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In memory of my mother



Abstract

Interest in the free vibration frequencies and associated mode shapes of rectangular
plates resting on internal point supports has arisen in connection with the design of

electronic circuit boards, solar panels and other industrial problems.

An analytical solution is presented for the free vibration analysis of rectangular plates
with multiple internal point supports. The solution is also shown to be easily modified
to account for the effects of attached masses. The basic solution for each case consists of
the Lévy type solution for a plate with one discrete point support. N similar solutions
for N discrete point supports are then superimposed to create an eigenvalue matrix from
which the plate’s natural frequencies and associated mode shapes can be determined.
Due to the nature of the Lévy type solution, only plates with two opposite edges simply
supported are considered. The remaining edges are either simply supported, clamped

or free. There are therefore six possible combinations of plate boundary conditions.

The objective of this thesis is to give a concise and clear description of the mathe-
matical procedure employed and to present the results of some representative frequency

and mode shape studies.



Acknowledgements

First and foremost I would like to express my deep appreciation to Dr. D.J. Gorman

for his guidance and supervision which has made this thesis possible.

A sincere thanks to the staff of the Department of Mechanical Engineering, in particular

Mr. Don Seaman and Ms. Solange Amyot, for their effort and help that was provided

when needed.

I am indebted to my many colieagues and friends at the University of Ottawa, especially
Mr. Etienne Bernard, Mr. Mike Tenace, Mr. Luc Mernard, Mr. Rudy Tolkamp and Mr.

Amor Jnifene, for their various contributions to this work.

A special thanks to my fiancée, Kelly Grimes, for her kind words of encouragement and

moral support.

Last but not least I would like to express my sincerest gratitude to my father, Mr. Lars

(")hman, for his invaluable assistance and advice throughout the course of this work.

ii



Contents

Abstract
Acknowledgements
Table of Contents
List of Figures

List of Tables
Nomenclature

1 Introduction

1.1 The Governing Differential Equation . . . ... ... ...........
1.2 (Classical Boundary Conditions . . . ... .................
1.2.1 Simply SupportedEdge . . .. ... ... .. ... ........
1.22 Clamped Edge ... ... . .. ottt iie i
123 FreeEdge . . .. ... . o e e
1.3 Concentrated Force . . . . . . . . . . i i i e

1.4 The Lévy Type Solution

---------------------------

il

ii

iii

vi

xii

)



CONTENTS

2 Literature Review

2.1 Experimental

.................................

2.2 Finite Element Method

...........................

2.3 The Energy Method

-----------------------------

2.4  Analytical Solution

------------------------------

The Modified Lévy Solution

3.1 The Simply Supported Plate with an Internal Point Support

......

3.2 The Solution for the Plate Segment with a Clamped Edge

3.3 The Solution for a Plate Segment with a Free Edge

............

3.4 The Six Case Studies

.............................

Multiple Point Support Problems

4.1 Multiple Internal Point Supports

......................

4.2 The ‘Rigid’ Point Support

..........................

4.3 Matrix Modification for Attached Mass

..................

Presentation of Results

3.1 Multiple Internal Point Supports

......................

5.1.1 Comparison of Results

........................

5.1.2 Eigenvalue Curves . ... ... .. .. .. ...

5.1.3 Associated Mode Shapes

.......................

5.2 Effects of Attached Masses . .. ... ... ... ... ..........
521 EigenvalueCurves . ... ... ... ... ...,
5.2.2 Associated Mode Shapes. . . ... ... .. ... ... ... ...

v

e

11
11

13

17
17
23

25

30
30
34

36

38
38
41

44



CONTENTS v

6 Discussion of Results 72
0.1 Computed Eigenvalues . . . . . ... ... ... ... ... ... .. .. 72
6.2 Eigenvalue Curves . . . . . .. . .. ... e 74
6.3 Associated Mode Shapes . . . . . ... .. ... ... ... . . ... 76

7 Conclusions 77

References 79

Appendices 83

A Equations Resulting from Continuity 83
Al Case l, 8888 . . . i i e e e e e 84
A2 Case 2,855C « v vttt 85
A3 Case 3, 8CSC . . . . L e e e e e e 86
Ad Cased, SSSF . . . . i e e e e 87
AD Case 5, SESF . . . . . e e e e e e e e e e 88
AL Case B, SCSF . . . . . . i e e e e e e e 89

B Computed Eigenvalues 90
B.1 Multiple Internal Point Supports . . . .. ... ... ... ... ..., 91
B.2 Effectsof Attached Masses . . .. .. .. .. ... ... .. ....... 100

C Illustrative Convergence Test 103

D Computer Program used in Plate Vibration Analysis 105



List of Figures

1.1

3.1

3.3

3.4

4.2

4.3

4.4

Rectangular plate with conventional and dimensionless coordinate system.

Schematic representation of the Dirac Delta Function modeling a dis-

crete point support along a plate’s edge. Point support is at 0.6 units

(dimensionless), k =32. . . . . . .. . ... .. e

Rectangular plate with simply supported edges and an internal lateral

point support.

--------------------------------

Rectangular plate segment with two edges simply supported and a third
edgeclamped.. . . . . ... L e

Rectangular plate segment with two edges simply supported and a third
edgefree. . .. . . ... e

Six possible combinations of rectangular plates with two opposite edges

simply supported and the other two simply supported, clamped or free.

Rectangular plate with four discrete point supports. . . ... ... ...

Four individual point supported plate solutions superimposed to establish

the solution for a plate with four internal point supports. . .. ... ..
Schematic representation of 4 x 4 eigenvalue matrix. . .. ... .. ...

Matrix detcrminant vs. 2. Eigenvalue established at A* = 37.65 (see
Appendix B, table B.l,mode l,u=v=02). . . . ............

vi

()

-

17

o]
]

24

30

31



LIST OF FIGURES

4.5

4.6

9.1

8.7

5.8

5.9

5.10
5.11
5.12
5.13
5.14
5.15
5.16
5.17
5.18
5.19

5.20

Rectangular plate with 4 rigid point supports modelled by 16 discrete

POINL SUPPOIES. « & v v v v v v v v v v e e e

Rectangular plate with local mass M attached. . .. ..

---------

.........

Rectangular plate with four point supports and various boundary condi-

tions. Point supports represented by solid dots {discrete
Eigenvalue curves, Case 1, SSSS (¢ = 1.0. support type:
Eigenvalue curves, Case 1, SSSS (¢ = 1.0, support type:
Eigenvalue curves, Case 1, SSSS (¢ = 1.5, support type:

Eigenvalue curves, Case 1, SSSS (¢ = 1.5, support type:

Eigei.value curves, Case 2, SSSC (¢ = 1.0, support type:
Eigenvalue curves, Case 2, SSSC (¢ = 1.0. support type:
Eigenvalue curves, Case 2, SS5C (¢ = 1.5, support type:
Eigenvalue curves, Case 2, SSSC (¢ = 1.5, support type:
Eigenvalue curves, Case 3, SCSC (¢ = 1.0, support type:
Eigenvalue curves, Case 3, SCSC (¢ = 1.0, support type:
Eigenvalue curves, Case 3, SCSC (¢ = 1.5, support type:

Eigenvalue curves, Case 3, SCSC (¢ = 1.5, support type:

Eigenvalue curves, Case 4, SSSF (¢ = 1.0, support type:
Eigenvalue curves, Case 4, SSSF (¢ = 1.0, support type:
Eigenvalue curves, Case 4, SSS¥ (¢ = 1.5, support type:

Eigenvalue curves, Case 4, SSSF (¢ = 1.5, support type:

Eigenvalue curves, Case 5, SFSF (¢ = 1.0, support type:
Eigenvalue curves, Case 5, SFSF (¢ = 1.0, support type:

Eigenvalue curves, Case 5, SFSF (c_b = 1.5, support type:

and rigid). . . .
discrete).
rigid). .....
discrete).
rigid). .. ...

discrete). . . .

discrete).
rigid). . .. ..

discrete). . .

discrete). . .

vii

45
45
46
46
47

43
48
49
49
50
50
ol
ol



LIST OF FIGURES

5.30

5.33

5.34

5.35

Eigenvalue curves, Case 5, SFSF (¢ = 1.5, support type: rigid)

......

Eigenvalue curves, Case 6, SCSF (¢ = 1.0, support type: discrete). . . .

Eigenvalue curves, Case 6, SCSF (¢ = 1.0, support type: rigid)

------

Eigenvalue curves, Case 6, SCSF (¢ = 1.5, support type: discrete). . . .

Eigenvalue curves, Case 6, SCSF (¢ = 1.5, support type: rigid). . . . . .
First four associated mode shapes for Case 1, SSSS (v = v = 0.2, ¢ = 1.5,

support type: discrete).

---------------------------

First four associated mode shapes for Case 1, SSSS (u = v = 0.2, ¢ = 1.5,

support type: rigid). . . . ... L e

First four associated mode shapes for Case 2, SSSC (u = v = 0.25,

¢ = 1.5, support type: discrete).

----------------------

First four associated mode shapes for Case 2, SSSC (u = v = 0.25,

¢ =1.5,support type: rigid). . .. ... ... o,

First four associated mode shapes for Case 3, SCSC (v = v = 0.1, ¢ = 1.5,
support type: discrete).

...........................

First four associated mode shapes for Case 3, SCSC(u = v = 0.1, ¢ = 1.5,
support type: rigid). . . . ... Lo e

First four associated mode shapes for Case 4, SSSF (v = v = 0.3, ¢ = 1.5,
support type: discrete).

...........................

First four associated mode shapes for Case 4, SSSF (v = v = 0.3, ¢ = 1.5,
support type: rigid). . . . . . . ... . e

First four associated mode shapes for Case 5, SFSF (u = v = 0.03,

¢ = 1.5, support type: discrete). . .. ... ... ... ...

First four associated mode shapes for Case 5, SFSF (v = v = 0.05,
¢=1.5,support type: rigid). . .. ... .. ... ... o

56

58

59

60

61

64



LIST OF FIGURES ix

5.36 First four associated mode shapes for Case 6, SCSF (u =v = 04, ¢ = 1.5,
support type: discrete). . . . . ... L e e e e 65

5.37 First four associated mode shapes for Case 6, SCSF (u = v = 0.4, ¢ = 1.5,
support type: Tigid). . . . L L L L e e e e e e 66

5.38 Rectangular plate with attached mass and internal point support loca-

tions. Attached masses represented by X. . . ... ... ... ... ... 67
5.39 Fundamental eigenvalue curve, single attached mass, (u =v=10.2). . . . 68
5.40 Fundamental eigenvalue curves, varying mass location, (v = v = 0.25). . 68

5.41 Fundamental mode shapes for varying mass ratio. M, at u = v = 0.5
(solid arrow), four point supports at u = v = 0.15 (solid dots), ¢ = 1.5. 69

5.42 Fundamental mode shapes for two varying mass locations on line u = 0.5
and » = 0.1,0.9 0.2,0.8 0.3,0.7 0.4,0.6 (solid arrow). Four point supports
atu=v=025(soliddots). ¢=1.5........... ... ... ..... 70



List of Tables

5.1

9.3

3.4

9.6

B.1
B.2
B.3
B4
B.5

Comparison of first three computed eigenvalues A%, Case 1, SSSS, from

present analysis and Bapat's( ) for plate with one discrete point support

Comparison of first three computed eigenvalues A?, Case 1, SSSS, from

present analysis and Bapat’s( ) for plate with two discrete point supports.

Comparison of first three computed eigenvalues A%, Case 3, SCSC, from

present analysis and Bapat's( ) for plate with one discrete point support.

Comparison of first three computed eigenvalues A%, Case 3, SCSC, from

present analysis and Bapat’s( ) for plate with two discrete point sup-

ports. * Eigenvalues aresuspect. . . . . ... ... .. . 00

Comparison of first three computed eigenvalues A%, Case 5, SFSF, from

present analysis and Bapat’s( ) for plate with one discrete point support.

Comparison of first three computed eigenvalues A%, Case 5, SFSF, from
present analysis and Bapat’s( ) for plate with two discrete point sup-

ports. * Eigenvalues aresuspect. . . . . ... ... ..... ... ...

Computed Eigenvalues A%, Case 1, SSSS (¢ = 1.0, support type: discrete).

Computed Eigenvalues A2, Case 1, SSSS (¢ = 1.0, support type: rigid). .

Computed Eigenvalues A2, Case 1, SSSS (¢ = 1.5, support type: discrete).

Computed Eigenvalues A\?, Case 1, SSSS (¢ = 1.5, support type: rigid). .

Computed Eigenvalues A2, Case 2, SSSC (¢ = 1.0, support type: discrete).

. 41

41

43



LIST OF TABLES xi

B.6 Computed Eigenvalues A%, Case 2, SSSC (¢ = 1.0, support type: rigid). 93
B.7 Computed Eigenvalues A%, Case 2, SSSC (¢ = 1.5, support type: discrete). 94
B.8 Computed Eigenvalues A?, Case 2, SSSC (¢ = 1.5, support type: rigid). 94
B.9 Computed Eigenvalues A?, Case 3, SCSC (¢ = 1.0, support type: discrete). 94
B.10 Computed Eigenvalues A?, Case 3, SCSC (¢ = 1.0, support type: rigid). 95
B.11 Computed Eigenvalues A?, Case 3, SCSC (¢ = 1.5, support type: discrete). 95
B.12 Computed Eigenvalues A?, Case 3, SCSC (¢ = 1.5, support type: rigid). 95
B.13 Computed Eigenvalues A\?, Case 4, SSSF (¢ = 1.0, support type: discrete). 96
B.14 Computed Eigenvalues A?, Case 4, SSSF (¢ = 1.0, support type: rigid). 96
B.15 Computed Eigenvalues A?, Case 4, SSSF (¢ = 1.5, support type: discrete). 96
B.16 Computed Eigenvalues A%, Case 4, SSSF (¢ = 1.5, support type: rigid). 97
B.17 Computed eigenvalues A%, Case 5, SFSF (¢ = 1.0, support type: discrete). 97
B.18 Computed eigenvalues A%, Case 5, SFSF (¢ = 1.0, support type: rigid). . 97
B.19 Computed eigenvalues A?, Case 5, SFSF (¢ = 1.5, support type: discrete). 98
B.20 Computed eigenvalues A?, Case 5, SFSF (¢ = 1.5, support type: rigid). . 98
B.21 Computed eigenvalues A\?, Case 6, SCSF (¢ = 1.0, support type: discrete). 98
B.22 Computed eigenvalues A2, Case 6, SCSF (¢ = 1.0, support type: rigid).. 99
B.23 Computed eigenvalues A?, Case 6, SCSF (¢ = 1.5, support type: discrete). 99
B.24 Computed eigenvalues A?, Case 6, SCSF (¢ = 1.5, support type: rigid).. 99
B.25 Computed eigenvalues A?, varying mass ratios (¢ =1.0). . . . ... ... 101
B.26 Computed eigenvalues A?, varying mass ratios (¢ =1.5). . .. ... ... 101
B.27 Computed eigenvalues A%, varying mass locations (M, = 0.4, ¢ = 1.0). . 102

B.28 Computed eigenvalues A?, varying mass locations (M, = 0.4, ¢ = 1.5). . 102



Nomenclature

= oo~ U - a

plate lateral dimension

plate lateral dimension

= Eh%/{12(1 — v?)}, plate flexural rigidity

Young’s modulus of the plate material

plate vibration frequency (hertz)

plate thickness

number of terms in series solution

upper limit for number of terms in summation series
summation parameter in series solution

attached local mass

ratio of attached mass to mass of plate

harmonic concentrated driving force

= —2Pb/Da®, dimensionless concentrated driving force
lateral loading on the plate surface

time (seconds) .

maximum kinetic energy

maximum strain energy

dimensionless coordinate of driving force

=l—-u

dimensionless coordinate of driving force

=1—-v

xii



NOMENCLATURE

I'V(E! 7])
I,y
/\2

p
w
¢

<

n

Bm
Tm

T

amplitude of plate lateral displacement

plate spatial coordinates

= wa? \/p/_D, plate eigenvalue

mass of plate per unit area

circular frequency of vibration (radians/second)
= b/a, plate aspect ratio

Poisson’s ratio for the plate material

=2—-v

net displacement of plate at driven point location
= z/a, dimensionless plate spatial coordinate

= y/b, dimensionless plate spatial coordinate
plate solution parameter defined in text

plate solution parameter defined in text

plate solution parameter defined in text

plate solution parameter defined in text

Xin



Chapter 1
Introduction

The free vibration analysis of thin rectangular plates with various edge conditions and
resting on internal point supports has gained considerable attention over the recent
years, most notably in connection with prolonging the fatigue life of electronic circuit
boards and the delicate components mounted on them [1},[2]. The electronic circuit
board is being continually employed in new and increasingly demanding environments
(i.e. aerospace, marine, automotive, etc.) where the board and the mounted components
can be exposed to greater mechanical and thermal stresses. Designing the circuit board
to only withstand the static stress may prove to be inadequate. The designer must
now be concerned with the possibility that large cyclic displacements and stresses could
be induced by periodic or random time varying forces acting on the board’s supports.
He/She must therefore insure, if possible, that the board’s natural frequencies are out
of the range of the frequencies where harmonic excitation is anticipated. By considering
these factors during the design process , the fatigue life of the board and the mounted
components can be lengthened. Failure to do this can result in highly undesirable

vibrations of the electronic components and may severely shorten their working life.

Rectangular plates with a specified set of boundary conditions (i.e. clamped, simply
supported or free edge) will exhibit large amplitude displacements at certain discrete

frequencies which are defined as the natural frequencies of the plate. Each natural fre-
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quency has an associated mode shape; the displacement shape the plate exhibits during
vibration at a specific natural frequency. Modifying the plate’s boundary conditions
and/or support positions will alter these frequencies and the associated mode shapes.
By pre-determining the plates natural frequencies the designer can position the sup-
ports and attached masses to insure that the plates natural frequency is out of range
of the driving frequency. The optimal positioning of the electronic components can
also be determined by use of the mode shape data. The components should be mounted
where the plate experiences minimum displacement during vibration. If the components
are located where the plate undergoes high displacement, they will also experience high

acceleration thus increasing the dynamic stress on the electronic board and components.

1.1 The Governing Differential Equation

The rectangular plates discussed in this report are assumed to be thin plates with small

deflection and the following assumptions [3):

e There is no deformation in the mid-plane of the plate. This plane remains neutral

during bending,.

¢ Points of the plate lying initially on a normal-to-the-mid-plane of the plate remain

on the normal-to-the-mid-plane after bending.

¢ The normal stresses in the direction transverse to the plate can be disregarded.

The differential equation governing the pure bending of plates subjected to lateral
static loading can be obtained from numerous books dealing with the theory of plates.
It’s development is presented in detail by Timoshenko [3] and the final equation is

written here for convenience.

FW(z,y) + G Wiz, y)  8'W(zy) _ 4=,y) (1.1)
dat © 9xz29y? Ay! D '
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y. 1

Figure 1.1: Rectangular plate with conventional and dimensionless coordinate system.

where g(z,y) is the applied static load.

In the free vibration analysis of rectangular plates, the static load acting on a differ-

ential element is replaced by an inertia force pdAa;g’ due to the oscillatory motion of

the plate and this inertia force opposes acceleration of the plate. The full development

of the free vibration equation is presented in detail by Gorman [4]. The final form in

the z, y - coordinate frame is given here.

a-*vgg,y) + 2346‘:’2(535’) + a"tgg, v _ “’;” W(z,y) =0 (1.2)

Gorman emphasizes the importance of Eq.(1.2), as it governs the free vibration of
all thin plates undergoing small amplitude vibration. To further simplify the analysis
the dimensionless space variables £ and 7 are introduced, where § = z/a, 7 = y/b and

a and b are the plate dimensions, as shown in Fig.(1.1).

With further development the fully dimensionless governing differential equation is

given as {4]
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aV(E, ) W&, n) W& n)
' on?og? o¢t

where A? = wa?/p/D is defined as the eigenvalue and ¢ = b/a is the plate aspect ratio.

+2¢° +¢* — N W(&n) =0 (1.3)

It is the solution to Eq.(1.3) that is desired for a particular set of boundary con-
ditions. The solution process consists of determining the eigenvalue A* (dimensionless
frequency ), from which a specific plate’s natural frequency w (rad/ s) can be found. Hav-
ing determined the eigenvalue, the associated displacement W(é,n) can be calculated
as a function £ and 5. By calculating the displacements for an evenly distributed set of
coordinates {a grid) on the plates surface the mode shape for a particular eigern.rzalut&'4)\2 '

can then be plotted.

1.2 Classical Boundary Conditions

Before proceeding further to obtain solutions for Eq.(1.3} for various case studies, a full
description of the classical boundary conditions is given here for convenient reference.
A detailed description of the development of the boundary conditions in dimensionless

coordinates is found in Ref.[4].

1.2.1 Simply Supported Edge

(W(‘f’ ’7)){:1 =0
(32W(E:ﬂ)) = 0 (1.4)
&=l

a¢?

Eq.(1.4) states that along the simply supported edge £ = 1, all lateral displacements

and all bending moments must be equal to zero.
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1.2.2 Clamped Edge

(W(,m)ezy = 0
W (£, n) _ .
( o )€=1 = 0 (1.5)

Eq.{1.5) states that along the clamped edge £ = 1 there must be zero lateral dis-

placement and zero slope normal to the boundary.

1.2.3 Free Edge

The boundary conditions for the completely free edge are of a more complicated na-
ture than those for the simply supported or clamped edge. A detailed description of
the theoretical development of the boundary conditions for the free edge is given by

Timoshenko [3]. In terms of dimensionless coordinates according to Ref.{4] for the free

edge
edge { =1
32W(€,n)+13’W(€,n)) ~ 0
362 ¢2 6772 £=1
FW(t,n) v BPW(E,n) _
( 568 T gt oean? ')5 o0 o)
edgen=1
W (£,1) 29 W(£,m)
( B +vé ae? )ﬂ_] =0
aSW(f,TI) - 233W(€afl) —_
( 3173 +V¢ 3’7352 )n:l =9 (17)

The first boundary condition of Eqs. (1.6) and (1.7) states that the bending moments
along the edges equal zero. The second boundary condition states that the vertical edge

reaction along the edges are zero.
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1.3 Concentrated Force

In the analysis of rectangular plates (dynamic or static) with internal point supports,
the mathematical solution must be able to incorporate the effects of a concentrated
force created by the point support. A Fourier sine series expansion of the Dirac Delta
function has been used with considerable success in representing the concentrated forces
of a point support or attached mass, (2], [4], (5], [6], [7]. A detailed description of the

Dirac Delta function is given in Ref.[7] where the final form is given as

q(€) =2P i sinmrusinmwf (1.8)

m=1

Eq.(1.8) is a series representation of a concentrated force which is applied to the
lateral surface of the plate by either a point support or attached mass and has the units
of force/unit length. The distributed force along the plate edge is highly pe_aeked at a
dimensionless distance u from the origin and exerts virtually no net force or moment
elsewhere along the edge. It will be shown that this same function can be used to depict
accurately an internal point support, and, with slight modification, represent the inertia

force due to a concentrated mass (see Fig. 1.2).

1.4 The Lévy Type Solution

In the analysis of the free vibrating plate with two opposite edges simply supported,
the solution to Eq.(1.3) can be taken in a series form attributed to M. Lévy and further
developed by Gorman (4].

k
W(n) = kl_l_.nclo Z Yau(n) sinmaf (1.9)

m=1
Each term of Eq.(1.9) fully satisfies the boundary conditions at £ = 0 and §{ = 1

(zero displacement, vero bending moment). Substitution of Eq.(1.9) into the governing

equation, Eq.(1.3), yields



CHAPTER 1. INTRODUCTION

-1

1.1 T T

FORCE {dimensionless units)

] 0.2 0.8 . 0.8 A 1
DISTANCE (plate edge)

Figure 1.2: Schematic representation of the Dirac Delta Function modeling a discrete

point support along a plate’s edge. Point support is at 0.6 units (dimensionless), k = 32.

d4ym(’7) 2 2
ek G

for each value of m.

‘FY"‘" 6 {(mm)* = X} ¥nln) = 0 (1.10)

Eq.(1.9) is an ordinary fourth-order homogeneous differential equation with constant

coefficients. The solution is,

for A2 > (mn)?
Yn(n) = A cosh fmn + B sinh Bun + Cpp Sin Yty + Dy, cos vy (1.11)

and, for A? < (mw)?

Y.(n) = A cosh i + B sinh By + Cp sith yn + D, cosh v, (1.12)
where
B = X2+ (mr)?
and

m = A= (mr)2 or = ¢yf(mr)? — A2
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whichever is real.

Eq.(1.9), and Eqgs.(1.11) and (1.12),represent the full solution for the free vibrating
rectangular plate with two opposite edges simply supported. The final step in the solu-
tion consists of determining 4,,,B,,,Cy, and D, subject to the appropriate constraints
of the boundary conditions on the remaining two opposite edges and the internal con-

centrated forces (internal point supports).



Chapter 2

Literature Review

A review of the literature indicates that the free vibration analysis of rectangular plates
with interior point supports has received very little attention until the 1980's, with
exception of the lone study in 1953 by Nowacki [8] where he presented an analytical
solution for the rectangular plate simply supported on all four sides and having an

internal point support.

After 1980 considerable effort has been expanded in the study of rectangular plates
using various approaches including experimental, the finite element method, the energy
method and analytical solutions. The emphasis has been directed towards plates with
completely free edges with only a limited amount of studies on the rectangular plate
with at least two opposite edges simply supported. A discussion will be presented
here on the numerous studies on rectangular plates with internal supports and various

boundary conditions.

2.1 Experimental

Fenech and Tran [9] presented results on an experimental program to determinc the
natural frequencies and associated mode shapes for a rectangular plate clamped in the

middle of its four sides (bolt attachments) and also for the case when one of the four

9
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bolts has failed (i.c. a plate bolted on only three of it’s four sides). The experimental
program was connected with determining the response of structural components excited
by turbulent flow. The test was performed on a thin aluminum plate which was ex-
cited by an clectromagnetic exciter and the resonance frequencies were detected using a
piezoclectric accelerometer. The first 49 natural frequencies were determined as well as
some of the associated mode shapes. Fenech notes “the absence of an explicit analytical

solution for the plate natural modes of vibration™!.

Kunz [1] discusses the importance of minimizing the vibration levels of electronic
circuit boards in order to lengthen the fatigue life of both the delicate electronic com-
ponents and circuit boards. Using a typical circuit board, the natural frequencies and
associated mode shapes were found for various point support locations (screw attach-
ments) by means of a random vibration testing technique. The goal was to optimize the
support locations of the circuit board by determining the natural frequencies for various
support positions. The experimental data were plotted and curve fitted. The highest

natural frequency on the curve was then defined to be the optimal support location.

Gorman and Singal [2] conducted an investigation on the comparison of experi-
mental and analytical results on the free vibration analysis of rectangular plates with
various point supports. The experimental program consisted of testing a thin aluminum
rectangular plate with internal bolt supports. The natural frequencies and associated
mode shapes were determined for various support locations and plate aspect ratios.
The testing was performed using an impact hammer and a fixed accelerometer. The

experimental results showed very close agreement with the analytical results.

The experimental work reviewed here indicates that studies have been limited to
plates with free edges with internal supports or clamped supports in the middle of the
free edge. The rectangular plate with clamped or simply -suppor:ed edge conditions
does not appear to have been investigated. This is most probably due to the difficulty

in creating a true clamped or simply supported edge.

'Ref.[9], page 210
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2.2 Finite Element Method

Venkateswara [10] used the finite clement method to fully analyse the rectangular plate
with free edge conditions and internal supports positioned along the diagonal. High pre-
cision conforming triangular plate bending elements are used with uniform and nonuni-
form division. The nommiform division was used as the point supports approached
the center of the plate. Values were presented for the natural frequencies of a square
plate, symmetrically supported at four points along the diagonal and comparison with

analytical results were also presented showing good agreement.

Raju and Ambo-Rao [11] also studied a similar problem using the finite element
method. The triangular bending element with eighteen degrees of freedom (six degrees
of freedom at each vertice) was used. The accuracy of the analysis was first checked
with known values for the simply supported plate and then results were compared with

published data for a similar problem. The solution technique was restricted to using

uniform mesh sizes.

The finite element method has been shown to give very good results for the point
supported plate problem, but in order to study various support positions, the boundary
conditions must be changed a number of times. Each point support must also be located
at the node of an element mesh and this can have a restriction on the locations of the
point supports. These factors can complicate the analysis considerably and lead to

an inefficient method for investigating the vibration of rectangular plates with various

support positions.

2.3 The Energy Method

Narita [12], [13], [14] has solved numerous plate vibration problems by the classical Ritz
method. The method is based on the equations for the maximum strain and maximum

kinetic energy which are expressed by



CHAPTER 2. LITERATURE REVIEW 12

1 Fw\’ 0w O*w O w\’ &w \?
U= 5//‘4 {D, (-a:c—z) +2D=Vy—a;?—a;'2' + D, ('a—y'z‘) + 4D, (axay) d4d (2.1)

T= %phw’ j /.4 w?dA (2.2)

These are the equations for a thin orthotropic plate and can easily be simplified for the
isotropic case. Applying the Ritz method, the trial function denoting the deflection of

the plate is expressed by the polynomial form

M N
Wan(&, rl) = 2_0 Z_% Amnf™" (23)

The deflection is constrained at the point support location and Eq.(2.3) must therefore

satisfy the constraint conditions

Wmn(&a ’7:) =0 (?..4)

Lagrange's undetermined multipliers are introduced into the constraint equations and
then added to the total potentia;l energy equation, where the resulting function is mini-
mized with respect to the coefficients A,,. Narita has used this method for plates with’
internal supports along the diagonals [12}, point supports on cantilever plates [13], cor-
ner point supported shells [14], and orthotropic elliptical plates [15]. Narita notes that
for the case of a rectangular plate with point supports along the diagonal “it is evident
that the point support locations have significant effects on the natural frequencies, in

particular when the support locations are not at the plate edges"?.

A similar approach has been used by Laura [16], [17], [18] to analyse rectangular
plates with corner supports, attached mass and internal supports. The approach is by
a polynomial co-ordinate function coupled with the R,a.yleigh-Schmidt approach. Again

the basis of this solution technique is to require that the maximum strain energy of the

2Ref.[12], page 596
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vibrating system is to be equal to the maximum kinetic energy. Laura considered the
rectangular plate with two adjacent sides clamped, the other two free except for a corner
point support. He also analyzed a similar plate but replaced the clamped edge with a
simply supported edge [16]. Both plates carried an internal concentrated mass. Laura
has analyzed plates with elastic constraints on the edges and an internal mass [17] and
plates with internal masses and internal elastic supports [18]. Laura writes that “in spite
of its technical importance the problem of vibrating elastic plates carrying concentrated

masses with internal [elastic] supports has been the subject of a very limited number of

investigations”3.

2.4 Analytical Solution

The most comprehensive approach to date in the free vibration analysis of rectangular
plates with internal point supports has been by anéa.lytical solutions to the governing
plate equation, Eq.(1.3). It is through this approach that the present problem will be
discussed and solved. A brief review of similar problems and solutions will be given

here.

Kersten [19], has considered the free vibrating plate problem with a corner point
support by means of the modal constraint method . The analysis is concerned with a
rectangular plate with two adjacent sides free with one point support on the corner.
The method of solution utilizes the beam eigenfunction. The results are compared with
results from the Ritz method. He notes that there were discrepancies in his numerical

values and that there is room for additional research.

Bapat [20), [21], [22], (23], [24], has done considerable analytical work on the free
vibration problem of rectangular plates. The method of solution consists of solving the
governing differential equation subject to the constraint of the appropriate boundary

conditions and the lateral loadings. The work done by Bapat most relevant to this thesis

SRef.[18], page 135
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is found in Ref.[24], where he considers the rectangular plate with two opposite edges
simply supported and the remaining edges simply supported, clamped or free. The
rectangular plate can have single or multiple internal point supports. The analysis by
Bapat can incorporate any number of point supports at any arbitrary location provided
that the supports are positioned on a single line perpendicular to the simply supported
edges (the supports can not be located along separate perpendicular lines). The method
of solution is similar to the solution in this thesis in that the plate is separated into
two segments at the point support location and conditions of continuity are enforced
across the partition of the two segments. Bapat has chosen to model the point support
by a ‘flexibility function’, Ref.[21], that represents the distribution of a fictitious elastic
restraint over the boundary, which is such that it has a zero value at the point support
location but assumes large values resulting in negligible restraint over the rest of the
partition line. Results from Ref.[24] are compared with results from the present analysis.

Certain discrepancies are found and discussed.

Gorman has researched the area of rectangular plates with internal supports or edge
point supports with considerable success. He is also credited for his pioneering technique
with the method of superposition in the free vibration analysis of rectangular plates.
In Ref.[25] Gorman solves the problem of a rectangular plate resting on symmetrical
internal point supports by means of the Lévy type solution and the method of super-
position. Gorman uses ‘building blocks’ to break the original problem into a number of
smaller problems. Once each building block is solved, the solutions are superimposed.
Constants are then adjusted such that the superimposed set of building blocks satisfy
the constraints of the boundary conditions. Superposition requires the following to be

true,

W(E,n) = Wi(E,n) + Wa(£, 1) + Wa(€,m) (2.5)

Gorman considers only one quadrant of the plate due to the symmetry of the support
- position and mode shapes. Wi(£,n) and Wy(,n) are the solution for the completely
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free plate. 113(¢, %) is solved using the representation of a harmouic force of amplitude
P and frequency w applied at the point support location. An eigenvalue matrix is then
formed from the solutions of the building blocks and any value of the eigenvalue A? that

results in a zero determinant of the matrix is the natural frequency of the plate.

Saliba [26] developed a method of analyzing rectangular cantilever plates with sym-
metrically distributed point supports along the free edges. Through exploitation of
the method of superposition and techniques developed by Gorman [4], a solution for
the point supported cantilever plate was obtained by superimposed solutions that were
readily obtained by classical methods. Saliba writes that “unlike numerieal and other
approximate solutions, the analytical solution satisfies exactly the differential equation

throughout the plate. It also satisfies all boundary conditions to any desired degree of

accuracy”.

In Ref.[2] Gorman develops a solution for arbitrary located point supports. The
analysis is similar to that in Ref.[25] except there are no restrictions with respect to
symmetry. The solution is developed for the completely free plate by superimposing
solutions from four separate building blocks. This solution is then superimposed with
a building block driven by a harmonic point force. Here no restriction is imposed on
the number of point supports, since the solution for each support is superimposed with
the solution for the completely free plate. An eigenvalue matrix is then established
using the solution for the completely free plate and the solutions for each point support.
Eigenvalues A%, are then determined that cause the determinant to equal zero. Having
a solution that is not restricted in terms of number and/or locations of point supports
Gorman was able to devise a ‘rigid’ point support that prohibits the rotation of the
plate element at the support location as well as the lateral displacement. Experimental
results indicated that the rigid support accurately depicts a screw or bolt attachment.
It was also shown that the point support solution could be easily modified to account

for the effects of an attached mass.

Ref.[26], page 381
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Gorman’s comprchensive book “Free Vibration Analysis of Rectangular Plates”,
Ref.[4], presents a detailed description of the solution for the point supported plate
with simply supported edges. It is this solution that is further developed in this thesis
to incorporate the effects of various boundary conditions and multiple internal point

supports.



Chapter 3

The Modified Lévy Solution

The free vibration analysis of rectangular plates with two opposite edges simply sup-
ported can be achieved by means of a modified Lévy type solution. The rectangular
plate with various boundary conditions on the remaining edges and internal supports

can be fully analyzed provided the following conditions are satisfied.

e The plate’s free vibration must be controlled by the governing equation £q.(1.3).

e The lateral loadings (points supports, attached masses) and imposed boundary

conditions do not introduce any nonlinearities into the problem.

These two conditions ensure that Lévy type solutions can be obtained and that the

method of superposition is applicable.

3.1 The Simply Supported Plate with an Internal
Point Support
Before attending to the problem of a rectangular plate with multiple internal point

supports and various edge conditions, the solution for the steady state vibration of

a simply supported rectangular plate driven by a concentrated harmonic force on it's

17
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Figure 3.1: Rectangular plate with simply supported edges and an internal lateral point

support.

lateral surface will be described. Here reference will be made to the solution presented

in Ref.[4].

Consider the simply supported rectangular plate with an internal point support,
Fig.(3.1). The point support is at coordinates £ = u, 5 = v and prohibits all lateral
displacement of the plate at the support location. The support is represented by a time

varying force Psinwt, where P is the amplitude of the harmonic force.

The plate is divided into two segments, segment I and segment II, and the partition

line of the two segments is drawn through the point support, parallel to the £ axis at

n=u.

Due to the simply supported conditions at £ = 0 and & = 1 the Lévy-type solution

is applicable. Therefore for segment I the solution appears in the form

Wi(eyn) = 3 Yanln) sinms (3.1)

m=1

where the subscript 1 refers to solutions applicable to segment I. Due to the simply



CHAPTER 3. THE MODIFIED LEVY SOLUTION 19

supported conditions at 1 = 0, the number of unknown constants can be reduced from

four to two by enforcement of the boundary conditions.

for A? > (mn)?

Ya(Ml,2o = Am coshBn(0)+ Bm sinh fn(0) + Cr sin ym(0)
+ Dpcosya(0)=0
dﬁf;?‘?(") = AnfE cosh B,(0) + B, sinh 8,,(0) — Cn¥2, 5in 1, (0)
n=0

— Dycosyn(0)=0 (3.2)

and, for A% < (m=)?

Y(M)lyeo = Am coshfm(0)+ By, sinh B (0) + Cy, sinh v, (0)
+ Dy coshvy,(0)=0

d?fi—’;.f'?) = Amf2 cosh B,(0) + B2 sinh 5,,(0) + CnZ sinh 7 (0)

n=0

+ D92 coshym(0) =0 (3.3)

Therefore, eliminating two of the unknowns and substituting into Eq.(3.1) we obtain

k-
Wi(&,n) = Y (Amsinh fnn + Bmsin ynn) sinmné
m=1,2
(=<
+ Y (AnsinhBnn + Bnsinhvy,n)sinmné (3.4)

m=k*+$1

similarly for segment II

k-
Wy(€,n) = D (Cnsinhfnn + Dy sinymn) sinmaf
m=1,2
(==}
+ Y. (Cpsinhfnn + Dr sinhymn) sinmn§ (3.5)
m=k*+1

where
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B = ¢/ A? + (‘n""'ﬂ'-)2

T = G /A2 — (m7)?  or 7y = $y/(mm)? — A2

which ever is real, and the first summation refers to terms for which A? > (mn)?,

[t remains to establish the four unknowns A, B,,, Cony Din (two unknowns for each
plate segment ) which can be determined by enforcement of the four continuity conditions

across the partition of the plate segments. The conditions of continuity are:

1. The plate’s displacement must be continuous across the partition of the two seg-

ments.
K(’))lq:u = n(n)l:;:;;‘ (3'6)
2. The slope of the plate taken in a direction normal to the partition must be con-
tinuous.
d¥i(n) dYa(n)
= — 3.7
dn - dn - (3.7)
3. The bending moments across the partition must be continuous.
PYi(m)|  _ Vi) 65)
dn2 n=v dnz n=vu* -

4. There must be an equilibrium force balance between the applied force P*sinwt
and the vertical edge reactions taken along the edges of the plate segments across

the partition line.

d*Yi(n)

d*Yy(n)
dn’ 3

I = P"sinmnru (3.9)

n=v*

where P* = —2Pb/Da?

A detailed description of the development of the fourth continuity condition can be found
in Ref.[4]. Here the applied force is provided by the point support and is represented

by the series expansion of the Dirac Delta function,
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oo

g(€&) = z 2sinmrusinmwf (3.10)

m=1
The term sinmn£ is common to both sides of Eq.(3.9) and is therefore eliminated from

the equation.
Enforcement of the four continuity conditions leads to the following set of equations,
for A2 > (mn)?
A sinh 8,,v + B, sinynv — Cp sinh 0™ — Dy sinymv™ = 0
A B cosh 81,0 + Btm €08 ¥ + Cn B cosh 0" + Dy cos v = 0 (3.11)
AnB2 sinh Bnv — Br¥2 sin 7o — Cn B2 sinh fnv® + Dyl sinymv” = 0

AmB2 cosh Bv = Byl cos ymv + Cumf° cosh fmv”™ — Dy cosyav” = P sinmwu

and, for A? > (mw)?
Ay, sinh v + By, sinhymv — Cpp sinh fpv* — Dy, sinhymv™ = 0
A, B, cosh Bt 4 BYin c0sh Ym® + Ci B cosh frnv° + Dppymcoshymv™ = 0 (3.12)
A B2 sinh Bnv 4 Bny?, sinh ymv — Cpn B2 sinh fnv” — DpyE sinhymv” = 0

Am B2 cosh By + Bm“{fn cosh Ymv + Cpf° cosh fnv” + Dy coshy,v™ = Psinmru

wherev*  =1—1v

The above set of algebraic simultaneous equations can be solved in a straight forward
manner utilizing well known trigonometric identities. Solving Eqs.(3.11) and Eqs.(3.12)

for the unknowns we obtain,

A2 > (mn?) A2 < (mn?)
A . P*sinmrusinh Spv* A = P*sinmrusinh Gnv*
m T (Bh 47 )Pm sinh B m (8% =% ) Bm sinh Bm
B = P* sin mry sin ymv® B — _Psinmru sinh ymv*
m (82,42, )Ym sin¥m m (82, =3, }vm sinh (3.13)
C = P* sinmrusinh Smu C = P*sinmrusinh Gnv
™ {A2,472.)Bm sinh fm m (B2, —2,)Bm sinh fm
Dm. — P*sinmrusinymy Dm = — P* sinmrusinh ypv

(B2, +%2,)¥m sin Bm (B2, ~+%,Ytm ginh 8m
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With the unknowns evaluated the solution for the steady-state response of an un-
dainped simply supported plate subjected to a harmonic force acting on the plate lateral
surface is complete. Substitution of the constants A,,, By, and Cin, D into Eq.(3.4) and

Eq.(3.0) yields

k' . . -t * L R
nh f,,v" sinh B, sin 4, v" sin
W) = P Y sinmmu (s: Bmv” sinh fmn  SiRYm 'ymn)

m=1,2 ﬁ?n + 'ﬁu B sinh B “Ym SINL Y
x sinmmnf
+ P i": sin mmu (sinh ﬁmv.' sith By _ sinh 'ymv" sinh 7,,,7])
m=k*+1 Bz — 74 Brm sinh B, ‘ Ym 100 Y
X sinmmf (3.14)

k* . . . . .
. sinmmu {sinh Snvsinh B, SiN 4y ¥ SN Yyn

m=1,2 ﬂrzn + ’7;‘-:1 .Bm sinh ﬁm T Sin ym
x sinmwf
+ P i sinmru (sinh Bmvsinh fmn _ sinhy,vsinh '7,“17)
m=k*+1 ﬂl?n - 73:1 ﬁm sinh ﬁm Tm sinh Ym
X sinmnf (3_15)

To establish the eigenvalue A?, from Eq.(3.14) the condition of zero lateral displace-
ment is enforced at the point support location (¢ = u and n = v}. To obtain the associ-
ated mode shapes, A? is substituted into Eq.(3.14) and Eq.(8.15) and the displacements
Wi(€, 1), Wa(€,n) are calculated.

This solution process is the basis to every problem covered in this thesis. All solutions
for the remaining types of plates, with multiple supports and attached masses will be

developed and obtained in a similar manner.
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Figure 3.2: Rectangular plate segment with two edges simply supported and a third
edge clamped.

3.2 The Solution for the Plate Segment with a Clamped
Edge

Following the same procedure as that for the simply supported edge, the Lévy solution

can be modified to incorporate the effects of a clamped edge.

In Fig.(3.2) there is drawn a segment of a plate with two opposite edges simply
supported and a third edge clamped. In view of the clamped edge boundary condition

‘we can write,
for A? > (mn)?

Y.l = Amcosh B,(0) + B sinh Bn(0) + Crn sin 7m(0) 4+ D cos 1 (0)

= 0

n=0
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d);ﬂ(?]) = AP sinh 8,(0) + BpBm cosh Bia(0) + Cn¥m €08 ¥m (0) = DinYrm 5i0 Y (0)

n=0

=0 (3.16)

and, for A? < (mn?)

Ya(®)leo = Amcoshfn(0)+ By sinh B (0) + Cyn sinh 45, (0) + Dy cosh 7, (0)

= 0
f{}:;n( 1) = AP sinh fin(0) + BB cosh B (0) + CinYm sinh m(0) + DY cosh ym(0)
=0
=0 (3.17)

The four unknowns can be reduced to two unknowns and the Lévy solution can be

written as

k.
W) = Py (Am(sinhﬁmn—%lsin'rmn)+Bm(005hﬁmn—008'rmn))

m=1,2

X sinmmé
(==

4 P 5 (An(sioh By — 22 sinan) + Bi(cosh B — cosh )
me=k*+1 m

x sinmnf (3.18)

where Bm,¥m and k" take on their usual meanings and the constants 4,, and B, remain

to be evaluated.
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Figure 3.3: Rectangular plate segment with two edges simply supported and a third
edge free,

3.3 The Solution for a Plate Segment with a Free
Edge

Although the boundary conditions for the free edge are of a more complicated nature
than those for the simply supported or clamped edge, the determination of the Lévy
solution for the free edge segment is obtained in a similar manner.

Enforcing the boundary conditions for the free edge yields

for A? > (mn)?
*W(¢,n OW(,n :
——6_7(]%-_) =+ l/¢2'—a'£2—'—) et = Amﬁ:‘ cosh ﬁm(O) + Bmﬁfn smh ﬁm(O)
—  Caf sinYm(0) — D7z, €05 ¥m(0) — v¢*(mm)* (A cosh §,(0)
+ Bp sinh Bm(0) + Cr sinym(0) + Dy cos1m(0) =0 (3.19)
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PWI(E,n) FPW(E, 1) :
37]3 __6_;;6—52— n=0 = ‘4""83 sinh ﬁm(o) + Bmﬁa cosh ﬁm(o)

—  Cm7® c05 1m(0) + Dpy® sin4(0) = v*¢*(mn)*(AmBm sinh Sr(0)
+  BumPm cosh Bin(0) + CruYm €05 ¥ (0) = DY Sin 4 (0)} = 0 (3.20)

+ v

and, for A2 < (mn)?

32“/(5’ 1) 32“"(6,7]) _ ’ ..
n? e o = A B2 cosh B (0) + BmpBx sinh £ (0)
4+ CmA?, sinh m(0) + Dyl cosh ym(0) — v¢*(mm)*(Am cosh fn(0)

+ B,,sinh $,(0) + Cn, sinh 4,,(0) + Dy cosh 1,(0) = 0 (3.21)

+ v¢?

W€, 2 TW(E, .
_a,(,—ﬁ 1 4y ¢’_5?7‘§62_'ﬂ - AP sinh fn(0) + B8 cosh B (0)

+ Cmy® cosh Ym(0) + Dpny® sink 4{0) — v*¢*(mm)?*(Am B sinh B (0)
4+ BB cosh B (0) + CrmYm cosh ym (0) + Dimym sinh 1 (0)) = 0 (3.22)

Therefore, by eliminating two of the unknowns, the Lévy type solution for the free edge

segment can be written as

& B2 — v (mn)?

W) = P mg'z(Am{COSh B + 72 ¥ vé¥(mn)?
3 .12 2
+B{sinh fnn + 7‘2 j—f:y? ¢£?::13)2 sinymn}) sin mwé

. - . B2 = v*(mn)?
+ P m=§+1(.4m{coshﬁmn = 7~ vgi(mn)? cosh Ymn}

3 _ w12 2

€0 Ym 7}

sinh ymn})sinmm€é  (8.23)
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3.4 The Six Case Studies

On account of using the Lévy type solution the analysis is restricted to rectangular plates
with at least two opposite edges simply supported. However, the two remuining edges
- can be any combination of simply supported, clamped or free. There are thercfore
six possible combinations of plate boundary conditions. Each set or combination of

boundary conditions is identified by a case number and a four letter code. For simplicity,

the following abbreviations shall be used.

S - simply supported
C - clamped
F - free

For example, consider Case 2, SSSC (simple-simple-simple-clamped) where the plate
edge conditions are counted from the far left edge in a counter-clockwise manner (see
Fig.(3.4)). The full solution for Case 2, SSSC with an internal point support is obtained
in the same manner as that for the simply supported plate, Case 1, S§SS (see Sec.(3.1)).
The solution for the top clamped edge is given by Eq.(3.18) and shall be referred to
as Wi(€,n). The solution for the bottom simply supported edge is given by Eq.(3.4)
and shall be referred to as W,(€,7). Enforcing the four continuity conditions across the
partition line of the plate segments yields a nonhomogeneous set of four equations with
four unknowns A, By, Cp, Dy, (two unknowns per solution). It was shown that for
Case 1, SSSS, the four unknowns were determined with relative ease. For the remaining
case studies the resulting equations from enforcement of the continuity conditions are
not as easily solved. Instead a computer code is implemented to solve for the unknowns.
The fully developed sets of equations resulting from the enforcement of the continuity

conditions for each case study is available in Appendix A.

Returning to Case 2, SSSC, after the numerical values of the unknown constants
are calculated they are substituted into the appropriate solution W(£,7), Wa(€,n) and

eigenvalues are determined by setting the solutions equal to zero at the point support
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Figure 3.4: Six possible combinations of rectangular plates with two opposite edges

simply supported and the other two simply supported, clamped or free.
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location.

Wiy, v) = Wy(u,v™) =0 (3.24)

Having determined the eigenvalues it is a straight forward procedure to substitute the

values back into the solutions to obtain the associated mode shapes.

This solution procedure is employed for all the case studies covered in this thesis and,
by the method of superposition, is further developed to take into account the effects of

multiple internal supports and/ or attached masses.



Chapter 4

Multiple Point Support Problems

4.1 Multiple Internal Point Supports

With the solution available for the rectangular plate with a single discrete point support,
the analysis can now be extended to incorporate a rectangular plate with N discrete
point supports, each of which prohibits lateral displacement of the plate at the point of

application but imparts no bending moments to the plate.

Consider the rectangular plate in Fig.(4.1) with four symmetrically distributed in-
ternal point supports. To determine the complete solution, a full individual solution is
required, of the type discussed in Chapter 3, for each discrete point support (Fig. 4.2).
By the method of superposition each individual solution is superimposed, one-on-top-
of-the-other, generating an eigenvalue matrix, shown schematically in Fig(4.3). The
eigenvalue matrix establishes a mathematical relationship between the driving forces
of the point supports, the individual plate solutions and the total displacement of the
plate at each of the discrete point support locations. The free vibration eigenvalues A?
of the plate are then determined by establishing those values of the parameter A% which

permits a nontrivial solution for the eigenvalue matrix equations.

30
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Figure 4.1: Rectangular plate with four discrete point supports.

L e — ® ®
121 2 HE W
-+ + -+ —

— ————— . ]
B B BE B

Figure 4.2: Four individual point supported plate solutions superimposed to establish

the solution for a plate with four internal point supports.
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P} P; Py P}

- - - — &
A
— - = — &
- — — 4

Figure 4.3: Schematic representation of 4 x 4 eigenvalue matrix.

Py, P;, Py, P} are the driving force amplitudes. The symbols é;, &, 63,4 represent
the net displacement of the plate at each point supported location. Each element in
the first row of the matrix, when multiplied by the force amplitude P} immediately
above it, represents the contribution of each individual plate solution to the net plate
displacement at the driven point location §;. In fé.ct, the i, element of the matrix
represents the contribution of the solution driven at point j to the displacement at driven
point i. Enforcing the condition that there must be zero displacement at the driving

force locations (i.e. §; = §; = 63 = 8; = 0) the 4 x 4 matrix represents a homogeneous

set of algebraic equations relating the driving force amplitudes Fy, Py, Py, P;.
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Eigenvalues for the rectangular plate with specified boundary conditions and internal

point supports are then determined by the following procedure.

1. A trial value is selected for the parameter A2, well below the first mode eigenvalue.

1o

The matrix associated with this trial value is generated.
3. The determinant of the homogeneous matrix is computed and stored.

4. The value of A? is increased by a specified increment, and the procedure is repeated

until the determinant undergoes a sign change.

5. The eigenvalue is then obtained by reducing the increment and determining the

value of A? for which the determinant vanishes (see Fig.(4.4)).

6. Upon establishing the first (fundamental) eigenvalue the procedure is repeated in

order to obtain the desired higher eigenvalues.

1-
——
b
g oe-
E eigenvalue = 37.65
S 0.2-
Cl

. —_—

= h2 34 ae
< J
= -0z
]
=
o
=
£ -0.6-
a

Figure 4.4: Matrix determinant vs. A%, FEigenvalue established at A*> = 37.65 (see
Appendix B, Table B.1, mode 1, u = v = 0.2).
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To determine the associated mode shape, one of the driving force amplitudes, Py, is
set equal to unity. A solution for the remaining force amplitudes is then obtained from
the set of simultaneous nonhomogeneous algebraic equations. With this information
available, the mode shape comprising the sum of all the force driven solutions can be

obtained and plotted.

The eigenvalue matrix of this type can be easily generated using a computer code
once the coordinates of the driving points are described. The values u,v,u",v" will be
different for each force-driven solution. They will be determined once the driving points
arc specified. There is no restriction on the size of the eigenvalue matrix and therefore
no limit on the number of point supports. The addition of each point support only

increases the matrix size by one column and one row.

4.2 The ‘Rigid’ Point Support

The terin ‘rigid’ point support refers to a support at a point that prohibits both lateral
displacement aud rotation of the plate at the support location. This type of support
is usually provided by screw type fasteners or local welds. In Ref.[2] the rigid point
support has been modelled mathematically by a cluster of four discrete closely spaced
point supports. Each discrete point support forbids plate lateral motion at its point
of application. It does not itself, however, oppose rotation of the plate and imparts
no moment to it. To achieve a rigid point support four discrete point supports are
utilized, one at each end of mutually perpendicular lines, intersecting in the middle of
the rigid support location and parallel to the edges of the plate. While each discrete
point support prohibits plate lateral displacement, only, the combination of the two
pairs of supports prohibits rotation of the plate in either of the above mentioned two

directions.

It was found that increasing the number of discrete point supports from 4 to &

{adding a discrete point support to the middle of the rigid point support area to increase
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Figure 4.5: Rectangular plate with 4 rigid point supports modelled by 16 discrete point
supports.

the rigid effect of the support) had only a minimal effect on the computed eigenvalue.
Thus it was felt that the corresponding increase in computer time could not be justified
 and that the more computer efficient ‘4 point’ solution provided sufficiently accurate
simulation of a rigid point support. To model a plate with four rigid point supports
(Fig. 4.5), each discrete point support location must be fully defined. This results in
a 16 x 16 eigenvalue matrix. The same procedure as that described in Sec.(4.1) in

determining the eigenvalue is then applied.

In ref.[2], Gorman modelled four % diameter bolts on a 10" x 15” aluminum plate
(¢ = 1.5) by four rigid point supports. Each rigid point support was modelled by four
discrete point supports. The discrete point support locations were determined by the
bolt radius, “;‘—;. Converting the bolt radius into dimensionless units, the discrete point
supports were located at & X & = .03125‘units from the center of the support, parallel

to the £ axis and 3% x = = .02083 units from the support, parallel to the : axis. These



CHAPTER 4. MULTIPLE POINT SUPPORT PROBLEMS 36

mass o

n

!

Figure 4.6: Rectangular plate with local mass M attached.

same dimensions are utilized in this thesis for plates with aspect ratio ¢ = 1.5. For plates
with aspect ratio ¢ = 1.0, the discrete point supports are located at & x s = .03125
units from the center of the support, parallel to the £ axis and as well as -1% X 35 = .03125

units from the center of the support, parallel to the n axis.

4.3 Matrix Modification for Attached Mass

Consider the rectangular plate of Fig.(4.6) with a localized mass M attached at the
dimensionless co-ordinates u and v. The mass exerts a harmonic inertia force on the
plate which opposes motion and whose amplitude equals Mw?aW(x,v), where W{(u,v)
is the net dimensionless displacement at the co-ordinates v and v. It is easily shown
that as far as the plate is concerned it experiences a local harmonic force acting in the

direction of displacement of the plate and with dimensionless amplitude
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P* = 2 ML AW (u, v) (4.1)

Denoting the contributions to displacement at the point u, v due to the driving forces
P, P; etc., associated with the discrete points supports as Prwy(u,v), PEWa(u,v), ete.,

it follows from Eq.(4.1) that

PQ = P Wi(u,v) + Py Wa(u, v) + oo + P Wag(u, v) (4.2)

where the last term relates to displacement due to the inertia force associated with the

added nass only and

-1
Q= S5n (4.3)
Eq.(4.2) may be written as
PrWy(u,v) + PsWa(u,v) +... + P {Wa(u,v) —Q} =0 (4.4)

Eq.(4.4) describes how the eigenvalue matrix can be modified when, in addition to
discrete point supports, there is an attached mass. Initially, all locations of discrete
point supports and attached masses are considered to be locations of discrete point
supports. Suppose at the N'th location there is an attached mass. One only needs to
return to the element N, N of the matrix and modify it as indicated in Eq.(4.4), i.e.
the appropriate quantity @ should be subtracted from this element. It can be seen here
that the eigenvalue matrix can be easily modified for 2 single attached mass or multiple

attached masses and will only marginally effect the complexity of the computer analysis.



Chapter 5

Presentation of Results

The results for the free vibration analysis of rectangular plates with two opposite edges
simply supported are presented here for a) multiple internal point supports and b)
multiple internal point supports and attached masses. Eigenvalue curves are generated
(eigenvalue vs. point support position) and plotted along with some associated mode
shapes. Computed eigenvalues (four digit accuracy) from the eigenvalue curves are

presented in Appendix B.

5.1 Multiple Internal Point Supports

For Case 1: SSSS, Case 3: SCSC, and Case 5: SFSF results of the present method
are first compared with results presented by Bapat [24]. Bapat’s analysis was able to
incorporate the effects of multiple point supports but restricted the location of the point
supports to a single line perpendicular to the simply supported edges, £ =0 and { = 1.
In general good agreement is obtained between the present solution method and Bapat’s

solution method except certain discrepancies are found. These will be discussed later.

38



CHAPTER 5. PRESENTATION OF RESULTS 39

e u
i ‘I f -
: | s/C/F
i S
S S b
S/C/F
7 8

!

Figure 5.1: Rectangular plate with four point supports and various boundary conditions.

Point supports represented by solid dots (discrete and rigid).

For each case study the eigenvalue curves are determined for the following point

support types and plate aspect ratio combinations.

¢ aspect ratio ¢ = 1.0, point support type: discrete
® aspect ratio ¢ = 1.0, point support type: rigid
¢ aspect ratio ¢ = 1.5, point support type: discrete
¢ aspect ratio ¢ = 1.5, point support type: rigid

The discrete point supports and rigid point supports are the same as those discussed in

Chapter 4.

For each combination, the plate is given a point support at four symmetrically
distributed locations lying on the plate’s diagonals at dimensionless distance « and v
from the ends of the plate (see Fig. 5.1). Unless otherwise stated the parameters u and

v will always refer the point support location. Eigenvalues are determined for various
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values of v = v and plotted. Using a small increment of the point support locations
cigenvalue curves can then be generated. The eigenvalue curves are presented for the
first four eigenvalues.

The first four associated mode shapes are also presented for specific point support

locations (both discrete and rigid point supports are compared).
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5.1.1 Comparison of Results

Table 5.1: Comparison of first three computed eigenvalues \?, Case 1, SSSS. from

present analysis and Bapat’s( ) for plate with one discrete point support.

plate aspect ratio ¢

u v 0.5 1.0

06 N6 |[69.86 (69.853)|36.73 (36.728)
106.8 (106.79) | 70.58 (70.574)
144.8 (144.78) | 83.20 (83.292)
0.7 0.6|62.04 (62.036) | 31.46 (31.458)
1219 (119.46) | T1.19 (71.186)
1434 (143.37) | 90.60 (90.503)

Table 5.2: Comparison of first three computed eigenvalues A\?, Case 1, SSSS, from

present analysis and Bapat's( ) for plate with two discrete point supports.

plate aspect ratio ¢

u v 0.5 1.0

0.6 0.6 |103.7 (103.66) | 41.57 (41.571)
0.2 0.6 [113.3 (113.27) | 65.22 (65.220)
176.4 (176.40) | 77.90 (77.890)
0.6 0.75|86.51 (806.502) |31.20 (31.197)
0.2 0.75|98.01 (98.006)|57.13 (57.128)
150.7 (150.69) | 82.89 (82.882) |
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Table 5.3: Comparison of first three computed eigenvalues A2, Case 3, SCSC, from

present analysis and Bapat’s{ )} for plate with one discrete point support.

plate aspect ratio ¢

u v 0.5 1.0

0.6 0.6]109.1 (109.10) | 45.28 (45.257)
139.8 (139.65) | 61.83 (61.809)
178.7 (178.39) | 85.62 (85.551)
0.7 0.6]103.5 (103.53) | 39.35 (39.330)
152.1 (152.03) | 65.41 (65.402)
181.7 (181.24) | 85.11 (85.056)

Table 5.4: Comparison of first three computed eigenvalues A2, Case 3, SCSC, from
present analysis and Bapat’s( ) for plate with two discrete point supports. * Eigenvalues

arc suspect.

plate aspect ratio ¢
U v 0.5 1.0
0.6 0.6 {1359 (135.87) | 55.84 (55.835)
0.2 0.6 | 149.8 (149.79) | 72.40 (72.398)
236.9 (236.90) | 97.21 (97.208)

0.6 0.75 [ 122.0 (127.59) | 40.17 (54.743)"
0.2 0.75|130.6 (133.97)|62.41 (69.327)"

183.6 (187.77) | 95.48 (94.585)"
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Table 5.5: Comparison of first three computed eigenvalues A?, Case 5, SFSF, from

present analysis and Bapat’s( ) for plate with one discrete point support.

plate aspect ratio ¢

u v 0.5 1.0

0.6 0.6]24.74 (24.738) [ 15.00 (14.999)
33.01 (33.025) | 22.69 (22.692)
58.70 (58.G94) [ 38.28 (38.283)
0.7 0.6]2249 (22.480) [ 14.830 (14.803)
28.86 (25.858) | 20.20 (20.195)
60.20 (60.201) | 37.59 (B37.588)

Table 5.6: Comparison of first three computed eigenvalues A?, Case 5, SFSF, from
present analysis and Bapat’s( ) for plate with two discrete point supports. * Eigenvalues

are suspect.

plate aspect ratio ¢
u v 0.5 1.0
0.6 0.6 |2538 (25.381) |15.08 (15.080)
0.2 0.6 | 56.55 (42.632)" | 24.57 (23.469)"
62.71 (56.548) | 44.50 (24.565)
0.6 0.75|21.01 (21.010) |13.37 (13.369)
0.2 0.75]50.82 (43.321)" | 35.67 (25.552)"
75.49 (51.629) &58 (35.677)
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5.1.2 Eigenvalue Curves
150
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double roots_____._
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0.0 0.1 0.2 0.3 0.4

point support position (u-= v)

Figure 5.2: Eigenvalue curves, Case 1, SSSS (¢ = 1.0, support type: discrete).
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point support position (u = v)

Figure 5.3: Eigenvalue curves, Case 1, SSSS (¢ = 1.0, support type: rigid).
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0.0 0.1 0.2 0.3 0.4
point support position (u = v)

Figure 5.4: Eigenvalue curves, Case 1, SSSS (¢ = 1.5, support type: discrete).
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Figure 5.5: Eigenvalue curves, Case '1, SSSS (¢ = 1.5, support type: rigid).
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Figure 5.6: Eigenvalue curves, Case 2, SSSC (¢ = 1.0, support type: discrete).
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Figure 5.7: Eigenvalue curves, Case 2, SSSC (¢ = 1.0, support type: rigid).
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0.0 0.1 0.2 0.3 0.4
point support position (u =v)

Figure 5.8: Eigenvalue curves, Case 2, SSSC (¢ = 1.5, support type: discrete).
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Figure 5.9: Eigenvalue curves, Case 2, SSSC (¢ = 1.5, support type: rigid).
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Figure 5.10: Eigenvalue curves, Case 3, SCSC (¢ = 1.0, support type: discrete).
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Figure 5.11: Eigenvalue curves, Case 3, SCSC (¢ = 1.0, support type: rigid).
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0.0 0.1 0.2 0a 0.4
point support position (u = v)

Figure 5.12: Eigenvalue curves, Case 3, SCSC (¢ = 1.5, support type: discrete).
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Figure 5.13: Eigenvalue curves, Case 3, SCSC (¢ = 1.5, support type: rigid).
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Figure 5.14: Eigenvalue curves, Case 4, SSSF (¢ = 1.0, support type: discrete).
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Figure 5.15: Eigenvalue curves, Case 4, SSSF (¢ = 1.0, support type: rigid).
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Figure 5.16: Eigenvalue curves, Case 4. SSSF (¢ = 1.5, support type: discrete).
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Figure 5.17: Eigenvalue curves, Case 4, SSSF (¢ = 1.5, support type: rigid).
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Figure 5.18: Eigenvalue curves, Case §, SFSF (¢ = 1.0, support type: discrete).
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Figure 5.19: Eigenvalue curves, Case 5, SFSF (¢ = 1.0, support type: rigid).
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Figure 5.20: Eigenvalue curves, Case 5, SFSF (¢ = 1.5, support type: discrete).
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Figure 5.21: Eigenvalue curves, Case 5, SFSF (¢ = 1.5, support type: rigid).
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Figure 5.22: Eigenvalue curves, Case 6, SCSF (¢ = 1.0, support type: discrete).

130

eigenvalue
[ -]
o

<)
Q

lo " 1 A ] " L
0.08 0.15 0.2% 0.3%8

point support position (u = v)

Figure 5.23: Eigenvalue curves, Case 6, SCSF (¢ = 1.0, support type: rigid).
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Figure 5.24: Eigenvalue curves, Case 6, SCSF (¢ = 1.5, support type: discrete).
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Figure 5.25: Eigenvalue curves, Case 6, SCSF (¢ = 1.5, support type: rigid).
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Figure 5.28: First four associated mode shapes for Case 2, SS5C (u = v = 0.25, ¢ = 1.5,

support type: discrete).
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Figure 5.29: First four associated mode shapes for Case 2, SSSC (v = v = 0.25, ¢ = 1.
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Figure 5.30: First four associated mode shapes for Case 3, SCSC (u = v =0.1, ¢ = 1.5,
support type: discrete).
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Figure 5.31: First four associated mode shapes for Case 3, SCSC (v = v =0.1, ¢ = 1.3,

support type: rigid).
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Figure 5.32: First four associated mode shapes for Case 4, SSSF (u=v=0.3,¢=15,
support type: discrete).
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Figure 5.36: First four associated mode shapes for Case 6, SCSF (u = v = 0.4, ¢ = 1.5,
support type: discrete).
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Figure 5.37: First four associated mode shapes for Case 6, SCSF (u = v =04, ¢
support type: rigid).
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Figure 5.38: Rectangular plate with attached mass and internal point support locations.

Attached masses represented by X.

5.2 Effects of Attached Masses

The effects of attached masses are investigated for Case 3, SFSF only. For this case, two
opposite edges are free and therefore the effects of attached masses will be more sub-
stantial than with simply supported or clamped edges. Two problems are investigated

for Case 5, SFSF with plate aspect ratios ¢ = 1.0 and ¢ = 1.5.

1. Varying mass ratio located at the plate’s center.

2. Two fixed mass ratios with varying locations on the line v = 0.5.

For each problem, there are four discrete point supports symmetrically distributed on
the plate’s diagonals. The fundamental mode eigenvalue curves and associated mode

shapes are presented here. Computed eigenvalues are presented in Appendix B.
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5.2.1 Eigenvalue Curves

eigenvalue

Figure 5.39: Fundamental eigenvalue curve, single attached mass, (v = v.= 0.2).
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Figure 5.40: Fundamental eigenvalue curves, varying mass location, (u = v = 0.25).
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Chapter 6

| Discussion of Results

The free vibration analysis of the six case studies with varying point support posi-
tions and point support types has been presented by means of computed eigenvalues,
eigenvalue curves and associated mode shapes. The effects of attached masses were
also investigated for Case 5, SFSF, for varying mass ratio and varying mass locations.
It should be noted that although the results are quite detailed, there are an infinite
number of possible combinations of point support positions, attached mass positions,
attached mass ratios and plate boundary conditions. It was desired here to develop a
comprehensive set of results to confirm the validity of the mathematical solution and

ensure that no inconsistencies were generated by the computer analysis.

6.1 Computed Eigenvalues

In Sec. 5.1.1: Comparison of Results, excellent agreement was found between the present
solution method and Bapat's [24] solution method, except for the SCSC and SFSF plate
where certain of his eigenvalues are considered suspect. For the SCSC plate with two
internal point supports the eigenvalues presented by Bapat correspond to the first three

cigenvalues for the same plate with no internal point supports.! This would be valid

'Ref.[1], pages 35-36, computed eigenvalues for simple-clamped-simple-clamped plate.
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if the point supports were ‘inactive’ (i.c. point support locations correspond to node
lines for the same plate with no internal point supports). But this does not explain
the suspect eigenvalues since the two point supports are arbitrarily located and do not
fall on any node lines for the same plate with no internal point supports. The present
analysis will only generate eigenvalues for plates with active internal point supports.
For the SFSF plate with two internal point supports, Bapat’s second mode eigenvalues
are suspect and his third mode eigenvalues correspond to the second mode eigenvalues
obtained by the present analysis. Bapat's third mode eigenvalues arve less than the
third mode eigenvalues for the same plate with no internul point supports. These
results are questionable because with the addition of internal point supports, the plate
eigenvalues must be greater than the eigenvalues for the same plate with no internal
point supports. Bapat's method of using the Flexibility Function to model internal point
supports appears to work successfully for plates with a single internal point support.
No attempt has been documented to modify the Flexibility Function approach in order

to account for the effects of attached masses.

A comprehensive set of the first four eigenvalue for each case study is tabulated in
Appendix B. The eigenvalues are computed for two different plate aspect ratios and
various point support positions on the diagonals (discrete and rigid point supports).
Convergence tests indicated that the minimum number of terms needed in the series
solution, &, must be equal to 32 in order to obtain four significant digits in the computed
eigenvalue. Higher accuracy can be obtained (more significant digits) by using a greater

number of terms but with an increase in computer time.

The computed eigenvalues clearly show the increase in the plate’s frequency when
using a rigid point support instead of a discrete one. This is due to the stiffening effect of
the rigid point support which prohibits the local rotation of the plate element as well as
the lateral displacement. The increase in the plate’s frequency when using a rigid point
support instead of a discrete one is more significant as the point support positions move

away from the edges of the plate. The point supports will then have greater restriction
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on the plate’s displacement and consequently the type of point support will be more

influential.

The attached mass is seen to notably decrease the plate’s computed eigenvalues as
the mass ratio M, increases. The attached mass is also seen to have the greatest effect
on the plate eigenvalue when it is located furthest away from the constrained edges or

internal point support positions.

6.2 Eigenvalue Curves

Traces of the first four eigenvalues vs. dimensionless distance u = v, presented in Sec.
5.1.2, demonstrate the sensitivity of the plate’s eigenvalues to various point support
positions. A comparison of the eigenvalue curves also show how the rigid point support

increases the plate eigenvalues when used in place of a discrete point support.

For Case 1, Case 2, and Case 3 eigenvalues were determined as the discrete point
supports approached the corners of the plate. The eigenvalue curves are seen to converge
to the exact value for the same plate with no internal point support. For Case 4, Case
5, and Case 6 this type of convergence test would not yield any information as to the
accuracy of the solution, since a point support at the corner of a simple-free edge would
cause a clamped effect and produce an eigenvalue greater than the eigenvalue for the

same Llate with no internal point support.

In = cneral, observing the eigenvalue curves it is noticed that when the point supports
are lucated near the corners of the plate they do not have a significant influence on the
computed eigenvalues other than a moderate increase. The eigenvalues are also well
separated, consequently the associated mode shapes are easier to determine. As the
point supports approach the center of the plate the eigenvalues are seen to increase
significantly and often there are considerable crossings or convergence of the eigenvalue
curves. The occurrence of converging or crossing eigenvalue curves represents double

roots in the computed eigenvalues. The double roots can cause difficulty in determining
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the plate eigenvalues, for the eigenvalue matrix determinant may approach zero with
each increment of A? and then suddenly begin to increase away from zero without a
change in sign at the double root location. These double roots can be casily overlooked
and hence the importance of the eigenvalue curves to predict their location. If a plate is
vibrating at it’s double root eigenvalue it will be experiencing two distinct mode shapes
at the same frequency. The associated mode shapes were not generated for double root
eigenvalues due to the difficulty that is involved in separating or distinguishing between

the two associated mode shapes.

For Case 1, Case 2 and Case 3 the lowest eigenvalue is seen to peak at u equal to .30
to .35. As the point supports approach the center of the plate, at values greater than u
equal to .35, they begin to have a clamping effect on the plate, but only on the central
region allowing the remaining areas to be less constrained and therefore the plate can
vibrate more freely and consequently at a lower eigenvalue. With the introduction of the
free edge in Case 4, Case 5, and Case 6 the lowest eigenvalue peaks at around u equal
to .20 to .25. This is due to the point supports having to be closer to the free edge(s) of
the plate in order to have greater constraint on it’s displacement. As the point supports
move closer to the center of the plate, their influence will be less on the free edge(s) and

therefore allowing greater displacement of the plate and lower eigenvalues.

The effect of the point support types on the complexity of the eigenvalue curves is
minimal. The only conclusive observation here is the increase in the plate eigenvalues

when utilizing the rigid point support instead of a discrete point support.

For a single attached mass the eigenvalue curves were seen to decrease as the mass
ratio increased. The mass ratio was only considered up to M, = 1.0. It was felt that
values of M, > 1.0 were not practical as i. must rarely occur that a plate can carry

more than it’s own weight at a single discrete point support.

For two attached masses, the first mode eigenvalue curve is seen to increase to
maximum when the attached masses are directly between the point supports of the

plate. At this location the effects of the attached masses will be minimized due to the
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constraining effects of the point supports. Again it is observed that the attached masses

can significantly reduce the plate eigenvalues.

6.3 Associated Mode Shapes

The associated mode shapes have been depicted as three-dimensional plots of the vi-
brating plates at their natural harmonic frequencies. A study of the associated mode
shapes for Case 1 to Case 6 show that the mode shapes are always fully symmetric or
asymmetric with respect to a center line drawn parallel to the simply supported edges.
This is to be expected, since the plate can not experience anti-symmetry when the plate
edge boundary conditions and point support positions are symmetric with respect to the
center line. With the associated mode shapes, information is available on the locations
of the plate’s maximum displacement, maximum acceleration and node lines. The asso-
ciated mode shape also discloses whether the plate boundary and continuity conditions
are satisfied. (i.e. the clamped edge is ‘seen’ to have zero slope, zero displacement,
point support locations have zero displacement.) It is difficult to identify the effects
of the rigid point support versus the discrete point support in terms of the change of
the plate's slope at the point support Jocation. It is observed however that the rigid
point support can alter the actual mode shape when used instead of the discrete point

support.

The effects of an attached mass are most noticeable on the computed eigenvalues
and eigenvalue curves. The effects of increasing mass ratio on the fundamental mode
shape is seen to be minimal. For varying mass locations, the mode shapes are also
similar but with moderate changes to the locations of maximum displacement and node

lines.
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Conclusions

The free vibration analysis of rectangular plates with two opposite edges simply sup-
ported and with multiple internal point supports has been solved by the method of
superposition. The solution method consisted of first determining the complete solu-
tion for a plate with a single internal point support. This was obtained by dividing
the plate into two segments at the point support location and enforcing four continuity
conditions across the partition line of the two segments. N similar solutions for N
discrete point supports are then superimposed to create an eigenvalue matrix. Once
the equations arising from the enforcement of continuity are established { Appendix A},
it is a straight forward procedure to generate the eigenvalue matrix for any number
and locations of internal point supports. With the eigenvalue matrix available, the
plate eigenvalues and associated mode shapes can then be determined by constraining
the plate's displacement at the point support locations. It was also shown that the

eigenvalue matrix can be easily modified to account for the effects of attached masses.

Due to the nature of the method of superposition, provided the computer analysis is
generating the correct eigenvalue for a plate with a single discrete point support, then
the analysis will generate the correct eigenvalue for the same plate with N discrete point

supports since only one solution is used, which is superimposed /¥ times.

Good agreement was obtained in comparison of results with those published by

(4
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Bapat[24] but some discrepancies were found. The eigenvalue curves and associated
mode shapes indicate that the analysis is accurate and there appear to be no inconsis-

tencies in the computed eigenvalues.

It is hoped that with this type of analysis available, designers of electronic circuit
boards and similar industrial type problems will be able to optimize the boards geometry
and support locations in order to minimice the dynamic excitation of the electronic

components and extend the fatigue life of the entire structure.
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A.1 Case 1, SSSS

A > (mn)?

A sinh 8,v + B, sinyav — Gy sinh Bv° — Dy siny,0® = 0
A B cosh Bt + BumYm €08 Yt + Cin B cosh Bmv™ + Dy ym cos ymv” = 0
Ap B2 sinh Bpnv — B2 sinYmv — Cr B2 sinh fv” + Dyl sinyv” = 0

A B3 cosh Brv — Bpv2 cosynv + C,.3° cosh B v* — Dpy2 cosyv* = P'sinmnu

A < (mw)?

A sinh v 4+ B, sinh g, v — €y, sinh fv* — Dy sinhyv® = 0
AmBm cosh By + Br¥m €0Sh Yrnv 4 Cin P cosh Bnt” 4Dy coshyv™ = 0
A, B2 sinh fiv + B2 sinh 4o — Cr B2 sinh fnv” — Dy2 sinhy, 0™ = 0

A B2 cosh Bnv + B3 cosh v + Co P cosh B v” + Dy coshy,v® = P sinmru
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A.2 Case 2, SSSC

A > (m7)?

Ap(sinh f,v - f—m Sin Y, v) + By, (cosh B v — cos 4pv) = C,, sinh By 0"
- D, siny,v° ="E)

Am(Bm cosh frnv = Bm €05 Y v) + B B sinh 3t + Y Sin Y v) + B Con cOsh Brmv”

+ Ym Dy cos y,pv™ = 0

A (B2, sinh Brnv + Vi Prn Sin Y ) + B (82 cosh fnv + 72 cos Ymv) = B2 Cp sinh B v"
+ TiDm siny,t" =0

An(B3 cosh Bnv + 72 Bin €05 Ym¥) + B, (B2 sinh B0 — 73 sinymv) + B3 Cy cosh fnv”

— 42 D, cos ™ = P*sinmmu

A < (m=)?

A, (sinh Bv — f:-ﬂ sinh Y v) + Bp(cosh B, v — cosh ymv) ~ Cp, sinh B, 0"
— Dy, sinh vy, v" : 0

Am(Bm cosh B v — By, cosh ymv) + B (B sinh Bt — 4 sinh TmV) + BmC,. cosh v

+ YD coshypv™ =0

An (35 sinh B0 — Y P sinh ymv) + B (B2 cosh Bv — 42 coshy,v) — B2, C,p sinh B, 0"
— 42 Dpy sinh yv™ =0

Am( B3, cosh Bmv — 72 Bm cosh ¥mv) + B (B2, sinh v — 42 sinh ) + 42 Cm cosh v

+ 42 D, cosh4,v™ = P*sinmnu
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A.3 Case 3, SCSC

A > (mw)?

Am(cosh B,,v — cosv,) + Bn(sinh v — é"—' siny,v)

m
— Cn(cosh Brv" — cos ymt"™) — Dy (sinh v ~ %—"— sinyv") =0

A Bm sinh Bt + 4 sin ymv) + B Pm cosh v ': B €O v)

+ Ci(Bm sinh B v” + Yy Sin Y v™) + D (B cosh Bv° — B cosy,v) = 0
Anm(B2 cosh B, v + 2 cos ¥mv) + Bn B2 sinh ﬂ,,;t’ + B Ym SN Y )

— Crm(B2 cosh Brmv™ + 42 c0s 1mt") = Din(B2 sinh Benv™ + B Ym SN Ymv™) = 0
A (B2 sinh v — 43 sin ymv) + B8 cosh v + By cos Ym?)

+ Con( B2 sinh Bnv™ — 42 sin 4, v®) + D (83, cosh frv™ + B2 cosymv™) = P sinmru

A2 < (mw)?

Amn(cosh v = coshqy,) + By (sinh fnv — %’1 sinh ¥, v)

— C(cosh fv™ — cosh ymv") — Dy (sinh B v° — -f:l'- sinhy,2") =0

Am(Bm sinh fnv — ¥m sinh Y v) + Bm(Bm cosh fv ': Brm cosh ymv)

+ Coi( B s5inh B ™ — Y sinh Ymv*) + D, (B cosh frrv* — B coshy,v) = 0

An(B: cosh v — 4% cosh 1,v) + B B2 sinh St — BmYm sinh ymv)

— Cr{ B2 cosh frnv” — 72, cosh ¥ v™) — Dy (B2 sinh fnt* — BmYm sinh ymv”) = 0

A (B sinh fnv — 42 sinymv) + Bm(82, cosh v + BmyE cos mv)

+ Cn( B sinh o™ — 72 sin 4, v®) + D(B82, cosh Bnv” + B2 cos yav”) = PTsinmwu
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A.4 Case 4, SSSF

M > (mr)?

An(cosh v + ay, €089 v) + Bin(sinh 8, v + 04 sin Y v) = C — msinh B0
— Dy sinyv" =0
Aw(Bm sinh B v — 1, sin ) + By (B cosh Bt + Y 0m €08 1) + Ci B cosh Bmv”
+D, 4" =0
Am (52 cosh fv = ~2 o €05 V) + Bon( B sinh B v — 42 Om SN Ymv) — Cm 2 sinh Bav"
+ Dyl singpmv” =0
Al B sinh B0 + 43 6 Sin Y v) + Br(82 cosh Bt — 43 01 cos Ymt) + Crm (82 cosh B, v"
- Dm'y,a" COS Tt = P sinmru
where

_ Bn —vé?(mr)? _ B+ B é’(mr)?
A2 +vgi(mr)? " AR = vt d?(ma)?

A< (mw)?

A, (cosh B v — ay, cosh v v) + By(sinh S,v — o, sinth ,,v) — Cpn sinh 80"

- Dy, sinhvy,v" =0

A (B sinh Bt — Ynom sinh ¥ v) + Bn(fm cosh Brnv — ym0m cosh 4, v) + Crn B cosh fnv"
+ Dy coshymv" =0

A (B2 cosh 8,0 — y;i'am cosh Ymv) + Bu(Bm sinh v — 42 0, sinh y,0) = C, B2 sinh 0"
~ Dyl sinh v =0

A8 sinh frv ~ 13 am sinh 4 v) 4+ Br. (82 cosh Bt — 42, 0m cosh ymv) + Cm(B82 cosh fmv™

+ D2 cosh v = P*sinmru

where
o _BmrSmey = B (mn)
™7 42 — o mn)? T A3 = g (mr)?
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A.5 Case 5, SFSF

A > (mw)?

An(cosh Bmv + ap €OS Ymv) + Bu{sinh Bt + o sinqy,v)

— Cm(cosh Bnt™ + am €os ymv") — Br(sinh fnt° + o siny,,v*) =0

Am(Pm sinh B,,,.v = Y SIN YV} + Bl Bm cosh BinV + Y1n s cOS Y v)

+ Conl B sInY B v” = Yy 5i0 Y 0°) + D B cosh Binv® + Ym0 cos 1" ) =0
Am(B? cosh Bt — Y2 & €05 Tm¥) + B (B sinh By — 42,04, 5in y,,0)

— Co( B2 cosh Bv" = v2 0 €05 ¥m V") ~ Dyn(Bm sinh Bnv” = 20 sinyp,v”) = 0
An(82 sinh v + 2 ap sin Y v) + Bn(S2, cosh fmv ~ 73,0m €05 1m2)

+ Ca( 83 sinh B,v" + 93 am sin Y v”) + D (B2, cosh o™ — 13 O COS ™) = P sinmau

where

_ B —vdi(mm)? _ fn ot By ¢i(ma)?

™7 A2 4 vdP(mr)? ™93 — ¢ (mr)?

A% < (mx)?

A(cosh Biv — apm cosh ¥ v) + Br(sinh 8t — 0 sinh ymv)

— Cp(cosh B,,v™ — oy cosh ypv*) — Dyp(sinh v = o sinh ymv”") = 0

A (B sinh Bt — Yy sinh ¥ v) + B (Brm cosh B v = Ymom cosh 1mv)

+ Cr(Bm sinh Bnv" = Y sinh 1mv*) + D (B cosh fm” — Ymom coshy,v7) = 0

Am(B2 cosh fmv — 72 ap c0sh Ymv) + Bn(Bim sinh v — 20 sinh ymv)

— Cm(B2 cosh Bnv” — 72,0 cOsh 7*) — DB sinth fmv”™ — 42,0 sinh 4, v7) = 0

An(82 sinh fnv — 73 ap sinh4,v) + Bm(B5, cosh frv — 73,0 cosh ymv)

+Cm( B2 sinh Brv™ — 42 & 5inh Ymv") 4 DB cosh fmv™ — 75,0m cosh 7,v") = P*sinmru
where

_ By = véi(mn)? _ B = v ¢ (ma )’
T Tvgme? T R g )
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A.6 Case 6, SCSF

A? > (mrw)?

A, (cosh Bmv + am cos ymv) + By (sinh 8v + o sin y,v)
— C(cosh fv° — cospmv") — Dpy(sinh Bv” — %"—'- siny,v") =0
Am(Bm sinh 8,0 — ya0m SinYiqv) + By B cosh ﬁ:v + YO m CO5 YmV)
+ Cpu( By, sinh B v° + fm sin ¥m ™) + Dn( B cosh B 0" — B cos v} =0
A (B2 cosh v — 2 o €08 Tmt) + Bm(Bm sinh Bt — 72,0m sin ymv)
— Cpn(B2 cosh Bnv" + 712 cos¥mv") = Dm(F sinh B + BimYm SID 1mv™) =0
An(B2 sinh B0 + 92 0 sin Y v) + BB, cosh St — 43,0 €05 Ymv)
+ Co( B2 sinh B v” — 23, sin Y ") + D82, cosh frmv” + P72, c0s ") = P™sinmnu

where
C_BmvBlmn) [t dimn)
"+ v (mn)? " — ¢ (mn)?

A < (mn)?

Am(cosh Bv — o cosh Y v) + Bu(sinh v — o sinh ymv)
— C,{cosh B,v" ~ cosh 4,,v") — Dy (sinh frv* — %’l sinh¥,v") =0
A Bm sinh B v — Yo, sinhy,v) + Bp(Bnm cosh ﬁ:v — YmOm COSh Yn?)
4+ Con( B Sinh By v™ — Y sinh 4,,,0°) + Dy (Bm cosh fnv™ — B coshymv) =0
An(82 cosh Bmv — 72 am c0sh ¥ v) + B (Bm sinh fmv — ¥20m sinh 1 v)
— Cpa( B2 cosh Bnv" — 42 cosh Yv") — Dy (B2 sinh frnv” — frn¥m sinh -')rmv') =0
An (82 sinh B,v — 73 0 sinh ¥,,v) + By, (B2, cosh fmv — 75,0, cosh v, v)
+ Cp( B2 sinh B,v° — 43 sinh y,v") + D (82 cosh v — Bm2 coshy,v") = P"sinmru

where
B —veé*(nm)? _ BE — Bmy"¢*(mm)?
O T R g (mr ) ™7 93— Ym g2 (mr)?
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B.1 Multiple Internal Point Supports

Computed Eigenvalues A? for each case study with various point support positions

(discrete and rigid). Number of terms taken in series, # = 32. Note: all internal

supports lie on diagonal lines across the plate surface.
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Table B.1: Computed Eigenvalues A*, Case 1, SSSS (¢ = 1.0, support type: discrete).

U=

mode | 0.05 010 015 020 025 030 035 040
1 20.65 23.50 28.79 37.65 52.66 T79.37 94.19 73.78
2 50.79 55.13 62.74 T74.50 91.24 109.9 102.9 81.94
3 50.79 55.13 62.74 7450 91.24 1099 102.9 ¢£1.94
4 |82.56 93.48 113.5 1363 146.8 131.5 113.5 133.7

Table B.2: Computed Eigenvalues A%, Case 1, SSSS (¢ = 1.0, support type: rigid).

U=

mode | 0.05 010 0.15 020 025 030 035 040
1 21.59 25.79 33.21 45.63 67.17 108.5 1164 89.51
2 52.25 58.49 69.10 86.19 112.6 138.6 120.2 93.48
3 52.25 58.49 69.10 86.22 112.6 138.6 120.2 93.50
4 86.18 99.45 102.7 111.0 126.2 141.4 1374 101.8

Table B.3: Computed Eigenvalues A, Case 1, SSSS (¢ = 1.5, support type: discrete).

u=v

mode | 0.05 010 0.15 020 025 030 035 040
1 14.83 16.58 19.68 24.63 32.52 44.45 4841 41.69
2 28.62 32.34 39.15 50.38 61.61 64.99 53.66 43.96
3 44.59 46.57 49.73 5446 67.21 67.70 76.26 64.83
4 50.81 54.92 61.00 67.09 69.53 72.23 76.74 65.77
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Table B.4: Computed Eigenvalues A2, Case 1, SSSS (¢ = 1.5, support type: rigid).

mode

u=v

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

1

[ S

15.31
29.63
45.14
52.01

17.71
34.84
47.71
57.71

21.77

43.98

51.80
66.42

28.35
58.34
59.02
77.75

39.64
69.10

81.90

86.25

60.85
86.14
77.19
76.98

61.62
61.71
83.06
83.29

49.16
49.21
69.05
69.51

93

Table B.5: Computed Eigenvalues A?, Case 2, SSSC (¢ = 1.0, support type: discrete).

mode

u=v

0.05

0.10

0.156 020 035

0.30

0.35

0.40

1

=W

24.25
52.66
59.49
88.45

26.34
56.12
62.57
97.22

38.80 53.80 53.28
63.10 74.74 91.77
68.92 79.53 94.20
105.3 106.3 108.4

80.02
101.6
110.3
119.4

96.77
100.7
104.8
120.5

76.44
84.40
93.00
103.4

Table B.6: Computed Eigenvalues A?, Case 2, SSSC (¢ = 1.0, support type: rigid).

u=v

mode | 0.05 0.10 0.15 020 025 030 035 040
1 24.91 28.17 34.64 46.32 67.42 108.7 117.9 91.06
2 53.75 59.10 69.23 86.23 112.7 138.9 122.3 95.77
3 60.44 65.25 74.53 90.59 116.6 140.3 133.3 100.8
4 91.14 104.6 108.9 116.9 1321 144.2 139.6 113.7
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Table B.7: Computed Eigenvalues A%, Case 2, SSSC (¢ = 1.5, support type: discrete).
U=v
mode | 0.05 010 015 020 025 030 035 040
1 15,97 17.29 1997 24.71 32.68 4545 50.42 42.71
2 13180 34.58 40.55 51.30 61.80 66.42 67.07 56.70
3 45.06 46.71 49.77 54.53 67.88 72.66 TG6.50 65.25
4 56.28 59.48 64.97 T70.78 74.26 85.58 83.00 T2.80

Table B.8: Computed Eigenvalues A2, Case 2, SSSC (¢ = 1.5, support type: rigid).

Uu=v
|mode | 0.05 010 015 020 025 030 035 040
1 16.31 18.21 21.90 2835 39.63 60.85 100.1 49.21
2 32.49 36.64 44.98 5833 69.09 77.03 106.2 65.26
3 45.47 47.77 51.79 59.63 91.19 86.22 120.2 69.41
4 57.12 61.81 69.82 80.84 1049 104.8 126.7 78.57

discrete).

Table B.9: Computed Eigenvalues A2, Case 3, SCSC (¢ = 1.0, support type:
u=v
mode | 0.05 010 0.15 020 025 030 035 040
1 28.99 29.95 33.05 40.10 53.96 80.71 99.93 85.66
2 54.98 57.22 63.48 75.00 92.32 108.6 108.7 90.31
3 69.53 71.51 77.02 8745 104.7 110.8 128.0 108.7
4 95.30 101.5 108.5 110.5 110.6 1284 134.1 1125
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Table B.10: Computed Eigenvalues A2, Case 3, SCSC (¢ = 1.0, support type: rigid).

mode

u=v

0.05

0.10

0.15

0.20 0.25

0.30

0.35

0.40

1

= W

29.24
55.53
70.01
96.88

31.11
59.75
73.59
107.1

36.29
69.37
81.81

112.2

47.07 67.71
86.20 112.7
97.25 125.1
119.9 1334

108.8
139.1
144.0
158.5

128.9
128.9
153.2
153.8

103.7
103.8
1211
122.5

Table B.11: Computed Eigenvalues A?, Case 3, SCSC (¢ = 1.5, support type: discrete).

U=V
mode | 0.05 0.10 0.5 020 025 030 035 040
1 17.43 18.11 20.27 2479 32.85 46.58 61.82 55.13
2 35.52 37.21 42,22 5242 70.6> 73.12 7254 58.09
3 45.58 46.85 49.80 54.52 82.02 84.58 84.69 T1.64
| 4 62.63 64.80 70.18 76.96 99.04 87.18 87.42 73.94

Table B.12: Computed Eigenvalues A%, Case 3, SCSC (¢ = 1.5, support type: rigid).

u="v
mode | 0.05 0.10 015 020 025 030 0.35 0.40
1 17.55 18.77 22.04 28.36 39.63 60.96 83.31 65.24
2 35.82 38.75 46.16 58.33 69.09 86.22 83.41 65.28
3 45.83 47.83 51.79 60.38 85.83 103.8 97.15 78.00
4 62.84 66.71 74.31 85.63 99.57 103.8 98.26 79.14
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Table B.13: Computed Eigenvalues A%, Case 4, SSSF (¢ = 1.0, support type: discrete).

u="v

mode | 0.05 010 015 020 025 030 035 040
1 17.66 21.72 27.54 36.21 37.36 33.16 28.93 25.28
2 ]33.03 37.14 40.54 51.32 52.25 62.61 55.58 50.40
3 58.96 54.28 61.76 T1.13 7096 T78.12 89.11 76.04
4 |63.55 64.95 68.09 76.00 89.35 96.99 98.82 85.33

Table B.14: Computed Eigenvalues A%, Case 4, SSSF (¢ = 1.0, support type: rigid).

u="v
mode [ .05 0.10 015 020 025 030 035 040
1 19.63 2490 32.81 4544 51.18 43.77 36.05 20.71
2 35.77 42.06 49.13 53.66 6€67.08 71.69 60.33 53.03
3 51.35 58.30 69.06 86.20 89.10 106.7 101.0 90.30
4 65.12 69.23 76.56 90.17 112,7 109.4 1182 0542

Table B.15: Computed Eigenvalues A?, Case 4, SSSF (¢ = 1.5, support type: discrete).
u=v
mode | 0.05 0.10 0.15 020 025 030 035 0.40
1 14.24 16.32 19.33 23.26 23.30 20.59 18.32 16.59
2 24.07 28.90 32.09 29.86 33.85 46.15 (.65 42.76
3 36.86 37.92 39.84 50.32 53.85 40.75 50.61 44.44
4 |44.25 46.45 49.50 53.57 63.07 66.47 70.26 60.97
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Table B.16: Computed Eigenvalues A2, Case 4, SSSF (¢ = 1.5, support type: rigid).

U=
mode | 0.05 010 015 020 025 030 035 040

1 15.00 17.63 21.68 28.11 29.70 24.80 21.02 18.24

2 26.27 32.57 38.76 35.82 60.00 52.75 48.21 45.30

3 38.79 4197 4542 5832 69.10 60.92 61.67 49.21

4 45.00 47.69 51.78 b59.27 8260 77.03 83.29 69.24

Table B.17: Computed eigenvalues A2, Case 5, SFSF (¢ = 1.0, support type: discrete).
u=v
mode | 0.05 010 015 020 025 030 035 040
1 16.41 20.56 26.49 34.66 34.99 31.03 27.37 24.40
2 26.89 32.75 38.49 41.15 39.75 35.32 30.50 26.11
3 42,28 43.45 4279 41.50 51.91 61.67 55.29 50.21
4 47.72 53.53 60.83 68.64 68.52 63.58 55.88 50.59

Table B.18: Computed eigenvalues A?, Case 5, SFSF (¢ = 1.0, support type: rigid).

mode

u=v

0.05

0.10

0'15

0.20

0.25

0.30

0.35

0.40

1

2
3
4

18.37
30.29
44,76
50.59

24.19
38.21
48.57
58.11

32.45
46.79
52.44
69.03

45.26
53.01
54.34
86.14

51.06
81.31
67.00
89.12

43.66
43.88
71.69
71.69

36.02
36.08
60.31
60.36

29.66
29.76
52.99
53.06
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Table B.19: Computed eigenvalues A2, Case 5, SFSF (¢ = 1.5, support type:

s
L7

discrete).

u=uv

mode [ 0.05 010 015 020 025 030 035 0.40
1 13.84 16.08 18.97 2220 22.08 19.77 17.73 16.23
2 22,01 27.54 31.92 2896 24.81 2146 18.92 16.96
3 30.40 3294 32.27 3045 34.88 47.99 46.50 44.42
4 43.42 41.72 40.63 50.24 53.06 49.48 46.74 44.46

Table B.20: Computed eigenvalues A%, Case 5, SFSF (¢ = 1.5, support type: rigid).

U=
mode | 0.05 010 0.15 020 025 030 035 040
1 14,70 17.54 21.59 27.89 29.53 24.76 21.01 18.24
2 24.49 3143 38.34 35.72 20.87 24.84 21.03 18.24
3 33.27 3790 39.36 3592 39.89 52.74 4821 45.29
4 44.86 46.07 46.91 ©58.31 60.00 52.74 48.21 45.31

: discrete).

Table B.21: Computed eigenvalues A%, Case 6, SCSF (¢ = 1.0, support type
U=

mode | 0.05 0.10 0.15 020 025 030 035 040

1 19.60 23.73 29.18 37.28 37.41 31.19 2896 25.30

2 | 37.09 39.47 41.27 41.32 52.76 62.61 55.58 50.40

3 50.32 55.19 62.10 71.32 71.01 78.61 89.49 82.18

4 73.06 73.50 75.97 82.86 95.52 97.41 109.0 92.88
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Table B.22: Computed eigenvalues A?, Case 6, SCSF (¢ = 1.0, support type: rigid).

mode

u=v

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

1

2
3
4

21.77
39.23
52.65
74.16

26.82
43.95
58.89
77.41

34.10
49.79
69.19
84.00

46.09
53.74
86.17
96.49

51.16
67.33
89.10
112.7

43.74
71.66
106.7
109.5

36.04
60.33
101.0
131.3

29.69
53.03
93.55
105.8

Table B.23: Computed eigenvalues A2, Case 6, SCSF (¢ = 1.5, support type: discrete).

u=v
mode [ 0.056 010 015 020 025 030 035 040
1 15.13 16.98 19.60 23.32 23.32 20.61 18.33 16.59
2 25.75 29.82 32.11 29.87 33.99 47.290 46.65 44.44
3 40.09 39.96 41.41 51.29 53.87 49.75 63.28 56.18
4 44.66 46.59 49.53 53.64 63.20 73.62 74.92 61.34

Table B.24: Computed eigenvalues A2, Case 6, SCSF (¢ = 1.5, support type: rigid).

U=v

mode | 0.05 0.0 015 020 025 030 035 040
1 15.88 18.12 21.81 28.12 29.69 24.79 21.02 18.23
2 27.89 33.53 38.82 35.82 39.76 52.73 48.20 45.30
3 41.54 43.49 46.54 58.31 60.00 60.95 87.156 65.23
4 45.32 47.75 51.78 59.98 69.10 86.18 83.35 69.22
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B.2 Effects of Attached Mass

Computed eigenvalues A? for Case 5, SFSF having varying mass ratios and varying mass

locations.

For varying mass ratio, mass location is at plate’s center at u = v = 0.5. Plate is also

supported by four discrete point supports.

For varying mass location, two attached masses are considered with mass ratio Af, = 0.4,
Attached masses are located on the line u = 0.5 at varying values of v and 1 —~ v. Plate

is also supported by four discrete point supports.
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Table B.25: Computed eigenvalues A\?, varying mass ratios (¢ = 1.0).

101

u=v

mass ratio M,

0.1

0.2

0.3

0.4

0.5 0.6

0.7

0.8

0.9

1.0

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40

14.39
17.47
21.61
27.01
31.711
30.30
2717
24.41

12.89
15.35
18.55
22.68
27.40
29.13
26.91
24.36

11.76
13.81
16.46
19.88
24.09
27.48
26.60
24.30

10.86
12.65
14.95
17.90
21.67
25.63
26.21
24.23

10.14 9.500
11.73 10.98
13.77 12.84
16.41 15.24
19.83 18.39
23.88 2235
25.73 25.17
24.17 24.09

9.037
10.36
12.07
14.29
17.21
21.03
24.52
24.01

8.610
9.837
11.42
13.49
16.24
19.01
23.81
23.92

8.236
9.357
10.87
12.82
15.40
18.93
23.09
23.82

7.907
8.974
10.39
12.23
14.69
18.08
22.36
23.72

Table B.26: Computed eigenvalues A\?, varying mass ratios (¢ = 1.5).

u=vuv

mass ratio M,

0.1

0.2

0.3

0.4

0.5 0.6

0.7

0.8

0.9

1.0

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40

11.79
13.26
15.15
17.59
19.75
19.23
17.60
16.20

10.37
11.46
12.90
14.82
17.18
18.39
17.42
16.17

9.324
10.22
11.39
13.01
15.19
17.27
17.21
16.13

8.543
9.290
10.31
11.73
13.711
16.09
16.93
16.09

7.924 7419
8.583 8.013
9.468 8.826
10.76 9.993
12.57 11.68
14.99 14.03
16.59 16.18
16.04 16.00

6.999
7.542
8.201
9.356
10.94
13.21
15.72
15.94

6.642
7.144
7.842
8.844
10.33
12.51
15.22
15.88

6.334
6.803
7.458
8.404
9.815
11.90
14.72
15.81

6.065
6.506
7.126
5.023
9.346
11.37
14.23
15.74
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Table B.27: Computed eigenvalues A?, varying mass locations (M, = 0.4, ¢ = 1.0).

u=v

attached mass location v (u = 0.5)

0.05

010 0.15 020 0.25 030 035 040

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40

9.959
12.13
13.59
13.80
12.87
11.68
10.64
9.841

10.26 10.26 10.08 9.813 9.480 9.194 8.925
1298 12,79 12.44 1193 11.36 10.82 10.35
15.44 16.11 19.05 14.99 14.01 13.06
16.57 19.06 20.15 1948 17.91 16.27 14.01
15.69 19.06 22.66 25.07 23.91 21.09 18.67
14.09 17.13 20.92 2338 29.73 28.24 23.99
12.60 15.02 18.08 21.85 25.60 27.35 26.67
11.43 13.33 15.65 18.53 21.70 23.93 24.46

12.27

Table B.28: Computed eigenvalues A?, varying mass locations (M, = 0.4, ¢ = 1.5).

u=v

attached mass location v (u = 0.5)

0.05

010 015 020 025 030 035 0.40

N.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40

9.039
10.63
10.71
9.581
8.462
7.577
6.968
6.570

9.331 9.117 8.710 8.257 7.819 7.418 7.066
11.57 11.28 10.51 9.620 8.900 8.255 7.729
13.22 14.22 13.30 11.87 10.55 9.475 8.679
12.31 15.46 17.39 1560 13.27 11.44 10.12
10.61 13.38 16.96 20.91 18.056 14.68 12.39
9195 11.26 13.98 17.36 19.70 18.64 15.79
8.220 10.46 11.67 14.18 16.75 17.73 17.31
7.601 8.757 10.16 11.93 14.10 15.81 16.23
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40.3

40.1

O

3 398

[+]
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e
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B 397
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1 X'=39.64
395 | .
39'3 L L A ] " 1 N 1 5 1
12 18 20 24 28 a2

number of terms, k, in series solution

. Figure C.1: Convergence curve for Case 1, SSSS, v = v = 0.25, ¢ = 1.5, support type:
rigid



Appendix D

Computer Program for Plate

Vibration Analysis

105



APPENDIX C. COMPUTER PROGRAM LISTING 106

List of Computer Program Symbols

ALMDS
AMR

BM
CF
CP
DEL
DLIM
ETA
FAC
GM

KN
PHI
Pl
PSI

PSR

W(I,J)

equation elements determined from enforcement of continuity
eigenvalue \?

attached mass ratio

eigenvalue matrix

/N + (ma)?

four unknowns from equations of continuity
internal point support coordinate
increment of eigenvalue

upper limit in eigenvalue search
dimensionless coordinate i

value subracted for an attached mass
¢y/ A2 — (mm)? or @f(mm)?2 — A?
number of terms in fourier expansions
number of discrete point supports
point support driving force

plate aspect ratio ¢

7

dimensionless coordinate £

Poisson’s ratio

point support coordinate u = v
stored displacement values

eigenvalue determinant
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a3 3K o ok o o ko ok ok o ok o ok o ko K 3 sk e ol e aje e ok ok ke sl ke ok ok ak e ok kol 2k b e ok K K ol K K R KK ook ok ok

Listing of computer program used to calculate the eigenvalues
and mode shape data for rectangular plates with two opposite
edges simply supported and the remaining edges simply supported,
clamped or free. There can be any number of point supports and/or
attached masses. Note: must set program subroutine call
statements to correspond with appropriate plate boundary
conditions. Program is set to analyse Case 1, SSSS.

* X N X RN R
E K B K BE BE B

aokokskokaokokkkkokkokrkk gubroutine definitions soskokmkakskokkokkok

* * equation elements from enforcement of continuity conditions:
*« = SUBROUTINE ABCD1 -~ SSS5 plate
* * SUBROUTINE ABCD2 - SSSC plate
* * SUBROUTINE ABCD3 - SCSC plate
* * SUBROUTINE ABCD4 - SSSF plate
* » SUBROUTINE ABCDS5 - SFSF plate
* * SUBROUTINE ABCDS - SCSF plate

modified Levy type series solution
SUBROUTINE SSSS - SS8S5 plate
SUBROUTINE SCSS - SSSC plate

* ¥ ¥ H R E K
A B B S B AR

SUBROUTINE SCSC - SCSC plate
SUBROUTINE SFSS - SSSF plate
SUBROUTINE SFSF - SFSF plate
SUBROUTINE SFSC - SCSF plate

SUBROUTINE SIM{ - calculates unkowns A,B,C,D
SUBROUTINE DETERM - calculates determinant for eigenvalue search
SUBROUTINE DETR - calculates point supports P value

QA OOOaaao QOO G aoaQOaaa o
* ¥

*
* % ®

Crormioiookiiookiokkiokk start of main program kskskkskoksdk ko

IMPLICIT DOUBLE PRECISION (A-K,0-2)
DIMENSION W(61,61), B(16,16),P(16),CP(16,3)
DIMENSION A(4,5), CF(5)

1 TFORMAT (7(E13.6,3X))

C * * terminal input section

READ (6,*) UV, SS, AMR,PHI
READ (6,*) ALMDS, DEL, DLIM

C * * initialize remaining input variables

S8 = 1.0

K = 32

JL = 21

C = 1,

PI = 4. .*DATAN(C)
PS = 1

PHIS = PHI**2

PSR = 0.333

X1,Y1,X2,Y2,...are the rigid support positions
EP1,EP2 define the radius of rigid support
note: 1 rigid support = 4 point supports.

EP1 = 5,/160.

e e Re]
®* ¥ *
* * W
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QO aa O aaon

* * »*

* * ¥ ¥
* *

* *

EP2 = 5./240,
IF (PHI.EQ.1) THEN
EP2 = EP1
END IF

X1 = UV

Y1 = X1

X2 =1 - X1
Y2 = Y1

X3 = X1

Y3 =1-1Y1
X4 =1-1X1
Y4 =1-Y1

now generate U,V,and AMR(mass ratios) associated with each pt.
note third value AMR will always = 0 unless we wish to attach
masses at the points of interest.

CP represents point load location. Note four points generate
a cluster of points which simulates a bolt fastner

K represents number of terms of series, 20 to 30 terms usunally
gives good convergence. Final pass k=32.

SS defines the point support type.
SS = 1 - discrete SS = 2 - rigid

IF(SS.EQ.1) THEN

CP(1,1)= X1
cP(1,2)= Y1
cP(1,3)= 0.
CP(2,1)= X2
CcP(2.2)= Y2
cp(2,3)= 0.
CP(3,1)= X3
CcP(3,2)= Y3
cP(3,3)= 0.
CP(4,1)= X4
CP(4,2)= Y4
Cr(4,3)= 0.
ELSE

KN = 16
CP(1,1)= X1+EP1
CP(1,2)= Y1
CP(1,3)= 0.
cp(2,1)= X1-EPL
cpr(2,2)= Y1
CP(2,3)= 0.
CcP(3,1)= X1
CP(3,2)= Y1+EP2
CP(3,3)= 0.

CP(4,1)= X1
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CP{4,2)= Y1-EP2
CP(4,3)= 0.

CP(5,1)= X2+EP1
CP(5,2)= Y2
CP(5,3)= 0.

CP(6,1)= X2-EP1
CP(6,2)= Y2
CP(6,3)= 0.

CP(7,1)= X2
CP(7,2)= Y2+EP2
CP(7,3)= 0.

CP(8,1)= X2
CP(8,2)= Y2-EP2
CP(8,3)= 0.

CP(9,1)= X3+EPi
CP(9,2)= Y3
CP(9,3)= 0.

CP(10,1)= X3-EP1
CP(10,2)= Y3
CP(10,3)= 0.

CP(11,1)= X3
CP(11,2)= Y3+EP2
cp(11,3)= o.

CP(12,1)= X3
CP(12,2)= Y3-EP2
cp(12,3)= 0.

CP(13,1)= X4+EP1
CP(13,2)= Y4
CP(13,3)= 0.

CP(14,1)= X4-EP1
CP(14,2)= Y4
CP(14,3)= 0.
CP(15,1)= X4
CP(15,2)= Y4+EP2
CP(15,3)= 0.
CP(16,1)= X4
CP(16,2)= Y4-EP2
CP(16,3)= 0

ENDIF

pO 55 I = 1,KN
DO 55 J = 1,KN
B(I,J) = 0.

DO 53°I = 1,KN
DO 53 J = 1,KN
UL = CP(I,1)

Vi = CP(I,2)

109
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Y
* *

54

a0
* ¥

53
C *

aQoQ
* ¥

ig

g2
V2

CP(J,1)
CP(J,2)

0on

calculate the series summaticm of the modified Levy solution for
for point support location Ul, V1.

DO 54 M = 1.K

CALL ABCD1 (M,PHIS,ALMDS,PS,U1,V1,A,PSR)
CALL SIMQ (A,CF)

CALL S$SSS (M,PHIS,ALMDS,U2,V2,V1,CF,WS,PSR)
B(I,J) = B(I,J) + WS

CONTINUE

if point support is an attached mass than subtract the
appropriate quantity FAC.

IF (I.EQ.J) THEN

IF (CP(I,3).NE.Q.) THEN
FAC=-1./(2.+PHIS*PHIS*CP(I,3)*ALMDS*ALMDS)
B(I,I)=B(I,I)-FAC

END IF

ENDIF
CONTINUE

if DEL.NE.O perform an eigenvalue search

IF EDEL .NE.0) THEN

IF (ALMDS.LT. DLIM) THEN
CALL DETERM(B,KN,Y

WRITE (4,1) ALMDS Y
ALMDS = ALMDS + DEL
GOTO 9

END IF

if DEL.EQ.0 calculate displacement data for three-dimensional
mode plots.

ELSE
WRITE (4,1) ALMDS, UV, SS, PHI
DO 18 I = 1,KN

P(I) = 0

CALL DETR (B,KN,P)
DO 99 I = 1,JL

DO 99 J = 1,JL
Ww(I,3) =

calculate plate displacement at incremental values of
PSI and ETA.

DD 44 I =1,JL
gga44 (FLDAT(I) ~1.)/(FLOAT(JL)-1.)

PSI = (FLDAT(J) 1.)/(FLOAT(JL)-1.)
DO 44 N = 1,KN
P(N 1)
CP(N.2)
N = =P(N)

DO 44 M = 1,K
CALL ABCD1 (M PHIS,ALMDS,PN,U,V,A,PSR)

na

U
v
P
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CALL SIMQ (A,CF)
CALL SSSS (M,PHIS,ALMDS,PSI,ETA,V,CF,WS,PSR)
44 W(I,)) = W(I,J) + WS

print out IxJ array of W(I,J): mode shape data
TST2,TST1 are used to normallze the displacement so that
the plate s maximum displacement is always equal to one.

TST2 = 0.0

po 77 I= 1,JL

po 77 J= 1 g

TST1 = ABS(H(I 1)

IF (TST1.GT. TST2) THEN

TST2 = TST1

END IF

77 CONTINUE

DO 88 I 1

po 88 J =1
)

aAqao
* * %
* % %

.gL
DISP = H(I J)
88 WRITE (4,1) D
ERDIF
STOP
END
C sxxxkxdkrnkk end of main program *skisviokkokkkiikokk ik

/ TST2
ISP

© sk e ke ok o o s e o ke ke sk e s 380 ke e o ok ok ke ookl e ol e s i s sk s b e s e e o ol e e e e ook ook

SUBROUTINE ABCDi(M,PHIS,ALMDS,P,U,V,A,PSR)
€ okokok ook sk sl sk ook s ok ok sl ko sk o sk s sk ek s ok ek ok kel s R Kok o ok

IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION A(4,5)

o = 1

PI = 4.*DATAN(C)

VS =1 -V

EMP = M+PI

EMPS = EMP*EMP

BMS = PHIS*EALMDS+EMPS)
BM = DSQRT(BMS)

IF (ALMDS.GT.EMPS) THEN
GMS PHIS*%ALMDS EMPS)

GM = DSQRT(GMS)
A(1,1) = DSINH(BM*V)
A(1,2) = DSIN(GM*V)
A(1,3) = -DSINH(BMxVS)
4(1,4) = -DSIN(GM*VS)
A(1,8) = 0

A(2,1) = BM*DCOSH(BM*V)
A(2,2) = GM*DCOS(GMxV)
A(2,3) = BM*DCOSH(BM*VS)
A(2,4) = GM*DCOS(GM*VS)
A(2,5) = 0

A(3,1) = BMS*DSINH(BM*V)
A(3,2) = -GMS*DSIN(GM*V)
A(3,3) = -BMS*DSINH(BM*VS)
A(3.4) = GMS*DSIN(GM*VS)
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A(3,5) = 0

A(4,1) = BM**3*DCOSH(BM*V)
A(4,2) = -GM*x3xDCOS (GM*V)
A(4,3) = BM**3*xDCOSH(BM*VS)
A(4,4) = -GM*x3%DCOS(GM*VS)
A(4,5) = P*DSIN(EMPxU)
ELSE

GMS = PHIS*(EMPS-ALMDS)
GM = SQRT(GMS)

AC1,1) = DSINH(BM*V)
AC1,2) = DSINH(GM*V)
A(1,3) = -DSINH(BM*VS)
A(1,4) = -DSINH(GM=*VS)
A(1,5) = ©

A(2,1) = BM*DCOSH(BM*V)
A(2,2) = GM*DCOSH(GM*V)
A(2,3) = BM*DCOSH(BM*VS)
A(2,4) = GM*DCOSH(GM*V3)
A(2,5) = ©

A(3,1) = BMS*DSINH(BM*V)
A(3,2) = GMS*DSINH(GM*V)
A(3,3) = -BMS*DSINH(BM*VS)
A(3,4) = -GMS*DSINH(GM=*VS)
4(3,5) = ©

A(4,1) = BM*x3xDCOSH(BM*V)
A(4,2) = GM**3%DCOSH(GM*V)
A(4,3) = BM**3*DCOSH(BM*VS)
A(4,4) = GM**x3*xDCOSH(GM*VS)
A(4,5) = P*DSIN(EMP*U)

END IF

RETURN

EXD

C e ok e ke e o e ke ke e e e e o e s o o e ke ke e o o s ke ok e s o o e e e s s ok e e e sk sfe e sk o ok ok sk ok ok

SUBROUTINE ABCD2(M,PRIS,ALMDS,P,U,V,A,PSR)
C sk koo ok ok Aok o kol o o ko o o ok ol s o ok ok oo ok sk o o ko ko oo o ok o o

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
DIMENSION A(4,5)

C =1

PI = 4.*DATAN(C)

Vs =1-%V

EMP = M*PI

EMPS = EMP*EMP

BMS = PHIS*EALMDS+EHPS)
BM = DSQRT(BMS)

IF (ALMDS.GT.EMPS) THEN

GMS = PHIS*EALMDS—EHPS)

GM = DSQRT(GMS)

A(1,1) = DCOSH(BM*V) - DCOS{GM*V)

A(1,2) = DSINH(BM*V) - BM/GM * DSIN(GM*V)

A(1,3) = -DSINH(BM*VS)
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A(1,4) = -DSIN(GM*VS)

A(1,5) = ©

A(2,1) = BM*DSINH(BM*V) + GM*DSIN(GM*V)
A(2,2) = BM*DCOSH(BM*V) - BM*DCOS(GM*V)
A(2,3) = BM*DCOSH(BM*VS)

A(2,4) = GM*DCDS(GM*VS)

A(2,5) = 0

A(3,1) = BMS*DCOSH(BM*V) + GMS*DCOS(GM*V)
A(3,2) = BMS*DSINH(BM*V) + GM*BM*DSIN(GM*V)
A(3,3) = -BMS*DSINH(BM*VS)

A(3,4) = GMS*DSIN(GM*VS)

A(3,5) = ©

A(4,1) = BM**3*DSINH(BM*V)-GM**3*DSIN(GM=V)
A(4,2) = BM**x3*DCOSH(BM*V) + GMS*BM*DCOS (GM*V)
A(4,3) = BM**3*xDCOSH(BM*VS)

A(4,4) = -GM»*3*DCOS (GM*VS)

A(4,5) = P*DSIN(EMP*U)

ELSE

GMS = PHIS*(EMPS-ALMDS)

GM = SQRT(GMS)

A(1,1) = DCOSH(BM*V) - DCOSH(GM*V)

A(1,2) = DSINH(BM*V) - BM/GM*DSINH(GM*V)
A(1,3) = -DSINH(BM*VS)

A(1,4) = -DSINH(GM*VS)

A(1,5) = O

A(2,1) = BM*DSINH(BM*V) - GM*DSINH(GM*V)
A(2,2) = BMxDCOSE{BM*V) - BM=*DCOSH(GM=*V)
A(2,3) = BM*DCOSH(BM*VS)

A(2,4) = GM*DCOSH(GM*VS)

A(2,8) = O

A(3,1) = BMS*DCOSH(BM*V) - GMS*DCOSH(GM*V)
A(3,2) = BMS*DSINH(BM*V) - GM*BM*DSINH(GM*V)
A(3,3) = -BMS*DSINH(BM#*VS)

A(3,4) = -GMS*DSINH(GM*VS)

A(3,5) = 0

A(4,1) = BM**3*DSINH(BM*V) - GM**3*DSINH(GM*V)
A(4,2) = BM**3xDCOSH(BM*V) - GMS*BM*DCOSH(GM*V)
A(4,3) = BM**3xDCOSH(BM*VS)

A(4,4) = GM**3*%DCDSH(GM*VS)

A(4,5) = P*DSIN(EMP*U)

END IF

RETURN

END

C ok sk sk o e o e ok ok ek ok ok ok o ok sl o ol o ok e ok o o sk ol e e o e o sk ok e ook ke e e o afe ok e e o Aok

SUBROUTINE ABCD3(M,PHIS,ALMDS,P,U,V,A,PSR)
C koo ek Aok ok ok ooR o ok kol sk oo ok ol sk ok s ok st o o ki s sk o ook

IMPLICIT DOUBLE PRECISION (A-H,0-2Z)
DIMENSION A(4,5)
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C =1

PI = 4.%DATAN(C)

V8§ =1 -V

EMP = M*PJ

EMPS = EMP*EMP

BMS = PHIS*EALMDS+EMPS)

BM = DSQRT{BMS)

BMV = BMxV

BMVS = BM#VS

IF (ALMDS.GT.EMPS) THEN

GMS = PHIS*(ALMDS-EMPS)

GM = DSQRT(GMS)

GMV = GMxV

GMVS = GM*VS

A€1,1) = DCOSH(BMV) - DCOS(GMV)

A(1,2) = DSINH(BMV) - BM/GM * DSIN(GMV)
A(1,3) = -DCOSH(BMVS) + DCOS(GMVS)

A(1,4) = -DSINH(BMVS) + BM/GM * DSIN(GMVS)
A(1,5) = 0

A(2,1) = BM*DSINH(BMV) + GM*DSIN(GMV)
A(2,2) = BM*DCOSH{BMV) - BM=*DCOS (GMV)
A(2,3) = BM*DSINH(BMVS) + GM*DSIN(GMVS)
A(2,4) = BM*DCOSH(BMVS) - BM*DCOS(GMVS)
A(2,5) =0

A(3,1) = BMS*DCOSH(BMV) + GMS*DCOS(GMV)
A(3,2) = BMS*DSINH(BMV) + GM*BM*DSIN(GMV)
A(3,3) = -BMS*xDCOSH({BMVS) - GMS*DCOS(GMVS)
A(3,4) = -BMS*DSINH(BMVS) - GM*BM*DSIN(GMVS)
4(3,5) = 0

A(4,1) = BM#*3*DSINH(BMV) - GM**3*DSIN(GMV)
A(4,2) = BM#*3*%DCOSH(BMV) + GMS*BM*DCOS(GMV)
A(4,3) = BM**3*DSINH(BMVS) - GM#**3*DSIN(GMVS)
A(4,4) = BM**3*xDCOSH(BMVS) + GMS#BM*DCOS(GMVS)
A(4,5) = P*DSIN(EMP*U)

ELSE

GMS = PHIS*(EMPS-ALMDS)

GM = SQRT(GMS)

GMV = GM*V

GMVS = GM*VS

A(1,1) = DCOSH(BMV) - DCOSH(GMV)

A(1,2) = DSINH(BMV) ~ BM/GM*DSINH(GMV)
A(1,3) = -DCOSH(BMVS) + DCOSH(GMVS)

A(1,4) = -DSINH(BMVS) + BM/GMxDSINH(GMVS)
A(1,5) = ©

A(2,1) = BM+«DSINE(BMV) - GM*DSINH(GMV)
A(2,2) = BM*DCOSH(BMV) - BM*DCOSH(GMV)
A(2,3) = BM*DSINH(BMVS) -~ GM*DSINH(GMVS)
A€2,4g = BM*DCOSH(BMVS) - BM*DCOSH(GMVS)
A(2,5) = ©

o=
™
W
-
t
n

BMS#DCOSH(BMV) - GMS*DCOSH(GMV)
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nan

GM*BM*DSINH(GMV)
GMS*DCOSH(GMVS)
GM*BM*DSINH(GMVS)

BMS*DSINH(BMV) -
-BMS*DCOSH(BMVS) +

-BMS*DSINH(BMVS) +
0

BM*»3%xDSINH (BMV)
BM**3*DCOSH (BMV)
BM**3%DSINH(BMVS)
BM**3*DCOSH (BMVS)
P*DSIN(EMP»U)

ngnann

LA I |

GM**3*DSINH (GMV)

GMS*BM*DCOSH (GMV)
GM**3*DSINH{GMVS)
GMS*BM*DCOSH{GMVS)

G akakok ok ok ok ok ok ok ok ok o ok b ok e o ok e ol ol ke ol ol a8 ke b ke ok ke 3 ok ok o ok b sk sk e sk o ok dle S ok o ok ofe e ke

SUBROUTINE ABCD4(M,PHIS,ALMDS,P,U,V,A,PSR)
C deakoroolkoko skl sk kil oo o R oo ok kol s ok ook ok sk sk sk o ok o o sk o o o ke ok

IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION A(4,5)

2]

=

o

w
Hnnruaunnenadn

1

4*DATAN (C)

2 - PSR

1 -V

M*P

EMP*EMP
PHIS*EALMDS+EMPS)
DSQRT(BMS)

BM»V

BM&VS

IF (ALMDS.GT.EMPS) THEN

GMS
GM
GMV
GMVS
ALPH1
ALPH2
ALPHA
OMEG1
OMEG2
OMEGA

A(1,1)
A(1,2)
A(1,3)
A(1,4)
A(1,5)

A(2,1)
A(2,2)
A(2,3)
A(2,4)
A(2,5)

A(3,1)
A(3,2)

PHIS*EALMDS-EMPS)
DSQRT(GMS)

GM=*V

GM=*VS
BMS-PSR*PHIS*EMPS
GMS+PSR*PHIS*EMPS
ALPH1/ALPH2

OMEG1/0MEG2

~-DSINH(BMVS)
-DSIN(GMVS)
0

BM*DCOSH (BMVS)
GM*DCOS (GMVS)
0

BM»%3 - BM*xPSRS*PHIS*EMPS
GM**3 + GM*PSRS*PHIS*EMPS

DCOSH(BMV) + ALPHA*DCOS(GMV)
DSINH(BMV) + OMEGA*DSIN{(GMV)

BM*DSINH(BMV) - GM*ALPHA*DSIN(GMV)
BM*DCOSH (BMV) + GM*OMEGA*DCOS(GMV)

BMS*DCOSH(BMV) ~ GMS*ALPHA*DCOS(GMV)
BMS#DSINE(BMV) - GMS*OMEGA*DSIN(GMV)
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4(3,3) = -BMS*DSINH{BMVS)

A(3,4) = GMS*DSIN(GMVS)

A(3,8) = O

A(4,1) = BM**3+«DSINH(BMV) + GM**3xALPHA*DSIN{(GMV)
A(4,2) = BM**3xDCOSH(BMV) - GM**3xOMEGA*DCOS(GMV)
A(4,3) = BM**3*DCOSH(BM*VS)

A(4,4) = ~GM**3*DCOS (GM*VS)

AC4,5) = PxDSIN(EMP*U)

ELSE

GMS = PHIS*(EMPS-ALMDS)

GM = SQRT(GMS)

GMV = GM»V

GMVS = GM%VS

ALPH1 = BMS-PSR*PHIS*EMPS

ALPH2 = GMS-PSR*PHIS*EMPS

ALPHA = ALPH1/ALPH2

OMEG1 = BM**3 - BM*PSRS*PHIS*EMPS

OMEG2 .= GM#**3 - GM*PSRS*PHIS*EMPS

OMEGA = OMEG1/0MEG2

A(1,1) = DCOSH(BMV) - ALPHA*DCOSH(GMV)

A(1,2) = DSINH(BMV) - OMEGA*DSINH(GMV)

A(1,3) = -DSINH(BMVS)

A(1,4) = -DSINH(GMVS)

A{1,5) = 0O

A(2,1) = BM*DSINH(BMV) - GM*ALPHA*DSINH(GMV)
A(2,2) = BM*DCOSH(BMV) - GM*OMEGA*DCOSH(GMV)
A(2,3) = BM*DCOSH(BMVS)

A(2,4) = GM*DCOSH(GMVS)

A(2,5) = ©

A(3,1) = BMS*DCOSH(BMV) - GMS*ALPHA*DCOSH(GMV)
A(3,2) = BMS*DSINH(BMV) - GMS*OMEGA*DSINH(GMV)
A(3,3) = -EMS*DSINH(BMVS)

A(3,4) = -GMS*DSINH(GMVS)

A(3,5) = 0

A(4,1) = BM**3*DSINH(BMV) - GM**3*ALPHA*DSINH(GMV)
A(4,2) = BM**3%«DCOSH(BMV) - GM**3*OMEGA*DCOSH(GMV)
A(4,3) = BM**x3*DCOSH(BMVS)

A(4,4) = GM**3*DCOSH(GMVS)

A(4,5) = PxDSIN(EMP#*U)

END IF

RETURN

END

© sk ok o e s ofe sl ke e ke ke s ke e oe e ok e o ke e o afe e sl e ke ke ok s ole e e o ok o ke e o o o o o o o o o ok ke

SUBROUTINE ABCD5(M,PHIS,ALMDS,P,U,V,A,PSR)
C sk sk ook ok R okl ok o o R o ks o ko oo o o oo o o

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
DIMENSION A(4,5)

c = 1
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PI = 4*DATAN(C)

PSRS = 2 - PSR

vV§ =1 -V

EMP = M=*PI

EMPS = EMP*EMP

BMS = PHIS*EALMDS+EMPS)
BM = DSQRT{BMS)

BMV = BMxV

BMVS = BM*VS

IF (ALMDS.GT.EMPS) THEN

GMS = PHIS*EALHDS—EMPS)

GM = DSQRT(GMS)

GMV = GMxV

GMVS = GM*VS

ALPH1 = BMS-PSR*PHIS*EMPS

ALPH2 = GMS+PSR*PHIS*EMPS

ALPHA = ALPH1/ALPH2

OMEGL = BM**3 - BM*PSRS*PHIS*EMPS

OMEG2 = GM**3 + GM*PSRS*PHIS*EMPS

OMEGA = OMEG1/0MEG2

A(1,1) = DCOSH(BMV) + ALPHA*DCOS(GMV)

AC1,2) = DSINH(BMV) + OMEGA*DSIN(GMV)

A(1,3) = -DCOSH(BMVS) - ALPHA*DCOS(GMVS)

A(1,4) = -DSINH(BMVS) - OMEGA*DSIN(GMVS)

A(1,5) = O

A(2,1) = BM*DSINH(BMV) - GM*ALPHA*DSIN(GMV)
A(2,2) = BM*DCOSH{3BMV) + GM*OMEGA*DCOS(GMV)
A(2,3) = BM*DSINH(BMVS) - GM*ALPHA*DSIN(GMVS)
A(2,4) = BM*DCOSH(BMVS) + GM*OMEGA*DCOS(GMVS)
A(2,5) = O

A(3,1) = BMS*DCOSH(BMV) - GMS*ALPHA*DCOS(GMV)
A(3,2) = BMS*DSINH(BMV) - GMS*OMEGA*DSIN(GMV)
A(3,3) = -BMS*DCOSH(BMVS) + GMS*ALPHA*DCOS(GMVS)
A(3,4) = -BMS*DSINH(BMVS) + GMS*OMEGA*DSIN(GMVS)
A(3,5) = 0

A(4,1) = BM*x3*DSINH(BMV) + GM**3+*ALPHA*DSIN(GMV)
A(4,2) = BM*x3*DCOSH(BMV) =~ GM#*3*%0DMEGA*DCOS(GMV)
A(4,3) = BM*x3*DSINH(BMVS) + GM#*3+ALPHA*DSIN(GMVS)
A(4,4) = BM**3xDCOSH(BMVS) - GM#*3+OMEGA*DCOS(GMVS)
A(4,5) = P*DSIN(EMP*U)

ELSE

GMS = PHIS*(EMPS-ALMDS)

GM = SQRT(GMS)

GMV = GM»V

GMVS = GM*VS

ALPH1 = BMS-PSR*PHIS*EMPS

ALPH2 = GMS-PSR*PHIS*EMPS

ALPHA = ALPH1/ALPH2

OMEG1 = BM**3 - BMa*PSRS*PHIS*EMPS

OMEG2 = GMxx3 - GM*PSRS*PHIS*EMPS

OMEGA = OMEG1/0MEG2
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A(1,1)
A(1,2)
A(1,3)
A(1,4)
A(1,5)

A(2,1)
A(2,2)
A(2,3)
A(2,4)
A(2,5)

A(3,1)
A(3,2)
A(3,3)
A(3,4)
A(3,5)

A(a,1)
A(4,2)
A(4,3)
A(4,4)
A(4,5)
END IF
RETURN
END

G 3otk ok kool i ok sk ke ol ok ok o ok sk B o ok o s e sk b sl ol o o o 3 o ok o e o e o e e ok sk ke e sl o ok o o

SUBROUTINE ABCD6(M,PHIS,ALMDS,P,U,V,A,PSR)
C sk ook ok ok ook kool Rl ok ks kol Kook Bk ok Kok

= DCOSH(BMV) - ALPHA*DCOSH(GMV)

= DSINH(BMV) -~ OMEGA*DSINH(GMV)

= -DCOSH(BMVS) + ALPHA*DCOSH(GMVS)

= -gSINH(BHVS) + OMEGA*DSINH(GMVS)

= BM*DSINH(BMV) - GM*ALPHA*DSINH(GMV)

= BMxDCOSH(BMV) = GM*OMEGA*DCOSH(GMV)

= BM*DSINH(BMVS) - GM*ALPHA*DSINH(GMVS)

= BM*DCOSH(BMVS) - GM*DOMEGA*DCOSH(GMVS)

= 0

= BMS*DCOSH(BMV) - GMS*ALPHA*DCOSH(GMV)

= BMS*DSINH(BMV) - GMS*OMEGA*DSINH(GMV)

= -BMS*DCOSH{BMVS) + GMS*ALPHA*DCOSH(GMVS)

= -gMS*DSINH(BMVS) + GMS*OMEGA*DSINH(GMVS)

= BM*x3xDSINH(BMV) - GM**3*ALPHA*DSINH(GMV)
= BM**3*DCOSH(BMV) - GM**3%DMEGA*DCOSE(GMV)
=  BMx*3%DSINH(BMVS) - GM*x3*ALPHA*DSINE(GMVS)
= BM**3xDCOSH(BMVS) - GM**3*0OMEGA*DSINH(GMVS)
= P*DSIN(EMP*U)

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
DIMENSION A(4,5)

C
PI
PSRS
VS
EMP
EMPS

anmonannwenn

1
4*DATAN(C)

2 - PSR

1 -V

M+PI

EMP*EMP
PHIS*EALMDS+EMPS)
DSQRT (BMS)

IF (ALMDS.GT.EMPS) THEN

PHIS*EALMDS-EMPS)
DSQRT{(GMS)

GMxV

GM*VS

BMS-PSRAPHIS*EMPS
GMS+PSR*PHIS*EMPS
ALPHi/ALPH2

BEM#*3 - BM*PSRS*PHIS#EMPS
GM**3 + GM*PSRS*PHIS*EMPS
OMEG1/0MEG2

DCOSH(BMV) + ALPHA#DCOS(GMV)
DSINH(BMV) + OMEGA*DSIN(GMV)

gOoHDHNHNRDN
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A(1,3)
A(1,4)
A(1,5)

A(2,1)
A(2,2)
A(2,3)
A(2,4)
A(2,5)

A(3,1)
A(3,2)
A(3,3)
A(3,4)
A(3,5)

A(4,1)
A(4,2)
A(4,3)
A(4,4)
A(4,5)

ELSE

GMS
GM
GMV
GMVS

ALPH1
ALPH2
ALPHA
OMEG1
OMEG2
OMEGA

A(1,1)
A(1,2)
A(1,3)
A(1,4)
A(1,5)

A(2,1)
A(2,2)
A(2,3)
A(2,4)
A(2,5)

A(3,1)
A(3,2)
A(3,3)
A(3,4)
A(3,5)

A(4,1)
A(4,2)
A(4,3)
A(4,4)
A(4,5)

Hnnu Huwnnn nwunranN nRnan nnu

[ L

tonnn nuwann

-DCOSH(BMVS) + DCOS(GMVS)
-DSINH(BMVS) + BM/GM»DSIN(GMVS)

0

BM*DSINH(BMV) - GM*ALPHA*DSIN{(GMV)
BM*DCOSH(BMV) + GM*OMEGA*DCOS (GMV)
BM*DSINH(BMVS) + GM*DSIN(GMVS)
BM*DCOSH(BMVS) - BM*DCOS(GMVS)

0

BMS*DCOSH(BMV) - GMS*ALPHA*DCOS(GMV)
BMS*DSINH(BMV) - GMS*OMEGA*DSIN(GMV)
-BMS*DCOSH(BMVS) - GMS*DCOS (GMVS)
~BMS*DSINH(BMVS) - GM*BM*DSIN(GMVS)

0

BM**3*DSINH(BMV) + GM**3*ALPHA*DSIN(GMV)
BM#**3*DCOSH(BMV) - GM**x3*0OMEGA*DCOS(GMV)
BM**3*%DSINH(BMVS) - GM**3*DSIN(GMVS)
BM**3*DCOSH(BMVS) + GMS*BM*DCOS(GMVS)
P*DSIN (EMP*U)

PHIS* (EMPS~ALMDS)
SQRT (GMS)

GMx*V

GM*VS

BMS-PSR*PHIS*EMPS
GMS-PSR*PHIS*EMPS
ALPH1/ALPH2

BM*x3 - BM*PSRS*PHIS*EMPS
GM**3 - GM*PSRS*PHIS*EMPS

OMEG1/0MEG2

DCOSH(BMV) - ALPHA*DCOSH(GMV)
DSINH(BMV) - OMEGA*DSIKH(GMV)
-DCOSH(BMVS) + DCOSH(GMVS)
-DSINH(BMVS) + BM/GM*DSINH(GMVS)

0

BM*DSINH(BMV) - GM*ALPHA*DSINE(GMV)
BM*DCOSH(BMV) - GM*OMEGA*DCOSH(GMV)
BM*DSINH(BMVS) - GM*DSINH(GMVS)
BM*DCOSH(BMVS) - BM*DCOSH(GMVS)

0

BMS*DCOSH(BMV) - GMS*ALPHA*DCOSH(GMV)
BMS*DSINH(BMV) -~ GMS*OMEGA*DSINH(GMV)
~-BMS#DCOSH(BMVS) + GMS*DCOSH(GMVS)
~BMS*DSINH(BMVS) + GM*BM*DSINH(GMVS)

0

BM**3%DSINH(BMV) =~ GM**3xALPHA*DSINH(GMV)
BM**3*%DCOSH(BMV) - GM**3*xDMEGA*DCOSH(GMV)
BM#*3*DSINK(BMVS) -~ GM#**3*DSINH(GMVS)
BM**3*xDCOSH (BMVS) - GMS#*BM*DCOSH(GMVS)
P*DSIN (EMP*U)
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END IF
RETURN

END

(s ke ok o o o ok ko o o o ok ok o o ol 2k 6 o s 3 ke e 3 8 o sk e 6 3 3k e ke 3ok e 3k 8 ok o o ok e oK o o ook ok sk oK o oK ok

SUBROUTINE SSSC (M,PHIS,ALMDS,PSI,ETA,V,X,WS,PSR)
(08 ko e oo o o o 8 3o o 3 o o o o K K o 2o o ok ks o ok ok ok o oo o o o ok o K o o o

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
DIMENSION X(5)

C
PI
ETS
EMP
EMPS
BMS
BM
AA
BB
cC
DD

fFnni

o nnuwng

1

4 . *DATAN(C)

1 - ETA

M*PT

EMP*EMP
PHIS*EALMDS+EMPS)
DSQRT(BMS)

X(1
X(2
X(3
X(4

IF(ALMDS GT.EMPS) THEN

GMS

[
|
™
=1
-3
e nu

nueEl

I

"

= PHIS* (ALMDS-EMPS)
SQRT (GMS)

.LT.V) THEN

BB*(DSINH(BH*ETA) (BM{GH)*DSIN(GM*ETA))
YS + AA*(DCOSH(BM*ETA)-DCOS(GM*ETA))
YS*DSIN(EMP*PSI)

(CC*DSINH (BM*ETS)+DD*DSIN (GM*ETS) ) *DSIN(EMP*PSI)

PHIS* (EMPS~-ALMDS)
SQRT(GMS)

.LT.V) THEN

AA*(DCOSH (BM*ETA) ~DCOSH (GM*ETA) )
YS + BB*(DSINH(BM*ETA)~BM/GM*DSINH(GM*ETA))
YS*DSIN (EMP*PSI)

(CC*DSINH (BM*ETS)+DD*DSINH (GM*ETS) ) *DSIN (EMP*PSI)

(O oo o ok o ok s ok k3 o oo s ok ke o oo o o o oo o ok ok ok o ook o ok sk ok o oo o ok ok oo s sk ok ok o sk ook sk ok ok ok

SUBROUTINE SSSS (M,PHIS,ALMDS,PSI,ETA,V,X,WS,PSR)
(Gt o o ok skl o ok o ok ok o o ok 3k 3k ok oo ol oo s ok ok oo o ok ook o o KoK o o o e ok o o ok

IMPLICIT DOUBLE PRECISION (A-H,0-2Z)
DIMENSION X(5)

c
Pl
ETS
EMP

munau

1

4 .*DATAN(C)
1 - ETA
M*PI

120
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EMPS = EMP*EMP

BMS = PHIS*EALMDS+EHPS)
BM = DSQRT(BMS)

AA = X(1

BB = X(2

cC = X(3

bD = X{(4

IF(ALMDS.GT.EMPS) THEN
GMS = PHIS*(ALMDS-EMPS)
GM = SORT(GMS)
IF(ETA.LT.V) THEN

WS = (AA*DSINH(BM*ETA)+BB*DSIN(GM*ETA))*DSIN(EMP*PSI)

ELSE

WS = (CC*DSINH(BM+*ETS)+DD*DSIN(GM*ETS) )*DSIN(EMP*PSI)

ENDIF

ELSE

GMS = PHIS%(EMPS=-ALMDS)
GM = SQRT(GMS)

IF(ETA LT.V) THEN

WS (AA*DSINH (BM*ETA)+BB*DSINH(GM*ETA) ) *DSIN (EMP*PSI)

ELSE

WS = (CC+DSINH(BM*ETS)+DD*DSINH(GM*ETS))*DSIN(EMP*PSI)

ENDIF

ENDIF
RETURN
END

s sk o e e ok ke 3k o e o ok ok ok o ok ok e ok ok e 2 ok ke ook e o ok ke e o b S sk e ok ok e o s g e ok ok ke o ok sk e e ke ok sk ok ok

SUBROUTINE SCSC (M,PHIS,ALMDS,PSI,ETA,V,X,WS,PSR)

G ok ok e ok e e ok e o e ek o o sk e b e b ok afe S e e ke sjeaje e o sk o e sk ke dbe e ok ke ok ke e e o b e e e e e e e e o e ke ok e ok

IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION X(5)

c = 1

PI = 4.*DATAN(C)
ETS =1 -~ ETA
EMP = M=PIl

EMPS = EMP*EMP
BMS = PHIS*EALHDS+EHPS)
BM = DSQRT(BMS)
AA = X(1

BB = X(2

CC = X(3

P = X(4

IF(ALMDS.GT.EMPS) THEN
GMS = PHIS*(ALMDS-EMPS)
GM = SQRT(GMS)

IF(ETA LT.V) THEN

YS BB* (DSINH (BM*ETA)- (BM{GM)*DSIN(GH*ETA))
YS = Y5 + AA*(DCOSH(BM*ETA -DCOS (GM*ETA))

WS = YS*DSIN(EMP#PSI)

ELSE
YS = DD*(DSINH(BM*ETS)- (BM{GH)*DSIN(GM*ETS))
YS = YS + CCx(DCOSH(BM*ETS)-DCOS(GM*ETS))

= YS*DSIN(EMP*PSI)

121
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—

*1]

~

22

<
HnnEnn

-
wn
noan

PHIS*(EMPS-ALMDS)
SQRT(GMS)

.LT.V) THEY

AA*(DCOSH(BM*ETA) -DCOSH (GM*ETA))
YS + BB*(DSINH(BM*ETA)-BM/GM*DSINH(GM*ETA))
YS*DSIN(EMP*PSI)

CC* (DCOSH (BM*ETS) -DCOSH (GM*ETS) )
YS + DD*(DSINH(BM*ETS)-BM/GM*DSINH(GM*ETS))
YS*DSIN (EMP*PSI)

03 3k ke e ke e sk o e s e ok e ke ok 3 3k o o e sk 3 3k e 2k 3 ok e ok b 2 ok e e sk e ok ok o e abe ok S sk e sk sk e ool ko o Sk e ok ek

SUBROUTINE SSSF (M,PHIS,ALMDS,PSI,ETA,V,X,WS,PSR)
(o s ok ok ko b ok ol ko ok kol ko o o K oK o oo R o ok kel ool sk sk koo o ok o ok ok 3k

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
DIMENSION X(5)

C

PI
PSRS
ETS
EMP
EMPS
BMS
BM
AA
BB
cc
DD

neaoamwgpwwonn

1

4 *DATAN(C)

2 - PSR

1 - ETA

M*PI

EMP*EMP
PHIS*EALMDS+EMPS)
DSQRT (BMS)

X(1
X(2
X(3

X(a

IF(ALMDS.GT.EMPS) THEN

GMS
GM
ALPH1
ALPH2
ALPHA
OMEG1
OMEG?2
OMEGA

IF(ETA.

-
w
nwnin

x
i
n

PHIS* (ALMDS-EMPS)

SQRT(GMS) ;

= BMS - PSR*PHIS*EMPS

GMS + PSR*PHIS*EMPS
ALPH1/ALPH2

BM**3 - BM*PSRS*PHIS*EMPS
GM**3 + GM*PSRS*PHIS*EMPS
OMEG1/0MEG2

LT.V) THEN
AA*(DCOSH(BM*ETA)+ALPHA*DCOS (GM*ETA) )

YS + BB*(DSINHE{BM*ETA)+OMEGA*DSIN (GM*ETA))
YS*DSIK (EMP*PSI)

(CC*DSINH(BM*ETS) +DD*#DSIN(GM*ETS) ) *DSIN(EMP*PSI)

wnaununi

PHIS*(EMPS-ALMDS)
SQRT(GMS)
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ALPH1 = BMS~PSR*PHIS*EMPS

ALPH2 = GMS-PSR*PHIS*EMPS

ALPHA = ALPH1/ALPH2

OMEG1 = BM#*%3 - BM*PSRS*PHIS*EMPS
OMEG2 = GM»*3 - GM*PSRS*PHIS*EMPS

CMEGA OMEG1/0MEG2

IF(ETA.LT.V) THEN

¥YS = AA*(DCOSH(BM*ETA)-ALPHA*DCOSH(GM*ETA))

YS = YS + BB*(DSINH(BM*ETA)-OMEGA*DSINH(GM*ETA))

EESE = YS*DSIN(EMP*PSI)

g§01F= (CC*DSINH (BM*ETS) +DD*DSINH (GMXETS) ) *DSIN (EMP*PSI)

ENDIF
RETURN
END

(2 3k 3k o o o ke e e e s o 2 b sk e e e s s s sk ok s e e sk o s sk ol sk ol ke e i e 2 ok Sk sk b e e o e sl e e ke e ke e e o o e e ke ok

SUBROUTINE SFSF (M,PHIS,ALMDS,PSI,ETA,V,X,WS,PSR)
(G ek b S oo s ol o R K K R K o o o o ool o s s o o ok ko koo o s ook ok

IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION X(5)

C = 1

PI = 4 . *DATAN(C)
PSRS = 2 - PSR
ETS =1 - ETA
EMP = MxPI

EMPS = EMP*EMP

BMS = PHIS*EALMDS+EMPS)
BM = DSQRT(BMS)
AA = X(1

BE = X(2

cC = X(3

DD = X(4

IF(ALMDS.GT.EMPS) THEN

GMS = PHIS*(ALMDS-EMPS)
GM = SQRT(GMS)

ALPH1 BMS - PSR*PHIS*EMPS

ALPH2 = GMS + PSR*PHIS*EMPS

ALPHA = ALPH1/ALPH2

OMEG1 = BM#**3 - BM*PSRS*PHIS*EMPS
OMEG2 = GM**3 4+ GM*PSRS#PHIS*EMPS
OMEGA = OMEG1/0OMEG2

IF(ETA.LT.V) THEN

YS = AA*(DCOSH(BM*ETA)+ALPHA*DCOS (GM*ETA))

YS = YS + BB*(DSINH(BM*ETA)+OMEGA*DSIN{(GM*ETA))
EESE = YS*DSIN(EMP*PSI)

YS = CCx(DCOSH(BM*ETS)+ALPHA*DCOS (GM*ETS))

YS = YS + DD*(DSINH(BM#ETS)+OMEGA*DSIN (GM*ETS))
gﬁDIF= YS*DSIN(EMP*PSI)
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GMS
GM
ALPH1
ALPH2
ALPHA
OMEG1
OMEG2
OMEGA

IF(ETA.
YS

X
mw
nn

e
(7]
o

PHIS* (EMPS-ALMDS)

SQRT(GMS)

= BMS-PSR*PHIS*EMPS
GMS-PSR*PHIS*EMPS
ALPH1/ALPH2

BM#*3 - BM*PSRS+PHIS+EMPS
GM*#*3 = GM*PSRS*PHIS*EMPS
OMEG1/0MEG2

LT.V) THEN '
AA*(DCOSH(BM*ETA) ~ALPHA*DCOSH(GM*ETA) )

YS + BB*(DSINH(BM*ETA)-OMEGA*DSINH(GM*ETA))
YS*DSIN(EMP*PSI)

CCx(DCOSH(BM*ETS) -ALPHA*DCOSH (GM*ETS) )
YS + DD*(DSINH(BM*ETS)-OMEGA*DSINH(GM*ETS))
YS*DSIN (EMP*PSI)

nonnni
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SUBROUTINE SCSF (M,PHIS,ALMDS,PSI,ETA,V,X,WS,PSR)
ket ok o o o ko ok ook ok ok ok ok ook s o oo o ok i koo o ok ok koo s o ok ok koo ok o o oo ok ok ok

IMPLICIT DOUBLE PRECISION (4-E,0-Z)
DIMENSION X(5)

C

PI
PSRS
ETS
EMP
EMPS
BMS
BM
AA
BB
cC
Db

nanuwpuwnrnnan

1

4, *DATAN(C)
2 - PSR

1 - ETA
M*PI
EMP*EMP
PHIS*EALMDS+EMPS)
DSQRT(BMS)
X(1

1(2

X(3

X(4

IF(ALMDS.GT.EMPS) THEN

GMS =
GM

ALPH1
ALPH2
ALPHA
OMEG1
OMEG2
OMEGA

IF(ETA.

-
wm
nnn

]
w
]

PHIS*(ALMDS-EMPS)

= EQRT(GHS)

BMS - PSR*PHIS*EMPS

GMS + PSR*PHIS*EMPS
ALPH1/ALPH2

BM**3 - BM*PSRS*PHIS*EMPS
GM**3 + GM*PSRS*PHIS*EMPS
OMEG1/0MEG2

LT.V) THEN

AA* (DCOSH(BM*ETA) +ALPHA*DCOS (GM*ETA) )

YS + BB*(DSINH(BM#*ETA)+OMEGA*DSIN (GM*ETA))
YS*DSIN (EMP*PSI)

DD*(DSINH(BM*ETS) - (BM/GM) *DSIN (GM*ETS) )

huonn
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YS = ¥YS + CCx(DCOSH(BM*ETS)-DCOS(GM*ETS))
ggDIFB YS*DSIN(EMP*PSI)

ELSE
GMS = PHIS*(EMPS-ALMDS)
GM = SQRT(GMS)

ALPH1 BMS-PSR*PHIS*EMPS

ALPH2 = GMS-PSR*PRIS*EMPS

ALPHA = ALPH1/ALPH2

OMEG1 = BM**3 - BM*PSRS*PHIS*EMPS
OMEG2 = CM#*3 - GM*PSRS*PHIS*EMPS
OMEGA = OMEG1/0MEG2

IF(ETA.LT.V) THEN

YS = AAx(DCOSH(BM*ETA)-ALPHA*DCOSH{GM*ETA))

YS = YS + BB*(DSINH(BM*ETA)-OMEGA*DSINE(GM*ETA))
WS = YS*DSIN(EMP*PSI)

YS = CC*(DCOSH(BM*ETS)-DCOSH(GM*ETS))
¥YS = YS + DD*(DSINH(BM*ETS)-BM/GM*DSINH(GM*ETS))
WS = YS*DSIN(EMP*PSI)

C ok ok b e ok e ok ok e afe e e o s e o ok e o afe o sl s ke o o ok ke e e e 2 o b 0 2 ok e e o ofe e ol ke e ol ke o o e ke e o ok ok

SUBROUTINE SIMQ(A,X)
€ sokateoicaibok ook ok ok o o ko ok 3k ok o o o o ol oo o ko e oo ook o o s ok ok o kol sl e ok e

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
DIMENSION A(4,5),X(5)
99 FORMAT (7(Ei13.6,3X))
SIGN=1.
M=4
N=265
M=N-1
LAST=M-1

C * » start overall loop for(N-1) pivots
DO 7 I=1,LAST
C * » find the largest remaining term in I-TH column for pivot

BIG=0.
DO 2 K=I,M
TERM=DABS (A (K, 1))
IF (TERM~BIG)?2,2,1
1 BIG=TERM
L=K
2 CONTIRUE

C * * check whether a non-zero term has been found
1F(BIG)3,11,3
C * » L-th row has the biggest term~---is I=L
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Co* *
10
11

IF(I-L)4,6,4
if(I.NE.L) then, switch rows I and L

DO 5§ J=1,N
TEMP=A(I,J)
ACT,)=ACL,D)
A(L,J)=TEMP

now start pivotal reduction

PIVOT=A(I,I)
NEXTR=1+1

for each of the rows after the I-th

DO 7 J=NEXTR,M

multiplying constant for the J-th row is:
CONST=A(J,I)/PIVOT

now reduce each term of the J-th row

DO 7 K=I,N
A(J,K)=A(J,K)-CONST*A(I,K)
end of pivotal reduction-- perform back substitution

M=N-1
DO i0 I=1,M

IREV is the backward index,going from M back to 1
IREV=M+1-1
get Y(IREV) in preperation

Y=A(IREV,N)
IF(IREV-M)8,10,8

not working on last row,I is 2 or greater
DO 9 J=2,I

work backward for X(N),X(N-1)----- substituting previously
found values

K=N+1-J
=Y-A(IREV,K}*X(K)

finally,compute X(IREV)

X (IREV)=Y/A(IREV,IREV)
X(N)=-1

RETURN

END

C***********************************#*#************#*****************

SUBROUTINE DETERM (A,N,DET)

C**************************************#*****************************
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IMPLICIT DOUBLE PRECISION(A-H,0-Z)
DIMENSION A(16,16)

SIGN=1.

LAST=N-1

C * * gstart overall lool for(N-1) pivots
DO 200 I=1,LAST
C * » find the largest remaining term in I-th column for pivot

BI1G=0.
DO 50 K=I,N
TERM=DABS(A(K,I))
IF (TERM-BIG)50,50,30
30 BIG=TERM
L=K
50 CONTINUE

C * * check whether a non-zero term has been found
IF (BIG)80,60,80
C * * L-th row has the biggest term----is I=L
80 IF (I-L)90,120,90

C»**INE, to L, switch rows I and L
90 SIGN=-SIGN
DO 100 I=1,N
TEMP=A(I, J}
A(I,3)=ACL,T)
100 A(L,J)=TEMP

C * * now start pivotal reduction

120 PIVOT=A(I,I)
NEXTR=I+1

C * * for each of the rows after the I-th
DO 200 J=NEXTR,N

C * * multiplying constant for the J-th row is
CONST=A(J,I)/PIVOT
C * * now reduce each term of the J-th row

DO 200 K=I,N
200 A(J,K)=A(J,K)-CONST*A(I,K)

C * * end of pivotal reduction---now compute determinant
DET=SIGN
DO 300 I=1,N
300 DET=DET*A(I,I)*10 .

GO TO 61

60 DET=0.

€61 RETURN
END

e 8 3 0 o e o o o o e a8 o e o ok e ko o o 7% e sk ol e s e ok ol ol o e o e ko ok o oo ke ol e o e ok b ok e o ok ke ok ok sk ok ok ok ke sk ok
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SUBROUTINE DETR(A,N,X)
kb o o koo ok o ok ok oo s oo o o o oo o o o oo o Rk oo o R R KKK 3 s o o o A R o oo oK 3K o o ok ok

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
DIMENSION A(16,16),X(16)
SIGN=1. ‘
M=N-1
LAST=M-1

C * * start overall loop for (N-1) pivots
DO 7 I=1,LAST

C * » find the largest remaining term in I-th column for pivot

BIG=0.
DO 2 K=I,M
TERM=DABS(A(K, 1))
IF(TERM-BIG)2,2,1
1 BIG=TERM
L=K
2 CONTINUE
C * % check whether a non-zero term has been found
IF(BIG)3,11,3
L-th row has the bigest term----- is I=
IF(I-L)4,6,4
IF I.NE.L THEN switch rows I and L
Do 5 J3=1,N
TEMP=A(I,J)
ACT,I)=A(CL,T)
5 A{L,J)=TEMP
C * = NOW START PIVOTAL REDUCTION

6 PIVOT=A(I,I)
NEXTR=I+1

C * *x for each of the rows after the I-th
DO 7 J=NEXTR,M

C * * multiplying constant for the J-th row is:
CONST=A(J,I)/PIVOT

C * * now reduce each term of the J-th row

DO 7 K=I,N
7 A(J,K)=A(J,K)-CONST*A(I,K)

C * * end of pivotal reduction-- perform back substitution

M=N-1
DO 10 I=1,4

C * * irev is the backward index,geing from M back to 1

Q
*
W ¥ W *
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IREV=M+1-1
C » » get Y(IREV) in preperation

Y=A(IREV,N)
IF(IREV-M)8,10,8

* not working on las. row I.GE.2
8 DO 8 J=2,1
*
*

work backward for X(¥),X(N-1)----- substituting previously
found values

K=N+1-J
9 Y=Y-A(IREV,K)#*X(K)

C * x finally,compute X(IREV)

10 §E§§EV)=Y/&(IREV,IREV)
=-1
WRITE(6,77) X(1), X(2), X(3), X(4)
77 FORMAT (7(E13.6,3X)) -
11 EEEUR“





