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Abstract

A collection of random points in a bounded rectangle [0, R]? of the positive quadrant
changes its intensity on an unobservable random set £&. The goal is to detect the
random change set in an optimal way, according to some reward function. Given the
change set, the random points are assumed to be distributed according to a Poisson

process N with intensities pg on £° and p; on €. Optimal solutions are found for

various reward functions and applied to some examples.
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Chapter 1

Introduction

Imagine a cluster of random points in a region such as a forest - these points could
be trees that have become infested by a certain type of beetle, for instance. If there
is no discernable pattern to the points, no obvious clusters or lack thereof, it is a
reasonable agssumption that the points follow a Poisson process. Now imagine that,
from inspection say, it is clear that some lower left sub-region is less densely populated
by the points than the remainder of the region, but that these regions individually still
appear to be distributed without any internal pattern. The dividing line between the
region where beetle infestation is less frequent from where it is more frequent could
be the habitat border for a species of birds that feeds on the beetle and diminishes
its population, for instance. Among other things, finding this line and comparing it
to other known information about the forest could help to identify something such as
a natural predator, which could in turn help to solve the infestation problem.
Herein the model dealt with is one where an observer begins to “walk northeast”
and accumulate information about these random points in an effort to determine the
best halting point - the one optimal among all others with respect to some valuation
or gain function. When formulated heuristically as above, the task seems quite similar

to an optimal stopping problem on the line and in fact requires an extension of the
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theory hosting such problems. For this reason it is useful to survey some related
works in that theory.

The most relevant work here is [1]. In the paper, the authors (Herberts and
Jensen) consider a point process N on the line which, given a random point o, is
Poisson with intensity uo(s) before o and 11(s) after. They assume 0 < po(s) < pi(s)
for all s € R, and that o is exponentially distributed. A reward function is given to

describe the gain associated with stopping at time ¢,
Zi=cot No) —ci(t — o)t — ko(1 = Y;) — k1 Ys

where Y; = I{;<;, and the authors proceed to find conditions under which E[Z,]
can be maximized for finite stopping times 7 belonging to a certain class. Several
information structures are considered, hence the title’s reference to different observa-
tion schemes, but the only one of relevance here is the sequential observation scheme
where the available information at time ¢ is the collection of jump times of N prior to
t. A stopping time referred to by the authors as the infinitesimal-look-ahead rule is
shown to be optimal (in the sense described) under certain conditions in the paper’s
monotone stopping theorem. This is the work’s main tool.

Motivated to extend the one dimensional case to two dimensions, Gail Ivanoff
and Ely Merzbach in their paper ([2]) developed analogues to each of the features of
the work by Herberts and Jensen just described. The fundamental issue of extending
the notion of change point to change set was dealt with in their earlier work [4] in more
generality and once solved provided the basis for speaking about optimal stopping in
dimensions higher than one.

T.S. Hahubia and R. Mnatsakanov in their article ([11]) also deal with a gen-
eralization of the classical one-dimensional change-point problem, but their focus is
on testing the null hypothesis that, given a sequence X,(A) of realizations of some
observed random measures and independent sequences (X, )n>1, (Ap)n>1 of random

measures, X, (A) < X, (A) for some set A, versus the alternative that there exists a
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change set C such that Xn(A) 4 Xn(A) + €,A,(ANC) for some ¢, — 0. No gain
function is considered for optimization in the article, and so there is a fundamental
disparity with what is developed here.

In [10] the authors consider a “mark” Y (a random variable whose target space
is suppressed) changing its conditional distribution given a random variable X taking

values in R% on some G € B(R?), i.e.
PIY € H|X] = P[Y € H|Iixgey + PY € H)(xeqy

for some distributions P, and P». The goal of the paper is to estimate the change
set G based on observed i.i.d. sequences (X;,Y;)?; of such pairs (X,Y’). However,
this is formulated within the context of Vapnik-Cervonenkis classes. Specifically, G
is supposed to belong to such a class, and although a “score function” is considered
when finding the Maximum likelihood estimator for (G, the approach of using §-nets
of VC classes is quite removed from the smooth semi-martingale techniques used here.

The goal here is to describe the paper by Ivanoff and Merzbach from a graduate
student’s perspective, and to extend the model developed therein. To this end, a
brief introduction to the theory of point processes in 1-dimension is given in the
Preliminaries section of Chapter 2. Here the notion of a random measure is discussed
and some key facts about this notion are proven. Some Cox processes are defined here.
The discussion becomes more general in Section 2.2, Processes in Higher Dimensions,
and remains so for most of the remainder of the paper. It is in this section that the
nih-rectangular partition, an important tool later on, is introduced. Following this,
in Section 2.2.1, we give a detailed account of the space used to describe the change
set of the spatial process being observed (the space of “upper layers”). Besides the
space itself, the central definition in this section is that of a stopping set, the d-
dimensional analogue to the 1-dimensional stopping time. Martingales indexed by
Ri are defined in Section 2.2.2, and it is shown that a stopped multi-dimensional

martingale still has expectation 0. The spatial point process being observed is then
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described in full detail in Section 2.2.3. Following this, Section 2.3 introduces the
likelihood function and conditional likelihood function of a point process and contains
a series of calculations ascertaining their form in the case that the point process is
conditionally Poisson. Chapter 2 ends with a look at compensators and weak hazard
functions, and a very useful lemma specifying the form of a compensator for a process
(under certain conditions) is presented.

In Chapter 3 the groundwork laid in Chapter 2 is used to fully develop the model
that will finally be used to describe the problem. The first step is to make precise
what it means to detect optimally the change set, and this is done by introducing a
gain function. The next step involves showing that the gain fﬁnction can be expressed
as an instance of a special type of structure, called a smooth semi-martingale, in order
to apply to it lemma 3.1.5, which ensures that an optimal solution to the sequential
detection problem exists (under certain conditions). The remainder of the chapter is
dedicated to finding conditions sufficient for application of the lemma, and the results
of this investigation are summarized in Theorem 3.2.1, the main result.

Chapter 4 details applications of the results from Chapter 3. Specifically, an
alternate valuation function to the one used in the paper is investigated and shown
to satisfy the hypotheses of the optimality theorems, and with a bit of calculation
the example of a change set generated by the first line of a non-homogeneous Poisson

process is brought within the scope of these theorems as well.
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Chapter 2
Preliminaries

The spatial processes of our model are instances of random measures. The theory of
random measures constitutes section 2.1 and is well expounded in the main source
of the section, [6]. In section 2.2 analyses of point processes are carried into higher
dimensions and many of the tools - elementary definitions and properties - pertaining
to our model are explained for later use. A subsection is devoted to the space of upper
layers, to which the change set of the model belongs, and it is shown how a random
upper layer arises from a single line process. Stopping sets are also defined here, and
in Proposition 2.2.14 it is shown that a stopped ]R‘jlL indexed martingale, expressible as
the difference of two increasing processes, has expectation 0. Finally, the conditional
Poisson process in higher dimensions, the first line of a Poisson process, and the

likelihood function of a point process are defined and discussed.

2.1 Processes in 1-dimension

Fix a probability space (2, F, P) and let E be a locally compact, second countable,
Hausdorff space. Form the g-algebra £ generated by the open sets in F, and let B

be the collection of relatively compact sets (also referred to as bounded sets) from &.
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2.1. Processes in 1-dimension 6

Call a measure p on (E, &) radon if u(B) < oo VB € B, and let 9 be the collection
of radon measures on (F, ) and 91 the collection of measures N from 9t such that
N(B)e NVB e B.

Define a o-algebra M on 9 by letting M be generated by all maps 9 > p +—
w(B) where B € B; that is

M={{peMu(B)e H};B e B,H € B(R)}.

Let AV be the g-algebra on 91 obtained by taking the trace of M over 91 (or equiva-
lently the o-algebra generated by the maps M 5 p +— p(B) where B € B).

Definition 2.1.1 A random measure (on E) is a map M : Q — 9N measurable

F/M. A point process (on E) is a map N : Q — N measurable F/N .

Given a point process N and B € B, N(B) will be used to denote the map given
by w > N(w)(B).

Lemma 2.1.2 Let N be a point process on E = R,. Then
i) N(A) is measurable for each A € £,

#) If X andY are real, non-negative random variables then so is N[X,Y), and dx

s a point process,
iti) N can be expressed as a sum
oo
N = E 0x;
J=1

for some random variables X;,5 > 1.

Proof:
(Parts of the proof can be found in lemma 2.1 of [6]). First let A € £, H € B(R).
The set S := {p € M; u(A) € H} is in N by definition, so

N(A)™(H) = {w;N(w)(4) € H}
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2.1. Processes in 1-dimension 7

= N7(S)
c F

since N is a point process. This verifies part i).
Now let X, Y be non-negative random variables and let (X,)n>1, (Yn)n>1 be se-

quences of simple random variables converging to X and Y respectively from below,

say Xn = S aila,, Yo =S biIp,. Then

XnaY iiNaza IA iNB;

i=1 j=1

is measurable by part i) for each n. Clearly [X,(w), Yp(w)) — [X (w),Y(w)) as n — o0
for every w € Q, and hence, as N(w) is a measure, N[X,,,Y,,) converges everywhere
to N[X,Y). Therefore N[X,Y) is indeed a random variable.

To see that dx is a point process, simply note that §, is an integer valued measure
for each z € Ry and that for A € N, say A = {y; u(B) € H} for some compact B € £
and H € B(R,),

0% (4) = {w;dx)(B) € H}

(¢ if0,1¢ H
X-YB°) if0eH1¢H
XYB) if0¢H1cH
Q if0,1€ H

\

e F.

Therefore dx is a point process and ii) is verified.

Now let Xy(w) := inf{s; N(w)([0,s]) > k} for k > 1, w € Q. Then, {X) <t} =
{N([0,%]) > k} € F, and so each X} is a random variable. Furthermore, for fixed
w € Q, it is clear that N(w)[0, X;(w)) = 0 and that, for z € (Xp(w), Xx+1(w)) say,
k < N(w)([0,z]) < k + 1 by definition of the X;. As N(w) takes only integer values,
this means that N(w)(Xg(w), Xgr1(w)) =0
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2.1. Processes in 1-dimension 8

Therefore, if we define ., := 0, we may write N = Z;’_’;l dx;, verifying iii).
[ |

The X; of the above lemma are the jump points of the process N. Note that
arriving at an expression for N in this form required an ordering for the X, and so
while the preceding arguments are valid on the line, extending them to higher dimen-
sions is a bit tricky and some concessions have to be made (particularly regarding the
measurability of the X;).

Of particular interest is the Poisson process.

Definition 2.1.3 A point process N on E is a Poisson process with mean measure

ueEMif

i) whenever Ay, A, ..., A, € € are disjoint the random variables N(A;), ..., N(Ay)

are independent

it) forAe & and ke N, P(N(A)=k) = H_(kil)_’“_e—p(A)_

When E = R4, p is often taken to be a multiple of Lebesgue measure or the
integral of some continuous, nonnegative function with respect to Lebesgue measure.
Such multiples are called intensities and such functions are called rate or intensity
functions for their respective processes.

There is also the notion of a process with a change point: The goal is to construct
a (Poisson) process which, conditional upon o, has mean measure yg on [0, ¢] and p4
on (0,00). To do this one defines a new “measure” which is some combination of g

and pq and serves as the intensity of the process.

Lemma 2.1.4 Let E =R, g, u1 € M, and let 0 : Q@ — E be a random variable.
For Ae & ,w €, define

p(w, A) := po(AN [0, 0(w)]) + (AN (o(w), 00)).
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2.1. Processes in 1-dimension 9

Then 1 is a random measure on E.

Proof:

First, fix A € £ and ¢t € E. Define z = inf{s € E; uo(AN[0,s]) > t}. Then

0 it z =00
wimAnD oW 21 = { |
o~ [x,00) otherwise

e F.

Since t € E was arbitrary, it is clear that the map w — po(ANI0, o(w)]) is measurable.
Similar arguments show that the map w — u;(A N (0(w), 00)) is measurable. Thus
the map w — p(A,w) is measurable. This map is denoted u(A).

It is obvious that A — u(A,w) is a measure for fixed w, and that this measure

is radon. Also, notice that if M € M, say M = {p;p(B) € H} for some relatively
compact B € £ and H € B(R,.), then

{w;n(w)(-) € M} = {w;p(w)(B) € H} € F.
Thus p is a random measure.
[ |

Note that the above lemma shows in fact that, for each A € £, u(A) is measurable
F° (the sigma algebra generated by o).

Definition 2.1.5 Let E = R,, £ = B(Ry), po, s € M, and let 0 : Q — E be
a random variable. Define u as above. Then a point process N on E is a Poisson

Process given o if, with probability 1, the following hold:

i) for each A€ & and k €N,
P(N(A) = k|o) = LA e=n)

it) whenever A, ..., A, € € are disjoint

P(N(A;) = ki,1 <i<n|o) =T, P(N(A) = ki|o).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2. Processes in Higher Dimensions 10

The point process N of the above definition is an example of a doubly stochastic
Poisson or Cozx process, and ¢ is referred to as a random change point, if o is constant

it is simply referred to as a change point. Later, change points will be generalized to

change sets.

2.2 Processes in Higher Dimensions

Consider the partial order on R given by (1, ...,t4) < (s1, ..., sq) iff t; < 83,1 <4 < d,
and for ¢t € RY define 4, = {s € R%;s < t}, B, = {s € R%;s > t}. For s,t € RE say
s<<tiff s; <t;ift; >0,and s; =01if t; =0, i € {1,...,d}. Recall that a stochastic
process on a set E is a collection (X;)scp of random variables indexed by points in E,
and that a filtration (F;)icp on a partially ordered set E is an E-indexed family of
o-algebras such that s < t = F, C F,. When E is some rectangle of Rd containing 0
outer-continuity is typically required of a filtration; that is to say F; = Np>1.F:, must
be satisfied for all points t € E and sequences t, | t. Also recall that one says X is
adapted to the filtration if, for every t € E, X; is F;-measurable.

If N is some point process on E we may think of it also as a stochastic process on
E by defining Ny(w) = N(w)(A;), and we may associate to it the minimal filtration
for N, also called the filtration generated by N, denoted FV and given by F¥ =
o(N;;s < t). The o-field F}Y represents the information known about N for points
preceding ¢ (with respect to the partial order). For instance, if s < ¢ one can determine
for which w it is that Ny(w) is positive by examining F}¥, to which the set {w; Ns(w) >
0} = N;1(0,00) belongs.

Definition 2.2.1 Let E = [0, R] = [[%,[0, r;] for some R = (r,
i1y erig € {0, ..., 271}, Let

yTq) € R and let

. (e, ledDre] e 5 5 0
k,:
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2.2, Processes in Higher Dimensions 11

and define H;, i, = Hﬁ:l Hy. The n't rectangular partition of E is

Cn = {H’ily...,id;o S il) "'77:d S 2" — ]‘}

For C € C, let tc = inf C,tc+ = supC be the southwest and northeast corners of C

respectively.

A point process (or stochastic process) N is jointly measurable if the map from
1 x E to Ry given by (w,t) — N;(w) is measurable F ® £. The second part of the

following lemma provides a sufficient condition for joint measurability.
Lemma 2.2.2 Let E = [0, R] for some R € R%.

i) If M is a point process on E then the minimal filtration F™ for the stochastic

process (My)ieg is outer-continuous.

it) If N is a stochastic process on E with outer-continuous sample paths then N is

jointly-measurable.

Proof:

The proof of part i) is a simplification of Proposition 5.21 of [3]. For aset A C F,
Int(A) is used to denote the interior of A. Let t € E be arbtitrary, let (¢,)n,>1 be
a sequence converging to t from above, and for w € Q let §(w) = inf{d(s,t);s €

E\ Ai, M(w)({s}) > 0} (here d denotes the sup-norm). If B,(A;) is the open ball of

radius x around A; with respect to d, then
{6 > 2} ={M(B,(A)\ 4;) =0} e F

and so ¢ is a random variable. Since M is finite on bounded regions, § > 0 w.p.1.

Select a subsequence (tn, )i>1 8.t. d(t,tn,) < 1 for each k € N, and let
1
Gy = {w; 6(w) > E}

Note that Gg T {w;d(w) > 0} = Q.
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2.2. Processes in Higher Dimensions 12

Now if s < t,, then Ms(w) = Mgpi(w) for each w € Gy. That is to say that, for
any Borel subset B of Ry, Gk N M1 (B) = Gx N Mgy(B) € Gy N FM. Since F is
generated by sets of the form M;*(B) where s <t,, and B € B(R,), it follows that

G N ]:%c C G, N FM. The reverse inclusion is immediate, and so
GeNFil =GeNF VkeN.

So let A € Ne1 FM = ﬂkzlﬂﬁ. Then for each ¥ € N 3B, € FM such that
AN Gy = By NGg. Since the Gy are increasing one can assume that By C By, for

each k. Then

A = AN (U3 Gk)
= U (ANGy)
= U (BkNGg)
= Uil Bk

e FM.

This means that N> FM C FM, and since the reverse inclusion is immediate it
follows that FM is indeed outer-continuous, verifying i).

Turning toward ii), let C, be the n** rectangular partition of E = [0, R] and for
(w,t) € QA x E let

Np(w, t) == Z IC(t)N,:CJr (w).

CeCn

Since Jpee, C = [0, R], if t € E 3 a sequence of rectangles C,, € Cp 5.t to+ | ¢
as n — oo. In fact, to+ = inf{tp+ > ;D € C,} and C, | {t}. Then, by the

outer-continuity of N.(w),

Np(w,t) = Ntc:{(w)
- Ni(w)
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2.2, Processes in Higher Dimensions 13

Now, as each N;_, is a random variable for C € Cy, for any H € B(R;)

{8 Ny, () € HY = N2 (H)xE

to+

€ FQRE,

and as each such C is a Borel set,

0 if0,1¢ H

OxC if0¢H1eH
{(w,t);Ic(t) € H} = <
QOxC° if0cH1¢H

\QXE if0o,1e H
e FRE.

Thus N, as the product of jointly measurable maps, is itself jointly measurable for

each n € N, and so too must N = lim N, be. This verifies ii).

n—oo

2.2.1 The Space of Upper Layers

To begin the task of extending the notion of a change point to dimensions higher

than 1 some topological constructs are needed. From this point forward assume that

E =0, R] for some R € R%.

Definition 2.2.3 A point process L on E is called a single line process if each of its

Jump points are incomparable with respect to the partial order on E.

Definition 2.2.4 A set D C E is a lower layer if s <t and t € D together imply

s € D. A setU is an upper layer if it is the complement (in E) of a lower layer. U

denotes the collection of closed upper layers on FE.
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2.2. Processes in Higher Dimensions 14

Definition 2.2.5 Let (X,d) be a metric space and let C denote the set of compact
subsets of (X,d). Fore > 0,U € C let B.(U) :={z € X;3u € U s.t. d(u,z) < €}.
The Hausdorff metric induced by d is the map dgg : C — R, given by

dg(U,V) := max{inf{e > 0; V C B.(U)},inf{e > 0;U C B,(V)}}.

It is immediate to check that the Hausdorff metric is indeed a metric, and in [9] it
is shown that (C,dg) is complete if (X, d) is. Let B(U) be the o-algebra of subsets
of U that are Borel with respect to the Hausdorff metric induced by d, the metric on
R? induced by the sup norm. Note that this metric is equivalent to the Hausdorff

metric induced by the Euclidean metric on E. (U, B(U)) is a measure space that will

be needed later on.

Lemma 2.2.6 Let L be a single line point process on E. Then the map £ : Q — U
given by E(w) = {s € E; Ly(w) > 0} is F*/B(U)-measurable.

Proof:

For simplicity, take d to be the sup norm. Let O € B(U) be a basic open set, say
O ={V;dg(V,U) < €} for some € >0, U € U, and let r > 0, w € Q. For s € [0, R}
adopt the notation s +r = (s +r,...,84 + ).

First suppose that Vs € Q¢ NU Ly, (w) > 0 and let t € U. Then, as U is a

closed upper layer, 3 a sequence s,, € Q‘i NU s.t. s, | t. For each n, L 4(w) > 0.

Since L(w) is a measure

Liyr(w) = L{w)(Asr)
= T}LngoL(w)(Asn—l—r)

> 1.

As &(w) is an upper layer, Ly, (w) > 0 iff t € B,(£(w)). Since t € U was arbitrary,
U C B,(£(w)). This was deduced from the supposition that Vs € QLNU, Ly (w) > 0;
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2.2. Processes in Higher Dimensions 15

clearly the reverse implication holds and so

{w;UCB (W)= (] {w;Lor(w) >0} € FE

s€Q{nU

Now suppose that, Vs € QL Né(w), s+ 7 € U and let ¢ € £(w). As &(w) is a closed
upper layer, 3 a sequence (s,)n>1 in Q4 N&(w) s.t. s, | t. Then, since s, +r € U for
all n and U is closed, t+7 € U. Note that t+r € U iff t € B,(U) since U is an upper
layer. As t € &{(w) was arbitrary it follows that £(w) C B.(U). This was deduced
from the supposition that Vs & Q‘fr Né(w), s+ r € U; clearly the reverse implication
holds and so

{wiéw) S B} =[] {wiLs(w)>0}eFr
5€Q4NB (V)

Now

£0) = {du(&U) < e}
= {inf{r > 0;¢ C B,(U)} < e} N {inf{r > 0;U C B,(¢)} < €}
= {FreQi,r<e CB(U)}N{Ir e Qu,r <e,UC B.(§)}
= U {cBWn{U B}

reQq,r<e

e FL

Since O was a basic open set, the above is sufficient to ensure that £ is measurable

from F¥ to B(U).
[

Lemma 2.2.7 Let L be a single line point process on E, and let £ = {t € E; L, > 0}.
Then FL C F¢ .= o(¢).
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2.2. Processes in Higher Dimensions 16

Proof:

For n € N let C,, be the n® rectangular partition of E and define U, to be the
collection of unions (of elements) from C,, which are upper layers. If U C E'\ A; define
oy = d(t,U). Let F{* = Uy, vceay Bo (U), where Bs, (U) represents the open
ball in U of radius dy around U with respect to the Hausdorff metric dy. It should
be clear that, for large enough n, F{* is exactly the set {D € U; D C E\ A;}. Since it

is the union of open subsets of U, it follows that this set, and hence its complement,

is in B(U). Now, since the collection of all subsets of the form N]_,{L,, = k;} for
some j,ki,...,k; € N, s1,...,8; < R is a m-system generating FZ, it is sufficient to
show that {Ls; = k} € F¢ for any k € N, s < R. Now L; = k if and only if A,
contains k “corners” of €. This is equivalent to the condition that, for n large enough
(so that each element of C, contains at most one jump point), there exist distinct
elements Cj, ...,Cy € C, such that C; N A, # 0 and ta € £ but ¢ ¢ £ for any of the

2¢ — 1 other corners ¢ of C;, for each i. Thus

k
{L=k=UJ NN U {t&, €€\ ( U {ceg}),
m21n2mi=1{C;€Cn;CiNAs#0} {c a corner of ¢;}
and so it remains to show that {t € £} € F¢ for any ¢t € E. However, since {t € {} =
£Y({D € U; E; C D}), this follows from the argument above. Therefore 7~ C F*¢.
[ |

The two preceding lemmas show that FZ = F¢ whenever ¢ is defined from the
single line point process L as above. Similar arguments show that FZ = F% where

& Q—-UNA; :={UNAs;U € U} is the map &,(w) = {(w) N As.

Definition 2.2.8 Let p: 2 — L be a map to the collection of closed lower layers on
E. p is a stopping set with respect to the filtration (Fy)iwcr if

{tep} e L VteE.
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2.2. Processes in Higher Dimensions 17

p is discrete if the set {p(w);w € Q} has finite cardinality.

The above definition generalizes the more well-known notion of a stopping time
on the line, where it is required that {7 < ¢t} € F; in order for 7 to be a stopping
time with respect to a filtration (F)icr,. To see the connection, assume (F)ier, is
right-continuous, let p = [0, 7] and note that {7 =t} = {7 < t}\Us<tsco{7 < s} € R
and {t < 7} ={t =7} U{r < ¢}° as well as {t < 7} = {t € p}. Hence, for all
t, {t € p} € F;. Conversely, if this holds then 7 is a stopping time: if (¢,) | ¢ with
t < t, for each n, then

{T < t} = ﬂnZl{T < tn} = ﬂnzl{tn (S p}c & ﬂnZlftn = .Ft

In 1-dimension, therefore, the notions of stopping set and stopping time are equivalent

(so long as the filtration is outer-continuous).

Lemma 2.2.9 Let p: Q — L be a stopping set. Then p is B(L)-measurable.

Proof:

For simplicity, take d to be the sup norm. Let O be a basic open set in L, say
O ={V;dg(U,V) < €} for some ¢ > 0,U € L. Then

{w;inf{r > 0; p(w) € B, (U)} < €}
=  |J {wew) < BsU)}

56(075)0Q+

= U N{wtenw)=teBs(U)}

66(076) ﬁQ+ tEQi

- (| Awstepw)}
8€(0,0NQ+ teQd "B (T)°
€ F,

as well as

{w;inf{r > 0;U C B,(p(w))} < €}
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2.2. Processes in Higher Dimensions 18

= U {w; U C Bs(p(w))}

6€(0,e)NQ+

— U (] {w;u € Bs(p(w))}

6€(0,6)NQ+ ueUNQd

= U N wu-depw)

3€(0,6)NQ+ ue UﬂQ'j_

e F,
where u — 6 = (max{u; — 6,0}, ..., max{ug — 6,0}). Since

p7H0) = {w;inf{r > 0;p(w) € B.(U)} < ¢}

ﬂ{w; inf{r > 0;U C B,(p(w))} < 6},

and since O was an arbitrary basic open set, it follows that p is measurable.

2.2.2 Stopping and Martingales

Recall that the goal is to detect an unobservable border separating two regions with
differing intensities of a conditional Poisson process. Thus, given a gain function, as
we travel northeast we should be able to “stop” at some point that is optimal with
respect to this gain function. Some different gain functions will be investigated later
on, but a first step is to make clear what is meant by “stopping”.

As has been seen, stopping sets generalize the 1-dimensional analogue of stopping
times. However, it remains to be shown that, given a stopping set p and a stochastic
process X, X, is measurable. This will be done via approximations.

For a function v on E with R € R?, one defines the increment of v over a rectangle
(8,t] = (51, t1] X (82, t2] Via v(s, t] = v(t1,t2) —v(s1,t2) —v(t1, S2)+v(51, 82). The idea is
to view v as a set function defined first on the rectangles A; emanating from the origin
via v(A¢) = vy, and then on (s,t] = A; \ (A(syt0) U A(t,s9)) by treating v as if it were

a signed measure and using the inclusion-exclusion formula. (Increments are defined
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2.2. Processes in Higher Dimensions 19

similarly in higher dimensions via the inclusion exclusion formula). Additionally, one
says that v is outer continuous with inner limits (ocil) if at each t € E, t, — t =

lim v(t,) exists and t, | t = v(t,) — v(t).

n—00

Definition 2.2.10 A function v on E is increasing (decreasing) if
e v is O on the axes,
e v is outer continuous with inner limits
o for everys <te€ E, v(s,t] > (X)0.

A stochastic process V = (Vi)ieg 1s increasing (decreasing) if, for each w € §, the

function V.(w) is increasing (decreasing).

Let X be an increasing stochastic process on E. Theorem 12.5 of [5] implies that,
for every w € Q, 3 a unique measure p(w) on E s.t. p(w)(s, t] = X (w)(s,t]. X will also
be used to denote this measure; in this way increasing processes are extended to Borel
sets. Clearly a process M, if it is the difference of increasing stochastic processes,
can be similarly extended with M(w) corresponding to a signed measure for each w.
It follows that for sets A,, A satisfying A, — A (i.e. A = limsup A, = liminf A,),
X(A4,) — X(A) also holds.

Lemma 2.2.11 Let p be a stopping set on E. There exists a sequence (p})n>1 of

discrete stopping sets satisfying p; | p.

Proof:

Let C, be the n* rectangular partition of E and define the n‘*-approximate of
p to be pf = Ucec,,i0epC. Fix w € @, let u € pf(w) and let s < u. Let C; and
Cs be the unique elements of C,, containing s and u respectively. Then, as s < u,
to, < te, € p(w) which implies that t¢, € p(w) since p(w) is a lower layer. So

s € C; C pF(w) and it follows that p; (w) is a lower layer.
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2.2. Processes in Higher Dimensions 20

Now let u € F be fixed, and let C € C, be unique such that u € C'. Then
{uept}={tc. € p} € Fi,. C Fu. So p} is a stopping set. Since each C, is finite it
is clear that the p; are discrete.

It remains to show that, for each w € Q, pf(w) — p(w) with respect to dg
(where dp is constructed from the sup-norm). Let € > 0 and choose n large enough
so that ZL,..., 7% < e. Let m > n and u € g}, (w). Then IC € Cy, such that u € C
and tc_ € p(w). Since te_+€ > to_+ (F, ..., 3%) > u, it follows that u € B(p(w))
and hence that p} (w) C B(p(w)) as u was arbitrary. Since p(w) C p; (w) for all m,
the conclusion is that dg(p(w), p(w)) < € for all m > n. Thus (pf)n>1 is indeed a

sequence of discrete stopping sets converging to p from above.

Corollary 2.2.12 If M is a stochastic process which can be expressed as the differ-
ence of two increasing processes X andY on E = [0, R] and p is a stopping set, then

the map M, : Q — Ry given by M,(w) = M(w)(p(w)) is a random variable.

Proof:

For each n € N

Xpi{ = Z X(C)itoepy
ceCn

is a random variable. Since X is increasing and p}(w) | p(w) for all w, it follows that
X(w)(pf(w)) = X(w)(p(w)) for all w. Thus X, = lim X + is a random variable.
n—00 n

Similarly ¥, = lim Y + is a random variable. Therefore M is as well (and M, =

lim Mpﬁ[)

n—oo

Definition 2.2.13 Let M = (M;)icr be an integrable stochastic process on E, adapted
to a filtration F = (Fy)ieg. M is a weak F-(sub)martingale if M is equal to O on the
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2.2. Processes in Higher Dimensions 21

axes and, for every s <t e FE,
E[M (s, t]|Fs] = (>)0.

Proposition 2.2.14 Let M be a weak (sub)martingale expressible as the difference

of two increasing integrable processes. Then for any stopping set p on E, E(M,) =

0 (> 0).

Proof:
Assume that M is a weak martingale as only superficial changes need to be made to
adapt the proof to the sub-martingale case. Let p; be the n'*-approximate of p. As
shown in the previous corollary, M+ — M, almost surely.

Let X and Y be increasing, integrable processes such that M = X —Y. As p C
0, R], X,(w) < Xg(w) for each w so that E[X,] < E[Xg]. Similarly, E[Y,] < E[Yg]
and so M, is integrable. Now,

M(p3) = M(C)o.ep-
CeCn

Taking the expectation yields

E(Myz) = Y E(M(C)- Iigen)
ceCp

Y Elcpy - EIMel P )
Celn
=0

since M is a weak martingale. Now, by dominated convergence (Xg + Y dominates

M, and M +) it follows that E(M,) = 0.
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2.2.3 The Conditional Poisson Process

In the current model the “border” dividing the regions with differing intensities of
random points corresponds to the boundary of a random upper layer &, and the
random points correspond to the jump points of a spatial point process N that has,
conditional upon &, a Poisson distribution with intensity o on £° and p; on €. The

constructions involved are remarkably analogous to their 1-dimensional counterparts.

Lemma 2.2.15 Let L be a single line point process on E, & = {t; Ly > 0}, po, 11 €
R, and define p: 2 — 9N via

(w)(A) 1= pol AN (w)] + ]| A NE(w)]
for A€ &. Then i is a random measure on E.

Proof: -

First note that since L is a point process it has outer-continuous sample paths and thus
is jointly-measurable by lemma 2.2.2. Fix A€ £ =B([0,R]) and let f: Qx E — R
be the map f(w,t) = I{w,0);L:(w)=0}- If B € B(R;) then,

’

0 0,1¢ B

OxE  0,1€B
{(w,1); f(w,t) € B} = (2.2.1)
L'({0}*) 0eB,1¢B

|L'({0})) 0¢B,1eB

and hence, by the joint-measurability of L, f is jointly-measurable. Then the section
f.o of f is E-measurable (and so too is f,la) and the map w — [ f,(t)I4(t)dt is
F-measurable by Fubini’s theorem. But this is the map w — |£°(w) N A|, and similar
arguments show that the map w ~— |£(w) N A| is measurable. Hence the map w —

p(w)(A) is measurable.
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To conclude, let M € M, say M = {p € M;p(G) € H} for some G € &,
H € B(R+) Then

W M) = {w;pw)(G) e H}
= w(G)H(H)
e F

Therefore p is a random measure.
|

Note that the previous lemma shows in fact that, for every A € &, u(A) is

measurable FL = F¢,

Definition 2.2.16 Let N be a point process on E, L a single line point process,
¢ ={t e E;L, > 0}, and let pg,puy € Ry. Let u be the random measure defined on
A € & by p(w)(A) = wo|ANE(w)| + u1|ANE(w)|. Then N has a conditional Poisson

distribution given & with rate g on £° and puy on & if
i) for k € N and A € B(E), P[N(A) = kl¢] = #A c-u(4)

i) for Ay, ..., A, € B(E) disjoint,
P(N(Aj) = ki, 1 < i <nlf) = [[;; P(N(A) = kil).

& is referred to as the change set.

Consider a single line process L and £ as in the above definition, and recall that
(U, B(U)) is the space of upper layers on E. If s € E one may consider the space
UNA, ={UnNAs;U € U} together with the o-field B(U N A,) traced by A,. The
map & : Q — U N A, given by &(w) = £(w) N As projects the image of £ onto Aj,
and by arguments similar to those in lemmas 2.2.6 and 2.2.7, it is easily seen that

U(&S):]:SL-
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Suppose that, given &, N is conditionally Poisson with mean measure y given by
definition 2.2.16 and let G € o(&;) be arbitrary. Since o(¢s) = FL C FL = F¢ by
lemmas 2.2.6 and 2.2.7, it follows that for any A € £N A,,

| PN ) = Heap
- /G PIN(A) = k|¢]dP

_ / (mo€°N AN Al + €N AN A|)ke—(nOIECnAsnAHmIznAsnAl)dp
G

k!

/ (pol (As \ &) N Al + pal€s NV AD® _(ofanenartmicnad g p
!
G

One may replace, in the first term above, N with the process N|4, on (A,, ENAs)
given by N|a,(w)(A,) = Nyu(w) for all u < s (so that FiNlas = FN for all u < s).
It follows that, given &, N|4, is conditionally Poisson on (A, € N A;) with mean

measure Us given by

/-LS(A) = Mol(As \ gs) N A| + /1'1|§s N A|

Following arguments similar to those in lemma 2.2.15 one can show that u(A) is

measurable & = FL for every A € £ N A;. Since A € €N A, implies

/ P[N(A) — k|£]dP _ / (M0|(As \ fs) N ,];1'| + ,u1|€s N A|)k6—(uo[(As\£s)nA|+m|gsnA|)dP
G qQ !

for all G € F¢, it follows that P[N(A) = k|¢] is measurable F% and hence that
P[N(A) = k|¢] = P[N|a,(A) = k|¢] whenever A € £N A,. Now, if B is of the form

{zl{Nui = k;} for some u; < s and k; € N then, since N(w) is a measure for fixed
w, B can be written as ﬂf=1{N(Si) = h;} for some disjoint sets Sy, ..., Sy € € N A
and some hq, ..., hy € N. Then

L

¢
P[BI¢] = HP[N(Si) = hi|¢] = HP[N|AS(Si) = hil&s] = P[B|&].

i=1 i=1
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Sets of the form B form a 7-system generating .V, and so one may conclude that

P[A|¢] = P[A|&] for any A € FN. Then, for any such A4,

PAIFE, FLy) = EIE[L4)|FE, FE,)
= E[P[AK]|FS, Fi
= E[PAE]IFE, 7 )
= PlA&]
= PlAFE

since Fy, Fl, g C F¢ = 0(§) (here F(, 4 := 0(Ly;x € (s,1])). Therefore, if we define
F L gH to be the condition

P[H|G,F] = P|H|G]|VH € H
for o-fields F, G, H, see [7], then one has the following:

Lemma 2.2.17 Let L be a single line point process, let & = {t € E; Ly > 0}, and let
N be conditionally Poisson given £. Then FN 1L 7 F; (st forany s € E.

Lemma 2.2.18 Let J be a non-explosive point process, and for each w let Aj(w) =
{t € E; JWw)({t}) > 0}, Ap(w) = {t € Aj(w);t' £ ¢t V' € A such that t' # t}.
The map Jy : Q2 x € — R, given by J1(w)(A4) = ZteAJl () 0¢(A) is a single line point

process and is referred to as the first line of J.

Proof:
For eachne N, A € &€ let
Jin(A) =) J(CNA)- Iy, <1y
CeCn
Clearly Ji,(A) is a random variable for each n and A. Furthermore, it is clear that for

n large enough it is precisely the points of Ay N A that receive a mass from Jy,,(A)
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for m > n. Hence

n—00

is a random variable for each A € £. It is also clear that J;(w) is a measure for each
w (it is just the sum of diracs). Finally, if M € N, say M = {p € 9, u(B) € H} for
some B € £, H € B(R,), then

{w; hw) e M} = {w; i(w)(B) € H}
= Ji(B)"'(H)
e F.

It follows that J; is a point process, and it is a single line process by construction.
|

The set Ay, of lemma 2.2.18 is sometimes denoted min(A ).

Lemma 2.2.19 Let L be a single line point process on E, let € be the random upper .
layer € = {t € E; L; > 0}, and let (F;)icr be a filtration satisfying FX C F; for each
t € E. Then £° is a stopping set with respect to (Fi)swck.

Proof:

It is clear that the complement of an upper layer is a lower layer, hence £(w)c € £

for each w and the question is whether {t € £¢} € F; for every t € E. Note that

{tevgt = ([} A{Le=0})[{L:>0}
seQdnlnt(Ay)
€ Ff

(here 9¢ denotes the boundary of £). Then

{teg} = {teg)| Jteog}
= {L> 0} J{t e o)
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c FF
c F

and so £€ is an (F})iez-stopping set.
|

The change set of the conditional Poisson process N is generated by the single
line process L. There are many ways that L can arise: it may consist of a single jump
point, or it may be the first line of some other point process. Of particular interest
is the case that L is the first line of a spatial Poisson process J, because this case is
the higher dimensional analogue to the case considered in [1] where the change point

o is the first jump point of a Poisson process on the line.

2.3 The Likelihood Function

We desire that an observer in our model moving “northeast” have the capacity to
decide, based on observations of the process N up to his position ¢t € E (i.e. based on
FN), whether it is likely that he has entered the change set £. That is, we should like
for him to know P[t € £|F}]. In order to manipulate this expression for the purposes
of solving the optimal detection problem, formula (18) given in [2] is needed, and
it will be rigorously justified in this section. For clarity of exposition and to avoid
cumbersome notation, the arguments will take place in R2 although each holds in
the general setting of R%.

Fort € E,C € B(Ay), let X; ¢ be the collection of sequences (z;, ..., zx, 00, 00, ...)
such that, for some 0 < ¢ < k, z1,...,2; € C,Ziq1, ..., 2 € A\ C and 211 < ... <
%i1,0 < Tip11 < ... < 21 < Ry. (That is, the points contained in C are ordered with

respect to their first coordinate and precede the points lying outside C, which are

o0
1 5%

i=

similarly ordered amongst themselves). Let n : X; ¢ — 91 be the map n(z) = >
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(where 6., := 0), and let X;c = o(n). Note that n has the same form for each
te E,C € B(A;), and that n is injective. Furthermore, if M(t) = {u|4,; 1 € N} and
N, (t) is the subset of N(¢) consisting of measures p never giving mass to more than
one element of any vertical line, then n is surjective onto 91,(t) (see [6]). Given a
point process N on E such that N(w) € 9M,(R) for every w, define Njx : Q — Xy ¢
via

foo(w) = (Z1, ..., Tk, 00, 00, ...)
where z1, ..., Ty € Ay satisfy N(w)({z1}U...U{zx}) = N(w)(A;) and (x1, ..., Tk, 00,00, ...) €
X;c. Note that no N}y = N|u, for any t € E,C € B(A;). Therefore, for a set
S € X, say S = {Z € Xy 0;n(%) € W} for some W € N,(t) := N NMN,(t), say
W = {p € M,(t); u(B) = k} for some B € B(A;), m € N, one has

(Nfe) 7' (S) = {win(Nie(w)) € W}
= {w; N4, (w)(B) = k}
= {w;N(w)(B) =k}
= N(B)'({k})
€ F.

Thus N} is measurable F/X; ¢. Let v;,¢ be the measure P(N;¢) ™" on (Xi ¢, X40).-

Definition 2.3.1 (Daly, Vere-Jones [8]). Let N be a point process on E, and for

x € E define

n . 1 1
Ax == [(5131,.’1}2), (1171 + n,ﬂ?z + n)]

The likelihood function £y(t) : My(t) — Ry is defined as follows:

() = tim TIVANAR) = o = N(ANAL) =1, N(A\ ULAZ) = O
N )= n—00 ‘Agl X ... X Agk

where (1, ..., Tg, 00,00, ...) = n" (u) € X;c, and | - | represents Lebesgue measure.
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Of course the denominator in the above expression is simply (Z;)¥, but the rep-
resentation given in the definition is more suggestive of what is going on. At times,
the notation £y (t)(z1, ..., zx) or £y (t)(Z) will be used in place of £y (¢)(p) when it is

clear from context that u = n(zy, ..., T, 00, 0, ...) = n(Z).

Definition 2.3.2 (Daly, Vere-Jones [8]). Let N be a point process on E. Let L
be a single line point process on E, and let & be the upper layer {t; Ly > 0}. The
conditional likelihood function £ye(t) : My (t) X Q — Ry is defined as follows:

Ce(B) () = Tim PI[N(A;NAZ) =...= N(ANAL) =1, N(A; \ UL, A7) = 0[¢](w)
NE ) ey o "
n—00 |AZ X ... x An

where (21, ..., Tk, 00,00,...) =n" (u) € X; 0.

In order to determine the likelihood function of a Poisson process N with mean
measure 4, note that for distinct x;’s and large enough n, the A% are disjoint and
hence the N(A? ) and N(A;\ UL, A? ) are independent. Thus the likelihood function
for N is

L PINGAN\ U A7) = O]TTE, PIN(AR) = 1
(o wme) = i 85, %% O,

k
_ JL%(nz)ke—u(At\Ui?:lA:i) H M(Agi)e—u(A&.)_
i=1

In case p is of the form (|| for some constant g > 0 notice that ,u(A;Li)e_“(Agi) =
el B n%’f;% = b8 1 o() so that n?u(AZ )e ™ 2%) = g+ o(L). Therefore, in this
case, the likelihood function takes the form £y (¢)(zy, ..., zx) = pke#ol4tl, Notice that
Zn(t) does not discern the locations of the points z1, ..., zx - only their number. Thus
Zn(t)(Z) has the form ,ug(i)(A‘)e‘”O’Af‘ for all £ € X ¢, and so one may represent the

likelihood function with the more concise

In(t) = Ng(At) e Hol As|
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Suppose now that N and L are as in definition 2.2.16: that is, L is a single line
process and, given £ = {t; L; > 0}, N is conditionally Poisson with rate uo on £° and

uyon €. Fixwe Qand z; € E. According to the definition,

P[N(AZ) _ 1|§] _ (MOI&C N AZJ “f‘,Ufl|§ 0 Azi|)e*(uolﬁcmA&|+u1l€ﬂA§§i|).

If z; € £€(w) then, since €°(w) is open on its northeast border, for n large enough
A2 N¢w) = A7 and PIN(A7) = 1|¢](w) = pol A% [e12%l = £9 4 5(L). Also,
since £ is an upper layer, z; € &(w) implies A}, C &(w) and hence P[N(A}) =
1/€)(w) = 4 + o(5). Since the number of z; € £°(w) is precisely n(Z)(A: N9 (w))

n
T4

and the number of z; € §(w) is precisely n(Z)(A4: N&(w)), it follows that

k

1\ A
[T PIN(AL) = 18l@) = (o + o))" @Anee)
i=1
| B
X Z)yU®) (Ang(w))
(M1+O(n))
N ug(ﬁ)(Atﬂﬁc(w))”rlz(a"c)(Amg(w)).
Furthermore,
P[N(A UL AL) =0l¢] = ool (As\UE AT )NEe]

s e~ Ml (AU A )NE]

— e HolANET| j—pa|AnE]
n—oo

Since the A}, are disjoint for n large enough, the conditional likelihood of N given §

is

Lwg(t)(@) = lim (n*)*P[N(A; \ UL, A7) = 0l¢]

n—o0

k
<[] Piveaz) = 11

— g HolAnge —mIAtﬁélug(ﬂ"c)(Atr"E“)MTll(i)(AtﬂE)

le
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— 8—M0|At|,ug(5”)(At)e—(ulﬁuo)lAtﬂ€|('ul
Ho

) n(E)(ANg)

Since £nje(t) (21, ..., z) is the same for all £ € X, ¢, it is abbreviated to £y (¢). When
it is desirable to forget about {2 we will often write £yj¢=p(t) and work over the space
of upper layers. Note that

) /¢ £)erolAt] o(p1—po) | Atng]
@)1 = log () 1oy (2)
/'I’O 125

is a measurable function of w since w +— |A; N€(w)| is (see lemma 2.2.15).
Note also that the preceding argument shows that there exists a measurable
function dominating P[N(AZ ) = 1,..., N(AZ ) = 1, N(A; \ U, A7) = 0[¢] for each

n, and hence that the dominated convergence theorem may be applied to conclude

I (t) = / Ie(£)dP = / tre—p (H)(PE)(D).

AISO, if £N|Lt=0(t) = ﬁ f{Lt=0} €N|§(t)dp then

1 ) _
/ (1) = —polAd) "(ﬂ)(At)dP _ ool At] n(w)(At).

Now, the conditional mean measure for N is the random measure y given by

w(A) = polANE|+mlANE| = [, f(z)de where f(z) = pol(peeey + 1lize)- So,
with probability 1,

o0

1 m
—————e‘“(At)/ / f(z;)dzy...dzgsm
2 (A\B)™ (B)kH e

m=0 i=1
21
= > e (A B)mu(B)*

m=0

k
_ ﬂ(ff )" -A0)-+u(A0\B)
Kl

:U‘(li)k e-u(B)
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= P[N(B) = kl¢]

for all Borel sets B C A;. Now notice that, for a collection z1,..., g4y of points
from Ay, e #A) T f(z;) = emnlan) 24N n@AN0 _ Nie(n(E))(t) where Z =
(%1 e, Thotm, 00,00, ...) € Xy . So for a typical set S = {Z € X, 5;n(Z)(B) = k} €

X, g where k is some positive integer and B € B(A;), Fubini’s theorem yields

vwn(S) = P[N(B)=H
_ /Q PN(B) = kl¢]dP

=1
- L e (8)(F)dazy...dg s md P
/QZ k] / ANB) / (B wig(®)(Z)do.. Az

= / / () (Z)dxy...dTprm
m AN\B)™ J (B)k

= Z/ d$1 ATjrm

where Sy, = {(%1, o Thom) € (A)*T™; & = (21, .., Thpm, 00,00, ...) € Xy 5, n(F)(B) =
k}. Note that this holds for any B € B(A;), S € &, 5. We shall now consider the case
B=A,u<t.

Let A = {D € U;t ¢ D} € B(U), and note that £ *(A) = {L; = 0}. Let
hs : 91 — R be the map

Je1a ne@) W)(W)APW) [ tyie—p(t)(W)d(PE™)(D)

Jo Ene() (1) (w)dP(w) n () ()
Note that h, is measurable since £y(t) and fn(t) are, and since L'(}) > f —
fg_l( A fdP € R is measurable for each A € U.

hi(p) =

Let G = [N, = k| for some u < t. Using the fact that N|4, =no N}, and a

change of variable, one has
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/ h(N)dP
G
-/ huln o N4, () dP(w)
(N;

¥ 4) T HUBEX , 4, m(B) (Au)=E})

/ ha(n(E))d(P(NE,,)1)(&)
{2eX, 4, ,n(x)(Au)=k}

_ /fAeng ()@dPEND)
- In(t)(Z) B
_ Z Ja tnie=n(t)(Z)d(PE)(D) o (0)(F)d. Az

=0 Sm EN(t)( )

- / > [ @i, . oy md(PE (D)
m=0 m

= me /Zkl ml /At\Au>m/u)k g das.. Az d(PE) (D)
— 'u e uolAt|/ Z Mg‘lAt\A ™| Ay |kd(P§ )( )

ﬁf‘—‘iﬁﬂ)—e—wwt'ﬂhﬂolm\f‘u'zﬂ[é € 4]

k
_ (NO';jul) e——p,olAulp[Lt _ O].

However, it is also true that

/ PlL = 0|F¥)dP = P[L,=0,N, = K]
G
— P[N, = k|L; = 0]P[L; = 0]
(1o Au))*

— - e—uolAuip[Lt =0].

From this it is clear that [, hy(N)dP = [, P[L; = 0|F]dP for any G € F} since

u < ¢ was arbitrary and N(w) is a measure for w € Q. Therefore

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.4. The Compensator 34

h(N) = P[L; = 0|F}] holds with probability 1; that is to say

f{Deu;téD} Lwig=p(t)(N)d(PE~)(D) _ njr=0(t)(N)P[Ls = 0]
En(t)(N) a En()(N) '

Note that £yr,=o(t)(N) = 6"#O|Atlué\r(‘4t) and

PLy = 0|7] =

() = [

U

N(AnNE)
~polAe| , N(At) —(u1—po)|Aen] [ H1 -1
e o e ” d(PE)(D).

The results of the preceding discussion are listed in the following lemma:

Lemma 2.3.3 Let L be the first line of a Poisson process, let & = {t; L+ > 0}, and

let N be, conditional upon &, a Poisson process with intensity o on £° and uy on &.

Then
i) the conditional likelihood of N given £ is given by

: n(A¢NE)
ﬁNlE(t) = e‘#OlAtlMg(At)e—(m—MONAtﬂ&l (%) :
0

i) In(t) = [ Lnig(t)dP,

1) Lnip,=o(t) = ug(At)e‘“("At', and

. 14 = N).-P{Ly=0
Z'U) ]E[thft]v] e MR céj(\j)(i)(])\f)[ +=0] where Xt = I{Lt=0}'

2.4 The Compensator
In this section the we return to the more general setting of E = R4.

Definition 2.4.1 An increasing process A on E is a compensator for a weak F-

submartingale L if it ©s F-adapted and M = L — A is a weak martingale.
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Lemma 2.4.2 Let L be a single line process on E and let A be the measure defined
on rectangles (s,t] via A(s,t] := E(L(s,t]). If A is absolutely continuous with respect

to Lebesque measure let X be its Radon-Nikodym derivative and define

. ?%—_E/L:;@T when P(Ly; =0) >0
0 otherwise.
Then A := f[O,t] AsIip,=0yds is an FL-compensator for L.

Proof:

Let Hy,...Hy, € BR,), s <t € FE and uy,....,u, < s. If 0 ¢ ﬂle H; then, on
N, L;1(H;) € {Ls > 0}, L(s,t] = 0. Otherwise,

/ E[L(s,t]|FEldP = / L(s,t}dP + / L(s,t}dP
Ny Lo} (Hy) L3{0} Ny L} (Hi)\{Ls=0}

_ /{ | EIEG 1L =31dPL ()
_ / E[L(s, ]| L, = 0]dP
{Lo=0}

_ / E[L(s, ]| Ls = 0I(z,—oydP
NEy Ly} (Hy)

since {Ls = 0} C ﬂle{Lui =0} C ﬂle L} (H;). Since sets of the form ﬂle L (H;)
represent a m-system generating FZ it follows that
E[L(s,t)|FF] = E[L(s,t]|Ls = 0}I{1,=0

(

P(Llszo) f{Ls:o} L(s,t|dP - Itp,—0y if P(Ls;=0)>0

=4
\0 else
¢ .

— < ﬁ%‘[{lﬂszo} if P(LS = 0) > 0
0 else.

\
Furthermore, by Fubini’s theorem,

E[A(s,8]|FY = / Bz, o | F]du
(st]

—
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= [I{Lu—0}|f ldu
/(s y P(Ly=0)

- /( PL 5 P = 017 )
55t -

3

where it is understood that the integrand is 0 when P(L,, = 0) = 0. One can similarly
show that

P(L = 0)

P(Lu s OIFSL) png P(Lu = O’Ls = O)I{LSZO} = m[{[,szo}

for s < u when P(Ls; = 0) > 0 (otherwise the value 0 is assumed). Then

—}:\ﬂ‘:—l = d'u, lfPLS:O>O
E[A(s, t]|FE] = f(sat] P(L,=0)*{Ls=0} ( )

0 otherwise

P‘?Jgs_]o)I{Ls—O} if P(Ls = 0) >0

0 otherwise

and the conclusion is that E[L(s,t]|FL] = E[A(s, ]| FE] w.p.1.,, ie. A is an F*-

compensator for L.

The function )\, of the lemma 2.4.2 is called the weak hazard function of L.

Lemma 2.4.3 Let L be a single line point process, let £ = {t € E;L; > 0}, and
let N be a conditional Poisson process given &, as in definition 2.2.16. If A is an

FL_compensator for L then it is also an F5N -compensator for L.

Proof:

Fix s,t € E, and let (L, (s, t])n>1 be a sequence of simple, ]:é’t]—measurable func-

tions converging upward toward L(s, t] almost surely. By the dominated convergence
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theorem for conditional expectation, E[L(s,t]|A] = lim E[L,(s,t]|A] for A = FF or
FEN. So if it can be shown that E[Iy|Ff] = E[Iy|FFN] for each H € Ff,

$

4 it will
follow that
E[L(s, ]| F}] = B[L(s, )| F27).

Of course, this is equivalent to P[H|FL] = P[H|FLNIVH € F(Ls’t], and by Proposition
6.6 of [7], this is equivalent to F I fsz,F(";,t] which holds by Lemma 2.2.17. Therefore,
the equality holds. Since A(s,t] is fé,t]—measurable, it follows that E[A(s,t]|FL] =
E[A(s, t]] FLV] also holds and hence that

E[L(s, ]| FoN] = E[L(s, t]|F;] = E[A(s, ]| F5] = E[A(s, ¢]| 7).
Thus A is indeed an F5-compensator for L.

Example 2.4.4 The Single Jump Process

Let Y be an F-valued r.v. with distribution function F' and continuous density
f,and let Ly = Ityea,). Then L is a single line process; in fact, it is a single jump
process. Also ]\(s,t] =E[Lig) = P(Y € (s,1]) = f(s q fudu, and so according to lemma
2.4.2

L i P(L,=0)>0
As =

0 otherwise

is the weak hazard of L and A; = f[o 1 Asl(r,—0yds is an F L_compensator for L.

Example 2.4.5 The First Line of A Poisson Process

Consider an inhomogeneous Poisson process J on E with intensity function -,
and let L be the first line of J. Let ¢t = (ty,...,t4) € E,n € N and let C, be the n®*

approximate of [0,¢]. Since + is continuous and A; is compact 3K € R, such that
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Y4, < K. Let n be large enough so that C € C, implies 0 < [, y(u)du < 1. Then

1 — [, v(u)du < e~ Jo"W% and hence

/Cv(u)du.e—fov(u)du > /ny(u)du— (/ny(u)du)_?
> /C Ty — (e Lz tiy2

ond
— d —————1
= C’Y(U) U+0(2<d+1)n)‘
Then
E[L(C)] = E[L(C)L,, =0}l
> E[lno=134{Le; =0}
> E[I{J(o):l}[{Ltc_=0}]
= Ellyyc)-1i, ~0)]
= E[I{J(C):l}]E[I{JtC —0}]
= Jtc _0]/ du € fc’Y(u
> PlJy,. = (/ v(u) d’“+°(2(d+1 ))
_ ~ylu)du 1
= P|L;, =0] /C,V(U)dque i o(Za@rm)
1
— P[Ltc'_ = 0]\/C"”y(u)du+0(2_(d+1)n))
as well as

E[L(C)] = E[L(C)iz,, ~o}]
< EJ(OM g 0]

= E[J(O)E[I,, o))
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_ /C (W duP[Ji, = 0]
= P[Ltc_z()]/cy(u)du.

Define p, : Ay — Ry via pa(u) == ) oce, Pllio. = 0]Ic(u) so that the above inequal-

ities may be expressed concisely as follows:

[ Awmu)du+ o{55m) < BILEN < [ wpa(u)du.

C

Summing over all C' € C, then gives

/[Ot] y{(u)pr(u)du + 0(2%) <E[L) < / ¥(u)pn(u)du.

[0.¢]
Finally, observe that for u € [0, ¢] there is some sequence of rectangles (C, ),>1 contain-
ing u for each n. This sequence will converge to {u}, and the lower left corners to,_will
converge to u. Thus p,(u) = P[L;; = 0]l¢, (u) e P[L, = 0]l (u) = P[L, = 0].
Therefore, by the dominated convergence theorem, taking the limit of the above in-

equality as n — oo yields

E[L;] = / v¥(u)P[Ly, = 0]du.
(0,2]
The weak hazard function of L is thus

A = v(s) if P[Ly=0]>0

0 otherwise.

and so the compensator A; of L (with respect to FL) is

At:‘/[ y(w)I{L,=0ydu. (2.4.1)
0,4]

Recall that, by lemma 2.4.3, A is also an FX¥-compensator.
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Chapter 3

The Model

In this chapter the model alluded to earlier is explained in full detail. To this end
the gain function is introduced with some motivation from the 1 dimensional gain
function in [1}, and is shown to have a smooth semi-martingale representation. The
notion of monotonicity of a process is given and its importance is immediately illus-
trated with an optimality lemma for stopped processes. The conditional expectation
of the gain function with respect to F¥ is then manipulated so that sufficient condi-
tions for its monotonicity and relevance to the optimality lemma can be more readily
determined. It is then shown that these conditions indeed yield an optimal solution

to the sequential detection problem.

3.1 The Gain Function

A stopping point can only be called optimal if there is some criterion according to
which the stopping point can be evaluated. In [1] the authors introduce a gain function
to serve as this criterion when evaluating stopping times. A reward proportional to
the length of time spent before the change point o is given, and a penalty proportional

to the amount of time spent after ¢ is given. There is additionally a fixed value reward

40
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given if and only if stopping has occurred after time o, and a constant kg is added to
the gain function to account for costs or rewards that might come independently of

the chosen stopping time. The gain function specified by these conditions is
Zt = Co(t A O') - Cl(t e 0')+ + k)() =+ kll{tZO'}

where ¢g > 0,¢; > 0 and k; > 0. In [2] the authors represent this gain function in a
way that has meaning in higher dimensions and indeed agrees with intuition about
what a higher dimensional gain function should look like: by defining L; = I{;<;; and
€ = [o,00) = {t; Ly > 0} one sees that L is a single jump point process, & is a random

upper layer, and

Zt = ColAtﬂgc’“CllAtm§|+k}0+k1Lt

= ko +/ (—Cl + <Co + cl)Xu)du + let
At

where X; = If;,—0y. As mentioned in the comments preceding section 2.4, the change
set £ of the model will be assumed to be generated by the first line L via & = {t €
E; Ly > 0}. The gain function for points t € E = [0, R] C R% is simply the generalized

representation given above. For lower layers B C F it is given more generally by

Z(B) = co|BNEY| —ci|BNE|+ ko + ki L(B)

= ko+ / (—c1 + (co + 1) Xy)du + ky L(B).
B

It is important to note that the information available to an observer located at the
point t (the o-field known at point t) is the location of the jump points of N in A,
(FN). The jump points of L are not known, and it is precisely their influence that
must be detected in an optimal way. In the sequential detection model, this is done
by deciding to remain at ¢ or push forward based on current information, and Z; is a

measure of how good this decision is.
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Naturally, a rule for stopping is optimal if, on average, the values of the gain
function that it yields are at least as high as those yielded by other stopping rules.
Stopping rules are taken from the collection of stopping sets since they must be lower
layers and must be determinable by known information, i.e. {¢ € p} must be FN-

measurable for any stopping rule p. This notion of optimality is formalized in the

following definition.

Definition 3.1.1 An F¥ -stopping set p is called an optimal solution to the sequential

detection problem if it satisfies
E[Z(p)] = sup{E[Z(p); p is a an FN-stopping set}.

As it turns out, finding the optimal solution depends on the existence of a par-

ticular represention of the gain function.

Definition 3.1.2 A process Z = (Z;)icr adapted to the filtration F = (Fi)icr 15 a
smooth semi-martingale w.r.t F (F-SSM ) if there exists an outer continuous with

inner limits (ocil) adapted process U and a weak F-martingale M on E such that
Zt=Z0+/ Ust+Mt
At
Vt € E. The F-SSM 1is denoted Z = (U, M).

Definition 3.1.3 A function v on E is monotone if, whenever v(s) <0, v(t) <0 for

allt > s. A stochastic process V is monotone if V.(w) is monotone for each w € Q.
Lemma 3.1.4 Let V be a monotone stochastic process. Then
p={te E;V;>0Vs <<t}

is an FV stopping set.
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Proof:

Let we Q, t € p(w), and let s < ¢. If u << s then u << ¢t and so V,{w) > 0
since ¢ € p(w). Therefore s € p(w), and it follows that j(w) is a lower layer.

Now let t € p(w) and u << t. Let s € (u,t) be arbitrary. If s ¢ p(w) then
[s, R] N p(w) = §; since [s, R] is a neighborhood of ¢, a contradiction arises. Thus it
must be that s € p(w). Then, since u << s, it must be that V,(w) > 0. Since u << ¢

was arbitrary, it follows that ¢ € j(w), and since t € j(w) was arbitrary, it follows

that p(w) is closed.

Now let ¢ € E be arbitrary, let (¢,)n>1 be a sequence in E converging to ¢ from
below and satisfying t, << ¢. Let s << ¢t and w € Ny>1{V;, > 0}. Then In € N
such that s < t,. Since Vi(w) < 0 would necessitate V;, (w) < 0 by monotonicity of
V, which is forbidden by the choice of w, it must be that Vi(w) > 0. Since s << ¢

was arbitrary, it follows that ¢t € p(w), and since w was arbitrary it follows that
{t € p} = Nux1{Vi, > 0} € o (Unsn 7)) C FY.
Therefore 5 is a stopping set.
[

The preceding lemma and definitions provide the requisites for the following the-
orem, which serves as a key tool in determining an optimal solution to the sequential

detection problem. It is lemma 3.10 of [2].

Lemma 3.1.5 Let U be a bounded stochastic process on E adapted to a filtration G
such that U is outer-continuous with inner limits. If F is a subfiltration of G and if
a version of V; := E[U,|F;| exists that is outer-continuous with inner limits, then for

any F-stopping set p on E,

E| / Uydt] = E| / Vidt].
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In addition, if V' is monotone then the F-stopping set p defined by
p={te E;V,>0V s <<t}

satisfies
E[/ Udt] = sup{E[/ Uidt); p is an F-stopping set}.
p p
Proof:
Let p be a stopping set, let C, be the n'® rectangular partition of E, and let
Prn. = U{CeCnitc.cpyC be the nth-approximate of p. Since U is outer-continuous, it is
jointly-measurable by lemma 2.2.2. For C' € C, the map Iz, ¢p) : 2 X E — R, is also

jointly measurable, hence U - I(;, ¢4 is. Then, by Fubini’s theorem, /. o Ut It epydt

Q — R is F-measurable, and so too must be

/ Updt = > / Uy - I eppdt.
Pn c

CeCyp

Now, for fixed w € Q, p(w) = Np>10n(w) and so

/ Ui(w)dt = lim Up(w)dt.
plw)

e on(w)
It follows that fp Uidt is measurable (the integrals are well defined, and finite in
fact, since U is bounded). Similar arguments apply to V. Now, since V is jointly-

measurable, Fubini’s theorem guaranties that, for A € F;_

/ E| / Vidt| Fip JdP = / / VidtdP
A C AJC
= //thPdt
CJA

E[U,|F)dPdt
U,dPdt

UdtdP

I
—
S
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:‘/M/wwﬁdﬂ’
A C

since A € F,. C F for all t € C. Thus, with probability 1, E[[, Vidt|F;, ] =
]E[fc, Utdtlfto_]- Then

[ /,, n Udt] = B> Igeep /C Uydt]

CeCn

= E Z I{tc_Ep}E[/ Udt| Fig ]
Cceln %

= E[ Z I{tc_ep}E[/ Vydt|Fe ]
CceCp ¢

= BLY Tuoen [ Vidd

. CeCnp ¢

- m/xwﬂ

Pn

Taking the limit as n — oo then yields E[f Uidt] = E[[ Vidt] by the dominated
convergence theorem.

Now suppose that V' is monotone and let p be an F-stopping set on E. Then
for w € Q, V.(w) > 0 on p(w), and if u € p(w)® Is < u such that Vi(w) < 0. Then,
by monotonicity of V,V,(w) < 0, and since u € p(w)® was arbitrary this means that

V(w) < 0 on p(w)e. Therefore

M/m&—/mﬂ==EMWﬁ—/WM

= IE[ Vidt + tht~/ V}dt——/ tht]
Np o\p pnp

A\p P 14

- m/ Vidt— | Vid]
A\p P\p
> 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.2. Conditions Sufficient for Monotonicity 46

Since p was selected arbitrarily it follows that

-

E[/ Udt] = Sup{E[/ Udt]; p is an F-stopping set}.
b

P

Assume that the single line process L, forming the boundary between the terri-
tories of differing intensities, has continuous weak hazard A and compensator A; =
| 2, MWz, —0ydu. If M is the weak FL-martingale L — A, the gain function Z; may

be expressed as

Zt = kJO -+ / (—Cl + (CO +c1 + kl)\(u))Xu)du + klMt.
Ay

Now X, = I{r,-0} is outer continuous with inner limits since L is, and A is continuous,
so Uy := —c1 +(co +¢1 + k1 A\(u)) X, is outer continuous with inner limits. This means
that Z = (U, M) is a smooth semi-martingale with respect to F%, and in fact with
respect to F5V since A is also a FLV-compensator.

In order to apply lemma 3.1.5 to U with G = FXY and F = FV one must first
establish that U; is ftL’N—measurable and bounded, and that

V; i=E[UFN) = ~e1 + (co + e1 + b A(t)) P[L; = O|F ]

is monotone. X, = I{1,—o} is measurable F¥ C F&N so U is adapted to FXV, and
since A is continuous and E is compact, U is bounded. Thus finding a solution to the
sequential detection problem reduces to showing that V is monotone, and determining

what conditions yield this property is the goal of the next section.

3.2 Conditions Sufficient for Monotonicity

Let N, L and ¢ be as in definition 2.2.16, and let £y¢(t) be the conditional likelihood
of N given £. Recall that U denotes the space of upper layers on E and that E; =
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{s € E;s > t}, so that L; > 0 & E; C £. Then, by lemma 2.3.3 and a change of

variable,
W) = [ twea )W

= [ tweo®IP@+ [ e (NEPE)
{L:=0} {L+5#0}

— / e—N0|AtIMéthp(w)
{L¢=0}

N(A:nD)
n / e—uolAtIMéVte—(m—MO)IAtﬂDl (H}-) d(Pf"l)(D)
{Deu;E:CD} Ho

- 6—MolAthéVt [P(Lt — O)
N(AtﬁD)
+ / e~ (m1—po)lAnD| (&) de_l(D)]
{DelU;E:CD} Ho
— e—uolAtIM(l)Vt [P(Lt =0) + 6’(#1_HO)|At|Qt}’

- N(AD) ;1
where Q) := f{DeL{;Eth} el “°)|At\D‘(/Z—;) “ 7 dP¢ETY(D). Note that Lyie(t) : Q X
2 — R is the map £ye(t) (V) (w, o) = Lnie(t)(N(w))(w'), and that the above integral
“removes” only the dependence on Q through &, leaving £x(¢)(NN) which is random

due to its dependence on N. Further application of the lemma, yields
eNlLt=O(t)(N) ’ P[Lt = 0]
Iy (t)(N)
pote ol P{L, = (]
e—olAsl Ve [P(L; = 0) + e~ (sl Q, ]
1
1+ q:Qy

EX ]

for P[L; = 0] # 0 where ¢q; = 5(;;;—“:%5'%'-. If P[L; = 0] = 0 then ¢ = oo and
E[X:|FN] = 0 so that the above equality holds for all ¢t € E. Notice that Q; is
increasing in each coordinate of ¢ since the integrand is (recall that u; > po) and the
set {D € U; E; C D} is. Conditions for monotonicity of V' can now be readily sought;

they are given in the following theorem taken from [2].
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Theorem 3.2.1 Let L be a single line process with continuous weak hazard X, and

fort € E define
e~ (B1—po)| Al

PlLe=0]

An optimal solution to the sequential detection problem exists if A and q are decreasing

qt =

and increasing, respectively, in each coordinate. In this case the function V given by

1

V; = —C| + (Co +c1+ kl)\t)m
t\t

is monotone and the optimal solution is
p={te E;V;>0Vs <<t}

Proof:

Recall that the gain function Z is given by Z(B) = ko+ [ Udu+k; M(B) for any
lower layer B where M is a weak FL-N-martingale and U := —¢;+(co+c1+ ki A (u)) X,
is outer-continuous with inner limits, as well as bounded, so that Z = (U, M) is an

- FL.N_SSM. As was shown preceding the theorem,

1 JE—
1+ Q¢

Thus letting G := F»Y and F := FV, it will follow from lemma 3.1.5 that an optimal

E[Ut|EN] = —c; + (co + ¢1 + k1 A (w)) V.

solution exists and is given by p so long as it can be verified that V' is outer-continuous
with inner limits (ocil) and monotone.

Now A\ is continuous and by continuity of the measure P, g is outer-continuous
with inner limits. Also, F 3 t — N(A; N D) is outer-continuous with inner limits
since N is a point process. Now let (u,)n>1 be a sequence in E decreasing to t. If
U € U satisfies E; C U then F,,, C U for each n > 1 and hence I{pey;z,cpy(U) =
1= nh_)r%o Iipeu;g., cpy(U). Otherwise, E; ¢ U and there exists some m > 1 for which
n > m implies By, € U and hence Iipey;pcpy(U) = 0 = nh_)rgo Iipeup., cpy(U). It
follows that Itpey;r,cpy is outer-continuous as a function of ¢, and similar arguments

show that it has inner limits.
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Thus, by the dominated convergence theorem, (); is outer-continuous with inner
limits. Therefore V is.

Finally, V, < 0if and only if k1 As < ¢1¢5Qs—co. Let t > s. Since ) is decreasing in
each coordinate and both g and Q are increasing in each coordinate (see the comments

preceding the theorem),

ki

INA

k1)s

IN

CleQs —Cp

< 1@t —co

which means that V; < 0. Therefore V is monotone and an optimal solution to the

sequential detection problem exists and is given by p.
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Chapter 4

Applications and an Alternate

Gain Function

It is in this chapter that the applications of the preceding results are presented.
Theorem 3.2.1 provides a powerful tool for solving the sequential detection problem,
reducing the problem to finding conditions to ensure a weak hazard that is decreasing
in each coordinate and that ¢ is increasing in each coordinate. That tool is applied
here to the case that L is the first line of an inhomogeneous Poisson process. After-
wards, an alternate gain function is investigated and it is shown that theorem 3.2.1
can be used to find a solution that is optimal with respect to this new gain function

as well.

50
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4.1. Optimal Solution for First Line of a Poisson Process 51

4.1 Optimal Solution for First Line of a Poisson

Process

Lemma 4.1.1 Let L be the first line of an inhomogeneous Poisson process J with

intensity function . If v is decreasing in each component and if

— < — u)du
M1 MO—|At\Asl At\Asv()

whenever s < t then an optimal solution to the sequential detection problem exists.

Proof:
As shown previously, the weak hazard of L is Ay = ¥(s) - I{p[r,=0)>0}, and so if
«v is decreasing in each coordinate A is. By theorem 3.2.1 it is sufficient to show that
e—(#1—ro)lA¢

% = “pr—o is increasing in each component. Now, for s <¢,

eJios YW (1 —po)l 4] oJio T(Wdu

- g <=
elpr=mo)ldsl = fg g v(w)du T = %= la—mo)Ad <

e(r1=ho)(|Ael=|As]) < ef[o,t]\[o,s] y(u)du

or
1

w1 — o < =
|4\ As| S a,

which holds by hypothesis. Thus ¢(s) is increasing in each coordinate, and so an

~(u)du.

optimal solution exists and is given by
p={teE;V;>0V s <<t}

4.2 An Alternative Valuation

For this example we return to 2 dimensions. The goal is to find an alternate gain

function than the one used in the preceding sections, and to investigate how well
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the results obtained in those sections apply to the ‘neW gain function. The term
k1L, which required a compensator in order for the gain function to have a smooth
semi-martingale representation, will be replaced.

Let L be a single line process and define Y; := I{;,~0y. Recall that, for rectangles
(s,t], Y (s, 1] is defined via the inclusion exlusion formula, and for a finite disjoint union
A = UF_| Ry, of rectangles define Y (4) = Y_F | Y(R;). Extend Y to the collection £
of closed lower layers as follows:

Let C, be the n'® rectangular partition, and for B € L let

B = U C.
{CeC,;BNC0}

Clearly B | B. Fixw € Q, and let uy, ..., ug be the points in F satisfying L(w)({w;}) >
0. Let n be large enough so that |C N {uy,...,ue}| <1 for all C € Cy, let m > n, and
for C = (s,t] C B;} note that

1  if Ju; € C and ﬂuj € Agty,50) U Afsy o)
Y(C) = —1 if Ju; € A(sl,tz),u]' < A(tl,sz) and ﬂuh € A,

0  otherwise.

Consider the collection {pi,..., pe} of intersection points of any horizontal line con-
taining some u; and any vertical line containing some u;, and such that A, does not
contain any up, h # 4,7, for each kK = 1,...,e. Define a new point process Lt by
letting L*(w) have precisely py, ..., p. as its jump points (note that {¢; Li(w) > 2} =
{t; Lf (w) > 1}). Clearly Y(C) = —1 if and only if Ip; € C. Also, C € C, cannot
contain a u; and a p; when n is large enough, in which case Y(C') = 1 if and only if

Ju; € C. Thus

Y(Bf) = > Y(C) + > Y(C)
{Cm3CCBL;3u;eCY {Cm>CCB;3p;eCY
= leﬂ{ul,...,Ug}l - lem{pl'))pe}l

= L(By) — L*(Bu)
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for all m > n, and it follows that Y (B) = JLIEOY(B:) = L(B) — L*(B). Since
Y = L— L7 is therefore the difference of two increasing, integrable processes, corollary
2.2.12 implies that Y, is a random variable for any stopping set p.

The goal here is to construct a valuation which is an alternative to Z; rather than
adding a reward of k;L; to the gain function, so that having more jump points of L
in p is favorable, we consider adding instead a reward of k;Y; to the gain function,
so that just having non-empty intersection with ¢ is favorable. However, applying
theorem 3.2.1 to the gain function to find an optimal solution necessitated a smooth
semi-martingale representation of Z, and this representation required a compensator
for L. Recall that, by definition, a process must be a weak submartingale in order to
have a compensator.

Unfortunately, Y may not be a weak submartingale. To see this, consider the
case that L is the first line of an inhomogeneous Poisson process J with intensity

vfunction v, let § > 0 and let Hy = ((0,1),(1,1+9)],H> = ((1,0),(1 +4,1)]. Ifw
is such that Y (w)(H;),Y (w)(Hs) > 0 and Y (w)([0,1]?), L(w)((1,1 + é]*) = 0, then
Y (w)((1,1+ 68]%) = —1. The probability of selecting such an w is

P[Y (Hy),Y (Hs) > 0,Y([0,1]%), L((1, 1+ 6]*) = 0]
= P[J(H,),J(Hy) > 0,J([0,1]%), J((1,1 + §]*) = 0]

— (1 _ 6— le ’Y(u)du)(l _ e“ sz ’Y(u)du)e“ f[o,llz ’Y(U)due— f(1‘1+5]2 y(u)du

> 0.

Thus, if O represents the collection of such w,

ﬁE[Y((1,1+5]2)|.7-"1Y]dP = [Y((1,1+6]2)dP
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from which it follows that ¥ cannot be a weak submartingale.

Suppose, however, that one wishes to find a process A; satisfying E[A|F]] =
E[Y;|F)]. Such a process functions to “compensate” Y but is not formally a com-
pensator since (Y, )uer is not a weak submartingale (such a process will be referred

to as a quasi-F¥ -compensator). The following is an analogue to lemma 2.4.2:

Lemma 4.2.1 Let L be a single line process on E and let Y = L — L*. Let A be the
signed measure defined on rectangles (s,t] via A(s,t] := E[Y (s, ]]. If A is absolutely
continuous with respect to Lebesgue measure let X be its Radon-Nikodym derivative
and define

sy when P[Y, =0] >0

Ag 1=
0 otherwise.

Then Ay := [, Al {z,=0yds is a quasi-FY -compensator for'Y .

Proof:
Let Hy,..,H, € B(Ry), s <t € E and uy,...,u < 5. If 0 ¢ (5, H; then, on
Ne, Yol(Hs) € {Ys > 0},

Y(Svt]zn“nsl,tz)*if(tl,@)'{—n: 1—"1—1+1=0

From this the remainder of the arguments can follow identically those of Lemma 2.4.2

with L replaced by Y.
n

Define A; := E[Y;]. In the case that L is the first line of the Poisson process
J, differentiating A; = P[L, > 0] = 1 — e~ Jor [e? v ua)duzdur frot with respect to s
yields, by the fundamental theorem of calculus,

d s1ps

__(e_ 0 02 ")’(’LL]_,’LLQ)d'LLZdU,l)

dSl
d 81 89 s

= ( / / ’Y(u1,u2)dUQdu1)e—f0 fo (u1,uz)duzdus
dSl 0 0
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82
= / (81, u2)duge™ Jot 152 y(ua,uz)duadus
0

and differentiating this expression with respect to s yields, by another application

of the fundamental theorem of calculus,

d

s
T on e 5 5 eyt
ng

= e = Jo* Jo? v(u, uz)duzdul(fy(sl,.sg

S92 81
"/ (Sl,uz du2 —/ / 'LL1,’LL2 duZdul)
0

— f[o s (u)du (7(5) — / ’y(Sl, Uz)d'U/2 / 7(u1a 32)du’1) :
0

0

Therefore

f(s) == P[Y; =0 (’7(3) - /081 /082 7(“1,52)’)’(31,u2)duzdu1)

satisfies A, = f[o q f(s)ds. In other words, f is the density needed to apply Lemma
4.2.1. Define now

v sk when P(Y, =0) >0

0 otherwise

o JSE v, s2)v(s1, ug)dugduy  when P(Y, = 0) > 0

0 otherwise

so that
Ay = / AY Ity,—o0yds
0.4

81 82
= / (7(3)‘/ / v(uy, $2)7(s1, ug)dugduy ) I, —oyds
(0,4 o Jo

is a quasi-FY-compensator for Y, according to the lemma. Note that A; is also a

quasi-F~-compensator since {L; = 0} = {Y; = 0} and, on {L; > 0} = {Y; > 0},
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Y(s,t] = 0. Also, following the arguments on the compensator for L, it is easy to
show that A, is also a quasi-FX¥-compensator.
Now suppose that a quasi-compensator A exists for Y, and that the following

gain function is used to describe how favorable it is to “stop” at the lower layer B:

S(B) = co|BNE|—ci|BNE|+ko+ kY (B)
= ko+ / (—Cl + (C() -+ cl)Xu)du -+ k1Y(B)
B

where X, := Ij; -0} = 1 —Y,. Letting M denote the weak FLN_martingale Y — A

gives
S(B) = ]170 + / (—Cl + (Co “+ ¢+ klAY(u))Xu)du + M(B)
B

Clearly the integrand U; := —¢y + (co+c1+ k1 N )X is bounded and outer-continuous
with inner limits, and so the above is a smooth semi-martingale representation of S

with respect to F»V. As shown earlier, E[X;|FN] and so

_ 1
T 14qQy?

‘/t = E[Ut|fg\r] = —Cq + (Co +c + klAf)m
t\wt

Note that the form of V remains unchanged when the new gain function is used
instead of Z, athough \Y is no longer necessarily non-negative. Lemma 3.1.5 can be
applied to show that an optimal solution to the sequential detection problem (with

respect to the new gain function S) exists and is given by
p={tel0,R];V,>0Vs <t}

so long as it can be shown that V is outer-continuous with inner limits and is mono-
tone. If ¢; and \Y are increasing and decreasing respectively in each coordinate and
A is continuous, the argument in Theorem 3.2.1 may be followed exactly to estab-
lish these conditions, however. In this case, therefore, an optimal solution to the

sequential detection problem, with gain function S, exists and is given by p.
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In the case that L is the first line of the inhomogeneous Poisson process J with

continuous intensity 7y, A\¥ is clearly continuous. Also, if v is the function defined by

t1 i
= / / y(uy, t2)y(t1, ug)dusduy
o Jo

then \Y =~ — v, and if y(z,y) = v1(z)72(y) is decreasing in each coordinate then

t1 to
)\Y (t) = tl, tg / / ’U,1, tg tl, Ug)dU,zdul
t1
= m(t)y(t) — / / Y1 (w1)y2(t2)va (1) v2(u2) dusduy
0 0

_ 71(t1)'yz(t2)(1—/01/0271(u1)72(u2)du2du1)

is a decreasing function of t so long as both v; and -, are both decreasing functions,
and v < . Also, as shown earlier, ¢; is increasing in each coordinate if and only if

1
<
- |At \ ASI At\As

and for this it is sufficient that y(R) > w1 — po, so long as «y is decreasing in each

p1 — ko v(u)du,

coordinate. When these conditions are met, then, an optimal solution exists. The

conclusions of the preceding discussion are listed in the following lemma.

Lemma 4.2.2 Let L be the ﬁrst line of an inhomogeneous Poisson process J with con-
tinuous intensity vy, let v(t) = f v(u1, ta)y(t1, ug)duadus, let € = {t € E; Ly >
0}, let N be a conditional Poisson process given & with rate o on §° and py on &, and

let Y; = Itp,>0y. Then a solution to the optimal detection problem with gain function
St = COlAt N 6' - Cl|At N é'cl + ko + kl}/t

exists if both v and v — v are non-negative and decreasing in each coordinate, and

Y(R) > p1 — o, and is given by

p={te[0,R];V,>0Vs <t}
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