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Abstract

The goal of this thesis is to study the use of the Kantorovich-Rubinstein distance as to
build a descriptor of sample complexity in classification problems. The idea is to use
the fact that the Kantorovich-Rubinstein distance is a metric in the space of measures
that also takes into account the geometry and topology of the underlying metric
space. We associate to each class of points a measure and thus study the geometrical
information that we can obtain from the Kantorovich-Rubinstein distance between
those measures. We show that a large Kantorovich-Rubinstein distance between those
measures allows to conclude that there exists a 1-Lipschitz classifier that classifies well
the classes of points. We also discuss the limitation of the Kantorovich-Rubinstein

distance as a descriptor.

i



Résumé

Dans cette these, on étudie I'utilisation de la distance de Kantorovich-Rubinstein afin
de construire des descripteurs de complexité. Ces descripteurs aident a juger de la
difficulté a séparer un échantillon lors d’un probleme de classification. On utilise le fait
que la distance de Kantorovich-Rubinstein est une distance dans ’espace des mesures
qui prend en compte la géométrie et la topologie de I'espace métrique sous-jacent. On
associe a chacune des deux classes de points une mesure et on étudie I'information
géométrique que I'on obtient a partir de la distance de Kantorovich-Rubinstein entre
ces mesures. On montre qu’'une grande distance de Kantorovich-Rubinstein permet
de conclure qu’il existe un classificateur 1-lipschitzien qui sépare avec une grande
précision les deux classes de points. On termine la these par une discussion sur les
limites de l'utilisation de la distance de Kantorovich-Rubinstein comme descripteur

de complexité.
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Preface

If one ever needs an example to illustrate the proverb “Necessity is the mother of
invention”, one should look no further than the field of optimal transport. The field’s
birth can be traced to the publication, by the French geometer Gaspard Monge, of
his famous work Mémoire sur la théorie des déblais et des remblais in 1781. Monge
considered the following problem: suppose you have crushed stones that you need to
extract from quarries and transport to construction sites. The location of the quar-
ries and the construction sites are known. The volume extracted from each quarry
and the volume needed at each construction site are also known. The problem is to
decide for each quarry how to dispatch the crushed stones in such a way as to mini-
mize the total transport cost. Monge assumed that the transport cost of one unit of
mass along a certain distance was given by the product of the mass by the distance.
It is to construct that optimal transportation strategy that Monge created the field
of Optimal Transport. Most of Monge’s result were flawed (by current mathemati-
cal standards) and the field of optimal transport remained dormant for more than
a century. The revival of Optimal Transport came in the 1930’s when the Russian
mathematician Kantorovich realised that an optimal transport problem was in fact a
particular case of an optimal coupling problem. In his quest to solve optimal coupling
problems, Kantorovich stated and proved a fundamental duality theorem. He also
defined a very useful notion of distance between two measures: the total cost of the
optimal coupling when the cost is chosen as a distance function on the underlying
product space. This distance is called the Kantorovich-Rubinstein distance. Through

out the second half of the twentieth century, statisticians and probabilists used the



PREFACE xi

Kantorovich-Rubinstein distance in the study of many different fields of Mathematics
and Physics. In this thesis, we study the use of the Kantorovich-Rubinstein distance
to analyse the difficulty of a classification problem. This type of analysis tries to pre-
dict under which scenarios a given classifier succeeds or fails without proceeding with
the classification per se. We then focus on constructing this Kantorovich-Rubinstein
based complexity descriptor for a Genome Wide Association Study (GWAS) dataset.
This thesis will be structured as follows:

Chapter 1 introduces the Kantorovich Minimisation problem, its associated duality
theorem and its particular case, the Kantorovich-Rubinstein theorem. It finishes with
a proof of the existence of optimal solutions for the Kantorovich Minimisation prob-
lem. The results presented in this chapter are known.

Chapter 2 focuses on the Kantorovich-Rubinstein distance as a distance between mea-
sures. Once the Kantorovich-Rubinstein distance is defined, we study the convergence
of measures and its topological properties. Then, we construct explicit formulas for
the Kantorovich-Rubinstein distance for particular Polish spaces. The vast majority
of results stated in this chapter are known. There are nonetheless a few new corol-
laries and new proofs for the old results.

Chapter 3 is new material. It studies the link between commonly used test statistics
for genetic association and the Kantorovich-Rubinstein distance.

Chapter 4 is also new material. It is a technical chapter that studies the func-
tional properties of the Kantorovich-Rubinstein distance in order to compare the
Kantorovich-Rubinstein distance between two measures and between their respective
push-forward measures.

Chapter 5 introduces the basic notions of classification problems as a particular case
of statistical learning problems. We thus formalize the notions of loss functions and
real-valued classification functions, overfitting and its link to generalization bound
with the Rademacher averages as particular case of representational capacity. We
end this overview of learning theory for classification problems with an introduction

of margin theory.
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Chapter 6 is the central chapter of the thesis and only contains new material. It
studies thoroughly the association between the Kantorovich-Rubinstein distance and
the risk functional for particular choices of loss functions.

Chapter 7 introduces the notion of sample complexity and explains why the Kantorovich-
Rubinstein distance can be used as a descriptor of a sample complexity. Then, using
the fact that the Kantorovich-Rubinstein distance can be used as a descriptor of
a sample complexity, we show that the Kantorovich-Rubinstein distance is a good
choice of evaluation criterion function in feature selection algorithms that could be
of great interest to reduce the dimensionality of GWAS datasets such as the Ottawa
Heart Genomics Study dataset (OHGS).

Finally, chapter 8, the conclusion chapter, addresses limitations of the Kantorovich-
Rubinstein distance as a sample complexity and gives precise modifications to (we
hope) improve the descriptive capability of the Kantorovich-Rubinstein distance.
Lastly, there are four appendices. Appendix A features some known definitions and
results used in the thesis but not directly related to optimal transport or classifi-
cation problems. Appendix B gives a brief overview of feature selection algorithms
and groups them in different categories. Appendix C gives the biological, genetical
and technical information necessary to understand how GWAS datasets, and more
particularly the OHGS dataset, are constructed. Appendix D gives a description of
the Kantorovich-Rubinstein distance from a geometrical perspective. It is given in
the Appendix because it opens up (we hope) to a generalisation of the results in this

thesis.



Chapter 1

Kantorovich minimisation problem

and Duality Theorems

Chapter 1 starts with the description and the characterisation of the optimisation
problem called the Kantorovich Minimisation problem. Then, we establish a theorem
of major importance to the field, the Kantorovich Duality Theorem and study its
particular case of interest, the Kantorovich-Rubinstein Theorem. The chapter ends
with the a proof of the existence of optimal solutions for the optimisation problem
under certain regularity assumptions.

The important results presented in this chapter are found in two books by Villani:
Topics in Optimal Transportation [53] and Optimal transport, old and new [54].

Throughout this chapter (and more generally, throughout this thesis), we will
often omit to specify the o-algebras associated to a space if no specific o-algebra is
required for the result to stand or if the o-algebra used is clear from the context.
Note that, generally, in the case of a topological space, the o-algebra is the Borel

o-algebra.
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1.1 Couplings

Couplings are very well-known in probability theory. Since they are central to the
definition of the Kantorovich minimisation problem, we recall both the measure theo-
retical and the probabilistic definitions. We first start with the definition of a marginal

as it appears in the definition of a coupling.

Proposition 1.1.1. Let (X,pu) and (Y,v) be two probability spaces and let 9 be
probability measure on the product space X X Y. Then, the following three statements

are equivalent:
(i) w(A) =9(A xY) and v(B) = (X x B) for all measurable subsets A, B C X.

(i1) mx(9) = p and wy(¥) = v where Ty and 7y denote the natural projections of

X x Y onto X and Y respectively.

(iii) For all integrable measurable functions p, respectively 1, on X, respectively Y,

/Xxy(SO(a?)Jr?/J(y))dﬁ(;p,y) :/

X

() du(z) + /y b(y) dv(y).

Note that formally, one should write

/ ((poma)(, y)+(omy)(w,y)) dd(w,y) instead of (p(z)+¥(y)) dd(z, y).
AxY XxY

Definition 1.1.2 (Marginals). Let (X, 1) and (Y, v) be two probability spaces and let

¥ be a probability measure on the product space X x ). Then, the probability measure

¥ admits the measure p and v as marginals on X and ) respectively, if i1 and v satisfy

any of the conditions in Proposition 1.1.1.

Proof: (Property 1.1.1)
The proposition will be established in the following way: (i) < (i), (14) = (iii) and
(idi) = (i).
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(1) < (i7): For a measurable subset A C X we have:

mx(9)(A) = I(r' (A) = 9(A x V) = p(A).

Likewise, for a measurable subset B C ) we obtain 7y, (¢)(B) = v(B).
Conversely, we have p(A) = 7wy (9)(A) = d(r' (A)) = 9(A x V).
Likewise, v(B) = ¥)(X x B).

(17) = (i1i): Let ¢ (respectively 1)) be measurable functions on X (respectively ).
We have

/ wwm@wﬂmmmw»wLwa/<wmme/ (omy)(, ) A9z, ).
XXy XXY

X xY

The change of variable formula yields:

/Xxy(sﬁowc)(x,y)—i—/XXy(iﬁowy)(ﬂC,y) di(z,y) :/X z)dry (0 /1/, ) dmry (9

Now, by (ii), we have

| wtayamat /w ) dmy (9 /wmwm+éwmw@

(73i) = (i): For any A C X,

La(e) dpu(z)

mx(1a)(z,y) dd(z,y) Dby (iii)

I
£}
<
~—

[oW

)
—~

8
N

Hence we have u(A) = 9(A x Y).
Likewise, for any B C X, we have v(B) = ¢(X x B). i



1. KANTOROVICH MINIMISATION PROBLEM AND DUALITY
THEOREMS 4

Definition 1.1.3 (Couplings). Let (X, ) and (Y, v) be two probability spaces.
A coupling of i and v is a probability measure ¥ on the product space X X Y such

that ¥ admits o and v as marginals on X and ), respectively.

Remark 1.1.4. We denote by N (i, v) the set of all couplings of p and v.
Note that N (i, v) # 0, because the product measure p x v belongs to N (u, v).

Remark 1.1.5. The Definition 1.1.3 of a coupling can be generalized to the case of
any two bounded measures p and v such that u(X) = v()). Indeed, suppose that
w(X) =v(Y) =k with k < co. Since u(X) = (X x ) then ¥(X x V) = k.

Since a probability measure is a normalized bounded measure, and since all publica-
tions in the field of Optimal Transport Theory consider probability spaces, all results
in this thesis will be written for probability spaces X and ). Please keep in mind that
these results remain true for measurable spaces equipped with bounded measures p

and v such that pu(X) = v()).

There also exists a classical probabilistic definition of a coupling. This definition

relies on probability theory terminology. We thus first recall some basic definitions:

Definition 1.1.6 (Random Variable). Let X' be a measurable space and let (Qx,Px)
be a probability space.

Then, a measurable map X : Qx — X s a called a random variable.

Definition 1.1.7 (Push-forward measures). Let X' be a measurable space and let
(Qx,Px) be a probability space. Let X : Qx — X be a random variable. The push-
forward measure X (Px) of Py by X is the measure on X defined by

X(]Px)(A) = ]Px<{w € QX; X(w) € A}),

for all a measurable set A in X.

The push-forward measure X (Px) is also called the law of X. One writes law(X).
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Remark 1.1.8. Let ¢ be a map from a measured space (X, i) to a space ). Several
notations are used to write the push-forward of p by ¢, for example @fu or ¢ * ().

In this thesis, we will use the notation ¢ (u).
We can now give the probabilistic definition of a coupling:

Definition 1.1.9 (Couplings in probabilistic formulation). Let X' (respectively ) ) be
a measurable space and (Qx,Py) (respectively (Qy,Py)) be a probability space.
Let X : Qx — X and Y : Qy — Y be two random variables.
A couple ()2', 17) of random variables on the probability space (QX X Qy,If”) 1S G CoU-
pling of X and Y if law(X) = law(X) on X and law(Y) = law(Y) on V.

Hence, the push-forward measure (X,Y)(P) on X x Y is a coupling of X (Px)
and Y (Py) in the sense of definition 1.1.3.

In the literature, many authors are content with a reduced terminology and refer to
the pair of random variables (X,Y) as a coupling of the probability measures X (Py)

and Y (Py). Hence, we can often find the following definition:

Definition 1.1.10 (Couplings in probabilistic formulation, version 2). Let (X, 1) and
(Y, v) be two probability spaces and let X : Qy — X andY : Qy — Y be two random
variables.

Coupling 1 and v means constructing two random variables X and 'Y on some prob-
ability space (Q,P) such that law(X) = p, law(Y) = v. The couple (X,Y) is called
a coupling of (u,v).

Example 1.1.11 (Coupling for atomic measures). Let X and ) be two spaces and

define two atomic probability measures

W= En: Hidy, and v = zm: ViOy, ,
i=1 i=1

supported on {z1,...,z,} € X and {yi,...,yn} € Y, respectively. Then,

N(,LL, 1/) = {iiﬂwd(%’yﬂ : VZ, i’ﬁw = Wi and VJ, iﬁ” =V with ﬁij Z 0}
=1

i=1 j=1 j=1
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1.2 Kantorovich Minimisation Problem

We now have the required mathematical definitions to define the Kantorovich min-

1masation problem.

Definition 1.2.1 (Kantorovich minimisation problem). Let (X, ) and (Y, v) be two
probability spaces and let N (u,v) be the set of all couplings of p and v. Let ¢ :
X xY = RU{oo} be a nonnegative measurable function, called the cost function.

For a coupling 9 € N (u,v), consider the functional 1 defined by

1(9) = /X elry) d0(a.y).

Then the Kantorovich minimisation problem is to find:
inf{I(9); 9 € N(p,v)}.

In probability theory, one would write:
Find inf E ¢(X,Y"), where the pair of random variables (X,Y’) runs over all possible
couplings of (u, ).

Of course, the solution of the Kantorovich minimisation problem depends on
the cost function ¢. The cost function and the probability spaces here can be very
general. In his books [53], [54], Villani obtains nontrivial results as soon as ¢ is lower

semi-continuous and X', ) are Polish spaces.

Definition 1.2.2 (Polish Space). A Polish space X is a topological space which is

separable and completely metrizable.

Recall that a completely metrizable space is a topological space (X, T') for which
there exists at least one metric d on X’ such that (X,d) is a complete metric space
and d induces the topology T'.

In this thesis, we consider Polish spaces with their Borel o-algebra.

Definition 1.2.3 (Lower Semi-continuous Function). Let X be a topological space. A

function f : X — [—00, 00] is lower semi-continuous if, for any o € R, f~((a, +00]) =
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{z € X; f(z) > a} is open in X.

Remark 1.2.4. If X is a Polish space, a function f : X — [—00, 00| is lower semi-
continuous if, for all z, € X,

f(zo) < liminf f(z).

T—To

Moreover, each lower semi-continuous function f : X — R, is the (pointwise) supre-

mum of an increasing sequence of uniformly continuous nonnegative functions (see

Villani p.26 [53])

Historical Note 1.2.5. The Kantorovich minimisation problem is named after the
Russian mathematician Leonid Vitaliyevich Kantorovich. Born in 1912, Kantorovich
was a very gifted mathematician who made his reputation as a first-class researcher
at the age of 18, and earned a position of professor at just 22 at the University
of Leningrad. He worked in many areas of mathematics, with a strong taste for
applications in economics, and theoretical computer science. In 1938 a laboratory
consulted him for the solution of a production optimization problem, which he found
out was representative of a whole class of linear problems arising in various areas of
economics. He received the Nobel Prize in Economic Sciences in 1975. It was shared
with Tjalling Koopmans, and it was given "for their contributions to the theory of

optimum allocation of resources.”

1.2.1 Kantorovich Duality Theorem

In 1942, Kantorovich stated and proved, by means of functional analytical tools, a
duality theorem that is both well-known and widely used. It is stated below. Note
that, for a probability space (X, i), the notation L;(u) represents all the integrable

functions on X with respect to pu.

Theorem 1.2.6 (Kantorovich Duality Theorem - Part 1). Let u and v be two proba-
bility measures on the Polish spaces X and Y respectively. Letc : X xY — RU{+o0}
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be a nonnegative lower semi-continuous cost function.

Let @, be the set of all pairs of measurable functions (@,v) € Li(u) X L1(v) satisfying

p() +9(y) < clz,y), (1.2.1)

for p-almost all v € X, v-almost ally € Y.

Then, for (p,v) € ®., we have

inf T\ =sup J(p,v), 1.2.2
et [] up (. ¥) (1.2.2)

where

J(prt) = /X () du(z) + /y b(y)dv(y) and I[0] = /X ez, y) A9z, ).

xYy

The right hand side of equation (1.2.2) is known as the dual formulation of
the Monge-Kantorovich minimisation problem, which is itself often called the primal

problem.

In the case of atomic measures with finite support, the Monge-Kantorovich the-

orem is equivalent to the well known linear programming duality:

Corollary 1.2.7 (Kantorovich Duality Theorem for atomic measures). Let X and Y

be two Polish spaces. Let us define two atomic probability measures

W= i Widy, and v = i ViOy, ,
i=1 i=1

supported on {x1,...,x,} € X and {y1,...,yn} € YV, respectively.
Recall that any coupling ¥ of u and v is an atomic measure on X X Y written as
2 ijlayyy, fori=1,....nandj=1,...,m.

Letc : XxY — RU{+0o0} be a nonnegative lower semi-continuous cost function.
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Then, the functional

n m

min { ch(xi’ijij : VZ, v ﬁij = W; and VJ, Zn:’ﬂm =V with ﬁij Z O}
j=1

i=1 j=1 i=1

admits the dual representation
max { Z Pikti + Z%’Vj; oi + 1 < c(w,y5), Viaj}'
i=1 j=1

Remark 1.2.8 (Regarding theorem 1.2.6). Notice that inequality (1.2.1) in Theorem
1.2.6 holds v-a.e. For any z, € & and y, € ), let S, and S,, be measurable sets of
measure zero on ) and X, respectively, on which inequality (1.2.1) is not satisfied.

We have

Sz =Y €YV p(xo)+(y) < c(zo,y)} and Sy ={z € X : p(z)+¥(yo) < c(z,y0) }-

Then, equation (1.2.1) holds for all (z,y) € Sy x S5 . Thus, for equation (1.2.1)
to hold ¥-a.e., we need to show that J((S5, x SS)°) = 0. Now, (S5 x S5)° =
(Syo X V) U (X x S§,,) and ¥ has marginals ¢ and v. Hence 9(S,, x J) = 0 and
(X x S,,) = 0. Therefore, 9((S5, x S5)) =0

One can show that the value of the supremum of J on ®.. is the same as the value
of the supremum of J if one restricts ®. to the functions (p, ) that are bounded and
continuous. It is not obvious that pairs of L; functions satisfying equation (1.2.1) can
be approximated by pairs of continuous function also satisfying (1.2.1). More details

are in Proposition 1.2.9:

Proposition 1.2.9. Let p and v be probability measures on the Polish spaces X and
Y respectively. Let ¢ : X x Y — RU {400} be a nonnegative lower semi-continuous
function.

Let @, be defined as in 1.2.6 and @; be defined as ®. but restricted to the functions
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(¢',1)") which are bounded and continuous. Then,

sup J(p 1) <sup J(p,1)) < inf I[9]. (1.2.3)
o’ . IEN (p,v)

c

where J(p,) = [ p(@) dp(e) + [y (y) dv(y) and I19) = [y, cle,y) dv.

Proof: (Propostion 1.2.9)

The inequality on the left of 1.2.3 is trivial since Cy(X) x Cp(Y) C Ly(u) x Li(v).
Hence, we only have to consider the inequality on the right. Let (p,1) € @, and let
¥ € N(u,v). By Proposition 1.1.1, we have

(o) = /X (ol + 0 a0l

Moreover, since ¢(x) + 9 (y) < ¢(x,y), for ¥-almost all (z,y) € X x ), we obtain

/ (o(x) + () dD(z,y) < / ez, y) A9z, ).
XxY

XxY

As the supremum is the lowest upper bound, we have supg,_.J(p, ) < infyep(u) I[0],
which completes the proof. |

Now, it follows from Proposition 1.2.9 that the duality

sup J(¢ ,0) = ) inf I[Y] implies that sup J(@ ') = sup J(p, ).
cI>/ 6N(M,V) ¢)/ d.

c c

We can now give the general idea of the proof of the Monge-Kantorovich Theorem:

Proof: (Theorem 1.2.6)
To prove that the infimum is at least as large as the supremum is easy. It has been
proved in Proposition 1.2.9.

The proof for the reverse inequality is much more complicated. It is separated
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in 3 steps by increasing order of generality. The first step assumes that X and ) are
compact and c is continuous. It uses a minimax argument which is an argument of

the form

inf sup ¢(x,y) = sup inf p(z,y).
TEX ey (z,y) acy TEX (z,y)

The minimax argument allows to show that

inf  I[9] < supJ(¢, ). 1.2.4
gt TW0] < up (%) (1.2.4)

c

Putting together inequalities (1.2.3) and (1.2.4), one obtains

") = inf I h — inf I
s;pJ(so,w) seit [J] and thus S}}}PJ(so,w) gent [9],

c

which proves the duality (1.2.2) in this special case.

The last two steps consist in showing that the duality (1.2.2) holds with relaxed
assumptions, using approximation arguments. The second step relaxes the assump-
tion of compactness while making the assumption that ¢ is bounded and uniformly
continuous. Finally, in the third step, the condition of continuity on ¢ is relaxed to
obtain the general result. To do so, one has to write ¢ = sup ¢,, where ¢, is a nonde-
creasing sequence of bounded, nonnegative, uniformly continuous cost functions.

A detailed version of the proof is available in Topics in Optimal Transportation

[54] and Optimal Transport: Old and New [53], both by Villani. i

1.2.2 Existence of Optimal Solutions

As its name indicates, the Kantorovich Minimisation Problem requires to find an
infimum. A natural question is therefore to ask whether this infimum is realised.
That is to say, do there exist, over all couplings, minimisers of the Kantorovich

Minimisation Problem?
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In light of the Kantorovich Duality Theorem 1.2.6, it is also natural to ask
whether the dual formulation achieves its supremum. That is, do there exist, over all
pairs of functions in ®., maximisers for J7

In fact, the answer to both questions is yes. It is stated in Theorem 1.2.15
(Kantorovich Duality Theorem Part 2. - Existence of optimal solutions). In order
to write Theorem 1.2.15 formally, we need to introduce the notions of c-concavity,

c-transform, and conjugate c-transform functions.

Definition 1.2.10 (c-transform). Let X and ) be two nonempty sets and let c(z,y)
be defined on X x Y with values in RU {+00}.
For any function ¢ : X — RU{—00}, p £ —00, one can define its c-transform
Y = RU{—o0} by
¥(y) = nf[e(z,y) — o(2)].

reX

The functions ¢ and ¢¢ are said to be c-conjugate.

Proposition 1.2.11. Let X and Y be two nonempty sets and let c(x,y) be defined
on X x Y with values in RU{+oc}. For any function ¢ : X — RU{—00}, p # —0,
one has the identity ¢°° = p° where p« = (°)°.

Note that both ¢““ and ¢ are functions defined on X while ¢ and ¢ are defined

on V.
Proof: (Proposition 1.2.11)

Consider a function ¢ : X — RU {—o0} and its c-transform ¢°. Then, we have

¢ = inf [c(7,y) — ¢°(y)]

yey
= inf |e(wv) = infle(3.y) = o(2)]

= 15 [0+ gl —ta)

— ;g} igg[gp(i) +c(x,y) — c(Z,y))].
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and therefore,

p*(y) = infle(z, y) — ¢*(2)]

— . f [ _.f ~ ~ _ ~ ~
inf, |e(z,9) — Inf suplp(T) + e(, ) C(:c,y)]]

= inf [e(w,) + supl—suplo(®) + e(a, ) — (. )]

= inf |e(z,y) + sup infle(z,9) -z, 9) — w(x)]]

= inf sup infle(z,y) +¢(7,9) — c(z,9) — ¢(7)].

If we set Z = x we obtain

cce (

v*“(y) < f suple(z,y) — p(2)]. That is ¢*“(y) < inf[e(z,y) — p(2)] = ¥*(y).

rzeX geY

On the other hand, by setting § = y we obtain

©““(y) > inf inf [c(F,y) — ¢(T)]. That is p*“(y) > inf [e(Z,y) — ©(T)] = ¢ (v).

TEX TEX TEX

Definition 1.2.12. [c-concavity] Let X and Y be two nonempty sets and let c(x,y)
be defined on X x Y with values in RU {4o00}.

A function p: X — RU{—o00} is said to be c-concave if there exists
Y — RU{—00}, ¥ # —o0, such that p(z) = ¢°(z), where

U(x) = nfle(z, y) — ¥ (y)].

yey
That is p is c-concave if there exists 1 such that p is the c-transform of 1.

Proposition 1.2.13 (Alternative characterization of c-concavity). Let X and ) be

two nonempty sets and let c(x,y) be defined on X x Y with values in R U {4o00}.
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Consider a function p: X — RU{—o00}, p £ —00.

C

Then p is c-concave if and only if p°° = p, where p* = (p°)°.

Proof: (Proposition 1.2.13)
Suppose that p is c-concave. Then, there exists ¢ : Y — R U {—o0}, b # —o0,
such that p(z) = ¢°(z), for all z € X. By Proposition 1.2.11, ¢ = ¢*“. Thus
p= (V) = p*.

Conversely, suppose that p(x) = p®“(z) for all x € X'. Let p(y) = ¥ (y). Then,
Ve(x) = p®(z) = p(x). Hence, there exists ¢ (namely p°) such that p is the

c-transform of 1¢ (namely p). i

Remark 1.2.14. Note that for any not necessarily c-concave function ¢, ¢ #Z —o0,
its c-transform ¢° is always c-concave. Indeed, by Proposition 1.2.11, we have ¢ =

¢ = (¢°)°. Thus, by Proposition 1.2.13, ¢° is c-concave.

We can now state the Kantorovich Duality Theorem Part 2 - Existence of optimal

solutions:

Theorem 1.2.15 (Kantorovich Duality Theorem Part 2 - Existence of optimal solu-
tions). Let u and v be probability measures on the Polish spaces X and Y respectively.
Let ¢ : X x Y — RU{+o0} be a nonnegative lower semi-continuous cost function.

Let ®. be the set of all measurable functions (p,) € Li(u) x Li(v) satisfying

p(r) +o(y) < clz,y) (1.2.5)

for p-almost all v € X, v-almost ally € Y.
As defined in Theorem 1.2.6, let

J(cp,w)Z/XsO(l‘) du(x)Jr/yl/J(y) dv(y) and I[Y] :/X c(z,y) dd(z,y).

xYy
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(i) Then, the infimum of I[9] over all ¥ € N(u,v) is attained. That is, there exists
0* € N(u,v) such that

)
YEN (,v)

(i1) Assume, moreover, that there exist nonnegative measurable functions

cy € Li(p) and cy € Ly (v) such that ¥Y(z,y) € X XY, c(x,y) < cx(x)+cy(y).

Then, the supremum of J(p, 1) over all (p,1) € ®. is attained. Indeed, the dual
Kantorovich problem admits a mazimiser in the form of a pair of conjugate c-

concave functions (p, p©). Hence,

sup J(o0) = max ([ plo)auta) +

peLi(p) y

ﬂww@)

The proof of existence of an optimal coupling (Theorem 1.2.15, Part (i)) requires
the notion of tightness of measures, basic results associated to the notion of tightness
and two theorems: Prokhorov theorem and Portmanteau theorem.

For the proof of the existence of a maximiser for the dual Kantorovic h problem
(Theorem 1.2.15, Part (ii)), one can consult p.86 of Villani’s Optimal Transport: Old
and New [54].

To give the definition of the tightness of a measure, one needs to define a topology

(and thus a convergence) on the space of Borel probability measures P(X).

Definition 1.2.16. [Weak Convergence] Let (X,d) be a metric space and P(X) be
its space of Borel probability measures. A sequence of probability measures (pu)gen €
P(X) is said to converge weakly to u € P(X) (denoted by p, — ) if, for every

bounded continuous function ¢ : X — R,

/www+/¢w.

The topology induced by the weak convergence on M(X), the space of probability

measures on X, is called the weak topology.

The following theorem gives useful equivalent definitions of weak convergence:
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Theorem 1.2.17 (Portmanteau Theorem). Let (X, d) be a metric space and P(X)
be its space of Borel probability measures. Then, these five conditions are equivalent

to the definition 1.2.16 of weak convergence:

(i) /goduk — /gpd,u for any bounded, real function ¢, continuous p-a.e. ;

(i1) /gpduk — /gpd,u for any bounded, uniformly continuous function f;

(73) limsup pg(F) < p(F) for all closed F;

k—o0

() w(G) < li;n inf . (G) for all open G;

(v) ur(A) — p(A) for all Borel sets A for which u(0A) = 0, where A .= AN Ae.

Proof:  For a proof of Theorem 1.2.17, one can consult Billingsley ([10], Theorem
2.1). 1

We recall the definition of tightness for measures and family of measures (see for

example Billingsley [10]):

Definition 1.2.18. Let (X,d) be a metric space and P(X) be its space of Borel
probability measures.

A probability measure p € P(X) is tight if, for any € > 0, there is a compact set K.
such that p(X \ K.) <.

A subset S C P(X) of probability measures is tight if, for any € > 0, there is a
compact set K. C X such that (X \ K.) <€, forallp e S.

Theorem 1.2.19. Let X be a Polish space and P(X) be its space of Borel probability
measures.

Then, any probability measure pu € P(X) is tight.
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Proof: (Theorem 1.2.19)
For a proof of Theorem 1.2.19, one can consult Billingsley ([10], Theorem 1.3). i

Lemma 1.2.20 (Tightness of Couplings). Let (X,dx) and (), dy) be two metric
spaces. Let S, and S, be tight subsets of P(X) and P(Y), respectively. Then the set
NSz, Sy) of all couplings whose marginals lie in S, and S, respectively, is itself tight
in P(X x V).

Proof: (Lemma 1.2.20)

Let p € S;,v € S,. Since S, is tight, for any € > 0, there is a compact set K. C X,
independent of the choice of p in S, such that p(X \ K.) < e. Similarly, since S, is
tight, there is a compact set L. C ), independent of the choice of v in Sy, such that
v(Y\ L.). < e. Then for any coupling ¥ € N (u,v), one have

NIX X\ (Kex L)l S N(XN\K) X Y]+ N[X X (VN L) p[X\ K]+ v[Y\ L] < 2¢

Now, since this bound does not depend on the choice of the coupling ¥ and since

K. x L. is compact in X x ), the proof is complete. |

Theorem 1.2.21 (Prokhorov Theorem). Let (X, d) be a metric space and P(X) be
its space of Borel probability measures.

If S C P(X) is tight, then S is relatively compact (ie. S is compact in P(X)).

Let X be a Polish space and P(X) be its space of Borel probability measures.

For any subset S C P(X), the following two statements are equivalent:
(i) S is relatively compact
(i1) S is tight.

Proof:  For a proof of Theorem 1.2.21, one can consult Billingsley ([10], Theorem
5.1 and Theorem 5.2). i
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We can now prove the existence of an optimal coupling (Theorem 1.2.15).
Proof: (Theorem 1.2.15 - part (i))

Since X and Y are Polish spaces, both {u} C P(X) ad {v} C P(}) are tight. By
Lemma 1.2.20, N (p, v) is a tight subset of P(X x ))) and by by Prokhorov’s theorem
(1.2.21), it is relatively compact for the weak topology.

Let I* denote the infimum of I(9) = [, cdv, for ¥ € N(u,v), and let (95 )r>1
be a minmizing sequence for /. let us show that if ¥* is any weak unit point of
¥ € N(u,v), then I(9*) = I*. Since ¢ is a nonnegative lower semi-continuous function,
it is the pointwise limit of an increasing sequence (c,)n,>1 of continuous bounded

sequence. Then, by the monotone convergence theorem, we have for all k£ > 1,

lim [ ¢,dd, = /Cdﬂk and lim [ ¢, dd¥* :/cdﬁ*.

n—oo n—oo

then, by definition of ¥*, we have

I(¥%) = lim [ ¢, d¥" < lim lim sup/cn dd, < lim sup/cdﬁk = 1.

n—oo n—xX L_sco0 k—00

As 0" € N, v), 1(97) = 1. '

1.3 Kantorovich-Rubinstein Duality Theorem

When the cost function c¢ is in fact a metric d on some Polish space X', and both
i and v are probability Borel measures on X', we obtain a particular case of the
Kantorovich Duality Theorem 1.2.6, the so-called Kantorovich-Rubinstein theorem.
It first appeared in a paper by Kantorovich in 1942. In Kantorovich original paper, the
result is proved for a compact metric space equipped with Borel probability measures.

The version of the Kantorovich-Rubinstein Theorem 1.3.2; given below is found

in Topics in Optimal Transportation by Villani [53].
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Notation 1.3.1. For clarity, we first introduce the following notations:
(i) Let Dy denote the set of all lower semi-continuous metrics d on X.
(ii) Let X be a Polish space and d € Dy. Let puy and ps be two Borel probability
measures on X. Let I;: X x X — R be the function defined by

1;(19) = inf d dv .
0= _nt /X d(ara) diar. )

We can now state the Kantorovich-Rubinstein theorem:

Theorem 1.3.2 (Kantorovich-Rubinstein theorem). Let X' be a Polish space and
d € Dy. Let uy, pe be two Borel probability measures on X and Iy be defined as in
Notation 1.5.1.

Let Lip(X) denote the space of all Lipschitz functions g on X, and define

lg(z1) — g(2)]
gllLip = sup .
|| ||Lp oty d(a:l,xg)

Then

14(9) =sup { [ gla)dn = pa)(w: 9 € LaClra = el llolhsy < 1}

Moreover, it does not change the value of the supremum above to impose the additional

condition that g be bounded.
Remark 1.3.3. There are two facts worthy of attention:

(i) The metric d € Dy is not necessarily the distance defining the topology on X.

More often than not it is the same distance, but it need not be.

(ii) If the distance d € Dy and the distance defining the topology on X" are different,
the Lipschitz property for functions on X is defined with respect to the distance
d.
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Notation 1.3.4. We introduce these two notations that we will use for the remaining

of the thesis:

(i) Let X be a Polish space. Any metric in Dy that defines the topology on X will
be denoted d*. Hence, we denote by (X, d*) a Polish space X whose topology
is endowed by the metric d* € Dy.

(ii)) Let D% denote the space of all metrics d* € Dy defining the topology on X.
Hence, D% C Dy.

Corollary 1.3.5 (Kantorovich-Rubinstein theorem for atomic measures). Let X be

a Polish space and d € Dy. Let us define two atomic probability measures
H1 = Z /Lgl)(gwl and o = Z M£2)5$z7
i=1 i=1

supported on the same finite number of ordered points {x1,...,z,} € X.

Let 1; be given by

I[v] = i d(xi, )0y

1Y) ﬂéfsfr(ﬁl,uz) { ; ; (i, ;) ]}
where
N v) = {303 isbany + Vi 3 05 = i and W5, Dby = P with 9 > 0.
s =1 i=1

Let Lip(X) denote the space of all Lipschitz functions on X, and ||g||Lip be defined as
i Theorem 1.5.2. Then,

n

1400) = sup { 3 9w (6" = 1?); llglluip < 1}

=1

Proof: (Corollary 1.3.5)

A direct application of Theorem 1.3.2 for two atomic measures p; and ps supported
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on an ordered set {z1,...,z,} € X yields the following dual representation formula:

1al0) = sup { 3 glwa) (" = 1)+ llglluip < 1}.
1=1

Since g is only evaluated on the finite set {z1,...,z,}, it is bounded. Thus, as shown
in the proof of Lemma 1.3.6 (given below), the condition g € L;(|u1 — pe|) is not

necessary. |

The following Lemma 1.3.6 is required for the proof of the Kantorovich-Rubinstein

Theorem 1.3.2.

Proposition 1.3.6. Let X and Y be Polish spaces and let ¢ € Dyyy be a bounded
lower semi-continuous cost function on X x Y. Let u,v be two probability measures
on X and ).
Let @ be the set of all measurable and bounded (bnd) functions (", ") € Li(u) x
Li(v) satisfying

¢ () + 4" (y) < e(x,y),

for p-almost all v € X, v-almost ally € Y.
Let J: Li(p) x L1(v) — R be defined by

meoz/wmmmw+/¢@mmw

Then,

sup J (¢, ¥) = sup J(p“, p°),
" pbnd

c

where  p*(y) = ik c(z,y) — p(z)] and p*(z) = wnfle(z,y) — p" (V)]

Note that, in order to be consistent with the notations in Proposition 1.2.9, one

should write (¢”,4") € ®. and not (¢,v) € ®.. We have chosen to use the latter

instead of the former in order to avoid writing (¢ )¢ and (¢" ).
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Proof: (Proposition 1.3.6)

Let us first note that p¢ and similarly p® are measurable. As recalled in Villani [53],
p.26, ¢ is a point wise limit of an increasing sequence (¢;);<1 of bounded uniformly
continuous functions (to see this, it suffice to write ¢;(w) = inf[e(z) +ld(w, 2)], where
the infimum is taken over all z € X x )). Then,

p° = lim pf,, where py,(y) = inf [, (2, y) — p(2)].

rzeX

The functions pf, are uniformly continuous and therefore p¢ is measurable. The same
argument shows that p“ is measurable. Moreover, p¢ and p® are bounded since p
and c are bounded.

By construction, p®(x)+p(y) < c(z,y) and therefore {(p°, p°); p bnd} C ®.. Hence,

sup J(p%, p°) < sup J(p,¢")
pbnd g

To prove the converse, we first observe that if (¢, 1) € ®., then 1(y) < c(z,y) — ¢(x)
for all (z,y) € X x Y. Hence, 1 < ¢ since ¢°(y) = inf,[c(x,y) — ¢(x)].

cc

Likewise, for any pair of functions (¢, ¢°) € ®., we have ¢ < ¢ since the

function ¢°°(z) = inf,[c(x, y) — ¢°(y)].
As p*(z) = inf,[c(z,y) — p°(y)], we obtain, for any z, € X, that

p*(a0) = inf (c(ao, ) — int (c(z,y) = p(x))

> inf (c(z0, ) — (elao,y) = plav)) ) = plao).

Hence,

J(p,) < J(p, ¢%) < J(9™, ¢°) and sup J(p,9) < sup J(p°, p°).
o' pbn

c
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Remark 1.3.7. If diam(X) < oo, then a 1-Lipschitz function ¢ is such that g is
bounded and therefore is L*(u). Indeed, for any z, € X and x € X,

l9(2)] < lg(zo)| + [9(x) — g(s)| < |g(xo)| + d(x, z5) < |g(wo)| + diam(X).

Notation 1.3.8. For simplicity, we will use the following notations in the proof

Theorem 1.3.2:
(i) Eq=sup {J(p™, p"); p € Li(n)} and E; = sup {J(p™, p%); p € Cy(X)}.

(i) La=sup {J(g,—9); 9 € Li(lm—pal), [lgllup < 1} and Ly = sup {J(h, —h); h €
Co(X), [|hl|up < 1}

We can now give the proof of the Kantorovich-Rubinstein Theorem 1.3.2:

Proof: (Theorem 1.3.2)
We define d,, = d/(1+n*d) for n € N. For each n, d,, is a bounded distance satisfying
d, < d and d,(x1,x2) converges monotonically to d(x1, z5), for all (x1,xs).

The proof is separated in 2 sections. For the first section, we assume that the
equality Sy, = Lg, holds for any n € N. Given that assumption, we show that
Sq = Lg. The second section focuses on proving that, Sy = Ly for any bounded
distance d,,.

1. We need to prove that S; < Lg. We write d = supd,,, where d,, is a nonde-
creasing sequence of nonnegative, uniformly continuous functions. We assume that
Sa, = Lg, holds for any n € N. Also, it is clear that Ly, < Ly, for all n > 1 since
®,; C ®,. Hence, we have the inequality: Sy, < Lg, for all n and by the property of
the supremum, we obtain sup,, Sy, < L.

It is left to show that sup,, Sy, = Sq. In the proof of the Monge-Kantorovich
duality theorem 1.2.6 presented in Topics in Optimal Transportation [54], Villani
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proves that sup I;, = I;, where

I, — inf {/Xxyd(x,y) A0z, 1): 9 € N (s, y)} |

Moreover, by Kantorovich Duality Theorem 1.2.6, we know that I; = .S;. Therefore,
we have sup,, Sg, = Sy4. Since sup,, Sy, < Lg and sup,, Sy, = Sg, we obtain the in-

equality Sg < Lg.

2. We shall now prove that S;, = L,, for any bounded distance d,,. For clarity,
we shall drop the index n thus writing d instead of d,,. First of all, note that, by
Remark 1.3.7, if p is a 1-Lipschitz function and d is bounded, then p is bounded,
and therefore is in Ly (| — v|), for any pair of probability measures p and v. Hence
(p, —p) € ®4. Thus, it is clear that Ly < Sy.

To prove that S; < Ly, it is enough to show, by Remark 1.3.7 that

sup J(o,0) = sup { [ palu=)i ol < 1} (13.)

by

Consider Sq = supg, J(,%). By Proposition 1.3.6, we know that Sy = E; where

E;= sup J(p™ pY) with p(xs) = inf [d(z1,25) — p(21)].
PELL(1) mex

Since p? is the infimum of two 1-Lipschitz and bounded functions, p? is bounded
and 1-Lipschitz. Hence, p?(x5) is finite for any z, € X.

Therefore, we obtain two inequalities: First, p% < —p?.  That is because
inf,,ex[d(x1, 22) — p4(x2)] < d(z1,71) — p¥(z1). Secondly, —p? < p. Indeed, since
|p(z1) — p*(x2)| < d(w1, 22), we have —p®(z1) < d(x1, 22) — p¥(x2), for all z1, 25 € X.
The infimum being the largest lower bound, we get —p%(z1) < p%(z;), for all 7, € X,
with p™ (1) = inf,ecx[d(z1, 22) — p¥(22)].

d

Together, these two inequalities yield that p% = —p?.
Finally, one notes that, since p? is bounded and 1-Lipschitz, {(— pt ph); p bounded} C
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{(_p)p)a ||p||sz < 1} ’I‘hUS7

sup J(—p% p?) < L, where L,= sup J(—p% p%).
pEL1 (1) llollLip<1

Therefore we have, for p bounded,

Sy=S,=E;= sup J(—p% p!) <L, = L.
pEL1(p)

Since Ly < Sz and Sy < L4, we have shown that S; and Ly are equal. |

1.3.1 Existence of Optimal measures and functions

Since the Kantorovich-Rubinstein theorem is a particular case of the Kantorovich
Duality theorem 1.2.6, it is natural to suppose that both the infimum over all couplings

is realized and that the dual formulation achieves its supremum over all 1-Lipschitz

functions.

Definition 1.3.9. Let X be a Polish space and d € Dy. Let py, ps be two probability

measures on X.

(i) By an optimal measure on X x X we shall understand a measure p € N (1, p12)

such that

/d(zl,xg)dp(xl,xg) = inf / d(x1, ) dd(x1, xo).
X VEN (n1,02) J xxx

(i1) By an optimal function on X, we shall understand a 1-Lipschitz function f,
f € Li(Jpr — p2|) such that

[ @) dn = @) =sup { [ g = p)i g € Lull s, gl < 1}-
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Remark 1.3.10. If f is an optimal function, then f + ¢, for all ¢ € R is also an
optimal function. Indeed, as any constant function is 1-Lipschitz, and belongs to

Ly(|p1 — pa]), we only have to note that

/X (f + &) (@) Al — ) (x) = /X F(2) A — pa) (@) + ¢ /X A — pa) ()
- /X F(@) (i — 12) ().

Theorem 1.3.11 (Existence of optimal solutions). Let X be a Polish space and
d € Dy be a bounded lower semi-continuous metric on X. Let py, po be two probability

measures on X.

(i) Then, there exists an optimal measure p on X x X. That is, the infimum of

I[9] over all ¥ € N (1, po) is attained.

(i) Then, there exists an optimal 1-Lipschitz function f on X. That is, the supre-
mum of J(g,—g) over all 1-Lipschitz functions g is attained by a 1-Lipschitz

function.

To write the proof of Theorem 1.3.11, we first need Proposition 1.3.14 and Propo-
sition 1.3.15. We start by recalling the definitions and basic results of c-concavity seen

in subsection 1.2.2:

Definition 1.3.12. [d-concavity] Let (X, d) be a metric space. A function p : X —
R U {—o00} is said to be d-concave if there exists 1 : X — RU {—o0},
1 # —o0, such that p(x) = y%(z), where

W (x1) = inf [d(zy, 22) — ¢ (22)].

ToEX
That is p is d-concave if there exists 1 such that p is the d-transform of .

Proposition 1.3.13 (Alternative characterization of d-concavity). Let (X, d) be a
metric space. Consider a function p: X — RU{—o0}, p #Z —oc.

Then, p is d-concave if and only if p® = p, where p?® = (p?)4.
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We can now give propositions 1.3.14 and 1.3.15:

Proposition 1.3.14. Let (X,d) be a metric space and let p : X — R a real function
defined on X .

The function p is d-concave if and only if
p(x2) — p(x1) < d(z1,22), V1,22 € X.

Proof: (Proposition 1.3.14)
Suppose that p(xe) — p(z1) < d(z1,22), Vo, 29 € X. To show that p is d-concave,
one needs to find 1 such that

p(z2) = inf (d(z1,22) — ¥(z1)).

r1EX
Let (x1) = —p(x1). We have p(z2) + ¢ (z1) < d(x1, x9) and thus
p(xa) < d(zq,x2) = (21), Vo1, 29 € X. Since the infimum is the greatest lower bound,

p(zs) < inf (d(z1,x2) — (21)), Voo € X.

r1EX

Now, for z; = x5, we have p(x9) = d(x1,z2) — 1(z1). Hence

p(zs) > inf (d(z1,x2) — ¥(z1)).

T1EX

Thus, p(z2) = inf;( (d(z1,2) = (—p(x1))), for all z, € X, and therefore p is d-concave.
xr1€
Conversely, suppose that p is d-concave. Hence, there exists 1 such that, for all
To € X,
p(xs) = inf (d(z3,22) — ¥(x3)
T3€EX

= inf (d(zs,31) — ¥(x3) — d(z3, 1) + d(23,22)).

T3€EX
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The triangle inequality gives d(x3,zs) — d(x3, 1) < d(x1, z3), hence

p(zs) < inf (d(x3,z1) — (z3) + d(21,22)) for all z, € X.

r3€EX

For z3 = x;, we obtain p(zs) < d(z1,22) — (7). As p(z1) = infer (d(zs,21) —
¢(933)), we get p(21) > d(z1, 21) =P (1) = = (21). Hence p(z2) —p(z1) < d(1,22). B

Proposition 1.3.15. Let (X,d) and p be defined as in Proposition 1.5.1/.
Then, the function p is d-concave if and only if p is 1-Lipschitz. Also, —p 1is the
d-transform of p.

Proof: (Proposition 1.3.15)
If p is d-concave, then, by Proposition 1.3.14, p(xs) — p(x1) < d(21,x2), V1,20 € X.
As d is symmetric, we get |p(z2) — p(x1)| < d(x1,22), Yoy, 29 € X. Hence p is
1-Lipschitz.

Similarly, if p is 1-Lipschitz, then p(z1) — p(z2) < d(x1, 23), Va1, 29 € X, and by
Proposition 1.3.14, p is d-concave.

Regarding the d-transform, we need to show that p? < p and p < p?. Recall that
p? of pis given by

pl(xz) = inf [d(21, 22) — p(a1)].

zIEX
For z; = x5, we have p%(z5) < —p(xs).

Now, since p is 1-Lipschitz, inf,,cx[—(p(z2) — p(x1)) — p(21)] < p¥(z2). That is
p < pt. i

We can now give the proof of Theorem 1.3.11:

Proof: (Theorem 1.3.11)
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(i) Since d is a nonnegative lower semi-continuous metric, a direct application of

Theorem 1.2.15 (Kantorovich Duality Theorem - Part 2.) yields the conclusion.

(ii) Since d is bounded, the conditions the Kantorovich Duality Theorem 1.2.15
are clearly satisfied. Therefore, we know that the supremum of J(¢, 1) over
all (p,v) € Py is realized by a pair of conjugate d-concave functions (p, p?).
By Proposition 1.3.15, a function is d-concave if and only if it is 1-Lipschitz.
Moreover, p? = —p. Hence, the supremum of J(p,) over all (p,1) € @y is

equivalent to the supremum over all 1-Lipschitz functions p.

Remark 1.3.16. More general versions of Theorem 1.3.11 have been proved. For
example, let (X, d) be a Polish space and puq, ps be two probability measures in Py
(ie. for any fixed =, € X, d(.,x,) € L1(u;)), then there exists a function f: X — R,
1-Lipschitz and in Li(|g; — pe|) which is optimal.

We end this section with the following important characterization of an optimal

function (see, for example, [23], Theorem 8.1):

Proposition 1.3.17 (Kantorovich Optimality Criterion). Let (X,d) be a metric
space whose diameter is bounded and py, ps be two probability measures on X. For
V€ N(ui,pu2) and f : X — R a 1-Lipschitz function, the following statements are

equivalent:
(i) 9 is an optimal measure and f is an optimal function.
(i) d(z1,22) = f(21) — f(22), V(z1,22) € supp .

Proof: (Proposition 1.3.17)
First of all, notice that, as d is bounded, I(9) = / d(z,y) d¥(z,y) < oo and that

XxX
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f € Li(p;) for i = 1,2. Hence,

f € Ll — pal), 8 /X @)l — pal () < / F@)l(dpa() + dpa(a) < oo,

Suppose that p is an optimal measure on X x X and f is an optimal function on

X. Then,

Ta(p, p2) = /X . d(x1,29) dp(w1, 72) by the optimality of p.

> / |f(x1) — f(x2)|dp(z1, 22) since f is 1-Lipschitz.
XxX

> /X . (f(z1) = f(x2)) dp(a1, w2)

— [ fan)dptar,az) [ fl2) dptar.aa
x X

= [ fadunten) ~ [ faz)duals)  since 9 € A ),
X x

- /X F(@) (s — o))

= Ta(p1, p2) since f is optimal.

Therefore we obtain:

|t dptonan) = [ () = o)) dptar, ).

XXX

hence /X (d(xl,xg) — (f(z1) — f(xg))> dp(zq,z9) = 0.

Since f is a 1-Lipschitz function, d(z1,z2) — (f(z1) — f(22)) > 0. Thus d(zq,z2) =
f(z1) — f(xe) for all (xy,2z3), p-a.e. In fact, d(xq,x2) = f(z1) — f(x2) for all (z1,25) €
supp p. Indeed suppose there exists (z7, x3) € supp p such that g(z7], 23) = d(z1, 22) —
(f(21) = f(z2) > 0. Then, there exists an open neighbourhood U of (z}, z3) such that
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9(171,1'2) > g(!L‘T,ZE;)/Q, v(xth) eu. ThUS,

i, x5
/9($1,!E2)dp(951,x2) > %P(u) >0,
u

which is a contradiction.
Conversely, suppose that f is a 1-Lipschitz function such that,

for all (z1,xs) € supp p, d(x1,12) = f(z1) — f(x2) . Then, for 9 € N (1, p2),

Ta(pa, p2) < / d(z1, ) dV (a1, x2) by definition of Ty,

XxX

- /XXX (f(z1) = f(22)) dI (21, 22)

= f(x1) dd(zy, x9) — f(xe) d¥(zy, x2)

XXX XXX

= | fdme) = [ ) du(r)

- /X F(@) Al — 12 (@)

< Talper, p2) by the K-R Theorem 1.3.2.

Hence we obtain:

771(#1#2):/ d(z1, v2) dd(z1,22) and 73(#1,#2)Z/Xf(if)d(ul—uz)(x)-

XXX

Therefore, ¥ is an optimal measure on X x X and f is an optimal function on X. il

Remark 1.3.18. Proposition 1.3.17 is still valid if d is not a bounded distance, but
if pu1, 12 € Py, ie. for some zy € X (and therefore for any o), [ d(z,zo) du;(x) < cc.

Indeed, keeping the notation of 1.3.17, we have in this case:

/ d(z,y) d(z,y) < / d(z, z0) djus (z) + / Az, y) dpa(z) < o0
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Since f is 1-Lipschitz, f therefore belongs to L;(u;) as

/ (@) dpas(a / (@)~ f (o)) dps(2) ] fz0)] < / d(, o) dpi () +1 f (z0)] < 0.

Then, f € Li(|u — pal)-



Chapter 2

The Kantorovich-Rubinstein

Distance

In the previous chapter, we introduced the functional I. defined by

1(0) = /X elr.p)dite.y)

where c is the cost function. When the cost function is defined in terms of a distance
on X, it allows to define a family of distances between the measures p and v, called
the Wasserstein distances. We briefly introduce the Wasserstein distances and their
convergence and topological properties before focusing on a particular case called the
Kantorovich-Rubinstein distance. Using the Kantorovich-Rubinstein theorem 1.3.2,
it is possible for some particular pairs of Polish spaces and distances on that space to
construct explicit formulas for the Kantorovich-Rubinstein distance. In this chapter,
we construct the explicit formula for the Kantorovich-Rubinstein distance for three
different pairs of Polish space and distance: any Polish space equipped with the
discrete distance, the real line equipped with the Euclidean distance and the circle

Sy.

33
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2.1 The Wasserstein Distance

Definition 2.1.1 (Wasserstein space). Let X be a Polish space with d € Dy and
P(X) be the space of Borel probability measures on X. The Wasserstein space of
order p (p > 1) is defined as

By(X) = {p € P(X); /Xd(xo,a:)p dp < o0}, (2.1.1)

where xo € X s arbitrary. This space does not depend on the choice of the point xg.

Definition 2.1.2. Let X be a Polish space with d € Dx and let P,(X) be the Wasser-
stein space associated to X. For any two probability measures py, pta € Py(X), the

Wasserstein function of order p (p > 1) between py and po is defined by the formula

Wt = (_gnt [ dteo )

veN (p1,p2)

In probability theory, one would write:
) 1
W1, p2) = inf {[Ed(X,Y)?]7, law(X) = puy, law(Y) = po}.

where the infimum is taken over all possible coupling (X,Y") of p and v.

Proposition 2.1.3 (Wasserstein distance). Let X' be a Polish space with d € Dy
and P(X) be the space of Borel probability measures on X. Then, the Wasserstein
function W, defines a finite distance on the Wasserstein space P,(X). The distance

W, is called the Wasserstein distance.

Proof: (Proposition 2.1.3)

Let pu1, pio € P,(X) and v € N (1, po). We need to show that W), satisfies the axioms
of a distance and that W, is finite on P,(X’). To prove that W, satisfies the axioms of
a distance, one can consult Villani ([54], p.106). We give the proof that W, is finite
on P,(X).
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For p € [1,00), the function f(z) = 2P is convex. By the definition of convexity, the
inequality (tz;+ (1 —t)xz)t <tz + (1 —t)ab holds for 21,25 € R and ¢t € [0, 1]. Thus,
for zq € R, and t = 1/2, we obtain:

d(w,y)? < 207 d(x, 20)" + d(wo,y)")-
Since p1, 2 € Py(X), we therefore have

/X d(z, ) dv(z,y) < 2! /X d(z, 20)? dpu () + / Ao, y)P dialy) < oo,

X

which completes the proof. |

2.1.1 Convergence in Wasserstein sense

Now we shall define a type of convergence on the Wasserstein space.

Recall from Definition 1.2.16 that, for Borel probabililty measures, p; — p means
that pg converges weakly to u, i.e. / odur — / @ dp for any bounded continuous
pon X.

Definition 2.1.4. [Weak Convergence on P,(X)] Let X be a Polish space with d € Dy
and P,(X) its Wasserstein space of order p. A sequence of probability measures

(r)ken € Py(X), is said to converge weakly to € P,(X) (denoted by ju, = 1) if

py — o and /d(mo,x)p dpp — /d(mo,x)p dp,

for some (and then any) xy € X.

Theorem 2.1.5. Let X' be a Polish space with d € Dy and p € [1,00). Let (u)ken be
a sequence of probability measures in P,(X) and let p be another element of P,(X).
Then, for any xo € X, the following three statements are equivalent to the definition

of weak convergence 2.1.4:
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(i) pux — p and lim sup/d(xo,m)p dpg(z) < /d(:po,x)p du(z);

k—o0

(i1) pr — p and lim lim sup/ d(zg, )P dpg(z) = 0;
d(zo,2)>R

R—=oo 00

(iii) For all continuous functions ¢ with |p(x)| < C(1+ d(xg,z)?), C € R, one has
[ e@dnta) > [ @ duto)

Theorem 2.1.6 (W, metrizes P,). Let X be a Polish space with d € Dy and p €
[1,00). Then the Wasserstein distance W, metrizes the weak convergence in Py(X).
In other words, if (pu)ken is a sequence of measures in P,(X') and p is another measure

in P(X), then the following two statements are equivalent:

(1) i converges weakly in Py(X) to u;

(i) Wp(px, 1) — 0.

Proof:  For a proof of the W, metrizes P, theorem, one can consult Villani ([54],

p.113). i

Corollary 2.1.7 (Continuity of W,). Let X be a Polish space with d € Dy and p €
[1,00). Then the Wasserstein distance W, is continuous on P,(X). More explicitly,

if the sequence (puy)ren (respectively (vg)ken) converges weakly to pu (respectively v) in

P,(X) then Wy(pu, vi) = Wy, v).

2.1.2 Topological properties of the Wasserstein space

The Wasserstein space P,(X') inherits several properties of the base space X . Here

is a first illustration:

Theorem 2.1.8 (Topology of the Wasserstein space). Let X' be a Polish space and p €
[1,00). Then the Wasserstein space P,(X), equipped with the Wasserstein distance
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W,, is also a Polish space. In short, the Wasserstein space over a Polish space is
itself a Polish space. Moreover, any probability measure can be approrimated by a

sequence of probability measures with finite support.
Remark 2.1.9. If X is compact, then P,(X) is also compact.

Proof: (Theorem 2.1.8)
For a proof of the Topology of the Wasserstein space theorem, one can consult Villani

([54], p.117). i

2.2 The Kantorovich-Rubinstein distance

For the particular case with p = 1, the Wasserstein distance is commonly called
the Kantorovich-Rubinstein distance. In this thesis, we will use the Kantorovich-
Rubinstein distance extensively. To make it easier to read, the notation Wy will be
used instead of W; for the Kantorovich-Rubinstein distance while the notation Py
will be used instead of P, (X) for the Kantorovich-Rubinstein space. Recall that P(X)
represents the set of all Borel measures on X'. We obtain the following definitions for

the Kantorovich-Rubinstein distance and space:

Definition 2.2.1 (Kantorovich-Rubinstein space). Let X' be a Polish space with d €
Dy and P(X) be the space of Borel probability measures on X. The Kantorovich-

Rubinstein space is defined as

P = {we P); [ dan,z)dula) < +oc)

where xo € X s arbitrary. This space does not depend on the choice of the point xg.

Definition 2.2.2 (Kantorovich-Rubinstein Distance). Let X' be a Polish space with
d € Dy and let Py be the Kantorovich-Rubinstein space associated to X. For any
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two probability measures py, o € Py, the Kantorovich-Rubinstein distance between

w1 and o 1s defined by the formula

W) = it [ dla.p) die,y),

where N (1, 12) denotes the set of couplings of uy and py (see Definition 1.1.3).

Remark 2.2.3. There are two remarks worth making:

(i)

(i)

The Kantorovich-Rubinstein theorem leads to the following useful duality for-
mula for the Kantorovich-Rubinstein distance:

For any pq, pus € Py, we have

Wx (g, pr2) = sup {/X@/Jd(ﬂl — p2); ¥ € Li(|p1 — pial), ¢ 1-Lipschitz } :
(2.2.1)

Using the classical probability definition of the Monge-Kantorovich minimiza-

tion problem, we can write the Kantorovich-Rubinstein distance as follow:
W (i1, po) = inf {Ed(X,Y), law(X) = puy, law(Y) = po}.

where the infimum is taken over all possible coupling (X,Y) of p and v.

Using the same notations as in Definition 2.2.1, we define

M = {0 € M.(); [ d(ao.a)duli) < +0},

where M, (X) is the space of finite positive Borel measures on X.
The Definition 2.2.2 of Wy can be generalized to the case of u,v € My such
that u(X) = v(X), since, as mentioned in Remark 1.1.5, the definition of a

coupling is generalizable to two bounded measures.

An important property of the Kantorovich-Rubinstein distance is its invariance

under mass subtraction. This property appears in Corollary 1.16 of Villani [53] and
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is given below.

Proposition 2.2.4 (Invariance of Kantorovich-Rubinstein distance under mass sub-
traction). Let X be a Polish space with d € Dy. Let 1, po and v be three measures
in My such that pi(X) = pa(X). Then,

Wax (1 + v, g +v) = Wa(pa, pi2).

A Corollary of the invariance of the Kantorovich-Rubinstein distance under mass

subtraction is presented below:

Corollary 2.2.5. Let (X,d%) be a Polish space such that X = X1 11 Xy. Let p11 and
o be two probability measures on X such that pi(X;) = ua(X;), for i =1,2. Define
by ,ugl) and u,gQ) the respective measures of 1 and po supported on X;, for i = 1,2.

That s, ugl) = Iy }X‘ and ,uZ@) = o . . Then,

X;
W (paa, p2) — Wa(ud?, 1) < W (ul?, 18?).

To prove Corollary 2.2.5, we will need the following Lemma 2.2.6:

Lemma 2.2.6. Let (X,d%) be a Polish space such that X = 1 | X;. Let py and po
be two probability measures on X such that pi(X;) = pe(X;), fori=1,... ,n. Define
by ,uz(»l) and Ml(z) the respective measures of iy and po supported on X;, fori=1,...,n.
That 1s, u(-l) =y and ,uZ@) = o (. . Then,

()

X;

W (g, i) <Y W (g, ).

=1

Proof: (Lemma 2.2.6)
The proof is done by induction. For 1 < k < n fixed,

k—1 k—1
7 1 2 2
Wae( 3o i+ 1,3 1l + i)
=1 =1
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k—1

k—1 k—1
< Wa( 3o+ D i )+ W (Zu(2)+uél),2u§2)+u22))
i=1 1 =1

1=

(2.2.2)
(Zuz ,Zu >+Wx ). (2:2.3)

Inequality (2.2.2) is obtained by the triangle inequality and inequality (2.2.3) is ob-
tained by direct application of Corollary 2.2.4. |

We can now write the proof of Corollary 2.2.5
Proof: (Corollary 2.2.5)
Applying Lemma 2.2.6, for n = 2, we obtain

Wi, pa) < Wae (57, 187) + W (18", 15”)

and thus Wy (1, o) — WX( T ,ug ) < Wa(p 2),u§)).

It is therefore left to show that WX( Hy ,,ul )) Wa (g, p2) < WX( 1) ,,ué )).
By Proposition 2.2.4, we obtain:

2 2 2
2Wo (57, ™) = Wi (57 + i, 18 + p8?) + W (i + 8?1 + uS”)

2 1 2
= W (5 + 115”) + W (5 + 7, 1)
Using the triangle inequality, we have the following two inequalities:

W (nO, 1 4+ 8”) < Wae (O, 1) + W () + 2, 1 + i)
Wa (i + 1, 1) < W (8 + 18, 18 + p8?) + W (™, 1@).
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By Proposition 2.2.4, we can write:

2 2 2 1 2 1
W (s + s + 1) = W (57, 15”)

W (:ug)? :ugl)) :

1 2 1 1
Therefore we obtain

Wy (uil), M?)) < Wy (,u(l), ,u(2)) + Wy (ugz), ,ugl)).

2.2.1 The Kantorovich-Rubinstein distance between product

measures

In this section, we study the additivity of the Kantorovich-Rubinstein distance for

product measures.

Theorem 2.2.7. Let X and Y be two Polish spaces and dy € Dy and dy € Dy be
bounded lower semi-continuous distances. Let X X Y be the Polish cartesian product

space, equipped with the distance d, given by

d((z1,1), (22,92)) = dx (21, 22) + dy(y1,y2), for (x1,y1), (v2,72) € X X V.

Let py, po be two probability measures in Py and vy, vy two probability measures in

Py. Then, n @ 11, ps @ vo are probability measures in Pyyy and

Waxy(pn @ vy, o @ vo) = Wa (1, o) + Wy (v1, 12).

Proof: (Theorem 2.2.7)
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Let (zo,y,) € X x Y be fixed. Then, by definition of d,

/ amw¢@wmw®m@m=/ (dr(o. ) + dy(yory)) dps () dvi(y)
XXy XY

= [ o) duite) + [ (o) o) < oo,

y

as i; € Py, v; € Py. Hence, u; ® v; € Pyxy, fori=1,2.

Now, let us show that Wxxy (11 @y, e ®@ve) > Wa (1, pa) + Wy (1, 12). There exist,
by the Kantorovich-Rubinstein theorem 1.3.2, two bounded measurable, 1-Lipschitz

functions f: X — R and ¢ : Y — R such that

€ €
W (p1, o) — 5 < / fd(pur — p2) and Wy (v, 1) — 5 < / gd(v — ).
X X

Denote by &k : X x Y — R the function defined by k(z,y) = f(x)+g(y). The function
k is bounded and 1-Lipschitz as

k(1 y1) — k(w2,92)| < |f(21) = fl22)] + |9(y1) — 9(y2)]
< dx(z1,22) + dy(y1,y2) = d((w1, 1), (v2,92)), for (v, y:) € X x Y.

By the Kantorovich-Rubinstein theorem 1.3.2,

/ k(z,y) d(p @ v — pe @ o) (z,y) < Waxy (i1 @ v1, 12 ® 12).
XxY

By the definition of k, we have:

/ k@wam®m—m®wum:/'uwny@mm@muw—wmmw@
XXy XxY

- /X F)(dpy — dps) () + /y g(y)(dvy — dun)(y)

> Wa(p, p2) + Wy(vr,15) — €.
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As € is arbitrary, we have Wx (i1, p2) + Wy (v1, 12) < Wasy (1 @ v1, o ® 13).

For the converse inequality, we show first that Wy «y (1 @ vy, e @ v1) > Wa(pa, pi2).
For every € > 0, there exists h : X x Y — R, a bounded 1-Lipschitz function such
that

WXxy(U1®V17U2®V1)_€</ hd(p @ v1 — pe @ 11).
XxY

Using Fubini Theorem, we have

/ hd(p @ vy — ps @ vy) 2/ h(x, y)(dp(z) — dpa()) dvy (y)
AxY XxY

-/ ( /y W) dul(y)) A(jur(w) - 1a(a)).

Set t(z) = / h(x,y) dri(y). Then, t is bounded and 1-Lipschitz as, for all 21, xe € X,
Yy

(1) = t(za)] < /y (21, y) = Wz, y)| dva(y) < d((21,9), (22,9)) = dae (@1, 22).

Thus, by Kantorovich-Rubinstein theorem 1.3.2: Wy yy(p1®uy, po®uy) < Wa(pu1, f12).
Similarly, we obtain Wyyy (s ® vy, s ® vo) < Wy (v, 12). Hence,

Wasy(pr @ vy, s @ v9) < Wasy(pr @ v1, o @ v1) + Wasy (i ® v, e @ 1)
< Wa(pa, p2) + Wy (11, 1a).

Thus completing the proof. |
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2.2.2 The Kantorovich-Rubinstein distance for atomic mea-

sures

In the case of atomic measures supported on a finite number of points, we can use the
Kantorovich-Rubinstein Theorem 1.3.5 for atomic measures. We obtain the following

definition:

Definition 2.2.8 (Kantorovich-Rubinstein distance for atomic measures). Let X' be

a Polish space with d € Dy. Let us define two atomic probability measures
H1 = Z Mgl)dm and Lo = Z NEZ)éfl?w
i=1 i=1

supported on the same finite number of points {x1,...,x,} € X.

The Kantorovich-Rubinstein distance between py and po is then given by

Waljur, ) = sup { D gws) (" = u®) : lg(as) = glay)] < d(ws,2;),1 < ij < .
=1

2.3 The Kantorovich-Rubinstein distance for a bounded

distance on X

Let X be a Polish space and d € Dy be a bounded lower semi-continuous distance
on X. We will denote by A = sup{d(z,y);z,y € X'} the d-diameter of X.
We state and, for completeness, give the proof of Remark 1.15 in [53]:

Theorem 2.3.1. Let X be a Polish space and d € Dx be a bounded lower semi-

continuous distance on X. Let puy and ps be two probability measures on X. Let A

be the d-diameter of X and define Fa by

Fa={f:X —[0,A]; f measurable and 1-Lipschitz} .
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Then, the Kantorovich-Rubinstein distance can be written as

Wx(pa, pr2) = Sup{/fd(lh —p2); f € -FA}-

Remark 2.3.2. There are two facts worth mentionning;:

(i) Recall from Remark 1.3.3 that the distance d on X need not be the distance
defining the topology on A'. In Theorem 2.4.5, the 1-discrete distance does not
define the topology on X. If it was, X would not be a Polish space as it is not

separable with the 1-discrete distance.

(ii) The Lipschitz property for functions on X is defined with respect to the k-

discrete distance.

Before giving the proof of Theorem 2.3.1, let us state the following short result

we will use often in the rest of the thesis.

Lemma 2.3.3. Let (X,dx) and (Y, dy) be two metric spaces and ¢ : X — Y be a
1-Lipschitz map. Then, diam(p(X)) < diam(X').

Proof: (Lemma 2.3.3)
Without loss of generality, we can assume that diam(X) < co. Then,

diam(p(X)) = sup dy(e(z1),o(z2)) < sup dx(xi,ze) = diam X i

T1,T2€X r1,090€X

Proof: (Theorem 2.3.1)
Let us denote by F the set of all measurable, 1-Lipschitz functions f : X — R.
Since A < oo, by Lemma 2.3.3, if f € F, then f is bounded and therefore belongs to

Ly(lpy — paf)-
By Theorem 1.3.2, we have

W (p, p2) = Sup{/fd(m —p2); [ € F}
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To finish the proof, it is therefore enough to show that for any f € F, there exists
g € Fa such that

/fd(ul — Ha2) I/gd(m — Ha).

Let f € F. Since f is 1-Lipschitz, and A < oo, then
—o00 < a = inf(f(X)) <sup f(X) =b < o0,
and b —a < A. Set g = f — a, then g € Fa and as

ot —n) = [ -0t~ m) = [ Falm -~ po).

the proof is complete. |

Keeping the assumptions and notations of Theorem 2.3.1, there is, by Theorem 1.3.11,
an optimal function g € F such that

Wx(m,uz)Z/ng(m—ua)-

As seen in the proof of Theorem 2.3.1, the optimal function ¢ is invariant by trans-

lation. Hence we obtain the following result:

Theorem 2.3.4. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let py and ps be two probability measures on X. If A
denotes the d-diameter of X, then there exists a function f : X — [0, A], measurable
and 1-Lipschitz such that

W (p, po) = /de(,ul — [12).

Theorem 2.3.4 yields the following corollary:

Corollary 2.3.5. Let X be a Polish space and d € Dy be a bounded lower semi-
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continuous distance on X. Let py and ps be two probability measures on X. If A
denotes the d-diameter of X, then there exist measurable and 1-Lipschitz functions f

and g from X to [0, A] such that

WX(N17N2>:/;(fd(ﬂl_MQ):/)(gd(NZ_ul)'

Proof: (Corollary 2.3.5)
By Theorem 2.3.4, there exists f : X — [0, A], measurable and 1-Lipschitz such that

W (1, p2) = /de(/h — [h2).

Then, let g : X — [0, A] be defined as ¢ = A — f. The function g is measurable,
1-Lipschitz and such that

[ odte=m) = [ (A= Date—m) = [ Hae=m) = [ ragm—m).

Corollary 2.3.6. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let py and ps be two probability measures on X. If A
denotes the d-diameter of X, then there exist measurable and 1-Lipschitz functions f

and g from X to [0, A] such that

Wi (ji1, 12) = / Fu(y) — Fuly) d(y) = / Gily) — Galy) d(y),

where F; and G; are the respective distribution functions of f(u;) and g(p;).

Proof: (Corollary 2.3.6)
By Theorem 2.3.4, there exist a function f: X — [0, A] such that

WX(Mla/m):/de(ﬂl_NQ)‘
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As written on p.162 of Measure Theory [15], a direct application of Fubini Theorem
allows to write (with A denoting the Lebesgue measure on R and F = {(z,y) €
AXR:0<y< f(x)}):

(i X A)(E) = /X f () dpa()
:/Oooui({xGX;f(x) > y})dy
_ /Ooou — Fi(y)) dy.

Since f(X) € [0,A] and F;(y) = 1 for y > A, the integrals of 1 — F;(y) over [0, 0o]

and [0, A] are equal. Therefore, we can write:
W (pn, 12) = / T - Fi(y) — (1 - Fay)dy
- / T(Ry) - Fuy)dy
A
_ / (Faly) — Fi(y)) dy.

Likewise, using Corollary 2.3.5, we have a function g : X — [0, A] such that

WX(H17#2):/XQC1(N2—N1)-

A
Repeating the same steps as above, we obtain / G1(y) — Ga(y) d(y). i
0

2.4 The Kantorovich-Rubinstein distance for the
discrete distance on X

In this section, we show that for two probability measures the Kantorovich-Rubinstein

distance associated to the discrete distance is equal to the total variation distance of
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these measures.
Let us first recall the definition of the total variation distance, induced by the

total variation norm. The definition and properties of the total variation norm are in

the Appendix (see A.2.4).

Definition 2.4.1. [Total Variation distance] Let (X, F) be a probability space and F
be a o-algebra of subsets of X.
For any two probability measures j1; and ps on X, the total variation distance between

w1 and o is defined by the formula:

1 1 1
|1 — pol|rv = 5\,“1 — p2|(X) = 5(/“ — p2)+(X) + 5(#1 — pi2)- (&),

where (g — po)y and (uy — po)— are the positive and negative part, respectively, of

the signed measure g — lis.

By definition of the total variation norm of a signed measure (see Definition

A.2.4) we have that for two probability measures p; and ps,

1
||M1 - M2||TV = §||/~L1 - ,u2||1-

Therefore, by Proposition A.2.7, we obtain:

Proposition 2.4.2. Let (X,B) be a measurable space, and py, po be two probability

measures on X. Then

it = pisllry =sup{‘/fd(u1 )

11

0 f o X = [—=; =], measurable
22

Moreover, there exists M € B such that

1 1
|1 — pe|lrv = /(§XM - §XMC) d(p1 — pa).

Let us now recall that the discrete distance 1., is such that 1,2, = 0if x =y

and 1 otherwise. Formally, we have:
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Definition 2.4.3 (discrete distance). The discrete distance 1,2, : X x X — R is the
function defined by

0 ifr=y

1 if x #£y.

To consider the Kantorovich-Rubinstein distance with respect to the discrete

1x¢y($, y) =

distance, notice the following:

Lemma 2.4.4. Let X be a Polish space. The 1-discrete distance 1.+, on X is lower

semi-continuous.
To prove Lemma 2.4.4, we first recall two topological results:

(i) On a topological space Y, a function f: )Y — R is lower semi-continuous if the

set {y € V; f(y) < a}isclosed in Y, for all a € R.

(ii) The topological space ) is separable if and only if the diagonal A, defined by
A={(z,y) €Y xY; x =y}, is closed in ) x V. See the proof in [45].

Proof: (Lemma 2.4.4)

Let o € R and define the set F, by F,, = {(z,y) € X x X; 1,,(z,y) < a}.
fa<0, F,=0. For0<a<1, F,={(z,y) € X x X;1,4,(x,y) = 0}. Finally, for
a>1 F =X xX.

Since F,, is closed Va, 1,4, is a lower semi-continuous distance. |

Theorem 2.4.5. Let X be a Polish space and let iy and py be two Borel probability
measures on X. If Wy (1, 2) denotes the Kantorovich-Rubinstein with respect to the

discrete distance 1,4, on X, then

WX(M,M) = ||/~61 - M2||TV-

Proof: (Theorem 2.4.5)
We first note that any function f : X — [0,1] is 1-Lipschitz with respect to the
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discrete distance 1,.,. Therefore, as shown in the proof of Theorem 2.3.1,

Wa (1, p2) = sup {/fd(,ul — po); f: X — [0, 1] measurable }

= sup {/fd(ul —p2); [ X — [—%, %] measurable }

Using Proposition 2.4.2 we then obtain Wx (i1, p2) = ||1 — pa||7v- |

Remark 2.4.6. For k > 0, let k,», = k.14, denote the k-discrete distance on
X. If X is a Polish space and puq,us are two Borel probability measures on X,

then the Kantorovich-Rubinstein distance (with respect to k,,) of p1, pe is equal to
kllp = pollrv

2.4.1 The Kantorovich-Rubinstein distance of atomic mea-

sures for the discrete distance on X

In the case of atomic measures supported on a finite number of points, the total varia-
tion distance can be written as an analytical and computationally friendly expression
To obtain this analytical expression for the total variation distance, we first need the
following result:

By direct application of Theorem 2.4.5 and Proposition A.2.9 we obtain the

theorem:

Theorem 2.4.7. Let (X, F) be a probability space and F be a o-algebra of subsets
of X. Let us define two atomic probability measures on S € F:

pr=> pNo, and py =Y pls,,

zeS zesS

Let Sy = {z € 5, pd) > /,45;2)} and Sy = {x € 5 u > u,(nl)} partition S. That is,
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S =515 Then,

|1 = pof|rv = Z (@) — pa(z:)]-

=1

Remark 2.4.8. There are two remarks worth making:

(i)

(i)

It is interesting to note that, informally, the total variation distance between
two probability measures can be seen as the maximum difference between the

two probabilities assigned to a single event by the two distributions.

As said above, total variation is a classical notion of distance between probability
measures. There is also a classical probabilistic representation formula of the

total variation:

For two given probability measure p and v on a measurable space X, the total

variation formula can be defined as
| = vllrv = 2inf PLX # Y],

where the infimum is over all couplings (X,Y’) of (u,v); this identity can be
seen as a very particular case of duality for the cost function c(z,y) = 1,4,.

For a proof of this result, please see Lindvall ([34], Theorem 5.2).

From Theorem 2.4.7, we can deduce a very useful corollary:

Lemma 2.4.9. Let (X,d) be a Polish metric space and let S = {x1,...,x,} be a

finite set of mutually equidistant points in X. Let us define two atomic probability

measures

1 = Z :uz(l)éﬂ?z and H2 = Z “2(2)52317
=1 =1
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supported on the set S. Then,

W (pr, i) = kY | () — pa(s),

i=1
where k is the distance between each points.

Proof: (Lemma 2.4.9)

Since the n points in .S are mututally equidistant, it is clear that the distance d re-

stricted to S is equal to the k-discrete distance. Then, a direct application of theorem

2.4.7 finishes the proof. |

2.4.2 The Kantorovich-Rubinstein distance of atomic mea-
sures on the product space X" where each X is equipped

with the discrete distance

Definition 2.4.10. Let (X}, d;) be m metric spaces and let Y = X; X ... X X, be the
Cartesian product of these m metric spaces. For p € [1,400), the p product metric

d, is defined as the p norm of the m-vector of the distances d,,,. That is :

m

dp(l’,y) = (Zdi(xi7yi>p)1/p7 fO’I” T,y € ya

=1

where © = (1, ..., Tm) and y = (Y1, .., Ym)-

For p = 00, the p product metric is also called the sup metric and is defined as
doo(, y) = max d;(w;, y;)-

Proposition 2.4.11. Let (X, ky»,) be m metric spaces each equipped with the k-
discrete distance and let Y = X| X ... x &, be the Cartesian product of these m

metric spaces.
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Then, the sup metric do, on Y s the k-discrete distance on Y. That is,
doo(xvy) = kx#y($7y)7 fOT’ all ($7y) € y X y

Proof: (Proposition 2.4.11)
As written in Definition 4.2.1, doo(x,y) = max;<,, d;(z;, y;) for = (z1,...,2,,) and

Y= (y1,-..,Ym).When d;(z,y) = ky2y(x,y), Vi, it is clear that

doo(z,y) =
k otherwise.

Thus, we can deduce that do = k;z, on V. Indeed, if © = y we have z; = y;, Vi
and therefore dy(z,y) = 0. On the contrary, if x # y, then x; = y,; for some
ref{l,...,s}, s <m. Thus, do(z,y) = k. i

A direct application of Theorem 2.4.7 on the cartesian product ) yields the following

result:

Theorem 2.4.12. [1.636] Let (X;, ky.,) be m metric spaces each equipped with the
1-discrete distance and let Y = X} X ... X X, be the Cartesian product of these m
metric spaces.

For each X}, let us define two atomic probability measures,

1 2
Hij = Z lul(,j)5$i,j and H2,5 = Z Mz(',j)ém,jv
=1

=1

both supported on n; finite number of points {x1;, ..., Tn;} € X;.

On Y equipped with the sup metric, the two atomic probability measures are given by

1 2
p=y_ s, and pp = pi¥s,,
=1 =1

supported on the same finite number of points {yi,...,ynm} € Y. Then,
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M17M2 Z |M1 yz — M2 yz)l

2.5 The Kantorovich-Rubinstein distance on the

line equipped with the Euclidean metric

There is a useful way to describe the collection of all finite measures on R. If p is

such a measure, one defines the real function F' by

F(z) = p((—o0,z]).

Then, F' is non-decreasing, right-continuous and satisfies lim, , o, F'(f) = 0 and
lim, o F'(t) = p(R). Finally, for any bounded interval (a,b], the following equal-
ity holds:

1((a,b]) = F(b) — F(a). (2.5.1)

If 4 is a probability measure, the function F' is called the distribution function

of p. It is also often called the cumulative distribution function of pu.

The measure p is completely determined by its distribution function F'. Indeed,

the following theorem (see[9] p.for a proof) ensures that to each F', there exist a pu:

Theorem 2.5.1. Let F be a non-decreasing, right-continuous, real function on R.

Then there exists on the Borel o-algebra of R a unique measure u satisfying equation

2.5.1, for all a,b € R.

An immediate consequence of the previous theorem is that such an F' is the

distribution function of some random variable:

Lemma 2.5.2. If F' is non-decreasing, right-continuous, real function on R, satis-
fying lim,, o F'(t) = 0 and lim,_,o F(t) = p(R), then there exists on R a Borel
random variable X such that F(z) = p[X < z].
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The two propositions 2.5.3 and 2.5.4 are well known and necessary to prove

Theorem 2.5.5:

Proposition 2.5.3. Let F : R — [0,1] be non-decreasing, right-continuous, real
function on R, satisfying lim,_,_, F\(t) =0 and lim,_,, F'(t) = 1. Then, there exist
a measurable, left-continuous function G : [0, 1] — RU{£oo} defined in the following

way:

(i) for a given y € [0, 1], if there is an x such that F(z) =y,
G(y) = inf{x; F(z) =y}

(ii) for a given y € [0, 1], if there is no x such that F(x) =y,
G(y) = inf,-, G(z) where all z are such that G(x) exists.

The function G is called the generalized inverse of F' and is denoted by F~1.

Proposition 2.5.4 (Probability Integral Transformation). Let (2, 1) be a probability
measured space and let X : Q0 — [0, 1] be a uniformly distributed random variable.
Consider F' : R — [0,1], a non-decreasing, right-continuous function satisfying
lim, oo FI(t) =0 and lim, . F(t) = 1.

Then, F~Y(X) is a random variable with distribution function F.

Proof: (Proposition 2.5.4)

The distribution function of the random variable F~!(X) will be denoted by G while
the distribution function of X will be denoted Fx. Hence, we need to show that
G(t) = F(t), Vt.

By definition, G(t) = pu({w € Q; F~1(X)(w) < t}). Since F is non-decreasing, we
obtain G(t) = p({w € Q; X(w) < F(t)}). But p({w € Q; X(w) < F(t)}) = Fx(F(t))
and X is uniformly distributed hence p({w € ; X(w) < F(t)}) = F(t). i

We can now state a very important result. A proof was published by Vallender
[49] in 1974. The proof has been revisited for clarity and to use the concept of

couplings.
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Theorem 2.5.5. Let us consider R equipped with the usual Fuclidean metric. Let
1,2 be two probability measures on R and F), , F,, be their respective cumulative

distribution functions. Then,

+oo
Weluaopn) = [ 1F (@) = Fyla)| de
Proof: (Theorem 2.5.5)
+o0o
Suppose that / |F, () — Fj,(x)|dx < co. Let 9 be a coupling of py and po on

R x R such that / |z — y| dY(z,y) < co. Then, let us first show that

/ (@) — F(o)] do < [ 1o =vlaot.y),

[e.9]

Let us set A = {(z,y) € R}, x > y} and B = {(z,y) € R* y > x}. Then we can

write
/ & — 4] dd(z, ) = / (z — y) dd(z, ) + /B (v — ) dd(x,y).

Now, we need to prove that

/A(x—y) dd(z,y) :/Rﬁ(DS) ds and /B(y—x) dd(z,y) :/Rﬁ(Cs)ds,

where Cs = {(z,y); * < sand y > s} and D; = {(x,y); v > s and y < s}.
We note that, by the construction of B,

/B<y—x>dz9<x,y>=/o T y)iy — o > 1)) e

By the Disintegration Theorem A.1.1, we obtain

I () y—a > 1)) = / 0 ({(a,y); y = o + 1)) dpu (o)

R
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Then, by Fubini Theorem, we obtain

/( — ) dd(z,y) = /+Oo/ )iy > x4 t}) dp(x) dt

[ [ 0wz o arante)

But with the change of variable s = x + ¢, we have

/O Ooﬁm({(:c,y); y>a+t))dt = / mﬁ({(x7y>; y > s))ds
= /qu,m)(s)ﬁ({(x,y);y > s})ds

For s fixed, we have {z € R; X[z 100)(5) = 1} = {z € R; z < s} and
{2 X400y (8) =0} = {z € R; & > s}. That is, X[z+400)(5) = X(—o0,s(2). Hence,
| =)y //x[zm) (e, y): v > s)) dsdp (@)
//x< 50,5] ({(z,y); y > s}) dpa () ds

For agiven s, [ X(oma(o)2.({(@0)5 v 2 5)) dpa(o) = 0({(wp)s 2 < 5 and y = 5}).

R

Hence, we have /(y —z)dd(z,y) = / ¥(Cs) ds.
R

B

Using a similar argument, we obtain /

(r—y)dd(z,y) = /ﬁ(Ds)ds. Therefore,
A R

/|x yldd(z,y) = / (9(Cy) + 9(D,)) ds.
R
Geometrically, it is easy to see that

Cs ={(z,y); 2 < s} \{(z,y); < sand y < s}

Dy ={(z,y);y < s} \{(z,y); # < s and y < s}.
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To simplify notation for the rest of the proof we will denote the set {(z,y); x <
s and y < s} by E,. We thus obtain:

I(Cs) +9(Ds) =0({(z,y); = < s}) +I({(w,y);y < s}) — 20(E)
> pa(z <)+ pa(y < s)

= 2min{d({(z,y); v < s}), V({(z,9); y < s})}
2FM1 (S) + FM2(5> - Qmin{Fm (5)7 Fu2<8)}

For F,,(s) < F,,(s), we have F, (s)+F),(s )
For F,, (s) > Fp, (s), we have F,, (s)+Fp, (s ; 2(8)) = Fpuy (8) = Fy(5).
Thus, Fy,(s) + Fpi,(s) — 2min(F), (s), Fl,(s)) = [Fu (s) = Flu(s)]-

[ 1o =ula0Ge9) = [ 1) = Fus)las

As Wg(p1, p12) is the infimum over all couplings of uy and ps, it is the greatest lower

R (41, p2) /! (s)|ds.

Now, it is left to show that there exist a coupling ¥* such that

bound and thus

[ V@) = )l = [ fo =y a0 (a,y). 252

Let X : R — [0, 1] be a uniformly distributed random variable. Then, by Proposition
2.5.4, the real random variable F, ' (X), respectively F},'(X) has distribution function
F,,, respectively F),,. We choose, as a candidate for 9%, the product measure on R?
of the push-forward measures F,*(X)(u1) and F'(X) (1) of pu1 from R.

First, we verify that the candidate product measure for ¥* is a coupling of the mea-
sures p; and pe. That is, one needs to show that, for i = 1,2, m;(¢*) = p;, where m;

is the natural projection from R? to R. If A, denotes {(z1,22) € R? z; € (—o0, 5]},
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we have:

mi(0") (=00, 5]) = 9" ({ (21, 22) € R?; mi(w1,22) € (00, 5]})
= (F,,! x F.)(X)(1)(As)  where
x F,)(X)(z) € A}
S (X)(2); FLH(X)(2) € A}

I

)
=m({z e R; (£,

= m({z e R; (F,

= u({z € R; FH(X)(2) € (—o0,5]})
= m({z e R; X(z) € (o0, Fu (s)])}
— F,(s)  (since X is uniformly distributed),

= pi((=00, s]).

It is worth noting that one could have used the push-forward measures of uy or of
any other probability measure on R.

To complete the proof, we show that the equality (2.5.2) holds for our choice of 9.
We know that:

/R 9*(Co) +0%(Dy) ds = 0°({(z,9); = < s}) + 0" ({(z 9y < s}) — 20°(E.)

where V*({(z,y); x < s}) = F,,(s) and 9*({(z,y);y < s}) = F,,(s). Let us now
focus on J*(Fy):

(e e <F;<X><x>; FUX)(@) € B}
= in({r € R X(2) € (—00, Fyu (5))) and X(x) € (00, Fu(s)])}
= min{y({x € B X(2) < Fu(s)}), m({z € R; X(2) < Fu()})}

=min{F,, (s), F.,(s)} (since X is uniformly distributed).

As shown above, we therefore obtain ¥*(C;)+9*(D;) = |F),, — F),,| and thus Equation
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(2.5.2) is true and the proof is complete. i

2.5.1 The Kantorovich-Rubinstein distance for atomic mea-

sures on the line

Proposition 2.5.6. Let us consider R equipped with the usual euclidean metric. Let

us define, on R, two atomic probability measures
H1 = Z /Lgl)(gwl and o = Z M£2)5$z7
i=1 i=1

supported on the same finite number of ordered points {xi,...,x,} € R.

The Kantorovich-Rubinstein distance between py and po is then given by

n—1

We(p1, 1) = Y | Fil (i1 — ),

i=1

where F; = Z ,u,(:) — u,(f).
k=1

Proof: (Proposition 2.5.6)
By construction, the distribution functions F),, and F),, of the atomic measures (i

and ps supported on the ordered set {xy,...,x,} € R are defined as

FMl (t) = Z Mgl)lxiﬁt and FMQ (t) = Z M’EZ)lwiSt'
i=1 1=1

Since the distribution function of an atomic measure is a simple function, |F),,
F,,| is also a simple function. Integrals of simple functions are well known (see

Billingsley [10]). Thus, a direct application of Theorem 2.5.5 for uy and ps yields the
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following Kantorovich-Rubinstein distance:

n—1
W (p1, p2) = Z |Fil(zis1 — @),
i=1

where F; = Z ,u,(cl) - u,(f). i
k=1

2.6 The Kantorovich-Rubinstein distance on the

circle S;

In this section we consider the Kantorovich-Rubinstein distance where the underlying
Polish space X is the unit circle. We use the following notations from the paper on
the Wasserstein distance on the circle by Cabrelli and Molter[14]:

We identify the circle K = {z € C : |z| = 1} with "= [0, 1) as a fundamental domain

27t and use the natural metric on T given by

for R/Z, via the transformation ¢ — e
p(s1,82) = min(|s; — sa], 1 —|s1 — s2|). It corresponds to the minimum arc length on
the circle.

We identify the functions on T with the periodic functions on R of period 1; using
this identification we will use f(t¢), with ¢t € R, for functions on 7.

We denote by (X, ].]) the unit interval [0, 1] on the line with the Euclidean distance.

For measures with bounded support on X', the distribution function of pu is defined

by Fu(t) = p({z € [0,1] -z € [0,4]}) = u([0,1]).

An analytic expression for the Kantorovich-Rubinstein distance is between prob-
ability measures on the circle is given in Theorem 2.6.5. We first need the following

definition 2.6.1 and three lemmas from [14].

Definition 2.6.1. For an arbitrary measurable function v : X — R, consider the
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following three measurable sets:
AT ={r e X :y(x) >0}, A" (y) ={zr e X :y(x) <0}, A7) = {z € X : y(x) = 0}.
Then, a function v : X — R is said to be balanced if
IMAT (7)) = MA™ ()] < MA (7).

We also denote by D the set defined by D(v) = {c : A°(y) — R, measurable: |c(t)| < 1 a.e.}.

We now relate the distance between measures on the circle with the distance
between measures on X obtained from the former by ”cutting” the circle. First, we
identify the measures on T" with the appropriate measures on X.

For € M(T'), we consider the function G, : R — R defined by
Gy(w) = ([0, ]), for 0<w <1,

and extended to R by the equation G, (x + 1) = G,(x) + 1. By construction, G, is
right-continuous.
For each s € T, we associate to any measure u € M(T) the pair (u?, ul) of

measures on 7', determined by their respective distribution functions:

D:: X =R, givenby Dj(z)=Gu(r+s)—Gu(s),
I: X - R, givenby [;(v)=Gu(r+s)—Gu(s—).

As distribution functions, Dy, and I} are defined on R. Note that:

(i) D;(xz) = 0 for z € (—00,0], D;(x) =1 for ¥ € [1,+00) and D;, has a jump of
height G,(s) — Gu(s™) at @ = 1 while [}}(x) = 0 for x € (-00,0), I;;(z) =1 for
x € [1,4+00) and has a jump of height G, (s) — G,(s™) at = = 0;

(i) if p(s) = 0 then G, is continuous at s and thus pu? = pf and D5 = I%. Moreover,

note that ;2 ({0}) = 0 and that p({1}) = 0.
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(iii) p({0}) = 0 and p{({1}) = 0.

Informally, one refers to the value s € T as a cut of the circle. One can picture
uP ) pl, as representing the measures on the line obtained by ”cutting” the circle at
s and taking (s,s + 1] and [s,s + 1) as fundamental domains in R/Z. Now that we

have defined balanced functions, we can state the lemmas:

Lemma 2.6.2. Let u,v € M(T) andn = p—v. Forr € T fized, we consider the
function D" = D}, — Dy, the difference of the distribution functions associated to uP

and vP. Then,

Wr(pv) < inf Wa (. v7). (2.6.1)

Moreover if, for s € T, the function D® is balanced, the infimum on the right-
hand side of the equation (2.6.1) is attained at s. Thus , for D® balanced we can

write

Wr(p,v) = Wa(ul, vP).

Analogously, if for s € T, the function I® = I; — I} is balanced, we have
WT(”? V) = WX(ML Vi) = injf, WX(:M{M Vi)
re

The next lemma show that there always exists a so-called optimal cut s € T.

that is, an s such that D® or I° is balanced:

Lemma 2.6.3. Let p and v be two measures on T'. Define G = G, — G, on R and
let o be the restriction of G on X (i.e. ax) = Gu(x) — G, (x), for x € [0,1]). Then,

there exists an optimal cut s € T such that either D* or I° is balanced.

Now, we need one more lemma to prove Theorem 2.6.5, on the existence of an
analytic expression for the Kantorovich distance between probability measures on the

circle.
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Lemma 2.6.4. Let v : X — R be a right continuous function and X be the Lebesgue

measure on R. Consider the function m, : R — X defined by
my(t) = A{z € X : a(z) > t}).
Define the constant a, by
1
a, = sup {t eR:my(t) > 5}

Then, for any neighbourhood V, of a,, A(Vo, Ny (X)) > 0. In particular, a., is in the
closure of y(X).
Likewise, define the constant b, by

b, = inf {t eR:m,(t) < %}

Then, for any neighbourhood Vi, of by, A(Vy,, Ny(X)) > 0. In particular, b, is in the
closure of y(X).

We can now prove the theorem:

Theorem 2.6.5. Let T be the unit circle equipped with the minimum arc length metric
p(s1,82) = min(|sy — sa|, 1 — |s1 — s2|). Define two probability measures j and v on

T. Then,
W, v) = / () — a| d,
T

where o : X — R is defined on x € [0,1) by
a(z) = p((0,z]) — ([0, z]) with (1) = 0,

andaazsup{tE]R: A{z e X a($)2t})>%}

15 a translation constant that depends on p and v.



2. THE KANTOROVICH-RUBINSTEIN DISTANCE 66

Proof: (Theorem 2.6.5)
Recall that, by definition, « is the restriction to X of the function G defined in Lemma
2.6.3. Moreover, by the same lemma, we know that there exists s € T such that either
D¢ or I° is balanced.

Assume first that D* = D;, — Dy; is balanced, where D}, and D; are the distribu-
tion functions of u? and v”. By Lemma 2.6.2, Wy (u,v) = Wx(u?, vP).
Now, by Theorem 2.5.5, we know that

1
Wa(u? vP) :/ |D*(z)|dx  since D® = Dj; — D;.
0

Recall also that D*(z) = G(z + s) — G(s). But s € T hence G(s) = a(s). Also,
the function «a(s) is right-continuous. Hence, by Lemma 2.6.4, there exists a sequence
{sn} in X such that a(s,) — a,. Let s € X be the limit of point of {s,}. Since
{sn} C X, we can extract a decreasing sub-sequence {s,, } such that {s, } — s.
Since « is right-continuous, «a(s,, ) — «(s) and thus a(s) = a,. Therefore we have
Ds(x) = G(x + 8) — aq.

By a basic change of variables we obtain:
1 1 1+s
/ ]G(:U+s)—aa|dx:/ \G(x)—aa]dw+/ |G(x) — aq| dz.
0 s 1
For z € [1,1 + s], we can write © = 1 +r for r € [0, s] and thus we have
Gx)=G(1+7r)=G,(1+7r)—G,(14+7)=(1+Gu(r) —(1+G,(r)) = G(r) = o(r).
Therefore,

1 1 s 1
/ |G(x+s)—aa|da::/ |G(x)—aa|da:+/ |G(a:)—aa|dm:/ la(x) — a,| dz,
0 s 0 0

which completes the proof.

If, on the other hand, s is such that I* is balanced, the same steps allow to show
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_ /01 I1*(2)] dz = /01 la(z) — au| de.

that

We end this section, with the following corollary of Theorem 2.6.5 that we will

use in the next section:

Corollary 2.6.6. Under the same hypothesis as Theorem 2.6.5, we have

Wr(u, v) = min (ugjfﬂ/ la(z) — a(s)| dz, 1nf/ la(x) — s )\daz)

Proof: (Corollary 2.6.6)
By Lemma 2.6.2, we know that

Wr(p,v) < inf W, v”)  and - Wr(p,v) < inf Wa(ur, ;).

reT

Therefore,
W) < min (i W, ). inf (2. 07) ).

Now, by Theorem 2.5.5, we know that
W (u?, v} / |D*(z)|dz  since D® = D; — Dy,

where D% and Dj are the distribution functions of p and v, respectively.
Moreover, by Lemma 2.6.3 and Lemma 2.6.2, we know that there exists an s € T’

such that
Wr(p,v) = Walus,v)) or Wr(p,v) = Walug, vy).

Therefore, since D*(z) = G(z + s) — a(s) and I°(z) = G(z + s) — a(s—) (see the
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proof of Theorem 2.6.5),

dr(p,v) = min (1%/ la(z) — a(s)| dz, mf/ la(z) — af )\dx)

2.6.1 The Kantorovich-Rubinstein distance on the circle S!

for atomic mesures

Let us consider the case of atomic measures on the circle 7. We have the following

proposition:

Proposition 2.6.7. Let the unit circle T' be equipped with the minimum arc length
metric p(s1,s2) = min(|sy — sa|,1 — |s1 — s3|). Let us define, on T, two atomic

probability measures

= znjlugl)(ssi and  pp = Zu(g)észa
1=1

supported on the same finite number of ordered points {s1,...,s,} € T.

The Kantorovich-Rubinstein distance between py and o is then given by

Wr(p, p2) = min ZP Sit1, i) | — aul,

1<s<n

J
where a; = Zﬂg) — ,ul(f) for1 <j<n, and s,+1 = s1.

Proof: (Proposition 2.6.7)
By Corollary 2.6.6, we know that

Wr(p, v) = min (1&/ la(z) — a(s)| dz, 1nf/ la(z) — afs )\dx)
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where a(z) = F, (v) — F,,(x) with F, () = pi([0,2]) and F,,(x) = pa([0,x]),
respectively.

Since both 1 and uy are atomic measures, « is a simple function. Evaluating o
at s and s7, we have

— iug)—u,(f) for s; <s<s;1 and a(s™) = ZZ:M,(:)—M,(;) for s; < s < s;41,

k=1 k=1

with a(s) =0 for s, <s < s; and a(s™) =0 for s, < s < s5.

Note that the functions a(x) — a(s) and a(x) — a(s™) remain simple since a(s)
and «a(s™) are constants. Integrals of simple functions are well known (see Billingsley
[10]) thus a direct application of Corollary 2.6.6 for p; and po yields the following

Kantorovich-Rubinstein distance:

WT(M? y) = min <1I<nslgnzp Si+1, S ) ) 1I<nslgnzp Si+1,S ) CK(S)’) :

J
where a; = Z,ul(:) — Mf) for 1 <75 <mn,and s, = s1.
k=1

By construction of a(s) and a(s™), r<111£1 alz)—a(s) = r<111£1 a(x)—a(s™). Hence,
$1<8<sp S1585Sn

we obtain

WT(MM:UQ = min Zp Sit+1, 8 |CY1 CYs|'

1<s<n



Chapter 3

The Kantorovich-Rubinstein
Distance and Statistical Trend
Tests

The most common design to test for association between a genetic marker and a
disease is the case-control study. Basic test statistics for GWAS using case-control
sample are reviewed by Balding [4]. In this chapter, we start by studying two of the
most commonly used test statistics for genetic association: Pearson’s Chi-square test
and the Chochran-Armitage trend test which assumes a dose-response effect between
the genotype and the disease: the risk of disease increases with the number of risk
allele (Sasieni [46]).

In 2009, Zheng et al. [56] showed that, in fact, Pearson’s test is a trend test with
unrestricted data-driven scores. By re-writting both test statistics in a more general
form, we are able to significantly simplify the proofs of Zheng et al. and build an
upper and lower bound for the Pearson statistic that depends on the Kantorovich-
Rubinstein distance.

The chapter is organised as follows: the first section introduces the two test
statistics. In the second section, we define a particular application T" and proceed to

give the interesting properties of T'. In section 3, we show how both the Pearson and

70
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the Cochran-Armitage statistic can be defined as multiples of 7. Finally, in section
4, we construct an upper and lower bound for the Pearson statistic as functions of

the Kantorovich-Rubinstein distance.

3.1 The Cochran-Armitage Trend Test and the Pear-
son’s Chi-square Test of Homogeneity

The purpose of this section is to introduce two single variable tests of association which
are well-known and commonly used in genome-wide association studies (GWAS): the

Pearson chi-square test of independence and the Cochrane-Armitage test for trend.

3.1.1 The Pearson’s Chi-square Test of Homogeneity

In the case of a multinomial distribution with joint probabilities 7;;, for ¢ = 1,... k
and j = 1,...,[, the sampling can be summarize by an &k X[ contigency table. The null
hypothesis is that the joint probabilities 7;; are equal to the product of their marginals
mi+ and my;. Hence the null hypothesis of the statistical test is H, : m; = mipmy 5,
for all (4, j), where »_; >, m; = 1. Since the marginal distributions 7;, and 7, are
unknown, the sample marginal proportions 7,4 = n;y/n and 7y; = ny;/n are used

as estimates. Under the null hypothesis, one obtains the following statistic:

k ! N
_ Z Z (0ij — i)
i

where o;; is the number of observations of type (¢, j) and &;; is the estimated expected
frequency of type (7, j) under the null hypothesis (hence é;; = nm; 7y;).

Replacing €;; by the estimates &;; affects the distribution of the Pearson chi-squared
statistic. Indeed, €;; require estimating both marginal distributions m; and m; thus

the degrees of freedom of the statistic is (k — 1)(l — 1).
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aa | aA | AA
Case ro | r1 | 7o
Control | sg | s1 | s
Un ny Mo n

» |3

Table 3.1: Nomenclature for Contingency Table with one SNP

The Pearson’s Chi-square Test of Homogeneity Applied to Genetics

To summarize the results of case-control samples for a single marker (in our case
a single snp), one can build a 2 x 3 contingency table. The two rows summarize
the outcome of controls and cases while the columns summarize the outcome of the
genotype of homozygous major (AA), heterozygous(Aa) and homozygous minor (aa),
respectively. Hence, we obtain categorical data with 2 variables. The row variable
has two categories while the ordinal column variable has 3 categories. To build
this contingency table, we will follow the notation used by Zheng et al. in [56].
Denote the genotype counts for cases by (rg,71,72) and for controls by (s, s1, $2).
Let r = rg+ 11 + 13 and s = sy + 81 + S be the number of cases and controls
while n; = r; + s; (for ¢ = 0, 1,2) is the number of patients with each genotype. Let
n = r + s be the total number of patients and p = r/n, ¢ = s/n be the sample
marginal proportions. Recall that ¢ = 1 — p. With such notations, the estimated

expected frequencies can be written as &;; = nff, Ty; = n-" =n;- = np.

The Pearson-Chi square test of homogeneity works under the null hypothesis that
the probability distribution of any genotype is the same between case and control.
Hence, the null hypothesis is H, : m,; = my; for i = 0,1,2, where >, 7,y =Y, 75 = 1.
Under the null hypothesis, the statistic 3.1.1 is written in the following form :

Ty = 22: <Ti _ nip) + 22: M (3.1.2)

o n;p — niq

The statistic 3.1.2 can equivalently be written using the Brandt-Snedecor for-
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mula: ,
T =— an(pz —p)?,  wherep; = — (3.1.3)
pq =0
Indeed,
< 2 2
2 r; — nzP) 2 <Si an)
T » = +
. 2 . 2
) (o
n; 7,
— (3 _|_ (3
D RS Dy

I
(]
SHES
£
=
[\
_l_
NE
S
/N

2 n; 2 n; 9
— Z (Pi —p) + —<p —pi> (note that p; +¢; = 1),

i:Op z=0q
2 2,1 1
Sl (o)
pa p q
1 <& 2
=—Zm(pz—p)
P17 =y

3.1.2 The Cochran-Armitage Trend Test

2
4 — Q) where ¢; =

Si

)
i

The Cochran-Armitage Trend Test (CATT) is a method of directing the Pearson’s

Chi-square Test towards narrow alternatives. Recall that for the Pearson’s Chi-square

Test, Pearson assumes that an 2 x [ contingency table represents the sampling of

a 2l-multinomial distribution. In the case of the CATT, Cochrane and Armitage

assume that a 2 x [ contingency table represents the sampling of J independent

binomial random variables of parameter (p;, n;) where the probability of success p; is

the probability of either categories as a function of the ordinal categories.

As seen above, in the in the case of a case-control setting for a single snp, the

ordinal column variable has 3 categories: the 3 genotypes.

In genetics p; is the
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probability of being a case given the genotype. It is called the penetrance. CATT
works under the null hypothesis that the probability of success p; of each random
variable is the same. Hence the null hypothesis is H, : p; = p, for ¢ = 0,1,2. Under
the null hypothesis, Cochrane and Armitage proposed the following trend statistic:

0 - (3.1.4)

where ¢ = (¢, ¢1, ¢2) is a chosen triple of increasing scores such that ¢y < ¢ < co.
For large samples, the statistic T4 is asymptotically equal to 7,2 with one degree
of freedom.
The Cochran-Armitage statistic (3.1.4) can be rearranged to obtain the following

expression:

2

Tealc) = b > niei — o). (3.1.5)

P,

where

Y —pa—d . 1g
b= S nnlc; — )2 and ¢ = - ancl.
=0

In order to obtain the expression (3.1.5), we first show that

(iri(q - c)>2

1=0

TCA(C) = 5 .
pq Z ni(c — 5)2
1=0

To do so, we show that their respective numerators and denominators are equal.
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For the numerator we obtain:

2 2 2
_ n;
E ri(ci —¢) = E il ¢ — ci—
: n
=0

1=0 i=0

2 2 2
= T:C; — r; Ci—
=0 =0 =0
2 2 2
1
= E T’iCz’——E Tig Cily
=0 =0 =0

2 2

= Zr,ci - pZCi(n +5;)
i=0 =0
2 2
=(1 _p)ZTz‘Cz‘ _pzcisi
=0 =0
2
= Z ci(qri — psi).
=0
For the denominator we have:
2 2
Z n;(c; — 6)2 = Z n,(cz2 — 2¢;Cc + 62)
=0 =0
2 2 2
= ancf — QEZcmi + & an
=0 i=0 =0
2 2
= Z nic; — 2né® + é&n (recall that ne = Z cing)
=0 =0

2
n( E n,-c? - EQ>
i=0
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Now, it is left to show that

1=0 bg 2
5 = n;(c; — ©)
pq Y ni(ci — ) =
i=0

> ni(pi — p)(ci —¢)
Z ni(ci — 5)2

Since b = , it is easy to see that

2 2
Thus to finish the proof we show that Z ni(pi —p)(ci —¢) = Z ri(c; — ¢):
i=0 i=0

2 2

Z ni(pi —p)(ci —¢) = Z(rl —n;p)(¢; — ) (recall that r; = n;p;)

i=0 =0

2 2 2 2
= Zfrici — EZn —pZmCi +P52ni
i=0 i=0 i=0 =0
) 2
— Z rici — ¢r — pnc + pen (recall that ne = Z cin;)

1=0 i=0
2

= Z ri(c; — ¢).
i=0
Remark 3.1.1 (On the Choice of Scores for the CATT). To test H, using a CATT,
the score ¢ = (¢q, ¢o, ¢3) is assigned to the genotypes (aa,aA, AA) such that 0 < ¢y <
cp <cgores < < ¢ <0 Ina 1997 paper [46], Sasieni assigned ¢ = (0,0,1)
to the recessive model, ¢ = (0,1/2,1) to the additive model, and ¢ = (0,1,1) to

the dominant model. The intuition underlying the scores is the following: for the
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recessive model, the relative risks of the genotypes aa and aA are the same, so the
same score is assigned to aa and aA. Likewise, for the dominant model, the same
score is assigned to aA and AA. For the additive model, the effect of aA should be
the average of the effect of aa and AA.

3.1.3 Relationship between the Pearson and Cochran-Armitage

statistics

Recall that, in the case of CATT applied to genetics, one assumes that a 2 x 3
contingency table represents the sampling of 3 independent binomial random variables
of parameters (p;, n;) where p; is the penetrance (the probability of being a case given
the genotype).

CATT works by looking for the presence of a linear trend among penetrance, across
the 3 genotypes. The trend test may give strong evidence of positive or increasing
linear trends, of constant or stable trends over time, or of negative or decreasing
trends. Cochrane and Armitage used a linear model of the form p; = o + g,
fitted by the ordinary least squares method. Recall that p; = r;/n;, p = r/n and
¢ =) .n;c;/n. The prediction equation for p;, given by Agresti (section 5.3.5 [1] is:

ﬁi :p‘i‘b(Cl —5),

where
p_ il —p)(e =)
dnile—eP?
To build the Cochran-Armitage statistic, Cochran partitioned the Brandt-Snedecor
formula (3.1.3) of the Pearson Chi-square statistic. Indeed, in 1954, Cochran noted

that the Brandt-Snedecor formula (3.1.3) decomposes into

sz = TCA(x) + Tfit, (316)
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2

1
where T, = ni\p; — ﬁz 2.

To verify decomposition (3.1.6), we first note that
2
R N\ 2
Z”i(ﬁi —pi)? = an((Pz —p) —blei — C))

= E:m((pZ —p)* = 2(p;i — p)b(c; — ©) — b*(¢; — ©)?)

2

ni(p; — p)* — ZbZni(p,- —p)(c; —¢) + b an(cZ — )2

1=0

[e=]

Hence, we have the following equality:

2h2
p(l—p) 4

=0

Toa(z) +Tpy = Ty — 2—62 i:nz(pl —p)(c;—¢) + ni(c; — ¢)2.
p(l—p) =

Thus, it is left to show that > n;(p; — p)(c; — ¢) = b>_n;(c; — ¢)®. But this is
true by construction since the denominator of b is Y n;(¢; — ¢)? and the numerator
of bis > ni(p; — p)(c; — ).

When the linear probability model holds, T%;; is asymptotically chi-squared with
df = 1 and the statistic 2% , based on df = 1, tests for a linear trend in the proportions.
Note that an equivalent way to express the null hypothesis is to say that the slope
of the linear model is zero. That is, H, : 8 = 0.

3.2 The function T

In this section, we compare the Kantorovich-Rubinstein distance with both the Cochran-
Armitage statistic and the Pearson statistic. To do so, we write these two statistics

as follows.

Definition 3.2.1. Consider (X, ), a probability space and define Lo(u1). and Li (1)
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as follow:

Lo(u)s = {f € Lo(u) : f # constant},
Lt () = {J € Li(p) : f(2) 2 Op-a.e., and 0 < |If]ly <1},

We now define the application T : Lo(p1). x L (1) — R by:

(3.2.1)

2
where V,(c) = /c2d,u— (/cdu) and m = /ozd,u.

Remark 3.2.2. If the function o € Lf (p) is such that 0 < o < 1, then T'(c,a) =
T(c,1—a).

Proof: (Remark 3.2.2)
2 2
It is enough to show that </c(a —mg)dp) = (/c((l —a) —mi_qa) du) :

Sincemla:/(l—&)du: ldpy — [ adp =1—m,, we have:

c(l—a—(1-m)) d,u>2

(/
= ([etcarman)’ = ([ ela-maan)”

2
Remark 3.2.3. Consider V,(c) = /02 dp — </cd,u> . Then,
(i) Viu(c) >0 for all c € Ly(p),
(ii) For c € La(p), Vy,(c) = 0 if and only if the ¢ = const, p-a.e.

(iii) /c(a —m)du =0 if ¢ = const, p-a.e.
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Proof: (Remark 3.2.3)
Recall the Cauchy-Schwarz inequality:

2
‘/fgdu S/deu/QQdu-
By the Cauchy-Schwarz inequality applied to ¢ € Ly(p), we obtain:
2
(i) /c2d,u/1du— </cdu) >0

2
(ii) Moreover, since /1d,u = u(X) =1, then /02 du/ld,u - </cdu> =0 if
2

and only if /02 dp = (/cdu) . That is, if and only if V,(c) = 0.

(iii) Since pu(X) =1 and/ad,u:m, then/(a—m)du:/adu—/mduzo.

Thus,/c(a—m)du:c/(a—m)duzo.

To better understand the behaviour of the function 7', we now prove important
properties:

Let G C GLy(R) be the group defined by
a b
G = ;a#0,0eR
01

and its action on Lo(p), given, for g € G and ¢ € La(u)s, by
(gc)(z) = ac(x) + b, for all x € X.

Note that if, for every g € G, ¢ € La()«, then gc € Lo(p)s.
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Let ~¢ denote the equivalence relation on Lg(u,) given by
c1 ~¢ ¢ if and only if 3¢ € G such that gc; = ¢s.

Lemma 3.2.4. Let ¢1,co € Lo(p). be such that ¢y ~g co. Then the two functions
T(ci,-) and T(cy,-), from L (i) to Ry are equal.

Proof: (Lemma 3.2.4)
Let ¢1,¢o € Lo(u), and g = (&%) € G be such that ge; = . We show separately
that V,(c2) = a*V,(¢1) and that/ co(la—m)dp = a/cl(a —m)dp:

Vi(ea) = /(Gcl +b)*dp — (/(acl +0) dﬂ>2

2
:/(a01)2du+bz+2b/cld,u— (/cldu—i-b)

= a’V,(ac;) + b* + 2b/01 dp — b* — Qb/cl dp = a®V,(cy).

/cz(oz—m)du = /(acl—i-b)(oz—m)du = a/cl(a—m)du—i—b/(a—m)du. Since
we know by Remark 3.2.3 that [(a —m)du = 0, we obtain the desired result. i

To prove the converse (Property 3.2.8), we will need the following two lemmas:

Lemma 3.2.5. Let ¢ € Ly(p).. Then, there exists ¢ € Lo(u). such that

c~g ¢ and T(C,a)= (/50401#)2’

for all « € LT ().

Proof: (Lemma 3.2.5)
Define g1, g2 € G by

1 —[ed 0 —1/2
fc 1% go = a2 where as = (/(916)2 dlu) ’
0 1 0 1

Q
S
I
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and set ¢ = gagic. Then /Edu =0 and /(6)2 dp = 1. Indeed,

/glcd,u:/cd,u—u(é\f)/cdu:().

Therefore,

1 1
/édu = /ggglcdu = a—Q/glcdu =0, and /62 dp = ?/(910)2 dp = 1. Thus V,(¢) = 1.
2

2
Since V,,(¢) =1 and /5du =0, we have T'(¢,a) = (/604 d,u> : i

Lemma 3.2.6. Let (X, F,u) be a finite probability space and let co and ¢, be two
measurable functions from X to R. Given p € (0,1), define the set LY (1), by

Li(w),= fEL /fd,u p, f >Ouae}

1f, for all f € L (1),

( / o fom)2 - ( / o fd,u>2, then either c1(z) = co(z) or c1(x) = —col), p-a.e..

As for any B € F, u(B) > 0, thefunct@onf— )ﬂBEL (1)p-
Lemma 3.2.6 is a direct consequence of the following lemma:

Lemma 3.2.7. Let (X, F, i) be a probability space and let ¢ and ¢; be two measurable
functions from X to R. If, for all A € F,

2 2
(/01]1,4 du) = (/00]1,4 d,u) , then either c1(x) = co(x) or c1(x) = —co(x), p-a.e..

Proof: (Lemma 3.2.7)
Let us define Y = {z € X; |a1(x)| > |d(2)|}, Z = {z € &; |c(z)] < |d(z)|} and



3. THE KANTOROVICH-RUBINSTEIN DISTANCE AND STATISTICAL
TREND TESTS 83

X, =X\ (YUZ). We will show that x(Y) = 0. Note that, by interchanging the
functions ¢y and ¢; in Y and Z, we can show that u(Z) = 0.

Let us partition Y as H Y; ; where
i,j€{0,1}

Yi; ={z €Y;sgn(c(z)) = (—1)" and sgn (d(z)) = (-1)’}

and show that u(Y; ;) = 0, for all 4, 5.
Suppose that there exist 4., jo such that p(Y;, ;) > 0 and denote, to simplify

(o}

notation, Y;, ;, by Y,. For x € Y,, 0 < (—=1)°d(z) < (—1)%c(x). Therefore,

/ ddu / cdu‘

2 2
which is impossible since, by assumption, (/ ddu) = </ cd,u> .

For i,j € {0,1}, set X7 = {z € X; (=1)’c(z) = (—1)/d(z) > 0} and X, = {z €
X;c(z) = d(z) = 0}. Fori e {0,1}, let X! = {z € X; d(x) = (—1)'c(x) # 0}. Then

X! = XV [ X5 where the indices are computed modulo 2.

<

/(—1)j°ddu</ (=1)cdu and

Claim 1 below completes the proof of the Lemma while Claim 2 is used in the
proof of Claim 1.
Claim 1: If u(X!) > 0, then p(X™') = 0.
Claim 2: Let k € {i,7}. If u(X%) > 0 (respectively, u(X**) > 0), then

/cld,u:e/ cod,
E E

0,3 0,3

where F; j = X5 [[XPF and € = (—1)"7 = —1 (respectively € = (—1)¥% =1).

Proof of Claim 2: By the assumption of the lemma,

J

crdp = 6/ codp,  with e € {£1}.
E;

%) ¥
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Then, as /
E

cldu:—/__codu—i-/ co dp, we obtain
X xhr

2%

(e—l—l)/._codu:(l—e)/ co dp.
X xhr

Then, if u(X5) > 0 (respectively p(X**) > 0), then e = —1 (respectively € = 1).

codp = 0), which is
k,k

Indeed, if not, we would have copdp = 0 (respectively
J Xe s

Xl
impossible.

Proof of Claim 1: As X! = X0 T X0 if u(XF) > 0, then either pu(X*%) > 0 or
pu(XH1) > 0. To prove the claim, we then need to show that p(XT10) = (X5 = 0,
as Xi+1 — XiJrl,O H.)Cvi’l.

We start with the case i = 0. If u(X**) > 0, for k = 0 or k = 1, then by Claim

2 applied to X7 IT X5* for j = 0 or j = 1, we obtain

/ C1 d,u = / Co d/L with Ej’jJrl = Xej’jJrl 11 Xek’k.
Ejj+1 Ejj+1
As / crdp = —/ codp, then / codp =0,
P xii+ it
and therefore p(X79t1) =0, for j =0 or 1 (sgn(c) is constant on X77T1).
For the case i = 1, ie. pu(X}!) > 0, then u(X>°) > 0 or u(X%!). Then, to show that

u(X00) = p(xLh) = 0, we apply, as above, Claim 2 to X%/ IT X%* for j =0 or 1
and k=0 or 1. |

To prove Property 3.2.8, we define, for p € (0,1) fixed, the set L7 (1), defined by

LHwy = {7 € L [ Fau=p. f(2) <0prac).

Consider, for ¢ € Ly(p), fixed, the function T, : L] (u) — R defined by T.(a) =
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T(c, ). Let us denote by T}, . the restriction of T, to L7 (u),.

Property 3.2.8. Let ¢g,c; € Lo(p). and p € (0,1) be fixed. If T}, ., = T, then,

Co ~aG C1-

Proof: (Property 3.2.8)
Consider ¢y, ¢; € Ly(p).. By Lemma 3.2.5, we can suppose, without loss of generality,

that

T(co,cx) = </coadu>2 and T(cj,a) = (/clozdu>2, for all a € LT (),
(3.2.2)
Since both equalities in (3.2.2) are true for all & € L7 (i),, they remain true for all
a € L (p)o-
As well, as seen in the proof of lemma 3.2.5, /cl- dp =0 and /C? dpu=1fori=0,1.

Now, by assumption, T}, ., (a) = T),., (), for all « € L{(u1),. Hence, we obtain

that ) )
(/coozdu) = (/cmzdu) , for all a € LT (u)o.

Therefore, by Lemma 3.2.6, we know that either ¢; = ¢y or ¢; = —c¢y. Thus ¢y ~¢g ;. 1

From now on, for any o € Ly (1), fixed, we study the function T, : L*(u). — R
defined by T,(c) = T(c, a).

In Corollary (3.2.11), we show that, supT, = T(«a, ), where the supremum is
taken over all ¢ € Ly(u).. Corollary (3.2.11) will be a consequence of propositions

(3.2.9) and (3.2.10).

Proposition 3.2.9. Let p € (0,1) be fized and o € L (u),. Consider the function
b: La(p) — R defined by

b(c):/<a_p)(c_/6du) du. (3.2.3)
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where p = /ozdu. Then we have:
(i) If d € R and e € R*, then b(c + d) = b(c) and b(ec) = 1b(c);

(1) The denominator of b(c) is equal to V,(c). That is,

/(c—/cdu)2du:/c2du— (/cd,u)z;

(11i) The numerator of b(c) can be simplified to /c(a —p)du;
(iv) T(c,a) = b*(c)V,(c).

Proof: (Proposition 3.2.9)

(i) The linearity of integrals makes this result clear.

(iv) A direct application of (ii) and (iii) yields the first equation of (iv).



3. THE KANTOROVICH-RUBINSTEIN DISTANCE AND STATISTICAL
TREND TESTS 87

Proposition 3.2.10. Let p € (0,1) be fived and o € LT (), N L3 (n). Consider the
function Sy : La(p). — R defined by

Sa(c) = / (a—p—be) (e / cdu))QdN. (3.2.4)
Then we have:
(i) Sa(c) 2 0;
(ii) If o ~c c1, then Sa(co) = Salcr);
(iii) To(a) = Talc) + Sa(c).

Proof: (Proposition 3.2.10)

(i) S, > 0 since it is defined as an integral of a positive function with respect to a

probability measure.

(i) If ¢g ~g c1, then b(c;) = %b(co) and ¢, — /01 dp = p(c — /cdu). Hence
Sa(Co) = Sa(Cl).

(iii)

Sa(c) + Tn(c)
:/(a_p—b(c)(c—/cdu))Zdu+b2(c)/(c—/cdu)Zdu
:/((a—p)2+b2(c)(c—/cd,u)2—2b(c)(a—p)(c—/cd,u)) du

w8 [ (- [ edn)au
:/(a_p)Qdumb?(c)/(c—/cdu)zdu

—26(0)/(a—p)(c—/cdu) dp
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:/(a—p)Qdu+Qb(C)<b(c)/(c—/cdu)zd,u—/c(a—p)du).

(3.2.5)

Now, recall from Proposition 3.2.9 that the function b can be written as

b(c) = ! /c(a —p)dp.
Hence Equation (3.2.5) becomes:
[ p -+ 200 (sVile) = Vi) = [ o~ p de

Using formula (3.2.1) that defines 7', we obtain the following:

( a(a—p)du>2 ( a?du —p adu)2 ) ,
T(o,a) = / V) = //an,u<//ad,u>2 Z/a dp —p7,

To finish the proof, one needs to show that T'(a,a) = /(a — p)*du. By

expanding (« — p)?, one obtains

/(Oé—p)QdMZ/OéQdu—2p/adu+p2/duz/oﬂdu—p?.

Corollary 3.2.11. Let p € (0,1) be fived and o € L (), N Ly (). Then,
sup{Tu(c); ¢ € Ly(n)} = T(e,a), where T(a,a) = |la—plf.

Proof: (Corollary 3.2.11)
Recall the function S, : Lo(p)« — R defined in Equation (3.2.4) in Proposition 3.2.10
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and the function b : La(u). — R defined in Equation (3.2.3) in Proposition 3.2.9.
Evaluated for ¢ = «, we obtain b(«) = 1 and thus S,(«) = 0. Since, by Proposition
3.2.10, we know that T, (¢) = Ty (a) — S, (c) with S(e, ) > 0, T,, attains its supremum
at a.

Now we show that T,(a) = || — p||3. As shown in the proof of Proposition

3.2.10 part (i77), To(a) = /(a —p)*dpu. |

In the last part of this section, we study the function T, in the following special

case:

2
(1) (X,[L) = ({x07$17$2}7 {:U“OMU&)N?}) where 0 < i <1 and ZMZ =L

i=0
(ii) p € (0,1) and a = (ag, ay, ap) with 327 g = p, a; > 0 and a # constant.
If not, then ag = a1 = ay = p and thus T, (c) = 0, Ve.

The remark below shows that, without loss of generality, we can assume that 0 <

ap < o < (g

Remark 3.2.12. Let 0 € 53 be a permutation and v be the probility measure v = o
i.e. v(j) = pu(o(j)). Then,

(i) Vi(coo)=Vye(coo)="V,(c) where V, is as defined in Equation (3.2.1).
Here is the proof of (i):
Vieelc00) = [(cooa)ducatw) — [ eo @ dnoato)
~ [t dnto) - ( [ do@) o))’
= /62(y) dp(y) — (/C(y) du(y)>2 = Viu(e)

(ii) T(coo,a00) =T(c, ).
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Indeed,

c(y p) du(y).

/coa(aoa— d,uoa—/ (2)) — p) du(o(z))
= ] e

Case 1: |supp u| = 3.
Subcase (a): ¢, # ¢s.
In this case, there is 3 facts of interest:
() T(c,a) = T((0,,1),a)
(ii) max.T(c,a) = T ((0,2%,1), ) where z* = &= € [0, 1].

a2

(iii) If ao = avy, then z* = 0, and max,. T(c,«) =T ((0,0, 1), «).
If ao = avq, then z* = 1, and max. T'(c,) = T ((0,1,1), ).

Subcase (b): ¢, = cs.

In this case, there is 3 facts of interest:

(i) T(c,a) =T ((0,2,0), ) where x # 0 since ¢ cannot be constant.

After computation, one obtains

T((0,2,0),a) = (a1 —p)*pi (g —p)z,ul.

frn — p 1—
(i) limpy—ee T((0,2,1),a) = T ((0, 2,0), ) .

Indeed, when x — oo,

(frf( —p)p + (g — p)u2>2 (ar — p)*1s3
r ((O,ZB, 1)’ a> - 22 (py + p2) — (xpy + p2)? — TM%

Case 2: |supp p| =2
Without loss of generality, we can assume that supp u = {0, 1} and that ¢, < ¢;.

Moreover, by Lemma 3.2.4, we can assume that ¢, = 0 and ¢; = 1. Under these
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assumptions, we have
T(c,a) = w.
L=
Since supp p = {0, 1} we can write o = 1 — p; and therefore p = aopo +aq (1 — o) =
aj + (o — aq)ie. Replacing p, and p in T, yields

T(c,a) = (a1 — o) fhopts .- (3.2.6)

3.3 Generalization of the Pearson and Cochran-

Armitage Statistics

The purpose of this section is to construct the Generalized Cochran-Armitage statistic
and the Generalized Pearson statistic using the function T constructed in Definition

3.2.1.

Definition 3.3.1 (Generalized Cochrane-Armitage Statistic). Let X' be a Borel space
and i, jis be two positive measures on X .

Consider the two positive measures fi,., pus defined by p, = % and s = %, where
0= i (X) + fis(X).

Note that the measure @ = i, + s s a probability measure.

Let o, ag be the respective Radon-Nikodym derivative of u, and us with respect to .
Then, we can define the generalized Cochran-Armitage statistic Tea - Ly(p)s — R by

TcA(C> =

where p, = /ar dp and ps = /045 dp.

Note that, by definition of the Radon-Nikodym derivative, and as pu is a proba-

bility measure, p, = u,(X) and ps = us(X). Hence p, +ps = 1. As well, a, + a5 =1

. d
since o, + oy = %.
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Remark 3.3.2. Using the same assumptions as in Definition 3.3.1, we notice that
/C<O‘T —pr)dp = /C(psar — pra) dp.
Indeed,

/C<psar - pras> d:u = C((l - pr>o~/r - pr(l - ar)) d/l

c(o — proy, — pr + prag) dp

I
—— —

C<ar - pr) d,LL

Definition 3.3.3 (Generalized Pearson Statistic). Using the same assumptions as in

Definition 3.3.1, we can define the Generalized Pearson Statistic sz by

n
DPrPs

sz = T(OgT,Oér).

3.3.1 Standard Statistics: a Special Case of the Generalized

Statistics

The purpose of this subsection is to study the Generalized Cochran-Armitage statistic
and the Generalized Pearson statistic in the case of a three point space equipped
with the discrete distance 1,.,. The generalized Cochran-Armitage statistic and the
generalized Pearson statistic simplify to the well known Cochran-Armitage statistic

and Pearson statistic, respectively.

Particular Case 3.3.4 (Cochran-Armitage). Let X’ be a Borel space. Let us define

two atomic probability measures

H1 = Z:uz(l)él’z and o = Z MEQ)(;%?
i=1 i=1
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supported on the same countable subset S of X', and such that u = p; + po is a
probability measure. The respective Radon-Nikodym derivative of p; and py are

defined by

N fr () s (i) .
a,(x;) = ) ) b es.

Then, the Generalized Cochran-Armitage statistic, defined in 3.3.1, can be written as

and  a(x;) =

( > ci(popr () — pr“s(xi)))Q
TCA(C) = — =

T s Z cu(x;) — (Z C(%)M(%))

;€S ;€S

2

where p, = Z ap () p(z;) = Z wr(x;) = p,(S) and, likewise, ps = ps(.S).

:CZ‘GS xZES

If 41, and ps are supported on a three-point set S = {zg, x1, x2}, we set p,.(z;) = r;/n,
r(8) = 1/, 1a(:) = 52/, 11a(S) = /1, p(s) = s/ and u(S) = 1, and we observe
that

n 1 1

pps  nEEEE T npg
By doing so, we obtain the ”classic” Cochran-Armitage statistic given in equation

(3.1.4).

Particular Case 3.3.5 (Pearson). Using the same assumptions as in the particular
case 3.3.4, and recalling the expression of T'(«, ) obtained in the proof of Corollary

3.2.11, the Generalized Pearson Statistic sz, defined in 3.3.3, can be written as

7 n Mr(xi> 2
To= < — pr> ;).
X PrDs 901;9 ,u(xz) ( )

Moreover, if u, and pus are supported on a three-point set S = {xg, z1, 22}, and we
set - (z4), pr(S), ps(xi), ps(S), p(x;) and pu(S) as in Particular Case 3.3.4, we obtain

the Brandt-Snedecor formula (3.1.3) of the ”classic” Pearson statistic.

If 1 and ps are supported on a two point set S = {xg, 1}, we recall the equation
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(3.2.6) of T'(c,r) and set p,(x;), (), ps(zi), ps(S), p(zr;) and p(S) as above to

obtain

ni/n ng/n

T(c,a) = (Tl/n To/n>2 %% _ (307“1”:”7;081)2 732
This is interesting as it means that 7" is equivalent to the odds ratio (OR) measure of
association commonly used in case-control studies with two-by-two frequency tables.
the OR represents between an exposure and an outcome. The OR represents the
odds that an outcome will occur given a particular exposure, compared to the odds
of the outcome occurring in the absence of that exposure. The OR measure is given

by ro81/115.. If OR = 1, the exposure does not affect odds of outcome and if OR # 1,

the exposure is associated with the odds of the outcome.

3.4 Relationship between the Kantorovich-Rubinstein

Distance and Trend Tests

In the case of a metric space equipped with the k-discrete distance, we have already

proved the following (see Theorem 2.4.5):

Theorem 3.4.1. Let X be a Polish space equipped with the k-discrete distance ky,,.
Let py and ps be two Borel probability measures on X. Then,

k
WX(Mth) = 5“#1 - M2HTV'

Recall that the Total Variation norm is related to the Li{-norm:

Lemma 3.4.2. Let py and ps be two Borel probability measures on a Borel space X
absolutely continuous with respect to a Borel probability measure p . Let ap = %%

and oy = % be the respective Radon-Nikodym derivatives of py and ps. Then,

1
H/h - M2||TV = §H041 - 042H1-
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Note that v = pu; + s satisfies the condition of the lemma.
As a direct consequence of Theorem 2.4.5 and Lemma 3.4.2, we have the following

lemma:

Lemma 3.4.3. Let X be a Polish space equipped with the k-discrete distance ky,.
Let py and po be two probability measures on X and oy and as be their respective

Radon-Nikodym derivatives, with respect to some Borel measure v. Then,

k
Wa(pr, p2) = ZHOQ — aolls.

We now have all the necessary results to compare the Kantorovich-Rubinstein

distance with both the Cochran-Armitage statistic and the Pearson statistic:

Proposition 3.4.4. Let X be a Polish space equipped with the k-discrete distance
kyry and fi,, fis two finite positive measures on X. ) .
Consider the two positive measures i, jts defined by p, = % and ps = %, where
n = fir(X) + f1s(X).

Let av., ag be the respective Radon-Nikodym derivative of ., ps with respect to the
measure p = i+ pis and p, = [ a, dp, ps = [ asdu. Then, the following inequalities

hold:

42 1 1 ~ 4n 1 1
nprpsﬁw/%(p_'u’r’ p_,U/s) < TX2 < ?Ha'r - erOOWX (p_,ura p_,us)a

where sz denotes the Generalized Pearson Statistic as defined in Definition 3.5.5.

Proof: (Proposition 3.4.4)
By Lemma 3.4.3, we know that
1 1

W_rv_s:__r__s-
x(pru psu) |~ palll

Recall that p,. + ps =1 and «, + as = 1, p-a.e. Then,

1 1 1 1
||_04r__043||1: H(l—Pr)ar—pr(l—%)Hl:

T S TS TS

[l = pe 1,
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and therefore
4n 1 1 n
—Wae(—pir, —ps) = —|low = p|1. (3.4.1)
Dr DPs Prp

k TS

Now, we first show that

4dn 1 1

ng— @ — PrllooWa (—ptr, —s) - 3.4.2
e < o =l W (e ) (342)

Basic properties of L, distances inequality, yield:

Har—er%:/!ar—pr!?duS Har—pTHoo/Iar—pr\du: lar — prllocllar — ool

n

By multiplying on both sides of the inequality by and using equation (3.4.1),

r1’s
one obtains:

n o _ 4n 1 1
Qpr — Dr S - [|C — Pr ooWX — My, — s )
o, = polB < Fllar = bl Wl )
By Corollary 3.2.11, we know that T,» = n ||, — p,||3. Hence we obtain inequality
TS
(3.4.2). It is now left to show that
21 1 ~
nprpsﬁw)( (5“7‘7 5#3) <T\.
. . . n N n ) .
Using Holder inequality, we have: [l — pr]|7 < |or — prll5 = Ty2. Using
TS p’f‘ S
equation (3.4.1) on the lower bound gives:
" ag — prlli = 22 2 o, — i
ppst T 2

_pps (), 11
CEE WX(pTMT’ SNS)
=n 4_2W2(l l )

p’r‘pskz X prﬂrvpsllbs 9

which completes the proof. |



Chapter 4

K-Lipschitz Maps and the

Kantorovich-Rubinstein distance

This chapter is short and technical but very important as it is a building bloc for
Chapter 7. All the results presented are new. We study the functorial properties
of the Kantorovich-Rubinstein distance. The goal is to compare the Kantorovich-
Rubinstein distances between two measures pq, o € Py and their respective push-
forward measures f(u1), f(p2) € Py, for a mapping f : X — ) with particular
properties.

In the first section, we obtain interesting results when f is a k-Lipschitz function
and when f is an isometry. These results are given in Theorem 4.1.1 and Proposition
4.1.9.

The second section considers the cases of canonical projection 7, : X — X,
where A is a Cartesian product of Polish spaces and X4 is a canonical subset of X.
We compare the Kantorovich-Rubinstein distances between two measures iy, s € Py
and their respective push-forward measures m4(p1), ma(p2) € Px,. It is a particular

case of the first section as canonical projections are Lipschitz functions.

97
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4.1 Functorial properties of the Kantorovich-Rubinstein

distance

Following the notation introduced in Section 2.2, if X is a Polish space and d is a
lower semi-continuous distance on X', we denote by Py the (convex) set of all Borel

probability measures v on X such that

/Xd(x,xo) dv(z) < oo,

for some (and therefore for any) z, € X.
Recall also that Wy denotes the Kantorovich-Rubinstein distance on Py and that
Dy denotes the set of all lower semi-continuous metrics d on X. A metric d € Dy

does not necessarily define the topology on X.

Theorem 4.1.1. Let X and Y be two Polish spaces, equipped with dx € Dx and
dy € Dy, respectively. Let k € R} and ¢ : X — Y be a k-Lipschitz, measurable
mapping.

Let py, po be two probability measures in Py, and o(p1), ¢(p2) their respective push-
forward measures on Y. Then, fori=1,2, p(u;) € Py and

Wy(e(p), o(p2)) < kWa(p, pa).

To prove Theorem 4.1.1, we will need Lemma 4.1.3. Let us first recall a notation:

Notation 4.1.2. For any two sets Z; and Zs, let 7;, j = 1,2, denote the canonical

projection from the Cartesian product Z; x Zy onto Z;.

Lemma 4.1.3. Let X; and Y;, for i = 1,2, be Borel spaces and p; : X; — Y; be
Borel maps. Let o1 X g @ X1 X Xy — Y1 X Vo denote the Borel map defined by
(1 X pa)(21,22) = (901(5131): 902(5132))-

For i = 1,2, let u; be a probability measure on X; and ¢;(1;) be its push-forward

measure on ;.
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If 9 € N (1, p12) is a coupling of p11 and s, then its push-forward measure (@1 X pa) ()
belongs to N(gol(,tt1), 902(#2))-

Proof: (Lemma 4.1.3)

Since, m; 0 (1 X p2) = @; om;, for i = 1,2, we have

mi((1 % £2)(9) =m0 (1 X 92) (9) = @i 0 i (9),

for any probability measure 1 on A7 X Xj.
Then, if ¥ € N (p1, p2), we have, for i = 1,2,

mi((1 X 2)(0)) = 0 () = o).

Hence (o1 % 92)(¥) € N (1111, p2(p12)).- i

We can now prove Theorem 4.1.1:

Proof: (Theorem 4.1.1)
Let p1 and po be two probability measures in Py and let ¢ € N (uq, po). As dy and

dy are lower semi-continuous,

/y dy(p(x0), y) dp(pi)( / () dpi()
k/d (z0,2) dps(z) < o0,

IA

for any xy € X fixed. Therefore, ¢(u;) € Py.
Since 1 € N(,ul, ,UQ),

/XXdX(x,y)dﬁ(x,y)g/X Xd/y(:z:,xo)dﬁ(x,y)—i-/)( Xd;((xo,y)dﬁ(x,y)
< [ dvtaan) din(a) + [ dvtan.y) deato)
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Thus d € Li(9). By definition of push-forward measures, we get:

/ Ay, ) d(0 X 9)(9) (51, 42) = / dy(p(21), ol2)) dD(z1, 22).
yxYy

XXX

Since ¢ is k-Lipschitz, we obtain:

/X N dy((p(l’l), QD(JIQ)) dﬁ(l‘h ZL'Q) S k?/ d;{(l’l, 5(72) d19($17 172).

XXX

By Lemma 4.1.3, (¢ x ¢)() belongs to N (¢(u1), p(p2)) and therefore

Wy(p(in), (1)) < /y | dylan ) e )0) . 0)

S k/ d/y(l'l,.fCQ) dlg(ilfl,l'g).
XXX

By definition of the Kantorovich-Rubinstein distance, Wy (o (1), o(p2)) < EWa (1, pi2).
|

Let X be a measurable space. Recall from Remark 2.4.8 that for any probability
measures f; and po on X, the total variation distance ||p; — po||7y has a coupling

characterization given by

[l = poflrv = 2inf PLX # Y],

where the infimum is over all couplings (X, Y") of (i1, p2). We get the following useful

result:

Theorem 4.1.4. Let X be a Polish space and d € Dy be a bounded distance. Let i

and ps be two Borel probability measures on X. Then,
Wx(ﬂl,ﬂg) S A||ILL1 — ILLQHTV, where A = dlam(X)

Proof: (Theorem 4.1.4)
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Let 1,., be the discrete distance on X'. Then, for all z,y € X, dx(x,y) < Al,,, and

therefore

WX(,Ula,UQ) = %Ni&fl m)/d(f’?,y) dﬁ(ﬂfay)

<A inf Loy (7, 4) d9(z,
< %Nl&m)/ 2y(z,y) dd (2, y)

< Allp1 — pel|7v.

In Theorem 4.1.1, we have compared the Kantorovich-Rubinstein distance between
two measures and between their respective push-forward measures in the case of a
k-Lipschitz map ¢ from X to ). Now, we study two particular cases: when ¢ is an

optimal function and when ¢ is an isometric map.

Let (X, B) be a measurable space and p; and py be probability measures on X'. We
recall that an optimal function ¢ : X — R, is a 1-Lipschitz function that realizes the

Kantorovich-Rubinstein distance. Hence, [ @ d(u; — p2).
x

Proposition 4.1.5. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let py and ps be two probability measures on X and

f: X = R be an optimal 1-Lipschitz function. Then,

W (g, p2) = We(f (1), f(12)),

where f(u1) and f(uz) are the respective push-forward measures of py and g on R.
For the proof of Proposition 4.1.5, we first need the following lemma:

Lemma 4.1.6. Let X be a Polish space and d € Dy be a bounded lower semi-

continuous distance on X. Let uy and ps be two probability measures on X and f :
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X — R be a measurable, 1-Lipschitz function. Then, the identity function i : R — R,
defined by i(t) =t, is in Li(|f(p1) — f(p2)])-

Proof: (Lemma 4.1.6)

Let A be the d-diameter of X. By Lemma 2.3.3, diam(f (X)) < co. Therefore there
exist —oo < a < b < oo such that f(X) C [a,b]. Hence, for any Borel set A C [a, b]°,
f(1)(A) = f(p2)(A) = 0 and thus |f(u1) — f(p2)|([a, b)) = 0. Then, Therefore,

/R 11 () — Fua)l(8) = / [ (u) — Fu2)|(0) < oo,

which completes the proof. |

We can now give the proof of Proposition 4.1.5:

Proof: (Proposition 4.1.5)
As f is 1-Lipschitz and measurable, then, by Theorem 4.1.1, we have

Wr(f(11), f(p2)) < Wa(p, p2).

To prove the converse inequality, first recall that, by the Kantorovich-Rubinstein

Duality Theorem 1.3.2,

We(f (1), f(p2)) = sup { /R@b(t)d(f(m) — f(p2)) (), € Li(|f (1) — flp2)])s [0l Lip < 1}

Now, by the optimality of f and with a change of variable, we obtain:

Wie(pir. p1s) = /X F(2) A — o) () = / £ () — Fl2))(8):

As the identity function ¢ : R — R is 1-Lipschitz and, by Lemma 4.1.6, is in
Li(|f(m1) — f(u2)]), the proof is complete. i



4. K-LIPSCHITZ MAPS AND THE KANTOROVICH-RUBINSTEIN
DISTANCE 103

Let (X, B) be a measurable space and p be a positive measure on X'. Recall (see
for example Definition 6.7 in [44]) that u is concentrated on C' € Bif u(B) = u(BNC),
for all B € B, or equivalently, u(B) =0, if BN C = 0.

Proposition 4.1.7. Let (X,B) be a measurable space. For i = 1,2, let p; be a
probability measure on (X, B) concentrated on C; € B. If 9 € N (1, p2) s a coupling
of 1 and o, then 9 is concentrated on Cy x Cs.

Proof: (Proposition 4.1.7)

Let A € B x B be contained in (C; x C)°. Let us show that ¥(A) = 0. Set
A = AN(Cf x X) and Ay = AN (C§ x X). Therefore, A; € B x B, m;(A;) =
mi(A) N Cs and 9(A;) <O (77 (mi(4y))) = pa (mi(As)) = i (mi(A;) N CF) = 0. Hence
p(A) < (A1) +¢(42) = 0. 1

The following proposition is the key technical tool of Theorem 4.1.9. To facilitate
the understanding of the proof, we chose to denote by Ny the set of all couplings of
two measures both supported on X. Likewise, Ny is the set of all couplings of two

measures both supported on ).

Proposition 4.1.8. Let X and Y be two Polish spaces and let ¢ : X — )Y be an
injective measurable map.

Let piq, po be two probability measures in Py. Then,

(¢ x ) (N1, p2)) = Ny(p(p1), o(p2))-

Proof: (Proposition 4.1.8)

By Lemma 4.1.3, we have (¢ x ¢) (Nx (11, 12)) € Ny(o(p1), o(p2)).

To prove the other inclusion, let us first note that by Theorem 8.3.6 in [15], p(X) C Y
is Borel and ¢ : X — ¢(X) C Y is a Borel isomorphism. If ¥ € Ny(¢(u1), p(p2)),
then by Proposition 4.1.7, ¥ is concentrated on p(X) x ¢(X). Then, (o= x ¢~1)(9)
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is a probability measure on X x X, belonging to Nx (i1, u2). Indeed, denoting by
¥ 0 X x X — X (respectively, m¥ : ¥ x ) — ) the canonical projections, we
have by Lemma 4.1.3, ¥ (¢o™! x o™1)(9) = o' (7Y (¥)) = ¢ *(¢(:)) = p;. Then
(e x@)((p ! xp H)(¥)) =7 i

We can now give the proof of Theorem 4.1.9:

Theorem 4.1.9 (1.176). Let X and Y be two Polish spaces equipped with correspond-

ing lower semi-continuous distances dy and dy. Let k € R} and ¢ : X — ) be a
measurable isometry.

Let iy, po be two probability measures in Py, and (1), p(p2) their respective push-
forward measures on Y. Then, p(p;) € Py, fori =1,2, and Wx(u1, pa) = Wy (e(u1), p(p2))-

Proof: (Theorem 4.1.9)
As in Theorem 4.1.1, p(u;) € Py, for i = 1,2. By Proposition 4.1.7 and Proposition
4.1.8, 9 € Nx(u1, p2) if and only if (¢ x ©)9 € Ny((p1), (i) and

/ dy(y1,y2) d( x ©)0(y1, y2) = / dy(y1,y2) d(p x @) (Y1, y2)
VXY 0(X)xp(X)

= /X N dx(p(21), p(22)) dI(21, 72)

— / dx (1, x0) d(x1, 22).
XXX

Thus, by definition of the Kantorovich-Rubinstein distance, the proof is complete. §
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4.2 Projections and the Kantorovich-Rubinstein

distance

After recalling the definition of the ¢,-product metric (for 1 < p < oo) given in Section
2.4.2, we introduce notations of canonical projections and state results needed in the

following chapters.

Definition 4.2.1. Let (X}, dy) be r metric spaces and let X = Xy X ... x X, be the
Cartesian product of these r metric spaces. For p € [1,+00), the p-product metric cip

is defined as the {y,-norm of the r-vector of the distances d;. That is :

Jp@?y) = (Zdi(l‘i,yi)p)l/p with x,y € X.
i=1

For p = oo, the s -product metric is also called the sup metric and is defined as

doo(xay> = 1<ia<}§" dz('rzayz)

Lemma 4.2.2. Let (X, dy) be r metric spaces and let X = X} x ... x X, be the
Cartesian product of these r metric spaces. For 1 < q < ¢' < oo, let ciq and qu be
two product metrics on the Cartesian product X = X1 X ... X A,.

Then, the metrics ch, a?q/ and d, are equivalent.

Proof: (Lemma 4.2.2)

The fact that a product metric ch (1 < p < o0) is a metric is straight forward.

Now, recall that two metrics d and d' are said to be equivalent if there exist two
positive constants ¢, ¢y such that, for all (z,y) € X x X', we have the inequalities
cd(z,y) < d(x,y) < cod(x,y).

Clearly, do < (Zq and dy, < Jq,. Now, since di(zx, yr) < doo(x,y), forall k =1,... 7,
we have

dy(z,y) <n'ido(z,y) and dy(v,y) <n'/7d (i, ).
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Thus d, is equivalent to dvq and Jq/, respectively.
We can then write (1/7/9)d,(z,y) < dy(z,y) < r/9d,(x,y), showing that d, and d

are equivalent. |

We now give the definition of a canonical projection as it is used in the rest of the

chapter.

Definition 4.2.3. Let (X, dy) be v metric spaces and let X = X} x ... x X, be
the Cartesian product of these r metric spaces. For any non-empty subset A =

{i1,49,... 90} C{1,...,7r}, consider the Cartesian product X4 = X;; X ... X Xj,.
(i) The canonical projection wy : X — Xa is defined by wa(x) = (T4, Tiny -+, Ti,)-
(11) The L,-distance dp@ on X4 is defined by

1

de,a(may) = (Zdik<xikayik)p>;a for 1 S p < 0, and
k=1

dooo(z,y) = max d;, (i, ¥iy,)-

1<k<a

The following result will be necessary in Theorem 4.2.5:

Lemma 4.2.4. Let r be a positive integer. For 1 < k < r, let X}, be a Polish space
and di € Dy,. Consider the product space X = &) x ... x X, endowed with the
product topology, and cip, (1 < p < ), the l,-distance on X. Then, Jp 1s lower

semi-continuous distance on X.

Proof: (Lemma 4.2.4)
For 1 < k <7, let m, : X = X be the canonical projection and d* = dj, o 7. For

any a > 0,

Fo= (@) [0,a]) =X x ... x Xy X FF x X1 X ... X X,
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where F¥ = d, ([0, a]).

As d}, is lower semi-continuous, F¥ is a closed subset of X} and therefore F, is closed
in X. Hence, d* is lower semi-continuous. As the sum of lower semi-continuous
functions and the product of positive lower semi-continuous functions are lower semi-
continuous (see [21]), Jp is lower semi-continuous for 1 < p < co. As the supremum of

lower semi-continuous functions is lower semi-continuous (see [21]), d is also lower

semi-continuous. [ |

Theorem 4.2.5. Let r be a positive integer. For 1 < k < r, let X be a Polish space
and d € Dy,. Consider the Polish Cartesian product space X = Xy x ... X X,,and
its subset Xy = X;, X ... x AX;,, where S = {iy,ia,...,1,} C{1,...,r} is non-empty.

Let py and pg be two probability measures in Py, then the push-forward measures

wa(p) and wa(pe) are in Py, and

Way(ma(p), ma(pz)) < W, p2), (4.2.1)

where Wy and Wx, are the respective Wasserstein distances associated to (X, d,) and

(X, dpa).

Proof: (Theorem 4.2.5)

As each A}, is a Polish space and dj, € Dy,, it follows from Lemma 4.2.4 that cip € Dy
and Jp,a €Dy,, for 1 <p < oo.

Now, the projection m4 : X — X4 is open and therefore Borel measurable. Moreover,
by definition of 74 and of the distances d, and d,,, it is clear that ||7a||Lp < 1.

Indeed, we have d,,(z,y) < d,(z,y) since

r

< <Z di(i, yi)p> :

=1

Q=
hSA

(Zi: d;, (% ) yik)p>

Thus, by Theorem 4.1.1, wa(p;) € Py, fori = 1,2, and Equation (4.2.1) is satisfied. ll
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Corollary 4.2.6. Let r be a positive integer. For 1 < k < r, let X be a Polish
space and dy, € Dy,. Let S = {i1,... i} C B ={j1,...,Jv} be non-empty subsets of
{1,...,r}. Keeping the notation of Theorem 4.2.5, we denote by X4 = X;, X ... X X,
Xp=4&;, x...x X, and X = X; x ... x X, the respective Polish Cartesian product
spaces.

If py and pse are two probability measures on Py, then the push-forward measures

wa(pi) and wp(p;) are respectively in Py, and Py, and

W, (ma(pn), malpa)) < Waey (mp (1), w5 (112)),

where Wy, and Wy, are the respective Kantorovich-Rubinstein distances associated

to (Xa,dyq) and (Xg,d,y).

Proof: (Corollary 4.2.6)
Let map : Ap — X4 denote the canonical projection from Xp to X4. Then, by
Lemma 4.2.4, cipya € Dy, and Jpvb € Dy,. As in Theorem 4.2.5, m4p is measurable

and (JM, czp,a)—Lipschitz. Since m4 = m4p © ™, Theorem 4.2.5 yields

Wa, (ma(pn), ma(pz)) = W, (map(m5(p1)), map(mp(p2)))
< Wy (mp(11), 5 (12)),

which completes the proof. |



Chapter 5

An Introduction to Classification

problems

5.1 Statistical Machine Learning

Machine learning is the field encompassing the study, the conception and the imple-
mentation of computer algorithms that can learn. In his book [38], T. M. Mitchell
provides the following definition of learning :

“A entity is said to learn from experience E with respect to some class of tasks 7" and
performance measure P, if its performance at tasks in 7, as measured by P, improves
with experience E.”

In order to develop, compare and ultimately improve learning algorithms, one needs
a framework to characterise the mathematical representation of the experiences E,
and to mathematically define the class of tasks 7" and the notion of performance
measures P. Statistical learning theory provides such a framework. Note that sta-
tistical learning theory is a framework built for the scenario of supervised learning.
According to Vapnik (one of the key contributors of the domain), the idea is to con-
sider learning problems through the statistical framework of minimising the expected
value of a carefully chosen loss function using labeled data. Hence, statistical learn-

ing theory considers machine learning tasks from the perspective of both statistical

109
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inference and optimization theory. The following description of statistical learning is
found in Vapnik’s The Nature of Statistical Learning Theory [50]. It requires three

assumptions:

1. a measure space X of observations (also called an input space) and the existence
of a generator of observations, drawn independently from the same unknown
probability measure P.

2. a (measurable) output space ) and the existence of a supervisor that returns
an output y for every input x, according to a fixed but unknown conditional
distribution P(.|x).

3. the existence of a learning machine capable of implementing any function g € G
where G is a fixed subset of all measurable functions mapping X to ). The

function g is called a learning function and the set G is called a model.

Learning is to choose, from a given model G, the function g which best predicts the
supervisor’s response. In order to choose the best available approximation to the
supervisor’s response, one measures the loss (or discrepancy) L(y, g(x)) between the
response y of the supervisor to a given input z and the response g(x) provided by
the learning machine. Consider the expected value of the loss, given by the risk

functional:

R(g) = / L(y, g(x)) dP(z, ). (5.1.1)

The goal is to find the function g, which minimises the risk functional R (over the
model G) in the situation where the joint probability distribution P(z,y) is unknown
and the only available information is contained in a sample of n independent and

identically distributed observations on X x ).

5.2 Classification

Classification is the assignment of any given observation x € X to one of m classes

(m € N*). An observation that has been assigned to a particular class ¢ is said to
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be labeled. Hence, to classify is to create a measurable function g : X — {1,...,m},
where X is the space of observations and Y = {1,...,m} is the output space (or
label space). Such a measurable function g is called a classifier. Given a classifier g,
an observation z € X is well-classified if g(z) matches the label y € ) associated to
x. A classification error (also known as a misclassification) occurs if g(x) # y. The
performance of a classifier g is measured by its accuracy or, conversely, its probability
of misclassification. The accuracy of a classifier is the probability that it assigns a
given observation x € X to the correct class c. Conversely, the classification error is
the probability that the classifier labels an observation incorrectly.

To formalize the definition of a classification problem, we consider a probability
measure P on the product X x ) of the input space X and the output space ) and
a family G of classifying functions mapping X to ).

The problem of classification is to find a classifier g, € G which minimises the prob-
ability of misclassification P(g(x) # y) in the situation where P is unknown but
an independent and identically distributed sample S, = ((z1,vy1),..., (Zn,yn)) of n
labeled observations is given.

For the purpose of this thesis, we limit ourselves to the case of binary classification.
That is, we consider a label space Y of cardinality 2. By convention, we identify )
with the set {—1,1}. Hence, for A good reference covering the theoretical material

of multi-class classification is the chapter 8 of Foundations of Machine Learning [39].

5.3 Bayes Error and the Estimation Error

Over all measurable classifiers, the infimum of the classification errors is defined as
the Bayes error and is denoted by R*. One can construct the unique measurable

classifier that attains the Bayes error. It is called the Bayes classifier and is denoted
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by g*. One can show that the Bayes classifier g* is defined as follow:

1 if n(z) > 5

9" (z) =
—1 otherwise

where 7(x) is the conditional probability that the label y is equal to 1, given an ob-
servation x.

Since a given model G is by construction a subset of all measurable functions, the
excess error of a classifier g € G is defined as the discrepancy between the misclassifi-
cation error of g € G and the Bayes error. Thus, the problem of classification defined
in section 5.2 is equivalent to the minimization of the excess error over all g € G. For

g € G, the difference R(g) — R* can be decomposed as follow:
~ R = R(g) — inf inf R(g) — R".
R(g) — B" = R(g) — Inf R(g) + inf R(g) — R

The first difference on the right hand side of the equal sign is referred to as the
estimation error while the second difference is known as the approximation error. The
estimation error measures the quality of the classifier g with respect to the optimal
misclassification error of G while the approximation error measures how well the
optimal classification error of G can approximate the Bayes error. The decomposition
of the excess error in terms of the estimation and approximation errors shows that
the choice of the model G is subject to a trade-off: a rich model is more likely to
have a small approximation error but at the price of a larger estimation error, and
vice-versa. Note that since both the joint probability distribution P(x,y) and the
conditional distribution P(.|z) are unknown, both ¢* and R(g) are unknown. Even
with various noise assumptions, estimating the approximation error is difficult [39].

On the other hand, the estimation error can be bounded.
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5.4 Representational Capacity of a Model and Gen-
eralization Ability of a Classifier

As written in the subsection 5.3, the focus of statistical learning theory is to bound
the estimation error R(g) — inf,cg R(g). The difficulty of this task stems from the
fact that the only information we have is contained in the training set of n unlabeled
observations drawn independently according to the joint probability measure P on
X x Y. Thus, as said above, for a classifier g € G, one cannot obtain R(g) and thus
cannot obtain infyeg R(g) either. One can only measure the agreement of g with
the n points in the training set S,. The standard measurement of agreement is the

empirical probability of misclassification:

Once we compute the empirical probability of misclassification }?S(g) we need a
guarantee that the “general” probability of misclassification R(g) is close to }?S(g).
A classifier with a small discrepancy between its empirical error and its general mis-
classification error R(g) is said to have a high generalization ability. The problem is
that the generalization ability of a particular classifier ¢ € G is unknown since the
general misclassification error is unknown. Therefore, a lot of effort has been spent to
construct quantitative predictions on the discrepancy between Rg(g) and R(g) over
all g € . These predictions are based on the concept of representational capacity
(often just called capacity). Informally, the representational capacity of a model G
tries to capture the idea that G contains classifiers nimble enough to mimic well the
unknown classification. Said differently, the capacity of a model G tries to capture
the model’s ability to fit a wide variety of classifications. It is by properly quantifying
the capacity of the model G that statistical learning theory was able to construct,
over all g € G, uniform upper bounds for the difference R(g) — Rg(g). These upper

bounds are functions of both the cardinality of the training set S, of the training
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set and values that measure the capacity of the model G. The general form of most
generalisation bounds is composed of three different terms and has the following form:

With probability at least 1 — 0,
R(g) < Rg(g) + capacity (G) + confidence (n, §).

The central results in statistical learning theory show that for a given model, the
upper bound decreases as the cardinality n of the training set increases while for a
given training set, the upper bound is larger for a model with greater capacity. Hence,
a given model G of high capacity increases the risk that a classifier ¢ € G has a low
generalization ability. On the other hand, a model G of low capacity increases the
risk that a classifier ¢ € G has a high generalization ability.

For binary classification problems, the most well known means of quantifying rep-
resentational capacity is the Vapnik-Chervonenskis dimension (VC dimension). The
VC dimension is defined as being the largest possible integer [ for which there exists
a training set of [ different points in X that the model G can label arbitrarily. An
important aspect of the VC dimension is that it is independent of the distribution
P and thus the same upper bound holds for any distribution. The drawback is that
the bound may be loose for most distributions. In the early 2000’s, several authors
considered alternative notions of capacity such as maximum discrepancy, Rademacher
averages and Gaussian averages. These new(er) notions of capacity are dependent on
the distribution P but give sharper upper bounds and have properties that make their
computation possible from the training set only. We study Rademacher averages in

more details later in the thesis.

5.5 Underfitting, Overfitting and Regularisation

As explained in the previous sections, the goal of classification is to minimise the
probability of misclassification R(g). For a given model G, we focus on minimising

the estimation error even though we cannot compute R(g) as we do not know the
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underlying measure of probability. We thus try to infer a classifier g; € G, based on
the training sample S,,, whose probability of error R(gs) is close to inf,eg R(g). The
most intuitive way to find such a classifier g, is by:

1. replacing the “general” probability of misclassification R by the empirical prob-

ability of misclassification Rs, constructed on the basis of the training set S,,.
2. approximating the function g, that minimises R over G by g, that minimises
Rs(g) over G.

Using the empirically optimal classifier g, to approximate g, is known as the empirical
risk minimization inductive principle (ERM).
Once we compute g,, there are two factors determining how close the misclassification
error R(gs) is from inf eg Rs(g):

1. The empirical misclassification error RS of gs.

2. The generalization ability of g;.
These two factors are linked to the two central concerns in the field of Machine
Learning: underfitting and overfitting. Underfitting occurs when the classifier g, € G
is such that }?S(gs) is not sufficiently small. Overfitting occurs when the difference
between the empirical error R,(g) and the misclassification error R(g) is big. The
fondamental results of Statistical Learning Theory show that one can control how
likely it will be that gs underfits or overfits by altering the capacity of the model
G. As seen in the last section, if the model is of large capacity, it is more likely
that the empirically optimal classifier g, overfits while for a small capacity model it
is less likely that g, overfits. On the other hand, a small capacity model increases
the risk of underfitting while a model with a large capacity C' decreases the risk of
underfitting. Thus, there is a tradeoff to make: a larger capacity decreases the risk
of underfitting but increases the risk of overfitting while a smaller capacity decreases
the risk of overfitting but increases the risk of underfitting.
In order to strike the right balance for the model’s capacity, Vapnik and Chervonenkis
developed the concept of Structural Risk Minimization (SRM) [51]. SRM is intended

to minimise the classification error with respect to both the empirical error R, and
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the capacity of the model used. The algorithm is defined as follow: Consider a
nested sequence {Gi, Gs,Gs, ...} of models with respective capacities Cy,Cy, Cs, .. .,
such that the countable union of all G;’s is dense in G. For each ¢, consider ggi), the
empirically optimal classifier over the classe G;. We select the classifier g7 minimising

the capacity-penalized empirical error:

g¢ = Argmin (¢ + r(n, ;)
ieN

where the penalty r(n, C;) can be understood as an estimate of the overfitting mag-
nitude of ggi). As such, r depends on the capacity C; of G;. Thus, SRM identifies an
optimal model G;, and returns the classifier ggi") that minimises its empirical error.
While SRM has a strong theoretical footing [52, 20], it is often computationally very
expensive as it requires determining the solution of multiple empirical risk minimiza-
tion problems. It is therefore rarely used.

Today, rather than SRM, the approach used to minimise the classification error is
reqularisation. Regularisation based algorithms are inspired by SRM based algorithms
but are more general. A regularisation algorithm is defined as follow: Consider an
uncountable union of nested models G;, j € J with respective capacities Cj, such
that the union G of all G,’s is dense in the space of continuous functions over X. As
for SRM, we select the classifier g minimising the constrained optimization problem
of the form:

min (g +r(n,C,)), (5.5.1)

JjE€T, 9€G;
where the penalty 7(n,C;) has the same signification than in the case of SRM.
Under quite general assumptions, there exist a function I' : G — R such that
the constrained optimization problem (5.5.1) can be equivalently written as the un-

constrained optimization problem:

g2 = Argmin (1?(9) + AF(Q)) ,

g€eg

where A € [0, +00) is the regularisation parameter. The regularisation parameter A
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is treated as an hyperparameter since its optimal value is not known. Note that the
value of A is set prior to solving the constrained optimization problem. The func-
tion I' is called a regularizer. A regularizer (also known as a regularisation term)
is a quantity that penalizes one classifier over another in the model G. Hence, for
two classifiers in G, both are eligible as solutions of the optimization problem but
one classifier is preferred. The penalized function is chosen only if it classifies the
training data significantly better than the preferred function. Often, the regularizer
I' is designed to express a generic preference for a simpler model class in order to
promote generalization. As noted by Bengio et al. in Deep Learning [7], regularisa-
tion is a more general way of controlling a model’s capacity than SRM. Penalizing
one classifier over another is more general than excluding subsets of classifiers from
the model G. One can think of removing a classifier from the model G as expressing
an infinitely strong penalty against that classifier. The hyperparameter A\ weights
the relative contribution of the regularisation term I'(g) with respect to the empir-
ical misclassification error. Setting A = 0 means no regularisation and increasing A

corresponds to more regularisation.

5.6 Loss Functions and Confidence Margins

A quick introduction to the problem of learning was given in section 5.1. As stated
in that section, we use the definition of the learning problem given by Vapnik in The
Nature of Statistical Learning Theory [50]. In his book, Vapnik presents learning
problems as particular cases of minimising the risk functional on the basis of empiri-
cal data:

Let (Z,B) be a measurable space and p be a probability measure on Z. Consider a
set A of p-integrable random variables () : Z — R,. For a given random variable
Q) € A, the risk functional R is the expected value of (). The goal is to minimise the
risk functional R over all () € A, where the probability measure y is unknown but a
independent and identically distributed sample 2y, ..., z, is given.

To obtain the particular case of learning problems from the minimising of risk func-
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tional on the basis of empirical data, one considers a family H of measurable functions
h : X — Y and one loss function L : ) x Y — R,. Then, Z = X x Y and the u-
integrable random variables @) : X x ) — R are defined by Q(x,y) = L(h(z),y). The
goal of a learning problem is to find the learning function A, that minimises the risk

functional

R(h) = /X L)1) dufey

where the probability measure © on X x ) is unknown but a independent and iden-

tically distributed sample (z1,¥1), ..., (Zn, yn) is given.

Let us now formalise the definition of a loss function L.

Definition 5.6.1 (Loss function). Let (X x Y,B) be a measurable space, p be a
probability measure on X xY and let H be a family of measurable functionsh : X — ).
Amap L:Y xY — R, with Y C Y, is a loss function for H if:
(i) the composed function
Ln: XxY SR,
(z,y) = L(h(z),y)

is p-integrable for all h € H;

(i1) For all h € H, for all (x,y) € Dy X I, h(z) = y implies L(h(zx),y) = 0.

Remark 5.6.2. Definition 5.6.1 of a loss function is found in Learning with Kernels
by Scholkopf and Smola [47]. The authors specify that it is possible to relax the
non-negativity of L. Indeed, it is enough for the image of L to be bounded from
below. In that case, an appropriate translation would recover the non-negativity.

Likewise, it is possible to relax condition (i7) because an appropriate translation would

recover the condition that exact predictions have a loss of zero.

The definition of classification given in section 5.2 can be expressed as a particular

case of a learning problem:
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Consider a model G of measurable binary classifiers g : X — {—1, 1} and the zero-one

loss function L, : {—1,1} x {—1,1} — R, defined by:

0 it y1 =y

1 if y1 # va

Lz—o (yh y2) =

Note that the zero-one loss function can also be written as L, ,(y1,%2) = Ly, 24, -
The goal is thus to find a classifier g, that minimises the risk functional R(g). But
R(g) can be simplified:

R(g) = /X Cin L,o(g9(z),y) du(z, y)

— [ Lemdile)
Xx{-1,1}

— 1 ({(2.y) € X x {=1,1} : g(x) # 4}). (5.6.1)

We thus see from the equalities above that if we incur a loss of 1 to any couple
(x,y) € X x {—1,1} such that g(z) # y, and 0 otherwise, the risk functional R is the

probability p of misclassification.

Remark 5.6.3. There are many equivalent formulas to express the risk functional

obtained with the zero-one loss:

® Ao = [ Sl sl dutrv);

.. 1

@) Rlo)= [ S0yl dulen)
Xx{-1,1}

For a binary classifier g : X — {—1,1}, it is often useful to consider its associated

classification function f: X — R:

Definition 5.6.4. Let (X, B) be a measurable space and f : X — R be a real-valued
measurable function. The sign sgn(f) of f defines a binary classifier g : X — {—1,1}
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defined by:

1 if f(z) >0
g(x) =
-1 if f(z) <O.
Terminology 5.6.5. One says that the function f is the classification function of g

and one writes gy.

For a family of classifiers gy : X — {—1,1}, it is often useful to consider both its
associated family F of classification functions f : X — R and loss functions of the
form:

L: X x{-1,1} = R,
(y1,92) = 2(y192),

where ® : R — R, is a bounded real function.
We can now express, in the spirit of Equation 5.6.1, the risk functional R(gy) for the
classifier g linked to a classification function f. To do so, we apply the Disintegration
Theorem A.1.1:
For (X,B) and ({—1,1}, P{—1,1}) two Borel spaces, we consider (X x {—1,1}, B®
P{—1,1}) the product space with the natural product measure, a probability measure
pon X x {—1,1} and the canonical function 7 : X x {—1,1} — {—1,1}. Then,
there exists a 7(u)-almost everywhere determined pair of measures p; and p_; on
X x {—1,1} such that

(i) wi(m~'({i})) =1, for i = —1,1. Hence, for A C X x {—1,1}, wi(A) = p(AnN

 ({i}) = m(ANX x {i}),
(ii) for every Borel measure function h : & x {—1,1} — Ry,

hdu(z,y) = hdp;(x,y)dnr i
[ pante= [ e i

2

=S w(w({i}) / hdui(z,y).

i=1 X x{i}
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Thus, in the case where h(z,y) = ®(yf(z)), we have
R = s 1 O(if(x))du;(x,y).
()=o) [ @ ey

We define two new measures p, and g on X such that, for any B € B:

i (B) = —— (w7 (B)) and u—(B)Zu_ll(X)u—1(7T;1(B)), (5.6.2)

With the measures p; and p—, we can then write the risk functional as:

Rgp) = | @) dne+ [ B(=f(@)du-. (5.6.3)

We now give an interpretation of the quantities ®(yf(x)) and yf(z) of a given
point (x,y) € X x {—1,1}. The interpretation is based on the notion of confidence
of prediction. Consider a real-valued function f € F. By construction, f defines
the classifier gy = sgn(f). One interprets the absolute value |f(z)| as the confi-
dence of the prediction gs(x) = sgn(f(z)) made by the classifier gf. Given a point
(x,y) € Xx{—1,1}, the confidence margin of the prediction sgn(f(z)) is the quantity
yf(x). Hence, when the product y f(x) is positive, one can conclude that the classifier
sgn(f(x)) classifies the point x € & correctly with a confidence f(z). The function
¢ : R — [a, b] represents the loss that one wants to incur on a classification sgn(f(z))
with confidence |f(x)|.

It is interesting to note that the zero-one loss defined earlier in this subsection can

be written in the ®(yf(z)) form:

Proposition 5.6.6. Let (X x {—1,1},B) be a measurable space, 1 be a probability
measure on X x {—1,1}. Let f : X — R be a real-valued function and g be the
classifier linked to f. Then, for any (z,y) € X x {—1,1},

1 if yf(z) <0
L.o(gs(2),y) =1 — H(yf(z)) = yf(x) <
0 ifyf(z)>0
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where H is the Heaviside function.

We observe that for ® = 1 — H, the value of the composed function (z,y) —
1—H(yf(x)) is only dependent on the sign of f and not on its value. Said differently,
a misclassified point (x,y) incurs a loss of 1 no matter the value of |f(x)|. Likewise,
a well classified point incurs no loss no matter the value |f(z)|. If one wants to incur
a loss that takes into consideration the value |f(z)| of a point (z,y) € X x {—1,1},
one needs to find an appropriate function .

We give two examples of loss functions of the form ®(y,,). First we consider the a-
translated zero-one loss. It penalizes both misclassified points and correctly classified
points with confidence smaller than «. The penalty is 1. The a-translated zero-one

loss function can be written in this form:

Definition 5.6.7 (a-translated zero-one loss). For any a > 0, the a-translated zero-

one function Ly : R x {—1,1} — Ry is defined by

1 if y1y0 < «
La(y1,y2> = ]lyly2§0l =
0 if y1y2 > «

Next, we consider the a-margin loss function defined in Foundations of Machine
Learning, 2™ edition [39]. It penalizes misclassified points with the cost of 1 but
also penalizes points correctly classified with a confidence smaller or equal to o with
a linear penalty of slope —1/a. The a-margin loss function can be written in the

following format:

Definition 5.6.8 (a-margin loss function). For any a > 0, the a-margin loss function

Lo, : R xR — Ry is defined by Lo, (y1,y2) = Po(y1y2) where

1 ifu<0
@a(u):min(l,max (0,1—E>>= 1—-2 fo<u<a

0 ify>a



5. AN INTRODUCTION TO CLASSIFICATION PROBLEMS 123

Note that, for any u € R, ®,(u) < L,<,. Thus, for all (z,y) € X x {—1,1}, the
a-margin loss function is smaller or equal to the a-translated zero-one loss function.

We therefore have the following inequality between their respective risk functionals:

| ewf@auen < [ bocdteg). 6604
Xx{-1,1}

xx{-1,1}

The a-translated zero-one loss admits an interpretation: it is a measure of the set
of points that has been misclassified or classified with a confidence smaller than a.
The limitation of the a-translated zero-one loss is, like for the zero-one loss, the lack
of proportionality between the loss incurred by a couple (z,y) and the confidence
of the prediction f(x). The margin loss function addresses this short-coming: the
penalty for a well classified point with a confidence smaller or equal to o decreases
by a slope of 1/a with respect to its confidence. If the confidence is greater than «,
the penalty is zero, signalling that the impact of points with very large confidence

should be limited.

5.7 Rademacher Averages and Generalization Bounds

We now present strong theoretical justifications for the use of loss functions that take
into consideration the confidence of predictions. These justifications are based on gen-
eralization bounds and the concept of representational capacity, briefly presented in
subsection 5.4. As mentioned in that subsection, a properly defined representational
capacity allows to construct generalization bounds. In this subsection, we present the
definition of, and the important results linked to, Rademacher averages. The notion
of Rademacher average quantifies the representational capacity of a model G. We rely
heavily on chapter 3, 4 and 5 of Foundations of Machine Learning, 2™ edition [39]
and on the paper Rademacher and Gaussian Complexities: Risk Bounds and Struc-
tural Results by Bartlett and Mendelson [5].

Note that many papers use the term Rademacher complexity instead of Rademacher

averages. We do not use the term Rademacher complezity as we think that it can
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be confused for a descriptor of classification problem complexity that we introduce in
Chapter 7. Hence, in this thesis, we use the term Rademacher averages, as Bousquet

et al. [12].

Definition 5.7.1 (Empirical Rademacher Average). Let (Z,B) be a measurable space
and let u be a probability measure on Z. Let S, = {z1,..., 2.} be an independent and
wdentically distributed sample with respect to p. For a given family H of functions
h:Z — R, we define its empirical Rademacher average 7@5(7-[) by

7%5(7-[) =E, (21615 <% th(%))) ;

where o = (01, ...,0m), with ;s independent uniform random variables taking values

in {—1,1}. The random variables o; are called Rademacher variables.

Definition 5.7.2 (Rademacher average). Let (Z,B) be a measurable space and let i
be a probability measure on Z. Let S, = {z1,...,2z,} be an independent and identically
distributed sample with respect to p. Let H be a family of functions h : Z — R and
7@3(7{) be its the empirical Rademacher average. The Rademacher average of H is
the expected value of the empirical Rademacher averages 7%5(7-[) over all samples S,

of size n.:

According to Bartlett and Mendelson [5], Rademacher empirical averages are
reasonable as measures of representational capacity as they quantify the extend to
which the functions of H can be correlated with a noise sequence of length n. The
noise sequence is represented by the sequence of Rademacher variables. If a family
of functions H has a large Rademacher empirical average, there is, on average, more
chance that one can find a function h € H, such that Z o;h(z;) is large.

We can now present the first generalization bounds theorem that uses the Rademacher

averages.
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Theorem 5.7.3. Let (Z,B) be a measurable space and let j1 be a probability measure
on Z. Let S, = {z1,...,2,} be an independent and identically distributed sample with
respect to . Let H be a family of functions h : Z — [0,1]. Then, for any § > 0, with
probability at least 1 — 9, each of the two following inequalities holds for all h € H.:

E[h(z)] < %i h(z) + 2R, (H) + %’
E[h(z)] < % i h(z) +2Rs(H) + 3 %

Proof: (Theorem 5.7.3)
The proof can be found in page 31 of Foundations of Machine Learning, 2"¢ edition

39). |

The Rademacher averages are well defined for any family of functions H mapping
from an arbitrary measurable space Z to R. In statistical learning theory, given a
model of binary classifier G and a loss function L : Y x Y' — [0, 1], we construct Lg,
the family of loss functions associated to G, mapping from Z = X x Y to [0, 1] and
denoted by Lg:

Lg={Ly: (z,y) = L(g(x),y) : g € G}.

Now, in order to make use of Theorem 5.7.3 to construct a generalization bound
for a model G of binary classifiers, one needs to relate the Rademacher averages of
the family Lg of loss functions to the Rademacher averages of the model G. Recall
that in the case of binary classification, )’ = {—1,1} C R.

We first consider the case of the zero-one loss: L(y1, y2) = Ly, £y,

Lemma 5.7.4. Let (X x {—1,1}, B) be a measurable space and let u be a probability
measure on X x {—1,1}. Let S, = {(z1,v1),...,(Tn,yn)} be an independent and
tdentically distributed sample with respect to p and S, be the projection of S, on X.
Let G be a model of binary classifiers g : X — {—1,1} and Lg be the family of loss



5. AN INTRODUCTION TO CLASSIFICATION PROBLEMS 126

functions associated to G for the zero-one loss. Then, ﬁg(ﬁg) = %7%596 (G).

The proof of Lemma 5.7.4 is very short and uses a clever trick that will be used
again in the proof of Proposition 5.7.6. It can be found in Foundations of Machine

Learning, 2™ edition [39).

Using both Theorem 5.7.3 and Lemma 5.7.4, we obtain the following result:

Theorem 5.7.5 (Rademacher averages bounds - binary classification). Let (X x
{=1,1}, B) be a measurable space and let p be a probability measure on X x {—1,1}.
Let S, = {(z1,v1), ..., (Tn,Yn)} be an independent and identically distributed sample
with respect to p. Let G be a model of binary classifiers g : X — {—1,1}. Then, for
any 0 > 0, with probability at least 1 — 6, each of the two following inequalities holds
forallge G:

R(g) < Rs(g) + Ra(G) + | =2

Proof: =~ We apply Theorem 5.7.3 to the family L£g defined by Lg = {L, : (z,y) —
Lyw)2y : g € G}. Hence we obtain the inequation:

1 « In i
E[lg(@)y] < - > gz + 2Ru(Lg) + 2—,;,
i=1
I A In %
E[]lg(z)#/] < n Z Lg(z)y + 2R, (Lg) +3 on
i=1

By definition of the risk R, E[ly().,) = R(g) and = 37 | To(a) g = Rs(g).
By Lemma 5.7.4, Rg(Lg) = %7%51 (G) and by taking the expectation we get R,,(Lg) =
3Ra(9). I
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Now, we consider the case of loss functions of the form L(y;, y2) = ®(y1y2), where
® : R — [0,1] is a k-Lipschitz function. We start with the following simple but useful
proposition that is unrelated to the Lipschitz property:

Proposition 5.7.6. Let (X x {—1,1}, B) be a measurable space and let jn be a prob-
ability measure on X x {—1,1}. Let S, = {(x1,11),--., (0, yn)} be an indepen-
dent and identically distributed sample with respect to p and S, be the projection
of S, on X. Let F be a family of real-valued functions f : X — R and define
F=A{f:(z,y) = yf(z): f€F}. Then, Rs(F) = Rs,(F).

Proof: (Proposition 5.7.6)
The proof uses the fact that, for a fixed y € {—1,1}, a Rademacher variable ¢ and
the variable yo are both distributed in the same way and take the same values. That

is, they are both uniform random variables taking their values in {—1,1}. Thus:

Rs(F) =E, | sup <l > oif(w, yﬁ))
fer \" i=1
1 n
=E, ?clelg (ﬁ ; Ui?Jz‘f(%‘)))
=E, 1 <% ; oif(a?i)> )
= Rs, (F).

The Lipschitz property of ® is necessary to apply Talagrand’s Lemma. This lemma
bounds the empirical Rademacher averages of Lz (for the loss functions of the form
L(y1,y2) = ®(y1y2) in terms of the Rademacher averages of the family F of real-valued
functions f: X — R:

Lemma 5.7.7 (Talagrand’s lemma). Let ®4,...,®,, be k-Lipschitz functions from R

to R and o4,...,0,, be Rademacher random wvariables. Then, for any family F of
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real-valued functions, the following inequality holds:

%Eg (?233 (Z oi(®; 0 f)(xi)>> < %Ea (?‘;}? ( Uz'f(l’z')>> :

In particular, if ®; = ® for all i, then the following holds:
Rg(®o F) < kRg(F).

Proof: (Talagrand’s Lemma 5.7.7)
The version of Talagrand’s Lemma above is given in Foundations of Machine Learn-
ing, 2" edition [39]. Tt is a simpler and more concise version of a more general version

given by Ledoux and Talagrand in [33]. |

Using both Proposition 5.7.6, and Talagrand’s Lemma 5.7.7, we obtain a particular
case of Theorem 5.7.3 for the case of loss functions of the form L(yi,y2) = ®(y1y2):

Theorem 5.7.8. Let (X x{—1,1}, B) be a measurable space and let j1 be a probability
measure on X x {—1,1}. Let S, = {(z1,%1),.- ., (Tn,yn)} be an independent and
identically distributed sample with respect to p and S, be the projection of S, on X.
Let F be a family of real-valued functions f : X — R and ® : R — [0,1] be a k-
Lipschitz function. Denote by Lx the family of loss functions associated with F for
the loss function L(y1,y2) = ®(y1y2). Then, for any § > 0, with probability at least
1 — 6, each of the two following inequalities holds for all g € F:

B[B(u ()] < - D0 B(uuf(r) + 2HR(F) 4152,
B0 ()] < & D0 0(uif(2)) + HRs(F) 43y 20

Proof: (Theorem 5.7.8)
We apply Theorem 5.7.3 to the family Lz of loss functions where L(y;, y2) = ®(y192)-
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We obtain:

1
lng

EWMs%iwmm+mmnﬁ+_%

where F = {f : (z,y) — yf(x) : ¢ € F}. By Talagrand’s lemma 5.7.7, we have

Rs(® o F) = kRg(F) and by Proposition 5.7.6 we obtain Rg(F) = R, (F). i

Let us now consider the a-margin loss function Lg, (y1,92) = Po(y1y2) with

., (u) = min (1, max (0, 1— g)) We obtain the following corollary of Theorem 5.7.8:

Corollary 5.7.9. Let (X x{—1,1}, B) be a measurable space and let pu be a probability
measure on X x {—1,1}. Let S, = {(z1,%1),.-., (Tn,yn)} be an independent and
identically distributed sample with respect to p and S, be the projection of S, on X.
Let F be a family of real-valued functions f : X — R and denote by Lx the family
of loss functions associated with F for the loss function L(yy,y2) = Po(y1y2) with
@, (u) = min (17 max (0, 1— g)) Then, for any § > 0, with probability at least 1 — 6,
each of the two following inequalities holds for all f € F:

R In i
R(f) < Rsan(f) + = RalF) 4/ 52

. . In 2
R(f) < Rsan(f) + = R, (F) + 3] o2

where 1:257% (f) =230 Palyif(2)).

While the Rademacher average is a good theoretical quantifier for the represen-
tational capacity, it suffers from practical limitations: for most models G, computing
the empirical Rademacher average is an NP-hard problem [39]. For some particular
family of classification functions, the Rademacher empirical average can be upper
bounded. We consider two family of classification functions: the set of linear func-
tions with bounded weight vectors: F, = {x — w.x : ||w|| < A} and the set of
1-Lipschitz real-functions Fr;, = {f : X = R : ||f||Lip, < 1}. In both cases, the met-
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ric space (X,d) is totally bounded. Recall that a metric space X is totally bounded
if and only if, for every € > 0, there exists a finite collection of open balls of radius
€ whose centres lie in X and whose union contains X. That is, For F,,, we have the

following theorem:

Theorem 5.7.10. Let (X x{—1,1}, B) be a measurable space and let i be a probability
measure on X x {—1,1}. Forr > 0, et S, = {(x1,91), -, (Tp,yn) : ||zs|| < 7} be
an independent and identically distributed sample with respect to p and S, be the
projection of S, on X. Let F, = {X > v — w.a: ||w|| <A}, with A > 0. The, the

empirical Rademacher complexity of F,, can be bounded as follows:

. 2)\2
Rs(Fu) </ —.
n
Proof: The proof can be found on page 97 of Foundations of Machine Learning,
274 edition [39)]. i

Combining Corollary 5.7.9 and Theorem 5.7.10, we obtain the following general
margin bound for F,,. Recall that ®,(u) = min (1, max (0,1 —%)).

Corollary 5.7.11. Let (X x {—1,1},B) be a measurable space and let p be a proba-
bility measure on X x {—1,1}. Forr >0, let S, = {(z1,91)s -+, (Tn, Yn) : ||zil] < 7}
be an independent and identically distributed sample with respect to p and S, be the
projection of S, on X. Let F, = {X > x — wax : ||w|| < A}, with A > 0 and
denote by Lx, the family of loss functions associated with F,, for the loss function
L(y1,y2) = ®o(y1y2). Then, for any d > 0, with probability at least 1 —46, the following
imequality holds for all f € Fy,:

R 2 In i
R(f) < Rs,q>a(f)+2\/r?AnW+ \ ;Tf

We can construct a similar bound for the model of 1-Lipschitz functions Fr;,. To do

so, we use the notion of covering numbers:
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Definition 5.7.12. Let (X,d) be a totally bounded space. The covering number
N(X,e,d) of X is the smallest number of balls or radius € with centers in X which

can cover X completely.

Using the covering number of a totally bounded space (X, d), we obtain an upper
bound on the Rademacher average of the unit ball of Lip(X). It is important to note
that for the theorem below , the norm associated with the space Lip(&X) is

1115 =max{L<f >d“fT“<°3c>}

This norm was suggested by Bousquet and von Luxbourg in [13].

Theorem 5.7.13. Let (X, d) be a totally bounded space and A denote the d-diameter
of X. If R,(B) denotes the unit ball in Lip(X), then, for any € > 0,

Ru(B) < 2¢ + if ;A \/N(X,% d)In (2 [%w + 1) du.

v J. ’ u

Proof:  The proof can be found on page 684 of Distance-Based Classification with
Lipschitz Functions [13]. i

Using Theorem 5.7.13, we can write a general margin bound for Fr,,:

Corollary 5.7.14. Let (X,d) be a totally bounded space and A denote the d-diameter
of X. Let (X x {—1,1},B) be a measurable space and let {1 be a probability measure
on X x {=1,1}. Let S, = {(x1,11),..., (Tn,yn)} be an independent and identically
distributed sample with respect to v and S, be the projection of S, on X. Let Fr;, =
{f: & =R ||fllp < 1} and denote by Lx,,, the family of loss functions associated
with Fri, for the loss function L(y1,vy2) = Pulyry2). Then, for any § > 0, with
probability at least 1 — 0, the following inequality holds for all f € Frp:

2A nl
) < s 2im (200 22 [ v L (2[2] 1) ) [0
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The two generalisation bounds obtained in Corollary 5.7.11 and Corollary 5.7.14
do not depend directly on the dimension of the space X. It depends only on the
margin «. It suggests that a small generalisation error can be achieved when « is
large while the empirical margin loss Rg e, (f) remains relatively small. The latter
occurs when few points are either misclassified or well classified but with confidence
smaller than «. A favourable margin situation depends on the probability measure
w: eventhough the generalisation bound is independent of p, the existence of a large

margin is pu-dependent.



Chapter 6

Classifiers and the

Kantorovich-Rubinstein Distance

Chapter 6 is the central theoretical chapter of this thesis. All the results presented
are new. We study thoroughly the association between misclassification errors and
the Kantorovich-Rubinstein distance.

The first section starts with measurable classifiers and how their error is linked to
the total variation distance. We also show that the definition of classifiers and error
of classification used in classification theory (see [20] and [27]) are particular cases of
our definition of measurable classifiers. In the second part of section 1, we express
the risk function of a classifier with two new measures that we construct.

The second section studies Lipschitz classifiers on a metric space. On a space equipped
with a distance, we can then define (¢, §)-Lipschitz classifiers and then prove the two
most important results of the chapter given in Theorem 6.2.3 and Theorem 6.2.6. In
these two theorems, we bound from above the classification error of (e, §)-Lipschitz

classifiers with the Kantorovich-Rubinstein distance.

133
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6.1 Definition of measurable classifiers

Definition 6.1.1. Let (X, B) be a measurable space. To any B € B, the measurable

function cg : X — {—1,1} given by cg = 1 — Lge is called a binary classifier.

Notation 6.1.2. For any measurable function f : (X, B) — (R, B(R)) and constant
v € R, we denote by ¢, the family of binary classifiers defined by

¢ty = Yaexif@)>y) — Laex;f@)<y)-

To make the notations lighter, when v = 0, we write ¢; instead of cy .

Remark 6.1.3. We make two remarks:
(i) On f~'(R.), we have cso = sgn(f).
(ii) For any v € R, we have c¢f, = ¢y .

Definition 6.1.4. Let (X, B) be a measurable space, p1 and ps be two finite measures
on X and B € B. To the classifier cg on X, we associate the quantity € of ¢, defined
by

e(eps pn, p2) = pa(B) + pa(B).

Remark 6.1.5. For puy, ps and ¢ as in Definition 6.1.4 we have:
(i) el pn, p2) = e(—=c; pia, ),
(i) e(c; p, p2) + e(c; pa, pa) = pa (X) + po(X).
(iii) For any measurable function f : (X, B) — (R, B(R)) and constant v € R, we
have ¢f, = cg when B = {z € X; f(x) > v}. Therefore,

e(eryi i, p2) = m({x € &; fx) < 7)) + po({z € &5 f(2) > 7}).

Recall (see Definition A.2.4) that the total variation norm of a signed measure p on
(X, B) is given by ||u|| = |u|(X). The two properties below follow from Proposition
A2.7.
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Proposition 6.1.6. Let (X, ) be a Borel measurable space and iy, po be two finite

measures on X. Then, there exists a binary classifier ¢ : X — {—1,1} such that

1

= (1 (X) + pa(X) — |11 — pal]) -

e(c; i, o) = 5

Proof: (Proposition 6.1.6)

Let A be a common dominating measure for the p;’s (ie., p; < A\) on (X, B) and let
m; be the respective Radon-Nikodym derivatives of u; with respect to A, for ¢ =1, 2.
Let M be the measurable set defined by M = {x € X; my(x) > my(z)} and let
¢ = 1p — L. Therefore, e(c; g, p2) = i (M€) + ua(M). By Proposition A.2.7, we

Afi /cﬂm—uﬂ

have

|1 — pof[ = /Cd =

— 10 (M) — pa(M) — pun(ME) + 1o M)
= py (X) 4 p2(X) — 2 (2 (M) + pa(M)) .
Hence, (e, a1, 12) = 5 (11 (X) + a(X) — [J1 — sl I

Proposition 6.1.7. Let (X, B) be a Borel measurable space and iy, ps be two finite

measures on X. Then for any measurable function f : X — R we have

e(cys by pa) > 5 (pa(X) + pa(X) — [ — pal]) -

N

Proof: (Proposition 6.1.7)
We keep the notations given in the proof of Proposition 6.1.6.
For a measurable function f : X — R, let B = {x € &; f(z) > 0}. By Definition
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6.1.4, we have

eler; pa, po) = pa(BC) + p2(B)
= (B NM)+ (BN M) + po (BN M) + po(B N M).

Since mq > m; on M€, we obtain
b

pa(B 009 = |

BNMc¢e BNMc¢

Similarly, g (B N M) > ps(BSNM).

Therefore, we have the following inequality:

elegs pas pz) = pa (BN ME) + pp(B N M) 4 pa (BSN M) + pp(B N M)
> (M) + pa(M).

Since py (M€) + pa (M) = e(c; py, pa), the proof is complete. i
Recall that for any pair of probability measures p, pe on (X, B), the total variation

distance is ||y — po||l7v = %[ — peo||. Proposition 6.1.6 and Proposition 6.1.7 then

become:

Proposition 6.1.8. Let (X,B) be a measurable space and py, po be two probability

measures on X. Then, there exists a binary classifier ¢ : X — {—1,1} such that

5(0; M17M2) =1- ||M1 - M2||Tv-

Proposition 6.1.9. Let (X,B) be a measurable space and jiy, po be two probability

measures on X. Then, for any measurable function f : X — R, we have

eers pn, p2) > 1 — [|p — pallrv
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In the example below, we associate the Bayes decision function introduced in Section
2.1 of A Probabilistic Theory of Pattern Recognition [20] to the optimal measurable
classifier of Proposition 6.1.6. We keep the notation used in [20] even if it does not

correspond to the one used in this thesis.

Example 6.1.10. Let v € P(Q2), where P(Q2) denotes the space of Borel probability
measures on ). Let (h,¢) be a pair of Borel maps from ) taking their respective
values in the Borel measurable space X and {0,1}. Let u = h(r) denote the push-
forward measure on X and n : X — [0,1] be the regression of ¢ on h, that is
n(x) =v(p=1/h=x), for x € X.

Recalling the Disintegration Theorem A.1.1, we know that there exists a Borel map

r € X — v, € P(X) such that v,(h™'(z)) = 1, pra.e. and v = /Vx dp(z). Then,

n(zr) = / edy,, forz € X.
Q

In section 2.1 of [20], the authors define a decision function g as a measurable function

g: X —{0,1} given by

1 itzeB
g(x) = for some B € B,

0 if x € B¢

where B is the Borel o-algebra associated to X.
We associate to the decision function g, its probability of error L(g) given by V({w €
Q; g o h(w) # ¢(w)}), that we denote by v(go h # ¢).

With all the relevant notations from section 2.1 of [20], we can now associate
the Bayes decision function to the optimal measurable classifier. Let py, s be two
measures on X given by p; = nu and ps = (1—n)p and let B = {x € X;g(x) =1} =
9~ ({1}). Then,

Claim: L(g) = e(cg; pt1, 12), where ¢, is the binary classifier associated to g.
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Proof of Claim: By definition, we have

L(g) = v(p # goh) = v({w; p(w) = 1,goh(w) = 0})+v({w; p(w) = 0,goh(w) = 1}).

The first term of the sum above can be written as follow:

v({w; (@) = 1,90 hiw) = 0}) = /X vo({w: o(w) = 1, g(x) = 0}) du(x)
/ 1,10y (@)va({: 0(w) = 1)) du(z)

g1 (@)n(x) dp(x)

/ ~1(0) A (2
p (

(0)).

Similarly, we obtain

v({w; p(w) =0, goh(w) =1}) = /X Ly—1y(1=n(x)) dp(z) = /X Ly-11y dpa() = pa(g~'(1)).
As e(cg; pi1, p2) = p1(97(0)) + pa(g~*(1)), the claim is proved.

Following section 2.1, in [20], the Bayes decision function g* : X — {0, 1} is defined
by
1 if n(z) >

9 (z) =
0 ifn(x) <

NI= N

Hence, g* = 1p where the set E is defined by E = {z € X; n(z) > 1}

By construction, 7 is the Radon-Nikodim derivative of p; and 1 — 7 is the Radon-

Nikodim derivative of us. Moreover, the inequality n(x) > % can easily be rewritten

as 1 —n(z) < n(x) and hence E can be written as £ = {x € X; 1 —n(x) < n(z)}. As
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in Proposition 6.1.6, we have

i1 = pal| = 12 () + p2(X) — e(cges i, pra)-

As 1 (X) +pa(X) = [ndp+ [(1—n)dp =1 we get e(cg; pr; pa) = 5(1— |11 — paal])

wherec,+ is the Bayes binary classifier defined by

1 if n(x) >

N N =

-1 ifp() <

Remark 6.1.11. Let us make two remarks:

(i)

Let 11, o be two probability measures on (X, B). As defined, for example, in
Pollard [43], the expression 1 — ||u1 — po||rv is called the affinity between p
and fo and is denoted by oy (g1, f2). Denote by g A ug the largest measure on
(X, B) for which, for all A € B, the following inequality holds:

pir A pip(A) < min(p (A), p2(A)).

For some dominating measure A of p; and po, the measure pq A ps is such that

d(pr A p2) . (dpy dps
— = —_ == A-a.e.
X R an ) e

and p1 A po(X) = [[p1 A pof| = o (pa, p2).-

Let v be a Borel probability measure on 2. Let (h,p) be a pair of Borel
maps from Q taking their respective values in X and {0,1}, and assume that
v({w e Q; p(w) =0}) =rv({w e pw) =1}) =1/2.

As in Exemple 6.1.10, let g = h(v) and 1 : X — [0, 1] be the regression of ¢ on

h, let py; and ps be two measures on X' given by p; = nu and py = (1 — n)p.
Then, p1(X) = p2(X) = 1/2.
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Let us define two probability measures

- 1

1 N
fn = ———vp1 and fiy = ——/is,
p1(X) pi2(X)

and let g* : X — {0, 1} be the Bayes decision function given by ¢* = 1, where
E ={x € X;n(x) > 1/2}. Then,

e(1 = 29" jix, i) = 1 — ||t — fio||7v-

Consider a classifier ¢y linked to a classification function f. In the case of the partic-
ular measures p, and p_ defined in Equation 5.6.2 and specific loss functions, there
exist an interesting relation between its risk function R(cs) and its quantity ¢ defined

in Definition 6.1.4. First, let us recall the definition of py and p_:

Definition 6.1.12. For (X, B) and ({—1,1}, P{—1,1}) two Borel spaces, we consider
(X x {—1,1}, B® P{-1,1}) the product space with the natural product o-algebra, a
probability measure p on X x {—1,1} and the canonical functions w: X x {—=1,1} —
{=1,1} and 77, : X x {—=1,1} — X. We define two new measures pi, and p_ on X

such that:
1 1

= mwx(ul) and p_ = () T (p-1),

where p; are measures in X x {—1,1} such that p;(A) = u(ANa=1({i})).

H+

We can now write the following proposition:

Proposition 6.1.13. Let (X x {—1,1},B) be a measurable space and let p be a
probability measure on X x {—1,1}. Consider py,pu—1 and py,p_ be as defined in
Definition 6.1.12. Let f : X — R be a real-valued function and cy be the classifier
linked to the classification function f. Then, for all (z,y) € X x {—1,1},

/Xx{_l 1 (1 B H(yﬂx))) du(z,y) = eleg; s po)

where H is the Heaviside function and Ly (u) = Ly<q.
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Proof: (Proposition 6.1.13)
Using equality (5.6.3) with ®(yf(z)) =1 — H(yf(x)) we can write:

Rlap) = [ (1= HO@))dus + [ (1= H=1le))dn-

=pr({z e X: f(z) <0} +p-({z e X flx) >0})

= e(cys pys p)-

Proposition 6.1.13 shows that the quantity £ defined in Definition 6.1.4 is linked
to the risk functional of ¢;. Using this result as a starting point, we define the notion

of e-error for a binary classifier c;:

Definition 6.1.14. Let (X, B) be a measurable space, j1, and ps be two finite measures
on X, and f : X — R be a measurable function. For any e > 0, the e-error of f with

respect to (u1, p2) is given by
err(f, € pi, p2) = min (e(cy, € pin, pi2), €(cy, € piz, )

where =(cg, € i 15) = (Lo € X; () < /2) + y({ € X5 f(x) > —¢/2})
Remark 6.1.15. There are two remarks worth making:
(i) err(cr, € p, po) > err(cy, 0; pun, pio)
(i) err(c_p, e, ) = m({z € X f(2) < —€/2}) + u({r € X; f(z) > e/2}),
hence we have
err(c—y, € p1, p2) +m({x € X; f(x) = ¢/2}) = err(cy, € p, p2) + p2({x € X f(z) = —€/2}).
Definition 6.1.16 ((e, d)-classification function). Let (X, B) be a measurable space

and py and pe be two finite measures on X. For € and § > 0, a measurable function

f: X = R is a (e 0)-classification function if

err(f, € M1, ILLQ) <.
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Let X be a Polish space and p; and ps be two Borel probability measures on
X. The next proposition links (e, d)-classification function to the two distribution
functions of the probability measures f(u1) and f(u2). This result will be useful in

the next section 6.2.

Proposition 6.1.17. Let (X,B) be a measurable space and let py and ps be two
probability measures on X. Let f : X — R be a (e, 0)-classification function and

Fy, Fy be the respective distribution functions of the probability measures f(u1) and
f(pe). Then,
/ By (t) — By(t)|dt > (1 — )e.

Proof: (Proposition 6.1.17)
We first suppose that e(cy, €; pi1, po) < e(cy, € p2, 1) < 0.
Using F| and F3, we have

e(cr, € pr, po) =1 — (Fa(—€/2) — Fi(€/2)) and thus Fy(—€/2) — Fy(e/2) > 1 — 6.

Now, we show that, for all —e/2 < s < €/2, Fy(s) > (1 — 0) + Fi(s). Since F;
is monotone and non-decreasing we have: Fy(s) > Fy(—¢/2) and Fi(s) < Fi(—¢/2).
Therefore, for all —¢/2 < s < €/2, we obtain: Fy(s) > Fa(—¢/2) > (1—-9)+ Fi(e/2) >
(1—=0)+ Fi(s).

€/2
Hence, / Fy(t) — Fi(t)dt > €(1 —9).

—€/2

Likewise, for the case (cy, €; po, p1) < e(cy, € pu, p2) < 9, we obtain

/6/2 Fu(t) — By(t)dt > e(1 — 5)

€/2

Therefore, / By(t) — Fy(1)|dt > / PR - R0t > (1 — 8. I

—¢/2
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Lemma 6.1.18. Let (X, B) be a measurable space and let iy and ps be two probability
measures on X. Let f: X — R be a measurable function and Fy, Iy be the respective
distribution functions of the probability measures f(u1) and f(uz). Then, for any
teR,

min(e(cre; p, pi2), €(Cre; o, pn)) = 1 — |Fi(t) — Fa(t)].

Proof: (Lemma 6.1.18)
By the definition of I} and F5, we have:

pm{r € X[ f(z) >1}) = m{z € X[ f(x) <t}°) = m(X) — Fi(t) =1 - Fi(t)
pa({r € X[ f(z) > t}) = pa({w € X[ f(w) <)) = pa(X) — Fo(t) = 1 — Fa(t).

Using Fy and Fy, we can write e(cs; i, pio) and e(cyy; pi2, p11) as follow:

e(cp i, p2) = m({z € X[ fz) < t}) + po({z € X[ f(z) > t})
= p2(X) — Fa(t) + Fi(t)
=1+ (Fi(t) — F(t))

e(cp pio, ) = m({x € X[ f(z) > t}) + po({x € X[ f(z) < t})
= i (X) = Fi(t) + F»(t)
=1— (F(t) — F(t)).

Hence, min(e(cpy; p, p2), €(cres o, 1)) = 1 — [Fi(t) — Fa(t)). |

6.2 Lipschitz classifiers and the Kantorovich-Rubinstein

distance

Generally, the datasets we want to classify are subsets of Euclidean spaces, and more

generally of metric spaces. Therefore, in the rest of this section, X will be equipped
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with a distance dy. More precisely, as we will use notions and results of Chapter 2, X
will be a Polish space, with its Borel structure and the distance d will be lower semi-

continuous. With a metric space, we can focus on Lipschitz classification functions.

Definition 6.2.1 ((e, §)-Lipschitz classifier). Let X be a Polish space and d € Dy be
a bounded lower semi-continuous distance on X. Let p; and po be two finite measures
on (X, B).

(i) A Lipschitz classifier ¢y : X — R is a binary classifier such that its classification
function f € Ly(X,pn;), for i = 1,2, and f is 1-Lipschitz with respect to the
distance d.

(1) For e and 6 > 0, a classifier ¢y : X — R is a (€, 6)-Lipschitz classifier if it is a

Lipschitz classifier such that err(cy, €; pi1, pia) < 9.

Remark 6.2.2. Let X be a Polish space, and B(X)be its Borel o-algebra. Let d be
a lower semi-continuous distance on X. Then a 1-Lipschitz function f : X — R is
not necessarily B(X)-measurable.

For example, let X be the real line R, with its natural Polish topology and let d be the
discrete distance on R. By Lemma 2.4.4, we know that d is lower semi-continuous.
For any subset £ C R, the characteristic function 1g is 1-Lipschitz, but is Borel
measurable only if £ € B(R).

Let X be a Polish space and p; and ps be two Borel probability measures on
X. In the next theorem, we show that an (e, )-Lipschitz classifier determines a

lower-bound of the Kantorovich-Rubinstein distance of 1 and po:

Theorem 6.2.3. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let p1 and ps be two probability measures on X .

If, for 0 < e <1, ¢s is a (¢,0)-Lipschitz classifier, then Wx (1, p2) > €(1 —96).

Proof: (Theorem 6.2.3)
Let f be a (e, d)-Lipschitz classification function. Applying Theorem 4.1.1 and The-
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orem 2.5.5, we have

+oo

Walia, 1) = Walpi i) = [ 1Bpu(o) = Fyufo)] do.

—00

where F; denotes the distribution functions of the measure f(g;).

Applying Proposition 6.1.17 completes the proof. i

Proposition 6.2.4. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let py and ps be two probability measures on X. If A
denotes the d-diameter of X, then, for anyn > 0, there exists a 1-Lipschitz measurable

function f : X — R such that

Wa(p1, po) < AL +n)err(cy; pa, pa).

Proof: (Proposition 6.2.4)
By Proposition 4.1.5, there exist an optimal function g : X — R such that Wy (u1, p2) =

Wr(g(p1),9(12)). On R equipped with the Euclidean distance, we apply Theorem

2.5.5 and obtain .

Wi, p1z) = / Galt) — G (1) dt,

where G;(t) = p;({x € X; g(x) < t}) denotes the distribution functions of the mea-
sure g(p;), for i =1, 2.

Since diam(X) < 400 and g is 1-Lipschitz, diam(g(X)) < A. Thus, |Ga(t) — G1(t)] <
1, for any t € R and |Gy(t) — G1(t)| = 0 if t & [a,b] with a < b, b —a < A. We can
write:

A
Waliiopia) = [ 1Ga®) = Gpu(0)]dt

We denote, for simplicity, sup, |Ga(t) — G1(t)| by S. For all > 0, there exist a
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to € [a,b] such that S —n < |Ga(t,) — G1(to)| < S. Therefore,
W (p, p2) < AS < A1+ 1)[Ga(to) — Gu(to)|-

Set f = g —t, and F; the distribution function of the probability measure f(gu;).
For all t € R, Fi(t) = G;(t — t,) and thus G;(t,) = F;(0). Then, f is a 1-Lipschitz,

measurable function such that

Wi (i1, 12) = /X £ (- ) < A(L+0)|F(0) — F1(0)].

Applying Lemma 6.1.18 completes the proof. i

In Proposition 6.2.4, we have shown the existence of (e,d)-Lipschitz classifiers
whose e-error § depends on Wiy (ju1, i12), when € = 0. In Theorem 6.2.6, we consider
the case of (e, d)-Lipschitz classifiers for € > 0. It is a more general result, but we
obtain a less stringent upper bound. We first give a proposition that we use in the

proof of Theorem 6.2.6.

Proposition 6.2.5. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let p1 and po be two probability measures on X .

If A denotes the d-diameter of X then there exists a 1-Lipschitz classification function
f such that for all0 < s <t <1,

W (1, pra)

s € X5 f(@) > s} + (1= Op({z € X; [(2) <1A}) < 1- =24

Therefore, for 0 < s <1/2,

po({x € &; f(x) > sA}) +m({x € X; f(x) < (1 —5)A}) < % (1 B Wx(ilam)) ‘

Proof: (Proposition 6.2.5)
By Proposition 2.3.6 , there exists a 1-Lipschitz measurable function g : X — [0, A]
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such that N
W (a1, i) = / (Gals) — Gi(s)) ds,

where G;(s) = p;({x € &X; g(x) < s}), fori =1, 2.
For 0 < s <t <1, we have

W) = ([ [+ [) @) - Grtspas

< SAGa(sA) + (T — s)A+ AL — ) (1 — G1(tA)). (6.2.1)
Dividing by A on both sides and rearranging the terms yields

W < 5Go(sA) + (t—5) + 1 — Gi(tA) — t(1 — Gy (tA)).

For 0 <r <A,let A, = {z € X;g(z) <rA}. We can now write:

w < spp(Ag) +(E—8) + (1 —1) (1 — u(A))
1= BRI 5 (1 p(A) + (1= ) = (=) + (1= 0 (1= ()
1 Wit fa) 5 ) + (1 - ),

For s € (0,1/2] and t = 1 — s, we obtain

ol 5) g (Ars) < - (1 - W) |

Theorem 6.2.6. Let X be a Polish space and d € Dy be a bounded lower semi-

continuous distance on X. Let py and ps be two probability measures on X .
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If A denotes the d-diameter of X then, for 0 < o < 1, there exists a (pA,d)-Lipschitz

classifier cfon such that
s< -2 (1 - M) |

Proof: (Theorem 6.2.6)

Let s = %. By Proposition 6.2.5, there exists a Lipschitz classification function

g: X —[0,A] such that

=
2

1o ({x € X;g(zx) > % — %}) + 11 ({x € X;g(x) < %}>

2
2 _ W (1, pi)
1—0 A '

By setting f =g — %, the proof is complete. |

IA
—_

In the case where the two measures p; and ps are not probability measures but
bounded measures such that p(X) = u2(X) = v, Proposition 6.2.5 and Theorem

6.2.6 can be made slightly more general:

Proposition 6.2.7. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let p; and py be two finite measures on X such that
i (X) = pa(X) = 7.

If A denotes the d-diameter of X then there exists a 1-Lipschitz classification function
f such that for all0 < s <t <1,

spa({z € X; f(z) > sAN) + (1 — ) ({z € X; f(z) <tA}) <~ — WX(,ZhHa).
Therefore, for 0 < s <1/2,

pa({z € X; f(z) > sAY) + m({z € X; f(z) < (1— 5)A}) < é (’V - _WX(ZLM)) |
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Theorem 6.2.8. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let p; and py be two finite measures on X such that
(X)) = pa(X) = .

If A denotes the d-diameter of X then, for 0 < o < 1, there exists a (oA, §)-Lipschitz

classifier cfon such that

2 W (1, pio)
< 2y IXPLR2)
6_1—Q(7 A

6.3 A more general notion of error

In section 6.1, we give the definition of an e-error for a classification function f. The
Definition 6.1.14 can be considered quite “rough” as it does not take into consideration
the value of the function f but only its sign. It therefore seems natural to consider a

more general notion of error:

Definition 6.3.1. Let (X, B) be a measurable space and let py and ps be two finite
measures on X. Let f : X — Ry be a measurable function such that f € Ly (X, ;),
i=1,2.

Then, fort >0, let E(f,t; pu1, p2) be defined by

g(.ﬁt;/lla/'@) = fd,ul + fd/,LQ,
By By

where By = {x € X; f(z) < t}.

Remark 6.3.2. There are three remarks worth making:

() 16 po({ir € 2 ) = 0}) = 0, then, &(£,0:p1.p2) = [

() 1 £+ X (0. ], then £(f, &) = | Fs
(iif) Tf £ : & — [0, A], then i

g(A_fataMbNQ) :/

Bt

A—fdu1+/ A~ fdus

By
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= A(pa(By) + pa(Br)) — E(f, t; pa, p1a)-

Therefore, E(f,t; n, pia) + E(A = ft; 11, p2) = Apa(X) — (p2(By) — 1 (By)))
and E(f, t; pa, pu) + E(A — frt; po, 1) = A(pr(X) — (ua(Br) — pa(By))).

Definition 6.3.3. Let (X, B) be a measurable space and let py and ps be two finite
measures on X. Let f : X — Ry be a measurable function such that f € Ly (X, p;),
i=1,2.

Then, fort >0, the e-error of f with respect to (u1, u2) is given by

Err(f,e: p, po) = min(é"(f, b pins o) FE(A—Ff ot i, p2), E(f, b5 oy pr) +E (A~ 8 umn))-

In the particular case where p; and po are probability measures, we obtain that

Err(f, € p1, po) = A1 — |pa2(By) — pa(By)])

since, for any r € R, max(r, —r) = |r|.

By Lemma 6.1.18 we get, for t € [0, A], Exr(f, € p1, pt2) = err(Cs i s )-

Now, we consider a particular case: Let p; and ps be two probability measures on X'.
Let A denotes the d-diameter of X and f : X — [0, A] be a measurable function such
that, for ¢ € [0, A], Fy(t) — Fi(t) > 0, where each F;(t) = p;({z € &; f(x) < t}) is
continuous. Let ¢, € [0, A] be such that sup{ Fy(t)—Fi(t);t € [0, A]} = Fy(to)—Fi(to).

We obtain the following proposition and its immediate corollary:

Proposition 6.3.4. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let f : X — [0,A] be as defined above and g = A — f.

Then,
E(f to; p, pi2) :/ fd,u1+/
B

B

Fdus  and  E(g, A—to; o, ) = / fdu1+/ f dpia.
¢ B

c
to to to to
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where By, = {x € X; f(x) € [0,15]}. Therefore,

E(f toi s p2) + E(9, A —toi piz, n) = A (1 = (Fa(te) — Fi(to))) .-

Corollary 6.3.5. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Then, there exist 1-Lipschitz classification functions f :

X — [0,A] and g = A — f such that:

W )
E(f tos s p2) + E(g, A —to; pio, pa) < A (1 - M) :



Chapter 7

Applications of the
Kantorovich-Rubinstein Distance

in Machine Learning

Chapter 7, aims to show that the use of the Kantorovich-Rubinstein distance as a
feature-selection criterion function is an efficient and natural thing to do.

The first section makes the case that the Kantorovich-Rubinstein distance is a
very good feature-selection criterion function because, by construction, it encompasses
both topological and metric information of the two sample distributions. Hence, the
Kantorovich-Rubinstein distance gives us a good bound for the classification errors
without having to go through the whole classification process (as shown in the results
of Chapter 6).

The second section of the chapter constructs a Kantorovich-Rubinstein distance
based function J. We then prove interesting properties of J (monotonicity and addi-
tivity) that enable us to apply search algorithms from the Branch-and-Bound family.
The advantage of such search engines is that they are much quicker than an exhaustive

search while remaining optimal.

152



7. APPLICATIONS OF THE KANTOROVICH-RUBINSTEIN DISTANCE IN
MACHINE LEARNING 153

7.1 The Kantorovich-Rubinstein distance as a de-

scriptor of sample complexity - 1.9

The no free lunch theorem for machine learning states that, averaged over all possible
data-generating distributions, no classification algorithm can consistently have the
lowest classification error. Said differently:

“The most sophisticated algorithm we can conceive of has the same average perfor-
mance (over all possible tasks) as merely predicting that every point belongs to the
same class” [7].

Hence, since there is no classification algorithm that can have the smallest misclas-
sification error over all data-generating distributions, there might be, for particular
datasets, specific classification algorithms that are better suited. The difficulty is to
find these better-suited algorithms: Suppose we are given an independent and iden-
tically distributed sample S,, = {(x1,v1),..., (Zn, y)} With respect to an unknown
probability measure g on X x {—1,1} and S, be the projection of S,, on X. If, for a
chosen classifier g, the empirical misclassification ]A%(g) over S, is large, one can only
speculate which of these two explanations is the correct one: is it because the Bayes
error R* is also large or because the choice of the classifier ¢g is inadequate? There
is therefore a need for a characterisation of S,,. In the case of the measurable space
(R x {—1,1}, B), with d € N, the paper Complexity Measures of Supervised Classifi-
cation Problems [6] by Ho and Basu was seminal in defining the notion of complexity
of S, and finding a set of descriptors that are not directly dependent on a classifier
g. We first define the notion of complexity. The complexity of .S,, is defined using the
Kolmogorov complexity concept: the Kolmogorov complexity of 5, is characterised
by the length of the shortest algorithm necessary to fully describe the relationship
between each point in x; € S, and their respective label. The longer is the algo-
rithm, the more complex is S,,. The worst case scenario would require to list all the
x; € S, along with their label. However, if there exist some form of regularity in S,

a more compact algorithm can be obtained. In practice, the Kolmogorov complex-
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ity is algorithmically incomputable. In their paper, Ho and Basu approximate the
Kolmogorov complexity with statistical indicators and geometrical descriptors drawn
from S,. They refer to these indicators and descriptors as complexity measures. A
subset of the complexity measures is called the geometrical complexity measures. It
contains descriptors and indicators that describe the regularities and irregularities of
the boundary that separates the classes of .S,,. Ho and Basu assume that the family
of these descriptors and indicators are sufficient to give a good approximation of S,’s
complexity as most classifiers in R? can be characterised by geometrical descriptions
of their decision regions [6].
Following Ho and Basu, many papers were published with new descriptors. A thor-
ough survey was done in 2019 by Lorena et al. [37]. The survey groups geometrical
complexity measures according to 4 categories:
1. Feature-based measures, which characterise how informative the available
features are to separate the classes;
2. Linearity measures, which try to quantify whether the classes can be linearly
separated;
3. Neighbourhood measures, which characterise the presence and density of
same or different classes in local neighbourhoods;
4. Network measures, which extract structural information from the dataset by

modeling it as a graph.

Lorena et al. describes the descriptors of category 2 as follows:

“These descriptors try to quantify to what extent the classes are linearly separable,
that is, if it is possible to separate the classes by a hyperplane. They are motivated
by the assumption that a linearly separable problem can be considered simpler than
a problem requiring a non-linear decision boundary.”

There is a major drawback to the linearity descriptors: they are computed using
quantities obtained from a linear classifier (i.e., a separating hyperplane). As is
standard nowadays, the linear classifier considered is the one constructed using the

Support Vector Machines (SVM) algorithm. SVM is considered one of the most
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theoretically well motivated and practically most effective classification algorithms.
Notwithstanding the quality of SVM, this is a situation in which one constructs a
classifier to verify if the dataset can be classified. That is, as said above, precisely what
one tries to avoid. What would be preferable are predictors that can be computed
solely from the dataset while quantifying whether the classes can be separated by a
specific family of classifiers. With the results obtained in the previous chapters, we
can do just that: construct a predictor based solely on the dataset that predicts to

what extend we can separate the classes using 1-Lipschitz classifiers:

Claim 7.1.1. Let X be a Polish space and d € Dy be a bounded lower semi-
continuous distance on X. Let p be a probability measure on X x {—1,1} and
Sn = {(x1,91),. .., (Tn,yn)} be an independent and identically distributed sample
with respect to p and S, be the projection of S, on X. Keeping the notations of
Equation (5.6.2), we define:

1
To | 6x7

l\D||—~

[y = 2|S+|$€ZS(5 and pu_ =
where S, = {z; € S, : (z;,1) € S,} and S_ = {z; € S, : (x;,—1) € S, }.
We say that Wy (py, ) is a good complexity measure for S,, with respect to 1-
Lipschitz classifiers if the ratio Wx(py, 1—)/A being close to 1/2 implies that there
exists a 1-Lipschitz classifier for which most x € S, have a large enough confidence.
We claim that the Kantorovich-Rubinstein distance Wx (4, i) between the mea-
sures py and p_ is a good complexity measure for S, with respect to 1-Lipschitz

classifiers.

We present below what we believe to be a strong theoretical argument to support
Claim 7.1.1:
Keeping the notations of Definition 5.6.7, we recall that the risk functional of

the classifier ¢; with the a-translated zero-one loss is given by

R(Cf) - /X (11} ILyf(w)faz d/,L(.Z', y)
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Thus, R(cs) = p({(z,y) € X x {—1,1} : yf(x) < a}). The a-translated zero-one
loss penalizes both misclassified points and correctly classified points with confidence
smaller than «. The penalty is 1. Thus, the risk R(cs) measures the set of points
that are both misclassified and correctly classified but with a confidence smaller than
a. Hence, if R(cy) is small, the measure of the 3 sets {(z,—1) : f(z) > a}, {(z,1) :
f(z) < —a}and {z € X : —a < f(z) < a} are also small.

In the case of a finite sample S,,, the empirical risk functional is:
. 1 —
R<Cf) = ﬁ Z ]lyif(iri)éa‘
i=1

Thus, a small R(cs) implies that the cardinality of the 3 sets {z; € Sy : f(x;) > a},
{z; € S_: f(z;) < —a} and {z; € S, : —a < f(z;) < a} is small. This means
that the classification function f is such that there are few misclassified points and,
moreover, there are few points of S, in f~!([—a, a]). Said differently, the 1-Lipschitz
classifier ¢y is such that most x € S, have a confidence larger than o.

To support our claim, we thus need to show that a large Kantorovich-Rubinstein
distance between p, and p_ implies that f%(cf) will be small:

Let ¢ = a/A. Then, by Theorem 6.2.8, there exits a («, d)-Lipschitz classifier ¢y,

such that
2 (1 Walu,n)
err(Ca; fhs H-) < m (5 - T+ :
Note that the right hand side of the inequality is always positive since Wx (p4, - ) <
1A
sA.

By Proposition 6.1.13, we know that, for the classification function of ¢y,

1 n
E Z ILyz‘f(ﬂﬁi)éoé = err(cﬁa; Hts :u—)'
=1

And thus we obtain:

R(cs) < & (%—W)
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7.2 The Kantorovich-Rubinstein distance and feature-

selection algorithms - 1.64

Many machine learning problems become exceedingly difficult when the sample set
lives in a high-dimensional space. These difficulties are referred to as the curse of di-
mensionality. These difficulties stem from the fact that, in high-dimensional space, a
sample is most likely sparse. Most classification algorithms from the “pre deep learn-
ing” era are designed to encourage the construction of smooth classification functions.
The idea being that a smooth classification function would have little overfitting. But
when your data is sparse, it becomes extremely complicated to generalise well. To
avoid the curse of dimensionality, one can either add assumptions about the unknown
data generating distribution (as in the case in deep learning and manifold learning)
or can reduce the dimensionality of the learning space. There are two different ap-
proaches to dimensionality reduction: the feature selection technique and the feature
extraction technique. Suppose S, = {(x1,v1), ..., (Tn,yn)} is asample in X x {—1,1}
with dim(X) = r, and S, be the projection of S,, on X. For feature selection, given
0 < a < r, ascore J is assigned to all subsets A = {iy,...,i,} € {1,...,r}. The

sample S, is then canonically projected on X4« = & . x ... x & ., where A* is the

subset with the optimal value of J. A feature selection algorithm is in fact a canonical
projection on a chosen dimensions of X.

On the other hand, feature extraction algorithm includes transformations of the space
X before projecting on a space of lower dimension [27]. Note that both techniques
can be used on the same set of observations X.

Well known examples of feature extraction techniques include Principal Com-
ponent Analysis (PCA) and Random Projections. PCA is extensively covered in
Chapter 12 of Pattern Recognition and Machine Learning [11] while Random Projec-
tions is well summarized in section 4.2 of H. Duan’s Master’s thesis [22]. Another

feature extraction technique worth mentioning is the Borel isomorphic dimensionality

reduction technique. It was introduced by V. Pestov in [41] and further studied by S.
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Hatko in [26].

One can often obtain a set of transformed features generated by feature ex-
traction that provide a better discriminative ability than the best subset chosen by
feature selection. The drawback is that feature extracted subsets often lose their orig-
inal physical /biological meaning which makes it less useful for applications. For that
reason, we restrict our interest to feature selection algorithms and more precisely the
Branch & Bound family of algorithms. A quick overview of feature selection algo-

rithms is given in Appendix B. We recommend you read it before reading subsection

7.2.1.

7.2.1 Branch & Bound algorithms - 1.73

This section gives a brief overview of the initial Branch & Bound algorithm and
touches on its newer and improved versions. The section relies heavily on the paper
by Somol et al. [48] and Frank et al. [24]. As explained in the introduction of
section 7.2, the goal of feature selection algorithms is to select, from a set E of r
elements, an optimal subset of cardinality k. The notion of optimality is measured by
an evaluation criterion function J. From Appendix B, we know that, in the case of a
set I/ with large cardinality, it is totally unrealistic to expect to compute J for each
subset of cardinality k. Indeed, the exhaustive search is impractical even for problems
of small cardinality r as the optimization space of all subsets of cardinality £ < r is of
combinatorial complexity. To bypass the issue of complexity, two strategies has been
used. The first one is to relax the rigour of optimality. (ie. reducing the size of the
optimization space). The second strategy is the introduction of a feature selection
criterion function (fscf) with specific properties which help to identify sections of the
search optimization space that can be left unexplored. We use the standard notation
J : P(E) — R for the fscf. The Branch & Bound family of algorithms employs the

second strategy by making use of a fscf J that satisfies the set inclusion monotonicity

property.

Definition 7.2.1. Let E be a set of cardinality r and P(E) be the power set of E.
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Consider f : P(E) — R. The set inclusion monotonicity property assumes that, for
two subsets, By, By € P(E),

f(Eh) < f(Es) if By C Es.

It is the use of a fscf J satisfying the inclusion monotonicity property that allows
to remove parts of the search space that cannot possibly contain the optimal solution.
Given a fscf satisfying the inclusion monotonicity property, one can use an algorithm
from the Branch & Bound family. The Branch & Bound principle can be summarized
as follows:

First, the algorithm constructs a solutions tree T'(F, k) where the root represents the
set E of cardinality r and the C(r, k) leaves represent all the subsets of k elements.
In the solution tree, any node at depth d represents a subset of F with a cardinality
of r — d elements. Hence, the leaves are at depth » — k. The generation of a solution
tree can be regarded as a recursive procedure that builds solution trees from depth
d =0 to d =r— k. After obtaining a solution tree, all string-structure subtrees (sub-
trees in which non-leaves nodes have only one child node) can be pruned to obtain a
minimum solution tree. Note that the generation of a solution tree (and of minimum
solution tree) is independent of the choice of fscf. For more details on this recursive
procedure, see Yu et al [55].

Once the minimum solution tree has been built, one traverses the tree to find the
optimal subset. The algorithm keeps the fscp of the currently best leaf-node in mem-
ory (denoted as the bound). Anytime the fscp of some internal node is found to be
lower than the bound, the whole subtree may be cut off and thus many computations
can be omitted. Somol et al. [48] have observed that: 1) nearer to the root, the fscf
computation is usually slower as evaluated feature subsets are larger and 2) nearer to
the root, subtree cut-offs are less frequent. Note that, for a given minimum solution
tree, the speed of the Branch & Bound algorithm depends on the choice of the fscf.
Indeed, ”traversing the solution tree” requires to compute the fscf at many (if not

most) of the tree nodes.



7. APPLICATIONS OF THE KANTOROVICH-RUBINSTEIN DISTANCE IN
MACHINE LEARNING 160

Over time, considerable effort has been invested into the acceleration of the Branch &
Bound algorithm. The article Fast Branch € Bound Algorithms for Optimal Feature
Selection by Somol et al. [48] is a good review of the many improvements since the

original Branch & Bound algorithm developed by Narendra and Fukunaga [40].

7.2.2 The use of the Kantorovich-Rubinstein distance to con-

struct an evaluation criterion function - 1.86

Our goal is to use the Branch & Bound algorithm as a dimensionality reduction
prior to using a classification algorithm. Hence, a natural choice for the criterion
function J is a function that satisfies the set inclusion monotonicity property de-
fined in 7.2.1 and characterises the complexity of S, in X4 = A&, x ... x &}, , with
A= {iy,...,i,} C{1,...,r}. We could then be cautiously optimistic that our “op-
timal” subset A* = {i},..., %} would allow the projection of S,, into X4« x {—1,1}
to be easily classifiable. We now construct a Kantorovich-Rubinstein distance-based

function J and prove two interesting properties of it: monotonicity and additivity.

Let » € N be a positive integer. For 1 < k& < r, let A be a Polish space,
B = B(X)) be its Borel o-algebra and dj be a lower semi-continuous distance on X,
(written dj, € Dy, ). The product space X = A} x ... x X, endowed with the product
topology is a Polish space and its Borel o-algebra is B(X) = B; ®...®B,. We denote
by d; (respectively ds) the ¢4 (respectively £o.) distance on X. As seen in Definition
4.2.1, we have, for x,y € X,

di(z,y) = Z;dk<xkayk) and doo(z,y) = max di(Tk, Yk)-
By Lemma 4.2.4, we know that Jl and czoo are lower semi-continuous on X.
Consider Xy = &}, x...x A&;, where {iy,...,i,} belongs to the power set P{1,...,r}.

Recall that the canonical projection 7, : X — X4 is defined by 7, (z) = (x4, Ty, - - -, T4, )
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and the ¢;-distance on X4 is defined by

a

dia(r,y) =) dig(wiy,93,).

k=1
We can now define our evaluation function:

Definition 7.2.2. [.112] Let r be a positive integer. For 1 < k < n, let X} be a
Polish space and di, € Dy, . Consider the product space X = X x ... x X, endowed
with the product topology.
We denote by J : Py x Py x P({1,...,7}) — R, the evaluation function defined
by:

J(p, po, A) = W, (Wa(m),%(/@)),

where W, is the Kantorovich-Rubinstein distance associated to (Xa, Jl,a)-

For (pu1, pi2) € Py x Py fized, we define the function Jy,, .y : P({1,...,r}) = Ry
given by the formula Jy,, 1) (A) = J(p1, p2, A).

The criterion function J defined above has two interesting properties:

Proposition 7.2.3. Let r be a positive integer. For 1 < k < r, let X} be a Polish
space and dy, € Dy, . Let A= {i1,... i} C B={j1,...,Jv} be non-empty subsets of
{1,...,7r}. Consider the product space X = X} X ... x X, endowed with the product
topology and let py and po be two probability measures on Pxy.

Then, Jiu uz)(A) < T o) (B).

Such a function J ) is said to be monotone.

1,042

Proof: As J(,uhuz)(A) = WXA (Wa(ﬁbl)? 7Ttl<ru2)) and ‘](m,,uz)(B) = WXB (ﬂ-b(Fh)’ 71'1,(/12)),
a direct application of Corollary 4.2.6 yields the desired result. i

Proposition 7.2.4 (1.125). Let r be a positive integer. For 1 < k < r, let X} be a

Polish space, dj, € Dy, and ,ugk), ,uék) € Py, be two probability measures. Consider the
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product space X = Xy X ... X X, endowed with the metric d and j; = ugl) R...Q ugr)

and o = ,ugl) ®...Q ,ué ), the corresponding product measure on X. Then, for any

A B 673({1,...,7‘}), ANB =0,
‘]ul M2)(A U B) J(Mlvuz)(A) + J(uhuz)(B)'

Such a function J 15 said to be additive.

(p1,p2)

Proof: Without loss of generality, it is enough to prove that additivity holds for
singleton. Let A = {a} and B = {b}. As u is a product measure, we have, by
construction, that m,(¢) = fa, m(p) = pp and meup(p) = pe @ ip. Using Theorem
2.2.7, we obtain:

J (p1,12) (A U B) WXAXXB (Wan<:u1)v Wan(/@))

a b a b
= WXAXXB(IMS ) ®,U§ )a,ug ) ®/Lg)>

a b
= Wy (1, 5) + Wy (1, 18

= ‘](Mhuz)(A) + J(HLMZ)(B)'



Chapter 8

Conclusion

The idea to use the Kantorovich-Rubinstein distance for dimensionality reduction was
presented to Hubert Duan and I by Professor Vladimir Pestov. In his Master’s thesis
[22], H. Duan constructed the “simplest” dimensionality reduction algorithm: for a
sample S, of points in X x {—1,1} (where X is a product space X = X} X ... X &y)
and S, the projection of S,, on X, he considered the d projection maps m; : X — A&
and associated the zero-one distance to each X;. Such a choice of distance made his d
evaluation functions J; equal to the total variation distance on the d samples m;(S,).
He then fixed a threshold a and collected the coordinates {ii,...,i,} C {1,...,d}
with an evaluation function greater than «. This allowed him to define a dimension
reduction map 7' : X — X4 where Xy = &, X ... x X],.

In conjunction with the Random Forest classification algorithm, H. Duan tested his
dimensionality reduction algorithm on a portion of the OHGS-2 dataset. He obtained

promising results.

In this thesis, we had two main objectives. The first objective was to build a
strong theoretical foundation to justify the use of the Kantorovich-Rubinstein distance
to construct dimensionality reduction techniques applicable to GWAS datasets such
as the OHGS dataset. The second objective was to generalise H. Duan dimensionality

reduction algorithm in two ways. First by considering not only the d projection maps
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m « X — AX; but the projections over all possible combination of the d coordinates.

Secondly, by considering any distance d; associated to each Aj.

As this thesis had two main objectives, each objective will have its own list of
suggestions for future research.
In the case of the theoretical foundations to justify the use of the Kantorovich-
Rubinstein distance, here are additional ideas that could be developed:

(i) Here, we keep the notations of Chapter 5 and Chapter 6. In Chapter 5, we
give an interpretation of the quantities yf(z) and ®(yf(x)): yf(z) is the con-
fidence margin of the prediction g¢(z) and ®(yf(x)) is the loss incurred by ¢
at the point (z,y). In the two particular cases of ®(yf(x)) = 1 — H(yf(x))
and ®(yf(z)) = Lo(yf(x)) (where H is the Heaviside function and L, is the
a-translated zero-one loss), we showed that R(gy) = err(csa;pit, pp—). This
equality does not stand for all loss functions. In particular, one cannot write
R(gs) = Err(f, a;pq, ) when we consider the a-margin loss function i.e.,
®,(yf(z)) = min (1,max (0,1 — %)). It would therefore be interesting to con-
struct all loss functions that allow the risk functional to be written as an error.
It would require to find the structure of all loss functions ® : X x {—1,1} - R
that satisfy the equalities

[ atr@) i = [ @) duy ana

X

Do~ f(2)) du = / Do f(2)) dpi_

C

where B C X.

(ii) Here, we keep the notations of Chapter 6. In the proof of Proposition 6.2.5, we
construct an upper bound for the Kantorovich-Rubinstein distance (see Equa-
tion (6.2.1)). This upper bound is constructed using a geometrical approach:
since the Kantorovich-Rubinstein distance W (1, p2) can be expressed as the
area between the distribution functions G; and Go (where G;(s) = w;({z €
g(x) : g(x) < s}), we built a covering of Wx (1, p2) with three rectangles. The
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sum of each rectangle’s area could then be associated to the notion of error
err(cyq; fi1, pt2) defined in 6.1.14. We think that we can build a better covering
of Wx(u1, p2) using geometrical areas that are given in Equation (D.0.1) and
Equation (D.0.2) of Appendix D. The sum of these areas would be associated
with the notion of error Err(f, e : u1, p2) defined in 6.3.3.
In the case of the second objective (i.e., the generalisation of H. Duan’s algorithm),
the natural next step is to test our new algorithm on the OHGS-2 dataset. For this
thesis, many programs were written to study the Kantorovich-Rubinstein distance
as a tool of dimensionality reduction. These programs are written in R. They are
accessible upon request. These programs are separated in two categories. The first
category regroups programs preparing the OHGS-2 dataset for computations and
computing the Kantorovich-Rubinstein distance. The second category regroups the
analysis programs. The computation should be improved in two ways. First, the
Kantorovich-Rubinstein computation needs to be upgraded with the latest (and thus
fastest) algorithms. Today, there exists many efficient algorithms to compute approx-
imations of the Kantorovich-Rubinstein distance. The major breakthrough came in
2013 when Cuturi [17] showed that the empirical Kantorovich-Rubinstein distance
can be regularised by an entropic term. The regularisation turns the Kantorovich-
Rubinstein distance into a strictly convex problem which can be solved very quickly
with the Sinkhorn-Knopp’s matrix scaling algorithm. Such a convex problem exhibits
linear convergence and can be trivially parallelised. Since Cuturi’s paper, many im-
proved algorithms have been published. In particular, the greedy coordinate descent
algorithm Greenkhorn developed by Altschuler et al. [2] runs in near-linear time (i.e.,
runs in time O(d?) where d is the space dimension). The expertise in Kantorovich-
Rubinstein distance computation exists at the department of Mathematics and Statis-
tics of the University of Ottawa. Secondly, we would need to write the code for an
efficient Branch & Bound algorithm. Paired with the Greenkhorn algorithm, we would
obtain a state-of-the-art dimensionality reduction algorithm for which we could fix

the number of dimensions we want. From the biology perspective, this would allow
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us to choose the number n of snps to consider and then obtain the most significant

combination of n snps in a timely fashion.



Appendix A

Elementary Definitions and Results

This Appendix features some known definitions and results used in the thesis but
not directly related to optimal transport or classification problems. The Appendix is
separated in two sections that are totally independent of each other. The first section
states the disintegration theorem that is used often in the thesis. The second section

is a quick overview of the total variation distance.

A.1 Disintegration Theorem

Theorem A.1.1 (Disintegration Theorem - 1.7). Let X and Y be two standard Borel
spaces and P(X') and P(Y) be their respective collection of Borel probability measures.
Let u € P(Y), let m : Y — X be a Borel-measurable function, and let v € P(X) be
the push-forward measure v =1 % (p) = p(r1).
Then there exists a v-almost everywhere uniquely determined family of probability
measures { iz }rex C P(Y) such that :
e the function x — p, is Borel measurable, in the sense that x — u.(B) is a
Borel measurable function for each Borel measurable set B C Y;
ey, “lives on” the fiber 7= (z): for v-almost all x € X, p, (¥ \ 7 '(x)) = 0.
Hence jiy(B) = p. (BN~ Y(x)), for B€ .
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e for every Borel measurable function f:Y — [0, 400],

[rwanw = [ [ s dum ae

In particular, for any event B C Y, taking f to be the indicator function of B,

u(B) = /X a(B) di(z).

Proof: (Theorem A.1.1)
For a proof of the Disintegration Theorem, one can consult Kechris ([30], p.115). 1

A.2 Total Variation Norm

Definition A.2.1 (signed measure). Let (X, F) be a measurable space and let p be
a function on F with values in (—oo, 4+00).

If u is countably additive and satisfies u(0) = 0, it is a finite signed measure.

Note that a signed measure is a function that result if the requirement of non-

negativity is removed from the definition of a measure.

Theorem A.2.2 (Hahn decomposition theorem - 1.39). Let (X, F) be a measurable
space, and let p be a signed measure on (X, F). Then there are disjoint subsets P and

N of X such that P is a positive set for u, N is a negative set for yp and X = PUN.

Proof:  For a proof of the Hahn decomposition theorem, one can consult Theorem

4.1.4 in Measure Theory by Cohn [15]. i

Corollary A.2.3. [Jordan decomposition theorem - 1.46] Every signed measure is the

difference of two positive measures, at least one of which is finite. Indeed, for any
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measure i, one can write p = piy — pi—, with py(A) = p(ANP), p_(A) = —pu(ANN)
where P 1s a positive set for pu and N is a negative set for p.

The representation j = py — p— 1s called the Jordan decomposition of .

Proof: For a proof of the Jordan decomposition theorem, one can consult Corol-

lary 4.1.5 in Measure Theory by Cohn[15]. i

The Definition A.2.4 given below is given in Measure Theory by Cohn.

Definition A.2.4 (Total Variation norm - 1.59). Let (X, B) be a measurable space,
and let p be a signed measure on X.
The variation of the signed measure i is the positive measure |u| defined by

= py + -

The total variation norm ||u|| of the signed measure p is defined by
[l = 1l (X).
Remark A.2.5. As written in David Pollard’s manuscript [43], the total variation

norm can equivalently be defined as ||p|| = sup(|u|(A)+|u|(A°)), where the supremum
is taken over all A € B.

Example A.2.6 (Total variation norm for atomic measures). Let S be a finite subset

of X. Consider the atomic signed measure p = Z 120.. Let us define, on X, two

zeS
pOSlthG measures

ey = Z Nzéw and H— = Z <_/vbw)5:p7

eSSy reS_

where S, ={x € S; pu, >0} and S_ = {x € S; p, <0}. Then,

il =D Il and [lll = ul(X) = D .

€S z€S

Proposition A.2.7. [.81] Let (X, B) be a measurable space, and let ||u|| be the total

variation norm of a signed measure p. Then,
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d
(i) ||pl| = / |m| dX, where m = ﬁ for some dominating measure A,
x

(i) ||p|] = %sup{’/fdu s [ X = [k k] f measumble}.

The supremum over all measurable f, |f| < k, is attained with the function g

defined by g = kly — k1pe, where M = {x € X; m > 0}.

Proof:

(i) Since p is absolutely continuous with respect to A, py and p_ are also abso-
lutely continuous with respect to A. It is well known that the Radon-Nikodym
derivative for p and p_ are, respectively, the positive and negative parts of m,

denoted by m and m_. Hence,

]u|—/m+d)\+/md)\—/]m\d)\ and thus HMH_/ |m| dA.
x

(ii) Since |f| <k, we have

’/fdu' - ‘/fmd)\‘ §/|f||m|d/\§k/|m|d/\.
Hence sup{‘/fdu

Let M = {z € X; m > 0} and define the function f by f = k1l — k1. Then,

/fmd)\:/km+d)\—/(—/<:m_)d/\:/km++km_d/\:k/|m|d>\.

1
Therefore, ||u|| = 7 SuP {’/fdu

s [ X = -1, f measurable} < k| pl]-

X = kK] f measurable}. |

Proposition A.2.8. [.110] Let (X,B) be a Borel measurable space, u be a signed
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measure on (X, B) such that u(X) =0 and u, respectively ||p||, be the positive part,

respectively the total variation norm, of . Then,
()l =2 [ meax
X

() ||pl] = 2sup 4 p(A).

Proof:
(i) Since u(X) =0, / my d\ = / m_ d\. Hence,
X X

Hul\z/ |m\d)\:2/m+d>\:2/m_d)\.
X X X

(ii) Since u(X) = 0, p4(X) = p_(X). Hence, ||u|| = 2u4(X). We thus need to
show that py(X) = sup u(A) where the supremum is taken over A € B.

By the Hahn decomposition, we can write
W(A) = p((ANP)U(ANN)) = u(AN P) = u(AN N),
Since (AN N) is a non-negative measure and P is a subset of X', we have
n(A) < (AN P) < p(P) = py (X).

As the supremum is the smallest upper bound, we have sup pu(A) < py(X).
Now, suppose that sup u(A) < p4(X) and let € = py (X) — sup pu(A). Since
the measure 1 is regular, for the positive set P C X, there exist A/, such that
pU(P)—=p(Kep2) < €/2. But pu(P) = puy (X) hence we have g (X)—pu(Acjz) < €/2.
Thus sup p(A) < p(Ae/2), which contradicts our assumption of strict inferiority.
i

Proposition A.2.9. [probably not useful - 1.141] Consider (X,B), a Borel probability
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space. Let iy, po be two atomic probability measures on X. Then,

sup |1 (4) = p2(A)] = > lm(e o). (A2.1)

zeX

where the supremum is taken over all A € B.

Note that the support of an atomic probability measure on X contains at most

a countable number of elements. Hence we can rewrite equation A.2.1 as

Sgp“/!l(A) Z |1 (i) — ().

Proof: (Proposition A.2.9 - 1.155)
Let A € B and define B = {x € X : py(x) > po(x)}. Then

i (A) = pa(A) = (1 (AN B) + (AN BY)) — (u2(AN B) + pa(AN B°))

But for any x € B¢, we have p;(z) — u2(x) < 0. Hence,

p1(A) — p2(A) < (AN B) — pa(AN B)
< (1(ANB) = (AN B)) + (1u(A°N B) = pa(A°N B))

= pa(B) — pa2(B).
Likewise, using the fact that, for any = € B we have ps(x) — py(z) < 0, we obtain
p2(A) = p1(A) < pa(AN BY) — (AN BY) < pa(BC) = (B°).

Now, if u1(A) — ua(A) > 0, we have |u1(A) — pa(A)| < i (B) — po(B). If
p1(A) — pa(A) < 0, we have |y (A) — p2(A)| < pa(B€) — i (BC). Hence we obtain

(11(B) — pal(B) + o BY) = ua(B9))

l\')IH

|11 (A) — pa(A)] <
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1 (A) = ()] < (X me) — o) + 3 i) — ()

z€eB zeB*

1 (A) = ()] < 3 (X (@) — @) + 3 a() — pol)])

zeB reB*

1 (A) = ()] < 5 3 a() — pal)]

TeEX

As the supremum over all A € B is the smallest upper bound, we have

|1 — palrv < Z [ (x) — pa()]-

TeEX

Now, if we choose A to be equal to B, we have the equality

11 (A) — p2(A)| = (Ml(A) — pi2(A) + pa(A) — Ml(AC))-

N | —

Thus, for A = B, the upper bound is attained, i.e.

1 (4) ~ o) = 5 3 (o) — o)

reX

Therefore,

sup [ (A4) — pa(A)] = D () = pa(a)].

zeX



Appendix B

A Quick Overview of Feature

Selection Algorithms

This Appendix introduces concepts and algorithms of feature selection, and groups
different algorithms with a categorisation based on search strategies and evaluation
criteria. The information and the text presented relies heavily on the work of Liu and
Yu [36], Jovic et al. [28] and Liu et al. [35].

Feature selection algorithm is a process that selects a subset of an original set of
features. Typically, a feature selection process consists of four basic steps: subset
generation, subset evaluation, stopping criterion and result validation. In this Ap-

pendix, we only consider the first three steps as the fourth one is

B.0.1 Subset Generation

To generate a subset, one has to build a search algorithm which specifies a candidate
subset for evaluation at each branching step. The nature of a search engine is deter-
mined by two choices: the choice of search strategy and the choice of search starting
point (or points). Note that the search starting point influences the search direction.

There are four search starting points that imply four search directions: one may

start with an empty set (and then add features); one may start with the complete
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set (and then remove features); one may start from both sides (and simultaneously
consider smaller and larger feature subsets; or one may start with a subset generated
by a heuristic function.

Regarding the search strategies, one can categorize them in three groups: complete
search, sequential search and randomized search.

A complete search guarantees to find the optimal result with respect to the chosen
evaluation criterion. The Exhaustive search is complete but is computationally pro-
hibitive as a set of r elements has C(r, k) subsets of r elements. Using appropriate
feature selection evaluation functions (as defined in Chapter 7) one can reduce the
search space without jeopardizing the completeness of the search engine.

A Sequential search is essentially trading its optimality for computational effi-
ciency. Indeed, sequential search algorithm are usually O(n?) or less. A sequential
search adds (respectively, removes) p features in one step and removes (respectively,
adds) ¢ features in the next step (with p > ¢). These search processes are suboptimal
due to the fact that the best pair of features need not contain the best single feature
[27]. In general, good, larger feature sets do not necessarily include good small sets.

Randomized search methods incorporate randomness into their search procedure
in order to avoid being trapped in local optima of the search space. The randomness is

introduce in the search engine by choosing the first, many, or all subset(s) randomly.

B.0.2 Subset Evaluation

Each subset generated by the search algorithm needs to be evaluated by a feature
selection evaluation function, also known as a feature selection criterion function.
Clearly, the notion of “goodness” of a subset is dependent on the choice of the eval-
uation function: one optimal subset selected using one evaluation function may not
be optimal with another evaluation function. We note that the mathematical “re-
quirements” for evaluation functions are quite limited. Thus, in practice, the real
difficulty is to construct a feature selection evaluation function that represents the

intrinsic characteristics of interest in our subset.
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B.0.3 Stopping Criteria

A stopping criteria determines when the feature selection process should be termi-
nated. According to Liu and Yu [36], some frequently used stopping criteria are:
1. The search completes
2. Some given bound is reached, where a bound can be a specified number (mini-
mum number of features or maximum number of iterations).
3. Subsequent addition (or deletion) of any feature does not produce a better
subset.
4. A sufficiently good subset is selected (e.g., a subset may be sufficiently good if

its classification error rate is less than the allowable error rate for a given task).

B.0.4 Result Validation

In real-world applications, the result validation step consists in monitoring the change
of classification performance with respect to the subset of features obtained after the
feature selection process has stopped (that is, after the third step B.0.3). Note that
result validation is useful only in the case of independent evaluation functions. In the

case of dependent evaluation functions, result validation is redundant.



Appendix C

Biological and Technical

Background

The purpose of Appendix C is to introduce the biological and technical concepts which
are necessary to understand how a GWAS dataset is constructed. The appendix is
organized as follows. The first section gives a short summary on the biology of
coronary artery disease. The second and third sections introduce the concepts of
DNA and SNPs from genetics, followed by a brief definition of a GWAS in section
4. Section 5 explains why the structure of the dataset OHGS-2 is as such. It is the
most important section as one of the central ideas in this thesis rely on the particular

structure of OHGS-2.

C.1 Coronary Artery Disease

The cardiovascular system (CVS), composed of the heart, blood, and blood vessels
is an organ system that allows blood to circulate through the body. In general, oxy-
genated blood travels in arteries whereas deoxygenated blood flows in veins. In addi-
tion to delivery of oxygen to cells, blood is essential for nutrient delivery, metabolic
waste collection, acid-base status and circulation other molecules such as immune

cells and hormones. Blood is pumped through the body by the heart which gets its
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vascularization through coronary arteries.

Coronary artery disease (CAD) is defined as the stenosis (narrowing) or blocking
of coronary arteries. The pathophysiology of CAD is linked to atherosclerosis in coro-
nary arteries. Atherosclerosis is defined as the accumulation of atherosclerotic plaques
within the walls of arteries. The earliest but asymptomatic manifestation of these
plaques, fatty streaks, can be seen by age 20. Following injury to the endothelium
(vessel inner lining), an inflammatory response is triggered leading to accumulation
of low density lipoproteins (a type of cholesterol) and leukocytes (white blood cells)
within the vessels walls. These leukocytes eventually transform into foam cells which
are prominent inflammatory participants. Over time, as these fatty streaks progress
to plaques, the lipid (fat) pools are covered by a protective layer of smooth muscle
cells. At a given time ¢, these plaques can be either “stable” or “vulnerable” when the
lipid pool is large, the fibrous cap is thin and abundant inflammatory cells are present.
Even though, over a patient’s life, most plaques remain asymptomatic, complications
may occur. These complications can lead to different clinical pictures depending on
the type of plaque and their location. As this thesis focuses on CAD, we restrict
our interest to atherosclerotic plaques within the coronary arteries. In the coronary
arteries, stable plaques that narrow the vessel lumen lead to intermittent shortness
of breath and chest pain on exertion (stable angina pectoris). Vulnerable plaques are
subject to rupture, leading to acute thrombus (clot) formation. The magnitude of
the thrombotic response that follows a plaque’s rupture is extremely variable. It only
occasionally evolves into a life-threatening luminal clot [8]. If immediate reperfusion
is not achieved, major luminal thrombus can lead to the death of the affected tissues
and severe impairment of heart function. This process is the myocardial infarction

(MI), also known as a heart attack. MI can lead to cardiac arrest and death.

C.2 DNA and SNPs

Deoxyribonucleic acid (DNA) is the molecule that contains the genetic information

unique to each specie. A nucleotide is the building block of DNA. It is composed of
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a sugar group called deoxyribose, a phosphate group and a base, the varying unit.
Four types of bases exist: Cytosine (C'), Guanine (G), Adenosine (A) and Thymine
(T'). A DNA strand is formed by the alignment of nucleotides via covalent bounds
between the sugar group of one nucleotide and the phosphate group of the following
nucleotide, leading to an alternating sugar-phosphate backbone. The DNA double
helix is formed by two strands of DNA coiled around each other. These two strands
are held together by (hydrogen) bonds between bases. Adenine always forms a base
pair with Thymine and Cytosine always binds to Guanine.

In humans, the majority of the 3.08 billion base pairs of DNA is stored in the cells’
nucleus subdivided into 46 different molecules, corresponding to the 46 chromosomes.
Each chromosome contains 44 to 246 million base pair, corresponding to 1.5 to 8.4 cm
of DNA. Depending on the phase of the cell’s cycle, DNA is compacted to different
degrees to fit in a 90 um cell nucleus. In its most compact form during cell division,
condensed chromosomes measure from 1.3 to 10 um.

Most cells of a human body are called somatic cells and contains 46 chromosomes.
By contrast, germ cells contain only 23 chromosomes. A cell with 46 chromosome is
called a diploid cell, whereas a cell with 23 chromosomes in an haploid cell. Diploid
cells contain 2 copies of the same chromosome whereas haploid cells contain only one
copy. During fecundation, when a maternal (oocyte) and paternal (spermatozoid)
germ cell come together (fertilization) the resulting zygote inherits 2 copies of each
chromosome, one from its mother and one from its father, making a 46 chromosome
cell.

As mentioned above, DNA contains the biological information that defines a
specie and within the same species, an individual. At the molecular level, a gene is
a segment of DNA that codes for a specific protein (with some exceptions). Between
genes, there is abundant non coding DNA, once called junk DNA. Although it does
not contain information to synthesize a protein, non-coding DNA plays a key role
in regulation of gene expression, cell growth, cell division etc. Between any two in-

dividuals, the genome is at least 99.5 % identical. The genetic variations between
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two individuals are the consequences of germline mutations (mutations occurring in
the gametes) in their respective ancestry: Embryo are derived from the fusion of an
egg and a sperm hence a mutation in at least one of the parent’s fused gametes is
then found in each nucleated cell of their offspring. Mutations usually arise from
unrepaired DNA damage, DNA replications errors or mobile genetic elements [29].
Geneticists distinguish between three major classes of mutations: single nucleotide
substitutions, insertion/deletion of one or many (up to twenty) nucleotides and large
genomic rearrangements. Note that there also exist rare types of mutation mechanism
that do not belong to any of the three classes [25]. A variation in the DNA sequence
that occurs in a population with a frequency of 1 % or higher is termed a polymor-
phism. Polymorphsims, like mutations, can be of one or more nucleotide changes.
The commonest polymorphism is the single nucleotide polymorphism (SNP). All ex-
isting variants of a SNP in a population are referred to as alleles. The allele that
is observed more frequently in the population is termed the major allele, while the
less frequent variant is the minor allele. Most (over 99.6%) SNPs are bi-allelic but
2717934 tri-allelic SNPs were identified in the 1000 Genomes Phase III variation data
[42]. Humans, as diploids, always have a pair of alleles. If one has two copies of the
major allele, he is said to be homozygous major; if he has two copies of the minor
allele, he is said two be homozygous minor and having one copy of each allele makes
him heterozygous. For simplicity, geneticists often label the two alleles as A and B.

Therefore, an individual’s genotype for a given gene is either AA, BB or AB.

C.3 DNA Microarrays

DNA microarrays rely on hybridization, the biochemical principe that nucleotide
bases bind to their complimentary partners (A binds to T and C binds to G). DNA
microarrays are silicon biochips on which a collection of microscopic DNA spots are
attached. Each DNA spot contains picomoles of a specific DNA sequence, called
probes.

There are many different types of arrays used for different applications. To detect
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particular SNPs among alleles within a population, geneticists use SNP arrays. There
are 2 main array manufacturers that commercially produce SNP arrays: Affymetrix
and Illumina. We will concentrate on the Affymetrix technology as the data analysed
in this these was produce with the Affymetrix 6.0 chip.

The Affymetrix 6.0 chips allow for the detection of 906,600 SNPs. Every SNP site is
interrogated by a set of 6 to 8 probes; 3 or 4 replicates of the same probe for each of
the 2 alleles. For Affymetrix SNP arrays, a probe is a short 25 base pair fragment of
DNA design to be complementary to the sequence harbouring a particular SNP and
featuring one of the 2 alleles of that SNP. The SNP, being centered on the probe, is
base pair number 13. When using an Affymetrix 6.0 chip, the acquired DNA is first
purified, then amplified. The amplification is done via repeated reverse transcription.
Those multiple single-strand DNA copies are then coupled with a label. The label is
typically a fluorophore, a fluorescent chemical compound. A fluorophore has the prop-
erty to emit light that it has just previously absorbed. Generally, the emitted light
has a longer wavelength than the absorbed light. For SNP arrays, the fluorophores
absorb ultra-violet radiation and emits light in the visible region of the wavelength
spectrum. Now that the single strand DNA copies are labelled, they are broken down
in small fragments. These fragments are then mixed with a propriety hybridization
solution and the mixture is poured in the pinholes of the microarray. The pinholes
are then sealed and the microarray is mixed in order for the small fragments to be
uniformly distributed over the microarray probes. By the hybridization principle,
labelled single-strand fragment of DNA will bind preferentially to probes that are
complementary to themselves. After a defined hybridization period, the microarray
is washed off and dried. This eliminates all non-binded DNA fragments and only the
strongly hybridized ones remain. The microarray is then scanned by a machine that
emits ultra-violet radiation and produces a measure of the signal intensity associated
with each probe set. The underlying principle is that the signal intensity depends
upon the number of targeted fragments perfectly hybridized to their complementary

probe. For example, suppose a patient is homozygous AA for a given SNP. Then, the
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DNA fragments in the hybridization solution only contains allele A. Therefore, the
fragments will only bind to the 4 probes harbouring the complementary sequence to
allele A. Likewise, for a homozygous BB patient, the DNA fragment would only bind
to the 4 probes harbouring the complementary sequence to allele B. For a heterozy-
gous AB patient, DNA fragments would bind to all 8 probes.

In reality, this is an oversimplification of the facts. First, the signal intensity also de-
pends upon the amount of targeted fragments in the hybridization mixture. Indeed,
even if the perfect complimentary probes of a given target fragment exist on the mi-
croarray, the probability that they will hybridize is lower than 1 and decreases as the
concentration of the targeted fragments in the hybridization mixture decreases.Also,
for the 2 different allelic version of the probes, the 24 other bases remain exactly the
same. Thus, the 2 versions of the probes are identical on 96% of their DNA sequence.
Hence, the probability that a fragment with allele A will bind to a probe that contains
allele B is rather high. Moreover, the hydrogen bounds between the DNA bases C
and G are stronger than the bound between A and T. Therefore, a target sequence
rich in CG bounds will be more likely to bind to the probe of the opposite allele.
Despite these limitations, commercial SNP array can now genotype SNPs with an

accuracy over 95% [32].

C.4 Chiamo: a Genotype Calling Algorithm

In order to yield SNP genotype inferences from the raw intensity associated with
each probe set, extensive processing and analysis is required. This computational
analysis is done by genotype calling algorithms. With each new version of a SNP mi-
croarray, the computational community (biostatisticians, bioinformaticians) responds
with a new algorithmic development. Theses developments are driven both by the
microarray manufacturers and academics. It is interesting to note that there has been
a productive synergistic relationship between advances in biological understanding,
computational methodology and technological advancements. Progress in each of

these three areas has spurred progress in the other two. For example, the choice of
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SNPs to include on a microarray is influenced by the genotype calling algorithm: the
SNPs chosen are the SNPs for which the current algorithm performs best [32].

Genotype calling algorithm are composed of two steps. The first step is the nor-
malisation of the raw data and the second step is the calling algorithm per se. The
output of the calling algorithm is, as stated above, an inference on the individual’s
genotype at the SNP of interest. Such an inference is known as the genotype call.
Genotype calling algorithms are applied after normalization of the raw data. Since
Genotype calling algorithms examine probe intensities, it is crucial to standardize
these intensities to take into account technological differences such as platform fabri-
cation. Normalization aims to correct these biases by homogenizing the intensity dis-
tribution of each array. Currently, the consensus settles on a non-parametric method
that ensures that all arrays have the identical probe intensity distribution. That
method is called Quantile Normalization. Once the raw data has been normalized,
it can be genotyped. In the case of the Affimetrix SNP array 6.0, the default geno-
type calling algorithm is Birdseed, developed by J. Korn et al. [31]. In 2011, Robert
Davies, at the UOHI, modified the normalisation step of Chiamo, a genotype calling
algorithm developed for Affimetrix 500k arrays in order to apply it to SNP array 6.0
data. Robert Davies then compared the outputs of both Chiamo and Birdseed and
concluded that “Chiamo is slightly more accurate than Birdseed” [19]. No further
results or explanation are given for this statement.

Here is a brief overview of Robert Davies’ modified version of Chiamo. The
genotype calling algorithm Chiamo [16] was developed in 2007 by by Peter Donnelly,
Jonathan Marchini, Chris Spencer and Yik Ying Teo, all members of The Wellcome
Trust Case Control Consortium at the time. As stated above, each SNP on the
SNP array 6.0 is interrogated by 6 or 8 probes - 3 or 4 replicates of the same probe
for each of the two alleles. Hence, intensity data for each SNP consists of two sets
of 4 repeated measurements: The raw data for the s SNP of the " array (thus
individual) can be denoted as I, = (IA,,I2,), where k represents the k' probe.

Hence k = 1,..., K with k € {3,4}. First, the vectors [ are normalised using
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the pre-processing step of quantile normalization. Second, the quantile normalized
intensities are log transformed to reduce their skewness. Let Yigs = (Y%, Y;5.) denote
the log transformed intensities. The third step is the probe set summarization during
which the signals are combined across all k probes using an arithmetic mean to create

a single pair of intensities X;, = (X7, X2) for the i** individual at SNP s. That is:

s>
1 & 1 &
A A B __ B
Xis - E Y;ks and Xis - E Y;'ks'
Ny Nk
k=1 k=1

Chiamo is applied after quantile normalization of the data from each SNP. For a given
SNP s, it uses a two-dimensional four-stage-hierarchical Bayesian Gaussian mixture
model to call genotypes. Note that both the component parameters and the mixture
weights are estimated with a four-stage Bayesian hierarchical model. It is natural
for Chiamo to be based on a mixture model since a mixture model is a probabilistic
model for representing the presence of subpopulations within an overall population.
The distribution for the set of bi-variate intensity vectors X, is a two-dimensional
four-stage-hierarchical Bayesian Gaussian mixture distribution with four components.
It is important to keep in mind that a n-dimensional Gaussian mixture distribution
with m components need not be a m-stage-hierarchical Bayesian distribution. The
Gaussian mixture distribution is given by a linear combination of four two-dimensional

normals of mean j € R? and covariance Xy s € Moy, That is,

4
Xial0 ~ > Ao Napti s, Sis) (C.4.1)
k=1
where 6, is the vector of parameters (note that A, s, p and X, are parameters).

To specify the identity of the mixture component of observation x;s, one intro-
duces a four-dimensional binary random variable Z;; having a one-in-four represen-
tation in which a particular element z; is equal to 1 and all other elements are equal
to zero. The random variable Z;, is called a latent random variable. The values of

Z;s thus satisfy z, € {0,1} and ), 2; = 1 and Z,, follows a multinomial distribution
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of parameters (1,)\,) where \, € R* With the latent variable Z;,, we obtain the

following likelihood function for Xj,:

4
Xis|Os, Zis ~ Na(piz,, s, Xz,.s) equivalent to X|0s, Zis ~ H No(fik,s, Xie,s)*
k=1
Donnely et al. [16] use the latent variable Z;s to denote the genotype call for
the i*" patient of snp s. There is four different possible calls: one for each of the
genotypes {AA, AB, BB} as well as a null call to capture the clear outliers and add
robustness to the model fit of the other three genotype components. This format
allows for genotype uncertainty. Statistically, the probability of each genotype call,
given the pair of intensities X, is the posterior distribution P(Z;4|X;s, és), where 6,
is the maximum a posteriori estimate of #,. The exact iterative method to obtain
the MAP estimate of the parameters 6, and to compute the posterior distribution
is not specified in the paper by Donnely et al. [16] but it is very likely that the
Expectation-Maximization (EM) algorithm or one of its variants was employed. The
EM algorithm seems the most plausible algorithm since it explicitly computes the
posterior distribution of the latent variables in its step E. Indeed, the EM algorithm
is an iterative process with the following steps:
e E step: Evaluate the posterior distribution of the latent variables P(Z;4|0,,_1, Xis),
where 6,,_; are the parameter values obtain at level n — 1.
e M step: Determine the revised parameter estimate 6,, given by 6,, = Argmax, Q(0,,_1,6,,),
where Q represents the expectation of the complete-data log likelihood evalu-

ated with respected to 6:
Q(97 en—l) = Z P(Zis|Xis7 en—l) In P(Xisa Zz5|€)

For an in-depth coverage of the EM algorithm (as well as Gaussian mixture models)
refer to chapter 9 in Pattern Recognition and Machine Learning [11].

A short-coming of the EM algorithm is that the sequence of complete-data log likeli-
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hoods may converge to a local maximum depending on the initial parameter values.
To avoid that problem, Donnely et al. ran the EM algorithm twelve times with twelve
different random starts. That is, they ran the algorithm with twelve difference set of

initial parameter values 6.

A visual representation of the data is obtained by plotting each pair of normal-
ized summary probe intensities (X7, XZ) in the plane. If the given SNP has been
genotyped well, one should see three clear, distinct, clusters on the plot that would
correspond to the three genotypes. The next step is to colour each point to indicate
how the genotype calling algorithm Chiamo classifies that individual (either as a ho-
mozygote for one of the two alleles, a heterozygote, or a null (missing) call). Such
coloured scatter plot in the plane is called cluster plot. A cluster plot is therefore a
graphical representation of the results of both the genotyping and genotype calling of

a SNP, with each point representing one individual. See Figure 3 and Supplementary

Figure 1 in [31], for example of cluster plots.

It is important to keep in mind that the output of Chiamo is not a genotype
call per se but the probability of each genotypes. Hence, for a given SNP s, the
output for patient i is a vector of R* where the k™ component is P(Z;, = 2| Xis, é)
with Z;, = 2, being an abusive notation for the vector with the k* component equal
to 1 and all others zero. Since Z;, follows a 4-multinomial distribution and thus
Y P(Zis = z;) = 1, the probability P(Z;s = 24| X;s, é) of a null call is not explicitly
given in the output. The output of a complete genotype file from Chiamo has a
one-line-per-snp format: The first 5 entries of each line should be the SNP id, rs id
of the SNP, base-pair position of the SNP, the allele coded A and the allele coded B.
The SNP id can be used to denote the chromosome number of each SNP. The next
three numbers on the line should be the probabilities of the three genotypes AA, AB
and BB at the SNP for the first individual in the cohort. The next three numbers

should be the genotype probabilities for the second individual in the cohort, and so
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on. Therefore, from a mathematical stand point, the output of a complete genotype
file is a matrix of dimension n x 3m where n is the number of SNPs and m is the
number of patients. Thus, for a row i, each triple (a; sk, @; 3k+1, @i 36+2) represents the
probabilities of patient k having genotypes AA, AB and BB for SNP i. Note that,
for a patient k, the sum a; 35 + a@; 36+1 + @; 31+2 is not necessarily equal to 1 since the

null call is not given in the output.

C.5 Quality Control

Quality Control (QC) in the case of GWAS, is the process of ensuring that the data
obtained by a genotype calling algorithm is of acceptable quality. QC removes results
that are likely to be inaccurate. It is performed before any analysis on the data
since errors in genotype calling have the potential to introduce “systematic biases
into genetic case-control association studies, leading to an increase in the number of
false positive associations” [3].

QC is a multi-layered process that removes patients or SNPs. It is important to note
that the “layering” is not commutative: the order of the steps affects the end result.
The different steps can be grouped in two categories: the “per-patient” QC and
the “per-SNP” QC. In their paper Data Quality Control in Genetic Case-Control
Association Studies, Anderson et al. lay out a very clear protocol that details all
the steps typically carried out during QC for a GWAS dataset. In the context of
this thesis, it is important to remember that “step 07 of QC categorizes, for each
patient k and SNP i, the triple (a; sk, @i k41, @i 3k+2) as either “called” or “missing” (or
“uncalled”). For a fixed threshold « € [0, 1], a triple (a; sk, @; 3k+1, @ 3%+2) is considered
called if a; 31 + @; 311 + @ispr2 > o and missing if a; 3k + @igkt1 + CGigrye < . In
the landmark paper Genomewide Association Study of 14000 cases of seven common
diseases and 3000 shared controls [16], the threshold a has a value of 0.9, following
an “analysis of the relationship between concordance and missing data rates”. The
data for this analysis is not shown. After their QC, the called rate for their data was

99.63%. Hence, the vast majority of the triples were called. Uncalled triples were
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removed from the dataset.

C.6 Information on OHGS Dataset

Genome Wide Association Studies (GWAS) are defined as observational studies of
a genome wide set of genetic variants in individuals to investigate if any variant is
statistically more prevalent for a given trait. The power of SNP arrays to interrogate
a significant number of SNPs both rapidly and cheaply has made SNPs the preferred
genetic variants for GWAS. The most common design for GWAS is the case-control
setup in which a chosen trait is used to split a large sample of individuals in two
groups: the case group “affected” by the trait and the control group, without the
trait. For each SNP, one then investigates if the allele frequency, or the frequency of
a combination of allele, is significantly different between the case and control group
in order to detect evidence of association with the trait. The statistical methodology
most commonly used for testing genetic association of case-control data is covered in
A Tutorial on statistical methods for population association studies [4].

The Ottawa Heart Genomics Study (OHGS) is a GWAS based out of the Uni-
versity of Ottawa Heart Institute (UOHI). The OHGS was divided in two separate
studies: OHGS-1 and OHGS-2. For the purpose of this thesis we will focus on OGHS-
2. The OHGS-2 is of case-control design with 1929 cases and 1978 controls. Subjects
were recruited from the University of Ottawa Heart Institute (UOHI) lipid clinic,
catheterization laboratory, or from the Cleveland Clinic. The inclusions criteria for
cases where given in R. Davies Master’s thesis [18]:

“Inclusion criteria for cases was set as having had either a myocardial infarction,
coronary revascularization (coronary angioplasty /percutaneous coronary intervention
or coronary artery bypass graft) or had angiography or computed tomography angiog-
raphy demonstrating stenosis of at least 50% in at least one coronary artery. Age
limits for cases were originally set at < 55 for men and < 65 for women; however,
several cases were included which did not meet this criteria: 22 men aged > 56, 4

women aged > 66, 6 men of unknown age at onset, 4 women of unknown age at
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onset. Cases were excluded if they had diabetes mellitus or overt hyperlipidemia and
if they had nonEuropean ancestry. Two sets of inclusion criteria were set up for con-
trols, due to different acquisition protocols. One set of controls were recruited with
inclusion criteria set as being healthy and to have a lack of cardiovascular disease
history. For the other set of controls, recruited through the catheterization lab at
the UOHI, inclusion criteria was set as having an angiogram which showed that none
of the coronary arteries had a stenosis encompassing greater than 50% of the vessel.
Age cutoffs for controls were originally set as men aged 65 and older, women 70 and
older; however, several controls were included which did not meet this criteria: 5 men

aged < 64 and 30 women aged < 69.”

For both cases and control, the genetic profile of each individual was obtained
with Affimetrix 6.0 arrays. Although 6.0 arrays genotype 946,000 SNPs, the .CEL
files containing the raw dataset only contains 894,240 SNPs, from chromosomes 1 to
22. Note that SNPs from the two sex chromosomes X and Y are not considered. The
SNP count for each chromosome is given in the table below.

The raw dataset was then genotyped by R.W. Davies using his own modification
of the genotype calling algorithm Chiamo. The genotype files were saved under
OHGS_B2.i.6.0.gen (where i = 1,...,22) and stored on the OHI_GA_DRIG, a blade
server physically residing within the department of I'T at UOHI.

Recall that (see section C.4), for a given SNP, Chiamo outputs a patient’s
genotype as a triple representing the probability of each genotype. Consequently,
the dataset is stored in two matrices. The matrix for the cases is of dimension
1929 x 2682720. The matrix for the controls is of dimension 1978 x 2682720 (where
2682720 = 3 x 894240). For a given row ¢, each triple (a;sk, @i sk+1, Gisk+2), for
kE=1,...,894240, represents the probabilities of patient ¢ having genotype homozy-
gous major, heterozygous, and homozygous minor for SNP k. Since there are only 3

possible genotypes, a; sk, @isk+1, @ise+2 € [0,1] and a; 3, + i zp41 + Gigey2 = 1.
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Chromosome 1 2 3 4 5 6 7 8
# of SNPs 73571 75918 62268 57582 57971 57687 48380 50026
Chromosome 9 10 11 12 13 14 15 16

# of SNPs | 42785 49600 45927 43802 34979 28936 26907 28552

Chromosome 17 18 19 20 21 22
# of SNPs 21319 27212 12422 23488 12924 11984

Table C.1: Information on the number of SNPs, from each of Chromosomes
1 to 22, in the OHGS-2 dataset.



Appendix D

A geometrical perspective of the

Kantorovich-Rubinstein Distance

In this thesis, we have often use the fact that, for a finite optimal function f : X —
[0, A], the Kantorovich-Rubinstein distance W (p1, 112) can be expressed as the area
between the distribution functions F; and Fy (where Fi(s) = u;({z € f(x) : f(z) <
s}). In this appendix, using basic properties of product measures, we construct the
geometric regions of the [0, A] x [0, 1] rectangle which, added together, give the region

between the distribution functions £} and F5.

Let vy € R and B, = {x € &; f(x) > v}. Then we have:
Wa(p, p2) = | fd(pn —p2) + | fd(pa — p2)
B, B
= [ fdm— [ fdu+ [ fdum— [ fdps
B, B, B B
A
Now, suppose that f : X — [0, A] and v € [0, A]. Thus, Wx(p1, o) = / fd(us —
0

f11).

We first consider £ du;.
E’Y

191
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Using properties of product measures (see p.162, [15]):

fduy = / e By f(2) > y)) dy + / w({r € By; f(x) > y)) dy.

Ey

gl

Consider the first term: / wi ({x € Ey; f(x) > y})dy. The variable y is such that
0

y <. Then:

{r € Ey; f(z) >y} ={x €[0,A]; f(x) >y A [f(z) >}
={z € [0,A]; f(z) >~}

gl gl

Hence, / wi({z e Ey; flz)>y})dy = / 1 — Fi(v)dy. Geometrically, it corre-
0 0

sponds to the rectangle with a length between Fj(v) and 1, and a width between 0

and 7.

A
Consider the second term: / pi ({x € Ey; f(x) > y})dy. The variable y is such
that y > . Then: !

{r € By; f(z) >y} ={x €[0,A]; f(x) >y A [f(z) >}
={z e[0,A]; f(z) >y}

A A
Hence, / i ({x e Ey; f(x)>y}h)dy = / 1 — Fi(y) dy. Geometrically, it corre-
gl gl

sponds to the area between the curves F; and 1 on [y, Al.

We now consider / fdp;.
B
Using properties of product measures (see p.162 of [15])

ol A
/E f s = / i ({ € B2 f(z) > y}) dy + / w (Le € BS; f(z) > y}) dy.

d
~
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gl

Consider the first term: / i ({x € ES; f(x) > y}) dy. The variable y is such that
0

y <. Then:

{r € E5; f(z) >yt ={z € [0,A]; f(z) <y f(z) >y}
={z €[0,A; y < f(x) <9}

v Yy
Hence, / pi ({o € ES; f(x) > y})dy = / Fi(v) — F;(y) dy. Geometrically, it cor-

0 0
responds to the area between the curves F; and the horizontal line of equation Fj(7)

on [0,7].

A
Consider the second term: / L ({x € ES; f(z) > y}) dy. The variable y is
2!
such that y > 7. Then

{x € ES; f(x) >y} ={z €[0,A]; fx) <y A f(x) >y withy >~}
={z € [0,A]; fz) <y <y < flx)}=0.

A
Hence, / pi ({z € ES; f(z) >y})dy = 0.

Using the fact that

W (1, po) :/

wadu1+/chdu1 - (/wadufr[ﬂfduz),

We can write the K-R distance:

W (pi1, p2) = (/071 —Fl(v)dy+LA1—F1(y) dy) +/’Y Fi(y) = Fi(y) dy

0

— ((/071—Fz(v)dy+LA1—F2(y)dy> +/UWF2(7)—Fz(y)dy>-

(D.0.1)
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Now, using the fact that u;({z € &; f(z) > y}) =1 — w({x € X; f(z) < y}), we

have

f s = / wi({z € By; f(z) > y)) dy

A
pi({z € By f(x) <y})dy

Ey

A —

S—

A (/O”,M({x € By f(a) < y})dy+/Aui<{x € B, f(z) < y})dy)

Y

Y
Consider the first term: / pi ({x € Ey; f(x) <y})dy. The variable y is such
0
that y <. Then:

{r e By f(z) <y} ={z €[0,A]; f(z) <yA f(z) >y withy <~}
={ze0,A]; f(z) <y<~y< flz)} =0

Hence, [ (o € B f(a) < y})dy =0

A
Consider the second term: / pi ({x € Ey; f(xz) <y})dy. The variable y is such
o
that y > ~. Then:

{z e By f(z) <yt ={z €[0,A]; f(z) <yA f(z) >~}
={z €[0,A; v < f(z) <y}

A

A
Honce, [ (v € By f0) <u))dy= [ Fily)~ ) dy
Y Y
Geometrically, it corresponds to the area between the curves F; and the horizontal

line of equation F;j() on [y, A].

We now consider fdu;.
ES
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[ ram=a- ([ wtems @ <mars [Cnee 55w <))

Y
Consider the first term: / i ({z € ES; f(x) < y}) dy. The variable y is such
0
that y <. Then:

{r e ES; f(o) <y} ={r € [0,A]; f(x) <y A flx) <y withy <}
={z €[0,A]; f(z) <y}

Hence, /7 p ({z € ES; f(x) <y})dy = /VFi(y) dy.

0 0
Geometrically, it corresponds to the area under the curve F; on [0, 7].

A
Consider the second term: / pi ({x € ES; f(z) <y})dy. The variable y is
ol
such that y > . Then:

{v e ES; f(o) <y} ={x €[0,A]; f(z) <y A flx) <y withy >~}
={z €[0,A]; f(z) <~}

Honce, [ ({a € B55 f(a) <y} dy= [ i)y,

Geometrically, it corresponds to the rectangle between the x-axis and the horizontal

line Fi(~y) on [y, A].

We can write the K-R distance:

Wx(ul,uz)zA—//AFl(y)—Fl(v dy+ A — (/F( >dy+/AF1< >dy)

)
_(A—/VAFz(y)—Fz(v)dyﬂLA—(/ow dy+/7AF2 ))

_ /f R - BO) -+ [ Fi) d'“/y Fif) dy
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- </ Fi(y) — Fi(y) dy+/07F1(y) dy+/ Fi(v) dy)- (D.0.2)
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