local
information", that is, if we are located at a vertex v of a geometric
graph, the only information available to us is our destination d, the
location of v and the location of neighbours of v. In addition we may
assume that we have some constant amount of extra information
available to us. Furthermore, any previously visited vertex cannot be
"marked" as this would lead to the accumulation of information stored at

vertices.

6.1 Delaunay Triangulations

Let P, be a set of points and D be the Delaunay triangulation of it.
(The Delaunay triangulation D of a point set P, is defined as the

triangulation in which every circle goes through the vertices of a triangle
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and it does not contain any vertices of P, in its interior [Prep83]). We

now prove the following resuit:

Theorem 8 Let D be the Delaunay triangulation of a point set P,. Then

compass routing always finds a path between any pair of vertices of D.

Proof: Suppose that we want to go from vertex s to vertex d in D. We
will show that starting at s, compass routing will choose an edge, say sv,
such that the euclidean distance from v to d is strictly smaller than the
euclidean distance from s to d. This will prove our result.

Suppose that we join s to d by a dotted line segment (see Figure
6.1). Let the triangle sxy be the triangle incident with s intersected by

line segment sd. Let C be the circle determined by the vertices s, x and y.

—.,
—
o
e’

I

Figure 6.1
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Now let s' be the mirror image of s through the line segment going
through d and c, the center of C. We join s' and d with a dotted line
segment. Let the point where the line segment sd intersects the circle C
be P,. Furthermore, let the arc distance between vertex s and point P be [
and choose point P, such that the arc distance between vertex s and point
P, is 2*L. Let o= Zxsd and B = Zysd.

Now there are two cases to be considered regarding the edge to be

chosen from s using compass routing, namely

Case (1) a<p

Figure 6.2: Here . <

In this case, it follows easily that x is closer to d than s (see Figure

6.2). Hence, we move closer to d upon choosing edge sx.
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Case (ii) o>p

\—circle C

Figure 6.3: Herea.>f

Observe that the length of the arc joining point P to vertex x is
greater than the length of the arc joining point P, to vertex y (see Figure
6.3). Therefore, it follows that vertex y lies on the arc joining point P, to
point P, and therefore it is closer to d than s. Hence, we choose the edge
sy and move closer to d.

This completes our proof. QED
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It is interesting to note that in Chapter 4 we proved that the fan
triangulation cannot be embedded in such a way that compass routing
produces a shortest path between any pair of vertices. Notice, however,
that the fan can be embedded in such a way that it is a Delaunay
triangulation of a point set P,

Suppose that we are given a circle C' with center ¢' and points
Po,-..pn ON its upper half such that Zpc'pa < %. Observe that the
Delaunay triangulation of the point set {c',pq,....pa} is a convex fan F,

with apex at ¢’ as shown in Figure 6.4.

Pi Pn-t

circle C'

Figure 6.4

It now follows from our previous result that using this embedding

of the fan F, we can always find a path between any pair of its vertices.
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6.2 Convexly Embedded Geometric Graphs

A geometric graph is called convexly embedded if all its faces
except the exterior one are convex polygons. We also require the exterior
face to be the complement of a convex polygon. An example of such a

graph appears in Figure 6.5.

Figure 6.5: An n-gon with convex faces

We now study the following question:

Is it true that compass routing would always find a path between
any pair of vertices s and d of a convexly embedded geometric graph?

Clearly the answer to this question is "no", as the graph shown in
Figure 3.5 is convexly embedded. Suppose now that we add the

following rule to compass routing:

Rule 1: If edge uv is chosen last to go from u to v then we cannot use it

immediately to go back to u from v.
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We now show that even in the presence of this restriction, compass
routing fails to find a path between some vertices of a convexly
embedded geometric graph.

The following example is interesting, for as we will now see, using
modified compass routing we get caught in a cycle which contains our
intended destination in its interior.

Let G be the geometric graph shown in Figure 6.6. Suppose we

Figure 6.6: A counterexample

want to go from vertex s to vertex d in graph G using compass routing.
We first arrive at po since the edge spo forms the smallest angle of all the
edges incident to s with the dotted line segment joining vertices s and d.
Now we note that the edge pop) forms the smallest angle of all the edges
incident to pp with the dotted line segment joining vertices po and d,
therefore we choose the edge pop: and arrive at p;. By symmetry, the

same argument holds for all the vertices we reach. Note that we never
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reach our destination d using compass routing; instead we arrive back at
s, that is, we keep going in a cycle s-po-pi1-P2-P3-Ps-ps-Pe-p7-Ps-s shown in
the figure above in bold.

We now have the following open problem:
Problem: Let G be a planar graph which can be convexly embedded. Is
there a convex embedding of G such that compass routing (including

Rule 1) always finds a path between any pair of its vertices?

6.3 Orthogonal Convexly Embedded Geometric
Graphs

We now restrict our attention to orthogonal convexly embedded
geometric graphs, that is, the graphs in which all the faces are rectangles.

An example of such a graph appears in Figure 6.7.

Figure 6.7: Orthogonal convexly embedded geometric graph

We start by asking the following question:
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Does modified compass routing (compass routing + Rule 1)
guarantee a path between any starting vertex s and destination d?

Consider the orthogonal graph shown in Figure 6.8. Suppose

< ,
Po _—_pq.—l pr

P3

Ps

P4F Ps
Figure 6.8: Cycle not containing d

we want to go from s to d. It is easy to verify that using compass routing
we will first go to po, followed by pi and then we will go around the
cycle pi-p2-p3-ps-Ps-ps-p7-pi infinitely.

Since orthogonal graphs are of special interest in many real life
applications, it is particularly important to see if we can add an extra
(local) rule such that new modified compass routing will find the desired
path. With this in mind, we add the following Rule 2 to modified

compass routing.

Without loss of generality, assume that destination d is at the
origin. We let Q, represent the first quadrant, Q, represent the second
quadrant, Qs represent the third quadrant and Qs represent the fourth

quadrant. Now we define our rule as follows:
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Rule 2: Suppose that we are at point u in Q; and we enter into Q;, by
choosing edge uv (see Figure 6.9). The restriction we impose is that we
cannot make right turns upon entering Q;.1, that is, we cannot choose (if
available) the edge connecting v to a vertex w above it. Similarly, if we

cross over into Q;-; from Q; then we cannot make any left turns upon

entering Q.

Figure 6.9: Forbidden turns

Now we are ready to prove:

Theorem 9 Given any orthogonal convexly embedded geometric graph
G, the new modified compass routing always produces a path (not

necessarily the shortest) between any pair of vertices of G.

Proof: Suppose that we want to go from vertex s to vertex d using new
modified compass routing. To prove this theorem it is enough to show

that we do not get into a closed cycle while trying to reach d.
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Now assume that we do get into an anti-clockwise cycle C while
trying to reach destination d where C={py,p,....pm}. We enclose cycle C

into a smallest possible rectangle, say R (see Figure 6.10).

Pm Pm-i R
P I A
P[5y yd
\\\ R; R, .~
™. /
N y
\\\ e
*\
R ™ // ®
bt 4
d ™
Rs \¢ Ry
5\\;
3 -
AN
y .
/ R6 R‘] \\.\
/’“” .
yd A
A

Figure 6.10: R containing cycle C

Next we divide R into eight regions R,, Ry, R3, R4, Rs, Rg, R7 and
Rg using the line segments x-axis, y-axis, y=x and y=-x passing through
d as shown in the figure above.

Let v be any vertex of G. Using the same notation as in Chapter 5,
let N(v), S(v), E(v) and W(v) be the neighbours of v if they exist. Now
let en(v), es(v), ee(v) and ew(v) be the edges connecting v to N(v), S(v),
E(v) and W(v) respectively.

We first make the following observation.
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N /
\\\\ %/‘ /

_-’ \\ <-V_
e

Figure 6.11: The edge selection

Observation 1: If a vertex v € R| and W(v) exist as seen in Figure 6.11,
then new modified compass routing will choose ew(v) if available,
otherwise it will choose eg(v) (which in the second case must exist in
order to guarantee that we have an orthogonal convexly embedded
geometric graph).

By symmetry, the same argument holds true for all other regions.

Next we make our second observation as follows:

Observation 2: If a vertex veR, then ex(v) and eg(v) cannot be
consecutive edges in C. Suppose that we take the edge ex(v) to arrive at
vertex v (see Figure 6.12). Observe now that if either of the edges ew(V)
or es(v) exist, then new modified compass routing will choose one of
them instead of eg(v). Notice that one of the edges ew(v) or es(v) must

be present, otherwise we have a non-convex face in the original graph
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which is a contradiction since we are working with graphs in which all
the interior faces are convex. A similar argument reveals that if we
arrive at v by choosing the edge eg(v) then modified compass routing

will not choose the edge en(v) next.

Figure 6.12: Invalid edge selections

By symmetry, the same argument holds true for all other regions

shown in the figure above.

Now we are ready to prove our theorem as follows:

We observe that since R is the smallest rectangle containing C,

each side of R contains at least one edge of C. Let pipi.1 be the
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Pi Pi+1

Figure 6.13: pipi+1 lies in Qq

leftmost such edge on the bottom edge of R as shown in Figure 6.13.
We now show that ppi+1 cannot be contained in Q4. Observe now that
pi-1 must be directly above p;.

We now prove that p;_; is in Q;. Suppose that p;- is not in Qy, but
lies in Q4 as shown in the figure above. If the edge pi-2pi-1 of C is
horizontal then in our next step we would either continue in the
horizontal direction or turn upwards at p;_;, thus failing to choose the

edge pi-ip; (see Figures 6.14 (a) and 6.14 (b)).
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Pi Pi+l

Figure 6.14 (a)
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Figure 6.14 (b)

A similar argument applies if the edge pi-2pi-1 of C is vertical. It

now follows that p;-; must be in Q,.
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Next we notice that due to Rule 2 we cannot make a right turn
upon reaching p;, that is, we cannot choose the edge pi-ipi, Which is a
contradiction. It follows now that the edge pi—ipi must be in Q;. By
symmetry, the same argument holds true for all other sides of R.

Suppose that the edges pipis1,....pisk-1Pisk Of C lie on the bottom
edge of R (see Figure 6.15). Let pi_1pi be the edge which precedes pipi+
inC.

Pi-L ., Pa

o

Pi+k

Figure 6.15: R containing cycle C

If p;i-; is in the same quadrant as p; then it must have a western
edge ew(pi-1) and a northern edge en(pi-1) present. Notice that p;
cannot have an eastern edge eg(pi-1) present since modified compass
routing would select it instead of pi-yp;. Similarly we can show that pi_»
must lie directly above pi_; and so on until we arrive at a vertex pi-L
which lies in Q. It now follows that our path must have crossed into Qs

from Qz.
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We now observe that pi does not belong to Q4 since in such a
case none of the vertices pi+(,...,pi+k-1 has a northern edge en(v) where
VE Pisls--Pisk-1.  This along with the fact that none of the vertices
Pi-1,---Pi-L+1 has an eastern edge eg(v) where ve pi-y,...,pi-L+1 implies that
there exists a rectangular face, namely xpi.«pipi-L in our graph, which
encloses d. Now it follows that our destination vertex d is disconnected
since the rectangle xp;.«pipi-L contains nothing but vertex d.

Hence, the vertex pi.x is in Q3 as shown in Figure 6.16. Let q; be

Pi

Pi Pi+k

Figure 6.16: R containing cycle C

the point at which the line y=x intersects the vertical line through p; and
let d, be the distance between q; and d. Notice that q, is not necessarily
above p;; it could be below p;.
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Similarly we define q; to be the point of intersection between the
line y=—x and the horizontal line through the lowest vertex of C on the
right side of R and let d» be the distance between q> and d. In a similar
way, we define g3, d; and s, ds as shown in the figure above.

We now show that d; > da. Let q;' be the point at which the line
y=x intersects the vertical line through pi,x and let d,' be the distance
between q;' and d. Notice that d, > d,'. Observe first that the first right
turn at vertex w that C makes must occur in Rs. Due to Observation 2
and Rule 2, the y coordinates of the vertices in C between w and p;
cannot decrease and thus g lies on or above the horizontal line through
q'. It now follows that d; > di' 2 d, that is, d; > da.

By symmetry, d; >d;, d3 > dsand d4 > d;. Hence, we have a
contradiction.

This completes our proof. QED

What are the advantages and disadvantages of this variation?

The main advantage of this variation is that it guarantees a path
between any pair of vertices and hence it differs from other typical
algorithms which either use routing tables or generate spanning trees.

The disadvantage of this variation is that it does not always
determine the shortest path in terms of euclidean distance or link

distance.
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Chapter 7

Algorithmic Geometric Routing

To finish this thesis, we present a routing algorithm which on any
convexly embedded geometric graph and using only the positions of our
starting and destination points finds a path between them.

Suppose then that we have two vertices s and d of a convexly
embedded geometric graph G. Our algorithm, which we call
Algorithmic Geometric Routing, proceeds as follows:

a) Let L(s,d) be the line segment joining s to d and let fo be the face of
G containing s on its boundary that intersects L(s,d).

b) Choose any edge su of fp incident to s and continue travelling along
the edges of fo until we reach d or find an edge, say uovo, of fo that is
intersected by L(s,d). Let f, be the second face of G containing ugvo

on its boundary. At this point, we proceed as follows:

Let i=1 and suppose that we have just traversed the edge ui-1vi
which intersects L(s,d) from u;_; to vi.;. Continue traversing the edges
of f; in the direction u;-; to v;- until we reach d or an edge u;v; on the
boundary of f; that intersects L(s,d). Increase i by 1 and repeat this

procedure until we reach d (see Figure 7.1).
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Figure 7.1

Notice that if L(s,d) intersects m edges of G then our algorithm will
visit m+1 faces of G. It follows trivially that our algorithm always

terminates.
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Thus we have proved:

Theorem 10 There is a routing algorithm on convexly embedded
geometric graphs that using only local information at the vertices of G
and the positions of the initial and destination points s and d finds a path

connecting them.

It is worth mentioning that our algorithm relies heavily on the fact
that we know G is a convexly embedded planar geometric graph. We
now show how to modify our algorithm so that it will also work for
arbitrary geometric graphs.

Observe first that the vertices and edges of any geometric graph G
induce a partitioning of the plane into a set of connected regions with
disjoint interiors, not necessarily convex, called faces of G. The
boundary B; of each of these faces is a closed polygonal in which some
edge of G is allowed to appear twice. For example, in the graph shown
in Figure 7.2, the polygonal bounding the external face is {vi, v2, v3, Vs,
Vs, Ve, Vs, V1, Vg, Vo, Vio, V4, V3, Vi1, V1}, notice that the edge vivs is
traversed twice, once from vj to v,, and again from v, to vi. Suppose
now that we want to go from a vertex s to a vertex d of G. As before, we
calculate the line segment joining s to d, and determine the face F = Fo
incident to s intersected by sd. We now traverse the polygonal
determined by Fy, checking if the last line traversed intersects sd. If it
does, we calculate the distance from intersection point to s. Upon
returning to s, (unless we reach d in which case we stop) all we need to
recall is the point pp at which the polygonal bounding Fy intersects sd
which maximizes its distance to s. We then travel the boundary of Fo
until po is reached at which point we update F to be the second face
whose face contains po. It is now straightforward to see that we

eventually reach d. Furthermore, we notice that each edge e of G is
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traversed at most twice regardless of whether e belongs to the

polygonals determined by one or two faces of G.

V2 V7

Figure 7.2: Travelling from v, to vi2

For the graph shown in Figure 7.2, we first traverse the edges of
the face bounded by the polygonal vivavivyvi, we then traverse the
edges of the external face and finally the polygonal vsvsvivgvavyz at

which point we stop. In summary, we have:

Theorem 11 There exists a local information routing algorithm on
geometric graphs which guarantees that destination is reached.
Moreover, our algorithm is such that a linear number of edges are

traversed.

Notice that our algorithm does not have any "markers” on the

vertices we visit on our way from s to d and that the only information
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used during the execution of our algorithm was which pairs of edges
incident to a vertex v belong to the boundary of a face of G.
It is easy to see that if this information is not available at the

vertices of G then none of the algorithms presented here would work.
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