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Abstract

Root systems are a fundamental concept in the theory of Lie algebra. In
this thesis, we will use two different kind of graphs to represent the group
generated by reflections acting on the elements of the root system. The root
systems we are interested in are those of type As, By and G,. After draw-
ing the graphs, we will study the algebraic groups corresponding to those
root systems. We will use three different techniques to give a geometric de-
scription of the homogeneous spaces G/P where G is the algebraic group
corresponding to the root system and P is one of its parabolic subgroup.
Finally, we will make a link between the graphs and the multiplication of
basis elements in the Chow group CH(G/P).

Résumé

Les systemes de racines sont un concept fondamental dans la théorie de
I’algebres de Lie. Dans cette these, nous utiliserons deux types de graphes
permettant de représenter le groupe généré par les réflections qui agissent
sur les éléments du systeme de racines. Les systemes de racines qui nous
intéressent sont ceux de type A, By et G5. Apres avoir dessiné les graphes,
nous étudierons les groupes algébriques correspondant a ces systemes de
racines. Nous utiliserons trois techniques différentes afin de donner une
description géométrique des espaces homogenes G/P ou G est un groupe
algébrique correspondant au systeme de racines et P est I'un de ses groupes
paraboliques. Finalement, nous ferons un lien entre les graphes et une mul-
tiplication des éléments de la base du groupe de Chow CH(G/P).
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Chapter 1

Introduction

The German mathematician Hermann Weyl was the first one to use the term
Lie algebra (named after Sophus Lie) in lectures at the Institute for Advanced
Study in 1933-1934. Since then, the theory of Lie algebra has greatly evolved
and is now used in several different areas of mathematics, physics, computer
science, and many more. In this thesis, we are mostly interested in root sys-
tems, which are a fundamental concept in the theory of Lie algebras. The
root systems we are interested in are those of rank 2, e.g. A, By and G5. In
our exposition we will follow [Bou|, [EW] and [Hu].

A root system may be viewed as a collection of vectors in an Euclidian
space satisfying some geometric properties. One of these properties is that
the set of vectors is closed under the reflections through the hyperplanes
perpendicular to these vectors. The group generated by these reflections is
called the Weyl group and this will be the principal object of our studies.
It is an interesting subject since the Weyl group has many properties that
can be examined using different methods. A multitude of tools are available
to study groups, but we will restrict ourselves to some particular ones from
graph theory.

The Cayley graph, named after the British mathematician Arthur Cay-
ley, is a graph that encodes the structure of a discrete group. By drawing
the Cayley graph of the Weyl group, we will be able to exhibit some basic
properties of the group. Unfortunately, we cannot interpret all the properties
we want just by looking at the Cayley graph. Therefore, we will turn our
interest toward another kind of graph, the Pieri graph. This type of graph
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uses a different formula to compute the number of arrows between vertices
and contains information about the intersection product on cohomology of
associated flag varieties.

In order to understand the usefulness of the Pieri graph, we must start to
work with algebraic groups. More precisely, we are interested in the linear al-
gebraic groups over an algebraically closed field of characteristic zero, which
are in one-to-one correspondence with Lie algebras. Therefore, the study of
the algebraic groups corresponding to certain root systems is a natural way
to search for additional properties of the Pieri graph. The algebraic groups
corresponding to the root systems of type Ay, By and Gy are respectively
the groups SL3(C), SO5(C) and the group of automorphisms of the octonion
algebra. As for Lie Algebra, the theory of algebraic groups is a vast area
of study considered by mathematicians since the 19th century. Throughout
this thesis, when it comes to algebraic groups, we will follow the books of
[Bor], [Hu2] and [Spr].

Before making the link between algebraic groups and the Pieri graph, it
is normal for us to seek a better understanding of the objects we are working
with. In fact, for an algebraic group G, we are interested in the algebraic
varieties of the form G/P for some closed subgroup P of G. The subgroup
P satisfies some particular properties and is called a parabolic subgroup of
G. In the Chapters 4, 5 and 6, we will study the varieties of the form G/P
by giving a geometric description using three different methods.

We will begin by using a computational method. Since the groups SL3(C)
and SO5(C) are matrix groups, linear algebra gives us plenty of tools to find
a geometric description of G/P. In the case of SO5(C), additional knowledge
about bilinear forms will be necessary. Fortunately, [Lam] is a good source
of information about the subject.

The next method involves viewing the algebraic groups as Chevalley
groups. The lecture notes [St] explain how to construct an algebraic group G
by starting with a root system using the Chevalley construction. Moreover,
we can follow the work of [CG| to be able to find a geometric description
of G/P. What is interesting about this method is that we can get a good
description of G/P by looking at the Dynkin diagram of the corresponding
root system.
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The last method is motivated by representation theory [FH|. It is well-
known that for any Lie algebra g, we can describe the algebra using the root
space decomposition. Analogous to that, we get a decomposition for any
representation V', called the weight space decomposition. Using these two
decompositions, we will be able to elaborate a step-by-step method that will
help us analyze some particular representations in order to give a geometric
description. After all that work, we will have enough knowledge about the
varieties of the form G/P.

We can now return on the track leading toward our main goal. The last
tool needed will be some facts about Chow groups. Following [NSZ], we can
find a basis for the group CH(G/P). Then, as we can see in [De], there is
a connection between the multiplication of the basis elements of CH(G/P)
and the Pieri graph of the root system corresponding to GG. Just by looking
at the Pieri graph, we will be able to compute right away the multiplication
of certain basis elements of CH(G/P).
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Chapter 2

Preliminaries

2.1 Root Systems

The primary goal of this chapter is to familiarize the reader with the basic
notions that will be used throughout this thesis. All the tools necessary for
the construction of our examples will be introduced here, but those examples
will only be approached in the next chapter. Let us begin by establishing
what is needed for our main definitions.

Let E be a fixed euclidian space, i.e., a finite-dimensional real vector
space endowed with an inner product (-,-). For v € E, v # 0, we define s,
to be the orthogonal reflection in the hyperplane normal to v. We can write
down the following explicit formula [EW, p. 109]:

Sp(x) =2 — 2((@3:,?}1;)”7vx €FE. (2.1)

Since we will often encounter the fraction 2(x,v)/(v,v), we will use this
notation:
2(z,v)

(x,0") = (0.0)

2.1.1 Remark. The symbol (z,v") is only linear with respect to the first
variable, x.

Now that we know in which kind of space we work and that we have
established the necessary notation, we can introduce our first definition.



2.1.2 Definition. [EW, p. 110][Hu, p. 42] A subset ® of the euclidian space
E is called a root system in E if the following axioms are satisfied:

(R1) @ is finite, spans E, and does not contain 0.

(R2) If a € @, the only scalar multiples of « in ® are +a.
(R3) If a € @, the reflection s, permutes the elements of ®.
(R4) If v, B € @, then (8,a") € Z.

The elements of ® are called roots.

2.1.3 Definition. [Hu, p. 43] Let ®, 5 be two root systems with respective
euclidian spaces E;, Ey. We say that (E1, ®1) and (Es, ®s) are isomorphic if
the exists a vector space isomorphism ¢ : Fy — F, sending ®; onto ®,.

It follows from the definition that ¢(sq(3)) = s¢)(@(3)). Therefore, by
(R3), we know that the group of automorphisms of ®, Aut(®), permutes the
elements of .

2.1.4 Lemma. [Bou, p. 142] Aut(®) is finite.
Here is a direct consequence of (R4).

2.1.5 Lemma. [EW, p. 111 Suppose that ® is a root system in E. Let
a, B € O with 8 # +a. Then

(a, V)(B,a") €{0,1,2,3}.

Using the previous lemma, we get the following possibilities when S # +«
and ||8]| > [|ev]|:

(o) [ B0y | 0| 2
0 0| m/2 | undetermined
1 1| n/3 |1
1 1| 2m/3 1
1 2| /4|2
1 2| 3n/4 | 2
1 3| /6|3
1 3| 57/6 | 3




By taking a good look at the table, we see that we have different values
of (o, 8¥) depending on whether 6 is acute or obtuse. This fact can help us
in the proof of the following proposition.

2.1.6 Proposition. [EW, p. 112] Let o, 5 € P.
(i) If the angle between o and B is strictly obtuse, then o+ € ®.

(11) If the angle between o and B is strictly acute and ||B]|* > ||«|?, then
a—ped.

The next definition helps us in distinguishing root systems.

2.1.7 Definition. The rank of a root system ®, denoted rk(®), is defined
as the dimension of E, dim(F).

When rk(®) < 2, we can describe the root system by drawing a picture.
In the case where 7k(®) = 1, the condition (R2) gives us only one possibility.
We denote that root system by A; and we get the following picture:

Ali

—e—— ——

Rank 2 gives us more possibilities. In fact, one can check [EW, p. 112—
113] that we have exactly four different root systems of rank 2. We can look
in the table above for the angle # between a and [ as well as for the length
ratio of the two roots. We can draw each picture as follows:

Al XAli



=

GQZ

Keep in mind that the pictures are important since those are the root
systems that we will use as examples in the next chapters.

2.1.8 Remark. For A; x Aj, the length of  and 8 does not need to be the
same. Since the ratio is undetermined, both lengths are arbitrary.

The following definition gives another important characteristic of a root
system.

2.1.9 Definition. [EW, p. 114] The root system @ is reducible if ® can be
expressed as a disjoint union of two non-empty subsets ®; U &, such that
(a, ) =0 for a € @ and B € Po. If not, P is irreducible.



2.1.10 Remark. If such a decomposition exists, ®; is also a root system in
E; = span(®;) for i =1,2.

2.1.11 Proposition. A; x A; is reducible.

Proof: Let a # £+ and A; x A; = {£a«, £} like in the picture above. Let
us write A; X Ay = &3 U Py where & = {£a} and &y = {£[}. We know
that ®; and ®, are root systems of type A;. Also, since the angle 6 between
a and s w/2,

(+a, £6) = [[alll|8]] cos 0 = 0.

Therefore, A; x A; is reducible. O

The next lemma tells us that we can write any root system as a disjoint
union of irreducibles.

2.1.12 Lemma. [EW, p. 114][Hu, p. 57] Let ® be a root system in the real
vector space E. We may write ® as a disjoint union

D=0, UdyU...U Dy,

where each ®; is an irreducible root system in the space E; spanned by ®;,
and E s the direct sum of the orthogonal subspaces Eq, Fs, ..., E}.

We will dedicate the next section to an important subset of ®.

2.2 Base of a Root System

Since ® spans F/, any maximal linearly independent subset of ® is a basis for
®. In fact, we have a stronger definition for a base of a root system.

2.2.1 Definition. [EW, p. 115] A subset A of ® is a base for the root system
o if

(B1) A is a basis for E, and

(B2) every 8 € ® can be written as f = ) A koo With k, € Z, where all
the non-zero coefficients k, have the same sign.



We call the elements of A simple roots. Also, we say that a root 5 € ® is
positive (respectively negative) with respect to A if the coefficients in (B2)
are all positive (resp. negative). We denote by ®* the set of all positive
roots of @ and by ®~ the set of all negative roots. By property (B2), we can
write ® as a disjoint union of ®* and ®~.

The following lemma is a direct consequence of the definition.

2.2.2 Lemma. [EW, Exercise 11.3] If A is a base for the root system P,
then the angle between any two distinct elements of A is obtuse.

Proof: Let a, 5 € A and let @ # 3. Suppose the angle between a and
is strictly acute, then Proposition 2.1.4 tells us that o — § is a root but this
contradicts (B2). O

2.2.3 Theorem. [EW, p. 116] Every root system ® has a base.

2.2.4 Remark. A root system ® can have different bases. For example, if
A is a base for @, so is {—aja € A}.

2.2.5 Proposition. [EW, Exercise 11.5] Let ® be a root system with base
A. Take any ¢ € Aut(®). Then, the set {p(a)|a € P} is also a base of P.

Proof: Let A = {1, s, ...,a4} be the base for our root system ®. Let
¢ € Aut(®). We need to show that {¢(an), d(az), ..., p(ax)} is also a base
for .

Since ¢ is an invertible linear map, {¢(aq), ¢(a2), ..., ()} is also a basis
for £ so (B1) is satisfied. We only need to check if (B2) holds. Let g € ®.
Then, ¢~ 1(8) € ®. Since A = {ay, as, ..., a.} is a base, we can write:

k
o (B) = Z CiQ;
i=1

where all the nonzero ¢; have the same sign. Then,

B=0(6'(8) =¢ (Z a> =D cid(on)

=1



where all the nonzero ¢; are integers of the same sign. Since the choice of 3
was arbitrary, (B2) holds. O

We defined in Section 2.1 the reflections in the hyperplane normal to the
roots. In the next section we will introduce and study the group generated
by those reflections.

2.3 Weyl Group of ¢

2.3.1 Definition. The Weyl group of a root system @, denoted W(®), is
the group generated by the reflections s, where v € ®.

Note that we will call simple reflections the reflections in the hyperplanes
normal to the simple roots.

The next proposition will be very useful in the next chapter.

2.3.2 Proposition. [EW, p. 119] Suppose that f € ®. There ezists g €
(sy|y € A) and a € A such that f = g(a).

Therefore, we can recover all the roots of ® by applying consecutive sim-
ple reflections to its simple roots.

Another fact we will need in order to find the Weyl group of a root system
is that the Weyl group is a Cozeter group [Bou, p. 153]. It can be described
by a presentation as follows:

W (A2) = ($0,/(80,50,)™ = 1,1 <i,j < 2)

where m;; is the order of the Weyl group element s,,s,; and m;; = 1if i = j

2.3.3 Definition. We say that an element of the Weyl group is of length n
if it is the product of n simple reflections and not less.

We will denote by [ the function that gives us the length of an element.
By convention, I(1) = 0.

The following proposition gives us a way to recover all the reflections in
the hyperplanes normal to the roots of ®.
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2.3.4 Proposition. [EW, Exercise 11.6] Let o € ® and g € W, then
gsag_l = Sg(a)-

Proof: For 7 € & we have

gsag (7) = g(salg™' (7))
= 9(g7' () = (g7 (7),a")a)
= g(g~ ( ) — (v, 9(a)")a) since g~ ! preserves the inner product
= 7= (7,9()")g(a)
= Sy(a) (7) O
2.3.5 Corollary. [EW, p. 118-119] Let ® be a root system with base A. The
Weyl group of ® is generated by all reflections s, where v € A.

The previous proposition will be really helpful later because we will need
to write down the reflections corresponding to the positive roots of ® as
products of simple reflections.

2.3.6 Lemma. [Hu, p. 43] The Weyl group of a root system ® is a normal
subgroup of Aut(®P).

2.3.7 Corollary. W (®) is finite.

Before going to the next section, we need another theorem that we will
not prove.

2.3.8 Theorem. [EW, p. 223-226] Let ® be a root system and suppose that
Ay and Ay are two bases of ®. Then there exists an element g in the Weyl
group W(®) such that Ay = {g(a)|a € Ay}.

In other words, the theorem tells us that the Weyl group acts transitively
on the set of bases of ®. In the next section we will introduce the notion of
the Cartan matrix.

2.4 Cartan Matrix, Dynkin Diagram and Fun-
damental Weights

2.4.1 Definition. [EW, p. 120] Let ® be a root system with base A. We
fix an ordering on the simple roots, say (i, as, ...,ax). The Cartan matriz
of @ is the matrix C' = (c;;) where c¢;; = (v, o) for a;, o € A.



We know from Theorem 2.3.8 that the Weyl group acts transitively on
the collection of bases and that for any root v € & we have

(sy(@),5,(8)") = (o, B").

Then, the Cartan matrix is independent of the chosen base. It only depends
on the ordering of the simple roots.

2.4.2 Definition. [EW, p. 121] The Dynkin diagram of a root system ® is
a diagram with vertices labelled by the simple roots of ®. Two vertices o
and «a; (i # j) are joined by d;; = (a, af ) (o , o) many edges. If di; > 1, we
draw an arrow pointing from the longer root to the shorter root.

We can find pictures of the Dynkin diagram of all root systems in [Bou,
p. 197].

2.4.3 Definition. [Hu, p. 67] We will call weights all w € E such that
(w,a") € Z for all a € .

2.4.4 Example. By (R4), all roots of ® are weights.

2.4.5 Definition. [Hu, p. 67] The fundamental weights of a root system ®
with base A are weights w; € E for j = 1,..,|A| such that for all o; € A,

Q; = Z cl-jwj
J
where (¢;;) is the Cartan matrix of the root system. Equivalently, we have
(wi, Oz;/> = (51]

2.5 Cayley Graph and Pieri Graph

In Section 2.1, we drew the pictures of the root system ®. Now, let us find
a way to depict the Weyl group of ®.

2.5.1 Remark. Recall that the base of ® is A = {ay,ag,...,ax}. For 1 <
1 < k, we will associate a different color to every i.

2.5.2 Definition. c.f. [GM, p. 45] The Cayley graph of W (®) is a colored
directed graph where the vertices are the elements of W (®) and two vertices
x and y are joined by a an arrow of color associated to ¢ if y = s,, - x for

ie{l,2,... k}.



2.5.3 Remark. We will always write the multiplication by elements of W (®)
on the left.

2.5.4 Lemma. Let x,y € W(®) such that I(y) = l(x) + 1 and A € & such
that sy - x =y. This \ is unique.
Proof: Let pn € ®* such that sy -z =y = s, -x. Then, we have s, = yz~! =

Su, 80 yz~ ! is a reflection in a root. Since s) = s,

A= () = suN) = A= (o,

= (A p")u=2\#£0,

= A and p are linearly dependent,
= )€ Ry,

= A= =£u by (R3),

= X\ =p because \, u € . [

2.5.5 Remark. We will see in the next chapter that the A need not be a
simple root.

2.5.6 Lemma. Let ® be a root system with base A = {aq,...,ap}. Let
A€ D then (w;, \V) € N.

Proof: Let A € ®7. We know that

(wia) = 2(wi,05) _ 5,
(aj, o)
= (o) = 2ul00)
We have to check that 2w )
“A TN

is a positive integer. We know that (w;, A\¥) € Z since w; is a weight. We also
know that (A, A) > 0 so the only thing left to check is that 2(w;, A) > 0. We
have

k k k
Q(Wiv)‘) = Q(Wiazcj@j) =2 [Z(wi,cjaj)] =2 [Z Cj(wiaaj)]
Jj=1 j= =1
i dij(aj, b
) le% ) ]] > esdislag,a5) = ciles, 00) 2 0. O
Jj=1 j=1
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2.5.7 Definition. The Pieri graph of W(®) is a colored directed graph
where the vertices are the elements of W(®). Let z,y € W(®) such that
l(y) =1(x)+ 1 and A € &7 such that sy -z = y. This A is unique by Lemma
2.5.4. For each 1 < ¢ < k the number of arrows in the color associated to ¢
going from x to y is given by the following formula :

(wi,)\v> = —— (22)

where i1 = 1,2, ..., k.

Before doing more complex examples in the next chapter, let us provide
a simple example of a Cayley graph and a Pieri graph.

2.5.8 Example. Let us work with the root system A;. We know that A; =
{xa} so W(A;) = {1,s,}. Therefore, we only have two vertices in both
graphs. If we associate the color red to «, the Cayley graph of A; is the
following:

l=—=3s,

One can check that the Pieri graph of A; is identical to its Cayley graph
except for the double-sided arrow being a single arrow going from left to
right. It looks like this:

1— s,

In the next chapter, we will use most of the definitions and results we
just introduced in order to draw the Cayley and Pieri graph of some root
systems. By doing so, we will be able to see the differences between these
two types of graphs.

11



Chapter 3

The Pieri Graph of the Root
Systems A; x Ay, Ay, Bo and G

3.1 The Root System of A; x A;

The first example we will look at is the root system A; x A;. Note that
we will go quickly through this example since it is pretty straightforward.
Starting with the root system As, the examples will be more complex and
we will need more results to find their Pieri graph. Before that, let us begin
by defining a base of A; x Aj;.

We can write a base for the root system A; x A; as the set A = {«, 5},
where the angle between these two roots is 7/2. One can realize A; X A in
the 2-dimensional real vector space by choosing o = (1,0) and 8 = (0,1) as
its base.

3.1.1 Remark. We will use a different notation for the simple roots and will
write {aq, an} as the base of the root system, where oy = v and oy = f.

By looking at the picture of A; X A; in the first chapter, we know that the
complete root system is A; x A; = {£a, +8}. We also have the following:

(o, ") =0,(8,a") =0,
and

(@, a) = (B, 87) =2.

12



Using the equalities above, we can write the Cartan matrix of A, as:

(39

Now, let us find the group generated by the simple reflections.

We know that the Weyl group of a root system is generated by the simple
reflections. Then, W(A; x A;) is generated by s, and sz. One can check
that s,53 = sgsa. Therefore, the Weyl group of A; x A is:

W (AL x A1) = {1, 54,58, Sasp} =~ Ly X Lo
Now, let us find a way to picture those elements.

We will use Definition 2.5.1 to draw the Cayley graph of W(A; x A;).
We will begin by drawing a vertex for every element of the Weyl group and
order them by length. Therefore, the first column will be the elements of
length 0 and every column to the right will be of higher length. Then, we
will draw arrows by following the rule in the definition.

3.1.2 Remark. Since we only have two elements in the base of A; x Ay, we
only need two different colors in its Cayley graph. We will join two vertices
x and y by a red (respectively blue) arrow if y = s,z (resp. y = sgx).

We get the following Cayley graph for W (A; x A;):

Now, we are interested in drawing the Pieri graph of W(A; x A;). Re-
member that the fundamental weights appear in the formula needed to find
the number of arrows between two vertices. Therefore, before being able to
draw the Pieri graph, we have to solve the following system of equations to
find the fundamental weights of A; x Aj:

13



2wy + Owe = a = (1,0),
0w1 + 2&)2 = ﬁ = (0, 1),
= w; = (1/2,0) and we = (0,1/2).

Now that we found the fundamental weights, we need to check by which
reflection in positive roots, sy, we have to multiply each vertex, x, such that
sx(z) =y and l(y) = I(z) + 1. Here is the complete list:

For 1, s -1 =5, and sg -1 = sg.
For s4, 85+ 84 = 5354.

For sg, 84 - 53 = 5453.

The final step is to compute

<wi7 )‘v> =

for i = 1,2 and for every A € &+,

For «a,
o 2w @) 2(1/2,0,0)-(1,0,0)  2(1/2) .
o, a”) = (@,0)  (L,0,0)-(L,0,00) 1
o 2(wa@)  2(0,1/2,0)-(1,0,0)  2(0) 0
{wa, @) (,a)  (1,0,0)-(1,0,0) 1 =
For 3,
v\ _ 2((,01, ) o 2<1/27070> ’ (07170) _ 2(0> _
Wl =68 T 0000 1
(w2, ) = 2(ws, B) _ 2(0,1/2,0)-(0,1,0) _ 2(1/2) _

(576) (0717())' (07170) 1
Now that all the necessary computations are done, we can draw the Pieri
graph by starting by drawing the same vertices as for the Cayley graph and
then draw the number of arrows corresponding to the formula.
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3.1.3 Remark. Like for the Cayley graph, we will draw arrows of different
colors depending on which fundamental weight is used in the formula, red
arrows for w; and blue arrows for ws.

Here is the Pieri graph for A; x A;:

N

SasSp

N

Once again, we see that the Cayley graph and the Pieri graph are the
same, up to the one-sided arrows versus two-sided arrows.

Now that we managed to draw the Pieri graph of A; x A, let us do the
same thing for the other root systems of rank 2.

3.2 The Root System A,

We can write a base for the root system A, as the set A = {«, 5}, where
the angle between these two roots is 27/3. One can realize Ay in the 3-
dimensional real vector space by choosing o = (—1,1,0) and 5 = (0,—1,1)
as its base. Another realization is given in the 2-dimensional Fuclidean space,
namely Ay are the vertices of a regular hexagon, see figure on page 4.

We know from Proposition 2.3.2 that if we repeatedly apply simple re-
flections, i.e. reflections in simple roots, we can recover the full root system
®. Therefore, by using Equation (2.1) we can find the complete root system
of A,. Since we know from the table in Section 2.1 that

(o, BYYy = =1, (6, ") = —1,

and

(o, 07) = (B, 57) =2,

15



we can do the following calculations:

sa(B)=p—(B,a")a=B+a,
spla) =a—(a, ") =a+ B,

sala+B)=a+pf—{a+p,aa = a+p—{a,a)a—{(5,a")a
= a+f-2a+a
- /87

sglatB)=a+B—(a+B,0)8 = a+B—(a,p)8—(8,8")8
= a+ B+ -2

= Q.

Since the action of s, and sz on the root o + 3 gives us respectively /3
and «, we have that the set of roots is invariant under the action of the Weyl
group. Therefore, Ay = {£a, 0, £(a + )}. Remember that we already
drew the picture of the root system A, in Section 2.1. Let us add all the
missing roots to the picture.

AQZ

Using the equalities above, we can write the Cartan matrix of A, as:
2 -1
(4 3)
Let us find the group generated by the simple reflections.
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3.3 Weyl Group of A,

We know that the Weyl group of a root system is generated by the simple
reflections. Let us find all the relations between the products of these re-
flections in order to find a presentation of the Weyl group of A,. First, we
have

SaSgSa = Ssa(g) = Sa+B = SBSaSg-

Hence,
545354585453 = 1

S0 SoS3 has order 3. Also, since s,, is a reflection, we have that s,,s,, has or-
der 1 for ¢ = 1,2. This means that (saisa].)l # 1 for 1 <[ < 3. Therefore, we
have the following list of elements of the Weyl group according to their length:

Length 0: 1

Length 1: s,,sg3
Length 2: 5,53, 5354
Length 3: s,5354

Now, we want to find all the reflections of positive roots. We already know
that s, and sg are the reflections corresponding to o and 5. There is only
one more positive root left, a + 3. As we saw in the computations above, we
have

-1
Sa+B8 = Ssa(ﬁ) = 845854 = SaSgSa-

3.3.1 Remark. Since the length of an element of the Weyl group is defined
as the minimal representation as a product of simple reflections, the length
of 5048 = 545354 18 3.

In the next section, we will draw the Cayley and Pieri graph of the Weyl
group W (Ay).
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3.4 Cayley Graph and Pieri Graph of A,

Now that we have all the elements of the Weyl group of A, we will use
Definition 2.5.1 to draw the Cayley graph of W (A,).

3.4.1 Remark. Since we only have two elements in the base of A, we only
need two different colors in its Cayley graph. We will join two vertices x and
y by a red (respectively blue) arrow if y = s, (resp. y = sgx).

We get the following Cayley graph for W (Ay):

Sq == 585q

SN

1 SaSaSa
Sg=—>5a58

To draw the Pieri graph of W (Ay), we have to solve the following system
of equations to find the fundamental weights of A,:

2w —wy = a = (—1,1,0),
—w1 + 2(-“-)2 = 5 = (07 _17 1)7
= w; = (—2/3,1/3,1/3) and wy = (—1/3,—1/3,2/3).

Now that we found the fundamental weights, we need to check by which
reflection in positive roots, s, we have to multiply each vertex, x, such that
sy(x) =y and l(y) = l(z) + 1. Here is the complete list:

For 1, s -1 =5, and sg -1 = sg.
For s, 55 5q = 5354 and Sa45 * Sa = Sa585a5a = 5053

For sg, s - s = 5453 and s448 - Sg = 53545858 = S85a-

For sass, Sg - (SasSg) = SpSaSs-
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For 554, Sa - (585a) = SaSpSa-

The final step is to compute

v\ 2<wi7)‘>
<wia)‘ > - ()\’)\)
for i = 1,2 and for every A € ®+.
For a,
o 2wr0) 2A-2/3,1/3,1/3)- (<1,1,0) _2(1) _
o, 0) = (@,a)  (-L1,0)-(-1,L0) 2
y_ 2waa) 2(=1/3,-1/3,2/3)-(-1,1,0) _2(0) _
{wa, @) = (@) (—1,1,0)- (—1,1,0) Ty T
For £,
or. ) 2w f) _ 2A=2/3.1/3,1/3) - (0,-11) _2(0) _
b (ﬂaﬁ) B (07_171) ' (07_171> B 2 -
o 2enf) _2=1/3,-1/3.2/3)-(0,-1,1) _2(1) _,
{wn, B7) = (B.B) 0,—1,1)- (0, —1,1) Ty T
For o + f3,
o 2w a4 B) 2(-2/3,1/3,1/3) - (=1,0,1) _ 2(1)
o, (@ +8)7) = 0tfath  (L01)-(-Lo1) 2 b
. (a4 8)) = Awnatf) _2=1/3,-1/3,2/3) (-1,0,1) _2(1) _

(a+B.a+p) (—L0,1) - (~L,0,1) 2

Now that all the necessary computations are done, we can draw the Pieri
graph by starting by drawing the same vertices as for the Cayley graph and
then draw the number of arrows corresponding to the formula.

3.4.2 Remark. Like for the Cayley graph, we will draw arrows of different
colors depending on which fundamental weight is used in the formula, red
arrows for w; and blue arrows for wy.
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Here is the Pieri graph for As:

Sq —= 585q

1 / \SQS,BSa
NN

Sg—= SaSp

For the first time, the Cayley and the Pieri graphs have a different num-
ber of arrows. Unlike the Cayley graph, the Pieri graph not only gives us
a visual way to express the elements of W (A,) but also gives us additional
information via the new colored arrows. In Chapter 7, we will find a way to
use the new information.

Now that we managed to draw the Pieri graph of A, let us do the same
thing for another root system.

3.5 The Root System B,

For our third example, we will work with the root system B;. We will see
that everything will be a little more complex than in the case of A,.

We can write a base for the root system Bs as the set A = {«, 5}, where
the angle between these two roots is 37/4. One can realize By in the 2-
dimensional real vector space by choosing a@ = (1,0) and 8 = (—1,1) as its
base.

We can still recover all the roots by starting to apply simple reflections
to the simple roots. Since we know from the table in Section 2.1 that

<a>ﬁv> = _17 <6aav> = _27
and
(a,0) = (8,0") =2,
we can do the following calculations:

sa(8) =8 —(B,a")a =B+ 2a,
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spla) =a—(a, ") = a+ b,

sp2a+p) =20+~ (2a+f,0)8 = 2a+ -2 )8~ (8,5")6
= 2a+8+20-2p
= 2a+ 0,

sela+B) =a+f—{atBada = a+f—{aa%a—(8a%a
= a+ [ —2a+ 2«
= a+p.

Since we know that applying the same reflection twice is the same thing
as applying the identity, we tried all the possibilities. Therefore, By =
{+a, 6, £(a+ ), £(2a+3)}. Remember that we already drew the picture
of the root system Bs in Section 2.1. We will update the picture with the
addition of the missing roots.

Bgi
a+p
I& 20+
—« o
“alg " Lp
—a—8

Using the equalities above, we can write the Cartan matrix of B, as:

3.6 Weyl Group of B,

We know that the Weyl group of Bs is generated by the simple reflections and
is also a Coxeter group, so it can be described by a presentation as follows:

W(B;) = (sa,

(Sau50,)™ = 1,1 <1, j < 2)
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where m;; is the order of s4,s,,. We know that s, s, has order 1. Let us
find the order of s, s, for i # j. We have,

58558 = Ssﬁ(a) = Sa4+8 = Ss&(a+6) = SaSa+BSa = SaSpSaSpSa-

Hence,
535458505350585a = 1

S0 s34 has order 4. Then, we get that (sa,sa,)! # 1 for 1 < < 4. Therefore,
we have the following list of elements of the Weyl group according to their
length:
Length 0: 1
Length 1: s, sg
Length 2: 5,53, 5354
Length 3: 545354, 585458
Length 4: s,555,53

We know that by using the simple reflections and the calculation we did
to find all the positive roots of By, we can find the reflection of all positive

roots. Here is the list:

Sa+B = Ssgla) = 353,1551 = 585458

— — -1 _
S204+8 = Ssa(ﬁ) = SaS85,4 = SaSgSa

3.7 Cayley Graph and Pieri Graph of B,

Now that we have all the elements of the Weyl group of By, we can draw its
Cayley graph.

3.7.1 Remark. We will use the same color of arrows in the Cayley and Pieri
graph of By as for those of Aj.
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We get the following Cayley graph for W (B,):

Sq =835 = SaS35a

1 SaS5S5aSs
Sp<=—=> 8453 <> 535,5p

Now, we want to draw the Pieri graph of W (By). Before being able to do
so, we have to solve the following system of equations to find the fundamental
weights of Bs:

2&)1 — Wy = (1, 0, O),

—2UJ1 + 2(4)2 = (—1, 1,0),
= w; = (1/2,1/2,0) and wy = (0,1,0).

Now, let us find by which reflection in positive roots, sy, we have to mul-
tiply each vertex, z, such that sy(x) =y and I(y) = I(z) + 1.

For 1, s -1 =35, and sg-1 = sg.
For s, 8g - Sq = 5354 and S2a48 - Sa = 50535050 = SaS3.
For sg, s - s = 5453 and s448 - S5 = 53545858 = S85a-

For s453, Sp-(Sa53) = 585053 a0d Sa15°(5653) = 55504535053 = (385a5354)Ss =
(5a585458)S3 = SaS85a(5858) = SaS3Sa.

For $554; Sa*(S35a) = SaSaSa and Saa+5°(5a58) = SaS85aSsSa = (SaS35aSs)Sa =
(555aS35a)Sa = $35a55(5aSa) = S3Sass.

For $,5354, S5 - (SaSSa) = S350535a-
For s350458, Sa * (S35a53) = SaSsSass-
Finally, we will do all the computations needed to find the number of arrows

between the vertices in the Pieri graph with the Formula (2.2).
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For «a,

(wn,a) = 2(wy, @) _ 2(1/2,1/2,0) - (1,0,0) _ 2(1/2) _

(o, ) (1,0,0) - (1,0,0) 1

wo 2(w2,a) B 2(0,1,0) . (1,0,0) B 2(0) _ 0
{wa, @) = (,a)  (1,0,0)-(1,0,0) 1 =

For £,
<w ﬁv> - 2(wr, B) B 2(1/2,1/2,0) . (—1,1,0) B 2(0) _0
. a (676) B (_17170) ’ <_17170) 27
v\ 2(w27ﬁ) _ 2<07170) ) (_LLO) _ 2(1) _
N R WO R0 R R
For o + 3,
<w1,(0z—|—5)v> _ 2((,01,04—!—5) _ 2(1/2,1/2,0) . (0,1,0) _ 2(1/2) _,

(a+ 8,0+ f) (0,1,0) - (0,1,0) 1

o 2wsa+B)2(0,1,0)-(0,1,0)  2(1)
{wa, (@ + 6) >_(a+5,a+6)_ 0.1.0)-0.10) ~ 1 _*

For 2a + f3,

o 2wn204 ) 2(1/2,1/2,0)-(1,1,0)  2(1)
{wn, (20 + B)7) = GatB2atf  (LLO-OL0) 2 b

2w, 20+8)  20,1,0)-(1,1,0) _2(1)
2 v pr— = prm— = 1.
o Qo 8 = B T B 3a+ 5 - (LLO) - (LLO) 2
With all the computations above, we have all the data we need to be able
to draw the Pieri graph of W (Bsy).
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Here is the Pieri graph for Bs:

Sq —= 8850 — SaS85a

/ S

SaSpSasSs

. /

S8 = SaSg T 5850583

3.8 The Root System G,

The root system (G5 is one of the five exceptional root systems. It will be
the most complex of our three examples. We can write a base for the root
system Gy as the set A = {a, f}, where the angle between these two roots is
57/6. One can realize G5 in the 3-dimensional real vector space by choosing
a=(—1,1,0) and g = (1,—2,1) as its base.

We will recover the complete root system using the same method as be-
fore. Since we know from the table in Section 2.1 that

<a>ﬁv> = _17 <67av> = _37
and
(a,0”) = (8,0") =2,
we can do the following calculations:
Sa(ﬂ) = 5 - <ﬁ>@v>a = 5 + 30‘7
sp(a) = o — (o, ) B = o + 5,
Sa<a+ﬁ) :Oé—f—ﬁ— (a—i—ﬂ,avﬂy = Oé—f-ﬂ— <O_/7O[V>Oé— <ﬂ,0{v>OZ

= a+f—2a+ 3«
= 2045,
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sp(B3a+B)=3a+ B - (Ba+ 8,88 = 3a+8-3a,p)8— (8,88
= 3a++36—20
= 3a+ 20,

Sa(Ba+28) =3a+26 — Ba+28,a")a = 3a+25—3(a,a")a —2(f,a")a
= 3a+ f — 6a+ 6«
= 3a+ 20,

s3(20+ B) =20+ B — (20 + 3,878 = 2a+8—2a,5)8 - (8,8")8
= 2a+4+23-28
= 2a+ [.

Therefore, Go = {ta, £6, £(a+ ), +(2a+ ), =(3a+ 5), =(3a+25)}. Let
us complete the picture we drew in Section 2.1.

GQI

3a+ 25
a+pB T 2a+8
I 3a+

3075 :
—2a—-p| —a—p
—3a— 26

Using the equalities above, we can write the Cartan matrix of G5 as:
2 -1
- (_3 ; ) .
3.9 Weyl Group of G,

We know that the Weyl group of Gy is generated by the simple reflections.
Remember that the Weyl group is a Coxeter group so it can be described by
a presentation as follows:

W(G2) = (sa;

(Sa,50,)™ = 1,1 <i,j < 2)
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where m;; is the order of s4,8,,. It is clear that m; = 1. We also have

$p8aSB = Ssg(a) = Sa+B = Ssa(2a+8) = SaS2a+85a = SaSsg(2a+8)Sa

= SaS5B52a+858Sa

= SaspSsa(a+B)SB85a

= SaSpSaSa+BSaSsSa

= SaSpSasSpSasSpSasSpSa-

Hence, the order of s,sz is equal to 6. This means that for ¢ # j, we get that
(SaSay)t # 1 for 1 <1 < 6. Therefore, we have the following list of elements
of the Weyl group according to their length:

Length 0: 1

Length 1: s, sg

Length 2: s,s3, 5354

Length 3: s,5354, 585458

Length 4: 5,555453, 5850585

Length 5: s,5854585q, 5850585453

Length 6: 5,5354535453

We can also write the reflection of the positive roots as products of simple
reflections. Here is the list:

Sa+B = Ssp(a) = sﬁsasgl = 585458,
S3048 = Ssa(8) = SaS85, = SaSpSa;
S30+428 = Sssa(B) = 585a55(8850) 7" = 5550885, 55 = 5§Sass5aSs,

1 1.1
82048 = Ssasp(a) = SaSaSa(Sass) " = SaS85a55 So = SaSpSaSpSa

Furthermore, since the dihedral group of order 12, Dg, has the same
presentation as the Weyl group of Gy [DF, p. 26|, they are isomorphic [DF,
p. 39].
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3.10 Cayley Graph and Pieri Graph of G5

Now, the final part of this chapter is to draw the two graphs of W (G3). We
will begin by drawing its Cayley graph.

3.10.1 Remark. Since we still only have two elements in the base of G5, we
can use the same colors as for Ay and Bs to color the arrows in both graphs.

We get the following Cayley graph for W (G,):

Saq = 88Sq = SaS8Sa = 585a58Sa = SaSBSaSBSa

/

1 545350585453

N\

S = 8aS8 = 5385aS58 = SaSB5aSs = S535a585aS58

The last graph we need to draw is the Pieri graph of W(Gs). We can
solve the following system of equations to find the fundamental weights of
GQI

2w; —wy = (—1,1,0)

—3(.&]1 + 20)2 = (1, —2, 1)
= w; = (—1,0,1) and wy = (—1,—1,2)

Now, we need to check by which reflection in positive roots, sy, we have
to multiply each vertex, x, such that s\(z) =y and I(y) = I(z) + 1.

For 1, s -1 =35, and sg-1 = sp.
For sq, S5+ 54 = 53Sq and S3448 - Sa = 54535454 = Sa58-
For S8y Sa S = SaSp and Sa+B S8 = SBSasSpSs = SBSa-

For s.sp, S - (SaSg) = SpsaSs and Soaip - (SaSg) = SaSSaSpSaSasSp =
Sa585aS8S8 = SaSBSa-

For sgsa, Sa - (585a) = 54585 and Ssat28 - (5458) = 5854585458535a =
585aSpSaSa = S8SaSa-
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For $4535a: $3-(SaS35a) = 5850585 and S3a+28°(5a585a) = S350535053505350 =
(585053505350)535a = (505850585058)S35a = SaS350535a(5858)Sa = SaSaSaS35aSa =
SaS85aSs-

For 55058, Sa-(585053) = SaSpSasSp and Soa+s°(585053) = SaS35045350535aSs =
(5a585a585a58)5aSs = (585a58545354)SasSs = 585a585458(SaSa)S8 = S350453545853 =
585aSB8S5a-

For $4535453, S (SaS85aS) = $8Sa5SaSps AN Sat°SaSaSaSs) = SaSaSaSaSaSaSs =
(585a58505850)53 = (5a585a585a58)58 = SaS85a535a(5353) = SaS35aSaSa-

For $350585a, Sa(5350535a) = SaS85a58Sa A S3a+5°(53505350) = SaS354585a585a =
(5a585a585a58)Sa = (S350585a585a)Sa = $85a585a53(SaSa) = SpSaSaSaSs.

The last step is to compute the formula (2.2) for i = 1,2 and every positive
root in Gs.

For a,
o 2ena) 2=1,01)-(=1,1,0) _2(1)
W“a>_(ma)_(—LLm«—LLm“2 —
oy _ 2en0) _2A=1,-12)-(-L1,0) _20) _,
{wa, 0”) = (,a)  (=L,1,0)-(-1,L,0) 2
For 3,
2w B) 2=1,0,1)-(1,-2,1)  2(0)
W= TE S T a2 - 6
o 2wnB) 2(-1,-1,2)-(1,-2,1)  2(3)
{tn, B7) = 8,8  (1,-2,1)-(1,-2,1) 6 =1
For o + (3,

o 2wna+B) 2-1,0,1)-(0,—-1,1)  2(1)
{wr, (e +8) >_(a+5,a+ﬁ)— O -11) (0-L1) 2
B 2(w2,0¢+ﬁ) B 2(—1,—1,2) . (O,—l,l) B 2(3) B
(a+B,a+p)  (0,-1,1)-(0,—1,1) 2
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For 2a + f3,
2w, 2a+p4)  _2(-1,0,1)-(=1,0,1) _ 2(2)

(w1, Qe+ 5)Y) = =2,

(2a+B,2a+p)  (~1,0,1)-(~1,0,1) 2

2(wy, 200+ 3)  2(-1,-1,2)-(-1,0,1) 2(3)
{n, (20 + 5)) = Qa+B,2a+8) (- ,o, ) Lo 2 >
For 3a + £,

2w, 3a+8) _2(-1,01)-(-2,1,1) _2(3) _
o B+ B)) = B 5 3asd) - (21D (2L1) ~ 6

Aws,3a+B)  2A=1,-1,2)-(=2,1,1)  2(3)
{wz, B+ B)) = Ba+tB,3a+8) (- ,1, ) —211) 6 ¢
For 3a + 23,

2wy, Ba+28) 2—1,0,1)-(=1,-1,2) 2(3)
Wi, Bat20)) = B 9830+ 28)  (-L-1L,2) (-1,-1,2) _ 6 -

2(ws, 3 + 23) B 2(—-1,-1,2)- (—1,-1,2) B 2(6)
(Ba+28,3a+26) (~1,-1,2)-(-1,-1,2) 6
We have all the information we need to draw the Pieri graph for GG,. Here it
is:

(wa, (Ba+28)") = = 2.

> 58Sa T ,5aSB85a T 585a585a T $a585aS85a

/ 0‘ /l‘\ '/’\ /'I’ >sasﬁsasﬁ

85 = SaSg T 585aS8 T SaSpSaSg T S35aSBSaSs
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Chapter 4

Geometric Description using a
Computational Method

4.1 Preliminaries

In this section, we will work over an algebraically closed field F of character-
istic different from 2.

4.1.1 Definition. [DF, p. 195] Let G be a group. For any subset X C G
we will denote by (X) the subgroup of G generated by X. Also, we denote
by [g,h] = g7'h~tgh the commutator of elements g and h in G. The series

G=GOp>aMp>ag? ...

where G =[G GO=V] = ([g, h]|g, h € GEV) is called the derived series
of G.

4.1.2 Definition. [DF, p. 195] A group G is solvable if and only if G = 1
for some n > 0.

We will now follow the work of [Lam, Ch.1] on bilinear forms while using
a slightly different notation.

4.1.3 Definition. Let V' be a finite-dimensional vector space over F and
Q@ :V xV — F be a bilinear form. The bilinear form @ is said to be
symmetric if Q(v,w) = Q(w,v) for all v,w € V. Also, Q is non degenerate
if for all v € V,v # 0, there exists w € W such that Q(v,w) # 0.
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We denote by V* the dual space of a vector space V. A bilinear form
Q:V xV — F defines a map Q* : V. — V* by Q*(w)(v) = Q(v,w) for any
weV.

4.1.4 Remark. The bilinear form () is non degenerate if and only if Q* is
injective. Furthermore, since V' and V* are finite-dimensional vector spaces
of the same dimension, this map is injective if and only if it is invertible.

After choosing a basis of V', we can and will identify V' with F” and the
chosen basis with the standard basis {ej,es, ..., e,}. Any bilinear form is of
the form Q(v,w) = vT Mw for a unique matrix M, namely the matrix with
(ij)-entry Q(e;,e;)

4.1.5 Remark. If V' is a vector space with basis {vy, vs, ..., v, }, then its dual
space V* has a dual basis {¢1, ¢a, ..., ¢, }. The element ¢; of the dual basis
is defined as the unique linear map from V to F such that

OB

4.1.6 Proposition. Let {vy,...,v,} be a basis of V and {¢y, ..., ¢n} be a basis
for its dual space. The matriz for Q) with respect to {vy,...,v,} is the same as
the matriz for Q*, the transformation matriz from {v,...,v,} to {é1, ..., on}.

1 if i =y,
0 otherwise.

Proof: Let M = [Q*]$"»%" be the transformation matrix from {v1,...,v,}
to {¢1, ..., on}. Then,

Q" (v;) = Z Mp; oy
k=1
and we have Q(v;,v;) = Q*(v;)(v;) = M. O

By Remark 4.1.4, we get the following result.

4.1.7 Corollary. A bilinear form @ is non degenerate if and only if M 1is
wnvertible.

4.1.8 Definition. c.f. [Hu, p. 15] A flag F in an n-dimensional vector space
V' is a sequence of subspaces of V'

F=({0}=V,cVicC---CV,CV),
where dim(V;) =d; for 0 < dy <--- <dp <n. Ifd; =i and k =n — 1, then
Fis called a complete flag. Otherwise, F' is called a partial flag.
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4.1.9 Definition. Let {e, e, ..., e, } be the standard basis of F". The flag
FF=({0}=VWcwc---CcV,=V),
where V; = span{ey, ..., e;} for 1 <i <mn, is called the standard flag.

4.1.10 Definition. [H, p. 63-64] The Grassmanian Gr(d,n) is the set of
all d-dimensional linear subspaces of [F". For an arbitrary vector space V,
we may also view the Grassmanian Gr(d, V) as a subvariety of P(A? V), the
projective space of one-dimensional subspaces of /\d V.

The last definitions needed will be about algebraic groups. Let GG be an
algebraic group over F in the sense of [Spr, p. 21].

4.1.11 Definition. [Spr, p. 102] A Borel subgroup of G is a closed, con-
nected, solvable subgroup of G, which is maximal for these properties.

4.1.12 Definition. [Spr, p. 102] A closed subgroup of G is parabolic if and
only if it contains a Borel subgroup.

From now on, we will work over C since it is an algebraically closed field
of characteristic different from 2 and is needed for the next results. We will
now introduce equivalent definitions for the two kind of subgroups defined
above. It is a known fact in the theory of Lie algebras that a choice of Cartan
subalgebra § in a semisimple Lie algebra g determines a decomposition

g ::h‘$)€£>gaa
acd

where g, = {X € g|[H, X]| = a(H)X,VH € b} and @ is the corresponding
root system [Bou2, p. 76]. Let us begin by introducing the notion of a Borel
subalgebra.

4.1.13 Definition. [Bou2, p. 88] Let g be a semisimple Lie algebra and let
®* be the corresponding set of positive roots. The Lie subalgebra given by

b=he P o
acdt

is called a Borel subalgebra.

One can check that this is a maximal solvable subalgebra of g [Bou2, p.

88].
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4.1.14 Lemma. [FH, p. 383] Let G be a Lie group with semisimple Lie
algebra g. The connected subgroup B of G with Lie algebra b is a Borel
subgroup.

4.1.15 Lemma. [FH, p. 384] A subgroup P of G such that the quotient G /P
can be realized as the orbit of the action of G on PV for some representation
V' of G is a parabolic subgroup.

The Lie algebra p corresponding to the parabolic subgroup contains the
Borel subalgebra b and is invariant under the action of B on g. It can be

described as
p= h % @ Ja

a€T(Y)

for some subset T'(3) of ® [Bou2, p. 91]. In fact, let A be the set of simple
roots of ® and let ¥ C A, then T(X) = & U X~ where X7 is a subset of ®
of the roots that can be written as sums of negatives of the roots in . This
means that the parabolic subgroups of the simple group G are in one-to-one
correspondence with the subsets of A, i.e., with the subsets of the nodes in
the Dynkin diagram [Spr, p. 147].

We can now begin to look at the geometric description of the homogeneous
spaces GG/ P for the algebraic groups corresponding to the root system of type
Ag, Bo, and G5. We will approach this problem by 3 different methods. We
will begin by a purely computational method, that will give us some answers
in the case of Ay and Bs. Then, we will take a look at the Dynkin diagrams
of our root systems with the help of Chevalley groups. Finally, for the last
method we will be using representation theory. The combination of these 3
methods will give us a description of the homogeneous spaces G/P for all
parabolic subgroups of the given algebraic group.

4.2 Root System A,

The algebraic group corresponding to the root system A, is SL3(C) := {A €
M;5(C)| det(A) = 1} [Bor, p. 254]. We want to find a geometric description
of the homogeneous spaces SL3(C)/P, where P is a parabolic subgroup.

First of all, let us find a Borel subgroup of SL,,(C) for n > 1.
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4.2.1 Lemma. [Spr, Exercise 2.1.5(4)] Let B = {A € SL,,(C)|B;; =0 for i >
J}, the subgroup of upper triangular matrices of SL,,(C). Then B is a solvable
subgroup of SL,(C).

Proof: We need to show that B is a solvable subgroup of SL,(C).
Claim: B® = I, the n x n unit matrix, for some k > 0.

If we can prove this, then B is solvable by Definition 4.1.2. Let X,Y € B.
Then, X;; = Y;; = 0fori > j. Let X' = {A;;} and Y' = {C};} be
the inverses of X and Y respectively. Then, since XX~ ! = I,,, we have
XAy =1 for any ¢ = 1,...,n. Therefore, we have A;; = Xigl and

(XilyilXY)ii = 1

Thus, the diagonal entries of any element of BM are all equal to 1. Now, let
us take a look at the entries on the super-diagonal, i.e. entries with j = i+1,
of the elements of BW. Let X, Y € B, Then,

OZ(XX_l)m‘H = ZXirAr,i—i-l
r=1

XiiAiiv1 + Xiit1Aig1i
L-Ajipr + X - 1

and we have A, ;11 = —X; ;41 for ¢ =1,...,n — 1. This means that

(XilY?lXY)i,i+1 = (Xilyil)ii(XY)i,i—&-l + <X71Y71>i,i+1(XY)i+1,i+1
= (Xiip1 + Yiir1) + (Aiisr + Ciig)
= Xiiti+ Y — Xiipn —Yiip1 =0

Therefore, for any X € B® | the diagonal entries are all equal to 1 and all
the entries on the super-diagonal are equal to 0.

By induction, suppose the elements of B**1 have the entries from (i, + 1)

to (i,7+ k) all equal to zero. Let us show that for the elements of B*+2) we
also have that all the entries (7,7 + k + 1) are equal to zero.
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Let X € B*+1) Then,

0= (XX_l)i,i+k+l = ZXirAr,i+k+l
r=1

XiiAiiprt1 + Xiiprr1 Aipra itk
1-Aiivirr + Xiigrrr - 1

and we have Ai,i+k+1 = —Xjitk+1- Therefore, (XilyilXY)iﬂH_}H_l = (0 for
all X,Y € B*+.

We can conclude that B(™ = [B®~) BM=V] = [, hence B is solvable. [
Let us find the geometric description of SL, (C)/B.

Let F be the set of all complete flags in V' = C". We have a natural action
of SL,,(C) on F defined as:

where A € SL,,(C) and A acts on V; by matrix multiplication.

4.2.2 Lemma. The action of SL,,(C) on the set of complete flags is transi-
tive.

Proof: Let
FF={0tcVicWVcC---CV,)

and
F={0tcUicUycC---CU,)

be two complete flags in C". We need to find A € SL,,(C) such that A- F} =
F,. Let {v1,...,v,} be an ordered basis of V,, such that for every i = 1,....n,
{v1, ..., v;} is a basis of V;. Let {us, ..., u,} be a basis of U,, such that for every
i=1,..,n, {uy,...,u;} is a basis of U;. Then, it is enough to find A € SL,(C)
such that Av; = ku; for every i = 1,...,n and k € C. Let {eq,...,e,} be the
standard basis of C, if we find C' € SL,,(C) such that Ce; = cu; for ¢ € C\{0},
similarly we can also find D € SL, (C) such that De; = dv; for d € C and we
will have

u = L(Cep) = LoDy,
C

c
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Therefore A = CD~! fulfills our requirement. Let E be the n x n matrix
given by F = (uy,us, ..., u,). Then, Fe; = u; and we know that det(F) # 0
since {u1, ug, ..., u, } is a basis of C", hence the wu;’s are linearly independent.
The determinant of £ may not be equal to 1. Suppose det(E) = a # 1.
Then, if we take C' = (uq,us, ..., u,/a) we have det(C) = 1. Similarly we
can define D = (vq,v9,...,v,/b) where b = det((vy,ve,...,v,)) and we get

A= CD! € SL,(C). O

It is clear that for any V; = span{ey,...,e;}, B-V; = V;. Hence, B is
contained in the isotropy group of Fy. Let Gp, be the isotropy group of
Fy. Suppose X € Gp, such that X ¢ B. Then, X;; # 0 for ¢ > j. Then,
X - V; C V; which contradicts the fact that G'p, is the isotropy group of Fp.
Therefore, B = G, and since SL, (C) acts transitively on the complete flags,
we have an isomorphism between F and SL,(C)/B. Furthermore, since F is
complete [Bor, p. 136], then SL,(C)/B is also complete.

4.2.3 Proposition. [Spr, p. 101] A closed subgroup P of G is a parabolic
subgroup if and only if G/P is complete.

Therefore, B is a solvable parabolic subgroup of SL,(C). If B is a
parabolic subgroup, then by definition, it contains a Borel subgroup B’. Also,
B’ is a maximal solvable subgroup and B is solvable. Hence, B = B’. There-
fore, we found the geometric description of the homogeneous space SL,, (C)/B
where B is a Borel subgroup of SL,(C).

Now that we know how to describe SL3(C)/B, let us find the other
parabolic subgroups for As. Since there are only two simple roots in A,,
we know from the description of parabolic subgroups at the end of Section
4.1 that there are only two proper parabolic subgroups. For example, we
have a parabolic subalgebra for the set of roots T'(X) = {a, —a, 8, + B} so
it has dimension 6 (number or roots in 7'(X) plus two for the dimension of
the Cartan subalgebra). We also know that the parabolic subgroups must
contain the Borel subgroup B. Then, if we look at the matrices that are
upper triangular and have at least one non-zero entry under the diagonal, we
get the two following subgroups.

P = € SL3(C) ¢,

o O *
S
* X X
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Py, = € SL3(C)

O ¥ *

*
*
0

* K X

Now that we know that P, and P, are maximal parabolic subgroups of
SL3(C), let us find a way to describe SL3(C)/P; and SL3(C)/P.. We can
define an action of SL3(C) on Gr(1,3) as follows:

SL3(C) x Gr(1,3) — Gr(1,3)
(A,span{z}) ~— span{A-z}

where - is the usual matrix multiplication.

Let us pick a nonzero element y = (y,%2,%2)7 € C3. If y; # 0, there
exist A = (y, eq,e3/y1) such that A € SL3(C) and A - e; € span{y}, where
{eq,...,e3} is the standard basis of C3. If y; = 0, either yy # 0 or y3 # 0. If

ya #0, A= (y,es,e1/y2) and A-e; € span{y}. If y3 # 0, A = (y,e1,e2/y3)
and A-e; € span{y}. Therefore, SL3(C)-e; = Gr(1,3) is the unique SL3(C)-
orbit of the action of SL3(C) on Gr(1,3). For p € P;, we have span{p-e;} =
span{e; }. Therefore, by the same reasoning as for B, P is the isotropy group
of the action of SL3(C) on Gr(1,3), hence SL3(C)/ P, ~ Gr(1,3).

Similarly, we can show that G/P, ~ Gr(2,3).

By definition of P, and P», we see that
4.2.4 Lemma. Up to isomorphism, there is only one mazximal parabolic sub-
group of SL3(C).
Proof: Let
¢2P1 — UQSLg(C)
A = (ATHT

This is clearly an isomorphism from P, to the subgroup of matrices of the
form

00
* %
* %

S
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By matrix multiplication, we see that ¢(A)(Cey+Ces) C (Cey+Ces). Then,
the elements of U leave Cey + Ces invariant. We also know that the elements
of P, leave Cey + Cey invariant. Then, if we can find a matrix V' € SL3(C)
sending Cey + Cez to Ceq + Cey, we are done. Let

0 0 1
V=10 -1 0
1 0 0
Then, for z,y € C, we have
0 0 1 0 Yy
V=0 -1 0 x| =|—=x
1 0 0 Y 0

Therefore, V' sends Cey + Cez to Ce; + Cey and we have an isomorphism

w:Pl — Pg,
A — vVAHT VL O

Therefore, since ¢ € Aut(SL3(C)) and ¢(Py) = Py, SL3(C)/ P, ~ SL3(C)/ Ps.
Also, since Gr(1,3) is the projective variety of all lines in C?, it is isomorphic
to the projective space P2. Then, we have the following picture to describe
the geometry of SL3(C)/P,; for i = 1,2:

SL3(C)/P1 SL3(C)/Py
2 2
P2 ~ Gr(1,3) ~ Gr(2,3)

4.3 Root System B,

The algebraic group corresponding to the root system By [Bor, p. 257] is the
special orthogonal group

S0,(C) = {A € SL,(C)|ATA = I,,}

for n = 5.
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We can also define this group as the subgroup of SL,(C) preserving a
bilinear form
Q:C"xC"—=C
defined as
Q(v,w) = vI Mw

for v,w € C® and M = I5. The two definitions are equivalent since we have

QAv, Aw) = Q(v,w),

& (AT M(Aw) = v Muw,

s vTATMAw = v"Mw,
s ATMA = M.

Furthermore, () is a non degenerate symmetric bilinear form. It is sym-
metric since we have

Q(v,w) = v Mw = v'w = w'v = Q(w,v)

and non degenerate since M is invertible.

Before trying to find the parabolic subgroups of SO5(C), let us introduce
some results that will allow us to change to another non degenerate symmetric
bilinear form.

4.3.1 Definition. [Lam, p. 2] We say that two bilinear forms @) and @’ are
in the same equivalence class if for M and M’ being the representation in
the standard basis of C" of Q and Q' respectively, we have M’ = CTMC for
C € GL,(C).

4.3.2 Theorem. [Lg, p. 575] Let E be a nonzero finite dimensional vector
space over C. Let QQ be a non degenerate symmetric bilinear form on E.
Then there exists an orthogonal basis of E.

This means that any non degenerate symmetric bilinear form is diagonal-
izable. Then, since in an algebraically closed field of characteristic different
from 2 we can multiply the diagonal entries by any square and stay in the
same equivalence class, we get the following result.

4.3.3 Corollary. If QQ and Q" are quadratic forms on C", represented with
respect to the standard basis of C™ by matrices M and M’, then there exists
an invertible matriz C' such that C*MC = M'.
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Let us look at what happens to the special orthogonal group when we
change the bilinear form. Let

SO, (M,C) = {A € SL,(C)|ATMA = M}

where M is an invertible symmetric matrix. Then, we have the following
result.

4.3.4 Lemma. The algebraic group SO, (I, C) is isomorphic to SO, (M, C).

Proof: From 4.3.3, there exist an invertible matrix C' such that I = CTMC.
Hence, we also have (C™1)TC = M. Let

¥ :S0,(I,C) — SO,(M,C),
A — CAC™.

This map is an homomorphism of algebraic groups from SO, (1, C) to SO,,(M, C)
since

Y(A)Y(B) = (CACH(CBC™') = CABC™ = (AB)
and
P(A)TMyp(A) = (CACH'M(CAC™) = (CHTATCTMCAC™
— (C—I)TATAC—I
= (e hH'cl =M.
In fact, it is an isomorphism since we have the following inverse map:

Y1 :80,(M,C) — SO,(I,C),
A — C'AC. O

These results allow us to change the matrix M in the definition of @) to
any matrix such that ) is a non degenerate symmetric bilinear form. From
now on, we will use the following matrix:

0 0 0 0 1
0 0 0 -1 0
M=10 0 1 0 O
0O -1 0 0 O
10 0 0 O



We can now replace the old definition of SO5(C) by the new one and
view SO5(C) as the subgroup of SL5(C) such that any element A € SO5(C)
satisfies the property that ATMA = M. We do this since in the new real-
ization the description of Borel and parabolic subgroups becomes easier. We
are now interested in the homogeneous spaces SO5(C)/P.

In the case of SO5(C), we will not use straightforward computations as
we did for SL3(C). We will follow the ideas of [Mak] by using some properties
of reductive groups.

4.3.5 Definition. [Spr, p. 43] A linear algebraic group 7T is a torus if it
is isomorphic to a group of diagonal matrices. A maximal torus is a torus
which is maximal in the set-theoretical sense.

4.3.6 Definition. [Mak, p. 4] Let 7" be a maximal torus of an algebraic
group G. We call characters the elements of Hom(T, G,,), where G,, is the
multiplicative group.

4.3.7 Proposition. [Spr, p. 132] Let G be a connected, reductive, linear
algebraic group and T be a mazximal torus of G. For a character o there
exists an isomorphism u, of Gg, the additive group, onto a unique closed
subgroup U, of G such that tu(z)t™' = us(a(t)z) for all t € T and all
x e C.

Let us begin by finding the maximal torus 7' of SO5(C). Let ¢t be a
diagonal matrix with diagonal entries t;; = t; for « = 1,...,5. This matrix

must satisfy the condition tMt = M and must have determinant 1 to be in
SO5(C). We have that

0 0 0 0 tits
0 0 0 —foty O
tMt=1 0 0 t 0 0

sty 0 0 0 0

Therefore, t1t5 = tot4 = 1 and t3 = +1. Since the determinant of ¢ must be
equal to 1, we have det(t) = (t1t5)(tat4)ts = t3 and t3 = 1. Then, we have
that
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tt 00 0 0
0 tb 0 0 0

T = 0O 0 1 O 0 |t1,t2€(C
0 0 0 t' 0
0 00 0 ¢t

is a torus of G and it is clear that it is maximal with these properties.
Let us take the characters «; such that for any ¢ € T, we have «;(t) = t;
and —ay(t) = t;*' for i = 1,2. One can show that the set of characters
{£ai, tag, £(a; — as), (1 + ag)} form a root system of type B, that has
the following root diagram

aq
a1 — Q9 a1 + Qg
—Ql9 6%)]
—Q1 — Q9 —Q + Q9

with the set of positive roots ®* = {ay, ag, 1 — ag, a1 + as}.

4.3.8 Proposition. [Spr, p. 138] Let ®* be the set of positive roots. Then,
T and U, with o € ®* generate a Borel subgroup of G.

This means that if we can find the U, for a € &', we will find a Borel
subgroup of G. We want to define the maps u, : G, — G. For example, if
for any € C we define

100 0 0
01 = 222 0
Uay(x) =10 0 1 =« 0,
000 1 0
000 0 1
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then we will get that

1 0 0 0 O
0 1 tyr 222 0
to, (@)t = [0 0 1 tox 0| = tay(tar) = uay(aa(t)x),
00 O 1 0
00 O 0 1
for any ¢ € T'. Similarly, we can take
1 0 2 0 —%xz 1 2 000
01 00 0 01 000
Ue, () =10 0 1 0 —2 |,%n-a(x)=|0 0 1 0 0},
00 01 0 00012
00 0O 1 00001
and
100 2 O
0100 x
Unytan(@) =10 0 1 0 0
00010
00001

Now, since we know that the subgroups U, are the image of the maps u,,
for a € @, it is clear that B = (T, U,|a € ®T) is the subgroup of upper
triangular matrices of SO5(C).

We can also find all the other parabolic subgroups just by looking at the
subgroups of SO5(C) containing B. A maximal parabolic subgroup will be
generated by the maximal torus 7', the subgroups U, for a € ®* and also by
Ug where 3 is the negative of the simple root corresponding to the parabolic
subgroup. For example, by looking at the root diagram of the characters, we
see that P; corresponds to the character ap. Also, one can check that for

0

U—ay (I) = )

N |+

S OO O =
o8 R OO
— o O O O

0
1 0
T 0
T 1
0 0

we have tu_q, (2)t7F = u_q, (t5'7) = u_q,(—ao(t)z) for any t € T. Hence,
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P = € S05(C)

S S
* X X X

o O O ¥
O ¥ ¥ * X

e}

* X X X X

Similarly, we get that P, which correspond to the character aq + as is

* ok %k ok
* ok x ok ok

P, = 0 0 x x x| €S05(C)
00 0 * x
00 0 x =«

Now we know what are the parabolic subgroups P, we want to find the
geometric description of the homogeneous spaces SO5(C)/P.

4.3.9 Definition. A subset W of V is called isotropic if there exist x € W
such that Q(z,x) = 0. A subset W of V' is called totally isotropic if for any
weW, Qw,w) =0.

From Theorem 4.1 in [Lam, p. 12] we get that any vector space V' endowed
with a symmetric bilinear form () splits into an orthogonal sum of subspaces
called a Witt decomposition. From this decomposition, we get an integer m
called the Witt index with the property m = 1/2 - dim(W), where W is a
summand of the Witt decomposition of V. Therefore, m < 1/2 - dim(V).

4.3.10 Lemma. [Lam, p. 13] Let V be a vector space over a field of charac-
teristic different from 2. If Q is a non degenerate symmetric bilinear form,
the Witt index m of V' equals the dimension of any mazimal totally isotropic
subspace of V.

From this lemma, we may deduce that a maximal flag of totally isotropic
subspace is as follows

{(0cViCcVaC - C Vg € CQ(V;, Vi) =0}

Since for any A € SO;5(C) we have Q(A-V;,A-V;) = Q(V;, Vi) = 0, then
SO5(C) preserves the totally isotropic flags. We can also show by doing work
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similar as in Section 4.2 that the Borel subgroup B of SO5(C) is the isotropy
group of the standard totally isotropic flag. Therefore,

SO5(C)/B ~ {(0 C V; C V; C C*|Q(V;,V;) = 0}.

Similarly, we get that P; is the isotropy group of the action of SO5(C) on the
variety of totally isotropic lines in C® and that P, is the isotropy group of the
action of SO5(C) on the variety of totally isotropic planes in C5. Therefore,
we have isomorphisms of varieties

SO5(C)/ P, ~ variety of totally isotropic lines in C®

and
SO5(C) /P, ~ variety of totally isotropic planes in C®.

In the next chapter, we will use a new method that will help us understand
why we get these results.
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Chapter 5

Geometric Description using
Chevalley Groups

In this chapter, we will follow the work of [CG] to give a geometric descrip-
tion of the homogeneous spaces G/ P.

Let G be a semisimple algebraic group over C. Fix a representation of G
on a finite-dimensional vector space V. Let V be a fundamental irreducible
representation of G, i.e. the highest weight of V' is a fundamental weight. For
each vertex «; of the Dynkin diagram, we choose a nonzero proper subspace
V; of V that is invariant under the maximal parabolic P;. By [CG, Prop 3.4,
a subspace satisfying this property exists.

We will define our algebraic group as a Chevalley group constructed from
a root system ® using the definition in [St, p. 21]. Let z, : G, — G as «
ranges over the roots in ® be an homomorphism subject to some relations
described in [St, p. 66]. Let X, = {z.(t)|t € C}. Then, G is generated by
the X, as a ranges over the roots in .

Fix aroot v € A, where A is a base of the root system ®, and let w be the
corresponding fundamental weight. Let V' be the irreducible representation
with highest weight w and highest weight vector v+ € V.

5.0.1 Definition. For a simple root ; € A\ {7}, we define the a;-component
of A to be the connected component of v in A\ {a;}. In other words, the
a;-component is the subset of A containing all the simple roots such that
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there is a path connecting them to = in the Dynkin diagram without the
vertex corresponding to «;.

By convention, the v-component of A is the empty set. Now fix a; € A.
For each root § € ¢, write 6 = ZakeA cray, for integers c.
5.0.2 Definition. We define the «;-height of § to the > ¢ as ay, ranges over
the simple roots not in the a;-component of A.

Write L, for the subgroup of G generated by the X5 as § ranges over the
roots such that the a;-height of § equal 0. Then, L,, is a simple algebraic
group whose Dynkin diagram is the a;-component [CG, p. 6].

We set V,,. to be the subspace L, - v* spanned by the L,,-orbit of v+,
5.0.3 Remark. We have that L, is trivial and V/, is the line tv™.

5.0.4 Proposition. [CG, Prop. 3.4] For every a; € A, the subspace V,, is
a nonzero proper subspace of V' stabilized by P,, .

5.0.5 Proposition. [CG, Prop. 3.5] For o € A\ {7}, the subspace V,, is a
fundamental irreducible representation of L,,.

Since we know the Dynkin diagram of L,,, we can find the dimension of
Vi, by looking at Table 2 in [Bou2, p. 214].

5.0.6 Definition. We say that a vertex in a graph is terminal if it is joined
to at most one other vertex.

5.0.7 Definition. We call a subspace X C V in the G(C)-orbit of V. a
Q-space.

5.0.8 Proposition. [CG, Prop. 3.7] Let X be a a;-space in V (with a; # ).
Suppose that the a;-component of A is of type A and vy is a terminal vertex
of the a;-component. Then, every 1-dimensional subspace of X is a y-space.

We now have all the tools we need to take a look at the first example.
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5.1 Type A,

For our first example we will follow [CG, p. 9] and we will work on the case of
Ay. Then, we have G ~ SL3(C) and let us take the standard representation
V = C3 corresponding to the simple root «;.

Let V,,, be the 1-dimensional subspace of V' spanned by the highest weight
v*. We know from Proposition 5.0.5 that V,, is a fundamental irreducible
representation of L,,. We also know that the Dynkin diagram of L,, is the
ap-component so it is of type A;. Hence, from the table 2 in [Bou2, p. 214],

Fundamental weight | Ay | Ay | By | Go
w1 2 3] 5 7
wa - 3 4 14

we have that dim(V,,) = 2. Let us draw the Dynkin diagram of A, and write
the dimension of V,,, above the vertex «;.

1 2
a1 Qo

We proved in Chapter 4 that SL3(C) acts transitively on the i-dimensional
subspaces of V = C3 for all i = 1,2. Then, the a,-spaces are precisely the
i-dimensional subspaces of C3. Since P; is the stabilizer of the V,,, we get
the same geometric description for G/P; as in Chapter 4.

5.2 Type B

For the case of By, some additional properties will appear. If V, satisfies a
certain property P and this property is G-invariant, then by definition, all
~v-spaces will satisfy this property. Furthermore, if we can prove that G acts
transitively on the d-dimensional spaces of V' satisfying P, the v-spaces are
precisely those d-dimensional spaces.

Let us start by taking V' to be the standard representation of SO5(C) and
fix the root a; € A. We know from Chapter 4 that there exist a G-invariant
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non degenerate bilinear form @ on V. Let v* be the highest weight vector of
V' with highest weight w. Then, for any ¢ in the maximal torus 7', we have

Q(U+7 U+) = Q(t ) U+7t ’ U+> = Q<w<t>v+’ w(t)v+) = w(t)QQ(U+7 U+)'

Since w is not the trivial character, w(t) # 0 so Q(v*,v") = 0. Hence, V,,
is isotropic. Moreover, by looking at the Dynkin diagram of Bs, we see that
L,, is of type A; so dim(V,,) = 2 and by Proposition 5.0.5, the as-spaces are
also isotropic. We have the following Dynkin diagram with the dimensions

of Vy,.

12

Qy Qg

Now, since we have from [CG, p. 12] that SO, (C) acts transitively on
the m-dimensional isotropic spaces of V' for m < n, we have that

GG/ P; ~ i-dimensional isotropic spaces of V.

5.3 Type G;

The case of Gy will be similar to By. We will follow the work of [CG, p. 25]
with the help of results from [SV].

5.3.1 Definition. [SV, p. 4] A composition algebra C over a field k is a not
necessarily associative algebra over k with identity element e such that there
exists a non degenerate quadratic form N on C' which permits composition,
i.e., such that

N(zy) = N(z)N(y),Vz,y € C.
The quadratic form N is called the norm of C.

5.3.2 Definition. [SV, p. 14] A composition algebra C' of dimension 8 that
is not commutative nor associative is called an octonion algebra.

5.3.3 Definition. [SV, p. 19] An octonion algebra with isotropic norm is
called a split octonion algebra.

5.3.4 Example. The two-dimensional split composition algebra over C is
C @ C with norm defined as N((z,y)) = zy for z,y € C.
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Let C' be a split octonion algebra. Let G be the group of automorphisms
of C. Then, we have that G is of type G5 [SV, p. 32]. Let V be the standard
representation of G. We can define a G-invariant bilinear product on V' by

Q(r,y) == N(z +y) — N(z) — N(y).

We can take the following basis for the split octonions {e, i, j, k, [, li, l], [k}.
Then, the multiplication of octonions is completely determined by the fol-
lowing multiplication table [CS, p. 66]:

i (kT 1LY [k
| k|5 h1 k]|
ke | 1|4 k]| 1[0
i | Tk |G| 1|1
LG [k|e |i|] |k
Bl k|| ]e] k|-
G [Tk | -1 || 5| k]|e]i
K|G0 | 1] k|| ]e

— T R e
—
1
—
|
@

The vector space V' may be viewed as the trace zero elements in the split
octonion algebra, i.e. the elements v € C' such that Q(v,e) = 0. We can still
find the dimension of the spaces with Proposition 5.0.5. We get the following
diagram

1.2
a1 Ao

From the same argument as for By, we get that the bilinear product is
identically zero on the a;-spaces, and from Proposition 5.0.8, also on the as-
spaces. Afterward, we can prove that G acts transitively on the 1-dimensional
spaces of V' on which the bilinear product is identically zero using the fol-
lowing result.

5.3.5 Proposition. [SV, p. 17] Let C be a composition algebra and let D and
D’ be subalgebras of the same dimension. Then, every linear isomorphism
from D onto D' can be extended to an automorphism of C.

51



Let C be the octonion algebra. Let D = (a) and D" = (b) where a,b € V
such that the bilinear product is identically zero on D and D’. We want to
find an element g € G = Aut(C) such that g(a) = b. Let us take a linear
isomorphism g : D — D’ such that u(a) = b. Then, from the proposition

above, p can be extended to an automorphism ' of C. Therefore, g = p'.

Similarly, we can show that G acts transitively on the 2-dimensional
spaces of V on which the bilinear product is identically zero using Proposi-

tion 5.3.3.

Therefore, we have that G/P; is isomorphic to the i-dimensional spaces
of V' on which the bilinear product is identically zero.

52



Chapter 6

Geometric Description by
Representation Theory

In this section, we will approach the problem of giving a geometric descrip-
tion of the homogeneous spaces using representation theory as in [FHJ.

Let V =Ty be an irreducible representation of a linear algebraic group G
with highest weight A, and consider the action of G on the projective space
PV. Let p € PV be the point corresponding to the weightspace with weight
A

6.0.1 Lemma. [FH, p. 388] The orbit G - p is the unique closed orbit of the
action of G on PV

We know from Section 4.1 that the stabilizer Py of p is a parabolic sub-
group. In fact, P, is the parabolic subgroup corresponding to the subset of
simple roots that are perpendicular to the weight A, i.e. (A\,;a¥) = 0. This
means that we are looking for irreducible representations with highest weight
perpendicular to some simple roots. Recall that (w;, o)) = d;5, so the funda-
mental weight w; is perpendicular to the simple root as and vice-versa. In
fact, we are looking for irreducible representations with highest weight being
scalar multiples of the fundamental weights.

We can establish a step-by-step method that will help us find these rep-
resentations for a given Lie algebra g.
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Step 1: Find a maximal abelian subalgebra h C g acting diagonally on g by
the adjoint representation. A subalgebra h with these properties is called a
Cartan subalgebra of g.

Step 2: Let b act on g by the adjoint representation and find a decomposition
of g. Since h acts diagonally on g, we get the root space decomposition

s=hoPae.
where o € h* such that for any H € h and any X € g, if and only if
ad(H)(X)=[H,X|=a(H)X
holds for all H € b.

We will call roots the non-zero o € h* with g, # 0 and root spaces the
go # 0. The set of all roots is denoted ® C h*. One can check that the roots
defined this way coincide with the roots found in Chapter 2 and have all the
same properties [EW, Example 11.2]. The lattice Ag C h* generated by the
roots « is called the root lattice and will help us to draw root the diagram.
Since we will work with the Lie algebras having root system Ay, By and Gb,

we already know what the root diagram should look like. We also get the
following result:

6.0.2 Lemma. [Hu, p. 39] If o, 5, + 5 € ®, then the adjoint action of g,
maps gz 0nto go43-

Step 3: We must fix an ordering on the roots by finding a linear functional
t:Ae — R

such that ((«) # 0 for all &« € ®. Then, we can define ®* = {a € ®|i(a) > 0}
and &~ = {a € ?|(«) < 0}. This gives us the decomposition

O=0"TUD.

We can now define the simple roots as the set of roots which can’t be
written as a sum of two positive roots and then get the same root diagram
as in Section 2.1.
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Step 4: Let V be an irreducible finite-dimensional representation of g. There
is a similar direct sum decomposition for V' given by

V=DV
w
where € b* and V, = {v € V|H(v) = p(H)v,VH € h}.

We call weights the non-zero € h* with V,, # 0 and weight spaces the
non-zero V,. The dimension of a weight space V), is called the multiplicity of
the weight v in V. We get the following result.

6.0.3 Lemma. [FH, p. 165] The action of g, on 'V, sends it to Vi,.

Now, we want to find a lattice for the weights like the one we found for
the roots. To do so, we must recall some facts about the representations of

sl5(C).

6.0.4 Lemma. [EW, p. 97][Hu, p. 37] For any root « of a semisimple Lie
algebra g, the subalgebra

Sa = Ba N> J—a S [gom g—oc]
is isomorphic to sly(C).

We know that g, sends g_, to h via the adjoint action so one can
show that there exists a unique element H, € [ga,0-a] C b such that
a(H,) = 2. This element H, will be called a distinguished element of b.
Since s, =~ sl5(C), we know that all eigenvalues of the action of H, on finite-
dimensional representations must be integers. Then, for every eigenvalue
i € b* of a representation of g, u(H,) € Z for all a € ®. We will call weight
lattice of g and denote by Ay the set of all linear functional 1 € h* such that
w(H,) € Z for all & € ®. Then, all weights of all representations of g will lie
in Ay . In particular, Ap C Ay since the A € Ag are weights in the adjoint
representation.

Step 5: Let us start with a definition.

6.0.5 Definition. [FH, p. 202] Let V' be any representation of g. A nonzero
vector v € V' that is both an eigenvector for the action of fh and in the kernel
of the action of g, for all @ € ®% is called a highest weight vector of V. A
weight p such that H(v) = u(H) - v for all H € b is called a highest weight
of that representation.
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6.0.6 Lemma. [FH, p. 204] Any irreducible representation V' of g is gener-
ated by the tmages of its highest weight vector v under successive applications
of root spaces g_, for a € A.

6.0.7 Lemma. [FH, p. 204] Every vertex of the convex hull of the weights
of V' is conjugate to the highest weight . under the Weyl group.

These two results are enough to find all the weights of a representation
given that we know the highest weight. We get the convex hull by appli-
cations of the Weyl group on the highest weight and then find all the roots
lying inside the convex hull by applications of the action of the root spaces
g_o for a € A.

Using the step-by-step method stated above, we will be able to find the
weight space decomposition of any irreducible representation. Then, we will
find the unique orbit for this representation and this will be isomorphic to
G/P\. We will denote by 'y, an irreducible representation with highest
weight pt = aw; + bwy. Thus, we are looking for the representations I', o and
FO,b-

6.1 Representations of A,

We have to find a Cartan subalgebra of the Lie algebra sl3(C). We are looking
for a subspace b that acts diagonally on sl3(C). In fact, we can take h as the
2-dimensional subspace of all diagonal matrices in sl3(C). Now, we want to
find the decomposition

sl3(C) =h o P g..

aq 0 0
Let M = (m;;) be a 3 x 3 matrix and D = [ 0 as 0 |. Basic matrix
0 0 as

computation give us that the (ij)-th entry of the commutator
[D, Mlij = (ai — a;)m;.

Then, the eigenvectors of the action of h on sl3(C) must be scalar multiples
of the 3 x 3 matrices E;; with (ij)-th entry equal to 1 and all other entries
equal to 0. The matrices Ej; generate all the eigenspaces of the action of b
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on g.

We have
aq 0 0
b:{ 0 ax O |a1—|—a2+a3:()}
0 0 as

and the linear functionals a € h* appearing in the direct sum decomposition
will be the six functionals L; — L; for 1 <14, j < 3 such that

aq 0 0
Li 0 (05} 0 = Q; and L1+L2+L3:0.
0 0 as

Then, the root space gr, r, for i # j will be spanned by Ej; and we have
[H, X] = (a; — a;) X = (L — L;)(H)X

for all H € h and all X € gr, r,. Then, we have the following decomposition
of our Lie algebra:

sl3(C)=h @ EB 9L,—L;

Li—Lj €h*

where the sum is over all ¢ # j.

Now that we know the root space decomposition of sl3(C), we want to give
the weight space decomposition of some of its irreducible representations. To
do so, we need to define a linear functional on the root lattice

t:Ae — R

that will help us find the highest weight vector of a given representation.
Remember that we need t(a) # 0 for all root a in the corresponding root
system ® = A,. We can define the linear functional as

t(ay Ly + as Lo + a3L3) = aay + bas + cag

where a + b+ c =0 and a > b > c¢. Then, the root spaces g, C g such that
t(ar) > 0 are exactly 91,14, 81,-1s, and gz, —1,. The set of positive roots is

(I)+ = {Ll - L37 L2 - L37L1 - LQ}

and the simple roots are vy = Ly — Ly and ay = Ly — L3. We get the same
root diagram as in Section 2.1
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Now, we want to define the weight lattice Ay. Let us look at the subal-
gebra

Sp—L; = 0r,—L, D Or,—L, ® [81,-1,,0L,-1,]-
We have the following distinguished elements
H,; = |Ey, Eji] = EijE; — BBy = By — Ejj
since by the following computation
[Eii — Ejj, Eij] = [Eii, Eij] = [Ejj, Eij] = Eij+ Eij = 2E;; = (Li — L) (Hy) Ey
we get that (L; — L;)(H;;) =2 and Hy; € sp,—p,.

Then, we know that the eigenvalues for the action of H;; are integers and are
integral linear combinations of the L;’s. Hence, Ay = (Ll, Lo, L3).

We can now start looking at the weight space decomposition of the rep-
resentation with given highest weights Recall that the fundamental weights
are wy; = %@1 + %ag =L and wy = al + 042 Ly + Ly. We will denote by
I',» the representation with highest Welght i = awi + bwy. Let us start by
looking at the standard representation of sl3(C) on V ~ C3. For H € b,

H@i = a;e; = LZ(H)€Z

Hence, the eigenvectors for the action of h are the elements ey, e5, and e3 of
the standard basis of C? with eigenvalues L;, Lo, and Ls. Therefore, we have
the following weight diagram:
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By looking at the diagram, we see that the weight L; is killed by the
action of g1, 1,,95,-1s, and gr,_r,. We can also see that if we start with
the highest weight L, = wy, we can get the two other weights by the following
actions of the root spaces:

¢ E VL1 - g—(Ll_LQ) : VL1 = VL2,
O Vi, = 9—(La—Ls) Vi, = Vi

Therefore, this is the representation I'yy with highest weight L; = w;.
Next, we may look at the dual representation V*. We have u € V* such
that X (u(v)) = —u(X(v)) for any X € g and any v € V. Then, V* has
eigenvalues being the negative of those of V. Then, the weight diagram of
V* is:
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Once again, we see that this is the representation I'y; with highest weight
Wo = —Lg.

Let us look at the weight diagram of the symmetric power Sym? V. The
eigenvectors will be of the form e;e; with eigenvalues L; + L; since

H(ese;) = H(e;)e; +e;H(e;) = Li(H)eej +e;Lj(H)e; = (L + Lj)(H)eze;.

Therefore, Sym? V' has weights equal to pairwise sums of the weights of
V. Then, its weight diagram is

2L,

20,

Similarly, we have the following weight diagram for Sym? V*

9L,

—2L,
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By looking at the diagrams for Sym?V and Sym?V*, we see that they
have highest weight 2L; and —2L3 respectively and every weight is of multi-
plicity 1. Hence, Sym?V = I'yp and Sym? V* = I'p 2. This observation leads
to the following general result.

6.1.1 Lemma. [FH, p. 182] If the representation V' has highest weight vector
v with highest weight p, then the representation Sym"™V has highest weight
vector v™ with highest weight ny.

Now that we know that the two representations Sym"V = TI',, and
Sym" V* = I'y,, have highest weights being scalar multiples of the funda-
mental weights, we can start looking at the homogeneous spaces.

Let G = SL3(C) and W = Sym" V. Let p € PW is the point corre-
sponding to the eigenspace with eigenvalue u = nw; = nL; being the highest
weight of W. Then,

p=A{we W|Hw=nlL(H)w} = (e}).

Therefore, since the action of G on C? is transitive and g - v" = (g - v)", we
have by Lemma 6.0.1 that

G- p= {Un}veV
is the unique closed orbit of the action of G on PW. We also have
{0"} ey ~ PV ~ P?

since {v"} ey is the image of the injective map from PV to PW called the
Veronese embedding [FH, p. 154]. Therefore, since (wy, ay) = 0, the maximal
parabolic subgroup corresponding to w; is P» and we have

G/Py ~ P2

Similarly, we get that G/P; ~ P2. We managed to get the same result as on
Page 39 using techniques of representation theory. We can now use the same
method for the two other root systems.
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6.2 Representations of B

We already know that SO5(C) can be viewed as the group of matrices pre-
serving a given non degenerate symmetric bilinear form (). In this section,
we will define the non degenerate bilinear form as:

Q(z,y) =" My

with

O = OO
_ o O O

0
1
0
0

o O O
_— o O O O

0000

We know from Section 4.3 that the group of matrices in SL;(C) preserving @
is isomorphic to the group we used before. The Lie algebra so5(C) is defined
as the space of matrices X satisfying the relation X7 M + M X = 0. Then,

A B C
505(C) = D AT E A, B,D € My(C),C,E € C?
and B, D skew-symmetric
-cT —ET 0 ’

We take the Cartan subalgebra h to be the diagonal matrices of the form

a 0 0 0 O
06 0 0 O
00 —a 0 O
00 0 —=b O
00 0 0 0

Therefore, we have h = (E; — Eji0,42) for i = 1,2. We denote H; =
Ei; — Eii2;40 and we take as basis for h* the dual basis L; defined by
L;(H;) = 6y;.

Let us see how H; and H; acts on F;;. We have

[Hia E’Lj] = [Ezu E@]] - [Ei+2,i+2a EZ]} = Ez

79

[Hj, Eij] = [Ejj, Eij] — [Ejsajve, i) = —Ey,

7

62



and [Hy, E;j| = 0 for k # i and k # j. The same is true for E; 9,19 so
Xij = Fij — Ejio449

is an eigenvector for the action of g with eigenvalue L; — L.

We can also see that
Yij=Eijt2 — Ejito
and
Zij = FEira; — Ejia;
are eigenvectors for the action of b with eigenvalues L; + L; and —L; — L;

respectively. Finally,
Ui=Eis — E5 2

and
Vi=FEijo5 — Fs;

are eigenvectors for the action of h with eigenvalues +L; and —L; respec-
tively. Therefore the set of roots ® = {£Ly,+ Lo, £Ly £+ Lo, £(Ly — Ly)} is
of type Bs.

Now, to fix an ordering on the roots, we define a linear functional
L: Aq) — R
a1L1 + AQLQ = C1a1 + Coa9
for ¢; > ¢y > 0. Then, the set of positive roots is ®* = {Ly, Ly, Ly — Lo, L1 +

Ly} and the simple roots are Ly = ay and Ly — Ly = aa. As in Section 2.1,
we get the following root diagram
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Now, we want to find the weight lattice. To do so, we have to find the
distinguished elements of the subalgebras

Sa = 0a DI D [far I_al-

Let us start with the root L; — Ly with corresponding root space generated
by Xi2. We have

[Xi12, Xo1] = [E12 — Euz, Eay — E3]
= [Erg, Ea1] — [Fr, E3y] — [Euz, For] + [Eaz, E34]

Then, the distinguished element Hj,_, is a scalar multiple of Hy — H,. We
need (L — L9)(Hp,—1,) = 2 and we have

[Hy — Hy, X19) = [Hy — Hy, E1y — Ey3)
= [Hy, Ero] — [Hy, B3] — [Ha, Eva] 4 [Ha, By
= Fip— Ey3+ Ep — Egg
= 2Xy9 = (L1 — Ly)(Hy — H)X5.

Therefore, Hy,, 1, = Hy — Hs. For the root Ly + Lo, we have
Yia, Z1o) = —Hy — H,

and
[—Hy — Hy,Y1o] = —2Y15 = (L1 + Lo)(—Hy — H2)Y1o.

Then, Hy, 41, = Hy + Hy. Similarly, we have Hy,, = 2H,. Therefore, the dis-
tinguished elements are {+H, + Hy, +Hy,+Hs}. It is clear that L;(H,) € Z
for any a € ® and we also have that (L, 4+ Ls)(H,) € Z. Then, Ay is
generated by Ly, Ly, and %(Ll + Ly).

We are now ready to look at the representations of so5(C). Recall that
from Section 3.7, the fundamental weights for the root system Bj are w; =
a1+ %OCQ = %(Ll +Ly) and wy = v+ 8 = L. By definition of the Cartan sub-
algebra b, it is clear that the weight diagram for the standard representation
V =C%is
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—Ly 0 Ly

_Ll

We see that V' has highest weight L; = w,. If we start with the weight L
and apply reflections by s,, = sz, and s,, = sr,-1,, we get the convex hull
with corners being the weights L, Lo, —L; and —Ly. Then, by consecutive
actions of g_r, and g_(z,_r,) on the weight spaces, we find all the weights.
Therefore, we have that V' = I'y;. Let us now take a look at the represen-

tation /\2 V. It has weights equal to the pairwise sums of distinct weights of
V. Its weight diagram is

Since V' = span{Ly, Lo, Lo, L_1, L_5}, then V AV = span{L; \ L;|i <
j}. Then, since L_o A\ Ly and L_; A\ Ly are basis elements of /\2 V they must
be linearly independent. Therefore, the weight 0 has multiplicity 2 in /\2 V.

By looking carefully at the weight diagram, we see that /\2 V' has highest

weight Ly + Lo = 2w; and that it has the same diagram as Sym? W for a
representation W with highest weight w; and weight diagram
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L+ Ly

w1

This is in fact the representation I'; y but we can’t use our usual method
of starting with the representation V' to construct this representation.

We can now start looking at the orbits of the action of G = SO5(C) on PV
for the irreducible representations. Let us begin by looking at the standard
representation V' = I'g ; with highest weight w,. The corresponding maximal
parabolic subgroup is P; which corresponds to the simple root a;. We know
from Section 4.1 that in the decomposition of the parabolic subalgebra cor-
responding to oy we have T'(X) = {aq, —aq, g, q + @, 201y + i}, Then,
dim(P,) = 7. We have that

dim(G/P) =10 -7 =3

and by looking at the weight diagram of V' we see that dim(V') = 5. Hence,
we have

G/P, C PV ~P*

which means that G/ Py is an hypersurface in P*. Since we know from Chapter

4 that G preserves a symmetric bilinear form, G/P; is a quadric hypersurface
in P* [H, p. 33].

For P,, since we can only find the weight diagram of I'; o by doing back-
ward reasoning starting with the adjoint representation, we need another
method to construct I'yg and find G/P,. We could look at the represen-
tations of Cy to find that the representation I'y o for B, coincides with the
standard representation of Cy and conclude, as in [FH, p. 389], that

G/PQ EP?’.
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6.3 Representations of G,

In the case of G5, we will do the analysis without a precise description of
the Lie algebra g,. We will use the approach of [FH, Section 22.1]. We will
start with the root system from Chapter 2 and construct its corresponding
Lie algebra.

Let oy and a be the usual simple roots. We choose X (respectively X»)
to be an eigenvector for the action of h with eigenvalue «; (respectively X5).
We choose Y; and Y; similarly such that they have eigenvalues —a; and —ap
respectively. We take

H, = [X1,Y1] and Hy = [XQ,YQ]-

We can then rescale Y; and Y, such that for H; € [ga,,8-0,] C b and
Hj € [8ay, 8—a,] C b we have

ai1(Hy) = ae(Hs) = 2.

Then, we have

Now, we need to find generators for the other root spaces. We do that by
looking at the root diagram of G,. If we fix

az = a1 + ag, ay = 200 + ap
a5 = 30[1 + Qua, Qg = 30(1 + 20&2.
Then, we have
a3 = o1+ Qo
Qy = 20&1+C)Z2:Oél+043
Q5 = 30Z1+(12:(11+Oz4
Qg = 3041 -+ 2@2 = Qg + 5.

We can then choose

X3 = [X17X2]7 X4 = [X17X3]
X5 = [XlaX4]7 X6 = [X27X5]'
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and define Y3, Y4, Y5, and Yg similarly. The elements H;, X;, and Y fori = 1,2
and j = 1,...,6 form a basis for the 14-dimensional Lie algebra g, [FH, p.
335]. Here, {H;, Hs} is a basis for h and X; (respectively Y;) is a generator
of the root space g, (respectively g_,).

The next step is to find the multiplication table for those basis elements.
After a fairly good amount of computations and some rescaling we get the
following multiplication table [FH, p. 346].

Ho X1 Y1 Xa Yo X3 Y3 X4 Yy X5 Ys X6 Ys
H; 0 2X4 -2 —3Xo 3Y2 —X3 Ys Xy -Y, 3X5 —3Y5 0 0
Ho> —-Xq Y1 2Xo —2Y5 X3 —-Y3 0 0 —X5 Y5 Xg —Ys
X1 H; X3 0 2X4 —3Y> —3X5 —2Y3 0 Ya 0 0
Y1 0 -Y3 3X2 —2Y, 2X3 3Ys —X4 0 0 0
Xo Ho 0 Y1 0 0 —Xs 0 0 Ys
Yo —-X1 0 0 0 0 Ys —X5 0
X3 Hi{ + 3H> —3Xs 21 0 0 0 Yy
Y3 —2X1 3Ys 0 0 —X4 0
Xy 2H, + 3H2 0 -1 0 -Y3
Yy X1 0 X3 0
X5 Hy + Ha 0 -Y2
YS X2 0
Xe Hi + 2H>

Now, we would like to find the distinguished elements of the subalgebras
Sa;. 1f we take H; = [X;,Y:], we know from the multiplication table that

Hs = H, +3H,, Hy=2H,+ 3H,,
H5:H1+H2, H6:H1+2H2.

We can also see that

Therefore, the H;’s are the distinguished elements and the set of distinguished
elements is generated by H; and Hy. Then, since we have
al(Hl) = 2, a1 (Hy) = —1,
ag(Hp) = =3, ao(Hs) = 2,
and Hy,H, generate all the distinguished elements, it means that the weight

lattice is generated by a; and asy. In fact, since Ag is also generated by ay
and g, Aq; = AW
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We can now start looking at the representations of g, with highest weight
being the fundamental weights. Recall that from Section 3.10, the funda-
mental weights are

w1 = 201 + ag and we = 3o + 2.

Let us start by looking at the representation I'; o with highest weight w;.
We find the weights on the boundary of the convex hull by applications of
the following reflections on wy:

Sal(wl) =ao + Qg, Saz(wl) = 01, Say (al) = —Qq,

San (1 + ) = —ag, 8o, (—2) = =201 — a.

Then, we can find the remaining weights by action of the root spaces g_,,
and g_,, on the weight spaces. Therefore, the weight diagram of I'; ¢ is

We see that V' = I'; is 7-dimensional since each weight space is one-
dimensional. We will call it the standard representation of gs. Now, we want
to look at the representation I'y ;. By finding the weights in the convex hull
and then by actions of the root spaces of the negative simple roots, we get
the following weight diagram for this representation
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Here the multiplicity of 0 is 2 and the dimension of I'g; is 14. By looking
at the multiplication table, we see that [X;, X4] = 0 for all i = 1, ..., 6, hence
the highest weight of the adjoint representation is ag = 3aq + 209 = ws.
This means that I'y ; is the adjoint representation. Next, we can consider the
representation A>V with weight diagram

We know from Weyl’s Theorem [Hu, p. 28] that the representation A\*V
is completely reducible. By looking at the weight diagram, we see that by
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taking out the weights of I'g; from the weight diagram of /\2 V', we are left
with the weight diagram of V. Hence, /\2 V ~ Ty ®V. This means that I'y;
is contained in /\2 V. Since I'p1 C /\2 V' and any irreducible representation
[up € Sym®V @ Sym” T, it means that any irreducible representation is
contained in some tensor power of V' [FH, 353].

Next, we want to check how g, acts on the standard representation. Let
us pick a highest weight vector vy € V,,,. This will be our first basis element
of V. To find the other basis elements, we will apply consecutive actions of
Y; and Y5 on vy. We may look at the following diagram to understand the
action of Y] and Y5.

U3 V4

@@ —— @

w1 U U1
) EYI ) °
Y;
Y, 1
Wy w3
) )
-V

We choose the basis vectors of V as follows:

Vg4, V3 = 5/1(04),1)1 = —YQ(U:&),U = }/1(1)1),

1
wy = §Y1(U)aw3 = Ya(wy), and wy = =Y3(ws).

By looking at the multiplication table above, we get the following relations
between the generators of the root spaces:

Xs=[X1,X5], Y3=-[}1,Y3],

1 1
X4:§[X17X3]7 Y4:_§[Yhy3]a
1 1
X5:_§[X17X4]7 )/:5:5[}/17}/;1]7

XGI_[X27X5]7 }/6:[}/27}/:5]

Using these relations and the definitions of our basis elements, we can
find how each generators act on the basis elements. The following table gives
us all the results.
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V4 V3 (%1 u w1 ws Wy
Y; V3 0 U 2w, 0 —Wy 0
Yé 0 —U1 0 0 W3 0 0
Ys | —up u 0 2wy  wa 0 0
Y u  —w; ws 2wg O 0 0
Ys | wy 0 —wy O 0 0 0
Yo | wy —ws 0 0 0 0 0
X1 0 V4 0 2?]1 u 0 ws
X2 0 0 V3 0 0 w1 0
X3| O 0 vy 203 0 U —wq
X4 O 0 0 20, —v3 U —u
X5 0 0 0 0 V4 0 U1
X6 0 0 0 0 0 () —7Us

We can see from the table that basis elements different from w are al-
ways sent to another basis element up to sign and that X;(u) = 2v; and
Yi(u) = 2w; for i = 1,3, 4.

Now we need a new definition.

6.3.1 Definition. Let V be a representation of a Lie algebra g over a field
k. Then a bilinear form
(,): VXV =k

is invariant if
(X(v),w) + (v, X (w)) =0
for all X € g,v,w e V.

What we want to prove at this point is that the action of gs on the stan-
dard representation V' preserves a bilinear form, i.e. there exist an invariant
bilinear form. We get the following result from the definition.

6.3.2 Lemma. Let (-,-) be an invariant bilinear form. Then, for any vy € V)
and any v, € V,, we have

<U)\7 Uu> =0

if X+ is non-zero.
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Proof: Let vy € V) and v, € V,,. Then, for any H € b, we have

(H(vx),vu) + (vr, H(v,)) =0
= (A(H)(v2), vp) + (ox, n(H)(vy)) =0
= O\ ) (H) (03, ) = 0

Then, (vy,v,) = 0if (A + p)(H) # 0, hence if A + p is non-zero. O

Suppose that (-, -) is an invariant bilinear form for the standard represen-
tation of go. Suppose that

<U4, ’LU4> =1

and let us find (v;, w;) for i = 0,1, 3 using the invariance. We have,
(v3, w3) = (Y1(va), w3) = —(va, Y1(w3)) = —(vg, —ws) =1,
<U1,w1> = <—Y2(U3),w1> = <03,Y2(w1)> = <U3,w3> =1,
(u,uy = (Yi(v1),u) = —(v1,2wy)) = —2.
Now, suppose that we have a bilinear form (-, -) such that for i = 1,3,4
(v, w;) =1, (u,u) = —2,

and (vy,v,) = 0 if A+ 4 is non-zero. Let us prove that this bilinear form is
invariant.

Let us start by writing down everything we get from the properties above
in a table. Note that since the weight diagram for /\2 V' is equal to the root
diagram of g, up to multiplicity, (v;,v;) = 0 for i # —j. Then, we get the
following table.

Vg V3 V1 u w1 W3 W4
vy |0 0 O O 0 0 1
v 1O O O O O 1 O
vp 0O 0 0O O 1 0 O
v |0 0 0 -2 0 0 0
w0 0 1 0 0 0 0
ws| 0O 1 0 0 0 0 O
wgy| 1 0 0 0 O 0 O
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Then, we only need to do the computations for the action of all the basis
elements of g, on all pairs of basis elements of V. We will not do all the
computations here but we can look at some examples.

(Y1(v4), w3) + (va, Yi(w3)) = (vs,w3) + (v4, —wg) =14 (=1) =0
(Y1(v4), w1) + (vg, Yi(w1)) = (v, wi) + (v4,0) =0

(X4(v3),u) + (vg, Xy(u)) = (0, u) + (v3,2v4) =0
Therefore, the action of g, on V preserves a symmetric bilinear form.

With this last property about the representations of gs, we can start looking
at the geometric description of the homogeneous spaces for Gs.

Recall that the dimension of G5 is 14. By looking at the definition of the
parabolic subalgebra and the fact that go has 6 positive roots, we get

pi = b D @ Ja,
a€T(X)
where T'(3) = {a1, ag, as, ay, as, ag, —a;} for i = 1,2. Then, dim(FP;) = 9
and
dim(Gy/P;) =14 — 9 = 5.

Let us begin by looking at the homogeneous space G5/P,. We know that
the representation with highest weight w; is the standard representation V'
and it has dimension 7. The corresponding maximal parabolic subgroup is
P, since (wy, ay) = 0. Hence, we have

Ga/P, C PV ~ PS.

Therefore, G/ P, is an hypersurface in P°. Furthermore, since the action
of go on V preserves a symmetric bilinear form, G5/P; is a quadric hyper-
surface in IPS.

The case of G5/ Py is more complicated. We know that the the represen-
tation with highest weight wy, W = I'g;, is contained in /\2 V. From the
work in [LM, p. 149], we get that

Go/ Py = Gr(2,7) NPW.
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Chapter 7

Chow Groups

In this section, we will make a link between the Pieri graph of the root sys-
tems ® and the Chow groups CH(G/B) for G an algebraic group in the sense
of [Spr, p. 21| with root system ®. We will only give a brief description of a
Chow group. The main resource for information about Chow groups will be
[Fu, Chapter 1].

7.0.1 Definition. c.f. [J2, p. 9-10] A category € is composed of a class of
objects, denoted ob(€), such that:

(a) VA, B € ob(€), there exist a set Homg(A, B), called the set of mor-
phism from A to B, such that Homg(A, B) N Home(C, D) = 0 if (A, B) #
(C, D)

(b) YA, B,C € ob(€), there exist a composition law:

Home(A, B) x Home(B,C) — Home(A,C)
(f,9) = g-f
This composition law must satisfy the following conditions:
WAL BLSCE D thenh-(g-f)=(h-g)-f
(ii) YA € ob(€), there exist a morphism id4 : A — A, called the identity
morphism, such that if B = A = C, then idy -u = v and v - idy = v.

7.0.2 Definition. [J2, p. 19] Let €; and €5 be two categories. A functor p
from €; to €, maps any object A € €; to a unique object u(A) € €, and for
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any A, B € ob(€;), there exist a map

Homg, (A, B) — Homg, (u(A), u(B))
foe=oulf)

such that:
(a) p(ida) = id(a)
(b) Forall A% B % C of €, u(g - f) = p(g) - pu(f)

Counsider a contravariant functor

CH' : Smooth Varieties over C — Graded Commutative Rings
X — CHY(X)

where for X — Y we have CH'(Y') — CH'(X).

Also, if Z — X is a proper map, CH;(Z) — CH;(X) where CH;(Y) =~
CHdim(Y)_Z(Y).

The CH’ functor satisfies the two following axioms:

(1) Homotopy Invariance:

XX(CAl — X

CH'(X) = CHY(X xcA')
(2) Localization:
For U C X open and Z = X \ U closed, we have the following exact sequence
CHyn(0 " ™(2) = CHiy 0y (X) — CHI(U) = 0.

7.0.3 Example. [Fu, p. 23] CH" *(P") = Z for k < n — 1. In particular,
CH(P') = Z.

Now, we can follow the work of [NSZ] to get to the point where we make
a link between the Pieri graph and CH(G/B). Let G be a split simple linear
algebraic group over C. Let X be a projective G-homogeneous variety, that
is, X ~ GG/P, where P is a parabolic subgroup of G. The abelian group
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structure of CH(X) is well-known. By the Bruhat decomposition [FH, p.
396-397], X has cellular decomposition given by

X = HB-w'-a:

weW

where w' is a representative of w and x is a C-rational point on X. If X is
of dimension d, we can define a sequence

X=XyD2X;:D--DXy

by
X, = H B-w-x

weW® J(w)<d—i
and we have

X\Xia~  J] ALY and Xy =u.

weW O, l[(w)=d—i

We fix a maximal split torus 7" in G' and a Borel subgroup B of G con-
taining 7' defined over C. We denote by ® the root system of G, by A the
set of simple roots of ® corresponding to B, by W the Weyl group, and by
S the corresponding set of simple reflections.

Let P = Pg be a parabolic subgroup corresponding to a subset © C A,
i.e., P = BWgB, where Wg = (34,0 € ©). Denote

W€ = {we W|s e S, l(ws) =1l(w) + 1},
where [ is the length function. The pairing

WGXW@ — W

(w,v) = wv

is a bijection and I(wv) = I(w) +(v). Then, we have that W consists of all
representatives in the cosets W/Wg which have minimal length. We denote
O the set of all representatives of maximal length. There is a bijection
WO — ©W given by v+ vwy, where wy is the longest element of We. The
longest element of W® corresponds to the longest element wg of the Weyl
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group.

To a subset © of the finite set A we associate an oriented labeled graph,
which we call a Hasse diagram and denote by Hyy (©). This graph is con-
structed as follows. The vertices of this graph are the elements of W®.
There is an arrow from a vertex w to a vertex w’ labeled with ¢ if and only
if [(w) < l(w') and W' = s;w where s; is a simple reflection. We see that
the diagram Hy () coincides with the Cayley graph associated to the pair
(W, 5).

Now consider the Chow ring of the projective variety G/Pg. It is well
known that CH(G/Pg) is a free abelian group [De, p. 69] with basis given
by varieties [X,], called Schubert classes, that correspond to the vertices w
of the Hasse diagram Hy (©). The degree of the basis element [X,,] is equal
to the minimal number of arrows needed to connect the respective vertex w
and longest element wy. The multiplicative structure of CH(G/Pg) depends
only on the root system of G and the diagram Hy (©).

7.0.4 Lemma. [NSZ, Cor. 3.6] Let B be a Borel subgroup of G and P one
of its parabolic subgroup. Then CH(G/P) is a subring of CH(G/B). The
generators of CH(G/P) are [X,], where w € ®°W C W. The cycle [X,] in
CH(G/P) has codimension l(wg) — [(w).

Hence, in order to compute CH(G/P) it is enough to compute CH(X), where
X = (/B is the variety of complete flags. We now have all the tools to make
a link between the Pieri graph and CH(X).

In order to multiply two basis elements of CH(X) one of which is of
codimension 1, we use the following formula called the Pieri formula [De,
Cor. 2 of 4.4]

[Xs o) [Xuw] = Z <waa/6v>[X55w]7

BedT I(spw)=l(w)+1

where the sum runs through the set of positive roots 3 € ®*, s, denotes
the simple reflection corresponding to a and w, is the fundamental weight
corresponding to . Here [X,_,,] is the element of codimension 1. Hence,
the coefficients can be found just by looking at the number of arrows of the
color corresponding to o between w and sgw in the Pieri graph.
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