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ABSTRACT 

 

Parity-time (PT) symmetry, originally proposed in quantum mechanics, has been extended to 

photonics and microwave photonics, offering a new framework to study the interplay 

between gain, loss, and coupling coefficients for single-mode selection in lasers and 

optoelectronic oscillators (OEOs). 

This thesis focuses on the use of PT symmetry for mode selection in fiber ring lasers and 

OEOs. Five PT-symmetric architectures are proposed and experimentally demonstrated in 

this work to address challenges such as structural complexity, limited stability, poor tunability, 

and relatively low sidemode suppression ratios (SMSRs) in conventional PT-symmetric lasers 

and OEOs. 

Chapter 1 introduces the background of PT symmetry, tracing its origin in quantum 

mechanics and its extension into the broad field of physical waves. It further reviews the 

principles of lasers and OEOs, providing the motivation for employing PT symmetry to 

simplify architectures and improve performance. Building on this motivation, Chapter 2 

establishes the theoretical framework by developing coupled-mode and temporal coupled-

mode theory, from which PT-symmetric Hamiltonians and the operation principles of single-

longitudinal-mode (SLM) lasers and OEOs are derived. 

Guided by this theoretical basis, Chapter 3 demonstrates a PT-symmetric fiber ring laser 

realized in a single physical loop. By emulating two counter-propagating subloops with 

balanced gain and loss in a polarization-dependent Sagnac structure, stable SLM lasing with 

sub-kilohertz linewidths and high SMSR is achieved. Extending the single-loop PT system 
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concept from optics to microwave photonics, Chapter 4 reports the first PT-symmetric OEO 

in a single physical loop, enabling frequency-tunable single-mode oscillations from 2 to 12 

GHz with excellent phase noise performance, thereby eliminating the need for ultra-

narrowband RF filters. 

While these single-loop designs prove the feasibility of PT symmetry for mode selection, 

enhanced performance can be achieved by combining PT symmetry with the Vernier effect. 

Chapter 5 introduces a dual-loop PT-symmetric fiber laser with a rational loop-length ratio, 

which drastically reduces mode density and improves mode selectivity. Experiments confirm 

single-mode lasing with a record SMSR of 53.2 dB and sub-kilohertz linewidths. Building on 

the same principle, Chapter 6 presents a dual-loop PT-symmetric OEO with a rational loop-

length ratio, where the joint action of PT symmetry and the Vernier effect results in stable 

single-mode oscillations tunable from 2 to 12 GHz, with an SMSR of 40.7 dB and superior 

phase noise characteristics. 

In general, PT-symmetric mode selection enables stable single-frequency oscillation, but 

inherently limits the generation of multiple frequencies. However, as demonstrated in Chapter 

7, the combination of PT symmetry and injection locking enables stable dual-frequency 

single-mode oscillation in an OEO. The two output frequencies are 8.15 GHz and 9.35 GHz, 

with corresponding SMSRs of 17.2 dB and 22.3 dB, respectively. 

Finally, Chapter 8 summarizes the research findings and highlights future directions, 

including the integration of PT symmetry into photonic circuits, and exceptional point (EP)-

enhanced sensing technologies. 

  



VI 

 

TABLE OF CONTENTS 

 

ACKNOWLEDGEMENT ...................................................................................................... II 

ABSTRACT ........................................................................................................................... IV 

TABLE OF CONTENTS ...................................................................................................... VI 

LIST OF FIGURES ........................................................................................................... VIII 

LIST OF ACRONYMS ........................................................................................................ XII 

CHAPTER 1 INTRODUCTION ...................................................................................... 1 

1.1 Parity-time symmetry .............................................................................................. 1 

1.2 Laser ........................................................................................................................ 8 

1.3 Optoelectronic oscillator ........................................................................................ 12 

1.4 Major contributions of this research ...................................................................... 17 

1.5 Organization of this thesis ..................................................................................... 20 

CHAPTER 2 THEORETICAL OVERVIEW ............................................................... 22 

2.1 Coupled mode theory............................................................................................. 22 

2.2 Fundamentals of parity-time symmetry ................................................................. 25 

2.2.1 Parity-time-symmetric Hamiltonians ......................................................... 26 

2.2.2 Parity-time symmetry in photonics and microwave photonics ................... 28 

2.3 Fundamentals of single-longitudinal-mode lasers ................................................. 34 

2.4 Optoelectronic oscillators ...................................................................................... 38 

2.4.1 Fundamentals of optoelectronic oscillators ............................................... 38 

2.4.2 Mode selection techniques of optoelectronic oscillators ............................ 40 

2.4.3 Multi-frequency signal generation in optoelectronic oscillators................ 43 

CHAPTER 3 PARITY-TIME SYMMETRIC SINGLE-LONGITUDINAL-MODE 

FIBER RING LASER USING A SINGLE PHYSICAL LOOP ........................................ 48 

3.1 Introduction ........................................................................................................... 48 

3.2 Operation principle ................................................................................................ 49 

3.3 Experimental results .............................................................................................. 53 

3.4 Conclusion ............................................................................................................. 59 

CHAPTER 4 PARITY-TIME SYMMETRIC OPTO-ELECTRONIC OSCILLATOR 

USING A SINGLE PHYSICAL LOOP ............................................................................... 61 

4.1 Introduction ........................................................................................................... 61 

4.2 Operation principle ................................................................................................ 62 

4.3 Experimental results .............................................................................................. 65 

4.4 Conclusion ............................................................................................................. 69 

CHAPTER 5 A DUAL-LOOP PARITY-TIME SYMMETRIC LASER WITH A 

RATIONAL LOOP LENGTH RATIO ................................................................................ 71 

5.1 Introduction ........................................................................................................... 71 

5.2 Operation principle ................................................................................................ 72 

5.3 Experimental results .............................................................................................. 76 

5.4 Conclusion ............................................................................................................. 82 

CHAPTER 6 A DUAL-LOOP PARITY-TIME SYMMETRIC OPTOELECTRONIC 

OSCILLATOR WITH A RATIONAL LOOP LENGTH RATIO ..................................... 83 



VII 

 

6.1 Introduction ........................................................................................................... 83 

6.2 Operation principle ................................................................................................ 84 

6.3 Experimental results .............................................................................................. 89 

6.4 Conclusion ............................................................................................................. 94 

CHAPTER 7 A DUAL-FREQUENCY PARITY-TIME SYMMETRIC OPTO-

ELECTRONIC OSCILLATOR ........................................................................................... 95 

7.1 Introduction ........................................................................................................... 95 

7.2 Operation principle ................................................................................................ 96 

7.3 Experimental results .............................................................................................. 99 

7.4 Conclusion ........................................................................................................... 104 

CHAPTER 8 SUMMARY AND FUTURE RESEARCH ........................................... 106 

8.1 Summary .............................................................................................................. 106 

8.2 Future research .................................................................................................... 108 

REFERENCES ..................................................................................................................... 111 

LIST OF PUBLICATIONS ................................................................................................. 125 

 

  



VIII 

 

LIST OF FIGURES 

 

Fig. 1.1 Schematic of an optoelectronic oscillator (OEO). LD: laser diode, PC: polarization 

controller, EOM: electro-optic modulator; SMF: single mode fiber, PD: photodetector; 

EA: electronic amplifier, BPF: bandpass filter. .............................................................. 13 

Fig. 2.1 Schematic of the two coupled ring resonators configuration ..................................... 30 

Fig. 2.2 Real and imaginary parts of eigenfrequencies versus coupling strength κ in a PT-

symmetric system with gain–loss balance. The transition point corresponds to the 

exceptional point (EP), where both eigenvalues and eigenvectors coalesce. .................. 32 

Fig. 2.3 Schematic of the microwave photonic filter (MPF) configuration. LD: laser diode, 

PC: polarization controller, PM: phase modulator; PS-FBG: phase-shifted fiber Bragg 

grating; PD: photodetector; VNA: vector network analyzer. ........................................... 42 

Fig. 3.1 (a) Schematic of the PT-symmetric fiber ring laser with a single physical loop (b) 

Frequency-shifted self-heterodyne interferometer for evaluating the performance of the 

proposed PT-symmetric fiber ring laser. OC: optical coupler; PC: polarization controller; 

PBS: polarization beam splitter; TOBF: tunable optical bandpass filter; EDFA: erbium-

doped fiber amplifier; PM: phase modulator; RF Signal: radio frequency signal; SMF: 

single-mode fiber; PD: photodetector; ESA: electrical spectrum analyzer. .................... 49 

Fig. 3.2 Gain contrasts of (a) a conventional single-loop fiber ring laser, and (b) the proposed 

PT-symmetric fiber ring laser. .......................................................................................... 52 

Fig. 3.3 The optical spectral response of the Fabry-Perot (F-P) filter at a center wavelength of 

1550 nm ........................................................................................................................... 54 

Fig. 3.4 (a) The optical spectrum of the generated light wave at the center wavelength of 1550 

nm measured by an OSA, and (b) its zoom-in view with a span of 0.5 nm. ................... 55 

Fig. 3.5 The measured spectra of the RF beat signals at the output of the PD (a) without PT 

symmetry and (b) its zoom-in view, (c) with PT symmetry and (d) its zoom-in view. (e) 

The measured spectrum for a conventional single-loop fiber ring laser and (f) its zoom-

in view. ............................................................................................................................. 57 

Fig. 3.6 The electrical spectrum at the output of the PD when the fiber ring laser is operating 

in the single mode. The 20-dB linewidth is 7.8 kHz. ...................................................... 58 

Fig. 3.7 The tuning of the wavelength of the fiber ring laser. (a) Measured wavelength-

tunable range covering the entire C-band and (b) continuous wavelength tuning by 

tuning the TOBF in a 4 nm range. ................................................................................... 59 

Fig. 4.1 Schematic diagram of the PT-symmetric OEO with a single physical loop. TLS: 

tunable laser source; PC: polarization controller; PM: phase modulator; SMF: single 

mode fiber; Cir.: circulator; OC: optical coupler; PBS: polarization beam splitter; PS-



IX 

 

FBG: phase-shifted fiber Bragg grating; EDFA: erbium-doped fiber amplifier; PD: 

photodetector; EA: electrical amplifier; Div.: divider; ESA: electrical spectrum analyzer.

.......................................................................................................................................... 63 

Fig. 4.2 Mode selection due to PT symmetry in a PT-symmetric OEO. (a) The mechanism of 

mode selection under PT symmetry broken condition. (b) The gain contrast 

enhancement when using PT-symmetric breaking. .......................................................... 65 

Fig. 4.3 The electrical spectra of the microwave signals generated by the PT-symmetric OEO 

with a loop length of 5 km. The spectra are measured at a central frequency of 6 GHz by 

an electrical spectrum analyzer. (a) Multi-mode oscillation measured with a span of 100 

MHz and a resolution bandwidth (RBW) of 910 kHz; (b) Single-mode oscillation 

measured with a span of 100 MHz and an RBW of 910 kHz; (c) Single-mode oscillation 

measured with a span of 10 MHz and an RBW of 91 kHz; (d) Single-mode oscillation 

measured with a span of 1 MHz and an RBW of 18 kHz. (e) Single-mode oscillation 

measured with a span of 100 kHz and an RBW of 910 Hz. (f) Frequency tunability of 

the proposed PT-symmetric OEO with a tuning range from 2 to 12 GHz. ...................... 67 

Fig. 4.4 (a) Measured transmission spectra of the MPBF and (b) Its zoom-in view. .............. 68 

Fig. 4.5 Phase noise measurement at the frequency of 6 GHz. The phase noise level is −128 

dBc/Hz at a frequency offset of 10 kHz. .......................................................................... 69 

Fig. 5.1 Schematic diagram of a PT-symmetric fiber ring laser with non-identical loop lengths. 

SMF: single-mode fiber; PC: polarization controller; OC: optical coupler; EDFA: 

erbium-doped fiber amplifier; Iso.: isolator; Att.: attenuator; UFBG: uniform fiber Bragg 

grating. ............................................................................................................................. 73 

Fig. 5.2 Relationship between the resonant modes of the long (red) and the short (blue) loops.

.......................................................................................................................................... 75 

Fig. 5.3 (a) Transmission (blue) and reflection (red) spectra of the UFBG. (b) Measured 

optical spectrum of the generated light wave by using the UFBG in the dual-ring fiber 

ring laser. .......................................................................................................................... 77 

Fig. 5.4 (a) The wavelength fluctuations and (b) the power fluctuations of the dual-loop PT-

symmetric fiber ring laser in an hour. .............................................................................. 77 

Fig. 5.5 Schematic diagram of the frequency-shifted self-heterodyne system. PM: phase 

modulator, PD: photodetector; ESA: electrical spectrum analyzer. ................................. 78 

Fig. 5.6 Electrical spectra of the fiber ring laser with only the long loop closed measured at a 

span of (a)100 MHz and (b) 10 MHz. The electrical spectra of the fiber ring laser with 

only the short loop closed measured at a span of (c) 100 MHz and (d) 10 MHz. ........... 79 

Fig. 5.7 Electrical spectra of the dual-loop fiber ring laser with each of the loops having a 

gain that is greater than the loss, measured at a span of (a) 100 MHz and (b) 10 MHz. 

The electrical spectra of the dual-loop fiber ring laser when the broken PT symmetry 

condition is satisfied, measured at a span of (c) 100 MHz and (d) 10 MHz. .................. 80 



X 

 

Fig. 5.8 (a) Electrical spectrum at the output of the frequency-shifted self-heterodyne system 

when the fiber ring laser is operating in single longitudinal mode. (b) Simulated power 

spectrum of the self-heterodyne signal. ........................................................................... 81 

Fig. 6.1 Schematic diagram of the dual-loop PT-symmetric OEO with non-identical loop 

lengths. TLS: Tunable laser source; PC: Polarization controller; PM: Phase modulator; 

PS-FBG: Phase-shifted fiber Bragg grating; PBS: Polarization beam splitter; SMF: 

Single-mode fiber; PBC: Polarization beam combiner; EDFA: Erbium-doped fiber 

amplifier; PD: Photodetector; EA: Electrical amplifier; Div.: Divider; ESA: Electrical 

spectrum analyzer............................................................................................................. 85 

Fig. 6.2 The eigenmodes of (a) a single long-loop OEO, (b) a single short-loop OEO, (c) a 

dual-loop OEO with the Vernier effect, and (d) a dual-loop OEO with the joint of the 

Vernier effect and the PT symmetry. ................................................................................ 89 

Fig. 6.3 The electrical spectra of the microwave signals generated by the PT-symmetric OEO. 

The spectra are measured at a central frequency of 6 GHz by an electrical spectrum 

analyzer. (a) Multi-mode oscillation in the short loop measured with a span of 10 MHz; 

(b) multi-mode oscillation in the long loop measured with a span of 500 kHz; (c) single-

mode oscillation in the dual-loop based on the Vernier effect measured with a span of 10 

MHz; (d) multi-mode oscillation in the dual-loop when PT symmetry condition is not 

matched, measured with a span of 200 MHz; (e) single-mode oscillation in the dual-loop 

based on the joint of the Vernier effect and the PT symmetry measured with a span of 10 

MHz, and (f) a zoom-in view with a span of 500 kHz .................................................... 92 

Fig. 6.4 (a) Frequency tunability of the proposed OEO with a tuning range from 2 to 12 GHz; 

(b) phase noise measurement of the generated microwave signal at 6 GHz. The phase 

noise level is −114 dBc/Hz at an offset frequency of 10 kHz. ......................................... 93 

Fig. 7.1 Schematic diagram of a tunable dual-frequency PT-symmetric OEO. ASE: amplified 

spontaneous emission source; PBS: Polarization beam splitter; PC: Polarization 

controller; MZM: Mach-Zehnder modulator; SMF: Single-mode fiber; EDFA: Erbium-

doped fiber amplifier; WS: Wave shaper; PD: Photodetector; EA: Electrical amplifier; 

Div.: Divider; ESA: Electrical spectrum analyzer. .......................................................... 97 

Fig. 7.2 Measured optical spectrum of the sliced broadband source. .................................... 100 

Fig. 7.3 Measured frequency response of the dual-band MPF............................................... 101 

Fig. 7.4 The electrical spectra of the microwave signals generated by the proposed dual-tone 

PT-symmetric OEO. (a) Multi-mode oscillation in the dual-band without injection 

locking; (b) few-mode oscillation in the dual-band with injection locking; (c) single-

mode oscillation in the dual-band with combination of injection locking and PT 

symmetry. ....................................................................................................................... 102 

Fig. 7.5 The electrical spectra of the generated microwave signals in each tone. (a) and (e) are 

the multi-mode oscillations only with injection locking measured with a span of 100 

MHz at 8.15 GHz and 9.35 GHz, respectively; (c) and (g) are the corresponding zoom-in 

view measured with a span of 200 kHz; (b) and (f) are  the single-mode oscillation based 



XI 

 

on the joint of the injection locking and the PT symmetry at 8.15 GHz and 9.35 GHz, 

respectively, measured with a span of 100 MHz; (d) and (h) are the corresponding zoom-

in view measured with a span of 200 kHz. .................................................................... 103 

 

  



XII 

 

LIST OF ACRONYMS 

 

ASE: Amplified spontaneous emission, 19 

BPF: Bandpass filter, 12 

CCW: Counter-clockwise, 50 

CMT: Coupled-mode theory, 22 

CO2: Carbon dioxide, 9 

CW: Clockwise, 50 

DBR: Distributed Bragg reflector, 10 

DC: Direct current, 55 

DFB: Distributed feedback, 10 

EA: Electrical amplifier, 12 

EDFA: Erbium-doped fiber amplifier, 49 

EOM: Electro-optic modulator, 12 

EP: Exceptional point, 1 

ESA: Electrical spectrum analyzer, 56 

F-P: Fabry-Pérot, 10 

FSR: Free spectral range, 7 

FWHM: Full-width at half maximum, 37 

He–Ne: Helium–neon, 9 

InP: Indium phosphide, 11 

MDR: Microdisk resonator, 41 



XIII 

 

MPF: Microwave photonic filter, 14 

MZM: Mach-Zehnder modulator, 39 

OC: Optical coupler, 50 

OEO: Optoelectronic oscillator, 7 

OSA: Optical spectrum analyzer, 54 

OSNR: Optical signal-to-noise ratio, 54 

OVA: Optical vector analyzer, 76 

PBC: Polarization beam combiner, 84 

PBS: Polarization beam splitter, 49 

PC: Polarization controller, 49 

PD: Photodetector, 12 

PM: Phase modulator, 41 

PM–IM: Phase-modulation to intensity-modulation, 41 

PS-FBG: Phase-shifted fiber Bragg grating, 10 

PT: Parity-time, 1 

RBW: Resolution bandwidth, 66 

RF: Radio frequency, 7 

SiN: Silicon nitride, 6 

SLM: Single-longitudinal-mode, 10 

SMF: Single-mode fiber, 49 

SMSR: Sidemode suppression ratio, 15 

SSB: Single-sideband, 39 



XIV 

 

SSB+C: Single-sideband-with-carrier, 41 

TCMT: Temporal coupled-mode theory, 24 

TLS: Tunable laser source, 62 

TOBF: Tunable optical bandpass filter, 49 

UFBG: Uniform fiber Bragg grating, 72 

WGM: Whispering gallery mode, 4 

 

 

 

  



1 

 

CHAPTER 1 INTRODUCTION 

 

1.1 Parity-time symmetry 

In standard quantum mechanics, operators representing physical observables are required to 

be Hermitian, ensuring real eigenvalues and physical measurability. This mathematical 

framework provides a fundamentally accurate description of microscopic phenomena [1]. 

However, in 1998, Bender and Böttcher introduced a groundbreaking concept by 

demonstrating that a broader class of non-Hermitian Hamiltonians can also exhibit real 

eigenvalues, provided that the system satisfies parity-time (PT) symmetry [2]. 

A Hamiltonian Ĥ  is said to be PT-symmetric if it commutes with the combined parity (𝑃) 

and time-reversal (𝑇 ) operators, i.e., [𝐻̂, 𝑃𝑇] = 0 . In this case, the eigenfunctions are 

simultaneous eigenstates of the 𝑃𝑇 operator, and even though the Hamiltonian itself is non-

Hermitian, all eigenvalues are completely real in the unbroken PT-symmetric phase. By 

contrast, in the broken PT-symmetric phase, PT symmetry is spontaneously broken, and the 

complex-conjugate eigenvalue pairs give rise to exponential growth or decay. The transition 

point between these two regions is called an exceptional point (EP), and is characterized by 

both eigenvalues and eigenvectors coalescing as well as non-trivial degeneracies. 

The introduction of PT symmetry significantly broadened the conceptual boundary of 

physical theories. Before Bender’s work, the prevailing belief held that only Hermitian 

operators could guarantee real eigenvalues and unitary dynamics. PT symmetry overturned 

this orthodoxy by showing that spectral reality can arise from a more general condition: 
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invariance under the combined 𝑃  and 𝑇  operations. This insight not only expanded the 

mathematical tools available to quantum theory but also established a new paradigm for 

describing open systems in which energy exchange with the environment cannot be neglected. 

The possibility of accessing real spectra in such systems stimulated tremendous theoretical 

interest, leading to extension studies on PT-symmetric quantum mechanics, perturbation 

theory in non-Hermitian operators, and the classification of phase transitions at EPs [3,4,5,6]. 

However, the experimental realization of PT symmetry in genuine quantum systems proved 

elusive, as it required exquisite control over balanced gain and loss at the atomic scale, 

something that remains technologically challenging even today.  

Despite these difficulties, researchers soon recognized that PT symmetry could be realized in 

alternative physical platforms, where the constraints of decoherence and many-body 

interactions no longer exist [7]. Among these, photonic systems have emerged as the most 

natural and versatile candidate. The paraxial wave equation governing light propagation in 

weakly guiding media is mathematically equivalent to the Schrödinger equation. In this 

analogy, the position 𝑧 plays the role of time, while the complex refractive index distribution 

acts as the potential. The real part of the refractive index is the normal refractive index and 

indicates the phase velocity, and the imaginary part corresponds to gain and loss. By 

engineering a refractive-index profile whose real part is an even function and imaginary part 

is an odd function, one can effectively implement a PT-symmetric Hamiltonian in an optical 

system. 

This mapping between optics and quantum mechanics provided the first practical pathway 

toward the experimental demonstration of PT symmetry. Around 2010, a series of landmark 
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experiments used coupled optical waveguides to implement balanced gain and loss channels. 

These systems revealed several iconic PT phenomena, including symmetry-breaking phase 

transitions, loss-induced transparency, and asymmetric power oscillations [8,9,10]. The 

coupled-waveguide geometry was particularly well suited because it allowed direct 

observation of mode evolution, offered controllable gain and loss through optical pumping or 

absorption, and provided a compact platform where PT transitions could be induced by 

tuning experimental parameters. These early results established optics as the experimental 

origin of PT symmetry, marking the inception of the broader field now known as non-

Hermitian photonics. 

Following these demonstrations, PT symmetry rapidly expanded to optical resonators and 

microcavities, which offer higher quality factors and stronger mode confinement than simple 

waveguides. Microring resonators became an especially powerful platform. In 2014, two 

independent studies published in Science [11,12] showed that single-mode lasing could be 

achieved by operating in the PT-symmetry-broken region. When the balanced gain/loss 

exceeds the inter-resonator coupling coefficient, one super mode acquires amplification while 

the other is suppressed, leading to stable single-mode emission without the need for ultra-

narrowband filters. Together, these works represented a major breakthrough, demonstrating 

that non-Hermitian physics could be harnessed not merely to explain exotic mathematical 

features but to solve practical engineering challenges, such as mode competition in lasers. 

This marked the moment when PT symmetry transitioned from mathematical abstraction to a 

design principle for photonic devices. 

One of the most transformative directions in PT photonics has been its application to sensing, 
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particularly through the use of EPs. At an EP, not only do eigenvalues coalesce, but 

eigenvectors also become identical, producing a spectral degeneracy of nontrivial order. This 

degeneracy fundamentally alters the system’s response to perturbations. While Hermitian 

systems exhibit linear eigenvalue splitting proportional to perturbation strength, PT-

symmetric systems at a second-order EP show a square-root response, and higher-order EPs 

yield even stronger nonlinear dependencies. For instance, higher-order EPs can yield an 𝜖1/𝑁 

dependence for an 𝑁-th order degeneracy, meaning that arbitrarily small perturbations can be 

detected with greatly enhanced sensitivity. This principle was experimentally validated in two 

2017 Nature reports, where EP-enhanced whispering-gallery-mode (WGM) microcavities 

were used to detect single nanoparticles with sensitivities surpassing those of conventional 

cavity-based sensors [13,14]. The significance of these demonstrations extended beyond 

proof-of-concept; they established EP physics as a viable route to ultra-sensitive metrology. 

Subsequent studies expanded this concept to optofluidic sensors, rotation sensors, and 

biosensors, demonstrating that PT-based EP platforms offer superior sensitivity under small 

perturbations [15,16,17,18]. 

Another frontier of PT photonics involves nonlinear optical processes. In conventional 

Hermitian photonic systems, nonlinear processes such as the Kerr effect and four-wave 

mixing typically require high optical intensities to produce observable responses. In PT-

symmetric systems operating near exceptional points, the localization of optical energy 

enhances the effective nonlinear interaction, enabling nonlinear effects to occur at 

significantly reduced power levels. Experimental observations have confirmed PT solitons, 

where the combination of Kerr nonlinearity and PT-symmetry yields self-localized nonlinear 
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states [19]. Theoretical predictions further suggest that in PT lattices, four-wave mixing and 

second-harmonic generation efficiencies can be significantly boosted due to the anomalous 

scaling of perturbations at EPs [20,21]. This nonlinear dimension of PT photonics links the 

field to nonlinear signal processing, expanding its technological relevance beyond mode 

control and sensing. 

PT-symmetric concepts have also been actively explored in conjunction with other non-

Hermitian phenomena, most notably in topological photonics and nonreciprocal transparency 

[22,23,24,25]. In topological photonics, non-Hermitian Hamiltonians augmented with PT-

symmetric potentials can host topologically protected edge states that remain robust against 

certain classes of fabrication imperfections and disorder, though not entirely immune to all 

forms of scattering. In parallel, PT-symmetric photonic structures have been shown to realize 

unidirectional invisibility. This effect is most prominently predicted and observed in PT-

symmetric Bragg gratings operated near the EP. In such systems, the refractive index 

modulation consists of an even real part that enables conventional Bragg scattering and an 

odd imaginary part corresponding to spatially balanced gain and loss. When the modulation 

amplitudes are precisely tuned to satisfy the PT-symmetric condition, destructive interference 

between the gain/loss profile and the periodic scattering potential eliminates back-reflection 

from one side, while maintaining nearly unity forward transmission with negligible phase 

distortion. From the opposite direction, however, the interference no longer compensates the 

scattering, resulting in strong reflection. 

The integration of PT symmetry into photonic circuits marks another major step forward. 

After the initial demonstrations in fiber and bulk-optic platforms, researchers turned to silicon 
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and III–V photonic platforms to pursue miniaturized PT devices. In 2017, an integrated PT 

symmetric microring laser was reported in Nature Communications, combining III–V gain 

materials with silicon passive components to realize electrically pumped, wavelength-tunable, 

and single-mode emission [26]. This demonstration proved that PT symmetry could be 

embedded into CMOS-compatible platforms, accelerating the path toward large-scale 

integration. Besides, integrated PT devices have included isolators, EP-enhanced sensors, and 

tunable filters [14,15,27,28,29]. These devices exploit PT symmetry not as a theoretical 

novelty but as a practical design rule. Furthermore, the use of low-loss silicon nitride (SiN) 

platforms has enabled fast thermo-optic PT-symmetric switch, demonstrating that PT 

symmetry can coexist with state-of-the-art integrated photonic circuit technologies [30].  

In addition to optical implementations, PT symmetry has been successfully extended to a 

variety of other wave-based systems, further highlighting its universality across physics. 

Acoustic realizations of PT symmetry exploit the balance between amplification and 

absorption of sound. In conventional sensing, detecting an incoming acoustic signal 

inevitably requires absorbing part of its energy, which disturbs the measurement process and 

introduces reflections and shadowing effects. These limitations are overcome through two 

coupled acoustic cavities, one designed to provide active gain through a loudspeaker and the 

other incorporating absorptive materials, enabling the realization of a transparent, shadow-

free sensor for audible airborne waves that completely absorbs the incoming signal while 

neither disturbing its detection process nor producing a scattering trace. These results confirm 

that PT symmetry, can be directly extended to acoustics and leveraged for advanced sound 

engineering applications [31].  
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The influence of PT symmetry has also expanded into the microwave domains, particularly 

through the development of optoelectronic oscillators (OEOs). Traditional OEOs rely on long 

optical fiber delay lines to achieve ultrahigh quality factors and low phase noise. However, 

the dense mode spectrum of these long cavities makes stable single-mode oscillation difficult, 

requiring ultra-narrowband filters or multi-loop Vernier configurations, in which multiple 

loops with slightly mismatched lengths generate different free spectral ranges (FSRs), and 

only the modes that satisfy the resonance condition in all loops simultaneously are reinforced, 

effectively increasing the mode spacing and enabling improved mode selection. PT symmetry 

provides a fundamentally different approach: by balancing gain and loss between coupled 

loops, one oscillation mode with highest gain can be selectively amplified while others 

remain neutral. Early theoretical proposals of PT-OEOs suggested that this could suppress 

sidemodes without ultranarrow passband radio frequency (RF) filtering [32,33]. The 

extension of PT symmetry into OEOs indicates a broader message: non-Hermitian physics is 

not confined to optics but represents a general principle for controlling oscillatory and wave 

systems. In this context, PT-OEOs serve not only as practical devices for generating 

spectrally pure microwaves but also as physical laboratories for exploring non-Hermitian 

dynamics. Their operation at or near EPs makes them attractive for studying perturbation 

responses, stability landscapes, and nonlinear interactions in systems where both photonic 

and electronic domains are involved. This combinatorial function makes PT-OEOs a 

microcosm of the development path of this discipline: from abstract quantum mechanics to 

practical photonic devices and further into hybrid electronic-photonic architectures. 

Taken together, the evolution of PT symmetry over the last twenty-five years illustrates a 
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remarkable trajectory: from a mathematical conjecture in non-Hermitian quantum mechanics 

to a powerful framework for practical device engineering across optics, microwaves, and 

hybrid photonic-electronic systems. Its central features—spectral reality under balanced gain 

and loss, the existence of EPs with anomalous scaling, and single-mode selection 

capabilities—constitute a powerful tool for controlling wave phenomena. In this thesis, PT 

symmetry provides not only theoretical inspiration but also the design foundation for 

developing lasers and OEOs with simplified architectures, enhanced stability, and superior 

spectral performance. The following sections will first review the fundamental principles of 

lasers and OEOs before turning to the novel PT-based architectures introduced in this work. 

1.2 Laser 

The word laser, an acronym for Light Amplification by Stimulated Emission of Radiation, 

encapsulates the core physical mechanism underlying all laser systems: the process of 

stimulated emission, which was first predicted by Einstein in 1917 [34]. In this process, a 

photon interacting with an excited atomic or molecular system can induce the emission of a 

second photon identical in phase, frequency, polarization, and direction, resulting in coherent 

amplification. When combined with an optical resonator that provides feedback, this 

mechanism produces self-sustained oscillations of coherent light. Since the first 

demonstration of the laser in 1960 by Maiman, lasers have revolutionized science, technology, 

and industry by providing coherent, monochromatic, and highly directional light sources [35]. 

The operation of a laser relies on three essential components: a gain medium, an energy pump 

source, and an optical resonator. The gain medium provides population inversion, the pump 
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source supplies the necessary excitation energy, and the resonator establishes feedback and 

mode selection. The interplay of these elements gives rise to distinct characteristic features 

such as high temporal coherence, narrow linewidth, and high brightness. Depending on the 

type of gain medium, lasers are broadly classified into gas lasers, solid-state lasers, 

semiconductor lasers, dye lasers, and fiber lasers. The historical development of lasers can be 

divided into several stages. In the 1960s and 1970s, gas lasers such as the helium–neon (He–

Ne) and carbon dioxide (CO2) lasers became dominant sources in both research and industrial 

applications. He–Ne lasers provided stable, narrow-linewidth emission for spectroscopy and 

metrology, whereas CO₂ lasers enabled high-power materials processing and machining 

[36,37,38]. The 1980s and 1990s witnessed the rapid rise of semiconductor lasers, which 

became indispensable for optical communications, data storage, and consumer electronics. 

During the same period, solid-state and fiber lasers evolved into robust platforms for high-

power and ultrafast applications. The development of mode-locking techniques enabled 

femtosecond pulse generation, while the appearance of optical frequency combs around 2000 

revolutionized precision metrology and spectroscopy [39,40,41,42,43,44]. Over the past six 

decades, advances in materials, cavity designs, and photonic integration technologies have 

extended the laser family across the electromagnetic spectrum, from ultraviolet to terahertz 

regime. Today, lasers span nearly every wavelength range and application domain, reflecting 

the continued synergy of materials science, physics, and photonic engineering. 

Beyond their fundamental role in optical physics, lasers have become indispensable tools 

across a broad range of scientific and technological fields. They underpin modern 

spectroscopy, quantum optics, ultrafast science, and nonlinear optics, while driving advances 
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in optical communications, precision manufacturing, remote sensing, medical diagnostics, 

and defense applications [45,46,47,48,49,50]. The development of semiconductor lasers and 

fiber lasers has accelerated the widespread availability of compact, energy-efficient, and 

scalable light sources, laying the foundation for the information age. In recent years, the 

emergence of ultrashort-pulse mode-locked lasers, optical frequency combs, and PT-

symmetric lasers that exploit non-Hermitian physics for stable single-mode operation and 

enhanced perturbation sensitivity have further expanded the scope of laser science and 

applications [11,12,13,14,45,46]. 

As laser technologies continue to advance, maintaining high spectral purity becomes 

increasingly important for many applications ranging from high-resolution spectroscopy to 

coherent communication and frequency metrology. This requirement places strong emphasis 

on the ability to suppress unwanted longitudinal modes, motivating the need for reliable 

single-longitudinal-mode (SLM) operation. 

A particularly critical challenge in laser development is the realization of SLM operation. In a 

Fabry-Pérot (F-P) resonator, longitudinal modes are separated by the FSR, which decreases 

as cavity length increases. In many practical lasers, the gain bandwidth spans several FSRs, 

resulting in multiple longitudinal modes that compete for inversion. Such mode competition 

broadens the laser linewidth, destabilizes the output, and degrades coherence. Various 

approaches have therefore been developed to enforce SLM operation. Distributed feedback 

(DFB) and distributed Bragg reflector (DBR) structures, introduced in the 1970s, rely on 

periodic index modulation to create wavelength-selective reflection, thereby suppress 

undesired modes [51,52]. Phase-shifted fiber Bragg gratings (PS-FBGs) extend this concept 
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to fiber lasers, enabling narrow-bandwidth spectral filtering suitable for long cavities [53]. 

The Vernier effect, produced by combining cavities of unequal lengths, further enhances 

mode discrimination by creating a much larger effective FSR [54]. Another strategy involves 

injection locking or self-injection feedback, in which an external seed or a delayed replica of 

the laser output stabilizes the oscillation frequency and suppresses sidemodes [55,56]. 

Integrated photonics combined with PT symmetry has opened a new frontier for SLM laser 

development. Silicon photonics and indium phosphide (InP) platforms offer compact, 

electrically pumped devices with high output power and tunability [57]. One of the landmark 

results was the demonstration of integrated PT microring lasers in 2014, where balanced 

gain/loss engineering in the PT broken region enforced stable SLM lasing without 

narrowband filters [12]. Later, in 2017, electrically pumped PT-symmetric integrated 

microring lasers were realized in hybrid III–V/Si structures, offering wavelength tunability 

and robustness against fabrication imperfections [26]. The key advantage of PT symmetry in 

these devices lies in its intrinsic single-mode selection mechanism. Unlike conventional SLM 

techniques that rely on narrowband reflectors, external filters, or multiple cavities, PT-

symmetric structures exploit the asymmetric mode evolution near the EP. When the gain/loss 

contrast exceeds the inter-resonator coupling, the PT-broken phase ensures that only one 

super mode acquires net amplification while all other competing modes experience remain 

neutral. This selective mechanism provides a built-in, filter-free pathway to SLM operation, 

enabling compact, integrated lasers to maintain stable single-frequency emission even in the 

presence of fabrication imperfections. These devices combine ultra-low loss passive cavities 

with integrated gain sections, achieving levels of coherence once thought possible only in 
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laboratory-scale fiber systems. Such integrated narrow-linewidth sources are now being 

pursued for coherent LiDAR, quantum key distribution, and frequency metrology [58]. 

Today, lasers not only represent a cornerstone of modern photonics but also a versatile 

platform for exploring frontier physics, including PT symmetry, topological photonics, and 

quantum technologies. Their continuous evolution reflects the synergy between fundamental 

science and technological innovation, ensuring that lasers remain at the forefront of both 

fundamental and applied research. 

1.3 Optoelectronic oscillator 

OEOs are hybrid systems of photonics and electronics that exploit the high-quality factor of 

optical delay lines or resonators to generate spectrally pure microwave signals. First proposed 

by Yao and Maleki in 1996, the OEO concept has since become a cornerstone of microwave 

photonics, offering frequency stability and phase noise performance superior to most purely 

electronic oscillators [59]. As shown in Fig. 1.1, a typical OEO consists of a continuous-wave 

laser source, an electro-optic modulator (EOM), a long length of optical fiber, a photodetector 

(PD), a bandpass filter (BPF) and an electrical amplifier (EA) forming a closed feedback loop. 

Light from the laser is modulated by an RF signal, propagates through the optical fiber, and is 

converted back to the electrical domain by the PD. The resulting delayed RF signal is then 

amplified and fed back to the modulator, forming a closed loop that sustains microwave 

oscillations. The long optical fiber acts as a low-loss delay element, effectively providing a 

very high-quality resonance. This unique feature allows OEOs to generate microwave signals 

with ultralow single-sideband phase noise. 
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Fig. 1.1 Schematic of an optoelectronic oscillator (OEO). LD: laser diode, PC: polarization controller, EOM: 

electro-optic modulator; SMF: single mode fiber, PD: photodetector; EA: electronic amplifier, BPF: bandpass 

filter. 

The original OEO design demonstrated the possibility of generating microwave signals with 

phase noise an order of magnitude lower than that of electronic oscillators at the time [60]. 

This breakthrough attracted significant interest from radar, satellite communication, and 

wireless industries, where low-phase-noise is essential [47,61,62]. Over the following 

decades, OEOs have evolved into a diverse family of architectures optimized for different 

metrics such as phase noise, tunability, environmental robustness, and integration. Among 

these, single-loop OEOs remain the simplest and most widely studied configuration. However, 

the long fiber delay required to achieve low phase noise introduces an ultra-dense mode 

spectrum, as the FSR of the cavity decreases inversely with fiber length. This mode density 

gives rise to mode competition, which can destabilize oscillation and generate spurious 

signals. Addressing this mode-selection problem has therefore been a central research 
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challenge in OEO development. 

A widely adopted solution is the dual-loop OEO, where two fiber loops of different lengths 

are combined [63]. The Vernier effect arising from their mismatched FSRs produces a 

significantly larger effective FSR, thereby reducing the number of oscillation modes within 

the gain bandwidth. Dual-loop OEOs can achieve stable single-mode oscillation across wide 

frequency ranges, though at the cost of increased system complexity and environmental 

sensitivity. Another major approach relies on microwave photonic filters (MPFs) applied to 

the OEO loop. By tailoring the optical or RF spectrum with elements such as fiber Bragg 

gratings, F-P interferometers, or micro resonators, the loop response can be engineered to 

select a single oscillation frequency [64,65,66,67]. While MPF-based OEOs provide effective 

mode control, they often suffer from insertion loss and limited bandwidth, constraining their 

practical performance. 

Beyond mode selection, substantial efforts have focused on improving the phase-noise 

performance of OEOs. The fundamental phase noise is limited by the thermal and shot noise 

of the photodetector and amplifier, but environmental perturbations such as temperature drift 

and mechanical vibrations also play major roles. To address these issues, stabilization 

strategies such as vibration-isolated packaging, temperature-controlled enclosures, and active 

feedback loops have been implemented. Moreover, the development of compact resonator-

based OEOs has offered alternatives to long fiber delay lines. High-quality WGM resonators, 

for instance, provide short delay equivalents with FSRs on the order of tens of GHz, enabling 

compact OEOs with competitive phase noise performance. Similarly, low-loss integrated 

microring resonators on SiN platforms have been investigated as chip-scale delay elements, 
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bringing OEO technology closer to photonic integration [67,68,69]. 

The push toward integration has accelerated over the past decade, driven by the demand for 

compact, low-power, and scalable OEO solutions. Hybrid integration of III–V lasers with 

silicon photonics has enabled on-chip OEO prototypes where the optical source, modulator, 

and filter are monolithically or heterogeneously integrated. Recent reports have demonstrated 

fully integrated OEOs operating at microwave and millimeter-wave frequencies with phase 

noise competitive to fiber-based systems [70,71]. These integrated OEOs not only reduce 

footprint and power consumption but also offer new opportunities for reconfigurability and 

mass production, aligning with the broader trend toward silicon photonic integration in 

communication and sensing systems. 

Despite these advances, mode selection remains a critical challenge, especially in long-delay 

OEOs where ultra-dense mode spectra persist. Traditional solutions, such as dual-loop 

designs, Vernier architectures, and high-quality filters, often involve trade-offs in complexity, 

loss, and tunability. Thus, the emergence of PT symmetry provides a novel solution to these 

problems. By balancing the gain and loss in coupled loops to reach the PT symmetry broken 

region, single-mode oscillation can be achieved. In such systems, the oscillation mode with 

highest gain experiencing amplification while all competing modes are suppressed, 

eliminating the need for ultra-narrowband RF filters. Theoretical studies have predicted that 

PT-OEOs can achieve pure single-mode oscillation with high sidemode suppression ratios 

(SMSRs) [32,33]. These designs confirm that PT symmetry provides an alternative 

mechanism for stabilizing OEOs, directly addressing the fundamental bottleneck of dense 

mode competition. 
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In modern communication systems, multi-band radar and wireless systems increasingly 

require carriers at widely separated frequencies for frequency-diverse sensing, joint radar–

communication, and instantaneous bandwidth enhancement [72,73,74,75,76,77]. Multi-

frequency OEOs offer several inherent advantages arising from their ability to simultaneously 

generate multiple, mutually coherent microwave tones within a single compact platform. One 

key benefit is the capability to support multi-band microwave signal generation without 

requiring multiple independent oscillators, thereby reducing hardware complexity, footprint, 

and power consumption. Since the generated tones share the same optical path and electronic 

feedback loop, they typically exhibit high mutual coherence, low relative phase noise, and 

excellent frequency stability, allowing multi-band systems such as radar, communication 

links, and sensing architectures to operate with intrinsically synchronized channels. This 

contrasts with architectures relying on separate oscillators, where channel-to-channel drift, 

de-synchronization, and phase mismatches are problematic. 

In addition, multi-frequency OEOs enable flexible spectral engineering. By carefully 

designing loop filters, mode-selection mechanisms, or injection-locking structures, the 

spectral distribution—such as the spacing, number, and relative power of the microwave 

tones—can be precisely controlled. This is particularly advantageous in applications 

requiring frequency-agile microwave sources, multi-tone testing, linearization of RF 

components, and photonics-assisted arbitrary waveform generation. 

Today, OEOs are at the forefront of microwave photonics, bridging the gap between 

photonics and high-frequency electronics. Their ability to generate low-phase noise 

microwave signals not only underpins applications in next-generation wireless networks, 
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radar, and satellite navigation, but also provides a versatile platform for fundamental research 

in non-Hermitian physics, PT symmetry, and sensing at EPs. 

1.4 Major contributions of this research 

This thesis focuses on the application of PT symmetry in lasers and OEOs, aiming to address 

the challenges commonly encountered in conventional PT-symmetric lasers and OEOs, 

including structural complexity, low stability, and difficulty in mode selection. In this work, 

four novel PT-symmetric laser and OEO architectures are proposed, each of which is 

subjected to rigorous theoretical analysis and experimental performance evaluation. The 

results demonstrate significant improvements over traditional PT-symmetric systems, 

effectively mitigating the limitations and enhancing overall system performance. 

1）A PT-symmetric fiber laser based on a single physical loop architecture is proposed and 

experimentally demonstrated. Unlike conventional PT-symmetric lasers that rely on two 

physically separated loops with identical geometries, the single-loop configuration 

incorporates balanced gain and loss into one Sagnac loop, significantly simplifying the 

system design while enhancing stability. Through theoretical analysis of PT-symmetry phase 

transitions and EP dynamics, the feasibility of mode selection within a single-loop structure is 

analytically established. Experimental demonstrations further confirm stable single-

longitudinal-mode lasing with improved spectral purity, thus introducing a compact and 

practical PT-symmetric laser design that paves the way for broader applications. 

2) A widely frequency-tunable PT-symmetric OEO using a polarization-dependent Sagnac 

loop is implemented. This design represents the first demonstration of PT symmetry in an 
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OEO based on a single physical feedback loop. By exploiting the bidirectional propagation in 

the Sagnac loop, two equivalent loops with identical geometries are formed, thereby 

overcoming the critical challenge of mismatch between physically separated loops. By 

carefully balancing the gain and loss to exceed the coupling coefficient, PT symmetry 

breaking is achieved, enabling stable single-mode microwave oscillation over a broad 

frequency range from 2 to 12 GHz. The oscillator exhibits excellent phase noise performance 

of –128 dBc/Hz at a 10 kHz offset, showing that PT symmetry provides an effective 

alternative to ultra-narrow BPFs for single-mode selection in frequency-tunable OEOs. 

3) A dual-loop PT-symmetric fiber laser with a rational loop-length ratio is proposed and 

demonstrated. Traditional PT-symmetric systems typically require identical loop lengths to 

ensure resonant wavelength matching, whereas this work demonstrates that PT symmetry can 

also be established in non-identical loops when their lengths follow a rational ratio. By 

combining PT symmetry with the Vernier effect, the number of competing resonant modes is 

significantly reduced, leading to enhanced mode selection. A proof-of-concept experiment is 

carried out in which a fiber ring laser with a length ratio of 200/3 between the two loops is 

implemented. The laser achieved single-longitudinal-mode operation at 1555.88 nm with a 

record-high SMSR of 53.2 dB and a sub-kHz linewidth. This study not only introduces a 

novel PT-symmetric architecture but also expands the theoretical framework of PT symmetry 

to systems with rational length mismatches, providing a new design principle for lasers with 

superior performance. 

4) A frequency-tunable PT-symmetric OEO employing two coupled loops with a rational 

loop-length ratio is realized. In this design, PT symmetry and the Vernier effect are jointly 
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utilized to enable efficient mode selection and enhanced operational stability. The system is 

theoretically analyzed and experimentally verified, demonstrating stable single-mode 

oscillation with a frequency tuning range from 2 to 12 GHz. The SMSR is improved to 40.7 

dB, corresponding to a 3.9 dB enhancement compared with a dual-loop OEO using only the 

Vernier effect. Moreover, the generated microwave signal exhibits a phase noise of –114 

dBc/Hz at a 10 kHz offset, highlighting the improved spectral purity and reduced mode 

competition. This work establishes a new framework for dual-loop PT-symmetric OEOs, 

offering practical solutions for next-generation high-performance microwave photonic 

oscillators with both tunability and stability. 

5) A dual-frequency PT-symmetric OEO is proposed and experimentally demonstrated. In 

this design, a spectrally sliced amplified spontaneous emission (ASE) source is transmitted 

through a large dispersion optical component and detected by a PD to implement a dual-

channel MPF. The PT symmetry enforces single-mode dominance within each channel, 

effectively suppressing delay-line-induced multimode competition. Subsequently, injection 

locking with an external electrical signal stabilizes the relative phase and frequency spacing 

between the two oscillation channels, yielding a mutually phase-locked dual-frequency 

output. The combined effect of PT symmetry and injection locking results in spectral purity 

in each channel, robust dual-frequency stability, and immunity to mode hopping, establishing 

a new mechanism for generating highly stable multi-frequency microwave signals in OEOs. 

Overall, the contributions of this thesis collectively establish a coherent research trajectory 

that advances PT-symmetric photonics and microwave photonics from fundamental concepts 

to practical implementations. Starting with the simplification of PT-symmetric architectures 
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in single-loop fiber lasers and OEOs, and progressing to advanced dual-loop configurations 

incorporating rational length ratios and the Vernier effect, this work systematically addresses 

long-standing challenges of structural complexity, mode competition, and stability. 

Theoretical modeling and experimental validations not only confirm the feasibility of these 

designs but also deepen the understanding of EP physics in resonant systems. Together, these 

innovations form a comprehensive framework for realizing compact, stable, and frequency-

tunable PT-symmetric lasers and OEOs, thereby bridging fundamental non-Hermitian physics 

with practical applications in high-performance signal generation. 

1.5 Organization of this thesis 

This thesis is organized into eight chapters as follows: 

Chapter 1 provides an introduction to PT symmetry, lasers, and OEOs, together with the 

motivation of this research. The major contributions of the thesis are summarized at the end 

of this chapter. 

Chapter 2 establishes the theoretical background necessary for the subsequent chapters. 

Coupled-mode theory and temporal coupled-mode theory are introduced, followed by the 

fundamentals of PT-symmetric Hamiltonians. The principles of SLM lasers and single/multi- 

frequency OEOs are also discussed, forming the theoretical foundation of this work. 

Chapter 3 demonstrates a PT-symmetric SLM fiber ring laser implemented using a single 

physical loop. Both theoretical analysis and experimental verification are provided, showing 

that PT symmetry can enforce single-mode operation in long fiber cavities without need for 

ultra-narrowband optical filters, thereby the conventional dual-loop PT-symmetric 
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configurations are optimized. 

Chapter 4 reports the first realization of a PT-symmetric optoelectronic oscillator using a 

single physical loop. By introducing a polarization-dependent Sagnac loop, two counter-

propagating feedback paths with balanced gain and loss are formed, enabling simplified 

single-mode microwave oscillation. 

Chapter 5 proposes and experimentally demonstrates a dual-loop PT-symmetric fiber laser 

with a rational loop-length ratio. The design leverages both the Vernier effect and PT 

symmetry to significantly improve sidemode suppression and linewidth performance. 

Chapter 6 introduces a dual-loop PT-symmetric OEO employing a rational loop-length ratio. 

The joint use of the Vernier effect and PT symmetry ensures efficient mode selection, and 

improved stability. 

Chapter 7 shows a dual-frequency PT-symmetric OEO. By combining PT symmetry and 

injection locking, the system simultaneously generates two mutually stable microwave tones, 

which means the expansion of the PT-symmetric OEO from generating a single frequency 

signal to multi-frequency signals. 

Chapter 8 summarizes the main findings of this thesis and outlines potential research 

directions for future work. 
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CHAPTER 2 THEORETICAL OVERVIEW 

 

2.1 Coupled mode theory 

Coupled-mode theory (CMT) is a widely used analytical framework for describing the 

interaction and energy exchange between modes in optical waveguides, resonators, and other 

electromagnetic structures [78,79]. It is particularly useful in systems where weak 

perturbations or couplings occur, such as in directional couplers, fiber Bragg gratings, and 

coupled cavities. The core idea of CMT is that the total field of a system can be expressed as 

a superposition of unperturbed eigenmodes, and their amplitudes evolve according to a set of 

first-order differential equations determined by the coupling mechanism. 

Consider two optical waveguides or resonators that support modes with field distribution 

𝐸1(𝑟) and 𝐸2(𝑟), and complex amplitudes 𝑎1(𝑧) and 𝑎2(𝑧) along the propagation direction 𝑧. 

In the absence of interaction, each mode propagates independently with a propagation 

constant 𝛽𝑖 . When the two structures are brought into proximity, their evanescent fields 

overlap, and coupling occurs. Under the complex field representation, the total electric field 

can be expressed as 

𝐸(𝑟, 𝑧) = 𝑎1(𝑧)𝐸1(𝑟)𝑒
𝑖𝛽1𝑧 + 𝑎2(𝑧)𝐸2(𝑟)𝑒

𝑖𝛽2𝑧 (2.1) 

where the physical electric field is given by the real part of the above expression. By applying 

Maxwell’s equations under the weak coupling approximation, the following coupled 

differential equations for the mode amplitudes are obtained: 
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𝑑𝑎1(𝑧)

𝑑𝑧
= −𝑖𝛽1𝑎1(𝑧) − 𝑖𝜅12𝑎2(𝑧)

𝑑𝑎2(𝑧)

𝑑𝑧
= −𝑖𝛽2𝑎2(𝑧) − 𝑖𝜅21𝑎1(𝑧)

(2.2) 

where 𝜅12 and 𝜅21 are the coupling coefficients determined by the overlap integrals of the 

modes and the perturbation in the refractive index distribution. In the special case of two 

identical waveguides with symmetric coupling structures, 𝛽1 = 𝛽2 = 𝛽, 𝜅12 = 𝜅21 = 𝜅, the 

equations reduce to 

𝑑𝑎1(𝑧)

𝑑𝑧
= −𝑖𝛽𝑎1(𝑧) − 𝑖𝜅𝑎2(𝑧)

𝑑𝑎2(𝑧)

𝑑𝑧
= −𝑖𝛽𝑎2(𝑧) − 𝑖𝜅𝑎1(𝑧)

(2.3) 

Solving this system yields periodic power exchange between the two waveguides, with a 

coupling length 𝐿𝑐 = 𝜋 (2𝜅)⁄ , over which complete power transfer from one waveguide to 

the other occurs. This result explains the fundamental operation of directional couplers and 

serves as the theoretical basis for many integrated photonic devices. 

More generally, CMT can be extended to multiple modes or multiple resonators, leading to a 

matrix form 

𝑑𝑎(𝑧)

𝑑𝑧
= −𝑖𝑀𝑎(𝑧) (2.4) 

where 𝑎(𝑧) = [𝑎1(𝑧), 𝑎2(𝑧),… , 𝑎𝑚(𝑧)]
𝑇  represents the mode amplitudes, and 𝑀  is the 

coupling matrix containing propagation constants and coupling coefficients. The eigenvalues 

of 𝑀  give the effective propagation constants of the super modes, and the eigenvectors 

describe their field distributions. 

However, resonant systems—cavities, coupled resonator optical waveguides, fiber rings, 
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lasers, and oscillators—are inherently dynamical: energy accumulates, leaks to ports, 

experiences material gain and saturation, and interacts with external channels. For these, the 

natural independent variable is time, and the appropriate framework is temporal coupled-

mode theory (TCMT) [80]. The passage from CMT to TCMT is most transparent when one 

exploits the formal equivalence between the paraxial wave equation and the Schrödinger 

equation, but fixes space and lets the dynamics unfold in time. A narrowband physical field 

can be expanded as 𝐸(𝑟, 𝑡) = ∑ 𝑎𝑚(𝑡)𝑢𝑚(𝑟)𝑒
−𝑖𝜔0𝑡

𝑚  with slowly varying envelopes 𝑎𝑚(𝑡) 

from the vector Helmholtz equation, where 𝑢𝑚(𝑟) are the resonant mode profiles and 𝜔𝑚 

denotes the resonant frequency of the m-th mode. Substitution into Maxwell’s equations and 

projection onto the eigenmodes using reciprocity reduces the wave equation to ordinary 

differential equations for the amplitudes. 

𝑎̇ = (𝑖Ω − 𝛤)𝑎 + 𝐾𝑠+, 𝑠− = 𝐶𝑠+ + 𝐷𝑎 (2.5) 

where 𝑎 = [𝑎1, 𝑎2, … , 𝑎𝑚]
𝑇 , and Ω = 𝑑𝑖𝑎𝑔(𝜔𝑚 − 𝜔0) is a diagonal matrix containing the 

detunings of each mode from the reference frequency 𝜔0, 𝛤 = 𝛤𝑖 + 𝛤𝑒 gathers intrinsic and 

external decay rates, 𝐾  is the port excitation matrix, 𝑠±  represents the input/output wave 

through the port, 𝐶 is the direct scattering matrix between ports, and 𝐷 is the radiation matrix 

from resonant modes to ports. 

For two weakly coupled modes (or two resonators) with real coupling 𝜅 (from a real-index 

perturbation), Eq. (2.3) becomes: 

𝑑

𝑑𝑡
[
𝑎1
𝑎2
] = [

−𝑖𝜔1 − 𝛾1 𝑖𝜅
𝑖𝜅 −𝑖𝜔2 − 𝛾2

] [
𝑎1
𝑎2
] + [

𝑘11 𝑘12
𝑘21 𝑘22

] [
𝑠1,+
𝑠2,+

] (2.6) 

In this mapping, the spatial CMT quantities of propagation constant changes correspond 
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naturally to TCMT quantities of resonant frequency detunings, while distributed losses 

become time-domain decay rates; intuitively, spatial CMT “transfers amplitude along 

transmission direction,” whereas TCMT “charges and discharges mode energy in the time 

domain.” 

Beyond classical optics, CMT and TCMT have been extended to non-Hermitian and PT-

symmetric systems, where gain and loss are balanced to realize non-reciprocal wave 

propagation, single-mode selection, enhancement sensitivity, and EP dynamics. As a result, 

non-Hermitian CMT and TCMT models have become indispensable tools in guiding the 

design of next-generation photonics devices, lasers, sensors, and microwave photonic devices, 

bridging fundamental theory with practical applications. 

2.2 Fundamentals of parity-time symmetry 

The concept of PT symmetry in physics originates from the discovery that certain non-

Hermitian Hamiltonians can exhibit entirely real eigenvalues, provided they commute with 

the combined 𝑃 and 𝑇 operators [2]. In quantum mechanics, Hermiticity of the Hamiltonian 

is traditionally required to ensure real eigenvalues, energy conservation, and unitary time 

evolution. PT-symmetric Hamiltonians, however, relax this constraint by allowing controlled 

non-Hermiticity while still supporting real spectra within specific parameters. This insight 

broadens the conventional understanding of quantum systems and establishes the foundation 

of modern non-Hermitian physics. In optics, PT symmetry is naturally mapped to the 

complex refractive index. A refractive index distribution 𝑛(𝑥) satisfies the PT condition when 

𝑛(𝑥) = 𝑛∗(−𝑥) , where the spatial origin 𝑥 = 0 is chosen as the center of symmetry. This 



26 

 

implies that the real part of the refractive index is an even function, while the imaginary part 

(representing gain and loss) is an odd function. The real index controls phase velocity and 

mode confinement, whereas the imaginary index dictates amplification or absorption. This 

correspondence allows optical waveguides, resonators, and coupled cavities to directly 

emulate PT-symmetric Hamiltonians and enter regimes where symmetry breaking and EPs 

strongly influence wave dynamics. 

From a theoretical perspective, PT symmetry provides two major advantages. First, it offers 

an expanded mathematical framework for describing the spectral properties of non-Hermitian 

systems, enabling controlled spectral behavior in systems with balanced gain and loss. 

Second, PT symmetry introduces a powerful physical mechanism for mode selection, 

sensitivity enhancement, and dynamical control in photonic and microwave systems. For the 

purposes of this thesis, PT symmetry serves as a theoretical foundation for the design of 

novel fiber lasers and OEOs that exploit EPs for mode selection and stability enhancement. In 

the following sections, we focus on how PT symmetry concepts integrate into the theory of 

SLM lasers and OEOs, providing the basis for the experimental demonstrations presented in 

later chapters. 

2.2.1 Parity-time-symmetric Hamiltonians 

In conventional quantum mechanics, the Hermiticity of the Hamiltonian operator is a 

fundamental requirement, ensuring real eigenvalues and unitary time evolution. A one-

dimensional closed quantum system is governed by the stationary Schrödinger equation [81]: 

𝐻̂𝜓(𝑥) = 𝐸𝜓(𝑥), 𝐻̂ = −
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+ 𝑉(𝑥) (2.7) 
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where 𝐸 denotes the eigenenergy, 𝜓(𝑥) is the wave function, 𝐻̂ is a Hamiltonian, ℏ is the 

reduced Planck’s constant, 𝑚 represents the particle mass, 𝑥 is the position, and 𝑉(𝑥) is a real 

function that describes the potential of the conservative force acting on the corresponding 

particle. Hermiticity requires 𝐻̂ = 𝐻̂†, which in turn enforces 𝑉(𝑥) = 𝑉∗(𝑥). This condition 

guarantees that the spectrum of 𝐻̂  is real, thereby providing the foundation of standard 

quantum theory. In an open quantum system, energy interaction between the system and the 

environment must be taken into consideration, the non-Hermitian Hamiltonian is used to 

simplify the analysis, that is, 𝐻̂ ≠ 𝐻̂†, and the dynamics of the system still formally satisfy 

the Schrödinger equation. Under these conditions, 𝑉(𝑥) becomes a complex function, and the 

real energy eigenvalues cannot be guaranteed because of the energy flux in and out of the 

system. 

However, Bender and Böttcher demonstrated that Hermiticity is not a necessary condition for 

the reality of eigenvalues. Instead, it suffices for a Hamiltonian to respect PT symmetry. A 

Hamiltonian 𝐻̂ is said to be PT-symmetric if it satisfies: 

[𝐻̂, 𝑃𝑇] = 0 (2.8) 

or equivalently, 

𝑃𝑇𝐻̂(𝑃𝑇)−1 = 𝐻̂ (2.9) 

where the parity operator 𝑃  performs spatial inversion, transforming the position and 

momentum operators as 𝑥 → −𝑥 and 𝑝 → −𝑝, and the time-reversal operator 𝑇 reverses the 

direction of time and complex conjugates the imaginary unit: 𝑡 → −𝑡 and 𝑖 → −𝑖. 

For a PT-symmetric system, this requires that: 
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𝑉(𝑥) = 𝑉∗(−𝑥) (2.10) 

which implies that the real part of the potential is an even function, while the imaginary part 

is an odd function. The spectral properties of a PT-symmetric Hamiltonian are categorized 

into two distinct phases: unbroken PT-symmetric phase (all eigenvalues of 𝐻̂ are real, leading 

to a purely real spectrum), and broken PT-symmetric phase (eigenvalues emerge in complex 

conjugate pairs, signifying exponential growth or decay in physical observables). The 

transition between these regimes occurs at an EP, where not only the eigenvalues but also the 

corresponding eigenvectors coalesce. 

2.2.2 Parity-time symmetry in photonics and microwave photonics 

While the concept of PT-symmetric Hamiltonians originated in the context of quantum 

mechanics, the direct verification of such non-Hermitian systems in quantum domains 

remains extremely challenging due to decoherence, uncontrollable many-body interactions, 

and the practical difficulty of engineering balanced gain and loss at the microscopic level. In 

contrast, optics offers a uniquely suitable platform for realizing and experimentally exploring 

PT symmetry. 

The paraxial wave equation governing light propagation in optical waveguides is 

mathematically equivalent to the Schrödinger equation. In this analogy, the spatial coordinate 

along the waveguide corresponds to time in quantum mechanics, and the refractive index 

profile acts as the potential. Thus, PT-symmetric Hamiltonians can be mapped directly onto 

optical systems by engineering the complex refractive index distribution [82]: 
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𝑖
𝑑𝜑(𝑥, 𝑧)

𝑑𝑧
+ [

1

2𝑛0𝑘0

𝑑2

𝑑𝑥2
+ 𝑘0(𝑛R(𝑥) + 𝑖𝑛I(𝑥))]𝜑(𝑥, 𝑧) = 0 (2.11) 

where 𝐸(𝑥, 𝑧) is the electric field envelope, 𝑛(𝑥) = 𝑛R(𝑥) + 𝑖𝑛I(𝑥) is the complex refractive 

index, and 𝑘0 is the free-space wave vector. Thus, the PT condition becomes: 

𝑛R(𝑥) = 𝑛R(−𝑥), 𝑛I(𝑥) = −𝑛I(−𝑥) (2.12) 

According to the definition of the refractive index, the real part of 𝑛(𝑥) determines the index 

profile whereas its imaginary part determines the gain/loss profile, which means a PT 

symmetric system has a symmetric index but a contrary gain and loss. In optics, unlike in 

quantum mechanics, it is straightforward to realize balanced gain and loss by combining 

amplifying media (e.g., doped fibers, semiconductor optical amplifiers) with absorbing 

regions. This provides a direct physical realization of the imaginary part of a PT-symmetric 

potential. 

PT symmetry in optics can be simply achieved by two coupled waveguides with identical 

geometries with a balanced gain and loss profile. In [9], Rüter et al. have designed a coupled-

ridge waveguide, with only one of the two parallel channels being optically pumped to 

provide a gain for the guided light, whereas the neighbor arm experiences a loss. The optical 

field in the two coupled waveguides can be expressed by 

𝑖
𝑑𝐸1
𝑑𝑧

+ 𝑖𝛾G𝐸1 + 𝜅𝐸2 = 0, 𝑖
𝑑𝐸2
𝑑𝑧

+ 𝑖𝛾L𝐸2 + 𝜅𝐸1 = 0 (2.13) 

where 𝐸1,2 represent the field amplitudes in channels 1 and 2, 𝜅 = π/(2𝐿C) is the coupling 

constant with a coupling length 𝐿C, 𝛾G is the effective gain coefficient of channel 1, and 𝛾L is 

the loss of channel 2. To meet the PT symmetric condition, 𝛾 = 𝛾G = −𝛾L. The eigenvalues 
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of Eq. (2.13) represent the propagation constants of the coupled super-modes in the two 

waveguides, that is, 𝛽± = 𝛽0 ±√𝜅2 − 𝛾2, where 𝛽0 is the separate waveguide propagation 

constant. In this case, the EP of the system becomes 𝛾 𝜅⁄ = 1. When 𝛾 𝜅⁄ < 1, the real eigen 

propagation constants indicate that even in the presence of gain and loss, the light wave can 

propagate with conserved energy. However, once 𝛾 𝜅⁄ > 1, the system is in the PT-broken 

phase, and the propagation constants become a pair of conjugate complex numbers, which 

means the electric fields are strongly confined either in the gain channel with light 

amplification or in the loss channel with exponential light decay, leading to nonreciprocal 

light propagation. 

Gain Loss

Coupling coefficent
κ

 

Fig. 2.1 Schematic of the two coupled ring resonators configuration 

Moreover, optical platforms provide unparalleled flexibility in tuning coupling coefficients 

and gain/loss parameters, thereby enabling the observation of non-Hermitian phase 

transitions and EPs under controlled conditions. This tunability directly enables a PT-

symmetric mode-selection mechanism in lasers and OEOs. The principle can be formalized 

by considering two identical coupled resonant cavities, one with gain and the other with an 
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equal amount of loss, as shown in Fig. 2.1. According to the TCMT, the effective non-

Hermitian Hamiltonian is: 

𝐻 = [
−𝑖𝜔𝑛 + 𝛾𝑛 𝑖𝜅

𝑖𝜅 −𝑖𝜔𝑛 − 𝛾𝑛
] (2.14) 

where 𝜔𝑛  is the frequency of n-th resonant mode without PT symmetry, 𝛾𝑛  represents the 

gain/loss coefficient of the n-th mode, and 𝜅  denotes the coupling coefficient. The 

eigenvalues of this Hamiltonian are given by 

𝜔± = 𝜔𝑛 ±√𝜅2 − 𝛾𝑛2 (2.15) 

As shown in Fig. 2.2, when |𝛾𝑛| < 𝜅, the system is in the unbroken PT phase, with two real 

eigenvalues corresponding to resonant frequency splitting. At the critical point |𝛾𝑛| = 𝜅, the 

system reaches EP where both eigenvalues and eigenvectors coalesce. For |𝛾𝑛| > 𝜅 , the 

system enters the broken PT phase, in which one eigenmode experiences amplification while 

the other experiences attenuation. 
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Fig. 2.2 Real and imaginary parts of eigenfrequencies versus coupling strength κ in a PT-symmetric system with 

gain–loss balance. The transition point corresponds to the exceptional point (EP), where both eigenvalues and 

eigenvectors coalesce. 

In the analysis, we call the mode with the highest gain the primary mode, or the 0-th mode. 

Once the pair of 0-th modes is located in the broken PT phase, while others are still in the 

unbroken PT phase, only the primary mode can be amplified, and other modes will remain 
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neutral. This is how PT symmetry works for single-mode selection. 

Besides, PT-symmetric photonic sensors exploit the non-Hermitian spectral characteristics 

that emerge in systems with balanced gain and loss. In particular, they leverage the presence 

of EPs to achieve ultra-sensitive response to external perturbations. An EP occurs when 

|𝛾𝑛| = 𝜅 , at which the eigenvalues and eigenvectors simultaneously coalesce. This non-

Hermitian degeneracy is fundamentally different from Hermitian degeneracies: instead of 

having two orthogonal eigenmodes, the system possesses a single defective eigenstate with 

non-orthogonal mode geometry. This collapse of mode orthogonality is responsible for the 

anomalous sensitivity enhancement that PT-symmetric sensors display. 

When the system is perturbed, such as by a nanoparticle binding to a microcavity or by a 

refractive-index change in the environment, the perturbation 𝜖 typically introduces a small 

frequency shift ∆𝜔  into one of the two coupled subsystems. In conventional Hermitian 

resonators, this yields a linear response ∆𝜔 ∝ 𝜖 . In contrast, near an EP, the eigenvalue 

splitting follows a square-root dependence ∆𝜔 ∝ √𝜖 , where 𝜖  can be interpreted as the 

deviation of a system parameter (such as the coupling strength or effective refractive index) 

from its value at the EP. This behavior is illustrated in Fig. 2.2, where the eigenfrequency 

branches exhibit a characteristic square-root bifurcation as the system parameter is tuned 

across the EP, reflecting the non-Hermitian degeneracy and enhanced response of the system. 

From a broader perspective, PT-symmetric sensors offer a fundamentally new way of 

detecting weak perturbations by harnessing non-Hermitian physics rather than relying solely 

on high-quality cavities or resonant enhancement. The mechanism is universal and extends 
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across platforms including WGM resonators, optofluidic cavities, Bragg gratings, integrated 

photonic chips, and even microwave and acoustic systems. 

As a result, photonics and microwave photonics not only serve as an accessible testbed for 

verifying the fundamental predictions of PT-symmetric quantum theory but also pave the way 

for exploiting PT symmetry as a powerful tool in practical device engineering, such as 

nonreciprocal light propagation, single-mode lasers and OEOs, and sensitivity-enhanced 

sensors. 

2.3 Fundamentals of single-longitudinal-mode lasers 

An SLM laser operates at a single frequency within its gain bandwidth, producing a highly 

coherent and stable optical output. Unlike multimode lasers, where multiple longitudinal 

modes oscillate simultaneously, an SLM laser ensures that only one resonant wavelength 

within the cavity reaches the lasing threshold. This property is essential for applications 

requiring high spectral purity, such as optical communication, interferometry, and precision 

metrology. 

The fundamental principle of a laser lies in the interaction between the laser cavity and the 

gain medium. In a conventional F-P resonator, the longitudinal modes are determined by the 

cavity length, satisfying the resonance condition 2𝑛𝐿 = 𝑚𝜆, where 𝑛 is the refractive index, 

𝐿  is the cavity length, 𝑚  is the mode number, and 𝜆  is the optical wavelength. The 

longitudinal resonances occur at 𝑓𝑚 = 𝑚𝑐 2𝑛𝐿⁄ , with an adjacent mode spacing known as the 

FSR, ∆𝑓 = 𝑐 2𝑛𝐿⁄ . Since the gain medium typically provides a bandwidth much broader than 

the FSR, many longitudinal modes can lie within the gain profile and, in principle, oscillate. 
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To achieve single-longitudinal-mode operation, the laser must enforce a condition where only 

one longitudinal mode dominates, while all others remain suppressed. The condition can be 

expressed as  

𝑔(𝑓𝑚) − 𝛼𝑚 > 0, for only one mode 𝑚 (2.16) 

where 𝑔(𝑓𝑚) is the mode gain, and 𝛼𝑚 is the cavity loss. 

To achieve SLM lasing, various strategies have been developed, broadly classified into 

cavity-length engineering, spectral filtering, injection locking, and non-Hermitian mode 

control.  

Cavity-length engineering is the simplest approach, relying on short cavities with large FSRs 

to ensure that only one longitudinal mode falls within the gain bandwidth. This method is 

effective in microcavity lasers and certain semiconductor devices, but it is impractical for 

fiber lasers, where long cavities are desirable for narrow linewidths. Spectral filtering is 

therefore the dominant strategy in fiber-based systems. DBR and DFB lasers employ periodic 

index gratings to provide wavelength-selective reflection, enforcing SLM operation. In fiber 

lasers, PS-FBGs create narrow transmission windows that act as effective mode selectors, 

often achieving linewidths below a few kilohertz. Dual-loop Vernier cavities provide another 

filtering method, where the interference between loops produces an enlarged effective FSR, 

reducing mode density and facilitating single-mode operation. 

Injection locking represents a different theoretical framework, in which an external seed or a 

delayed version of the laser output stabilizes the oscillation frequency. The Adler equation 

describes the locking dynamics, predicting that the locked frequency range depends on the 
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seed strength and detuning [83]: 

𝑑𝜑(𝑡)

𝑑𝑡
=
𝛼

2
{𝑔[𝑁(𝑡) − 𝑁th]} − 𝜅

𝐴inj

𝐴(𝑡)
sin𝜑(𝑡) − ∆𝜔 (2.17) 

where 𝐴(𝑡) is the field amplitude of the slave laser, 𝐴inj is the field amplitude of the injected 

light, 𝜑(𝑡)  denotes the phase difference between the internal and injected field, 𝛼  is the 

linewidth enhancement factor, 𝑔 represents the laser gain coefficient, 𝑁(𝑡) is the number of 

carriers in the slave laser, while 𝑁th  is the threshold carrier number, 𝜅  is the coupling 

coefficient, and ∆𝜔 = 𝜔s − 𝜔inj  denotes the angular frequency offset between the free-

running slave lasers (𝜔s) and the injected light (𝜔inj). This method has been successfully 

applied to semiconductor and fiber lasers, enabling stable SLM operation over extended 

ranges. However, injection-locking schemes often require external sources or precise timing, 

limiting their practicality in certain applications. More recently, self-injection mechanisms, in 

which part of the laser output is fed back after a delay, have been investigated. These 

configurations can achieve sub-kilohertz linewidths and SLM operation, though they are 

sensitive to environmental perturbations [84]. 

PT symmetry introduces a fundamentally new mode-control mechanism for SLM lasers. 

Instead of relying solely on narrowband filters or external seeding, PT lasers achieve single-

mode operation intrinsically through gain/loss engineering. By operating beyond the PT 

symmetry-breaking threshold, one super mode acquires net gain while the other is suppressed, 

resulting in single-mode emission. Theoretical analyses based on coupled-mode equations 

have shown that PT lasers can maintain SLM operation even under conditions where 

conventional designs fail, such as in long cavities or multimode waveguides. Experimental 
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studies in both integrated photonic and fiber-based platforms have validated these theoretical 

predictions, making PT symmetry a promising design principle for SLM lasers [11,12,26,85]. 

The performance of an SLM laser is fundamentally characterized by two key parameters: the 

SMSR and the spectral linewidth. These quantities provide direct measures of the mode 

purity and coherence, respectively, and together determine the suitability of an SLM laser for 

high-precision applications. 

The SMSR quantifies the ability of the laser cavity to discriminate against undesired 

longitudinal modes. It is defined as [86]: 

SMSR = 10 log10 (
𝑃main

𝑃side

) [𝑑𝐵] (2.18) 

where 𝑃main is the output power of the dominant lasing mode and 𝑃side is the power of the 

strongest suppressed side mode. A high SMSR implies that mode competition and cross-

saturation have been effectively resolved in favor of a single longitudinal resonance. From a 

theoretical perspective, SMSR is determined by the difference between the net mode gain and 

cavity loss for the main mode compared with competing modes. 

The linewidth of an SLM laser reflects its temporal coherence and is ultimately limited by 

quantum fluctuations of the intracavity field. According to the Schawlow–Townes relation, 

the fundamental linewidth is given by [87]: 

∆𝜈𝐿 =
2𝜋ℎ𝜈𝐿(∆𝜈𝑐)

2

𝑃out

=
2𝜋ℎ𝜈𝐿
𝑃out

(
𝜈𝐿
𝑄
)
2

(2.19) 

where ℎ𝜈𝐿  represents the photon energy, ∆𝜈𝑐  is the full-width at half maximum (FWHM) 

intensity of the resonance related to the quality factor 𝑄, and 𝑃out is the output power. The 
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quality factor 𝑄 is directly linked to the photon lifetime 𝜏𝑃 through 𝑄 = 2𝜋𝜈𝐿𝜏𝑃. According 

to the Eq. (2.19), the laser linewidth scales inversely with the square of the quality factor, or 

equivalently with the square of the photon lifetime. Therefore, an increase in cavity length, 

which enhances the photon lifetime, leads to a significant reduction in the laser linewidth. 

However, a long cavity provides a small FSR, which makes mode competition fierce, 

resulting in single-mode operation more challenging to achieve. 

Therefore, cavity length plays a dual role in SLM lasers: it improves linewidth performance 

through an increased quality factor, while simultaneously influencing mode competition via 

the FSR. The design of SLM lasers thus requires a careful balance, where sufficient cavity 

length is maintained to achieve narrow linewidths without compromising single-mode 

stability. 

2.4 Optoelectronic oscillators 

2.4.1 Fundamentals of optoelectronic oscillators 

An OEO is a type of oscillator that generates ultra-low phase noise and high-frequency 

microwave signals by using optical and electronic components in a feedback loop. Unlike 

traditional electronic oscillators that rely solely on electronic components, an OEO exploits 

the stability and high spectral purity of optical components to generate highly coherent 

microwave signals. These OEOs are widely used in applications such as radar systems, 

telecommunications, microwave photonic sensors, and precision frequency synthesis. 

The fundamental working principle of an OEO is based on the conversion of optical energy 

into an electronic microwave signal through a feedback mechanism. The system consists of 
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several key components: an optical source (laser), an EOM, a long optical fiber delay line, a 

PD, an RF amplifier, and a BPF. The oscillator starts with a continuous-wave laser, which 

provides a stable optical carrier. This optical signal is modulated by an RF signal via an EOM, 

typically a Mach-Zehnder modulator (MZM). The modulated optical signal then propagates 

through a long optical fiber, which acts as a high-quality delay element, significantly 

enhancing the oscillator's spectral purity and phase noise performance. After traversing the 

fiber delay line, the optical signal is converted back into an electrical RF signal by a high-

speed PD. The photo-detected signal, which contains multiple frequency components due to 

optical modulation, is passed through an RF BPF that selects the desired microwave 

frequency mode. This filtered signal is then amplified and fed back to drive the EOM, closing 

the feedback loop. The oscillation condition is satisfied when the loop gain exceeds unity and 

the total phase shift is a multiple of 2π, leading to the generation of a stable microwave 

oscillation. 

The oscillation frequency of an OEO is determined by the fiber delay length and the BPF 

characteristics. The frequency spacing between adjacent oscillation modes (FSR) is given by: 

𝛥𝑓 =
𝑐

𝑛𝐿
(2.20) 

where 𝑐 is the speed of light, 𝑛 is the refractive index of the fiber, and 𝐿 is the fiber length. 

The performance of an OEO is fundamentally determined by its spectral purity, and 

frequency stability. Among these, the single-sideband (SSB) phase noise is the most critical 

figure of merit, as it directly reflects the short-term frequency stability and coherence of the 

generated microwave signal. The phase noise is closely linked to the effective quality factor 
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of the delay line, 𝑄eff ≈ 𝜋𝑓0𝜏 , indicating that longer optical delays significantly suppress 

close-to-carrier noise and lead to ultra-narrow linewidths [59]. Another important parameter 

is the SMSR, since the presence of multiple resonant modes separated by the FSR can lead to 

multimode oscillations if not adequately suppressed; a high SMSR ensures that a single 

oscillation mode dominates, thereby guaranteeing spectral purity. Collectively, these factors 

define the theoretical framework for evaluating OEO performance, with phase noise, 

frequency stability, and SMSR serving as the core benchmarks that distinguish OEOs from 

conventional electronic oscillators. 

2.4.2 Mode selection techniques of optoelectronic oscillators 

A fundamental challenge in OEOs arises from the extremely long cavity length, which leads 

to a dense spectrum of oscillating modes separated by the FSR. Without additional mode-

selection mechanisms, multiple oscillation modes can simultaneously exist, resulting in 

degraded spectral purity, increased phase noise, and instability. To ensure stable single- mode 

operation, a variety of mode-selection techniques have been developed. 

One widely adopted method is the use of narrowband RF BPFs in the electrical domain. By 

placing a high-quality filter within the OEO feedback loop, only one oscillation frequency 

that lies within the passband is reinforced, while other modes are strongly attenuated. This 

approach is conceptually straightforward and highly effective; however, the filter’s bandwidth 

and center frequency tunability often limit the overall frequency agility of the OEO. 

Another common approach employs multi-loop configurations, where several fiber loops of 

unequal lengths are coupled to generate a Vernier effect. The overlap condition of their 
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respective longitudinal modes leads to a much larger effective FSR, thereby facilitating 

single-mode oscillation. This technique provides improved sidemode suppression and has 

been extensively used in practical high-performance OEO designs. A major drawback of this 

approach lies in the limited frequency tunability, since the lengths of the loops must be 

adjustable when the frequency is being tuned, making the implementation very complicated. 

To realize a large frequency tunable range, an MPF can be employed for mode selection. The 

principle relies on a phase modulator (PM) followed by an optical notch filter-such as a PS-

FBG, or a microdisk resonator (MDR), and a PD, as shown in Fig. 2.3. The MPF is realized 

by phase-modulation to intensity-modulation (PM–IM)  conversion. If the phase-modulated 

optical signal is directly detected by the PD, no microwave signal appears at the output, since 

the beat between the carrier and the upper sideband is equal in magnitude but opposite in 

phase to that between the carrier and the lower sideband, leading to complete cancellation. 

The PS-FBG is employed to suppress one of the optical sidebands generated by the PM, 

thereby producing a single-sideband-with-carrier (SSB+C) optical signal. When this SSB+C 

signal is sent to the PD, the beating between the optical carrier and the remaining sideband 

generates a microwave signal, which effectively equivalent to a narrowband MWP. If the 

spectral notch of the PS-FBG is sufficiently narrow, the filter provides strong frequency 

selectivity, enabling the OEO to generate a single-frequency microwave signal. Furthermore, 

the frequency tunability can be achieved by shifting the optical carrier wavelength of the laser 

diode or by thermally or mechanically tuning the Bragg wavelength of the PS-FBG, thus 

allowing the microwave frequency to be continuously controlled. However, the single-mode 

oscillator cannot be guaranteed when the loop length exceeds the kilometer scale due to the 
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limitation of the bandwidth of the PS-FBG. 
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Fig. 2.3 Schematic of the microwave photonic filter (MPF) configuration. LD: laser diode, PC: polarization 

controller, PM: phase modulator; PS-FBG: phase-shifted fiber Bragg grating; PD: photodetector; VNA: vector 
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network analyzer. 

More recently, non-Hermitian and PT symmetric schemes have emerged as a novel mode-

selection mechanism. By adjusting the gain/loss coefficient for a specific mode exceeds the 

coupling coefficient, PT symmetry is broken, the specific mode will start to oscillate, while 

the other modes will remain neutral. The PT-symmetric OEO enables single-mode operation 

without relying on ultra-high-quality filters or complex dual-loop configurations, offering a 

compact and robust alternative for next-generation oscillators. 

2.4.3 Multi-frequency signal generation in optoelectronic oscillators 

Multi-frequency OEOs, despite their functional advantages and potential applications in 

multi-band microwave photonics, face several intrinsic challenges that make their realization 

significantly more complex than conventional single-frequency OEOs. The most fundamental 

difficulty arises from severe mode competition within the shared optoelectronic feedback 

loop. Because all oscillation frequencies experience the same optical path, electronic gain, 

and nonlinear saturation dynamics, the loop can typically support only a limited amount of 

net gain. As a result, one oscillation mode often dominates and suppresses the others, leading 

the system to collapse into single-mode operation unless additional mechanisms—such as 

injection locking, coupled-loop architectures, or PT-symmetric mode partitioning—are 

deliberately introduced. This strong mode competition becomes even more pronounced when 

long fiber delays are employed to achieve low phase noise, because the large effective quality 

factor enhances sensitivity to small gain differences among the oscillation modes. 

Another major difficulty lies in the stringent requirements placed on the loop filter and 
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frequency-selection architecture. Generating multiple stable oscillation frequencies 

simultaneously demands a filter response that either permits multiple longitudinal modes to 

satisfy the oscillation condition or supports structured multi-passband transmission. This 

necessitates careful control of bandwidth, insertion loss, group delay, and FSR. Even slight 

mismatches in these parameters can lead to unequal oscillation thresholds, unstable power 

distribution among the generated tones, or the complete disappearance of certain modes. 

Moreover, multi-frequency oscillation is highly sensitive to variations in fiber length, 

temperature, and refractive index, since each oscillation frequency must satisfy the loop 

phase condition simultaneously—a requirement far more fragile than in single-frequency 

OEOs. 

Maintaining low phase noise and high frequency stability across all oscillation tones 

introduces additional complications. While single-frequency OEOs rely on long optical 

delays to achieve exceptionally low phase noise, multi-frequency OEOs must ensure not only 

that each individual frequency maintains a low noise floor, but also that the mutual phase 

relationships among the tones remain stable. Without such mutual coherence, multi-band 

radar, photonic vector analysis, and microwave photonic processing cannot benefit from the 

multi-tone output. The coexistence of multiple oscillation frequencies also makes the system 

more susceptible to beating-induced noise, thermal drifts, and dynamic gain fluctuations, 

which jointly deteriorate stability and spectral purity. 

To overcome these challenges, several approaches are proposed and studied 

[88,89,90,91,92,93]. Decoupling the competing modes in an additional degree of freedom—

such as polarization or cavity topology—is an effective way to stabilize multi-frequency 
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operation. In polarization-division schemes, a dual-polarization modulator or polarization-

sensitive filter is used so that different microwave tones oscillate in orthogonal polarization 

states of the same optical carrier. Gao et al. demonstrated a frequency-tunable two-tone RF 

signal generator using a dual-polarization-modulator-based OEO, where two microwave 

tones are generated in two orthogonal polarizations and tuned independently by separate 

electrical filters; polarization isolation suppresses optical interference between the tones and 

strongly mitigates nonlinear intermodulation in the multi-frequency regime. 

A complementary strategy is to employ tailored optical filtering to deliberately shape the 

loop’s spectral response. Multi-passband optical filters, superimposed FBG responses, 

stimulated Brillouin scattering gain profiles, or micro resonator-based multi-window filters 

can generate multiple discrete resonance conditions within the loop, allowing several 

longitudinal modes to meet the oscillation threshold simultaneously. The key lies in 

engineering comparable net gain for all targeted modes so that no single frequency dominates. 

One of the most effective approaches is to introduce controlled mode partitioning through 

external injection. Assuming that a dual-tone oscillation occurs in an OEO, the microwave 

signal injected into the RF port of the MZM is written as 

𝑉in(𝑡) = 𝑉1 cos(2𝜋𝑓1𝑡 + 𝜑1) + 𝑉2 cos(2𝜋𝑓2𝑡 + 𝜑2) (2.21) 

where 𝑉1 and 𝑉2 are the voltage amplitudes of the two oscillation modes, 𝑓1 and 𝑓2 are the 

frequencies of the two-tone signals, 𝜑1 and 𝜑2 are the initial phases of the two oscillation 

modes, respectively. The output optical signal from the MZM is calculated as 
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𝐸out = 𝐸0 exp(𝑗2𝜋𝑓𝑐𝑡) cos(
𝜋

2𝑉𝜋
𝑉𝑖𝑛(𝑡)) (2.22) 

where 𝐸0 and 𝑓𝑐 are the optical field amplitude and the carrier frequency of the optical light 

wave source, respectively. 𝑉𝜋 is the half-wave voltage of the MZM. After detected by the PD, 

the recovered microwave signal is given by 

𝑉PD(𝑡) ∝ cos (
𝜋𝑉1
𝑉𝜋

cos(2𝜋𝑓1𝑡 + 𝜑1) +
𝜋𝑉2
𝑉𝜋

cos(2𝜋𝑓2𝑡 + 𝜑2)) (2.23) 

When an external signal with a frequency of 𝑓inj = 𝑓2 − 𝑓1 is injected to the feedback loop of 

the OEO, the microwave signal feedback to the RF port of the MZM is written as 

𝑉out(𝑡) ∝

{
 

 𝑉inj𝐽1 (
𝜋𝑉1
𝑉𝜋
) 𝐽0 (

𝜋𝑉2
𝑉𝜋
) cos(2𝜋(𝑓1 + 𝑓inj)𝑡 + 𝜑1 + 𝜑inj) +

𝑉inj𝐽0 (
𝜋𝑉1
𝑉𝜋
) 𝐽1 (

𝜋𝑉2
𝑉𝜋
) cos(2𝜋(𝑓2 − 𝑓inj)𝑡 + 𝜑2 − 𝜑inj) }

 

 

(2.24) 

where 𝐽𝑛 is the n-th order Bessel function of the first kind. 𝑉inj and 𝜑inj are the voltage and the 

initial phase of the injection signal, respectively. From Eq. (2.23), it can be seen that, the 

phase of the generated dual-tone microwave signals at 𝑓1 and 𝑓2 is locked to 𝜑2 − 𝜑inj and 

𝜑1 + 𝜑inj , respectively, which results in two mutually coherent, phase-locked microwave 

outputs. 

By injecting one or more reference microwave tones or optically modulated seeds into the 

loop, selected oscillation frequencies can be forced to lock to the injected signals via 

injection-locking mechanisms. This not only suppresses unwanted spurious modes but also 

stabilizes the relative phases and amplitudes of the targeted frequencies, enabling stable dual-

frequency or multi-tone operation. Such injection-based stabilization is particularly effective 

when the injected tones possess high spectral purity, since the loop naturally inherits their 
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phase stability and frequency accuracy. 
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CHAPTER 3 PARITY-TIME SYMMETRIC SINGLE-

LONGITUDINAL-MODE FIBER RING LASER USING A 

SINGLE PHYSICAL LOOP1 

 

3.1 Introduction 

This chapter presents a SLM fiber ring laser in which PT-assisted mode selection is realized 

within a single physical loop [94]. The core idea is to exploit a polarization-dependent 

Sagnac loop to create two equivalent counter-propagating loops that share the same physical 

path length, so that the usual geometric mismatch problem of dual-loop PT-symmetric lasers 

is eliminated, and stability is enhanced. Practically, introducing PT symmetry in long fiber 

cavities is attractive because the long cavity supports a narrow Schawlow–Townes linewidth 

yet suffers from dense longitudinal modes (small FSR) that complicate single-mode selection. 

Conventional remedies—ultra-narrow filters (e.g., PS-FBGs) or dual/multi-loop Vernier 

designs—either impose strict component requirements or increase complexity and limit 

tunability. The proposed single-loop PT laser avoids these issues by performing mode 

selection through PT symmetry breaking while keeping the cavity long for linewidth 

reduction. Experimentally, we realize SLM lasing with a wavelength tuning range of 1530–

1565 nm, a minimum linewidth of 390 Hz, and an SMSR of 41.9 dB. These results validate 

that a single physical loop can host an effective two-loop PT system and deliver high spectral 

purity with a compact configuration. 

 
1 This Chapter has been previously published in Z. Dai, Z. Fan, P. Li, and J. Yao, “Widely wavelength-tunable parity-time 

symmetric single-longitudinal-mode fiber ring laser with a single physical loop,” J. Lightw. Technol., vol. 39, no. 7, pp. 

2151-2157, Apr. 2021. 
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3.2 Operation principle 

The configuration of the proposed PT-symmetric SLM fiber ring laser is shown in Fig. 3.1(a). 

The cavity comprises a long section of single-mode fiber (SMF), which provides a large 

photon lifetime to support linewidth narrowing, an erbium-doped fiber amplifier (EDFA) as 

the gain medium, and an F-P filter is used as the tunable optical bandpass filter (TOBF) that 

defines the lasing wavelength tunable range. A polarization-dependent Sagnac loop, 

consisting of a polarization beam splitter (PBS) and two polarization controllers (PC1 and 

PC2), is embedded in the main ring to realize PT symmetry within a single physical loop. 
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Fig. 3.1 (a) Schematic of the PT-symmetric fiber ring laser with a single physical loop (b) Frequency-shifted 
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self-heterodyne interferometer for evaluating the performance of the proposed PT-symmetric fiber ring laser. OC: 

optical coupler; PC: polarization controller; PBS: polarization beam splitter; TOBF: tunable optical bandpass 

filter; EDFA: erbium-doped fiber amplifier; PM: phase modulator; RF Signal: radio frequency signal; SMF: 

single-mode fiber; PD: photodetector; ESA: electrical spectrum analyzer. 

When the optical signal from the EDFA enters the Sagnac loop, it is split into clockwise (CW) 

and counter-clockwise (CCW) components circulating within the same fiber loop. These two 

counter-propagating waves are equivalent to two sub-loops with identical physical length. 

Assuming that 𝜃1 and 𝜃2 are the polarization angles from the fully transmitted axis of the 

PBS from CW and CCW directions. These two angles can be separately tuned by two PCs in 

the Sagnac loop, then the amplitudes of the light waves after passing through the PBS are 

𝐴𝑛cos𝜃1 and 𝐵𝑛cos𝜃2, where 𝐴𝑛 and 𝐵𝑛 are the mode amplitudes of the CW and CCW waves. 

Thus, by adjusting PC1 and PC2, the relative optical powers in the CW and CCW paths can 

be controlled, which can be regarded as artificially introducing two different level loss. Such 

that one loop experiences net gain and the other net loss, establishing the balanced gain/loss 

distribution required for PT symmetry. 

Besides the gain/loss coefficients, the coupling coefficient 𝜅  plays a key role in the PT-

symmetric systems. In the proposed PT-symmetric fiber ring laser, the two counter-

propagating waves are coupled at the optical coupler (OC1), and the coupling coefficient is 

given by: 

𝜅 =
𝐾𝑧

𝑙
(3.1) 

where 𝐾 is the coupling coefficient of OC1, 𝑧 is the coupling length, and 𝑙 is the ring cavity 
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length. 

Then the coupled differential equations of the proposed laser are given by: 

𝑑

𝑑𝑡
[
𝐴𝑛
𝐵𝑛
] = [

−𝑖𝜔𝑛 + 𝑔𝐴𝑛 𝑖𝜅

𝑖𝜅 −𝑖𝜔𝑛 + 𝑔𝐵𝑛
] [
𝐴𝑛
𝐵𝑛
] (3.2) 

where 𝑔𝐴𝑛 and 𝑔𝐵𝑛 represent the net gain and loss coefficients of the two coupled loops for 

the n-th mode. Thus, the eigenfrequencies are calculated to be 

𝜔𝑛
(1,2) = 𝜔𝑛 + 𝑖 (

𝑔𝐴𝑛 + 𝑔𝐵𝑛
2

) ± √𝜅2 − (
𝑔𝐴𝑛 − 𝑔𝐵𝑛

2
)
2

(3.3) 

A PT-symmetric system requires the net gain and loss are identical in magnitude, which 

means, 𝑔𝐴𝑛 = −𝑔𝐵𝑛 = 𝑔𝑛. Eq. (3.3) is simplified by 

𝜔𝑛
(1,2) = 𝜔𝑛 ±√𝜅2 − 𝑔𝑛2 (3.4) 

When 𝜅 < 𝑔𝑛, √𝜅2 − 𝑔𝑛2 become imaginary, which means a conjugate pair of modes with 

one experiencing amplification and the other decay is located in the PT broken region, while 

other modes remain neutral, leading to SLM lasing. 

In the analysis, the longitudinal mode exhibiting the maximum net gain is referred to as the 

primary mode, or the 0-th longitudinal mode. In a conventional laser system, SLM operation 

is achieved by ensuring that the gain of this primary mode surpasses the lasing threshold, 

while the gains of all other modes remain below threshold, as illustrated in Fig. 3.2(a). The 

gain contrast between the primary mode and the second highest mode is expressed by 

𝑔max = 𝑔0 − 𝑔1 (3.5) 
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Fig. 3.2 Gain contrasts of (a) a conventional single-loop fiber ring laser, and (b) the proposed PT-symmetric 

fiber ring laser. 

In the condition of PT-symmetric breaking, as shown in Fig. 3.2(b), the gain difference of 

these two modes is given by 

𝑔PT-max = √𝑔02 − 𝑔12 (3.6) 
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To quantify the improvement in mode selection based on PT symmetry, we calculate the gain 

contrast ratio, which is defined as the ratio between the gain difference between a PT-

symmetric laser source and a conventional laser source, given by 

𝐺 = √
𝑔0 𝑔1 + 1⁄

𝑔0 𝑔1⁄ − 1
(3.7) 

As can be seen, the smaller the gain difference between the primary mode and the second 

highest mode, the more significant the contribution of the PT-symmetric mode-selection 

mechanism to ensuring stable SLM lasing. 

3.3 Experimental results 

The experimental performance of the proposed PT-symmetric fiber ring laser is 

experimentally evaluated using the setup illustrated in Fig. 3.1(a). The EDFA (NORTEL 

FA17UFAC119C28) provides an optical gain of 30 dB with a saturation output power of 16 

dBm. An F-P filter (OZ Optics) is incorporated into the loop to serve as the TOBF, providing 

a 3-dB bandwidth of 0.41 nm and a tuning range of 1530–1565 nm. Fig. 3.3 shows the 

transmission spectral of the TOBF when its central wavelength is set to 1550 nm. The overall 

cavity length of the fiber ring is 80.08 m, corresponding to an FSR of 2.55 MHz. Within the 

passband of the TOBF, more than 20000 longitudinal modes exist, making SLM operation 

infeasible without introducing PT symmetry. In this setup, the TOBF provides coarse 

wavelength selection to enable tunability across the C-band. The PCs are using three-paddle 

fiber controllers, each consisting of a half-wave plate positioned between two quarter-wave 

plates. PT symmetry is established by finely adjusting the half-wave plates of PC1 and PC2 

to balance the gain and loss between the two equivalent loops, while any phase mismatch 
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induced by OC1 or fiber bending is compensated by tuning the quarter-wave plates. Because 

the two loops are coupled via OC1 with a fixed coupling ratio, the EDFA gain is maintained 

sufficiently high to guarantee operation in the PT-broken phase. The laser output is monitored 

using an optical spectrum analyzer (OSA, ANDO AQ6317B) with a spectral resolution of 

0.01 nm. 
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Fig. 3.3 The optical spectral response of the Fabry-Perot (F-P) filter at a center wavelength of 1550 nm 

Fig. 3.4(a) shows the optical spectrum of the laser, indicating a lasing wavelength centered at 

1550 nm. The measured optical signal-to-noise ratio (OSNR) reaches 41.9 dB, confirming the 

high spectral quality of the generated output. A zoom-in view of the spectrum is presented in 

Fig. 3.4(b). However, due to the limited resolution of the OSA, it is not possible to directly 

verify whether the laser resonant strictly in a SLM, nor can the linewidth of the output be 

accurately determined with this instrument. 
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Fig. 3.4 (a) The optical spectrum of the generated light wave at the center wavelength of 1550 nm measured by 

an OSA, and (b) its zoom-in view with a span of 0.5 nm. 

To achieve high-resolution spectral characterization, the shifted self-heterodyne technique [95] 

is employed. The measurement configuration is shown in Fig. 3.1(b). A 1 GHz microwave 

signal is applied to a PM, producing a frequency shift of 1 GHz in the upper arm so that the 

resulting beat signal appears at 1 GHz rather than near direct current (DC), thereby allowing a 

clearer observation. In the setup, the 1 GHz reference signal is generated by a microwave 

signal generator (Agilent E8254A) and applied to the PM (JDSU Model-10023874). A 10-km 
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section of SMF serves as the delay line in the lower arm. The combined signals are detected 

by a high-speed PD (New Focus 10058B) with a 3-dB bandwidth of 20 GHz, and the 

electrical spectrum is recorded using an electrical spectrum analyzer (ESA, Agilent E4448A). 

Fig. 3.5(a) illustrates the electrical spectrum at the output of the PD when the gain and loss of 

the two loops are not balanced. Under this condition, PT symmetry is not satisfied and the 

laser operates in a multimode state, as evidenced by the multiple RF beat signals. A zoom-in 

view in Fig. 3.5(b) reveals an FSR of 2.55 MHz. When PC1 and PC2 are adjusted such that 

the gain and loss in the two loops are balanced and further exceed the coupling coefficient, 

the system enters the PT-broken region. Under this condition, SLM lasing is obtained. Fig. 

3.5(c) clearly shows a single beat frequency at 1 GHz, confirming SLM operation, while the 

zoom-in spectrum in Fig. 3.5(d) demonstrates strong suppression of side modes. 

For comparison, the performance of a conventional fiber ring laser with a single loop is also 

evaluated. In this case, the Sagnac loop is removed, and the EDFA is directly connected to the 

TOBF. The measured electrical spectrum at the PD output is shown in Fig. 3.5(e). Multiple 

RF beat signals are observed, originating from the beating of several longitudinal modes 

within the cavity. Because the cavity length of this conventional design is shorter than that of 

the PT-symmetric configuration, the corresponding FSR is larger, measured at 3 MHz, as 

illustrated by comparing Figs. 3.5(b) and (f). 
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Fig. 3.5 The measured spectra of the RF beat signals at the output of the PD (a) without PT symmetry and (b) its 

zoom-in view, (c) with PT symmetry and (d) its zoom-in view. (e) The measured spectrum for a conventional 

single-loop fiber ring laser and (f) its zoom-in view. 

The PT-symmetric laser is then operated in single-mode emission, and the linewidth of the 

generated light is measured. Fig. 3.6 demonstrates the electrical spectrum at the PD output. 

The 20-dB linewidth is measured to be 7.8 kHz, which corresponds to a 3-dB linewidth of 

approximately 390 Hz. It should be emphasized that, in theory, several thousand kilometers 

of fiber are required to completely remove the coherence between the two optical waves from 

the upper and lower arms to obtain a truly accurate sub-kHz linewidth measurement. In this 

experiment, only a 10-km fiber is used, which partially reduces the coherence but does not 

entirely eliminate the interference, leading to broadening of the self-heterodyne spectrum. 
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Moreover, additional broadening due to 1 𝑓⁄  frequency noise [96] is unavoidable. 

Consequently, the measured linewidth is narrower than the actual linewidth. 

-25 -20 -15 -10 -5 0 5 10 15 20 25

Frequency offset (kHz)

-130

-120

-110

-100

-90

-80

-70

-60

Beat signal

Lorentz fit

Span: 50 kHz

RBW: 470 Hz

2
0
 d

B

7.8 kHz

P
o

w
e
r

 (d
B

m
)

 

Fig. 3.6 The electrical spectrum at the output of the PD when the fiber ring laser is operating in the single mode. 

The 20-dB linewidth is 7.8 kHz. 

The wavelength tunability of the proposed PT-symmetric fiber ring laser is also evaluated. In 

this experiment, the center wavelength of the TOBF is manually adjusted from 1530 nm to 

1565 nm. As a result, the laser generates a SLM output that covers the entire C-band with a 

tuning span of 35 nm. Fig. 3.7(a) presents representative optical spectra at different tuning 

positions, while Fig. 3.7(b) illustrates continuous tuning between 1548 nm and 1552 nm 

achieved by smoothly adjusting the TOBF. The tuning range can be further extended if the 

EDFA employed in the cavity provides a broader gain bandwidth. This large tunability, 

achieved without relying on an ultra-narrowband wavelength-selective filter, highlights a key 

advantage of utilizing PT symmetry. It greatly simplifies the system design and significantly 

reduces implementation cost while maintaining stable SLM operation. 
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Fig. 3.7 The tuning of the wavelength of the fiber ring laser. (a) Measured wavelength-tunable range covering 

the entire C-band and (b) continuous wavelength tuning by tuning the TOBF in a 4 nm range. 

3.4 Conclusion 

We have realized a widely tunable, ultra-narrow-linewidth SLM fiber ring laser in which PT-

symmetry assisted mode selection is implemented using one physical loop. The Sagnac loop 

construct furnishes two equivalent, length-identical loops with controllable gain and loss, 

while a simple TOBF sets the operating wavelength. The proposed laser provides a 
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wavelength tunability of 1530–1565 nm, a minimum linewidth of 390 Hz, and 41.9 dB 

SMSR, demonstrating that PT-symmetry breaking can enforce single-mode operation in long 

fiber cavities without resorting to ultra-narrow optical filters or complex multi-loop 

geometries. 
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CHAPTER 4 PARITY-TIME SYMMETRIC OPTO-

ELECTRONIC OSCILLATOR USING A SINGLE PHYSICAL 

LOOP2 

 

4.1 Introduction 

OEOs are among the most promising architectures for generating spectrally pure, low-phase-

noise microwave signals, owing to the use of long optical fiber delay lines that provide 

extremely high-quality factors. However, such long cavities inherently lead to densely spaced 

RF modes with small FSRs, making stable single-mode oscillation challenging. Conventional 

mode-selection techniques, including high-quality electronic BPFs, dual-loop Vernier 

configurations, and wavelength-multiplexed schemes, can partially address this issue, but 

often at the cost of increased system complexity, higher insertion loss, or reduced tunability. 

The concept of PT symmetry offers an elegant alternative. By balancing gain and loss in 

coupled loops, PT symmetry allows a single oscillation mode to be selectively amplified 

while all others remain neutral. Early PT-symmetric OEO demonstrations were realized using 

two physically separated loops with identical lengths [32,33,97]. However, such 

configurations are sensitive to fabrication tolerances and environmental perturbations, as 

perfect geometrical identity is difficult to maintain. This mismatch degrades stability and 

limits practical implementation. 

 
2 This Chapter has been previously published in Z. Dai, Z. Fan, P. Li, and J. Yao, “Frequency-tunable parity-time-symmetric 

optoelectronic oscillator using a polarization-dependent Sagnac loop,” J. Lightw. Technol., vol. 38, no. 19, pp. 5327-5332, 

Oct. 2020. 
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In this chapter, we present the first demonstration of a PT-symmetric OEO realized in a single 

physical loop [98]. The key innovation is the use of a polarization-dependent Sagnac loop to 

form two counter-propagating feedback paths that are inherently identical in length. By 

introducing controlled gain and loss into these two equivalent loops, PT symmetry and 

symmetry breaking can be established within a single physical fiber loop. This configuration 

significantly simplifies the system architecture, improves stability, and enables single-mode 

microwave oscillation without relying on ultra-narrowband filters. 

4.2 Operation principle 

Fig. 4.1 illustrates the configuration of the proposed tunable PT-symmetric OEO. A 

continuous-wave beam from a tunable laser source (TLS) first passes through PC1 before 

entering the PM. PC1 is adjusted to align the polarization state of the optical carrier with the 

principal axis of the PM, thereby minimizing polarization-dependent insertion loss. The 

phase-modulated optical signal propagates through a long length of SMF before reaching a 

Sagnac loop. The Sagnac loop incorporates a PBS together with PC2 and PC3, and the 

incident optical signal is split into two paths that propagate along the CW and CCW 

directions of the Sagnac loop, thereby creating two mutually coupled feedback loops with 

identical length. By tuning PC2 and PC3, one loop can be adjusted to experience net gain 

while the other loss, thus matching the PT-symmetric condition. The recombined optical 

fields from the two paths interfere at an OC and are subsequently filtered by a PS-FBG. The 

PS-FBG functions as an MPF, utilizing PM–IM conversion to perform coarse frequency 

selection. The filtered signal is then amplified by an EDFA and converted to the electrical 

domain by a high-speed PD. The detected microwave signal is further boosted by an EA and 
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split into two branches: one is sent the PM to close the feedback loop, while the other is 

monitored by an ESA for performance evaluation. 
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Fig. 4.1 Schematic diagram of the PT-symmetric OEO with a single physical loop. TLS: tunable laser source; 

PC: polarization controller; PM: phase modulator; SMF: single mode fiber; Cir.: circulator; OC: optical coupler; 

PBS: polarization beam splitter; PS-FBG: phase-shifted fiber Bragg grating; EDFA: erbium-doped fiber 

amplifier; PD: photodetector; EA: electrical amplifier; Div.: divider; ESA: electrical spectrum analyzer. 

The non-Hermitian Hamiltonian of the proposed PT-symmetric OEO is given by: 

𝐻 = [
−𝑖𝜔𝑛 + 𝛾 𝑖𝜅

𝑖𝜅 −𝑖𝜔𝑛 − 𝛾
] (4.1) 

where 𝜔𝑛 is the oscillation frequency determined by the feedback loop round-trip delay, 𝛾 

represents the gain-loss coefficient introduced by the polarization control in the Sagnac loop, 

and 𝜅 denotes the coupling coefficient. The eigenfrequencies of this non-Hermitian system 
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are given by 

𝜔𝑛
(1,2) = 𝜔𝑛 ±√𝜅2 − 𝛾2 (4.2) 

When 𝛾 < 𝜅, the system remains in the unbroken PT-symmetric regime and both eigenmodes 

are real, leading to mode frequency splitting; when 𝛾 = 𝜅, the system reaches EP, illustrating 

that the frequencies of the eigenmodes coalesce; when 𝛾 > 𝜅, the PT symmetry is broken, 

and one eigenmode undergoes amplification while the other is attenuated. In this broken PT 

phase, only the amplifying mode satisfies the oscillation condition, thereby enforcing single-

mode microwave oscillation. 

To rigorously quantify the improvement achieved under PT-symmetric conditions compared 

with the conventional configuration, we introduce a gain-contrast enhancement factor 𝐺 , 

expressed as 

𝐺 =
𝑔PT_max

𝑔max

= √
𝑔0 𝑔1 + 1⁄

𝑔0 𝑔1⁄ − 1
(4.3) 

As illustrated in Fig. 4.2, a significant enhancement of the gain contrast is observed, which 

facilitates more efficient selection of the primary mode and ensures stable single-mode 

oscillation. 
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Fig. 4.2 Mode selection due to PT symmetry in a PT-symmetric OEO. (a) The mechanism of mode selection 

under PT symmetry broken condition. (b) The gain contrast enhancement when using PT-symmetric breaking. 

4.3 Experimental results 

The experimental performance of the proposed PT-symmetric OEO is evaluated using the 

setup illustrated in Fig. 4.1. A continuous-wave optical carrier generated by a TLS 

(Yokogawa AQ2201) is injected into a PM (JDSU) with a 3-dB bandwidth of 20 GHz. 

Optical amplification is provided by an EDFA (FiberPrime EDFA-C-14-S-FA), which 
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provides up to 30 dB gain with a saturated output power of 16 dBm. The modulated light is 

detected by a high-speed PD (Optilab LR-12-A-M) having a 3-dB bandwidth of 12 GHz and 

a responsivity of 0.85 A/W at 1550 nm. Two cascaded EAs (MultiLink MTC5515-751) are 

employed to ensure sufficient loop gain. The generated microwave signal is analyzed by an 

ESA (Agilent E4448A), while its phase noise performance is characterized with a signal 

analyzer (Agilent E5052B). 

The measured electrical spectra of the oscillation are shown in Fig. 4.3(a)–(f). When the PT-

symmetric condition is not satisfied, multimode oscillation is observed, as illustrated in Fig. 

4.3(a). By carefully adjusting PC2 and PC3, the gain and loss in the two counter-propagating 

paths are balanced, fulfilling the PT-symmetry requirement. When the gain/loss coefficient 

exceeds the coupling coefficient, the system enters the PT-broken region, and stable single-

mode oscillation is established. Under this condition, a microwave signal at 6 GHz is 

obtained, as displayed in Fig. 4.3(b)–(d) with different spans and resolution bandwidths 

(RBWs). The side modes are strongly suppressed, and an SMSR of 47 dB is measured, as 

shown in Fig. 4.3(d). Figure 4.3(f) further demonstrates the frequency-tuning capability of the 

system, which is continuously adjustable across a range of 2–12 GHz. 

As described in the operation principle section, coarse frequency selection is provided by the 

MPF, realized through the PS-FBG. The notch of the PS-FBG is translated into the passband 

of the MPF by PM-IM conversion. Frequency tuning is achieved by adjusting the TLS 

wavelength, which shifts the MPF’s central frequency. The frequency response of the MBF is 

characterized with a vector network analyzer (VNA, Agilent E8364A), as shown in Figs. 

4.4(a) and (b). As can be seen in Fig. 4.4(b), the 3-dB bandwidth of the MPF is measured to 
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Fig. 4.3 The electrical spectra of the microwave signals generated by the PT-symmetric OEO with a loop length 

of 5 km. The spectra are measured at a central frequency of 6 GHz by an electrical spectrum analyzer. (a) Multi-

mode oscillation measured with a span of 100 MHz and a resolution bandwidth (RBW) of 910 kHz; (b) Single-

mode oscillation measured with a span of 100 MHz and an RBW of 910 kHz; (c) Single-mode oscillation 

measured with a span of 10 MHz and an RBW of 91 kHz; (d) Single-mode oscillation measured with a span of 1 

MHz and an RBW of 18 kHz. (e) Single-mode oscillation measured with a span of 100 kHz and an RBW of 910 

Hz. (f) Frequency tunability of the proposed PT-symmetric OEO with a tuning range from 2 to 12 GHz. 

be approximately 260 MHz. This bandwidth corresponds to more than 6000 potential 

oscillation modes within the passband, highlighting that stable single-mode oscillation is 
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maintained as a direct consequence of PT-symmetry breaking. 

 

Fig. 4.4 (a) Measured transmission spectra of the MPBF and (b) Its zoom-in view. 

In the experiment, the maximum realized frequency-tuning range is 10 GHz. This range is 
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primarily constrained by the bandwidth of the PM, PD, and EAs used in the loop. Employing 

devices with broader bandwidths can further expand the achievable tuning range. The phase-

noise characteristics are also evaluated using a microwave signal analyzer (Agilent E5052B) 

in conjunction with a down-converter (Agilent E5053A). As shown in Fig. 4.5, the measured 

phase noise reaches −128 dBc/Hz at a 10-kHz offset. Additional peaks emerge beginning at 

approximately 40 kHz, corresponding to the FSR of the 5-km OEO loop, which is 40 kHz. 

Phase noise can be further reduced by extending the loop length to increase the quality of the 

loop. Since PT symmetry intrinsically ensures single-mode oscillation, no additional 

narrowband filtering is required, making the overall system design simpler. 

 

Fig. 4.5 Phase noise measurement at the frequency of 6 GHz. The phase noise level is −128 dBc/Hz at a 

frequency offset of 10 kHz. 

4.4 Conclusion 

This chapter has demonstrated a single physical loop PT-symmetric OEO, implemented using 
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a polarization-dependent Sagnac loop. By creating two equivalent counter-propagating 

feedback loops within a single fiber ring, the architecture ensures intrinsic length identity and 

avoids mismatch issues that plague dual-loop configurations. Theoretical analysis and 

experiments confirm that PT symmetry breaking provide an effective mechanism for mode 

selection. 

Experimentally, the OEO achieved single-mode oscillation tunable from 2 to 12 GHz, with an 

SMSR of 47 dB and a phase noise of –128 dBc/Hz at 10 kHz offset. These results highlight 

that PT symmetry can eliminate the need for ultra-narrowband filters in long-loop OEOs, 

offering a compact, stable, and high-performance platform for microwave signal generation. 

This work establishes a new design principle for OEOs, demonstrating that PT symmetry can 

be realized in the simplest possible geometry—a single physical loop. The concepts 

developed here form the foundation for the next chapter, where PT symmetry will be 

combined with rational dual-loop architectures and the Vernier effect to further improve 

sidemode suppression and operational stability. 
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CHAPTER 5 A DUAL-LOOP PARITY-TIME SYMMETRIC 

LASER WITH A RATIONAL LOOP LENGTH RATIO3 

 

5.1 Introduction 

PT-symmetric lasers exploit balanced gain and loss in coupled resonators to enable effective 

single-mode operation. Conventional implementations typically rely on two resonant loops or 

cavities of identical length to ensure matched resonances frequencies. However, achieving 

strict length identity is difficult in practice, particularly when using discrete fiber-based 

components, which leads to degraded performance and reduced mode selectivity. 

In parallel, the Vernier effect has been widely adopted in dual-loop fiber lasers to enhance 

mode selection. By employing two loops of different lengths with a rational length ratio, the 

effective FSR becomes much larger than that of either individual loop, thereby reducing the 

density of competing modes. Here, the term “rational length ratio” refers to the condition 

where the lengths of the two loops satisfy a rational relationship, since compared to arbitrary 

length ratios, rational ratios provide predictable and controllable mode alignment. Yet, 

Vernier-only designs cannot guarantee absolute single-mode operation when multiple 

resonances fall within the gain bandwidth. 

In this chapter, we propose and experimentally demonstrate a dual-loop PT-symmetric fiber 

laser with a rational loop-length ratio [99]. The key idea is that when the lengths of the two 

coupled loops follow a rational ratio, a subset of resonant modes in the long loop coincide in 

 
3 This Chapter has been previously published in Z. Dai, Z. Wang, and J. Yao, “A dual-loop parity-time symmetric system 

with a rational loop length ratio,” Opt. Lett., vol. 48, no. 1, pp. 143-146, Jan. 2023. 
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frequency with resonant modes of the short loop. PT symmetry can then be established 

selectively at these matched resonances. The resulting architecture combines PT-symmetry 

assisted mode selection with the Vernier effect, drastically improving the SMSR while 

maintaining narrow linewidth performance. 

5.2 Operation principle 

The demonstration of the proposed dual-loop PT-symmetric SLM fiber ring laser is shown in 

Fig. 5.1. The long loop, hereafter referred to as the gain loop, incorporates an EDFA that 

provides optical gain, a 4.8-km segment of SMF to extend the cavity length, PC1 for state-of-

polarization adjustment, OC1 to facilitate power splitting, and an optical circulator combined 

with a uniform fiber Bragg grating (UFBG). In parallel, the short loop, defined as the loss 

loop, contains an optical isolator and a variable attenuator to introduce controllable loss. Both 

loops share the same EDFA and UFBG elements, ensuring compactness and mutual 

interaction between the two cavities. The laser output is extracted from the gain loop via OC2. 

The power coupling between these two loops is realized at the UFBG. Specifically, the 

forward-propagating light in the short loop couples with the partially reflected signal from the 

long loop, establishing mutual coupling between the gain and loss loops. The effective 

coupling coefficient is not fixed; instead, it can be tuned by rotating PC1 in the long loop, 

which alters the polarization state and thereby changes the overlap efficiency of the reflected 

and transmitted fields at the UFBG. In addition to serving as the coupling interface, the 

UFBG simultaneously functions as an optical BPF, defining the operating wavelength of the 

laser and suppressing unwanted modes outside its reflection window. 
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For a dual-loop resonant configuration, the longitudinal modes of the dual cavity are 

determined by the resonance conditions of both loops. Let the round-trip time of the two 

loops be denoted as 𝜏1 and 𝜏2 (𝜏1 for the long loop and 𝜏2 for the short loop). The oscillation 
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Fig. 5.1 Schematic diagram of a PT-symmetric fiber ring laser with non-identical loop lengths. SMF: single-

mode fiber; PC: polarization controller; OC: optical coupler; EDFA: erbium-doped fiber amplifier; Iso.: isolator; 

Att.: attenuator; UFBG: uniform fiber Bragg grating. 

frequencies of the composite system must simultaneously satisfy the resonance requirements 

of both loops, which can be expressed as 

𝑓 =
𝑁

𝜏1
=
𝑀

𝜏2
 (𝑁 > 𝑀) (5.1) 

where 𝑁 and 𝑀 are integers represent the N-th and M-th modes propagating in the long and 

short loops. Since 𝜏1 = 𝑁𝜏2 𝑀⁄ , the loop length ratio is calculated to be 𝑁 𝑀⁄ . Thus, the 
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effective mode spacing or FSR of the dual-loop configuration is given by ∆𝑓 =

𝑁 [gcd (𝑁,𝑀)𝜏1]⁄ , where gcd (𝑁,𝑀)  is the greatest common divisor of 𝑁  and 𝑀 . The 

enlargement of the effective FSR is dictated by the length of the shorter loop, a phenomenon 

commonly referred to as the Vernier effect. 

In a conventional PT-symmetric system, the length of two coupled loops needs to be precisely 

identical to ensure the same intrinsic resonant frequencies, which imposes additional 

challenges on successful implementation. However, if the loop lengths are not identical, but 

have a rational loop length ratio, some of the resonant modes in the two loops can still be 

located at the same frequencies, which meets one of the necessary conditions for PT 

symmetry. Assume that two resonators are coupled and the loop length ratio becomes 𝑁 𝑀⁄ , 

the resonant modes located at the same frequencies will be mutually coupled, and the 

differential coupled mode equations are expressed as: 

𝑑

𝑑𝑡
[
𝐴𝑝
𝐵𝑞
] = [

−𝑖𝜔𝑝 + 𝛾𝐴𝑝 𝑖𝜅 cos(𝜃)

𝑖𝜅 cos(𝜃) −𝑖𝜔𝑞 + 𝛾𝐵𝑞
] [
𝐴𝑝
𝐵𝑞
] (5.2) 

where 𝐴𝑝 and 𝐵𝑞 are the amplitudes of p-th mode propagating in the long loop and q-th mode 

propagating in the short loop having the same frequency, which means 𝜔𝑐 = 𝜔𝑝 = 𝜔𝑞 =

2𝜋𝑝/𝜏1 = 2𝜋𝑝/𝜏2 . 𝑝 and 𝑞 must satisfy the relationship of 𝑝 = 𝑛 ∙ 𝑁 gcd (𝑁,𝑀)⁄  and 𝑞 =

𝑛 ∙ 𝑀 gcd (𝑁,𝑀)⁄ , where 𝑛 is a positive integer. 𝜅 represents the coupling coefficient of the 

UFBG, and 𝜃 denotes the angle between the linear polarization stats of these two loops. To 

satisfy PT-symmetric condition, the gain of the pth mode and the loss of the qth mode are 

tuned to be 𝛾 = 𝛾𝐴𝑝 = −𝛾𝐵𝑞. Thus, the eigenvalue of the proposed system is given by 

𝜔𝑐
(1,2) = 𝜔𝑐 ±√𝜅 cos(𝜃)2 − 𝛾2 (5.3) 
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When the round-trip time of the long loop is much greater than that of the short loop (𝜏1 ≫

𝜏2), a single resonance of the short loop encompasses a cluster of closely spaced resonances 

from the long loop, as illustrated in Fig. 5.2. Under such conditions, the resonance in the 

short loop becomes simultaneously coupled to multiple neighboring resonances of the long 

loop. Since these long-loop modes lie very close in frequency, the coupling strength between 

the short-loop mode and its adjacent long-loop modes can be approximated as nearly 

identical. 

...

f

...

 

Fig. 5.2 Relationship between the resonant modes of the long (red) and the short (blue) loops. 

Because of the Vernier effect, however, not all coupled modes contribute equally. The long-

loop mode that aligns most closely in frequency with the short-loop resonance experiences 

the strongest constructive interaction and thus attains the largest effective gain. As a result, 

this specific pair of modes will be the first to undergo PT-symmetry breaking. Consequently, 

the overall mode spacing of the coupled system is governed primarily by the short loop, and 

the effective free spectral range is given by 

∆𝑓 =
2𝜋

𝜏2
(5.4) 

As indicated by Eq. (5.3), once 𝛾 > 𝜅cos (𝜃), the system transitions into the broken PT-

symmetric region, resulting in one mode experiencing amplification and the other 
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experiencing attenuation, both centered around the frequency 𝜔𝑐, while other modes remain 

neutral. The preferential growth of the amplifying mode enables effective mode selection, 

thereby supporting SLM lasing at 𝜔𝑐. 

In contrast to PT-symmetric laser configurations employing two loops of identical length, the 

use of an asymmetric dual-loop architecture significantly reduces the number of resonant 

modes within the cavity. This spectral sparsity simplifies the process of mode selection, 

thereby facilitating stable single-mode operation while preserving a narrow linewidth at the 

lasing wavelength. Moreover, the introduction of loop asymmetry contributes to an 

improvement in the SMSR, further enhancing the spectral purity of the laser output. 

5.3 Experimental results 

The experimental evaluation of the asymmetric dual-loop PT-symmetric fiber ring laser is 

carried out using the setup shown in Fig. 5.1. Mutual coupling between the two loops is 

realized by a UFBG designed to provide partial reflection. The measured transmission and 

reflection spectra of the UFBG, obtained using an optical vector analyzer (OVA, LUNA 

5000), are presented in Fig. 5.3(a). The UFBG has a Bragg wavelength of 1555.4 nm, a 

bandwidth of 0.08 nm, and a reflection coefficient of 75%. By setting the cavity length ratio 

of the two loops to 200/3, the effective FSR of the system is 2.8 MHz. When both loops are 

closed and the gain and loss are balanced, the laser satisfies the PT-symmetric condition. 

Once the gain coefficient exceeds the coupling coefficient, the system enters the PT-broken 

phase and SLM lasing occurs. Fig. 5.3(b) shows the optical spectrum measured by an OSA 

(ANDO AQ6317B), revealing stable lasing at 1555.88 nm. The stability of the system is 
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measure and the results are shown in Fig. 5.4(a) and (b). As can be seen, the wavelength 

fluctuations and power fluctuations within one hour are within 3 pm and 0.12 dB, respectively. 
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Fig. 5.3 (a) Transmission (blue) and reflection (red) spectra of the UFBG. (b) Measured optical spectrum of the 

generated light wave by using the UFBG in the dual-ring fiber ring laser. 
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Fig. 5.4 (a) The wavelength fluctuations and (b) the power fluctuations of the dual-loop PT-symmetric fiber ring 

laser in an hour. 

Because the effective FSR of 2.8 MHz is still much smaller than the 0.08-nm bandwidth of 

the UFBG, multimode operation occurs in the absence of PT symmetry. The limited 

resolution of the OSA also makes it insufficient to directly verify single-mode lasing. To 
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confirm single-mode operation enabled by PT symmetry, a frequency-shifted self-heterodyne 

measurement system is implemented, as illustrated in Fig. 5.5. The setup consists of a PM 

(JDSU), a 10-km SMF delay line, two OCs (OC3 and OC4), and a high-speed PD (Optilab 

LR-12-A-M). A 1-GHz microwave signal is applied to the PM to shift the frequency of the 

beat note away from DC, allowing accurate linewidth characterization. 

50:50

PM

PD ESA
50:50

PC3

10km SMF

RF Signal

Output OC4OC3

 

Fig. 5.5 Schematic diagram of the frequency-shifted self-heterodyne system. PM: phase modulator, PD: 

photodetector; ESA: electrical spectrum analyzer. 

To evaluate the role of each loop individually, the short loop is first opened by disconnecting 

its isolator. The configuration then reduces to a single-loop fiber ring laser with a long cavity 

length of 4.86 km, corresponding to an FSR of 42 kHz. Since this spacing is far smaller than 

the UFBG bandwidth, the laser operates in multimode. Fig. 5.6(a) and (b) show the 

corresponding RF beat signals measured by an ESA (Agilent E4448A). A zoomed-in view in 

Fig. 5.6(b) confirms an FSR of approximately 42 kHz, with no evidence of single-mode 

lasing. When the long loop is disconnected by removing port 1 of the optical circulator, the 

short loop operates independently with a cavity length of 73 m and an FSR of 2.8 MHz. 

Again, because the FSR is narrower than the UFBG bandwidth, multimode oscillation 
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persists. Fig. 5.6(c) and (d) demonstrate the measured RF beat spectra, showing no indication 

of SLM lasing. These results confirm that single-mode operation cannot be achieved by 

adjusting the loop length alone. 
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Fig. 5.6 Electrical spectra of the fiber ring laser with only the long loop closed measured at a span of (a)100 

MHz and (b) 10 MHz. The electrical spectra of the fiber ring laser with only the short loop closed measured at a 

span of (c) 100 MHz and (d) 10 MHz. 

When both loops are closed and the gain in each loop is set higher than the loss, the system 

operates as a dual-gain fiber ring laser. Due to the Vernier effect, the effective FSR becomes 

2.8 MHz, equal to that of the short loop. The RF beat signals measured under this condition 

are shown in Fig. 5.7(a) and (b). The spectra clearly indicate multimode operation, although 
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the number of resonant modes is significantly reduced compared to the long-loop case. A 

zoom-in view of the fundamental resonance in Fig. 5.7(b) reveals two weak sidemodes, 

corresponding to residual long-loop resonances falling within the linewidth of the short-loop 

resonance. This demonstrates that although the Vernier effect reduces mode density, 

multimode operation still occurs when PT symmetry is not applied. 
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Fig. 5.7 Electrical spectra of the dual-loop fiber ring laser with each of the loops having a gain that is greater 

than the loss, measured at a span of (a) 100 MHz and (b) 10 MHz. The electrical spectra of the dual-loop fiber 

ring laser when the broken PT symmetry condition is satisfied, measured at a span of (c) 100 MHz and (d) 10 

MHz. 

SLM lasing is realized only when PT symmetry is introduced. By adjusting the PCs to 
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balance the gain and loss of the two loops, and ensuring that the gain/loss coefficient exceeds 

the coupling coefficient, the system enters the PT-broken region. The corresponding electrical 

spectra are shown in Fig. 5.7(c) and (d). A microwave signal at 1 GHz is observed with other 

modes strongly suppressed, confirming SLM operation. The SMSR reaches 53.2 dB, a 

substantial improvement attributed to the dual-loop architecture. Notably, the sidemodes 

observed in Fig. 5.7(b) are no longer present in Fig. 5.7(d), illustrating that PT symmetry 

further enhances mode selection. 
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Fig. 5.8 (a) Electrical spectrum at the output of the frequency-shifted self-heterodyne system when the fiber ring 

laser is operating in single longitudinal mode. (b) Simulated power spectrum of the self-heterodyne signal. 

In addition, the extended cavity length ensures linewidth narrowing according to the 

Schawlow–Townes relation. This effect is verified experimentally using the frequency-shifted 

self-heterodyne system. Fig. 5.8(a) shows the measured electrical spectrum, while Fig. 5.8(b) 

presents a simulated power spectrum of the self-heterodyne signal based on the analysis in 

[100]. A comparison of the two spectra confirms that the 3-dB linewidth of the proposed 

dual-loop PT-symmetric fiber ring laser is at the sub-kHz level. It should be noted, however, 
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that the 10-km delay fiber used in the self-heterodyne setup is not long enough to completely 

destroy the coherence between the two arms. As a result, residual interference broadens the 

measured spectrum, meaning the experimentally determined linewidth is narrower than the 

actual value. For a fully accurate measurement, a delay fiber of several thousand kilometers 

would be required. 

5.4 Conclusion 

This chapter has demonstrated a dual-loop PT-symmetric fiber laser with a rational loop-

length ratio, experimentally realized using coupled fiber loops of 4.8 km and 73 m. By 

leveraging the Vernier effect and PT symmetry simultaneously, the system achieves SLM 

lasing at 1555.88 nm with an SMSR of 53.2 dB and a sub-kHz linewidth. 

Compared with the single-loop PT-symmetric laser presented in Chapter 3, this design 

provides stronger sidemode suppression and improved mode stability by combining PT 

symmetry broken assisted mode selection with Vernier effect enhanced resonance sparsity. 

The approach introduces a general design principle for PT-symmetric lasers with non-

identical loops, offering a flexible framework for high-performance laser architectures. 
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CHAPTER 6 A DUAL-LOOP PARITY-TIME SYMMETRIC 

OPTOELECTRONIC OSCILLATOR WITH A RATIONAL 

LOOP LENGTH RATIO4 

 

6.1 Introduction 

OEOs provide a powerful means for generating spectrally pure and tunable microwave 

signals by exploiting the long coherence time of photons in optical fiber delay lines. However, 

long cavities inevitably lead to dense oscillation spectra with closely spaced longitudinal 

modes, making single-mode oscillation a central challenge. Dual-loop OEOs employing the 

Vernier effect have been widely investigated to enlarge the effective FSR, thereby reducing 

the number of competing modes. While this method improves mode selection, multimode 

oscillations often persist when the effective FSR is still smaller than the passband of the filter. 

PT symmetry introduces an additional intrinsic mode-selection mechanism, whereby 

balanced gain and loss between coupled loops enforce single-mode oscillation without the 

need for extremely narrow RF filters. Earlier PT-OEOs based on identical dual loops or 

single-loop with Sagnac loop configurations successfully demonstrated single-mode selection. 

Nevertheless, identical dual loops are difficult to realize stably with discrete components, and 

Sagnac-loop based designs, though compact, lack the probability of further enhancement of 

the SMSR. 

 
4  This Chapter has been previously published in Z. Dai and J. Yao, “A frequency-tunable parity-time symmetric 

optoelectronic oscillator with two coupled loops having a rational loop length ratio,” J. Lightw. Technol., vol. 42, no. 24, pp. 

8577-8581, Dec. 2024. 
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In this chapter, we propose and experimentally demonstrate a dual-loop PT-symmetric OEO 

with a rational loop-length ratio [101]. By combining the Vernier effect with PT symmetry, 

this architecture achieves stable frequency-tunable single-mode oscillation with improved 

SMSR and enhanced stability. 

6.2 Operation principle 

The schematic diagram of the dual-loop PT-symmetric OEO with a rational loop-length ratio 

is shown in Fig. 6.1. A continuous-wave optical carrier emitted by a TLS is adjusted by PC1 

to align with the principal axis of the PM, thereby minimizing polarization-dependent loss. 

The modulated optical signal passes through a PS-FBG, which serves as an MPF by PM–IM 

conversion for coarse mode selection. The reflected component from the PS-FBG is thern 

launched into a PBS through PC2. By adjusting PC2, the optical power ratio at the two output 

ports of the PBS can be tailored such that the stronger optical signal propagates through the 

long path, consisting of 4.8 km of SMF, while the weaker optical signal propagates through 

the short path of 240 m SMF. PC3 is incorporated into the long loop to allow fine adjustment 

of the optical power in that path, enabling precise control of the gain/loss balance. The two 

optical signals, after experiencing different delays, are recombined at a polarization beam 

combiner (PBC), amplified by an EDFA, and then converted into the electrical domain by a 

high-speed PD, producing a microwave signal. This electrical signal is further amplified by 

an EA and fed back to the PM, thus implementing the OEO feedback loop. 

For frequency tuning, an MPF implemented by the TLS, the PM, the PS-FBG, and the PD, is 

employed to provide coarse mode selection with its center frequency controlled by tuning the 
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wavelength of the TLS. It is important to emphasize that adopting a PBS and PBC for power 

splitting and recombination, rather than conventional optical couplers, effectively suppresses 

TLS PM

ESA

PC1 PC2

EDFA

PC3

Optical
Circulator

2
1 3

PS-FBG
PC3

4800-m SMF

240 -m SMF
PBS PBC

Short loop

Long loop

PD

EA

Optical Path

Electrical Path

 

Fig. 6.1 Schematic diagram of the dual-loop PT-symmetric OEO with non-identical loop lengths. TLS: Tunable 

laser source; PC: Polarization controller; PM: Phase modulator; PS-FBG: Phase-shifted fiber Bragg grating; 

PBS: Polarization beam splitter; SMF: Single-mode fiber; PBC: Polarization beam combiner; EDFA: Erbium-

doped fiber amplifier; PD: Photodetector; EA: Electrical amplifier; Div.: Divider; ESA: Electrical spectrum 

analyzer. 

unwanted interference effects. This design enhances the operational stability of the OEO, 

preventing the degradation in performance that typically arises from optical interference. 

Similar to the principle analysis in Character 5, when the length of the long loop is much 

longer than that of the short loop (𝜏1 ≫ 𝜏2), the effective FSR is determined by the short loop 

(∆𝜔 = 2𝜋 𝜏2⁄ ). The pairs of modes in the dual-loop located at the same frequencies are 
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mutually coupled, while other modes are suppressed by the Vernier effect. 

The open-loop gain of the proposed dual-loop OEO is determined by combining the 

frequency responses of both the optical and electrical domain, and can be expressed as 

𝑔(𝜔) = 𝑔𝑜(𝜔)𝑔𝑒(𝜔) (6.1) 

where 𝑔𝑜 represents the microwave net gain contributed by the optical components, while 𝑔𝑒 

denotes the gain provided by the electrical components. In the proposed dual-loop OEO, the 

overall optical frequency response is composed of two main factors: the transfer function of 

the MPF [102] and the dispersion-induced power penalty [103]. This combined optical 

response can be expressed as 

𝑔𝑜(𝜔) = 𝐺0𝐴𝐽1 (
𝑉𝑒
𝑉𝜋
) [√𝑟 (

𝑐

𝑛0𝜆
+ 𝜔) − √𝑟 (

𝑐

𝑛0𝜆
− 𝜔)] × cos (

𝐷1𝐿1𝜆
2𝜔2

4𝜋𝑐
+
𝜋

2
) (6.2) 

where 𝐺0 denotes the optical gain provided by the EDFA, while 𝐴 is a constant determined 

jointly by the fiber attenuation and the responsivity of the PD. The term 𝐽1 represents the 

first-order Bessel function of the first kind, 𝑉𝑒  is the voltage of the driving signal, and 𝑉𝜋 

corresponds to the half-wave voltage of the PM. The function 𝑟(𝜔) describes the power 

reflection coefficient of the PS-FBG. In addition, 𝑐 is the velocity of light in vacuum, 𝑛0 is 

the effective refractive index of the SMF, and 𝜆 is the wavelength of the optical carrier. The 

parameters 𝐷1 and 𝐿1 denote the chromatic dispersion parameter and the fiber length of the 

long loop, respectively. 

Since the dispersion-induced power penalty varies only slightly within the operational 

bandwidth of the MPF (typically below 1 GHz), it can be approximated as a constant, 
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denoted by δ. Likewise, the electrical net gain is assumed to remain constant within this 

frequency range (𝑔𝑒(𝜔) = 𝑔𝑒). Accordingly, Eq. (6.1) can be simplified and rewritten as 

𝑔(𝜔) = 𝐺0𝐴𝐽1 (
𝑉𝑒
𝑉𝜋
) [√𝑟 (

𝑐

𝑛0𝜆
+ 𝜔) − √𝑟 (

𝑐

𝑛0𝜆
− 𝜔)] δ𝑔𝑒 (6.3) 

Considering that the mode spacing ∆𝜔  is relatively small and the open-loop gain varies 

slowly with frequency, the primary oscillation mode 𝜔𝑚 can be approximated as lying at the 

center of the MPF passband. The nearest competing mode, represented 𝜔𝑛 , is typically 

located adjacent to the primary mode, such that ∆𝜔 = |𝜔𝑚 − 𝜔𝑛| . During the PM–IM 

conversion process, it is assumed that the lower sideband is completely suppressed by the 

notch of the PS-FBG. Under this condition, the following relationship holds 

√𝑟 (
𝑐

𝑛0𝜆
+ 𝜔𝑚) − √𝑟 (

𝑐

𝑛0𝜆
− 𝜔𝑛) = 1. Based on this relation, the gain difference between the 

primary mode and the adjacent secondary mode induced by the Vernier effect can be 

expressed as 

∆𝑔V = 𝑔(𝜔𝑚) − 𝑔(𝜔𝑛) = 𝜒 [√𝑟 (
𝑐

𝑛0𝜆
− 𝜔𝑛) − √𝑟 (

𝑐

𝑛0𝜆
− 𝜔𝑚)] (6.4) 

where 𝜒 = 𝐺0𝐴𝐽1 (
𝑉𝑒

𝑉𝜋
) δ𝑔𝑒. 

Furthermore, the gain difference can be further increased when the dual-loop OEO operates 

in the PT-symmetric broken regime. To satisfy the PT-symmetric condition, t the effective 

gain and loss of the coupled primary modes in the two loops must be carefully balanced, thus, 

the gain difference of PT symmetry is given by: 
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∆𝑔PT = √𝑔2(𝜔𝑚) − 𝑔2(𝜔𝑛) = 𝜒√2(√𝑟 (
𝑐

𝑛0𝜆
− 𝜔𝑛) − √𝑟 (

𝑐

𝑛0𝜆
− 𝜔𝑚)) (6.5) 

Given that the values of √𝑟 (
𝑐

𝑛0𝜆
− 𝜔𝑚) and √𝑟 (

𝑐

𝑛0𝜆
− 𝜔𝑛) are both smaller than unity and 

approach zero, we can have ∆𝑔PT ≫ ∆𝑔V. It can be observed that the introduction of PT 

symmetry markedly enlarges the gain difference between the primary mode and the nearest 

secondary mode, thereby indicating that the sidemodes are more effectively suppressed. With 

reduced competition from adjacent modes, the stability of single-mode oscillation is 

consequently enhanced. 

Fig. 6.2 illustrates the combined influence of the Vernier effect and PT-symmetry breaking on 

mode selection. In particular, Fig. 6.2(a) and (b) display the resonant modes in the long loop 

and short loop, respectively. The red curves represent the open-loop frequency response of 

the OEO, while the green dashed lines indicate the oscillation threshold. As shown in Fig. 

6.2(c), the Vernier effect strongly suppresses a portion of the long-loop modes. Moreover, Fig. 

6.2(d) demonstrates that the gain difference between the primary mode and the secondary 

mode is further enlarged once PT symmetry is broken. 
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Fig. 6.2 The eigenmodes of (a) a single long-loop OEO, (b) a single short-loop OEO, (c) a dual-loop OEO with 

the Vernier effect, and (d) a dual-loop OEO with the joint of the Vernier effect and the PT symmetry. 

6.3 Experimental results 

The experimental validation of the proposed dual-loop PT-symmetric OEO with a rational 

loop-length ratio is carried out using the setup illustrated in Fig. 6.1 A continuous-wave 

optical carrier from a TLS (Yokogawa AQ2201) is sent through PC1 into a PM (JDSU) with a 

3-dB bandwidth of 20 GHz. The PS-FBG exhibits a notch filter centered at 1545.79 nm with 

an FWHM of 3.1 pm, corresponding to a MPF bandwidth of approximately 390 MHz. 

Optical amplification is provided by an EDFA (FiberPrime EDFA-C-14-S-FA), which 

provides up to 30 dB gain with a saturated output power of 16 dBm. The modulated signal is 

detected by a high-speed PD (Optilab LR-12-A-M) with a 3-dB bandwidth of 12 GHz, and 

further amplified by two cascaded EAs (MultiLink MTC5515) providing more than 40 dB of 

small-signal gain. The generated microwave signal is analyzed with an ESA (Agilent 
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E4448A), while its phase-noise characteristics are measured using a signal analyzer (Agilent 

E5052B). 

The microwave spectra obtained under different configurations are shown in Fig. 6.3. When 

PC2 is tuned to evenly split the optical power into the two arms of the PBS, the system can be 

tested with only one loop closed. With the upper arm disconnected, only the short loop 

remains active. As shown in Fig. 6.3(a), multimode oscillation occurs with an FSR of 850 

kHz, corresponding to the 240-m loop length. Conversely, when the lower arm is 

disconnected, only the long loop is active. In this case, multimode oscillation with a mode 

spacing of 42.5 kHz is observed in Fig. 6.3(b), consistent with the 4800-m loop length. When 

both loops are closed and contribute gain, the oscillator functions as a conventional dual-loop 

OEO. Under this condition, mode selection is determined solely by the Vernier effect. As 

shown in Fig. 6.3(c), single-mode oscillation at 6 GHz with an SMSR of 36.8 dB is obtained. 

However, because the MPF bandwidth of 390 MHz accommodates more than 400 cavity 

modes, the oscillation remains unstable, and mode hopping is observed due to mode 

competition. 

PC2 is then adjusted so that the short loop experiences a net loss while the long loop 

maintains gain. Under these conditions, PT symmetry is not satisfied since the gain and loss 

are not balanced, and the oscillator reverts to multimode operation, as illustrated in Fig. 

6.3(d). Because the short loop does not contribute gain, the Vernier effect is weakened, and 

the joint effect of the two loops is significantly reduced. To realize PT-symmetric operation, 

both PC2 and PC3 are tuned so that the gain and loss are balanced, and the net gain exceeds 

the coupling coefficient. The system then enters the PT-broken phase. In this region, the 
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combination of the Vernier effect and PT symmetry ensures stable single-mode oscillation. As 

shown in Fig. 6.3(e) and (f), the oscillator generates a 6-GHz signal with an SMSR of 40.7 

dB, higher than that achieved with the Vernier effect alone. The stability of the oscillator is 

confirmed by monitoring power fluctuations and mode hopping over 20 minutes, during 

which the output power variation remains within 0.6 dB and no mode hopping is observed. 

To further validate the joint role of the Vernier effect and PT symmetry, control experiments 

are performed. When the short loop is disconnected, multimode oscillation reappears, while 

disconnecting the long loop suppresses oscillation entirely due to net loss. When both loops 

are reconnected under the PT-broken condition, stable single-mode oscillation is restored. 
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Fig. 6.3 The electrical spectra of the microwave signals generated by the PT-symmetric OEO. The spectra are 

measured at a central frequency of 6 GHz by an electrical spectrum analyzer. (a) Multi-mode oscillation in the 

short loop measured with a span of 10 MHz; (b) multi-mode oscillation in the long loop measured with a span of 

500 kHz; (c) single-mode oscillation in the dual-loop based on the Vernier effect measured with a span of 10 

MHz; (d) multi-mode oscillation in the dual-loop when PT symmetry condition is not matched, measured with a 
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span of 200 MHz; (e) single-mode oscillation in the dual-loop based on the joint of the Vernier effect and the PT 

symmetry measured with a span of 10 MHz, and (f) a zoom-in view with a span of 500 kHz 

The tunability and phase-noise characteristics of the oscillator are also evaluated. Frequency 

tuning is achieved by adjusting the center frequency of the MPF, which is controlled by 

tuning the TLS wavelength. As shown in Fig. 6.4(a), the oscillator maintains stable single-

mode operation across a tuning range of 2–12 GHz. The phase-noise performance of a 6-GHz 

oscillation is presented in Fig. 6.4(b). The measured phase noise reaches −114 dBc/Hz at a 

10-kHz frequency offset. Additional resonant peaks appear at offset frequencies about 42.5 

kHz, corresponding to the effective FSR of the coupled dual loops. These spurious tones 

remain below −80 dBc/Hz, confirming that the dominant oscillation mode is effectively 

selected. 

(a) (b)

-114 dBc/Hz

 

Fig. 6.4 (a) Frequency tunability of the proposed OEO with a tuning range from 2 to 12 GHz; (b) phase noise 

measurement of the generated microwave signal at 6 GHz. The phase noise level is −114 dBc/Hz at an offset 

frequency of 10 kHz. 
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6.4 Conclusion 

This chapter has reported a dual-loop PT-symmetric OEO with a rational loop-length ratio, in 

which the Vernier effect and PT symmetry jointly enable efficient and stable mode selection. 

By employing loop lengths of 4.8 km and 240 m, a rational ratio condition was established, 

enlarging the effective FSR and easing mode competition. Mode selection by PT symmetry 

broken further suppressed residual sidemodes, resulting in a stable frequency-tunable 

oscillation from 2 to 12 GHz, with an SMSR of 40.7 dB, and a phase noise of –114 dBc/Hz at 

10 kHz offset. 

Compared with the single-loop PT-OEO in Chapter 4, this design provides superior sidemode 

suppression and stability, while preserving frequency tunability across a wide range. The 

combination of PT symmetry and Vernier effect thus establishes a general framework for 

high-performance OEOs, paving the way for integrated OEOs with compactness. 
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CHAPTER 7 A DUAL-FREQUENCY PARITY-TIME 

SYMMETRIC OPTO-ELECTRONIC OSCILLATOR 

 

7.1 Introduction 

Dual-frequency microwave sources represent essential building blocks for a variety of 

applications, including coherent radar systems, photonic-assisted millimeter-wave generation, 

high-resolution ranging, and multi-channel communication platforms. For these applications, 

it is not only desirable to generate two microwave tones with well-defined and tunable 

frequency spacing, but also critical to ensure that both tones maintain single-mode purity and 

exhibit excellent long-term frequency stability. OEOs, enabled using long, low-loss optical 

fiber delay lines, naturally offer relatively low phase noise performance. However, 

conventional OEOs inherently support a dense set of modes because the long cavity delay 

reduces the FSR to the order of tens of kilohertz. When configured to oscillate at two distinct 

frequencies, such systems often experience severe multimode competition and frequent mode 

switching, which degrade the purity and stability of dual-frequency oscillation. 

To address these challenges, this chapter introduces and experimentally demonstrates a dual-

frequency PT-symmetric OEO. The combination of PT symmetry and injection locking offers 

an efficient solution to achieve dual-frequency operation in which both oscillation tones are 

single-mode and mutually phase-stabilized. The core concept is to use a dual-wavelength-

sliced ASE source that passes through a large-dispersion optical element, thereby forming 

two independent oscillation channels in the microwave photonic domain. A PT-symmetric 
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mode selection mechanism is then applied to eliminate unwanted modes surrounding each 

channel and ensure single-mode dominance. Subsequently, an external injection signal equal 

to the frequency difference between the two oscillation channels is introduced to lock their 

relative phase. By integrating these two mechanisms, we implement a tunable dual-frequency 

OEO capable of maintaining high spectral purity and stable frequency spacing. 

7.2 Operation principle 

The schematic diagram of the proposed dual-frequency PT-symmetric OEO is shown in Fig. 

7.1. An ASE source generated by an EDFA serves as a broadband optical input and is passed 

through a PBS to produce a linearly polarized state. For a z-cut LiNbO3 MZM, both the 

ordinary and extraordinary optical modes are supported, but with different modulation 

efficiencies. By adjusting PC1, the polarization state of the light sent to the MZM is precisely 

controlled, and the modulated optical signal at the output of the MZM is given by 

[
𝐸𝑥
𝐸𝑧
] = √𝑃 [

sin𝜃exp (𝑗2𝜋𝑓𝑐𝑡)cos (
𝜋

𝑉𝜋TE
𝑉in(𝑡))

cos𝜃exp (𝑗2𝜋𝑓𝑐𝑡)cos (
𝜋

𝑉𝜋TM
𝑉in(𝑡))

] (7.1) 

where 𝑃 is the power of the optical carrier, 𝜃 is the polarization angle respected to the z-axis, 

𝑉𝜋
TE and 𝑉𝜋

TM are the half-wave voltages of the MZM for the TE and TM modes, respectively. 

𝑉in(𝑡) represents the microwave signal injected into the RF port of the MZM. As can be seen, 

the optical power splitting ratio between the two orthogonally polarized optical signals can be 

arbitrarily tuned, illustrating that the gain/loss ratio can be separately controlled to satisfy the 

PT symmetry condition. 

After transmission through a long segment of SMF and amplification by an EDFA, the 
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modulated optical signal is then spectrally re-shaped by a wave shaper implementing two 

cosine-shaped profiles, and subsequently detected by a PD to form a dual-passband MPF. The 

electrical signals are amplified and fed back to the MZM together with an external injection 

signal whose frequency equals the difference between the center of two tones, thereby closing 

the OEO loop. 

ASE MZM

ESA

PC1 EDFA

PD

EA

Optical Path

Electrical Path

5-km SMF

WS

Div.1

y

x

Div.2

PBS

fInj=f2-f1

 

Fig. 7.1 Schematic diagram of a tunable dual-frequency PT-symmetric OEO. ASE: amplified spontaneous 

emission source; PBS: Polarization beam splitter; PC: Polarization controller; MZM: Mach-Zehnder modulator; 

SMF: Single-mode fiber; EDFA: Erbium-doped fiber amplifier; WS: Wave shaper; PD: Photodetector; EA: 

Electrical amplifier; Div.: Divider; ESA: Electrical spectrum analyzer. 

The key component in our proposed OEO to realize dual-frequency oscillation is the 

reconfigurable dual-passband MPF implemented with the ASE source, the wave shaper, and 

the PD. When the ASE spectrum is shaped by a programmable optical filter (wave shaper) 

with a cosine function profile, given by 
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𝑆(𝜆) =
1

2
+
1

2
cos (2𝜋

𝜆 − 𝜆0
∆𝜆

) (7.2) 

where 𝜆0 represents the center wavelength of the ASE spectrum, and ∆𝜆 denotes the slicing 

period of the optical filter, each period of the shaped spectrum acts as an individual tap in the 

filter impulse response. Due to the dispersion of the long-length SMF, these taps experience 

distinct group delays, and the relative delay between two adjacent taps can be expressed as 

∆𝜏 = 𝐷𝐿∆𝜆 (7.3) 

where 𝐷  and 𝐿  are the group velocity dispersion parameter and the length of the SMF, 

respectively. This wavelength-dependent delay leads to the formation of an MPF within the 

system, whose center frequency is determined by 

𝑓𝑐 =
1

∆𝜏
=

1

𝐷𝐿∆𝜆
(7.4) 

Therefore, by adjusting the spectral slicing period, and thus ∆𝜆, the center frequency of the 

MPF can be flexibly tuned. To realize a dual-passband MPF, an additional cosine component 

is introduced, and the optical spectrum shaping profile is written as 

𝑆(𝜆) =
1

2
+
1

4
[𝑉1 cos (2𝜋

𝜆 − 𝜆0
∆𝜆1

) + 𝑉2 cos (2𝜋
𝜆 − 𝜆0
∆𝜆2

)] (7.5) 

where 𝑉1 and 𝑉2 are the parameters ranging from 0 to 1, to control the amplitudes of the 

cosine-shaped spectra, thus, adjusting the peak value of the corresponding passband, 

respectively. By controlling the spectral slicing period and the 𝑉 parameters, a balanced dual-

band MPF is achieved. 

To further suppress the strong mode competition between two oscillation tones within the 

same feedback loop, a mutual injection locking method is applied. As shown in Fig. 7.1, an 



99 

 

external RF signal with frequency 𝑓inj , chosen to match the difference between the two 

oscillation modes, is fed into the loop via the MZM. As a result, the free-running oscillation 

at 𝑓1 (lower frequency) produces a phase-coherent component at 𝑓1 + 𝑓inj = 𝑓2; conversely, 

the oscillation at 𝑓2 (higher frequency) gives rise to a synchronized replica at 𝑓2 − 𝑓inj = 𝑓1. 

These reciprocal interactions effectively lock the two tones to each other. Once the locking 

condition is satisfied, the OEO maintains a stable dual-frequency state in which both modes 

remain phase-aligned and immune to conventional mode competition. 

However, owing to the long-length SMF, the FSR is small, and the single-mode oscillation in 

each tone cannot be guaranteed. As mentioned at the beginning of the principle analysis, the 

gain/loss of the orthogonally polarized optical signals are tuned to be balanced and exceeds 

the coupling coefficient to make the system located at the PT symmetry broken region, thus, 

both 𝑓1 and 𝑓2 can be forced into single-mode oscillation, and these two frequency signals are 

stabilized by the injection locking. 

7.3 Experimental results 

The performance of the proposed dual-frequency PT-symmetric OEO is evaluated based on 

the setup illustrated in Fig. 7.1. An ASE source generated by an EDFA (NORTEL 

FA17UFAC119C28) is first passed through a PBS to ensure a well-defined linear polarization. 

The linearly polarized light is then launched into PC1, where its polarization state is adjusted 

to match the PT symmetry condition. After polarization alignment, the optical signal is 

applied to an MZM (JDSU, model:10021840), which is biased at the quadrature point. The 

modulated optical signal then propagates through a 5-km SMF to introduce a long time delay, 
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and is subsequently amplified by a second EDFA (NORTEL FA17UFAC119C20). The 

amplified optical spectrum is then spectrally sliced by a programmable optical filter (Finisar 

WaveShaper 4000S) with a filter wavelength range from 1540 nm to 1560 nm. The 𝑉 

parameters are set to be 𝑉1 = 0.95 and 𝑉2 = 1, and the slicing periods are chosen as ∆𝜆1 =

1.6 𝑛𝑚 and ∆𝜆2 = 1.4 𝑛𝑚, respectively. The resulting sliced optical spectrum measured by 

an OSA (ANDO AQ6317B) is shown in Fig. 7.2. The sliced optical signal is then converted 

to an electrical signal at a high-speed PD (Optilab LR-12-A-M) with a 3-dB bandwidth of 12 

GHz. Three cascades EAs with a bandwidth from 4 GHz to 15 GHz are used to provide 

sufficient electrical gain in the OEO loop. The generated microwave signal is analyzed by an 

ESA (Agilent E4448A), and is then fed back to the MZM together with an external injection 

locking signal generated by a signal generator (Agilent E8254A) to close the OEO loop. 

 

Fig. 7.2 Measured optical spectrum of the sliced broadband source. 

Since the key to achieving dual-frequency oscillation lies in creating a well-balanced dual-
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passband MPF, the frequency response of the MPF is evaluated. To do so, the loop of the 

OEO is opened at the output port of the last EA, and the frequency response is measured 

using a vector network analyzer (Keysight N5224A). Fig. 7.3 illustrates the measured 

frequency response of the dual-band MPF. Two passbands centered at 8.15 GHz and 9.35 

GHz with a same peak level are observed, each with a 3-dB bandwidth of approximately 500 

MHz. Accordingly, the external injection-locking signal is set to 1.2 GHz, matching the 

frequency spacing between the two passbands. 
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Fig. 7.3 Measured frequency response of the dual-band MPF. 

Once the loop is closed, oscillation naturally occurs at the centers of the two MPF passbands. 

Fig. 7.4(a) shows the electrical spectrum without injection locking, where strong multi-mode 

oscillation is observed in both passbands. When the 1.2-GHz external signal is injected into 

the loop, most unwanted modes are suppressed and few-mode oscillation is achieved in two 

tones, shown in Fig. 7.4(b), indicating that injection locking can effectively suppress most of 

the unwanted modes. However, injection locking alone cannot guarantee single-mode 
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operation. To address this limitation, PC1 is finely tuned to control the gain/loss coefficient of 

the two orthogonally polarized optical signals to make the proposed OEO operate at PT 

broken region. Under this condition, single-mode oscillation is achieved in both tones, as 

illustrated in Fig. 7.4(c). 
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Fig. 7.4 The electrical spectra of the microwave signals generated by the proposed dual-tone PT-symmetric OEO. 

(a) Multi-mode oscillation in the dual-band without injection locking; (b) few-mode oscillation in the dual-band 

with injection locking; (c) single-mode oscillation in the dual-band with combination of injection locking and 

PT symmetry. 

To further evaluate the generated signals in each tone, we provide the zoom-in view of the 

electrical spectra at each MPF passband, demonstrated in Fig. 7.5. As illustrated in Fig. 7.5 (a) 

and (e), when only injection locking method is applied, few-mode oscillations occur at the 

center frequencies of 8.15 GHz and 9.35 GHz, respectively. From their zoom-in view in Fig. 

7.5 (c) and (g), we can obtain that the FSR of the proposed OEO is 44 kHz, and the mode 

competition is still strong in each tone. By tuning PC1 to make the OEO operate at the PT 

broken region, single-mode oscillation is achieved in each tone, shown in Fig. 7.5 (b) and (f). 

Fig. 7.5 (d) and (h) illustrate that the SMSR is improved to 17.2 dB at 8.15 GHz and 22.3 dB 

at 9.35 GHz, confirming that single-mode oscillation in the dual-tone OEO is induced by PT-
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symmetry breaking. 
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Fig. 7.5 The electrical spectra of the generated microwave signals in each tone. (a) and (e) are the multi-mode 

oscillations only with injection locking measured with a span of 100 MHz at 8.15 GHz and 9.35 GHz, 

respectively; (c) and (g) are the corresponding zoom-in view measured with a span of 200 kHz; (b) and (f) are  
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the single-mode oscillation based on the joint of the injection locking and the PT symmetry at 8.15 GHz and 

9.35 GHz, respectively, measured with a span of 100 MHz; (d) and (h) are the corresponding zoom-in view 

measured with a span of 200 kHz. 

7.4 Conclusion 

This chapter presented a tunable dual-frequency PT-symmetric optoelectronic oscillator 

capable of generating two spectrally pure and mutually stabilized microwave tones. By 

integrating PT-symmetric gain/loss control with frequency-difference injection locking, the 

proposed system effectively suppresses all competing modes in each oscillation band and 

simultaneously enforces a stable phase relationship between the two generated signals. 

The experimental implementation demonstrated two single-mode oscillation tones at 8.15 

GHz and 9.35 GHz, with measured SMSRs of 17.2 dB and 22.3 dB, respectively. These 

results confirm that PT-symmetric gain/loss engineering provides a powerful mechanism for 

eliminating the dense competitive side modes inherent to long-delay OEOs. The successful 

activation of injection locking further ensures that the frequency spacing between the two 

oscillation bands remains constant, producing a coherent dual-frequency output with 

excellent long-term stability. To the best of our knowledge, this is the first time generating 

multiple single-mode frequencies in a PT-symmetric system. Previous studies of PT-

symmetric OEOs primarily focused on single-frequency operation; the extension to a multi-

frequency regime introduces a new degree of control enabled by PT symmetry in microwave 

photonics. 

Beyond the specific implementation reported here, the demonstrated architecture provides a 
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platform for advanced multi-tone microwave photonic sources. This capability opens new 

opportunities for dual-frequency and multi-tone radar systems, dual-comb microwave 

photonics, and photonic-assisted sensing architectures that require highly stable multi-

frequency sources. 
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CHAPTER 8 SUMMARY AND FUTURE RESEARCH 

 

8.1 Summary 

This thesis has addressed the long-standing challenge of achieving stable single-frequency 

operation in lasers and OEOs by exploiting the framework of PT symmetry. Conventional 

lasers and OEOs based on long cavities benefit from narrow linewidths and low phase noise, 

but their dense mode spectra inevitably lead to severe mode competition, multimode 

oscillation, and degraded stability. Traditional approaches to mode selection, such as 

narrowband optical filters, multi-loop configurations, or injection locking, have provided 

partial solutions but introduce compromises in complexity, insertion loss, tunability, or 

environmental robustness. PT symmetry offers an intrinsically different approach: by 

balancing gain and loss, it enables non-Hermitian mode selection in which one mode is 

amplified while its conjugate is suppressed. Building on this principle, the thesis has 

proposed and experimentally demonstrated four novel architectures—a single-loop PT fiber 

laser, a single-loop PT-OEO, a rational dual-loop PT fiber laser, and a rational dual-loop PT-

OEO—that collectively advance the state of the art in photonics and microwave photonics. 

The single-loop PT fiber laser represents the first realization of PT symmetry within a single 

cavity, achieved by engineering counter-propagating modes in the polarization-dependent 

Sagnac loop to emulate gain/loss dynamics. This design eliminates the need for two 

physically identical loops, reducing system complexity and improving stability against 

environmental change, while experiments confirmed that it delivers stable SLM operation 
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with high sidemode suppression and narrow linewidth. Extending this concept to microwave 

photonics, the single-loop PT-OEO introduced in this work is the first of its kind to achieve 

single-mode microwave oscillation without relying on ultra-narrowband RF filters. By 

embedding PT symmetry broken, stable operation over a broad frequency range from 2 to 12 

GHz was achieved with excellent phase noise performance, validating that PT symmetry can 

provide both effective single-mode selection and low-phase-noise characteristics critical for 

radar and communication systems. These results establish that PT symmetry is not confined 

to optical resonators but can be effectively applied in hybrid opto-electronic systems. 

The thesis further advanced PT-enabled architectures by combining them with the Vernier 

effect, leading to dual-loop PT fiber laser and PT-OEO with rational loop length ratio. In 

these systems, two loops of rationally related lengths produce an enlarged effective FSR, 

reducing mode density, while PT symmetry enforces selective amplification of a single 

dominant mode. Experimental demonstrations showed that the dual-loop PT fiber laser with 

rational loop length ratio achieve extremely high SMSR and narrow linewidths, 

outperforming conventional Vernier effect-only designs. Similarly, the dual-loop PT-OEO 

demonstrated stable single-mode oscillation and superior phase noise performance across a 

wide tuning range without requiring external filtering. These dual-loop PT designs illustrate 

the synergistic benefits of combining non-Hermitian physics with established mode-control 

techniques, providing stability and simplicity that surpass traditional methods. 

To expand the PT symmetry-based architectures to achieve multi-frequency oscillation, a 

tunable dual-frequency PT-symmetric OEO is proposed and experimentally demonstrated. A 

sliced ASE source propagates through a large-dispersion optical element to form two well-
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balanced MPF channels. PT symmetry suppresses multimode competition within each 

individual channel, ensuring clean single-mode generation at both target frequencies. 

Subsequently, an external RF injection signal stabilizes the relative phase and frequency 

spacing between the two oscillation branches, eliminating mutual mode competition and 

enabling highly stable dual-frequency operation. Experiments showed that two oscillation 

tones at 8.15 GHz and 9.35 GHz were simultaneously generated with SMSRs of 17.2 dB and 

22.3 dB, respectively. This architecture establishes a new method for realizing dual-frequency, 

and potentially multi-frequency, OEOs with enhanced stability and spectral purity. 

In conclusion, the five architectures developed in this thesis illustrate the versatility of PT 

symmetry as a unifying framework for mode selection across both optical and microwave 

domains. Unlike conventional approaches, PT-based designs achieve effective mode control 

within the system dynamics, avoiding reliance on delicate filters or external references. By 

systematically progressing from single-loop to dual-loop structures, and from fiber lasers to 

OEOs, the research demonstrates a coherent strategy that translates theoretical predictions 

into practical devices. The results highlight not only improved performance metrics such as 

SMSR, linewidth, and phase noise, but also enhanced scalability. Overall, this thesis 

establishes PT symmetry as a practical design principle for high-performance lasers and 

OEOs, transforming it from a theoretical novelty into a tool for engineering functional 

photonic and optoelectronic systems with clear pathways toward real applications. 

8.2 Future research 

While the work presented in this thesis has demonstrated that PT symmetry can provide an 
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outstanding mechanism for mode selection in both fiber lasers and OEOs, it also opens 

several ways for future research that extend beyond the specific designs demonstrated here. 

The four architectures in this thesis represent a new paradigm for simplifying PT-symmetric 

system design, enhancing stability, and overcoming long-standing challenges associated with 

dense mode spectra in long cavities. As with all emerging approaches, further exploration is 

needed to fully exploit the potential of PT symmetry in photonics and microwave photonics. 

One of the most promising directions is the integration of PT-symmetric architectures into 

photonic integrated circuits. While this thesis has focused on fiber-based implementations, 

integrated photonics platforms such as silicon, SiN, and InP offer unique opportunities for 

miniaturization, mass production, and environmental stabilization. Embedding PT symmetry 

into integrated components could lead to compact single-mode lasers and chip-scale OEOs 

with ultralow phase noise. Recent progress in heterogeneous integration, where III–V gain 

materials are combined with low-loss passive platforms, suggests that electrically pumped 

PT-symmetric microring lasers and on-chip PT-OEOs are within reach. Realizing such 

systems would enable scalable deployment of PT-enabled devices in communication, sensing, 

and radar technologies, bridging the gap between laboratory demonstrations and industrial 

applications. 

Future research should also explore the use of PT symmetry in sensing applications. As 

demonstrated in other optical platforms, systems operating at EPs display non-linear scaling 

laws that dramatically enhance sensitivity to small perturbations. Extending this concept to 

PT fiber lasers and PT-OEOs could lead to a new class of ultrasensitive sensors capable of 

detecting weak physical or environmental signals. For instance, PT fiber lasers could be 
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employed for high-resolution strain or temperature sensing, while PT-OEOs might be adapted 

for rotation sensing or magnetic field detection. The combination of narrow linewidth, high 

signal purity, and EP-enhanced sensitivity could unlock novel sensing modalities that 

outperform traditional photonic or electronic sensors. 
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