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NETWORK MODELS
FOR
MULTIPROGRAMMING COMPUTER SYSTEMS

BY

MEHMET AKIN SENCER

ABSTRACT

In this work, comprehensive models for the multi-
programming computer systems, which interrelate the
arrival process, the heterogeneous processors, the
finite main memory size and several classes of programs
that are characterized by processing lengths and memory
space requirements, are provided. In the models, the
dynamic variation of the processing lengths and the
memory space requirements of the programs in a paged
main memory environment are allowed under various pro-

cessing disciplines.

The models are analyzed in steady-state condition
and the steady-state probability distributions of the
queues forming in the system are obtained. Practical
measures involving the main system resources are de-
rived and applied to examples. The network of queues
is the main tool of analysis where the related theory
is generalized to a broad class of problems which may

also be encountered in other fields such as computer
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communication networks, transportation, mining and
storage systems. Finally, areas for further research

are suggested. !
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CHAPTER I

MULTIPROGRAMMING COMPUTER SYSTEMS
AND
RELATED RESEARCH

1.0 MOTIVATION

In this work we present a study on the problems of
congestion and the resource allocation in computer systems.
The hardware resources in a computer system can be grouped
into the following subsystems:

a) central processing unit(s), CPU('s),

b) memory space,

¢) input - output processor(s), IOP('s).
There are also the software resources such as compilers,

loaders, control programs and operating system (programs).

The resources of a computer system are made available
to the users of the system through the programs which they
write to make the computer system perform several tasks.
Sometimes the users of the system do not have to submit
individual programs to the computer system. In this case
the user of the system just initiates a program sequence
already stored in the computer, such is the situation in

an inquiry-response or a process control system.

In computers, we observe a system where the user

community initiates demand as a set of tasks to be



performed. The results of the processing of these tasks
are returned to the users in various forms. This relation
of the user community and the computer system is shown

in Figure 1.

DEMAND
B
USER. COMPUTER

COMMUNITY SYSTEM

RESPONSE

Figure 1 The relation of computer system
and the user community.

We want to analyze here the behaviour of a computer
system under user demand and also to observe how the
system parameters, in terms of finite system resources,
affect the response of the computer system. Because of
the random nature of the demand on a computer system, we
shall be employing mathematical models where our tool of
analysis will be the theory of stochastic processes or

more specifically the theory on the network of queues.

We believe that in this study we have advanced the
state of the understanding of the computer systems from
the congestion and resource allocation points of view by

including the effects of the main system resources in our



models and results. The results obtained also further
extend the existing theory on the network of queues
which has applications in the fields other than computer

systemns.

1.1 DEFINITIONS

It would be convenient to define a number of terms
as a basis of our subsequent discussions. Although the
following definitions are not new in the language of
computers there is usually some confusion about what

every author means by them.

Time-sharing: To have time-sharing there has to be

more than one user (or program) present in a processor

at the same time, demanding service. The time-sharing
facility serves each user a small amount at a time toward
their service completion at each visit. If the time
between each serving (intervisit time) for the same user
is sufficiently short (and similarly for the other users
in the system) then it appears to the users that the
processor is serving them continuously and simultaneously.
In fact, they have been served intermittently and one-at-
a-time. This type of operation in a computer system is
referred to as time-sharing. Usually it is the capability
of the CPU which is time-shared, because of its faster

operating speed compared to the demand made on it.



In present multiprogramming systems there may be
more than one CPU and they, together with the IOP's, can

overlap their operations in providing time-sharing.

Multiprogramming: If in a computer system there can

be several programs being processed at the same time,
then this system is said to have the multiprogramming

capability.

Multiprocessing: The term multiprocessing implies

that there is more than one independent processor (CPU or
IOP) available for the programs in a computer system. Each
processor is independent from the others in the sense that
it may overlap its action with the others. Thus multipro-

gramming implies multiprocessing.

Interactive (conversational) programming: When a

user of a computer system can interact with his program
or the system during or between the processing intervals
of the program, then this type of programming is referred

to as interactive or conversational.

2.0 MEMORY CENTERED MODEL OF COMPUTER SYSTEMS

In this section, a general multiprogramming computer
is to be discussed and a descriptive model for such a
system is to be provided. The mathematical substance to

this model is to be given in chapters two and three.



The reason for choosing a multiprogramming system
for the basis of our analysis is that this kind of system
is representative of the most of the existing computers.
It seems, at least for the near future, the use of the
multiprogramming systems with larger numbers of processors
is the only way to increase the computing available power.
In this respect the networks of computers can be considered

a special type of a multiprogramming system [1].

A general hardware organization of multiprogramming
computer system is shown in Figure 2. Briefly a CPU is
the sub-system where the programmed arithmetical and logical
operations are performed. The memory is the place where
the program instructions and other necessary information
such as data, compilers, operating system programs etc.
are stored. All the devices used in handling of the
information flow in and out of the memory are referred

+o here as the IOP's.

The sequencing and control of all the operations
in a computer system is performed by the hardware and
software devices which are collectively called the

operating system.
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Figure 2 Basic hardware configuration in a
multiprogrammed computer system.

To obtain a perspective of the operation let us
examine how a program progresses through a simplified
multiprogramming computer system. First, a program is
originated by a user (a human or another machine) at a
terminal (say a card reader) and introduced through an

IOP into the main memory. When the input process of the



program is completed, assuming that it needs to be
processed by a CPU, it is placed in a queue with other
requests, if there are any. The CPU queues are served
by a CPU (or CPU's) without delay as long as they are
not empty, according to some predetermined priority rule.
Here, we assume that the CPU's are operating independently
of each other and the IOP's. During the processing by

a CPU a program may need some IOP action. At that time
the program would be placed in the particular IOP gueue.
This program, later, when IO action is completed, may be
returned for further CPU processing and so on, until the
task is completed and the program departs from the system

through an IOP.

It is clear from the above simplified explanation
that programs demand service from the processors they
require during their life in the computer system. Some-
times the programs may have to wait for the availability
of a particular resource thus forming the above mentioned
queues in the system. These queues are conceptual and
formed in the main memory and they only represent a
particular arrangement of the processing sequence of
the programs, although the space occupied by each program

in the main memory may change during the processing steps.

Therefore we are going to employ the "memory centered"

model (the terminoclogy first mentioned by Watson [2]) of



the multiprogramming computer system to describe the
congestion of programs before the processing units in

the main memory.

The memory of the computer systems is not monolithic
in structure. According to the speed of operation and
function, we divide the system memory resource into,

(a) the main memory, which is faster and more expensive
per unit of storage space, (b) the auxiliary memory,

which is of slower speed and cheaper.

As it was explained in the description of the
nultiprogramming system (without explicitly identifying)
the main memory operates in conjunction with the faster
processors - the CPU's. The IOP's handle the transfer
of data between the main and the auxiliary memories or
the user terminals. The size of the main memory is
limited with the cost and the technological considerations
of the information storage. Thus, the limited main
memory space has to be utilized efficiently and without
undue inconvenience to the system user. To realize this,
there are techniques to increase utilization of the main
memory such as "paging, virtual memory, segmentation"

(cf. [2]) in addition to the multiprogramming.

From the resource management point of view the

technique of paging interests us most here. The other



two techniques (virtual memory and segmentation) are
devised to accommodate larger program sizes in limited
physical main memory (or sub-units of main memory)

space without unnecessary programmer interventions. To
reduce the unusable idle space in the main memory, due
to departure of programs of varied sizes at different
times, the programs and the main memory are divided into
fixed, equal and contiguous pieces which are called pages.
In this way, the programs are loaded in multiples of
pages into the main memory- Thus the wasted main memory
space is limited to the empty part of the last page per
program. The pages of a program may be stored at
different places in the memory, not necessarily next to
each other, thus further increasing the employment of

the idle space in the main memory.

One other advantage of paging is realized in
increasing the possible number of active programs (thus
increasing the degree of multiprogramming) by limiting
each program to occupy only a number of pages in the
main memory. This restriction of number of pages
belonging to a given program in the main memory may
result in having only a part of a program to be resident
in the main memory. In this case when an executing
program references to a page which is absent from the

main memory (page exception) it has to be brought in.
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When the main memory is full or the program has the
maximum allowed number of pages in the main memory, to
bring in a new page, one of the pages already in the
main memory has to leave (or overwritten if it has

not been changed since copied in from the auxiliary
memory or no longer needed). This decision, to choose
the page to be replaced (without the intervention of
the programmer), is taken by the "page replacement
algorithm" of the operating system. If the page replace-
ment algorithm has not been designed properly the page
traffic between the main and the auxiliary memories

increases the system overhead substantially.

The following factors have direct influence on the
congestion properties of a multiprogrammed computer
system:

(a) the size of the main memory,

(b) the size of a page,

(c) the number of different programs that can
be actively resident in the main memory -
degree of multiprogramming,

(d) the time needed to exchange (swap) a
page between the main and the auxiliary
memories,

(e) the frequency of a page being swapped,

(f) the processing (length) requirements per
page,

(g) the number of available processors and their
speeds.



Clearly some of the factors listed above (not necessarily
independent of each other) have non-deterministic
characters and cannot be determined a priori for each

program.

The models we propose and study in this work
incorporate the relationship between the main system
resources and their utilization as briefly explained
above. The models to be developed follow the organization
of the hardware resources and the sequence of processing
a program receives through these sub-systems. The soft-
ware resources required in the operation of such a system
is assumed to be available for each program together
with the associated hardware resource. This is possible
if all the software resources involved are "re-entrant"
and there are enough copies of them, which is practically

the case in modern multiprogramming computer systems.

As a tool of anlysis of the congestion properties
in a computer system the theory of the stochostic
processes, in particular the queueing theory, suggests
itself naturally because of the random nature of the
origination times of the programs, their processing

lengths and their memory requirements.

3.0 PREVIOUS RELATED RESEARCH
In the past fifteen years there has been an intense

effort to study the congestion problems related to the
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computer systems. However, most of this effort was
directed to the analysis of the problems confined to
the individual resources, such as the CPU, IOP and the
main memory. Except for a few attempts these resources
have been studied in isolation from each other. The
models and the results obtained in these works are

of interest to us here only in their description and
the insight into the nature of the problems with each
of the sub-systems involved. The models we later propose
for the multiprogramming computer systems, encompassing
the main system resources, justify their generality by

comparison with these previous partial models.

The previous work on the congestion problems of
the multiprogramming computer systems is to be reviewed
here under the headings of processor models, memory
partitioning models and multiprogramming models. The
network models which are applicable to a wider class of

problems is to be treated last.

3.1 PROCESSOR MODELS

In a computer many parts of the system can be
considered as processors. Broadly, one can classify
them under CPU('s) and IOP('s), though in detail one

can cite adders, registers, channel controller(s),



buses, storage modules (disks, tapes, pages, etc.),
buffers and terminals. The demand on these processors
is generated in the form of programs, program pieces,
bytes or bits to be processed, usually fed by other
processors or coming from outside of the system. As we
have seen in the previous section the nature of the
generation of demand on processors and its process
requirements is stochastic in nature. Therefore the
theory of gqueues, which up to now has provided an
extensive treatment of stochastic service systems, has
been also utilized in the analysis of the sub-systems

of computers.

A good review of the application of the one stage
(single and multiple server) gqueueing models for computer
systems has been given by Chang in [3]. He has also
provided the main references in queueing theory as well
as the applications of the theory in computer systems.
Further references to the theory of queues can be found
through Kingman [4] and Bhat ([5]. The contributions to
the theory of queues after 1969 can be found in the
journals of ORSA, Applied Probability and Management

Sciences.

A particular survey of the application of queueing
theory to the time-sharing computer systems has been

provided by McKinney [6], where the various models of
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the time-sharing CPU is presented along with the classi-
fication according to the characteristics of the arrival
and service processes. Recently Kleinrock ([7], Hellerman
[81, Rasch [9), Coffman, et al. [10], Sakata, et al. [11],
Bhat and Nance [12], Adiri [13], Adiri and Avi-Itzhak [14],
Kleinrock [15], Heacox and Purdom [16], Nance, et al. [17],
and Kleinrock and Muntx [18] contributed to the analysis

of the various isolated processors in a computer system.

We are not going to elaborate on these owrks here
as some of them have been reviewed elsewhere and the
analysis of the isolated processors is not our central
interest. We shall refer to the particular works

when necessity arises.

3.2 MEMORY PARTITIONING MODELS

The effects of page replacement algorithms in the
performance of the multiprogramming computer systems
have been studied by various authors. Among the main
investigators, Belady [19] has classified the page
replacement algorithms into "random", "first-in-first-
out" and "least recently used (or changed)" types and

compared them using simulation with given test programs.

Fine, et al. [20] and Varian and Coffman [21]
investigated the demand paging and concluded that the

increased paging traffic between the main and the
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auxiliary memories may seriously decrease the efficiency

of the system.

Dening [22] has proposed the "working set" (set of
pages which are most recently used) model. Based on
this model he defined the concepts of memory and processor
demand which he has utilized to find the balance condition

of a system.

Oden and Shedler [23] have described a stack algorithm
for demand paging. 1In this model they have provided the
distributions of the number of pages allocated to a
running program. They have also calculated the expected
values of the running time of a program for a given
number of pages and the running interval of multiprogrammed
jobs. They have indicated the superiority of the variable

partitioning of the main memory.

Coffman and Ryan [24] have studied the main memory
partitioning and have shown the superiority of the
dynamic variable partitioning over the fixed one using

paging rate as a performance criterion.

3.3 MULTIPROGRAMMING MODELS
The multiprogramming computer systems can best be
examined by including the multiprogramming property of

such systems in the models. That is, by allowing the
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processors in the model to work independently, in
overlapped fashion. The modelling of multiprogramming
systems has taken two separate directions, one being
the deterministic scheduling and the other being the

queueing theory approach.

The deterministic scheduling of the programs on

various processors in a computer system was attempted by
representing each program by a directed, acyclic graph.
These graphs were arranged according to "Gnatt charts”

(cf. [25]) over the processors involved. Heller [25],

was the first to employ the technique. Ochner [26] has
described a programming technique to accomplish the
sequencing of the order dependent tasks on a number of
processors. Manacher [27] also has employed Gnatt

charts to eliminate the unnecessary elongations of task
completion times with respect to a prepared schedule,

due to variations in the task lengths. Graham [28] was
first to show the "anomalies"” (elongation of the total
processing time) due to the increased number of processors.
Muntz and Coffman [29] have presented an optimum assign-
ment of partially ordered task sets to two identical
processors by preemptive scheduling. Recently, Ramamoorthy
et al [30]) have been able to minimize the total execution
time and determine the minimum number of processors
required for a set of tasks represented by a directed

graph model.



All these attempts have required a precise, a priori
definition of the programming steps and the processing
times for each program. Except in [27], in a limited
way, all the analysis of deterministic type has assumed
all the programs to be present at the beginning of the
execution. The above points restrict the applicability
of this type of analysis of multiprogramming systems to

very special cases.

The queueing theory approach offers more realistic

models to the multiprogramming computer systems although

it has its own shortcomings.

In the analysis of multiprogramming the "cyclic
queueing® model, which was first introduced by Koenigsberg
[31], to study the coal mining operations, plavs an
important role. In this model a number of processors
are arranged in cyclic stages (one processor at each
stage), where the output of one stage forms the input
of the next one. The system model is "closed", that is
the number of customers (or programs in our terminology)
in the system is fixed. In the study by Koenigsberg
each processor has a negative exponential service

distribution.

Kleinrock [32] was the first to employ 2-stage
cyclic queueing model to study the multistage sequential

processors. The model of the time-sharing computer



system proposed by Sherr [33] can also be classified

as a 2-stage cyclic queueing model. In the closed
system model, one stage was comprised of the sources
(terminals each associated with a human operator) which
can be considered as peripheral processors and a CPU
formed the other stage. Each peripheral processor is
dedicated to a single program and while this program is
in the CPU, the peripheral processor cannot initiate or
process any other program. When a program returns from
the CPU to its source, it is reinitiated after a "think
time". The think times and the length of processing each
program receives from the CPU at each visit are assumed
to be negative exponentially distributed. In this work

the queues in the system have been analyzed.

The 2-stage cyclic queueing model has been further
developed by Gaver [34] by incorporating an arbitrary
number of identical processors in one of the stages
(available to any program), the IO stage. The "busy
period" analysis for the CPU stage is provided under
the assumption of various processing distributions for

the CPU such as exponential, hyperexponential etc.

Mitrani [35] has utilized the 2-stage cyclic
queueing model, with single servers in both stages
having negative exponential service time distributions,

to study the effects of the degree of multiprogramming
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on the response time.

The 2-stage cyclic queueing models with multiple
servers in one of the stages have also been used to
study the behaviour of the queues forming in the system
by Buzen [36], Baskett and Gomez [37] and Baskett and

Muntz {38, 39].

It should be noted that in the cyclic queueing
models the number of programs in the system is kept at
an arbitrary but fixed number. Thus it has been assumed
that there is a constant backlog of programs in the
system, awaiting processing, in the auxilliary memory
possibly. 1In these models there is an approximation
relating the input and output of the system. When a
program departs from the system through one of the stages,
say I0 stage, then a new program is assumed to join the
next stage, namely the CPU stage, thus keeping the
number of programs circulating in the system fixed. It
should be remarked that in such a case the entry and the
exit points of the model do not reflect the practical
operation of a computer system. If a program cycles
large numbers of times in the system then the effect of

this discrepancy is expected to diminish ([34].

Although the above researchers have seen the
necessity of it, none of them included the effects of

the storage requirements of the programs in their models



except in some cases observing the effects of the degree

of multiprogramming [24 - 36].

3.4 NETWORK OF QUEUES MODELS

The network of queues in the general context describe
the behaviour of customers who, after entering a system
composed of collection of service centers, gets served
in a sexrvice center and then is routed to another service
center until departure from the system. The queues may
form before each service center where customers are
served according to their class in some predetermined
service order. In our terminology, the customers represent

the programs to be processed at each group of processors.

The main work on the network of queues has been
done by Jackson [40, 41]. Before him, J.R.R. Jackson [42]
and Finch [43] treated special forms of network of gqueues
and similarly the cyclic gueueing model of Koenigsberg
[31], which we saw in Section 3.3, all of which can be

easily deduced from the more general results of Jackson.

Jackson has considered, [41], arbitrary numbers of
service centers with finite numbers of identical servers
each, where there is single class of customers. The
system is open with no limit on the number of customers
in the system. It is assumed that the new customers arrive

in the form of Poisson processes to each service center
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and the service lengths are negative exponentially
distributed. The customers are routed probabilistically
in the system until departure. The service discipline
at each service center is arbitrary with no forced idle
times or wasted work. He has obtained steady-state
distribution of the number of customers for open (with
unlimited storage room) and closed systems. He also has
shown that in open systems with unlimited storage room,

the gueue at each service center can be analyzed independently.

Posner and Bernholtz [44] have considered closed net-
work of queues with exponential servers where customers
experience random delays between service centers and have
derived steady-state distribution of the queue sizes in
the system. In a companion paper [45] they have analyzed

the same system with several classes of customers.

Recently Baskett and Muntz [38] using the idea of
"local balance" of Chandy [46] have extended the theory
to cover service time distributions which can be represented
by rational Laplace transforms utilizing the method of
stages given by Erlang [47] and Cox [48], under particular

service disciplines.

One should also mention the work done by Gordon and
Newell [49], on the closed network of queues, although
the case they have studied, as they later acknowledged

[50], is a special case treated by Jackson [41].
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4.0 NEW MODELS

In this work we present models for the multiprogramming
computer systems based on the extended theory of network
of queues. In these models, apart from the processor stages
of any configuration, we include the effects of the finite
main memory space as well as permitting new arrivals and
departures of programs from the system (Chapter II). In
the next step (Chapter III) we generalize and include different
classes of programs, each having different memory space
and processing requirements that can dynamically change
during the processing steps. The behaviour of such a
system is analyzed in steady-state and practical results
are given In the above ways, the models presented are

more comprehensive than the ones presented in references

[36 - 39].

Further, we extend the existing theory of network
of queues by including the space requirements of different
classes of customers which can change dynamically in the
course of service steps in the system. Thus, the theory
presented in this work is of a more general nature than
the existing one [38, 41, 44 - 46] and it can treat a larger
class of problems that are encountered in transportation,
inventory systems, in the network of computers and job-shop

like systems.



CHAPTER II

NETWORK OF QUEUES
MODEL FOR COMPUTER SYSTEMS

1.0 GENERAL
In this chapter we provide a mathematical model for
the multiprogramming computer systems which have been

described in the previous chapter.

The structure of the model to be presented is a
network of queues. As it was pointed out before, in
Section 3.4 of Chapter I, these types of models for the
multiprogramming computer systems are not new. In this
and the next chapters we generalize the network of queues
model for the computer systems and obtain practically

useful results.

The multiprogramming computer system consists of
groups of processors (service centers) where an arriving
program gets processed before being routed to another
group of processors or departs from the system. First we
discuss the basic assumptions necessary in the derivation
of the mathematical model. These assumptions are about
the nature of the arrival and service (processing) length
processes of the programs and how the programs are
selected for service (service discipline) and how they

behave after service completions.



l.1 THE ARRIVAL PROCESS
We suppose always in this work that the time ranges
over the interval [0,~). The new programs are assumed
to arrive to the IOP stages in the form of a time-
homogeneous Poisson process. That is during any time
interval (t, t+h], h>0,
i) The probability of exactly one arrival in the
interval is proportional to the length of
the interval,
P {exactly one arrival during (t, t+h]}
= Ah + o(h).

ii) The probability of more than one arrival in
the interval is o(h).

P {more than one arrival during (t, t+hl}
= o(h).

iii) The probability of no arrival in the interval
is given by

P {no arrival during (t, t+h]} = 1-Ah + o(h).
iv) The occurrence or non-occurrence of an arrival

in the interval is independent of any other

arrivals or the time since the last arrival.

Where o(h)/h>0 as h>0 and the proportionality constant

A>0 can be shown to be the average arrival rate.

Alternately, let us denote by 11,12,...,Tn,... the
arrival instants of the programs. We suppose that the
inter—arrival times @n = Tn+l—Tn (n=0,1,...; TO =(0) are

mutually independent, positive random variables with

the distribution function



A

P{oné x} 2 F(x) (n=0,1,2,...),
where (1)
-AX >
F(x) = l-e for x = 0,
for x < 0,

then {Tn} is said to be a Poisson process. The average

inter-arrival time is equal to 1/X.

Since the probability of an arrival in any interval
is independent of the time since the last arrival, the
Poisson process has the unique Markov or "memoryless"

property (cf. Feller [51], Takécs [52]).

We also note that a combination of a number of Poisson
input streams into one stream results in a Poisson process,
having an arrival rate, which equals the sum of the
individual arrival rates of the input streams. Conversely,
if we assign each arrival on a Poisson stream to one of
the number of other streams independently, the resulting
individual streams will be still Poisson with the arrival
rates proportional to the probability of assignment to a

particular stream (cf. Cox and Miller [53]).

The assumption of the Poisson process for the arrival
of programs or program pieces to a multiprogramming computer
system is justified where there is practically a large
number of program-originating sources and these

attempt to access the system, each time, independent of



each other and the system status. Such is the case in
the general purpose time-sharing computer systems,
telephone switching machines (a special purpose computer
in modern installations) and a computer system connected
to a network of computers. In the cases where the above
conditions are not justified or no other data is available
for the system under study, the Poisson assumption may

form a useful first approximation to the actual process.

Additionally, Poisson process has been utilized in
the analysis of computer systems by Chang [3}, Kleinrock

[7), Rasch [9], and others [10, 11, 13, 14, 18].

However, Coffman and Wood [54] have collected data
which indicate that the exponential distribution is
only a rough approximation to the inter-arrival times.
They have shown that a biphase or triphase hyper-

exponential distribution would fit the data better.

1.2 THE PROCESSING MECHANISM
In this section we refer to the general properties
of processing mechanism. The specification of the

service process per stage is to be given latter.

We consider the programs (or program pieces) are
processed at each processor stage (CPU or IO stage)

pefore having departed for another processor stage or



leave the system.

The processing times of the programs are supposed
to be identically distributed, independent, positive
random variables, also independent of the arrival process
at each processor stage. However, the departure (service
completion) rate, u', of the programs may depend on both

the number of programs and processors in that stage.

There may be a number of identical processors at
each processor stage attending the programs in an arbitrary
service order with the condition that there is no idle
processor if there is a program in the queue in that
stage and there is no wasted work due to interruptions.
That is to say that we allow service discipline of the
types "first come first served”", "random order of service”,
"processor sharing" [7], "pre-emptive-resume priority",
"time-slicing", etc. This is due to the identical
behaviour of the queue lengths in the system under these
service disciplines. We do not allow the service orders
where there is set-up times for the processors, or

"preemptive-head of the line priority" arrangements.

The processing time of the nth program be denoted by
Xp* Then we define

< A

P {x, = x} = H(X)

where
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v

for x 0
H(x) = (2)

A

0 for x

The exponential distribution has the memoryless property

[51].

We point out here that in a multiprogramming computer
system the life of a program is composed of alternating
sequence of IO and compute times (CPU processing). There
is no evidence that there is dependence between the
successive CPU and IO processing times. Also the successive
processing lengths of a given program in a particular
processor stage can be assumed to be mutually independent.
Therefore, we suppose, for our model, each processor is
kept busy for a random length of time, per program, per visit,
which is sampled from an exponential distribution parti-
cular to that stage of processors. This assumption is

also a mathematically convenient one.

The exponential processing lengths were utilized to
represent IO and CPU processing by Chang [3], Rasch [9],
Coffman et al [10], Adiri [13], Adiri and Avi-Itzhak [14],

Sherxr [33], Gaver [34], and others [36 - 39].

The discrete equivalent of exponential distribution,
that is the geometric distribution, for processing lengths
was utilized by Kleinrock [7], Chang [55], Coffman [56]

and Coffman and Kleinrock [57].
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However, Fife [58] has collected a set of measurement
data to indicate that the exponential distribution for
processing lengths is only an approximation, where triphase

hyper—-exponential distribution was a better fit.

The assumption of exponential distribution for
processing lengths can be relaxed by approximating complex
distributions with the method of exponential stages (which,
in fact, can be easily treated by the network of queues

model) due to Erlang (cf. [47]) and Cox [48].

2.0 MATHEMATICAL MODEL

The configuration of the model for a general multipro-

gramming computer system is shown in Figure 1. Accordingly,

IOP'S

SP

CPU's

ko:j-‘o -

KmoPm

Figure 1 Configuration of the System Model



there are m+l stages of processors. The stage i has
ki z21 identical processors where i = 0,...,m. The
stage 0 is the CPU stage and stages 1 to m correspond
to m group of IOP's where there are k. (i=1,...,m)

1

identical processors at each stage.

The new programs are assumed, in the open system
case, to arrive to the ith IOP stage in the form of
time-homogeneous Poisson process with an average arrival
rate Ai 2 0, (i=1,...,m). The maximum number of programs
in the system is limited to N. If there is less than
N programs in the system, a new arrival is accepted into
the system and is immediately placed in the common queue
before the particular IOP stage. If the number of
programs in the system is N, then any new arrival is

assumed to leave the system never to return.

Here we consider that each program currently in
the system has one unit of storage space (a page) reserved

for it in the main memory.

A program (or a piece of it) after being processed,
in the ith IOP stage according to some service discipline
say first come first served, either proceeds to queue
for CPU processing or departs from the system with the

<

s : < . <
probabilities r,, and 1 r;, respectively, for 1 = i = m.

The programs demanding CPU processing are served by



k0 CPU's in their order of service. Thus, as in an IO
stage, one of the idle CPU's selected randomly takes in
for processing the program with the highest priority

among the waiting ones in the common CPU - queue. It

may be that the processing in the CPU may proceed in

time slices for each program as in the time-sharing
computer systems. Here we place no restriction in the
manner in which programs are processed other than the rules

stated in Section 1.2.

The programs, after completing the CPU processing

or requiring the IO action (e.g. data transfer), return

to the ith IOP stage with the probability Toir where
m -
Li=1 Toi — 1

In this model, the processing times of the CPU's
and the IOP's are assumed to be mutually independent and
distributed exponentially. The processors in the stage
i (i=0,...,m) have the instantaneous service rate u'i
which is the function of the number of processors and the

programs at stage i at that time.

The routing probabilities, rij’ of programs between
< . .
the processor stages, 0 = 1, jJ S m, are assumed to be

stationary and to be determined by measurements or predictions.

2.1 DEFINITION OF STATES AND MARKOV PROPERTY

We are interested in the behaviour of the queues in
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the system forming before each processor stage. This
information will provide us where the bottlenecks in the
system are and how the common memory space, the operating
speed and the number of processors at each stage affect
the performance of the system. Thus, we study the

number of programs at each stage in our model.

Let P(nO,...,nm;t) denote the probability of the
state of the system with n; programs in stage i (being

processed or waiting) at time t, (i=0,...,m).

The vector (no,...,nm) belongs to m+l dimensional
state-space of NxNx...xN. By definition, 0 < n; Sy for
i=20,...,m and probability of a non-existent state is

assuned to be zero.

Then using the relations defining the Poisson process
(Section 1.1) and also equation (2) and employing
elementary rules of probability theory we have P(no,...,
nm;t+h) equal to the sum of the following probabilities.

i) P(no,...,n.,...,nm;t) [l—lih+o(h)] [l—u'ih+o(h)]

i
for O 2 i £ m,

ii) P(nO,...,ni-l,ni+l,...,nm;t) [Aih+o(h)]
for O < i S m,



iii) P(no,...,n.+l,ni+l,...,nm;t) (l—rio) [u ih+o(h)]

HA

< .
for 0 = i m,

iv) P(no,...,ni+1,ni+l,...,n.—l,nj+l,...,nm;t)

A
A

.r..[u'ih+o(h)] for 0

m
ij r

v) P {two or more transitions in (t,t+h]) = o(h).

We observe that the transition probabilities in the
interval (t,t+h] only depend on the state of the system
at time t. This establishes the Markov property of the
stochastic process defined over the states (no,...,nm) of
the system in the time interval [0,®). The state
probabilities where any of the entries, n; ., is negative,

is assumed to be zero.

2.2 SYSTEM EQUATION

Now we write the system equation of the model presented
by summing the probabilities (i) to (v) given in the
previous section and equating it to P(no,...,nm;t+h). In
writing the system equation we observe the following rules

and notations besides the ones given before.

Let a binary variable C be defined as

(3)

v

N .
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Denote by

o (n) = min {n,ki} for i=0,...,m (4)
and

e(n) = min {n,1} for n=0,...,N (5)

where n equals the number of programs and ki equals the

number of processors in stage i.

We assume instantaneous service completion rate u'i

at stage i is given by

" = h hY I
'y o= ai(ni) My for 0 = n, = N and i=0,...,m, (6)
where ui>0 is a constant.
Then
m m
Pn.,...,n_;t+h) = {1-[CZ A. + I o.(n.)u.lh}.
0] m j=1 * j=0 + 1771

0,...,nm;t)

(7)

m
+ i A.e(ni)h P(no,...,ni—l,ni+l,...,nm;t)

ao(no+l) uOrOie(ni)h P(n0+l,nl,...,ni—l,ni,...,nm;t)

ai(ni+l) uirioe(no)h P(no—l,nl,...,ni+l,ni+1,...,nm;t)
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n
+ C i:lai(ni+l) My (l—rio)h P(no,...,ni+l,ni+l,...,nm;t)
+ o(h). (7)

2.3 STEADY-STATE EQUATION

Here we obtain the steady-state equation of (7).

From the both sides of equation (7) we subtract
P(nO,...,nm;t) then divide by h and let h+0, left-hand
side becomes the derivative of the state probability with
respect to time while o(h)/h+0. In steady-state, observing
that the derivative should equal to zero and also denoting
the steady-state probabilities by P(nO,...,nm), as they
are stationary in time, we have for the steady-state

equation of the system.

m m
0=-[CZ AX. + I o.,(n.)u.} P(n.,...,n )
i=1 i i=0 171771 0 m

m
+ i A.e(ni) P(nO,...,ni—l,ni+l,...,nm)

(8)

ao(n0+l)uor0ie(ni) P(n0+l,nl,...,ni—l,ni,...,nm)

m
+ i ai(ni+l)uiri0€(no) P(no—l,ni,...,ni+l,ni+l,...,nm)

+ C ai(ni+l)pi(l—rio) P(no,...,ni+l,ni

e1reem)



2.4 SOLUTION OF THE STEADY-STATE EQUATICN

Let us denote by Ai’ i=0,...,m, the average arrival
rate of programs to the processor stage i, which is the
sum of both internal and external average arrival rates

of the programs. Then, by observation, we write

m
A, = A, + I r..A. for i=0,...,m. (9)
]

For the explanation of equation (9) a similar argument

to the one provided in [41] can also be made.

The solution of the steady-state equation (8) is
given by the following theorem which is different from the
previously proved theorems for the general network of
queues by Jackson [40, 41], in that, it permits up to an
arbitrary but a fixed number, N, of programs (customers)
in the system. We leave the treatment of the general

network of queues to Chapter IV.

THEOREM 1l: The joint, steady-state probability
P(no,...,nm) of an open system with finite storage
space and single class of programs, defined by
equation (8), that there are n, programs in the

processor stage i, for i=0,...,m, is given by
P(no,...,nm) = B(N)fo(no)...fm(nm) (10)

for 0 =

Ll l=
o]
Il
=

=0



where
Ny Dy 1
£.(n.) = (A.) il
iti i m=l T
uiai(m)
(11)
or
By
] —_—
(Ai/ui) /ni. for ni-—O,...,ki
£;(ny) = ng n, -k,
1 -_—
(Ai/ui) /(ki.ki ) for ni—ki,...,N.
Ai's are given by equation (9). The normalization
constant B(N) is determined from the normalization
condition to be
._1 m
B “(N) = z II £f.(n.). (12)
03n+...+n_ =N i=0 * %

PROOF: The existence of the steady-state probability
distribution of equation (7) is proved by observing that
we are dealing with a Markov process of finite number of
states, mutually inter-communicating (cf. Cox and Miller
[53], pp. 183 - 185). Therefore, the normalized solution
of equation (8) is a proper and unique probability
distribution. When N becomes infinite for the existence
of the steady-state distribution we must have Ai/(uiki) <1,
for i=0,...,m, and the above theorem reduces to the one
given in [40], where the processor stages can be treated

statistically independently.

Let us assume that the steady-state probabilities

satisfy the following relations:
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P(no,...,nm) = B(N)fo(no)...fm(nm) (13)
where
n n 1 <
fi(n) = (Ai) II for 0 = n = N (14)
m=1 uiai(m)
Then from (4), (13) and (14) we have,
P{n,,.-.,n.~1,n, tees,n ) p.a. (n.)
0 1 i+l m’ _ 1711 (15)
P(nO"'°'nm) i
P(n.,...,n.+1,n. reessn ) A.
0 i i+l m°_ 1 (16)
P(no,...,nm) piai(ni+l)

P(no,...,ni+l,ni+l,...,nj—l,nj+l,...,nm) _ Aiujaj(nj) 17

0:---,Hm) Ajuiai(ni+l)

P(n

Dividing both sides of the steady-state equation, i.e.
equation (8), by P(no,...,nm) and utilizing relations (15) to

(17), we have,

m m m uiai(n.)
CZI M. + L uiai(ni) =3I X.e(n.) 1
i=0 t  i=0 i=0 1 Ay
(18)
m Av.a.(n.)
0711V i
+ §= ao(n0+l)u0r0ie(ni)

1 Aiuoao(n0+l)



From equ

probabilities
A, = X, .+
i i
m
AL =1
0 =1
Then
LA, =1L
A | .
i i
= I
i
= I
i

Using (20) we

_39_

Ajngag (ng)

[o
1

e

(n,+1)p.xr..e(n,.)
_ i ii0 0
=] Aouiai(ni+1)

(18)

AL
i

m
z
i=1

+ C

o, (n.+l)u. (1-r. )
ot T 10 p.a. (n.+1)
iTiti

ation (9) and the special form of the routing

we have,

for i=1l,...,m (19)

(20)

(1-x; o)A

simplify (18),

™m m u.o. (n.)
X uiai(ni) = I kie(ni) T
i=0 i=1 A,
i
m Av.a.(n.)
+ I rge(n,) 0711 3
i=1 AL

1



- 40 -

m
z r.. A
+ e(no)uoao(no) i=1 ioi
by
m
= §=1 s(ni)piui(ni)(ki+roiA0) + e(no)uouo(no)
A,
i
m
= 7 e{n.)u.a. (n.)
i=0 i7rivii
As e(ni)ai(ni) = ai(ni), from (4) and (5), the R.H.S. equals

the L.H.S. This completes the proof.

THEOREM 2: The marginal steady-state probabilities
of gqueue length Pi(ni)’ where n. equals the size of
the dqueue at processor stage i, of the system defined

by equation (8) is given by,

Pi(ni) = fi(ni)B(N) fj(nj) (21)

for i=0,...,m and ni=0,...,N

PROOF: The proof of the above theorem follows from
Theorem 1, equation (10). By fixing ng and then summing

over all the possible states we obtain (21).

The form of the equation (21) suggests the following

relation: we define a new constant,

-1 A
Bi (N—ni) = fj(nj) (22)

e = 8
O

i
-
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which is similar in form to B-l(N) with the ith term
missing from the product. Then, the marginal steady-
state probability of the gueue length being n. at stage

i is given by equation (21) can be written as,

Pi(ni) fi(ni) B(N)/Bi(N—ni)

(23)

A

|
Il
Il
o
HA
2

for 0 Sm and 0 =

3.0 CLOSED SYSTEM MODEL

The closed network of queues were defined in Chapter I
where there are no arrivals and departures from the system.
Thus, in a multiprogramming computer system, a fixed
number of programs (customers) circulate in the system
being routed from one stage of processor, after receiving
service, to another with a probabilistic policy (a determin-
istic routing policy is a special case of probabilistic

policies).

Hence the routing probabilities in a close system

of m+l processor stages is given by

A

m. (24)

m <
X ri. =1 for 0 = i
j=0 *J

As there are no external arrivals to the system Ai =0
< , <
for 0 = 1 = m.

If we assume that the processing length distributions

are mutually independent for the m processor stages and
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distributed exponentially as given in Section 2.0 and
by equation (6), then system equations for such a system
model can be obtained from specializing the equation (7)

by dropping the appropriate terms.

Then the steady-state equation of a closed system
model for multiprogramming computer system can be shown

to be given by,

m
0=—[§_ ui(ni)ui] P(no,.,,,nm)
1=0
m
+ §=la0(n0+l)u0roie (ny) P(ng+l,ngs... ny=l,n ,...,n)

m (25)
+ ? a.(ni+l)uir.oe(no) P(no—l,nl,...,ni+l,n.

1 hR l+l,...,nm)
The solution of equation (25) follows the same lines
as the equation for the open system, equation (8), and we

have the following theorem:

THEOREM 3: The joint steady-state probability
P(no,...,nm) of the closed finite storage system
defined by equation (25), that there are n,
programs in the processor stage i, for i=0,...,m,

is given by,

P(nO,...,nm) = B'(N)fo(no)...fm(nm) (26)

m
for g ni = N
i=0
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where
ni nl 1
£f.(n.) = (A.) i\ _— (27)
iti i _
m=1 uidi(m)
or
ny
(Al/ui) /n:.L for n, = 0,. ,kl
fi(ni) = n, ni-k
' =
(Al/ul) /(ki'ki ) for n. kl, ../N.

The normalization constant B'(N) is determined

from the normalization condition to be

_l m
[B'(N)] = z I £.(n.). (28)
m j=0 I
z n, = N
i=0
PROOF: The existence and the uniqueness of the steady-
state distribution is given by the same reasoning as of

Theorem 1. The proof also follows similar lines.

Theorem 3 is given before, independently by Jackson

[41] and Gordon and Newell [49], here we obtain it by

specialization of the open system with finite storage.

In a similar way, let us define a new constant

[} -
B! (N ni) as,

-1 m
! -n. = T . ).
[Bl (N nl)] n g=0fj(n ) (29)
z n_ = N-n j#i
r=0
r#i
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Then, the steady-state probability of finding n.

programs in stage i is given by,

il

P.(n;) £.,(;) B'(N)/B; (N-n;) (30)

A

<

A
A

for O i m and 0
The closed system model given in [41, 49) was utilized

by Buzen [36], Baskett and Gomez [37] and Baskett and

Muntz [38], for the multiprogramming system. As shown

above, their results form special cases of our model which

represents the computer system as a network of gqueues

with finite storage space, where there is a variable number

of programs.

4.0 DETERMINATION OF ARRIVAL RATES

The average arrival rates in the model of a multi-
programming computer system as described in previous
sections are the only unknown in the steady-state probab-

ility distribution of the number of programs at each stage.

First we define R A {rij

R is a (m+l) by (m+l) sguare matrix, A and X are column

Yoo A A {A;} and AA{X.} where

vectors of dimension (m+l), we rewrite equation (9)

as,
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— _ _ _ - r. — e~ -4
1 r10 Too . r 0 AO 0
Yoy 1 0 0 Al
-r 0 1 0 0
02 = (31)
“Tom 0 0 1 Am Am
L - - N L _
or RA =2 (32)
When the determinant of R is not identically zero,
(31) can be uniquely solved for Ai's and it can be shown
by recursive reasoning that the solution is given by,
m
§=l riOAJ.
Ao = (33)
m
1 -2z Y. Y.
-1 10701
m m
z ALY Y.L (1-Z Y. .r..) A.
j=1 307 03] =1 J0703 1
AL = J71 371 (34)
i
m
1 -z Yonlas
5=y 30703
for i=1,...,m.
In the case of closed system the arrival rates to
each processor stage is given by the relation
Ay = Irg;hy (35)



or specifically

m
Ay =L x. A
j=1 303

Ai = rOiAO for i=1,...,m. (36)

In this case Ai's can be determined within a multi-
plicative constant. It is important to make the distinction
that Ai may be treated as the average arrival rates of
programs to a processor stage i but it does not generally
represent the flow rate of programs through this stage
in steady-state. This can be seen clearly in the case
when in a processor stage, the number in the queue becomes
larger than the number of processors at that stage, the
rate of flow through that stage becomes the processing
rate of the processors. This situation exists in the case
where Ai/kiui Z 1 in steady—-state and it should be observed
that this ratio is independent of the number in the queue
and only depends on routing probabilities and the external
arrivals. In such cases Ai can be thought of as the
average number of appearances of stage i in particular

routing pattern, [41].

5.0 SYSTEM MEASURES OF MERIT

In this section we are going to derive some system
measures of practical interest to a system designer or
an operator. The knowledge of how the system behaves

under the variation of certain system parameters may
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influence the decisions regarding the provisioning of

the system resources.

Let us define a traffic intensity measure for

stage 1, Py i=0,...,m, as
A,
P A 1 (37)
kiMg

a) The probability of finding the system empty in

steady-state is given by,

P(0,...,0) = B(N) (38)

b) The probability of finding z programs in the system

at steady-state is given by

m
P(n.+...4n_ = 2z) = B(N) z I f.(n.)
0 m Ln, =2z 3j=0 1
;1
= B(N) (B Y(z) - 871 (z-1)]. (39)

c) Then, the average number of programs in the system

is given by,

N
Q =1z z P(n +...+nm = z)
z

=1 0
N m
= B(N) Z Z Z I £.(n.)
z=1 n, = 2z j=0 33
At
i
N m
= B(N) I z I f.(n.)
z=In,=1 =0 J I
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(z) - 8 t(z-1)1. (40)

d) The average utilization of the main memory is

given by the ratio Q/N.

e) The steady-state probability of overflow (an
arriving program can not enter the system because it is

already full), B8, from (39), is given by,

B = P(Z n, = N) (41)
i
=1 - B(N) (42)
B(N-1)

f) The average flow time (time from entrance to the
open system, to the time of departure from the system) of
a program through the system can be obtained from Little's

result [59],

W= 0/A; (43)

where
W = the average flow time of a program through
the system,

Q = the average number of programs in the system,
given by (40),

A, = the total average arrival rate of programs that
joins to the system, i.e.

Am = (1-B) ; AL (44)



We remark here that equation (43) can be applied
to find the flow time between any two points in the system,
provided that we know the average queue size between these

points and also the average rate of arrival of the programs.

g) Next, we would like to give an expression for
the average length of queue formed in front of each

processor stage in the system.

Let Qi denote the average length of queue in processor

stage i, then

N < <
Qi = I b4 Pi(z) for 0 = i = m. {(45)
z=1
From equation (23), we have,
N
Qi = B(N) I Z fi(z)/Bi(N—z) (46)
z=1

All the system measures considered up to this point
in this section are for open systems with finite storage.
Similar expressions can be written for closed systems. 1In
the case where N>, the network model can be decomposed
into independent processor stages and the computational

problems of system measures simplify considerably.

6.0 EXAMPLE
Here, we are going to apply the results to a numerical

example. Consider a three stage system where stage 0



corresponds to a CPU and stages 1 and 2 to IO stages.

Let ko = kl = k, = 1, i.e. we have single processors

at each stage.

Let the external average arrival rates be given as,

oo = 0. Tip = .6
gy = 5 ri; < 0.
Yoo = .5 ip = 0.
Yoo = .6

Ty = 0

Tyy = 0.

The results are tabulated for different amount of
common storage space, N, in the system, Table I and II.
Also, varying the service rate of the processor in stage

2 its effect is observed.
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TABLE 1
Stage 0 Stage 1 Stage 2
Processing rates, “i 50 10 12
Average arrival rates, Ai 8.55 6.475 7.75
Traffic intensity, N 0.1710 0.6475 0.6479

N = 6 N =10 N = 14 N = 18
Average Queue 0 0.1841 0.2008 0.2050 0.2060
gength per Stage, 1.2465  1.6223 1.7719  1.8212
1 2 1.2450 1.6198  1.7689 1.8179
Average total
queue length, Q 2.6756 3.4429 3.7458 3.8451
Probability of
finding system
empty 0.1255 0.1077 0.1040 0.1031
Probability of
finding system
full 0.0836 0.0202 0.0047 0.0011
Average memory
utilization 44.6% 34.4% 26.8% 21.4%

Average flow
time, W 0.4694 0.6040 0.6572 0.6746



Processing rates, My
Average arrival rates,

Traffic intensity, Py

Average Queue 0
Length per Stage,
Q.

1 2

Average total
queue length, Q

Probability of
finding system
empty

Probability of
finding system
full

Average memory
utilization

Average flow
time, W

A,
i
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TABLE 2
Stage 0 Stage 1 Stage 2
50 10 6
8.55 6.475 7.75
0.1710 0.6475 1.2958
N =256 N =10 N = 14 N =18
0.1358 0.1470 0.1503 0.1514
0.780 0.9235 0.9726 0.9896
3.3118 6.3924 9.9040 13.6639
4.2276 7.4629 11.0269 14.8050
0.0275 0.0081 0.0027 0.0009
0.2970 0.2495 0.2355 0.2308
70.5% 74.6% 78.8% 82.3%
0.7417 1.309 1.935 2.597



CHAPTER III
DYNAMIC MEMORY SHARING
IN

MULTIPROGRAMMING COMPUTER SYSTEMS

1.0 GENERAL

In the previous chapter we have given a basic network
of queues model for the multiprogramming computer systems.
In this model we have assumed that a new program is
permitted to enter the system when there is an idle unit
space (a page) in the finite main memory. Also, it has
been assumed that a program in the computer occupies one
unit space in the main memory as long as it is in the system.
When it departs from the system, by way of an IOP, it
releases the memory space it occupies and that unit space

becomes available immediately to another new program.

In this chapter we are going to include the effects
of different memory requirements of programs in our
analysis. We are going to take into account the varying
memory requirements of programs on entering and during
the processing steps in the system. Again, the model we
utilize is going to be the network of queues with the

appropriate extensions of the basic model.

The theory behind the analysis we are going to

present has wide applications in the fields other than



the multiprogramming systems such as in the network of
computers, transportation, inventory systems and job-
shop type systems. We leave the generalizations to
Chapter IV to gain continuity and clarity in the treat-

ment of multiprogramming computer systems.

2.0 MATHEMATICAL MODEL

The configuration of the model for general purpose
multiprogramming system we are going to consider here is
similar to the one in Figure 1 of Chapter II. We have

m + 1 stages (groups) of processors where stage i has

A

> . . <
ki = 1 identical processors, 0 = i m.

The new programs belonging to class r are assumed,
in the open system, to arrive to the ith IOP stage in the
form of time-homogeneous Poisson processes with the

average arrival rate Ari 20forlSrsR and 0 £ i £ m.

Let there be N units of main memory space in the
system (measured in some convenient units, possibly in
pages). Assume that a program from class j is assigned
j units of space when permitted to enter the system. We
assume R = N to be non-trivial. When a new program from
class j arrives and finds the main memory has less than
j units of free space, the program balks, never to return.
A program releases the space it occupies when leaving the

system after having obtained the necessary processing.



During the processing steps the memory requirements
of the programs may change. To accomodate this fact
we assume in the model that a class r program, after
completing processing at processor group i, goes to
processor group j and joins class s with the probability
p' (r,i;s,j). In the open system model, the programs
from class r after completing service at processor group

*
i departs from the system with the probability P where
=1~-X X p' (r,i;s,3) (1)
s J

for

A

R and O

In the case of closed networks as there is no departures

< <

* < <
from the system Pri = 0 for 1 = r = R and 0 i = m.

In the closed network model we consider that there
is always a fixed number of programs, say L, in the system.
The sum of the space requirements of all the programs may

<
vary between L and N where L = N.

In our model we assume that the programs do not
experience any delay in transition between the processing
stages for the sake of simplicity. The transition delay
can be introduced into the model rather easily (by
inserting an extra stage with unlimited numbers of
processors on the transition path) as was done in [38] or

in more general form in [44, 45].
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2.1 THE PROCESSING DISCIPLINE

Initially we assume the length of processing for
each program, in each processing stage to be a random
variable distributed mutually independently with the
exponential law, also independent of the arrival process.
We assume that the mean instantaneous rate of processing
(service completion) for a class r program in processing

stage j is specified by,

(n.) (2)

¢’rj =J

U (gj) = U

' .n_.
rj rj rj

where ny = (nlj""’nRj) denotes the presence of s
number of class r programs in processing stage j and

urj > 0 is a constant, for 1 s r aS R, O S 3 S m.
Here, <
1 for |n.| = k.
o, B —J J (3)
rJ k./|n.| for |n.|] =k
313 =J 3
and
E'I 4 z n.
J r J

where kj is the number of processors at stage j, for

0 2 3 Z n.

The processing mechanism given by (2) describes a
policy such that there is no idle processor if there is
a program in the queue in that stage and there is no
wasted work due to interruptions or set up times. The

process completion rate of class r programs depend on the



stage which they are in and also on the number of programs
present at that time and the number of processors in that
stage. This type of service discipline allows for "first

come first served", "random order of service", "pre-emptive
resume" type of priority within the same class, "time slicing"
"round-robin" etc. types of disciplines in the consideration
of the queue lengths in the system. This can be seen

from [45], where although the expression (2) is derived

under the "first come first served" assumption it also
represents the mean processing rate times the mean probability
of finding certain class of programs, at a given time, in
service at a given processor stage without regard to their

arrival order.

2.2 STATE DEPENDENT ROUTING PROBABILITIES

In the model presented above the transition of the
programs from one class to another having greater memory
space requirements depends on the total occupied space in
the system at the time. Therefore the routing probabilities

are state dependent.

Accordingly, a program demanding more space in the
system (a transition from class r to s where r s) can
only be satisfied if there is enough (s-r units) free
space available at the time. Otherwise, we make the
assumptions that the program requesting more space stays

in its original class but may still proceed to the next
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processor group in its routing. It is obvious, if a
program demands less or the same amount of space (the
transition from class r to class s where r = s) it can

always be accomodated.

Now, we define a binary variable C(r,s) as

R m <
A 1 for I z rnr. = N-(s-r)
C(r,s) & r=1 j=0 J (4)

0 otherwise.
Then,

P(rriis,j) C(r’S) S#r

p'(r,i;s,])
(5)

P' (rli;rlj) = P(rri;rlj) + [l-C(rIS)]p(rli;Slj)

. oy < <
where p(r,i;s,j) is constant for 1 = r, s = R and

0 =i, j = m.

The assumption just made about the routing discipline
of programs in a multiprogramming computer system is a
practical one. 1In this way programs may grow and occupy
more memory space when they need it and if there is idle
space available. When there is no idle space, if a program
needs to bring a new page from the auxiliary memory or add
a new page to the active pages belonging to it in the main
memory, it changes place with one of its own active pages.
This policy may be accomplished by applying the "least

recently used" algorithm, locally.
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Also, it is important to note that the programs are
allowed in the system when there is enough space available
for that class of programs. The memory space required for
each class may be equivalent to the "working set" of those
types of programs determined in a priori [22]. This type
of main memory management is general enough to cover the
dynamic variable partitioning as well as fixed partitioning

models.

3.0 SYSTEM EQUATION

The system described above can be modelled as a Markov
process by relating the state of the system at time t+h to
that of time t and considering the number of programs from

each class at each processing stage.

The method we are going to follow is similar to the
one employed in Chapter II. Therefore, we are going to

skip some of the steps here.

Let P(EO,...,gm;t) be the state probability of finding
the system in the state (go,...,gm) at time t, where the
vector Ej = (nlj,...,nRj).

We also borrow the following notation from [45];

(n.) = (n

.+
=3+ 1 L,

pgre e s )

’.--,n

P (r+1)3 Rj

(6)

(Ej)r_ = (nljl ... 'nrj—



Also define

e(n_.) A nin (1, nr.) (7)
for

< < .
r =R and 0 = j
Then the system equation can be written as follows:

. = — J
P(ng,...,n ;it+h) {1 [ﬁ § C(O,r)krj+§ § u rj(Ej)] h}

-P(ngr...on it)

+X Z e(nr.)lr.h
r 3 J ]

'P(EO""'<Ej)r—'Ej+l""'nm;t)

' ' . .
L L Iy’ ,(ng)  hp(r,0:s,3) e(n_.)

r s j 3
P(ng) oy eee s (D) oDy e eonit)

(8)

+Z Z % u' . ( hp(s,j:x,0).e(n 0)
s j t

n.)
r s3] —] s+

P((n nst)

O)r_lalr---l(Ej)s+12j+lr--- 2m

*
'
+2Z C(0x) 1y (ng), kel
J
-P(EO,---:(Ej)r+:§j+l:---;§m;t) + o(h).
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The equation (8) is written for an open system; however,
for a closed system, as there would be no arrivals and

hY

s * <
departures, the terms containing Ar. and prj for 1 =r R

J
and 0 s j S would drop as they would become equal to zero.

We form the difference - differential equation by
transposing the P(EO,...,gm;t) term to the lefthand side of
(8) and then taking the limit as h+0 after dividing both

sides by h.

3.1 STEADY-STATE EQUATION

The steady-state distribution for the state probabilities
of the difference - differential equation obtained from (8)
is of our main interest. This steady-state distribution
exists and it is unique and proper as we have a finite
state Markov process, described by equation (8), with all
the states mutually communicating (cf. Cox & Miller [53]
pp. 183 - 185). To find the steady-state probabilities of
the system we write the steady-state equation corresponding
to the equation (8) as follows by the process described
in Chapter II, Section 2.3;

[Z Z C(0,xr)A

(n.)] P(nyye..,n_)
r j —J =0 —n

4+ X I p'.
rj . i rj

= i § e(nrj)xrjP(EO""’(p-j)r—’?‘—j+l""'2m)
+ 2 ZZ W) p(r,0;s,3) e(n_.)
rsj r0 '—0'r+ s]
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‘P((D_O)r_l_lﬂll"'l (_rlj)s_rg_j_,_l,--.,{l_m)

L ] L.
+ 2 I Z L\'Sj(gj)s_'.p (Sljlrlo) E(nro)
rsj

‘P((Eo)r—'ﬁl""’(P-j)s+’-rlj+1""'9-m) (9)

+ 353 C(O,r)y' _.(n.) Do
r 3 rj'=j'r+ Frj

-P(_Ilol-vor(Ej)r_’_r_r_lj_*_ll--'r{l_m)-

Again, for a closed system, terms containing lrj and

*
Prj for 1S r R and 0 = 3 £ m become zero.

In a network of queues where a common storage is
shared dynamically by the programs (customers) in the system
and where the arrival and service processes are as given
in Section 2, the steady-state probabilities for the number
of programs from each class at each processing stage is
obtained as the solution of the steady-state equation (9).

Thus, we have the following theorem;

THEOREM l: The joint, steady-state probability
P(go,...,gm) of an open system with finite common
storage space and several classes of programs
dynamically sharing space, defined by equation (9),
where vector n; = (nli""'nRi) represents n_.

programs belonging to class r in processor stage i,
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is given by,

where
n_.
R n_. ri 1
gi(Ei) % (i ) ’ (Ari) oo H_.m ()
it—i r=1 m=1 "ri
m % % R
for 053 In.| SN, In.] =% n_.r
i=0 % — r=1 **
R
and |n.| =% n_,
r=1 Tl
Here,
1 for |n.| = k,
A —i i
¢9;(my) = In;| -k, (12)
)
kgt (ky) for |n.| 2 k,
—i i
lﬁil!

and E(N) is the normalization constant to be determined

from,

-1 m
BT (N) = ) T g (ng) - (13)
1

Arj is given by the well known relation,

=\ ., +2Z p‘(s,i;r,j)As.

AL 14
r) rj s i i (14)

A
A

R and 0
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PROOF: The proof follows similar lines of the proof
of Theorem 1 in Chapter II, Section 2.4. Therefore, here

we are only going to give the outline of the proof to

the above theorem.

From equations (10) and (11) we note the following

1RY

relations for |n. | k.,
—i i
P(nyyee.,(n.)__,n. reeeyn ) H..n . k.
P(ngsr-..,n) lr_xj lArJ
P(_’lor ’(n:])r'l"nl'l'l’ I(ni)s Inl+ll"'ll_1{n)
P(_rlol IEI“)
p_.n_. ([n.|+1) kA
_ sisi 5 ir (16)
lnll kj siurj ( rj 1
P(P-O""’(Ej)r+’-rlﬂl""’—l}m) _ (lﬂll"'l)Arj (17
P(ngre--on ) Mrs (nrj+l)kj

Similar relations can be written for |n, | = ks -

Then, substituting these relations along with (2) into
the steady-~-state equation (9) it can be verified that the

expression given by Theorem 1 satisfies (9) and therefore,

is the required solution.
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It should be noted that Theorem 1 does not give us
a closed form solution to (9) as the Aij's, to be determined
from equation (14), depend on state-dependent routing
probabilities p'(r,i;s,j). In this case an approximate
solution of equation (9) may be provided by either neglecting
state-dependent terms in equation (14) or through a numerical
procedure between equations (11) and (14) we may determine
p(EO""'Em)‘ Here we adopt the first alternative because
of its simplicity. The numerical approach based on Newton-

Raphson technique is outlined in the appendix.

Neglecting the state-dependency in equation (14) amounts
to assuming C(r,s) = 1 always in equation (5). That is the
routing probabilities are considered to be fixed. Then

equation (14) can be written as;

er + Iz p(S,l;r,j)AS. (18)

A_.
rj s s i

for 1 2 r

This assumption can be justified where all the traffic
intensities for each stage are less than one, which is the
normal way of operating a system. From equation (4) we see
that C(r,s) = 0 when the main memory is nearly full or full,
which usually has smaller probability than other states of
the system. Then, in Section 5.0 we utilize the above

approximation to determine Arj s 1l1l.e. equation (18).



3.2 DISCUSSION OF THE RESULTS

Theorem 1 given above also applies to a closed system.

This can be shown by rewriting equation (9) with Arj = 0
*
and prj = 0 and then verifying that theorem 1 still satisfies
. . < *<
the new equation with L = I |n,| =N .

i

If we restrict the probability of transitions from one
class to the other to be equal to zero in our system,
i.e. when p(r,j;s,1i)=0 when r#s then the model does not
have dynamically changing space requirements per program in
the system. Additionally, assuming single processor at
each processor stage and also assuming that each program
occupies a unit space in a closed system, our result, given
by Theorem 1, becomes identical to the one given by Posner
and Bernholtz [45] for the no time-lag case between the
transitions from one processor stage to the other. If we
further restrict our model to have the same service length
distribution for every class of program at a given processor
stage, we then obtain the result provided by Baskett and

Muntz [38], for "type 1" service center.

Thus, our result is more general than the previously
provided ones in treating network of queues, which was
proved here for only a particular model of the multiprogramming
computer systems. Its generalization, to networks with

arbitrary configuration, is going to be treated in Chapter 1IV.



- 67 -

3.3 MARGINAL DISTRIBUTIONS

Here, we are going to provide expressions for the
various marginal steady-state distributions for finding
particular patterns at a given processor stage. The

following theorems summarize our results.

THEOREM 2: The marginal, steady-state probabilities
of queue length at processor stage i, Pi(Ei)’ where
vector n, = (nli""’nRi) represents n_; programs

belonging to class r in processor stage i, is given by,

= -1 *
< , < < * <
for 0=i=m and 0= |n,| =N
*
where E; (N-|n;| ") defined similar to E(N) with the

particular function gi(gi) is missing from the
summation, thus,

m

- *
E;l(N-|n.|") = ) I g.(n.) (20)
1 1 < * < * J=0 J —J
0=2 |n | = N-|n,] W
rAi i j#i

PROOF: Theorem 2 can be proved by fixing for stage i

the R-tuple n; in equation (10), the joint probability

expression, and summing it for all the other possible

arrangements of programs in the rest of the system.

The next theorem gives the marginal steady-state

probability of finding programs in processor stage i such

%*

z
< < L
= |gi| = N restriction should be

that Igil = z, where 0

observed.



THEOREM 3: The marginal, steady-state probabilities
of queue length (the number of programs) at processor
stage 1, Pi(|gi| = z), where vector n;, = (nli""’nRi)

and z is a positive constant, is given by,

..l *
P.(|ln.| = z) = E(N z E. (N-|n. . (n. 21
l(l_ll ) (N) i l_ll )g; (n;) (21)
In_ .=z
ri
r
< . < < * <
for 0=i=m and 0= |n;| =N.

PROOF: The proof is obtained by simply summing all

the probabilities Pi(gi), given by equation (19), such that

lEil

= 2Z.

THEOREM 4: The marginal, steady-state probabilities

of queue length (the number of memory spaces occupied)

*
at processor stage i, Pi(|3i| = z), where vector
n, = (nli""’nRi) and z is a positive constant, is
given by,
P.(ln.|" = 2)=Em) Bt (v-|n.| ") x (n.) (22
itl= i —i RN )
rrn_ .=z
ri
r
< , < < * <
for 0=1i=m and 0= |n| =n.

PROOF: The proof is simply obtained by summing all

the probabilities Pi(gi), given by equation (19), such that
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4.0 OTHER PROCESSING DISCIPLINES
If we assume processor sharing service discipline, [7],

then we have for service completion rate,

' = rj
Hpg(Rg) = g T | (23)

Then under the processor sharing service discipline

we have the following theorem;

THEOREM 5: For the system described by equation (9)
and for processor sharing service discipline given
by equation (23) the steady-state probability

P(no,...,gm) of the system is given by,

— 1
P(EOI'..’B‘IT\) - E (N)ho(__r_l_o)---_l‘_lln(n_rn) (24)
where
n .
R L R
h.(n,) = |n.|! & ; [—ri] (25)
= 1 r=1 Pri® (Mri
m R
< * < *
for 0 = i:ol—il =N, |n;| = ﬁ:flrir
n,| ==
and n.{ = n_.
=i p=1 ¥i

The normalization constant E'(N) is to be determined

from,
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-1 m
[E'(N)] = z [ hi(gi) . (26)
< I * < i=0
0=: |n| =N
j=0 7
and Arj is given by,
L
= . ] . 1 . 27
rj Arj + 2 i p(srl:rlj)ASl ( )
for 1 s r SR and 0 = J Snm.

PROOF: The proof is similar to that of Theorem 1.

Also, one can obtain the marginal distributions in this case.

We should note that equation (25) is a special form

of equation (l11l) and can be obtained directly from it.

Similarly, if we have processing stages where there
is always a processor available to a program coming to
that stage, that is if there is no queueing, this may
represent a stage which introduces random delay into the
transit time of a program path. If we choose to represent
this delay by a different exponential distribution for
different class of programs the exiting rate from this

special stage is given by,

) —
Mrj (Ej) T Wpg Ppy - (28)

Then the following theorem gives the number of programs

in each class at such a processing stage.



THEOREM 6: For the system described by equations

(9) and (28) the steady-state probability

P(ng,...,n ) = E"(N) £,(ng)...L (n)) (29)
where
Dyi
R A
1 ri
£.(n.) =1 [ ] (30)
1 r=1 nrll Med
m « R
for 0 =3 |n, *Sw, In.] =% n_..r
: =1 —1i ri
i=0 r=1

The normalization constant E"(N) is to be determined

from
-1 m

("] = z T 2(n,) (31)

I * < i=0

6=z% |n.|] =N
j=0 )
and Arj is given by
—_ L) s . .

rj = Arj + 2 i p(s,l,r,J)Asi (32)
for 13« SR and 0 S j s m .

PROOF: The proof follows the similar procedure of

the previous proofs.

Theorems 5 and 6 are similar to the ones given
in [38], where our results are proved under the condition
the programs in the system share the common memory space,

while their storage requirements may change at the end of
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each processing step. The corresponding results in [38]
only take into account the number at a processor stage
in open or closed systems. In open systems they only

consider the case with infinite storage space.

These results show the generality of our treatment
which is not restricted in application only to the systems
where "local balance” exists, [38], as we start from the
first principles and do not make any assumptions on the

presence of local balance.

The problems where there are different processing
distributions than exponential distribution are encountered
can be treated with good approximation by extending the
results provided by Erlang [47] and Cox [48]. With these
results it is possible to approximate any distribution
with a distribution which can be represented by a network
of exponential stages. Thus, our results of exponential
service distributions can be extended to cover cases

with other distributions, at least approximately.

5.0 ARRIVAL RATES

Here, we are going to determine the arrival rates
Arj for 1 £ r £ R and 0 2 J Sm. We are going to
term Arj as arrival rates with the reservations mentioned

at the end of Section 4.0, Chapter II. A simple model

is to be employed to illustrate the method which is not



restricted to the configuration to be used, Figure 1.

> Pii

Pat V¥, P2

I0P'S
Vi3

P2z}

7\|2 CPU'S
P2

— P P22

Figure 1 Configuration of the Model

Accordingly, the new arrivals come to the IOP stages
(stages 1 and 2) only. The departures from the IOP stages
either leave the system or proceed to the CPU stage
(stage 0). The programs after leaving the CPU stage

return to a particular IOP stage with a given probability.

First, we are going to determine arrival rates, Arj’
< .
2 and 0 =73 s 2. Arj’ for 1 S r S R and

0 £ j £ m, are given by the approximation (18). Rewriting (18)

A

for 1 £ r



in open form and taking the configuration of the system

into account we have for 1 = r = 2 and 0 S 3 S 2
Al,O = P(l,l;l,O)Al,l + P(Z,l;l,O)Azll
+ p(l'27l’0)Al,2 + p(2,2;l,0)A2’2
A2,0 = p(l,l;Z,O)Al’l + p(2,l;2,0)1\2’l
+ p(l,2;2,0)/\l’2 + p(2,2;2,0)A2'2
Al,l = Al,l + p(l,O;l,l)Al’o + p(2,0;].,l)/\2’0
Az'l = A2'1 + P(l,072,l)f\l'0 + p(2107211)A2'0
Al,2 = Al,2 + p(l,O;l,Z)Al’O + p(2,0;l,2)1\2,0
From (33) we have,
Al,O = Al,o 2 Ip(i,k;1,0)p(1,0;1i,k)
ik
+ A L Ip(i,k;1,0)p(2,0;1i,k)
2,0 %
ik
+ ? Zp(i,k;l,O)xik
ik
A2,0 7 M0 2 Fpdi k2,000,054, k)

(33)

(34)
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+ A L Ip(i,k;2,0)p(2,0;1i,k)
2,0 § x
(35)
+ g Zp(i,k;Z,O)}\ik
ik
Rewriting equations (34) and (35) as
(1—1!;)1\1’0 - BA?_'0 =Y (36)
-C Al,O + (1-D) A2,0 = 2 (37)
where

A =1L 12 p(l,kil,O)P(lpO;i'k) (38)
ik

B=2ZL1Z p(i’k7lro)p(2r07irk) (39)
ik

Y=3I723 p(i,k;l,O)Aik (40)
ik

C=1%1Z p(i,k;Z,O)P(l'();irk) (41)
ik

D=2ZXZ p(i,k;2,0)p(2,0;i,k) (42)
ik
ik

Then when (1-A) (1-D) - CB # 0 we have

Y(1-D) + BZ
A = (44)
1,0 (1-a) (1-D) - CB




Z(l-aA) + CY

2,0 (1-A) (1-D) - CB

The rest of the arrival rates can then be determined
through (33) by substituting (44) and (45). Although,
Aij's are obtained here, for simplicity, for a system
with two IOP stages and one CPU stage and only for two

classes of programs, it can be repeated for more general

systems through simple matrix algebra.

6.0 SYSTEM MEASURES OF MERIT

In this section we are going to derive some system
measures of practical interest. These measures give us
the means of quick comparison and insight into the system
behaviour under the variation of the system parameters.
It may be further utilized in an optimization to determine

the most cost-effective system.

Let us first define a traffic intensity measure for

stage i, p., i=0,...,m.

i
R
A
Py SE Py (46)
r=1
where
A,
A ri
p_. = . (47)
ri kiuri

(a) The probability of finding the system empty

in steady-state is given by,
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P(0,...,0) = E(N) (48)

(b) The probability of finding z memory spaces
occupied in the system, at steady-state is given by,
* - -1 -1
P( Zfn;| =2) = EMI[E  (2) - E (2-1)] (49)
i

where

A

02z In.l*
;11
i

(c) Then, the average number of memory spaces occupied

in the system, Q,, is given by

T In, |*
Q, =1L z P(I|n, = z)
M z=1 i 1
N -1 -1
= E(N) X z[E “(z) - E “(z-1)] (50)
z=1

(d) The average main memory utilization is given

by the ratio Q/N.

(e) The probability of finding z programs in the

system, at steady-state is given by,

P(Z|n,| = z) = E(N)

z g.(n.) (51)
i Zln,| = =
i

J

o=
1l
o
J

-1

Let us denote the summation term in (51) as

A

Ep(z) gj(gj) . (52)



(E) The average number of programs in system, QP’
is given by (51) and (52) as

N
Q. = E(N) I z E_(z) (53)
P z=1 p

We can give similar expressions for each stage.

(g) The average number of memory spaces utilized by

processor stage i, Q is given by,

iM’
N *
Qi = §=l z P (|n; | = 2) (54)
N -1
= E(N) I Z Ei (N~-2) z gi(gi) (55)
= *
z=1 In,| ==z
=i
for O < i S m .

(h) The average number of programs that is found

in processor stage i, Q is given by

ip’
: In, |

Q.. = 2 z P(|n.| = 2) (56)
iP g=1 1

- 5 -1 .

= E(N) ?n _ Lz (N-|n; | ) g(n,) (57)

=i

for O 2 i 2 m .

(1) The steady-state probability of overflow (an
arriving program can not enter the system because it is

full), B, from (49) is given by,
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]
B =P(I|n.|] = N) (58)
i 1
- _ E(N)

(J) The average flow time between any two points in
the system can be calculated from Little's result [59] by
knowing the average queue length between these points and

the average arrival rate to the subsystem involved.

Similar indicators for system performance can also
be calculated for the closed systems. The expressions

will be very similar to the ones obtained above.

7.0 EXAMPLE
Here, we are going to apply the results obtained to
a numerical example. The system model we are going to

consider is the same as Figure 1.

Let ko = kl = k2 = 1, i.e. we have single processors

at each stage.
Let the external arrival rates be given as follows:

A = 0. A = 2. A

3.

Let the routing probabilities be given as follows:

p(1,0;1,1) = 0.5 p(2,0;1,1) = 0.1



p(1,0;2,1) = 0.05 p(2,0;2,1) = 0.6
p(1,0;1,2) = 0.3 p(2,0;1,2) = 0.1
p(1,0;2,2) = 0.15 p(2,0;2,2) = 0.2
p(1,1;1,0) = 0.4 p(2,1;1,0) = 0.1
p(l1,1;2,0) = 0.2 p(2,1;2,0) = 0.6

p(l,2;1,0) = 0.6
p(l,2;2,0) = 0.1 p(2,2;2,0) = 0.6
otherwise p(r,ji;s,1) are equal to zero.

The above routing probabilities indicate that there
is inter-class traffic.

The processing rates per clasé are taken as follows:
= 20.

= 60. 12.

il

The results are tabulated, Table 1, for varying

amounts of common storage space, N, in the systemn.



Average arrival
rates

Traffic
intensity

Average Queue
Length per Stage,
Qi+

Average total
queue length, OF

Probability of
finding system
empty

Probability of
finding system
full

Average memory
utilization

Average flow
time, W

TABLE 1

0.092

0.166

0.258

N =2

0.1676
0.4020
0.5083

1.078

0.3310

0.4088

53.9%

0.4708

= 0.601

N =6

0.3874
1.1410
1.4868

3.015

0.1397

0.1295

50.3%

4.1588

It
(8,1
.
N
~J

= 0.264

= 0.337

10

=10

0.4903
1.6641
2.2732

4.428

0.1025

0.0518

44.3%

15.2570

5.16

= 2.33

0.430

0.291

6.721

+ Here, queues refer to the memory spaces occupied rather

than the number of programs.
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7.1 DISCUSSION OF THE EXAMPLE
Some of the comments we are going to make are common

to the results obtained here and also in Chapter II.

The first step in the computation of the required
probabilities is the determination of the arrival rates.
When there is no interclass traffic, the computation is
as straight forward as in single (Chapter II) or multiclass
traffic. In the case where there is interclass traffic,
we make use of the approximation given by equation [18].

To check the closeness of this approximation one can look

at the probability of finding the system full. If this
probability is much smaller than the other probabilities

in the system then the results obtained through the approxi-
mation should be very close to the actual values. In the
cases when this approximation is not good enough, we have

to utilize the numerical method given in the appendix. We
should point out here that the numerical approach given in
the appendix does not have to make use of the special
dependency relation of the routing probabilities on the states,
therefore, it is of a more general nature. As long as this
dependency relation between the states of the system and the
routing probabilities can be expressed explicitly then the

problem can be treated numerically.

In the computation of most of the system measures, the

normalization constant E(N) is necessary; but in computing



- 83 -

E(N), one may employ the recursive nature of the expression

and also at the same time through the intermediate wvalues,
obtain other terms necessary in the computations. This can

be seen from equations [49, 50, 59] and the following relations,

from (13) we write

E(X) = s 1 (x). (60)

Define
m
T o
J=o

then

S(1) =1 + D(1)

S(2) = s(1) + D(2)

S(z) = s(z-1) + D(zZ). (62)

The system behaves as expected, as the memory space, N,
is increased the queue lengths become longer before each
processor stage, thus keeping each stage proportionally busy
for a longer time. The probability of finding the system
empty decreases with increasing N and would eventually level
out asymptotically. The probability of finding the system
full (overflow conditions) decreases with increasing N as
expected, which is also true for the utilization of the main

memory. Here, we see that the average flow time of a single



page, that is, the average time a page stays busy in the
system, increases with N. This is due to the increased
number of programs waiting in front of each processor

stage, therefore, it takes more time to go through each

processor stage.



CHAPTER IV

GENERALIZATION OF THE RESULTS
AND
AREAS FOR FURTHER RESEARCH

1.0 GENERAL

In this chapter we are going to generalize the
results presented in Chapters II and III, to more general
networks which are applicable as models in other fields in

addition to the multiprogramming computer systems.

The other application fields of the network of queues
model can be found in the "job shop-like" systems [40, 41],
in the transportation systems [44, 45], in the mining
industry {31, 44, 45], in the storage (inventory or dam)
systems and in the communication (computer, message, etc.)
networks [l, 60 - 62]. The identifying characteristics
of the models common to all the above fields is that
discrete units (customers, programs, loads or packets)
arrive at instants governed by a stochastic process to a
service center. A unit after arrival to a service center
joins the queue there and gets served when its turn comes
and may or may not proceed to the next service center

depending on its requirements (routing).

The units the system processes may consist of several

classes depending on their service and space requirements.



An example of this can be seen in computer communication
networks. Let us suppose that messages sent from one
computer (or terminal) to the other is divided into

small "packets" for the convenience of processing and
transmission through the network. Each packet is trans-
mitted independently over the network to its destination,
sometimes each utilizing different paths. Each of the
packets may or may not need the same amount of processing
at each node (an intermediate processing point) of the
network that it goes through in its journey to its
destination. Each packet requires a storage space in the
system, and there may be different sized packets in the
system. Although it is difficult to visualize a common
storage space for an entire computer communication network,
there are proposals, [61l, 62], to establish a fixed maximum

amount of active packets in the system to control congestion.

Our models in this work are assumed to have a storage
space common to all service centers. The arrival process
for each class is governed by a time-homogeneous Poisson
process and the service lengths for each class is distributed
exponentially, which is mutually independent of other classes

and the arrival processes.

2.0 MATHEMATICAL MODEL
Here, we are going to use the notation given in

Chapters II and III.



We assume, there are m+l service centers and R classes
of units (jobs) offered to the system. The service center

hY

. > . . < .
i has ki = 1 identical servers (processors), 0 = i m.

The new units belonging to class r are assumed, in
the open system, to arrive to the ith service center in
the form of time-homogeneocus Poisson processes with the

. > < < < ., <
average arrival rate Ari =0 forl=r=Rand 0 = 1 = m.

We assume that a job from class i requires i units
of storage space in the system. Let there be N units
(measured in some convenient, discrete units) of common
storage space available in the system. When a new job from
class j arrives and finds the storage has less than j units
of free space, it leaves the system, never to return.
When a job departs from the system it releases the space

it occupies.

After completion of service at a service center, the
storage space requirements may change, if the total allow-
able space permits such a change. Otherwise, a job stays
with the same class in the next center on its routing.
Accordingly, we have the routing probabilities as defined

in Chapter III, Section 2.2.

The service length distribution of class r units in
the service center j is assumed to be a negative exponential,

mutually independently distributed to the other classes,



stages and arrival processes, and has a mean instantaneous

service completion rate.

pl. (n.) =

rj ‘24 “rjnrj (n.) (1)

<brj =3

where Ej = (nlj,...,nRj) denotes the presence of nrj number

of class r units in service center j, and urj >0 is a

constant, for 1 S r s R, O < 3 s m. Here,
1 for |n. |3 k.
q) . o= —J J
£J k./|n.| for |n.|'—2 k.
J° '3 =] J (2)
A
and lgjl = E Ny o

The properties of the service discipline specified by

(2) have been elaborated Chapter III, Section 2.1.

3.0 SYSTEM EQUATION

The equation of the model described above can be formed
following the procedure given in Section 3.0 of Chapter III.
We are not going to repeat some of the intermediate steps
here, as they have been explained in the previous chapters.
Then, it can be shown that the steady-state equation of a
generalized model is given by,

(2 ZCOr)h 42 2 Hps(ng)1 Plngeeoornp)
r Jj rj

= i ;: e(nrj)xrj P(EO"”'(-r-l-j)r—'P—j+l'°'°'Em)



'P(EO""’(Ei)r+’ﬁi+1""'(Ej+1"'°'9m)' (3)

*
T
+ f: g C(Ofr)urj(r_lj)r,,_Prj P(EO""’(Ej)r+’2j+l"°"§—m)
In a closed system, where there are no arrivals and

departures, the steady-state equation is reduced to

D) uéj(gj) P(ng,e«.,n)

at
o

(n;) . ,p(r,i;s,3)e(n_.) (4)

=X Z Z I ul.
. ., 'ri J
r is j

'P(Eo""'(Ei)r+'ni+1""'(Ej)s-'ﬁj+1"'°'3m) .

The solution of equations (3) and (4) is given by
Theorem 1 in Chapter III. For the other processing disciplines

the rest of the results of Chapter III follows.

Thus, we have shown that results obtained in Chapters
IT and III are also applicable to networks with arbitrary

configuration.

Next, we are going to study systems with service

centers having different service disciplines in the same

network.
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4.0 DIFFERENT SERVICE DISCIPLINES AT EACH CENTER

We are going to limit our discussion here, to a network

of queues with two service centers. Having to consider
only two centers, neither decreases our insight into the
matter nor do we loose any generality, it only reduces

the tediousness of the algebra.

Let us consider that service center 1 is governed by

a processor sharing service discipline. Thus,

n
1 — rl
i) = Rp TRT (>)
for 1Sr &R
where
R
|n =73 n_ .
l r=1 T

And let service center 2 be governed by a service

discipline as was described in Section 3.0 by equation (1).

Then, by specialization of equation (5) we have,

rl

Ul o0, (0 IP(Ry 0y = ze (npy )y 1POmy)_rny)

+ X¢e (nrz)}\rzp (Blr (I_}_z)r_)
r

+ZZurl n——r——-—p(rlSZ)

(6)
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ce(n_,)P((n)) s (0y) )

L} .

e (n )P () s (ny) )

r+

+ *
+ ZC(O,r)url 2 prlP((gl)r+,§2)

- In, |+1

+ IC(0, 1), (n_,+1)é_, (n,)
r

r+

P(nl,(n y .

. pr2 2 e+

The solution of the equation is given,
P(n;,n,) = E(N)Py(ny) P,(n,) (7)

where from equation (24) Chapter III,

n
rl
| R 1 Arl
P,(n,) = |n e (8)
1=l 1 r=l Prit ¥l

and from equation (11) Chapter IIT,

n

1 R nr2 r2 1

P2 Ty G2 T L R N
Here,
1 for |n2| S k2
(n,) = (10)

P2 Loy Do Ik

kz.(k )

for ]n | = k

Inzl‘
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Normalization constant E(N) is to be determined from

Bt = : P, (n;) P, (n,) (11)

A

where

The solution is easily verified by direct substitution

of equations (7 - 10) into (6).

By the above treatment, it is demonstrated that our
results hold for systems which have different service
disciplines (provided that they belong to the families of
disciplines described in Chapter III) at different service

centers.

5.0 CONCLUSION AND AREAS OF FUTURE RESEARCH

In this work, our aim was to provide a comprehensive
model for the multiprogramming computer system from the
resource sharing point of view. The models developed
interrelate the arrival process, the heterogeneous
processors, the finite main memory size and several
classes of programs that are characterized by processing
lengths and memory space requirements. 1In the models,

the dynamic variation of the processing lengths and the



memory space requirements of the programs in a paged main
memory environment are allowed under various processing

disciplines.

The modelling of multiprogramming computer systems
was accomplished by first employing a single network of
queues model with a simple class of programs to develop our
tools of analysis. Then this method is extended to the case
where there are several classes of programs which are charac-
terized by their arrival rates, processing lengths and space
requirements. The process and the space requirements of the
programs allowed to change dynamically (after each process
completion) during their life in the computer. In the case
with several classes although a closed form solution has not
been obtained an approximate solution, which is close to the
actual solution in the light traffic, is given. In the
appendix a numerical method to compute the exact values is

outlined for all traffic situations.

In such systems, we examined the various queues forming
in the common main memory space, in steady-state. This
information yielded us the system behaviour under load,

particularly the system bottlenecks.

Although our models assumed exponential service length
distributions for each program, this assumption does not form
a severe limitation because a large class of distributions can

be approximated by a network of exponential stages (cf.[47]



and [48]). Our results do not change when the mean of the
approximated distribution is the same as the mean of the
exponential distribution used in our analysis. This has been

demonstrated for restricted models by Baskett and Muntz, (38].

We have also shown that our results are applicable to
other networks with arbitrary configurations which one

may encounter in various other fields.

We have obtained practical system measures relating
the behaviour of the system to the parameters (speed, size,
quantitiy) chosen which may be employed in comparison of
systems or cost-benefit optimization for a given application.
Apart from this obvious extension there is a need for extending
the theory to the networks where each service center has its

own finite storage capacity.

Another area of future work is in the collection of
data and measurement of traffic in the computer systems
and networks. Starting with the knowledge of the behaviour
of a network, the topic of congestion control may be
explored. In this area, our work has direct relevance as was
shown in [61l, 62] where limitation of the maximum number of
storage units [packets] in a network of computers was cited

as one form of control mechanism.

The removal of Poisson assumption from the arrival
processes, in the open networks, may increase the practicality

of the theory; but difficulty is considerable.



We would like to point out that this type of analysis,
though utilizing many simplifying assumptions, can be used
as a starting point in the evaluation of complex systems.
At least it can serve as a check to the more detailed

simulations.

Finally, we quote Coffman and Denning [63] on the type
of models of multiprogramming computer systems, which were
extended in this study; "these results suggest that it is
far more important for a model to reflect the true system
structure rather than the detailed behaviour of the

individual servers in the system".
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APPENDIX

Here, we are going to outline a numerical method to
solve the steady-state equation, (9) in Chapter III. The
equation (10) and (14) in Chapter III give us a complete
solution although not in explicit form in the case of state
dependent routing probabilities. We rewrite equation (10)

as follows:

P(n') =F,(n', A, p, k) (1)
where

n' = (EO,...,Em) is an arbitrary but fixed vector (2)

A= (Aygree-rhporhyqreesihp) (3)

W= (MygressrMpgryyreceripy) (4)

ko= (kyseeeik) -

Now from equation (14) in Chapter III we observe that &

is a function of A and p' where

.)L = (Alo,...,XRO,All,...,lRm) (5)

_P_' = (p'(lro7llo)l°--rp'(1107le)ro--rp'(le7le)) (6)
Then

P(E') = Fl(_n_'r _}:r _p_'r Y .}_i_) . (7)

In the case where p' is state dependent it is the function
of p (constant routing probabilities) and P (n) (all the

permissible state vectors). Then
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P(n') =Fl(_r_1_'l A Py P(n), u, k) (8)

as for a given system we can consider the parameters of the
system as constants and we can write functionally

P(n') =F,((E(n)) . (9)

For all state vectors the left hand side of (9) becomes

P(n) and we have

P(n) =F,(2(n)) (10)
or for simplicity we write
P=F,() . (11)

In the system of equations (11l) to solve for P we

write it in the following form:
' =P - FZ(E) =0 (12)

Equation (12) can be solved by well-known Newton-Raphson

method (64) in an iterative way. Let E(l) denote the value

of ith iteration, the algorithm to find P is given by

p(H1) | o) | gL p i) ), (13)

J—l(x) is the inverse of the Jacobian computed at x.

The conditions for the convergence of (13) are given

as follows:

1 - |ri(g(0))l za for all i (14)
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where Pi denotes the ith row of T and B(O) is the initial
point which may be obtained by neglecting the state
dependency of p' as was done in the text.

(O

2 - The Jacobian is given by the matrix g—ii (0)
J

P =P
where xj denotes the jth component of the vector-valued
function Ti. The Jacobian should have a non-vanishing

determinant D ( ith absolute value |D|) and the absolute

value of its cofactor lAijI’ then

max 1 N = B . (15)

3 - The elements of the Hessian matrix are

§° T,
i

0x.6x
J

A

C for all i, j, k . (16)

Then it can be shown that for an initial point chosen
in a region defined by A, B and C and also the dimensions

of the system, the algorithm converges [64].
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