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Abstract

'Ihelasttmymrshavesemanacplosiminthedanandforbandwidthasaresmtofthecawagmceof
radio, television, voice, video and data over a single optical network. As a result of this sensational
appetite for bandwidth, current optoelectronic components are being pressed to their limit. Thus
researchers and design engineers alike must conduct core research into novel optoelectronic architectures.
A photodetector is an optical to electrical transducer that is present in all modemn non-coherent optical
networks. Current conventional vertically illuminated detectors used in these networks have a bandwidth-
efficiency trade off That is, it is not possible to simultaneously achieve high bandwidth and high
efficiency.

The traveling wave photodetector is ane architecture that has shown promise in being able to achieve both
high bandwidth and efficiency. The optical signal that generates the microwave photocurrent is
perpendicular to the collection field, thus two waves will co-propagate down this device in their respective
guides. In a classical traveling wave device it is the interaction of these two waves that dictates the

response of the device; in a traveling wave photodetector this is not the case.

’Ihemainpmposeofthiswrkistodsigxahighspeed,higheﬂicimcytravelingwavephotodetecta'at
1550 nm. The design begins with the choice of diode architecture followed by the material choice. Once
thsetwoparamaeshavebemchosmtheuavdhgwavedsi@ishokmdownintothreesubdsigns.
the semiconductor design, the optical design and the microwave design. The semiconductor design is done
on an InGaAsInGaAsP/InP material system design, with the absorbing layer optimized for detection
around 1550 nm optical wavelength.

The optical waveguide design for the traveling wave photodetector was done using the Method of Lines
(MoL). Mnmaimlmahodwmchosmtomﬂmmeopﬁmlwavegtﬁdebemuseoﬁsmiqmaﬁmy
to accurately characterize the metal and generate all six field components. A Mol. formulation was derived
for non-anisotropic lossy inhomogeneous material, the results of which were coded in Matlab. To ensure



mmmedaivaﬁmmdpogmwaefammaedmdcodedcmecﬂysevaalmmamwzedmd
compared against results published in the scientific literature.

Thenﬁcmvedsiglwmmpﬁshedmmgammadauymﬂauewmgebasedmme
Method of moments. The optical design and theory suggest that velocity matching is secondary in
determining the frequency response of these detectors. Thus using a commercial simulator two designs
were undertaken, one in which the device was optimized for velocity matching while the other was not. In
doing this the hope was (0 generate empirical results that would confirm or deny the effects of velocity
matching on device bandwidth.

The devices were fabricated and DC, optical and microwave measurements performed. A very high
responsivity was obtained for both designs for electrically short devices. However, it was not possible to
definitely determine the frequency response of the device as a result of the probe footprint. Thus a
conclusion based on the effects of velocity matching was not possible, hence a recommendation to redesign
the mask and re-measure the designs presented here is made.
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Chapter 1 introduction

This chapter will begin with a historical overview of the developments in the optic industry over the last
30 years. Following this historical overview the chapter will then proceed with a presentation of the
objectives and motivations driving this thesis, moving onto the contribution associated with the work.

Chapter 1 will end with an outline of what will be presented in other chapters in this thesis.

1.1 Background

The sensational demand for more bandwidth in recent years and the convergence of television, radio,
video, voice and data over a single network has led to the proliferation of optical communication networks
across North American as well as around the world. Conventional networks such as the phone (PSTN),
cable and various wireless area networks (WLAN) cannot meet the bandwidth requirements needed for
this convergence. Fiber optic communication systems are light wave systems that employ optical fibers
for the transmission of information. Presently, only with fiber optics and its inherently large bandwidth

can a single high speed data network covering North America and connecting the world be realized.

Optical communication components have historically been designed in one of three optical wavelength

transmission windows:

e 800-900 nm transmission window
e 1210-1310 nm transmission window

e 1550-1600 nm transmission window

These transmission windows have come about as a result of technology, as well as the desire to work

where a signal experiences minimum fiber attenuation and dispersion. The first window occurs at 800 nm



to 900 nm. Here the optical signal experiences a loss of approximately 2.0-2.5 dB/km. Systems were
deployed in this windows in and around 1978 and operated at bit rates of 50 to 100 Mbps'.

This was immediately followed by single mode systems operating at 1300 nm. It was favorable to operate
around this wavelength due to the low loss, 0.50 dB/km, and the minimal dispersion characteristic of the
fiber at this wavelength. These second-generation systems reached their peak of maturity around 1987

and achieved a bit rate of approximately 1.7 Gbps with a repeater spacer of 50 km 2.

The third transmission window occurring at 1550 nm has an interesting history. Although attenuation of
0.20 dB/km has been known and demonstrated in the laboratory since the late 1970s’, the optics industry
generally shied away from this wavelength because the fiber had a large dispersion characteristic at 1550
nm. The push to operate at this wavelength came not from the advantage of lower signal attenuation, but
as a result of optical amplifiers. Prior to the development of optical amplifiers, electronic repeaters were
used to amplify the information. That is, the optical signal would be demodulated, the information
amplified vis-a-vis conventional electronic amplifiers, and then the information re-modulated. With the
development of erbium-doped fiber amplifiers (EDFASs) this conversion back to the electrical domain was
eliminated.

The development of EDFAs sparked a revolution in the fiber optics telecommunication industry. At the
time EDFAs exhibited gain from 1525 nm to 1565 nm. This window has since been expanded to 1605
nm, which happens to be the third transmission window. The development of EDFAs pushed scientists

and design engineers alike to solve the dispersion problem associated with the fiber at 1550 nm.

This problem of large dispersion at 1550 nm was finally resolved in the 1980s by using a dispersion-
shifted fiber®. As a result of this there was a shift both in academia and industry away from optoelectronic
components that operated around 1300 nm. Currently any new research or optoelectronic product used
for industrial applications usually targets the 1550 nm transmission window. By the early 1990s



commercially available optical networks operating around 1550 nm with bit rates of 600 Mbps (OC-12),
2.5 Gbps (OC-48), 10 Gbps (OC-192) became widely deployed. Presently there are field trials on going

for OC-768, which has a maximum bit rate of 40 Gbps.

Optoelectronic devices such as modulators, photodetectors, multiplexer etc. must keep a step ahead of the
communications industry’s need for higher bandwidth. Hence, as the bandwidth exceeds 40 Gbps

conventional optoelectronic devices will become obsolete and novel designs will need to be considered.

The photodetector is the component of interest in this thesis, it resides on the receiver end of an optical
communication network. These transducers which convert optical energy to electrical energy are present
in all modern non-coherent optical communication systems. Currently most optical networks will employ
some form of vertically illuminated detector. These conventicnal vertically illuminated photodetectors are
being pressed to their limits in terms of bandwidth-efficiency product. The traveling wave geometry has
been presented in the literature™® and represents a possible architecture for increasing the bandwidth-
efficiency product of photodetectors. Since the early 1990s there have been several publications in the
literature that routinely demonstrate that these devices have bandwidths in excess of 100 GHz, which

makes them ideally suited for next generation optical networks’.

1.2Thesis Objective and Motivation

Conventional vertically illuminated photodetectors (VPD) suffer from an inherent bandwidth-efficiency
limit. That is, the microwave bandwidth and the quantum efficiency product is a constant and in
designing a high frequency detector an increase in bandwidth results in a degradation in quantum
efficiency, or vice versa Then'avelingwavearchitecnieoﬂ'esanovelapprmchinsolvingthe
bandwidth efficiency limit that VPDs suffer from. Normally in a detector the bandwidth is determined by
the load resistance and the depletion capacitance whose product results in a RC time constant, it is this

RC time constant that limits the bandwidth of VPD. A designer generally has no control over the load



resistance, usually taken to be 50 for most microwave systems. Hence, one degree of freedom remains to
increase the bandwidth, or decreasing the depletion or junction capacitance. In attempting to increase the
bandwidth a designer must minimize the RC time constant. Since the load resistance is fixed a designer
is forced to minimize the depletion capacitance in order to increase the bandwidth of the detector. This
results in a degradation in quantum efficiency since the intrinsic depleted region is where light is absorbed

and ultimately carriers are generated to produce photocurrent.

The traveling-wave photodetector (TWPD) possesses a distributed capacitance instead of lumped element
capacitance and hence decouples the bandwidth and efficiency products seen with the VPDs. Since the
capacitance is distributed, the determining factor in bandwidth is not the RC limitation seen with VPDs.
As a result the capacitance is distributed hence the devices can be made optically long to obtain relatively

high quantum efficiency.

The objective of this project is the design of a high efficiency, high frequency traveling wave
photodetector for operation around 1550 nm. The motivation for this work is a result of growing interest
in this area from industry as well as academia. That is, the telecommunications industry is in a frenzy to
deliver more bandwidth to the end user end and as a result designers are pushed to provide faster and
cheaper optoelectronic components to the network. In order for commercial products to become available
for next generation systems both industry and universities must conduct core research into novel

architectures such as the TWPD to determine their suitability in higher bit rate systems.



1.3 Thesis Contribution

If a successful design is achieved, contributions will reside in the areas of modeling, design and
development of a high speed, high efficiency detector at a relevant transmission window. To the author’s
knowledge there has only been a small amount of work done in modeling such a structure numerically.
Most designs presented in the literature have made use of first order approximations in describing the
TWPD*'° and hence do not accurately characterize the optical and microwave guides using a full wave
vectorial approach as has been done in this project. The microwave guide is often taken as a quasi-TEM
structure and such a first order approximation may generate discrepancies between the simulated and
measured results.

The project will generate a considerable amount of data both from a numerical modeling perspective as
well as device design perspective. The work presented here will hopefully contribute significantly to any

future designs using this architecture from an empirical as well as an analytical standpoint.

1.4 Thesis Organization

Chapter 2 Photodetectors, will review optical detection and the selection of materials for optical
absorption at a specified wavelength. A basic equivalent circuit for a photodetector is presented and the
trade off between various parameters such as sensitivity and gain, or bandwidth and efficiency is
discussed. The chapter will also review different types of photodetectors such as APDs, Schottkys,
p-i-n’s, listing their advantages and disadvantages. This is followed by a description of the theory behind
traveling wave photodetectors (TWPDs) and the parameters that a designer must consider when
implementing this type of detector. The theoretical treatment of TWPDs will discuss the relationship
between the optical and microwave modes of propagation, the importance of phase velocity matching;
several electrical models will be presented discussing the limitation of each. The limitations to the models



presented here lead to a logical conclusion that a full wave analysis must be undertaken to characterize
this device. It is this full wave approach that is discussed in Chapter 3.

Chapter 3 Numerical Analysis Using the Method of Limes (MoL) will present an overview of the
Method of Lines listing the advantages and disadvantages of this method over other numerical schemes.
An algorithm is presented on how to generate the indirect eigenvalue problem and a derivation is
formulated for a non-anisotropic inhomogeneous lossy medium. Since the method is used in the optical
waveguide design of the TWPD, a thorough validation of the code and derivation associated with the
formulation is done. This validation is done using three separate structures, all of which have previously
been analyzed and published in the scientific literature. Monotonic convergence is demonstrated, a
dispersion curve is generated and the fields are illustrated. This was done for two lossless rib waveguide

structures. The validation of the losses is done and compared via a Schottky contact TWPD.

Chapter 4 Design and Simulatioa will begin with the choice of diode architecture used for
photodetection. In will then describe the material choice discussing the importance of lattice matching,
and why quantum well(s) (QWs) were introduced in the design. The chapter will present two designs,
discussing the design philosophies for each structure, The layer design will be presented for each
structure and the simulated microwave and optical results illustrated. Any assumptions made for the
semiconductor, microwave and optical designs will be presented and discussed thoroughly. The mask
design is discussed and the foundry limitation pointed out.

Chapter S Measurements and Analysis will present the DC measurement results along with the optical
and microwave resuits. The chapter will focus on the original objective for this work, which is the design
of a high efficiency, high bandwidth detector at 1550 nm. Although other measurements are given for
completeness, emphasis is placed on the bandwidth and responsivity. The results will be compared
against theory and, where appropriate, deviations highlighted.



Chapter 6 Counclusion will discuss the successes and shortcomings of the designs. The work done is
summarized and conclusions are presented. The thesis ends with a list of recommendations and
refinements to this work as well as a list of possible fisture activities in this area. This list is quite general
and applies to students, researchers and designers alike.




Chapter 2 Photodetectors

In order to understand the design criteria needed to fabricate a traveling wave photodetector, one must first
have a full comprehension of conventional detectors. This chapter will present the theory behind optical
detection including the different semiconductor materials that are available for the detection of optical
energy. Following this discussion an overview of the various diode architectures is presented, listing the
advantages and disadvantages for each device.

Bandwidth and efficiency are two key design parameters, which must be optimized when designing any
detector. These parameters are presented in this chapter and a quantitative discussion of the trade off seen

between these two competing criteria is demanstrated rigorously.

With a full overview of the current diode architectures, the traveling wave configuration is presented to the
reader, listing the advantages over conventional detectors. The theory behind traveling wave
photodetectors is shown both heuristically and mathematically via various closed form models that have
been presented in the literature?®.

2.1 Introduction to Optical Materials and Optical Detection

In order for a semiconductor device to be useful as a detector, a material property of the device should be
affected by optical radiation. The most commonly used property is the conversion of light into electron-
hole (e-h) pairs which can be collected via a properly chosen electrical circuit. When light impinges on a
semiconductor, it has a finite probability of scattering an electron in the valence band to the conduction
band, provided that the light has more energy than the bandgap energy of the semiconductor. This process
is called optical absorption. Figure 2.1 depicts this process of optical absorption of a photon for a direct
bandgap semiconductor material.



Figure 2.1 Optical absorption for a direct bandgap semiconductor

This process is strangest for direct bandgap semiconductors because the photon can eject an electron from
the valence band to the conduction band without the aid of a phonon. Phonons are vibrations in the crystal
lattice of the semiconductor. Materials such as GaAs, InP, InGaAs and InGaAsP are all direct bandgap
semiconductor materials. These materials all have strong optical absorption coefficients due to the
absorption without phonon participation. The work presented in this thesis only involves direct bandgap
semiconductors. Although light can be detected via indirect bandgap semiconductors (ie. detection with
phaonon participation), these devices are generally less efficient than their direct bandgap cousins and hence
are not well suited for high efficiency applications.

Material choice is an extremely important design consideration. Without careful thought and review of this

issue optical energy at the design wavelength will not be absorbed; hence, no microwave signal can be
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detected. The charge carriers can only be produced if the wavelength is above the cutoff wavelength of the
bandgap ar, equivalently, if the photon of light has more energy than the bandgap energy of the material. If
the photon has less energy than the bandgap energy of the material, it will have insufficient energy 1o eject
an electron from the valence band to the conduction and thus no e-h pair will be generated. Instead the
energy of the photon will be absorbed by the material and released in the form of heat. As a designer, one
must choose materials having a bandgap energy less than the photon energy of interest. In the case of this
thesis the wavelength of interest is 1550 nm which is in the third ransmission window of fibers as
discussed in Chapter 1.

Once a photon has been absorbed an e-h pair is generated and it is these photo-carriers that form the basis
of photocurrent. To collect the e-h pairs generated by light, one requires an electric field. In the absence of
an electric field the electron and hole will recombine before being collected at their respective ohmic
contacts. Thus one must either apply an external bias or use the intrinsic electric field, if one is present.

The diode is widely used because it exploits the built in eiectric fields present in all p-n junctions.

Shown in Figure 2.2 are two modes of operations for any photodiode: photovoltaic and photoconductive.
The photovoltaic mode, which is mainly used in solar cells, does not require the use of an external bias and
relies on optical energy to generate the current and voltage. This mode is not used in optical

communications circuits and hence is of no interest in this thesis.

??‘Ziwﬁ) : \ L

— 0 —
\ )\ J
Y Y

Photovoltaic Photoconductive
Figure 2.2 Equivalent circuit for a photodiode in photovoltaic and photoconductive mode
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The photoconductive mode of operation is used for detectors in optical commumication systems and as
shown in Figure 2.2 makes use of an external bias to completely deplete the detection layer of charge

carriers.

While photovoltaic operation can be used in communication diodes this is generally not done since the
collection of e-h pairs is very slow in this mode. The purpose of applying an external bias in
photoconductive mode is that the electric field generated completely depletes the intrinsic layer of charge
carriers. 'Ihm.anye-hpairsgmamedmﬂdvuyqlﬁcklyﬁeswepttomdrcanlactsmmeirsatmﬁm
velocity, hence increasing the bandwidth of the device.

Another very important benefit of operating the detectors in photoconductive mode is the possibility of
internal gain in the device. That is, it is possible to collect more than one electron (or hole) for each photon
absorbed. If each photon contributed to the formation of one e-h pair being collected at the contact, then
there is no internal gain in the system. If the photogenerated electron impacts another electron in the
valence band and ejects it into the conduction band, another carrier pair is formed which can be collected
by the contacts. This process is called multiplication and is the basis for internal gain in avalanche

detectors.

The next section shall discuss three distinct diode architectures:
e the p-i-n diode
e the avalanche diode

e the Schortky diode

Each configuration has its advantages and disadvantages, which shall be outlined in Section 2.5.



2.2 p-i-n Photodetectors

Figure 2.3 depicts a p-i-n detector which is very common in optical communication networks. It operates
under a strong reverse bias condition, it has no internal gain, very low dark or leakage current and a very
fast frequency response. The bias is applied such that the intrinsic region is completely depleted of charge
carriers. Any e-h pair generated in this region will be very quickly swept, at their saturation velocity, to
their p”" and n”~ contacts. However, the bias is not so strong as to cause material breakdown as is the case
with avalanche photodiodes (APDs).

—1

E=h E
‘,
p 1 n l
< >
w
~
E.
E,

Figure 2.3 p-i-n photodetector

The dark current is inherently low in p-i-n diodes which means that these types of detectors are generally
much quieter than other diode architectures. One reason for the low dark current is the lack of internal
gain. This is due to the fact that p-i-n devices operate in a non-breakdown mode and as a result no carrier
mubhiplication takes place.
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Ideally the diode dark current is independent of the applied bias. In practice there is often a small slope
present under reverse bias. Thus, the dark current may vary slightly with bias, but the change is quite small

and can be considered a constant.

Having inherently low dark current translates into the device having low noise characteristics and high
sensitivity. These devices are also inherently fast, require a low bias voltage and are highly refiable. This
makes them ideally suited for long haul applications and they have been the principal detector chosen by
designers faced with this scenario.

2.3 Avalanche Photodetectors

Avalanche photodetectors (APDs) form another important class of detectors. Unlike the p-i-n
configuration where the gain can at most be unity, the avalanche diode can possess a very large gain due to

the multiplication process, which is initiated when the device is in breakdown.

In most electronic devices the breakdown voltage limits their operation, but in APDs it is used to generate
gain. This is due to the fact that the drift velocity is directly proportional to the electric field (i.e. v, o« E).
Thus, when a very strong bias is applied this creates a very strong electric field. The result is an increase in
drift velocity, or equivalently the kinetic energy of the electron. At some critical value of electric field, the
electron has a kinetic energy greater than the band gap energy of the semiconductor. At this point when the
electron collides with the crystal lattice it can eject another electron from the valence band to the
conduction band, creating an e-h pair. These carriers may themselves have sufficient kinetic energy such
that when they collide with other electrons in the crystal they in tum create more e-h pairs. This process of
avalanche multiplication is conceptually illustrated in Figure 2.4.
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Figure 2.4 The process of avalanche multiplication

The key attraction for APDs is their gain and sensitivity. However, the price to be paid for the increased
sensitivity and internal gain is a reduction in bandwidth and an increased level of noise. The multiplication
process responsible for the internal gain in APDs is a random phenomenon and hence makes these diodes
quite noisy. Unlike p-i-n detectors where the reverse bias photocurrent is essentially a constant, the APD's
photocurrent is a functian of the applied bias as well as a function of the thermal gradient.

APD:s are not well suited for lang haul application because they require a highly stable voltage supply to
apply the reverse bias. They also require thermal stabilization circuitry since the current gain is a function
of thermal parameters. In terms of reliability, they are generally considered to have a poorer performance
than p-i-n structures. Thus, their use is presently limited to applications where high gain takes precedence

over all other design parameters.



5

2.4 Schottky Barrier Diodes

An extremely important class of photodetectors involves the use of a Schottky barrier diode. This diode is
produced between a metal and a lightly doped semiconductor material. The key advantage of the Schottky
barrier devices is that they are a majority carrier device and therefore do not suffer from the speed
degradation arising from minority carrier lifetime and recombination. Another advantage is that these
devices have, in general, a lower overall series resistance than their p-i-n counterpart. Both of these
parameters help to increase the overall bandwidth of the diode when compared with their p-i-n counterpart.
The Schottky diode is able to achieve this because of the low resistance of the metal. Shown in Figure 2.5
is the energy band profile of a Schottky barrier diode at thermal equilibrium.
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Figure 2.5 Schottky diode band profile
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There are two important regions of operation for this detector:

e i >q¢: In this case, electrons can be excited in the metal barrier to overcome the Schottky
barrier height and as a result, a photocurrent will flow in the device. This current will add to
the dark current in the reverse biased diode.

'. hf > E, in this case, e-h pairs will be created in the semiconductor. As in the case of the other
photodiodes, the carriers generated in the depletion region will be swept out to produce

photocurrent.

Since these devices are majority carrier device they are not limited by recombination or minority carrier
lifetime, hence can be made extremely fast. These devices are the ideal configuration for the design of a
high speed traveling wave photodetector. For high speed applications the Schottky barrier diode is the
photodiode of choice; however, this architecture was not chosen for reasons which shall be discussed in
Chapter 4.
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2.5 Summary of Photodiode Architectures

In the previous sections we have discussed three common architectures for photodiodes. Table 2.1

summarizes them.

Photodiodes Type

Key Characteristics

p-i-n diode

Low dark current

High speed of operation

No internal gain present

Low noise

Reliable i.e. low mean time between failures (MTBF)
Low voltage requirements

No thermal stability issues

avalanche diode

High internal gain is possible

Random nature of multiplication process is responsible for gain.
The same process makes these devices noisier than other
photodiode architectures.

Photocurrent varies as a function of temperature hence, thermal
stabilization circuitry may be required.

MTBEF higher than other architecture.

high dark current

Highly stable voltage source is required.

Schottky diode

No minority carrier lifetime issues or recombination issues lead
to devices with exceptionally high speeds.

Low dark current.

Low series resistance.

Simplicity of fabrication.

Table 2.1 Photodiode architecture and characteristics

Each detector has its own attributes, which may make its use advantageous in specific situations. Using the

above information a diode architecture was chosen. The reasons for the selection will be given in the

design chapter.
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2.6 Factors Affecting the Bandwidth-Efficiency Product of VPDs

The previous section discussed the different photodetector architectures. This section will discuss the
factors limiting the bandwidth-efficiency product of conventional detectors. The term  “conventional
detectors” refers to all detectars that are vertically illuminated, which accounts for the vast majority of
commercially available photodiodes. Most conventianal detectors have the incident optical field vertically
illuminated and parallel to the applied electric field. This type of design configuration causes two design
parameters, the bandwidth and efficiency to be coupled via a common electrical parameter: the depletion
layer capacitance. This result is an inability for conventional detectors to achieve both high efficiency and
high bandwidth.

Photodetectors that are used in optical communication systems are essentially optical to electrical
transducers. They are used to convert optical energy to electrical energy and are present in all modemn
noncoherent optical communication networks. They are capable of converting optical signals modulated at
high frequency into electrical signals. Generally photodetectors can be characterized by two key figures of

merit:

e microwave or electrical bandwidth,

e quantum efficiency, or an equally effective measure, the responsivity

Bandwidth is generally taken to be the lowest frequency at which the magnitude response is 3 dB down
from the DC (zero frequency) response. External quantum efficiency is the ratio of charges collected per
unit time to incident photons per unit time. The bandwidth efficiency product is an important figure of
merit for all photodetectors. In traditional VPDs this product is a constant and as a result a designer would
not be able to indefinitely increase the bandwidth of a detectar without degrading the efficiency or vice

versa.
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Figure 2.6 Equivalent circuit for a photodetector.

A simplified equivalent circuit diagram of a photodetector is drawn in Figure 2.6. The bandwidth of such a
device is limited by the response of the current source (i.e. transit time) and the response of the overall

lumped element receiver circuit.

The ultimate speed of all photodetectors is determined by the velocities of the carriers generated in the
depletion region and the distances these carriers must travel before being collected by their respective
ohmic contacts. In p-i-n and APD detectors the speed is ultimately limited by the slower carriers which are

the holes at their saturation velocity.

In conventional VPDs if one assumes a uniform carrier generation across the depletion layer and the carrier
velocities are equal and constant, then the time it takes the carriers to travel to their respective contact is
called the transit time. This is given by the following first order expression:

W
t, = — @-1)

vl’

where 1, is the transit time, v, is the saturation velocity and W is the width of the intrinsic region. Hence,
from (2-1) the thinner the depletion region the faster the detector. Thus, the speed of all photodetectors is
ultimately dictated by the speed that the carriers can travel to their contacts. In reality there are other
factors that will limit the bandwidth of a photodetector before the transit time limitation is approached.
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These other factors include such parameters as the detector-receiver RC time constant, microwave loss,

carrier recombination and parasitic capacitance.

Of all the factors limiting bandwidth in a conventional photodiode, the RC time constant is the one of key
concern. That is, the product of the junction capacitance and load resistance determines the 3 dB
bandwidth of the device. This expression is given by:

1
S 3-2
Jre 27RC 2-2)

where R is the load resistance and C is the depletion layer capacitance or junction capacitance given by

C rnction == @-3)

where ¢ is the permittivity of the material, 4 is the cross sectional area of the diode and W is the thickness

of the intrinsic layer.

As can be seen from the above expression the junction ar depletion layer capacitance is determined by the
physical geometry of the device. This physical geometry also determines another very important design
parameter, the quantum efficiency or equivalently the responsivity. These two terms are very closely
related and will at times be used interchangeably.

Quantum efficiency is defined as the probability that a single photon incident on the device generates an
electron-hole pair that contributes to photocurrent and is directly related to the area of the intrinsic region in
VPDs. In order to achieve a fast device, ane must minimize the depletion layer capacitance; however, the
trade off is a degradation in quantum efficiency. The external quantum efficiency is defined as:



_ #of e-h pairs contributing to photocurrent/s
Nesemel #of photons incident on the detector/s

=(1-R)[1—e“"] 2-49)

where R is the optical power reflected at the surface and a represents the optical attenuation constant or the
fraction of photons absorbed, W is the width of the intrinsic region.

E=h
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Figure 2.7 Conceptual view of a vertically illuminated photodetector

The external quantum efficiency is also very closely related to the responsivity which is defined as:

R= Photocurrent flowing in the device 1,9
Incident optical power hf

(2-42)

Where g is the fundamental charge given as 1.602 x 10" C, h is Planck’s constant given as

6.6262 x 10 J.s and fis the frequency. The units of responsivity are given in ampere per watt (i.e. A/W).

Shown in Figure 2.7 is a conceptual view of a vertically illuminated detector. In this type of architecture
light is incident perpendicularly to the device layers. The light is coupled directly into the absorbing layer
where it creates charge carriers. From equation (2-1) we can see that a thin depletion layer is required for a
large bandwidth, however this results in a reduction in quantum efficiency. As the depletion layer becomes



very thin, equation (2-4) becomes n = (I-R)a#. A findamental limit to the bandwidth efficiency product
for VPDs can be derived from (2-1) and (2-4) by assuming that the device is not limited by the RC time
constant imposed by (2-2). The bandwidth efficiency product then takes on the following first order
expression:

(Bandwidth ) efficiency) = av, 2-9)

where zero optical reflection is assumed. For conventional detectors the maximum possible theoretical

bandwidth efficiency product using this relationship is approximately 40 GHz.

2.7 Optimizing the Frequency Response of Detectors

Once the material choice is selected and the diode architecture is chosen, the important issues in detector

design that remain are:

e Minimizing surface reflections: This is usually done by applying an anti-reflective coating
which reduces the reflection losses. We see from equation (2-4) that reducing the reflection
will increase the external quantum efficiency.

e Minimizing carrier recombination: Since we are dealing with a diode that has both electrons
and holes, minimizing recombination becomes a key design issue. ’Ihatis,theeisaﬁ_xﬁte
probability the electrons traveling to their n™~ contact and holes traveling to their p™~ contact
will recombine before being collected. To increase efficiency it is desirable to minimize
recombinations in the depletion region. This can be achieved by using a material of high
purity so as to minimize the number of traps in this region.

o Minimize the transit time: As stated earlier the device is ultimately limited by the speed at
which the electrons and holes can travel to their respective contacts. For high speed of
operation the depletion region should be made as thin as possible.
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In all detectors a designer must try to maximize optical absorption a to increase quantum efficiency. In a
conventional detector this is done by making the depletion region larger however, this results in a
degradation in bandwidth. The use of other devices architectures such as the TWPD may alleviate this

issue.

The above points give a set of general design parameters for any detector. Specific detectors will have
specific criteria that are unique however, these details will only add to the general list presented above.

2.8 Waveguide Photodetectors (WGPDs)

One way of increasing the bandwidth efficiency product is to try to decouple the depletion layer thickness
from either the bandwidth or quantum efficiency expressions. A waveguide photodetector (WGPD) which
is illustrated in Figure 2.8'""* can partially mitigate the interdependence of bandwidth and efficiency.

The WGPD is a planar photodetector in which optically transparent dielectric cladding layers are about the
absorbing core forming a dielectric optical waveguide'®. The optical propagation is guided
perpendicularly to the carrier electric drift field. This allows a long absorption path while keeping the
junction area small, thus partially decoupling the relationship of bandwidth and quantum efficiency.

Q contacts

E field

Figure 2.8 p-i-n waveguide photodetector
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Due to the fact that WGPDs are generally designed without regard for the propagation of electrical waves
this results in a large impedance mismatch between the detector and the load. Figure 2.9 illustrates the
equivalent electrical circuit for a WGPD.
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Figure 2.9 Equivalent circuit for a WGPD

Multiple electrical reflections due to a small capacitance cause the entire junction area to participate in the
response, thus these detectors suffer from the same RC bandwidth limitation as earlier. Due to the
participation of the entire junction area in the response of the device the WGPD can be viewed electrically
as a lumped element device. Despite this, waveguide detectors have offered superior bandwidth-efficiency
products when compared directly to their VPD counterpart. This is a result of the partial decoupling of the
depletion layer thickness from the bandwidth and efficiency terms. The scientific literature has reported
WGPD’s on GaAs/InP that have bandwidth-efficiency products of 55 GHz**. This is inherently larger than
their vertically illuminated counterparts. This type of structure is ideally suited for integration with other
optical components® such as low noise or transimpedance preamplifiers.

2.9 Traveling Wave Photodetectors (TWPDs)

The traveling wave photodetector (TWPD) is a fully distributed structure that overcomes the RC bandwidth
limitation of the lumped element WGPD, while retaining certain key advantages of this architecture. Based



25

on the WGPD architecture the TWPD differs in the sense that it has an electrode arrangement designed to
support travelling electrical waves and its characteristic impedance is matched to that of the external
circuits. This is shown in the simplified equivalent circuit diagram in Figure 2.10 %,
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Figure 2.10 Equivalent circuit for a traveling wave photodetector (TWPD)

The TWPD is modeled by a terminated section of transmission line with a current source which is
exponentially decaying as it propagates down the optical guide. We expect the TWPD bandwidth to be
limited by the velocity mismatch between the optical group velocity and the electrical phase velocity, as
opposed to the RC limitations seen with conventional detectors. This architecture is not subject to the same
bandwidth limitation as seen with other lumped element detectors. They have been reported to exhibit
simultaneously large bandwidth and efficiency”’.
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2.10 Theory of Traveling Wave Photodetectors

A traveling wave detector is obtained when two distinct waves interact as they propagate down their
respective waveguides. It is the interaction of the optical and electrical waves that justifies the tam
traveling wave. If the interaction of the waves occurs in a coherent fashion as they propagate down their
respective waveguides, then the waves are said to be velocity matched. The length of interest in this case is

determined by the optical absorption distance. A typical TWPD structure is shown in Figure 2.11.

There are generally three analytical models that exist and are used to describe the microwave guiding as
well as the bandwidth limitation of any TWPD. They are:

s  Waveguide Model
e Equivalent Circuit Model

e  Velocity Mismatch Bandwidth Model

The waveguide model makes the simplification that the device is equivalent to a dielectric slab guide and
the microwaves will propagate in TM mode in this guide?®. The method of images is then applied to the
p-i-n structure and the transverse resonance technique is used to solve the dispersion relationship. This
yields the longitudinal propagation constant k,, which can be used to determine the magnitude of the fields,

microwave losses, characteristic impedances and phase velocity for the TWPD in the geometry of interest.

The equivalent circuit model further simplifies the microwave guide by defining a distributed capacitance,
inductance, resistance and conductance. From these circuit parameters, a transmission line model is
generated®. This model is generally less accurate than the waveguide model but does not require us to
know the propagation constant of the guide, only the physical parameters and dimensions.

The velocity mismatch bandwidth model takes a slightly different approach in allowing us to understand
the device characteristics. The previous two models do not teil us anything about whether velocity
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matching is important in this device. That is, we know that there will be some interaction between the
microwave and optical signals but is it necessary for that interaction to be coherent (i.e. velocity matched)?
Looking at the TWPD from this perspective will allow us to formulate a closed form analytical expression
which will give us some indication as to what factors may affect the microwave bandwidth of TWPDs.

All three models give closed form mathematical models of how the TWPD operates electrically. However,
to model this type of device accurately, a full wave vectorial analysis of the mode profile is necessary.
SmhmmalysiswasdmemingtheMethodofLines(MoL)th@isaﬁxﬂwavevectaialtechnique. This
full wave analysis was used to design and optimize the optical waveguide for the TWPD. It shall be
presented in detail in Chapter 3.

2.11 Photodetector Electrical Waveguide

Most designs presented in the literature have generally shown the TWPD to be electrically very short but
optically long™*. The interaction of the optical and electrical waves, defined as the photodetection length
occurs over a short optical distance. It is this length, along with the electrical and optical wave velocities,
that defines the device’s response. Thus, one requires a distributed, rather than lumped element model to
characterize this type of device.

As stated in Section 2.9 the TWPD is based on a WGPD. The two key characteristics that differentiate
TWPD from WGPD are:

¢ A microwave waveguide that is concomitant with the optical dielectric waveguide
e A microwave characteristic impedance of the electrical guide that is matched to the
load impedance.
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These features provide for the controlled transmission of the microwave signal as it propagates down the
device parallel to the optical signal. The fully distributed TWPD structure drawn in Figure 2.11 allows us

to formulate analytical expressions that may offer insight into the electrical propagation characteristics.

Figure 2.11 p-i-n traveling wave photodetector

In addition to forming the photodiode, the metal clad p-i-n structwre is a parallel plate microwave
waveguide and the double heterostructure semiconductor layers form a dielectric optical waveguide.
Observing the layer structure of the TWPD presented in Figure 2.11, we note that it is similar to metal
insulator semiconductar (MIS) structures that have been extensively studied***. The MIS is formed when
one places a metal on a doped semiconductor substrate. This type of structure forms the basis for a wide
range of integrated circuits and devices. The microwave propagation on this structure will propagate in
what is known as a “slow wave” mode. The name is used to describe the fact that the microwave phase
velocity on this structure is much slower than one would normally expect given the permittivities of the
material. This slowing of the microwave velocity allows a designer to control the velocity of the electrical
wave to achieve velocity matching.



2.12 Electrical Waveguide: Waveguide Model

Figure 2.12 is the cross sectional area of the TWPD structure shown in Figure 2.11. Making the
assumption that there is no variation in the y direction (i.e. #3~0), electromagnetic waves will propagate
as TM modes along the z direction and resonate transversely in the x direction.

Density

Figure 2.12 Cross sectional view of TWPD and the charge distribution

As a first approximation, the assumption is made that the p™™ and n™" layers of the TWPD have equal
conductivity, which in reality is generally not true. Since the p™ and n™" layers have equal thickness, we
now proceed by placing an electric wall about the plane of symmetry, in accordance with image theory.
Figure 2.13 shows the result, which looks very similar to an MIS type of structure.
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Figure 2.13 Half the TWPD cut about the plane of symmetry

Where d, 4, d, and d,, represent the thickness of the insulator or intrinsic layer, semiconductor layer,
contact layer and metal layer respectively. The wave impedance of the intrinsic layer, semiconductor layer,
contact layer and metal layer is represented by n, n, 1, and n,. Thus, the TWPD now looks like a MIS
structure with a perfect conductor as the top metal. A thin contact layer is included in the model to

simulate the metal semiconductor junction however, it can be eliminated by making d.— 0.

We know that the solution to Maxwell’s equations in a guided medium will have a propagation constant B
of the form:

B= \/kz -k’ (2-6)

where k. is the cutoff wave number of the guide for a given mode. Thus, if we know k. we can determine
the propagation constant of the guide. The transverse resonance procedure is based on the fact that in a

Nwp

Ndown
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waveguide, at cutoff, the fields form a standing wave in the transverse plane of the guide®. This situation
can be modeled with an equivalent transmission line circuit operating at resonance. Thus at resonance
along any point on the transmission line the input impedance looking up and down must be zero. Referring
to Figure 2.13 we must have the following mathematical condition at resonance, ™", + n'*, =0. The

solution to this equation will yield the propagation constant which fully characterizes the mode.
One can characterize the dielectric losses by using a complex dielectric constant (i.e. € = ¢’ -je"- jo/w).

The net impedance of the metal air layer can be simplified by observing that the wave impedance of the

metal is much smaller than the wave impedance in air. That is, N << 120n where

Timaa = (O Oomaa)’, thus using the familiar transmission line equation® we have:

d
Mo = Nmetat cotn[(l +j)5"—} @7

where &,,, is the skin depth of the metal given by:

1

6, = (2-8)
U0,
Referring to Figure 2.13 at resonance we have the following expression:
k_d,
. n, 'an( = ')+f7l, tan(k_d,)
m["‘” + jn. tan(k,.d, )} : 2 _0 a9

+Jn,
+jn.. tan(k_d_ k.d,
n: .Inuo ( 2 ) n: -, un(_z_) tan(k,d,)

The above equation is solved numerically for &, using the dispersion relationship:



k, =,/co2 u.& -k’ (2-10)

where the ¢ index represents the semiconductor, metal or contact layer permittivity respectively. The
solution to (2-9) yields the longitudinal propagation constant.

2.13 Electrical Waveguide: Equivalent Circuit Model

Despite not knowing the exact nature of the field we can still make several observations about the fields in
this structure. We expect most of the voltage drop to occur in the x direction, across the intrinsic region,
thus the E, field component is much larger than the £, field component. Hence, what we have is a top and
bottom metallization and a dielectric material in between, which is very similar to the architecture of a
microstrip line. It is reasonable to assume that the TWPD exhibits a quasi-TEM mode of propagation. The
transmission line equivalent circuit model is thus another closed form analytical model that can be used to
understand the microwave waveguiding behavior of TWPDs.

Such a circuit for a TWPD is shown in Figure 2.14, and the element values for parallel plate TWPD are

listed in the formulas below™®.
z, =P 2 Z,=n.2
1+ jwp.e. w w
z,=—%: 2, G, =2 wd, @-11)
1+ jwp,e, w 3 2 :
c =&% L, = KD
d, w

where p, p, p, represent the resistivity of the intrinsic layer, contact layer, semiconductor layer and w
represents the width of the waveguide as shown in Figure 2.11. Conduction and displacement currents in
the contact and the semiconductor layers are accounted for by resistances in paralle! with capacitance as
shown in Figure 2.14, which models the device as presented in Figure 2.13. At frequencies far below the
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dielectric relaxation frequencies of the contact and semiconductor layers (op.& << 1 and ap,¢; << 1), the i-

layer capacitance dominates the overall transmission line capacitance.
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Figure 2.14 Equivalent transmission line circuit for TWPD
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Whiletheilayercapacitamcisinvuselypropmimaltomeilayu’ﬂﬁceress,cif,theindmtmcepawﬁt
length is proportional to the overall thickness, D = 24, + d, +d.. These dependencies on different thickness
reflect the spatial separation of the voltage and current, which results in a slow wave effect.

The transverse wave impedance n, of the metal air layer expressed in (2-7) is also the metal impedance Z,
listed in (2-11) for the waveguide equivalent circuit.

The transmission line propagation characteristics may be found by comparing the equivalent circuit model
for the TWPD in Figure 2.14a to the general transmission line model in Figure 2.14b. The microwave
lossesmdpropagalimvelodtyarefmmddireulyﬁanmeanmmﬁoncmstalnaandthephasecmstantﬁ.
The voltage and current waves propagating on the transmission line are related by the characteristic
impedance. All of these parameters are found through the standard transmission line formulas given
below:

* YI VG+jeC @2-12)

Yy =a+ B =J(R+ joLXG+ joC)

Using complex impedances for the contact and semiconductor layers in the above model increases the
accuracy of the propagation constant and characteristic impedar:ce.

Amnningmemetalomﬁxﬁvityislagecanparedtomepamudcmdzmmceofmesunicmdlmalayas,
GZ,, << 1 and some simple expressions for the propagation characteristics can be written.

At frequencies below 1 GHz, (aRC <<1, and al/Z, <<1), the complex propagation constant and
characteristic impedance are given by:
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wZ_C
2

Y= a1+)) 2-13)

Z,= mzz_c -y (2-14)

This domain of TWPD operation is characterized by a highly dispersive propagation constant and a
characteristic impedance that is dominated by the metal impedance given in (2-7). From a waveguiding
perspective, the literature often refers to this as the skin effect mode or surface mode. This domain in
general is of no interest in the design of TWPD.

The characterization of the bandwidth usually takes place in the mid frequency range (i.e. @RC <<1, oGL
<<l1, and al/Z, >>1) as a result this domain is of greatest interest to the designer of a TWPD. In this

frequency range, the transmission line equivalent circuit shown in Figure 2.14 reduces to that in Figure 2.15

L

. \/\/ NN~ o000

| |
I
g
| |
I

Figure 2.18 Equivalent circuit for TWPD in the midband frequency range
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where R; and Ry are the input impedance and the load impedance and the current sources have been
introduced to model the absorption of light. The propagation in this domain is expressed as:

2
y = et (RC+GL)+j o 2-15)
v, v

2

where v, =a/B = I/LC)"? which is the phase velocity of the electrical wave  From (2-15) we see that the
microwave loss is directly proportional to the square of the frequency and is also proportional to the RC
and GL terms. We also observe that in the mid-band frequency range the microwave loss cannot be

reduced to zero. It is clear from (2-15) that this line may not be considered lossless but instead low loss.

Thus, we expect from the propagation constant that the characteristic impedance will contain an imaginary

component.

Z, =R, [l +j %(RC —GL)] (2-16)

We observe from (2-16) that the imaginary term vanishes when RC = GL, where R, = (L/C)’ ? is generally
made to be 502 The effect of RC and GL is to add some reactance to the characteristic impedance. Note
that unlike in the low frequency operation the metal impedance does not significantly affect the propagation
characteristics. Hence, the operation of the TWPD in this domain is not dispersive.

The expressions in the mid-frequency range are valid from 10 GHz to several hundred of gigahertz. While

it is clear from (2-15) that electrically this is a low-loss transmission line this does not prevent us from

using the lossless equation seen in the literature, povideddlatthecmdiﬁm RC =GL is met. Hence,

,L
7 = |= 2-17)
> NC (
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Vv, = —— (2-18)
JLC

The last domain of operation occurs at very high frequencies. Here the doped semiconductor layer is much
thinner that the skin depth. As a result the overall wansmission line capacitance is given by
Cn = (G, + 1/C, + 1/C)" where C, C, and C, represent the capacitance of the intrinsic layer,
semiconductor layer and contact layer respectively. This C; capacitance now dominates over the

semiconductor and contact resistance terms.

In this frequency range the complex propagation constant and characteristic impedance are expressed as:

2
y==—G,L, +j2 @-19)
2v v

Z, = Ro(l -j %G,L,J 2-20)

The voltage and current are not spatially separated in this domain, hence no slow wave effect is observed.
From a waveguide perspective, the characteristics of this mode are very similar to TEM wave propagating
in a lossy dielectric medium. This high frequency domain is also of no interest in the design of TWPD.

2.14 Electrical Waveguide: Velocity Mismatch Bandwidth Model

In an unoptimized TWPD the microwave and optical signals are not velocity matched as they propagate
down their respective guides. Since the microwave signal propagates down this guide in slow wave mode,
the phase velocity is in general much slower than the optical signal generating it. This results in an
incoherent interaction between the microwave and optical signal and may limit the bandwidth of TWPDs.
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The velocity mismatch bandwidth model allows a first order approximation of the photodetector
bandwidth. Unlike a WGPD where no consideration is given to the characteristic impedance, in a TWPD
the characteristic impedance is matched to 50 Q. It can be shown that this matched transmission line gives
a frequency response that is nearly independent of device length. Since this microwave signal propagates
in the slow wave mode, it is possible for the microwave phase velocity to be much slower or faster than the
optical phase velocity. To generate an expression relating microwave bandwidth to velocity mismatch we
must consider two situations. First, when the electrical phase velocity is slower than the optical phase
velocity and second when the electrical phase velocity is faster than the optical phase velocity.

Figure 2.16 shows the absorptian of optical power and the generation of electrical power versus device
length. If we consider a finite number of photons traveling through the device, or mathematically, an
impulse packet of photons, the density of these photons as a function of distance is given by:

n.(2,8) =N, (2)6(z~v,t) (2-21)

Where N, () is the number of photons and v, is the optical phase velocity. The rate of change of photons
per unit length must be directly proportional to optical absorption coefficient and confinement factor,
assuming the absorption mechanism is linear and independent of distance (i.e. @ # a@)).
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Figure 2.16 Conceptual view of photodetection process

Thus, the number of photons absorbed per unit length must be

dN . (2)
2 c,aN,,(2) (2-22)

where a is the absorption coefficient and ¢, is the optical confinement factor.

The solution to equation (2-22) yields an exponential decay of optical power as an observer moves away

from the impulsive source.

Noa(2) = N\ (0)e " u(z) 2-23)

As discussed earlier the number of e-h pairs being generated is related to the quantum efficiency of the
device. Therefore we have an e-h pair density of:



n,_,(z) =ncaN ,(0)e ““u(z) 2-29)

where u(Z) is the unit step function. From our previous analysis we know that the microwave signal will
propagate in the slow wave mode therefore, the microwave velocity v, can be faster or slower than the
optical phase velocity v,. If we first consider the situation where v, <<v, , the optical signal will pass

entirely through the device several times before the microwave signal moves significantly with distance.

The charge density distribution is given by the number of e-h pairs generated muitiplied by the elementary

charge (i.e. g = 1.602 x 10" C). Hence multiplying (2-24) by the elementary charge yields:

p(2)= N, (Omgc ae™u(z) 2-29)
Q

The total charge density wave is composed of the forward travelling and the reverse traveling charge
density wave that is reflected at the device input end due to refractive index difference between the material

and the air:
p(z,t) = %[‘fae e Dy(z~v,0)+ T, ae ™" u(v,t - z)] (2-26)

where I" is the microwave reflection coefficient at the detector’s input end. Current, defined as coulombs
per second is the product of the microwave phase velocity and the charge density wave distribution p. The
current at the device output is the total forward charge density multiplied by the electrical velocity:

Jt+—|=p| 2,t+— v, 2-27)
t v,



41

where ¢ is the length of the device. Substituting (2-26) into (2-27) yields (2-28) which is the microwave
current due to an optical impulse response, for the condition when v, <<v,,

{t + VL;J = %[c sav,e” " u(-)+ e ave ™ "u(t)] (2-28)

Now we must consider the situation when the microwave velocity is faster than the optical velocity. If we
view the total charge density wave from an inertial frame of reference of the forward traveling wave we
will generate an expression for the condition when v, >> v,. This expression is the same as (2-26) if

viewed from this inertial frame of reference:

p(Z',0)= %L e “u(z')+Tc e ':'u(—z')] 2-29)

wherez' =z-vd, a’=a/€-v/v),ada” =a/€ +v/i,). Converting back to the detector’s frame of

reference gives the forward raveling charge density wave:

X2 v S
Q c ,a l-v—' c fa l+;-'-
p(z,t)= > ” et ™ u(z-v,t)+ F——ve . u(v,t-2) (2-30)
1= 1+
vo VO
Inserting (2-30) into (2-27) yields the microwave current when v, >> v,
. N, ot -,
i (t+ -;-) = 3la: ,le u(-o,)+lFoe s u(t)] 2-31)

[
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for min€ N, £ A)) < t SE N, +2¢ A, and zero elsewhere. In the above, oy and o, are the characteristic

frequencies of the forward and reverse waves given as:

cav
—_J e
D, =

" (2-32)
1-—=
v

(]

v
1+~
v

(0]

(2-33)

r

In spite of the fact that equation (2-31) is derived for the specific case v, >> v, , careful observation reveals
that this is in fact a general description of the current response of a TWPD when an optical impulse
response is applied to its input considering only velocity mismatch. This can be deduced by considering
the case when v, <<v, and observing that (2-31) reduces to (2-28).

2.15 Velocity Mismatch Bandwidth Limitation

From the temporal current response (2-31) we can obtain an expression relating the 3 dB microwave
bandwidth to the velocity mismatch. This can be done by taking the Fourier transform of (2-31), which
yields:

. el
’m(m) =l|: o, +r~(m)_2r__ e / v 2-34)

0 2o, -jo o, +jo

The frequency response of the fractional photocurrent magnitude for real values of input reflection

coefficient I' is given by:
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1 (a), —I'a),)zau2 +(1+N’e ‘o’
4 (m’ +a)’;ﬁo’ +a)’,) @39

|i(az))|2 _
| Q|

We now consider the unusual case when a matched termination is placed at the input of the photodetector.
In this scenario the forward traveling microwave will contribute to the frequency response while the reverse
traveling wave is absorbed by the input termination (i.e. I'=0). Therefore, (2-35) reduces to a single pole

response given by (2-36) for a matched input termination.

(2-36)

It is observed from equation (2-36) that the 3 dB bandwidth occurs at .

Using equation (2-35) we have graphed the fractional photocurrent magnitude in dB vs. normalized
frequency defined as a¥(cav,). This was done for a family of velocity mismatch ratios ranging from
0.10 <v,/v, < 1.2. It was also done for both open (I" = 1) and matched input (I" = 0) terminations. The
graph is shown in Figure 2.17.

Itis obvious from both equation (2-35) and Figure 2.17 that by placing a matched termination at the input
of the detector the efficiency is reduced by 50%. This is because half the photocurrent is sunk by the input

termination.

We also observe from Figure 2.17, that a velocity matched TWPD with matched input termination has no
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Matched termination at
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Figure 2.17 Velocity mismatched frequency response

Figure 2.18 is a graph of the normalized bandwidth defined as 27zB/(cav,) versus the velocity mismatch
ratio vV, Figure 2.18 confirms the observations made in Figure 2.17. The velocity mismatch has very
little effect on the 3dB bandwidth for an open circuit input termination. In fact, a velocity mismatch of
ratio of 1.2 may be desirable when designing a TWPD without an input termination.

We observe that the matched input termination is very much dependent on velocity matching. Despite this,
it is interesting to note that a matched TWPD can tolerate up to 50% error in the matching of the velocities
and still achieve an infinite bandwidth.
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Figure 2.18 Normalized microwave bandwidth vs. velocity mismatch ratio

We can justify the relative independence of velocity matching in an open circuit TWPD by considering the
microwave signal generated via an optical impulse response. We observed in this derivation that the total
photocurrent is the sum of the forward and backward traveling waves. The forward photocurrent
undergoes a temporal compression while the reverse wave reflected wave undergoes a rarefaction as a
result the TWPD frequency response for an open circuit termination changes little with velocity mismatch.

From (2-35) we can make the following approximation to the velocity mismatch bandwidth expression

provided that ca>> 1.

cav,
BW, 2-3
na = i -37)
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We observe that this expression contains no dependence on optical phase velocity. In fact, to increase
microwave bandwidth it seems that a designer only need be concerned with increasing optical absorption,
microwave phase velocity or confinement factor.

Equation (2-37) can be expressed in a more convenient form by relating characteristic impedance and
distributed capacitance to microwave bandwidth.

1 ca

BW = —_— (2-38)
21Z,C 1.5,
'A-I-l

From (2-38) we see that the velocity mismatch bandwidth limitation is analogous to the RC bandwidth

limitation for a WGPD with a fixed area:

4, =—— (2-39)

We observe that this effective area associated with the velocity mismatch is independent of device length.
Thus, in a2 WGPD the effective length? = 1.5/(cia) would only provide a 78% quantum efficiency while a
TWPD device can be made physically longer to obtain a 100% quantum efficiency without sacrificing any
electrical bandwidth.

A similar expression of effective area can be derived for a matched input termination (i.e. '=0):

A4, =w—2 (2-40)
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As expected, smcetheeismuppaﬁmhmhmdwidthinmematdledtamimﬁmmsemcwgosto
zero when the velocities are matched, resulting in an infinite bandwidth.

We now have observed three separate closed form analytical models for TWPD devices. We have derived
a relationship relating microwave bandwidth to velocity mismatch between the microwave and optical
signals. This first order relationship suggests that velocity matching will have very little effect on the
device bandwidth. In fact, the approximate expression given by (2-37) suggests that there is no relationship
between bandwidth and velocity matching The wvelocity mm bandwidth expression is used to
estimate the bandwidth in Chapter 4. However, the accuracy of all these models is questionable, since
there have been several simplifications made to obtain the expressions presented above.




Chapter 3 Numerical Analysis Using Method of Lines (MoL)

Chapter 2 illustrated several analytical models for the TWPD. However, in order to accurately and
realistically describe the TWPD a full wave vectorial analysis of the optical fields, propagation constants
and phase velocities is required. This can be achieved by using the Method of Lines (MoL). This chapter
will introduce the Method of Lines (MoL) to the work on TWPDs. It will start with an introduction to the
MoL outlining its previous uses and its similarities with other numerical methods (i.e. Finite-Difference
Method FDM and Moment Method MoM). The advantages and drawbacks of using the Mol. will be
presented, as well as the reason for using the MoL over other numerical methods and over commercially
available CAD tools. This is followed by a Mol formulation for isotropic inhomogeneous lossy
waveguiding structures inspired by Berini et al*®. The validation to the MoL derivation is compared against
two lossless rib structures and a lossy Schottky contact TWPD whose results are reported in the scientific

literature.

3.1 Introduction to the Method of Lines

The method of lines was originally developed by mathematicians in order to solve partial differential
equations (PDEs)™®. In the early 1980s it was introduced into the microwave numerical community by
Pregla™ et al to solve microwave waveguiding problems. It has since been expanded to solve a host of
microwave and optical structures™®. It is considered a semi-analytical or semi-numerical approach in
solving PDEs. This is due to the use of a finite difference operator (i.e. numerical approximation to
differential operatar) to convert a PDE into an ODE. Unlike the Finite difference method (FDM) where all
the differential operators are replaced with a finite difference operators, the MoL stops at the N-1
dimension. That is, if there are four differential operatars in the PDE, three of them will be replaced with a
finite difference operator, thus converting the PDE into an ODE. The solution to this ODE is then found
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analytically by matching the fields at some interface layer. The method generates a complex analytic

function whose roots are the propagation constants (y = a+jp) of the mode supported by the structure.

3.1.1 Heuristic Description of the Method of Lines

All numerical methods can be classified under three domains: finite difference method (FDM), finite
element method (FEM) or moment methods (MoM). Figure 3.1 shows the numerical triangle classifying
the three main methods of numerical modeling. Hybrid methods, such as the MoL, fall between the
numerical triangular, in this case, between the FDM and MoM. The MoL has certain similarities with the
FDM due to its use of the difference operator in replacing the differential operator in the PDE. However, it
differs from FDM in that not all differential operators are replaced with finite difference operators. By
doing this an analytical expression can be derived and solved. Due to this property this makes the solution
to the PDE intrinsically more accurate than FDM aor FEM techniques. It also possesses certain similarities
with the Moment Method (MoM) or mode matching methods since transformations are applied to the finite
difference matrix and the fields are matched to satisfy the continuity condition. Unlike the MoM, no global
approximation to the fields using basis function expansion is done, hence, convergence issues that may

arise as a result of truncation of the summation of the basis finctions is avoided.

Finite Differences
(FDM)

Figure 3.1 Numerical method classification



The advantages of using the MoL over other numerical methods such as FDM and MoM are:

¢ Increased accuracy due to a reduction in discretization error. The difference operator is only
applied to N-1 dimensions instead of N dimensions as in the FDM case.

e Less computation time but more preprocessing in the form of analytical formulation is
required.
e Convergence is always assured. Unlike MoM or other orthogonal basis finction expansion

methods where truncation of the series may lead to convergence problems, the MoL. possesses
no convergence problems since the fields are not approximated by basis fimctions.

e Itis a full wave vectorial method and does not use any approximation to reduce the fields to
equivalent scalar components.

e  All six field components can be determined.

e Monotonic convergence of the propagation constant with decreasing line spacing allows

extrapolation to more accurate values.

The disadvantages of using the MoL over other methods are:

e  The resulting equation in the complex domain may be difficult to solve for roots.

e Often the propagation constant found must be compared directly against the field distribution
to ensure the correct and desired mode has been calculated.
e The modal matrix G, which generates the indirect eigenvalue problem (i.e. det/G, ()] ) may

become numerically unstable (i.e. singular) as the det/G,,(y)] converges to the eigenvalue.

e The analytical preprocessing causes the formulation to be tailored to specific classes of

structures.
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The MoL holds certain key advantages in being able to accurately, quickly, and fully describe the modes
propagating in the waveguide. This method has the ability to accurately model the metallization,
something that is required when designing a TWPD. To the authar’s knowledge accurate characterization
of the metal at optical frequencies has not been dane in commercially available CAD tools. All six field
components can be generated which gives a designer a complete and accurate picture of the mode(s). This
too is an ability that seems to be lacking in commercial CAD tools. Thus, due to the above advantages the
Mol. was chosen over other numerical routines and commercially available CAD tools.

3.1.2 Method of Lines Formulation Algorithm

The previous section argued that the MoL was chosen because it is a rigorous, accurate full wave vectorial
approach for determining the propagation constant (i.e y=a +jB) of a waveguide. The algorithm described
below is followed to formulate the MoL.

L Using Maxwell’s equations ane formulates two uncoupled wave equations.

IL. Using the uncoupled wave equations along with Maxweil’s equations, one derives expressions for
the other four field components.

m. Partition the 2-D computational domain along the x axis as shown in Figure 3.2 using two shifted
lines system for the £ and H fields respectively.

v. Replace the first and second order partial differential operators &/éx and /& in wave equation
formulated in step L, with D and P, the first and second order finite difference operators. Include
the appropriate lateral boundary conditions in the difference operators. (i.e. ew-ew, ew-mw, mw-
mw, mw-ew). ew-electrical wall and mw-magnetic wall.
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The discretized wave equations are diagonalized using appropriate transformations matrices U, ,
such that U” .4 Pep Upp = [1es’], Where [1,5’], U, represents the eigenvalues and eigenvectors
respectively for the tri-diagonal second order finite difference matrix P, ,

The diagonalization procedure now yields two systems of uncoupled 1-D second order ordinary
differential equations (telegrapher’s equations) along the remaining dimension.

The second order ardinary differential telegrapher’s equations are solved analytically.

Impedance or admittance type relationships are gmeréted.

Using the impedance or admittance relationships the matching of tangential field components is
enforced at each interface between layers starting from the top and bottom boundary.

The last field matching conditions are applied near the center of the structure. This yields the

modal function G (Ye, or G (Ph,, = 0 which operate on the transformed tangential fields.

The complex propagation constant y is then extracted from G.(y by searching for values that
satisfy det[Gu(y)] = 0. This is known as the indirect eigenvalue problem.
Once the propagation constant has been determined, the field distribution can be obtained at the

matching interface via singular value decomposition to the modal function G, (%).

The distribution of all six field components over the entire computational domain is found by
applying the analytical solution.
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Figure 3.2 Arbitrary waveguide structure

3.2 Formulation for isotropic Inhomogeneous Lossy Structures

The formulation presented here will follow the algorithm presented in the last section. This will be done
for an inhomogeneous lossy isotropic waveguiding structure. The waveguiding structures of interest in this
thesis are uniform in the propagation direction z. The computational domain is discretized along one
dimension only, the x axis, and the analytical solution is applied along y. The method is kept quite general
and once the formulation is complete the method will have the ability to characterize most microwave and
optical waveguiding structures.

3.2.1 Formulation of Uncoupled Wave Equations

We start with the formulation of two uncoupled wave equations for £ and A" from Maxwell’s
equations. The structures that shall be considered in this thesis are inhomogeneous lossy isotropic
waveguiding structures such as dielectric waveguides, rib waveguides, microstrip and coplanar
waveguides. These problems can be rigarously described mathematically by the vector wave equations.
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The formulation begins with Maxwell's equations written in the frequency domain for a source free lossy
isotropic media.

VxH = joeE 3-13)
VxE =-jouH (3-1b)
V-eE=0 3-1¢)
V-uH =0 (3-1d)

Where & u is the permittivity and permeability of the material respectively. The material structure
considered here is a non-magnetic material hence, u =u,, which is the permeability of free space given as
4r x 107 F/m. Both the dielectric and chmic losses can be included in the permittivity by using the
following relationship: € = ¢’ - j(c"-0/w). Where the &” represents losses due to the dielectric and o

represent the conductivity of the system.

Figure 3.2 shows line discretization for an arbitrary inhomogeneous structure applied along the x direction.
With this discretization in mind, the permittivity is redefined as a complex fimction of x expressed as
&x) = £'(x)-j[€"(x)+ox)/a]. The complex refractive index is related to the permittivity via the following
well known relationship: /’(x) = &%) where &) =&fx) /g, Unlike the FDM method where the refractive
index would also contain a y dependence term, this has been removed in the MoL since the inhomogeneous

structure is divided into a number of homogeneous layers with boundary conditions applied between them.
Maxwell’s equation (3-1a)~(3-1d) represents first order coupled PDEs, which become uncoupled second
order PDEs by applying the curl operator (Vx ) to (3-1a) and (3-1b) and performing the appropriate

algebraic manipulation:

VxVxE-o*ueE =0 (3-22)
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Vxe'VxH-a’uH =0 (3-2b)

The two vectorial wave equations (3-2a) and (3-2b) are expanded into six scalar wave equations, some of
which are coupled by inhomogeneity in the permittivity, sf). By writing these equations for TE* (£, = 0)
and TM* (H;™ = 0) modes and making use of V-(¢E) = 0 and V-H = 0 accordingly, we obtain six
uncoupled scalar wave equations. The 7E* modes must satisfy the following Helmholtz wave equation for
the £ field component:

aZ
&2

—ET+ a Tyt +o’ue)E,” = (3-3)

and similarly, the 7M" modes must satisfy the following Sturm-Liouville wave equation for the H™ field

component:

el [1 s m] iH ™i(rvolue)H ™ =0 (34)
& eax ayz y y

3.2.2 Expression for Field Components

The next step in the algorithm is to formulate an expression for the other field components. This is done by
expanding equations (3-1a) and (3-1b). The propagation direction is taken to be in the +z direction, thus
we can infer the following, 3@ = -y and y = @ +jf. We know that in a linear medium the superposition of
the 7E" and TM" modes fully characterizes all modes propagating in the structure, including hybrid and
higher order modes. The electric and magnetic field components of the mode fields propagating in the
structure are related to the 7E" and TM" mode fields via the following relationships:

-1[a(18
E = jaryl_ax(sax y ) o’uH, ] (-52)
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E,=E - Gare xy (3-5b)
10 1 0
E, = ey E™ + Tas H™ (3-5¢)
2
1 0 TE ™
y =mé@-5y +Hy (3-Se)
H=—10fm, 10 m )

Thus, the Heimholtz and Sturm-Liouville wave equations (3-3) and (3-4) along with equations (3-5a)-(3-5f)
completely characterize all modes that propagate in a lossy isotropic inhomogeneous 2-D waveguide where
no structural variation exists in the propagation direction z. These equations can be solved consistently for
the propagation constant y using the appropriate Dirichlet and Neumann boundary conditions applied to
both the vertical and harizontal limits.

3.2.3 Discretization of the Computational Domain

Following the algorithm presented in Section 3.1.2 the computational domain is discretized only along one
dimension for a 2-D problem. Figure 3.2 illustrates an arbitrary waveguide structure composed of a
sequence of layers that are homogeneous or inhomogeneous in the x direction. Shown are the two shifted £
and H line systems where the £, and H,™ field components are solved respectively. The structures that
are presented and analyzed in this thesis are all considered to be open structures, hence the enclosing
boundary conditions, which are applied in the difference operators, must be placed sufficiently far away
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from the fields, such that they do not perturb the mode(s). However, at the same time we must ensure that
the line discretization is fine enough to accurately characterize the modes in the region of interest. While
this can be done with an equidistant line discretization, the result is a significant increase in the number of
lines required to model the structure. This translates directly into an increase in computational time.
Another approach is use a non-equidistant line discretization, but one must be sure that the discretization is

fine enough to model the fields, in the region of interest, where they may vary quickly with position.

The solution to this trade off is to use both the equidistant and non-equidistant line discretizations. In order
to accurately model the fields in the region of interest an equidistant line discretization is adopted. This
will satisfy the condition that any rapidly changing field components are accurately and fully characterized.
In order to meet the second criteria of placing the lateral enclosing boundary conditions far enough away as
to not affect the mode profile, a non-equidistant line discretization is implemented. This hybrid
discretization scheme will ensure that the structure is characterized fully and accurately without affecting

the mode profile or significantly increasing the computational time.

A geometric progression is used to generate the non-equidistant discretization between successive E and H
line systems in the computational domain. A constant expansion ratio is kept between successive lines
such that the line systems do not become too coarse, too quickly. These conditions will cause the non-
equidistant MoL to converge with 4, in essentially the same way as in the equidistant case. Using the
following well-known relationship for geometric progression, the nan-equidistant line discretization is
implemented in half of the computational domain.

de h(1-r")

a-n 3-6)

where r is called the expansion parameter and is between 1< 7 <1.5
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N is the number of lines entered by the user
Aun is the minimum discretization interval
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Figure 3.3 Line discretization for electric wall electric wail boundary conditions.

Figure 3.3 shows the results of using the hybrid discretization for two shifted £ and / line systems. The
discretization program generates the E and H lines systems given the number of lines entered by the user,
and the width of the inhomogeneous section w. The program generates an equidistant mesh 2w away from
the rib and a non-equidistant line meshing /Ow away from the equidistant section, therefore the entire
computational domain is 12w. The case shown in Figure 3.3 is for an optical rib waveguide shown in
Figure 3.5 presented in the validation section. The width of the rib is w = 2.0m. Symmetry is employed

thus only half the structure is analyzed. Hence w = w2 = 1.0um, therefore the uniform meshing has a total
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spacing in the computational domain of 2.0pm, while the non-uniform meshing has a spacing of 10pm.
The result is a total computational domain of 12 ym.

In the validation section it will be shown that by placing the enclosing lateral boundary condition 10w away
from the computational area of interest, in this case the optical rib, the lateral boundary conditions do not
affect the mode profile. With this method ane does not require the use of absorbing boundary conditions to
accurately model an open waveguiding structure.

3.2.4 Replacing Differential Operators with Finite Difference Operators

We must now replace the differential operators in (3-3), (3-4) and (3-5a) — (3-5f) with finite difference
operators. The following relationships given below are first and second order finite difference operators for
all combinations of lateral boundary conditions. The upper notation is for ew-ew or ew-mw lateral

boundary conditions, while the lower notation represents mw-mw or mw-ew lateral boundary conditions.

First order finite differences operator are given by:

Lp L
Dpmat P e T pem @0)
“po D=
1 1
- Ux = ".D’h
K B R (3-70)
o Lp,=-Lrpn
hn-. x hm «“h



While the second order finite difference operators are given by the following relationships:

2 E nITE l P - hz X D"DI E nIE (3.7 )
—_ =——P = s c
axz y hzm _ z] D‘D‘x ¥y
h’ ain
1 1
- Dx[S]-‘D“
Ofe1Opgrm)__ L p _| Houa H™™ @319
x| ox ’ R 2 1 t y
b -0 D‘x[G]— chx
A min

Where D is the finite difference matrix given by

L J(N+IXN)
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D= . . (3-8b)

L S(VUN)

‘The D matrix given in (3-8a) is the finite difference operator for the ew-ew or mw-mw boundary condition,
while the D matrix given in (3-8b) is the difference operator for ew-mw or mw-ew boundary condition.
The dimension of the matrix represents the number of E and H lines discretized in the computational
domain.

The normalized fields £,*™ and H,*™ are defined such that the second order finite difference operators P, ,
and P, are real tri-diagonal matrices. The normalized fields £, and H,*™ quantities are related to the
discretized fields £,”F and H,™ via the following matrix relationships:

y ey
0 (7 -
E;Eyn- =r, EE‘V TE 39



H™ =r,H ™

y
0 0

™ nIM
gﬂy =I"EH‘V (3-10)
2 62
™ n,JM
_axz H ™ =r,—H,

where the normalization matrices r, and 7, are given by:

r, =| [fma r, =| [t @11
‘1Y e "1y A )

The spacing h,,;, represents the minimum spacing between the equidistant lines and e; and A; are the spacing
between non-equidistant lines.

Substituting the difference operators given in (3-7a)~(3-7d) and the normalized fields given in (3-9) and
(3-10) into the Helmholtz and Sturm-Liouville equations (3-3) and (3-4), we obtain the following

expressions:

dZE nJE 1

——dylz——(y2 +o’ple], ik )E,"E =0 @-12)
2l{y”JM 2 2 1 nJIM

—dy—z"'(}' +0 #[31.‘;7[3»]&:.)3, =0 G-13)

The diagonal matrices /€], . [/, are created from the fimction &) sampled on the E and H line systems
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respectively. The discontinuities in permittivity can be rigorously accounted for if they are placed on an E
line that satisfies the edge condition. This is because the tangential electric E, field components are
continuous across the interface. Referring to Figure 3.2 we observe the value of the permittivity at the
discontinuity can be accounted for by using the following relationship:

- £,d, +¢,,d,

3-14
" d +d, G-14)

where ¢,; and &; are the relative permittivities in the respective media and d; and 4, are the line spacing
values. We observed that the permittivity at the discontinuity is modeled as a weighted average for non-
equidistant line spacing. If the spacing is equidistant (i.e. d; = d;) the weighted average becomes a true
average and equation (3-14) becomes

E,+€
8'= rl r2 (3-15)
2
This is the average of the permittivities of the two medium. It should be noted that while this was
considered in the MoL program and coded for this thesis, it is not necessary for determining the

propagation constant, gamma (y) of the mode.

3.2.5 Applying the Transformation Matrices

From the discretized Helmholtz (3-12) and Sturm-Liouville (3-13) wave equations we introduce the

following transformations matrices:

ET=U®T

G-16)
H™ =u,0™
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where U, and U, are nonsingular matrices. These transformations in (3-16) are applied to the discretized
wave equations and then multiplied by U/, and U ~/,, respectively which yield:

M

o ’
—dy -U".( P-y*-o p[s],)U o, T = G-17

e

710
y n
[81,, Py -v* -o?pfe] U, ®,™ =0 (3-19)

g

™

dzd)

dyz -U'lh(

Equation (3-17) represents the transformed Helmholtz equation and (3-18) represents the transformed
Sturm-Liouville equation. The transformation matrices U, and U, are selected such that the tridiagonal
matrices M and N are diagonalized. This is accomplished numerically via eigenvalue decomposition where
the transformation matrices U, ,U, and the diagonal matrices /¥’.J, [¥’»] represent the orthonormal
eigenvectors and eigenvalues of M and N respectively.

From (3-17) and (3-18) a few observations can be made. First, if a layer is homogeneous, then the
transformation matrices U, and U, become identical to the orthonormal transformation matrices 7, and 7,
given in the homogeneous case™. Therefore, y can be factored out of the transform equations (3-17) and
(3-18) and as a result the transformation matrices 7, and 7;, do not need to be recomputed for each
homogeneous layer. In the inhomogeneous isotropic layer however, this cannot be done and the
transformation matrices U, U, and the eigenvalues [}, [¥’»] must be recomputed for each new layer in
this scenario. Lastly, if the structure is lossless then the second arder tri-diagonal finite difference matrix is
real and sign-symmetric hence the eigenvalues and eigenvectors generated will be real.
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Following the algorithm presented in section 3.1.2 we have now completed steps V and V1. In summary.
we have just applied the transformation matrix to the discretized wave equation. This yields two uncoupled

second order differential equations (3-17)-(3-18). The solution of these is described in the next section.
3.2.6 Analytical Solution to Telegrapher's Equation

The transformation matrix used to diagonalized the discretized Helmholtz and Sturm-Liouville equations
yields the telegrapher’s equations (3-17) and (3-18) for which the solution is well known and expressed

vectorially below as:

dd)yrs.m )

REAE ftanh(y )] [sink(y, )]
dd "™ (y,) |7 | ~lsinh(y, )" [tanhey, )"
dy Electric wall or magnetic
wall boundary conditions
for layer N (superstrate)

d)yrs.m (ya)
O "My, | @19

layer N &n uy )
(.4

Va

Vs

—>
. d = v.- Va
layer j &, u; VoVa ,
b

layer 1 &,

Electric wall or magnetic
wall boundary conditions
for layer 1 (substrate)

Figure 3.4 Multi-layer structure having arbitrary top and bottom boundary conditions
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Equation (3-19) holds for any layer in the structure of interest. The parameter d represents the thickness of
a layer as illustrated in Figure 3.4 and given by d = y, - y,. Where y; refers to the position just under the
top interface and y, the position slightly above the bottom interface, hence all quantities are within layer j.
Since the eigenvalues /7,’] and /3] obtained through the diagonalization process are diagonal matrices.

this implies that the submatrices [cash(y, ,d)], [sinh(y. ;] and [tanh(y, ;d)] are also diagonal matrices.

3.2.7 Formulation of Impedance and Admittance Relationships

Using the other four field components, E, E, H, and H,, given by (3-5a), (3-5¢), (3-5d), (3-5f)
respectively, we generate impedance or admittance type relationships. We start this process by introducing

the following transformations:

e =T'rWE =T'E

E-. = T;rr-l.E_ = 7:‘E_n

- ) (3-20)
hx = 7;”'-!‘”: = T;le"

h.=T/rH =T'H"

Substituting the appropriate finite difference operators defined in equations (3-7a){(3-7d), the above
relationship (3-20), and the transformation marrix (3-16) into (3-5a)-(3-5¢) and (3-5d)-(3-5), yields a

matrix relationship between the transformed tangential fields, ®,”=™, and d,”=™ /dy:

1 1 T on -
7Qn ;Qu 0 0 ¢y
e.| |1 do
Sl l—0, © 0 0 2
e
h 1 do ™
= 0 0 0 —0, =4
h. JY dy
. 1 1 TE
0 0 _Qu —.Qu | q’y A
L Y J J
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The submatrices Q; are given below for all combinations of lateral boundary conditions. With the top

notation representing ew-ew or ew-mw lateral boundary conditions and the bottom notation representing

mw-mw or mw-ew lateral boundary conditions.

m; Je.]' DU,
0=y ET'Du, (3-22)
£
Q,=T'U, (3-23)

wh ——T,'D.[e,]' DU, -wuT,'U,
Oy = i

(3-24)
——TI,'D[e,]' DU, -ouT,'U,

whl

h T'D.D".U, +oT/[e]U,

Oy = (3-25)
T'D.D.U, +wT![el U,

hz
O, =TwU, (3-26)
LY
; T'»D.U,
Q« = @ loa 3-27)
T’thU'
wh,,

If the layer is homogeneous the submatrices Q, simplify to the following relationships:

-1

I'D\.T,=—— '
weh

Q.= Ohs 1 min (3-28)
T'DT, =——§
weh, " weh,

Q,=T'.d,=1 (3-29)
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Q= m,:z_ (2]~ ot 3-30)
1 2
O =- s 2 ]-ous 3-31)
;h' T'ho,r,=-7‘-a
@, . 1))
O = l“ 1 mun 3-32)
TWD'.T. = 5
ouhy, T ophy
The matrix & is given by:
o )
2'c.l 0
.0

6 = T!thT‘ - (3'33)

L A"-V 0_ (N IXY)
for ew-ew or mw-mw lateral boundary conditions and is given by:
-/\,., -
. 0
8 =T4D,T, = (3-34)
0
L Ao Jenn
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for the ew-mw or mw-ew boundary conditions. The first order finite difference operator D, changes
depending on the lateral boundary condition as given by (3-8a) and (3-8b) and / represents the identity

matrix. The values of A, ; are given by [84].

Equation (3-21) holds for any vertical position within a layer. We can eliminate ®,"=™ and d&,=™ /dy
by combining equation (3-21) with equation (3-19). Thus, we obtain the following matrix relationships

between the transformed tangential fields at the top and bottom of layer ;.

[g&ﬂ 10,0 u[ ((::3] JQ::[Y{ Em:hhg j;]r.: {::hm((; ;{:]Q [: } (3-35)

AR e o NS e R

Equations (3-35) and (3-36) can be combined into an admittance relationship as shown below:

=[y, Y2 }[i] -
Y =njes

h,, = h-(32s) (3-372)
_hx (ya,b )_
- [e0.,)]
e, = (3-37b)
4 _ex (y ab )_

and
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“Yu Y -y
y, = [ I 2 j| v, =[ 13 Ve } (3-38)
N2 —Vn Y~V
the submatricies y; are given by:
Y =70 [7:: Ita.nh(y,,d)]" Q-lzl +Jjy ZQu [taﬂh()'.d)r [7: ]—l Q—luQnQ—‘ n (3-38a)

Yie = jr Oy [tanh(y )Yl T 072 (3-38b)

Y3 =0 [71: Isinh(y,,d)]" Q-lZl +Jy ZQu [Siﬂh(r.d)r [}’.]’l Q-I‘ZQNQ-lZl (3-38¢)

Yiu = 71Qu[sinh(y D '[r, ] 0 (3-384)
Yy = %Qy [tanh(y )} ' 020,07 (3-38¢)
Yo = %Qy [tanh(y ][y, ' 0 (3-380
Yo = 'j'.'Qu [sinh(y ][y, ]! 072:0,07'x (3-38g)
Yu = %Qy [sinh(y, )}l ' O (3-38h)

Alternatively equations (3-35) and (3-36) can also be combined into an impedance relationship as shown

below:
Za Zl Z2 i';
~ |= ~ 3-39)
€ 2, =z h,
where
B,y = h:(Ves) (3-39a)
hx (ya,b )
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~ E: (ya.b )
€, =| ~ (3-39b)
4 [ex(ya,b )]
2, = |:— Zn 2y ] z,= [— Z;3 2y ] (3-40)
2y, - Zn 2y - 224
the submatricies z; are given by:

1 -
= 7Q21 [ta“h(}’hd)]'I [7:- ]-l ‘s (3-402)
Zn = T};TQn [tanh()'.d)]'l [7;. ]-l Q_l“QuQ-lS4 (3-40b)

1 . R
3= 7Q21 [smh(}'hd)]-l[?'n]-lQ ‘s (3-40c)
Z, =%Qn[sinh(nd)]"[nr'Q"uQ“Q"u (3-40d)
Zy =ij,,[tanh(y,,d)]"[y,, ]—l " (3-40¢)

2, =jQ, [y‘Itanh(y,d)]"Q"y +Jy 2Q11[tanh(yhd)]—l[}’h]—‘Q-IHQ“Q-lk (3-4019)
Zy =j7Qu[Sinh(7hd)]-l[Yh]—l s (3-40g)

2,0 = jQuly Isinh(y, )] ' Q7w + jy2Q, [sinh(y, @)} 'y, ' 07'0,0"'%  (3-40m)
3.2.8 Formulation of the Modal Matrix G, n(7)

Following the algorithm presented for the MoL we must now formulate the modal matrix G, ,(% in order to
derive the indirect eigenvalue problem. Although the matching interface can be chosen to be any layer
within the structure of interest, for practical reasans in determining the roots to the indirect eigenvalue
problem (det/G.(y)]) we choose to match the fields where the tangential field components are at their

maximum. The solution to the indirect eigenvalue problem is often easier to find when the mode power is

at its maximum. This often occurs at the center of the structure.

To derive this relationship we start by working our way from the top and bottom limits imposing the
necessary continuity conditions to the transformed tangential fields at each layer interface. Starting from
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the bottom limit and working our way up to layer j (referring to Figure 3.4) we obtain, using (3-37), the

following admittance type relationships.

B = YU, (3-41)
with ¥? defined recursively
0K ;
yv = J’z“)[‘ﬁ’ _yU n} pU -y 342

and where the admittance of the first layer depends on whether the bottom limit is an electric or magnetic
boundary condition.

Yo = { -y.m electric wall boundary condition for substrate 343)

- v Ty, -3 magnetic wall boundary condition for substrate

Likewise, working our way down from the top limit, we obtain the following equations, which hold at

position y, within layer j+/.
;" Uy _ yuthg s (3-44)
Y(j+l) = yl(J+l) _yz(J#l)[Y(J-vZ) + yl(Jol)]-lyz(JH) (3.45)
with:
y® = B w electric wall boundary condition for superstrae )
77 =3, 1,%17 v, magnetic wall boundary condition for superstrae

In the same way, using (3-39), we derive an impedance type relationship:

E;U) = Z(j),';;(j) G347



. X ) 1 :
ZU) = sz[le _ ZU-l)} 2V 50

with:

200 2 { 2,[z"1"2," -2 electric wall boundary condition for substrate
- m

-2z magnetic wall boundary condition for substrate

For the top part:
ga(ﬁl) - Z(]+I)E(J+l)
where:
ZuUm = ZI(JH) _ ZZ(JH)[Z(pz) + zl(,ul)]-lzz(ﬂl)
with:
70 _ {z,“v’ ~2,""[2,"'1" 2, electric wall boundary condition for superstrate
z," magnetic wall boundary condition for superstrate

3.2.9 Indirect Eigenvalue Problem
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(3-49)

(3-49)

(3-50)

(3-51)

(3-52)

We now define our indirect eigenvalue problem by enforcing the matching condition on the tangential field

one last time at the interface between layer j and layer j+/. This yields a modal matrix for the transformed

tangential electric fields or magnetic fields given by:
G,(r)e,” =0

G, (Y);;bm =0

(3-53)

3-54)
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Equation (3-53) or equation (3-54) is a homogeneous linear system of equations for which a non-trivial

solution exist if and only if:
det|G, ,r)]=0 3-55)

The solution to the indirect eigenvalue problem (3-55) gives the propagation constant y. which fully

characterizes a mode.

Table 3.1 summarizes the possible formulations for the modal matrices. While all modal matrices listed in
Table 3.1