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Abstract

The problem we study in this thesis asks under which conditions an r-factorization of K
can be embedded into an s-factorization of K. This problem is a generalization of a problem
posed by Peter Cameron which asks under which conditions a 1-factorization of K can be
embedded into a 1-factorization of K. This was solved by Higgkvist and Hellgren. We
study sufficient conditions in the case where s = h and m divides n. To that end, we take
inspiration from a paper by Amin Bahmanian and Mike Newman and simplify the problem
to the construction of an “acceptable” partition. We introduce the notion of irreducible sums
and link them to the main obstacles in constructing acceptable partitions before providing
different methods for circumventing these obstacles. Finally, we discuss a series of open
problems related to this case.
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Chapter 1

Introduction

1.1 Definitions and Notation

A hypergraph G consists of a set of vertices V and a multiset F of multisets of these vertices,
which we call edges. We say that a hypergraph H is a sub-hypergraph of a hypergraph G
if the vertex set of H is a subset of the vertex set of G and the edge multiset of H is a
submultiset of the edge multiset of G. The degree of a vertex in a hypergraph is the sum of
the multiplicities of that vertex in all the edges. We say that a hypergraph is r-regular if
all its vertices have degree r. For a positive integer r, an r-factorization of a hypergraph is
a partition of its edges into spanning r-regular sub-hypergraphs. The complete h-uniform
hypergraph on n vertices, denoted K" is the hypergraph on n vertices whose edges are all
of the h-subsets of the vertex set. In this case the edge multiset is a set.

For a positive integer n, we denote by [n] the set {1,2,...,n}.

1.2 Problem Statement and Motivation
The question of interest is the following.

Problem 1.2.1. Under what conditions can an r-factorization of K" be extended to an s-
factorization of K"?

Problem 1.2.1 is a generalization of a problem posed by Peter Cameron [1] in which he
asks under which conditions a 1-factorization, or parallelism, of Kfjl can be embedded into
a l-factorization, or parallelism, of K". It was conjectured by Baranyai and Brouwer [2]
that a 1-factorization of K" could be embedded into a 1-factorization of K if and only if
h divides m and n, and n > 2m. This conjecture was proved by Héggkvist and Hellgren
[3]. Amin Bahmanian and Mike Newman made significant advancements in the generalized
case, that is, when considering factorizations of higher degrees. In the case where r = s,
they proved the following theorem:
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Theorem 1.2.2 (Bahmanian and Newman [4], Theorem 1.7). Let m,n,h,r satisfy the fol-
lowing necessary conditions for some positive integers p,q,c,d.

m—1 n—1
>2 = = = =
n>2m mr = ph nr = qh (hl) cr (hl) dr

Assume furthermore the following condition.
ged(m,n, h) = ged(n, h)
Then there exists an r-factorization of KI' containing an embedded r-factorization of K! .

Basic necessary conditions for the existence of an s-factorization of K/ that contains an
embedded r-factorization of K" are known:

Lemma 1.2.3 (Bahmanian and Newman [5], Lemma 7). If an r-factorization of K" can be
embedded into an s-factorization of K", then

(N1) h | rm, h| sn;

(N2) r | (32)), s | ooy

(N3) 1<s/r<(321)/(h71);

(N§) n > glam if 1 <s/r < (721)/(h2))s
(N5) n>2m if s =r.

The first two conditions in Lemma 1.2.3 are used to define the notion of “feasible”
integers, that is, parameter sets m,n, h,r, s satisfying these divisibility conditions.

Definition 1.2.4. Positive integers m,n, h,r,s are called feasible if there exist positive inte-
gers p,q,c,d such that the following conditions hold, with n >m > h > 1.

m—1 n—1
mr = ph ns = qh (h_1>—cr <h_1)—d8

These are necessary conditions for the existence of an s-factorization of K that contains
an embedded r-factorization of K .

Note that we consider the parameters m,n,h,r, s as an ordered 5-tuple in this defini-
tion. The parameters ¢ and d are the numbers of colours in the r-factorization of K" and
in the s-factorization of K, respectively. The parameters p and q are the numbers of edges
of each colour in the r-factorization of K and in the s-factorization of K, respectively.
The first two conditions in Definition 1.2.4 tell us that the number of vertices per colour
class is an integer while the last two conditions tell us that the numbers of colours in both
factorizations are integers.

The task of solving Problem 1.2.1 has been simplified by Bahmanian and Newman [4]
to the creation of a “good collection” with some basic properties.
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Definition 1.2.5. Let m,n, and h be integers such that m < n, and assume there exist integers
D,q,7, s such that mr = ph and ns = gh. A collection C = {C1,Cs,...,Cq}} where each
C; € C is itself a multiset of h-subsets of [n] is called good if the following hold:

C1: |C}| = q for each C; € C,
C2: 3 scc,; [AN[m]| =ms for each C; € C,

C3: For 0 < i < h the number of all h-subsets over all C; € C whose intersection with [m]

is of size i is exactly (") (7)),

C4: FEach C; contains either exactly p sets contained in [m] or none.

Given a good collection C = {C4,Cy, ..., Cq}}, we will refer to the multisets Cy, Cs, ..., Cqy
as colour classes. In 2018, M.A Bahmanian and M. Newman proved the following;:

Theorem 1.2.6 (Bahmanian and Newman [1], Theorem 3.2). Assume we have positive inte-
gers m,n,p,q,7,s and a good collection C. Then there exists an s-factorization of K" that
contains an embedded r-factorization of K.

The authors also make the observation that, given an s-factorization of K containing
an embedded r-factorization of K’ | we can construct a good collection by letting C be the
collection of colour classes of edges in the s-factorization of K. It is easy to check that the
four conditions of Definition 1.2.5 are satisfied. Using Theorem 1.2.6, the authors prove the
following:

Theorem 1.2.7 (Bahmanian and Newman [1], Theorem 5.10). Let m,n,h,r,s be feasible
integers and let k = ged(n, h). Assume furthermore that n > 2m, ged(n, h) = ged(m,n, h),

and 1< 2 <7 <1 — (m,:k)/(r;:)) Then there exists an s-factorization of K" that contains

an embedded r-factorization of K .

Theorem 1.2.7 is proved using a technique based on group actions developed by Bahma-
nian and Newman in [4]. This group action approach will be used to prove a large portion of
the results in this thesis. Suppose we have feasible integers m,n, h,r, s. Let t be any divisor
of n and let G be the cyclic group of order n/t with generator v. Considering the integers
1,...,n arranged in a circular configuration, we define the action of v on [n] to be a circular
t-shift. This group action extends naturally to a group action on A = ([Z]), the set of all
h-subsets of [n]. For each A € A we denote by RY, its orbit under the action of G;. The
central idea is to colour entire orbits rather than single edges. This has many advantages
that will be discussed in greater detail later.

Note that the case where m = h is trivial, as the only factorization of K] is the trivial
1-factorization. From now on we always assume h < m.

The remainder of this thesis will have the following structure. In Chapter 2 we intro-
duce the special case of Problem 1.2.1 that is of interest to us and begin the first step of
the construction of a good collection. In Chapter 3 we introduce the obstacles that pose
the greatest challenge in constructing good collections and we develop methods for circum-
venting these. In Chapter 4 we introduce an alternative perspective on feasible integers and
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good collections in order to lighten the task of their construction. We also introduce new
methods for constructing these. In Chapter 5 we combine these methods with the methods
developed by Bahmanian and Newman to make advancements in the general case. Finally,
in Chapter 6 we discuss a few open problems relevant to this problem.



Chapter 2

Embedding factorizations when m
divides n and s = h

Suppose n = am for some integer a. Suppose m,am,h,r, s are feasible and let k =
ged(am, h). For a set A € ([“;l”]), define t4 = |RY], that is, t4 is the smallest circular
shift that preserves A. From this last observation it is clear that t4 divides am and that
1 divides h.

h
observation that if T; # (), then i | am and %* | h. Conversely, if i | am and 2 | h, we can
construct an element of T; as follows: Divide the am vertices, still arranged in a circular
fashion, into <™ slices of 4 consecutive vertices. In each slice, choose the first % vertices.
The result is a set A of @% = h vertices which, by construction, clearly satisfies t4 = 1.
We define

For 1 < i < am, define T; = {A IS ([am]) = z} It follows from the above

P:{ie[am] : Ti;«é@}.

By the above, we have P = {z € [am] : i|amand < | h}. It is straightforward to see
that P = {% =i k} where k = ged(am, h).

Define
D = RY.
ac(ly)

In other words, the elements of D are obtained by taking all h-subsets of [m] and shifting
these around by leaps of m. We make a few straightforward observations:

(i) | |Ti| for all i € P, as T; is closed under 1-shifts. that is, if A € T}, then RY C Tj;
(ii) D C Tom;

(iii) |D| = (7)o
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(iv) (%) = U T
icP
In the construction of our good collection, we will adhere to the convention of colouring
whole orbits by shifts of length 1 or m rather than colouring individual edges. This, as we
will see later, will guarantee that condition C2 of Definition 1.2.5 is satisfied. As a first step
in the construction, we will assign colours to all orbits of size am with the goal of fulfilling
condition C4.

Casel: r=s=h

In this case, feasibility implies ¢ = L (7'). Thus, observation (iii) gives us |D| = cam.

Furthermore, by observation (ii) we can form ¢ colour classes Cy, Cy, ..., C., each consisting
of p = m orbits contained in D (by m-shifts, so that these all have size «) so condition
C4 of a good collection is satisfied. Since am | |Tam|, the orbits by m-shifts contained in
Tom \ D, each of which has size «, can be bundled m-by-m in any configuration to form
colour classes. This process creates colour classes C.y1,Ceqa,...,Cy. We now check that
these colour classes satisfy the conditions in Definition 1.2.5.

Cl: For all 1 < < /¢, C; is a union of m orbits by m-shifts. Since each orbit has size «,
we have |C;| = am = q.

C2: For all 1 <i < ¢, C; is of the form [J R’Xj for some edges A;, A, ..., A,,. For each
i=1
1<j<m,wehave > |AN[m]|=h,as each vertex in A;, when shifted by leaps
AERY,

of m, will appear in [m] exactly once. Thus, we have

YolAnmli=3" > [An(m]

AcC; J=LAERY,

h

I
NE

Il
3 3T
o> =

@

C3: As this condition depends on all of the colour classes, it will be verified in a later
section.

C4: For all 1 < i < ¢, Cy, being a union of m = p orbits by m-shifts contained in D,
contains exactly m = p edges contained in [m]. Since the union C; UCy U ... U C,
contains every orbit by m-shift contained in D, it follows that this union contains
every edge contained in [m]. Therefore, for all ¢+ 1 < i < ¢, we conclude that C;
contains no edges contained in [m].

It remains to show that the remaining colour classes can be formed from the remaining
T;, i € P\ {am}.
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Case2: r<s=h

In this case feasibility implies

_mr am e= (M) g L fom
p_h 1= T mr\h T am\ h

We need to form c colour classes, each with p = % edges contained in [m]. Unlike in the
previous case, we cannot simply take these colour classes to be unions of orbits contained
in D, as p such orbits would give pa = ;¢ < q edges. To work around this, we will start
the construction in the same fashion as the previous case, but we will complete each colour
class by adding additional orbits contained in Ty, \ D. First, we need a lemma:

Lemma 2.0.1. Let m,n, h,r,s be feasible integers with r < s = h and n = am. Then

201 (7))

Proof. We will prove an equivalent form of this inequality, namely r > |£i| (’;Z) First,

we’ll show that these two inequalities are indeed equivalent. We have
m r mr m m h—r
> S = — > -
PTam \ Dlfer 2 <h>m<1 h) h (e <h>a)/a (h)m( h )

r m m

<~ —|Tom| — > h —
il () = () 0=

<~ r|Tom| > ha (7;)

= r> ha (m
T Tam| \ R

As r must be a positive integer, it suffices to show that || > ha (Z’) Recall that we
are considering the am vertices to be arranged in a circle, so that we have « slices of m
vertices. Take an edge A contained in [m] such that 1 € A. The orbit of A by 1-shifts is
clearly of length am. There are (1;;_—11) = (’;Z)% ways to choose A. Furthermore, since A
is chosen to include the first vertex, any pair of orbits created using a different choice of A
will be disjoint. So considering every possible A and its orbit, we get (T:)%am = ha (ZL)
edges contained in T,,,, hence the result.

O

Group the orbits contained in D (by m-shifts, noting that these are all of size ) p-by-p
along with m(1 — ) orbits by m-shifts contained in T, \ D to create ¢ colour classes

C1,Cy, ..., C.. Note that m(1 — ) is always an integer, as m(1 — ) = m — 5° =m — p.
There are enough orbits in Ty, \ D to do this by Lemma 2.0.1. Any remaining orbits in
Tom \ D after this process are bundled m-by-m to form colour classes Cey1,Ceya, ..., Cy.

This can be done since am | |Tom|- We now check that these colour classes satisfy the
conditions in Definition 1.2.5.
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Cl: For all 1 <i < ¢, C; is a union of m = p+ m(1 — ) orbits by m-shifts. Since each
orbit has size a, we have |C;| = am = q.
C2: For all 1 <1i </, C; is of the form U Rm for some edges A1, Ao, ..., A,,. For each

1<j<m,wehave > 6 |AN[m ]| = h as each vertex in A;, when shifted by leaps
AeRg”j

of m, will appear in [m] exactly once. Thus, we have

YolAnmll=3" > [An(m]

AEC; j=1 A€RY,
m
= Z h
j=1
=mbh
=ms

C3: As this condition depends on all of the colour classes, it will be verified in a later
section.

C4: For all 1 <i < ¢, C;, being a union of p orbits by m-shifts contained in D and m — p
orbits by m-shifts not contained in D, contains exactly p edges contained in [m]. Since
the union C7 UCy U...UC, contains every orbit by m-shift contained in D, it follows
that this union contains every edge contained in [m]. Therefore, for all c+ 1 <4 < ¢,
we conclude that C; contains no edges contained in [m)].

It remains to show that the remaining colour classes can be formed from the remaining
T; ,i€ P\ {am}.

2.1 Frobenius promotions

In this section we develop a means by which orbits can be combined or “promoted” to create
larger unions of orbits. The end goal, of course, is to perform these promotions until all
orbits have been promoted to a union of size am to which we will assign a colour.

Definition 2.1.1. Let a1, as,...,a, be positive integers with ged(aq,as,...,a,) = 1. The
Frobenius number of the set {aj,as,...,a,}, denoted by G(ay,as,...,a,), is the largest
integer that cannot be expressed as a linear combination kia1 + ksoas + ... + kpa, where
ki,ka, ...k, are non-negative integers.

In the case where n = 2, the Frobenius number is known to be G(a1,az2) = (a1 - 1)(a2 -
1) — 1 [6]. This gives an upper bound on G(a1,as,...,ay): Suppose 1 <a; <as <...<a,
with n > 2. Then clearly

G(ay,az,...an) < G(ay,az) = (a1 —1)(ag — 1) — 1.

This upper bound is satisfactory for our purposes.
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Definition 2.1.2. Let n be a positive integer with at least two prime divisors and let p and q
be its two smallest prime divisors. Define

Fr(n)=(p—1)(¢g—1).

Fr(n) provides a lower bound on the successor of the Frobenius number of the set of
prime divisors of n, that is, any integer N > F'r(n) can be written as a linear combination
of the prime divisors of n with non-negative integer coefficients. We formalize this with a
lemma:

Lemma 2.1.3. Let n be a positive integer with at least two prime divisors. Let p and q be the
two smallest prime divisors divisors of n and assume p > q. Suppose N is a positive integer
such that N > Fr(n). Then there exist non-negative integers a and b such that ap+bg = N.

Proof. By definition, Fr(n) = (p—1)(¢—1), which is in turn equal to G(p, ¢)+1. It therefore
follows from the definition of the Frobenius number of {p, ¢} that there exist non-negative
integers a and b such that ap + bg = N. O

This means that if ¢ is a divisor of k satisfying the condition that k/t has at least two
prime divisors and g(t) > Fr(k/t) where g(t) is the number of orbits by 1-shifts of size %™t,
then there exist non-negative integers a and b such that the g(¢) orbits can be promoted to
make a unions of orbits, the size of each union being %™t¢p and b unions of orbits of size
2t tq where p > q are the two smallest prime divisors of k/t. Note that when we perform a
promotion by combining orbits, we do not wish to distinguish the resulting union of orbits
from the orbits of the same size. Therefore, for convenience, we use the term “orbit” to refer
to unions of orbits as well as orbits.

Given feasible integers m,n, h,r, s with n = am and s = h, the method outlined above
will allow us to prove that if g(t) > Fr(k/t) for all divisors ¢ of k such that k/¢ has at least
two prime divisors, then there exists an h—factorization of K, that contains an embedded
r—factorization of K" . Before we formally state and prove this theorem, however, we will
need some important results. This theorem is stated and proved in Section 4.1.



Chapter 3

Irreducible and weak irreducible
sums

In this chapter we introduce irreducible sums, the main obstacles in creating good collec-
tions. We find conditions under which these obstacles are absent, and provide methods of
circumventing these obstacles when they are present.

3.1 Irreducible sums

We use the notation {...}} for multisets. To describe a multiset whose elements are
di,ds,...,d, where each d; has multiplicity a;, we will use the form {dj*,ds5?,...,d%}.

Definition 3.1.1. Let k be a positive integer. Denote by D(k) the set of proper divisors of
k. For each d € D(k), let eq be some non-negative integer such that the eq are not all zero.
The multiset {d®* : d € D(k)} of proper divisors d of k with multiplicity eq is called
irreducible if

o k| > eqd; and
deD(k)

o it admits no submultiset {d* : d € D(k)} such that > aqd=k
deD(k)

For convenience, we adopt the term k-irreducible sum (or simply “irreducible sum” in

the absence of ambiguity) to mean a linear combination >, eqd of the proper divisors
deD(k)
of k with non-negative coefficients such that the sum’s total is a multiple of k and for any
choice of 0 < ag < eq for all d € D(k), >, aqd # k. With this notation, we say that
deD(k)
any sum Y. aqd with 0 < aq < eq for oll d € D(k) is a subsum of the sum . eqd.
deD(k) deD(k)
We also define the length of a sum >, eqd to be > eq, that is, the cardinality of its
deD(k) deD(k)

associated irreducible multiset.

10
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Example 3.1.2. Let & = 30. Then {{1!,2°,3° 5% 6% 10%,15'}, or simply {1,6%, 102,15}, is
an irreducible multiset. Its associated irreducible sumis 1+6+6+646+ 10410+ 15 = 60.
No subsum of this sum has a total of 30. In fact, 30 is the smallest integer for which an
irreducible sum exists.

Example 3.1.3. Let k = 84.

14+44+12412+ 12+ 12+ 12+ 12 4+ 21 4+ 28 + 42 = 168 is an irreducible sum. We can
combine a 4-term and two 12-terms and promote them to make a 28-term. The resulting
sum is 1412412412+ 12+ 21+ 28 +28 442 = 168 and one might observe, as we will soon
prove, that it also an irreducible sum. The act of combining terms to create a single larger
term is called a promotion. It is easy to see that the sum resulting from such promotions on
an irreducible sum should always be irreducible. We formalize this observation in a lemma.

Lemma 3.1.4. Suppose A = {d°* : d € D(k)} is an irreducible multiset. Suppose ay,...,an
are integers and dy,...,d,,t are distinct proper divisors of k for 1 < ¢ < n such that
t = aydy + ...+ apdy,. Suppose also that 1 < a; < eq, for 1 < i < n. Then A’ =
AN\ {d7, ..., din B Ut} is also irreducible.

Proof. We have A’ = {d° | d € D(k)} where

eq;, —a; ifd=d;forl1 <i<n
eh=<Ke+1 ifd=t

eq otherwise

and so
n

S oehd=> (eq, —a)di+(ee+t+ Y ead
)

deD(k i=1 deD(k)
d¢{di,...,dn,t}

—t+t+ Y ead
deD(k)

= Zedd

deD(k)

Therefore this promotion does not change the value of the sum. Thus, k divides the sum.

Suppose A’ admits a submultiset B = {d* : d € D(k)} such that > bgd = k. On one
deD(k)

hand, if b; < e, then B is also a submultiset of A, contradicting the assumption that A is

irreducible. If, on the other hand, b, = e, +1, then B\ {¢tJU{d{*,...,d%" } is a submultiset

of A and the sum of its elements (counting multiplicities) is clearly the same as that of B,

again contradicting the assumption that A is irreducible. O

When faced with an irreducible sum, it’s often convenient to start by applying promotions
until no more promotions can be made. Such an irreducible sum has the convenient property
that no subsum has a total equal to any divisor of k.

Definition 3.1.5. Let k be a positive integer. A k-irreducible sum is minimally k-irreducible
if it admits no sub-sum of length at least two with total equal to any divisor of k.
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A minimally k-irreducible sum is one in which no promotions can be made. In particular,
this gives us upper bounds on the coefficients eg.

Lemma 3.1.6. Let k be a positive integer. Let >, eqd be a minimally k-irreducible sum.
deD(k)
Then, for each d € D(k), eq is less than the smallest prime divisor of k/d.

Proof. Let k be a positive integer and suppose > eqd is a minimally k-irreducible sum.
deD(k)

Let d be some proper divisor of k and let p be the smallest prime divisor of k/d. Suppose

toward a contradiction that e;j > p. Then the sum consisting of p d-terms is a subsum of

> eqd with total pd. However, since p divides k/d, this implies that pd is a divisor of k.
deD(k)
This contradicts the assumption that > egd is a minimally k-irreducible sum. We can
deD(k)
therefore conclude that ey < p. O

It is easy to see that we can obtain a minimally irreducible sum starting with an irre-
ducible sum by performing promotions until no more promotions can be made. We formalize
this observation in the following lemma;:

Lemma 3.1.7. Let k be a positive integer. Then there exists a k-irreducible sum if and only
if there exists a minimally k-irreducible sum.

Proof. Tt follows from the definition that any minimally k-irreducible sum is k-irreducible.
Let > eqdbe a k-irreducible sum. If the sum is minimally irreducible, then we are done.
deD(k)
If not, then there is a proper divisor ¢ of k and a subsum Y. agqd =t where 0 < a4 < ey for
deD(k)
all d € D(k). After promoting this subsum to a ¢-term, we obtain a new irreducible sum by
Lemma 3.1.4. We repeat this process until no more promotions can be made. Since at every
step the length of the sum strictly decreases, we know that this process must terminate.
That is, we will eventually obtain a minimally irreducible sum. O

Lemma 3.1.8. Let k be a prime power. Then there exists no k-irreducible sum.

Proof. Let k = p® where p is prime and a is some non-negative integer. Let ¢ be a positive

integer and suppose Y. eqd = ck is an irreducible sum. By Lemma 3.1.7 we may assume
deD(k)

it is minimally irreducible. The proper divisors of k are p’ for 0 < i < a — 1. Since the sum

is minimally irreducible, it follows by Lemma 3.1.6 that e, <p—1foreach 1 <i<a—1.
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Thus, we have:
a—1
ck = Z epiD’

i=0
a—1

<> -1y
i=0
a—1

=> "t -1
i=0

:pa—]_
<k

So ¢ < 1. Therefore the sum is not irreducible. O

The following lemma is a condition applying to k-irreducible sums where k is a product
of exactly two prime powers, if such an irreducible sum exists. It is not known whether
there exist values of k with exactly two prime divisors for which a k-irreducible sum exists.
However, the next lemma ultimately leads to the construction of an h-factorization of K"
containing an embedded 7-factorization of K in the case where k = gcd(am, h) is of this
form.

Lemma 3.1.9. Let k = p®¢® where p and q are distinct primes and a and b are positive

integers. Let > eqd be a k-irreducible sum. Then there exists a proper divisor t of k
deD(k)
such that p® tt, ¢® 1t, and e; # 0.

Proof. Suppose Y. eqd is a k-irreducible sum such that e; = 0 for all d of the form p’q’
deD(k)

with 0 <i<a—1and 0 <j <b—1. Starting with ¢ = 0 and proceeding in increasing order

until i = @ — 1, group up the p’q’~terms p-by-p until fewer than p remain. Starting with

7 = 0 and proceeding in increasing order until j = b — 1, group up the p®¢’-terms ¢-by-q

until fewer than ¢ remain. We have

DRVES SURIIZED SR

deD(k) i=0

=" (" ) (qb—l)

The total of this sum is either 0 or k, which contradicts the assumption that the sum is
irreducible. O
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Lemma 3.1.10. Let k be a positive integer. Let > eqd be a k-irreducible sum. Then there
deD(k)

exists a proper divisor d of k that is not of the form k/p® where p is a prime and b is a
positive integer such that eq # 0.

Proof. Suppose Z?Zl ai% = ck is a k-irreducible sum where the a; and b; are positive
p,

integers and the p; are pllrimes. Without loss of generality, we may assume the terms are
distinct, that is, that if for some 41 and 2 we have p;, = p;,, then b;, # b;,. Forall1 <i < n,

combine the %—terms p;-by-p; to create %—terms until fewer than p; remain. Perform
o ;

these promoti(;ns in any order until it is nollonger possible for any 1 <4 < n. We may now
assume that 1 < a; < p; — 1 for all 1 < i < n. Let j be the index with 1 < j < n that
maximizes b; with the property that p; = p;. Define £ = ][] pf" Then we have

1<i<n
PiFP1
n n b,

k Ipy’ b;
ZaiT =ck = Zai% = clpy
i=1 Pi i=1 P

n b]'

b, lpy

= p' | )iy
i=1 i

bJ
Notice that for all 1 < i < n, a; épbli is an integer. Furthermore,
P

1

b

J
o If p; # p1, then fii is an integer, so p; | a; Zp,}i .
p; p;
b b
. . plj bjfbi Zplj
o If p; =p; and i # j, then 5~ = p; where b; — b; > 0, so p1 | a; 5.
p; p;

b
This means that p; must also divide the only remaining term, namely aj% = a;{. Since
P

J
p; = p1 does not divide [, it must divide a;. This is a contradiction as 1 < a; <p; —1. O

When £ has more than two prime divisors

Example 3.1.11. Consider the case k = 42 = 2 -3 - 7. We can show that there exist no
42-irreducible sums. By Lemma 3.1.7, it suffices to check that there are no minimally
42-irreducible sums. The proper divisors of 42 are 1,2,3,6,7,14, and 21. A minimally 42-
irreducible sum, if such a sum exists, will be of the form 21a + 14b+ 7c+6d +3e+2f + g
for non-negative integers a, b, c,d, e, f, g that are not all zero. As these coefficients are non-
negative, we have a lower bound on all of these, namely 0. We can impose an upper bound
too: For any proper divisor ¢ of 42, the coefficient of ¢ in a minimally k-irreducible sum
must be less than the smallest prime divisor of k/t, by Lemma 3.1.6. Having bounded all
coeflicients, we are left with a finite list of potential minimally k-irreducible sums. We have
the following bounds on the coefficients:
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Divisor | Possible coefficients
21 a€{0,1}
14 be{0,1,2}
7 ce{0,1}
6 de{0,1,2,3,4,5,6}
3 ee€{0,1}
2 f€{0,1,2}
1 g €{0,1}

As there are finitely many ways to assign values to the coefficients a, b, c,d, e, f, and g,
there is an upper bound on the possible total of such a sum. We can obtain this upper bound
by assigning the maximum value to each coefficient. We get 21-14+14-247-146-6+3-1+
2-241-1=100. But 100 < 3 - 42, which implies that the total of a 42-irreducible cannot
exceed 2 -42 = 84. It is also implied by Definition 3.1.1 that the total of a k-irrecucible
sum must be at least 2k, therefore we conclude that any 42-irreducible sum must have 84
as its total. We now look for the coeflicients in this range that yield a sum whose total is
exactly 84. This is done with the help of a Python script, but can be done manually as
well. The Python script in question can be found in Appendix A. The function of interest
is candidate_vectors_with_total_ck. Inputting (2,42) into this function will yield the
following five possible coefficient assignments:

Solutions [a b ¢ d e f g
(1) 1 2 0 5 0 2 1
(2) 1 1 1 6 1 1 1
(3) 1 2 1 4 1 0 1
(4) 1 2 1 4 0 2 0
(5) 1 2 0 5 1 2 0

Each row corresponds to a unique assignment of values. With the same Python script we
can show that all five of these sums contain a subsum with total equal to k& = 42. However,
we will do it manually:

o Solutions (2), (3), and (4) satisfy a,b,c > 1, so we have 21 + 14 + 7 = 42 as a subsum
for each of these sums.

o Solutions (1) and (5) satisfy b,d > 2,f > 1,s0 14+ 1446 + 6 + 2 = 42 is a subsum
for both of these sums.

We conclude that there is no 42-irreducible sum.

One might hope that this same strategy could be applied to all integers but that is not
the case:

Example 3.1.12. Let m,n,h,r,s be feasible integers with n = am, s = h, and k =
ged(am, h) = 30. It is conceivable at this point that after carelessly performing promo-
tions, we are left with the following orbits:

. - am
o 1 orbit of size 53,

e 4 orbits of size 657",

e 2 orbits of size 1057, and
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e 1 orbit of size 15%

These account for 2am edges but there is no way to partition these further into two
colour classes. This, of course, arises from the 30-irreducible sum from Example 3.1.2.
Indeed, if we were able to partition these orbits into two colour classes of size am, that
partition would correspond directly to a partition of the terms in the irreducible sum
1+64+6+6+6+ 10+ 10 + 15 = 60 into two subsums of total 30, which contradicts
the fact that the sum is irreducible.

The sum 14+6+6+6+ 6+ 10+ 10 + 15 = 60 is the only 30-irreducible sum. This can
be shown using a method similar to that used in Example 3.1.11.

A minimally 42-irreducible sum, if such a sum exists, will be of the form 21a + 14b +
Tc + 6d 4+ 3e + 2f + g for non-negative integers a,b,c,d, e, f, g that are not all zero. As
these coefficients are non-negative, we have a lower bound on all of these, namely 0. We
can impose an upper bound too: For any proper divisor ¢ of 42, the coefficient of ¢ in a
minimally k-irreducible sum must be less than the smallest prime divisor of k/¢, by Lemma
3.1.6. Having bounded all coefficients, we are left with a finite list of potential minimally
k-irreducible sums. We have the following bounds on the coefficients:

This example serves as motivation for the development of strategies for dealing with
cases where there exists a k-irreducible sum where k = ged(am, h). Given feasible integers
m,n,h,r,s with n = am and s = h, if there is no k-irreducible sum, then we can construct
the desired good collection. In fact, we show later that even for £k = 30, given feasible
integers m,n, h,r, s with n = am and s = h, a good collection can always be constructed.

3.2 Weak Irreducible Sums

Definition 3.2.1. Let k be a positive integer. Denote by D(k) the set of proper divisors of k.
For each d € D(k), let eq be some non-negative integer. The multiset {d*¢ : d € D(k)}
of proper divisors d of k with multiplicity eq is called weak k-irreducible if it admits no

submultiset {d : d € D(k)} such that Y. aqd=k
deD(k)

Similarly to k-irreducible multisets, it is convenient to think of weak k-irreducible mul-
tisets as sums. To that end, we define a weak k-irreducible sum to be a sum of proper
divisors of k that admits no subsum with total equal to k, that is, in the definition of a weak
k-irreducible sum, the condition that k divides the total is absent. For example, 2 4+ 2 + 3
is a weak 6-irreducible sum. A question of interest is: For a given positive integer k, what
is the largest weak k-irreducible sum? We can also define the notion of a weak minimally
k-irreducible sum:

Definition 3.2.2. Let k be a positive integer. A weak k-irreducible sum is weak minimally
k-irreducible if it admits no sub-sum of length at least two with total equal to any divisor of

k.

It is straightforward to see by analogy with Lemma 3.1.7 that for any weak k-irreducible
sum, there exists a weak minimally k-irreducible sum with the same total. Therefore the
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aforementioned question is equivalent to For a given positive integer k, what is the largest
weak minimally k-irreducible sum? For a positive integer k, define F'(k) to be the value of
the largest weak minimally k-irreducible sum.

Lemma 3.2.3. If k = p® where p is prime and a is a non-negative integer, then F (k) = p*—1

Proof. Let Y07 epip’ be a weak minimally p®-irreducible sum. This implies e,: < p for all

0 < i < a—1. Furthermore, it is clear that Zf;ol (p—1)p* is a weak minimally p?-irreducible

sum, therefore F(p?) = Zf;ol (p—1)pt = Zf;ol (Pt —pt) = p* — 1. O

Lemma 3.2.4. If k = pq where p and q are distinct primes, then F(k) = 2pqg —p — q.

Proof. Let p > g be prime numbers. Let e;1 + e,p + €4q be the largest weak minimally
pg-irreducible sum. We will show that e; = 0,e, =¢—1,and e, =p — 1.

First we will show that (¢ — 1)p+ (p — 1)q is a weak minimally pg-irreducible sum. Sup-
pose there exist integers ¢ and b with 0 < a < ¢—1and 0 < b < p—1 such that ap+bg = pq.
Then p | b and ¢ | a. This is a contradiction.

Now suppose e11+e,p+eqq is a larger weak minimally pg-irreducible sum. Then clearly
0<e,<qg—1,0<e¢, <p—1,and 0 < e; < ¢g—1. We have pg—e; > pg—q > (p—1)(¢—1) =
Fr(pq), so there exist integers a and b such that pq — e; = ap + bg where 0 < a < ¢—1 and
0 <b<p-—1. Thus, ap + bg + e; is a sub-sum with total pq. This is a contradiction.
Therefore F(pq) = (p — 1)g + (¢ — 1)p, hence the result. O

Proposition 3.2.5. Let p > q be prime numbers, and a and b be positive integers. Then
F(p ") < p"¢"(2 + ;1)

Proof. Let 3> eqd be a weak minimally p®g’-irreducible sum. Then:
deD(p*q®)

e Ford=7p'¢ with0<i<aand 0<j<b—1, we have eq < ¢ — 1.

e Ford=pl¢g® with0<i<a—1, wehaveey <p— 1.
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So,

a b—1 a—1
dooead<) Y pdlg-1)+) 1)
deD(paqb) i=0 j=0 i=0
a b—1 a—1
=Y oY (@ =)+ T -1
i=0 =0 i=0
1 _pa+1 "
= ﬁ(qb -1 +¢"(p" 1)
(1=p*™)(¢" = 1) +¢"(p* = 1)(1 - p)
1-p
—1 - 2pa+1qb +pa+1 4 qbpa + qbp
1-p
_2pa+1qb +qbpa
1-p

O

It follows from this proposition that if a p®gP-irreducible sum exists, it must have 2p®q®
as its total.

Corollary 3.2.6. Let k = p®q® where p > q are primes and a and b are positive integers.

Suppose Y eqd is a minimally k-irreducible sum. Then eyo-1p-1 = 0.
deD(k)

Proof. Let ZdeD(paqb) eqd = 2p®q® be a minimally p®¢P-irreducible sum with epa—1gp—1 > 0.
We will prove that this sum admits a subsum ep®q®~! + fp®~1q® + p*~1¢*~! = p2g®, and
therefore can’t be p%qP-irreducible. The right side of the first inequality in the proof of
Proposition 3.2.5 assumes the “worst case scenario” where epagp-1 = g — 1. If, however,

epagh-1 < ¢ — 2, then

1
> ead <p'q (2 + —1) —pg"t
deD(peq®) P

< 2k

This implies that in a minimally p®g’-irreducible sum, we must have €pag-1 = q — 1.
Similarly, if instead of the “worst case scenario” where €,a-1, = p—1 we have e,a-1,0 < p—3,
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then

1
> ead<p'q (2 + —1) 2" ¢
deD(paqb) P
1 2
ot )
p—1 p
< 2k

Therefore any minimally p®q®-irreducible sum must satisfy epa—1gp € {p—2,p—1}.
We have pg — 1 > (p — 1)(¢ — 1), so by Lemma 2.1.3 there exist nonnegative integers e and
f such that ep+ fq =pg — 1. We will show that 1 <e<g—land1< f<p-—2.

e Suppose ¢ = 0. Then fq = pq — 1, which implies that ¢ divides pg — 1, which is a
contradiction. We conclude that e > 1.

e Suppose f = 0. Then ep = pq — 1, which implies that p divides pg — 1, which is a
contradiction. We conclude that f > 1.

e Suppose e > q. Then pg+ fq < pq— 1, which implies fqg < —1. This is a contradiction
as neither f nor g can be negative. We conclude that e < ¢ — 1.

e Suppose f >p—1, then ep+ (p — 1)qg < pg — 1, which implies ep — ¢ < —1. This is a
contradiction, as e > 1 and p > q. We conclude that f <p — 2.

Therefore we have e < epage-1 and f < epa—1p. Thus, from ep + fqg = pg — 1 we get a
subsum ep®q®~! + fp®~lq® + p®1¢*~! = p%®. This contradicts the assumption that the

sum is minimally k-irreducible. O

Theorem 3.2.7. Let p > q be prime numbers and a and b be positive integers. Then
F(p"q") <p*d"2+ ;55 — 1 + o)

Proof. 1t follows from Corollary 3.2.6 and Proposition 3.2.5 that
a a 1 a1 b
F(p*q") <p qb(2+1f1) —(g—1p* g

wb 1 1 1
=p“q (2—1-7—*—1-—).
p—1 p pq

O

Figure 3.1 is a plot showing the first hundred values of F'(k). Using Lemma 3.2.3 and
Lemma 3.2.4 we can compute F'(k) for k of the form p* or pg where p and ¢ are prime and
a is a positive integer. For other values of k, we proceed by brute force. A Python script
has been used to compute F(k) for all k in a finite range. This script, when given a value
of k as an input, generates all possible weak minimally k-irreducible sums and outputs the
total of its largest. This script can be found in Appendix B.

Several trends are to be seen in Figure 3.1. When k is a prime power, F(k) =k — 1 by
Lemma 3.2.3. Therefore it is not surprising that the points representing these values form a
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line. The green points, representing values of k£ with exactly two prime divisors, seem to lie
below the line y = 2k. If this is shown to be true for all such k (that is, if F(p%g®) < 2p®¢®
for all primes p,q and positive integers a,b), then it can be concluded that there exist no
k-irreducible sums for values of k with exactly two prime divisors. Theorem 3.2.7 provides
a close upper bound on F(k) for these values of k.



Chapter 4

Partitioning the remaining T-sets

4.1 Acceptable Partitions

Given feasible integers m,n,h,r,s with n = am and h = s, the construction from Sec-
tion 2 leaves us with the task of creating colour classes out of the edges in (["‘;7]) \ Tom
where T, is the set of all edges whose orbits by 1-shifts is of size am. Recall that

P= {% . j divides k} The question of interest is the following:

For which values of a,m, and h can we guarantee that there exists a way to partition
the orbits contained in the sets T; , i € P\ {am}, so that the orbits in each part contain, in
total, am edges?

For such a,m, and h, a good collection can be created. Note that the definition of
feasible integers in this case asks that ¢, the number of edges per colour, be equal to am.
Note also that this question makes no reference to the value of r. Thus, it is more convenient
at this point to work with a relaxed version of the definitions of feasible integers and of a
good collection.

Definition 4.1.1. Integers a,m,h with m > h > 1 and o > 2 are called acceptable if
om | (7).
Note that we consider a set of acceptable integers as an ordered triple. Acceptability

is a necessary condition following from feasibility. It says that the total number of colours
must be an integer.

Definition 4.1.2. Let a,m,h be acceptable integers. A partition C = {C1,Ca,...,Ci} of
(lmY\ Ty, is called acceptable if the following hold:

Al: |Cj| = am for all C; € C
A2: For all C; € C and h-subset A € C;, we have Ry C C;

Each of the C; in an acceptable partition can be seen as a colour class. Condition A2
formalizes our convention of colouring edges by the orbit. Acceptable partitions represent the

22
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second and final step in the construction of a good collection, the first being the assignment
of colours to the orbits of size am, which was done in Section 2.

Lemma 4.1.3. Let m,n,h,r,s be feasible integers with n = am and s = h. Let A be an
h-subset of [am]. Then 5. |BN[m]| =|RY|%.
BeRY

Proof. Recall that RS is the orbit of A by 1-shifts. We have IRY| = ‘g—;’; for some proper
divisor ¢ of k. Define S} to be the multiset of edges obtained by starting with A and per-
forming 1-shifts clockwise am times. In other words, the elements of S} are precisely those

of RY, and each element has multiplicity k/t.

We will compute the sum > |B N [m]|, keeping in mind that since we are using an
BeS}

index multiset, the number of times each index is used to define a term of the sum is

equal to the multiplicity of that index within the index multiset. In other words, we have

YoBnml=% ¥ [B0mll

BeSh BeRY

We can compute the sum Y. |BN[m]| in a different way: The edge A has h vertices,

BeS)
each of which will, when rotated am times by a 1-shift, appear exactly once in each of the
am positions. This means that each vertex of the edge will appear exactly m times as an
element of [m]. Since there are h vertices in the edge, the total number of times a vertex
will appear in [m] is mh. We therefore have »_ |B N [m]| = mh = ms. Paired with the
BeS}
previous computation, this gives us > |BN[m]| = i O
BeRY

Lemma 4.1.4. Suppose m,n,h,r,s with s = h and n = am for some integer o are feasible
integers. If there exists an acceptable partition for a, m, h, then there exists a good collection
form,n, h,r,s.

Proof. Let k = ged(am,h). We start by noticing that «,m,h are acceptable integers.
Indeed, feasibility implies that s | (Zj) which, in our case, is equivalent to am | (O‘;ZT)

Suppose C is an acceptable partition for parameters o, m, and h. We know from Section
2 that the set T, of edges with orbit size am can be partitioned into colour classes of size
am such that each colour class contains ¢ = am edges, exactly p = “* or 0 of which are
contained in [m]. Form C’ by taking the union of C with this partition. We now have a
partition of ([Q}T]) satisfying condition C4 of a good collection. Thus it remains to show
that C1-C3 are satisfied.

e C1: Follows from Al.

o C2: It follows from A2 that every C; € C is a union of orbits by 1-shifts. Let ¢ be the
number of orbits by 1-shifts that make up Cj. Let RY ,R},,... R}, be the orbits

in question and let %, ICO‘/TQ ey % be their respective sizes, where t1,ts,...,t; are
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proper divisors of k, noting that these are not necessarily distinct. By Al, we have:

¢
= Z ( Z |BN [m]|) =ms By Lemma 4.1.3.
i=1  BERY,
¢
= Z AN [m]| =ms Since CJ':UR}‘L"
AeC; i=1

On the other hand, any C; € C"\ C consists of a union of m orbits by m-shifts, each
of which is of size h = s, so it is straightforward to see that the condition is satisfied.

o C3: Follows from the observation that C’ is a partition of the set of h-subsets of [am].

O

The main implication of this lemma is that we need not consider the value of r after
checking the necessary divisibility conditions. In fact, we observe that for any acceptable
integers «,m, h, there exists an integer r that makes the parameter set m,n,h,r, s with
n = am and s = h feasible. All that is required of r by the definition of feasibility is that
r < h, h | mr, and r | (7:11) The number r = m, for example, satisfies all three
conditions. In general there are multiple ways to extend acceptable integers to feasible
integers.

Lemma 4.1.5. Let o, m, h be acceptable integers such that k = ged(am, h) has at most one
prime divisor. Then there exists an acceptable partition for this parameter set.

Proof. Suppose k = 1. Recall that P = {%"t : t divides k} is the set of possible orbit
sizes. In this case, P = {am}, that is, every edge has orbit size am. The task at hand is to
find a partition of ([O‘;l”]) \ Toum = 0. Thus, we are done. Recall that colours were already

assigned to the edges in T, in Section 2.

Suppose k = p® where p is some prime and a is a positive integer. We have P =

o alp, ..., 9Rp®}. Start by arbitrarily bundling orbits together to form colour classes
in any way. For instance, p orbits of size %p“_l = % may be grouped to make a single

colour class. If this process continues until every edge is assigned a colour, then the resulting
colouring is an acceptable partition, so we are done. Suppose, on the other hand, that this
process terminates with unassigned edges remaining, meaning it is impossible to further
promote orbits to colour classes. Since a,m, h are acceptable integers, we know that am
divides (O‘,Zn), the total number of edges. We also know that am divides |Tam| since Ty, is
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a union of orbits of size am, and therefore am divides \([O‘;l"}) \ Tom|. Thus, by denoting by
a; the number of unassigned orbits of size “*p’, we have

a—1

am ,
E a; TP
=0

am

Therefore
a—1
k1Y ap'
i=0

This is a k-irreducible sum since we assumed it was impossible to further promote orbits
to colour classes. However, by Lemma 3.1.8, this is impossible as k is a prime power. We
conclude that a; = 0 for all 0 < 7 < a — 1, and therefore all orbits have been promoted to
colour classes. O

We now have all the pieces necessary to construct an h-factorization of K", containing
an embedded 7-factorization of K in the case of feasible integers m, n, h, r, s where n = am,
s = h, and k = gcd(am, h) has at most one prime divisor:

Theorem 4.1.6. Let m,n,h,r,s be feasible integers with n = am and s = h. If k =
ged(am, h) has at most one prime divisor, then there exists an h—factorization of K",
that contains an embedded r— factorization of K.

Proof. By Lemma 4.1.5, we can construct an acceptable partition for the acceptable integers
a,m,h. By Lemma 4.1.4, from this acceptable partition we can construct a good collection
for the feasible integers m,n, h,r, s. Finally, by Theorem 1.2.6, this implies that there exists
an h—factorization of K"  that contains an embedded r—factorization of K. O

Lemma 4.1.7. Let o, m, h be acceptable integers. Suppose, after a series of promotions, that
the only orbits not promoted to colour classes are of sizes of the form % for prime powers
Q. Then an acceptable partition exists for the parameters a,m, h.

Proof. Let pll’1 ey pl}f be the prime powers in question, noting that the p; are not necessarily
distinct. For each 1 <4 < f, bundle the “7*-orbits p;-by-p; until fewer than p; remain.
P

Continue doing this in any order until it is 1o longer possible for any 1 < < f. We claim
that this process terminates only when every orbit has been promoted to an orbit of size
am, that is, a colour class. If it terminated before that, let a; be the number of w—orblts

remaining for each 1 < ¢ < f. The total number of edges in the union of all these orbits
must be a multiple of am, as these edges are the only edges to which a colour has not been

assigned. Thus we have am | Zl 16 ‘;‘m By the same argument used in the proof of

Lemma 3.1.10, we come to the conclusion that p; | a; for some 1 < ¢ < f with a; > 0. This
contradicts the assumption that the process had terminated, as at least one more promotion
could have been made by combining p; orbits of size <. O

Let m,n, h,r, s be feasible integers with n = am and s = h. Recall that, for all proper
divisors t of k = ged(am, h), we define ¢(t) to be the number of orbits by 1-shifts of size

amy

k
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Theorem 4.1.8. Let m,n,h,r,s be feasible integers with n = am and s = h. Suppose that
g(t) > Fr(k/t) for every proper divisor t of k = ged(am, h) such that k/t has at least two
prime divisors. Then there exists an h—factorization of K", that contains an embedded
r—factorization of K.

Proof. Since Theorem 4.1.6 takes care of the cases where k has fewer than two prime di-
visors, we may assume k has at least two. This guarantees that k will have at least one
divisor ¢ where k/t has at least two prime divisors. Define

H ={teN : t|kand k/t has at least two prime divisors}. First, label and order the
elements of H as t; = to = ... = t; in any way respecting the partial order defined by
r =Xy <= x has at most as many prime divisors as y. Then, starting with ¢ = ¢; onward,
we do the following:

Let p > ¢ be the smallest prime divisors of k/t. The number of orbits of size %™t is at
least™ g(t), which in turn is at least F'r(k/t). Therefore the number of orbits of size %™t
can be written as ap + bg for some nonnegative integers a,b. Thus, we can:

+ Bundle p orbits of size %*t to make a single orbit of size 4™¢p. Do this a times.
+ Bundle g orbits of size %*1 to make a single orbit of size “*¢q. Do this b times.

Since at every step orbits are being promoted to strictly larger orbits, this process is guar-
anteed to terminate, leaving us with no orbits of sizes “*d for any d € H. Thus, all that
remain are orbits of sizes of the form % where @ is a prime power. By Lemma 4.1.7, these
can be promoted to complete the acceptable partition. By Lemma 4.1.4, there is a good
collection for the feasible integers m,n, h,r,s. Finally, by Theorem 1.2.6, there exists an

h-factorization of K" = containing an embedded r-factorization of K" . O

4.2 Sizes of T-sets

Recall that for i € P, the set T; is the set of all edges whose orbit under 1—shifts is of length
1. For all positive divisors ¢ | k, define

amg
« f(t) = ( Zt ) The number of edges with orbit size dividing 2*t;
k

o g(t) = [Tam|/(71) The number of orbits of size “*t.

f(t) is the number of ways to construct an edge which is preserved by an 2 ¢-shift. These are

precisely the edges whose orbit size divides 4¢. It is therefore clear that f(t) = Z |Tam 4].
4|t
Applying Mébius inversion, we get

Tome = Y (@) ()

dlt

*We say “at least” and not “exactly” since at every step, some orbits are being promoted. These new
orbits need to be counted as well.
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where p is the Mobius function defined on positive integers as

1 if n is square-free with an even number of prime factors
p(n) =< —1 if n is square-free with an odd number of prime factors

0 if n is not square-free.
Lemma 4.2.1. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =

ged(am, h). Let t = pi* ...py* be a proper divisor of k where py,...,pe are distinct primes
and ay,...,ap are positive integers. Define P(t) = {p1,...,pe}. Then

g(t):% 3 (_1)Af<l_[t>'

ACP(t) peAP
Proof.
am
g(t)?t = |Tam,|
t
= Z N(d)f(a)
dlt
= Z (P P FpP T )
0<i1<ay
OSiéSaz
= Z p(pit Pl F(S T L pseT ™) Since p is non-zero only for square-free inputs.
i1€{0,1}
ire{0,1}
pit.. . pYt
= > (Il (B)
AC{p1,....,pe}  PEA peal
t
= Y (),
AC{p1,....pe} HPGAP
hence the result. O
Lemma 4.2.2. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =

ged(am, h). Then g(1) > 1.

Proof. The number of orbits of size 4™ is g(1), so it suffices to show that there exists at

least one orbit of size “*. Considering the am edges arranged in a circular formation as

usual, split the circle into k slices of * consecutive vertices. In each slice, choose the first

am

h/k vertices, for a total of h vertices. The edge that consists of these h vertices is of size <
because the smallest shift that preserves this edge is clearly <™. Therefore g(1) > 1. O
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Lemma 4.2.3. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =
ged(am, h). Let w be a prime and let a be a positive integer such that w® | k. Suppose
t is a divisor of k/w®. Then

g(tw) = (£(£) = 1) "1g(t).

Proof. Take an edge in Tem;. Viewing the vertices as the numbers 1,2, ..., am arranged in
a circle, we can divide this circle into k/t slices of length %¢.

Since the edge’s orbit is of size “*¢ the edge in question will be represented identically
within each slice. Take any w® consecutive slices. Notice that if we alter the configuration
of the vertices in all but one slice, these w® consecutive slices uniquely determine an edge
in T'em e by copying this sequence of slices around the circle:
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amy,a
ktw

Thus, we can construct elements of Tam o as follows:
Fix one of the slices. There are w® ways to do this. In the other w® — 1 slices, choose among

am am w®—1

the (zt) — 1 other other configurations. There are (( gtt) - 1) ways to do this. The
F k

resulting edge’s orbit is of size #*tw*. We have

am¢ w*—1 o
ool 2 00 ((5) = 1) Mol = 0t (10 = 0" T
k
So .
 Tapewel  wo(f(0) ~ 1" T

am4,a = amy,a
ktw ktw

g(tw?) = (f(t) = 1)"" g(t).

Corollary 4.2.4. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =
ged(am, h). Let t be a proper divisor of k. Suppose w is a prime and a is a positive integer
such that tw® divides k. Then g(tw®) > g(t).
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Proof. We have

So by Lemma 4.2.3,

O

Lemma 4.2.5. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =
ged(am, h). Suppose d and t are distinct divisors of k such that d | t. Then g(t) > g(d).

Proof. Write t/d as p{*p3®...p," where p1,pa,...,p; are the distinct prime divisors of ¢/d
and aq,as9,...,a; are positive integers. Then it follows from Corollary 4.2.4 that g(d) <
g(dp{*). Applying Corollary 4.2.4 repeatedly ¢ — 1 more times, we get g(d) < g(dpi') <
g(dpi'ps?) < ... < g(dp*p3® ...py") = g(t), hence the result. O

Theorem 4.2.6. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =
ged(am, h). Suppose t and d are positive divisors of k such that t > d. Then g(t) > g(d).

Proof. Let t and d be divisors of k such that ¢ > d. If d | ¢, then g(t) > g(d) by Lemma
4.2.5. We may therefore assume that there exist integers a,b such that ¢ = ad + b with
1 <b< danda>1. Note that, since d{t, we have d > 2.

Consider an edge e € Tam 4. It can be seen as g identical slices in which %d of the <*d
vertices belong to e. Consider the first ¢ vertices. This subset of [am] can be seen as
a of the aforementioned identical slices followed clockwise by “*b additional vertices. Let
c =[5 —1]. Let ¢’ be any edge constructed by copying the first a — ¢ slices in e and choos-
ing %(cd +b) vertices among the % (cd + b) that follow, and copying this slice of length
@t around the circle. Let % be the size of the orbit of ¢’. Since e’ was constructed
by repeating a slice of length %™t around the circle, it follows that e’ is preserved by an
@t t-shift. Since the size of the orbit of e’ is 4 j, it follows that %™ j is the smallest shift
length that preserves e’. Therefore (%*t)/(%*j) must be an integer, which implies that j
divides t. We aim to show that j = ¢.

Suppose j # t. Since j | ¢, we have
<Ly
J=73
— Lad+b)
= 5 a
1
2
1
cd + §(d+b)
(c+1)d
)d

(a—c

IN

((2¢+1)d+b)

IN A
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But €’ was constructed by copying the first a — ¢ slices in e (that is, e and e’ are identical
in the first % (a — c)d vertices), so e and ¢’ must be identical in the first ] Vertlces

o If d < j, we must have d | j, which in turn implies d | t. This is a contradiction.
o If d = j, we have d | t. This is again a contradiction.

e Finally, if d > j, then %*d is not the smallest shift preserving e. This is also a
contradiction, as the orbit of e is of size %™*d.

We conclude that j = ¢, so e’ € Tam,.

2 (cd-+b)

For every choice of e there are at least ( ) ways to choose e’ € Tam,, as €’ is con-

b (cd+b)
k
structed by choosing 2 (cd+b) vertices among % (cd-+b). Therefore |Tam,| > (?(i;‘i‘;’)) | Tam 4.

We have

R ) [ YR & s E0)

amt F amt \ 2(cd +b) Blcd+b)

Recall that, since the case m = h is trivial, we may assume h < m. In particular, this
implies %" > 3.

e Ifa=1or a=2, then

am d+b 7m d
( ¢ ) (Z ) Because ¢ = [a/2 — 1] = 0.
am p
(ﬁ ) Iy Because t =d+bort=2d+b.
5 am,
~ k 2d b
d
23bm Because a > 2 and k < h <m.
d
> SbQ Because b < d.
>b
>1

Therefore g(t) > (Qﬁ (Cd+b)) %g(d) > g(d).

e If a > 3, then we have
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(3d — 2)a > 9d — 6
= (3d —2)a > 6d Because d > 2.
— 3ad — 2a > 6d

1 1 S 1

~ ~
| |

| |
g lp
+ o+

v vV
L Q| =+

|
Q.
_|_
(98]
N\Q‘&‘HL\J\@M\G‘

v
gl

Therefore
da
g(t) > ZT(Cd+ b)g(d)
d a
> 2 Z
> 73((5-1)a+b))at@
d_rad+b b
= - —d+ = )g(d
t3( 2 + 2)9( )
d_t
> E?)@g(d) By the above inequality.
= g(d)
O
Lemma 4.2.7. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =

ged(am, h). Let p be a prime and a be a positive integer such that p® divides k. Then
g(p*) > (p—1)%

Proof. Recall that we are assuming h < m to avoid the trivial case h = m. Therefore
% > 3. Thus, we have

F1) = (Z) >2= >

k

By Lemma 4.2.3, we have
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g(»*) = g(1p")

> (f(1) = 1) 1g(1)

> 2" 1g(1) Since f(1) > 3.

> op -1 Since g(1) > 1, by Lemma 4.2.2.
> op~! Since a > 1.

It remains to show that 2P~ > (p — 1)2. For p = 2, p = 3, and p = 5, it is easy to check
that this inequality is satisfied:

p|l2xt (p—1)7
21 2 1
3| 4 4
51 16 16

To prove that this inequality holds for all primes larger than 5, it suffices to show that
2¢ > (2 for all integers ¢ > 4 by induction.

« Base case: For ¢ = 4, we have 2¢ = (? = 16, so the inequality is verified.

e Induction step: Take an integer £ > 4 and suppose 2¢ > (2. Then we have

2l = 9. 9¢
> 202 By the induction hypothesis.
> 02 4+ 40 Because ¢ > 4.
>0 4+204+1 Because ¢ > 4.
= (L+ 1)

We conclude that g(p®) > (p —1)2.

O
In general g(p®) is much larger that (p — 1)2. However this inequality suffices for our
purposes.
4.3 If £ has two prime divisors

We now have all the prerequisites to deal with the case where k£ has two prime divisors.

Lemma 4.3.1. Let o, m, h be acceptable integers such that k = ged(am, h) has exactly two
prime divisors. Then there exists an acceptable partition for this parameter set.
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Proof. Let k = p®q® where p > ¢ are the two prime divisors of k& and a and b are positive
integers. The possible orbit sizes are of the form %piqj with 0 <i<aand 0 <j <b.
Omitting the orbits of size aim, as these are irrelevant to the definition of an acceptable
partition, the sizes of orbits of interest all belong to one of the following types:

Type 1: 2¢/ with 0 <j <b-—1

Type 2: 2pigl withl1<i<a—-land0<j<b—1
Type 3: 2piq® with 0 <i<a-—1

Type 4: %p“qj with0<j<b-—1

For orbits of size of Type 1, starting with 7 = 0 and increasing until j = b — 1, bundle
the orbits of size “* am i g-by-g until fewer than ¢ remain. Note that the result of such a
promotion is a unlon of orbits, but as usual we continue to refer to them as orbits.

Let ¢ be a divisor of k such that the orbit sizes 4™t are of Type 2. These have the prop-
erty that p | t and p,q | % By Theorem 4.2.6, we have g(t) > g(p). Furthermore, by Lemma
4.2.7, we have g(p) > (p — 1)2. Since p > ¢, we can combine these two observations to get
gt)>p-1(¢g—-1) = Fr(%) By Lemma 2.1.3, we may now apply Frobenius promotions
to the orbits of size of Type 2 in increasing order of orbit size, that is, write the number of
orbits of size “*p i¢d with1 <i<a—1land0<j<b—1asep+fq for nonnegative integers
f and g, comblne these orbits p-by-p to make e orbits of size Mp”‘lqj and combine the
rest ¢-by-q to make f orbits of size 2p'qIT!. At each step thebe promotions may create
orbits of size of Type 2, 3, or 4, but never of Type 1. Since these steps are being made in
increasing order of orbit sizes, this will promote all orbits of size of Type 2. All that remain
now are orbits of size of Type 1, 3, and 4.

For orbits of size of Type 3, starting with ¢ = 0 and increasing until ¢ = ¢ — 1, bundle
these p-by-p until fewer than p remain. Such a promotion creates either a colour class (orbit
of size am) or another orbit of size of Type 3.

For orbits of size of Type 4, starting with j = 0 and increasing until j = b — 1, bundle
these ¢-by-q until fewer than ¢ remain. Such a promotion creates either a colour class (orbit

of size am) or another orbit of size of Type 4.

The total number of unassigned edges is bounded above by

b—1

Z(qfl J+Z -1)2 p’q’”qufl
=0
—a;n((q 1)+ (p* - 1) +p*(¢" - 1))

am
== (2k—1-p%)

<2am
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So there are either 0 or awm unassigned edges. In the former case, we are done. In the latter
case, these edges form a colour class. O

Theorem 4.3.2. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =
ged(am, h). Assume k = p®q® where p > q are primes and a and b are positive integers.
Then there exists an h— factorization of K"  that contains an embedded r—factorization of
K"

Proof. By Lemma 4.3.1, we can construct an acceptable partition for the acceptable integers
o, m,h. By Lemma 4.1.4, from this acceptable partition we can construct a good collection
for the feasible integers m,n, h,r, s. Finally, by Theorem 1.2.6, this implies that there exists

an h—factorization of K" that contains an embedded r—factorization of K.

O

So far, we have shown that if £ has at most two prime divisors, then there exists an
h—factorization of K, that contains an embedded r—factorization of k". We have also
introduced new ways to construct embeddings when we don’t assume the number of prime
divisors of k. This leaves us wondering about cases where k has three or more prime divisors.
Particularly, Are there values of k with more than two prime divisors for which, given feasible
integers m,n, h,r,s with n = am, s = h, and k = gcd(am, h), an h-factorization of K",
containing an embedded r-factorization of K can be constructed? The smallest positive
integer with three prime divisors is 30, so this is a natural place to start.

4.4 If k has three or more prime divisors

Example 4.4.1. We know from Example 3.1.12 that there is exactly one 30-irreducible sum,
and we observed in that example that it might be problematic when trying to build an
acceptable partition in cases where k = 30. The irreducible sum in question is 15+ 210 +
4.6+ 1 = 60. Therefore, if we had (perhaps after performing promotions) exactly one orbit
of size 1557, two of size 1057, four of size 655, and one of size g, then we could not
proceed as no further promotions could be made. Therefore we have to carefully build our
acceptable partition to avoid this situation. We do this as follows.

Bundle an §G-orbit with a 29§ -orbit to make a 353 -orbit. Note that g(2) > g(1) (by
Theorem 4.2.6, g is a strictly increasing function) so we can repeat this process until we

have no more %2-orbits remaining. The result is a sum

30
Z edd

deD(k)

whose total is a multiple of 30 and such that e; = 0. This sum has no 1-term. Since there
is only one 30-irreducible sum and it has a 1-term, we can conclude that our sum is not
30-irreducible. Therefore we can proceed to promote orbits arbitrarily until every edge has
been assigned a colour. The result is an acceptable partition.

One may hope at this point that this technique can be applied to other values of k with
at least three prime divisors. There are two details that work in our favour in the case
k = 30 that do not hold in general. The first is that there is only one 30-irreducible sum.
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This is not the case in general, as we see in the next example. The second is that 6 | k,
which allows us to combine each g -orbit with a 2%7*-orbit to make a 3%*-orbit. When
applying this method on other values of k, this property is very useful as the smallest orbits
tend to be the most difficult to promote. However this technique can be adapted to solve

the problem for other values of k with three prime divisors.

Example 4.4.2. For k = 84, we can use a Python script to find all irreducible sums. There
are exactly three of these. They are

¢ 4242284512+ 7+ 3 = 168,
¢ 4242.28+421+4-1241 =168, and
o 424+284+2146-12+4+1=168.

Two of them have a 1-term and one of them has a 3-term. Group up an %2t-orbit with

84~
a 3%-orbit to make a 4%t-orbit. Since g(3) > g(1) by Theorem 4.2.6, we can repeat
am

this until there are no -orbits remaining. Then, pair a 3% *-orbit with a 4%T-orbit to
am

make a 7% -orbit. Since g(3) < g(4) and the previous step increased the number of 47 -

orbits while decreasing the number of 3 -orbits, this can be repeated until no 37 -orbits
am am

remain. Having eliminated all §-orbits and 3<% -orbits, we have effectively avoided all

three possible irreducible sums, so an acceptable partition can be made.

4.5 Nested acceptable partitions

Lemma 4.5.1. Let a,m, h be acceptable integers for which there exists an acceptable parti-
tion. Let P be a prime larger than all prime divisors of k = ged(am,h) and a be some
positive integer such that a, P®m, P*h are acceptable integers. Then there exists an accept-
able partition for the latter acceptable integers.

Proof. Let C be an acceptable partition for the acceptable integers o, m, h. Let m' = P%m,
W = P%h, and k' = ged(am’,h’) = P*k. By Lemma 4.1.7 it suffices to form colour classes

out of all orbits of size of the form “,'g,"t where k’/t has at least two prime divisors.

Let t1,to,...,t, be the divisors of k’ that have at least two prime divisors and are not
multiples of P. Note that, since %t = O‘Iz’,”/ t, the number of orbits of size o‘,?flt is equal
to the number of orbits of size *t that have been coloured in C. Thus, by copying the
colour classes in C, we can promote all orbits of sizes 1, t2, ..., and t, to create orbits of
size am = O‘IQZI.

Let ¢ be a divisor of k with at least two prime divisors such that P | t. Then by Theorem
4.2.6 we have g(t) > g(P). By Lemma 4.2.7, we have g(P) > (P — 1)?. Finally, since
P is larger than all prime divisors of k, we have (P — 1) > Fr(k'/t). From these three
inequalities we conclude that g(t) > Fr(k'/t). Let t1,ta,...,t; be every divisor of k' that
is a multiple of P and has at least two prime divisors. Without loss of generality we may
choose their indices such that, if ¢ < j, then ¢; has at most as many prime divisors as t;. For
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each 1 <14 </, let p; > q; be the two smallest prime divisors of ¢;. Starting with ¢ = 1 and
proceeding increasingly until i = £, let ¢; be the number of orbits of size O‘,Z‘/ t remaining at
this step. Note that, since promoting orbits of a certain size never decreases the number
of orbits of any larger size, we must have ¢; > ¢(¢;), and therefore ¢; > Fr(k'/t;). Apply
Lemma 2.1.3 to obtain non-negative integers a and b such that/ ap; + bg; = ¢;. We may now

’
am am

combine the %7-t;-orbits p-by-p to create a orbits of size “7-pt; and combine the rest of

the O‘Iz’,’/ t;-orbits g-by-g to create b orbits of size ak—“?/qti, thus leaving us with no orbits of

size "k—“,llti. After this process has been done for t1,ts,..., and t;, the only orbits that have
not been assigned a colour are of sizes of the form ¢2* where @ is a prime power. Thus, by

Lemma 4.1.7, we have an acceptable partition for the acceptable integers o, m’, h'. O

Given the conditions in Lemma 4.5.1, we say that the acceptable partition for the ac-
ceptable integers «a, m, h is nested in the acceptable partition constructed for the integers
a,m’,h'. We also say, for the sake of consistency, that the acceptable parameter set «, m, h
is nested in the parameter set o, m’, h'.

Theorem 4.5.2. Let a,m,h be acceptable integers for which there exists an acceptable par-
tition. Let P be a prime larger than all prime divisors of k = ged(am,h), and a and
r be positive integers. Let m’ = P%m, n' = am/, and s = b = P*h. If m',n’,h/,r,s
are feasible integers, then there exists an h'-factorization of Kg;n, containing an embedded
r-factorization of Kf};,.

Proof. Using Lemma 4.5.1, we can construct an acceptable partition for the acceptable
integers a, m’, h/. By Lemma 4.1.4, this acceptable partition allows us to construct a good
collection for the feasible integers m/,n’, h’, r, s. Finally, by Theorem 1.2.6, there exists an
h'-factorization of K ’;;n, containing an embedded r-factorization of K fn/,. O

This theorem offers us a way to generate feasible integers m’,n’, b/, r, s with n’ = am’ and
s = I’ for which an h/-factorization of K , containing an embedded r-factorization of K7,
exists by starting with acceptable integers o, m, h for which an acceptable partition is known
to exist and multiplying the parameters m and h by a power of some large prime. Note that
while the parameter r appears in the statement of this theorem, the particular choice of its
value has no importance beyond feasibility. Note also that since the parameter set o, m, h is

acceptable, the parameter set m/,n/, b’ r, s is feasible if and only if » < h', P*am | (P;f;:l)
and r | (7;;,/:11). Recall that the condition for acceptability of the parameter set a,m, h is

P%am

am | (a}’;”) One may hope that the condition P*am | ( pap,

This is not the case. For example, we have

« 31 (),

e 61(5), and

« 30 (32).

) follows from this or vice-versa.

Suppose we have acceptable integers o, m’, h’ such that ¥’ = ged(am/, h’) has more than
two prime divisors, preventing us from applying Lemma 4.3.1 or Lemma 4.1.5. We would
like to create an acceptable partition. We can construct a chain of nested acceptable pa-
rameter sets, such that the innermost parameter set, a,m,h, satisfies the condition that
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k = ged(am, h) has at most two prime divisors. Then we can apply Lemma 4.3.1 or Lemma
4.1.5 to obtain an acceptable partition for this parameter set. Finally, by repeatedly ap-
plying Lemma 4.5.1 starting on the innermost acceptable parameter set and proceeding
outward, we obtain an acceptable partition for the outermost parameter set o, m’, h'.

The following is an example illustrating this principle.

Example 4.5.3. Let o = 2,m; = 9, hy = 7. One can easily check that 18 | (178) and therefore
the chosen integers are acceptable. We have k = gcd(18,7) = 1 and can therefore conclude
by Lemma 4.1.5 that there exists an acceptable partition for these integers. In fact, we have
the following;:

e 18-2% = 144 | ('), so by Lemma 4.5.1, there exists an acceptable partition for

a=2,mg ="T2,hs =56

e 144 -5 = 720 | (;gg), so by Lemma 4.5.1, there exists an acceptable partition for

o = 2,m3 = 360, hs = 280

e 720-13% = 121,680 | (14271562800), so by Lemma 4.5.1, there exists an acceptable partition

for a = 2, myq = 60,840, hy = 47,320

While the binomial coefficients in this example are relatively large, they can be computed
very quickly with a computer. Recall that, given an acceptable partition for acceptable
integers «,m, h, it is easy to find all possible values of r for which there exists a good
collection in the case where n = am and s = h. By Lemma 4.1.4, it suffices to choose a
value of r that makes the parameter set m,n,h,r, s feasible. Given that the parameters
a,m, h are acceptable, this condition can be written in terms of r as follows:

e 7 <h,
o h|mr,
- 1G5

We can write a Python script that takes as input positive integers m and h with m > h and
outputs a list of all values of r that satisfy those three conditions. Note that the particular
choice of a has no relevance here beyond acceptability.

import math

# This function takes as input positive integers m and h from an acceptable parameter
# set alpha, m, h and outputs a list of all values of r for which the integers m,
# alpha*m, h, r, s (with s = h) are feasible.
def possible_values_of_r(m, h):

list = []

binomial_coefficient = math.comb(m - 1, h - 1)

for r in range(1l, h + 1):

if m * r % h == 0 and binomial_coefficient % r ==
list.append(r)
return list
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# Create an array acceptable_integers whose O entry is the value of m inputted by the

# user and whose 1 entry is the value of h inputted by the user.

acceptable_integers = input("Enter m and h seperated by a space: ").split()

print ("The possible values of r are:")

# Print each element of the list acceptable_integers.

for i in possible_values_of_r(int(acceptable_integers[0]), int(acceptable_integers[1])):

print (i)

input ()
For example, in the case of the acceptable integers o = 2, mo = 72, ho = 56, these values
of r are 7,14, and 28. In the case of the acceptable integers o = 2, mg = 360, hg = 280,
the possible values of r are 7,14,21,42,49,63,91,98,119, 126,147, 182,203,238, and 273.
Finally, in the case of the acceptable integers o = 2, m4 = 60,840, hy = 47,320, there are
4,457 possible values of r. They are too numerous to list here but they can be found using
the above Python script.

Given feasible integers m,n, h,r, s with n = am and s = h, we know from Theorem 4.2.6
that %, being the smallest orbit size, is the size of which there are the fewest orbits. This
often makes it difficult to promote these orbits. The next lemma presents a condition under
which these orbits can be promoted.

Lemma 4.5.4. Let m,n,h,r,s be feasible integers with n = am and s = h. Let k =
ged(am, h). Suppose k has two prime divisors p and q such that ¢ < p < g(q). Then
the %% -orbits can be promoted.

Proof. If g(1) > ¢, bundle the 2™-orbits ¢g-by-¢ until fewer than g remain. Let a, b, and ¢ be

k
am am am

the numbers of %™ p-orbits, %™g-orbits, and %*-orbits remaining after these promotions,
respectively. Note that if ¢ = 0, we are done. Therefore we assume ¢ > 1. We have

a=g(p), b=g(q), andc<q—1.
Furthermore, pg—c¢ > pg—p—q+1= (p—1)(¢—1), so there exist integers e > 0 and f > 0
such that
ep+ fg=pg—c
In fact, we know that e > 1 and f > 1 because if, for example, e = 0, then fqg =pg—c =
q | ¢ = ¢ > ¢, which is a contradiction. Thus, we have
e ¢ < q—1 because if e > ¢, then pg — ¢ > pq + fq, implying —c > fq, which is a
contradiction. Furthermore, since ¢ < p < g(q), we have e < g(q). By Theorem 4.2.6,
we have g(q) < g(p). Finally, since ¢g(p) = a, we conclude that e < a.

e f < p—1 because if f > p, then pg — ¢ > ep + pq, implying —c > ep, which is a
contradiction. Furthermore, since p < g(¢q) and b > g(q), we conclude that f < b.
Therefore we can combine
o [ “*g-orbits,

am

e ¢ Zrp-orbits, and

e ¢ “*-orbits

to make one orbit of size f4YRq+eY p+cit = L (fqt+eptc) = 4 pgq. This promotion
uses every remaining orbit of size %™. O
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4.6 Divisibility of binomial coefficients

Many questions related to the divisibility of binomial coefficients arise when working on this

problem. For instance in Section 4.5 we would like conditions on prime powers P® with
P { am under which, when am | (%), we have P®am | (PP(?;L")

Definition 4.6.1. For a prime power p and a positive integer n, the p-adic valuation of n,
denoted v,(n), is the exponent of the largest power of p that divides n.

Let p be a prime and n and m be integers. It is clear from Definition 4.6.1 that v,(n-m) =
vp(n) + vp(m). It is also well-known that

| n
i) =3 | % |1
iz LP
This is known as Legendre’s formula.

Lemma 4.6.2. Let p be a prime and a, h, and n be positive integers with h < n. Then

() =(G2)

Proof. We have

Similarly,

a

+ v, (h!) and

avpyy 2 L
wp((hp")D) = b

vl = 1)) = (n = 1) =+ (n = ).
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So,
np® B . . )
Vp((hpa>) = 1p((np®)) — [p((hp™)!) 4+ vp(((n — h)p™)!)]
) nll__z; Faplel) = [ 11_—129 Tkl +(n=h) 11__2; + vp((n — 1))

= vp(n!) = [p(h!) + vp((n = 1)!)]

=4((3)

It is a straightforward consequence of this lemma that if p is prime and a, h, and n are
positive integers with h < n, then p? | (Zﬁa) — p* | (Z) The case that pertains to us
in the context of nested acceptable partitions is that in which p { n. In this case we can say
more:

O

Lemma 4.6.3. Let a, h, and n be positive integers with h < n. Let p be a prime not dividing

n. Then
np" — n‘ np" and p* n
hpe hpe P\
npa npa " npa
(hp“) <= n‘ <hp“) and p <hp“>
np® np® al (T
(hp‘l> <= n‘ (hp‘l> and p (h)

By Lemma 4.6.2. O

np®

Proof. We have

a

np

since ged(n,p®) = 1. Hence

a

np




Chapter 5

Two-step embeddings

We use the notation (r, K!*) < (s, K) to represent an embedding of an r-factorization of
K" in an s-factorization of K. The results in previous chapters give us embeddings of the
form (r, K") < (h, K" ), so it would be useful to create embeddings as follows:

(r Kp) = (h Kly) <= (s, Kpy)

In principle the first embedding in this chain would be of the type discussed in the case
where m | n and » < h = s while the second is of the type obtained by M.A. Bahmanian
and Mike Newman [1] in Theorem 1.2.7.

Theorem 5.0.1. Let m,n, h,r,s be feasible integers, and let k = ged(n, h). Suppose there
exists an integer a > 2 such that the following conditions are satisfied.

o There exists an h-factorization of K" containing an embedded r-factorization of K" ;
o 1> 2am;
o ged(n,h) | am; and
—k
s r<qe[i- (h/em].
Then there exists an s-factorization of K containing an embedded r-factorization of K" .

Proof. The existence of the embedding (r, K) < (h, K", ) guarantees, by feasibility, that h
divides (*7"), which is equivalent to the condition that am divides (%"). am | (*"). This
condition, paired with the condition that m,n, h,r, s are feasible, implies that the integers
am,n, h, h, s are feasible. This is necessary for the existence of an embedding (h, K" ) <
(s, K"). The condition ged(n,h) | am is equivalent to the condition ged(am,n,h) =
ged(n, h). We are now in the position to apply Theorem 1.2.7 to ensure the existence
of the latter embedding. O

Example 5.0.2. Let m = 26,n = 1285, h = 20,7 = 10, and s = 28. It is straightforward to
verify that the chosen integers are feasible.

42



Embedding r-Factorizations of Complete Uniform Hypergraphs into s-Factorizations 43

Let a = 10. For the embedding (10, K3) < (20, K33,), it is straightforward to check
that the integers 26,260, 20, 10, 20 are feasible. Furthermore, ged(am, h) = 20 has exactly
two prime divisors, so there exists a 20-factorization of K33, that contains an embedded
10-factorization of K20, by Theorem 4.3.2.

The remaining three conditions of Theorem 5.0.1 are straightforward to verify. We can
therefore apply Theorem 5.0.1 and conclude that there exists a 28-factorization of K70s,
that contains an embedded 10-factorization of K33.

It should be noted that Theorem 1.2.7 could not have been applied directly to obtain
the embedding in a single step as the condition ged(m,n, h) = ged(n, h) is not satisfied.



Chapter 6

Open problems

We conclude with a collections of open problems.
Problem 6.0.1. Do there exist arbitrarily long chains of nested acceptable partitions?

The task of creating a chain of nested acceptable partitions of length ¢ is equivalent to the
task of finding acceptable integers «, m1, hy for which there exists an acceptable partition
and creating a sequence of pairs of positive integers (amaq, h1), (ama, ha), ..., (amy, hy) such
that for all 1 < ¢ <t, am; | (O‘;l") and for all 1 <7 <t—1, (@mit1, hiy1) = (am;pi’, hipi?)
for some prime p; larger than all prime divisors of k; = ged(am,, h;) and some positive
integer a;.

One method used in constructing long sequences of this form was to set a = 2 and
my = hi. Bertrand’s postulate states that for any integer h > 1, there is always at least one

prime p such that h < p < 2h. Thus, for every i > 1 we can choose a prime p; such that

h; < p; < 2h; and set (am;q1, hiy1) = (2h;p;, hip;). At every step, it is clear that p; | (2:)
In order to conclude that 2h;p; | (2:’751'), it is necessary and sufficient to have 2h; | (2;_;5"')7

by Lemma 4.6.3. This condition is not always satisfied. However, it has been verified with
a Python script that for any 2 < h < 950, there exists a prime p with h < p < 2h such that

2hp | (50).
Problem 6.0.2. Does there exist a positive integer k with exactly two prime divisors such
that there exists a k-irreducible sum?

For an integer k of this form, I have verified that no k-irreducible sum exists if:

e k is not a multiple of 6 and k£ < 4,000, 000, or

e k=23 with1<i<4and1<j<4,or

o k= p%q"® where p > q are primes, a and b are positive integers, and p®(p—q®)+pg® > 1.

The first two cases were verified using a lightly modified version the Python script in Ap-
pendix A. The third case is proved as follows:

44



Embedding r-Factorizations of Complete Uniform Hypergraphs into s-Factorizations 45

Let > eqdbea weak minimally p®¢’-irreducible sum and suppose p®(p—q®)+pg® >
deD(p*q®)
1. Then:
o Ford=p'¢’ with0<i<agand 0<j<b—1, we have eq < ¢ — 1.

o For d =piq® with 0<i<a—1, we have eq < p — 1.

Just like in the proof of Proposition 3.2.5, we have

-1 - 2pa+1qb +pa+1 + qbpa + qbp
> s :
-P

deD(p2q®)

It is easy to check that, the condition p®(p — ¢*) + pg® > 1 is equivalent to the condition

a b a b_a b
—1-2p""g "l'zipﬂ""q PAIP < 2p2gb. Therefore F(p®q®) < 2p®q®, so there exist no p®q’-

irreducible sums.

In the case where k is of the form 2?3% for positive integers a and b, Theorem 3.2.7
guarantees F'(k) < k(2 + %). However, by using a method similar to the one used in the
proof of Corollary 3.2.6, it can be shown that F'(k) < k‘(2—|—%). This upper bound is relatively
close to 2k. If it can be shown that F(k) < 2k for all values of k of the form 223" where a
and b are positive integers, then it can be concluded that there exist no k-irreducible sums
for values of k of this form.

Problem 6.0.3. Is it the case that, for any integer k > 1, we have that F(k) < k where € is
the number of prime divisors of k?

This is certainly the case when k has one prime divisor. When k is of the form p®¢®
for primes p > ¢ and positive integers a and b, we have F(k) < k(2 + ﬁ — % + i) by
Theorem 3.2.7. This upper bound is fairly close to 2k. If it can be shown that F(k) < 2k
for all values of k£ with exactly two prime divisors, then it can be concluded that there exist
no k-irreducible sums for values of k of this form.
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Appendix A

Python code for finding all
minimally k-irreducible sums

import math
import itertools

# This function returns True if x divides y and False otherwise.
def divides(x, y):
return y % x ==

# This function returns True if the integer x is prime, and False otherwise.
def is_prime(x):
if x < 2:
return False
for i in range(2, int(math.sqrt(x)) + 1):
if divides(i, x):
return False
return True

# This function takes as input a positive integer k and returns a list of its proper
# divisors, ordered increasingly.
def proper_divisors(k):
# Define D to be an empty list. It will represent the list of all proper divisors
# of k.
D =1]
for i in range(l, k):
if divides(i, k):
D.append (i)
return D

# This function takes as input a positive integer x and returns the smallest prime
# divisor of x.
def smallest_prime_divisor(x):
for i in range(2, x + 1):
if divides(i, x) and is_prime(i):
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return i

This function takes as input a positive integer and returns a two-dimensional array.
The firs row is

the exponents of
prime divisor.
def prime_divisors(k):
divisors = []
exponents = []
divisor = 2
while divisor ** 2 <= k:
exponent = 0
while divides(divisor, k):
exponent += 1
k //= divisor

#
#
# a list of k's prime divisors, ordered increasingly, and the second row is a list of
#
#

if exponent > 0:
divisors.append(divisor)
exponents. append (exponent)

divisor += 1

if k¥ > 1:
divisors.append (k)
exponents.append (1)

return [divisors, exponents]

# The following function returns a broad list of candidate minimally k-irreducible
# sums. For any minimally k-irreducible sum a_1d_1 + ,,, + a_nd_n, the corresponding
# vector [a_1l, ..., a_n] is guaranteed to belong to the list candidate_vectors(k).
def candidate_vectors(k):
D = proper_divisors(k)
n = len(D) # D is the list [d_1, d_2, ..., d_n] of proper divisors of k.
I=1
for i in range(0, n):
# Define I[i+1] to be the interval of integers j with 0 <= j <= p_i - 1 where
# p_i is the smallest prime divisor of k/d_i
I.append([*range(0, smallest_prime_divisor(k // D[i]))])
return list(itertools.product(*I))

# Given a positive integer k with proper divisors d_1, ..., d_n and a vector x = [x_1,
# .., x_n], the following function outputs the total of the
# sum x_1d_1 + ... + x_nd_n.

def corresponding_sum_total(x, k):
D = proper_divisors(k)
n = len(D)
sum = 0
for i in range(0, n):
sum += x[i] * D[i]
return sum
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# Given a positive integer k with proper divisors d_1, ..., d_n and a positive integer
# c>=2, the following function outputs the set V of all vectors [x 1, ..., x_n] satisfying
# x_1d_1 + ... + x_nd_n = ck.

def candidate_vectors_with_total_ck(c, k):
U = candidate_vectors (k)
v=1
for x in U:
if corresponding_sum_total(x, k) == c * k:
V.append (x)
return V

print(candidate_vectors_with_total_ck(2, 42))

# Given a positive integer k with proper divisors d_1, ..., d_n, the following function
# takes as input a vector x = [x_1, ..., x_n], makes a list of all vectors y = [y_1,

# ..., y_n] satisfying

# 0<=y_i<=x_1i for all 1<=i<=n and y_1 + ... + y_n >= 2, and outputs True if one such y
# has a corresponding total dividing k, and outputs False otherwise.

def admits_subsum_with_total_dividing_k(x, k):
D = proper_divisors(k)
n = len(D)
I =[] # The entries of the list I will be the closed intervals [1, x_i] for 0<=i<=n.
for i in range(0, n):
I.append([*range(0, x[i] + 1)1)

X = list(itertools.product(
*I)) # A list representing the cartesian product of every interval in I.
# Define Y to be the sublist of X obtained by removing the vector [0,...,0] as well
# as any vector of the form [0, ..., 0, 1, O, ..., 0] (i.e. any vector with a
# 1-norm less than 2) as we are only interested in non-trivial subsums.

Y=1[]
for x in X:
if sum(x) > 1:
Y.append (x)
# We check the total of the sums corresponding to each vector in X. If one of the
# totals is a divisor of k, then the function returns True. Otherwise it returns
# False.
for y in Y:
if divides(corresponding_sum_total(y, k), k):
return True
return False

# The following function takes as input positive integers c and k and outputs a list of
# all minimally k-irreducible sums with total ck.
def all_minimally_k_irreducible_sums_with_total_ck(c, k):

V = candidate_vectors_with_total_ck(c, k)

L = [1 # List of all vectors corresponding to minimally k-irreducible sums with

# total ck.

for x in V:

if not admits_subsum_with_total_dividing k(x, k):
L.append(x)
return L

# The following function takes as input a positive integer k and a vector x = [x_1,
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# ..., x_n] and returns the string 'x_1d_1 + ... + x_nd_n', the sum corresponding to x.
def vector_as_sum(k, x):

D = proper_divisors(k)

n = len(D)

s = nn

# Append 'x_id_i + ' to s for all O <= i <= n-1.

for i in range(0, n):

if x[i] !'= 0:
s = s + str(x[i]) + "*" + str(D[i]) + " + "

# Remove the superfluous ' + ' at the end of s

s = s[0:1len(s) - 3]

return s

# Prompt user to input a value of c and k.
integers = input("input positive integers ¢ > 1 and k > 1 separated by a space: ").split()
# Display the list of all minimally k-irreducible sums with total ck.
list = all_minimally_k_irreducible_sums_with_total_ck(int(integers[0]), int(integers[1]))
if len(list) == 0:

print("There are no k-irreducible sums with total ck for the chosen values.")
else:

print("List of all minimally k-irreducible sums with total ck:")

for x in list:

print(vector_as_sum(int (integers[1]), x))

input ()



Appendix B

Python code for computing F'(k)

The following is a Python script that prompts the user to input a value of k and proceeds
to compute and display the value of F(k).

import itertools
import math

# This function returns True if x divides y and False otherwise.
def divides(x, y):
return y % x ==

# This function returns True if the positive integer x is prime, and False otherwise.
def is_prime(x):
if x < 2:
return False
for i in range(2, int(math.sqrt(x)) + 1):
if divides(i, x):
return False
return True

# This function takes as input a positive integer k and returns a list of its proper
# divisors, ordered increasingly.
def proper_divisors(k):
# Define D to be an empty list. It will represent the list of all proper divisors
# of k.
D =1]
for i in range(1, k):
if divides(i, k):
D.append (i)
return D

# This function takes as input a positive integer x and returns the smallest prime
# divisor of x.
def smallest_prime_divisor(x):
for i in range(2, x + 1):
if divides(i, x) and is_prime(i):
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return i

# The following function returns a broad list of candidate minimally k-irreducible
# sums. It is the cartesian product of all the closed intervals [0, p_d - 1] (for
# proper divisors d of k) where p_d is the smallest prime divisor of k/d. For any
# minimally k-irreducible sum a_1d_1 + ,,, + a_nd_n, the corresponding vector [a_1,
# ..., a_n] is guaranteed to belong to the list candidate_vectors(k).
def candidate_vectors(k):
D = proper_divisors(k)
n len(D) # D is the list [d_1, d_2, ..., d_n] of proper divisors of k.
I=1
for i in range(0, n):
# Define I[i+1] to be the interval of integers j with O <= j <= p_i - 1 where
# p_i is the smallest prime divisor of k/d_i
I.append([*range(0, smallest_prime_divisor(k // D[il1))])
return list(itertools.product(*I))

# Given a positive integer k with proper divisors d_1, ..., d_n and a vector x = [x_1,
# .., x_n], the following function outputs the total of the sum x_1d_1 + ... + x_nd_n.
def corresponding_sum_total(x, k):

D = proper_divisors(k)

n = len(D)

sum = 0

for i in range(0, n):

sum += x[i] * D[i]
return sum

# Given a positive integer k with proper divisors d_1, ..., d_n, the following function
# takes as input a vector x = [ x_1, ..., x_n], makes a list of all vectors y = [y_1,
# ..., y_n] satisfying O<=y_i<=x_i for all 1<=i<=n and y_1 + ... + y_n >= 2,

# and outputs True if one such y has a corresponding total dividing k, and outputs
# False otherwise.
def admits_subsum_with_total_dividing_k(x, k):
D = proper_divisors(k)
n = len(D)
I =[] # The entries of the list I will be the closed intervals [1, x_i] for 0<=i<=n.
for i in range(0, n):
I.append([*range(0, x[il + 1)1)
X = list(itertools.product(*I)) # A list representing the cartesian product of
# every interval in I.

# Define Y to be the sublist of X obtained by removing the vector [0,...,0] as well
# as any vector of the form [0, ..., 0, 1, O, ..., 0] (i.e. any vector with a

# 1-norm less than 2) as we are only interested in non-trivial subsums.

Y=1[]

for x in X:
if sum(x) > 1:
Y.append (x)
# We check the total of the sums corresponding to each vector in X. If one of the
# totals is a divisor of k, then the function returns True. Otherwise it returns
# False.
for y in Y:
if divides(corresponding_sum_total(y, k), k):
return True

52



Embedding r-Factorizations of Complete Uniform Hypergraphs into s-Factorizations

return False

# The following function takes as input a positive integer k and outputs a list of all
# vectors corresponding to weak minimally k-irreducible sums.
def all_weak_minimally_k_irreducible_sums(k):

X = candidate_vectors (k)

list = [] # Define list to be an empty list. Append to it every vector in X whose

# corresponding sum is weak

# minimally k-irreducible.

for x in X:

if not admits_subsum_with_total_dividing_k(x, k):
list.append(x)
return list

# This function takes a positive integer n as input and outputs the number of prime
# divisors of n.
def number_of_prime_divisors(m):

count = 0

for i in range(2, int(n + 1)):

if divides(i, n) and is_prime(i):
count += 1
return count

# This function takes as input a positive integer n and outputs True if n is a product
# of two primes and False otherwise.
def is_product_of_two_primes(n):
if number_of_prime_divisors(n) == 2 and is_prime(int(n / smallest_prime_divisor(n))):
return True
else:
return False

# The following function takes as input a positive integer k and outputs F(k),
# the maximum total achievable by a weak k-irreducible sum.
def max_weak_k_irreducible_sum_total(k):
# In the case where k is a prime power or a product of two primes, we apply a known
# formula to obtain the maximum total.
if number_of_prime_divisors(k) ==
return k - 1
if is_product_of_two_primes(k):
p = smallest_prime_divisor (k)
q = int(k / p)
return (p - 1) * g + (g - 1) * p
# In the remaining cases, we proceed by brute force:
X = all_weak_minimally_k_irreducible_sums (k)
totals = [] # Define totals to be the empty list. For every vector x in X,
# append the total of the sum corresponding to x.
for x in X:
totals.append(corresponding_sum_total(x, k))
return max(totals)

# Prompt the user to input an integer k > 1 and print the value of F(k)
print("F(k) = ", max_weak_k_irreducible_sum_total(int(input("Input an integer k > 1: "))))
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input ()
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