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Abstract

The local false discovery rate (LFDR) is one of many existing statistical methods

that analyze multiple hypothesis testing. As a Bayesian quantity, the LFDR is based

on the prior probability of the null hypothesis and a mixture distribution of null and

non-null hypothesis. In practice, the LFDR is unknown and needs to be estimated.

The empirical Bayes approach can be used to estimate that mixture distribution.

Empirical Bayes does not require complete information about the prior and hyper

prior distributions as in hierarchical Bayes. When we do not have enough information

at the prior level, and instead of placing a distribution at the hyper prior level in the

hierarchical Bayes model, empirical Bayes estimates the prior parameters using the

data via, often, the marginal distribution.

In this research, we developed new Bayesian methods under unknown prior dis-

tribution. A set of adequate prior distributions maybe defined using Bayesian model

checking by setting a threshold on the posterior predictive p-value, prior predictive

p-value, calibrated p-value, Bayes factor, or integrated likelihood. We derive a set of

adequate posterior distributions from that set. In order to obtain a single posterior

distribution instead of a set of adequate posterior distributions, we used a blended

distribution, which minimizes the relative entropy of a set of adequate prior (or pos-

terior) distributions to a ”benchmark” prior (or posterior) distribution. We present

two approaches to generate a blended posterior distribution, namely, updating-before-

blending and blending-before-updating. The blended posterior distribution can be
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ABSTRACT

used to estimate the LFDR by considering the nonlocal false discovery rate as a

benchmark and the different LFDR estimators as an adequate set.

The likelihood ratio can often be misleading in multiple testing, unless it is sup-

plemented by adjusted p-values or posterior probabilities based on sufficiently strong

prior distributions. In case of unknown prior distributions, they can be estimated

by empirical Bayes methods or blended distributions. We propose a general frame-

work for applying the laws of likelihood to problems involving multiple hypotheses

by bringing together multiple statistical models.

We have applied the proposed framework to data sets from genomics, COVID-19

and other data.
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Résumé

Le local false discovery rate (LFDR) est l’une de nombreuses méthodes statistiques

qui analyse plusieurs tests d’hypothèses ensemble. En tant que quantité bayésienne,

le LFDR est basé sur la probabilité a priori de l’hypothèse nulle et sur une loi mixte

d’hypothèses nulle et non nulle. Dans la pratique, le LFDR est inconnu et doit être

estimé. L’approche empirique de Bayes peut être utilisée pour estimer cette loi mixte.

L’empirique de Bayes ne nécessite pas d’informations complètes sur les lois a

priori et hyper-priori comme celle de Bayes hiérarchique. Lorsque nous n’avons pas

suffisamment d’informations au niveau de a priori, et au lieu de placer une loi au

niveau d’hyper-priori dans le modèle de Bayes hiérarchique, l’approche empirique de

Bayes estime les paramètres de la loi a priori en utilisant les données via, souvent, la

loi marginale.

Dans ce projet, nous avons développé de nouvelles méthodes bayésiennes sous

des lois a priori inconnues. Un ensemble de lois a priori adéquates peut être défini

en utilisant un modèle bayésien de vérification et en fixant un seuil sur la valeur-p

de la loi prédictive a posteriori, la valeur-p de la loi prédictive a priori, la valeur-p

calibrée, le facteur de Bayes, ou la vraisemblance intégrée. Nous dérivons de cet

ensemble un autre ensemble de lois a posteriori adéquates. Afin d’obtenir une seule

loi a posteriori, nous utilisons la loi mélangée, qui minimise l’entropie relative d’un

ensemble de lois a priori (ou a posteriori) adéquates à une loi a priori (ou a posteriori)

de référence. Nous présentons deux approches nommées updating-before-blending et
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RÉSUMÉ

blending-before-updating pour générer une loi a posteriori mélangée. La loi a posteriori

mélangée peut être utilisée pour estimer le LFDR en considérant le nonlocal false

discovery rate comme une référence et les différents estimateurs du LFDR comme un

ensemble adéquat.

Le rapport de vraisemblance peut être souvent trompeur dans la comparaison

de tests multiples à moins qu’il ne soit complété par des valeurs-p ajustées ou des

probabilités a posteriori basées sur des lois a priori suffisamment fortes. En cas de lois

a priori inconnues, elles peuvent être estimées par des méthodes empiriques de Bayes

ou par de lois mélangées. Nous proposons un cadre général pour appliquer le rapport

de vraisemblance aux problèmes impliquant des hypothèses multiples en réunissant

plusieurs modèles statistiques.

Nous avons appliqué le cadre proposé à des ensembles de données provenant de

la génomique, de la COVID-19 et d’autres données.
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Preface

This thesis is submitted for the degree of Doctor of Philosophy at the University of

Ottawa. The research period for this thesis was between January 2015 and December

2020 under the supervision of David R. Bickel, Adjunct Professor in the Department

of Mathematics and Statistics of the University of Ottawa and Associate Professor

in the Informatics and Analytics Program of the University of North Carolina at

Greensboro.

The multiple hypothesis testing problem is one of the important problems in

genomics data analysis, and the LFDR can be used to analyze thousands of genetic

features including genes, proteins, etc. together. We used empirical Bayes methods to

estimate the LFDR. We are interested in analyzing different LFDR estimators to find

out their appropriate characteristics in terms of required specifications such as number

of features, sample size of treatment and control groups, etc. LFDR estimators may

perform differently for the same test statistic, i.e., one estimator may perform well for

a small number of features but not necessarily for another estimator. The question

that arises in this context is what to do if there is uncertainty about which estimator

to use.

This motivated us to develop new Bayesian methods we call blended distribu-

tions. In these methods, instead of estimating the unknown prior distribution as in

empirical Bayes approach, we determine a set of prior distributions and then select

a single distribution from this set. The selection of a single distribution from the

xii



PREFACE

set of prior distributions is based on minimizing the relative entropy of that set to

a benchmark prior distribution. The blended distribution can be a solution to the

problem mentioned in the question above.

In addition, we introduce a general framework for applying the laws of likelihood

to problems involving multiple hypotheses that may require posterior probabilities

to avoid misleading results. This requires strong prior distributions that can be

estimated in the case where their parameters are unknown.
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Chapter 1

Introduction

This thesis is composed of three papers, each of which is the subject of a chapter.

Before presenting them, it is important to show a brief summary of preliminary

definitions and to review some statistical concepts.

1.1 Blended distribution

In general, Bayesian inference can be used when we have a complete knowledge of the

prior distribution, whereas the blended approach can be used when we have a partial

or unknown knowledge of the prior distribution. This approach is based on using a

set of prior distributions instead of using a single prior. Many methods can be used

to determine a set of adequate prior distributions such as prior predictive p-value,

posterior predictive p-value [5], Bayes factor, or integrated likelihood [3].

We define two approaches of blended distribution. The first approach we call

updating-before-blending (P̃ x), which is the posterior distribution, Ṗ x, in a set of

adequate Bayesian posteriors, Ṗx(P̈ x), that minimizes the relative entropy of Ṗx(P̈ x)
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1. INTRODUCTION

to a benchmark posterior, P̈ x. Thus

P̃ x = arg inf
Ṗx∈Ṗx(P̈x)

RE(Ṗ x ‖ P̈ x).

The second approach we call blending-before-updating
(
P̃
)x

. The first step,

we find the blended prior (P̃ ) which is one of the prior distribution, Ṗ , within a

set of adequate prior distributions, Ṗ(P̈ ), that minimizes the relative entropy to the

benchmark prior, P̈ , thus

P̃ = arg inf
Ṗ∈Ṗ(P̈ )

RE(Ṗ ‖ P̈ ).

The second step, given the data X we derive from that blended prior its posterior

(
P̃
)x

= P̃ (• | X = x).

In Chapter 2, we will apply these two approaches on two well-known models,

namely, the normal-normal model and the Poisson-gamma model to see if for each

model they produce the same result. These approaches can be used in several appli-

cations. In this thesis, we will use them in three applications. Our first application

illustrates the number of deaths due to coronavirus in Canada. The second appli-

cation compares a new treatment to a placebo, where it can be given at home after

a myocardial infarction. The third application concerns breast cancer. We will pro-

pose a new LFDR estimator which is used to select the proteins that have a high

probability of being affected by cancer.

1.2 Local false discovery rate

In genomics applications, we are interested in discovering genes that are differen-

tially expressed by testing differential gene expression levels between case and control

2



1. INTRODUCTION

groups.

A number of Bayesian approaches have been used in multiple hypothesis testing.

Efron [4] has defined a Bayesian framework for multiple hypothesis testing called

LFDR which is an alternative definition to that of Benjamini and Hochberg [2].

Consider the following multiple hypothesis testing problem. Suppose we have

two tables of data for the treatment and control groups, as in Figure 1.1. For a

feature i of a patient j, we have xij for the treatment group and yij for the control

group. These xij and yij can be gene expression level, log-abundance, etc.

Figure 1.1: Multiple hypothesis testing problem between treatment and con-
trol groups.

The null (H0) and alternative (H1) hypothesis are defined as follows: H0i : the ith

feature is unaffected by a treatment, unassociated with a disease, etc. H1i : the ith

feature is affected by a treatment, associated with a disease, etc. H0i (null) means

that for the feature i, xij and yij have the same distribution. Consider a variable

Ai that is equal to 0 if H0i is true, or equal to 1 if H1i is true. The two groups

of data in Figure 1.1 can be reduced to some test statistics, say T1, T2..., TN and

their realizations are t1, t2..., tN . Let π0 = P(Ai=0) be the prior probability of null,

π1 = P(Ai=1) be the prior probability of non-null with π1 = 1− π0, f0(t) be the null
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1. INTRODUCTION

density, and f1(t) be the non-null density. Let f(t) be the mixture density, such that

f(t) = π0f0(t) + π1f1(t). The LFDR is defined by

ψi ≡ P(Ai = 0|Ti = ti) =
π0f0(ti)

f(ti)
.

ψi is unknown and needs to be estimated. There are many estimators of the

LFDR such as the histogram-based estimator, the maximum likelihood estimator, the

binomial-based estimator, etc. Due to the high variance of some LFDR estimators

and the lack of availability of software, Chapter 3 defines two new LFDR estimators:

the corrected false discovery rate and the re-ranked false discovery rate which are

correcting an estimated FDR or the level at which an FDR is controlled.

1.3 Weight of evidence

The p-value is not the only statistical evidence that can be used for reporting outcomes

of hypothesis tests. The ASA Statement on Statistical Significance and P-Values

[10] included the likelihood ratio as a measure of statistical evidence that might

replace the p-value. Some statisticians prefer to supplement or even replace p-values

with other approaches such as likelihood ratios or Bayes Factors. Chapter 4 offers a

general framework for applying the laws of likelihood to problems involving multiple

hypotheses by bringing together multiple statistical models and applying to gene

expression data.

1.4 Data

In this thesis, we have used different data for inferences and applications. The main

objective of using these data is to apply the theories and approaches we have defined

in each paper. In the following, the data we used:

4



1. INTRODUCTION

1. Data on the number of deaths due to COVID-19 in Canada. This data was

published on the website of Health Canada, Canada.ca/coronavirus at https:

//bit.ly/3noHUY5.

2. Biomedical data of the GREAT trial of early treatment for myocardial infarc-

tion. This data contains the number of death after experimental trial for new

treatment against a placebo [9, pp. 26, 69].

3. The SELDI-TOF spectra data set that consists of the log-abundance levels of

20 plasma proteins in 35 women with ER/PR positive breast cancer (treatment

group) and 64 healthy women (control group), which were measured in Alex

Miron’s laboratory at the Dana-Farber Cancer Institute [6].

4. The microarray data set that consists of the expression levels of 13,440 genes

across 6 biological replicates in tomatoes at three days after the breaker stage

of ripening [1].

5. The SAT data contains the means and variances of SAT exam score differences

between students participating in a training program and those not participat-

ing for each of eight exam sites [8].

1.5 The objectives of the thesis

The main objective of this thesis is to define new Bayesian methods under unknown

prior distributions. Each of the following three paragraphs summarizes how that

objective is addressed by one of the three papers of the thesis.

We first define two blended distribution approaches which use the Bayesian ap-

proach under unknown prior distribution. We compare them for each normal-normal

and Poisson-gamma model to check whether they yield the same results, and apply

5



1. INTRODUCTION

them to some applications, such as breast cancer, COVID-19 and biomedical treat-

ment.

Second, we define new LFDR estimators under unknown prior distributions of the

null and non-null hypothesis. To evaluate the performance of each LFDR estimator,

we conduct a simulation study to compare the new LFDR estimators to some existing

estimators under different scenarios.

Third, we introduce a general framework for applying the laws of likelihood

to problems involving multiple hypotheses that may require posterior probabilities

to avoid misleading results. This requires strong prior distributions which can be

estimated in the case where their parameters are unknown.

1.6 The objectives of the chapters

This thesis is based on three papers. The paper in Chapter 2 is in preparation; my

contributions were the mathematical developments of methods and approaches, the

data analysis and interpretation. The paper in Chapter 3 is published; I contributed

to the implementation of the simulation studies, the data analysis, the provision

of an R package for the methods proposed in the paper, and the discussion of the

results. The paper in Chapter 4 is published; my contributions were the data analysis

and interpretation, and the discussion of the data analysis results. Overall I had a

significant and major contribution, my supervisor was the research leader, he also

critically reviewed and approved the versions for publication.

We are working on another paper ”Empirical Bayes estimation of gene expression

fold change” which we have not included here because there is still a section to

complete.

Chapter 2 defines two approaches of blended distributions, updating-before-

blending and blending-before-updating. These two approaches will be applied to

the normal-normal model and the Poisson-gamma model. To illustrate the use of the

6



1. INTRODUCTION

proposed approaches, the chapter presents three applications. The first application

illustrates the number of deaths due to coronavirus in Canada. The second applica-

tion compares a new treatment to a placebo, where it can be given at home after a

myocardial infarction. The third application focuses on breast cancer.

Chapter 3 proposes new estimators of LFDR which are correcting false discovery

rate, re-ranking false discovery rate, and an estimator of nonlocal false discovery rate.

It also presents a stimulation study to compare the performance of the proposed

estimators to two existing LFDR estimators, the histogram-based estimator and the

maximum likelihood estimator. An application on tomato gene expression data is

performed to compare the results of each estimator in terms of the number of genes

found that are differentially expressed.

Chapter 4 defines the theory of weight of statistical evidence with respect to

a single model. It also defines the fusion model and the weight of evidence with

respect to two fused models. For purposes of illustration and application of multiple

hypothesis evidence, these theories were applied to exam scores data and to gene

expression levels data. At the end, it presents a brief discussion of the practical

advantages of the fused model weight of evidence for shrinkage and for evidence

supporting a point null hypothesis.

7



Chapter 2

Commutativity of updating by

Bayes’s theorem and blending by

maximum entropy for the

normal-normal and Poisson-gamma

models

This chapter defines two approaches of blended distributions, updating-before-blending

and blending-before-updating. These two approaches will be applied to the normal-

normal model and the Poisson-gamma model. For illustration and application on

both approaches, we present three applications. The first application illustrates the

number of deaths due to coronavirus in Canada. The second application compares

a new treatment to a placebo, where it can be given at home after a myocardial

infarction. The third application focuses on breast cancer.
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Abstract

Given data, a set of adequate prior distributions, and a "benchmark" prior distri-

bution that would have been used were that set unknown, there are two methods of

generating a blended posterior distribution, a single posterior distribution for inference

and decision making. The methods di�er only in the order of applying two transforma-

tions: updating according to Bayes's theorem and blending by maximum entropy or,

more precisely, minimum relative entropy. The blending transformation results in the

adequate distribution of the lowest entropy relative to the benchmark distribution.

The �rst approach starts by updating all the prior distributions, using Bayes's the-

orem to generate a set of adequate posterior distributions and a benchmark posterior

distribution. That approach then returns the adequate posterior distribution that min-

imizes the entropy relative to the benchmark posterior distribution.

The second approach instead starts with the adequate prior distribution that mini-

mizes the entropy relative to the benchmark prior distribution. Then that prior distri-

bution is updated to a posterior distribution via Bayes's theorem.

It appears that the order of updating and blending tends to have little e�ect on

the blended posterior distribution in the cases of the normal-normal model and the

Poisson-gamma model.

1 Introduction

In data analysis, it is often the case that while the prior distribution is not known with

certainty, there is enough partial information about the prior to con�ne it to some set

of distributions that are in some sense adequate. There is a vast literature on such sets

of probability distributions, often classi�ed under �robust Bayes� in statistics (e.g., Berger

and Berliner, 1986; Sivaganesan, 1999; Bayati Eshkaftaki and Parsian, 2011; Kiapour and

Nematollahi, 2011; Jozani et al., 2012) and under �imprecise probability� in many other

�elds (e.g., Hurwicz, 1951; Moral and De Campos, 1991; Walley, 2000; Weichselberger, 2001;

10



Tapking, 2004; Gilio, 2005; Harremoës, 2007; de Cooman and Hermans, 2008; Wang and Klir,

2008; Arias-Nicolás et al., 2009; Hable, 2009; Cohen et al., 2010; Shafer, 2011; Benavoli and

Ristic, 2011). One way to generate a set of adequate priors is to consider a prior adequate

only if it passes a model check (Bickel, 2015b).

When the set of adequate priors is too large for practical use, scientists often turn to

a frequentist method of generating con�dence intervals. A method of nested con�dence

intervals can be encoded as a frequentist posterior distribution called a con�dence distribution

(e.g., Schweder and Hjort, 2002; Singh et al., 2005, 2007; Kim and Lindsay, 2011; Bityukov

et al., 2011; Tian et al., 2011; Hannig and Xie, 2012; Xie and Singh, 2013; Nadarajah et al.,

2015; Schweder and Hjort, 2016; Veronese and Melilli, 2018; Bickel, 2020). In the framework

of Bickel (2015a), its use is warranted if it lies in the set of posterior distributions that

corresponds to the set of adequate prior distributions.

If not, how can the con�dence distribution and the set of adequate posteriors be blended

to generate a single posterior distribution for inference in the spirit of Good (1983)? More

generally, what if the alternative distribution is a Bayesian prior or posterior distribution

rather than a con�dence distribution? Whatever such distribution is blended with a set of

priors or posteriors is called a benchmark distribution (Bickel, 2015a).

Example 1. Due to the COVID-19 coronavirus in Canada, we are interested in knowing

θ = E(Yi|θ), the expected value of Yi, the number of deaths on day i caused by COVID-

19 in Canada for the period between March 15, 2020 and August 15, 2020. Based on

the values of Yi published on April 24, 2020 by Public Health Agency of Canada on its

website Canada.ca/coronavirus at https://bit.ly/3noHUY5 (accessed December 22, 2020),

the sample mean of deaths number per day until April 23, 2020 was 54 deaths (Figure 1):

1

n

n∑

i=1

Yi = 54

where n is equal to 40, the number of days from March 15 until April 23.

11



Figure 1: The number of daily deaths caused by COVID-19 in Canada for the period between
March 15, 2020 and April 23, 2020.

Although the numbers of deaths are highly correlated and show an upward trend, we make

the simplifying assumption for the sake of illustration that the numbers of deaths in each

day of that period are mutually independent and drawn from the same Poisson distribution

of an unknown parameter value θ. Since we are uncertain about the value of θ, we will

use Poisson-gamma Bayesian model to determine the posterior mean expectation value for

the period between March 15, 2020 and August 15, 2020. While the hyperparameters α

and β of the prior distribution, gamma(α, β), are in general unknown, we arbitrarily used

12



α = 35 for purposes of illustration (For all the values of α between 0 and 120 that we

tried, we obtained similar results for this problem. To ensure that the two methods used

in this paper had di�erent results, we chose a value for α smaller than 120). We then

applied a Bayesian model checking test to determine an interval of adequate values of β. A

hyperparameter value or its corresponding prior distribution is considered adequate if it is

not rejected by such a statistical test. In this example, a hyperparameter value and its prior

distribution are considered adequate if a posterior predictive p-value is greater than 0.05.

That resulted in (0 , 1.45] as the set of adequate values of β and in the corresponding set of

adequate prior distributions. Each adequate prior distribution corresponds to an adequate

posterior distribution according to Bayes's theorem, resulting in the set of adequate posterior

distributions. Section 4.1 explains the method we used to calculate the posterior predictive

p-value.

The question that arises here is which adequate posterior distribution should be used for

inference and decision making? For that, we use an alternative prior called the �benchmark�

that can be determined by using the information of the sample mean number of daily deaths

(54 deaths) caused by COVID-19 in Canada until April 23, 2020. Thus, the benchmark

prior distribution that we use in this example is gamma(270, 5), calculated as follows: the

expectation for a gamma(α, β) distribution is α
β
, we chose α and β in a way that α

β
= 54 in

order to ensure that the prior expectation value of θ is equal to the sample mean of the data

set:

Ebenchmark (θ) =
1

n

n∑

i=1

Yi = 54.

(In addition to that constraint, we also constrained α and β in order to obtain di�erent results

from di�erent methods used in this paper. That was done for the sake of illustration). This

benchmark prior distribution is used to blend with the adequate prior distributions using

the two methods of this paper in order to obtain a single posterior distribution for inference

and decision making. N

The next example similarly involves unknown prior distributions.
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Example 2. The GREAT trial of early treatment for myocardial infarction (Spiegelhalter

et al., 2004, pp. 26, 69) gave the data of Table 1.

Treatment

New Control Total

Event
Death a = 13 b = 23 a+ b = 36

No death c = 150 d = 125 c+ d = 275

Total a+ c = 163 b+ d = 148 N = 311

Table 1: In this table, we have the numbers of deaths and non-deaths after an experimental
trial for a �New� treatment against a placebo (�Control�).

The aim of this study is to compare placebo and a new treatment to be given at home as soon

as possible after a myocardial infarction. The 30-day mortality rate under each treatment

with the bene�t of the new treatment is measured by the odds ratio (OR). In this context,

the odds ratio for two events with probabilities p1 and p2 under two di�erent interventions

is de�ned by

OR =

p1
1−p1
p2

1−p2
,

where p1 is the probability of death under the new treatment, and p2 is the probability of

death under the old treatment. An OR less than 1 would then favor the new treatment.

The scale of OR is changing between 0 and +∞, the natural logarithm (denoted by log) was

used for OR to transform its values between −∞ and +∞. Therefore, the parameter θ is

de�ned by

θ = log (OR) = log(
p1

1− p1

)− log(
p2

1− p2

).

The maximum likelihood estimate of the odds ratio of death is
a
c
b
d

, and θ is estimated by

log(
a
c
b
d

). Spiegelhalter et al. estimated θ by

θ̂ = log(
(a+ 1

2
)(d+ 1

2
)

(b+ 1
2
)(c+ 1

2
)

). (1)

And the estimate of the variance of θ̂ is

V̂ (θ̂) =
1

a+ 1
2

+
1

b+ 1
2

+
1

c+ 1
2

+
1

d+ 1
2

. (2)

By using Equations (1) and (2) for the data, Y , in Table 1 we get θ̂ = ȳ = −0.74 and

V̂ (θ̂) = 0.13.
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Spiegelhalter et al. assumed that when N is not too small it is reasonable to assume a

normal distribution for the data, Y , with Y |θ ∼ N(θ, σ2 = 4). Spiegelhalter et al. (2004, p.

69) used the N(−0.26, 0.0169) as the prior distribution of θ. If the hyperprior mean µ is

unknown, the prior distribution would instead be N(µ, 0.0169). Testing every possible value

of µ using a posterior predictive test described in explained in Section 4.2, we found that

the only adequate hyperparameters are those between −1.542 and 0.062. This implies that

the set of adequate prior distributions is

{N(µ, 0.0169) : µ ∈ [−1.542 , 0.062]}

and that the corresponding set of adequate posterior distributions is

{N(µ, 0.015) : µ ∈ [−1.45 , −0.03]} .

Which distributions in the set of adequate posterior distributions should be used for

inference and decision making? To answer that, we used N(−0.26 , 0.5) as the benchmark

prior distribution in order to blend it with the set of prior distribution using the two methods

featured in this paper. We chose the hyperprior mean of −0.26 to follow Spiegelhalter et al.

(2004, p. 69). We chose the hyperprior variance of 0.5 in order to ensure that the methods

used in this paper would result in di�erent blended posterior distributions. N
�

In this paper, two approaches can be used to �nd such a blended distribution. While one

approach applies an updating transformation before a blending transformation, the other

approach applies the blending transformation before the updating transformation. The up-

dating transformation transforms a prior distribution into a posterior distribution according

to Bayes's theorem. The blending transformation transforms a set of prior or posterior

distributions into a maximum entropy distribution by minimizing the entropy relative to a

benchmark distribution such as the gamma distribution at the end of Example 1, the normal
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distribution at the end of Example 2, or the Bernoulli distribution in Section 4.3.

The �rst approach updates �rst and then blends. Let P̃ x be the posterior distribution

(Ṗ x) in a set Γx of adequate posterior distributions that minimizes the relative entropy to a

benchmark posterior distribution (P̈ x) (Bickel, 2015a). Thus

P̃ x = arg inf
Ṗx∈Γx

RE(Ṗ x ‖ P̈ x).

The second approach blends �rst and then updates. Let
(
P̃
)x

be the resulting posterior

distribution. In the �rst step of this approach, we �nd the blended prior (P̃ ) which is one of

the prior distribution (Ṗ ) within a set Γ of adequate prior distributions that minimizes the

relative entropy to the benchmark prior (P̈ ), thus

P̃ = arg inf
Ṗ∈Γ

RE(Ṗ ‖ P̈ ).

In the second step of this approach, given the observation that X = x, we apply Bayes's

theorem to derive from that blended prior its posterior distribution

(
P̃
)x

= P̃ (• | X = x).

These two approaches will be applied to the normal-normal model and the Poisson-

gamma model to determine whether for each model they produce the same distribution.

If P̃ x =
(
P̃
)x
, then the blending and updating transformations are said to commute. In

general, P̃ x 6=
(
P̃
)x
, for those transformations do not necessarily commute (Bickel, 2018). In

this paper, we want to study the potential impact of that non-commutativity in the special

cases of the normal-normal model and the Poisson-gamma model.

This paper is organized as follows. Section 2 de�nes some concepts and de�nitions that

we will use in this paper such as relative entropy, adequate set, benchmark distribution,

updating-before-blending and blending-before-updating. Section 3 de�nes updating-before-
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blending and blending-before-updating approaches for the normal-normal model and the

Poisson-gamma model. For illustration and application on both approaches, Section 4 in-

cludes three applications. The �rst application illustrates the number of deaths due to

coronavirus in Canada, the second application studies the comparison of placebo and a new

treatment to be given at home as soon as possible after a myocardial infarction, and the

third application concerns breast cancer.

2 Preliminary concepts

In this section, we de�ne some concepts that we will use in this paper.

2.1 De�nition of relative entropy

Let ϑ a random variable with a realization θ in a parameter space Θ. The relative entropy

also called Kullback-Leibler divergence of the continuous probability measure P with respect

to a measure ν is de�ned by, RE(P ||ν) =
∫

Θ
dP
dν

(θ) log dP
dν

(θ)dν(θ), where dP
dν

is the Radon-

Nikodym derivative (Kullback, 1968, pp. 3-6). We consider two cases:

1. Continuous case: Let ν be the Lebesgue measure, P is absolutely continuous with

respect to a probability measure Q (P � Q) and Q � ν, their probability density

functions are p = dP
dν

and q = dQ
dν

respectively. The relative entropy becomes

RE(p||q) =

∫

Θ

p(θ) log
p(θ)

q(θ)
dθ = EP (log

p(θ)

q(θ)
).

2. Discrete case: Assume that 0 log(0) = 0. Let p and q be two probability mass functions

on a counting measure on a discrete set Θ. The relative entropy becomes

RE(p||q) =
∑

θ∈Θ

p(θ) log
p(θ)

q(θ)
= EP (log

p(θ)

q(θ)
).
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The relative entropy has the following properties:

• The relative entropy is not symmetric, therefore it is not a distance.

• RE(p||q) ≥ 0 with equality if and only if p(θ) = q(θ).

2.2 De�nition of set of adequate prior distributions

The de�nition of set of adequate prior distributions is similar to a set of plausible priors and

interval of probability (Weichselberger, 2000; Augustin, 2002, 2004). For a threshold α ∈ R,

the set of adequate prior distributions is de�ned by

Ṗ = {Ṗ : s(Ṗ ) > α},

where s(Ṗ ) is a real-valued function of a prior distribution Ṗ , such as posterior predictive

p-value, prior predictive p-value, integrated likelihood, Bayes factor, etc.

The set of adequate hyperparameter values is the set of hyperparameters associated with

Ṗ as following:

H = {ψ : sψ > α} such that Ṗ = {Ṗψ : ψ ∈ H},

where Ṗψ is a prior distribution indexed by a hyperparameter ψ.

2.3 De�nition of set of adequate posterior distributions

Let Θ be the set of parameter values on the measurable space (Θ,A). Let x denote an

observed data on the set X that is endowed with a σv-algebra X. Denote by, Ṗ the set of

adequate prior distributions on (Θ,A).

Let Ṗ x = Ṗ (• | X = x) be the Bayesian posterior distribution based on the prior

Ṗ ∈ Ṗ of the parameter and on the observation that X = x. The set of adequate posterior

distributions on (Θ,A) is de�ned by
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Ṗx =
{
Ṗ x : Ṗ x = Ṗ (• | X = x), Ṗ∈Ṗ

}
.

Note that Ṗ ⊂ P and Ṗx ⊂ P , where P is the set of all probability distributions on

(Θ,A).

2.4 Benchmark priors and posteriors

Let P̈ be the benchmark prior distribution, P̈ ∈ P but not necessarily in Ṗ (de�ned in

section 2.3). The benchmark posterior distribution P̈ x = P̈ (• | X = x) is the posterior

distribution resulting from Bayes theorem with P̈ as the prior.

2.5 Updating-before-blending posterior distribution

Let Ṗx(P̈ x) be the largest subset of Ṗx such that the relative entropy of any of its members

with respect to P̈ x is �nite. That is,

Ṗx(P̈ x) =
{
Ṗ x ∈ Ṗx : RE(Ṗ x ‖ P̈ x) <∞

}
.

The updating-before-blending posterior distribution (UB), P̃ x, is the probability distri-

bution in Ṗx that minimizes the relative entropy with respect to the benchmark posterior

P̈ x (Bickel, 2015a):

P̃ x = arg inf
Ṗx∈Ṗx(P̈x)

RE(Ṗ x ‖ P̈ x). (3)

2.6 Blending-before-updating posterior distribution

Let Ṗ(P̈ ) the largest subset of Ṗ , such that the relative entropy of any of its members with

respect to the benchmark P̈ is �nite. That is, Ṗ(P̈ ) =
{
Ṗ ∈ Ṗ : RE(Ṗ ‖ P̈ ) <∞

}
.

The blended prior distribution P̃ is the probability distribution in Ṗ(P̈ ) that minimizes
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the relative entropy with respect to the benchmark prior P̈ :

P̃ = arg inf
Ṗ∈Ṗ(P̈ )

RE(Ṗ ‖ P̈ ).

The blending-before-updating posterior distribution (BU),
(
P̃
)x
, is the conditional dis-

tribution of P̃ of the parameter given the data X = x,

(
P̃
)x

= P̃ (• | X = x).

3 Results

In this section, we apply the approaches of sections 2.5 and 2.6 to the normal-normal model

(NNM) and the Poisson-gamma model (PGM). We also introduce some theorems to show

whether both approaches yield the same or di�erent distributions.

3.1 Normal-Normal model

3.1.1 Background

Let Y1, ..., Yn be n independent random variables of N(θ, σ2), the normal distribution with

mean θ and known variance σ2. The prior distribution of θ is N(µ, v), where µ is the mean of

θ and v its known variance. The hyperparameter µ is unknown and belongs to the following

set of adequate hyperparameter values: [µ, µ], where −∞ < µ < µ <∞.

Let P̈ be the benchmark prior distribution of θ ∼ N(µ̈, v̈), where µ̈ and v̈ are the

benchmark prior mean and variance, let y =
∑n

i=1 yi/n be the sample mean. The benchmark

posterior distribution P̈ y of θ is N(µ̈y,v̈y), where

µ̈y =
σ2

nv̈ + σ2
µ̈+

nv̈

nv̈ + σ2
y and v̈y=

σ2v̈

σ2 + nv̈
.

The posterior distribution of θ given the data y = (y1, ..., yn) is N(µy , vy), where
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µy =
σ2

nv + σ2
µ+

nv

nv + σ2
y and vy =

σ2v

σ2 + nv
. (4)

Let [µy, µy] be the set of adequate posterior mean, µy. The relation between these two

sets [µ, µ] and [µy, µy] is given by the following equations:

µy =
σ2

nv + σ2
µ+

nvy

nv + σ2
(5)

µy =
σ2

nv + σ2
µ+

nvy

nv + σ2
. (6)

Let Ṗ =
{
N(µ , v): µ ∈ [µ, µ]

}
, and Ṗ(P̈ ) =

{
Ṗ ∈ Ṗ : RE(Ṗ ‖ P̈ ) <∞

}
denote the

sets of adequate prior distributions. The set of adequate posterior distribution of θ is given

by

Ṗy =
{
N(µy , vy): µy ∈ [µy, µy]

}
, and

Ṗy(P̈ y) =
{
Ṗ y ∈ Ṗy : RE(Ṗ y ‖ P̈ y) <∞

}
.

3.1.2 Blending-before-updating distribution of NNM

Let P̃ be the blended prior distribution of NNM with mean µ̃, this mean must be in [µ, µ],

and variance v.

Lemma 1. We distinguish three cases of µ̃ depending on the value of µ̈ for BU of NNM.

Case BU1. If µ̈ ∈ [µ, µ] then µ̃ = µ̈ and the BU is
(
P̃
)y

= N((µ̃)y, vy) , where (µ̃)y =

σ2

nv+σ2 µ̈+ nv
nv+σ2y.

Case BU2. If µ̈ /∈ [µ, µ] and µ̈ > µ then µ̃ = µ and the BU is
(
P̃
)y

= N(µy, vy).

Case BU3. If µ̈ /∈ [µ, µ] and µ̈ < µ then µ̃ = µ and the BU is
(
P̃
)y

= N(µy, vy).
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Proof. P̃ is obtained by

P̃ = arg inf
Ṗ∈Ṗ(P̈ )

RE(Ṗ ‖ P̈ ) (7)

= arg inf
Ṗ∈Ṗ(P̈ )

∫

Θ

Ṗ (θ)log
Ṗ (θ)

P̈ (θ)
dθ

this implies

µ̃ = arg inf
µ∈[µ,µ]

∫

Θ

1√
2πv

e−
(θ−µ)2

2v (log(
1√
2πv

e−
(θ−µ)2

2v )− log(
1√
2πv̈

e−
(θ−µ̈)2

2v̈ ))dθ

= arg inf
µ∈[µ,µ]

(
1

2
log(

v̈

v
) +

1

2v̈

(
v + (µ− µ̈)2

)
− 1

2

)
.

Minimizing RE(Ṗ ‖ P̈ ) in Equation (7) is equivalent to minimizing the function

g(µ) =
1

2
log(

v̈

v
) +

1

2v̈

(
v + (µ− µ̈)2

)
− 1

2

over µ ∈ [µ, µ]. µ̃ is the scalar that minimizes g(µ). The derivative of g(µ) with respect to

µ is ∂g(µ)
∂µ

= 1
v̈
(µ − µ̈), we set ∂g(µ)

∂µ
= 0, then we get µ̃ = µ̈. Since the second derivative is

positive, ∂
2g(µ)
∂µ2

= 1
v̈
> 0, therefore g(µ̃) is the minimum of g(µ).

Case BU1. If µ̈ ∈ [µ, µ] then µ̃ = µ̈. In this case the blended prior is P̃ = N(µ̈, v),

therefore, by computing the posterior distribution of P̃ we get the BU,
(
P̃
)y

= N((µ̃)y, vy),

where (µ̃)y = σ2

nv+σ2 µ̈+ nv
nv+σ2y.

Case BU2. If µ̈ /∈ [µ, µ] and µ̈ > µ then µ̃ = µ. Since µ̃ ∈ [µ, µ] and µ̃ should be equal to

µ̈ but µ̈ /∈ [µ, µ], in this case µ̃ equals the value closest to µ̈ which is µ. Then the blended

prior is P̃ = N(µ, v), therefore, the BU is
(
P̃
)y

= N(µy, vy).

Case BU3. If µ̈ /∈ [µ, µ] and µ̈ < µ then µ̃ = µ, since µ̃ ∈ [µ, µ] and µ̃ should be equal to

µ̈ but µ̈ /∈ [µ, µ], in this case µ̃ equals the value closest to µ̈ which is µ. Then the blended

prior is P̃ = N(µ, v), therefore, the BU is
(
P̃
)y

= N(µy, vy).
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3.1.3 Updating-before-blending distribution of NNM

Let P̃ y be the UB of NNM with mean µ̃y, such that µ̃y ∈ [µy, µy], and variance vy.

Lemma 2. We distinguish three cases of µ̃y depending on µ̈y for UB of NNM.

Case UB1. If µ̈y ∈ [µy, µy] then µ̃y = µ̈y and the UB is P̃ y = N(µ̈y, vy).

Case UB2. If µ̈y /∈ [µy, µy] and µ̈y > µy then µ̃y = µy and the UB is P̃ y = N(µy, vy).

Case UB3. If µ̈y /∈ [µy, µy] and µ̈y < µy then µ̃y = µy and the UB is P̃ y = N(µy, vy).

Proof. The UB, P̃ y, is obtained by

P̃ y = arg inf
Ṗ y∈Ṗy(P̈ y)

RE(Ṗ y ‖ P̈ y) (8)

= arg inf
Ṗ y∈Ṗy(P̈ y)

∫

Θ

Ṗ y(θ)log
Ṗ y(θ)

P̈ y(θ)
dθ

this implies

µ̃y = arg inf
µy∈[µy ,µy ]

∫ +∞

−∞

1√
2πvy

e−
(θ−µy)2

2vy (log(
1√

2πvy
e−

(θ−µy)2
2vy )− log(

1√
2πv̈y

e−
(θ−µ̈y)2

2v̈y ))dθ

= arg inf
µy∈[µy ,µy ]

(
1

2
log(

v̈y

vy
) +

1

2v̈y
(
vy + (µy − µ̈y)2

)
− 1

2

)
.

To minimize the RE(Ṗ y ‖ P̈ y) in Equation (8) we have to minimize the function

h(µy) =
1

2
log(

v̈y

vy
) +

1

2v̈y
(
vy + (µy − µ̈y)2

)
− 1

2

over µy ∈ [µy, µy]. The UB mean, µ̃y, is the scalar that minimizes the function h(µy). To

�nd µ̃y, we compute the �rst derivative of h(µy) with respect to µy, ∂h(µy)
∂µy

= 1
v̈y

(µy − µ̈y),

we set ∂h(µy)
∂µy

= 0, this implies µ̃y = µ̈y. The second derivative of h(µy) with respect to µy is

positive, ∂
2h(µy)
∂(µy)2

= 1
v̈y
> 0, this is con�rm that h(µ̈y) is the minimum of h(µy). Moreover, we

have to study whether µ̈y in [µy, µy] or not, since µ̃y must be in this set of adequate posterior

mean.
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Case UB1. If µ̈y ∈ [µy, µy] then µ̃y = µ̈y, therefore the UB is P̃ y = N(µ̈y, vy).

Case UB2. If µ̈y /∈ [µy, µy] and µ̈y > µy then µ̃y = µy, therefore the UB is P̃ y = N(µy, vy).

Case UB3. If µ̈y /∈ [µy, µy] and µ̈y < µy then µ̃y = µy, therefore the UB is P̃ y =

N(µy, vy).

Theorem 1. If v 6= v̈, BU and UB distributions of the normal-normal model are not neces-

sarily the same distribution.

Proof. To prove that this is true, we need to �nd under the same assumptions at least two

di�erent BU and UB. For this end, we use the following counterexample:

Let n = 8, σ2 = 2, ȳ = −2.6, [µ, µ] = [1
6
, 1

4
], v = 1

4
, µ̈ = 1

3
, v̈ = 7

4
. We can compute

µy = σ2

nv+σ2µ + nvy
nv+σ2 = −1.216667, µy = σ2

nv+σ2µ + nvy
nv+σ2 = −1.176667 and then [µy, µy] =

[−1.216667,−1.176667]. We also compute µ̈y = σ2

nv̈+σ2 µ̈ + nv̈
nv̈+σ2y = −2.233333, v̈y= σ2v̈

σ2+nv̈
=

0.21875 and vy = σ2v
σ2+nv

= 0.125.

Since µ̈ > µ, we use case BU2 of lemma 1 we get the blended prior P̃ = N(µ, v) and then

the BU is
(
P̃
)y

= N(µy, vy). In other hand, we have µ̈y < µy, we use case UB3 of lemma 2

and then the UB is P̃ y = N(µy, vy). Hence, BU and UB are di�erent.

Theorem 2. If v = v̈, BU and UB of the normal-normal model are the same distribution.

Proof. Let a = σ2

nv+σ2 , b = nvy
nv+σ2 , c = σ2

nv̈+σ2 and d = nv̈y
nv̈+σ2 . We have by hypothesis v = v̈

this implies a = c and b = d. As the variance and the sample size are positive then a > 0.

We check the three cases according to µ̈.

If µ̈ ∈ [µ, µ] which is equivalent to µ ≤ µ̈ ≤ µ, since a > 0 this implies aµ+ b ≤ aµ̈+ b ≤

aµ+ b thus µy ≤ µ̈y ≤ µy. By using �rst case of lemma 1 and lemma 2 the BU and UB are

the same distribution,
(
P̃
)y

= P̃ y, and has N(µ̈y, vy).

If µ̈ /∈ [µ, µ] and µ̈ > µ that means µ < µ < µ̈, since a > 0 this implies aµ+ b < aµ+ b <

aµ̈ + b thus µy < µy < µ̈y. By using second case of lemma 1 and lemma 2 the BU and UB

are the same distribution,
(
P̃
)y

= P̃ y, and has N(µy, vy).
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If µ̈ /∈ [µ, µ] and µ̈ < µ that means µ̈ < µ < µ, since a > 0 this implies aµ̈+ b < aµ+ b <

aµ+ b thus µ̈y < µy < µy. By using third case of lemma 1 and lemma 2 the BU and UB are

the same distribution,
(
P̃
)y

= P̃ y, and has N(µy, vy).

3.2 Poisson-gamma model

3.2.1 Background

Let Y1, ..., Yn are n independent Poisson random variables with mean θ such that θ > 0. The

prior of θ has gamma distribution gamma(α, β), where α is the shape and β is the rate.

The mean of θ is equal to µ = α
β
and the variance of θ is equal to v = α

β2 , such that, α is

positive and known. Let [β, β] be the set of adequate hyperparameter values of β, where

0 < β < β < ∞. Let P̈ = gamma(α̈, β̈) be the benchmark prior distribution of θ, both α̈

and β̈ are positive and known. The posterior distribution of θ given the data y = (y1, ..., yn)

is gamma(αy , βy), where αy = α +
n∑
i=1

yi and βy = n + β (Lynch, 2007, section 3.3.2).

While the benchmark posterior distribution of θ is equal to P̈ y = gamma(α̈y , β̈y), where

α̈y = α̈+
n∑
i=1

yi and β̈y = n+ β̈. Let [βy, β
y
] be the set of adequate values of βy. The relation

between the sets [β, β] and [βy, β
y
] is given by the following equations: βy = β + n and

β
y

= β + n.

Let Ṗ =
{
gamma(α , β) : β ∈ [β, β]

}
, and Ṗ(P̈ ) =

{
Ṗ ∈ Ṗ : RE(Ṗ ‖ P̈ ) <∞

}
denote

the sets of adequate prior distributions. The sets of adequate posterior distributions of θ are

given by

Ṗy =
{
gamma(αy , βy) : βy ∈ [βy, β

y
]
}
, and

Ṗy(P̈ y) =
{
Ṗ y ∈ Ṗy: RE(Ṗ y ‖ P̈ y) <∞

}
.

3.2.2 Blending-before-updating distribution of PGM

Let P̃ be the blended prior distribution of PGM, P̃ = gamma(α, β̃).
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Lemma 3. If α = α̈, we distinguish three cases of β̃ depending on the value of α
α̈
β̈ for BU

of PGM.

Case BU1. If β̈ ∈ [β, β] then β̃ = β̈ and the BU is
(
P̃
)y

= gamma(αy, β̈y).

Case BU2. If β̈ /∈ [β, β] and β̈ > β then β̃ = β and the BU is
(
P̃
)y

= gamma(αy, β
y
).

Case BU3. If β̈ /∈ [β, β] and β̈ < β then β̃ = β and the BU is
(
P̃
)y

= gamma(αy, βy).

Proof. P̃ is obtained by

P̃ = arg inf
Ṗ∈Ṗ(P̈ )

RE(Ṗ ‖ P̈ ) (9)

= arg inf
Ṗ∈Ṗ(P̈ )

∫

Θ

Ṗ (θ)log
Ṗ (θ)

P̈ (θ)
dθ

this implies

β̃ = arg inf
β∈[β,β]

∫

Θ

βα

Γ(α)
θα−1e−βθ(log(

βα

Γ(α)
θα−1e−βθ)− log(

β̈α̈

Γ(α̈)
θα̈−1e−β̈θ))dθ

= arg inf
β∈[β,β]

(
log(

βα

β̈α̈
) + log(

Γ (α̈)

Γ (α)
) + β̈

α

β
− α + (α− α̈)(ψ(α)− log(β))

)
,

where ψ(α) = Γ
′
(α)

Γ(α)
is the digamma function.

Minimizing RE(Ṗ ‖ P̈ ) in Equation (9) is equivalent to minimizing the function

g(β) = log(
βα

β̈α̈
) + log(

Γ (α̈)

Γ (α)
) + β̈

α

β
− α + (α− α̈)(ψ(α)− log(β))

over β ∈ [β, β]. Let β̃ be the scalar that minimizes g(β). The derivative of g(β) with respect

to β is ∂g(β)
∂β

= α
β
− β̈α

β2 − (α−α̈)
β

, we set ∂g(β)
∂β

= 0, then β̃ = α
α̈
β̈. The second derivative

with respect to β is ∂2g(β)
∂β2 = 2αβ̈−α̈β

β3 . g(β̃) is minimum of g(β) if ∂2g(β)
∂β2 > 0, this implies

2αβ̈−α̈β > 0 and then β̃ < 2α
α̈
β̈ which is always true since α

α̈
β̈ > 0 and α

α̈
β̈ < 2α

α̈
β̈. Moreover,

we have to study whether β̈ in [β, β] or not, since β̃ must be in that set.

Case BU1. If β̈ ∈ [β, β] then β̃ = β̈. In this case the blended prior is P̃ = gamma(α, β̈),
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therefore, by computing the posterior distribution of P̃ we get the BU
(
P̃
)y

= gamma(αy, β̈y).

Case BU2. If β̈ /∈ [β, β] and β̈ > β then β̃ = β. The blended prior is P̃ = gamma(α, β),

therefore, the BU is
(
P̃
)y

= gamma(αy, β
y
).

Case BU3. If β̈ /∈ [β, β] and β̈ < β then β̃ = β. The blended prior is gamma(α, β),

therefore, the BU is
(
P̃
)y

= gamma(αy, βy).

Lemma 4. If α 6= α̈, it may β̈ ∈ [β, β] but α
α̈
β̈ /∈ [β, β] and vice versa. We know that β̃

belongs to [β, β], its value will be determined according to the position of α
α̈
β̈ . Under this

assumption, we also have three cases for BU of PGM:

Case BU1. If α
α̈
β̈ ∈ [β, β] then the BU is

(
P̃
)y

= gamma(αy, α
α̈
β̈ + n).

Case BU2. If α
α̈
β̈ /∈ [β, β] and α

α̈
β̈ > β then the BU is

(
P̃
)y

= gamma(αy, β
y
).

Case BU3. If α
α̈
β̈ /∈ [β, β] and α

α̈
β̈ < β then the BU is

(
P̃
)y

= gamma(αy, βy).

Proof. From the proof of lemma 3, we found that g(β) is minimized by α
α̈
β̈. We have α 6= α̈,

this implies β̈ and α
α̈
β̈ are di�erent.

CaseBU1. If α
α̈
β̈ ∈ [β, β] then β̃ = α

α̈
β̈. In this case the blended prior is P̃ = gamma(α, α

α̈
β̈),

therefore, by computing the posterior distribution of P̃ we get the BU
(
P̃
)y

= gamma(αy, α
α̈
β̈+

n).

The proof of the other two cases is similar to that of lemma 3 by substituting β̈ by

α
α̈
β̈.

3.2.3 Updating-before-blending distribution of PGM

Let P̃ y be the UB of PGM, P̃ y = gamma(αy, β̃y).

Lemma 5. If αy = α̈y, we distinguish three cases of β̃y depending on the value of αy

α̈y
β̈y for

UB of PGM.

Case UB1. If β̈y ∈ [βy, β
y
] then β̃y = β̈y and the UB is P̃ y = gamma(αy, β̈y).

Case UB2. If β̈y /∈ [βy, β
y
] and β̈y > β

y
then β̃y = β

y
and the UB is P̃ y = gamma(αy, β

y
).
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Case UB3. If β̈y /∈ [βy, β
y
] and β̈y < βy then β̃y = βy and the UB is P̃ y = gamma(αy, βy).

Proof. P̃ y is obtained by

P̃ y = Arg inf
Ṗ y∈Ṗy(P̈ y)

RE(Ṗ y ‖ P̈ y) (10)

= Arg inf
Ṗ y∈Ṗy(P̈ y)

∫

Θ

Ṗ y(θ)log
Ṗ y(θ)

P̈ y(θ)
dθ

this implies

β̃y = arg inf
βy∈[βy ,β

y
]

∫

Θ

(βy)α
y

Γ(αy)
θα

y−1e−β
yθ(log(

(βy)α
y

Γ(αy)
θα

y−1e−β
yθ)− log(

(β̈y)α̈
y

Γ(α̈y)
θα̈

y−1e−β̈
yθ))dθ

= arg inf
βy∈[βy ,β

y
]

(
αylog(βy)− α̈ylog(β̈y) + log(

Γ (α̈y)

Γ (αy)
) + β̈y

αy

βy
− αy + (αy − α̈y)(ψ(αy)− log(βy))

)
,

where ψ(αy) = Γ
′
(αy)

Γ(αy)
is the digamma function.

The RE(Ṗ y ‖ P̈ y) in Equation (10) can be minimized by minimizing the function

h(βy) = αylog(βy)− α̈ylog(β̈y) + log(
Γ (α̈y)

Γ (αy)
) + β̈y

αy

βy
− αy + (αy − α̈y)(ψ(αy)− log(βy))

over βy ∈ [βy, β
y
]. Let β̃y be the scalar that minimizes the function h(βy). The derivative of

h(βy) with respect to βy is ∂h(βy)
∂βy

= αy

βy
− β̈yαy

(βy)2
− (αy−α̈y)

βy
, we set ∂h(βy)

∂βy
= 0, then β̃y = αy

α̈y
β̈y.

To check if h(β̃y) is the minimum of h(βy) we have to calculate the second derivative.

∂2h(βy)
∂(βy)2

= 2αyβ̈y−α̈yβy
(βy)3

, the ∂2h(βy)
∂(βy)2

is positive when 2αyβ̈y − α̈yβy > 0 and then β̃y < 2α
y

α̈y
β̈y

which is always true since αy

α̈y
β̈y > 0 and αy

α̈y
β̈y < 2α

y

α̈y
β̈y. By assumption, we have αy = α̈y

this implies β̃y = αy

α̈y
β̈y = β̈y. Note that β̃y must be in [βy, β

y
] but not necessarily the case

for β̈y.

Case UB1. If β̈y ∈ [βy, β
y
] then β̃y = β̈y . Therefore, the UB is P̃ y = gamma(αy, β̈y).

Case UB2. If β̈y /∈ [βy, β
y
] and β̈y > β

y
then β̃y = β

y
. Therefore, the UB is P̃ y =

gamma(αy, β
y
).
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Case UB3. If β̈y /∈ [βy, β
y
] and β̈y < βy then β̃y = βy. Therefore, the UB is P̃ y =

gamma(αy, βy).

Lemma 6. If αy 6= α̈y, it may β̈y ∈ [βy, β
y
] but αy

α̈y
β̈y /∈ [βy, β

y
] and vice versa. We know

that β̃y belongs to [βy, β
y
], its value will be determined according to the position of αy

α̈y
β̈y. We

can distinguish three cases for UB of PGM:

Case UB1. If αy

α̈y
β̈y ∈ [βy, β

y
] then the UB is P̃ y = gamma(αy, α

y

α̈y
β̈y).

Case UB2. If αy

α̈y
β̈y /∈ [βy, β

y
] and αy

α̈y
β̈y > β

y
then the UB is P̃ y = gamma(αy, β

y
).

Case UB3. If αy

α̈y
β̈y /∈ [βy, β

y
] and αy

α̈y
β̈y < βy then the UB is P̃ y = gamma(αy, βy).

Proof. From the proof of lemma 5, we found that h(βy) is minimized by αy

α̈y
β̈y. By assump-

tion, we have αy 6= α̈y, this implies β̈y 6= αy

α̈y
β̈y.

For case UB1. If α
y

α̈y
β̈y ∈ [βy, β

y
] then β̃y = αy

α̈y
β̈y. Therefore, the UB is P̃ y = gamma(αy, α

y

α̈y
β̈y).

The proof of the other two cases is similar to that of lemma 5 by substituting β̈y by

αy

α̈y
β̈y.

Theorem 3. If α 6= α̈, BU and UB distributions of the Poisson-gamma model are not

necessarily the same distribution.

Proof. To prove that, we need to �nd under the same assumptions two BU and UB are

di�erent. We use the following counterexample:

Let n = 5,
n∑
i=1

yi = 30, α = 1, [β, β] = [1, 3], α̈ = 4 and β̈ = 5
2
. We compute αy =

α +
n∑
i=1

yi = 31, βy = β + n = 6, β
y

= β + n = 8 and then [βy, β
y
] = [6, 8]. We also compute

α̈y = α̈ +
n∑
i=1

yi = 34 and β̈y = n+ β̈ = 7.5.

Since α 6= α̈ and α
α̈
β̈ < β, we use case BU3 of lemma 4 we get the blended prior

P̃ = gamma(α, β) and then the BU is
(
P̃
)y

= gamma(αy, βy). In other hand, we have

αy 6= α̈y and αy

α̈y
β̈y ' 6.84 ∈ [βy, β

y
] = [6, 8], we use case UB1 of lemma 6 and then the UB

is P̃ y = gamma(αy, α
y

α̈y
β̈y). Hence, BU and UB are di�erent.
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Theorem 4. If α = α̈, BU and UB distributions of the Poisson-gamma model are the same

distribution.

Proof. We have by assumption α = α̈ this implies αy = α̈y, thus α
α̈
β̈ = β̈ and αy

α̈y
β̈y = β̈y.

We have three cases according to the position of β̈ and β̈y.

If β̈ ∈ [β, β] which is equivalent to β ≤ β̈ ≤ β, this implies β + n ≤ β̈ + n ≤ β + n thus

βy ≤ β̈y ≤ β
y
. By using �rst case of lemma 3 and lemma 5 the BU and UB are the same

distribution,
(
P̃
)y

= P̃ y, and has gamma(α̈y, β̈y).

If β̈ /∈ [β, β] and β̈ > β that means β < β < β̈, this implies β + n < β + n < β̈ + n thus

βy < β
y
< β̈y. By using second case of lemma 3 and lemma 5 the BU and UB are the same

distribution,
(
P̃
)y

= P̃ y, and has gamma(αy, β
y
).

If β̈ /∈ [β, β] and β̈ < β that means β̈ < β < β, this implies β̈ + n < β + n < β + n thus

β̈y < βy < β
y
. By using third case of lemma 3 and lemma 5 the BU and UB are the same

distribution,
(
P̃
)y

= P̃ y, and has gamma(αy, βy).

4 Case studies

In this section, we show three case studies:

• Two case studies illustrating the di�erence between UB and BU:

� Section 4.1 features a case study on the coronavirus in Canada using the Poisson-

gamma model (Example 1 of the introduction section).

� Section 4.2 features a case study on a new biomedical treatment for the early

treatment of myocardial infarction using the normal-normal model (Example 2 of

the introduction section).

• Section 4.3 has a breast cancer case study in which UB but not BU is available.
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4.1 Application of BU and UB of the Poisson-gamma model on the

coronavirus

4.1.1 Background

This section illustrates the methods of this paper by applying them to the problem of Exam-

ple 1. We are interested in knowing the expected value of the daily number of deaths caused

by COVID-19 in Canada for the period between March 15, 2020 and August 15, 2020. In

our model, we will use posterior predictive p-value method to determine the set of adequate

prior distributions, and then derive from that set the set of adequate posterior distributions.

Both the BU and UB approaches will be used to make inference for this problem.

4.1.2 Determine the adequate set

Let Yi be the number of deaths on day i due to COVID-19 in Canada for the period between

March 15, 2020 and August 15, 2020. We assumed they are independent for simplicity. Let

yi be the observed value of Yi, and θ be the expectation of number of deaths per day for that

period, E(Yi|θ) = θ. Thus, the Poisson-gamma model is de�ned by the following

� 



Yi|θ ∼ Poisson(θ) Y1, Y2, ..., Yn are i.i.d

θ ∼ gamma(α, β)

E(θ) = α
β
is the expectation of θ

V (θ) = α
β2 is the variance of θ.

�

To build the prior distribution, gamma(α, β), we have to choose values for the hyperpa-

rameters α and β. The hyperparameter β belongs to set of adequate hyperparameter values

H = [β, β] which can be determined using the posterior predictive p-value method. While

we �x the hyperparameter α = 35, later we will discuss the choice of this value.

We drew a random sample of n = 30 days with replacement from the COVID-19 database

in Canada for a total of 64 days. Let y = (y1, y2, ..., yn) represent that sample. The number
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of deaths in the n days is
n∑
i=1

yi = 2510. Let T (y) be a test statistic, in our model the test

statistic is equal to the sample mean, T (y) = ȳ. Figure 2 shows the histogram of the sample

data that we analyzed.

Figure 2: The histogram of a sample of 30 days of data from the COVID-19 database in
Canada.

The posterior distribution of θ is given by

θ|y ∼ gamma(
n∑

i=1

yi + α , n+ β).

The posterior predictive distribution of a future observation yrep is negative binomial
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(NB), and its probability mass function (pmf) is given by

p(yrep|y) =

∫

Θ

p(yrep|θ)p(θ|y)dθ

=

Γ(yrep +
n∑
i=1

yi + α)

Γ(
n∑
i=1

yi + α)Γ(yrep + 1)

(
n+ β

n+ β + 1

) n∑
i=1

yi+α( 1

n+ β + 1

)yrep

Y rep|y ∼ NB(r , p),

where p = n+β
n+β+1

, q = 1− p = 1
n+β+1

and r =
n∑
i=1

yi +α (Hyvönen and Tolonen, 2019, section

2.1.2).

The expectation of negative binomial distribution is given by

E(Y rep|y) = r
q

p
=

n∑
i=1

yi + α

n+ β

and the variance is given by

V (Y rep|y) = r
q

p2
=

n∑
i=1

yi + α

(n+ β)2
(n+ β + 1).

The posterior predictive p-value (Rubin, 1984; Gelman et al., 1996) is de�ned by

p-value = P [T (Y rep)>T (y) |y]

= 1− P [Ȳ rep ≤ ȳ |y]

= 1− P [
n∑

i=1

Y rep
i ≤

n∑

i=1

yi |y]

= 1− F (nȳ),

where F (nȳ) is the cumulative distribution function of the posterior predictive distribution

NB(nr , p).

For a threshold δ, the set of adequate hyperparameter values of β is given by

H = {β : p-value = 1− Fβ(nȳ) > δ}.

For a threshold δ = 0.05, the set of adequate hyperparameter values of β becomes
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H = {β : 1− Fβ(nȳ) > 0.05}
H = (0 , 1.45].

4.1.3 Determine the BU and UB

The average number of daily deaths caused by COVID-19 in Canada until April 23, 2020 was

54, as we showed in Example 1, the benchmark prior distribution of θ is P̈ = gamma(270, 5)

its mean is equal to 54, the corresponding benchmark posterior distribution is P̈ y = gamma(2780 , 35).

The sets of adequate prior distributions are

Ṗ = {gamma(35 , β) : β ∈ (0 , 1.45]} , and Ṗ(P̈ ) =
{
Ṗ ∈ Ṗ : RE(Ṗ ‖ P̈ ) <∞

}
.

The corresponding sets of adequate posterior distributions of θ are given by

Ṗy = {gamma(2545 , βy) : βy ∈ (30 , 31.45]} , and Ṗy(P̈ y) =
{
Ṗ y ∈ Ṗy : RE(Ṗ y ‖ P̈ y) <∞

}
.

We have α 6= α̈ and α
α̈
β̈ ' 0.65 ∈ H, according to case BU1 of lemma 4 the BU is

(
P̃
)y

= gamma(αy, α
α̈
β̈ + n) which is equal to gamma(2545, 30.65). On the other hand

we have αy 6= α̈y and αy

α̈y
β̈y ' 32.04 /∈ (30 , 31.45], then according to case UB2 of lemma

6 the UB is P̃ y = gamma(αy, β
y
) which is gamma(2545, 31.45). Hence, BU and UB are

di�erent, this is what we can see in Figure 3 the probability density functions of BU, UB

and benchmark posterior are di�erent.

We have chosen α = 35 for gamma(α , β), the prior distribution, in the set of adequate

prior distributions Ṗ . For any α < 120, we will almost get similar results, which in turn

show that BU is di�erent from UB. Otherwise, we will get BU and UB are the same.

34



Figure 3: Comparison of the probability density function of the benchmark posterior
(dashed), BU (dotted) and UB (solid) of average daily deaths caused by COVID-19 in
Canada.

4.1.4 Interpretation

In Table 2, for each approach, we have calculated the posterior mean of θ that we de�ned

in Section 4.1.2, the posterior variance and the 95% credible interval of θ. The benchmark

posterior mean of θ is 79 deaths, whereas the posterior mean of θ using BU is 83 deaths, and

it is 81 using UB. The mean values of both approaches are close to each other, this is due

to a small range, 1.45, of the set of adequate hyperparameter values of β, (30 , 31.45]. The
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Approach distribution mean variance 95% Credible interval of θ

BU
(
P̃
)y

= gamma(2545, 30.65) 83.03 2.71 [79.8 , 86.3]

UB P̃ y = gamma(2545, 31.45) 80.92 2.57 [77.8 , 84.1]

Table 2: The mean, the variance and the 95% credible interval of θ for each approach BU
and UB.

95% credible interval of θ based on the BU is [79.8, 86.3] and for that of UB is [77.8, 84.1].

We can conclude that the two approaches for this application give very close results with a

small di�erence.

4.2 Application of BU and UB of the normal-normal model on new

biomedical treatment

4.2.1 Background

This section illustrates the methods of this paper by applying them to the problem of Ex-

ample 2. As we have seen in the Example 2, the aim of this study is to compare placebo and

a new treatment to be given at home as soon as possible after a myocardial infarction. We

have the information that the hyperparameter µ of our prior distribution belongs to a set

of adequate hyperparameter values [µ, µ]. We will determine the adequate set of the prior

distribution in the next section. Our model becomes


Y |θ ∼ N(θ, 4)

θ ∼ N(µ, 0.0169).

The posterior distribution of θ is normal, and using Equation (4) we get

θ|y ∼ N(µy = 0.886µ− 0.084, vy = 0.015). (11)

4.2.2 Determine the adequate set

The posterior predictive distribution of a future observation yrep is normal distribution, and

its probability density function (pdf) is given by
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p(yrep|y) =

∫

Θ

p(yrep|θ)p(θ|y)dθ

=

∫

Θ

φθ,σ2(yrep)φµy ,vy(θ)dθ

=
1√

2π(σ2
n + σ2)

e
− (yrep−µy)2

2(vy+σ2) , (12)

where φθ,σ2(yrep) is the normal pdf of yrep, with mean θ and variance σ2, and φµy ,vy(θ) is the

normal pdf of θ with mean µy and variance vy de�ned in Equation (11).

For the proof of Equation (12) see Equation 2.115 of Bishop (2006). The posterior

predictive distribution of yrep has the same mean as the posterior distribution of θ in Equation

(11), µy = 0.886µ− 0.084, and its variance is vy + σ2, thus

Y rep|y ∼ N(0.886µ− 0.084, 4.015).

Let T (Y ) be a test statistic, in our model the test statistic is equal to the sample mean,

T (Y ) = Ȳ . The one-sided posterior predictive p-value is

pp = P [T (Y rep)>T (y) |y]

= 1− P [Ȳ rep ≤ ȳ |y]

= 1− P [
Ȳ rep − E(Ȳ rep|y)

sd(Ȳ rep|y)
<
ȳ − E(Ȳ rep|y)

sd(Ȳ rep|y)
]

= 1− Φ(
ȳ − E(Ȳ rep|y)

sd(Ȳ rep|y)
)

= 1− Φ(
−0.656− 0.886µ

0.363
),

where Φ is the cumulative distribution function of the standard normal distribution. To con-

vert the one-sided p-value to two-sided p-value we use one of these two formulas: 2min(Φ(−0.656−0.886µ
0.363

), 1−
Φ(−0.656−0.886µ

0.363
)) or 2(1−Φ(|−0.656−0.886µ

0.363
|)). Therefore, the two-sided posterior predictive p-

value becomes

p-value = 2(1− Φ(|−0.656− 0.886µ

0.363
|)).

For a threshold δ, the set of adequate hyperparameter values of µ is given by

H = {µ : p-value > δ}.

For a threshold δ = 0.05, the set of adequate hyperparameter values of µ becomes
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H = {µ : 2(1− Φ(|−0.656− 0.886µ

0.363
|)) > 0.05}

H = [−1.542 , 0.062].

Let Hy be the set of adequate posterior mean µy. By using Equations (5) and (6) we get

Hy = [−1.45 , −0.03].

Figure 4: Comparison of the probability density function of the benchmark posterior
(dashed), BU (dotted) and UB (solid) of θ = log (OR).
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4.2.3 Determine the BU and UB

In this application we will use the prior of Spiegelhalter et al. (2004, pp. 26, 69) as a

benchmark prior (P̈ ) with di�erent variance, thus θ ∼ N(µ̈ = −0.26 , v̈ = 0.5). The cor-

responding benchmark posterior distribution (P̈ y) is N(µ̈y = −0.64 , v̈y = 0.1). The set of

adequate prior distribution is Ṗ = {N(µ , v = 0.0169) : µ ∈ [−1.542 , 0.062]}, and Ṗ(P̈ ) =
{
Ṗ ∈ Ṗ : RE(Ṗ ‖ P̈ ) <∞

}
. The set of adequate posterior distributions of θ is given by

Ṗy = {N(µy , vy = 0.015) : µy ∈ [−1.45 , −0.03]}, and Ṗy(P̈ y) =
{
Ṗ ∈ Ṗy : RE(Ṗ y ‖ P̈ y) <∞

}
.

We have µ̈ = −0.26 ∈ H, according to case BU1 of lemma 1 the BU is
(
P̃
)y

=

N(−0.31 , 0.015). On the other hand we have µ̈y ∈ [−1.45 , −0.03], then according to

case UB1 of lemma 2 the UB is P̃ y = N(−0.64 , 0.015). Figure 4 shows that the pdfs of BU,

UB and benchmark posterior are di�erent. However, the UB and benchmark posterior have

the same mean, µ̃y = µ̈y = −0.64.

4.2.4 Interpretation

Remember that, for a θ < 0 this is equivalent to OR < 1, it is to favor the new treatment,

because mortality with the new intervention is low. The values of this analysis are sum-

marized in Table 3. The estimated OR for both approaches is smaller than 1, for the UB

approach is 0.53 with a corresponding risk reduction 47%, but for that of the BU is equal

to 0.73 with a corresponding risk reduction 27%. Moreover, the 95% credible interval of OR

corresponding to 95% credible interval of θ is [0.41, 0.67] which is more con�dent (compared

to its distance from OR = 1) than of that of BU which is equal to [0.58, 0.93]. The posterior

probability of OR < 0.5 (equivalent to P (θ < −0.69|y)) corresponding to risk reduction at

least 50% is equal to 0.001 for BU, while, it is more important for UB which is equal to 0.338.

Also, The posterior probability of OR < 1 (equivalent to P (θ < 0|y)) is equal to 99.5% for

BU and 100% for UB.

We can conclude from the above analysis that the bene�t is for the new treatment, with

strong con�rmation results obtained by the UB approach.

39



Distribution Estimated OR
95% Credible
interval of θ

P (OR < 0.5|y) P (OR < 1|y)

(
P̃
)y

= N(−0.31 , 0.015) e−0.31 = 0.73 [−0.55,−0.07] 0.001 0.995

P̃ y = N(−0.64 , 0.015) e−0.64 = 0.53 [−0.88,−0.40] 0.338 1

Table 3: The estimated OR, the 95% credible interval of θ, the probability of OR smaller
than 0.5 and the probability of OR smaller than 1 for each approach.

4.3 Application of breast cancer

4.3.1 Background

The SELDI-TOF spectra data set (ProData package, available at https://rb.gy/yjxrej)

from Alex Miron's laboratory at the Dana-Farber Cancer Institute (Li, 2009) consists of the

log-abundance levels of 20 plasma proteins in 35 women with ER/PR positive breast cancer

(disease group) and 64 healthy women (control group). This is a multiple hypothesis testing

problem, with one test per protein of the null hypothesis that the mean protein log-abundance

level does not di�er between the disease and control groups. The data can be reduced to a

vector of t-test statistics between the disease and control groups. The null hypothesis of the

t-test considers the ith protein una�ected by the cancer, whereas the alternative hypothesis

considers it a�ected. Many estimators of the local false discovery rate can be computed for

each protein, such as the corrected false discovery rate (CFDR) (Bickel and Rahal, 2019),

the re-ranked false discovery rate (RFDR) (Bickel and Rahal, 2019), the histogram-based

estimator (HBE) (Efron, 2004), the binomial-based estimator (BBE) (Bickel, 2013) or the

maximum likelihood estimator (MLE) (Padilla and Bickel, 2012, and references). What if

there is uncertainty about which estimator to use?

4.3.2 Determine the UB

Among the 20 proteins in ProData package, we are interested in �nding proteins a�ected

by cancer. As an example of data visualization, Figure 5 shows the histogram of protein 5

for the cancer group (left) and the control group (right). Let's remember the de�nition of
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Figure 5: Histograms of protein 5 for both cancer group (left) and control group (right).

LFDR which can be used to �nd the a�ected proteins by the cancer.

The ProData can be reduced to some test statistics, say X1, X2, ..., XN , where N is the

total number of protein, N = 20. The null hypothesis of the ith test considers the protein

is una�ected by the cancer against the alternative which considers it a�ected. Denote by

p(Xi) the p-value for the ith test, such that i = 1, 2, ..., N . Let Ai be the random quantity

that de�ned by

Ai =





0 if the ith null hypothesis is true

1 if the ith alternative hypothesis is true.

The LFDR is the posterior probability that null hypothesis i is true given the p-value

(Bickel and Rahal, 2019), thus

LFDR(p(xi)) = P [Ai = 0|p(Xi) = p(xi)]. (13)

Ai|p(Xi) = p(xi) is the random variable drawn from the Bernoulli distribution with param-

eter 1−LFDR(p(xi)).

The nonlocal false discovery rate (NFDR) (Efron and Tibshirani (2002); Bickel (2013))

at a signi�cance level of α is
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NFDR(α) = P [Ai = 0|p(Xi) ≤ α].

There are several estimators of the LFDR de�ned in Equation (13). In this application

we use four of them, CFDR, RFDR, HBE and MLE. As all these estimators do not return the

same estimation of LFDR, we are interested in de�ning a new estimator, UB, of the LFDR

using the NFDR estimate to generate the benchmark distribution P̈ y = Bern(1−N̂FDR),

where, following Bickel and Rahal (2019),

N̂FDR(p(xj)) =
p(xj)N

#(p(xi) ≤ p(xj))
if

p(xj)N

#(p(xi) ≤ p(xj))
≤ 1 else N̂FDR(p(xj)) = 1.

Let Ṗy denote this set of adequate posterior distributions:

Ṗy =
{
Bern(1− ̂LFDR(p(x))) : LFDR∈ {CFDR, RFDR, HBE, MLE}

}
, and

Ṗy(P̈ y) =
{
Ṗ y ∈ Ṗy : RE(Ṗ y ‖ P̈ y) <∞

}
.

For each protein i, the UB can be used to estimate a single LFDR from the set of

estimates, thus

L̃FDRi = argmin
Ṗy

i ∈Ṗ
y
i (P̈

y
i )

RE(Ṗ y
i ‖ P̈ y

i )

= argmin
LFDR∈{CFDR, RFDR, HBE, MLE}

RE (Bern(1− ̂LFDR(p(xi)))||Bern(1− ̂NFDR(p(xi))))

= argmin
LFDR∈ {CFDR, RFDR, HBE, MLE}

(1− ̂LFDR(p(xi)))log
(1− ̂LFDR(p(xi)))

(1− ̂NFDR(p(xi)))
+ ̂LFDR(p(xi))log

̂LFDR(p(xi))

̂NFDR(p(xi))
.

Note that there is no BU available for this application, since by de�nition the LFDR is

a posterior probability and the BU is mainly based on a set of adequate prior distributions

which is not the case here.
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4.3.3 Interpretation

We used three R packages in our computations of LFDR estimators. The package locfdr

(Efron et al., 2015) used to compute the HBE, we use the standard normal quantile of the

one-sided p-value as the z-score, we set the number of histogram breaks in the discretization

of the z-score equal to the minimum of 120 and number of row of cancer group, and we set

the degrees of freedom equal to 7 for �tting the mixture estimated density. The package

LFDR.MLE (Padilla et al., 2015) used to compute the MLE, we use the statistic of the

t test between cancer and control groups with its degrees of freedom 97. The package

CorrectedFDR (Rahal et al., 2018) used to compute the NFDR, CFDR, RFDR and UB, we

use the two-sided p-value of the t test between cancer and control groups.

Figure 6 shows that some estimators are below the threshold 0.2, all LFDR estimators

with a probability greater than 80% for a protein a�ected by cancer can be found below

this threshold. We summary those proteins (3, 4 and 14) in Table 4, it is clear that the UB

estimator chooses from the LFDR estimators the values closest to those of the NFDR. The

advantage of UB is to provide mixture values from the di�erent estimators, the 3rd protein

was chosen from CFDR, while the 4th protein was chosen from RFDR and the 14th protein

was chosen from HBE.

Protein NFDR CFDR RFDR MLE HBE UB

3 0.00003 0.00003 0.00712 0.00024 0.00163 0.00003

4 0.15497 0.28412 0.13055 0.65316 1.00000 0.13055

14 0.00712 0.01068 0.15497 0.02159 0.00442 0.00442

Table 4: Summary of proteins that have a UB less than 0.2 as well as other LFDR estimators
for these proteins.
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Figure 6: In x-axis the p-value of t test statistics, in y-axis NFDR, CFDR, RFDR, MLE,
HBE and UB estimators for each protein of breast cancer data.

5 Conclusion

This paper proposes the BU, new approach of blended distribution that select a prior dis-

tribution from a set of adequate prior distributions and derive from that prior a posterior

distribution. For the normal-normal model and the Poisson-gamma model, the BU and UB

do not necessarily yield the same distribution, they can be the same under some assump-

tions. For inference, we presented three applications in this paper. The �rst application, in
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Section 4.1, estimated the expected number of deaths caused by coronavirus in Canada. The

second application, in Section 4.2, studied a new biological treatment compared to a placebo

administrated at home after a myocardial infarction. The third application, in section 4.3,

de�ned a new estimator of the local false discovery rate to �nd the proteins most likely

a�ected by breast cancer.

In the �rst two applications (Sections 4.1 and 4.2), we found the results of BU and UB are

close, but that may be attributed to the small range of the set of adequate hyperparameter

values. Had the range been larger, we might have seen a much larger di�erence between

BU and UB. On the other hand, we chose some of the hyperparameters to accentuate the

di�erences between BU and UB, as speci�ed in Examples 1 and 2.

That suggests that whether BU or UB is used may not have any important e�ect on

conclusions. If so, the choice could be left to personal preference or computational conve-

nience. For example, BU would be computationally faster than UB if each use of a posterior

distribution requires many Markov chain Monte Carlo iterations (Mayer Alvo, personal com-

munication).

Further work

• In this paper, we have shown the blended distribution based on the set of adequate

prior or posterior distributions for the normal-normal and Poisson-gamma models. For

these two models we found that the BU and UB do not necessarily yield the same

distribution. For future work, it would be interesting to check if this result can be

extended to all distributions for the exponential family.

• In the set of adequate prior or posterior distributions that we showed in this paper,

it was only one parameter unknown. It would be interesting to consider two or more

unknown parameters. In this case the gradient descent can be used to solve the mini-

mization problem for two dimensions or more.
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• We used relative entropy to minimize the set of adequate prior or posterior distributions

to the benchmark distribution. It would be interesting to check if the reverse relative

entropy or Euclidean distance yield the same results as the relative entropy.
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Chapter 3

Correcting false discovery rates for

their bias toward false positives

This chapter proposes two new estimators of the local false discovery rate, the cor-

recting false discovery rate, the re-ranking false discovery rate, and an estimator of

the nonlocal false discovery rate. It also presents a stimulation study to compare the

performance of the proposed estimators to two existing estimators of the local false

discovery rate, the histogram-based estimator and the maximum likelihood estimator.
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Chapter 4

Model fusion and multiple testing

in the likelihood paradigm:

shrinkage and evidence supporting

a point null hypothesis

This chapter defines the theory of weight of statistical evidence with respect to a single

model. It also defines the fusion model and the weight of evidence with respect to

two fused models. For purposes of illustration and application of multiple hypothesis

evidence, these theories were applied to exam scores data and to gene expression

levels data. At the end, it presents a brief discussion of the practical advantages of

the fused model weight of evidence for shrinkage and for evidence supporting a point

null hypothesis.
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Chapter 5

Concluding summary

In this thesis, we defined two approaches of blended distribution we call blending-

before-updating (BU) and updating-before-blending (UB). These BU and UB select

from a set of adequate posterior distributions a single posterior distribution in order

to use it for inference and decision making. These approaches can be used in many

Bayesian statistical models. Nevertheless, in this thesis we worked on two models:

the normal-normal model and the Poisson-gamma model. We have shown that the

BU and UB approaches for these two models do not necessarily yield the same distri-

bution. However, under certain assumptions, they can give the same distribution. As

applications on these two approaches, we presented in Chapter 2 three applications.

The first application estimated the expected number of deaths caused by coronavirus

in Canada, the second application compared a new biological treatment to a placebo

administrated at home after a myocardial infarction, and the third application de-

fined a new LFDR estimator that was used to find the proteins most likely affected

by breast cancer.

Equally important, this research opens the door to verify if the results can be

extended to all distributions for the exponential family. Also, we had one unknown

parameter in the set of adequate prior or posterior distributions, and it would be
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5. CONCLUDING SUMMARY

interesting to consider two or more unknown parameters. In this case the gradient

descent can be used to solve the minimization problem for two dimensions or more. In

addition, we used relative entropy to minimize the set of adequate prior or posterior

distributions to the benchmark distribution. It would be interesting to check if the

reverse relative entropy or Euclidean distance yield the same results. Furthermore,

it would be interesting to check in which cases the BU and UB should be used and

which one is the most accurate.

Regarding the Bayesian approach of LFDR, we presented in Chapter 3 two new

estimators of the LFDR, namely, the CFDR and the RFDR, and an estimator of

the NFDR. We also presented a simulation study to compare the performance of

the proposed estimators to two existing LFDR estimators, the HBE and the MLE.

The results of this study showed that the CFDR performs well for the small number

of features. While the MLE outperforms the other estimators for the large number

of features, it is highly dependent on the parametric model used to generate the

data. The CFDR and the HBE perform well for the large number of features with

less dependence on that model. An application on tomato gene expression data was

performed to compare the results of each estimator in terms of the number of genes

found that are differentially expressed. We developed an R package CorrectedFDR

[7] to compute these estimators.

In terms of model fusion and multiple testing, we defined in Chapter 4 the theory

of weight of evidence under a single model, also fusing models from different levels.

To address the multiple hypothesis weights of evidence problem, we developed two

models, pure and fusion models. More research is needed before recommending an

applicable default model of fusion with a non-mixture model, fusion with a mixture

model, and fusion with a model of p-values, which bridge the link of the weight of

evidence to the LFDR. Hence, it defines a new LFDR estimator. For purposes of

illustration and application of multiple hypothesis evidence, we applied these theories

to gene expression data. In this application, we found that the weight of evidence
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5. CONCLUDING SUMMARY

decreases as the p-value increases. We also performed a comparison between the

different LFDR estimators to show for each estimator the number of genes that are

differentially expressed.
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