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Abstract

This thesis develops a study for the frequency warping introduced by time-domain meth-
ods. The work in this study focuses first on the time-domain methods used in the clas-
sical SPICE engine, that is the Backward Euler, the Trapezoidal Rule and the Gear’s
methods. Next, the thesis considers the newly developed high-order method based on
the Obreshkov formula. This latter method was proved to have the A-stability and L-
stability properties, and is therefore robust in circuit simulation. However, to the best
of the author’s knowledge, a mathematical study for the frequency warping introduced
by this method has not been developed yet.

The thesis therefore develops the mathematical derivation for the frequency warping
of the Obreshkov-based method. The derivations produced reveal that those methods
introduce much smaller warping errors than the traditional methods used by SPICE. In
order to take advantage of the small warping error, the thesis develops a shooting method
framework based on the Obreshkov-based method to compute the steady-state response
of nonlinear circuits excited by periodical sources. The new method demonstrates that
the steady-state response can be constructed with much smaller number of time points

than what is typically required by the classical methods.
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Chapter 1

Introduction

1.1 Problem Description and Motivation

Time-domain circuit simulation plays a very important role in the analysis and design
of electronic circuits. The behavior of the circuits can be numerically modeled by a set
of differential equations (DEs). Circuit simulators adopting some numerical integration
formulas solve a system of differential equations approximately at a set of discrete time
points. The set of nonlinear differential equations can be transformed into a set of
nonlinear algebraic equations by using numerical integration methods. In time-domain
circuit simulation, the class known as linear multistep methods (LMS) has been most
commonly used and examples from this class include the Backward Euler (BE) method,
the Trapezoidal Rule (TR) method and backward differentiation formulas (BDFs, also
known as Gear’s methods).

Reference [1] introduced a new type of error measure, denoted as the warping error.
Unlike the local truncation error (LTE), the warping error copes with the error intro-
duced at each time instance accumulating in the process of integration. Warping error is

formulated as a multiplication to show how the eigenvalues of the circuit characterized



1.1. PROBLEM DESCRIPTION AND MOTIVATION

by differential equations get shifted from the original ones. Reference [1] showed that
the warping error depends on the order of the accuracy of the LMS integration method.
It also showed that for a fixed integration time step size, the higher order LMS integra-
tion methods introduce smaller warping error. As a result, higher order linear multistep
methods are more suitable for circuit simulation in order to limit the warping effects.

Typically, time-domain simulators are expected to be very accurate while requiring
limited resources of computation and shorter execution time. However, in most cases,
these requirements are in conflict with each other due to the conflict between the order
and stability of the integration method used in the process of solving the system of
differential equations. Germund Dahlquist proved that the highest order of absolutely
stable (i.e., circuits are not stable if the length of the chosen integration time step is too
long) implicit LMS method is 2 [2]. In order to avoid the instability issue, most circuit
simulators adopt either trapezoidal rule or the gear method of order 2 (a backward
differentiation formula [3] [4]).

As stated in the previous paragraph, choosing a higher order integration method
is better for circuit simulation in terms of limiting the warping error. Reference [5]
addressed the above conflict by developing a new integration method, which is based on
the Obreshkov formula [6]. This new integration method can be made of high order while
maintaining the desired A-stability (or L-stability) property in solving the DEs. This
integration method enables the transient analysis of electronic circuits to take larger step
size, leading to shorter execution time compared with the classical low-order integration
methods (i.e., TR or BDFs) adopted in most conventional simulators today. Furthermore,
recent publications [7] [8] [9] [10] also showed that the improvement of the new A-stable

and L-stable high-order method for time-domain transient simulation.



1.2. THESIS OBJECTIVES

1.2 Thesis Objectives

The first objective of this thesis is to explore whether the new A-stable and L-stable
high-order integration method can reduce the warping error compared with the classical
low-order methods such as the Backward Euler method, the Trapezoidal Rule method
and backward differentiation formulas. More specifically, the thesis seeks to derive the
warping error expression of the high order method and compare it with those of classical
low-order methods. Theoretical analysis and numerical examples are presented for this
objective.

The second objective is to develop a shooting method framework based on the O-
breshkov method to compute the steady-state response of nonlinear circuits exited by

periodic sources.

1.3 Thesis Contributions

The first contribution of this thesis is showing that the new A-stable and L-stable high-
order integration method indeed introduce much less warping error compared with the
traditional low-order methods such as BE, TR, Gear method of order 2, which are most
commonly adopted in circuit simulator. As a result, adopting the high-order integration
method can not only achieve better accuracy but also maintain both the A-stability and
L-stability.
The second contribution presents a shooting method framework based on the Obreshkov-

based high-order method that achieves superior accuracy while requiring shorter execu-

tion time to compute the steady-state response of nonlinear circuits.



1.4. THESIS ORGANIZATION

1.4 Thesis Organization

This thesis is organized as follows. Chapter 2 presents the numerical solutions of differ-
ential equations. Chapter 3 presents the derivation of the warping error for the classical
integration methods. Chapter 4 presents the derivation of the warping error for the the
A-stable and L-stable high-order integration method. Chapter 5 presents derivation of
the shooting method based on the A-stable and L-stable high-order integration method.
Chapter 6 presents numerical simulations for both low-order and high-order methods

adopted in shooting method.



Chapter 2

Numerical Solution of Differential

Equations

This chapter presents a general background for both classical integration methods and A-
stable and L-stable high-order integration methods in time-domain circuit simulation. In
particular, two central concepts of these integration methods, the order and the stability
of the method, will be discussed in the chapter as well as some overviews of transient

simulations in these methods.

2.1 Introduction

We discuss both the classical and high-order integration methods for solving a system of

nonlinear differential equations in the following form

x = f(x,1) (2.1)

where z € RY is a vector of unknowns and f(x,t) : R¥*! — R¥ is a nonlinear mapping.

The main objective in any integration method employed to solve the above system of



2.2. ORDER AND LOCAL TRUNCATION ERROR AND STABILITY

differential equations is to approximate the exact solution x(t) at discrete time points
to,t1,ta,... In this thesis, xg, 1, xs,... refer to the approximations generated by the

integration method and x(ty), x(t1), (t2), ... denote the exact values of the solution.

2.2 Order and Local Truncation Error and Stability

Order Order is an important characteristic for a numerical integration method [11]

[12]. We call an integration method order of k if

dk+1
et

x, = x(t,) + ChEH! + O(hE+). (2.2)
where the coefficient C' is called the error constant of the method and its magnitude
reflects the accuracy of the integration method [13]. The increment h,, is the time step
and h, =t, —t,_1. O(h") denotes the terms that are proportional to powers of h that

are larger than or equal to w.

Local Truncation Error All integration methods introduce errors, to different de-
gree, in the process of finding numerical approximations to the solutions of differential
equations. The Local Truncation Error (LTE) [14] is one possible way to measure the
error introduced by a given method although we discuss a another type of error measure
(the warping error) throughout this thesis. LTE is defined as the (k + 1) term in the

above expansion (2.2) as follows

dk+1

LTE = ChF+! (2.3)

dtk+1 w(t)

LTE describes the difference between the approximation and the exact solution after

only one time step when applying an integration method, assuming that no previous
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error has been made, i.e., ,,_1 = x(t,_1). It can be seen that, for the same step size, an
integration method with higher order introduces less LTE and this indicates that higher

order methods bring more accurate approximations.

Stability Another important characteristic of the numerical integration methods is
stability. Testing an integration method for stability is usually via the following scalar

test equation [15].

dx(t) .
a M0 (2.4)
AeC; RN eR;

where A is a complex parameter and denotes the eigenvalue of a system. JR(\) describes

the real part of X\. The analytical solution to the scalar test equation (2.4) is as follows
x(t) = zoe™, (2.5)

where z(ty) = x is the initial condition at the time point ¢y,. The analytical solution is
decaying exponentially if 58(\) < 0.

Naturally, we expect an integration method deployed to approximate the solution of
the system can also satisfy the following condition (A-stable requirement) for the two

successive time points ( i.e., t,, t,11),
|Tn| > X1 n=1,2,.. (2.6)

A numerical integration method is called A-stable if its approximations to (2.4) satisfies
the absolute stability requirement (2.6).
The stability region of a given integration method refers to a region in the complex

Ah-plane where the approximate solutions generated by the method to the scalar test

7



2.3. CLASSICAL INTEGRATION METHODS AND THEIR STABILITY

equation (2.4) satisfy the absolute stability requirement (2.6). In other words, when de-
ploying an integration method to approximate solutions for the above scalar test problem,

the step size h must be chosen to ensure that \h lie on or inside the stability region.

2.3 Classical Integration Methods and Their Stabil-
ity

This section reviews briefly some classical integration methods and their stability charac-
teristics. We focus on the linear multistep (LMS) integration methods, since LMS is an
important class of existing integration methods and most commercial circuit simulation
softwares are based on them in the time-domain circuit simulation. In particular, we
consider the Forward Euler (FE) method, the Backward Euler (BE) method and the
Trapezoidal Rule (TR) method as well as the backward differentiation formulas (BDFs,
also known as Gear’s methods) [16].

To simplify the discussion of using these integration methods, we will first denote by

x,, the approximation obtained by a given method to z(t) at t = t,,.

2.3.1 Forward Euler Method and Its Stability Analysis

Let us consider the Forward Euler method first for the sake of simplicity. The FE method
is defined by

Tpy1 = Tp + hal, (2.7)

where h denotes the time step size and h = ¢,,1 — t,, and z/, refers to the approximation
of ‘fi—f at t = t,,. In other words, FE method approximates x(t) at t = ¢,,1 in terms of the
approximation of z(¢) and the approximation of its derivative, both obtained at t = t,.

To study the stability characteristics of the FE method, inserting the scalar test equa-
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tion (2.4) into the FE formula (2.7) for the derivative term, we have the approximation

at t =t,41, i.e. x,.1 as follows

Tpr1 = (1 4+ ANz, (2.8)

Calculating the values of x at time points from ¢ to ¢,, through (2.8) as follows

t020—>l'<t0) = 2o
t1 = h — I(tl) =T = (1 + h)\)l‘o

tn =nh — x(t,) =z, = (1 4+ hA\) "z

If the following condition is satisfied by the FE scheme

11+ h\ <1 (2.10)

we can have n — oo = z, — 0. Considering the definition of the stability region
discussed above, it can be seen that (2.10) is the stability condition for the FE method.
Introducing a new variable z = Ah and substituting Ah with the complex polar form,
x + Jy, lead to

l+z+jy <1 or (I+2)2+92°<1 (2.11)

This relation depicts a region inside a circle with center at x = —1, y = 0 passing through

the origin in the complex plane and it can be seen in Figure 2.1.

It can be seen from the above figure that the stability region of the FE method is inside

the circle and that FE method is stable for some small values of time step size h. If the

9



2.3. CLASSICAL INTEGRATION METHODS AND THEIR STABILITY

c

z plane n§table

ti

-2 -1
Stable

L

Figure 2.1: The shaded area represents the stability region of the FE method

magnitude of ) is large, the time step A must be reduced to make z = \h fall inside the

unit circle.

2.3.2 Backward Euler Method and Its Stability Analysis

The Backward Euler (BE) formula is based on the following formula [17]

Tpi1 = Tn + hal, (2.12)

to approximate z(t) at t = t,,1 given an approximation for z(t) at t = t,, i.e. x,. Here
;. refers to the approximation of ‘fi—f at t =t,41.
Inserting the scalar test equation (2.4) into the BE formula (2.12) for the derivative, we

have the approximation x,,; expressed in terms of z, as follows

Tpi1 = (1 —hN) o, = (1—2)" 2, (2.13)

then x, can be expressed in terms of the initial condition xg

x, = (1= 2)"xg (2.14)

10



2.3. CLASSICAL INTEGRATION METHODS AND THEIR STABILITY

Proceeding in similar steps as with FE method leads to the following stability condition
for the BE method
(-2 <1 (2.15)

then substituting z with the complex polar form, x + jy, leads to

(1—2)’+y*>1 (2.16)

The above relation describes a region outside a circle with center at x = 1, y = 0 passing
through the origin in the complex plane as shown in Figure 2.2. It can be seen that the
Backward Euler method yields decaying approximations to the test equation (2.4) for all
A, regardless of the value of step size h, in the left half plane. Thus, the BE method is

an A-stable integration method.

Unstable

1

Figure 2.2: The shaded area represents the stability region of the BE method

2.3.3 Trapezoidal Rule Method and Its Stability Analysis

The Trapezoidal Rule (TR) method is defined by

h
Tpy1 = Tp + 5(:3; + 5,41) (2.17)

11



2.3. CLASSICAL INTEGRATION METHODS AND THEIR STABILITY

Inserting the scalar test equation (2.4) into the TR formula (2.17) for the derivative
terms, «;, and z;,,,, we have the approximation x,; expressed in terms of z,, as follows
hA
1+ 2

Tpt+1 = jfﬁn (218)
2

Proceeding in similar steps as with BE method leads to the stability region for the TR
method as shown in Figure 2.3. It can be seen that the imaginary axis is the boundary of
the stability region for the TR method and that the TR yields decaying approximations
to the test equation (2.4) for all values of A, regardless of the step size h, in the left half
plane. In other words, the left half plane of the complex plane is the stability region of

the TR method. Therefore the TR is also an A-stable integration method.

- Z|plane
I Unstable

g

Figure 2.3: The shaded area represents the stability region of the TR method

2.3.4 Backward Differentiation Formulas and Their Stability

Analysis

The general form of a linear k-step method [18] can be described as follow

k k
Z Oilptk—i = h Z 5ix;+k_i (219)
1=0 1=0

12



2.3. CLASSICAL INTEGRATION METHODS AND THEIR STABILITY

where h is fixed time step size, k is the order of the LMS method and «; and ; are the
coefficients that determine the LMS method [16] [3]. Some coefficients may be zero to
simplify the method.

The Gear’s methods (also known as the backward differentiation formulas) is a family
of linear multistep methods with 5y = 8, = -+ = [, = 0, and Gear’s method of order k

can be represented by the following formula

k
Z il i = hﬁ(]x;l+k (220)
i=0
where the coefficients a; and 3y are chosen such that the Gear’s method achieves order
k. The k-step Gear’s method is an order £ method.
The simplest Gear’s method is Backward Euler method (Gear’s method of order 1)
and the following are some other specific formulas of Gear’s method.

Gear’s method of order 2:

4 1 2

Tp+2 — §$n+1 + §$n = ghf($n+27 tnta) (2.21)

Gear’s method of order 3:

18 9 2 6

Tnts = 77 Tn+2 + Tyt = 7% = ﬁhf($n+3,tn+3) (2.22)

Gear’s method of order 4:

48 36 16 3 12

Tnyq — 2751’“4,3 + 2751311#»2 - 2753;11%»1 + 2751:71 = %hf(wn%»éb tn+4) (223)

Figure 2.4 shows the stability regions of the Gear’s methods of order 1 to 6, and all

curves close in the right half plane of the complex plane. Dahlquist proved that implicit

13



2.3. CLASSICAL INTEGRATION METHODS AND THEIR STABILITY

LMS methods of order higher than 2, are not A-stable [2] [19], which means that the

highest order of A-stable Gear’s methods is 2.

Im {h\}

= TTTT i TTTT i TTTT i TTTT i TTTT i TTTT i TTTT i TTTT | ITTT i TTTT i TTTT i TTTT i TTTT i TTTT i TTTT i TTTT
8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8
Re {h\}

Figure 2.4: Stability regions of Gear’s method of order 1 to 6 are outside the curves and

all curves close in the right half plane of the complex plane

2.3.5 A-Stability and L-stability

The A-stability [11] has been discussed above and it is a necessary property for any
integration method in circuit simulation, since simulations of a stable circuit needs to be

stable [20]. For example, the stability region of FE method in Figure 2.1 shows that in

14



2.4. OBRESHKOV-BASED HIGH-ORDER METHOD

order to yield decaying approximations to the test function (2.4), the value of hA must lie
in the unit circle. If A\ lies outside the unit circle, the approximations resulting from FE
are bound to become unstable. Figure 2.1 shows that the stability region of FE method
can not cover the whole left half plane of the complex plane, so the FE method is not
A-stable. Both the BE and TR methods are A-stable since their stability regions (shown
in Figures 2.2 and 2.3) cover the entire left half plane.

L-stability [15] [21]is also another important concept of stability in circuit simulation,
particularly in the so-called stiff circuits. A stiff system typically has some eigenvalues
close to the imaginary axis and some eigenvalues lie very far away from them, all in the
left half plane. We still consider the test function (2.4), an integration method is said
to be L-stable if the following condition is satisfied by its two successive approximations

(ie., 2y and z,.1) [22] [23] [24]

Tn+1

=0 as |\ — o0 (2.24)
T

For example, the BE method is L-stable, whereas the TR method is not L-stable.

2.4 Obreshkov-based High-Order Method

Reference [5] presented a new integration method based on the Obreshkov formula [6] [25]
for time domain circuit simulation. This method is constructed by including information
from high-order derivatives. The Obreshkov formulas were first proposed in 1942 [6] as

follows
k

Z O‘i,k(_lyhiwa@rl = Z Oéi,khzwff) (2.25)
i=0

1=0

15



2.4. OBRESHKOV-BASED HIGH-ORDER METHOD

this is a general form of one-step methods and it is used to approximate @, 1. :1;55) above

diz(t)

denotes the approximation to =

at the time point t = t,,,

20 ~ 220 (2.26)
at|,_,
assuming that (V.7 = 0,1, ..., k are known. o, i, are the constant coefficients.
The above set of formulas were modified in [5][26] as follows,
S ahiall, =S gintal) (2.27)
=0 =0

where m = k —1 or m = k — 2 and «; and [3; are the coefficients of :vffll and
respectively, given by
m+k—1i)! Kl

_ i (
o= U0 T =)

(2.28)

(m+k—14)! m!

fi= (m+ k)l il(m— i)

(2.29)

Our goal is to use this modified Obreshkov formula (2.27) to approximate the unknown
vector «(t) in (2.31) in the next section at discrete time instances tg,?;,ts,... In or-
der to accomplish this, the modified Obreshkov formula (2.27) is to be satisfied by the
approximations of x(t) at two successive time instances (i.e., t,, t,1).

As mentioned above in (2.26), we can see that (¥ ~ x|,—;,. So similarly, we can

have a:ﬂl R Xt - a:,(f),z' = 0,1,...,m are assumed to be approximated already and

5'3521 R X|i=t,,, is the approximation for the actual value of the waveform in the vector
x(t) at the time point t = t,,.1.

The order and stability characteristics of the Obreshkov-based high-order formula
depend on the m and k selected. [5] has proved that the Obreshkov-based high-order

integration method (2.27) can approximate the solution of the differential equations up
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2.5. APPLICATION IN CIRCUIT SIMULATION

to the order (k +m), that is
2}y — @) = OB ) (2.30)

where @ (t,1) represents the exact value of the waveform in the vector @ (t) at the time
point ¢t = t,41.

It was shown in [5] [9] that the method can be both A-stable and L-stable under the
condition: k — 2 < m < k. Therefore, this enables the circuit simulations to take larger
step sizes without violating the stability, leading to faster simulation compared with the

classical low-order methods.

2.5 Application in Circuit Simulation

2.5.1 Mathematical Representation of General Circuits

In circuit simulation, we use differential equations to describe a general linear or nonlinear
circuit in the time domain by using Modified Nodal Analysis (MNA) [27]
dx(t)

Ga(t) + C— = + f(a(t) = b(t) (2.31)

In this general equation, the memoryless elements in the circuit are described in G €
RNY*N matrix and respectively C' € RV*Y matrix is used to describe the energy storage
elements. Node voltages, independent voltage sources and currents in inductors are
described in the vector x(t) € RY. And the vector b(t) € RY represents independent
stimuli in the circuit. For nonlinear circuit, nonlinear vector f(x(t)) represents the

nonlinear elements, such as the nonlinear inductors and capacitors as well as the currents

of nonlinear conductances.
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2.5. APPLICATION IN CIRCUIT SIMULATION

As discussed above, the behavior of the circuit can be described by a formulation of a
system of nonlinear differential equations. Since both Backward Euler and Trapezoidal
Rule are A-stable, they represent the simple but great integration methods for imple-
mentation in time-domain simulation of general nonlinear circuits. In this section, we
consider the applications of BE and TR as examples to show how classical integration
methods can be applied in transient simulation of nonlinear circuits.

First, let us rearrange the MNA formulation (2.31) into a more convenient form:

dx(t)

Cdt

— —Ga(t) — f(x(t))b(t) (2:32)

Our goal here is to compute the vector of unknown waveforms x at different time instants

by using the Backward Euler and Trapezoidal Rule integration methods.

2.5.2 Transient Analysis of General Nonlinear Circuits using

Backward Euler Method

Let us consider the Backward Euler method first. According to the BE formula (2.12),

we can approximate the vector of the values of the MNA waveforms (1) at the time

point t;:
dx(t)
= h———= 2.33
1 Lo + dt . ( )
where
xo = x(to) (2.34)

To approximate @1, multiplying both sides of (2.33) by the the matrix C, and we can

get
dt |,_,
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2.5. APPLICATION IN CIRCUIT SIMULATION

To write the MNA formulation (2.31) at the time point ¢ = t1, we can get

dx(t
™0l — _Ga(n) - flalt) + bit) (2:30
t=t1
Let us substitute (2.35) into (2.36). In other words, we use the Backward Euler inte-

gration formula to eliminate the time derivatives in the system of differential equations.

After rearrangement we can get a system of nonlinear algebraic equations as follows

Now, the system of nonlinear equations in «; can be described by the above system of
equations. We assume that the right side is already known.

Further, for the generalization of the Backward Euler method, we can use the values
of x(t) at the previous time point ¢ = ¢,_; to compute the current values of x(t) at the
current time point ¢ = ¢,. Thus , for the general case, we can get the corresponding

systems of equations as follows
(C + h,.G)xp, + hyf () = Cxpp_q + h,b(t,,) (2.38)

To calculate x,,, we need to solve the system of nonlinear algebraic equations by using
some iterative technique such as Newton-Raphson (N-R) mehtod. The Newton-Raphson
method compute the @(t) at various time points with a linear set of equations based on
a good initial guess, say @,(?). Then, the N-R method proceeds to modify the initial

guess x,(?) based on the correction term Az given by

Az = (I]_ o) (- 9@, o) (2.39)

n==n
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2.5. APPLICATION IN CIRCUIT SIMULATION

where the Jacobian matrix J € RV*¥ is given by

J _o=C+h,G+ hna—f (2.40)
T=Tn ox o=z®
and U(x,,) is defined as

The convergence of N-R iteration at each step is typically fast (few N-R iterations are
required) if we take the initial guess from the previous time step (i.e., ¥ = @, ;).
The Jacobian matrix of the MNA formulation is typically very sparse since its sparsity
pattern is identical to the sparsity pattern of the circuit MNA formulation. Thus some

sparse factorization techniques can be applied to factorize the Jacobian matrix.

2.5.3 Transient Analysis of General Nonlinear Circuits using

Trapezoidal Rule Method

Consider the Trapezoidal Rule method (2.17), we can approximate the vector of the

values of the MNA waveforms x(¢;) at the time point ¢,

dx(t)

dt

=20+ -h
1 To + dt

; (dm(t)

) ) (2.42)

To approximate x1, we apply similar steps as we did above. Using the Trapezoidal Rule

t=to

to transform the set of nonlinear differential equations, at different time points, into a
set of nonlinear algebraic equations by eliminating the time derivatives terms. After the

rearrangement we can get the follwing system of nonlinear algebraic equations

(2C 4+ hG)x1 + hf(x1) = (2C — hG)xo — hf(x(to)) + h(b(to) + b(t1)) (2.43)
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2.5. APPLICATION IN CIRCUIT SIMULATION

The system of nonlinear equations in &, can be described by the above system of equa-
tions. We assume that the values of the right side are known.
Similarly, for the generalization of the Trapezoidal Rule, we have the corresponding

systems of equations as follows

(2C + h,G) x, + hy f(2,) = (2C — hG) 1 — hyp f(x(t,-1)) + hn(b(t,—1) + b(t,))
(2.44)
Also the Newton-Raphson method can be used to solve the above system of nonlinear

algebraic equations based on a good initial guess.

2.5.4 Transient Analysis of General Nonlinear Circuits using

the Obreshkov-based High-Order Method

Reference [5] presented how to apply the Obreshkov-based high-order formula into the
system (2.31) to approximate x(t,y1) given that the approximations to x(t¢,) and its
high order derivatives are already known. The implementation of the high-order method

leads to the augmented system of equations as follows
é€n+1 + éEnJrl + ﬁn+1 = En+1 (2-45>
where the vector §,,,, is constructed as follows
Eni = 337(1042; hwg}r; T hkwgizl (2.46)

where T denotes the transpose operator, and :113&)rl = [$(1121+1 :Eg)nﬂ . .a:%)’nH]T. Here,
the vector x(t) € RY consists of N individual components, (i.e., z,(t),a = 1,2,...,N),

which may be node voltages, independent voltage sources or currents in inductors and

so forth.
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2.5. APPLICATION IN CIRCUIT SIMULATION

The matrix G € REFDNXE+HDN can he represented from G as follows

G 0 0
0 G O 0
G = (2.47)
0 0 G 0
OdQI OélI c. CYkI
where I € RY*Y is an identity matrix of size N.
The matrix C € RETDNXE+HDN can he represented from C' as follows
0o C 0
00 0
G- (2.48)
=7 .
0 0 0o C
00 0
The vector p, is given by
5 T T 1) T T
Pop1 =Pt P o pun) 0F (2.49)

where pffil = hi% f(x(t)) computed at the time instance ¢, .

The source vector b, is constructed from the h-scaled derivatives of the independent
stimuli to the circuit and the previous state variables at the time point ¢ = ¢,, as follows
T

~ T T T m o
bor= B2, wbl) o RIS gt (2.50)
7=0
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2.5. APPLICATION IN CIRCUIT SIMULATION

d’b(t)
att

where bSJ)rl =

computed at the time instance ¢, 1.

The iterative techniques such as Newton-Raphson (N-R) mehtod can be used to solve

the system of nonlinear algebraic equations (2.45). In the N-R method, the Jacobian

matrix needs to be factorized at each iteration and the corresponding Jacobian matrix

can be given by

(k+1)x(k+1) blocks

_ G+Joo +C+Jos Jo2 Jox
J1o G+J,, ;C+Jiy J1x
J= (2.51)
Ji-10 Ji-11 %C + Tk
apl a1 apd
where J,; ; = zﬁgt hi=J. Tt is clear that algebraic nonlinearities can be shown as follows

Ji,j =0 for i< j (252)

which leads to the Jacobian matrix becoming a lower block Hessenberg matrix [28].

Comparing the structure of the Jacobian matrix of the Obreshkov-based high-order
method shown in (2.51) with that of the classical low-order methods shown in (2.40), it is
clear that the Jacobian matrix of the high-order method is (k+ 1) times larger than that
of the classical low-order methods such as the Backward Euler method. This indicates
that computational cost at each time step in the high order method is higher than that
in the classical low-order methods.

But the Obreshkov-based high order integration method enables the circuit simulation
to take larger step size, which leads to considerable reduction in the number of time steps

required by the simulation. Thus, this can offset the computational cost increased due

23



2.5. APPLICATION IN CIRCUIT SIMULATION

to the larger size of the Jacobian matrix and can lead to the overall speedup compared

to the classical low-order methods.
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Chapter 3

Derivation of the Warping Error in

Classical Integration Methods

3.1 Introduction to Warping Error

The Local Truncation Error (LTE) is a possible way to estimate the error introduced in
a numerical integration method and it is an additive type of error measure. Reference
[1] defined a new type of error measure, denoted as the warping error, where the term of
the error introduced by the method appears as a multiplication term, in the sense that
the exact solution can be recovered by multiplying the approximation, generated by the
method, by the derived error term.

The warping error term derived in this chapter is formulated as the exponential
function of another error term. The objective of this formulation is to enable investigating
the effect of the error term on the eigenvalues of the circuit modeled by the differential
equations.

In doing so, one can visualize the approximation to the eigenvalues of the system of

DEs representing the circuit to be simulated.
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3.1. INTRODUCTION TO WARPING ERROR

It was shown in [1] that the order of the accuracy of the linear multistep (LMS)
integration methods is related to the warping effect and the higher order LMS integration
methods bring smaller warping error for a fixed integration time step size.

The notion of warping error hinges upon the definition of an error function, (), such
that

l’(t) _ xmethod (t)ecmethod(t) (31>

method (4) j5 the approximation generated by the integration method to z(t), the

where x
exact solution to the differential equation. The derivation of ((¢) for various integration
methods is the subject of this chapter. It should be noted that the error function defined
above is a multiplicative term.

In the following sections, the warping error of several classical integration methods

will be discussed and we will derive the warping error expressions for these formulas

based on the following test equation

d
d%’ FAz(t) =0, AeC M) eRT >t (3.2)

where JR()\) is the real part of the eigenvalue A and the analytical solution to the test
equation (3.2) is
z(t) = xoe (3.3)

where x(ty) = xo € R represents the initial condition at the time point ¢y3. According to

(3.3), at the time instant ¢,, we have

z(nh) = xoe " (3.4)
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3.2. WARPING ERROR OF THE BACKWARD EULER METHOD

3.2 Warping Error of the Backward Euler Method

Let us first consider the Backward Euler (BE) formula

d BE
2B = B (3.5)
at |,_,
=ln+41
where h is the fixed time step and t,, = nh.
Applying the BE formula into (3.2), we have
B = A,
" (3.6)

2BF = 2% (14 Ah)

n

which can lead to the approximation for x(t) generated by BE method at ¢ = ¢, in terms

of the initial condition z( as follows

1
BE _
) = (1+)\h)nxo. (3.7)

According to the definition of error function in (3.1), the error function of the BE method

(BE(t) can be defined as follows
z(t) = 2BB(1)e”"® (3.8)
At the time instant t,, (3.8) can be rewitten as
In(z(nh)) = In(z"F(nh)) + In(e” M) (3.9)
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3.2. WARPING ERROR OF THE BACKWARD EULER METHOD

Substituting (3.4) and (3.7) into (3.9), we have
¢BE(nh) = —n[Ah — In(1 + AR)] (3.10)
The Taylor expansion of the function In(1 + «3) is known as follows

In(1+ af) = iM (3.11)

=1

According to (3.11), (5.1) can be rewritten as

co5(t,) = —n (- 33 )

yBE (3.12)
_1)i—1/\ihz‘—1

7

(nh) = ¢ (nh)

where P¥ € C is defined as the warping error of the Backward Euler method. It is a
function of A and h and is constant in time. ¥®* does not depend on n. Here, (3.12)
describes a linear relation between the error function (B%(t,,) and the discrete time points
t, = nh.

The above analysis indicates that (3.6) actually solves the following differential equation

dx
© e ua(t) = 0 (3.13)
instead of the original system (3.2). We can see from (3.13) that ¢BF is added to A and
it warps the original eigenvalue X of the system (3.2).

According to (3.12), |#BF| is monotonic increasing w.r.t. the step size h and vanishes

as a linear function of h

1
|pBE| ~ 5|A2hy, as h — 0. (3.14)
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3.3. WARPING ERROR OF THE TRAPEZOIDAL RULE METHOD

3.3 Warping Error of the Trapezoidal Rule Method

Consider the Trapezoidal Rule (TR) formula as follows

meR
dt

h  dz™R
Tpat = T, + 5
2 dt

) (3.15)

t=tn

Applying the TR formula into (3.2), we have

h
TR _ TR TR TR
Tpy1 =X — )\§(xn+1 + Ty, )

! (3.16)

h h
A1 (1 ' )\2> _ (1 - )\2>

which can lead to the TR approximation for z(¢) at t = ¢,, in terms of the initial condition

1—A\"
R ( 2) xg (3.17)

h
1+ AL

o as follows

Then, we proceed in the similar steps as with the BE method to obtain the warping error
expression for the Trapezoidal Rule Method.

First, rewriting the error function in (3.1) for the TR case leads to the error function
CTR(t) as follows

2(t) = 2™ ()l W (3.18)

At the time instant t¢,, (3.18) can be rewritten as

In(z(nh)) = In(z™(nh)) + In(es" ™M) (3.19)
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3.4. WARPING ERROR OF THE GENERAL LMS METHODS

Substituting (3.4) and (3.17) into (3.19), we have

(™ (nh) =n l/\h —In (1 - Ag) +In (1 + )\Zﬂ (3.20)

and then

R S i Y IR CEY

?

and finally we have
,(Z)TR

TR B > /) 2i—1 2h2(i—1)
¢ (tn) = ; <2> 5 7 (nh) (3.22)

From the above analysis, it can be seen that the warping error ¥’ ™® vanishes as a quadratic
function of h

1
[ TR| ~ E|A3h?|, as h— 0. (3.23)

thus the Trapezoidal rule method introduces smaller warping error compared with that
of the Backward Euler method shown in (3.14) [29].

It can be seen from the expression of the TR warping error (3.22) that the exponent term
of the eigenvalue A is always odd, which means that the TR method does not introduce
real warping error parts in pure imaginary eigenvalues. By contrast, the warping error

of BE has real parts due to the polynomial (3.12).

3.4 Warping Error of the General LMS Methods

After demonstrating the warping errors of the BE and TR methods, in the section, the
warping error of the general LMS methods will be discussed, in particular we focus on
the Gear’s methods.

Reference [1] defined the warping error function of the LMS methods as (*M5(t) as
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3.4. WARPING ERROR OF THE GENERAL LMS METHODS

follows

z(t) = 2"MS ()W (3.24)

Let us consider the general form of the LMS methods [18], which can be described as

follows
k

k
dz :
> ax(t, + (k—1i)h)) —h) @a(tn + (k—1i)h)) =0 (3.25)
i=0 i=0
where h is the fixed time step size, k is the order of the LMS method and «; and ;
are the coefficients that determine the method [16] [3]. Some coefficients may be zero in
some LMS methods.

Applying the general LMS formula to (3.2) and the solution to (3.2) at the time point

t = t,, is supposed being affected by the warping error ¥*™> as follows
oM (1) = goe” ATk (3.26)

The substitution of 2"M5(¢) in (3.2) and the implementation of the general LMS methods
in (3.2) lead to

k
woe” OHIEHOR S () pAg, )OI — (3.27)
=0

where the multiplicative term zge~A+¢"" )tk oL (0 (X 44™MS) € C can be eliminated,

and then we have
k

3 (e — hAB) e ik — (3.28)

1=0

Introducing a new variable z(h) as follows
2(h) = XV (3.29)
So we can simplify (3.28) to

Z(ai — hAB;)Z'(h) =0 (3.30)



3.4. WARPING ERROR OF THE GENERAL LMS METHODS

which is a polynomial equation of order k in terms of the new variable z(h) and has k
roots. It is clear that the warping error is related to the roots of the above equation.
Reference [1] proved that the warping error for any LMS method is unique in spite of
the k roots that the equation has.

Let us start the derivation of the warping error ¥/*™5 of the LMS methods.

First considering the following equation

= 6_(>\+wLMS)h
LMS (331)
B ]
After Taylor expansion, we have
, Z o 2" )
m= 0 m: .
7 o
(1 B )
Ah)? Ah)?
'(@o—glAh+QQ( ), +) (3.32)
2! 3!
=00 — (00 + 01)Ah + (2, + 01+ 2‘> (AR)?
01 | 02
(3' +§+ 21 + 31) (Mh)* +
where ,, € C represents any possible dependence of ™S on Ah. Assuming """ is

expandable in Taylor series. Reference [1] merged these two series in one by introducing

a new variable p,, and by appropriately grouping some coefficients,

z= ioa + Pm) (_:j)m (3.33)

where the p,, terms represent the combinations of the different g, terms. It can be seen

from the above equation that z(0) = 1, which means py = 0.
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3.4. WARPING ERROR OF THE GENERAL LMS METHODS

It has been proved that

0 for0<m<k
k 'ik
Pm=193—1—(k+ 1>sz:i£.%k+1> form=k+1 (3.34)
i=0 it
k sm—1
—1 = (pm—1 + 1)77122;’6Z form >k +2
jo Q8"

and that

1 for m =0
Om =430 form e {1,2,...,k} (3.35)

pry1 form=Fk+1

where k represents the order the LMS integration method and the above results indicates
that ™3 depends on the order of the method.

According to (3.34), examples of value pyy1 for some classical integration methods are
as follows

0
Backward Euler method :  pl¥ = —1 — 2—1 =-1 (3.36)

0+1
Trapezoidal Rule method :  p2® = —1 — 20 i 5 = 0 (3.37)
0+1 1
Trapezoidal Rule method : pif = —1 — 30+2 =3 (3.38)
040
Gear’s method of order 2:  p§™? = —1 — 304_;_4 =-1 (3.39)

We derive the warping error expressions for Gear’s methods based on the above

warping error analysis of the LMS methods.
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3.4. WARPING ERROR OF THE GENERAL LMS METHODS

Let us consider several warping error examples of the Gear’s method, and the general

form of Gear’s method of order k can be represented as follows

k
Z O Tpq = hﬁox;% (3-40)

=0

where the coefficients «; and fy in (3.25) are chosen such that the Gear’s method achieves

order k.
Gear’s Method of Order 2 According to (3.31) and (3.32), we have

_wLMSh o © (_)\h)m
‘ —mZ_OQm m!

(A)? (AR (3.41)
=00 — 01\ + 02 L] +o
For Gear of order 2 case, (3.41) can be rewritten as
Ah)? Ah)3 Ah)? Ah)5
TN~ 00— oM+ 92( S 93( ) + 94( S 95( ) (3.42)

2! 3! 4! 5!

where the terms that are higher than order 5 are very small and can be ignored. Some

calculations based on (3.34) and (3.35) can lead to

00 =1

01=02=0

A (3.43)
04=3

05 = —6

Substituting (3.43) into (3.42), we have

(AR, (AR (M)’
6+8+20
34

einEARZh .

1+

(3.44)
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then (3.44) can be rewritten as

(3.45)

lnewaEAfmh — _wGEAR2h —1In <1 + (/\h)3 (Ah)4 ()\h)5>

6+8+20

Proceeding in the similar steps as with BE in (5.1), (3.11) and (3.12) lead to the final

warping error expression of the Gear’s method of order 2 as follows

. i[O3 omt | et
OPARZ _ $° (-1) [ 6T s T }
th

=1

(3.46)

Gear’s Method of Order 3 Proceeding in the sme steps as with Gear’s Method of

Order 2 ends up with

o 1 0 [0+ 0 o

=1

Gear’s Method of Order 4 Similarly as above, we have

GEAR4 - (_1>i ()\5h!)5 + %()‘h)G i
W =
ih

i=1

(3.48)

3.5 Discussion

This chapter presented the derivation of the warping error in numerical integration meth-
ods utilized by SPICE-based simulators [30], such as the Backward Euler method, the
Trapezoidal Rule method and the Gear’s methods. This new type of error measure copes
with the error accumulation at each integration time step in the numerical integration
process and the warping error term is formulated as a multiplicative term in order to visu-
alize the perturbation of the eigenvalues of the system of differential equations modelling

the circuits to be simulated.
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Chapter 4

Derivation of the Warping Error in
Obreshkov-based High-Order

Integration Methods

Compared with the classical low-order integration methods discussed in the previous
chapter, such as the Backward Euler method, the Trapezoidal Rule method and the
Gear’s methods, the new A-stable and L-stable Obreshkov-based high-order integration
method is constructed by including information from higher-order derivatives. This
chapter presents the derivation of the warping error in the Obreshkov-based high-order
integration methods.

Recall the Obreshkov-based high-order formula as follows

S aihizll, =Y gikia? (4.1)
i=0 =0

where h is the time step size and t, = nh, and

(m+k—19)! kK

(m+ k) il(k—1)! (4.2)

o = (—1)
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(m+k—14)! m!

fi= (m+ k)l il(m— i)

(4.3)

Applying the high-order formula into the test equation dz/dt + Az(t) = 0 in (3.2) leads

to

migh B0+ Bi(—=Ah)! + Ba(=Ah)? 4 - - + B (= AR)™ High

_ . 4.4
Tt an (AR + ag(— M) + -+ a(—AR)E (44)

then the approximate solution to the scalar system (3.2) at t = ¢,, in terms of the initial

condition zg is as follows

g _ (Dot Bu(=M)! + Ba(=AR) 4 B (AR (4.5)
n g + a1 (—AR) + ag(=Ah)2 + - - - + ap(—Ah)E 0 '
Let us introduce two new variables A and B as follows
B =B+ Bi(=Ah)' + Ba(=AR)* + - + B (= AR)" (4.6)
and,
A= ag+ (AR ag(—=Ah)? 4 - 4 ap(—Ah)* (4.7)
So we can simplify (4.5) to
. B\"
z et — (A) T (4.8)

According to the definition of error function in (3.1), the error function of the modified

Obreshkov high-order method ¢(M'8%(¢) can be defined as follows

z(t) = 21 ()M O (4.9)

an High

" and the substitution of z!!

At the time instant t,,, by recalling that x(nh) = zge™
in (4.9) lead to

¢HEl (nh) = —n(Ah + InB — InA) (4.10)
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4.1. HIGH-ORDER METHOD OF ORDER 2 (K =1,M =1)

Expanding In(A) and In(B) in Taylor series similar to BE and TR discussed above, we

can have

el (np) = —n {Ah + i <_1j)j_1 (B—1Y —(A-1)] } (4.11)

since ap = 1 and =1, (4.11) can be written as

¢MEh (nh) = —n {Ah +§1 (_1(])]_1 ([i &(—Ah)ir - [Z: ai(—)\h)ir) } (4.12)

Let us consider several examples of the Obreshkov-based high-order integration formulas.

4.1 High-Order Method of Order 2 (k=1,m =1)

The substitution of k =1 and m =1 1in (4.7) and (4.6) respectively lead to

A:1+A2h, B—1-M (4.13)

Substituting (4.13) into (4.11) lead to

=1 J =1 J

¢Hish(nh) = —n (Ah - i CO Ay i (_1)3-_41@’;)3‘) ’ (4.14)

then we have A
pHish = k=1m=1

_ 0o by 2i—1 h2(i—1)
Cngh(nh) = Z <2> 22i — (nh) (4.15)
=2

which is the same as TR method in (3.22). Thus, the order of the high-order method
is (k+m) = 2. The error function approximation of the high order method of order 2

(when £ =1 and m = 1) as follows

. 1 1 1 1
¢Hish(nh) ~ —n {12(—Ah>3 + 59 (A + g (CANTH o (FAR) £ } (4.16)
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4.2. HIGH-ORDER METHOD OF ORDER 3 (K =2,M =1)

where the higher order terms are very small and can be ignored.

4.2 High-Order Method of Order 3 (k=2,m =1)

Proceeding in the same steps as above, we can have

B = By~ fi(—=Ah) =1+ 1(—Ah)
3 (4.17)
A = + Oz1<—/\h) + O@(—Ah) =1 + ?( )\h) 6(—/\h)2

then substituting (4.17) into (4.11) lead to

2

CHiEh () — (Ah+z > (; (=AY — [3(—>\h)+é(—)\h)2]j)) (4.18)

then we have the error function approximation of the high order method of order 3 (when

k =2 and m = 1) as follows

1 1

1
h
LT

648

1

High h ~ {
¢ nh) & —n 6304

—(“AR)® — ——(=AR)® — —— (=R + } (4.19)

where the higher order terms are very small and can be ignored. It can be seen from

(4.19) that the order of the high-order method is (k +m) = 3.

4.3 High-Order Method of Order 4 (k =2, m = 2)

Proceeding in the same steps as above, we can have

B = fo+ Bi(=Ah) + Bo(=Ah)* = 1 + Ah) + (_Ah)z
1 2
ﬁ<_>\h)

2< 12

| (4.20)
A= Qg + 061<—)\h) + @2<—>\h)2 =1+ 7<—>\h) +
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4.4. HIGH-ORDER METHOD OF ORDER 5 (K =3, M =2)

then substituting (4.20) into (4.11) lead to

: > (=17t /1 1 | 1 ,
T (—Ah AR — [ (A —)\h“)
M () n( # 3 () + M = [ (A + 5 (W)
(4.21)
then we have the error function approximation of the high order method of order 4 (when

k =2 and m = 2) as follows

1 1

11
(MR - —
720( ) 12096

2737152

13

—\h)? s
( ) * 38817792

(_)\h>11 +

e uh) ~ - § (A 4 ]

(4.22)
where the higher order terms are very small and can be ignored. It can be seen from

(4.22) that the order of the high-order method is (k + m) = 4.

4.4 High-Order Method of Order 5 (k =3, m = 2)

Proceeding in the same steps as above, we can have

B—-1= 2(—Ah) + i(—mf
A-1= _—3(—)\h) + i(—)\h)2 + _—1(—>\h)3 2
5 20 60

then substituting (4.23) into (4.11) lead to

| . (~1)i (2 (<Ah)2, =3 3 —(=M)P
High(pp) = —n | A =0 ~(=\h I — [ (=ARh) + —=(=Ah)* + — =]
¢ () n( # 3 (5 + g = o+ g+ =5
(4.24)
and finally we can have the error function approximation of the high order method of

order 5 (when k = 3 and m = 2) as follows

CHigh(ph) ~ —n {1(—)\h)6 +

7200 (AR - }

(4.25)

1
AR
)+ 1012500

1
\R)7 —
)"+ 120000

R
42000
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4.5. HIGH-ORDER METHOD OF ORDER 6 (K =3,M =3)

where the higher order terms are very small and can be ignored. It can be seen from

(4.25) that the order of the high-order method is (k + m) = 5.

4.5 High-Order Method of Order 6 (k =3, m = 3)

Proceeding in the same steps as above, we can have

1 1 1
B — 1= 1(=Ah) + Ba(=Ah)* + B3(—Ah)® = 5 (=An) + 1—0(—)\h)2 + ﬁ(—Ah)i“
—1 1 ~1
A —1=a;(=Ah) + as(=Ah)* + az(—\h)* = 7(—Ah) + 10(—)\}1)2 + ﬁ(—Ah)3
(4.26)
substituting (4.26) into (4.11) lead to
i B 0o (_1)j—1 (—)\h) (_)\h)Q (_)\h)s j
¢ h) == Mt 2 <[ > 10 10 }
(4.27)

)

Then we can have the error function approximation of the high order method of order 6

(when k& = 3 and m = 3) as follows

(AT (AR (=AY (=AR)™
4.28
100800 ' 2592000 ' 190080000 6739200000 (4.28)

¢Hih (ph) ~ —n{

where the higher order terms are very small and can be ignored. It can be seen from
(4.28) that the order of the high-order method is (k + m) = 6.

As mentioned earlier in chapter 3 and in the warping error expression of TR method
(is the same as the high-order method of order 2 with & = m = 1) shown in (4.16)
that the exponent term of the eigenvalue \ is always odd. This means that the high-

order method of order 2 does not introduce real warping error parts in pure imaginary
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4.6. DISCUSSION

eigenvalues. If looking into (4.22) and (4.28), it can be seen that the high-order method
of order 4 (with £ = m = 2) and the high-order method of order 6 (with k = m = 3)
also have the same property. In contrast, the real parts of the warping error exist in the
high-order method of order 3 (with £ = 2 and m = 1) and in the high-order method of
order 5 (with £ = 3 and m = 2), and this can be shown in (4.19) and (4.25).

4.6 Discussion

This chapter presented the derivation of the warping error in the Obreshkov-based high-
order integration methods. The selection of £ and m in the high-order integration formula
determines the order and the stability characteristics of the method itself. Reference [5]
proved that this new high-order integration method can approximate the solution of the
differential equations up to the order (k +m) and that the numerical stability condition
of the high-order integration method is K — 2 < m < k. All the cases discussed above
are under this numerical stability condition. The numerical results will be presented
to compare the warping errors of these high-order methods and the warping errors of
the classical low-order methods in the next chapter, such as the Backward Euler, the

Trapezoidal Rule and the Gear’s methods.
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Chapter 5

Derivation of Shooting Method
Based on the High Order

Integration Methods

We have derived the warping error expressions for the classical low-order integration
methods, such as BE, TR and the Gear’s methods, and the A-stable and L-stable
Obreshkov-based high-order integration methods in Chapter 3 and Chapter 4, respec-
tively. This chapter compares the warping error of the high-order methods against the
warping error of the classical low-order methods. It will be shown that the warping error
of the high-order methods is smaller than that of the low-order methods. In order to
inspect how the smaller warping error in the high-order methods can affect the general
circuit simulation tasks, say steady state analysis using the shooting method, we will
derive the shooting method based on the high-order integration methods later in this

chapter.
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5.1. NUMERICAL COMPARISON BETWEEN WARPING ERROR IN
HIGH-ORDER AND LOW-ORDER METHODS

5.1 Numerical Comparison between Warping Error

in High-Order and Low-Order Methods

The main objective of this section is to compare the values of the warping error in
different integration methods such as BE, TR, Gear methods of order 2, 3, 4 and high-
order methods of order 2, 3, 4, 5, 6, respectively. Note that high-order method of order
2 is actually equivalent to the TR.

As discussed in the previous chapters, 1yMethed € C is the so-called the warping error
of an integration method and it is a function of the system eigenvalue \ and time step
size h. YMethod ig constant in time. The linear test funciton da/dt + Az (t) = 0 in (3.2)
has been used to derive the warping error expressions M4 for the classical low order
methods in Chapter 3, such as BE, TR and the Gear’s methods and has been used to
derive the warping error function expressions (M¢*h°d for the Obreshkov-based high-order

methods, say high-order method of order 2, 3, 4, 5 and 6. It should be noted that the

following equation describes a simple linear relation between the warping error y/Method
and the warping error function ¢Method(z,)
gMethod(tn> — 77Z)Method % (nh) (51)

where the discrete time points ¢,, = nh. Therefore, the values of the warping error in the
high-order methods can be easily obtained based on the relation above.

As mentioned above, the warping error yMet°d ¢ C in any integration method is a
function of the system eigenvalue A and time step size h. Let us first consider a system
with a purely imaginary eigenvalue case, say A = —j. The imaginary and the real parts
of the warping error results in different integration methods are shown in Figure 5.1 and
Figure 5.2, respectively. The values of the warping error are computed repeatedly for

0.001 < h <0.1.
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5.1. NUMERICAL COMPARISON BETWEEN WARPING ERROR IN
HIGH-ORDER AND LOW-ORDER METHODS

In both figures, the dashed line represents the BE method, the solid lines represent
the Gear’s methods of order 2, 3, 4 (GEAR2, GEAR3, GEAR4, respectively), and the
dotted lines represnet the Obreshkov-based high-order methods of order 2 (same as TR),
3, 4, 5, 6, respectively.

It can be seen in Figure 5.1 that the Obreshkov-based high-order methods of order
3, 4, 5, 6 outperform the Gear’s methods of order 3, 4 and that the Obreshkov-based
high-order methods of order 2 (same as TR) outperforms the Gear’s method of order 2.
Here outperform is to be understood as producing much lower warping error. In Gear’s
methods, the higher order methods introduce smaller warping error. Similarly, in the
Obreshkov-based high-order methods, higher order methods always perform better. It
shows that the BE method introduces the largest warping error compared with all the
other methods.

Figure 5.2 shows that the high-order method of order 2, 4, 6, respectively, do not
introduce real warping-error components for the pure imaginary eigenvalue, i.e., A = —7.
This is because the exponent of the A term of the warping error expressions in these
methods are always odd, which can be seen in (4.16), (4.22 ) and (4.28). By contrast,
Figure 5.2 shows that the real parts of the warping error exist in the high-order method
of order 3 and 5. Because the warping error expressions in these two methods have both
odd and even power terms, which are shown in(4.19) and (4.25).

It should be noted that all these methods, except the Gear’s methods of order 3 and
4, are all A-stable.
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5.1. NUMERICAL COMPARISON BETWEEN WARPING ERROR IN
HIGH-ORDER AND LOW-ORDER METHODS
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Figure 5.1: Imaginary part of warped eigenvalue -j
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5.1. NUMERICAL COMPARISON BETWEEN WARPING ERROR IN
HIGH-ORDER AND LOW-ORDER METHODS

Real part of the warping error (Absolute value)
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5.1. NUMERICAL COMPARISON BETWEEN WARPING ERROR IN
HIGH-ORDER AND LOW-ORDER METHODS
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5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
HIGH-ORDER INTEGRATION METHODS

We also consider a real eigenvalue A = —1 case to compare the values of the warping
error in different integration methods as shown in Figure 5.3 above. In this case, it is
obvious that the values of the warping error are real for all the integration methods.

Figure 5.3 shows that the Obreshkov-based high-order methods of order 4, 5 and 6 out-
perform the Gear’s methods of order 4 and that the Obreshkov-based high-order method
of order 3 outperforms the Gear’s method of order 3 as well as that the Obreshkov-based
high-order method of order 2 (same as TR) outperforms the Gear’s method of order
2. Within both the Gear’s methods and the Obreshkov-based high-order methods, the
higher order methods always introduce less warping error. Again, the BE method is
showed to introduce the largest warping error compared with all the other higher order

integration methods.

5.2 Implementation of Shooting Method Based on

the High-Order Integration Methods

It can be seen from the previous section that the warping error in the Obreshkov-based
high-order integration methods is much smaller than the warping error in the classical
low-order methods, such as the Backward Euler, the Trapezoidal Rule and the Gear’s
methods. In order to take advantage that the warping error in the high-order methods
is smaller, this section presents a new way to implement the shooting method by using

the Obreshkov-based high-order methods (high-order shooting method).

5.2.1 Introduction to the Shooting Method

The main objective in the shooting method [31] [32] is to search for a suitable set of
initial conditions that can bypass the long transient phase in finding the steady-state

response in circuit simulation. Reconsider the following system that describes a general
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5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
HIGH-ORDER INTEGRATION METHODS

nonlinear linear circuit in the time-domain using the MNA formulation

Gx(t) + C'd:;it) + f(x(t)) = b(t) (5.2)
Assume that the vector xj is the optimum set of initial conditions, which when used as
the initial conditions for @ (t) at ¢ = ¢y, there will be no transient phase and the circuit
can directly enter into the periodic steady-state. In other words, if transient analysis is
carried out with the initial conditions of x(0) = x, and continued for a period of time
up to t = T, where T represents the common period of the circuit periodic excitation

sources, then we can get

z(T) =z(0) = x; (5.3)

Introducing the concept of State-Transition Function (STF), around which the main idea
of shooting method is built. The STF is defined for a system described by differential
equations as a function that takes as input the values of the system state at certain
time point, such as t = ty, i.e., x(ty), and a period of time AT and yields its output,
the system state at time point t = ¢ty + AT, i.e., x(to + AT). Here, the system state
represents the MNA variables.

Figure 5.4 illustrates the concept of the STF.

z(tg)o——

State-Transition
) o

Function(STF) z(tg + At)

At o—

Figure 5.4: Graphical description of the notion of STF

The STF can be described by the notation ¢(xo, ty, AT'), where g = xo(ty). Based on
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5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
HIGH-ORDER INTEGRATION METHODS

the definition of STF, we have
x(to + AT) = ¢(xo, to, AT) (5.4)
Employing the definition of STF in (5.4), (5.3) can be rewritten as
o(xg, to, AT) = x; (5.5)

Therefore, the optimum initial condition @ can be regarded as the solution vector for

xo, which satisfies the following nonlinear system of equations,

P(xo) = d(xo, 10, T) — @0 =0 (5.6)

Solving the above system of nonlinear equations (5.6) can be achieved through using
some iterative techniques, such as the Newton-Raphson (N-R) method, and it is called
the Newton shooting method.

Then we presents how the new A-stable and L-stable Obreshkov-based high-order
integration method can be employed inside the shooting method and inspect whether
better accuracy can be achieved by adopting the high-order methods, compared with
the low-order shooting methods (the shooting method based on the classical low-order

integration methods).

5.2.2 Shooting Method Based on the High-Order Methods

The main goal in the shooting method is to compute the vector &y that satisfies the
nonlinear system of equations (5.6).
The staring point in the shooting method is to come up with a suitably chosen initial

trial vector, denoted by :céo), for the solution vector xy. Typically, it is not likely that this
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5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
HIGH-ORDER INTEGRATION METHODS

initial trial vector 1:80) is the exact solution, so it is not expected to satisfy the nonlinear

system in (5.6).

Using the N-R method to solve (5.6) requires the iterative computation of the error
function ¥ (Cl:éj )) and its Jacobian matrix at successive trial vector w(oj ). We can obtain
the 4" trial vector méi) from the (i — 1) vector ac(()i_l) through the Newton-Raphson

update rule,

a:(()i) = Cl:(()i_l) — A:c(()i_l) (5.7)

where :c(()ifl) is calculated from the previous N-R iteration (: — 1) and Aa:(()ifl) is the N-R

correction term as follows

, , -1 ,
Az = (J(wé“”)) W () (5.8)
where J(a:(()ifl)) is the Jacobian matrix of @) w.r.t g computed at xy = IE(()FI), ie.,
-1y _ 0P
J(m() ) awo mo:m(()?l)
5.9
o (5.9)
- 7@ I
8(110 EO:w(i—l)
0

-1 )
and where () in (5.8) denotes the matrix inversion operation and ) (a:(()%l)) is given

by
P(xh V) = (" to, T) — iV (5.10)

by substituting @ = 2 " in (5.6).

It is usually not possible to obtain an analytical expression for the STF | i.e., ¢p(xo, to, T).
Thus, we can only use some numerical techniques to calculate the STF and the corre-
sponding Jacobian matrix of the STF, i.e., J (IE(()FI)). The two key issues of the imple-

mentation of the Newton Shooting method include both evaluating the STF, ¢(xq, to, T),
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5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
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and the Jacobian matrix J (x¢) at any given trial vector a:é“. The following part shows
how to deal with these two central issues while adopting the new Obreshkov-based high-

order integration methods.

Computation of the STF, ¢(w(()i),t0,T)

Let us assume that x(0) = w(()i) is the system initial state at ¢ = 0. According to the
definition of the STF, qﬁ(a:(()i),to,T ) is the numerical value of the system state, i.e., the
MNA variables x(t), after a period of time 7T'. In other words,

o(x) 10, T) = ()] (5.11)

w(O):w(()i)

It can be seen from (5.11) that the calculation of cﬁ(w(()i), to, T') is equivalent to the calcu-
lation of &(7") using the initial conditions x(0) = oy, which is an example of a classical
initial value problem [33]. Thus, the classical low-order integration methods such as BE
and TR discussed in Chapter 2 can be used for this objective. Instead, however, we
employ the new Obreshkov-based high-order formula to compute x(T") using the initial
conditions x(0) = :céi).

Applying the Obreshkov-based high-order formula in (2.27) into the system (5.2)

leads to the following augmented system of equations

é€n+1 + G£n+1 + ﬁn—i—l = Bn+1 (5-12)

whose components has been discussed in Chapter 2 and the vector &, is constructed
from the h-scaled derivatives of the current state variables at the current time point
t =t,41 as follows

-
k) T

T T
O 2l nRal) (5.13)

€n+1 = |Lpt1 n+1
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5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
HIGH-ORDER INTEGRATION METHODS

where T denotes the transpose operator. azﬁ?jl ~ x(t,41) is the approximation for the

actual value of the waveform in x(t) at the time point ¢t = ¢, ;. Computing &,,,, can be
achieved by solving the system of nonlinear equations (5.12) given that the approxima-
tions to x(t,) and its high order derivatives at the previous time point ¢ = t,, are already
known, from which the vector &, at the previous time point ¢ = ¢,, is constructed

.
g =z pe®T L g’ (5.14)

Our goal is to approximate x(t) at the time point ¢ = 7', and that is (¥|_; ~ x(T),

which can be extracted from the vector £ at the time point ¢ = T as follows
T T T 7
Elier = azg)) h:cgpl) e hkwgf“) (5.15)

Computing the vector &€|;—7 starts with the initial condition vector &, based on the system
initial state at t = 0, i.e., (0) = :c(()i), and proceeds forward in time for a period of time
T. Thus, the value of q,’)(acg), to, T') can be obtained from the vector &(t) reached at t =T
in (5.15).

The N-R mehtod can be used to solve the system of nonlinear algebraic equations

(5.12) and the Jacobian matrix needs to be factorized at each iteration, which can be

o4



5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
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given by
-~ = ~ op
J=C+G+ Pt
a£n+l
(k+1)x(k+1) blocks
G‘*—JQ,O %C—}—Jo,l J()72 J07k
Jio G+ Ji %C‘i‘Jl,Q Jik (5.16)
Ji-10 Ji-11 +C + Jp_1
apl ol . oI
@
where J; ; = gf?jgl h'~7 and the Jacobian matrix is a lower block Hessenberg matrix [34]

because of J; ; = 0 when ¢ < j as discussed in Chapter 2.

Computation of the Jacobian matrix of the STF, 0¢/0x,

According to the discussion above and the definition of the STF, we have

_ (awm)
:cozrc(()i) N 0:130

The matrix dz(T)/dxy € RY*Y is the so called sensitivity matrix of the final system

a¢(w07 07 T)
81130

(5.17)

(@)

To=x

state (T') w.r.t the initial system state xq and it can be easily obtained from the matrix
O&(T) ) 0xy € REFINXN for the first N x N block by neglecting the rest of the high order
derivative blocks with the matrix size of kN x N. Thus, calculating 0&(T") /0o becomes

the main goal to calculate the Jacobian matrix of the STF and will be discussed next.

Computation of 06(7)/0x, Typically it is difficult to find the connection between

the augmented final system state vector £(T") at t = T and the initial system state x
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5.2. IMPLEMENTATION OF SHOOTING METHOD BASED ON THE
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at t = 0. However it is always possible to find the relation relating the augmented final
system state vector &£(T') to the augmented system state vector &(T—h) at an earlier state
at t =T — h, for a adequately small time step h. As discussed above, the Obreshkov-
based high-order formula has been used to reach &£(7') in the initial value problem phase

[35], so we have

C&(T) + GE(T) + p(T) = b(T) (5.18)

Note that the vector b(T) € RF+DN*N contains the previous state variables at t = T —h
and h-scaled derivatives of the independent stimuli to the circuit.
According to (5.18), the matrix of partial derivatives of &£(T") w.r.t. £(7"— h) can be

obtained as the solution to the system as follows

<é+ as 8ﬁ(T)> 04(T) _ 9b(T) (5.19)

0&(T)) 0&(T —h)  O&(T — h)

where the size of the matrix (C’ + G+ (9;5(T)/8£(T)) is (k+ 1)N x (k+ 1)N, the size
of the matrix 0&(T)/0&(T — h) is (kK + 1)N x (m + 1)N and the size of the matrix
Ob(T)/O&E(T — h) is (k+1)N x (m + 1)N.

The Jacobian matrix of the augmented system (5.12) in the time-domain can be
represented by the term between brackets in (5.19). It should be noted that the LU
factors of the Jacobian matrix have been generated during the transient simulation to
reach &(7") and those factors can be stored and reused to solve the linear system (5.19).

To use the matrix 0&(T)/0&(T — h) towards calculating 0&(T")/0x, we apply the

chain rule of differentiation to obtain

O&(T) _ ( & (T) ) <8£(T— h)> (5.20)

oz, OE(T — h) oz,

where %? € REFDNXN % € REFDNx(m+1)N 414 35597;’1) c RM+NXN
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Expanding 0&(T")/0xy by repeatedly applying the chain rule of differentiation leads

to
0%0 85(755) 85(753_1) Omo aiBo )
assuming that t1,ty, - , ¢, is the sequence of the time steps used to reach £(7) starting

from £(0). It is worth noting that the last matrix on the right side of (5.21) is equivalent

to the identity matrix, so the matrix 0&(7")/0x( can be reduced to

ne () (o) () 62

which is a sequence of s matrix multiplications where the ¢ matrix, 0&(t,41)/0&(t,), is

given by the matrix-valued solution to the linear system of equations as follows,

(é N 8ﬁ<tq+1>> Plart) _ Bler) (5.23)

a'ﬁ(thrl) aé@q) B 35(25(])

since the Obreshkov-based high order integration formula has been used to calculate &(7")

in the initial value problem phase and 9b(t,.1)/9&(t,) in (5.23) is given by

(k+1)x(m+1)  blocks

0 0 0 0 |
0 0 0 0
ag(tqﬂ)_ : : o :
DElt,) : : : . (5.24)
0 0 o ... O
Gl SI Bod ... Pl
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5.3. SUMMARY

5.3 Summary

Algorithm 1 and Algorithm 2 illustrate the procedure to implement the shooting method
based on the Obreshkov-base high-order integration methods. Algorithm 1 is the main
body of the high-order shooting method and Algorithm 2 illustrates the two central issues
in high-order shooting method including the computation of STF d)(:l:o ,to,T) and its

) . 0p(a) to,T
Jacobian matrix %

Algorithm 1: Shooting method based on Obreshkov-based high-order methods

(Main body)
Input: Nonlinear MNA equation: Ga(t) + Cd$ D4 f(x(t)) = b(t)

Output: A solution vector o satisfying ¥ (xo) = ¢(xo,to,T) — o =0

[y

Initial guess trial vector: z (7 =0);
2 € < some small positive number ; // an acceptable error threshold
3 Form the nonlinear error function: ¥ (xy) = ¢(xo,to,T) — o = 0;

4 Form Jacobian of 9(xg): J(zg) = 2% = 2¢@ohl) _ F.

8:c0 8ac0

5 wh11e||1,/)( || > € do
, ()
/* Detailed calculation of qb(a:(()j),to,T) and W are shown in
Zo
Algorithm 2 x/

6 Compute ) (x (() ) = &( (()j)>t07T) - 33(()3)7

( .
7 Compute J(xg’) = - (J .y
8 Solve J(wéj))Améj) — _¢($((]j));
9 Find 2§ = 2 + Az},

10 J=7+1

_0).
11 5= x5 ;

12 return xg;
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09 t0.T)
8:1:(()])

Algorithm 2: Procedure in calculating qb(:céj ) o, T) and

methods

using Obreshkov-based high-order

Input: The augmented system of DEs: é€n+1 + éan +Ppi1 — Bn+1 = 0, after applying high order

formula
Output: STF q,’)(zc(()j), to,T') and Jacobian matrix of STF W
/* This shows q* time step only and €,.1 is the result from previous time step. x/
1 for time-step = ¢ do
/* Solve a nonlinear Egs C’éq—i—ééq—l—ﬁq — l~)q =0 using NR method to obtain §,. */
/* This shows i® NR iteration only and E((j—l) is the result from previous NR
iteration */
2 while H{b(ég))H > e do
3 Compute @(ffj*l)) = C’ﬁfjfl) + éﬁff*l) + ﬁgi_l) - l;((;_l);
4 Compute j(Egi_l)) =C+G+ Zzgi;,
5 Solve J (&5~ ") A& = —p(¢f7Y);
6 Find Sfj) = S((j_l) + Aééi_l);
7 =1+ 1
/* At the end of NR iterations, we have £(t,) = §,, which is the augmented system
state vector at time f,4q. */
8 Solve (C’%—é—f— g?g:;) agft(;f)l) = ng)t(;i)l) /% agft(;i)l) is stored and used as the g"
multiplicative term in calculating %E};j), which is a sequence of s matrix
multiplications. */
9 g=q—+1; // Continue to the next time step
/* Assume that tj,ts, - ,t; is the sequence of the time steps used to reach &(7)
starting from £(0) and h is the fixed time step size. */
10 cﬁ(zc(()j), to, T) = a:§9) can be obtained from &(7T') after reaching t =T ; // See (5.15)
11 Compute 859(6? = (gég%) (a?(ifj)) s (85(7%)) ; // Multiplicative terms have been obtained
already
12 W can be obtained from %?.
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5.4. DISCUSSION

5.4 Discussion

This chapter compared the warping error of the high-order methods with the warping
error of the classical low-order methods and it showed that the warping error of the
high-order methods is much smaller. To inspect the impact of the smaller warping error
in the high-order methods on the steady state analysis using the shooting method, the
high-order shooting method has been derived in this chapter.

The high-order method is constructed by including information from higher-order
derivatives compared with the low-order methods for transient analysis of circuits and
allows circuit simulation to take larger step sizes without violating stability. This leads
to considerable savings in the number of time point solutions for waveform evaluation-
s and therefore accelerate time-domain simulation. Some high-order shooting method

numerical results based on certain circuits will be presented in the next chapter.
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Chapter 6

Numerical results

In the previous chapter, we have developed the shooting method using the high-order
methods to inspect the difference in the performance between the high-order methods and
the low-order methods adopted in the shooting method (SM). Some numerical examples
are presented in the this chapter. Results were computed by employing the high-order
shooting method (developed in the previous chapter) and the low-order shooting method
with different number of time steps. Next, we compare the results of these two methods
with the results computed by Harmonic Balance (HB) method [36] [37] [38], since HB
does not introduce warping errors. However, it should be noted that HB performs well
only if the circuits are mildly nonlinear with multi-tone excitations. In general, if circuits
are strongly nonlinear, then time-domain approaches, such as shooting method, can
perform better than HB. For highly nonlinear circuits, HB analysis would require a huge
number of harmonics to account for the effects of nonlinearities, which may even cause
convergence problems. The circuits used in this chapter are mildly nonlinear circuits.
Our purpose, by comparing the results of the above three methods, is to demonstrate
the basic advantages of the high-order methods by showing that they introduce much

lower warping error compared to the low-order methods.
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6.1. EXAMPLE 1: VOLTAGE MULTIPLIER

i
D4
£ D2 D3
e(t) <+> e
- D1 c3__ Cc4 T R Vout

Figure 6.1: Voltage multiplier circuit diagram: e(t) = 10sin(1007t)V, R = 470k,
Cl=0C2=0C3 = 1uF, C4 = 4.7uF; Diode model parameters : rs = 10m, 1s = 10f,
tt = 100u, cjo = 10n.

6.1 Example 1: Voltage Multiplier

The first circuit considered is the voltage multiplier shown in Figure 6.1 [39] [40] and the
values of its parameters are also reported in Figure 6.1. We have calculated the behavior
of the voltage multiplier at steady state by using the three methods mentioned above. In
this case, the Trapezoidal Rule (TR) and high order method of order 6 (with k=m=3)
were adopted in the shooting method. The Vout output voltage waveforms at steady
state, computed by three methods, are shown in Figure 6.2 and Figure 6.3.

It can be seen from Figure 6.2 that the Vout voltage waveforms computed by high
order (order 6) shooting method using 60 time steps are in very good agreement with
the results from HB, but the waveforms computed by TR using the same number (60)
of time steps shows an erroneous behavior of the voltage multiplier.

Figure 6.3 shows that after increasing the number of time steps up to 400, the results
computed by low-order (TR) shooting method show good agreement with the results of
HB. On the other hand, the high order shooting methods only requires 60 time steps for

the same accuracy.
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6.1. EXAMPLE 1: VOLTAGE MULTIPLIER

334 : : : :
-+ High order SM with 60 time steps
33.35 . -+-low order (TR) SM with 60 time steps| ..
33.3 Vo -

$33.25 ﬁf T~ e
@ o9 ; =T
g J \ﬁ\ R ~
5 33.2 . B ®i
o ;
& T
S 33.15 [ \ e
S :' T e
> — / ¢
33.05 J
3% 0002 0004 0006 0008 001 0012 0014 0016 0018 002

time [s]

Figure 6.2: Vout voltage waveforms at steady state calculated by high-order SM, low-order SM and HB

334
-+ High order SM with 60 time steps
--+-|low order (TR) SM with 400 time steps
33.35 = HB
333 f.\ \Eﬁ\
3325 A \\E‘\\
33.2 =N

Vout ouptput voltage [V]

T ~—
I ;“

33.05 ~d

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
time [s]

Figure 6.3: Vout voltage waveforms at steady state calculated by high-order SM, low-order SM and HB
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6.2. EXAMPLE 2: TUNED AMPLIFIER

6.2 Example 2: Tuned Amplifier

Another example considered is the tuned amplifier circuit shown in Figure 6.4 and the
values of its parameters are also reported in Figure 6.4. The model of the crystal in the
tuned amplifier and the values of its parameters are shown in Figure 6.5.

Vdd

§ R3
R1

o 1l T Vo
I

c2 T R2 g

Le

A

—/1
xtal

B

Figure 6.4: Tuned amplifier circuit diagram: C'1 = 33nF, C2 = 3.3nF, R1 = 8.2K(),
R2 =4.7TKQ), R3 = R4 = 75010, Le = 220uH, Vdd = 20V, v; = 100mV, f, = bMHz,
Vin = v;s1tn(27 f,t).

In this example both TR and high-order method of order 5 (with & = 3, m = 2) were
employed in the shooting method to simulate the tuned amplifier circuit as well as the
HB as the third method, whose results are accurate. The Vo output voltage waveforms
computed at steady state by the mentioned three methods are shown in Figure 6.6,
Figure 6.7, Figure 6.8, Figure 6.9 and Figure 6.10, respectively. In each of these figures,
the same number of time steps (step size h fixed) were used in both low-order and high-

order shooting methods to simulate the circuit and then comparing the results of the
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6.2. EXAMPLE 2: TUNED AMPLIFIER

Figure 6.5: The equivalent model of the crystal in the tuned amplifier circuit: Rm =

12092, C'm = 0.165786399F', C'o = bpF', Lm = 6.11154981H

low-order and high-order shooting methods with the HB results to inspect the difference
in the performance between the low-order shooting methods and the high-order shooting
methods.

It can be seen in Figure 6.6 that the Vo voltage waveforms computed by the low-
order (TR) shooting method using 90 time steps shows an erroneous behavior of the
tuned amplifier circuit, on the other hand, the results of the high-order shooting method
using the same number (90) of time steps are closer to the HB results.

Then, increasing the number of time steps up to 250 in Figure 6.7, the results of HB
and the high-order shooting method are in very good agreement, however, the results
computed by the low-order shooting method still shows an erroneous behavior of the
tuned amplifier.

We increased the number of time steps up to 1000 in Figure 6.8, the results of the
low-order shooting method shows a slightly change compared with the previous figure but
it is still erroneous. In contrast, the results of HB and the high-order shooting method
are in very good agreement again.

After increasing the number of time steps up to 5000 in Figure 6.9, the waveforms
computed by the low-order shooting method began to become closer to the results of HB

and again the results of the high-order shooting method are in good agreement with the
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6.2. EXAMPLE 2: TUNED AMPLIFIER

HB results.

Finally, after we increased the number of time steps up to 20,000, the Vo voltage
waveforms at steady state computed by all three methods are in good agreement, which
are shown in Figure 6.10.

It can be seen from all these figures that to obtain the results that are in good
agreement with HB results, the low order (TR) shooting methods needs 20,000 time
steps, whereas the high order shooting methods only requires 250 time steps for the

same accuracy.

The number of time steps = 90

14.5

14

Vo voltage [V]

13 —*high order SM

-+-low order (TR) SM
= HB

12.5 i I I I 1 I I 1 i i
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

time [s] x 10

~1

Figure 6.6: Vo voltage waveforms at steady state computed by high-order SM, low-order
SM and HB
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14.6

14.4

14.2

Vo voltage [V]

The number of time steps = 250

13.61
—*high order SM
13.4F -*-low order {(TR) SM
—=HB
13.2 ] e ] I I | I | ]
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

time [s] x 107

Figure 6.7: Vo voltage waveforms at steady state computed by high-order SM, low-order SM and HB

The number of time steps = 1000

14.6-
14.4F
14.2
= 14
L
o0
e
Is) ®
= 13.8
=
13.6
—*high order SM
13.4 -+-low order (TR) SM
—=HB
13.2 | 1 | 1 1 1 1 | 1 |
“0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
time [s] x107
Figure 6.8: Vo voltage waveforms at steady state computed by high-order SM, low-order SM and HB
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The number of time steps = 5000

144

e

14.2

Vo voltage [V]

13.6F P
i —*high order SM
13.4F -+-low order (TR) SM
___________ -=HB
13.2 | | | | | | | | | |
0 0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2
time [s] x10”

Figure 6.9: Vo voltage waveforms at steady state computed by high-order SM, low-order SM and HB
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Figure 6.10: Vo voltage waveforms at steady state computed by high-order SM, low-order SM and HB
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6.3. SUMMARY

6.3 Summary

As can be observed above, the shooting method based on the high-order methods can
achieve better accuracy while requiring shorter execution time when compared with
the low-order shooting methods (Trapezoidal Rule in our case). This is because the
Obreshkov-based high-order methods introduce much smaller warping error compared
with the classical low-order methods discussed in Chapter 5. The Obreshkov-based
high-order integration methods constructed with higher order derivatives allow circuit
simulation to take larger step size without violating the stability, under the condition:
k —2 < m < k. This leads to considerable reduction in the number of time steps and

therefore provides an overall speedup compared with the low-order methods.

69



Chapter 7

Summary and Future Work

7.1 Summary

This thesis first develops the derivation of the warping error of the Obreshkov-based
high-order methods and then shows that the warping error introduced by high-order
methods is much lower than the classical low-order methods adopted in SPICE engine,
that is BE, TR and the Gear’s methods. Next, in order to take the advantage that the
high-order methods introduce much less warping errors compared to the classical low-
order methods, this thesis develops a shooting method based on the high-order methods
to compute the steady-state behaviour of nonlinear circuits excited by periodical sources.
This new developed high-order shooting method shows that the steady-state response of
nonlinear circuits can be constructed with a much smaller number of time steps compared

to the number of time steps required by the low-order shooting method.

7.2 Future Work

The shooting method based on high-order integration methods developed in this thesis

can compute the steady-state response of nonlinear circuits excited by periodical sources
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7.2. FUTURE WORK

with a much smaller number of time steps than the shooting method adopting the clas-
sical low-order methods. There is possibly some room to improve the implementation
of shooting method. The shooting method considered in this thesis is single shooting
method. One possible way to achieve improvement is combining the multiple shooting
method [40] [41] with the Obreshkov-based high-order methods. We expect to devel-
op the multiple shooting method based on high-order integration methods to inspect
whether this can achieve better performance compared with the high-order single shoot-

ing method.
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