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Abstract

To fully dissect complex traits, it is desirable to have methods able to test gene-gene
interaction for human genetic data. This thesis provides a framework to process
human quantitative trait data such that the problem becomes a hypothesis test of
interaction for a two-way layout design with unequal replicates. Three new nonpara-
metric rank tests are proposed. Their limiting distributions under Pitman alternatives
and asymptotic relative efficiencies are studied. The tests are extended to unbalanced
designs. We also introduce the notion of composite linear rank statistics and prove
asymptotic normality under mild conditions. Consistent estimators are provided for

the limiting variance-covariance matrix of arbitrary linear rank statistics.

KEY WORDS: rank test, interaction, genetics, Pitman alternatives, asymptotic rel-

ative efficiency, composite linear rank statistics, consistent estimator.
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Notation

Q: a set of independent variables X, X,,..., Xn

A: a collection of subsets in Q

Ca(X;): coefficient associated with set A and variable X;
C4: the average of Cy4 (X;) over set A

n4: the number of variables in set A

¢: score generating function with bounded second derivative
Hy(z) = ﬁ Z{i|XieA} Fi(z)

Fijlz)=F(x — 0 — o5 — B; — 6sj)

Hi(z) = 5 i, Fij(o)

H;(z) = 1 Xiz1 Fi(2)

H(z) = 35 ¥iy X5 Fisl2)

Fyn(2) = F(z - 0 — a; = 5 — 8,5/ VN)

Fijo(z) =F(z -0 — oi — ;)

Hin(z) = % Z;ﬂ Fij;n(z)



Hip(z) = 1 37, Fijo(z)

Hjn(z) = %Zle Fijin (2)

Hjo(x) = } Tict Figo(®)

Hy(z) = ﬁ ZiI:l Z;=1 Fijn(z)

Hy(z) = 717 ZiIzl Zj=1 Fijio()

u(z) =1 when z > 0 and u(z) = 0 otherwise

Ly = max(max(2{™ (¢ — e®)2, maxiiirat™ (¢ - 2)?)
rijn: Tank of X;;, among the sth row

Cijn: Tank of X;;, among the jth column.

Qijn = Tijn + Cijn

Sw(i;§) = ey e (Tin)

Sy = (S~(1,1),5n(1,2),...,5n(I,J))

Ty (i: 1) = Ly On (Gign)

Ty = (Tn(1,1),Tn(1,2),..., TN (I, J))

I; and I;: the identity matrices of dimensions I and J

J; and J;: the matrices with all elements equal to one and dimensions I and J
A= (:I‘l‘)IJ, A=J10A4+1;01;

B, =I,+(:})JJ, B=1;® B;

n (i) = Sw(i,5) = $ Lams Sn(a:4)

~

§N = (5(1’1)"§(1’2)"--vS(I’J))I



T (i, §) = T (i, 5) — § ey T (i, 0)
Tn = (Tn(1,1),Tn(1,2),..., T, J))
Sy = ASI;;, Ty = BTy

% =  limy e var(Sy)

Ty = & limp 00 var(Tn)

Y12 = % limpy o0 cov(Sw, Tw)

05D =3, Fu(Xin)

WD = —Fy(Xip) for b # j



Chapter 1

Introduction

A key problem in understanding human complex traits is the study of the interaction
(genetic epistasis) among multiple genes which are responsible for the disease. Most
diseases and traits do not follow a simple Mendelian inheritance pattern. For example,
a recent report from the Collaborative Study on the Genetics of Asthma (CSGA) [27]
has shown strong evidence of complex interaction between genes in region D1152002
and D1252070. Complex traits, such as asthma, are likely to be governed by two
or more genes which act together to determine an individual’s risk of susceptibility
to disease. The big obstacle in testing gene interaction arises in the inability of
conducting human crosses to suit any prespecified experimental design.

Each gene has different copies denoted by alleles, such as A and a. Genotype

stands for the unordered pair of alleles, such as AA, Aa or aa. The measurement
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of the quantitative trait is influenced by the genotypes of the genes as well as their
interaction. The biological problem can be formulated as a statistical test of interac-
tion in an experimental design. For a more detailed explanation of how the gene;gene
interaction can be formulated as interaction terms in a linear model, readers are re-
ferred to Section 7.1. The key feature of this design is that prior to genotyping a
selected individual, we have no information about the actual genotypes of the indi-
vidual. Thus even the number of replicates for each genotype combination is not
known in advance. There are nonparametric tests available to test for main effects in
two-way layouts. However, very few nonparametric tests are available to test for in-
teraction effect, and none are applicable to unbalanced designs. When the assumption
of normality is violated, which is true for some cases of gene-gene interaction, there
is a need to provide a robust, distribution-free test to deal with unbalanced designs.
To address this gap, in Chapter three, we introduce composite linear rank statistics
(CLRS) and investigate their asymptotic behavior. This constitutes the theoretical
basis for the new rank tests. In Chapter four, we propose three new rank statistics
for testing interaction which are quadratic forms of CLRS. We study the properties
of the tests under the null hypothesis and under a sequence of Pitman Alternatives
and obtain the asymptotic relative efficiencies of the tests. We provide as well con-
sistent estimators for the limiting covariance matrix of the CLRS associated with the

tests. In Chapter five, we extend our tests to accommodate unbalanced designs with
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proportional cell weight. We introduce a new definition of weighted rank statistics
and extend the tests to unbalanced designs with arbitrary cell weight. Finally, Monte
Carlo simulations provide a comparison of the type I error and the power for several

tests. Qur tests are shown to perform well for several types of error distributions.



Chapter 2

Literature Review

2.1 Existing nonparametric methods for testing in-

teraction

In this thesis, we will be concerned with testing for interaction in a 2-way layout

design specified by the semiparametric linear model
Xijn=6+ai+ﬂj+%j+e,~jn, i=1,...,1,7=1,...,J,n=1,..., N, (211)

where the errors ¢;;, are iid random variables with unspecified absolute continuous
cdf F, # is a common mean, «; represents a treatment effect, 3; a block effect and ~;;
an interaction effect.

In practice, especially in biological settings, there exist situations where the er-
rors are not normally distributed. Biological readings such as blood pressure and

7
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cholesterol level are limited to certain ranges. Other example includes penetrance of
developing certain disease, which is not normally distributed [11].
When the normal assumption is violated, there are rank tests available to test for

interaction.

Aligned tests advocated by Mehra, Sen and Mansouri et al [17], [21], [15] require
preprocessing of the data by subtracting the Lehmann estimates of the row effect and
column effect. In a two-way layout, the observations z;j;, are aligned by subtracting
the Lehmann estimates of the mean row effect and mean column effect. The Lehmann
estimate of the main effect is based on the median of all the averages of pairwise values
[12]. After alignment, the observations are ranked together and the classical analysis
of variance is applied to the overall rankings to detect the interaction effect. Aligned
tests still have limitations. First they are not invariant under monotone increasing
transformations of the data. Secondly, aligned tests cannot be applied to unbalanced

designs, which limits their use in genetic data.

Rank transform method is another popular but controversial test for interaction.
All the observations are first ranked together. Then the usual method of analysis of
variance is applied to the overall rankings. The method is appealing in its simplicity.
Moreover it can be implemented using existing commercial software. However, as

first pointed out by Fligner [5] and later on proved by Thompson [25], the asymptotic
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distribution of the rank transform test for interaction in a balanced two-way layout
18 X{rs_1_y +1y/(IJ =1 —J+1) if and only if there are exactly two levels of each
main eﬁ'ee;t, i.e. I = J = 2. This limits the use of the rank transform methdd to
designs with factor levels not exceeding 2. In other cases, the expectation of the test
statistic is divergent even under the null hypothesis. This conclusion also agrees with
the simulation results performed by Blair, Sawilowsky and Higgins [3] which detect
unacceptably large type I errors. Since the method has been endorsed by the SAS
manual and widely used by practitioners in all applied sciences, there is a great need
to emphasize its shortcomings in most cases.

There are several tests proposed by Lemmer and Stoker [14], Crouse [4], and de
Kroon and van der Lann [9] that require the absence of one of the main effects. Patil
and Hoel [18], Marden and Muyot [16] proposed nonparametric tests for their own
definitions of interaction based on paired comparisons. For a R x C design, denote
pizjy = P(Xijr < Xi5) — P(Xej» < Xij), where © # ¢’ and j # j'. They introduced
a measure of interaction of the factor A and the factor B by d%5 = u'u, where
p= {1 <i < <R,1<j<j <CY}. This definition of interaction involves a
large number of parameters, one parameter for each pair of cell combination, resulting
in a test statistic with a large number of degrees of freedom f = RC(R—1)(C —1)/4.
Another drawback of this method is that utilizing pairwise comparisons leads to

potential power loss compared to methods based on overall rankings or within block
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rankings because of sample size considerations. As indicated by their simulation
studies, their method requires moderate large cell sizes (n > 30) for satisfactory
performance.

Testing hypotheses for unbalanced designs is a challenging question and remains
largely unsolved in the literature. The lack of efficient methodologies to cope with
unbalanced designs complicates the application of rank methods to practical settings.
Bhapkar and Gore [2] proposed a nonparametric test based on U-statistics to test
interaction for orthogonal design, i.e. n;; = n;n ;/N, where n; = Zj Tijy Mg = D Nij
and N = 37,3 . nyj.

In contrast to the semiparametric linear model specified by equation 2.1.1, Akritas
and Arnold et al [1] considered a novel nonparametric model which only specifies that
observations in different cells have different distribution functions. They proposed the
use of nonparametric hypotheses instead of parametric hypotheses for this nonpara-
metric model. Let H;, = 1Y Fy, H; =1y Fjand H =5 Y. > Fy.
Let A be the row-factor and B be the column-factor. The hypothesis for main effects,

and interaction effects given by them are as follows:
Hy(A): A, =H, -H=0, Yi=1,...,a.

HQ(AB)ZOi_j:F‘ij—Hi.—H_j-i-H:O, Vizl,...,a,j=1,'...,b.

Ho(AlB)iAi-FC,'j:F,'j—H,j:O, Vi=1,...,a, j=1,...,b,
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where Hy(A) stands for no main factor A effect, Hy(AB) stands for no interaction
effect, and Hy(A|B) tests for no simple factor A effect, which means the factor A has
no effect tilrough either the main effects or interaction. Rank tests were developéd to
test for these nonparametric hypotheses. Since the linear model is more commonly
used and the main and interaction effects can be more easily explained, this thesis is
focused on the semiparametric linear model.

Except for the approach of Akritas et al [1] which is based on a different model,
all the approaches reviewed above are restricted to special designs. For instance,
rank transform method is only valid for 2 x 2 designs. Aligned tests are restricted
to balanced designs. The tests due to Lemmer & Stoker [14], Crouse [4], and de
Kroon & van der Lann [9] require one of the main effects to be absent. The test
due to Bhapkar and Gore [2] is dealt with orthogonal designs. In contrast to this list
of existing methods, the new rank tests proposed in this thesis are applicable to a
very wide range of designs, including balanced designs and unbalanced designs with
arbitrary cell replicates, designs with or without the presence of main effects.

Another novelty of our approach is the way of pooling ranking informations from
overlapped subsets, for instance, combining row ranks and column ranks together. In
contrast, traditional rank tests are limited to use only overall ranking or within block
rankings, which utilize ranking information from one set or non-overlapped subsets.

Thus our method provides a new way to gather ranking information in the practice



CHAPTER 2. LITERATURE REVIEW 12

of nonparametric testing.

Most important of all, this thesis develops a new concept of composite linear
rank statistics (CLRS). All the ranking methods in literature rely on the theoretical
work regarding the asymptotic normality of simple linear rank statistics. This thesis
establishes the asymptotic normality of sums of correlated linear rank statistics, thus
providing a very general extension to the Héjek theorem [8].

The combination of the concept of CLRS and the estimation method of its limiting
variance and covariance structure serves as a new tool to construct rank tests for
different hypotheses adaptively and mechanically. A direct application of this tool is
to construct a weighted rank to solve the hypothesis testing in unbalanced designs.
There is a great potential to employ CLRS to solve other nonparametric hypotheses

testing problems.



Chapter 3

Composite Linear Rank Statistics

3.1 Asymptotic normality of simple linear rank

statistics

In Héjek’s paper [8], the asymptotic normality of simple linear rank statistics was
established under very general conditions. Let Xi,..., Xx be independent random
variables with continuous distribution functions Fj,..., Fiy respectively. Let R; be
the rank of the X; among X;,..., Xy. Using Héjek’s notation, let ¢;, 2 = 1,..., N
be regression constants and let ay(z) be generated by a real valued function ¢(zx)

having a bounded second derivative either as

1

aw(i) = 4(55)

13
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or
an(i) = E¢(UY).

Here Uﬁ) stands for the ith order statistic from a uniform distribution on (0,1). A

simple linear rank statistic takes the form of

N

S = ZC,'O[N(R,').

i=1

Let
N
c= % Z C;,
=1
_ 1
¢= [ ¢(z)dz,
0
1 N
H(z) = 5 YR,
i=1
and

Define u(z) = 1, when z > 0 and u(z) = 0, when z < 0.

Theorem 3.1.1. (Hdjek [8]) Let
Li(z) = % Y0 (¢; — @) [Tuly — 2) — F(y)]¢' (H(v))dF;(y)

and

0% = Zvar(Li(X,-)).
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If for every € > 0 there exists K, such that

var(S) > K.maz<i<n(c; — )%,

then

N=

max |P(S— ES < z(varS)

—00<T<o0

) —®(z)] <,

with ®(z) denoting the cdf of standard normal distribution. The conclusion still holds
if var(S) is replaced by o?. If 37 ¢ is bounded by a multiple of 3 _; (¢; — €)%, ES can

be replaced by p in the conclusion.

Comment: According to the proof of the theorem, K, has an explicit expression
and it increases as e decreases. The var(S) is unknown and o? has a closed form

expression instead. In practice, we can use o2 to estimate var(S).

Theorem 3.1.2. (Hdjek [8]) Let Z; = Li(X;). Assume the score generating function
¢ has a bounded second derivative. Consider the statistic S = 31 | c;an(R:). Then

there exists a constant M = M(¢) independent of N, such that

and
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3.2 Asymptotic normality of composite linear rank

statistics

First we study the asymptotic behavior of sums of correlated simple linear rank
statistics. Each simple linear rank statistic is defined on a different subset and all those
subsets are not necessarily disjoint. The following theorem proves the asymptotic
normality of sums of correlated linear rank statistics under mild conditions.

Let X1, ... Xy, Xnya1s - Xng+ngs Xng4+ng+1y --~Xng+ng+ng D€ independent random vari-
ables and let X follow distribution F;.

Let S; = 23 cDo(RY) be a linear rank statistic where R" is the rank of
X; among the set {X1,...Xn,, Xny415---Xny4n,} and cgl) is the regression coefficient
associated with Rzm.

Let Sp = Y jarmzfm™ P a(R?) be a linear rank statistic, where R is the rank

of X; among the set {X,, 41, , Xnjang> Xngdna+ls ** » Xnytng+ns} and cz@) is the

regression coeflicient associated with RSZ).

Let e = 1S (D and ¢® = L yomtnedne ()
Let
1 ni+4n2 ) )
LX) = e Do (g7 =) / [uly = X;) = Fi(u))¢' (H1(v))dF;(w)
j=1
n1+n2
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Also let

L (X;) =

1 ni+ng
H = F;
@)= o X Fl@)

ni-+ng

w= 3 ) / B(H, (2))dFi(z).

1

N9 + ng .
) B —

ni+n2+n3

dd= Y varlLi(X)

i=ni+41

1 ni1+nz2+n3

Hy(z) = > Fiz)

Ny + 13 i=ni+1

ni+nz2+ng

= Y, o [oth(e)dF(a),

Let Z; = L;(X;) and Z} = L}(X;) and define

The W;

Ziaizla"' il

I/V:l=< Zi+Z;,'L.=n1+1,"'anl+n2

Zi=m+ng+1,--- ,ny+ng+n3
\

’s are independent of each other, with E(W;) = 0.

Let 0% = Y™™ var(W;), and p = p1 + po.

=1

ni1+nz2+ng
Y (- ) / uly — X:) — Rl (Fa(v))dF(w)

17

(3.2.1)
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Theorem 3.2.1. Let S; and Sy be defined as above. Also let Ly = max(m::uc’“‘m2

(&Y — 20)2 maxinatns (2 _ &2))2) . [f the following condition holds:

i=no+1 )

lim v _y (3.2.2)

min{ni+n2,n2+n3)—>00 O'N

then M%gﬂﬁ —> N(0,1). The conclusion still holds if on is replaced by
(var(S; + S))%. If max(max™372 ()2, max™tnetns ((PN2) < KLy for some con-

=ng+1

stant K, E(S; + S2) can be replaced by p.

Proof. Since, S; and S, are dependent, normality does not follow using classical
results. Let N = n; + ny + na. Using Theorem 3.1.2, we can find constants M; =

Ml (Qs)a M2 = M2(¢)7 such that

n1+ng M n1+n2

(1) _ A(1)y2
-~ ES; — ZZ _n1+n22(c1 c)e,

i=1

and
ni+nz+ng M ni1+nz+n3 @) @
E(S; — ES Z* ) e2h2,
L
=ni+1 i=ni1+1
Then
ni+n2 ni1+n2+ns
E(Si+8 - E(Si+5) — ZZ— >z
i=n1+1
ni+nsz ni+n2+n3
<2E(S; - ES — Y Z)+2E(S;-ES,— Y, Z)
i=1 i=ny (3.2.3)
2M1 n1-+ne 2M2 ni+nz+na
< o2 4 c. — )2
T np+ny ;(c, ) Tig + N3 iz;rl(z )

< 2(M, + M,)Ly.
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Because |Z;| < 2max? ™ |¢;—e®| sup[¢'(t)], | Z}] < 2max ™21 |¢;—c?)| sup[¢'(t)],
then |[W;| < 4v/Ly sup|¢'(1)].

Let € > 0. In view of (3.2.2) and since W; is bounded, for any ¢ > 0, there exist
a N5 > 0 such that for all N > N5, W; < don. Therefore, the Lindeberg condition
holds:

ni+nz2+n3
lim o2 Z / 22dP(W; < z) =0

N-oxo 1>60'N
Thus by the Lindeberg theorem,

ni+n2+ng 1

sup | P( Z W; < zon) — ®(z)] < 15 (3.2.4)
i=1

where ®(z) is the cdf of a standard normal distribution.

In view of the uniform continuity of ®(z), there exists a § > 0, such that
1
|®(z + B) — ®(z)| < 760 <z <00 (3.2.5)
Combining (3.2.4) and (3.2.5), we have sup, |[P(S ™™ W; < z0 + fon) —
®(z)| < 3¢. Now

P(Sl + Sy — E(Sl + SQ) < iL‘O'N)

ni+nz+n3 ni+n2+n3

Y Wi<azon+PBon)+P(S1+S—E(Si+8)— Y. Wil>fon)

i=1 i=1

1 ni+n2+ng
<O(z) + e+ B(S1 + 52— B(S1 + 52) — Z W;)?
1 2(M1 —+ MQ)LN
S(D(.’E) + 56 + 1820_12\[

(3.2.6)
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Using (3.2.2), we have

,820']2\/ > 46—1(M1 + MQ)LN

Consequently, P(S; + Sy — E(S; + S3) < zon) < ®(z) +e.

Similarly for the other direction, we have

P(Sl + Sz - E(Sl + SQ) < £EO'N)

ni+nz+ng n1+nz+ns3

20

3" Wi <oy~ Bon) = P(IS, + Sz — E(S: + ) — Z Wil > Box)

i=1
ni+nz2+ns3

1
>®(z) — e~ B(S1+ 8~ B(S1 + 82) - Z W;)?
>d(z) —¢

Thus, sup,, |P(S; + S2 — E(S1 + S2) < zon) — ®(z)| < e.
Note that EW; = 0. By Cauchy-Schwartz inequality,
(on — var(S; + S,)?)?

= 0% + var(S; + S) — 20 var(S; + Sg)%

N

E() _W2) + E(S: + S2 — E(S1 + 52))% = 2E[()_Wi)(S1+ 52 —

i=1 i=1
N
=E[S1+ 8- E(Si + S) — > _ Wy

i=1

< 2(M; + My)Ly

(3.2.7)

E(S; + 52)]

(3.2.8)
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Thus |ox — (var(S; + Sg))%l < \/2(M1 + M,)Ly. Since limy v/ Ly/on = 0 by the
condition 3.2.2, we have limy oy /(var(S; + S5)))2 = 1. Thus oy can be replaced by
(var(S; + S,)) in the conclusion.

From Theorem 3.1.2, we have
(BS: — m)? < My %jlﬁ&z(cgl))?

and

(ESy — p2)? < My ™ Tax™ ()2,

i=ny !
If

max (g (cf)?, " HAE " (¢”)?) < KL
= i=no+1

for some constant K, we have
(E(Sl + SQ) - /1,)2 < K(M1 -+ MQ)LN.

Combining with (3.2.3),

ni+n2+ng
E(Si+S—pu— Y. W) < (K+2)(M + M)Ly.

1=1

Thus E(S; + S2) can be replaced by u in the conclusion if the specified condition
holds.

a

As an extension of the theorem above, we consider a more general correlation

structure. Let Q be a set consisting of N random variables X;, X,,..., Xn. Let A
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be a collection of subsets in €2, not necessarily disjoint. Assume the cardinality of 4
denoted by #.A is fixed. Let R4(X;) be the rank of X; among set A, C4(X;) is the con-
stant coefficient associated with X;. Let C4 be the average of C4(X;) over set A. Let
n4 be the cardinality of set A. Also define Hy(z) = 711:‘- Z{ilXieA} Fi(z) and La(X;) =
o ox;ealCa(Xy)—Ca(Xs) [lu(y—Xi)—Fi(y)]¢' (Ha(y))dF;(y), if Xi € A. La(Xi) =
0,if X; ¢ A. Let W denote D 4. 4 La(Xs)- Let pa =D x,c4 Ca(Xi) [ ¢(Ha(z))dFi(x)

and p = ZAGA HA-

Theorem 3.2.2. Let the composite linear rank statistic

S=ZSA=ZZCA i)an , (Ra(X3)).

AcA AcA X;€A

Let

N
oy = Z var(W;).

i=1

If the following condition holds:

SUP gc 4 SupxieA(OA(Xi) - O—A)2

lim 5 =0,
minge 4(ns)—+oo Oy
then
- F
S=ES | No,1).
ON

The conclusion still holds if on is replaced by Var(S)%.

If sup e 4 SUI)X,-EA(C'A(Xi))2 < K supye4Supx,es(Ca(Xi) — Ca)? for some con-

stant K, ES can be replaced by p in the conclusion.
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Proof. Using the projection method in each subset A respectively, then add up the
projections together from all the subsets. In this way, construct independent variables

W, as functions of X

Wi =Y La(X).
AcA
As in the proof of theorem (3.2.1), we can show E(S — E(S) — Y. Wi)>? < #AY 4cu
E(S4 — E(S4) — S La(X:))?, thus E(S — E(S) — > W;)? > 0 as n — oco. This
demonstrates that the difference between the centered S and sums of the W's converges
to 0 in L? norm. Since W;’s are bounded and 62 — oo, the Lindeberg theorem can
be applied to W1, ..., Wy. Combining the results above, we can prove the asymptotic

normality of S following the same arguments in the proof of Theorem 3.2.1.

d

Comment: Based on Cramer-Wold device, the theorem above can be restated as
follows: If the condition in Theorem 3.2.2 holds, the vector of simple linear rank

statistics, (S4, A € A) has asymptotic multivariate normal distribution.



Chapter 4

Tests for Balanced Designs

4.1 Proposed new rank statistics
First consider the 2-way layout design with equal replications per cell.

Xijn = 0+ a; + B + Yij + €ijn- 1=1,...,1,

where €;;,, are iid random variables with absolute continuous cdf F. Let Fj;(z) =
F(z — o; — Bj — 7vij) be the distribution function for Xj;;,. The usual hypothesis to
be tested is: Ho :7;; =0,V iand j, vs Hy : 7y;; # 0, for some i and j.

Define r;;, to be the rank of X;;, among the ith row and Cijn to be the rank of
X;jn among the j% column.

24



CHAPTER 4. TESTS FOR BALANCED DESIGNS 25

Let n;, = ijl ni; and nj = S31_ ny. Define Sy(i,5) = SN, an, (rij), and
Sy = (Sn(1,1),5n5(1,2),...,Sn(I,J))’, the vector of row sums of length I.J. Simi-
larly let T(i,§) = 5= an, (cn), and Ty = (Tw(1, 1), T(L,2), .. Tw(L, J))'s the
vector of column sums of length IJ.

Let ¥ = Hmpy 0 3 Var(Sn), Ly = limye % var(Ty) and Tip = limy_,o & COV
(Sn,Tw). Let EAl, 232, Y15 be corresponding consistent estimators.

Define Sy (i,7) = Sn(4,5) — 1 Z£=1 Sn(a,j), and
Sy =(5(1,1),5(1,2),...,8(,J)).
Similarly define Ty (i, ) = Tn(i,5) — 1 3°7_, Tw(3,b), and
Tw = (Tn(1,1),Tn(1,2),..., T, J)).

Let I; and I; be the identity matrices of dimension I and J respectively. Let J;
and J; be matrices with all elements equal to one and dimensions equal to I and J

-1
respectively. Set 4; = (“I_)IJ, A=J;0A, +1;®1;.
-1 . -
Set B, = IJ+(7)JJ, B =1;®B;. Then we can show that Sy = ASy, Ty = BTn.

Our proposed test statistics are:

W, = %(ASN)'(Az‘:lA')-l(ASN) (4.1.1)
W, = %(BTN)(BngB’)‘l(BTN) (4.1.2)

1 ~ A~ ~
Wi = <(ASy + BIN) (AL, A' + AT, + BS,B) 7 (ASy + BTy)  (4.13)
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Since the covariance matrices are singular, generalized inverses are used in the
test statistics. It is worthy to note that Wi, W, and W3 have an interesting attribute.
Let aijn = Tijn + Cijn,

let

N
as5, = E Qijn,
n=1

J N
a;., = -_>- E Qijn,

ij=1 n=1

N
ag = E E Qijn,

=1 n=1

a. = Z i i Qijn-

=1 j=1 n=1

Similar definitions apply to 7i;,7.,7;,7.., and ¢, ¢, Cj.,C

Lemma 4.1.1. If a(.) is the Wilcozon score, the (i,j) element of ASy + BTy is

equal to a;; — 1

a; — %a,-“ + Tl—jam. Analogous representations exist for Wy and Ws.
The (1,7) element of ASy is equal to rij, — 7. — $7i. + 757... The (¢,7) element of

BTy is equal to ci;. — %C.j. - %Cz + %C
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Proof. Note that

1 1
Q. — Ta.j. - 7(11'.. + Tja"'

1 1 1 1 1 1

=iy = 774~ T + 777 + Cij. — 764~ 6 + 776

iy % . % NJ(J\;J +1 INJgJ}fj k) %c.j. (4.1.4)

_1INI(NI+1) 4 JNI(NI +1)

I 2 21J
1 1

=Tij. — 774, + Cij. — i

where 7y, — 37, + ¢;j. — 575 is the (¢,) element of ASy + BT. O

The representation appearing in lemma 4.1.1 bears a strong resemblance to the
form of the parametric test of interaction. Specifically, the parametric test statistic
is given by

_N-11J Yt Z‘jle(Xij. — 31X =3 X+ 5X.)°
I = D)X X Yo (Ko — 5 X

where the Xj;, terms in the numerator play the role of a;;n.

)

4.2 Expectations under the null hypothesis

In order to have a central x? distribution for the proposed test statistics, the vectors
of the row rank sums and the column rank sums need to have zero expectation under

the null hypothesis of no interaction.

Theorem 4.2.1. Under the null hypothesis Hy of no interaction, E[Sy] = 0 and

E[Tx] = 0 for any continuous score function ¢.
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Proof. Recall that Sy = ASy, and Ty = BTy, We first prove the result when ¢ is

the identity function.

N
Z I(Xiak < Xijn))), where I is the indicator function.
1 k=1

B

E(an, (i) =

1

FI(Xiar £ Xijn)

]
3
+ 1
—
TLM& +
M= 10]=;

P(Xiak < Xijn)

e,

[
S
+ —t
—_
B

a=1 k=1
1 J
(4.2.1)
Under Hy, Fjy = F(z — o — (), Fij = F(z — o; — ), we have
/ FiudFy; = / F(z — o — 8)dF(z — 0 — ;)
(4.2.2)

= /F(z—-ﬂa)dF(z—,Bj)

It follows that neither (4.2.2) nor (4.2.1) depends on i, since the n; s are the same for

different 7 in balanced designs. Hence

B(Si(54)) = B(Y an, (Rise) = 3 2 3 ke (Ragn)

n=1 b=1 n=1 (423)

Now let ¢ be the polynomial of degree [ given by ¢(z) =

We expand E(¢ (n s S SN I Xiak € Xijn)))-
Let @ be a subset of the product space (1,2,...,J) X (1,2,...,N) and d be an
arbitrary constant. Note that I™(z) = I(z) for any integer m. By the conditioning

argument on the X;;,,’s, each term in the expansion is of the form
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Eld H I(Xiak < Xijn)

(a,k)€Q
=dP (N(a,)cq(Xiak < Xijn)) (4.2.4)
=d [ [] FudFy,

(a:k)eQ

where both d and the integral are independent of ;. Hence we have shown that
each term in the expansion of E(¢(3 3" I(Xia < Xijn)/(ni. +1))) is independent
of i, and hence the result holds for any polynomial. For any arbitrary continuous
function ¢ defined on [0,1], the Weierstrass theorem guarantees the existence of a
sequence of polynomial ¢,,(z) such that ¢,, converges uniformly to ¢ over [0,1].
Hence limm_,ooE(¢m(n%"%)) = E(qﬁ(%ﬂﬁ)) Since E(qﬁm(%)) is independent of ¢,

it follows that the limit is also independent of 7. Similarly we can prove E[TN] =

E[BTx] = 0 under the null hypothesis. a

4.3 Limiting distributions under the null hypoth-
esis

The goal for this section is to derive the limiting distributions of the proposed test
statistics under the null hypothesis. In order to achieve this goal, expressions for the
limiting covariance matrices need to be derived. Secondly, the asymptotic multivariate

normality of the vector of row rank sums and column rank sums has to be established.
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The sum Sy (4, j) can be written as a linear rank statistic: Sy(,7) = S, SN dibm
Qn; (Tibn), Where dg, are regression constants defined as:
1 ifb=17,
dibn -
0 ifb+#j.
Note that djp, is not a function of n. Before proceeding to the next lemma, we show

that by using integration by parts, the following type of expression which frequently

occurs in the later sections can be simplified, see equation (2.26) in [8].

[ty -2) - RWI# (H.6)aF)

= [ -FusEw)Ee + | "1 - Fw)¢ (H@)dF )
- ? (4.3.1)

o

= [* R EWEG) + [ #HIFW)

— 0 T
— const + / ¢ (H(y))dF;(y)
T
The following lemma gives the closed expressions for the limiting variance and co-

variance of the row rank sums.

Lemma 4.3.1. Let Sn(i,j) = 22;1 Tijn denote the row rank sum in the (4,7)th
cell in a balanced two-way layout. Assume the continuity of F' and the existence of

a bounded second derivative of the score generating function ¢. Also let H; denote
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1/JY]_, Fyj. Then

0%(i,j) = lim %[—var(SN(z' 7))

N-ooo

= var(¢ ”1 J Z

thl

0*(i,j,4,5') = lim -NCOV(SN(z 7),5n(55"))

—00

= cov(@(H; (Xij1)) t3 Z/m ¢'(H.
B(H,.(Xip1) JZ/M #(H

31
(4.3.2)

z))dFi;(x))
z))dFy;(z), (4.3.3)

z))dFij (z))

Proof. Using the projection method as in the proof of theorem 3.2.2, construct random

variables Wy, :

N

#]-
1]~

k=1
J

| [

—

a=

When b = j,

Won == 3 [ lule = Xi) = F@)}é

a#j

> (o~ o) [ 1@ = Xim) = Fa(@))6/(Hi @) dFu(o)

(4.3.4)

JZ ot = din) [ 82 = Xim) = Fie)d (H (a)dFuo(o)

H; (z)dFi,(z).
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By (4.3.1),

var(Wig) =var(=5 3~ [~ (i ())dFu(o)

:var(—%az::/):n ¢'(H;.(z))dFie(x /”n ¢'(Hi.(z))dF;(z))
=var(— /Xoo" ¢'(H;.(z)) J/”nfﬁ z))dFi;(x))

When b # j,

Win = [[ua = Xam) = Fola)}¢/ (B, @) dFa).

By (4.3.1),

var(Wigs) = var(~ / & (H, (2))dFy («))

I

According to theorem 3.2.2,

02 = lim —E E var(Wipm,)
N—»oo

b=1 n=1

= var(¢(H;.(Xij1)) JZ / . ¢'(H; (z))dF;.n(z))
Following the same simplification, we can obtain the formula for the limiting

covariance. O

Comment: When ¢ is the identity function, then the formula can be simplified to

o?(i,j) = var(H; (Xij1) -3 Z Fii(Xip1) (4.3.5)
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Analogous results hold for Ty (3, ).

Lemma 4.3.2. Let f(x) denote the density function of F(x). If the score generating
function ¢ is a strictly monotone function and has a bounded second derivative, and

f(z) has only finite many points of discontinuity, then o*(i,7) > 0.

Proof. According to lemma 4.3.1, we have

0—2(7;,j)=var(¢( Xij1)) J/, ¢'(Hi.(z))dF;;(z )>

]1

(4.3.6)
O AT ))
b#] 1b1
If 6%(4,j) = 0, it follows that
var / ¢'(H;.(z))dF;;(z)) = 0,Vb # j. (4.3.7)
1b1
/ ¢'(H;.(2))dF;j(z) = ¢,, a.s., ¢y is a constant. (4.3.8)
lbl

Since f has finitely many points of discontinuity, there exist (a,b) in R, such that V
Xip1 in (a,b), fij(Xi1) # 0. Let p be the measure induced by the distribution function

F4. Therefore, there exist R € Q (X : @ = R) and p(R) = 0, such that Yw €

B = (X3 ((a,)) N E°), [y, ¢'(Hi(z))dFy(z) = c,. Let G(z) = [ ¢/(Hi(t))dFy5(t).
Then for any z; € B and z, € B, G(z;) — = [7 ¢/(Hi(t)) dF;;(t) # 0, since

the integrand is strictly greater than zero or less than zero in set B. This contradicts

the fact that G(z) is a constant in set B. O
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Note: The condition imposed in the lemma above is satisfied by many commonly

used distributions, such as the normal, the double exponential, etc. Let un(i,7) =

N [ ¢(H; (z))dF;;(z), and vn(3,5) = N [ ¢(H j(z))dF;(z).

Theorem 4.3.3. Under the conditions stated in Lemma 4.3.2,

1 Swn(4,5) — E[Sn(4,5)]
VN o (i, J)

— N(0,1),
as N — oco. Moreover, E[Sn(%,7)] can be replaced by un(i,7) in the conclusion.

Proof. In view of the lemma above, o%(7,j) > Oensures limy_,o var(Sy (4, j)) — oc.
Sn(i,§) is a composite linear rank statistic defined on set {Xji,...,X;sn} with
regression constants dj,, = 1, if ¢ = j, and d;q, = 0, if a # J.

Set d;.. = 7‘11V Zi=1 21]:;1 dian = %

Thus, max?_, (dign, — d;..)% = ﬁ%ﬁ which is uniformly bounded as N — oc. Thus
according to theorem 3.2.2, Sy (3, j) is asymptotically normal. Since max/_, d? =1
is bounded by a multiple of max]_, (disn —d;..)%, E[Sn (i, )] can be replaced by ux(4, 7)

in the conclusion. Similarly we can prove the asymptotic normality result for T (z, ).

Also E[Tn(%, )] can be replaced by vx(%, ) in the conclusion. O

Recall the expressions for the limiting variance and covariance in Lemma 4.3.1.

Let vector | = (1(1,1),1(1,2),...,l(I,J)), where

165, ) = $(H: (Xig JZ/ ¢ (H. (2))dFy (z).
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Let £, be a IJ by IJ matrix with ¥, ((i—1)J+j, (i—1)J+j') = cov(l(3, 5), (3, 5'))
and X4 ((i—1)J+7, (¢ —1)J+j') = 0 fori # 7. Let vector p = (p(1,1),p(1,2),...,p(I,J)),

where

p(i,5) = ¢(H ;(Xij1)) Z (z))dFi;(z).

Xﬂ]l
Let 32 be a IJ by IJ matrix with Xo((i—1)J+7, (' =1)J+7) = cov(p(?, 5), p(?', 7))
and Yo((i = 1)J + 4, (¢ —1)J+5) =0for j # j'. Let uy = (un(4,7)),i=1,...,1

and j=1,...,J. Let vy = (wn(4,7)),i=1,...,Tand j=1,..., J.
Theorem 4.3.4. Under the conditions stated in Lemma 4.3.2,

—(SN — E(Sn)) — Ni;(0,%),

ﬂ

1

W(TN - E(TN)) — NIJ(O’E2)’

as N — co. Moreover E(Sy) and E(Ty) can be replaced by pn and vy.

Proof. In line with theorem 3.2.2, set Q = {X114,..., X1~}

Let R; = {Xi11,..., Xiyn}, and A= {Ry,..., Rr}. For any vector A = ();;) with
A3 A > 0, we have that 'Sy is a composite linear rank statistic with Cg, (Xijn) = Aij-
Then ); = %Zizl Aia = —5&.. To verify the condition of theorem 3.2.2, we have

supg, sup,(Cr,(Xijn) — Cr;)? = sup; sup,(A; — A;.)? which is uniformly bounded by
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a constant. According to Theorem 3.2.2,

o = Z vaI‘(Z(LA(Xijn))

Xiin€Q AcA

(4.3.9)
= Y var(Lg,(Xijm)),
X,;anQ
where
1 N
LR, in =7Naz_;; za_ i /['U' an _E](y)]¢I(H1(y))dEa(y)

From Lemma 4.3.1, we have limy_,e0 5 var(Sy) = Z;. Thus

1 1
lim —o? hm Nvar()\'SN) =M A >0.

Nooo
When the limit is equal to zero, the composite linear rank statistic is a constant,
i.e. singular normal. When the limit is greater than zero, we have the assurance that
0?2 = 00, as N = oo.
Thus
lim sup; Supj(/\ij —X)? —0.

N-ooo o2

According to theorem 3.2.2,

1 ! _ ! /
TN(A Sy — E(NSN)) = N(0,NE1 ).

Thus the multivariate normality of Sy follows. Similarly we can prove the multivariate

normality of T. To show that F(Sy) and E(Ty) can be replaced by uy and vy, we
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also have supp, sup,(Cr, (Xijn))? = sup; sup;(X;;)? which is bounded by a multiple of

suppg, sup,(Cr; (Xijn) — Cr,)%.

]
Let 15 be the covariance matrix of vector | and p defined above.
Let
217 212
Y=
E127 232
Theorem 4.3.5. Under the conditions stated in Lemma 4.3.2,
1 | Sv—E(Sn)
— — NQIJ(O,Z), (4310)

VN Tn — E(Tw)

as N — oo. Moreover, E(Sy) and E(Ty) can be replaced by pun and vy in the

conclusion.

Proof. Set = {X1i11,..., Xpyn}. Let Ry = {Xu1, ..., Xisn}, Ci = {Xuj1, - -y X1in},
and A= {Ry,...,R;,C,...,Cs}. For any vectors A = (\;;) and 8 = (8;;), we have
NSy + B'Ty, which is a composite linear rank statistic with Cg,(Xijn) = Xij, and
Cc;(Xijn) = PBij- Then N; = 137 Ng = Cp, and B; = 1 3°4_ Ny = Cg;. To
verify the condition of theorem 3.2.2, we have sup 4. 4 sup Xijnea(Ca(Xijn) — Ca)? =
sup; sup; sup((Ai;—Ai.)?, (8;;—B,;)?) is uniformly bounded by a constant. Also we have
SUP 4¢ 4 SUPx,;, c4(Ca(Xijn))? = sup; sup; sup((Ai;)?, (B;;)?) is bounded by a muitiple

of SUP 4c 4 SUPx,,, e 4(Ca(Xijn) — Ca).
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According to theorem 3.2.2,

Hyneft  ded (4.3.11)
= Y var(Lg,(Xijn) + Lg, (Xijn),
Xijn€Q
where
1 J N
LR, 1]" = WZZ za"’ 1 /[U 1]n _E](y)]¢l(Hz(y))dEa(y)a
a=1 k=1
J N
1 /
L z]n = I Z ;Bb] )81] /[ ( Xijn) - Ej(y)]¢ (H](y))de](y)
b=1 k=1
It follows that
. 1 Y g i, Xio A -
[ NU =\, 8) Z
23127 22 ﬂ

When the limit is equal to zero, the composite linear rank statistic is a constant,
i.e. singular normal. When the limit is greater than zero, we have the assurance that

0% = 00, as N — 0.

Thus
i SUPs SUP; sup((Ai; _2&.)2, (B —B5)%) _ 0
N—>oo g
Thus the multivariate normality of (Sx,Ty) follows. O

Theorem 4.3.6. Let o.) be the Wilcozon score. Let f;; be the probability density
function of random variable X;;,. Assume there ezists a common support (a,b), such

that fi; is strictly positive for 1 < ¢ < I,1 < j < J. Then under the conditions of
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Lemma 4.3.2 and under the null hypothesis of no interaction, each of Wi, Wy, W;
follows a central chisquare distribution with (I —1)(J —1) degrees of freedom asymp-

totically.
Before proceeding to the proof of Theorem 4.3.6, we prove two lemmas.

Lemma 4.3.7. Let v be an N-dimensional random vector with covariance matriz .
The necessary and sufficient condition for the rank of ¥ to be N —r is that there exist
exactly v linearly independent nonzero vectors A; with 1 < i < r, such that Av = ¢,

a.s., where ¢ denotes a constant.

Proof. 1f the rank of ¥ is N — r, then the dimension of the null space is 7. If ); is a
basis vector in the null space of ¥, ¥A; = 0 and we have cov(Av) = A[XX; = 0. This
leads to Av = ¢, a.s..

If there exist exactly r linearly independent nonzero vectors A; with 1 <7 < r,
such that v = ¢, a.s., we have cov(Nv) = AX); = 0. Since X is a positive semi
definite matrix, we may write 0 = MZ); = M(£2)(X2)A;. Hence ;X7 = 0. Since the

null space of ¥ is the same as the null space of X, then the rank of Zis N —r. O

Lemma 4.3.8. Let X; be independent random variables with distribution function
F;, 1 < ¢ < N. Assume F; is absolutely continuous with probability density function
fi. Assume there ezists a common support (a,b), such that f; is strictly positive for

1< i< N. Let r = (R(Xy),...,R(Xn)) be the vector of ranks. If there ezists a
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nonzero vector A = (A1,...,An) such that N'r = ¢ almost surely, then A, = \; for all
i # .
Proof. We first take ry = (1,2,3,...,N). We have P(r;) = P(X; < Xp < ...,<
Xn) > Pla < X; < Xo < ...,< Xy <b) >0, since f; is strictly positive on
(a,b) for 1 < ¢ < N. Because Mr; = c¢ almost surely and P(r;) > 0, we have
Nri=X 42\ +3+--+Niy=c

Next we take r, = (2,1,3,...,N). Similarly we have P(ry) > 0. Thus we have
Nre =2A1+ A+ 3X3+---+ Ny = c. Combining the result above, we have \; = ).

Repeating the same argument, we can prove A; = \; for all 1 # j. O
The following is the proof for Theorem 4.3.6.

Proof. According to theorem 4.2.1, E(ASy) = 0 and E(BTy) = 0 under the null
hypothesis of no interaction. Theorem 4.3.5 has established the asymptotic joint
multivariate normality of Sy and Tx. Let 551, ﬁg and Zﬂg be consistent estimates of
Y1, X9 and ¥q5. It follows that Wy, W, W3 each follows a central chisquare distribution
asymptotically. |

Next we need to determine the degrees of freedom for each statistic. The degrees of
freedom of the statistic W is equal to the rank of the matrix AX; A’. Since Sy = Ay,
we have cov(Sy) = AX,A’. According to Lemma 4.3.7, to determine the rank of
AT A, it is equivalent to finding the number of linearly independent constraints for

Sn. There exist at least T+ J — 1 linearly independent constraints.
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For j = 1,...,J, define vector w; = (wip,1 <1< 1,1 <b< J|lwy =1,for b=
Jiwiy =0, ow.). ThuswiSy =31 Sn(5,5) = Yor,(Sn(i, ) =1 320, Sn(a,5)) =
Soizs Sn(53) — Chey Swla,) = 0. |

For i =1,...,1, define vector z; = (25,1 < a < I,1 < j < J|z; = l,for a=
G205 = 0, ow.). Thus 2}Sy = 3>7_; Sn(i,5) = X7 (Sw(i,5) — 1 L, Sw(a, 7)) =

ijl Sn (4,5) — Zizl(ijl Sn(a,j)) = JN(J2N+1) - JN(JzN“) = (. Note that there

is one redundancy that the last constraint z; can be written as a linear combination
of the other w;s and z;s. Hence the total number of the constraints is 7 + J — 1.

To show that there are only I + J — 1 linearly independent constraints, we first
assume that there exists a vector (A;;,1 < I,1 < J), which is not a linear combination
of the w;s and zs, such that XSy = >i Xi;Sn(i,j) = c almost surely. After
reformulating the equality in terms of Sn (i, 7), we have 3, (Ai; — Aj)Sn(3,5) = ¢
almost surely. Let A}; denote \;; — ;. Since (Sy (4, 7),1 < j < J) is independent of

(Sn(#,7),1 < j < J), we have Y. A5;Sn(2,j) = c almost surely for each 4. Since for

Y

each 4, (Sn(4,7),1 < j < J) is a vector of row ranks of observations X1, ..., Xisn,
then according to Lemma 4.3.8, in order to have the sum equal to a constant almost
surely, (Af;, 1 < j < J) has to take the form (a;, a;, . . .,a;) for some constant g;. Thus
we have A, = a;. Since A}; denotes Ai; — X ;, we have A;j = a;+ ) , for all 4, j. Thus we

can formulate the vector A in terms of linear combinations of the constraints already

listed above. We have A = 3, a;2; + 3, X jwj, which contradicts the fact that ) is
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linearly independent of z; and w;.

Thus the null set of AYX; A’ is spanned by these I + J — 1 linear combinations.
Therefore, AX; A" has rank IJ — (I + J — 1) = (I — 1)(J — 1). Similarly, wé can
demonstrate that BYyB’ has rank (I — 1)(J — 1). Since ASy + BTy = Sy + T,
combining the constraints on Sy and T, we also have I + J — 1 linearly independent
constraints on ASy+BTy. Thus the rank of AY; A'+BYX, B'+2AY. 1, B is (I-1)(J-1).

O

We observe that our test statistics are invariant with respect to the choices of the
general inverses. Also note that regardless of the existence of the main effects, our

method is valid for the testing of interaction effect.

4.4 Limiting distributions under the alternatives

and Asymptotic Relative Efficiency

In this section, we derive asymptotic distributions for the W statistics under Pitman
alternatives. Let v = (v11,M12,---,71s) be a vector of I x J elements. Define the
sequence of Pitman alternatives under investigation by Fijn(z) = F(z — 0 — a; —
B; — %ii/VN). Let the cdf of X,;, under Hy be Fijo(z) = F(z — 0 — o; — ;). Define
Hin(z) = 337 Fyn(2), and Hio(z) = 3307, Fijo(a). Also define Hjn(z) =

15 Fin(z), and Hyo(z) = 1 31, Fijo(a).
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Define the vector Iy of I.J elements of Iy(%, j), where

In(i») = 9(Hin(Xig)) JZ/ # (Hin(@))dFyn (z).

Also define the vector py of I.J elements of py (3, j), where

p(isd) = S(Hin (X)) + 25 [ 8 (Hyw(@))dFign(c).

I a=1 Xajl
Set 31, = limy_o var(ln), Lo,y = limye0 var(pn), Liz,y = limy_o cov(ln, pn),
where the limit is taken under the Pitman alternatives.
Set vector [ of elements I(1, j),
J oo
. 1 /
16,1) = 6 Hia (X)) + 3 3 [ ¢ Hia(o)dFisola).
b=1 ib1

Also set vector p of elements of p(3, 7),

p(i,§) = ¢(Hjo(Xip)) ,Z (2))dFj0(2)-

Xa]l
According to the generalized dominated convergence theorem, ¥, = var(l) = I,
Yo, = var(p) = Iy, X1, = cov(l,p) = Lia.
Let viv = (a/VN,%2/VN, ..., %1/VN) and vin = (y1;/VN, 7 /VN, ..., 115/
V'N). Define pun (4, §; in) =N [¢(H )) dFyjn(z) and pn (3, 550) = N [ ¢(Hio(z))
dFijo(z). Also define vy(i,j;vn) = N [ ¢(Hjn(z)) dFijn(z) and vn(i,5;0) = N

¢(Hjo(x)) dFij0(z)
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Let Fi(z) denote F'(z — 0 — o).
pn (i 35 %in) = N/¢(Hi;N(x))dEj;N(z)

-~ [o5 > P @)dFin(a)

=N [657 Rl - R~ - S

1 ij i
= N/qs(7 3 Fi(p+8;— B+ \;;v - \%))dﬂ-(u)

When a # j,

J

Oun (i, jsvin) _ 1 . o Yij b
D) \/N/qS(JbZ:;E(MﬂJ bt - T)

l ! o ﬂ_ Yia ]
FF+ = B+ T = T yin ).

ijia = N \/N 6’)’,',1

1 Ny (4.4.1)
-2 / 95 Bt B = ADF e+ 65 = B ).

Oun(in3iv) _ /i [ LN~ piy g — g i _ T
a%j —\/—/(b(J;E(ﬂ’*',B] ﬂb+\/N \/N))

1 / o Y Y _
Jgﬂ(uw bt 7 = AR ()

im 1 Oun(i,J;vn)
e (4.4.2)
=3 / ¢(5 Y Flp+ 8- 6) D Fl(u+ B — Br)dFi(u).

b=1 b#j

Gijij
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Using the multivariate Mean Value Theorem and adopting Thompson’s approach

[22], we have

. 1 Opn(i, J; %in)
M —— - w i (443
m \/—(MN(’L,J,’)’N) pn (%, 7 0)) Z')’b TN o lyyen (4.4.3)

where 0 < 9 < 1.
Let D be the 1J vector with element D(;_1y54; = 21{=1 YisGlijip. Let
A; = (AD) (AL, A1 (AD).
For the column method, let F;(x) denote F(z — 6 — 3;). Set
n(is i) = N [ $(Hi(@))dFn (o)
1¢ Yii Vi
=N/ DY Fip+a;—op+ —L — —2L))dF;
When a # 1,
1 8Z/N(1: j)
K’ij'a = lim —
’ N—oo a7za
VN (4.4.4)
= L[S Bt o ) e+ o - ) )
b=1
— 1 1 6VN(Z 7)
Koo i e

(4.4.5)

/qS' ZF (u+ o — o) ZF’ (ke + o — op)dFj(u)

bs#i

Let E be the 1J vector with element E(;_1);4; = Zz{=1 YioKijp. Let

A, = (BE)(B%,B')"}(BE),
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and
Az = (AD + BE)' (AL, A' + BX,B' + AZlgB’)_l(AD + BE).

Theorem 4.4.1. Let af.) be the Wilcozon score. Let fi; be the probability density
function of random variable X;j,. Assume there exists a common support (a,b), such
that fi; is strictly positive for 1 < i < I,1 < j < J. Then under the conditions of

Lemma 4.3.2 and under the sequence of Pitman alternatives (7ij,n) defined above,

1 ~

Wi = < (ASn) (AT A) ™ (ASN) — Xrnys-n (B1).
1 ~

Wy = (BTx) (BE;B') ™ (BT) — xfr--1)(Be).

1 R ~ ~
W; = ]_V_(ASN + BTy)'(AZ,A' + By B' + AL1,B') ™' (ASn + BTx)

— X?I~1)(J——1)(A3)'
Proof. First we can prove that Auy(i,7;0) = 0, following the same argument as the
proof of theorem 4.2.1. Let un(yn) stand for the vector (un(%,j;vin)), then we can

rewrite W, as follows:

W, = %(A(SN—NN(w)ﬂm<7N>-uN(0)))'(A21A'>-1A(Sw—u~(7N>+u~(w)—u~(0>>

In view of Theorem 4.3.4, —=A(Sy — pn(yn)) —> N(0,AX;4'), and the rank
of AX; A" is (I — 1)(J — 1). According to Rao and Mitra [20], we have W; —

X?I——l)( J_l)(Al). Similarly we can prove the results for W, and Wj. O
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The asymptotic relative efficiency of the W’s relative to the corresponding para-
metric F statistic are the ratios of the noncentrality parameters (Puri and Sen, [19]).
When the row and column effects are both absent, ¢ is the identity function, and

3 ;%; =0 and > %5 = 0, we have the following simplified expressions:

Dy =By =15 [ (F(u)dn (4.46)

Assume no main effects, i.e. Fj;,o = F for all 4, j, and let ¢ be the identity function.
Let Uyj, denote F'(Xi;n), where Uyjps are iid random variables following the uniform

distribution U(0, 1). Thus, we can simplify the expression for [(3, 5),

1 [©
1i,1) =+ o Hia X)) + 53 [ & (Hial))dFyol)
b=1

Xip1

1 J-1
=-3 ;Uibl +—Ui

Also we can simplify p(3, 5),

I 00
. 1 ’

plirs) =+ 8(Hzo(Xi) + 3 35 [ ¢(Hyo(a)dFialo)

a=1 aj1
1 I-1
=-7 Z Ubj1 + ——Uisn
1J-1

Thus we have var(l(i,j)) = 355+ and cov(l(,4),l(z,5) = —

1 1 . .
157+ Similarly

var(p(i, j)) = 11—2% and cov(p(4, 5), p(7, j)) = —1; 7. We also have cov(I(4, §), p(3, j)) =

U covll(i,9),p(1,9)) =~ cov(l(i, ), p(0,5) = ~F U and cov

12 1J 12 1J 12 1J
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(1(z,7),p(¢,5")) = %I—lJ Therefore we can explicitly calculate the entries for ¥;, ¥,
Y19. For the classical F statistic, Ap = 3, 3" 73;/v, where v = var(e) stands for the
common variance of the i.i.d errors.

The simplified expressions for the ARE’s are as follows:

oY A(AZ A') "1 Ay
¥y

b

ARE(W, F) = v¥( / [F(2)]2dz)

oY B'(BX,B') !By
Yy

bl

ARE(Wy, F) = v / F'(z)]2ds)

v (A + B)(AX, A’ + BY,B' + AY1,B') "1 (A + B)y
2 -
Yy

ARE(W3, F) = v¥( / [F'(z)dz)

It is interesting to note that 12v%([[F’(x)]’dz)? is the well-known ARE of the

Kruskal-Wallis test over the F test, which is equal to % in the standard normal case.

4.5 Estimation of the covariance structures

This section is devoted to developing consistent estimators for the covariance struc-
tures of the composite linear rank statistics we employ in the tests. For arbitrary linear
rank statistics, the same method can be generalized to estimate the corresponding
limiting variance and covariance matrix.

Let W'i(bi;lj), b=1,...,J,n=1,..., N be the independent random variables con-

structed by the projection method on the linear rank statistic Sy(4,7) (Theorem

3.2.2).
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When the scoring function ¢ is the identity function, the formula for the limiting

variance can be written as

02(2',,7) lim ——]1\—/,var(SN(z 7))

N-—00

= th — var( Z Z Wz(;,’l’ )

b=1 n=1
(4.5.1)

— ] (i)j)
= Nh—_r_)noo( var Wy1'')

{var ZF,;, i) + Zvar Xin1))}

b#j b#j
Let U3 = Y. Fip(Xij2) and U047 = —Fy(Xin) for b # j. Then due to the

independence of X, forb=1,...,J,

=% Zvar g &y (4.5.2)
Define
(id) _
Cz]'r‘z N Z Z z]n - zlm’)
b#j n'=1
and for b # j,
1N
cHl) = N > u(Xin — Xijw)-
n’=1

We propose to use 62(4,§) = & Y5, = N (CE — C(”J)) as the consistent
estimator for the limiting variance of + Sy (i, ).

We also define

1
(i, 5,4, 5") = hnéoNcov(SN(z 7),Sn (', 3)).
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When i # 4', 02(4, 7,7, j') = 0. We only need to consider the case when i = 7'. Let

Z@" o) C(m) \IJ(W) forb=1,...,J and n=1,..., N be defined with regard

tbn  Yibn

to Sn(i, 7).

o*(i,5,1,7") = Jim —cov ZZWZ(;#),W&P

b=1 n=1

J
= cov(W, W)
b=1

J
= Z cov (T ghiy,
b_.

We propose to use the following estimator for the limiting covariance.

2

1 1 1 i, 1, 7!
62(i,d,5, ) = 75 D 7= D (C5D - C§P)(ChP - c§P).

2
J b=1 n=1

Later in this section, let Cip,, Wy, C%., U stand for C’(;;f , \IIS,J ) C(m \I!g’jl)

1

respectively for simplicity in notation.

Lemma 4.5.1. Let the random variables Cij, and V;; be defined as above. Assuming

the continuity of the cumulative distribution function F, it follows that

E(|Cijn — ¥yl) = O(NTY)

E(/Cjn — ¥l) = O(N ™)

Proof. Let X;,...,Xx be independent random variables with absolute continuous

distribution functions F, ..., Fy respectively. Let R(X;) be the rank of X; among
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the set of X1,..., Xy and H(X;) be the average distribution function —11\7 Zé\;l Fy(X3).

According to theorem 4.2 of Héjek [8],

R(X:)

E
|N+1

— H(X;)| = O(N™). (4.5.3)

In order to prove the convergence rate of E|Cijn — ¥y;|, we need to link Cjj, with the
rank of X;;, among a certain set and link ¥;; with the average distribution function

in the corresponding set.
Consider the set A = {Xijn} U {Upz;{Xip1,- .., Xin}}. Let R4(X;) denote the
rank of X,j, in set A and H4 denote the average distribution function among this

set, and we get:

|Cijn — Z F)

b
'Zb;é] Zn’—l U’(Xijﬂ B le’ﬂ') Eb;ﬁ] Zn’—l '
N N
r=1 W(Xijn — Xign' i 2anr=1 Fiv + Fij -
= (/- 1E| = Zb#gi 1)1117(+ 1 ) z:I,#(JZ— N JI: [+ 0N
= (- B ) )+ o) = 0N
(4.5.4)

Therefore, we can prove the convergence rate of E|C;j, — U;;| = O(N™?) as stated in
the lemma. We can prove the convergence rate for the squared terms also, utilizing

the fact that

|C2n — W3] = |Cijn — Uijl|Cijn + Wij| < 2(J — 1)|Cijn — Tyy.
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Thus

— U5 =O(NT)

E(|C3n
Define C” = 277:1 C”n and q = %OU
Lemma 4.5.2. Let the random variables C;jn, and ¥;; be defined as above. Assuming

the continuity of the cumulative distribution function F, it follows that C;;, — (E';;)

in probability as N — oc..

Proof.
1 N
Un = N Z Z 'U' ijn — zb’n’)
b#4 n'=1
Cn; ('rzjn = + 1 bzl ,Zl an 1bn’)-
—1 n/=

Since Sy (i, ) = Eﬁlzl On, (Tijn), we have Sy (i, j)(JN+1)—-NCyj. = Z,’le Zzzl u(Xijn—

Xign') = YEH) Thys Ty = L5l _ NNIY gipce var(Salid) 5 0 (Thm 3.2,

Hijek [8]), we have var(C;;) — 0. Furthermore, lemma 4.5.1 implies lim,, o, E(Cj;.) =
E(¥;;), and hence we have C;;, — (E¥,;) in probability. O

The result of lemma 4.5.1 and lemma 4.5.2 can be extended to the case of Cjy,
\I’lbi Cb’n’ \Ilj:b fOI‘ b —_ 1 J

Lemma 4.5.3. Let the random variables Cijn and V;; be defined as above. Assuming

the continuity of the cumulative distribution function F, it follows that E|CiynCl, —

Uyl = O(NTY)



CHAPTER 4. TESTS FOR BALANCED DESIGNS 53

Proof. We have shown E|(Cipn, — V)| = O(N7!) and E|(C},, — ¥5)| = O(N™1). Ty

and ¥}, are bounded. Therefore,

+ E|(Citn — ¥is)(Ciyn — ¥3)| (4.5.5)
< O(N7Y) + B|(Citn — Vi) (Cip — i)

We also have the convergence rate for the squared terms E|(Cip—¥5)?| = O(N71)

and E|(C},, — ¥%4)?| = O(N1). By the Cauchy-Schwarz inequality,

E|(Cipn — Vip)(Citr, — V)|

<E|(Citn = s)*|? E|(Cin — ¥3)*|? (4.5.6)

=O(N™)

g

Lemma 4.5.4. Let the random variables Cyjn, and U;; be defined as above. Assuming

the continuity of the cumulative distribution function F, it follows that
L
Jim B[ > CinCihnl = E[T3 03],
n=1
Proof. According to 4.5.3,

y . 1 & . _
E[‘]\j > CitnCiypl = N > {EW ¥y + O(N )}
n=1 n=1
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Lemma 4.5.5. lim,_, var(% 217:1 CimnCl,) =0
Proof.
var[— Z CinCiinl
1N
= E[{< Z CionCipn — E(5; Z CitnCipn) ¥’
= E[{ Z bn 'dm lblpzb) + O( )} ] (457)
= EB[{< Z inCipn — Yiv U )}2]+O(N)

* * ]‘
<% Z E[(CitnCiyn — ¥¥3)%] + O(5)

Since |CipnC} — Vis ¥, | is bounded by 2(J —1)2, we have E[(Cp,C;

1

ibn \Ilzb\I}zb)z] <
2(J — 1)2E[CitnC}y, — ¥1T}). Lemma 4.5.3 implies that E[(CipnCy, — T ¥%)?] =

O(3), therefore limy,_,o0 var(3 S0, CipnCli) = 0. 0O

Theorem 4.5.6. Let the random variables C;jn and U;; be defined as above. Assum-

ing the continuity of the cumulative distribution function F, it follows that

= Z — Civ.)(Cjpn — CF) = cov(Typ, )

n—l

in probability.

Proof. Note

N 1 &
Z ibn — Cin~ Ch) = =N Z CinCipn — Cin.C,
n=1 n=1
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We have already shown C;; — EY,; in probability and C* — E'VZ in probability,
which implies C;,.C}, — E¥;EV}; in probability. Lemma 4.5.4 and 4.5.5 imply
* 211:7:1 C"ibn wn — E(¥p¥Y) in probability. Combining these two results, we get
LS ((Cign — Cip)(Cly — Cly ) = cov(Ws, Uyy) in probability. The estimator for
the variance is a special case of the covariance estimator.

O

Here we provide a numerical example to demonstrate the performance of this
estimator. Suppose all o, 3;, vi; are all zero. We can explicitly obtain the value for

the limiting variance and covariance.

o(1,7) = var(F(X;;) — 7 ZF ib))

J - 1
=Va,I‘( J 1.7 __—ZF Zb
b#j
=(J;21)var LS var @) (4.5.8)
b#j

_ =12 J-11
= J2 + J2 )12
1J-1
12 J

Here F(X;;) is a random variable following the uniform distribution on [0, 1], and

. . . 1
its variance is equal to 3;
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o 1< 1<
a(i, 4,1, ') = eov(F(Xy) — 5 > F(Xa), F(Xiy) - 5 > F(Xa))
b=1 b=1
—1 1 J—1 1
= cov(“——F(Xy) - 5 > F(Xa), F(Xipny) — =5 Y F(Xa))
b#j b#3'
—-(J-1 —(J -1
= ( T2 )var(Uij) + ( 72 ) V&I‘(Uijl) + 5 Z var(Uzb)
b#£7,5’
3 (—2(J—1) J—2)i
B J? J? 712
_1-
S 12J

(4.5.9)

Given I = 3, J = 4, 0(i,5) = 3z = 0.0625, 0(3,5,4,5') = —4—18 = —0.0208. We
conduct simulations with the I, J as defined and use standard normal as the common
F. Cell sizes are simulated at 5, 10, 20, 50, 100 respectively. At each cell sizes, 10
replicates of data sets are simulated and estimators are calculated for each replicate.
Let &(i, ) and &(4, 4,4, ;') designate the average of the estimators obtained from the
10 replicates, and let sd (i, j)and sd (3, j,1, ') designate the standard deviation

of the estimators among the 10 replicates. The convergence of the estimator is well

demonstrated by table 1.
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N | 6(4,7) | sd6(4,7) | 6(5,7,4,5) | sd 6(1, 5,4, 5)
5 10.0614 | 0.0300 -0.0161 0.0148

10 | 0.0607 | 0.0107 -0.0192 0.0064

20 | 0.0635 | 0.0084 -0.0213 0.0031

50 | 0.0620 | 0.0041 -0.0214 0.0021
100 | 0.0621 | 0.0022 -0.0208 0.0015

Table 1: Convergence of the consistent estimators

4.6 Covariance structure between row rank sum

and column rank sum

Now we derive the covariance structure for the row and column sum method. As
before, we let Sy (%, j) stand for the sum of row rank scores in cell (7, j) and Tn (3, 5)
stand for the sum of column rank scores in cell (i, 7).

According to theorem 3.2.2, we know that Sy (i, j) can be projected onto a set of
independent variable Wf;,f ), whileb=1,...,Jandn=1,...,N.

Similarly, Tn(%,j) can be projected onto a set of independent variables W;J(:l’ ),
while ¢ = 1,...,] and n = 1,..., N. Recall the definition of Cf;;f) and \IIS,J) Let
YD =Y Fo(Xij1) and Y& = —Fj(Xoj1) for a # .

Define

N
w1
D§Y = N SN Xijn — Xojw)

a#i n'=1
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and for a # 1,
D) = N Z H(Xajn = Xijw)-
n'=1
) J N
i, con (S5 Tl ) = eor(3 WD, 3 S WLl
b=1 n=1 a=1 n=1

— COV(W(M) W*(1 J')) (4'6'1)

ij'1 » Vi1

1 (7)) ~ ('
=17 cov (Wi, Tia )

The corresponding estimator is iy 3~ [(CED _ C(”’ V(D Dgl,fj ). Up to

ij'n ij'n

now we have derived the consistent estimates for every entry of X;,2,, and Xis.



Chapter 5

Extension to Unbalanced Designs

5.1 Extension to unbalanced designs with propor-

tional cell weights

In this section, our rank tests can be extended to accommodate the unbalanced design.
Let n;; represent the number of observations in cell (z,7). Let gy and ny;, be the
maximum and minimum of n;; respectively. Assume 0 < lim,,_, —’%‘Zﬂ < 1. Let the
score generating function ¢ be the identity function. Let r;;; represent the rank of
observation z;;; among the ith row, and c;;; represent the rank of observation of z;

among the jth column.
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I
Define n; = Zg=1 nip and nj =Y _; Ng;. Let

TH]‘

Sn(6,5) =Y rige/(ni. + 1)
k=1

'ﬂ-ij

Tw(i ) =Y cie/(nj+1)
k=1
In order to construct a quadratic form with zero expectation under the null hy-

pothesis, we observe that:

k=1 a=1 b=1
- (5.1.1)

J
— TNy _ e A
‘n,-,+1a¥;”'“ / F(z — o; — Bo)dF(z — o; — 3;)

Define V(a,7) = [ F(z — o; — fa)dF(z — o; — 3;), and let w;, = 2%, we have:

e
ni+1?

J
E(Sn(4, 7)) = mj Zwiav(aaj)'

a=1
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Under Hy,
7 1< n
mm m‘m b
2 B 3) - 1 2 - B(S(b,)
—nmm|zwm a] __Zzwba a']

b=t et (5.1.2)

1
= nmin’ Z(wia - 'j Zwba)v a
a=1 b=1
J 1 I
S Nomin Z Iwia - j Z wba|V(aaj)
a=1 b=1

. I
If limy,,..,. o0 Tmin [Wia — 7 Y_p=1 Wea| = 0, then we have

I
i 1

lim E( m"SN(z i)—= Tmin
Nmin —+00 n” I =1 J

SN(b ])) 0

Construct a diagonal matrix D with D[(i—1)J+j, (i—1)J +j] = 2min. Let Sy be the
vector of elements Sy (4, 7). Then the jth element of DSy’s is equal to vt ~n(t, 7).

Thus (ADSN)U = ﬂﬁ;"‘SN(Z,]) I Zb—l np; ( J)

Let ¥; be the matrix with the ((i — 1)J + j, (' — 1)J + j') element denoting

0%(iaj7 ilaj) - hmnmm—)oo _COV(SN(Z .7) SN( 1.7 ))

Let Z,(Z’,f), =1,...,J, n=1,...,n; be the independent random variables con-

structed by the projection method on the linear rank statistic Sy(¢,j) (Theorem

3.2.2). Define

1,7 N
‘Ilga]) n] -sz (X'ial)

for a # j, and

1,5 Nia
\Il'gjj) = Z T Fio(Xij1)-
a#j -
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We have

= an var(W)) + 0(1) (5.1.3)

g4 ia
= an var(—;%ﬂj(Xial)) + Ny var(z %Ea(Xijl)) +0(1)

a#j “ a#j
J
=Y niavar(TL)) + 0(1)
a=1

Similarly we derive

lim cov(Sn(i,7), Sn(i,7) EanOV (T ‘I’(M)) +0(1)

a
Nmin —r00

Theorem 5.1.1. let

Wi = —(ADSy)'((AD)%.(AD)') " (ADSw),

Nmin
where Y, is a consistent estimate of £1. Iflim,,_, 00 nminlwia—% 21;1 Wpe| = 0, Vi, a,
then under the null hypothesis of no interaction, W, converges to a central chisquare

distribution with (I — 1)(J — 1) degrees of freedom as Npmin — 0.

Proof. According to theorem 3.2.2,

1

SN — NIJ(E(SN), 21)

Nmin
asymptotically. So if the condition of this theorem holds, we have

1

min

ADSN - N[J(O,

ADY,(AD)')
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asymptotically. Since A converges to Y; in probability element-wise, according to
Slutsky’s theorem, W, converges to a central chisquare distribution with (1 —1)(J—1)

degrees of freedom. (I

The condition under which the theorem holds imposes the requirement that asymp-

I

1
totically the deviations of w;, — 7 S Wie = o(n,}

—in)- Similarly extensions exist for

the column and the row-column sum statistics.

5.2 Extension to unbalanced designs with arbitrary

cell weights

For experimental designs with arbitrary cell weight, there have not been to date any
nonparametric tests available to test for interaction. The main difficulty appears
to be that often the number of replications in a cell occurs in the formula for the
expectation of the rank statistic under the null hypothesis and consequently the rank
statistic will not have a central chisquare. In order to overcome this obstacle, we
introduce a new weighted rank defined by r};, = % ZZ=1 i Yo I(Xiap < Xijk)-

The weighted rank reduces to the usual rank when the n;; are equal.
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Under this definition,

*

Sy(i,j) = Zz

k=t (5.2.1)
Nij 1 J 1 Nia

= 7 Z P~ Z I(Xiap < Xijk)
k=1 a=1 @ p=1

S%.(3, 1A 1 &
E( N'rEu ))— 72;{" I zab<Xz_1k)
tJ a=1 " p=)1
I bk < x (5.2.2)
—jz;z;nia ( ial S z'jl) 4.
a=1
1 J
=j;/F(m—ai—ﬂa)dF(x——ai—ﬁj)

Under this construction,

Therefore, E(ADS%) = 0 under the null hypothesis. We will need to prove the
asymptotic normality of ADS} in order to justify the chisquare distribution of the

test statistic.

Theorem 5.2.1. Let Sy(i,j) be the linear weighted rank statistic. Then, Sk(i,7)

has an asymptotically normal distribution, as Ny, — 0.

Proof. Consider the two cells (7,;) and (4,a) and let 7,(Xj;x) be the rank of X
among the set of

(Xijl7 "'Xijnija X’ia17 ---Xiama)-
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Let
S, = o= _ Ta(Xije)
@ = Tia + ni; + 1 .
Nij 1 N4 Tiia (5-2.3)
= —————[Z I(Xijw < Xije) + ZI(Xiab < Xiji)]
= Mia T i+ 10— b=1
S, is a linear rank statistic defined on set
(Xijla ---XijnijaXialy ...Xiama).
Then
i r¥
Sh(ig) =) =
k=l 1.
5 1 J 1 Nia
=> 5 > — > I(Xias < Xigi)
e (5.2.4)

It follows that S} (i,7) is a sum of correlated linear rank statistics defined on

subsets of the set

Xit1y -y Xignyy-

Then by theorem 3.2.2, S (%, 7) is asymptotically normal.
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Next, we derive the limiting covariance matrix of S} by a projection argument.

Nia Tij

var(S, Zvar iab +Zvar iik) +O0(1)
(5.2.5)

5 ' Nia
= nig Fij(Xion) + nij var(——"—Fy(Xyj1)) + O(1
i Vax (ot Py (Xi) + i var (=2 Fia (X)) + O(1)

var(S%(i,J)) 22" Ms ) +0(1)

n;
a#tj e

nij(nij + Nig + 1)
=— E Nig Var(— Fij(Xia
[a oy * Nia(Nij + Nia) (X))

+ g var((z

aj

(5.2.6)
Mij + Nig + 1
“m’ﬂa)(xijl)) +0(1)

= }l—z-n,a var(¥) + 0(1),

where
n,'j(nij + Nnjg + 1)
Fii(Xia1),
Nia(Nij + Nig) 1(Xia1)

W _N~ Mg tratls o
127 —; ng; + 7 Fia(Xij1)-

W=

Similarly, we have

. cov(\Ilffl), \Il(J )) +0(n;})

mm

cov(Sy (4, 7), Sn(4,4)) = Jz

For a # j, define

nij

(nij + nig + 1)
i = ZI Xz]n S Xzak
n=1

nza nz] + 'nza.

Cial =

and

Nia

; (ni; +nig + 1)
Cz(jll = Z . J(n] _:n ZI Xum S Xz]k)
Py ta\7% za

n=1



CHAPTER 5. EXTENSION TO UNBALANCED DESIGNS

Define
ZC'LGTL
Let
01(id,id) = lim _——vax(Si(i, )
016, 3,1,4) = lim —— cov(Sy(i, 1), 5k, 7).
Then
(i,7,% Z S C(’) (J
.77 .7 J2 Nomin iak ’
k=1
and we have
TS 1 & @) _ A"
PP f]
Gilir i) = 33 D — 3O~ T )C = Taa”)
a=1 k=1

The corresponding W, statistic takes the form of:

(ADS})'((AD)%1(ADY)"Y(ADSY)

Nimin
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Chapter 6

Monte Carlo Simulation Study

6.1 Monte Carlo simulation study for balanced de-
signs

Monte Carlo simulations have been conducted to study the type I error and power
of 6 tests: parametric, rank transform, aligned, row method (W), column method
(W) and row-column method (Ws3) respectively. Small and large sample properties
are both examined for 5 different distributions: normal (NOR), lognormal (LOG),
double exponential (DEX), uniform (UNI), cauchy (CAU). The parameters of the
error distribution are listed in Table 2.

The simulation setting for the type I error is as follows: There are three rows and

: — 4 _ 2 5.4 _3 1 _
four columns, ie. I =3, J=4. a1 =3, =5, 03=-20=3,0=35 0b=5,

68



CHAPTER 6. MONTE CARLO SIMULATION STUDY 69

Normal N(0,1)
Uniform U(-3,3)
Cauchy B =05
Lognormal log(€ijn) ~ N(0,0.009)
Double exponential =1

Table 2: Underlying distributions for the simulated errors

By = ‘73 The +;; = 0 for all 4, j°s under the null hypothesis. Similar studies of other
values give comparable results.

For each distribution, simulations are conducted for cell sizes equal to 5, 10, 20,
40. For each setting, 1600 simulation runs are performed. Figures 1 to 5 display the
type I error (Y axis) against the cell sizes (X axis) for each method. The significance
level is set to be 0.05.

The simulation setting for power is as follows: All the parameters and noise models
remain as before except for the interaction term: v, = m, v12 = —m, Y21 = —m,
Y22 = m, vi; = 0 for all other ¢, j’s; m values are chosen to be 0.45, 0.52, 0.60. For each
interaction level, the number of simulation runs are 3100, 2200, and 1500 respectively.
We perform fewer simulation runs for higher interaction level because the rejection
event is more frequent and to collect the same number of rejection events, we need
fewer simulation runs. The justification is that in order to keep the same coefficient
of variation of the Monte Carlo estimates for the power, which is equal to /%2, we

pn?

need larger values of n for smaller value of p. Figures 6 to 10 plot the power curve
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(Y axis) of the 5 methods (rank transformed method has been excluded for its poor
performance in the Type-I error tests) against the interaction term m (X axis). The
significance level is set to be 0.05.

When the underlying distribution is normal, the rank transform method has unac-
ceptable huge type I error. When the cell size increases from 5 to 40, the type I error
increases from 0.12 to over 0.90. This result reaffirms the result of Thompson [25]
whereby the rank transform statistic has divergent mean as cell size increases. The
other 5 methods have good type-1 error behavior. When the cell size equals 5, the
parametric method, the column method and the row method are very close to 0.05,
the theoretical type I error rate. The aligned method and row-column method are in
the range of (0.06,0.08). When the cell size increases to 20, all the methods except
the rank transform method converge to the 0.05 level. The power of the row-column
method is superior for cell sizes equal to 5 or 10. When the cell size is equal to 20
or more, the parametric is the most powerful. Under the same interaction level, the
power increases as cell sizes increase. When the cell size equals 40, all the methods
have power above 0.99 for all the interaction values.

When the underlying distribution is uniform, the rank transform method has
unacceptable huge type-I error which ranges from 0.15 tol 1 as the cell size increases
from 5 to 40. When the cell size equals 5, the aligned and row-column method have

type I error between 0.08 to 0.10. The other methods have type I error close to 0.05.
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As the cell size increases to 20 or more, all the methods except for rank transform
have type I error converging to 0.05. Regarding the power, for a sample size of 5, the
row-column method has the highest power among all the methods. For cell siies of
10 or more, parametric method is most powerful. This simulation demonstrates that
the parametric method is valid for the uniform distribution. When the cell size is 40,
all the tests have power greater than 0.99 at all three interaction levels.

When the underlying distribution is lognormal, the rank transform method has
a type-I error in the range of 0.09 to 0.50 as the cell size increases from 5 to 40.
For a cell size of 5, the column method’s type I error is very close to 0.05. The
parametric method has a type I error close to 0.02, while the row-column, aligned, row
methods have type I errors in the range of (0.06,0.08). When the cell size increases,
all the methods excluding the rank transform have good type I error rates below
0.10, which however, are higher compared to the normal and uniform distributions.
The parametric method has very poor power ranging from less than 0.10 to 0.45 for
m = (.45, while the other methods range from 0.25 to above 0.90. For a cell size of
9, the row-column method has highest power. When the cell size equals 10 or more,
the aligned tests take the lead. There are only small differences among the power of
all the nonparametric methods excluding the rank transform method.

When the underlying distribution is double exponential, the rank transform method

still has an unacceptable type I error. When the cell size equals 5, the type I error
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for both the parametric method and aligned method is close to 0.05, while the row,
column, and row-column methods have type-1 errors in the range of (0.07,0.09). As
the cell siz?es increases to 20 or more, all the methods except for the rank transform
have a type I error close to 0.05. The parametric method has very poor power for a
cell size of 5. As the cell sizes increase, the power increases as expected. For a cell size
of 5, the power of the row-column method is highest. When the cell size increases to
20 or more, the aligned test has higher power. This is due to the fact that when the
cell size increases, the estimates of the row and column effect becomes more accurate
and thus the power is improved.

When the underlying distribution is Cauchy, the rank transform method has a
large type I error which ranges from 0.10 to 0.40 as the cell size increases from 5 to
40. For all the cell sizes, the aligned test nearly attains a type I error of 0.05. The
parametric method has a type I error about 0.02. The row, column and row-column
methods have type I errors in the range of 0.07 to 0.10. The power of the parametric
method is below 0.10 for all settings, even when the cell size increases. This is because
the Central Limit Theorem does not apply to the Cauchy. When the cell size is 5,
the column and row-column method have highest power. When the cell size increases
to 10, the aligned test takes has highest power, because the estimation becomes more
accurate as the cell size increases. All the nonparametric methods behave well with

good type-I error and high power in this extremely heavy tailed distribution.
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In conclusion, the rank transform method leads to an invalid test for interaction
due to the large type I error for large cell sizes. The parametric test is valid only for
the normai distribution. It behaves reasonably well for light tailed distribution, such
as the uniform distribution. For other distributions with bounded second moment,
its type I error and power improve as cell sizes increase. The aligned test is a valid
test for all distributions, however, it relies on the nonparametric estimation of the
location parameter. Thus, its power is not best for small cell sizes. The type I errors
of our proposed test statistics converge to the appropriate significance level for all
distributions. Even for small cell sizes, they have satisfactory type I errors. They

have high power in normal and all non-normal distributions.

6.2 Monte Carlo study for unbalanced designs

Simulation studies have been conducted to investigate the performance of the new
test statistics in unbalanced designs. All the noise model and parameter settings
are identical to balanced designs, except for the cell sizes. An unbalanced design is
simulated with cell sizes ranging from 5 to 20. The replicates number in each cell are
shown in Table 3. The significance level is set to be 0.05. The type I error and power
of the three proposed methods for unbalanced designs are compared to the balanced
designs. Figures 11 to 15 display the rejection probability of the methods (Y axis)

against the different interaction levels (X axis). When the interaction level m = 0,
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5 (1511010
1511011015
10| 10| 10| 20

Table 3: Cell sizes for the simulated unbalanced design

the rejection probability is the type I error. Power is evaluated at interaction level
m = 0.45, 0.52, 0.60 respectively. The simulation runs are 5000, 3100, 2200, 1500 for
the 4 interaction levels. As m increases, the rejection probability increases and smaller
numbers of simulation runs are required. The unbalanced design is compared with
three balanced designs with fixed cell sizes 5, 10, 20 respectively. Different panels
depict the performance of the row, column and row-column methods.

For all the 5 noise distributions, as m increases, the 4 power curves steadily in-
crease. When m = 0, all the 3 methods have type I error close to 0.05 for unbalanced
design. When m > 0, as the unbalanced design has cell size ranging from 5 to 20,
its power curve is between the balanced designs with equal cell size 10 and 20. In
conclusion, the simulation results verify that the 3 methods have conservative type
I error for normal and non-normal distributions. The simulation also demonstrates
that our method for the unbalanced design has the same level of power as a balanced

design with its average cell size.
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Figure 1: Type I error for balanced designs with cell sizes ranging from 5 to 40. Noises
are simulated from the normal distribution.
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Figure 2: Type I error for balanced designs with cell sizes ranging from 5 to 40. Noises
are simulated from the uniform distribution.
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Figure 3: Type I error for balanced designs with cell sizes ranging from 5 to 40. Noises
are simulated from the Lognormal distribution.
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Figure 4: Type I error for balanced designs with cell sizes ranging from 5 to 40. Noises
are simulated from the double exponential distribution.
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Figure 5: Type I error for balanced designs with cell sizes ranging from 5 to 40. Noises
are simulated from the Cauchy distribution.
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Figure 6: Power for balanced designs with cell sizes ranging from 5 to 40. Noises are
simulated from the normal distribution.
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Figure 7: Power for balanced designs with cell sizes ranging from 5 to 40. Noises are
simulated from the uniform distribution.
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Figure 8: Power for balanced designs with cell sizes ranging from 5 to 40. Noises are
simulated from the Lognormal distribution.
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Figure 9: Power for balanced designs with cell sizes ranging from 5 to 40. Noises are
simulated from the double exponential distribution.
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Figure 10: Power for balanced designs with cell sizes ranging from 5 to 40. Noises

are simulated from the Cauchy distribution.
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Figure 11: The power curves for unbalanced design with three other balanced designs
of cell sizes equal to 5, 10 and 20. Three diagrams are provided for the row method,

column method and row-column method respectively. Noises are simulated from the
normal distribution.



CHAPTER 6. MONTE CARLO SIMULATION STUDY 86

Uniform and Row detection
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Figure 12: The power curves for unbalanced design with three other balanced designs
of cell sizes equal to 5, 10 and 20. Three diagrams are provided for the row method,

column method and row-column method respectively. Noises are simulated from the
uniform distribution.
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LogNormal and Row detection
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Figure 13: The power curves for unbalanced design with three other balanced designs
of cell sizes equal to 5, 10 and 20. Three diagrams are provided for the row method,

column method and row-column method respectively. Noises are simulated from the
Lognormal distribution.



CHAPTER 6. MONTE CARLO SIMULATION STUDY 88

Double Exponential and Row detection
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Figure 14: The power curves for unbalanced design with three other balanced designs
of cell sizes equal to 5, 10 and 20. Three diagrams are provided for the row method,
column method and row-column method respectively. Noises are simulated from the
double exponential distribution. '



CHAPTER 6. MONTE CARLO SIMULATION STUDY 89

Cauchy and Row detection
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Figure 15: The power curves for unbalanced design with three other balanced designs
of cell sizes equal to 5, 10 and 20. Three diagrams are provided for the row method,
column method and row-column method respectively. Noises are simulated from the
Cauchy distribution.
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Application and Discussion

7.1 Application of rank tests on gene interaction

when genotypes are known

Human genome consists of 23 pairs of chromosomes carrying the genetic codes. A
sequence of genetic material essential for a specific physiological or biological function
is called a gene. By the Law of Inheritance, genes match in pairs. One inherited from
the father, the other is inherited from the mother. When the gamete (egg or sperm) is
formed, one of the two genes is randomly chosen and passed on to the offspring. This
is the phenomenon of random segregation. For each gene, there exist different types
of the gene called alleles. Genotype stands for the unordered pairs of alleles carried

by individuals, such as AA, BA, AO. Homozygotes refer to individuals with 2 copies
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of the same alleles, while heterozygotes refer to individuals with different copies. An
important concept in statistical genetics is the Law of Hardy-Weinberg Equilibrium
(HWE). Under the assumption of finite population, random mating, no selection,
no migration, equal genotype frequencies for two sexes, the allele frequencies and
the genotype frequencies in the population remain constant after one generation of
random mating. Assume that we have S alleles, A, Ao, ..., A;, according to the HWE,
the genotype frequencies are Py, 4, = Pfh, when i = j, and Py, 4; = 2Py, Pa;,when
1 # j. Let us assume there are two genes A and B which influence the trait of interest.
Gene A has only two alleles A and a with frequencies P4 and P, for allele A,a,
respectively. P4 + P, = 1. Similarly we have diallelic gene B with allele frequencies
Pg, P, for allele B and b. Under an additive model, the genetic contribution to the

quantitative trait can be written as:
Xijn =0+ ai + Bj + %ij + €ijn,

while 7 represents the genotype of gene A, j for gene B and ¢;;,, stands for the noise.

Let

a  if genotype is AA,
@ =40 if genotype is Aa,

—a if genotype is aa.

\
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b  if genotype is BB,

Bi=q0 if genotype is Bb,

\ —b if genotype is bb.

If the two genes are acting in an additive and independent manner, then, in the model,
75 = 0, for all 4, j. If the two genes are interacting with each other, then, v;; # 0, for
some %, j. For instance, if the genotype AABB causes the increase effect greater than
the sum of their own contribution, then 7;; > 0. This can happen when AA and BB
interact and cause a dramatic effect on the biological pathway greater than the linear
effect expected if they behave independently. Detecting the gene interaction will shed
light onto the understanding of the disease development mechanism at physiological
and biological level. [We refer the reader to Lander and Green [13], Kruglyak and
Lander [10], Wang et al [26] for more detailed introduction on linkage analysis and
quantitative trait (QTL) mapping.]

If the genotypes of gene A and B are accessible, the problem becomes the hypoth-
esis testing of interaction in repeated measurement two-way layout design. However,
before we collect samples, we can not specify the number of replicates for each geno-
type combination, because the genotypes can only be determined after the samples
are collected and analyzed in the laboratory by the genotyping machine. Unlike a
classical experiment design, we do not have the optioh of choosing equal replicates.

The detection of gene interaction remains largely unsolved theoretically. In this thesis
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genotypes BB Bb bb
AA Pap; 2p2p5(1 — py) pi(1 —ps)*
Aa 2p.(1 = po)pi | 4pa(1 — pa)ps(1 — ) | 2pa(l — pa) (1 — ps)°
aa (1 - pa)2pl2; 2(1 - pa)Qpb(l - pb) (1 - pa)2(1 - pb)2

Table 4: Genotype combinations frequencies at locus A and B

we are trying to propose a framework to analyze this type of data. The phenotypic
contribution of gene A can be regarded as the row effect, and contribution of gene
B can be regarded as the column effect. In Table 4, we represent the proportion of
people with a certain genotype combination under the Hardy-Weinberg equilibrium.
Let
Wiy = pﬁ, Wig = 2pp(1 — pp), wiz = (1 — pb)z,‘v’i.

Therefore when we sample large number of individuals, the cell replicates for each
genotype combination will satisfy the mild condition specified by Theorem 5.1.1. If
the sample size is small, the cell frequency for each genotype combination will deviate
from this frequency table. Nevertheless, we can use the test statistics developed for
the unbalanced designs with arbitrary cell weights.

Using the extended method which can deal with this type of unbalanced design
is more powerful than trimming down all the cell sizes to be equal to the n,,;,. Since
by trimming, the number of total observations used in the ranking are decreased, the

power will be affected significantly.
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7.2 Discussion

Testing gene-gene interaction has been an important issue in the field of statistical
genetics, but it remains largely unresolved due to the inherent difficulties residing in
the methodology of testing interaction and the complex nature of human genetic data.
In this thesis, we have explored a new framework to transform the biological prob-
lem into a statistical hypothesis testing and parameter estimation problem. When
genotypes are accessible, we propose to test gene interaction as testing interaction
in an unbalanced repeated measurement design. The traditional analysis of variance
method has considerable appeal, in that it has good power under Gaussian noise.
However, there is a need to provide a robust nonparametric method for testing inter-
action which makes no normality assumption. Aligned tests proceed by subtracting
estimated row and column effect from the observations prior to ranking, thus they
are not invariant under monotone transformations. The rank transform method is
another popular but controversial test. All the observations are ranked together and
the classical analysis of variance test is applied to these ranks. The rank transform
has been proven to be an invalid test for interaction when the number of rows and
columns each exceeds 2 and both main effects are present. Furthermore, the afore-
mentioned tests are not applicable to unbalanced designs which constrains their use in
testing gene-gene interaction. There are several other tests available which are based

on innovative new definitions of interaction or limited to the situations when one of
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the main effect is absent. In this paper, a new rank test which overcomes all the
difficulties above is proposed. It has satisfactory type I error rate and superior power
in all non-normal situations. It can be easily extended to accommodate unbalanced
designs. As none of other competing methods are applicable to unbalanced designs
with arbitrary cell weight, we believe that the new test statistics proposed here will
be useful in testing for interaction in genetic setting. In regards to which of the three
proposed methods should be employed in practice, we strongly recommend the use
of W3 statistic because it captures the rank discordance in both rows and columns
caused by interaction and in most situations it is more powerful than W; and W,.
Nevertheless, we also admit that depending on the parameters’ setting, there exist

situations when W3 could be outperformed by W; and W5.
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7.3 Appendix

The following codes are Splus programs to run the simulations.

varxin<-function(X,Y){
if (length(which.na(X))==0){
X1<-X

}

else {
X1<-X[-which.na(X)]

}

if (length(which.na(Y))==0){
Yi<-Y

}

else {
Y1<-Y[-which.na(Y)]

}

if (length(X1) !=length(Y1)){
a<-NA

}

else {

a<-sum((X1-sum(X1)/length(X1))*(Y1-sum(Y1) /length(Y1)))/(length(¥Y1)-1)
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}

return (a)

varVecNormal<-function (X){
if (length(which.na(X))==0){
return (sum( ((X-sum(X)/length(X))~2)/(length(X)-1)))
}
else {
X1<-X[-which.na(X)]

return(sum(((X1-sum(X1) /length(X1))“2)/(length(X1)-1)))

}

tomsonImp<-

function(R, C, N, dat, const, amat, bmat)

{
rankl <- array(rank(dat), dim = c(R, C, N))
rankl <- ranki/(R * C * N + 1)
Q1 <- 0

meanrankl <- mean(rankl)
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for(j in 1:C) {
meanranklj <- mean(ranki[, j, 1])
for(i in 1:R) {
Q1 <- Q1 + (mean(rankif[i, j, ]) - mean(
ranki[i, , ]) - meanramnklj +

meanrankl) =2

}
Q1 <- Q1 * N
D1 <- 0
for(j in 1:C) {
for(i in 1:R) {
ttl <- ranki[i, j, ] - mean(ranki[i, j, 1)

D1 <- D1 + sum(ttl * tt1)

}

D1 <- Di/(R * C * N - R * C)
Q3 <- 0

meandat <- mean(dat)

for(j in 1:C) {
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meandatj <- mean(dat[, j, 1)
for(i in 1:R) {
Q3 <- Q3 + (mean(dat[i, j, 1) - mean(dat[i,

, 1) - meandatj + meandat) "2

}
Q3 <- Q3 * N
D3 <~ 0
for(j in 1:C) {
for(i in 1:R) {
tt3 <- dat[i, j, ] - mean(dat[i, j, 1)

D3 <- D3 + sum(tt3 * tt3)

}

D3 <- D3/(R * C * N - R * C)

datbs <- array(dim = c(R, C, N))

for(j in 1:C) {
mediandatj <- LehmanEst(as.vector(dat[, j, 1))
for(i in 1:R) {

dat5[i, j, 1] <- dat[i, j, ] - LehmanEst(
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as.vector(datl[i, , 1)) -

mediandatj

}
rankb <- array(rank(datb), dim = c(R, C, N))
rank5 <- rank5/(R * C x N + 1)
Q5 <- 0
meanrankb <- mean(rank5)
for(j in 1:C) {

meanrankbj <- mean(rank5[, j, 1)

for(i in 1:R) {

Q5 <- Q5 + (mean(rank5[i, j, 1) - mean(
rank5[i, , 1) - meanrank5j +

meanrank5b) 2

}

Q5 <- Q5 * N

D5 <- 0

for(j in 1:0) {

for(i in 1:R) {
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tt5 <- rank5[i, j, ] - mean(rank5[i, j, 1)

D5 <- D5 + sum(tt5 * ttb5)

}

D5 <- D5/(R * C * N - R * C)

T1 <- Q1/D1

T3 <- Q3/(D3 * (R - 1) * (C - 1))

T5 <- Q5/D5

return(c(pchisq(T1, (R * C - R - C + 1)), pf(T3, (R - 1) * (

C-1), R*Cx* (N-1)), pchisq(T5, (R * C - R - C +

MNP

}
LehmanEst<-
function(X)
{
L <- length(X)
Y <- numeric((L * (L + 1))/2)

startL <~ 1
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for(i in 1:L) {
endL <- startL + L - i
Y[startL:endL] <- X[i] + X[i:L]
startlL <- startL + L - i + 1
}
return(0.5 * median(Y))
}
generateAmat<-
function(R, C, N)
{
amat <- array(dim = c(R * C, R *x C))
for(k in 1: (R * C)) {
Rowk <- ceiling(k/C)
Colk <- k - (Rowk - 1) * C
for(l in 1: (R * C)) {
Rowl <- ceiling(1/C)
Coll <= 1 - (Rowl - 1) * C
if ((Rowk == Rowl) && (Colk == Coll)) {

amat[k, 11 <- (R - 1)/R
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else if(Colk == Coll) {

amat [k, 1] <- -1/R

}
else {
amat[k, 1] <- 0
}
}
}
‘return(amat)
}
generateBmat<-

function(R, C, N)
{
bmat <- array(dim = c(R * C, R * C))
for(k in 1: (R * C)) {
Rowk <- ceiling(k/C)
Colk <- k - (Rowk - 1) * C
for(1 in 1: (R * C)) {
Rowl <- ceiling(1/C)

Coll <=1 - (Rowl - 1) * C
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if ((Rowk == Rowl) && (Colk == Coll)) {

bmat[k, 1] <~ (C - 1)/C
}
else if(Rowk == Rowl) {

bmat[k, 1] <- -1/C

}
else {
bmat[k, 1] <- 0
}
}
}
return(bmat)
}
makedat<-

function(R, C, N, alpha, beta, std)
{
dat <- array(dim = c(R, C, N))
temp <- numeric(N)
for(i in 1:R) {

for(j in 1:C) {
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dat[i, j, 1 <- alpha[i] + beta[j] + rnorm(N,

0, std)

}

return(dat)

makeintedat .beta<-

function(R, C, N, alpha, beta, shapel, shape2, scale, interact)

{
dat <- array(dim = c(R, C, N))
for(i in 1:R) {
for(j in 1:C) {
dat[i, j, ] <- (rbeta(N, shapel, shape2) -
0.5) * scale + alphal[i] + betal[j] +
interact[i, j]
}
}
return(dat)
}

makeintedat.lognormal<-
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function(R, C, N, alpha, beta, std, interact)

{
dat <- array(dim = c(R, C, N))
for(i in 1:R) {
for(j in 1:C) {
dat[i, j, ] <- rlnorm(N, std) + alphal[i] +
betalj] + interact[i, j]
}
}
return(dat)
}

makeintedat.cauchy<-
function(R, C, N, alpha, beta, std, interact)
{
dat <- array(dim = c(R, C, N))
for(i in 1:R) {
for(j in 1:C) {
dat[i, j, 1 <- rcauchy(N, 0, std) + alphali

] + vetalj]l + interact[i, jl
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}

return(dat)
}
makeintedat<-

function(R, C, N, alpha, beta, std, interact)

{
dat <- array(dim = c(R, C, N))
for(i in 1:R) {
for(j in 1:C) {
dat[i, j, 1 <- rnorm(N, 0, std) + alphali] +
beta[j] + interact[i, j]
}
}
return(dat)
}

makeintedat.dexp<-
function(R, C, N, alpha, beta, rate, interact)
{

dat <- array(dim = c(R, C, N))
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for(i in 1:R) {
for(j in 1:C) {
dat[i, j, ] <- rexp(N, rate) - rexp(N, rate

) + alpha[i] + betalj] + interactli,

]
}
}
return(dat)
}
tomsonaddrc<-

function(R, C, N, dat, const, amat, bmat)
{

rankl <- array(rank(dat), dim = c(R, C, N))

rank2 <- array(dim = c(R, C, N))
rank3 <- array(dim = c(R, C, N))
for(i in 1:R) {
rank2[i, , ] <- array(rank(dat[i, , 1), dim = c(

C, N))
3

for(j in 1:C) {
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rank3[, j, 1 <- array(rank(dat[, j, J]), dim = c(R,
N)
}
rankl <- ranki/(R * C *x N + 1)
rank2 <- rank2/(C * N + 1)
rank3 <- rank3/(R * N + 1)
temp <- array(dim = c(R * C, N))
templ <- array(dim = c(R * C, N))
for(i in 1:R) {
for(j in 1:C) {
temp[(i - 1) *x C + j, ] <- ramk2[i, j, ] -
mean (rank2[, j, J)

tempi[(i - 1) * C + j, ] <- rank2[i, j, ]

}
}
temp2 <- array(dim = c(R * C, N))
temp3 <- array(dim = c(R * C, N))
for(i in 1:R) {
meanrank3i<-mean(rank3[i, , 1])

for(j in 1:C) {
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temp2[(i - 1) * C + j, ] <- rank3[i, j, ] -meanrank3i

temp3[(i - 1) *x C + j, ] <- rank3[i, j, ]

}
cmatrix <- array(dim = ¢c(R, C, C, N))
sigma4 <- array(0,dim = c(R * C, R * C))
for(i in 1:R) {
for(j in 1:€) {
sempl <- array(rep(datf[i, j, 1, each = N), dim = c(N, N))
if(j == 1) {
emp <- dat[i, (j + 1):C, ]
}
else if(j == C) {
emp <- dat[i, 1:(j - 1), ]
}
else {
emp <- c(dat[i, 1:(j - 1), 1,dat[i, (j + 1):C, 1)
}
cmatrix[i, j, j, 1 <- apply((dat[i, j, 1] >=

(array(rep(emp, each = N),
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dim = c¢(N, length(emp))))), 1, sum)/N
for(b in 1:C) {
if(b 1= j) {
cmatrix[i, j, b, 1 <= ( - apply((dat[i, b, 1

>= sempl), 1, sum))/N

}
for(k in 1: (R * C)) {
Rowk <~ ceiling(k/C)
Colk <- k¥ - (Rowk - 1) * C
for(l in k: (R * C)) {
Rowl <- ceiling(1/C)
Coll <~ 1 - (Rowl - 1) * C
if ((Rowk == Rowl) && (Colk == Coll)) {
phivar <- cmatrix[Rowk, Colk, , ]
sigma4[k, 1] <- sum(apply(phivar; 1, varVecNormal))
}

else if(Rowk == Rowl) {
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sigmad[k, 1] <- sum(apply(cbind(
cmatrix[Rowk, Colk, , 1, cmatrix[
Rowk, Coll, , 1), 1, varxinApply))
}

sigma4[l, k] <- sigmad[k, 1]

}
sigma4 <- sigma4/C"2
Impsigma8 <- amat %*) sigmad %*) t(amat)
invsigma8 <- ginverse(Impsigma8)
vec <- apply(temp, 1, sum)
T8 <- vec ¥x% invsigma8 Y%+% vec/N
dmatrix <- array(dim = c(R, C, R, N))
sigmab <- array(0,dim = c(R * C, R * C))
for(j in 1:C) {
for(i in 1:R) {
sempl <- array(rep(dat[i, j, ], each = N), dim
if(i == 1) {

emp <- dat[(i + 1):R, j, ]
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else if(i == R) {

emp <- dat[1:(i - 1), j, ]

}
else {

emp <- c(dat[1:(i - 1), j, 1, dat[@ + 1):R, j, 1
}

empl <- array(rep(emp, each = N),dim = c(N, length(emp)))
dmatrix[i, j, i, ] <- apply({dat[i, j, ] >= empi),1, sum)/N
for(b in 1:R) {
if(b 1= i) {
dmatrix[i, j, b, ] <- ( - apply((dat[b, j, ]

>= sempl), 1, sum))/N

}
for(k in 1:(R * C)) {
Rowk <- ceiling(k/C)
Colk <- k - (Rowk - 1) * C

for(l in k: (R * C)) {
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Rowl <- ceiling(1/C)
Coll <- 1 - (Rowl - 1) * C
if ((Rowk == Rowl) && (Colk == Coll)) {
phivar <- dmatrix[Rowk, Colk, , ]
sigmaS[k, 1] <- sum(apply(phivar, 1, varVecNormal))
}
else if(Colk == Coll) {
sigmab[k, 1] <- sum(apply(cbind(
dmatrix[Rowk, Colk, , ], dmatrix[
Rowl, Colk, , 1), 1, varxinApply))
}

sigmab[1, k] <- sigmaS[k, 1]

}

sigmab <- sigma5/R~2

Impsigma9 <- bmat %), sigmab %) t(bmat)
invsigma9 <- ginverse(Impsigma9)

vec <- apply(temp2, 1, sum)

T9 <- vec %*% invsigma9 %*J vec/N

cosig <- array(dim = c(R * C, R * C))
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for(k in 1: (R * C)) {
Rowk <- ceiling(k/C)
‘Colk <- k - (Rowk - 1) * C
for(l in 1:(R * C)) {
Rowl <- ceiling(1/C)
Coll <- 1 - (Rowl - 1) * C
if ((Rowk == Rowl) &% (Colk == Coll)) {
cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Colk, 1], dmatrix[Rowk, Colk,
Rowk, 1)
}
else if (Rowk == Rowl) {
cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Coll, ], dmatrix[Rowk, Coll,
Rowk, 1)
}
else if(Colk == Coll) {
cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Colk, ], dmatrix[Rowl, Colk,

Rowk, 1J])
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pchisq(T9, (R * C -R - C + 1)), pchisq(T10, (R * C - R - C + 1))))

}

}
else {
cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Coll, 1], dmatrix[Rowl, Coll,

Rowk, 1)

}

cosig <- cosig/(R * C)

Impsigma6 <- amat %x), sigma4 ) t(amat) +

(bmat %*) sigmab +2 * amat %x*J/ cosig) %*J, t(bmat)
invsigma6é <- ginverse(Impsigma6)

vecl <- apply(temp + temp2, 1, sum)

T10 <- vecl %} invsigma6 %x*J vecl/N

return(c(pchisq(T8, (R * C - R - C + 1)),

varApply<-

function(X)

{
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L1 <~ length(X)/2
return(var(X[1:L1], X[(L1 + 1):1length(X)]1))
) ‘
varxinApply<-
function(X)
{
L1 <- length(X)/2
return(varxin(X[1:L1], X[(L1 + 1):length(X)]))
}
coefunr<-function(R, C, Nmat){
coef<~vector("list", RxC)
for(i in 1:R) {
for(j im 1:0) {
coef [[(i-1)*C+j]]<-NULL
for (a in 1:C){
if (a!=j){
coef [[(i-1)*C+j]]<~c(coef [[(i-1)*C+j]l],
-rep((Nmat [i, jI+Nmat[i,a]l+1)/
(Nmat [i,a]*(Nmat[i,j]+Nmat[i,a])),Nmat[i,a]))

}
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}
return(coef)
}
colrestack<-function(dat,dataIndexS,datalndexE,R, C, Nmat){
datcol <- numeric(sum(Nmat))
dataIndexScol<-array(1l: (R*C),dim=c(R,C))
dataIndexEcol<-array(1: (RxC) ,dim=c(R,C))
start<-1
for(j in 1:C) {
for(i in 1:R) {
end<-start+Nmat[i, jl-1
datcol[start:end]<-dat[dataIndexS[i, j]:dataIndexE[i, j]]
dataIndexScolli,jl<-start
dataIndexEcol[i,j]<-end

start<-start+Nmat[i, j]

}

return(list(datcol,dataIndexScol,datalndexEcol))
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}
makeintedatHong.gene<-
function(R, C, Nmat, alpha, beta, std, interact)

{

data <- numeric(sum(Nmat))
dataIndexS<-array(1l: (R*C) ,dim=c(R,C))
datalndexE<-array(1: (R*C) ,dim=c(R,C))
start<-1
for(i in 1:R) {
for(j in 1:C) {
end<-start+Nmat[i,j]-1
data[start:end]<-rnorm(Nmat[i,jl, 0, std)+
alpha[i] +beta[j] + interact[i, j]
datalndexS[i, jl<-start
datalndexE[i, j1<-end

start<-start+Nmat[i, j]

}

return(list(data,dataIndexS,dataIndexE))
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}
makeintedatHong.genebeta<-

function(R, C, Nmat, alpha, beta, std, interact)

{

data <- numeric(sum(Nmat))
dataIndexS<-array(1: (R*C) ,dim=c(R,C))
datalndexE<-array(1: (RxC) ,dim=c(R,C))
start<-1
for(i in 1:R) {
for(j in 1:C) {
end<-start+Nmat[i, j]1-1
data[start:end]<-(rbeta(Nmat[i,jl, 1, 1) -
0.5) * std+ alphal[i] +beta[j] + interact[i, jl
datalndexS[i, jl<-start
dataIndexE[i, j]<-end

start<-start+Nmat[i,j]

}

return(list(data,dataIndexS,datalndexE))
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}
makeintedatHong.genelog<-
function(R, C, Nmat, alpha, beta, std, interact)

{

data <- numeric(sum(Nmat))
dataIndexS<-array(i: (RxC) ,dim=c(R,C))
dataIndexE<-array(1: (R*C) ,dim=c(R,C))
start<-1
for(i in 1:R) {
for(j in 1:C) {
end<-start+Nmat[i, jl-1
data[start:end]<-rlnorm(Nmat[i,jl, std)+
alpha[i] +betalj]l + interact[i, j]
dataIndexS[i,jl<-start
dataIndexE[i, j]<-end

start<-start+Nmat[i,j]

}

return(list(data,datalndexS,dataIndexE))
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b
makeintedatHong.genecauchy<-
function(R, C, Nmat, alpha, beta, std, interact)

{

data <- numeric(sum(Nmat))
dataIndexS<-array(1l: (R*C) ,dim=c(R,C))
dataIndexE<-array(1l: (R*C),dim=c(R,C))
start<-1
for(i in 1:R) {
for(j in 1:C) {
end<-start+Nmat[i, j]-1
data[start:end]<-rcauchy (Nmat[i,j], 0, std)+
alpha[i] +beta[j] + interact[i, jl
dataIndexS[i, jl<-start
dataIndexE[i, jl1<-end

start<-start+Nmat[i, j]

}

return(list(data,dataIndexS,datalndexE))
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}
makeintedatHong.genedexp<-
function(R, C, Nmat, alpha, beta, std, interact)

{

data <- numeric(sum(Nmat))
dataIndexS<-array(1: (R*C) ,dim=c(R,C))
dataIndexE<-array(1l: (R+C) ,dim=c(R,C))
start<-1
for(i in 1:R) {
for(j in 1:C) {
end<-start+Nmat[i, j]-1
data[start:end]<-rexp(Nmat[i,j], std) -
rexp(Nmat[i,j], std
)+ alpha[i] +betalj] + interact[i, j]
dataIndexS[i, jl<-start
dataIndexE[i, jl<-end

start<-start+Nmat[i, j]l
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return(list(data,dataIndexS,datalndexE))
}
cweight<-
function(R, C, Nmat)
{
coef <- vector("list", R * C)
for(i in 1:R) {
for(j in 1:C) {
coef[[(i - 1) * C + j1] <~ NULL
for(a in 1:C) {
if(a != j) {
coef[[(1 - 1) * C + j]] <-
c(coef[[(i - 1) * C + j1], rep(1/Nmat[

i, al, Mmat[i, al))

}

return(coef)



BIBLIOGRAPHY 130

unbrow<-
function(R, C, Nmat, dat, datIndexS, datIndexE,coef,amat,cwe)
{ df<-(R-1)*(C-1)
rankVec <- numeric(RxC)
sigma <- array(dim = c(R*C, R * C))
cmatrix <- array(dim = c(R, C, C, max(Nmat)))
for(i in 1:R) {
for(j in 1:C) {
semp <- dat[datIndexS[i, j] :datIndexE[i, jl]
self<-array(rep(semp, each = Nmat[i,jl),
dim = c¢(Nmat[i,j],Nmat[i,jl))
if(j == 1) {
emp <- dat[datIndexS[i, (j+1)]:datIndexE[i,C]]
}
else if(j == C) {
emp <- dat[datIndexS[i, 1]:datIndexE[i, (j-1)]]
}
else {

emp <- c(dat[datIndexS[i, 1]:datIndexE[i, (j-1)]]
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,dat [datIndexS[i, (j+1)]:datIndexE[i,C]])
}
emp2 <- semp >= (array(rep(emp, each = Nmat[i,j]
),dim = c(Nmat[i,j], length(emp))))
rankVec[(i-1)*C+j]<-mean (apply(cbind(
t(cwe[[(i-1)*C+j]1]*t (emp2)), (semp >= self)/Nmatl[i,jl),
1, sum))/C
cmatrix[i,j,j,(1:Nmat[i,j1)] <-
apply(t(coef [[(i-1)*C+j]]*t(emp2)),
1, sum)
for(b in 1:C) {
if(b 1= ) {
sempl <- array(rep(semp, each = Nmat[i,b]),
dim = c(
Nmat[i,b], Nmat[i,jl))
emp2 <- dat[datIndexS[i, b]:datIndexE[i,
b]] >= sempl
cmatrix[i, j, b,(1:Nmat[i,b])]2— apply(
emp2, 1, sum)/(Nmat[i,bl*(Nmat[i,jl+

Nmat [i,b]))*(Nmat[i,j]l+Nmat[i,b]+1)
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for(k in 1: (R * C)) {
Rowk <- ceiling(k/C)
Colk <- k¥ - (Rowk - 1) *x C
for(l in k:(R * C)) {
Rowl <- ceiling(1/C)
Coll <- 1 - (Rowl - 1) * C
sigmalk, 1] <- 0
if ((Rowk == Rowl) && (Colk == Coll)) {
sigmalk, 1] <- sum(apply(cmatrix
[Rowk, Colk, , 1, 1, varVecNormal)
*xNmat [Rowk,] )/ (Nmat [Rowk,Colk]~2)
}
else if(Rowk == Rowl) {

sigmalk, 1] <- sum(apply(cbind(

cmatrix[Rowk, Colk, , ], cmatrix[
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Rowk, Coll, , 1), 1, varxinApply)*
Nmat [Rowk,]) / (Nmat [Rowk,Colk] *Nmat [Rowl,Coll])
}

sigma[l, k] <- sigmalk, 1]

}
sigma <- sigma/(C"2)
Impsigma <- amat %*J, sigma %*J t(amat)

invsigma <- ginverse(Impsigma)

Ti<- t(amat¥*Y%rankVec) %% invsigma %*% (amat¥x)rankVec)
return(list(pchisq(T1, df),rankVec,cmatrix, sigma))
}
unball<-<-function(R, C, Nmat, dat, datIndexS, datIndexE,
cdat, cdatIndexS, cdatIndexE,
coefl,coef2,amatl,amat2,bmat,cwl,cw2){
reso<-unbrow(R, C, Nmat,dat, datIndexS, datIndexE,
coefl,amati,cwl)
rankVec<-reso[[2]]

cmatrix<-reso[[3]1]
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sigma<-reso[[4]]

result<-unbrow(C, R, t(Nmat), cdat, t(cdatIndexS),
t(cdatInéexE),coef2,amat2, cw2)
cankVec<-result[[2]]

cankVec<-as.vector (t(array(cankVec,dim=c(R,C))))
dmatrix<-array(dim=c(R,C,R,max(Nmat)))

for (i in 1:R){

for (j in 1:0){
dmatrix[i,j,,]<-result[[3]1[j,1,,]

}

sigma2<-array(dim=c (R*C,R*C))
for(k in 1: (R * C)) {
Rowk <- ceiling(k/C)
Colk <- k - (Rowk - 1) * C
kprime<-(Colk-1)*R+Rowk
for(l in k:(R * C)) {
Rowl <- ceiling(1/C)

Coll <~ 1 - (Rowl - 1) % C
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lprime<-(Coll-1)*R+Rowl
sigma2[k, 1] <- result[[4]] [kprime,lprime]

sigma2[1l, k]l<-sigma2[k, 1]

cosig <- array(dim = c(R * C, R * C))
for(k in 1: (R * C)) {

Rowk <- ceiling(k/C)

Colk <~ k - (Rowk - 1) * C

for(l in 1:(R * C)) {
Rowl <- ceiling(1/C)
Coll <- 1 - (Rowl - 1) *x C
uc<-Nmat [Rowk,Col11]/(Nmat [Rowk,Colk]*Nmat [Rowl,Coll])
if ((Rowk == Rowl) && (Colk == Coll)) {

cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Colk, 1, dmatrix[Rowk, Colk,

Rowk, J)=*uc
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else if (Rowk == Rowl) {
cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Coll, ], dmatrix[Rowk, Coll,
Rowk, ])*uc
}
else if(Colk == Coll) {
cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Colk, 1, dmatrix[Rowl, Colk,

Rowk, 1)=*uc

}
else {
cosiglk, 1] <- varxin(cmatrix[Rowk,
Colk, Coll, ], dmatrix[Rowl, Coll,
Rowk, 1)*uc
}

}
cosig <- cosig/(R * C)
Impsigma3 <- amatl %*% sigma %*% t(amatl) + (bmat %*% sigma2

+2 * amatl %*), cosig) %x% t(bmat)
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invsigma3 <- ginverse(Impsigma3)

T3 <; (t(amati)*%rankVec+bmat*%cankVec)) %*), invsigma3
hxh
(amat1%*%rankVec+bmaty*¥%cankVec)

return(c(reso[[1]],result[[1]],pchisq(T3, (R-1)*(C-1))))



