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ABSTRACT

A theoretical soution for the transverse and axial
deformations of sandwich cantilever beams, due to various
types of loading has been presented here. This is obtained
by the use of Finite Element Method. The use of these
deflections- in the fundamental equations for sandwiches,
yields the stress and strain stateé. The boundary conditions
for this problem are derived from the total potential energy
by the variational principle.

Results for the transverse deformatioﬁ under uniform
transverse loading are compared with experimental results.

Photoelastic technique haé been used for experimental
investigations.. Method of shear differences is employed to
separate the principal stresses. This technique provides the
normal stresses in the face sheets and shear stresses in the
core.

The basic assumptions involved in the theory of

sandwich materials are finally checked against the experimental

results.
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NOMENCLATURE

Thickness of face sheets
Thickness of core

Width of beam

Length of beam element

Transverse deformation

. Axial deformation

Intensity of transverse load

Coefficients of X in polynomials for u and w
Exponents .0f x in polynomials for u and w
Co-ordinate axes of the beam

Length of the beam

Young's modulus of face material

Shear modulus of core material

Strain energy of the beam

Potential energy of applied loads

Axial load at the nodes

Transverse load at the nodes

Generalized displacement vector

Consistent load vector of beam element
Transformation matrix

Element stiffness matrix

Overall stiffness matrix

Load vector for the entire beam
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I. INTRODUCTION

A sandwich construétion is a multi-layer structure
made up of alternating sheets of high-strength material with
thick layers of low-strength, low-density material in between:
them. Because of its low weight-to-strength ratio, it is formed.
with a variety of non structural core materials such as paper
and métal honeycombs, foam plastics, cork etc. The sandwich
Eonstfuc£10n has.béen employed in airplane wings, rotors in
modern helicopters and other light-weight structures. Structural
sandwiches are made up of thin, strong and stiff facings
or skins bonded to a thick, relatively light and weaker core,
providing a light-weight combination which is much stronger
and stiffer than the face sheets and core, considered
individually. |

The basic idea behind sandwich construétion is much
the same as that in an I beam, which is an efficien; structural
shape. In this case more material is placed in the flanges
situated farthest from the neutral axis and relatively less
material is left in the connecting web to make the flanges act
together and to resist shear and buckling. In a structural
sandwich the face sheets replace the flanges and the core takes
the place of the web. The difference being that the core is
of a different material than that of the facings, and is spread
out unlike the narrow web of an I beam. The facings act together
to form an efficient stress couple resisting the external bend-

ing moment. The core resists the shear stresses set up by the
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external loads, in addition to stabilizing the facings agaiﬁst.
wrinkling and buckling.

The advantages of using sandwich construction have long
been recognized in the aircraft industry. These advantages-
include higher etrength—to—weight ratios, smooth surfaces, better
stability, absence of potential leaks, high load-carrying capa-
city, increased fetigue life and high sonic fatigue endurance
[3]f Exemples of sandwich construction are: wings, fuselage
and tailplane skins, pressure bulkheads, spar webs, ribs,
floorings etc.

In this thesis an attempt ﬁas been made to analyse
the behaviour of a sandwich cantilever beam under given types
of loading conditions. The Finite Element Method has been used -
as a numerical tool to carry out this investigation. For the
experimental investigation, the phetoelastic technique has
been used.
| The major portion of the literature available on the
anelysis of sandwich structures codcentrates primarii§ en the“
reflnement of long-standing theorles. Examples of such work
are found in papers by Reissner [14] Yu [lq and Hoff[8] . Much
.attention has also been glven to the 51mp11flcatlon of some of
the more refined theories, so that they are directly applicable

in the design problems. A fairly detailed summary of it can be

found in Plantemas's worka[li] . However, in spite of these

51mpllf1catlons, solution of most of these problems requlres the

use of trlgonometrlc series expansion. An alternative approach

used by wvarious authors is to transform the basic differential

* Numbers within square brackets correspond to the reference
numbers at the end of the thesis.
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equafions in terms of finite difference'operators.

A new approximate method of analysis, known as finite
element method has acquired considerable popularity in the past
decade, and has been used to selve many problems of elasticity.

- The finite difference method is basically a mathematical

approach by which the derivatives in the differential

equations and boundary conditions are replaced by difference
operators. The finite element method has both mathematical

and physical significance. From the mathematical stand-point
the finite element method may be considered as the subdivision
of a region, over which the solution is sought, into a number
of sub—regions.or elements. These sub-regions are connected at
a finite number of nodal points, and the continuity of the
solution function which is assumed for each sub-region, is
enforced at each nodal point so that'fhe assumed solution
functions for the sub—regiens form a sectionally continuous
solution function for the whole reéion. Physically the finite
element method may be thought of, ‘as an approximation to a
structure by a finite number of elements intercohnected at a
finite number of nodal points.

Very little literature is available on the study of
sandwich structures using the finite element method. Monforton
and Schmit [lL].haQe.deveiopea.aa“eleﬁent to_studf the behavior
of sandwich plates and shells us1ng first-order Hermite
1nterpolatlon polynomlals. Maple ﬁo]has developed an element
using two and three-dimensional element shapes to solve problems
on sandwich plates and shells. The use of triangular and rectangular

element shapes has been illustrated in this work. The shape of




a typical element used by Maple is shown in Fig.4, p.ll.

In this thesis, a linear beam element is chosen to

stndy the bending of a sandwich cantilever beam with isotropic
core and face materials under uniformly distributed o
transvetseﬂioaoing condition: fheqtheoretical deformation
pattern has been compared with experimental results. The
theoretical study is also extendedlto the case of combined
axial and transverse ioading with uniform and linearly varying
axial loads.

The above loading conditions are studied with a view
to simulate the following situations. The iloor of the fuel
tank in the fuselage of an aircraft is a typical example of
uniform loading of a sandwich strip. In such a case the facings -
are usually made up .of alumlnum ( E 107 psi. ) and the approximate
dimensions involved are of the order of 0.05" for the face
thickness and about 0.8 to 0.9" for the honeycomb core~with
a“shear modulus of the order of'14000 psi. The case of gas
turbine blades with ceramic coatings on alloy steel cores
corresponds to a sandwich beam loaded with a centrifugal 1oad along
the axis and a transverse gas pressure. Admittedly, the |
ceramic coating which is termed as the face sheet here, behaves
as a good-heat resisting medium, rather than as a structural
member resisting load. Further, the loading due to gas pressure
and the geometry of the”tntbine blade are by no means
sufficiently simple to be treated with this.approach. The
turbine blade, having a complex geometry is therefore idealized

by a beam of uniform cross-section and the gas pressure by a




uﬁifdrm frénéverse loading; | .‘. - - .'%'f
The experimentation in this work.has been confined to ~

the case of a sandwich cantilever beam undef uniform transverse

loading. A special loading rig, much more complex than the

one reqﬁired in the first case, -would be needed to apply axial:

as well as transverse loads. The stress distribution in the

vicinity of the fixed end of the beam was evaluated using the

photoelastic technique. As the deformations were of the order

of 0.01" it was possible to use the'polariscope for measuring

the transverse deformations at different points along the length

of the beam.

Finite Element Method:

.

Engineering structures}can_be-considered as an assembly
of structural elements interconnected at a discrete number of
nodal points. Knowledge of force-displacement relations enables
us to derive the properties and study the behaviour of the
assembled strgcture. o

In an elastic continuum the true number of interconnecting
points is infinite. The concept of finite elements overcomes
this by assuming the elastic continuum to be made up of elements
interconnected only at a finite number of nodal points at which
some fictitious forces representing thé actual distributed
boundary stresses are applied. The finite element method applied
in this thesis is characterized by the choice 6f a displacement

function which satisfies conditions of continuity not only




between the nodes but also along the interface of two elements.
It follows therefore that, the stresses and strains are derived
quantities rather than a direct outcome of the finite element
solution. Further, the accuracy and convergence of the finife
element solution depend on thé number of elements chosen to
represent the continuum and the correct application of boundary
conditions. Since the boundary conditions introduced for the
solution of the problem are displaéement—boundary conditions,

rather than stress-boundary conditions, it is not unusual to

end up with solutions which.give rise to a small value for
moments and stresses at free boundaries.

Clearly, as in‘any other numerical method, a series of i
approximations.have been introduced. In the first pla;e, it ié
not always easy to ensure that the chosen'displacement function
will satisfylthe requirements of displacement continuity between
adjacent elements. In the second place, by cohcentrating.the
equivalent forces at the nodes, equilibrium conditions are
satisfied in the overall sense only. Local violations of
equilibrium conditions within each element and on its boundaries

will usually arise.

) The finite element‘analysis of an elastic continuum
may be divided into three basic phases: structural idealization,
evaluation of element properties and structural analysis of
the element assemblage. As in any method of structural analysis
the problem is to satisfy the following three requirements

simultaneously:




a. Equilibrium equations,

b. Compatibility,

c. Force—displaéement relationship.

The basic operations of a displacement of anélysis of any
structure are as follows:

1. Evaluation of the stiffness properties of the
individual structural elements expressed in any convenient
co-ordinate system.

2. Transformation of the element stiffness properties
(derived in the form of a matrix) from the local co-ordinate
system to the global co-ordinate system of the complete
strﬁctural assemblage.*

3. Superposition of the inaividual element stiffnesses
contributing to each nodal point to. obtain the total assemblage
nodal stiffness matrix.

4. Formulation and solution of the equilibrium
equations expressing the relationship between the applied
nodal forces {VL}and the resulting nodal displacements {w}*¥

i.e {vL}= [ss] {w}

5. Solution of the above equation for the unknown

displacement vector {w} by a standard linear equations-solving:

process.

* In this case, the global co-ordinate system is the same as
the local or element co-ordinate system.

** The symbol { } denotes a column vector.




‘'II. BASIC EQUATIONS AND FORMULATION OF THE PROBLEM

In this thesis the finite element method has been used
to predict the displacements in the case of an isotropic sand-
wich cantilever beam under two types of load conditions. Once
the displacements at discrete ' points are determined, the stress
state and sttain state can be easily established. This teohnique
involves tﬁe choice of a suitable displacement function to
.represent'the transverse and axial displacements of the beam.

It is assumed that the displacements are small and the trans-
verse deformation is uniform through the thickness of the
sandwich. That is, the effect of core compression is completely
neglected.

A quintic polynomial in x is chosen to represent the
transverse deformation (w) and a cubic in x for the axial
deformation (u). Refer to Fig. 1 for the co-ordinate system.
‘Such a choice of displacement functions leads to five degrees
of freedom at each of the two nodes of the beam element. These
are w, Wy, Wxx, u and ux. The six arb;trary constants a s a2 etc.

which appear in the expression for the displacement function
w(x) = a; + a,x + a;x2+ ayx’+ asx+ agx® ( 2.1)

can be expressed in terms of the 51x generallzed dlsplacement
co- ordlnates Wi wx1' Wxx1r wz, wxz, wxx . Here the Arabic
numerals used as subscrlpts denote the p051tlon of the node

and further the general notations adopted are:

dw . Wrs= d2w
x dax XX ax?
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Also, the four constants v & and %0' of the axial

deformation function

2 3
u(x) = a7+ agx + ag X +_a10x ( 2.2)

can be determined in terms of the four nodal quantities v

Uy, r 4, and uy, . Thus the generalized co-ordinates for the

sandwich beam element are:

' ) ( - )
w = (w ,w \Y a ,u w,W w u ,u 2.3
{ } ( ], X]’ XX]' I, XI, 2' XZ, XXZ’ 2’ X2

The quantities U, W, aﬁduwxx mentioned ébova denote the

derivatives of u and w with respect to x.

I1.1 The basis for the formulétion of a problem in finite
elements is the strain energy expression for a typical element
and the potential due to the external loads oﬁ this element.
The’expressions,for the strain energy in the core and faces

of the sandwich beam element are given in the following sections.

II.l.a - Face sheet considerations:

The face sheets of the sandwich material are assumed
to be thin isotropic layers of equal thicknesé (f) and are
symmetrically situated with respect to the neutral axis of the .
beam. In this analysis, only a three-layer sandwich material
is considered. It follows from the thin-sheet assumption that
the normal stresses in the faces are uniform and the shear
strains are zero. It is algo assumed that there is no slip

between the core and the faces at the interfaces.

-
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The fundamental relationships for the face sheets ‘can

be written as,
€ = u the axial strain *
£ X’ :

o = E ¢ ‘
‘ £ £€e the normal stress

where Eg= Young's Modulus of the face material.

The strain energy for each face sheet in a sandwich

element of length o is given by,

Y _
= A_u? + D w? dx 2.4
Ug =% [(ApL + D ) ( )

where

- T 3,14
f = thickness of each facé sheet
b = width of the sandwich element

Therefore the total strain energy in a sandwich element due

to two face sheets is

Ug

« . LT ‘
= A u? + D_w? ax . ( 2.5)
el !( £7x f xx ) -

The two terms iﬁ thé above integrands are contributions of

axial and bending strains in the face sheets.

II.1.b Core considerations

The following assumptions are made in the case of the

isotropic core material of the sandwich.

1. The core is incompressible in the transverse direction

* Subscript f denotes the quantities associated with the
face sheets.
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2. The face-parallel shear and extensional stiffnesses
are neglegible compared to the transverse stiffnesses.

3. The face-parallel displacements vary linearly across

the thickness of the core. In other words, sections which were
plane béfore bending remain plane after bending.
From the assumption that face-parallel stresses are zero in
the core, it follows that the sheaf stresses in the core are
independent of the co-ordinate z.

With these assumptions the following relations for

the core behavior can be obtained.

*

uc(x{zc) f uco+ Zc¢é ' ( 2.6 )
¢c =(2u+fwx) ( 2.7 ) ]
chz = (. 2u + (h+f)wx ) / (h+£) **k 2.8 )
Toxz = GcYexz (2.9)
-where
U, = mid-core deformation
¢o = slope of the elastic curve
Yoxz™ shear strain in the core (x-z plane)
Toxz= Shear stfess in the core (x-z plane)

Reference is made to Fig. 1 for the co-ordinate system.
Due to the assumptions made about the core behavior , it is
justifiable to write the total strain energy stored in the

core as egual to the distortion energy due to transverse shear.

Hence we write,

= Ggbh

2cil , 2.10
2 (h+f) ( )

-
LS
Uce1 /}2u + (h+f)w,)dx

o

%

* %

Subscrlpt c denotes quantities asgsociated with the core.
Approx1m§tlon used by Relssner[l4] for shear strain in the core.

L
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The total strain energy for the sandwich beam elemenf
is,
Ye1™ Ygo1 * Yoo
which ¢an be written from equations (2.5) and (2.10) as,
o @ | o A )
_ 2 2 QEEE. ¢
Ug1= Af.[;de +va.[;Xde + 2(h+f)f(2u-*—(h+f)wx)d.x
. e (4] []

( 2.11 )

IT.2 Potential energy due to external loads:

The potential energy of the applied‘loéds on a beam

element of length a can be expressed as,

¥4
wel=ju(x)u(x)dx —fp(x)w_(ic)dx ‘ ( 2.12 )
0 "o o
where ' '

(24

axial load on the element

1l

H(x)

p, uniform transverse load on the element

1

p(x)

After calculating the potential for an element and
then linking the N elements together, the' total potential
energy of the entire beam can be pbtained. This, after minimi-
zatipn, will lead to an approximate séiution'of the problem.
The minimiéation of total energy is discussed in the section

~on boundary conditions.
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I1.3 Boundary conditions

As mentioned in the introductory chapter, the boundary
conditions for thié problem are stipulated in terms of displace-
ments. The variational principle may be applied, at this stage,
on the total energy of the beém to understand the limitations
of classical boundary conditions in details.

The total strain energy of the sandwich beam is obtained
by changing tiie limits of integration in equation (2.11) to L,

the overall length of the beam, as

L L ' L :
2
U= Af fu;dx + D¢ ./;vfcxdx +_Gcloi1_2 ﬁ2u+(}1+f)wx)dx
o) o 2(h+f) pA
which on expansion becomes, -
L L 2 L i
U = Agfuldx + D ./;2 dx + 26cbh f2ax +
fl¥x £ XX . TKI{F
[} o . o
L L
2G b Gebh 2
£L-DN Juw _dx + c wodx
(hif) 4 X T2 %

The potential energy of the beam is given by equation,

(2.12),

L

! L
W= ‘/;(x)u(x)dx —l/;(x)dx

[~}

The total potential energy of the sandwich beam is then equal to,

U,= 0 + W

t

_ 2Gcbh 2Gcbh Gcbh i
U= AgT g+ Dgl it '('HEE)—’*I?L TH??E)—I“+ S~ I+ I+1I, (2.13)

where .
L L L : L

Il=./;§dx , Iz=./;§xdx , 13=./;%dx ' Iu=./hwxdx

o . . [2] . (-4 [+3
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L : L L

Is=f,:;dx , Is:ﬁ(x)u(x)dx , I,= ,-pofw(x)dx

] 4 ©

The equations of equilibrium can be derived from the
requirement that the first variation of the total energy must

vanish.
i.e 8U.= §(U+W)= 0

Equation (2.13) is operated with 6 to obtain the first variation

of the total potential energy with respect to u and w as,
. L -
§I,= {2uy 8u \—quxxéu ax |
© ..
[=]

§I,= {2w 8w -—waxxéw —2_/;xxxx6w axj}

L ©
§I,= Z/ZSu dx

o L .
8I,= {usw t/;lx(SXV dx +‘/‘wx§u'dx}

L- o

-
§Is= {ZWXSWI-vaXXGW ax}
(=4

o

L

Assuming the axial load to be uniform along:the length

- of the beam,

L

616=fH6u dx

© L

5I7=:/;05w ax

(=4

Therefore, .

§(U+W) = 0 yields on simplification,

.ﬂ !




[

17
- 4G.bh ,
= - —=C— 2Gcbh
8 (U+W) ./}ZAfuxx + hif) 2 u + TTvEal W, + H}su dx +

L

2G bh
6[{ 2waxx}-{—x -(h—+-f—5- ux— Gcbh Wxx-po }SW dx +

2G.bh '
— —Cc .
[ZAquSu + 2waxx6w 2waxxx6w + htf) udw +.

L
Gcbh wxsw] =0 ( 2.14)

]
In the above equation the quantities within the parantheses
must independently vanish. Therefore,

Gcbh

Be9xx™ (h+f) 2

I
=

{2u + (h+E)wy }+ %

_ Ggbh

XXXX  (p+f) {Zux + (h+f)wxx%-P =0 ( 2.15 )

wa o
Equations (2.15) are the equilibrium equations for the sandwich -
beam. The expression in the square brackets of equation (2.14)
gives the boundary conditions for this problem.

. The following conditions can be applied to reduce the

expression for boundary conditition further:

At the fixed end (x=0),
u= du= w= Sw= 'Wx= .5wx= 0
At the free end (x=L),

w =0 ' ( 2.16 )
XX

This reduces the natural boundary conditions to,

Gcbh Ggbh
[A u fu-~-D_w Sw + udw +
fx X

£%x Th+£) 2 Wxsé]= 0 (2.17)

[
Further, if H=0

ux=,0 at x=L and we obtain, .
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. _ Ggbh G.bh |
Dew -_— e u~.§.—-—w]=0 ] (2.18)
[ £7xxX T+ £) 2 Xl

Equations (2.17) and (2;18) are the displacement
boundary conditions for the free end of the sandwich cantilever
beam. The conditions representéd by equation (2.16) are the
boundary conditions normally used for the cantilever beams. In
the finite element method of analysis in this thesis, only these
boundary conditions are used. A further discussion on the possible

effects of not satisfying equationé (2.17) and (2.18) is given

in Chapter V.

II1.4 The expression for the strain energy of an element of
the sandwich beam, equation (2.11), can in general, be expressed

in terms of the displacement vector and stiffness matrices as,
T . - _
Uy = (v} [Kg;] twl - (2.19)

For this problem the matrix {w} is a column vector of

undetermined nodal parameters as mentioned in equation(2.3).

of size 10 x 1. The matrix EKei] is a symmetric matrix of

size 10 x 10 , consisting of elements made up of strain energy
contributions from the face sheets and core. This matrix is
obtained by substituting the displacement functions and their

derivatives in the strain energy expression.

We know from Castigliano's theorem that,

[+ 34

U

Rl

where F ( the force producing deformation w ) is in the direction.
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of the deformation w. This load vector%F}can be obtained from
the potential energy expression and its compoﬁents can be
considered at the correspondlnq nodal p01ntq. This leads to

a con51stent load vector of size lO X 1 for the sandw1ch beam

element. Hence we obtain from equation (2.19),

3Uel

{r} = YRy

= [x l] {w} (2.20)

for an element.

When the stiffnesses of the individuai eiements are added

together the overall stlffness of the sandw1ch beam is obtalned
Similarly, the consistent load vector elements for the whole
heam is assembled. Thus in equation (2.20) the vector {F} and .
stiffness matrix [Kel] are known quantltles. With the appropriate
boundary conditions, thls equatlon is solved for the generalized
displacements {w}.
| The problem formulated above. in terms of the strain
energy and load potential .is solved by going througﬁ the follow-
ipg steps in proper sequence. .

1. Substitution ef aesumed displacemehﬁ‘functions in the
‘strain energy eXpressibnrtb'ebtain fhe element stiffness matrix
of the sandwich element.

2. Generation of the consistent load vector elements
from.the pbtential energy expression.

3. Assembling the individual element stiffness matrix
of each element of the beam to form the overall stiffness matrix

of the beamn.
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4, Assembliﬁg of consistent load vector of each element
to obtain the overall load representation of the entire beam.

5. Application of suitable displacement boundary
conditions and solution of the matrix equation to obtain the °

nodal displacements.




III. COMPUTATIONS

III.1 It was found convenient to use the high speed

digital computer to generate and solve the matrix equatione
mentioned in the previous chapter.'This eliminated a tedious

set of calculations, arising in the integration of the expression
for strain energy and potential energy and the subsequent
‘solution of the problem. A computer proéram in Fortran IV

has been developed to solve the problem for various load
conditions and parameters. ‘All the computatlons were carrled

out in double precision and the elastic continuum was represented
by a convenient number of finite elements, dictated by the

storage capacity of the computer.

III.2 Element stiffness matrix

For convenience in computation, the basic relations

in the previous chapter were represented in the following series

form:

w= % ax™* |, i=1to6

and

u= I aixni , i= 7 to 10 ( 3.1)

where the exponenté of x, given as mj; and nj take on the follow-

ing values:

mi=0, m,=1, my=2, m,=3, mg=4, mg=5

21
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Differentiating equations (3.1), the fdllowing equations can

be obtained:

W= Zaimi x(mi*l) , i= 2 to 6
_ (M3=2)  ._
Wyy™ Tajmy (my—-1) x + , i= 3 to.6
. i—1 .
w,= fa;n, xM7Y , i= 8 to 10 ( 3.2)

By series multiplication of equations (3.2), the following

relations can be easily established.

2 _ (mi+m'—2)' ..
we = ZZaiajmim. X J , 1i,9J= 2 to 6
2 - 33 _ (mi+mj—4) .
wxx_ aiajmimj(mi l)(mj—i) , 1,J= 3 to 6 )
(n;+n:—2) L.
uf = ZZaiajninjx 177 -, i,3= 8 to 10
also,
2 (ni+n- ) .
u‘= ZZaiajx J° , i= 7 to 10
‘uwx=% ZZaiajmjx(ni+mj-l) + :
. , i= 7 to 10; j= 2 to 6
y (mj+n3—1) _ :
zzaiajmix , i= 2 to 6 ; j= 7 to 10

. ( 3.3)
Equations (3.3) can be substituted in the expression for total
strain energy given by equation (2.11). Thus, for the total

strain energy of the sandwich beam element, we obtain:
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. u .

_ (nj+n4-2) .

Uel = Af u/EZaiajninjx J dx +
(/]

a

£ ;/éxaiajmi(mi—l)mj(mf*l)

° .\«

Gl ./; aiajx(ni+nj)dx +
0 « .

G2 Jféza-a-m-m.x(mi+mjf2)dx +
J ,

a+  asmn
x(ml mj—4) ax +

17317

(nj+m4—1)
G3 J/;Zaiajmjx ax +

a
- G3 J[ZZaia-mix(mi+nj—l) dx

3 _( 3.4)

Q

where the following notations have been introduced for the sake

of brevity:

Gl = 2Ggbh/ (h+f)?
G2 = G.bh/2
G3 = G_bh/(h+f)

The integration in eqguation (3.4) is carried over

the entire length o of one element. It can be seen that;
equation (3.4) above exhibits symmetry. Thisbparticular“~“m~m
property; which structurally is indicative of the theorem of
repiprocity, leads to a symmetric stiffness matrix for the beam

element and overall symmetry for the stiffness matrix of the

assembled structure.

For the convenience in writing and easier computer

algorithm, the following definitions are introduced:
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a .
I,= Ag zzaiajninjj; (nj+ny=2) g,
; (mi*mj—4)
I,= Dg IZazajm (my-1)mjmy-1)[x ax
. N /
I,= Gl Zzaiai/;(ni+nj)dx
° cr..
Tu= G2 zzaiajmim?f{(mﬁ my-2)
| . (s 4
‘ nj+mi-1
IS= G3 )?Zaiajmj/);( i j )dx

]

19= G3 ZZaiajmi

4]

% 1
(mi+nj— ) dx

With this, the total strain energy given by equation (3.4)

reduces to the form given by equation (3.5).

Uel

Il+IZ+I3+Iu+IS+IG . ( 3.5)

In matrix notation, each of these.integrands'dan be expressed

as:
- ) T
I,= (agrag,ayp) [SK]l(aa,ag,alo)
T
I,= (a3 ,ay,a5,26) [SK]z(aaraqlaslas)
Is= ( a [SK]'(a a_,a,,a T
3= (a;,85,34,28,) 3 \FprQg1Sgy 1)
I,= (a,,a;,a,,35,3a5) [SK]+(a2,a3,au,a5,as)
) ’ T
I,= (a7,aé,a9,a13 [SK]S(az,a3,ak,as,as)
and

H
)
i

. T
(az,as,a“,as,as) [SK]é(a7,ae,a9,a1°) (3.6)
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In the above equations, the matrices [SK|, are generated b
i Y

performing the following integrations:

d

SK = Af nin:/;(ni*nj_Z)dx , 1= 8 to 10
Y d j= 8 to lo
SK ,= D, mi(mi-l)m.(m.—l{/;(mi+mj_4)dx , i=3 to 6
d 33 A j=3 to 6
sk ,= Gl [x(Pi*Pj)ax , i= 7 to 10
) ! d j= 7 to 10
(mi+mj-2)
SK ,= G2 m,m, [X dx , i=. 2 to 6
I j= 2 to 6
a
ni;+m.—-1
SK .= G3 m, x( itmy—L) , i= 7 to 10
] 4 ij= 2 to 6
° (mi-i'n '—“l) .
SK ;= G3 m, [x J ax , i= 2 to 6
1 4= 7 to 10
o

Tt can be shown that the total strain energy expression is

equivalent to the following matrix equation.
T .
Uy, = (Aa}[sK]{a} ( 3.7 )

where
T
{A} = (allazla

- S

3 1010xl

and

=

[k }+ [sK.) [sK)
[SK] = o I

[SKS] : :' [sx 1]+_ [sk,)

10 x 10
It can be easily verified that, in the matrix [SK], the

partitioned components [SK] i Thave the following meaning?
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.[SK]zand [SK]ucontribute towaras the transverse

deformation w and its derivatives Wy and wxx

‘ [SK]land [SK}ainfluence the axial deformation u and
its derivative u,.
T . ,
[sK] ;= [SK], represents the cross influence of u and w.

The vector {A} can be expressed in terms of the generalized

displacement vector {w} as:
-1
{2} =[] tw ( 3.8)

where |T| is the transformation matrix involving the linear

dimensions of the beam element. The matrix IT] can be shown to

be,
1. o0 o o0 o0 ©0 0 0 0 0 |
o 1 o0 ©0 o0 ©0 0 0 o0 O
0o 0 2 ©0 0 0 o0 o0 o0 O
o 0 0 o0 o 0 1 o0 o0 O
[T] _ o 0 0 0 0 o0 O0 1 o0 O
1 o o o a* a®* o0 0 0 O
0 1 20 302 4a*5*0 0 0 O
0 0 2 6a 1l2a%200®> 0 0 0 O
o 0 o0 o0 o0 0 1 o a? of
(o o0, .0 0 o0 © 0° 1 2o 391 10 x 10
éo that,

w} =[] {a}
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Substitution of equation (3.8) into (3.7) yields

Uel = {w}T[T'r'r][SIﬂ [T7]tw)

The total energy is now expressed in terms of the displacement

and stiffness matrices as,

T
= {w} [sM]{w} | ( 3.9)

where

[sM] = [TEJ [sx] [7]

The matrix [SMJ is the stiffness matrix of the beam
"element. It is clear that [SMJ will be a symmetric matrix, since
[SK]is a symmetric matrix. i
Thus, if the integrations involved in the computation
of [SK] are carried out, the stiffness matrix [ﬁM]’can be
obtained by pre-multiplying and post-multiplying [Sﬁjby the
inverse transpose and inverse of matrix T reséectivély. A

program was developed to generate the elements of the stiffness

matrix, the listing of which is given in the Appendix.

III.3 Consistent load vector

At this stage, Castigliano‘s theorem can be applied,
which w111 yield the load vector correspondlng to the generallzed
displacement vector {w} . ThlS is achieved by dlfferentlatlng
equation (3.9) with respect to the generallzed dlsplacement

vector and realising that the displacements are in the direction
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of the applied forces. From equation (3;4) we write,
U
ded= (F} = [sM] {w) ( 3.10 )

in the above equation, the load vector {F} can be evaluateé from
the knowledge of the loading conditions and from the potential
energy expression ( 2.12 ). In the above expression the load
vector {F}‘, like the displacement vector {w} is used in the
general sense and therefore the elements of {F} include moments,

torques etc. These elements can be written as,

1’ Fal, F 2 F

{F} = ( F M C M c F_, F )

tll 1’ t2l 21 2! a2 axz

where

F .= ~external shear forces causing»deformations Wi
at nodes i=1 and 2; with proper units.

M. = external couples producing slopes w . at the
two nodes of the beam element.

C; = fictitious torques causing curvatures Weyi at

1

nodes 1 and 2, with proper dimensions.

Fai= the axial loads responsible for the axial
deformation u; at the nodes.
Foxi= fictitious axial force quantity causing u.;

at the nodes.

The subscripts t and a, are used to represent the transverse

and axial components of the load at the nodes.
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Equation (2.12) representing the potential energy
in an element due to the external loads, can again be written
in matrix form in the following manner. In the absence of

the axial forces, equation (2.12) can be written as,
o
Wel=-—po J@(x)dx '(3.ll)

where P, is the intensity of the uniformly distributed
transverse load. Equation (3.11l) can be written in the form

of a series by substituting the expression for w from equation

(3.1) .
& _
Wel=-_po Jhix 1dx , i= 1 to 6 (3.12)

Substituting for a; from equation (3.8) and rewriting (3.11)

in matrix form, it can be shown that
. r o
Wgq= (wi[r){p} (3.13)
where the vector {P} is defined as,
®} = p_ o™it/ (my+1) C o (3.14)

Equation (3.14) can, now be written in a fornl'ufiliZiné:the

concept of consistent load vector {F} as,

Woi= {wle} (3.15)

where

-t
{rF} = [T]{p} (3.16)

Differentiating equation (3.15) with respect to the géneraiized
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displacement vector {w} we get,

by Caétiéliano}s theorem. .
It is clear from equations (3.14) and (3.16) that
the elements of the consistent load vector {F} can be easily

generated with the knowledge of the load intensity, and the

size of the beam element.

I1I1.4 Assembling the overall structural stiffness matrix

Once the stiffness of a single element of the beam
is known, the overall stiffness of the entire beam can be -
computed by assembling these individual stiffnesses. A subroutine

was written for this computation -and the listing is included

in the Appendix. A similar approach is followed in computing

the overall consitent load vector for the beam.

III.5 Boundary conditions

The boundary conditions in this problems are displace-

" ment boundary conditibns, rather than stress boundary conditions.
- These boundary conditions are discussed in Chapter II and an
algorithm has been developed to apply these conditions at the
nodes correésponding to the fixed end and the free end of the
beam. If, for example, w, at node 1' is to be set to zero, this

is achieved by substituting zeros in the cofresponding rows

and columns, and writing unity in the diagonal element of the




31

overall structural stiffness matrix [Sé] . The corresponding
element in the overall consistent load vector {VL} is also

set to zero.

III.6 Solution of the problem .

The problem now is to solve the following matrix

equation:
(vt} = [ss] {w} (3.17)

" In this work, the beam was divided into 32 elements; giving '
rise to an overall stiffness matrix of size 165 x 165.

A standard matrix inversion routine was used to sol&e this
system of linear equations. The formal solution of the
generalised displacement vector {w}., from equation (3.17),
is given as

-1
{w} =[ss] {vL}




IV. EXPERIMENTATION

iv.1l | The experimentation in this project consists of the
measurement of the transverse deformation of the sandwich beam
and of the stresses at a typieai cross-section. The photoelastic
téchnique was used to determine the stress distribution very
close to the fixed end of the cantilever beam. A highly
sophisticated photoelastic polariscope was used for this purpose.
This polariscope has a precision table for mounting two-
dimensional models and the table movements can be controlled

by means of micrometer wverniers having- an accuracy of 0.0001".
This feature of the machine was made use of in the measurement i

of transverse deformations in the models. A brief description

of the polariscope assembly is given below.

a. Optical system

This provides a. collimated vertical light ééth and
has the following parts.

1. A point light source cooled by a fan

2. Collimating lens system

3., Observation screen with hood

4, Objective lens with magnifications of 10 and 20

5; Controi for light intensity

6. Additional light source for reflection accessory

32
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b. Precision table

This is a two-stage x-y measuring table with an overall
travel of 4" x 1", and carries a micrometer adjustment with an
accuracy of 0.0001" in both directions. This table supports the

two-dimensional models perpendicular to the path of light.

c. Polariser assembly

This carries the polariser, analyser and the twd
quarter-wave plates mechanically coupled together. For isoclinic
work ail these four parts can be rotated together. Dﬁring
isoclinic observations, the quarter-wave plates can be moved
out of the field by a simple rotation of a handle. For iso-
chromatic work a rotation in the opposite direction would bring

the quarter-wave plates into the field. This ease of operation

enables quick observation of the relevent data at any given point.

Further, the independent rotation of the analyser to an accuracy

of 1 degree provides for Tardy compensation.

d. Straining frame

This rigid feature is extremely useful in cases of
tensile and compressive loading of photoelastic specimens.
ThlS is a constant deflection system designed to load the
photoelast;c models up to 500 lbs. However, for thls investigation

another loading arrangement had to be designed which is dicussed

on page 37.
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e. Accessories

The photoelastic polariscope has the following
accessories.

i. Photographic accessory: The ground glass screen on wﬁich
“the photoelastic frinée and isoclinic patterns are observed,
can be replaced by a 4" x 5" photographic attachment. This
enables a permanent record of experimental data for future
reference.

ii. Monochromator: This feature aids in identifying the
fringe pattern by cutting out the dispersed band of colours
and providing sharp dark fringes.

iii. Uniform field compensator: This is helpful for the -
cases where it is difficult to identify the f#inge orders by
sheer visual observation of the pattern as it is formed. A
calibratéd scale provides for the identification of fractional
and integral fringe orders, in this instrument.

iv. Oblique incidence attachment: This is a combination of
prisms, through which polarised light is deflected to pass
through the model. With the help of this arrangemeﬁt, both
direct and oblique incidence readihgs can be obtained. A combi-

nation of these readings is sufficient to determine the principal

stresses.

Iv.2 Photoelastic model materials and cements

a. Model materials: The materials used'in the models of

the sandwich beam go by the commercial names PSM-1 and PSM-4.
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These were purchased in the form of éheets of size 10" x 10" -
and nominal thi?kness of 0.25".
i. PsM-1 : This is a clear polyester sheet, free from
creep. and edge effects and has the following properties.
Modulus of elast1c1ty E = 323,000 psi. ¥
Poissons ratio v = 0.38
Stress optic constant = 36 psi/fringe/inch*
This material was used as face sheets in the gandwich beans.
ii. PSM-4 : This is a polyurethane sheet having a very low
elastic modulus. It has the following properties.
Mddulus of elaéticiﬁy E = 1000 psi.
Stress optic constant = 1.186 psi/fringe/inch *
b. Cements: The cement chosen for bonding the face sheets
to the core material has an elasticlmodulus of E = 30,000 psi.
The cement is prepared bj combining a resin and a hardener which

have the commercial names PC-6C and PCH-6 respectively.

Iv.3 Procedure for preparation and handling of specimens

The photoelastic'technique necessitates much care in the

fabrication and handling of models. The machining operations

were carried out using sharp tools and special fixtures at high

speeds. The dimensions and squareness of the models were
maintained with greateSt possible care. Problems were encountered
in this respect in the machining of PSM-4, because of its high

flexibility and softness**, Low depths of cut were given at steady'

Values .obtained experimentally The unstarred values are
from the supplier's literature.

‘More details on the machining of model materlals are
given in ‘Section IV.11l,. p.50a .

* %




Fig.5 Loading Rig No.l

l.iEnclbsure for balloén
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2. Connecting tube from air reservoir

3. Beam model in position

.
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and continuous feeds during the milling operations to eliminate

machining stresses.

The face sheets (PSM-1l) were bonded to the core material

with extreme care and the procedure recommended in the literature

was closely adhered to. The models were allowed to cure for
24 hours at room temperature as recommended in the literature. It

was found necessary to keep the models at a mild uniform pressure
for a few hours so as to let the face sheets stick firmly to

the cores of the beams.

IV.4 Loading technique

The straining frame described earlier is not adequate
to handle situations wherein a bending load is to be applied.
A special fixture was developed to achieve uniformly distributed
loading. Two factors werelto be reckoned with in designing such
a fixture. Firsf of all, the very nature of the polariscope
dictated a fixture capable of allowing bending in the horizontal
:plane. In the second place, very limited space was avallable to
accommodate the fixture. These factors were carefully considered
in the design of the loading rig. It was felt that the same design
features could be more effectively achieved on a bench type
polariscope.

In. the initial phases of the project, application of
air pressure was thought to be an eppropriate‘method to achieve
uniformly distribeted loading. An all-brass fixture was designed

and fabricated to obtain this type of loading. This fixture,
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shown in Fig.5, was designed to hold the figidly clampéd
sandwiéh peaﬁ in position. The Beam lying flat with its lateral

and longitudinal axes in the horizontal plane, was allowed .to
slightly enter the recess ( 1:i$.Fig.5 ) of the fixture. Air
pressure was applied to this edge of the beam through an inflated, .
bﬁt constricted rubber balloon. A mercury manometer with .
sufficient controls was designed to measure the air pressure'
and an air-filled gas cylinder was used as air reservoir. The
pfinciple invoived is much the same as that in the case of an
automobile tire-tube combination which supports the weight of
the whole vehicle. Such an enclosed tube would transmit the

' pressure of the medium inside, without supporting the same by
its.skin. In this case, the skin of the constricted balloon

( restricted by the brass enclosure on three sides and by the
edge of the sandwich beam.on the fourth ) transmits the air
pressure on to the beam and thereby bends it. Such a.method of
simulating uniformly distributea loading was successfully

| employed by Durelli, Lake and Tsaott4]in applying uniform load
on a plate under compression. HoweQer) it was found that this
method would ﬁot work out satisfactorily in the case of beam
bending proglems. Furthexr, in the case‘of sandwich cantilever
beams, the deflect;ons were large enough to allow the balloons
to escape through the open space created bétween the deformed
configuration of the beam and the frame, resulting in the breaking

of the balloons. Several attempts were made 'to improve upon

this fixture, but due to the large deflections in the beam, it
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Fig.6 Loading Rig No.2 ( Analyser in view

Fig.7 Loading Rig No.2 ( another view )
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was felt that, some basic changes.muét be incorporated. Therefére,
no experiments were performed with Loading Rig No. 1. |

Another fixture was designed and fabricated to obtain
uniformly distributed loading. This, shown in figures 6 and 7w
is a mechanical means of applfiné uniformly distributed load
to a beam.'This consists of a %" steel plate ( Refer to Fig:8 )
with a cut-out portion to let the polariéed light pass throﬁgh.
It carries two steel angles supportiné a k" diameter brass
cylinder. The steel plate can be mounted and bolted on to the
polariscope table. The beam can be rigidly fixed with the help
of the support plates on to the table of the polariscope. When
* the beam is mounted on the fixture, its bottom surface is in
plane with a series of equally spaced holes on a rigid plate,
which is fixed to the steel angles.'The top surface of the beam
is aligned with the top surface of the brass cylinder. This
enables a set of équally spaced strings, carrying loads, to be
passéd around the beam. The strings are held in posi%ion on
to the rigid plate carrying the equi-spaced holes. Thus, a -
number of loads can be applied at discrete points along the
length of the beam. In this manner, an approximation to a
uniformly distributed loading}can be achieved.

In this case, further improveﬁents towards a better
dispersion of the ioad were made by placing a very soft
polyurethane strip (PSM-4) on the loaded face of the beam.

The number of strings, and hence loéds were limited by the space

available in the recess of the polariscope. It was possible
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Components of Loading Rig No.2

Steel plate

Steel angle

Brass cylinder

Plate with equally spaced holes

Support plates

Securing bolts
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to use ten load-carrying strings along the.length of the

beam. Two strings were used to carry one unit of loading
"weights" through a V-shaped arrangemeht. This resulted in |
the application of 2 lbs. of léad over a length of 5.25 inches
or an intensity of 0.3809 1lb/in. Such awkward value for the
léading could not be helped, as choice of load intensity was

influenced by other factors, discussed in a later section of

this chépter.

IVv.5 Handling of loads

Unlike the straining frame, there were no provisions
" to aéply the load gradually or to apply additional loads in
the above set up. A device had to be'made to apply the load
gradually, so that the fringe formation could be traced and
ét the same time avoid thé dynamic effecté of the loads. An
extended screw jack was used to raise and lower the loads
gradually during the experimentation. This made the éhecking
and rechecking of the fringe orders possible, which was abso-.

lutely necessary because of the duality of material in the

sandwich beam.

iv.6 Choice of loads

The limit on the intensity of loading was set by two
factors - in the first place, by the properties and dimensions
of the beam and in the second place by the space available on

the polariscope. The materials used in the sandwich beam have
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stress op£ic constants of 36 psi/fringé/inch and about

1.2 psi/fringe/inch. This means that, if a medium order of
fringe is formed in the thin-face sheets, the order of fringes
in the soft thick core will go beyond the range of the uniform
;field compensator.. On the othér hand, low fringe orders in the
.cére,woulq be ‘at the cost of very low orders in the face sheets.
A compromise ﬁad to be étruck to obtain sufficiently high order
fringes in both core and face sheets.

The working space available to accommodate and handle
loads was very limited. The loads were to be sméll in size to
hang freely without touching one another. Further, they should
" not touch or rest against the body of the polariscope at any -
position of the machine table. Weights with hooks, as used
with chemical balances, were an easier choice from the point
of view of handling, but ﬁhese were found to occupy a larger
space and therefore, thin metallic discs with slots, having

calibrated weights were selected.

Iv.7 Model dimensions

The dimensions of the models depended on the field
of the polariscope and machining considerations. The field of
the polariscope restricted the beam length to less than 5%"
and width to not mére.than 1%" . Machining considerations limited
the core width to a minimum of 0.625" and face thickness to a
minimum of 0.0625". With these considerations, five models 6f

sandwich beams were made, whose dimensions are given in Table I.
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Fig.l0 Tensile Test

Set Up
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IV.8 Calibration of models

The stress optic coefficients for the materials PSM-1
and PSM-4 were determined experimentally, as variations in.thgir
properties with time, temperature are known to exist. A tensile
test specimen as shown in Figl9‘ was used. For the hard plastic
the straining frame and load cell readout unit were used and
load vs. fringe order was plotted and from this the stress optic
coefficient was determined. In the case of the soft plastic,
very small loads were enough to produce sufficient orders of
fringes. These loads could not be established and read accurately
with the straining frame unit. Therefore, a simple pulley
arrangement was made to apply small loads gradually. A plot of
load vs. fringe order was made in this case also, and the stress

optic coefficient of the material was determined.

Iv.9 Tensile test on the model material

It was found necessary to accurately determine the
modulus of elasticity of the model materials, by carrying out
tensile tests on specimens. For this purpose, the Instron
Tes£ing Machine at the Materials Laboratory of the National
Research Coﬁncil of Canada, Ottawa was used. A sketch of the
test specimen and photographs of the experimental set up are
given on péges 44, 45 and 47. In the case of the soft plastic
this machine could not be used because ofbthe non availability

of a very low-range load cell. Hence, the catalogue value of
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Fig.ll Tensile Test

Model with

Extensometer
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E = 1000 psi has been used in the numerical computations.

IVv.10. Experimentation - Procedure and analysis of data

The sandwich beam model was mounted on the loading
rig, and the axis was'aligned.with the horizontal cross wire in
the observation screen of the polariscope. After rigidly
clamping the beam in this position , load was applied to the
beam using the special jack. . '

A typical section was selected close to the fixed end
of the beam. The isoclinic and isochroﬁatic data were taken
along lines OP, '‘AB and CD ( Fig.l2 ) .These data were taken.at
equal steps of 0.025" starting from the free boundary. The
uniform field compensator was used to identify the fringe orders
at each point. The special provisioﬁ in the machine to put the
quarter-wave plates out of the field, was made use of to.read
the isoclinic parameter at every point, just before reading
the fringe order.'

~To obtain the stress distribution from these data,
the shear difference method was used. This method of separation
of stresses ie outlined in the Appendix. A listing of the
computer program for applying.this method is also included
in the Appendix. | h

The transéerse deformations were measured along the
length of the beam. To start-with,'the reading corresponding
to the undeformed positition of the neutral jaxis was read using
the vernier micrometer. After application of the load, readings

of the deformed configuration of the beam were taken at previously
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marked stations along the length of the.beam. The difference
between thesg two readings is the deformation of the beam.
Color photographs of the fringe pattern were taken at
typical sections of the beam. A set of four pictures of these;
is shown on pages 80 agd 81l. The isochromatics are shown in
figures 33; 34 and 36. These are parallel lines in the face
sheets and wide bands of color in the core. Fig.35 shows the
45 degree isoclinic in the core along with the isochrématics
in the face sheet. In all these pictures the white patch of

light observed is from an extraneous source during the printind

process.
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IV.11 Machining of model materials

The machining cf the thin face sheets and the soft core
for the sandwich beams required special methods of clamping.
The’faée sheets were to be thin (1/16") and of uniform thicknéss.
The PSM-1 sheets used in this case were first cut in a scroll saw
with sufficient machining allowance. The final machining was
carried out in a milling machine. A set. of six strips of these
sheets were clamped together and the finishing cut was given
at a slow and steady feed, with a depth of cut not exceeding
0l005".

In the case of the soft.plastic (PSM-4), a slightly
different method of clamping was required because of its high -
flexibility. Strips were first cut in the scro;l saw with large
machining allowances and the final machining was done in a
milling machine. The strips were kept in between sheets of
hardboard on which the final dimensions were marked.;This set up
was clamped on the milling machine vise, and the milling was
carried out at a slow aﬁd sfeady féed.‘Duri;g this ﬁilliné procéss'
the hardboards on both sides were also machined. .

The literature fecommendé freezing of PSM-4 before
machining operations. However, it was not possible to maintain
the material frozen. throughout the milling operation. The heat
generated during the machining process made this impossible and

hence the method described in the previous paragraph was adopted.




V. DISCUSSION OF RESULTS AND CONCLUSIONS

Experiments were performed on five sandwich beams to
determine the stress distribution across their depth, using the
photoelastic technique. The résuits obtained are plotted in
figures 18 to 22. The relative dimensions®' of these beams a£e given
in Table I. The section chosen to find the stress distribution
~was near the fixed end of the beam. This was done to exclude
the effects of local compression due to clamping at the.fixed
end.

The normal stress distribution in the faces of the
sandwich beam is found to be linear across the thickness of the
face sheets. This is in conformity with' the engineering theory
of bending for beams. For beams ngmbered 1, 3 and 5 , having a
nominal face thickness of 1/16 inch ( Figs. 18, 20 and 22 ),
the variation of normal stresses across the thickness is small.
Therefore, it is a reasonable approximation to say that the
" normal stresses are uniform in the case of sandwich beams
with relatively thin face sheets. However, beams numbered
2 and 4 exhibit a sharp variation of normal stresses across
‘their thickness. One possible reason for this, besides their
relatively higher thickness, could be a probable slip at
the interface of tﬁe core and face sheéts. Despite extreme care
in maintaining a uniform thickness of cement at the interfaces,
few air bubbles could have been locked within the models at

the interfaces. Such a situation would lead to a slip at the

51




52

interface, and a consequent iﬁdependent actidn by the faces

and core in carrying the applied load. If the faces independently
take the bending load, the neutral axis would have been at the
mid-plane of the face sheets. Obviously, this is not the case
for beams numbered 2 énd 4 even thouch there is a definite slip.
Ié is also observed that the normal stresses in beams having
thinner face sheets (# 1, 3 and 5) have a higher magnitude,
compared to those in the cases of beams #2 and #4.

The sﬁear stresses in the cores are found to be
reasonably uniform in beams numbered 1, 3 and 4. Local effects
near the interfaces are pronounced in all the cases. It is
therefore concluded that, the approximation to consider a
constant shear stress disfribution across the core thickness
for theoretical investigations, is justified. While performing
the experiments, the isoclinics in the core, as well as the
isochromatics were observed to be wide bands, rather_than
well defined sharp fringes. Thig means that the maxiﬁum
principal stress difference or the maximum shear stress is
a constant in the core. Fﬁrthcr, the isoclinic parameter was
observed to véry from 43 to 47 degrees.. An isoclinic paraﬁeter_
of 45 degrees'indicates pure shear and from the observations
again, it is justiﬁiable to assume that the core takes up only
shear. This is further strengthened by the fact that, bulk of
the core material used in engineering practice is of honeycomb

construction which is capable of taking only shear.
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The felatively large local variations of shear stresses in the
cases of beams 2, 3 and.5 may be attributed to possible slips
and resultant bending resistance of core and cement in this
region. Further, residual stresses were observed in a few
instances after unloading the beams. This is indicative of. a
siip between the faces and core, which results in locking

some stresses, The orders of isochromatic fringes, which were
observed to be wide bands in the core, were determined at
0.025" intervals using the uniform field compensator. Errors
in determining the exact order of such fringes with a visual
judgment of minimum light intensity alone are possible. For all
?ractical purposes, the Térdy compensation technique would
not have been sensitive to such small differences in fringem'
orders in the core. It was in view of this fact that, this
method was not used in identifying the fringe orders.

Table II shows a cross-check for the computed
internal stresses from calculatjons of moment and shear balance.
The differences observed are probably due to load concentrations
at discrete points and partial losses in load transmission.

The transverse deformations were measured at different
stations along the length of the beams. The vernier micrometer
attached to the table of the polariscope was used for this
purpbse. The'values are plotted in figures 23 to 27, against
the theoretical curve obtained by finite element method. A
reasonably good agreement is observed between the experimental

results and theoretical prediction. In the theoretical
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investigation, the compression of the core was neglected and
the transverse deformation was assumed to be constant across
the depth of the beam. Core compressions were computed from -
experiﬁental data and are given as a percentage of the maximuﬂ
normal stresses, in Table II. The measurement of transverse
deformations close to the free end of the beam, was not
possible because of the images of the beams going out of the
view in the screen. The beam dimensions, as discussed in the
chapter on experimentation, were dictated by the table
movements of the polariscope and manufacturing facility.

An attempt was made to keep the beams slender, so that they
do not approach the dimensions of aldeep‘beam. A length

to depth ratio of 5.25 was kept as a limiting value. The
axial deformations were of a small.oraer and could not be
accurateiy detérmined using this instrument.

Figures 28 to 32 correspond to the deformation pattern
obtained for different types of load conditions, using the
Finite Element Method. A length to depth ratio of 10:1 is
considéred and the deformation patterns, are plotted for
thrée different face thickness to overall depth ratios. The
face sheet materiai is taken to be aluminum, which is frééuentiy
used as the skin material. A shear modulus to Young's modulus
ratio of ldé is considered between the core and face sheet
material. Such é ratio is often used in structural sandwiches,

having honeycomb cores.
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The deformation curves are plotted for the following

five load conditions:

(i) Transverse loading of uniform intensity.( Fig.28 5
(ii) Transverse and axiai loading, with axial load equal
to half the intensity of transverse loading. ( Fig.29.)
(iii) Transverée and axial loading of equal intensity.
( Fig.30 )
(iv) Transverse loading with linear axial ‘loading having
a maximum intensity of half the transverse load
intensity. ( Fig.31 )
(v) Transverse lsading and linear axial loading having

a maximum intensity equal to that of the transverse

load. ( Fig.32 )

These figures indicate an increase in transverse deformation
with decreasing f/H ratios. This is because of a lower bending
rigidity with decreasing face thickness. The axial deformation
shows a rapid increase near the fixed end of the beam indicating
high strain rate in this region. Again, axial deformation is
found to increase with decreasing f£/H ratios.

The maghitudes of transverse deformation are observed
to decrease with increasing axial loading. This is because of
the axial load producing a moment which is opposite to the sign
of the bending moment. The axial deformation in these cases is
observed to increase with the intensity of the axial load.
However, the maximum axial deformation is found to be within

4% of the maximum transverse deformation. Table III gives a
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comparative idea of the ratio of the maximum éxial deformation
to the maximum transverse deformation for different intensities
of loading ( marked as Type I, Type II etc. ) and face thickqess
to depth ratios.

In this analyéié, the boundary conditions derived in
Section II,.3, and represented by equations (2,17) and (2.18)
cannot be applied. These equations involve the‘quantity Wysx
which is not a degree of freedom for this problem..A possible
reason for the éhange in the slope of the deformation curve
neaxr the free end of the beam could be the violation of this
boundary condition. Because of this reason, the total potential
energy of the beam is not actually minimized and the configuration
assumed by the beam in such a situation'is not the one satisfying.

the equilibrium conditions.
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TABLE I

Beam No.

£ h d

(in) (in) (in)
1 0.065 0.871 0.254
2 0.124 0.747 0.255
3 0.063 0.754 0.254
4 0.124 0.635 0.255
5 0.065 0.632 0.254
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TABLE III

’ Ymax
Load Type f/H A

“max

0.05 3.21

I 0.10 2.11

0.15 1.58

0.05 3.39

Ir 0.10 2.21

0.15 1.62

0.05 3.33

III 0.10 2.18

0.15 l.61

0.05 3.58

Iv 0.10 2.31

0.15 1.65

0.05 3.46

v 0.10 2.24

0.15 1.63




LOAD ( ILbs x 10 )
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FRINGE ORDER ( N )

Fig.13
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CALIBRATION CURVE FOR PSM-4
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Fig.35 45° Degree Isoclinic in Beam 3

'Fig.36 Isochromatics in the Core of

Beam 2
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1. Shear difference method

This is a numerical procedure used to determine the
principal stresses at the interior points in the model. The
method is based on equations of equilibrium, which in plane

stress problems‘in the absence of body forces are,

aG, AT :
OO0 Clxy i ,

9x Yy 0 (1)
9Txy, O0yy _ ii
X + oy 0 (11)

Equation (i) can be integrated along x, given in Fig.12 as

follows.

%y, __ 9Ty
px dx == jy dx (iii)

The above equation can be represented by finite difference

method as,

ATx |

— _Llxy

a. —  Oyx|=— Ax

xxln 653 %0 AY (‘:L'S:’
2

where Xgr Xqys X, are positions along x axis. Ax and Ay are

Ix

finite intervals along x and y axes as defined in the figure.

For a particular case of equal spacing along x and y, equation

(iii) reduces to,

Oxx IX|= Oxx XO—AT,.-y l(xo;xl)

.The value Qq|is directly obtained from isochromatic data, as
. X0

Xq is on the free boundary. The value of At can be computed
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from isoclinic and isochromatic data. Hence it is possible
to determine at an interior point Xq - By proceeding in steps
along x, the value of ¢ can be determined along'the entire

length of line OP, from the following recurrence equations.

Oxx x:'.: Oux le - AT?‘& (> +%X2)
2

’ Oxx IK\5 = Oxx l)(2. — BATsy |(1<2.+3‘5)
2

Oxx lu = Oux xg = BTxy [ixgpxa)
2

This procedure is repeated along the lines AB and CD. The

stress ¢ can now be computed from the following relations.

Oyy Oxx — (0, — 0, )Cos26

or

Oyy = Oxx—Nf Cos260

T
where N and 86 are data from the photoelastic experiment and
f and h are the Stress Optic Constant and thickness of the

model. The principal stresses can be easily computed from

the following relations.
g, = %(oxx + 0yy + NE/h )
g, = %(0xx + Oyy —N£f/h )

This method emplbys oniy isoclinic and isochromatic data,
and can be used to separate stresses along any arbitrary line
OP. The errors in this procedure aré cumulative, as it is
numerical integration process. Therefore, this method demands

accurate observation of input data, at close intervals.
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