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ABSTRACT

The analy«is of highway bridges such as slab-on-girder bridges, box-girder bridges,
cable-stayed bridges etc. is a very complicated undertaking. Analytical methods
are applicable only for the simplest structures. Finite clement method is the most
powerful and versatile tool , which can be applied to analyze any types of bridge
and any load cases. However, the efficiency of that method needs to be improved

because the finite element solutions usually require too much computer time, too

large core storage and too many input data.

If a structure has a uniform cross-section and line end supports (in fact, a high
proportion of bridges can be simplified to such a structire), the finite strip method
has proven to be the most efficient numerieal structural analysis method, which
employs a series of functions to simulate the variation of displacements in the
longitudinal direction of the structure. Thus, the number of dimensions of analysis
is reduced by at least one. Consequently, the computer time, storage and input
data are reduced significantly. Since this method was first published in 1968, it
has been extensively used for linear and nonlinear, static and dynamic analysis

of rectangular, skew and curved slab bridges, slab-on girder bridges box-girder

bridges etc.

In the present study, the following efforts are made:

1. Extending the finite strip method to the analysis of continuous haunched slab-

on-girder bridges and hox-girder bridges.
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2. Extending the spline finite strip method to the analysis of continuous haunched

slab-on-girder bridges and box-girder bridges.
3. Extending the finite strip method to nonlinear analysis of cable-stayed bridges.
4. Improving the efficiency of geometrically nonlinear finite strip analysis of plates.

5. Improving the accuracy of materially nonlinear finite strip analysis of reinforced

concrete slabs.

6. Combining the finite strip method with finite element method and boundary

element method for analysis of rectangular plates with some irregularities.

A number of numerical examples will show the accuracy and efficiency of the

methods developed in the present study.
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Chapter 1

INTRODUCTION

1.1 ANALYSIS OF HIGHWAY BRIDGES

In service, highway bridges such as slab on girder bridges, box girder bridges,
cable-stayed bridges etc. undergo not only longitudinal bending but also trans-
verse bending, torsion, distortion and shear deformation. The load distribution
among the girders, the support reactions and cable-tensions arc highly statically
indeterminate and material and geometrical nonlincarities due to concrete erack-
ing, cable sagging and P-A effect etc. are often significant. Thercfore, the analysis

of a bridge is a complex undertaking.

There exist some analytical methods for bridge analysis, such as the load distri-
bution technique for right simply supported slab-type bridges [1,2,3], the stiffness
method of analysis for steel orthotropic deck s stems [4] and the extended folded-
plate theory for box-girder bridges [5]. However, because these analytical methods

can only be used to analyze highly simplified structures, their applicability is lim-
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[Sv]

ited,

The finite element method is the most powerful and versatile tool for analysis of
Iridges [6,7]. That method can be applied to deal with any specific configuration
of bridge structure and supports, It is suitable for analysis involving all types of
statical and dynamical loads and all kinds of elastic and inelastic deformation,
Nevertheless, the finite element solution usually requires a significant amount of
computer time, large core storage and tedious and lengthy input data files. There-

fore, the cfficiency of this method needs to be improved.

In fact, the simply supported right deck of uniform section ( or a structure which
may be realistically analyzed as such ) constitutes a high proportion of the large
mumber of bridges being built. For analyzing this type of bridge, the finite strip
method has proven to be the most cfficient numerical method; it uses a series
of orthogonal functions in the longitudinal direction, y, combined with the con-
ventional finite element polynomial shape function in the transverse direction, x,
to simulate all the displacement components of the structure. In this way, the
number of dimensions of the analysis is reduced by at least one. Consequently,

computer time, storage and input data requirements are reduced significantly.

1.2 DEVELOPMENT OF FINITE STRIP METHOD

The finite strip method was first published by Y.K.Cheung (8] for analysis of simply

supported bridge deck structures in 1968. The finite strip method for rectangular
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slab-type bridge decks was also suggested independently by Powell and Ogden [9)
in 1969. Since then, considerable research and development on that method have
been carried out in many countries. In the late 1960° and early 1970, the fickl of

rescarch extended to many types of bridge and loading conditions, such as:
o rectangular slabs with end boundary conditions other than situple supports,
[10] in 1968,
e simply supported box girder bridges, [11] in 1969,
o curved slab and box girder bridges, [12] in 1969 and [13] in 1971,

e slab-type bridges with intermediate column supports using the flexibility

approach, [14] in 1970,

e rectangular slabs with variable cross scction in the spanwise direction, [14]

in 1970,

e the frequency analysis of some simple and continuous rectangular slabs, [15]

in 1971,
¢ skew slab bridges, [16] in 1972,
e skew box girder bridges, [17] in 1975,

e the initial buckling analysis of box-type structures, [18] in 1973 and [19] in
1974,

e continuous box girder bridges with transverse diaphragms, using the flexi-

bility approach, [20] in 1976,
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e slab and box girder bridgs continuous over rigid supports, using continuous

beam ecigenfunctions and a direct stiffness method, [21,22] in 1974 and 1978,

o analysis of gencral plates, [23] in 1978.

Y.K.Cheung and Y.C.Loo have published their books [24,25] to summarize the
basic theory of the finite strip method and its applications in bridge engineering

as the results of research work during that period.

Since the middle 1970's, enormous efforts have been devoted to more complicated
topics. Among them, the main subjects related to the finite strip analysis in bridge

cngineering may be listed as follows:

e compound finite strip method for analysis of plates continuous over inter-

mediate flexible beams and columns using a direct stiffness methodology

[26,27).since 1983,

o post-buckling behavior and geometrically nonlinear analysis of plate struc-

tures, [28-33) since 1978,
e materinl nonlinear analysis of steel structures,[34-36] since 1986,
¢ material nonlinear analysis of reinforced concrete slabs,[37] 1988,

o large deflection elasto-plastic analysis of plate structures [38], 1989.
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o

In spite of a number of advantages, the above mentioned scmi-analytical finite
strip method experienced difficulties in dealing with concentrated forces, multiple
spans, discrete supports at strip ends cte. To overcome these difficulties and to
retain the advantages of the finite strip method, a mathematical tool called ' B,
spline function’ was used for displacement functions to form the spline finite strips

for analysis of rectangular plates by Y.K.Cheung et al [39] in 1082,

The Bj spline function can ensure continuity up to the second derivative (the so-
called C, continuity). However, in order to achieve the smmne continuity condition,
the finite element method needs three times as many unknowns at the clement
nodes. Hence, the use of B; splines is computationally much more efficient than
the finite element method with C; continuity. When using theBy spline function,
the penalty function approach [6] is readily utilized to impose any type of boundary
conditions. Thus, the spline finite strip method is more flexible than the semi-
analytical finite strip method. In addition, the second derivative of Bj splines
varies linearly in each longitudinal section, as a result of which it can more casily

simulate peak values of bending moment at the loaded section or at an intermediate

support.

" In later years, the spline finite strip method was extended to box girder bridges
[40] in 1983, to skew plates [41,42] in 1984 and 1988, to arbitrary shaped slabs and
arbitrary curved slab bridges [43,44] in 19886, to vibration and stability'nnalysis

[45,46] in 1987 and to postbuckling analysis [47)] in 1989.
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Indeed, during the past two decades, a very large number of researchers and engi-
neers have made so many important contributions to the development of the finite
strip method and its application in engineering that it is impossible to list all of

their accomplishments here.

1.3 SCOPE OF STUDY

The primary objective of this thesis is to extend the finite strip method to more.
complicated structures and more difficult analysis, thus making the method mofe
accurate and cfficient.The main topics and efforts are focussed on the following
areas:

A. SEMI-ANALYTICAL FINITE STRIP METHOD:

1. finite strip method for continuous structure

[ ]

. finite strip analysis of haunched, continuous bridges

3. finite strip analysis of haunched, continuous box girder bridges

B. SPLINE FINITE STRIP METHOD:

i. spline finite strip analysis of haun;:hed, continuous bridges

2. spline finite strip analysis of haunched, continﬁous box girder bridges
C. NONLINEAR FINITE STRIP ANALYSIS OF BRIDGES:

1. nonlinear finite strip analysis of cable-stayed bridges

]

. geometrical nonlinear analysis of plates
3. material nonlinear analysis of reinforced concrete slab

D. FINITE STRIP METHOD COMBINED WITH OTHER NUMERICAL METHOD:
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1. finite strip analysis of plate combined with finite element method

2. finite strip method combined with boundary element method

Each of the above topics has formed a seperate chapter in the thesis.



Chapter 2

FINITE STRIP METHOD

2.1 CONVENTIONAL FINITE STRIP METHOD

The finite strip method was first published by Y.K.Cheung for analysis of simply
supported bridge deck structures in 1968 {8). Since then, this method has been
cxtended to many types of bridge such as rectangular, curved and skew box-girder
bridges of single span or multispan, etc. Y.K.Cheung and Y.C.Loo have published
their books [24,25] to summarize the basic theory of the finite strip method and
its applications in bridge engineering as the resﬁlts of research work during the
late 1960’ and early 1970’. In this section, the basic concept of the traditional

finite strip method for analysis of rectangular box-girder bridges with single or

multispan is reviewed briefly.

The finite strip method can be considered as a special form of finite element pro-.
cedure using the displacement approach or as the so-called semi-analytical finite

clement method. If a structure has constant cross-section and its boundary con-
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ditions at both ends do not change transversely, then for its stress analysis the
structure can be divided into a munber of finite strips (Fig.2.1) instead of finite
clements. In each strip, the displacement components at any point are expressed
in terms of the displacement parameters of nodal lines by means of simple poly-
nomials in the transverse direction and continuously differentiable smooth series
in the longitudinal direction, with the stipulation that such series should satisfy a

priori the boundary conditions at the ends of strips.

2.1.1 SERIES PART OF DISPLACEMENT FUNCTION

The most commonly used series are the beam cigenfunctions which are derived
from the solution of the beam vibration differential cquation

d'y -
v i iy (2.1)

The general form of the beam eigenfunctions is

Y(y) = crsin(uy) + cr cos(uy) + casinh(py) + crcosh(uy)  (2.2)

with the coeflicients ¢; to be determined by the end conditions.

These have been worked out explicitly for the various end conditions and are listed

below:

(a) Both ends simply supported (Y(0) = Y#(0) =0, Y(I) = Y"1} = 0).

Yu(y) = sin(pmy),
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mm
(fm = T)

(b) Both ends clamped (Y(0) = Y(0) =0, Y(I) = Y'(]) = 0).

Yiuly) = sin(jtmy) — sinh(gmy) —~ amlcos(pmy) — cosh(pmy)),

_ sin(pml) — sinh(gml)
™ cos(ml) — cosh(p,1)

jt! are the solutions of equation 1 — cos(ul) cosh{ul) = 0, the first twelve values

arc.

4.730040744862704, 7.853204624095837, 10.99560783800167, 14.137165491257486,
17.27875065739948, 20.42035224562606, 23.56194490204045, 26.70353755550818,
29,84513020010325, 32.98672286269282, 36.12831551628262, 39.26990816987241,

For m greater than 12, p,, = (m + 0.5)x/i can be taken as a very close approxi-

mation.

(c) One end simply supported and the other end clamped
Y0y =Y"0)=0,Y(l) =Y'(!) = 0).

Kn(y) = Sin(ﬂ'my) = Oy Sinh(.umy)v

_ sin(pnl)
™7 sinh(pp)
(ttml = 3.9266, 7.0685,10.2102, ..., .+ 1

1 ).

(d) Both ends free (Y*(0) = Y"(0) = 0, Y"(I) = Y™(I) = 0).

Yl(y) =1u =0,
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2
Yay)=1- =1,
You(y) = sin(pemy) + sinh(pemy) — amfcos(funy) + cosh(jimy)],

. sin{d) = sinh(pl)
"7 cos(ptml) = cosh{jtml)

(yeml = 4.7300,7.8532, 10.9960, ...,

2m -3
2

7,m = 3,4,..,00).

(e) One end clamped and the other end frec

(¥(0) =¥'(0) = 0,Y"(1) = Y"(1) = 0).

Yo (y) = sin{ptmy) + sinh(pny) — am|cos(itmy) — cosh(jimy)),

_ sin(pml) 4 sinh(g,,!)
" cos(pml) + cosh{j,l)

(ol = 1.875,4.604, .., 22~ 1

-

1

T).

(f) One end simply supported and the other end frec

(Y(O) =Y"(0)=0,Y"(l) = Y1) = 0).
Yi(y) = %i“l =1,

Yo (y) = sin(pny) + an sinh(p,y),

_ sin{p,l)
™ ™ sinh(pl)
-3
(4! = 3.9266, 7.0685,10.2102, 13.3520, ..., 2 =,

m=2,3,...,00).

The beam eigenfunctions possess the valuable properties of orthogonality, i.c.

!
fDYmYﬂdy=0 for m#n
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{
f Y Y dy =0 for m#n
0

Utilization of these properties will result in a significant saving in computation

offort for the calculation of stiffness matrices.

2.1.2 DISPLACEMENT FUNCTIONS

In slab on girder bridges and box-girder bridges, each finite strip is subjected to
in-plane stresses and out-of-plane bending forces(Fig. 2.2). This type of strip is
called o folded plate strip. The nodal displacement parameters and the nodal force

vector of the strip corresponding to the m-th series term are:
{6}m = (‘U1 T W, 01 Up V2 W 92)$

{Flm=(U Vi Wi My Ua Va W M)T

The displacement components at any point (x,y) within the strip are expressed in

terms of the nodal displacement parameters as follows:

U= zr:((l - X)ulm + XU?m)Ym(y)

m=1

v= z": (1 = X)vim + Xvom )Y (¥)/ tim

m=1}

w= Z(Clwlm + Cobyn + Catoam + Cabon )Y (v) (2.3)

m=1

where,

Cy = (1-3X%+2X?)

C, = z(1 - 2X + X?)
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Cs = (3X? - 2X%)
Ca = z(X? - X)
X==zfb

and r is the total number of terms considered in the analysis.

These expressions can be written in the following more compact form:

{f} = {u,v,w}T = Zr:[N]m{a}m (2.4)

m=l

2.1.3 STRAINS

Once the displacement functions are known, it is possible to obtain the strains,
curvatures and twist, through appropriate differentiations with respect to the co-

ordinates x and y in the well-known manmer, yielding the following:

QE
= bz
v
€y = B_y
Oou v
7:1; - a_y ’|‘ &:‘
w
Xz =—3—3 (2.5)
0w
o=~
*w
Xzy =2




CHAPTER 2. FINITE STRIP METHOD 14

The matrix form of these equations is as follows:
;

{5} = {fmfw'th:sz X::u}T = Z[B]m{a}m . (2.6)

m=1

2.1.4 STRESSES

The stresses are related to the strains by
{0} = {Nz, Ny, Noy, M, My, My, )7 = [Dl{e} = Y [D][Blm {6} (2.7)

m=1

where [D] is the elasticity matrix. For an isotropic folded plate,

D 0
o= 5 o0 ] 8)
in which , . 0
v
[D],,_IE"V2 v 1 0
00 L
1 v 0
ER®
[D)s v 1 0

2.1.5 MINIMIZATION OF TOTAL POTENTIAL ENERGY

The strain cnergy of a folded plate strip is given .by

U= % (e (o}aa
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By virtue of (2.6) and (2.7), the strain cnergy can be expressed as

U =23 SOV Kl {6 (2:9)

~ m=1n=1
where [K|mn is the stiffness submatrix of the strip and is given by the following

area integral:
(K)o = [(BIA[DI[Bl.dA (2.10)
The potential energy due to the external distribuied loads {¢} = { q;,q,,,q_.}T can
be written simply as
W= - [{f}"{a)dA (2.11)
Substituting (2.4) into (2.11) gives

W=- zr: {6}1:{F}m (2'12)

m=]

where {F},, is the equivalent nodal force vector of the external load and is given

by the following integral:
{F}n = f [N]%{g}dA (2.13)

For a point load the above integral is reduced to the simple expression of load

multiplied by the corresponding displacement.

The total potential energy of the entire structure,®, is the sum of U and W con-

tributions from all the strips. Thus

NS
¢ = Y (U+W)

‘;; r r
= 3G X DOR Ko - TEAF  @1)

in which NS is the number of strips.
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According to the principle of minimum potential energy, the values of the dis-
placement parameters must be such as to make the total potential energy of the

structure assume a minimum value. In mathematical form this requires that
o
=) = 2.1
(37 = (215)

Substituting (2.14) into (2.15) and performing the partial differentiation produces
a set of linear algebraic equations which can be written in the following matrix

form:
K1{8) = {F) (2.16)

in which [K],{é] and {F} are the stiffness matrix, the nodal displacement vector
and the nodal load vector of the whole structyire. They are the assembles of the
corresponding matrices or vectors of all the strips in the structure. Solving the set
of equations for the unknown displacement parameters and -ubstituting them into

(2.4) and (2.7) will give the displacements and stresses at any point of interest.

Because of the orthogonal property of the beam eigenfunctions, for structures with
both ends simply supported, the derivation shows that all the terms of the series
are uncoupled, namely, [K],.n = 0 for m # n. Thus, the stiffness matrix has a very

narrow half-bandwidth, and the required computer storage and time consumption

are reduced significantly.

ety Tl

—ta
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2.1.6 COORDINATE TRANSFORMATION

All of the above derivations are carried out in a local coordinate system , wherein
the x and y axes coincide with the mid-surface of o strip. In folded plate structures,
any two plates will in general meet at an angle, and in order to assemble the
stiffness matrices, the displacement vectors and the load vectors of non-coplauar

strips, a commeon coordinate system is obviously required.

In Fig. 2.3 the individual coordinates of a strip are labelled as x’,y’,2' and the
common coordinates as x,y,z. y and y’ are coincident with each another and
also with the intersection line of two adjoining strips. The transformation of

displacements between the two sets of coordinate systems is given by

{8} = [T1{8}m (2.17)

in which [T] is the transformation matrix

[T} = [ [f]] [2] } (2.18)

where
cosf 0 sing 0
0 1 0 0
=1 _ sinf 0 cosf 0 (2.19)
0 0 0 1

Substituting (2.17) into (2.9) and (2.12) leads to the following results, it being
noted that in (2.9) and (2.12) {K)mn, {F}m, {6}m and {6}, are in local coordinates

and hence are primed:
[Klmn = [T [K"lmn{T] (2.20)

{F}m = [T]"{F'}n (2.21)
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2.1.7 FLEXIBILITY METHOD

In conjunction with the flexibility method or force method, the finite strip method

ean also be used to analyze continuous bridge decks.

The bridge deck is first released from all the internal supports and is analyzed by
the finite strip method. The deflections at all the internal supports due to external
loadls can be casily found, and is here denoted by a column vector {a}. Next,a
unit vertical force is applied at internal support j alone and the deflection f;; of

each internal support i is obtained. This procedure produces the flexibility matrix
[F] = [fi5].
For simplicity, all the internal supports are assumed to be rigid. Thus, the com-
patibility requirement of displacements yields following equations:

[F{R} + {a} =0 (2.22)

from which the true reactions {R} at the internal supports can be calculated.

Applying external loads and the reactions of the internal supports to the released

structure will then give the final displacements and internal forces.

For plates and bridges over continuous line supports, it is also possible to treat each
individual span as simply supported, with continuity of slopes over the supports

(at the nodal line unly) being subsequently restored. In this case the support

moments are chosen as the redundant forces [24).

The combination of finite strip analysis with the flexibility method is also appli-
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cable to box-girder bridges with intermediate diaphragm [25].

2.2 COMPOUND FINITE STRIP METHOD

Since 1983, a compound finite strip method has been developed for analysis of
linear elastic flat plate systems continuous over deflecting supports such as flexible
beams and columns [26,27]. This approach incorporates the effects of the sup-
port elements in a direct stiffness methodology, which makes the solution more

straightforward than with the flexibility method.

The so-called compound strip is a finite plate strip which is composite with the
supporting elements such as longitudinal beams, transverse beams and columns,
All of these elements deform together, and their displacements can be expressed in
terms of the nodal displacement parameters of the strip by means of the digplace-
ment functions of the strip t2.3). The strain energy of a compound strip includes

not only the strain energy of the plate strip but also the following strain energy

of the supporting elements:

(a) The flexural and torsional strain energy of the longitudinal beams

X EI 0%, GI [ &w.,
U= ;('2—f(5§5) dy + —2—/(03:%) du); (2.23)

in which EI and GJ are the flexural and the torsional rigidity of a beam respece-

tively; NL is the number of longitudinal beams in the strip.
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(b) The flexural and torsional strain encrgy of the transverse beams

NT 9? G.] g
u.,.=2 f (£2) j( (‘)x;; (2.24)

in which NT is the number of the transverse beams in the strip.

(¢) The axin] strain energy and the flexural strain energy of columns

Ow. ., ow,

NG
Uc=g( Kaw) + I.,( ) + I'q,( )2)1' (2.25)

where K, is the axial stiffness of column; K, and K, are the flexural stiffness of
column in the directions x and y respectively; NC is the number of the columns

supporting the strip.

Thus, the total strain energy of the compound strip, Us, is the sum of following

items:

Us=Up+UL+Ur+Ue (2.26)
where Up is the flexural strain energy in the plate strip.
Substituting the expression of displacements (2.3) into (2.26), the strain energy

Us can be expressed in terms of the nodal displacement parameters of the strip in

the form:

l\?ll—'

Z_: 21{6}3:;[1(]”"1{6}11 (2.27)

The stiffness submatrix of the compound strip, [K]mn, is readily obtained.

This method has been successfully applied to the analysis of a variety of continnous

plate structures.
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2.3 EIGENFUNCTIONS OF CONTINUOUS BEAMS

In the analysis of continuous folded plates, the conventional finite strip method
combined with flexibility approach and the compound strip nrethod both experi-
ence difficulties in evaluation of the maximum negative bending moment at inter-
mediate supports, because both methods employ the smooth beam cigenfunctions
relevant to a single span to simulate the sharp peaks of the bending moment. The
direct stiffness approach using eigenfunctions of continuous beams can solve this
problem. This approach was applied to the dynamic analysis of continuous plates

in 1974 [21], and was extended to static analysis of continuous folded plates under

distributed loading in 1978 [22].

The eigenfunctions of a continuous beam with both ends simply supported can be

obtained as follows [48).

The free vibration differential equation of the continuous beam is

d'Yy

Because the entire beam vibrates at the same frequency, p is the same for all the -
spans. The general solution of this equation for the i-th span can then be expressed
as

Yi(y) = c sin(py) + ¢i2 cos(uy) + cia sinh(uy) + ci cosh{py) (2.29)

in which ¢;;...¢;4 are constants which should be determined from the end conditions

of the span.



CHAPTER 2. FINITE STRIP METHOD 22

If the first span is simply supported at the end y; = 0 (Fig. 2.4 a), the end

conditions are ¥1(0) = ¥{/(0) = 0, Yi(!;) = 0. Equation (2.29) then becomes

Yi(y) = Aj(sin{uy, ) — o, sinh(py)) (2.30)
anul
o = sin(,uh)/sinh(,uh).
For the last span n (Fig.2.4.b), in order to simplify mathematic procedures, it is

convenient to use a new coordinate system, y, = I, — yn, to express the general

solution for this span. Thu-,

Ya(yn) = An(sin(pyy) — an sinh(pyy)) (2.31)
and
ay, = sin(ul,)/ sinh(ul,).

Each intermediate span i (Fig.2.5) can be treated as a combination of the above-

mentioned two situations, i.e.,

Yi(y) = Au(sin(py;) — o; sinh(py;)) + Ain(sin(uy!) — aisinh(uy})) (2.32)
where
o; = sin(pul;)/ sinhtpl,-)
and
yi=li—yi
Evidently, the first span and the last span of a continuous beam can be considered

as the particular case of an intermediate span, with 4,2 =0 and A,,; = 0. There-

fore, (2.32) can be used to express the solutions for all spans. The slope, dY;/dy,
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and the curvature, d?Y;/dy? of a continuous beam can then be obtained as

%ﬂ = pAj(cos(uy;) — a; cosh(puy;)) — pdia(cos(py;) — ajcosh{pyi))  (2.33)

% = — 1P Aq(sin(uy;) + i sinh(p;)) — P An(sin(uy!) + asinh(pyl))  (2.34)

For simplicity, the following notation is introduced:
SL; = cos(pl;) — a; cosh(pily) (2.35)

The continuity conditions between span (i-1) and span i at support i
(Fig.2.6, yi-y = lies, yiny = 0, i = 0, y} = I;) are
1. The slope of adjacent spans must be equal. Therefore, by virtue of (7.33) and

(2.35), the following equation can be obtained:
Air11SLicy ~ A1 o1 = o) = Ap(1 — o) ~ A SL; (2.36)

2. The bending moment and, consequently, the curvatures must also be continu-

ous over support i. Irom equations (2.34) and (2.32) the following equation can

similarly be obtained:

Aioysin(plin)) = Agp sin(pl) (2.37)

The values of u and A;; (i=1...n, j=1,2) have to satisfy the continuity conditions

(equation (2.36) and (2.37)) at all the intermediate supports. Further, # must also

satisfy the end conditions of the beam :

Al2 =0 ' Anl =0 (2.38)

Equation[2.38] states that M, = 0 at hoth ends of the beam.
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The A;; represent only the mode shape, not its size; hence the following values

may be adopted, without loss of generality,
An =1 3 Alg = 0 (2.39)

For a given g, A; and Ag;; can be evaluated from the known values A;_;,; and
A;-1,2 by using equations (2.36) and (2.37). Doing this span by span, finally, all

the A;; up to A,y and Ang, which are the functions of u, can be calculated.

I all the A;; are not simultaneously zero, and the value of i makes
Am(p)=0 (2.40)

then 2 and A;; have satisfied both the continuity conditions and the end conditions,

therefore these values give a valid solution.

In solving equations (2.36) and (2.37), different procedures must be followed, de-

pending on whether or not sin(ul;) = 0 and sin{ul;—;) = 0.
1. If sin(ul;) # 0, from equations (2.36) and (2.37)
A = Ajyy sin(pliny)/ sin(pl) (2.41)

A = (A1 SLicy — Aic12(1 = ai) + Ai2SL) /(1 — a3) (2.42)

2. Hsin(ul) =0, pli = mr (m=1,2...)." From equation (2.32), it can then be

scen that o; = 0 and

Y; = Aj sin(uy;) + An sin(uy')

= Aj sin(uy;) + Agp sin(mm — py;)
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o
[

= (A = (=1)" Ai2) sin{ ;)
This means that the coefficients 4;; and A4;3 are dependent varinbles. Henee, and

again without loss of generality, A;; = 0 can be assumed, so that

Y; = 4 sin(py) (2.43)
It is noted, however, that the calculation of 4;, still depends on the value of

sin{pl;_;) associated with the previous span (i-1), and it must be considered sep-

arately for the two cases of sin{ul;_;) = 0 and sin(ul;_,) # 0.

a. If sin(peliq) = 0, then Y, = A,y sin(pyi~1), 4im12 = 0 and equation (2.37)
becomes an "identity”. Then, from the slope continuity condition alone (2.36) we
can obtain

' Aj = Ajq cos(pediny) (2.44)
b. If sin(pli-1) # 0, Ai_;y must be zero, otherwise it does not satisfy equa-

tion(2.37). Then from the slope continuity condition alone (2.3G), we can obtain

Aj = —Ais19(1 ~ oy) (2.45)
However, in the case of the first interior support (between spans 1 and 2}, if sin(ul,)
is not equal to zero but sin{uly) = 0, it can result in 4;; =0 (i = 2..n,j = 1,2)
from equations (2.39) (2.43) (2.44) ctc. In this case, although A, = 0, p is still not
a solution of equation (2.28), because it violates the curvature continuity condition

(equation (2.37)) at the first interior supports.

In the case of the last span, if sin(pl,) = 0, the curvature at the last end of beam is
automatically equal to zero. Therefore, in this case, even though equation (2.40)

is not satisfied, u4 may still be a solution of the equation (2.28).
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The first-order Reguli-Falsi iteration can be employed to solve the 4 and A;;,(Fig.2.7).

Starting with the point ug, s is increased by a small increment o4 in every step.
At every trinl point g, A, (u) is determined from A;, =1 and A;; =0 by using
cquations (2.41),(2.42), etc. However in some cases, if A,; changes its sign between
two trial points u{® = u — §u (the previous trial point) and p1) = i (the present
trinl point), the straight line is drawn between the points (9, Ap1 (1)) and
("), At (")) as shown in Fig. 2.7. The intersection of the straight line with the

1 axis is at 4 which is closer to the solution /i than pth),

From i the point (#1?, A,y (p?)) is located and the straight-line is connected to
(30, Any (1)) or (1", Ay (™)) depending on at which point Any has different
sign from Ay (). This locates p® on the o axis,which is closer to the desired

result than ut®.The process is repeated until

| Am{p) [< & (2.46)

The iteration formula is

,u('*” — “(r) — A “(r))(p(r) — P(n)) J( Am(,u(")) - Am(#‘“’)) (2.47)

Continuing to increase u by éu for every step, eventually, the necessary eigenvalues,
ftm, and modes, Af—;-") are identified, these being as many as required by the finite

strip analysis.

When the equation (2.41) was applied to determine A;, from. i, . , both sides of
cquation (2.37) were divided by sin(ul;) , which might result in missing the solution

of sin(stl;) = 0. Therefore, if during a particular increment of p, sin{ul;) changes



ST Y MO TP IT LLT Y, T

CHAPTER 2. FINITE STRIP METHOD 27

its sign, then pu = ms/I; must be used as the trial point to caleulate 4;; and see
if this is one of the eigenvalues. However, in any other case, it must not take any
trial value of u equal to mn/l; so as to avoid situations such as sin(puly) = 0 while

sin(pl;) # 0, which will result in an erroneous value of 4, (p).

In the computer program, the following values were used:
(S‘U. = 7r/30£imu:

to = 20.56p
€ = 10—10

and it is assumed that sin(pl;) = 0 if | sin(pl;) |< 10-'°.

If the lengths of all the spans are not exactly the sane, but slightly different from
each other, then,u = mm/l; is not a solution, and the sign of A,,(;t) changes
drastically near g = mw/l;. In this case, smaller increments of é¢ must be used
in order to prevent the possibility of missing modes. For example, if all of the
spans have magnitude either I,z or Lyjn, and if 0 < (hnez = Inin)/ ez < 0.05,
it requires great care not to miss the solution near m= /l,,,z. The recommended
remedial measure is that if there. has been ma /e — ## < &1, the increment is
reduced to 6’ = ma(1/lin — 1/lnez)/4 and the next trial value of j is changed
into g = ma[/lper + 6 /2. After the eigenvalue near m# /. has been found, the

original increment ép = mm /300, is resumed.
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2.4 ANALYSIS OF CONTINUOUS HAUNCHED
BRIDGES

In the present study, the finite strip method was extended to the analysis of
haunched, continuous slab-on-girder bridges ([49)], 1988) and haunched continu-

ous box-girder bridges ([50], 1989).

In such an analysis, three types of strip are used, these being the top flange plate
strip (Fig.2.2), the vertical web strip (Fig.2.8) and the bottom flange shell strip
(Fig.2.9).

2.4.1 STRAIN-DISPLACEMENT RELATIONSHIP

For the top flange plate strip, the Cartesian coordinate system is used and the

strain-displacement relationships (2.5) are applicable.

For the web strip of variable depth, the curvilinear orthogonal coordinate system
(€ =) is more convenient, in which 7 has units of length. The web can be divided
into a number of equal or unequal width strips. The width of cach strip is taken
as b = ¢ x b, where b, is the depth of web, with 0 < ¢ < 1. In the web, the
most important deformation is in-plane bending, and the most significant strain
components are the longitudinal normal strain ¢, and the longitudinal shear strain

~vey- According to the actual proportion of ordinary haunclied box-girder bridges,
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the relationship between displacements and strains can be written as:

Ll
AT
(=t O
Ty By
_Ou  10v
Ven = a_" 'I;b_é -
18w
=-woe
w
I
2 SPw
Xen = 3'6_6"37]

where r; and r; are the radii of curvature of coordinate lines (Fig.2.8), and the

Xe (2.48)

Xn=

following approximate geometrical relationship can be taken with reasonable ac-

curacy:
1 z' d%b,,
= 2.4
re by dn? (2.49)
bIU
™= dby * (2.50)

iy
For the bottom flange shell strip, cylindrical surface coordinates are used, and the

relationships between displacements and strains [59] are

o2
T 9z
v w
6u=-aTJ—'—Ii
Ju v
‘Yzy=a—y '5;
2
Xe= o (2.51)
Pw w
Xv=_“5;'{—}§
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0w 20
Xev = “5z0y " Roz
where R s the radius of curvature of the middle surface in the longitudinal direc-
tion, this is usually a function of y. In ordinary haunched box-girder bridges it

can be assumed that

1 d%,
3=t (2.52)

2.4.2 DISPLACEMENT FUNCTIONS

The choice of suitable displacement functions is the most crucial and difficult part
of the analysis. The right choice should lead to satisfactory results for maximum
deflection and maximum longitudinal stress using only a very few terms of series
if the analyzed bridge is subjected to uniform load (according to our experience,
the required number of terms in series should be less than 5 times the number of

spans).

After comprchensive research and experiments, the following formulations are

worked out.

The strip displacement parameters for the m-th term are taken as:
{6}m = (w1 vy By 1wy 6; 4y vy T wy 6)7,

where v, and v, mainly represent the longitudinal movements due to in-plane

bending and #; and 9; mainly represent displacements in the y direction caused
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by the longitudinal elongation or compression of the strip. The displacements

within a plate strip are as follows:

U= Z((l -_— X)u’," + X"'gn)ym(y)

m=1

v= 3 (1= X0 + XoP)Yo(v)+
m=1

(1= X)) + X5 7.() (2.53)
n=]

w= (1~ 3X* + 2X")u +o(1 - 2X + X2)8"

m=1
+(3X?% - 2 XNy + a(X? = X)67)Youly)
where Y}, is the eigenfunction of a continuous beam which has the span lengths of

the actual bridge, and
dY, dby,

Yr::(y) = (bww - dy Ym) (2'54)
Ply) = j (Yo(y)/R)dy (2.55)
X =z/b.

In (2.55) the interval of integration is from the origin of the first span to the
current coordinate y. If the bottom line of web in each span is a parabolic curve,
R can be assumed to be a constant(2.52), and the integration can be implemented

analytically.

For the web strip, similar equations can be obtained by replacing X by €, x by bé

and y by 7 in the above cquations.

These equations can also represent the displacements in the bottom flange shell

strip without any change. However, in this case, x, y and z are cylindrical surface
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coordinates, and u, v and w are the corresponding displacernent components in

this coordinate system (Fig.2.9) .

The expressions of u and w meet the boundary conditions at the end and inter-
mediate supports which arc assumed to be diaphragms that are infinitely stiff in

their own planes, so that u=0 and w=0 there.

Substituting the displacement functions (2.53) for the web strip into the expres-
sion for vg, in (2.48) and taking into consideration (2.50) and (2.54), ¢, can be

expressed in terms of displacement parameters as follows:

ou 1dv u
Yoy = — + "I;_a'z - ;
= E((l — i’ + €u '“) Z —o 4 0P )Y b+ (=T + 07 )Fon/b)

m=1

- Z((l - &l + {u"')}’m/ T

ma=1 dn

dY, db,
= Y(1 -+ Eu;")(—d; = g Yn/b0)

m=l

+Z{ Yz /ey, + (~5™ 4 57, /b}

m=1l

= Z((l — Eul’ + £uy )Y /by

m.-l

+Z{(—v1 + 03" )Y feby + (=37 + 55 )V /b)

me=1

From the above expression, it can be seen that g, = 0 if u* = uP, ul® = (v —

i ]

vl')/c and 9" = ¥3'. This means that the displacement functions (2.53) can

simulate the pure in-plane bending of webs at the term level.

Substituting the displacement functions (2.53) for the shell strip into the expression



CHAPTER 2. FINITE STRIP METHOD 33

for ¢, in (2.51), €, can be expressed in the following form:

oy w

G"—Br R

- Z((l A ).“m X ,Um) am + Z( 1-— X)-m + Yﬁgl)a}gy

- 2((1 - 3-Y2 + 2."'3)‘!0"1 + 1,(1 - 92X + x?)gm

m=1

Loy
=
s

+(3X? ~ 2X ) + (X2 - X )6 Yu(y)/R (2.56)

Using (2.55), we have

de('U)

Tdy oy /(Y"‘ (v)/R)dy = Yu(y)/R.

Substituting this expression into (2.56) gives the following result

g = Z( 1 —'}L) " ‘Y m) m + zr:( X)vm_i_x-m) -m(y)/R

m=1

ST — 3X? 4 2X%u + (1 - 2X + X107

m=1
+(8X? — 22Xl + 2(X? ~ X)0)Y,u(v)/R

From this expression, it is not difficult to find that all the terms of ¥,,,(y)/ R can be
cancelled out if 67" = 0, 63 = 0, and w* = w§ = v* = v7'. Similar derivations can
also prove that the longitudinal normal strains on any given curve £ = constant in
the web strip and the entire top flange strip due to the arching effect /R may be
released under proper combinations of displacement parameters. This means that
the displacement shape functions (2.53) are capable of reflecting that the arching
effect can affect the distribution of longitudinal stress on the cross-section but may
not cause any longitudinal stress at the neutral axis of the cross-section, because
in any continuous bridge only the supports at one cross-section are fixed in the

longitudinal direction.
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If the displacement funetions can not simulate the pure in-plane bending of the web
(¢ = 0) or the stress-free longitudinal expansion of the bridge, the structure will

seem much stiffer than it really is, and the correct answer may never be obtained.

2.4.3 SOLUTION PROCEDURES

Substituting the displacement functions (2.53) into (2.5),(2.48) and (2.51) respec-
tively, the strains for each type of strip can be expressed in terms of displacement

parameters in the following matrix form:

r

{E} = z [B]m{‘s}m

m=1

The stiffness matrix of the strip corresponding to the m-th and n-th series terms

can then be expressed as (2.10):

K)wn = [ [IBIAIDIB]. do dy

In the x direction , the integration can be implemented numerically or analytically.
However, in the y direction the Gaussian integration m;athod has to be used, be-
cause of the complexity of the integration in the stiffness matrix. Since [; Y\Y, dy
and [, Y*¥, dy arc not equal to zero when m and n are different, the terms of the
series are coupled. In evaluating the stiffness matrix, we should choose the proper
number of Gaussian integration points to achieve the desired accuracy and effi-
ciency. When necessary, every span can be divided into several segments. In each
scegment, 8 to 10 integration points should be used. The selection of segment size
and Gaussian integration points depends mainly on the number of highest-order

harmonics in a given span, n, = pin..li/7. Based on our experience the selection
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5
b,, is constant b, is variable
Arn ‘Ns £y JVG N acy N'C v
1,2 1 S 1 S
34 1 10 1 10
5,6 2 S 3 8
7.8 2 10 2 10
) 2 10 3 10
10,11} 3 S 3 10
12-14 | 3 10 3 10
15-17}| 4 10 4 10
18 4 10 5 10
19-24| 5 10 5 10
25-30 | 6 10 6 10
N.u = “‘ma:r:ll'/“‘T
Nyey: Number of Segments in Span i
Neg: Number of Gauss Points in Each Segment

Table 2.1: The Proper Number of Segments and Gauss Points

which will best achieve a reasonable halance between accuracy and cfficiency of

the solution is given in Table (2.1).

Following the procedures described in section 2.1, it is not difficult to obtain the

final solutions required, including the distribution of displacements and stresses

within the whole structure.

244 NUMERICAL EXAMPLES

1. Two span haunched continuous concrete hox-girder bridge.

A multi cell box-girder bridge that is continuous over two equal spans is shown in
Fig.2.10. It is haunched over the interior supports, with c=2.40m. The bridge span

1 is chosen equal to 40m, spacing between webs by = 0.075! = 3.00rn; thickness of
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top slab, hy = 0.0050 = 0.20m; thickness of bottom slab, hy, = 0.004] = 0.16m;
thickness of web, 01 = 0.01125/ = 0.45m; length of haunched portion is consid-
ered to cover a distance of 12.00m. In this portion, the generating line of the

hottom flange is a parnbola. Total depth of the box girder{excluding the haunch),

Lh=1.20m.

Due to symmetry, only half a cell needed to be analyzed; this half was divided into
3 strips, i.e. top flange strip AB, web strip BC and bottom Flange strip CD, as
shown in the lower part of Fig. 2.10. The applied load is self-weight, corresponding
to a specific weight of material of 24 K N/m3. The material properties are E=25

GPay =0.2.

Beceanse the geometry of the bridge and applied loads are symmetrical with respect
to the intermediate support, the deflection must also be symmetrical. Therefore we
take only the symmetrical modes as the displacement functions in the longitudinn!
direction. The longitudinal stresses in a number of cross-sections are given in Table

2.2, These results were obtained by using 10 symmetrical terms in the series.

For comparison, the finite clement program ADINA was also used to analyze t'he
same structure. In this case, each flange is divided into 1 row of 16-node shell
clements; the web is divided into 2 rows. Each row includes 8 elements (Fig.2.11).
The results from this inethod are also given in Table 2.2, It can be seen that
the results obtained from the finite strip analysis are in close agreement with the

results obtained from the ADINA finite element analysis.
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2 | Method o, (MPa) along nodal line
(m) A B C D
0 | ADINA | 4.296 | 4.292 | -3.268 | -4.287
FSM | 3.792 | 3.732 | -4.075 | -4.108
3 | ADINA | 4.373 | 4.378 | -4.66G2 | -4.343
FSM | 4.335 | 4.323 | -4.869 | -4.600
6 | ADINA | 4.389 | 4.610 | -5.262 | -4.729
FSM | 4.596 | 4.620 | -5.353 | -4.964
12 | ADINA | 1.566 | 1.403 | -1.649 [ -1.814
FSM 1 1.733 | 1.745 | -2.061 | -2.049
20 | ADINA | -3.264 | -3.535 | 4.115 | 3.803
FSM |-3.142 | -3.177 | 3.703 | 3.GG8
30 | ADINA | -4.383 | -4.637 | 5.398 | 5.109
FSM | -4.344 | -4.367 | 5.095 | 5.074

Table 2.2: Longitudinal Stresses in Two Span Box-Girder Bridge

2. Five span composite box-girder bridge

The bridge is a two-lane stecl-concrete composite box-girder structure and is con-
tinuous over five spans. There arc two steel boxes with a cast-in-place reinforced
concrete deck. Figure 2.12 shows the clevation of the bridge, the depth of the
webs and its typical cross scctions. The loads arc two five-axle trucks. Their wheel
weights and positions are shown in Figure 2.13., For stccl, the material properties

are E = 210G Pa, v = 0.3; for reinforced concrete B = 26GPa, v = 0.2.

The structure is divided into 22 strips with 21 nodal lines (Fig.2.14). 10 terms
of the eigenfunction series are used in the analysis. The distribution of the lon-
gitudinal stress along cross-section x-x is depicted in Fig.2.15. The cxperimental
values [60] of the same stress are also shown in this figure for comparison purpose.
The maximum longitudinal stress of web is at the bottom corner of web No.1,its

numerical value is 26.25 MPa while the experimental value is 24.47 MPa. The
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maximum longitudinal stress of the flange appears in the bottom flange adjacent
to web No.1,its numerical value is 25.67 MPa while the experimental value is 29.64

MPa.

It may be concluded that the numerical results are in good agreement with the
experimental results for all high stress regions. Stress comparisons for other regions
scem to be less favorable. However, this may be attributed to the accuracy of the
experimental measurements themselves. Several irregularities of the experimental

results, as shown in Fig.2.15, clearly indicate this possibility.
2.4.5 CONCLUSION

Having chosen the appropriate shape functions,the finite strip method can be
effectively employed for analyzing continuous, haunched box-girder bridges. The
method is simple, accurate and easy for engineers to use. In addition, because this
method directly uses the eigenfunctions of a continuous beam as its shape functions
in the longitudinal direction, it converges very quickly, especially for distributed
loads. Therefore, it is more effective than both the finite element method and the

conventional finite strip method.



CHAPTER 2. FINITE STRIP METHOD 39

Nodal line Finite Stri P

Y/
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Figure 2.2: Folded Plate Strip
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Chapter 3

SPLINE FINITE STRIP
METHOD

3.1 INTRODUCTION

The semi-analytical finite strip method is very efficient for analysis of prismatic
structures under distributed loading. Nevertheless, the use of this method can
sometimes lead to difficulties. For instance, because the heam functions are con-
tinuously differentiable, it is difficult to use such functions to simulate the abrupt
changes of bending moment at internal supports or at loaded cross-scctions of
point forces. In addition, the beam functions must satisfy the end conditions of a
strip a priori; hence, these functions can not deal with discrete supports at strip

ends.

In order to overcome these difficulties, the mathemutical tool called By spline’
was used as the longitudinal displacement functions to form the spline finite strips

for analysis of rectangular plates by Y.K.Cheung et al (39} in 1982.

47
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In this method, each nodal line is divided into a number of scctions by evenly
spaced kuots, and every knot is taken as the center of a local By spline, which is
synunetrical to the center and has non-zero values over four consecutive sections
(Fig.3.1). All the By splines on a nodal line form a series which is utilized to

sinmlate the longitudinal variation of displacements.

The By spline functions can ensure continuity up to the second derivative (the
so-called €y continuity). By comparison, in order to achieve the same continuity
condlition, the finite element method needs three times as many unknowns at the
clement nodes. Hence, when C continuity is required, the use of Bj splines is

computationally mnuch more efficient than the finite element method.

The second derivative of By splines varies linearly in each longitudinal section, as
a result of which it can more easily simulate peak values of bending moment at

the loaded cross-section or at an intermediate support.

Furthermore, similarly to the finite element method, a spline finite strip can easily
take up any preseribed external and internal boundary conditions e.g. by a penalty
function approach. Thus, the spline strip method is more flexible than the semi-

analytical finite strip method in imposing boundary conditions.

At a later stage in its dc'vc]opment, the spline finite strip method was applied to
the analysis of skew and arbitrary shaped plates, arbitrary curved slab bridges,
rectangular box-girder bridges and to vibration, stability and postbuckling analysis

[40 through 47).
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In the present study, the spline finite strip method is extended to the analysis of

continuous haunched slab on givder bridges [51] and box-girder bridges |52],

3.2 SPLINE FUNCTION INTERPOLATION

"Spline” was originally the name of a small flexible wooden strip employed by
draughtsmen as a tool for drawing a continuous smooth curve segment by seg-
ment. Actually, the spline function can be derived with any required continuity
(discontinuity) conditions. In the present study, the By spline of cqual section
length [61] is chosen to represent the displacement. This function is & piccewise

cubic polynomial with continuity up to the sccond derivative.

In order to use spline functions to interpolate an arbitrary function {(y) on the
interval ¢ < y < b, the interval is divided into a munber of sections by evenly
spaced knots y; (0 < i < m, yo = 0, y = b, y; = yo + i(b = a)/n ). The spline
function &;(y) with y = y; as the center is defined by

(¥ = yi2)® C ¥ie2 S Y S Yie

L | 23Ry — yioa) + 3h(y - yio1)! =3y~ vi-)! v Sy <y

®i(y) = e B3 4+ 30 (yigr — y) + 3yisr — ¥ = Huins — ¥ ¥ S ¥ St

(vis2 — ) Yier S Y S VYigr

0 otherwise

(3.1)
®,(y) and its first and sceond derivatives are shown graphically in Fig.3.1, and
their vailues at knots are given in Table 3.1. It can be scen that the function &;(y)
is twice continuously differentinble on the entire interval, and its second derivative

is a linear function of y.
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Yicy  Yi-1 i YVit1  Yis2
Pi(yy 0 1 4 1 0
¥(y) 0 3/h 0 S3/h 0
Piy) 0 G/h? —-12/h* G/h2 0

Table 3.1: Values of Spline Function at Knots

The spline functions centered at all the knots comprise a series s(y) which is used
to interpolate f{y). In each section the value of s(y) is related to four splines
which are centered at the two ends of this section and the two knots next to those
ends respectively.  Therefore, two additional knots y—y and Y4y are needed to
interpolate f(x) in the first and the last sections. Thus the series of the spline
functions can be expressed as follows:
m+1
sy =Y cili(y) (3.2)
i=—1
in which the ¢; are cocfficients to be determined by interpolation requirements

steh as:

'(ya) = f'(wo)
s(wi)=fyi) 0<i<m

' (Ym) = F'(ym) (3.3)
Substituting (3.2) into (3.3) and using the values in Table 3.1 yield a set of linear
equations with ¢; as unknowns:

3 ’

A c1) = f'(yo)

ciott+4ci+ e = f(yi) 0Sis<m

3 !
Ti(‘cm-l +emi1) = f(ym)
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Solving these equations for ¢; gives the required series of spline functions for in-
terpolation:
w4
stw) = D eflily) = f()
i=-1

3.3 ANALYSIS OF CONTINUOUS HAUNCHED
BRIDGES

A spline finite strip method for analysis of continous hannched slab-on-givder
bridges and box-girder bridges is developed in the present study. In this analysis,
three types of strips are used, these being the top flange plate strip (FFig.3.2), the

vertical web strip (Fig.3.3) and bottomn fange shell strip (Fig.3.4).

3.3.1 STRAIN-DISPLACEMENT RELATIONSHIP

Fur the top flange plate strip, the strain-displacement relationships (2.5) are ap-

plicable.

For the vertical web strip, Eq.(2.5) are also valid. However, in this case, the xy
and z are referred to the axes of an individual local Cartesian coordinate system
(sce section 2.1.6), and u,v,w are the displacement components in the directions

x,y and z respectively.

For the bottom flange shell strip, the strain-displacemnent relationships (2.51) ean
be used. It will be noted that Eq.(2.51) are given in the cylindrical surface coordi-

nate system; in order to facilitate the assembling procedure of structure matrices,
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the following coordinate transformations are required:

v = vcos B +wsinf
w' = —vsinf + wcos B
= f(e0) = = f(@,0)
274 (@) = cos 5 (,1)
where x,y,2 are the common Cartesian coordinates, and u,v,w are the correspond-

ing displacements, whilst the primed ones are referred to the cylindrical surface

coordinate system; f{x,y) represents an arbitrary function of x and y; and
db,,
3 = arctan(—)
dy

Performing the above coordinate transformations and doing some simplifications
according to the theory of shallow shells, the relationships between strains in
the bottom flange shell strip and its displacement components expressed in the

common Cartesian coordinate system can be obtained in the following form:

O
“ = bz
o W
€y = oy’ R
= oL vconp s weing) -
= COs ay(vcos -+ w sin )—R
- S v ' o8, _w
= coaﬁ{a_ycosﬂ+aysmﬁ)+(—vs1nﬁ+wcosﬂ)ay} I
_ ov dw 08w
= cosﬁ(aycosﬁ+ By s1nﬂ)+way' -~
_ o, ow .
= 3 cos* 3 + By cos Bsin
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,  _ ou o
o = Gyt aw
. .0 .
, H*w
%= o
. 0w
N g
0w
g — 2 ‘
.\IU aﬂ-ay (J"l)

where 1/R = 88/0y’ is the curvature of the shell strip and can be calculated by

means of (2.52).

3.3.2 DISPLACEMENT FUNCTIONS

In analysis, cach nodal line is divided into an even number of scetions by knots,
and these sections arce grouped pair by pair (Fig.3.2). The By spline expressions
are employed as the longitudinal displacement functions for displacement compo-
nents u and w, and quadratic interpolation in each pair of scetions is used as the

longitudinal displacement function for v.

The displacement parameters of the strip corresponding to the i th section knol

are

{6}. = (ul " Wy 9| Ug Vg ey 92):-"

The displacement field within a top flange plate strip or a bottom flange shell sirip

1s:
m41
u= 3 ((1 =X+ Xug)®:i(y)

i==1
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3

v =3 (1= X)uj + Xvg)Li(y) (3.5)

=1
el
w= 3 ((1—3X% +2X%wy; + (1 - 2X + X*)by;

i==1

+(3.¥2 - 2X3)wz£ + -'1:(.)(2 - X)Gg,-)tii,-(y)
where X = 2/b, m is the number of scctions, ®; is the B; spline expression with
y = 1; as the center, j is the local number of knot i in the corresponding pair of

scctions, and L; are quadratic interpolations in the following form:
Li(y) = (1 =Y)(1 - 0.5Y)
Ly(y) =Y(2-Y)
Ly(y) =0.5Y(Y - 1)
in which, Y = y'/h (sec Fig.3.2).
Eq. (3.5) are also applicable for the vertical web strip. However, in this case, the
x,¥,% are local Cartesian coordinates, and u,v,w are corresponding displacement

components. In addition, X is not only a function of coordinate x, but also of the

coordinate y in the form:

T - T 1]

SR R o R

where b, (y) is the variable depth nf the web, b = cb,, is the width of the strip and

iy = by, is the coordinate of nodal line 1, with ¢ and ¢; being constant (Fig. 3.3).

Substituting the displacement functions of the web strip into the expression for ¢,

in (2.5) yiclds the following relationship:

Qv
Oy

€y
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oy
(1]

= Sl s+ Xe)La) + (1= X + X))
- Z{ o =) GEL)+ (1= X, + Yo ) @0

It can be scen that €, depends not only on the first derivitive of the longitudinal
displacement function —-’- but also on the slope of bottom line of the web, —:ll
In the actual structure, the slope of the bottom line of web may have abrupt
changes, especially at intermediate supports. This may cause discontinuities of
the resulting strain e, and significant error in the results of the most important
stress component ¢, if the By spline functions (with undesired continnity of their
first derivatives) are used as the longitudinal displacement function for v, The
usc of quadratic interpolations as the longitudinal displacement functions of v can
solve this problem as long as the abrunt changes of the slope are located at the
ends of the pairs, because the first derivatives of Lj{y) can be discontinuous across
thesc locations. An alternative method of treating this problem is to use the spline

function with only C, continuity as the longitudinal displacement functions of v;

however, this will produce constant longitudinal strain and, consequently, poor

COnvergence.

Once the displacement functions for the strips have been chosen, the strip char-
acteristics, including stiffness, load etc., can be obtained in line with the standard

finite strip formulation (see Section 2.1).
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3.3.3 PENALTY FUNCTION APPROACH

A munber of methods for imposing boundary conditions have been proposed by
Cheung et al {39-44]. In the present study, the penalty function approach is chosen

to treat end and intermediate support conditions of the strips.

As an example, it is assumed that the displacement component w at point (z,y)

is prescribed to be zero, that is:
w= Z.N,‘(:B,T Jw; =0
i
where N, y) and w; arc associated displacement function and displacemeﬁt pa-

rameter respectively,

i ovder to impose this constraint in analysis, a fictitious spring with large stiffness
o might be introduced in the corresponding direction at the point (x,y). Its strain

energy or penalty function is:

U= = -azzN(m,y (7, y)wsw;

l\)l'—‘

Framn this expression it can be seen that the stiffness matrix of this imaginary
spring is:

[k:'j] = [Q'Nt'(wi y)N,-(:c, y)]

If the fiest derivative of deflection, say 3% +» at point (z, y) is prescribed to be zero,

then

IN; (:v 1))

=2 "

w; =10
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-F

[ |

Following the same procedure, the required stiffness matrix for this constraint can

be obtained as:

ON(a,y) ON;(x, y)]
dy 9y

Assembling the stifiness matrices of all point constraints with the structural stifl-

[kij] = [a

ness matrix will accomplish the treatment of boundary conditions.

An elastic support can also be included by the sume method, as long as the o is

the actual stiffness of this support.

3.3.4 NUMERICAL EXAMPLES

1. Continuous Beam with Variable Depth nnder Point Load

The beam is continuous over two equal spans I} = l; = 10 m {Fig.3.5). The depth
of beam is 1.0 m at both ends, 2.0 m over the intermediate support, and viwies
linearly in-between. The width of the beam is 1.0 m. The properties of material
are E=10000 MPa and v = 0. A vertical point force P = 2.0MN is acting
the center of the second span. The beam is analyzed by using only one web strip.
The deflection at the loaded cross section and the longitudinal stresses at severnl
points along the bottom nodal line are listed in Table 3.2, in which the values from
beam theory (shear deformation included) are also given for comparison. It can

be seen that this method is accurate and that it converges very rapidly.

2. 2-Span Haunched Continuous Concrete Slub-on-Girder Bridge
The bridge with span !} = 12m and I, = 16m is shown in Fig.3.6. The end of

shorter span is simply supported, and the other end is fixed. The thickness of the
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Number of | w (m) 7, (MPa)
sections y=15m |y=bm |y=10m | y=16m
8 0.011279 | -3.520 | -4.111 9.998
16 0.011480 | -3.370 | -3.826 0.995
24 0.011524 | -3.347 | -3.777 | 10.002
heam theory | 0,.011265 | -3.339 | -3.756 9.994

Table 3.2: Deflection and Longitudinal Stresses in Continuous Beam

slab is 0.2 m and the thickness of all webs is 0.4 m. The spacing of webs is 2.8 m.
The bottom line of the web is parabola in cach span. The depth of web (from its
hottom to the middle plane of slab) is 0.5 m at the simply supported end, 1.1 m
over the intermediate support, 0.5 m at the center of longer span, and 0.8 m at
the fixed end. The material properties are E=27000 MPa, » = 0.15. In loading
case 1, a unit vertical point load P=1.0 MN acts on the top of the exterior girder
at the center of the longer span; in case 2, the same load moves to the top of the
central girder on the same cross scetion. In analysis, the structure is divided into
12 slab strips, 7 web strips and 28 longitudinal sections. The resulting longitudinal

stresses on the top and bottom of webs at a number of cross sections are listed in

Table 3.3.

If the load is put on the second or third girder, the maximum longitudinal stress
occurs at the bottom of the loaded girder at the loaded cross section and its value

is little different from the one in loading case 2.

3. Two span haunched continuous steel box-girder bridge.
A multi cell box-girder bridge is continuous over two equal spans as shown in

Fig.3.7. It is haunched over the interior supports, with ¢=2.40 m. The bridge
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Loading | Cross oy (MPa) on the top and bottom of
Case | Section | Girder 1 | Girder 2 | Girder 3 | Girder 4
1 A 5.24 1.22 0.01 .
-10.75 -2.76 0.06 -
B -15.64 -2.41 -0.37 -
45.51 10.75 1.67 -
C 11.66 3.51 0.55 -
-20.36 | -10.06 -1.15 -
2 A - 0.14 1.03 1.86
- -0.21 -2.87 -6.20
B - -0.42 -1.59 -6.42
- 1.84 8.62 30.19
C 0.62 2.49 3.95
- -1,71 -8.83 -16.10

Table 3.3: Longitudinal Stresses in Two Span Slab-on-Girder Bridge

span | is chosen as 40 m, the spacing between webs by = 2.80 m; the thickness
of the flanges and the webs is 4.0 ¢m; the haunched portion covers a distance
of 12 m. In this portion, the generating line of the bottom flange is a parabola.
The depth of the box girder(excluding the haunch) is 1.04 in. The load is sell-

weight, corresponding to a specific weight of material of 76.4K N/m®. The material

properties are E=200,000 MPa, v = 0.3.
Due to symmetry, only half a cell and one span nceded to be analyzed.

For comparison, this structure was first analyzed by the finite clement packnge
ADINA. Each flange was divided into 1 row of 16-node shell elements; the web
was divided into 2 rows, with each row including 8 cleinents. Using the Mainframe

AMDAHL-5860, a. CPU time of 33.6 scc. was required for this analysis.

Next, the semi-analytical finite strip method (sce Section 2.4) was employed to an-
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alyze the same structure. The top flange, web and bottom flange were divided into
one strip eacly; 10 symmetrical terms were taken in the longitudinal displacement

function segies. The CPU time needed was 19.3 sec.

Finally, the spline finite strip method was used. The flanges and web were divided
into 1 strip with 20 longitudinal sections each. The CPU time needed was reduced

to 11.7 sec.

The resulting longitudinal stresses of the middle surface at a number of cross
sections are listed in Table 3.4, in which FSM denotes the semi-analytical finite

strip method (Section 2.4) and SFSM represents the spline finite strip method.

In the analysis of this structure, the time spent on formation of stiffness matrices
is the largest component of total CPU time consumed. The spline function is

relatively simpler than the beam eigenfunction, and it is this feature that results

in its higher cfficiency.

4. Five Span Composite Box-Girder Bridge
The five span continuous haunched box-girder bridge, described in Subsection 2.4.4

Example 2, is analyzed by the spline finite strip method .

In analysis, the structure is divided into 20 strips with 36 longitudinal sections
(Fig.3.8). The resulting longitudinal stress distribution at the cross-section X-X
(see Fig.2.12) is depicted in Fig.3.9. It can be seen that the maximum longitudinal
stress appears at the exterior bottom corner of the box girder under the trucks,

where its value is 23.02 MPa. The experimental value of the stress at the same
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Table 3.4:

y2 | Method | o, (MPa) along nodal line
(m) B C
0 | ADINA | 13.37 -11.75
FSM | 11.72 -11.16
SFSM | 12.46 -11.95
3 | ADINA | 13.70 -15.11
FSM | 13.58 -16.69
SFSM | 13.88 -14.44
6 | ADINA | 13.92 -16.85
FSM | 13.95 -18.04
SFSM | 14.03 -16.01
12 | ADINA | 3.53 -3.69
FSM 4,36 -4.46
SFSM | 5.02 -4.00
20 | ADINA | -10.71 11.19
FSM [ -10.23 10.38
SFSM | -10.65 10.65
30 | ADINA | -14.26 14.26
FSM | -13.80 13.72
SFSM | -13.57 13.57

Longitudinal Stresses in Two Span Box-Girder Bridge

61
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point. is 24.47 MPa [G0].
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Figure 3.1: Spline Function and Its Derivatives
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Figure 3.4: Shell Strip
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Figure 3.5: Continuous Beam
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Chapter 4

NONLINEAR ANALYSIS

The finite strip methods have been extended to nonlinear structural analysis such
as post-buckling behavior and geometrical nonlinear analysis of plate structures
[28-33] since 1978, to material nonlinear analysis of steel structures and reinforced
conerete slabs [34-37] since 1986, to large deflection elasto-plastic analysis of plate
structures [38] since 1989,cte. All of these developments have confirmed that the
advantages of the finite strip methods over finite element methods, which are higher
cfficiency, less requireraent for computer storage, CPU time and inpu! data, hold
in respeet of nonlinear structural analysis, just as they were known to do in linear

analysis,

In the present study, a finite sirip method for the nonlincar analysis of cable-
stayed bridges [53,54] is developed. Furthermore, A more efficient finite strip
method for geometrically nonlinear analysis of plates {65] and a more accurate
finite strip method for materially nonlinear analysis of reinforced slabs [56] are

also developed.

68
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4.1 NONLINEAR ANALYSIS OF CABLE-STAYED
BRIDGES

In the present section, the finite strip method using the cigenfunctions of a con-
tinuous bemmn having the same span lengths as the actual bridge is employed for

3-D amalysis of the girder of the cable-stayed bridge.

In order to improve the accuracy of bending moments at the cable attachment
points, the cigenfunctions of a fictitious continuous beam with additional sup-

ports at all the cable attachment points are added to the series of longitudinal

displacement functions.

Using the flexibility approach, the entire girder structure is transforued into a
substructure having deflcetions at the cable attachment points as the only degrees

of freedom, so that a matrix of ouly small size is involved in the nonlinear solution.

The theory of the catenary is utilized in caleulating the cable tension from the

positions of the cable ends. In this way, the nonlinearity due to sag and angle

change of cables is taken into consideration.

The initial-stiffness method is taken in the nonlinear iterations. Hence, the stiflness
matrix of the bridge is formed and inverted only once. Because of the high tensions
of the cables, the nonlinearity is not very marked, and the convergence can be

achieved within very few iterations.

In accordance with the ASCE Task Committee recommendation [62] the nonlin-
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earitios of the girder and pylons generally are not taken into account. The effect
of axin] displacements of girder and pylons on cable tensious is also neglected. It
is further assumed that all cables are fixed to the pylons, and that the girder is
simply supported on piers as it passes through the pylon legs, which are fixed to

the piers.

4.1.1 FINITE STRIP ANALYSIS OF GIRDER

In most publications the girder of a cable-stayed bridge is treated as a beam
(63,64). However, to be more accurate, the girder should be considered as a three
dimensional structure, and analyzed by finite element method [65]. Because of the
noulinenr hehavior of the cables, iterative methods are normally required for the
analysis, and if the entire girder has to be analyzed in every iteration the computer

time requirement is likely to become unacceptably large.

In most cable-stayed bridges, the girders are continuous over two or three spans.
For the three dimensional analysis of such a girder, the finite strip method using
the cigenfunctions of a continuous beam which-has span lengths equal to those of
the actual bridge (Chapter 2), is preferable to finite element analysis, because of

its higher cfficiency.

Because the second order derivatives of every beam function have smooth variation
within each span, it is difficult to simulate the peak value of longitudinal bending
moment at any cable attachment point. Accually, the deflection of a girder at

any cable attachment point is much smaller than the deflection of the same girder
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without cables under the same load. Hence, if an additional support is added under
every cable attachmient point, the bending moment of the girder will not change
very mucl, which means that the bending moment of a eable-stayed bridge is very
similar to that of the continnous beam with additional supports. The bending
moment of such a contintious beam is readily represented by its cigenfunctions.
Therefore, in analysis, the eigenfunctions of such a continue.s beam are added into
the series of longitudinal displacement functions. In this way, the accuracy of the

bending moments of girder at cable attaclunent points is improved significantly.

Another measure to improve the cfficiency of the iterative process is to use the
substructuring technique, transforming the whole girder by means of the flexibility
approach into a substructure with only very few nodes at the points of cable
attachments. Hence, only the substructure with very few degrees of freedom is

involved in every iteration and the solution time is reduced significantly.

The girder, released from all stays, is first analyzed by the above-mentioned finite
strip method under external loads. The deflections at all the nodes due to the
external loads can be easily found and expressed in terms of a column vector
{a}. Then a unit vertical force is applied at node j alone, with j being 1,2,...n,
where n is the number of cable attachment points, and the deflection f;; of every
node i (i=1...n) is obtained. This procedure gives the flexibility matrix [#}] of the
substructure:

[Fy] = [Fij]
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-F
(8]

The inverse matrix of [F)] is the stiffness matrix {K] of the substructure,
- -1
[,) = [F3]

In order to avoid possible singularities in [F,] and consequent failure to invert it,
the number of scries terms used in the analysis of the girder must not be less than |

the number of nodes on any nodal line.

Multiplying the stiffness matrix [K] by the displacement vector {a} due to exter-

nal londs gives the equivalent nodal forces {P} '

{P} = [K,}{a}
4.1.2 FORMULAS FOR CABLE

1. INITIAL STIFFNESS MATRIX OF THE CABLE

The displacement vector of a cable is [w, v]* (Fig.4.1 a). Its linear elastic stiffness

matrix can be written as

K] = EA sinfa  cosasina
“7 8 | cosasina  cos’a

where E is the modulus of elasticity; A is the area of cross-section; Sy is the free

length of the cable; and « is the angle of inclination of the cable.
2. BASIC THEORY OF THE CATENARY

The shape of a cable under self-weight and end tensions is a catenary. The formulas

used in the present analysis are Jerived as follows.
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If q is the self-weight per unit lengths, and T is the cable tension with horizontal
component H and vertical component V, the equilibrium conditions of an infinites-

imal cable element (Fig.4.1 b) are

Y. X =0, Ho—H =0 (4.1)
Y Y=o, Vo =Wy —qds =0 (4.2)

From (4.1) it can be concluded that H, = H, = H, which mcans that H is constant

along the entire cable.

Taking into consideration that

Vo — Vi = Htanap - H tan o =H({—h-)z (dT ! —-H‘fg

dx
and

ds = \fdz? + dy? = \[1+ (dy Yz

(4.2) can be rewritten in the form:

U o gy (L (4.3)

(4.3) is the differential equation of catenary, whose general solution is

T
y = acosh +c (4.4)
where 7o and ¢ are constants which are determined from the end conditions arwl

a=Hfq

For a cable with horizontal projection [ and vertical projection h (Fig.4.1 c), the

end conditions can be assumed as:

y(0)=10 (4.5)
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y() =1h

Substituting (4.4) into (4.5) gives
acosh % +e=0
a
from which the following expressions can be obtained:
¢ = —acosh =2
a

and .
-z

y = afcosh ® — cosh %g)

Substitution of (4.7) into (4.6) yields:

To T
—cosh=) = h
a

a(cosh

which can then be rewritten in the form:

) _
2asinh — sinh =22

=h
2a 2a
whence
inl l- 2zo h
sinh =
2a 2asinh 2—'&

This equation can be used to find o, giving

h

. ._l
- a¢sinh™' ——«—
o ) |
2asinh o

g =

[l

(4.6)

(4.7)

(4.8)

Because sinh ™' () = In(2 + v/1 + t2), the above equation can also be written in the

following form:

—aln(t+ V24 1)

Ig =

] o~

(4.9)
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-1

[ ]

in which

h
2asinh #

Once xg is defined, (4.7) can be utilized to find any values needed in the analysis,
such as the cable tension T and its vertical component V, the curve length S of

the cable and its elongation § — Sy due to cable tension T as follows:

(a) Cable Tension T and Its Vertical Component V:

V= H:—T = quh - (4.10)
T =VHE+ VE= H cosh —4 (4.11)
()

(b) Curved Length of the Cable:

S = f1/ ("—')21
j\/l-}-smh — T a

€T -y
= ccsh dx
0 o

- HH )] —Iy
— (i ‘ilﬂ -_—
a (

1"2.1,'0

= gsinh

[
= 2asinh — cosh
..a A

l -2z
= %asinh —/smh? ——2 +1

2ua pA

Substituting (4.8) into the above equation eventually gives the curved length S of

the cable as:

S = \/h2 + 4a? sinh® oi - (4.12)

1/

(c) Elongation of The Cable dug to Tension:

t Tds

$=5% = | Ea
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dy
= =32
E4./ T\}l-}-( ) dr

S— L.l‘ .
= E4 | H cosh = " \/1 + sinh? - ——
{ w =
- 2 L
= E 7, cosh - du
( -l
= l 1 + sinh —
‘)EA( + (-»un + sinh - )]
= ——(!/ 4 asinh ! cosh = 22 )
7%.4 ai «
I
= 9
2EA(1 + asinh a( sinh? 2 +1))

Using (4.8) again and taking into account sinhi = 2sinh & cosh - and
coth - 20 = cosh 2= 2/ 311111 g2+ the above cquation can be rewritten in the form:

H h? !
S-S = m([ +— c.oth 3, He sinh -) (4.13)

3. SOLUTION PROCEDURE FOR CABLE TENSION

Substituting (4.12) into (4.13) gives following cquation:

lq H qh

gl
— So= 5er(l 4+ S coth 5 1

2
\/h? + 4( }2 sinh - coth o

H , ql
-+ 7 sinh —I:T) (414)

Using (4.9) and (4.10), the vertical force ¥ applied by the cable on the girder and
the horizontal force H applied by the cable on the pylon can be related to each

other as follows:

t= 2 sinn A
2H 2H
!
To =3 ——]n(t+\/t2+1)
V, Hsmh—H-— (4.15)

Initially, ¢, [ and h are known; thence from the given initial value of V}, equations

(4.15) can be solved numerically for the unknown H, for examnple by using the



CHAPTER 4. NONLINEAR ANALYSIS

-1
-1

first order Reguli-Falsi iteration (see Section 2.3). In this iteration, for any trial
vilue of H, t can be obtained by means of the first of equations (4.15). Then,
substituting t into the second equation gives xq. Thereafter, V; can be computed
using the third equation. Substituting the solution for H into equation (4.14) then

gives the free length S, of the cable,

At iy deformed position, after w and v are found, it is easy to obtain h and I.
Using a numerical approach again, H can be obtained from equation (4.14). Then
Vi is readily evaluated by substituting H into equation (4.15). Both W} and H

reflect the nonlinear resistance of the cable to deformation.

4.1.3 STIFFNESS MATRIX OF THE PYLON

In the present analysis, the pylon is treated as a cantilever beam, and only its
deflection, not its rotation, is taken into account. For this reason, it is convenient
to form its flexibility matrix first, and then let the computer invert it automatically

to obtain its stiffness matrix.

The flexibility coefficient f;; of the pylon (Fig.4.2) is defined by

1 1

in which EI, is the bending stiffness of the pylon; and h; > h;. Hence, by assem-

bling the fi;, the flexibility matrix is obtained as:

[F) = [fi3] (4.17)
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The inverse matrix of {F,] is the stiffness matrix [K,)] of pylon,

(1] = (K] (4.18)

4.1.4 INITIAL-STIFFNESS ITERATION

Assembling the linear stiffness matrices of the girder substructure, cables and py-
lons together produces the initial lincar stiffness matrix [Ky] of the whole structure.
K is formed and inverted only once and then is used in every itération for the nou-
linear solution [6] without any change. Because of the relatively high cable tension
in ordinary cable-stayed bridges, the nonlinearity is usually not very significant,

and hence convergence can be achieved within very few iterations.

It is assumed that the structure is divided into a lincar part (the girder and pylons)

and a nonlinear part(cables).

After k iterations, the resistance of the lincar part to displacement {a}* is:
(R} = [Kil{a}* (4.19)

where [K] is the lincar stiffness matrix of this part.

The resistance {Rn} of the nonlincar part to the displacement {a}* is the ca-

ble tension and can be found from {e}* by following the procedure deseribed in

Subsection 4.2.2.

The resistance of the entire structure to this deformation is the combination of
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the resistances of hoth parts.

(R} = {R}* + {Ru}* = [Ki{a}* + {Ru}* (4.20)

If the external load {P} is not equal to the resistance {R}*, the structure will
deform further under the action of the so-called "unbalanced force” {F}* (the
difference between the load and the resistance ) to the next position {a}**+!, with

the initial linear stiffness matrix [y assumed to be unchanged (Fig.4.3). Hence
[Fol({a}**! — {a}}) = {F}} = {P} - {R}* (4.21)

If the second term in the bracket on the left side of above equation is shifted to

the right side, this equation can be rewritten as:

[Kol{e}**' = [Kol{e}* + {P} - {R}* :
= ([K) + [KuD){a}* + {P} - ([Kil{a}* + {Ru}*)
(P} + [Ku]{a}* — {Ru}* (4.22)

where [} is the initial linear stiffness matrix of the nonlinear part {cables), and

[Ko] = [K1] + [Kou).

Thus the equation (4.22) can be used to find an improved approximation {a}*+!
from {a}*. This procedure is repeated until convergence is obtained. Convergence
may be assumed to occur if the difference in the value of every displacement
parameter of every cable, determined from two successive iterations, does not

exceed a chosen small percentage(say 0.1 percent).
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4.1.5 NUMERICAL EXAMPLES

1. Three Span Cable-Stayed Bridge under Dead Load and Live load.

A single plane cable stayed bridge over three spans is shown in Fig.4.4. In order to
compare the results of analysis with beam theory more conveniently, it is assume

that the girder has a narrow width in comparison with its height. The details of

the bridge are as follows:

For the girder, £ = 2.0 x 10°M Pa, Poisson’s ratio v = 0.3, and bending moment

of inertia I, = 1.0m".

For the pylons, EI, = 1.0 x 10“m?M N. For the cables, E, = 1.52 x 10°M Paq, the
specific weight v. = 0.0764 M N /m®, The arcas of cross scctions 4, = 4,4 = 0.10m?,

Ag = Aa = 0.051‘!12.

In load case 1, the girder is subjected to dead load ¢y = 0.1M N/m over all spans,
and the deflections at all vhe cable attachment points are assumed to be zcto. The
vertical forces V; in MN (i=1,4) applied to the girder by cable i arc listed in Table
4.1.The longitudinal bending moments in MN.m at & nunber of cross sections are
given in Table 4.2. In both tables, n, is the number of cigenfunctions associnted
with the continuous beam over three spans; ny is the number of cigenfunctions
related to the continuous beam with additional supporté at all of the cable attach-
ment points; hence the total number of cigenfunctions employed in the analysis is

ny + na.
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oy wy wp wyy Vi Vy Vy Vi
Load 640 0.0 0.0 0.0 7.377 0375 8.326 7.901
case 1540 0.0 0.0 0.0 7.480 9.080 8.074 7.982
1 2540 0.0 0.0 0.0 7.480 9.060 8.060 7.986
6+9 0.0 0.0 0.0 7.480 9.041 8.043 7.990
16+9 0.0 0.0 0.0 7.480 9.04G - 8.049 7.990

Theory 0.0 0.0 0.0 - 9.072 8.075 7.985

lond  G64+0  -0.1499 0.2761 0.5117 5.473 0.068 4.415 3.802
case 1540 -0.1498 0.2736 0.5110 5.481 0.049 4.341 3.836
2 23+0 -0.1498 0.2735 0.5111 5.481 0.049 4.338 3.837
6+9  -0.1500 0.2733 0.5112 5.482 0.045 4.332 3.838

15+8 -0.1500 0.2733 0.5112 &5.482 0.045 4.332 3.838

Theory -0.1498 0.2735 0.5111 - 0.056 4.343 3.837

Table 4.1: Deflections (in ineters) of Girder at Cable Attachment Points and
Vertical Forees (in MN) of Cables

1y -+ 1y My, M B Mg Mp Mg My Mg My M,

lond 640  0.018 0,021 0.011 0.001 0005 0016 0.021 0.020 0.019
ease 1540  45.10 -34.95 20.52 -47.60 27.19 -23.68 20.93 -20.73 20.87
1 25+0 51.95 -43.17 25.30 -44.20 30.76 -32.99 33.39 -32.23 31.49
45+0 44.70 -53.05 18.82 -46.54 26.10 -41.53 24.07 -40.20 24.34

649  48.27 -61.35 2217 -44.97 29.07 -48.90 28.23 -48.24 28.69

16+9 4649 -70.06 21.43 -46.30 28.58 -55.55 26.71 -50.91 28.68

36+9 46.08 -67.74 20.74 -48.45 27.36 -54.556 26.30 -53.46 26.71

Theory 46.19 -67.62 21.43 -49.51 28.08 -54.3¢ 26.26 -53.13 26.87

lond 640 -7.986 -11.30 -8.720 -2.618 -1.290 0.8137 4.299 8.052 9.711
case 1640 -4.858 -10.18 -12.66 -15.96 16.39 -13.42 13.49 -1.265 19.89
2 23+0 -4.744 -10.01 -13.32 -14.43 19.07 -1853 19.69 -7.063 25.37
4540 -4.930 -10.04 -13.12 -15.04 16.09 -23.10 15.17 -10.90 21.86
6+9 -4.935 -9.726 -13.22 -14.97 17.76 -27.12 17.20 -14.59 23.78
156+8 -5.055 -10.57 -13.28 -14.23 17.64 -29.20 17.02 -15.80 23.60
36+9 -4.970 -10.10 -13.06 -15.51 16.79  -30.20 16.41 -17.24 22.83

Theory -5.054 -10.11 -12.93 -15.74 17.07 -30.11 16.41 -17.07 22.93

Table 4,2: Bending Moment (in MN.m) of Girder
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In load case 2, the live load ¢ = 0.05 M N/m is imposed on the entire second
span only. The vertical components of the prestressing forees of the eables are
Voo = 7480 MN, Vor = 9.071 MN, Vg = 8.064 MN and Vyy = 7.954 MN,
consistent with the girder having zero deflection at every eable attachment point
in load case 1. The results in load case 2 are also shown in Table 4.1 and Table

4.2. However, in this case, every quantity listed in the tables is its increment due

to live load alone.

In fact, even if only the eigenfunctions of a continuous beam with 3 spans are
used, the results for the deflection (in m) of the girder at cable attachment points
are still satisfactory; their errors are less than 1.0 percent with only 6 series terms
used. In this case, the results of the vertical components of the cable Lensions are
also acceptable, with c.:rrm's of less than 3.5 percent. However,the accuracy of the
bending moments is disappointing,the errors of maximum bending moment being
still more than 22 percent in both load cases, despite using 45 series ters. From
Table 4.2 it can be scen that the improvement brought about by the additional
eigenfunctions associated with the continuous heam with extra fictitious supports
at all the cable attachment points is significant. The error of maximum bending
moment is less than § pereent by using n; + ny = 16 +9 = 25 series tenas
for load case 1, and by using n, + n, = 15+ 8 = 23 serics terms for load case
2. As a comparison, the crror of maximun bending moment is 36 percent with
n+nz = 2540 = 25 terms for load case 1, and 38 percent with 1) -+ny = 2340 = 23

terms for load case 2, when the additional cigenfunctions are not included.

In both tables, the theoretical results are obtained by means of beam theory,
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with the beam deflections at the corresponding cable attachment points under the

external applied loads being assumed to be the same as the actual girder.
2, Double-Plane Cable-Stayed Concrete Box-Girder Bridge.

A double-plane cable-stayed concrete box-girder bridge is shown in Fig.4.5. The
londs are the self-weight of the girder and a live load, distributed uniformly on the
whole deck between towers, of intensity 4.488 K N/m?. The details of the bridge

are as follows:

For the girder, E, = 25 x 10°K N/m?, Poisson’s ratio » = 0.2, specific weight
v = 24K N/m% for the pylons, EI, = 2.5 x 108m2KN; for the cables, E, =
1.7 x 18K N/m®, 7. = TSKN/m?, the arens A; = A = 0.04m?, Ay = Ay =
0.024m*; the vertical components of cable prestressing forces under the dead load
arc Vo = 7849.6KN, Vi, = 9066.5K N, Vpu = 8121.2K N, Vy = 8322.7K N, which
make the deflections of the girder at the cable attachment points under the dead

load equal to zero.

Because of symmetry, only half of the bridge, which is divided into 6 strips by 5
nodal lines, needs to be analyzed, In the finite strip analysis of the girder, the
number of terms used in the eigenfunction series is ny + n2 = 21+ 9. Convergence

is obtained within 8 iterations.

The deflection of the girder along the nodal line 5 is depicted in Fig. 4.6. The
vertical forces V, applied to the girder by the cables, and the horizontal components

H of cable tension are given in Table 4.3. The maximum negative bending moment
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Cable \Y H
1 10.730  25.985
2 09.831 11.841
3 11.315 13.419
4 10.521 25.103

Table 4.3: Vertical Forces of Cables on Girder and Horizontal Forees of Cables on
Pylon (in MN)

of the girder is at cross section B, and the maxinmm positive bending moment is
at the central symmetrical cross section F. The distributions of the longitudinal

bending stresses on these two cross sections are shown in Fig.d.7 and Fig.4.8.

4.2 GEOMETRICAL NONLINEAR ANALYSIS
OF PLATES

If the deflection of a plate is large in comparison with the plate thickness, the
deflection may produce supplementary strains and stresses in the middle plane of
the plate. Thesc in-plane stresses contribute to resistance to deflection of the plate.
As a result, the deflections of the plate are inuch less than those estimated by linear
clastic plate theory. Because of the interaction between deflection and in-plane
deformation, the governing differential equations of plates hecome nonlinear, and
the solution of the problem becomes much more complicated [59]. Exact solutions
can be obtained only for a few of the simplest cases. Some numerical methods,
such as the energy method, perturbation method ete. have been developed, but
these are very difficult to apply, because different displacement functions have to

be assumed for different loads and plate geometry. The finite clement method is
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n versatile tool, heing applicable for geometrical nonlinear analysis of any type of
plate; however its efficiency needs te be improved because of its requirement of

too many degrees of freedom and extremely large quantity of input data.

The finite strip method has been effectively used for linear elastic analysis of
many types of plates. For the plate with two opposite cdges simply supported,
the displacements corresponding to different eigenfunctions are uncoupled, that
is, the loads corresponding to a given eigenfunction produce only displacements
corresponding to the same eigenfunction. Hence, the stiffness matrix of this type
of plate has a very narrow half-bandwidth. And consequently, the efficiency of the

finite strip analysis is much higher than that of the finite element method.

Since 1978, the finite strip method has been extended to geometrical non-lincar
analysis of plate structures and has demonstrated that its efficiency is higher than
that of the finite clement method [28-33]. Nevertheless, hitherto in all existing ref-
erences the Newton-Raphson method has been used, so that at each new iteration
the tangential stiffness matrix of structure has to bé reformed and inverted once
again. Furthermore, because of the non-linearity of the analysis, the different se-
ries terms are coupled in the tangential stiffness matrix even for simply supported
plates, with the result that the orthogona! property between different eigenfunc-
tions can not any longer be utilized to reduce the half-bandwidth, and hence that
the enhancement of efficiency of non-linear analysis by finite strip method is not

as significant us expected.

An cffective remedinl measure to this problem is to employ Initial Stiffness It-
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eration {6]. First. the in-plane and bending displacement functions of ordinary
finite plate strips are applied to formulate the linear clastic stiffness matrix and
the equivalent nodal forces. Thereafter, it is easy to find the linear clastic dis-
placements, From which, the in-plane and bending strains and stresses ean be
caleulated, with the effects of large deficetion on the in-plane strains being taken
mto consideration. Next, the resistances to the deformation of the plate are oh-

tained from these stresses by means of the principle of virtual work.

Because of the non-linearity of the problem, the above displacements nre not. the
solution of the problem, and the corresponding resistances can not be equal to
the external loads. The so-called "unbalanced forees™, i.e.the difference between
the loads and the nou-linear resistances, make the plate deform further. As
result, new displacements, corresponding resistances and "unbalanced forees” are
obtained. This procedure is repeated until the non-linear resistances counterbal-
ance the external loads. During all the iterations, the initial stiffness matrix of
the plate is assumed to be unchanged. Consequently, the unconpled problem in
linear-clastic analysis will remain uncoupled in the nonlincar analysis, the half-
bandwidth of the stiffness matrix also remaining unchanged. Thus, the advantage
of finite strip method will not be lost in nonlinear analysis. Also, the stiffness
matrix needs not be reformed and inverted in each new iteration. Although the
munber of iterations will be increased, an overall cconotny ean be achieved in most

Cases.

In practice, the transverse stiffness of a plate under large deflection is mnch greater

than its corresponding lincar clastic stiffness. This may result in divergence of
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iteration if the initial bending stiffness matrix remains unchanged during the whole
iteration process {Fig.4.9). The simplest method of modifying the bending stiffness
matrix is to multiply all the items of this matrix by an amplification factor which is
i funetion of the ratio of current inaximum deflection to the thickness of the plate.
In our ense, a more cfficient equivalent method is used, which is that of dividing the
"unbalanced nodal foree” corresponding to every flexural degree of freedom by the
same factor. It has been shown that this method can ensure effective convergence

if the value of the amplification factor is rcasonably chosen.

Some detailed descriptions follow.

4.2.1 DISPLACEMENT FUNCTIONS AND INITIAL STIFF-
NESS MATRIX

Under large deflection, each plate strip is subjected to in-plane stresses and out-
of-plane bending forces. The nodal displacements and forces of the strip corre-

sponding to the m-th term of the cigenfunction series are (Fig.2.2):
{6}"; = (‘lll ™" Mt 91 Ug Vg W2 eg)ﬁ

{Flw = Uy Vi W) My Ua Va2 W Ma)},

The displacement ficld within a plaie strip [24] is

U= Z((l - ‘\'-)ulm + X"2m)Yr::(y)

m=]

v= i:((1 = X)vim + Xvam)Va(v)

m=1
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v
= Z(A’-lm Wy, + -N'Zmelm + J\r:hn'“"..’m + J\r'hng'.'.m) (4'23)

m=)

where X = /b, ris the total number of series terms used in analysis, and

. mnm
Y (y) = sin !J

If both ends of the strip are free to move in the longitudinal direction (v = 0,

g,=0 aty=0andy=1), then

mmy

l

Y (y) = cos

If both ends are immovable (u=0,v=0at y = 0 and y =), then

(m + Dmy
l

Yu(y) = sin

In the expression for w ,

Nim = (1 = 3X? + 2X3Y. ()

m
Nom = (1 - 2X + X)Y(y)
Naw = (3X? = 2X)Y.%(y)
Ndm = T(XQ - X)Yr:’(y)

If both ends are simply supported in bending (w =0, M, =0 at y = 0 and
y = 1), then

V() =sn 272

If both ends are clamped (w =0, %" =0at y=0andy=1),then

Yo(y) = 31nET—y sinh =2-= ”’;J — apfeos F’;J — cosh pmy]
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where

sin py — sinh gy

m
COS fty, — cosh pt,,

it B8 the m-th solution of equation 1 — cos ucosh i = 0; its values are listed in

Subsection 2.1.1.

Substitnting cquations (4.23) into the linear strain-displacement relationships (2.5)
yields the linear strain matrix [B),, in (2.6). Then, the linear stiffness matrix [K]
and the equivalent nodal force vector {F'} of external load can be obtained by
using cquations (2.10) and (2.13). By following the standard procedure in Section
2.1, it is not diffienlt to obtain the linear elastic solution for all of the displacement

parameters of the plate,

4.2.2 GEOMETRICAL NONLINEAR SOLUTION

After the displacements are obtained, the strains and stresses of the plate under

large deflection can be evaluated as follows [59):

_0 10w,
=7 +35(3-)
_ﬁ 1(45910)2
oo buts
Yo =5y T 8z T Bz By
o G
Xz =~ 3q2
&*w
w= g
32

, 9
X ry = a e ay (4"4)
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Eh

N, = m(e, + ve,)

Eh

Ny = Ghygy

ER3
= m(h +vXy)

Eh?
M, = '1‘2"("1___,,2—)()(;; +¥Xy)

M,

Gh?
M::y = T:Z_Xzy (4.25)

In the above expressions, E, v and G are the clastic constants while h is the

thickness of the plate.

By substituting equations (4.23) into equations (4.24) and differentinting the re-

sulting expressions, the following equation can be obtained:

d{e} = d(ez, €y Yays Xzs Xy» Xay)T = i:[B],..d{ﬁ}m | (4.26)
and
[Blm = [Blw + [B™(8)}m (4.27)

in which d{e} and d{é},, are the infinitesimal increments of strain and displace-
ment vectors of the strip, respectively; [B),, is the linear strain matrix obtained

previously; [B"],, is a function of {6} which refiec's the nonlinear effect of large
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deflection, and is as follows:

f 0 0 w,::Nlm,:r: w.z:N2m.:r 00 w,z:NSm,r w.:Ndm.z \

00 wyNipmy wylNomy 0 0 wyNamy wyNgmy
w.lem.y+ w,:r:N2m,y+ w,::NSm.y"l" w.szm.y+
[B"']m =100 1".le1:1.:: w.yN21n.x 00 w.yNSm...-: w,thIm,z-

0 0 0 0 00 0 0
00 0 0 00 0 0

\ 0 0 0 0 00 0 0 )

(4.28)

where the subscripts ", 2" and ”,y” denote £ and 2 , respectively; and
r

W = Z(Nlm.::wlm + Nomabrm + Nam zWam + Nam,z02im)

ms=l1

r

wy, = Z(Nlm,ywlm + sz.yolm + NSm.ywmn + N-Im.yeﬁm)

m=l

The resistances {R} to the large deflections of the plate can then be calculated
by means of the princip.. of virtual work [66]. The so-called resistauces { R} are
referred to the external forces required to maintain a given deformation. If any
virtual displacement d{é},, occurs from the current equilibrium position of a strip,

the work done by the external forces during the virtual displacement is
AW, = d{6};,{R}m
and the work performed by the internal forces is
AW, = j /b d{e)T{o)dudy = f, /b ([Blmd{6} )T {0} dzdy = d{6)T, j! /,, (B {0} dzdy

According to the principle of virtual work, dW,, must be equal to dW;, for any

possible d{6},,; this requires that

(Bl = [ [(BI (o)} dzdy (429)
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where {R},, is the resistance vector of a strip corresponding to m-th term of cigen-

functions,and {0} is the stress vector in the strip, {o} = (N, N, Nopys Moy My, M)
The integration in (4.29) can be implemented by the Gaussinn integration method.

If the current resistances are not equal to the external loads, the plate deforms
further under the "unbalanced forces”, i.e. the difference between the external

loads {F} and the resistances {R}, with the original linear clastic matrix [K)

being assumed to be unchanged:

[K]A {8} = {F} - {R}* (4.30)

Thence the new displacements are reacherl:

{14 = {8)* + A6 (4.31)

This procedure is repeated until convergence is achieved, i.c. nntil

VE@S)?
<e (4.32)
VI

where e is a prescribed tolerance. In the present study, e = 0.0002. In the
last three equations, the superscript "k” or "k-+1” indicates the number of current
iteration. In order to ensure convergence, in each iteration, the "unbalanced forces”
correspoading to the bending degrees of freedom on the right side of the cquation
(4.30) are divided by a "flexural stiffuess amplification factor”, a. After a numher

of trials, an appropriate value of o has been found as follows:
a=1+ 5.5(§'=;:'=)2 for plates with two opposite clamped edges

= 1+ 10.0(imo=)? for plates with two opposite simply supported edges
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In these expressions, 8ug. is the maximum displacement parameter found in the

current iteration,

4.2.3 NUMERICAL EXAMPLES

1. Cylindrical bending of a uniformly loaded rectangular plate with simply sup-
ported immovable cdges

The plate is very long in the x direction, so that, the deflected surface of a por-
tion of such a plate at a considerable distance from the ends can be assumed
cylindrical. Therefore, the analysis needs only one strip with boundary condi-
tiom: 1, = ug = 0, &, = 8, = 0 along two nodal lines. The length of the strip
is = 50in . The thickness is h = 0.5in.. The elastic constants of the material
are E = 30000000psi, » = 0.3. The intensity of the uniformly distributed load
is ¢ = 20psi. The maximum linear clastic deflection is wo = 4.740 ,wo/h = 9.48,
Because of symmetry of deformation, only the eigenfunctions symmetrical to the
midspan are used, i.e. m = 1,3,5,.... The numerical results of the deflection,
Wymaz (in inches), the longitudinal stress of the middle plane, o, in psi, and the
longitudinal bending moment, M, in lb-in, at midspan are listed in Table 4.4 .For
comparison, the theoretical answers [59] are also given in this table, in which mp,;
is the highest order of eigenfunctions used in these analysis, Nj., is the number of

iterations up to convergence.

2. Large deflections of a uniformly loaded square plate with clamped edges

A squarc plate of side 2a and thickness h, clamped along all the immovable edges,
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Mo r o a, A’Iy J\"ittn"
1 0.6972 15820. 945.20 17
3 0.6827 15770. 778.70 47
5 0.G841 15840. 825.60 48
Theory 0.688 15830. 830.14 -

Table 4.4: Deflection and Stresses in Cylindrical Plate Bending

ga'/Dh  wo/h  wyeefh 0,0*(1 = 1)/ED®  Nier t0mge/h [59]
50 1.008 0.767 4.22 T 0.7G6
100 2.016 1.158 7.09 13 1.15
150 3.024 1418 0.37 17 1.41
200 4.032 1.618 11.33 21 1.60
250 5.040 1.782 13.05 25 1.78

Table 4.5: Deflection and Stresses in Clamped Square Plate

is subjected to a uniformly distributed load q. Using symmetry, only half the
plate is analyzed; it is divided into five equal width strips and analyzed by means
of five cigenfunctions symmetrical to the midspan ( 1. = 9 ). The nunerical
results are listed in Table 4.5, in which D is the flexural rigidity of the plate,
D = Eh®/12(1 — v?); wy is the lincar clastic deflection at the center of plate; wy,,.
is the result obtained from nonlinear analysis; o,, is the maximum normal bending
stress at the center of each edge. For comparison, the answers obtained hy an
energy method with 11 parameters ([59]),pp421-433) are also given in the same
table. In every case, the whole load is imposed within one step. The number of
iterations up to convergence, Ny.,, is 7 to 25, depending on the ratio of wy/h.

In ordinary structures, this ratio will not be too large; it is coneluded that the

analysis does not need too many iterations.
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4.3 NONLINEAR ANALYSIS OF REINFORCED
CONCRETE SLABS

The material nonlinear analysis of reinforced concerete slabs is an important subject
for investigating the behavior of many civil engineering structures such as floors,
roofs and bridge decks. During the past two decades, finite element methods based
on a number of differciic material models have been used successfully to simulate
the material nonlinear response of RC structures. However, the finite strip method
has the advantage of considerably reducing the computation, storage requirement
and input data preparation. Recently, Guo et al.[37) have developed a layered
finite strip method for the nonlinear elasto-plastic analysis of static and dynamic
response of concrete slabs using the Von Mises yield criterion. Their results have
shown that their method needs much less storage capacity, and spends much less
computer time than the finite element method does. However, because they used
a relatively simple material model, the discrepancy between their solution and

experimental results for concrete slab seems larger than might have been expected.

In this thesis, the model based on orthotropic nonlinear elasticity is used to repre-
sent the property of plain conerete under biaxial stresses. This model was proposed
by Darwin et al.[67], modified by Kabir [68] and is in close agreement with exper-

imental results [69]. For reinforcement , the bilinear elasto-plastic uniaxial stress

strain relationship is employed.

The finite strip is divided into imaginary concrete layers. In addition, each layer

of reinforcement is replaced by a smeared steel layer with unchanged original
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reinforcement arca having stiffness only in the direction of reinforcement.

In every Newton-Raphson iteration, using finite strip interpolation functions aud
thin f)late theory [24,59], the strain state in ench layer can be found, After which
its stress state can be casily obtained by means of the above-mentioned mod-
cls. Next, one can calculate the tangential stiffness matrix, unbalanced forces
and corresponding displacement increments [70).This procedure is repeated until

convergence occurs,

1)
In order to prevent possible oscillations, and to ensure convergence of nonlinenr
solution, the relaxation technique is applied, that is, in every iteration, the dis-
placement increments are multiplied by a relaxation factor less than unity before

being added to the accumulated displacements.

Further details are given below.

4.3.1 MATERIAL MODEL OF CONCRETE

Concrete is treated as an incrementally orthotropic linear clastic material [67-69).

d0'| (lﬁ]
doy | =[D]| de (4.33)
dryz dma
where
1 E| v/ E]Eg 0
[De] = -7 E; 0 (4.34)
sym LB(E\ + E; - 2v\/E,\ Ey)

in which By, E; and v = ,/jv; are stress-dependent material properties, # = 1.0

prior to cracking and 0 < § < 1.0 after cracking. Material axes 1 and 2 coincide
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with the current principal stress axes.

The coneept of "equivalent uniaxial strain” is introduced in order to transform the

actunl biaxial stress state to two "independent uniaxial stress states”. It is defined
I

ns

Loi

€ =

(4.35)

all load inerements i

with Ag; = incremental change in principal stress; and E; = varying tangent
stiffncss for load increment corresponding to Ag;.
The relationship between the principal stress o; and the equivalent uniaxial strain

€;, 18 shown in Fig.4.10,

For compressive loading prior to the maximum stress, the compressive principal

stress and clastic modulus can be calculated as follows:

‘:'uEO
= 4.36
IR (E -t (43
. —nt
g2 0% __ Bol-) (437

= Ben 1+(-f;§‘c1—2)¢;f+t,l'2
q = €n/e

where Ey = the tangent modulus of elasticity at zero stress; E, = 0;./¢;. = the

secant modulus at the point of maximum compressive stress o;., and ¢, = the

cquivalent uniaxial strain at the maximum compressive stress.

;. aud € depend on the principal stress ratio @ = ¢, /3. The analytical maximum

strength envelope may be employed to determine the dependence of o;. on «

(Fig.4.11).
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For tensile stress prior to cracking, the linear elastic o;- €, velationship is applied;

T = E()El'n (4'38)

The four regions of the strength envelope with the accompanying equations for the

maximum stresscs g;. and corresponding equivalent strains €. are summarized as

follows [71}:

1. For 4y = compression, ¢; = compression. 0 < a <1

1 + 3.60av

(1+a) f:

Oge =
Tte = G0y
€20 = €.(3p2 — 2)
€1c = €(~1.6p7 + 2.26p% + 0.35p)

where py = 01/ f] , p2 = 03./f] and f! = the uniaxial compressive strength.

2. For o, = tension, o3 = compression. —0.17 < « <0

1+328af
7%= M +a)y

o1 = aoye
€2: = €.(4.42 — 8.38p, + T.54p2 — 2.58p3)
where
P2 = 02/ f, ;

& = Uu/Eo
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3. For 7, = tension, oy = compression. —o0 < o € -0.17
oz, = 0.65f;
= fz'
€30 = €(4.42 — 8.38p, + 7.54p3 — 2.58p3)

p2 =02 /fl <0.65

€1 = o/ Ep

4. For oy = tension, g9 = tension. 1 < a < 00
]
o =0y = f|

€= ey = fi/Eq
in which f] is uniaxial tensile strength.
Cracks are nssumed to open perpendicular to the highest principal tensile

stress direction when the failure envelope in Fig.4.11 has been reached, and

o, and E, are assumed to become zero as soon as the cracking occurs.

4.3.2 MATERIAL MODEL OF REINFORCEMENT

For the stress-strain relationship of reinforcement, the uniaxial bilinear elasto-
plastic model (Fig.4.12) is employed and the following notations are used:
E, = Young’s Modulus, E,, = strain hardening modulus, g, = yield stress

and ¢,, = ultimate strain.

In concrete, when o, reaches ¢y, at some point, primary cracks form at finite

spacing in the surrounding region. The total tensile force is transferred across
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€ /€ [ 1.0-1.5] 1.5-3.0 | 3.0-5.0 | 5.0-8.0 | 8.0-11.0 11.0-14.0 | other
K 4.0 2.7 2.0 1.6 1.15 1.05 1.0

Table 4.6: Coefficient K for Stress of Steel after Conerete Cracking

each crack by the tensile steel, but between the eracks the tensile conerete
carries stress locally, mainly in the direction of the steel bars, due to the
bond between the concerete and the reinforcement. This is ealled the tension
stiffening effect. As the load increnses, secondary eracks form around the
reinforcement. and between the primary cracks so that the load carried hy
the concrete and the average stress in the concrete decrease progressively, In
order to incorporate this effect, after the surrounding concrete has cracked,

the stress of steel, o, is magnified as follows [72);

o, = Ko (4.39)

where o, is the stress of reinforecment. found by the bilincar model in Fig.4.12
and K is a cocfficient shown in Table 4.6, in which e, is the strain of steel
and ¢ is the uniaxial strain at concrete cracking, €, = f!/Eo. The concrete is
assumed to carry no stress normal to a crack but an additional stress will be
carried at the steel level. This additional stress represents the total internal
tensile force in fact carried by the concrete between the eracks, conveniently

lumped at the level of the tensile reinforcement and oriented in the direction

of the bar.

E, and E,; are also multiplied by the same cocfficicnt K in formulation of

the strip stiffness matrices after cracking of the surrounding concrete.



CHAPTER 4. NONLINEAR ANALYSIS 101

4.3.3 FINITE PLATE STRIP

Euch plate strip is subjected to in-plane stresses and to out-of-planc bending
forces. The nodal displacements and forces of the strip corresponding to the

m-th term of eigenfunctions are (Fig.2.2):
{8}m = (1) vy Wy 6, tup vy wa )7,

{Flmw=(Uh i W, M, Up Vo W, M)T,

If both ends are simply supported (¢ =0, w=0,0, =0, M, =0at y =0
and y = [ ), then the displacement compunents in the middle plane of the

strip are:

u= Z((l - ‘X')ul'm + X"2m)Kn(y)

m=1

< : . 1 dYu(y)
v= ,,.Z=,((1 - A )vlm + -l'\ 1-’2m)"wr dy

w= Z ((1- 3X? 4+ 2X3)w]m +z2(1 - 2X + xz)alm + (3X2 - 2X3)w2m

m=1

+ w(xz - X)92m)Ym(y) (440)
where X = z/b, r is the total number of series terms used in analysis, and

Yo (y) = sin @

In the vertical direction,z, the finite strip is divided into several concrete
layers; cach reinforcement layer is replaced by a smeared steel layer with un-
changed original reinforcement area and having stiffness only in the direction

of the reinforcement (Fig.4.13).
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According to the theory of thin plates and shells [59], the strain at any point

of cach layer can be expressed in terms of nodal displacement parameters ag

follows:
du _ P
z ~ “0x? .
G.T a2 r
lel=] & | = g;'; - 3%_,;'-'!1 = 3 [Blu{8}m (4.41)
71'# m=]
a 8u . m
oe 3y T 225555
where
"'%y'm 0 (65% - lgsﬁ)}‘;u (iﬂi - %)Ym
B = 0 (1=$LYH —2(1-35+2B)Y! —z(z - 22 + )7
(1-%)Y, -ty 122(5 - &)Y ~22(1- 4% 4+ 35)Y,
= . o2 3 a3y,
0 3‘#1’,:: —-2(3'!’7 - 2%;)}'::: “"‘z(%i' - ?_b-)}"p:: (4'42)

o bne¥m —12:(F - DY, —2:(3% - 20)Y,

"
. . 4
in which ¥, = &= and ¥/ = "—%’5’1

4.3.4 NONLINEAR SOLUTION

The loads are applied in a number of steps. In each loading step, the Newton-
Raphson iteration method [6] is utilized for nonlinear solution. For cacl
iteration an incremental linear stress-strain relationship is assumed, the dis-
placement increment calculated, the strain and stress state determined and
the material matrix updated. The following steps [71] are used to determine

the states of strain and stress at any point in a concrete layer of a strip for

the k-th iteration:
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1. From the displacement increment vector A{§}* obtained from the previ-
ous iteration, the strain inerement vector is computed as:
T
A}t = (A, A, A7) = 3 [BlwA{6);, (4.43)
m=1
where [B],, is strain matrix in Equation (4.42).
2. Using Equation (4.33) and performing coordinate transformation [66], the

approximate stress increments can be calculated as:
Alo}t = (Acg, Aoy, A )T = (T[T [DE)[TF 1A e} (4.44)

where [T,] is the strain coordinate transformation matrix from x-y axes to
the principal nxes, as given below:

cos’ @ sin®@ sin 8 cos @
sin?4 cos? § — cos fsin 6 (4.45)
~2sinfcosf 2sinfcos® cos?f —sin®d

[7.]

 which # is the angle between ¢ and x, obtained from the previous itera-

tion.

The stress increments are only approximate because of the linearized material

matrix. The current total approximate stresses are then obtained as:
{o}" = {0} + Afo}* (4.46)

3. From the total approximate stresses the approximate principal stresses
of (i=1,2) and 6* are calculnted.

4. The equivalent uniaxial strains are then evaluated from (4.35):

e, = €5 + (o — o1y EF - (447)
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5. The biaxial stress ratio is determined from

of = o¥ ok (4.48)

Then, of, and €, or o; are obtained from the biaxial strength envelope in
Subsection 4.3.1.

6. The principal stresses of and elastic moduli E¥ corresponding to ¢ can
then be computed from (4.36-4.38) and Fig.4.10. The current total stress
vector {o}* is obtained by transforming the principal stresses to the X-Y OXes,

The material matrix [D¥] is also updated to reflect the new tangent moduli.

The contribution of concrete layers to the tangential stiffness matrix of the

strip in the k-th iteration, corresponding to the m-th and n-th terms of

eigenfunctions, is

(K4 = [1BILT4 DA Bl o (4.49)

Similarly, the stress state of reinforcement and its contribution to the tangen-

tial stiffiness matrix of the strip can also be computed using the corresponding

material model.

According to the principle of virtual work, in cach plate strip, the resistance

vector corresponding to the m-th term of cigenfunctions is:
(RY = [1BIh{a} dv (4.50)

For the two integrations given above, the Gaussian integration method is
employed in both x and y directions. In each strip, 4 Gauss points are

used in the x direction, whilst in the y direction the strip is divided into a
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munber of segments, and 4 Gauss points are used in each segments. The
number of segments used must be sufficient to ensure satisfactory accuracy

of integration for the highest order series term.

Next, the incremental displacements are evaluated as follows:
[K¥A{8}*! = M{F} - {R}*) (4.51)
and the new displacements are reached:
{84! = {6} + A5} (4.52)

where {F} is the vector of equivalent nodal forces of external loads, and
A is the relaxation coeflicient. In order to prevent possible oscillation and
divergence in iterations, the value of A must be less than unity, A < 1.0 (A =

0.8 in the present study). This procedure is repeated until the convergence

/oy
Ve

in which e is a prescribed allowable error (e=0.002 in the present study).

is achicved:

4.3.5 NUMERICAL EXAMPLE

A simply supported two-way square reinforced concrete slab is subjected to
uniform load. This slab, with a thickness of 2 in. and a span of 72 in., is
reinforced in both directions with uniform spacing.

Due to symmetry, only a quarter of the slab needs to be analyzed. Therefore,

half of slab is modeled by 4 strips, and the integration in calculating the
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tangential stiffness matrix and resistance to deformation is carried out over

only half the span. 4 symmetrical serics terms are used in this analysis,

The cross section is divided into 10 concerete layers and 2 orthogonnd reinfore-
ing stecl layers of 3/16 in.diameter bars with the spacing shown in Fig.4.14,
The following material properties are used for the analysis:

Concrete: Ep = 4700 ksi, f{ = 5940 psi, f{ = 550 psi, €, = 0.0025, » = 0.18.
Reinforcing Steel: E, = 30000 ksi, E,;, = 2000 ksi, fy = 54.5 ksi, ¢, = 0.1.
The Newton-Raphson method is used. The deflections at the center of the
slab under increasing uniform lead are shown in Fig.4.15. For comparison,
the results obtained from experiment [73], finite element analysis [71] and
finite strip analysis [37] are also shown in the same figure. It can be seen that

the present research improved the accuracy of nonlinear finite strip analysis

of the RC slab significantly.
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Figure 4.9: Possible Divergence
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Figure 4.11: Biaxial Strength Envclope
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Figure 4.12: Material Model of Steel

lz to= Ashis /b

Figure 4.13: Layers of Strip

115



CHAPTER 4. NONLINEAR ANALYSIS

72!!

Figure 4.14: Taylor Slab

10 layers

116
s B
) ) Te] -
: : S | . - :
Al o N . . a
' O :
: o Felils
I [ b -, X
| e 1
1 A | [\
| I .k__‘_*‘ ________ ! d=3/16"@2.5" d=3/16"@3"
72u : '



CHAPTER 4. NONLINEAR ANALYSIS 117

TOTAL LOAD ( TONS, 1TON=2240 LB)

lt").O

-
-

.
. -
.t -
[N -
. -

. -
. -
+ % ”

10.0
1

EXPERIMENTAL
""" FINITE ELEMENT

5.0

——— FINITE STRIP
¢4 PRESENT STUDY

0.0

0.0 0.5 II.O 1|.5 2.0
CENTRAL DEFLECTION (IN)

Figure 4.15: Defiection of Taylor Slab

3.0



Chapter 5

COMBINED ANALYSIS

If a plate structure hias constant cross-scction and its end support condi-
tion does not change transversely, the finite strip method has proven to be
the most cfficient numerical structural analysis method. However, if the
structure has any irregularitics, e.g. a rectangular plate with openings, the
finite strip method is no longer applicable on its own and the finite element
method or the boundary clement method has to be used. In this case, how-
ever, if these methods can be combined together, with the finite strips being
used for the regular part of the plate and the finite clements or boundary
elements modelling the irregular part, then the efficiency of the finite strip
method and the universality of the latter methods are both utilized to their

full advantage.

In the present study, special transition elements are used to connect the two
different regions. One side of such a transition element coincides with the
nodal line of adjacent finite strip and has the same degrees of freedom; on the

opposite side there are a number of nodes which are connected with the finite

118
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clement, or boundary clement. Iuside the transition element the deflection is
expressed in terms of the degrees of freedom of the finite strip nodal line and
the nodes of the finite element or boundary clement by their corresponding
shape functions. Using the principle of minimum total potential energy, the

stiffness matrix and load veetor of the transition element can be obtained.

5.1 FINITE STRIP METHOD FOR REGU-
LAR PART

The regnlar region of the plate is subdivided into a number of finite strips.

Within each strip, the deflection is expressed as:

w = i (Fr(E)wim + bg1 (€)1m + fo(E)wom + bg2(£)0em)Yml(y)  (5.1)

m=1
where [ and b are the length and width of the strip respectively, fi(€), f2(€),

a1{€) and g,(§) are transverse shape functions which a_.re'Hermitian cubic

polynomials:

fi(€)=1-36+26°, fio€) =36 - 26%,
a(€)=€-262+ 6% g(€)=6 -8, (E=3/b) (5.2)
Y,.(y) is the m-th secries term of beam vibration eigenfunctions, its expression
is listed in Subsection 2.1.1 according to the end conditions of the plate strip.

Following the standard procedure in Section 2.1, it is not difficult to obtain

the stiffness matrix and load vector of such a strip.
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5.2 COMBINED WITH FINITE ELEMENT
METHOD

5.2.1 FINITE ELEMENT METHOD FOR IRREGU-
LAR PART

In this analysis, the irregular region of plate is analyzed by a number of
conforming rectangular plate elements (Fig.5.1) [74] with four degrees of

freedom at each node which are

Ow dw Pw 4
{8} = (w, S (')J 8101;)

The shape function of this clement is:

w = fl(f)fl(’?)wu+591(5)f1(71)-—+ﬂf1(£)fll("l)—+“f’.l )91(71)

0a 3
+A(E) fa(n)w; + byl(ﬁ)fz(n)— + (lfl(E)Jg(T])— + ah_,l(ﬁ)h(") &,
+Fa(€)fi(n)wr + bgz(f)ﬁ('?)gi + “fz(f)Jl('.')'— + ath(E)Hl(Tl)g !;‘;
+R(E)faln)wr + b92(5)f2(7?)— + afo(€)ga(n )—" + abgz(€)ga( ng l;‘

(5.3)

where £ = z/b and 5 = y'/a.

This type of element meets the continuity requirement between any adjacent
elements not only for the deflection w and the tangential derivative 22 but
also for the normal derivative a"’ Therefore, this clement is a conforming
plate bending element, and it achieves considerable improvement in accuracy

in comparison with rectangular elements having only 3 degrees of freedom

at each node.
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5.2.2 TRANSITION ELEMENT

A row of rectangular transition clements is used to connect the finite ele-
ment region with the finite strip region. One side of each transition element
coincides with the nodal line of adjacent strip and has the same degrees of
frecdom. On the opposite side there are two corner nodes which are attached
to the nodes of adjacent finite elements and have the same degrees of free-
dom as these finite element nodes (Fig.5.2). Inside the tr@sition element,
the deflection w is expressed in terms of degrees of freedom of nodal liﬁe and

two nodes by their corresponding shape functions in the form:

w = 3 (A 01 + bgs (€)1 ¥nly)

m=1

+ (€Y fi{mwr + bga(€) f1 (n)a—al-;£ + r:lfz(f).fh(71)%%£ + abga(€)g1(m)

Pw;.

Oz 0y
2

HAE S0+ b)) + af D) G + abor( ) 5

(5.4)

where € = z/b and 4 = y'/a.

It should be noted that the nodal line 1 and nodes k, | have the same type
of shape function in the direction x, which are Hermitian cubic polynomials.
This is in order to simulate certain basic deformation patterns more accu-
rately, such as onc dimensional bending in the direction y, torsion about the
axis y, cte.

The stiffness matrix and the load vector can be obtained in accordance with
standard finite strip formulation. Simply assembling the stiffness matrices

and load arrays of these transition elements with those of finite strips and
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No.of Strips 2 3 4
No.of Sym.Terms 3 3 5 Theory
Mesh of elements 2 Dby 4 3 by G 4 by 8
Whar (M) 0.0113105 | 0.0111349 | 0.0110848 | 0.0110074

M, at A (MN-m/m) | -4.390 -4.747 -4.896
M, at B (MN-m/m) | -4.719 -4.916 -5.001
M, at C (MN-m/m) | -5.111 -4.915 -5.071 -5.130
M, at E (MN-m/m) 2.496 2.380 2.331
M, at E (MN-m/m) 2.445 2.376 2.322 2,375

Table 5.1: Deflection and Moments in Clamped Square Plate

finite elements will lead immediately to the formulation for the whole plate

structure.

5.2.3 NUMERICAL EXAMPLES

1. Clamped square plate under uniform load

This example is chosen to verify the present method. The squarce plate is
clamped along four edges and is subjected to uniform load. The length of
cach side is 10.0 m, the thickness is 0.5 m, The material properties are
E = 100000M P¢ and v = 0.3. The intensity of the lond is ¢ = 1.0M N/m?.
Half the plate is divided into finite strips, the other half into finite clements.
The mesh is shown in Fig.5.3 and the results arce listed in Table 5.1. The
analytical results are also given in this table for comparison. From this table
it can been seen that the method achieves satisfactory accuracy in evaluating

maximum deflection and bending moment.

2. Square plate supported by walls and columns

A square plate with a rectangular opening is supported by walls and columns
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(Fig.5.4). The length of each side is 9.0 m and the thickness is 0.2 m. The
material propertics are E=25000 MPa, and v = 0.15. The plate is subjected

to uniforn load of intensity ¢ = 10kN/m?.

The part supported by columns is divided into 6 by 18 conforming rectan-
gular plate clements with 4 degrees of freedom at each node; the rest of the
plate is divided into 11 strips and one row of transition elements that con-
nect the strips to the finite elements.Five symmetrical series terms are used.
For simplicity, the walls are regarded as simple supports, and the columns

as point supports.

The resulting deflection along line C-C and the bending moment M, along
the lines B-B and C-C are shown in Fig.5.5. The CPU time spent for the
analysis is 4.2 sec. on a Mainframe AMDAHL-5860.

The structure was also analyzed using an 18 x 18 array of the above-mentioned
clements at a cost of 12.1 sec. of CPU time. However, the results show no
discernible difference from the previous solution when the results of both

methods are drawn on the same figure.

5.3 COMBINED ANALYSIS WITH BOUND-
ARY ELEMENT METHOD

5.3.1 BOUNDARY ELEMENT ANALYSIS FOR IR-
REGULAR REGION

_In this analysis, the boundary of the irregular regionis. .~ into a number

of boundary elements. Each element has between 2 anu 11 nodes,and all the
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boundary functions along the clement are expressed in terms of their nodal
values by Lagrange interpolation [75]. A source point is located at a little
distance from the boundary on the outside normal line passing through each
node. Applying a unit force and a unit normal moment at cach source point

respectively and implcmea}ting the Maxwell-Betti theorem provide the two

integration equations:

N, N.
[wv/rontyds+y wic! = [ vl da+ [WIVreimyds+ Wi
s i=1 [ ]

i=1

(6.5)
N, Ne
Jwvr oM™ dst 3 WiCr = [ pum dAt [(WVE" M) dst 3 WC
8 =1 4 : i=l
(5.6)

where

A and s denote the plate area and the houndary coordinate,

w is deflection in domain,

W and © are boundary deflection and normal rotation,

M,V and C are boundary moment, equivalent shear and corner foree,

f and m are superscripts identifying the fundamental solutions for the unit

force and the unit moment respectively,

N_ is the number of corners.

All four boundary functions W, ©, M and V are unknowns on the interface
between the transition strip and the neighboring boundary clement, but

among them only two are unknown on the other boundaries after imposing

displacement and force boundary conditions.

At the ends of interface, double nodes are used {76] (Fig.5.6). Both nodes A
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and B have the same coordinates, but may have different boundary condi-
tions. In order to make the number of unknowns at nodes A and B match the
number of the boundary integration equations, the corner forces at these two
nodes may be expressed in terms of the normal rotations of their respective

clement in the form:

O*w (-l)
Ca=D(1- V)( )(1) = (5.7)
=
aLm
Cs = ~D{1 - 1)( 2L )® = —D(1 - v)Z o (59

where

(1) and (2) are the superscripts identifying the elements ending at node A
and starting at node B respectively;

N, and N, arc the numbers of nodes on boundary clements 1 and 2 respec-
tively;

L; is the Lagrange shape function of node j and is expressed as:

N
Lis)= I
1=1
i#]

Substituting the cxpressions for fundamental solutions into the boundary

8§ — 8§
8 = 8;

(5.9)

integral equations and implementing the boundary element discretization

technique [75,76) produce the following boundary element matrices:

wan{ g Y=ea{ p e e
where

U denotes the values of deflection and normal rotation at all the nodes,
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P represents the values of equivalent shear and normal moment at all the

nodes,
B is the effect of the loads in domain,
1 is the superseript identifying the boundary element region,

Iis the subscript defining the interface between the transition strip and the

boundary elements,

For each node on the interface there are 4 unknowns (W,0,V and M) versus

2 equations. Therefore, two more equations are required for cach of these

nodes.

5.3.2 TRANSITION STRIP AND COMBINED SO-
LUTION

A transition strip is inserted between the finite strip region and the bound-
ary element region and connects the two regions together. One side of the
transition strip coincides with the nodal line of the adjacent strip and has
the same degrees of freedom us this nodal line. On the opposite side there
are a number of nodes which are attached to the nodes of the neighboring
boundary elements and have the same displacement parameters (deflection
W and normal rotation ©) as they do (Fig.5.7). Inside the transition strip
the defiection w is expressed in terms of the degrees of freedom of the nodal

line and the nodes by their corresponding shape functions in the form:

r N
w =3 (F()wim + bgi(€)01m)Ym () + 3 Li( f2(E)w; + aga(€)6;)  (5.11)
m=1 j

i=l
where

N is the number of nodes of this strip along the interface,
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L; is the Lagrange shape function of node j.

It should be noted that the nodal line and nodes 1 to N have the same type
of shape functions in the direction x, which are Hermitian cubic polynomials,
in order to simulate certain basic deformation patterns more accurately as

noted carlier.

Using the principle of minimum total potential energy, the stiffness matrix

nnd the load vector of the transition strip are generated.

Assembling the stiffness matrix and load vector of the transition strip with
those of the finite strips and applying condensation technique [6] effect a
transformation of the finite strips and transition strip into a substructure
having only the degrees of freedom of the nodes on the interface. The matrix

equation of this substructure is of the form:
[K}{U7} = {F} + {B?} (5.12)

where
F} is the vector of unknown interaction nodal forces,
B represents the effects of external load,

2 is the superscript identifying the finite strip and transition strip region.

At all nodes on the interface, the displacement on both sides must be the
same, and the interaction force must be the same in magnitude and opposite

in direction.These requirements give the following relationships
{Ut}={u1) (5.13)

{F} = -[M|{F}} (5.14)



CHAPTER 5. COMBINED ANALYSIS 128

where [M] is the transformation matrix from the distributed boundary forees
on the interface boundary element to the nodal forces at the nodes of the

transition strip, and its elements M;; are given by
M = / Li(y)Li(y) dy
Substituting Equations (5.13) and (5.14) into (5.12) gives a set of equations:
(KU} = ~[M){#7} + {B?) (5.15)

Combining matrices (5.10) and (5.15) together will yield a set of equations
that are just sufficient in number to solve for all the unknowns in the hound-
ary element region, including the unknowns at the nodes on the interface;
these latter can be substituted back into the matrix of the finite strip and
transition strip region, and all the unknown nodal parameters in this region
can then be readily obtained, Thercafter it is a straightforward procedure to

compute the displacement and stress components at any points of interest.
5.3.3 NUMERICAL EXAMPLES

1. Simply supported square plate under uniform load

This example is chosen to verify the present method. A square plate is hinged
along four edges and subjected to uniform load. The length of each side is
L, Poisson’s ratio is ¥ = 0.3, Flexural rigidity is D, and the intensity of the
load is q. Three different meshes are used to analyze the plate (Fig.5.8). The
upper part of each mesh is divided into finite strips with cqual width 0.1L.

Five symmetrical terms are used in the series of longitudinal shape functions.
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Warga (M, )ma;r: Vmu:l:' R
Mesh | = aql'/D | = fql? | = 6qL | nql?
w 3 ) n
m=3 0.004063 | 0.04804 | 0.4205 | 0.0618
m=>5y 0.004062 | 0.04790 | 0.4205 | 0.0646
m=7 0.004063 | 0.04789 | 0.4205 | 0.0654
Theory [ 0.00406 0.0479 | 0.420 | 0.065

Table 5.2: Deflection and Stresses in Simply Supported Square Plate

The boundary of the lower part is simulated by 4 boundary elements with
cqual nodal spacing 0.1L. Both parts are connected by a transition strip with
a width of 0.1L. The numerical results are listed in Table 5.2. In this table,
Wyaz 404 (Mg )maz are the deflection and bending mom.ent at the plate center
respectively, Viner is the equivalent shear force at the center of the bottom
cdge, and R is the corner force at the lower corners. In comparison with
plate theory [59], it can be seen that the accuracy of the present method is

satisfactory.
2. Simply supported square plate with an opening and a skew corner

A square plate is simply supported along all four sides and subjected to
uniform load ¢ = 10 KN/m?. The length of each side is 10.0 m, and the
thickness 0.2 m. The material properties are E = 25000 MPa and v = 0.15.

One corner is cut off at 45 degrees, and a square opening is located near

another corner, as shown in Fig. 5.9.

The part including the opening and the skew corner is analyzed by 9 bound-
ary elements with 50 nodes whilst the rest of the plate is analyzed by 5 finite

strips and one transition strip with 10 series terms.
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The resulting bending moments M, and M, along line A-B-C are depicted

in Fig. 5.10.

The plate was also analyzed by the boundary clement method alone, with 9
elements and 58 nodes. The results of this analysis if plotted on Fig. 5.10

would be indistinguishable from those already shown.
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Chapter 6

CONCLUSIONS AND
RECOMMENDATIONS

6.1 CONCLUSIONS

In the present study, the objectives proposed earlier have been accomplished.

The main achievements arc listed as follows:

(1) The semi-analytical finite strip method has been extended to the anal-
ysis of continuous haunched slab-on-girder and box-girder bridges. In this
analysis, three types of finite strip are devecloped, which being top flange
plate strip, vertical web strip and bottom flange shell strip. For each type of
the above strip, appropriate curvilinear coordinate system is chosen, strain-
displacement relationships and displacement functions are derived. This
method gives high efficiency for distributed loading, improved accuracy for
the longitudinal stresses over intermediate supports. The results obtained
are in reasonable agreement with those from finite element analysis or ex-

perimental analysis.
(2) The spline finite strip method ha been extended to the analysis of con-

138
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tinuous haunched slab-on-girder and box-girder bridges. In this analysis,
three types of strip are developed, which being top flange plate strip, ver-
tical web strip and bottom flange shell strip. For all of the above st.fips,
Cartesian coordinate system is chosen and some coordinate transformations
are performed, strain-displacement relationships and displacement functions
are derived, This method is more flexible than semi-analytical finite strip
method in dealing with point loads, continuity and variety of boundary con-
ditions, and shows higher efficiency in most luod cases. Satisfactory results

are obtained in numerical examples.

(3) The finite strip method has been extended to nonlinear analysis of cable-
stayed bridges. By using the finite strip method for continuous structures
combined with the flexibility approach, the girder is transformed into a sub-
structure with d.o.f at cable attachment points only, thus, only very few
unknowns are involved in nonlinear iterations. In the analysis, cables are
calculated according to theory of catenary, therefore, the nonlinearities due
to sag and angle change of cables are taken into consideration accurately.
Furthermore, initial stiffness iteration is employed for nonlinear solution.
Consecquently, the present method is more accurate than those based on

simpler theory, and more efficient than finite element method.

(4) The cfficiency of geometrically nonlinear finite strip analysis of plates is
improved. In this analysis, modified Newton-Raphson method is used, i.e.
the initial stiffness matrix is formed and inverted only once during all the

iterations. Besides, the different series terms remain uncoupled if they are



CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS 140

not coupled in linear analysis, This enhances the cfficiency of nonlinear finite
strip analysis significantly. In order to avoid possible divergence, the flexu-
ral stiffness is amplified by a factor, which depcncls on the current maximun
displacement and has been worked out by computational experiments, Nu-
merical example shows that this method does not need too many iterations

even for very large deflection, and its convergency is dependable.

(5) The accuracy of materially nonlincar finite strip analysis of reinforced
concrete slabs is improved. The concrete is treated as a incrementally or-
thotropic linear elastic material. By introducing the concept of equivalent
uniaxial strain, the actual biaxial stress state is transformed into two in-
dependent uniaxial stress states, in each of which the elastic modulus and
principal stress depend on the current equivalent uniaxial strain and can he
determined by diagram and strength cnvelope based on experiments. For
reinforcement, bilinear elasto-plastic material model is used, and the tensile
| stiffening effect is included. In analysis, the finite strip is divided into con-
crete layers and each layer of reinforcement is replaced by a smeared stecl
layer. Newton-Raphson method is employed for nonlinear solution in or-
der to reduce the number of iterations required and to ensure converging to

correct answer. Numerical example shows the satisfactory accuracy of this

analysis.

(6) The finite strip method is combined with finitc element method in order
to analyze a rectangular plate with some irregularities, such as openings

and change in boundary conditions. The plate may be divided into two
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parts, namely a regular part, which is analyzed by finite strip method, and
n irregular part, which is analyzed by finite element method. A type of
transition clement is developed in order to connect both parts together. In
the present study, conforming rectangular plate elements with 4 d.of at
cach node are chosen, and displacement functions of the transition element
are derived. The combined analysis shows a better eff{ciency and the same

accuracy in comparison with conventional finite clement analysis.

(7) The finite strip method is combined with boundary element method in
order to analyze a rectangular plate with some irregularities. The plate may
be divided into two parts, namely a regular part simulated by finite strips
and an irregular part analyzed by boundary elemeni method. A type of
transition strip is developed in order to connect both parts together. The
displacement functions are derived in this thesis. This combined analysis

gives satisfactory results in all the numerical examples.

6.2 RECOMMENDATIONS

The {ollowing topics might be recommended for future work:

(1) Higher order displacement functions in the transverse direction may be
employed for all types of finite strip developed in this thesis in order to
improve accuracy and efficiency further, especially for materially nonlinear

analysis, in which the accuracy of stresses is very important;

(2) All the methods introduced in the present study may be applied to skew,

curved or arbitrary shaped bridges;



(3) The spline finite strip method may be extended to materinlly nonlinear

analysis of arbitrary shaped reinforced concrete slabs;

(4) Some newly developed methods may be applied to analysis of other types

of structure, such as roofs, floors of buildings ctc..
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