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ABSTRACT

The thesis presents a survey of a theory of integration due to
P. J. Daniell and M. H. Stone. The author follows in the main M. H. Stone's
"Notes on Integration' I - IV. Proc. Nat, Acad. Sci. U. S. A. 34(1948);
35(1949). A special feature of the thesis is that it'provides a detailed
description of the principal parts of this theory; the outline and the

results are of course due to Stone.
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INTRODUCT ION

This thesis presents a survey of a theory of integration which
is due to P. J. Daniell and M. H. Stone. Our treatment follows in the
main Stone's definitive work "Notes on Integration" I - IV. Proc. Nat,
Acad. Sci. U. S. A. 34(1948); 35(1949). Our task of studying Stone's
work on the subject was much helped by the reading of suitable portions
of a typescript version of Dr. Klambauer's forthcoming, book entitled
"Elements of Real Analysis" (American Elsevier Publishing Company,

New York). |

The theory of integration at hand commences with a postulated
Yelementary integral' defined for a class of "élementary functions", and
proceeds by defining in terms of the elementary integral, a "norm", or
upper integral, for all (extended) real-valued functions. A pseudometric
is introduced in the class of all functions whose norm is finite; upon
proper identification, the resulting function space is shown to be
complete. Defining integrable function and integral, it is seen that
these concepts have many of their usual properties, in particular, as it
relates to monotone and dominated cénvergence and the integrability of
certain Baire functions of integrable functions.

A noteworthy aspect of the theory is the definition of
measurability. A function f is called measurable if and only if med (f,g,h)

is integrable whenever g and h are integrable, where med (a,b,c) is the

_ intermediate of the three numbers a, b and c. The class of measurable

functions is seen to have most of its customary closure properties.

In general, however, it need not be true that the coritant function 1

be measurable. In the special case in which 1 is measurable, the theory
is shown to be éssentially identicai with the classical measure theoretic
approach to integration. The role of the theory of measure in Stone's
theory is pérsued far enough to obtain an analogue of Egorov's theorem.
We also discuss the representation of positive linear functionals on the
space of continuous functions vanishing ip a neighborhood of infinity in

a locally compact Hausdorff space. Moreover, the role of Lp spaces is



(iii)

discussed upon obtaining pertinent generalizations of the Hoelder and
Minkowski inequalities and Stone's generalization of the Mazur theorem
on the mutual homeomorphism of the Lp spaces.

Adjoining to the postulates an assumption which in measure-
theoretic language amounts to the requirement of ¢ ~-finiteness, we
consider analogues of the Lebesgue decomposition theorem and the
Radon-Nikodym theorem. The proof of the latter is.by Stone's modification
of von Neumann's proof using linear functionals in the appropriate Hilbert
space. And, finally, Stone's version of Fubini's theorem is described.

For completeness of presentation we begin the thesis by presenting
some pertinent facts from the theory of uniform approximation of continuous
functions going back to M. H. Stone's famous paper entitled "The Generalized

Weierstrass Approximation Theorem" (Math. Mag. 21(1948)).



Section 1

Approximation of Continuous Functions

Let C = C(X,Rl) be the set of all continuous real-valued
functions defined on a compact Hansdorff space X; the real-valued
functions under consideration throughout this section are assumed
always to be finite-valued. We shall moreover suppose that C
is er'xdowed.wit'h the topology of uniform convergence; this topology
is defined by the norm W £l = suplf(x)]; with || f-g U s

x€X
distance C is seen to be a complete metric space.

If H is subset of C, we shall say that a continuous
real-valued function f on X can be uniformly approximated by
functions in H if f lies in the closure of H in the space C, i.e.,
if, for each € » o, there exists a function g&H such that

\f(x) - g(x)\«€ for all x€X. To say that every continuous
real-valued function on X can be uniformly approximated by

functions of H therefore means that H is dense in C.

On the set C the relation f£g€g (which means that £(x)< g(x)
for all xe X) is an order relation, with respect to which C is a

lattice.

Definition: If X is any non-empty set, a set H of mappings
of X into a set Y is said to geparate the elements of a subset A
of X if, given any two distinct elements x, y of A, there is a

function f& H such that £f(x) # £(y).

Proposition l.1.: (M.H. Stone) Let H be a subset of

: 'C(X,Rl) having the following properties: (1) H contains all

.0.2
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constant functions; (2) H is a vector subspace of C; (3) if heH
thenlh\ = maxih,-hke H; (4) H separates the points of X. Then
every continuous real-valued function on X can be unifornﬂy
approximated by functions of H. (For a proof see Bourbaki, General

Topology, part 2, page 311, theorem 2).

In the real q - dimensional Euclidean space RY with the
points %: (%1,.' "%q) let Ho denote the system of all functions h

which can be obtained from the projections .“i( '%) = %, s i=

i
1, «.., q, by the formation of finite linear combinations with real

coefficients and by the formation of the absolute value.

H, is characterized as the smallest system of functions
with the following prcperties: )
(1) Hy, contains the projections Tl‘i(g ) =3l_for i=1, 2, ..., q.

(11) 1f ay and a, are real numbers and f1 and f2 are functions in

o
(III) If f is in H_, then so is |f}.

H_, then a1f1+ aZf2 also belongs to H‘o'

Proposition l.2.: Every continuous function on

T = i%e RY :‘%1\*"*‘31:1\: 1}can be uniformly approximated by functions
of H;, where HJ denotes the system of function8 h' = h/T (here h/T
denotes the restriction of h to T), he Hy.

ies : .
(Proof) Hg satisf all conditions of proposition 1.1.

ks |
Indeed, if ¢ is any constant, then the function c-;{‘wi(;)l = c¢ is

¢ . ’ .
in H,; moreover, the linearity of H, as well as its closure

..¢3
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relative to the formation of the absolute value is evident; finally,
the functions -ﬂi(%) = 31, (i=1, ee., q) already form a set

of functions which separate the points.

Definition: A function p: RYe—3 R is called positive

.homogeneous iff p(o(% ) =°(p(%) for all &% o and all ';'e rY.
The functions of Ho are positive homogeneous.

A positive homogeneous function is already determined

by its values on the set T introduced above since p(o) = o and
p(%) = r( g_) p(i_-%-)) for '% # o, where r(%,) = l%ll-\-- . u\'\%ql.

Proposition 1.3.: Every continuous positive homogeneous

function p on RY can be approximated '"relative uniformly in -Rq",

i.e., for ¢ » o there exists an he¢ H, such that, for all }e Rq,
lp(3) - n(Pleer(z).

(Proof) Let €y o be given.  Then there exists he¢ H such
that ||t - p')\¢€ , where K = h/T and p’= p/T. Hence|h(3) - p(3 )\
=) \nG/GN -GG & s@) UR- I < x (e
. For all Ze R4, o

In order to obtain similar approximation theorems for
functions ? on RY which are not positive homogeneous, we consider
an extension of the function system Hjy. Let Hl denote the set of

all functions h on R? which are obtained upon repeated application

-of the following operations from the special functions Tri' (:%) =

' (i =1, 2, eeay q)°
31 ,
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1: hl’ hz--) alh1 + a2h2 with real constants ays age
2: h-—y |n\
3: h-n--y min{h,l}

It is clear that,,h(o) = o for every function so obtained.

We have the following approximation theorem.

'Proposition 1.4.}: If ? is any coﬁtinuous finite. real-
valued function on RY with ?(o) = 0, then there exists a s;equence
(hn)neN of functions in Hl which converges "monotonely away from zero"
to ? « This means: For _(f(o) = o we have hn(x) =0, n =1, 20000}
for? (x) # o, with s = sgn ?(x), we have o & shl(x> < sh2(x)$ ceo

< shn(x) & .... wvwith 1xiim hn(x) = Q(x). The convergence is

uniform in every bounded closed subset of RY.

(Proof) The proof will be done in 5 steps.
SFep 1: We observe that min {h,a}: a min {-E, 1& belongs to Hl if
) h€H1 and a is a positive constant.
Step 2: We next define several functions in Hl’ where a, b denote
. . _ . ';_
positive constants. ﬁ ( 11'1 (% ); b,a) = mln{‘z (314'\31!),
baa§ - minds GP,bY, T (W () = FG(E); b,2) =
-}[ﬁ('ﬂl(g ); b,a) - ﬂ (T[l(;); b4 2a, a)}. In addition
\ we also have the function 'Z',I(]Tl(g)) = 'Z’.,l ( "T[l(;))'

The functions ’Zlandi'lare "stump functions" for the case q = 1.

K .-.5



Step 3:

Step 4:

Step 5:

-5 -

For q% 2 we construct the stump functions as follows:
(MW (3), «oe, M (F05 ba) = ming ¥ (T (2), b,2),
®osey ?(‘"q(g); b)a)}O

From these stump functions in turn we obtain the general
"stump function" Tq by a rotation'gi-)z aik‘%le(\round the
origin. T(z) =T (3) =D((ga 3 y ""28 %; b,a)
w:.th'%— (%, ...,3 ). We have oc‘ZQI the open,

respectively closed non-empty cubes {%eRq 'Z(% )Y 3

and {;e RY 3 T('%) = ‘S we shall refer to as the

kernel, respectively principal kernel of T.

In the sequel we also need the functionb\)('ﬂi (5_ ))
_‘%1 -!-%2 - max{mlnil,glg }- mln{maxll 1. ‘S;

if the signs of %1 and%zcoz.ncz.de, then the value of

this function is %i with%ibeing the one whose absolute

value equals max{lg RES \‘g(and otherwise, i.e., if the signs
1 72

of % and% are different, the value of the function is% -l-% ).
1 |

Now to the approximation:

The set G ={ie R ('%) # O.S is open (G =§.‘(- co ,0)
Vv ? (O +00) and ? is continuous) and does not contain
the origin %— o. Hence, for every point nfl of G and for
every natural number n, there is a stump function ‘¢ and a
constant '% (# o) with the following properties:

1) 'Il belongs to the principal kernel K of T ;

2) ? has everywhere in the kernel K of® the same sign as ?

...6
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3) for the function ? (%;’VL , M) ='§"C( %‘ ) we have

(a) (sgn% ) Cf(%'rL , n) £ (sgn%)'l'(%,) for 7eK
® g gm0 -g@)er for g

For fixed n we can represent G as the union of countably

’ . ) .
many K, ege. Kn1’~Kn2’ «s« , where every compact subset of G
can be covered by a finite subfamily' of these sets. We

’ s
arrange these sets Knm as a simple sequence Kl’ KZ’ cee

by enumerating in the usual fashion the doubly indexed sequence

' %,k K,
U PURSEERLLEFIR SPRREY
’ 4 * /

. , ,
Kr{l’ Kt{z, Kr{3, seey KnIJ, ‘e ee

we let the correspondlng ? (3 M;n) be ?1(3,) ?2( }) .

(the corresponding kernels are situated in G by (a)).

In the sequence h, =f1 » by =0)(ﬁ.1, ? 9)s ee« we have the

desired approximating'sequence. Indeed; if B is a closed

and bounded subset of RY, and"B0 = Bﬂ{%eRq: ?(i) = o}

then for a givengy o, the setv=l@f1[(-£‘4&2 .is open;

contains B, and \?( )\(E for eU’ . Then by (a) we have
\? (g )l(?_ for all ngN and hence \gl -’.?)l( ‘?n(%)‘<i)

L, =B-BNV ;

n€N, %e’\)' For the closed bounded set B
. 1
we pick an index’ n_, after having chosen n’ Y ,

’ ’ .
such that amongst Kl’ cccacy Kn' we have all those finitely
o
’ ,
many Kn'l 5, K a9 e which have points in common with

..-7
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1
B, and cover B,. Then ,@(%) - h“o (%)\4-5,<£ for%é’Bl
(because of (b)) and so in general l?(%) - hn(%)l £ e
for all %& B and nY, n_ . Therefore the claimed monotonicity

property of the sequence (hn)n is manifest by step (4) and (a).

Q.E.D.

eN

Remark: For arbitrary continuous functioné ? on RY we
obtain an approximation theorem if in place of H1 we consider the
larger system H2 which is obtained by using the projeiztion functions
'ﬂ’i(’%) = % i (i=1, 2, «.., q) and the constant unit function 1
and then applying to these the operations of forming finite linear
combinations with real coeffic'ients and of forming the absolute

value.

Proposition 1.5.: If ?‘Rq is a finite real~valued function,
then there exists a sequence of functions in H2 which converges
"monotonely away from zero" to <i> ; here the convergence is uniform

on every bounded closed subset of rY,

(Proof) Let? =?°-I- k, where ?o(o) = o then there exists
(hn) with h g Hj, neN such that hn—yqo as n=*AN, Hence h + k
-—%qo-F k = q as neH+ 0. Since c'1 @ H2 for all cgR we have

is monotone since

that k & hne HZ' Finally (k +hn)neN

(hn)ne y is so.

0

[
o
[
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Section 2

Elementary and Norm Integrals

Let .Ebe a vector lattice of finite real-valued functions
. . 1
f defined on a non-empty set A, i.e.,.s is a vector space over R

with ‘the property |f|€fwhenever feﬁ. We call the elements of .é

elementary functions.

Let E be a real-valued function defined on E with the
following properties: |
(1c) E(af) - aE(£) with a real and fei.

(2¢) E(fp+ £5) = E(f) * E(£,) with £, and £, in B.
(3¢) E(M1) % owithfe .

(4e) If (fy)ngn is a sequence in.& with fn"" o then E(f,)—> o.

We call E an elementary integral.

Let (gdenote the set of all extended real-valuéd functions
g define.d on A. For ge(g we define the norm of g associated with

the elementary integral E by:

(a) N (&) = inf 5( 2 E(|£a]) ¢ |sl <Zlfn\ with fne'ég

where we adopt the convention that the 1nf1mum of the empty set is40Q.

The following properties ofoollow immediately from the

foregoing definition:

If g, gl, LI gn soe e (g > then

...9
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® o< N ¢ +00.

(c) JY(ag) = \a\.N(g) for a g R‘1 - {ozs .

(a) \g\SE \e,\ implies Mg)s 2 N(gn).
n

n
@ Naz» - Nw.
() \gl\ < \gz\ implies j\((gl) < Mgz).
(g) N(f) = EQ\£}) for all £ € E .

Indeed, (b), (e) and (f) are immediate comsequences of the
definition of N. To see that (¢) holds, we note that, for a £ o,

\ag\ é % \fn‘ and \g\é zn-\%-\- \fn\ are equivalent statements.

Tc; verify (d): Given € » o, there exist (fn k).c‘_ E ,n =1, 2, ...

such that \gn\\(Ek lfn,k\ and N(gn) >§k_ E(\fn,k‘) - 82", thus

ve have (el € 3. 12| ana N € 3 ez, 0<S Nee) + €5
n,k ’ ’ n

n,k
with €% o the claim made in (d) follows.
To verify (g), we observe that condition (4c) 1is equivalent with

(5): lflszn\fn\ implies E(‘fl)Szn E(\fn\) whgnever £, £15 00y £, ene

are in .g .

But condition (5) is equivalent with the claim made in (g). -

Remark: The formal definition in (a) lends itself to the
following informal presentation. Confining ourselves to non-negative

functions, we may regard (a) as the condensed description of a

" measuring process. The set E provides us with a stock of measuring
rods, the non-negative elementary functions, by means of which the
non-negative fuﬁctions in ‘gare to be gauged. Each measuring rod

has a magnitude given by its elementary integral. The basic

" measuring process consists in choosing from stock such an infinite

...10
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' sequence of measuring rods f, = | fnl ), o that by addition they.
combine to surpass g = lgl 2 © indicated in the inequality
g € nEfn. The real number J= . E(£,) obtained by adding
- n
together the magnitudes of the particular measuring rods thus
employed is thén accepted as an estimate, génerally in excess, of
the magnitude of g. Repetitions of this basic ﬁleasuring process
furnish successively better estimates, convergent to the quantity
\N(g), when suitable precautions are taken. It is, of course,.
conceivable that the basic measuring process will fail to produce
any real numbers as estimates of the magnitude of a particular

function g, either because the inequality g ¢ Efn cannot be

realized or because it implies the divergence of the series %E(fﬁ).

Under these circumstances the formal definition requires that we take

N -y.c0.

Definitions: A function ge‘gis said to be a null-function

if ;N(g) = 0. A subset of A is called a null-set if its characteristic

function is a null-function, moreover, the phrase "almost everywhere"

signifies "with the exception of the points of a certain null set".

As direct consequences of the pfoperties (£) and (d) we
gsee that any- subset of a null-set must be a null-set and that the

union of a countable number of null-sets will again be a null-set.

Proposition 2.1 Every function f of\gwith,){(f)(-lfw is

-finite almost everywhere.

..'11
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(Proof) We show that if Y ={xe A f(x) =1'D°}, ~ ' ;

then Y is a null-set. It suffices to show that]Y is a null-function. !
- Since YS{XG A ilf(x)\') M } = Y, we have that”(x,x,) S_N(%YM).

We show that){(XYM) -~ 0 as M=Hte0, SinceJ{(f)(-}w there exists

(£,) (g_‘% such that \fl‘ézn\fn\and En E(‘fn\) &¥00 . Since

YyGSZy=fxeA: M & %'fn(")‘} we éet MXZM < zn\fn\and so by

c) and the definition of the norm we also have MMZZM) £ %E( V£D

so thafJ((sz) - o és M ~3+ca, Thus‘;jV(XYM)—}o as M=>¥ O

on account OW(XYM)-‘.N(}ZML

Proposition 2.2 A function f of‘?is a null-function

iff it is zero almost everywhere.

e e ol VT S

(Proof) "= Letﬂ(f) = 0. Then Y = {xeA: f(x) £ o}
is a null-set as the countable union of null-sets. Indeed,
Y ={xeA el =% oo}v(w\,); v=0,tl..,Y, = {xeA:' 2V le (£l € z"}
N - { ‘
and 22Ny €el, whar 15, 2LN Oty 2 ¢ NaieD .-.j/@ - o.

Ty T T T

R R X1

nd=n Let Y ={x(-_-A : £(x) ¢4 o} be a null-set.
For g = nXY’ ne N;we haveW(gn) = nN(XY) = o, more'overflfl <€ %‘8n‘
and sg ( |f| ) =ﬂ(f) s EnM‘gn\) = EnJY(gn) = 0. :

(Proof) f; = f2 a.e. implies f; - f5 = o a.e. Hence

~N(f1 - £9) = o.

00.12
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Since | |
R E31 K FS RN 21 I N £ ) IR ¥
AP AR IAD o
we have by N = N ))& ot liep, Nied < H1e21) € o
J\( (£1) and henceJV(fl) =‘N(f2). |

On the basis of Corollary 2.3 we can extend our concept
of a funection. We shall already speak of a function h on A whenever
h is only defined almost everywhere on A. The set of all these
functions we denote by %. Clearly,‘ggg. Regardless of how we
extend h to all of Al, the resulting ffunction'ﬁetg will give the
same .value fogN(.ﬁ) and we can therefore define in a unique manner

\N(h) -_iNG)' At the same time we introduce in? the equivalence
relation:

(#) hy =hy iff By =hy a.e.

Evidently, this definition is independent of the choice

of the hj, Ty and moreover h; = hp impliesA/(hl) =JY(h2).

Let ?Se that part of ﬁwhich is characterized by the

inequalityN(h)(‘-\'bb. From proposition 2.1 we know that the functions

in ?Jare finite almost everywhere.

Clearlyg S?E 5’and ?‘::ogether with the equality definition
(*®) is a n.ormed vector space. Indeed, ag Rl,f]_‘, fze}’ implies af;
and £14+ £, are defined a.e. with\N(afl) =\al \){(fl) (*90 ,N(fl-i-fz)
s N(fl)"'JV(fz)(i- ® by d). Thus the correspondence 9'«}{ ya(fl, fZ)
— JV(fl - f2) (3 ‘o, '\-00) is a metric when we agree to identify

functions that are equal almost everywhere.

...13
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Definition A sequence (fn)neN in yis‘ said to converge in

_noxm to £ .iil_(;‘if lri1m N(fn - £f) = 0. We shall use the notation

f=Lim £ or fy~-r>f.
n n

N

The following example shows that convergence in norm

and convergenceN— a.e. must be distinguished. Let A be the
interval (o, 1] andzbe the set of all step functions f on (o, lj
n

and E(f) be the Riemann integral of f. Let f,(x) = n for o { x ¢ 1

and = o elsewhere; then f, ==yo, butN(fn) = E(f,) =.1.

Proposition 2.4 If f = Ltilm fn, then every subsequence

(fni) contains a subsequence (fmj) such that f = 1}m fmj g{- a.e.)

(Proof) We select (f -) from (f, ) in such a way that
J\{(fm O fm ) € 279 which is possible SaneJV(f - f)==>o. We
» ... SJ\((fml)'\’ P S <J\f(fm1)+ 1 <+oo . Since
')\((g)<-\-00 it follows that g is finiteN— a.e. and so the function
? = fm1.+ (fm2 - fml).‘...... 1SJ{-— a.e. absolutely and properly

convergent, that is, ? = lgm fmj (\N- a.e.).

From)((?- £) sJY(fmj - f)fﬂ(fmj+1 - fmj)_ oo

-SJY(fmj - f)-‘»z‘j we-conclude, on letting je=d+0d that‘_N(?- f) =

and thus(?: f. (N- a.e.)

Proposition 2.5 ?is a Banach space.

...14
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(Proof) Let (fy) be a Cauchy sequence. We pick a

: . ' -1
subsequence (fmi) from it such that‘N(fmi'M‘ - fmi) £ 2 and
proceed as in the foregoing proof. In this manner we obtain in

q = f'mi-l- (fi“i-\-g- f‘mi)—\- «e. a function of finite norm, namely,

-N(?)S\N(fmﬁi-l and such thatﬂ(@ - fmj)--> 0 as j~dtoo.

Let fegl. We define the functions f£¥ = 5(le] 4+ £) and
£ = %(lfl - £); f+'and f~ are non-negative a.e. and are in ?—.
We may therefore define the function F on Tgiven by F(£f) = J{(f*)

Ns™) with £6%F; we observe that F is well-defined and finite.

Proposition 2.6 Flg:is continuous and F(f) = E(f)

whenever feg .

(Proof) For the continuity we have
Ve - reedl = \ Neeh N - Neeh M ¢
\Ne® - NeeH\ 4\ Neey - N g Nt ehs
N - )8 2N - £) on account of |£¥- £} €1z - £,
and \£" - £5] & |£ - £ . For the second statement of the
£t . £, FeE)

proposition we have by (g) and the fact that f

= N&® - N = e(e® - B(€T) = EG* - £7)

E(f).

We have already gained in Fl gfa continuous extension of
E\ E . We are going now to gain a natural continuous extension

of E‘% to a positive linear functional and we confine ourselves

to the seti , which we get by closure of% in %i.e. , i = E in ?.

...15
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Since the functions ofzare "arbitrarily close" to g,

we call them " JY - almost elementary functions™.

We call the functions of;ﬁ N— integrable and L(f)

_ theN - integral (norm-integral) of f with f&£, where L is

the restriction of F on£.

Remark There is another process of obtaining the
integrable functions.without using the normJY¥. In this process
we start again with a given vector latticeg and an elémentary
integral E defined on% i.e., a finite real-valued function E which
is defined on% and satisfies properties (lc) - (4c). After
e‘11arging E by taking pointwise limits of mcreasmg sequences of
functions 1n€ and denoting this family by g , we extend E\g to E\g
by defining E(£) = lr:'{m E(f,), where fn? f, (£,)¢€ % ; we then
introduce the upper and lower integrals of an arbitrary extended

A N
real-valued function f: A*=%R (with R the extended reals) by defining
E(f) = inf{E(g) : g 2 £, gég } end E = - -0

A
Using the upper and lower integral of f: A-—> R we say that £
is an "integrable function", i.e., f€£ if and only if E(f) = E(f)

= L(f) &40,

Proposition 2.7 (i‘)ﬁ is a complete normed vector lattice

under the norm N(£) =|\ £1l.

(ii) L‘i is a continuous elementary integral.

..0016
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C(iii) I fne;Z , 0 € Nand £ 2 o for ng N.
Then the function £ = & f_belongs to a‘f iff = L(f )&+ 00,

In that case the last sum equals L(f).

(Proof) (i)x is a subspace of ?‘as the closure of the
subspace€ in 9’. i is closed subspace of the Banach space ?l
and so is a Banach space. Incidentally, lf)eifollows from féof.
Indeed, fei =) 3 (fn)C E with JV(fn - f) =% o, but
N et -\l g Nale - £t = Ne - £ ana 121 €€ for an

ng€ N HenceJV( \fn\ - | £)) ~so0.

(ii) L|£ is continuous since Fl?‘is continuous.

To (lc):Let a € Rland feée. Then, there exists a sequence (fn) S%
such that N(fn - f)=—%o0. Since ,N(afn - af) = (alen - f) we
have that \jV(afn - af) —% o. Let &% o be given and let n(€)¢g N

be such that ‘N(fn - £) & -;—' for all n % n(%). T:en

\ee) - me )l & £ = £) ) =N -e)¢ 2+ £ 8 o
(n and m) % n(€). Thus E(f ) = L(f ) => k& R'. But k = L(£) (since L
is continuous). Thus E(afn) — L(af) and since aE(fn)-*> aL(f) we have that
L(af) = aL(f).
. To (2c):Let fl, 2@{, and (f ) (f )Césuch that JV(f - £ ) =~» o,
Ne, - )= o. ThenJ((f (Y, -f -5) & J{(f -£) +
N (fnz - f2) and hence ‘N(fn1+ fn?_ - (f1 + fz))-—) 0.' Thus
LCE £ )= L(E + £,) and since LOE & £ ) = EC£ % £ ) = E(£  HE(E )
= L(fn1)+L(fn2)—) L(f1)+ 1'.(_f2) we have that L(fl-\- fz) = L(fl)'\- L(fz).
. To (3c): Let f€£ and (fn)g_g such that N(fn - f) =% o. Then

Ndel - 1ePg Neje, - £D = Neg, - HH=po. Thus Lz 1) => 1O£1)
But L(‘fn\) = E(Ifnl )2 o for all neN. Hence L(1f]) » o.

To (4c): It suffices to show (5), which is equivalent to (4c). Let f,f prEgaees
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" be mi and suppose that |f] <§\fn\ Then by (d ) we have'lel)
E Naegav, 1.e.,,N(f)<ZN(fn). But N£) = LQOE]) for feaC
Hence L(lf|)< = LU ).
(111) =" 1f fe;fC‘Srthean(f)«oo and ‘SL(f ) = L( E.r:n)<J\/(f)
thus EL(f ) converges. '
né&=" Suppose now that 2 1(£,)<ke0 then){(f)< EJV(f ) = = L(g)
=) fed Burfe - E £¢ 2 N = =«.'?"...L(f ) = 0 as kedtoo,
Thus fe:C L. F1n:-l-%y thenggt:t::llnuity ont—.k;ilelds L(£) 1im L(l;(z_‘,fﬁ)

n=1
= lim E L(f,) = 2 L(£,). '
k n=l n :

We are now going to consider a proposition concerning the-
relationship between two elementary integrals, whexre one of them is an

extension of the other.

' .
*
Proposition 2.8 Let E“E and E l'g be elementary integrals

for functions defined on the same basic set A and suppose that the
second is an extension of the first, thén we have the following
relations amongst the corresponding normsJ{ JY the domains of
bounded norms ?‘ 9: and the norm integrals L, L and their domalns
L
. I)NSJ{; 2)9’59?; 3)£'Qo£ s 4) I“;c’ is an extension of L\i.
5) 1In particular, if gsgg‘ot then we havej{'-—-JV, 9'.: 9708258 and

[ 4
L = L.

(Proof) Concerning claims 1) and 2) we note that the

set for which the infinum is formed in the determination of‘N contains

0..18
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the set for which the infinum is taken in the determination of\N
and so NS\N. From this in turn it follows that?é?f Regarding
claims 3) and 4) we observe If fe£ then there is a sequence of
functions (f )Cgcg converging in norm)\r by 1) this sequence also
‘converges in normJ{ and so fez Here L(f) = lirlix E(fk) = lirllg E(fk)
=L (f) Finally we consider claim 5). Let fe% and £y 0 be given.
Then there exists a sequence (f )CE such thatJ/(f))EE(\fnl) -
= Z10lE)) -8=F L6 - € = FHe) - & andltl & %]fn].
SinceJ{(f ) &+Cye have for suitable (f nk) inf ‘fn\ ztfn‘k‘ and
N> T seg) - €2 nence lelg =15, andN(f)»?.E(lfnk\)-s
- % zEcif ad - 2%, ThusN(f)?) J\/<f) - 2§, that is, 'V(f) >

N(f). This leads to(}‘cgznd thusf ,f Cgf g z Finally

we have by 4) that V- L.

Hho!
. Corollary 2.9 With E \f = L‘x the extension process

from E‘E to L\i yields again L\i when applied to L‘f.

Proposition 2.10 (Monotone Convergence Theorem). If fl £ f2‘$"‘

Sf &...is a non-decreasing sequence of functions f ini w1th L(f )< M {400

" for all n@N, then f = lim £ eI and L(f) 1mL (£ ).

(Proof) Since 0 & f = £ = (fn41 - £) % (Fnyp - frag)deeer
we obtain o&N(f - fh)s\N(fn-\-l - fn)-\-_N(fn.\.z - fha )4 ..;=L(fn+1 - £)
* L(fng2 - fh41)k .00 = 1§m L(fy) - L(f5) =» o for n=w®®, Thus

fei. But L‘x is continuous and the claimed equality follows.

0..19
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A corollary of proposition 2.10 is the following Dominated

Convergence Theorem?

Proposition 2.11 If g, fl’ fy, ... belong tozc and if
f = 1%'.1m fneg, and, moreover, if (fn\slg\ for ng N, then féx and L(f)

In place of a direct proof for proposition 2.11, we shall
prove three lemmas; it will be apparent that Lemma 3 is equivalent

to proposition 2.11.

Lemma 1 If gex, gneiwith gn € g, néN, then s = sup gnex

and L(s)%» sup’ L(gn) .

(Proof) Let f'n = max{gl, eeeey 8nY & 8 then fﬁ&iﬁ,
s = limf and L(f,) ¢ L(g)&+ ® so that we can use Proposition 2.10
and obtain: s@£ and L(s) = lim L(£) 2 1%m_max~2L(g1), cees L(gn)s

Lemma 2 If 8G£, gneiwith gns g, n€N and letting

a =lit¥lsup L(gn))- o0, then ? =1irrr11$up 8, e£ and L(? ) »J .

(Proof) Let ? = I%m?n with ? n = sup{gn, 8nal? ....}/e j

- (by Lernmé 1) and Ci:n» ?n-& 1‘:, gh:l-l' For myn we therefore have L(?h) >
- tha %) y-0%. By proposition 2.10 we theref
L(?m)b L(gm) so that L(?n) A y proposition 2 we therefore

get that e and L(G) = Lm L(F D% O -

Lemma 3. If gei, gnE£ withlgn|$ g, n€N, and if

I%m 8n = q exist, thenqeiand L(?) = 1}1m L(g,).

00020
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(Proof) The assumption leads to - g £ tg ¢ g (we

shall keep both signs in the sequel). We get L(-g)€ L(Z gn) and .
hence 1,1’.1;1l sup L(tgn))- o . By Lemma 2 we obtain L(.2% (f)= 111{_11 sup (2 L(gn)),
or upon separation of the cases, lim inf L(gn) 2 (¢l 1:‘_.rtn1 sup L(gn)

" which is only possible with the signs being equal.

Let @q denote the family of all positive homogeneous

continuous real-valued fqn‘ctions? in the q variables %_1, censy ;q;

positive homogeneous means:

If pyo, then ?(p '%1, ceey p%q) = p?(;l, ""?q) for arbitrary

3'1, ...,'%q

In section 1 we have studied the system Ho of functions
consisting of the functions -‘Tk(g) =§k k=1, ..., q) and all linear
lattice c<'>mbinations which can be formed from them. It is clear that

éq contains in particular the system Hge

Proposition 2.12 If?eéq and fl, cen, fqei then ?(fl, cees fq)esg.

(Proof) By prbposition 1.2 every continuous function on

{( .% 1 ..., l;l\ & “weeot “%ql— 13 can be approximated

~uniformly by functions belonging to Ho. For qe @q and kYo there
.1is a\l’k in Hy such that‘q- \Vk\( X o T. This means that‘? "_Yk|<

(\%1\-\-... + \;k‘)lk. If fl’ cons fq are N—- integrable, then by
part (i) of proposition 2.7\-Pk(fl, cees f ) is.‘N- integrable and

since JY( C? (fl’ ceny f ) -\yk(fl, eeey £ )) < (Mf ) I RS

_N(f )) /k it follows, for k--)-\.oo that ?(f sy eess f ) 1s~){- integrable.

‘..21
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Let X be a topological space. A family@of real-valued

functions on X is said to be closed under pointwise limits if feﬁ

whenever f is a real-valued function on X and, for some sequence (f5) €

& s £(x) = 11m £ (x) for all x¢X.

Let mo be the set of all real-valued functions continuous
on X. If o is an ordinal number such that o<e<<-‘2, withQ the smallest
non-denumerable ordinal, define Ru to be the family of all functions
f such that £ is the pointwise limit of some sequence
(£ )C U{‘R pls an ordinal number,ﬁ(bt} The functions in R

are known as the Baire functions of type ®{. The famllym(X) of all

Baire functions on X is defined to beR(X) -UDE& The setsm“ we
=Ke

shall call Baire classes.

We note that ZR(X) may also be described as the intersection
of all families ﬁof real-valued functions on X such that@.contains
all real-valued continuous functions on X and &is closed under
pointwise limits. Observ‘e that the set of all real-valued functions

on X is such a class&,.

Proposition 2.13 Let? be a positive homogeneous Baire

function of q real variables and suppose that?\ T (with T = “(3\1,.., ?’q):

]'gll-f--‘ﬂ%q‘ = 1‘} is a bounded Baire function, then ? (fl’ .oy fq)

isN— integrable whenever fl’ ceey -fq- are _N- integrable,

(Proof) (By induction): For the Baire class'Ro this

proposition coincides with proposition 2.12; suppose that the proposition

-..22
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is true for functions of every Baire class <& aﬁd letq be a Baire
function of type & with({; being positive homogeneous and \?ls MonT

¢ : ; 4
so that \?l.Mr , where r(x) = l?l\ W """'\?q\ with x = (?1, ..,?,q).
On T let q = lrilm?n’ where ?n are corresponding functions belonging
to Baire classes€ ® . We replace ?n by \Pn(x) = med{ -Mr(x),
Q n(X)’ Mr(x)} , where med {f,g,h" = min {max if,g} , max {g,h} ,

max {h,f;}. The functions q’n also belong to Baire classes&ef with

1im \'Vn = (% , and \\Pn(x)l s Mr(x). By proposition 2.12 Mv( \fﬂ-}- ...-\-‘fql )

isJ\(- integrable whenever fl’ eeey fq are.N- integrable and, by
the inductive assurpption, the \I/n(fl, ces, fq) areﬂ- integrable;

thus proposition 2.11 applies and we get that?(fl, cees fq) is

N - integrable.

In order to be able to free ourselves of the restrictions
thatq be positive homogeneous, as encountered in Proposition 2.13

we must impose in addition to the conditions lc) to 4c) the following

-
.

further requirement ong :
(5¢) f£€¥ implies min{f 13&?

Proposition 2.14 Let the elementary integral E over ‘E

satisfy also the property 5c). Then for every finite Baire function
? (31, ...,?q) in q real variables with ?(o, eesy O) = O We
have that thé functign g = ?(fl, ceey fq') is J( - integrable
whenever -the functions fl’ ceey fq areJ{- integrable and if,

moreover, there is anN— integrable function h such that \g\s h.

| ...23
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(Proof) By proposition 1.4 we may approximate every
function of Baire class o with ? (0) = o by functions "Yn belonging
to the system Hl in such a manner that in this approximation \‘-Pn\-‘.‘cfl
holds; thus !q’n(fl’ cess fq)‘ £ h and we may apply proposition 2.1l

to see that ?(fl, cany fq) and q’n(fl’ ceny fq) are simultaneously

\N - integrable,

We next suppose that the proposition is true for the

functions belonging to Baire class & &, «» o, and we assume that
(? is of Baire type o with Q (o) =0 and ? = 1%m?n, where the
?n come from Baire classes €%. We may assume here that CFn(o) = o and,
moreover, that ‘@n(x)‘ & nr(x) (otherwise we would take the

. ~7! ) ) } .
functions lfn(x = med {- nr(x), ?n(x , nr(x)‘ which are not of
higher Baire classes). Since \?n(fl’ ceey fq) \5 n( \fl\ F oeeed ) fc}),
the functions ?n(fl, ceey fq) areJV- integrable, but so are also

\P 0= med{-h, @n(fl, eees £, h} with\q!n(s h and lin{ =

?(fl, eeey, £ ); here again proposition 2.1l leads to the desired
q

conclusion and the induction is complete.

Remark: We may drop the condition ?(o) = 0 in the
foregoing proposition, if instead of 5¢) we impose the &tronger
requirement:

6c); The i&entically constant function 1 belongs to's.

Indeed, referring to proposition 1.5, it is clear that
we may adopt the proof of proposition 2.14 to the situation at hand.

(Observe that min{f, 13 =%(1%f - \f - 11) is inEwhenever fe%).
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In the set%( introduced after Corollary 2.3) we

consider the following two subsets:

’m =S‘fe§: (g and h)@‘E implies med {g,f,h}e i }
and
’ ‘ ° .
m={fe%: (g and h) ey implies med { g,£,h} € &./’ }
' Since'ggptwe have thatmé Tﬂ .
Proposition 2.15 m: m'

(Proof) If g and h are inx, then there exist sequences

(g ) and(h ) in% with Limg = g and Limh = h. If fe W then
med {gn, £, h{k&ﬁ; but L!ilm med{gn,f,hn\;med \g,f,h} and so med ag,f,h}
_ ’
€ i because £ is closed. This shows that the inclusion mgm ‘is

also valid and the proof is complete.
Definition The functions inmare calledJ{- measurable.

Proposition 2.16 If two functions fl and f2 differ only

by a null-function, then the\N - measurability of one implies the

\N - measurability of the other.

(Proof) In the case at hand the functions @1 = med {g;f'l,h}

and @2 = med xg,fz,h} differ only by a null-function. This completes

the proof.

We can see from the foregoing proposition that the concept
ofJ\(- measurability is compatible with the notion of equality

introduced in‘S'by means of the relation ().

¢o¢-25
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Sincex is a lattice,the following proposition is

immediate:

Proposition 2.17 EveryJV— integrable function isJ/- measurable.

Proposition 2.18 If £, f,, eee €T and if lim £ = £ in ’5*

exists, then fem.

(Proof) By assumption med &g, fn, h}eifor g, heo{and for
n€N. Since min Sg, h} ¢ med !Lg, fn., hg < max-\g, h} and since
the two ends of this inequality are elements ofj, proposition 2.11

applies with the effect that lim med {g, £, h\ = med kg,f,h}e af

Proposition 2.19 For f,, £, E_mand for all a £ o
the functions af,, E;g &—fl’ fz} and\fl\ belong tom moreover fl-\-f2

belongs to'ntprovided this sum is meaningful almost everywhere in A.

(Proof) The first claim follows from the equality
amed{ 1, h‘ = med{g, afl, hs with g, he,;g the second claim
results from the fact thatils a lattice and that med ig, min ‘fl’ 2'& hs
= min {med ng, fl’ h} , med ‘\g, f2, hl& holds, the third claim is
verified analogously and the fourth claim is a consequence of the
preceeding ones. The claim concerning the sum is established as

follows: With g, heSC let

?1 n = med{-n(ls\*’\hl) £, n(lg\+\h\)3€}f

i =1, 2 ng N and 1et\\)n = med ltg, ?1 n+?2 n’ ‘}e so that llm\y
med {g, f ‘\'fz, h}éi this is so because lim? (x) = £;(x) in case

\g(x)\'\' \h(x)‘) o, and for the rest propos1t10n 2.11 again applies.

....26
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Remark: mis in fact a g -complete lattice (i.e., every

countable subset has a supremum and infimum). Indeed, if for example
s = sup {fl, f2, ...} = lim P, with 9n = max -{fl, coe ’fn}; then by
n

proposition 2.19, Tn together with fk are in WU and 1lim ?n converges

on account of monotonicity, implying therefore that s & U¥¢ by pro-

position 2.18.

Proposition 2.20 If f 2 o, then f & W it and only if

min §£,8Y €L for every non-negative function g in o .
' (Proof) Let £&€ Il , g2 0 and g& £ . Then med{o,f,g'g =
= min §£,g} . Suppose, conversely, the condition in the proposition is
fulfilled. For arbitrary g,h& o€ and setting m = min fe.h}, W = max § g,h}
and m = med §g,£,h}, we have m = med§ m,f,m §=
= max {min{ m, £} , min§m, €3, mind m,m 3} = max §min{m,£3 m}e
But min§m, £} = min{max{H,o} J£3 + min{o,?n'} (as one may verify at
once by considering the cases m 2 o and €0) and max§ m,0§ 2 o and so

min{.r_n-,fi é;f which in turn implies that m € x .

Corollary 2.21 1€ UYL if and only if min{l{g} ('f for
every non-negative function g in f . '
Remark: The condition in the foregoing proposition is certainly

 fulfilled in case property 5¢) holds; this is so because 5¢) implies:
(5'c¢): £ €& i implies that min {1,f.§ eé@ .

.(Indeed, if £€ gL , there exists (f ) c'® such that Lim £ = f; then
' ' n

by 5¢) min {1,fn'§ ¢ € . Thus Lin min{l,fn‘g = min{l,f"s e
N
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We are now going to give an example where lém. Let A
be the closed unit internal (Lo, 11,Ethe set of all functions of the
form ax, where a is any finite re;all number, and E(ax) = % » It is |
easy 'to see thate is a vector lattice and E satisfies the properties
lc) to 4c). Moreoveri =€, for if feiand (£,) QE with Lim £ = f,
then L(f) = Lim E(fﬁ) = llilm.-%- ay = % a (where a = lim a‘n). Hence

[ ’ '
L(f) = L(f) where f'(x) = aX. Thus f = f a.e. which gives that fef.

Since now min {1, 2x§¢ofawe have by Corollary 2.21 that 1%%1

For o & x &+ let s,(x) = min {l,x& and for ne N let

sp-1(x) for o ¢ x &,

n
z nf and sn(-x) =.,fsn(X)’

§ (x) = Sn_l(_tzl_) +;;_11__ s (x - -3-);_ for x% &

We observe that s(%) = l_tilm Sn(%.) defines a homeomorphism of the

A
extended real numbers R onto the interval [—1, 1.].

Proposition 2.22 If the functions 1 and £ are.%measurable,

then so is s(f).

(Proof) By definition st;(—%) can be obtained from the
functions 1 and %upon a finite number of linear lattice combinations
(i.e., formation of linear combinations and formation of absolute
values). By proposition 2.19 we may therefore conclude that sn(f) is

W—measurable since 1 and f are. Invoking proposition 2.18; we may

thus conclude that lim sn(f) = s(f) is)(-measurable as well.
n..

Following proposition 2.12 we defined the family of all
Baire functions; to accommodate Baire functions which assume infinite
values we permit that the operation of pointwise limits include

improper convergence, i.e., infinite limits.
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We shall use the mapping s whose definition preceeds

proposition 2.22 in the following.

Definition By a Baire function in the domain
-0 £ 21 €+ |, i =1,..., q, we mean a function which by means

of the transformation lo(i= S(Ji-)’ i=1,..., q, becomes a Baire

function .?( r']_,..., l-‘q) on the cube Wl =§ (Fl""’[uq): -1¢ /"i
£1, i=1,..0,0 % (?cs(;il),..., Q) = F Qo320

Proposition 2.23 If 1, fl’ cvey fq are -measurable and
'if §91, ...:j) q) is a Baire function in the domain -wé)is-lreo s 1 = 1y0ee5q,

then ?'(fl’ cees fq) is alsoﬂ-measurable.

(Proof)
) Let? \Wq be a Baire function of order o, that is, a continuous
function on WY. By proposition 1.2 it is possible to approximate
¢ uniformly within arbitrarily srﬁail error by stafting with the
functions 1, f‘l’ ...,I-Lq and forming real linear combinations a
finite number of times and forming absolute values. Putting f'- = s(f ),
we obtain (by proposition 2.22) a sequence of functions gnem with

=limg = -?T(S(fl)’ cees s(fq))ém (on account of proposition 2.18).

: p) For functions of class &p{, ®» Oslet the statement be true and let
g ' _—y

qa be of class ®. Then lim f (io where the ?n's are of

classes ¢ . Since ?n (s(£7); eeey s(fq))e.mfor ne N, we have by
proposition 2.18 that §(S(f1)’ coe, s(fq))em. Hence the proposition’

is true for Baire functions of all classes.
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As an application of the foregoing proposition we mention:

Proposition 2.24 (i) 1If 1, temand t(x); o for x¢ A,

. i
then we also have (t)2¢WfU. (ii) If 1, f£, ge, e >0 and){-a.e.
gy o, then we have f/gém.

(Proof) VT is a Baire function and hence by proposition

2.23, \n:'Gm.ii) For every ng N, let f; = By proposition 2.23

n
ng4 1°
we have that f.nﬁm', since f/g = lrilm fh%a.e., we get by proposition

2.18 that £/geliL.

Proposition 2.25 Each of the following conditions is

necessary and sufficient for theN—integrability of a function f:
(1) £eMlana Nig)ereo.
(ii) fémand there existN-integrable functions g and h

withg ¢ f & h.

- -

(Proof) 1If £ isJ(—integrable, then by definition‘)f(f)(*oa,

and (ii) is trivially satisfied with.g = h = f. If; on the other hand,
N(f)<-\-°o then there exist (fn)CE n € N, with [f|§ Z\f and

2 E(\fn‘ )40q; here k = E\f \Qi by part (iii) of propos:.t10n 2.7,
gns f&€hwithg=-k and h =k 1ni However, as soon as there

are g and h, we have on account of the'h/—measurability of f immediately

that iamed{ g,f,hx = f and the proposition is proved.

Remark: - The foregoing proposition may be expressed in

abbreviated form by the equation

Z = WnF

ee.30
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Proposition 2.26 (i) 1If Jr(f)(-iv 0o, then there is a g€l

with | £] £ g and V(&) = L(g).

(ii) 1If 1(-'3’2!‘[ and f is a characteristic

function, then we may take in (i) for g a characteristic function as well.

[ 4

(Proof) We first prove part (i). By assumption thére exist
elementary functions £ ,, (m and k in N) with }£14 Z. It . {=¢
m,k Xk myk m

k‘) z N +-3'1-, where also JN(f) < N(gm)

and W ()& Z B\
k m

= L(gm) £ J((f) + T];l—; thus g ei . For g = lim min {gl, coe ,gm} we
m .

have by proposition 2.10 g e witn L(g) HN(£) and g 2 ).

We next prove part (ii). Let f be a characteristic function ;vvith

J{(f) 4 400 | The g &i , which exists by part (i), we can replacé
by g = min {l,g}é;f according to corollary 2.21 and 81 in turn we can
replace by the JV -measurable &, = (gl)rl for arbitrary n = 2, 3, ...

according to proposition 2.23. We have lf‘ < gnﬁ 2 and gr; ef by

proposition 2.25. Letting h = lim g_, we get l1£\4nh G;P by
n

proposition 2.10 and JV(£) = L(h), where evidently h can only assume

the values o and 1, that is, h is a characteristic function.
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Section 3

Connections to measure theory

We commence with the function_N 'Lg s Where (g is the

set of all exténded real-valued functions on A.

Definition For every X € @(A) we define m*(X) =-”(IX);
where XX is the characteristic function of X and @(A) is the

set of all subsets of A,

It is easy to see that m* is an outer measure on @(A)‘.
(I) m (X) is unambiguously defined for X € (A) with o0& m"(X)
< 1ed and m*((b) = o, where @ .is the empty set.
. A) wi i -
(I1) for each sequence (%)HGN in GD( ) with GD( )3 X & \I.I}An
we have m(X) < E;im*(xn).

Indeed, the unambiguity of m* is clear, the rest of (I)

follows from property (b) of the normj(and the fact that E(o) = o.

The statement (II) follows from

jx £ 'nyn < %Xxn by property (d) of the norm.){.

. We set?8i= v{‘ XG@(A)z .'xxem} and call every X in YL
JV-measurable. It is clear that JR: &YG@(A): te ‘fl}

is a subset offggbecause igm, the sets in 'R we call properly

N-maaﬂmhle..
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We observe that‘R, is a field of sets, that is,
i£ B,ce R, then Buce‘R_

ifB,CG‘R, and C€B , then B - CEJR

 For a fixed TE M, let

'RT =‘s. XG.RN Xs } It can be seen at once that JR.

is a @ - algebra of sets. Indeed; if X,, X, are in ‘RT we have

2
w yx VX ° ] v xzc”i'
2 jxl nx, yxlAyxz
and moreover if (xn)ne N is a sequence in IRT’ then D(UX =
i i a'& )n<-le
Llim (jxlv ...V‘Xxn), with yXIU "'v_xf , L(T

and the Monotone Convergence Theorem is applicable and hence Uy € i R
n°n

Definition: We define m on JR. by setting m(X) = L( -D(X)'

If Y € A, we say that Y is m-enclosable if for each £€> o

there exist two sets Al’ A2 in JRJ w:i.th,A1 cYC¢C A2 and m(A2 - A1)<£ .

The set function m on "24 is said to be complete with respect

to @ (A) if every m-enclosable set Y & A belongs to 'k« .

Proposition 3.1 The function ml'R, , defined by m(X) = L(_xx)
for X € 1‘2. is countably additive, non-negative and finite-valued (for
brevity we say that m is a content) on the field of sets 12- « In

P4
particular, m/ ‘kT (for fixed T e'k. ) is a bounded measure on the
¥ -algebra ‘Q‘I‘ ={ xeR XQT} . Moreover, m,k_
complete content with respect to the power set of A and ml‘kT is a
complete measure with respect to the power set of T (i.e., every

m-enclosable set X&T belongs to'kT).
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(Proof) We first prove that m"R, is countably additive.
Let (X;)q € N be a sequence of pairwise disjoint sets in 'k, and

suppose. that y xné'IQ. « Then

D(}{Xn = m (Q(XI.\. ceeed D(Xn),
'Xxl_\ :)(xzs . .éj(xl.\. ....+:)(xns

f)(xl Foeet D(X;';& y R ")(Xl.:,-....;. VOREERIC Rt

Hence the Monotone Convergence Theorem is applicable and

m(ux)_L(Q(an)_th(:Xx ...+_Xxn)= ‘Z. L(J(x)=

'im(Xn). Now that m,k is bounded measure is obvious from what

we have said above and the fact that m(X) € m(T)¢+oo for all xe'iZ

To the completeness:' If YE A is m~enclosable, i.e., if
P ” h’ Y V4
there exist for every mn & N sets X, and X, in with X, & Y & X,
o Y3

and m(X, - X3) < %1-, then we obtain, taking

V4 -—
VX, and X = n x
n

£
X 3 using proposition 2:11, we see that X, XGJQ,

1EYE
m(X) = m(X). Thus the functions yz and ji differ only‘ by a |
null-function and so x.& and jY also diff_er only by a nul.l-function;

hence Ye‘h, and m(Y) = m(X).

Remark? One can easily see that the foregoing notion of
tompleteness is equivalent with the usual notion of completeness,
according to which every subset of a measurable set of measure zero

is again measurable and has measure zero.
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The connection between }(—measurable sets and the

additive decomposers of m*, i.e., those sets Z with m*(Y) = m*(Y n z)

* )
4 m @ N z%) for all Y € A with m*(Y) &+00 , is given by the

following:

Proposition 3.2 Everij-measurable set is an additive

decomposer of m*; the converse holds if and only if 1€ m.

(Proof) Let X beN-measurable. For an outer measure m*
we always have ¢ £ Y N X) + m ¥ M x%). In this
inequality we have to prove equality under the assumption that
i (Y) = N( 'XY) 4400 ., By proposition 2.26 there is a function
g ¢ i, with ‘XY & g and m(Y) = L(g). Since -XYﬂ x = J(XXY
< 8 D(X S gand g XX Gm (Observe that gjx 11m mln{g,ny(xs )
we have by propositicn 2.25 that g ?(xé i and m(Y N X) £ L(g -XX)'
Moreover, Yy _ (v A x) = yY(l"?(x 3 g‘gJ(xe‘t
and so m*(y Nnx < L(g - g yx). Addition of the foregoing
* * c
ities yi < ) -
fnequalities yields m (Y O X) + m (Y A X7) & 1L(g ‘jx, + L(g g%x)

= m*(Y), proving the first part of the proposition.

Since the basic set A is always an additive decomposer of
* .
m , for the converse to be valid we must have that 1 E’m On the other
hand, we assume that 1€ and that Z is an additive decomposer of m
-and we show that Z iSJ\Lmeasurable by using the measurability criterion
established in proposition 2.20. To this end we let g be an arbitrary

. non-negative‘)f-integrable function; in addition, we let ?.n(X) =

00035



- 35 -

for o € x < %and ?An(x) =1 for-r1; € x ¢&400 and we let ¢ =

q ae), g, = 8¢, n€N. By the definition of ?n we have that

c, < ﬁg and 8n € g; thus < and & areJY—integrabl,'e by propositions

- 2.23, 2.25. Incidentally, < is the characteristic function of a

set Y_ with m*(Yn) = L(cy). 'Since lim g5 = g, we have min {')‘Z’ g\!
1ti\.m min {th’ Sn.g = lrilm min \yzcn, g} & g, from which it
follows that if yzcn, neN “is in i , then so is also min {-72’ g}
It is therefore sufficient to show that yzcnéaf- But alzcn = JZ!\_Yn
and m3(z (\Y ) & m*(Y)l'\'OO . Part (ii) of proposition 2.26 yields

a characteristic function ]W with jzny < € nd.N( ]Z n Yn

L( D(Wn , ieee, 20NY, ©W andm *(z NY) =m (Wn). Here we may

assume that W, € Y and hence m*(Wn)<+OO and 20 Y, =Z0OW;

otherwise we replace W, 1’>y W, N Y,. (Observe that Z N Y €W N Yy GI:J
and hence also m (Z r\Y ) =m (W f\ Y,); furthermore, since o S-XW

< Cn:an~ <, Cotand jWEi we have that'anr\Y XJ ).

Now we obtain mi(H,) = mi(iy O 2)+ WO 2% 3 w(d, N 2)

n

e (z Ny, = m*(wn), hence,m*(wn N 2°) =0 and so W, - (W, N 2Z)
wo- (z (\Yn) is a null-set. Thus ] W and xzcn differ only by

a null-function and so chn is){dntegrable as well.

Remark 1In view of the foregoing proposition we have:

If lém, then the system of all_N-measurable sets is a (@ -algebra.

Propos1t10n 3.3 If 1 Gm then we have:

(a) JR, JLY Ye? andm(Y)(o\'OO}
() m ) = min m(2) provided that
vez.

Z2eRR,
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the set over which we take the min is not empty; otherwise m*(Y) =40 .

(Proof) To part (a): If m*(Y) =M.XY) <400, then
proposition 2.26 yields a yz with Y@ Z 612. and me(Y) = m(z).
If moreover .Yem » then by proposition 3.2 Y is an additive
decomposer of m*, hence m'(2) = m(Y) + i (Z - Y), but n(Z) = m(Z):
and so m*(z - Y) = o3 yz and XY differ only by a null-function
and so YG'R, if ze'h. . Hence Jl Y: Yé%and m*(Y)l'\-OO}E k.

By proposition 3.1 the inclusion in the other direction is evident.

To part (b): If S\Y ¢z Gt}% é, then clearly (Y )LH00
and so by the proof of part (a) the claim in (b) also holds; if however

the set in question is empty, then m*(Y) cannot be finite.

Definition The set Z with YE€ 2 642. and m3(Y) = m(z)

introduced in the proof of part (a) is called the equimeasurable hull of Y.

Proposition 3.4 Let lém and f be finite and A( o(”B ) =

}’x €A K eflx)e ﬁ } . If A(C o('ﬁ ) is_}f-measurable for all
rationals 0(,13 then f is)/—measurable; if f‘is'N-measurable, then
A(ﬁ,ﬁ ) isJY-measurable for all reals e(,ﬁ . |

(Proof) Let y denote the characteristic function of
tile intervalto(,P). If :isﬂ-measurable, then by proposition 2.23
the function '(‘Xo( is J\l-measurable, i.e., the set A(O{)P ) is

N-measurqble for arbitrary real numbers Q(andﬁ. Conversely, if these

sets aqu-measurable for all rationals O(’P with M(,B , then we
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consider for every natural number p a monotone sequence ...,

a_gs 8_ys 8.5 815 895 eee of rational numbers with a_w—==%00 35

n
n~—Ydec0, an--> - 62 asS N==> - 0Q , a8, 41" 2n < -:-;-, and numbers
= *
snwith a_ ¢ Sn < an*lforn-o, 1, 22,...
+ 0
L i = = X .
etting jn yanan-l-l and fp Z n yn(f),

n -0
we have ‘fp(x) - £(x) \ < > for x € A and fp isN—measurable

by propositions 2.18, 2.19; but f(x) = 1ipm fp(x) for x € A and so

f is )l~measurable also.

Proposition 3.5 If 1 em and f E'm, then for every real

or extended real number q the following sets are)(—measurable:

.\xeA: f(x)=q} ,-Rx&A: f(x) ¢ q§ s {x&A:f(x))q}

and \I\xe A: £(x) 3, q} .

(Proof) For a real number q (and denoting by Q the set of all
rational numbers),

y,'f‘xGA: f(x)=q\ lf];m ‘X&XGN K s ﬁn%
o(ﬁ’ pn €Q | , O(nq‘ a 3 ﬁn \l’ q is measurable

by proposition 3.4 and by proposition 2.18. Since 1Em , we have

by proposition 2.19 that,X
{x € A:

£(x) # q}' =1- j{x € A: £(x) = ¢q ié’l\‘ﬂ,?

Again by propbsition 2.19 we have max{q,f}ém, hence {xeA: max{q,f}(x)#q},

that is, {x €a: £(x) Yy q} , is measurable and with it is

also .X{x € A: £(x) =vo0} ~ lim 7( [x e A: £x) > n |

and so forth.
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Definition A real-valued function f on A is said to be

continuous with respect to N-decomposition if for each € > o there

exists a decomposition A = \n)xn into countably many disjoint
'_N—measurable sets X, such that on each X the function f is bounded

and its oscillation is less than % (i.e., sup £(X ) - inf £(Xy) ¢ €).

Proposition 3.6 If lém,. then for a finite function

continuity with respect toJY-‘-decomposition and,N-measurability are

equivalent.

. . m
(Proof) 1If £ 1sN—measurab1e, then we have A = U{xeA: =
< f(x) £ E——:'-n—l- withm=o0, %1, %2, ....} ; by proposition 3.4:
this is a decomposition of the required kind with € = %1-’ n €& N.
If conversely, A = an is a decomposition in the sense of the above

n
definition with © = -l-, then X is measurable and so are yx and

n n

sup. £(X )yx ; by proposition 2.18 we therefore see that fp =
zsup fX )'XX is measurable. Since ‘f - f‘ < < L , we have

lnﬂ f = f and hence also fem

A direct consequence of the foregoing proposition is:

Proposition 3.7 If 1em, f is non-negative, finite and
,N:integrable, then m( ‘s_ xe A: £(x) > o} ) > o if and only if
L(f) » o.
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(Proof) 1If m“({xé A: £f(x) 2 o}) % o, then by proposition 3.6
+%0 %00

o< m*({xe A: £(x) ¥ o}) & Zl m*(A(n,n+1)) + Z m*(A(-l-(-l-i-,-];)), so that
n= k=1 ok '

at least one of the summands on the right must be positive, say A(n,n+l).

Taking into account the fact: ’X“ (£) &€ L whenever £ €&f , déﬁ but

i

not R <o 4[3 (observe that if for example o « ® <, then
o & ‘xuﬁ(f) & O'_E‘f‘ and proposition 2.25 is applicable), we see that

o &nmam,ne)) =n NOX__ () =n LXK _ ()=

oD+l

= L(n 'Xn,n+l(f)) <€ L(f). Conversely, from L(f) » o it follows that

nr(fxear £ » o) 2 wraG,m) = LA, (D) = @K, () 2

" "
1 : . ,
z -;L(f 'Xl (£)) » o for sufficiently large n. (Observe that for n =>400
n’

we have the Dominated Convergence Theorem, £ xl (f) => £ and so
—,n
n’

L(fxl (£)) = L(£) » o, that is, L(f Xl (£)) is eventually positive.)

—_—1 Lan® ¢ §
n’ . n’

Proposition 3.8 (EGOROV): If X is an \N-measurable subset of A
. with m(X) £ 400 and (fn)neN is a sequence of finite JY -measurable
functions on X which tendsto the finite function f on X, then there is a

decomposition X = Xo W (\3 X_l) into \N-measurable parts such that Xo is
. I

is an J{-null set and for k €N tlie sequence (fn)neN converges uniformly.
on X.k.

(Proof) For n€N, let g (x) = sup §‘fn'(X)-fn"(X) lsn' 2 n,n" ;n'i ,
then &, is an \N-méasurable function (see the remark after proposition

2.19) with lim gn(x) = o for all x€¢X. For j€N we form the
n
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N—measurablg sets Kn’j = { x: gn(x) < —’S € X. For fixed j we have
Kl” S sz €  .... and klg Kk,j = X. Sincem is & -add1t1ve,
we have lim m(Kk ) = m(X). For j = 1 we determine a k, with
m(X-Kk 1) < 2 20(x), then a k, > k1w1thm(Kk 1 A (x--Kk 2
S 2 -3 m(X) and so forth. We let X; ﬁ Kk 5 and X7 = (X - L
19

U (Kk 1 N - Kk 2)) U cooo; we have the decomposition

X & - X, \V) X where m(Xs m(X)S. =% m(X) "and on

Xl we have that &, tends to zero unlformly.

We repeat the process, described above for the set X, on the
’ ' ”
set X and obtain a decomposition X';-—- X, U X with m(x) < -]Z;m(XS <

1
-Z: m(X) and with the sequence g, tending uniformly to zero on XZ'

Continuation of this process leads to a decomposition X = (\g Xn) UXO,
=X - (Y i =
where X = X ( = Xn) and, since m(X) 2 m(\-t)1 Xn) = En_ m(Xn) > m(X),

we see that Xo is an/{-null-set; moreover, on each individual Xj the 8y’

and hence also the fn’ converge uniformly.

Using the notation introduced in the proof of proposition 3.4

we assign to each | measurable function f formally the rLebesgue sums".
/ .
A ,@ =5 e N, pen

where the a and (yn satisfy the same conditions as in the proof of
proposition 3.4 and the O'n are selected according to the following

rule:
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If an»

iR

1
or an+1’ £ - D then let a_ < O"n < NNPE
: ’
otherwise let @, = o. .The symbol <" here denotes summation over all

integers n with a, £ o.

Proposition 3.9 If lem and f is finite and_]\[integrable,

then the Lebesque sums are absolutely and properly convergent and

1in Ap(f) - L(6).

' 4
(Proof) Let fp = 2 d—n xn(f) and ?An = min {\anl ’

1 . 1
'an+1‘} « Then for y\n>/ > (i.e., a 7 > OT an.l L -

we see that‘fnl £ min I“an‘ , ‘an-rl.‘} -|,- < 2 gﬁn
and lf( b/ a@n yn(f) and hénce(fp' < 25 rn jn(f) £ 2)¢).

Just as in the proof of proposition 3.4 follows theJY-measurability of

O |
-

O |

O{n(f) and fp; by part (i) of proposition 2.25 now follows the

‘N-integrability of these functions. The foregoing inequality gives the

dominated convergence of the series for fp and so by.proposi.tiqn 2,11 we have

' /
L(gy) = Z L6, X (80
in £, ===} f and so L(£)

A p(f); we also have dominated convergence

i JANN?SY

Definition We call the limit of Ap(f) the Lebesgue integral

of f over A with respect to m and write };f dm, -

Definition If X is a topological space, we call a real-valued

function on X a K-function if it is finite, continuous and vanishes

outside a compact subset of X. Jit @i Lot Ty e e SR

- B . .y - enl
LT S N

Is is easy to see that evefy K-function is bounded and the

éet of aii K—functioné of a topological space forms a linear lattice.
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Proposition 3.10 If X is a locally compact Hausdorff space,

é the set of all K-functions on X and E is a positive linear functional
_on .é ; then E! 2 satisfies also the properties 4c) and 5c)..
(Proof) Property 5c) reads: if £ E'E , then min -llf, 1&6 E ;
it is evident that this property is satisfied. Since 4c) holds if and

only if property 5) holds, it suffices to show that property 5) is

satisfied.

Let £, £,, £, «oe0 be in 'é, such that |£f| & EE \fn\ .

and let K = \x & X: £f(x) # 01 . Since f is a K-function,

4‘ x € X: £(x) 4 o} is compact subset of X and hence closed (observe

that X is Hausdorff). Thus K = l‘x € X: £(x) £ O'S is compact. Now

—

each x € K has an open neighborhood v with compact closure v . We

can cover K already with finitely many of these v « The union v*

Y3
of these finitely many v is open and has a compact closure 'V' .

Let X* =X U i p} be the one-point compactification of X. Then X* is
a compact Hausdorff space and hence normal, so by Urysohn's lemma there
exists a continuous real-valued function g such that o £ g(x) € 1 for

all x € X*, g(X* - '\)'*) = o and g(K) = 1. This function g is a K-function.

o
We consider the sequence of K-functions g, = max {o, \£l - -2 |fn\}
ry

which tendé to zero non-increasingly. Here gm(x) = o for x ¢ K and
m & N; moreover we have uniform convergence by Dini's theorem. Thus for

€y o . '3 m, =my, ( €) such that o & gm(x) £ €8x) for x € X and
m ' m
m Yy m,. But J£| - = £ € 8, & €& iee, Vel T 11)

n=1
-+ A implie‘s _
E(\£\) & = EC(|f ))+¢€ E(g) € S EC|£ | )+ € E(g) and from
n= n .

this we get 5) by letting ¢ —% o.
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We have the following representation theorem.

Proposition 3.11 If X is a locally compact Hausdorff spaée

and E' e is a positive linear functional on the set é of all
K-functions on X, then there is an outer measure m* on the family of
all subsets of X such that, for each f € .E , E(f) is representable as:

Lebesque integral of f with respect to m, in symbols: E(f) = f}; fdm.

(Proof) By proposition 3.10 above and by corollary 2.21 we
have that 1€m. Hence the various propositions concerning m* established
further above in this section apply; in particular we have that proposition

3.9 is applicable since féi implies f éi, and f is bounded.

On occasion, one requires of the elementary integrals under
consideration not only 5¢) or lémbe satisfied, but also that the

additional property, called ¢ -finiteness, be satisfied?

(7c): There is a sequence (gn)n(-N of JY ~integrable functions such that

A {x : gn(x) = o} is an J‘f—null set.
n .

Proposition 3.12 Under the assumption that lem, each of

the following statements is equivalent with (7¢).
(a) There are bounded everywhere pésitive functions foei.
(b) There :?.S a sequence (fn)n €N of non-negative elementary
functions for which rn\ {x: £,(x) = o} is an '-.N-nul'l-set.
(c) Every )N-measurable set can be represented as 'a countable

union of N-measurable sets of finite measure.

...44



- bl -

(d) There is a sequence (gn) neg N -of functions in ‘é

with = \gn(x)\ =4 0O for'all x € A.
n

(Proof) 7c¢) =) (a)

The statement is trivial if the basic set A itself is a

¢

null-set. Otherwise we can leave out in the sequence (gn) .of 7c¢) .

n€ N
all those functions for which L( (gn ‘) = o, since for such the set
‘l X: gn(x) = o} differs from A only by a null-set. Thus, L(| gn| )

* &n
4 o for all n € 'N. Then, setting f = - we have that
€ ’ e > 2"“i<|s D

£x 7, @ and f*E.i . Moreover, {x: f*(x) = = N\ {x g, (x) = }
is a null-set. If we therefore set: min ilf (x), 1} for f (x) > o
£ (x)
1 for f (x)

we then have the desired function f_ with o & f,(x) & 1 for all x € A.

a) => 7c) Setting g, = f, for all n€ N we have the

desired sequence.

Concerning part (b): Observe that (b) is stronger than 7c).
On the other hand, 7c) implies by (a) the existence of the function
f, to which there corresponds a sequence ( ? ) neN: of. elementary
functions with f = L1m ? n But then we also have L1m (? ‘— £
and in fn = max )1 \?1‘ y eeeey \? lk we have the desired functions.
Indeed, o &£ nﬁ g. and fn(x) = o for al]. ‘“'e N means that ?n(x) =
for all. n € N. But by proposition 2.4 there is a subsequence
\in\ ; \an\ ) «-- with lim \an(x)\ = £,(x) > o N- a.e.
~and so fn(x) = o for all n € N can only occur at the points x of a

null-set.
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7c) -_-:..."> c) By proposition 3.3 it follows that for a Y em
either m (Y) = m(Y) &0 or oY) = %+ 0© . In the first case we set
Tn = Y and are finished. If now m*(Y) =$+OO , with yY weé also have
that' ? L = min %XY’ nfol  is measurable and since o é?n £ nf,
we have ? ne « Letting Bn = & X: ?n(x) = 1} , we have that
Ny € L . see

(Note: If £ e-i , then for every real r # o the f‘mCtim‘j{xe A: £(x) = r}

. Bn is measurable and has finite measure.

belongs to i . This is so because y}.x € A: f.(x) _ r} =

l‘ilm X {xeA: A ¢ £x) < Bnk with rational o(n, /Bn,

G(n@ r \Lpnand X‘lx ¢ A: xnsf(")4ﬂ1is in{mforall.
n
ngN. , SO thaty{xeA: £(x) = r} is in m. Moreover we have

-l % f(X)\g D<§x CA: £(x) = r}s \% ; f(X)l and fex.)

Since @n converges monotonely to yY’ we have that Y = U Bn'
n

c) -::.) 7c) Since 1em A is measurable; hence there
exists a representation A = \J B, with Bnem and m(Bn) Lx00 |
n

.

where we may assume that the By are pairwise disjoint and m(Bn) > o

(provided we do not have the trivial case m(a) = o).

We then put foi(x) = (an(Bn))-l for x €@ B, n € N5’
we get that  ~ fo 7 © and by proposition 2.7 we see that L(fg) L 1

thus (a) holds and so property 7c¢) is satisfied.
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d) :::.:> 7c). If d) holds, we put £ = ]gl\ L \gn‘ .

Then an-E » sup £, = Ek“gk\ and {x: sup fn(x) = o'§ = ¢,

hence condition (b) holds and thus 7c) is satisfied.

7c) ';.=> (d). For the’function £ in (a) we have, since
£ éi , the representation LI:Em gk = fo wifh gk& E , or, if we
env1sage that a suitable subsequence has been chosen already, with
lllcm‘ g, = fo’ hence also 11]Em \gk‘ = (f \ = £ .N- a.e.
Since £ V% o, we therefore have [l + \gz\ F e =%00
J\l- ae.€e with‘gn‘(-_-.g « Since for every measurable set of finite
measure and in particular for every null-set Y there are sequences
(fn “G N - of elementary functions with i\ f \ o for xg Y

(because on account ofﬂ( y ) €% 00 there exists a sequence (f ) ne N
in .%_ with 3{ v < En ‘fn ), we obtain upon suitable choice of

the fn in % in the functions h = ‘gn\ -\— \fl\ +....+ \fn‘

a sequence in .é with "2 hn(x) =400 for all x and so (d) is
: n

established.

‘We now consider a generalization of the Dominated Convergence

‘Theorem.

Proposition 3.13 Assume that 7c) holds and that 1 em.

Suppose that for all . . n € N the functions £ o’ &n and h belong to ;£

and that fn & &, h holdsN- a.e. Moreover, let L1m f = f Gi

Lim hn = he'i, and suppose that lim, g, = & exists N-— a.e. Then g ei
n ‘ n

and L(g) = ln;,lm L(gn).
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(Proof) We have that £ € g € h holds)\,—a.e.; we may
assume'wi_thout loss of generality that fn 5 g & hn holds jf-a.e.

L

. as well (we may replace fn by f - \fn - f\ and h by h <+ \hn - h\ ).

Taking into account propositions 3.12 (c), 3.8, we can decompose
the basic set A into A = A \J (\JA ) where A_is anﬂnull-set and
o m M o
for m =1, 2, ... every Ap isN-measurable and of finite measure and
such that the sequence (gn) ne N . converges uniformly on Am. Letting

B = 1}__{ Ay and C =4- B and noting that g iy - a.e. finite
: (because £ &€ g & h), we obtain

N(g - gn) é_N((g - gn) ’X Bm) -\-JY((g - gn) 9( Cm)’ where

N - g Ao, Nte - & X)) & New - £ 7Y ¢

< N(f - £,) +)\(((f - h)qu) +j{(h - hy). On account of the
proper convergence of the series L((h - f)x Al) + L(th - £) D{AZ)

} ... = L(h - £) =Mh - f) with the series remaindersj{((h - £) )/C )
; m

we can, for every prescribed £ P o, find an m’ such thatJV((f - h) yc )
m

{ %'/4. Since g, ..-—) g uniformly on Bm" we can find an n’such that

N( ‘g - g\ D( Bm') < &4 for n » n} one may of course pick n’so
large thatN(f - £) L &4 andJ{(h -h) & € /4 hold as well for
n > n’ ThusN(g - gn) Lt forn$ n’and so g € i and L(g) =

lim L(g_) follow.
. n

Proposition 3.14 Let property 7c¢) hold and 1 Em. Suppose

also that an‘N-measurable function q has the property that (i; fE&

whenever £ € i,, where, moreover, L( C? £) >) o whenever £ 2>, o.

Then C.f), o holds)(—a.e.
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(Proof) For r & o we have that {x: (f(x) & T E is
measurable; by part (;:) of proposition 3.12 this set is either an
_N—null set or contains a measurable subset X of finite positive
measure. If the latter were the case, we would have D(Xei and
C1( q mx) < m(X) < o in contradiction to the hypothesis of
the proposition. Thus ix: ? (x) € r‘s is a null-set for all

r £ o and so the set le: Q (x) £ o‘I will also be a null-set.

Proposition 3.15 1If q igM—measurable and bounded and
if f?g » o implies L( <P g) 2 o then QZO holdsJV-a.e.

L i - =
(Proof) Let B f 3 o, then there exists (gn)neN E

with L%m &, = f. Without loss of generality we may suppose that

g, >/ o (or else we would use max s_gn, OS in place of g, in the

following). Taking M = sup \?(x)\ £+ 08 , we obtain that
x& A

\?gn\ é_ M gn&;t, and hence by proposition 3.13 1ri1m L( ? gn)
= L( Cc:f_&); but L( (t gn) > o and so L( ? f) >/ o. Now

proposition 3.14 is applicable and the proof is finished.
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Section 4

The Function Spaces C,I; and zp

For p %, 1 we define

‘ 97 =4z flflf"le Sf.’},Zp = {f: £]elP e ;f}and
N, -<JV<|f|P)>1’P

. It is clear thath —?Jaf i and

Proposition zth) satisfies the inequalities of

Hoelder and Minkowski:

(1) (Hoelder) For p P»1l, p<q = pq, fég;, g&?’ we haverg)

q
s X oNe

(2) (Minkowski) For py1, £, g €9\‘we have_N(f-!- g)<\M(f)+.M(g).

(Proof) First we consider (1). We may of course ignore
the trivial case whenN(]flp) orM]g\q) is zero. For o(, p) o
and taking x ((R)llp + (g)llq) l, the function X (d%pfpg_ 1)

over the interval o(%(oohas only at the po:.nt? = (ﬁ dy llpq
. Xp
absolute minimum and because p+q = pq; thus °<1/p . B l./q <

'X(Ngb +ﬁ§:q . We therefore obtain |fgl¢ y(‘flp ? + ]g\q =q)
(K= lflp B—- \q) from which we get thathg)‘ r (¢’ p+ﬁ’% 1)
for 311%6 (o, $00), ( o N( 1), P —J\/( lg‘q)).

For the special value 4§ = = ﬁ q 1/pq we get
1 o( p

Hoelder's "inequality.

Next we consider (2). The case p = 1 we have proved
earlier on (see property (d) of the normJ\, discussed at the beginning

of Section 2). The case p%1l we reduce to (1). Since for reals
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x and y we have in general that |x4y|P £ oP-1 ax\®? + |y|p), it

follows that: .
)\f(\f + glp) & oP-1 O{(lflp) +){( lg‘p)); this means that with £
and g the function f4 g is also inC};. From |f + g\p &

-1
£ (Lfl+|g|)lf+g‘p we obtain (by using Hoelder's inequality):

Nz + 2Py 2 Naaet Ve glPH+Nsl | £ 4617 D J\/p'<f>
M( \£ 'Pg\' p-l)'\'j{p(g)jv'q( I + g| p-l) which yields Minkowski's
‘ 1
inequality on account ofj\{l( \f +g(p-1) =(){( \f -)-g\p))l - ; .

We define in?; equality by f=g iff)ﬁ (f - g) = o. Since
}\g(f) = o if and only if_Mf) = 0, we see that this definition of
equality is identical with the one introduced in% . Minkowski's

1
inequality shows thatgz; is a normed vector space under the normJif.

Proposition 4.2 ?’; is a Banach space.

(Proof) The proof wili be done for p»l. Let V be the
mapping which associates with every fé?p"a function V(f) = f \f\p-l
fr;m?: V is a homeomorphism. Indeed, if g = V(f) = 1£)P sign f,
then f = \g\llp sign g = V_l(g), the inverse of V, definéd for
all 8€L}: We use the inequal'ities, due to S. Mazur ("Une remarque
sur 1'homéomorphie des champs fonctionnels" Studia Math., 1, 83-85 (1929)).. .
W 2P x-y) Pe Lot Loyt HE bt PR P h
which hold even for complex x and y.\ From the first half of inequality
(1) follows for g, gzé g‘. :

\V‘l(gl) - V'l(gz)\ P g2 p-l \e1 - &\

-..51
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-1 -
Thusjr(V (gl) -V 1( llqd{( )llp’ this shows the
um.form continuity of V From the second half of inequality

(1) we get for £, £, G ?.

- p-1 -1
\v(fl) V(fz)\ & p \f1 AN A RN A N AL
upon using Hoelder's inequality, we obtainMV(f ) - V(f )) £

S (CREERTY (@I R AR A LM et -

4 N(f )\p/q +‘Nq(f2)\ P/4), This shows that V(f) is uniformly
continuous on all bounded parts of ?‘ Finally, we take a Cauchy
sequence (fh‘) ne N in?’. Since (fn) is bounded inf?l“ we have

P ‘neN P
that (V(fh'))ngN is a Cauchy sequence ing:: But gvis known to be

complete by proposition 2.5 and so V(f.'!i) — geg'.: Since vl s

continuous, Lim f° exists in?‘ and is equal to V-l(g). And so
P

the completeness of % is established.

Remark From the foregoing proof we see that the spaces

9-;, p % 1, are all homeomorphic to each other.

ped

Turning now to the consideration of i , we proceed to

specialize and sharpen the results of the previous two propositions.

Prqpositlon 4.3

(1) (Hoelder) If p% 1, p +q = pq, fez, gc-i then
fsei and. \L(fg)\ £ (u( \f\p))l/p @Cy \q))llq Here equal:.ty
holds if and only if £\ £\ P-1 .nd g \g\q- are linearly dependent.
In case p = q = 2, we have the inequality of Schwarz; in it equality

holds only if f and g are proportional.
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J
(2) (Minkowski's inequality) If p » 1, £ and g belongs
. 1/ 1 -
to zp’ then f ¢ géx; and (LC \£4 gl P Ps @£}Py /‘p+ (L(\g) p))llp

Here equality holds in case p = 1 if and only if f and g have the
same sign almost everywhere, in case p » 1 if and only if f and g

are linearly dependent.

6L ¥
(3) p is a closed linear subspace of b (and hence is

a Banach space).

o
(Proof) We first consider (1). The function q (xl, x2)
= lxl\ 1/p |x2\ t/q sign x;x, is a positive homogerieous and
continuous (hence Baire) function and so, by proposition 2.12,
U | ! - -
fg = Q@ (£f,g) with £ = £\ £\ P lei and g':-g \g\q lc—-f is
also a member of i . From the inequality \fg\ 4 y(\flpglp'{:\g\ qil-q)

derived in the proof of proposition 4.1 it follows by L-integration that
| neeedl & LQze) D¢ \f\P)glp.\. 1 ‘g\q)?l'% =\ Ly
‘ii\g‘qj‘llq. We have equality between the end terms of these
inequalities only if on the one hand \L(fg)\ = L( ‘fg\ ), i.e.,

2 L(fg) = L( ‘fg\ ), .or L(%fg - \£g\ ) = o0, i.e., for a fixed
signdfg - lfg\ is a null-function, and, on the other hand, if the
function h = .]fg‘ - y( | £} P 3’ 1p+ (st ¢ %/1-q) is a null-function

as well. In case the values of f and g # o, then h will only be

zéro if %1 = (—;‘L%—“-g%— )1/pq’ or \g\q =€' 3, 1pq \f ‘p

according to the minimum considerations carried out in the proof of

proposition 4.1l. It is evident that the same conclusion can be

eeeD3
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reached in case f and g is zero. Togethef with the above condition
we obtain that for fixed sign almost everywhere

g 18\ a1 _ _'_FE- lpq £ | f.\ p-1 and so the necessity of the
condition is verified. That the condition is also sufficient

follows immediately from its derivation.

In case p = q = 2 the last equation reads:

2
=i§'14 £ ‘f\ ; from it we get that g = X %‘1'f.

Next we consider (25. With the Baire function@() ,e)

( ]atllp sign} + lO\l/p sign®©® )‘ ‘2‘1/1) sign ) ;l-\e‘l/p signelp'l
and with £ = £ £\ P‘é_;ﬁ ,el=¢ \ 2\ P'le;f, , that is, f and g &
we have (f+g) \f +gi -1 _ ?(ff g’) and so f+ g& p+ The proof
of the stated inequality proceeds as in proposition 4.l. An inspection
of the proof of proposition 4.1 shows that equality can only occur if
on the one hand almost everywhere (f +el = |f\ +|g)l , which means
that £ and g have almost everywhere the same sign. In caée p=1

this is already sufficient.

On the other hand, if p »1 and equality is to hold, we
need in addition that)v( ‘f‘ \ f 4 \p-l) N( t£( )M (‘f-‘-g, L 1)
be satisfied. By (1) we then get that }£\ P and \f + g\ (p- 1)q
\f 44 P are i1inearly dependent, and similarly for g that lg‘ P and'
\f-{» g| P are linearly dependent. Since the trivial that f+ g be
a null-function requires that f and g be null-functions, we obtain

linear dependence of (f‘p and \g\p hence also linear dependence

eesdl
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between (f\ and \g\ ; but the signs are equal and so there

must be linear dependence between f and g themselves.

Finally, we consider (3). If fei ’ then & f and ‘f\
also belong to ip and so f‘p is a linear sublattice of9‘J
Moreover V-l(x) = f (Vm1 is the homeomorphism studied in the

, 2
proof of proposition 4.2) and sincex is closed in9:’ so is p

in.?;«

In the remainder of this section we assemble certain
important properties of the space £ z consists of all
real-valued functions f, defined on some basm set A, such that £ \ £ \ e£
L is the%-integral which belongs to an elementary integral E(E over A.
For £ € 93 L(f ) = L( \f \f‘\ ) is finite with the norm 1\ £}| =.

(L(fz))ll2 and the metric “ f-g l‘ for any two elements f and g of pf

Here again we have equality almost everywhere.

-—

The mapping £, : i 2 xazz —-)?l defined by £f, g% =
L(fg) is finite by proposition 4.3, part (1); i;c is called the inner
product of f and g; the inner product is a continuous bilinear,
symmetric function, that is, { £, g% = {g, £ ., . <(f1 +f2)) g>
= <f1" 3>+<f2s gy , Laf,gH =ad i, g»
.‘<f, g \ < el ) g\\ for arbitrary f, fl’ f2, g belonging
to iz and real a. From the last inequality follows the continuity

of &,V -

00055
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The functions f and g inafz are said to be orthogonal
if < f, 8% =mo. It can be seen that £ f, £f% = o if and only

if f = O de€e.

. Proposition 4.4 Let E\'E satisfy (5¢) (i.e., £ € .8

implies min '&1, f}&E ), then, for f G‘iz and n & N, we have that

_fn = med {-—n, £, n3312 and £, -3?->f in iz for n=% ¢,

(Proof) Since f \ f\é‘iand £ \ fn\ = med {-nz,
f \f\, nZ} = n2mins.-}12 (-min i_nz, -f (f‘} ), l'S’ we

have that f \f‘n‘é , le.e., £ € 2°

Moreover, ?n = (£ - f)z = ‘(f‘n' - £) ! £, - f\ ] &af
. o & 3
since f; - £ & and o ?n 41 ?n and the monotone convergence
theorem (see proposition 2.10) is applicable. But lim Qn(x) for all
x with finite f(x) is zeroN- a.e. and hence is anM’-null-function; it

follows that “fn.- - f(\ 2 _ L((fn. - f)z) - o.

Definition A subset Otof iZ igs said to be a total set in

iz if the linear subspace(( )l ]generated by Uz, is dense in iZ'

Proposition 4.5 A subset O(_ of iZ is total if an only

if for any two functions fl’ f2 in iZ the follc;wing condition holds:

(R) (fl, g > = <f2’ g%y for allg inOC implies £, = £, a.e.

(Proof) If (R ) is satified, then <(f1 - fZ)’ g =0

for all ge OL' Claim: <(f1 - fz)’ h> = 0 for al]- hc’zzﬁ
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.. S, .. ’
Indeed, if h € fZ =LOCJ then there exist (? n)neN g[:ocj
such that H(rn - h “ ~—3 0 as n-34ed, and since £, D is

continuous we have that

-5 Gay = L5 -6y =, ok k> =

: % o £ £y - £55 8, =0 ={f-f,,n) a8 n-vea. Thus< £)-fy,h) = o

In particular for h=f,-f, we obtain (fl-fz,f -f,% = o implying that f,-f,=o a.e.

" é—'—' " Now suppose that Ul is not.a total set in

S——
£2; then %2 - [OC_] £ @ and hence there exist an h £ o with
{ h, gy =o for all ge[m], (For a proof see G.F. SIMMONS,

Introduction to Topology and Modern Analysis, page 249, Th.B) and
hence in particular for all geoz.' Thus ¢2h, g % =o0=£ h,gd

for all gé( IZ , that is, condition ( &) does not hold in géneral.

Corollary 4.6 iZ is itself a total set.

Proposition 4.7 (Riesz Representation theorem)

To each continuous linear functional F in ;Cz corresponds
a unique element gy in i o such that for all £ € ¢L,, we have F(£)
= L(ng), where ” gF” L2 M. If moreover, F is positive, that is,

F(f) ) o for £7, o, then g isN- a.e. non-negative.

(Proof) The uniqueness of the representation is easy to

see; by Corollary 4.6.

Next we show the existence of such a gp* Let CJZ =Ker f
(Ker F =kernel of F); since F is continuous and linear, CJL is a

closed linear subspace in i/ and so is either identical with ;Z’Z’
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in which case we may set gF = o, or is a proper subspace ofi , in
*which case isnot dense and hence there ié.-an element g # o .
orthogonal to OC , leee, < g, h 5 = o for all he ()z,.
For g = E—é—g—“)-z g we therefore have F(h) = 0o = £ h, g » for all
h € OC and moreover, F(g) = < g, gF$ ; for arbitrary f & i

with ¢ = %%%— the function &Ko f - cg is in Ot (since F(f ) =

F(ED) A cFlg) = < £, grptcd s gF>
= <f, 8F> . For f = gy we get F(gF) = < gp & P

and hence (since F is bounded linear functional), MF “ g “ a

lFep| - | g >\ = gl %, that 1s, 1 3 gl -

F(f) - cF(g) = o) and so F(f)

Finally, we assume that F is positive; if gF is in ;ﬁz,

then \gF\ andlgFl - g = fp Gi and F(f )—-L(f )>/ o
But f /g/‘C o and so L(ngF) < o by the positivity of L; hence
o = L(fpigy) = -Ll-fpgy) =-N(fyg). This implies that ( \gp| - gp)eg =

a.e. i.e., l gF\ . gp = gg a.e. and hence that &p 7/ 0 a.e.

Proposition 4.8 If F(f,g) is a bounded bilinear functional

in ;£ (i.e., if F(f,g), £, g Gi is a linear functional in f for
each fixed g and vice versa and moreover there exists a constant MF

such that |F(f,e) | €M, \\ £\l gl for all £, g ei’> then

there exists a bounded linear operator T mapping i 2 into itself such
that F(f, g) = L(£T(g)) and M, £ M, (where W)W\ & M, \l g\l

for all g €&

. N :
(Proof) With fixed g & iz we write F(f, g) = F (f). Then

Fr (f) is a bounded linear functional, hence by proposition 4.7 F*(f)

= {f, gp¥ Y with gg¥ c ;ﬁ and |\ gg¥ “ ME‘* = Mg Well -
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If we put T(g) = g ¥ for g €

F 9 then T is uniquely defined by

proposition 4.7 and is a bounded operator by the inequality just
proved -with T mapping jZ into i?_ and M, < Mg; here F(f, g)

= &£ £, T(g) % for all f and g belonging to From the last

9"
equality it follows however that Z £, 1( o(gl; ﬁgz) > =« df, T(g1)>
+ B< £ 16)Y = £ £ (& T(g,) F B T(g,)»  for fixed

f and using the bilinearity of F; this being so for an arbitrary

£ € gs We may conclude, using corollary 4.6, that T( & gi-l- p gz)

) o\T(gl) + pT(gz). Thus T is seen to be linear and the proof is

complete.

Definition A bilinear functional F(f;g), respectively,
a linear operator T(f) in f?_ is said to be positive if for

non-negative £ and g we have F(f, g) 2 o, respectively if T(£) 2 o

N- ace.

Corollary 4.9 Let F be as in proposition 4.8 and in

addition assume that F is positive. Then the operator T introduced

in propositon 4.8 will also be positive.

'

(Proof) Indeed, for fixed non-negative g e;fz we have
that F(f, g) = Fx (£) is positive; by propositon 4.7 g% = T(g)

1sN—a. e. non-negative.
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Section 5

Fubini's Theorem in Stone's Version

For i = 1,2 let gi be a linear lattice of ele.mentaryv
functions fi with domain of definition Xi and let Ei (El be an
elementary integral, i.e., we assume that both elementary integrals
satisfy coﬁditions 1c) to 4c) introduced at the beginning of
Section 2. For brevity we shall write Eifi in place of Ei(fi) provided |
that this does not lead to misunderstanding and we shall use similar
notation for other functionals. We shall consider functions f whose
domain of definition X3 is the Cartesian product set X3 = X1 X X2
and in the following we shall make use of the simplifying idea that
one may view f with x;, € X; held fixed 25 a function on X, (in other
words, we identify the partial function f on {xl's X XZ .with a
function on XZ)' Let ~€1 * EZ denote the set of all functions £
on X3 for which on the one hand f with fixed but arbitrary %y (N X,
as a function on X2 belongs to E o SO that the function E2f with X,

as domain of definition exists and for which on the other hand Ezf € El

so that the number B E,f = B (Ey£) is definéd.

We note that the set fl * E 9 does not satisfy the condition:

\ f\ GEI * E 2 wheqever fe él * EZ and hence is not a linear

lattice. For example, if Ei\ gi is the Riemann integral on the

o for x, =
interval (0,13 for i = 1,2 and f(xl’xz) ____{ .1. 1=°
. ~ sign (% - x2) for o &x; <1,

- X1
then f € El * EZ but not \f\egl * -82.
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On account of the apparent shortcomings of f 1 * é 2
we shall make the following restrictive assumptions:
X, = X
(1) 3 , x X
(2) for i

23

1,2,3, on Xi there is given a linear lattice

of elementary functions Ei and with it is given an

elementary integral E ‘E such that

(3) 53__8 E and EB\'g N \8 holds.

We stipulate that to E, \-é belong the norm .N, the

function systems cg‘ ‘6 and ?‘1, and, finally, theN-lntegral

Li with the corresponding funct1on space ;£i’ for i = 1, 2, 3.

By il '*iz we denote the set of all functions f with

domain of definition X3 = Xl x Xz satisfying the following

requirements:
(1) For f there is an ﬂl-null-set )(51E cC X, such that
for every fixed Xy € X:l v )(51E the function f as
function on X2 is equal to a function in fz;

(II) The real-valued function sz with domain of definition

X1 — )?16 equals a function in fl'

Proposition 5.1 If (3) holds, then, for arbitrary f € (gs};
< N
Noe & N

(Proof) We need only to consider the case where .,Mf <x02,

For €% o, there exists a sequence (f ) € f , n€ N such that

\f‘$En_\fn\ and = By \E) =& Ey\f \4]\(f*€ hold.
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* 'On the other hand _using properties (d) and (g) of the norm

discussed early in Section 2 we see that

Nf~2‘Nf= z\f\ and so
Jvl Nf EM,M \f\ 'ZE {fn\<N3f + €& follows;

that is, IJYZf <N3f.

Corollary 5.2 'NIMZf in 6 and L sz J_n *i

are uniquely defined.

/
(Proof) Indeed, £ = £ in the sense of equality in 53

N3y= °
or
N - D({(xl,x2> € X: £0e,,x) # £ Grpuxy) b

means that

However, by the foregoing result this means that the number

JVINZ = o, or the function NZ = o0 on )& ) Xale, where

X* is an N-null-set such that { ) & Xyt f(xl, X, )+ f (xl, X )’S

for X c Xl - 1, is an Nz-null-set. We therefore have

thatN f —N f for Xy E~ Xl - X* this in turn means that
N sz = N_Nf . If, moreover, f f Gi *i (with

corresponding'Nl-null-sets X*ie and Xl ) then we obta1n that

L) = Ly G for x € X - C XV XY %) and o

4
Llef = L1L2f .

Proposition 5.3 (Fubini-Stone): If the elementary integrals

Ei \ €i’ i=1, 2, 3, satisfy the condition (3), then the corresponding
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norm integrals L \i satlsfy the related conditions

i i i ande LLfforf@i

(Proof) Let feiy Then there is an f_ &.é 32 nE N,

such thatN (f - £ )& 27", Since g —EN(f - £ ) € (g
we get by proposition 5.1 thatNg E N N (f - £ )E3 EM(f -f )<E 2°n

. *x
thus g€ Jy» i-e, 0 £ g(x1)<;+bb for xle Xl - 1 , where Xl*

denotes aan-null-set. For fixed X, & Xl - Xl* we therefore have

l%mNz(f - fn) = o and so f as function on X, belongs to ;é for

2}

fn with X fixed belongs to g 9° We consider sz = 1‘5-}E as function

belonging to 1 (the values in Xl* do not matter) and we obtain

\ - et \ - ‘L(f-f)\éN(f-f)sothat
N(f -Ef)-NN(f-f)_J\/(f-f)<2 ; thus,

since E,f e-gl, by the deflnltlon of £ we have that £ ei
Finally, we have
< x .. . )
L1L2f = Llf = l%lm E1E2fn = 1%!m E3fn = L3f.

There is a partial converse to the foregoing proposition.

Proposition 5.4 Let the”elementary integrals Ei“gi’

i =1, 2, 3, satisfy the condition (3). If the function f with

domain of definition X3 is gN:;-measurable and if for n & N there
are functions f ¢ 9";, i.e., w1thN f £ %00 and with \ ‘ Z \f \

then ‘f‘ éf f already 1mp11es fé‘i
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(Proof) By part (i) of proposition 2.26 we may without
resFriction assume that. fn @iy Since \.fn\em:; and
s, = \fl\ : -\....+ \fn\ eiy we have by proposition 2.20 that

g min{‘f( , snleiB' Since o &£ g, <L \f\ , we have that

‘NZgn S—j(zf and \NI‘NZgnsNINZf' From \f‘éfl*;fz

follows the existence of an

% .
l—null-set Xl such that L2 \ f\ -;sz
for fixed Xy (S Xl - Xl and in addition that 2f € 1° Thus
N Ne -1, N e<ro0.

1JYZf 171N2f +o0 On the other hand, ‘)/Bf p L3gn7, L3gn_1
holds. From this we may conclude that ﬂ3f =1iﬁn L3gn‘in case

1ihml.3gn =% 00 , if, on the other hand, this limit is finite, the

Monotone Convergence Theorem can be used (as g, tends monotonely to lfl )

to establish the same equality. Applying proposition 5.3, we get

L3gn = ‘Nl ‘NZgn S'Nl ‘sz which leads to.}Y;f &‘NIMZf <+ 00
upon letting n =®+C%2 . Finally we obtain ‘Ee ?‘3 N (m3 = j3

(by proposition 2.25) and the proof is complete.
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Section 6

The Radon-Nikodym Theorem in Stone's Version

In this section we shall study the relations between
. E !
different elementary integrals E\'E , B \é, ees which are defined
on the same set E of elementary functions f over a fixgd basic set

A and we consider the correspondingN—integrals.

The setfMMyof all elementary integrals E‘g over the same
fixed domain E of elementary functions f over A forms a partially
ordered commutative semigroup with respect to addition admitting

multiplication by positive real scalars:

[}
The functionals E + E’and & E are defined by (E 4 E)(f) =
! / ]
E(f) + E(£) and (RE)(f) = & E(f) for fe'e. From E = E +E, follows
! n / ) ”
E ¢ Eand E £E; if E & E, then there is a unique E, given by E (£) =

2 ’ "
E(f) - E(f), with fef, such that E=E =% E .

The functionals and function spaces associated with the
/ 4
elementary integrals E, E, ..., El’ El’ ees will be distinguished by
the use of the corresponding primes and su_pscripts. Here we have in

/ /
particular that .g = f: «ee and %: (2 = +es. With this convention

in mind, we prove

’
Proposition 6.1 If E's E, then (i).N(f)SjY(f) for fe‘g;
i ! o x’i . .
(ii) 7—525; (iii) 9:'9?; GV A 2L ;3 (v) Li(f) € L(£) for
non-negative f'in I; .(vi:‘) if tbé_'éet .{ x€A : fl(k) # fz(x) } is .an
N:-null set, then it is also an N -null set; (vii) YIL' D m.
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(Proof) To (i): By definition we can find for each value
which serves for the formation of JV(f) as infimum a non-greater one

/
for the formation of N(f).

/
To (ii)! By part (i), Mf) = o implies thatN(f) =0

/
and so every N—null-set will also be an J{ -null-set; hence each

: /
member of 6 is also a member of§ .

To (iii)? By part (i), we have that .)V(f)<+00 implies

’
N (£) &0, that is, £¢F implies se !

To (iv): fo means that £ = N-Ltilm £ with (fn)gé

by the definition ofi ; by part (i) we then also have that

4 /
£ =JY-LIiim fn and so f&i.

To (v)! The claim is once again a consequence of part (i)

since for a non-negative function the integral and the norm coincide.

To (vi): The claim is a consequence of part (ii).

To (vii)t 1f £€ Pl then med {g,f,h}eisf,for g,h € 'é

!
and thus ferm. The proof is finished.

Definition An elementary integral El'a satisfying (5¢) and
. (8c): . There is a sequence of non-negative functions fn in E
with Efﬁ(x) = %00 for all x € A, .
n

we call a normal integral.
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We assume from now on that properties 5c) and 8c) are
satisfied. Observe that a normal integral is ¢ -finite in the
sense of section 3 and note that propositions 3.12 and 3.13 are

satisfied. Moreover, 5c) implies that lém(see corollary 2.21).

Proposition 6.2 If El'E is a normal integral, o & g € m

and s = sup {L(f): fe iand o & £ ¢ g‘)(q-oo, then geﬁ with L(g) = s.

(Proof) Let (fn)ne y be a sequence satisfying 8c) and let
g, = min &fl-\- f2 ccae -\-fn, gs « Then (gn)ne N is a monotone
non-decreasing sequence which converges to g with L(gn) £ s. By the
Monotone Converges Theorem we get g éi and clearly L(g) = s. This

completes the proof.

In order to fix uniquely the product of two extended real
numbers, we agree to let the product be zero in case one of the

factors is zero.

' /
Proposition 6.3 (Radon-Nikodym) If E and E are normal
. e /e . ‘
integrals over and E' & E, then there exists one, and up to an

Jv-null-set only one, real function @ * defined on A such that

(69 o_‘,-,?* & 1oand é*em,

(2) feﬁ, implies Ezf) = L(?*, £);
!

o e L oF e ds

4
@ fe implies 1) = L(@F ).
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(Proof) If h, B € iZ’ then hh*eicf./ Since
\L'(fh HY ¢ fn g n)n ¥ EL(hZ)J% [L(h*z)]%
(see proposition 4.3), we have that L,(h_ h*) is a positive bounded
bilinear functional in ;ZZ and so by proposition 4.8 there is a
positive bounded linear operator T mapping iZ into itself such
that L’(h h*) = L(hT(h*)). "If g is a bounded function belonging to W,
then gh and gh will also belong to iz; indeed, for example
gh '\8\\h\ is \N-a e. finite and being a product ofM-measurable
functlons, is N-measurable; moreover, gh \g\ ‘h\ is wedged in
between - sh2 and -\-sh w1th s = sup ‘_g(x)] and so must be
\N-integrable by proposition 2.25. The equations L(hT(gh ) =
L'(hgh*) = L(hg'I:(h*)) hold for all heiz and so, by proposition 4.6

we have T(gh*) = gT(h*) N—a.e.

To exploit the symmetry of g and h* on the left hand side
of the last equation, we substitute for g a function g f2 (S i
acc:ording to part (a) of propos:.tlon 3.12 and we substitute for h
the functions h* = eds\ -n, h*, nl\ , neN, all of which are bounded
for h Gz and belong to i 2. We obtain: g T(h*) = T(g h*) = T(h*go)
h T(g Jo Since h — v in i by proposition 4.4, we get by
_continuity considerations that g T(h*) h T(g ) for h ei Setting
§ X T(go we obtain an N—measurable functlon, indeed, since
T(g, ) Ci , we have \T(g )\ 2¢ £Cmand since T(g ) 3> o by
proposulon & 9 it follows by part (i) of proposition 2.24 that T(g )émand in
like manner that g em so that part (11) of proposition 2.24 is apphcable.

Thus we have T(hF) = ?*h* Now, if fef then, letting vF =gl g €

00068
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. .
and h = |f| %sign £ in iz, we get £ = hre hE andia hT(h*) =
hT*h* = @*f, that is,

@ 10 = 2 85 = 1are®) = 1P ¥,

[ 4

For o € f€ i , we have by part (v) of proposition 6.1
. ' .
that o & L(f) € L(f), that is, 0 & L(@*f) £ L(f) for all such f,
and so, by proposition 3.14, o & @* < 1N—a.e. (because the

right-hand side of the second last inequality may also be written

as o & L(1 -@*)f).

It is now easiiy seen that up to anN—null-set there
can only be one such function @ *, Indeed, if @ i and @ o are
\N-measurable functions with values in the interval f_o, 1] (so
that @1 f and 4®2f belong to i whenever f belong toi ) and
@ 1 and @2 enjoy the property that L(@ 1f) = L'(f) = L(@ Zf) for
all fEi , then it follows that L(( @1 - @ 2)f) = o for all £ € i
and so by proposi;ion 3.14 we have N—a.e. both @ 1 @ 9 < o
and 2, o, that is, = o. Without restriction we can chc;ose @
such that o € q*(x) & 1 for all x & A. Thus parts (1) and (2)
of i:hé proposition are proven; for, in particular, the statement (q)

further up in this proof holds for fe.s .

/
Next, let f'@-i . This means that for @ % o there
. . e ’
are functions g, fl’ f2’ .-« belonging to -é_ with 'lf - g(sgn \fn\ ,
[ / ' '
and '%. &l \£ 1 )& €. Then \eeh - el € 1 el- el D e = 5(1£]) <€

holds and thus ?*f S i because @*g €‘£° Furthermore it follows

...69

.




- 69 -

tat | 1(3*D - ol =|d¥” § %< 1 @¥ - g%\
N@%- &%) ¢, nence |1 - )] ¢ 1@ ¥ - L)
_+ (L’(g) - L'(f')\ € 28, and with t=> o finally that L(@*f’) = Lff’).

This proves claim (4) and the "only if" part in claim (3).

We now take up the "if'" part in claim (3).

(I): We show first that P = % x EA: ¢*(x) = ‘S is an

! *x
N -null-set. Indeed, since @ Cm @ (MLby part (vii) of
' proposition 6.1 and so by proposition 3.5 we obtain that 9( E’WC
Since by our general assumptions the basic set A is J[—measurable,
we have by part (c) of proposition 3.12 that A = U A s where each

/

A is measurable and of finite measure. The latter means that D(Aei
n

By proposition 2.25 we therefore see that 6 5£ and so by
P

part (4), for all n € N, Loiyp yAn = L( q yP d ) = o because
@ jP = o. From P = L—)l (p r\A ) it now follows thatJ{(xP
21.( 9(13 yAn) = o, verlfylng the claim. (II): Since ? f is N- a.e.

finite, the same holds _){'-a.e. on account of (I); we therefore see that
/’/ .

f’is N—a.e. finite.
! / )
Since £ = \f" - ( ‘f,‘ - £ ), it will suffice to consider
. *x_¢
the case f’?, o only. Then h = %:f n &N, is a sequence
1

which converges non-decreas:mgly to anJY-a e. finite function’ h where

hex) = o for x &P
* _{f(x) for x @A - P and Q*h §

Since h_ as an N—measurable function witho £ h £ n f’& 58
n n 5

also belongs to i , we have in addition that'; hnéi; thus

ess /0
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’ .
. - ! 4
L'(hn) = L( Q*hn) £ 1i( @*f) because h_ £ f. By the Monotone

L)

, .
Convergence Theorem we get that h&ﬁ . By (I) the functions h and

’ / /
f differ only on anN -null-set and so with h belonging toi so

(4
does f.

The foregoing proposition has the following converse.

Proposition 6.4 If the normal integral E’ 8 and @é (m

with o & @ & 1 are given, then E/I'é , defined by
Be) -0, e g

/
is a normal integral with E € E and the function @* belonging to .

Elby virtue of proposition 6.3 differs from @ by an N-null-function

only.

(Proof) Properties (lc) to 5¢) for E'|'€ follow immediately
from the analogous properties of Ll i; the normality of the integral
E'is trivial. By (2) of proposition 6.3 we have for @ x belonging to E/

LD %) - 5le) = L(B ) for reg.

By proposition 3.14 we may conclude that @* = @ M a.e.

Definitions Let xVy and x Ay denote sup !‘x, yl and .

i‘nf{x,y\ , respectively. A lattice V is said to be distributive if and

only if, for every x, ¥, 2 e_V, x Ayyz) = (xAy) Vv (x A z).

A lattice is said to be @ -complete if evefy countable

subset of it has a supremum and an infimum and is called conditionally

0 -complete if every countable subset of it which has an upper(lower)

bound has a supremum (infimum).
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From propositions 6.3 and 6.4 follows:

Proposition 6.5 The setﬂt’ljE of all normal integrals E over

a fixed domain .é is a conditionally § -complete distributive lattice.

(Proof)
The mapping

* / % ¥ X 2%
ce:WE=llE:E7,EE%§~>W1={Q:§eMando&é ] lg
defined in proposition 6.3 is an isomorphic mapping of the partially

ordered set ('}ﬁEE, 4 ) onto the partially ordered set (m , €).

Slnce“rﬁ'(1 is @ -complete, so lS%E' If we do not restrict
ourselves to subsets/}?afE and consider'Mie, only conditional O’—complefeness
remains. For example,% - sup JL El’ E2, ...'lg exists if there is' an

E @%?.E such that E, & E, i€ N; then one forms the functions §*i = ? (Ei)

LY

and obtains?ﬁ- sup {_El’ g1 +e g(f) L(f sup&@ 1’ 2, .o .g).

ForaglvenEi, i=1,2, 3, and E, = E; +E -{-E we have

E, € E, i=1, 2 3 and hence G () AEy VE) = G (5, )N G B,V Ey)

= Q=) ACGE) vq,(E»_@lA(&}* v@*,) and

G (e AEPV & A ED) = (GG AGED Y (GE) A G (E,)) =
(é*)\é*)\l (@_* /\Q ) and since ml is distributive, and ?
one-to-one we have E; A (E VEg ) = (E1 AE, )RV (E AE, ). (if we are
given the lattices, S and S, then every isomorphic mapping of S ontos
understood in the sense of the partial orderlng, will be an isomorphic
mapping of the lattice ,S' oniv the lati] S (See A.G. Kurosh,

"Lectures in General Algebra" page 165.)),
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o C i i
Definition For E, E in‘qu we define an order relation

) ” /
by E4 E iff every ){-null-set is an.}(—null—set.

By proposition 2.2 it is evident that the foregoing condition

/
is equivalent with: EveryN -null-function is an -null-function.

‘ "
We observe that E'é E implies £’a E (by part (i) of proposition 6.1)

and that the relation «@ defined on?{f is reflexive and transitive

(but not necessarily anti-symmetric).

Proposition 6.6 1If El’ E2 and E are normal integrals over é
with Ei S E and if @ 4 are § functions corresponding to
Ei’ i =1, 2 by virtue of proposition 6.3, then the following are

equivalent.

(i) E, < EZ’

(ii) K = {xeAQ*(x) '& ‘\ xeA§ (x)qéo-k

is an J\/-null-set.

(Proof) We have the representation Li(f) = L( @915 f) for

fefi andweputKi_:l\xeA:@f(x):oB (i:—;.l, 2)

Suppose that statement (ii) holds. If 22 is anyNz-null-set,

then L (IZ ) = o, or L( é* jz = o. By proposition 2.2,

z, z, N - K ) is anN—null set. Consuler

) zzr\ KZ =,(zzn KZhKl)\J (22 nxz)n (a - Kl).
fhe set Z

2 N K2 f\Kl, being a subset of Kl’ is an J{l-null-set; this can

. be seen from the proof of proposition 6.3 (see claim (I)).

’ ...73.
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The set (22 (\Kz) n (A - Kl), being a subset of K, is an
Nl-null—set also because K is by assumption anMnull—set.'

Therefore 22 is an M-null‘-set and we have E14 EZ'

Suppose, finally, that the set K is not anMnull-—set.
. * * ,
S%nce @ 1 and @ 9 belong tom, we have that K isN-measurable
(by proposition 3.4); by part (c) of proposition 3.12 there exists
anN-measurable subset K of K with o £ m (K ) &469. Using
part (a) of proposition 3.12 we obtain g(K o & i and L (xK
*x *

LT Ny £p)r Bue y xe a ¢* (x>9(K ) £, > o} =K,
and hence by proposition 2.2 L (%K f, ) »o and so ml (X )? o,
showing that Ko carmot be an Nl-null—set. Since Ko is a subset of
K and K is anM—null-set, we conclude that the relation El 4 E2

fails to be fulfilled.

We now take up the generalized Radon-Nikodym Theorem, that

is a generalization of propositions 6.3 and 6.4.

/ /"
Proposition 6.7 (I): Let E and E be normal integrals

over E with E 4 E,. Then there exists up to N -null—sets a unique

n
non-negatlve function \.Pem with the follow1ng properties:

(N)fei 1fandon1y if \Pf6£
( P) féi implies L(f) L (\Pf)
in particular E(f) L( Y£) for fég

ees7h
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4
(I1) 1f E ls is a normal integral and \‘) a non-negative
n ”
function belonging tom with the property that q»’f ei for all

'é ! n ) , y))
£€°C ; then E(f) = L(J £) defines a normal integral with E'A E.

’ 174
(Proof) We consider (I) first and put E = E + E. We then

/ ! 4 .
hgve E & E and E & E; by proposition 6.3 there are representations

v " Y
E'(f) = L(é‘f) and E"(f) = L(é £) for £ € '8 , where é., §‘ are in

' © ' Yy 1/
’DT(_ Cmﬁm andoﬁ@ﬁland o&@.‘.'l. Here@,'}é=1,

n n /"
&xéA:@(x)=o’kn{x€A: (x)#o} {xéA:' (x)=o}
is an N—nul],-—set. Thus ) .

[
is finiteM—a.e., non-negative and (yem‘m{ By (3) of proposition
! ' ”
6.3, £ G;ﬁ if and only if @ fiéi, that is, % (wf’)ei, which
V4
in turn is equivalent with ‘-" f,ei. Further, by (4) of proposition
‘ ! " !
6.3, we have L,(fS - 1P & - (P (Y ) = {(\Pfs.

I
Next, we consider (II). Let E  and ‘/Jhave the mentioned
! Y
properties. We first observe that E(f) = L(\Pf) defines a normal
integral. Indeed, lc) to 3c) are clear on account of the corresponding
U]
properties of L , 5)(which is equivalent to 4c)) follows from property (d)
/ n
forN , the normality is trivial. We put E =E 4+ E  and have the
! ! " n
. representations E(f) = L(@ f) and E(f) = L( é f) for £ (-'e. Moreover,
' ) /” "
(@ o=t -t e < 1 (Y for all £ in E.
! "
The last gives L( @ f) = L(é Ws) for fei.

eeeld
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Indeed; For such f let (f ) be a sequence from é with
nn &N

L%m fn = £ and (upon selection of a subsequenée if necessary.) lrilm fn = f

] /] / /
-N-a.e. Thus we also have ]%m@ Lan =§ \‘P f and 13‘.\m§ fn = é f JV-a.e.
S L(\én £ é"\.() tD = 1@ ) (!IJ, \ )

ince moreover \\J 'r'n - n.‘ = W \fm - fn‘ =1L \fm - £

/
é" L(c\fm - fn\ ), L%mé \llfn and L%m@ £ exi's,t ar;d are equal to
T ) /4 ’ 1
§ \.‘)f and @ f, respectively. Here we have L (§\P f) = lim L(@ \an) =
! !

lim L(éf ) = L( é f); but this is what we have claimed. Going on with

n n .

the proof, we assume that foé i is chosen according to (a) of proposition

n £
3.12; then by the above we have @ \P foe' , hence

I N .
@ LP =_.§_.§.)_Eg._e(m ( by proposition 2.24)
° -
! ]
and so @ - @.'\Pe’n'(. as well.

From L((@f- é”\l} )f) = o for all £ éi follows by

'
proposition 3.14 that @ -@"w = o, that is, é, = Q”\P Jv-a.e.
Thus {x € A: @"(x) = o} N {x € A: é'(x) ¢ o.} is an%—null-set and
’ !/ / )

1/
hence EQ E.

The essential uniqueness of \P in (I) can be seen by the
following argument: If \'yl is a function which satisfied () and (B ),
then 1 (£1) = L(§'f') -1/ ¢ /2% ') = L( @" 1f') for every f'e ;ﬁl
and ;';1 fortiori L( @'f) = L(@"q)l £) for £ eig £,,.

&' U
Invoking proposition 3.14, we see that %% --Q LPI is an

!
N—null-func’tion and so \V 1= %‘" = \PM .e.
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We now consider the Lebesque Decomposition Theorem.

L. / ’
Proposition 6.8 If E' and E  are normal integrals over € ,

/
then E has a unique decomposition
e/ - E ,1'!' E

/
N :
/
.wi..th E';d E and inf {E?f, el 'S (I£) = o for all fé'é.

! 14
(Proof) We put E ¢ E = E and get by proposition 6.3 the

/ 4 i
representations gl(s) = L(q f) and ' E(f) = L(@ £f) and we set
) ' -
@1(){) _ § ofor @(x) = o0

@'(x) for é/gx) $ o0
! & o for 370
and Q 2(x) = { x) Lot X7 =0

[}
o for Q’(x) £ o0
' ! t
Then @1""@2 =@ )
Uj ! '

x €& A: @(x) = o} n {x € A: él(x) # 03 is empty and
i d] 7

inf &@2, @ §= o; with E:(f) = L( @i £), i = 1, 2, we therefore

have a representation of the desired kind. We still have to show that

/
there is essentially only one such decomposition of é . For a
4 . ‘
decomposition of E of the desired kind there are in any case representations
/
' Ei(f) = L( \Pif) and for the \fi we must have: " .
1"'\-\)2 =é and inf %*Pz,§§=0ghr-a.e.
n -
and {x& A: @ (x) = okf\ \xe A: wl(x) # okis an Jv’-null-set.
! H

" The last leads to \~P1(x) = @ 1 () \j(- a.e. for (x) = o and

[ ) '
the second las't to \Pz(x) = @ 2(x) -a.e. for @ (x) # o, that is,

(x) = (x) -a.e. for @”(x) # o. Thus, = é, and («p = é ¢
J(' 1 1 ‘ 1 1 2. 2
= a.e.




1)
2)
3)
)
5)
6)

7)

- 77 -

BIBLIOGRAPHY

BOURBAKI, N. "General Topology", Addison-Wesley Publishing Co.,
Massachusetts, 1966.

KLAMBAUER, G. "Elements of Real Analysis"; American Elsevier Publishing
Co., New York (to appear in 1973).

KUROSH, A. G. "Lectures in General Algebra", Pergamon Press,
New York, 1965.

MAZUR, S. "Une Remarque sur 1'Homéomorphie des Champs Fonctionnels",
Studia Math., 1, 83-85 (1929).

SIMMONS, G. F. “Introduction to Topology and Modern Analysis",
McGraw-Hill Book Co., New York, 1963.

STONE, M. H. "Notes on Integration" I-IV, Proc. Nat, Acad. Sci.
U. S. A. 34(1948); 35(1949). ’

STONE, M. H. "The Generalized Weierstrass Approximation Theorem",
Math. Mag. 21(1948).






