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Abstract

The field of neuromorphic engineering addresses the high energy demands of neural
networks through brain-inspired hardware for efficient neural network computing.
For on-chip learning with spiking neural networks, neuromorphic hardware re-
quires a local learning algorithm that is able to solve complex tasks. Approaches
based on burst-dependent plasticity have been proposed to address this require-
ment, but their ability to learn complex tasks has not been proven. Specifically,
previous burst-dependent learning was demonstrated on a spiking version of the
exclusive or (XOR) problem using a network of thousands of neurons. Here, we
extend burst-dependent learning, termed ‘Burstprop,” to address more complex
tasks with hundreds of neurons. We evaluate Burstprop on a rate-encoded spiking
version of the MNIST handwritten digit dataset, achieving low test classification
errors, comparable to those obtained using backpropagation through time on the
same architecture. Going further, we develop another burst-dependent algorithm
based on the communication of two types of error-encoding events for the commu-
nication of positive and negative errors. We find that this new algorithm performs
better on the image classification benchmark. We also tested our algorithms under
various types of feedback connectivity, establishing that the capabilities of fixed
random feedback connectivity are preserved in spiking neural networks. Lastly,
we tested the robustness of the algorithm to weight discretization. Together, these
results suggest that spiking Burstprop can scale to more complex learning tasks
while maintaining efficiency, potentially providing a viable method for learning
with neuromorphic hardware.
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Chapter 1

Introduction

1.1 Motivation

Machine learning with Artificial Neural Networks (ANNs) can learn and perform a
wide range of useful tasks [I]. However, neural networks require significant energy,
which is a major limitation for energy-constrained applications [2]. This energy
inefficiency has led to interest in alternative computational methods.

Neuromorphic computing has emerged as a promising approach to reduce the
energy costs associated with neural networks [2, 13| [4]. These systems, inspired by
the brain’s energy-efficient computation, aim to achieve substantial improvements
in energy efficiency. Neuromorphic hardware that implements Spiking Neural Net-
works (SNNs), which are neural networks that use spiking neurons to more closely
mimic biological neural networks, offers a viable solution to the energy inefficiency
problem [5 [4]. However, to fully realize the potential of neuromorphic comput-
ing for energy-efficient training and inference, compatible learning algorithms are
needed [2]. This thesis aims to address this gap in suitable learning algorithms for
training SNNs in neuromorphic hardware.

1.2 Review of Concepts

1.2.1 Neural Networks

Artificial Neural Networks (ANNs) are powerful machine learning models designed
to learn and perform specific tasks when trained on sufficient data. The term
"Neural Network” is derived from their resemblance to the human brain’s net-
work of interconnected neurons. ANNs consist of nodes (neurons) with nonlinear
activations and weights that connect these nodes with varying strengths. These
networks are typically organized in hierarchical layers, and when multiple layers
are present, they form deep neural networks [6].



Neural network learning methods, and machine learning in general, can be
subcategorized into supervised learning, unsupervised learning, and reinforcement
learning. Supervised learning aims to learn input-output relations from labelled
data to predict outputs from inputs [7]. Unsupervised learning aims to identify
patterns in unlabeled data for various purposes [§], while reinforcement learning
aims to make decisions through trial and error by interacting with an environment
and receiving feedback in the form of rewards [9]. This work focuses solely on
supervised learning.

Hidden Layers

QAVAVAYZ

wioy

Output Layer

wib w w3

Figure 1.1: Schematic of a feedforward neural network. Feedforward neural
network architecture with an input layer, 3 hidden layers, and an output layer.

Feedforward Neural Networks

A feedforward neural network, as depicted in Figure consists of an input layer,
one or more hidden layers, and an output layer. Each layer contains neurons that
are connected to the neurons in the previous and following layers by weighted

edges [1].

Consider a feedforward neural network with L layers. Let x be the input vector,
W® the weight matrix, and ) the bias vector for layer (I). The output of the
(1)-th layer, a¥), is computed as:

SO — p00-1 L p0

a = a(z(’))

where 2 is the input to layer (1), a1 is the activation from the previous
layer, and o is the activation function. Common activation functions include the
sigmoid function, ReLU (Rectified Linear Unit), and tanh [10].



The Supervised Learning Problem

In supervised learning, the goal is to learn a mapping from inputs x to outputs y
using a labelled dataset {(z;,9;)}~,. The neural network is trained to minimize a
loss function £ that measures the difference between the predicted output y and
the true output g [11].

A general form of the loss function can be written as:

1 N
L= N izle(yiayz)

where £(y;, ;) is the loss for a single prediction. This form can represent
various specific loss functions, such as mean squared error (MSE) for regression
or cross-entropy loss for classification [12].

1.2.2 Synaptic Plasticity

Synaptic plasticity is fundamental to learning in neural networks. The learning
problem is a matter of finding the right values of synaptic weights in the network
which is done by making changes to these weights to achieve an optimal network
state. Synaptic plasticity refers to these changes in the strengths of synaptic
weights in the network. The mechanisms of synaptic plasticity are what determine
how a network learns.

Backpropagation

To minimize the loss function, the backpropagation of error algorithm is used to
compute the gradients of the loss with respect to the network parameters (weights
and biases). These gradients are then used to update the parameters using an
optimization algorithm, typically stochastic gradient descent (SGD) or one of its
variants [13].

The gradient of the loss function with respect to the weights in layer [ is
computed using the chain rule:

oL
oW

— 50 (a(lfl))T

where 6% is the error term for layer I:

da(L)

5O — 0% © o' (1) if [ is the output layer
| (WED)TEED 6 67 (2M)  otherwise



Here, ® denotes the element-wise multiplication, and ¢’ is the derivative of the
activation function [IJ.

Once the gradient is calculated, the weights are updated in the direction that
minimizes the loss function, with magnitude determined by the learning rate, n:

oL
0 o _ 2=
WY W YT

This is repeated until the loss function reaches a minimum and learning has
converged.

Stochastic Gradient Descent

Gradient descent optimization can refer to either standard (batch) gradient descent
or stochastic gradient descent (SGD).

Standard (Batch) Gradient Descent calculates the gradient of the full loss
function, which is the average loss over the entire dataset:

1 N
= =ty
L N2 (Yi, i)

The weights are updated after processing all data points. While this method
ensures stable convergence, it can be computationally expensive and slow, espe-
cially for large datasets and quickly becomes infeasible [14].

Stochastic Gradient Descent (SGD) calculates the gradient of the loss function
using only a single data point at a time:

L; = U(yi, i)

The weights are updated after each data point. By updating the network
after each data point rather than processing all data points, the network can
converge faster with reduced computation and memory requirement, though this
may introduce instability into the learning process [15].

1.2.3 Neuromorphic Hardware

Neuromorphic hardware is an approach to computing that aims to mimic the
structure and function of biological neural networks. The field is driven by the
need for more energy-efficient systems for running artificial neural networks. Neu-
romorphic systems aim to significantly reduce energy consumption without com-



promising computational capabilities, making them ideal for applications where
energy efficiency is critical [5].

Neuromorphic computing encompasses a range of technologies and method-
ologies. These systems are typically associated with Spiking Neural Networks
(SNNs) [3], though there are many examples of neuromorphic systems that do not
implement SNNs [16]. This thesis is specifically relevant to spiking neuromorphic
systems. Spiking neuromorphic systems running SNNs use discrete, binary events
(spikes) to represent and transmit information. Inspired by the brain, spiking
neuromorphic systems are event-driven, processing information only when events
occur, rather than being clock-driven, to reduce power consumption. They also
rely on parallel processing, performing operations in parallel to improve the speed
and efficiency of computation [4].

Neuromorphic systems can be broadly categorized into three types: digital,
analog, and hybrid. Digital neuromorphic systems, such as IBM’s TrueNorth
[17] and Intel’s Loihi [I§], use digital circuits to emulate neural behaviour. They
offer high precision and are easier to scale but consume more power than analog
systems. Analog neuromorphic systems, like BrainScaleS [19], use analog circuits
to directly emulate neural dynamics. These systems have the potential for greater
energy efficiency but face challenges in scaling and precision. Hybrid systems, such
as the Tianjic chip [20], combine both digital and analog elements to leverage the
advantages of both approaches.

Applications for neuromorphic hardware are emerging in fields where real-time,
energy-efficient processing is essential. Neuromorphic systems are useful in edge
computing, where computation is performed in devices rather than in centralized
servers to reduce latency, making energy efficiency essential [21]. Brain-computer
interfaces (BCIs) may benefit from neuromorphic hardware’s ability to process
neural signals efficiently [4], 22]. Adaptive control systems are another application
where neuromorphic hardware can enable rapid, low-power decision-making for
robotics and industrial automation [16].

Despite their potential, neuromorphic systems face several challenges. Scaling
neuromorphic systems to incorporate larger numbers of artificial neurons while
maintaining energy efficiency is a significant challenge in terms of hardware design
[17]. Programming neuromorphic systems is another challenge, which has led
to the development of specialized neuromorphic programming frameworks [I§].
Another critical challenge, and the focus of this thesis, is the development of
efficient learning algorithms for neuromorphic hardware. While traditional neural
networks rely on backpropagation, this algorithm is not directly applicable to
most neuromorphic systems due to its dependence on a separate memory to store
information for the gradient calculation, necessitating the development of new,
hardware-compatible learning approaches [23 [24].



1.2.4 Spiking Neural Networks

SNNs are a special type of ANN that can be run in spiking neuromorphic hard-
ware. They share the fundamental structure of nodes connected by weights but
differ significantly in operation from neural networks made of point neurons. In-
stead of continuous value activations, spiking neurons communicate using binary
signals known as spikes, similar to action potentials in biological neurons. spik-
ing neurons have a dynamic state represented by a membrane potential, unlike
the static nonlinear activations in ANNs. While ANNs are simply functions that
produce a static output given a static input, SNNs process time-varying inputs to
produce time-varying outputs [25].

There are many types of spiking neurons which may be implemented with
neuromorphic systems ranging in complexity including various integrate-and-fire
neurons and more biologically realistic Hodgkin-Huxley neurons. Leaky integrate-
and-fire (LIF) neurons are a common choice because they are relatively simple to
simulate and implement in hardware [20].

Leaky-Integrate-and-Fire Neuron

LIF neurons integrate inputs and decay exponentially at a rate determined by
their membrane time constant. The leaky integrator dynamics can be modelled
by a basic RC circuit [27]. When the membrane potential reaches a threshold, the
neuron fires a spike and undergoes reset dynamics.

Mathematically, the membrane potential V' (¢) of a LIF neuron evolves accord-
ing to the following differential equation:

dv(t) I(t)
g = V) =B

where 7 is the membrane time constant, g; is the leak conductance, Fy is
the leak reversal potential, and I(t) is the input current. When V'(¢) reaches a
threshold V4;,, the neuron emits a spike, and the membrane potential is reset to
a resting potential Vieet. Figure illustrates the simulated time evolution of
the membrane potential of a Leaky Integrate-and-Fire (LIF) with a noisy input
current.

In a spiking neural network (SNN), the input current /(¢) to a LIF neuron is
the weighted output of other neurons:

I(t) = Zwiij(t)

where w;; represents the synaptic weight from neuron j to neuron 7, and S;(¢)
is the spike train of neuron j [25].



In summary, the LIF neuron operates by integrating the weighted contributions
from other neurons, decays over time, and generates spikes when its membrane
potential reaches the threshold.

___________________________

\

Membrane potential V(t)

Membrane potential (mV)

- Threshold potential Vg,
- Reset potential Vieger
- 5(t)

0 20 a0 60 80 100
Time (ms)

Figure 1.2: Time Evolution of a Leaky Integrate-and-Fire (LIF) Neuron
with Noisy Input. Membrane potential V(¢) of an LIF neuron for 100 ms,
subject to noisy input current. The parameters used in the simulation are: mem-
brane time constant 7 = 10.0 ms, leak reversal potential £, = 0.0 mV, threshold
potential Vipreshola = 1.0 mV, reset potential Vet = 0.0 mV, leak conductance
gr, = 1.0 pS, mean input current I, = 1.0 nA, and standard deviation of the noise
noise_std = 5.0 nA.

Neural Coding

A fundamental aspect of Spiking Neural Networks (SNNs) is how they encode and
transmit information through spikes. When designing an SNN algorithm, both
the encoding of input information and the decoding of output information must
be considered. Common coding methods include rate coding, where information
is represented by the frequency of spikes, and latency coding, where information is
represented by the timing of specific spikes [28]. Other encoding methods include
phase coding and burst coding [25, 29].

Rate coding is more robust to noise. It is conceptually similar to traditional
neural networks since neuron activation can be interpreted as analogous to neuron
firing rates. Latency coding, while potentially more information-dense and energy-
efficient, typically requires more specialized learning approaches [30]. This work
focuses on training rate-coded SNNs.



1.2.5 Simulating SNNs

While the motivation for developing SNNs is for implementation in spiking neu-
romorphic hardware, these networks can be simulated on CPUs or GPUs.

To simulate SNNs, the continuous-time dynamics of the neurons are approxi-
mated in discrete timesteps. This discretization allows for the numerical integra-
tion of the differential equations governing the neuron’s behaviour. The forward
Euler method is a simple and commonly used numerical integration method [31].

Using the forward Euler method, the membrane potential V' (¢) of a LIF neuron
at a discrete time step t + At can be updated as follows:

(- -5+ 19)

ar

At
V(t+ At) =V (t) + —
-

where At is the timestep size, 7 is the membrane time constant, E; is the

leak reversal potential, I(t) is the input current, and gy, is the leak conductance.
Figure illustrates a simulated LIF neuron over time.

In a feedforward spiking neural network, the input to layer [ at time ¢ can be
set either as the output of layer [ — 1 at the same time ¢ or the previous time step
t — 1, which may impact the behaviour of the network. In this thesis, the former
option is used in simulations.

1.2.6 Training SNNs

There are various methods for training SNNs based on backpropagation and synap-
tic plasticity.

Backpropagation for SNNs

Training Spiking Neural Networks (SNNs) with backpropagation is more complex
than for non-spiking Artificial Neural Networks (ANNs) due to the discontinuity
of spikes, which prevents the definition of an exact gradient for credit assignment.
However, several methods have been developed to enable the use of backpropaga-
tion for SNNs.

Artificial neural network (ANN)-SNN Conversion involves training a non-spiking
ANN and then converting the network parameters to an SNN. The nonlinear ac-
tivations of the ANN are interpreted as firing rates in the SNN. This approach
leverages the straightforward training of ANNs and transfers the learned param-
eters to the SNN, maintaining similar performance [32].

Backpropagation can be done in SNNs by considering the timing of spikes.



Spikeprop performs backpropagation using the precise spike times to calculate
gradients [33].

Backpropagation-through-time, a method for training recurrent neural net-
works where the error is calculated backwards through the duration of the for-
ward pass, can also be applied to SNNs with Surrogate Gradient Descent. This
method accomplishes this by approximating the discontinuous gradient of spike
events with a smooth surrogate gradient [34].

While these methods are effective, they are not suitable for training SNNs with
neuromorphic hardware since they involve nonlocal computations. As a result,
alternative approaches must be explored to train SNNs in spiking hardware that
operate on local, spike-based learning rules [23].

Local Learning and the Weight Transport Problem

The principle of locality is crucial for learning in neuromorphic systems. Local
learning rules operate under the constraint that updates to synaptic weights are
based only on information available at the location of the synapse at the time of
plasticity.

Backpropagation violates this principle in two significant ways. It requires
global information from the forward pass about the state of neurons and spike
times to calculate the gradient in the backward pass, thus violating temporal
locality. Further, backpropagation assumes that the exact weights used during
the forward pass are available during the backward pass to compute the gradients.
This is known as the weight transport problem, which arises because the weights
W® must be accessible across the network for accurate gradient calculation [35].

Mathematically, the gradient of the loss function £ with respect to a weight

wg-) connecting neurons ¢ and j in layer [ is given by:

OL _ s (-

0 J (
8wij
where 5]@ is the error signal at neuron 5 in layer [, and agl_l) is the activation
of neuron 7 from the previous layer. This calculation necessitates that the weights
wg) used in the forward pass are available during the backward pass, requiring
a global communication mechanism that is impractical for neuromorphic systems
[35].

Neuromorphic systems must rely on local synaptic plasticity, where learning
rules adjust synaptic weights based solely on local information, such as the timing
of pre and postsynaptic spikes and the state of the synapse. If error propagation
is required, it must be done in a way that bypasses the weight transport problem
[23].
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Spike-Time-Dependent Plasticity

Spike-time-dependent plasticity (STDP) is a well-established family of local learn-
ing rules, derived from Hebbian learning, that determines synaptic plasticity based
on the precise timing of pre- and postsynaptic spikes [36]. However, STDP does
not incorporate the backpropagation of credit-carrying error information typi-
cally used for supervised learning. Therefore, additional methods are needed for
local supervised learning in neuromorphic hardware. One such method is burst-
dependent learning, which combines the principles of STDP with backward error
propagation to enable supervised learning in these systems [24].

Burst-Dependent Learning

Burst-dependent learning, or Burstprop, is a method for training hierarchical
rate-encoded spiking neural networks (SNNs) using single-phase local learning.
It approximates backpropagation by performing credit assignment through two-
compartment neurons, each with a separate soma and apical dendrite. The soma
integrates feedforward signals, while the apical dendrite handles feedback error sig-
nals. Burstprop operates by multiplexing distinct error signals, or bursts, which
are transmitted backward through the network and integrated by the apical com-
partment. The error information guides synaptic plasticity as the network pro-
cesses feedforward information [24] [37].

While Burstprop is a promising learning algorithm for training spiking neural
networks (SNNs) in neuromorphic hardware, its experimental applications have
been limited. It has only demonstrated success in solving a simple spiking exclusive
or (XOR) task. XOR is an operation where the output is true if and only if the two
inputs differ and serves as a simple problem to demonstrate the nonlinear learning
capabilities of the algorithm. It is also unclear whether it can be implemented
without violating the weight transport problem. To extend its utility and potential
to facilitate learning in neuromorphic hardware, further improvements are needed
to enable Burstprop to address more complex learning problems.

1.3 Statement of Problem

Burstprop has shown preliminary success in coordinating local learning in SNNs.
While initial experiments solving a spiking XOR task yielded positive results, this
task is far simpler than most real-world applications of neuromorphic learning.
Additionally, solving this task with Burstprop required a network of thousands of
spiking neurons, which is highly inefficient for such a simple problem [24] [37].

These initial experiments leave several questions unanswered that are crucial
for evaluating the potential usefulness of Burstprop in neuromorphic learning ap-
plications. Specifically, can Burstprop learn more efficiently with networks of
fewer neurons, and does it scale to more complex supervised learning problems?
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Furthermore, can these improvements be achieved while avoiding weight trans-
port and using low-resolution weights? This thesis aims to improve the Burstprop
algorithm to address these questions.

1.4 Proposed Solutions

To address the limitations of the Burstprop algorithm, this thesis proposes several
enhancements aimed at improving its efficiency, scalability, and practical applica-
bility in neuromorphic learning systems.

Firstly, we simplify network simulation by using a marked point process to
replace bursts and spike firing patterns. This approach eliminates the need to
simulate short-term synaptic plasticity dynamics and allows the use of a simpler
neuron model. Additionally, we introduce a local regularization method to reduce
network activity and enhance the stability of the learning process. Furthermore, a
ternary burst signal is implemented to improve the precision of error propagation
and synaptic plasticity.

To address the weight transport problem, we incorporate feedback alignment
and direct feedback alignment methods into the Burstprop algorithm. We also
develop a method enabling Burstprop to learn on a network with low-resolution
synaptic weights.

For evaluation, Burstprop is tested on a rate-encoded spiking version of the
MNIST handwritten digit dataset, a commonly used dataset for training and
testing machine learning algorithms, to demonstrate its learning capabilities. The
learning process is simulated on a CPU using Python, using discrete time steps
and the forward Euler method to calculate neuron dynamics.

1.5 Outline of Thesis

The outline of the thesis is as follows: Related Work and relevant background
on neural network learning methods are described in Chapter 2. The methods
describing the specific details of the Burstprop learning algorithm are described
in Chapter 3. The experimental results of the algorithm applied to the spiking
MNIST handwritten digit dataset are outlined in Chapter 4. The conclusion and
future work are discussed in Chapter 5. Chapters 2-4 are included in the article by
the same title as this thesis, submitted to IOPScience Neuromorphic Computing
and Engineering.
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Chapter 2

Background

2.1 Learning in SNNs

Multiple methods for training SNNs have been developed. We first distinguish
methods relying on non-local plasticity rules from those using local ones. The
local plasticity rules can be further separated into burst-dependent plasticity and
spike-timing-dependent plasticity.

2.1.1 Non-Local Learning Methods

Nonlocal learning methods for SNNs include ANN-SNN conversion [38], [39] 40, 41]
and backpropagation-through-time (BPTT) [42] [43]. With ANN-SNN conversion,
a rate-based neural network is trained using the backpropagation algorithm which
is then converted to a spiking neural network. In real applications, imperfect
conversions will strongly alter performance, but this can be remedied with further
fine-tuning [44]. With BPTT, backpropagation is performed on an SNN by using
surrogate gradients to propagate the gradient through the spiking nonlinearity.
To backpropagate gradients through time, the gradient must keep track of the
network state and activity at each previous time step. This algorithm is therefore
highly nonlocal (but local approximations have been derived [45]). These methods
do not address the problem faced with training neuromorphic online, we will use
these methods to provide a point of reference for the performance metrics.

2.1.2 Spike-Time-Dependent Plasticity Learning Methods

Spike-time-dependent plasticity (STDP) alters connectivity according to the rela-
tive timing of spikes in the presynaptic and postsynaptic neurons and is therefore
fully local. One local learning algorithm, proposed by Kappel et al. [46] combines
a STDP plasticity rule and winner-take-all dynamics and recurrent excitation to
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approximate hidden Markov model learning in SNNs. Relatedly, Diehl and Cook
[47] combined STDP with winner-take-all dynamics to train a non-recurrent net-
work. Reading out the resulting representation with a supervised plasticity rule,
they showed that a single layer could achieve 95% accuracy on MNIST. As only
the readout is supervised, this method is sometimes referred to as unsupervised.
Another STDP approach combines a trace set by relative coincidence and a global
reinforcement by reward-associated signals [48, 49, [50], but such three-factor learn-
ing rules tend to scale poorly on problems having a high number of dimensions.
Also, how these STDP approaches can scale to multiple layers in a hierarchy re-
mains unknown.

2.1.3 Burstprop Learning Methods

Another class of local learning algorithms depend on separate somatic and den-
dritic compartments to represent both feedback error signals and inference sig-
nals within the neuron, often through a rate-based representation [51], 52, 53,
54]. For spiking neural networks, burst-dependent algorithms exploit the target-
dependence of short-term plasticity [55, [56, 57], dendrite-dependent bursting [58]
59] and burst-dependent plasticity [60, 61, 62, 63] to perform credit assignment
in a way that approximates backpropagation [64] 37, [65]. These burst-dependent
learning methods, referred to as ‘Burstprop’ algorithms, can in principle allow for
multilayer local learning in SNNs.

The original formulation [64] of the algorithm learns online but with signals
coming in two phases. An initial phase in which synaptic plasticity was disabled
was required to determine each neuron’s baseline burst probability which was
then used in the second phase to calculate synaptic plasticity, violating temporal
locality. A second formulation of the algorithm (called BurstCCN [37]) adapted
the learning rule for single-phase learning by including a second feedback pathway
that communicates spike signals such that a baseline burst probability can be
preset, avoiding the need for two phases. Addressing complex problems with
these algorithms has been almost entirely limited to rate-based networks. Spiking
proof-of-principles were done on the XOR problem.

2.2  Weight-Transport-Free Learning

Approaches approximating the backpropagation of error algorithm face a problem
known as the weight-transport problem. To accurately approximate the gradi-
ent, the feedback pathways must have synaptic weights that are symmetric to
feedforward weights (symmetric feedback). Such direct weight-transport involves
nonlocal communication weight values between synapses and must be avoided for
learning in spiking neuromorphic hardware. Many solutions have been proposed
[66], 67, 68, 69, [0}, [64], [7T), [72], including imposing random but static feedback con-
nectivity (feedback alignment [66] [67]) and learning rules that seek to transport
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the weights by exploiting correlations in the activity patterns [69, [64] [71].

2.2.1 Feedback Alignment Methods

It has been shown that feedback weights need not be initialized as symmetrical
to feedforward weights, nor to be kept tightly symmetrical throughout learning
to effectively train networks using backpropagation [66]. As long as feedforward
weights are initialized such that, if the weights were represented as a vector, it is
within 90° of the feedback weight vector, feedforward weights trained with back-
propagation tend to align with feedback weights, leading to accurate credit assign-
ment and effective learning. Since feedforward synapses must align with feedback
synapses, this method is referred to as feedback alignment (FA) [66]. Building
upon this work, direct feedback alignment (DFA) uses random feedback weights
directly connecting network outputs to each layer and has also been shown to be
effective for learning with backpropagation [67]. While these methods are effective
for training shallow, rate-based neural networks, their efficacy tends to decrease
with increasing network depth [73] [74), [75].

The question of whether these techniques also scale to spiking neural networks
has been partially addressed in Samadi et al. [68], where a spiking feedforward
inference phase was combined with an analog learning phase that follows the back-
propagation of error algorithm. Zenke and Ganguli [76] have similarly paired a
spiking inference phased with analog, non-local, BPTT learning. Relatedly, Zhao
et al. [77] have studied SNNs receiving direct but analog gradient information.
Xing et al. [78] have used a signed spiking communication for the feedforward
inference phase, but again paired with analog BPTT communication of gradients.
In Payeur et al. (2021) [64] a fully spike-based communication of both feedfor-
ward and learning signals, but the feedback alignment approach was only applied
to the XOR problem. The present work focuses on MNIST in a fully spiking
communication of both feedforward and learning signals.

2.2.2 Learned Feedback

Several methods implement a learning rule on feedback synapses, allowing them
to align with feedforward weights. With the Kolen-Pollack method [79], weight
symmetry is achieved by assigning the same plasticity rule to feedforward and
feedback synapses and including a weight decay term. While this is effective
in aligning weights, the necessity of weight decay may be a problem for some
learning methods. Phaseless Alignment Learning (PAL) aligns feedback weights to
feedforward weights by learning feedback weights from neuronal noise [71] outside
of the presentation of examples. Another algorithm proposed by Burbank [80] uses
temporally opposed STDP learning rules on feedforward and feedback synapses
to successfully train a spiking autoencoder network. Similarly, Payeur et al. [64]
provide a spike-based learning rule for learning the alignment of feedback synapses,
which have not been tested on SNNs. These methods form a conceptual rationale
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for implementing symmetry as a partially accurate bypass of the learned feedback
method.



16

Chapter 3

Methods

3.1 Neuron and Synapse Model

3.1.1 Somatic Compartment

Each neuron’s soma follows Leaky Integrate and Fire (LIF) dynamics:

dvi(t) (1)
T —(Vi(t) — Ep) + "

(3.1)

where V;(t) represents the somatic membrane potential, 7, the membrane time
constant, E the resting potential, g the leak conductance, and I4(t) the input
current. In our experiments, the somatic membrane time constant was set to
Ts = 10ms. The neuron fires an event when V() exceeds the threshold potential
Vihreshold, following which V() resets to Vieget:

if V:s(t) Z V;;hresholdy then ‘/s(t) — ‘/;eset- (32)

Rescaling to dimensionless variables , we define I, =1, /91 (Vinreshola — Er) and
Vs = Vi — EL/(Vinreshola — FL), equation (1) becomes

= —Vi(t) + L(1). (3.3)

Every time the somatic voltage crosses the threshold, an event is emitted. This
event can be either a single spike or a burst (see next section). Although in
biology a burst means several spikes at a high frequency, here they are modelled
as a marked point process, tagging every event with a type.
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3.1.2 Eligibility Trace

We use eligibility traces, Ej (t), to indicate the eligibility of individual synapses
connecting from a lower-order neuron j to some other higher-order neuron:
dE;(t)

rp = = —E;(t) + 5(0). (3.4)

Here the event train S;(t) = >, 0(t — t,(;)), where t,(f) is the k™" event time from
neuron ¢. The eligibility trace time constant was to 7; = 10 ms.

3.1.3 Dendritic Compartment and Burst (Generation

Dendrites come with different properties to the neuron’s soma [81]. Here the den-
dritic compartment refers to an apical-like dendrite with a segregated membrane
potential that can nonlinearly integrate feedback information to modulate neuron
burst generation. It follows leaky integrator dynamics, using dimensionless inputs
and membrane potential:

VO _ Gy0) + L) (3.5)

where V,(t) represents the re-scaled dendritic membrane potential, 74 is the den-
dritic membrane time constant, and [, is the re-scaled net dendritic input. We set
the dendritic membrane time constant to 7, = 10 ms.

Td

There is no threshold in the dendritic compartment, instead, every time the
soma emits an event, the state of the dendrite is used to determine if this event is
a burst or a single spike. We consider two bursting models.

In the unsigned bursting model, the probability that an event is made into a
burst is proportional to the dendritic potential V,, we use a sigmoidal relationship
Pg(Vy(t)|event at t) = a(Vy(t)) = m

In the signed bursting model, two types of bursts can be emitted: long bursts
and short bursts. Either type of burst can only be generated upon the firing of
an event from the soma. Given a somatic event, a burst is generated according
to the symmetric function Pg(V(t)|event at t) = tanh(abs(V;)). If a burst is said
to be generated, the sign of V(t) is used to determine its type. If V, <0, a
short burst is generated. If on the other hand Vj; > 0, a long burst is generated.
Because they represent the sign of the dendritic input, we refer to short and
long bursts as negative and positive bursts, respectively. In this model, burst
generation triggers a reset of the dendritic potential to the baseline, comparable
to the somatic membrane potential reset upon a neuron spiking. This adds some
refractoriness allowing the algorithm to better approximate backpropagation.
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3.2 Network Architecture

The SNNs consist of an input layer of 784 units, corresponding to the number of
pixels in each sample image in the MNIST handwritten digit dataset. An example
of an image sample can be found in 3.1} There are 1, 2, 3 or 4 hidden layers
consisting of 100, 200, 400 or 800 hidden neurons as specified in the figures and
associated text. The output layer of 10 neurons corresponds to the 10 classes of the
MNIST dataset. Except for input units, each unit follows the two-compartment
model described above. The network inputs (see Sect. , as well as any con-
nection between hidden layers or from the hidden layer to the output layer follow
the fully connected configuration. Weights are allowed to be positive or negative.
The label corresponding to the network’s class is used in calculating the network’s
output error and teaching signal (see Sect. .

3.3 Synaptic Communication and Multiplexing

In our fully connected hierarchical SNNs, the credit-carrying information is com-
municated by multiplexing feedforward signals using events and feedback error
signals using bursts. For the feedforward signals, we assume that synapses oper-
ate instantaneous changes in postsynaptic membrane potential upon every event.
The input 1 12 (t) to the soma of neuron i is defined by the equation:

IO) = wiS;(t). (3.6)

In this equation, w;; is the feedforward synaptic weight from lower-order neuron
J to higher-order neuron ¢ and S;(t) is the event train of neuron j.

3.3.1 Unsigned burst Communication

For the feedback signals, we again assume that synapses operate instantaneous
changes in postsynaptic membrane potential, but upon every burst. We further
enforce that these feedback connections target the apical dendrite and therefore
only affect the dendritic input [ (gl) (t) of a given neuron i. In the unsigned burst
model, we have

It =" by B(t) + I (3.7)
J

where b;; are the feedback synaptic weight from higher-order neuron j to lower-
order neuron ¢ and B;(t) is the burst train of neuron j. The additional current
I, appears due to recurrent inputs, see Sect. [3.4.2]
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3.3.2 Signed burst Communication

In the signed burst model, we assume the type of burst can dictate the sign of the
post-synaptic effect:

= > bs(Bf () = By (1) + [0 (3.8)

We note that since the same feedback weight b;; operates on two distinct outputs
of a neuron, this model requires weight transport.

3.3.3 Multiplexing

In both signed and unsigned bursting models, when a neuron fires an event, the
probability of that neuron sending a positive or negative error signal backward in
the network is modulated by the dendritic potential of the neuron, V;, as demon-
strated in Figure [3.2] Similarly, the event rate is proportional to the integrated
somatic input (proportional to Vj if there were no reset). Thus the burst prob-
ability and the event rate represent two different signals simultaneously. Since
each neuron integrates error signals from all higher-order neurons in its dendritic
compartment and through the burst generation mechanism, the burst probability
signal represents the signal that started with the input onto the apical dendrites
at the top of the hierarchy and then backpropagates through it. This allows for
the simultaneous online communication of credit-carrying error information from
higher to lower-order neurons and feedforward, inference signals from lower to
higher-order neurons.

3.4 Teaching Signals and Target Rates

For dendritic inputs to be conceived as providing error signals, we inject a teaching
signal at the top of the hierarchy (Sect. [3.4.1)) and a layerwise regularisation signal

(Sect. |3.4.2)).

3.4.1 Teaching Signals

Teaching signals are used for supervision, applyin them recurrently to the den-
dritic compartments of output neurons such that I reC ) for these neurons.
These signals are derived from the exponential movmg average of the neuron’s
ﬁring rate, F(t), using the same time constant as for the eligibility trace (see Sect.
3.1.2). The teaching signal, T'(t) is calculated as the derivative of the local error,
5T(E(t),E), of the neuron’s instantaneous firing rate, E(t) with respect to the
neuron’s target rate, E. For the neuron corresponding to the correct output class,
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a high target rate of E = 200Hz is set, and for all other neurons, a low rate of
E = 20Hz is used. With this target, the teaching signal becomes

(%T

550 =~ ~ B) (39

Ti(t) = r

where e corresponds to a square error loss. Here vy controls the strength of the
teaching signal. This differential in target rates will backpropagate and control
synaptic plasticity through the network, ensuring the correct output neuron be-
comes more active while other output neurons are suppressed. We found that a
teaching signal strength of 47 = 1072 produced a strong enough teaching signal
to steer plasticity while avoiding error signal saturation.

3.4.2 Hidden target rates

Similar to the teaching signals applied to output neurons, hidden neurons receive
recurrent regularization signals, such that Irf%(t) = R;(t) for all neurons except
input neurons and output neurons. We use a uniformly low target rates £ = 20 Hz:

aif(i) = —2yp(E — Ei(t)). (3.10)

Ri(t) =R

for €p a squared error loss. This R;(t) affects the apical dendrite of the same layer
as E;(t). We set 7z = 107° < 77 such that the regularization does not suppress
the error information due to the teaching signal. This approach regulates the firing
rates of hidden neurons, thereby promoting sparsity and stability in the network’s
learning process.

3.5 Plasticity Rule

The synaptic plasticity rule is the mechanism by which changes are made to the
strengths of synaptic weights in the network, allowing for learning. Our algorithm
utilizes a local spike-based learning rule to approximate backpropagation-based
gradient descent. The synaptic weight changes are calculated as

dw; = _
2= Ey(0)(B7 (1) — By (1) (3.11)
for the signed bursting model, and
dwi' ~
25— (1) (Bi(t) ~ BrSi(1) (312)

for the unsigned bursting model. Here, Bp is the baseline burst probability. The
parameter 7 represents the learning rate and was set to n = 10~ to achieve stable
learning.

For the signed bursting model, synaptic weight changes, occur upon postsy-
naptic burst generation, with the sign of the weight change determined by the type
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of burst. For the unsigned bursting model negative weight changes occur upon
postsynaptic spikes and positive weight changes occur upon postsynaptic bursts.
In both models, the magnitude of plasticity is proportional to the presynaptic neu-
ron’s eligibility trace and the postsynaptic event rate. Plasticity, then, depends
on three factors: the activity of the presynaptic neuron (via the eligibility trace),
the postsynaptic neuron’s activity (triggering plasticity), and the integrated up-
stream error (via the burst fraction or burst type fraction). These three factors
are essential to emulate the backpropagation of error algorithm, where weight
adjustments of a given unit depend on three factors: the incoming activity, the
derivative of the unit’s activity with respect to the sum of its inputs, and the
integrated downstream error.

It is worth noting the distinct behaviour of signed and unsigned conditions in
the absence of any postsynaptic error (V;(t) = 0). For the unsigned burst model,
this condition results in a burst probability of 0.5. Because V; = 0 corresponds
to the absence of dendritic input, we call the resulting output burst probability
the baseline burst probability. In the associated plasticity rule, the parameter,
Bp = 0.5, is chosen to match this baseline burst probability, such that there is a
balance between positive and negative weight changes. We note that although this
ensures that Aw = 0 on average when Vy(t) = 0, the fluctuations around this can
cause drifts in the learned state over time. For the signed burst model, plasticity
is more stable because the probability of burst generation is 0 when V() = 0 so
no plasticity can occur.

3.6 Low-Resolution Weights

To implement low-resolution synaptic weights, N? — 1 evenly spaced possible
weight values were determined ranging from -1 and 1, where N is the weight
resolution in bits. The magnitude of the interval between possible weight values is
referred to as e. This low resolution was imposed on initial weights and required
an adaptation of the plasticity rule.

Initial weights (see Sect. were rounded to the nearest possible weight value.
During learning, an additional plasticity accumulator variable is added for each
synapse. Plasticity is calculated according to the learning rule and added to the
accumulator variable. Once a synaptic accumulator reaches 40.5¢, the synaptic
weight potentiates or depresses by € and the accumulator variable weight resets.
In this way, the network can learn with low-resolution weights while still having
an effective learning rate of less than e.

3.7 Weight Initialization

Feedforward synaptic weights were initialized from a normal distribution with
standard deviation proportional to the square root of the number of presynaptic
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neurons to ensure stable learning [82]. It was found that to ensure error signals
do not saturate, feedback weights had to be scaled by the number of higher-order
neurons divided by the number of lower-order neurons in the layers connected by
these weights. For the symmetric feedback implementation, feedback weights are
aligned to feedforward weights. For FA and DFA, feedback weights were initial-
ized from a normal distribution with the standard deviation scaled according to
the number of higher-order neurons divided by the number of lower-order neu-
rons while ensuring initial feedback weight matrices are within 90° of feedforward
weights, as is done in [66].

3.8 Input Encoding

In our study, we encoded the MNIST Digit Classification Dataset images for a
spiking neural network. The dataset consists of 60,000 training and 10,000 test
grayscale images, each 28x28 pixels [83]. The images were normalized so that the
average pixel intensity of each image was constant. Pixel intensities, ranging from
0 to 1, were linearly mapped to firing rates between 20 Hz and 200 Hz following
a Poisson process. Accordingly, each pixel in each image was converted into an
input unit spike train of a duration of 100 ms.

3.9 Simulation Methods

We simulated the SNNs using a CPU with Python. Neuron dynamics were simu-
lated using the forward Euler method with a 1 ms time step. For each time step,
the network was updated from the input layer to the output layer. Feedforward
inputs to a layer were taken from the lower-order outputs at the same time step
and feedback inputs to a layer were taken from the higher-order outputs at the
previous time step.

3.9.1 Training

During training, samples from the MNIST dataset are presented to the network
sequentially. Teaching signals are applied continuously, and plasticity is engaged
throughout the 100 ms. Neuronal state variables (V; and Vj), eligibility traces (E)

and rate estimates (F) are reset to zero at the end of each sample presentation.

3.9.2 Testing

During testing, test samples are presented the same way as in the training phase,
but there are no inputs to the dendrites and plasticity is off. The most active
output neuron over the sample duration decides the network’s predicted class.
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3.10 Backpropagation-Through-Time

We compare our results with a backpropagation-through-time method using sur-
rogate gradients [42]. We use the sigmoid function to approximate the spike dis-
continuity in the backward pass. The neurons follow the same dynamics, with the
same parameters as the somatic neuron compartments previously described. We
trained the network on the same input encoding, with each sample presented also
for 100 ms and used a learning rate of n = 2 x 10~* to balance stability and speed
of learning.
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Figure 3.1: Overview of Burstprop connectivity and signal transmission:
A. Schematic of the core spiking neural network architecture. Note that feedfor-
ward inputs target somas and feedback inputs target feedback. B. Schematic of
the core unit. Neuron receives feedforward inputs to its somatic compartment,
transmits events to higher-order neurons in the network and bursts/events to
lower-order neurons in the network. The neuron’s local error is calculated from its
average firing rate and target rate and the error signal applied to the neuron’s api-
cal dendrite, combined with error signals received from the higher-order neurons.
C. Schematic of the network spiking neural network used in the MNIST classi-
fication task. A sample image is converted to input Poisson spike trains which
are propagated forward through the network. Each red circle corresponds to a
neuron with a soma, a dendrite and a self connection as in panel B. The output
layer provides the prediction according to the highest firing neuron. An error is
continuously calculated and fed back to the output layer. Black lines are meant
to indicate the presence of a connection in both directions, according to panel A.
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Figure 3.2: Dendritic potential steers direction of plasticity for synapses
to neurons. A. Time-varying dendritic potential following a sine curve. B.
Burst probabilities. Unsigned Burstprop, Pg = o(V;). Signed Burstprop, Pg+ =
max(0, tanh(Vy)) and Pg- = max(0, — tanh(Vj)). C. Poisson spike train, with 50
Hz firing rate. D. Burst train generated from spike train and burst probability. E.
Eligibility trace of a presynaptic neuron. F. Resultant synaptic plasticity.
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Chapter 4

Results

We trained SNNs with Burst-CCN (Burstprop, for short [64] [37]) on a rate-coded
version of the MNIST dataset. The algorithm uses two-compartment neuron
models with a LIF somatic compartment and dendrite-dependent bursting im-
plemented as a marked point process. Single spikes are sent to somata up the hi-
erarchy while dendrite-dependent bursts are sent to dendrites down the hierarchy,
thus multiplexing feedforward signals with feedback signals. Feedback signals are
made credit-carrying by letting the dendrites of output units receive the classifica-
tion error. Plasticity follows a local, burst-dependent rule chosen to approximate
the backpropagation of error algorithm.

While Burstprop uses increases and decreases of burst probability to commu-
nicate positive and negative signs of the error signals (Fig. , here we also
considered an alternative model where the different sign of the error signal trig-
gers different types of bursts. Physiologically, this ‘Signed Burst’ model could
correspond to bursts of different durations engaging different short-term plasticity
[57] and long-term plasticity mechanics. By construction, the signed burst model
is more stable and less subject to drifts in plasticity than the original Burstprop
model.
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4.1 Deep Learning on MNIST Dataset
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Figure 4.1: Burstprop coordinates multilayer learning to solve MNIST.
A. Comparing test classification error on spiking MNIST dataset for Signed Burst-
prop, Unsigned Burstprop, and BPTT with symmetric feedback for networks with
an increasing number of hidden layers, 100 neurons per layer (A1), and networks
with increasing layer width, 1 hidden layer (A2). Burstprop algorithms were
trained for 100 epochs and BPTT was trained for 200 epochs. A3. Example
learning curves for each algorithm on a network of 4 hidden layers, each with 100
neurons. Error bars represent the standard deviation of minimum test error for
10 simulations. B. Signed Burstprop test accuracy and mean square error (MSE)
per 10® samples of a single hidden layer neural network of 100 hidden neurons.
Row 1: W, learns and W is frozen. Row 2: W; learns and W is frozen.

To test the performance of our SNNs, we have trained both signed and unsigned

versions of networks using symmetric feedback, varying width and depth on the
rate encoded MNIST data (Fig. . We found by inspecting the resulting test-set
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errors that both signed and unsigned models were able to effectively train spiking
neural networks with one layer with the signed model achieving 97.2 + 0.1% and
96.8 &+ 0.1% test classification accuracy respectively on a network with a single
hidden layer of 100 neurons. For deeper networks, the signed model outperformed
the unsigned one (Fig. [4.1JA1), with the signed model achieving 95.9 &+ 0.1%
accuracy compared to 64+1% accuracy for the unsigned model on a 4 hidden layer
network. We did not observe an increase but rather a decrease in performance
with the number of hidden layers. While there was no performance gain with
depth, increased width from 100 to 800 neurons was associated with an increase
in performance (Fig. [.1A2). Our algorithms could thus successfully train SNNs to
perform MNIST with a performance that increases with layer width. Furthermore,
we conclude that the signed burst model helps the algorithm to remain successful
in deep networks.

To contextualize the learning ability, we compared the test-set prediction accu-
racy of our local learning algorithm to a state-of-the-art, non-local, BPTT-based
learning method [42]. We found that in shallow networks, BPTT training ap-
plied on the same SNN architecture provided slightly better performance, with
97.7+0.1% accuracy on a network with a single hidden layer of 100 neurons. This
improvement was maintained across the different network widths (Fig. [4.1]A2).
Networks trained with BPTT showed a decrease in performance with network
depth (84 +1% accuracy on a 4 hidden layer network), an observation that echoes
previous tests [82]. Because the choice of hyperparameters is likely to influence the
comparison of these three algorithms, we conservatively conclude that SNNs with
local burst-dependent plasticity rules can achieve good performance on MNIST,
even with a small number of neurons and with multiple layers.

That the network performance does not increase with network depth may sug-
gest that the algorithm is only training the output weights. To investigate this,
and to determine whether the algorithm is effectively assigning credit to earlier
layers, we examine how freezing either the output weights or the input weights
affects learning in a single hidden layer network. If learning were limited to the
output layer, freezing plasticity in this layer should result in the network being
unable to learn. Instead, what we see is that the network remains able to learn
effectively when the output layer is frozen (Fig. [4.1B). To take another approach,
forcing the plasticity to only occur in the output weights should preserve the
performance if credit signals were not reaching the lower-order connection. We
found that freezing the output weights has a smaller effect on learning capabilities
than freezing the input weights. Freezing the input weights made learning much
slower (Fig. [4.1). Together, our burst-dependent SNN can successfully propa-
gate credit-carrying information to neurons and accurately steer plasticity beyond
the output layer. This suggests that our algorithm is effectively approximating
backpropagation in the way it assigns errors.
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4.2 Feedback Alignment

A. Symmetric Feedback B. Feedback Alignment C. Direct Feedback Alignment
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Figure 4.2: Feedback Connectivity Schematics: A. Symmetric connectivity:
the strength of feedback synapses connecting a higher-order neuron to a lower-
order neuron to higher-order neurons are proportional to the synapses connecting
lower-order neurons to higher-order neurons. B. Feedback alignment: feedback
synapses are static and randomly initialized. C. Direct feedback alignment: Feed-
back synapses are static and randomly initialized, connecting output neurons to
all hidden neurons.

While we have shown that Burstprop can successfully train an SNN on MNIST,
we did this by enforcing symmetry between feedforward and feedback weights. To
allow for neuromorphic learning, and to address biological plausibility, our algo-
rithm must remain effective with weight-transport-free learning. We thus tested
the performance of Burstprop on our spiking MNIST dataset using feedback align-
ment (FA) and direct feedback alignment (DFA), two algorithms that avoid the
weight-transport problem by using random but fixed feedback weights (see Meth-
ods and Figure . If Burstprop can learn from the data while using random but
static feedback weights, this would suggest that weight transport is not necessary
for learning in SNNs. We found that both signed (Figure [4.3B1) and unsigned
(Figure 4.3[B2) versions of the algorithm can achieve good performance, achieving
95.6 £+ 0.1% accuracy and 85 + 1% accuracy respectively on a 4 hidden layer net-
work with feedback alignment. The decrease in performance with the number of
layers was lessened by switching to FA for the unsigned burst model but unaltered
for the signed burst model.
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A1. Signed Burstprop A2. Unsigned Burstprop A3. Learning Curves
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Figure 4.3: Burstprop learns with feedback alignment methods: A. Com-
paring test classification error on spiking MNIST dataset for different feedback
error transportation methods with the Signed Burstprop (B1) and Unsigned Burst-
prop (B2) algorithms with increasing number of hidden neurons, 100 neurons per
layer. Each trained for 100 epochs. A3. Example learning curves for each algo-
rithm on a network of 4 hidden layers, each with 100 neurons. B. Signed Burstprop
with FA test accuracy and mean square error (MSE) per 103 samples of a single
hidden layer neural network of 100 hidden neurons. Row 1: W} learns and W} is
frozen. Row 2: Wj learns and W, is frozen.

Next, we again investigated how freezing either the first or second layer impacts
learning. In principle, learning the set of weights should not be possible if the
higher-order layers have not had a chance to learn and align with the feedback
[66]. Accordingly, if we freeze the output weights, learning should be strongly
affected. This is indeed what we see (Fig. ), whereby freezing the output
weights in an FA scenario completely blocked learning. Thus using random but
fixed feedback weights can implement weight-transport-free learning in SNNs using
local learning rules.
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4.3 Low-Resolution Synaptic Weights
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Figure 4.4: Burstprop is robust to low-resolution synaptic weights. A.
Comparing test classification error on spiking MNIST dataset for networks of a
single hidden layer of 100 neurons, trained with Signed Burstprop, with varying
weight resolutions. B. Initial weight distributions of input weights for varying
weight resolutions.

An important consideration for implementing SNNs in neuromorphic hardware
is the number of distinct values that synaptic weights can take [84]. Spiking neu-
romorphic hardware may only be able to support small bit resolutions for their
weights, in the range of 4 to 8 bits [84]. Here we investigate the impact of de-
creased synaptic weights on learning performance. Figure [.4] shows that learning
performance decreases with weight resolution as expected. The decrease in perfor-
mance, however, is not substantial. With 6-bit resolution, the algorithm retains
a 95.6% classification accuracy and with 4-bit resolution, a 92.8% classification
accuracy. This result indicates that Burstprop is robust to low bit resolution in
the synaptic weights.
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Chapter 5

Conclusion and Future Work

5.1 Summary of Results

From the positive results of training Burstprop on the rate-encoded MNIST dataset,
we conclude that we have achieved our goal of improving the Burstprop algorithm
to scale from the spiking XOR problem to a more complex learning task. Moreover,
Burstprop achieved comparable performance to BPTT, which is notable because
it does so without relying on nonlocal learning. By experimenting with freezing
weight layers during learning, we conclude that the algorithm is able to accurately
perform credit assignment beyond the output layer. The experiments training
the algorithm with FA and DFA show that Burstprop can successfully perform
weight-transport-free learning. The results also show the algorithm is robust to
low-resolution synaptic weights [24], [85].

5.2 Conclusion

The aim of this work was to develop an algorithm suitable for neuromorphic
learning. This goal was achieved by incorporating features of biological learning
to develop a local learning algorithm for SNNs, something that had previously
never been accomplished. These positive results open the door for the principles of
this algorithm to be used in a hardware implementation of neuromorphic learning,
addressing the critical challenge of energy efficiency in Al systems.

Furthermore, the development of Burstprop as a viable method for neuromor-
phic learning has broader implications for the field of artificial intelligence and
neuromorphic engineering. The ability to perform supervised learning directly on
neuromorphic hardware could lead to significant energy savings and open up new
applications for Al in energy-constrained environments, including applications in
edge computing, where low-power devices are required to perform complex tasks
locally without relying on cloud-based resources [2].
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Additionally, the robustness of Burstprop to low-resolution synaptic weights
suggests that it can be implemented on a wider range of neuromorphic hardware
platforms, including those with limited precision capabilities. This increases the
versatility and potential for adoption of the algorithm [24].

In summary, the results of this study demonstrate the potential of Burstprop
as an efficient, biologically inspired learning algorithm for SNNs, paving the way
for advancements in neuromorphic computing and energy-efficient AI.

5.3 Limitations and Future Work

We have shown that feedback alignment methods can be used effectively with
SNNs using Burstprop to solve weight transport between feedforward and feed-
back weights. Our algorithm, however, requires some symmetry between two sets
of feedback weights. These symmetric pathways are required to transmit posi-
tive and negative error signals. In our experiments, we have been enforcing this
symmetry through weight transport; however, there are many methods that could
be implemented to align these weights. Further work must be done to find a
suitable solution to address this problem. For example, investigating learned feed-
back methods [86] or biologically inspired mechanisms for weight alignment could
provide more insights.

Another weakness of our algorithm is that its fitting capabilities were not im-
proved by increasing network depth. This is common for spiking neural networks,
and it is unclear whether this is related to the input encoding or could be a fun-
damental limitation of the algorithm. While neural networks often rely on deep
structures to fit complex functions, even a single-layer spiking neural network is
a universal function approximator, so this may not be an important issue. Fu-
ture research should explore the impact of different input encoding schemes and
network architectures to fully understand this limitation [30].

One challenge in experimenting with this algorithm was finding suitable net-
work hyperparameters. The algorithm requires the specification of many param-
eters pertaining to neuron dynamics, error generation, and learning. The param-
eters used for the experimental results were satisfactory for generating positive
results though certainly not optimal. More work is required to optimize the net-
work parameters for performance.

An important limitation of our results worth mentioning is that we limited
our experimentation to the MNIST dataset. MNIST is a fairly simple bench-
mark problem for supervised learning algorithms and many non-neural network
algorithms reach high test accuracy on this task. For instance, a linear classifier
can achieve 7.6% error [87], a random forest algorithm can achieve 2.4% error,
and an SVM can achieve 0.56% error [88]. While our specific spiking version of
the dataset is not as simple of a problem, it is still solving the same underlying
problem. The goal of this work was not to achieve state-of-the-art performance
on this benchmark but to show that Burstprop can be applied to solve a complex
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learning task. Further experimentation with more complex problems is required
to see how the algorithm scales.

Future work will focus on addressing the limitations identified in this study;,
such as optimizing network hyperparameters and exploring more complex datasets
beyond MNIST. Investigating alternative methods for aligning feedback weights
without relying on symmetry will also be crucial for further improving the algo-
rithm’s effectiveness.
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Appendix: Burstprop Python Code

mmnn

Burstprop Code written by Michael Stuck

nimnn

from numba import jit

from numba.typed import List, Dict
import numpy as np

import matplotlib.pyplot as plt
import math

import time as time
from torchvision import datasets

def normalize_data(data, constant_sum=100):
# Normalize so that the sum of inputs is constant
sums = data.sum(axis=1, keepdims=True)
normalized_data = (data / sums) * constant_sum
return normalized_data

data_path = '/data/mnist'

mnist_train = datasets.MNIST(data_path, train=True, download=True)
mnist_test = datasets.MNIST(data_path, train=False, download=True)

mnist_data_x = mnist_train.data.numpy() / 256 # Convert to float
— and scale to [0, 1]
mnist_data_y = mnist_train.targets.numpy()

# Apply the normalization transformation
mnist_data_x =
< normalize_data(mnist_data_x.reshape(mnist_data_x.shape[0], -1))

train_x = mnist_data_x[:50000]
train_y = mnist_data_y[:50000]
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validate_x = mnist_data_x[50000:]
validate_y = mnist_data_y[50000:]

0jit (nopython=True)
def signed_burst_prob(V_d,beta=1):

return np.tanh(V_d*beta)

©@jit (nopython=True)
def calc_burst_prob(V_d,beta=1):

return 1/(1+np.exp(-(betaxV_d)))

@jit (nopython=True)
def update_neurons(params,V_s,V_d,eligibility_trace,somatic_inputs

—

,dendritic_inputs):

#detrmine number of meurons in layer
num_neurons = len(V_s)

#calculate new somatic and dendritic membrane potentiials
V_s += -(V_s/params.tau_mem)*params.dt + somatic_inputs
V_d += -(V_d/params.tau_mem_d)*params.dt + dendritic_inputs

#record somatic spikes

spike_mask = V_s>params.V_threshold
V_s[spike_mask] = params.V_reset
spikes = np.where(spike_mask,1.,0.)

if params.burst_type ==
#determine burst (feedback spikes)
burst_prob = np.zeros(num_neurons)
burst_prob[spike_mask] =

43

< np.abs(signed_burst_prob(V_d[spike_mask],params.beta))

burst_mask = np.random.rand(num_neurons)<burst_prob
bursts = np.where(burst_mask,1.,0.)

bursts *= np.sign(V_d)

V_d[burst_mask] = params.V_reset

elif params.burst_type ==
#determine burst (feedback spikes)
burst_prob = np.zeros(num_neurons)
burst_prob[spike_mask] =
< calc_burst_prob(V_d[spike_mask] ,params.beta)
burst_mask = np.random.rand(num_neurons)<burst_prob
bursts = np.where(burst_mask,1.,0.)
#V_d[spike_mask] = params.V_reset

#increase eligibility trace by 1 for neurons that spiked



80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

44

eligibility_trace +=
« —(eligibility_trace/params.tau_pre)*params.dt + spikes

return spikes,bursts

@jit (nopython=True)
def update_neurons_test(params,V_s,eligibility_trace,somatic_input
— S):

#detrmine number of meurons in layer
num_neurons = len(V_s)

#calculate new somatic and dendritic membrane potentials
V_s += -(V_s/params.tau_mem)*params.dt + somatic_inputs

#record somatic spikes

spike_mask = V_s>params.V_threshold
V_s[spike_mask] = params.V_reset
spikes = np.where(spike_mask,1.,0.)

#increase eligibility trace by 1 for neurons that spiked
eligibility_trace +=
« —(eligibility_trace/params.tau_pre)*params.dt + spikes

return spikes

@jit (nopython=True)
def reset_neurons(V_s,V_d,spikes,bursts,eligibility_trace,num_laye
<~ rs):
for i in range(num_layers):
#reset_neurons(V_s,V_d,elegibility_trace)
if i<num_layers-1:
V_s[il[:] =0
V_dlil[:] =0
spikes[i] [:]
bursts[i] [:]
#reset spikes
eligibility_trace[i][:] = 0

[l
o O

@jit (nopython=True)
def initialize_neuron_variable(params):

num_layers = len(params.num_neurons)
#neuron variables

V_s = List()
V_d = List()
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spikes = List()
bursts = List()
eligibility_trace = List()

for i in range(num_layers):
if i > 0:
V_s.append(np.zeros (params.num_neurons[i]))
V_d.append(np.zeros(params.num_neurons[i]))
spikes.append (np.zeros (params.num_neurons[i]))
bursts.append(np.zeros (params.num_neurons[i]))
eligibility_trace.append(np.zeros(params.num_neurons[i]))

return V_s,V_d,eligibility_trace,spikes,bursts

@jit (nopython=True)
def generate_sample(params,data_x,data_y,index):

sample_y = data_y[index]

frequencies = data_x[index].flatten()*params.input_freq
probs = frequencies*params.dt

mask = np.random.rand(params.num_steps,784)

sample_x = np.where(mask<probs, 1., 0.)

return sample_x,sample_y

@jit (nopython=True)
def initialize_spike_rates(params):

num_layers = len(params.num_neurons)

#spike rate stats
layer_spike_rates = List()
layer_burst_rates = List()
layer_bp_rates = List()
layer_bm_rates = List()
layer_elegibility_trace = List()

for i in range(num_layers-1):
layer_spike_rates.append(np.zeros(params.num_steps))
layer_burst_rates.append(np.zeros(params.num_steps))
layer_bp_rates.append(np.zeros(params.num_steps))
layer_bm_rates.append(np.zeros(params.num_steps))
layer_elegibility_trace.append(np.zeros(params.num_steps))

layer_elegibility_trace.append(np.zeros(params.num_steps))

return layer_spike_rates,layer_burst_rates,layer_bp_rates,laye
— r_bm_rates,layer_elegibility_trace
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@jit (nopython=True)
def train_snn(params,weights_forward,weights_backward,data_x,data_J

—

y):

num_layers = len(params.num_neurons)
pop_size = params.num_neurons[-1]//10

#inittralize neuron wvariables
V_s,V_d,eligibility_trace,spikes,bursts =
< initialize_neuron_variable(params)

#inittalize output rate and error
output_rates = np.zeros((params.num_neurons[-1]//pop_size))
error = np.zeros(params.num_neurons[-1])

#layer rate stats
layer_spike_rates,layer_burst_rates,layer_bp_rates,layer_bm_ra
— tes,layer_elegibility_trace =

— initialize_spike_rates(params)

#outputl rec
output_error_rec = np.zeros((2,params.num_steps))

#set number of samples per epoch
if params.num_samples ==
num_samples = len(data_y)
else:
num_samples = min(params.num_samples,len(data_y))

#gat sample indeces
indices = np.arange(num_samples); np.random.shuffle(indices)

for n,index in enumerate(indices):

#reset network wvariables
reset_neurons(V_s,V_d,spikes,bursts,eligibility_trace,num_J
< layers)

#reset output rates and error
output_rates[:] = 0
error[:] = 0

#get data
sample_x, sample_y =

- generate_sample(params,data_x,data_y,index)

#set target rates
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target_rate = np.ones(params.num_neurons[-1]//pop_size)+*pa
— rams.zero_freq*pop_size
target_rate[sample_y] = params.one_freq*pop_size

for t in range(params.num_steps):
for i in range(num_layers-1):
if 1 == O:#update first hidden layer

#update input elegibility trace
eligibility_trace[i] += -(eligibility_tracel[il]
< /params.tau_pre)*params.dt +

— np.where(sample_x[t]==1,1.,0.)

#hidden rate error
hidden_error = 2*params.hidden_error_scale*(pa
—~ rams.hidden_target-eligibility_tracel[i+1]/
— params.tau_pre)

somatic_input = sample_x[t]@weights_forward[i]
if params.feedback_type == 2: #dfa
if params.burst_type == 0: #signed busts
dendritic_input = (bursts[-1])@np.tran
— spose(weights_backward[i]) +
— hidden_error
elif params.burst_type == 1: #bccn
dendritic_input = (bursts[-1]-params.b,
— ase_prob*spikes[-1])@np.transpose(
~ weights_backward[i]) +
— hidden_error
else:
if params.burst_type == 0: #signed busts
dendritic_input = (bursts[i+1])Cnp.tra
— nspose(weights_backward[i]) +
— hidden_error
elif params.burst_type == 1: #bccen
dendritic_input = (bursts[i+l]-params.
— base_prob*spikes[i+1])@np.transpos
— e(weights_backward[i]) +
— hidden_error

spikes[i] ,bursts[i] = update_neurons(params,V
—~ _s[i],V_d[i],eligibility_trace[i+1],somati
< c_input,dendritic_input)

elif i1 < num_layers-2:#remaining hidden layers

#htdden rate error
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hidden_error = 2+params.hidden_error_scale*(pa
— rams.hidden_target-eligibility_tracel[i+1]/
< params.tau_pre)

somatic_input = spikes[i-1]@weights_forward[i]
if params.feedback_type == 2: #dfa
if params.burst_type == 0: #signed busts
dendritic_input = (bursts[-1])@np.tran,
— spose(weights_backward[i]) +
— hidden_error
elif params.burst_type == 1: #bccen
dendritic_input = (bursts[-1]-params.b
— ase_probx*spikes[-1])@np.transpose(
- weights_backward[i]) +
— hidden_error
else:
if params.burst_type == 0: #signed busts
dendritic_input = (bursts[i+1])Cnp.tra
— nspose(weights_backward[i]) +
— hidden_error
elif params.burst_type == 1: #bccen
dendritic_input = (bursts[i+1]-params.
— base_prob*spikes[i+1])0@np.transpos
— e(weights_backward[i]) +
— hidden_error

spikes[i] ,bursts[i] = update_neurons(params,V_
-~ s[il,V_d[i],eligibility_trace[i+1],somatic
— _input,dendritic_input)

else: #output layer

somatic_input = spikes[i-1]@weights_forward[i]
dendritic_input = error

spikes[i] ,bursts[il= update_neurons(params,V_s
-~ [i],v_d[i],eligibility_trace[i+1],somatic_
— input,dendritic_input)

#calculate population output rates
output_rates —-=
- (output_rates/params.tau_avg)*params.dt
for p in range(pop_size):

output_rates +=

— spikes[-1] [p::pop_size]/params.tau_avg

#calculate output error (teaching signal)
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error = np.repeat(Q*params.error_scale*(targetJ
— _rate-output_rates),pop_size)

#weight update

if params.burst_type ==
condition = bursts[i] !=0
weights_forward[i] [:,condition] +=
— params.eta*(np.outer(eligibility_tracel[il],
— bursts[i] [condition]))

elif params.burst_type == 1:
condition = spikes[i]==
weights_forward[i] [:,condition] +=
— params.eta*(np.outer(eligibility_tracel[il],
— bursts[i] [condition]-params.base_prob#*spik
— es[i] [condition]))

#update backward weights

if 1>0 and params.feedback_type == O:
weights_backward[i-1] = weights_forward[i].cop
-~ y()*params.feedback_scale*params.num_neuro
- ns[i]/(params.beta*params.num_neurons[i+1])

#layer rates

layer_spike_rates[i] [t] += np.sum(spikes[i])
layer_burst_rates[i] [t] +=

< np.sum(np.abs(bursts[i]))
layer_bp_rates[i] [t] += np.sum(bursts[i]>0)
layer_bm_rates[i] [t] += np.sum(bursts[i]<0)

#elegibility trace rec
layer_elegibility_trace[i] [t] += np.sum(eligibilit
< y_trace[i] /params.num_neurons[i])

layer_elegibility_trace[-1][t] += np.sum(eligibility_t,
— race[-1]/params.num_neurons[-1])

output_error_rec[0,t] += output_rates[sample_y]
output_error_rec[1,t] += (np.sum(output_rates/1.)-outp
— ut_rates[sample_y])/(params.num_neurons[-1]-1)

#layer rates

for i in range(num_layers-1):
layer_spike_rates[i] *=
< 1000/ (num_samples*params.num_neurons [i+1])
layer_burst_rates[i] *=
< 1000/ (num_samples*params.num_neurons [i+1])
layer_bp_rates[i] *=
< 1000/ (num_samples*params.num_neurons [i+1])
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layer_bm_rates[i] *=
< 1000/ (num_samples*params.num_neurons [i+1])

#elegibility trace
for i in range(num_layers):
layer_elegibility_trace[i] /= num_samples

#divide error by number of samples
output_error_rec /= num_samples

return layer_spike_rates, layer_burst_rates, layer_bp_rates,
— layer_bm_rates, layer_elegibility_trace, output_error_rec

©@jit (nopython=True)
def test_snn(params,weights_forward,data_x,data_y):

num_layers = len(params.num_neurons)
pop_size = params.num_neurons[-1]//10

#inittialize neuron variables
V_s,V_d,eligibility_trace,spikes,bursts =
< initialize_neuron_variable(params)

error = np.zeros((params.num_neurons[-1]))

#track network performance

spike_counter = np.zeros(params.num_neurons[-1]//pop_size)
num_correct = 0

average_error = 0

if params.num_samples ==
num_samples = len(data_y)
else:
num_samples = min(params.num_samples,len(data_y))

for n,sample_idx in enumerate(range(num_samples)):

#reset metwork vartables
reset_neurons(V_s,V_d,spikes,bursts,eligibility_trace,num_J
- layers)

#get data
sample_x, sample_y =
< generate_sample(params,data_x,data_y,sample_idx)

#get event rate target
target_rate = np.ones(params.num_neurons[-1]//pop_size)*pa
— rams.zero_freqg*pop_size
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target_rate[sample_y] = params.one_freq*pop_size
output_rates = np.zeros((params.num_neurons[-1]//pop_size))

for t in range(params.num_steps):
for i in range(num_layers-1):

if 1 == O:#update first hidden layer

somatic_input = sample_x[t]@weights_forward[i]
spikes[i] = update_neurons_test(params,V_s[i],
— eligibility_trace[i+1],somatic_input)

elif i1 < num_layers-2:#remaining hidden layers

somatic_input = spikes[i-1]@weights_forward[i]
spikes[i] = update_neurons_test(params,V_s[i],
— eligibility_trace[i+1],somatic_input)

else: #output layer

somatic_input = spikes[i-1]@weights_forward[i]
spikes[i]= update_neurons_test(params,V_s[i],e
—~ ligibility_trace[i+1],somatic_input)

output_rates -=
- (output_rates/params.tau_avg) *params.dt
for p in range(pop_size):
output_rates +=
— spikes[-1] [p::pop_size]/params.tau_avg
spike_counter += spikes[-1][p::pop_sizel

average_error +=
— np.sum(params.error_scale*(target_rate—outJ
— put_rates)**2)/params.num_neurons[-1]

#determine classtification

guess = np.argmax(spike_counter)

if guess == sample_y:
num_correct += 1

spike_counter[:] = 0

accuracy = num_correct/num_samples
average_error = average_error/(num_samples*params.num_steps)

return accuracy, average_error

@jit (nopython=True)
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def angle(u, v):
return np.arccos(u.dot(v)/(np.linalg.norm(u)*np.linalg.norm(v)))

def initialize_weights(params):

NUM_Neurons = params.num_neurons
num_layers = len(num_neurons)

#set initial weights
weight_scale = 10
mean = 0

std = np.zeros(num_layers)

for i in range(num_layers):
std[i] = weight_scale/np.sqrt(num_neurons[i])

weights_forward = List()
weights_backward = List()

#random forward weights

for i in range(num_layers-1):
weights_forward.append(np.random.normal (mean,std[i] ,num_ne
— urons[i]+*num_neurons[i+1]) .reshape(num_neurons([i],num_
- mneurons[i+1]))#weigths input to hidden
- layer

for i in range(num_layers-2):#no backward weigths on first
— hidden layer
if params.feedback_type ==
#copy forward weights
weights_backward.append(weights_forward[i+1].copy()*pa
—~ rams.feedback_scale*num_neurons[i+1]/(params.beta*
< num_neurons[i+2]))
elif params.feedback_type ==
#random feedback weigths within 90 degress of forward
— wetights
weights_backward.append(np.random.normal (mean,std[i+1]
— ,num_neurons [i+1]*num_neurons[i+2]) .reshape(num_ne
- urons[i+1],num_neurons[i+2])*params.feedback_scale
— *num_neurons [i+1]/(params.beta*num_neurons[i+2]))
while math.degrees(angle(weights_forward[i+1].flatten(,
—~ ),weights_backward[i] .flatten())) >
- 90:
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weights_backward[-1] =
- np.random.normal (mean,std[i+1] ,num_neurons[i+1
1*num_neurons[i+2]) .reshape (num_neurons[i+1],n

— um_neurons[i+2])+*params.feedback_scale*num_neu
- rons[i+1]/(params.beta*num_neurons[i+2])
else:
#direct feedback weigths
if i == num_layers-3:
#for output layer
#random feedback weigths within 90 degress of
— forward weights
weights_backward.append(np.random.normal (mean,stdl[
- i+1],num_neurons[i+1]*num_neurons[-1]) .reshape
—~ (num_neurons[i+1] ,num_neurons[-1])*params.feed
- back_scale*num_neurons[-2]/(params.beta*num_ne
- urons[-1]))
while math.degrees(angle(weights_forward[i+1].flat
-~ ten(),weights_backward[i] .flatten())) >
- 90:
weights_backward[-1] = np.random.normal(mean,s
- td[i+1] ,num_neurons[i+1]*num_neurons[-1]).
— reshape(num_neurons[i+1],num_neurons[-1])*
— params.feedback_scale*num_neurons[-2]/(par
— ams.beta*num_neurons[-1])
else:

#direct feedback weigths, within 90 degrees for

— weights to output
weights_backward.append(np.random.normal (mean,stdl[
— i+1] ,num_neurons[i+1]*num_neurons[-1]) .reshape
— (num_neurons[i+1] ,num_neurons[-1])*params.feed
- back_scale*num_neurons[-2]/(params.beta*num_ne
-~ urons[-1]))

return weights_forward,weights_backward
from collections import namedtuple

Parameters = namedtuple('Parameters', [
#neuron parameters
'V_threshold',
'V_reset',
'tau_mem',
'tau_mem_d',
'tau_pre',
'tau_avg',
'base_prob',

#network parameters
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'num_neurons',

#training parameters
"input_freq',
'zero_freq',
'one_freq',
'hidden_target',
'eta',

'beta’,
'error_scale',
'hidden_error_scale',
'feedback_scale',
'dt',

'num_steps',
'num_epochs',
'num_samples',

#training type
'feedback_type',
'"burst_type'

params = Parameters(

#neuron parameters
V_threshold = 1,

V_reset = 0,
tau_mem = 10e-3,
tau_mem_d = 10e-3,
tau_pre = 10e-3,
tau_avg = 10e-3,

base_prob = 0.5,

#network parameters
num_neurons = np.array([784,100,10]),

#training parameters

input_freq = 200,

zero_freq = 20, #per neuron target 0
one_freq = 200, #per neuron target 1
hidden_target = 20,

eta = le-4,

beta = 1,

error_scale = le-3,
hidden_error_scale = le-5,
feedback_scale = 1,

dt = le-3,

num_steps = 100,
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495 num_epochs = 100,

496 num_samples = 1000,

497

498 #training type

499 feedback_type = 1, # 0 = symmetric, 1 = fa, 2 = dfa
500 burst_type = 0 # 0 = signed, 1 = bcecn

501 )

502

503 print(params)

504

s00 weights_forward,weights_backward = initialize_weights(params)
506

sor  errors = []

sos accuracies = []

509

510 1mport seaborn as sns

511 import matplotlib.pyplot as plt

512 1mport numpy as np

513

514 # Increase font size

515, plt.rcParams.update({'font.size': 203})

516

stz # Plot distribution

515 sns.histplot(weights_forward[0] .flatten(), kde=False)
519 plt.title(f'{64}-bit Resolution')

520 plt.xlabel('Weight Value')

521 plt.ylabel('Frequency"')

522 plt.show()

523

s24 # Remove top and right spines

525 sns.despine()

526

527 plt.show()

528

520 mean_value = np.mean(weights_forward[0])

53 std_value = np.std(weights_forward[0])

531

532 print (f"Mean = {mean_value:.4f}")

533 print(f"Standard Deviation = {std_value:.4f}")
534

535 1mport seaborn as sns

536

s37 for i, weight_layer in enumerate(weights_forward):

538

539 #Plot distribution
540 sns.histplot(weight_layer.flatten(), bins=30, kde=True)
541 plt.title(f'Layer {i} Weight Distribution')

542 plt.xlabel('Weight Value')
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plt.ylabel('Frequency')
plt.show()

mean_value = np.mean(weight_layer)
std_value = np.std(weight_layer)

print (f"Mean = {mean_value:.4f}")

print (f"Standard Deviation = {std_value:.4f}")

import seaborn as sns

#Plot distribution

sns.histplot(weight_layer.flatten(), bins=30, kde=True)

plt.title(f'Layer {i} Weight Distribution')
plt.xlabel('Weight Value')
plt.ylabel('Frequency')

plt.show()

mean_value = np.mean(weight_layer)
std_value = np.std(weight_layer)

print (f"Mean = {mean_value:.4f}")

for i, weight_layer in enumerate(weights_backward) :

print(f"Standard Deviation = {std_value:.4f}")

start = time.time()
for i in range(params.num_epochs):

epoch_time = time.time()

layer_spike_rates, layer_burst_rates, layer_bp_rates,
— layer_bm_rates, layer_elegibility_trace, output_error_rec
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o train_snn(params,weights_forward,weights_backward,train_x,J

< train_y)
accuracy, average_error =

- test_snn(params,weights_forward,validate_x,validate_y)

accuracies.append(accuracy)
errors.append (average_error)

print ("Epoch =",len(accuracies),"Accuracy =",accuracy,"Error
- =",average_error, "Time

< =", (time.time()-epoch_time)/60,"CumTime

— =", (time.time()-start)/60)

print ("Average Neuron Rates =",
- np.mean(np.array(layer_spike_rates),axis

1))



580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601
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print("Average Positive Burst Rate

« =", np.mean(np.array(layer_bp_rates),axis = 1),"Average
— Negative Burst Rate

— =", np.mean(np.array(layer_bm_rates),axis = 1))

print ("Average Burst Fraction

- =",np.mean(np.array(layer_burst_rates),axis =

1))

< 1)/np.mean(np.array(layer_spike_rates),axis

time_steps = np.arange(params.num_steps)

for j in range(len(params.num_neurons)-1):
plt.plot(time_steps, layer_spike_rates[j], label=f'Layer
o {3+ 1)

plt.xlabel("Time (ms)")

plt.ylabel("Average Spike Rate (Hz)")

plt.legend ()

plt.show()

for j in range(len(params.num_neurons)-1):
plt.plot(time_steps, layer_burst_rates[j], label=f'Layer
o {3+ 13

plt.xlabel("Time (ms)")

plt.ylabel("Average Burst Rates (Hz)")

plt.legend()

plt.show()

colors = ['b', 'g', 'r', 'c¢', 'm'] # Define a list of colors

print("Solid = Positive, Dashed = Negative")
for j in range(len(params.num_neurons)-1):
color = colors[j % len(colors)] # Choose color for layer
- 7
plt.plot(time_steps, layer_bp_rates[j], color=color,
— label=f'Layer {j + 1}')
plt.plot(time_steps, layer_bm_rates[j], '--', color=color)

plt.xlabel("Time (ms)")

plt.ylabel("Average Positive/Negative Burst Rate (Hz)")
plt.legend()

plt.show()

for j in range(len(params.num_neurons)):
plt.plot(time_steps, layer_elegibility_tracelj],
— label=f'Layer {j + 1}')

plt.xlabel("Time (ms)")

plt.ylabel("Average Elegibility Trace")

plt.legend ()

plt.show()
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plt.plot(time_steps, output_error_rec[0],label
plt.plot(time_steps, output_error_rec[1],label
plt.xlabel("Time (ms)")

plt.ylabel("Average Output Rates")
plt.legend ()

plt.show()

epochs = np.arange(len(accuracies))+1

fig,ax = plt.subplots()
ax.plot (epochs,accuracies,color="c" ,marker="o"
ax.set_ylabel("Accuracy",color="c"

ax2=
ax2.
ax2.

ax.twinx ()
plot (epochs,errors,color="m" ,marker="o")
Set_ylabel ("Error" ,color="m"

ax.set_xlabel ("Epochs")

plt.

show ()

||1||)
= nou)
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