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Abstract 

As the failure of a bearing could cause cascading breakdowns of the mechanical system and 

then lead to costly repairs and production delays, bearing condition monitoring has received 

much attention for decades. One of the primary methods for this purpose is based on the analysis 

of vibration signal measured by accelerometers because such data are information-rich. 

The vibration signal collected from a defective bearing is, however, a mixture of several 

signal components including the fault-generated impulses, interferences from other machine 

components, and background noise, where fault-induced impulses are further modulated by 

various low frequency signal contents. The compounded effects of interferences, background 

noise and the combined modulation effects make it difficult to detect bearing faults. This is 

further complicated by the nonstationary nature of vibration signals due to speed variations in 

some cases, such as the bearings in a wind turbine. As such, the main challenges in the vibration-

based bearing monitoring are how to address the modulation, noise, interference, and 

nonstationarity matters. Over the past few decades, considerable research activities have been 

carried out to deal with the first three issues. Recently, the nonstationarity matter has also 

attracted strong interests from both industry and academic community. Nevertheless, the existing 

techniques still have problems (deficiencies) as listed below: 

(1) The existing enveloping methods for bearing fault feature extraction are often adversely 

affected by multiple interferences. To eliminate the effect of interferences, the 

prefiltering is required, which is often parameter-dependent and knowledge-demanding. 

The selection of proper filter parameters is challenging and even more so in a time-

varying environment.  

(2) Even though filters are properly designed, they are of little use in handling in-band noise 

and interferences which are also barriers for bearing fault detection, particularly for 

incipient bearing faults with weak signatures. 

(3) Conventional approaches for bearing fault detection under constant speed are no longer 

applicable to the variable speed case because such speed fluctuations may cause 

―smearing‖ of the discrete frequencies in the frequency representation. Most current 
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methods for rotating machinery condition monitoring under time-varying speed require 

signal resampling based on the shaft rotating frequency. For the bearing case, the shaft 

rotating frequency is, however, often unavailable as it is coupled with the instantaneous 

fault characteristic frequency (IFCF) by a fault characteristic coefficient (FCC) which 

cannot be determined without knowing the fault type. Additionally, the effectiveness of 

resampling-based methods is largely dependent on the accuracy of resampling procedure 

which, even if reliable, can complicate the entire fault detection process substantially.  

(4) Time-frequency analysis (TFA) has proved to be a powerful tool in analyzing 

nonstationary signal and moreover does not require resampling for bearing fault 

identification. However, the diffusion of time-frequency representation (TFR) along time 

and frequency axes caused by lack of energy concentration would handicap the 

application of the TFA. In fact, the reported TFA applications in bearing fault diagnosis 

are still very limited.  

To address the first two aforementioned problems, i.e., (1) and (2), for constant speed cases, 

two morphology-based methods are proposed to extract bearing fault feature without prefiltering. 

Another two methods are developed to specifically handle the remaining problems for the 

bearing fault detection under time-varying speed conditions. These methods are itemized as 

follows: 

(1) An efficient enveloping method based on signal Fractal Dimension (FD) for bearing fault 

feature extraction without prefiltering, 

(2) A signal decomposition technique based on oscillatory behaviors for noise reduction and 

interferences removal (including in-band ones),  

(3) A prefiltering-free and resampling-free approach for bearing fault diagnosis under 

variable speed condition via the joint application of FD-based envelope demodulation 

and generalized demodulation (GD),  and  

(4) A combined dual-demodulation transform (DDT) and synchrosqueezing approach for 

TFR energy concentration level enhancement and bearing fault identification. 

With respect to constant speed cases, the FD-based enveloping method, where a short time 

Fractal dimension (STFD) transform is proposed, can suppress interferences and highlight the 

fault-induced impulsive signature by transforming the vibration signal into a STFD 
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representation. Its effectiveness, however, deteriorates with the increased complexity of the 

interference frequencies, particularly for multiple interferences with high frequencies. As such, 

the second method, which isolates fault-induced transients from interferences and noise via 

oscillatory behavior analysis, is then developed to complement the FD-based enveloping 

approach. Both methods are independent of frequency information and free from prefiltering, 

hence eliminating the tedious process for filter parameter specification. The in-band vibration 

interferences can also be suppressed mainly by the second approach. For the nonstationary cases, 

a prefiltering-free and resampling-free strategy is developed via the joint application of STFD 

and GD, from which a resampling-free order spectrum can be derived. This order spectrum can 

effectively reveal not only the existence of a fault but also its location. However, the success of 

this method relies largely on an effective enveloping technique. To address this matter and at the 

same time to exploit the advantages of TFA in nonstationary signal analysis, a TFA technique, 

involving dual demodulations and an iterative process, is developed and innovatively applied to 

bearing fault identification. 

The proposed methods have been validated using both simulation and experimental data 

collected in our lab. The test results have shown that the first two methods can effectively extract 

fault signatures, remove the interferences (including in-band ones) without prefiltering, and 

detect fault types from vibration signals for constant speed cases. The last two have shown to be 

effective in detecting faults and discern fault types from vibration data collected under variable 

speed conditions without resampling and prefiltering. 
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Chapter 1 Introduction 

1.1 Overview 

Rolling element bearings are among the most commonly used mechanical components. They 

are often used in a harsh environment carrying heavy load and are hence one of the most failure-

prone mechanical elements. For example, 44% of the total amount of failures of large induction 

motors is related to bearing breakdown (Zhang et al., 2011).  According to Mortazavizadeh and 

Mousavi (2014), common machine faults in electric rotor are : 

1) Bearing failure; 

2) Rotor broken bars; 

3) Rotor body failure; 

4) Bearing misalignment; 

5) Rotor misalignment; 

6) Bearing loss of lubrication; 

7) Rotor mechanical or thermal unbalanced. 

As shown on the above list, of all causes for rotor failures, three were directly related to 

bearing. A bearing failure could result in a stall of a mechanical system with a catastrophic 

consequence, leading to productivity and financial losses. Therefore, assessment of the running 

conditions of bearings is of great importance to prevent rotating machinery from unexpected and 

catastrophic failures. The issue of providing timely and effective detection of bearing faults has 

been attracting much interest in both industry and academia (Benbouzid and Kliman, 2003).   

Over the past few decades, much work has been carried out and various methods have been 

explored for bearing fault detection. These methods mainly rely on four types of information 

sources, i.e.,  acoustics, temperature, wears debris and vibration signals (Garner and Leopard, 

1985; Mba, 2003; Dempsey et al., 2006; Patil et al., 2008; He et al., 2009). Among these, it has 

been found out that vibration signals resulting from rolling element bearings carry rich 

information related to bearing conditions (Howard, 1994; Wang and Liang, 2011). The 

availability of a variety of affordable vibration sensors and signal conversion devices, together 

with the advances in high speed data acquisition provide a unique opportunity for vibration 
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signal collection. Therefore, analysis based on vibration signals has been established as one of 

the most common and reliable ways for bearing fault detection (Nikolaou and Antoniadis, 2002a). 

However, vibration signals are indirect sources of bearing health condition and the bearing 

condition cannot be directly assessed from the acquired raw signals. To reliably detect bearing 

faults, advanced vibration signal analysis methods have to be developed. The main factors 

(matters) affecting the quality of fault detection results include the modulation effect, 

background noise and various interferences contained in the vibration signal and the non-

stationary nature of certain bearing signals. The causes of these factors are itemized as follows 

(McFadden and Smith, 1984; Howard, 1994; Antoni and Randall, 2002; Randall, 2004; Antoni, 

2006; Zhang and Randall, 2009; Zhang et al., 2013): 

1) Modulation effect: A rolling element bearing with localized defects generates a series of 

impulses through making contact with another surface in the bearing. The fault impulse is 

short and transient in nature and its frequency content, hence, spreads over a wide 

frequency range, which usually excites a resonance in the system at a high frequency. The 

resonant frequency is modulated by the impulse frequency of the bearing fault. Moreover, 

due to the usual slip of the rolling element, the rate of repetition of the impulses 

experience a certain degree of randomness. Such variations between the consecutive 

impulses cause smearing of the spectral energy. Thus, to effectively reveal the frequency 

of impulse repetition, i.e., the fault characteristic frequency (FCF), demodulation is often 

required (see Fig. 1.1 (a)). However, most the available demodulation methods are 

adversely affected by noise and interferences vibration. Therefore, the enveloping 

spectrum, i.e., the spectrum of the demodulated signal, may be still clouded with artifacts 

of shaft, gear meshing and other unwanted signal components, leading that the FCF and 

its harmonics may not be readily revealed (Afshari and Loparo, 1998) (see Fig. 1.1 (b) 

and (c)).  

2) Strong noise: In an industrial setting, the collected vibration signal contains strong 

background noise from various sources such as data acquisition devices, electric cables, 

wiring, and power line. Moreover, many rotating machinery contain various mechanical 

components such as gears, turbines, injectors, and pumps, etc., which would produce 

additional random noise. The signal of a bearing fault, especially at its early stage, can be 

masked by such noise, making it difficult to detect a bearing fault (see Fig. 1.1 (b)). 
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Filtering the signal via a bandpass filter with center frequency around the resonant 

frequency would improve the signal-and-noise ratio (SNR); nevertheless, the filter design 

is often knowledge-demanding and time-consuming. Moreover, even if the appropriate 

filter is designed initially, it may become ineffective later in a changing environment. 

3) Various interferences: Except the strong background noise, there are frequency 

disturbances together with their harmonics caused by mass unbalance, power line system, 

shaft misalignment and other mechanical/electrical components. These interferences can 

easily mislead the detection results (see Fig. 1.1 (c)). Though some interferences can be 

removed by bandpass filtering, if designed properly, the in-band interferences (i.e., the 

interferences residing in the resonant frequency band) cannot be easily and quickly 

removed by most of the existing methods.   

4) Non-stationarity: Apart from the constant speed condition, bearings are always subject to 

speed fluctuations, such as bearings in wind turbine, mining equipment etc. Such speed 

variations would give rise to severe ‗smearing‘ on the spectrum and lead the discrete 

frequency lines to being unobservable even on the envelope spectrum (see Fig. 1.1 (d)). 

Therefore, the methods developed for bearing fault detection under constant running 

conditions are no longer applicable to time-varying running conditions.  

The graphical illustration of the effects of modulation, noise, interferences and 

nonstationarity is presented in Fig. 1.1 and explained as follows. The first column sub-figures 

show the raw signals which are the clean impulsive signal incorporating roller slippage, impulses 

mixed with noise, impulses polluted with noise and interferences, and nonstationary signal 

(vibration under variable speed condition), respectively. The corresponding frequency spectra 

and envelope spectra of these signals are respectively presented in second and third columns. 

According to the spectrum of the clean impulsive signal, the frequency content spreads over a 

wide frequency band as shown in the graph in middle of the first row in Fig. 1.1. Furthermore, 

the harmonics of FCF in the high frequency region cannot be observed due to the smearing effect 

caused by roller slippage. The impulsive signal is then demodulated. Frequency analyzing the 

demodulated signal yields the envelope spectrum in the sub-figure of the first row on the right 

hand side. As can be seen, the frequency of the impulse repetition can be more easily identified.  
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However, bearing vibrations are often tainted by strong noise and interferences which mask 

the FCF and its harmonics. As we can see in Fig. 1.1 (b) and (c), neither spectrum nor envelope 

spectrum can reveal the FCF and its harmonics, which illustrates that the effectiveness of 

classical enveloping method is undermined by noise and interferences. Fig. 1.1 (d) presents the 

simulated vibration signal from a time-varying speed case. The ‗smearing‘ phenomenon on the 

spectrum is much more severe because of the speed fluctuations. As a result, the discrete 

frequency lines cannot be recognized on the envelope spectrum, as seen in Fig. 1.1 (d) on the 

right, even if the signal is clean. The spectral-analysis-based fault detection hence becomes more 

complicated.    
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Fig. 1.1 The graphic representations of the four factors listed above: (a) the signal modulation effect, (b) strong 

background noise, (c) interference vibration, and (d) the nonstationary signal (from left to right for each row: raw 

signal, frequency spectrum and enveloping spectrum; the resonance frequency : 2 KHz; and the rate of impulse 

repetition: 125 Hz). 
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In view of the above, research has been carried out to address the issues caused by these 

factors. The modulation effect of the fault impulses has inspired the development of envelope 

extraction methods. Hilbert Transform is most commonly used for this purpose in bearing 

condition monitoring. However, the Hilbert transform is vulnerable to noise and interferences. To 

obtain a reliable detecting result, pre-processing like filtering is often required. A typical example 

of this is the high resonance frequency (HRF) technique (McFadden and Smith, 1984; Tandon 

and Choudhury, 1999). The main steps of this method include bandpass filtering the vibration 

signal around the resonant frequency, enveloping the filtered signal and then Fourier 

transforming the demodulated signal. However, the bandpass filter design is based on the 

resonant frequency which is often unknown, thus it is a challenging task to select a proper center 

frequency and bandwidth. Another two widely used enveloping techniques in the literature are 

multi-scale morphological analysis (MMA) and energy operator (EO). The former extracts 

impulses by using structure elements at different scales to dilate or erode vibration signals 

(Zhang et al., 2008). One of the deficiencies of MMA is that it has to empirically select structure 

elements. Moreover, the MMA and HFR technique may become ineffective in analyzing signals 

containing strong noise or/and multiple interferences. EO has shown to be capable of extracting 

signal envelope. Various EO variants have been proposed over these years. However, similar to 

the MMA and HFR techniques, the EO is vulnerable to multiple interferences and noise. Thus, it 

is often required to be combined with other methods, such as EMD and filter-based processes, 

for many applications (Cheng et al., 2007; Rai and Mohanty, 2007; Li et al., 2010; Liang and 

Bozchalooi, 2010).   

To successfully extract envelope in a noisy environment, many existing methods require a 

denoising step. For instance, as mentioned above, the commonly used HRF technique involves a 

denoising procedure to bandpass filter the signal. Two major denoising techniques, namely filter-

based method and decomposition-based method, have been extensively used to clear vibration 

signals from defective bearings (Altmann and Mathew, 2001; Lin et al., 2004; Qiu et al., 2006). 

The success of the former approach largely relied on the proper selection of filter parameters like 

center frequency and bandwidth, which is often problem-dependent and running condition-

sensitive. Likewise, the performance of the latter that uses the characteristic of the wavelet 

transform to clean signals is influenced by the wavelet parameter determination strategy and 

mother wavelet selection. Furthermore, such denoising methods are developed for Gaussian 
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white noise reduction and thus incapable of removing interferences. In addition to the above, the 

self-adaptive noise cancelling (SANC) method and its variant, discrete random separation (DRS) 

are successfully used to remove noise in bearing condition monitoring (Antoni and Randall, 

2004). However, for the success of such methods, parameters such as filter length and delay 

duration should be selected properly. 

Apart from the noise, overcoming the adverse effects of interferences in fault detection is also 

important as they can result in confusing spectrum and hence misleading detecting results. 

However, reported research on this topic has been very limited. In a recent study by Zhang and 

Liang (2013), bandpass and bandstop filtering approaches are jointly used to successfully 

remove interferences from vibration signals. However, this method requires an iterative auto-

correlation module to suppress noise. The other filtering methods may also remove some 

interferences and its harmonics to some extent but they are of little use when frequencies of 

interferences reside in the band of resonant frequency. Moreover, linear frequency filtering can 

no longer be used in the cases where the interaction between interferences and bearing signals 

has been found to be multiplicative (Randall, 2004).    

In addition to the three problems mentioned above, nonstationary vibration signals collected 

from bearings working under variable speed condition even make bearing diagnosis more 

challenging.  One of the common yet powerful methods for nonstationary signal study is TFA as 

it exploits both time and frequency information simultaneously. The wavelet transform based 

TFA has emerged as a powerful tool and led to significant developments in nonstationary signal 

processing for fault detection (Satish, 1998; Peng and Chu, 2004; Peng et al., 2005). Unlike the 

traditional Fourier transform (Wald et al.) (Wald et al.) which is blind to time information, 

wavelet transform (WT) can be used for multi-resolution analysis, providing high time resolution 

for high-frequency events, and high frequency resolution for low-frequency events. Therefore, 

the WT is better suited to bearing condition monitoring under variable speed. However, the 

mother wavelet and wavelet parameters should be selected appropriately, as revealed earlier. 

Another popular method for TFA is windowed FT, such as short-time Fourier transform (STFT) 

and Gabor transform (Russell et al., 1998; Cocconcelli et al., 2012). However, the Heisenberg-

Gabor inequality makes it impossible to obtain desirable time and frequency resolutions 

simultaneously in the time-frequency (TF) plane. The bilinear TFR, like the Wigner-Ville 
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distribution (WVD) and Margenau-Hill distribution (MHD), is also commonly used (Li et al., 

2006) as they have good concentration in the TF plane. Unfortunately, the problem with the 

WVD and MHD is the cross-term interference because the support areas of the signal overlap 

each other. Most of these TFA methods have been used for rotational machine health monitoring. 

However, a majority of them are customized for gearbox application, where the instantaneous 

frequency (IF) of the shaft can be easily obtained because the relationship between the IF of shaft 

and the fault-related TF component on the TF plane is easily observable. This is nevertheless not 

the case in the context of bearing fault detection because the IF of shaft for bearing cannot be 

directly attained from the extracted fault-related TF component as the two are coupled by the 

fault type. Another class of widely used techniques for bearing condition monitoring under 

variable speed condition involves order tracking analysis. This class of methods is largely 

dependent on the shaft IF or IFCF extraction. Even though either shaft TF or IFCF can be 

obtained successfully, it does not provide direct detection result of bearings under unstable speed. 

This is usually solved by resampling the collected vibration signals to eliminate influence of 

speed variations (Fyfe and Munck, 1997; Wang et al., 2014), followed by order spectrum 

analysis. Only then can the fault information of bearings be revealed. However, the overall 

accuracy of order tracking is affected by many factors, such as filtering, rotational speed, 

interpolation method and noise (Fyfe and Munck, 1997). For example, the order tracking 

inevitably incorporates error to the result as the resampling is achieved via polynomial 

interpolations, while vibration signals are generated by cyclic phenomena and thus sinusoidal 

rather than polynomial. Besides, the resampling algorithm itself could considerably complicate 

proposed methods. 

Except the above issues related to the quality of the detection result, another issue crucial to 

on-line monitoring is computational efficiency. Good quality of detection result alone does not 

guarantee industrial acceptance if the method is too computationally demanding.  

1.2 Motivation and Proposed Study 

1.2.1 Motivation  

As introduced above, a variety of approaches have been developed to address the four 

mentioned matters (factors), i.e., modulation effect, background noise, interferences and 
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nonstationarity. The diagnosis quality related deficiencies (problems) of these existing 

approaches listed above can be summarized in the following: 

1) Modulation effect 

The existing enveloping techniques are susceptible to noise and interferences, therefore 

parameter-dependent pre-treatments are often required.  

2) Denoising  

Filter-based denoising methods require the determination of center frequency and 

bandwidth, which is often knowledge-demanding and case environment-sensitive. Even 

though the filter may work initially it may become ineffective later as the running condition 

changes. In terms of wavelet-based de-noising, a suitable mother wavelet and shape factor 

also has to be selected in advance. More importantly, even if filters are well-designed, they 

may not be effective in handling in-band noise. 

3) Interferences removal 

Interferences can be removed via prefiltering; however, filter parameter determination is a 

challenging issue. Though filters with properly selected parameters can eliminate some out-

band interferences, the in-band interferences cannot be removed.  

4) Nonstationary signals 

Since the shaft IF undergoes changes with the time, the classical frequency analysis 

methods cannot reveal the fault information in this case. Most of the existing TFA methods 

are effective for gear fault detection, but are not suited for bearings. This is because that the 

fault-related TF components on the TF plane only show the existence of a fault, if any, 

however the fault type cannot be revealed. Therefore, it is more challenging when using TFA 

methods for bearing fault diagnosis and the literature in this direction is very limited. Since 

the fault type cannot be determined, the shaft IF cannot be calculated, making it impossible 

to do order-tracking analysis as its resampling procedure is based on the shaft IF. Even if the 

shaft IF can be accurately obtained, the order tracking inevitably propagates errors as the 

resampling is achieved via polynomial interpolations, while vibration signals are generated 

by cyclic phenomena which is not polynomial in nature. In addition, the resampling 

procedure may substantially complicate proposed methods.   
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According to the above description, these problems can be classified into two types:  

a) Bearing fault detection under constant speed condition: the main challenges in this case are 

to remove noise and interferences, and then demodulate the processed signal to extract fault 

feature, and  

b) Bearing fault detection under variable speed condition: the main tasks in this case are to 

identify faults as well as discern fault types without a resampling procedure and explore the 

potential of the TFA methods in beating fault identification.  

The Type a) issues can be addressed by developing an enveloping method which can suppress 

noise and interferences without pre-filtering, or a noise and interference removal approach 

independent of frequency information. In this way, the parameter-dependent filtering process is 

not involved and in-band noise and interferences can be removed. The solutions to Type b) issues 

require a resampling-free technique for bearing fault identification without prefiltering, and 

proper tailored TFA methods for bearing condition monitoring.  

As such, the objectives of this thesis work are to:  

1) Develop a parameter-independent enveloping method for fast and direct extraction of 

bearing fault features from signals without prefiltering, 

2) Design a frequency-independent technique for interferences and noise removal regardless 

of their frequency contents, 

3) Devise a resampling-free diagnostic tool for bearing fault detection and fault type 

identification from nonstationary vibration signals acquired under variable speed, and 

4) Propose a novel TFA method and explore its application to bearing fault identification 

under time-varying speed condition. 

The issues, challenges, motivations and proposed approaches for bearing fault detection as 

discussed above are summarized in Fig. 1.2. 

1.2.2 Proposed Study 

The research plans and their rationales in accordance with the objectives of this thesis are 

outlined as follows. 
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Fig. 1.2 Summary of the issues, challenges, motivations and scope of the thesis. 

1) Development of an enveloping method for fast and direct extraction of bearing fault 

signatures without prefiltering 

Aiming at the problem in previous enveloping methods such as their vulnerability to 

interferences and the difficulty in filter parameter selection, a novel envelope extraction 

approach is proposed. This demodulation method is based on the signal complexity. Unlike the 

existing morphological approaches that use structure elements to dilate and erode raw signals 

(Nikolaou and Antoniadis, 2003; Chen et al., 2013), the proposed method is based on the fractal 

dimension (FD) concept. The FD is a measure of how ‗complicated‘ a self-similar figure is 

(Hadjileontiadis and Rekanos, 2003). In the context of signal analysis, the FD can assess the 

signal complexity in the time domain. The complexity of a signal is linked to changes over its 

time span. Therefore, by means of FD, the sudden changes of signals, such as impacts generated 

by bearing faults, can be tracked. To detect each impact, the short time fractal dimension (STFD) 

transform is proposed in this method, and then a STFD sequence can be obtained. 
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As the cyclic interferences from shaft misalignment and rotor unbalance etc. change more 

smoothly in comparison with fault-generated transient signals, the FDs of interference 

components are far weaker than that of fault induced impacts. As a result, the fault-induced 

impacts are highlighted in a STFD representation and on the contrary interferences are weakened. 

The envelope of the fault impulses can, therefore, be more easily identified without using any 

additional filtering process. Hence the difficulty involved in filter parameter selection can be 

avoided. 

Another observation of the proposed method is that a STFD sequence can be easily obtained 

in time domain via simply mathematical operations. This leads to a very efficient algorithm 

suited for on-line bearing condition monitoring. To quantify the computational efficiency of the 

FD-based algorithm, its computational complexity is analyzed in this study.  

2) Development of a frequency-independent approach for the reduction of both in-band and out-

band interferences and noise based on signal oscillatory behaviors 

The above method addresses the issues from the enveloping point of view. The performance 

of the enveloping method, however, deteriorates with the increase of interference frequencies 

because the FD values increases with the complexity of interference frequencies. To solve the 

problem, the second method is proposed from the perspective of interference and noise removal.   

The main purpose of this method is to remove interfering vibrations and noise regardless 

where they are located, in or out of frequency band covered by the resonance frequency. To 

achieve this, a signal oscillatory-behavior-based method is proposed. Signal oscillating degree is 

used to describe oscillatory behaviours of signals (Selesnick, 2011a). Signal components that 

present different degrees of oscillation can be decomposed using morphological component 

analysis (MCA) as long as proper bases with different oscillatory behaviors can be found for the 

representation of each component. As such, this approach is no longer based on the frequency 

differences among signal components and can separate the fault-induced transients from resonant 

parts and other signal components. Hence, the proposed method is free from filters and can 

remove interferences and noise of any frequencies in the frequency band of interest.  

Each time a rolling element moves over a damaged area, an impulse is generated, in the form 

of a very short burst (presenting no oscillations) and several oscillations whose amplitudes decay 

exponentially. The harmonic interferences (manifested as continuous oscillations) often feature 
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sustained oscillations. In this way, the bursts generated by bearing faults and the interferences are 

classified into two distinct signal component groups, i.e., low-oscillation component (with no 

oscillations) and high-oscillation component (with sustained oscillations), based on the 

differences of oscillatory behaviors. The objective function can be constructed based on the 

MCA and these signal components presenting different levels of oscillation can then be obtained 

by solving the objective function.  

3) Development of a resampling-free technique for bearing fault identification under time-

varying speed condition 

The previous methods are devised for constant speed. However, bearings often work under 

time-varying rotational speed condition in practice. Vibration signals collected in these cases are 

nonstationary, where the traditional frequency analysis methods are no longer effective. New 

methods for bearing condition monitoring under variable speed are therefore required. 

Considering the drawbacks of the existing methods for detecting bearing faults under variable 

speed conditions, this thesis proposes a new method free from prefiltering and resampling for 

bearing fault identification under time-varying speed conditions.  

This method is developed via the joint application of the STFD and GD. The STFD is 

proposed to extract the envelope from the raw signal, paving the way to obtain a clear TFR. The 

IFCF of the defective bearing is then estimated via a peak search algorithm based on the TFR. 

With the IFCF (demodulator), the GD can map the IF trajectory of a TF component into a linear 

path parallel to the time axis and at the same time the energy concentration level of the TF 

component is improved. From the frequency spectrum of the generalized demodulation signal, it 

can be seen that the frequency line where the linear path parallel to time axis is located 

dominates the frequency spectrum. Different demodulators proportional to the extracted IFCF 

are adopted to iteratively demodulate the signal, followed by analyzing frequency spectrum and 

searching the amplitude of the constant frequency where the linear path is situated. Assembling 

these pairs of frequency and amplitude, a new spectrum named resampling-free order spectrum is 

obtained. The detection decision can be made based on the resulting spectrum.  

4) Proposal of a novel TFA method and its application to bearing fault identification under 

unknown rotational speed condition 
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The TFA provides time and frequency information simultaneously; it is, therefore, a powerful 

tool to characterize the vibration signals of bearings working in variable speed conditions.  

Reported studies in this direction are, however, still inadequate. 

As such, this dissertation proposes a new TFA method named dual demodulation transform 

(DDT) and applies it to bearing fault diagnosis. It is termed DDT as it contains two 

demodulations, i.e., one forward and the other backward. The forward demodulation can 

transform the curved IF track into a line parallel to time axis, and hence the spectrum of the 

demodulated signal is more concentrated than the original signal. However, the real IF is not 

reflected by the spectrum of forward demodulated signal. The backward demodulation is 

therefore implemented to recover the real frequency of each time instant. Via such 

demodulations, the actual frequency at each time instant can be restored and the energy 

concentration level of the TFR around the time instant is improved. Thus, the TFR of the entire 

signal can be correspondingly enhanced. Based on the DDT, the iterative DDT (IDDT) is 

developed to handle nonstationary multicomponent signals where each signal component is 

subject to different modulating sources. An iterative procedure is involved in the IDDT to 

decompose the signal into monocomponents of constant frequency, thereby satisfying the 

monocomponent requirement of the DDT. With such an improvement, the proposed method can 

be extended to analyze nonstationary multicomponent signals, and the derived TFR has 

satisfactory energy concentration level and is free from cross-term. Besides, as the IF estimation 

has direct effects on demodulation results, a step for estimated IF refinement is employed to 

improve the IF accuracy. The proposed method is then applied to bearing condition monitoring, 

which at the same time validates the effectiveness of the proposed TFA method. 

1.3 Organization of the thesis 

The thesis is organized as follows. A literature review on bearing fault diagnosis methods is 

given in Chapter 2. This chapter is organized based on the matters revealed previously, thus 

presenting a review covering previous work of demodulation, denoising, interferences removal 

and nonstationary signal process for bearing condition monitoring. Chapters 3 and 4 present the 

proposed methods for bearing fault feature extraction under constant speed conditions. More 

specifically, Chapter 3 details the FD-based enveloping method and its applications to fault 

feature extraction from both simulated and experimental data. In Chapter 4, the proposed 
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oscillatory-behavior-based method is first presented and then validated by simulation and 

experiments. Chapter 5 proposes a resampling-free diagnosis strategy for bearing fault 

identification under time-varying speed conditions. A novel TFA technique and its application to 

bearing condition monitoring are reported in detail in Chapter 6. Conclusions and recommended 

future work are presented in Chapter 7. 
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Chapter 2 Literature Review  

This chapter presents a review of previous work that has been done on the four factors 

(matters) mentioned earlier, namely the analyses of the modulation effect, noise deduction, 

interference removal and time-varying signals in the context of bearing condition monitoring. 

2.1 Envelope demodulation methods  

As mentioned earlier, a faulty bearing, when in operation, modulates the carrying frequency 

(i.e., the fault-excited resonant frequency). Therefore, demodulation analysis has been 

established for extracting fault feature, in which envelope demodulation, also named amplitude 

demodulation,  has been used widely (Yang et al., 2007).  

Ho and Randall (2000) utilized the Hilbert enveloping method with SANC to extract 

amplitude of the modulation. A recent study on bearing failure detection in wind turbines also 

used the Hilbert transform (Amirat et al., 2011). The Hilbert transform in combination with other 

approaches such as empirical mode decomposition (EMD) and WT have been extensively 

applied (Peter et al., 2001; Yu et al., 2005; Zhang and Ai, 2008; Georgoulas et al., 2013). For 

example, the EMD with the Hilbert transform can give a full energy-frequency-time distribution 

of a signal. Such a method is designated as the Hilbert-Huang transform (HHT) which is 

effective for nonstationary time series analysis (Huang et al., 1998). These methods involve 

signal pre-processing followed by Hilbert transform. This means that the Hilbert transform 

should be complemented by other methods, which indicates that using Hilbert enveloping alone 

is inadequate because it can be easily affected by noise and interfering signals.   

Recently, the energy operator (EO) has shown to have a great potential for envelope 

extraction. Liang and Bozchalooi (2010) exploit a parameter-free approach based on the EO. A 

study proposed by Tang et al. (2011) employs energy operator demodulation together with 

wavelet packet transform (WPT) for bearing condition monitoring. Their study also compares 

the Hilbert demodulation and energy operator demodulation, showing that the envelope obtained 

by EO demodulation has less end effect compared with the Hilbert transform. However, a high-

pass filter is required by this method before energy operator demodulation. The Teager energy 

operator (TEO) is also favourably used for bearing fault detection as it has a good adaptability to 
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the instantaneous changes in signals and an excellent ability to resolve transient events. Liu et al. 

(2013) develop an approach to bearing fault diagnosis based on the combination of TEO and 

Elman neural network. In their work, the TEO is utilized to extract the cyclical impact caused by 

bearing failure but the WPT is required to reduce the noise of the Teager energy signal. The joint 

EO and EMD, namely Teager-Huang Transform, are presented in several studies (Cheng et al., 

2007; Li and Zheng, 2008; Li et al., 2009). Similar to the Hilbert envelope demodulation, in most 

of related research, the EO technique pins its success to pre-processing.  

Another alternative enveloping method is morphological analysis (MA), a signal processing 

method that extracts the local morphological features of a signal by intersecting it with a 

structure element. With the MA, a complex signal can be separated from the background noise, 

and decomposed into various components while reserving morphological features of the signal 

by basic morphological operators, including dilation, erosion, opening and closing. Nikolaou and 

Antoniadis (2003) examined the effect of the noise on the length of the structuring element and 

on the shape of the produced envelope, concluding that a structure element length of 0.6-0.7 

times the pulse repetition period can minimize the noise effects. However, this method requires 

the initial impulse repetition period of the original signal and it fixes the structure element (SE) 

in the single-scale morphology analysis. To overcome the disadvantages, multi-scale 

morphology analysis (MMA) has been proposed for bearing failure detection (Zhang et al., 

2008). The definition of the length and height scales of structure element is introduced and an 

adaptive algorithm determining SE at different scales is also presented. Although this method 

can enhance the SNR, a triangular SE does not well match the impulsive feature in many 

applications. In order to construct the SE that is similar to impulses in shape, an impulsive 

attenuation function is applied to create the SE (Wang et al., 2009). A new criterion is put 

forward to optimize the structure element. Nevertheless, they did not clarify how to determine 

the search range for the maximum amplitude, decay coefficient and natural frequency which are 

important to the success of this method. An integrated MMA and support vector machine (SVM) 

approach is suggested by Hao et al. (2011). Though this method is effective in distinguishing 

different fault features, the SVM part in the method requires a set of training data for fault 

pattern recognition. Such data are not always available particularly in an environment where the 

operating condition varies frequently. Moreover, the SVM is trained by a specific bearing under 

a particular environment, which severely limits its application scope. More recently, a 
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morphogram-based method is proposed by (Wang et al., 2012). An index called construct index 

is developed for this method, which is used to automatically determine the optimal length range 

of the SE based on the most likely fault interval observed by the morphogram. However, this 

paper did not examine noise and interference handling capability of the method. In addition, the 

signals analyzed in this study are quite clean.  

In summary, there are two issues associated with the previous enveloping methods. First, the 

effectiveness of most of such methods is dependent on the quality of the pre-treated data, like 

Hilbert demodulation which requires band-pass filtering. Next, some methods, like MA, are 

dependent on parameter selection. 

2.2 Denoising techniques for bearing fault detection 

As reviewed above, noise and interferences have profound effects on various envelope 

demodulation techniques. Vibration signals are often heavily clouded by strong noise from a 

complex mechanical system where bearings are installed. Consequently, a variety of noise 

reduction methods have been developed to purify vibration signals. These denoising methods can 

in general be grouped into two classes, i.e., the filter-based and decomposition-based. A review 

of the two types of denoising methods is given in the following.  

2.2.1 Filter-based denoising methods 

In this subsection, two commonly used filters, namely classical filters including low-pass, 

high-pass, band-pass, band-stop filters and wavelet filters will be reviewed. 

1) Classical filter-based noise reduction 

The key point of classical filter-based denoising methods is to find the proper center 

frequency and bandwidth so as to keep the impulse-like signal component as much as possible 

but discard other noise- and interference-related signal components. However, this often requires 

prior knowledge of the system and signals to be studied, which in reality is unknown beforehand. 

Even if the desirable parameters can be selected initially, they may work ineffectively afterwards. 

This is because the working condition may change, e.g., in a wind turbine. To address this issue 

of parameter selection, many methods have been put forward. Recently, a method called spectral 

kurtosis (SK) proposed by Antoni (2006) has found to be very useful for characterizing 
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nonstationary signals. Right after this, a concept of kurtogram which displays the SK as a 

function of the frequency and spectral resolution is proposed (Antoni and Randall, 2006). The 

maximum of the kurtogram provides the optimal parameters with which a band-pass filter can be 

designed. The SK and kurtogram ideas have spawned a large number of studies. For example, 

Combet and Gelman (2009) proposed a methodology for gearbox fault diagnosis by applying the 

optimal denoising filter based on the SK. A fast kurtogram has been used to extend the 

application of SK method by a study of Antoni (2007). However, as pointed out by (Wang and 

Liang, 2011), this method may not be practical because it is unrealistic to examine all window 

lengths used in the SK technique to search the optimal center frequency and bandwidth of filters. 

Moreover, the kurtogram tiling pattern is not adaptive to the signal under analysis. In addition, as 

stated by Sawalhi et al. (2007), a high value of SK requires no overlap between individual 

transients. It in turn means that their damping must be sufficiently high such that each impulse 

dies out before the coming of the next particularly when the impulse repetition frequency is high. 

Aiming at this issue, an algorithm is developed using the minimum entropy de-convolution 

approach (Sawalhi et al., 2007). The minimum entropy de-convolution efficiently eases the 

effect of the transmission path and clarifies the impulse-like signals. A study of Wang et al. 

(2013) replaced kurtosis of the temporal signals with that of power spectrum of the envelope of 

the signals extracted from wavelet packet nodes at various scales.  

2) Wavelet filter-based denoising 

The above is all about the classical filter-based denoising. The other filter-based denoising is 

based on WT, which is detailed in the following. Over the past two decades, the wavelet 

transform has emerged as an effective signal processing tool. The concept of wavelet was first 

put forward by Grossmann and Morlet (1984). The WT is defined as the inner product of a signal 

and a family of wavelets, which are created by scaling and translating the mother wavelet 

function in the following way 

 ,

1
( ) ( )a b

t b
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where ( )t is the mother wavelet function with a zero average ( ) 0t dt



 , the parameters a 

and b are scale factor and translation factor respectively. Morlet (1984) expressed the continuous 

wavelet transform (CWT) of a signal ( )x t at time b and scale a as   
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where 
*( )t is the complex conjugate of ( )t . 

However, the CWT is computation-demanding which limits its applications in reality. To 

improve computational efficiency and facilitate inversion, the discrete wavelet transform (DWT) 

has been developed. The idea is to replace the CWT by a transform with discrete scale factor and 

translation factor. The discretized two factors are as follows 

 0 0 0,m ma a b na b    (2.3) 

where m and n are integers. Then the wavelet function accordingly becomes discrete, i.e.,  

 /2

, 0 0 0( ) ( )m m

m n t a a t nb      (2.4) 

Based on the discrete wavelet function, the DWT was defined as 

 /2 *

0 0 0( , ; ) ( ) ( ) .m m

xW m n a x t a t nb dt      (2.5) 

The WT can be used for multi-resolution analysis of a signal by means of dilation and translation, 

and thus it can extract time-frequency features effectively. 

The WT can be used as a filter due to an important property of the FT, i.e., the convolution in 

one domain corresponding to multiplication in the other domain. Therefore, Eq.(2.2) can take the 

following alternative form: 

 1 *( , ) F { ( ) ( )}W a b a X f af   (2.6) 

where ( )X f and ( )f are the FTs of ( )x t and ( )t , respectively, and F
-1

 stands for the inverse 

FT. Eq.(2.6) shows that the convolution process in the WT is a filtering operation if the daughter 

wavelet is treated as a filter kernel. Hence the WT can also be considered as a special filtering 

operation. The frequency response of the wavelet filter varies as the scale factor and shape factor 

change. In this way, low-pass, high-pass, band-pass or multi-band pass filters can be obtained. 
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Signals filtered by wavelet filters can be reconstructed by wavelet coefficients at selected scales. 

The process is equivalent to that of classical filters. 

Based on the property explained above, wavelet filter based methods have been carried out 

for weak signature enhancement. For example, this method has been tailored to detect weak 

signature from defective bearings (Qiu et al., 2003). A study of Lin and Zuo (2003) utilizes 

Morlet wavelet function to construct wavelet filter, where the parameters in the Morlet wavelet 

are optimised based on the kurtosis maximisation principle. This method searches the optimal 

wavelet filter that yields largest kurtosis but it does not address the periodicity of the signal 

which is important in bearing fault detection. A technique that can detect signal periodicity is 

then proposed based on the singularity value decomposition (SVD) (Qiu et al., 2006). However, 

the performance of this de-noising technique is greatly affected by the wavelet parameter 

selection strategy. Though a recursive scheme could be used to select wavelet parameters, it 

leads to taxing computation. Another example of wavelet filter application is the work of 

Bozchalooi and Liang (2008) in which they propose a more sophisticated algorithm for bearing 

fault detection based on the spectrum subtraction and wavelet filtering. Nevertheless, this method 

requires properly selected parameters. Luo et al. (2013) proposed a kurtosis method to guide the 

selection of band-pass filters from those obtained by the tunable-Q wavelet transform (TQWT). 

This method has its own drawback, i.e., the possible loss of a large portion of useful signal 

contents.                      

2.2.2 Decomposition-based denoising methods 

Apart from denoising by filters, decomposition-based denoising is also widely used for this 

purpose. This subsection reviews wavelet decomposition-based denoising, one of the most 

widely used denoising methods.  

Let the signal be s(n), n   1, 2 …, N, where N is the signal length. Suppose the signal has 

been corrupted by addictive noise and the signal-noise mixture is  

( ) ( ) , 1,2...,nx t s t s t N         (2.7) 

where sn is the standard Gaussian white noise. The goal is to remove the noise and to obtain an 

estimate ( )s n of ( )s n which minimize the mean squared errors 
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The theoretical foundation of wavelet decomposition de-noising is the principle of multi-

resolution analysis (Mallat, 1989; Donoho and Johnstone, 1995). As stated above, the WT is the 

inner product of a signal and a family of wavelets. In other words, wavelet coefficients represent 

the degree of correlation between the signal and the wavelet family. Based on this explanation, it 

is expected to see larger wavelet coefficients in a wavelet window where the signal is strongly 

correlated with the daughter wavelet. By multi-level wavelet decomposition, the detailed 

coefficients and approximation coefficients can be obtained. If larger wavelet coefficients are 

selectively reserved and small ones are discarded, the noise can be reduced. 

In general, wavelet decomposition-based de-noising is implemented in three steps: signal 

decomposition, coefficient thresholding and signal reconstruction. Among them, coefficient 

thresholding is the most challenging task.  

There are two thresholding strategies frequently used in the literature. One is soft-

thresholding which either removes the input wavelet coefficient if it is below the threshold or 

shrinks it by T if the input is greater than T. The other is hard-thresholding, which removes the 

input coefficient if it is below the threshold or simply keep it if it is greater than T. (Donoho, 

1995; Chang et al., 2000). Each of the two strategies has its own drawback. As the soft-

thresholding strategy preserves only the portion that is above the threshold. This will lead to 

serious signal distortion for a very noisy signal and part of the fault related signal content can be 

removed. On the other hand, hard-thresholding may treat noise as fault related impulse for 

wavelets above the threshold. In addition, both strategies tend to over-truncate the wavelet 

coefficients that are below the threshold and hence signal components with weak impulsiveness 

can be easily excluded.  

The hard-thresholding method have been used to de-noise the dynamic transient signals 

(Chen et al., 1999; Wang et al., 1999). Lin and Qu (2000) exploit an advanced version of the 

soft-thresholding de-noising method to extract feature for mechanical vibration signals. Selecting 

the wavelet coefficients with the aid of a statistics-based criterion is proposed for vibration signal 

analysis (Yen and Lin, 1999). Yang and Liao (2001) apply the wavelet de-noising method to a 

power quality monitoring system, in which the threshold is adjusted adaptively in accordance 
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with background noise. The flexibility of the WPT and the systematic parameter selection 

criterion is investigated by Nikolaou and Antoniadis (2002b) with the assistance of hard-

thresholding function. Lin et al. (2004) develop a new method for wavelet threshold de-noising. 

They employ the Morlet wavelet as the base wavelet to match the impulse and use the maximum 

likelihood estimation for threshold. It is reported that this method performed very well in noise 

reduction. The shortcoming is that it requires prior information. Hong and Liang (2007) 

proposed a kurtosis-based hybrid thresholding method to de-noise mechanical signals. In their 

method, the threshold is on-line dynamically optimized based on a ―cost‖ function incorporating 

both the mean squared error and false identification criteria. Along this line,  Li et al. (2008) 

suggests customizing wavelet de-noising using intra- and inter-scale dependency of wavelet 

coefficients for bearing fault detection. The results of the application to bearing condition 

monitoring seem to be effective. However, it is questionable whether such threshold optimization 

or customization approach is suited to on-line applications due to amount of computations 

required for the optimization or customization process. In addition, such methods are developed 

for Gaussian white noise reduction, hence of little use for removing discrete interferences.  

To conclude, the effectiveness of the traditional filter-based denoising methods is subject to 

the proper parameter selection of filters. Even if the ―optimum‖ parameters can be obtained 

using methods such as the SK-based approaches, the traditional filter-based denoising methods 

are ineffective in removing in-band interferences and noise. For wavelet filter-based approaches, 

most of them are also parameter-dependent and parameter selection is usually more complex. In 

relation to wavelet decomposition-based de-noising, it requires sophisticated thresholding 

strategies to maintain the quality of the thresholding results. However, such ―sophisticated‖ 

strategies are often computation-demanding and hence may not be practical for on-line 

applications. Another disadvantage of the wavelet decomposition-based denoising methods is 

that their performance deteriorates when applied for impulsive signal processing as the wavelet 

coefficients are not sparse (Qiu et al., 2006), though they are effective for smooth signals.  

2.3 Interference removal for bearing fault detection 

Interference removal can be achieved to a certain extent by some of the aforementioned 

filter-based de-noising methodologies. For example, the SK technique is used to choose the 

frequency band with a higher kurtosis value, which can eliminate out-band cyclic interferences 
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as well. However, when the interfering signal becomes stronger, the relative contribution of the 

impulses to the kurtosis value will decrease. Therefore, it is difficult to distinguish interferences 

and fault impulses by kurtosis value. As a result, it becomes more challenging to determine the 

optimal frequency band in the presence of cyclic interferences. The wavelet decomposition-

based methods are effective in removing noise because the energy of noise is scattered 

throughout the all wavelet scales with small coefficients. However, they are ineffective in 

eliminating cyclic interferences because the energy of each interference is concentrated within a 

single or a very few wavelet scales, leading to large wavelet coefficients (Qiu et al., 2006; Zhang 

et al., 2013). 

Though the interference issue has been one of the main obstacles for reliable bearing fault 

detection, research dedicated to this issue has been limited. The study that explicitly addresses 

this issue is reported by Zhang et al. (2013). In their work, a kurtosis-based adaptive band-stop 

filtering approach is developed for interference removal. Their simulation and experimental 

results demonstrate that this method can effectively remove discrete interferences and can handle 

signals with low SNR and SIR. However, this method requires an additional de-noising method. 

Furthermore, the bandwidth of band-stop filters in this method is dependent on the threshold. 

The selection of the threshold value is based on the noise level of the raw signal, which in turn 

means that the prior knowledge of the raw signal is required to determine an effective threshold.  

The review of bearing fault detection under constant speed is presented above. Much work 

has been done to enrich the literature in this area. To conclude, the objective is to extract fault 

feature by demodulation and the main problems (deficiencies) of the existing methods for this 

purpose are that 1) most existing demodulation methods requires prefiltering which is parameter-

dependent, and 2) they are of little use when removing in-band interferences and noise. To 

address these issues, we propose to demodulate signals without the involvement of prefiltering or 

remove interferences and noise by a method independent of frequency information, to relieve the 

difficulty of filter parameter specification and enable in-band interferences and noise to be 

removed. Based on the two different viewpoints, methods are developed in the thesis. They solve 

the main problems from two different ways, and at the same time each one has its own 

advantages and complements the other.  
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2.4 Bearing fault detection under time-varying speed condition 

Most of the above reviewed methods can detect faults for bearings working under constant 

rotational speed. In reality, bearings, however, often serve in variable speed applications, such as 

wind turbine, mining equipment, fans, pumps and ordinary machines during speed-up and ramp-

down processes. When the rotating speed is variable, such speed fluctuation may cause 

―smearing‖ of the discrete frequencies in the frequency representation, resulting in these 

frequencies no longer observable as discrete frequency lines (Urbanek et al., 2011). Therefore, 

the signal processing approaches that are developed for signal analysis of bearings at a constant 

speed become ineffective in variable speed cases.  

Recently, fault diagnosis of bearings under variable speed has become a new challenge and 

attracted researchers‘ attention. In a study by Teotrakool et al. (2009), bearing fault detection in 

adjustable-speed drives is addressed  with the aid of motor current signature analysis and wavelet 

packet decomposition. A novel method based on angular measurement of true instantaneous 

angular speed is reported in (Renaudin et al., 2010). The main contributions of this paper lie in 

the demonstration that localized bearing faults create small angular speed fluctuations which can 

be measured by optical or magnetic encoders. It is found that the insensitivity to speed 

fluctuation can be ensured by measuring instantaneous angular speed with the pulse timing 

method. Gong and Qiao (2013) studied the bearing fault diagnosis for direct-drive wind turbine 

operating at unstable rotating speed conditions by exploring the joint application of appropriate 

current frequency, amplitude demodulation algorithm and a 1P-invariant power spectrum density 

algorithm. Yang et al. (2013) developed a method based on the variable predictive model based 

class discriminate (VPMCD), order tracking technique and local mean decomposition (LMD) for 

analyzing bearing vibration signal measured under variable speed condition. It has been reported 

that the proposed method can monitor roller bearing conditions and distinguish fault types 

accurately. An approach named reversed sequence squared envelope spectrum (RS-SES) is 

described in (Borghesani et al., 2013), which is exploited to address the inherent problem of the 

prevailing traditional squared envelope spectrum (T-SES) for real applications. This approach 

consists of band-pass filtering, squaring enveloping, resampling and discrete FT. The rotating 

speed in this paper is picked up by a tachometer. Zhao et al. (2013) suggests a tacholess envelope 

order method for bearing fault detection under unstable speed, where shaft IF is picked up from 
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the spectrum obtained by adaptive short time Fourier transform (ASTFT) and then the raw signal 

is resampled. More recently, a novel technique for bearing fault detection under time-varying 

condition is proposed by Wang et al (Wang et al., 2014). They proposed an amplitude-based 

peak search algorithm for STFT to extract the IFCF and then resampled the nonstationary signal 

in accordance with the extracted IFCF rather than shaft IF. In this way, the non-stationary signal 

in time domain is transferred into stationary signal in the angle domain, thereby the classical 

technique like Fourier transform (Wald et al., 2010) becoming applicable. The final diagnosis 

decision can be made based on the fault characteristic order spectrum. The simulating and 

experimental validations in this paper show that the proposed method can reveal the existence 

and pattern of faults. 

The aforementioned work has fertilized the literature on bearing fault diagnosis under non-

stationary working conditions. Meanwhile, it can be seen that order tracking, which can remove 

the effect of speed variations and convert the vibration signal into a stationary one in angular 

domain (Fyfe and Munck, 1997; Li et al., 2009; Luo et al., 2012; Borghesani et al., 2014), is the 

key step for these methodologies. To use order tracking analysis, the vibration signal must be 

resampled at a rate proportional to the shaft rotational speed, which in turn means that the shaft 

rotational speed have to be known beforehand. The straightforward method of obtaining the shaft 

speed is to use tachometers, encoders etc. As reported in (Borghesani et al., 2013), with the aid 

of tachometers, the vibration signal is resampled and the effect of small speed variation is hence 

eliminated, making the squared envelope spectrum applicable. However, speed measuring 

devices are not always allowed to be installed in every case due to the design reason and cost 

concerns. Consequently, it is highly desirable to extract instantaneous rotational speed 

information from vibration signals. Combet and Zimroz are among the first who originally 

develop the method for this purpose (Combet and Zimroz, 2009). Recently Urbanek et al. 

(Urbanek et al., 2013) advanced this idea by proposing a two-step procedure to predict 

instantaneous speed with large fluctuations based on phase demodulation and TFR. However, the 

estimated IF information may not always be accurately extracted from the original signal. Even 

if the IF information can be properly extracted directly from the vibration signal, the resampling 

procedure itself complicates the detection technique. Moreover, order tracking inevitably 

introduces error to the result as the resampling is achieved via polynomial interpolations, while 

vibration signals are generated by cyclic phenomena but sinusoid is not polynomial in nature.  
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Therefore, an approach that directly extracts fault features from the non-stationary signal 

without resampling will be better suited to real applications due to the simplified process and 

improved computational efficiency, i.e., a technique without resampling process is preferred. 

However, such an approach has not yet been reported in the accessible literature. 

It is well-known that time-frequency analysis has been widely used in analyzing 

nonstationary signal as it helps to gain insights into the complex structure of a signal containing 

multiple components (Qian and Chen, 1999; Sejdić et al., 2009). Various TFA methods have 

been investigated in the literature. The most common one is the linear TFR (Hlawatsch and 

Boudreaux-Bartels, 1992) that is characterized by the inner product with a dictionary of TF 

atoms, such as the STFT and WT. However, the effectiveness of this class of TFA methods is 

often undermined by the ill-selected dictionary and resolution paradox reflected by the 

Heisenberg uncertainty principle. More specifically, the performance of such methods is highly 

dependent on the selected basis, and the accurate time localization is compromised by low 

frequency resolution and vice versa. Another category of TFA methods is the quadratic (bilinear) 

transform, which includes the well-known Wigner-Ville distribution (WVD) and its variants 

(Bertrand and Bertrand, 1992). Though such methods have desirable theoretical characteristics, 

the interference terms in the TF plane have made it very challenging to apply in real applications 

(Gonçalves and Baraniuk, 1998). 

The effectiveness of the TFA methodologies lies in their capability of concentrating the 

energy of TFR at or around the true IF in the TF plane. Targeting at this, the synchrosqueezing 

wavelet transform is proposed in (Daubechies et al., 2011). This technique eliminates the 

ambiguity in frequency (scale) dimension via squeezing the TFR along the frequency (scale) axis, 

thereby acquiring a better frequency resolution. However, the synchrosqueezing transform (ST) 

is restricted to frequency (scale) variables of the continuous wavelet transform (CWT) 

(Daubechies and Maes, 1996; Li and Liang, 2012a). There exists a time offset corresponding to 

time variable in addition to frequency (scale), which could also cause diffusion in time 

dimension and cannot be ignored when dealing with noisy and amplitude-frequency modulated 

(AM-FM) signals. To resolve the bi-dimensional smear problem, Li and Liang (Li and Liang, 

2012a; Li and Liang, 2012b) proposed the generalized ST based on the GD which paves the way 

towards achieving a much more concentrated TFR by a combination of multiple TF plane 
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manipulations in one operation. This technique significantly improves the energy concentration 

in TF plane. However, many signals often consist of nonstationary multiple components and 

each of the components can be subjected to different modulating sources. Thus, one time 

application of the GD cannot demodulate all components and map their IFs into constant 

frequencies. As a result, the TF blur still occurs for such multicomponent signals. To overcome 

the problem of the GD in handling multicomponent signals, an iterative generalized 

synchrosqueezing transform is developed by Feng et al (Feng et al., 2015) to decompose a 

complex multi-component signal into monocomponent ones and then transform all constituent 

components with time-variant frequencies into constant ones. In doing so, the requirement of 

monocomponent as well as the constant frequency required by ST can be satisfied. However, this 

method has a drawback of strong dependence of the initial IF estimation. The inaccurate IF 

estimation would lead to confusing or even wrong results. Moreover, this method is tailored for 

planetary gearbox fault diagnosis under time-varying speed. The capability of such TFA methods 

for bearing fault diagnosis under variable speed has not been adequately explored. 

In summary, the problems of available methods in literature for bearing fault identification 

under time-varying speed condition are listed as follows: 1) the shaft rotating IF is unavailable as 

the fault type is unknown, 2) resampling and/or demodulation procedure is significantly affected 

by the accuracy of estimated IFCF, and 3) even if the IFCF is accurately predicted, the 

resampling procedure could be error-propagating and complicate the process substantially. In 

addition, the TFA that is supposed to be a powerful tool in analyzing nonstationary signal has 

quite limited applications to bearing condition monitoring under unstable condition. Therefore, 

this thesis proposes resampling-free techniques to address these issues and also explores the TFA 

application to bearing fault identification. The satisfactory IFCF accuracy of the first proposed 

technique is realized by a clear TFR which is obtained based on an effective enveloping method 

and the resampling-free strategy is implemented via iteratively generalized demodulating the 

envelope signal.  The second proposed method aims to develop a novel TFA method to improve 

the readability of TFR and explore the TFA application to bearing fault detection.  
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Chapter 3 A Fractal-Dimension-based Envelope Demodulation for 

Bearing Fault Feature Extraction without Prefiltering
1
 

In this chapter, a fast envelope detection technique based on FD is proposed for bearing fault 

feature extraction without pre-treatment. To allow for the easier detection of bearing fault feature, 

the envelope demodulation has been used together with spectrum analysis. Although various 

methods have been developed for envelope extraction in bearing fault detection, the most 

common practice is to filter the raw signal at the bearing resonant frequency located in the high 

frequency range and then envelope demodulate the filtered signal. However, the main problem is 

that the filtering procedure in these envelope methods requires pre-specification of filter 

parameters which is often time-consuming and knowledge-demanding. Even if the filter initially 

performs properly, it may become ineffective with the changes of running condition. Thus, an 

enveloping method which can suppress interferences and noise without prefiltering is preferred. 

However, this type of methods has not been adequately studied and not been reported in the 

literature pertinent to bearing fault detection. Motivated by the above, an envelope demodulation 

method which can detect the envelope of impulsive signal and suppress interferences and noise is 

proposed in this chapter. 

The proposed envelope demodulation is termed short time fractal dimension (STFD) 

transform for fault feature extraction from vibration signal mixture including the fault feature 

(i.e., fault-induced impulses), periodic interferences from other mechanical/electrical 

components, and background noise. FD can be used to measure a signal complexity. In order to 

extract the envelope as well as track the position of each impulse, the STFD transform is 

proposed. The issues related to STFD transform calculation are first addressed in this chapter. 

Then, by STFD, the original signal can be quickly transformed into a STFD representation, 

where the envelope of fault-induced impulses becomes more pronounced whereas interferences 

are partly weakened due to their morphological appearance differences. It has been found that 

the lower the interference frequency, the less effect the interference has on STFD representation. 

When interference frequency complexity keeps increasing, more effect on STFD representation 
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will be resulted. Such effect can be reduced by the proposed kurtosis-based peak search 

algorithm (KPSA). Therefore, bearing fault signature is kept and interferences are further 

weakened in the STFD-KPSA representation. The proposed method has been favourably 

compared with two widely used enveloping methods, i.e. multi-morphological analysis (MMA) 

and energy operator (EO) in extracting impulse envelopes from vibration signals obscured by 

multiple interferences. Its performance has also been examined using both simulated and 

experimental data. In addition, the proposed approach is highly efficient, making it a good 

candidate for on-line applications. 

3.1 A Fractal-Dimension-based enveloping method for bearing fault diagnosis 

FD is a useful concept in describing natural objects. There are a variety of closely related 

notions of FD, such as the Ausdorff dimension, the packing dimension, the information 

dimension, the box counting dimension and the correlation dimension (Moon, 1992). These 

notions are based on the theoretical perspective. In the fractal geometry, the FD is a statistical 

quantity that gives an indication of how complicated a self-similar figure is. From this point of 

view, the FD can be considered as a measure of the number of basic building blocks that form a 

pattern (Falconer, 2013). As a result, the FD can reflect the signal complexity in the time domain. 

This structural complexity could vary with sudden occurrence of transient events, such as bursts 

in a signal. Therefore, a signal with or without bursts can be reflected by FD. 

3.1.1 FD estimation 

Several techniques have been reported to approximate the FD of a waveform in the time 

domain. These include the Katz, Sevik, and Higuchi methods, as well as the box-counting 

method and its variants (Higuchi, 1988; Katz, 1988; Tricot, 1995; Sevcik, 2010). In this study, 

the Katz method is chosen for computing the FD for two reasons. First of all, it is sensitive to the 

morphological changes of a waveform. As morphological appearance changes, the FD changes 

accordingly (Raghavendra and Dutt, 2010). Therefore, the FD is effective in detecting sudden 

changes in signal strength. Next, for on-line bearing condition monitoring, a fast method is 

required for the FD computation. The Katz method, which is based on an operation directly 

applied to the signal and not to any state space (Hadjileontiadis, 2005), provides a fast 
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computational implementation of FD. This means that the FD estimation no longer needs the 

signal to be embedded into higher dimensional space, which makes it computationally efficient.  

The Katz FD is described in the following. Consider a signal s = {s1, s2, …, sN}, where N is 

the total number of sampling points in the signal. One arbitrary point in the signal is represented 

by si and its coordinate in the graph is (xi, yi), i = 1, 2, …, N. Then the Euclidean distance 

between two consecutive points is 

 2 2

1 1 1dist( , ) ( ) ( ) .i i i i i is s x x y y        (3.1) 

The Katz FD for a  signal s with N points is mathematically defined as (Katz, 1988) 
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s

L

d
   (3.2)  

where FDs is the fractal dimension of the signal s, L is the total length of the signal, derived from 

the sum of Euclidean distances of all adjacent points, i.e.,  
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and d, the planar extent of the waveform, can be usually considered as the farthest of all 

distances between the first point (point 1) and all subsequent points of the signal. Mathematically, 

d can be written as 

 
2 2

1 1 1max(dist( , )) max( ( ) ( ) ), 2,3,..., .i i id s s x x y y i N        (3.4) 

The Katz‘s FD compares the actual number of units that compose a curve with the minimum 

number of units required to build the simplest pattern of the same spatial extent. However, the 

FD value obtained from Eq. (3.2) is affected by measurement unit. To overcome this difficulty, 

Katz proposed to normalize L and d by the average distance (denoted by a) between successive 

points. The average distance a is defined as a = L/k, where k is the number of steps in the curve, 

i.e., k = N-1. Dividing L and d by a in Eq. (3.2) leads to 
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log( / ) log( )
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d L k
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It should be noted that, in the STFD to be discussed later, N is the window length and hence k 

is the number of data intervals in a window. 

3.1.2 STFD transform and its application to bearing fault feature extraction 

In this subsection, the FD will be exploited to track the locations of impacts generated by 

bearing faults and also extract the envelope of the impacts. A typical vibration signal produced 

by a bearing fault is periodic, comprising a sharp rise that corresponds to the impact between the 

surfaces at the location of a defect (Nikolaou and Antoniadis, 2003). To extract the feature of 

periodic impacts using FD, the STFD transform is therefore developed in this study.  

A moving window is used to truncate the original signal in order to obtain STFD sequence, 

among which each STFD value corresponds to one windowed signal portion. The length of the 

window is selected as Nwin = int(αfs), where int(·) stands for the integer part of the value, α is a 

constant pre-specified by the user and fs is the sampling frequency of the waveform 

(Hadjileontiadis and Rekanos, 2003). The constant α is empirically set. Some researchers have 

used a window length of 0.006 sf  for lung and bowel sound signal processing as this kind of 

signals are much clearer than mechanical vibration signals (Hadjileontiadis and Rekanos, 2003; 

Hadjileontiadis, 2005). In our case, as the fault-induced impulses are often of low energy and 

masked by background noise and vibration interferences, the window has to be shorter to obtain 

a satisfactory result. This is because too long a window may make the STFD sequence over 

smoothened. Therefore, in the application to bearing fault detection, the constant α should be 

smaller than the one used for lung and bowel sound signal processing to ensure that the incipient 

impulses are not missed. However, it should be noted that Nwin cannot be too short. Too short a 

window may lead to many fictitious FD peaks, where obviously impacts cannot be identified 

correctly. In the following subsections, the constant α is empirically set to 0.002 – 0.003 and is 

justified by the performance of the algorithm. The window is shifted by one sample step each 

time along the input vector in order to acquire the point-to-point time series of STFD values. 

Without affecting the dynamic range of the STFD sequence, the following transform is 

applied in the subsequent subsections  

   originalSTFD STFD MIN 1  (3.6) 
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where the vector STFD
original

 is the STFD sequence calculated using Eq. (3.5) for all signal 

segments, MIN is a vector of the same length (dimensions) as STFD
original

 and all its 

components equal to the minimum component of STFD
original

, 1 represents a unit vector also 

with an identical length to that of STFD
original

, and STFD denotes the obtained STFD sequence. 

According to Eq. (3.6), the minimum of STFD sequence is always limited to 1. 

To transform the raw vibration signal into a STFD sequence, the STFD value of each signal 

segment is computed by Eq. (3.5) from each window of the raw signal and assigned to the 

midpoint of the signal segment in the STFD representation of the signal. However, this would 

make the length, N-Nwin+1, of the obtained STFD sequence shorter than the length, N, of the raw 

signal. To preserve the signal length, the raw signal is extended by duplicating: a) the first half 

number of points, i.e., (Nwin-1)/2 points for odd Nwin, (Nwin /2, for even Nwin) in the beginning, and 

b) the last (Nwin-1)/2, for odd Nwin, ((Nwin-2) /2, for even Nwin) points at the end of the raw signal, 

respectively. The length of the signal is then extended to 1winN N  . In this way, the length of 

obtained STFD sequence is identical to the raw signal. This step is necessary because of the 

iterative KPSA procedure to be described later.  

To illustrate, consider an impulsive signal s(t). It is the simulated vibration of faulty bearing 

under constant speed and generated by following model (Liang and Bozchalooi, 2010): 

 
( )
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  
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
          (3.7) 

where M is half of the number of the fault generated impulses, Lm is the amplitude of mth
 
fault 

impulse,   the decay parameter, Tp is the time period corresponding to the fault characteristic 

frequency, ηi presents the effect of random slippage of the rollers and is modeled as a uniformly 

distributed random variable with a zero mean and a standard deviation of 0.01Tp, ωr is the 

excited resonance frequency, and u(t) is a unit step function. The values of the parameters used in 

the simulation are listed in Table 3.1.  

                    Table 3.1 Sample parameters used for the simulated signal. 

Parameter Lm β Tp ωr 

Value 1 800Hz 8ms 2π×2K rad/s 
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To simulate the real case, white Gaussian noise is added into the signal s(t) to make the SNR 

equal to -1 dB. The noisy signal sampled at 12 KHz is shown in Fig. 3.1 (a). Its STFD 

transforming result is displayed in Fig. 3.1 (b), demonstrating that the STFD can track the 

impulse locations more clearly in comparison with the original signal because the noise and high 

frequency ringing have been removed. Comparing Fig. 3.1 (a) and (b) also indicates that the 

STFD sequence represents a kind of envelope of the raw signal with features that can be clearly 

related to the initial impulse sequence. 
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Fig. 3.1 Bearing fault feature extraction using STFD transform: (a) the noisy signal, and (b) STFD representation. 

3.1.3 STFD transform calculation 

It has been demonstrated that the proposed STFD transform can extract the envelope of 

impulses. However, as pointed out by ref. (Castiglioni, 2010), the variables describing a 

trajectory in the x-y plane, xi and yi, should be homogeneous quantities when calculating FD. In 

the Katz FD, xi and yi are different, being time and measured amplitude, which makes Katz FD 

dependent on the measurement unit. Even though the average distance a is used in the Katz 

method to normalize L and d, this is of little use, as revealed in (Castiglioni, 2010). This 

subsection will discuss the issues associated with STFD calculation using Katz FD and propose a 

modified STFD calculation method for bearing fault signature extraction. 
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3.1.3.1 Discussion of STFD calculation  

To address the measurement-unit-dependent problem of Katz FD estimation, there is an 

alternative proposed in (Castiglioni, 2010) to calculate d and L. The variable x is neglected in FD 

calculation; hence, d and L are calculated in one-dimensional space using max( ) min( )i iy y and 

11
| |

N

i ii
y y

 , respectively. However, calculating STFD in this way is not applicable to the 

envelope extraction. This is because the STFD values are completely determined by the fractal 

component and thus a ‗too-fractal‘ FD sequence is resulted. Consider an impulsive signal s(t) as 

shown in Fig. 3.2 (a). The signal s(t) is sampled at 12 KHz as well and the its STFD 

representation calculated in the one-dimensional space is displayed in Fig. 3.2 (b). As seen, the 

STFD sequence presents strong oscillations around 2 due to the reason that the STFD values are 

completely determined by fractal component and the non-fractal component is ignored. The 

envelope of the impulsive signal fails to be extracted by this means.  
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Fig. 3.2 The illustration of two STFD calculation methods in mono-dimensional space: (a) the raw signal, (b) the 

result of STFD transform only using vertical (amplitude) component, and (c) the result of STFD transform only 

using horizontal (time) component. 
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The other calculation method in one-dimensional space is to use time component and ignore 

amplitude component. The resulting STFD sequence is shown in Fig. 3.2 (c), where all STFD 

values are close to 1 because the time component is non-fractal.  Hence, the signal envelope 

cannot be accurately extracted either. According to the above analyses, one can conclude that 

using the fractal component (i.e., amplitude component) for STFD calculation would generate a 

strongly oscillatory STFD representation whereas using the non-fractal component (i.e., time 

component) would lead to a STFD sequence with all values equal to 1. Obviously, neither can be 

used for reliable envelope extraction. The above analyses also explain why the FD of the signal 

being expressed in μV is larger than that of the signal being recorded in mV. The reason is that 

changing the measurement unit from μV to mV decreases the relative weight of fractal yi 

amplitude component on the STFD values and thereby making STFD values decreasing to 1. 

The above two calculation methods in the one-dimensional space are incapable of extracting 

the signal envelope. In the application to bearing envelope extraction, it is preferred that the 

horizontal and vertical components both contribute to STFD values. Incorporating the two 

components will lead to a smoother STFD sequence that is neither too-fractal (presenting strong 

oscillations) nor non-fractal (approaching to 1). As can be seen in Fig. 3.3 (a), the envelope of 

the impulses is successfully expressed by STFD representation calculated in the two-dimensional 

space. However, it has to be noted that the measurement unit used to express the signal 

influences the FD values, as mentioned previously. Fig. 3.3 (b) presents the results of STFD 

transform for signals which are generated via multiplying the raw signal s(t) by different 

constants (0.5, 1, 2, 4, 6, and 8). It can be seen that the STFD values change with the amplitude 

components, following the pattern that STFD values increase with the growth of numerical 

values of amplitudes. Nevertheless, even if the STFD values change, the STFD sequence patterns 

of all the signals that are different only in terms of amplitude still keep unchanged. In other 

words, changing the measurement unit would change the numerical values of amplitude 

component, thereby causing the changes in the magnitude of the STFD sequence 

correspondingly; but the STFD sequence pattern remains unchanged. Thus, the envelope of the 

signal can still be extracted. It can be concluded that the variation of the STFD sequence 

magnitude has practically no effects on the frequency contents of the STFD sequence‘s spectrum.     
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Fig. 3.3 Envelope extraction via STFD transform calculated in two-dimensional space: (a) Extracted envelope of the 

signal s, and (b) extracted envelopes of the signals 0.5s, s, 2s, 4s, 6s and 8s, to illustrate that the only difference 

among these FD sequences is the amplitude whereas the changing pattern is not affected. 

3.1.3.2 Modified STFD calculation method for envelope extraction 

However, if numerical values of the signal amplitude are increased by 1000 time, for instance, 

the signal is expressed in μV instead of mV; the relative weight of the amplitude component will 

be also increased proportionally. Further increasing values of the amplitude would make the 

contribution to the STFD value by the time component negligible. The STFD sequence 

calculated under this situation is equivalent to that calculated in the aforementioned one-

component space (only using yi items), which would produce strong oscillations. Likewise, 

substantial decrease of the numerical values of amplitude, e.g., expressing the signal in V instead 

of mV, will make the amplitude contribution insignificant and the STFD will be mainly 

determined by the time component.   

The above two cases are undesired in the FD-based envelope extraction. To insure that the 

STFD values are determined by both horizontal and vertical components and then a smooth 

envelope can be extracted, they should have almost the same order of magnitude in calculating 

planar extent d and total length of the signal segment L. Therefore, we propose to use a double 
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linear transformation to map the original signal into another embedded in an equivalent metric 

space. The first transformation is to normalize each point in the ordinate as: 

 * , 1,2,...i min
i

max min

y y
y i

y y


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
  (3.8) 

where yi is the original value of the ordinate, and ymin and ymax are the minimum and maximum yi  

of the entire signal, respectively. The second transform normalizes the abscissa for signal 

segments as follows: 

 * , 1,2,...,i
i win

max

x
x i N

x
    (3.9) 

where xi is the original values of the abscissa for a signal segment, and xmax is the maximum xi. 

The two linear transformations map the values of both abscissa and ordinate into the ones that 

belong to a unit square. By doing so, both time and amplitude components have almost the same 

order of magnitude when calculating the STFD sequence. A STFD representation that is 

determined by fractal and non-fractal components is then attained. 

The last issue of the Katz method is that STFD values tend to approach 1 as n increases, 

according to Eq. (3.5). This difficulty can be mitigated in this work by using the STFD transform.   

3.1.4 Periodic interference suppression via STFD transform and  KPSA 

As revealed earlier, the vibration signal measured from a defective bearing is often a mixture 

containing various interferences from the mass unbalance, shaft misalignment, gear meshing and 

electrical components, etc. The combined effect of interferences would cloud the signal spectrum 

or even lead to wrong detection results. Therefore, this subsection will detail how to use the 

proposed STFD transform to suppress interferences without filtering.  

The periodic interferences can be expressed as
1 1

( ) ( ) cos( )
M M

m im imm m
i t i t A t

 
   , Aim and 

ωim representing amplitude and frequency for the nth interference, respectively.  To assess the 

interference influence on the conversional envelope demodulation, a single fault-induced 

simulated impulse contaminated by an interference with amplitude larger than that of impulse is 

considered: 

 ( ) ( ) ( ) sin cost

r i ix t s t i t Le t A t        (3.10) 
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where L is the amplitude of the impulse, Ai > L, indicating that the fault-related impulse is 

severely masked by the interference. The analytical version of the signal, denoted by X(t), is  

 ( ) tr j tt j t

iX t Le Ae
  

   . (3.11) 

The  envelope (or the instantaneous magnitude) of the analytical signal can be calculated by 

 

2 2

2 2

( ( )) ( cos cos ) ( sin sin )

( ) 2 cos(( ) )

cos(( ) )

t t

r i i r i i

t t

i i r i

t

r i i

Envelope X t Le t A t Le t A t

Le A Le A t

Le t A

 

 



   

 

 

 

 



   

   

  

  (3.12) 

Eq. (3.12) suggests that the dominant component, i.e., the interference, is envelope 

demodulated but the demodulation of impulses is unsuccessful. It can then be concluded that the 

traditional demodulation is adversely affected by the presence of strong interferences. Therefore, 

an enveloping method which has the ability of suppressing interferences is highly desirable.  

3.1.4.1 Interference suppression via STFD transform 

Consider a random interference (i(t) = 2cos (2πft)) as shown in Fig. 3.4 (a). Fig. 3.4 (b) and (c) 

are respectively the impulsive signal and the signal mixture that is composed of the impulsive 

signal and the interference. An important feature for Eq. (3.10) is that the resonance frequency is 

much higher than the frequencies of periodic interferences for most real applications, i.e., 

ωr ωi (McFadden and Smith, 1984). It, therefore, can be observed that the interference 

frequency is much lower than that of impulses as shown Fig. 3.4 (a) and (b). Let us look at a 

signal segment within a short window, i.e., nth window in Fig. 3.4 (a). The Euclidian distance of 

the curve within the nth window, n = 1, 2 …, is represented by Ln (defined by Eq. (3.3)) and the 

planar extent is denoted by dn (defined by Eq.(3.4)). If the vibration interference frequency is low 

enough, Ln is almost equal to dn in Fig. 3.4 (a) as long as the window length is properly selected, 

which leads toSTFD( ) 1, . . n nn s t d L  . It then shows that the interference has little effect on the 

STFD representation. For the impulsive signal, the difference between the planar extent (dn) and 

Euclidian distance (Ln) of the signal segment is more substantial because of the remarkable 

morphological appearance change, as displayed in Fig. 3.4 (c), resulting  STFD 1n   according 

to Eq. (3.5). Due to the feature that resonance frequency is usually much higher than that of 

vibration interference, the STFD values resulted by impulses are larger than these related to 
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interferences, suggesting that the impulse-related STFD values are more pronounced on the 

STFD representation, compared with interference-related STFD values. Consequently, the 

envelope of the impulses can be highlighted and the interference is suppressed as displayed in 

Fig. 3.4 (d).  
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Fig. 3.4 The illustration of STFD transforming the signal mixture (impulses and a random interference): (a) the 

periodic interference, (b) the simulated impulses, (c) the mixture of (a) and (b), and (d) the STFD representation of 

the signal mixture. 

3.1.4.2 Interference suppression via the joint STFD and KPSA 

However, even though the effect of interference on STFD representation is less significant 

than that of impulses, it cannot be ignored for some cases, especially the effect of the 

interferences with high frequency (but still much lower than resonance frequency). For example, 

a synthetic signal composing of multiple interferences (cos(2π1000t), cos(2π620t) and 

cos(2π300t)) and the simulated impulses is shown in Fig. 3.5 (a). The STFD transform result and 

its spectrum are displayed in Fig. 3.5 (b) and (c), respectively. It can be seen that the 

compounded effect of interferences is not successfully removed as interference-related STFD 

values have more effects on the STFD representation due to high frequencies. The spectrum in 

Fig. 3.5 (c) is hence dominated by the interference frequency difference which would confuse or 

even mislead the detection result. 
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Fig. 3.5 The differences before and after the KPSA: (a) the synthetic signal consisting of the simulated faulty 

bearing signal and multiple cyclic interferences (cos(2π1000t), cos(2π620t) and cos(2π300t)), (b) STFD sequence 

without KPSA, (c) spectrum of (b), (d) STFD-KPSA sequence, and (e) spectrum of (d). 

To address the problem caused by multiple interferences with relative high frequency, it is 

necessary to improve the proposed method so that it can further suppress the effect of 

interferences. Therefore, the KPSA algorithm is proposed. The idea of the KPSA is to extract the 

useful information and remove unwanted signal components as much as possible iteratively until 

a stopping criterion is reached. The criterion is kurtosis because it is a proven effective indicator 

of impulsiveness. It is a statistical parameter defined as the ratio between the fourth moment 

about the mean and the fourth power of the standard deviation of the signal as defined in the 

following  

 
 4

4

E ( ( ) E[ ( )]
( ( ))

x t x t
K kurt x t




    (3.13) 

where ζ is the standard deviation of signal x(t), and E{∙} is the mathematical expectation operator. 

Considering the uncertainty in the signal, a tolerance range of a standard deviation ζ
i
 is 

introduced. Hence, in each iteration of the KPSA, e.g., iteration i, the standard deviation ζ
i
 and 
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the kurtosis K
i
 of the STFD transform result (i.e., STFD

i
, a vector representing a STFD sequence) 

are calculated. The amplitudes of the points that are higher than 1 + ζ
i
 are kept as is. The 

amplitudes of the points that are lower than 1 + ζ
i
 are ―removed‖ i.e., set to 1.0 (because the 

minimum FD value is 1 according to Eq. (6)). In this way, a new vector, named STFD*
i
 

representing useful information extracted in iteration i is constructed. However, it is possible that 

some points of low energy, i.e., with amplitudes lower than 1 + ζ
i
, may also be caused by the 

fault. Hence a new iteration i+1 is needed to further extract the information of such low-energy 

impulses as long as the difference between K
i
 and K

i-1
 is still significant, i.e., the impulsiveness 

difference between the two consecutive iterations is worth pursuing. In other words, in each 

iteration, e.g., i+1, the above process is applied to the signal residue of iteration i, i.e., 

1 *i i i   STFD STFD STFD 1 and the iteration procedure continues until the impulsiveness of 

the signal residue becomes insignificant, i.e., |K
i
 - K

i-1
|≤ ε (ε is a pre-specified small positive 

number). Then the final signal residue is considered to be composed of noise and/or interference-

induced STFD component and is hence removed. The final STFD sequence after applying the 

KPSA, called STFD-KPSA hereafter is accordingly given by 

 
1

I
i

i

  STFD - KPSA STFD* I 1   (3.14) 

where I is the number of iteration. The details of the KPSA algorithm are presented in Fig. 3.6. 

Applying the above KPSA algorithm to the STFD sequence in Fig. 3.5 (b) leads to the result 

in Fig. 3.5 (d). As shown, the unwanted signal components have been removed and only the 

peaks that are relevant to the simulated fault are kept. The more obvious enhancement of using 

KPSA can be observed by looking at the spectrum which is shown in Fig. 3.5 (e), from which the 

interference-related frequency components are completely eliminated and only the FCF and its 

harmonics are kept.  

3.1.4.3 Interference suppression ability of the proposed STFD-KPSA method 

In this subsection, the proposed method is evaluated in terms of its capability of interference 

suppression. To quantify the level of interferences for a signal mixture x(t) including fault-

induced impulses s(t) and interferences i(t), the signal-to-interference ratio (Bobin et al.) can be 

defined as follows (Bozchalooi and Liang, 2009): 
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  (3.15) 

where T is the signal length, Ps is the power of fault impulses and Pi is the power of interferences. 

Input initial STFD

STFD = STFD(1), STFD(2), …, STFD(n),…, STFD(N)

i = 1

Calculate standard deviation 

σi=std(STFD
i)

STFDi(n)>1+σ

Keep the peaks

STFD(n)*i=STFD(n)i

Keep no peaks

STFD(n)*i=1

Update STFD sequence

STFD
i+1=STFD

i-STFD*
i+1

|Ki - Ki-1|≤ ε? i = i+1

Obtain final STFD sequence:

1

i
I

i
  STFD - KPSA STFD * I 1

 

Fig. 3.6 Flowchart of the KPSA algorithm. 

The detectability performance of a method can be expressed by the number of harmonics of 

the FCF revealed by the method using a map. The two axes are associated with two factors to be 

examined. In this case, the two factors are frequency and SIR, respectively. The levels of 

brightness represent the strength of energy: the brighter the plot, the higher the energy, as 

indicated in the Fig. 3.7 (This applies to all the detectability maps in Chapter 3 and Chapter 4). 

Fig. 3.7 shows such a detectability map for the proposed method. The simulated impulsive signal 

is defined by Eq. (3.7)with SNR of – 7 dB and the corresponding parameters of the simulated 

signal are the same as listed in Table 3.1.  
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Fig. 3.7 Detectability map of the STFD-KPSA method 

The obtained detectability map suggests that: a) the proposed method is capable of handling 

signal with SIR as low as – 33 dB, b) for signals with SIR ranging from 0 to – 25 dB, the FCF 

and three its harmonics can be detected by the proposed method, and c) the detectability then 

deteriorates with the decrease of SIR, as can be seen that only the FCF and one harmonic can be 

observed when SIR decreasing from – 25 dB to – 33 dB. 

3.1.5 Computational complexity of the STFD-KPSA method 

The computational efficiency is crucial to the success of an algorithm for on-line condition 

monitoring. As such, the computational complexity of the proposed method should be 

investigated. The Big O-notation is one of the most commonly used means of estimating 

computational complexity (Chang, 2003). The computational complexity of the STFD sequence 

calculation part is O(Numwin ∙ Nwin), where Numwin is the number of sliding windows and Nwin is 

the length of a window as defined before. This order of complexity can be calculated as follows 

 ( ) (( 1) ) ( )win win win win winO Num N O N N N O N N         (3.16) 

where N is the signal length. The computational complexity of the KPSA can be estimated as 

O(N · I), where I is the number of iteration. As Nwin and I are numbers for each case, the 

notations of O(N · Nwin) and O(N · I) indicates that the computational performance of STFD and 

KPSA algorithms changes linearly as the size of dataset. Therefore, the computational 

complexity of the whole algorithm can be approximated as O(N). This suggests that the whole 

algorithm‘s performance is proportional to the size of the dataset being processed, leading to 
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high computational efficiency in the general case. The graph of the running time of the proposed 

method is displayed in Fig. 3.8, where ‗Time‘ represents the computing time in seconds. It shows 

that the running time almost linearly increases with the input signal size. For comparison, the 

time complexity graphs of the MMA and EO approaches are also plotted in Fig. 3.8. It can be 

seen that the MMA is the slowest. The EO is slightly more efficient than the proposed method, 

but both of them generally are highly computationally efficient. For instance, the running time of 

the proposed method is approximately 0.2 s for a signal of 20,000 sample points (on a desktop 

with Intel Core 2 CPU and 3.21 G memory), which is sufficient for online condition monitoring. 
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Fig. 3.8 Running time of the proposed STFD-KPSA, MMA and EO methods.  

3.2 Simulated study 

To validate the performance of the proposed signal, a composite signal is constructed by 

 ( ) ( ) ( ) ( )x t s t i t n t    (3.17) 

where s(t) is the simulated impulsive signal obtained according to Eq. (3.7), i(t) stands for 

vibration interferences, and n(t) is the white Gaussian noise. The multiple interferences generated 

by other electrical/mechanical components, like unbalanced shaft and gear meshing are 

simulated using sinusoidal functions
1 1

( ) ( ) cos(2 )
M M

m im imm m
i t i t A f t

 
   . Eight interferences 

are added in this case, fi1… fi7 =1000 Hz, 500 Hz, 300 Hz, 150 Hz, 80 Hz, 30 Hz, 15 Hz and 8 Hz 

respectively Ai1… Ai7 = 0.5, 1, 1.5, 1, 1, 1, 1 and 1.5, making the SIR equal to – 21 dB. In 

addition, there is background noise in the real vibrating signal; hence white Gaussian noise n(t) is 

added. The SNR relative to simulated impulse signal is -7 dB. The purpose of adding such 

interferences is to simulate real cases where the interferences as well as their harmonics would 

present. The mixed signal x of 16000 sampled data points is plotted in Fig. 3.9 (a), where the 

features of the impacts are severely obscured by interferences and noise. Fig. 3.9 (b) displays the 
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Hilbert enveloping spectrum of the simulated signal. As seen, the Hilbert enveloping spectrum is 

dominated by the frequency differences between interferences, and no frequency information 

associated with FCF can be found because the impulses are severely polluted by interferences 

and noise. Then the proposed method is applied and the results are shown in Fig. 3.9 (c) (output 

of the STFD method) and (d) (output of the STFD-KPSA method). Applying spectral analysis to 

STFD sequence and STFD-KPSA sequence respectively yields Fig. 3.9 (e) and (f). It can be seen 

that the effect of interferences is not completely eliminated using the STFD alone, as shown in 

Fig. 3.9 (e), where the second frequency line associated with interference differences has an 

amplitude almost comparative with that of the first FCF harmonic. This is due to the effect of 

multiple interferences that still exists in STFD representation. Fig. 3.9 (f) provides much cleaner 

result, where the FCF and three of its harmonics clearly identifiable because the combined 

effects of the interferences are further reduced using the proposed KSPA algorithm. The above 

analysis indicates better demodulation result of STFD-KPSA in comparison to the results 

obtained by the Hilbert transform and the STFD without KPSA as shown in Fig. 3.9 (b) and (e), 

respectively. It, hence, can be concluded that the proposed STFD-KPSA method is capable of 

extracting bearing fault feature and suppressing interferences and noise without using prefiltering. 

For comparison, two of the state-of-the-art enveloping methods, i.e., energy operator (EO) 

and multi-scale morphological analysis (MMA), are applied to the same signal x(t). The 

frequency spectra of resulting envelopes are presented in Fig. 3.10 (a) and (b), respectively. As 

observed, the results are still clouded by the interferences. In Fig. 3.10 (a), the combined effect 

of interferences (i.e., interference frequency differences) still dominates the spectrum and the 

FCF together with its harmonics are not easy to be identified. By means of EO, the FCF together 

with two harmonics can be seen in Fig. 3.10 (b). Nevertheless, the peaks associated with 

interferences, like the frequency differences between i1 and i2, i2 and i3, etc., still exist in the 

spectrum with quite high amplitudes. The detection results demonstrate that the proposed method 

outperforms EO and MMA when dealing with signals obscured by multiple interferences. 

To further evaluate the capability of the proposed method in handling noise, it is employed to 

process the simulated signal defined by Eq. (3.17) with different levels of noise added. The 

results are plotted in Fig. 3.11, in which the FCF and at least two of its harmonics can be 
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identified for SNRs from 0 to -8 dB. This level of noise handling capability should be sufficient 

for bearing fault detection in many applications. 
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Fig. 3.9 Application of the proposed method to simulated signal x (SIR = - 21 dB; SNR = - 7 dB): (a) the composite 

signal, (b) the Hilbert envelop spectrum of (a), (c) the STFD sequence, (d) the STFD-KPSA result, (e) the frequency 

spectrum of (c), and (f) the frequency spectrum of (d). 
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Fig. 3.10 Application of the MMA and EO methods to signal mixture x: (a) frequency spectrum of envelope signal 

obtained by MMA, and (b) frequency spectrum of envelope signal obtained by EO. 
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Fig. 3.11 The STFD-KPSA processing results of the signal mixture defined in Eq. (3.17) with different levels of 

noise. 

3.3 Experimental study 

The proposed method is further tested via experimental data collected in our lab using a 

SpectraQuest Machinery Fault Simulator (MFS-PK5M) test rig shown in Fig. 3.12. The vibration 

signals measured by an accelerometer (ICP
®
 accelerometer, Model 623C01) are fed to an NI data 

acquisition board (NITM USB-6212 BNC) and recorded in a computer using the LABVIEWTM 

software. The sampling frequency is empirically set to be 20 KHz in the experiments, which has 

been validated by many experiments in our lab. This is mainly because the resonant frequencies 

are unknown. Even if accurate resonance frequencies could be calculated there are no practical 

means to determine which of the multiple possible resonances is likely to be dominant. Therefore, 

the frequency range of bearing vibration is often determined empirically. For example, a higher 

sampling frequency is used in the beginning to ensure that the full spectrum will be considered. 

After determining which range to study, a lower sampling frequency can be used, if desirable. To 

challenge the proposed method, the signal conditioner is removed during the experiments. 

Therefore the collected signal is not amplified and prefiltered, and hence is of low energy and 

contains interferences such as the power line frequency of 60 Hz, shaft rotational frequency, as 

well as background noise. 
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Fig. 3.12 Experimental setup and defective bearings. 

The experiments are conducted for both inner race and outer race bearing faults. Two 

bearings of the same type are used, one with an inner race fault and the other one with an outer 

race defect, as marked on the surface of the bearings (see Fig. 3.12). The bearings used in the 

experiments in the thesis are all labelled by ‗outer‘, ‗inner‘, or ‗healthy‘. Bearing parameters are 

listed in Table 3.2. The shaft rotation frequency fr is 18 Hz (1080 rpm), and the FCF of outer race 

fault (fBPFO) and inner race fault (fBPFI) are 64.3 Hz and 97.74 Hz respectively.  

                 Table 3.2 Parameters of faulty bearings used in the experiments.  

Bearing type 
Pitch 

Diameter 

Ball 

Diameter 

Number of 

balls 
BPFO BPFI 

ER16K 38.52mm 7.94mm 9 fr ×3.572 fr ×5.43 

 

Three locations of outer race fault are considered, i.e., top, middle and bottom, as shown in 

Fig. 3.13, where the marks on the bearings indicate the corresponding defect positions on the 

outer race inside the bearing. The only load in this test is the unbalanced rotor and the shaft. The 

contact between ball and the outer race is possible at any fault position due to the low load and 

the unbalanced rotor. In this case, the signal strength mainly depends on the distance between the 

sensor and the fault location. Therefore, the signal from the fault on the top is stronger as it is 
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closer to the accelerometer; whereas the signal from bottom fault is weaker as it is far away from 

the accelerometer. The strength of the signal from the middle fault is between those obtained 

from the top and bottom fault locations.    

a b c

 

Fig. 3.13 Bearing outer race faults at three locations: (a) a fault on the top, (b) a fault in the middle (side), and (c) a 

fault at the bottom. 

3.3.1 Outer race fault detection 

Only the middle fault and bottom fault are considered in this subsection as they are more 

difficult to detect due to the relatively weaker impulses. The collected vibration signal of the 

middle fault and its Hilbert enveloping spectrum are plotted in Fig. 3.14 (a) and (b) respectively. 

In Fig. 3.14 (b), the shaft rotation frequency fr (18 Hz) which is also denoted by fi1 and 

considered as one of the interferences and the power line interference frequency fi2 (60 Hz) as 

well as their harmonics dominate the landscape, but neither the outer race FCF fBPOF (64.3 Hz) 

nor its harmonics can be observed. As the classical enveloping method fails to reveal the known 

outer race fault the proposed envelope demodulation is employed, yielding the envelope signal 

and its frequency spectrum shown in Fig. 3.14 (c) and (d) respectively. The impacts 

characterized by higher STFD values are more notable, whereas the interferences are removed by 

transferring them into much lower STFD peaks (Fig. 3.14 (c)). The fBPOF and six of its harmonics 

can be easily identified on the spectrum of the STFD-KPSA result as shown in Fig. 3.14 (d).  

Next, the signal from the outer race fault located at the bottom is analyzed. The raw signal is 

shown in Fig. 3.15 (a) and its classical enveloping spectrum is presented in Fig. 3.15 (b). It can 

be observed in Fig. 3.15 (b) that the fault-related frequency fBPOF (64.3 Hz) and its harmonics are 

not discernible but the shaft rotation frequency (18 Hz) and power line frequency (60 Hz) as well 

as their harmonics clearly stands out the spectrum. The signal then is processed using the 

proposed method and the extracted envelope is illustrated in Fig. 3.15 (c). The Fourier transform 
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of the extracted envelope leads to the result presented in Fig. 3.15 (d), from which the fBPOF 

approximately 65.6 Hz and three of its harmonics can be clearly observed.  
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Fig. 3.14 Performance of the STFD-KPSA in detecting the side positioned outer race fault: (a) the raw vibration 

signal, (b) the Hilbert enveloping spectrum of the raw signal, (c) the STFD-KPSA result of the raw signal, and (d) 

the frequency spectrum of the STFD-KPSA result. 
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Fig. 3.15 Performance of the STFD-KPSA in detecting the bottom-positioned outer race fault: (a) the raw vibration 

signal, (b) the Hilbert enveloping spectrum of the raw signal, (c) the STFD-KPSA result of the raw signal, and (d) 

the frequency spectrum of the STFD-KPSA result. 

According to the detection performance presented above for both cases, it can be concluded 

that the proposed method can diagnose faults from vibration data where the fault-induced 
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impulses are severely masked by strong interferences. The major reason is that the proposed 

STFD-KPSA method can inherently suppress interferences and noise.  

For comparison, the EO and MMA techniques are used for the signal generated by bottom-

positioned outer race fault, with results illustrated in Fig. 3.16 (a) and (b), respectively. No 

information associated with fault can be revealed by the EO method. The MMA approach can 

merely reveal the fundamental FCF of outer race, as exhibited in Fig. 3.16 (b). The comparison 

demonstrates that the performance of the proposed method is superior to both the EO and MMA 

approaches. 
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Fig. 3.16 Performance of the EO and MMA in detecting the bottom positioned outer race fault: (a) frequency 

spectrum of envelope signal obtained by EO, and (b) frequency spectrum of envelope signal obtained by MMA. 

3.3.2 Inner race fault detection 

To further examine the performance of the STFD-KPSA method, it is also applied to the 

inner race fault case. Like in the outer race case, the vibration signal of inner race fault is also 

processed using both the Hilbert transform and the proposed method with the results displayed in 

Fig. 3.17. The raw signal is plotted in Fig. 3.17 (a). Fig. 3.17 (b) presents its Hilbert envelope 

spectrum where only the shaft rotation frequency and its harmonics can be observed. Then, the 

proposed method is employed, yielding the envelope signal in Fig. 3.17 (c) and a much better 

frequency spectrum as shown in Fig. 3.17 (d). The FCF of inner race fault (fBPIF) around 97.5 Hz 

and four of its harmonics are easily recognized.   

The results obtained by the EO and MMA are illustrated Fig. 3.18 (a) and (b), respectively. 

Fig. 3.18 (a) reveals no useful frequency information, showing that the bearing fault fails to be 

detected. Fig. 3.18 (b) is obtained using the MMA, where the only peak that dominates the 

spectrum is the shaft rotational frequency fi1. By contrast, the STFD-KPSA method provides a 

better detection outcome, as shown in Fig. 3.17 (d).  
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Fig. 3.17 Performance of the STFD-KPSA in detecting the inner race fault: (a) the raw vibration signal, (b) the 

Hilbert enveloping spectrum of the raw signal, (c) the STFD-KPSA result of the raw signal, and (d) the frequency 

spectrum of the STFD-KPSA result. 
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Fig. 3.18 Performance of the EO and MMA in detecting the inner race fault: (a) frequency spectrum of envelope 

signal obtained by EO, and (b) frequency spectrum of envelope signal obtained by MMA. 

The experimental validation shows that the proposed method can detect both outer race and 

inner race flaws without any prefiltering. It is worth mentioning that there are still peaks of at 

non-fault frequencies in the spectra, as can be seen in Fig. 3.15 (d) and Fig. 3.17 (d). This is 

mainly due to that the signal conditioner in our experiments has been removed; the signals are 

thus not pre-denoising, pre-amplified and anti-aliasing. These frequencies could come from 

background noise, modulation and aliasing effects. However, the diagnosis decision is not 

influenced by these frequencies as they are suppressed and of low energy.    
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3.4 Conclusion 

A new enveloping scheme has been proposed for bearing fault feature extraction from 

vibration signals without the involvement of prefiltering. The proposed method relates FD to the 

morphological appearance differences in signals. Based on this, the STFD transform is 

developed for the envelope demodulation of impulses. Problems related to STFD transform 

calculation using Kats FD are also discussed. It is observed that both fractal and non-fractal 

components have to be considered to obtain a smooth envelope signal. To achieve this, a weight 

coefficient is introduced to make the two components have almost the same order of magnitude 

when calculating the STFD sequence. In addition to impulse envelope extraction, the vibration 

interferences can be suppressed in the STFD representation with the aid of the proposed KPSA. 

Therefore, the proposed method can remove interferences without prefiltering process. The three 

main advantages of the proposed enveloping method are: (1) its ability of handling signal with 

very low SIR (as low as – 33 dB), (2) its filter-free nature, which mitigates the difficulties 

present in the selection of proper filter parameters in the classical prefiltering-based methods, 

and (3) its low computational complexity, making it suited for on-line bearing condition 

monitoring.  

The performance of the proposed method has been validated using both simulated and 

experimental data. The results have shown that the proposed method is effective in extracting 

fault feature and suppressing interferences without resorting to any prefiltering step. The 

proposed method has also been compared favourably with the demodulation methods based on 

Hilbert transform, EO and MMA for interference suppression.  
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Chapter 4  Iterative Oscillatory Behavior based Signal 

Decomposition and Its Application to Bearing Fault Detection
2
 

The technique based on STFD described in the previous chapter is effective for bearing fault 

signature extraction under constant speed via the direct demodulation without prefiltering. Even 

though this proposed enveloping method is capable of handling interferences, its effectiveness 

may be handicapped by harsh noise and high frequency interferences, like in-band interferences 

(i.e., those residing in the resonance frequency band). When there are multiple high frequency 

interferences and their energy is relatively high, the STFD-based method would become less 

effective (In Chapter 3, the frequencies of most considered interferences are much lower than 

that of the resonance). In reality, the data collected in an industrial setting may contain such 

signal components. This situation poses at least the following difficulties: 

(1) The presence of in-band interferences can mislead the passband identification process of 

the popular high resonance frequency (HRF) technique as well as its variants such as the 

state-of-the-art spectral kurtosis (SK) based methods. The reason is that the in-band 

vibration interferences would negatively contribute to the used criterion such as kurtosis 

value and hence the true resonance band can be easily missed whereas a wrong band 

could be selected as the ―resonance band‖.  

(2) Even if the in-band interferences do not mislead the pass-band identification process of 

the popular HRF technique and its variants, they will adversely affect the quality of the 

amplitude demodulation result after band-pass filtering. 

(3) The out-band high frequency interferences can cause problems to the STFD methods 

because the interference-related effect on STFD representation becomes more 

pronounced with the increase of interference frequencies. As illustrated in the previous 

chapter, such an increase in the discrepancy between L and d leads to more and stronger 

interference-related ripples in the STFD plot which even make the proposed KPSA 

algorithm ineffective.  

                                                 
2
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In the light of the above, this chapter presents an approach from the point of view of 

interference and noise removal, including multiple high frequency interferences resulted by other 

mechanical/electrical components and their harmonics. The proposed method is based on 

oscillatory behaviors, rather than frequency, of a signal to isolate bearing fault features from 

vibration interferences. Different from the conventional filter-based denoising techniques, this 

method is independent of frequency information and this feature can explain the reason why the 

proposed method is capable of removing in-band interferences. At the same time, it overcomes 

the shortcoming of wavelet transform (WT) decomposition methods that are ineffective in 

representing impulse-like signals and removing harmonic interferences. 

The proposed method jointly applies morphological component analysis (MCA) and tunable 

Q-factor wavelet transform (TQWT) to decomposing a signal into two signal components, i.e., 

low- and high-oscillation components, according to whether they having sustained oscillations. 

This method is hereby called oscillatory behavior based signal decomposition (OBSD). The 

MCA, with the aid of the TQWT, is adopted to separate fault-induced transients (low-oscillation 

component) from other signal components like periodic interferences and noise (high-oscillation 

component and residual) because they oscillate differently. The TQWT is parameterized by a Q-

factor and plays a role of distinguishing signal components that present different oscillatory 

behaviors. Thus a proper Q-factor specification is pivotal to the success of signal component 

separation. This chapter then develops the strategies to determiner Q-factor for the TQWT. Based 

on the MCA and TQWT, the objective function can be constructed. The low- and high-oscillation 

components can be obtained by solving the objective function using the split augmented 

Lagrangian shrinkage algorithm (SALSA); thus fault-induced transients is extracted. In practice, 

vibration data are often severely contaminated by strong noise and various harmonic 

interferences (and their harmonics). Therefore using OBSD once may fail to extract fault 

signatures from such vibration signals as a basis may be unable to represent all interferences at a 

time. To address this problem, the Iterative-OBSD (IOBSD) is first put forward in this chapter, 

which reinforces the capability of the proposed method in handling multiple interferences. It is 

worth mentioning that the proposed method extracts fault signatures on the basis of oscillatory 

behaviors, instead of frequency information, and it hence can deal with in-band interferences and 

noise, which outperforms other filter-based methods. This is verified by comparing the proposed 
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method with one of the commonly used filtering techniques, namely, SK method. The proposed 

method has also been examined by both simulation and different experiments. 

4.1 Signal oscillatory behavior based signal decomposition (OBSD) 

The OBSD method expresses a signal as the sum of a ‗high-oscillation‘ and ‗low-oscillation‘ 

component. A high-oscillation component is defined as a time domain waveform that displays 

sustained oscillatory behaviors whereas a low-oscillation component is defined as a waveform 

that is consisted of non-oscillatory transients. Therefore, in this subsection, the oscillatory 

behavior of a signal is first explained, followed by the elaboration of signal decomposition based 

on oscillatory behaviors.  

4.1.1 Oscillatory behavior 

As described earlier, a high-oscillation component is consisted of sustained oscillations. 

Therefore, two signals displayed in Fig. 4.1 (a) and (b) respectively are classified as high-

oscillation component, where each of them contains about six cycles of a sine wave multiplied 

by a bell-shaped function (Selesnick, 2011a); whereas, Fig. 4.1 (c) and (d) respectively present a 

low-oscillation signal that does not exhibit continuously oscillatory behaviors. As seen, each 

signal only contains a single cycle. It is reported in (Selesnick, 2011a) that a signal‘s oscillatory 

behavior can be quantified by Q-factor which is defined as the ratio of the center frequency of a 

signal to its bandwidth. The more oscillatory cycles comprising a signal, the higher its Q-factor 

is. The signals illustrated in Fig. 4.1 (a) and (b) are sustained, and accordingly they have higher 

Q-factors. In contrast, the signals in Fig. 4.1 (c) and (d) present no oscillations; hence they have 

lower Q-factors. However, Q-factors for Fig. 4.1 (a) and (b) (or for Fig. 4.1 (c) and (d)) are 

identical as they have the same degree of oscillation. Note that signals in Fig. 4.1 (a) and (b) are 

time-scaled version of one another. Likewise, the same can be said for signals in Fig. 4.1 (c) and 

(d). Therefore, observing Fig. 4.1 can conclude that: a) time-scaling a signal produces no effect 

on its oscillatory behaviors,  and b) signals with the same Q-factors, i.e., the same oscillatory 

behaviors, may be either high frequency signals or low frequency signals, which means the Q-

factor does not influenced by the frequency of signals. This feature is particularly important. For 

example, the traditional filter-based methods are non-effective in separating these signals, like 
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signals in Fig. 4.1 (a) and (c) (or signals in Fig. 4.1 (b) and (d)), because they share the same 

frequency band. However, the OBSD provides an appealing means for addressing this issue.  
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Fig. 4.1 Signals‘ oscillatory behaviors quantified by Q-factors: a high Q-factor characterized signal and its spectrum 

with normalized frequency of (a) 0.15 and (b) 0.04; a low Q-factor characterized signal and its spectrum with 

frequency (c) 0.15 and (d) 0.04. 

The foregoing observation indicates that the Q-factors of signals are identical when the pulses 

exhibit the same oscillation behaviour, regardless of the frequency. Pulses with no or fewer 

oscillations have low Q-factors while pulses with more oscillations have high Q-factors.  
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4.1.2  Signal decomposition based on oscillatory behavior 

In this subsection, signal decomposition based on the oscillatory behavior is given in detail. 

Signals measured from physical systems are often consisted of sustained oscillations and 

transients, i.e., high-oscillation component and low-oscillation component. Restated, the signal 

can be considered as a mixture of two separate signal components, each one having its own 

oscillatory behaviors. The transient is often a carrier of useful information for system health 

condition. Therefore, extracting the transient signal is a key step for monitoring system condition. 

To achieve this, the MCA which has been proved to be an effective tool in signal decomposition 

is employed (Bobin et al., 2007; Selesnick, 2011a). The detailed introduction of MCA is given 

below. 

Suppose that a signal x, a combination of K independent components, i.e., 
1

K

kk
x x


 (xk 

represents the kth component) is to be decomposed. All components‘ sparsest representations 

which can be sought over the dictionary including all bases are given by (Starck et al., 2005)  

 
1

1 11
{ ,..., }

{ ,..., } Arg min
K

K

k kk
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a a

a a a  s.t.
1

,
K

k kk
x


 aΦ    (4.1) 

where Φk is the kth basis, ak is the coefficient vector of the kth component. Once ak and Φk are 

obtained, each component can be estimated as k k kx Φ a  . It is important to point out that the 

successful separation of the signal content can be reached relying on assumptions that Φk is 

effective in representing one component and highly ineffective in representing the other 

components. If the signal under analysis is noisy, it cannot be exactly decomposed into K 

components. Suppose the given signal x is corrupted by noise. The objective is to use the given 

noisy signal x to produce an estimate 
1

K

kk

k

b


Φ a  of the target signal. In order to accurately 

obtain the sparse representation of target signal in the noisy version, there are two goals that are 

described as follows: 

(1) The estimate b is expected to be sparse; therefore it should involve as few atoms from 

Φ as possible. This implies that 1

1

K

k

k

 a should be minimized. 
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(2) The estimate b should be close to x in a least square sense to ensure that b is close to x.  

Mathematically, this aims at minimizing 2

2

1

k k

K

k

x


Φ a .  

Considering the above two goals, it can transform this multi-objective optimization issue into 

a regularized problem, which can be expressed as 

 
1

2

1 1 2
{ ,..., } 1 1

{ ,..., } Arg min
K

K K

k k k

k k

k k x
 

  
a a

Φ aa a a ,  (4.2) 

where γk is a regularized parameter. Then Eq. (4.2) is the noise-cognizant version of MCA 

method for noisy signals. In this way, the decomposition of signals is approximate and some 

residual that is represented by none of bases is produced. Thus, with respect to ak, the objective 

function of MCA can be written as 

 2

1 2 11
( ,..., ) ( )

K

k k k k kk
J x 


  a a aΦ a .  (4.3) 

As long as the basis for each signal component is created, the coefficients of K signal 

components can be obtained by minimizing Eq.(4.3), and accordingly each signal component can 

be estimated by k k kx Φ a . In this study, we only have high-oscillation component and low-

oscillation component, and so K = 2. Then objective function of Eq. (4.3) can be modified as 

 2

1 2 1 2 2 2 1 1 1 2 2 11( , )J x      a a a a aΦ Φ a   (4.4)    

where subscript ‗1‘ and ‗2‘ represent low-oscillation component and high-oscillation component 

respectively. 

4.2 TQWT and the development of IOBSD 

As discussed above, in order to minimize the objective function and obtain the coefficients 

for each signal component, the bases Φ1, 2 that are used to represent each signal component have 

to be created. This is also important for the success of the MCA method as the bases Φ1, 2 play a 

role of distinguishing two components with different oscillatory behaviors. Therefore, in this 

subsection, the construction of bases is elaborated. To ensure that the two components i.e., high-

oscillation component and low-oscillation component, are decomposed successfully, the high Q-

factor basis is comprised of all high Q-factor wavelets, and similarly the low Q-factor basis is 
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consisted of all low Q-factor wavelets. Then a high Q-factor basis efficiently represents the 

component with sustained oscillatory behavior and highly inefficiently representing the 

component with non-oscillatory behavior, vice versa. This can be done using a technique called 

tunable Q-factor Wavelet Transform (TQWT) (Selesnick, 2011b), where the Q-factor as 

discussed in subsection 4.2.1 representing oscillatory behaviors is easily specified. By means of 

specifying different Q-factors, bases with different oscillatory behaviors can be constructed. The 

details of TQWT and its application for MCA are described in the following.    

4.2.1 TQWT 

In this subsection, the TQWT that are parameterized by Q-factor is introduced. Like other 

kinds of wavelet transform, the TQWT is also based on the multi-rate filter banks, as shown in 

Fig. 4.2, where the TQWT is implemented through iteratively applying the two-channel filter 

bank on its low-pass channel. The wavelet coefficients of subband signals are denoted by w
j
(n) 

for j=1, 2,…,J+1. LPS α and HPS β in Fig. 4.2 represent low pass scaling and high pass scaling 

respectively, where and  are the frequency domain scaling parameters. They either improve or 

decrease the sampling rate of the signal, i.e., the sampling rate of next stage is   (low pass 

channel) or   (high pass channel) times of that of the previous stage. To ensure that the wavelet 

transform will not be excessively redundant and in the meantime the perfect reconstruction of the 

filter banks is achievable, one has to have 0  , 1  and 1    . Note that the TQWT is 

specified directly in the frequency domain and implemented using radix-2 FFTs, which can be 

more efficient. 

For the filter bank implementation in Fig. 4.2, the frequency responses H0(ω) and H1(ω) are 

determined as follows to guarantee perfect reconstruction (Selesnick, 2011b) 
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where α and β are, as explained previously, the scaling parameters in the frequency domain and θ 

(•) is a function defined as ( ) 0.5(1 cos ) 2 cos , | |         . Among these parameters, β is 

directly related to Q-factor and the relationship between them is formulated as Q = (2-β) / β. Also 

it has previously made α + β >1 in order to get redundancy denoted by r which can be calculated 

by r = β / (1-α). The r represents a compromise between the desired redundancy and increased 

computational complexity. As the analyzed signal cannot be decomposed into unlimited number 

of stages,  the maximum number of stages Jmax has to be set according to the signal length as 

follows (Selesnick, 2011b) 

 

log( )
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   (4.7) 

where z   stands for the largest integer that is less than z, L is the signal length. The number of 

stages J should not be greater than Jmax. Therefore, once r, Q-factor and J are specified, a specific 

wavelet transform is determined. For example, four kinds of eight-stage wavelet transform, as 

shown in Fig. 4.3, are generated by four different Q-factors respectively. Observing Fig. 4.3, it 

can be concluded that: a) with different Q-factors, the oscillatory behaviors of TQWT-generated 

bases are different, and more specifically, the larger the Q-factor, the more oscillation the basis 

presents, b) the wavelet of each stage is the time-scaling version of another but the Q-factor is 

not affected by the operation because the oscillation degrees of the wavelet and its time-scaled 

versions are unchanged, which ensures that a high-oscillation basis is comprised of  all high-

oscillation wavelets. A specific basis associated with a specific Q consists of J wavelets which 

are translated and/or scaled versions of each other but all have the same degree of oscillation, 

due to the same Q-factor. As such, all the bases can be created similarly in a systematic manner.  
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Fig. 4.2 Analysis and synthesis filter banks for the TQWT.  
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Fig. 4.3 Wavelet subbands of TQWT bases associated with four different Q-factors (r = 3 and J = 8): (a) Q=1, (b) 

Q=3, (c) Q=7, and (d) Q=10.  
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4.2.2 Application of TQWT to MCA 

Recalling Eq. (4.4), by means of TQWT, the Φ1(2) is the matrix that are constituted by the 

synthesis functions of low(high) Q-factor TQWT and a1(2) is the coefficients of low(high) Q-

factor TQWT, i.e., w1(2). Then Eq. (4.4) can be re-written as  

 

2

1 2 1 1 1 2 2 1 1 2 2

1 1 2

1 1 1 2 2 1 1 1 2 2

1

2

2( , )

TQWT ( ) TQWT ( )

J x

x

 

   

    

    

Φw w w w w w

w w w

Φ

w
  (4.8) 

where TQWT
-1 

denotes the inverse TQWT, and γ1 and γ2 are subband-dependent regularization 

parameters. They are set to be proportional to the l2-norm of the wavelet at every stage, which 

are computed as (Selesnick, 2011a) 

 1 1 1 2

j jA wlet  , 2 2 2 2

j jA wlet  ,   (4.9) 

where wlet1
j
 and wlet2

j
 represent the wavelets of high Q-factor and low Q-factor at jth stage 

respectively, and A1 and A2 are parameters used to tune the weight between estimated signal 

components and estimation error. With the employment of TQWT, the next problem is to 

minimizing the objective function of Eq. (4.8) for the purpose of obtaining coefficients w1 and 

w2. The high-oscillation and low-oscillation components of the concerned signal can then be 

acquired as follows 

 -1TQWT ( ), 1,2k kx k w . (4.10) 

The minimization of objective function is discussed in the following subsection. 

4.2.3 Split Augmented Lagrangian Shrinkage Algorithm (SALSA)  

 Although the objective function is convex, minimizing it may be difficult due to the non-

differentiability of the l1-norm and the large number of variables. Several algorithms, like 

Iterated Soft-threshold Algorithm (ISTA) (Daubechies et al., 2004), Fast Iterated Soft-threshold 

Algorithm (FISTA) (Beck and Teboulle, 2009) and SALSA (Afonso et al., 2010), have been 

developed for this kind of objective functions. It has been found that the SALSA is particularly 

effective for OBSD because it involves l2-norm regularized problem that can be solved easily 

due to the tight frames of the TQWT (Afonso et al., 2010).  

SALSA is based on the techniques called variable splitting to convert an unconstrained 

optimization problem to a constrained optimization problem. Specifically, the idea is to split the 
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variable into a pair of variables, each to serve as the argument of the function. Next, it minimizes 

the sum of the functions under the constraint that the two variables have to be equal.   

Considering the unconstrained optimization problem Eq. (4.8), the SALSA is based on 

casting the minimization problem 

 
1 2min ( ) ( )f f

w
w w ,  (4.11) 

where w are denoted as
1

2

 
  
 

w
w

w
, 1f  and 2f  are functions that are written as 

1 1 1 1 2 2 1( )f   w w w  and 2

2 2( )f x Φww , with 
1

2

 
  
 

Φ
Φ

Φ
. 

In order to obtain constrained optimization problem, variable splitting technique is then used. 

A new variable, say v, is created to serve as the argument of f2, under the constraint of v = w. 

Then Eq. (4.11) can be rewritten as  

 
1 2min ( ) ( ) s.t .f f 

w,v
w v v w ,  (4.12) 

where 
1

2

 
  
 

v
v

v
 is used. Clearly, Eq. (4.12) is equivalent to Eq. (4.11); however, Eq. (4.12) is a 

constrained problem. The augmented Lagrangian function for this problem is defined as 

(Figueiredo et al., 2009) 

 2

1 2 2( , ; , ) ( ) ( ) ( )f f       w v λ w v λ v w v w   (4.13) 

where λ is a vector of Lagrangian multipliers and μ denotes the penalty parameter. This method 

is called augmented Lagrangian method (Meireles et al.) (Meireles et al.), also known as the 

method of multipliers (MM), which lies in minimizing ( , ; , )  w v with respect to w and v. The 

so-called ALM method involves an iterative process, updating μ in each iteration until the stop 

criterion is satisfied; see (Afonso et al., 2010) for details.  The main steps of ALM for Eq. (4.13) 

can be written as follows: 

 1 1 2

1 2 2
,

( , ) arg min ( ) ( )k k kf f       
w v

w v w v v w d   (4.14) 

 1 1 1( )
kk k k    d d v w  . (4.15) 
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The minimization of Eq. (4.14) is non-trivial as it contains non-separable quadratic and 

possibly non-smooth terms. In the research work of (Figueiredo et al., 2009; Afonso et al., 2010), 

it has been found that this minimizing problem can be solved using an algorithm called 

Alternating Direction Method of Multipliers (ADMM), in which Eq. (4.14) is solved by 

alternating minimization with respect to w and v, while keeping the other variables fixed. The 

resulting steps are in the following. 

 1 2

1 2arg min ( )k k kf     
w

w w v w d   (4.16) 

 1 1 2

2 2arg min ( )k k kf     
v

v v v w d   (4.17) 

 1 1 1k k k k    d d v w   (4.18) 

where k is the iteration index and μ is the penalty parameter specified by a user. Substituting 

1 1 1 1 2 2 1( )f   w w w  and 2

2 2( )f x Φvv  into Eq. (4.16) and (4.17) respectively, we 

can see that Eq. (4.16) is an l1-norm de-noising problem and Eq. (4.17) is l2-norm problem 

(convex quadratic function). The minimization of the Eq. (4.16) can be achieved by the 

following soft-thresholding equation (Selesnick, 2011a):  

 1 soft( , )
2

k k k



  
γ

w v d   (4.19) 

where soft is the soft-thresholding rule with threshold T = γ/(2μ), 

soft( , ) sign( )max(0,1 / | |)x T x T x  . Since Eq. (4.17) is a strictly convex quadratic problem, the 

solution of it is unique and can be obtained by derivation: 

 11 ) ( ( ))(k t t k kx     ΦΦ I Φ w dv   (4.20) 

where Φ
t
 is the transposed matrix of Φ. Since the TQWT is a tight frame, the equations of Φ1Φ1

t
 

= I and Φ2Φ2
t
 = I can be obtained. Using the matrix inverse lemma, it can write: 

 1 1 1

2)
( )

(

t t
  

  


ΦΦ I I Φ Φ .  (4.21) 

Therefore, the iterative algorithm of SALSA can be summarized as follows: 

 1 soft( , )
2

k k k



  
γ

w v d   (4.22) 
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 1 1 1

( 2)

k k t k

  

  


u ΦΦuv   (4.23) 

 ( )k t k kx   u Φ w d  (4.24) 

 1 1 1k k k k    d d v w  . (4.25) 

The minimization of Eq. (4.8) can be achieved by the iterative operation constructed by Eq. (4.22)

-(4.25). Consequently, each signal component x1 and x2 can be obtained using Eq. (4.10).   

In summary, the proposed OBSD method contains three key techniques, i.e., the MCA 

method, TQWT and SALSA. The MCA is used to decompose the concerned signal into signal 

components with different oscillatory behaviors. The crucial point of the success of MCA is to 

construct proper bases that are used to distinguish each component. This can be done by the 

technique called TQWT, where the Q-factor is tunable and easy to be specified. As a result, 

different bases with different oscillatory behaviors are constructed. The last SALSA is an 

iterative algorithm and applied to minimizing the objective function of the MCA, and thus the 

coefficients of each signal component are obtained. The low- and high-oscillation components 

are then constructed by the inverse TQWT. 

4.2.4 The fault feature extraction of bearing and IOBSD 

Vibration signals collected from bearings in a mechanical system often are consisted of 

periodic transient component, interfering signals from shaft misalignment, rotor unbalance and 

electrical components, etc., and strong background noise. As said previously, periodic transient 

component generated by bearing faults is often masked by noise and interferences, particularly at 

the early stage of faults. Therefore, the main challenge for bearing condition monitoring is to 

extract the periodic transient component from the raw signal polluted with interferences and 

noise.  

Based on the definition of the oscillatory behavior described above, fault-generated transients 

are considered as the low-oscillation component because it presents non-oscillatory behaviors; in 

contrast, the cyclic interferences that apparently present sustained oscillation are classified as the 

high-oscillation component. The noise that cannot be represented by both high- and low- 

oscillation bases is classified as residual. Then by means of the proposed OBSD method, the 

transients considered as low-oscillation component can be separated from interferences and noise. 
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However, the vibration signals of defective bearings in a mechanical system often contain 

various vibration interferences. Even if such interferences present sustained oscillations and are 

classified as high-oscillation component, they may be different in terms of the level of oscillation. 

This is reflected by the fact that some of them exhibit more sustained oscillations and some show 

fewer sustained oscillations. In such a case, the separation of signal components may not be 

successful if using only a single Q2 to represent all sustained oscillatory signal contents. 

Particularly, the sustained oscillatory behaviors of interferences differ widely. The consequence 

of using a single Q2 is that some components with fewer sustained oscillations may be 

mistakenly classified as low-oscillation component. This will be seen in subsections 4.4 and 4.5. 

To solve this problem, more than one Q2 is needed for sustained oscillatory components. One 

straightforward method is to use multiple high Q-factors to represent various sustained 

oscillatory components at a time. However, as mentioned above, the successful decomposition of 

MCA requires that a basis efficiently represents a component but inefficiently represents others, 

which means that the bases should be of low coherence (Abrial et al., 2007; Selesnick, 2011a). 

The main issue caused by using multiple Q2 at a time is that it may generally reduce the 

incoherence among bases associated with different Q2 and accordingly decrease the likelihood of 

successful decomposition. Inspired by this, the IOBSD approach is proposed. Instead of using 

more than two bases at a time, the IOBSD iteratively ‗peels‘ the interferences, gradually 

removing interferences that construct the high-oscillation component. The decomposed low- and 

high-oscillation components of the signal x  are denoted by 1

ix and 2

ix at ith iteration, respectively. 

Then the IOBSD can be described in the following 

 1

1 IOBSD( ), 1x x i    (4.26) 

 1

1 1IOBSD( ), 2,...i ix x i  . (4.27) 

The schematic representation of the proposed approach is shown in Fig. 4.4. It is noted that 

the number of iterations has to be properly controlled because excessively decomposing a signal 

may lead to an over smooth result and thus strong deviation from the target signal (i.e., the 

transients in this work) is produced. The kurtosis that is widely used as a measurement of signal 

impulsiveness is adopted to construct the stopping criterion. The underlying principle of 

applying the kurtosis to bearing fault feature extraction is that the signal component primarily 
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consists of periodic interferences and noise produces a kurtosis value of less than or equal to 3. 

In contrast, the signal component including impulses results in a kurtosis value greater than 3. In 

each iteration, the kurtosis value of the high-oscillation component x2
i
 is calculated. The reason 

for calculating kurtosis of high-oscillation component instead of low-oscillation component is 

that kurtosis values greater than 3 are not necessarily related to the fault-related impulses (Luo et 

al., 2013). Then comparing the calculated kurtosis value with 3, if it is less than 3 the iterative 

procedure continues; otherwise it stops and the final result is the low-oscillation component in ith 

iteration, i.e., x1
i
. The reasons are as following: a) a kurtosis value of a signal below 3 is an 

indicator of periodic interferences and Gaussian noise, and b) the high-oscillation component is 

mainly composed of periodic interferences and noise, and if a kurtosis value of a high-oscillation 

component (x2
i
) is greater than 3 it means that no more interferences are left in the low-

oscillation component (x1
i
); hence no more iteration is required and the x1

i 
is the final result.  The 

stopping criterion is expressed below:  

 2kurt( ) 3 0, 1,...i iSC x i      (4.28) 

where kurt(•) denotes the kurtosis value.  
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Fig. 4.4 Schematic representation of the proposed IOBSD. 
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4.3 The parameter determination for IOBSD 

4.3.1 Parameters determination for MCA and SALSA 

For MCA and SALSA, there are two parameters, i.e., regularization parameters and penalty 

parameter, to be selected. The former defined in Eq. (4.9) are determined by A1 and A2, which 

tune the relative energy between the two estimated signal components and also affect the 

smoothness of them. The larger A1 and A2, the smoother the resulting signals are. It has been 

proven by Cai et al. (2013) that A1 and A2 can provide an effective decomposition results except 

the case that the two values are far apart from each other. Therefore, A1 and A2 are selected to be 

very close. Note that A1 and A2 cannot be too large in order to avoid over-smooth results. Penalty 

parameter μ associated with SALSA has an impact on the convergence rate of the algorithm. 

Large μ leads to a slower convergence rate; however, it results in a small residual.  To achieve a 

desirable balance between the convergence rate and residual, μ is set to 2 in this study.  

4.3.2 Parameter determination for TQWT 

For TQWT, as mentioned before, three parameters need to be determined: the Q-factor, the 

number of stage J and redundancy r. To obtain the overcomplete bases and make wavelets cover 

frequency band as much as possible, the maximum number of stages Jmax (specified by Eq.(4.7)) 

is employed in this work at the expense of more computation. Fortunately, the TQWT can be 

implemented quickly using the radix-2 FFTs. The redundancy r is set to 5 by considering the 

trade-off between the desired redundancy and complex calculations. Thus, the only remaining 

issue is to specify the appropriate Q-factors to create proper bases for the low- and high-

oscillation components. 

4.3.2.1 Q-factor for low-oscillation component (Q1) 

When rolling elements interact with damaged area, a series of impulsive signal is generated 

as shown in Fig. 4.5 (a). Enlarging Fig. 4.5 (a) and only observing an impulse as displayed in Fig. 

4.5 (b), the transient part of the impulse has a ‗similar‘ curve shape with the wavelet of Q =1 

which is presented in Fig. 4.5 (c). Hence, the Q-factor representing low-oscillation component is 

set to 1, i.e. Q1 = 1. 



Chapter 4 Iterative Oscillatory Behavior based Signal Decomposition and Its Application to Bearing Fault Detection 

71 

 

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
-1

-0.5

0

0.5

1

Time (s)

A
m

p
li

tu
d
e

0 0.005 0.01
-1

-0.5

0

0.5

1

Time (s)

A
m

p
li

tu
d

e

0 0.005 0.01
-0.2

-0.1

0

0.1

0.2

0.3

Time (s)

A
m

p
li

tu
d

e

Q = 1

a

cb

 

Fig. 4.5 (a) Simulated faulty bearing vibration signal, (b) an impulse from (a), and (c) wavelet with Q = 1. 

4.3.2.2 Q-factor for high-oscillation component (Q2) 

As stated previously, to ensure the success of the MCA, bases of Q1 and Q2 should be of low 

mutual coherence. More specifically, a zero value of coherence between two bases indicates 

complete independence of the two. The mutual coherence between two bases are formulated as  

 1
( , ) 2 1

(1,... )
2(1,... )

1 2
max ,

1 2A

B

max An Bl
n J
l J

Q
C C Q Q

Q



  


  (4.29) 

where An and Bl represent wavelets of A and B at decomposition levels n and l respectively.  The 

right-hand side of the above equation is adopted from the ref. (Selesnick, 2011a). It can be seen 

that Cmax depends on the Q-factors of the two bases. Ideally, Cmax should be as close to zero as 

possible. For this purpose, Q2 should be as high as possible. However, too high Q2 incurs a 

substantial amount of computations. In the case of bearing fault detection, Q1 = 1 has been 

selected. Then the high Q-factor has to be in a suitable range to avoid high computational 

requirements while in the meantime the coherence between high- and low-bases can be as small 

as possible.  

The relationship between gains of Cmax and Q2 is plotted in Fig. 4.6. The gain of Cmax denoted 

by ΔCmax is expressed by  
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 2 2 2 2( ) ( 1) ( ), 2max max maxC Q C Q C Q for Q       (4.30) 

where Cmax(Q2) is the maximal coherence value between the Q1 basis and a given Q2 basis. By 

observing Fig. 4.6, it can be seen that the gain of Cmax drops monotonically with the increment of 

Q2, and it almost keeps unchanged for Q2 larger than 10 (less than 1.4%). This means that the 

contribution made by increasing Q2 to the reduction of Cmax is quite significant at the beginning; 

however, it drops monotonically with the increase of Q2 and is negligible after Q2 reaching 10. 

As seen in Fig. 4.6, most of changes of ΔCmax is achieved when Q2 ≤ 10. Quantitatively, the Cmax 

is decreased by 62.2% (=
2 2

10

2( )maxQ
QC


  ) when Q2 reaches 10. Keeping increasing Q2 from 11 

to 20 can reduce the Cmax by 10.6%; however it incurs complex computation. For example, for a 

signal with 32768 (=8192*4) data length, the Jmax is 178 (calculated by Eq. (4.7)) for Q2 equal to 

10 while the Jmax reaches 310 when increasing Q2 to 20. Considering the negligible contribution 

and the substantial amount of computations caused by additional increment in Q2, the maximal 

Q2 is fixed at 10. 
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Fig. 4.6 The evolving history of ΔCmax versus Q2 

Based on the discussion above, the steps of high Q-factor determination for IOBSD are as 

follows. The interferences with more sustained oscillations are removed in the previous iteration 

and then interferences with fewer sustained oscillations are removed in the next iteration by 

reducing the Q2. This can be done by setting the first Q2 (in the first iteration) equal to the 

maximal Q2 (=10) and then reducing Q2 by 1 for next iteration. The iterative operation continues 

and Q2 is kept reducing until the stop criterion is satisfied or Q2 < 2. In this way, the Fig. 4.4 

where the schematic representation of IOBSD is presented can be modified as shown in Fig. 4.7. 
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Fig. 4.7 Schematic representation of the proposed IOBSD method after Q2 has been determined. 

Note that the stopping criterion that is defined by Eq. (4.28) is often satisfied first. It is 

observed that eight iterations are sufficient for most applications for defective bearing vibration 

signal analysis. 

4.4 Simulation assessment 

To investigate the effectiveness of the proposed method, the simulated data of faulty bearings 

with noise and a variety of interfering signals are constructed, and then are processed by the 

proposed IOBSD method. The comparison between the IOBSD and the SK method is also made. 

4.4.1 Faulty bearing simulated signal with slippage 

The simulated signal of a faulty bearing with slippage can be modeled as (Liang and 

Bozchalooi, 2010): 

 
( )

( ) sin( ( )) u( )

m

p i

i M

M m mt mT

m r p i p i

m M i M i M

s t L e t mT t mT
 

  

  

  


         (4.31) 
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where M is half of the number of the fault generated impulses, Lm is the amplitude of mth
 
fault 

impulse, β the decay parameter, Tp is the time period corresponding to the fault characteristic 

frequency, ηi presents the effect of random slippage of the rollers and is modeled as a uniformly 

distributed random variable with a zero mean and a standard deviation of 0.01Tp, ωr is the 

excited resonance frequency, and u(·) is the unit step function. The parameters of the simulated 

model mentioned above are given in Table 3.1. The sampling frequency is 12 KHz and the signal 

length is 8192*4=32768. The raw simulated signal of faulty bearing with slippage and its 

spectrum are plotted in Fig. 4.8 (a) and (b), respectively. 
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Fig. 4.8 Simulated signal of a defective bearing with slippage: (a) the simulated signal in time domain and (b) 

frequency representation of (a). 

4.4.2 The application of the IOBSD to the simulated data  

To imitate the real working condition of bearings, interferences originated from other 

machine elements and noise are added into the simulated signal, 

 ( ) ( ) ( ) I( )x t s t n t t    (4.32) 

where s(t) is the simulated faulty bearing signal as described in subsection 4.4.1, n(t) is the 

additive white Gaussian noise and I(t) is the interfering signal. The main sources of interferences 

are vibrations of other mechanical components and its multiples, such as unbalanced rotor, 

misaligned shaft, gears as well as some signal contents from electrical devices. These 

interferences are discrete in frequency and hence they are also called discrete frequency noises, 

which can be expressed as  

 
1 1

I( ) I ( ) cos( )
M M

m m m m

m m

t t A t 
 

      (4.33) 
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where Am, ωm and θm are the amplitude, frequency and initial phase respectively. In this 

simulated case, there are six interferences (I1, I2,…, I6) added to the simulated impulsive signal s 

and their frequencies are 4.8 KHz, 2 KHz, 1.9 Hz, 1 KHz, 300 Hz and 150 Hz respectively. The 

frequency of I3 is in the vicinity of the fault-induced resonance frequency and the frequency of I2 

is exactly identical to the resonance frequency, therefore they can be used to evaluate the in-band 

interferences removal ability of the proposed method. The amplitudes and initial phases of all 

interferences are set to 1 and 0 respectively. The SNR related to the simulated faulty bearing 

signal s is -7. The composite signal is plotted in Fig. 4.9 (a). Fig. 4.9 (b) presents the frequency 

spectrum of the raw signal, where all frequency contents of interferences can be clearly seen. The 

envelope spectrum of the raw signal is illustrated in Fig. 4.9 (c), showing that the interference 

frequencies and their differences stand out of the spectrum and hence the FCF and its harmonics 

cannot be observed. Therefore, the classical Fourier transform and Hilbert envelope 

demodulation are incapable of dealing with this signal which is severely tainted by noise and a 

wide range of interferences. Moreover, the frequencies of I2 and I3 reside in the frequency band 

covered by the resonance frequency. In this case, filters-based approaches may work 

ineffectively as interference frequencies and resonance frequency share the same frequency band. 

One of the state-of-the-art filtering methods, i.e., SK method, is employed to process the signal 

mixture. The kurtogram, the envelope of the filtered signal and its spectrum are shown in Fig. 

4.10. It can be seen in Fig. 4.10 (a) that the center frequency of the SK-selected pass-band is 210 

Hz; however, the resonance frequency of the simulated signal is 2 KHz. This indicates that the 

in-band interferences adversely affect the selection of proper pass-band as they have effects on 

kurtosis values. The envelope of the filtered result and its spectrum are exhibited in Fig. 4.10 (b) 

and (c), respectively. As seen in Fig. 4.10 (c), neither FCF nor its harmonics are recognizable, 

indicating that SK method is no longer effective in such case. 
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Fig. 4.9 (a) the simulated impulsive signal mixed with noise (SNR = -7 dB) and seven interferences (SIR = -18.8 

dB), (b) the FFT spectrum, and (c) the envelope spectrum. 
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Fig. 4.10 Processing results using SK method: (a) the kurtogram obtained by SK method, (b) the envelope of the 

filtered signal, and (c) the spectrum of the envelope. 

Next, the data is analyzed by the proposed approach. The selection of Q1 and Q2 has been 

discussed previously. The parameters A1 and A2 that are associated with the minimization of 

objective function should not be far away from each other and also not be very large; hence both 

of them are set 1. Two iterations for IOBSD are carried out for this case (kurtosis values of high 

oscillation components are 2.91 and 10.51, respectively), hence the outputs of the second 

iteration are the final results. The outputs of the first iteration are shown in Fig. 4.11. The 

minimization of the objective function is illustrated in Fig. 4.11 (a), showing that the objective 

function converges using the SALSA algorithm with the selected A1 and A2. Fig. 4.11 (b) 

displays the residual that is represented by neither the high-oscillation basis nor the low-

oscillation basis. The obtained high-oscillation component, as shown in the left side of Fig. 4.11 

(c), is mainly consisted of signal components with sustained oscillation, i.e., the interferences. 

This can be validated by its spectrum in middle of Fig. 4.11 (c), in which the dominating 

frequency contents are the frequencies of interferences. The envelope spectrum of the high-

oscillation component is plotted in the right side of Fig. 4.11 (c). As observed, no frequency 

information related to transients is revealed in both the spectrum and envelope spectrum of high-
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oscillation component. The obtained low-oscillation component is plotted in the left side of Fig. 

4.11 (d) and its corresponding FFT spectrum is illustrated in the middle of this row. Although the 

interference frequencies are still observable in the FFT spectrum of low-oscillation component, 

the amplitudes of them are much smaller. This indicates that the first iteration separates a large 

portion of interferences from the transients but not all of them. In this case, the envelope 

spectrum of low-oscillation component, as shown in the right side of Fig. 4.11 (d), still has the 

following two problems: a) in the low frequency band, the FCF and its harmonics are still 

clouded by interference frequencies and their differences, and b) there are four obvious 

frequency lines associated with interferences and their differences standing out the high 

frequency band.  The two issues show that some interferences and/or their differences are also 

classified as low-oscillation component as their oscillatory behavior is far away from that of the 

current high-oscillation basis but close to that of the low-oscillation basis.  

Thankfully, these problems mentioned above can be solved by the proposed IOBSD. With 

the previous low-oscillation component as the input signal of the next iteration, the iterative 

operation keeps being carried out until the stopping criterion is met. The outputs of the second 

iteration are shown in Fig. 4.12. The minimizing history of the objective function and the 

obtained residual are displayed in Fig. 4.12 (a) and (b), respectively. The components with 

sustained oscillatory behaviors are further classified as high-oscillation component, as shown in 

Fig. 4.12 (c) (left side), and the transients remain being considered as low-oscillation component 

illustrated in Fig. 4.12 (d) (left side). Their FFT spectra are respectively shown in the middle of 

Fig. 4.12 (c) and (d). As can be seen, the FFT spectrum of high-oscillation component is 

dominated by low frequency interferences which are not observable in the spectrum of low-

oscillation component, showing that the second iteration further separates the remaining 

interferences from transients. The envelope spectrum of the low-oscillation component is 

presented in Fig. 4.12 (d) (right side), where the FCF at 125 Hz and four its harmonics can be 

easily recognized. 

To verify the effects of multiple interferences including in-band ones on the SK method, the 

six interferences are removed from the simulated signal and the resulting signal is processed by 

the SK method. As shown in Fig. 4.13, the selected center frequency is 1875 Hz and bandwidth 

is 750 Hz, covering the frequency band that resonant frequency is located. Therefore, it is 



Chapter 4 Iterative Oscillatory Behavior based Signal Decomposition and Its Application to Bearing Fault Detection 

78 

 

sufficient to say that the interferences have adverse effects on the filter parameter selection. The 

proposed method in this chapter is free from filters and hence can deal with this kind of signal 

based on the oscillatory behaviors. The above simulation illustrates that the interference handling 

capability is improved by proposing the IOBSD. The comparisons also show the superiority of 

proposed method to the widely used SK method in terms of processing signals with multiple 

interferences. 
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Fig. 4.11 The detecting result of the composite signal by the proposed method (in the first iteration): (a) the 

reduction of objective function, (b) the residual, (c) the high-oscillation component, its FFT spectrum and envelope 

spectrum, and (d) the low-oscillation component, it FFT spectrum and the envelope spectrum. 
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Fig. 4.12 The final detecting result of the composite signal by the proposed method (in the second iteration): (a) the 

reduction of objective function, (b) the residual, (c) the high-oscillation component, its FFT spectrum and envelope 

spectrum, and (d) the low-oscillation component, its FFT spectrum and envelope spectrum. 
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Fig. 4.13 The kurtogram obtained by SK for the above simulated signal without interferences. 
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4.4.3 Noise and interference handling abilities of the proposed OBSD method 

As revealed above, the proposed technique can detect the faults from vibration signal 

contaminated by specific noise and interference level. In this subsection, the capabilities of 

dealing with different noise and interference levels of the method will be evaluated.  

The simulated impulse-like signal generated by Eq. (4.31) is polluted by different noise levels 

(SNR ranging from 2 to -12) and then processed using the reported OBSD method. The 

processing result is displayed Fig. 4.14 (a), illustrating that the proposed method can deal with 

signal with SNR as low as - 10 dB. To test the interference handling capability, the simulated 

impulsive signal of SNR = - 7 is mixed by different levels of interferences. Fig. 4.14 (b) presents 

the detection performance of the OBSD, suggesting that the fault can be detected from signal 

with SIR ≥ - 25 dB. It is worth mentioning that no prefiltering processes are involved and only a 

single OBSD is used for both cases. If the IOBSD is applied, the detectable region in terms of 

both noise and interference handling capabilities should be broadened.  
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Fig. 4.14 Noise and interference handling abilities of the proposed OBSD method: (a) processing result for 

simulated impulsive signal with different noise levels, and (b) processing result for simulated noisy signal (SNR = - 

7 dB) with different interference levels. 
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4.5 Experiment evaluation 

To further validate the proposed method, the experimental data collected in Chapter 3 are 

utilized again. The data points used in this chapter are 2
17

=131,072 and signal length is 6.55 sec 

(= 131,072/20,000). Except for the data used in Chapter 3, additional experiments are also 

carried out to further test the proposed method in this section.  

4.5.1 Outer race fault detection 

The experimental setup and related information have been presented in section 3.5. Again, 

the vibration signals of side (middle) and bottom-positioned outer race faults are to be processed, 

respectively. The raw vibration data for the side (middle)-positioned outer race fault and its 

envelope spectrum are plotted in Fig. 4.15 (a) and (b) respectively. As expected, no sign of a 

bearing fault could be observed in Fig. 4.15 (b) and the frequency spectrum is again dominated 

by the interferences, i.e., the shaft rotational frequency fI1 (18 Hz) and the power line frequency 

fI2 (60 Hz) as well as their harmonics.  
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Fig. 4.15 Detecting result of outer race with middle fault by Hilbert envelope demodulation: (a) the raw vibration 

signal, and (b) the Hilbert envelope spectrum. 

Then, the proposed method is then employed to process the vibration signal in Fig. 4.15 (a). 

The parameters A1 and A2 in this case are set to 1.35 and the algorithm iterates once in this case 

(kurtosis of high-oscillation component is 4.2392). The final results that are the outputs of the 

first iteration are shown in Fig. 4.16.  Fig. 4.16 (a) illustrates that, with the selected parameters, 

the objective function converges after around ten iterations. The resulting high-resonance 

component that is mainly consisted of sustained oscillations, i.e., cyclic interferences caused by 

unbalanced rotor and the power line frequency, is exhibited in Fig. 4.16 (b). This can also be 

reflected by the spectrum of high-oscillation component in Fig. 4.16 (c), where the fI1 together 
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with its harmonic and fI2 dominate the spectrum, indicating that high-oscillation component 

primarily contains harmonic interferences. The extracted transient signal and its envelope 

spectrum are shown in Fig. 4.16 (d) and (e) respectively. The impulsive features in Fig. 4.16 (d) 

are more evident, leading to a better detecting result in Fig. 4.16 (e) where the fBPOF and several 

its harmonics can be clearly identified. The existence of the fault has been determined. 
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Fig. 4.16 The detecting result of outer race with middle fault by the proposed method: (a) the reduction of objective 

function, (b) the high-oscillation component, (c) frequency spectrum of (b), (d) the low-oscillation component, and 

(e) the envelope spectrum of (d). 

The same data from middle fault is analyzed by the SK method. The resulting kurtogram and 

envelope of the filtered signal are shown in Fig. 4.17 (a) and (b), respectively. Fig. 4.17 (c) 

presents the frequency representation of the envelope signal, in which the fBPOF and its harmonics 

are observable. However, compared with the proposed method, there are not as many harmonics 

as in the Fig. 4.16 (d), which indicates that the optimal center frequency and bandwidth are not 

selected by the SK method.  

Next, the signal from bottom positioned outer race fault is analyzed following the same 

procedure as for side-positioned outer race fault. However, as the outer race fault located in the 

bottom of the fault is further away from the sensor (compared with the side-positioned outer race 

fault) the impulsive signal is much weaker. The raw signal is exhibited in Fig. 4.18 (a) and its 
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Hilbert envelope spectrum is plotted in Fig. 4.18 (b). Likewise, only the shaft rotational 

frequency fI1 (18 Hz) and the interference fI2 (60 Hz) together with their harmonics can be 

observed. No information associated with the fault is revealed by Hilbert demodulation.  
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Fig. 4.17 The detecting results of outer race with middle fault using SK method: (a) the kurtogram, (b) the envelope 

of filtered signal, and (c) the spectrum of the envelope. 
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Fig. 4.18 The Detecting result of outer race with bottom fault by Hilbert envelope demodulation: (a) the raw 

vibration signal, and (b) the Hilbert envelope spectrum. 

The proposed method is then employed to better the detecting result. The parameters A1 and 

A2 are selected to be 1.35. The algorithm iterates once (kurtosis value of the high-oscillation 

component is 3.1244.) and the final results are shown in Fig. 4.19. It can be seen from Fig. 4.19 

(a) that the convergence of the objective function is achieved. As expected, the high-oscillation 
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component in Fig. 4.19 (b) is constituted by the interferences, which is better reflected by its 

spectrum as presented in Fig. 4.19 (c) where the main frequency contents are fI1, fI2 and their 

harmonics. The periodic transient signal, i.e., the low-oscillation component, is displayed in Fig. 

4.19 (d) and the corresponding envelope spectrum is demonstrated in Fig. 4.19 (e). Comparing 

the raw signal in Fig. 4.18 (a) with the obtained low-oscillation component in Fig. 4.19 (e), it can 

be seen that the effect of interferences is reduced and hence the impulses are more pronounced. 

The more obvious improvement can be observed in the envelope spectrum of the low-oscillation 

component, as presented in Fig. 4.19 (e), where the fBPOF at 65.9 Hz and three its harmonics are 

easily identified.  
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Fig. 4.19 The detecting result of outer race with bottom fault by the proposed method: (a) the reduction of objective 

function, (b) the high-oscillation component and its spectrum, (c) the low-oscillation component, and (d) the 

envelope spectrum of (c). 

To compare the proposed method with the widely used SK method, the same signal from the 

bottom fault is also analyzed by the SK method. Fig. 4.20 (a) and (b) respectively display the 

kurtogram obtained by SK method and the envelope of filtered signal. The spectrum of the 

envelope in Fig. 4.20 (b) is illustrated in Fig. 4.20 (c), where the effect of interferences still exists 

and no information related to the bottom fault can be seen. In such case, the SK method fails to 

detect the fault. There are two possible reasons for this: a) due to high level of noise and 

interferences, the SK method is incapable of determining the right center frequency and 
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bandwidth, and b) even though the right pass-band is properly determined, the fault-related 

information still cannot be seen because of strong in-band noise and interferences. The reason 

that the FCF and its harmonics of middle fault still can be detected even if the optimal pass-band 

is not selected is that the impulse-like signal is stronger than that of the case of bottom fault. 
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Fig. 4.20 The detecting results of outer race with bottom fault using SK method: (a) the kurtogram, (b) the envelope 

of filtered signal, and (c) the spectrum of the envelope. 

4.5.2 Inner race fault detection 

The bearing with inner race faults is of the same type as the one used in the outer race fault 

tests. The experimental setup and data are the same as those reported in Chapter 3. The shaft 

rotating frequency fr is 18 Hz (1080 rpm) and vibration signals are sampled at a rate of 20KHz. 

The faulty characteristic frequency denoted by fBPIF, according to parameters listed in  , can be 

calculated as 97.66 Hz. The raw signal as shown in Fig. 4.21 (a) is first analyzed by Hilbert 

envelope demodulation. The result is presented in Fig. 4.21 (b), where the interference (fI1 = 18 

Hz) caused by the unbalanced mass and its harmonics are identified. The frequency line (fI2 = 60 

Hz) between the second and third harmonics is the power line frequency. However, no fault-

related frequency peaks can be observed in Fig. 4.21 (b). 
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Fig. 4.21 Detection of inner race fault using Hilbert envelope demodulation: (a) the raw signal from the bearing with 

inner race fault, and (b) its Hilbert envelope spectrum. 

The results obtained by the IOBSD method are displayed in Fig.4.22 and Fig. 4.23. The 

kurtosis values of each high-oscillation component are shown in Table 4.1. Since the kurtosis of 

the 4th high-oscillation component is larger than 3, four iterations for the proposed method are 

carried out in this case, with Q2 being 10, 9, 8 and 7 respectively. The parameters of objective 

function A1 and A2 in this case are selected to be 0.1 and 0.15, respectively. Fig.4.22 presents the 

processing results of the 1st iteration. From Fig.4.22 (a), it can be seen that the minimization of 

the objective function is achieved. The residual which can be neither represented by low-

oscillation basis nor high-oscillation basis is plotted in Fig.4.22 (b). The resulting high-

oscillation component and its spectrum are displayed in Fig.4.22 (c) and (d). In the spectrum, the 

main frequency contents are the interference frequency and its harmonic, which demonstrates 

that the main signal component in the high-oscillation component is the interference. By looking 

at Fig. 4.21 (e) and (f) where the resulting low-oscillation component and its spectrum are 

presented respectively, the interference frequency fI1 and its harmonics still stand out the 

spectrum. Neither FCF of inner race (denoted by fBPIF) nor its harmonics can be identified. Hence, 

one iteration is not sufficient to eliminate the effect of interferences in this case because the fault-

induced impacts are too weak and severely corrupted by strong interferences.  

                         Table 4.1 Kurtosis values of high-oscillation component at each iteration. 

Iteration No. 1st 2nd 3rd 4th 

Kurtosis values 2.3246 2.4646 2.1273 3.6491 

 

Therefore, the iterative procedure continues until the stopping criterion is satisfied. The final 

results, i.e., the results of the fourth iteration, are presented in Fig. 4.23. As before, Fig. 4.23 (a) 
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illustrates that the objective function converges fast and Fig. 4.23 (b) shows the residual of the 

decomposition. The high-oscillation component and its FFT spectrum of this iteration are 

exhibited in Fig. 4.23 (c) and (d), respectively. It can be seen that the main content of the high-

oscillation component is the interference since its spectrum is dominated by the interference 

frequency. The extracted transient signal is shown in Fig. 4.23 (c), where the effect of 

interferences is weakened to a great extent and the impulsive characteristic is more pronounced. 

Therefore, the fBPIF at 97.66 Hz and six its harmonics are recognizable in its envelope spectrum, 

as plotted in Fig. 4.23 (d).  
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Fig.4.22 Detection of inner race fault using the IOBSD method (results of the first iteration): (a) the reduction of 

objective function, (b) the residual, (c) the high-oscillation component and (d) its FFT spectrum, (e) the low-

oscillation component and (f) its envelope spectrum. 
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Fig. 4.23 Detection of inner race fault using the IOBSD method (results of the last iteration): (a) the reduction of 

objective function, (b) the residual, (c) the high-oscillation component and (d) its FFT spectrum, (e) the low-

oscillation component and (f) its envelope spectrum. 

Likewise, for comparison, the SK method is also applied to inner race fault detection, 

resulting figures shown in Fig. 4.24. According to the kurtogram as shown in Fig. 4.24 (a), the 

selected center frequency and bandwidth are 7187.5 Hz and 625 Hz, respectively. The envelope 

of the filtered signal is shown in Fig. 4.24 (b) and its frequency representation is presented in Fig. 

4.24 (c). We can see that the fBPIF and one of its harmonic are discernible; by comparison, more 

harmonics can be observed in Fig. 4.23 (d) obtained by the proposed method. The comparison 

indicates that the proposed method is more powerful in extracting impulse-like signals. 
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Fig. 4.24 The detecting result of inner race fault using SK method: (a) the kurtogram, (b) the envelope of filtered 

signal, and (c) the spectrum of the envelope. 

4.5.3 Additional outer race fault test  

4.5.3.1 Experimental setup #1 

To further test the proposed method in handling relatively high frequency interferences and 

noise, the extra test is done on another SpectraQuest machinery fault simulator in our lab at the 

University of Ottawa (Fig.4.25). In this case, the shaft is connected with a gearbox by belts and 

two sheaves to generate interferences. The diameter ratio of the two sheaves is 1:2.6. The gear 

meshing frequency is calculated based on the motor shaft rotational frequency trend, the number 

of pinion (drive gear) teeth and the pulley belt speed reduction ratio (i.e., gear meshing frequency 

= motor shaft rotational speed × number of pinion teeth/speed reduction ratio). In this case, the 

number of pinion teeth is 18 and hence the gear meshing frequency = motor shaft 

frequency×18/2.6. An unbalanced flywheel (with two screws added to the flywheel to create 

mass imbalance and hence introduce additional interferences. A faulty bearing with an outer race 

fault is installed on the right side of the shaft. The left bearing supporting the shaft and those in 

the motor are healthy. The details of the faulty bearing are provided in Table 3.2 and its picture is 
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presented in Fig. 3.12. The vibration data are collected using four identical accelerometers 

amounted at different locations but only the data from the sensor mounted on the steel plate that 

support the two bearing housings is used. As this sensor is far from the faulty bearing, its data is 

more difficult to process. The shaft rotation speed is 35 Hz (2100 rpm) and vibration signals are 

collected at a sampling rate of 12 KHz. The FCF for the outer race fault is 125 Hz (=3.572×35 

Hz). The gear meshing frequency is 242.3 Hz (= 35Hz×18/2.6) and the mass unbalance 

frequency is the same as the shaft frequency, i.e., 35 Hz.  

AC Driver

Normal 

Bearing

Unbalanced 

Rotor

GearboxAccelerometerMotor

Faulty 

Bearing
Belt

 

Fig.4.25 Experimental setup. 

The original vibration signal and its envelope spectrum are shown in Fig. 4.26 (a) and (b) 

respectively. As can be seen, the envelope spectrum is dominated by the interference stemming 

from gear meshing. The FCF and a few of its harmonics cannot be seen on the spectrum. As such, 

the proposed method is then applied to analyze the collected vibration signal and the results are 

shown in Fig. 4.27. The minimization of the objective function is reached, as can be seen in Fig. 

4.27 (a). The extracted high-oscillation component, Fig. 4.27 (c), is expected to mainly contain 

gear meshing vibration as it presents sustained oscillatory behavior. This can be reflected by its 

spectrum in Fig. 4.27 (d), where the gear meshing frequency and its harmonic stand out.  Fig. 

4.27 (e) presents the extracted fault-induced transients, i.e., low-oscillation component. Envelope 

demodulating the resulting low-oscillation component leads to the spectrum in Fig. 4.27 (f), in 

which the FCF (fBPOF) at 125Hz and five its harmonics can be clearly identified. The parameters 

A1 and A2 in this case are 0.35.  
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Fig. 4.26 Additional outer race fault test #1: (a) the raw vibration signal, and (b) the envelope spectrum of the raw 

signal. 
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Fig. 4.27 Detection of outer race fault (experimental #1) using the IOBSD method (results of the last iteration): (a) 

the reduction of objective function, (b) the residual, (c) the high-oscillation component and (d) its FFT spectrum, (e) 

the low-oscillation component and (f) its envelope spectrum. 
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4.5.3.2 Experimental setup #2 

In this test, the accelerometer is installed on the simulator base at a location close to the belt 

pulley and gearbox but far away from the faulty bearing (ER10K, bearing parameters are listed 

in Table 5.2 and its picture is shown in Fig. 5.6), as seen in Fig. 4.28. A imbalanced load rotor 

(11.1 lb) is mounted on the shaft. The gearbox is driven by the shaft via a belt connection. The 

shaft rotating speed fr is 16.5 Hz (990 RPM) in this experiment and hence the FCF is 50.5 Hz 

(=3.052fr). The meshing frequency fmesh of gearbox is 114.2 Hz (= 16.5×18/2.6 Hz). The signals 

are sampled at 12 KHz.  

Motor

Sensor

Gearbox

Rotor

Belt

Faulty BearingNormal Bearing

Coupling

AC drive

 

Fig. 4.28 Experimental setup #2. 

The measured vibration data and its envelope spectrum are shown in Fig. 4.29 (a) and (b), 

respectively. Obviously, the landscape of Fig. 4.29 (b) is dominated by the gearbox meshing 

frequency and, as such, the FCF as well as its harmonics of outer race cannot be identified. The 

results of the proposed IOBSD method are presented in Fig. 4.30, from which it can be 

concluded that the primary components of high-oscillation component are interferences from 

gearbox (Fig. 4.30 (c) and (d)) and the low-oscillation component is mainly composed of fault-

induced transients (Fig. 4.30 (e) and (f)). The fBPOF and its harmonics can be recognized in the 

Fig. 4.30 (f). 
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Fig. 4.29 Additional outer race fault test #2: (a) the raw vibration signal, and (b) the envelope spectrum of the raw 

signal. 
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Fig. 4.30 Detection of outer race fault (experimental #2) using the IOBSD method (results of the last iteration): (a) 

the minimization process of the objective function, (b) the resulting residual, (c) the resulting high-oscillation 

component and (d) its FFT spectrum, (e) the resulting low-oscillation component and (f) its envelope spectrum. 
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For comparison, the processing result of the proposed STFD technique is displayed in Fig. 

4.31. It can be seen that the spectrum of the envelope obtained by STFD method in Fig. 4.31 (b) 

is dominated by random frequencies at low frequency band (as shown in the zoomed-in figure) 

and vibration-interference-related frequencies, such as the harmonics of gear meshing frequency 

and the frequency difference between gear meshing and shaft rotating speed (labelled in Fig. 

4.31 (b)). No fault-associated frequency information is revealed because the fault feature is 

severely obscured by noise, interferences and its harmonics as the sensor is placed close to 

gearbox but away from defective bearing. The comparison suggests that the IOBSD method 

performs better when dealing with signal contaminated by multiple interferences and strong 

noise. 
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Fig. 4.31 Detection result of outer race fault (experimental #2) using the STFD method: (a) the resulting STFD-

KPSA representation, and (b) the spectrum of (a). 

4.6 Conclusion 

An oscillatory behavior based signal decomposition (OBSD) has been reported in this chapter 

and its application to bearing fault detection has been explored. The rationale of the proposed 

method is that signal components presenting different oscillatory behaviors can be separated 

using the MCA technique as long as appropriate bases are generated for each signal component 

representation. The TQWT provides an appealing means of the proper basis creation by 

specifying Q-factors. The objective function can then be constructed via MCA technique and 

TQWT. Signal components with different oscillatory behaviors can be attained by solving the 

objective function.  

The proposed method has three innovative features: a) the strategies of determining Q-factors 

for low- and high-oscillation components are developed in this chapter according to shape 

resemblance and mutual coherence between bases, b) an iterative OBSD method is proposed to 
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tackle signals whose components presents a wide range of oscillatory degrees, and c) the 

oscillatory behavior based signal decomposition is the third feature that fundamentally 

distinguishes the proposed method from most, if not all, of existing frequency-based 

decomposition techniques.  

The main advantages of this method are obvious: a) it can remove interferences with 

frequencies in the near vicinity of the resonant frequency and trim down in-band noise due to its 

frequency-information-dependent feature, b) no prior knowledge of the signals such as the fault-

excited resonance is needed, and c) no additional noise reduction steps are involved. Finally, the 

method has been validated by both simulated signals and experimental data. 

4.7 Summary for the two proposed methods for bearing fault feature extraction  

The interference removal and noise reduction method proposed in this chapter extracts 

bearing fault feature from a perspective different from the method in the previous chapter. Both 

of them serve for the same purpose of fault feature extraction. However, each has its own 

advantages. The method in Chapter 3 is more powerful for low frequency interference removal 

and is more computationally efficient. It is a type of envelope demodulation technique; hence the 

Hilbert transform is not involved in this method. Nevertheless, its effectiveness deteriorates with 

the increase of the interference frequency complexity, particularly for multiple high frequency 

interferences. This issue can be solved by the oscillatory-behavior-based ‗filtering‘ method 

presented in this chapter. This oscillatory behavior based method is capable of separating fault-

induced transients from interferences as well as noise via generating proper bases for transients 

as well as periodic interferences and can more effectively handle multiple high frequency 

interferences.  

Therefore, each of the two methods presented in Chapters 3 and 4 has its unique 

characteristics, and they are companion techniques in the application to bearing fault feature 

extraction. Generally, for the online application and the working condition without many high 

interferences (such as in the low speed condition), the STFD-KPSA is recommended. For the 

bearing working under environment with high frequency interferences, i.e., high speed condition, 

the IOBSD method is better suited.  



 

96 

 

 

 

 

 

 

 

 

 

 

 

Part ІІ Bearing Fault Identification under 

Time-varying speed condition 



Chapter 5 A Joint Application of STFD Transform and GD to Bearing Fault Identification under Time-varying Rotational Speed 

97 

 

Chapter 5 A Joint Application of Short Time Fractal Dimension 

Transform and Generalized Demodulation to Bearing Fault 

Identification under Time-varying Rotational Speed
3
 

The bearing fault features can be captured via two methods proposed in the previous two 

chapters and then the repetition frequency of the fault related impulses can be obtained by 

spectrum analysis for fault detection and fault type diagnosis. However, this is the case for 

bearings running at time-invariant rotational speed. In reality, bearings in wind turbine, mining 

equipment and many other machines often work at a variable speed. Such speed fluctuations may 

cause ―smearing‖ of the discrete frequencies in the frequency representation, making the fault 

related frequencies much less observable as discrete frequency lines in spectra (Urbanek et al., 

2011). As a result, signal processing approaches that are developed for signal analysis at a 

constant speed may no longer be valid or become less effective for bearing condition monitoring 

under variable speed.  

Bearing Fault detection under time-varying rotational speed has, therefore, attracted much 

attention in recent decades (McBain and Timusk, 2009; Zimroz et al., 2011; Urbanek et al., 

2013). The conventional way for bearing fault diagnosis under variable rotational speed 

generally includes prefiltering, resampling based on shaft rotating IF and order spectrum analysis. 

However, its application is confined by three major obstacles: a) knowledge-demanding 

parameter determination required by prefiltering, b) unavailable shaft rotating frequency for 

resampling as it is coupled with IFCF by a FCC which cannot be decided without knowing what 

fault actually exists, and c) complicated and error-propagating resampling process. As such, we 

propose a new method to address these problems. The proposed method, which is free from 

prefiltering and resampling, mainly contains the following steps: a) extracting envelope via the 

previously developed STFD transform, requiring no prefiltering, b) with the extracted envelope 

signal, performing STFT to get a clear TFR, from which the IFCF and the basic demodulator for 

GD can be obtained, c) applying the generalized demodulation to the envelope signal with the 

current demodulator, converting the trajectory of the current time-frequency component into a 

                                                 
3
 Published in Mechanical Systems and Signal Processing, vol. 68-69, 2016, p. 15-33. 
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linear path parallel to the time axis, d) frequency analyzing the demodulated signal, followed by 

searching the amplitude of the constant frequency where the linear path is situated. Updating 

demodulator via multiplying the basic demodulator by different real numbers (i.e., coefficient λ) 

and repeating the steps c) - d), the resampling-free order spectrum is then obtained. Based on the 

resulting spectrum, the final diagnosis decision can be made. The proposed method for its 

implementation on the example of simulated data is presented. Finally, experimental data are 

employed to validate the effectiveness of the proposed technique. 

The STFD transform, which is used for envelope extraction and interference suppression, has 

been detailed in the Chapter 3; hence its introduction in this chapter is omitted.  

5.1 Resampling-free diagnosis strategy via STFT and GD 

In this section, the GD is firstly introduced, followed by the development of a bearing fault 

detection strategy via joint application of GD and STFT based on the above described STFD 

transform. The envelope of the signal is extracted by the proposed STFD transform without 

filters. Based on the extracted envelope, a clearer TFR of the signal can be attained by STFT. 

The TFR obtained by conventional Hilbert transform is then compared with that of the proposed 

envelope method. With the improved TFR from the proposed STFD method, the IFCF which is 

used to calculate the demodulator of GD can be extracted. The resampling-free diagnosis 

strategy is then developed based on the extracted IFCF and GD. 

5.1.1 Overview of GD  

GD is a novel signal processing tool, which is particularly effective for the separation of 

multi-component non-stationary signals (Cheng et al., 2009; Feng et al., 2011). The key of the 

GD lies in the development of a signal transform, i.e., Generalized Fourier Transform (GFT), 

which is possible to transform the curved instantaneous frequency trajectory of an interested 

component into a linear path paralleling to the time axis. As a result, it avoids overlapping 

among signal components in the time-frequency domain. Considering a signal x(t), the GFT is 

formulated by (Olhede and Walden, 2005)  

 2 [ ( )]( ) ( ) j ft d t

GX f x t e dt


 


    (5.1) 
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where d(t) is a real-valued demodulator depending on the time only and 2 ( )j d te   is the transform 

kernel. It must be noted that this is the same as applying the standard FT to
2 ( )( ) j d tx t e 

. It is 

completely equivalent to the standard FT when d(t) = 0. Therefore, standard FT can be 

considered as a special case of GFT. Following the theory for standard FT, the inverse of GFT is 

defined as  

 2 [ ( )] 2 ( ) 2( ) ( ) ( )j ft d t j d t j ft

G Gx t X f e df e X f e df  
 



 
    . (5.2) 

Observing the Eq.(5.2), it can be obtained that if 0( ) ( )GX f f f   then x(t) can be written 

as  

 02 [ ( )]
( )

j f t d t
x t e

 
 ,  (5.3) 

which implies that a signal with instantaneous frequency 0( ) ( )f t f d t   is mapped to the 

frequency point f = f0, where d′(t) is the first derivative of d(t). Hence if we wish to map a signal, 

for example, a curved path in the time-frequency plane specified by 0 ( )f d t into a linear path, 

we simply need to estimate the function d(t) to demodulate the signal. In this way, the time-

frequency distribution of the demodulated signal 
2 ( )( ) j d tx t e 

can be mapped to the linear line 

paralleling the time axis with frequency f = f0.  

In the view of the above, two important properties of GD can be summarized as follows. 

1) The curved path in time-frequency distribution can be transformed into the linear path, 

paralleling the time axis. 

2) The energy of the signal 02 [ ( )]
( )

j f t d t
x t e

 
  would be more concentrated on the constant 

frequency f = f0 after the GD, compared with that of the signal without GD.  

5.1.2 Development of resampling-free diagnosis strategy  

Based on the proposed envelope method and properties of GD mentioned above, the 

resampling-free strategy of detecting bearing fault under variable speed is developed in this 

subsection. 

To begin with, a simulated defective bearing signal of variable speed (Fig. 5.1 (a)) is used to 

illustrate the idea of the proposed method. The details of the simulated signal will be given in the 
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following section. The raw signal is first STFD transformed to extract its envelope which is 

displayed in Fig. 5.1 (b). The vertical axis represents the amplitude of STFD transform, i.e., FD 

sequences. Applying the STFT to the obtained envelope signal, a clear TFR can be observed in 

Fig. 5.1 (c), where the IFCF and its harmonics can be easily recognized. The IFCF can then be 

successfully extracted based on the peak search algorithm and the function of the IFCF denoted 

by f(t) can be approximated by least square fitting. The demodulator d(t) of the IFCF-related 

signal component is then obtained by  

 0( ) ( ( ) )d t f t f dt  ,  (5.4) 

where f0 is the constant frequency in which the linear line is situated. 
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Fig. 5.1 (a) The raw signal, (b) the envelope signal obtained by the STFD transform, (c) the TFR of the envelope 

signal by STFT, and (d) frequency spectrum of the envelope signal. 

With the demodulating function d(t) for the time-frequency component IFCF, the GD is then 

applied to the envelope signal, converting the curved path of the IFCF into a horizontal line 

paralleling to the time axis in the time frequency plane, as shown in Fig. 5.2 (a). It can be 

observed that the curved trajectory of IFCF in Fig. 5.1 (c) is converted into the linear path 

located at the frequency f0 (in this case, f0 = 129.4 Hz) in Fig. 5.2 (a), as circled by a black ellipse. 
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Applying spectral analysis to the demodulated signal obtained by GD under the demodulator d(t), 

it can be seen that the energy of the IFCF-related signal component is centralized at the 

frequency f0, with a peak shown in the spectrum of Fig. 5.2 (b). This is due to the properties of 

GD, making the curved trajectory converting into a straight line paralleling to horizontal; thus, 

the energy which originally spread in a frequency bandwidth (due to the curved path) is 

concentrated at the frequency f0. For comparison, the frequency spectrum of the FD sequence 

without GD analysis is presented in Fig. 5.1 (d), where no apparent peaks associated with IFCF, 

shaft IF and their harmonics can be seen.  

However, faulty bearing vibration signal is multicomponent. Besides the IFCF-related 

component, there are components associated with harmonics of IFCF and shaft IF together with 

its harmonics. The harmonics of IFCF indicate the existence of fault and shaft IF can help 

determine the fault type. Therefore, analyses of these components are also vital for bearing fault 

detection, which are detailed in the following. 

For the 1st harmonic of the IFCF, its function is 2f(t) and hence the corresponding 

demodulator is to double the basic demodulator d(t) i.e., 2d(t). Performing generalized 

demodulation for the signal component related to the 1st harmonic of the IFCF, its linear path 

can be obtained in the time-frequency plane. The TFR and frequency representation of 

generalized demodulated signal are exhibited in Fig. 5.2 (c) and (d), respectively. As seen in Fig. 

5.2 (c), the resulting horizontal line path circled by green ellipse is located in at the frequency 2f0 

(=2*129.5). Accordingly, a peak at frequency 2f0 is recognizable at the frequency spectrum of the 

generalized demodulated signal, which is demonstrated in Fig. 5.2 (d).  

Likewise, the horizontal lines of 2nd and 3rd harmonics of the IFCF can be obtained when 

the signal is generalized demodulated using demodulators 3d(t) and 4d(t), respectively. In 

general, a signal component related to an arbitrary harmonic of the IFCF, e.g., the (λ-1)th 

harmonic, can be demodulated using demodulator λd(t) for λ = 2, 3 … The corresponding peaks 

in their frequency spectra can be identified, locating at frequency 2f0, 3f0 ... λf0 …, respectively.  

Following the same logic, since IFCF is proportional to the instantaneous shaft rotational 

frequency, demodulating the raw signal with demodulator λd(t) for λ = 1/FCC, 2/FCC, …,  and 

then applying frequency analysis to the demodulated signals,  the peaks which are related to shaft 
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rotational frequency and its harmonics can be revealed in the frequency spectra. Such peaks can 

be used, together with the IFCF, to identify fault types.   
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Fig. 5.2 The illustration of GD application: (a) TFR of GD-processed signal with basic demodulator d(t), (b) 

frequency spectrum of GD-processed signal with d(t). (c) and (d) are the counterparts of (a) and (b) with 

demodulator 2d(t), and (e) and (f) are the counterparts of (a) and (b) with demodulator 1.5d(t). 

If the demodulator λd(t) is related neither to the IFCF and its harmonics nor to the shaft IF 

and its harmonics, no apparent time-frequency components can be observed on the time-

frequency planes because no related signal components are included in the vibration signal. 

Therefore, no remarkable peaks can be identified on the frequency spectra of the demodulated 
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signals. For example, as shown in Fig. 5.2 (e) where the TFR of the envelope signal demodulated 

by a phase function 1.5d(t) is shown, no corresponding horizontal line is discernible. As a result, 

the energy is still dispersive and no apparent peak can be identified at the frequency 1.5f0 (= 

194.25).  

Therefore, if the GD is iteratively applied to the raw signal with λ ranging from 0 to λmax at a 

step size μ (0 < μ <1), followed by frequency analysis of every generalized demodulated signal 

with the demodulator denoted as λd(t) and search of the amplitude value corresponding to each 

frequency λf0, the plot between the coefficient in front of d(t) λ and the corresponding amplitude 

can be attained. We name the plot resampling-free order spectrum since no resampling process is 

involved. The horizontal axis is the coefficient λ with the resolution μ and the vertical axis is the 

amplitude corresponding to each constant frequency λf0 where the straight frequency line is 

located. The detection strategy can hence be concluded as follows: if there are multiple peaks of 

significant amplitude located at integer λ values, the existence of a bearing fault can be 

confirmed. The peaks situated between 0 and 1 give the information of fault types.   

Based on the above illustration, the procedure of bearing fault detection using STFD 

transform and GD can be summarized in the following:  

1) Envelope demodulate the raw signal using the proposed STFD transform. 

2) Apply STFT to the envelope signal in order to obtain the basic demodulator d(t).  

3) Multiply basic demodulator d(t) by λi, max( ,2 ,..., )i    . 

4) For λid(t), implement the GD for the envelope signal consisting of three steps: 

 Hilbert transform the raw signal s(t) to create an analytic signal sa(t) = s(t) + jH[s 

(t)], where jH[s(t)] is the Hilbert transform of the original signal. 

 Apply the GD to the analytic signal and obtain a new signal
2 ( )

( ) ( ) ij d t

ay t s t e


 . 

 Hilbert transform the new signal y(t) to avoid negative frequencies and generate a 

new analytic signal z(t) = y(t) +jH [y(t)].  

5) Perform frequency analysis on the generalized demodulated signal. 

6) Search the amplitude value corresponding to the frequency λif0 in the frequency spectrum. 

7) Repeat step 3) – 6) until λi equals to λmax and plot coefficients λi versus amplitudes. 
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The flowchart of the proposed method for bearing fault detection under time-varying speed is 

presented in Fig. 5.3. The process starts with enveloping the vibration signal by STFD transform, 

followed by the TFR acquisition via STFT. Then the function of IFCF (or basic demodulator) 

can be obtained by least square curve fitting based on the TFR. Next, the GD converts the curved 

trajectories of IFCF and shaft IF together with their harmonics into linear paths paralleling to the 

horizontal axis. This is followed by Fourier transform of generalized demodulated signals with 

demodulator λid(t), max(0, ,2 ,..., )i    . In this way, the resampling-free order spectrum is 

obtained by searching the amplitude of the frequency (λif0) where each linear path is located. 

Consequently, bearing fault detection and diagnosis can be made based on the resampling-free 

order spectrum. The resampling step has been completely eliminated from the proposed 

approach. 

Raw signals

FD representation

IFCF extraction (d(t))

Linear trajectory parallel to time axis

Windowed 

FD transform

STFT

Amplitude corresponding to the linear trajectory

λi= μ, 2μ ... λmax

GD (di(t)=λid(t))

  λi > λmax

Resampling-free order spectrum

Spectrum analysis and 

amplitude search

N

Y
Searched amplitudes 

versus coefficients λi

λi update

 

Fig. 5.3 Flowchart of the proposed method for bearing fault detection under variable speed condition without 

resampling algorithm and a tachometer. 
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5.2 Simulated case 

A simulated signal of a faulty bearing under ramp-down speed is constructed in this section. 

The performance of the proposed method is then examined by the simulated signal. The model of 

faulty bearing vibration is expressed as (Liang and Bozchalooi, 2010) 

 
( )

( ) sin( ( )) u( )

m

p i

i M

M m mt mT

m r p i p i

m M i M i M

s t L e t mT t mT
 

  

  

  


         (5.5) 

where M is half of the number of the fault generated impulses, mL is the amplitude of mth
 
fault 

impulse,   the decay parameter, pT is the time period corresponding to the fault characteristic 

frequency, i  presents the effect of random slippage of the rollers and is modeled as a uniformly 

distributed random variable with a zero mean and a standard deviation of βTp, r is the excited 

resonance frequency, and u(t) is a unit step function. 

The above model is a good example for vibration of faulty rolling bearing under constant 

speed. In order to imitate the time-varying rotational speed, the model has to be trimmed. In this 

chapter, we generate a signal of faulty bearing under ramp-down speed. The modified model for 

variable speed bearing is written as  

 
( )

1

( ) sin( ( ))u( ) ( )m

N
t t

m r m m

m

s t A e t t t t n t
  



      (5.6) 

where N is the signal length, Am = A(N/fs  ηtm) is amplitude which is inversely proportional to 

time instant tm since this is a speed-down case, A and η are constants, n(t) is random noise, and tm 

is the occurrence time of the mth impulse (m = 1, 2, ...). According to Eq. (5.6), the critical step 

for generating simulated data under variable speed is to confirm the parameter tm. The IFCF 

function is denoted by f(t) and then 1/f(t) means the time interval of between two adjacent fault 

impulses. In this way, the occurrence time of the first impulse t1, as shown in Fig. 5.4, can be 

computed by 1/f(0), where f(0) cannot be equal to 0. Taking the slippage into consideration, the 

express of t1 is given as follows: 

 1 [1/ (0)] 1/ (0) ( 1)[1/ (0)]t f f f       (5.7) 
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where β is used to count slippage effect and varies from 0.01 to 0.02. Based on t1, the 

instantaneous frequency between t1 and t2 can be obtained and the occurrence time of the second 

impulse can be computed as: 

 2 1 1 1( 1)[1/ ( )] ( 1)[1/ (0) 1/ ( )]t t f t f f t       .  (5.8) 

According to the above analysis, the occurrence time of each fault impulse can be calculated 

using a recursive scheme, which is expressed below: 

 1 1( 1)[1/ (0) 1/ ( ) ... 1/ ( )], 1,2,...m mt f f t f t m         (5.9) 

The illustration of the above analysis is presented in Fig. 5.4. 
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Fig. 5.4 The demonstration of generating simulated signals under time-varying speed. 

  Table 5.1 Parameters of the simulation model. 

Parameters N fs ωr β η A FCC μ 

Value 65536 20 KHz 2KHz×2π 800 Hz 0.7 4/3 3.7 0.01 ~ 0.02 

 

The parameters of the model are listed in Table 5.1. We set the IFCF and order to f(t) = - 2.5t 

+ 35 and 3.7 respectively in this study. The simulated impulse-like signal is shown in Fig. 5.1 (a). 

In addition to background noise, vibration signals of faulty bearing are often polluted by cyclic 

interferences resulted by mechanical or/and electrical components, thereby two cyclic 

interferences with frequency 60 Hz and 200 Hz respectively and amplitude 1 for both being 

added into the simulated signal. To reflect the phenomena of the resonance being demodulated 

by shaft rotating frequency, the signal s is multiplied by (1+0.1cos(2πfr(t)t)), where fr(t) is the 

shaft rotating frequency calculated by f(t)/3.7. The composite signal is plotted in Fig. 5.5 (a) and 

the TFR of its envelope signal by Hilbert transform is presented in Fig. 5.5 (b). It can be seen 



Chapter 5 A Joint Application of STFD Transform and GD to Bearing Fault Identification under Time-varying Rotational Speed 

107 

 

that the IFCF and its harmonics are clouded by the frequencies of interferences, which would 

have adverse effects on the IFCF extraction based on peak search algorithm. As shown in Fig. 

5.5 (e), the extracted IFCF deviates from the true IFCF that is plotted in red solid line during the 

interval of 4 s to the end. Then the composite signal is processed by proposed STFD transform 

and the resulting envelope is shown in Fig. 5.5 (c). The improvement of using the STFD 

transform can be observed in Fig. 5.5 (d), where the TFR of STFD transformed signal is shown 

using STFT. As seen, the effect of interferences is completely eliminated and thus the estimated 

IFCF which can be extracted via peak search algorithm is shown in Fig. 5.5 (f).  For comparison, 

the true IF (= f(t)/3.7) and estimated IF ((= fe(t)/3.7) are also exhibited in Fig. 5.5 (f), respectively. 

Visually, the estimated IF fits the true IF very well. To quantity the accuracy of estimation, the 

following error analysis is made. The largest absolute error is 0.071, which is located at true IF 

equal to 35, hence leading the relative error to 0.2% at this point. The Mean Square Error (MSE), 

which is usually used to measure the difference between the estimator and the real value, is 

2.059×10
-6

.  The MSE is computed by 2

, ,1
(IF IF )

n

e i t ii
n


 , where IFe,i and IFt,i is the estimated 

IF and true IF at the ith sampling point respectively. All error analysis demonstrates that the 

extracted IF highly matches the real IF, indicating that the proposed envelope method together 

with the STFT is effective in extraction of IFCF. Therefore, the estimated IFCF fe (t) can be 

obtained by fitting the data in a least-square sense, which is formulated as  

    9.21 129.24ef t t    . (5.10) 

Integrating the term with variable t in Eq. (5.10), the demodulator of GD for the simulated 

case is obtained as ds(t) = 4.605t
2
, where ds(t) denotes the basic demodulator of the simulated 

signal. Following the procedures given in section 3.2, the relationship between amplitudes and 

coefficient of the basic demodulator, i.e., the resampling-free order spectrum, is plotted in Fig. 

5.5 (g). There are five peaks associated with IFCF and its harmonics, respectively. Specifically, λ 

= 1 corresponding to IFCF and λ = 2 corresponding to the first harmonic of IFCF. The rest can be 

done in the same manner. It has to be noted that, below the IFCF, three peaks related to shaft IF 

and its harmonics are observable. The corresponding values are 0.27, 0.54 and 0.81, equal to the 

reciprocal of the order, its double and triple respectively, which is used to distinguish fault types 

in real cases.   
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Fig. 5.5 Processing results of the proposed method for simulated data: (a) the composite signal, (b) TFR of the 

envelope obtained by Hilbert transform, (c) the envelope signal obtained by STFD transform, (d) TFR of (c), (e) 

estimated IFCF based on (b), (f) estimated IFCF based on (d), corresponding estimated IF and true IF, and (g) the 

resampling-free order spectrum. 

The results above show that the proposed technique is effective in bearing fault detection 

under variable speed. By the STFD transform, the envelope of the impulsive signal is 

successfully extracted without prefiltering, thereby facilitating the acquisition of a clear TFR and 

λ= 1, 2, 3, 4 and 5 
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the estimation of IFCF. Based on the IFCF, basic demodulator is then obtained by integration 

with respect to variable t, which paves the way for GD operation. By virtue of the developed 

strategy, the finial detection result can be accordingly made based on the resampling-free order 

spectrum. Next, the effectiveness of the proposed method is evaluated by experimental data. 

5.3 Experimental evaluation 

In this section, diagnosis performances of the proposed method for real cases are tested. The 

experiments are carried out on a SpectraQuest Machinery fault simulator (MKF-PK5M) at our 

lab. The experiment setup is shown in Fig. 5.6. The shaft is driven by a motor controlled by an 

AC inverter. There are two bearing mounted to support the shaft and the load. The unhealthy one 

is positioned at the left side. Tachometer and accelerometer are mounted on the test rig to collect 

the shaft speed and vibration signal, respectively.  After processed by a signal conditioner (PCB 

PIEZOTRONIC 482C15), the data is fed to an NI data Acquisition Module (NI USB-6212 BNC) 

and is recorded by the computer with Labview software. Two experiments are carried out, for 

outer race and inner race respectively. 

Bearing (ER16K) with inner race faultBearing (ER10K) with outer race fault

Inverter

Motor Accelerometer

Tachometer Faulty bearing Healthy bearing

Load

 

Fig. 5.6 Experimental setup for bearing fault detection under time-varying speed and the defective bearings. 
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5.3.1 Outer race fault detection 

Two ER10K bearings and a load mass of 5.03 kg is mounted on a steel shaft with diameter 

15.875 mm (5/8 inch). The left bearing has a fault on outer race. The parameters of the bearing 

are listed in Table 5.2. The test lasts for 5.46 s and the sampling frequency is 24 KHz. During 

this period, the shaft rotational speed increases from 18.2 Hz to 35 Hz following a nearly linear 

pattern.  

Table 5.2 Parameters of the bearings for the outer race fault test.  

Parameter 
Bearing 

type 
Fault type 

Pitch 

diameter(mm) 

Ball 

diameter(mm) 

Number of 

balls 
IFCF(Hz) 

Value ER10K Outer race fault 33.50 7.94 8 3.052fr 

 

The raw vibration signal and the TFR of its envelope obtained by Hilbert transform are 

shown in Fig. 5.7 (a) and (b) respectively. As seen, Fig. 5.7 (b) does not present a clear TFR 

pattern relative to the IFCF, from which the extracted IFCF shown in Fig. 5.7 (e) is quite messy 

and does not present the pre-set linear pattern at all. Then the raw signal is processed by STFD 

transform and the resulting envelope signal is presented in Fig. 5.7 (c). Applying STFT to the 

obtained envelope leads to the TFR shown in Fig. 5.7 (d), where a clear IFCF pattern and its 

harmonics are recognized. From the TFR of the envelope signal, the IFCF is extracted by peak 

search algorithm, which is illustrated in Fig. 5.7 (e). The estimated IF of the shaft that is obtained 

by dividing IFCF by the order (=3.052) together with the true IF are demonstrated in Fig. 5.7 (e), 

for comparison. To evaluate the accuracy of the IFCF estimation, the maximal absolute error, 

relative error at point of maximal absolute error and MSE are calculated. The maximum absolute 

error is 2.13 Hz, which happens at t equalling to 3.883 s. The true frequency at this time point is 

31.87 Hz, thus the relative error at this point is 6.68%. The MSE, calculated as the same manner 

mentioned above, is 8.7×10
-3

. The quantitative error analysis shows that the estimating result is 

reliable. Then the function of IFCF can be approximated by fitting the extracted data best in a 

least-square sense, as shown below 

 ( ) 9.067  55.65of t t   . (5.11) 
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Fig. 5.7 Detecting performance of the proposed method for outer race fault: (a) the raw signal, (b) TFR of the 

envelope obtained by Hilbert transform, (c) the envelope obtained by STFD transform, (d) TFR of (c), (e) estimated 

IFCF based on (b), (f) estimated IFCF based on (d), corresponding estimated IF and true IF, and (g) the resampling-

free order spectrum. 

The basic demodulator of outer race fault is then obtained by integration, which is do(t) = 

4.53t
2
. The same procedures proposed above are employed to demodulate the raw signal. 

λ= 1, 2, 3,  

4 and 5 
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Processing result is shown in Fig. 5.7 (g), where five peaks associated with IFCF and its 

harmonics can be observed, indicating the existence of the fault. Several peaks located at both 

sides of the IFCF can also be recognized in Fig. 5.7 (g). As marked, these peaks correspond to 

the reciprocal of the order (1/3.052 = 0.33) and its multiples, thereby revealing the fault type. By 

means of the proposed technique, the final detection decision can be made that there is a fault on 

the outer race of the bearing, which agrees the reality. 

5.3.2 Inner race fault detection 

In this subsection, the proposed approach is investigated by data from the bearing with inner 

race fault. The experiment is operated on the same test rig as outer race test. However, we 

replace some mechanical components. A larger shaft, 25.4 mm (1 inch) in diameter, is mounted 

on the test rig to support two ER16K bearings and the load which is the same as the last 

experiment. The detailed parameters of ER16K bearing are list in Table 5.3. To make the 

experiment more general, the shaft speed changing pattern is different from the previous test. It 

first grows from 17 Hz to 33.3 Hz and then drops down to 23.8 Hz. The sampling frequency is 

12 KHz in this case and signal of 17.9 s is collected.   

Table 5.3 Parameters of the bearings for inner race fault test. 

Parameter Bearing type Fault type 
Pitch 

diameter(mm) 

Ball 

diameter(mm) 

Number of 

balls 
IFCF(Hz) 

Value ER16K 
Inner race 

fault 
38.52 7.94 9 5.43fr 

 

In Fig. 5.8 (a), the original signal of inner race fault is presented. Fig. 5.8 (b)-(g) are the 

counterparts of Fig. 5.7 (b)-(g). Comparing Fig. 5.8 (d) with (b), the trend of IFCF and its 

harmonics are more visible after the application of STFD transform. The more apparent 

improvement obtained using the proposed STFD transform can be observed by examining Fig. 

5.8 (e) and (f). The extracted IFCF in Fig. 5.8 (e) is disorganized. Fig. 5.8 (f) presents the 

extracted IFCF based on the envelope signal obtained by STFD transform, where the true IF of 

the shaft and the predicted IF are also plotted. The maximal absolute error, appearing at 11.67 s, 

is 2.72 Hz in this case. The true IF at this time point is 33.43 Hz, leading the relative error at this 

location to 8.1%. The MSE is 9.3×10
-3

 for the prediction. Applying the least-square fitting, the 

IFCF function is acquired as follows 
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   3 2  0.0564  0.8582  3.7042  92.88If t t t t     . (5.12) 

a 

0 5 10 15
-1

-0.5

0

0.5

1

Time (s)

A
m

p
li

tu
d

e 
(v

)

 

b 

5 10 15
0

200

400

600

800

1000

Time (s)

F
re

q
u

en
cy

 (
H

z)

 
c 

0 5 10 15
1

1.5

2

2.5

Time (s)

F
D

 s
eq

u
en

ce

 

d 

5 10 15
0

200

400

600

800

1000

Time (s)

F
re

q
u

en
cy

 (
H

z)

 
e 

0 5 10 15
0

100

200

300

400

500

Time (s)

F
re

q
u

en
cy

 (
H

z)

 

 Estimated IFCF

 

f 

0 5 10 15
0

50

100

150

200

Time (s)

F
re

q
u

en
cy

 (
H

z)

 

 

Estimated IFCF

Estimated IF

True IF

 
g 

 

0 1 2 3 4 5 6
0

2

4

6

8
x 10

-3

Coefficient 

A
m

p
li

tu
d
e 

(v
)

1 X
2 X

 

Fig. 5.8 Detecting performance of the proposed method for inner race fault: (a) the raw signal, (b) TFR of the 

envelope obtained by Hilbert transform, (c) the envelope obtained by STFD transform, (d) TFR of (c), (e) estimated 

IFCF based on the TFR in (b), (f) estimated IFCF based on the TFR in (d), corresponding estimated IF and true IF, 

and (g) the resampling-free order spectrum. 

λ= 1, 2, 3 and 4 
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By integrating the first three terms of Eq. (5.12), the basic demodulator of inner race fault is 

expressed as di(t) = - 0.0141t
4
 + 0.30t

3
+1.852t

2
. Following the strategy in subsection 3.2 gives 

the resampling-free order spectrum illustrated in Fig. 5.8 (g). Peaks locating at λ = 1, 2, 3 and 4 

can be identified; thus the existence of the fault is confirmed. The reciprocal of the order 

(1/5.43=0.184) and its multiple located below the IFCF are also observable, which relates the 

fault type to inner race. Therefore, the effectiveness of the proposed approach is validated by 

inner race data. 

5.3.3 Healthy bearing test 

For comparison, the vibration signal from healthy bearing is measured in this subsection to 

examine the proposed approach. In this test, the experimental setup is the same as the one 

described in the section 5.3.2 except that the bearing with inner race fault is replaced by a 

healthy one. The shaft rotational speed in this case increases from 18.75 Hz to 28.2 Hz during the 

time duration of 7s.  
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Fig. 5.9 Detection performance of the proposed method for healthy bearing: (a) the raw signal, (b) TFR of the 

envelope obtained by Hilbert transform (c) the envelope obtained by STFD transform, (d) TFR of (c), (e) estimated 

IFCF based on the TFR in (d), corresponding estimated IF and true IF, and (f) the resampling-free order spectrum. 

The raw signal is shown in Fig. 5.9 (a) and the TFR of its envelope signal obtained by Hilbert 

transform is demonstrated in Fig. 5.9 (b). The envelope that is extracted by STFD transform and 

the corresponding time-frequency distribution are presented in Fig. 5.9 (c) and (d), respectively. 

As seen in Fig. 5.9 (d), no obvious IFCF trend is exhibited as the healthy bearing results no fault-

related impacts, which is as expected. Therefore, the shaft rotational speed cannot be reflected by 

the extracted IFCF, as observed in Fig. 5.9 (e). Fig. 5.9 (f) shows the resampling-free order 

spectrum based on the demodulator obtained by integrating the extracted IFCF vector, where no 

peaks situated at integral λ values can be seen. Consequently, the final detection decision that the 

bearing is in a healthy condition can be made. 

5.4 Conclusion 

A technique without the use of prefiltering and resampling algorithm is proposed for bearing 

fault diagnosis under time-varying rotational speed. Two main parts constituting the proposed 

method are the STFD transform used for envelope extraction without prefiltering and the STFT-

based GD for obtaining the resampling-free order spectrum. The envelope extraction via the 

STFD transform is a pre-process for STFT and GD, helping obtain the demodulator for GD via 

STFT. Fourier transforming the GD-processed signal, the amplitude of the constant frequency 

resulted by GD can stand up and be searched on the spectrum. Vibration signals of a faulty 

bearing are multicomponent; hence, iteratively employing generalized demodulation, frequency 

analysis and amplitude search for the signal under analysis, the resampling-free order spectrum 

can then be obtained. The diagnosis decision can then be made. 
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The major advantages of the proposed method are (a) the envelope of impulses can be 

effectively extracted in virtue of the STFD transform without filtration, thus relieving the worry 

of filter bandwidth and filter center selection; (b) by means of GD collaborating with STFT, an 

innovative diagnosis strategy is developed with no need of resampling algorithm, which 

simplifies the diagnosis technique, improves the computational efficiency and also distinguishes 

this method from most of current methods for bearing fault detection under variable speed; and 

(c) since the proposed method is resampling-free there is no need to worry about shaft rotational 

frequency. The effectiveness of the proposed technique has been tested by both simulated and 

experimental data.  

It is worth mentioning that, as long as the IF can be accurately estimated based on the 

vibration signal, the proposed method can be applied to different conditions, regardless of the 

changing pattern of the rotational speed. As illustrated by the experimental examinations, both 

the outer race and inner race faults can be diagnosed no matter the speed changes linearly or 

nonlinearly.  
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Chapter 6 Dual Demodulation Transform and Synchrosqueezing for 

Time-frequency Analysis and Bearing Fault Diagnosis
4
 

The technique developed in Chapter 5 for bearing fault identification under time-varying 

speed conditions has solved the problems caused by prefiltering and resampling. However, to 

obtain a clear TFR and to accurately estimate the IFCF, it heavily relies on an effective envelope 

demodulation method. TFA has proven to be a powerful tool in nonstationary signal processing 

as it can reveal insights about both time and frequency. However, its application to bearing 

condition monitoring has often been undermined due to the blurry and ambiguous 

representations, which is particularly true under variable speed conditions. Targeting these issues 

as well as the problems to be addressed for existing TFA methods (mentioned in Section 2.4), 

this chapter proposes a novel TFA method suited to bearing fault detection under variable speed.  

The energy concentration level is an important indicator for time-frequency analysis (TFA). 

The primary issue for most of the existing TFA methods is the TFR diffusion caused by weak 

energy concentration which would lead to ambiguous results and thus misleading signal analysis 

results, particularly for nonstationary multicomponent signals. To improve the energy 

concentration level, we propose a dual demodulation transform (DDT). The rationale of the DDT 

is that 1) a forward demodulation can improve the energy concentration level of a signal by 

transforming its IF trajectory into a line of a constant frequency, and 2) focusing on a short 

window around the time instant of interest, a backward demodulation can recover the original 

frequency at the time instant without affecting the improved energy concentration level. The 

improved TFR of the entire signal can be attained via repeating the backward demodulation at 

every time instant of interest. Based on the DDT, an iterative DDT (IDDT) is developed to 

analyze multicomponent signals that are subjected to different modulating sources for their 

constituent components. The IDDT iteratively demodulates each constituent component to attain 

its TFR and the TFR of the whole signal is obtained by superposing all the TFRs of constituent 

components. The cross-term free and more energy concentrated TFR is then generated by the 

proposed IDDT. The effectiveness of the proposed method in TFA is tested by both simulated 

                                                 
4
 Submitted to Journal of Sound and Vibration, under revision. 
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monocomponent and multicomponent signals. The application of the proposed method to bearing 

fault detection is exploited. Bearing condition and fault pattern can be revealed by the proposed 

method resulting TFR. 

6.1 The presentation of the proposed method 

6.1.1 Dual demodulation transform (DDT) 

6.1.1.1 Generalized demodulation 

The overview of GD has been introduced in subsection 5.1.1. Next, we will present a brief 

proof that the GD can map a signal to an arbitrary constant frequency. This feature is important 

to analyze nonstationary multicomponent signal whose IFs of constituting components are 

closely-positioned. 

Considering a signal   ( )
 x tix t e


  (

0
( ) ( )

x
t f t t   ). Demodulating the signal x(t) by the 

function 2 ( ( ) )x ci t f t
e

    leads to  

 
2 [ ( ) ]

( ) ( ) x ci ft t f t

GX f x t e dt
 


  


  .  (6.1) 

where fc represents an arbitrary constant frequency.  

Its inverse GFT is then derived 

 
2 [ ( ) ] 2 [ ( ) ] 2( ) ( ) ( )x c x ci ft t f t i t f t i ft

G Gx t X f e df e X f e df
    

 
  

 
   .  (6.2) 

If ( ) ( )G cX f f f  , x(t) can then be written as  

 
2 ( )

( ) xi t
x t e


 , (6.3) 

which is identical to the previously defined s(t), indicating that the signal can be mapped to any 

constant frequency fc. The feature of mapping the signal with curved trajectory into a linear path 

parallel to the time axis at an arbitrary constant frequency can avoid the frequency overlap, 

thereby facilitating the filtering operation and signal component separation.   

Two important GD properties are re-summarized as follows:  

1) The curved path in TFR can be transformed into the linear path, parallel to the time axis. 
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2) After the demodulation, the energy of the signal 02 [ ( )]
( )

i f t t
x t e

 
  would be concentrated 

on the constant frequency f = fc, as can be seen in Fig. 6.1. 

6.1.1.2 DDT Proposal 

The GD and its properties described above form the foundation for the proposed DDT 

method which is detailed in this subsection. To illustrate the idea of DDT, we start with a 

monocomponent AM-FM signal x(t), given by 

 02 [ ( )]( )( ) ( ) ( )
i f t ti tx t A t e A t e
  

   . (6.4) 

where A(t) is the instantaneous amplitude (IA),  (t) is the instantaneous phase, f0 is the constant 

frequency and ψ(t) is the modulating source. The IF of the signal is accordingly defined as  

 0

( )
( ) ( )

2
x

d t
f t f t

dt





   .  (6.5) 

Suppose that the modulating source ψ(t) of the signal is known. The original signal is firstly 

generalized demodulated by 2 ( )( )f i td t e  , which can be formulated as  

 02
( ) ( ) ( ) ( )f

i f tf

d
x t x t d t A t e


  .  (6.6) 

Eq. (6.6) derived by the above mentioned GD is the forward demodulation and the d
f
(t) is the 

forward demodulator. The TFR of the original signal and the forward demodulated signal 

obtained by the STFT is plotted in Fig. 6.1 (a). As mentioned previously, we focus on a signal 

segment within a short window [u - Δt, u + Δt] with Δt ≈ 2π/ ( )u (Daubechies et al., 2011), 

centered at time instant u. The resulting TFR within the short window is plotted in Fig. 6.1 (b). 

By looking at Fig. 6.1 (a) and (b), the following observations can be obtained. First it can be seen 

that, in Fig. 6.1 (a), the curved TF trajectory, f0 + ψ′(t), is converted into a straight line, f0, 

parallel to time axis with more concentrated TFR ridges (the level of concentration is quantified 

by the darkness). Secondly, for an arbitrarily selected small time window [u-Δt, u+Δt] with Δt ≈ 

2π/ ( )u  as plotted in Fig. 6.1 (b), the spectrum of the original signal segment is widely spread 

around the frequency fx(u) = f0 + ψ'(u); whereas the spectral energy of the forward demodulated 

signal segment, i.e., the line segment at f0, is much more concentrated. The improved level of 

concentration can be quantified by the spectrum on the right side of Fig. 6.1 (b). The above has 

echoed the two GD properties. 
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Although the energy concentration degree of the demodulated signal segment spectrum is 

improved, as shown in Fig. 1 (b), the spectrum does not reflect the actual frequency of the signal 

segment at the time instant u. Therefore, further processing is required. Shifting the TFR of the 

demodulated signal by |ψ'(u)|, the frequency of the TFR then becomes f0 + ψ'(u) (ψ'(u) > 0 means 

upwards shifting; ψ'(u) < 0 leads to downwards shifting), identical to the actual frequency at the 

current time instant u. The frequency shifting can be achieved via simply multiplying the 

generalized demodulated signal by the backward demodulator
 2 '

 ( , )
ib u t

d et u


 . This is based 

on one of the Fourier transform properties, i.e., shifting a function in the frequency domain 

corresponds to multiplication by a complex exponential function in the time domain. The further 

demodulated signal is then given by  

    0' '2 2 [ ]
( , ) ( )f f

i t i f t tb

d d

u

d

u
x t u x d x e A t e

   
     .  (6.7) 

It should be noted that the modulus of xd is equal to that of fd
x . This is the reason why the 

proposed DDT method can improve the energy concentration level. The above illustrated 

forward and backward demodulations can be done by a composite demodulator defined as 

 
2 [ ( ) ( ) ]( , ) ( ) ( , )f b i t u td t u d t d t u e        .  (6.8) 

Mathematically, Eq. (6.7) means that a signal segment is demodulated by the source which is a 

bivariate function of time variable t and time-shift variable u (as suggested by Eq. (6.8)). The 

original one-dimensional signal is transformed into a two-dimensional signal (bivariate signal), 

as seen in Eq. (6.7). The IF of the bivariate signal is  

 
  

 

0

0

( ) 2 [ ]
2

'

'

d
xf t f t t

t

uf

u







 



 

 . (6.9) 

For a sufficiently small time window around u, t∈[u-Δt, u+Δt], we can obtain that 

 [ , ]( ) ( ) |
dx x u t u tf t f t   .  (6.10) 

Eq. (6.10) indicates that the original frequency at time instant u is restored via such 

demodulations. More importantly, the concentration level of the spectrum in the TF plane is 

preserved, as seen in Fig. 6.1 (c).  
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The STFT of the demodulated signal xd(t, u) is given by 

 ( )( , ) ( , ) ( )
d

i t u

x dX u x t u g t u e dt


 


    (6.11) 

where g(·) is the Gaussian window function. As Gaussian window function has the minimal area 

of the Heisenberg box, it is usually applied to STFT (Wang et al., 2014). Then the TFR of the 

original signal x(t) (for t∈[u-Δt, u+Δt]) can be approximated by ( , ) ( , )
dx xX u X u  .  The 

signal x(t) can be recovered by the inverse DDT of ( , )
dxX u  defined as  

 ( )

2

1
( ) ( , ) ( )

2 || ( ) || d

i t u

xx t X u g t u e dud
g t

 


 


 
   .  (6.12) 

If we apply the procedures above to the signal at every time instant, the signal is demodulated 

step by step. Connecting the small pieces of all time instants, the full TFR of the signal is then 

attained. With the DDT, not only can the actual frequency be retrieved but the energy 

concentration of TFR can also be improved.  
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Fig. 6.1 The demonstration of the proposed DDT: (a) TFR of the original signal and generalized demodulated signal, 

(b) TFR of a signal segment and (c) TFR after frequency shifting (FD: forward demodulation, BD: backward 

demodulation), (the level of darkness reflects the level of energy) . 
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To better evaluate the performance of the proposed method, a comparison and quantitative 

analysis are given below. The difference before and after applying DDT to a signal is illustrated 

in Fig. 6.2. By comparing the TFRs respectively obtained by STFT and DDT, as shown in Fig 2 

(a) and (b), it can be seen that the energy concentration level is strengthened and the TFR of the 

signal is sharpened by DDT. To provide quantitative analysis, the modulus maxima along the 

TFR ridge are searched. As shown in Fig. 6.2 (c), the modulus of the TFR obtained by DDT is 

much higher than that obtained by STFT because the energy is more concentrated. Quantitatively, 

the modulus maxima of the TF ridge generated by DDT is averagely improved by 122.44% 

(denoted by η), compared with that of the TFR attained by STFT. The number η is computed by  

 
1

1 (DDT( )) (STFT( ))

(STFT( ))

I

i

Mod i Mod i

I Mod i





    (6.13) 

where I is the length of DDT or STFT and Mod(∙) denotes the modulus maxima.  
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Fig. 6.2 Demonstration of the proposed DDT performance (without noise): (a) TFR obtained by STFT, (b) TFR 

obtained by DDT and (c) modulus maxima of the IF trajectories using STFT and DDT, respectively. 

Next, the proposed DDT is applied to noisy signal (SNR = -8 dB) which is generated by 

adding white Gaussian noise to the signal used for Fig. 6.2. The TFR generated by STFT and the 
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one obtained by DDT are presented in Fig. 6.3 (a) and (b), respectively. As can be seen, the TFR 

is sharpened by the DDT. The improvement can be clearly observed in Fig. 6.3 (c), where the 

modulus maxima of TF ridges using the DDT are much larger than that using the STFT. On 

average, the modulus maxima of TF trajectory are improved by 90.1% via the DDT in this case. 
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Fig. 6.3 Demonstration of the proposed DDT performance (with noise): (a) TFR obtained by STFT, (b) TFR 

obtained by DDT and (c) modulus maxima of the IF trajectories using STFT and DDT, respectively. 

6.1.2 Iterative DDT (IDDT) for multicomponent signals 

The proposed DDT for monocomponent signal TF analysis is detailed in the last subsection. 

However, in real applications, a signal usually contains multiple components and all components 

are frequency demodulated by different modulating sources. Single DDT is therefore not 

sufficient to demodulate all constituent components. As such, we propose the IDDT to address 

this issue. Compared with the DDT, the IDDT, as suggested by the name, involves an iterative 

procedure. Specifically, the multicomponent signal subjected to different modulating sources is 

iteratively demodulated by different demodulators, including a filtering operation between the 

forward demodulation and backward demodulation to separate each monocomponent signal from 

the other signal components. The TFR of the entire signal can be attained by superposing the 
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TFRs of all the signal components. Consider a multicomponent signal consisting of K 

components 

 0,2 [ ( )]

1 1

( ) ( ) ( ) k k

K K
i f t t

k k

k k

x t x t A t e
 

 

   .  (6.14) 

The IF of the kth component can be  

 
0,( ) ( )

ks k kf t f t   .  (6.15) 

Based on the demodulator defined by Eq. (6.8), the kth demodulator can be expressed as  

 
2 [ ( ) ( ) ]

( , ) k ki t u t

k
d t u e

     .  (6.16) 

With the demodulator, the kth component can then be demodulated as 

 0,2 [ ( ) ]

,
( , ) ( ) ( , ) ( ) k ki f t u t

d k k k k
x t u x t d t u A t e

  
    . (6.17) 

Except for the kth component, the rest of the signal can also be transformed into  

 , , , ,
1, 1,

( , ) ( , ) ( ) ( , ) ( , ) ( , )
K K

id d k k d k d i k
i i k i i k

x t u x t u x t d t u x t u x t u
   

        (6.18) 

where the xd,i,k(t, u) is the demodulated item of the ith component by the kth demodulator, i.e.,  

 0,2 [ ( ) ( ) ( ) ]

, ,
( , ) ( ) ( , ) ( ) ii k ki f t t t u t

i id i k k
x t u x t d t u A t e

      
    . (6.19) 

The IF of the ith component after being demodulated by kth demodulator is  

 0,( ) ( ) ( ) ( ) 1,..., ,i ii k kf t f t u t for i K i k          .  (6.20) 

By examining Eq. (6.20) and considering a small window around time instant u, one 

has ( ) ( ) 0k ku t    . Hence the IF of the ith component can be approximated 

as [ , ] 0,( ) | ( )i u t u t i if t f t 
  , which has seemingly no effect on the IF of kth component. 

However, when the kth and ith components are very close to each other, we may also 

have ( ) ( ) 0i kt t    .  Then the IF of ith component is [ , ] 0,( ) | ( )i u t u t i kf t f u 
  . In this case, 

the distorted IF of the ith component may have adverse effects on the closely located kth 

component, causing blurred TF or even misleading estimate for the IF of kth component. The 
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above analysis shows that demodulating the entire signal by the demodulator of the target 

component is not favourable when handling signals with very closely located TF components.    

Therefore, we propose to filter the target component after the use of the GD (i.e., the forward 

demodulation) via a band-pass filter whose center frequency is equal to the constant frequency 

f0,k, and bandwidth equal to the minimum frequency difference between the instantaneous 

frequency of the kth component and the lower/upper ones. It is important to point out that there is 

no frequency overlap between the kth component and other components as the forward 

demodulation can transform its IF into an arbitrary constant frequency sharing completely 

different frequency band with others. With this operation, the adverse effects of other 

components on the kth component are eliminated. By iteratively applying the DDT plus forward 

demodulation-based filtering between the forward demodulation and backward demodulation, 

the TFR of each component can then be obtained. Accordingly the complete TFR of the original 

signal can be constructed by superposing the TFR of all the constituent components. The above 

procedures of IDDT for nonstationary multicomponent signal processing can be summarized in 

the flow chart shown in Fig. 6.4. 

 

Original signal
1

( ) ( )
K

kk
x t x t




Set k = 1

 Estimate modulating sourceψk(t)

Perform DDT with band-pass filtering 

(Forward demodulation, band-pass filtering 

and backward demodulation)

k > K?

Obtain the TFR of the original signal by 

superposing TFRs of all components   

k = k+1
N

Y

 

Fig. 6.4 The flow chart of the IDDT for nonstationary multicomponent signals. 

The IDDT for nonstationary multicomponent signals is an improved version of the original 

DDT. With this enhancement, a substantially sharpened and cross-term free TFR can be 
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achieved for a nonstationary multicomponent signal. The cross-term interferences are naturally 

avoided because the final TFR is a linear superposition of the TFRs of all individual components. 

This advantage is particularly important to obtain an unequivocal TFR from a nonstationary 

multicomponent signal.  

Time (s)

F
re

q
u
en

cy
 (

H
z)

 

 

0 1 2 3 4 5 6
0

20

40

60

80

 

 

 

 

 

Time (s)
F

re
q
u
en

cy
 (

H
z)

 

 

0 1 2 3 4 5 6
0

20

40

60

80

 

 

 

 Cross-terms

Time (s)

F
re

q
u
en

cy
 (

H
z)

 

 

0 1 2 3 4 5 6
0

20

40

60

80

 

 

 

 

Time (s)

F
re

q
u
en

cy
 (

H
z)

 

 

0 1 2 3 4 5 6
0

20

40

60

80

 

 

 

 

 

dc

ba

 

Fig. 6.5 TFRs of the nonstationary multicomponent signal obtained by: (a) STFT, (b) PWVD, (c) IDDT excluding 

filtering and (d) IDDT. 

To illustrate the advantage, Fig. 6.5 is plotted, where the TFRs respectively obtained by 

STFT, Pseudo Wigner-Ville Distribution (PWVD), IDDT without filtering procedure and IDDT 

are shown. The STFT, Fig. 6.5 (a), can roughly show the trend of the signal frequency, but 

cannot distinguish the IF components at all, due to the limited TF resolution. The TFR obtained 

by PWVD, as shown in Fig. 6.5 (b), is undermined by cross terms. Particularly, when the IF 

components are closely located, the real IF components cannot be identified as they are clouded 

by the cross terms. The IDDT without involving filtering each signal component, Fig. 6.5 (c), 

improves the TF concentration and seizes the main features of signal components around the 

duration from 1.5 s to 3 s. However, there are blurred problems in the durations 3 s to 6 s. The 
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result of IDDT, as presented in Fig. 6.5 (d), is almost free from blur and cross-terms, and hence 

clearly reveals each IF component of the signal. This is mainly due to the forward demodulation-

based filtering processing which ensures the monocomponent requirement of DDT.  

6.1.3 DDT-based synchrosqueezing transform 

Although the blurriness and cross term issues have been alleviated by the IDDT, the TFR 

information during the first one second is missing as shown in Fig. 6.5 (d). To solve this problem, 

the synchrosqueezing transform (ST) which is originally proposed by Daubechies (Daubechies et 

al., 2011) to sharpen a TFR by reallocating the scalogram obtained from wavelet transform or 

STFT is employed to reassign the scalogram derived from IDDT. In this subsection, we will first 

introduce the STFT-based ST (Thakur and Wu, 2011), from which the DDT-based ST is detailed. 

For illustration, consider a signal having constant IF and IA, i.e., 02
( )

i f t
x t Ae


 . According to Eq. 

(6.11),  the STFT of the signal can be expressed as   
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where G(٠) stands for the Fourier transform of the window function g. Eq. (6.21) indicates that 

the energy of signal will concentrate around the frequency line ξ = 2πf0 in the TF plane. However 

in reality, the energy will distribute around the horizontal line, which raises the blurriness. The IF 

of the original signal can be obtained by performing the first-order derivative of Xx with respect 

to the time-shifting variable u, i.e., 

 
( , )

( , )
2 ( , )

x
x

x

X ui
f u

X u u




 





 . (6.22) 

To solve the blurriness, the TF distribution of STFT is reallocated by transforming the (u, ξ) 

plane to the (u, fx(u, ξ)) plane via  

 ( , ) ( , )( )
k

x l x k kT u f X u


     (6.23) 

where ξk, the kth discrete angular frequency, varies in the range specified by 

| ( , ) | / 2s k lf u f f    , fl is the lth discrete frequency, Δf = fl – fl-1 and Δξk = ξk – ξk-1. Xx(u, ξk) is 
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calculated only at the discrete value ξk and the synchrosqueezing result is determined at the 

center fl of the interval [fl – (1/2)Δf, fl + (1/2)Δf]. In this way, the TFR is improved by squeezing 

the blurred ridges resulted from the STFT along the frequency axis into more concentrated ones.  

The DDT-based ST is motivated from the STFT-based ST described above and is elaborated 

in the following. Replacing the original signal x(t) and the original TFR Xx(u, ξ) in Eq. (6.22) by 

the demodulated signal xd(t) and its TFR Xxd(u, ξ) leads to the IF of the demodulated signal, i.e.,  
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Similar to those in the STFT-based ST, the u, ξ and fxd are all discrete and Δξk is defined as Δξk = 

ξk – ξk-1. When mapping from the (u, ξ) plane to the actual TF plane (u, 
dxf (u, ξ)) plane, the 

squeezing step for the DDT-based ST performing at the center fl can be expressed as 

 ( , ) ( , )( )
d

k

x x k kT u X u


      (6.25) 

where ξk, the kth discrete angular frequency, varies in the range determined by 

| ( , ) | / 2
dx k lf u f f    , fl and Δf  are defined as the same as those for the STFT-based ST.  

Via the DDT-based ST, the DDT results can be further condensed by the synchrosqueezing 

and the TF readability is hence further improved. The IDDT-based ST is based on the DDT-

based ST and involves synchrosqueezing for each signal component. After processing by the 

IDDT-based ST, the TFRs of the same multicomponent signal previously illustrated in Fig. 6.5 

are presented in Fig. 6.6, where Fig. 6.6 (a) displays the result of the IDDT-based ST without 

filtering and Fig. 6.6 (b) shows the result of IDDT-based ST. It can be seen that the energy 

concentration of both TFRs is further enhanced, compared with Fig. 6.5. However, Fig. 6.6 (b) 

shows a better outcome as each IF component is much more discernible. Moreover, it can be 

seen in Fig. 6.6 (b) that the missing information in the first one second, as shown in Fig. 6.5 (d), 

is restored by ST. The comparison between Fig. 6.6 (a) and (b) also shows the importance of the 

pre-process of ST and further demonstrates the significance of the filtering operation after 

forward demodulation for multicomponent signals. 
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Fig. 6.6 TFRs of the nonstationary multicomponent signal obtained by: (a) IDDT-based ST excluding filtering and 

(b) IDDT-based ST. 

6.1.4 How to implement the proposed DDT/IDDT in practice 

In the previous subsections, it is assumed that the modulating source of the signal is known in 

advance, and thus the demodulator can be easily derived. Nevertheless, in most of real 

applications, the modulating source of the signal is often unknown, which makes it impossible 

for direct demodulation. The study in (Feng et al., 2015) estimates the IF using the conventional 

TFA methods such as STFT and WT. However, the inherent issue of the approach is that 

estimating IF once may not guarantee the required accuracy of the IF, hence leading to the 

smearing problem in the TF plane. Therefore, the proposed method in this study involves an 

iterative procedure to repeatedly improve IF prediction until the IF precision is acceptable. The 

initial IF is estimated from the original signal via the conventional TFA methods and used to 

roughly demodulate the signal. The more accurate IF can then be obtained from the enhanced 

TFR and used to further demodulate the signal to further enhance the TFR. The iteration 

continues until one of the stopping criteria is satisfied. The flow chart for the iteration is shown 

in Fig. 6.7, where δ represents MSE difference between two successive IFs, M stands for the 

maximum number of iterations. The IF fx(1) is initially estimated using STFT, from which the TFR 

Xxd(1) can be calculated using DDT. Estimating IF fx(2) based on Xxd(1), one can calculate the TFR 

Xxd(2). The iteration continues until the one of the stopping criteria is satisfied.      

By means of the IF refinement procedure, the estimated IF gradually approaches the real IF. 

The parameters M and δ are user-specified. In this study, they are set 20 and 10
-4

, respectively. 

To illustrate the effectiveness of the IF refinement, the signal presented in subsection 2.2 is used 
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again here. The simulated signal is a sinusoidal function with time-varying frequency and is 

contaminated by white Gaussian noise with a SNR of -8 dB. The IF is created by setting a few 

values at corresponding time instants and then applying interpolation (using interp1 function in 

MATLABTM). Fig. 6.8 shows the improving process of the MSE between the estimated IF and 

actual IF. As can be seen, the MSE has been reduced from 1.4475 to 7.497×10
−4

 in only six 

iterations. No significant improvement is observed after seven iterations. This may suggest that 

we have practically obtained the true IF after six iterations. 

Input signal x

STFT

( ) , 1, 2,...,x mf m M

GSDT(m)

( 1)x mf 
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Fig. 6.7 The flowchart of IF refinement (MSE = mean squared error). 
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Fig. 6.8 The evolving history of the MSE between the estimated IF and the actual IF. 



Chapter 6 Dual Demodulation Transform and Synchrosqueezing for Time-Frequency Analysis and Bearing Fault Diagnosis  

131 

 

6.2 Simulated case study 

In this section, simulation studies are presented to validate the capability of the proposed 

method in TFR enhancement for both monocomponent and multicomponent signals polluted by 

additive noise. 

6.2.1 Monocomponent signal 

Consider the monocomponent signal used in subsection 2.2. This signal is generated by a 

frequency modulated sinusoidal function. The IF is created by interpolation (using interp1 

function in MATLAB). The simulated signal x(t) can be expressed as  

 
0

( ) cos(2 ( )) ( ) cos(2 ( ) ) ( )
t

x t t n t f t dt n t       (6.26) 

where the function of the IF obtained by curve fitting is 

 ( ) 40sin(0.36 0.6) 10sin(2 2.5) 5.4sin(3.6 7.6)f t t t t       (6.27) 

and n(t) is the white Gaussian noise. In the practical implementation, the ψ(t) is produced by 

computing the integral of the IF vector. Adding the noise to the monocomponent signal generates 

a synthetic signal with a SNR of -8 dB, as plotted in Fig. 6.9 (a). The actual IF of the synthetic 

signal is shown in Fig. 6.9 (b). Fig. 6.9 (e)-(f) present the TFRs obtained using the CWT, PWVD, 

STFT and STFT-based ST, respectively. It can be observed that the ineffective energy 

concentration capability of such methods lead to blurred TFRs. Therefore, the TFR ridges cannot 

accurately reflect the true IF.  

The proposed DDT method is then applied to the monocomponent signal. The initial IF fx(1)(t) 

of the signal is estimated via the traditional STFT. According to the analysis in subsection 2.1, 

we choose fc = 100 Hz, and hence the signal is mapped to the target signal of constant frequency 

fc = 100 Hz. The composite demodulator defined by Eq. (6.8) can then be calculated for the first 

iteration, where the ψ(1)(t) and ψ′(1)(t) are respectively obtained by (1) (1)
0

( ) ( ( ) )d
t

x ct f t f t    and 

(1) (1)( ) ( )x ct f t f    . With the demodulator, the DDT can be implemented and the TFR Xxd(1) is 

obtained. The IF continues to be refined via the procedure given in Fig. 6.7 until one of the 

stopping criteria is reached. According to Fig. 6.8, the TFR of the 7th iteration is the final result, 

as shown in Fig. 6.9 (g). The TFR of the corresponding DDT-based ST is given in Fig. 6.9 (h). 
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Comparing Fig. 6.9 (c)-(f) with Fig. 6.9 (g) - (h) reveals that the proposed DDT method 

outperforms the existing TFR tools.  
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Fig. 6.9 The simulated monocomponent signal, real IF and TFRs of the signal generated by various TFA methods: (a) 

the time domain waveform, (b) the real IF, (c) – (h) TFRs of the signal obtained respectively by CWT, PWVD, 

STFT, STFT-based ST, DDT and DDT-based ST.   
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To illustrate the effectiveness of the IF refinement procedure, the TFRs obtained by the DDT 

and the DDT-based ST using the initial IF are given in Fig. 6.10 (a) and (b) respectively. It can 

be seen that, owning to the difference between real IF and the initial IF, the resulting TFR based 

on the initial IF in Fig. 6.10 (a) is not as clear as the final result in Fig. 6.9 (g). The significant 

difference can be observed by comparing Fig. 6.10 (b) with Fig. 6.9 (h). Fig. 6.10 (c) and (d) 

present the TFRs obtained by the DDT and the DDT-based ST using the real IF. Apparently, 

utilizing the real IF gives the best TFR result, which in turn shows that the accuracy of estimated 

IF has a significant impact on the TFR. The comparison demonstrates that the TFR of the signal 

can be enhanced by the IF refinement process.  
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Fig. 6.10 The illustration of the effectiveness of the IF refinement procedure: TFRs obtained by DDT using (a) the 

initial IF and (c) the real IF respectively, and TFRs obtained by DDT-based ST using (b) the initial IF and (d) the 

real IF, respectively.  

6.2.2 Multicomponent signal 

In this subsection, we apply the proposed IDDT method to a nonstationary multicomponent 

signal with five closely located IF components whose modulating sources are different from each 

other. The multicomponent signal s(t) is defined as  

 
5

0
1

( ) cos(2 ( ) ) ( )
t

k

k

x t f t dt n t


     (6.28) 
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where fk(t) = Ckf(t), Ck = 0.5, 0.9, 1, 1.1, 1.5, f(t) is defined in the last subsection by Eq. (6.27) 

and n(t) is the additive white Gaussian noise. The IF components are set proportional to each 

other because, in the application of bearing/gear fault diagnosis, the shaft frequency, IFCF and 

their harmonics are always proportional. The composite signal with a SNR of -8 dB has 6000 

samples in the time interval [0, 6] and is plotted in Fig. 6.11 (a) as shown in the following.  
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Fig. 6.11 TFRs of the multicomponent signal with a SNR of -8 dB: (a) the composite signal, (b) the real IFs of all 

components, (c)-(d) the TFRs obtained by STFT without and with noise, (e) TFR of the noisy signal using IDDT 

and (f) TFR of the noisy signal using IDDT-based ST. 

The real IFs of all the signal components are shown in Fig. 6.11 (b). The STFT resulting 

TFRs of the multicomponent signal without and with noise are given in Fig. 6.11 (c) and (d), 

respectively. It can be observed that even though the signal is clean the IF components via STFT 

are not identified in the TF plane due to the spread energy distribution. The performance of 
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STFT becomes worse when the signal is mixed with noise (SNR = -8 dB), as presented in Fig. 

6.11 (d). The proposed IDDT method is then applied to the composite signal and the resulting 

TFR is displayed in Fig. 6.11 (e). We can see that the energy for each IF component is more 

condensed; therefore, the TF components can be clearly recognized in the TF plane, particularly 

for the three very closely positioned IF components. The result is further improved by the 

synchrosqueezing, as seen in Fig. 6.11 (f) where the energy concentration of IF components is 

further condensed and all IF components are easily distinguished. 

6.3 The application of the proposed method for bearing fault detection 

The performance of a method for real applications is an important indicator to evaluate the 

method; therefore, the proposed method is applied to real cases in this section.  

6.3.1 Inner race fault identification 

The experiment is carried out on a SpectraQuest Machinery fault simulator (MKF-PK5M) in 

our lab at the University of Ottawa and its setup is shown in Fig. 6.12. The shaft is powered by a 

motor controlled by an AC inverter. There are two ER16K bearings mounted to support the shaft 

and the load. The pictures of the defective bearings are shown in Fig. 5.6. The one with inner 

race fault is positioned at the left side. The parameters of the bearings are given in Table 5.3. 

Tachometer and accelerometer are mounted on the test rig to collect the shaft speed and vibration 

signal, respectively. A load mass of 5.03 kg is mounted on a 25.4mm (1 inch) steel shaft. The 

shaft rotational speed fr increases from 28.1 Hz to 33.7 Hz and then drops down to 28.1 Hz again. 

The sampling rate is 12 KHz and a signal of 6 s is collected. The data is fed to an NI data 

Acquisition Module (NI USB-6212 BNC) and is recorded by the computer with Labview 

software.  

Since the signal from a faulty bearing is amplitude modulated and the signal component 

carrying the faulty information is often the envelope of the original signal, we propose to Hilbert 

demodulate the raw signal and then downsample the envelope signal. Via this operation, the 

computational efficiency is improved. The maxima of IFCF in our experiment is around 183 Hz 

(= 33.7 × 5.43). Taking three times of IFCF into consideration (two harmonics of IFCF is 

sufficient to show the existence of a fault), the new sampling frequency should be set greater 

than 1098 Hz according to Nyquist theorem. We select 1500 Hz in this case. It has to be 
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mentioned that there might be aliasing resulted by high order harmonics after downsampling; 

however, these high order harmonics have relatively low energy and hence are of little effects on 

results. The original signal and the downsampled envelope signal are shown in Fig. 6.13 (a) and 

(b), respectively. Fig. 6.13 (c) is the STFT resulting TFR of the downsampled signal. We can 

roughly observe the IFCF and its two harmonics in Fig. 6.13 (c); the fault type of the bearing is, 

however, not revealed yet as the IF of the shaft is still ambiguous in the TF plane. 
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TachometerInverter

LoadAccelerometer

 

Fig. 6.12 Experimental setup. 
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Fig. 6.13 The original signal of inner race fault and TFR obtained by STFT: (a) the original signal, (b) the 

downsampled signal and (c) TFR of the downsampled signal using STFT. 
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The proposed method is hence applied. To begin with, the IFCF with low-accuracy is first 

estimated based on the TFR obtained by STFT. Using the IF refinement procedure which is 

elaborated in subsection 6.1.5, the more accurate IFCF is obtained to further demodulate the 

signal. The final estimated IFCF is attained once the stopping criterion is satisfied (M > 20 or δ < 

10
-4

).  With the IFCF, the demodulator of the IFCF-related signal component can then be 

obtained. As the other components‘ IF of bearing vibration signal is proportional to the IFCF, the 

IF refinement procedure does not need to apply to every IF component. The demodulating 

sources for the 2×IFCF and 3×IFCF components can be directly calculated based on the 

demodulator of IFCF-related component. However, the demodulators for the shaft-related IF 

components are still unavailable because the fault type is unknown.  

To solve this issue, the resampling-free order spectrum for shaft-related IF components is 

developed in this study. The horizontal axis of this spectrum represents the IFCF‘s coefficient λ 

(λ is a coefficient in front of the IFCF) which is multiplied by the IFCF to obtain different 

modulating sources (λ∙IFCF), and the vertical axis is presented as amplitude. Since there is no 

resampling processing involved it is termed resampling-free order spectrum. The shaft IF fr and 

its harmonics can be expressed as λ∙IFCF, where λ can be calculated by i/Kfc, i = 1, 2… (Kfc is 

determined by the fault type and hence called the fault characteristc coefficient). For bearing 

fault diagnosis, setting the resolution of λ (denoted by ∆λ) to be 0.001 is sufficient to distinguish 

each shaft-related IF (in this case, the resolution of shaft-related IFs is 0.184 (=1/5.43, as listed in 

Table 5.3). For the coefficient λ in the range of [0, λmax], there are 1max   demodulators 

generated to demodulate the signal. Each demodulator can map an IF trajectory of a signal 

component at a constant frequency λfc (the IFCF component is mapped to the constant frequency 

of fc after GD). Iteratively performing frequency analysis on each generalized demodulated 

signal and searching the amplitude value corresponding to the frequency λfc in the frequency 

spectrum, the resampling-free order spectrum is obtained, as shown in Fig. 6.14. In this case, we 

only consider the coefficient λ in the range of [0, 1] as this range contains the shaft IF and several 

its harmonics. As can be observed, the peaks on the spectrum represent the energy corresponding 

to these constant frequencies in which the shaft IF and its harmonics are situated after GD. 

According to the values of the peaks in Fig. 6.14, the demodulators of the shaft-related IF 

components can be determined. Only the shaft IF and its first harmonic are analyzed in this study, 
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i.e., two demodulators are defined as λ1∙IFCF and λ2∙IFCF respectively (the values of λ1 and λ2 are 

as shown in Fig. 6.14). With the demodulators, the proposed IDDT can be implemented and the 

TFRs of the shaft-related IF components are obtained. Superposing the TFRs of IFCF and its two 

harmonics, as well as the shaft IF and its first harmonic leads to the TFR in Fig. 6.15 (a). The 

corresponding synchrosqueezing result is shown in Fig. 6.15 (b). As seen, both the IDDT and 

IDDT-based ST can provide TFR with satisfactory energy concentration and all IF components 

can be clearly identified. The IFCF and its harmonics demonstrate the existence of the fault, and 

the fault type is determined by the ratio between the shaft IF and the IFCF.  
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Fig. 6.14 The resampling-free order spectrum for λ∈ [0, 1] for inner race fault. 

The comparison between Fig. 6.13 (c) and Fig. 6.15 reveals that the proposed method yields a 

better TFR than that resulting from the STFT, which also indicates that the proposed IDDT 

method can condense the energy and solve the blurred problems caused by multicomponents and 

time-variant instantaneous frequency. The above analyses show that the proposed method can 

effectively detect the fault for a real case.  

6.3.2 Outer race fault identification 

The bearings in Fig. 6.12 are replaced by two ER10K bearings and the faulty one is placed on 

the left side. A load mass of 5.03 kg is mounted on a steel shaft with diameter 15.875 mm (5/8 

inch). The parameters of the bearing are listed in Table 5.2. The shaft rotational speed fr 

increases from 18.2 Hz to 36 Hz following a nearly linear pattern. The sampling rate is 24 KHz 

and the data of the signal is 6 s long. The data is fed to an NI data Acquisition Module (NI USB-

6212 BNC) and is recorded by a computer with Labview software. 
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Fig. 6.15 TFRs of the downsampled signal for inner race fault obtained respectively by: (a) the IDDT and (b) the 

IDDT-based ST. 

Likewise, the collected vibration signal in Fig. 6.16 (a) is first amplitude demodulated and 

then the extracted envelope signal is downsampled. Again, the IFCF and three of its harmonics 

are taken into consideration. The down sampling rate is then determined to be 1500 Hz. The 

downsampled envelope signal, displayed in Fig. 6.16 (b), is then processed using the classical 

STFT, yielding the TFR presented in Fig. 6.16 (c). As observed, the IFCF and its harmonics 

cannot be clearly identified, nor can the shaft IF and harmonics.  
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Fig. 6.16 The original signal of a bearing with a outer race fault and the TFR of the signal obtained by STFT: (a) the 

original signal, (b) the downsampled signal, and (c) TFR of the downsampled signal using STFT. 

Next, the effectiveness of the proposed TFR method is examined in processing the same 

vibration data. The procedure is similar to that for the inner race fault case. The demodulator for 

the IFCF-related signal component can be obtained via the IF refinement procedure in Fig. 6.7. 

Demodulators of 2×IFCF- and 3×IFCF-related signal components are easily obtained by 

multiplying integers, i.e., λ∙IFCF (λ = 2, 3). To calculate the demodulators for the shaft IF related 

signal components, the resampling-free order spectrum for the outer race fault case is obtained in 

the same manner as for inner race fault, as shown in Fig. 6.17. As can be seen in Fig. 6.17, the 

demodulators for shaft IF and its first harmonic can be attained, i.e., λ∙IFCF (λ = 0.328, 0.567). 
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Fig. 6.17 The resampling-free order spectrum for λ∈ [0, 1] for outer race fault. 
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Fig. 6.18 TFRs of the downsampled signal for outer race fault obtained respectively by: (a) the IDDT, and (b) the 

IDDT-based ST. 

With the obtained demodulators, the energy concentration level of each signal component can 

be improved and thus TFR of each signal component can be sharpened. Superposing the TFRs of 
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all signal components of interest yields the TFR in Fig. 6.18 (a), from which the not only can 

IFCF and two of its harmonics be recognizable but also the shaft IF and its first harmonic are 

clearly observed. Fig. 6.18 (b) presents the synchrosqueezing result. It can be seen that the TFR 

of each component is further sharpened. Based on any of the two, it can be concluded that the 

bearing is defective and the location of the flaw is on the outer race. The outer race fault 

experiment hence further validates the effectiveness of the proposed method in bearing fault 

diagnosis.  

6.4 Conclusion 

This chapter has developed the dual demodulation transform (DDT) by utilizing the 

properties of the generalized demodulation and Fourier transform. The proposed DDT can 

effectively enhance the TF readability by improving the energy concentration level in the TF 

plane via the forward and backward demodulations. To better handle the nonstationary 

multicomponent signals with closely located IF components, the IDDT is explored. The IDDT 

can decompose nonstationary multicomponent signal into monocomponents with constant 

frequencies and enhance energy concentration of each component‘s TFR, thereby suppressing 

the bi-dimensional diffusion and naturally solving the blurred issue resulted by multicomponents 

and variable frequency.  The proposed method also involves an IF refinement procedure to 

continuously improve the accuracy of estimated IF, which significantly alleviates the results‘ 

dependence of initially estimated IF.  

The effectiveness of the proposed method in terms of energy concentration and nonstationary 

multicomponent signal TFA has been validated by both simulated and experimental signals. 

Compared with traditional TFA methods, the TF readability and estimated IF accuracy have been 

improved via the proposed method. The modulus maxima of TFRs for the simulated signal with 

(SNR = -8 dB) and without noise has been averagely improved by 90.1% and 122.44%, 

respectively, in comparison with the results using STFT. The MSE of the estimated IF has been 

reduced from 1.4475 to 7.497×10
−4

 via the IF refinement procedure for the simulated signal. By 

exploiting a resampling-free order spectrum, the proposed method can also be applied to bearing 

fault diagnosis under variable condition. The bearing condition can be precisely diagnosed and 

the fault type can also be identified. The analyses have demonstrated the effectiveness of the 

proposed method in TFA and bearing fault detection.   
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Chapter 7 Conclusions, Limitations and Future Research 

7.1  Conclusions 

7.1.1 For constant speed condition 

Each time a rolling element moves over a damaged area under load, an impulse is generated 

and the resonance of the system is also excited. The main goal of bearing fault diagnosis is to 

extract the impulses and reveal the frequency information associated with the impulse repetition, 

i.e., FCF. However, the frequency of the impulse repetition modulates the resonance frequencies. 

The first challenge of bearing condition monitoring is, therefore, the modulation effect. If the 

signal is clear enough, the FCF can be revealed via the envelope demodulation techniques. 

Nevertheless, a measured vibration signal is often severely tainted by a variety of interfering 

interferences produced by other mechanical components and background noises, particularly at 

the early stage of a bearing failure. Based on the foregoing description, this issue can be 

addressed from two different perspectives: 1) developing an effective envelope demodulation 

method which can suppress interferences and noise, or 2) separating the impulsive signal from 

vibration interference and noise components. Most of the existing enveloping methods are 

susceptible to interferences and noise. The widely used methods for interference and noise 

removal are usually dependent on prefiltering. The difficulty of filter parameter specification 

largely confines the application scope of a filter-based method. Moreover most of the existing 

methods cannot remove in-band interferences. As such, this thesis is directed towards the 

development of two methodologies pertinent to the two perspectives mentioned above. The two 

methodologies are as follows. 

(1) A FD-based Envelope Demodulation Method for Fast Bearing Fault Feature Extraction 

without Prefiltering 

This method relates the FD to signal morphological complexity. By the proposed STFD 

transform, the envelope of impulses can be extracted. The calculation of STFD transform using 

Katz FD is first discussed. Based on the discussion, it has been found that both amplitude (fractal) 

component and time (non-fractal) component should be involved to obtain a satisfactory 

envelope signal that is neither too oscillatory nor over-smooth.  
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Due to the different signal complexity between fault-induced impacts and interferences, the 

proposed STFD transform can suppress interferences in the STFD representation and is 

particularly effective in the suppression of low frequency interferences. When the interference 

frequencies become large, the interferences would adversely affect the STFD representation. 

Therefore, the KPSA algorithm is proposed to overcome the interference-related effect on STFD 

representation. The proposed method, as described in Chapter 3, can handle signals with SIR as 

low as – 33 dB. 

The proposed method has been validated by simulation and experiments. The comparison 

between the proposed method and other three widely used envelope techniques has shown that 

the proposed method can more effectively handle signals tainted by multiple interferences 

without resorting to prefiltering. 

(2) Oscillatory behavior based signal decomposition (OBSD) for separating fault-induced 

transients from interferences and noise 

It has been demonstrated in Chapter 3 that the STFD method can deal with signals for most 

real applications where the frequencies of interferences are much lower than the frequency of 

resonance. Even though the proposed KPSA can help extend the frequency range of the 

interferences to be handled, the effectiveness of the method inevitably deteriorates with the 

increased interference frequency complexity. Thus, the oscillatory behavior based signal 

decomposition method is proposed in Chapter 4.  

The rationale of the method is that the fault-generated transients present different oscillatory 

behaviors from those of interferences and noise. Hence this method does not rely on frequency 

information and is effective in removing in-band interferences. As long as proper bases can be 

generated to represent signal components with different oscillatory behaviors, each signal 

component can be obtained using the MCA technique. The basis generation can be done via the 

TQWT which is parameterized by Q-factor. The method for specifying Q-factor for each signal 

component of interest is also studied in this thesis. To make the method capable of handling 

signals with a variety of interferences, the IOBSD is developed. 

The proposed method has been evaluated by simulated and experimental data. The additional 

experiments where high frequency interferences are generated by gear meshing and its 

harmonics have also been carried out to test the proposed method‘s performance of handling 
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signals contaminated by strong noise and high frequency interferences. Detection results show 

that the proposed method is capable of isolating the fault-induced transients from gear-related 

signal components and noise. The technique is also favorably compared with one of the sate-of-

the-art filtering methods, i.e., the SK technique. 

7.1.2 For time-varying speed condition 

In additional to noise and vibration interferences, frequency smearing on spectrum is another 

challenge in bearing fault diagnosis under variable speed. The traditional spectrum analysis 

techniques are no longer effective. Resampling the signal to convert it into a stationary signal in 

angular domain is one of the most frequently used methods to overcome the problem resulted by 

speed variations. However, the applications of resampling for bearings have been hindered by 

the two facts: 1) the shaft rotating IF is unavailable because it is coupled with IFCF by a FCC 

which cannot be determined without knowing the fault type, and 2) resampling operation can 

easily propagate errors and complicate the algorithm substantially. Therefore, a resampling-free 

method is highly desirable. Additionally, though the TFA is a powerful tool in theory for 

analyzing nonstationary signals, its actual applications to bearing fault diagnosis under time-

varying speed is very limited because of the blurred and confusing representation. Motivated by 

the foregoing observations, a resampling-free technique for bearing condition monitoring under 

variable speed is proposed. In the meantime, to take the advantage of TFA method in processing 

nonstationary signal, a new TFA method has been developed and exploited to identify bearing 

faults. The two methods proposed for handling variable speed conditions are as follows.  

(1) A  resampling-free strategy based on GD for bearing fault diagnosis under variable speed 

To start with, the proposed STFD is first employed to extract the envelope of the vibration 

signal. As revealed earlier, the STFD method is effective in fault feature extraction and 

interference and noise suppression. Hence, an envelope signal with high SNR and SIR can be 

obtained, from which the IFCF can be accurately estimated.  

Targeting the issue caused by speed variations, the GD employed to map curved or oblique 

TF trajectory into a straight line parallel to time axis. By doing so, the energy of the signal 

component will concentrate around the frequency where the straight line is located. Performing 

frequency analysis to the demodulated signal, a peak will then stand out the spectrum. As the 
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vibration signal from defective bearing is multicomponent in nature, an iterative process is used 

in this method. The resampling-free order spectrum can be obtained by searching amplitudes of 

the frequencies to which IF trajectories are respectively mapped. The detection decision can then 

be made according to the resampling-free order spectrum.  

The simulation and experiments in Chapter 5 indicate that the proposed method can 

effectively detect the fault as well as reveal the fault locations without resampling.  

(2) Dual demodulation transform and synchrosqueezing for TFA and its application to 

bearing fault identification 

The TFR ambiguousness caused by weak energy concentration level is the major obstacle for 

its application. As such, a novel TFA technique termed DDT has been developed to improve the 

energy concentration level, thereby enhancing the readability of TFR. Since the vibration signal 

of a faulty bearing consists of multiple components, the IDDT is proposed to sharpen the TF 

trajectory of each component. A cross-term free and more energy-concentrated TFR is then 

generated. 

The main task of TFA application to bearing fault detection is to reveal the shaft rotating 

related TF information on the TF plane. For this purpose, the resampling-free order spectrum is 

employed, from which the demodulators for shaft-related signal components can be determined. 

Thus, the shaft-related TF ridges can also be enhanced via the proposed IDDT.  

Accurately predicting IFCF is pivotal to demodulation. Therefore, an IF refinement 

procedure is proposed to repeatedly improve the accuracy of the estimated IFCF in the Chapter 6.  

The proposed method has been tested using simulated data with monocomponent and 

multicomponent signal contents. Experiments have also been done to validate its application to 

bearing fault identification, showing that the proposed method can effectively expose the fault-

related as well as shaft-associated signal components of interest on the TF plane.  

7.2 Limitations 

This study has the following limitations: 

(1) The capability of interference removal and denoising of the first two methods is not yet 

studied. 
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(2) The tuning of high Q-factor in Chapter 4 is not adaptive, which is computationally costly. 

(3) The bearing fault diagnosis under both constant speed and variable speed cases have been 

studied. However, the effects of load variations are not taken into account in the 

experiments. 

7.3 Future research 

Partially motivated by limitations list above, further studies in the following directions are 

important: 

(1) Obtain a comprehensive detectability map for STFD-KPSA and OBSD methods 

In Chapter 3 and Chapter 4, the interference handling ability of both methods have been 

investigated under a certain SNR level (= - 7 dB). To better evaluate a new fault detection 

method, different noise levels should also be taken into consideration. Therefore, a three-

dimensional (SIR, SNR and frequency) detectability map should be developed.  

(2) Enhance the OBSD method by adaptively tuning Q-factor 

The Q-factor selection has effects on the basis generation to represent signal components. 

Adaptively selecting Q-factor could further improve the effectiveness of the method but the 

challenge is how to guide the selection process and reduce the computation burden related to the 

adaptive selection process.  

(3) Make the resampling-free diagnosis strategy independent of the pre-process 

The resampling-free diagnosis strategy presented in Chapter 5 is based on a pre-process to 

obtain a clear envelope signal, from which the IFCF can be accurately approximated and a much 

clearer resampling-free order spectrum can be attained. The pre-process, however, inevitably 

complicates the method. Therefore, a technique that can extract the IFCF directly from the noisy 

vibration signal is preferred. In addition, improving the noise and interferences handling 

capability of the resampling-free strategy will also be an interesting research topic.    

(4)  Develop a mathematical model to quantitatively measure the energy concentration level 

improvement for the DDT technique  

It has been demonstrated in Chapter 6 that the energy concentration level can be improved by 

the proposed DDT technique. However, a mathematical proof of the improvement scope has not 
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been done and can be explored in future to better quantify the effectiveness of the DDT 

technique. 

(5)  Studying signals under varying load condition is also one of our recommendations for the 

future work. 

In addition, only single fault case is considered in this thesis; there, however, might be 

multiple bearings with multiple faults in the industry. Hence, multiple fault diagnosis is also 

worth being explored in the near future.  
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