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Abstract

A Large Eddy Simulatior; (LES) based on filtered vorticity transport equation formulated
using diffusion-velocity method and discrete vortex method has been coupled to filtered density
function (FDF) equation for scalar, to predict the velocity and passive scalar field of a spatiélly
developing mixing layer. In the vortex method, the vorticity-based and eddy-viscosity type subgrid
scale (SGS) model simulating the enstrophy transfer between the large and small scale appears as
a convective term in the diffusion-velocity formulation. The methodology has been tested on a
spatially growing mixing layer using the two-dimensional vortex-in-cell method with both
Smagorinsky and Dynamic Eddy Viscosity subgrid scale models for an anisdtropic flow. The effects
on the vorticity contours, momentuin thickness, streamwise mean velocity profiles, root-mean-square
velocity and vorticity fluctuations and negative cross-stream correlation are discussed. Comparison
is made with experimental and numerical works where diffusion is simulated using random walk.

The transport equation for FDF is solved using the Lagrangian Monte Carlo method scheme.
The unsolved subgrid scale convective term in FDF equation is modeled using the conventional
gradient diffusion model for an anisotropic flow. The subgrid scalar mixing term is modelled using
the Modified Curl model. The characteristics of the passive scalar, i.e., mean concentration, root-
mean-square concentration fluctuation broﬁles and probability density function (PDF) are presented
and compared with previous numerical and experimental works. The sensitivity of results to SGS

model, Schmidt number, constant in mixing frequency and inlet boundary condition is discussed.
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Chapter 1

Introduction

1.1 Mixing Layer

Turbulent flows are highly irregular fluid motions in which random motions of parts are
superimposed on a mean stream whose detailed configuration is neither reproducible from one
experiment to the other nor predictablé theoretically, but whose statistical dynamic properties are
significant. Turbulence stirs fluids across many scales simultaneously and accelerates fluid mixing
which occurs much faster than simple molecular diffusion. So turbulent flows are very efficient at
mixing fluids in which the chemical mixing or heat transfer is needed. In engineering turbulence it is
important to investigate flow around car, aircraft and ship, flow in a propulsion engine and the
atmosphere.

In the view of the energy cascade, the turbulence can be considered to be composed of eddies
of different sizes, loosely termed as vortices. The forces driving the flow produce the largest eddies
which move laterally or longitudinally in the flow field. With these motions, a large eddy changes its
shape, rotates or breaks into two or smaller eddies which continue to break down into yet smaller

eddies, and so on. The cascade transfer energy from large eddies to successively smaller and smaller



eddies is terminated by viscosity. In real fluids the action of the viscosity causes the dissipation of the
kinetic energy and the turbulent motion will decay without an external source.

The plane mixing layer is one of the simplest conceivable free shear flows to maintain
turbulence. Two initially separated parallel flows come into contact and mix. Due to their apparent
simplicity, the fundamentals of plane mixing layers have been the subject of extensive theoretical and
experimental investigations. In general, information about the characteristics of turbulent flows is
obtained from experiments because of the complexity of turbulent flows. Recently due to the
development in computer technology, it is feasible to numerically simulate turbulent flows by solving
the governing equations of turbulent flows, i.e., conservation of mass, momentum and energy with

various methods of computing turbulent flows has been developed and will be briefly introduced in the

following.

1.2 Direct Numerical Simulation

Direct numerical simulation (DNS) solves the Navier-Stokes equations without averaging or
approximation and resolves all the scales of motion. The scales include everything from the large
energy-containing or integral scales to the smallest scales which are responsible for the dissipation of
turbulence kinetic energy. DNS requires that the solution domain will be large enough to encompass
all the large scale motions containing energy, while the computational grid must be fine enough to
resolve the smallest dissipative scales. In homogeneous turbulence, the computer requirements increase
rapidly with increasing Reynolds number (Re), because the ratio of a solution domain to a

computational grid is proportional to Re* and the computational cost increases approximately to Re’.



Due to the limitation of computational resource, DNS can be carried out only at relatively low or

moderate Reynolds numbers.

1.3 Reynolds Averaged Navier-Stokes

Reynolds Averaged Navier-Stokes (RANS) are based on averaging the Navier-Stokes equations
over the scales of turbulent fluctuations. The nonlinear terms in the Navier-Stokes equations give rise
to the Reynolds stress term in RANS, but the set of equations can never be closed without modelling
the Reynolds stress term. Empirical models, i.e., eddy viscosity model and k-€ model, have been
constructed to solve the problem. Because all turbulent scales are modelled and velocity fluctuations
are not calculated, the Reynolds Averaged Navier-Stokes (RANS) method is one of the most affordable
methods of computing turbulent flows. The major weakness of RANS is its poor or uncertain accuracy

by averaging out all of the unsteadiness of turbulence.

1.4 Large Eddy Simulation

Large Eddy Simulation (LES) occupies an intermediate position between DNS and RANS.
Large eddy simulation can be defined as the simulation of a turbulent flow in which the unsteady large-
scale motions are resolved explicitly while the small-scale motions are represented approximately by
a model (Smagorinsky, 1963; Lilly, 1967).

In LES, the Navier-Stokes equations are filtered, so that the terms representing the large scale
structures are separated from those representing the effect of the small scales on the large one (Leonard,

1974). In other words, the large eddy motions of the resolved scales are simulated by solving the



filtered Navier-Stokes equations. Because the unsteady large-scale motions are resolved explicitly, LES
is more accurate and reliable than RANS in which the unsteadiness of the large scale is significant. In
LES, the effect of the small scales or subgrid scale (SGS) must be modelled so that the computational
cost of explicitly resolving the small-scale motion can be saved comparing with DNS. That means that
LES allows to compute flows at much higher Reynolds numbers than those in DNS. The core of LES
is to choose the appropriate subgrid scale terms to match the particular flow and numerical scheme,

which is also known as subgrid scale modelling.

1.5 Vortex Methods

Vortex methods offer an alternative numerical solutions to finite difference methods for high
resolution of the Navier-Stokes equations. Vortex methods are based on the discretization of the
vorticity field into a finite number of vortex points or blobs which are tagged and traced at each
time(Lagrangian approach). Rosenhead (1931) introduced the point vortex method to trace the path line
of fluid particles with concentrated vorticity (vortex points or blobs) and at each time-step the vorticity
transport equation control the change of vorticity distribution within a blob. The point vortex method
was used by Abernathy and Kronauer(1962) to simulate vortex streets. Chorin(1973) solved the two-
dimensional problem using vortex blobs. Chorin's method was used by Ashurst(1979) to a two-
dimensional mixing layer and there was good agreement between simulation results of the downstream
evolution of the large scale structures and experiment of Brown and Roshko(1974)

In order to reduce the computational time of the full Lagrangian method, Vortex-in-cell(VIC)
or cloud-in-cell(CIC) method has been developed to solve the vorticity equation. In this method,

Eulerian Scheme is used to calculate the velocity field by solving Poisson's equation and the Lagrangian



scheme is used to track the vortices obtained from the Laplacian of the stream function. Baker(1979),
Aref and Siggia(1980) had applied the VIC method for their research.

The direct numerical simulation (DNS) using vortex methods can be found in Leonard (1980),
Inoue and Leonard(1987). The Reynolds Averaged Navier-Stokes (RANS) simulation with vortex
methods can be found in Baig and Milane(2004). Examples of Large eddy simulation (LES) using
vortex methods are found in Lin and Pratt (1987), Milane and Nourazar(1995, 1997) and Mansfield et

al.(1998).

1.6 Probability Density Function Method

One method used to solve the problem of turbulent flows is the probability density function
method (PDF) and has been widely used for many years. The conservation equation for the joint PDF
of velocity was derived, modelled and solved by Lundgren(1969) and Bray(1973). Furthermore, Pope
(1976) and Dopazo and O’Brien (1976) derived, modelled and solved the transport equation for the
composition joint PDF. In contrast with conventional turbulence models in which the mean reaction
rate can be determined only when the reaction rate is linear or when it is either very fast or slow
compared with the turbulent time scales, this equation treated the complicated reactions without an
approximation. The modelled composition joint PDF equation overcomes the closure problem
associated with nonlinear reaction rates. The PDF equations can be solved by either Eulerian or
Lagrangién methods. Because of a high dimensionality, Pope (1980) devised a Monte Carlo method
to solve the composition joint PDF equation. Monte Carlo methods provide a feasible alternative mean
of obtaining numerical solutions for problems with large number of independent variables. As

compared to conventional turbulence models, the PDF methods derive their advantage from their more



complete representation of the turbulent flow field (Pope, 1985).



Chapter 2

Literature Survey

2.1 Large Eddy Simulation-Vortex Method

Inrecent works, the vortex method in a pure Lagrangian frame (particle representation) has been
developed in the context of large eddy simulation (LES) using the eddy viscosity subgrid scale (SGS)
model (Mansfield ez al., 1998). By filtering the vorticity transport equation and modelling the subgrid
scale (SGS) velocity and vorticity fluctuations, a Lagrangian large eddy simulation was developed. Both
the Smagorinsky and Dynamic Eddy Viscosity SGS models were implemented and the constants were
obtained specifically for the vorticity equation. Comparison of the results obtained from LES of a
homogeneous and isotropic turbulence flow field with those obtained by filtering DNS results indicated
good agreement.

In the particle representation, the effect of eddy viscosity model was implemented by modifying
the strength of the particles using the integral approximation for the solution of the diffusion equation
(Degond and Mas-Gallic, 1989), also denoted as the particle strength exchange (PSE). In other

development, Milane and Nourazar(1995, 1997) used the core-spreading technique to simulate the



diffusion equation in the context of LES where the eddy viscosity SGS vorticity model (Mansour e
al., 1979) and the SGS turbulent kinetic energy model (Bardina, 1980) were tested, respectively. The
core-spreading technique is valid in the limit of vanishing viscosity (Greengard et al., 1985; Cottet and
Koumoutsakos, 2000). Cottet (1996) presented subgrid scale model based on a rigorous analysis of
truncation error of the filtered vorticity equation. The author developed a scheme based on the PSE
meth‘od for small scale contribution. The method was tested by removing all the back scatters produced

by the flow strain.

2.2 Diffusion-Velocity Method

The diffusion-velocity method is an alternative way for simulating the diffusion equation and
can be extended to an eddy-viscosity-based LES formulation. Originally, Ogami and Akamatsu (1991)
introduced the method as an alternative to the random walk solution of the diffusion equation in order
to extend the solution to Reynolds number values below the lower limit of applicability of the random
walk. In diffusion-velocity method, the viscous diffusion is produced by the vortices’ movement
induced by the diffusion velocities which can be regarded as the summary of the contribution from
each vortex and are added to the velocities at which the vortices are carried following the procedure
of vortex method. Ogami and Akamatsu (1991) suggested that the diffusion velocity method can solve
problems such as separation and reattachment of the boundary layer without the boundary layer theory.
The results for one-dimensional diffusion equation are found to be in close agreement with analytical
solution.

For an incompressible Newtonian fluid, Clarke and Tutty(1994) applied the discrete vortex

method to solve the two-dimensional Navier-Stokes equations in which the viscous effects are



modelled using a combination of the random walk and diffusion velocity techniques with few arbitrary
parameters. The discrete vortex method can produce worthwhile solutions for the two-dimensional
Navier-Stokes equations but the diffusion is limited to regions where the circulation of a single vortex
is much larger than a region of low vorticity. The results were validated in the flow translating circular
cylinder and rotating translating circular cylinder. In the context of diffusion velocity method,
Ogami(1999) introduced a remeshing technique in the region where vortices are sparse and do not
overlap as encountered by Clarke and Tutty(1994).

Lacombe and Mas-Gallic(1999) proved the existence and uniqueness result from diffusion
velocity method by solving the one-dimensional, two-dimensional and three-dimensional Navier-Stokes
equations. Recently, Beaudoin ez al.(2003), using the diffusion-velocity method as an alternative to
PSE method, concluded that for anisotropic diffusion problems it is by far easier to derive than that of
the PSE method. The present study is concerned with a LES study using the diffusion-velocity method.
The feasibility of the method will be illustrated using the two-dimensional mixed Lagrangian-Eulerian
vortex-in-cell(VIC) method applied to a spatially growing rﬂixing layer and using both the Smagorinsky
and Dynamic Eddy Viscosity SGS models. The VIC method is used because it combines the best
features of Lagrangian and Eulerian methods, i.e., the numerical dissipation is reduced relative to the
pure Eulerian method ( Sarpkaya, 1994; Ghoneim and Givi, 1987; Leonard, 1980; Chorin and Marsden,
1979) and the computational time is reduced relative to the Lagrangian method. In the VIC method, an
Eulerian scheme is used to calculate the velocity field and a Lagrangian scheme is used to track the
vortices. The vortices that represent fluid particles with concentrated vorticity (vortex points or blobs)
are tagged and traced in time. As time proceeds, the change of vorticity distribution within a blob is
governed by the vorticity transport equation. The justification for this method stem from the fact that,
in turbulent flows, vorticity is often very large in thin thread like fluid, while the remaining fluid is
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virtual without vorticity. Therefore, the vorticity can be lumped into concentrated vortex blobs around

which the fluid spins.

2.3 Large Eddy Simulation-Filtered Density Function method

Recently Gao and O’Brien(1993) first introduced the transport equation for the large eddy PDF
for a chemically reacting flow. Colucci et al.(1998) developed LES based on .PDF, termed the filtered
density function (FDF) for a chemically reacting turbulent flow. The FDF method is developed for |
isothermal, constant density, reacting flows with a simple kinetics scheme. The effect of chemical
reactions appears in a closed form in the transport equation for the FDF and the influences of subgrid
scale(SGS) mixing and convection is modeled. The FDF transport equation is solved using Langrangian
Monte Carlo Scheme together with the Navier-Stokes equation for ﬂoW field. The methodology is
assessed using a temporally developing mixing layer and a spatially developing planar jet under both
non-reacting and reacting conditions. In non-reacting flows, authors proved that the result is similar
between the Monte Carlo solution of the FDF and finite difference LES, and in reacting flows with the
absence of a closure for the SGS scalar fluctuations, the result of FDF is in agreement with that of
filtered DNS (a priori test).

Jaberi et al. (1999) developed a methodology named “Filtered Mass Density Function” (FMDF)
by extending filtered density function (FDF)(Colucci et al., 1998) to variable density and reacting flows
at low Mach numbers. In FMDF a transport equation is developed by modelling SGS mixing via the
linear mean-square estimation (LMSE) and the influence of SGS convection flux via the gradient
diffusion model. Then the modelled FMDF transport equation is solved by a Lagrangian Monte Carlo

scheme where the solutions are obtained using the equivalent stochastic differential equations(SDEs).
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In reacting shear flows with non-premixed reactants, the FMDF results show closer agreement with the
data of experimental measurements and direct numerical simulation (DNS). In non-reacting flows,
without the influence of the SGS fluctuations on the reaction rate, the FMDF results are closer
agreement with the DNS results of two-dimensional temporally developing mixing layers, spatially
developing jet and three-dimensional temporally developing mixing layers.

Zhou and Pereira (2000) implemented FDF deVeloped by Colucci et al.(1998) to investigate
the two-dimensional, gas phase, spatially developing, reacting and non-reacting, constant-density, plane
mixing layer in a flow regime prior to the mixing transition similar to the experiment of Masutani and

Bowman(1986)(M&B). The FDF results showed satisfactory agreement with experimental

measurements.

2.4 Objectives

The objective of this study is concerned to apply a large eddy simulation(LES) scheme based
on the filtered vorticity transport equation formulated using the diffusion-velocity method in
conjunction with FDF transport equation for scalar to predict the velocity and passive scalar field. The
methodology will be tested on a spatially developing mixing layer. Both the Smagorinsky and Dynamic
Eddy Viscosity SGS models are used to model the effects of subgrid scale fluctuations. For the flow
field, the mean velocity, Reynolds stress, turbulent diffusivity, mixing frequency and momentum
thickness are predicted.

For scalar field, the filtered density function (FDF) is solved using a Lagrangian Monte-Carlo
scheme. The diffusion of the unresolved scalar fluctuations is modeled following the eddy diffusivity

concept and the mixing of unresolved scalar fluctuations is modeled using the Modified Curl model.
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Comparison is made with two-dimensional experiment of Masutani and Bowman(1986) and numerical
simulation results of Zhou and Pereira(2000). The mean scalar concentrations, root-mean-square (rms)
scalar fluctuations and probability density function(PDF) of scalar are presented. The effect of mixing

frequency, Schmidt number, constant in mixing frequency and inlet boundary conditions on scalar field

development is discussed.
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Chapter 3

Governing Equations

3.1 Vorticity Equation

The continuity and vorticity transport equations for an incompressible and viscous fluid flow

are respectively,

va S (1)

i + u__’ = W. i + VvV i (2)
7 7
ot axj ij axjaxj

where w; represents the component of the vorticity vector w, w;and u; represeht the components of the
velocity vector u, and v is the kinematic viscosity. The left-hand side (L.H.S.) of Eq.(2) includes the
rate of change of vorticity in time and the rate of change due to convection respectively. On the right-
hand side (R.H.S.), the first term is the vortex stretching term and the second term is the viscous
diffusion.

For a two-dimensional flow parallel to (x,y)-plane, the velocity vector is u=u(x,y.t), the

vorticity vector w is reduced to one component in the z-direction (w,) perpendicular to the (x,y)-plane,
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and the stretching term vanishes. Therefore Eq.(2) reduces to

dw Ow 0w
R (3)
ot axj axjaxj

A different form of vorticity equation can be written if the continuity Eq.(1) is combined with the

vorticity Eq.(3) assuming constant viscosity as

dw, Juw, a{ aco.}

— s Lo 2yt (4a)
ot axj axj axj
which can also be rewritten as
ow, ow,
P, e v oo (4b)
ot axj It axj

Eq.(4b) is identical to the equation used by Ogami and Akamatsu(1991) in the development of the

diffusion-velocity method.

3.2 Filtered Vorticity Equations

For any time- and space-dependent variable ¢(x,y,t), the spatial filtered value ¢ is
Sy = | ¢@nn G(x-C, y-n) & dn ®)
where G(x,y) is the spatial filter shape. For a two-dimensional flow, the velocity and vorticity fields are
decomposed in the filtered field (overline), and the sub-grid scale field (superscript ) as:

W, = ' (X,y;1)
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wy = 0 (X,y;t)
@, = ,(X,Y;t) + 0 (X.y5t)
U =0(x,y;t) + u'(x,y;t)
V=Vxyt) + Vi(x.y:t)
w = W'(x,y;t)
In the above decompositions, w =, = w, = 0 are nil in the two-dimensional formulation. The filtered
continuity Eq.(1) and the filtered transport equation [Eq.(3)] for the spanwise component w, are (

Cottet, 1996)
U, oV _ (6)

)

where the subgrid scale terms being responsible for the transfer of enstrophy between large and small

scales are

oY _ o

LT, -Tw,)
Ox oOx .
and ®
2.9 Ve, -75,)
oy oy

Another form for Eq.(7) can be obtained by using the continuity Eq.(6) and rearranging the SGS terms

_do-Te, odv-2s, .
0w, w, w, Fw, Jw, ®
+ + =y +V

ot ax P w2 g2

In Eq.(9), the SGS terms are treated as convective terms. This is similar to the procedure followed by
Ogami and Akamatsu(1991) in the development of the diffusion-velocity method. The third form for
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Eq.(7) can be obtained by inserting the diffusion terms in the convective terms as

- ow_\_ — ow_)_
o 22T v 2o YTy
00, ®, ®, 0x ®, ® Jy (10)
+ + =0
ot ox ay

Eq.(10)is a convective equation and is similar to the equation solved in the diffusion-velocity method.

3.2.1 SGS Eddy Viscosity Model

The two groups of term (-Y) and (-Z) are the SGS vorticity stress. Their net effect is to transfer
energy from the large scales to the small scales. By analogy with the SGS Reynolds stress in the filtered
momentum, the SGS vorticity stress are modeled using the eddy viscosity concept for an anisotropic

flow as -Y = v, 0w /0x and -Z = v, dw,/y. Substituting into Eq.(7), developing and rearranging

dw_ [.. @ dw. [ 8 dw, P, Fo,
2| G- L | 22 g Py | O =(v +vp) e +(v +vp) 2 (1)
ot ox | Ox dy ) oy ox? 7 ay?

The convective terms in Eq.(11) may be rearranged using continuity Eq.(6) and the following

expression

_ava do>, ! {__ava}+_ a2va

= wz z
dy oy dy " oy dy?

which will result in

0w, ox ° dy
+ + =
ot Ox dy
2 Po, . Pv, . Pv
v+ V) —2 4V + v ) —E -, — -, — (12)
2 ay2 axZ ay2
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Eq.(12) should be used rather than Eq.(11) because of the adequate form of convective terms. In order
to treat the convective terms properly (within the context of vortex method), the convective terms shall
be modified. By doing so, source term (the last two terms on R.H.S. of Eq.(12)), disappeared in the
following equations.

Another form can be obtained by substituting the SGS terms, -¥ = v, 0w, /0x and -Z = vy,

0@,/3y, into Eq.(9)

7. 5% s o7 %5

3%, ®, ox - o,y : &, I, (13)
+ + =y +v

ot ox oy x?  oy?

Also Eq.(13) may be rearranged by moving the diffusion terms to the L.H.S. as

- vV + Vv .)o® _ - + v, ) 0w\ _
_ a{U__(______E.),__i}w G{V—SY——:——TX)———J}(QZ
o® ®», o ° ®, oy 14
Z+ b4 + z . =O
ot ox oy

Eqgs.(12),(13) and (14) are equivalent. However the equation forms are different because the forms of
the terms are different. Eq.(12) contains convection, diffusion and source terms. Eq.(13) contains
convection and diffusion terms, and Eq.(14) contains only convection terms. Therefore the solution
techniques are different and the results may be different. This aspect will not be investigated in this
study and Eq.(14) is chosen as the governing equation for the study. The terms added to the convective
velocity are called diffusion velocities in analogy with the derivation in Ogami and Akamatsu(1991).
Another equation used in the VIC method is derived using the definition of vorticity vector,

= ox Oy
Since the divergence of the velocity is zero because of the continuity equation Eq.(6),i.e.



therefore the components of the velocity @t can be expressed as the gradients of the stream function ¢,

v-3 v=-- (16)

3

oy ox
Combining Egs.(15) and (16), Poisson's equation is obtained as,

vy = -, (7
The solution obtained by the Poisson's equation [Eq.(17)] is equivalent to the solution obtained
by the convective part of Egs.(12), (13) and (14), i.e. the contribution of #= (U, V) in the vorticity
transport equation. The solution of Poisson's equation is given by the Green's function or the Biot-

Savart (Batchelor, 1967).

3.2.2 Subgrid Scale Models

The constant in SGS model is a function of the type of governing equations (vorticity or
momentum) and of SGS model used. Mansfield et al.(1998) obtained the constant in the Smagorinsky
model and also derived the expression for the constant in the dynamic case. In this study, both the
constant for Smagorinsky SGS model and the expression of the constant for dynamic SGS model have
been adopted. In the Smagorinsky SGS model, the eddy viscosities v, and v;, in x- and y-direction,
respectively, are expressed for an anisotropic flow as (Sagaut 2002, p.168).

v, = CHAYPAPES S )\
and (18)
v, = CRAYPA,°(2S,5 )\
where A, and A, are the filter sizes in x- and y-direction, respectively, with A= (A, A,)"* or A=max

(A, ,A,) (Sagaut, 2002 p.165), and the modulus of the strain rate for 2D flow l S l = 255)"7 is
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=2 oA L
@ssyn = 2%y« LY.y 2
v ay 2 ay ox . (19&)
-, - = 1
[ Z(GV) N _1_(6U+8V2 E
ox 2 9y ox

Eq.(18) has been extended to anisotropic bﬂow by simply using different filter sizes A, and A, inx-and
y-direction, respectively. The filter sizes, A = (A, Ay)'/’, are a multiple (>1) of grid sizes. The
Smagorinsky subgrid model was used even though it is too dissipative ( see for example Vreman et
al.,1997) because the one of the objectives of this study is to show that the diffusion-velocity method
can simulate the dissipative effect of a SGS model. If so, it is expected that any other eddy viscosity
based SGS model (non-dynamic or dynamic) would behave qualitatively in the same fashion. The
constant C,=0.12 in Smagorinsky SGS model has been obtained by balancing enstrophy production
and dissipation for homogeneous, isotropic flow (Mansfield et al., 1998). The derivatives of velocities
are calculated at the nodes at each time-step and the modulus Eq.(19a) is calculated as well. Note that

Eq.(192) can be expressed in terms of stream function using Eq.(16) as

2.0 2 2 1
@55 = [20dy . Loy a—q;)z 1?

Pyl 1Py _ Py s
e R
ayax 2 ay2 ax2

The dynamic implementation requires calculating C, at each node and at each time-step. As
shown in Mansfield et al.(1998), two equations are generated. The first one is the “filtered vorticity
equation” using the physical filter size A and the second one is the filtered “filtered vorticity equation”
using an additional test filter A’> A, in such a way that A’ =2 A. Then the first equation is filtered again
using the test filter and subtracted from the second equation assuming the same subgrid scale model

in both equations. This yields an expression for the constant as
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I =Cm (20)

where
I =1¢4+1]° (21)
m=mP? + mZ (22)
For a 2D simulation
=0 (23)
lcze{_Gwz+;awz_zamz_3awz} 24)
£ ox oy ox oy
m? =0 25)
mD—ez Az—a—{ §|8w2} +ezA—a— IS 80)2'}
ox _ox gy oy (26)
e a2 {l5]%:) 22 {520
Ox X dy dy

The constant C, is uniquely specified in 2D simulation, unlike 3D simulation where the constant is
overspecified and error minimization is invoked. For any variable ¢ ccalculated at the nodes, double
filtering is calculated using the differential interpretation of the filter in which the second order terms
are neglected (Sagaut, 2002, pp. 23-25), For both the tope hat filter and the Gaussian filter $ isgiven

as:

27
5-5.81{% %} @7
24 8x2 oy?
and the product of two double filtered terms as

= = 4+ = a2¢ a2¢ a2 62"
bn=¢mn: 24n{6x2 ay} 244){8;1 ayg}
iy 2825 | 9.5
24 ax? y?  x?r 9y?

(28)
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Chapter 4

Vortex-In-Cell

The vorticity field is discretized into a set of vortex particles. The motion of the vortex particles
is governed by the vorticity transport equation [Eq.(14)]. The discretization of the field into vortex
particles will be discussed in section 4.1. In the vortex-in-cell method, the vorticity is transferred from
the vortex particles to the nodes of a grid, using an interpolation technique which will be discussed in
section 4.2. The motion of the vortex particles is traced by splitting the vorticity transport equation into
several substeps. In the first substep, the convection of the interacting vortex particles is obtained by
first calculating the components of the velocity #=(U, V) at the nodes by solving the Poisson’s equation
Eq.(17). Then the components of the diffusion velocities are calculated at the nodes

(v +v)ow, (v + v;)0w

as ( - = , = ayz) . The velocity components u=(U, V) and the diffusion

wz ax z

velocities at the nodes are transferred to the location of each vortex particle, using an interpolation
technique. Then the vortex particles are convected using the equation of motion of a material point with
a two-step viscous splitting algorithm. This step will be discussed in section 4.3.

For the diffusion-velocity method, no additional substep is needed. However in this study, a
second substep, in which the diffusion velocity term is replaced by the random walk, has been

considered in simulating the molecular diffusion term without SGS model. A comparison between the
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two methods is made in section 6.3.

Whenever the distance between two neighbouring vortex blobs is outside a range specified by
a criteria, a regridding procedure used to improve the accuracy of the calculations by inserting or
removing vortex particles was implemented (Ghoneim et al., 1988). The procedure was tested on runs
without SGS model and the effect on the mixing layer flow characteristics was small. It was small
probable because the number of vortex particles used was high. Therefore, the regridding procedure

was not used in the runs presented in this study in order to reduce the computational time.

4.1. Vortex Particles

In vortex methods, the vorticity field is discretized into N, point vortices with circulation I'; for

each, the vorticity field is given as
w(@) = Y;5 T, 8(x-x) (29)
where &(x) is the Dirac delta function, x represents the coordinates at which the vorticity is calculated
and x; is the coordinates position of the vortex points. The point vortices are vortex blobs rather than
vortex points because the Biot-Savard law, i.e., the Green’s function, has a singularity at the origin. It
creates large velocities in its neighbourhood, which causes numerical as well as theoretical instabilities.
To remove this difficulty, finite core size vortices or blob vortices may be used instead of point vortices
(Chorin, 1973). Thus inside the core, velocity is smooth and finite at the centre of the core. Although
this trick creates some errors, it is very effective in removing the singularities from the flow field. With
this technique, the velocity field induced by each vortex is quantitatively correct, only away from the
centre of the vortices. In the vortex blob approach, the particles have a core radius o(inVIC oisequal

the grid size), a volume 8v, and a vorticity vector of magnitude @, smoothened within the volume du..
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Fora given vortex particle, the circulation [ is identical to the product of the vorticity and the volume

of the vortex particle, w; Ou, which also represents the contribution of the vortex particle to the vorticity

field. Therefore each vortex particles, is completely characterized by (x, I ) and the vorticity field is

given as

w(@) = Y5 T, {(x-x)

where the smoothing function $o(*-X,) is expressed as

1, XX,
$oxmx) = — U=
o (0]

with [{(x) dx = 1 . For the present 2D formulation, the vorticity field is given as

0@ = = T T, o o
g o (o]

where [ (x-Xx,)/0, (y-y,)/ 0) ] are the coordinates distance in units of core size.

4.2 Interpolation Scheme

The smoothing functions used are the area-weighing scheme (Baker, 1979),

o) =(1-In]) In|<1
and the M, scheme, a higher order scheme (Cottet and Koumoutsakos, 2000),
5 2 3 3
1 - = + = <1
S+ ini Inl

cm>={ %(2-m|>2(1—|m> 1< <2
0 nP>2

(30)

@3N

(32)

(33a)

(33b)

Results obtained from the two schemes will be compared in section 6.2. The interpolation scheme

[either Eqs.(32) and (33a) or Eqgs.(32) and (33b)] is used to transfer the vorticity from the vortex blobs

to the nodes of the grid. A vortex blob contributes to the nearest 4 nodes as shown in Figure (1a) in the

area-weighting scheme and 16 nodes for the M, scheme, respectively. The total vorticity ateach node
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is obtained by summing the vorticity contributions of all the vortex particles which are within one grid
or two grids from that node for the area-weighing scheme and the M, scheme, respectively. Also since
there is at least one vortex blob per grid, therefore the vortex blobs will always overlap. The position

vector of the vortex blob center is determined by (x, y, ) and is discussed in the next section.

4.3. Convection and diffusion velocity

The Poisson’s equation Eq.(17) is solved in order to obtain the velocity components at each
node, by using the successive-over-relaxation method with a central difference approximation for the
derivatives, the method is also called the extrapolated Liebmann’s method (Abdolhosseini and Milane,
2000). Once the components of the velocity at the nodes u,, =(U,, ¥, ) are calculated, the components
of the velocity u; =(U, 7)) acting on the center of the vortex blob can be calculated with the

interpolation technique as,

yi—yn

U = 5, U, (o ¢ (342)

n=znna MW”"

where 7 is the representation of the nearest 4 nodes or 16 nodes surrounding the vortex blob in the

) (34b)

area-weighing scheme or the M, 'scheme, respectively. The position vector of the vortex blob centre
Xx=(x, y,) is calculated by integrating the equation of motion of a material point

dy/dt = u (Y(x,y,21)) (35)
using the improved Euler’s method where the predictor is |

¥ (tFA= y(O)+u At (362)

and the corrector is
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X(EHAY= 3O+ (utu")Av2 (36b)
At is the time-step and the velocity u = &;. To implement Egs.(36a) and (36b), the calculations are
carried out in two steps within each time step. In the first step, the algorithm is executed using the
predictor Eq.(36a). At the end of this step, the values are denoted by the superscript (*). Then in the
second step, the algorithm is repeated using the corrector Eq.(36b). Two values of each variables are
stored at each time-step, i.e. the old value at time t and the predicted value denoted by (*). At the end
of the calculations, the old value is replaced by an updated value at time ¢-+4¢.

After completing the above operation, the components of’ the diffusion velocities are calculated

(v + v,) 0w, (v + vy) 0w,
atthenodes, ( Uy = - ————————— , V; = - ——"-—") _and transferred to the centre of

w, Ox ®, oy

the vortex blob using Eqs.(34a) and (34b). The position vector of the vortex blob is calculated using
Eqgs.(36a) and (36b) in which u = #,;. The diffusion velocity could be unréasonably high inregions of
small vorticity and non-zero vorticity gradient because it is inversely proportional to the vorticity. This
problem is remedied by setting the components of the diffusion velocity to zero whenever the vorticity
at the nodes is less than 0.1% of the vorticity associated with vortex particles.

Here it is noted that the solution of the Poisson’s equations together with the Lagrangian

movement of the vortex particles is equivalent to the solution of the convective term u =(U,, ¥V, ) in

Eq.(14).
4.4. Random walk
Fo, Fa.
For the case without SGS model, the diffusion term in Eq.(7)is v ( P + P ) , This
x

term can be simulated using random walk for high Reynolds number (Chorin, 1973). This is handled

by superimposing on the motion due to the convection of the vortices(without the contribution of the
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diffusion velocity), the random walk using first the predictor Eq.(36a),

X+ 4)= y)+u dt+n, (37a)
then the corrector [Eq.(36b)] as

A2(+40)= yO)+ (u+ u )42 +n, (37b)
where u = u,, 1, and 1, are obtained from a Gaussian distribution with zero mean and standard

deviation (2v At)*.

4.5. Boundary and Iniﬁal Conditions

The computational domain in Figure 1 consists of arectangular grid With uniform grid size in
each direction and in general (8,#8,). The lower left corner of the grid is located at x=/ and y=1. The
boundary conditions for LES are the same as for the unfiltered case because they are assumed to be
governed by the large scale. The Neumann conditions apply to the inflow and outflow boundaries with
yY=0aty=0. Atinflow, two laminar boundary layers, which develop on high speed side and low speed
side of splitter plate, are represented by third-order polynomials and another third-order polynomial is
used to patch the two boundary layers to avoid the accumulation of particles in the box used in the FDF
approach (see section 5.1.2). The velocity profile also reflects the development of the wake at some
distance from the edge of the splitter. Here assuming a third-order profile, u = ay+ by*+ ¢y’. Using
boundary condition y=0, u=0; u=U,

(0u/3y)=0, 8t y=0yuminar
(Puldy*)=0, aty=0

it gives laminar velocity profile:

w_3 y _1y
3
U 26’“’"’"‘”’ 261aminar
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where 8,,,,,... can be calculated using (3., /x)=5.0 /Re,}” and x=0.5 for this study. So the laminar

velocity profile in y-direction are

3

3 1
@Yy, = [T - 55— U=Up at g (382)
2 laminar 6laminar
3 ¥ 1 y?
(OY/y),; = [2 5 - o U U=U,, at y<yg (38b)
laminar laminar

Where subscript j corresponds to the node in the y-direction, Uy and U, are the velocities of the high-
speed side and the low-speed side, respectively, v, is the splitter plate y location. The outflow stream
function profile correspond to profile of velocity that is error functions in such a way that

(OP/0y) ;= (AUL2) erf {0 (y-Yo, ) (x-%,)} + U, (39)
where subscript N=M correspond to the node in x-direction at the outflow, j corresponds to the node
in the y-direction, AU=U,, - U, is the velocity difference across the layer, U, and U, are the veldcities
of the high-speed side and the low-speed side, respectively, y,, is the ordinate of centerline, x, is the
virtual origin, o is the spreading parameter and U, =(U,+U,)/2 is the averagé velocity. In addition in
order to simulate the Kelvin-Helmholtz instability mechanism, the profile may be augmented by a
perturbation based on linear stability analysis(Monkewitz,1982). Another approach that does not rely
on stability analysis may be used as discussed in Inoue(1992). In vortex method, the Kelvin-Helmholtz
instability may be simulated by moving vertically the vortex closest to the edge of the splitter plate by
a small distance (perturbation) given by a sinusoidal function of time operating at the fundamental
frequency (f) of the unforced mixing layer as

y(t)=Axsin 2n ft) (40)

where A=(0.5U At is the amplitude and x represents a small percentage of A (x= 3.0 % in this study).
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The fundamental frequency (f) is calculated using f 8/(2U) =0.02 (Oster and Wygnanski, 1982) where
6, is the momentum thickness at the beginning of the region of linear growth. The factor 4 has been
used by Inoue(1992) where a forced mixing layer was investigated. In this study the small value of
x=3.0 % introduced ensures that the mixing layer is in the unforced mode.

The error function outflow boundary condition has been adopted because it constrains the
growth rate of the momentum thickness and yields a slope for the linear growth region in close
agreement with the experiment (Abdolhosseini and Milane, 2000).

Furthermore, slip conditions are assumed for the top and bottom boundaries. The Dirichlet
condition is used for the bottom boundary at y, =1, consistent with #,,=0 at y=0, as

¥, =y.% U, | @41)
and for the top boundary
Ui n=ULypt Un(¥in- ysp) 42)
where y,, is the splitter plate y location and N corresponds to the nodes at the top boundary.

Initially, the velocity discontinuity across the splitter plate is simulated using a vortex sheet,
which is discretized into a row of point vortices as shown in Figure (1b). At time =0, the point vortices
are equidistant, and separated by a distance d = L/N,, where N, is the number of vortices and L= 86 M
is the computational domain length. The vortex closest to the edge of the splitter plate is moved
vertically using Eq.(40) to initialize the Kelvin-Helmholtz instability. The unfiltered total circulation
in the computational domain is L(Uy- U;). The circulation is equally distributed among the N, vortices
as I'= L(Uy- U)/N, = d(Uy - Up). Furthermore, if at the end of each time step At, defined as the
characteristic time At=d/U,, a vortex with circulation I, is introduced at the trailing edge of the splitter
plate, the vorticity generation rate is I'/At = (Uy- U, )U, and therefore the Kutta condition is satisfied.
The oldest vortex, i.e., the vortex with the largest residence time, is discarded from the calculations
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when a new vortex is introduced at the edge of the splitter plate. Furthermore, the vortices can move
freely in and out through the outflow boundary to avoid the collection of vortices at the end of the
computational domain. The motion of the vortices outside the computational domain is assumed to be
governed by the velocity at the outflow boundary.

Inthe LES, the initial circulation of the vortices should be filtered. Ho?vever approximating the
vorticity field using Eq.(30) corresponds to filtering the circulation of each vortex I'; using the
smoothing function ¢ (x-x) (Mansfield et al., 1998; Cottet, 1996). As noted earlier, in vortex
method, smoothing or filtering has been used in order to remove the singularity in Biot-Savard Law.
Therefore the vorticity field given by Eq.(30) is interpreted as the filtered vorticity field used in LES.
Two questions remain to be addressed, the correspondence between the smoothing function and the
LES filter shape and between the core size used in the smoothing function and the filter size A.
Regarding the former issue, it is noted that for the Smagorinsky model no filter shape is invoked
explicitly, therefore the smoothing funcﬁon could be any of the ones used in VIC, such as either area-
weighing scheme or the M, scheme. Regarding the latter issue, the filter size is proportional to the core

size since both are proportional to the grid size (the core size=grid size in VIC).

4.6. Solution Procedure for Diffusion-Velocity Method

The solution procedure to solve the velocity and vorticity fields consists in the following steps:

(a) Initializing by placing the equidistant vortices at the level of the splitter plate and by assuming
arbitrary values for § at the internal nodes together with the boundary conditions [Eqs.(38)-(42)].

(b) Distributing the vorticity from the vortex particles to the nodes using the interpolation scheme
[either Egs.(32) and (33a) or Egs.(32) and (33b)].
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(c) Solving the Poisson's equation [Eq.(1 7)] , using a Gauss-Seidel iteration with a left-to-right sweep
of the nodes and bottom-to-top sweep of the lines. Iteration convergence is obtained when the

percent difference between consecutive ¥ is less than 0.001%.
(d) Computing the velocities U and ¥ at the nodes using Eq.(16).

(e) Calculating the velocities at the location of each vortex (U,,V, ) using the interpolation scheme
{Egs.(34a) and (34b)].

(f) Updating the co-ordinates of the vortices using Eqs.(36a) and (36b).
(g) Computing the SGS eddy viscosity using Eqs.(18) and (19b) either with constant Cr=0.12 or with

dynamic calculating C- at each node [Eqs.(20)-(28)].

(v + vp) _85)i vt vy) ow

(h) Computing the component of diffusion velocity ( = ——=—— > -——5—"6—;) atthe

®, ox 2

nodes.

(i) Calculating the diffusion velocity at the location of each vortex using the interpolation scheme

[Eqgs.(34a) and (34b)] where (U,,7,) is replaced by the component of diffusion velocity .

() Updating the coordinates of the vortices using Egs.(36a) and (36b).
(k) Introducing a new vortex at the edge of the splitter plate and discarding the oldest one.

(1) Marching in time by repeating the calculations from step b through k.

The first and second derivatives are calculated using fourth-order central difference formulas.
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Chapter 5

Large Scale Scalar Field

5.1 Governing Equations

Considerareactive flow governed by a single step chemical reaction, A+ B -~ C+D, in which
the mass fraction of each species is governed by rate equations. Assuming that the species mass fraction
depend on one of them denoted by ¢. The filtered species conservation equation for mass fraction ¢

is (Colucci et al., 1998)

N T & VE ¥N ¥ oM. oM.
%, oUD , Y 2q3h), 2qb M
X dy oy

2+ o 43
ot ox oy ox ox oy ¢ )

where M =U?o - U and My =V ¢ - V ¢ aretheunresolved subgrid mass fluxes inx-and
y-directions, respectively; ac is the filtered reaction rate (large scale); I is the molecular diffusion
coefficient related to the eddy viscosity v via the turbulent Schmidt number SCT, as '=v/S§ ep - By
analogy with the SGS in the filtered momentum equation, the subgrid mass fluxes are modelled using
the eddy diffusion concept for an anisotropic flowas - M =T, d¢/ox and - M, = I‘Ty aP/dy 5

Substituting in Eq.(43) and rearranging as
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SO GRS X R 2T ¢]+w

ot ox ady “44)

whereI',, and I‘Ty arerelated to v, and v, defined by Eq.(18) via the turbulent Schmidt number
S o, 8 Lp=v,/8§ o PTy = Vp, /S o For an isothermal flow of constant density considered
in this study, the flow field solution is decoupled from the scalar field solution.

The FDF is the relative frequency density of a realization over an ensemble. A large eddy
probability density function (LEPDF)(Gao and O’Brien, 1993) similar to the filtered probability density
function (FDF)(Colucci et al., 1998) has been introduced. A transport equation for the FDF of a
reactive scalar (P,), has been derived by filtering the fine-grained PDF, that is the delta-function 8(Z-),

to yield

oP) 3TP) 3VP) g = 3 o -
5 p™ % x(U|€ up, ay(VlE e,

(45)

iai___ b %, 00 ep -9
e v L [I‘(I ||y1>|€16£(w)

where U and V are the streamwise and lateral filtered velocities, respectively, and w is the chemical

reaction term which filtered value is used in Eq.(44). The symbol UJE indicates the expected value of

c-c
u conditional on the satisfaction of the constraint £. The mixture fraction& isdefinedas £ = v,
: ¢, ~- ¢
L U

where c is the concentration of passive scalar, ¢, =1and c;, =0 are the concentrations of upper and
lower bounds of the variable c. In FDF method, the quantities that have to be modelled are one point
one time conditional expectation, i.e., terms including the constraint  in Eq.(45).

The three terms onthe L.H.S. of Eq.(45) are in closed form. The first term is the transient term,
the second and third terms are the convection terms. On the R.H.S., the first two terms represent the
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subgrid convective flux. They are not closed and need to be modelled similarto M, and M A in
Eq.(43) orthe SGS terms Y and Z in Eq.(7). The model for subgrid convective flux will be discussed
insection 5.1.1. The third and fourth terms on the R.H.S. represent molecular diffusion and are closed.
The fifth term representing molecular diésipation or molecular mixing, is not closed. In this study, the
mixing model used to close the molecular mixing term is the Modified Curl model and will be
discussed in section 5.1.2. The sixth term corresponding to the chemical reaction term is closed. In this

study, a non-reactive flow is considered and will be introduced in section 5.1.3.

5.1.1 Subgrid Convective Flux

The closure of the subgrid convective flux requires knowledge of the expected value of the
velocity fluctuation conditioned to §. This term is known when the joint statistics of the velocity and
mixture fraction £ are known, i.e. when P, is their joint FDF. In this study the velocity is not included

in P,, and the subgrid convective term is modelled using the gradient diffusion model as,

o aP,

[UR-U1 P, = T, == (46)
and

- aP,

[VI&-V] PL = "Fry ”é‘)‘}’

where';, and T';,, is related to the eddy viscosity v, and v, defined by Eq.(18) via the turbulent

Schmidt number SCT, as I'y = v, / o ) I‘Ty = vy / Sc, .

S.1.2 Molecular Mixing Models

The closure of the mixing term requires the joint statistics of £ and its gradients, for which
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several models have been proposed by Dopazo (1994) and Pope (2000). Every mixing model must
satisfy several requirements during mixing. A satisfactory model fulfilling these requirements has not
yet been developed. In the particle implementation, i.e. the Monte-Carlo technique, the coalescence and
dispersion models ( the Modified Curl model) and the linear mean square estimation (LMSE) or the
interaction by exchange with mean (IEM) satisfy the conservation of the mean values of scalar, the
exponential decay in time of the scalar variance and the boundedness condition upon mixing. In this

study the Modified Curl model is adopted.

Modified Curl Model
Inth . . & op 2 32 .
e Modified Curl model the mixing term, —-é; [I‘(|—a—| +|—a—-| JE P;] ,ismodelled
0 X y

by selecting pairs of particles randomly as

n,= B @ N At @47
where n,, denotes number of pairs of particles that will mix in grid, ¢ y is the mean mixing frequency
in grid and the coefficient B is a function of the mixing model. After mixing, the concentrations of the
two particles in a mixing pair are given as

& = (-, +

e, use)

a(€,+E,)
2
where &, and &, denotes the concentrations of the two particles before mixing, and £,* and &,

£, = [(1-0), + ] (48b)
denotes the concentrations after mixing. The variable o. is specified by a distribution function describing

the mixing model. For the Modified Curl model, =3 and & is a uniform random number between 0 and

1.
The mixing model requires an externally supplied mixing frequency. In the context of Filtered

34



density function (FDF), Colucci ef al.(1998) have assumed that the unsteady mixing frequency is given
as = C ¢(F +I‘T) / A? inanalogy with the procedure used in Reynolds averaged methods where
the governing equation for the fluctuations variance obtained from the conservation equation is
compared with the one obtained from the PDF equation. The constant C, ~3 was also suggested by

Colucci et al.(1998). For the anisotropic flow considered in this study, the mixing frequency is

calculated at thenodes as W, = C¢ @ +FTx) / Ai ; @ +I1Ty) / Ai ] , Where A, and Ay are the filter
sizes in x- and y-direction used in SGS models. The mean mixing frequency ( ¢ y ), which is used in
the Modified Curl model [Eq. (47)], is obtained by arithmetical averaging the mixing frequencies at
particle locations in grid. The mixing frequencies at particle locations are calculated by transferring the

mixing frequency ( @) from nodes using interpolation scheme [Eq. (33a)].

5.1.3 Reacting flow

In non-reacting flow, the reaction is nil and only species A is entrained, i.e. an inert gas is
introduced in the low speed stream. While for reacting flow, species B is intfoduced into high speed
stream. The reaction rate is assumed to be at constant rate and without heat release describing the
depletion of A is w, =k X, Xz, where X, and Xj are concentrations in p.p.m.V. The unit of w, is in

p.p.m.V/s. Note that w, =wy. In this study, a non-reacting flow is considered.

5.1.4 Modelled FDF Equation

For reacting flow, the governing equation for the FDF is obtaining by substituting Eq.(46) into

Eq.(45) to yield
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a(PL)+a(ﬁPL)+8(7PL)=_@_ N S .
ot Ax e ax[(r T 6’x] ay[(r T ay]

(49)

R YO T ]
A0S ISORP-wP)

The solution of Eq.(49) gives all the statistical information concerning the scalar field. For non-reacting

d
flow, —(wP,) = 0.
GE( v

5.2 Monte-Carlo Simulation

The scalar FDF transport equation [Eq.(49)] is solved using the Monte Carlo method. Two
approaches may be used for the Monte Carlo solution, an Eulerian(Pope, 1981) or a Lagrangian (Pope,
1985, 1994). The Eulerian approach is a first order approximation because particles motion between
nodes is based on an upwind approach. It has been shown to be adequate to solve low-Mach numbers,
variable density flows (BRITE-EURAM project, 1993-1996) and compressible flows (Hsu et al., 1994),
and is less expensive than Lagrangian approach ( Mobus ef al., 2001). In the context of an LES
simulation, Colucci et al.(1998) pointed out that the Eulerian approach produces numerical diffusion
which degrade the results whereas the Lagrangian approach produces better results. Therefore in this
study the Lagrangian approach is used.

In the Lagrangian approach, the ensemble of particles are initially spread uniformly in grids in
the computational domain of Figure 2. Each particle is viewed as being sampled from different
realizations of the mixing layer and identified by a representative value of the scalar concentration &.
As an approximation, the ensemble mean at node is calculated as the arithmetic average of the particles’
concentration in the box (Figure 2) centréd atnode. The appfoximation is more accurate as the box size

is decreased and as the number of particles is increased. The particles are subjected to convection,
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turbulent transport and molecular mixing as discussed below.

Convection / Turbulent Transport

The time evolution of the particle position X(t) = [x,(t),y(t)] with property £ is governed by a
continuous Markov process. For this process, the governing equation describing the time, space and
concentration evolutions for the probability density of € is given by the forward Fokker Plank equation,
and also identically in a stochastic manner by the Langevin equation which describes the time evolution
equation for the continuous Markov process. The form of the Langevin equation used in the Lagrangian
approach, is given as

dX (1) = DX(O.,ndt + EX(0),)dW (1) (50)
where X, is the Lagrangian position of a stochastic particle, D, and E are the drift and diffusion
coefficients, respectively,and W, denotes the Wiener-Levy process (Pope, 1985). These coefficients

appearing also in the Fokker Plank equation are obtained by comparing it with the governing equation

[Eq.(49)]. This results in

ar +Ty) o +Typ)

ox, ’ %,
and

E = (20T , [ 20+Ty))

The Wiener-Levy process is identical to the random walk used in Eq.(37) which are obtained from a

D, =, v) + (

)
G

Gaussian distribution with zero mean and standard deviation [2(1"+ I7,)dt]” in x-direction and [2(I"
+ I )di]* iny-direction, respectively. Eq.(50) is also denoted the stochastic differential equation (SDE)

which represent the general diffusion process in a stochastic manner.

Molecular Mixing
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For this study, molecular mixing is handled by the Modified Curl model which requires to select

particles in the ensemble to mix them and has been discussed in section 5.1.2.

5.3 Boundary and Initial Conditions

The computational domain (Figure 2b) for the Monte Carlo simulation consists of arectangular
grid, with uniform grid sizes in each direction similar to the flow field (Figure 1b). For non-reactive
mixing layer, the faster stream above the splitter plate has an initial concentration of ¢,= 0.0, while the
slower stream below the splitter plate has an initial concentration of ¢, = 1.0. Two inlet boundary
conditions, stepwise profile and error function, will be tested. The error function is given as,

c(¥)1,; = (Ac/2) erf {0(y-yo. )/ X, } T € (52)
where subscript 1 corresponds to the inflow x-location and subscript j corresponds to the nodes in the
y-direction, dc= ¢~ ¢, is the concentration difference across the layer, ¢,=( ¢+ ¢,)/2 is the average
concentration, o is the spreading rate and y, is different from y,,, the ordinate of centerline of velocity
field [Eq.(39)], Therelationy, * y,, is similar to the cross-stream adjustment length used in the “wake-
modified” inlet conditions by Soteriou and Ghoniem(1998), and also the relation y . # y,, is necessary
to obtain predict that fit the experimental data and previous numerical simulations. The outflow
boundary condition is not specified (Eq.(49) is parabolic) because the displaqement of concentration
due to streamwise convection is very high, as compared to the displacement of concentration due to
backward diffusion. Therefore, the concentration values in the downstream flow do not have any
significant upstream effect.

Particles are allowed to exit the top, bottom, and the outflow domain boundaries. The domain

is replenished at the corresponding nodes of the boundary opposing the boundary of the particle exit.
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At inflow, the replenished concentrations are defined by the inlet boundary condition.

5.4 Solution Procedure

The flow field and scalar field are determined by the VIC solution and the solution of the transport
equation [Eq.(49)]. For the FDF, the solution procedure consists of the following steps:

(a) Initializing the number of particles in the computational domain by prescribing particles to grids.

(b) Assigning initial concentration to each particle, using either a stepwise profile with 0 above and 1

below the splitter plate, respectively, or the error function [Eq.(52)].
(c) Calculating D, and E using Eq. (51) and the mixing frequency at the nodes.

(d) Transferring D, and E from the nodes to particle locations using interpolation scheme and

displacing the particles using Eq.(50).
(e) Updating the number of particles in grid and renumbering them consecutively.

(f) Transferring mixing frequency from the nodes to particle locations using interpolation technique,
and calculating the arithmetic average mixing frequency in grid, then using the Modified Curl model
to calculate the number of mixing pairs [Eq. (47)]. The pairs are selected and new concentrations are

calculated following Egs. (48a) and (48b).

(g) Marching in time by repeating steps (c) to (f) is performed only within the defined range of time
steps.

The first and second derivatives are calculated using fourth-order central difference formulas.
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Chapter 6

Flow Field

Several numerical experiments were conducted to validate the method. The diffusion-velocity
method simulating molecular diffusion without SGS model, in conjunction with the vortex-in-cell
method has not yet been presented in previous literature. Therefore the method will be firstly validated
by comparing with the experimental mixing layer data of Masutani and Bowman(1986) (M&B),
because the two-dimensional flow was carefully maintained and verified, and also by comparing with
anumerical experiment where molecular diffusion is simulated using random walk. Results obtained
using the area-weighing scheme and the M, scheme are compared. Then LES results based on the
diffusion-velocity method and both the Smagorinsky and Dynamic Eddy Viscosity SGS model were
obtained. Several flow characteristics are reported and compared, vorticity contours, mean velocity
profiles, root-mean-square (rms) longitudinal and lateral velocity fluctuations, Reynolds shear stress

and rms vorticity fluctuations.

6.1 Flow Field and Numerical Parameters

The velocity ratio is r=U; /U, =0.5 (ratio of the lower velocity side of the splitter plate to the
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higher velocity side) with the free stream velocity above the splitter plate U= 600 cm/s and below the
splitter plate U, =300 cm/s, similar to the parameters used in the experiment of M&B. The spreading
rate is 0=35 for r=0.5 (Spencer et al., 1971). The coordinate y,, in Eq. (39) is equal to 33cm and
corresponds to the edge of the splitter plate in Figure 1. The reported results are for a viscous flow
condition with v = 14.5x102cm?/s (the kinematic viscosity of air at 18 °C).

The computational domain for the base run consists in a 256x256 anisotropic grid with
equidistant grid, §,=0.5 cm and 6,=0.25 cm. The aspect ratio a,=8,/8,=2.0 is consistent witha, =2.0
used by Deardoff(1970) and a,=3.7 used by Shumann(1975) in LES of channel flow. Also
Kaltenbach(1997) has reported that the representation of shear flows is most economical when
anisotropic grid (i.e. a,>1) is used because it produces adequate values for ratios of Reynolds stresses.
Also anumerical experiment using an isotropic grid, 8, =8,=0.25 cm with 512x256 grid, and using the
same computational domain size as the base run, is reported. The area-weighting scheme was used in
the base run. For all LES, the filter sizes are set to twice the grid size in each direction, i.e. A=20 and
A, =28,

At the level of the splitter plate, the shear layer is discretized into a layer of N, =2560
equidistant vortex particles. Therefore, the circulation of each vortex isT',= 1.5 x10° m%s, and the time
step At=d/U_,=11.1 x10” sec. N, =2560 means that there are 10 vortices(10=2560/256) in one grid.
Sensitivity of the results to the number of vortices was tested using N, =10240, i.e. 40 vortices per grid.
No significant difference between N, =2560 and N, =10240 was found. In this study, the number of
vortices is N, =2560 for all the reported runs.

The flow is allowed to develob for two residence times (i.e., 2M time-steps) before the
statistical calculations are started. Then the mean flow is obtained using time-averaging over the next

twelve residence times, and the rms velocity fluctuations, the negative cross-stream correlation and the
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rms vorticity fluctuations are calculated using time-averaging over the next twenty eight residence

times.

6.2 Diffusion Velocity Method Without SGS

The streamwise mean velocity normalized as (U-U, )/(Uy -U, ) is shown in Figure (3a) as a
function of the similarity variable 1, = (y-y,)/(x-X,) at four downstream locations, where U is the
streamwise mean velocity, y, is the ordinate of the velocity centerline at location x, the virtual origin
defined as the x-location at the intersection of the velocity centerline with the horizontal line at the level
of'the splitter plate is 4.01 cm. Figure (3a) shows that the agreement with the experiment of M&B (dark
symbols) is adequate. The results of the numerical simulation are presented in the self-preserving
region, which is from x=51 cmto 77 cm, i.e. 0.4< x/H <0.6. The self-preserving region corresponds
to the region of linear growth of the momentum thickness @as a function of x/H for several cases. For
the case without SGS (symbol a), a region with a nearly linear growth is identified between 0.4 <x/H
< 0.6, where the slope is equal to about 0.0155. This value is close to the experimental value 0.0165
of M&B.

The rms longitudinal (rmsu’) and lateral (rmsv') velocity fluctuations normalized with AU are
shown in Figures (3b) and (3¢), respectively, and the Reynolds shear stress ( -u'v") normalized with
AU? is shown in Figure (3d). Adequate self-preserving profiles are obtained for 0.4< x/H <0.6. The
rmsu' is shown together with the data from the M&B(1986). The values for the rmsu' in the simulation
slightly increase along the streamwise direction whereas it decreases in the experimental data. Similar
behaviour is found in the numerical work of Ghoneim and Heidarinejad (1990),who argued that the

experimental trend is caused by dissipation due to molecular diffusion. The rmsv' is consistent with
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previous 2D simulation (Abdolhosseini and Milane, 2000). the data for - u'v//AU? are notreported in
M&B. However the peak values - u'v/AU?=0.014 in Figure (3d) is comparable with the peak 0£0.013
obtained in the experiment of Oster & Wygnanski (1982) for a velocity ratio of r=0.6, whichis slightly
different than the value of r = 0.5 used in the present simulation.

Furthermore it is necessary to verify the sensitivity of the results to aspect ratio because results
from LES are function of aspect ratios(Kaltenbach, 1997), particularly if they exhibit inhomogeneities
of mean quantities as the mixing layer considered in this study where rmsu'/rmsv' =0.82. Figures (4a-
4d) show that rmsu'/AU, rmsv/AU, - u'v//AU? and rmsw, respecﬁvely, are quite insensitive to aspect
ratios tested. The rms vorticity fluctuations ( rmsw") has been reported in Figure (4d) because the effect
of LES on this quantity will be discussed in section 6.6.

Figures (5a-5d) show the rmsu’/ AU, rmsv'/AU, - u'v/AU? and rmsw' profiles for both the area-
weighting scheme and the M,’ scheme. The peaks of the rmsu'/AU and rmsv'/AU are slightly lowered
when the M,’ scheme is used as shown in Figures (5b-5c¢), respectively. The agreement for the mean
in Figure (5a) is adequate. The negative cross-stream correlation - u'v'/AU? in Figure (5d) indicates that
there is a deviation at the peak. This can be explained by noting that the similarity has not been fully
achieved when wither the M, scheme or the area weighting scheme is used. A longer computational
run may be required. This will probably yield profiles that are close for both schemes. In summary the
figures suggest that the sensitivity of the profiles to the smoothing function is quite small probably
because the number of vortex particles used is high. Therefore the M,’ scheme was not used in
evaluating the diffusion-velocity method with SGS model in the interest of reducing the computational
time. The computational time is reduced by about 10% when the area-weighting scheme is used in
comparison with the M, scheme. The test using the M, scheme was conducted with a view that a better

representation of vorticity on the nodes would improve the calculations of the diffusion velocity.
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However from a practical point of view and for the mixing layer tested, the area-weighting scheme is
adequate for the qualitative assessment of the diffusion-velocity method and will be used in remaining

numerical experiments.

6.3 Comparison of Diffusion Velocity Method with Random Walk

The results of the diffusion velocity method simulating the diffusion term is further validated
by comparing with the results obtained using random walk. The virtual origin x, = 2.55cm when
random walk is used. Figures (6a-6d) show ( U -U; )/(Uy -U,), rmsu’/AU, rmsv'/AU and - u'v/AU?,
respectively, at two downstream locations, x/H=0.5 and 0.6. The difference in profiles due to the
different methods is quite small. This difference is attributed to the different numerical errors in the two
methods. No further elaboration is made in this study. The agreement between the profiles of the two

methods provides further validation that the diffusion velocity method is adequate.

6.4 LES Run withSmagorinsky SGS model

Figures (7a-7d) show (U -U, )/(Uy-U,), rmsu’/AU, rmsv'/AU and - u'v'/AU?, respectively, for
LES with Smagorinsky SGS model and C,=0.12. The mean in Figure (7a) indicates adequate self-
similar profiles at four downstream locations between 0.4 < x/H < 0.6. This is consistent with nearly
linear development of momentum thickness in Figure (12b) and Figure (13) (symbol o). The rmsu/AU,
rmsv'/AU and - u'v//AU? also show adequate similarity. It is noted that the profiles in Figures (7a-7d)
are not fully self-similar. This is consistent with the investigation of Vreman et al.(1997), who
conducted LES based on the filtered Navier-Stokes equations and where tests using six non-dynamic

and dynamic SGS models showed that the profiles are not fully self-similar.
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6.5 LES Run with Dynamic Eddy Viscosity SGS model

Figures (8a-8d) show the rmsu’/AU, rmsv/AU, - u'v/AU? and rms@’ profiles for both the
Dynamic Eddy Viscosity SGS model. The mean, rmsu’/AU, rmsv'/AU and - u'v/AU” indicate adequate
self-similar profiles at four downstream locations between 0.4<x/H<0.6. The self-similarity of
rmsu’/AU and rmsv'/AU profiles are slightly better for Dynamic Eddy Viscosity model in Figures (8b-
8c) than Smagorinsky SGS model in Figures (7b-7¢) consistent with the results of Vreman et al.(1997)

The dynamic implementation requires calculating the dynamic constant C,? at each node using
[Egs.(21-27)]. In Figures (9a-9f), C? is shown at six nodes which are around centre line and at
downstream location (64 cm and x/H=0.5). The dynamic constant C ? varies with time. Initially C?is
zero then after about 500 timesteps, C,2 ﬂuctuates with a value different with zero. Also Figures (9a-9f)
show that the Smagorinsky constant C.? is higher than the dynamic constant C,? because it is more

dissipative for Smagorinsky SGS model.

6.6 Comparison of LES Runs with Run without SGS

Comparison between five runs is made: without SGS, Dynamic Eddy Viscosity model,
Smagorinsky SGS using C,=0.12, Smagorinsky SGS using C,=0.18 and Smagorinsky SGS with
C,=0.12 using an isotropic grid. The first four runs are conducted on an anisotropic grid. The case with
Smagorinsky SGS using C,=0.18 is more dissipative than the case with C,=0.12 and therefore was
chosento verify whether the diffusion—vevlocity method predict the dissipative effect of SGS model. The
isotropic case has finer grid in x-direction only and generates alower eddy viscosity from SGS model.

It is compared with the anisotropic case, with a view to verify whether a lower eddy viscosity leads to
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less dissipation and therefore validate further the dissipative nature of the diffusion-velocity method
when used in conjunction with a SGS model. Figures (10a-10d) show the downstream evolution of the
spanwise vorticity contours for the four cases with same anisotropic grid. The contours spread in the
free stream as they develop from the edge of the splitter plate. The maximum contour level decreases
as SGS model is applied consistent with its dissipate nature(see legend). Itis 1800 for the case without
SGS in Figure (10a), 1700 for the case with Dynamic Eddy Viscosity SGS model in Figure (10b), 1400
for the case with Smagorinsky using C,=0.12 in Figure (10c), and 1200 using C,=0.18 in Figure (10d).
Close up of selected downstream location are shown in Figures (11a-11d) which are drawn using
identical scale. Figure (11a) without SGS indicates that the contour peaks at 600, for Dynamic Eddy
Viscosity SGS at 400 in Figure (11b) whereas it drops to 300 and 200 when the Smagorinsky SGS with
C,=0.12 and C,=0.18 are used, respectively. The contour levels are further apart when SGS model is
used. Therefore, in the context of the diffusion-velocity method, the SGS model is dissipative because
it decreases the contour peaks and yields coarser contour lines.

The profiles of the various stat_istics are shown in Figure (12a) and Figures (14a-14d) at
downstream location x/H=0.6 for the four cases discussed in the previous paragraph and the additional
case with isotropic grid. In Figure (12b), the momentum thickness is less than zero when x/H is less
than 0.3 due to the initial inlet boundary condition. The effect of initial inlet boundary condition on the
flow will be discussed in section 7.8. For the anisotropic cases, the mean in Figure (12a) indicates that
SGS model has a slight effect. This effect is clarified by the trend of momentum thickness in Figures
(12b)and (13). In Figure (13), the position of the figure where the flow is self-similar is magnified. The
momentum thickness growth is slightly slowed down as the dissipative effect of SGS is increased or
equivalently as the eddy viscosity from SGS model is increased (see peak v, /v for anisotropic cases

in TableI). Comparison of the isotropic case (symbol O) with the anisotropic case (symbol [J) indicates
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that the growth of the momentum thickness is faster for the isotropic case because of lower eddy
viscosity (see peak v.,/v in Table I). Furthermore, Table I show that the value rmsu'/rmsv' for LES
using Dynamic Eddy Viscosity SGS model is closer to the case without SGS than the LES with
Smagorinsky SGS model.

Figures (14a-14b) shows that the peaks and the profiles of rmsu’/AU and rmsv'/AU are lowered
as the effect of SGS is increased by increasing eddy viscosity. The peaks of the rmsu’/AU, rmsv'/AU
and -u'v'/AU? in Figures (14a-14c),respectively, is higher for Dynamic Eddy Viscosity SGS model in
comparison with Smagorinsky model but lower than without SGS as excepted. This is consistent with
the fact that the dynamic model is lower dissipative than Smagorinsky model (Vreman ez al., 1997).
The quantity rmsw' in Figure (14d) is lowered as the effect SGS is increased, cqnsistent with the lower
contour level peaks in Figures (10a-10d) and (1}1a—1 1d). The Reynolds shear stress - u'v/AU? is less
affected by SGS, consistent with being linked to the mean in Figure (12a) by the mean momentum
equation and the mean flow is slightly affected by SGS. Furthermore, Table I shows that the ratio
rmsu'/rms V' for LES with anisotropic grid is closer to the cases without SGS than the LES with
isotropic grid. This is one of the justification for using an anisotropic grid in LES (Kaltenbach, 1997).

Table I - Effect of SGS and grid on instantaneous peak v;,/v and rmsu'/rms v' at x/H=0.6

C, grid peak v, /v of last time-step rmsu’/rmsv’'
0 (without SGS) | isotropic (fine) 0 0.825
0 (without SGS) | anisotropic (coarse), a 0 0.812
Dynamic calculated | anisotropic (coarse), > 10 0.808
0.12 anisotropic (coarse), 24 _ 0.788
0.18 anisotropic (coarse), v 35 0.740
0.12 isotropic (fine), o 12 0.735
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Chapter 7

Scalar Field

The scalar field calculations are conducted on rectangular computational domain identical to
‘the flow field computational domain. The number of particles is NP=36 which is within the range 20
to 200 (Jaberi et al., 1999). The mean concentration, rms concentration fluctuations and PDFs are
approximated at the nodes using particles located in rectangular boxes centred at nodes (Figure 2a). The
boxes do not overlap, i.e. the box size is less than half of grid size. The approximation becomes more
accurate as the box size is decreased and as the number of particles is increased. In this study, the box
size is 0.4 of grid size. For each particle, at time t =0 the concentration is initialized as ¢, = 1.0 on the
low speed stream and ¢;;= 0.0 on the high speed stream. Two SGS models, Smagorinsky and dynamic
eddy viscoéity models, are tested. Two inlet boundary conditions for scalar field are also tested,
stepwise and error function withy,.=31.8 cm in Eq. (52). The run using dynamic eddy viscosity SGS
model with error function as boundary condition for scalar is chosen as the base run.
The FDF solution requires specifying the constants Sc, and C, and the mixing model. For the
base run, the Modified Curl model is used with C »=3.0and S o™ 0.7 similar to the ones used in Zhou
and Pereira (2000). Effects of Smagorinsky SGS model, S o C sand inlet boundary conditions on mean

concentration, rms concentration fluctuations and probability density function will be discussed.-
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To achieve statistically stationary solutions, the Monte Carlo simulation is run for fourteen
residence times. F irstly, the flow is g_llowed to develop in the first two residence times, then the mean
concentration is computed over the next four residence times similar to the flow field. The rms

concentration fluctuations and PDF's are computed over the next eight residence times.

7.1 Mean Concentration, RMS Concentration Fluctuations and

Concentration Spread for Base Run

Figures (15a-15b) show the mean concentration (£) plotted as a function of the similarity
variable n, = (y-y,)/(x-X,.), where y, corresponds to the concentration centerliné at stream-wise location
X, and x,, is the x-location of the virtual origin for concentration. Figures (15a-15b) show that the
results of the simulation are close to the experiment of M&B (1986) and to the simulation of Zhou and
Pereira (2000), respectively, for 0.5 <x/H <0.6. For x/H=0.4 the mean concentration profile is in the
non self-preserving region unlike the mean velocity profile which is in the self-preserving region (see
Figure 3(a)). Furthermore the free stream concentration extends further on the high speed side(n>0)
than on the low speed side(n<0). This shows that the mixing layer entrains more particles from the
high speed fluid. The mean concentration profiles exhibit triple inflection point for x/H= 0.5 and 0.6
similar to M&B(1986) and to Zhou and Péreira(ZOOO). However for x/H=0.4, the triple inflection point
profile is less pronounced, because the flow is still developing.

Figure (16a) shows the mean concentration profile and the mean velocity profile at x/H=0.6.
The scalar mixing region extends further into the free stream than does the momentum mixing region
as found by M&B(1986). This result is consistent with Figure (16b), which indicates that the

concentration spread is higher than the velocity spread.
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The rms concentration fluctuations profiles (€,) are shown as a function of 1, at three
downstream positions in Figures (17a-17b). The rms concentration fluctuations is indicative of the
degree of homogeneity ofthe flow. If thé two streams were composed of immiscible substances, then
the rms concentration fluctuations would have a maximum value of 0.5. The calculated rms
concentration fluctuations is lower than 0.5 but slightly higher than the measurements of M&B(1986)
in Figure (17a) and close to the results of Zhou and Pereira (2000) in Figure (17b). The rms
concentration fluctuation profiles exhibit bimodal shape and mixing asymmetry with respect to =0
with values on the high speed side (n.>0) lower than the low speed side (n,<0). This indicates that fluid
mixing becomes faster as the high speed side is reached. In the simulation, the bimodal shape inthe §
profiles together with the asymmetry with lower €, on the high speed side were obtained, when error
function was used as inlet boundary condition for scalar field(see section 7.6).

In order to interpret the asymmetry with respect to n,=0 in the rms profiles, the instantaneous
mixing frequency in the cross-stream location is shown in Figures (18a-18d) at several streamwise
locations from x/H=0.4 to 0.6. The mixing frequency is asymmetric about the.concentration centerline
with higher values biased toward the high speed side therefore leading to lower ., in Figures (17a-
17b). Therefore the asymmetry in mixing frequency is responsible for the asymmetry of . as shown

also by Vanormelingen and Bulck(1999).

7.2 Mean and RMS Concentration Profiles for Smagorinsky SGS

Model

Figures (19a-19b) and (20a-20b) show that the profiles of mean concentration and rms

concentration fluctuations, using Smagorinsky SGS model with C,=0.12 together with the experiment
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of M&B(1986) and simulation of Zhou and Pereira (2000), respectively. The profiles are similar to the
results using Dynamic Eddy Viscosity SGS model. For x/H=0.4 the mean concentration profile in
Figures (19a-19b) is closer to the self-preserving region unlike the results obtained using the Dynamic
Eddy Viscosity SGS. This is probably due to the fact that the séalar field has developed because the
more dissipative Smagorinsky SGS yields higher turbulent diffusivities and higher mixing frequency.
Comparison of the results obtained using Smagorinsky SGS and Dynamic Eddy Viscosity SGS model

will be discussed in next section.

7.3 Comparison of Dynamic SGS with SmagorinSky SGS Model

Figures (21a-21b) show the profiles of mean concentration and rms concentration fluctuations,
using the Smagorinsky SGS model with C,=0.12 and Dynamic Eddy Viscosity SGS model,
respectively. In Figure (21a), the mean concentration exhibit triple inflection point for both Dynamic
Eddy Viscosity SGS and Smagorinsky SGS in the high speed side region. The inflection point of
Dynamic Eddy Viscosity SGS at about 1.=0.04 is slightly further to high speed side than that of
Smagorinsky SGS. The profile of rms concentration fluctuations in Figure (21b) for Smagorinsky SGS
is aslightly lower than the profile of Dynamic Eddy Viscosity SGS model, This is probably due to the
fact that the Smagorinsky model is more dissipative and consequently yields higher mixing frequency

than the one obtained using Dynamic Eddy Viscosity SGS.

7.4 Effect of Turbulent Schmidt Number

Numerical tests were performed to investigate the effects of varying scalar diffusion by varying

SCT=0.3 and 1.0 with other parameters similar to base run. The range of Sc, includes the value of 0.5
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used for plane mixing layer(Launder, 1976) and the value 0f 0.35 for the scalar mixing layer experiment
of Bilger et al.(1991). In Figure (21c); the mean concentration profile show that the position of
inflection point of Sc,=O'7 move further on high speed side than that of S o =1.0 and that the triple
inflection point profile is less pronounced for Sc,=0'3' Figure (21d) shows that the profiles of rms
concentration fluctuations are lowered as ScT is decreased from 1.0 to 0.3, because mixing frequency
increase as Sc, decreases. The profile spreads further into the free stream on high speed for SCT=O.7

and 1.0 as compared to SCT=0.3.

7.5 Effect of Constant in Mixing Frequency

The effect of constant mixing frequency was investigated by comparing the base run results
C#=3.0 with the results obtained using C;=9.0 keeping all other parameters similar to base run. The
mean concentration profiles in Figure (21¢) exhibit triple inflection point for both C;=9.0 and C ;=3.0.
In Figure (211) the profile of the rms concentration fluctuations with C ;9.0 is lower than the base run
with C;=3.0. This result is expected because the mixing is enhanced as C 4is increased. This causes the

profile of rms concentration fluctuations to be lowered.

7.6 Effect of Inlet boundary condition

Several combination of inlet boundary conditions were tested: error function and laminar
boundary layer for flow field and stepwise and error function for scalar field were tested, respectively,
as shown in Table II - Inlet boundary condition test. Results are presented in Figures (22-23).

Figures (22a-22d) compare the flow field characteristics, (U -U; )/(Uy -U,), rmsu’/AU,
rmsv'/AU and - u'v/AU? profiles for both laminar boundary layer and error fuﬁction as inlet boundary
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conditions, at x/H=0.5 and 0.6. The difference in profiles due to the different inlet boundary condition
for flow field is quite small. Therefore the velocity characteristics are not significant affected by the
inlet boundary conditions.

Figures (23a-23d) compare the runs using stepwise profile as inlet boundary condition for scalar
field with laminar boundary layer (case 1) and error function (case 2) for flow field. Figures (23a) and
(23c) show that the mean for case 1 and 2 spread less than the base run. Figures (23b) and (23d), show
that the rms concentration fluctuations for case 1 and 2 results in higher peak value on the high speed ,
side(n >0) as compared to the low speed side(n),.<0), which is the opposite of the results obtained using
base run.

Figures (23e-23f) compare the runs using error function as inlet boundary condition for scalar
field with laminar boundary layer (base run) énd error function (case 3) for flow field. The mean
concentration in Figure (23¢) shows that the triple inflection point in case 3 is lower than the base run.
Figure (23f) indicates that the trend in the rms concentration fluctuations is almost unaffected by inlet
boundary condition for flow field (base run or case 3), however the profile for case 3 spreads further

on both the high speed side('r]c>0) and low speed side(n,<0).

Table II - Inlet boundary condition test

Flow field Laminar Boundary layer Error Function

Scalar field
Error Function Figures (23a-23f) (Base Run) | Figures (23e-23f)(Case 3)
Stepwise Figures (23a-23b)(Case 1) | Figures (23¢-23d)(Case 2)

53



7.7 Probability Density Function

Each particle of the ensemble N (total number of particles in the box centred at each node) is
identified by a value of the concentration 0 < ¢ < 1. In order to obtain the probability, the range of ¢ (0
to 1) is subdivided into 100 windows, so that any one of the particles belongs in an interval based on
its value of ¢. The probability of finding a particle having concentration ¢ within an interval
E< ¢ <€ + AE is written as,

pE AL = =
where 7 is the number of elements in the interval and p(¢) is the PDF. The behaviour of the ensemble
of PDF's can be characterized as marching and non-marching. For marching PDFs, the most probable
value on each side of the layer is closer to the free stream value of that side, whereas for the non-
marching PDFs, the most probable value of the scalar is substantially independent of the position in the
layer.

The PDFs of passive scalar for Dynamic Eddy Viscosity SGS model (base run), for x/H=0.4,
0.5 and 0.6, are shown in Figures (24a), (24¢) and (24¢) and mean concentration profiles are shown in
Figures (24b), (24d) and (24f), respectively. At x/H=0.40, the PDFs in Figure (24a) have U shape in
qualitative agreement with the experiment of Pickett and Ghandhi (2001). The mean concentration
profile in Figure (24b) shows that there is a single inflection point at about 11,=0. In Figures (24¢) and
(24e), forx/H >0.5, the PDFs have intermediate peaks on high speed side (§<0.5). The PDF's are non-
marching, This indicates that the mixing layer entrains and subsequently mixes more particles from the
high speed side, i.e. at 10, and is in agreement with the investigations of Koochesfahani and
Dimotakis (1986) and Pickett and Ghandhi (2001). In Figures (24d) and (24f), on the high speed side

the concentration profiles at x/H=0.6 exhibit a triple inflection point but is more pronounced than at
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x/H=0.5, i.e. as the flow develops.

InFigures (25a-25d), comparison of probability density function at >0 for four cases: effect
of downstream location, x/H=0.5 and x/H=0.6; effect of SGS model; effect of C jat x/H=0.6 and effect
of S . at x/H=0.6.

Figure (25a) for base run shows the peak on high speed side moves from §=0.18 for x/H=0.5
to £=0.23 forx/H=0.6. Also the peak vaiue is higher for x/H=0.6 than for x/H=0.5 in agreement with
M&B(1986). Figure (25b) compares PDFs obtained using Smagorinsky SGS model with base run using
Dynamic Eddy Viscosity SGS model. For Smagorinsky SGS model, the peak is higher than the base
run. And also the position of the peak on high speed side is closer to the mean value (€=0.5) than the
one obtained for base run. This is probably due to the fact that Smagorinsky SGS model is more
dissipative and consequently results in higher mixing frequency than Dynamic Eddy Viscosity SGS
model. Higher mixing results in higher probabilities at peaks and also peak positiéns closer to the mean
value (=0.5). Figure (25¢) compares PDFs obtained using C;=9.0 inmixing frequency with base run
using C 4=3.0. The peak is higher than the one obtained using base run and the peak value get close to
the mean value (§=0.5 ). This results is expected because as mixing is enhanced. The effect of varying ScT
is shown in Figure (25d). As Sc, is decreased, the peak values are higher and the locations of peak
move to the mean value (§= 0.5). It indicates the mixing is enhanced by decreasing Sc, leading to
higher mixing frequency.

The behaviour of the PDFs is sensitive to the inlet boundary conditions. Figures (26a-26f) show
the PDFs profiles with different inlet boundary conditions for flow and scalar field, respectively. The
run using stepwise profile as inflow boundary layer for scalar field with laminar boundary layer (case
1) and error function (case 2) for flow field are shown in Figures (26a-26d). For case 1 in Figure (26a),

the PDFs at x/H=0.6 for stepwise profile show peak at about £=0.5 on low speed side for n,<0 and
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the PDFs at x/H=0.5 have U shape without peak. In Figure (26b) on high speed side for n >0, the PDFs
have U shape for both x/H=0.5 and x/H=0.6. For case 2 in Figures (26¢) and (26d), the PDF's trends
are similar to case 1 in Figures (26a-26b). The runs using error function as inflow boundary layer for
scalar field with laminar boundary layer(Base Run) and error function (case 3) for flow field are shown
inFigures (25a) and (26e-26f), respectively. The peaks are higher for case 3 in Figure 26(f) compared
to base run in Figure 18(a), and in Figure (26¢) on low speed side for 1, <0, the results are similar to

high speed side n>0.
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Chapter 8

Conclusions and Recommendations

8.1 Conclusions

A LES based on the diffusion-velocity method for the vorticity equation in conjunction with
an eddy viscosity SGS model has been developed. The methodology was tested using a spatially
developing mixing layer. In the context of the vortex method, the SGS terms in the vorticity equation
produce convection of vortex particles governed by the diffusion velocity. The two-dimensional vortex-
in-cell in conjunction with the Smagorinsky SGS model and Dynamic Eddy Viscosity SGS model has
been used to calculate the flow characteristics. The diffusion velocity requires one constraint, i.e.,
nullifying it in regions of small vorticity and non-zero vorticity gradients.

Without SGS model, the results using the diffusion velocity method are in agreement with those
using the random walk, a fundamentally different approach. The dissipative effect of the SGS model
produced by the diffusion velocity was demonstrated by the slower momentum thickness development,
lower contour values and cross-stream profiles for spanwise vorticity, lower cross-stream profiles for
rms longitudinal and lateral velocity fluctuations as the eddy viscosity from SGS model is increased.

The Smagorinsky SGS model is more dissipative than the Dynamic Eddy Viscosity SGS model due
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to the bigger constant C ? in Smagorinsky SGS compared to Dynamic Eddy Viscosity SGS. The self-
similarity of rms velocity fluctuation using Dynamic Eddy Viscosity SGS model are better than those
using Smagorinsky SGS model and is consistent with previous numerical simulation when the SGS
model is used. The effect of anisotropic and isotropic computational grids is in agreement with previous
numerical simulations.

A two-dimensional LES based on the filtered density function(FDF) for concentration (or
scalar) has been used to predict the scalar field of spatially growing mixing layer together with the LES
based Vortex-In-Cell(VIC) for flow field. Subgrid Convective terms in FDF are modelled using the
conventional gradient diffusion model fqllowing the eddy diffusivity concept for an anisotropic flow.
The FDF transport equation has been solved using Langrangian Monte Carlo scheme. The‘ development
of the boundary layers from the splitter plate is included in the calculations by assuming an error
function for scalar field at inflow. The mean and rms concentration fluctuation profiles in the self-
preserving region are in good agreement with the previous experimental measurements and numerical
simulations. The simulation predicts that the scalar mixing region extends further into the free stream
than does the momentum mixing region, indicating enhanced transport of scalar over momentum. As
mixing is enhanced, the PDFs peak are higher and closer to mean value (€= 0.5) and the rms are
lowered. The rms concentration obtained using Dynamic Eddy Viscosity SGS model is lower than
Smagorinsky SGS because of less dissipation. The mean concentration profiles have an inflection point
on high speed stream side. The rms concentration profiles exhibit mixing asymmetry with bimodal
shape, with the high speed fluid mixing at a faster rate than the low speed fluid. The bimodal shape and
asymmetry in rms concentration fluctuation profiles are sensitive to the inlet‘boundary condition and
mixing frequency, with the combination of inflow laminar boundary layer for flow field and error

function for scalar field giving profiles close to experiments and previous simulations. As the flow
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develops in the downstream direction, the PDFs develop from an initial U shape to PDF's exhibiting
peaks biased toward the high speed side and non-marching behave. This indicates that the mixing layer

entrains and subsequently mixes larger quantities of high speed fluid.

8.2 Recommendations

From this study, there are aspects that could be investigated to improve the methodology: (1) The linear
mean square estimation (LMSE) or the interaction by exchange with mean (IEM) could be used as
molecular mixing model and the effect shall be investigated; (2) In the Lagrangian approach, the mean
is first calculated as the arithmetic average over the particles in a box centred at the node, then the mean
is transferred from node to the particles at the particles’ location using area-weighting scheme. Another
approach suggested by Mdbus et al.(2001) does not require to calculate the mean at the nodes but
estimates the mean at each particle’s location as the value obtained from a least-square fit of particles

within a box. This needs further investigation; (3) To investigate the spatially developing chemical

reacting flows with the method.
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Figure 1. (a) Two-dimensional area-weighting scheme in the VIC method.
(b) Computational domain, rectangular grid, initial position of the vortices,
and boundary conditions.



Box

©

©
O O

Particles with concentration

Splitter plate Box
LN / —p| ox |[e—

o g

Inflow concentration praofile

8y
Y
o
y
=1
1,1) 78)]
X
0,0)

(b)

Figure 2. (a) Box centered at node and particles with concentration distribution.
(b) Computational domain, rectangular grid, box and boundary condition for scalar field.

61



1.2

Simulation (cm) (x/H)
- o 51 0.40
"l A 58 045
v 64 050 g
| »3 77 K" 4
~08 M&B = 6 (@
:.> A 13
i " v 16
;0.6— >
=N
204}
02}
pu— lvlllllllllll
0.1 -0.05 0 0.05 0.1
ny
0.4
03k (c)
2 L
< |
~
% 0.2_—
g I
o
(2
0.1 o
-1 | | i l 4 1 1} 1 l 1 | 1 3 I 1 L ] 3
%3 0.05 0 0.0 0.1

0.3

o
o

rmsu' / AU

o
-

T |

S S S NSNS S

0 0.05 0.1
My
0.02p
0.015F
[ (d
=) 001:
< }
= i
> I
= 0.005[
i
i NP B DTN R
-0.0035 -0.05 0 0.05 0.1
Ty

Figure 3. Normalized velocity profiles at four downstream locations for case without SGS:
(a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, (c) rms lateral
velocity fluctuations, (d) negative cross-stream correlation. The mesh lines connecting
the open symbols show the predicted profiles; the dark symbols correspond to the data
from the experiment of M&B.
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Appendix

This simulation work uses one main program and two post processing programs given below:

1) VIC_PDF.f: This main program solves the instantaneous velocity and vorticity field using the
VIC and diffusion velocity. Then the spatially resolved time averaged fields will be calculated
and used as input to solve the FDF transport equation with modelled Subgrid Convective term
and Mixing term using the Monte-Carlo method. Every two-residence time to write scalar
- statistics to new data files rms {step number}.dat, pdf {step number}.dat for scalar field.The
output data files for flow field are: vorticity contours: (P4830238.dat); momentum data:
(P482508.dat); rms of velocity fluctuation: (P483022B.dat); rms vorticity fluctuations:( eddy.dat)
with variables U, V, vy, ¢/k, Q, 0, u', v', uv, dU/dy and will be written out at the end of the

program running.

2) VICPP.f90: A post-processing program for the flow field after VIC PDF.f finishes running.
It reads the flow field output data files of VIC PDF.f, computes the similarity variable ny,
vorticity thickness, velocity spread, filters vy and writes data for plotting vs. ny. The output is
written to files named:(eddyC.dat), (momThickness.dat), (momSlope.dat), (MeanVel.dat),
(statA.dat), (stats.dat) and (velSpread.dat).

3) SCALAR.f90: Post processing of the Monte-Carlo simulation for scalar field after running
VICPP.f90. The program reads output data files of VIC PDF.f and VICPP.f90, computes the
similarity variable 1, concentration spread and writes scalar statistics for plotting vs. 1. The
output is written to files named:(MeanConc.dat), (RMSConc.dat), (Mixfrequence.dat),
(concSpread.dat) and (scalarPdf.dat).
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Running programs in the following order.

VIC PDF.f : To solve the instantaneous velocity and vorticity field
using the VIC and diffusion velocity. Then the spatially resolved time
averaged fields will be calculated and used as input to solve the FDF
transport equation with modelled Subgrid Convective term and
Mixing term using the Monte-Carlo method. Every two-residence
time to write scalar statistics to new data files rms {step number}.dat,
pdf {step number}.dat for scalar field.The output data files for flow
field are: vorticity contours: (P4830238.dat); momentum data:
(P482508.dat); rms of velocity fluctuation: (P483022B.dat); rms
vprticity fluctuations: ( eddy.dat) with variables U, V, vy, e/k, Q, 6,
u, V’, uv', dU/dy and will be written out at the end of the program
running.

VICPP.f90: To read output data files of VIC PDF.f, computes the
similarity variable n,, vorticity thickness, velocity spread, filters vr
and write data for plotting vs. 1},. The output is written to files named:
(eddyC.dat), (momThickness.dat), (momSlope.dat), (MeanVel.dat),
(stats.dat), (statsA.dat), (vortTh2.dat) and (velSpread.dat).

Y

SCALAR.f90: To read data files of VIC PDF.f and VICPP.f90,
compute the similarity variable 1., concentration spread and write scalar
statistics for plotting vs. %.. The output is written to files:
(MeanConc.dat), (RMSConc.dat), (Mean_Flow.dat), (Mean_Scalar.dat),
(concSpread.dat) and (scalarPdf.dat).
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VIC PDF.f:
The main program is a numerical similarity of flow field and scalar field. (Setting for Base Run)

START

Initializing

1.) Initializing by placing the equidistant vortices at the level of the splitter plate;
2.) Assuming arbitrary values for stream function W(x,y) at the internal nodes;
3.) Applying laminar boundary layer to inflow stream function ¥(x,y) Eqs.(38a-b);
4.) Applying error function to outflow stream function ¥(x,y) Eq.(39);
5.) Initializing the stream function W(x,y) at bottom boundary following Dirichlet

- condition Eq.(41);
6.) Initializing the stream function W(x,y) at top boundary following Dirichlet

condition Eq.(42).

7.) Initializing scalar field by call subroutine named: PDF just at first time step

Start main loop at each

time- step

Distributing the vorticity from the vortex particles to nodes using interpolation scheme
[either Egs.(32) with (33a) or Egs.(32) with (33a)].

v

Solving the Poisson Equation for ¥(x,y) by using Gauss Seidel iteration with a left-to-
right sweep of the nodes and bottom-to-top sweep of the lines. Iteration convergence is
obtained when the difference between consecutive W is less than 0.001%.

'

Computing velocities U(x,y) and V(x,y) at nodes using Eq.(16)

‘

Computing the velocities at the location of each vortex (Un, Vn) using interpolation
scheme [Egs.(34a) and (34b)]

'
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YES NOT
SGS or not? .

Updating the coordinates of the vortices using Egs.(36a) and(36b)

SGS Model type?

Dynamic SGS
Calculating SGS eddy viscosity at Calculating SGS eddy viscosity at nodes
nodes using Eqs.(18) and (19b) with using Eqgs.(18) and(19b) with dynamic
constant Cr= 0.12 by calling subroutine calculating Cr using Eqs.(20)-(28) by
named: SmagorinskySGS; calling subroutine named: Dynamiec_SGS.

v

'Plotting dynamic C? at seven nodes around

center line and writing out data file :
o dynamic C (center_dynamic- Cr_2.dat)

v

Transferring the diffusion velocity calculated at
above step to the location of each vortex (Un, Vn)

I

Computing the diffusion velocity at the nodes

v v

Updating the coordinates of the vortices using Updating the coordinates of the vortices
Eqgs.(36a) and (36b) using random walk Egs.(37a) and(37b)

v

Introducing a new vortex at the edge of the splitter plate and discarding the oldest one

.

Calculate the statistical parameters for scalar field by calling subroutine named: PDF

I
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NOT

First time step?

1.) Initializing the number of particles i.e. 36, in the computational
domain by prescribing particles to each box centered at nodes;

2.) Assigning initial concentration for each particle using either error
function or stepwise

I

Reading in the instantaneous flow properties such as velocities # and v, viscosity
from main program and calculating D & E at each time step.

l

Transferring D & E values from node to particle locations using area-weighting
scheme in the box centered at each node. Displacing the particles using stochastic
differential equation (SDE) by calling subroutine named: Convection_Diffusion

‘

Updating number of the particles in each box centered at node and renumbering the
particles consecutively starting from 1,2,3... by call subroutine named:

Update_InPDFDomain

Applying new particles to computational domain where old particles move out
domain and renumbering the particles consecutively starting from 1,2,3... by calling
subroutine named: Update_QOutPDFDomain

I

At each node, calculating mixing frequency at particle location using the arithmetic
average mixing frequency, carrying out mixing using Modified Curl model to
calculate the number of mixing pairs, selecting the pairs and calculating new
concentration by call subroutine named: Modified_Curl_Mixing

I

Allowing the scalar field to develop in the first two residence times (2M), i.e. 5120

time-steps for M=2560.
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l

Computing the mean concentration as the arithmetic average of the concentration
of particles in each box between two to six residence times (5120 to 15360 time-

steps).

Computing the rms concentration fluctuations and PDFs from six to ten residence
times (15360 to 35840 time-steps) by call subroutine named: RMS_PDF and
writing out scalar statistic to a new date files: (rms{step number}.dat) and
(pdf{step number}.dat) at every two residence times

To:
Page
94

l

Updating the coordinates of the vortices

l

Introducing a new vortex at the edge of the splitter plate and discarding the vortex

the oldest one.

Computing rms of vorticity and eddy viscosity

Time-step > total residence NOT

times (NMAX) ?

Writing out data files for post process:
e momentum data: (P482508.dat);
e rms of velocity fluctuation: (P483022B.dat);
e rms vorticity fluctuations: ( eddy.dat)
Plotting and writing out data files as
e vorticity contours: (P4830238.dat)

STOP

97




VICPP.190:
The program post processes the output data from program VIC PDF.f for flow

field, calculates the similarity variable 77, and vorticity thickness and writes out
data for plot.

START

Reading output data from VIC PDF.f:

e momentum data: (P482508.dat);

e rms of velocity fluctuation: (P483022B.dat);
e rms vorticity fluctuations: ( eddy.dat)

v )

Smoothening eddy viscosity and write out file: (eddyC.dat)

A 4

Writing out momentum thickness and slope in files:
e  Momentum thickness: (momThickness.dat);
e Momentum slope: (momSlope.dat).

I

Computing the similarity variable 7,

I

Plotting of flow statistics vs. the similarity variable 7], at four downstream
locations and writing out data files as:

e mean velocity: (flow.dat);

rms longitudinal velocity fluctuations: (stats.dat);

rms lateral velocity fluctuations: (stats.dat);

negative cross-stream correlation: (stats.dat);

rms vorticity fluctuations: (statsB.dat).

I

Computing streamwise spread of velocity and write out data file:
e spread of velocity: (velSpread.dat).

END
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SCALARPP.f90:
The program post processes the output data from program VIC PDF.f for

scalar field, calculates the similarity variable 7], and writes out data for plot.

START

| Reading data file: (rms025600.dat) to obtain scalar statistics:
e mean concentration

e rms concentration fluctuation

e mixing frequencv

I

Computiﬁg the similarity variable 7],

:

Plotting of scalar field statistics vs. the similarity variable N, at four

downstream locations, write out data files
e mean concentration: (MEANConc.dat)
e rms concentration: (RMSConc.dat)

e mixing frequency: (VMIXFREQ.dat)

l

Reading file: (pdf025600.dat) to obtain the PDF data:
e Probability Density Function (PDF)
Plotting of the PDF of concentration vs. 1], at the selected downstream

locations and writing out in data file:
e PDF of concentration: (scalarPdf.dat)

A 4

Computing spread of concentration and writing out data file:
e spread of concentration: (concSpread.dat).

STOP
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