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characterice the behavior of the fluid medel. Numerical valzes of
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A knowledge of the flow rate-pressure drop relatione

conduit is of isnportance in connection with the transportion of
finids, flow equipment design, flow of melten plastics in ox-~
trusion apparatus and flow of drilling muds in anaular spaces.

Altheugh the eguation of motion togethey with an
empizicel fiuid medel often enablee one te obtain the reguired
roloticaship, 2ocurate solutions for some complicated geometzios

require elaborate numerical offerts, For czample, Spaszow (7)

inar flow of Newtonlan fiuid in lscacelos

used o charoetorise tho flew through any arbitrary ¢ross soction,
& ¥ v

otrical

Cenpegucatly, with o given fluld azd the appliceble geom

s the genoraliced Rablmowitsch ond iMoeney cgeotien
bo seadily intograted to obtdin tho goneralized flew zoloe

bip. DBy on onalegous oppranch, tho

n voloaily koo olco beem gontraliced in the procent wosls

racs ) A

Costain offocts wibleh moy eiuce tho fow oystam o

a % oy Fas Tmamy Ry " o, 4o :“ s
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15 « LITERATURE SURVEY

Foe the flow of Newtonian {lulds in circular tubes,
the famaus Hagen-Pelseuille law (1, 2, 3} was derived in 1839
Buckingham snd Relaer (¢, 5) first cbtained the valumetzic
flow rote expression for Bingham flow. For pseudoplastic
fluide, & cozresponding expression caan be derived easily by o

procedure similar to that followed for the former fluids {6).

In the case of flow between parzallel plates, the

The solstion to the Noewlanian

flow through annali

preblem has been cbtained (3, 8y, Fwedrickson

ARG %ﬁﬁﬂ q@%
Bave used cnalytical and numerical techniquos to sclve the

cospospondi

g prdbler for Biaghamm plastic and poeudoplnatic
Sluido. Roten (10} cdepeed the campo mothed o arrive at a
clmilor seludics for & DRabincwiteeh fuid, do 2 cpociel caso of

the “gencenl™ Guid (30},

Corzich (A1) and Lo and Tadros (B2) dovived soparcadiy

o thoorotical oguatian I wionion fiow in roelongelds

L et 0 e 88 58 Tam Eyen e
ehdfBor (35) bavo prosonicd

oo cnposirnestnl dotn.  Anniytieni omprlooicns Moy 8100 LG

Do) G : , - g Y LB Rea o e S Y 2 yr £ - o, )
fournd in omedior courec (06). Ao flivctsoticn of the ogradsmont

i G a iDL




o 4 e

obtained in & commparison with ezperimental data ic availabls {17).
Schectez {(18) applied the varictionzl principle to nalve the preblem

of psendoplastic flew in rectangular ducta, Wheeler

RILEA Wl‘a@ @E% z

{19) employed the over-relanation method ¢ gsolve the same pro-

biem aad substantiated their result with exporimental

eiytical solutions for Newtonlan flow through ellipti-

ducts have beeca derived (L6, 17}, Mizuohina, Mitoulehi and

MNakamuzrs {20) obitained & sclution for the flow of power law fivids

by applicaticn ¢f the variadonal principie. Sclutics for other

fluids bhoave not boen prosont e

Sparrow (39) koo obtained & solution to the problem of

nenioar Sow in icosgeies trionpuls

fluids., Bofore thic, exact solutione were availoble for the eqgule

jotozal and the sight-iccoccles triangles {87, 28], two spocial caees

ef Sparrews solution.

Sevopal recont popers koo investigated the lominare

tasbulont trancition problom. Rycn and Johnsen (83

gonoral otebility poramater & for pipe fow ond domonntzated e
ity of & 4o predicting thoe trancificn from lominnr to tosbulons

&

% imnaes 2\, 4 0 - I e 2 - s Cenren TRan S o o B et
fiow én the loothormeal few of power low futds. Homke opd

ol 2y g e em £ 5 it A BF Che T D meme B2 e B AR R, el B2 o
ChoicBonsen (&0} axtended the range of applicoblilty ¢f E o

L et e GRoadsl [P O S
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temperatare invariance of Z. Since Z is geometry depend

Hanks 635) Bk G50 ooed ancther &Mﬂty %@%r &0 ‘N gntient M

geametzy. Critical Reymeide numbere for Newionien flow in
pipes, concentric anm:ii and parzallel piates have been caiculated
and compared with experimental date {25). & he case of pone

Nowt:

onian fluids, only the pseudoplastic case has been theorsll-
cally investizated {24). Further study appeors to be aeeded in

this area.




material body, zeiative to ome enother, such that the contiowity
of tho bedy ie not destroyed. A fivid io u substance thas doforms
contioucusly only when subjocted to @ chear atress, no magter
how small the shear otress may be. The materiel is said to flow
if, under the action of finite forces, the deformation of the bedy
increases with time continucusly end indefinitely. A matesisl

may be caused o flow, §.0., becomes fiuvld, by vaeying

ture and fozce Held,

atdity io the term used to descride the

tdealized rin]

is conolderoticn of &0 ow of fulds, cin

fiuide to vonolly def

rod and boot vhicunliced in torme of deviations

o tdealn, Polymeric molio

cnd sciutiens dioploy seme of

oth colid and Nguld ctaton

(%o

&n 00l o olastic oold ip dofined by Heokoe's laws




The constant of proportionality E, refersed to as Young's madulus,
may be considered to be 2 physical property of the materinl. When
tho golid is subjected to o shearing stzese, the equation used to
describe thie situation la

was%am {4-2)
e 5]

The chied characterictics of an clastic sclid are {a) the

@ﬁmaa Fm ey B a8

ity between astross and strain, and (b) the instan-
tapecus change in shape of the objest when the strese ie changed.

An ideal cofl spring may be considered te be & mechanical

SRV AR

haviag the

sams bohavicor 6o an clostic salid (7).

b et or MNowiconin

o Mauid o olrzilar

Newten's law of viscositys

a
= 2 B «‘%;% B g w}iu% é»kwﬁg
Ty F dy F dg -

8 io thus coon that vader & glven ¢

gotal otroin io o ociid ic constant Whoseno tho rate of strain £

in o MNowtenion feid. The mothem

constont

hat materiols oziet waleh have Ge

eharoeteriotico of bath the Nowtcalon Sutd cud closte oclid,

oy onoble ane o vicualice the actund fow bee
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an bebavior hae been faund ¢to be comaon o

ving systema: (a) all geses and (b) all lquids or

moiecuiar wolght materisis {29).

in goses, the Brownian

metion of amall molecules

causes thoge in {aster moving lamins

¢ sccasionally to meve
iaterally inte regions of lower velocity whero they lose thelr
exncess veloeity by cellicion with the slower-moving melecules.

in a liguid, momentum ie interchanged act by direct collision of

the molecules, but sather by me ism in which the

fnotor moving

molocule drage the slowsr one along owiag o the

attzactive forees botween Hhom. The

shavior is comencnly cheerved in the

i gm&m B

zmclito acd ocluficno

{7 of mcloguloe ctrueturos (o) Tho coymmotrd

% e oo & m e o Py (5 v e & Glneny o 2l a8
eulos racuils in on cricafinlion of o ontielo:
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gredient is imposed on the polymer molscules {26, 29). This

orientation causes the meolecules to bocame progressively

5} metion alsrupts the alignmen?, apd the mateprial
an fluild. Conversely, ot extremsly high
shear rates, the disrupling cifects of Beox

Mon motion ap0

aegligible. Howeverz, furthor chongss in shear rate in thie

region do not alfect appreciably the degres of orientation, and

23 & congequence, tho material as

o &Wﬁ’@%h% Howtonian
behavior. In the intermediats shear rate sogion, hoth effects,

viz., Brownion motion and ali

gradicat axe important, A mechanico of momentum interchanse

rate regliono. For the czcoos enorgy wiasforsed to the ecnd of

the meloculo in higheveolocity region io clompl

cthor czd of e chme molosuls, whore 10 io loes by dicect colMoic

£,

Thorefore, 2 complcle flow cusve, @ zolatien betwoon tho chons

TeC 2ogicns - o Nowtenion

rogion 2t both low ond Mgk ootoo of sheas, ond ¢

. B ™ o , - S
sogicn of medivm sotso of cheas. I goaovel,

o - f a8 Aem Sen Il teyen O TR s T DS ety o & o 3 ot £ i,
”»@‘evuw b mli,» A0 Laoner thabe el of 3 TGRS @mﬁﬁﬁ: &t tho como
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shear zate. (b} The size of the dowing olements (if they are
groups of molecules rather than single molecules) would be
decrenscd progressively by increaging the shear stress. The
rostoring tendencies are duo to intermeolocalar forvos; the

sifects of chear rate and temperature on the sise of the fowiag

clements are similar o those on alignment discussed above,

Hence, throe regions of & flow curve can again be obeerved,

Numerous empiricel equations, oz “models”, bave

boea proposed to express the time-independent rolation between

ohear stroaes ond chear rate. This time-independent rheological

s most fuids con be expressed by o generalined form

303

T@‘m 2 e YI mﬁwﬁﬁ : {4-2)

Siz medels are given in Appondix L

& pumber of odditienal Sypos of none-Nowtonlan bohavior

azo pessible. For canmple, Gulde that chow o Mmmited doereace in
oppazent viscosity with timo under o suidenly opplicd conolnt obrocs
F:W” are enlicd thizotropie, wherons thooo that chew an ingroaco i

f G

}’z with fome oo called shoeopeetie (8). Cne preceduso of sanlysis

" T 1 i » N Py I » % Ry ot S anCarmi e
0 poeenld soehnicno in which o cubolanco io cubjogtod o &5

a , " % ; - B o Ton vy g T} s e w fem g oy ¢ pog TNy im0,
tmeroane in ohonr pote ond then o & deorease (o cheor pdlo, sClooning

o
S

7 G e e o {3l o, oY - % T e - 3
oo & chens ¢f 2020, ¥ oo o depoudanes Cmiolts, e (o curvls

B DB Trny e e e o 4 om0y T Bty il engh gnen ot e 8 nenfin e,y 05 onpnfl e e
ohould o edinaidont. Fluddo hat pogiinlly solurn o ol ouiginsi
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formn when the applied stress ie relessed are called visco-elastic.

C. Seme Important Effects
i. Effocs of Pressure on Flow Properties

Since the viscosity of 2 liguid depends on the magnitude
of the intermolecular forces and the intermolecular distaaces,
compression of o liguid chould recult in lazge incresse in viscosity
(7). For many Hquids, this effect is not great. However, the
possible effect is enormaus: The viscosity of lacbutasel at 12,000
atm. 18 790 times that of atmeospheric valce at the same temperature

{7, 43}

2. Effect of Tompesature ¢én Flow Proporties
An jacrence In the temperature of the fiuid will cuppress

the

noneNewionien tendeacy becsuse of Drownles meticn, Foz in-

stance, tho flow bohavior iodon o of polyothylene ot & shenr suto &f

180 coc”’ ic 6. 32 ot 208°C and 0.49 a8 236°C (7).

For Nowicales fluide, the offect of tomporature o

7 be cxmprogsed by the ssunl exponc

gal equatica:

P, K} 2 Ac BT {£=5}

F )

T s o T i amincs b e R D o, enf & . . »
For nooe-Howionlon fside, o aclivotion onozgy vosias

s 2 ~ Lot % P X 2 et 7 e, o, T . -3 £ bad
wAth both tomporeturo sed cheor sote.  Tho chovo cquatien io Mmited

SHEd




ukao

reascasbly censtant. The activation energy E for pelysthylens at

o shear rate of 100 we"l is 7 keal/gm-mole ag 200°C (7).
3. Ead Eifects

The case of pipe flow will be discussed. An entradnce
length for laminar Newtenian flaw on the order of Le ® a.am& @m
is required for build-up to the parabolic profiles. Colline and
Schowalter (46) solved the entrance region problem for pseuds-

plastice and reported the numerical values of aae/ Re D,

The prescure loss botween the entrance of the pipo

3 come poind a2, in tho fully developed rogion may be exprossed

as z8¥ 2@ ﬁ-@-:%‘m?%
Apl 8 =
I 2 ° N g c e-6)
sV Ret

“ ﬁ@@?a

& methcd of applying & corsection for the entranco

P n I:ﬁ&‘f'l\l i A e
T, ° 7 gEme) ¢ P ) Rkl
N = - 2 (2-8)
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sate & fictitions tube length which when added &0
the actusl length epables one to calculate the pressure gradieat in

tho steady fiow coction.

For high Reynolds sumbers, uacorrected preesurse

geadients may lead to large errore. For exampie

Bagley's data {41} showed a 30% devia

& Lo (%3}0

%mk&aﬁm Philippof{ {34) have precented an analysis

for problem of contraction, in the flow of & peoudeplestic fluid,

ascceiated with the rearsangement of the velocity profile in the
exit rogion. Thoy sosumed that there (o conservation ¢f momentnm
cepociated with e bulk motien of the fluid botween the dischargs

end of the tube and the scction downstrenm at which the velocity

reagrangomens 1o complele. Aa anale

gaus colution wes ebtained by

Yon ané Tion {35) for & Bip

e
i

uom ploctie fleid, HKosiehi and Yuaa (36)
opplicd the pringiplo of conservation of endrgy €0 tho same pzobicmo
o eotained diffosons solutions. Tho rocults were cxprecced in

topme of tho dioehs

zge ceofficient UG, Tho volues cbinlncd by

s

rieinsoch (98, 62 pozfermed an ocblyois to acecuns for

+

T g0 o T &1 A AR andd s P Y Ve e, -
e owellion of viseoolsetic fuilo in o onld zeglon. When & 2CC0e
ey ypr I e 5 w frfremenden A femm el 0 ™ EReafied RS o 23!
vorobio olnatic cheor otoadn 1o impartad 0 o uid, o cwelling wLAL

o en & Oy it ” o
cocar 80 o 020 SSECD.




4, Elagtieity

i has boen cuggested that limitations encountered

with inelasctic fluide ave of no conseguance in sitentions

i which

the fluid is shease

¢ continncusly end extensively in 2 single

be manifested primarily ae
nend eifects * in the regions where the shear begizs and esde (7).
Several authors {21, 27} have shown thot the ebove view is justi-

fied in the case of fow threugh a pipe of constant cress section.

5, Kinetic Boorgy Correction Factor

The torm Eja/ @%c i tho Bagnougls

in oxdoes (o take the veleclity distributies into acecrn

bo dene by definins o kinclic-coorgy corzoction fnctor (7, £9).

2

A (] _ L o rdz o
B = e 8, S TRl {&=9)

roted tho ohove caudticn and ebtained

an ooprosticn for the fow of o pooedspiactic Buld fo the fully deva

. lgned) (5oe d)
3 Sne &)

(&=20)
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6. Viecous Plesipation

the space botween two parallel plates through which the fluid is
supposed flowing, energy is dissipated at & rate p which is equal to
the product of the force azd the velocity. On the basis of unit velume

{Tdxde)du du .
? = dxdydn - ¥ dy {e=21)

For paseudoplastic fuid,
1+n

du ok
p o K { o= {a=22}
7. Slip Veioeity
The cone of pipe {low will be discussed. The welocity

distzibutien without slip velogity at the wall is

b e (ST (8ol
&
‘E‘

o



Then,
R
02 o= gt rudre
@
T
o e
e TR S ¢ wis { M'xug;—m aT
w w
@
T
(@ .
%Q m;‘ﬁ e e e(aT
TR™T w T
w o
&
i
g
Q‘E‘ & emtomms
§ o T,
T
., 4 A
g(T) = — T HMeT
o
@ ‘@
TN TR T_Jap
Ba. {4-16} bosomes
1.3 , ,
7oA CAT ) + B (T)

{@-27)

(6-18)

{4-19)

(¢=20)

vee T, for ¢tfforont pipe dicumetors chaouls Col
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gencralized Rabingwiteche- Mooney equation.

The Rabinowitsch-Moonaey equation for pipes may be
exprassed in the form
a (2L,
du 1 B 3,80
#"'""'3"“? w*nﬁmb {ﬁol}
én ¢ w d 'zw % Ty
and for parallel plates, the simdler expression is
ayu
)
A 2y
- N X -
&z TwaT, ! (5-2)

in ovder to generalize the Rabinowitsche2diooney equation,

it 4o first 0B

sammed thel the avesage values of-du/én and ‘E‘% for ooy
orbitrary cross section oevaluated alcng the circumierence mighe be

uped. Thud, the equation assumes the following forme

a (£

‘ " H &iz
% ﬁ@""‘f_@ﬁ a4l = o ‘3?@ Wm b %ﬂgmb {5=3}

o o B

whope ¢ o duct clrcusmicroneo
g; b = goometiric poromelsss

& e i3 @-‘:DB v 2 %
@“ o
£(T ) = «-é:% §5=53
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It i further cocumed that the left-hand side of Equation

{5+ 3) might be approxzimated by ﬁﬁ'xaﬁ, since this is tzrue for both

ham fluide (32) as well a3 for flow through pipes

2ad paraliel plates. Thus, the finsl form of the genoralized Rabi

witeche-2Mooney equatien obtained and which will be weed here is

- 1 2y .
iﬁ'@} = &T@ ﬂ‘i‘@ %b(rﬁi {5-6)

Kosicks (Appondix V) hae also proposed a moeve geaeral Rabisowitsch
Mosnoy equetion including the effective slip velecity, Integration of

E%u ﬁgﬁﬂﬁﬁ Mﬁ& in

- % %o
2y e % -1
= T 44T §5-7)
T, B
&S ?
¥

Iz oodor $0 cbtain the aumoerical values of Ya” i

wionion Siow daee alene, i€ is mogescary to ceok cnothor

T oy dormm, 2% ot ooy ey e 7m0 g ) g 4
70 mOnirams voIeehty Lo Rpe0 38
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TW TW
ez
= -gfi {T)AT = ,.?5;1;, E(THIA T
r w
T T
k' b 4
and for paraliel platen, 4t is
7o (qT)aT TH £(TIaT
a o oo S esmaomens
maxn ‘E‘W Tw
T T
y ¥

The eguetion, which is the Postzlate &,

T
2y e
02 o L % (marT
"B S
7
y

sisfico tho ¢wo above special coo06.

The setiow_ /U e thus given by

Lo
&
mes 37
% - E’ ‘3’@ .% - %
T B 5 7T T iTaT

{58}

{5-9)




(1) = .% » g-—g‘ip (5=42}

snd

T, = femy mpmﬁgw Mmp (513}
Feg

4 we ebtaln

- a
T = T = B (22 L3, (8-3¢)
B

i o g

{2 Pow poreilel plates, oo 142, bo 1, end we fad

o o LB 14 2n P
&, @ & T s = : {5=550
.. 51
¥
LR o FI. B PTandeh
oy Tfogham plastie foidss
7
{2 o e PR
§¢%) © w: (S0 0)
&va » .
T -
", d AN
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§8) For pipes,

apo, 2 x . T, ¢t
ug 4 5 1.
T bfua) ", =g g-vgig) J {5-38)

{2) For parallel plates,

s \N-%
a'  2up | 2 1 .
?WW ﬂaeﬁmﬂ 2 75(3 - -:.fi +3 § } } {5=39)

{ap—a

Bquation {5-14) reduces to the amiila

soian fluids in pipes, whenn = L.
son (Ref. 7 pp. 55). BEquation {5-18) ie
gation {Ref. 2, pp. 56} Tho

Paatalate 2 fo camined in e Sollowisy

fiutds, Ba. {5-10) yielde

8
sy

fod Fop powor oW

v/ S £
zoduzes (O




s &3 =

(5 For Dingham plastic Gulds, Eq. {5-10) yiecldse
— 'E‘ 2

T, T
— = g \tn-.%—» °3‘!§.§’§ {5+23)

<
{1) For pipes, Bq. {5+23} reduces to
iy 2T 2

T T
N 4 L) -2 (=l .
2 . p teigh) 2030 {5-24)

N

{2y For poreilel platse, Bq. {5-23) bocomos

il %&@ﬁﬁ é’q; %c @"’%33 Rel. ?g . %Eg? azd Bt ﬂ 55

sendis IV
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and Bg. (5-30) aimult

be chosen. The ze
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{6-8)

of inner ¢ ¢uteor sadive of the annulus

wheze k 1o the patle
Substitution of Bq, (6+2) inte Eq, {6=1) yiclde the value of b.
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