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Abstract

The local false discovery rate (LFDR) is one of many existing statistical methods
that analyze multiple hypothesis testing. As a Bayesian quantity, the LEFDR is based
on the prior probability of the null hypothesis and a mixture distribution of null and
non-null hypothesis. In practice, the LFDR is unknown and needs to be estimated.
The empirical Bayes approach can be used to estimate that mixture distribution.

Empirical Bayes does not require complete information about the prior and hyper
prior distributions as in hierarchical Bayes. When we do not have enough information
at the prior level, and instead of placing a distribution at the hyper prior level in the
hierarchical Bayes model, empirical Bayes estimates the prior parameters using the
data via, often, the marginal distribution.

In this research, we developed new Bayesian methods under unknown prior dis-
tribution. A set of adequate prior distributions maybe defined using Bayesian model
checking by setting a threshold on the posterior predictive p-value, prior predictive
p-value, calibrated p-value, Bayes factor, or integrated likelihood. We derive a set of
adequate posterior distributions from that set. In order to obtain a single posterior
distribution instead of a set of adequate posterior distributions, we used a blended
distribution, which minimizes the relative entropy of a set of adequate prior (or pos-
terior) distributions to a ”benchmark” prior (or posterior) distribution. We present
two approaches to generate a blended posterior distribution, namely, updating-before-

blending and blending-before-updating. The blended posterior distribution can be
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ABSTRACT

used to estimate the LFDR by considering the nonlocal false discovery rate as a
benchmark and the different LFDR estimators as an adequate set.

The likelihood ratio can often be misleading in multiple testing, unless it is sup-
plemented by adjusted p-values or posterior probabilities based on sufficiently strong
prior distributions. In case of unknown prior distributions, they can be estimated
by empirical Bayes methods or blended distributions. We propose a general frame-
work for applying the laws of likelihood to problems involving multiple hypotheses
by bringing together multiple statistical models.

We have applied the proposed framework to data sets from genomics, COVID-19
and other data.
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Résumeé

Le local false discovery rate (LFDR) est I'une de nombreuses méthodes statistiques
qui analyse plusieurs tests d’hypotheses ensemble. En tant que quantité bayésienne,
le LEDR est basé sur la probabilité a priori de I’hypothese nulle et sur une loi mixte
d’hypotheses nulle et non nulle. Dans la pratique, le LFDR est inconnu et doit étre
estimé. L’approche empirique de Bayes peut étre utilisée pour estimer cette loi mixte.

L’empirique de Bayes ne nécessite pas d’informations completes sur les lois a
priori et hyper-priori comme celle de Bayes hiérarchique. Lorsque nous n’avons pas
suffisamment d’informations au niveau de a priori, et au lieu de placer une loi au
niveau d’hyper-priori dans le modele de Bayes hiérarchique, I’approche empirique de
Bayes estime les parametres de la loi a priori en utilisant les données via, souvent, la
loi marginale.

Dans ce projet, nous avons développé de nouvelles méthodes bayésiennes sous
des lois a priori inconnues. Un ensemble de lois a priori adéquates peut étre défini
en utilisant un modele bayésien de vérification et en fixant un seuil sur la valeur-p
de la loi prédictive a posteriori, la valeur-p de la loi prédictive a priori, la valeur-p
calibrée, le facteur de Bayes, ou la vraisemblance intégrée. Nous dérivons de cet
ensemble un autre ensemble de lois a posteriori adéquates. Afin d’obtenir une seule
loi a posteriori, nous utilisons la loi mélangée, qui minimise 1’entropie relative d’un
ensemble de lois a priori (ou a posteriori) adéquates a une loi a priori (ou a posteriori)

de référence. Nous présentons deux approches nommées updating-before-blending et
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RESUME

blending-before-updating pour générer une loi a posteriori mélangée. La loi a posteriori
mélangée peut étre utilisée pour estimer le LFDR en considérant le nonlocal false
discovery rate comme une référence et les différents estimateurs du LFDR comme un
ensemble adéquat.

Le rapport de vraisemblance peut étre souvent trompeur dans la comparaison
de tests multiples & moins qu’il ne soit complété par des valeurs-p ajustées ou des
probabilités a posteriori basées sur des lois a priori suffisamment fortes. En cas de lois
a priori inconnues, elles peuvent étre estimées par des méthodes empiriques de Bayes
ou par de lois mélangées. Nous proposons un cadre général pour appliquer le rapport
de vraisemblance aux problemes impliquant des hypotheses multiples en réunissant
plusieurs modeles statistiques.

Nous avons appliqué le cadre proposé a des ensembles de données provenant de

la génomique, de la COVID-19 et d’autres données.
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Preface

This thesis is submitted for the degree of Doctor of Philosophy at the University of
Ottawa. The research period for this thesis was between January 2015 and December
2020 under the supervision of David R. Bickel, Adjunct Professor in the Department
of Mathematics and Statistics of the University of Ottawa and Associate Professor
in the Informatics and Analytics Program of the University of North Carolina at
Greensboro.

The multiple hypothesis testing problem is one of the important problems in
genomics data analysis, and the LFDR can be used to analyze thousands of genetic
features including genes, proteins, etc. together. We used empirical Bayes methods to
estimate the LEFDR. We are interested in analyzing different LFDR estimators to find
out their appropriate characteristics in terms of required specifications such as number
of features, sample size of treatment and control groups, etc. LFDR estimators may
perform differently for the same test statistic, i.e., one estimator may perform well for
a small number of features but not necessarily for another estimator. The question
that arises in this context is what to do if there is uncertainty about which estimator
to use.

This motivated us to develop new Bayesian methods we call blended distribu-
tions. In these methods, instead of estimating the unknown prior distribution as in
empirical Bayes approach, we determine a set of prior distributions and then select

a single distribution from this set. The selection of a single distribution from the

xil



PREFACE

set of prior distributions is based on minimizing the relative entropy of that set to
a benchmark prior distribution. The blended distribution can be a solution to the
problem mentioned in the question above.

In addition, we introduce a general framework for applying the laws of likelihood
to problems involving multiple hypotheses that may require posterior probabilities
to avoid misleading results. This requires strong prior distributions that can be

estimated in the case where their parameters are unknown.
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Chapter 1

Introduction

This thesis is composed of three papers, each of which is the subject of a chapter.
Before presenting them, it is important to show a brief summary of preliminary

definitions and to review some statistical concepts.

1.1 Blended distribution

In general, Bayesian inference can be used when we have a complete knowledge of the
prior distribution, whereas the blended approach can be used when we have a partial
or unknown knowledge of the prior distribution. This approach is based on using a
set of prior distributions instead of using a single prior. Many methods can be used
to determine a set of adequate prior distributions such as prior predictive p-value,
posterior predictive p-value [5], Bayes factor, or integrated likelihood [3].

We define two approaches of blended distribution. The first approach we call
updating-before-blending (IDVI), which is the posterior distribution, P?, in a set of

adequate Bayesian posteriors, Px(P‘”), that minimizes the relative entropy of P‘E(Pz)



1. INTRODUCTION

to a benchmark posterior, P*. Thus

pr = ~arg inf RE(P® || P7).
prepa(be)
The second approach we call blending-before-updating (ﬁ)x The first step,
we find the blended prior (]5) which is one of the prior distribution, P, within a
set of adequate prior distributions, (P), that minimizes the relative entropy to the
benchmark prior, P, thus

P = arginf RE(P || P).
PeP(P)

The second step, given the data X we derive from that blended prior its posterior
(13)”“ — P(e| X = 2).

In Chapter 2, we will apply these two approaches on two well-known models,
namely, the normal-normal model and the Poisson-gamma model to see if for each
model they produce the same result. These approaches can be used in several appli-
cations. In this thesis, we will use them in three applications. Our first application
illustrates the number of deaths due to coronavirus in Canada. The second appli-
cation compares a new treatment to a placebo, where it can be given at home after
a myocardial infarction. The third application concerns breast cancer. We will pro-
pose a new LFDR estimator which is used to select the proteins that have a high

probability of being affected by cancer.

1.2 Local false discovery rate

In genomics applications, we are interested in discovering genes that are differen-

tially expressed by testing differential gene expression levels between case and control



1. INTRODUCTION

groups.
A number of Bayesian approaches have been used in multiple hypothesis testing.
Efron [4] has defined a Bayesian framework for multiple hypothesis testing called
LEFDR which is an alternative definition to that of Benjamini and Hochberg [2].
Consider the following multiple hypothesis testing problem. Suppose we have
two tables of data for the treatment and control groups, as in Figure 1.1. For a
feature 7 of a patient j, we have z;; for the treatment group and y;; for the control

group. These x;; and y;; can be gene expression level, log-abundance, etc.

Treatment group Control group

Feature 1 X11 X1in m Vi1 Yim
X21 X2n m Y21 Y2m
X Xin Featurei (7 Yin
N1 XNn m Y1 YNm

Figure 1.1: Multiple hypothesis testing problem between treatment and con-
trol groups.

The null (Hy) and alternative (H;) hypothesis are defined as follows: Hy, : the ith
feature is unaffected by a treatment, unassociated with a disease, etc. Hy; : the ith
feature is affected by a treatment, associated with a disease, etc. Hp; (null) means
that for the feature 7, x;; and y;; have the same distribution. Consider a variable
A; that is equal to 0 if Hy,; is true, or equal to 1 if Hy; is true. The two groups
of data in Figure 1.1 can be reduced to some test statistics, say T7,T5..., Ty and
their realizations are ti,ty...,ty. Let 1y = P(A;=0) be the prior probability of null,
m1 = P(A;=1) be the prior probability of non-null with 3 = 1 — 7, fo(t) be the null



1. INTRODUCTION

density, and fi(¢) be the non-null density. Let f(¢) be the mixture density, such that
f(t) = mofo(t) + w1 f1(t). The LFDR is defined by

WOfO(ti).

Vi =P(4; =0T, =1;) = )

¥; is unknown and needs to be estimated. There are many estimators of the
LFDR such as the histogram-based estimator, the maximum likelihood estimator, the
binomial-based estimator, etc. Due to the high variance of some LFDR estimators
and the lack of availability of software, Chapter 3 defines two new LFDR estimators:
the corrected false discovery rate and the re-ranked false discovery rate which are

correcting an estimated FDR or the level at which an FDR is controlled.

1.3 Weight of evidence

The p-value is not the only statistical evidence that can be used for reporting outcomes
of hypothesis tests. The ASA Statement on Statistical Significance and P-Values
[10] included the likelihood ratio as a measure of statistical evidence that might
replace the p-value. Some statisticians prefer to supplement or even replace p-values
with other approaches such as likelihood ratios or Bayes Factors. Chapter 4 offers a
general framework for applying the laws of likelihood to problems involving multiple
hypotheses by bringing together multiple statistical models and applying to gene

expression data.

1.4 Data

In this thesis, we have used different data for inferences and applications. The main
objective of using these data is to apply the theories and approaches we have defined

in each paper. In the following, the data we used:
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1. Data on the number of deaths due to COVID-19 in Canada. This data was
published on the website of Health Canada, Canada.ca/coronavirus at https:

//bit.1ly/3noHUY5.

2. Biomedical data of the GREAT trial of early treatment for myocardial infarc-
tion. This data contains the number of death after experimental trial for new

treatment against a placebo [9, pp. 26, 69].

3. The SELDI-TOF spectra data set that consists of the log-abundance levels of
20 plasma proteins in 35 women with ER/PR positive breast cancer (treatment
group) and 64 healthy women (control group), which were measured in Alex

Miron’s laboratory at the Dana-Farber Cancer Institute [6].

4. The microarray data set that consists of the expression levels of 13,440 genes
across 6 biological replicates in tomatoes at three days after the breaker stage

of ripening [1].

5. The SAT data contains the means and variances of SAT exam score differences
between students participating in a training program and those not participat-

ing for each of eight exam sites [8].

1.5 The objectives of the thesis

The main objective of this thesis is to define new Bayesian methods under unknown
prior distributions. Each of the following three paragraphs summarizes how that
objective is addressed by one of the three papers of the thesis.

We first define two blended distribution approaches which use the Bayesian ap-
proach under unknown prior distribution. We compare them for each normal-normal

and Poisson-gamma model to check whether they yield the same results, and apply
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them to some applications, such as breast cancer, COVID-19 and biomedical treat-
ment.

Second, we define new LFDR estimators under unknown prior distributions of the
null and non-null hypothesis. To evaluate the performance of each LFDR estimator,
we conduct a simulation study to compare the new LFDR estimators to some existing
estimators under different scenarios.

Third, we introduce a general framework for applying the laws of likelihood
to problems involving multiple hypotheses that may require posterior probabilities
to avoid misleading results. This requires strong prior distributions which can be

estimated in the case where their parameters are unknown.

1.6 The objectives of the chapters

This thesis is based on three papers. The paper in Chapter 2 is in preparation; my
contributions were the mathematical developments of methods and approaches, the
data analysis and interpretation. The paper in Chapter 3 is published; I contributed
to the implementation of the simulation studies, the data analysis, the provision
of an R package for the methods proposed in the paper, and the discussion of the
results. The paper in Chapter 4 is published; my contributions were the data analysis
and interpretation, and the discussion of the data analysis results. Overall I had a
significant and major contribution, my supervisor was the research leader, he also
critically reviewed and approved the versions for publication.

We are working on another paper ”Empirical Bayes estimation of gene expression
fold change” which we have not included here because there is still a section to
complete.

Chapter 2 defines two approaches of blended distributions, updating-before-
blending and blending-before-updating. These two approaches will be applied to

the normal-normal model and the Poisson-gamma model. To illustrate the use of the
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proposed approaches, the chapter presents three applications. The first application
illustrates the number of deaths due to coronavirus in Canada. The second applica-
tion compares a new treatment to a placebo, where it can be given at home after a
myocardial infarction. The third application focuses on breast cancer.

Chapter 3 proposes new estimators of LFDR which are correcting false discovery
rate, re-ranking false discovery rate, and an estimator of nonlocal false discovery rate.
It also presents a stimulation study to compare the performance of the proposed
estimators to two existing LFDR estimators, the histogram-based estimator and the
maximum likelihood estimator. An application on tomato gene expression data is
performed to compare the results of each estimator in terms of the number of genes
found that are differentially expressed.

Chapter 4 defines the theory of weight of statistical evidence with respect to
a single model. It also defines the fusion model and the weight of evidence with
respect to two fused models. For purposes of illustration and application of multiple
hypothesis evidence, these theories were applied to exam scores data and to gene
expression levels data. At the end, it presents a brief discussion of the practical
advantages of the fused model weight of evidence for shrinkage and for evidence

supporting a point null hypothesis.



Chapter 2

Commutativity of updating by
Bayes’s theorem and blending by
maximum entropy for the
normal-normal and Poisson-gamma

models

This chapter defines two approaches of blended distributions, updating-before-blending
and blending-before-updating. These two approaches will be applied to the normal-
normal model and the Poisson-gamma model. For illustration and application on
both approaches, we present three applications. The first application illustrates the
number of deaths due to coronavirus in Canada. The second application compares
a new treatment to a placebo, where it can be given at home after a myocardial

infarction. The third application focuses on breast cancer.
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Abstract

Given data, a set of adequate prior distributions, and a "benchmark" prior distri-
bution that would have been used were that set unknown, there are two methods of
generating a blended posterior distribution, a single posterior distribution for inference
and decision making. The methods differ only in the order of applying two transforma-
tions: updating according to Bayes’s theorem and blending by maximum entropy or,
more precisely, minimum relative entropy. The blending transformation results in the
adequate distribution of the lowest entropy relative to the benchmark distribution.

The first approach starts by updating all the prior distributions, using Bayes’s the-
orem to generate a set of adequate posterior distributions and a benchmark posterior
distribution. That approach then returns the adequate posterior distribution that min-
imizes the entropy relative to the benchmark posterior distribution.

The second approach instead starts with the adequate prior distribution that mini-
mizes the entropy relative to the benchmark prior distribution. Then that prior distri-
bution is updated to a posterior distribution via Bayes’s theorem.

It appears that the order of updating and blending tends to have little effect on
the blended posterior distribution in the cases of the normal-normal model and the

Poisson-gamma model.

Introduction

In data analysis, it is often the case that while the prior distribution is not known with
certainty, there is enough partial information about the prior to confine it to some set
of distributions that are in some sense adequate. There is a vast literature on such sets
of probability distributions, often classified under “robust Bayes” in statistics (e.g., Berger
and Berliner, 1986; Sivaganesan, 1999; Bayati Eshkaftaki and Parsian, 2011; Kiapour and
Nematollahi, 2011; Jozani et al., 2012) and under “imprecise probability” in many other

fields (e.g., Hurwicz, 1951; Moral and De Campos, 1991; Walley, 2000; Weichselberger, 2001;

10



Tapking, 2004; Gilio, 2005; Harremoés, 2007; de Cooman and Hermans, 2008; Wang and Klir,
2008; Arias-Nicolas et al., 2009; Hable, 2009; Cohen et al., 2010; Shafer, 2011; Benavoli and
Ristic, 2011). One way to generate a set of adequate priors is to consider a prior adequate
only if it passes a model check (Bickel, 2015b).

When the set of adequate priors is too large for practical use, scientists often turn to
a frequentist method of generating confidence intervals. A method of nested confidence
intervals can be encoded as a frequentist posterior distribution called a confidence distribution
(e.g., Schweder and Hjort, 2002; Singh et al., 2005, 2007; Kim and Lindsay, 2011; Bityukov
et al., 2011; Tian et al., 2011; Hannig and Xie, 2012; Xie and Singh, 2013; Nadarajah et al.,
2015; Schweder and Hjort, 2016; Veronese and Melilli, 2018; Bickel, 2020). In the framework
of Bickel (2015a), its use is warranted if it lies in the set of posterior distributions that
corresponds to the set of adequate prior distributions.

If not, how can the confidence distribution and the set of adequate posteriors be blended
to generate a single posterior distribution for inference in the spirit of Good (1983)? More
generally, what if the alternative distribution is a Bayesian prior or posterior distribution
rather than a confidence distribution? Whatever such distribution is blended with a set of

priors or posteriors is called a benchmark distribution (Bickel, 2015a).

Example 1. Due to the COVID-19 coronavirus in Canada, we are interested in knowing
0 = E(Y;|0), the expected value of Y;, the number of deaths on day i caused by COVID-
19 in Canada for the period between March 15, 2020 and August 15, 2020. Based on
the values of Y; published on April 24, 2020 by Public Health Agency of Canada on its
website Canada.ca/coronavirus at https://bit.1ly/3noHUY5 (accessed December 22, 2020),

the sample mean of deaths number per day until April 23, 2020 was 54 deaths (Figure 1):

1 n

where n is equal to 40, the number of days from March 15 until April 23.

11
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Figure 1: The number of daily deaths caused by COVID-19 in Canada for the period between
March 15, 2020 and April 23, 2020.

Although the numbers of deaths are highly correlated and show an upward trend, we make
the simplifying assumption for the sake of illustration that the numbers of deaths in each
day of that period are mutually independent and drawn from the same Poisson distribution
of an unknown parameter value 6. Since we are uncertain about the value of 6, we will
use Poisson-gamma Bayesian model to determine the posterior mean expectation value for
the period between March 15, 2020 and August 15, 2020. While the hyperparameters «

and (3 of the prior distribution, gamma(c, /3), are in general unknown, we arbitrarily used

12



a = 35 for purposes of illustration (For all the values of a between 0 and 120 that we
tried, we obtained similar results for this problem. To ensure that the two methods used
in this paper had different results, we chose a value for a smaller than 120). We then
applied a Bayesian model checking test to determine an interval of adequate values of 3. A
hyperparameter value or its corresponding prior distribution is considered adequate if it is
not rejected by such a statistical test. In this example, a hyperparameter value and its prior
distribution are considered adequate if a posterior predictive p-value is greater than 0.05.
That resulted in (0, 1.45] as the set of adequate values of 5 and in the corresponding set of
adequate prior distributions. Each adequate prior distribution corresponds to an adequate
posterior distribution according to Bayes’s theorem, resulting in the set of adequate posterior
distributions. Section 4.1 explains the method we used to calculate the posterior predictive
p-value.

The question that arises here is which adequate posterior distribution should be used for
inference and decision making? For that, we use an alternative prior called the “benchmark”
that can be determined by using the information of the sample mean number of daily deaths
(54 deaths) caused by COVID-19 in Canada until April 23, 2020. Thus, the benchmark
prior distribution that we use in this example is gamma(270,5), calculated as follows: the
expectation for a gamma(a, §) distribution is %, we chose o and (3 in a way that % =54 in
order to ensure that the prior expectation value of 8 is equal to the sample mean of the data

set:

1 n
Ebenchmark (9> = ﬁ E Y; = 54.
i=1

(In addition to that constraint, we also constrained « and /3 in order to obtain different results
from different methods used in this paper. That was done for the sake of illustration). This
benchmark prior distribution is used to blend with the adequate prior distributions using
the two methods of this paper in order to obtain a single posterior distribution for inference

and decision making. A

The next example similarly involves unknown prior distributions.
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Example 2. The GREAT trial of early treatment for myocardial infarction (Spiegelhalter
et al., 2004, pp. 26, 69) gave the data of Table 1.

Treatment
New Control Total
Death a=13 b =23 a+b=36
Event
No death ¢ =150 d =125 c+d=275
Total a+c=163 | b+d = 148 N =311

Table 1: In this table, we have the numbers of deaths and non-deaths after an experimental
trial for a “New” treatment against a placebo (“Control”).

The aim of this study is to compare placebo and a new treatment to be given at home as soon
as possible after a myocardial infarction. The 30-day mortality rate under each treatment
with the benefit of the new treatment is measured by the odds ratio (OR). In this context,
the odds ratio for two events with probabilities p; and p, under two different interventions

is defined by
p1
1—p1
p2
1—p2

OR =

where p; is the probability of death under the new treatment, and p, is the probability of
death under the old treatment. An OR less than 1 would then favor the new treatment.
The scale of OR is changing between 0 and +oo, the natural logarithm (denoted by log) was
used for OR to transform its values between —oo and +o0o. Therefore, the parameter 6 is

defined by

P1 P2
—lo .

- pl) 81— pz)

The maximum likelihood estimate of the odds ratio of death is %, and @ is estimated by
d

6 =log (OR) = log(1

log(§). Spiegelhalter et al. estimated 6 by
(a+2)(d+1)
(b+3)(c+3)

And the estimate of the/@riance of 0 is

alofe e

0 = log( ). (1)

1 1 1
V() = . 2
(©) a+§+b+§+c+§+d+§ @)
By using Equations (1) and (2) for the data, Y, in Table 1 we get § = § = —0.74 and
V(0) = 0.13.

14



Spiegelhalter et al. assumed that when NN is not too small it is reasonable to assume a
normal distribution for the data, Y, with Y|0 ~ N (0,02 = 4). Spiegelhalter et al. (2004, p.
69) used the N(—0.26,0.0169) as the prior distribution of 6. If the hyperprior mean p is
unknown, the prior distribution would instead be N(u,0.0169). Testing every possible value
of u using a posterior predictive test described in explained in Section 4.2, we found that
the only adequate hyperparameters are those between —1.542 and 0.062. This implies that

the set of adequate prior distributions is

{N(11,0.0169) : 1 € [—1.542, 0.062]}

and that the corresponding set of adequate posterior distributions is

{N(1,0.015) : pu € [~1.45, —0.03]}.

Which distributions in the set of adequate posterior distributions should be used for
inference and decision making? To answer that, we used N(—0.26 , 0.5) as the benchmark
prior distribution in order to blend it with the set of prior distribution using the two methods
featured in this paper. We chose the hyperprior mean of —0.26 to follow Spiegelhalter et al.
(2004, p. 69). We chose the hyperprior variance of 0.5 in order to ensure that the methods

used in this paper would result in different blended posterior distributions. A

In this paper, two approaches can be used to find such a blended distribution. While one
approach applies an updating transformation before a blending transformation, the other
approach applies the blending transformation before the updating transformation. The up-
dating transformation transforms a prior distribution into a posterior distribution according
to Bayes’s theorem. The blending transformation transforms a set of prior or posterior
distributions into a maximum entropy distribution by minimizing the entropy relative to a

benchmark distribution such as the gamma distribution at the end of Example 1, the normal
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distribution at the end of Example 2, or the Bernoulli distribution in Section 4.3.
The first approach updates first and then blends. Let P be the posterior distribution
(P*) in a set ' of adequate posterior distributions that minimizes the relative entropy to a

benchmark posterior distribution (P*) (Bickel, 2015a). Thus

P* = arginf RE(P* || P*).
Prer=

The second approach blends first and then updates. Let (ﬁ) be the resulting posterior

distribution. In the first step of this approach, we find the blended prior (P) which is one of

the prior distribution (P) within a set I' of adequate prior distributions that minimizes the

relative entropy to the benchmark prior (P), thus

P= arginfRE(P | P).

pel

In the second step of this approach, given the observation that X = x, we apply Bayes’s

theorem to derive from that blended prior its posterior distribution
(13) — P(e| X =),

These two approaches will be applied to the normal-normal model and the Poisson-
gamma model to determine whether for each model they produce the same distribution.
If Pr = (]S)x, then the blending and updating transformations are said to commute. In
general, pe + <?>z, for those transformations do not necessarily commute (Bickel, 2018). In
this paper, we want to study the potential impact of that non-commutativity in the special
cases of the normal-normal model and the Poisson-gamma model.

This paper is organized as follows. Section 2 defines some concepts and definitions that
we will use in this paper such as relative entropy, adequate set, benchmark distribution,

updating-before-blending and blending-before-updating. Section 3 defines updating-before-
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blending and blending-before-updating approaches for the normal-normal model and the
Poisson-gamma model. For illustration and application on both approaches, Section 4 in-
cludes three applications. The first application illustrates the number of deaths due to
coronavirus in Canada, the second application studies the comparison of placebo and a new
treatment to be given at home as soon as possible after a myocardial infarction, and the

third application concerns breast cancer.

2 Preliminary concepts

In this section, we define some concepts that we will use in this paper.

2.1 Definition of relative entropy

Let ¥ a random variable with a realization 6 in a parameter space ©. The relative entropy
also called Kullback-Leibler divergence of the continuous probability measure P with respect

to a measure v is defined by, RE(P||v) = 0)log 2 (0)dv(0), where L is the Radon-

9dl/<

Nikodym derivative (Kullback, 1968, pp. 3-6). We consider two cases:

1. Continuous case: Let v be the Lebesgue measure, P is absolutely continuous with

respect to a probability measure @ (P < @) and ) < v, their probability density

d aQ

functions are p = P and g = ¢ respectively. The relative entropy becomes

RE(pllo) = | p(6)10g 231 = Enllog 220

2. Discrete case: Assume that 0log(0) = 0. Let p and ¢ be two probability mass functions

on a counting measure on a discrete set ©. The relative entropy becomes

E(olo) = 32 p(6) o 203 = Ertog 20

0co ( )
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The relative entropy has the following properties:
e The relative entropy is not symmetric, therefore it is not a distance.

e RE(p|lq) > 0 with equality if and only if p(d) = ¢(6).

2.2 Definition of set of adequate prior distributions

The definition of set of adequate prior distributions is similar to a set of plausible priors and
interval of probability (Weichselberger, 2000; Augustin, 2002, 2004). For a threshold o € R,

the set of adequate prior distributions is defined by

P ={P:s(P)>al,

where s(P) is a real-valued function of a prior distribution P, such as posterior predictive
p-value, prior predictive p-value, integrated likelihood, Bayes factor, etc.

The set of adequate hyperparameter values is the set of hyperparameters associated with
P as following:

H = {3 : 84 > a} such that P = {P, : ¢ € H},

where P¢ is a prior distribution indexed by a hyperparameter .

2.3 Definition of set of adequate posterior distributions

Let © be the set of parameter values on the measurable space (0,.4). Let z denote an
observed data on the set X that is endowed with a o-algebra X. Denote by, P the set of
adequate prior distributions on (0, .A).

Let P* = P(e | X = z) be the Bayesian posterior distribution based on the prior
P € P of the parameter and on the observation that X = x. The set of adequate posterior

distributions on (©,.A) is defined by
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Pr—{Pr: Pr=P(e| X =a), PeP |

Note that P € P and P* C P, where P is the set of all probability distributions on
(©,A).

2.4 Benchmark priors and posteriors

Let P be the benchmark prior distribution, P € P but not necessarily in P (defined in
section 2.3). The benchmark posterior distribution P* = P(e | X = z) is the posterior

distribution resulting from Bayes theorem with P as the prior.

2.5 Updating-before-blending posterior distribution

Let P”(P“) be the largest subset of P such that the relative entropy of any of its members

with respect to P7 is finite. That is,
PPy = {pw e P . RE(P® || P*) < oo} .

The updating-before-blending posterior distribution (UB), ﬁ, is the probability distri-

bution in P* that minimizes the relative entropy with respect to the benchmark posterior

P* (Bickel, 2015a):
P* = arginf RE(P? || P%). (3)
Prcpe(pe)

2.6 Blending-before-updating posterior distribution

Let P(P) the largest subset of P, such that the relative entropy of any of its members with

respect to the benchmark P is finite. That is, P(P) = {P eP :RE(P| P) < oo}.

The blended prior distribution P is the probability distribution in P(P) that minimizes
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the relative entropy with respect to the benchmark prior P:

P = arginfRE(P || P).
PeP(P)
The blending-before-updating posterior distribution (BU), (]5) , is the conditional dis-

tribution of P of the parameter given the data X = x,

(13)”” — Ple| X = 1),

3 Results

In this section, we apply the approaches of sections 2.5 and 2.6 to the normal-normal model
(NNM) and the Poisson-gamma model (PGM). We also introduce some theorems to show

whether both approaches yield the same or different distributions.

3.1 Normal-Normal model
3.1.1 Background

Let Y3, ..., Y, be n independent random variables of N(6,0?), the normal distribution with
mean 6 and known variance 0. The prior distribution of § is N(u,v), where y is the mean of
f and v its known variance. The hyperparameter p is unknown and belongs to the following
set of adequate hyperparameter values: [H’ 7], where —oo < p<p < oo.

Let P be the benchmark prior distribution of # ~ N(ji,#), where ji and ¥ are the
benchmark prior mean and variance, let 7 = Y | v;/n be the sample mean. The benchmark
posterior distribution PY of 6 is N(ji¥,iV), where

2 . o2
ji + 5y and Y=

ji¥ =

nt + o2 ni+o o2 +ni

The posterior distribution of  given the data y = (yi, ..., y,) is N(u¥ , v¥), where
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2 nv o2v

+ 7 and v¥ =
a nv+02y

(4)

:uy_

nv + o2 o2 +nv

Let [;_Ly,ﬁy] be the set of adequate posterior mean, p¥. The relation between these two

sets [p, 7] and [pY, %] is given by the following equations:

2

y_ _ O nuy 5
B nv+02ﬁ+nv—|—02 )
., o _ noy (©)
a _nv+02'u nv + o2

Let P = {N(p,v): pelpmn}, and P(P) = {P eP: RE(P| P) < oo} denote the
sets of adequate prior distributions. The set of adequate posterior distribution of 6 is given
by

PY={N(p, v"): p¥ € [, 7]}, and
Pu(pY) = {Py e PY . RE(PY || PY) < oo} .

3.1.2 Blending-before-updating distribution of NNM

Let P be the blended prior distribution of NNM with mean /i, this mean must be in [, 7l

and variance v.

Lemma 1. We distinguish three cases of ui depending on the value of ji for BU of NNM.
Case BU1. If ji € [p, 7] then ji = ji and the BU is <]5>y = N((n)¥,vY) , where (p)¥ =

nv(fa2'i]’+ anazy'
Case BU2. If ji ¢ [, [i] and ji > i then pi = i and the BU is (ﬁ)

Case BUS. If ji ¢ [, 7] and ji < p then p = p and the BU is (P

= N(@¥,v").
= N(p¥,v%).
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Proof. P is obtained by

P = arginf RE(P | P) (7)
PcP(P)
: P9
= arginf/ P(0)log Ld@
pep(p)Jo P(0)
this implies
~ _(0-w? 1 (0—p)? 1 (0—i?
= ar 1nf 2 (lo e 2 )—lo ez ))df
¥ 1 1
= arginf(—log——i——,, v+ (p— ji)? ——).
nelun) \2 G F g =) =5

Minimizing RE(P || P) in Equation (7) is equivalent to minimizing the function

9(n) = %log(g) + % (v+ (u=ii)*) = 5

over p € [p,f1]. i is the scalar that minimizes g(u). The derivative of g(u) with respect to

s a_ﬂ) = %(,u — ji), we set a%_(:) = 0, then we get 1 = ji. Since the second derivative is

positive, 82552“) = % > 0, therefore g(p) is the minimum of g(u).

Case BU1L. If ji € [y, ;] then 2 = ji. In this case the blended prior is P = N(ji,v),

~ ~\Y
therefore, by computing the posterior distribution of P we get the BU, <P> = N((n)¥,vY),

where (j1)¥ = nvo—f02 fi + s

Case BU2. If ji ¢ [p, 7] and ji > 7 then ji = 7. Since g € [y, 1] and jz should be equal to
fi but ji ¢ [i, 7], in this case pi equals the value closest to ji which is 7z. Then the blended
prior is P = N(fi,v), therefore, the BU is (ﬁ)y = N(@¥,vY).

Case BU3. If ji ¢ [, 71] and ji < p then ji = p, since p € [y, 1] and 1 should be equal to
ji but ji ¢ [u, 7], in this case pi equals the value closest to ji which is x. Then the blended
prior is P = N(p,v), therefore, the BU is (ﬁ)y = N(p,v¥). O
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3.1.3 Updating-before-blending distribution of NNM

Let PY be the UB of NNM with mean ¥, such that v € (¥, "], and variance vV,

Lemma 2. We distinguish three cases ofﬁg depending on ji¥ for UB of NNM.
Case UB1. If ji¥ € [p, %] then W = ji¥ and the UB is Py = N(jv,vY).
Case UB2. If ji¥ ¢ [pY, %] and ji¥ > [V then W =T and the UB is Py = N(@v,vv).
Case UBS. If ji¥ ¢ [p, %] and ji¥ < p then = u and the UB is Py = N(p¥,0Y).

Proof. The UB, Pv, is obtained by

Py = arginf RE(PY || PY) (8)
PyePy(Pv)
: Py(0
= arginf /Py(Q)log ..—()dﬁ
PyePy(Py)JO Py(«9)
this implies
W R S S I _e-u? 1 _e—in?

Y = arginf

pYE[pv Y] \/27‘["Uy

1 Y 1 1
= arginf (2log(v ) 2_( y+(ﬂy_[ly)2) _§>

B E[py Y]
To minimize the RE(PY || P¥) in Equation (8) we have to minimize the function

11
(v

h(p?) = —log( )+2—

1
y Y py\2)
5 + (0 = ji")) = 3

over p¥ € [p¥,[i]. The UB mean, ¥, is the scalar that minimizes the function h(u¥). To

find ¥, we compute the first derivative of h(u?) with respect to p?, ag(“yy = = (u — v,

we set ah(“ ) — 0, this implies ¥ = ji¥. The second derivative of h(p¥) with respect to u is

positive, aa&(:‘)z) = = > 0, this is confirm that A(j¥) is the minimum of h(u¥). Moreover, we
have to study whether ji¥ in [1Y, i¥] or not, since 4 must be in this set of adequate posterior

mearn.
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Case UBL. If ji¥ € [p¥, ] then w¥ = ji¥, therefore the UB is Py = N(ji¥,vY).

Case UB2. If ji¥ ¢ [p¥,71Y] and ji¥ > [i¥ then (¥ = i, therefore the UB is Py = N(@¥,vY).

Case UB3. If ji¥ ¢ [p¥, 1] and ji¥ < pY then wo= uY, therefore the UB is Py =
N(p¥,vY). O

Theorem 1. If v # v, BU and UB distributions of the normal-normal model are not neces-

sarily the same distribution.

Proof. To prove that this is true, we need to find under the same assumptions at least two

different BU and UB. For this end, we use the following counterexample:

Let n =8, 0> =2, 7 = =26, [, 7] = [% hv=10= % = 1. We can compute
f o= Tt S = —1.216667, ¥ = —2 57 + L = —1.176667 and then [p¥, 7] =
[—1.216667, —1.176667]. We also compute ji¥ = nUJrUQ,u + nvwgy = —2.233333, fuy—ag;;w =

0.21875 and v¥ = -2 = (.125.

o2+nv

Since ji > 7, we use case BU2 of lemma 1 we get the blended prior P = N(@,v) and then
the BU is (ﬁ)y = N(@¥,vY). In other hand, we have ji¥ < ¥, we use case UB3 of lemma 2
and then the UB is P¥ = N(p¥,v7). Hence, BU and UB are different. O

Theorem 2. If v =19, BU and UB of the normal-normal model are the same distribution.

2

o
nvt+o?

Proof. Let a =

b= m’fgz, c=— +02 and d = n;‘i@ We have by hypothesis v = ©
this implies @ = ¢ and b = d. As the variance and the sample size are positive then a > 0.
We check the three cases according to ji.

If ji € [p, 1] which is equivalent to u < ji <7, since a > 0 this implies ap+b < aji+b <
apt + b thus p¥ < ji¥ <. By using first case of lemma 1 and lemma 2 the BU and UB are
the same distribution, (ﬁ)y = Pv, and has N(ji¥, V).

If ji ¢ [p, 71] and ji > 7z that means pu < i < ji, since a > 0 this implies ap +b < afi +b <
afi + b thus p¥ < ¥ < ji¥. By using second case of lemma 1 and lemma 2 the BU and UB

y —~
are the same distribution, (P) = Pv, and has N(@¥,vY).
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If ji ¢ [p,71] and ji < p that means ji < p <7, since a > 0 this implies aji +b < apu+b <

api + b thus ji¥ < p¥ < p?. By using third case of lemma 1 and lemma 2 the BU and UB are

y —
the same distribution, (P) = P¥, and has N(p¥,vY). O

3.2 Poisson-gamma model
3.2.1 Background

Let Y7, ...,Y, are n independent Poisson random variables with mean 6 such that 6 > 0. The

prior of # has gamma distribution gamma(c, ), where « is the shape and f is the rate.

The mean of 0 is equal to u = % and the variance of # is equal to v = %, such that, « is

positive and known. Let [ﬂ,B] be the set of adequate hyperparameter values of 5, where

0<pB< B < co. Let P = gamma(d, #) be the benchmark prior distribution of €, both &
and ﬁ are positive and known. The posterior distribution of € given the data y = (y1, ..., yn)
is gamma(a? , #Y), where o = o + ﬁ:yi and (Y = n+ § (Lynch, 2007, section 3.3.2).
While the benchmark posterior distrilz)Tlltion of # is equal to Py = gamma(a? | By), where
av = a+ f:yi and Y = n+ f. Let [ﬁyﬁy] be the set of adequate values of 3Y. The relation
between tl;é sets [0, B] and [gy,By] is given by the following equations: Y =  + n and
By =B +n.

Let P = {gamma(a , 8): B € (8,8}, and P(P) = {P eP:REP| P) < oo} denote
the sets of adequate prior distributions. The sets of adequate posterior distributions of 8 are
given by

PV — {gamma(ay ,BY) B e [5y73y]}v and

PU(Pr) = { PV e PU: RE(PY | P) < oo}

3.2.2 Blending-before-updating distribution of PGM

Let P be the blended prior distribution of PGM, P = gamma(a, ).
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Lemma 3. If a = &, we distinguish three cases ofg depending on the value of %6 for BU
of PGM.

Case BUL. If B € 13, 8] then E: B and the BU is (]?’)y = gamma(ay,ﬁy).
Case BU2. If ( ¢ [é,ﬁ] and 3 > B then B = B and the BU is (ﬁ)y = gamma(a¥, B).
Ba

Case BU3. If § ¢ 13, 8] and B < 3 then B =B and the BU is (ﬁ)y = gamma(a?, ).

Proof. P is obtained by

P = arginfRE(P | P) (9)
PeP(P)

= arginf/ P(6)log mde
e

PeP(P) P(0)
this implies
2 : B a1 —36 B a1 —36 5(1 i—1,—B0
b = argmf/ ——0% e P (log(=——0“""¢ — log(=——=0“""¢ do
e o T U85 ) )~ loalrg) )
: B I'(a),  so .
= angint (log(55) + log(57) + 55 — o+ (a — )w(e) - ox(5)))
pelgh) \ B La)” B
where ¢(a) = % is the digamma function.

Minimizing RE(P || P) in Equation (9) is equivalent to minimizing the function

g (@), | sa .
910) = logl(z5) +og(y9) + B — o= @)((a) ~ log()

over 8 € [3,]. Let 3 be the scalar that minimizes g(8). The derivative of g(3) with respect

to B is 8%—(65) = % — é—‘; — (agd), we set 8‘:’9—(5’8) = 0, then 5 = %6 The second derivative
with respect to 3 is a’;gﬂ(f) = 2‘”%;&5. g(B) is minimum of g¢(g) if azg’ﬁ(f) > 0, this implies

QQB—O}B > (0 and then E < 2%5 which is always true since %B > (0 and %6 < 2%/8 Moreover,
we have to study whether ﬂ in [ﬁ,B] or not, since E must be in that set.

Case BUL. If 3 € 13, ] then E = 3. In this case the blended prior is P = gamma(a,ﬁ),
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therefore, by computing the posterior distribution of P we get the BU (?)y — gamma(a?, §Y).
Case BU2. If /3 ¢ B 3, 3] and A > f then E — B. The blended prior is P = gamma/(a, ),
therefore, the BU is ( ) — gamma(a?, ).
Case BU3. If 3 ¢ [B,5] and B < S then B = . The blended prior is gamma(a, j3),

therefore, the BU is < ) = gamma(a?, 3Y). [

Lemma 4. If o # &, it may € 13, B] but aﬂ ¢ [B,8] and vice versa. We know that B
belongs to [@, B], its value will be determined according to the position of %6 . Under this
assumption, we also have three cases for BU of PGM:

Case BU1. If 96 € B, B then the BU is (ﬁ)y = gamma(a¥, %ﬁ +n).

Case BU2. If 0‘5 ¢ [8,8] and gﬁ > [ then the BU is (15),1/ = gamma(a¥, B").

Case BUS3. If %B ¢ 8,5] and %B < 3 then the BU is <?>y = gamma(a¥, BY).

Proof. From the proof of lemma 3, we found that ¢g(£) is minimized by %ﬁ We have a # d,
this implies 5 and gﬁ are different.
CaseBUL1. If %ﬁ €[5, 3] then B= %6 In this case the blended prior is P = gamma/(a, %ﬁ),
therefore, by computing the posterior distribution of P we get the BU (ﬁ)y = gamma(a?, gﬁ—l—
The proof of the other two cases is similar to that of lemma 3 by substituting 3 by
ag. O

(67

3.2.3 Updating-before-blending distribution of PGM
Let P¥ be the UB of PGM, P¥ = gamma(a¥, 3Y).

Lemma 5. If oY = &Y, we distinguish three cases of@ depending on the value of z—zﬂy for
UB of PGM.

Case UBL. If 3¢ € [ﬁy,ﬁy] then Bﬂ = (Y and the UB is Py = gamma(ay,ﬁy).

Case UB2. If BY ¢ [éy,ﬁy] and Bv > B’ then@ = 3" and the UB is Py = gamma(a¥, ).
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Case UB3. If BY ¢ [éy,ﬁy] and BY < BY then@ = BY and the UB is Py = gamma(a?, 3Y).

Proof. Pv is obtained by

Py = Arginf RE(PY | PY) (10)
PyePy(Py)

= Arginf / P¥(6)log

Pyepy(Pv)J O

(o) 4o
Py(0)

this implies
2y (BY)* v o B0 CRpr o BY0 (5y)ay Gv—1 (Y0
Y — f (6% 1 (% 1 (63
P it [ SO gt e gt 0 e
(&) oY

P4 S = a4 (0t = @) ~ og(5")).

'ﬁ

= argmf ( Yog(BY) — @¥log(BY) + log(
pvelpY,8Y]

where ¢ (a¥) = FF(( y)) is the digamma function.

The RE(PY || PY) in Equation (10) can be minimized by minimizing the function

™~

Edy§> + ﬁy—y —a¥ + (o — &) (¥(a¥) — log(BY))

h(") = a¥log(5") — ilog(3) + log( %

’ﬁ

over Y € [@y,By]. Let By be the scalar that minimizes the function h(3Y). The derivative of

h(BY) with respect to Y is ag(fi,y) = g—z — % — (aygydy) we set % =0, then B\?j = g—zﬁy

To check if h(A3Y) is the minimum of h(3Y) we have to calculate the second derivative.

O92h(BY 20Y BY —HY BY 82h o s . ey a¥ i
6(/8(5)2) = = fﬁy)g" 5% the B(y%g) is positive when 2a¥Y8Y — @YY > 0 and then Y < 2d—36y

which is always true since &—yﬁy > 0 and gj—zﬂy < Qg—Zﬁy By assumption, we have o¥ = &Y

this implies /ﬁvy = g—zﬁy = f3¥. Note that BZ/ must be in [gy,By] but not necessarily the case
for By
Case UBL. If B¥ € [gy,By] then @ = (¥ . Therefore, the UB is Py = gamma(a?, §Y).
Case UB2. If Bv ¢ [éy,ﬁy] and $Y > B” then /ﬁz = B”. Therefore, the UB is Py =

gamma(a?, 57).
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Case UBS3. If v ¢ [éy,ﬁy] and Y < BY then E?; = BY. Therefore, the UB is Py =

gamma(a?, 3Y). O

Lemma 6. If o # &Y, it may BY € 1B, B’ | but ayﬁy ¢ [ﬁy,ﬁy] and vice versa. We know
that E?; belongs to [gy,By], its value will be determined according to the position of 2—369 We
can distinguish three cases for UB of PGM:

Case UB1. If 3—369 € [éy,ﬁy] then the UB is PY = gamma(aY, Z—Z y)

Case UB2. If ‘?.‘—yBy ¢ [@y,ﬁ | and & ﬂy B” then the UB is P¥ = gamma(a¥, B").

Case UB3. If a¥ v ¢ [ﬁy,ﬂ | and ayﬁy < ¥ then the UB is Pv = gamma(a?, BY).

Proof. From the proof of lemma 5, we found that 2(3Y) is minimized by £ 69 By assump-
tion, we have o # &, this implies 5 # ?‘—yﬁy.
For case UBL. If &5 3% € [8Y, 3”] then By = @ 3v. Therefore, the UB is P¥ = gamma(a?, & 3¥).
The proof of the other two cases is similar to that of lemma 5 by substituting By by
ol By, O

Theorem 3. If a # &, BU and UB distributions of the Poisson-gamma model are not

necessarily the same distribution.

Proof. To prove that, we need to find under the same assumptions two BU and UB are
different. We use the following counterexample:

Let n =5, Sy =30, « =1, [8,8] = [1,3], @ = 4 and j = 2. We compute a¥ =
i=1 -

a+ Yy =31, Y =B+n =06, B’ = B+ n =8 and then [ﬁy,ﬁy] = [6,8]. We also compute

i=1
ay:d+iji:34 and Y =n+ = 17.5.

Since ;17& & and %ﬁ < 8, we use case BU3 of lemma 4 we get the blended prior
P = gamma(a, 3) and then the BU is (]B)y = gamma(a?, 3Y). In other hand, we have
¥ # &Y and Z—Zﬁy ~ 6.84 € [ﬁy,ﬁy] = [6, 8], we use case UB1 of lemma 6 and then the UB

is Py = gamma(a?, z—zﬁy) Hence, BU and UB are different. O
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Theorem 4. If o« = &, BU and UB distributions of the Poisson-gamma model are the same

distribution.

Proof. We have by assumption o = & this implies oY = &Y, thus %6 = 5 and g—zﬂy = 69
We have three cases according to the position of ﬁ and By

It 5 e 13, B] which is equivalent to B < B < B, this implies B+n< B+n < B+ n thus
BY < ¥ < B, By using first case of lemma 3 and lemma 5 the BU and UB are the same
distribution, <§>y = ﬁ/, and has gamma(dY, By)

It 3 ¢ [ﬁ,_] and > B that means§<3< £, this implies B+n< B+n < B+ n thus
By < B” < Y. By using second case of lemma 3 and lemma 5 the BU and UB are the same
distribution, <ﬁ>y = ]3?/, and has gamma(ay,ﬁy).

If 3 ¢ [é,ﬁ] and 3 < 3 that means B <§<B, this implies 3 +n < B+n< B+ n thus
By < By < 5. By using third case of lemma 3 and lemma 5 the BU and UB are the same

distribution, <P>y = ]3?/, and has gamma(ay,éy). ]

4 Case studies

In this section, we show three case studies:
e Two case studies illustrating the difference between UB and BU:

— Section 4.1 features a case study on the coronavirus in Canada using the Poisson-

gamma model (Example 1 of the introduction section).

— Section 4.2 features a case study on a new biomedical treatment for the early
treatment of myocardial infarction using the normal-normal model (Example 2 of

the introduction section).

e Section 4.3 has a breast cancer case study in which UB but not BU is available.
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4.1 Application of BU and UB of the Poisson-gamma model on the

coronavirus
4.1.1 Background

This section illustrates the methods of this paper by applying them to the problem of Exam-
ple 1. We are interested in knowing the expected value of the daily number of deaths caused
by COVID-19 in Canada for the period between March 15, 2020 and August 15, 2020. In
our model, we will use posterior predictive p-value method to determine the set of adequate
prior distributions, and then derive from that set the set of adequate posterior distributions.

Both the BU and UB approaches will be used to make inference for this problem.

4.1.2 Determine the adequate set

Let Y; be the number of deaths on day ¢ due to COVID-19 in Canada for the period between
March 15, 2020 and August 15, 2020. We assumed they are independent for simplicity. Let
y; be the observed value of Y;, and 6 be the expectation of number of deaths per day for that

period, F(Y;|0) = 6. Thus, the Poisson-gamma model is defined by the following

Y;|0 ~ Poisson(0) Y1,Y,,...,Y, are i.id
0 ~ gamma(a, f)

E(0) = §is the expectation of 0

V(0) = 4 is the variance of 6.

To build the prior distribution, gamma(a, ), we have to choose values for the hyperpa-
rameters a and . The hyperparameter 3 belongs to set of adequate hyperparameter values
H = [p, B] which can be determined using the posterior predictive p-value method. While
we fix the hyperparameter a = 35, later we will discuss the choice of this value.

We drew a random sample of n = 30 days with replacement from the COVID-19 database

in Canada for a total of 64 days. Let y = (y1, ¥, ..., yn) represent that sample. The number
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of deaths in the n days is > y; = 2510. Let T'(y) be a test statistic, in our model the test
i=1
statistic is equal to the sample mean, T'(y) = . Figure 2 shows the histogram of the sample

data that we analyzed.

15

10

Frequency

I ]
0 80 160 240
number of deaths

Figure 2: The histogram of a sample of 30 days of data from the COVID-19 database in
Canada.

The posterior distribution of # is given by
n

Oy ~ gamma(Zyi +a,n+pB).
i=1

The posterior predictive distribution of a future observation y™” is negative binomial
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(NB), and its probability mass function (pmf) is given by

p(y"ly) = /@ p(y"*10)p(0]y)do

rep

Ly + > yi+ )
=1

) )™ ()
F(SSyi + a)T(yrer 1+ 1) P+ B+ 1 n+p8+1
=1

)

Y"P|ly ~ NB(r, p),

where p = n:gil, g=1—p= ﬁﬂﬂ and r = Z;yz + a (Hyvonen and Tolonen, 2019, section
2.1.2).
The expectation of negative binomial distribution is given by
q > Y+
EY™y) =rt ==
(Y"™y) pR—"
and the variance is given by
q DY+«
V(Y™ly) =r—= =" (n+F+1).
(V) =y = 4 A4 )

The posterior predictive p-value (Rubin, 1984; Gelman et al., 1996) is defined by

p-value = P[T(Y"™)>T(y)|y]
= 1= P <jgly]

= 1=PD_ Y/ <> yily
=1 i=1

= 1= F(ny),

where F'(ny) is the cumulative distribution function of the posterior predictive distribution
NB(nr, p).

For a threshold 4, the set of adequate hyperparameter values of (3 is given by
H = {p: p-value =1 — Fs(ny) > 6}.

For a threshold 6 = 0.05, the set of adequate hyperparameter values of 3 becomes
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H = {B:1- Fs(ny) > 0.05}
H = (0,1.45].

4.1.3 Determine the BU and UB

The average number of daily deaths caused by COVID-19 in Canada until April 23, 2020 was
54, as we showed in Example 1, the benchmark prior distribution of 8 is P = gamma(270, 5)
its mean is equal to 54, the corresponding benchmark posterior distribution is Py = gamma(2780 , 35).

The sets of adequate prior distributions are
P = {gamma(35 , 8) : B € (0, 1.45]}, and P(P) = {P eP:RE(P | P) < oo} .
The corresponding sets of adequate posterior distributions of 6 are given by
PV = {gamma(2545 , B¥) : BY € (30, 3145}, and PY(PY) = {Py e PV RE(PY || PY) < oo} .

We have a # & and %ﬁ ~ 0.6 € H, according to case BU1 of lemma 4 the BU is
<ﬁ>y = gamma(aY, 36 + n) which is equal to gamma(2545,30.65). On the other hand
we have o # &Y and %ﬁy ~ 32.04 ¢ (30, 31.45], then according to case UB2 of lemma
6 the UB is Pv = gamma(a?, 5°) which is gamma(2545,31.45). Hence, BU and UB are
different, this is what we can see in Figure 3 the probability density functions of BU, UB
and benchmark posterior are different.

We have chosen o = 35 for gamma(a , (), the prior distribution, in the set of adequate
prior distributions P. For any a < 120, we will almost get similar results, which in turn

show that BU is different from UB. Otherwise, we will get BU and UB are the same.
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Figure 3: Comparison of the probability density function of the benchmark posterior
(dashed), BU (dotted) and UB (solid) of average daily deaths caused by COVID-19 in
Canada.

4.1.4 Interpretation

In Table 2, for each approach, we have calculated the posterior mean of 6 that we defined
in Section 4.1.2, the posterior variance and the 95% credible interval of #. The benchmark
posterior mean of  is 79 deaths, whereas the posterior mean of ¢ using BU is 83 deaths, and
it is 81 using UB. The mean values of both approaches are close to each other, this is due

to a small range, 1.45, of the set of adequate hyperparameter values of /3, (30, 31.45]. The
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‘ Approach ‘ distribution ‘ mean ‘ variance ‘ 95% Credible interval of 6 ‘
BU (15)‘” — gamma(2545,30.65) | 83.03 | 2.71 [79.8 , 86.3]
UB Pv = gamma(2545,31.45) | 80.92 | 2.57 7.8, 84.1]

Table 2: The mean, the variance and the 95% credible interval of 6 for each approach BU
and UB.

95% credible interval of 6 based on the BU is [79.8,86.3] and for that of UB is [77.8,84.1].
We can conclude that the two approaches for this application give very close results with a

small difference.

4.2 Application of BU and UB of the normal-normal model on new

biomedical treatment
4.2.1 Background

This section illustrates the methods of this paper by applying them to the problem of Ex-
ample 2. As we have seen in the Example 2, the aim of this study is to compare placebo and
a new treatment to be given at home as soon as possible after a myocardial infarction. We
have the information that the hyperparameter p of our prior distribution belongs to a set
of adequate hyperparameter values [Hv 7i]. We will determine the adequate set of the prior

distribution in the next section. Our model becomes
Y0 ~ N(6,4)

6 ~ N(u,0.0169).

The posterior distribution of # is normal, and using Equation (4) we get
Oly ~ N(u?¥ = 0.886p — 0.084,vY = 0.015). (11)

4.2.2 Determine the adequate set

The posterior predictive distribution of a future observation y" is normal distribution, and

its probability density function (pdf) is given by
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p(y"ly) = / p(y""10)p(0]y)do

S
= | ¢0.02(y" ") Ppv,0v (0)dO
e
1 _ WP —pY)?
= ) 2(”y+‘72) s (12)
27(02 + 02)

where ¢ ,2(y"") is the normal pdf of y", with mean 6 and variance 0%, and ¢, v (6) is the
normal pdf of § with mean p¥ and variance v¥ defined in Equation (11).
For the proof of Equation (12) see Equation 2.115 of Bishop (2006). The posterior

predictive distribution of y"*” has the same mean as the posterior distribution of  in Equation

(11), u¥ = 0.886 — 0.084, and its variance is v¥ + o2, thus
Y7P|y ~ N(0.8864 — 0.084,4.015).

Let T(Y) be a test statistic, in our model the test statistic is equal to the sample mean,

T(Y) =Y. The one-sided posterior predictive p-value is

pp = P[T(Y™)>T(y) |yl
= 1-PY"™ <jgly]
Y™ — E(Y"™y)  y—EY"?y)

— 1-P ! < A
vy (V)
= \/rep
_ - B \y))
sd(Yrer|y)
_ 1 q)(—0.656 — 0.886,LL)’
0.363

where @ is the cumulative distribution function of the standard normal distribution. To con-

vert the one-sided p-value to two-sided p-value we use one of these two formulas: 2min(¢(%), 1—

O(=LBOD I ) o 2(1 — (| =2BIE0k 1)) Therefore, the two-sided posterior predictive p-

value becomes
—0.656 — 0.8864

0.363 D)-
For a threshold 4, the set of adequate hyperparameter values of x4 is given by

p-value = 2(1 — ®(|

H = {p : p-value > §}.

For a threshold 6 = 0.05, the set of adequate hyperparameter values of 1 becomes
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—0.656 — 0.8861
0.363

— {u:2(1- 9 )) > 0.05}

H
H = [-1.542,0.062].

Let HY be the set of adequate posterior mean . By using Equations (5) and (6) we get

HY = [~1.45, —0.03].

= = benchmark posterior
BU
— UuB

3.0
|

2.5
|

probability density
15 20
|

1.0

0.5
|

log odds ratio

Figure 4: Comparison of the probability density function of the benchmark posterior
(dashed), BU (dotted) and UB (solid) of § = log (OR).
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4.2.3 Determine the BU and UB

In this application we will use the prior of Spiegelhalter et al. (2004, pp. 26, 69) as a

benchmark prior (P) with different variance, thus § ~ N(ji = —0.26 , ©# = 0.5). The cor-

responding benchmark posterior distribution (P¥) is N(ji¥ = —0.64 , ¥ = 0.1). The set of

adequate prior distribution is P = {N(u , v = 0.0169) : u € [~1.542, 0.062]}, and P(P) =

{P cP:REP|P)< oo}. The set of adequate posterior distributions of 6 is given by

PY = {N(u, v’ =0.015) : ¥ € [-1.45, —0.03]}, and P¥(P¥) = {P € PY: RE(PY || PY) < oo}.
We have ji = —0.26 € H, according to case BU1 of lemma 1 the BU is (ﬁ)y =

N(—0.31,0.015). On the other hand we have ji¥ € [—-1.45, —0.03|, then according to

case UBL of lemma 2 the UB is Pv = N(—0.64 , 0.015). Figure 4 shows that the pdfs of BU,

UB and benchmark posterior are different. However, the UB and benchmark posterior have

the same mean, ¥ = ji¥ = —0.64.

4.2.4 Interpretation

Remember that, for a # < 0 this is equivalent to OR < 1, it is to favor the new treatment,
because mortality with the new intervention is low. The values of this analysis are sum-
marized in Table 3. The estimated OR for both approaches is smaller than 1, for the UB
approach is 0.53 with a corresponding risk reduction 47%, but for that of the BU is equal
to 0.73 with a corresponding risk reduction 27%. Moreover, the 95% credible interval of OR
corresponding to 95% credible interval of 6 is [0.41,0.67] which is more confident (compared
to its distance from OR = 1) than of that of BU which is equal to [0.58,0.93]. The posterior
probability of OR < 0.5 (equivalent to P(# < —0.69|y)) corresponding to risk reduction at
least 50% is equal to 0.001 for BU, while, it is more important for UB which is equal to 0.338.
Also, The posterior probability of OR < 1 (equivalent to P(6 < 0|y)) is equal to 99.5% for
BU and 100% for UB.

We can conclude from the above analysis that the benefit is for the new treatment, with

strong confirmation results obtained by the UB approach.
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o . 95% Credible
Distribution Estimated OR interval of 0 P(OR < 0.5]y) | P(OR < 1|y)
(ﬁ)y — N(=0.31,0.015) | e %3 =073 | [-0.55, —0.07] 0.001 0.995
Pv=N(—064,0015) | e %" =053 | [-0.88,—0.40] 0.338 1

Table 3: The estimated OR, the 95% credible interval of 6, the probability of OR smaller
than 0.5 and the probability of OR smaller than 1 for each approach.

4.3 Application of breast cancer
4.3.1 Background

The SELDI-TOF spectra data set (ProData package, available at https://rb.gy/yjxre])
from Alex Miron’s laboratory at the Dana-Farber Cancer Institute (Li, 2009) consists of the
log-abundance levels of 20 plasma proteins in 35 women with ER/PR positive breast cancer
(disease group) and 64 healthy women (control group). This is a multiple hypothesis testing
problem, with one test per protein of the null hypothesis that the mean protein log-abundance
level does not differ between the disease and control groups. The data can be reduced to a
vector of t-test statistics between the disease and control groups. The null hypothesis of the
t-test considers the ith protein unaffected by the cancer, whereas the alternative hypothesis
considers it affected. Many estimators of the local false discovery rate can be computed for
each protein, such as the corrected false discovery rate (CFDR) (Bickel and Rahal, 2019),
the re-ranked false discovery rate (RFDR) (Bickel and Rahal, 2019), the histogram-based
estimator (HBE) (Efron, 2004), the binomial-based estimator (BBE) (Bickel, 2013) or the
maximum likelihood estimator (MLE) (Padilla and Bickel, 2012, and references). What if

there is uncertainty about which estimator to use?

4.3.2 Determine the UB

Among the 20 proteins in ProData package, we are interested in finding proteins affected
by cancer. As an example of data visualization, Figure 5 shows the histogram of protein 5

for the cancer group (left) and the control group (right). Let’s remember the definition of

40



N N
A
o [\ o
= [ ° -
I \
\
\
w0 _| 4 @ |
E) \ £ ot
9 o | Il/ 2 o | 4
@ o ‘; @ o /r A
(a] \ [a) /
I(I' \\ Vi \
=4 { \ s / A
o / \ o f[ q
/ .
o / \\——s. o i/ X,
o S i %,
/ [ d — <
o | [l FSl, o« S
o o
T T T T T T T ] I T T T T T T ]
0.5 1.0 1.5 20 25 30 35 40 05 1.0 1.5 20 25 30 35 4.0
protein 5 (cancer group) protein 5 (control group)

Figure 5: Histograms of protein 5 for both cancer group (left) and control group (right).

LFDR which can be used to find the affected proteins by the cancer.

The ProData can be reduced to some test statistics, say X1, Xo, ..., Xn, where N is the
total number of protein, N = 20. The null hypothesis of the ith test considers the protein
is unaffected by the cancer against the alternative which considers it affected. Denote by
p(X;) the p-value for the ith test, such that i = 1,2,..., N. Let A; be the random quantity

that defined by
0 if the 7th null hypothesis is true

P =

1 if the ith alternative hypothesis is true.
The LFDR is the posterior probability that null hypothesis i is true given the p-value

(Bickel and Rahal, 2019), thus

LEDR(p(z:)) = P[A; = 0[p(X;) = p(x:)]. (13)

Ailp(X;) = p(x;) is the random variable drawn from the Bernoulli distribution with param-
eter 1—-LEDR(p(x;)).
The nonlocal false discovery rate (NFDR) (Efron and Tibshirani (2002); Bickel (2013))

at a significance level of « is
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NFDR(a) = P[A; = 0[p(X;) < al.

There are several estimators of the LFDR defined in Equation (13). In this application
we use four of them, CFDR, RFDR, HBE and MLE. As all these estimators do not return the
same estimation of LFDR, we are interested in defining a new estimator, UB, of the LEFDR
using the NFDR estimate to generate the benchmark distribution P¥ = Bern(l—m),

where, following Bickel and Rahal (2019),

plx;)N ” p(z;)N

NFDR(p(z;)) = H(p(z:) < plz))  #(x) < plzy))

< 1else m(p(x])) =1.

Let PY denote this set of adequate posterior distributions:

Py = {Bern(l—LF[mgc))) . LFDRe {CFDR, RFDR, HBE, MLE}}, and

PU(Pr) = {Pr e PV i RE(PY | P) < oo}

For each protein i, the UB can be used to estimate a single LEFDR from the set of

estimates, thus

LFDR, = argmin RE(P! | P})
PYeP!(PY)
= arg min RE (Bern(1-LFDR(p(z:)))||Bern(1-NFDR(p(z;))))
LFDRE{CFDR, RFDR, HBE, MLE}
—— 1-LFDR(p(z; —— LEDR (p(z;
= arg min (1-LFDR(p(z;)))log ( E(]i(xl))) + LFDR(p(wi))logM.
LFDR€ {CFDR, RFDR, HBE, MLE} (1-NFDR(p(z;))) NFDR(p(z;))

Note that there is no BU available for this application, since by definition the LFDR is
a posterior probability and the BU is mainly based on a set of adequate prior distributions

which is not the case here.
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4.3.3 Interpretation

We used three R packages in our computations of LEFDR estimators. The package locfdr
(Efron et al., 2015) used to compute the HBE, we use the standard normal quantile of the
one-sided p-value as the z-score, we set the number of histogram breaks in the discretization
of the z-score equal to the minimum of 120 and number of row of cancer group, and we set
the degrees of freedom equal to 7 for fitting the mixture estimated density. The package
LFDR.MLE (Padilla et al., 2015) used to compute the MLE, we use the statistic of the
t test between cancer and control groups with its degrees of freedom 97. The package
CorrectedFDR (Rahal et al., 2018) used to compute the NFDR, CFDR, RFDR and UB, we
use the two-sided p-value of the ¢ test between cancer and control groups.

Figure 6 shows that some estimators are below the threshold 0.2, all LFDR estimators
with a probability greater than 80% for a protein affected by cancer can be found below
this threshold. We summary those proteins (3, 4 and 14) in Table 4, it is clear that the UB
estimator chooses from the LEFDR estimators the values closest to those of the NFDR. The
advantage of UB is to provide mixture values from the different estimators, the 3rd protein
was chosen from CFDR, while the 4th protein was chosen from RFDR and the 14th protein

was chosen from HBE.

Protein | NFDR | CFDR | RFDR | MLE | HBE | UB |
3 ]0.00003 [ 0.00003 | 0.00712 | 0.00024 | 0.00163 | 0.00003
4 [0.15497 | 0.28412 | 0.13055 | 0.65316 | 1.00000 | 0.13055
14 [ 0.00712 | 0.01068 | 0.15497 | 0.02159 | 0.00442 | 0.00442

Table 4: Summary of proteins that have a UB less than 0.2 as well as other LEFDR estimators
for these proteins.
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Figure 6: In x-axis the p-value of t test statistics, in y-axis NF'DR, CFDR, RFDR, MLE,
HBE and UB estimators for each protein of breast cancer data.

5 Conclusion

This paper proposes the BU, new approach of blended distribution that select a prior dis-
tribution from a set of adequate prior distributions and derive from that prior a posterior
distribution. For the normal-normal model and the Poisson-gamma model, the BU and UB
do not necessarily yield the same distribution, they can be the same under some assump-

tions. For inference, we presented three applications in this paper. The first application, in
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Section 4.1, estimated the expected number of deaths caused by coronavirus in Canada. The
second application, in Section 4.2, studied a new biological treatment compared to a placebo
administrated at home after a myocardial infarction. The third application, in section 4.3,
defined a new estimator of the local false discovery rate to find the proteins most likely
affected by breast cancer.

In the first two applications (Sections 4.1 and 4.2), we found the results of BU and UB are
close, but that may be attributed to the small range of the set of adequate hyperparameter
values. Had the range been larger, we might have seen a much larger difference between
BU and UB. On the other hand, we chose some of the hyperparameters to accentuate the
differences between BU and UB, as specified in Examples 1 and 2.

That suggests that whether BU or UB is used may not have any important effect on
conclusions. If so, the choice could be left to personal preference or computational conve-
nience. For example, BU would be computationally faster than UB if each use of a posterior
distribution requires many Markov chain Monte Carlo iterations (Mayer Alvo, personal com-

munication).

Further work

e In this paper, we have shown the blended distribution based on the set of adequate
prior or posterior distributions for the normal-normal and Poisson-gamma models. For
these two models we found that the BU and UB do not necessarily yield the same
distribution. For future work, it would be interesting to check if this result can be

extended to all distributions for the exponential family.

e In the set of adequate prior or posterior distributions that we showed in this paper,
it was only one parameter unknown. It would be interesting to consider two or more
unknown parameters. In this case the gradient descent can be used to solve the mini-

mization problem for two dimensions or more.
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e We used relative entropy to minimize the set of adequate prior or posterior distributions
to the benchmark distribution. It would be interesting to check if the reverse relative

entropy or FEuclidean distance yield the same results as the relative entropy.
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Chapter 3

Correcting false discovery rates for

their bias toward false positives

This chapter proposes two new estimators of the local false discovery rate, the cor-
recting false discovery rate, the re-ranking false discovery rate, and an estimator of
the nonlocal false discovery rate. It also presents a stimulation study to compare the
performance of the proposed estimators to two existing estimators of the local false

discovery rate, the histogram-based estimator and the maximum likelihood estimator.
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1. Introduction

Your job is to provide the selection committee with a list of applicants predicted to
graduate with honors if selected. While you are trying to decide on whether to report
those with less than a 5%, 20%, or 50% probability of failure, a colleague informs you
of a popular new procedure. It replaces each applicant’s failure probability with its aver-
age with the failure probabilities of all applicants with lower failure probabilities.
Having decided to predict the graduation of each applicant with less than 20% failure
probability, you now wonder how to calibrate the accurately estimated average failure
probability among the better candidates in order to make it reasonable as an estimate of
the applicant’s failure probability.

Given a gene expression data set, you need to determine which genes to consider dif-
ferentially expressed. If you decide that only genes with more than 80% estimated prob-
ability of differential expression belong on the list, then every gene on the list will have
less than 20% estimated probability that its null hypothesis of equivalent expression is
true. That probability is the local false discovery rate (LFDR). Since that probability is
difficult to estimate accurately, the false discovery rate (FDR) looks like a viable alterna-
tive. In fact, software is readily available to report the FDR achieved by each gene.
However, since the FDR achieved by a gene is for practical purposes an average of the
LFDRs over all genes with lower LFDRs of that gene, the achieved FDR is by
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construction too low to use as an estimate of the null hypothesis probability. That bias
requires a correction in order to construct the desired list of genes with over 80% esti-
mated probability of differential expression.

The two bias corrections introduced in this note transform achieved FDRs into LFDR
estimates. As calibrated FDR values, those LFDR estimates in effect determine reason-
able FDR thresholds to apply to the output of genomics software packages. This applic-
ability of the bias corrections to popular FDR methods achieves the primary goal of this
note, to make the benefits of LFDR estimation more accessible.

Suppose all null hypotheses are rejected that have p values below «, a significance
level such as 0.01. The simplest FWER is FWER(«), the frequentist probability that at
least one null hypothesis is rejected at level o assuming that all null hypotheses are true
(Dudoit and van der Laan 2008). The simplest FDR, called the nonlocal FDR or
NFDR(o) (Bickel 2013), is the empirical Bayes probability that a null hypothesis rejected
at level o is true given the data (Efron 2010). Let p; denote the p value of the ith
hypothesis test. This p; depends on x;, the observed data set for the ith biological fea-
ture. In the case that the ith null hypothesis says the ith gene has no differential expres-
sion, x; is one or more vectors of measurements of the expression of the ith gene. The
adjusted p value or achieved FWER for the ith test is FWER(p;), the FWER at the sig-
nificance level at which the ith null hypothesis is barely rejected (¢ = p;). Likewise, the
achieved NFDR for the ith test is NFDR(p;), the probability that a randomly selected p
value less than p; corresponds to a true null hypothesis. That is misleading as a measure
of the significance of the ith hypothesis test since it can be substantially lower than the
posterior probability that the null hypothesis is true. That posterior probability is the
local false discovery rate (LFDR). In fact, the achieved NFDR of the ith null hypothesis
is the expectation value of all LFDRs corresponding to p values less than p; (Efron
2010). That is why estimates of NFDRs are often much less than estimates of LFDRs
(e.g. Hong, Tibshirani, and Chu 2009; Bickel 2012, Figure 3; cf. Genovese and
Wasserman 2002), leading to unwarranted reports of significance and potentially many
more false positives.

This anti-conservative bias of estimators of NFDR(p;), the achieved NFDR of the ith
null hypothesis, undermines the most common use of the FDR. A researcher seeking to
apply a multiple-comparison procedure with a list of p values typically selects either a
method of FWER control or a method FDR control (Benjamini and Hochberg 1995).
With the former now known for its excessive bias toward false negatives in genomics-
scale applications (Dudoit and van der Laan 2008, p. 145), the latter is now seen as a
viable alternative, as indicated both by its availability in data analysis software and by
the literature (e.g. Van Den Oord 2008; Glickman, Rao, and Schultz 2014). The original
method of FDR control (Benjamini and Hochberg 1995) remains the most commonly
used. At significance level o, FDR(x), the false discovery rate as defined by Benjamini
and Hochberg (1995), tends to be similar in value to NFDR(x). In fact, with NFDR ()
as the estimator of NFDR(a) to be defined in Sec. 2, the practice of setting o to the
smallest value such that NfBR(oc) < g for some specified value g guarantees that
FDR(o) < g under the Benjamini and Hochberg (1995) independence assumption
(Efron 2010, pp. 53-54). Unfortunately, that means the rejected hypothesis with ppax g,
the highest p value, is rejected merely because NfﬁR(pmax,q) <gq even though
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NEDR (Pmax,q) is the probability of the truth of a random null hypothesis with a p value
less than pmax g rather than equal to prayg-

As the flaw in the procedure is practical, it may be most clearly seen in terms of par-
ticular applications to genomics data. Suppose the null hypothesis is that a gene is not
differentially expressed. To the extent that NFDR (Pmax,q) accurately estimates
NEDR (Pmax,q), selecting a gene for further consideration on the basis of FDR control in
effect selects a gene on the basis of the probability that a more significant gene is differ-
entially expressed. That is equivalent to selecting an applicant for admission on the basis
of an average of his or her probability of failure with the failure probabilities of all the
better applicants.

Later methods of FDR control do not necessarily fare any better. The opposite is
often the case since many such methods are designed to be even less conservative than
the Benjamini and Hochberg (1995) procedure (e.g. Benjamini and Liu 1999), resulting
in even more unwarranted discoveries and the accompanying bias toward false positives.
In short, that bias is not a special feature of a particular FDR algorithm but rather of
every successful algorithm, for the way the FDR is defined automatically leads to
that bias.

The strategy in Section 3 is not to replace FDR methods but rather to take advantage
of their stability (low variance compared to LFDR estimators (cf. Dudoit and van der
Laan 2008, p. 316)) while correcting their bias toward false positives. With the principle
of maximum entropy, the strategy results in two new estimators of the LFDR.

For example, the achieved NFDR estimate corresponding to p(x(;)), the ith smallest p
value, is multiplied by a simple sum to become CFDR(x(;), the corrected FDR defined
by

1 1 o
CFDR(x(;)) = (; m) NEDR (p(x())): (1)
a generalization of which is derived in Sec. 3. Wide discrepancies between the new esti-
mators and NT:BR(p(x(i))) are revealed in applications to a biomedical data set and a
gene expression data set, illustrating the extent to which FDR methods require
bias correction.

While it seems clear that FDR methods benefit from correcting their bias, the com-
petitiveness of the resulting LFDR estimators compared to previous LFDR estimations is
more debatable. Thus, Sec. 4 presents a simulation study comparing the performance of
LFDR estimators based on NFDR bias correction to that of previous estimators. The
CFDR performs well not only compared to NFDR estimation but also compared to pre-
vious methods of LFDR estimation, as is discussed in Sec. 5. The R packages behind the
computations are listed in Sec. 6, which also cites interactive software intended to
explain the need for bias correction.

2. False discovery rates

Let A; stand for the random quantity that is equal to 1 if the ith feature is affected by a
treatment, associated with a disease, etc. If the feature is unaffected (or unassociated),
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then A; is equal to 0. In general, A; = 1 if the ith alternative hypothesis is true, but
A; = 0 if the ith null hypothesis is true.

The local false discovery rate (LFDR) is the posterior probability that null hypothesis i
is true given the p value:

LEDR (p(x;)) = P(A; = 0|p(X;) = p(x1)), )

where X; is a random variable of observed value x;. In the gene expression case, the
LFDR is a conditional probability of the hypothesis that gene i is not differentially
expressed given the p value. Conversely, I-LFDR(p(x;)) is P(A; = 1|p(X;) = p(x:)), the
posterior probability of the hypothesis that feature i is differentially expressed.

Another “Bayesian false discovery rate” (Efron and Tibshirani 2002) is the nonlocal
false discovery rate (NFDR) (Bickel 2013) at a significance level of o: NFDR(x) =
P(A; = 0|p(X;) < o). The NFDR evaluated at significance level o is equal to the average
LFDR over all genes with p values less than «. That is to say,
NEDR(z) = P(4; = 0[p(X;) < )

= E(P(4; = 0lp(X;)) [p(X;) < o) = E(LFDR(p(X:))[p(X;) < %), 3)

by the law of total probability (Efron 2010).The NFDR may be estimated by this ratio
of the estimated average number of false discoveries to the number of null hypotheses
rejected at significance level a:

od " od
ey <7) | #(p(n) <)

where the dimension d is number of tests performed.Many software packages substitute
each p value for o in Eqgs. (3) and (4), yielding the achieved FDR and its estimate for
test j:

NFDR (p(x)) = P<Ai = 0lp(Xi) < P(’%‘))
E(P(Ai = 0p(Xy)) |p(Xi) < p(x;)) = E(LFDR(p(Xi))Ip(Xi) < P(xj));

(5)
NFDR (p(x;)) = NFDR (o)) with o = p(x;). (6)

NFBR(OC) = <1 else NfﬁR(a) =1, (4)

However, that can be misleadingly low, for Eq. (5) says the achieved FDR of the test
corresponding to the p value p(xj) is the average posterior probability that the null
hypothesis is true given that the p value is less than p(x;). That probability is often
much less than LFDR(p(x;)), the posterior probability that the null hypothesis is true
given that the p value is equal to p(x;); in short, NFDR(p(x;)) < LFDR(p(x;)).

As a result, to the extent that NfﬁR(p(X])) is an unbiased estimate of NFDR(p(X;)),
its negative bias tends to be excessive as an estimator of LFDR(p(Xj)), the quantity
most relevant to deciding whether to reject the jth null hypothesis given the data.
Under the assumption that N?BR(‘D(X])) and LfﬁR(p(X])) are unbiased estimators of
NFDR(p(X;)) and LFDR(p(X;)), respectively, the bias in NFBR(p(X])) as an estimate of
LFDR(p(X,)) is E(NFDR(p(X;)) ~ LEDR(p(X;))) = E(NFDR p(X;)) — NFDR(p(X,))) +
E(NFDR(p(X;)) — LEDR(p(X;))) — 0+ E(NFDR(p(X;)) — LEDR(p(X;))) < 0.
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The practical consequence of this negative bias in the case of gene expression data is
that more genes will be considered differentially expressed on the basis of a low
NEDR(p(x;)) than is warranted since the probability that the null hypothesis is true
tends to be higher than NFDR(p(x;)).

That bias toward false positives occurs not only for estimates of achieved NFDRs but
also for various procedures that control the FDR (§1). Can the bias can be corrected in
the same way as a systematically erring instrument can be calibrated?

3. Salvaging false discovery rates
3.1. Inferring local false discovery rates from a false discovery rate

Equation (3) constrains the conditional expectation value of the LFDR to be the NFDR:
E(LFDR(p(X;))|p(X;) < o) = NFDR(a). ~With the additional constraint that
LFDR(p(X;)) > 0, the maximum entropy principle yields Expon((NFDR(x))™"'), the
(NFDR(2)) ' -rate exponential distribution of the LEDR given p(X;) < « :

e NFDR()

“NmRG) )

LEDR(p(X)Ip(X,) < o~ (o) = arg max (| f0)ms(0)ar )

where L is a dummy variable for the LFDR, and each f(e) is a probability density func-
tion satisfying [ f(L)dL =1 and [~ Lf(L)dL = NFDR(a). Thus, if p(x;) < o, then the
conditional probability density of LFDR(p(x;)) given p(X) <«
is £*(LEDR(p(x;))) = ¢~ /NFDR().

Under the additional constraint that LFDR(p(X;)) < 1, the distribution that maxi-
mizes the entropy becomes more complicated (Conrad 2014). Since that distribution is
very closely approximated by Eq. (7) if «<1/2, it does not provide a practical benefit
for tests at any significance level much less than 0.5.

Consider LFDR(y), ..., LFDR,,), the order statistics of the m independent draws
LFDR(p(X})), ..., LEDR(p(X,,)) from Expon((NFDR(x)) '). The ith expected order
statistic is known for the exponential distribution (e.g. Cox and Hinkley 1979) to be

m 1
E(LEDR ;) [p(X1), ... p(X) < &) = (;m_—kH) NFDR(2). (8)

Let m(o) denote the number of hypotheses rejected at level a:
m(o) = [{p(xi) 1 i =1, ... d; p(xi) < o}, ©)

assuming there are no ties. With p(x(1)), ..., p(%(m(»))) as the m(x) observed order statis-
tics of the p values corresponding to rejected null hypotheses, Eq. (8) suggests estimat-
ing LFDR(p(x(;))), the LFDR corresponding to ith-highest such p value, by

— d 1
LEDR  (x(y; q) = (Zm>q (10)

k=1

for i=1,...,m(a), where, for now, q= N@R(Oﬂ) and m = m(«). The * indicates
dependence on the maximum entropy solution (7).
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As FDR and NFDR methods analyze data much more similarly to each other than
to LFDR estimators, the proposed method is not limited to the NFDR. Rather than
setting ¢ = NFDR (), the g in Eq. (10) may instead be a level at which the FDR is
controlled according to a method that determines which null hypotheses to reject, as
in Sec. 1. The number of null hypotheses rejected by the method is the m in Eq.
(10). In some cases, the level of FDR control is identical to an achieved NFDR esti-
mate (§1).

Example 1. Of the d=15 hypotheses on real-data thrombolytic-treatment outcomes
tested by Neuhaus et al. (1992), 4 are rejected when controlling the FDR at the 0.05
level (Benjamini and Hochberg 1995). _However, their expected ¢ order statistics of the
LFDR according to fr,s are LFDR (%(1);0.05) = 0.012, LFDR” (x(2);0.05) = 0.029,
LFDR’ (x(3);0.05) = 0.054, and LFDR” (X(4);0.05) = 0.104, only 2 of which are below
0.05. That the hypotheses with estimated LFDRs of 0.054 and 0.104 would not be
rejected merely because the mean of 0.012, 0.029, 0.054, and 0.104 is 0.05 highlights the
problem identified above (§1, §2). A

3.2. Correcting and re-ranking false discovery rates

Let g(o) denote the smallest value of g such that all hypothesis with p values in [0, ]
are rejected according to some procedure that guarantees that the FDR, NFDR, or an
estimate of either is no higher than gq. The substitutions g = q(«) and m = m(a) (9)
turn Eq. (10) into

. m(or) 1

As explained in Sections 1 and 2, q(p(x(;))) would be overly optimistic as an estima-
tor of LFDR(x(;)). It does not follow that g(p(x(;))) is useless, for its bias may be cor-
rected by Eq. (11):

. )
CFDR(x(;) : = LEDR (x(): 4(p (X)) P (1)) = kZ: m(p(x(,.))l) Pl K(GEO))
d 1
- (;m)ww
(12)

since m(p(x(;)) = i according to Eq. (9) as, under the assumption that there are no ties
among the p values p(x(;)) is the p value of rank i.

LEDR” (x(); 9(p(x(i))), p(x(i))) is called the corrected false discovery rate (CFDR) of the
ith smallest p value and is abbreviated by CFDR(x(;). The special case with g(p(x;)) =
NFDR(p( (iy)) appears in Eq. (1). Like other false dlscovery rate estimates (Efron 2010)
CFDR values greater than 1 are reset to 1.

A different estimator of the LFDR arises from the simplifying assumption that the p
values and LFDRs are similarly ordered in the sense that they have the same ranks. Let
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F; denote the cumulative distribution function of the maximum-entropy LFDR:
Fi (L) = J},L ’ fr(L)dL for 0 < L* < 1. Then, for any a, the quantile rank of the NFDR is
F*(NFDR(z)) = 1—e~! since F! is exponential with rate (NFDR(a))™'. As 1—e ! is
constant in o, F;(NFDR(«)) will be abbreviated by F*(NFDR).

Let [i/F*(NFDR)] denote the closest integer to i/F*(NFDR), with i =1,2,... small
enough that [i/F*(NFDR)] < d. For large i, the expected value of a single LFDR drawn

from F ) is NEDR (p(x(i/p(nepR)))) ), Which, with high probability, is approxi-

X(i/P(NFDR)))
mately LFDR(p(x(;)) since LFDR(;) = LFDR(p(x(;)) by the assumed equality of ranks
and since LFDR(; is approximately equal to the F*(NFDR)-quantile of F

X(i/r (FOR))))
with high probability. The re-ranked false discovery rate (RFDR) is accordingly defined
by

RFDR(x(;)) = q(p(x([i /F*(NFDR)]))) if [i/F*(NFDR)] <d else REDR(x(;) = 1. (13)

This is identical to the LFDR estimator @(x(,»)) proposed by Bickel (2013, p. 537)
except that @(x(,-)) uses 1/2 in place of F*(NFDR) (Bickel 2015). Thus, it is called the

double-ranked false discovery rate (DFDR). The fact that F*(NFDR)>1/2 means @(x(,-))
is based on a p value of higher rank than that of RFDR(x(;), suggesting that the DFDR

has a positive bias. To avoid possible confusion, it is emphasized that the CFDR, RFDR,
and DFDR are not quantities to be estimated but are estimates of the LFDR.

Example 2. The p values from Example 1 yield the achieved NFDR estimates (6) and
the corresponding LFDR estimates (12)-(13) displayed in the left panel of Figure 1.
Using a significance threshold of 0.05 results in the rejection of 4 hypotheses

(NfﬁR(p(x(,-)))S0.0S), 3 hypotheses (CFDR(x(;) <0.05), or 2 hypotheses
(REDR (x(;)) < 0.05). A

Example 3. Using microarray technology and n =6 biological replicates, Alba et al.
(2005) recorded microarray measurements of the expression levels of 13,440 genes
in tomatoes at three days after the breaker stage of ripening. Following Bickel
(2012), only the d=6103 genes with data available for all 6 replicates are used for
multiple applications of the paired t-test, with 6 (mutant, wild type) pairs for
each gene.

The right panel of Figure 1 reveals that N?BR(p(x(i))) is much less than
CFDR(x(;)) and RFDR(x;) for the 545 genes with NfBR(p(x(,-))) < 0.2. By compari-
son, only 69 or 344 of which satisfy CFDR(x(;) < 0.2 or RFDR(x(;) < 0.2, respect-
ively. Lowering the threshold defining what is meant by a “discovery” has no effect
on the relative magnitudes of the discrepancies (Figure 2). This marked discrepancy
between LFDR and NFDR estimators corroborates previous findings for this data set
(Bickel, 2012, Figure 3) and for other gene expression data (Hong, Tibshirani, and
Chu 2009). Since the number of discoveries in Figure 2 is the sum of the number
of true discoveries and the number of false discoveries, higher numbers of discov-
eries tend to coincide with higher numbers of false discoveries. In this example,

q(p(x()) = NEDR(p(x())). A
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Figure 1. Local (“C"; “R”) and nonlocal (“N”) false discovery rate estimates as a function of p(x(,)) for
biomedical data (left) and gene expression data (right). “N" = N/FD\R(p(x<,-))); “C" = CFDR(x();
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Figure 2. Number of genes discovered to be differentially expressed as a function of the threshold of
the local (“C"; “R") and nonlocal (“N”) false discovery rate estimates. The right plot magnifies the
lower-left sixteenth of the left plot.

4, Performance of the proposed estimators of the local false discovery rate

This section presents a simulation study comparing the performance of the proposed
estimators to that of previous estimators of the LFDR. In Sec. 4.1, we introduce a brief
description of the previous estimators considered. In Sec. 4.2, we explain how we simu-
late the data and how we compute the root mean square error for each LFDR estimator.
In Sec. 4.3, we compare the simulation results.

4.1. Previous local false discovery rate estimators

The previous methods of estimating the LFDR are explained in this subsection in terms
of fo and f;, the null-hypothesis and alternative-hypothesis probability density functions
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Figure 3. RMSE of A as a function of d, the number of features, based on different values of the par-
ameter of interest under the alternative hypothesis 0, and the sample sizes n and m. 0,; = 1.5 in
the top two panels ((a) and (b)), and 0,; = 4 in the bottom two panels ((c) and (d)); n=m =15 in
the left two panels ((a) and (c)), and n = m = 20 in the right two panels ((b) and (d)).

of a p value p(X;) or other statistic u(X;) that summarizes the data. For example, if the
gene expression data vector x; for the ith gene may be summarized by a scalar u(x;),
then the probability density would be fy(u(x;)) if that gene is equivalently expressed but
would be f(u(x;)) if it is differentially expressed. Let my = P(A; = 0) denote the prior
probability that the ith null hypothesis is true. By the definition of the LFDR as the pos-
terior probability that the ith null hypothesis is true and by Bayes’s theorem, we have

_ Tofo (u(X:))
mofo(u(x:)) + (1 — mo)fi (u(x:))

which is consistent with the previous notation when u(x;) = p(x;).

(14)

LEDR (u(x;))

4.1.1. Histogram-based estimator of the local false discovery rate

The histogram-based estimator (HBE) of the local false discovery rate was introduced
by Efron (2004). If the null hypothesis H; is true, then p(X;) is uniformly distributed
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between 0 and 1 for i =1,...,d. Both 7, and the probability density of p(X;) can be
estimated by using the natural spline fit to the histogram counts by Poisson regression

(Efron 2004). Using the former estimate as my and the latter estimate as the denomin-
ator of Eq. (14) with u(x;) = p(x;) yields the HBE.

4.1.2. Maximum likelihood estimator of the local false discovery rate

In this subsection, we explain a simple method following the maximum likelihood strat-
egy of estimating the LFDR. This strategy is commonly used; for example,
Muralidharan (2010) estimated the LFDR by maximizing the likelihood assuming expo-
nential families.

Let f(u(x;); 0a) denote the probability density of u(X;) given the value J,; of a non-
centrality parameter such that f(u(x;);0) = fo(u(x;)). The true LFDR is written as
Eq. (14) with fi(u(x:)) = f(u(xi); darr). A maximum likelihood estimator (MLE) of the
LFDR estimates the unknown parameters 7, and d, by 5alt and 7, the values that
maximize the likelihood

::]:h

(mofo(u + (1 = mo)fo, (u(x:)))

i=1
when allowing 0 < 7y <1 and d,,>0. Substituting those estimates into Equation (14)
yields
Tofo(u(x:))
Tofo(u(xi)) + (1 = To)fs (u(xi))’

Oalt

which is called the MLE of the LFDR (Padilla and Bickel 2012; Bickel 2013; Yang,
Aghababazadeh, and Bickel 2013).

4.2. Method of simulation and performance quantification

This section compares several LFDR estimators by simulating the log-abundance of pro-
teins. To do this comparison, we build treatment and control groups. We call X the
data matrix of the treatment group, and Y that of control group. Let n and m denote
the sample sizes of the treatment and control groups, respectively. The dimension of X
is d x n and that of Y is d x m, and the vectors of the ith feature of X and Y are X; =
(Xi71, "'7Xi~,]" ..,X,'J,) S Rn, i= 1, ceey d and _] = 1, ey 1 and Y,‘ = (Y,’ﬂl, ceey Yi,j7 ooy Yi,m) S
R™ i=1,..,d and j=1,...,m. We use values of d equal to 6, 42, 100, 300, 500 and
750, and two cases of sample sizes: n = m = 5 and n = m = 20.

The probability that the ith feature is unaffected by the treatment is myp =0.9. In
Sec. 2, we defined the random variables A;, i=1,...,d. We now add an assumption
that the A; are mutually independent.

Denote by A; the null-hypothesis indicator variable defined by A; = 1—A; :

T 0 if the ith feature is affected by the disease
"1 1 if the ith feature is unaffected by the disease.
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We draw A; from Bernoulli(), the Bernoulli distribution with parameter n,. If A; = 1,
we draw X; from N(0,1), the standard normal distribution, but if A; = 0, we draw X;
from N(u, 1), where the mean p is 1.5 or 4, with the choice of these two values follow-
ing Padilla and Bickel (2015). Regardless of the value of A;, we draw Y; from N(0,1).
Our parameter of interest for the feature i is 0;, the difference in the logarithms of pro-
tein abundance between the sample mean of treatment and control groups. Under null
hypothesis A; = 1, the parameter 0; is equal to zero (0; =0), and under alternative
hypothesis A; = 0, the parameter 0; is equal to u (6; = u). Algorithm 1 is used to
this end.

The p values for the NFDR, CFDR, and RFDR come from the two-sided, equal-vari-
ance t test. We also compute two previous estimators, HBE and MLE, explained in
Sections 4.1.1 and 4.1.2. For the HBE software (Efron et al. 2015), we use the standard
normal quantile of the one-sided p value as the z-score, we set the number of histogram
breaks in the discretization of the z-score equal to the minimum of 120 and 1.5d, and
we set the degrees of freedom equal to 7 for fitting the mixture estimated density. For
the MLE, u(x;) = |t(x;)|, where the Student ¢ statistic #(x;) is modeled a realization of
t(X;), the statistic of the ¢ distribution f, under the null hypothesis with v =n + m—2
degrees of freedom or the noncentral ¢ distribution f(e;d,:) under the alternative
hypothesis with v degrees of freedom and noncentrality parameter J,,>0 (Bickel 2014).

We assess the performance of both the NFDR and of the LFDR estimators as estima-
tors of the null-hypothesis indicator A;, following Yang, Aghababazadeh, and Bickel
(2013) and Bickel (2014). For B data sets (in our simulation we set B=500), we com-
pute for each feature the root mean square error (RMSE) between each LFDR estimator
and the indicator variable A;, and then we compute the average over all the features.
Algorithm 2 explains how we compute the RMSE for each of the LFDR estimators. We
set q(p(xi))) = NfBR(p(x([))) for the simulations.

Algorithm 1. Algorithm to simulate a data set.

The input parameters are d, wy, n, m, [
For each feature i=1, 2,..., d, draw A; from Bernoulli(7).

e If A;=1 then draw a vector of length n, x;=[x1,... s Xijy oy Xip) from
N(0, 1) and a vector of length m, y; = [yi1,...,Yijs---,Yim] from N(0, 1).

o If A;=0 then draw a vector of length n, x; = [xi1,...,%j,...,%i,] from
N(p, 1) and a vector of length m, y; = [yi1,...,Yij,---,Yim] from N(0, 1).

e Thus, we get the vectors x,...,x; and y1,...,ys4, and a vector A = [Ay,...,Ay].

Algorithm 2. Algorithm to compute RMSE.

Notation: A ([x1, ..., Xi, .., Xa], [V1, -+, Vis -, ya]) is a function to compute the estimator of
LFDR or NFDR for the data set ([xi,...,Xi,..;Xd], V1, Vis s ¥d]). A can be
CFDR, RFDR, HBE, MLE or NFDR. R

The inputs are: The parameters d, mp, n, m, u, Band the function A.

Step 1. Repeat Algorithm 1 B times to get B data sets.
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Step 2. For each data set ([x!, ..., x? ...,xs], by ...,yg]), b=1,2,..., B, compute the

e X
]d

—~

estimator A" :A([xi’,...,xf’,...,xg],[yll’,...,yf’,...,yg]) € [0,1]°, Ab is a vector of d ele-

ments corresponding to d features Ab = [A_ll’, ...7A_f’, ...,A_Z].
Step 3. Compute RMSE for each estimator over all B data sets,

Thus, we get: RMSE(CFDR),RMSE(RFDR), RMSE(HBE),RMSE(MLE) and RMSE
(NFDR).

4.3. Results of the simulation study

Figure 3 presents the RMSE for different cases of 0,; and for the sample sizes of the
treatment and control groups. Panel (a), corresponding to O, = 1.5 and n =m =5,
shows that the CFDR performs better than other estimators for a small number of fea-
tures (6 < d < 42), and the MLE looks the worst for d < 200. The RFDR performs bet-
ter than other estimators for d>60. When d>750, the HBE,MLE, and RFDR
performed better than the CFDR.

For the same 0, = 1.5 but for a sample size n = m = 20, Panel (b) of Figure 3
shows that the CFDR for small and large features performed better than the RFDR and
NFDR. For small number of features (d ~ 6), the CFDR has lower values of RMSE,
whereas MLE becomes better for d > 42. When d > 750, the MLE, CFDR and HBE
have close values of RMSE.

Panel (c) corresponds to 0, =4 and n = m = 5. It is clear that the CFDR performs
better for both small and large features, while for d > 300, MLE and HBE start to per-
forms like CFDR despite MLE being the worst for d=6. However, NFDR appears as
the worst for d > 18.

Panel (d) of Figure 3, corresponding to 0O, =4 and n = m = 20, shows that the
RMSE of the CFDR is small for d < 18. However, for d > 24, the RMSE of the MLE
becomes smaller. This is due to large sample size of treatment and control groups n =
m = 20 and the large number of features. We can also see that the HBE, designed for
large-scale inference, is worst for small numbers of features (d < 12), while the NFDR
becomes the worst for d > 18.

The anonymous referee pointed out that the estimator that has a value of 1 regardless
of the data has an RMSE of /1/10~0.32, which is only slightly worse than the RMSE
of the NFDR estimate and of the LFDR estimators displayed in panel (a).

5. Discussion

This paper proposes the CFDR and the RFDR, two bias-correction methods that trans-
form the output of FDR software packages to LFDR estimates. Their advantage over
uncorrected FDR methods is the reduction in bias toward false positives. An advantage
of the CFDR and RFDR over previous LFDR methods is its applicability to the output
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of popular FDR software. Thus, they provide simple ways to improve the interpretation
of the output of readily available FDR software packages.

Unfortunately, the reduction in the bias compared to the uncorrected FDR methods
may mean some increase in variance. This may be tolerated since it purchases the
much-needed reduction of an anti-conservative bias, a bias resulting in reporting more
false positives than the nominal thresholds suggest. Equation (1) indicates that the
CFDR is most advantageous compared to the NFDR for genes with larger p values and
that the CFDR is most similar to the NFDR for the genes that have the lowest p values.

On the other hand, the potentially lower variance of the CFDR and RFDR compared
to previous LFDR estimators suggests that the bias of the CFDR and RFDR is higher.
That is why the overall performance of the CFDR and RFDR compared to that of previ-
ous LFDR estimators was assessed in the simulation study in Sec. 4. The CFDR per-
forms well for small numbers of features. While the MLE performs better than the
other estimators of LFDR for large numbers of features, that is because it leans heavily
on the parametric model used to generate the data. The CFDR and HBE perform well
for larger numbers of features with less dependence on that model.

6. Software

The methods introduced in this paper are provided in the R package Corrected FDR
(Rahal et al. 2018). Other R packages used in our computations include locfdr (Efron
et al. 2015) and LFDR.MLE (Padilla et al. 2015). The simulated data were generated by
the R functions in the SimLFDR suite (Rahal, 2019). Interactive software to illustrate the
need for bias correction is also available (Bickel, 2019b); see Bickel (2019a) for a com-
plementary exercise.

Acknowledgments

We thank the anonymous referee for many comments that led to improvements in clarity.

Funding

This research was partially supported by the Natural Sciences and Engineering Research Council
of Canada (RGPIN/356018-2009), by Agriculture and Agri-Food Canada (ABIP 000159B), and by
the Faculty of Medicine of the University of Ottawa.

ORCID
David R. Bickel () http://orcid.org/0000-0002-9623-3946

References

Alba, R., P. Payton, Z. Fei, R. McQuinn, P. Debbie, G. B. Martin, S. D. Tanksley, and J. J.
Giovannoni. 2005. Transcriptome and selected metabolite analyses reveal multiple points of
ethylene control during tomato fruit development. Plant Cell 17 (11):2954-65. doi:10.1105/tpc.
105.036053.

66



D. R. BICKEL AND A. RAHAL

Benjamini, Y., and Y. Hochberg. 1995. Controlling the false discovery rate: A practical and
powerful approach to multiple testing. Journal of the Royal Statistical Society B 57:289-300.
doi:10.1111/j.2517-6161.1995.tb02031.x.

Benjamini, Y., and W. Liu. 1999. A step-down multiple hypotheses testing procedure that con-
trols the false discovery rate under independence. Journal of Statistical Planning and Inference
82 (1-2):163-70. doi:10.1016/S0378-3758(99)00040-3.

Bickel, D. R. 2012. Game-theoretic probability combination with applications to resolving con-
flicts between statistical methods. International Journal of Approximate Reasoning 53 (6):
880-91. doi:10.1016/j.ijar.2012.04.002.

Bickel, D. R. 2013. Simple estimators of false discovery rates given as few as one or two p-values
without strong parametric assumptions. Statistical Applications in Genetics and Molecular
Biology 12 (4):529-43. doi:10.1515/sagmb-2013-0003.

Bickel, D. R. 2014. Small-scale inference: Empirical Bayes and confidence methods for as few as a
single comparison. International Statistical Review 82 (3):457-76. doi:10.1111/insr.12064.

Bickel, D. R. 2015. Corrigendum to: Simple estimators of false discovery rates given as few as
one or two p-values without strong parametric assumptions. Statistical Applications in Genetics
and Molecular Biology 14 (2):225. doi:10.1515/sagmb-2014-0100.

Bickel, D. R. 2019a. Genomics data analysis: False discovery rates and empirical Bayes methods.
London: Chapman and Hall/CRC.

Bickel, D. R. 2019b. Interactive comparison of false discovery rates and local false discovery rates.
Open Access Software. doi:10.5281/zenodo.3234944.

Conrad, K. 2014. Probability distributions and maximum entropy. Technical Report, University
of Connecticut. Accessed October 19, 2015. http://www.math.uconn.edu/kconrad/blurbs/ana-
lysis/entropypost.pdf.

Cox, D., and D. Hinkley. 1979. Theoretical statistics. Boca Raton, FL: Taylor & Francis.

Dudoit, S., and M. J. van der Laan. 2008. Multiple testing procedures with applications to genom-
ics. New York: Springer.

Efron, B. 2004. Large-scale simultaneous hypothesis testing: The choice of a null hypothesis.
Journal —of the American  Statistical ~ Association 99  (465):96-104. doi:10.1198/
016214504000000089.

Efron, B. 2010. Large-Scale inference: Empirical Bayes methods for estimation, testing, and predic-
tion. Cambridge: Cambridge University Press.

Efron, B., and R. Tibshirani. 2002. Empirical Bayes methods and false discovery rates for micro-
arrays. Genetic Epidemiology 23 (1):70-86. doi:10.1002/gepi.1124.

Efron, B., B. Turnbull, B. Narasimhan, and K. Strimmer. 2015. Locfdr: Computes local false dis-
covery rates. R package version 1, 1-8. https://goo.gl/1e284V.

Genovese, C., and L. Wasserman. 2002. Operating characteristics and extensions of the false dis-
covery rate procedure. Journal of the Royal Statistical Society: Series B (Statistical Methodology)
64 (3):499-517. doi:10.1111/1467-9868.00347.

Glickman, M., S. Rao, and M. Schultz. 2014. False discovery rate control is a recommended alter-
native to bonferroni-type adjustments in health studies. Journal of Clinical Epidemiology 67
(8):850-7. doi:10.1016/j.jclinepi.2014.03.012.

Hong, W.-J., R. Tibshirani, and G. Chu. 2009. Local false discovery rate facilitates comparison of
different microarray experiments. Nucleic Acids Research 37 (22):7483-97. do0i:10.1093/nar/
gkp813.

Muralidharan, O. 2010. An empirical Bayes mixture method for effect size and false discovery
rate estimation. The Annals of Applied Statistics 4 (1):422-38. doi:10.1214/09-AOAS276.

Neuhaus, K.-L., R. Von Essen, U. Tebbe, A. Vogt, M. Roth, M. Riess, W. Niederer, F. Forycki, A.
Wirtzfeld, W. Maeurer, et al. 1992. Improved thrombolysis in acute myocardial infarction with
front-loaded administration of alteplase: Results of the rt-PA-APSAC patency study (TAPS).
Journal of the American College of Cardiology 19 (5):885-91. d0i:10.1016/0735-1097(92)90265-
0.

Padilla, M., and D. R. Bickel. 2012. Estimators of the local false discovery rate designed for small
numbers of tests. Statistical Applications in Genetics and Molecular Biology 11 (5):4.

67



COMMUNICATIONS IN STATISTICS - SIMULATION AND COMPUTATION®

Padilla, M., Bickel, D. R., 2015. Empirical Bayes and fiducial effect-size estimation for small num-
bers of tests. Working Paper, University of Ottawa, deposited in uO Research at: http://hdl
handle.net/10393/32151.

Padilla, M., Y. Yang, A. Ali, K. Leckett, Z. Yang, Z. Li, C. M. Yanofsky, and D. R. Bickel. 2015.
LFDR.MLE: Estimation of the Local False Discovery Rates by type II Maximum Likelihood
Estimation. R package version 1.0. https://goo.gl/dOMTNE.

Rahal, A. 2019. SImLFDR: A suite of R functions to simulate data in order to compare the per-
formance of LFDR estimators. http://doi.org/10.5281/zenodo.2695970

Rahal, A., A. Akpawu, J. Chitpin, and D. R. Bickel. 2018. CorrectedFDR: Correcting false discov-
ery rates. R package version 1.0. https://goo.gl/qMQsXa.

Van Den Oord, E. 2008. Review article: Controlling false discoveries in genetic studies. American
Journal of Medical Genetics Part B: Neuropsychiatric Genetics 147 (5):637-44. doi:10.1002/ajmg.
b.30650.

Yang, Y., F. A. Aghababazadeh, and D. R. Bickel. 2013. Parametric estimation of the local false
discovery rate for identifying genetic associations. IEEE/ACM Transactions on Computational
Biology and Bioinformatics 10:98-108.

Yang, Z., Z. Li, and D. R. Bickel. 2013. Empirical Bayes estimation of posterior probabilities of
enrichment: A comparative study of five estimators of the local false discovery rate. BMC
Bioinformatics 14 (1):87. doi:10.1186/1471-2105-14-87.

68



Chapter 4

Model fusion and multiple testing
in the likelihood paradigm:
shrinkage and evidence supporting

a point null hypothesis

This chapter defines the theory of weight of statistical evidence with respect to a single
model. It also defines the fusion model and the weight of evidence with respect to
two fused models. For purposes of illustration and application of multiple hypothesis
evidence, these theories were applied to exam scores data and to gene expression
levels data. At the end, it presents a brief discussion of the practical advantages of
the fused model weight of evidence for shrinkage and for evidence supporting a point

null hypothesis.
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ABSTRACT ARTICLE HISTORY
According to the general law of likelihood, the strength of statistical Received 28 January 2018
evidence for a hypothesis as opposed to its alternative is the ratio Accepted 5 August 2019
of their likelihoods, each maximized over the parameter of interest.

Consider the problem of assessing the weight of evidence for each of gﬁ:&vﬁzﬁhsood inference;
several hypotheses. Under a realistic model with a free parameter for likelihoodism; measure of
each alternative hypothesis, this leads to weighing evidence without evidence; multiple testing;
any shrinkage toward a presumption of the truth of each null hypoth- pure likelihood methods

esis. Thatlack of shrinkage can lead to many false positives in settings
with large numbers of hypotheses. A related problem is that point
hypotheses cannot have more support than their alternatives. Both
problems may be solved by fusing the realistic model with a model
of a more restricted parameter space for use with the general law
of likelihood. Applying the proposed framework of model fusion to
data sets from genomics and education yields intuitively reasonable
weights of evidence.

1. Introduction

The ASA Statement on Statistical Significance and P-Values [1] included the likelihood ratio
as a measure of statistical evidence that might replace the p value:

In view of the prevalent misuses of and misconceptions concerning p-values, some statis-
ticians prefer to supplement or even replace p-values with other approaches. These include
--- alternative measures of evidence, such as likelihood ratios or Bayes Factors ---

The (special) law of likelihood [2] uses the likelihood ratio f; (x)/f,(x) as the measure of
the strength of evidence in favour of a distribution f; over another distribution f, given x,
the observed sample. The special law has been extended to the general law of likelihood |3,
Section 2.2.3], which defines

SUPpepy, Jo (¥)

W (Hi;H,) = SPycre,fo ()

(1)
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as the strength or weight of the evidence in favour of the hypothesis that 6 € H; over the
hypothesis that 6 € H; for the competing subsets H; and H, of the parameter space ®
[cf. 4], where fy (x) is the probability density of x given 6. (The dependence of W (H1; H)
on x is suppressed to avoid complex notation.)

While the ASA Statement is relevant to multiple comparisons, the general law of likeli-
hood does not in itself take them into account. Multiple testing is currently addressed by
correcting p values for testing multiple null hypotheses.

Example 1.1: Consider the microarray data set that consists of the expression levels of
13,440 genes across n = 6 biological replicates in tomatoes at three days after the breaker
stage of ripening [5]. As complete data are only available for N = 6103 of the genes, Bickel
(6], Bickel and Rahal [7] used them for applications of the paired ¢-test of the null or alter-
native hypothesis that the ith gene is equivalently expressed or differentially expressed,
respectively, between mutants and wild types.

Genomics p values like those are typically adjusted to control a family-wise error rate
or a false discovery rate [e.g., 8]. However, since an adjusted p value reduces to an unad-
justed p value in the degenerate case of a single null hypothesis, the criticisms that the ASA
Statement [1] levels against the misuse of p values apply with equal force against misusing
adjusted p values [see 9, Section 6.2].

In response to claims that the special law of likelihood rendered adjustments for mul-
tiple testing in problems like Example 1.1 unnecessary, Korn and Freidlin [10] supplied
clinical examples to point out that although the likelihood ratio measures the strength
of evidence in simple situations, it often can be misleading in multiple comparison sit-
uations unless supplemented with adjusted p values or posterior probabilities based on
sufficiently strong prior distributions, perhaps estimated by empirical Bayes methods. In
addressing the problem, Strug and Hodge [11] emphasized the role of frequentist consider-
ations when planning an experiment, whereas Bickel [3] argued against comparing simple
null hypotheses to composite alternative hypotheses. Nonetheless, exactly that compari-
son remains important in many scientific applications, especially those involving multiple
comparisons (e.g., Example 1.1).The primary motivation of this paper is to offer a general
framework for applying the laws of likelihood to problems involving multiple hypothe-
ses by bringing together multiple statistical models. As with all likelihood-based inference
[12, Section 6.5], successful application of the weight of evidence hinges on the selection
of models at appropriate levels of abstraction, keeping in mind not only model realism
but also operational characteristics. Against this background, different models may be
brought together in such a way that the weight of evidence is reliable across a spectrum
of applications broad enough to include those involving multiple comparisons.

Advantages of considering multiple models together motivate Bayesian, frequentist, and
fiducial model averaging [e.g., 13-17]. This paper proposes a method of evidential model
averaging called ‘model fusion’ as an alternative. Extending the laws of likelihood to model
averaging may make the likelihood paradigm [2] less dependent on its frequentist and
Bayesian parents.

Section 2 defines the theory of the weight of statistical evidence with respect to a single
model. Section 3 defines model fusion and the weight of evidence with respect to two fused
models. To address the multiple comparison problem, a special case of the theory of model
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fusion is formulated in Section 4. Section 5 illustrates that case by applying it to data on
exam scores and to data on gene expression and briefly discusses practical advantages of
the fused-model weight of evidence for shrinkage and for evidence supporting a point null
hypothesis. Proofs appear in Appendix 1.

2. Weight of evidence under a single model

The marginal likeliness that 6 is in a set H of parameter values of a hypothesis is
L(H)=W(H;0), (2)

where H is a subset of the parameter space ®. The conditional likeliness of the hypothesis
that 0 € 'H given 6 € R, restricting the parameter to values in a set R, is
L(HNTR)
LHIR) = —=—. 3

(HIR) L(R) 3)
The term ‘likeliness’ replaces the term ‘extended likelihood” of Giang and Shenoy [18]
for brevity and to avoid confusion with previous usages of the latter term in the statis-
tics literature [19-21]. The weight of evidence for the hypothesis that 6 € H given 6 € R
is
L(HNR)
L(R\H)

These equations follow immediately from Equation (1) and the definitions:

WHIR) =W HNRR\H) =

Supgep fo (%)

L H == >
0 SUPyce fo (%)
_ SUPyepnrSo ()
HOR = e o @) @
W (HIR) SUpPyrnrSo (%) 5)

SuPper\rfo (%)

The unlikeliness of the hypothesis that 6 € ‘H is U(H|R) = L(H|R), where H = ©O\'H is
the complement of H.

A generalization of the following result is known from both possibility theory and
ranking theory. A set function I is a possibility measure if T1(¥) = 0, [1(®) = 1, and
IT(H) = supyy [1({0}) for any suitable H C ©; a set function N is a necessity measure
ifN(H) = 1 — II(H) for any suitable H C © [22]. Thus, L(e|R) is a possibility measure,
and 1 — U(e|R) is a necessity measure. In terms of the theory of ranking functions [23,
Section 5.2], log W(e|R) is a two-sided ranking function, where the base of log is greater
than 1.

Lemma 2.1: If §) is a set of measurable subsets of ® and 'H, R € $§) such that L(R) > 0,

then LCH|R) = land UCH|R) = I/ W(HIR) if W(HIR) = 1 but L(HIR) = W(H|R)
and UCHIR) = 1if W(H|R) < 1.
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In addition, for a partition 3 of the set of subsets of the parameter space O,

L(H)= sup L(R)L(H|R) (6)
ReP

holds according to the theory of idempotent probability [24] since L(H) and L(H|R) are
marginal and conditional idempotent probabilities as well as possibility values from possi-
bility theory. Bickel [25] shows how to derive it. (Recall that a partition of ® is by definition
a set of non-intersecting subsets of ® such that their union is ®.) For mathematically
rigorous restrictions on H and R, see Puhalskii [24].

Example 2.1: For the problem of Example 1.1, Equation (6) will be used to obtain the
likeliness that the ith gene is differentially expressed by possibilistically marginalizing over
the number of genes that are not differentially expressed:

L (ith gene is differentially expressed)

=  max L (Np of the 6103 genes are not differentially expressed)
No=0,1,...,6103

x L (ith gene is differentially expressed [Ny of the 6103 genes are not
differentially expressed) .

Sections 3 and 4 add technical concepts for stating that more precisely.

3. Fusing models from different levels

Likelihood-based frequentist inference may involve eliminating nuisance parameters by
using an approximate marginal likelihood function or another pseudolikelihood function
of the parameter of interest rather than the likelihood function of the full parameter [e.g.,
26, chapters 8-9]. Which pseudolikelihood function is chosen for eliminating nuisance
parameters may improve applications of the general law of likelihood by depending on
criteria outside the statistical model [3,27].

More generally, paradoxes arise from likelihood inference under inappropriate mod-
els of the system of interest [12, Section 6.5]. The level of abstraction in a model must be
selected with the use of the model in mind. In complex problems such as large-scale infer-
ence (e.g., Example 1.1), multiple levels of abstraction may be used together to weigh the
evidence. This section applies two levels of abstraction to the problem of testing multiple
hypotheses.

Considering some function ¢ and a parameter set & = {¢p(0) : 0 € ©}, let J denote
the smallest set of subsets of ® that has {{¢(0) : 0 € H} : H € $} as a subset. For every
¢ € ®,let gy bea probability density function on a set Z of possible values of an observable
random element Z of observed value z.

Definition 3.1: The triple ({fy : 0 € ©},{gy : ¢ € ®},Q) is called a fusion of the two
parametric models, the density families {fy : 6 € ©} and {gy : ¢ € P}, with respect to a
partition ) C J of ®. A model used to quantify the weight of evidence without any fusion
(Section 2) is a pure model.
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The function L/ : § x $ — [0, 00] is defined in accordance with Equations (2) and (3)
such that If (H|R) = L(H|R) forall H, R € $.In analogy with Equation (2), the function
I8 : 3 xJ — [0,00] is defined such that

SUPye7ns 8o (2)

4 =
B = < sts @

for all Z, S € J. For simplicity of notation, we suppress the dependence of L8(Z|S) and
related values on z. For any Z € J, define the function ¢ ~! such that
e D) ={0e®:¢0B)cT}.
Let LB : § x J x J — [0, 00] denote the function satisfying
B (HIIS) = U (Hlp™ (TN 8)) I (T1S), (7)
which reduces to If (H N Z|S) according to Equation (3) whenever ¢(6) =6 and gy =
fo for all 6 € ©. With L2(e, 0) = L (e, |®), I/ (e) = L/ (¢|®), and L&(e) = L&(e|D),
Equation (7) degenerates to
RMI) =1 (Hlp™ @) L5 (D). (8)

Analogously generalizing Equation (6), let

I8 (HIS) = sup IR (H,T1S), (9)
Zen

and let I8 (H) = I8 (H|®).

The corresponding conditional weight of evidence in the observation that X = x and
Z = zsubstantiating the hypothesis that & € H; as opposed to the hypothesis that 6 € H,
is generalized to

8
Le (H1|S
WE (M HalS) = % (10)
and that substantiating the hypothesis that 6 € H given ¢(#) € S to
wh H1S) = W5 (HHIS) (11)

for all H,Hi,H, € $H and S € J, where H = O\'H. The marginal counterparts are
W (o, 0) = WX (o, 0| D) and W (e) = W (o|®). Analogously, W/ is identified with the
functions denoted by W in Section 2.

Theorem 3.1: For a partition Q C J of ® and any 'H € £,

8 M) = sugLf (Hlp™" (D) I# (D)5 (12)
Ze
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supzea I/ (Hle™ (D)) I8 (2)
supreq L/ (ﬂl(p*1 (I)) 18 (1)

Wh (H) = (13)

Properties analogous to those of Theorem 3.1 may be proven conditional on ¢(6) € S.

Example 3.1: Equation (12) enables the display equation in Example 2.1 to be stated in
terms of two different models, f and g:

Lﬁo}’ (1}....{6103]) (ith gene is differentially expressed)

=  max L8 (N of the 6103 genes are not differentially expressed)
No=0,1,...,6103

x I (ith gene is differentially expressed [Ny of the 6103 genes are

not differentially expressed) .

More specific versions of this example will be stated in the next section.

Theorem 3.1 is the foundation of the class of models proposed in Section 4.3.1. The
models of that class that are specified in Sections 4.3.2-4.3.4 are applied to real data in
Section 5.

4, Multiple hypothesis weights of evidence
4.1. Notation for multiple hypothesis evidence

A typical problem of testing N null hypotheses involves data consisting of N statistics rep-
resented by the N-tuple x = (xj,...,xy), where x; € X foralli=1,...,Nwith X C R.
Such data may be a function of the original observations, as when each x; is reduced to a
test statistic or, as in Example 1.1, to a p value. They are modelled as realizations of ran-
dom elements, the N-tuple of which is X = (X, ..., Xy), with X; distributed with density
fo, given6; € © foralli = 1,..., N. For a parameter space ® and N unknown parameters
in®,letd = (61,...,05) € ON. (0 hereisinboldface since its components 61, . . ., Oy may
be vectors.) The probability density function on RN corresponding to the joint distribu-
tion of X1, ..., X is denoted by f(y,,.._y)- Thus, the likelihood function of @ is the function
Jo(X1,. .0, xN) ¢ eN — [0, 0ol. Hypotheses about @ correspond to members of $, the set
of subsets of ®, with the boldface again emphasizing the multidimensionality of 8.

Fori=1,...,N and for some 6) € ©, the ith null hypothesis is that 6; = 6, assuming
the idea of no effect is the same for all hypotheses. In Example 1.1, 6y = 0, representing
no differential expression, since 6; is the expectation value of the logarithm of a ratio of
expression between mutant and wild type. A referee pointed out that the assumption may
be relaxed.

Given some target set, a nonempty set 7 C {1,...,N} of cardinality M, consider
the M null hypotheses in {#j =6 :j € 7}. The maximum likelihood estimate of t;
is 6(x;) = argsup, g fo (xi), unique by assumption, leading to the abbreviation Lj"* =
Joeey i) /foo (xi) for every i =1,...,N.
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4.2. Pure model for multiple hypothesis evidence

The following model is that of Bickel [3, Section 2.4.1]. Again consider some restriction
set R € . According to Equation (5), the joint weight of evidence substantiating the
alternative hypotheses that 0; # 6 for all j € 7, given that § € R, is

SUppere, RS0 (%)
SUPper\H o Jo ()

Har ={0n....08) €O :Vj e T 0 #6,}. (15)

W({oi#£60:jeT}HR) =W (HATIR) = (14)

Similarly, the marginal weight of evidence substantiating the alternative hypotheses that
0; # 0o for some j € 7, given that § € R, is

SUPpery,, R S8 (%)
SUPpe\ o Jo (0)

Hyr ={0n....08) €O : 3 € TO; # 6}

W({FieTo#6})IR)=W(HyrIR)=

Theorem 4.1: Suppose that the Xis are mutually independent, that L™ > 1 for all i =
1,...,N, and that J(T) = argminjer L™ is unique. It follows that, with probability 1, the
joint weight of evidence substantiating the joint alternative hypotheses that 0; # 0y for all
jeTis
W (H = min L™ 16

(Hp7) = minl; (16)
and that the marginal weight of evidence substantiating the alternative hypotheses that 6; #
0o for somej € T is

W(Hy7)=]]L™ (17)
jeT

Since Theorem 4.1 holds for N = 1 aswellas N > 2, there is continuity in the evaluation
of evidence from a single comparison to as many comparisons as needed. Similarly, the p-
value adjustments that control family-wise error rates and non-local false discovery rates
are continuous with single, unadjusted p values, which is why those adjustments do not
overcome alleged problems with null hypothesis significance testing (Example 1.1).

Nonetheless, that continuity contrasts with the sharp discontinuity seen in applications
of completely different frequentist methods to problems involving very different numbers
of comparisons [28, Section 6]. When one method is recommended for small numbers of
comparisons and another for large numbers of comparisons, there is an undesirable discon-
tinuity in the jump from one method to another as the number of comparisons gradually
increases.

Example 4.1: The discontinuity appears in the practice of applying p values to single com-
parisons but estimates of local false discovery rates to large numbers of comparisons [29].
The problem is that an estimate of a local false discovery rate is an estimated posterior
probability, which differs markedly from a p value not only in philosophical interpretation
but also in numerical value, at least in the case of two-sided p values [30]. What should be
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done when the number of comparisons is too large for a p value but too small for a reliable
estimate of the local false discovery rate? (Efron [31] suggested controlling non-local false
discovery rates for that case, but their use in practice suffers from an anti-conservative bias
[7,32, Chapter 6].) Why should the way evidence is quantified depend on the number of
comparisons? At exactly how many comparisons should one suddenly switch methods? Is
there any argument to support that practice?

Like subjective Bayesian statistics, the general law of likelihood solves the problem in
principle by its applicability to any number of comparisons, ensuring a continuity in statis-
tical inference as the number of comparisons increases. For other solutions to this problem,
see Bickel [9,28,33,34].

4.3. Model fusion for multiple hypothesis evidence

The methods of this section are broadly applicable to problems of multiple testing, includ-
ing that of Example 1.1. By generalizing Example 3.1, Section 4.3.1 presents a general
method for determining two strengths of evidence:

(1) The strength of evidence for a hypothesis given the weight of evidence for each possible
number of true null hypotheses

(2) The strength of evidence that a particular null alternative hypothesis is true given that
number

Specific models for the former strength of evidence then appear in Sections 4.3.2-4.3 4.
Each of those models has its own motivation and applicability (Table 1).

Further research is needed before one of the models can be recommended as a generally
applicable default. The likelihood paradigm remains in its adolescence.

4.3.1. Marginalization over how many null hypotheses are true
This section presents a method of combining the strength of evidence for a number of true
null hypotheses with the strength of evidence that a particular null alternative hypothesis
is true given that number. That is accomplished by applying the formalism of Section 3 to
marginalization over how many null hypotheses are true.

The number of true null hypotheses is Zfil 10(6;), where 1¢(6;) =1 if 6; = 6,
and 19(6;) = 0 if 6; # Oy. The joint weight of evidence substantiating the alternative
hypotheses given by 6; # 6, for all j € 7, conditional on the truth of exactly Ny null

Table 1. Some models for determining the strength of evidence for each possible Ny, the number of
true null hypotheses.

Model Section Motivation Applicability
Non-mixture model 43.2 No random parameters No information on Ny
Mixture model 433 Random parameters Many hypotheses
Model of p values 434 Given p values N, is available

Note: N, denotes an informative lower bound on Np.
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hypotheses, is

SUPget MRy, [0 (%)

N
W i #60:jeT|l) 100)=No| =W (HATIRN) = ;
({J 0 } ; 0 0) (HATIRN) SuPoeRNO\H/\Tff)(x)

N
RN, = [(91,...,9N>e@N:ZIO(@-):No]. (18)

i=1

Equation (18) may be simplified with some additional notation. Let L‘(l;(‘)’x denote the kth of
the N—M order statistics of L*, ..., LG** that exclude L™ for every j € 7.

Theorem 4.2: Suppose fo is the probability density function of the distribution of
(X1, ...,XN) that corresponds to @ and that the X;s are mutually independent. It follows that,
with probability 1, the joint weight of evidence substantiating the joint alternative hypotheses
that 0; # 6y for all j € T, conditional on the truth of exactly No null hypotheses, is

minje7 L]max

N — < — f1<Ng<N-M
w! [ H 1o (6) =Np | = (No) . 19
( /\7’;0(1) 0) 0 if Ny > N—M (19)
(0.¢] ifN()ZO

With the weight of evidence from Equation (19), Lemma 2.1 gives

N 1 fNg<N-M
D@ =No|=1 . . (20)
— 0 ifNg>N—-M

2 (H/\T

While the expression for w/ (Hy 7l Zi 1 10(6;) = Np) cannot be written as concisely
as that of W/ (H AT Zfil 19(6;) = Np), it is easily implemented numerically, providing
U (Hy 71 Y8 10(6;) = No) via Lemma 2.1.

The model {fs : € @V} is used with another model, {8 : @ € ®}, to obtain L]g(’H)
and Wg(’H) for some hypothesis that § € H, suchas# € H 7 or@ € H\, 7, according
to Section 3. The parameters are related by a function ¢ : ®N — @ that transforms 6 to
0(@0) = @((61,...,05)) for all @ € ON. Under the second model, the number of true null

hypotheses is vy(¢), where vy is the function such that vo(¢((61,...,6N))) = Zf\; 1 Lo(6)
for all @ € ®N. Hereafter, v, is assumed to exist.

Corollary 4.1: Consider the model fusion ({fg : 0 € ON}, {gs : ¢ € ®}, Q) with respect to
the partition

Q={pec®:1(@)=0},{pc®:v(p)=1},....{¢p € ®:1vy(¢) = N}}.
Forany'H € 9,

0=0,1,...,N

L{:% (H) = i Jnax i) (’H

N
D 1) = No) LE({¢p e @ (p) =No}). (21)
i=1
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The density family {gs : ¢ € ®} could be, for example, the model of Section 4.3.2.
The model of Section 4.3.3 may be similarly applied via an approximation. The model of
Section 4.3.4 is applicable given p values and an informative lower bound on Nj. Table 1
compares those three models.

Substituting Equation (20) into Equation (21) gives

No=0,1,...,
0 i=1

L{g) (’H/\T) = max NLf ('H/\T

N
D 10 = No) I ({p € @ : v (¢) = No})

= Lg D : = N, 22
N ({p € @ : vy (@) = No}) (22)
as a generalization of the display equation in Example 3.1. The key quantity is LS ({¢p € ® :
vo(¢p) = Ny}), the likeliness of Nj. Sections 4.3.2-4.3.4 derive it for fusion with different
models.

4.3.2. Fusion with a non-mixture model

A K-component non-mixture model will be built from a density family {gy : ¢" € ®} given
some ® C RandK € {2,3,...}. Let ® denote the parameter set of ¢ constrained such that
its components have K values, including the null hypothesis value ¢ (0):

®={pc{p©0,¢0),....0K=DI":¢(j),¢ (k) € ®\$ (0);¢ ()
#¢(k)sjk=1,...K—1}.

With the independence assumption,

N
86 (2) = Zprptw) (2) = | | s (20)
i=1

forall (¢1, ¢2,...,¢Nn) € ®, where z; is a p value or test statistic for the ith null hypothesis.
Padilla and Bickel [35] and Yang et al. [36] used this without fusion to quantify the weight
of evidence for the hypothesis that ¢; € Z; relative to that of ¢; € Z, for some Z;,7, € J
by supy.7, [TY, gs(z)/ SUPyeT, [T~ g (2i). That approach fails when the {g, : ¢ € ®}
model is misspecified in the sense that K is not large enough, for in that case, the weight of
evidence for some alternative hypotheses can be spuriously low. On the other hand, making
K too large leads to insufficient evidence for the null hypothesis.

A more robust approach is available in the fusion of the two models, enabling the use of
Equation (21) with the next result.

Lemmad4.1: Forall Ny =0,1,...,N,

N
SUP (4, ho.....ox) € @0 (1. baenoy ) =No | Lim1 801 (20)

IE({p € ®: v (¢) = No}) =
O 0 SUP (g, 4 pwrc | Liet 86 (20)

Example 4.2: Following a general approach in Padilla and Bickel [35], Yang et al. [36] con-
sidered K = 2, ® = {0, pai}, g0 as the central x 2 density function with 1 degree of freedom,
and gy, as the noncentral x* density function with unknown noncentrality parameter @,
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and 1 degree of freedom. Let vo((¢1, 2, ..., ¢N)) = Zfil {0} (¢i), where 1j0y(¢p;) = 1 if
¢i = 0or 1yg)(¢;) = 1if ¢; = @i According to Lemma 4.1,

# ({¢ {0, da}Y 1 vo () = No})
N
_ Sup¢alt>os(¢l:¢2’-'~3¢N)€{0,¢alt}N:VO(((bl,d)z,m)(ﬁN)):NO l_[i:l g¢l (Zi)
— d |
supy, o [ liz1 (80 (2) V gg (21)

with Vv denoting the maximum.

4.3.3. Fusion with a mixture model
In a K-component mixture model formulated to obtain maximum likelihood estimates of
false discovery rates [37,38],

K—1

8y = Z k8 (k)>

k=0
where 7 € [0,1] for each k €0,1,...,K — 1 such that ZkK:_OI 7 = 1 and where each
84 (k) with ¢ (k) € @ is a probability density function according to the {gy : ¢’ € ®} fam-
ily. Thus, (7, ¢ (k)) € [0,1] x ® for each k, and ® = ([0, 1] x @)X, unlike the parameter
set in Section 4.3.2. For all matrices ¢ = ((7rp, ¢ (0)), (71, (1)), ..., (mx—1,p(K — 1))) €
([0,1] x D)X,

N
g (@) =[] 80 ).
i=1

Without model fusion, the weight of evidence for the ith alternative hypothesis has
been quantified as (Zf:_ll J?kga(k) (zi)/ Zsz_ll )/ 25(0) (%), where (%> d(k)) is the max-
imum likelihood estimate of (7%, ¢ (k)) for each k =0,...,K — 1 [35,36]. As this fails
under marked misspecification in the same way as does using the non-mixture model of
Section 4.3.2, the {gs : ¢ € ®} model may be more widely applicable when fused with a
less restrictive model.

Such model fusion may be implemented by letting vy(¢p) = moN for all

(10, (0)), (1, ¢ (1)) .., (Tx—1, ¢ (K — 1)) € ([0, 1] x D)¥

and by the constraint ry € Py = {0,1/N,2/N,...,N}foreachk € 0,1,..., K. (Although
Vo(¢) in general is a function of ¢, it is constant in this case.) The equation vy(¢) = 7N
treats g as if it were the proportion of true null hypotheses, which, while not strictly cor-
rect, is an adequate approximation for sufficiently large N according to the law of large
numbers. (The consequences for small N have not been studied.) The fusion of the two
models provides marginalization according to ® = (Py x ®)X and Equation (21), as
follows, with the proof analogous to that of Lemma 4.1.

Lemma4.2: ForallNy =0,1,...,NandanyK =2,3,...,

N
SUP e (P x @) g =No /N, K~ =1 | i1 88 (20)

IE({p € D : v (B) = No}) = .
SUPge(Pyx @)Xy () mie=1 [Ti=1 80 ()

where z; is a p value or test statistic for the ith null hypothesis.

80



D.R. BICKEL AND A. RAHAL

Example 4.3: In the mixture-model equivalent of Example 4.2, K = 2, ® = {0, ¢y}, and
go and gy, are the same as before [36]. By Lemma 4.2,

L8 ({¢ € {0, patt) : vo (¢) = No, $are > 0})
w00 [T (0 0+ (1= %) g )

- N . (23)
Sup¢alt>0,ﬂ0€PN Hi:l (T[Og() (zi) + (1 - 7T0)g¢alt (Zi))

4.3.4. Fusion with a model of p values

This subsection illustrates how to weigh statistical evidence in a genomics data analysis
problem that requires reporting a list of ‘significant features’ from a larger list of N bio-
logical features such as protein, lipid, or metabolite species. That is usually accomplished
using p values, with one p value per biological feature. Typical examples are a list of genes
with evidence of differential expression (Example 1.1) and a list of genetic variants with
evidence of being associated with a disease or other trait [e.g., 39].

In this context, the ith feature corresponds to the null hypothesis that Z; ~ g; and to
the alternative hypothesis that Z; ~ g4., where ¢; # 1 and, for any ¢ > 0, g4 is the normal
density with mean 0 and standard deviation ¢ and Z; is the random variable of observed
statistic z; [40]. The z; is often the standard normal quantile of a one-sided p value.

For some list size M, let 7y, called the M-feature list, denote the set of M indices
of the alternative hypotheses that have the highest maximum likelihood ratios, that is,
such that, for every i € Tjr and j ¢ Ty, 4P > E;nax, assuming no ties, where £;"* =
SUP - 8¢ (zi)/g1(zi). Bickel [40] noted that

—1,-2%/(2¢%) 2_
su e % 1 41
gmax _ P¢>0¢ = e, (24)
1 e /2 |zi]

which is an upper bound of a Bayes factor if || > 1 [41]. Let £} denote the kth order
statistic of the £;"®s. The rationale is that the list of significant features should consist of
the features with sufficient evidence that Z; ~ gy, with M to be determined as follows.

The ® € @ restriction of Section 4.3.2 is replaced with the vy(¢) > N,, restriction,
where ¢ = (¢1,...,¢n) and N, is the lowest plausible number of true null hypotheses
[cf. 9].

Lemma4.3: Forall Ny =0,1,...,N,

]—[N pmax
NN L0 e, > N
LE({p € ®:vy() =Ng)) = nlk\]:N—NO—H er(l;{;)lx = =0
0 if No < N,

ifNo = Ny but I8({¢; # 1 :i € {1,...,N},v9(¢p) = No}|vo(¢) = Ny) = 0 otherwise.
Plugging L8 ({¢p € ® : vo(¢) = No}) from Lemma 4.3 into Equation (22) gives

l_[i\]*N N lzrnaX
L{% (Tp) = max —N—Notl () =1

N max
No=No [Ti_n_n 1€k
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for M <N —N, and LJZ‘%('H/\T) =0 for M >N —N,. The resulting weight of
evidence is

W (Tulvo (¢) = Ny)

minje7;, jr.nax _

= w (Tulvo (9) = Ny) = 0 &) if Ng>N—-M )
Ng -

00 if Ny =0

according to Equation (19).

Let My, (A) denote the size of the largest M-feature list such that its weight of evidence
conditional on at least N, true null hypotheses is at least A for some A > 1. Then for at
least negligible evidence (A = 1) according to Table 2,

My, (1) = arg, max W/ (Tulvo (¢) = Ny)
= arg max W/ (Tulvo (@) = Ny)

=N-N,.

For higher levels of evidence (A > 1), perhaps corresponding to another grade of evidence
in Table 2, My (A) =0 ifﬁ&a;‘/ﬂmax < A and

Ny)
My, (A) = arg max w/ (Tulvo (9) = Ny)
M=0,1,...N:Wf (Tyy|vo () >N ) > A
minjc7;, Ejmax
=ar max —_—
gMSN—MO:minngM = AR EIEK;;‘)

i max
minje7y, €Nyt
= arg max

. ymax max max
M=N=No:tnZpren = Ay, K(No)

if E?]’\?)X/E?;\_}‘;‘) > A.Thus, 7y, (A), the My, (A)-feature list, is the A-joint-evidence list, the
largest list of features such that its weight of evidence, conditional on at least N, true null

hypotheses, is at least A. That is the set of indices corresponding to the My, (A)-largest

Table 2. Intervals for general likelihood ratios as the weight of statistical evidence [2,14,28].

Negligible Weak Moderate Strong Very strong Overwhelming
[2°,2'] 2", 2% %42’ [23,2°] 2°,2°[ [27,00]

Notes: While the thresholds are largely set by convention [cf. 42], they to this day motivate arguments about how to improve
the application of statistics to scientific reporting [cf. 43].
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order statistics:

Tﬂo (A) = TMNO(A)

B {ie (.., N} : € = 00 k e [N — My, (A) + 1,...,N}} if My, (A) > 1
9 if My, (A) =0
. . max max : max max
N {ze{l,...,N}.Zi ZE(NMNO(AHl)} i LR/ = A
: max max
] 1fE(N) /E(ﬂo) < A.

On the other hand, the A-individual-evidence list, the largest list of features correspond-
ing to alternative hypotheses of at least A when considering each feature individually,
is

En, (A) = {i € (1 NV WY (1) oo (9) = Ng) = A,

where, as per Equation (25),

Egnax )
max lfISMOSN_l
WY ({i} Ivo () = Ny) = W/ ({i} lvo () = N,) = O(M) N, = N
00 if Ny=0
max
ie{l,...,N}:zrimX =Ag if1=N;=N-1
By (8) = () . | 2
@ if Ng=N
{L,...,N} if Ng=0

Comparing the above equations for 7y, (A) and Ey, (A) reveals that the two sets are iden-
tical. That highlights the practical utility of the deductive cogency property of possibility
measures [see 44].

The approach of this section is used to analyze gene expression data in Section 5.1.

5. Applications of multiple hypothesis evidence
5.1. Gene expression data

The gene expression data analysis of this section illustrates the general method of
Section 4.3.4. The N = 6103 one-sided p values of Example 1.1 are transformed to z;
statistics, as specified in Section 4.3.4, fori =1,...,N.

As seen in Equation (26), the weight of evidence in favour of each gene’s differential
expression between the mutant and wild type requires N, which is set to the largest integer
that is less than or equal to 7o N, where 7 is a lower bound of the prior probability that the
ith gene is equivalently expressed for the mutant and wild type. Figure 1 shows how the
weight of evidence decreases as the p value increases. For any p value smaller than 10>,
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Figure 1. The weight of evidence in favour of each gene’s differential expression according to equa-
tions (24) and (26) for the data set introduced in Example 1.1 at 7o = 1/2,4/5,10/11,19/20. The gray
dashed lines correspond to the thresholds in Table 2. Note that since the weight of evidence is the
strength of the evidence against the null hypothesis, it increases as the p value decreases. While the
strength of evidence is a decreasing function of the p value in this example, the exact relation of the
weight of evidence to the p value differs from one data set to another. As a result, the p value cannot be
transformed to the weight of evidence using a simple calibration formula.

the evidence for differential gene expression is overwhelming according to Table 1. At the
other extreme, for any p value greater than 0.035, the weight of evidence for differential
expression is negligible. In less extreme cases, when the p value lees between 10~> and
0.035, the weight of evidence depends on the value of 7. For a p value equal to 0.0006,
the weight of evidence based on ¢y = 1/2, 4/5, 10/11, and 19/20 would yield very strong
evidence, strong evidence, moderate evidence, and weak evidence, respectively.

With 7 as a prior probability rather than a lower bound, the most common default is
o = 1/2. The importance of 7y = 10/11 is that Benjamin et al. [43] recommended 10:1
as the prior odds 7y/(1 — 7o) on the basis of meta-analyses, but the value of 7y depends
on the domain.

As used in Figure 1 and below, 7 is a known lower bound of the prior probability that
the ith gene is equivalently expressed. The value of Ny is constrained to be at least the
corresponding value of N,,. In contrast with published methods of estimating 7, the value
of Ny is not estimated since it is not of interest in itself. Rather, the weight of evidence for
differential expression is determined by marginalizing over Nj to determine the likeliness
of differential expression according to Example 3.1. If no lower bound can be assumed,
then the model of Section 4.3.4 cannot be applied. In that case, another model mentioned
in Table 1 may prove more useful. See Section 5.2 for applications of models not requiring
the lower bound.

The £;"** of Equations (24) and (26) is the bridge linking the weight of evidence to
the ith gene’s local false discovery rate (LFDR), the posterior probability that ith gene is
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equivalently expressed [cf 3]. A simple estimator of that LFDR is

LEDR; (719) =

{51 + €M (1= 7g) /o) ' if il > 1 o)

if |zi] <1’
which is derived from Bayes’s theorem:

oo (2i)
70go (zi) + (1 — 70) gp,y, (21)

. -1
= (1 + g—(pah (z0) (1 —mp) /7'[0) .
£o (zi)

LFDR; (;tg) = Prob (6; = 6y|Z; = z;) =

See Bickel [32] for an exposition.

Figure 2 compares Iﬁi(l /2) and Iﬁi(w /11) to two previous estimators of the
LFDR, a histogram-based estimator (HBE) using Poisson regression with the ‘theoretical
null’ assumption [45] and the corrected false discovery rate (CFDR) [7]. There, a gene is
considered statistically significant if its LFDR estimate is below some threshold. Figure 2
shows the number of significant genes according to each estimator of the LFDR as a func-
tion of that threshold. It is clear that the CFDR yields the lowest numbers of significant
genes. Iflﬁ{i(IO/ 11) has values close to those of the CFDR, whereas If]ﬁ{,'(l /2) yields
the largest numbers of significant genes. For a threshold equal to the conventional value
0.2 [46], the numbers of genes considered differentially expressed are as follows: CFDR,
69 genes; Iﬁi(IO/ll), 115 genes; HBE, 344 genes; If]i{i(l/Z), 573 genes. The CFDR
and HBE differ from each other due to very different methods of estimating the LFDR:
the CFDR calibrates an estimated non-local false discovery rate, whereas the HBE instead
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LFDR threshold for significance
Figure 2. Number of significant genes for the data set introduced in Example 1.1 for different estimators

of LFDR, cor/rgcted false discovery rate (‘CFDR’), histogram based estimator (‘HBE’), LFD\R,»U /2) (mp =
1/2'),and LFDR;(10/11) (‘mg = 10/17").
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relies on a histogram. An anonymous reviewer disagrees, instead attributing the difference
between the CFDR and the HBE to differing tacit assumptions about the value of 7.

The independence assumption of Section 4.3.1, while not strictly true in applications to
genomics data, provides a practical approximation or idealization in many cases, as seen
in its ubiquity in the bioinformatics literature. Much of the research in systems biology
that replaces that simple assumption with more complex structures may provide further
opportunities for model fusion according to the general framework of Section 3.

5.2. Exam score data

Rubin [47] reports means and variances of SAT exam score differences between students
participating in a training programme and those not participating for each of eight exam
sites. The standardized mean differences are denoted by x = (x;, ..., xg) and modelled as
independent variates from N(61, 1), ..., N(6s, 1), respectively. Thus, fp (x) = ]_[?:1 So.(xi),
where f, is the normal density function of mean 6; and unit variance foralli =1,...,8.
The ith of the N = 8 null hypotheses is that ; = 0, and the ith alternative hypothesis that
0; # 0.

Three approaches to modelling are employed to highlight advantages of model fusion
(Section 3). The approaches represent all exam sites together with a pure non-mixture
model (Section 4.2), with a fusion of two non-mixture models (Section 4.3.2), and with a
fusion of a non-mixture model with a mixture model (Section 4.3.3). In the first approach,
the weights of evidence considered are simply given by Theorem 4.1.

Each of the two fusion approaches needs its own model to fuse with {fp : 6 € R8)}.
Both fusion approaches use z = (z1,...,28) = (x1,...,%3), K =2, ® = {0, da1}, g0 as
the standard normal density function, and gy, as the N(¢qy, 1) density function with
known mean ¢, = 2. The family {gs : ¢ € {0, ¢11}%) has a non-mixture model version
(Section 4.3.2) and a mixture model version (Section 4.3.3). For the former, Lemma 4.1
gives Equation (4.2) as the likeliness function of Ny with the density functions of this
section in place of the x 2 density functions of Example 4.2. For the latter, Lemma 4.2 yields

[T (R0 a0+ (1= F) s @)
SUPr,=0,1,..2,1 [T, (mogo (21) + (1 — 7o) gy (21))

g g

L& ({¢ € {0, B} : vo (¢) = No}) =

as the likeliness function of Ny in contrast with that of Equation (23), in which ¢, is
unknown.

Those two likeliness functions of N are plotted in Figure 3. The three modelling
approaches are compared in Figures 4-6.

In Figure 3, the non-mixture model is seen to have a sharper likeliness function than the
mixture model. Since the likeliness under the non-mixture model is concentrated around
high values of Ny, the evidence supports the null hypothesis more than under the mixture
model. Figures 4-6 reflect that in the low weights of evidence assigned by the fusion with
the non-mixture model. The mixture model may perform better than the non-mixture
model if N is sufficiently large and if 7 is close to 1 [36].

Figures 4-6 also indicate that under the pure model approach, the evidence is weighed
without any shrinkage toward the null hypotheses. That is because the pure model reports
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Figure 3. Likeliness as a function of Ny under a non-mixture model (V; Section 4.3.2) and a mixture
model (A; Section 4.3.3).
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Figure 4. The weight of the evidence favouring the hypothesis that 6; = O0foreachi=1,...,8undera
pure non-mixture model (O); Section 4.2), under a fusion of two non-mixture models (V; Section 4.3.2),
and under a fusion of a non-mixture model with a mixture model (A; Section 4.3.3). Each fusion includes
the model of Figure 3 with the corresponding symbol.
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Figure 5. The weight of the evidence favouring the conjunctive hypothesis that6; £ 0and 07 # 0 (left)
or favouring the disjunctive hypothesis that 6; £ 0 or6; # 0 (right) foreachi=2,...,8.0 < V < A:
caption of Figure 4.

the strength of evidence as if all likeliness were concentrated at Ny = 0, as would be the
case were it known that no null hypothesis is true.

An undesirable manifestation of the lack of shrinkage under the pure model is that all
the alternative hypotheses are seen in the plots to be favoured over the null hypotheses
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Figure 6. The weight of the evidence favouring the conjunctive hypothesis that 9; £ 0and 63 # 0 (left)
orfavouring the disjunctive hypothesis that6; £ 0or65; # 0(right)foreachi =1,2,4,...,8.0 <V <
A: caption of Figure 4.

(log, W(H) > 0), at least to a negligible extent (Table 2). In fact, this occurs more gener-
ally [3]. By contrast, both fused-model approaches lead to the support of most of the null
hypotheses by more evidence than their alternative hypotheses, as indicated by the negative
log weights of evidence in Figures 4-6.

Thus, the fusion between the two non-mixture models in this application strikes an intu-
itively reasonable balance between the extremes of excessive weights of evidence according
to the pure model and overly conservative weights of evidence according to the fusion with
the mixture model.
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Appendix
Appendix 1. Proofs of claims
A.1 Proofs of claims made in Sections 2 and 3

A.1.1  Proofof Lemma 2.1

In the W(H|R) > 1 case, Equation (5) implies that sup, <y fo(x) > SUPgeR\H fo(x) and thus
that sup, g fo (X) = supycr fo (x). By Equation (4), L(H|R) = 1. Therefore, Equation (5) says
U(H|R) = 1/W(H|R). The analogous argument for the W(H|R) < 1 case yields this chain

of results: supy ey fo (%) < SUPger\2.fo (X); SUPyer ¢ fo (X) = supyer fo(x), U(HIR) = 1, and
L(HIR) = W(H|R), in that order.

A.1.2 Proofof Theorem 3.1
Equation (9) yields
B (H) = sup I8 (H.T),
Te

which, with Equation (8), in turn yields Equation (12). Equation (13) follows immediately from
Equations (10) and (11).
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A.2 Proofs of claims made in Section 4

A.2.1 Proof of Theorem 4.1
The following statements hold with probability 1. By Equation (14) and the fact that L;"** > 1,

N
SUP(G,...0n) € H ) 7 [Tis1 for Ged

N
SUP(gy,...on)e0N\ 1 7 | lim1 for ()

W (HpT) =W (Hp7rIOY) =

.....

fao (1)) Tieq,.. vy fan ) fan (1)) Tieq,..onp ey facen ()
and cancellation of the products yields W(H A 7) = fo(x; ) ¥7(1)) /foy (X7¢7)) and thus Equation
(16). Similarly,

N
sup(f)l,...,eN)e’H\/T l_[z':lfﬁi (xi) Hie{l,.‘.,N}f/H\(xi) (i)

w (H\/ T) = N = ] N ]

SUP (6.8 €ON\ Hy [T for ) Tlier foo G Tieqy,.. nnz o) 50

[ier faey ) [ licqy, . NnT focy &)

— ier foo 60 Ticquvp 7 fo @)
leading to Equation (17) by cancellation.

A.2.2 Proof of Theorem 4.2

The order statistics are unambiguously defined since the absolute continuity of the distribution of
each X; with respect to the Lebesgue measure guarantees that there are almost surely no ties. With
J(T) = argminjer L]I.“a", it is seen that L}‘("“‘TX) is the lowest of the maximized likelihood ratios that
correspond to the target parameters. Define each x(x to be the valuein {x; : i = 1,..., N} such that
fﬁ(x(k>)(x(k))/f(90 (X)) = L?;S‘x. In the case that 1 < Ny = N — M, Equation (18) simplifies to

N
w/ (HAﬂZlo ) =N0>

i=1

T2, foo () ( [Tier fats) () )
oo (I () ) L2 oo () | \ e g fags) ()

*(No)

and cancelation wherever possible yields

N o
foo (xvp)) (fb’(x](T)) (%77 )))
w/ [ H » 100 =No | = )
( /\Tl Z 0 (%) 0) fUO (XI(T))fg( ) (X(NO)) x 1 1

In the case that 1 < Ny < N — M, Equation (18) simplifies with cancellation to

al HNE f@ X(k) HN:M fA X X(k)
w! (H/\T| Z 1p (6) = No) = k=1 ON(()—l ) k_N0+1N(i(1\/;k)) (xw)
=1 Jon Gerer) TIEZY S (0) Tz Sy ) (5im0)

*(No)

X ( njeTfﬁ(xj) (x}) ) _ Jo (xavpy) X 1 (f@\(xnfn) (x](T))>
e\ fog) (49) Jan (¥11) o) (X)) L ‘

Both cases together establish the result for 1 < Ny < N — M. In the case that Ny > N — M, the
numerator in Equation (18) is 0 since H A 7 N Ry, = ¥. In the case that Ng = 0, the denominator
in Equation (18) is 0 since Ro\H 7 = ¥.
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A.2.3 Proofof Corollary 4.1
With 6 = @ and H = ‘H,, the claim results from Theorem 3.1 since £ is a member of J, a partition
of ®, and since

N
¢! (INo)) = {(91,-~-,9N) €OV :) 19(6) =No{ =Ry,
i=1

forallNg = 0,1,...,N.

A.2.4 Proof of Lemma 4.1 and, by analogy, Lemma 4.2
By Equation (4),

SUP e 11 (¢)=N, 80 (21)

LE({¢p € g (¢) = No}) = Py 0 85 ()
ped J

A.2.5 ProofofLemma4.3
By Equation (4) and the definition of conditional likeliness,

N
SUP g, £1:ie(1,....N},v0 (¢)=Np [ 121 8 (20)

I8 ({¢i # 1:i € {1,...,N},v9 (¢) = No} [ (¢) = N) = N
SUPy, + Liie(1,...N}wo(#)=N, | li=1 &9 (2)

e max

N
T len-ng+1 €%
= NNt ®
[Ten-—ng 1 €
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Chapter 5

Concluding summary

In this thesis, we defined two approaches of blended distribution we call blending-
before-updating (BU) and updating-before-blending (UB). These BU and UB select
from a set of adequate posterior distributions a single posterior distribution in order
to use it for inference and decision making. These approaches can be used in many
Bayesian statistical models. Nevertheless, in this thesis we worked on two models:
the normal-normal model and the Poisson-gamma model. We have shown that the
BU and UB approaches for these two models do not necessarily yield the same distri-
bution. However, under certain assumptions, they can give the same distribution. As
applications on these two approaches, we presented in Chapter 2 three applications.
The first application estimated the expected number of deaths caused by coronavirus
in Canada, the second application compared a new biological treatment to a placebo
administrated at home after a myocardial infarction, and the third application de-
fined a new LFDR estimator that was used to find the proteins most likely affected
by breast cancer.

Equally important, this research opens the door to verify if the results can be
extended to all distributions for the exponential family. Also, we had one unknown

parameter in the set of adequate prior or posterior distributions, and it would be
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interesting to consider two or more unknown parameters. In this case the gradient
descent can be used to solve the minimization problem for two dimensions or more. In
addition, we used relative entropy to minimize the set of adequate prior or posterior
distributions to the benchmark distribution. It would be interesting to check if the
reverse relative entropy or Euclidean distance yield the same results. Furthermore,
it would be interesting to check in which cases the BU and UB should be used and
which one is the most accurate.

Regarding the Bayesian approach of LFDR, we presented in Chapter 3 two new
estimators of the LFDR, namely, the CFDR and the RFDR, and an estimator of
the NFDR. We also presented a simulation study to compare the performance of
the proposed estimators to two existing LFDR estimators, the HBE and the MLE.
The results of this study showed that the CEFDR performs well for the small number
of features. While the MLE outperforms the other estimators for the large number
of features, it is highly dependent on the parametric model used to generate the
data. The CFDR and the HBE perform well for the large number of features with
less dependence on that model. An application on tomato gene expression data was
performed to compare the results of each estimator in terms of the number of genes
found that are differentially expressed. We developed an R package CorrectedPDR
[7] to compute these estimators.

In terms of model fusion and multiple testing, we defined in Chapter 4 the theory
of weight of evidence under a single model, also fusing models from different levels.
To address the multiple hypothesis weights of evidence problem, we developed two
models, pure and fusion models. More research is needed before recommending an
applicable default model of fusion with a non-mixture model, fusion with a mixture
model, and fusion with a model of p-values, which bridge the link of the weight of
evidence to the LFDR. Hence, it defines a new LFDR estimator. For purposes of
illustration and application of multiple hypothesis evidence, we applied these theories

to gene expression data. In this application, we found that the weight of evidence
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decreases as the p-value increases. We also performed a comparison between the
different LEFDR estimators to show for each estimator the number of genes that are

differentially expressed.
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