ranted the degree.
\rg g

— . t

, . T ‘- - __' [ A
. * Natlonal L1brary of Canada Blbhothéque nattonale du Canada Lo : . :
Col!ectlons Development Branch Dlrectlon du developpement des CO||ECtIClnS S
. - Canadian Theses on _ Service des théses canadlennes e T .
Microfiche Service - sur microfiche - - v
- ~

NOTICE

The quality of this thFOflChe is heavuly dependént
upon the quality of the ongmal thesis submitted for
microfilming. Every effort has been made to ensure
the hlghest quallty of reproductlon possuble

o

If pages are missing, “contact the unlversny which
Some pages may have indistinct print espéciaily

“if the original pages were typed with a poor typewriter

ribbon or if the university sent us a poor photocopy.

'-
~— ! \

Previously copyrighted materials (;ournai artlcles.

published tests, etc.) are not fllm/dﬂ

Reproduetion- in full or in part of this film is gov-
erned by the Canadian Copyright Act, R.S.C. 1970,
c. C-30. Please read the authortzatton forms’ which
accompany this thesis.

v

-

THIS DISSERTATION
HAS BEEN MICROFILMED
EXACTLY AS RECEIVED

- : \
, .

Ottawa, Canada
K1A ON4

de.reproduction. N

. AVIS

La qualité de cette microfiche dépend grandement de

la quallte de la thése soumise au microfilmage. Nous
avons tout fait -pour assurer une qualité 5uper|eure

. e
§'il -'manque des pages, -veuillez® communiquer
avec |'université qui a conféré le grade.

La qualité.d‘impres&ion ‘de’ certaines. pages peut

laisser a désirer, surtout si ‘les pages originales ont été .~

dactylographiées ;
sité nous a fait parvenir une photocgpie de mauvalse
qualité.

- Les documents qui font déjd i‘objet d'un droit

d’auteur (articles de revue, examens publiés, etc.} ne
sont pas microfilmés.

"La reproduction, méme partielle, de ce microfilm
est soumise a la Loi-canadienne sur le droit d‘auteur,
SRC 1970, c¢. C-30. Veuillez prendre connaissance dei

formules d'autorisation qui accompagnent cette thése,

LA THESE A ETE
MICROFILMEE TELLE QUE
NOUS L'AVONS RECUE"

1

NL-339 (Rov. 8/B0)

N r

I'aide d'un ruban usé ou si |‘univer-



THE SCREENED COULOMB POTENTIALS
N
SEMIGONDUCTOR AND PLASMA
PHYSICS

» by 4

Chun-sheung Lam o

Department of Physics
Faculty of Science and Engineering
University of Ottawa
Ottawa, Canada

L4

Submitted in.partial fulfillment
of
.the requirements for the degree of Doctor gf Philosophy

y Y

1978
. .

(::) Chun-sheung Lam, Ottawa, 1979 ;;”i;




"Té my‘father'
Pah Ping Lam -
'andf ” o

| theineﬁ;ry'of'my'mothg;':

‘Ahnie Chen



The Screened. Coulomb Po_-tenti'alsq_ "
| ‘i.n o |
- Semiconductor and Plas'm‘q

Physics

A



ACKNONLEDGEMENTS ‘ '
- I w1sh to express my deepest gratitude to my teacher, Proféssor
Y. P Varshni, for h1s suggest1on of the prob]ems of study, for his
pat1ent gu1dance and for h1s constant encouragements dur1ng the per1od
of this study. _ -

The encouragemenis‘from my father and the late mother are
greaf1y appreciated. I also want to thank to my wife, Joyce, for her
.patience in the completion of this thesis.l |

The financial support and a scholarship from tHe Nationéi
Research Council Canada are acknowledged.

Thanks are also due to Miss Jean Suen for typing this thesis.

NS




Abstract % Lol

. This thes1s presents a number of inv st1gat1ons on two— and three-

part1c1e systems in which the 1nterect1on between two part1c1es can be
!

represented by a sgfeened Cou1omb potent1a1 Several types :6f.screandd

_potent1a1s have been 1nvest1gated namely, the static screened Coulomb

potent1a1 the exponent1a1 cosine screened Coulomb potential, the.Baer

potent1a1 and the HuTthén potential. Bound states and their properties

of two part1c1es-1nteract1ng via such ﬁotentia]s have been investigated..

For the stat1c screened Coulomb potential, three-body systems have also

" been studied. Two 1nvestxgat1ons dea11ng w1th H2 and HeH , respect1ve1y,

are also included. - - e
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Chapter 1. Introduction

In several areas of physics, Screened Coulomb Potentials play an

important role. Such potentials can be genera]]yfw%itten in the form -

{ ) = - )

where f is a function of the screening parametér'a and r.-Théimajon
'part of this thesis deals with such potent1als We summar1ze the
1nvest1gat1ons carried out in this thesis in the following.
The Static Screengd Coulomb Potential (SSCE) s
"

2

‘ . . & -ar
Vir) = — €

where a-is a screening'parameter, is of interést in many areas of

physics In solid state physics, this potential represents the potent1a1

due to an ionized 1mpur1ty, in plasma phy51cs this potential describes

the ion-electron interaction and' is commonly known as the Debye Huckel
potential. This potential (w1th e2 replaced by another coup11ng constant)

also occurs 1n nutiear phys1cs, where it is gnown as the Yukawa potential.

The significance of o in these different contexts is, of course, quite
different. Chapter 2 of th1s thesis concerns itself with this potential.
Perturbation and variational methods have been used to obtain the energ1es

of Is, 2s; 3s and 4s states. Several variational wave functions have ~
been used; one of them gives highly acanate energies fpp the'ground |

state. Also_ an épproximate expression for the energy of any s state due .
to. Ecker and Weizel is revised with a new identification of a quantity 7 -

occurring in this expression. The revised expression is shown to give
) .

-

I -

w




for obtaining the 1ower bound of the ground state have been developed

by a number of authors, and the three best known ones are due to'

'.Ne1nste1n (1934), Telple (1929) and Stevenson-Crawford (1938a, 1938b)
Cnly a few numerical tests of these formu]as have been reported This
fact can be attributed to the d1ff1cu]ty assoc1ated with the calculation
of the 1ntegra1 <HH> . A very satisfactory variationa] wave function that

" has been proposed in: Chapter 2 for the ground state in the SSCP, is used
in Chapter 3 to test the app11cab111ty and usefulness of these three
1ower bound formulas.

The potential

: 2
= . &_.-¢r
V(r) = — © cds(qr)',

where ¢ is the die]ectric constant and q is a screeﬁ&ng parameter, is

z of importance in solid state physics. Under certain codditions it
describes the potential betweeniaﬁ ionized impurity and an eiectron.in_
a metal. We shall call this potential the-exponentia1hcosine screened
Cgu]bmb QECSC)'potential.*A number of preperties of the bound eigen-
states of an electron in an ECSC potentiaT are étddfed in Chapter 4.
Perturbat1on and var1at1ona1 methods are used to calcu1ate the eigen~ //*
values. Detailed results .are presented for the f1rst four S states ’

e
13



for-each state there is a critical value of the screening parameter 6
above wh1ch no bound states with negat1ve energy ex1st The value of 6‘
* for the ground state is obta1ned from a two-parameter var1at10na1 W 5
calculat1on The total number of different energy 1eve1s is f1n1te for
- any va1ue of the screen1ng parameter 8 greater than .zero, and is found
-to be approx1mate1y 11near dependent on 1/6 The square of the number
of bound s states is-also shown to be 11near with 1/6 Pos1t1ve-energy
~states are a]so discussed | |

The effect1ve potent1a1 between a pos1t1ve 1on and an electron in
a plasma has been a question of continuing interest. To a first appro-
Ximation, it is customary to take this potential as the static ‘screened
Cou]onb potentia]. At least at‘hign tehperature-and Tow density, it is
the correct asymptotic potentiai; However, the exact form of this
potential ie ;nETear and'there‘has been controversy on this question
{Nakayama and DeWitt 1964 'and Jackson and Kle{n 1969, and Theimer and
: Kepp]e 1970). A few years ago, Baer (1970) derived the f0110w1ng
expression for the screened potent1a] aroundaan1mon

o(r) = _%EEETW (B e SI: + B, cds qo'r)
where Bs’ Bo’ q and‘q0 ate constants reiated to-the eiectron density.

The bound states for this potential are investigated in Chapter 5.



It is shown in Chaptér 6 that the 55C, ECSC and Baer potentials
can be considered to be special cases of a general screened Coulomb
poténtial. The eigenstates‘in such a general potential are studied.

' It is well known that in Ge- and §i-type semiconductors, there
‘exist a bivalent impuriiy ceﬁter (G1odeanu 1965, 1967, Gershenzon et al,
1971, and Godik et al. 1971). In a n-type semiconductor_it is two
electrons-pound to a positive core énd ina p-type semicondu;tor,'fh@s.
 holes are associated with a négatiVe1y charged core. In'n-type semi;
conductor, this kind of impuritées arise from two situations (1) one
additional e&éctrbn attached to a_ neutral donor, in analogy to a H~ atom;
(2) the substitutional impurity is a bivalent atom, in analogy to He
To obtain the energy levels of this type of impurities, G1pdeanu'(1965,
1967) proposed- a helium-1ike model in a single band approximation in
which he used the free electron mass,'inéteéd of Fhe_effective mass,.and_

the diefectric constant of the host crystal. Actually the 5nterac£ion
between the attached electrons or holes and the iﬁpurity center %s;nog
purely Cou1ombic; The existence of the free electrons weakens the inter--
action between thése chargeq particles. In other ﬁordﬁ the Coulomb
potential is screened by the free electrbns.'ln’Chapter 7, the binding
energy of He-like atoms, in wh{ch the particles interact through-a SScP,

has been obtained using the variational method.

o



 .In Chaptér 8, the fine structure of eXCitonic jines in CuCl has,
been investigated. In the effective mass appﬁoximation, the non-relatiwistic
electron-hole interaction operator is not purely Coulombic, -and thfs
leads to the fjne structure of the excitonic lines (Haken 1962). For

" this effective electron-hole 1nt¢raqtjon, the Haken potentialr(1958)

is choseny which has the following form : T 2
2 - .
- .« SRS
Tr r
‘ el €. Po P
Vi e (2T e )
g ol %

where Pe.h =(h/2mg’h @)%-is the-polaron radiysxbf there1ectr0n {(the
vho1e)1 mz,ﬁ the effeétivé-maés of the e]ect}on (the hole},e and € .

are the static and obtiqa1 dieletric constﬁnté respectively, and w is °
the longitudinal circular frequenqy of tﬁe &att%ce. The non-Coulombic

part V'(r) is treafeﬁ as a perturbation ﬁith‘réspect to the Coulombic

part and the-energy'diffenénce_between 2s and 2p-1eve1s is obtained.

by carrying out the calculation to the second order in fhe perturbafion o
atheory: The calculated value shows an improvement 5ver an eariier result
of Stebe and Certier (1972). |

Chapter 9 degis with thebinding energiesof a ﬁésitron,to Fand F'

coiﬁur centers in alkali halides. Herlach ahd Heinrich (1970) 1hvestigated
‘the 2Y—anﬁihi1ption of positrons in additively coloured KCl crystals.

They showed that the F-centers were the most important positron traps,




‘but the possible iﬁf]uence of complex (F'- and F- aggregate) colour

centers on the annihilation characteristic was also'noted. Berezin (1972)

has given a theeretica] treatment of:the F +-and Ft ot Centers in terms

"of model potentials and has carried out ca1cu1at1ons for these two

.‘systems for NaCl, KC1 and KBr crystals. In Chapter 9, we have carr1ed‘

out ‘the f0110w1ng calculations : {1) using Berezin's mode1 but emp10y1ng

a better variational wave funct1on, the binding energy of pos1tron to

the F-center has been calculated for twenty alkali halides, and (2) the

binding energy of positron to the ?' ceeter has been calculated f?% nine -

elkali halides. = : S .
The last three chapters of the thes1s deal with two center

prob1ems In Chapter 10, a two-parameter wave funct1on for the ]sog

' grounq state of H; is_preéosed and is shoWn-to give gqqg results for

the energonuer a Wide ratgeval of the 1nternuc1eer separation..

Comparison is made w1th results obta1ned from several other wave

functions. s )

Theibindéng‘éuetgg bf:an'e1eneron,_boane\teaardonbn:eudm~inwa doped
semiecerndumpor, ;yedatmye: to thelconductionepand minima is usually calculated
for a single impurity atom in the crystal. On the experimental side, it
is known that the binding energy of the electron decreases as the number

of donors increases until at some critical impurity concentration there

is pratically.no activation energy. The theoretical problems associated
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wifh this phenomena can be conveniént1y discusSed in terms of the .

. potential .of the singly charged donor screened by the conduction electrons,
wﬁich is represgﬁfed by a SSCP (Mott'and Jones 1958, Mott 1961) |

' %he épprbximation that the e1ectroh is bound to a sfngIe‘ionized;
impurify ?;, however, no longer justified'if there is considerable
overlap Qetween the wave functipns of electrons bound to two néighbofing
imburity atdms; In such a situation ‘an electron could be bound to two
impurity abbmé. In Chapter 11, the binding energy of an eleétron bound

to two ionized impurity atoms is calcylated as-a function of the screening
parameter §,wwhich occurs in the screened Coulomb potential. The binding
energy is found to diminish with increase in &, uitimateTy-becoming zero -
at 8§ = 1.254. The role played by such a system in the Mott transition

is discussed. '

In Chaptér 12, a geometric-mean type of variation ﬁénction has been
examined for the 1§c.state of HeHzf and has been fpund,to givé very good
results for thé energy. o |

Unless othefwgse indicated, we shall use atomic units throughout

2

this thesis. The unit of length is a = h2/m*e® and the unit of energy

is equal to -m*e4/h2. Here m* is the effective mass of an electron.




Chapter 2 - Bound Eigenstateé of the Static Screened Coulomb Potential

2.1 Introduction ' 4
In this study, the potent1a1
-ar
V(r) = constant - (2.1)

is called a Static Screened Coulomb Potential kSSCP), where a is a '
screen1ng parameter This potentia] enters several fields of physics The
significances of the constant and o are, of course, all d1fferent in the-
different contexts. “In nuc]ear physics 1t is under the name of Yukawa
potential, which descrIbes the interaction between two nuc]eons It is
called the Debye-Hiickel potential in plasma phys1cs and 1t 15 used to account
for a hydrogen‘;:Eé atom in an 1on1zed gas. In a semi-conductor or in a
metal, this potent1§1 signifies an 1mpur1ty atom in the sea of free charge
carriers,

- ~.
The problem of finding the energy Ieve1s of this potential has attracted

a good-numbef of authors. S1nce the Schrod1nger equation of £q.(2.1) is nof
analytitally solvable, Harr1s (1962), Iafrate and Mendelsohn (1969), and
“Smith (1964) have emp]oyed perturbat1on theory, Harris (1962) and Krieger
(1969) have used variational method and Bonch Bruevich and Glasko (1962) and
Rogers et al. (1970) have carried out the actua] numerical integration of
the differential equation of the Schrddinger équation. 0f these, the
results of Rogers et al. (1970),obtained by ﬁumerical_techniques, are of
high accuracy over a wide range of the screening parameter and cover 45

eigenstates. .

SRR -




In this study, we'employet following calculations. For the-purpose of
pomparison, we repeated the cé]cu1ation of Smith (1964}, who had used the
Coulomb potential as the unperturbed potential. We then extended his,

-

calculation to the second ofdgr for the ground state by two different
approaches — the series exﬁggéion and the F-factor techhique. We made use -
‘of the fact that the Hulthén.bétential (Appendix A) is a close approximation
to the SSCP for not too 1arge‘va1ué of a. Tﬁé energie§ of 1s-4s states .
were calculated by perturbation theory and variation method with the

Hulthén wave funbfioﬁs as the basic setﬁ These types of ca]cu]étions can ';
: be¢extenfed to any high s state without ﬁuch:difficulty. A new wave V

" function for ‘the ground state was propoéé&,‘which ﬁroduced the‘energies
identical to those quoted by Rogers et al. (1970) over the entire range of
screeniné'parameters. Finally we gave a new jdentification of r which
appeared in the work of Ecker and WeiZel (1955) in the same problem. With
such a new identification fhe'energy values were substantié]ly improved. |
The comparison of all calculated results and some fine points were discussed

in the last section.

In this chapter, we will write the SSCP in the following form

-8r
V(r) =

T (2.2)



2.2 Pertufbation.Ca]cu]ation-yith the Coulomb Potential as en'Unpertufbed x\t
", Ppotential |

2.2:1 ;Introduction :

Smith (19&4) has éa]cuiated energy eigenvalues of the SéCP by using
the Coulomb potential as ‘an unperturbed potential. As shown in the Fig' 2.1,
the CouTomb potent1a1 is not a good approx1mate potent1a1 to the SSCP but
it has a simple form and 1ts wave function of the Schrod1nger equation is

well developed. - ‘ o

‘Smith (1964) only quoted few calculated values of energy in his paper.
Therefore 1t is necessary for us here to repeat his calculation in order
to compare the energy e1genva1ues of his method'W1th the other calcu1at10ns

in a wide range of the screening parameter.

3

For the ground state we carried second order perturbation ca}cu]atioﬁs
by two different methods. These are the conventional ser{es expansion
ﬁethod and a rare]y used F-scalar factor technique (Hirschféideffetié}jt
1964). It has dua]_purpoges for the.second order calculations. First Qe
want to show the importanteiof second order correction_w@en the CouTomb
potential is used as an unperturbed ‘one; SeCOnd we want to eompare‘%he

-

accuracj of the second order calculations by two different methods.
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2.2.2 First Order Perturbation Calculation | o B

As Coulomb potential is considered as an unperturbed potential the

SSCP can be written as

-gr
v(r) :.%:+ (er - %J
TS N ﬂ L (2.3)

L

Now U(r) is treated as:a perturbing potential. The unperturbed wave

function or the hydrogenic function has the form

r = 2 ) 1Y g TN AT
) G2 Thee-1)T |« (Ze) e .
x F.(#wmd'fme-gﬁ (2.4)
I AN . [ :
where TF1. is the conflﬁent Eypergeometr‘ic function. And the
unperturbed energy.is
(0) . 1 . ' |
o = E;T? (2.5)
n
The first order energy correction is
el - g (r)lU(r)*J (r)>
ng ng ng
; 222+2 )’ 1 | éZn-Zﬂ-Z
. n2£+4 n-g-T). (20+1)! (%+6?2n
R oF7 (-ndatl, -nbetl; 2m+2'-fL4-~l~ : (2 6)
-T2 k o ? n262 2 "

n
Y

where ,F, is the hypergeometiic function.

N2
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2.2.3 Second Order Perturbation Calculation - Series Expansion Method on

the Ground State

The second order perturbation correction on the ground. state eﬁg;;;

Ts given by _
= ) 2
AE(Z) = < wTO [ U(\") l lfJTTO g (2 7)
10 = Eno ™ F10 .
-
where
- 1 : . . 0. _2
<yg [ UMD | vy > = 8 ‘./_"[(H'ms)z oFy (-1 23 23 1)

1 : Lo, 2
- (—]m 2F-[ ("'TH"], 2; 23 'H_n)}

?.2.4 Second Order Perturbation Calculation - F Operator Technique on the

Ground State

' »
The Hamiltonian of the system in the present case is

2 -ér
H =-[i£1__2+e"'
dr r
\
:.HO + U(r) .
. 142 1 ' : '
where H0 = E-E;§-+ 7 the unperturbed Hamiltonian or the system of a

hydrogén-]ike atom. The first order perturbation equation is usually

written in the following form

(- £y ¢4 U - sy v =0 C (2.8)
where E and ¥ are fespective1y the energy and the wave function of the
unperturbed Hamiltonian Hb, and AE(]) and w(1) afe respectively the first

order ehergy correction and the first/order wave function.!
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&
On the other hand the first order wa&;féunction can be written as

o1 2 gy ‘ . {2.9)
where F is an undetermined scalar function of r. Note that
(H0 - E}Fy = (HOF - FHO)W

Eq.(2.8) can be written as

. . . ] * .
(FH0 - HOF)w = (U - AE( ))w | -

. 2
By replacing H_ = ld l—in the above equation, we have
Q 2
: 2 dr r
2 2
(Fas - S Fyy = 2(u - a6y
Cdr dr

Assume all functions here being real, then

—g—r (v2 'S_D = 2¢(U - ::;E‘m)w : (2.10)

The boundary coh&itibns oﬁ-the perturbed wave function are the same
as those on the unperturbed-eigenfunction ¥. Thus on the boundaries at

N

infinity the conditions on F are

2 dF _

[aN[a®
g™

Fy = 0, 14

This ensures the integral of the righp-hand side of Eq.(2.10) vanishes.
This leads the Eq.(2.10) to. '

2 dF ] . | ' | — - . .
y ar - w(r) . . . (2.]])

fl

where W(r) = & f* v2(¢)(u(t) - ae{1)yat | (212)
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For the ground state, the unperturbed wave function ¥ dbés not possess any

nodes’ in the interval (0, =), Eq.{2.11) may be integrated immediately to

give

t

Flx) = Fla) + % Weyed (t) dt L (2.13)

1

The additive constant F{a) is chosen such that the orthogonal condition
<y | Fy>=0 |

is satisfied.

In terms of F, the second order energy correction Aé@) is therefore

t

b8 = oy | U -AE(l) | F¥ >~

- Substituting ¥, for v, U(r) from Eq.(2.3) and AE(]) from Eq.{2.6) in
‘the Eq.(2.12), we have -

W(r) = —22 e 2 24 ar - (are)er® - 227 (14 (2h)]}
(2+5)"

theref@réQemﬁﬁ@Qe can be integrated and results

- 2 |
s = 208 - as(ars) + BO(4+8) , S (445)2
' (2+8) 248 4
| 2
+ %(f_—’;iL - 8an(1+8) + 16an(2+8) - 162n2] (2.18)

. . /
Now instead of the series expansion form the second order energy

correction is expressed in a closed form.

n
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2.3 Perturbation Calculation with the Hulthén Potential as an Unperturbed

&~ .

Potential

The SSCP, Eq.(2.2) can be written as a Huthén pbténtia1 plus a
perturbation U{r):.

-8r -8r -6f

V(r) = ot (B— - S :
1-e% "y -7
) . e-&“ ’ . }
= ;_:—;:EF-+ U(r) (2.15)

Now U(r) is treated as a perturbing potential. In Fig. 2.1, we show
the SSCP, the Hulthé&n potential and the Coulomb potential. Note that the
choice of the Hulthén potential as the unperturbed potential is a better

one than that of a Coulomb potential for the same.

From the Appendix A, the unperturbed energy eigenvalues and the

unperturbed wave functions for s-states are respectively

elod =12 g2 | (2.16)
a and 1,2

_en 4 2 2.3 %27 (G- nér
y = ?‘(——'- neé )] e
W, L4 n2_

n
x 2, (1- ek . S (2.a7)
k=1 . :
where
2
k+-x -1

. k-T ,n-1 né

Ck '.(']) (k-]) ‘ k )
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. In this section we only calculatedethalenéngieséfdn the Towest four
s states. The wave functi-ons for the 1s-4s states can be deduced from

;hé Eq.(2.17) and they are

1
-(1-9r
¥, = (:—2 -2 leye 2 (2.17a)
8 14
5 g ~(z-8)r
¥og = 21?[—]2—(1 - 452):(2 (1 -e Gr')[_ (1 -6)e 2,
+ (1 +38)e 2] (2.17b)
1 ) : (L 38,
0a * é?[‘gu - 8162)]2 (1-¢°) [(1 -30)(2-3) e 3 2
| _(l s ‘ . - l+_5_
- (4 - 98%) 3t2)" +(1+38)(2 +38) e 3 zr] (2.17¢)
) 1 |
= -(g-28
Y = %i—g (1 - 648)1(F-e” ™) [- (- 681 - )1 - 26) ¢ "
‘ _'(l__ 8)r ‘. r
+3(1 - 48)(1 - 46%) e ¥ i 3(1 + 43)(1 - 462) e &
T | ‘ -(711-+6)r~
+ (1 +68)(1 +48)(1 + 28) e _ ] (2.17d}

When these equations are substituted into the following expression

(1
.En)

<v o lu(r) | ¥ >

e gr

nlvr'

<Y

| g > - <Y (2.18)
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we can obtain the- perturbation energy- of the 1s-4s states. The integrals
involved in the Eq.(2.18) can se an@]jtica]]y evaluated but are somewhati
- complicated. The comprxity of calculation increases from 1s state to 4s
state.: The energy.expressioh for a s state results from the integrdtion-
of the Eq.(2.18) in conjunction with the Eq.(2.16). The expressions for

the 1s to 4s states are as follows.

. 4~ ' S . .

s = - —5 + 2 {220 (1+3)-2n (1+8)} | _ (2.19)
_ 1 - 4s 1 --48 _ _ 12 .

Epe =~ —3 + Y {- (1 -6)° e (1-- 5)

2(3 - 62)‘£n (1 + 8) - 4€J + §) &n (1 + 2¢)

~(1+8)2 2 (1+ 3N _ {5 < -1) (2.20)
PR - 81s° (1 - 36)2 (2 - 36)% an (1 - 36)
3s 72 196835° .
| +6(1-35)(2 -38) (1 - ¢
Ny 2(a - 96210 - 962) (1 3%)
_ 3(2 + 35)(10 + 158 - 186°) gn (1 + 3)
+ 6(2 + 36)2 (1 +35) an (1 +-g£

- (2+ 35)2 (1 + 35)2 en (1 + 68)) (6 < 1/3) (2.21)




L ik e TR,

4s

+

+

T+

- +200% (14 46)2 (14 662 a0 (1+106)) (s < 1/6)

1 - 648

32

] - 6452
" 5898245

-19 -

2

5= (- (1-65)% (1-46)2.(1 - 26)% 1n (1 - 69)

8(1 - 6s)(1 - 46)% (1 - 26)% en (1 - 46)

4(1
2(1
8(1
4(T +

28)(1 - 26)% (7 - 286
“26)(1 + 26)(35 - 3806
28)(V + 28)(1 + 4s)(7
2612 (1 + 45)(7 + 285

- 365%) 20 (1 - 28).
+ 5765%) n (1 + 26)
+ 146 - 66°) 2 (1 + 48)
- 365%) 20 (1 + 65)

8{1 + 25)2 (1 + 46)2 (1 + 668) 2n (1 + 88)

(1]

(2.22) °



2.4 Variationa] Ca]cu]atfon with One Parameter Hulth&n Function as a

\

Trial Function

Harris (1962), Krieger (1969), and Margenau and Lewis {1959) have
reported the energy eigenvalues of SSCP by varijational calculation by
using hydrogen-like wave functions as a basic éet and exponentia] nuclear w
charge as a variational parameter. Of these, the best results are those of
Harris by using the linear combination of 1s, gs and 3s hydrogen-1ike wave
functions as the trial function. In view of the fact that the Hulthén o
potential is a better approximation to the SSCP than the Coulomb potentia],r
one anticipates that for the same number of parameters, the Hulthé&n wave
functions would be a better choice for trial functions in this problem than

the hydrogen-1ike wave funétions.

From Eq.(2.17}, it is seen that a s state Hulth&n wave function only

' depends on the parameter §. If one replaces it by u, a variational
pa?dﬁeter, one wou]d.have the trial function of thé SSCP. Here we oatyied
out: the calcu&atdéntfon the toweddwolrfoustatesateThe Theatrfanctions o

of the 1s to 4s states are Tisted below.
1

v = (- 1.)§ (G- e 2 ‘ (2.23)
.“ 1
Yoo = El—z[]gp - 4u2)] 2(1-¢e™)
X [ (- ) e't%"")r 0+ e-%:l (2.20) )



-2 -

N

Yy = —13-[%(4 - 81‘12)]5 (- e

8lu .

3 ol 3y
[ﬁl - 3u)(2 - 3u) e 37277 (4 - ghz) e

1l
'(3\"’2)‘”

X

+ (1 4+ 3u)(2+3) e

el w
32 r} (2.25)

1
768u

1
2y2

1-e™)

% (1 - 64u

. -(l-ZL)r
[— (1 - 6w)(1 - &)(1 - 2) e

A
+ 3(1 - 4u)(1 - 4u2) e ‘4 W

>

]
, -
301 + 4u)(1 - 4pd) e ¥ .

-(];+u)r.]

+ (1 + 6u)(1'+ _4u)(1l+ 2u) e (2.26)

The energy expression for a s state can be obtained from

2 - =8r

- 1 d: e ,

En © < ¥ | E'E_f | ¥ >+ <Y, | r | ¥n >
r :

A1l integrals involved in thexcalgulation can be’ analytically evaluated

iand the results are shown-be1ow.
By = (477 = 1) x [=u%/8 - an (24 4 - ) + 2 an(2 4 9)

- (24 8+ w)]

{p < 2+ 8) (2.-27)
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Eps = [(1 - 421/8 0 - (- 1020 (1465 20)
+4(1 - p)an (V+ 6 - u) - 2(3-7) an (1 5)
F4Q v e (T s+ y) - (142 (145 + 24)]

f <51+ )

£y = [(4 - 81d)/78732:01[ 218752

- (2”/4.6;1)% (2 - 3u)% an (2 + 36 - 9y)
12(2 - 6u)(2 - 3u)% 2n (2 + 36 - 6y)
12(2 ~ 3u)(10 - 15 - 187) an (2 + 36 - 3u)
8(4 - 9;;2)(10 - 9u2) 2n (2 + 38) | |
12(2 + 3u)(10 + 15u - 184%) an (2 + 35 + 3y)
+12(2 + 3u)% (2 + 6u) an (2 + 36 + 6u)
(2 + 30)% (2 + 60)% an (2 + 35 + %)]

+

+

u<%(2+36)

(2.l28)

(2.29)



L =23 -
RN

= [(1 - 64x%)/589824,%] x [-18432,°

- (l,f 61)2 (1 - 44)2 (1 - 20)2 an (1 + 26 - 8y)
+800 - 6}(1= 42 (1 - 202 en (1 + 26 - 6u)

- 4(1 - (1 - 2u)2 (7 - 28u - 36,2) an (1 + 26 - 4)
4801 - 4201 - M7 - 1 - 282) (1 + 26 - 23)

- 2V~ 4:°)(35 - 38002 + 576u%) e (1 + 25)

+ 8(1 - 4 )(1 + 4p(7 + V4 - 24;- ) gn (1 + 26 + 2p)

-40+4w0+2m U+2&-3®)£nﬂ+25+%)

St 8(1 + u)(1 + a)? (1 + 20)% a0 (1 + 25 + 6y)
C o= e)? (1r 40 (14 2070 (14 26 + 8)]

<32 v (2.30)
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The energy of a state at a given value of § is obtained by minimising

En with respect to u. The minimum of E is ensured by the zero of H_E_rl .

au
Therefore we have to work out .the expressions forf_r}_ . They are
. au
BE.IS 8 . —_— o
m =‘-3-{zn(2 +8 - qu) - 2 an(2+8) +an(2+ 6+ u)} o
u , :
a_. | B 1 u
+(u2 Vegs v 755+0 3
3k 2 .
2s _2u- -1 ¢ 4 2
T f=" - (- % a1+ 6 - )
+ 41 - w) en(T+ 6 - w)
- 2(3 - ¥®) (1 + o)
) +400 + ) (1 + 6+ )
; ' - (14 w2 en(1 + 5 + 2)}

2 2 |
1o a3, 201-u) 401 - )
+ 8u4-{4“+]+a-2u'1+5-u | ~

40 + ) 201 + )2

+1+5+u"1+5+2u

+2(1 -~ u) (1 + 8 - 2u)
<=4 an{1 + 5§ - 1)

+4 uoan(l + 8)

+4 (1 + 5 +p) -

—

21 +w) an(l+ 5+ 2)}

W




3

E

-

LAY

3s . 1 (- 2 324) 2187 5
{-=v

- (2- 6u)2 (2 - 3u)2 zn(2-+aa - 9y) e

-

78732,° u7

+ 12(2 6u)(2 3u) en(2 +35 -su) - 12(2- 3u)(10 -15u 18u2) 2n(2-+36 3u)

+78{2- 3u)(2+3u)(10 -9 ) 2n(2-+36)- 12(24—3u)(104-15u - 18u ) zn(2-+35-+3u)

-+1ﬂ2+3m2(2w6u)LM2+35+mn-(2+m02(2+&AZEM2+3a+mA} L

2
2 9(2 - 6u)? (2 - 3u)®
+ (4 - 814°) {- 6561u° !
78.,.32‘16 2+36 9u

C72(2 - 6u(2 - 3w)2 | 36(2 - 3u)(10 - 154 - 18%)

2+ 36 - on LT
J%m+3muo+wp-m¥) 72(2 + 3u)% (2 + 6u)

2+3§+3u 2+ 38 + bp

C9(2.+ 30)% (2.4 6u)?

2+ 38 + 9u _ .
+ 36(2-- 6u)(2 - 3u)(1 - 2u) an(2 + 35 - %) \

72(2 - 3p)(4 - 9u) 2n(2 + 35 - 63)
72(-10 + 3u + 27u%) an(2 + 36 - 3u)

+288(- 7u + 9%) 2n(2 + 30)

72(10 + 3y - 27u2) n(2 + 36 + 3u)
+72(2 4 3u)(4 + 9u) wn(2 + 35 + Gu) |
36(2 + 3p)(2 + 6u) (1 + 2u) an{2 + 35 + 9u)} . : :

bl 4

<
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) ., ’ ) .
8.1, {_ (1 - 60)%%F - 4021 - 2002 (1 + 260 8)
TR , '
800 - 6 (1 - 4)% (1 - 207 an(1 + 26 5 )

- 41 - au)(r - 20)2 (7 - 280 - seuz) in(1 + 25 - Guf
+ 800 - 4)(1 - (7 - 14u - 266%) en(1 + 25 - 2u)
- 201 - 4u%)(35 - 3800 + 5764%) n(1 + 26)

+8(1 - 4d)(1 + 47 + 100 - 2442) an(1 + 26 + 20)

(0 + 4u) (1 + 20)2 (7 + 28u - 36u2) an(] + 26 + 4n)
+ 800+ 6u)(1+ 4w)% (14 20)% an(1 + 26 + 6y)

(1 62 (1 + 42 (142002 an(1 + 26 + 1)}

2
1 - 64u { 8 (1 6 2 2 2
- - 6u)° (1 - 4w)° (1 - 2u)
5898245 \ 1+ 28 Su
48 2, 2
“TY 260 (1 - 6u)(1 - 4u)° (1 - 24)

+

t

TT;—?ST;Q-_u (1 411)(] = 2]1)2 (7 - 28n - 36”2)

.2
STy ze o (040 - a)(7 - 14 - 2P

Rl Ry o

8u8)(1 + 4u) (7 + 14 - 2442 K
16
"1+ 285 + 4y (1

48"
T 4+ 26 + 6p

+4) (1 + 20)% (7 + 28u - 360°)
; |

- (% + 60)(1 + 42 (1 + 2)2

8

' 2
Tz 0 et 0+ a2 (1 +a)?

+8(1 - 6u)(1 - 4W)(1 - 2u)(3 - 22u + 36u2)'2n(]++ 25 - 8u)
~016(1 - 4u)(T = 2u)(9 - 70 + 1204%) an(1 + 26 - 6u)




+16(1 - 2u)(21 - 1220 + 44u” + 36017) tn(1 + 25 - du)

2, 256113 + 960ﬁ4) en{l1 + 28 -~ 2u)

16(21 - 4u - 396w

+ 32u(65 - 5267 + 864n") (1 + 28)

3 4

4 16(21 + du - 396u% - 256w° + 960u) n{1 + 26 + 2u)

16(1 + 20)(21 + 122 + 44u° - 360u7) en(1 + 26 + 4u) -
+16(1 + 8u)(1 + 2u)(9 + 70u + 1200%) an(1 + 26 + 6u)

8(1 + 6u)(17+ 4u) (1 + 20)(3 + 22 + 36u2) 2n(1 + 25 + 8u)}

+ 4y
| |
During the minimization of energy E, we first explored the behaviour
3k

of 3;3 as well as En in a wide range of u. Then the search for minimum En

) ‘ 3E
is restricted to a smali 1nterya1 of u in which —2 = 0 happens. In

ou
practical the search was terminated as | éﬁﬂJ| < 10"20

was satisfied.
The calculations were carried in an IBM 3707168 in PQuadrdp]g precfsion"

(32 figures in accuracy).
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2.5 Linear Varjational Calculation on the Ground State

Here we will propose two linear variation funct1oﬁs The first one
15 the combination of Ts and 2s one- parameter Hu]thén wave functions.
Harris (1962) has used the linear combination of 1s to 35 hydrogen Tike
wave functions to the ground state of the SSCP and. her results are quite
satisfactory in a w1de range of 5. We have indicated before that Hthhén
potential is a better approximate potential than the Coulomb. With the
“same number of the parameter, the results from the one-parameter Hulthé&n
wave function is much better than that from the Coulomb due to Krieger,
but it is slightly poorer than the Harr1s s results. We want to see
whether the result will be improved if one adds the 2s state Hulthén wave

function to its 1s state wave fuﬁction.

The second function is the Tinear combiﬁation of 1s state hydrogen-
Tike wave function and 1s state two-parameter Hulthén wave fanction. For
the weak screening, both the hydrogen-1ike and Hulthén are good_apprdximate
wave functions. The results of Ayrault and Langlois (1971) prove that the
Hulthén two-parameter wave function ié good for a fair wide range of §.

T

These Tead us to the point that the Tinear combination of these two wave ;’

[

functions should yield the ground state energy, at‘1east, not w&rse than

either of the individual ones. -
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. Now the suggested form of trial function is
Y= ai0y +age, ' . | (2.31)

where a, and a; are the linear parameters, and 1 and ¢, are the wave

. functions to be combined. The energy results from the Tower root of the

.. secular equation:

H1] - E H12 - SE
=0 (2.32}
: 2 -&r
. 1d° e
where Hij = < gy | 5 " + | ¢j >
and S =< ¢, | ¢, >

(a) Linear combination of 1s and 2s one-parameter Hulth&n wave functions

I S R 23
u ‘
b, = Elv-z—{%m - %) %{ - (1 =) e_(%-v)r + 2e-%- (1+ v) e-(%ﬂ‘)r
(2,33b) .
H” = (4—2 -1 - %E ~ (246 --u) +72£n(2 + 8}
- 9;(2 +s+u)} . . (2.33c)




(b)

‘ ]
-1 (1,4 1 A 2u
e = mlglz - N7 - ST

O (1400 - 202 w100+ 2v)2

(3+2\:)2—u2 (3 + 2v)2 - 42 : . v
3+25 -~y - 2v 3428 -
+ 201 - v) ST, A M TS
3425 - u+2v '
+2() + ) 0 STy (2.33d)
1- 4%, 8 2
H22= P {-.\J - (v -1) (1 + 8- 2v)
8v-.
+4(1 - ) (1 + 5=v) - 2(3 - v2) en(1 + o)
+4(1 +v) (1 +6+) - (1 +v)? an{l + § + 2v) } (2.33e)
l_ L)
=2ugld v a2
S v{?(i‘Z ])(2 4)}
H v
s .
ety - - oy (2.33F)
9 - (3 -2v)° -y (3 + 2v)° - ¢

Linear combination of 1s hydrogen-1ike wave function and 1s two-

parameter Hulthén wave function

1 u U
-(v-3Fr  ~(v+ IS
¢ = l—{v(iluz - uz)}f{e i - e 2 } (2.34a)
3 |
b, = 212 p oM (2.34b)
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2

e =
1

" - %{4u2 - w8+ % (0% o 8%~ an(s + 2y - u)
H

+ 2 an{s + 2v) - an(6.+ 2v + p)

3 1 2 2
H'|2 = 8A2 [ \’(4\’2 - ].]2)] 2@{ _ )\(4\) - U2+ 4\2JA%
' 4(x + v)° - u
+ ] 77}
AMs+ 2+ v) - q
_ A8 43
Hpg = - 5+ PN
(8 + 2A)
3 : 1

[a0 + v)% - 12

(2.34c)

(2.344)

{2.34e)

(2.34f)

Upon optimfzing the fo110wing equation; which is derived from

Eq.(2.32),

E

‘ : 2 2
R VI 7 I T jfh]] Hop = ZHy )" - 401 - ST)(Hy, H

2)

Hio

2(1 - %)

22 ~

(2.35)

The simplex method due to Nelder and Mead (1965) was used to mim‘m’ze‘

the expression (2.35) with respect to the variational parameters. The lower

root-corresponds to the energy eigenvalue of the SSCP. ° For the wave function

(2.33) of the linear combination of the 1s and 2s Hulthén wave functions,

the variatdon of energy with respect to v associated with 2s Hulth&n wave

function is very insensitive. - In order to ensure the global minimum of E

with respect to both p and v, we have explored the behavious of the E in a

large region of u and v.
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2.6 Modification of the Approwimate Calculation on the SSCP due to

Ecker and Weizel
2.6.1 Introduction

The foréao%ng studies clearly show that githenthyrpeptyebatiieat i n
method or by variational calculation fairly elaborate works were required
to obtain an acceptable energy eigenvalue. However Ecker‘and Weizel (1956)
have obtained a relatively simple expression for the energy eigenvalues of
s states for any number of the principal quantum number. As the expression
stands, it gives rather poor values of enéréy except in the weak screening
case. Here we will interpret the duantity F‘ente:ing in the Ecker-Weijzel
expression in a different way ﬁnd will show that with this revised
definitjon of r, fhe Ecker-Weizel expression gives quite good values for

the energy.

In the following sections, we will firstly outline the essential steps
of the Ecker-Weizel derivation, then we will redefine the meaning of r in

their expression for the energy.



H
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2.6.2 Ecker and Weizel Approximate Expression for the s State Energy in

the SSCP

The radial Schriodinger equation for s states in the SSCP is

2 ~§r
-]2—132+(
r

r

(=%

Fly

The substitution of

¥y = @ vir)
gives us

1df o odv

? drz n dr

. 2
= an_
Enﬁ 2

-8r
e

r

Using the transformation

ér = - 2n(1 - x)

Eq.(2.38) becomes

2
(1 -x)d—‘%-
dx
where
8, = 1+ 2%3

-~ in which we have substituted

vw=20

2 X

T F w1 - x) v

=0

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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The quantity 2x/8 an(1 - x) is a slowly varying functjon in comparison
with the other two terms;. Ecker ahd-Neize1 {1956) éssumed it to be constant
to a first approximation and called it Y.

ye2 - (2.42)

8 r . _ -
where r represent§ some sort of a mean distance of the electron in the

considered quantum state. With this approximation, Eq.(2.40) can be solved, -

and the solution of it is

. +8 +v-2
Vn(x) < Nn Z.I: (_ -I)\J‘] (2:%.) (n n . v ) x\) (2.43)
Ve -

The eigenvalues are given by
y=nlg, +n-1) (2.44)
Equation (2.44) in conjunction with the Egs. (2.39) and (2.41) yields

R o
1,31 - ¢ ns,2 _
'En = ’E(H—“——T - T) , a (2.45)
sr — .
This expression for the energy is valid for only such values of n for which

o that s the quantity inside the bracket is positive.

For small values of §, Ecker and Weizel (1956) identified r with the
expectation value of the radius, < r >,

P =3l | . (2.46)

N
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2.6.3 New Identification of F

r

The energy e1genva1ues obtained from Eq. (2.45) are rather poor if the -
ccondition (2.46) is 1mposed except when & is very small. For example, for the
s state, at ¢ = 0.5, Eq.{2.45) gives a value which is about 30% .smaller than
the correct value. Here we propose a different jdentification and jdentify
r with the radius of the Bohr orbit for the quantum state in question.

Thus

€

a1l

n ' | | ‘ (2.47)

Our identification of r can be justified in two ways as follows:

(a) The forégoing procedure used in obtaining Eq.(2.45) is equivalent
to solving the s-wave equat1on for the Hulthén potential (Appendix A),
V e 5r/(] - ), where V is chosen such that this potential mimics

é‘aF/r. Because of the importance of the short range part of the potential,

r=1<1r> = n® should be used.

(b) We may impose an asymptotic cond1t1on on Eq.(2.45) that for small
values of 8, the Teading correction ;Ermsqn &, given by this equation, to
the hydrogenic value should be identical with that obtained from the first
order perturbation theory.‘ Now for the small values of s Eq.(2.45) can be

written as

E - %(1—2 ; 5(%2-+ 1) + 0(65)) (2.48)
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Assuming the -Coulomb potential to be the unperturbed potential, the '
correction to the energy obtained from the first order perturbation theony
Eq.(2.6) is ' |

aE. = - 6 + 0(s%) _ (2.49)
Equating the correction terms in & from Eqs. (2.48) and (2.49),'Qe get

Eq.(2.47).

In Fig. 2.2,:we plot the results from Eq.(2.45) with two different

identificatibns of ¥, in which E (exact) is the energy values from Rogers

et.al. (1970); and §. is the critical screening parameter. The solid-Tine

curves' are for the 1s state and the broken 1ine ones forsthe 9s state.

8. 1s equal to 1.1906 for the 1s state and Q.01567 for the 9s state. It
will be noted from the Fig. 2.2 that the new identification of r gives a
remarkable improvement in the energy. As an example, now, for the ground
state at & = 0.5, the calculated energy is off from the exact value by
only 2.7%. For the excited s states, as the value of n increases, the
results obtained, from Eq.(2:47) at the corresponding values of & -

{(i.e. the same values of 5/6m) tend to become poorer.

The expression (2.45) can, of course, also be used to determine the

critical screening parameter. For . One readily obtains the condition
2

. =4.n .
T-e ¢ - (s n2)2/2 = g (2.50)

which can be solved to give

5. H2 = 1,176 (2.51)

ACLES A LR L e

-—
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This:gives se = 1,176 for the ground state, which may be compared to the

‘ exact va]ue‘1.19.- For excited states, a comparison of the results obtained
: from Eq.(Z.Sf) with the exact-resu1ts obtained by Rogers et al. (1970)
shows that for thesé the results from Eq.(2.51) are slightly poorer than

the one for the ground state. . !

2.7 Conclusion

Tables 2.1 - 2.6 show the results of the calculated energies of the
ground state in the SSCP by varioﬁs approximations. Table 2.1 actually is
the caTéuiation from the expression of the perturbatﬁon theory by ‘
Smith'(1964). Table. 2.2 is the resulEs from the perturbation calculation
by different approximate potentials a;d by dif%erent techniques. Up to
five places of decimal, the four approximafions give the identical results
below § = 0.06; Above this the accuracy of the‘ga]cu1ations in the
following order, Ffsca1at_factor, Hu]thén,first_order, Coulomb second
order aﬁd the Coulomb first order. The F-sgé1af‘fechnique with the
. Coulomb potential as the apé?oximate_pbteﬁtia] substantially impro;gs the
results from~the conventidna1‘stationar} per;urba}ion'thebry. If one
rounds off to four sfgnificant figﬁres, the F-scalar factor technique
results ta]]yAwfth'those of Rogers et al. (1970} up to § = 0.25. At high
value of 8, the F-scalar technique results are, however, poor. Ffor the

two first order perturbation calculation, it is clear that the results

from the Hulthé&n are better than those from the Coulomb over the whole 23
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. : ‘\‘ - ®
calculated range of §, as anticipated. In comparison of the Hulthén first.
order calculation with the Coulomb second order, the latter is better than’

the former only in a regionof 0.1 < § < 0.5, and as .5 > 0.5, the second
order results diminish with ¢ re]ative]y,faster in comparison with the

Hulthén first order.

-

A1l ground state calculated energies by perturbation theory were
- carried in an IBM 360/65-in "double precision™. .In the stationary
perturbation theory, the series was expanded to 55 terms, which is the
limitation of the computer. However the high order terms do not.cnntrfbute

too much to the result if an accuracy'of five significant -figures Ef\

required.

R

Tables 2.3 - 2.5 show the results of variational ca1cu]afion For

the. one- parameter Hu]thén wave funct1on we could accurately locate the

real minimum of the energy expre551on by solving the equat10n %%—-‘0.

The optimized parameter y is a monotonic increasing function of the

screening parameter 6. Due to technical difficulties, we on1y'computed

- the energy of a Tinear var1at10n funct10n in the reg1on § > 0.05. For the
o

tr1a1 funct1on (2.33) of the Tinear combination of s and 2s Hu]thén wave
fnnctions, both parameter y associated with the 1s state Hulthén nave

function and parameter v associated w1th the 2s Hulthén wave function vary
(monoten1ca1]y with the screening parameter §. "As ment1oned before ‘the

parameter v is very insensitive to the variation of E. We have examined a
good number ef cases jn which as the value of v increasing by a factor of
100, the energy only shows the change in the 8th or 9th places of decimal.

] . ‘
The optimized paramet%rs in the linear trial function {(2.34) of the
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two-parameter Hulth&n 1s wave funcggon and']g"hydfogen-]ike wave function
increaée with 6..0ur expérienpe on the Hulthén- potential or Hulthé&n wave
function indicates that at lower screening, due tp the cancellation occurr-
ing %n_the logarithm terﬁs, some significant figdfes‘méy be Tost in the
computation. Although we have used "quadruple precision" in an IBM 370/168,
: fhis_behaﬁior may still happen whéﬁﬁfunctionjminimization takes plaege as
the variational parameters vary from one point to another point.
For_the purpose of comparison, all ground state energies from différent
) approki;;tiong along with the’available éxaqt values from Rogers et al.{1970)
are listed fn Table 2.7. Overall, the results ffom the variational calcul-

" at¥on:are better than those from the perturbation theory. One can find that

the poonést resu1Ef in the variational calculation, the Hulthén one-parameter

¥

wave function, are still better than the best results in the perturbation
theory, the Ffscé1ar iechnique. With an accuracy pf four gignificant
figur®s, the Eq.(2.34) yields thé'energie; identical to the exact value over
the whole range of §.. This is alse true for all approximat&ons;when $ be]nw
0.09, except the results from modified Ecker—weize1 appro;imafﬁon.
To seven places of decimal, the oﬁe-paramgter‘Hﬁithén wave functionﬁ
.(2.33) results the same values as the Eq;(2:34$ does up to 8=0.1. Before

v

our investigation on the SSCP, Harris' calculation (1962), by using three

i

’ paramefers fromithe linear combination of 1§tto;35 hydrogen-1ike wave
functions, was considered to be the best analytical values. With five figures

in accuracy, the Eq.{2.23) compares very favorably with hers, and, for & up
: A o
/

s
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to 0.25 both are identical. Above that her results-are s1ightly better
than the one from Eq.(2.23). In comﬁarison-with our three-parameter |

funcfion of Eq.(2.34), her results only have the accuracy up to § = 0.8.

For the excited states, the Hulthén one-parameter wave funCtiong
give the results very close to the exact values. Our results here are
slightly better than the Harris' three-parameter calculation in 2s state.
And her,caTqu]ations on 3s and 4s states by using only one ﬁarameter do
not correspond the correct energy except in a very weak screening region.
The energy values of an s state in SSCP from a corresponding s state )

hydrogen-1ike wave function are too deep to have practical value.

The results from the modified Ecker-Weizel calculation are still not
very accurate. But it offers an a1ternatide way to evaluate the energy
values for the weak screening case and also a very rough estimate of the
Tower bound of the cri?ica] screening of an s state by Eq.(2.51).h For the

excited states it gives the upper bound of the energies.

It has been seen that the labor involved in obtaining the energy

eigenvalues by the simple variation wave %unction (2.23) is much less than
that from the Tlinear vériation wave functions. Another obvious advantage
of having the wave function in a compact.analytical form is that éne can . K
convéniently calculate oiher physical properties of the state. As an
ilTustration, we can obtain the expectation value of the radius < r > for

el
the ground state from the Eq.(2.23). That is

\

’

f

L

o
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<p > tfwwdr'

__LE_%Z_ | i  (2.52)
2(4 - %) .

2Fig. 2.3 shows the variation of < r > witH &. In the vicinity of i the
size of the system is seen to increaée rapidly with 6. It is clear that
beyond a‘certain value of § the average radius would exceed one-ha]fLof ‘
the average internuclear separation. It means that the approximétibn gf
an electron bound to a single proton is no longer valid. One must take
into account system of type (S.C.)é,'(S.C.)Z, etc.; here S.C. represents a
neutral system (analogous to an H atom) in which the electron is bound” in

SSCP.. This will be discussed in Chapter 11.
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Table 2.2 Energies of 13 state of $SCP from Pertdrbétion Calcﬁlations
Screening 1st order 1sat order F-scalar 1st order Exact :
Parameter Hydrogen Hydrogen factor . Hulthen

0.001 0.49900 0.49900 0.49900 .49900
£ 0.002 0.49800 0.49800 0.49800 . 49800 4980
0.0025 0.49750 - 0.49750_  0.49750 49750
0.003 0.49701 0.49701 0.49701 49701
0.004 0.49601 0.49601 0.49601 LUG9601
0.005. 0.49502 0.49502 0.49502 49502 L4950
0.006 0.49403 0.49403 .Q.49403 49403
0.007 0.49304 0.49304 0.49304 .49304
0.008 0.49205 0.49205 0.49205 49205
0.009 . 0.49106 0.49106 0.49106 49106
0.01 T 0.49007 0.49007 0.49007 49007 w4901
0.02 . l0.48030 0.48030 0.48030 .48030 .4803
' 0.025 0.47546 0.47546" 0.47546 LA47546 L4755
0.03 0.47066 0.47066 0.47066 47066
0.04 - 0.46117 0.46117 0.46117 LBE117
0.05 0.45182 0.45182 0.45182 .45182
0.06 0.454260 0.44260 . 0.44260 LUu260
0.07 0.43351 0.43351 0.43352 43351
0.08 0.42456 0.42456 0.42%57 .42456
0.09 0.41573 0.51574 0.41575 41574
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Table 2.2 (cont'd) .
Screening 1st order 1st order F-scalar 1st order Exact
Parameter Hydrogen Hydrogen _ factor: "Hulthen :

0.1 . 0.40703 0.450705 0.40706 0.40704  0.4OTT

0.2 0.32645 0.32667 0.32679 0.32658 0.3268
. 0.25 0.29012 0.29060 0.29086 0.29043 0.2909

0.3 0.25614 0.25700 0.25748 0.25674

0.4 0.19444 0.19650 0.19776  ©0.19610

0.5 0.14000 = 0.14387 d{1u643 '0.1h353 0.1481

0.6 0.09172 0.09798 - 0.10242 0.09833

0.7 0.04870 - 0.05787 0.06478 0.05968 5

0.8 0.01020 0.02271 0.03266 0.02708

0.9 ~ -0.02438 -0.00821 - 0.00533 0.00009

1.0 ' -0.01789 -0.02165 0.01029

[N P —— O TP L WL o B i gmm
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Table 2.3 } Energies of 1s state of SSCP from one-parameter -

- Optimized

Hulthen wave function

Energy

Screening Exact
parameter . pargmeter
0.001 - 0.00U94 4990007
0.002 0% 00570 4980030 0.4980
0.0025 0.00613 4975082
0.003 10.00762 4970111 R
0.004 0.00979 4960142 \
0.005 0.01216 4950187 0.4950
"0.006 0;0146? - .4940269
0.007 0.01705 .4930366
0.008 0.01948 4920477
- 0.009 0.02190 .4910611 )
0.01 0.02431 4900745 0.4901
0.02 0.04828 4802978 0.4803
0.025 0.06014 0.4754642 0.14755
0.03 0.07192 4706672
0.04 - 0.09525 4611815
0.05 0.11828 4518164 .
0.06 0.14102 4426000
0.07 0.16350 1335181
0.08 '0.18572 ;u2u56§5
0.09 1 0.20770 |

4157492

fy
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Table 2.3 (cont'd)

t Sereening - ‘lOpt;mized _ Energy Exact
parameter parameter
0.1 - 0.22944 _  0.4070580 L 0.4071
0.2 ‘ 0.43576 0.3268078 °  0.3268
0.25 ; 10.53269 0.2909176 0.2909.
0.3 | ',Qfsgpzb 0.2576341
0.4  0.80516 0.1983616
0.5 " 0.97503 . ~—0.1480844 0. 1481
0.6 113767 - 0.1060773 |
0.7 1.29437  0.0717h16
P . - .
0.8 144610 0.04L45871
0.9 1.59358 . 0.0241802
1.0 1.73740 - 0.0101583 0.01029
1.05 1.80808 0.0054408 |
S 1.10 -1.87802* . 0.0022036
1,15, , 1.9&726_ 1

0.0004130

e e e s e A R i s A bt s — e am e e e s
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Table 2.4 : Energies of 1s state of S8CP from the trial wave
function Eq. (2. 33) S

-~

Screening Optimized parameters Energy Exact
.parameter STH WV .
0.05 o.u51§1§u
0.06 0. 4426000
0.07 0.4335181
0.08 '_0.&245685.
0.09 0.4157492
%.10 | 0.4070580 - - 0.4071
- 0.20  0.uusA 0.09107 0.3258082 J‘.-Q.3268
10.35 0.54685 . 0.08868 ° 0.290918% - .0.2909
.0.30 0.63021 . 0.11321  0.2576375
0.40 0}8231§:TIH:G.164é5 0.1983604 " . ,
{ 0.50 ) 1.01162i ?'fd;21532 0.1481037  0.1481
0:60 1.19338  0.26637 *  0.1061120 |
0.70  1.39873 0.31?u3 0.0717984
0.80 1.57712  '0236SH8 : o.ouué3ﬁ§
0.90 1.6b538 © 0.38541 o.ozu{sj?7-3~
1.00 1;66625_ oféguoﬁ ‘ o.o1ozq73l';"o.o1029
N:65 - 1.75030 0.43795 . 0.0054924 |
‘1.10 .- 1,83721 o 0;#4177 | 0.0022349

1.15  1.9h427  G.45185  0.000433Y _



. Table 2.5

Screening
parameter

.q—————-—————n-—_—————...——-—-———---—-—-——-...-——---———m—————--n—__——_—n---——-———_

1.05
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Energies of 1s state of SSCP from the trial wave
function Eq.(2.34)

Optimized parameters

- 11787
0.13514
0.15712
0.17911
0.20049
0.22668
0.47858
0.60351

0.711426

0.91668
1.10897

1.29322

1.47082
1.64278
1.80986
1.97266

2.05342

2.13166

2.20972

4518164
4426000
4335181
. 4245685
157492
.4070580
.3268085
.2909196
2576386
.1983761
1481170
.1061359

.0718335

.0{%7043

.0243142
.0102858
.0055520
l0022872

.0004559

L4071
.3268

.2909

. 1481

.01029
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: Energies of 2a - lUs states of the SSCP from
perturbation calculation with Hulthen potential
as an unperturbed potential .

Table 2.8

Sereening -—e=r-—-mcece—--- Energy-———wcammamamocecenn———
parameter 2s . 3s is
0.001 0.12400 0.05456 10.03026
0.002 0.12301 0.05358 0.02930
0.0025 0.12252 0.05310 0.02882
0.005 0.12007 0.05072 0.0265L
0.01 0.11529 0.04620 0.02235
0.02 0.10615 0.03801 0.01533
0.025 0.10177 0.03430 0.01240
0.03 0.09753 0.0308%4 0.00980
o.ou.. 0.08940 0.02456 0.00550
0.05 0.08173 0.01907 0.00223
0.06 0.07450 . 0.01430 -0.00015
0.07 0.06768 0.01017
0.08 0.06125 0.00663
0.09 0.05519 0.00361
0.10 0.04948 0.00169
0.20 0.00852
0.25 00506
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Table 2.9 : Energies of 2s state-of thé SSCP from
Variational calculation

.

_Scréening Optimized Energy . Exact
parameter parameter

0.001 0.0100 0.12400
0.002 0.0100 0.12301 . 0.1230
0.005 0.0121 0.12007 0.1201
0.01 0.0240 0.11529 0.1153
0.02 0.0468 ~  0.10615 0.1062
0.025 0.0579 0.10178 0.1018
0.03 -  0.0688 0.09753

. 0.04 0.0900 0.08941
0.05 0.1105 0.08177 0.08175
0.06 0.1304  0.07458
0.07 0.1496 0.06782
0.08 0.1684 0.06146
0.09 0.1866 0.05551
0.10 0.2044  0.04993 0.04993
0.20 0.3613 0.01208 0.01211
0.25 0.4283 . 0.00336 0.00339

0.30 0i4893 0.00008



Table 2.10 -3

" Sereening
parameter

!

‘optimized
‘parameter

.62 -

Energy

- Energles of 3s state of the SSCP from
variational calculation

Exact

- Sm s v W wm e b PN RN S PR M M WS WS B WS SR mm e mE R R SN S S e e o G SR e e e

0.005
0.01

0.02

0.025

0.03
0.04
0.05
0.06
0.07
0.08
0.09

0.10

@3)178
0.1336

0.1486
0.1628

0.1763

0.1892

0.2012

0.2125

0.05358,

0.05072
0.0u4620
0.03802
0.03433
0.03089
0.02469
0.01935
0.01479
0.01095
0.007717
0.00520
0.00320
0.00{72
0.00072

0.00016

0.0536
0.0507
0.04620
0.03802

0.03433

0.01935

0.00321
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Table 2,11 : Energies of 4s state of the SSCP from
variational calculation

Screening optimized Energy Exact
parameter parameter

_-______-__________-_-___-_,_______;____________

0.001 0.0171 0.03026 0.03026
0.002 0.0171 0.02930 0.02930
0.0025 0.0171 0.02882 0.02883
0.005 0.0181 0.02654 0.02654
0.01 0.0231 0.02236 0.02236
0.02 0.0424 0.01538 0.01538
0.025 *  0.0515 0.01250 0.05251
0.03 . 0.0602 0.00999

0.04 0.0763 0.00596

0.05 o.ogogl 0.00309 0.00309
0.06 ° 0.1041 0.0012%
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_Chapter 3 - Lower Bounds of Vafiationa] Calgulation

3.1 Introduction

In tﬁe varjational calculation, the energy eigenvalue obtained is only
an upper bound to the true value of the ground staﬁe energy. Methods for |
obtaining the lower bound of the ground state have been developed by a
number of authors, and the three best known ones are due to Wéinstein (1934), i
Temple (1929) and Stevenson-Crawford (1938a, 1938b). Weinstein bound is
less practical because it yitelds the energy too deep-to be of use.
Kato (1949) states that Temple bound is the besf of its type;aﬁd‘cdntradictidn
to this statement Walmsley {1967) proves that Stevenson-Crawford bound is
better than fhe Temple bound. Only a few numerical tests of these formulas
have been reported. This fact can be attributed to the dffficu]ty_

associated with the calculation of the integral < HH » .,

The variational wave function of Eq.(2:34) proposed for the ground .
state in the static screened Coulomb potential (SSCP) produces energy
eigenvalues idenfica] to those of the Rogers et al. (1970), who carried out
the calculation by numerical integration of the Schrﬁdinger'equation, over
the same range of screeningAparameters quoted in their work. The purpose
of present study is to test the applicability and usefulness of the three
Tower bound formulas of the variational calculation by means of this wave

function.
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3.2 Calculation

The lower bound formulas 6f the variational calculation due to
Weinstein (1934), Temple (1929) and Stevenson-Crawford (1938a, 1938b)
. o . . ‘

have respectively the foﬂowing forms:

3
EN = <H> + ( <HH> - <H>2)2 (3.1)
E = <H <HH> - <H>2 (3.2)
T TR - < y
and 1
Eq = 6+ (a© - 2ac> + <> )& - (3.3)

where <H> = f yHydt

<> = f (my)? dt
and « is any parameter such that o g %(E] + E2). Here ET and E2 are
respectively the exact energies of the grqund state and the first excited
state of the same symmetry. The best choice of ¢ is that « = %(E1 + E2).
If the wave function has the form of Eq.(23}é1), that s

¥ = ¢]_ t.39,
) where
1 u u
To-tv-Br  (v+le
4 =1E [u(4v2-u2)]2[e 2 - e 2 ]
: 3 | “
¢y = _2A2 r e').m
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<H> has been shown in’ the Eq.(_2.35)' a,_nci <HH> will take- the following form

(- <fffyy + 2o+ 33<HH‘>2'2 )

<HH> = 2 .
1 +a% + 2as
in which
S =.r_{¢-|¢2dﬁ_
3 1
= iZ ['\)(4\) - HZ)]Z -A -+ v
[30x + )2 - W82 -
HH>y = f(H¢])2 dt ' >
| von? o 2y 41 3 (a2 - B2 3
= Y5{4y ‘u){{—"[(zv-u)‘“ ‘ +(—z\,+u) ].
_“2 64 : v -
L1 _ 2 §+2v L 2 6+2\)+;g
. 4[(2\) u) -—-—--5_!_20_“. (2\)-{-1.1_) an ST 2y ]
+ (28 + 2v - u) {28 + 2v - ) ~ 405 + v) {25 + 2v)
» + (26 + 2v + p) an(26 + 2v + ) }

<HH>-.Iz 5'/‘(,H‘{'1)(Hy2) dt

3 1 ‘

L A gl ety
Lr_lv-n? Ez‘““"2']

‘2_(2,\42\,_11)2 (@2 + 2v + )2 |
‘-agnggjg;ingzﬂnniii%ﬁi%ﬁf‘:
+2)‘2[26+2A-]}-2ul—u:26+2A1+2\:+u] v

sl v-w? 20441 ]

26 + 2) + 2v - u 26+2)\+2\J+u

o
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- and

~:HH>-22 (H¢2) dt
geaf

”3[5 '41(25+u 2]
(a+2x) ,a+x

. The ground state energ& lower bounds are obtajnéd by substituting thg’

optimized parameters a, 'w, v and A corresponding to the minimim <H> into

' the respective lower bound formulas (3.1). to (3.3). Table 3.1 shows the

- results. For E1 and E2 we have used the values by Rogers et at. (1970).

In some cases 1nterp01ated values were used, 1nterpolat1on being made for
difference [E(Rogers) - E(variational)] . !Lower bound of E,, T.e. E, =0,
was used when the bound state of the excited state does not exist.

.Ql.

,
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3.3 Conclusfon

: £
If one only considers the values of energy Iower'boupds,.the

Weinstein bound is the lowest over the complete calculated range of
screening parameter §, except whan S i5 ghdse do the eritical senesoidg,
and the Temple beund 3nd the $heeensgnderawfiord beunds are ideatical te six
Jpﬂacea pf'déaima1'np-te ﬁ-?50ﬂ8 ané ahove kb the Temphe boudd ids.suhghtly
higher than she Steygnsems@rawfond heund.. ;1% is thetefene tn ngaemenf |
wath the Ha}ma1éy'$ shatemest that khe Nei&he&n.foamaha is the worst ted
the Stewensgp~Ceawferd formula is the best among the three.

We Eave confirmed that for § < 1, the energy obtained by the wave
fungtion (2.31) has @t least four figures accuracy. For § > 1, it appears
reasonable to estimate that they are correct to at least three significant

~figures at § = 1.05 and & % 1.10, at deast two significant figures for
6 = 1.15. A satisfactory lower bound formula should Hé]p us to "bracket" )
- the energy in the next or higher significant figures. With this criterion
in mind we find that the Weinst&in formula is-not very helpful. At lower
values df 8, it doesaaklp to bkackpt the energy in the fifth significant
f%gure but there is an increasing divergence between <H> and Ew with &,
and at high value of & the Weinstein lower bound is of*1ittle practical

+ -
- value, , Lo
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Both the Temple and.Stevenson-Crawford formulas help us to estimate

energy eigenvalues'to an accuracy, at least, 4 X 10'5

below & = 0.7, if
we consider the results of Roge;s et al. (1970) as the true groun& state
energies of the SSCP. The s1ighf1y increasing discrepancy between <H> énd
_ET or ES with 8§ is mainly caused by the.apéfoximate values of E2 in these
two formulas. It is suggesfed here that when both the values of E] and
E, are available, the Tower bound formula of either_Temp1e'or Stevenson-
Crawford is very helpful to estimate the-achracy of the ground s;éte energy

of a variatijonal calculation.
I3

-

{(f
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L]

" Table 3.1 :

Lower bounds to the ground state energy from the
formulas of Weinstein, Temple and Stevenspn-Crayford'

Screening Energy Loﬁeh Bounds

parameter Eq.(2.34) Weinstein Temple StevenSon
0.05 0.4518164 0.4518164 0.4518164 0.4518164
0.06 0.4426000 0.4426031 - 0.4426000 0. 4426000
0.07 0.4335181’ﬁ_;*‘0.4335206 0.4335181 0.4335181
0.08 0.u2u5685 - | 0.4245752 0.4245685 0.4245685
0.09 0.4157492 0.4157591 0.1157492 0.4157492
0.10 0.4070580 0.4070704 0.4070580 0.4070580
0.20 0.3268085 0.3268572 . 0.3268085 0.3268085
0.25 0.2909196 0.2909644 0.2909196  0.2909196
0.30 0.2576386 0.2576975 10.2576386. 0.2576386
0.40 0.1983761- 10.1985238 - 0.1983762 0.1983762
0.50 0.1481170 0. 1484004 0.1481176 0.1481176
0:60 0.1061359. 0.1065936 0.1061379 0.1061379
0.70 0.0718335 0.0724860 0.0718395 . 0.0718395
0.80 070447043 0.0455442 0.0447201  0.0447201
0.90 0.0243142 = 0.0253048 3.0243546 0.0243545.
1.00 0.0102858 0.0113347 0.0103928 0.0103917

. 1.05 0.0055520 0.0065555 0.0057334 0.0057278
1.10 0.0022872 0.0031975 0.0026495 0.0026052
1.15 0.0004559 0.0011361  0.0014709 0.0009454
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Chapter 4 - Bound Eigenstates of the Exponential Cosine Screened Coulomb

Potential
4.1 Introduction

The potential

-ar

2
V(r) = - E;-e cos{gr) ‘ o (a)

where k is the dielectric constant and ¢« is a screened parameter, is of
importance in solid state physics. In a metal when the energy due to.
plasma gscillation 1s(greater than four times its Fermi energy,
Bonch-Bruevich and Glasko (1§58, 1959), Hall (1962), Mclrvine (1960) and
Takimoto (1959) described it as'the potential between an electron and an
jonized impurity. When r &< 1/k; where ky = { 2m* kT)%/ﬁ for the non-
‘degenerate case and.ko = (3%32 ﬁ)1/3 in the fﬁ]]y degenerate case,

- Bonch-Bruevich and Kogan (1960) and Bonch-Bruevich and Tyablikov (1962)
used it to represent the ionizeé impurity-eTectroh potential in a semi-
conductor. Prokop'ev, (1967) used it to descriBe the electron-positron
1nteractidn in a pos{tronium atom iﬁ'q solid. The potential in this study

is called the Exponential Cosine Screened Coulomb (ECSC)} potential.

At the'timé we carried out the study.of this potential, the only

investigation on the bound state was due to Bonch-Bruevich and Glasko
Tf

(1958, 1959}, who had determined a few eigenvalues for the 1s state in the

high screening region by pumerical method and had also determined the

critical screening parameter.



. 72'_
8

In tﬁis study, we have carried out a perturbation calculation with
the Coulomb potential as an unperturbed potential. This calculation
enables us to investigate several properties of the ECSC potentia],‘;ucﬁ
as energy variation with the screening parameter for many.states, critica1'
screening parameters for these states, number of bound states, etc. For
Is sta&éi;/we used the Hulthén wave functions as the basis set and carried
out the calculation by virtue of perturbation theory and variational method:
To determine the critical screening parameter of the ground state, we
employed a variational calculation by using two-parameter Hulthen wave
function ﬁs a trial function. Some fine points about the ECSC potentia15

are discussed in the last section.

‘In this chapter we use atomic units, where the unit of length is

2

a0‘=-ﬁ2/m*e and the unit of energy is equal to -m*e4/n2ﬁ2. Here m* is-

-

the effective mass and ¢ = qa,- In these units the ECSC potential (4.7)

can be written as

Vir) = er cos (ar) . (4.2)
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4.2 Perturbation Calculation with the Coulomb Pbtentia] as an Unperturbéd

Potential

As a first approximation, we take the Coulomb potential as the
'unperturbed potential. Then the perturbation U{r) is given be

v _Gr

:‘U(I") = er cos §r - ]F ' (4.3)

[

* The unperturbed wave function has the form

Y . /2 -
‘an,(l‘) - & (nt2): ! - & ! riH"l IF] (-nigsl, 22423 & )
| (n-2-1)! | (2241)¢ . "

where 1F{ is the confluent hypergeohetric function. And the corresponding

unperturbed energy is

2

(o) . 1 ' '
B0 = — 4.4
. - | | | (4.4)

The first order energy shift is

AE o =<, zﬁr)[ ur)] v, (r) >
_ 222 (1 4 | . §2N-22-2 .
n22H (a1t (2e41)! 52- + 38 4 p52\ 20
- Kl n n N

.X' Re [(] ":i )2“"22-2 (% ._‘_ 5 + iﬁ)Zn
% Fy (-nte41, -nbedl; 20425 —Slp—
2" , N

- ] ‘
2z . | (@)
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i

where Re[ ] means the real part of the complex number in the square

bracket and 2F1 is the hypergeoﬁetric €unction.
The energy eigenvalues Enz is the sum of Eqs. (4.4) and (4.5).

The calculated values of energies for the 1s, 2s, 3s, and 4s states,
obtained on an IBM 360/65 in "double precision" are shown in Tables 4.1 --

4.4, Results for some further states are presented in Table 4.7.
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4.3 Perturbation Calculation with the Hulthén Potential as an Unperturbed

~ Potential

For small values of sr the behaviour of the Hulthén potential

(Appendix A) -

V(r) = ___(se__ . v . ) (4.6)
1 -8 '

is quite similar to that of the ECSC potential. For s states (g = 0), the

Schrédinger equationiis analytically solvable for the potential (4;6). The

-

-

eigenvalue is given by
(0) .1 .2 2
By =g (5 - ns) | (4.7)

and the normalized eigenfunction is

1 1,2 ‘ '
. 7 ~s{zng)r S
v (r) = DA L2222 (1 - @8y (4.8)
n a* 2 k
n = e~
where .
2
K+ 5 -1
_ k-1 ,n-1 ns
Ck"’ (‘-I) (k_'l)( K )

In Fig. 4.1, we show the ECSC, the Hulthén and the Coulomb potentials. It
will be noticed that the choice of the HuTthén potential as the unperturbed

potential is a better one than that of a Coulomb potential for the same.

3

The perturbation U(r) can be then written as

. -gr
U(r) = - e 8 cos sr - S8

(4.9)

[ —

e s e e A LT - e e E )
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Coulomb

Hulthen

2 3 4 5 6 7 8 9

“Fig. 4.1 : The product rV(r) as functién of r, for the Coulomb potential,

the Hulthé&n potential and the ECSC potential for § = 0.4
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In the following we will ohly show the calculation for the Is-4s -
states. However this calculation can be extended to any s states. The
wave functions of the 1s-4s states are of the forms’ of Eqs. (2.17a) -
(2.17d); The first order perturbation energy can be obtained by

substituting Yy in the following equation.

b = v Uty |y s

-5r ’ -4r '

€ cos (or) | LI | s

1S

< ¥

The complexity of calculation increases as the principal quantum
number n increases. But all integrals involved can be analytically
solved. Following are the results of the energy expressions for the

1s-4s states.

1

2
1 -
Eig=-54- 6) +iz—2-6— [- 2n(62+4)
8
2 2
+ 2gn (26° + 45 + 4) - an(5s” + 85 + 4)]- (4.10)

1 -

,
48 [ ~(1-5)% en(25%-25 + 1)
1685

= ] 2
EZS——g(]—'46)+

+ 4(1 =s) :a.n(cs2 +1) ~2(3 - 52) 9,n(262 + 25+ 1)
2 2 2
+4(1+8) an(568“ + 45+ 1) - {1 + &) an(108" + 66 + 1)]

(6 1) (4.11)
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= g 8152)
72 |

+'-5hiﬂjfi [—(1 - 36)% (2 - 35)2 ¢n (4552 - 245 + 4j
 393666° | TS

+ 6{1 - 38) (2 -"36)2 n (1862 - 128 + 4)

- 3(2 - 36) (30 - 155 - 1852) zn'cgaz ¥ 4) -

+ 2(4 - 96%) (2 -.96%) an (186 + 126 + )

- 3(2 + 35) (10 + 156 - 1862) 2n (4562 + 245 + 4)

+ 6(1 +35) (2 + 36)% an (9062 + 366 + 4)

- {1 +35)% (2 + 38)2 (1536% + 485 + 4{]

(s <D 5
S =3 (4.12)
= - 1.1 - 6469
32
» |

+ .Jkﬁﬁbi_if [_(1 - 28)2 (1 -46)2 (1 - 66)% en (4062 - 125 + 1)

117964865 o .

2 2 0 e o 2 |
+ 8(1 - 26)° (1 ~ 46)° (1 ~ 65) ¢n (206° - 86 + 1)
- 4{1 - 25)2 (1 - 48) (7 - 285 - 3652) n (852 - 45 + ]j
+ 8(1 - 48) (1 - 46%) (7 - 186 - 246%) en (462 + 1)
- 2{1 - 452) (35 - 38952 + 57664} n (86'2 + 45 + 1)
-+ 8(1 +48) (1 - 462) (7 + 145 —72462) £n (2052 + 85 +1)

- 4(1 + 26)2 (1 + 48) (7 + 286 - 3657) 2n (4067 + 126 + 1)
+ 801 +28)2 (1 +46)% (14 65) an (686%.+ 166 + 1)

-. Q1

+ 26)2 (1 + 46)% (1 .+ 66)% n (1086° + 206 + 1{]

-
o~
O
—d

i

<7 “-(_4.13) \

L4 ]
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~ The calculated energy vgiues from the above expfessions are shown in
Tables 4.1 - 4.4, We mé{y note here that when § is small there are large
cancellations between the terms occurring in Egs. (4.10) - (4.13), and a
16-sigpif1cant;figure accuracy is not adequate. Most of the recorded

results were obtained on an IBM 370/168 in “quadruple precision"

(82-figure accuracy).

: '\t\.v

L L U
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4.4 Variatioﬁa] Calculation wigh One -Parameter Hulthén type Wave Function

.as a Trial Function

fhe‘simi]arity in the behayior of the ECSC and the Hulth&n potentials
for small values of sr suggested that it would: be apbropriate to employ
Hulthén type wave functions for a variationa]'ca]gu]afion. The trial wave
functions for the 1s to 4s states are ghosen.by rep]acfng 8§ with u, a .
variational parameter. They have the exactly the same form as those used:
for the SSCP, i.e. Egs. (2.23) - (2.26). By substituting these equations |

into

1 dz‘\T\&ﬁ\H . .o g=or
CE ey | E-a;g >4 < ¥ | v cos (sr) | v >

we have the energy expressions of Is to 4s states:

' Wt o2 2
2 Eiz'.(4 - ) {~ 31- - en [67 + (2 +58"uJ ]

+

2 zn-tgz + {2+ 5)2j - g,n-[s2 + (2 +,5‘+ p)z ]}_

(n <248}y (a.18) ..

E;JYF-(] -4,) {" 2% - (- W2 an [s°+ (1 + 6 - 24)% ]
6y - _ ,

EZs _

AT RN T rE N BE
- 2(3- D) an 6P+ (14 67 ]

) 2
+ j(}+u)zn[5?+(1+a+p) ]

(0 + i [ 4 (14 5+ &JZ,]}

(2n < 1.4 8  (4.15)



-————*3 (4 - 8h?) x
39366u

(1 - 302 (2 - 30)
6(1 - 3) (2 - 3% an (952 £,42 + 36 - 6u)°]
3(2 - 3y) (10 - 15 = 187) len “roe? FT2 + 36 - 3u)2]
- 9y ) (10 - gu ) ¢n [95. + (2 F 35) ]

2(4
3(2 + 3y) (10 + 15u - 18u2) n [95 + (2 + 36 + 3u)2]
6(1 + 3u) (2 + 32 2n [967 + (2 + 36 + 60)2]

M+3 2 (2 + 3ML “n [962 + (2 + 36 + gu)zj} '

(9n < 2 + 38) (4.16)

T

; ]179;48u8 (- o) ><{ ) 3sgsfu3

22 - (1 - 6% an [as? + (1% 28 - 807 '
a(1 - 2)2 O - 4)? (1 - 6u) 20 [46% + (1 + 25 - 6u)%]

a0 - 2002 (1 - 4p) (7 - 28y - 36u%) 2n a2 + (1 + 26 - 427
8(1 - au) (1 - &) (7 - 14w - 24 2y n [45 v+ 28 - 2007
201 - 4u2) (35 - 38047 + 576.%) an [462 + (1 + 26)21
8(1 + 4y) (1 - 4p ) (7 + 14p - 24y ) Ln [45 + (1 + 25 + 2u) ]
4(1 + 2u) (1 + 4y) (7 + 28y ~ 36y ) an [45 + (1 + 25 + 4y) ]

8(1 + ) a+ 4p) (1 + 6y) 2n (452 + (1-+ 25 + 6u) 21
(1 ) 1+ 4u) (1+ 61)% 2 (452 + (1 + 25.+ 8y) 2]

+

(Bu <1+ 25) (4.17)
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The-énergiés Sf these four states were obtained by minimizing each
with respect to p separately. The mthimum of the energy is guqrantegd by
/«O—-i—%g | < 107%. The values of u thus cbtained are’ shown in Table 4.5, and
| the correspond%ng energfeshare shown in Tables 4.1§- 4;4; The calculations
were carried out on an IBM 370/168 .in "quadruple precision"; however, even
“this accuracy was,nbt enough for & = 0.0001, for which satisfactory'resultgf"
could not bg obtained and are not shown! 'we méy nofe-hére that the wave
functijons for 2s, q#, and 4s states with the éivén va1u;s_of u are not

exactly orthogonal to the eigenfunctions of the corresponding lower states,

but they are close to it, except when & is large.

N
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4.% Ground State Energy-by Variational Calculation with a Two-Parameter

Hulthén Function as a Trial Function .
In the previous section, the 1s state wave function is chosen such

that the twp-iqdependent parameters in the Hulthén potential are set to be

N F 4
equal (AppendixAA). In ofdéer to determine the energy more precisely, we
\‘

introduce the twd:pqrameter Hulthén type wave function for the ground state
of the ECSC potentia].‘x{f uw and » stand for the qptimized parameters, the

wave functioH has the form Bf;\ ,
- \\
.l‘ \\_u . M
2 = (v 5)r -(v + H)r .
\{;_I‘S(r) = [\)(% _ 1)]2 [E \2\ - e .2
u T

. For this wave function we derive ' -
. -24\;2 ‘ v4v2 2 27 .
E]S=-l§_(?-1)+§(—u—2-]){t— in [62 + (5 +2v - w?]

+ 2 gn [62 + (8 + 2 )2] - n [52 + (6 +2v+ u)z-'}}

(0 - 2v < §) (4.18)

We have used the direct search method of Hooke and Jeeves 1961),(see aiso
Wilde {1964), and Kawalik and Osborne .1968) to determine the optimized

parameters u and v at which the energy is at the minimum. The energy from

“the Eq.(4.13) are 1isted in the Table 4.1 and the corresponding optimized.

values of the parameters in the Table 4.6.



4.6 The Critical Screening and the Number’of Bound States

One of fhe important physical quantity for a screening‘potentia] is to
talcu}ate its crifical §creeniﬁg. - It is the value of Gc at which the energy
. is zero. For the ground state energy, the two-parameter Hulthé&n wave
: function pfovides a precise'way to determine it. According to the
| definition of the critical screening, we have

E(8, n, v} = 0 ' Y
From £q.(4.17), it gives

wE 2y | . S (4.19)

In addition, E Eas to satisfy the basiE assumption of tﬁé'variationa1

calculation, i.e.

1

3E(S, u, v) . 3E(8, p, v} . y |
= 0 .(or'J—d:Ll 0) (4.20)
Setting'cdndition (4.19) in Eq.(4.18), Eq.(4.20) becomes <
3F _ '
o 0
‘ .
= - v - an(26?) + 2 an [ + (5 + 20)%]
~an [6° + (5 + 4v)?] _ (4.21)
By using bisectional iterations, we determined
8. =0.7115 at v=1.238 ' (4.22)
- ‘!
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Although. the’ perturbed Cou10mb potent1a1 treatment ~does not y1e1d

very accurate va?ues, it has the advantage to obtain the energy for any

state. - We have ca]culated the energies and critical screening paqapeters&

of states up to n = 15 by this method. This enab1es us to examine the

total number of bound states n* at’a given 5. In Fig. 4.2 we plotted n*

against 1/5C. A linear relationship is seen to hold between them, and

linear regression yielded the following result:

= 0.4425 + 0J2919/ac : " (4.23)

S

Another.quantity of “interest is the maximum bound principal quantum

number g*, or the number of bound s states. The quantity (g*)2 is also

plotted against ]/5C in Fig. 4.2, and is seen to exhibit a linear

dependance on 1/6C. From the linear regressijon, we obtained
(%)% = 0.040 + 0.6078/s5,  (4.28)
For a given value of §, the perturbed Coulomb potential treatment

gives binding energies which are too small. In other words, for a given

value of 3, the number of bound states obtained from this method is

. smaTller than the actual one.‘ Thus the coefficients 0.2919 and 0.6078 in

Egqs. (3.23) and (3.24) respectively should be considered as a Tower bound
in the two cases. The intercepts at 1/6C = 0 are quite small in both
cases, and'within the accuracy of these results, may be considered to be

practically zero.
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4.7 Comparison of Results - - ’

It will be noticed from Table 4.1 that for the ground state, fofa]ow
values of ags 0.05), there is 1ittle djfference between the four éetszof
results. Up to six significant figures, the energies obtained from the
two-parameter Hulthén wave function do not show any difference from thoﬁe |
obtained from the one- parameter wave function for § & 0.1. In general, as
§ increases the accuracy of results improves in the fo]]owing order:
perturbation (Coulomb), perturbatioh (Hulthén) ,- one-parameter variational
" calculation, two-parameter variational calculation. The Tlast named resu1t§

are the most accurate.

The oq}y other investigétion with which we can compare our results is
that of Bonchnéruevich and Glasko (1956, 1959), who obtained their results
by numerical methods. These authors have used a special set of units;
;Hén their results are converted into atomic units, we fiﬁd that in most
cases their results are close to ours. For example, at § = 0.4793, théy
gef'E = 0.0287, while our two-parameter variational result is 0.02877.

At § = 0,5298, their value is-E = 0.07149, compared to 0.01496 obtained
from Eq. §4 17). Bonch-Bruevich and Glasko's results Teads to 5. = 0. 72,

as compared to 0.7115 obtajned in the'Tast section.

The pattern of the results for the excited s states (Tables 4.2 - 4.4)
is quite similar to that of the ground state. The Hulthén perturbation
results are better than the Coulomb perturbation ones and the variational

results are the best of the three.
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4.8 gbme Fine P _nt§ -

The oscillating shape of the ECSC potential giQes-rise to some
interesting properties which we now consider. ' In Fig. 4.3 we show the
qualitative behavior.of the ECSC potential; we shall find it convenient
for our discuss%on. N; wish to emphasize that it is only a gqualitative
diagram, in reality the amplitudes of the crests and troughs diminish much

more rapidly than what is shown in the diagram. The posifions of the

maxima and minima can be obtained by putting the first derivative of

e

Eq. (4.2) equal to zero, which leads to

14 JER‘*‘ tan &R = 0 (4:25)

o

Equation (4.25) has, of course, wultiple solutions; the first five of
these are &R = 2.1712, 5.4134, 8.5844, 11.740 and 14.890. The potential
barrier at R1_can enable levels with positive energies to exist on its
left side. The phenomenon is similar to that found in diatomic molecules
where 1eve1s; above the.dissociati;n 1imit, are known to exist for large
values of the rotatjonal quaﬁﬁum number, because of the potential hill

created due to the rotational term J(J + 1)/r2.

éb far, inoour case, we’
have considered only those bound levels which have negative energies with
respect to the dissociation limit. We must now consider these posffive

energy levels. In principle, a dissocjatjon of the system éan take place
from these positive energy states by tunneling through the potential hill,

and this will also lead to a broadening of the discrete levels. However,
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.thége éffects are expectéd_t% be important for only those levels which Iie
near the top of the potent1a1 hill. It 1s obvious that even for & > &.,

a g1ven Jevel can exist as a positive energy level till 1ts enerqgy becomes
equal to the height of, the f1rst max1mum _This final vaJue of § beyond
which no levels can exist (w1th negative or positive energ1es) shail be
denoted by 5f Qur two—parameter-var1at1ona1 wave function is npt
satisfactory for obtaining positive energy states and thus 8¢ HoweVer,
by a graphical comparison of the two—parameter varjational resu]ts with
those from the Hulthé&n perturbation, we estimate &¢ = 0.8 for the ground

A}
state.

The ECSC potential has numerous min%ma'(at Rz,‘§EL ... ete.) and if
. the depths of these we]]s ié sufficiently 1arge; metastable states can be
formed in these. To obta1n the precise location of these levels wou]d
require the application of some refined numerical techniques, for example,
the work due to Kolos and Wolniewicz (1969). However, some order of
: magnitude est%matés can be carried out by approximate means. The shape of
these minima is simi]qr to ‘that of the potential énﬁrgy curve of a -
diatomic molecule in the neighborhood of its mipimﬁﬁ, and 1£ would be
legitimate to estimate the bosition of the first 1e§g1'by calculating the
zero-point energy from the second derivative of the potential.. 1In this

o

way we find that the zero-point energy’ at the first minimum is g1ven by -

. jGR - a , '
%hw = 53/2' {de 2 §5R2) 3 {sR, + 1) cos (GRZ)

1/2

+ R, sin (&Ry) 1 (4.26)
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Y

. Ny
" The depth of this well, Ed' is g1ven by the energy difference between the

f]PSt m1n1mum and the’ second maximum;

-, a3 | -
By = e_R2 cos (&R,) - S, cos (Ry) - - (4.27)

In Fig. 4.4 we show some numerical results for the first minimum at R2

It will be’ noticed that from Eqs.(4.26) and (4.27) that the ratuo ﬁm/E
is a function of & alone. We find from this ratio that lfﬁm < Ed only when
\ § < 9.46 x ]0'4 S1m11ar1y for the second welT at Ry> we f1nd that
AJ-%-ﬁm < B4 when § < 9 x 10 From these resu1ts it would be reasonab]e to
infer that for & > 1 x 10 bound states do not exist in these wells.
However, the poss1b]e existence of levels for § < 1 x ]0 is a somewhat
SUPpP]STng conclusjon from this analysis; it is possible that our method
“of est1mat1ng the zero point energy in such sha110w wells is not sat1sfactory.
A definite conclusion on this point can only be obtained by a numer1c§1
integration of-tﬁe Schrodinger equation for the ECSC potential.,

»
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Fig. 4.3 : Schematic diagram of the -behavior 6f the ECSC potential as a function of r.
. As arngid to the eye, the relative strength of oscillations have been

exaggerated, for -example, in reality [V(RZ)/V(R1)|= 0.02 rather than what

is shown in the diagram-.
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‘Table 4.1:Energy eigenvalues ‘as a function of screening parameter for the

1s-state, L . ,
Screening Perturbation Perturbation *~ Variational Variational-
pargmeter (Coulomb) ~ (Hulth&n) | (one-parameter) | (two-parameter)
0. 0001 0.499900 0.499900 -
.0.0002 0.499800 0.499800 ‘ 0.499800 -
0.0005 0.499500 . 0.499500 ’ 0.499500
-0.0010 0.499000 ' 0.499066”/' 0.499000
0.0015 0.498500 ° 0.498500 0.498500
0.0020 0.498000 0.498000 0.498000
+0.0025 0.497500 . 0.497500 0.497500
0.0030 0.497000 0.497000 0.497000
0.0035 0.496500 -  0.496500 © 0.496500
0.0040 " 0.496000 0.496000. 0.496000 -
0.0045 0.495500 0.495500 0.4955907
10.0050 q.395000 - 0.495000 0.495000 ,
0.0060 0.494000 0.494600 . 0.494000 i
0.0070 0.493000 0.493000 ~0.493000 _
0.0080 0.492001 ~0.492001 = 0.492001 :
0.0090: 0.491001 0.491001 ) ) 0TA9TO01-
© 0.010 0.490001 07390001 ' 0.490001
0.015 0.485003 0.485003 0.485003
0.020- 0.480008, 0.480008 0.480008

0.025 0.475018 ' 0.475015 / 0.475015 °

<
.
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Table 4.1 {ooht)d) 1§ | o
Screen‘iﬁg Pertu;'bation _ Perturbation Variational ~ Variational
par‘gmeter. . (Coe'lomb') . , (Hulthén) {one-parameter) (two-parameter)
0.030 . .0.470026 _ 0.470026 0.470026
0.035 . 0.465041 0.465041 0.465041 .
0.040 0.460061 0.460061 0.460061 i
0.045 0.455086 0.455086 0.455086 -
0.050 0.450117 .r_o.45611? " 0.450117 | o
0.060 . 0.440200° ~~Q.440200 . 0.440201 5' |
0.070- 0.430314 hh‘\\§?33Q§i5 © 0.430%15
0.080 0420463 oo D.420864  0.420464 =
0.090 0.010651  0.4T0653 " 0.410683. | :
- 0.10 ©0.400883’ © 0.q00884 '  0.400885 _0;406885 -
0.20 0.306235 0.306298 " 0.306332  , 0.306334
0.25 0.26185 - 0.261630 . 0.261761 0.261766
0.30 _°  0.218619  0.219028° ~ . 0.2193%9 - 0.219411
0.45 0.139153 - 0.140595 - 0.142375 .. 0.142418
050 ~0.068047 0.0n76  0.077881  0.077606
0.60 0.004987 0.012585 . 0.027708 0.028031
. 0.70 -0.050624° .  =0.036908 0.000184 0.000614 -
, N
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Table 412 :fEhergy gigenvalues as function of,screening parameter‘for

_tﬁe 23ﬁ§£ate. !
o Screén{ﬁg Perturbation “ * Perturbation Vafiat%oﬁé]
1 parzmetetJ J" ﬂﬂCou1omb) " {Hulth&n) (one-parameter)
©0.0001 0.124900 '\\\\\ 0.124900. °

-~ 0.0002 0.124800 . 0.1248%0.. 0.124800
0:0005 - 0.124500 " 0.124500 0724500
0.0010 . - 0.124000 | 0.124000 | 0.124000
0.0015 - 0:123500 ) 0.123500 0.1235ob
0.0020 . | 0.123000 0.123000 0.123000
0.0025 0.122500 0.122500 0.122500
0.0030 0.122000 ~0.122000 0.122000
0.0035 0.121501 0.121501 0,121501

' 0.0040 0.121001 - .  o.iz1001 0.121001
0.0045 0.120501 0.120501 0.120501
0.0050 0.126002 - 0.120002 0.120002 -
0.0060 0.119003 ©0.119003 0.119003
0.0070 0.118005 | 0.118005 0.118005
0.0080 ~ 0.117007 . 0.117007 0.117007
0.0090 0.116010 ~0.116010 0.116010
0.010  0.115013 B 0.115013 0.115013
0.015 - 0.110045 o 0.110045 0.110045

0  0.105108 0.105104 -

.020 0.105104



N

Table 412 (feortty)

Screening Perturbation Perturbation Variational
paraamete'r‘ (Coulomb) (Hulthan) (one-parameter)
0.025 £ 0.100198 0.100198 0.100198
0.030 0.095336 - 0.095336 | 0.095337
0.035 10.090523 0.090524 0.090525
0.040 0.085765 - 0.085768 0.085769
0.045 0.081068 0.081073 ~0.081075
0,050 0.076436 - 0.076445 0.076449
0.060 0.067385 0.067408 0.067421
0.070~ 0.058640 0.058687 0.058721

10.080 0.050222 0.050310  0.050384
0.090 O 0.042147 0.042299 0.042445
0.10 - 0.038425 0.034668 0.034935
6.20 -0.023671 - -0.019323 |
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Table 413:: EnerQy,eigeﬁVa]ues as a function of screening parameter for

the 3s-state.

s .

Screening Perturbation Perturbation " variational

'parzmeter " *{Coulomb) {Hulthén) (one-parameter)

. 0.0001 0.055456 - 0.055456
0.0002 , . 0.055356 0.055356 0055356
0.0005 0.055056 - 0.055056 0:055056
0.0010 0.054556 0.054556 - 0.054556
0.0015 0.054056 © 0.054056 . 0.054056
0.0020 0.053556  0.053556 7 0.053556 "
0.0025 _0.053057 - | 0.053087 0.053057
0.0030 ~ 0.052557 - '0.052557 0.052557 .
0.0035 - . 0.052058 0.052058 0.052058
0.0040  0.051560 0.051560 " 0.051560
0.0045 0.051062 0.051062 0.051062
0.0050 ° - 0.050564 0.050564 "'0.050564
0.0060 0.149570 0.049570 0.049570
0.0070 0.048578 0.048578 0.048578
0.0080 0.047589 0.047589 . 0.047589

© 0.0090 " 0.046602 0.046602 0.046602
0.010 0.045619 0.045619 0.045619
0.015 0.040761 ' 0.040761 0.040762
0.020 ; 0.036022 - 70.036024 0.036025
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Table 4.)3 (cont‘d).

Sﬁreen1ng_ Perturbation Perturbatibn L Variational
par:meter {Coulomb) . ~ (Hulthen) (one-parameter)
0,025 0.031429 0.031436  0.031439
0.030 0.027003 ' 0.027019" 0.027028
0.035 0.022758 0.022791 ~  0,022816
0.40 0.018707 © 0.018768 ~0.018822
0.045 0.014857  0.014%60 7 0.015068
0.050 0.011211 0.011376 0.011574
0.060 0.004538 0.004903 - 0.005454

0.070 : -0.001328 -0.000629% - 0.000722

e~ N



--98:--

Table 34 : Energy eigenvalues as a function of écreen(ﬁgﬁggpﬁmegsrﬁfOrl-

the 4s-state.

Screening

Perturbation Perturbation 'VarLatioha1
pargmeter (Coulomb} (Hu1§hén) (one-parameter)
0.0001 0.031150 0.031150 |
0.0002 0.031050 0.031050 ' 0.031050
0.06005 0.030750 0.030750 0.030750
10.0010 0.030250 £ 0.030250 0.030250
0.0015 0.029751 0.029751 0.029751
0.0020 0.029252 0.029252 0.029252
0.0025 0.028753 0.028753 0.028753
0.0030 0.028256 . 0.028256, 0.028256
0.@035 0.027759 0.027759 0.027759
0.0040 0.027263 0.027263 0.027263
0.0045 0.026768 0.026768 0.026768
0.0050 0.026275 . 0.026275 0.026275
0.0060 0.025293 0.025293 . 0.025293
0.0070 0.024317 0.024317 0.024317
0.0080 - 0.023348 0.023349, 0.023349
0.0090 0.022388 0.022389 * 0.022389
0.010 0.021436 0.021437 . 0.021437
0.015 0.016835 0.016840 0.016842
0.020 0.012539 6.012557 0.012572
0.025 0.008587 0.008640 0.008693
0.030 0.005000 0.005119 0.005270
70,03 0.001782 0.002014 . 0.002374

0.040 -0.001079 ~0.000670 0.000118
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" Table 4.5:Best values of the barameter p for the:one-parameter variational

results.

Screening ’ Parameter u

par%Peter : 1s i - 2s. | s 4s
0.0002 0.00001 _  0.00008  -0.00020 0.00060
0.0005 0.00004 0.00010 0.00030 0.00062
0.0010 0.00013 0.00024 .  0.00035 0.00074
0.0015  -0.00024 ©0.00044 _ 0.00064 - 0.00088
0.0020 0.00037 0.00068 0.00098 0.00128
10,0025 _ 0.00052 0.00095 0.00136 0.00177

© 0/030-_  0.00069 - 0.0012¢ 0.00179 0.00232 .

0.0035 0.00087 0.00167  0.00225 0.00291
0.0040  0.00106 -~ 0.00191 0.00274 .  0.00354
0.0045 0.0012? 0.00228 ~ 0.00326 0.00420
0.0050 0.00149 0.00267 0.003817 - 0.00489
0.0060 0.00195 0.00350 - 0.00497 0.00637
0.0070.7 " 0.00246 0.00439 0.00624 0.00794
0.0080 0.00301 0.00535 0.00756 0.00960
0.0090 0.00358 0.0063  ° 0.00897 0.01134
0.010 0.00419 0.00743  0.01043 0.01315
0.015 - 0.00767 0.01345  ° 0.01860 0.02303

"0.020  0.01175 0.02039 0.02781 0.03400
0.025 0.01633 ° 0.02806  0.03781 © 0.04586
0.030 0.02136 - 0.03634 10.04844 " 0,05866

P
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Table 4.5cbednit)d)

Streem‘né , ' | Parameter "
pargmetgr ) 1s _ 2s 3s 4;
. . . . &
0.035 ' 0.02678 0.04513  0.05962  0.07279
0.040 . 0.03255 0.05437  0.07130° 0.08996
0.045 " 0.03868 0.06398 0.0838
" 0.050 0.04503 - 0.0739% 0.09621
0.060 0.05859 0.09476  0.12385
0.070 - 0.07308  0.11662 0.15761
0.080 - . 0.08841 0.13943 o,
0.090 0.10446 0.16315"
_0.10 0,12116 - 0.18780 "
- g.20 0.31348
0.25 0.42167
0.30 0.53586
0.40 0.78141
0.50 1.05482
0.60 " 1.37679
- 0.70 1.90443

3
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Table V¢;6:The'best values of parametefs u and v for the 1s-state

two-parameter wavefunction.

Screening ' ‘ Parameters
parameter ‘

¢ 5 \\ : u ‘ v

0.10 \\\““ﬁ>—ﬂ:ﬁ90.18036 o 1.00241 %

0.0 0379 1.00458

0.25 0.47331 1.00729

030 o 059516 - © 0 1.01088

o.4b © . o.ee7a9 - - 1.02148
0.50 . ¢ - . 117700 - 1.03919 . -

0.60 I 157180 . ~1.07610

S 0.70 - 2.26080 1.18811



068210°0

684€£10°0

-sa1e35 4g-SG PuB 4y *py ‘dy “pE *de dz Ul 404

Jojaweded BuLuaasds J

! £pyy00'0  896800°0  ¥68L10°0 68€C10°0  689E10°0 Bg

. - sS?Qq_Sggé G68L10°0 068210°0 6BECL0"0 6B9EL0T0  68LELDTO 39

509500°0 $66800°0  968LL0°0  068210°0 68EEL00  6BIELOTO. 68££10°0 P9

C 1§9500°0. 1006000 hmmﬁpo.c‘ 068210°0 _mmmn_o.o 689€10°0  68LELO"0 dg

. © £/9%00°0.  ¥00600°0 768110°0 ~ -068210°0  68EELO'0  689€L0°0  68LELDTC 59

£85100°0 €£7010°0  2£0G10°0, 200810°0 0006100  00S610°0- 008610°0 . 0066100 B

'820200°0 - 60£010°0  €40SL0°0  £008LO°0  000610°0  00S610°0 008610°0  006610°0 45

R 0S£200°0  ¥9£010°0 150510°0 £00810°0 0006L0°0  005610°0 008610°0  006610°0 - PS

, . §56200°0 1OPOLO"O  9§05L0°0  ¥OUBLO"O 000616°0 + 0056100 008610°0 00661070 dg

£99200°0 '61¥010°0 mmom_o.o wcmm_o.o 100610°0  00§610°0 00861070 006610°0 s§

610210°0  LS€120°0 - qwmwmowo 162620°0° 0G20€0°0° 0G/0€0'0  0SOLE0TO  OSLLED™O 3

y £82210°0  [6£120°0  0/2920°0 15262070 0520€0°0 om«nmppo 0S01€0°0 05LLE0°0 PY
& pSvel0°0  ¥Zvlz0'0  €£2920°0 25262070 0520500 0SL0€0°0  OSOLED'O  OSLLEC™O dy -

262600° 0 mqmmno.o 5655700 _wwmm@fc, 955€50°0 955¢50°0 1950650°0 ~ 96€$50'0 9545070 PE

‘ . ggs010%0  G96GE0"D 1195400 momomc.a. @mmfmo.o |955450°0 * 9506500 9966500  95¥G50°0 _mm

w¢o~mo.o 6v09£0°0  §L0S0L*0  OLOSLL'O  1000ZL™O ‘o00gzL'0  000¥2L'0  00§¥ZL'O  008¥2L°0 oomrmﬁuo dz
0001°0 0050°0 0020°0C  00L0°0 0500°0 ~ 0200°0  0L00°0 5000°0 2000°0 1000°0 wmmmmm

0 uoLlouny e se mwsnmscmmwm KBasugz =L aLqel



- 103 -

186200°0 . §28500'0 ©18900°0 €LEL00°0° £19/00°0 ELL200°C - g
- 020£00°0  §28500°0  ¥1890070 £16£00°0 €19£00°0  €£1££00°0 18
€S0£00°0  0£8500°0  §18900°0 €lEL00°0  £19/00°0 - €1L£00°0 g
080£00°0  £68500°0  SI8900°0  ELEL00°0 €19£00°0 €1/£00°0 B8
201£00°0  $EBS00°0, S18Y00'0  E1€£00°0  £19/00°0 €LLL0p"0 .- 38
BLLEO0'0  9€8S00°0  9LBI00'0  ELEL00'O  €19/00%0  EL/200°0° P8
§21€00°0  [£8500°0 918300°0  E£IE/00°0°  £1900°C €1£00°0  dg
. PELEO0'0  [€BSO0°0  918900°0  €1€£00°0  €19£00°0  £L/L00°0 S8
| 626000°0  0LES00°0  112800°0  S02600°0 0Z600°0  000L0°0  0L0L0°G U
960100°0  /EES00°0  +12800°0  §0Z600°0  +0/600°0 %00010°0 101010°0
262100°0  (9500°0  §12800°0  902600°0  $0L600°0- 000100  $01010°0 B
6££L00°0  6/ES00°0  /12800°0  902600°0  $0/600°0  $00010°0 00100 Y
£V100°0  Z6E500°0 812800°0  902600°0  H0/600°0 ¥000L0°0  $01016°0  PL
'89Y100°0  L0¥S00°0 8128000  902600°0  $0L600°0  Y000L0°0  t0L0L0°Q . dz
p67100°0  90VS00°0  612800°0  902600°0  $0/600°0 $00010°0  %01010°0 S/
. PZEY00'0  096800°0 €6810°0  686210°0 68ECL0'0  689EL0°0  68LEL0°0  ug-
000L°0 | 0080°0  -0020°0 001070 0S00°0  0200°0  0100°0  5000°0 Nomq.o 00070 Mwmmmm

(P,3u0d} £ 4:31qe]



e 182 wge o6z 162 S62. 00E  EOE  EOf - GOE  L0E  OLE  OLE  OLE
A 92t LEE  GEE  oxt Ent Lyt 0sE gee  6gt 09€ 09€ 09€ X!
L6, €gE 066 S6E  oow  Son oL e L tozm  ign eem 2l

osh  LSh SR 2Lt g ogh  Ggh OBk _ S6%  00S  10G 20§ Li

Ghe -1 666 G696 GL6 €8S | 165 009 209 909 ~ OL9 Ol

€19 999 loL Wil Gz,  SEL  enk oSk OSL 6

weg  hlg  E68 116 926 16 96 0S6° 8

6111 6hiL gLl o0zl ozl  9EEl Chmz L

LSt GlsL  gl9L €591 6L 069L 9
oozz lgze sz 6onz 9tz S

GonE  6L9E  6ELE  GO8E &

glzg 0959 09L9 €

noZhL  h0ZSL 2

'Gngog |

v

- o 4 L S o ot B S e B R S e S N S S o U S ok R S e o S S N S (e e L S

£l 2L Lt 0l & = 8 L 9 S i € .2 L 0 7w

_ . e
.Hmﬁcwwoa paqungaadun ue e TETJUL30d qEOTNO) 8UJ Y3 IH UOTRINOTED uotqequniaed £q -
paute3qo ‘Ttejuaizod 0§03 9yg JO 83718 GOL JO ( G 0L X) Sy3j3ust :.,_Emoaom TEDOT3TID 3YL * §°f 9TAEL



v - 105 -

Chapter 5 - Energies of s States of the Baér Potential -

5.1 Introduction

The effect1ve potent1a1 between a pos1t1ve 1on and an e1ectron
in a plasma has- been a quest1on ‘of cont1nu1ng 1nterest To a f1rst
approx1mat1on, it is customary to take th1s potent1a1 as- the static
screened Coulomb potent1a] At 1east at high temperature and Iow
: dens1ty, it is- the correct asymptot1c potent1a1 However, the exact
form of th1s potent1a1 is unc1ear and there has been controversy on
this question (Nakayama andIDewmtﬁ 1964 Jackson and Klein 1969 and
Theimer and Kepple 1970).

_ A‘tew years ago, Baer (197@)'derived the following expression for

~the screened potentiairaround;an'ion?

U « B ’ ! ‘ .
q_kT ' s : i ,
$(r) = Zen % T (Bse + Bolcos ") _ _ (551)
where
2., .2 2
B qS + qz : 8 qo -9
T2 v B T T2 2
SoGf+al % g +a
/in which | Lo
3
2

.9 (/" + 1)

>
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, 1 . : -
L9, = (-1 g '
R . . 1
the Debye length q being equal to (4wneZ/kT)? .
‘ Eq. (5.1) leads fo the f011owing expression for the ion:eTectron

interaction:

T4 o2,
V(r) == Bree s

-
- (7 - 4/3) cos q.r] . (5.2)
Y L 0 ‘

This potential consiﬁts of a sum of two terms: ~an exponentially

: decayihg Coulomb term (bf-SSCP in the previous study) and an
ostiliatory Coulomb term. Because the amplitude of the screened
Coulomb term is greater than that of the oscillatory term (indeed it

- is 14 times greater)? one ﬁay exbe;t that at moderately large distancés
the SSCP,is’&éminanf‘and.dbsﬁpres the presence of the osci]}atdry
térm, and the osci11atorj‘£érm becomeslihportant at very-large distances.
Hengg, it bghaves'1ike'thé staticjscfeened'Cou1omb potential when gr
is small and oscillates. Tike the*exponentia] cosiné\scréEned pﬁfentia]

t +*
whgn gr is large. .

To evaluate ‘the bartitioﬁ function of a plasma, one requires data,p>
on the enerqy eigenva]ues of the jon-electron system. In this study,-

ve sHa]1 employ variational calculation to estimate the energy

-[/,ﬁ——ﬁ_,eiiinva]ues of 5 states. . Our main interest i§ in the ground state, ;

1
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for which we have used seven different variational functions. For
. the excited states only Hydrogenic and Hulthen type wave functions

are used,

In atomic units, if the dimensionless quantities g, 8 and 8, '

correspond to q, 9 and-q0 respectively, the Baer potential takes the

oo,

‘]P-"
form of
: ~8.r : :
vir) = B2 Lo ™S . (7 - 4/3) cos s,r] (5.3)
C 2/3 " : .
where '
’ 1
5 = (/3 + 1)2 8
1 ' : (5.4)
5= (FF-1)%s ¥

‘ . - ..
5.2 Variational Calculation on the Ground State Energy of the Baer

Potential

The Baer potential behaves both like the static screened1C0u1omb'
potential and the exponential cosine screened Coulomb‘potential whén
sr is small. As the first attempt to obtain the energy eigenvalues,
we will use the wave functions or the combinations of fhe wave
functions, which we Have proposed for the SSC qnd ECSC potentials, and

of which some produce satisfactory results over a wide range of 6.
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There are seven wave functions and they can bé classified into two -
categories: the simple variation functions and the Tinear variation
functions. In the following sections, we 1ist the proposed wave.

functions and the corresponding energy-expressions.

5.2.1" Simple Variation Functions

LY

For a simple wave fugftion, the energy expression is given by

1a]
]

) .
<\y]%§:§|w> +._<\y|V(r)|\y>

2 -

1 d
<Y || ¥>
2 dr -

-5 r

B2 ylie s - (7-49) cos grllv> - (5.5)

2/3

+

The wave functions proposed and the corresponding ‘energy’

expressions are:

(a) Hydrogen-like wave function

3 .
: v, = 202 re " (5.6}



- -

| L8
- -1 o
_ 2 . cos (2tg =)
Ea#-‘é—+2(/§+,2lu3[ L 2—(7-4/5) 5 g“
- /3 (20 + 5,) 8, *+ 4w
’ (5.7)
where y is the variational parameter.
-~ 4 -
. {b) One parameter Hulthen type wave function
1
5 -(1-%r -(01+Hr
v, = (- )% [e .% -e 2] - (5.8)
b P
H
o= La- 8 s B2 4‘“2-(- 2an {5_ + 2 - u)
+ 49.n(65 + 2) - 2¢n (5S + 2+ )
: 2 2 2, 4
- (7 - 4/3) (- enfs,” + (2 - )] + 22n(50 +4)
- . .‘ . ‘
$2 2 : .
- anfs,” + (2 +w)7]} (n < 2) - (5.9)
where p is the variational parameter.
(¢) Two parameter Hulthen type wave function
2 5 -(v-Br v+ Hr '
Yo [v(f!‘%2 - 11 [e 2 e 2] (5.10)
3 " _ ’
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- T
N

L)
"

n - 22
) %{4v2 I /3 + 2 v(4v - 1)

= 2an(8. + 2v - u)
c. : ] 4v3 W ( S -

+ 4£n(65 + 2v) - 22n(65\; 2v + u)
. "
(7 - 4¥3) {- Rn[ﬁoz + (2v - u)z]

+

21n(602 + 40) - an[ao2 + (2v 4 ufz]}a

(2v - 1 > 0) (5.11)

B

“where u and v are the variational parameters.

5.2.2 Lineak Variation Functions

The Tinear variation function that we are considering here has.

the form
-]

Y= ags +ay, | ‘ (5.12)
wheve a1'and a, are constants, and ¢ and ¢, are simp1e vqriationa]
wave functions. Furthermore, the funcfionsvlisted beTow can be
classified into two groups. One is that in which the'basic function
4; is the ith state of a known potential. For instance, 47 and ¢,
are respectively the 1s and 25 hydrogen-1ike wave functions. Thié
type of variation functions have been used for the SSCP by Harris, who
.emp1oyed hydrogen wave functions as the basic set and the ith state

wave function is the linear combination of the three consecutive wave
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. functions commencing from § with the same angular momentum &. The

other one is the arbitrary combination of two ls state wave.fUnctions

of some known potentials. Usually the basic function itself produces

some satisfactary results over a certain range of §.

For normalized wave functions ¢, the energy

solving the secular equation

The quantities Hij and S are defined as-

Hy; =J}¢1H¢jdt

S

S =ff¢1.¢jdt

“where H is the Hamiltonian operator.

From Eq. (5.13) we derive '

: ) )
- H]1 + H22 - ZSH12 * (H11 + H22 - ZSH12)

is obtained by

(5.13)

(5.14)

(5.15)

(5.16)‘

2)

L
- 4(1 - ST)(HyHyp - Hyp

(5.17)
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The lower root of the Eq. (5.17) corresponds to thé‘expected energy

value.

(d) Linear combination of 1s and 2s state hydrogen-Tike wave functions

o1 T ¥3
3o
by = e 2 p(2 - wr)
/8 .
3 3 p
S 64u° v% (u - v)
\/2_(2u+\:)4
Hyp = B
2 2
y =-"\£+/3—+2v3{265 +\}_—
S I UK
8
2 cos (2 tan”! 2
"(7"4/§)[ 2 ? Y
8 + v
0
: 6
4y cos (3 tan 1 —9) 3\1-2
- v

cos {4 tan

1 %
11

3

(s 2, v2)2
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3 3 .
4T +2) 7.7 28 *tou-wv
Y I (26S + 2u + \J)3

- ' 28 :
. -1 . 770
cos (2 tan- -] 2v cos(3 tan ' 5———)
- m“’ 2
42+(2 )2 2 - 2.3/2
’ v [45," + (2u + v}7]
L
(8) Linear combination of 1s and 2s state one-parametef Hulthen type .
wave fulctions

S TR

1 ' ]
( - v)r ¥

bty - )J?[e e 21

=

- (1 =)+ (1 +v) e

| | 1
G- dy- 92
M v _

I

x[ 2 ]."'\J _ 1'+\J
(3 - 2v)2 - 4 (3 + 29)% -.u2




22

= - 21 - &) - ///}

+

-+

+

+

- 116 - o %1/

2 ; )
2] dy G~ 2(1-= v)% a1+ 5 - 20)
2v3  16v '

8(1 = v) an(1 + 5 = v) = 4(3 = V3 (1 + 5 )

8(1 + v) an(l + 8.+ v) - 200 + \;)2 an{l + &, + 2v)
(7 -4 = (1 - o) a5, + (1 - 20)°]

41 - v) anaoz - 02 - 23 - ) en(s 2+ 1)

41 + v) En[662'+ (1+v)27-(1 +v)? an[502'+ (1 + 2u)2]})



12

+

o+

- M7 -

1

. 1,4 ] 2
%;[—2{—7-1) (—2--4)]
H . v

L 2 {1 -0 - 2v)2 . (1.+ v) (1 +’2v)2

]
9 - u2 (3 - 2\:)2 - u?' (3 + 2v)2”- u2
. 1,
3+21 1 44 1 2
L5 (- 1) (- 8)]°
8@\;2_:2 W2 .

: 34+ 26 -u-=~-2v 3+ 28 -y
L N s . S
{5&1-— vl 3 75, ¥ v - 2 - 42n 3—;—§E;—;—E

3425 - u+ 2v
2(1 + v) an S
- 3+ 265 + u + Zv.
| 4502 + (3 - - ZQ)Z
(7 - 4/3) [(1 - v} an 5 5
: : 4e " * (3 +p - 2v)
4602'+ (3 - u)?
24n 5 5
46 +(3+u)
0
4602 + (3 -y + 2u)2
(1 + v) an = 5

450

+ (3.-{'- u + 2\))2
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(f} Linear combination of one-parameter 1s state Hulthen wave function

and 1s state hydrogen-like wave ‘function
8% %

Replacing p'by v in Eq. (5.6) : =

Co % 2 qJa
<~
3 1
. S = 64,7 (55 - 12 u(l +2“) o
: 401 + )2 - 7]
W= &y

‘Replacing y by v in Eq. (5.7) _ -

. r

oz = By
5 1 ) "
oo 2 (4 442 (4 + 4y = )
Hig = - 8w (- 1) 7 272
p [4(T + v)® - 7]
J )
| 3 1
Cp 2B r2) 2 (gg . ])2(} . 2 —
. /3 T 4(1 + 6S+\J) -y
25 268 :
-1 0 -1 0 '
. cos (tan ' 5—5——) cos (tan  s—m—)
- (7 - 43¢ 2+ 2v -yl 2+2\)+u}))

T 7
[46,% + (2 + 2v - 1)?12 (86,7 + (2 + 2v + w)212:



(g)  Linear combjnatibh of two-parameter 1s state Hulthen wave function

and 1s state hydfﬁgénélﬁke‘wave function

¢_! = llfc
ll

Replacing u by p in Eq. (5.6)

rof

. T
2 —_
$ = 64up” [v(F - 1)]2 PtV
o? ol X 4 + ) - W1

Replacing u by ¢ in Eq. (5.7) =

H

Hop = Ey

¢

2.

H = - Bpp -
12 | 4(p + V)2 -

w

5[( -
2 4v - U + 4vp
[v( 1
él [ 2 2.

' o 1
AT pz_[vlﬂﬁﬁ--'i)lz 6 2u
. o .

28

-1 o . -1
2—9——;2\’__'3') cas(tan

cos (tan

25

Hggt ot e

0

.(7 - 4J_)

]

)
1}’

[4602 + (2p + 2v - u)ZJ?-' [45 0 + (20 + 2v + u) 212
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;  itfisﬂhsua11y difficult to estimate the energy of ap_ekcited

‘ stéte_by means of a_varﬁatiohal‘ca1cu1ation. As pointed out earlier,

_the_Baer‘ppténtia1 has certain'characteriétics common with the SSC

éhd EtSC potentia]s; 'Far'the 1after‘twp pofentia1s, hydrégen-like
WaQE'FunétTOhﬁrand Hulthén wave functions have been found to give
reésqqaﬁ]e résujts; Hence‘fof the Baer potential a1so_we Have used
fhése‘fwoitypes.pf-anE functions. .Here we have oniy carried the
cd]cu]afiongthE.fhé és, Qs'and 4s-state§, but these éan be extended
to‘aﬁy'h%ghér S stafe:fhrodgh some Tengthy ca1bulatjon;

- A Sl .

C5.3.1 Hydrogenidéﬂavéuﬁumdbﬁon B : QB~ f

The trial wave functions and their corresponding energy

expressions of the'ZS, 3s and 4sfstates are.shown:beldw;"J S

.25-state?‘j

Yoo =ff2§ e Zp(2 - ur) S S | _ (5.18)
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2, 2
- -2 25 +n
R ~(7-4r)
S 83 (6 +u) .

—

\

[2 cos (2e) 4n cos (38) . 3u2 coS (46)]}

2 ‘ ‘ 3 2
8a T U 3 (6 ) -
o (5,2 + 422 '
where
R
g = tan"1 9
. u L]
35 étate:
1. 57 -E%:
A TR TV _ L0208y 03
35 " ¥ (3) r (27 - 18yr +.2“ r ) e
—d . |
- | 2 2 4
c b, 2B 3 {2435 t2les, v+ i
3377187 48 . (3asﬁ+ 24)8
- (7 - 8/3) [ 3 c0%+(ie) 24u.;ps (38)
u a -
(9502 v 2,22 .
2 3 Y S |
96u ~ cos (46) 192y~ cos (56) 160y cos 69)]
Sisunr v 5t 7 534
(95, + 2u°) o -~ o5 (98,75 + 4uT)7
: (98, + 4u”)
vihere
38

-[ O - - .
13 — .
8o tan 2 | ) .

'(5'.19) '

(5.20)

(5.21)



_ - 122 -
]
4s state:: . - . T B ;
T e L R B A )
. . . - .. &
. 82 o 24, 6
c Je..+'/§+2 3 25{55 +28865u + 4858 "u +u‘
S Y o (zs + ne
- 4 cos {20) 24u cos (38) -, 78u“ cos (4e)
(7 - 473) [—=5—="- Tt e
. 4§ + u RN (450 o )
. (48,7 + ) o
3 '- . B
_ 152y~ cos (58) . 180u_ cos (66) 120u cos (78) .
5 2 L
5 (45 + U ) . =
I T ek
?5“”"5 (?2)]} L e 52
where L
L 8 =‘E_§2
o 3
a

s
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5.3.2 -Hulthén Type Wave Function

The trial wave functions éﬁd their corresponding energy

expressions of the 2s, 3s-and 4s states'are shown below.

25 state: _Nw' ' .
o e
R o g
5 B ' -(z - wr
Yoo = g [ (1- 4922 - ™) [- (1 -w) e 2
2y

t

r

F 1+ e?] _' - (5.24)

. 2
Eas = - %'(] L) 4 B3220 -4

STy .
2s = T .{ (1 - )% enls, +1 - 2u)

+4(0-w) Qntﬁs +1-u)-2(3 - uz)-ln(ss + 1)
4 (1 +u) an(s, + 1 +p) - (1 + w)? an(8 14 20)

(7

N[ —

W) (- (- W i+ (1 - 2
#4(1 =) enfe )+ (1= 027 - 23 - {) an(s 2+ 1)
e anls s (0] - (e anls 2+ (¢ 202}

(u < ]g) (5.25)

.
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3s state? ~

¥y = g;lg-[%<4 A (1 e )E - w2 - ) e 3 20
u . |

-z - Fr -(z3 + 3)r
-0 e 2T s s e)e 52
1 -
(5.26)
E = - T (4 - 81u9)
VI+2 (4 -80S 2 00 2
+ z i= (1 - 3u)° (2.- 3u)° an(38_ + 2 -~ 9u)
39366V3  w s
+ 6(1 -.3,)(2 - Bu)z‘gn(Bas + 2= 6y)
- 3(2 - 3,)(10 - T5, - 18,2) in(3s, + 2 - 3u)
2 2
+2(4 - 9.%)(10 - 9u7) an(3s, + 2)
" _3(2 + 3u)(10 + 15 - 1849) an(3s, + 2 + 3p)

+6(1°+ 3u)(2 + 3u)2 in(3s, + 2 + 6y)
- 2 2
- (1 +.3u)° (2 + 3u) zn(sas + 2 + 9y)

- %ﬂy - 4J§)6;.(1 - 302 (2 -3)? zn[gagz + (2 - 9u)2]l‘
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g

. - 125 -

6(1 - 3u)(2 - 3u)é w[9s % + (2 - 692

3(2 - 34)(10 - 15y - 18u2) en[9s % + (2 - 371
2(4 - 9u2)(io - 9;2) wn[9s, +:4]

3(2 + 3p)(10 + 154 - 18u%) nn[geo2 (2 + 3)2]
6(1 + 3u)(2 + 311)2 32,1’1[9502 + (2 + 6u)2]

(1+3w?2 (2+ 37 D98 ° + (2 + em‘ﬁ)}

<
:L_
] . 2 THr
= —— (- 64%)° (1 - )
768y ( ’ -
. ;eg ) Zu)r. t
- 0 - 60 - a0 -2 el
5 -(%-;u)r |
+3(1 - 4)(1 - &%) e
- dr
= 3(1 + 4u)(1 - 4u2) e !
/ —v(l-+ u)r

+ (1 + 6u)(1 + 4p)(1 + 2u) e

N

(5.27)

(5.28)
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_ 32 1687
4 1179648/3 5

(1 - 202 (1- 4% (1 - 6)% en(2s, + 1 - 8y)

F8(1- 202 (1- 4)% (1 - &) en(2sg + 1 - 6y)

<401 - 202 (1 - 4)(7 - 28y - 36,%) an{2s, + 1 - &)

+8(1 - 4001 = 427 - T4y - 20) an(26 + 1 - 2)

'/

201 - 8,2)(35 - 380,2 + 5764°) in(2sg + 1)

£ 8(1 + 4001 - 8,2)(7 + 14y - 24,9) in(2s, + 1+ 2)

S 41+ 2002 (1 + 4)(7 + 28y - 361°) in(2sg + 1 + 4u)
\

1 aa(n+ 202 (1 4)% (1% 6u) an(2sg + 1 + 6u)

A)

-+ 20? (x4 (04 67 n(2sg ¥ 1+ B)
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- %ﬁ? - 4Y3)

+

+

+

+

8(1 -

4(1

8(1

2(1

8(1

+

4(1 +

8(1 +

22 (1 - 42 (1 - 6w wfas 2+ (1
2 . , 2
2u)° (1 - 4u)(7 - 28n - 36u ) !Ln[460'
4 (1 - )T - V4 - 2432) nn[aeoz
4:2)(35 - 380u° * 576u7) 2n[4602 £
2 2
4pY(1 - du Y7 + 14 - 28u ) R.n[460

2202 (1 + ) (7 + 28u - 36u?) 2n[48,
/

202 (1 + 82 (1 + &) wnfas 2+ (1

2

| Q- (- 22 (- a® Q- 6u)° antaaoz + (1 - 802

- 6u)%] -

24 (1 - a7
w1 -2

]

£ (1 + 2004

2+ (1 + 8] V|

+ 6u)°]

(4 + 2 (1 8)2 (1 + 6u)° 25[4502 + (1 Bu)z])}}

(w < %0

{5.29)
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5.4 - Results and Discussion

' The energy eigénva]ues of 1s.to 4s_states of the Baer potential
can be.determined by optimizingthe energy expressions with respect to
the variational parameters. In the case of one parameter trial wave

:fdnctions, the minimum of enérgy is accurately obtained by bisectional
method, in which the location of the minimum is determined at a value
dE -10 '

of p such that i 10

functions in the ground state, the direct search method due to Hooke

In the case of multi-parameter trial wave

and Jeeves (1961) (also see Wilde 1964, and Kawalik and Osborne 1968)
was employed <for the same purpose. In T§b1es 5.1-5.7, the results

from the seven respective approximate wave functions for the ground
stafe are shown. For the purpose of comparison, we list energy

values from these approximate wave functions in Table 5.8. Tables 5.9-

5.74 show the results for excited states.

The ground state energies listed in'the Tables 5.1-5.8 are only
the upper bound of the true energy in the Baer potential. To five
places of decimal all seven calculations yield identical results
below § = 0.025. If the complete range of screening is considered,
the two—parametg;iihthén type trial wave function is the best in the
simple wave function.group and the calculation (g) of the Tinear

combination of the hydrogen-like 1s wave function and the two-parameter

Hulthen wave function is the best of all seven calculations.
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Hydrogen -1ike wave funct10ns (case (a) and (d)) giverpoor results.
Be]ow § = 0.25, all other five calculations involving Hulthén type
trial wave function produce the jdentical energies. The ca]cplat1on
(c) of the two-pérameter Hulthén wave  function places highly in the
third behind the calculations {f) and (g). However the effort of
getting the fesu1ts from a simple varijational wave function fs much

Tess than those from a linear varjation wave function.

The ca]cu1at10n (c) using the two- parameter Huithén wave
" function provides a simple way to determine the cr1t1ca1 screen1ng of *

the Baer potential. By definition of the critical screening, E = 0,
3E
From Eq. (5.12) this results u = 2v. But we know 535-= 0 for a

var1at1ona1 calculation. Taking the derivative from EQ. (5:11) and
then substituting p = 2v, we have
BEC

> o °

+ 2003+ 2) 1 gons 4 san(s. + 2v)
A : i

2en(s, + 43) - (7 - 4/3) [~ ens”

+

2 2 2 2
Zgn(ao + 4y°) - gn(so + 16v7) 1Y (5.30)
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By alternate iterations with respect to & and v, we obtained

5. = 07212+ at v = 0.718 (5.31)

This value of 8, may be considered as a lower limit of the critical

screening.

For the three calculdted excited states, the hydrogen-1ike wave
functions yield energies deeper than that of the Hulthén values. The
accuracy of the calculation for an excited state here can be justified

as follows:

(1) The oéthogona]fﬁy of the wave‘functions with the given optimized .
parameters - both hydrogen-1ike and Hulthen type excited state wave
fﬁnctions are not ortth?naT“respective]y to their eigenfunctions of
the corresponding lower states, but the Hulthén type wave functions
are more closer to being orthogonal than the hydrogen-l1ike wave

functions are.

{2) In Fig. 5.1 and 5.2, we show the variations of Coulomb potential’
Hulthén potential and Baer potential with r for 6§ = 0.1 and & = 0.4.
It is obvious that Hulthén potential is a closer approximation to the

Baer potential than the Coulomb potential.

(3) As an indirect justification, in the case of the SSCP, the
hydrogen-1ike wave function also producés deeper energy vaTues of an

excited state than the Hulthén values. With the help of the numerical
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values from Rogers et al. (1970), we have shown that the Hu]thén'wéve

function js the better one between the two.

Therefore, it would be reasonable to infér that the Hulthén type
wave function yields better energy values for an excited state for the
Baer pdtential. Of course, a definite answer on this can oﬁ]y be
obtained by thé exact.va1ue§ of energies from the numerical solution of

the Schrodinger equation.

-
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Table 5.1 ¢ Energy eigenvalues of the ground state of the Baer
potential from the trial wave function (a)

Screening Optimized | Energy
parameter © parameter
0.001 1.00000 0.4982215
0.002 0.99999 0.4964475
0.0025 0.99999 0.4955622
0.003 | 0:99998 - 0.4946780
__&E.oou 0.99996 0.4929129
1 0.005 0.99994 0.4911522
0.006 0.99992 0.4893960
0.007 0.99989  p.usPpuu2
0.008 © 0.99986 0.4858968
0.009 0.99982 0.4841538
0.01 0.99978 0.4824152
' o.02. 0.99914  0.465261&
0.025 0.99866 . 0.4568515
0.03 0.99809 0.4485408
0.04 0.99667 0.4322262
0.05  0.99489 0.4163116
0.06 0.99276 0.4007864
0.07 0.99031 0.3856409
0.08 0.98753 " 0.3708659

0.09 ' 0.98445 0.3564528

L]



Table 5.1 (eont'd)
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Screening

bparameter

9

Optimized
parameter
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.8423936
.2197683
.1696162
.1262115.
.0583144
.0014846

.0007053



N LR
=134 -
Table 5.2_:-Energy_eiggnvaiqes'of'the ground state of the Baer

. potential from the trial wave furction (b)

Sereening | Optimized: ' Energy
parameter . - parametéﬁ ‘

0:001 000010 - 0.4982215

0.002 o fb}ooo10  S 0.#964h75i
0.0025 ;'o;o1§u3 . 0.ug55622
0.003 - - 0.01266 - .fod;@9457§0'
0004 f;.; - oﬁo1é87 to bfujééfé9

0.005 _,~i,,0.02i68 | ﬁfﬁ"‘dQ4911522 -
0.006 3 20.025215__A  0.4893960
p.007 -fg.ngqg;' © o.uB7suN2
':fid;doé'_“-"j3 -o.ﬁséﬁéV:' o.ugssgss‘

0109§ - o 'o.oﬁi?ér'_' 0 0.4841538

0.01 - - U o.oNi9z - o.u§2u1sé
0.02 o 6.08202 . 0.4652666
o:qé5;j;f' © 6.10309 . 0.4568518
-0.03_3ff; .. 70.12306—. T0.4485414

0.08 ©0.16243 0.4322279
__0.05"7iﬁ. 0.20108 - . 0.4163155
0.06°  0.23908° . 0.40079%1
. 0.07f. = o 0.27647 . 0.3856546
i‘o.oal . 0.31330 0.3708882

0.0§ - 0.34962 . 0.3564869



b .

Table 5.2 (cont'd)

i

Séreening
parameter

Optimized . -
parameter

 0.38545
0.72380

0.88382

1.04071

*1.35125
i,63882 -

1.83660

1.98416

= 0

0

3424433
.2203173
1707741
1283375
0637165
.02§1700

.0060622

L G0000573

L3
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Table15;3 : Energy eigenvalues of the ground state: of the B:
o ' hpotential from the trial wave function (c)

:Screéningi ‘ lOptimizéd paramgter   3.‘i ) '“Eﬂergi 5
‘panameter : TR Y A
. 0.001 . 0.00571 " 1.00000 . 0.4982215
ﬁq.doa .. o.o0762 . 1.00000 B .p.uﬁsuu75
0.0025 . 0.00981 1.boobof .'f_: 0.4955622
0.003 - -Q' ‘p.012h3'  __j].ObQOb:l_'_  6;49u678o‘
G.00Y . b.o1e82 1.00000°; _.!rb,u929129
0.005 | 0302103 o 1.ooooo_f‘f  0.8911522
B.006 o q.0g521 ~ 1.00000 ‘-,-0.H89396Q
d@po% L _21940293f “"1;06900 f  p.ué76u#é ;
0.008 | 1 0.03352 "~ 1.00000 0.4858968 -
0.009 By 50703i66_ 1.00000 © 0.4841538
.01, g bﬁpj175; -‘ 1.00000 . 0.4824152
0.2 oloséas' 0.99998 °  0.4652666
0.025 T0.i0221 0 0.99997 0.4568518
0.03 0.12183 0.99995 o.uu§5u1u-'
0.04 0.16031 ;' 0.99989 o.u3égg7g.
0.05 0.19784 ' - 0.99978 0. 446355
0.06 0.23456 0.99965  0.5007941
N o.07 © 0.27058 0:99947 - 0.38565M6:
" o.08 0.30593 . .0.99925 0.3708882
0.09 0.34067 | 0.99898 © 0.3564870
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Tqble 5.3 (cont'd) '

.8creening - Oﬁtimized parameter . : Energy

parameter u ! v
0.1 . 0.37486 0.99868 0.3424435
0.2 0.69483 0.99349 0.2203217
0.25  0.84606 . 0.98987 0.1707837
0.3 0.99567 © 0.98613 0.1283435
0.4 1.29790 0.967977 0.0637406-
0.5 1.54933 0.96049 p.ogu8235:'
0.6  q.s7526 0.87646 0.0062897
0.1 1746369 - 0.74757 ©0.0001717
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Table 5.4 Energy eigenvalues of the ground staté of the Baer
potential from the trial wave function (d)

Screening Optimized paéameter ’ Energy
parameter u - ‘ v 4
1.00000 1.52219 0.4982215
1.00000 1.52300 0.4964475
1.00000 1.52336 - 0.4955622
1.00000 1.5234%0 . 0.4946780
0.004 1.00000 1.52391 - 0.4929129
0.005 1.00000 | 1.52435 0.4911522
0.006 1.00002 1.56542 0.4893960
0.007 1.00002 1.55563 © 0.4876412
0.008 . 1.00002 1.54928 . o.usssgés
0.009 1.00004 1.56251 0.4841538,
0.01 © 7 1.00005 . 1.55633 0.4824152
0.02 1.00031 1.59955 0.4652666
0.025 1.00041 1.58680  0.4568518
. 0.03 1.00053 | 1.58037 0.4485473
0.04 1.00085 " oq.s7us1 /’~0.4322278'
0.05 . 1.00199 1.60811 - 0.4163153
0.06 1.00289 ©1.61082 0.4007937
0%07 1.00254 1.57750 0.3856536
0.08 1.00563 1.62137 0.3708870

0.09 1.00776 1.63033 0.3564854

-
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Table 5.4 {(cont'd)

Screening Optimized parameter " Energy

parameter - (T v
0.1 1.01914 1.71532 0.3424423
0.2 1.09700 1.772é3 ’ o.azofézs,
0.25 1.09216 1.67378 0.1707823

- 0.3 ~1.07578 1455855 0.1283334

- 0.4 . 1.00922 . 1.28631 0.0636564
0.5 0.90715 1.01074 0.0246484
0.6 | . 0.80000 0.82903  0.0061579
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Table 5.5 : Energy eigenvalues of the ground state of the Baer
potential from the trial wave function (e)

Screening. - Optimizéd parameter Energy
parameter U v
0.001 0.01156 0.37952 0.4982215
0.002 - 0.01179 0.37950 0.4964475 A
' 0.0025 0.01184 0.37967 0.4955622
0.003 0.01298 0.37975 0.4946780
0.004 0.01700 0.38414 0.4929129
iP'°°5 0.02105 0.37569 0.4911522
<0.006 " 0.02522 0.38269 0.4893960
0.007 0.02944 . 0.39344 0.4876442
0.008 0.03362 0.39397 0.4858968
0.009 0.03777 0.39185 . ' 0.4841538
0.01 0.04195 . 0.39828 . . 0.4824152
0.02 0.082909 0.38787 . 0.4652666
0.025 0.11034  0.38244 0.4568518
0.03 0.14322 0.38170 0. 4u85H1Y
0.04 0.16264 0.40184 0.&3222155-
0.05 © 0.20140 0.39322  0.u163755.
0.06 . 0.23949 0.40356 © - 'o.uoo79uf
0.07 10.27701 - - 0.404%6 1 . 0.3856546."
0.08. . 0.31398 " 0.40537  _'0;3108882

0.0 . 0.35042 - 0.39206  0.3564869
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- Table 5.5 (cont'd)

Screening Optimized parameter - Energy

parameter u Vv
0.1 0.38637 0.37412 0.3424433
0.2 0.72592 0.42021 0.2203178
0.25% 0.88627 0.42212 0.1707750
0.3 1.04320 0.43554 0.1283286
0.4 1.35377 0.45140 0.0637178
0.5 1.64263 0.48533 0.0247743
0.6 1.82976 0.39726 . 0.0061351

0.7 1.97503 - 0.48030 0.0001160
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Table 5.6 : Energy eigenvalues of the ground state'of the Baer
potential from the trial wave function (f)

“w

Sereening Optimized parameter Energy
parameter BT ) .
0.001 0.29861 1.00000 0.4982215
0.002 0.29480 1.00000 0.4964475
0.0025 0.30626 1.00000 0.4955622
0.003 ' 0.29820 1.00000 ° 0.4946780
0.004 0.29573 1.00000 . 0.4929129
0.005 0.30017 * 1.00000 , otﬁ9i1522
0.006 0.30528 1.00000 0.4893960
0.007 0.30029 . 1.00000 0.4876442
0.008 0.29933 - ©1.00000 ' 0.4858968
0.009" 0.30007 1.00000 . 0.4841538
0.01 0.30173 0.99999 0.4824152
0.02 0.29081 ' 0.95997 : 0.4652666
0.025 0.29044 , 0-99994 . 0.4568518
0.03  0.29017 0.99990 0.4485414
0.04 0.28955 0.99976  0.432227%
0.05 ©0.28919 0.99950 0.4163155
0.06 0.28861 0.99883 0.4007941
0.07 ©0.30271 0.99724 - 0.3856546
0.08 . 0.33337 0.99511 0.3708882
0.09 0.35482 0.98685 ©0.3564870
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Table 5.6 (cont'd)

Screening Optimized parameter N Energy
parameter " v
e e e e e e e

0.1 0.41102 0.99188 0.3424435
0.2 0.62851 1.01271 0.2203229
0.25 0.80584 . 1.02944 '6.1707859
0.3 ) 1.01053 0.64362 0.1283U455
0.4 1.30435 0.41387 0.0637421
0.5 1.57840 0.28107 0.0248855
0.6 . 1.77672 0.21999 | 0.0067108 -
0.7 . 1.96652 -0.18685 0.0003367



Table 5.7

Scereening
parameter’

¢.0025
0.003
0.004
0.005
0.006
0.00?
0.008

0.009

0.025

0.04

~0.05

. 0.06
0.07

0.08
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H Energy eigenvalues of the ground state of the Baer

potential from the trial wave function (g)

0.34723
0.34534
0.34128
0.31171
0.32684
0.32609
0.32546
-0.32398
0.31075
0.31023
0.31306
0.34777
0.35010

0.34521

0.37492

0.30165
0.24788
0.27153
0.33214

0.37770

1.00515
1.00083
0.99929
1.00023
0.99956
0.99948
0.99954
0.99943
0.99958
0.99958
0.99960
0.99935
0.99949

0.99959

1.00104
0.99125
0.99957
0.99945

10.99984
1.00045

o

Optimized parameter

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000

1.00000

1.00000

1.00000

1.00000

0.99999

0.99997
0.99994
0.99953
1.00509
1.00022
1.00344
0.99586
0.99251

Energy

0.4982215
0.496L4475
6. 4955622
0.4946780
0.4929129
0.4911522
0.4893960
0.4876442
0.4858968
0.4841538
0.4824152
0.4652666
0.4568518
0.4485414
0.4322279
0.4163155
0.45007941
0.3856546
0.3708882

0.3564870
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Table 5.7 (cont'd)

Screening Oﬁtimized pafamete; Energy

parameter u v, < P
0.1 0.39199 1.03451  0.89605 0.3424436
0.2 0.65538 1.06637 0.74047 0.2203230
0.25° 0.79396 1.06112 0.65588 0.1707860

0.3 0.86031 1.08673 0.58152 0.1283457
0.4 1.29210 0.99883 0.38878 0.0637422
0.5 1.57158 1.05405 - 0.26894 0.0248963
0.6 2.01740 1.11593 0.24257 0.0067656
0.7 2.15404  1.09281 0.19271  0.0003442

S
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Table 5.9 : Energies of 2s state.of the Baer potential
_from variational ealculation with hydrogenic
.. wave funoction as the trial function

Sereening = thimiZed Energy

parameter -’paramgteb;
0.001 | ':’0.9§§9§' .  0.1232282
0.002 "'o;sggss' 0.1214742 |
T0.0025 - 0499978 0.1206039 q
0.603 . _‘ "6.99968 0.1197379°
o-004 0.99944 0.1180189
—  0.005 ©0.99913 0.1163172"
1 0.006 © 0.99876 o.i1ue32s -
0.007  0.99832 0.1129647
0.008 |  0.99782 T 0.1113136
0.009  0.99726  0.1096791
0.01 0.99664 0.1080610
0.02 0.98729 0.0927491
0.025 * 0.38061 . 0.0856597 -
0.03 0.97268 .~ 0.0789289
0.04 © 0.95323  0.0664942 )
70.05& 0.92908  0.0553603
0.06 ‘ 0.90016 © 0.0454588
0.07 0.86618 " 0.0367351
0.08 & 0.82652 0.0291473 . -
© 0.09 - 0.78011 0.0226662
0.1 0.72501 0.0172775

0.2 ©0.33297 © 0.0036501

]
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L Table.5.10 : Energies of 2s state of the Baer potential

from variational calculation with Hdalthen
wave function as the trial function

-

Screening- _.OBtimized Energy
parameter parameter '
) 0.001 0.00802 0.1232282
0.002 0.01099 0. 7214742
§w0025 0.01099 . 0.1206039
0.003 " 0.01099 0.1197379
. _0.004 0.01661 ° "0.1180189
0.005 0.02081 - .' 0.1163172
0006 . 0:0?488 | 0.1146325
0.007 ‘ 0.1129647 -
0.608 - 0v1113136
" 0.009 0.1096790
0.01 0.1080609
| 0:02° - 0.07919 .:' 0.0927472 _
| 0.025 . 0.09755  "0.0856552 . -
0.03 0.11545 10}07a§198 -
o.du .. 0.15003 - 0.066u673
0.05 " 0.18325 B 6.0552979
0.06 ©0.21532  0.0453354
. 0.07 |  o.2upys f~t“-°365152
0.08 0.27695 0.Q287878 -
0.09 0.30696 0.0221085
0.1 0.33681 0.0164481
0.2 0.49615 .0000215'

"o
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Table 5.11 : Energies of 3s state of the Baer pdtential"

from variational calculation with hydrogenic
‘wave function as the trial function )

Screening Optimized’ Energy
" parameter N parameter .

— e U e - —— - - oy S W S ———— e Gat i M TR A
-

0.001. 0.0537949
0.002° 0.0520738
0.0025 0.0512277
0.003 0.0503912
0.dos 0.99726  0.04BTH6S

. 0.005 0.99577 ‘o;qu71385 .
0.006 0.99398 0.0455673
0.007 . 0.99191 0.0440373
0.008  0.98956 - 0.0425301
©0.009 . 0.98634.  0.0410632
0.01 | | 0.98404 . 0.0396298
0.02 o ; :o.9u132’ ' :--.0.0270342. o
0.025 . 0.91080 - 0.02%8383

- .0.03 .ff 0;81389 | 0.0173239.

0,04 - ‘?fb.77717 o 0.0102348 -
0.05 . 0.63191 - -  0.0056572
0.06 ‘f‘ © 0.40331 © 0.0036615 :
0.07 . 0.34580  0.0030331
0.08 " 0.34231 100025340
0.09 0.34775 - 0.0020261
0.1 - 0.35490 0.0014899

Q‘
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Table 5.12 : Energies of 3s state of the Baer potential
from variational calculation with Hulthen
wave function as the trial function

‘Screening Optimized Energy
parameter ) parameter :

0.001 0.00867" 0.0537948
0.002 0.01008 0.0520732

. 0.0025 - 0.01295  0.0512276
0.003 0.01438 | 0.0503911
0.004 0.01495 0.0487464
0.005 0.02038 . 0.0471386
0.006 0.02433 ' 0.0455669
0.007 0.02817 : 0.0440307
0.008 0.03198 ' 0.0425291
0.009, - 6.03353 0.0410616
0.01 0.03945 ~ 0.0396276
0.02 0.07452 0.0270045 =
0.025 0.09088 0.0217716 -
0.03 0.10664 0.9171950
0.04 | 0.13682 0.0098703
0.05 0.16631 0.0048243
0.06 0.19617 ."0.0020036l
0.07 0.20933 . 10.0009202
0.08 0.21375 © 0.0004116 .
0.09 "0.21704 - 0.0061329

0.1 0.22080 . " 0.0000076 .
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Table 5.13 : Energies of U4s :state of the Baer potential
‘ ' from variational calculation<with hydrégenic
wave function as the trial fuhction’

-

Screening Optimized ' Energy

parameter parameter .
0.001 0.99944 . 0.0295015
0.002 : 0.99782 0.0278286
0.0025 0.99663 0.0270155 ° ,
0.003 ‘ 0.99520 0.0262188
0.004 0.99166 0.0246731
0.005 0.98722 0.0231893
0.006 0.98194 0.0217655
0.007 0.97584 0.0204000
0.008 0.96894 0.0190911
0.009 0.96126 0.0178375
0.01 0.95281 0.0166376
0.02 . 0.82347 0.0073767
0.025 b.f18uu o 0.0044790
.0.03 ; '0.55266 0.0027092
0.04 | '0.33168 0.0017537
0.05 - 0.33721 0:0012497

0.06 ‘ 0.34840 0.0006903
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Table 5.14 :‘Enengies'of 4s state of the Baer potential
) from variational calculation with Hulthen
wave flunction as the trial function ‘

Sereening Optimized | - Energy

piggmeter parameter. :
0.001 0.01706 © 0.0295013 '
0.002 0.01606 © 0.0278263
0.0025 * 0.01706 0.0270131
0.003 { 0.02000 © 0.0262169
0.004 * 0.01901  0.0246717 ‘
0.005 . 0.02075 0.0231881
0.006 ~0.02376 0.0217636
0.007 ' 0.02722 0.0203967
0.008 0.03084 " 0.0190857
0.009 © 0.03433 0.0178291

.0.01 0.03778 0.0160254
0.02 _ 0.06965 0.0072278
0.025 © 0.08440 0.0041452
0.03 Lo 0;09911 0.0020468
0.04 ST .0,11877 0.0005390
0.05 ' 0.12123 _ 0.0001%95

0.06 0.12357 0.0000140
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'Chaﬁter 6 - General Expressions in the Perturbation and Varijational

Calculations for the Génera] Screened Coulomb Potential

: i
6.1 Introduction

We have studied the static screened Couldmb potential (SSCP}, the
exponential cosine screened Coulomb potential (ECSC) and %he Baer .

_bqtentia1 in the previous chapters. In atomic units they have the forms

reépective]y.'
-5r o
‘ _e?f .
V(r} = = (6.1)
by _ |
V(r) = —— COS or _ | (6.2}
3+ 2 1. °8" ’
v(r) = = [e - (7- 4/3) cos &8 r] . - (6.3)
2/3 0 o
where
o
5 = (/3 + 12l
- l -
&y = (B - 12

It is interesting to note that all three potentials contain a
screening factor §. In Figs. 6.1 and 6.2, we have plotted the variation
of these potentials with r at § = 0.1 and & = 0.4 respectively. They

all decay with ér. The SSCP shows the monotonically decreasing with



~nsenrTE

r V{r) (alomic units)

- 1585 -

HULTHEN

/.

.0 —— N —

1 2 3 456 7 8 9 101172
 rlatomic units) | |

Fig. 6.1 : The product rV(r) as a function of r for the Hulthén potential,

the SSCP, the ECSC potential and the Baer potential for § = 0.1
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r Vir) (aiomic.'units)'

"9 10 11 12

| r{atomic units) ,
Fig. 6.2 : The product rV(r) as.a function of r, for the Hulthén potential,
the SSCP, the ECSC potential and the Baer potential for 6.= 0.4
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sr while the ECSC and Baer potentialsshave the oscillatory behavior at
large ér. In the limiting case of § »0, they all tend to a Coulomb
potentié]. In this chapter we write them in a general form,

-alér -azar

- e e ' o
V(r) = ¢ —— + 8, = C0S 3,8r (6.4) _

—~

and call it a general screened Coulomb potential. For a particular
potential in Eq. (6.1) to Eq. (6.3), the constants als and c's can be
determined by comparing Eq. (6.4) with the one in the problem. For

instance, for the SSCP we should have cp = 1, ay = 1 and €y, = Ay = g.

It is our intention to deve]op'some general expféssions for the |
energy of s states with Hulthén potential as a first approximation. In
this chapter we shall carry out'perturbatioh calculation in section 2
and variational calculation with one-parameter and two-parameter
Hulthén type wave fuﬁctions in section 3. The discussion in section 4

~concludes this chapter.

6.2 Perturbation Calculation

When Hulthen potential is chosen as an unpeq;urbed potential, the
perturbation to the general screened Coulomb potential takes the form
of

~a16r‘ ] —326r

— e -
U(r) = Cy - ’ — cos a,ér

-ér

7. - e %" '(6.5)-.
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The unperturbed energy eigenvalues for s states (Appendix A) are

given by
B0 = 1 (2 - ns)? o (6.6)

and the unperturbed eigenfunctions for s states. (Appendix A) are

; -5 k .
alr) [7 (45 - %6917 e > f (1-e) (6.7)
n - Lo ke |
where
- SR
f - GO O™
k k-1 k
The first order energy correction are
A2 = () Ul 1y (r)>
n n n
-a]Gr ' - -azar

e . e
¢y <¥, (M|E=—l (r)> + ¢y <¥ (r)|5—— cos a,sri¥ (r)>

a

n

e“GI" :
+<\vn(r) I':I——'—“-_Wl ‘{‘n(’r‘)‘)

By substituting Eq. (6.7) into the above integrals and after some
. 4
lengthy calculations, we have the final expression for the perturbation

energy of a s state
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(.9 e 2, 202
AE, 7 ( 5 = 0 n-)
n
. Jj-1 2 .
x Z di{‘z (-1) (j-1) [stn(n nas + jags + a}a)
i=1 j=1 < .
¢ = an{ - na;s + ja15)]}}
CoN
2 (4 2. 2.2
g (g onae)
n
) j-1 2 i :
X di {JZ (-1} (J .l)(sz.n[a + (n + a8 - na,s + Ja26) 1
i=1 =1

22 2 2l
- n [a,76" + (T - nays + 3a26) ])}

2n-1 i+]

i
- Eﬁ-(ﬂg-- n?s? }E: d. [ :E::( SRR -————l—;-f-ﬂ
j= n ns Jé
(6.8)
with
§ € 2

nin - 1} m1n(a], a2)
where

1'

di = 22 Tk Tivik ;
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- kS

In conjunction with Eq. (6.6), thié gives the energy eigenvalues

. of a s state due to perturbation calculation. The compact expression

Eq. (6.8) generalizes the perturbation calculations, which we have earpied
otit FoF. £e1SSEP P, the ECSC and the Baer potential, with the Hulthén

potential as.the unperturbed one.

6.3 Variational Calculation "
6.3.1 ‘One-Parameter Hulthen Type Wave Function

One-pérametef Hulthen type wave function for a variational

calculation is the result of_replacing & by w in Eq. (6.7); that is -

1 1,2 - n
5 =5{= - nu)r _
() = [ g - BAP TN ;_fku - &M (6.9)

where
. o 2
Lo kK + 5 -1
o1y k=1oEn - 1y np :

'Theféhergy of'§'stéte§ is obtained. from

R s -a,6r
: 11- : + c € ] +cC € ;
n nl?2 E_E 1 r 2

cos ayer|y >

H

|
A
e
=3
™
a3
=
v

+
A
=
=
g
el
+
2]
ro

cos a,sr|y > (6.10)
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The first integf'al Jn the right hand side.of the Eq. (6.10) is
not easy to be solved directly, but it can be integrated in an indirect

way as follows

2 2 -
- d ue
<y |2 —2-]‘P > = <y |2 ] e_ur}‘P >
-ur '
- <y I——-——_Iue _ur,|‘i'n> | (6.11)

-

Now the first integral 1n the r1ght hand side of the Eq. (6.11) is

-ur ‘
trivial — it is the e1gen—energy of the potential _—:ﬁ'r'"' And the
' 1 -e

second “integral of Eq. (6 11) can be done without much d1ff1cu1ty.

The final energy expresswn is then obtained to be

2n-1 41 .

- =2 32 on_ 4y 22 Nyl iy 1
En‘_ §(TI nl-l) - 4_( 2 nu ) Zdj[Z( ]) (j-1) 2 + A ]
. - . : N .i=-| j=-| . E"’ nu JH
cn  2n-1 i+ . o
G - 2 - -1, 4 - :
-+ —]4—("1'2-- nZu?) Z di{{z (-1)‘]. ] (jh)[ﬂ.n(%—}-a]a -+ Ju)
o har Ue | o
- & +as -+ ] -.)]1
ol + ay Wt Ju -l
c o 2ne1 i+l | ‘ S =
B O
2 2 N " . l -
- 2nfa,"s" + (— -yt ju-puta 6) ])} | (6.12)



;
~

S where .

- with ‘
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1_1 <--n— (F"' aG) . V-
in which.

and

i k "1+i-k
' The energy of s. state is the result of the m1n1m1zat1cn of

Eq. (6 ]2) w1th respect to u by setting appropr1ate values of a 's and

Te's for the problem of 1nterest

'6.3.2 Two-Parameter Hulthén Type Wave Function

The two-parameter Hulthen wave functionihas,the form
. ) - \ ~ B . .
. 1. 1,2y .
e - ) XS .
w(r) = ﬂl’—-n“nz o '.E_-'fkn%““)"
- o kA _

. (6.13)

u and vpare‘var1at10naJ parapeters.
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2

Lo de ST .
The 1ntegra1dfwn|5;21wn> is fewrjtten 1t/the\fo11qw1ng

2 1 d2 ' ‘ve-ur

d .
<y |—-§1w > = <y [ + — |y >
ToMgee M 2aré 1o

. oy
e

R banpecry L
-

e M’ -ur_
potent1a1 ————————-and the <y [
—ur L

EqP (6.14) Ebn be ‘analytically so1ved The result’of Eq.

1t now becomes the differencé of‘the éigenjEnergy of the Hulthén

|¥n> . Both integrals in

way L

(6.14)

(6.10) in this

ca]culat1on_]s - '
. ' ' ’ L T )
: 2n 1 i+l A
- 142y _ 2_n J-1 1
En_g(n nU) E]J'( Z‘d [E ( ]) 31) 2\) ] ]
n — =Nyt Ju
\ - 3=1
2n-1 . _ i+l

i=1 - j=]

@?]ﬂm (_‘2';”22) 2 d {E(T)‘” JT)[zn(z"+aa—nu+Ju)

- 2"(g§'+ a]GA' ne + Ju - u)]%n

L%

N o 2n-1 i+l
oty 3 6 {32 T (e
: . - =1 - ,
‘ - , - zn[azza2 + (gﬁmgwnli-ju -ut azg)z]»% ' g
| . with Do : :
o ny ---2-:—< ad
7w
S s
R ) : . t .'

2y
+ (5

~ np + ju + 826)2]
(6.15)
5
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where.

a = min Fa1,.a2) | N

4 "'Z :fk Flaiok
’ ‘ -

Upon optimizing Eq. (6.15) with respect to p and v, one can obtain

and

the energy of thé general screened Coulomb potential by setting

L

appropriate values of a's and c's.

L ‘ ¥
6.4 Conclusion
Né.have obtained expressions for the eigenvalue for a screened
Cou]omb‘potentiaf§ by using Hulthén potential as a first approximation,
in a compact form. These compact expressions, namely Egs. (6.8),
(6.12)"and (6.15), contain all calculations that we have done on the
- b

energy eigenvalues of the SSCP, ECSC potential and Baer potential with

Hulthén wave functions as a basis set../ {
’ L3 i

"On the p}afégca1 side, the use of these éompact expressions to
éompute the s-state energy values is limited. We have made se§eraﬂz
attempts to do so, by programming these expressions in guadrﬁp]e
precision (32 figdres in accufacy) in an IBM 370/168 machine-and

doub1s precisionﬂZZQ figures .in accuracy) in a CYBER 74 computer,
. i _ o

»
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A,

but we failed td 6btaiﬁ an energy.va1ue§ in the Jower screening region-
for tﬁe ground state and hard1ylanything'f0r an excited state. An
exéminatibn of theﬁe-expressions shows th&t_the complexity of the
computation increases with u and also that there are 1argé cancellation
betweén temms and the most signifjcant portfon of a number may be lost
during the'compﬁtatioh. We have experienced the saﬁe kind of problem
when we carried the calculation on the energies.of the SSCP or ,ECSC

¢

potential or Baer potential.when § is small in the”previous chapters.

For obtaining the energies from these compact expressions, a very high

»
precision computer (with more than 32 significant figures in accuracy)

is required.
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Chapter 7 - Energy Levels of a Helium - Like Atom with a Static Screened °

Coulomb Potential .
- 7.1 Introduction

It is welj knpwn that in Ge-and Si—type.semiconductors,rthere.exist a
bivalent impurity ce;E;;“XESOdeanu 1965, 1967, Gershénzon-et al. 1971, and
Godik et a1. 1971}. IH a h:type semicoﬁductor it is two electrons bound
to a positive core and in a p-type semiconductor, twa holes are associated
witﬁ a negativeTy chafged core. in a n-type semiconductor, this kind of
impurities arise from (1) ene additional electron attached to a neutral
dohor, in analogye to a H™ atom; (2) the substitutional impurity is a
bivalent atom, in analogye to He atom. .To qbtain,thE-energy“1eve1s of this
type of impurities, élodeanu (1965, 1967) p}oposed a helium-iike model in
a sinb]e band approximation in which hé used the ffee electron mass, ‘

instead of the effective mass, and the dielectric constant of the host

crystal.

‘
Here we attempt to approach the problem in a different way. Actually

the interaction between the attached electrons of holes and the impurity
cenﬁge_is not purely Coulombic. The existence of the free electrons
weakens the interaction between these charged particles. In other words

the Coulomb potential®is screened by the free electrons.

In the following sections we 'shall evaluate the binding energy of He-

1ike atoms with a SSCP using by the vaﬁiatiqna] method.
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7.2 Calculation

The Hamiltonian of the helium-1ike atom in atomic unit is

-8ry -5 -8
AR al 12

1 2 . Ze e :

+ 5V, + - . (7.1)
272 1 ™12 o

4

21 .2 . Ze
H=75 W r]

£

where § is the screening parameter, v, is the coordinate of the i-th
" electron with respect to the impurity centre of charge Ze and rio is the
distance between two electrons. The type of the trial wave fuhctions which

will be emp1oyed in the following is of the form

v = f(ry) x fry) x g(rys ros rio) : ‘ - (7.2)

where'f(ki) is the hydrogen-like wave function and g(rT, o rlz) js a
correlation factor. This type of the wave functions has been widely used
for helium-like systems, such as H , He, Liteetc. (Green et al. 19585,
18§§B§. Recently ground state wave‘functions of very high accuracy have
been obtained for a number of helium-like atoms. These wave functions
have been of the form of Eg. (7.2} Qith a large number of terms in the
function g. However in our present investigation, we are dealing with a
siightiy differeni system. We shall restrict ourselves to relatively -~

simple forms of g. The wave functions used by us are

L r2) . | - | (7.3)

1
-a(ry +1y) 5 :
g=e 1 2 (14br,)? (7.8)
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. -a(r1 tr,) .
y'= e , (1 +‘br12) - {7.5)
-a(r, +r,) br : '
y =@ 1 2" o 12 (7.6) -
—alry + 1)
_ o 2 2 .
¥ =e 1 +-br12-+C(P] - rp) S (7.

The energy is obtainedrfrom

E = <y|H|y>

_ . g
The energy associated with the kinetic energy operator v? and the
. ) —-Gr-i N
er can be integrated without much difficulty. .
.] . -
The integration associated with the interaction between two electrons is
Y a

has to be expanded in

potential energy operator

e
12 _
terms of the coordinates r] and ro. To obtain this, we use the fact that

carried in a different way. The integraht

1kt12
er - ki, (Kr,) h&*’ (kr.)
12
sin kr ikr‘>
=k < e
kr kr
< >

where'j0 is the Bessel function and hg+) js the Hankel function of the
first kind. r, stands: for the smaller of the lengths g and Fos and

r, stands for the larger of the lengths " and ro- 1f we write k = i§, it

follows

AS

N
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A ]
CE

‘(5'('12 . e ool -&r

e =-is1n-16r<e >
r]Z 8 T« ,} r,
0 ' } : sr -§r
N . ' . . 8 < - £ <
 Because sin isr_ = 1 sinh(sr ) = i :
S . < ! < 2
therefore . -g§r.,.  .&r -8ri -&r
. e '[2 i S <_a < o
12 \ - 28 re ry

®

The energy expressions for the wave functions (7.3) to (7.7) are

respectively listed below.

’ a2 - 2 8Za 3
£= - =2 [2(2a+9)* 4 a(s? + 8as + 202D+ —EE (7.8)
2(2a + &) (2a + &)
E= — 1 (- 8a° + 16a%h + 80ab% + 165b°)
. 24b%(16a + 35b)
: . 2a
- — (6a® - 7ab + 36%) e P ].-Z—g)
3b (%ﬁz + 35b)
+ - 3222° [2a(4a + 8)2 (2a + 8)
. (4a + 8)° (2a + 6) (TGaQ 35b)
b(120a% + 100a%5 + 30262 +736%) |
4a3 2 2 -
- - [(zoa + 8as + 82) (2a + &)
(2a + 8)” (16a + 35b) .
+ 2b(32a% + 106 + 6°)] (7.9)

wheee E.(-x) is an exponential integral.
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E = (8a% + 35ab + 48ac + 48b% + 154bc + 288c2)”]

2

+ (5{8a% + 25ab + 3267 + 48ac + 480c” + 146bc)

32a%z
(4a + 6)2 (2a + &)

7 [(4a"+ 6)2l(2a + 6)2 a2

3 4 100a%6 + 30a8°

+ 3b2(4a + 6)2 ((ia2 +\4—as/+42)]
3g4a’cz 2 2

+ (2a° + 2as + &)
(2a + 6) '

+ ab(2a + 6)(120a + 389 . .o

64acbc
(4a + §)2 (2a + 8)°
e )

+ 8762%62 + 186a8" + 156°)

4 3.4

(1120a° + 2128a"s + 1960a°s

192a2c%z

(2a + 5)6

3 2

+ 5 +.192a%6% + 80as> + 157)]

(962" + 192a

4
- ———EEL-——-[(Za + 5)2 (ZOa2 + Bag + 52)

(2a + 6)6
+ 4b(2a + g)(32a2 + 10as + 52) + 2b2(14~0a2 + 36as + 352)]

T6a c

(2a + 8)

+ (36a2 + 12a6 + 52)

64a5bc

+ i (48a2 + 14as + 52)
(2a + o) i

62 .
+3928°¢” (5202 4 16as + 52)}

. (7.10)
(2a + 5) ,
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E»— Z(a‘b) — (8a% ¢ 7a% + dab® - £%)
4a~{8a“ - 5ab + b°)

+

2 2 .
a2 - b) o[ 62+ 48(2a - b)
(43 + &) (2a - 2b + §)° (8a° - 5ab + b°) : <

- kY

+ 4{a - b)(4a - b)] k/

; .
2a - b) o [20a% + 8a(s - 2b) + (s -,zb;z]
a(2a - 2b + §)° (8a“ - 5ab + b°) e

i

(7.11) _

. _8a% + 25ab + 32b°
4(8a% + 35ab + 48b°%)

302a2

+ -
(42 + 8)% (23 T 6)% (832 + 35ab + 48b°)

[(4a + 5)% (2a +7 6)2a2

WP 3 2 2 3
+ ab(2a + §)(120a” + Toea § + 30a8” + 38%)

+3b6%(4a + 6)% (6a% + das + 52)] -

4 : .
. 2 [ (20a2'+ 8as + 6%) (2a + 5)°

(2a + 6)° (8a% + 35ab + 48b?)

+ 4b(32a + 10as + 62) (2a + 8)

+ 2b%(140a° + 36a5 + 352) | (7.12)
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2,3 Discussion

Upon optimizing the expressions (7.8) to (7.12) with respect to the
variatjonal parameters by the method of “"pattern search" due to.Hooke and
Jeeves (1961) (also see Wilde 1964, and Kéwa1ik and Osborne 1968), energy
eigenvalues éré obtained. Tables 7.1 to 7.5 showed the energies of H
atom and Tables 7.6 to 7.10_showed the energjes %f He atom; as a function

of screenng parameter §. Also showed in the Tables are the optimized @

parameters.

The eneﬁ%ies of these atoms are a monotonic decreasing function of
the screening parameter § and eventually diminish at. the ﬁritica]
screenings. The parametér'é‘in the wave functions (7.3) ﬂeﬁ(7.77 qre
practically a constant value below & = 0.02 and arannonotonica]]y
decreasing with s as ¢ > 0.02 for both atoms. The parameter b, which have
different meanings in d%fferent wave functions of (8.4} to (8.7), with &
in the same manner as the parameter a does. The parameter c of the wave
function'(7.7) incﬁeases with a!in the He atom and it increases to

§ = 0.6 and then decreases in the H atom.

In Eq. (7.3) g is set to 1. It is simply the product of two
hydrogenic wave functions and does not contain any expressions involving
o The reason that we include it here is to show how effectively the,
calculated energies of H™ and He in the screening situétion are improved

by introducing g(r], Fos rlz). For instance, at Tow screening case, -
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§ = 0.0001, the\jmprovement over'Eq. (7.3)‘by Eq. (7.4) is 6.7%, By

£q. (7.5) i5 7%, by Eq. (7.6) is 6.9%, and by Eq. (7.7) s 10.0% in W
and by the order of the Egs. they‘are respectively improved by 0.83%,
1.5%, 1.45% and 1.89% in He. The {ﬁpnovement is more substantial near
the critical scfeening: At & = 0.8, the improvements of Eq. (7.45 to

Eq. (7.7) over Eq. (7.3) in H™ "are respectively 50%,‘52%, 53% and 77%;

at 6§ = 1.8 in He the jmprovements are respectively 23%, 44%, 48% and 77%.
The importance of the factor'g(r], s r12) is therefﬁre quite obvious.
From the results shown in the'Table 7.11, Table 7.12 and some statistics
shown above; by all means the three-parameter trial function of Eq. (7.7)
is the best among all five functions listed here. The improvement from
the two-parameter trial functions to the three-parameter %rial_function is
substantié] at high screening case. Among three two-parameter wave
functions, the Eq. (7.4) is the poorest. The results show that below

§ = O.Zlin H™ and § = 0.8 in He the Eq. (7.5) is slightly better than the
Eq. (7.6) and the opposite is true when 6 = 0.2 in H and & > 0.8 in He.

. 1f qne expands g?r1§ and retains the terms up to the first order of bry,
i;t;l (7.6), Eq. (7.5) is immediately followed. - The improvement of u
Eq. (7.5) over Eq. (7.6) is quite small {less than 1%) in the Tow screening
region but the opposite is relatively large. Near the critical screening
an improvement about 3% is ;Ecorded in B~ and 7% in He. ‘Overall Eq. (7.6)

js the best among the two-parameter trial.functions. .

" We cannot accurately determine the critical screening parameter of

either atoms with the static screenﬁiéﬁbu1omb potential. Our calculation

only suggests that the lower bounds £6r the H™ and He are respectively 0.9

and 2.0.
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'Table 7.1 : Energies of H™ with the SSCP from the
: trial wave function {(7.3)

-~

-t

Screening Optimized Energy

parameter parameter \
0.0 . 0.6875 0.47266
0.00071 0.6875 0.47256
' 0.00602 0.6875 0.47246
'0.0005 0.6875 0.47216
0.001 0.6875 0.47166
0.002 * 0.6875 0.47066
0.0025 0.6875 0.47016
'0.005 0.6875 0.46767
0.07  0.6875 ) 0.46272
0.02 0.6875 . 0.45289
0.025 B 0.6670 0.44803
'0.05 . 0.6865 0.42413
0.1 0.6835 0.37853
5.2 0.6710 0.29587
0.2%5 " 0.6620 0.25866
0.3 ~0.6510 0.22409
0.4 ' 0.6235 b.16254
0.5 ‘ 0.5890 0.11065
0.6  o.5u55  Ng.06793
0.7 0.4910 (f§>03403

0.8 S 0.4175 0.00886
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: Table 7.2 Energies of H$\w{:;7khe SSCP from the
trial wave function (7: H)

o

Screening - Optimized parémeter \‘ Energy_
.parameter _ a : b C o
0.0 . 0.7965 2.5647 © 0.50659,
0.0001 0.7965  2.5647 'o.sosugi'-'
0.0002 ;, - 0.7965 o 2.5647 " 6,5963§“ |
0.0005 -  0.7965 2.5647 270&5@669"'
0.001. 0.7965 .  2.5647 :_0;56559
0.002 0.7965 2.5647 050459
0.0025 - 0.7965 2.5647 0.50409
0.005 o 0.7965 “2.5647 | _o.§o1§o
0.01  0.7965  ° 2.5647 049661
0.02 0.7965 2.5647 . 0.48679
0.025 0.7965 2.5647  0.48189
0.05 0.7955 2.5615 : 5°0.45781
0.1 0.7925 2.5202 0.41153
) 0.2 ~ o.7800  ° 2.4024 0.32662
0.25 0.7715 - 2.3299. 0.28796
0.3 . 0.7595 .2.2329 . 0.25179
0.4 - d.7310 2,061 0.18677
0.5 0.6940 1.8460 0.13117
0.6 ¢ 0.6480 .1.6330 0.08463
0.7 ~0.5910 1.4184 ¢ 0.04688
¢ 0.8 ~_ 0.5170 - 1.1684 s 0.01779

0.9 0.4050  0.8505 ~0.00227
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_Table.7.3 :

v
R

; ‘19.j7ﬁ:f

Optimized parameter

0.4325 -

s
Screening
parameter a
u 0.0 0.8525
0.0001 0_6525
0.0002 - 0.8520
0.0005 \\;\:t8§éo_'f
- 0.001 R 10{8520'
 o.002 " o.8520
0.0025 0.8520
0.005 - 0.8520
0.01 0.8520
0.02 '0.8520
0.025 0.8520
0.05 0.8510,
0.1 onsdvo
2 052 0.5315.
‘ 0.25 - 0.8190
' 0:3 6.8060.,
.+ 0:4 0:?726
‘6.5 0.7310
0.6 .0.6805
0.7 0.6195
0.8, ‘20.5H35
. 0.9

[}

b

0.2251

0.2249
0.2249

0.2249

. 0.2249

0.2249
0.2249
0.2249

0.2249

. 0.2249

0.2247

~

0.2219

' o.2fu5

0.2080

0.2031" -

©.0.1899

0.1765

0.1620

0.1462 -
0.1283

0.1021 *

Energies of HT with. the SSCP from the
.+~ 7. trial wave-function (T7.5)

0.50756
'0.50780

0.50770

0.50740

0.50690
0.50590

0.50540

© 0.50291

0.49794
0.48808
0.48318
0.45904
0.41257
0.32724
0.28843
0.25216
5.18707
0.13157 -
0.08525

0.0%776

_.0.01890

-0.00110

e L
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Table 7.4 : Energies of H™ with the SSCP from the
B " trial wave function (7.6) T ’

—

Scﬁéening . Optimized parameter Energy
parameter a b '
_ -
0.0  0.8255  0.4936  _ 0.50878 -
‘0.0001 0.8255 0.4936 0.50868
10.0002 0.8255 0.4936 '0.50858
0.0005 0.8255 -  0.4936 . 0.50828
0.007 0.8255 0.4936 . 0.50778
0.002 0.8255 0.4936 _ 0.5067&-
. 0.0025 | 10.8255 0.4936 -  0.50628
0.005 0.8255 - 0.34936 0.50379
0.01 0.8255 0.4936 ~0.49883
0.02 0.8255 ©  0.4936 10.148896
0.625 0.8255 6.3936 0.&8&67
0.05 0.8245 0.4914 0.45995
0.1 0.8210 0.4827 0.141355
0.2- ° 0.8070 0.4568 0.32829 - v
0.25 0.7965 0.4397 0.28945
0.3 ‘ 0.7840 0.4218 0.25311
0.4 0.7525  0.3838  0.18779
0.5 . 0.7130 0.3451 0.13197
0.6 0.6640  0.3028 0. dBs30
0.7 . 0.6040 0%2597 0.04747
0.8 0.5275 0.2131 0.01834

0.9 _ 0.4135 - 0.1563 ~0,00179
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0.0766

Table 7.5 : Energies of H™ with the SSCP from the
. trial wave runction (7 7)
r ; ’
éereening Optimized parameter
pparamngr- a ‘ bb c -
0.0 0.7685 0 5194 0.0819
0.0001 0.7685 0.3194 0.0819
;. 0 ggoz 0.7685 0.3194 0.0819
0.0005 0.7685 .0.3189 0.0818
0.001 0.7685 0.3189 0.0818
0.002 0.7685 0.3189 0.0818
0.0025 0.7685 0.3189 0.0818,
0.005 0.7685 0.3189 0.0818
0.07 0.7685 0.3189 ' 0.0818
0.02 0.7685 0.3189 0.0818
0.025 0.7680 0.3181 0.0819
0.05 0.7670 0.3160 0.0819
0.1 0.7625 0.3073 0.0820
0.2 0.7455 0.2806 0.0828
0.25 0.7330 0.2637 0.0833
0.3 0.7195 0.2482 0.0839
0.4 . 0.6850 0.2137 0.0851
0.5 0.6445 0.1811 0.0856
0.6 0.5985" 0.1530 0.0857
0.7 0.5480 0.1295 0.084Y
0.8 _0.4910 0.1093 0.0812
0.9 0.4255 0.0928 0.0755
1.0 0.3355

0.0654

0.52531

0.52521

© 0.52511

0.52481
:0.324§1
0.55331
0.52281
0.52032
0.51536
0.50551
0.50062
0.47658
0.43044
0.34605
0.30776
0.27201

1 0.20787

0.15303 °

0.10689
0.06883
0.03834

0.01503

. -0.00113
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Table 7.6

Screeﬂing
parameter

Energies of He with the SSCP from the
trial wave -functién

Optimized
. parameter

- 179 -

v

(7.3) -

*

0.025

1.6210
1.5950
1.5650
.1'5310
1.4940

2.84766
2.84736

' 2.84706

2.85616
2.84466
2.84166
2.84016
2.83268
2.81777
2.78810

2.77336

C2.70044

2.55862

2.29031
2.16343
2.04118
1.80991
1.59540
1.39668

1.21292

- 1.04338

0.88739

T M e e e e e e e g e
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Table 7.6 (cont'd)

‘Sereening Optimized Energy
parameter . parameter )
C_oo10 - 1530 0.7483g
1.1 1.4080 0.61385
.2 .7 1.3590 0.49532
1.3 ~1.3055 . 0.388141 s
1.4, 1.24650 0.29279
1.5 1.1810 0.20820
1.6 | 1.1080 0:13448
1.7 1.0235 6;q7160
1.8 0.9210 _0.61982
1.9 f 0.7775 -0.01991
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Table 7.7 : Energies of He with the SSCP from the
. trial wave funetion (T.4) :

-

VScreening' Optimized parameter Energy -,
parameter - a . b
'""f""""""'*'TL""“""""""""""'"'f"? """""

0.0 1.8770 3.0633 2.87159
0.0001 - 1.8770 ©3.0633 2.87129
0.0002 " 1.8770 3.0633 2.87099

0.0005 1.8770 3.0633 2.87009..
.0.001 | 1.8770  3.0633 2.86859
0.002 | 1.8770' " 3.0633 2.86559
0.0025° »  1.8770 3.0633 2.86410
0.005 1.8770 3.0633 °  2.85662
0.01 . 1.8770 3.0633‘~ 2.84170
0.02 1.8770 ‘3.0633 <« 2.81203

' 0.025 1.8765 3.0624 2.79728
0.05 _ 1.8760 3.0616 2.72432

0.1 . 1.8735 3.0576 . 2.58236
0.2 1.8640 - 3.0420 2.31354
"0.25 | 1.8570 3.0269 2.18632
0.3 "1.8485 3.0094 - 2.06366
0.4 . - 1.828§f; 29731 1.83148

T o.s 1. 8040 2.9261 1.61594
0.6 “1.7750 2.8720 1.41612
0.7 1.7u26 2.8116 1.23120
0.8 | 1.7050 2.7416 1.06047

0.9 < 1.6640 2.6691 0.90329
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Table 7.7 (cont'd)

Screening Optimized pérame_ter Enersy
parameter . " a b . 7

1.0 1.6635 2.6616 " 0.75910
1.1 1.5690 2.5041 0.62740
1.2 1.5150 2.4119  °  0.50772
1.3 1.4560 2.3092 0.39970
1.4 1.3905 2.1970 0.30300
1.5 1.3190 2.0787 0.21735
1.6 1.2380 1.9437 0.14260
1.7 1.1455 1.7939 0.07870
1.8 1.0345 1.6138 0.02584
1.9 0.8835 1.3747 -0.015158

4

\

¥

F)
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Table 7.8 : Erergies of He with the SSCP from' the ‘
Sy _'trial 'wave fumction (7.5) o

Screening . Optimized parameter ~ Energy

parameter a b :

0.0 1.8565 0.2525 2.88962
0.0001 1.8565 0.2525 2.88932
0.0002 1.8565 0.2525 5.88902
0.0005 -  1.8565 04525 2.88812

. 0.001 : 1.8565 0.2525 2.88662
0.002 1.8565 0.2525 2.88362
0.0025 .  1.8565 .0.2525 2.88212
0.005 1.8565 ~ ~ 0.2525 . 2.8746M }
0.01 1285653 0.2525 2.85973
0.02 1.8565  0.2525 2.83001
0.025, 1.8565 0.2525 2.81530
0.05 - 1.8560 0.2524 2.74235
0.1 . 8560 0.2561 2.60042
0.2 1.8465 =~ 0.2548 2.33168
0.25 1.8395 ©0.2539 . 2.20451
0.3 1.8315  0.2527 2.08191
0.4 - 1.8120 0.2501  * 1.84985

0.5 1.7875  0.2467 1.63411
0.6 1.7595 0.2428 1.43466
0.7 3.7270 0.2383 - %.2#978
0.8 : 1.6930 0.2370 1.07903

0.6 1.6530 . 0.2314 0.92176
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Table 7.8 {cont'd)

,' Screening Optimized pérameter Energy
( parameter a . b

1.0 1.6110 . - 0.2288 0.77740
1.1 1.5650. 0.2254 0.64543

. 1.2 1.5140 0.2210  0.52539
1.3 1.4585 0.2159 0.41687
1.4 1.3970 0.2096 0.31954
1.5 1.3290 0.2020 0.23311
1.6 ‘ 1.2545 - - 0.1957 ~0.15738
1.7 - 1.16%0 0.1870 ~ '0.09227
1.8 © 1.0680 0.1773 0.03788
1.9 0.9370 0.1630 c -0.00523
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Table 7.9 :-Energies of He ‘with the SSCP from the
: trial wave function (7 6)
v, . ) !

Screening Optimized parameter "~  Energy
parameter 3 a - h ~ .

0.0 | 1.8500 0.3665- © 2.89112
0.0001 ~1.8500 0.3663 © 2.89082
'0.0002 - 1.8500  '0.3663 2.89652
0.0005 1.8500 0.3663 2.88962
0.001 1.8500 ° 0.3663 2.88812

N 0.002 1.8500 0.3663 2.88513.
0.0025 1.8500 0.3663 2.88363 -
0.005 1.8500 0.3663 2.87615
0.01. | . 1.8560 ‘ fb.3663 2.86123. i
0.02 1.8500 - 0.3663 2.83156
0.025 . 1.8495 0.3662 . 2.81681
0.05 1.8490: 0.3661 2.74385
0.1 = 18465 0.3656  2.60188
0.2 1.8370  0.3637 2.33303
0.25 1.8290 0.3585 2.20578 )
0.3 - . 1.8210 0.3569 2.08309
0.4 ‘ 1.8015 0.3531 1.85081
0.5 1.7#70_7 ©0.3447 1.63512
0.6 - . 1.7485 0.3392 1.43509
0.7 1.7165 0.3330- 1.24991
0.8 1.6600 0.3226 1.0788Y

0.9 1.6400- 0.3149 0.92126
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Table 7.9 (cont'd)

Sér‘eeriing Opt..imiz;ad p'ar'ameter- Energy
parameter ' a b '
o t.0 . 1.5965 0.3065 0.77657
R . 1.5475 - . 0.2940 7 o.64u28
1.2 1.4955 0.2841 0.52393
}.3 ©© 1.4385 . 0.2733 0.41512
1.4 . 1.3765  0.2643 - 0.31751
1.5 1.3075  0.2510 0.23083
RN 1.2315 0.2389  0.15490
1.7 T 1.1440 0.2219 0.08963
1.8 -~ 1.0410 0.2061 ' 0.03515
1.9 . ° ©0.9065 0.1831 ~0.00792
- -
/
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‘Table 7,10 : Energié3 of He with the SSCP from the
: trial wave function (7.7) - -

=]

-Seréening'-. : Obtimized parametag ‘ Eﬁergy
parameter a. _ - b _ [ '
0.0 1.8170 0.2929 0.0360 2.90243
0.0001 1.8170 0.2929 0.0360 2.90213
0.0002 . 1.8170 0.2929 0.0360 2.90183
0.0005 1.8170 d.aéég 0.0360 -~ 2.90093"
0.001 1.8170 0.2929 0.0360 2.89943
0.002. | 1.8170 0.2929 0.0360 ©  2.89644
0.0025 . 1.8170  0.2929 '  0.0360 2.8919Y
0.005 - 1.8170  0.2929 0.0360 . 2.88746
. 0.01 | 1.8170  0.2929 0.0360 2.87255
0.02 1.8155 0.2912 0.0359 . 2.84289
0.025 1.8155 . 0.2912  0.0359 2.82814
0.05: 1.8145" 0.2907 0.0363 . 2.75524
0.1 1.8120  0.2899 0.0366 2.61350
0.2 1.8005 0.2841 0.0378 2.34549
0.25 1.7920 0.2799 0.0387 2.21882
0.3 1.7835 0.2768 0.0400 2.09682
0.4 1.7600 0.2668 0.0426 1.86620
0.5 1.7315  0.2549 0.0454  1.65253
0.6 - 1.6980 0:2418 0.0486 1.45486
0.7 ) 1.6610 | 0.2289 0.0522 - 1.27233
‘0.8 1.6200 0.2155 - 0.0561 1.10421

0.9 1.5745 0.2015 0.0598 . 0.94981
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"Table 7.10 (tont'd), ..
R

Scre.eAning - Op'timize_d. parameter Energy

parameter a b ¢
~ 1.0 1.5255 0.1876 0.0641" 0.80851
- 1.1 1.47.15 0.1733  0.0683. 0.67973
1.2, 1.4135 70;1589 '0,0724 0.56294
1.3 1.3525 6;1u63 © 0.0768 0.45764
A | 1.2870 0.1338 - 0.0811 0.36335
1.5 1.2170  +  0.1222 . 0.0852°  0,27963
1.6 . 1.1430 0.1120 0.0889 - 0.20604-
] 1.7 1.0635, 0.1029 0.0921 0. 14220
1.8 0.9785, 0.0961 0.0947 0.08776
1.9 0.8840 © 0.0903 0.0962 o,duzu7
2.0 : 0.7750 10.0866 070956 = 0.00630
2.1 __' '0:6195 a  0.0834 0.0901 . -0.§2o10

-
N
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Table 7.3i1 : Energy eigenvalues of H™ with the SSCP from various
? -approximate trial wave functions '

Screening -——;—-;-—QQ-—F -------- Energy--—~=-emmmcemmmmem e -
parameter Eq.(7.3) Eq.(7.4) Eq.(7.5) Eq.(7.6) Eq.(7.7)"

———— o " S v e w— dt dh Tob Gk B e SR PRl B ST G M SR M S W G W G WY TES AEY YEN G W T W W M e e e e G W

.50878 850790

0.0 - 0.47266  0.50659 O 0.52531
0.0001 0.47256 . 0.50649 0.50868 0.50780  0.52521
’ 0.0002  0.47246 - 0.50639 0.50858  0.50770  0.52511
0.0005 0.47216  0.50609  0.50828  0.50740  0.52481
0.001. 0.47166  0.50559  0.50778  0.50690  0.52431
0.002°  0.47066  0.50459  0.50678  0.50590  0.52331.

0:0025 0.47016 ©  0.50409 0.50628 . 0.50540 0.52281 .

0.005 , 0.46767  0.50160  0.50379  0.50291  0.52032
0.01  ~ 0.¥6272  0.49664  0.49883  0.49794  0.51536
0.02.  0.45289 O uBsfg 0.48896 . 0.48808 = 0.50551
N - 0.025 - 0.44803 " 0148189 0.48407/  0.48318 _ p.éooszf
. 0.05 0.42413  0.45781  0.45995  0.45904 - 0.47658
0.1 0.37853  0.41153  0.41355 _ 0.41257" . 0.43041
0.2 0.29587  0.32662 0.32829  0.32724  0.34605
0.25  0.25866  0.28796 = 0.28945 0.28843  10.30776
0.3 0.22409 - 0.25179 ©  0.253117 .0.25216 - 0.27201
0.4 : Sq.1§254' 0.18677 q.&§7f§ 0.18707  ~0-20787
0.5 0.11065  0.13117 ~ 0.13797 Q.13i5{ .0.45303
0.6 0.06793  0.08463  0.08530 - 0.08525  0.10689
0.7 0.03403  0.04688 0.04747 _ 0.04776 10.06883
0.8. 0.00886  0.01779  0.0183%  0.01890 ~ 0.03834
0.9 ©-0.00227  -0,00179 _ <0.00110 ° 0.01503
i : Ty _

. .+ -0.00113

LANE
3



Table 7.12 :

Screening
parameter

——_——.._———-——-—_———-..—_—-n—.—.———_—-q-—————-————-.-———-.-__-_—-. ) —

0.025
0.05

0.25

(]
+=

Q
. o 1 o’

—_

N oM

SR R S NS S R S

- 190 -

287159
2.87129
. 2.87099
"2.87009

2.86859
2.86559
2.86410
2.85662
2.84170
2.81203

2.79728

2.72432
2.58236

»2.31354

2.18632

. 2.06366
1£83148

1.61594
1.41612
1.23120

-1.06047

8.90329

Energy eigenvalues of He with the SSCP from various
approxlmate trial wave functlons, ‘

2u§9112

2.89082
2.89052

2.88962

'2.88812
2.88513

2.88363

rn n RN n ro no

[NV I AC B AV

. M

2.88962

' 2.88932
2.88902

.88812
.88662
.88362
.88212

.83001

n

.81530
;74235
.60042
.33168
. 20451

- 2.08191
" 1.84985

1,634 1

1.43466
1.24978 -
.~ 1.07903

:6.92176

8746l
.85973 |
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Table 7.12 (cont'd)

Screehing ——----—-Q—r;--4—-Fh-r—Enérgy--;----L-—--—----;-T-; -----
parameter .Eq-(7.3) Eq.(7.4) . Eq.(7.5) - Eq.(7.6) = Eq.(7.7)

e - e S i = o i b 0 T > o o (e W e T W o e o

77657  0.77740 0.80851
64428  0.64543  0.67973

.52393 0.52539 0.56294

41512 \\\S.u5687 0.45764

'40.29279  0.30300 - 0.31751_. 0.31954«  0.36335

—
o= w AV
O
(WS
co
oo
=
LIy
[

o
(Yo
o
-3
o

.5 0.20820  0.21735  0.23083°  0.23311  0.27963

1.6 | -Q;13H48 ~ 0.14260 6.15499 0.15738 0.20601

1.7 007160 0.07870 * 0.08963" 0.65227  0.14220

1.8 ©0.0T982  0.02584  0.03515  0.03788  0.08776

4.9 . -~ -0.01991 -0.01515 ~0.00792  -0.00523 0.04247

2.0 0.00630

2.1 ~0.02010
A ) o
o i

* &
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Chapter 8 ~ Fine Structure of Excitonic Lines in CuCl
8.1 Introduction

Stebe and Certier (1972) presented a quantitative study on the fine
structure of excitonic lines due to fonic polarizationi:in the case of an k

intermediate polaron-lattice coupling and have applied it to CuCl.
. \ v

In the effective mass approximation, the non-relativistic electron-
hole intéraciion operator is not purely Coulombic, and this leads to the
- fine structure of the excitonic lines (Haken 1962). For this effective .
e]ectron-ho]e”interaction, Stebe and Certier (1972) chose the Haken

potential (1958), which has the following form:

2 ] * .
V(r) =~ S4vir) - o (8.1)
Eé . . . :
_r _r
2 |
Vir) s - € (2 ) (e Bre N . ; (8.2)
25:01“ g€

where p, | = (h/ZmZ h m)”2 is the polaron radius of the electron (the
-] k] '
* -
ho1e), Ma h the effective mass of the electron (the hole), €5 and e
are the static and optical dielectric constants respectively, and w is.

the Tongitudinal circular frequency of the lattice.

Stebe and Certier (1972) have considered the non-Coulombic part V'(r)
as a perturbation with respect to the Coulombic part and have obtainedq%he

energy difference between the 2s and 2p levels from the first order



3
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Perturbation energy. Their calculated result is 29 cm

the experimental value of 50 em™! for Cucl at 4°K.

In Fig. 8.1, we show the unperturbed‘Cou1omb potential and the
.perturbation V'(r) as a function of r for the casé of CuCl. 1Tt is nothag&

that the perturbatidn is supstantial and if'we view this in light of the

, as compared to

considerable difference between the theoretical and experimental values

of #E(2s - 2p), we are led to -inquire the effect of higher order terms

in the perturbation theory.

In the fo]lbwing sections, we will preseﬁt the results for the

splitting aE(2s - 2p) when the calculation js carried out to the second

order in the perturbation theory.

8022 Calcutation

The energy of a state to the second.order correction in the

perturbation calculation is given by

E

, 1) 1 ae(2
En + sgl2)

e
B En t AEn] nl

where

() .
AEn] B Hnn

H 2

AE(2) - 2 "

nl = En - Em
mén

(8.3)

(8.4)

(8.5)
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Fig. ~8.T_£‘Ihé Coulomb potential and the perturbation V‘(rf as a_ function of r
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where . ‘ e .
Hnm.-ﬁ,m V(r) ¢, dt _ _ (8.6)
The atomic units as adapted to solid state ‘physics are used here. They
2, 0% gz . ; ** 4, 2.2 .
are 8, * e, h™/u e&" for the unit of length and -~y e /ao h™ for the unit

* * % * *
of energy, where y = memh/(me + mh). The Haken potentia¥ is then

1,1 ,fo e ‘
V(T‘) HF+§-F(.€- ]) (E + e ) (8.7)
where
Se,h ~ ac_J/pe,h .
The unperturbed wave functiog is
. L oL
o = 2N ELEE ]2 1T e
ne &2 (n-1-2)! 29 + 1)1 .
Fil-n+ 2+ 1 22_+22—‘"
. 11 ? > n

AN

where ;F, is the confluent hypergeometric function.

Substitution of this wave function in Eq. (8.6) giveé‘fhe following

i

expression for Hﬁm"
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. . ' S |
s (___ . p2ht] ] 1Y (m 1) ] 7
nm (29.+1)' 2 9.+2 (n-z-])' (m-12-T1)! :
N ( I 1 1
‘ O L et Wt W (e vyt
‘ _ . 4mn '

| 1 1

alias ST X T e
( 1 ; 1, 1,™

%h

1y
n

2=

4mn )}
3 pon - m + n}(é jyn +m - n)

2F](-n+s’,+1 - Mot g el 22 4 2 v
H 4
\-
where ,F, is the hypergeometric function[‘r

I

Eq. (8.3) in'cbnjhnctfon with Egs. (8.4) and (8.8) can be used to
. . ’. - ";‘7- .

calculate. the fine structure "of any given excitonic state.

. To allow for the ionic polarization, we have also used the polaron
masses, as-has been done in the work of Stebe and Certier (1972), which

-~

are connected to Frohlich's polaron coupiing constant (1963) by

For weak or intermediate coupling

*k

- * ‘V" aeah
Me,h = Me,n (+ 6 )

——— [ R et T el ¥



-

and for strong coupling limit, charactérized'by_ae h > 6, they used the

following relation due to Alicock (1963):

> ¥ 16. 4 2 g
l'lle,h me,h [E]Tz c'.e’h + O(B )]

* .
m /m. = 0.5

mh/m = 13.5

7.5

m
i3 |

4.84

m
n

and - - 216 cm

E
n

8.3 Result

Our calculation were carr%ed out in an IBM 360/65 compufer. Because
of the computer Timitation on the functidn n!, we were only able to take
52 terms in obtaining the contribution of thé second order term. The
contribution of the higher order terms in Eq. (8.5) 15 quite small and

can be neglected.
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 We find that the tofa] contribution of.the first and the second

@

order terms in the perturbation theory gives:

AE(2s - 2p) = 33.9 cm™!  for CuCl

which is a 17% jmﬁrovement over the first order result.
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Chapter 9 - Binding Energies of Positron to*fsand F' Colour Centres in

Alkali Halides : P

-

9.1 Introduction

The possible role of lattice defgcts in positron trapping Qas'
discussed by several worEers'(Go1'danski and Prokohiev i964 and
Vorobiev et al. 1967) in the mid-sixties. Herlach and Heinrich (1970}
investigated the 2y—annihi1ation of positrons in additivéiy coloured:
KC1 crystals. They showed that the F-centres were the most important
positron'trap§, but the:possible‘ipf]uénce of complex {(F'- and F-
aggregafé) colour centres on the ;ﬁnihijation characferistics was also

.- /
~ noted. _ .

-

/ ) : )
Berezin and Evarestov (1971) have investigated the bound state of

the Fe+ centre, i.e. the s}stem of a positron trapped by the F-centre.
Berezin (1972) has considered the bbund.state'of the.Fé+ centre, i.e. -
the system bf avpositron'trappedlby an F'-centre. Berezin (1972) has
given a theoretical treatment of the F + #nd Fé+ centres in terms of
model potentials and has.carried out calcu]étions for these two s&stems

for NaCl, KC1 and KBr crystals.
: ¥

In the present study we have carried out the fo]]dwing calculations:

(a) using Berezin's model, but employing a better variational wave
function, the binding energy of positron to the F-centre has been

calculated for twenty alkali halides, and
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N
(b) the binding energy 6prositron_to the F' centre has been calculated
for nine alkali halides. Atomic units are used throughout the chapter
except where otherwise11ndiéated. The necessary experimental data
(Dawson and Pooley 1969 and Lynch and Robinson 1968) used in the

calculations are given in Table 9.7.

9.2 Ground State Eﬁérgy of therFe+ Centre

In a Fe+ centre, an electron and a positron are moving in the
Coulomb field of the anion vacancy. .The effective potential of the

free aﬁion vacancy has the approximate form (Berezin 1970 and '1972).

V(r) = &/r 39.1)
in which ' | | X B
e | .‘
é - B.Eabs, ; o _ | (9.2)
where Est is the energy.in the maximum of the F;absorption band. The

Hamiltonian of the system can be written as
H = l:v + l'-\7'-2 - V(ry) + V(r,) + ! ' (é 3)
2 1 2 "2 P TV 2 |r'1 - r2| ' )

where the subscripts, 1 and 2, are.uséd to dﬁstinguish the quantities.

réferring to the electron and the positroﬁ respectively.
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The variétiona1 wave function (unnormalized) that we have used is

“ur.-l -Brz . - 2 - -
yE@e e I] - Er"lz + n(T'] = rz) J (9'4)
where a, 8, ¢ and n are variational parameters. The energy of the systém

is
E = (T+V1+V2) ' L . (9.5)
where

-
2

1 2
+ 9,7

T =§<‘}’|V]

- vy = 5<W|——-— ——ﬂ?> '
1. T2

| = 1
Vy = <y T?;-:—FE_T | ¥>
and

N = <yl

The caTcu1at1ons are carried out in e]Y1pt1ca] coord1nates By

decomp051t1on and simplification of the integrations. in N T, V] and V2

all integrals involved can have the following unique form '

-

.- . tD- s u. ‘
{2, m, n)!j. S e (a + B)S Jl y" du"[ e-(a - Bt " dt.

0 ~-u

L (9.6)
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-

-
in which s, u and t are 'the elliptical coordinates (Appendix B), aﬁd in

terms of rs T an‘ci *12' they .::nf-e

S = rptroy

and u

The above. integral can be analytically evaluated. After some lengthy

algebric pﬁocedures ‘(see Appendix C), the'foﬂbwing result is obtained.

i » g! 2 : k + m)!
I(f., I, n) = -~ n.2 .
(a + B)}H’T (a - B)n-l-m+2 = k. '

(@ + )%

v

@  (-1)™: (k+ )
T (11) _ +m+zz: .

+ 22+1 2+1 n+m+2
.o -

Zﬁk_"r"l)_( (9«"'-3)- (a-B))

(-1)"n! | (k + m) i+ 3) 'a'

' - : m). - ‘ Ve - By

F T n+m+zi kT (E 3T J (_ 55 ) )
(U- - B) k=0 J=0 ]

2" 8
.. ' o (9.7}

The expressions for N, T, \4"1 and V2 are respectively a's follows:

-



e e — ) ke o s M

e

SRR

-
NE a2, 1, 0) 10, 1, 2) - 26 T2, 2 0) - 10, 2, 2] -
-+ e, g, 0 ; 100, 3, 214 20 [1(2, 1, 2) - 10, 1, 4)]

- Zen [I(Z 2 2) - I(O 2, 4)] + n [I(2 1, 4) - I(O 1, 611}

= .
]

= w2 (4 g2y q12, T4 0) = 100, 1, 2) - 2¢ [1(2, 2, 0) - - 1(0, 2, 2)]

»

+ &2 [1(2 3, 0) - I{0, 3, 2)] + 2n 12, 1, 2) - 10, 1, 4)]

2en [1(2, 2 2) - 1(0 2, 4)] + o [1(2 1, 4) - I(O 1, 6)]

4+

4% [1(2, 1, 2) - I(O 1, 4)]

anlpn (e, 1,1 - 1(0, 1, 3)

e [I(2, 2, 1) - 1(0 2 3)] + 1 [1(2 1, 3) - 1(o0, 1 5)]
2 i

b

| ]

+ 7w [1(2, 1, 0) - 100, 1, 2)]

g 2w2ha {1(1 2,0 -1(1,.0, 2) _ | ;

£ [1(1 3, 0) - 1(1,.1, 2)] +.n [I(] 2 2) - I(] 0, 4)11

‘+ 21%ge (2, o,. 1) - I{o, 2, 1) 3y

- ¢ [1(2, 1, 1) - (0, 3, 1)1 + n [1(2, o, 3) - 1(0 2 3)]
- 41 €n [1(2 0, 2) - 10, 2, 2)]} |
i Vy = 4va [1(0, 1, 1) - 2¢ 10, 2, 1)+ o, 3, 1)
+'2n I(0, 1, 3) - 2en I{(0, 2, 3) + n I(O ] 5)] ‘ ?
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.
)
.

¥z = - «f (1(2, 0, 0) - 10, 0, 2) - 2¢ [1(2, 1, 0) - 1(0, 1, 21
| . L J
+ ¢2:[1(2, 2, 0) - 1(0, 2, 2)] + 20 [12, 0, 2) - 1(0, 0,-4)]

- 2en BI(2, 1, 2) - 10,71, 4)] # o° [1(2, 0, 4) - 1{0, 0, 6)]}

e

The ground state energy of the‘Fe+ centre is the optimum value of '

<yY|Hj¥> with respect to the parameters a, 8, € and n. The binding
energy (EB) of the Fe+ centre (i.e. the positron affinity of a F-
centre) may be'défined as the'difference_bétween'thé ground state
eneréy of the optical electron of the F-cenfre and the ground state

energy of the Fe# centre. Table 9.2 shows the values of the optimized

parameters, the ground state energies of Fe+ and F centres, and EB(FE+).

4
ar

9.3 Ground State Energy of the Fé+ Centre

The F; cenpfe in aikali halides is the bound stﬁte of an extra
“electron with an F-centre énd it is éna1pgous to the negative hydrogen.
jon H'. The patential experienced by'an electron in the field of a
h&drogen atom can be approximated (Tietz 1961 and Obyedkov 1969) by
the Hulthén potential (Appendix A). |

~8r

V() =

_ (9.8)
1—:_861"

wﬂere,6 and b are parameters. Berezin (1971} adopts this potential for

-~



.
- . ‘ b . - '—r' '. - . N
the field of an F-centre. The-eigenvalue of the 1s state of the

[}

Hulthén potential is given by

E- %{%E 82 - | | o (09)
S '5 L Yz ' 32 |
We write v = 3 - =, then E = 5—and b = &y + . If we assume the

electron binding energy in the potential (9.8) is equal to the
experimental value of the binding energy for the F' centre, then
y =J2ﬁ—“’o | . (9.10)
IS
'ﬁwo being the long-wavelength edge of the photoionization absorption

“hand of the F'-centre. Y §

é

The Fé+ centre is formed when a positron.fs'trapped by an F'
centre. In othér words, a positron and an electron-are bound to a
neutral F centre. The Hamiltonian of the system h;s the same forﬁ as
eq. (9.3), exéept that now V(r)} is given by eq..(9;8). Berezin (1972)
calculated the ground state energy of the Fé+ centre. for three alkali
halides - NaCl, KCI and KBr, by the'variatioha1‘method. Here we

extend his calaulations to nine alkali halides, using more recent data

to determine the constants & and b, o “

The trial wave function is the product‘of two ground spate-Hu]thén

type wave functions,

v ag(n) aylry) | (.

oy

-
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where

20, a.) (8§ + 2o, -a. 1. -5
3;(r;) = i ‘(5; Ukl L (1 -e ) (9.12)

in which the-ui‘s are variational parameters. The ground state energy

can be expressed as

-

Pt = <v|H|v

1 2 ] 2
‘=_ -2-<‘P|.V.] I\P> + '§<\P|V2 I‘P>

N

. ’ ‘[
- <W[V(P])1W> + <w|V(r2)]w> + <W|T?;—jrji;rrv> (9.13)
in which
'<‘}'|V.i2|‘i’> = - ai(é + a.i) 3 (9.14)
-Aﬁd ’
_ ) aib
<‘1’[V(ri)|‘P>; = = (9.]5)
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| do. o
1 o172 .
<‘PIIY‘-| - rzll‘}b = 64 (6+a'[)(5+°'~2)(6+ 2“1)(5'*' 2“2)

® i%{%?—+ %EJ[RH(Zuj + 2a2) - 2wn(s + 20y + Zaé) + 2n{268 + 2ay + 2a2)].

1 1 ) '
- 2(5 i 7 + 5¥ 2a2)[£"(5 + 20 4 2u2) - 2wn(26 + gal + 2u2)
+ en(3s + 2u] + 2&2)] )
1,1 1 :
+ E{G s e il e uz)[ln(ZG + 2&1 + 2&2) - 2en(36 + Zal + 2&2)

+ gn(ds + 20y + 2a2)]

62

" 207(8 *# a)(8 F 2a)

[en 20, - 2en(s + 2a,) + 2n(26 + 202)] .
‘2 2 '\

; 62
- 2a2(6 + a2)(6 + 2a

] [an 2,4 - 2an{s + 2a,) + gn(2s + Za])]}
2

" (9.76)
The values of §, b and v are shown in Table 9.1. The ground state
energy of the Fé+ centre was determined by minimizing eq. (9.13) with
respect to‘a] and . The values of o and e, thus obtained together
with ‘the corresponding energies'are given in Table 9.3. The ground

state energy of the F' centre is shown in column 5 of Table 9.3, and
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the binding energy (EB) of the Fé+ centre in column 6. The ground

state energy of the F' .centre is given by YZ/Z.

8.4 Discussion

It-will be noticed from Table 9.2 that the positron affinity of
the F-centre'1ies between 0.77 and 2.31 eV for the various alkali
halides. 'For NaCl, KC1 and KBr, Berezin (1972) obtained EB(Fe+) =
1.39, 1.57, énd 1.67 eV respectively. The dave function uéed by us
’ improves on.these values; fhe new values being 1.72, 1.96, and 2.10 eV

respectively.

Table §.3 shows an interesting result; tHe positron affinity of
the F' centre is practically the same for all the nine alkaii halides
for which we have carried out the calculations. Also a comparison of
the last coiumns gf Tableg 9.2 and 9.3 shows that the F' centre is a
more efficient positron trap than fhe F centre. The rglative

importance of the two, however, depends on the individual alkali

£y

halide.
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Table 9.1 : Experimental data for Efgbs " and ‘ﬁmo y and the
constants § , y, and ¥ o

_Cr'.ystal | Eabs ‘V‘ﬁu)o _ § - Y . b
‘ (ev) ~ (ev) (at.unit) (at.unit) tat.unit)'

'"""'“""""'"“"""'“"""""""'"""":'";"”""'"""TZZTTg} ......

LiF 5.083 - | 0.7059 '

Licl 3.256  0.5650

\higr | 2.767 0.5208

Lii\\\ 3,176 0.5580

NaF . 3.702 1.85 0.6024 ©°0,3688 -0.4037"

NaCl 2,746 1.72 ©  0.5189 0.3556  ©0.3191

~ NaBr 2,345 | . ‘.0'”795

NaI 2,063 : 0.uu97

KF 2.873. . 0.5307

KCL 2.295 0.90 0.4743  0.2572 0.2345
" KBr 2,059.  ° 0,65 0.4493 0.2186 0.1992

KI 1.874. _0l70 0.4286 0.2269 0.1891

RbF 2.409 0. 4860 '

ROCL . 2.036 | 0.4468 0.2169 021967

RbBr  1.851 S 0.4260 ,

RbI 1.705 0.55  0.%088.  0.2011. 0.1658

CsF 1,876 ' 0.4289 ‘

CsCl 2,169 . 0.4611

CsBr 1,951  0.54 0.4373 0.1993 0.1828

CsI 1.718  0.55 0.4104 0.2011  0.1667
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‘Table 9;2 i The binding energy of the Fe+ center. All values, except those

in the last column, are in atomic units P
Crystal . x . Ground state energy Binding
: : + - R energy
o B € n. Fe™ center Fe'center Fe( c?nter
: : ) ev),

LiF  0.7040.  0.1270  0.0400  0.0003  0.27744 ' 0.24918 *  0.77
LiCl  0.5722  0.1610  0.0560  0.0006 0.213857_ 0.15962  1.47
LiBr  0.5351 Ao.17o3i_ 0.0598  0.0006  0.19862  0.13565 1.71
LI 0.5670  0.1626  0.0563  0.0005  0.21131  0.15573  1.51
NP 0.6055  0.1529 - 0.0524  0.0005 . 0.22810 0.18147  1.28
NaCL  0.5335  0.1707  0.0599 0.0006, 0.19708 0.13462  1.72
NaBr  0.5030  0.1786  0.0624  D.0006  0.18617 0.11497  1.94
Nal ~ 0.4801  0.1843  0.0646  0.0007  0.17821  0.10114 2.10
KF 01543% 0.1683  0.0587  0.0006 0.20185 | 0. 14421 1.57
KGL - 0.4992  £0.1796  0.0627  0.0006  '0.18473 0.11251 ° 1.96 -
KBr  0.4797 o.i8u3 0.0648  0.0007 '. 0.17809  0.10094 = 2.10
KT 0.465%  0.1984 0.0657  0.0007  0.17304  0.09188 2.1
ROF  0.5072  0.1772  0.062%  0.0007 -0.18801  0.11810  1.90
RbCl  0.4780 ' 0.1848  0.0648  0.0007 0.17746  0.09982 2.1
RbBr  0.4637  0.1889  0.0657  0.0006 0.17243 - 0.09076 o2
RoI 04519 0.1921  0.0666 = 0.0006  0.16854 0.68359 23
CsF 0.4657  0.1883  0.0656  0.0006  0.17310 0.09198 2.2
CsCL  0.4889  0.1821 0.0638  0.0006  0.18116  0.10633 2.0
CsBr  0.4717 © 0.1867 . 0.0651  0.0006  0.17513 ~ 0.09565 2.16

CsI  0.4530  0.1918 - 0.0665 . 0.0006 0.16888  0,08423 2.30
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Table 9.3 : The binding ene%gy of the f3+ center. All values, .except those
in the last column, are in atomic units

Crystal ‘ Ground state energf Binding
o ' a2 "Fe* center Fbk center ggfrggenter
| - (ev)

" NaF 0,4537 0.1036 0.17785  0.06801 2.99
NaCl - 0.4432 0.1101 - 0.17200 0.06323 2.96
KCl  0.3745 . 0.1199 0.14231 ~ 0.03308 2.97
KBr . 0.3501 0.1250 0.13263 - 0.02389 2.96
KI 0.3555  0.1269 0.13413 0.02574  92.95
RbC1 0.3491 0.1254 0.13221 - 0.02352 . 2.96
RbI 10.3402 0.1313 - 0.12811 0.02022 2.93
CsBr 0.3386 0.1278 0.12822 0.01986 2.95
CsI 0.3402 0.1311 0.12814 0.02022 2.94

e man e h e A Rt e et id, e ——— ny T T T TIPS PP
i Y - '
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" Chapter TO - ﬁave'Fuhctions for the Hydrogen Molecular Ion

10.1 Introduction

The Schrodinger equation for the hydrogen molecular iqn, H;, has
been solved exactly by Bates, Ledsham and Stewart (1953). However, often in
practical app]icétions, anaiytical wave funetionsy a1fh0ugheapproximate are
more.conveniént to use. N A number of wave funct1ons have been
proposed for the 1so state of H (for a partial 11st1ng, see Geller et a]
1962). In the two- parameter category, the following wave functions
(unnormalized) can be analytically treated to give relatively good results
for the energy in the neighborgood of the minimum of the potential energy

curve,

James (1935): L ’
_ -au 7 2 -_ . . ' .
= e (1 4+ gv°) (10.1)
Guillemin and Zener (1929):
y = e *¥ cosh (gy) . , (10.2)
and geometric-mean function (Radel et al. 1969):
o _ »
v = e™™ [cosh (av) + 8 ] - | (10.3)

The Eq. (10.3) is a special case of the Dalgarno- Poots (1954) wave function.

Here » and v are confocal elliptic coord1nates

1]

p (na-+nb)/R | | ' (10.4)

< .
o

=lrg-r R - | -, (10.5)

A TR R e 1L S e L TG T g Pl S § T TATINTE - mee Tememi—e mma
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R {s the distance between two nuclei, o and g are variatjonal parameters,

different for different wave functions.

‘Rothstein (1971) has suggested a. Padé type variational wave function:

(1 + c(a) p)

¥ = TAaT £ &) e cosh{bv)
where | \
cla) = a(3 ? g
d(a) = 2 ? f g
o= % -1

and a and.b are variational parameters.

Amongst two-parameter wave functions, as far as we are aware, the
Rothstein functjon gives the best energy at the potential minimum, with
the geometr1c-mean at the second place. However as will be seen later

(Fig. 10.1), Rothstein results are poorer than the geometr1c-mean results

1

ghove R > 4 atom1c units.

In this study we proposed a function of the following form:

v = & [cosh(av) + cosh(ZBv)] . (10.6)

These functions have one featq;e in common. They are formed by e %"

‘multiplied by a ,suitable function of vo It seemed appropriate to make

a ‘comparative study of these functions.

v
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To obtain the energy of the uppermost vibratfona1 levels, it is
,necessdry to determine the potential energy curve over a wide interval of’
-R. These uppermost levels are of importance, for example, in determining .
the probability of field dissociation. Here we lay stress-on the aspect of
variat{ona1-resd1ts. Kim et al. (1965) have reportéd results from the
Guillemin-Zener function in the range R=0 to R=10 a.u. Patel (1967) has
carried out calculatiors on the James function in the range R=0 to R=6 a.u.
For the Geometric-mean wave functjon, Radel et al. {1969) ha§e given
energies for the range R=0 to R=20 a.u. However, the R values at which |
results have been reported by these authors do not have a‘sufficient
number of commoﬁ points. With a view to carry out the comparison over a
wide range of R (R=0 to 40 a.u.) and to have the energy values fFrom the .four
functions, Eq. (10.1), Eq. (10.2), Eq. (10.3) and Eq. (10.6), for the same
values of R, a recalculation for fke wave functions (10.1), .(10.2) and ‘

(10.3) is necessary, in addition to the calculation on the-function (10.6).
No new calculatiors were made for the'Bothstéin function, as these involve

gaussian quadrature.

For simplicity the following abBreviations are used: GZ for

Gui]{emin-lener and GM for the Geometric-mean.
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10.2 Calculation

© The Schrodinger equation for a hydrogen molecular jon is

; vy + (—-+ — - —J y = Ey

— < - . -
In confocal elliptical coordinates, energy of the system is given by

1

E=3 <w[v |v> + = <‘P| I‘i’> t <‘1’1 l“" - 11‘ (10.7)
where , |
2 _ 4 1 2 3 3 2y 3
v o= =z 2 5= [ 1) 5;1 +3 [(-v9) 33] }
i 2°

(b - 1)1 - V) 04?

Energy results by substituting the wave function into the Eq. (10.7).
The evaluations of integrals in most cases here are quite complex but all

can analytically be carried out (see Appendix D). The final eipressions

are shown below.

From the James function:

-~
- 1 14 : ' 1
S Sy A PO 7 - 2
CR™4a(35 + 148 + 38°) + 7(2a +.J)(15 + 108 + 38%)
. SNV 27 |
X [(2a+1)(]5+108‘+ 36%) (e - 2R) + 1608” ~(10.8)

R an A T
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From the GuiMemin-Zener function:

I R N A SR I e
E=2=-—=- -—-—-[?"l' + uz'}' aB Slnh(ZB)

T ——;—— sinh{2g) - —]—3- sinh(2g) + l?cosh(ZB )] -1
© 2B 28 S g

N
»

Co2
41 1 5 R
-x {E’ — - 24 88 sinh(2g) + cosh(zs)

B [smh(ZB) sinh(zg) ]} | (10.9)
Erom the Geometric-mean function:

1 3 -2a | o
E = R “2 [2e + 168e™ + 168 cosh(a)
R - -

L]

24‘3 smh( ) + —(1 + 28 )(ﬂ-a + 6o + 3)] ol
.
X {— 1 g2 e -@ smh(a) - s1nh(a)
2o a _ .
+‘%a+—l§ (1 + 2¢)(1 + 28 )(a + 2R)
2_;; =

. E\.] + {ZaaZR_[ ,12_ sinh(2a) + -2—8- si-nh(a)]} _ _ (10.70)
a . o
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_From the Eq. (10.6):

- - ]ﬁ*‘ :g { ‘i' £ ——~-——[ stnh(g) - cosh(s)]

L '- a
- —=| sinh(2g) ~ 23 cosh(zs)] ~—-7§ s1nh(33) - 38 cosh(BB)
46> [ 278 [ ]

« ‘—lg-[ sinh(4g) - 4g cosh(dB)]
3g3 L7 T

a

+k1§_+ 2y [s1nh(s) s1nh(23) .sinh(BB) +'sinhé4§)] }~1

1 . 102 ,9  2q.
3 {E; [-1 -2t gt - (G4 ) smh(s) - 2% sivh(2s)
T
r_(278

- %-cosh(Zs) - g~cosh(3s) - §-cosh(48)]-

2a -
+ §§J s1nﬁ(33) - EE—s1nh(4B) - 8 cosh(s)

+ —Ll—iLEEL [ 248 + 24 sinh(g) + 6 sinh(2g)
48a B , ‘

+ 8 s1nh(3s) +3 s1nh(4s)] } | ",“. | (10}15)'

The energy of a hydrogen molecular ijon at a given internuclear -

‘ separat1on R is obtained by m1n1m121ng these express1ons with respect to

@ and .. Table 10.7 shows the energ1es calculated here at various
internuclear distance R along with the exact energy values due to Wind (1965)
and Peek (]965) Table 10.2 gjves the opt1m1zed values of parameters

a and B.
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10.3  Summary -of Results and Discussion

- .- Table 10.2 shons that, the o's of the four functions are monotonically
increasing Tunctton.of R-and below R=6 a.u.; these are'very close to each
,fother. Above R=6 a. o:; @ (James) shows an increasing~departure from the
other tnree a's The s1gn1f1cance of 8 is d1fferent in d1fferent functions
and here no similarity is exJected or found. B8 (James), g {GZ) and
_as_ﬁhere) show an increase WTth R while g(GM) decreases with R. At large

'_R B(Janeﬁ) assu@é; very 1arge values.

. It will be not1ced from the TabTe 10.1 that the resu]ts from the .

: James funct1on are:the poorest of -the four, espec1ally at Targe R. The
James function does not lead to the correct wave funct1on in the T1imit of
1arge internuclear d1stances and jts poor performance at large R, is

-

- therefore,. understandab]e RN , -
\ . : . Lo .

To compare}thd-performance of the' other four functions, in Fig. 10.7,
C et
we show the-Behavior of [E(caT) - E(exact)] for these wave functions as a
’function of R. Here E(ca]) represents the energy ca1cu1ated from the wave

function in question.

Be]ow R=1, the resu?ts from_the éz; GM,and Eq. {10.6) are identica]
to seven significant figdres It will be noticed from- the Tab]e 10.1 and
Fig. 10. 1 that our results are better than the GM ones above R=1. Our -
results are better than the GZ ones between R=1 and R=9.8. - Between R=9, 8

" . and Rg16, GZ results are s11ght1y better than ours and above R=16, the
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two give practically identical results. Rothstein (1971) results are
better than ours below R=3.5, but above this the reverse is true. We may
also note here that for the wave function (10.6), all the required
integrals can be evaluated analytically, while for the Rothstein function,

guassian quadrature‘has to be resorted to.

The minimum in the potential energy curve from our wave function
(10.6) is obtained by minimizing the Eq. (10.11) with respect to o, 8 and
R simu]ﬁ%neous]y. It happens at R=1.9988 a.u. and fhe total energy at this -
point‘js-—0.602451 a.u. These results may be compared with the exact
values of 1.99719 a.u. {Bishop.1971) and -0.602346 a.u. for the equilibrium

internuclear separation R, and E respectively.

Another QUantity of interest is Rc’ It is vé]ue of R, 1ess‘thanIRé;
at which tﬁe total energy has the same value as at infin%te geparétion.
"In determining it from the Eq. {10.11), we first agsume that E varies with
R-RC quadraticaliy. In other words RC can be approximated by three points
in the neighborhood of Rc' _fhen minimization of E with respect to o aﬁa
g is carfied-out. This procedure is continued until the E obtained is
within the required accuracy. Here we obzained Rc = 1.110 a.u. wh{ch is

~in satisfactory agreement with the experimental vatue of 1.12 a.u. of

Stevenson (1951) (see also Frost and Musulin 1954).

In Fig. 10.1 the GM results are seen to be better than the GZ ones

beTow R = 8.6; but above this the reverse is true. The Rothstein energies
. ..)- . v
b
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are seen to be very good at low R, but these become rapidly poor as R

increases. A comparison of the results from the Rothstein function’hith

those from the functions {10.2), (10.3) and (10.6) leads us to conjecture
that if one wishes to improve the latter functionskax small R{< 2) then

one should multiply them by a suitable function of u. This function

should be such that it rapidly assumes a constant value beyond R = 2.

In conc1usidn, we find that there is no single funEtion which gives
the ’besfﬁ energy values for all R values. All functiorsquoted here are -
adequateﬁapproximate wave function in R 5 2 a.u. The wave function (10.6)
proposed here does provide a good 'compromise' description.

b . ‘ ) . - 1
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"Table 10.2 : Energy for l1ag ground state of Ht as obtained from
the various wave functions. Energies given in the
table do not include nuclear-nuclear repulsive
energy 1/R. E(exact) is from Wind(1965) and Peek(1965)

_ e e e e ———————————— Energy------———ccmcmccmam e mma = -
R James Guillemin Geometric - Wave Exact
' ~-Zener -mean function
(10.6)

0.2 1.928538 1.928538 1.928538 1.928538r 1.928620

0.4 1.800525 1.800525 1.800525 1.800525 1.800754

0.6 "1.671185 - 1.671185 1.671185 1.671185 1.6T71485

0.8 - 1.554166 1.554166 1.554166 1.554166 1.554480

1.0 1.551483 - 1.451485 1.451485 1.4511485 1.451786

1.2 1.362025 | 1.362029 1.362029 1.362030 1.362308
1.4 “1.284007 i.éSHO]G 1.284016 1.284017 1.284269
1.6 1.215689 1.215707 1.215708 1.215710 1.215937
1.8 1.155567 1.155600 1.155602 1.155605 1.155809
om0 —1,102386 . 1.102#43. 1.102447 1.102451 1.102634
2.2 1.055115 1.055207 1.055214 1.055219 1.055385
2.4 1.012910 1.013052 "1.013063 ‘ 1.013070’ 1.013220

2.6  0.975075 0.975287 0.975302 0.975312  0.975449
2.8 0.941033 0.94133¢ 0.941361° 0.941374 0.941499

3.0 0.910306 0.910736  0.910765 0.910781 0.910896
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Table 10. 2 (cont’d) .
--------------------- ENergym—=mcc e ——————
R " James Guillemin -Geometric Wave Exact .
-Zener ~mean ~ function

(10.6)

3.2 0.882488  0.883078  ©0.883117  0.883137  0.883283
3.4 0.857236 0.858029 0.858080 0.858104 0.858202
3.6 ' 0.834258 0.835305 0.835367 0.835396 ol835u87
3.8 0.813300 . 0.814659 0.81473%4  0.814769 0.814853
4.0 0.794141 0.795878 -  0.795967 0.796008 0.796085
4.2 0.776587  0.778777  0.778879  0.778927  0.778997
4.4 ' 0.760467  0.763191  0.763307  0.763362  0.763426
4.6 0.745628 0.748976 0.749104 0.749166 0.749221"
4.8 0.731935 0.736002 0.736140 0.736210 0.736262
5.0  0.719265  0.724151  0.724298  0.724374  0.724422
5.2 0.707508 0.713317 - 0.713471 0.713553 - 0.71359%4
5.4 0.696566 0.703405 0.703562 0.703650 0.703687
5.6 0.686350 0.694327 0.694484 0.694577 0.694610
5.8 6.676780 0.686003 ° 0.686157 0.686253 0.68628L
6.0 0.667785 0.678359 °  0.678509 0.678607 0.678636
6.5 0.647412 0.661808 0.661935 0.662032 0.662062
7.0 0.6291439 0.648232 0.648327 0.648416 0.648451
7.5 0.613267 0.636946 0.637007 0.637083 0.637126

3.0 0.598467 0.627427 0.627456 0.627520 0.627570
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Table 10.2 (cont d)

R James ~Guillemin Geometric Wave Exact
-Zener -mean function
‘ {10.6)

8.5 0.584732" 6.619282 0.619286 0.619338 . 0.619394
9.0  0.571848  0.612221 0.612206 0.612248 0.612307

9.5  0.559494 0.606024 0.605996 0.606031 0.606089

o

10.0  0.547424 0.600529 .600493 0.600524 0.600579
S 11.0 0.524277 0.591179 0.591137 0.591164 0.591208

12.0 0.502562 0.583484 .583443 0.583470 0.583502

(=

13.0 0.582294 0.577015

o

576978 0.577005 0.577027
14.0  0.463419 0.571489 0.571458 0.5T71484 0.571498
15.0 0.445855 0.566710 0.566683 0.566707  0.566716

—

16.0 0.429503 0.562532 0.562510" 0.562531 0.562536

(=]

17.0 0.414266 0.558848 .558830 0.558848 0.558852

18.0 0.400049 0.555575

o

.555560  0.555576 0.555578

19.0  0.386764  0.552647 0.552634 0.552648 0.552649
20.0 0.374329  0.550013 0.550002  0.550013 0.550014
25.0 0.322560 0.540005 0.540000 0.540005 0.540006

30.0.  0.283569  0.533336  0.533333  0.533336  0.533336
35.0  0.253179  0.528573

o

.5285/41 0.528573

4o.0 0.228825 0.525001 0.525000 0.525001
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Chapter 11. Electron Shielding in Doped Semiconductors
11.1 Introduction | ‘ | |

The binding energy of an electron, bound to a donor atom in a doped
semfconductor,rrelaaive to the conduction-band minimé is usually calculated
for a single impurity atom in the crystal (Kohn and Luttingerl1955, and
Kohn 1957). On the experimental side,.it is known that the binding enefgy |
' of the electon decreases as the number of donofé'increases until at some
critical impurity concentration theée is pratically no activation energy
(Pearson and Bardeen 1949; and Debye and Conwell 1954).

The theoreticad problems associated with this bhenoﬁena can be
conveniently discussed in terms of the,poteﬁtial of the singly charged
donor screened by the conduction electrons (Mott and Jones 1958, and Mott
1961) :

2

V(r) = - Er e a"

where « is the static dfeiectric constant and q i& the Mott screening
parameter defindddby q2 = 4m*e2n1/3/(mh2), n beingﬁzﬁé free-e?ectron_density.
The approximation that the &lectron is bound to a single ionized
impurity is, however, no longer justffied if there is considerable overlap
between the wave functions of e]ectrons bound to two neighboring impurity
atoms. The occurnehce of such a‘situation is governed by three factors :
the static dielectric constant x, the effective mass m*, and the free-
electron density n. The effect of « and of m* can be seen from the expression
of the Bohr radius, a = zﬁz /m*ez; since in semiconductor,:.x>1 and m*< m,

this means a greater radius than that in the free space. An increaseiin
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the dopiﬁh.concentration acts in two ways : First, it decreases thejaverage
distance between impurities, and second, it increases the value.of q, which
in its tufh leads to an increase in the average distance <r» between‘the
e]ectrdn and nucleus of the impurity atom (See Chapter 2). An appropriate
combination of these factors can leadsto the situation such that <r>z%d,.
where d is the average distance between impuritj;s, We may note here that
sqgh a condjtion can sometimes exist at fairly 19u/%mpurity concentrations,
e.g., for InSb it occurs at an-impurity concentrationo§f m1014/cm3. As this
limit is approacﬁEﬁ, there will be an increaséng concentration of syspems :
lin which two or more impurity atems are partibipating. In this study we |
investigate the stability of the simplest of these systems, consisting of

two ionized impurity atoms and an electron. We shall represent this system

" by Img in analoay wéth-H%ﬁ.
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~11.2 Calculation

_ ‘ /
Fig. 11.1 shows the electron bound to two impurity ‘atoms A and B. '

In the present case the potential-V includes the various charge interactionst
They are the interaction between the electron and the 1mpurify atom A,
7% a/ra, the interaction between the electron and the jmpurity atom B,
_e;ar b/rb, and the mutual interaction between the jmpurity atoms,
e"gR/R, where g is the.scréening parameter.. The choice of the same §
between two positive ion cores has been established by the works of

Lazarus (1960), Alfred and March (1957), and Corless and March (1961).

The Hamiltonian of the system is

-gr,  -8n 8 |
2 . e 8 4+ 8 0 _ e R ' (11.1)
r "y R - '

We will try to obtain the energy of this system by variational method.
We will make use the wave functions which are frequently used for the H;.
In the following there are four two-parameter wave functions, in

unnormalized form,

y=e 1+ sz) 5 (11.2)
y = e " cosh(gv) (11.3)
y= & [cosh(ew) +8] (11.4)
gz [ cosh(pv) + cosh(2sv)] (11.5)

oL,
y
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Fig. 11.1 : Coordinates dsed for Iy

1
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. where o and g are variational parameters, different for different functions.

" Eq. (11.5) is a new function proposed by us which has been proved a good

k.

wave function over a wide range of internuclear, distances R.  The

sJ ' variables u:and_ v are in confocal elliptical coordinates. By substituting
these functions into the equation <‘ifIH[‘!J>; energy expres§ioﬁs corresponding
‘? « to the wave functions (11.2) - (11.5) are respectively '_ .
. oo o
’ s o e® 8 o3
R TR 462(35 + 1462 + 380) + 7(20 F 1)(15 +108 + 332)
; X 6—‘—‘[(2a+1)(15+1os+3s)+1582] .
- R
2 : -
. 2Re &R
-_m[si(z—)-szB( )+sa( 1 (11.6)
where' ) '
. ~ (! ln -m | ' S
- B (m} = S v e "V dy -
. o n 4 , A
- . - . ' _5R ’ . g
‘1 ‘ B E=-e—R-——-1—&°-‘-[4+ +L2+Ls1nh(23)+ 1 sinh{28)
. , 4 2
) . o ; 2a°B
- 1_3 sinh(2g)-+ ]—2 c (23)] -1 X (}T + ;—a Bg + '8_ smh(ZS)
. - r . 2& i -t B f )
. R :
! . : . 2 .
1 -. 2Re
£ gy cosh(2e) - oy {5R T8 [S”‘h( + 28)
P . . . ' R 8(‘1 - ) i ._R
P + cosh(3™ + 28) - 1oy 421 ToR 7 45) sinh(z™~ + 26)] .
oo : P ‘
; bV Teinn(SR - 90y SR _ 8{adt g)
o 7 t R [smh(2 23) + cosh(2 28} - CEXDIGCE 4B);1nh( - 23)]
' ' R
Py ' GR[s*mh( )-i-cosh(‘S Wsmh(z )] }) (11.7)

L
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. -6R Z2a '- B
- —-—- + —7 [ 2620 4, 168" + 168 cosh(u) - *sinh(a)

+—(1+23)(4a +6a+3]]

X {-‘Jge?“.-'tl—se —%ﬂ-smh(a)+—3-— (1 + 262 ) (——+1)
: - o
&R g
- N Y ] -Ja—3R
N ga# 2 [ 'R e.ﬂ'.—ﬁ.—:a_-'_ R ;‘ ?
4o + &R 4o + SR ) 4a - SR
o 20 + &R ©2a - &R
48R, .72 AR __ T2
.20 + SR 20 -~ &R
, 20 +62322 o2
: 166k 4a - &R
P TR ) S‘”“( —)
- l6agR ; sinh(2e ; Ry
(4a + 6R)(2a + &R)
i 2808R 1nh(2a = ok,
(da + 8R) (2 - oR)P
2 AR
 16a(1 + 2 ) sinﬁgﬁgo]} - C(11.8)
 {4a + ) & Zp

AN
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-8R

(o4

. B 8o fd 2.1 8 g e .
E=-"gt R2 {3 a7t W2 &3 [sinh(8) - & cosh(e)]
-]—3[sinh(éB) - 28 cosh(ZB)] - ——%[sinh(ss)_ - 3 cos;h(SB)] .
46 | 278 |
L[ sinn(as) - 4 . h(4 )]
‘-‘;5[51,"(8 - 48 cosh(48

. =1
2 s1nh(B) sinh{28) , "sinh(38) S1nh(48)
E)[ B ag T 38T 8B ] }

+
QNT—'
+

‘ 2
10 9 2« ]
[- 1 - 20 +-——3-ﬁ - (E+ _B) sinh(B) - g s1nh(28)

Ce

) sinh(38) - s1nh(48) -8 cosh( )

=0
&l

|

- (

™

76 T

- %;osh(és) - -g—cosh(B,B) - %cosh(ﬂfs)]

_SR

. ¢8R SR
dR + 4a [ SR - 88 {smh(—-é- - 48) -_i-.cosh(—2 - 48))

. 16(& + 28) L8R

(6R + 4a){6R - 88}7 -
4

__a e SR &R
t - 68 {smh(—2 - 3B) + Cos.'h(_z - 38)}

] 16(2a + 38)
(&R + da)(eR - 68)°

sinh(% - 3g) -

(% - 28} + cosh(% - 2g)}

-+

2 .
m‘ ‘[S'Iﬂh
16{a + B)

; sinh(§%~- 2g)
(R + 40'.)(6R - 4g)

6R "
2

+

{smh( - ) + cogh(-‘i%- - a)}

A
R - 28
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- " ]6(2‘3 + B) s.inh(__'s_R - B)
(&R + 4a) (SR - 28) 2

~

8 . SR SR
+ 3R {§1nh(—2) + cosh(—z-)} -

_bda e SR
(6R + 4a) 6°R Smh(@ |

{sinh(f‘—g-—i- B) + cosh(%-!- B)}

6(2s - 8) > sinh(ﬂé—+ 8)
(sR-+ 4a) (SR + 2B)

— -

. . : §
W-%T}E {smh(-‘i%-l- 28) + COSh(-—%-i' 28)}
16(a - B)

- SR
(R + 4a) (SR + 48)

‘sinh( 5

+ 28)

4

. 8R ,8R
st gs (sinh(S + 38) + cosh{= + 38)}

_ 16(2a - 38)
(sR + 4a) (R + 68)

2
+6R+83

s-inh(-‘%%— 3g)

{sinh(% + 4g).+ coshﬂ(-@%+ 4g)}

- —16la - 26) inh(82 + 4 ; S (A
(sR + 4a) (&R + 83)2 5”,’ 2 ?)]} ( )

For a value of screening parametér §, the energy of the systgn?
the optjmum value of the energy epr;assion with respect fo the parameters
« and g, as well as the internuclear separation R. This optimum-va'lue is
determined by the direct search due to Hooke and JeeQeé {1961) (see also
. Wilde, 1964, and Kawalik and Osborne, 1968). Tab1:es 11.1 to 11.4 show

the energy along with the parameters at the equilibrium internuclear

L)
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distance R. Also shown in the Tables is ‘the 'dissociation' energy D,

- given by

D= E(Im’g) - E{(Im) _ B (11.10)

for the dissociation

Im; — Im+ Im+

Values of E(Im) were taken from the results of our Variational calculation

of the three=parameter trial function in Chapter 2.
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11.3 Discussion

- The term e ®* in all wave functions is simply the pfoduct of two 1s
state hydrogenic wave functions with the atomic number 7 as a variational
lparameter. The terms, resbecpive]y attached to it in Eqs. (11.2) to
- (11.5), (1 + 8v"), cosh(g), [cosh(av) + 8] and [cosh(gv) + cosh(28v)],
can be considered as a correction factor to it. These correction factors
improve fhe results remarkéb]y. Although weldid not report the ca1cu1ation_
of the trial function e oM here, for the sake of proving the above
statement, we would show few energy eigenvalues here. At a weak
screening 5.= 0.001, e ¥ gives E = 0.58127 and it is 3.49% higher in
comparison with 0.§0229 from Eq. (]1.2),_3.50% higher in comparison with
0.60234 from Eq. (11.3) and 3.50% higher in comparison with 0.60235 from
the Eqs. (11.4) and (11.5). This wave function yields unbound energy at.
6 = 1.20 while all two-parameter wave functions here still produce bound

energy values.,
/ T . . .

The James function of Eq. (11.2) is a ‘special case of the Guillemin
“and Zener's function of Eq. (11.3). If one expands the hyperbolic c051ne
function Jn the Eq. (11.3) and retains only the power bp to uz, Eq (11.2)
1mmed1ate]y follows. . Eq. (]1.5) is an extension of the Eq. ( 11:3)-by )
adding_cosh(ZBv) in the correction tefm._ So it is not hard to expiain
why the James function records the poorer results than.the Gui]iemin;
Sener's function and the Eq. (11.5). However in the weak screening

. . /
region, the James function is a_fairly good approximijf wave function. .
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Below § = 0.2, Egs. (11.3), (11.4) and (11.5) all give the same values of
energy torthe fifth place of decimal. This happens up to 6§ = 0.9 for the
wave functions (11.4) and (11.5). Overall the results obtained from

Eq. (11.5) are the best. Thereafter, the discussion, if numerical values
are jnvolved in an electron bound to two imﬁurity centres, will be

reference to the Eq. (11.5).

The binding energy is seen to diminish with increase in &, and
ultimately becomes zero at & = 1.254, obtained from Eg. (11.5). The
“trial function (11.5) is known to give very good results for H; (0.017%
accuracy in E), ?nd it would be reasonable to assume that for low values
of § our results are satisfactory. However, it is difficult to estimate
the accuracy of our results at high screening case. wih view of this,
the critical value of ¢ quoted here is, more accurately, only a Tower

Timit.

It is of interest to note that in the case of an electron bound to

:a.single impurity centre, the critical value of & at which the jonization
energy becomes zero is 1.19 (Rogers et al. 1970), thus there is a narrow

region between & = 1.19 and 1.254 in which an electron cannot be bound

to one jonized impurity, but it can be bound to two.

The results obtained here have a bearing on the nature of the Mott
. g
transition in semiconductors (1961, see also Mott and Twose 1961).

Fritzsche (1958) has measured the resistivity of germanium at 2.5%K with .
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different impur%ty concentrations. Antimony-doped and ga111um-dope& ,
samples were.used. His results are frequently quoted in support of thes
Mott transition in semiconductors ahd these are reproduced in Fig. 11.2.
The dotted 1ines indicate the approximate borders between the three.
cqncentration ranges in which the resistivity showed a diffefent behaviour.
The Tow C region is what we have investigated in Chapter 2 of the static
screened Coulomb potential. In fhis region resistivity decreases with

;the increase of; electron concentration. The valence electron in.this
region’is well localized in the ionized impurity centre to fofm a bound
state so that at absolute zero it will not be free to move through tﬁe
crystal and carry a current. The dotted line at the right-most of fhe

low C is fhelﬁmit at which the binding energy of the electron bound to

the single ionized impurity of the static screening Coulomb potential is
zéro. Mott took the approximate value of § = 1.0 (1958, 1961); the same
vaiue was obtained by Krieger (1969) from a simple hydrogenic wave.

function. Here we take it 1.19, the result of Rogers et al. (1970)

obtained by numerical technique.

In the high C region, resistivity is quite small and'crystal shows
metallic property. Mott and Jones (1958) explained it as follows. in
this region the electron concentration is high enough to prevent the
formation of electron - jonized impurity pair. Hence the Tocaljzed state
of the electron no 1ohger exists. Even at absolute zero, there are still

a large number of free electrons in the crystal and the conductivity is

a finite value.
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Fig. 11.2 : Dependence of the resistivity at 2.5% on the impurity concentration
{(from Fritzsche 1958). Dots - n-type germanium, antimony doped;
circles : p-type germanium, gallium doped.
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Now what i5 happening between two dotted 1ines, in Fig. 11.2, in
which resistivity shows a sharp drop? Our results clearly show that‘és
8§ > 1.19 the e1ecfron will not be completely delocalized. There will be
Im; system at least up to & =VI.254. .As mentioned earlier, the value
1.254 is only a lower 1imit, probably & = 1.27 would be a better value.

it

Furthermore, the results suggest that probably a more complex system,
such as, Im2 (two jonized impurities and two electpens), Im;2a, Imz
(one electron in the field of three or four neighboring impuritieg) etc.
mfght han a finite binding energy even for § > 1.27. For the foregoing
dichssioﬁs, we are led to the fol]gwipg picture: - In the region & = 1.19
to 1.4 (a very approximate value), the electrons are no Tonger Tocalized
around individual impurities, but many of these partially localized. This

region corresponds to the transition region'between two dotted lines in

Fig. 11.2.
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)

Table 11.1 : Binding energy and obtimized parameters as a functilon
of screening parameter ( Eq.(11.2)) -

Screening Internuclear thimized parameter ~ E ' D

parameter separation a B
vk e T P T T b R SR T e e e

0.0001 1.997 .1.3522 0.4466  0.60229 0.10239
0.0002 1.997 1.3522 0.4466 0.60219 0.10239

' 0.0005 1.997  1.3522  0.4466  0.60189 0.10239
0.001 1.997  1.3522 0.4466  0.60139 0.10239
0.002 1.997 1.3522  0.4466  0.60039 0.10239
0.0025 1.997 13522 0.4466 0.59989 0.10238
0.005 1.997 1.3522 0.4466 o.sgzyo- 0.10238
0.01 1.997 = 1.3522 0.4466 © 0.59245 0.10238
0.02 1.997 1.3519 - 0.4467  0.58265 Q.10235
0.025 1.997 | 1.3517 0.4U67 0.57779 0.10233
0.03 = 1997 1.3515 0.4468 0.57297 0.10231
0.04 1.997 1.3510 0.4470 0.56342 ¢  0.10225

- 0.05 1.997 1.3503 _0.4472 0.55399 - 0.10217
0.06 1.997 1.3495 0.447Y 0.54468 0.10208
0.07 1.998 1.3486 0.4477 0.53549 0.10197
0.08 1.998 1.3476 0.4480 0.52642 0.10185

0.09 1.998 1.3464  0.4483 0.51746  0.10171
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Table 11.1 (cont'd)

Screening Internuclear Optimized pParameter . B D
parameter Separation o R
T T e e e e e
0.1 17999, 1.3451 0.4486 8.50861 0.10155
0.2 2.005 1.3269 0.4533 0.42594 0.09913
0.25 . 2.010 1.3145 0.4563 0.38828 0.09736
0.3 2.016 1.3007 0.4595 0.35287 0.09524
0.4 2.033 1.2690 0.4666 0.28834 0.08998
0.5 2.056 1.2330  0.47%0  0.231573 0.08345
'Aon 2,087 1.1933 o 4815  0.18177 0.07569
0.7 2.126 1.1503 0.4887 0.13852 0.06678
0.8 2.178 1.1036  0.4953  0.10132 - 0.05673
0.9 2,244 1.0526 0.5010 0.06979 0.04561
1.0 2.333 0.9961 0.5052 0.04360 0.03344
- 1.05 2.389 0.9650 0.5066 0.03243 0.02699
1.10 2.456 0.9312 0.5073  0.02253 0.02033
1.15 2.539 . 0.8938 0:5073- 1 0.01387 0.01346
1.20 ' 2.648 0.8509 0.5061 0.00648 0.00607

1.25 ©2.803 0.7984 0.5031  0.00040 0.00040
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&

screening parameter. (Eq. (11.3))

Internuclear

Table 11.2. Binding energy and optimized parameters'as‘a function

Screening . |
parameter separation Jv; 8 Energy D
0.0001 ' 1.998 1.353 0.9182 0.60234 0.10245
" 0.0002 1,998 1.353 0.9182  0.60224  0.10245
0.0005 1.998 1.353 0.9182 0.60194 0.10245
0.001 1.998 ¥.353 0.9183 0.60144 0.10245
0.002 1.998 1.353 0.9183  0.60045  0.10245
0.0025 1.998 1.353 0.9183  0.59995  0.10245
- 0.005 1.998 1.353¢% 0.9183  0.59746 0.10244
0.01 1.998 1,353 0.9183 0.59251 0.10244
0.02 1.998 1,353 0.9184 . 0.58271 0.10241
0.025 1.998 1.353 0.9184  0.57785 0.10239
0.03 1.998 1.352 0.9185 0.57303 0.10237
0.04 1.998 1.352 0.9186 0.56348  0.10251
0.05 1,999 T 1,351 0.9188 _0.55405" 0.10223
0.06 1.999 ;;350 0.9190 0.54474 0.10214
0.07 1,999 1.349 0.9193 0.53555  0.10203
0.08 2,000 1.348 0.9196 0.52647 0.10190
0.09 2.000 1.347 0.9199 0.51751 0.10176
0.1 2,000 1.346 , 0.9203-  0.50807  0.10161
0.2 2.007 1.328 0.9248 0.42600 0.09919
0.25 2.012 1.315 0.9277  0.38834 0.09742
0.3 2.018 1.302 0.9309 0.35293  -0.09530
0.4 2.035 0.9376 0.09005

1,270

-

0.28841
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LW

2.058

2,088
2,129
2.180
2,247

2,336

2.393
2,459

2.543

2,651

2.807

3.102
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L 1.234

1,194

1,151

1.105

1.054
0.9972

0.9662

1 0.9323

0.8949

0.8522

0.7998

0.7208

0.9447

 0.9518
0.9587

~0.9650

0.9704
0.9745
-0.9761

~0.9768

~0.97869

=0.9761

-0.9737

=0.9673

0.23160

0.18184

0.13859

0.10140
0.06986

0.04367

0.03251

0.02260

0.01394

0.00654
0.00045

~0.00418

0.08352

0.07576¢

0.06685

0.05681

0.04568

0.03351

0.02707

0.02049
0101;53'
0.00650

0.00045 »
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- Table 11.3. Binding energy and optimized paramefers as a funttion of
screening parameter (Eq.-{11.4))

SScreening Internuclear

pparaméter separation o .. . 8 fnergy : D~
0.0001 1.998 1.354 1.334 0.60235‘. 0.10245
0.0002 1.998 1.354 1.334 0.60225  0.10245
ugq-0.000S 1.998 1.354 1,3;4 0.60395 ' 0.10245
" o.001 fmgggf_ 1.354 1.334 0.60145 ° 0.10245
0.002 1.998 1,354 0.60045  0.10245
0.0025 1,998 1.354 0.59995 0.10245
0.005 1,998 1,354 0.59746  0.10244
0.01 1,998 1.354 0.59251 0.10244"
0.02 1,998 1.354 -0.58231. 0.10241°
0.025 .1;998 1.354 0.57785 '0;19239_
0.03 1,998, 1.353 N 0157303 0.10237
0.04 “1.990 ©1.353 0.56348 0.10231
0.05 1.999 1.352 0.55405  0.10223
. 0.06 '1.999 1.351 0.54474 . 0.10214
0.07 " 1.999 1.350, 1.315 0.53555  0.10203
0.08 2,000 -1.353_ 1.309 0.52648  0.10191
,0.09 . 2.000" 1,347 1.302 0.51752  0.,10177
0.1 '2.000 1.346 /1 ® 1.206 0.50867  0.10161
0.2 2,007 1.323 1,203 _jﬂ%42600 10.09919
0.25 2.012 1,308 1.143 ©70.38835  0.09743
0.3 2,018 1.290 1.077 0.35294. 0.09531
0.4 12,035 1,248 0.9358 0.28842  0.09006
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2,058

2.089

2,180
2.;47
2,336
2.392

2,459

2,542

2.651
2,805

3.098
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0.7870
0.6358

).4869

0.1959
0.05311
-0.61719
-0.09180
-0.1670
~0.2473
-0.3370

-0.4530

. 0.23161

0. 18185

0.13861

0.10141

7T

. 0,06987

0.02259
o.oiﬁgs
0.00653
0.00044

-0.00419

0.08353
0.07577
0.06687 .
0.05682
0.04569
0.03351
0.02707
0.02039
0.01352
0.00649

0.00044



Table 11.4. Binding energy and optimized
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garameters as a function of

- screening paramter {Eq. (11.5))
Screening - Internuclear ot
parameter separation ® & Energy D
0{0061 1.998 1;353 0.5747 0.60235  .0.10245
0.0002 1.998 1.353 0.5747 0.60225  0,10245
0.0005 1.998 1,353 0.5747 0,60195 0.10245
x;0.001  1.998 . 1.333 0.5747 0.60145 0.10245
0.002 1.998 1.353 0.5747 0.60045  0.10245
0.0025 1.998 1.353 0.5747  0.59995 0.10245
6.005-‘ 1,998 1.353 0.5747 0.59747 0.10245
0.01 1.998 1,353 0.5749 0.59252 0.10245
0.02 " 1.998 1.353 0.5749 " 0.58271 0.1024%
0;025‘ 1.998 1.353 0.5749 0.:57786 0.10240
0.03 1.998 '1.353< 0.5750 0.57304 0.10238
0.04 1.998 1.352 N 5750 0..56348 + 0.10231
0.05 1.999 1.351 0.5751 0.55406 0.10224
0..06 2.000 1,351 0.5755 0.54475 0.53315
0.07 2.000 1.350 0.5755 0.53556 0.10204
o.os 2.000 1.349 0.5758 0.52648 0.10191
0.00 '2.000 1.347 0.5758 0.51752 0.10177
0.1 2.001 1.346 0.5761 0.50867 0.10161
0.2 2.007 1,328 0.5789 0.42600  0.09919
0.25 2.012 1.316 0.5807 0.38835 0.09743
0.3 2.018 1,301 0..5824 0.35294 0.09531
0.4 2.035 1.270 0.5867 0.28842 0.09006
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-

2.056

2.089

2.130
2.181
2,247

2.337

2,393

2,461

2.544 .

2,653
2.808

3.102

1,234

1.194

1.152
1.105
1.054
0.9975
0.9664

0.9328

0.8954

0.8525
0.8002

0.7213
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0.5910 -

0.5954
0.5998

0.6035

0.6068

0.6b95
0.6104
0.6111
0.6112

0.6107

-0.6093

0.6054 -

0.23161
0.18185
0.13861
0.10141
0.06987
0.04369
0.03252
0.02261
0.01396
0.00656
0.00047

-0.00416

*

’
1]

0.08353

0.07577

0.06687

0.05682
0.04569
0.03353
0.02708
0.02041
0.01355
0.00652

0.00047

oo
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Table 11.5 : Binding energies of the hydrogen molecular ion with
the 3SCP from various approximate trial wave functions

Screening - Binding energy +
- parameter Eq.(11.2) Eq.(11.3) Eq.(11.4) Ea.(11.5)

R R e e el e e e e e e e L ]

0.0001 0.60229 0.60234 0.60235 0.60235
0.0002 0.60219 0.60224 0.60225 0.60225
0.0005 0.60189 0.60194 0.60195 0.60195
0.001 0.60139--  0.6014% 0.60145 0.60145
0.002 0.60039 0.60045  0.60045 0.60045
0.0025 0.59989 0.59995 0.59995 0.59995
0.005 0.59740 0.59746 0.59746 0.59747
0.01 0.59245 0.59251 0.59251 0.59252
0.02 0.58265 0 58271 0.58271 0.58271
0.025  0.57779  0.57785 0.57785 0.57786
0.03  0.57297 0.57303 0.57303 0.57304
0.04 0.56342  0.56348  0.56348°  0.56348
0.05 0.55399 10.55405 0.55405  0.55406
0.06 0.54468" 0.54474 0.5447Y 0.54475

0.07 0.53549  0.53555  0.53555 ° °0.53556 '
0.06 . 0.52642  0.52647 0.52648 0.52648

0.09 . 0.51746 0.51751  0.51752  0.51752
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C . Table.ﬁJcS‘(conﬂVd)

Screening . . _ " Binding energy )
parameter Eq.{11.2) Eq.(11.3) Eq.{11.14) Eq.(11.5)

——..——u———-_—————.n—-_-—-.-.—-._.._———\---——n—-—n———-———.———-——_-———n_—-—-

0.1 ; | 0.50861  0.50867 0.50867 0.50867
0.2 :  g.u2sgy 0.42600 0.42600 0.42600
0.25  -0.38828  0.3883% 0.38835 0.38835 “
0.3 . 0.35287 " 0.35203  0.3529% 0.35294
,QLQ_\‘ﬂ 0.28834  0.28811 ©' 0.28842 0.28842
- ous 0.23153 1 0:23160 0.23161 0.23161
0.6 0.18177 6.18184 . 0.18185 0.18185
0.1 0.13852 0.13859 0.13861 0.13861
-0.8 0.10132 © 0.10140 0.10141  0.10141
0.9 0.06979 0.06986 0.06987  0.06987.
1.0 . 0.04360 0.04367 0.04367 0.04369
1.05° 0.03243 0.03251 :10.03251 " 0.032527
1.0 " 0.02253 0.02260 0.02259 - 0.02261 .
1.15 0.91337' 0.01394 0.01393 0.01396
1.20 0.00648 0.00654 0,60653 0.00656
1.25 _ 0.00040  _0.00045 0.00044. o .0.0004T"

1.30  -0.00423  -0.00418 _0.00419 -  =0.00416
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Chapter 12 - Geometric-Mean Wave Function for HenZh
12.1 Introduction

" Radel, Gorman, Cutler and Kahn (1969) have proposed a two parameter
Qariation function for the Iso ground state of the hydrogen molecular
ion. Their function, which builds up the probability density at inter-
mediate distances by the addition of a geometric-mean teem to the we]1‘
known Finkelstein-Horowitz function, 1§'expressed as follows:

£l ]_ .
y(unnormalized) = ¢y, . +Jw1sb) + B(**sa‘xjwlsb)z |

1sd (12.1) .

Zr

where ¥ = e ', and Z-and g are the variatijonal parameters.

This function gives very good‘resu1ts for the energy at all
interﬁuc1eéf distances. It is of interest to examine the applicability
of such a fdnction to'more'comp1ex systems. In'the present study, we
have applied a variétion wave function similar to Eq. (12.1) to the Tso
state of HeH2+. One of the aim of the investigation is to find if the
accuracy achieved using- certain types of approximate wave function is

" affected by the lack of nuclear symuetry.

The HeH2+ molecular jon was first treated by Beach (1936). Coulson
and Duncanson (1938) employed five different methods, including a
calculation at two values of the internuclear distance by an exact .

treatment in spherical coordinates. Bates and Carson (1956) have
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¥

obtained exact energies and wave functions for several states of Heh?Y,
Other contributions to the problem are those of Dalgarno and Stewart

(1956), Moiseiwitschand Stewart (1956), Harris and Frost (1965), Matcha et |
al. {1965), Wilson and Gallup (1966), Cohen et al. (1967), Combs and Runnels
{1968), Horak and Siskova (1973), and Combs and Miller (1976).

12.2 Calculation

The electronic energy of this complex molecular jon results from

the integration of:

o <E]H|E>

E = Tl | | (12.2)

where
H= 3V Frm 0 {12.3)
a b -
where ry ahd r, are the distances of the electron from the K and He'' nuclei
respecfive]y. ine wave function of Edl (12;1) has the following explicit form.
-

yr L Tal, =Y
b+’B(e a 1_))2

=g

v=e Z4ge (12.4)

where a, 8, y and x are variational parameters. The integrations are

carried on confocal elliptical coordinatqs»(Appendix B) by defining
wEd(r 4
RYa "b

1
R (ra - Ir'b)

v

in which R is the distance between two nuclei.
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After some lengthy ca]culationé, the final results for
Eex (E +E)
N *k P
are that

2
4 | 4
]

S
R 2 D) Rl /2L ‘]"Z?SiL‘E;E sinh [5 (o = 7)]
a - Y R - v

. l - sinh [%-(a - )]+ ” 1 - cosh [%-(a - vﬂ%

+

-+

5128, -R(3a + Y)/4{3_ 48ay

2 2

- — sinh[l% (3a - V)]
o -

R(9a - ¥2)

1
Ja t ¥

1

" sinh[ B (3 - )]+ g cosh [ & (30 - )]}

+ 512 e—-R(a + 3v)/4 {{_ 48ay

2 R(cr.2 - 9y

. . rR '
7 _ o 2)2 sinh [E'(a - 3Y)]

S Y E T



Ex

5 - 255 -

..2__1_225_2_ ’ -
oY "

| - 2, .2
- 3y -R(s + Y)IZ{{%(G +Y7) sinh [% (@ - 1]

a2 - Y 'R(GZ - YZ)Z
=7 S‘inh[-g-(a - )] - Olf‘.rcosh[f.;-(ét - Y)]l}
2 - : .
* a24? - oRla +-Y)/2{{(u +Y) s-1'nh [% (o -:7)]

+ (¢ - ¥) cosh @(u - Y)]}}

i

2 2 :
+ - 12808 efR(3& + Y)/4{£8Y(3°‘ + ;)2 s'int] [%— (3a - Y)]

9a% - ¥2 R(9a? - ¥
o+ Y - R - a - Y R :
+ K a—— sinh [E (3o - Y)]-H' 3 - ¥ cosh [E (30! - Y)] }}'
, 2 2
4 128&8‘0\2 e-R(a + 3Y)/4{£8a(; + 3; % sinh [% (« - 3Y)] '
o - 9Y R{a™ -.9Y%) :
+ a°‘++31 sinh [%_(a - 3v)] - ———ua_"; cosh [%— (a- 37)]}}

ABnd

v
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.4 ~wRp4 | ' '
E) = - e (37 Sinh (oR) + 3 sinh (a) - cosh (aR}]

2
- 8 e[ & sinh (R) + 3 sing (R) + cosh (1R)]
N .

) | | :
- 18(s”+ 1) 2) oRla + Y)/z{{:J(H sinh [£ (a - v)]
a -y o’ -y .

+ 3 sinh [g-(u -] - cosh[-% (« - v)] }

- B R (3 - ””{:R—?é%\"’%_)- sinh [ § (34 - v)]
a -y a -y o

+ 3 sinh [g—(Ba - ¥)] - cosh [g-(Su - Y)]#

i ;2813 > o~R{a + 3Y)/4{L_§£§E_:.%%l sinh [%'(a - 3v)]
a“ - gy _aR(u-gY) )

+ 3 sinhfg- (« - 37)] - cosh [g (« - 3v)] }

12.3 Conclusion

The optimized values of the parameters @ B, Y and X are shown in

the Table 12.7 at various internuc]ear distances. Table 72.2 compares

the electronic energies and electronic potential en

with the exact values. 1t will be noticed that E valyes obtained from

the function (12.4) are quite close to the exact ones, The average

Percent difference between the two is 0.015% with a makimum difference

of 0.023% (occurring at R = 2.5), This may be éompared with an average
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difference of 0.016%, over a comparable range of R, between the results
of Radel et al. and the exact values of H2' Qur values for V are also in

good accord with the exact values.

The kinetic energy T, the potential energy V' = V + 2/R, and the
total energy E' = E + 2/R of the Iso¢ state as a function of R are shown
in Fig. 12.1. T has a shallow minimum at R = 1.5; a similar result was

found by Moiseiwitsch and Stewart (1956).

In conclusion, we find that the results obtained by a geometric-
mean type of variatjon function for HeHz'+ are of a comparable accuracy .

to those obtained by a similar function for H.
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J

e W ELE AT L L T

: Optimized parameter at various internuclear

e o n s 1 o o = e o T e e e Y T e o T P )

2.739
2,562
T 2.408
2.293

2,111

1,924
1.916
1.901

1.887

1.860

bl 2.036 )

1.953 -

2,008

2,091
2.051
2.018
2,016

2.009

2.005
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Table 12.2 : Ié%&i electronic energies (-E) and electronic potential (-V)

‘ ~ energies of the 1so state as obtained here compared with the
exact. values. The exact.values of E are from Bates apd Carson

(1956) and those of V from Maiseiwitsch.and Stewirfi%?QSS) .

*

R -E - N -V

this study exact this'sfpdyu" exact

0.25 - 4.13327 - 4.13365 7.767 o
0.50 3.66500  3.66554 6.491 ~  6.50

0T - a30ms . 330137 5.665

. 1.0 " . 303291 - 3.0333% 5.154  5.13 55113

. ' t
1.5 . 2.69499 T 2.69546 4.660. ‘¢
2.0 2.51164 2.51219 . >4.478, 4.48
2.5 2.40433 2.40489 4.388
3.0 . 2.33499 2.33549  4.328 T4.33
3.5 . 28640 2.28679 4.283 .
4.0  2.25031 2.25060 4.249 4.25
4.5 2.22237 2.22259 - 4.222
s.ng 7 2.20008  2.20023 . 4.200 4.20
<.
- . .. s w
S . . . .
DN .
. IR
) ° i * a ’
' 'l' ! a
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B -
. Appendix A. The Hulthén Potential

FOr_our prob1em, we write the Hulth&n potential (1942), 1in atomic
' ~ %
units, in the form . U N

ST R .
. 1 -e %
It is possib]e to solve the Schrodinger equation for the potential . -
(A.1) for g = 0. In the following we ad Hulthén treatment to our

problem.

. The radial Schrodinger equation for % = 0 for the potential (A.1) is

2 . -5r ‘ : ‘ .
1ld e
(= =5 + = -E)y (r) =0 (A.2)
2 dré 1 - % n ' :
By 3qbsfituting

LS

R S

E_.z_ans . v (A.3)
\ . )

and making the fo]]owing transformation

-a_ér

ta(r) = e” ()

y=1-¢°% : ,,«//
Eq. {(A.2) becomes
d2

¢n d‘t’n 2n ) : -
- - n =
y(1 - y) :137— (1+ zan)y-a-y—"*' 2 9n 0 (A.4)
" ﬁ - . B
b ” ¢ ) ) -
br
, . 8 ‘
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The solution of the differential-eﬁdation (A.4) has t orm

P S e vho
NOREE DD PN

v=0 ve(

Substituting it in Eq. (A.4), we get the following recursion relation for

c 's:
Y

\)(\) - ]) +(.[ +23n)\) ‘2_

n
vivt+ 1) . v (v21)

-1
c\)'*-l_-1
To have physical meaning, the wave function ¢{r) must be finite, so that
the infinite series should terminat® somewhere — say, at v = n — to

become a polynomial; thus c_ =0 for v>n. This gives

2

nin - 1) +{1 + Zan)n '
- 8
or
12 | ' 8
a_* % (£ - n) (A.5)
n . 2 n52 .
)
In conjunctijon with (A.3), this gives the eiQEnva1ué%.
The normalized eigenfunction is found to be
] : - A
26 a {a_ +n)72 -asér -
- nn n
¥p(r) '[ 2a_ + n ] €
. n '
n ” 1.-.n +2 +v -] -
I SR C I U N O ) @ - (a.e)

v
v=] -

4
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When two paranieters, n and &, are set to be equal, Eq. (A.5) becomes

a, = %{ﬁ—s --n) - (A.7)

and “the eigenvalues (A.3) and the eigenfunction (A.6) respectively become .

E, = g - ns)? . " (A.8)
and o '
11,2 ’
: 5 -z{= - ng)r
q"n(r) - %(5_2__ n2.52) 2 0 2'n
n
(1 1 (”?‘_‘5'1)( -8y (A.9)
X =1 1 -e A.9
.. 4

-t
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Appendix B. OQutlines of Confocal Elliptical Coordinates

The variables uand v in confocal elliptical coordinates relate to

" and rb in spherical coordinates by .

; N . ratry or, -

R v=l_B (B

The volume element in this coordinates js-

| ,ﬁ. oo dt = %E'(uz-- v8) dy dv d¢ (B.2)
| with | ‘
1l s <o ’
-1 gvgl
05 ¢ 5 2r

7 = sz.uz_]g{ S - in-A 2,
2
4 1 3
tg (8.3)
R (uz - 1A - vz) 8342
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Appendix C. Derivation-of the Integral ‘:«\z;l(i,m,n) in Chapter 9

> S '
5 st %S dsg " dus e'yt t" dt
(o 308

0
k -
- - _n “YU <~ Nn!_u
TeET "8 Y Kk
y R=0 y
+ ( .I)n (_-I)TH'] n. _ eyu i (_-l)k n. Uk 1}
m Z kT n-k3T
y k=0 y
1 n 1 . k
. _ni__ -yu n. _u
s 2 kT n-k+]
y k=0 Y
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; y
I, =‘j J" duj Y tn dt ;‘
[ -u -
nt " oyR [ oy ke w " "f—‘][kxk s yu kim
= - _n_+T b {-.— e u du + T 2 7 e du
™ o Y 3
nt ok e Lo km \ i
N (I kHn)i- _ _-ys (k4m) ! s
=T e 2 '\IZ_'—{ KT e z 3T kam-347 1
Y k=0 Y j: Y
’ .I n . ' J
n! g ) x kéme1. 1 EREm) L 5
Ry > (-1) { - “'1_) 3T a3
Y k=0 u=o . |
om0 (k+m)‘ 1m0 -ys M
T { T TR z jTs}
y k-—-o y - Y j:()
1 n | . k+m A
(-1)™ (kdm)! 1 (k#m)! 1 ys 1\ j
TE Z 1T T T e = ) :3].’—!-5 }
y k=0 : y y j=0
1 n ) k-+m j .
. __n (k+ma"~ Lﬂ) J
rorrre R k'l X z '?JL" 73
y k=0 . j=0
m ' k+m .o
-1 !
(-1) > n z {(K+m) (k-l!;fp) s (-1)d ng_r S.J )
Y =0 j=0
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10 {dyn)n) ,
oo ‘ lS n - . .
e gt e dsh U dus e Yt M gt
Q 0 =N
“XS
- n+m+ :(_")—_S
Y k=0
CokHN O F e s
NC., o s st s 4oy
3=0 °
1 n o
(-1)™!  (ktm)! 4 XS
+ v 5 {: o . s¥ e ds
Y k=0
] k- JJ oo I Ve
- k:m §-1.J)..x S xS 4oy
j=0 ) 0
I n {-(k-Hn)’ L. (k+m)! km ‘\%J__g___q_)_i
Tz 2Lt KL _gH KT 2 3 ety ) ST
J k=0 = xy
» 1y oo pllomt gt (im): kim )33 g )
CThim? . 2 U kD gh K 2. 3 [EREy
y N X ‘ {x-y)~
= 3=0
it & fem)t O™ g L ()
e D D S pa D DR
k=0 y k=0
!'I I k+m j > ]
n! k+m). y (243):
Tz L k! v [EE
y - - (x+y)
k=0 3
-1)™1 1 (e4]):

prgadith

s P —
et nel v ST ST
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n. = 5‘: !R.'l':!! (__X__)J

yn4m+2 (x +y)zﬂ Xty
,‘ T N K1) () .
+ n-lm-l-g : Ny 2. ( t? ) L J'EHJ) ( {.Y)J
(x-y) ko §=0

[~
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Appendix D. Integrals Used in Chapters 10 and 11

There are some integrals which are repeatedly used in the calculations

of hydrogen molecular jon in the Chapters 10 and 11. Two main ones are

A, (m) t/h1 ame™™ dy - (0.1)
1 n .'-m\J | %
Bn(m) =f v e dv (D.2)
-1 ‘
The integral B (m) has the following properties:
_ s
BZn(—m) = BZn(m)
(D.3)
BZn-H(_m) =~Bon 'I(m)
Relating to Bn(m), following integrals have been used in the
calculation. =
) '
1 n 1 1 n mi ~-mv
f v cosh {mv} dv = Ef v (e +e ) dv
-1 -1
-1 i}
T2 [Bn (-m) + Bn(m)]
_ Bn(m) if n even (ﬁ.4)
0 | if n odd
1 0 if n even :
no_. - (D.5)
;§_1“ sinh (mv) dv = z-Bn(m) & if n odd
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: .] . .
- S W' sinh (av) sinh (bv) dv
-] ]
1 ‘av. <dv. bv [sBv
_ :S Nne -e g - do
A -] 2 2

-1
L Ia+b) L (a;b) if n even
=_{2 n 2°n - | (0.5)
0 if n odd
T
S v cosh (av) cosh (bv) dv
-1
18 (ash) +18 —
_{:g (ath) + 5 B (a-b) if. n even 0.)
' 0 if n odd
1 n »
.S v sinhz (ay) cosh (bv) dv
-1
0 if n even
R 1 . (D.8)
- é-Bn(a+b) -5 Bn(a—b) if n odd-

For some particular values of n, the expressions for A (m) and B {(m)

are listed below:

e-m

31—

Ay(m)

1l
3|—

Ay(m) e (1 + ;1—)

T _-m 2.2
Az(m) ﬁ e‘ (] + 'I'n" + -"'.-I'E)

t
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m .
. & ~2m 2 s
Bo(m) = (1 -~eT)= - sinh (m)

m
_e -2m o =2m
‘Bl(m) ‘;n_f-[] ~e " -m(l e )]
= -:1-2—[ sinEE‘i‘f"Cm)- - m cosh (m)]
s n) = 2551~ e -1 4 & L0 em]
& 1 . e -
= ;3—[51r'1h (m) - m cosh (m) + 3= sinh (m)]
Gem. -2m ] -2m m2 - =2m m3 -2m
33(m)=_m¢[1-e. I L B C R R i R
127 i’ m
=%4-[sinh (m) - m cosh (m) +§——s1'nh (m) - ﬁ—cosh (m)]
m _ ' -2m 2 -
B4(m) = gﬁ%w[ 1. e -m(l+e )+ g— (1 - e M
3 4 '
m C =2my ;M -2m
S+ e™ s h -]
48 -
= T[ sinh (m) <.m cosh (m) + 5 sinh (m)
. m L
3 4 :
- I ¢osh (m) + G sinh (m) ] L
N .
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o]
120¢" 2 omy ~2m
Bgm) = 2 [1 ~n( o+ e + 5 (1 ™)
5

.3 |
m Co=Zmy LM =2m -Zm
SO e B (e ST (e )]

Ao . 2
= %[smh (m) - m cosh (m) + ?—- sinh {m)
w3 4 ' 5
%‘— cosh (m) +-——S1nh (m) - %co_sh (m)]
f
6
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