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Abstract

On the rational group algebra QS,,, the map given by ¢* = g7}, for g € S,, and
extended linearly, is an involution. Since QS,, is a semisimple algebra, it has a unique
decomposition into simple two-sided ideals. We determine, for 3 < n < 5, the
restriction of * to these simple two-sided ideals. This is accomplished using a positive
definite symmetric bilinear form. Also, we construct a counterexample to part of a

theorem found in The Representation Theory of the Symmetric Group by James and

Kerber.
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1 Introduction

Let F be a field and G be a finite group. On the group algebra F'G, the map
given by g* = g~! for g € G and extended linearly to FG, is an involution. If the
characteristic. of F' does not divide the order of G, then, by Maschke’s Theorem, -
FG is a semisimple algebra. In other words, it has a decomposition into simple
factors, FG = I; x ... x I, and this decomposition is unique (up to order of the
factors). Applying the involution * to F'G we have that FG =I] x ... x I is also a
decomp'osition into simple factors. So I} = I for some k. Since I is a simple finite
dimensional algebra, it is isomorphic to a matrix algebra M,, (D), with entries in a
finite dimensional division algebra Dj.

We are interested in the rational group algebra QS,. If QS, =7; x ... x Ié is the
decomposition into simple factors, then each such factor is split, that is, the division
algebras are isomorphic to Q. Moreover, it turns out that I} = I;, for 1 < j < £
Through the use of a positive definite symmetric bilinear form, we determine *|;; for
1<j<t

Chapter 2 is an introduction to the topics and results which will be needed in
the chapters that follow. In Chapter 4, the positive definite symmetric bilinear form
is introduced, and the restrictions of the map * to the simple factors of QS, are
determined. To help in some computations, functions for computing in QS, were
written in Mathematica. To realize the form mentioned above, a theorem in James
and Kerber [J&K] giving an explicit form of the simple factors of QS,, and special
properties of certain elements of QS,, was referred to. However, discrepancies in
computations based on a part of this theorem suggested there was an error with the

theorem. In Chapter 3 we construct a counterexample to part of this theorem in

[J&K).
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Preliminaries

2

In this chapter, we establish notation, give definitions, and state basic results, often
without proof, that will be needed in the following chapters. As there is a lack of
consistent notation, terminology, and definitions, see [Boe|, [J&K], [Rut], and [Sag];

we will mostly follow those set out in [J&K].

2.1 S, and Young Tableaux

For n € N, the positive integers, let n denote the set {1,2,...,n}. A permutation
of n is a bijective map o : n — n, and the set S, of all permutations of n forms a
group under composition, called the symmetric group. Since the group operation is

composition, the product 7o is the bijection obtained by first applying ¢ and then 7
to n. It is clear that the order of S, is n!. Similarly, if E is any finite set, then Sz is

the set of permutations of E.
A permutation o € S, is usually denoted as a 2 X n matrix

Uz( 12 .. n)
o(1) o(2) ... o(n)/’

So if o € S; is given by

it would be denoted by the matrix

1 2 3
o= )
321
There is no reason for the first row to contain the elements of n in their natural

order. In general, a permutation can be denoted as

21 3 ... fn

o 0] ° i

J J2 - In
where 41,...,%, and ji, ..., jn are the elements of n in some order. For example

123\ [213) (312
321/, \23 1) \13 2/
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A permutation of the form
7 %y ... fg_1 ip %E+1 ... On
P9 13 ... fp %1 thk+l ... in
is called a k-cycle, and is denoted
(’1:1 ig - ik)(ik—i—l) v (Zn), or just (Zl iz o lk)
It should be noted that
(21 9 ... ’Lk) =(’l,2 23 ... 1% 21) =...= (Zk i1 g ... ik—l);

and that when using the latter notation for a k-cycle it is not possible to determine

in which S,, the k-cycle belongs. Continuing with our example,
1 2 3
(321)()()()()

The identity permutation is the permutation which consists only of 1-cycles, and
will be denoted 1g,. A 2-cycle is called a transposition, and any transposition o
satisfies 0% = 1g,.

A partition of n is a sequence of positive integers

o= (al,ag,...,ak)

which satisfies
Hlom>am>...2a,

k
(ii) Z a; = n.

That o is a partition of n will be denoted o - n.
To any partition
a=(o,...,0x) N
we associate a Young diagram [a] (where we suppress the parentheses), which consists

of n nodes X placed in k left justified rows and where each row contains o; nodes.

For example, to the partition
(2,2,1)F5
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corresponds the Young diagram

X X
[2,2,1] = x x.
X

The lengths of of the columns of [o] form another partition o of n, called the
partition associated with . More precisely

aé:Zl.
J

;>

Correspondingly, [¢/] is called the Young diagram associated with [a]. So to [2,2,1]
is associated the diagram

X X X

[(2’ 2, 1),] =

X X

A Young tableay with diagram [a], or a-tableau or just fableau, t* is obtained by
replacing the n nodes x in [a] bijectively with the elements of n. For any partition

a - n there are n! distinct a-tableaux. For example, here are three of the 5! Young
tableaux with diagram [2,2,1]: '
1 2 2 5 5 1
3 4, 1 3, 4 2.
5 4 3
Let %, a - n, be a tableau. Then the rows R, Ry, ..., i of t* and the columns

Cy,Cs,...,Cp of t* form two partitions of n. These partitions of n are used to
construct the horizontal group of t¢

H(t%) = Sgp, X Sr, X ... X 8pg,

and the vertical group of t¢

V(t"‘):SCI XSCZX...XSCk.
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Both H(t*) and V(%) are subgroups of S,,. For example, consider the (2,2, 1)-tableau

Then
H(t) = {1s,,(2 5),(1 3),(2 5)(1 3)}

and
V()= {1s,,(12),(14),(24),(124),(142),(35),(12)(35),
(14)(35),(24)(35),(124)(35),(142)(35)}

Since H(t*) and V(%) are groups, for any p € H(t%)
pH(t%) = H(t%)p = H(t%), (2.1)
and for any m € V(%)
TV (%) = V(t%)r = V(7). (2.2)

Any permutation in H(¢*) interchanges only the elements of each row amongst

themselves, and any permutation in V(t®) interchanges only the elements of each

column amongst themselves, so
HE*)NV(t*) = {1s,}-

For t* and ¢ € S,,, define ot® to be the tableau obtained by‘ applying o to the

elements of t*. For example, if

9 5
t=1 3 and a—_—(1 42 5)

4

then

ot =4 3
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We introduce an equivalence relation on the collection of a-tableaux by stating
that tableaux t; and ¢, are row equivalent if their rows contain the same elements, and

denote the equivalence class of a tableau t by {¢*}. The action of o on ¢* induces

an action by o on {t*} given by
o{t*} = {ot®}.
The horizontal groups and vertical groups of {* and ot® satisfy

H(ot®) = cH(t*)o ™ (2.3)
and
V(ot®) = oV (t*)o ™" (2.4)

To see this, let 7 € H(ot®). Then

7 € H(ot?) & 7{0t*} = {0t*}
& To{t*} = o {t°}
& o lro{t*} = {7}
o o tro € H(t%)

& T EoH{E)o ™t

The result for the vertical groups follows from the fact that V(t*) = H((t%)').

2.2 The Rational Group Algebra QS,

Although we are concerned only with the rational group algebra QS,,, we begin by
recalling some results from a more general setting. For more details, see [Boe] or
[C&R].

Let F be a field and G a finite group. Then the group algebra, or group ring, FG

is the set of all F-linear combinations of elements of G, i.e.,

FGz{ZAgg[VgEG, ;\geF}.

geG
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For a € FG and g € G, we denote by [a], the coefficient of g in a.
A 7ight ideal in F'G is a linear subspace I of F'G such that

zel] = VaceFGzacel

Left ideals and two-sided ideals are defined analogously. A right (or left) ideal which
contains no proper right ideal is called minimal; a two-sided ideal which contains no

proper two-sided ideal is called simple.
The irreducible representations of G are the same as those of F'G, and each min-

imal right ideal affords an irreducible representation. Two minimal right ideals are
said to be equivalent if they afford the same irreducible representation. If the char-

acteristic of F' does not divide the order of G, then, by Maschke’s Theorem, we can

write
FG=R ®R;®...® R, (2.5)

where each R; is a minimal right ideal, and this decomposition is unique up to order

and equivalence.
Let [R;] denote the collection of minimal right ideals in the decomposition 2.5

which are equivalent to R;. Then '
I=r
" Re[R]
is a simple two-sided ideal. This gives a decomposition
FG=LeL&.. o (2.6)

of FG as a direct sum of simple two-sided ideals, each of which is a direct sum of
equivalent minimal right ideals. Unlike the decomposition inte minimal right ideals,
the decomposition into simple two-sided ideals is uniquely determined, save for the
order of the summands. Moreover, we can bijectively associate to each simple two-
sided ideal an irreducible representation.

If I; and I; are distinct simple two-sided ideals in F'G, then they annihilate each

other. In other words

Va €1, Va; e I;, aia; = aj0; = 0.
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An element e € FG is an idempotent if e? = e, and is essentially idempotent if
there exists a « € F'\ {0} such that xe is an idempotent. If R is a right ideal, then

there exists an idempotent e in R such that

R =eFG.
A nongzero idempotent e is primitive if the decomposition

e=e; + e
with
2 2
€; = €y, €y = €3, 81#03 82#0

cannot occur. If e is a primitive idempotent, then the right ideal R = e F'G is minimal,
and conversely if R = eF'G is a minimal right ideal with e an idempotent, then e is

primitive.
For a non-zero primitive idempotent e,

D =eFGe

is a division algebra with centre F', and
eFG=D".

Consider now the rational group algebra QS,,. The horizontal and vertical groups

of a tableau t* are used to construct three elements of QS,;, namely

V() = Z (=1)"x and H(t%) = Z o,

wEV (@) pEH(t*)

and their product

e = T Y -

TEV(te) peH (1)
By [3.1.4, J&K], we have that e* is essentially idempotent and generates a minimal
right ideal in QS,,. So to each tableau t° is associated an irreducible representation. It

can be shown that tableaux with the same diagram yield equivalent representations,
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i1

while tableaux with different diagrams yield inequivalent representations. Since the
number of distinct diagrams is the same as the number of distinct conjugacy classes
in S,,, we have a complete set of irreducible representations. Abusing notation, we

denote by [«] the irreducible representation obtained from a tableau with diagram

[a].

Denote by f* the dimension of the irreducible representation [o]. Then the simple

two-sided ideal in the decomposition 2.6 of QS, associated with [a] is a direct sum

of f* minimal right ideals. Also by [3.1.4, J&K], if

n!
I‘Ga = F,
then
. 1
g% = g%
K-,a

is a primitive idempotent and

8°QS,, = e*QS,,.

2.3 Properties of #H(t*), V(¢?), and e*
By 2.1, if p € H(t*) then
PH(E*) = H(t%)p = H({*),
and, by 2.2, if # € V(¢*) then
(=1 7xV({t*) = V(%) - (-1)"n = V(t%).
Also, by 2.3 and 2.4, for any o € S,, we have

H(ot®) = oH(t*)o ™!

and
V(ot®) = eV (%o

A o € S, appears at most once in the defining sum of e, for if

o=mp =mpe, mEV(EY), p€H(EY),

(2.7)

(2.8)

(2.9)

(2.10)
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then
w3ty = papit

is an element of H{t*) NV {(t*). Thus
T =my and p1=pP2.

Since 1s, € H(t*) N V(¢%), the coefficient of 1g, in both e* = V(t*)H(t*) and
H(t*)V(t*) is 1, so that these two elements of the group algebra are not identically
zero. Also, by 2.7 and 2.8,
me®p = (—1)"e,
for any 7 € V(t*) and any p € H(¢%).
Let Ry, Rs, ..., R denote the rows of the tableau ¢* and C1, Oy, . .., C; denote the

columns of t*. The elements #(¢*) and V(&%) can then be factored as

H(tY) = H(RL)H(Ry) - - - H(Rx) (2.11)

and

V() = V(C)V(C2) -+ - V(Ch), (2.12)

where

H(R)= Y o and V(C)= ) (-1)%0.

oES8p,; a’ESci

The terms in these factorizations commute as both the rows R; and the columns Cj

form partitions of n.
We now give two factorizations of #(R) and V(C) which will be used in Chapter

3. For the first, suppose a,b € C, where C is some column of t* with k elements.

Since
H = {1871,7 (G) b)}

is a subgroup of Sg, let
{1Sn7 09,... ,O'k!/z}

be a set of coset generators for H in Sg. Then the product

(1s, + (1) + ... + (—=1)"*/2042) (1s, — (a b))
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is a sum of k! terms, and it is easy to see that these k! terms are distinct. So
V(C) = (1s, + (=1)%02 + ... + (=1)"2033) (15, — (a ). (2.13)

Similarly for
H(R) = (1s, + o2+ ...+ opy2) (1s, + (2 b)), (2.14)

where a, b are two elements in some row R of % _
For the second, let ay,as,...,a; be the other elements in the column C which

contains n in the tableau ¢. Since Sy,, . 4.} 18 a subgroup of S¢ of order k!, a set of

coset representatives for Sg,, ..y in S¢ will consist of & + 1 permutations. In fact,

the k£ + 1 permutations
1s,, (a1 n), (a2 n), ..., (az n)
are a set of representatives. Since
V({e1,...,a})(1s, — (@1 n) — ... — (ax n))

is a sum of (k + 1)! terms and each term occurs in V(C), it suffices to show that the

terms are distinct. Suppose to the contrary that
o(a; n) = 7(a; n),
where o, 7 are terms in V({ai,...,a;}). Then
770 = (a; n)(a; n),
It then follows

and since the left hand side fixes n, we must have that 7 = k.

immediately that ¢ = 7. Hence

V(C) =V({a,...,a})(ls, — (a1 n) — ... — (a) n)) (2.15)
and 1g,, (@1 n), (az n), ..., (ax n) are a set of representatives. Similarly
H(R) = (1g, + (a1 n) + ... + (ax n))H({as,. .., a}), (2.16)

where R is the row of t* that contains n and ay,...,a; are the other elements of R.
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2.4 Standard Tableaux

We have seen that the simple two-sided ideal corresponding to [o] is a direct sum of
f¢ minimal right ideals. However, there are n! a-tableaux which give n! primitive
idempotents e®, and so there are (at least) n! minimal right ideals to choose from.
But is there a subset from the collection of a~tableaux which will generate a suitable
collection of minimal right ideals?

A tableau t* is called a standard tableau if the elements occur in each row and
each column in lexicographical order, where rows are read left to right and columns

are read top to bottom. For example, there are 5 standard (3, 2)-tableaux:

135 125 134 124 123

24 ' 34 ' 25 35 4 5

By [3.1.13, J&K] the number of standard a-tableaux is equal to f*. In Chapter 3 it is
shown that the sum of the minimal right ideals generated by the standard tableaux is
direct, which will show that the collection of standard a-tableaux is a suitable subset
of a-tableaux.

Let st[a] denote the collection of standard a-tableaux. We wish tb introduce an
ordering on st[e]. If t* € st{o] then the element n occurs at the end of a row and at
the end of a column. Let t** denote the tableau obtained by removing the element
n from t%; then t** is also a standard tableau and the element n — 1 occurs at the
end of a row and at the end of a column. This allows the elements £§,t§,. .. 1tFa t0
be placed in the last letter sequence using a recursive definition [3.1.16, J&K]: the
numbers 1 and k of ¢, f € st|a] satisfy ¢ < k if and only if either

(i) the element n occurs in ¢¢ in a higher row than in &f, or
(i) t¢* =17 and ¢§* =1, B n— 1, where j < h.
When ¢ < k we write ¢} <. For example
135 1 2 8 13 4 12 4 12 3
24 “34 25 T35 "4 '
For 1 <14,k < f®let my € S, be given by

t;-l = Wiktg-
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These permutations satisfy

-1 -
T = ki and ﬁ'ijﬂ'jk-‘ﬂ—ik-

Let
e = V(EYH(E),

and let
o SR & 4 3 (s TN ¢
e = efmy, with  ej; = €.

We conclude this section with the following lemma:

Lemma 2.1. [3.2.12, J&K] For each a € QS, we have

@, 0 o a
efaen, = AR €,

where -

A= [eg‘ja] s,
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n a Theorem of James and Kerber

3

The following theorem is found in [J&K]:
Theorem 3.1. [3.1.24, J&K] The minimal left ideals
L% =QS.é8, obn, 1<i<f%,

yield the following decomposition of QS,, into simple two-sided ideal I*:

Qs =pI°,

aln

where

52
=L

i=1
The generating elements & of the minimal left ideals L¢ are pairwise orthogonal

primitive idempotents, so that in particular

sasb S0t
ez?‘eg = aﬁdikei . d

The main goal of this chapter is to give & counterexample, for n > 5, to the state-
ment that the generating elements &7 are pairwise orthogonal. We begin, however,

by showing that the stated decomposition of QS,, is valid.

3.1 The decomposition of QS,
This section gives the chain of results, complete with proofs, used in [J&K] to prove

the decomposition of QS, as stated in Theorem 3.1.

Theorem 3.2. [1.5.13, J&K] Let ¢ and ' be o-tableaux. Then HE)V(') =0if and

only if there exist two elements which occur in the same row in ¢ and in the same
column in ¢
The following lemma is needed in the proof:

Lemma 3.3. [1.5.7, J&K] If every two elements which occur in the same column of

¢, occur in different rows of ¢' = ot, then o is of the form mp for suitable 7 € V(t),

p € H(t).
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Proof of the Lemma: By assumption, all the elements of the first row of ¢’ occur in
different columns of £, so that an element of V(¢) applied to ¢ moves them into the first
row. Leaving these elements fixed, another element of V(t) moves the elements found
in the second row of £’ into the second row of ¢, and so on. Thus there exists 7 € V(%)

such that 7t € {¢'}. Hence, for a suitable p' € H(nt), we have ¢’ = p'nt = npt, where

p=n"tom. |

Proof of the Theorem: Suppose a,b occur in row R in t and in column C in #'. Then,

by 2.11, 2.12, 2.13, and 2.14,
H(EV(E) = H(R1) - H(R)V(CL) - - V(O)

[ I1 %@)J [H(R)] V()] [H V()

R;#R Ci#C

I

J[1s, + (a B)] [1s, — (@ B)] [+ -]

[+ ][, ~ (@ 7]+ ]
0.

Conversely, if two such points do not exist, then by Lemma 3.3 we can write

t =n'p't’, where ' € V(t'), o € H(t'). Then
HEWV(E) = H(r'pT)V(E)
= 7' g H{t)p V()
= mH(t) (1" V(H)
= (~1)" T HEW(E)
# 0. ]
On the set of partitions of n,

P(n) = {o | atFn},

we can define a partial order < by

adf & Vi, i:ajvg i:’@j'
j=1 7=1
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For example, when n = 6 we have

(2,2,1,1) <(2,2,2) and (3,2,1)<(4,1,1),
while
(3,1,1,1) and (2,2,2)
are incomparable. Asshown in [J&K], this partial order can be characterized in terms

of Young tableaux:

Lemma 3.4. [1.4.20, J&K] Let o, 8 F n and let t* be an o-tableau. Then o < g if
and only if there exists a S-tableau ## such that any two points which occur in # in

the same row occur in tf in different columns. O

From the preceding lemma, and since the first part of the proof of Theorem 3.2

did not use the fact that the two tableaux had the same diagram, we have

Lemma 3.5. [1.5.17, J&K] Let @ ¢ § and %, be tableaux with diagrams [a], [4].
Then there exists two points which occur in £* in the same row while they occur in
t# in the same column. Also, H(t*)V(##) = 0, and hence e%ef = 0. O

By the definition of the last letter sequence on st[a],

Lemma 3.6. [3.1.19, J&K] For t&,t¢ € sta] we denote by [o/)] and [a(*7)] the
diagrams of £f*"* and £3*"* (j asterisks), where 0 < j < n. Then £ < t¢ if and only

if there exists an 2 € N such that

while
olth) o o(Bh) O

Theorem 3.7. [3.1.20, J&K] If & < ¢ then £5&% = 0.

Proof: Denote by R the row which contains n and ay,...,a, the other elements of

R; denote by C the column which contains n and by, ..., b, the other elements of C.
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Then, by 2.11, 2.12, 2.15, and 2.16,

i=1

= H(E) [

Ri#£R

H(Ri)J

= (1s, + (a1 n) + ... + (ax n))H{as, ..., a}) { ?—[(Rz)J

R,‘R
= (1s, + (a1 =) + ... + (ax n))H(Z),
and similarly

V(&) = V(te*) (s, — (a1 n) — ... — (ax n)).

Since
Al sy 1 & (24 & o
€y e; = (raye VEDHE)VES)HE),

it suffices to show that
H(tZ)V(ET) = 0.

We proceed by induction on n. If [al#Y)] = [o(®1)], then #; < #; forces &* < t2*. By
the induction hypothesis we have H(t*)V(t8*) = 0, and thus H(tZ)V(?) = 0. If
[oi1)] £ [a®D)], then, by Lemma 3.6, we have a(#1) < o(®) and so ol®V) £ o)),
Then, by Lemma 3.5, H{EF)V(E2*) = 0, and thus H(i§)V(t¥) = 0. o
Corollary 3.8. The sum

QSnE? + QSn5 + ... + QS,%

is direct.

Proof: Suppose
(llé? + agég + .ot afaé?a = O,

where ay,...,ap € QS,,. Multiplying on the right with é§ gives
0= (6167 + @265 + ... + apeéfa)él
=y (éla)z -+ azégé? + ... afaé?aé?

= aléi" .
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Multiplication with &3, ..., &% successively yields

agég = 07 N ,afaé?a = 0.

Hence the decomposition given in Theorem 3.1 has been proven. We now turn to

the construction of a counterexample to the claimed orthogonality of the generating

elements €.

3.2 A Counterexample to Theorem 3.1

If o+ n and B F n are distinct, then
el = &ex=0.
For if & # f3, & and éf belong to distinct simple two-sided ideals in @S,. So our

counterexample must come from the product of two primitive idempotents belonging

to the same simple two-sided ideal. Moreover, by Theorem 3.7, our counterexample
éter #0
must satisfy
<ty
Suppose t,t’ are two a-tableaux that satisfy no two elements in the same row of

¢ occur in the same column of #. Let the tableau ¢ have the element 7 in its z*® row

and y™ column if ¢ is found in the z*® row of ¢ and in the y*™® column of . So there

exists an o-tableau t” such that
H({t"y=H() and V({")=V().

For example, if

12 3 2 4 3
t=4 5 and =6 1 ,
6 5
then
2 1 3
t'=5 4
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Lemma 3.9. [1.5.16, J&K] Suppose that t and ¢' are two tableaux with the same
diagram, and ¢ = 7¢. Then H(¢)V(¢') # 0 if and only if 7 = n’p for some 7’ € V(¢'),
p € H(t).

Proof: First suppose H(¢)V(t') # 0. Then there exists a tableau ¢ such that H{t") = -
H(t) and V(") = V(#'). Let 0,0’ be such that t¥ = o't' = ot. Then o' € V()
o € H(t), and t' = o' 'ot. Suppose now that 7 = n'p for some 7' € V(¢'), p € H(t).
Two elements which occur in the same row of ¢ occur in the same row of pt, and so

. [ . . -
occur in the same row of 7 ~*#. Thus they occur in different columns of 7 ~1#, and

since 7 ! € V(#'), they must also occur in different columns of . The result now

follows from Theorem 3.2. ]

For a-tableaux s and t, let 7, ; be given by

§ = 7T5,tt

and define
ess = V(s)H(s)Ts4 .

This extends the definitions of my, and ef, (Section 2.4), which were given for the

standard o-tableaux, to the collection of a-tableaux. The =, ; satisfy
ﬂ';tl = Ti,s and Ts,tTtu = Tsu-

To any permutation 7 € S, we can associate an a-tableau ¢’ such that 7 = 7, 4;
t' can be obtained by applying 7! to s. By 2.10, V(¢') = 77'V(s)r, and we have the

following theorem:

Theorem 3.10. Let 7 (= m,y) be a permutation. If H(¢)V(t') = 0 then 7 has
coeficient 0 in e,,. If H(¢)V(¥) ( = H(¢")V(t")) # O, then the coeficient of 7 in e,

is +1 according as my w is even or odd.

Proof: First suppose 7 has nonzero coefficient in e, . Since, by 2.10,

ey = V(8)H(s)mep = V(s)me s H(2),
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7 is of the form w7, :p0;, where 7, € V(s) and p; € H(t). Then, by 2.8 and 2.10,

HEVE) = HE)rV(s)r
= H(t)p; ' mysm, V() muTs 104
= H(t)me sV (8)Ts 1
= H{t)V(t)p:
# 0.

Hence H(t)V(¢') = 0 implies that 7 has coefficient 0 in e, ..
Suppose now that H(¢)V(t') # 0. By Lemma 3.9

Myt == Ty Pty

where 7y € V(¢') and p; € H(¢). Then, by 2.4, we have

Msp = T gt t

,
= T Ty Ot
= MMe,t Pt
= MsTP,

and so

1

o -1
T=W Tethr -

Thus 7 occurs in e, ¢ with coefficient (—1)™ = (—1)". ]

Consider first the partition o = (3,2) I 5. By applying Lemma 2.1 to efeg =
efls, eg, we have that efef = 24)efy, where A is the coefficient of 15, in ef;. Theorem
3.10, with 7 = 15, and €7, = e§;, can be used to evaluate A as follows. Since 7 = 1g,
we have that

1 3
t (= 17) = :
( 5=,
With the rows of
1
t(=1t) =
(=)=,
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and the columns of ¢ we build the tableau

tll —

4 2

Thus 7y = (2 5), and so, by Theorem 3.10, 1s, has coefficient —1 in eg;. Hence

efeg # 0.
By adjoining 6,7,...,n to the first row of £ and tf, we obtain the standard

tableaux with diagram [f] = [n — 2, 2]

13567 ..n
2 4

io

and
_‘1_2367...n

4 5

tko 3

which satisfy ¢;, < t;,. Applying Lemma 2.1 and Theorem 3.10 to ef; and eﬁo as in
the previous paragraph, we find that 7y = (2 5). Thus, for all n > 5, e’i ego # 0.
Hence we have a counterexample, for n > 5, to the orthogonality of the generating

elements é¢ as claimed in Theorem 3.1.
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4 Involutions on QS,

Let R be aring. An snvolution on R is a map
*'R—= R
which satisfies
(a+b)*=0a*+b", (ab)*=0b"a", (a")' =a

for all a,b € R. An element a € R is said to be symmetric if a* = a.
On the group algebra F'G, the map given by g* = ¢~! for g € G and extended

linearly to F'G is an involution. In particular,

(X rer) = 3 200”

o€Sy gES,
for QS,.
~ Since
(@S,)" =QS,
and
Qs. =P -,
. atn
where the T are simple two-sided ideals, we have that
an — @(Ia)*
aln

is another decompositition into simple two-sided ideals. Since this decompostition is
unique, for each o - n there is a 8 - n such that (I%)* = I?. Actually, (I%)* = I
for all a Fn by Lemma 4.1 below.

 We wish to determine the restriction *|je, for o + n. This will be accomplished -
through the use of a positive definite symmetric bilinear form b defined on the minimal

right ideal elQS,,. Since for 1 < ¢ < f¢ these minimal left ideals are equivalent, we

~

are free to choose which minimal left ideal we use. .
Given a primitive and essentially idempotent element eff, we first need to find
a primitive symmetric and essentially idempotent element E{ such that EZQS, =

e2QS,,. A candidate is ef(e?)*, since by construction this element is symmetric.
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Lemma 4.1. Let Ogs, # a € QS,. Then [aa*];;_ > 0.

Proof: Let
g = Z 0,0,
U'ESn.
Then
a* = Z a,0 L,
gES,
and hence
[aa")e, = Y _ a2 |
€S,
Putting

£ = [e?(e?)*hsn )

we have, by Lemma 2.1,

1 aa*2_________}________~eqeq*eg ea*
(Wei ei) ) - (Ea)z(h;a)?.( z( z) z)( ,-)
—____éflﬁ_a__e?\! eq #
= (fa)Z(K.’a)2 z( 7.)
~et(e)".

= gana g

Thus e;(ef)* is essentially idempotent.
Clearly e?(e?)* € e2QS,,. Also, by 2.1, e?(ef)*ef = £%k%e® # 0 gives

{0} & (ef(ef)")QSn C 7QSn.

By minimality of e?QS, we have that (e(e?)*)QS, = efQS,. Thus ef(e?)* is prim-
itive.

Let et?‘ denote ef(ef)*. Hence ezq is a primitive symmetric and essentially idempo-
tent element satisfying ez?‘@sn = e2Q8S,,.

Using this primitive symmetric and essentially idempotent element, we now define

the form b:
b:elQS, x efQS, = Q

given by

# * ® *

(efz, egy) = [(ef2)(efy)"] -

n
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It is clear that for z,y € QS,, [zylis, = [¥7]is,-
Lemma 4.2. For all ¢ € QS,,, ez?‘aez" = Amae%, where A = [efalig .

* % * % * *
Proof: Since Q = Qef C efQS,ef = Q, efaef = uey for some u € Q. Com-

* * %
paring the coefficients of 1s, on both sides gives ué® = [efaef], = [efefa], =

[fam“e,%"a]ls = £ [e}a] o - From £% # 0 we have u = £* [et?‘a] " B

Let & be a non-degenerate bilinear form on a vector space V, and let ¢ € End(V).

Then the adjoint ¢ of ¢, which satisfies
h(ug,v) = h(u,v8), VuveV,

induces an involution on End(V).

Theorem 4.3. The mapping b is a positive definite symmetric bilinear form. More-

over, the involution induced by b on eQS,, is the involution *.

) * * % *
Proof: Let efz,e2z’, efy, € e¥QS, and let A € Q. By Lemma 4.2, the map b is

symmetric, as
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To show that b is bilinear, it now suffices to show linearity in only one coordinate.

Then

*

* ¥
(efz + efz')(efy)"]

* * *
blefz + effz’, ef'y) = s
* * * "

= [+ &)y e,
] # * "
zy*el + efz'yrel] ”
% Ed ; n*
efzyes] 6, T [esz'y el Is,

£ 3 #* #*

e, + () eE)],,

i
ey
ip)

i
N s T e

A
and
b(Aefa, efy) = [(/\e%w)(e}y)*]lsn
= [Mefa)(E)],,
= A [(e:?'x)(@%y)*]lsn
= )\b(e}x, e%y)-
So b is a bilinear form. That b is positive definite follows immediately from Lemma

4.1. Lastly, let 0 € S,,. Then .

* * *

b(efzo, efy) = [(efzo)(efy)"]

The basis e}, 1 <k < f¢, of efQS,, is used to construct the matrix

* *

B = (b(efes;, efedy )1gk,e§fa '
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Since B is symmetric, it is congruent to some diagonal matrix D, ie., there exists
a non-singular matrix P such that D = PTAP, and B, D represent the form &

over different bases. Also, D induces the same involution as B. As the determinant

det(PTAP) = det(A)det*(P), the discriminant of a non-degenerate symmetric bilin-
ear form b on a vector space V over the field K is defined to be the class in K% /K *?
of the determinant of the matrix of b with respect to some basis of V, and this is
independent of the choice of basis. The discriminant is an invariant of the quadratic
form, or of the associated bilinear form.

Since the involution is given by
X = DXTD™,

we can also multiply D by any nonzero scalar A € Q without changing the involution.
However, the discriminant remains unchanged if f* is even, but is multiplied by A if
fe is odd.

A function called InvolutionMatrices (see Appendix B) was written in Mathe-
matica which calculates the matrix B and then finds a square-free diagonal matrix
D which is congruent to B. Using pen and paper, the diagonal matrix D is fur-
ther simplified, using both congruent transformations (isometries, denoted ~) and
multiplications by a nonzero scalar ¢ (homotheties, denoted ~).

Consider the (2, 1,1, 1) partition of 5. The matrices outputted by InvolutionMa-

trices are
2-1 1-1
_ -1 2-1 1
B—( 1-1 2-1)
-1 1-1 2
and
1188
D=1{g0s0 |-
00010
Consider first the submatrix
(30
S=(3¢)

of D. Suppose this S corresponds to some basis {u, v}, and let g5 denote the quadratic

form determined by S. Then

(u+v)yr=2u—v, gs(u+v)=9, gs(2u—v)=18,

Go
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Thus the matrix of gs with respect to the basis {3(u +v), (2u —v)} is

(58)

and so
1208 2
D~1lgoz0 | =
000

To show the last isometry, consider the submatrix
S=(3%).

Again, suppose this S corresponds to some basis {u, v}, and let gg denote the quadra-

tic form determined by S. Then
(u+v)t=u—-v, gs(u+v)=4, gslu—v)=4,

This shows that S is congruent to
(31) -
Since f2111) = 4 is even, multiplication by a scalar does not change the discriminant.
Since the discriminant of B is 5, we can do no better than the matrix Dj.
Consider now the partition associated with (2,1,1,1), namely (4,1). It has as

initial diagonal matrix

2000\ 5 /10000 1000
D=[0000} [ 0600} . {08300
=loo10/~| 06030 0060 |

6005/ 0001 00010

and, by the work done for the (2,1, 1,1) partition, D induces the same involution as

(1)

For each m the two trivial partitions (n) and (1,1,...,1) correspond to one-
dimensional two-sided ideals, and so *|;» and *|;a,.. are trivial. What follows
is a list of the diagonal matrices which induce the involutions *|;«, obtained for the

nontrivial partitions o + n where 3 < n < 5. See Appendix A for additional calcula-

SIS
OOo

0
1
g
0

DO

tions and comments.
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Partition Diagonal Matrix Discriminant

(21 (5%) 2
(2,1,1) (égg) 1
(2,2) (%) 2
o (15%) 1

1ogs

(2,1,1,1) 0010 5
0005
41600

®21) 88448 !
00003
100000
081000

(37171) 000100 5
000010
000005
Hit

(3,2) 00100 1
00030
00003
’ 0100

(4,1) 0010 5
0005

We see that if 8 is the partition associated with «, then the involutions *|;« and

*|76 can be induced by the same diagonal matrix.
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Matrices

A Determining the

Much of the simplifications for the diagonal matrices D outputted by the function
InvolutionMatrices (see Appendix B) were achieved by considering 2 x 2 subma-

trices of the diagonal of D. In Section 3 it was shown that
(38)~(33) and (33)~(52).
For
S=(§)
corresponding to some basis {u,v} and gs denoting the quadratic form determined

by S,
(u+v)" =5u—3v, gs(u+v)=16, gs(bu— 3v)=240,

and so

For

corresponding to some basis {u,v} and gs denoting the quadratic form determined
by S,

Qu+v)t=u—2v, gsQu+v)=75, gs(u—2)=75,
and so

(105 105) ~ (3§) .
For
S=(3%)

corresponding to some basis {u,v} and gs denoting the quadratic form determined
by S, |

Qu+v)t=u—2v, gs(2u+v)=25, gs(u—2v)=25,

and so
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For
S = (305 104)

corresponding to some basis {u,v} and ¢s denoting the quadratic form determined

by 5,
(u+v)t =2u—~5v, gslu+v)=49, qs(2u—>5v)=490,

and so

Lastly, consider
S = ( 1)
03

corresponding to some basis {u, v, w} and gs denoting the quadratic form determined

DO

by S. Then

v—veE@+v+w)t, utv—2we{futv+w,u—ov}
gs(u+v+w)=9, gs(u—v)=6, gs(u+v—2w)=18,

( 30 o) ( 10 0)

030} ~{0201}.

003 006

In what follows, the matrix D,, o I n, is the diagonal matrix associated to o

outputted by InvolutionMatrices, A ~ B denotes that the matrix A is congruent
to the matrix B, A ~ B denotes that the matrix B is obtained from the matrix A by

and so

‘multiplication with the scalar a, and squares are removed from the diagonal without

special mention.
No additional calculations were required for the (2, 1) and (2,2) partitions.

Partitions (2,1,1) and (3,1)

300 100) 100
Dgyy=(060)~[020]~(010],
’ 002 002 001

and
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Partitions (2,2,1) and (3, 2)

20000 60 000 10 000 10000
030000} 3 /610000 015000 03000
Dpayy=(003000 | >~ 1001000 |~ {001500 )~ | 00300
4 00 020 00 060 00 010 00610
00 001 00 003 00 003 00003

10000 30000 10000

01000} 3 f03000 01000

~ | 00300 ) ~|00100 |~ 100100},
00030 00010 00030
00003 00001 00003

and

30000 10000 30000 10000
06000 02000 030600 01000

Daay= 00200 ] ~ | 00100 |~ | 00100 ]~ {00300 ).
' 00020 00010 00010 00030
00006 00006 00003 00003

Over fields of characteristic not 2, we can identify symmetric bilinear forms with
quadratic forms and vice-versa, and the classification of non-degenerate quadratic
forms over the rationals is a classical problem; for example, see [Sch] or [Jon]. In
particular,

(i) two forms over Q are isometric if and only if they are isometric over every p-adic
field @Q,, including p = co, and
(ii) two forms over Q,, including p = oo, are isometric if and only if they have the
same dimension, discriminant and Hasse symbol c,. |
If A is the matrix of a quadratic form g with respect to some basis, then the Hasse
symbol is defined by

n—1

¢p(g) = (=1, —Dn)p H(Dia ~Dii1)p,
i=1

where D; is the i x 1 determinant in the upper left corner of the matrix A and (a, 8),,
a, B € Qp, is the Hilbert Symbol, i.e., (o, 8), = +1 or —1 according as azi+fri=1
has a solution in @Q, or not. It can be shown that

() (@ —a)p =1,

(ii) (ad? B¥*)p = (e, B), and

(iii) if p is an odd prime, @ = p®ay, f = p°B1 with oy, 81 units (in Q,), then

(a, B)p = (=1|p)* (01 |p)*(B1|p)°®, where (c|p) is the value of the Legendre Symbol

(aglp) with ag the leading term in the p-adic expansion of a.
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Using these properties, cs(< 1,1,1,1,1 >) = 1 while ¢3(< 1,1,1,3,3 >) = —-1. So
over the 3-adics, these two forms are not isometric, and thus they are not isometric

over the rationals. Hence, the form < 1,1,1,3,3 > cannot be further simplified.

Partition (3,1,1)

1000 90090 500 000 100000
gi0808) 5 (B3g 008} (810608
D(3,1,1)" 0007000, — 10001400 ] ™~ {1 0001000
0000 100 000 020 00002¢
000005 000 001 0086001
200000 100000 100000
2 f020000 0100080 010000
A 700200014 4001000} ~, | 001060
= 1000500 000500 000108
600010 000010 000010
600002 000001 0006005

Since F(®'1) is even, multiplication by a scalar does not change the discriminant, and

so we can do no better than the above matrix.
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VMathematica

The following functions were written in Mathematica, and assume that the packages
DiscreteMath'Combinatorica' and LinearAlgebra'MatrixManipulation' have been
loaded. The file “S#.dat” contains the members of the symmetric group on # el-

ements, ordered by conjugacy class. The file “M#.dat” contains the multiplication

table for the symmetric group on # elements.

InvolutionMatrices: Given a partition, this function calculates the matrix B, as
defined in Chapter 4, and then finds a diagonal matrix D which is congruent to B.
As a means of error detection, the function does this for each standard tableaux as-

sociated to the partition.

TableauxBasis: Given a standard tableaux ¢, this function determines the ¢ and o
such that t = t2, and calculates a basis for the minimal right ideal efQS,, namely
{e2 | 1 < k < f*}. This function returns a list of length two: the first element is a

list which contains the basis elements; the second element is the value 1.
TableauStabilizer: Given a tableau ¢, this function returns V(t)#(t).

TableauPermutation: Given two tableaux #1,%s, this function calculates the permu-

tation 7 such that #; = 7wy, It returns this permutation as an element of QS,,.
QSnInvolution: Given an element a € QS,, this function returns the element a*.

QSnMultiplication: Given two elements a,b € QS,, this function returns the ele-
ment ab. |
Diagonalize: Given a symmetric matrix M, this function computes a diagonal ma-

trix which is congruent to M. It then removes the greatest common factor from

the diagonal, and makes the diagonal entries square-free. It returns this modified

diagonal matrix.
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InvolutionMatrices[p List?PartitionQ] := -

Module{
{nl, n2, i, listtab, temp, basis, e, einv, psi, ml, m2, t, 4, J, k},
listtab = Tableaux[p];-
nl = Length[listtab];
n2 = Smip[[il], {i,; 1, Tengthlp]}];
Do ’
Print[""]; Print[""];
Print i~ Working with tableau:
temp = TableauBasis[listtab[[i]]}];
basis = temp{[1]]; .
e=mbasis(| temp[[2]] ]];
einv = QSnInvolution fe, n2};
psi = Q8nMultiplication[e, einv, n2];
ml = Table[0, {j, 1, n1}, {k, 1, n1}};

Do ’
t = QSnMultiplication| QSoMultiplication[QSnMultipiication [psdi,

basis]f {j]] , B2], @SnInvolutionf[basis[[k]], n2] P n2}, psi, n2j};

mi[3, k1] = t[[1]],
{3, 1, ni}, {k, 1, ni}

1:

g

t, TableForm[ listtabi[i]] ]}:

~mi

m2 = H
2pply [GCD, Flatten[m1]]

Print["Matrizx w.r.t. basis is:

d = Diagonalize[m2];

Print[*Diagonal matrix w.r.t basis:

{1, 1, nl}

1

*, MatrizForm[m2]]:

", MatrixForm[d]],
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TableavBasis|t Idst? Tableaud] :=
Module]
{n, id, shape, 1, listtab, numtab, e, tableavbasis, perm, k, prod},
n = Max[t]; : ’
id =Table0, {ni}]; id[[1]] = 1;
shape = {};

Dol .
shape = Append[shape, Length[t[[i]]]],

{i, 1, Length[t}}
}:
listtab = Tableaux|shape];
numtab = Length[listtab];
e = TableausStabilizer[t];
tableauvbasis = {};

Dol
perm = TableauPermutation[t, listtab[[i]]];

If[perm =1id, k=4i];
prod = OSpMultiplication|e, perm, nj ;
tableaubasis = Append[tableaubasis, prod],
{i, 1, nmumtab}
Iz '
{tableaubasis, k}
I:

37



B MATHEMATICA FUNCTIONS

38

Tableaustabilizex|t IList? Tableaug] :=
Module]

{xows, cols, n, p, id, rowstab, curRow, nRow, rowPerm, nPerm, curPerm, .

ind, curRowstab, colstab, cuxCol, nCel, colPerm, cuxColstab},
rows = Lengthit]; cols = Length] £[[1]1] 1:
n = Lengthl Flatten[t] ] '
p =Which[n = 3, Import{"83.dat"], n=4, Import["84.dat"],
= 5, Import["s5.dat"], n= 6, Import["§6.dat"] ]:

id = Tablefi, {i, 1, n}i:

rowstab = Table[0, {nl}}]; rowstab[[1]] = 1;
- Dol o .
curRowstab = Table[0, {ni}]; cuxRow = t[[i]];
nRow = Length[curRow]; rowPerm = Permutations[curRow];

nPerm = Length][rowPerm] ;
Do
‘curPerm = id;
Doi :
curPerm[[ curRow[[k]] ]] = rowPerm[[3j, k]].
{k, 1, nRow} ];
ind = Positionp, curPerm]; ind = ind[[1, 1]];
curRowstab{ [ind]] += 1, ’
{j, 1, nPexm} ]; .
“rowstab = QSnMultiplication[rowstab, curRowstab, n],

{i, 1, rows} 1:

tt = TransposeTableau[t]; .
colstab = Table[0, {nl}]: colstab[[1]] = 1;
Dol .
curColstab = Table[0, {n!}]; cuxCol = tt[[i]];
nCol = Length[curCol]; colPerm = Permutations[cuxCol};
nPerm = Length{colPerm];
Dof .

curPerm = id;

Dol

curPerm|[ | curColi[k]] 1] = colPerm[{3, k]1,

{k, 1, nCol} ]:;

ind = Position|[p, curPerm]; ind = ind[[L, 11};

curColstab|[ind]] += SignaturePermutation[curPerm],

{3, 1, oPerm} ¥

colstab = QSpMultiplication[colstab, curColstab, nj,
{i, 1, cols} 1; }

tableaustab = QSnMultiplication[colstab, rowstab, n];

tableaustab ];
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TableauPermutation[tl List?Tableau®, t2 List?Tableaul]
Module| _

{n, g, perm, answer, p, 1, 3},

n=Magitl];

g = Whichn = 3, ITmport{"83.dat"],
n=4, Import{"S84.dat"],
ne=5, Import{"s5.dat"],
n=6, Import["86.dat"]

I

perm = Tablel0, (n}];

answer = Table[0, {nli}]:

Do

p =Position[t2, 1] [[1]]:
perm[[i]] =€1[{p[{11], plI2]] 1],
{i, 1, n}
1: A
j = Position[g, perm] [[1, 1]1;
answer|[3i}] = 1;
answer

i;
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osnInvolutionfa List, n_Integer?Positive] :=
Modulef
{i, 3, 1 =Lengthla], p, answer = a},
p = Which]n = 3, Importi"83.dat"],
ne= 4, Inmport["s4.dat"],
n=5, Import{"s5.dat"],
n= 6, Import{"86.dat"]
Irs
Dol .
If[Wot[InvolutionQ{pf{il]l ]I,
J = Position|p, InversePermutation[p[[ill]];
camswer[[ JI[1, 1]] 1] =af[i]]:
1.
{i, 1}
is
answer

iz
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osoMultiplicationfa Ydst, b List, n Integexr?Positive] :=
Module]
{i, 3, 1 =Lengthlal, answer, m, P},
m = Whichin = 3, Impoxrt["M3.dat"],
e 4, Import[*M4.dat"],
n=5, Import[*M5.dat"],
n= 6, Import["Mé.dat"]
I:
answer = Table[0, {1}]:
Dol
p=m{{i, 31]1;
answex[[p]] += (2[[i1]] «b[[1]]},
{1, 1,13}, {3, 1,1}
I:
answer :
1: /: Lengthia] = Length[b]
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Diagonalize[M List?Matrix)] :=
Module]
{n, i, 3, k, L, vactors, linfunc, diag, a, p, 4, diag¥, £},
n=length[M]; i=1; j=1;
While[is n &8 ML, 1]] =
i++ ]
3 =4
If[i»mn,
i=0;3=0;
Do
If[M[[k, 11} # O,
i=k;3=1; Break[]:],
{(k, 2, n~-1}, {1, k+1,n} }; ];

vectors = {}; linfunc = {}; diag= {};
a = Tablel0, {n}];

af[i]] =1; a[[3]] =1;

psa.M; d=a.p;

vectors = Append [vectors, a]; linfunc = Append[linfunc, pl;
diag = Appenddiag, d];

Print["Step 1: ", a, " ", p, " ", d];

Dof
a = NullSpace[linfunel [[1]];

p=a.M;d=a.p;
vactors = Append [vectors, aj; llnfunc = Bppend [linfunc, pl;

diag = Append[diag, d] 7
Print["Step ", k, ": ¥, a, " ®, p, v v, d],
{k, 2,mn} }:

diag = diag / Apply[6CD, diag];

Dof
£fa Fa.ctorl'nteger [diaglik]l];

Dol .
£{{1, 2]] =Mod[f[[1, 2]] 2],

{1, 1, Length[f]} };
diag{[k]] = Product[£{[1, 1]]“£[[L, 2]], {1, 1, Length[£]}],

{k, 2, n} };
diagh = DlagonalMatrJ.x [diag]:

diagd ]
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