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Abstract

The equations governing turbulent flow in industfiAI keat. excﬁangers
are derived in .detail. Simplified forms of theqe are derived separately for.
the tube-free, the near wall and the tubé:filled regions. Three simplifica-
tions of the second-order turbulence model are used in the tube-free region,
while aywall function method is used near the wall and the porous media
‘approach is applied to the tube-filled region. -Computatiohs based on these
models are tested versus experimental results in neerly homogeneous shear
flow, two—dimensaignal chaﬁﬁel flow, two-=dimensional tube filled chagpel flow
and recirculating flow. ' )

- 1i




[SORT

| .
ACKNOWLEDGEMENTS:

»

I would iike to thank Professﬁr étavros Tavoulalis for his
supefvision, thorough editiﬂg aéd criticism of my a;gsertatlon. It has
contributed immensely to its quality. .

Special thanks are’ due to Liberato Carlucci with'whom I had many
valu;ble discussions and who lent needed suppbrt ;o my work.

The financial support provided by Atomic'Ehergy of Canada through
a University of Ottawa/Chalk River Nuclear Laboratories Fellowship has
been very muéh appreclated. ' -

Finally, I must th;nk-my wife Patti for her uhderstanding over the

-

past two years.

~t

i1i1



”

' NOMENCLATURE

i .‘1, 20;"

»4 empiric
turbulence model

specific héat at constant pressure

specific heat at constant temperature

mean material derivdtive of Reynolds stress
mean material drivative df turbulent heat flux

mean mhterial defivative of turbulent kinetic

energy

meaﬁ/;aterial derivative of viscous

dissipation rate '

mean material derivative of mean 8quare

temperature fluctuation

diffusion of
diffusion of
@iffusion of

diffusion of

" diffusion of

fluctuation

Reynolds stress
gurbulent heat flux
turbulent Kinetic énergy
viscous disgipation rate

mean square temperature

specific internal energy

»

force of the

tubes on the fluid

heat flux from the rubes

production of turbulence by the tubes

gravitational acceleration

mean square temperature fluctuation

buoyant generation of Reynolds stress

bﬁoyant_generation of turbulent heat flux
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al constants for the
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_unit area outward .normal vector

buoyant generation of turbulent kinetlc energy
buoyant ggneration'of'viscous dissipétion

buoyant generation of mean square_temperature
fluctuation :

*

specific enthalpy

. &
irreversible work effects on the turbulent heat

¥lux -

irreversible work effects on the megn square .
temperature fluctuation ' '

i'uiui mean tyrbulent kinetic energy

ugus/2k non-dimensional Reynolds stress
tensor ' '

Cw) f .
k /e tx)

" integral length scale

. dynamicrviscosity fluctuation

4

thermodynamic pressure

pressure fluctuatioﬁ

shear production,qf Reynolds stress
gradient pro&uction of turbulent heat-flu£
shear production of turbulent kinetic energy
shear produc;ion.of viscous dissipatign

gradient production of mean square temperature
fluctuation’

heat flux to the wall
density fluctuation

revergghle‘work effects on turbulent heat flux
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.. 'reversible work effects on the mean square .

temperature ‘

,surface

production of viszous dissipation by vortex,

stretching

.fluid’raté

time
‘éempgrature’

wall friction veloci;y
-veloc;ty.ﬁluctuation

Iturpulent heat. flux

turbulent momengys,flui - Reynolds stress
centefline velocity.‘. , -
-veiocity -

spafia; position vector

volume

Greek Symbols

thermal diffusity
fluid thefmal expansivity
fluid compressibility
Kronecker's delta

finité difference operator

partial finite difference operator in the x4

‘direction

pressure-strain correlation
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pressure—fluctuating temperatufe gradlent
correlation

viscous destruction of Reynolds stress®
molecular destruction of the turbulent heat flux
vigscous dissipation of turbulent kindtic energy
viscous dissipation of viscous dissipation

molecular destruction of the mear square
temperature fluctuation . :

ratio'of turbulent éo mean time scales
temperature fluctua&ion-

thermal counductivity

dynaumic viécosity T e

kinematic viscosity

kiﬁemgtic turbulent viscosity -

thermal conductivity fluctuation

density
wall shear stress g
vorticity
‘ . -
“..
Others

. dynamic bulk viscosity

dynamic bulk viscosity fluctuation !
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Suffixes

(oes) , time or ensemble averdge ' . )

(.3.)\>\\\ + volume average ‘ _

. ~ X : : '

(oee)?! difference between the variable on the current field

“and in a stagnant isothermal field

(...)(0) initial value =

Notes:

’
All vector compoments are rectangular cartesian and the Einstein

summation convention is employed unless otherwise stated. ,

a— [

-

Bracketed indicies indicate that the variable 1s not a vector and hence

the summation convention 1s not enforced.

i
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CHAPTER I

. INTRODUCTION

- 1.1 Historical Survey of Turbulence Modéling

The first concise descripﬁion of the motion of fluids wés
presented by Euler (1755) who assumed that the velocity and density of
a fluld could be Qréated as continuous field variables aud that the
acceleration of an elementary fluid volume was due to an internal
pressure. This leads to the Euler equations which describe the motifon
of a fictitious fluid which has no tangential stresses. Such fluids do
not exist although certain properties of real fluid flows can sometLmes

be apprbximated by those of this i1deal fluid. Unfoftunately, i1deal

) ~ .

fluid theory cannot predicé tangential drag forces on solid structures,
something which prevents the ldeal fluld motion from being a completely
satisfactory approximation. 1In addition, ideal fluid motion cannot

- become turbulent since it 1s unable to generate the vorticity which L
characterizes turbulent motions (Kelvin's Thereom)-

It was not until the 19th century that a means of calculating the
tangential stresses on fluid volumes and rigld boundaries beca;e
possible. The theory wa; first introduced by Navier (1522) and then
later rationalized by Stokes and St. Venant (1843 aqd.1846); it assumes
that tangential stresses are functions of the local strain of the

fluid and are essentially added to the normal {pressure) stress of the

ideal fluid. The result is the so-called Navier-Stokes cquation



which is a second order non-linear partlal differe;tial equation for
which a genetal solution has yet to be found or proven to exist
(Ladyzhenskaya 1963). There haves been, however, some solutions Eé;ed
on very restrictive assumptions and applicable to simple flows. The
solution for vanishing velocity was in good agreement.whith expériments
and provided support for the postulated tangential stresses when
‘compared to experimental regults (Stokes,1845). Other known solutions
include the case where the non—1inear monvective term may be neglected
such as in Couette and Poiseuille‘flow,_both these-solutions agreervery
well to experimental data. All of these solutions describe laminé;
flows aﬁd are no way unique for a given geometry and boundary
conditions. when‘flow is tﬁrbulen: the Navier—-Stokes equdtions may not
be simplified at all, and hence it requires a general solution whiéﬁ'is
unavailable. Iﬁitially it was not c¢bvious that the Navie;—Stokes
equations could predict turbulent fl w because the shear stresses in a
turbulent fluid are mucﬁ greater thaxfin a laminar one. An early
ﬂypotheaia was that a turbulent fluic could be described by the Navier-
Stokes equations 1f a higher "turbulent viscosity” were introduced (St.
Venant, 1843 and Boussinesq, 1877). I

Osborﬂ Reynolds (1883) pfoved experimentall} that laminar flows
w&ﬁld become unstable and transform to a turbulent flow in a sudden but
continuous manner ‘as the ratio of inertial to viscous forces reached a
critical_valué known as the critical Reynhldﬁ'numﬁet. Also during the
19th century, the fact that fluid motion as seen by the naked eye was

actually an average behavior of the molecular motlon was becoming

-
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recognized. Even 1;;inar flows were mathematically complex although
they appeared smoo;h and well behaved. Osbourne Reynolds (1894) viewed
this turbulent motion in direct analogy‘to molecular motion,.auggesFing
that it could be averageh and 1té.méaﬁ'behavior regarded as smooth and
predictable. To acquire the equations of mean fluid motion he assumed
that the Navier-Stokes equatioﬁé could be applied to turbulent flow,
averaged them over arbitrary space and time inter&als an& then
decomposed the velqéity and pressure into a mean motion and a turbulent
motion,‘the averaging of the turbulent motion being zefo. The result
wap the Reynolds-equations, which were similék tb the Navier—Stokes
equations, but with an additional internal atfess which 1s a result of
the 1né¥ttﬂl~transfef by tﬁe turﬁulént motion about the meén mot ion.
This 13 directly analogous to the viscéus stress ;f the Nayier Stokes
equation which arises from the inertial transfer of the molecular
mo;ion about‘the continous mofiod. Reynolds equations clearly defined
the 1dea of a turbulent motion and the need for a modellof'turbulent
stress.

+ The first such models were the already existant ones of St. Venant
(1843) and Boussinesq (1877). Boussigesq (1903) also formulated the
turbulent equations of heat transport and suggested an lsotropic heat
diffusivity to relate the turbulent heat flux to the mean tempefgzure
gradienté (BbuasineSq, 1903). This was in direct analogy to the work
of Navier and Stokes in their closure of the continuum equafions. It

wés realized that like the molecular viscosity is a function of the

local temperature (mean molecular kinetic energy) and mean free path,

AT

T
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the turbulent viscésity must be a function of the local rurbulence
temperature {mean turbulent kinetic energy) and transport length scéie;'
éuch a specification was not known and the turbulent transport coeffi-
clents were assumed to be constant.’

" Theories expressing the turbulent viséosity in terms of the local
gurbuleht motion.wete developed by Taylor (1915), Prandcl (1925), and

Von-Karman (1930) in direct analogy to the gradlent transport of the

kinetic theory of gases. These were the vorticity transport theory and

the mixing length theories respectively. However, unlike the kinetic
theory, which allowé temperature to be transported, these models assum-
ed that the local t;rbuleﬁce level was determined by the iocal mean
velocity gradient. The models worked well for simple flows, such as
mixing 1ayerﬁ, where the transport length scale could be specified; but
not in‘more complicated flows. It was recognlzed that, when the mean
field does not vary lineérly.over considerable distances the gradlent
tranqpért theory does not apply (Corrsiﬁ, 1974; Sreenivousan,

Tavoularis and Corrsin, 1982), and that a single fransport length scale"
cannot be defined since turbuient transport is continuous unliké
molecular collisions. Taylor (}921) was the first‘to recognize

that the tra:aport length scale idea was not ;pplié;ble to turbulence <
and presented a theory of turbulent diffusion,.whicﬁ led to the
concept of an integral length scale as an analogy for the mean free
path of molecular motion. -

It was not until the mid 1920s that the hot wire measuring

technique had been developed to a sufficlent level of accuracy

~
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e-8-, (Taylor, 1935) that the turbulent Fluctuations could be megaqred.
The first case wh;ch was investigated in a complete way was 1sotro§;c
turbulence (Taylor, 1935). Unfortunately, turbulent fluctuations are
rarely lsotroplc and the theory of isotropic turbulence has limited
practical application. Nevertheless, some very ilmportant facts.about
the statiaéical structure of the turbulent fluctuétiona ;mergedlfrdﬁ
such studies. Turbulent fluctuations are gharacterized by many scales,
of which the very emall scales which are associated with the change of
turbulent energy into molecular energy and are nearly isotropic at high
Reynolds number (Richardson, 1926; Kolmolgorov, 1%41). In ad&iti;;,
the rate at which these small scales dissipate éﬁergy is controlled by
the large scale turubulent fluctuations (Kolmolgorov, 194l). These
facts, combined with the gradient transport assumption for diffusien
allowed a closure of the mean tu;bulent kinetic energy equation which
Pntil that time had been prevented by the viscous dissipation term.

The résult was the proposition 'of Kolmogrov (1942) aqd'Prand;l
(1545) that there exists an isotrbpic turbulent viscosity and a trans-—
port length scale. Unlike the earlier turbulent viscosity transport
models these allowed the mean squared turbulent wvelocity to be deter-
mined not by the local gpan velocity deformation but from a transport
equation. The model of Prandtl still required thﬁt the length be
determined by the mean flow geometry .and be supplied intuiéively.

’”~

Kolmolgorov's model allowed a transport eduation for turbulent fréQr

uency which when combined with the mean squared turbulent veloclty
i

Y



-
allowed the calculation of the local length scale. This was the first
2-e4ua£ion mo&el ok turbulence. Unfortunately, the computational tech—’
niques of the 19408 were still ingufficient to solve these equation
sets for two and three dimensional flow fields and the potential of
.this method could not be realized.

Chou (1945) was the first tdkabandon the i{dea of an isotropié-
turbulent viscosity and make use of the fact that equations may be
formulated for the ﬁéynolds stresses, although it was known since
Taylor's investigation of isotropic turbulence (1935) that such equa-
tions require knowledge of higher order statistical moments. Chou
proposed transport equations for the Reynolds Stress§ (2nd order
moments) and the 3rd order momenta‘while neglecting the 4th order
moments, howeyer the resulting set of equations was unsolvable for a
general flow.

Rotta (1951) and later Davidev (1960) further explored Chou's
initiative but pioposed closure of the Reynolds stress equatlon withoug
a transport equatjon for the 3rd order moments or statistics invol§ing
pressure. These terms were modelled in te¥ms of iower order statigti;s
using the gradient diffusion and the return to isotropy hypothes;s with
" the intuitive hope that .this htgher level of closure would introduce
iesa error into the mean field solution.than‘would be incurred by
modelling Reynolds stresses themselves in this way. Rotta's solution

.technique wag as far ahead of' the Computing facilities of his time as,

was Kolmogorov's and as a result the study did not progress at that |



4 .
time. -Followipg the development of digital computers, two variations
on Kolmogo;ovis two equation solgtiqn.scheme vere put forwdrd by Hﬁrlow
aqd N;kayama (1968) and by Spalding {1969). 1In each study Koimogorov's
turbulent frequency was réplaeed with a different variabie.. These werd’

the rate of turbulent kinetic energy dissipafion, and the aqda;e of the

i .
fluctuating vorticity respectively. The development of these models

" was’ complete by the mid 19708 and since then, the so called k~€ model

s

of Harlow and Nakayama (1968)/has‘1nt€15§3‘§1de application.
The availability oixgtgitial conputers also led to _renewed inter—
est in the work of Rotta by Daly and Harlow ({3763—3331;anja119_and
Y
Launder (1972). These investigators performed calculations for simple
shear flows using a tréﬁéporf'equation for each of Reynold's stresses-

and the diasipation‘rate of turbulent kinetic energy and found good

predictions for the mean velocity and turbulence statistics even for

cases where the isotropic viscosity models had falled. ‘The;ability to

carry these calculations to more complicated problems is not yet

possible although they appear to have better potential than the two

1a

equation models.
In 1971 Launder proposed the first of the "Algebraic iﬁress

P ‘ .
Models” which retained only the two transport equations for k ande,
but eliminated the idea of an isotropic turbulent viscosity. This was

done by lgnoring the transport terms of Rotta's model and then dériving

. an algebraic relation for the Reynolds stresses which 1s based on the

balance of its production and destruction terms. The result was essent

~=—ally a two equation model of turbulence with a non—isotropicltgrbulent

viscosity. Even with this crude assumption the method was more



-

' gepgral_ﬁhan fhe two equation isotroplc viscosity hethqd.

_ energy.

Another algebralc qtress,,ndn—isotropic viscosity model was
introduced by Rodi (1976). Thié model-suggested the transport of the - .
Reynolds Stresses could be eliminated from Rotta's model by assuming
that it is proportional to the transport of the turbulent kinetic

Y,

- The modelling of the turbulent heat transfer equations has also

*

developed in a similar manner.

.~ All of the above modeis contain constants which'@yst be evalu;ted
by comparison to experiﬁentai data. Although the algebraic and
‘Reanlds stress closure models perform-bettér than the two-equation

Eodels these constants are not universal as it was hoped and they must

t
[

bé adapted to give correct predictions in Wifferent flows. This
phénomenological type of turbulence model}ing has béen pursued more
rigourously by Lumley‘(l969, }978 aﬁd 1580)~wh0 has tried to develoﬁ
mathematically and physically consistent models with Freatef
generality. At presgngnthe only turbulence modelé which may be
practically applied to genéial two and threg dimensional flows are the
two equation isotropic viscosity models. ™
The simple and elegant closurel;f the continuum equation has not .\
been matched in the anologous attempt to close'Reynolds'equations- //J
Currently the equation set for the turbulent effect on the medn flow is
much more complicated than the equations of the mean flow. Thg dif rH\“///
’;;:;:\Qstween the molecular and turbulent fluctuatidns.which are

responsible for this failure are the nonisotropy of the fluctuations,

and the existence of a traaéport length scale comparable to the mean



/

fiow dimensions. It seéms posslble that the original idea of. Reynolds
was misconceived Qnd that the problem of turbulent motion cannot bé
solved by direct analogy to the treatment of molecular motions. If a
trueiy practicﬁl and general solution technique is to be formulated for

—
turbulent motion it may have to come from an alternative approach, such

-
as the direct numerical solution of the‘gederal Navier-Stokes
equations. This has been’ performed fof low Reynolds number
homogeneous, isotropic turbulent flow by brazag ana Patterson (1972) ’
and, later bfnseveral others. Howdver, as the Reynolds number is
increased the‘spread of~tufbu1ent scales become so large that their
——
full representation by far exceeds the capacity of todays computers. -
More attractive approachs are “"Large Eddy Si@ulation" {(for a review see
Rogallo and Moin, 1984) or "SGb—Gri& Scale Modelling” (Deardoff, 1970)
where the smﬁlleat turbulent scales, whi¢h are the most statistically
predictable and universal, a;e modelled while the large scale motlons
are calculated deterministically from their boundary conditions. The
first technique has performed well in simple flows such as a turbulent
channel (Moin and Kim, 1982) but required a time dependent solution at

500,000 spatial grid points. Such methods Impractical for engineering

analyses where the governing constraint is economics.

1.2 Objéctives and Scope of the Present Research . .

Accurate predictions of turbulent flows are essential for the
-4

design of heat transfer equipment, since turbulence produces high

e

mixing rates and thin thermal boundary layers. A general solution

procedure cannot be the goal of an engineering analysls, at least at



present; instead it would be desirable to develgp & techalque which may
‘be used with confidence over a somewhat limited ange .of probleﬁs.
The present analysis will be focused on the calculation of the shell
side flow of.shell and tube heat exchangers which require a
multidimensionai approach. .

Currently heat exchanger design is based\on very simple techniques
such ag the Log Mean Tempe;ature'Difference method (Rohsenow aQﬁ

Hartnett, 1973). Such calculations require experimental tests to

ensure that the assumptions of uniform distribution are satisfled. Th4

¥
i

goal of a multidimensionalicalculation proceedure is to allow accurate
calculation of overall heat transfer and pressure drop withou£
resorting to an experimental analysis. This would permit the
evaluation of new or custom designs befoée their actual const;uctioﬁ.
In addition, the local velocity, temperature and pressure provided by
such a solution would Be valuable for predicting tube vibratioq,
thermal stresses and corrosion or fouling.

Momentum, heat and passive contaminants are transported inlturbu—
lent flow by mean convection, molecular diffusioﬁ and turbulent diffu-
sion in édditiop to sources and sinké. All-of these mechanlsns may be
important in some flows, but in many cases some can beé neglected. The
objective of this.investigation is to determine what methods could and
should be used in calculating flows where turbulent transport is impor—
tant. Rather than try to prescribe a method which is valid evexywﬁere
in the heat exchanger, the practical approach of separqtiﬁg the
geometry into three different reglons, whlich are’treated separately,

has been chosen.

- 10 -



These reglona are fhe near-wall ,the tube—free’and the tube filled
regions. Isothermal versions of each examined turbulence model are
chosen for each of these regions and their predictions of momentum
transport in simple flows are compared to experimental results.

. As a means of‘evaluating the turbulence models for the tube-free
reglon, calculations were performe& in uniformly sheared turﬁulence, a
two—dimensional channel flow and a fully recirculating confined flow.
The uniformly sheared turbulence was selected becduse it emphasizes the
i@poréant relation betggn mean shear and turbulent shear stress. The

-

two—dimensional chamnnel flow is alsoc a shear flow, but one,;n'which

. 1)
diffusion is lmportant. The recirculating confined flow represents a

test where the mean streamlines ugéﬁrgo significant variations %of

curvature, and hence, tests a turbulence models sensitivity to iInertlal -

effects. The two-dimensional channel also provided a considerable test
for the near wall turbulence models because of the importance of the

\

wall shear sfressf \As 4 basis of evaluating the turbulence model for
the tube-filled region a two-dimensional tube-filled channel was
selecféd. This flow has & near uniform volume averaged velocity
profile which allowed careful evaluatjion of the turbulent kinetic
energy prbductidn by.the tubes.

These tests have exposed the relative me;ita of each of the
proposed models and served as a base of experience for their predictive

-

capability.
.
/
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CHAPTER II

MATHEMATICAL DESCRIPTION OF TURBULENT FLOW
!

2.1 Instantaneous Field Equations

The instantaneous field variables such as velocity, temperature
and pressure vary in time and spaée at rates rangling from the very
large to the very small. The small scales are still ofders of magni-
tude larger than those on which molecular motious occur. Therefore,
the turbulence phenomenon is sufficiently uncorrelated with molecular
motions that the continuum equations describe it accurately.

The moét cofmon heat transfer mediums used in industrial heat
exchange eqﬁipment are Newtonlan fluids such as air énd water. For
this reason and for slmplicity, the analysis will be restricted to an
Eulerian description of Newtonian fluids with respect to an inertial
framerof reference. The analysis begins with Fhe closed set of the
exact continuum equations for momentum, mass and thermal energy tfans—

port (whitaker,\1976)

2o (Ui} + %—,3((U;U3\= “%LLP * g'm“-w’%/")%"hud_)

(2.1)

_12.-
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%t(ce) * %»;,(teu\',\-—'a%"b(}c %QT)“P r%‘x‘-su", (2.2)

M g.';cj U (%';.SU.L "'g‘,..-tuﬂ t (A-Fm \(-%»4 ij-

2 2 |
at e+ Taa;‘(-eUﬂ'-O (2.3)

=t P T) e=-fa (P,T\/’ ke = %(P,T)‘ (2.4)
N = '?r\(F;T) ,u."'"g:n(P;T)

These equations describe all Newtonian fluid Lehaviour in the absence
of non-gravitational body forces and radiative heat t%anafer. They are
valid for both laminar and turbulent flows.

This investigation makes use of order of magnitude analysis to
simplify the governing equations. Application of this technique to
equation (2.1) will result in an over eaéimation of the gfavitational
influence on momentum, the reason for this being that all terms on the
right hand side of the equation are not independent. In order to
determine which factors actually are independent, each field variable
will be decomposed into two components, the second of which corresponds
to a fluid flow without any momentumgdr heat flux..‘The new variables
are
Uy =y +uyt, P= P'+P', T=T"+1T", . | (2.5)
e~e' +e", p= ('+ ',“,n;-ic' + R, m=p +m" N mprt +u" |
The dquble primed variables nust also satisfy equations (2.1) to (2.4)

and tﬁis invokes the following relations;

_13_



=230 mso wte (PLT)
’T'n = a con?\’un# | /V” = —gn('P.‘,T.\ - (2.6)
. i

LOPLTY) k- L PST)

Substitution of equations (2.6) into equations (2.1) to (2.4) and then
using relations (2.5) between the double primed and unprimed variables,

the equations for the instantaneous field variables become

(Vi) + 3; (e Ui U= —5; P— v 2 - 3#3;, u; ]
N 7"- [/’\("""40" D-uU Yl +le-c") g (2.7)

)
Y
%t( t %{cb('eU\i)':o .. | (2.9)

Only the momentum equation has been modified, 1t now displays the
correct influence of gravity on momentum, (p-¢')g;,equations (2.6) show
that f" will be constrained ‘only after boundary conditions have been

specified for P" and T". It is recommended that these be representative

- 14 -



of the @ and T boundary conditions so that (¢—,') will be as small as
possible. 1In further work ({- ¢) will be referred to as g'.

2.2 Mean Field Variables . e

2.2.1 Reynolds Decowposition

The dependen; vﬁriables of the closed set of equacions (2.7) to
(2.9) are U;,Pz e, and T. Practically only the mean-boundary condi-
_tions are known, and hence omnly éﬁé mean values of the fiéld variables
should be ekpected t;-bé predictable. What is surprising is that the
difference between the mean velocity £field and the instantaneous velo-—
city field s:Luld be so much greater Fhan the corresponding difference
at the boundaries. These mean values are soiutions to the mean field

equations, which are determined by averaging the instantaneous field

equations. The mean variable may be defined as (Hinze, 1975)
. K} : '
_ Nweo N (2.10)

where Agy 18 the value of A at the 1P realization. An alternate

definition, which is popular in engineering, is due to Reynolds

(1894) &+ g_;: A
- 0L A4t 3
A = At ' N (2.11)
£ 5

where the time increment,At, must be carefully selected such that the
second derivative of A be ~ery nearly zero over the averaging interval.

Although quite different, these methods have similar operator

- 15 -
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properties 8o thAtIHill be used for both. The properties of the

average are commonly referred to as the Reynolds conditions and are as
follows 1if A = A+aand B=B + b, the lower case letters representing
the fluctuation about ‘the mean, then (Hinze, 19f5)

(a=0,b=290

(1i)A+a=A+a=2

(111) 3B = AB = AB ' (2.12)
(1vj-i-t-: «hb = 0
2 K_'ﬁ-_ii+§§
(v1) g:r-a A=

wit) ST A ™

LA
: A

2.2.2 \Mean Momentum Equation

e yo

Averaging the momentum equation results in

%‘L(QU;) ¥ %‘J((ULU\-‘\ = ";,,_LP ¥ ?%L

(2.13)

. . _
%‘L LL/Y" M) %FJUJ-_\ ¥ 5._:-.\"1)-\ L%y&Ua % %150;0__\

Presupposing that the variable U; 1is composed of the sum of a mean and
a fluctuating portion (whose average = 0), —ii + uy, allows for the
explicit appearance of the mean velocity in the mean momentum equation.

Defining similar expressions for the remaining variables of the equa-—

’ , - — .
tion: ¢ = ('+ r, P =P + P, M =/4...+ m, A e A 4 2 and substituting

into equation (2.13) gives

_16_



2 Tiesneemy ) v L e oY TUiru XU euy) ]

= _g—&,‘_(ﬁ.*f') ] (-(_rg{* ‘-'.8-'.)--

(2.14)

to

—_ . o — = R — =
%(?U ru;\*‘ S;-J(FULUJ*Q Wy & u;_U:s - 3\),‘_
————— - b — - 2:. —

f'r‘u;u:j)= ‘-5:_ F f %th_t"’-%)-taaxduo (2.15)

.+U—§”‘"\ifg ]* 3"4[” ox; -— ¢t % U \’f " kaatt ' BM)}

In the subsequent development, the effects of the fluctuating-
velocity fluctuating-density covariance is 1gnored because density
fluctuations are poorly correlated wigh gelocityrfluctuations at low
Mach mumbers (Hinze,1975). The flugtﬁating-viscosity. fluctuating-
velocity-gradient correlation will be ignored since fluid viscosity is
a property of the fluid'and therefore not directly dependent on the
fluid deformation, although some coupling does occur through viscosity's

dependence on temperature. Removing these terms gives the result

- 17 -
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— & _—.—' o .S
leUe) v 5 (e Uil v e5)) = ~on B :

(2.16)

SVARENESERUEE TR

It is only the second portion of the second term which makes the

—
+ ¢

wi

B+ %;_Y_(,;-%;)

mean momentum equation different from the instantaneous momentum equa-
tion. If the same process were applied to a lineér différential
equation'the average equation would be of identical form to the exact
_equation. Hence, a fluctuiting boundary coadition would only produce a
proportional‘flﬁctuatiqn in the exact field variables. For fluid flow,

1

however, very small boundary fluctuations will completely change the

T

character of the flow due to the presence of- the quasi-linear terms.

2.2.3 Mean Thermal Energy Equation
The thermal‘energy equation may be expressed in terms of enthalpy

with the relation h = g +-P/( as (Whitaker, 1976)
2 -y - 2 )
5{;((‘\) t ox ((\'\Ué\‘—‘- 5,(&(1(,%‘37_) t )t_P

_ 2 (2.17)
ij %XJP T oM [_g'x&UL(-a_de;“;axLUj\‘] : K
e o330

where' the continuity equation has been used to eliminate

P 2 2 . = '
_(" [_?J"< ¥ 2%y LQU\)\} O (2.18)
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Equation (2.17) may‘bé expressed in terms’ of témperature rather than

enthalpy. Substituting _(Whitaker, 1976)

_ : hy
YRRV RETNUE NS

(2.19)

(BT )LQ[;T ¥ Ud 2k T)
into equati?n 6.16), one gets . ~
C") [;_{:(CT‘ t %Y-J (TU )-_\ = ?x (K D)(JT)
(\" CC‘r’))L"tP t Ub g.x | ) t . (2.20)

z
M [.%*3Ui(%‘j Uot %LU(;\] v (£-20) (%7‘\5 U )
wherec(n 8ndccp)are ‘the differential coefficlents ;r)ﬂand )h’
respectively.
This is an instantaneous field equation for temperatﬁre'- It may
be averaged and with the substitutions: .

P ( + 1,
P P +p, Cun® C-w) v e, Come Cen v Gy, (2a21)

i _—

UL‘U *uL\T T*e)m-&fo

(in the fluids under considerationc‘ﬂandC‘-nare relatively weak

functions of pressure and temperature, and therefore Cgy = G 0)

equation (2.20) becomes

- 19 -



-

e

A 2 5 ) 2P
+ (‘i-ECcr))(atP*.UJ Dxd-P* uj 9,5)

-~ 20 , 3. 2P 2 2p
C—m[.r 5t * Y Drj*u.j?xJ-P’f “J’Drj)

For low Mach numbers the density-velocity covarlance may be ..

ignored. When density fluctuations are small compared to. density and

largely due to temperature‘changes, then the denslity-pressure
covariances may be ignored. The‘transport properties m and } are not
dependent on the veloclity or temperature gradients and hence tﬁese
covariances are zero.  The effect of the density-—temperature covariance

on the transport of mean temperature is often ignored

t - 20 -
o R



. since 1£-is smgll when compared to?:i which is also convec;ed by the‘
mean flow. _The velocity- temperature’ covariance on ;he other hand is
not & mean cogxgcéion‘phenomenon but a diffusive one. When compared to
molecular diffusion it is large an& therefore retained. With thes;

considerations the average temperature equation  becomes

¥

— 2, =\ & ;—" |
Ceey [7—I=(FT)*5§4'(\'TUJ g ‘*aeﬂ E’M(’C ax; T )
, y (2 23)°
, ~ 0 = T3 7
v (- ¢ C.-,\)('?"tP*'U _:-F)P*“J';;)*'/& DxJU Dxd
R BT a BT )
_— ':Iu;
+ (K- ?%)(Qxd

2.2.4 Mean Continuity Equation

The mass conservation equation may also be averaged and making

similar substitutions for the mean field variables

9,'_ 2 Y _—_—
at ¢ ¥ 5}5(6 U\;+Y‘u3\=0 . : (2.24)

for low Mach Numbers this becomes (Hinze, 1975)

- ' 7 -1). - '
2 7 *’*J(‘ U;) =o (2.25)
2.3 Fluctuating Field Equations ’

Each of the indeterminate variables of the mean field equations
are the éverage products of the fluctuating components of two field

variables. If the fluctuarting components were known, then this
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éverage'product could be uniquely determined. The equations for the

fluctuatihg components of the field variables may be determined by

. subtracting the mean field equations from the instant@meous field

equations. Decnmposing‘each field variable into a mean and a
fluctuating portion, as done in the derivation of the mean field
equations;‘éroduces an explicit Fquation for the fluctuating portion of
that ﬁ‘eld-variable. The solutlon of these equations requireé the
‘fluctuating portion of the boundary conditionms, which as mentioned, are
unknown. ‘ . J

1f khe'fluetuating portion of all the}m;éynamic and éluid
properties is ignored with the exception of the body force terﬁ in the
-momeﬁtum equation and the mean properties assumed constapt,_ghén the

fluctuating field equatiohs“are deduced: \\\‘_i__J

A

LS 3w, 2 3.y 2P . c _ +
st Uisggm sl p SevE s
2. Ru . 2w - S S — , .
LY Q_KJ (5_7‘\! ¥ 3_1.41\ D)th“‘“J ui"‘g\ (2.26)
2 T2 /J 2 = &
.Ta—t*uda', ud-”‘iT_? U‘de_“e)
. 2%e, _ -
£« "!33*3 X i;:/( Cpy ~ C‘LT)/C-LP) )L U D»J :
L& P Jap .
Fug Sy Py ouieeg T ax ) (‘/Ccrﬂy_ (2.27)
2l 2 2 2w [ 2
?‘m >:=_"UL+ ,”UJ\‘k %y ovg t 37&\
— a“ au\ 2\-\.: g
3¢ k?xéfme\} 5
U , .
hc_o - R : (2.28)
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Vand in most flows have little effect on the mean-fiéld. The first two

. (
The above simplifications are necessary to ohtain expressions for
the unknown correlations, and luckily do. not circumveat the basic mech-

—
anisms of turbulence. In the formulation of turbulence models thege

fluctuaring field equations awg used extensively.

w

. 2.4 Overview of Turbulencegyiuélling. - s : o ;

4 g

The problem is now one of too many variables and not enough

equations. The variables which. as yet cannot be determined are - }

5 e A Temaw o FwAw o |

- ‘. " -
these are source terms arising from irreverSible and reversible work

Eorrglations, however, greatly enhance the apparent diffusion of the
.. '

flow. They represent the fluctuating momentum and fluctuating heat

Nt ’ ——

per unit mass convected by the fluctuating veldcity. The ugd

variable is an<;nertial term and hence may be regarded as a stress per

-~

unit. mass per unit volume by D'Alembert's principle. They were

originally formulated by Osborn Reynolds (18%4)'and have become widely

known as "Reynolds ?treases".

-

The instantanecus equétiops; together wilth boundary conditions,

represent a closed syatem, tﬁat can in principle, be solved for the

variables of 1nteres§.piovided that a unigque .solution exists. How—
evef, the boundary co&Gitiona are only approximatel& knéwn and the
instantaneous soluﬂéons are very sensitive to the foundary condition
choice. The average sdiutions ére not nearly so sensitive and so the

t]

boundary conditions may be pr%;cribed with suitable accuracy. Tﬁe aeg



of averaged equations are not closed since they include unknown corre-
lations, so that further independent'cohstraints must be supplied to
close the equation set. This is an analogous sltuation to the one which
is encountereﬁ in going from a molecular description of a fluld flow to
a continuous one. Guidance in ;olving the present problem can be
acquire& from studying the successful solution of the molecular
problem.k

Two appfdachea afe taken in closing the continuum field equations;
one 1s to study the Polecular velocity distributions and hence deter-

mine their statistical properties while the other approach 1s to

-

continuous motion. It 18 the latter approach which is us
field of turbulence modelling. , 1

The unknown variables of the mean field equations must be expressed

as functions of the mean-field depeudent-variables, Eﬁ,'? ,'F their

‘gpace and time derivatives, the spacz and time derivatives of the

unknown variables and the thermodynamic state to obtain closure. For

example the Reynolds stress would be of the functional form

- —_— —— =, ‘i,L <~ R o= 2 .
U;u:‘:(gr\);}(\)m g b P 5.?&,\0? ) aan, §r.-np‘ (2.29)

~In the classic appfoach to constituent relatioms, the following

requirements are invoked (Aris, 1962; Slattery, 1981)
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1) the principle of determinism, "“The stress in a body is deter-
i1ned by the history of the motion that the body has under-
gone."

2) the principle of local action, "The motion of the material out-
- 8lde of an arbitrarily small neighboughood of a m#terial point
may be ignored i determining the stress at this material
-point.”
3) the principle of material frame indifference, "The respoﬁse of
a material is ﬁhe same for all observers.” '_ -
These constraints have led to successful constituent relations for both
liquids and gases.

The first of these principles 1s applicable to turbulence modglling
but the second and third are not. Normally the second principle could
be used to eliminate the dependence .of EIGB on its sface and time
derivatives, however, experiments haﬁe shown tﬁatjunlike molecular
transport, turbulent motions affect points in the fluid at distances of

the same ‘order as the mean flow dimensions, and hence, not arbitrarily
small. °

The principle of material grame indifferencg is dsuall& use& to
elim;nate the vorticity and abﬁf}hte velocity dependence from equation
(2.29). This technique has been supported by Speziale (1979) and other
authors but pafiially refuted by Lumley.(1970, ;983} and expefimentai

results from flows with streamline curvature so that 1t may only be’

used to eliminate the absolute velocity dependence.
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The principle of detefminism does not further restrict equation
(2.28). There is, however, a generallagreement that the turbulent
stresses are JZtermined only by the mean deformation of the flow; i.e.

| g;“ism. and its own space and material defivatives. This reduces

equation (2:29) to the form

: d — 2T ) .
Uuu:)' = (L\);j( 3_{.-“‘“5 > Opm Brly :MUM ) A \ (2.30)

This expression is immensely more coumplicated than the usual expression

‘for the molecular stress

T: =(¥n‘ (%H\UW\*%_;MU-\ ) P,T) (2.31)
, ‘i |

Equation (2.30) is nécessafily a differential equation and hence
the value of GIGB at any point is dependent on the value of mean
velocity at all other pointa; . Differential gquationa for the unknown'
variables may be derived from fluctuating field equations of secfion
2.3. Unfortunately these too contain furfher unknown varlables and the
problem becomes 1ncreasihgly complicated. Nevertheless this is cur-
rently the most successful approach and the one which will be reviewed
in Ehe subsequent sections.

2.5 Reynolds Stress Equation

An. equation may be formulated for each of the Reynolds- stresses as
follows (Hinze,1975): wmultiply the uy equation by uj, multiply the

ujy equation by uy, add the two equations and average the results.
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The resulting equations are

.t ,‘
- S — s — 2 7 — 2 "‘,)

h L\\“ t+ Uk Ix, W "“.) = Kuiuh DX;UJ tujus QKLUL
__ mean material derivative shear production

— - 2 Zuy
vy (T8¢ 7L ) ¥ ?’F(a*s*au\

bouyancy generation

pressure redistrfbution

{2.32)
—_— 2 ‘
+?}<v.[ WiljUy ¥V :,..,_u:u:s - f (P“ Cth + P S_,u)]

turbulent and molecular diffusion

molecular dissipation

or in the more compact form
. D —€ ¢
Coyy= Pyt Qe v Bege Py =54

2.6 Turbulent Heat Flux Equation

An equation for the variable @ may be obtained by (Hinze,

1975): multiplying the u; equation by &

, the © equation by uy,
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adding the two equations and averaging the result. The equation is

2 N R~ S — — 2 T 2 7.
5’{'. e + dpxd. e = - (u;u:) ;*JT + ‘-\de;;g:lU\.
mean material derivative ' - gradient production
_ ‘ ' Pz 2€
¥ %re Bl ¥ ¢ 3¢
bouyancy generation pressure scrambling
.
2 -—-g S.O\ 2 — o 2e -l_u;]'
el l=aiu: - e X Y ol B - Y a5 e,
turbulent and molecular diffusion
: ;LR. 29 . . ‘
- (« +V) x4 5 (z.33)

~

molecular destruction

—

— ‘ ' = — ap i

reversible work effects

)

W
X
-l

= { 2AUx Zu; au o au \
-y — alinidhe
- . . + . ( : + W )

L TEm A S 2 n
o ﬁj(axéuk* ath‘;ﬂ

irreversible work effects:

or in the more compact form

C:= Pa + G v A D -e + Qe ke
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2.7 Séaling Parameters

The unknowns in thg Reynolds Stress and turbulent(hééé/flux equa~
tions can be modelled in terms of mean field variables; mean turbqlence‘
parameters ﬁIﬂj, W® or neglected. The tools used in this
analysis ;re those of dimengional and order of mag&itude analysis. To
carry out these analyses, the charactérisﬁic émplitudes and timga of
velocity and temperature must be determined. Some obvious sca%es are:
the square root of the mean turbulent kinefic energy; the root-mean-
squared temperature and the ratfc of the turbulent kinetic energy to
its dissipation rate. These quantities wi;l be obtained from an equa-

tion for each.

2.7.1 Mean Turbulent Kinetic Energy Equation

The turbulent kinetic energy equation may be derived by contracting the

ujuy equation and multiplylng ﬁy one-half. The result is

-

9 - P
Qt\’\ J?xdiﬁ = = EKU v %r\w‘%i
2 4 - 2 \ =
(\\« R SG)
Yy ?rd 3‘)‘\\

or more compactly as SN ' :

Cw= %* Gl(k)* Dy— €w
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2.7.2 Mean Tufbulent Kinetic Energy Dissipation Rate Equation

The equation for the dissipation rate of the mean turbulent kine-
tic energy is formed by (Hanjalic ahd Laundery1972) differentiating the

. o aut
uyg Equation.with respect to x, and multiplyine this by 'l\&%i;‘
The result is

2 T2 ' S Fay 2ol aw
;-te' + UQ 'JkJG:. = ""iv PR )‘J‘ 22Xk
mean material derivative * fluctuating vortex stretching
Aui A 2u; Auw \ & 7 © Aup AT Fy
- e —— ,___6 e — - - .
-4y 2% 2y " xRy ?k;)’:@ Ud' 1Y uj Drn AXnAX Ur.

shear production

Y 2T 2u,
+ ?F B 2x, 7xu

buovancy production

‘ ' —_— 2.35
2 2u; 2u; _3p 3u _ € = O
= {~25u C S — LY Y

turbulent and molecular diffusion

28w b VY
- ‘w ?‘lxhlxé RKEQKJ

molecular destruction:

or more compactly as

C(e) = Stt)+ P(‘-) ¥ Gl'(e] r Dy -~ €coy
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2.7.3 Mean Square Fluctuating Temperature Equation

The equation for the mean square fluctuating temperature is

obtained by multiplying the"'fluctuating temperature equation by 2 ® and
avéraging the results (Corrsin,1951). . This equation is

a TR o, —a 2 ==
509 ¢ Uy 5 = - 2% 5,V

- gradient production

mean material derivative

——— !
2 ( 2 L 2e 2e
+>x\l' *-uf-a + ?xdﬁ‘) Ax 'st
turbulent and molecular diffusion molecular destruction
' I o - -2.? & e _’i’“
+ 2.(‘1./(C(p) + Cen [Copy )(93-‘& t “JBSE' v+ U e 5—5_

J (2.36)
—_—t B
+ use Dxd P )

reve rsiblé. work effects

2 < = Uy : 2 U =
* gn ngUb.o(}‘;:{'g—::\-) [a,JU... ;M.,U )6 S5 - 1_.‘_‘.! )}

>>=J+9 ﬁd Dx\s 3}(;

irreversible work effects

or in the more compact form

C(ﬂ) = ‘P(ﬂ)‘ ‘*D Lg) .-“' e(_ﬁ) ¥ RL-‘\“&C{O
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2.8 Closufe

The mean turbulent kinetic energy, mean turpu}ént kinetic energy
dissipation rate and mean Bquarekfluctuating temperature equations

introduce 200 more unknowns whlch must be approximated in a similar

manner to the unknown terms in the Reynolds stress and the turbulent

- heat flux equations. Though unsolvable, these equations are exact

transport equations for mean turbulent quantities within the constraint
of constant mean thermodynamic and fluid properties. They apply to all

regions of a heat exchanger.
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CHAPTER III

MODELLING TURBULENT FLOW IN A HEAT EXCHANGER

3.1 Separation of a Heat Exchanger into Three Regions

To reduce the numberlof unknowns, an order-of magnitude analysis
is applied to the general equations within three distinct regions of
a heat ;xchanger. Terms considered to have negliéiblé effects are
omitted.: The creoss—section of a hypéthetical heaL'éxchanger is shown
in Figufe 1. It is divided into 3 characteristic regions:

a) tube-free regions

b) near-wall regions, and

¢) tube-filled regions.

These were chosen beéauae they_eacﬂ represent limiting cases which
provide an opportunity to reduce the complexity of the solution. 1In
tﬁe tube;ffee reglon, the Reynoldg number is high enough to neglect
viscous effects, furthermore the velocity gradlents are gradual enough
so that a relatively course computational grid is sufficient hence,
permitting a multidimensional numerical solution. In the near-wall
region,_approximaqione similar to those in plane boundary layers, can
be made. The tube-filled region approaches the_beﬂaviour of a porous
mediﬁm in the limit of a large number of closely spaced tuﬁes and it is
treated in this simple way for the sake of understanding .heat transfer
and pressure drop in tube bundles.

Approximate forms of the field equations will be closed with

modelling approximations for each regilon.
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3.2 Tube—Free or Open Region -

The governing equations which were derived in Chapter 2 are

very complicated, however, they contain terms which are negligible in
: o

. the open region of a shell and tube heat exchanger.. To identify these

simplifications an order of magnitude analysis is performed. First,
the different variables in equations (2.16), (2.23), (2.32), (2.33),
(2.34), (2.35) and (2.36) are grouped together into the minimum number
of dimensionless ratios using the Buckingham P1i thereom. Then, the
orders of magnitu&e of thé'se ratios are estimatea by a survey of
typical industrial heat exchénger geometries and operating conditions.

The regults are

Aw1axil =0 (o) e Cony = OIS

pr/F - DL Cumy AT 7 10017 ~ O (10°)

i /7 laxi| 10| = Ouo™) rs7 = 8o

AR /F 18%|[0:) = ©uo®) Ay 7 tox:] = OUO?)

F/F 1bx VUL = OG0 ") © /AT = ©OUO°) \(3.1)
AF/F (4%t 1T:] QLU uil 71001 s QUony
AT/ 0l laxil =0wo™y - |aciiswd /1i0il= Ouo)
aRAT/E V0 l.n:a\ =©00™) (%;GL\\&M\ I\G'L\ =-®(\0‘\")
aF/ e 1T =000y (B ekl /15:) = O (o)
N /?l AN 6(\0) PIT \Uc\’-@uoﬂ

where/‘lo.)and 31.1\ represent the Taylor and Corrsin microscales andltu.l,\u \
andlkq#epreséﬁt absolute value of the fluctuating velocity, mean

veloclity and mean spatial vdttors respectively. This order‘of

magnitude approximation will eliminate the need for modelling many

indeterminate variables. '
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3.2.1 Mean Field Equations

Applying the order of magnitude estimates for the open region to

the mean momentum, mean temperature and mean continuity equations
. ) WG p ! y eq

R ATV 23,2 |.—\ = |
axj(e in)‘f‘ ax;__P * axﬂ-gmn;)*e Qi (3:2)
“—:\\v'_) | . . v

CEN L2 a9 TU ) = 2 (o) |
%((T\* a;\;[tT d) aXJL- f’lf\e) (3.3)
Y. 2 -0\ L |
sef r syle Y=o (3.4)

[

The only indeterminate unknowns in °these equatiops ére the
_Reynolds stress and the turbulent heat flux. ' The following sections
will deal with the development of models which may be used in the open

region to eliminate these unknowns.
. - /

7

3.2.2 The Reynolds Stress and Heat Flux Closure

3.2.2a Reﬁnolda Stress Equation

The order of magnitude analysis has reduced equation\(z.ﬁl) for
oo . . - . P
Reynolds stress to _
Coy= Py + Gy o8y « Diy - ey

’ - (3.5

. _ .
where the diffusion tensor has been simplified te the form

J

1

‘27 . -'—.—_ . ' 3
Dey= 5 Lo atman - § (75 S ¢ 7 S’"ﬂ

- 36 -



T

e AT YT

ER; : //fzf””’/.

T
The remaining tensors whose ‘compo/,nié:ts are indeterminate variables .are

Giji‘A ij'_D 1.1 and‘ 1j'

T .

The G:I.j tensor represents the buoyancy production and Has the
. -
components

Gy = §(Fog + T& q;) - .6

Although r 18 a function of temperature and pressure, the pressure

dependence is very weak for a nearly incompressible fluid or where

pressure varia;idn is woderate. For small variations of pressure and

i Se, .
temperature,\ ; "

ey N )
e ¢+ Blar

. . " . ‘g
r R4 P)
o L = Bin®r Pl e |
3 ) -

U
Neglecting its dependence on pressure,

Hij Peqqmes'

/

ﬂéj = ﬂcr\\'_u\"?é Y +/Lﬁ‘€d]

(3.8)

which {8 a fﬁnction qi_bhé/determinéte variable ujy -

The A i{t\ensor Msponsible for redistributlion of energy

among the components and contains the indeterminate variables

wy .
1[4 (%}3 *%‘{] An equation for the pressure fluctuation can be

ived by differentiating the uy equation with respect to‘the x
-1ng i &d ¢

é



 coordinate. The exact form with constant properties is

2 a2 . Au: . .
— Ply = > 2 ,-5-=_(7£_‘:J.i~_:ﬂu?_“_~ : :
JFjJKJ 4 2- 7"iUJ Dx..l =1 W D)n;, Pri K:S . (3.9)
h r S - :
4+ = =
2x; € X

The solution of this equation can be obtained in integral form using

Green's Theorem, it is
o LTy 2 7 W [ 2w Ju; 2wt
P “"I'u'S[ZlnaUJ AR *(a-u-hd ani avg
v ,

3
-3, Fa] (o) +q'-w§ (L) (.« r)ds

(3.10)

where the star superscript indicates that” the quantity is to be evaluateﬁ
at the point q* (Figure 2).

The surface ‘integral which is ] roportional to the normal pressure
gradient at the wall may be neglectel (Irwin, 1975) as it amounts to the
hydrostatic force. The remaining sp.ution ‘contains two portioné; one
proportional to 1l/r and the other tc llr""‘. A.s the region of interest is
moved away from the wall, 1/r* teﬁds.- to zero so that.this second portion
may be attributed to a wall effect. ’

If both sides of the solution for p at the point q are multiplied by

{au;/axllhlu_',/ax;)’evaluated at the point q and averaged, then equations are
tained for the 1ndeterm1n:ate variables p(dw /a¥; +duy /ax) (Chou,l 1945).

Noticing that the integral for p is evaluated at the point gq¥ while the

term Gu;_/a:g-i-:u;/ax,_)-is evaluated at the polnt q, one 1nfer"s ‘that this



Tk

FIGURE 2: Repion for
Equation

reflection of q*

the Integral Solutign of Poisson's

~N
=

- 39 -

v



latter term behaves as a constant with respect to the integral. The

resulting equation is .’

ig(-ysye&.a) = L {(z%,‘ﬁga-‘i"‘y@if; *-%\f'a)

(3.11)

The three tgrms of equation (3.11) represent the mean field
contribution, the fluctuating field contribution and the bouyancy
contributipn, reépeftively. In modelling these expressions thé‘bortion
which is proportionéi to 1/r will be F}eated first.

Each of tﬁe‘iﬁéegrals for the open region accounts for a different

effegf'on the Reynolds Stresses. The model aftempts tojsimulate eaclr

of themfwith a ﬁﬁnsor whose components are functions of the determinate

- - N

mean turb;I;néwia;iables (G;Gj, GI;). A great deal of atgention
has been paidwéb the modelling of the pressure—strain corregation
because itﬁ redistributive effect on the normal componénts -f Reynolds
stress can be dominant, a; is the case in a simple shear layer. |

The mean field contribution is usually refefreq'to as the rapid’

term (Lumley, 1978). It was first suggested by Rotta (1951) that the

mean vélécity gradieht undergoes liftle change over the effective



LT

—

regidn of integratibn and hence may be takén outside the integral. He
further suggested that the remaininé integral, which is a fourth order.
tensor, satisf& the pﬁenopenological constraints af symmetry of
indicies and 1hcompressib111;y. Launder, Reece and ﬁodi (1976) imﬁle—
méﬁfed these arguments and suggestéd that the above integral is a

linear combination of Reynolds stresses. The reaﬁlting model for the

mean velocity contributicn is -

z‘rﬂ;“ auu ) (;.;{, :t}ir—_ aV = _C+8 (P;J L ‘JP)

3o -2 2_ 2_ ) "-‘ 86_1
T Tss (’NUL f DMU..\\ Y (‘B"J EPSIJ) G-12)
where , ;‘9 t:‘l = - (U«[L\h 5-;J Uh t LY B'_)—V.,:U\i- \

The same expression has been proposed by Naot, Shgvit and
WOlfétein (1973). Wh#ph, however, derived the expression on the basis
of a postulated statistic#i structure for the tuFbulent fluctuations.
This expression has‘not been overly successful because the constants
must be adjusted for practically every flog to which'it is-applied
(Leslie, 1980)f‘ A somewhat more universal expression can be made by
retaining the first term only (Launder, Reece and Rodi, 1976) of

equation (3.12), at té;jZ;BE?se of course of physical relevance, as
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5‘.‘1\- S (52;;6& muY@i *'2;_‘{;“‘_0\\’; 'C‘“‘(P"i " %PS‘.J\ (3.13)

*

By cﬁmﬁarison to data for homogéneous shear floﬁ the value of ¢y
is chosen as 0.6.
The contribution from the fluctuating field is represented by the
second term of eq;ation.(3.9). Rotta (1951) interpreted this term as
the effect of pressure in increasing the isotropy of Reynolds stresses

and suggested the form

(2w 2 Rug 2ue \F12w Sur\ ) € ¢ — ‘
Hy f( 2 Dxy P Dre Y r'oW T ey (“‘“3 (319
v

Although this form has been critisized by Lumlé; ;;d Newman (1977)
who suggest that non—linear terms are also necessary{ iﬁ is still in
in common use (Launder, Reece and Rodi, 1976; Rodi, 1980). The value
un=1.8 appears compatible with experiments in nearly homogeneous

. shear flow.

‘ The final term/of equation (3.11) 1is thé buoyéncy contribution.
Launder (1975) was khe-first to suggest a model for this ‘term by.
interpreting equation (3.13) for thesmean field contribution as tending
to make turbulent producticn morﬁ“igotr;;;c. The buoyancy effect also
produces tu;Pulence and so it was suggested that it is the totral

. turbulent production which~ggnds to become more lsotropic as a resulr

of the pressﬁre strajn correlation. The result is a model for the

buoyancy term which is analogous to equation (3.13)
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- -kla(S EY ’;;3 2\ - (G- 3Gsg) @

The constant would be equal to if Launder's hypothesis were
. ) 1

correct. Studies by Gibson and Launder (1978) support this

@) “'-Cm- 0.6.

, and hence

Combining equations (3.13), (3.14) and (3.15) gives the popular

model for the pressure-strain correlation as.(Rdi, 1980) :

)
- [ *ul =YY . .
Ple (350 3 = —e (Pey-3P5) .
- e ST - 3 k) (3.16)

A

y+ (g (CJ.:‘\'& “%C:\(M&)

The treatment of the near wall efflect is similar to that of the

first portion. A proposal based on the previous analysis-(ignoring

buoyancy) (Launder, Reece and Rodi, 1976) has'produced the followling

- P
result

¢

2u: ' €0 g B L
Ple (5% ?HLQ\“: [0'33 o (BT %k(‘}o\

| ; : (3.17)
r0.039 (P - Reg) ] §

Alternatively, other investigators (Shir, 1973; Gibson and
Laundef, 1978) have formed expressions by only requiggng that the

tengsor be traceless and that it extract energy from the component

- 43 -



normal to the wall and add it to the streawwise component. This

formula is . )

el\\-\

"

em
% Nen; ) + C-(g] (W\Lm LTSN §‘¢ - %_rlu]it. "‘hh& - ;ilp’.ih-"h“i)

(3.18)

' ‘_E—’( Prn n“""g‘i_ TPimpag - 3?:|¢sk V‘imi_\]{
where - q"‘n\«-m‘ "CO\(P::)"% P%:ﬂ E -
qBF": = Uy (.Cihna- %":q Sﬁgm.)

The variable f, appearing in Equations (3.17) and (3.18), is used to
' ensure that the effect of the wall fades as it becomes more remote. -

The function f is designated as (Launder, Reece and Rodi, 1976)

¥
? = .38 \‘x /e'(#)ﬂixi

e

In the open region, the near wall effect will be neglected.

(3.19)

The open region approximation of Dij contalns indeterminate
cbmponenta_ of the form uguqu and Fﬁi- This term diffuses the
- uguy cor}elation and is assumed prééortional to the gradient of

ujty. By analogy to molecular transport

— — 2
Gingay = j{'(?“:s g*‘\u_* Pa S Y = T 0 mn 5y Wit (3.20)
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,The°problem then becomes one of specifying T ijkimn+ To resolve

this, further investigation into the components of Dij and their
v . .
governing equations 1is necegsary. The first term may be approximated

{

by. constructing its corresponding transport equation

2 = 1y 2 f——— 2 - 2 -
>t Wwivihe + Uv. dxy UQ“:‘“.Q = "(U.iu.l.u%' EXU.UL + u.lu-‘u“s‘-xuu’j

om0 o 2 o _—_ '
t “tuju;. Enp U;) + (t—\\w\:s Tr Wil ¢ u..u; S Wit b Uy ;m_“nl&{)
] ——?
= g: ‘u ul“J * % Luéu.ﬁ ;,. r u.l,ugrs,; LY u ?D—P ﬁ (3'21)
—"—r—-' *

27U 2%ua . :
t y (“lu-l :.r...'a.xus toRiug an}n t Wiy '.\xnxu) : "

+ (uiu"‘rft_ Q¥ wive T /F 3t U\l;u&ri/?%,_)

This equatlion was obtained by multiplyiné the ugyy equation i)y Uy

and adding to this the product of the y equation and ugly, and

then ;veraging the result. Equation '(3.21) has introduced many fur-
ther'-unknowns. It is simplified by neglecting the convective transport
of W » its molecular diffusion and dissipation and any corre-
lation involving pressure. With the assumption that the Wi

correlation is gaussian, Hanjalic anl Launder (1972) havé obtained .

2 —
(3.22)

.y —.
} Urua 3;.“‘&)

_\_-—_—-

2\-\\ ;\-\“
}Xa LY

. A similar analysis to that for P /(% (

may be carried out for the exact equation for puj- .However, even
equation (3.22) 1s considered too complicated and the whole expression
1s further simplified to the form (Rodi, 1980)

‘1

— — ‘ . R
B “""jut ) (PU) gi; + Pug g‘ﬂ-) = ) -E—“‘Uw.u.g Dx Y | (3.23)

- 45 -



L ] . . 5
This formula was suggested directly by baly and Harlow (1970) and
has n found to be nearly as accurate as Equation (3.22) (Launder,
Reece hd Rodi, 1976). This last assumption Implies that only the

gradienhts of ujtiy are important in determining the diffusion of

“i“j‘ Consequently, Dij is modelled as

k

=3 (..__ <L \
Dij = eon b | g Son 31 &5 =

In view of the strong assumptions used ro derive a gradient
diffusion model from the tramsport equations f{or uju guy, future

models for the diffusion of higher correlatlons will be derived by
analogy to (3.24). Corrsia (1574) has shown the gradient diffusion
model to be inaccurate for inhomogeneous flows but it is hoped that
_this error introduced by it at this level will have an insignificant
efféct on the mean.field Qariables. The basis of this belifef is that
: . o~

it is now just one of a number of.other fmporrant mechanisms
contributing to the determination of 3133- The value of c(7) has
been chosen as 0.22 by Launder, Reece and Rodi (1976).

"‘eiij ig the laat tensor whose componenrs must be estimated .
In high Reynolds number flows, suchas occur in the open region, the
process qf turbulent kinetic energy dissipation ig very nearly

isotropic (Kolmolgorov, 1942; Monin and Yaglom, 1981), so0 that

(Hanjalic and Launder, 1972)

€y = % € (k) g;.", | (3.25)
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which may be used as an approximation since&yyis determined from a

-

proper. transport equation.

" 3.2.2b Turbulent Heat Flux Equation

‘ 1

The mean turbulent heat flux equation in the open region becomes

-

Ci=Per G + b+ Di-ey

(3.26)
where the diffusion vector has been simplified to
e Foiwge - FEE N
DI S¥e lu‘u‘-\e - 7 Pe Su._ N
Equation (3.26) contains four vectors,Qi,A i»Dj and@;, whose
compbnents are indeterminate. .
- G { may be expressed as
G: = P 98¢ (3.27)
. L3
by analogy to Gy 4
_ /
The vector @ § is responsible for the destruction of the u; @ &
S ———

: au; Lo :
correlation and has components proportional to %&ﬁd « This term
can be neglected, considering that at high Reynolds number the

dissipation is| locally isotropic (Gibson and Launder, 1978).

N
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The vectorA 1s somewhat similar to thep 15 tensor
modelled in the Reynolds Stress equation ‘and 1is approached in an

analogous manner. Multiplying the integral form of p showa in Equation

(3.10) by®® Ax, and averaging one gets . l

o= SV 4 * X6
2 . L (> & [} ="\ ==
P/()' 5% L1} g[_(?— e Y UJ 3)*-‘_)) 2xn
v .

(3.28)

- - g (B F) L e edy

l
This is approximaged by direct analogy to theAij term of Reynolds

Stress equation (Gibson and Launder, 1978). The expression is

€w

(-coP i~ Co o a®~ G )
+ ('*Cmcta)f?f At = Ca)S o Tee Niny | (3-29)

J
ok B |

where f = 0.39 kb’le LT T « In the open reglon £ is taken as

zero. The constants Qg Qg Ghop Q1) Q2) and (j3)Were selected

by Gibson and Launder (1978} to be 0.33, 3.0, 0.0, 0.0, 0.5 and 0.0 by

‘ |
- comparison to experimental data for near equilibrium buoyant flows.

% last vector uneeding approximation is Di' Its indetgrminate
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"

components aze\ proportional to uju4@ and pe This 18 a' diffusion

‘term and {8 therefore treated with the gradient transportimodel by
analogy to Dij with the result (Sha and Launder, 1979)
- 2 (k 2
D+ oo By (5, T B, 7

!

"+ (3.30)
The constant Q@5 has been chosen as.0.2 by Sha and Launder
(1979). ‘ N
3.2.2¢ Mean Turbulent Kinetic Energy Equation. - : )
The turbulent kinetic energy equation for the open region
7 ' ’
C ('-‘ = PU'-) ¥ G (h‘) ¥ D ) — & (wy (3.31)

contains two terms with indeterminate compqnents,Gmandqu,'which

have already been approximated as for the Reynolds gtress equations.
By contraction ' : '

Q=% Giey = Bon o8 a0 -

(3.32)
similarly,
S o L o— 2
Dm = 31' Dit= Coy 5. 7 \"-) (3.33)

3.2.24

Mean Turbulent Kinetic Energy Dissipation Rate-Eqigtion

Thie open region form of the mean turbulent kinetie. e'ne‘rg—.}?

dissipation rate equation is

-t
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: - A " o C T (3.34)
C(e\ = Sce\ *-'G(e\ + D(e\ - e(t\_.‘ g .

.where D“,-) has been simplified to

contijs\four terms that are composed of (he indeterminate variables SL&),

Gl Deey and € ey

D@)is a diffusion term and is modelled by the gradienr transport

e

analogy as (Sha and Launder 1979)

( : . 2 EwWy b | —,
D(eﬁ = Cttﬁ) ?H- € ) s A xa ) C (3.35)

: /\—\-\ ]

The constant c{15) has been found to be 0.15 by the comfuter

"optimization in a number of flows {(Launder, Reece and Rodi, 1976).

The closure ‘of the remaining terms of the G(!,\pequati.ion is based
on the two hypotheses of Kolmolgo,rc;v (1942). First, that the turbuleﬁlﬁ
fluctuations contributing to the dissipation of turbulent kinetic «

' energy are is; op:lc at high Reynolds numbers and hence only isotropic
contributions to €() need be considered,  thus the G@) term resulting
from bouyancy eff‘ects and zero in isotropic turbulence, can be
r]i:glqci:ed- Second,. that thg dissipation rate éhéuld .be ‘complete.ly
determined by the turbulent kipetic energy and its leng'th ‘or time

- " ’ o

4
! ".SO"

L’ \ r
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Fp——

. Ny
scale. The Stay and €,y terms repr\e.sent: both production and

destruction of the dissipation rate. The most common approach (Sha and
& . 3

Launder, 1979; Rodi, 1980)' s _to assume that the product ion and

/;Ze:ttuétion of the turbulent energy dissifnation is proportlonal to the
. . .'J

production and destruction of the turbulent kinetic energy

Scey ~ hpce) * “G\Cﬂ nd Eery v €y (3.36)
where the constant of proportiocnality of the orderSwy/k.
This gives .
‘ em.( |
c€i ) " \eay Py # ¢ |
(S;ﬂ €een k. Gw) w) Gy (3.37)

- CL\B) e(k}\

where C(lﬁ) =1.44, 0(17) 1.44 and C(lB) =1.92 (Gihson and Launder, 1976).
3.2.2e

Mean ScLuare Fluctuating Temperature Equat:ion
. » B ety

The mean—square temperature fluctuation équal:ion' for the open
‘régibn is

r.
. ~ " © e S o
R IR T ‘
./ - Y . 5
T Ceay = eyt
Ly (9):

(3.38)

ed to the form

. ~
P

' e ' .
The unknown correlation in eg\is 9".5 ?.,‘.‘;‘ wh_ich represents the

destruction of 3 .by molecular conduction.aIt is assumed proporticnal
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to the dissipation of turbulent kinetic energy (Launder, 1974). then
) . -

.becomes

Cum)

e“ﬁ\ = ol 3/k eck\ |

(3.39)

The value cf9y ™ 0.8 is recommended by Gibson and Latlmder'
(1978) to obtain agre;ement wit;h buoyant shear flows.

Term D(aj‘contains averaée products of the form 71'3'% « This
term represents diffusion and 1s modelled wit‘h the gradient transport,

assumption as

-

2 (k — &2 °
Ddyy = craey oxx (‘ah Uty 2% 3

(3.40)

. i \
where () is taken as 0.15 by Sha and Launder (1979).
P !
The aho‘é'e‘ analysis had provided a closed set of elght equations
known as the Reynolds Stress Modal (RSM) for the variableslﬁi.'_f’., -"f,

--“1“_1’ u®, 'k, 3 and e“) rovided that the necessary thermodynamic

qand fluid properties are known. Although enly the variables Ui’ -f,

and ¥ are of direct interest, the ott;er variables are’necessary to
tlose the three primary mean fileld equations.

The above set of equations has been 'formuiatzed in three
dimensional forin,'however, its numerical solution for fully three
dimensional problems over large domalns wouldee' very c.ostly and’

impractical. The general formulation can be simplified in particular

cages which permit a numerical solution.
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3.2.3

Simpiifications of the Reynolds Stress and Heat

Flux Closure

3.2.3a Equilibrium Algebraic Stress Model (EASM)

The equations for. the tensors ujl g, uje'are all partial
differential equations. A significant simplification could be achleved

by redicing them to algebraic forms. One way is to neglect all

derivatives (Launder, 1971), which implies that the variable is nearly

congtant along mean material linés. Mathematically, this is expressed

for the Reynolds Stress equations as

Ca;, "'Dc‘j‘o

. + (3.41)

What remains is the balancé]of the sources and the sinks of the

yariable

s C“J A Aié - E¢ =0 (3.42)

Expressing these tensors in the determinate variables gives the

following semi-explicit equation for the‘Reynolds stresses
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If the approximation is applied to the three normal components of

the.Reyqolds stress tensor and the equations are added, one gets

pe

= 2 . 2k 2 \ '
k + 3 adk" Ccnay.:‘ Gthu&ul Dy.‘l\\ 2O (3.44)

which implies that,

Puq t Quy = € Gy

\

or that the turbulent kinetic energy is in local statistical

(3.45)

equilibrium. This condition is approximately satisffgd in somé regions
of boundary layers, but not generally in open regions for which
equationt(3.43) is to be used. The solution of equagion (3.44) for
weak diffusion produces nearly constant values of k along the mean
material lines of the flow; fo? this reason, it will not be used to
find k. Expression (3.43) will, however, be.used to calcu;ate all the
Reynolds st{esses while differentiai equation (3.31) will be used to
calculate k. This inconsistency 1s justified by the assumption that
the Reynolds stresses are yeak fﬁnctions of thelr net transport rates.
Making a similar assumption for the EES equations

C: — Di=o0

(3.46)
one gets the result

P;&Gu* A\C;‘O

(3.47) -



-

I-d‘o\ : l~C-n->
E-uq[( Cen L' + C-L’O G‘ ] (3.48)

A semi-explicit expression for U e from equation (3.4.7) is

cI

Equations (3.47) and (3.48) form a closed set of equations for

uguy and uiﬁgwhich congistsof algebralc equations for thg

components of ujuy and uy® very much simpler than the full second
order closure. Alth?ugh these equations were obtained by neglecting
derivat#ve terms without fully adequate justification, it appears that
the model &till reflects some crucial mechanisms of the physical

process.

3.2.3b Proportional Transport Algebraic Stress Model -(PTASM)

A more realistic means of approximating the differential terms of
the -"‘T‘;j and @ equationa' is based on thelasstlmption that the
net transport of these variables is proportional to the transport of
one or more determinate variables fcr which a differential equation is
being solved. For. the 'lTj:Tl-j equations, a sultable expreésion in

terms of k and €, is (Rodi, 1976)'

t“l
Ce: - Di' = (CLm'Dtk\\
or ) (3.49)

J Jd
st v Gy v Dy -eeg - T (Fgt Gag- €
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The implicationg of this approximations are made more vidible by

considering the most restrictive form.
C':& IR /}’\ C cxy (3.50)
The product rule of differentiation gives exactly
i)
wig ) Um L 4\ .
S‘t k J¥m k. (3.51)

' which.implies that the mean material rate of change of “:L“j/k is

zero. The resulting expreaaion for uju is

kg .é__ (\‘Ct'))(pii ‘z'iPuq%:'j)
ML (Pt Goa ) /€

h
‘ud

(3.52)

A + (e (G836 Sy

+ CZen -

A similar approximation for the u;® équati?ns is (Gibson,

1978)
2 [ue ) " T‘T‘; |
ot WE" U ;”“k k V9 (3.53)

which lends support to the expression

o (o0

LQ\{Q Dm)

3.54)

N
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or

P A | G.’. hi | AL - %ff (Q.‘\ "‘eu’.g),\ “‘o (P(h\,‘G'l(;\ €M\

In semi-explicit form; this beccmes

(1 —C’(‘ﬂ pt'. T ‘(l"'C«to\ C’\c'.

C() e“\ + Pegy — € + Hua t Gixy- €y - (353
F) 2k

b
°
N

Equations (3.50) and (3.53) form a closed set of equations, which

)
are similar in complexity and form to the EASM. However, the PTASM was

acquired with a more realistic assumption and, presumably, it describes

better the physical mechanism of turbulence. . °

sionks of thé variable an

‘esulted in 2n equation for uju 4 which,

expressed in terms of the degree of isotropy temsor, ai‘j\"
.L-I;.le - 2/3 kcij, IB

k I-Cm 2 0. 2 0 a' =
o 35, U+ g S e 5k (3 Uj-+
\;_:_ ,’.1 [\ 1 £ €%
2% “ ( '8 ngbi) gi\j ( q..\)(ﬁn a° Qi 3. 56)

PoPnid® g, - SRS ah 8y ﬂ

|
L)

o]

1f the turbulence were nearly -isotropic, aijaij*v(), ‘then
N
Equation (3.56) would become
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2 \"c(\\
G\;S = - 3 )G(L)K7FLU +'D)( )

B View (3.57)

q,\)(ﬁtn 4i® Qi gtr)u © 4
z = o
- 3 Ure QU g‘-d\
In the nearly isotropic turbulence approximation, the heat flux

vector 1s usually assumed to be unimportant, and therefore neglected

for aimplicity to glve
'I.

I (l C«\) k?_' I ?; "\') )
wing ¥ g\l ) | Ewy " ox .

(3.58)

which {s similar to the popular k-€ turbulence-mgdel (Harlow and

Nakayama, 1968). This model is often expressed in terms of an eddy

G)

where Vi) = Coq-e—"“ A crude extrapolation to non—isotropic flow can-be

made by adjusting the value of G to agree with the data.

.
—

viscosity as

5
=
[
wiV
'Tf"
O
|
—
u‘p
L..l
U‘U

(3.59)

Turning now to the EASM formulae for ﬁ'i—é, expressed in. terms of

the degree of anisotropy tensor aj 4 it becomes

>

k (\_—-qﬂ)k L2 2 20 >
Uil = gy ) Ay a?‘jT tos k 3NT (3.60)

' =2 U v~ Qo)
t A\© ory L, t C ) ) g(ﬂ‘ﬂ%'c.
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Agafh téking the limit as af § aij'*o in equarkion (3}30),

. - . ’ -
one ge ts
-

__:;» —
e 5,.U;
\ (3.61)

Neglecting the bucoyant crntribution for simplicity, the result is

- k - \[2, & =

we =gt ( Ce Tk T
\ _C(_m\

¥ & C{ﬁ)} ay 9 Fi

. 15 D
—_— L - 3. I—C-u) A ¥ ,
u;e = ey i (3.62)

-

C. (2}

When expressed in terms of the turbulent diffusivity this becomes

- . . ' 2- PR,
wie = -~ P 3y T 3.63
. g oD

. hd k’-
where rl(ﬂ = 011'] Coy =

€w)
This 1s an identicalgresult to that given by the k—<& model.

and the turbulent Prandtl number Oy=9.7.

The formulae (3.48) and (3.62) are less .generai than either the

‘EASM and PTASM expressiong-hich allow for aniraotropic conditions, the

most common state of

urbulence in general 'flc;ws, and the dependence of

strain ri

:‘ n Reynolds stresses which are not in the same plane. The

isotropic assumpi:ion has, however, provided simplification which makes a -

numerical soclution manageablé." The concept of eddy viscosity preceded f

the development given here i‘)y approximatel)zllno years (St. Venant,

1843). It was first treated as a constant throughout the flow field

although the fact that it was neither homogenéous nor 1sotropic has

long been
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" recognized. The problée/ﬁgg’lo specify it accurately as a function of

gspace and direction.‘[Turbulent kinematic viscosity has units of LZ

s~! which can be achieved by the product of a length and a

velocity (l.e., ‘v(t)q,VL). The belocity scale 1s generally chosén‘

-

as the square root of the turbulent kinetip energy, however, there te

-

no obvicus choice for the length scale. A suitable choice for length'
scale ig k3/2/emg) representing the distance‘travelled by a

.particle having a unit of turbulent kinetic energy before its energy is
dissipated.

.

3.2.3d Other Algebraic Relations for U;u: and y®

Another resolution of the turbulence closure problem is Prandtli's .
"mixing length” hypothesis (1945) deﬁeioped by direct analogy to the |
kinetic theory of gases. It requires the ébecificétion ofva “mixing
length®, ;hich, in_ the opén reglons of a heat exchanger,depénds on

a const%Ptly changing geometry and i{s impractical.

3.3 Near-Wall Region

.

The near-wall reg}on 1sﬁchafacterized by steep mean velocity
gradients, log mean velocities and the %néreasedlsignificance of mole-
cular acElo;. The first characteristi; makes numerical solution of the
governing‘equation&fi;practical because of éhe number of grid points
required to obtain the necessary accuracy. Howéver, the near-wall
region is a thin shear layer whose properties are not very senstive to
the open region flow, which allows significant simplification of the

exact equations. In addition, few heat exchangers are dengned’éo

transfer heat through the shell wall so the accuragy of these

-
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calculations 1s not critical. The analysis’of the near—wall reglon
will attempt to obtain simple algebraic or ordinary dlfferential ‘equa—
tions for the.unknown variables in this region. These will serve to
relate the last near wall point of the computational grid to the wall,
anu hence remuué the need for a ffﬁe-computational mesh in this

region. :

For the purpose of this analysis the near wall region has been
divided into a viscous region and a‘fullf turbulent regiou. In reality
the separation-is not so distinct ‘and a buffer reglon alsc exists
(Hinze, 1975), but this will ‘be ignored for simp;iuity as will any
variation in mean fﬁk{u or thermodynamic properties. 4 -

The viscous and fully turbulent regions are illustrated An Figura
3. The domination of the flow by viscous effects is assumed to exteand

until the turbulent Reynblds number, Qq E_Ié, has reached a value
. -

of about 20 (Chieng and Launder, 1980), corresponding to dimensiouless

distances fron the wall, xI<:205?k*-l/2_

L -

»

The turbulence models recommended for the open region only require
boundary conditions for TJ;, ?, k,3 » Efy and €eq)y It 1s fortunate that

the distributions of €(wy and €cq) are known empirically in both

(3

fegions since their equations cannot be simplified significantly. The

remaining four equations will be analyzed to provide information about
the distribution of TJ..-, .'1‘-,' k andﬂ. Unfortuna.tely, these equations

contain other unknowns such as uyu 4, ujk, uy@ and ﬁ;ﬁ- To

L .
obtain these from their balance equations would require a very
complicated model for thoge correlations which involve pressure. For

this reason these variables will be estimated from experimental

investigations in boundary layers.
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FIGURE 3: Structure of .the Near Wall Region
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It 1is daqumed that the mean flow in the near wall region'always

-

1ies'1n a plane, and henceAgan'he analyééd bifh‘only 2‘carte;10n
coordinates, aﬁd that the boqhdary layer thickness-is_sméil whep\wﬁ{
c;mpared gith'the local r;dius of curvature.’ This simplifies the
problem té;a‘two dimensional rectilinear one. :

3.3a The Viscous Layer

An order of magnitude analysis similar to the one employed in
Section 3.2 has been ﬁérforﬁed here using the following scales which

are suitable to the viscous sublayer of a boundary layer.

A /“A'f;' {10 (lb-f )

s fe D, At 00y -

~Gt__/fj'. =0 (107%)

AP /e 0,7 = O (107

Aqy / AZ = O (o™}
ot R R

Ax, 7AX, = Ouc)-

e Can’ = O¢ op)
e/ 8T = O (o™
'A(.lﬁ/c‘,p.*n @(!O") (3.64)
U, ;/C'LP) A:zﬁ?g(lﬁ‘} ;

—_—

The viscous region approximation for ¥he mean velocity~equation in.the )
gtreamwige direction is

4*U, /o\.xf =0

(3.65)
which with the no slip boundary condition, gives the solution- .
a8
U -G ( 'C(h!‘ x‘ . ' -':
p— = Ta———— L .
' (e) M N (3.66)
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The simplified equation for the mean temperature is

\

v - “

T/ dx " o - T Gaen

- [ 9

-In order for temperature to satisfy .the wall condition it must be of

the form : | T ¢,

T = T = (%'?u\/icl) Ka R - (3:68)

1 ) ’
a4 - N . .

© The simplified mean tiurbulent kinetic energy equation for the
yiscoﬁé région is

4

4

&k /AK: = ‘E_c\n /vy | (3.68)

In the viscous regiéu‘ it has beén_ observed experimentally that €,

© e

is constant (Jones and Launder, 1973). Hence, the first derivative of
S , . , .

k vanighes at the wall. Since the wall is considered rigid, k %ifgi

‘vanigshes at the wall. The expression for k which satisfies equati??{

)
- (3.69) and the boundary conditions is

. :

-1 & - 3 ; )
"k = _‘:‘) Xs . : (3.70)
X S i‘.'. . ,‘ - LN

where the star-indicates the level of the variable at y*.,

The simplified equatién for the mean square fluctuating

temperature in the viscous reéglon is 7 o s
' Ll . L SR B - . ‘
c; K| / Q*JLL. "ff ' gi(ﬂ\ .- ' ‘
: S E&%ﬁi Y e L (3.T1)
e TREgee . T
- ._9»64 - : ‘ ‘ .
v O'v ’ _" ) s . PR} . |
B ‘ ] a X

e
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In analogy ‘to the viscous energy diasipation the-conductive thermal

dissipation will be assumed constanﬁ"hj.n this region. The bOundary
conditions fors are not as constraini_ng as these for the kinetic

- . ’ a-.- 29 ) . -
energy. The constant level of Ew (= I9%i v ) requires that ® vary
linearly in the viscous region. If in addition to this the ‘boundary
_temperatu‘r:e fluctuation is assumed to be zero, then the solution of

equation (3.71) is

1 * N : . :
3 - (oLef.ﬁ) ) K2z ot (3.72)

3.3b The Fully Turbulent Portion |

The scales which will be used to simpli the equations for the

fully jturbulent portion are ' . :

'/\m/A Xa = 9 (IO—‘_') | ')\t-zn ./'A‘Az = Quo™)
U,./0, =0 (107*) Juij/ U, = ©(i0°)
A /tUl Ax, = SL\O-') '.A(l):-r /A(:.):‘:': @UO-‘)

K AT /e U;\’g .2 Q0") U,/ Cm'gﬁ -Busl)

* A;ﬂﬁ/( U.rl \ ({0-1‘) - Ax||/ AXy = 9({0:) .
A(n-‘;/( U\"\“‘ 9 LIO.\ e /Am:\;=9(10°_) ~
rCu\ ol Q-(ld‘ ) - '

v P .
The equation for the mean velocity in the fully turbulent region

¢

reduces to

i — | ‘ .
2 u.u, = QO - _ (3:74)
o\r-z / i



At the beginning of ‘the turbulént: region the turbulent shear stress

must be equal to I:He viscous shear stress which 1s equal to the wall

shear stress. This limits the solution of the equation (3.74) to
—_ . T

- u\ul-_
. e - (3.75)

1t does not, however, restrict TJ'.. Experimefxtal investigations ?(Hinze ’

e

1975) of boundary layers demonstrate that,

“’Z‘w) 5(}1 ' ‘ N
™ ULy = _','b( (_' : / (3.76)

L

where» is the Von-Karman constant) about 0.42. %IThis specifies that
-
the turbulent shear stress is p:;o rtional to the distance from the |

wall. . Substituting equacion (3:76) into equation (3. 75) and

integrating over the ful].y turbulent region one gets
_ aC‘w) _ ) . .
U, - U R (X;_ 2 o (3.77)

The unknown variable .iJ-l* inay,_'be eliminated from equation (3.77) by

using équa'tion (3.66) for El* to give

\ -

A .
— \n LXI/X )‘\‘ c-;c-—-lf} -f—- *

Lot

B
! : - . . (3.78)

.
.
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The mean temperature equation for the fully turbulent region
" reduces to

A -

LZ.] ‘U8 T O
C*Kz -

(3.79)

The turbulent heat flux must equél the heat flux in the viscous region ~

which is also equal to the wall heat flux. This restricts the solution
of equation (3.?95 to

.

=use = F) o (3.80)
¢ Cep) y -

The turbulent heat flux has been found experiméntally to be of the

' form (Hinze, 1975)

al ?_‘:."xc—t_-‘

. T
T we = Ly € > v (3.81)

for boundary layer flowa_uherecﬁgis the turbulent Prandtl number.

Substituting equation (3.81) into equation (3.8) and then

integrating over the turbulent reglon one gets the result N

?_ _-'l_:* - CFM) df.'l'\

‘ »* ' - ..,:4'.
e . qu) x&t‘»'c\ \V\‘ (XI- /¥1 \ o M;&?.SZ) |

The unknown T* may be elimingted in favour of Ty by using equation

(3.68). The resulting expression is

T-Tw 1.
Tt
L %(H\ O’(T\ /r -C(r\ _E" L. x

4

{3.83)
’ , . .
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The equation for the mean aﬂrbulent kinetic energy 1is simplified

LLL + éi(k) =0 | ) \f\j\

into the form

{3.84)

SO
fo

-+
o

4

Using gquation (3.75) shows that uj\q, . == ), which may be integrated

over the fully turbulent region to ghye f/

b SN
ttu)(u U‘) (u‘k-—-u, }fELu\\‘-‘—\\(-x _D (3-85)"
-
The zurbulent diffusion term in equation (3.85) is eliminated with the b
expression ) \§a '
’ ){, l'tcu\ - Cl\(

k - _ —_ Kl— A . . -
Ua Cuo N € *a - (3.86) - )
v

In addition, it is known experimenta’ly that in the fully turbulent
region (Spalding, 1967)
(3.87)
” »
where () 1s a universal constant equal to 2.55. Equations (3.86) and
(3.87) may be substituted into equation (3.84) to give an ordinary *
A ' Yy
integro-differential equation for k ﬁrf
Oi.. T‘H‘)
o\\L _ _.__1 X -0, ) b(» \
€ Y
- ' -
. Y 3o x : . (3.88)
Cuy Cw | \ &y k. A =
- ey =0 ”
. A, z
3(._71;. N € R
- - -‘ .
P g . . ¢
- eé - ° ’ ; ?-EEE‘ A
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L' 4

This 1is usually simplified by making VB-I’."I.Ou'B assumptions conce

) ot
g T
. 4.-.-#4._,......,..-«/ _
.

va}iation of k over the control volume so that the integral may b

eliminated (Chieng and Launder, 19765.

™~
The simplified equation fo::a) is

— ) -
2 h1@ ﬁl—hT 3 i;‘_&:% t €qy= O g

3 .39 )

, Equation (3.80) indicates that u® =§eJpG,y This allows
\? integration of equation (3.89) over the turbulent reglon which gives

ral

| | “
B Y — - .
. M(T*T Jr(Ga-ugT )+ S’e"s\ A"f (3.90)
_ 2 S

The turbulent diffusion ofs wmay be eliminated by assuming

—— '1"'_; Ty a
MY

_ ) @91
O"a\ ¢ %2 JWL:. (3.91)

where O¢qy18 the turbulent Prandtl number for fluctuating temperature.

The conductive destruction is eliminated by assuming that it is propor-
”
tional to-the viscous dissipation ) ‘ N
. \-\ . . _ * . . '
3? ' \ ;Il *

K/ x,

G-"'_‘.n = -—“;" C. (3.92)

7 Equations (3.91) and (3.92) may be substituted into equation (3.90) to

give the ordinary integro-differential equation for

I a "
d q - %9 ‘2‘:‘@ ';_ (T=T7) —-‘\g,(}tz’fgh%\
3 ¥.1 "f'?x ( z % - , . - . -Q .
o LC_T_@ Co / G gc“kz A_x_; (3.93)
. > ];.L_ c - N X _
Vs S - - 69/‘ ' . k‘
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This equation may be further simplified by making assumptions
concerning the variation of'ﬁ and k which will eliminate the integral.

3.4 Tube Filled Region

The governir.tg equations for fluid flow have been simplified by an.
order of magnitude analysis for the special case of the tube filled

region. The characteristic dimensionless gr_‘ouﬁs for this purpose are

Ay flanid = O AF‘_‘-/?’\U;V = 010"
Aoy gl = © 0) - p /& 10\ = OLo%y
8] 1A% / |G£|’= L9 (lb-l) ‘\u;l / |G; | = O ( lO-"‘)
¢/ - O o) - 8 /AT = 9(10")
/e Olo) AG U axe | /104 = Qi)
/710 laxi] =OLs") N ?p_l'::t) \Aml/\ﬁd:@( D] (3.94)
Ax[eocllavel=000%)  xy el lavil = O (100) /‘ |
Con AT = VSRS HRS (10°°) )
FCa=OUG) - - g AT 70 1A% - B0 .-
AP/F 10:1* = 000" A /c"fi_‘r:'/(' Fi; IJ/A):; | = Qus')
3f'.lﬁ.1 Mean Fiel_d Equations : . , J
T el‘ simplified mean f'ield equat;ions of th;a tube filled region are:
mean momenr.u:n *
N 2 (- e L2 P
SV« 5, (e 0cly) = -5, P (-
- - (3.95)
= (& {3..2
+ 5‘;(3[_ (DrJUl*Dx‘UJ\] ,6
4 h A - L /
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mean temperature *

CcP) [ae( T) +~%J (3:\264)] = ‘

: : . (3.96)
2 == 2 - —

5",‘3 (ff g’xd'—r) + Cep) x5 ('\' “‘Je)

. ' %
) .
mean:é;é;\conservation
a . —_ 7 . (3.97)
'-";ﬂ_?-*%(\j(@*UJ)=o )
& - .

’

Although somewhat simpler than the general form, due to the absence of
the buogancy, divergence and work terms, the above equﬁtions are still
to&’compllcated t; permit a simple analytical solution. An alternative
would be a numerical solution, however, this woufﬁﬁrequiye a g;id
density far beyond practical limits due to the ;ery steep ;ean velocity
gradients. A simpler approach is to take advantage of the fact that
this region is approaching a’“pdfoQB nedium” (Patéﬁkariépd Spalding,
JA974). |

. -~ ; .
/  This codﬁept is based on an averaging of the local dependent

variables over small volumes in space in an attempt to smooth the

'variagﬁe functions. The volume ‘average is defin p as (Slattery,

-

1981), | ) .

- o .
’\ Cl\} : < (3 98)

va . ‘ B

. .
where the underbar denotes a volume averaged variable. V is the sum

v - H ».



of both the fluid and solid volumes, and Vi is the fluid volume. An

r

example of an averaging volume is shown in Figure 4. | 2

Tﬁis averaging procedure applied jo the mean variables'of the

tube-filled region produces the volume-~averaged variables .

<

"(3.99)

Averaging of the mean continuity equation gives

- Py A , -~
-] 2 ¢ 2 (700 ] dV =0
—_— = ¥ Dy L)' Ck =0 . .
v Latt‘ X3 (f’ J\ ' \(3 100)
' Vg | %
\ : L
Interchanging the order oé\gzgzgging,and differentiation, as (Slattery,
1981)
2 2 L |
¥ P\ -1 A Yoy K A“’LAS (3.101)
Sessy
‘where ﬁfﬂ‘is.the fluid-solid interface, the gontindity equation
- beconmes - :
) . . ’ | - — \ — ‘ v
- S \). R T ' '
| ST+ g () vy 'S"UJ“J"\_S s
. ' : Scps) , L~
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The no-penetration boundary condition for the velocity at the
fluid-solid interface causes the surface intégral to vanish and
Equation (3.102) reduces to

2 - . 2 -, . '

atg_ + ij(f Ud) =0 M Lm’l(n)‘

A similar treatment of the mean momentum and mean temperature

equations, where (im, }T and & are constant, ylelds

N
2 =g 2 T 2 B
ak(e_y_:q** % ((’_9_5_0‘3\ =¥ 5x; f_
2 P (R0 Z2 N 2 (cram |
+ ;xj M a"j.—/‘/’ )7;-'_ -—J\:] + 97‘3(‘( u:us\ (3.104)
» ) A .
1 3 2 0.2 0
A [ EPacr(3005.0) n 1ds
Ses6)
and ° - v
~ .
= ; a2 TJ 2 =
Con 31 (2 D) » 5T U] = 36 (kAT ),
¢
- E_' —— J— — 8. = : ~
1+ C(P] QXJ_(“ ¢ L\le t+ \Y K a)cJT nL\ dS (3-103)
, . Sess) . ‘ : .
- < = o o . . el
+ 5 (f;," S.Tn-aﬁ.) o~ G
Y\ J ~ .o
Sis) _ ‘
Equations (3.104) and (3.165), ‘as expected, contain theé indeterminate " 4

Y

Reynolds stress and the turbulence heat flux. In addition'to these
‘ , I

unknowns, the 'averaging hag introduced ten new unknowns -and three

. . g o \
~ ., ".1



surface ihtegrala. To eliminate the new unknowns the following

assumptions may be made in ‘the application of the porous media

concept
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w %Y = g0y -~ (3:106)
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.

w #7140 = IT_‘QJ

T 2, W
vii) %‘3‘_’]‘-[%50“%“\]&“(4 ﬁd('wd\ | 3

2T ' F,.R(Fa,. 2 '--C—u?'ré)
vitt) QFJ[E S.YJT + VG)J 3 0[5] L4 a"\i& e
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Assumptions i) to iv) are justified when the density changes at
relatively slow rates ove;'the averaging volume. Assumptions v) and

vi) are less justified since they ﬁequire that both Uj gnd T have

. ) .
’/4? uniform profiles acrosas the flow paths, of the.tube bundle'to be valid.

The last two assumptions requfre that the flow be fully turbulent and

that the surface tempe;atﬁre of the tubes vary slowly. These twé

assumptions are always satisfied in industrial tube bundle flows.

-
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To evainate the two remaining surface integrals, it is necessary

to solve for the local distributions of P, ﬁi and T. As a practical

alternativé, the integrals ' . .

2 \
- 1 ‘ :
F(ll i V“ “-_ Pn‘r,u(:;, U DM J)“\\jC\S
o Sus) _ : . '

' . ' ' - (3.107)

Lo(A2 = =
Sus)

wiil approximated by empirical‘functions.The fﬁnctlons éFlji and

Fpy T@kesent the momentum and heat transferred to the tubes,

resp vély. Simpiifications (3.106) and (3.107) reduce equatioans

(3.103), (3.194) and (3.105) to

5 _ a2 _:

L ¥ 5S¢ (EU \ o Ce (3.108)
2 %\ 2 /-0y o *—fa |
9!:(_(__\_)(\*- DxJ(L U.t l_)d]; Sx P 5_ i““,) Fmt(a 109)"

L
- '

= a2 2= — &
Ccr\[n(E-T) *5 (T, )] = S dxlEEGRY ¢ Ry (3.120)

b
-

' e . . ThN— .

volume averaged Heynolds Stress rensor
b )
and turbulent heat flux vectif;/,x'suitable closure method must _be

found for these quantities.

These equations- also contain



!

e

3.4.2

A Turbulence Model

“An analysis of the turbulence data 1n tube filled regions shows -

non—equilibrium character is eesentially confined to the entrance

Jiglon of the bundle.

3

s
’

_that it is not n a state of equilibrium (Currie, 198 ), although the

In that 'rggibn the mean turbulent kinetic energy *

rises rapildly due to the mean shear productidn, but further downstream,

a production/dissipation balance 1s attained;

A simple turbulence model for u v and 0;8, is the isotropic
173 1 )

Gthy. A comparison of the conditions in qthe tube filled region to those

of the open region shows'that the open’ _':egion n_:odels' may not be

. L1
applicable to the tube filled region.

L)

For example the atroqg viscous

equilibrium algebralc stress model which provides equations for k,and .

S,

H

effects near t:he tube wall, invalidate the earlier models of productidn

and dissipat’ion of E(k\ which assumed local isotropy of the small

scales and an inertial speetral aubrange..

tube-filled region.

Q
Neverthel%ss s, considering

‘assumptions might beapproximately ahtisfied,‘w-'i_th'm much of the

“

Thus op;m région- Mdé}s for the unknown terms of

the equation will be applied to the' tube filled region, with the only

allow for p?&ﬂble 1nteraction of k and em with the .tubes.

Voluum averaging the modelled

)

equation and 1nterchanging the

order of averaging and differentiation gives

e

--*é.xception being that the molecular diffusion terms will be retained to

‘the crudeness of volu!n;a averaging, local isotropy aid inertial subrange



(3.111)

Asaumpfions similar to, (3.106) concerning tbé material derivative and

diffusion terms may be wmade in (3.111). These are
o kU = kU

ii)?‘ﬁg(v 9‘7‘2 _..)‘A \SX (Gcn\ (EY A VY )Y-.t \
2.
5"

. (3.112)
kb

K X
111) oG UWmUe Iy . G kked«))

[

" The durface integral represents the interaction of turbulent kin-
. . . M . . ¥

etic energy 'with the t@bes. This integral is zero, however, because in
the viscous sublayer twrbulent kinetic energy varies quadraficly (Jones
and Launder, 1973).- The production term of Equation (3.111) requires
b ' - '
special treatment. It would be unrealistic to equate
& . — 2. L
M 5‘ Ue : with ° -u‘-\*yard 9} (3.113)

M)

because this would ignore much of the production I{n the tube filled
region. As a solution to this probiem the production may be formulated

as the sum of two portfons -

Yo
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The first term accounts for the production caused; by the volume
‘averaged mean velocity gradients, and the second for the production due
"to the local: veloclty gradients around the tubes. The FQ\ term may be

prescribed as an empirical function of the volume average variables.

With these modifications the k ecfuations becomes

NN T R E HUSE A

{3.115)

- e —.8_ (k ~1 —a_: .k
€y + CH) Oxm Em umUL Dxg —-}

The equation foremma;r be volume-averaged. and with simplifications

analpgous to (3.112) it becomes

S Pl A N a (3.116)
"'C'('-B)'e k + C{'S)S-:l‘\h Klg-e_“‘—-——-—- — 6) |

4 | FL"() o
where _L ‘A :
- T &y N AL
| Fay = 7y g T
\Sun .
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The production and dissipation will be treatéd in 4 manner which ' -

1s similar to that used in'the k equation

e (o 2 T0) - TP
o 8% 55Uc ) = CAﬂ'ém'i. (“_a ENUREAY

v v (3:117)

-y o
CoR) enmk =, Qg éEth .&S B

. ) )
These simplifications reduce the €(,yequation into the following fom
- \

B

2 = =
ot Ew ¥ > (€ Qj) = Gy €uw k. L N ;x
' ' ‘ (3.118)

o : -g' -\ 2
L F{‘_)] - CGB\ __(L\ k t C{ﬁ);M [k 6(“ u-\u,‘ 3“6“3—_]

The IEASM formulationms for the Reynolds Stress tenmsor and the
turbulent heat flux vector may be volume averaged to glve the

approximate results

_ : 12 T a — 2 -
SRS C LUV B ) R SRR
wie = Vm am o : (3.120)

which 1is conaistent with assumptions (3.106) and (3.112) and the
egpirical assertion that most of the diffusion occurs ia regiona where

y“)and T};\hgve'a modest slope. '
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3.5 » Closure

- The pu;pose of thLa‘investigatijr wés to geléc£ tdqbulence models
for use \d_industrial heat exchaﬁgers. Thialyps done” by an hnalysis of
lﬁhe;Eundameqtal equations oﬁ)fluid mechanics. The;e équatians were
aimplified by queé of mgﬁgltude analyses for the'three characteristic
regions $f a he#t‘exchanggrv
- - - tube frge

- near wall region

~ tube filled region. : .

In the open region the turbulence model must be sufficiently gen-
eral to provide confidence in parametric optimization. Thus, a full
Reynolds atresslmoﬂsg wag derived for this region. Although thiQ
method is impractical }or numerical calculatiqns, it provided a guide
for &eriving more .usable models, namely a) the equilibrium algebraic
stress model (EASﬁ), b) the proportiecnal transport glgebraic stress
model (PTASM), and ¢) the isotropic equilbrium algebralc stress model

. {IEASM). These models are respectively based on the assumptions that -

a) there 1is negligible transport of the Reynolds stresses,

b) . the net transport of Réynolds stress is proportional to

the net transport of the turbulent kinetic energy, and
c) ;here 1; a nearly {sotropic iurbulent staEe with little
transport of the Reynolds Stresses. :
The simplest of these modelg is .the third dne,'however, a

comparison with experimental data {is necessary to determine which gives

the best compromise beiweeu accuracy and simplicity.

- Bl -




- In the near wall region the ReynoldalStresses and turbulent heat

fluxes can 'be modelled with empirical functions. The res 1ting_eqha-

rions are simple enough to allow analytic or one-dimensional numerical

T

‘sélution.
The tube-filled region was modelled using the porous—medium .
approach. A feature of the flow in this region 1s-its non~equilibrium
turbulence state near the boundaries of the t#be bundle. The ailmplest

tu;bhlence moael that reflects thesg characteristics is the nearly
" isotropic equilibrium model. When this model is expressed 1in porous
media form, three additional empirical functions are introduced, which
must-be specified by further modelling.

The turbulence models prﬁposed ’or ;he three regions contain z
number of ﬁncertain assumptions and a great de;i of empiricism; For

this reason, the predictive ability of .these models will be compared to

experimental data collected Iin a few simple shear flows.

¢
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CHAPTER IV
'QOHPUTATIONS OF UNIFORMLY
SHEARED TURBULENCE

4.1 Introduction

In Chapter III, three turbulence models have been developed for
possible use in the open’ region of heat exchangers: a) the Eqdilibrium
Alhebraic Streés Model (EASM), b) the Proportional Transport Algebraic
Stress Jodel (PTASM), and c) the Isotropilc Equil‘ibrium Albegr'aic Stress
Model (IEASM)}.

In this chapter, tpese models will be tested in tﬁe simplest
turbulent shear fldq, that with a undirectioﬁal mean velocity and a
donstaﬁg\mean gradibnt.in a transverse dirvection; in such a flow, the
mean velocity is defined as; .

T, = @, 0,0) | (4.1)"
where ﬁl = Axy +'U;=), A and ﬁln)-constanf
and is shown in Figure 5. The advantage of this shear flow is that it
allows the study of the turbulent ghear stress and its relation to the
mean shear sfrain ié the absence of other complicating effects such as
boundaries and inhomogéneity. This type of flow has been Investigated
experimentally by several researchers, most notably by Rose (1966,
1967)1 Champagne, Harris and ‘Corrsin (1980), Mulhearn and Luxton (1§70,
1975), TaVoularis‘and Cofrsin.(l981) énd Karnik and .Tavoularils (1983)."
The latter stﬁdy will be'used for comparison with the present .

predictions.
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Predictions ;f turbulent kinetic eneréy, integral length scale and
Reynolds stress tensor are made using each turbuleﬁce.model. These are
then conpa?ed to one another and to the experimental measurements of
Karnik and Tavoularis (1983) and Eo those in Karnik's M.A.Sc.. thesis

(1953).

4.2 . Governing Equations

The mean velocity described in Section 4.1 for a fluid with

constant properties is coupled to the other flow parameters through the

dynamic equations of motion. The three turbulence models which will be

analyzed here have four~transport equations in common; a) mean mass;
b) mean momentum c¢) mean turbulent kinefic energy ;;d d) mean turbulent
kinetic energy dissipation rate. These four equations willlbe
simplified for this uniform shear flow and then each individual model
will be dealt with sgparately.‘

LS

4,2.1 Transport Equations

The mean mase conservation equation for the open region simplifies
to the trivial case, 0=0.

The mean momentum equation’for the open region reduces to

(4.2)

"%-?. = %t\; kfnj\)
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Further sinplifi\}t&on is acheved by the flow symmetry about the

-

X1 ~Xg plane and all planes parallel to it. This requires that

—————ny

— —_— 2 -
Ty SO o u.._t:,:'- o - nd 5%, L ) o ((4.3)

Using the fact tﬁ;tnkarnik'e data shows negligible transverse variation

o

of uguy One may éimplify equation (4.2) to

-

L2 P .
eax.P ax, *

— b ' 4.4y T
%%&LP = A, MW ," - w
L2 P = o
(3K1P

The modelled mean turbulent kinetic energy equation for the open region

18 reduced to _
N gy ST ' 2(-— ]
U‘Zh.k:: “U.\k'a.;;‘tbl_ eLk)"'Cﬂ\ DF} euq 397‘4\() (4.5)

v"Whep the convection rate is 1afge, streamwise diffusion-may be ignored.
Ignoring the cross-steam diffusion as th;'data would suggest results in
an anomalj; The production rate 4EIEE dﬁl/dxz is homogenéoua
in the x, —directidn, but the convection rate is not, since Uj =
Ax2-+ILx) If, houevef}'ﬁllﬁuais nearly one in the region'Af
interest then the dependence of convection on xp 1s a second order
one. i//;he experiment of Karnik (1983), the value of UIIU@)varied‘

from 0.75 to 1.5.

\C



+ If tpe qghveciiog rate is assumed proportidnnl to U(c\'and.
diffusion fgnored, then it would be-possible for i to be only a
funcfion of X)» if this 18 true 1nitiaily, since.there is no other
explicit apbéarance of x or xjmin equatioq_(4.55. The remaiping

~ turbulence equations, as will be shown, are only functions of x; or

t
<

x3 1f k andet“a;é functions of xy or xg.

It has been. assumed by Tavoularis (1984) that diffﬁaion is
negligible, and the same will be done here. The neglect of diffusion
prevents;the interaction of‘mean streaﬁlines, and hence, they may be
treated individually. This does not remove the prdblem arising from
the fact that the convection is dependent on x and production is
not. Tavoilaris (1984) has suggested that the dissipation is a
function of x, to maintain the required balance.

All'caléulations ;111 be performed along the channel centreline

. et

where the convection rate equals G(c)and all turbulende parameters
will be assumed to be functions of x; only. Equation (4.5) now

.

becomes

(4.6)

o __ 4 =
Uy Ix\'L R e Vi T

Following a procedure analogous to/that for the k equation, one
L s

may redade the modelled mean turbulent kinetic energy dissipation rate

for- the open reglon to the form

[

- 4 . 0 - €tk
Utoy Axie(k) " Cuw k (—u.u; v] T Cuy —'L_ (4.7)
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Equations (4.6) and (4.7) must be solved simultaneously with an
equation for ujus. Some insight into their solution, and the

implications of the modeiling assumptions made to obtain the gyequation

can be achieved in the foilowing way.
a v
) i

In the development of théldﬁequation it was assumed that.its
production and -dissipation were proﬁBrtional to the produéﬁibn and
dissipation of k (see Section 3.1). Rewriting equations (4.6) and

(4.7) with Bys —uju, di/dx;

U ﬁ;.kf P.cn: e o W

—_— S Ll
d . Ew P €m
U ey ClK Gy C{lb') “ Rk\ - CGB) (w) | - {4.9)

1f E(gvém eliminated from these equations in favour of the ratio
L) :
= .—~., then equation (4. 8) becomes

& ixy Cew)

| : k
Uu\ A,( \g Ptm __1_ (4.10)

and equation (4.9) becohes (Jf?/fh

- Cuw) .| kcm-)\' (4.11).
Uta k& = Cewy } Pﬁk\'ﬁ | .

26~

Cugy —0m—
}J&
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Expanding the left hand side and tearranging the riglit hand aide\gives

the result

_ -\ cher-}
Uc‘)(q"-\* l& A_ k k J .Q =

v

oo~

Qd—-(am;

(4.12)

Using equation, (4.10) to eliminate (Qn—lkiﬁ) from equation (4.12)
. : b T -, .

gives the relation. b

g~ )

K}L;; ii‘ Jl = (_C4ug (:QLS) LL - [ ' ) (4;13)‘

This equation may be integrated to obtain

| Coort ' o
(a1

*

(4-14)

‘Now 'substituting equation (4.14) into equation (4.10) gives' the

resﬁlt

U(q i‘ L : Eﬂ ‘J. (q.?_-_q“.ﬂ S\:""‘O\x' N PCRLY

U(c.)

In this flow, equation (4.14) implea thatQ grous 1ndefin1te1y if

qg) is greater than qep and vic.e—-versa because the integrand

is always positive.
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‘The definition{ of a ratio of the form£ -'e ig.not new and has
’ (.- [°%
been expreased wore generally by Spalding (1982) as 'F‘k /E'_., where z

;e;jreson;a a few different parameters, by Spalding (195?). S‘:" cifie
refeﬁence to the case where n=1, m=3/2 and Q is a constant 1eng_th scolle
has, been made by Spalding and Launder (1974) However, the
implicationa of cug‘f cus) have not been discussed in earlier
references. Equation (4. 15) clearly ghows that the growth off , which
represents a dissipation length scale if C(16\=1.5, is direclily
proportional to ( cim)~ Clie)) - | "

. The dissipation length scale 2 has been found experimentally by
Townsend (1976) to be approximately (kl- S‘Ct!b)ll 06) times the

integral length scale .of turbulence in homogeneous flowa

4.2.2 Algebraic E‘xpressions for Reynolds Stresdes

Algebraic relations for 'Ei_o'j are provided by three models:
a) EASM, b) PTASM, and c) iEASM. For convenlence in the analysis, the
equations will be formulated .:m terms of the non—dimensional Reynolds
Stress tenor Kij(-Zuiuj/k) For this reason ui,u:j will be
,replaced by it in a;.-l formulae. - ' | 1

Each model results in an e'xpression.which depends on k, & ¢yy and

Pij‘ In this flow, 'Pij simplifies to

' -.qu“_JU/o\.x.‘ -2k TR, C\Ulclh -
Py = [~ Kudl/dy, o o1

o o O
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4.2.2a EASM

 The relation for Kij Provided by the EASM for isothermal flow

is - ) L]

¢ J E.(_y_\ \)

(4.17)

After substituting equation (4.16) into equation (4,17) the

components of K:L_‘] are found as
—

(\— Cuy \ cuye Cpy- V )'] ) .
[ <y Tam :

. L :-cm) Cm+‘-'m—\ -g
,Ku. = T3\ e T ey )

I/{-\s =0
. (4.18)

Y Cmftm-‘ \ : , — &
KT-L - 3 CL"‘] -

4 L+ Cay— ) )
K’-!' =3 ' Cta-\

where 513 KJU IJK,_ (.lr.'] ' s

These relations are plotted versuss in Figure 6a. The value- for

Kya becomes. unrealistic when5 is large, since Schwarz's

inequality requires that[ K It] .é 1

297 -
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FIGURE 6: Varlation of the Dimensionless Reynolds Stress with the
Ratio of Turbulent to Mean Time Scale for (a) EASM, - .
{b) PTASM, (c) IEASM and k-sz Model .
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4.2.2b PTASM
/‘ The expression forXj j prctvided by the PTASM for isothermal
. A
flow is . ' ’ -

K. =+ g"{) . [ZL'\-Q.,\(P‘-J_ $884)

3
o Pt Gy + (e-1) €

(4.19)

Substituting Py fo; this flow, one gets the equations for the
components of Kij as
\.L (-4 ("K Y6 + (1)
Kl\ =3 - '
2.( Ku_)g o o(qa= ).

/

(4.20)

I'(.n, : - [(C(ﬂ"\\/g] K\: i [(C';Té Y" (.m_(%c_ohj) I’{n.

¥ [0 ~Ca) G 1) :] = O
2 g ‘

A:E?.-” =OJ_ ZC(n("Kn.).S o LC‘J\"‘SJ
I’&_zz >~ 3 [ 2 (-0 + camt)

l_&” =OL , 2C0 ("Ku\g + (=1 o
K = 3 [ 2 (KL T+ Gt

The above relations have been plottcd in Figure"’%b. This model's

Ut

.
+

asymptotic prediction for -K,, 'is realistic, since it is bounded by

0.2.

- 93 -



4.2.2¢ IEASM and k-G Model

The expression for]{ij provided by the IEASM is for

1sotherm51 flow

. | e o - -
L L[Sy [ 2

For this flow the components of Kij are

K= 3

]ES;\L = 7 % (‘y;iw\)!; | | N
tEZ;.\a =0 - : | ’

]?K;ll. f' é

(4.22)

K. -0 : ‘
Rau-3

To permit use of this model in non—isotro;IE\gsows, the constants €(1) and
S(zyhave been adjusted such that Kjj - 0.045§ (Rodi, 1980). With
this adjuatmeﬁt of constants, the IEASM becomes the k-€ model of
turbulence. . ' "

The relations between Ky and's for these variations is shown

in Figure 6e..
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This model also produces valuea for K;; which are unre'alis{tic when

g is large.

4.3 Solution of the Equﬁtions

4.3.1 General Solution Procedure

| The simultaneous solution of equations (4.10,4.13 and 4.18b or
4.20b or 4.22b) 18 required to obtain k, 1, and Kij“for each of

the wodels of Section 472.2. It is appafent that the components of
K} depend only on the variable 5 which may be more clearly .
recognized 1f€y)ie expressed as k3/2/(1.06L) where L 1is the

integral length scale, Then becomes (dl_llfdxz)/(kkll.DEfL) which rep-

- .xresents the ratio ;)f turbulent_f_ield time scaie to the mean field time

scale. - -

When g is small, namely when the mean field time scale.is large
compared to the turbulent time scale the turbulent field is able to
adjust to the mean field which results in similarity of the flow
(Townsendy 1976). The other limit when the mean fiPild time scale 1is
short compared to the turbulent time scale, has been the subject of a
different approximation, known as the Rapld Distortion Theory (Townsend
1979). .

It is possible to derive an equation Eors from Equations (4.8)

and (4.9), the product rule of differehtiation requires that

Ucc\ol U‘ € (wy )'_' EMUMElL \< k'l- Um%x € ey

€ ~ (4.23)



\

Using this relation in conjunction with Equations (4.8) and (4.9) the

[
!

equation .for g becomes .
(j“} (a}-‘hf = [l(coe\'” Ku c\ Gt llclﬁ’-l -g
+ [Lc(.a)—t) 40, (J\xz ]

This shows that g dependsonly on K,, whichin turn depends only on 5

(4.24)

For the EASM and the IRSM‘ K12 is a linear function of 5 and

may be subetituted to give the expression

Um i_h -S = ['?‘Lq“'?"] é\_ho' B]—g 1 (20.25.)
+ '{_( - V) i;h G| —_\

‘'where l 1 (\"C(!] Cm-\- Cn= 1\ )
B h - D45 ' )t’a"ecu\ mode |
| =Cu | EASM
-4 Cm\ , T

/

Equation (4.25) may be sepafated and integrated to give the result

2abx, \—'g\‘gm
A c. - L

U\
i

| 2abx, V- B gm (4-26)
- b Ke - F
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where

2 _ -(C‘s-l) C‘

Uey d¥a

Y
)

CI
AN

“and

Le = z(—B)LCm.)-aB Sy
' k)cc) Xt '

The variable 5&0)13 the _1n:l.tiél cc;ndition for 5, which may be calculated
/\ '

from the initial condition for k and L as

ch\ /olxz_
(kr-;h/l-blo L-lo\)
. \

(03 (4.27)

The PTASM provides a complicated expression for Ky, in terms
ofg which requires Vthe solution of a cubic algebraic equation.
‘Although the.sqlution of the cublc form is known, it does not lead to a
solvable differential equation forg. It is preferable to solve
equation (4.24) and the PTASM expression for K;; numerically. This
may be done using the lmproved Euler finite difference method for
equation (4.25) while solving equation (A.Zl) for Kyg af each step

tusing the standard cubic equation sclution formula.
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It is also desirable to solve for éhe dévelopmént of the me;n
turbulent kinetic Qnersy.' This requires the simultaneoud'solution’of
equations (4.10) and (4.13) for k and Q respectively and an expression
for Kyp dep;nding on the model. A solution in closed form 1is not
available and a numerical gsolution is necessary. Since both |
differeutigl equations are of first or&er, the improved Euler deﬁhod
may be used to solve them. This solution method requires the initial
conditions k, and lo . |

An analytical solution can be obtained when dﬁlldxz is
exactly zero which would correspond to the case of decaying grid

turbulence. Then equation (4.10) becomes

A l - - L\C(it.\

T -

;-)L S . (4.28)
‘ | (jcc) ‘

This may be combined with equation (4.13) to give the expression

. | i |
L ‘i_Q. = - LC(IBT' Cﬁﬂ) I %\"‘ k (4.29)
1 le‘\ 4 . )
which can be Beparatgg and integrated to give the resgult

(Ggr Guy) = (Citr-Cany)

9\. =. J\m \'\m \’\ | (4.30)

Substituting this expression into equation (4.10) and integrating

A

glves -
— = %8
(Car 1Y (R - Keny) ‘_ ) ‘
k= | == Co-Ciw Y K - (4.31)
U(:.) Q('\ \.(“'\
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Hence,  k decays roughly to the -1 power for the standard value of

c{1gy By the use of equations (4.30) and (4.31) an expression for
[ may be iaoiated

_ caerCiv)
Co . Chsr | T Yad]
{camy-1 ) (% -V%ﬂ') | JL c:srfm - (4.32)
ﬂ - — i 1= q ) ) o) ) .
. U(c\ 1151"%2"'\ l‘( -

This shows that ,( grows downstream roughly to the % power for standard
values of cus‘ and ) equal to 1.92 and 1.44 respectively.

An expression for Gu'may be found by combining equations (4.31) and

"(4.32) as - . ‘ PINy
\Q Covr G (Cler-1 \(Kl“xm) : |- Qig) 1= %) .
o) -(’\m © o (4.33)

é(_n -: ;. /Q“ﬂ UC‘-\ Q("\ k(o]

which indicates that qﬂdecays faster than k , which means that the

turbulent time scale

. C68)
D \
o 9\0\ (-1 (¥ ~ Ruos ) - Cas) o
K = s | = v~ e, (4.34)
€ ‘( U(r.) :Qlo) k \“T ! “

()] Le)

grows indefinitely in the downstream direction and becomes infinite
when x,1s infinite. The mean field time scale 1s, however, zero

throughout and hencé's is zero even as x, approaches infipnity}
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4.3.2 . Asymptotic Solution

Most of the equations governing Kij’ .k and 1 for all x havé
complicated analytic or numerical solutions However, as x dpproaches
infinity the solutiona are simplified The range of x for which
aaymptotic solutions apply is not known a priori.

The three algebraic modeis glve Kyj 88 a linear function of
(EASM and IﬁASM) or as a constant (PTASM for"iargej). All prOp,'oi:'tior-l-
ality coefficients are negative. As a résult, equ;tion {4.24) does .

has an assymptoptic solution, which may be obtained by letting d:/dxl

approach zero, as

p Caey =1 - :
g ) 2 (g -1 Y~ ) . . (4.35)

Usi—ng results from Figure 6 for K2 .;and c-uj)’ and c(2)
values of 0.6 and 1.8, one may obtaing for each model by an iterative
procedure. The values of 5(00) for the EASM, PTASM and IEASM models
are 4.08, 6.14 and 3.76 respectively, implying that the ratio of ‘
turbulent to mean time scale reaches a c;.onata,nt value of about 5 far

downstream of the origin..Comsequently all three models predict

asymptotic values for Kij

o491 6.245 ©.0
I/{' _ 0.4 5 &. 259 o0 "g(..) 2 "!.Z(o
vy - .

: (4.36a)
0.0 ©.D 0 .289
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PTASM - ®.530 o©.18Y4 6.0 |
o.|3‘1 QOZS-T O_ro 3 -glﬂ) = 5.66 (4-361))

Kc\j = 4,0 ©, 0 0,237

TEASM

. v .33 o27TR 0.0
. :Eii_\') - o119 ‘ ©.333 .0 . )-5(5‘53:”‘ (4-36(:)

o0 [- T~ 01333

k-e Moie\

- | ©.333 .1 °.0

~— i o277 ®,330 C)IVD )5(“)' H‘?'} (4-36(1)
IE;hij - ’ _

g . O o.o °|333

- To obtain the asymptotic formfof the mean. turbulent kinetic

energy, one can use the asymptotic form of equation (4.14)

) . Cagy-! )
) ' -Cl.\ 8 .
TS gd‘ I sy

Ueoy : |

b~
1

which reduces equatign (4.10) to

’ | nghb\ : \\

-P(v.\
—_— [T
Uea (Cag-Gu)) g\( A)c\ (4.38)

d. . _
O\Y-\L\

where g;-ZkKlsziAJFI.Since Ky2 1s.asymptoticdlly

constant, Byls proportional to k in this flow at large distances

" downstream and equatidn (4.38) 1is satisfied when
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- (V-‘ - 7‘-;-1)
k =\f ku-) <

(4.39)

an d

2. oy o) (~ T ) i
— \
CCua\"\ \ ch *

]
}

where Ik 1s the value of k at :r&.y. the beginning of the
asymptotic region. Expression (4.39) 1s not valid when dﬁ. /dx, is
id.enl:.ically zero,in which case equation (4.38) 1s only balanced by
equation (4.39) for certain values of ﬁ, » ¢ (16)8nd o) 8y

Equation (4.37) then requires that

: _ ll\ oy ‘alig- 1) Of o -%en)
Cugy- | e (4.40)
[ -_— e_ .
Chey ) 2~LT-IE§:H.\ Clkjl‘/c*nk‘ ‘
‘kqllﬂ
From the definition, i - <. 1t follows that
Ck)

q(ﬂr’*(r]\

Z (Quey 1) 3;‘;6\-(—1{“)\&6\ e (4.42)

€ - Cagr— \

This shows that the turbulent kinetic energy, dissipation length scale

and dissipation rate grow exponentially far downstream, provided that

oy Qo)
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L

which 1s the case for the commonly used values cu(,)' 1.44 and
cqg) = 1-92- |

Tavoularis (1984) has also deduced exponential expressions for k
and L for the asymptotic region of this flow. Starting.with

equation (4.6) he used the experimental observations that

Kgg = conastant (4.43a)
- _—
Uty (dk/dx)/P = constant (4.43b)

which also impi':l'.es that

€ .l wy .
—— = constant (4.43c)

His resdulting expressions for k and L are

2077} /b
k = lh.) e

444
k=2 b " o ( )

g L‘;' It_)eo
. g ] -\
where
R d oo X
\: B -ch A\Fl ‘ Gﬁ“\ﬁ

‘hese are very similar to equations (4.37) and (4.38),
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4.4 Comparison with Experimental Results and Discussion

In the experiment performed by Karnik and Tavoularis (lgﬁﬁjrxfye shear

wag generated by flowing alr through a set of channels whose flow rate

-
. -

was individaally controlled in the transvérse direction. To obtailn
homogeﬁeity df the turbulence scales, the alr was then passed through a
flow separator. All mea;urements were made with hot ;ire anehometefs.
The mean.velocity field qﬁpwéd 1ittle'variatio; in either depth or
the downstream direction aés varied linearly in the transverse
direction excluding regions close to the walls. The tranéverse
variation of' turbulence parame£ers was signifiéant when grids were not
«, used, however, this variation may be insufficient to cause a diffﬁsive

effect on the net transport. When grids were installed, the transverse

- L e
.

variation of turbulence parameters was significantly reduced.

Two grid sizes were used, 25.4 mm and 50.8 mm. Botﬁ produced -
transversely ho;ogeneous turbulence. The data ohtained'with the 25.4 '
mm grid will be used for comparison to predictions. This was Ehosen
because the data show acceptab}e homogenelity, a product;onfgiasipation
imbalance of turbulent kinetlc energy and distinct initial values of
the combonegts of the Beynol%f stress tensor. . .

Closély behind the grid, the relative magnitudes of Reynolds
stresses were distorted from their asymptotic values, but further )

) &ownétreqm a quasi-universal self-similar state was agaln reached.-

Although different values of the mean shear could be obtained by

adjusting the fan speed, this varlation did not produce any unexpected
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t

changes of the physical ppqcesaes; Thus, it seems sufficlent to ..

examine one representative case, that with ﬁi = (18.4x,+ 6)ms™L,

&

The measured development of turbulent kinetic energy is shown in

M )

Figufé 7. . For this flow -the kinetic energy decreases close to the
.grid, but further downstream it attains an exponential rise.which
continues until the end of the test section. The integral Iéngth scale

grows monotonically downstream, as shown in Figure 7. The non~

2

-

dimensional Reynolds stgess;iiij-uiuj/Zk, developed downstream

as shown in Figure 8. It is remarkable that for almost all the . {
o ., . :

existing realizations of homogeneous shear flows the components of,

Ky § approached quasi-univérsal asymptotic values (Karnik and

-

Tavoularis), which were /f
. e b - " " -
* O,g"l ; '—.Ou‘(‘ 0.0 h
K= |0t o210  ©:0 o
<. - . T (4.45)

0.0 0.0 'O-?-(o

° . ) i . l
The goverqin&Tequations for UST have been solved for the flow described

abdve with initial conditions, k= 0.18 m's’%nd L~=0.019 m at x-1.83

m. The solutions to each model for the variables k, L, Ki‘énd 5 are

-
[

shown in Figures 7 and 8.

-

e . . /\ |
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In (X X1000) -

FIGURE 7: Downstream Development of (a) Turbulent Kinetiec Energy,

<)

[+ 1

£
:

In(Lx1000)

PATDICTION

LL]

1]

]

" (b} Integral Length Scale, (c) Turbulent to Mean Time

Scale Ratio; Measureme@;s by Karnik and Tavoularis (1983)
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FIGURE 8: Downstream Development of the Dimensionless Reynolds
: Stress in Uniformly Sheared Turbulence for (a) EASM, _
(b) PTASM, (c) IEASM and k-& Model; Broken Lines are .
_Measurements by Karnik and Tavoularis (1983)
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Guba  EASM .

' 'The EASM was based on thé assumption that the production and
dissipation of Reynolds stresses were in balaﬁce, a.condition which was
not satisfied anywhere in this flow. Tﬁe asymptotic values of the
predictions show fair.agreement with the datg. The ma jor discrepancles
are that thé model implies equality of Ky and K33, while the
data conslstently shéys that Kq3 > Kpp.

This 1nabiliFy of the model to predict a difference between
lK22 and K44 can be traced to the pressure strain'correlation <
and would bg present even if fuli tranéport-equations were used.
Exﬁhnding the open region approximation of the'azﬁj equation for \

this flow gives the expressiony , '

D) El “ g o 2 Auw

Tt = - = Wy - —r U E
Vi Gy, @ e ae 1+ AT (4.46)

E < .

— — ol Uy 2 N

[ 2 — €
O, gx."“ ef o 379 (4:47)
Py — Du‘ 2

= 2 S - 7 &

Ut G, w3 ¢ T on 3T (4.48)

1
This shows that neither u: or ug have any direct production by the
mean field and as a result, their only source is the pressure strain ~

correlation, which acts as an energy redistribution term. The general
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pressure-strain mcdel (neglecting the wall influence introduced in
Section 3.1) can be rewritten in terms of :strain and vorticity so that

its physical meaning will be better understood as

a4 KU —_
P, LI el Y] —_ ; S . ; €
/f'(a‘r-d 27.,:) (a\-\-c)(u‘u“ Ik ¥ "yl "\‘j

——

.(q-c) Laa_ul -O—gy. ¥ ougde _ﬂ_.;.\c \

- 4 (ave | oW E:H\&.i |
Tk Ty e -3k

(4.49)

where —_— — —_
= (=2 2 "\
3 -2 -
as b = ’?‘3{5 &= ?J—CT\l

Simplifying thias expression for UST gives

— —— 5

Su, . e _
2F 5 T T3 4 glz rla-c) uu, D_n

cu (4.50a)
...L{ C-l ‘LU\ = _3 \
2u ate— & — N
2.Fle 7‘:1' =3 [TWI Py Sn. — {a-C L,y -D'\I (4.50D)
. _. e(h
) ' - L}CL k (ul %\4§
duy z — €y _ L
Z'F/(’. s = -3 (qs-c) Uiy Sn. ~ Yen —é)’(u: - ?\()4.50;)

Since (-ujup dily/dxp) > 0 1t becomes clear that the mean strafin
transfers equal a.moun'ts of energy from «he u'l and gcomponents to

' ua component,:'while the mean vorticity transfers energy from i-the u'i
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component and places it in the uE component. As a result the source

of the u; component 1s greater than that of the u22 component

resulting in the inequality of u22 and u23. ﬁsing this

expresaion and the constants provided in Section 3 (for other USTs)

gives the asymptotic values for Kij ag

o-‘\'l“\ —Dl‘ag ©.0D
(4.51)
Kt‘j = [Tonel ©.223 ©.e '

o.0 0.0 ©.30%

In order t6 simulate different UST flows, the constants a, b, and c had
to be adjustéd significantly and as a resuit its "use was discontinued
by its originators (Launder, Reece and Rodi,1976). However, by
setting b and ¢ equal to zero the ﬁore universal modei used in the
PTASM was achleved at the expense.of thg incorrect prediction, Kgjp

= K33+ This changes equations (4.50) to

2 P’ea"\\ = q“n“; ('g Shf _n_n\ L'\c‘\-)e“\ L\. ;\‘\

(4.52a)
= EIM
2u s -3
2 Pre 3_;,, = o u.ua-( ‘D"“'\ teo \,\(U.; : ‘¥ (4.52b)
.r C 2ot G - -3l
/f’ Br-s = 3 W Ou @ k'(“' 3 ) (4.52¢)

In this flow S5;3 *"_0-12 and hence the sources of u and u}

are equal.
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4

The predicted development of K,; is d}fferent from the data since
) ° o )
it increases from its initlal level while the data Ilndicate a, decrease.

. , ™%
Far downstream, K,, 1s predicted to reach a copétant level, but one
which is larger than the measured value. 7
The predicted development of k 1s rather poor cdﬁpared to the
data, first decreasing below the ﬁeasurements anﬁ then rising ar too
fast a rate farther downstream. This Is connected with the over
estimation of K;5 , since the production of k is proportional to K .

The length scale 1s well predicted throughout, demonstrating its

insensltivity to K,z variation.

4.4b PTASM

ihis model is based on the assumption that Kiy is constant, a
condition which is only satisfied asymtotically.

| In the asymptotic region the predictiocns of K:j agree well with the

data, reflecting proper specification of the constants which were
chqsen so that this would be the case. The measured inequuality of K,y
and Xgy cannot be predicted.

Predicted development of the normal components of Kij , agrees
qualitatively witﬁ the data except for the equality of K;, .and Ky -

The development of Kyp 1s poorly - predicted since it shows a trend

opposite to that of the data.

@ The predicted develcopment of k is in poor agreement with the data,
however, in the fully developed reglon, the prediction of k has

approximately the same slope as the as the data which can be attributed

. to the fact that the K,y prediction is comparable to thé measurements

in this region.
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4.4¢c IEASM and k-&

The IEASM model is based on the assumption that the turbulence

~

~a
r

stress tensor 1s nearly isotropic, a condition which 1s not satisfied
in this flow. The predicted normal components of Kij are equal

constants which* are considerably different from the predictions.

.

The Kj; component develops at a slower raté and to too high
an aﬁymptotic Valu%_éheq coﬁpared to the data. This is caused by a
iack of an initial condition for K;; and from Ky being much
highér than that measured.

,
Due to the improperly{predicted development of Ky, k also

develops differently than the “data indicates, alth&ﬁgh it -seems heggg;

than the EASM and PTASM in the initial$it has a steeper slope in the

i
’

exponentlal region than was measured. '

The k-¢ model is a version of th; IEA§M with properly adjusted
values of ¢ and ¢y It has éiéé;ly the same deficiences as
the true IEASM'with the exception tﬁqt, in tﬁe asymtotic region,
Kip and hence the])redicted slopes of:k and L are more accurate.
However, this has been achieved by iynoring the behaviour of the normal

stresses; 1f one permits variation of\ these stresses, the constants

would need to be readjusted. -"\ e

4,5 Closure
The development of Kij' k and L may be separated into two
portions: a) the initial stage where Ki§ is changing, and b) the

asymptotic stage where Kij is constant and k and L are growing
. i M

exponentially.
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In the initial stage the values of Kij' k and L cannot be
accurately galculated unless transport.equatlona are used for the
Kj 4 components ‘with appropriate initial conditions. In the
aaympto;ic stage, the logarithmic slope of k' and L can be calculated
accurately only if Ky has the correct asymptotic value. None of
the models investigated in ﬁhié section did well in the initlal stage,
although the PTASM model wa; the best. T ; N
In the asymptotic stage, all models would accurateiy predicﬁ
Klé, k and L with the right choise of constants. In thls flow ?he
_normal componenfs ofquS‘iFe of little lyportgncemto the mean -
momentum tramnsport of the production of k. In view of this, a constant
value of Kyj, combined with the k and €(py equation would be
acceptable.’ If, hoﬁever,.the flow was not in the ﬁsymptotic stage,
then K;g would be variable and some error would pe‘introduced.
Equation (4.26) for &§ indicates thaf for large values of (dUy /dxg ) /Ucey
5 approaches an asymptote more quickly and hence so does K p . This
would seem t;‘indicate that for increasingly large ratios of mean shear
to vglocity the initial conditions for KLS become less important and
éhe PTASM predictions improved.
The equation for k used he;e has no modelling apﬁro*imations, but
the equation for &) has been modelled extensively. This ‘model predicts
a constant value of Kij and exponential growth of k and L., in

agreement with experiment.
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. CHAPTER V

TWO-DIMENSIONAL TURBULENT CHANNEL FLOW

5.1 Introdﬁctiou

In this chapter, the Proportional Tranapo}t Algebraic Stréss quel
and the k-& version of the Isotropic Equilibrium Algebraic Stress Model
are used to compute a two;dimensional turbuient channel flow, which is
somewhat more;complex than the uniformly sheared flow. The addeﬁ
complications arise from the influence of the solid walls and the fact
that turbulencé is ﬁroducéd mostly near the Qalls ‘and dissipated mostly
in the channel core. Thﬁs, bqth the near wail Eréatment and the
diffusion rate predictions may be tested.  1n turbulent channel flow
the mean #elocity profile is entirely Qetermined’by the turbdlent éhear
stress, as opposed .to molecular and turbulent normal stresses. . This
shear stress varies considerably over the channel and hence,‘émphasizes
the different stress strain rate reiationships..

\In turbulent channel flow, the wall affects the turbulent shéar.
stress well into the channel core. This case provides a good test for
the near wall pressure strailn cortection forﬁula, the purpose of which
is to predict this effect. The two formulae for the near wal}
correction introduced in chtio; 3.1 were tested in conjunction with
the PTASM to determine which oﬁe performed best compared with |

‘meaaurements as well as the extent of the influence of the wall

effect.
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The PTASM and k-4 model predictions are compared to one another, the
Reynolds- Stress Model (RSM) prediction of Lauder, Reece and Rodi (1975)

and the experimental data of Laufe5£4951) and Comte-Bellot (1965).

5.2 The Goﬁernin; Equations

5.2.1 General Form .

Consider a two~dimensional channel flow which 1is assumedlto be
steady'and statistically homogeneous in the xq direction. This
requires that'ﬁ3 and all time deriv.tives and %y derivatives of mean
quantities be zero. By symmetry, one can infer thaé ETGB =
:;;5 =.0. The flow 1s.also assumed isothgrmal and Iincompressible
with conatant properties. |

The mean continuity, mean momehtum, mean t:u:.;bul_ent kinetic energy

and mean turbulent kinetic energy dissipation rate equations are

slmplified as follows

- s —

R —_ 12 . 3 x - 2 :
—l%HU"*'ﬂ' lU'. fL”‘Prv ;-'"' U"fz“ T I T R, (5.2)
%'K‘UI M %ﬁbu":o (5.3)

-8 | .k 2 a
—€uy v &) gh é-mu." ;,'L_r E“u.u; g'mt\\ Y S L—e-“)u.ux.ﬁ-mk
- Qn.\“‘ %)‘s\" \]

- - a' P 2 O
2 = % —-._l‘\ > v

U2, € t Vadx€oy = ~ g k [-_ : ;,‘\U. *"‘“*&’NUQ (5.5)
2 = - T Ca £ (- ar

r 50U \ +oul E;‘U,] - a9 s e, ;MGm

bk — R 2 (kb — @ \
i— z:.\ L* T VI 5_."&(,\\ X -e_f-l\ Wkl ax|e(“ t \‘2“ ul >Ft Gu-.
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To test the near wall correction portion of the pressure 'strain
correlation, the near wall cor‘re.i:ti.on formulae of Section 3.1 have been
added to the PTASM model. The resulting. model and the k-& version of
the IEASM aimplified for thia flow are

. PTASM .
/l z
(—521-.6 \F)l‘_'[_m‘ (%LGF‘%U‘ "‘\l- 9,, U + (7- &C&h;r.‘lh

a
t (q‘r“\e%\] ut t L [_LL %Q\hu.u; D)t;U + 3C.| [rere 1% U“

. (5.6)
2u

¢ * 3 qnu. 5;“\_),_ - & Caa) €y - 2 Pre S‘;‘. )(..,.u] 1“ ©

Dx';U\ \(um‘\; + E'L—M; 52%.6\ - w %,“U. t (-c“‘*ne“‘] wG

-— '
L{_l Cuﬁt\)u Ix, U; + ut Dv.;U ) + PI((;,“.* Pkllmll\]
— G — (20 L2 T
91‘-:.0 \U‘i) t [ ul %.U\“U‘M: DMU\ ' 7% U‘\
— =2 1)
*(.7‘/ /sc-uﬁ\* qu;"‘ (C“"")C"“\] b 4 k ‘-—%q"u o Ui (5.8)
y 2= fea)um 5,0, v 3ot S0 - S ey |
- 2_-P
‘e (D)&x (_wq“)] =0

ap = 2k - (W Gi Y - A

Uy (g V) (5.9)
. . k~€ model

1 o |
. 5 \‘- t 3 (5.10)
w2 J kT C— \T32 U\ )
3\( {50 e(n _ *
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(5.11)
— 2 - [
ur . 3k - S E’— (2 Snub\ (5.12)
o -
up = ik (5.13)
/ | o
where: Shir (1973) wall correction

ZPIQ‘Q;:‘\ o) G‘q‘e;% ‘E = C(L) Ccﬂ( Pﬂ- - %P(M)—] ¥
)35!:\. 9:;\)““&") [c-(‘)kk “‘“l\* 3 C-L-\C—mpn. ]{

sz(" as?)\(wal) = [- e: (2 u; ) t z q,,L«{P.,_* E “))]s;

Launder,Reece and Rodi (1976) wall correction
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The algebraic formula’L for Reynolds stresses have the quadratic

form

L (5.14)

P
. e

a\{" .y Byrc.-:-o
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Whena $0, this equation has, in general, two roots

. -
e . (h Y’ - =
\[ = 26 — lz2a @ A (5.15)

Determination of the correct root for each of the components will be’

based on the following criteria: /
*

’
a) the normal stresses u12 and ug" must be positive, and
b) the turbulent shear stress uyyu. must have.a sign opposite;

to that of the local mean ghear.

These criteria imply that

. S
_ : \ \_931 Cuw)
ud = =buy/Ray t 200 T auny

_ (btn )7’ Cay
Uiy = — \Dtlﬂ /z.q‘.n ¥ IQ(“ ah\ .J Aoy YO (5_16)/w

CAca)

—_— A by \® Cay A
o, = b(‘) /2'0“) - ’X (a“\ - )qh}<o J(

\
s bay \*_ <o
U\‘; = - bn) /2.ch) + AQn QAcs)
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Since the coafficlents a1y bll\'Ia“d.cll\ depend on the values

- : .
of Reynolds stresses, an iterative procedure is employed to solve for
—‘. - . ——— .

‘Ta
up, upuy and up.

‘Equations (5.3) are generally applicable in two dimensional flow

. B " " . *
. ekcept when a = 0. In this case the solutions become:

' 2
, e Sl 1§ XA o | .
— . wme-e ! (5.17)
B ’. i q . o
uy d b.u\/c (3) ) - .

To smooth the transition between the\equétion sets (5-16) and

I 4 - @ SR
(5.17) the following forms are used for small a(py, ay) and ayy)
iKY 5 ' -
up = - ey /lagyuat ¥ be
uuy = - e/ (a(zg ittt + b{z)) (3.18) -
a-—-i- | m— .

. s
up = = cu)/(a'ly‘uz* +'b(3))
where the star denotes thé value of the quantity resulting from the

last iteration of the solution sequence.

5.2.2 . Fully Developed Region

At suffiéiently lgong :iistanﬁs‘ from the channfal iplet, the“ mean
and turbulence field reach a state wtiic;h..l" commonly known as “fully
developed”, where the streamwise gradient of alll statistical parameters

_ 1s ze;o. The governing eqﬁations for such fully developed regions of

two~dimenslonal flows are simplified as follows

.

L2 Pw - —7 . -
f axx-E_ -do‘i“*- We : ©(5-19)
1 2 -~ A dau : "

3 '5",'_P ) vt v Y e U, (5.20)
2 © ,

é'icz-uz O (5.21)



L

¥

—-‘6‘;% \“' €cwy

can %h (em us dx. l“ ]

(5.22)

d_ k i A - a —_— d -e:\ .
) C‘S)du Guy n E\Le‘“-) ) c(“')-gl Bk dx Gi» Qi)-i;: (5-23)
PTASM (3- 1%\(u.u.. 4, Ic\v-;} + 2Pt 55 e cwall) +(Cm-\\&m\l
b ) 3 [ "Lluu; AU\ /A‘ﬁ; Q"LL(QQ) C‘.Ly)' (jza)
(H.u;) t [ ﬁ")e(n/(du /A!‘:)] L, 4 (\ ~ &) Ue l(A !Jf-; (5. 25)
o) -;u‘ . .
) Pi le ;:l:s >7‘~15Lun\\}] =0 Lo "‘1
\( Ct‘\( W, a\U| {o\’ﬁ- 1 \ A ] ?"P” :W-;. twn\l) ¥ (Cm l)ﬁ“\
us > '-U-.Uq. o\Ul Io\%z t Cemy-1) Cn.) (5 2—?).
u" = Z_L'. = La_ni + L\_:: \ )
3 , o . - (5.21)
. k-€ model | '
. .2 ' a ?—.L.
e 7 s . (5.28) Ur — 3 (5.29)
O = - k' d U — _ 2. ‘
Wa QH\G“_\ dx, U (5.30) - Lyf= 3 S . (5.3D)
__T_ 2-\41.

where: &P T2 ;;_7_ (wall) 9 Ple k FY

PI
o ’I(uu\\\ % c ar_ ""q‘“)

and £ are as per p.ll19.

— 4 =
‘R\ = - A U-\“i"a_h_\)\ | D =
an_'a'-"LUt: i_Y-zG‘\ D\?—E’u‘ %‘h U‘._
B.s O  DarFrzuwns éf; Oy

The mean momentum equation expresses the static balance of the

mean normal stress (t'w P ), the turbulent shear stress (%r Wi, )
. *

and the viscous shear stress (vd | Y. The turbulent shea'r stress
. N
must
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- be related to the mean shear strain 14“7. [dxy) . The , UiUy, F,k and
z * €t L 1%

)

equations provide such a-relationship.
Using equation (5.7) for ujuy, it is possible to compute the

non—-dimensional turbulent shear stress (—uluzlk) which 1s blotted
A ) .

1

versus the mean shear strain-rate (édﬁydxl) which for various levels of

k/fht) in Figure 9. The corresponding relation provided by the k- &

model is
‘ k El_. —_
T, ™ 0‘9“ . AK:_ Ul

‘E(K] (5.32)

which is also plotted FigurgPQ. The non-linear PTASM predicts a finite
non—-dimensional shear stress at high strain rates unlike the k- & model

The former also predicts a considerably ﬁighér shear-stress at low

strain rates.

e

5.3 ' Finite Control Volume Formulation and Solution Proceedure

.

]

The closed set of equations (S.f) to (5.13) must be solved
simultaneousiy for the unknown Ei, E}, and P fields. The solution
of the partial differential equations requires fheirlintegration over

the space of interest. To economize on the numerical solution

procedure, equatioms (5.1) - to (5.5) are usually written in the form
2 n - ! > ~ A
9*'(3 95 U, ‘—(\¢\3x. ¢) ! 2-71((’49 U, - T(;é\a‘n“’ \ = ch:\ (5.33)
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where ¢ represents a transported quantity such as Ei. Gé. k or et;h
while the source term Si¢)and diffusiviéy coefficientr}d wouid need to
be adjusted so that the particular equation is correct. This equation
‘fortﬁ could be integrated over the'region‘of intérest if the variable
functions-were.knbwn a prigri. However, this is not Ehe case, and so
approxim;te forﬁs of the variable functions are postulated and the
intégration performeéd. fo achieve Suitablé accuracy, this is done over
‘small intercognecting subregions (control volumes), applying the ;
approxim;te solution to each control volume separately. The equations
for the scalar variables auch as ?, k, and€y,, are integrated over the
control volﬁhé indicated in Figure 10, while the control volumes for
integrating the componeﬁts of the velocity vector, ﬁl aﬁd'ﬁé, are
staégéred to the scalar control volume. This 1s done to ensure a

unique pressure field (Patankar,1980). Integrating equatilon (5.23)

for ¢ over one of these control volumes one gets
- a ‘
S(f¢ U - Pm_ ax; ¢)n. ds +
S ) |
Eg(t 60 - R") %x. $)n, ds (5.34) -
= YS@) olV
. \'

The value of 4)in the control volume is assumed to be represented
by that at the central node; the flux across the control volume
boundary 1s based on interpolation of these nodal values. The result

of this integration is an algebraic equation for each control volume

‘. - 123 -
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. whose center is P and whose neighbours are N, E, W and § (see. Figure

15). : | -
(a\(.n r Q(s) + Ayt Qm) Q5m = QAwy ¢cﬂ\
4 q(,.‘ ¢<s} r Qwwy q>(m 1 Qe ¢(E) O (5.35)
- Sipy* ;

The coefficients a(NY} a(g) » a(w)and a(E) represent the 1nf;uencé of
the neighbouring nodes &hrough_gbnveccive and diffusive tranaﬁort,
their exact form is dependent on the interpolation schéme used ﬁo
évaluate the flux of ¢ through each control volume surface. The
compﬁtathns performed here are based on the hybrid interpolation
scheme (for example see Patankar,1980). " The development of the
coefficients, a(N), a(S’, a‘E\and a[w),when only convection and
‘molecular diffuaion are present, is Lehgthy and wgll docuﬁented by

Patankar (1980) and Warnica (198l), -he results are

Oey = Bm f{ P(e))]' ¥ K; F‘-’" ) O-“ ) (5;36)
ey |

Oﬂ.‘“\ = ﬁ(w\ ¥{@(ﬂ\\' + [\_j Lu(,.O] (5.37)

Ay = Bm §{ p‘“.‘}"* [} ™ O—& (5.38)

QL;\ = Btﬂ {{ Q\} v ‘:‘M ) @ —.“ | (5.39)

where Q% andrepresent the coefficientr of convective and diffusive

flux and are -
4 '
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\

-t

U)m AXy D= rm ax, ASxdey

Feay = (

Fer = (60 )on A% Dewyr | o 5% /(S
= . (5.40)

JLM ( U ){M‘Axy 9 (a}y = r(n\ A_?‘- /(Sxd(n)

3:(” = ( U )L‘) A?‘-.| 5(5-) - r:i) Axl/(SX—t)h)

CI

(P 18 the Peclet number and 1s defined as the ratio 91/9 The
variable is representative of the specific interpolation scheme used

and for the hybrid scheme is

f(@)’=ma*[o,\—o.€\9l1 (5.41)
The source term Sgp)is dil_?_ffr-ent for each variable
S¢0y = - (-‘5(‘6 - PCW\') : |
S t») (Titn\'." ﬁﬂ\ (5.42)
SCK) $ P aV
S{ey = Ctin \S}'e'ﬁﬂ' Pcm av
Such terms are often expanded into a Taylor series with only the linear
rermg,f-retaiﬁed as Scc)L Sus) ‘* gsfﬂ)] [_¢’l"¢‘ ] or

S(’)=SU¥SP¢)‘ with n being the current iteration level. The resulting

u

- 1

set of simultaneous algebraic esquations are solved by the SIMPLE

A\algorithm (Patankar,1980) which is modified as shown in Figure 1"1 to

include the calculation of the Reynolds stresses. The sPandard

- coefficients and sources, (5.39) to (5.42) are modified to include the

.

effect of Reynolde stresses. .
- ‘ X,
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FIGURE 11: The Solution Algorithm




5.3.1 © Mean Streamwise Momentum Equation

The streamwise momentum equation may be rewritten as

—

U) -

——

20 -n2 .0 5L 0,0, - 5h

2 | a ...‘_' 2 _ (5.44)
= ';r.P - [51,(.(“-] t 3’5-.;((' “M»\] .

The last two terms on the right hand side represent the average
turbulent convection. Integration of these terms 'over the '!'J'l

control volume (see Figure 9) gives

-~

._S%H((u—,‘]a\\/'«-‘ ?;’—,“(cm;)c\\l

v \

-

Using Gauss's thereom, this may be cﬁanged-to the surface integral

- (fems - fewae)

Sy 5(!-\‘ . ..
, : (5.46)
_ (S(GTG,AS - gcm,t_:\s j |

. S(“‘ SU‘

where § 1s the area of the control volume surface on the side indi,cate'd

>
Ay

by the sub'scr_ipta .
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In evaluating the above'aurface 1ntegrais, the Reynolds Stresses are
assumed to be uniform over the control volume faces and equal to the
value at t:l1e center of that face, which may be interpolated from the
nocdal values. The.EIEé component is not diré&tly available on

- these surfaces; one obtains EIGE by iinear interpolation between

nodal values, but this method is computationally unstable (Launder and
Samaraveera, 1979). This can be seen clearly.if EIGE is calculated

from the linear formula

— =)
Uiky = T A AX 2 U' (5.47)

which 18 approximately true in fully developed channel flow at moderate’
strain levels (see Figure 9). Calculating ;Iaé at the scalar node
-fromlﬁ\ ln‘f;_ at this node (obtained by linear interpolation) and then
linearly interpolating GIGZ to the north and south faces of the

El control volume gives the following éxpreésion for the 31 control

volume

A
(—(umn,c\s\ L -‘{G oy Ui
s Govyg) T Bra 1o | Prtiomyny © Nitien g

3 U\(i""s,‘:‘") ¥ U\(i"/: '-"-1.\) t 2- (G

tLi-Yy) je2) (5.48)

—

N Utctfv. n_i'ﬂ\— z (Uxtli-lz.. iyt LU“""".&) ¥ 6‘(;"’1'3)\}

where the indices are defined in Figure 12.
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FIGURE 12:
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Unstable Computational Pattern for the Turbu-
lent Sheaxr Stress; the Outlined Lined Nodes
are those Involved in the Computation -
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Expression (5 48) does not require that_(u.u; n OLS d’epend- on

5
the adjacent values of U in the x, direction. If the flow is dominated

bysmﬂ\;ds then the vesult will be a zig-zag velocity field. This
|
problem can be overcome by calculating 1?1_?2 at the scalar nodes

using 20, /3-1*;‘ and 303.]2)‘-.} ag before (al_uz 1s not generally

a linear function of strain) and then dividing by (36'17‘7‘1. +

9-5;/3)‘. ). -This ratio (similar to a turbulent viscosity) is then

linearly :l.nterpolatgd to obtain values at the north aand south faces of

the -IT. ti~%a 13 ) control volume-. The interpolated ratio is then ,
’ -
multiplied by ( 2Usidxy ¢ *UL/ax ' ) at the north and south faces-

to obtain u,u, u, . The integral(g TRYS “:.AS)‘“_,“) will depend on the

ad Jacent values of U, .

The normal component of the stress, S:,‘—“- ds s 1s adaed to
the source term Sy. The shear stress, S Gs._u'z n, as , 18 combined with
the diffusion cocefficieunts Qﬂ\ and s) wh;ch contribute to the

coefficientsda,gnda‘r

. 5.3.2 Mean Transverse Momentum Equation

The treatment of the mean turbulent convection in the ffz'
equation 1s analogous to that in the 'l-fl equation. The E.Z equation

is first arranged in the form

2 2 s 2
";|Ut)+3)(zk(0; ’Hax:U‘)

WD
~
cl
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Integrating this equatfon over the .1-1-2 vector control volume (see

Figure 9)'reau1ts in an expression for the Reynolds stress

contribution _ : .
‘(S(*T-G;O\S‘ S(m. o\'s) - (Kui_f de - Scu? Asjﬁ: (5.50)
Seey . Stw) Stny S A\_.'l,,x_l‘ :

£ -\.___‘

These integrals are then discretized in a similar manner to those

in theiﬁi equation with the shear atress combinedlwith theiﬁn’and

Slncbefficients #nd the normal stress with Swu.

5.3.3 Mean Turbulent Kinetic'Energy Equation

Equation (5.4) for the mean turbulent kinetic energy may be
rewritten by noting that the molecular diffusion and the diagonal
components of turbulent diffusion can be combined with the mean

convection on the right hand side to give:

L —2
9%\(( L‘U }‘\31. ) -é-lu-\ ¢ u.‘.;,h \

—_—
ax;( \« p an k - C(n% c’ut Sra H

W 2 (k> O
= Ch);"‘ (%( [P YL T ¥ axl\() a g C‘(‘?\p)(; e( )t u'u;)x \

Ve - e

7 :
This 1s obviously valid from an algebraic viewpoint, it is also

suitable for computational purposes. Since u12 and uzz are posi-

tive definite, this form will result in an implicit representation

™~ C
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S
y
.

with all coefficients positive in the finite control volume equations

(Launder and Samaraveera, 1979). The uju; Stress may be positive

or nég;t;va and theréfore may not be treated in this'way,,L ecause k 1is

aIWay% poaitiﬁé (Patankat,;Bﬂéa. If ulu2 is negative, it is placed
implicitly in the equation bn the left hand side as a coefficlent of
hp}(Sp té ). If it is ﬁositive it is placed on the right hand ;ide
of the equaé#;h (Sg term}. The p;oducfion of k in this formulation'.
g ffers from the k-& formulation in that Eagray be positive or
negative, if it is negative it is included in the Sp term, if it is
positiﬁe it is 1nc%?ded {n the Su term. An-example of whére the turbulent
2 ,
“production” term might be negative is during-a severe acceleration of
flow such as 1in a sudden contraction or in asymetric channel flow
(Eakinazi and Erian, 1969). .

The mean turbulent kinetic energy dissipation feﬁresents a sink at—r
all times sincafeh&s always positive} 1t must thereforé'ﬁe placed into
the Sp term. Turbulent kinetic energy i; a s ~alar and héncé
integration of equation (5.51) is dome aver t e ;cal;r control volume
of Figgre 9. |

t

5.3.4 Mean Turbulent Kinetic Energy Dissipafion Rate Equation .

1

'I:he em equafion 18 very similar to the k equation and hence it

N . 5 i J
%P treated in an analogous manner. , The equation 18 first rearranged -

o

to the form

- 193 2
;;.(ee‘-l\u ﬁaﬁgetu\ C(lﬁ)e( (U\ :),{‘e )

o k —
Y 5xa (f Sw U /‘437:,_&(.&\ Cus) & & \(H; D)g,_e(t.\) (5.52)

—_— 2 o
= 2 (sz N 3}\:.&"'-\) t ,;M(cm G 00 FRAC

t C(u.\ ¢ Pcu] - C—L\s)t’ em / k.
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The molecular diffusion, diagonal and non-diagonal turbu%igt dif fusion
f "l.-,.

and production are treated in a manner ldentical to those in the k

equation. Since é&,ﬁis a scaler variable, it is integrated over the .

scaler control volume of Figure 9.

&

..._——\

5.4 ’ Gégmetry and Computational Grid Specification

The geomet for which computations were performed cprresponds to-

the: expérimental set up of Laufer (1951), which was 7.01 m long, 0.127

m high And'1.52-; deep. The Reyndl&s numbér, which ig based on. the

el half width and the bulk velocity, was 61,600.

A good cross—stream computatiOnal ‘grid for the channel should have
characteristics. ;//df‘f ¢

a) small grid spacinéﬁiy the near wall regibn wﬁére the velocity'

grédients are large, ,

b}y large grid spacing in Eﬁe'center of the channel where velocity .

A simple grid satisfying.these requirements éxﬁibits an abrupt
’ . / »

gfadients age small.’ } A

transition from a uniform filne spacing to a uniform coarse spacing..’

This method, hoﬁever, producks a very slow rate of éeggafggnce due to

nfhenwidély different shear stresses on either side of the step change.

Az .
A smooth transition between the fine and course reglons c%f be achieved
\ : ) .

o

“by“usink elementary functions to define the grid spacing. A

partifularly suitable function for de ining tHe distance of the

grid 1ne j from th&) origin of x; 18

e S

/S ' |

S

",,’;\\// () =m e + b N, (5.53).



‘'The constants m and b are specified by assigning values to x2(1) and
X3(N). The value of n, which is related to the grid spacing, is rﬁore

conveniently determined by defining the parameter& as

xz (N) = ¥x. (N-1)
¥2(2) - ¥Xa (1) | (5.54).

which specifies the ratio of the last to the first grid spacing. The

value of n 1is related to A by ] - P
hl'\ (M= C i ot
e - e . ' . :
A = n " ‘ \ T (5.55) ::
[ - & _

The computations in this report were performed with 5‘0 cross—stream

grid lines based on aA value of 6.47 which was chosen as a compromise
between ';:ore storage and accufacy.

The streamwise grid spacing was chosen on the basis of storage
~economy. Since streamwise spacing gradients are relatively weak and
.since the interest concentrates in the‘ fully developed r_egi.on where

‘there are no streamwise gradients, a relatively coarse uniform

streamwise grid of 40 nodes was chosen.

VThe sf:arting conditions for the ic-‘ model computations were
uniform velocity, pressure; k and €yyfields of near zero value. The
‘starting conditions of the PTASM model computations were the converged
k=€ solution in the same geometry.

The k-¢ model computatiéns reached a.convergenée level of 0.1% in
425 iterations at a rate of-2.96 seco;nds per iteration on a CDC Cybar::'“
175 computer. The PTASM model computations, beginning with the k- €

solution, achieved a cohvergence level of 3 significant figures for the
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field \lrar:l.ablea TJ-‘ . ._IT‘-, k and -é’-!‘\ whi-ie P had I‘only converged to 1
sigglficant fiéure in 250 iterations at a rate Bf.4.15 segonAs per.
iteration. This slo& éonvergbﬁce-waé dué to Fhe effecﬁs‘df:;he n;rmal
turbuleni.atresééa on' the cross-stream presbufé gradient. When the

. - P
\ ~normal stress wasicombined with pressuge,'éince giifﬁf (;i)fo for
fully dévélbped channel flow, convergénce of all. field-variables was'

achieved to 3 significant fifures in 202 iterations.

5.5 Boundary Conditions and Equatioﬁs

5.5.1_‘_ Mean Momentum Equation in the Streamwise Direction

$5.5.la  Inlet Conditions

~

The ﬁ; velocity was specified to be a uniform profile of 0.973
ma~l at the inlet. The E, equation of section 5.3.1 was then used
.for. these boundary elements.

"5.5.1b Top and Bottom Channel Walls

The_ﬁ.velocity on the top and bottom walls éf the channel was
specified i:o be zero. The E. equation of Secti,on 5.3.1 was however
modified for use in thesg boundary elemeuE% so that the shear stress

'would be accurately represented. Thé shear stress is c;1Culate§ from
2 the experimentally verifiéd relation (Warnica,l198l; Sha and Laundef,'
1979)

— hd

U, : . (when the near wall point is

: Trlw\ =

TN ,
Ka¢p) inside the viscous sublayer) (5.56)

o ’MLVI. G '
.‘CM— -Gy ken X Yy
\V\kE \“(r q,.\) 7‘.\.(9)/

{when the near wall point is

oulaide the viscous sublayer) (5.57)
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N

t

where- the aubscrilpt p denotes that the value 18 taken to be at the near

wall point.

»
]

The constauts C(,\),)(, and E are 0.09, 0.4187 and 9.793,
respectively. The value of ) plays an important role in the
calculatioﬁ& since &'m,is 'ditect:ly proportional to 1t. The value of AC

has been suggested by different experimenters to vary from 0.342 to |

0.4.187(Byrne, Hatton and Marriott,1970).

.5.5.1¢ Outlet Conditions

‘The momentum equation for the velocity at the outlet boundary has
been modified to take advantage of its locally parabolic character.
The  momentum equation is generally of the form (Warnica,1981%

Patanker 1980). '

(qm) t Qiwy ¥ Ay ¥ Qey — %P*Va)) Ul(r)

O(q U)Lg) t Q(W\Uuu) 4 Q(M) U.(p‘ (5.58)

t O(')Uuﬂ"‘" A(C—\-\\r\t. Su %\1(9)
‘ | o~ N

Because recirculation is not ob}’erved at the outflow of a fully

developed channel, the apy coefficiéﬂ[h is set to zero to ensure that

U']_@ 18 independent of Uypy Also, since the Fz velpelity 1s

zero the ag andqrn\ coefficlients .conaist only of diffusion which

is ignored. Equation (5. 48) therefore becomes

—_— -~ Au) _ .
Oy = UH“) v a. K Pw\ ' Ce) ) : (5.59)
tw) . )
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5.5.2 Mean Momentum Equation in the Transverse Direction :

"The ﬁh velocity specified at the inlet, outlet, the top .and

bottom walls was zero. The'ﬁi equation of section<§.3.2 was used for

these boundary elements.

5.5.3 , Pressure Correction Equation

The pressure correctiqn equatién at the boundarieé is formulated
by substitution of the velocitieg at the boundary coﬁfrpl volumes into
the conﬁinuity equgtion. Therefore the boundary equation for the
pressure correction follows directly from. the velocity boundary
conditiona-; The fﬁllowing-equaciona are modifications of the standard

pressure correction equation (Warnica,1981).

(a) Inlet

(Ale\ALe) t Aw\ ‘c\m\ t 'Atn Clcs\)‘P—c:)

(5.60)

— " ) . — ——-‘
- A“‘\ C’l““‘ P(:, t A des Pc:\ + A dio Pte.) : ;
- ( UILC\ Atﬂ - U\ ) ALM 1 U,,m\ P\my Uxu) p\(s\}

{(b) Outlet

Ay ey l P
( :)aw‘ - P\t«\ O\U\\ + P’;mc\(é\ \ Ptﬂ

{5.61)

-------A : ‘
A(m Acn\ Ptu\ r 'Auso\(s] P.s)
A(ﬂ kR?) &ﬂ ) + -\—)‘4_:} AU\) ¥ U:s) Ats\}

awl\
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(c) Top Walil ' —

. s
(AmAui + p‘w Atn\ + ‘Acnc}kcs\ ) Pcn
—. -, -
= A(C\Au) Pu) + Aun Aw\ Rﬁ\ t Ats\olu) Pm_ (5.62)
- ey — Y TR
- (Ut:ei A(_q - Ul':-\"? Am) ¥ Uu‘n\ p‘l.n\ - Uzcﬂ AL‘))

(d) Bottom Wall ‘ _—

A
(Aw deay * Aca A(w) + Ac-n cn\) Pm = P\mc\m P‘J‘-\
| b - “a , J |
t AL«) A(w) P(w\ ¥ P\'m\ o\m D(u) Y (5.63)
- LU l*u:\ Au) -~ Ui P\Lw) ¥ 'UW\\ Acn\' U;u\ALﬂ)

The star indicates the value calculated at the last iteration and d is

the coefficient of pressure in the wvelocity equation.

5.5.4 Boundary Conditions for Pressure

Since the velocity is specified at the top and bottom walls and

the inlet, it is not a function of pressure at these points. Only at

the outflow the boundary veldcity becomes a% function of pressure

gradient and for this reason the pressure needs to be specified here.

This 1s achieved by the common proceedure (Raithby and Schneider, 1979) by
subtracting the pressure correctiqn at top corner o%/LhE\Outlet from

all the pressure cor;ections including the point where pressure is to

* be specified. This results in a‘;pecified pressure at thip'point which

is equal to the initial pressure guess while all other points are

corrected by an amount relative to the pressure correction at the

specified point.
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5.5.5 Mean Turbulent Kinetic Energy Equation
o= '
5.5.5a Inlat Condition

The inlet value of k was specified to be 4x10™4n2572,
The apecific vallue used here is not of great ilmpertance because we a.te‘
interested rin r.h-e fully developed region which should be indepéndedt of
the inlet conditions. The k equation of Section 5.3.3 was used for

calculations at these boundary elements.

5.5.5b Top and Bottom Walls

The value of turbulent kinetic energy at the top and bottom walls
is zero. For calculations in these boundary elements it l.i:s necessary
to modify the k equation of Section 5.3.3 so that the production and
dissipation of k are accurately representeds The follou‘ing relations

are ugsed (Warnica,198l; Sha and Launder,1979): 4

P = t‘ U /(Yq_‘ ) '
Oy ) Lt " ( (when the near wall point

18 within the visqous

€oan = ¢ T \:m //L "

region) (5.64)
v -(when the near wall point
P(M = tm) Uun /(Ya.r.ﬂ ¢ )
) ’ is outside the viscous
O e '

. Cu - b A region) (5.65)

Ep ® |v\ (Er kq, C/\ hm/}«\

= xlq] ‘
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. 3.5.5¢ Qutlet Conditions

The turbulent kinetic energy equation at the outlet boundary

' —
control volume 18 of the form

(@ + Oy v Ay ~ g?*\"—?) ) k W)

- ' 5.66
= Qw\\(u\ + Q(n\ﬂts\ +t QAw) k(w) ( _ )

r Su e \ltv)

Because of the locally parabolic nature of the outlet’ the agy

coefficlent was set to zero.

5.5.6 " Mean Turbulent Kinetic Energy Digsipation Equation

5.5.6a Inlet Conditions

As with the tutbulent‘kinecic energy the inlet conditions ofekg?re
not important since we are primarily interested in the fully developed
region. The value of(&‘dt the inlet was specified to be 3 x 1073

. w2873 and the €(y) equation was used for .the computations.

5.5.6b Top and Bottom Walls

The calculation of €yat these boundary elements does not use the

equation, but the relation

k;”i

Gh(hh = -

X

where ﬂ is the dissipation length scale. This relation can be derived

(5.67)

"by studying the energy transfer through the various eddy sizes of
turbulénce (Towﬁaend,l976)~< It has furfhér'bgen establiéhed
experimenEally (Townsend,1976) that l = Z.Sykuhere x¥is ﬁhe distance
from the wall. |
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5.5.6¢ Outlet Conditions

‘At the outlet, thellocally parabolic character of the outflow is
exploited and the equation for eun becomes .
; (5.68)
Ay Ecnww) + QY €y + QsyEryes) + DU Vep)

(Awy + G + Qesy ~ Sp ir\{(ﬂ) EQ\(P) =

since a(E] is8 set to zero..

5.6- | -Comparison with Experimeqtal Results and Discussion
jhe alms of this comparison were
a) to establish the ability of the PTASM to predict the mean velocity
anq the components of the Reynolds Stress ,
b) to evaluate the effect qﬁ a near wall correction formula (Shir,1973
; Launder, Reeée and Rbdi,;976);
c) to establish the ability of k- & model to predict' the mean velocity
) anq\thg components of the Reynolds stress -tensor, and
'féixpg\gpasﬁée the predictive capabilitieq of the Reynolds Stress Model
-\Clasﬁfe (Lauder, Reece and Rod1,1976) and the PTASM,
—Two sets of data were used for purposes of comparison; Laufer
(1951) and Comte-Bellot (1965). Results from the two experimental
investigations are shown i; Figures 13; 14 and 15. The expefihents of
Laufer and Comte—Bellot were performed at.Reynolds numbers of
approximately 57,000. The data pertaining to the turbulence quantities
differ by as much as 20X in some locations, a difference which can be
only partially attributed to geométrlcal dfferenées. The Laufer and

Compte-Bellot geometrles had aspect ratios of 12 and 13.3 and lengths 7

and 12 m respectively.
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FIGURE 1l4: Turbulent Kinetic Energy and Shear Stress Distributions for
. Fully Developed Channel Flow: — 0 -—— PTASM with Lander, .
et al. wall correction, — A — PTASM with Shir wall correction,
— @1 — RSM, — PTASM, ---- Laufer data, — .— Comte-Bellot
Data, —..— k-t Mpdel
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FIGURE 15:
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(c)

Turbulent Normal Stress Distributicn in Fully Developed
Channel Flow, (a) Streamwise Component, b) Transverse
Component, and (c¢) Cross-Stream Component; Symbols as in
Figure 14
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5.6.1 PTASM Predictions ] -

-

(a) The predicted mean velbclty field is flatter than Laufer's data,

« Dbut the deviation is only about 1%. The predicted flat shape of

(b)

the mean velocity.profile may be due to the stress strain relation

of the PTASM. For large strains such as in the near wall region,

the dimensionless eddy viscosity becomes small whicﬁﬁprobably-'
results in akflatter mean profile. : _
. . \

The level of k is predicted fairly well over most of the channel °

«

with the exception of the channel center where it is !
overpredicted; this 18 paradoxical because the turbulent* shear -

. stress, which is reaponéibie for the production of k andeu_),' is

l goverpredicted everywhere in the channel.

(e)

- (d)

(e)

The turbulent shear stress -uluzlua)is overprqpiqgedmhll

across ihe'channei because it is proportional to d; ahd it is
everywhere overpreﬁicted. | .

The ‘turbulent norﬁal stressxtzgjllf)is underpredicted near the
wall and is alwayq on the wrong side of.k in compafison to the
data of Lﬁufer. 'I‘he,!-_;:_f?umand Eumnormal stresses are
'asssumed equal by the model while the measurements show a
systematic difference which becomes more pronounced’'as the wall is
approache&. The cause of these poor predictions is that the
effect of the wall on the pressure redistribution term has not
been aécounted for.-l “

jhe three normalldtreases are predictﬁd to bg equal at the cenFer

of the channél while both sets of data indicate thatr they are not

5
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~equal. This discrepancy is also aitrlbuted to ad Improper
. . : LT .

modelling of'the-pressure-strain correlation Qince there is no . o

production by‘thh mean shear at the channel center.
. 4 BN

3

5.6.2 ' Effect of Near’ Wall Correction Formula

N “

In an attempt to .account fﬁr the discrepanciés between the‘ - o
measured and predicted turbulence‘zields, two wall correction models to
the pressure-strain redistribution terms were investigated; thk model °
of Sh¥r (1973), equation (3.16), and thg model of Launder, Regtce aﬁdl
Rodi (1976), equatlon (3.15). The predictions obtained with both these 7
correction models are compared to the data.

»

5.6.2a The Shir Near Wall Correction Formula

(a) The level of ,ﬁ?/u‘{ﬂ has been overpredic‘tled' by as,much as 20%

) =
-near the wall where the correction is greatest; this is surprising

hY

because ‘the correction suppressed ujup which\fﬁ responsible
=, . }

for the prod¢ction of k. Thbs paradoxical effect 1s probably

caused by a chauge-in the mean velocity profile which also

-
-~ .

contributes o the productiﬁh ‘of k.

(b) This near wall correction has simulated all the correct-effects,
having $acreased ulzlu(f)and u32/u(f)while . -

o= . L] ,
decreasing uzzluq\anﬂ” uluzfuz}f *Tﬁis was done by

transfercing emergy from uy2 .to u1? and u3?. The

resulting predictions are nof/:; close to the measurements of

» . ) >
Laufer as they were before the correction because the amount of .

energy transferred was too large!




‘ vy

5.6.2b The Launder, Reece and Rodi Near Wall Correction Formula

(a) The level of|| /u‘ﬂwas increased slightly due to_ t;ik: wall

correction of the PTASM; again it is believed that this increase’

in turbulent- pr,odﬁction. is Que to a change in the mean velpcity
. Voo N .

field which is é:se"d, by; a decrease in -u; Ve,
{b) In the region close to the wall, this wall correctioh formula has -
| 2, W
uy 'u(f)

caused- an increase in the predictiona U],/U(f)and

and a decrease :lnxuz /u(ﬂ and 1u2/u {£)- These

changea have somewhat improved the correspondence with the data.

(c) A ’lh.a-ggnter of the channel this wall correction has not* .

‘aeparatedxul /u (ﬂfromSuz /u(f}and ug /u(f)

1 This failure must be directly related to the PTASM assumption

-

because f;} same wall correc't;ion was’ suc&esful in this respect
when used in conjuﬁgtj:on with the full Reynolds' Stress model
(Launder,Reece and Roﬂi, 1976).

5.6.3 - . k—-& Model Predictions ’ . \\—/‘

(a) 'I'he normqlized mean velocity is slightly lower than the data of .

i \/La{xfer, bug\'mss tﬁan 5%y which can be considered as an

o~ 13 1 . : '
a\cceptablé approxlm&ﬁ'. : ‘ _ ~
T : .
(b) The lqvel of:r/u tf) 1s predicted to be larger than the

meaguréments at the center of the channel. This overprediction is

probably due to the facE~ that the k-€ model is unable to account

for a change in the relative magnitudes bf the normal stresses..
(c) The predicted level of uluzluz(:f) ig hrger than that ' "

\ 'measured by Laufer throughout the channel cross—section and

esﬂeciaily at the channel wall. This may be pa.rti:ally} éxplained

i
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by the kfii mo&el strésa strain relationship which remains linear
~e‘en at. very high levels of strain. *°

/The k-¢ model predicts equal \}al;nes of l—“__lTZ/‘“_(f! ’

uzzqu\and u3z/ygyall across the channel in clear

contradiction of both gets of data. ' .

5.6.4 Full Reynolds Btress Closure Predictions -

This section comﬁa}es the predictions of the PTASM (with wail .
correction) tojthe, RSM (wiFh w&ll correcfion) predictions carrled out
by Laundef; Reece and Rodi (1976). The tw0‘turbu1;nﬁe models are
identical with the exceptioﬁ that the former haé eliminated the
transport of the components of the Reynolds Stress Tensor by using the

proportional transport approximation and the. latter has-'calculated

these terms exactly. The RSM closure has been solved with an
, L' * .

equilibrium logarithmic wall function, however. Although not j
explicitly stated, it appears that Launder,Reece and Rodi (1976) have
performed their computations using R=57,000 and ug=0.038 ms™1

correaponding to the Comteﬂ@ellot (1965) experiments.

The RSM gives fair predictiona of§ ulfu(f\' u2/u(f]and o :

2
u3/u|f’,are distinct and agree fairly well with the data of
Comte-Bellot (1965) throughout the channei. The failure of the PTASM

to predict this behaviour is attributed to the failure of the wall

correction even though both the RSM'anq.PTASM use the same wall
‘correction. The reason that the PTASM prediction of equal normal

. o . .
stresses, even at the center of the chlannel where there is no mean

P
shear 1is 'that the proportional transport assumption causes the

" turbulent portion of the near wall correction to be ‘cancelled out.
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5.7 Closure .

Th; Proportional Tramnsport Algebfaic-Streés Model (PTASM} gives
good pre&iction& of both the mean veiocity field and éhe Reynolds |
stress,'ﬁormalized respgétively by Utc)and u(f’- However, 1t must
be remembered that the values of U(c)and u[f)are different in the
predictions and data, so thdt the pre&%cted dimensional values differ
fi?m the experimental“ones- A change in the wall functions {(which

-

wgqld alter the value of the solutions for U(é’and-u(fr could
posslbly reduce such differencea, but this possibility has not been
explored.

The PTASM gives better predictions of the normal Reynolds stress

than the k- € model does. Howevelt, PTASM predictions of the mean

velocity profile, the turbulent kinetic energy level,-and the turbulent’

shear stress (away from the wall) are only slightly better than those
of the k-& model. The reason for this is that'ﬁ, and k ére determined

by uju; which in the k- € model is independent of § u;<,

u22, and Tx?.

The wall éorrection forqula of Shir was found to increase
differences between predicted and measured values of Reynolds
stresses. The wall correctiQn formula of Launder, Reece and Rodi
(1?76) improved the ptedictions in the regions of high mean shear ~
straiﬁ rate but not to a sufficient degree t; justifyjits'use

considering the required computational effort.

The PTASM model predictions compared well with the Reynolds Stress

L)

"Closure model prediction% except in the center of the channel where the

R

-
mean shear strain is negligible. In this region, the PTASM model
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predictions wrongly tended toward Qn isotropic state of turbulence.
*This effect can be traced to the pressure atrain correlation model

which 1s hampered by the proportional tramnsport assumption.

N .
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¢ CHAPTER VI
> -
‘ TWO-DIMENSIONAL TUBE FILLED CHANNEL FLOW .
R

6.1 Introduction

Section 3.4 proposéa-a set of mean figld equations and a
turbulence closure suitable for porous medium. The assoclated vqlumg
averaging procedure introduced 3'ungﬁown terms Fg1y4, F(z)and
Fl3), and thre-e ‘unknown cons ﬁants c'(,;) s ©(16) and c(18)°

This chapter summarizgs curtenfly available relations for
F(l)i and F(z,while proposing a relation for F{3y. Predictions
using. F(l)t and F(2)are made for isothermal flow in a tube filled
channel. This relatively simple geometry provides a good te;t for the
accuracy of the proposed turbulence model. Experimental data are

reviewed and used to evaluate the predicted solution of the turbulence

model equation.

6.2 ‘Formulation of Relations for the Effects of the Tubes

6.2.1 Mean Momentum Transfer to the Tubes

The term-F(l)i of equation (3.109) for mean momentum
represents the transport of mean momentum to the tube walls. A more
couvenient expression for this term is

P = lf&_‘kal _g.* IU‘l Ui' P
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where f i8 an empirical factor, different for flow parailel (Daugherty,

1977) and flow perpendicular (Butterworth,l1979) to .the tubes. In this

-~

chapter only cross—flow relations are used.

The technique for evaluating this term in cross—flow is to measure

the mean kinetic pressure drop across a large number of tube banks in
developed ‘isothermal on?;dimensional flow, The ‘basis of the method can
be seen by aimplifying.zhe mean mome;tum equation ‘for this flow. with
gli volume-averaged velocity and turbulence parameter gradients beingk-\1

zero, the equation is simplified into
dx\ E - F(l\ 1 . (6.2)

This establishes a relation between, Fg; and the mean kinetic
pressure. |

The Butteryorth (}979) corre;ation for triangular or rotated
triangular and square or rotated square tube patterns at high flow

rates will be used in this investigation

| fg-e 5*
F(,H = 7 1"'§ z L_)_' ' . (6.3)

where {:f— 0. 5 ' & &u) - R

’ and 4@ are the diameter and pltch of the tube bundle is twice
Y ot _ y s
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the ratio of the liquid volum-e‘per unit .length to wetted surface area;

R 1s Reynolds number based on tube diameter. s

6.2.2 Mean Heat Transfer to the Tubes

The F(Z) term in equation (3.110) for the mean temperature
represents the heat transfer between the tubes and the shell side

fluid. This is‘'customarily calculated using the formula

‘th) = *QL A (I - —_____l:-_( tebe) ) - (6.4)

- -

where A is the heat transfer area. Empirical expressions for.’n are
available and are different for flow parallel (Sparrow,1961) and flow
perpendicular {Zukauskus,1978) to the tubes.

<.

6.2.3 Generation of Turbulence by the Tubes

The F,(_-n term in equation (3.108) for the mean turbulent
kinetic energy could depend on the levels of k, lIJ'_._l and (Q@- A),whil_le the
dependence on Lﬁ_'_;\indicates an additional dependence on ¢ and M. Usi;xg
the Buckingham Py Theorem (Douglas,1969) and choosing e & land (-[l.-cl)

.

as primary variables ¥ may be expressed as
3) p

Py |y -‘é—-l (B e’
\ i\3 -lgi\z M (6.5)

f
)

EI | “

where m, n and b are unknown constants which could be evaluated
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=

1

experimentally. However, if m and n were small, as in a fully

developed turbulent flow, ‘ -
S - ,
|V: | . o
Foy = © — . - (6:6)
(11—:‘.\ '

This analysis will not be pursued any further because of a lack of
felevant experimental reaulta; 1t does, however, iq?icate the
dependence of’F[3) on Reynolds number, the turbulence‘intensity, the
veloclty and the gap spacing.

It is generally accepted that mean kinetic energy is transforqed
into turbulent kinetic energy, which, in turn, is dissipa;ed\ipto
thermal energy of the fluid. The equations governing these quantities

for an incompressible fluid are

s . ;‘ J— g —_— ~ S —
*1_.(5-' J 5‘,&](6 Ud‘ - 5;5 {[" Pg'.a__* }«t%jUi*%gU‘j‘ _
' (6.7)

- f“‘“.]]o } r (:::\—Ji D.-. =M ;,‘d U k;,JU ’ra.‘_‘U\

-~

%l: 1t g?&(ﬁ Gd)-;?;_, {["P gij P 3-;-*;:&,%‘?‘\

(6.8)
_, ¢ &';u:\ 11] wi .k ~¢ Qzu e ;:; Lgat;‘a 2% \\ >
N TP 2 =
YR ATAVIRE HCPETRS Saa
| (6.9)

g_ T . Q_ _. : ?__Ll‘u duy )-l.l :
+ M a-x\jU(kDriUi*auud} aRdE \)N ‘3,‘\\

S~
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where:
& =
R
€

U

CI

N o

¢
R g

o

11

m\etd\c\r k{nc"f\c_ gr\grc‘\'

Mean kinetic enérgy is lost by two mechanisms one producing turbulence
and one directly increasing the thermal energy lével. The viscous sink
of the turbulent kinétic energy equation 1a‘a source of thermal energy.
The unkrown term FGV) is I:he.turbulent"sink of the mean kinetic energy.
: equa;'ion. " Integrating equation (6.7) for the .mean turbulent kinetic"

-

energy over the hypothetical volume 6f Figure 4 gives the expression

%{; _(-_5:_ 4 %QC(E_G;L "%” 1[_ ché‘rf\\;, Uc. ;.HU)

- ¢ woay | U; -g ~ Sf*'\?ﬂﬁf Bx\“ \97~ Ui dV

vi§)

o : A (6.10)
—_ 2 . t .
e femm 5 0cay T |

\
)] @

~ To obtain this equation the relation between average of a gradient

and gradient of an average has“\t&?fjsed (equation 3.98). The flow in

Figure 4 is steady and therefore the local time derivative- may be

ignored. The convective term may be changed into a surface 1ntegral by

Gauss's theorem and equation (3.98) because * &
o 0 .
(6.11)
Sesf) ._
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If the volume-averaged mean kinetic energy is/é:::;er assumed to be

homogeneous, 1t§ spatial derivatives can Se ignored. Thus, equation

(6.10) is simplified for the flow of Figure 4 into

%‘)YE—P.S(J *ﬂ(gx;\ GL* graad)‘fm'-l G; }

S A (?‘F-OG U )97\) V

6.12
Vi§) . £ (622,
+ .g . ¢ L&iUﬁ > c&\j
vi§) '

The term on the left hand side may be transformed into a surface

integral as

‘ J l(6.13)
Y ’
' S_mﬁ;suko\v
Vis) T

The above expression represents the balance between the rate at

which work is done on the flow volume and the rate at which thermal and

turbulent energy are created internally. In a flow of the type shown

in Figure 4, it is generally assumed that the viscous and turbulent
\ . ‘

stresses are small in comparison with the normal pressure stress

(Slattery,1981).
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Then, equation (6.13) becomes

S' _"‘S G;_'r',.‘ As = SM (gxdgh*gﬁ;@d\ %JELA\J

Sceh) Visy
L '-_‘;_1_ - . (6.14)
+S S Wiy axJUL =Y
Vigy _ . {

If Uj i3 assumed constant over the Surfacé'integral of equation

(6.14) and the divergence of the mean flow is ignored, this equatidn is .

sim ed into . . \

(1] ' .
P | (6.15)
-cwiug 3, VidV | a
g sy Uedv
Y§)

- =

The rate of transfer of mean kinetic ehergy into turbulent kinetic

eﬁergy i1s much greater than viscous disspation rate since thé thrbulent

stress is larger than the viscous stregs. Ignoring the- vidcous term,

<

equation (6.17) becomes

— "_J_i;ax. E - [ Shabiet 3%\_‘, { 0\\, ) (6.16
Vigy ' .
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' Combining equations (6.3) and (6.;6)‘one gets

-

' Y, Feyr = S‘t“‘% % Ui dV ' (6.17) ..

+

Thus, the unknown turbulent kinetic energy production Fgymay be
exbresse& in terms of the empirically known mean momentum transfer to

e

the tubes, Fp 4» a8

'Fu) = L;)‘ Fu)\ ' (6.18).

for the simple flow of Figure}ﬁ: This relationship must be
generalizeé to the case where the direction of the flow is arbit;ary;
The mean kinetic energy equacio; can be derived by taking the
* 1nner.product of_the mean momentum equation and the mean vel;;;ty
vector. Am equafion for the volume average mean kinetic ener§y

equation way be formed in a similar manner by using equation (3.I0573

for the volume averaged mean momentum and the volume averaged mean

velocity Vector“ﬁl- The result is o

(V) —
580 B(8T) 3 L0E sy m) ]
Dt_f_ t Dx\')(l" -.4)‘ Px ) “("chb ¢ Uiu \\_J_t

t



i

* If the \iiacous_ ntre,baes are i:gnored and the mean denéity and mean
. ) . AR . .
velocity are assumed congtant over the surface of the averaging wvolume,

. equation (6.10) would become

| a2 = J (6.20)
) * — “Iu 3. . ‘ \: V
Ve .( ¢ DXJ
Vi

(]

Subtracting eduation (6.20) from equatibn (6.19) one gétg -
._ ' Q _ . - -!
N oo Ur AV
T MU 2 Vg '
F(n t k_)_(. « Vs c._ ) -.\.}XJ.) v O\ (6.21)
Vg '
. . - }‘
and thereforé, ' : ' e

: Fm' = - 'f‘-‘i ¢ k_)_( p (6.22)
* which is the general lexi:ression' for arbitrary flow direétign-
The a.npir:i.q_,al t:or.'telart_::lon 'Fq, i 1s m;easured as the average
' pressure drop in;er a lnrgaAnm.nber of tube rowa.‘ The previous
diqmns_ignal an_aljrais gevej a p'ostéib_le expregsion of the form . |

"

i S '
\\_.L\ - (6.23)

P

| Lf:.-' L) Fu) u E _\i___‘x : Y'E l\__:\_'-\ “(‘.‘F"n‘)
I S

-~
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N
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The turfbulence intensity is bound to éffect?the,meaﬂ'velocity—éradients
N . £ .

o . E ‘an& hénce the level of F(.3)- The turbu‘ience inteasity will ghange
o - across the tube bundle #nd, as a result, the production will not be
_ J// ~ o;ly.a function of wvolume avérageé ﬁean.velocipy Eg_indic;ted By
T' ¥ equation (6.22). Without this dependence on k/ lizd 2 F(3) will be
AFonstgnt'in the stéeamwise direction of-the tub% filled channel because

the volume awverage velpcity is constant and this may induce some error.

\ ! .
This effect has- been fgnored in this analysis with the ﬁOpe that it is

]
[ . -
.not very importaat. . | . g S
- | - - PR
6.3 Experimental Resylts ' .
6.3.1 Data of Currie ‘ ’

-

v

Currie (}983) has investigated a 356 ﬁm long, 114 mm wide and 115
P ' mm deep duét*of which 210, mm of length was filled.with tubes of 12.6 mm
- diameter, arranged in a 1sosceles triangular pattern of L9.1‘mﬁ pitch.
The Reynolds number based on the tube d;l..ameter and free stream veloclty
wa; 8410, while the tube bundle liQuid to to;al volume ratio. was 0.635.
. - A laser-Doppler anemometer was used and al} measugements were made i;
thejgé; bétween tubes. Only two componénts of the mean turbu%gnt
kinetic energy were measured; thué, the total mean turbulen% kinetic
. . lenefgy can be estimated onii‘within a factor of about 1.2 because of

the uncertainty in the magnitude. of the third éomponent. The tg;bulehé
| . = T N e,

5
.

Eingtic enérgy in the gap will be es;imated by:tﬁe formula

‘ 3 ( 2 e . ) .
S K gap = B0 8 ) o (o2t



. which is based on the‘asaumptibn that the u32 component is eqﬁal to

‘. ’ s
. . X . .

Ehé'Qverage of “12 and dzz. In aﬂditlon, ‘the turbulent kinéQ;c'

energy .of the gap must be related to the volufe average level. ‘Some

relation between these parsmeters is indicated in the local

.

measurements of the velocity and one component of the turbulent kinmetic

energy by Martin,Elphick and Gollish (1983). The results in Figuré 16

indicate a'relation of the form k )/_l_:_t 0.10. This involves a

_ ~(sap

large degree of uncertainty and as a result the size of k must be used

. only as an order of magnitude estimate. - However, it is asgsumed that

this ratio of k(gapy fo'k is sufficiently constant throughout the

’

bundle, so that thg shape bf_the k curve may- be used for cémparison

. with the numerical predictions.

The cross-stream variation of k and.EJ was moderate across the,
width of the duct. In addition, there was little streamvise variation
of EL in the bundle and E& and'ﬁ3 are near‘zéfo on the average.A

The estimated streamwise variation of k are shawn in Figure 17.

6.3.2 Data of Fitzpatrick and Donh;dson )
.

. The geometry investigated by Fitzpatrick and Donaldsdn (1980) was

a 800 mm long, 209 mm wide and 150 mm deep duct of which 400 mm of

lenth was filled with 6.35-mm deameter tubes arranged i a recé;;gd{a z\'

pattern with a longitudinal and/transverse piteh of 12.5 and Ll 11 mm.

The Reynolds nuymber based on the tube dirameter and free stream velocity T

‘wags 3860 while the tube bundlesafluid to: total volume ratio was 0.77.

¢ measurements were made in air using a hot wire anemometer.

Mdagurements of the streamwise component of turbulent kiﬂe:ic‘energy

)

were made for successivé streamwise stations half row apart along the

R ey o ..
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indicates that the diffusion effec

channel centrelii;eL As a result, every second mea-sur&nemﬁ ut-aé in the
gap between tubes. This experiment used a square tube arré-y, hence the
relationship between k(gap) and the intrinsic volume average Kk, Lk
which was used in Sect:ion 6.3.1, may not be directly applied. The

authors made no local measurements and, as a result, the k values

cannot be estimated. It is likely, however, that the values of k

exceed those of k(gap)' In the absence of better esj:imateahthe

rélhtion k= 10 k(gap) will be used in this section also.
The 1eve1 of _jU(“, estimated from the measurements in this paper
:Ls shown in Figure 18. It is not clear from the report whetr&:r the

measured turbulence intensity is the sum of ‘the three components or

just the streamw:l,se component or an estimate\‘msed on the streamwise

camT
component. -

6.4 « GoverniqLEquations ' .

The gap level of measured mean turbulént kinetic energy varies

only slightly in t:he cross»stream direction near the centerline. This

of turbulence parameters in this

region would be much smaller
only volume—~averaged mean velocity component (st’reag:ﬁise) hag little
]

cross-stream or time¢ variation. These facts simplify the k and €(w)

equations for the t be filled .region to

y
U, dx, k= F‘“. & : | 6.25) -
Ju— u—‘ .
J, € = U9 € _\'."_ Fo) - .- (6.26)
SR S
) - - 165 - 4

thay production effects. In addition, the:
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These equations are similar to the equations describing thé nearly
homogeneous ear flow described in.Chgpter 4 with the following
except;@;s: the)variables are volume ;veragea ahd the turbulent
3produé§10n is constant for the tube-fi]led channél flow. As a result

an expression analogoixs to the one in Chapter 4 for the turbulent

4

Kinetic energy may also be emplc;yed here.

W . . . o . )
[1) i. k= Fa _\5\:}. /& (6.27)
| [oast )

' Q_ = &3}' v C Com — Cowd) l« Q. a\‘f‘-.. (6.28)

—

This is an integro-differential equation and cannot be ‘solved directly.

However, it does permit some insight to the si'lﬂultaneoﬁsiﬂsdlutiou of
. ' Sm.)-l
equations (6.25) and (6.26). Since the integral Sk : Ag' is always

-

positive,!_ increases as x,increases if __c_qu) % '.9..(16) and 1

decreases as x,increases if cqae) 4 £@8)” Lo L

A

The c;ongtants C(m) and cyyg) of the standard k- € model '
wewke replaced by &6y 28nd g(18) after the volume averaging
procedure, in order to accbunt_for the non~uniformity of k, Ean and Py
in the averaging volume.b;{owever,‘ in viéw of the severe non-uniformity

. A v
of k (Figure 16) the constants c(yg) and £(18) may deviate

o .significaﬁtly fram-the usual ¢(16) and c1yy values of 1.44

and ‘1.92 teapectiveiy.- (. ‘

If .9.(16)2- E(lﬂi then equation (6.28) becomes L=£O‘
and equation (6.27) reduces £0 the first order differential equation

3 "~ | ‘ Qh‘_b') L.. | \
Coadik - kY L s W
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which has the asymptdtic solution

. (6.30)
If Lorgo is to be regarded as a length scale , L, then dimensional
homogeneity requires that gpg = 3/2. Ali;h'ough the 3e'nera1
equation (6.27) does noi have}a known eiact aolutiop, 1t.perm1cs
relatiyely simple solut19g§f£0f two limiting cases:

1) When (x -x,)‘'is very small, the integral

(erm-ce) ST T d,

i

is also very small and, as a result, equation (6.27) becomes
approximately equal to equation (6.29). 1In this céee,:_‘._ o 18 the
"digeipation length scale” at the intial position:

11)  When tx -%,) 18 very large the integral
Qo-1, —~
o law @) Y™/ T A

is very la.'rge and equation (6.27) becomes approxidateély equal to

%

Y Qe ) (6.31)

ol ol = K o |0,

=t
V(0

. " f_,

For the latter case a'power solution is possiblé. Assdmix;é,that .

k -bx,n and substituting this into equation (6.3), one gers the

——

relation

'-‘= 68 -

»

e ——————— —— e e = e =

< e ke e et s . o+ ot e 4k e
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which is satisfied when _ - ' \J\

L - (1‘--53—"-‘—-) Foy and 8= )

S (i . ST (6.33)

The ra'mge' of validity of the 1iriear solution depends on the

. ku\c‘-‘-’ © ’
&U‘Mﬂ ) at the
entrance of the bundle. 1f, however, it is satisfﬂied at one position,

initial conditibns of k and €y (since Ly =

i1t must -also be satisfied at all downstream positiorns.. This makes an
asymptopic sﬁlution of k impossible uﬁless S(16)° &8y

 The data in Figures 17 and 18 both show that k has an asymptopic
behaviour, anri, as.a result, £(16) Must equal £Q18) in this
region. In addition, since dk/dx‘ﬂ 0, equation (6.27) with c(16}=

3/2 simplifies to

’

Sa. ‘
__L=(-; = E_i-o) / Feny : - (6.34) ‘

which could be‘used to determine the value of the length scale

although it is hoped that further experimental data will allow L(u) to

Y
.

be correlated to the tube bundle geometry which would allow k {es) to be

" determined from equation (6.34). .

co - 169 -
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If 9.(16) 1s assumed to equal 2(18) even “before the qsy'mptotlc

region, then the length scale L (m) must.also apply outside this region

and the governing equation for the entire bundle would be
St .
U d k = Ft‘) - _!S ./LCa) : . (6.35)

~

This would then be solved using the initial conditions for k.
Its accuracy will depend on the difference between‘L{O)‘and L ey Near
¥ . - o— ' —
the entrance. The assuamption that guﬁ) & 2(18) everywhere is

equivalent to the assumption .that local k and €cxyprofiles are

everywhere similar. .
6.5 . Solution of the_ Equations
6.5.1 One-Dimensional Calculationa

Equation (6.35) has_been solved using the Runge-Kutta technique-
for the experimental conditions described by Currie (1983) and by
Fitzpatrick and' Donaldson (1975). The F3y values were calculated

from equations (6.3). These solutions were found by forward
. ' Y

- integration from the beginning of the bundle using the value of k at

this point as an initial condition. »

-~

_The calculations compare well with the data of Currie (Figure 17),

but are unable to'pre*t the measured undulations, the largest of

which occurs at %/ = 17.

-

The calculations show much poorer agreement Wwith the high Reynolds

number data of Fitzpatrick and Dpnaldson (Figure 18), especlally in the

L

» . B 5

initial part. ‘
¢+ =170 -
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6.5.2 Two-Dimensional Calculations

Two sets: of equa;ioes were eolved within—the channel. Outeide of
the tube bundle, the k—e model was used in cehjunction with the mean
momentum and mean mass conservation equations for the Open region.

Within the tube bundle, ithe modified volume averaged k- € model, Y
mean eomentum and mean mass conservation equations were.solved. The
empirical functions used, F(l)i and F(3). were the one; described
by eﬁuations.(6.3) and (6.18). bensity and molecular viseosity were

. gept conatant during these calcuiatioes.

At thl interface between ehe’tube—free and tube-filled regions the
solutions were asaumed to be continuous. The geometryrmodelled was
that of Currie (1983); the long extensioe/fgiieerng the bﬁndle was not

preaent in the eﬁperimentél rig eut.it was introducedfin the
calculationa in order to Efrpit a fully developed channel flow before
the exit and, thue, the requirement of no stramwise velocity gradieat
could be'applied’as an exit boundary conditien. The grid used for the f
present calculatibne is ehewn in Figure 19. The num;::Lal
discretization scheme and solution procedure used here are identical to
those used in the channel flow analysis of Chapter 5. ‘

The equation and boundary conditions used in the present
calculations were 1dent1cei to those used in the 2-D channel of Section
5 with the exception that the velqéity,:turbulent‘kinetie eneréy J:EV

turbulent kinetic eeergy didsipation rate at the inlet used here were
) :

iﬁLQQfaen to comply-with corresponding measurements-as follows

0.35 ms™l, 07114 x 1073 v%5™2 and 17.33 x 1073 mZs~2 ang 17.3'? x 1070 n?™3

h ] 'L .

™~ . :
respectivgly. . ' : v, ‘
& The calculated mean velocity and turbulenf kinetic energy (Figure
- " . R . - 2
‘ ~-171 - ' ‘
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26) were fairly uniform iﬁ the cross-stream directioﬁ, in agreement.‘:

_ with. the measurements indicated. Figure 20 ehows'predicted preesere.
within 1;102 of the measured overall pressure-drop. 'Figure"Zo shows rhai:
'when the coefficients SlGl and c(lg) were 1.44 and 1.92, ‘
rsspectively k became a 1inear function of x with a afope of 1.87.
This is very close to the linear relation (6 33).which for (Qnungu.ﬂ

.= 0 75 gives a linear function with a 310pe of 1.86. Making the
assumption that grig) = £ (18)~ -5 thioughout the region and. ‘
thus allowing !."_.;’(o\ resulls ‘in a very inadeq?:ape level ‘of k which _
does not reach an_asympr but contiﬁues to grow linearly with. a elope
of 0.31. This is contrary™o what is‘expected from a dimensional
-analysis.'.The’cause of this effeet is attributed to additionel‘
'productioe of rurbulent kinetic energy at the wall which has beén"‘
accounted for'i; this tﬁo~tiimelllqidnal .ar.zalysis.. When &(k) is "s:pecifi'ed

- as k3/2/h where {2 = 0.069 the golution is very similar to the 1-D
prediction (see Figure 17). ' -

The apparent leveling off of k in Figure 20 is actually an end

ef'fect resulting from a gradual change of the V(ﬂ to V. The linear, :

+ growth would continue if the bundle were extended.

6.6 o Discussion
The data of Currie (1983) and Firzparriclc and Donaldson (1980)
Iboth‘ have a .region where k reaches a constant value. However,' the_"tw:o
experimental configuratiq;m are very different having triangular and

squere tube arrays reapectively. Figures 17 and 18 show that k

increases faster in the triangular tube ;rray” than in the square tube

array. The triangular array ceuses' more violent deformation and a
]
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a) Transverse Distribution of Streamwise Velocivy and -,
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~¢) Streamwise Development of Turbulent Kinetfic Energy.
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-

faster adjustment of the free-stream length scale. The square tube

1

array has a iag of -one-half row before any significant development of k -~
takes place which results in a non-uniformity in the production of k at
the entranée. Another difference is in the location of a local minimum

in k which is present in the lower Reynolds number data of Fitzpatrick

and Donaldson (1980), but tends to disappear as Reynolds number

increases. A similar minimum appears in the data of Currie, but it is

- -
’

much ﬁore,pronounced and occurs after k 1s nearly developed. The cause
of these minima is not known with any certainty, but the fact that,

in one case, the minihum diminishes with 1nci‘easing Reynolds number,

.impiies that it may be due to a transition of the flow to a fully'

turbulent regime, which affects the production rate, %{3]-

The increase of k in the square tube array is much milder than
that in the triangular tube array. A posaigle'cauée of this may be
that the convection Fate in the square tube array 1s much higher,
since the.§10pe of k dk/dx,, is proportional to the convéction rate.
It is possib;g that the convection rate may be closer to tﬂe gép
velocity rather than :6 the volume average velocity which was used.
This deficiency may be inherent in the application of the porous medium
concept to tube bundles. - )
. ?he length scale was evaiuatéd usipng the volume average convection
rate, siqce accurate measurements of length scale are nothévailable;
Forlillustrative erposes, k has ygen re-calculated for thé Fitzﬁatrick
and Donaldsén data using A larger value of k which is equivalent to
increasing the convection rate (Figure 21). It can be seen that thg
discrepancy between prediction and measurement diminishes‘compared ro
that in Figure 18.
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# The levels of 57.[112 as estimated from kyggp)» are different

2
for the two experiments although the Reynolds numbers are similar. 1In

view of the: differences in geometry and bésaible error Iin calcﬁi:;tiﬁg k<
from k“.», meaningful com.parisons‘ betwéen the two sets of data and the -
model seem t{nlike-ly.r' . ! '

"The solution of equation..(-e.35) .apfn'oaches asymptotically the
meaaur;ad values as a rgdult of the proper c;hoice- for L my, s.i.nce
adequate data fQr L es are unavallable. Thi; equation requirea; that ¥
th;:- ler;gth scale immediately adjusts to L-(.q oﬂ entering the bundle.
The agreement is better near the asymptotic -valués' and, especlally in
the case of If.he Fitzpatrick and Domlsldaon (1980) results, poor near the
entry; this error may be par.tly die to the corstant length scale
398umptrion and the use of constant production of k. The values of. Li(e)

. . . L

c;lculated from k (m) and equation (6.34), were 69 mm and 17 mm for the
triangular and square tube arrays.,‘ respectively.

The parameter 3_ is the vo,lume average dissipation 'length scale.
Expelr'iment;;_ have _shown that the local value of § is abolzu_t 0.94 t:l:mes
the integral length acale (Townsend, 1§765. In bundles; the integral
length scale cannot be greater than the langest dimension which is
bound by aolici tube surfacts. This maximum is about 19 mm and 12 mm

for the triangular and square tube arrays, respectively. The values of

L () used inthe calculations were larger than the above maxima, but

not by an order of magnitude. When accurate measurements of k and
become available, and the depe'udence 0f L ¢w)on the tube geometry {is

determined, then equation (6.25) could provide a turbulence model for

the fully developed flow in a tﬁbe bank. The géneral equation
. -

-
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. ;A {ryand Y‘tt\throughout the tube bundle. ’

(6-17) also possesses this ability, by allowing c(16) and c(1g)

v .
- -

to vary with x,to predLﬁi}the development of k up to the asymptotic

range. This would allow predictiﬁe capability for k, € (y) and hence,
- ' * "%

~

s
6.7 Closugz\\j
- — : :

The calculated pressure drop over the cpénnel length agrees well

1Y

with the measured pressure drop. This finding supports the use of the

numerical methods and pressure drop correlations.

4
'

A turbulence model with the potential capability to predict
turbulent kinetic energjllevela in tube bundles has Been presented.

Its success, however, cannot be evaluated mainly because of the léfge

" uncertalnty present in estimating the volume average mean ;urbulenﬁ

kinetic enefgj and length‘sggle. Additional data must be provided
before further proé}ess io establishing a valid turbulence model can be

made.
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CHAPTER VII
TWO-DIMENSIONAL RECIRCULATING FLOWS.
7.1 _ Introduction

Chapters IV, V and VI have ‘considered flows whose streamlines were

.

rectilinear and in which upstream boundary conditions were sufficient
for the molution of the governing equations. Flows of this type are

classified as rectilinear parabolic. In this chapter, flows with

. curved gtreamlines, which require specification of boundary conditions

over the entire boundary are considered. These flows are classified as

recirculating elliptic.
This curvature has a very impor: ant effect on the statistical

-

structure of the turbulence parameteis. It has been experimentally':

N

observed by several investigators (f.r example, Castro and Bradshaw, .

1977) that a concave flow generally supbresses the turbulence field
while a convex one amplifies {it.
The purpose of this éhapter is to determine whether the effects of

mean streamline curvature on turbulence can be predictéd by turbulence

- models. Earlier studies of this probiem include tests of the RSM

(G;bsbn and Rodi, 1981) and three modified forms of the k-€ model (Rodi

‘and Scﬁeuerer11983), one of which was very simllar to the PTASM, using

data in a curved mixing layer (Castro -and Bradshaw,1976).

: -1 -



The present work ia a test of k~e model and the PTASM in the model
heat. exchanger of Figure 22

The resulting equations are fully

lliptic, and retain all components of the mean fluid deformation
tensor.

7.2

The Dependence of Streamline Curvature on Vorticity

he curvature paraﬁeter of a line in a plane is defined as
(Protter and Morrey,1977)

A A

(7.1)
cl_xf r V3. ..
[:‘ Y cik.)

The inverse of this is the local radius of curvature.

The curve is °
| :
called convex Hhenf')O and concave whenffmo

The slope of a mean streamline is, by definition
dv. _ O
-cle U

, - (7.2)

—

a2 02
AT
T

G

so that the streamline curvature is expressed as '

5“*‘“} |
i} ‘ i (3.3)

c

Ve

U
[\
\ o+

in cartesian components
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. »

When 1’;,) $0 the fluid particles are, on the average, travelling

-
. s
along curved trajectories. However, momentum is conserved along

straight lines and curved flows require a&ditional 1qertiél forces to
maintain them. The Reynolds streasses are inertidl forces resulting
from the decomposition of the instantaneous acceleration of “the fluid
(see section 3.1) and hence wiil certainly be aéfected by streamline
curvaéure.

The mean vorticitf of the flow represents the average rate of
rotation of an individual fluid pérficle.‘ For a tw;-dimensionq} plane
‘flow, the only non-zero vortiéity component in curvilinear components

.

tangent and normal to the mean streamlines (intrinsic coordinates;

-

Serrin, 1959) is +

(7.4)

where 9 = (ﬁ;ﬁ&)i and n is the coordinate normal to the streamline.

The mean strain rate in intrinsic coardinafes is

—_— aqn ' .
.Sn = '\?‘_ (’5__:\ ¥ 'l]fcs) 'ZF) ' (7.5

Subtracting equation (7.4) from equation (7.5 gives a relation between

vorticity, mean strain rate and curvatures as
———

‘P&» - __gSit - _[7L 12 '

(s) ~ E (7.6)
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)
In plane shear flow, the v;rth;ty and strain ha¥e equal

magnitudes and o‘pp-c.ba..fté eigns, and hence "&)- 0. H}\en_ﬁ 120 5

and ?12- o, thi:s 1s Tigid l;ody rotation; and wheh:f-llz-o and

Elzfﬂ, the mean flow_.has a potential. In these latter two cases,

streamline curvature 1s caused by the .vorticity and strain -

respectively. Equation (7.3) shows that if Reynolds atregses depend on

mean curvature. then they also depend on mean strain and mean ¢

vorticity.:

In order to explore this issue, the EASM, PTASM and IEASM models

have been expressed in terms of vorticity and strain instead of the .
mean velocity gradient ) s
. / .
1
f L]
£ -

EASM .
—_— kg - ‘—c(q;?) k [(mbg“:)tf Ul")ur.-gmi\ ' ¢

wwy ©
= (7.7)
( gmy. 2 4 _D—Mh-)" %(U\"'u\'- g',’“")g ':.\\-X .
. s . * h
PTASM ‘ : C\IKS'\_‘) + \_.\F, Snl.)(g:n;_*.n-hh\ ‘\.
oy = §k§;3~(l-Q.>) Ol Y eyl S )/ €Em ¥ :
. (7.8)
— % (ml—h SW\\‘] g ::\'3
=C Rl
k- ¢ model
S \: —_— |
ww - 3Gy - rem S

[
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This demonstrates that the EASM and g@e P%ASprrowlde expressions for

Luquy in which both the strain and vorticity appear explicitly while

the k- € model provides only a strain dependent expression. The k- €

S

model has been found to work well in nearly parallel shear flows

-

(Launder.and.ébaldin;. 1974) but poofly in plane flows with streamliné
curvaﬁﬁre (éibson and Rodi, 1981). Modification of the k-e& model that
account for curvature dependence have been suggesté& by Launder,
P;iddin and Sharma (1977) and by Hanj;11c,-Launder and Sindir (1982).
Both the plane shear layer and the Cuévéd shear layer are rotational
and a model prediction of the firét but not the second flow would
expose éhe ﬁbdel‘s inability to accomodpte curvature effects. Some
caution is unecessary when considering the plane shear "layer, where ‘mean
voéticity and shear—-strain are equal; the k~€;model dependence on

vorticity and strain rate maybe confused. This problem does mot arise

in the curved shear layer, where shear and vorticity are unegual. .
o -

7.3 ‘Previocus Tests on a Curved Mixing Layer
The experimental 1nve3;igation of a concave mixing layer by Castro

and Bradshaw (1976) (Figure 23) is particularly useful because it is
not aupject to the complicating wall effect which 1s présent in curved
boundary flows. The measurements show clearly (Figure 24) that
éurbat re suppresses the turbulent kinetic energy aﬁd the she;r-stress
aleng the center ﬁtreamline, the-}atterlmore aignifi;antly.

. Cglculatkpns for the mixing layer of Castro and Bradshaw have been
performed by Gibson and“Rodi (1981) usiné the RSM and by .Rodi:and -

Scheuerer (1983) using the k—€ model and a simplified version of the
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components and shear stress is certainly an important factor in thelr

’

PTASM. All.of these calculations were performed using parabolic

h equations which were expressed ip terms of the coordinate diféctionsl

normal and parallel to the measured streamlines.

As shown 1g Figure 24, all three models predict the turbulent
a : .

.

kinetic energy reasonaﬁly well. Predictions of shear stress are fair
with the RSM and PTASM, but relatively poor with the k—€ model.

p .
It 1is important to note that the'two investigations used glightly

<o
different values of 6(16]aﬂﬂ c(lg\(L.AS and 1.90 versus 1l.44

and 1.92) which may be partially responsible for the discrepancy’

/

-

' .between solftions. - - I

As mentioned earlier, the curved mixing layer is a flow where

- . Vi
strain rate and vorticity are not equal. The fact that the RSM and
v . : .
PTASM correctly take this imto account in calculating the normal

-

success. The success of the PTASM is very sprprising because this b

. L}
model 1s based on the assumption that uidj/k is constant along the ’

' -mean streamlineé_(Section 3.3), a condition which is certainly nog

satisfied in this flow. A possible explanation is fhat the strain rate

is high enough for the level of uiuj/k to be independent of initial
. ’ 1 ‘ . ’
conditiong everywhere in the flow (see discussion in Chapter IV).

A comparison of the three models predictions indicates that the
PTASM should be prefefable for application to reci;culating f{ows. Its
predictions are significantly supe-rior t§ those of the k-€ m.odel,
and compargble'with the RSM, however, is considerably more
comglicateqﬁ “

. i
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7.4 - Applications of the k-g Model and PTASM to Fully Elliptic
k F].OW‘ ' :
v : . .
¢ 7.4.1 Previous Work

. _ The RSM, from which the PTASM is derived, has beén applied by Pope

| and Whitelaw (1976) :6 the recirculating flow behind bluff bodies. The
mean streamlines have not pbblisﬁed but such flows usually involve
slignificant curvature. No brobleﬁé caused by the turbhlénce model were
reported in obtaining a solution.

No applicatioﬁs of the general PTASM model are known, but

- ‘\\§implified PTASM and EASM have been applied by Gooray, Watkins and Aung
(1983) and Leschziner and Rodi (1981) respectively to recirculating
* -
flows. In both studies the isotroplc turbulent viscosity of the k- & A
-

.. - model has been replaced by the ratio of the turbulent shear-stress to
the mean shear strain as predicted by the PTASM or EASM. The model for
the shear stress was based on the thin shear flow approximation

(Bradshaw, 1973) along the streamlimes. Such models are useful when

" . k_/ﬂfﬁpg aheaf stress alone is of interest since they cannot estimate the
normal strgsses and Since most recirculating flows are predominantly -
influenced by the shear stress . \

This approach_providea a turbulent viscosity which aepends on the
vorticity and strain of thejpean flow and hence provides a useful =

alternative to the more complicated RSM anQ 3?ASM models. The first .

o study reported no difffculties in obtaining convergence, while the

-

second one reported the prediction of negative turbulent viscosities.
Although negative turbulent viscosities have been observed in .

asymmetric flows (Hanjalic and Launder, 1972) such cases cannot be

predicted by either the PTASM or EASM. Leschziner and Rodi replace

- 188 -
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negative viscosities by a small positive value.

7.4.2 Present Calculations ‘

3

This section applies the PTASM and the IEASM (k-& version) to a
full{ elliptic flow, which exhibits divergence, convergenée and
curvature of the mean Btréamlines,'conditions which are met in héat
exchangers.

Rti flow geometry, shown in Figure 25, represents a simplified two~
dimensional heat exchanger. The cross—section cdorrespondlng roughly to
that in thé éxperimental éet-up of Elphick and Martin (1982).
Unfortunately,‘the experiment had a low aspect ratio, O. 3 1, and lacked‘
gsufficlent two dimensionality for comprison with turbulence eatimates.
The. mean velocity measurements are shown in Figure 22.

. The normal and tangential velocity and k and at the solid walls
were treated in the same manner-ae;ih; top and bottom channel walls in
Chapter V. Within the baffle the mean velocity was set to zero by
gsetting Sp = 1030 {n both momentum equations (see Chapter V).

The mean streanvise velocity at the inlet was set equal to the
experimental value O. 854 ms'l while the mean tangential velo%ity at
the inlet was specified Fo be zero. The inlet conditions of k and
vere 1.32x1072 n?s™2 and 7.66x10~3 m2s~3. The outlet velocity was
also set to 0.854 me~l gince the fnlet and outlet have the same
area. The transverse outlet mean veldcity was to zero. Due to the

parabolic nature of the k and €, equations, these quantities do not have

to be specified at the outlet. The north coefficients a.yy were set to

- 19 -
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*

-
zero as in ‘the turbulent channel flow in Section 5.5.

’ . Using the k-!'model? the éolu;iona_converged within 0.1 of the
current sqlution; after 150 fterations, each of which required 0.%6 s.
The mean velocity fleld is 111us¥rated by a vector plot and the
turbulent kinetic energy by isolines in Figures 26 and 27.
_Using the PTASM, the solution did not converge. A close
invegtigation showed tﬁat, during the iteration procedur;, negative
values of turbulent’ kinetic energy were calculated at some points and

the solution wandered indefinitely. This issue will be discussed

further ia the next section.

7.5 On the Relizability of Turbulence Models : .

. Negative- kinetic energy 1s physically meaningless, and for a modei
to be useful it must not allow such solutions. In practice, solutibns
must be achieved by itérative'procedures and hence it is necessary for
unrealistic values to, be excluded even at intermediate steps for
arbitrary realistic initial levels of turbulent kinetic energy,
turbulent kinetic energy dissipation rate and mean velocity.

Schumann (1977) has formulated the following conditions for the

realizaﬁfli;i'of a turbulence model

TUd

‘3 >/-‘ O gor C -'-';5 (7.19)

— —— ‘/2.
u;u")\ < (b\': bl ) :gof ‘*J (7.11)
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(7;12)

_-/ _—-‘
In addition, all derivatives of u' must be zero when u\ is

1

zero, to avoid negative values of u

'

{ at subsequent times or

poaitiona. Schumann (1977) demonstrates that the exact transport

equation for ujuy sBatisfies these conditions.

+

{7.11) and (7.12) to the RSM,
Schumann (1977).c0nc1ude5 that this model 1s not reaiizable.

Applying the conditions (7.10),

For
example, when u;= 0 and cl U: /a\t s ‘oﬁe gets
- - ' etu\ —_
P‘\ C'f.\) ( Pll Y Pu.,\ ) - CU) \‘\ LUu -5 \4_\ p
) » (7.13)
oD, - 2 € ¥O

This may be seen by expanding the expression in rerms of the mean

\felocity and uguy in 2 dimensions, for simplicity, as

-

-2 (e (7 3,0, v 5, %.U ) -3l 2T

\ 2,0,
P a- « c
\-\—h‘\&\. ora U\ v A, 3%, \_)L + u, ;)‘ U ) C&) i) L“- 3\‘)
2 (L2 k. 2
¥ Covox, Lem S e 5, W) (7.14)
Ch‘a‘ﬁ“ 'G(K\U\\u.; axl u| + —_ \A.\Ut; ;x‘u }
fwy -
2
3 Ewy XO

—

1 3 ——
When uy= 0, it follows from condition (7.10) that ujus=0; in

Ap—

2
addition there is the requirement that all derivatives of u) must be



zero. These constraints reduce equation (7.14) to

(o

__%C(qu.: %‘LU'; + DI\ *O

-

(7.15)

which is net necessarily zero for arbitrary values of‘uid

3

and & U‘/Q'XJ' .
This finding is relevant because the PTASM was derived from the RSM

using the realizable comstraint
Qg ' ' '
d — Uiy % L\ ‘
= Wiu: = .
4t J k L . (7.16)

Any non-realizability of the PTASM may be traced to the

-

non-realizability of the RSM. To examine the conditions under which

the PTASM may be non-realizable the recirculating flow of Figure 22

will be separated into two regions.

(1) The converging and diverging flow regions, where

-2 _ < IxY . _
(9*- U ):(B;m te) b (’*‘1 U‘)L'%»nhoﬂ - °

)

(7.17)

t'%m.t‘} o (GnU) --b

4 :I?(" 1 'L-Lo! ] -

(11) The general shear flows, where

2 5 207 -
(Px‘-U'\(%‘u\;tu\\ﬂo . (;?‘-1U|)(§:.,,tm) "

4 - . 2 - _ . (7.18)
Ls‘hux )(i’u;.*:m\ = kg*‘o”)(—{mim] ©
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As a further simplification, it will be assumed that the mean velocity

gradients are correct throughout the flow and not just at the point

(i;,-q&). The corresponding equations for.the mean veloclty are
(i) Ut“ b%| 3 U;‘—bY'l

(7.19)
) Oy e mya Ui~ nx, (7.20)
¥

The mean streamlines for these flows are

X, ){‘_ = constent

. ’ {(7.21)
X-tl ‘Iﬁt ¥ J‘, -
1 : ’
— ' — m CONST e - (7-22)
%) (3 .

The solutions of these equations is 1llustrated in Figure 28.

The corresponding expressions for the PTASM are as follows

—(_3(1-%1\E vt =l ) b o+ g €

[ 8 L —_—
Sy = — -
p——— —. — u" -— u - &
3 (s )b+ Can-y) R (7.23)  °
A =0 o 72
Y W o-Ur ) b o taen)E

~ st ul + cald - [b s M a.25

. 2. p—

[
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" FIGURE 28: Mean Streamlines for Converging and
Shear Flows

- 197 -



Equations (7.22) and (7.24) are boéh quadratic with bilinear and linear

terms. When a is largé and hence (c(z)‘l)éuqis negligible, equations

(7.22) and (7.25) become ' -
L]

T = - =

ur o | 2U0-G Wy fenl -t Y | (7.26)

k, ur ~ul :

W 2 timce) W v 2, (GF —ur

— - rA g C-O)\ > 3 aFX) \ bt \ (7.27)

k. we —uy

— o g

Inspection oé thegse equations shows that ui mugt-equal u; since
exchanging ;Erto :g;and vice-versa in one equation results -in the
other equation. Then equation (3.26) reduces to
¢ 21— C€y)up =0 | (7.28)
which is realizab;e- However, equations:(7.26) and (7.27) cannot be
. . - . . . .
golved by an iterative procedure hecaﬁﬁé“they are ldentical and this
will cause the sclution to wander indefinitely. The implication forr

equations (7.23) and (7.25) is that as “b" increases, they approach

equations (7.26) and (7.27) and the solution becomes more difficult to

find. .
For the second flow, whose velocity is described by equations

(7.18),

Y N I (e-Ay)m + Cmnlg.u,. r (e V) €y _

wo= 3 ) (7.29)

k T (W'\‘t n] G.us - ¥ (._Cb\"\\ e(‘..) >

{
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(m;)‘- + [._' (%\-I\E‘“‘ /(M"“) - E <y k] il ¥ 'E-("‘q\\’)

oy .. (7.30)
k (WrmaGFn) v b Ca-iyh ey ] /many = 0
'II:;" : ~LO-2q)n v m]w + (C-1) €cmy
r > - (Wman) &d + (Ca-t) € (v) (7.31)

-
—

Equations (7.28) and (7.30) poceas.negative wvalues for ut and .:1-;-
when (nr_l-n)('t-l—]_Tl.z) is of roughly the same magnitude as (c(3) 1) Qe
since the numerator and denominator may have opposite signs. When'm
and n are large and hence (C(Zfl ) is negligibib, equations (7.29)

and (7.31) reduce to

T 2 (e-Hanmin) + oy

Ay =
T:. 3 m/n ¢ | (7.32)
and
NG 2 (3-2¢n) ¢+ Com/n
b PR /v b\ (7.33)
= 7o .31).
ke 3

" which are independent of uju;. With the commonly used value Gp =

0.6, equations (7.32) and (7.33) become

;a" m/n + 01667 :
. -\
and { L3
s L2 M/n + 3 1 .
m /A
ke + (7.35)
< Y
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If -1 { (u/n) < -0.1667, then “ll 1s negative. When -3 (m/n) < -1,

S—

L
up 1s negative. Such conditions are inevitable during the solution
L 4

of a recirculating flow.
It 1is interesting to note that, ;f (m/n)(ﬁ( -1 then equations
(7.32) and (7.33) give realizable results. This condition is satlsfied
by plane shear flows such as the oﬁes in Chapters IV and V. The above
examples of recirculating flows demonstrate that the PTASM may not
vield realizable results. .In the general case, when all gradient
components may be nonzero, the chgnpe for non-realizable golutions is
likely to increase.

4

7.6 Numerical Diffusion

Ih recirculgting flows, the mean streamlines are inevitably
misaligned with the couwputational-grid lines. 1In sﬁch flows 1t 18 well
knoﬁn that the hybrid differencing schemé outlined in Chapter V leads
to conaidérable error in the calculation df field variable? (for
example see Patankar,1980) because the convected quantity at a point is
not based on the true upstream value but ;ather on an average of the

,ngigdzouring points which are Lpstream and along the computational grtd
lines. Thig errer Is proportio;al to the gradients of the field
’variabie and it is often régardgd as artificlal or numerical diffusion.

In the spirit of this analogy, & numerical viscosity for this type of

"error has been estimated by de Vahl Davis and Mallinsen (1976) as

lU;,lAY., A‘A._ s 24 : ey
"'f(A%a. S'W'\!‘( -{AK‘ cos®<l )

v(n\ =
where o 1s the angle between the mean streamline and either
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coﬁputational_grid line. It can be seen from equation (7.36) that,

wheneol = 0 ag in a plane ahear flow, y(n’is zero, whilev(m ia

maximum when 4 = 45“

The purpose of turbulence modelling in the recirculating regions
18 to predict the level of cross streamline transport of flow
v riables. Even 1if the turbulence parameters could be accurately
calculated, their effect om the mean field would be overpowered by this

rs

numerical errvor.. The Falculation of the turbulent'parameters is also
affected by the numerical diffusion indirectly because the latter
results ia reduced values of the mean velocity gradients.

The ratio\fi\?(m/v&\ (V(t) is the eddy viscosity) has been
calcdigted using tgéjk-e coﬁputations shown in Figures 26 aﬁd 27. As
shown 1n Figure ggiivtd\}ﬂ&"often exceeds 2.0. Equatiop {(7.36)
shows that if one wishes to reéuce *his ratio to , say, 0.1 one would
have to reduce both Ax,and .Ag‘ by a factor of 20, for the ubwind
8chcme, which ‘would increase the numser of points in this region by a
factor of 400; in such cases, the 2n .~order accur:te central difference
sche;e would have been more practica.. Hence, grid-independent
solutiona can only be obtained if diffusion is not a very important
means of transport and a turbulence model 18 unnecessary. This
difficulty has been réhlized by Leshiezer-and Rodi (198l), Gooray,
Watkins and Aung (1983), and Thompson and Wiik;‘(l98§), who have tesgted

u
higher order differencing schemes in recirculating flows, which.are
free of numerical diffusion. Such schemes include the Quick scheme of
Leonard'(1977) and the Skew Upwind Scheme of Raithby - (1976)

Leshiezer and Rodi (1981) have reported signiflcant improvement in

7
the solutions &f recirculating flows with the use of the higher order

~
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e
'differencing schemes. Surprisingly éhey also reported that a curvature
modification for the k-€ model reduced the accuracy of the calculations

- based on the upwind sgheme while improving those based on the higher
order schemes. -
?.7 Discussion
| The inability of the PTASM to provide solutions in'genergl'rqcir-
culating flows is disappointing because its aﬁplication to the curved
miiing layer of Castro and Br;dshaw {(1976) showed great potential. In
contrast, it was found that in plane shear flow the non-realizability
of }he P}ASM modei dié not present a problem and solutions were
gchieﬁed. -

From the point of view of a streamline coordinate system, many
flows are shear f&oﬁa. It is possible, however,nthat when expressed 1in
intrinsic curvilipear coordinates, the fTASM is also realizable, as in
a plane shéar Flow. ‘'For instance, éonsider Rodi's (1983),simplified
equations for :;, uv and ;;_

- 2 l:\___(\-Cm\Rn %_ ¢ U Y"
'/‘ Tﬁp: 3 3 Rn*ﬁﬁﬁ"\emx‘— U Vi (7.37)
"I g = 2F _T\D
W - ""5‘\3 ('\:"1\_ (7.38)
k o ?(p\v(th"r\\(:!n k ‘ Al
e .
. . - 203 -



—

VolzizgeewBe [Ba0: S0/e
k Py (e - 1) gy, 2 00/

(7.39)

-

wh;are P(h'- -uv(-’aht\-_al\" ),‘:fl. and u are the mean and.fluctuating
velocities tanéent to ;he streamlines, v is the fluctuating velocity
normal to the streamlines, r i1s the local radius of curvature, and n is
the coordinate normal to the streamiines. Equation (7.37) is iz
non—reaiizable for sufficiéntly large values of (U/r /RU/an), ﬁut the
fiow in which it was used lacked the proper conditions.to expose this
fault. Thus it seems surprising and encouraging that Goora& et al
(1983), who also used equations (7.37), (7.38), (7.39) in their
investigation of a béckward facing step flow did not encounter this
. problem. Although this simplified PTASM neglects the effect'of
'stréamline divergence and gives improper predictions for.the normal
stresses, ;ta prédictians for the shear stfess i? betterrthan the
standard k-€ model, and therefore 1t deserves further tests in other
recirculatiné flows. A possible solution éo this problem appears to bé
the modification of the RSM and PTASH so that they are realizable; A
related techmnique, Buggegﬁgﬁ by Schumaan (1977), is to isolate the
terms responsible for the non-realizable behaviour gnd multiply them by
a factor which 1s unity when the term 1s realizable and’zero when it is
not. This would in fact introduce a new model which would require new
. *
constants.and verification; furthermoge, such modifications would be

entirely formalistic and cannot be justlified by physical arguﬁents.

.
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7.8 .! Closére

If the turbulence structure of a recirculating flow is.an'
%ggortﬁnt factor in* the mean flow, theﬁ the use of a higher order
differencing schgme which avoids numerical diffusion errors is
necessary since the use of the hybrid scheme will eas{;y mask the
effects of improved turbulence models.

There is evidence (Rodi, 1981), that the simpliféd EASM with
enforced realizability is capable of better predictiodns of some
‘recirculating flows than the k- € model. The current method for
..énforciné\thiq realizability is to replace the non-realizable values
with arbitrary reali;able ones- The simpligied PTASM of Rodl and
Scheuerer (1983) pocesses similar non-realizability, but its occurrence
has not been reported. This alterhative.should be investigated
further. :

The full PTASM model shows.potehtial for recirculating flows with
convergence, divergence and shear, provlded'that-if 15 modified to
become ;;aliiable. This would require a ;e—modelliné of several terms

in the Reynolds stress tranéport equation.
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CHAPTER VIII
SUMMARY AND CONCLUSIONS

In fully developed uﬁiformly sﬂéared turbulence, the ratio
of Reynolds shear-stress to turbulent kinetic energy becomes
constant and all the turbulence models studied can be made to work by
adjusting the appropriate constants. However; in the developing
regions of such‘flows; none of the tested models is adequate
because they can not account for the initial conditions of the
shear stress., Intheat excﬁangerq, regions which have approximately
plane uniform shear are unlikely to be extensive and, unless the
strain rate is exceedingly high, the initial,conditions will be
important. Hence, none of these models is likely to be applicable
to this type of flow.

The channel flow has, a considerable variation of strain rate,
which'gmphasizes the differences between the stress-strain réte l
relationships of the k:e model and PTASM. Comparison between
predictions of these models indicates that the PTASM gives a more

.
accurate relationship between shear-stress and strain rate.

The channel investigation offered an opportunity to evaluate the

models’ ability to account for the wall'seffect on the turbulence. The |
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channel wall influences the normal components of Reynolds stress
in the entire channel, although the shear stress is influenced
subscantidlly only within a distance from the wall equal to one
aixth of the cﬁannel height. 1In practical computations of heat
exchangér flows, the wall function method will very likely be‘
sufficlently accurate for mast the tube;free region and hence the"
use of a near-wall correction is procably not necessary.

Analysis of the tubeffillcd channel has demonstrated that the
production of turbulent kinetic energy in a tube filled region must
account for the local velocity gradients around the tubes. This
additicn;i production is well accounted fcr by the volume'averaged
velocity times the volume averaged pressure gradient. The turbulence
level in this region will abproacﬁ an asymptoptic level and hence a
constant volume average dissipation length scale must be used foc the
predictions..

The analysis of recirculating flow has demonstrated that a
curvature~dependent version of the PTASM 1s necessary for the accurate
prediction of Reynolds shear-stress in flows with streémlinc curvature.
It has also been shown that Eﬁe model does not provide realistic
soiutions under more comﬁ?icated conditions such as in a fully elliptic
heat exchanger flow. Currently, the best developed turbulence model
for application to the open regions is the k-e model, although its
predictions must be taken qualitatively and used in combinafion with
the standard wall function technique for the near wall regions.

The turbulence model is not the only factor contributing to the

inaccuracy of the analysis. 1In fact, careful testing of turbulence

modelling should - be done after the problems of numerical
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.diffusion, proper dimensionality of the calculation proccdure; and
pressure'and heat transfer correiations for the tube bundle have been~

N

adequately'addressed..The séé%nd problem genefﬁtes particular concern.
, .

Typical heat-éxcha?gers‘have exceedingly complicated boundaries
including several expansions and éintractions. Because vorticity

can be generated and reoriented by the fluid strain, it is very
unlikely that the flow in such geometriescould be treated as one - or
two—-dimensional. Nevertheless, twq-dimensional calculations mighi

be attractive, since they are much more cconomic than three-dimensional

one. In three-dimensional flows, a considerable amount of turbulence

‘ ] s

production will be taking place in'planes other than the one in which
lcalcuiations are béing performed. Even a perfect model of turbulence
cannot ﬁrovide accurate answers without accurate specification of the
turbulence preduction.

For quantitative p?edictions cf the mean velocity and tenperature,
accurate description of turbulence is important, even for simple,
"classical" flows such as free and wall jets, wakes and expansions.

The flow in a hgat exchanger 1s a combination of such simpler flows ,
and hence the aé;uracy of the total calculation must be dependent on
the turbulence characteristics. However, when "sensitivo" regions

do not exist, turbulence effects may be unimportant.
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//’ CHAPTER IX

 RECOMMENDATIONS FOR FURTHER WORK

An experiment ation of the volume average turbulent kinetic
energy and integral length scale for different tube arrays is necesgsary
to complete the k-¢ turbule;ce model for porous @e@ia. Measurements-
of cross stream diffusion are’also necessary to evaluate the coeffin

clents of diffusion for this model.

To allow proper vélidation of a turbulence model for recirculating

1

flow, measurements of turbulent kinetic ehergy and turbulent shear

stress must be obtained in geometriéb\yhich have a sufficient aspect
' N

ratio to be considered as two—dimensionafn\*ghrrently the best candidate

turbulence model for a recirculating floﬁ is the simplified PTASM of

Gooray, Watkins and Aung (1983) and its performance should be

- e ——

—

investigated further.

There is evidence to indicate that the mean velocity profiles of

o

many confined flows of engineering importance are not strongly dependent'
on the tubulent shear—stress (Boyle and Culay, 1983). In forced convec
tion heat exchangers, heat transfer is usually calculated on the basis

of the mean velocity distrib ution so knowledge of the effect of turbu N

lence on heat transport is necessary. The identification of which types

of flaws are insensitive to turbulent shear-stress should be made.
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