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Abstract:

An energy-based solution is developed for the lateral torsional buckling analysis of wooden beams
with a mid-span lateral brace subjected to uniformly distributed loads or mid-span point load. The
predicted critical moments and mode shapes are shown to agree with results based on three-
dimensional finite element analysis. The study indicates that such beams are prone to two buckling
patterns: a symmetric mode and an anti-symmetric mode. Whether the symmetric or the anti-
symmetric mode governs the critical moment capacity is shown to depend on the bracing height.
A technique is then developed to determine the threshold bracing height required to maximize the
critical moment. A parametric study is then conducted to investigate the effect of lateral bracing
and load height effects on the critical moments. Simple design equations are developed to predict
critical moments for a practical range of cases. The limitations of the simplified procedure are
discussed. For cases outside the scope of the simplified procedure, designers are recommended to
adopt the more detailed energy-based solution. Design examples are provided to illustrate the
merits and applicability of the proposed procedure in practical situations.
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Introduction and Literature review

Design standards (e.g., CAN-CSA-086 2014, NDS 205) recognize lateral torsional buckling (LTB)
as a failure mode potentially governing the capacity of long span laterally unsupported wood
beams. The phenomenon has been experimentally documented (e.g., Hooley and Madsen, 1964
and Xiao, 2014). The LTB resistance of such beams is known to be influenced by the load height
effect and by the presence of lateral bracing provided by adjoining members. In practical design,
such beams may be laterally restrained at mid-span with braces offset from the section mid-height.
Lateral restraints would typically be placed at the top face by means of secondary beam elements,
blocking and/or bracing of closely spaced joist elements, or through diaphragm action. In such
details, the lateral restraint at top of the beam braces the compression face (when subjected to
downwards vertical loading) is consistent with the understanding that it optimizes the LTB
capacity of the member. There are cases however that deviate from this convention, including the
design of beams for wind uplift, where lateral braces located at beam top would provide bracing
near the tension side of the member (Du et al. 2016a, 2016b). A similar situation arises for beam-
columns on the leeward side of a building. Additionally, situations arise where the load height and
the bracing height may coincide. When such details are encountered, it becomes difficult for the
designer to assess the beneficial contribution of the brace on the lateral torsional buckling capacity.
Currently, there are no provisions in design standards (CAN-CSA 086 2014, NDS 2015) that
address such cases, and the present study provides a model and a simple expression to aid the
designer in evaluating whether a lateral brace offset from the compression face or the neutral axis
can be considered to optimize the resistance for LTB failure.

Wood design recommendations (e.g., AFPA 2003) and structural steel standards (e.g., CAN-CSA

S16 2014, AS4100 1998, Eurocode 2005, AISC 2010) account for the effect of load height and
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presence of lateral bracing systems, either through the effective length approach, the equivalent
moment factor approach, or other approximate methods. However, no recommendations are
provided to account for the influence of bracing heights. Within this context, the present study
investigates the combined effect of load height and bracing height on the lateral torsional buckling
capacity of simply supported wood beams.

Load height effect

The load height effect on lateral torsional buckling has been heavily investigated for steel beams
and, to a limited extent, for wood beams. The present review covers both types of applications
given their mechanistic commonalities. It is cautioned however that while gravity loading at the
bottom flange is possible in steel beams, such loading is discouraged in wood beams given that it
is associated tensile stresses perpendicular to the grain, which could lead to premature failure.
Early work includes the work Prescott and Carrington (1920), Timoshenko (1936), Winter (1941),
Schrader (1941), Austin et al. (1955), Pettersson et al. (1952). Kerensky et al. (1956) developed a
solution that captures the effect of top flange loading for beams by introducing the effective length
approach. Nethercot and Rockey (1971) accounted for the load height effect for simply supported
beams by introducing design coefficients in critical moment equations. Based on the Rayleigh-
Ritz method, JingPing et al. (1988) evaluated the inelastic LTB capacity of beam-columns
subjected to two symmetric transverse loads. Helwig et al. (1997) and Samanta and Kumar (2006)
investigated the load height effect by conducting a shell-based finite element analysis (FEA) for
mono-symmetric beams. A few studies investigated cases involving top flange, mid-height and
bottom flange loading: Yura et al. (2008) developed an expression for the elastic critical moment
for twin girders with doubly symmetric and singly symmetric cross sections. White and Kim (2008)

conducted experiments to verify LTB predictions in AASHTO (2004) and AISC (2005).
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Mohebkhah (2010) developed an FEA model to investigate inelastic LTB capacity of simply
supported I-beams. Wong et al. (2015) compared previous design recommendations with
experimental results of White and Kim (2008) and extended the effective length factor concept to
a variety of loading scenarios for simply supported beams. While the above studies were primarily
aimed at examining the load height effect on LTB resistance, the topic has been partly investigated
in various investigations such as Ings and Trahair (1987), Pi et al. (1992), Andrade and Camotim
(2005), Mohri and Potier-Ferry (2006), Andrade et al. (2007), Erkmen and Mohareb (2008), Wu
and Mohareb (2010), Trahair (2013), Lamb and Eamon (2015), Sahraei et al. (2015), and Sahraei
and Mohareb (2016). A common observation in the above studies is that the elastic and inelastic
LTB resistances for beams decrease as the point of application of loads induced by gravity moves
upwards.

Lateral restraint effect

The effect of continuous rigid lateral top-flange bracing on the LTB analysis of simply supported
beams was investigated by Park et al. (2004) by developing a FEA model. A comparison of the
results has shown that the moment gradient factor equation of Yura (1993) leads to un-conservative
results for uniformly distributed loads. For such cases, Park et al. (2004) proposed supplementary
design equations. Samanta and Kumar (2008) developed a FEA model for the LTB analysis of
mono-symmetric cantilever I-beams with three types of rigid lateral braces at top flange, bottom
flange, and both flanges. For long span beams, top flange bracing was found to be more effective
than bottom flange bracing and corresponded to a significant increase in buckling capacity.
Bracing both flanges was reported to be most effective in increasing the LTB capacity. For short

span beams, lateral bracing at top and bottom flanges was found to be only moderately effective.
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Several experimental and analytical studies have investigated the effect of flexible lateral restraint
on the LTB capacity (e.g. Flint, 1951). In the above studies, top flange lateral bracing was observed
to significantly increase the LTB resistance of beams when compared to shear centre or bottom
flange bracing.

Only a few studies investigated the combined effect of load height and lateral bracing height.
Schmidt (1965) analytically and numerically investigated the LTB of beams with central lateral
bracing subjected to mid-span point loading. The lateral bracing point coincided with the loading
point and both were assumed to be offset from the shear centre. Kitipomchai et al. (1984)
investigated the LTB of cantilever I-beams with offset intermediate restraint and vertical loads.
Wang et al. (1987) numerically determined the LTB capacity of mono-symmetric cantilevers with
eccentric vertical loading and discrete lateral bracing offset from the shear centre. Both studies
(Kitipomchai, 1984 and Wang et al., 1987) did not specifically address the benefits of bracing
height. McCann et al. (2013) investigated simply supported beams with doubly symmetric |
sections subjected to uniform moments with discrete equally spaced eccentric linearly elastic
braces. In the study, the lateral bracing point was assumed to coincide with the loading point and
the warping effect was omitted. The study did not investigate the load height effect. Within this
context, the present study investigates the combined effect of bracing height and load height on
the elastic LTB capacity of wooden beams with emphasis on: (a) developing a mathematical model
able capture the important characteristics of the solution, (b) investigating the effect of bracing
height on the LTB capacity and mode shapes, (c) conducting a parametric study to investigate the
effects of key parameters on the LTB resistance, and (d) developing simplified equations for

bracing height requirement and corresponding critical moments.
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Statement of the Problem

A wooden beam with a doubly symmetric cross-section is simply supported relative to the vertical

and lateral displacements and twist at both ends. The beam is subjected to a reference distributed

load g (Z ) offset from the section mid-height axis by a height a taken as positive when the load

is above the section mid-height. A mid-span lateral brace offset from the section mid-height is

provided at a height » taken as positive when above the section mid-height (Fig. 1). The reference
loads g (z) are assumed to increase to reach a critical value ﬂq(z) where the system becomes in

a neutral state of stability, at which it has a tendency to undergo lateral torsional buckling without

further increase in loading. It is required to determine the critical load magnitude ﬂq(z) at the

onset of buckling.

Assumptions

The following assumptions are made

1. The material is linearly elastic and orthotropic. Given that properties of wood in the
tangential and radial directions are nearly equal (FPL, 2010), the nine orthotropic constitutive
constants are shown to reduce to six (Xiao 2014). A sensitivity study based on a 3D finite element
buckling analysis (Xiao et al. 2014) has shown that the elastic lateral buckling resistance of beams
is influenced only by two constitutive properties: the longitudinal Young’s modulus £ and the
shear modulus G for shear stresses acting on the normal plane. The study has shown that changing
the remaining material properties by +/-50% influence the predicted critical moments by less than
1%.Thus, the present study characterizes the constitutive behaviour of wood using only constants
E and G in a manner similar to isotropic materials.

2. Load distribution is symmetric about the beam mid-span.
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3. The direction of applied load is constant (i.e., conservative loading), and

4. Cross-sectional distortions and shear deformations are negligible

Formulation
Variational Principle
The total potential energy 7z =U +V is the summation of the internal strain energy U and the

load potential energy gained V' . The internal strain energy U is given by (e.g., Trahair 1993)
U=L{"Er waz+ 1" Gr0%a:+ L ["EC 07d 1
_EJ‘O w42 5.[0 z EJ.O W “ (M

where u =u (z) is lateral displacement, € = 6’(2) is the twist angle, both being functions of the
longitudinal coordinate z , L is the span, £ is Young’s modulus, /  is the weak moment of
inertia, G is shear modulus, J is the Saint-Venant torsional constant, and C, is the warping

constant. The load potential energy gained by the load V' consists of two components V' =V, +V,

and is given by (e. g., Trahair 1993)

L
- /IIOLM(Z)gu”dZ’ vV, = —%Iq(z)agzdz (2)a,b

0

where V| is the load potential energy gained by the strong axis bending moments v = M (z)
induced by the transverse loads, undergoing lateral displacements u(z) and angle of twist 6 (z)
and V, is the load potential gained by the distributed load ¢ (z) acting at a distance a above the

section mid-height undergoing an angle of twist 9(2) and A is a load multiplier to determined

based on a buckling analysis.
Assumed Displacement Functions

The displacement functions are assumed to take the form

7
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2n :
- (Z A, sin %) +4,,., sin (2n+1)7z

i=1

2n .
. Jmz
= E B_/. sin —— (3),(4)
= L

The above displacement functions meet the essential and natural boundary conditions
u(0)=u"(0)=u(L)=u"(L)=0 and 6(0)=06"(0)=6(L)=06"(L)=0 . The presence of a mid-
span lateral brace at a height » above section mid-height provides a kinematic constraint between

the displacement u(L/2) and the angle of twist 6(L/2) at beam mid-span. From Fig. 2, one
obtains the kinematic constraintu (L /2)=—-60(L/2)b. From Eqs. (3) and (4) by setting z =L/2,
and substituting into the kinematic constraint equation, one can express constant 4, ., in terms of

the remaining constants 4,8 (i=1,..n ) as 4 Zf"(—l)” (4, +bB,)sin(iz/2) . Then, from

2+l

the expression for 4, .,, by substituting into Eq.(3), one obtains

n+l 2
2n .

Y [Sinm_z+(_1)n+1 '™ (2n+1)7z1 bz B(- M iz Qn Dz )
p L 2" " L

Internal Strain Energy
From Egs. (4) and (5), by substituting into the internal strain energy expression given in Eq.(1),

one obtains

1 T T kl 0 Aa
e wfs

where
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. . . ®)
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my, Elyysml snﬂz(( nr )”j
L
Fourier Expansion of bending moments:
A given bending moment M (z) can be expressed in a Fourier series as
kmax k 2 L ) k
M(z)=> m, sin = m, = ZJ-M(z)sm%dz (9)a,b
k=1,2 0

For the <case of a mid-span load, the moment distribution is given by

AM (z)=20z/2, 0<z<L/2 and AM (z)=AQ(L—-z)/2,0<z<L/2.By substituting into Eq.
(9)b, one obtains m, = 20L/k*x* ,(k=1,3,5...). For the case of a uniformly distributed load 2,
the bending moment expression takes the form iy (z)= Aq ( Lz— 22 ) /2 . Using the Fourier

expansion in Eq.(9), one obtains the Fourier coefficients m, = 4141 / (kz)  (k=1,3,5..)

9
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Destabilizing term due to bending moments
For symmetric loading, it can be demonstrated (Appendix A) that the destabilizing term due to

bending moments takes the form

A T T gl 0 Aa
gl 2

while that the due to load height effect takes the form

A k, 0 A
v.=2(AT AT & a 11
’ 2< ’ b>{0 kg4:|(i){ b} .

where the entries of the geometric sub-matricesk,,, K, K,

Kk, are provided in Appendix A

for the cases of mid-span point load i =1 and for the case of uniformly distributed loadi=2.
Stationarity conditions

From Egs. (6), (10), and (11), by substituting into 7 =U +V, +V,, and evoking the stationarity

conditions 07z/0A, = 07/0A, =0, one obtains

k, 0 k, 0 k, 0 A,
+A|| + =0 (12)
0 Kk, 0 k, 0 k, A,
The two partitions of Eq. (12) can be expanded to yield

(K, +A(ky +ky)) A, =0 (13)

(K, + (K, +k,))A, =0 (14)

The non-trivial solution of Eq. (12) is given by setting the determinant of the matrix of coefficients

to zero, i.e.,

10
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k,+A(k, +K,) 0 i
0 k,+A(k, +k,,)

The above determinant identity is equivalent to |K, + /1(kgl +ky, )‘ ><‘k2 + /1(k o tKy )‘ =0 which

1s satisfied either when the conditions

k1+/1(kg1+kg3)‘=0 or ‘k2+/1(kg2+kg4)‘=0 are

satisfied. If the eigen-value A =4, satisfies the first condition

k, +2(k, +kg3)‘ =0, Eq. (13)
indicates that A, # 0 . In this case, the condition ‘kz +4 (kg2 +Kk,, )‘ =0 will, in general, be
violated indicating that the only solution of Eq. (14) is A, =0. In a similar manner, if the eigen-
value A = 4, satisfies the condition ‘kz + /1(kg2 +k,, )‘ =0, Eq. (14) indicates that A, # 0 and the
condition ‘kl +4, (kg1 +k, )‘ =0 will, in general, be violated indicating that A, = 0. It is noted

that the entries of vector A, always correspond to a symmetric buckling mode while the

coefticients of vector A, correspond to an anti-symmetric mode (Hu 2016).

In summary, the solution for the eigen-value problem in Eq. (12) has two sets of possible eigen

values: The first set 4 =4, arises from the solution of the condition‘k1 +4 (kgl +k, )‘ =0 and
the corresponding eigen-vectors are A, #0 , A, =0. The second set A =4, arises from the

solution of‘k2 + 4, (kg2 +kg4)‘ =0 and the corresponding eigen vectors are A, =0 andA, #0 .

For the special case where both conditions |K; + /1(kgl +K,; )‘ =0 and ‘kz + /1(kg2 +ky, )‘ =0 are

satisfied, one has a repeated eigenvalue 4, =4, . In such a case Equations (13) and (14) indicate

11
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that the conditions A, # 0 and A # 0 are possible. Such a case is treated in detail in the section

titled “Recovering the threshold bracing height”.

Recovering the threshold bracing height

As shown in the results (e.g., Fig. 6), while the critical load corresponding to Mode 1 (symmetric)
depends on the bracing height, that based on Mode 2 (anti-symmetric) is independent of it, yielding
a constant critical moment value for a given beam geometry and load configuration. In contrast,

the buckling moment corresponding to Mode 1 decreases as the bracing height is lowered.

Conceptually, there is a threshold bracing height b, at which both modes yield the same critical

moments. When the brace is above this threshold height, the member attains its maximal capacity

as dictated by the anti-symmetric mode. The present section develops a methodology to recover

the critical bracing height: Equation (14) is solved for the eigenvalue 4, , and one sets 4, = 4, .
Equation (13) is then solved for the threshold bracing height b, . From Egs. (7), the elastic stiffness

matrix K, can be re-written as the sum of three matrices
k, =k +b ki +bk (15)

where matrices kl,El ,El are provided in Appendix B

Also, from Eq.(25), the geometric stiffness matrix k,, can be expressed as
kgl :Egl +bcrEg1 (16)

and matrices Egl ,Egl are provided in Appendix B. From Egs. (15) and (16), by substituting into Eq.

(13), one obtains a quadratic eigenvalue problem in the unknown critical bracing height b,

12
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|:(E1 + ﬂzl;gl + ﬂ“zkg3)+bcr (El + 12Eg1)+bj,i1}Aa =0 (17)

Given A, , one can recover the sought critical bracing height by solving the quadratic eigen value

problem defined in Eq. (17).

Verification Example

To verify the validity of the model, the critical moments of a reference beam as predicted by the
present model are compared to those based on a 3D FEA eigen-value buckling analyses based on
the commercial software ABAQUS for various bracing heights. The reference beam has a width

w=130mm , a heighth =950mm and a span of 13,000mm . For a rectangular section of width
wand depth 2, 1, =hw’ /12=1.74x10°mm* ,C, = w'h® 144 =131x10"mm°® and the Saint-

Venant torsional constant as given in the detailed method of Pai (2007) is J = 6.36x10%mm*.
Material is assumed to be glued-laminated timber, Spruce-Lodgepole Pine with 20f-EX grade. The

modulus of elasticity in the longitudinal direction is taken as £ = E, =10,300MPa (CSA 086

2014) and shear modulus is G =G, = G,, =474MPa (FPL 2010).

Convergence study of present model
To determine the number of Fourier terms 7 needed for convergence, a convergence study was
conducted on 20 cases with different load configurations (uniformly distributed, mid-span point

loads), brace heights »/4=-0.5,0.0,0.5 and load heights «/4=-0.5,0.0,0.5 . Detailed

descriptions and results from the convergence study can be found in (Hu 2016). The ratio of critical
moments based on n = 4 to those based on n = 6 where shown to be less than 0.63% in all 20
cases considered. Given that the computational time involved is nearly instantaneous, the number
of modes n was conservatively set to 9 in subsequent runs, (i.e., 18 Fourier terms were taken in

Egs. (3) and (4)).
13
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The 3D finite element model

The C3DS8 brick element in ABAQUS was used to discretize the beam. The C3D8 element is three-
dimensional continuum elements in ABAQUS consisting of 8 nodes at the corners and 24 degrees
of freedom in total (three translations at each node) (Simulia, 2011). This type of element uses
linear interpolation in each direction. An orthotropic material model is adopted to represent the

wood properties. In a manner consistent with the work of Xiao (2014) and Xiao et al. (2014), the

modulus of elasticity in the longitudinal direction is taken as £, =10300MPa and the moduli of
elasticity in the tangential and radial directions were taken as £, = £, = 700MPa . The shear
moduli are taken as G,, = G,;, =474MPaand G,, =51.5MPa and the Poisson’s ratios are taken
as vV, =V,;; =0.347 and v,, =0.469 . To simulate simply supported boundary conditions at both
ends relative to pre-buckling transverse displacements (i.e., v(0)=v(L)=0 ) and bucking twist
and lateral deflections (i.e., u(0)=6(0)=u(L)=6(L)=0) while keeping free the strong axis
rotations  v'(0)#0,v/(L)#0 , weak axis rotations, and warping deformations
0'(0)#0,0'(L)# 0 in a manner consistent with the model developed in the present study, two

groups of restraints were enforced at both ends of the model: (1) As shown in Fig. 3, a set of
constraints related to vertical displacements were imposed along axes AB and A'B’ at the end
cross sections. For axes CD and C'D’ , the lateral displacements were restrained by imposing
another group of constraints. (2) The centroid of the cross section at one end was longitudinally
restrained (Fig.3a), while that at the other end was left free to move longitudinally (Fig.3b). The
mid-span lateral brace was simulated by retraining the lateral displacement at the node located at
the target bracing height on the mid-span vertical line passing through the section centroid. A mesh

sensitivity analysis was conducted on 12 cases with different load configurations (uniformly
14



294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

distributed, mid-span point loads), brace heights »/4#=-0.5,0.0,0.5 and load heights
alh=-0.5,0.0,0.5.TThe governing modes were symmetric in some of the runs and anti-symmetric

in other runs. The results (Hu 2016) showed that critical moment predictions based on 410
elements longitudinally, 50 elements along the height, 10 elements along the width do not change
by more than 0.08% when finer meshes are taken. Thus, a 410x50x10 mesh will be taken in
subsequent runs.

Comparison of critical moments and buckling modes

Three sets of comparisons were conducted by varying bracing height with different load height
cases (i.e. top face, mid-height, and bottom face) between the results of formulation developed in
the present study and those based on the ABAQUS model. The buckling load magnitudes obtained
from the two solutions are overlaid in Fig. 4. Both models predict two types of buckling modes:
symmetric and anti-symmetric. The anti-symmetric mode is associated with a critical moment
value that is independent of the bracing height while critical moment based on the symmetric mode
is found to depend on the bracing height. Fig. 4 shows close agreement between the predictions of
the present study and those of the ABAQUS simulations. Percentage differences were found to be
within 1.09%-4.08% (Hu 2016). The buckling load values obtained from the present study are
slightly higher than those obtained from the ABAQUS simulation. The difference is due to the fact
that the present model is based on the simplifying kinematic assumptions that neglect distortional
and shear deformation effects and thus provides a slightly higher representation of the beam
stiffness than the ABAQUS model which allows distortion and shear deformations effects. The
symmetric and anti-symmetric buckling modes are compared to ABAQUS 3D results (Fig. 5) for

the cases of point load and wuniformly distributed load for the cases

15
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(a/h,b/h)=(0,0),(0.5,0),(0,0.5),(0.5,0.5) . Close agreement is observed between the present

model and those based on the ABAQUS simulations.

Parametric study

A parametric study was conducted by varying the bracing height and load heights (i.e. top face,
mid-height and bottom face) for point load and uniformly distributed load cases (Fig. 6). The
buckling load corresponding to the anti-symmetric mode (Mode 2) is observed to be independent
of the bracing height. For both loading cases, the buckling load for Mode 1 decreases when the
lateral brace is moved downwards. Also, for both loading cases, the buckling load corresponding
Mode 1 decreases with load height increase. For Mode 2, the buckling load is observed to be
independent of load height for the case of point load but found to decrease with load height increase
for the case of uniformly distributed load.

Development of Simplified design expressions

A database of 148 runs (Hu 2016) was developed to investigate the effect of various geometric
and elastic properties on threshold bracing height and the critical moment. Of the 148 cases, 68
runs investigated the case of point load and 80 runs were conducted for the case of uniformly

distributed load. Ranges of material properties were chosen to conform to those provided in CSA

086 (2014) and (FPL, 2010). The ranges of parameters investigated are 0.137 <w/h <0.856,

842<L/h<21.05,and 1/10<G/E <1/20. Subsequently, approximate design expressions were

developed based on regressing analysis.
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Point load
The relationship between the critical bracing height to section height ratio ber / h and the parameters

w/h,L/h,a/h,G/E were found to exhibit a nearly linear dependence (Hu 2016). Therefore, the

approximate critical height ratio ber / h was postulated to take the form

(Z_’"" j ~a, ta (X)ﬁtaz (£j+a3 (gjﬂh (Ej (18)
h h h h E

where ¢,,q,,a,,a;,a, are coefficients to be determined from the regression analysis. The sum

of the squares of the differences between the values of (bcr / h) as obtained by the present solution

and that based on the expression in Eq. (18) is minimized, i.e.,

D, = i[[l’h j— (%ﬂ ~ min (19)

where m is the number of runs conducted, by enforcing the minimization conditions

oD, [0, =0 (i=0,1.4) yielding the regression constants ¢, =0.08089,c, =0.07364 ,
a, =-0.01529,a, = 0.6870,c, =—1.5130. The domain validity of the regression coefficients is
that of the database of runs, i.e.,0.137 <w/h <0.856,8.42< [/ h<21.05,and 1/10<G/E<1/20.

Within these domains, the standard deviation of the difference between the predictions of the

regression equation ber / h to that of the present solution was found to be 0.0041. When the bracing

height b is greater than the critical bracing heightb_. (or Baas estimated by Eq.(18)), the critical

moment will be maximized and will attain that based on the anti-symmetric mode. Under this

mode, the lateral displacement and angle of twist vanish at beam mid-span and the unsupported

length is L, = L/2. The corresponding critical moment M, is then given by
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cr ww

M, ~C, = |EI GJ+ =E) 1.C (20)
L” L

u

where C, is a moment gradient factor within the beam half-span. Given the critical moment values

M, based on the present analysis (Hu 2016) and knowing £,/ ,G ,J ,C, and L, , the moment

b »w b
gradient factor C, is determined for each run. The procedure was repeated for all 68 runs and was

found to range from 1.78 to 1.81 with an average value of 1.80 and a standard deviation of 0.008.

The value C, =1.80 obtained is in line with that based on quarter point formulas of the AFPA

(2003) of 1.67, CAN-CSA S16 (2014) of 1.74, and, AS4100 (1998) of 1.82.

Uniformly distributed load

The approximate critical height ratio bzcr / h was postulated to take the form

L e R I

where m is the number of runs conducted (Hu 2016) by enforcing the conditions

oD, /0p, =0 i=0,1,2..5 yielding the regression constants 3, =0.1740 , B =0.1368 ,
B, =—0.02950, B, =0.2944, B, =0.1595, B, =-2.9995. The domain validity of the regression
coefficients is 0.137 < w/h <0.856,—0.5< a/h < 0.5, 842<L/h<15.79 ,1/10< G/E <1/20.

Within these domains, the standard deviation of the difference between the predictions of the
regression equation ber / h to that of the present solution was found to be 0.0066. When the bracing
height is greater than the critical bracing height b, or b=c . as estimated by Eq. (21), the buckling

capacity will be maximized and will attain the critical moment of the anti-symmetric mode. Under

this mode, the lateral displacement and angle of twist vanish at mid-span. Under these conditions,
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the unsupported length is L, = L/2. As the critical moments based on the anti-symmetric mode

changes with the load height position (e.g., Fig. 6), additional terms to capture the load height
effect should be added to the approximate function. The results of database of runs have shown
that the difference between the critical moments for mid-height loading and those based on loading

acting at height a above the centroid are nearly proportional to the term aE7 / L . Assuch, the

following equation was proposed to estimate the critical moments including load height effects

(Hu 2016):

=l

cr

2
P rE akl
= Cb L—\/E]nyJ'F(L—j IWCW _CLL—ZW (22)

u u u

The sum of the squares of the differences between the values of the buckling capacity obtained by

the present solution (Hu 2016) and that based on (22) is minimized, i.e.

2
i

D, = ZWW —MC,,} = min (23)
i=1
The minimization process yields the moment gradient factor C, =1.32 and the load position

modifier C, =1.68. The average value of C, is consistent with that based on CAN-CSA S16

(2014) of 1.32, AFPA (2003) of 1.30, and AS4100 (1998) of 1.33.

Assessment of threshold bracing height predicted by simplified equations

In order to assess the accuracy of the threshold bracing height predictions based on the simplified
equations, comparisons are made against 3D FEA results for cases outside the database of runs
used to produce the regression results. Two loading cases are considered: mid-span point load and
uniformly distributed load. In both cases four loading height are examined:

a/h=-0.25,0,0.25,0.50 . For the point load case, a simply supported glulam beam with a

rectangular cross-section of depth 4 =570mm , width w=130mm and a span=11,500mm and
19
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sectional and material properties J = 3.57 x10*mm*, I, = 1.04x108mm* | C, =2.83x10"mm° ,

E =10,300MPa and G=515MPa. For the uniformly distributed load cases, a simply supported

glulam beam with a rectangular cross-section of depth # = 798mm , widthw = 215mm and a span=

10,000mm 1s taken with sectional and material properties are J =2.19x10°mm* ,
1, =6.61x10°mm* , C,=3.51x10"mm’ , E = 10,300MPa and G=644MPa . 1t is required to

determine the threshold bracing heightd,, /A in each case based on the simplified expressions and

based on ABAQUS. In the case of ABAQUS solution, multiple runs are conducted with different
bracing heights in order to identify the threshold bracing height where the symmetric and anti-
symmetric modes provide identical critical moments. The results in Table 1 indicate that
predictions of both methods agree within 5% of the section height.

Design Example 1- Beam under mid-span point load

A simply supported glulam beam with a rectangular cross-section of depth z =570mm , width
w=130mm and a span=11,500mm 1s subjected to a mid-span point load acting at top of the
cross section. The beam is laterally braced at mid-span. Two bracing heights are considered: (a)

200mm and (b) Omm .  Sectional and material properties are J =3.57x10%mm* ,
I, =1.04x 10°mm* , C, =2.83x10"mm°® , E =10,300MPa and G =515MPa . It is required to
determine the critical moment.

Threshold bracing height check:

For the present problem, one has w/h=0.228,L/h=20.2,a/h=0.5 and G/E =1/20 . These ratios
meet the applicability conditions for Eq.(18). The threshold bracing height ratio as computed from
Eq. (18) is EC,_ / h =0.057. This compares to b, /h=0.073 as predicted by the detailed procedure

in Eq. (17), a 0.02 difference. Thus, a bracing height above 0.057x570 =33mm is deemed high
20
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enough to fully restrain the angle of twist at mid-span and maximize the critical moments by
forcing the beam to buckle in an anti-symmetric mode. This condition is satisfied for Case a where
the bracing height is 200mm >33mm but not in Case b for a bracing height of Omm <33mm .
Critical moment for case (a)

Sincew/h,L/h, alh, G/E lie within the domain of applicability of the regression equation, the
simplified moment calculation in Eq. (20) is applied. As discussed, when twist and lateral
displacements vanish at mid-span, the mid-span point is considered as a point of full lateral and

torsional restraint and the unbraced length becomes L, = L/2 =5,750mm . The critical moment

]\7” as determined from Eq. (20) is found to be 447kNm . This value compares to 444kNm as

predicted by the present formulation, a 0.69% difference, and 437kNm as predicted by the 3D
ABAQUS model, a 2.23% difference.

Critical moment for case (b)

For zero bracing height, the mid-span section will be only partially restrained from twisting, and
the beam capacity will be governed by the symmetric buckling mode. Under this scenario, the
critical moment can no longer be calculated using the simplified Eq. (20) and a detailed analysis

based on the present formulation would be needed. The critical moment is found to be

M, =411kNm, which compares to 397kNm based on the ABAQUS 3D model. As expected, the

critical moment is smaller compared to that of Case (a). A lower bound for the critical moment in
case (b) can be obtained by entirely omitting the bracing effect at mid-span. Under this scenario,
L, =L=11,500mm and moment gradient C, based on the AFPA (2003) recommendations is

1.33. Comparable values are obtained from CAN-CSA S16 (2014) which yields 1.26, or AS4100

(1998) which yields 1.39. For a point load applied at the top of the cross-section, the AFPA (2003)
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load eccentricity factor is given by C, =+’ +1 -1 where 17 =(k*h/ 2LM)JEI W / GJ where

k" =1.72 for the case of point loading, yielding C, =0.815. The sought lower bound of the

critical moment is given by M, = (C,C, 7 /L, )\/Elyy GJ +(zE/L,) 1,,C, yieldingM,, =132kNm.
In summary, the critical moment of 411kNm based on the detailed procedure is significantly

higher than the critical moment based on no intermediate support restraint but slightly less than

the critical moment of 444kNm based on the case of full bracing.
Example 2 -Beam under a uniformly distributed load
A simply supported glulam beam with rectangular section of depth 2 = 798mm , width w = 215mm

is spanning10,000mm . The beam is subjected to a uniformly distributed load acting at the top
face of the beam. The beam is laterally braced at mid-span. Sectional and material properties are:
J=219x10°mm* , 1, =661x10"mm* | C,6=351x10mm’ , £ =10,300MPa and
G =644MPa . Two bracing heights are considered: (a) 100mm and (b) —300mm (the negative

sign indicates that the bracing is located below the section mid-height). It is required to determine

the critical moment capacity.
The dimensionless ratios w/h=0.27,L/h=12.5,a/h=0.5 and G/E=1/16 are within the

applicability limits of the threshold bracing height and critical moment equations. The threshold

bracing height ratio as determined from Eq. (21) is EW / h=-0.158. This compares to —0.157

based on the detailed procedure, a 0.002 difference. Thus, a bracing height above
—0.158x798 = —126.1mm 1is deemed high enough to fully restrain the angle of twist at mid-span.

This happens to be the case for a bracing height of 100mm (Case a), but is not for a bracing height

of =300mm (Case b). The unbraced length is L, = L/2 =5,000mm and the critical moment based
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on Eq. (22) is found to be 252kNm . This value compares to 253kNm as predicted by the detailed
procedure provided, a 0.050% difference.

When the bracing height is =300mm , the mid-span section will only be partially restrained from
twisting and the beam critical moment based on the detailed analysis is foundtobe M, =171kNm .

As expected, the critical moment is found smaller than that based on Case (a). A lower bound for

the critical moment in case (b) can be obtained based on an unsupported length

L, =L=10,000mm and the moment gradient C, is determined as 1.13 from the AFPA

recommendations (2003), and a load eccentricity factor One can also apply the C, =\/n* +1-7
(AFPA 2003) where 77=(k'h/2L,)\/EI /GJ and k' =1.44 for uniformly distributed load,

yielding a value C,=0.779 . The corresponding critical —moment is

M, = (CeChﬂ/Lu)\/E]nyJ+ (7E/L, )2 I C_ =101kNm. This lower bound is again significantly

wC
lower than the critical moment obtained by the present detailed solution.

Summary and conclusions

Analytical solutions were developed for the lateral torsional buckling analysis of simply supported
wooden beams with discrete lateral supports at mid-span subjected to symmetric moment load
distributions relative to mid-span. The model accounts for the combined effect of eccentricities of
the bracing and the loads. The models were validated against a 3D FEA solutions and parametric
study to investigate the influence of mid-span bracing height and load height was conducted. The
conclusions can be summarized as follows:

1. The model predicts two possible buckling modes: symmetric and anti-symmetric, depending on
the load height and bracing height. The anti-symmetric mode in the present study is indirectly

promoted by the prescriptive requirements for lumber joists in CAN-CSA 086 (2014) and NDS
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(2015) which stipulate cross-bridging or full-height blocking to achieve full twist restraint at the
point of brace. Such restraints would suppress the symmetric buckling mode and promote an anti-
symmetric buckling mode identical to that obtained in the present study. The present study
achieves full twist in a different manner by locating the lateral brace above the critical threshold
bracing height.

2. For a given load height, simple expressions were developed for determining the threshold
bracing height at which the capacity is governed by the antisymmetric mode.

3. For point load and uniformly distributed load, critical moments based on the symmetric mode
are observed to decrease when the load height increases

4. For point load loading, critical moments based on the anti-symmetric modes are found to be
independent from the load height. In contrast, for uniformly distributed loads, they are found to
decrease as the point of application of the load moves upwards.

5. For mid-span point loading, the threshold bracing height normalized relative to cross section

height b, / h was observed correlate nearly linearly with geometric and elastic parameters a/ h, L/ h,
w/h and G/E.

6. For uniformly distributed loading, the normalized threshold bracing height b, /i was observed
to have a nearly linear correlation with geometric and parameters a/h, w/h and G/E, while

having a nearly quadratic correlation with L/ h.

7. Simplified design equations were developed to reliably estimate the threshold bracing height
required to maximize the critical moments and quantify the critical moments for cases where the

bracing location is above the threshold height as computed by the simplified equation.
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Appendix A: Formulation of geometric matrices
Destabilizing term due to bending moments

From Egs.(4), (5) and (9)a, by substituting into Eq. (2)a, one obtains the load potential energy

function as

T
y) k, kI,|(A
v, =2(A" AT e : (24)
AN * KT, Kk, ||A
gl2 g2 b
where
n,, n, I LR IR LT n,, n,, My A (S
n;, n,, IR LE S8 IR L n,, n,, s My o My,
k, = Kgr =
Ny My Ny o0 Ny ioni Ny, Ny, LIPS Ny
_n2n-11 N,z o Mogoig ° n2n-1,2n-1_ _n2n,2 N, 0 My oo nzn,zn_
n,, n, n, n ,,
n,, n,, n,, n,,,
: ST S 0 |my,] ,[0] 0
K = n.. = i | 4 H
g12 ’ Jii i i
Noyn Mgy o My oo Dy M. ; ’ 0 0 ! My
| Monan Mopqa 0 My 0 Mgy |
(25)a-d
U)ok [ Lin+ I g(an+1,ik
M. = B(Jj ik, )+ (1) - [(2n+ )7:] sin > B(2n+1,i,k,,.)
( ) ik -1)" l 2n+1 —pB(2n+1, .k,
Mg, ; = =i, sk, ) + (1) 7 [@n+Dx] sin” 5 ﬂ( n+l,j.k,,)
(26)

m,,, = (1) (J [@n+Dx] 2n+1,j,kmx)sin%

+H=1)" Gj[(zn +z]’ B(2n+1ik,, )sin%[
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1 ¢l itz . jrz . krxz
i,k )y=— m, sin sin sin dz 27
B, j k)= LJZ , sin==sin = =sin= (27)

Special considerations for symmetric loading
For loading symmetric with respect to z = L/2 , bending moments are symmetric and Eq. (9)

yields
Z m, sm— (28)

where k takes only the values 1,3,5... Thus, when one of i, j is odd and the other is even, matrix

n;; as defined in Eq. (25) can be shown to vanish. This is the case since function

sin(izz/L)sin(jzz/L) is  anti-symmetric ~ with  respect to  :=1/2 and

Kongx
> mysin(izz/L)sin(jzz/L)sin(kzz/L) in Eq. (27) is also anti-symmetric and

k=1,2

L k, . .
B, ok | 3y sin Esin 72 i F72 g 29)
Lo L L

Also, for the case where one of i, j is odd and the other is even, one can show that

max

sm%ﬂ(2n+l,l,km)=sin%[ﬂ(2n+l],k )=0 (30)

From Eq. (29) and (30) by substituting into Eq.(26), one has n;, =0 when one of i, ;j is odd and

the other is even and thus k_, =0, and Eq. (24) takes the form

A T T kgl 0 Aa
et ol L
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Destabilizing term due to load height effect

Casel- Mid-span load offset from section mid-height

A mid-span point load 10 can be mathematically expressed as Aq(z)=AQ5(z—L/2) where

0 is the Dirac Delta function. If the load is acting at a distance a above the section mid-height,
the load potential energy gain V, as determined from in Eq. (2)b takes the form
L
L 2n 2n
v, :—ijQé'(z——ja ( ) dz ———Qa ( ) :——QaZ ZBB sm( jsm(ﬂ[j (32)
2 0 2 i=1,2 j=1,2 2

In a matrix form, 7, can be expressed as

A k k A
— T T g3 g34 a
n=sal AN T (33)
g34 g4 b
where
r, I, I 5 L ona r, L, IR Ot R CP
LEN LER! Lo o Do o Ty o Ly o Iy
kg3 :Qa akg4 :Qa
Lot Dz 7 Do 7 Djona Lo Dya 0 Dy o0 Dy
l.211—1 1 l~2n-l,3 l.2n—1,2i—l l.2n—1,2n—1 i _r2n,2 l.2n,4 l‘2n,2i l~2n,2n i
r, r, U LIPS o Lo
r r e T, .. aes r
3.2 34 3.2i 3.2n ,
: : : . 0] 0
k.. = O : : . : . : i ! p
€34 > i T J
Lz Djia Lyi0i L0 0 ‘ Sm Sm
. . . . . i
r2n 1,2 r2n 1.4 l‘2n 1,2i r2n 1,2n
(34)

when either of 7, j are even and the other is odd, the expression sin (iz/2)sin(jz/2) vanishes.

In this case, matrix K, vanishes and
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: 2< "> 0 k| A,

Case2- Uniformly Distributed load offset from section mid-height

For the case of uniformly distributed load applied at height @ above the section mid-height, the

load potential gain can be expressed as

/1 L 2n 2n

L - .
-Gty e Sl 5 s o )

0 i=1,2 j=1,2 (36)

A T T kg3 0 Aa
=Z(A" A
2< a b >|: 0 kg4 @) A,

where

k

g3 g4

=k, = —%qLaDiag(O,l,O,l...O,l) (37)
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548  Appendix B: Elastic and Geometric Matrices needed to determine critical bracing height.

549  Asgiven by Eq. (15), the elastic stiffness matrix K, can be re-written as the sum of three matrices

550 k,=ki+b ki +bki

551  where
.. " ” ” 7
m,, m, m,,, m,,
n " 14 n
m;, m;; ms;,;, m;,,
552 ki = m” m" m” m” ’mj,i =
25-1,1 2513 24-12i-1 24-1,2n-1
n " 14 n
m, ., M, , m,, »g m,,
" n m m
m;, m, m,, m,.
" m m "
m;, m; , m;,;, m;,
— . !
553k = _|2.0
ki = m. =|-——
" m m "m Ll N1 H >
my ,, My, my; ;5 My o0 0 Ly
" m m m
_m2n-1,1 m, 5 - My 00 0 My 00 |

554 Also, as given by Eq. (16), the geometric stiffness matrix k,; can be expressed by

555 k, =Kg +b, Ka
556
.. ' i ’ 7
n, n, R LT IR LI
1 ! ! 1
n,, n;; SRR LE IR LEY T
_ : : U R _ 0 | m
L PR P P e
Ny Myis My 0i Ny o0 6 |
1 ! ! 1
| Mo Mongs 7 Mooy 7 My |
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Table 1 Assessing accuracy of bracing heights predictions

ber/h-based

a’/h | on simplified ber/h-based on Difference

expression ABAQUS
Point load | -0.25 -0.458 -0.495 3.72%
0.00 -0.286 -0.289 0.26%
0.25 0.115 -0.123 0.80%
0.50 0.057 0.107 4.96%
Uniformly | -0.25 -0.410 -0.433 2.25%
distributed | ¢ oo -0.346 -0.330 1.62%
load 1753 -0.263 -0.242 2.08%
0.50 -0.158 -0.138 2.00%
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Fig.1 Load height and brace effect

L/2

SECTION A-4

Fig.2 Beam cross section at mid-span
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