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SYNOPSIS

An analytical investigation into the stresses and deformations

induced by transient temperatures was carried out on a laSoratory tested

. ’ ]
model of a three-span composite bridge. The 0.354-scale model of the
prototype had a reinforced concrete deck acting compositely with its four
supporting steel beams. The dimensions of the model are 53 ft. l4in. long
by 10 fr. 61 in. wide and a 2-7/16 in. thick slab.

‘A two—dimensional temperature distribution varving with time was
produced in cross-sectional planes of the model bridge when its entire
upper surface was rapidly cooled with melting ice. The decrease in surface
temperature_was maintained for an hour and seventeen minutes. The under-
side remained exposed to the air temperature that gradually declined‘from
the initial temperature of 78.3°F to 71.8°F dhring the cooling
test. Instrumentation of the bridge consisted of 41 thermocouples placed
near the mid cross—-sectional plane of the ;entre span, 40 electrical
resistance strain gauges installed on the upper and lower surfaces qf the
steel beams at the five maximum moment sections, and 8§ mechanical dial
gauges used to measure uplift fr;m the non-supporting piers at both ends.
Temperature and strain data were automatically obtained using a data
acquisition system. Measurements were taken at various time intervals over
the cooling pe?iod.. Within\;his temperature range, the ends of the bridge
have deflected upwards very rapidly to a maximum value before the
deflections gradually decreased towards steady temperature conditions. The

method of analysis was based on the linear, small deformation theory of

two-dimensional uncoupled quaéi—static thermoelagticity.
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In the transient heat conduction analysis, space discretizatiéh
by finite elements leads to a system of first-order, linear differential
equations. Central difference was used in the tipe-stepping solution to
these differencial equations. In the analysis for sym@etrical"cross
;thion, only an interior and a side portion need be used toc obtain a
solution for the temperature field. The temperature calculations were
carried out with a regular mesh of linear temperature rectanguiar elements.
For the temperature history of the cooling bridge, the solution was
advanced 462 times with a time step of 10 seconds. The time-marching
procedure involved repe;ted solution of 1652 and.882 simultaneous linear
algebraic equations with a half bandwidth of 13. All pertinent material
properties were considered independent of the temperatures throughout the
cooling test. The changes of instantaneous temperature distributions in
the pridge cross section are shown at various time interwvals throughout' the
time history.

The thermoelastic analysis of the three-span continuous,
composite bridge employed conforming displacement model elements leading to
straln energy convergence of N-s in terms of, number of elements. The
triangular plate element, being made of isotropic linearly elastic
material, had constrained quintic displacements for bending and complete
cubic polynomial expressions for in-plane displacements. The eccentric
beam element included bending action, axial deformation, and St-Venant
torsion. Only a quarter of the doubly symmetrical structure was analyzed

with a uniform 7 x 30 grid of finite elements. There were a total of 2976

simultanecus linear algebraic equations with a half bandwidth of 108. The
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finite element analysis of the bridge included uplift at the'snpports of
the interior piers when its deck deformed into a doubly curved surface.
Over‘the cooling period, calculation of the changes in the magnitude of the
support reactions was required before uplift occurreds

The curves of the deflections and thermal stresses against time
are presented with the thermal moments and forces acting on the bridge.
The results indicate that the temperature cﬁanges at garly times produced
large thermal stresses, exceeding the concrete modulus of rupture. The
strain diagrams with the free thérmal contraction diagrams are included.

Disk files were used to reduce the storage demand of the FORTRAN
programme on the computer. The resulting large systems of equations were
stored in block form. Cholesky's decomposition method with backward and
forward substitutions was used for repéated solution.of these e&uations

involving only different unknowns.
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NOTATION
Standard notation is used in this study:. In certain cases, the same

symbols denote & property in heat transfer and in structural analysis. The

A meaning that the symbol should have is evident from the context in which it
¥

is used

Latin Letters

v

[a] Coefficient matrix for a system of differential equations

Ag Arep of eccentric stiffeners

a,b,c - Efi;ént dimensions

ay,by Coefficients of assumed polynomials

fcl Capacity matrix for assembled structure .

[Ce]‘ Element capacity matrix

Ce Torsional comstant for cross section

c " Specific heat

[p] ' Matrix of elastic conftants

D¢ 4Dy Flexural amd membrane rigidities

d. Slab thickness » r

dg Depth of wide-flange sectipn

E Modulus of elasticity

E. Elastic modulus of concrete ‘
e Eccentricity of the stiffeners

F{m,n) Euler's beta function for exact integrgtion

{F} ) S&stem loadgvector or kné;n column matrix. Subscripts denote

thermal loads for an element

- {fa1} Element matrix with specified nodal temperatures



Latin Letters

NOTATION (Qont'd)

G
[H] -
h

Dx\V\\

. ™y

L,
[K]

0y >Ty4

Py

ry,8g) -

{r}

[r]

Shear modulﬁs of elasticiEy
Element convection matrix

Thickness of concrete slab; unit surface conductance, all used
with subscripts indicating the invelved lower surface

Functional; Second moment of stiffener's area
Warping torsional comstant

Stiffness or conductance matrix for system. Subscripts indicate
element matrix

Thermal ;onductivity of material

Coefficient matrix of integral -
Typical distance between node;; length of beam element

Modal matrix

St. Venant torsion

Temperature moment

Twisting moment

Warping torsional moment

Exponents in ith term of polynomial expression
Number of elements on a side

Tgmperature resultant for in-plane forces
Load vector for qusdratic plane stress elemeﬁt
Intensity of distributed static load

Rotation matrix
A -



xi

NOTATION (Cont'd)

Latin Letters

Ry>Re

Ty Ty

S

Q,V,W,

X,¥,2

”

Reaction due to bridge's weight and to temperatures.

Radius of curvature

First moment of the stiffener's area
Boundary surface

Nodal coordinate matrix

Nodal coordinate matrix for tempe&ature load dis%ributed in slab

Temperature; temperature change from datum temperature

‘Ambient air temperature

Surface temperature

Strain energy. Its subscripts denote the corresponding terms of
the elements

Displacements. Subscripts denote differentiation

Potential of external forces; Nodal displacement of quadratic
plane stress element

Cartesian coordinates

Column vector of generalized displacements. Subscripts denote
bridge displacements for different loading system

Thickness of web in structural steel section

Thermal curvature
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¥ NOTATION (Cont'd)

Greek Letters

——_

o Coefficient of thermal expansion

ek,ey,sz Strains in x, y and z directions

€s Free thermal strain

ny Shearing strain

£, Local cartesian coordinates

8 Time; angle between global and local coordinate axes; angle of twist

Uys0y 0, Components of normal stress

Txy Shear stress

b Total potential energy )

K Thermal diffusivity

D . Density

A,u Lamé's constants

A Eigenvalue

[A] Diagonal matrix of exponential terms

$ * Arbitrary parameter in finite difference equation for time

v Poisson's ratio



Chapter 1

INTRODUCTION

1.1 Object :

A studf¥ of the thermal behaviour of compesite highway ‘c>ridges’~;"~
subjected to time-varying temperaturés was undertaken using a 0.354-scale
bridge modei. The object was to establish an accurate method for
predicting the redistributions of temperatures over a bridge cross section
and the corresponding stresses and strains produced under transient
temperature conditions in the environment. The three-span, continuous
composite bridge used in this investigation is shown in c¢ross section and
elevation in Figure 1. The bridge, initially at laboratory temperature
throughout, was cooled by suddenly exposing its entire upper surface to
melting ice. '

The thermoelastic analysis is uncoupled. The negligible effect
of the coupling term on the temperature inside the bridge permits the heat
conduction ‘equation to be solved separately from the stress problem.

The vafiation in temperature over the complex cross section of
the bridge required a two-dimensional heat conduction analysis. An exact
solution for the temperatures is mathematically difficult to obtain. A
finite element representation of the temperature distribution can easily be
used for irreQEZar cross sections composed of different materials. The

temperature variation with time was approximated over even time intervals

Y
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by central finite differencf expression. Instantaneous temperature
distributions were calculated for successive time intervals. The
time-stepping approach can involve boundary temperature changes. Within
this temperature range, the heat transfer coefficients can be considered
‘constant and the transient heat flow is @escriged by a linear partial
differeﬁtial equation.

The structural response of the bridge to temperature changes at a
given instant is determined from a knowledge of irs internal temperature
distribution. Its behaviour can be idealized as that of a rib sti&fened
plate. The three-span continuous bridge was represented aslan assemblage
of plane stress,. plate bending, and eccentric beam elements. Their
derivations were based‘on the assumption of small, quasi-static deformation
theorv for thin plates and shallow beams. These elements were made of
isotropic and homogeneous materials stressed within their linear elastic

range. Element rigidities were calculated for the uncracked gection. It

- was assumed that the concrete could resist any tension stresses which would

arise.

1.2* Nature of the Pfoblem

North America has an extremely variable climate. The diurnal
temperature fluctuation can generally be described as a wave function of
time. The temperature usually rises during the daytime to a peak value apd
then drops to a nightime low. It could rise again at dawn and the dailyf

temperature fluctuations repeat themselves in a periodic manner. This

cycle may be altered by the onset of warm or cold fronts. Highway bridges



are exposed toAthese temperature changes as well as to solar radiationm,
wind convection, rain and snow. Thei£ exposure to weather conditions
results in surface temperature changes and consequently nonuniform
temperature distributions over bridge cross sectionms.

The maxima and minima of the annual temperature cycles vary for
different climates. In summer, the bridge upper surface may be heated by
the sun to a high of 140°F while the underside is expesed to ambient air at
much lower temperaturés. Or, there may just be side heating of the exterior

girder. In cold weather, the temperature may reach lows far below O°F.

The instant that the surrounding temperature 1is changed, the
bridge will undergo a continuous redistribution of temperature varying with
time. The temperature field in a bridge whose upper and lower sﬁrfaces are
subjected to different temperature conditioms is at least two—dimensicnal.
The temperature varies primarily through the bridge depth. The variation
of temperature across the slab width, due to the presence of the beams
becomes negligible at sections away from the upper steel flange. At these
points, the heat conduction in- the slab is essentially unidirectional.

There will be longitudinal temperature variations when the boundary
conditions are nonuniform along the span or when the bridge has wvarying
transverse cross section. As time passes with boundary temperatures
remaining unchanged, temperatures within the bridge may eventually ?each

steady state condition.

Under atmospheric conditions, it is very unlikely that the

surrounding temperature will‘be maintained sufficiently long to establish

—

!
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sfeady conduction in the bridge. The low rate temperaﬁure response of
concrete means a very slow penetration of temperature into the slab. -
Before the heat conduction can attain a steady state, a change in bou;dary
temperatures willl start another transient variatiom.

‘ A bridge exposed to environmental con&itions will continuously
undergo various temperature distributions. The combiration of a low and
high thermal diffusivity of concrete and steel respectively has a
significant eff;ct on the magnitude of temperature gradients and the shape
of the temperature‘distribution within the bridge. The steel beams respond
quickly to sudden temperature changes. The concrete slab undergoes gradual
adjustments in temperature. Various temperature gradients will exist within
the exposed bridge.

The changes in temperature distribution from an unstressed
reference state produce stresses and deformations. An éccurate determination
of the temperature history of the structure is required for the stress
analysis.

The applicability of the proposed method for thermal analysis was
established~on a reduced-scale bridge model in the laboratory. Imitially.
at\Eniform temperature its upper surface was suddenly and completely
covered with melting ice. The temperature problem in which conditions are
specified at the time of the temperature disturbance, is called
inizial-value problem. I1ts solution evolves from the initial values and
reaches steady state after sufficient time has elapsed. Throughout the
time history, the present study deals with time-dependent boundary

cogditions as would be the case in atmospheric conditions.



Thermal stresses are produced when the deformations are prévented
from occurring freely, in a manner conforming with the temperature
distribution. Constraints on these displacements are imposed by conditions
prescribed on the boundary or by the continuity requirements of the
material. There may be nonuniformity in the combined distribution of
temperature change and coefficient of thermal expansion resulting from the
temperature variation or from v;rying material properties. The
displacements, proportional to their temperature change, will interfere
with each other to form continuous single-valued functions. In stress
analysis, the-continuity restrictions are placed on the displacements by
the compatibilicy equaziovs. When there are no internal forces required to
paintain continuity of displacements, a body free of external restraints
will deform according to its temperature distribution. For such a
temperature field, the thermal stresses are zero.

In conventional beam.theory, the assumption that plane sections
re;ain plane is made in place of the compatibility equatioms. Thermal
stresses will result from temperatures that tend to warp the plané CTross
section. A necessary condition for zero stresses within a homogeneous and
free body is a linear temperature distribution. Thermal stresses are
caused by the nonlinearity in the temperature fields u;ually occurring in
the transient heat flow. They reach a maximum during the early stages of

the transient when temperature gradients are large. .

.
-

In composite construction, there 1s interaction between the
conerete slab and the steel beams. These materials have different

coefficients of thermal expansion and undergo different teﬁperature



variations. The temperature gradients.in high conductivity steel afe, as is ;
known, &maller than those occurring in the concrete slab which has a lower
coefficient of expansion. In this case, the combined effect in the slab

and in the beams will reduce the composite structural action between them.
The different thermal pFoperties may have a reversed effect. The steel

beams will quickly reach different temperatures while the temperature of

the concrete slab remains unchanged. Combined with the high coefficient of
thermal expansion, these temperature changes will produce large thermal
stresses. Large stresses are also produced after a change in the upper
surface temperature of the concrete slab. Before the temperature penetration

reaches the steel beams, large temperature gradients will exist in the slab.

For statically indeterminate bridges, the external restraiats
provided at the supports will produce additional thermal stresses in the
structure. The three-span continuous bridge cannot deflect freely with
vertical displacement prevented by its supports.

In this study, both end supports were removed in order to measure
and to visually observe the structural response of the bridge to
temSérature changes. The predicted and measured displacements were -
compared and the resulting stresses calculated.

Thermal stresses may overstress the exposed bridge when they are
combined with stresses already existing as produced by dead load, live
load, creep and shrinkage. The magnitude of the thermal stresses need not
be very large to cause failure in the tensile zone of the concrete. These

minute cracks may later develop into serious slab cracking. Under repeated

L d



loading, additional cracks can be opened. The cracks, propagating
throughout the bridge, would reduce the effective concrete section and
would expose the reinforcing éteel to corrosion. Due to excessive slab
cracking, the bridgermay become unserviceable. The importance of the
thermal stresses warrants the extensive calculation necessary.

It 1is expectéd‘that the thermal loading appiied in this
investigation, will not q&fess the bridge beyond the yield point of the
steel. The concrete stress was well below its compressive strength. The
deflections when compared to the thickness of the slab were small. The
proposed method of'analysis was based on linear elastic behaviour of the
materials; The stiffness of the concrete slab was computed based on the
uncracked section. Under these conditions, the thermal effects can be
additive to those resulting from dead and live loads.

Reduced section of concrete after c¢racking can be accounted in
the calculation of thermal load and of elagtic rigidity for the plate

elements. Analysis can proceed in increments.of the loading.

1.3 Review of Previous Research

This study is a continuation of the research in Reference (1) for
the M.A.S5c. degree. Part of the thesis investigation appeared in Reference
(2) by Berwanger and Symko. Thermal behaviour on bridgé‘members, such as
reinforced concrete T-beam and composite beam made of concrete slab and a
steel beam, was investigated under various steady temperature coanditions in

the laboratory. The steady temperatures varying through the depth and

.

i



across the width were predicted using two different finite element models,
linear temperature triangular and reEtangular elements.- The simply-
supported beams were analyzed as pléne strain problems. fheir end surfaces
were, free of the initial restraints in the plane strain anglysis. Linear
str#in rectangular elements were used to compute the strains and the
thermoelastic stress distribution in the transverse cross section.

The basic theories of thermoelasticity leading to development of
methods of analyses for composite bridges subjected to thermal loadings can
be found in the textbooks of Timoshenko and Goodier (3), Gatewcod (4),
Boley and Weiner (5), Nowacki (&), Parkus (7) and Johns{(8). The
application of the thermoelastic the;ry to staticaily indeterminate beam
problem involving simple and multiple spans is illustrated by Burgreen(9).

Zuk (10 and 11) has developed an analytical method, based on the

theory of one-dimensional thermoelasticity, to determine the stresses in

simple-span composite bridges made of homogeneous and isotropic materials.

fhe temperature differentials between the upper‘and lower surfaces of the
slab and beam were evaluated from observed data in Virginia, U.S.A.
Berwanger (12) has extende@ the analysis to reinforced concrete slab for
composite beam members having simple and continuous spans. For continuous
spans, the interior supports were removed and then the continuity was
restored by applying a force. The deflections were calculated using the
conjugate—beam method. Berwanger and Symko (13) have compared their
results for a simple span composite beam.

The application of finite elements has been extended to

thermoelastic analysis of plates. Gallagher, Padlog and Bijlaard (1l4) have



obtained a plane stress solution to an isotropic elastic plate having
parabelic variations of both thickness and temperature across the width.‘
In their aﬁalysis, the thickness oé the linear strain rectangular element
was constant but varied from element to element. The same plate problem
was resolved by Weber (15) using linear straiﬁ fectangular elements Qith
linearly varying thickness. Mufti and Harris (16), using a nonconforming
cubic displacg?en; triangular element for bending, have analyzed a simply
supported squake plate having 1009F temperature difference between its
surfaces. ‘ .

Plates with stiffeners have been mathematically modelled as
plates having diffe;ent flexural rigidities in two mutually perpendicular
directions and were solved as orthotropic plates. The flexural rigidities
provided by the stiffners were uniformly distributed across the plate. The
finite element method permitted a closer representation of the actual

behaviotr of the structure. Mehrain (17) has demonstrated the finite

element displacement approach to simply-supported composite girder bridges
subjected to static loads. The eccentrically stiffened plate problem has
been analyzed using different type; of elements. Gustafson (18) used
rectangular elements having eight in-plane degrees of freedom and twelve
out—of-plane. McBean (19) has suggested to use the 16 degrees of freedom
conforming quadrilateral element for plate bending and the 16 degrees of
freedom plane stress element. These elements, developed by Fraeijs de
Veubeke, have nodes at each corner and at mid-sides. .Wegmuller (20) has

used the constant stress rectangular element (CSR) with the nonconforming

rectangular plate-bending element (ACM) proposed by Adini, Clough and’



Melosh. Mastrogeorgopoulos (21) has analyzed the steel girder in the
composite bridge using quadratic stress triangular element (QST) in place
of beam elements. His conforming but_stiff triangular plate-bending

element (HCT) was presented by Clough and Toucher. The proposed

¢
combination of elements adopted in this thermoelastic analysis of the

_cpn;inuOus-Span bridge has seen presented by Desikan (22) and Bhalla (233
in their investigation of stiffened-plates. There remains the problem of
deriving the thermal load vectors for arbitrary temperature distribution.

The finite element method is applicable to problems that can bé
formulated in variational form. A variational principle.exists for steady
heat conduction.’ Steady temperature computations in linear problems using
linear temperature elements of‘triangular and quadrilateral shape are
outlined in Zienkiewicz and Cheung (24).

A variational principle is not available for the traﬁsient heat
conduction.equation in its oriéinai‘form. The governing differential
equation can be transformed into a form which has a wvariaticonal princiﬁle.
Gurtin (25) has formulated a variational principle using convolutiocn
integrals. Wiison and Nickell (26) have applied the finite element methodu
based on Gurtin;s principle to linear prgblems in transient heat
conduction. The special feature of this variational principle is that the
initial conditions are included explicitly. The resulting system of
integral equations at stationary values can QF solved exactly by evaluating
the eigenvalues or numerically by inserting time wvariation in a diffqggpce

form. Wilson (27) has interpreted the system of finite element equations

2s the equilibrium of heat flow for each node of the finite element
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idealization. Fujinoiand Ohsaka (28) formulated a finite eleﬁent procediure
using the variétiona{\principle for tﬁé L;place transform of the equation
governing heat flow. To obtaiﬂ the inverselLaplace transform the resulting -
equations, after the variation, were uncoupled by using the nodal
degqpﬁosition Qéthoq. Visser (29) has der&ved a quasi-variational
ﬁrinciple in which the time derivative was held constant during variation
in égmperqture. The variatienal principié was formulaged for only the
spatial operations. The finite element formulation in the space variables
yielded a sYstem'of first-order, linear, ordinary differential equations in
the time variable. The exact solution of thes; semi-discrete equations was
expressed in terms of an exponegt;al matrix. Brocedures for évaluating the
exponential matrix by eigenvalués or in matrix.séries can be found in De
Russo, Roy‘and Ciose (36). Zienk;ewicz and Parekh (31) have used the
method of weighted residuals-Gaierk%n, in place of variational prin;iple,
for the férmulation of élemenis in space and tipe? 'The space'élements
employed in their analysis were the isoEarametric tf;e. B:u;h and
Zyvoloski (32) havedaiés derived spaceftime'elements based on the Galerkin
meth&d. Their differential equations reSulging from only spatial
discretization are identical te those obt#&ned‘by ﬁariational means.

-

Finlayson (33) has shown that, when the weighting and shape fumctions are

identical, the variational method is equivalent to the Galerkin method.
Lemmon and Heaton (34) have examined this relationship and the accuracy and
stasility of the methods including the finite difference method.

It has already been observed that all these methods lead to- the

same system of differential equations in time. No new computational
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procedures were.obtained. These differential equations can be integrated
exactl& by determining all the eigenvalues. Or, additional apprc§imations
,are Introduced with finite differences or Galerkin weighted residual
procedure applied within each time interval. The use of the‘Galerkip
process ieading to a recurrence relacion between values in a time increment
has been demonstrated by Donea (35). 1In place of csing successive time
increments, the.Galerﬁin procedure can pe extcnded simultaneously to the
. whole time span divided into a finite num;er'of elements orxincremcncs.
This simultaneous application, by inter-relating the nodal temperature
field at all time divisionms, Qill lead to a larger system of equacions.
Finite elemenc‘solutions for.a large number of transiept flow

problems have been obtained using various time integration methods. Mote

(36) has used a time-marching method containing terms to second order of

the matrix power series that define';he exponential matrix. The

integration time step can be selected for an allowable truncation error.

This explicit method was applied to the heat conduction inalysis of .a

rotating turbine disk. The exponential matrix for the exact solution of

ordinary differential equations can be approximated using Padé rational
matrix expansions as shown by Vérga (37). Emery and Carson (38) have

studied the accuracy of linear, quadratic, and cubic temperature elements

“\
for linear heat flow problems. They replaced the time derivative by.finite

difference approximations. Rybicki\fnd Hoper (39) have taken into
consideration thermal properties confinuously varying,wi;& pesition. A

higher order rectangular element, whichbyas developed by Bogner,. Fox and

Schmit for plate bending, was used in space. The variation with time was 7
. \\“

-

7
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approximated by the backward—-difference expression. Richardson and Shum
(40) have applied Wilson and Nickell approach to problems invelving

nonlinear boundary conditions such as radiation. Nonlinearity also arises

~
-

when the thermal £oﬁductivity is dependent on temperature. Aguirre~Ramirez
and Oden (41) have demonstrated the application of the finite element
method to nonlinear problems.

The development of the finite element method has been extendéd to
transient flow problems related to water resources. Guymo%féﬁijﬂgg;\/
transformed the spatial operators of the c0nve5tive diffué&on equation so
that the variational procedure outlined for heat condyction can be
followed. The resulting differential_equations were solved numerically by
Guymon, Scott and Herrmann (43) using the Adams-Moulton multistep method.

The computational effort in determining the eigenvalues for large
syétem§ of gifferential equations can be reduced by using the mastér—slave
relation as <alled in the fi;ld of structural dynamics. This procedure is
based on insight into the behaviocur of the system. A number of temperature
degrees of freedom can be eliminated by condensation in the matrices and
fewer degrees of freedom aée used to find the eigenvalues. Gallagher and
Mallett .(44) have presented this procedure in the heat conduction analysis

by finite elements.

Knowledge regarding the properties of steel and concrete is
required for accurately predicting thHe structural response of the bridge.
The properties involved were .the Young's modulis, Poisson's ratio,

coefficient of thermal expansion, and the thermal diffusivity which

combines the thermal conductivity and specific heat with mass density. The

¢
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steel properties are well known for the conditions in this analysis. The
elastic and thermal properties coefficients for concrete are related to
temperature, age, and its composition which includes the mix proportions,
type of cement and aggregate, volume of air wvoids and moisture content.
Berwanger (45) has investigated thé behaviour of the modulus and
coefficient of expansion of plain and reinforced concrete at different
ages, temperature, and water contents. further tests were carried out by

Sarkar (46) and the results ‘published by Berwanger andmZ;rkar (47).

The thermal conductivity of concrete varies

.

inly with its water
content. Lentz and Monfore (48) have determined that its temperature
dependence within thé temperature range of 0OF to 759% is not severe and
the coefficient can be considered constant. Brewer (49) has correlated the
conductivity with the unit weight for cgncrete from oven-dry to fully
saturated. Other conductivity -investigations undertaken were by Campbell-
Allen apd Thorne (50) and by Thompson (51). |

Several studies of temperatureaffjgcts in highway bridges .have
been made. A detailed literature survey regarding thermal calculations for
bridge design is given by Reynolds and Emanuel (52}. They concluded that
there exisf uncertainties as to the magnitudes and effect; of thermally
induced stresses and ‘movements in bridges. Hunt arid Cooke (53) have used
finite difference methods based on the one-dimensional linear flow of heat
to predict the unsteady teﬁperéture distributions over different
thicknesses in the bridge cross sections. A concrete box girder bridge in

“
the stress analysis was considered to be made of vertical and horizontal

“

isotropic, homogeneous plates. The stresses were calculated by solving
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two-dimensional plane-strain problem in linear thermoelasticity. The
re;ultants of thé end restraints imposed bf the plane stfain assumption
were superimposed. 'Hulsey (54) has modified a two-d;mensionil finite
element programme presented by Wilson and Nickell tb include nonlinear
time-dependent boundary conditions in a stepwise manner. Temperaturés
inside a typical composite-girder bridge were predicted for the conditions
recorded by a weather bureau. Part of an interior'steel.girder with slab
was discretized into an irregular grid of linear temperature elements. The
brocedure in bringing.together the slab and steel -beam by satisfyving
compatibility of interface strains and curvatures was extgnded into a form
of flexibility methed. Following his analytical study, Emanuel and Wisch
(55) have tested a model of a two—span composite bridge for thermal
effects. The heating of the entire upper surface was made with a series of
heat lamps. Thepchatri (56) has determined the thermal effects of datly )
atmospheric variations existing in Texas on threé types of highway bridges
such as concrete slab bridges and composite bridges having precast
pretensioned concrete beams or steel beams. The bridges were analyzed as a
uniform system of beams. The two-dimensional temperature distribution was
"obtained for a system of linear temperature elements by using a modified
Wilson and Nickell method. The calculation of .remperature stresges was
based on elastic beam theory and the principle of superposition. As a
Joint project, Will (57) has used temperature data from field tests to
investigate the thermal behaviour of a concrete slab bridge and a composite
bridge with precast beams.- The stresses corresponding to the computed

internal temperatures were obtained from a finite element analysis

employing plane stress and plate bending elements.
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1.4 Scope of Present Investigation
This study included the measurement of temperatures and

deformations during the cooling of the model bridge and, in addition, the

derivation of mathematical solution for the time histories of temperatures,
The model of a2 concrete-steel type bridge
-

deformations and stresses.
The model bridge was tested under transient temperature condition
The

continuous over three spans was constructed in the laboratory at a 0.354

scale.

with melting ice suddenly applied to its entire upper surface.

temperature of the air surrounding the lower surfaces has gradually
During the 77 minutes of cooling,

decreased from its initial temperaturé.
the temperature and deformation readings were taken simultaneously at
!

—

various time intervals, much more frequently at the early stages.

Temperature measurements were confined to a transverse cross—sectional
plane near the middle of the bridge. Forty-two thermocouples and forty

£

electrical-resistance strain guages were connected,to a data acquisition
system for rapid readings. The upper and lower surface strains in the four
Dial indicators were

steel beams were measured at five different sections.
used to measure vertical displacement at each end of the four steel beams.

-

The end piers were removed to allow displacement measurements for only
Description of model, instrumentation and test

2

temperature changes.
Chapter 3 is concerned with the determination of distribution of

r
procedure is contained in Chapter

. “
temperature in the cross-sectional plane of the bridge and its temperature
history. The transient temperature distribution following the uniform

temperature decrease on the entire upper surface was considered to be the
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same for all transverse cross sections. The heat transfer coefficients
were taken as constants Lhroughout the entire cooling period. A
variational principlé_was used in the space variables for the finite
element formulation. Its application to the two-dimensional problem had
reduced the partial-differential equation to a system of first-order,
linear ordirary differential equations with time remaining as the
independe;t variable. From symmetry, only two different parts of the
transverse cross section neeAed to be modelled‘for the analysis of the
entire temperature field. These subsections were represented as a system
of equal-sized rectangular elements having linear temperature variation.
The time derivatives, in turn, were replaced by finite differences dsing
the Crank-Nicolson procedure. The temperatugé history was obtained in 462
time steps of 10 seconds. For the respective finite element models, each
time step required solutions of 1652 and 882 simultaneous algebraic
equations with the same half bandwidth of 13.

The procedure for solving large number of equétions is explained
near the end of the chapter. For symmetric svstems of simultaneous
equations, only the coefficients in the half bandwidth were stored in the
form of blocks on disk files. The calculations were carried out with only
two submatrices in the computer memory banks at a time. The solution
routine was bdsed on Cholesky's decomposigion method with backward and
forward substitutions repeated every time the system of equations was
re-solved fog the succeeding nodal temperatures.

Chapter 4 describes the method for predicting the structural

response of the bridge to transient temperatures by the use of the finite
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e¢lement displacement approach. The analysis t;eated the model bridge as a
flat thin plate with eccentric béam stiffeners. The s;ructure was divided
into a system of triangular plate elements for bending and stretching, énd
of eccentric beam elements with St-Venant torsional rigidity. The
derivations of the elements were based on the assﬁmptions of small
defprmation theory for thin plates and shallow beams. Isotropic, linearly
elastic marerial for the beams and the slab was assumed. The elastic
rigidities were computed for uncracked sections. The types of elements
used were the l8-degree of freedom trianguiar bending element having
constrained quintic displacement function, the quadratic plane stress
trigngular element having 6 degrees of-freedom at each vertex and the
eccentric beam element matching the in-pline and out-of-plane displacement
functions of the plate elements. These elements are fully conforming and
vield the same degree of accuracy in the strain energy; The thermal
lbaAing was represented by matrix vector derived for arbitrary temperature
distributions. The double symmetry of the probiem permitted modeiling of
only one—quarter of the three-span bridge. Finite element representatiog
in a form of a2 % X 30 uniform grid was considered. The resulting stiffness
matrix was in ‘the order of 2976 and had a half bandwidth of 108. Uplife
" occurring at the interior supports when the bridge deflected in two
orthogonal directions was considered in the finite element model. Prior to
uplift, changes in reactions at the Supports were co?puted.

The results and the effects of the transient temperatures on the
structural behavicur of the bridge are discussed in Chapter 5. Conclusions
based on this study are drawﬂ in Chapter 6 which inéludes recommendations

for further studies.
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v
In Appendix C, the changing of the temperature distribution
within the cross section of the cooled bridge is shown.by plotting the
temperature fields at various time intervals. The ‘computed stresses and
deformations are presented -at same time {incervals. The end deflections are

compared throughout the cooling time.
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CHAPTER 2

EXPERIMENTAL INVESTIGATION

2.1 Outline of Test

A 0.354 scale model of a prototvpe bridge was built and tested
for temperature varying with time. Measurements of temperatures,
deflections-and strains were made on the model. The steel-concrete
composite bridge model of constant cross section along the three spans 1is
shown in Figure 1. Its entire upper surface was suddenly covered with
melting ice to produce two-dimensional temperature field varying'with time
over the transverse cross sections. The ice remained on the surface for a
duration of an hour and seventeen minutes. The other surfaces were exposed
to the ambient air in the laboratory whose temperature of 78.30F -
slightly declined to 71.80F. The continuous bridge was free of
redundant constraints which would prevent thermal deflections. Ublift at
the supports was not restrained. The bridge deck was permitted to bend
into a dished surface. The readings from thermocouples, electrical
resistance strain gauges and from dfsplacement dial indicators were
recorded simultaneously at various time intervals during the

transient—-state behaviour.

.

2.2 Scaled Model

The experimental investigation was undertaken on a reduced scale

model of a highway bridge that spans the Red River near Ste-Agathe,
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Manitoba. The model, shown in Figure 1, was made to a 0.354 scale which
reduced the overall size to approximately 53 ft. long and 104 ft. wide.
Part of the bridge is shown from ground level in Fiéure 4.

The choice of the dimensional scaie factor was based on the
availability of standard wide-flange sections capable of representing the
supporting steel beams in the bridge. A proper thickness for the concrete
slab was requifedrto assure temperature gradients of measurable and
realistic magnitude. Small temperature differences usually exist between
.the outer faces in thin plates. The model slab was nearly 2i% in. thick.
It is continuous in the trénsverse direction over the supporting
longitudinal steel beams.

All structural details were reproduced, as shown in Figure 2.

Stringers
The 0.354 scale factor permitted the use of the standard W1Ox15
steel beams-to model the W36x104 steel beams used in the prototype. The
structural steel is of type CSA G40.12 with a specified minimum yield
stress of 44 ksi and a specified minimum tensile streagth of 65 ksi. The
steel manufacturer was unable to ship the full length of the W10x15 beams.

It was necessary to splice the 33 ft. 2-3/16 in. and 20 ft. 51 in. beams.

The bolted splices were placed at only one point of inflection in the

middle span.

To provide for compoéite action, 3-1/8 in. long channel shear
connectors, C 1.5 x 1.7 were welded to the upper surface of the flange.

The shear connectors were not. structurally redesigned for this bridge model
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but were only scaled from the prototype. The same ﬁumber of shear
connectors was used in the modgl and the spacing is shown in Figure 2. The
welding of the shear connectors had initially deflected the steel stringers
from their original straight lines. The initial curvature is larger in the
shorter beam. When the steel beams were erected, the average initiaf
deflection at the end of the fo;; longer beams was 1% inches as éompared to

2 inches at the other end of the bridge.

Concrete Deck

The ready-mixed concrete for the slab was delivered by a local
supplier. A normal weight concrete with a 28-day compressive strength of
4,000 psi, a 3 inch slump, Sﬁ entrained air, a retarder for 2 hrs, and a
3/8" maximum size aggregate was specified. The‘concrete had a water—-cement
ratio of 0.54. Tﬂe mix proportioﬁs of a cubic yard consisted of 610 lbs of
normal type 10 Canada cement, 330 lbs of water, 1490 lbs of fine aggregates
and 1670 lbs of coarse limestone aggregates. The coarse aggrégates were
extracted and trushed at the company's quarry in Aylmer, Quebec. The sand
came from a deposit at Wilson's Corner, 15 miles north of Hull, Quebéc. 'To
provide workability in placing the concrete, 3 oz. of ai;—entraining

admixture, Darex had been added c0<ahé mix. For retarding the setting time

of concrete by 2 hrs., Deratard HC type (3% oz per 100 lbs of cement) was

used.

In the slab construction, its size was much too large for placing
and finishing the concrete in one operation. Segmental construction was

reproduced In the medel. Such construction without shoring was divided
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into five stages. The casting of the deck began on August 11, 1976 and
continued until completed on September 9, 1976. The sequence with the
casting dates i1s shown in Figure 2. The placing of the concrete terminated
with construction joints at points of inflection. Lateral move;ent across
these jeints is preventgd by maintaining the ! in. diameter reinforcing
steel continuous.

The sequence of casting the deck was designed to minimize the
negative bending moment in the concrete at the intermediate piers of the
three-span continuous bridge. The steel stringers alone carry the slab's
dead load before becoming composite. lNegative bending moments would
produce tension in the concrete slab where cracking can easily occur. .

As soon 3§ the fresh concrete had sufficiently hardened, the slab
was covered with wet burlap. The burlap was kept continuously wef for a
pericd of 7 days. :

Concrete control cylinders of 3 x 6 inches were ﬁade for every
half section cast in order to determine the cbmpressive strength and
modulus of elasticity at the day of the model test. Values of elastic
nodulus were determined from longitudinal strain méasurements on the '
compression cylinders. The initial tangent modulus was computed using the
method of least squares. The elastic modulus and compressive strength
evaluations were based on one cylinder. The average modulus values for

segments 1 to 5 were found to be 6.0, 7.8, 5.1, 6.7 and 6.0 (in terms of

-

10% psi) %nd the average ultimate cylinder strengths 6900, 7400, $400,

7200 and 6800 psi, respectively.
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Reinforcing steel i

The structural action of the slab is essegtially one=way. lThe.
loads are carried by the slab in the direction pgrpendicular to the
traffic. Steel was provided in the l&ngitudinal direction as temperature
-and shrinkage reinforcemencf Thé reinforcing layout is shown in Figure 2.
The tensile and compressive stéel ratios shown in the figure are given for

a doubly reinforced slab resisting positive and negative moments occurring

between and at the steel beams respectively. The main reinforcement has

tensile steel ratio varying from 0.0198 to 0.0314 and the compressive steel

ratio from 0.0071 to 0.0136. For longitudinal reinforcement, the small
steel ratio was 0.006.
The slab was reinforced with two different sizes of steel bars.
" The no. 3 deformed billet bars whose properties are defined in ASTM
designation AB15 have a 60 ksi specified minimum yield point and a minimum
AR
tensile strength of 90 ksi. The % in. (no. 2) hot—drawn plain bars with

specified structural grade had a vield point of 58,500 psi and ultimate

tensile strength of 70,800 psi.

Bridge bearings

In bridge construction, one end is pinned. At that end, there is
no longirudinal movement but only rotation. At the opposite end and at
interior piers, the stringers are gupported on a rocker and rollers to
pernit both rotation about their supports and longitudinal displacement.

Details of the hinged and rocker-roller bearing are outlined in Figure 2

The bearings were not designed for the possibility of uplift.

h S
..
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The gap- caused at both end supports by the initial curvature in

. . %
the stringers was not completely closed with steel plates added onto the
bearing plate. With the ends remaining unéuppo%ted, the upward deflections

\

produced at the ends by temﬁeraturg changes within the thfée—span bridge

can be measured. Otherwise, measurements of the changes in the support

reactions would have been required in order-to determine the’bridge

behaviour before uplifﬁ occurred.

~

2.3 Instrumentacionw

All transient measurements were made with thermocouples, . :

electrical resistance strain gauges, and displacement dial in&icQCOrg. The
meaSufement points are given in Figure 3. An electronic data acquisition -
system was used to autoﬁatically record readings of the large number of
‘thermocouples and stréiﬂ gauges at various time intervals. The B & F data
acquisition system, model SY 256-7 can be seen in Figure 5. It was
equipped with a paper—-strip printer. ?he recording speed was r;duced by
using the paper-printer to twenty channels per second wheh in.a one
microvolt resolution mode. Simultaneously with the temperature and strain

measurements, changes in the dial indicators were visually observed.

Temperature measurements

The recording capacity of the data acquisition system was limited
to 42 thermocouples. Temperature measurements were concentrated only in
the transverse cross section near the middle of the center span as shown in

Figure 3a. The points, at which temperature measurements were nmade, are

o
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"given in Figure 3b. From this thermocouple arrangement, measurements at
corresponding points can be compared. This would indicate whether a

uniform thermal loading procedure was obtained resulting in a symmetric -

temperature distribution thrqugh the transverse cross section. With a.

limited number of thermocouples connected to the data acquisition system,

uniformity of temperatures along the span was not verified.
An attempt was made to place thermocouples inside the concrete

slab. It was difficult to maintain accurate location of thermocouples and

-

there was the risk of inadequate compaction of fresh concrete. A form -

should have been designed to ensure fixed position of thermocouples that

k3

will give readings of temperatures at the desired points.

The butt-welded thermocouples were made of #25°gauge lead wires [N\_

of copper and coqstaﬁ;an. With the use of smaller diameter leads, a

quicker response to fast-varying temperatures can be obtained.

The heat conduction 'in the leads was minimized by stripping the
layer of insulation for more exposure of the bare thermocouple wires. In

the thermocouple .installation, the lead wires and the measuring junctien

~

wetevmaintained on the same horizontal line wheré all points are at same
temperature. There will be no heat conduction along the thermocouple wire
at same temperature as its junction. A view of thermocouples installed
Eetween two supporting beams is given in Figure 3c..

The thermocouple potentials, based on a 1509F reference junction,

were recorded in millivelts. The temperatures were measured to +0.059F.

L * »
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Strain measurements T

Strains on the upper aﬁd lowe¥ surface of all four steel beams,
were measured at five different sections where maximum and miniﬁum bending
ﬂnqmencs are proéuced by a uniformly distributed gravity load. The
locatio;ls of forty strain gauges are given in Figure 3a. The foil-type ’
strain gauges Qerg KYOWA model XFC 5-01-11. These 120Q strain gauges had a
gauge factor of 2.12 and were temperature compensated %or steel having
thermal expansion'of 6.0 PPM/OF. The strain gauges were used in a
single-active arm, three-wire lead system. All strain.gauges were boundeds
with Mircg—Measureﬁents M—éond AE—%O adhesive cured six hours at 75CF,

A protective coating, Micro—Measurements M-Coat A, was applied over each

gauge installation followed by a waterproofing overcoat of M-Coat G for

gauges only on the upper surface of the steel flange. The strain gauges

were aﬁgtalled in May 1976. Readings were recorded in a least count of one
N

]

microstrain.

Deflection measurements

Uplift at each end of the four stringers was observed visually by
reading dial gauges with gréduations of 0.0l mm . In Figure 5, a set of

four dial indicators can be seen mounted at the end of the steel beams.

2.4 Test Procedure

Initially, the bridge in the laboratory was at uniform, room
temperature of 78.30F. Within two minutes, the upper surface was

completely covered with melting ice as shown in Figure 5. It required 56
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bags of ice cubés, each bag weighing 45 lbs.- Simultaneous change in
temperature on the entire upper surface will produce syﬁmétric temperature
fields over the geometrically éymmetrical transverse cross section and same
two;d%mensional temperature distribution for every transverse section.
After an'elapéed time of 77 minutes, bare spots appeared on the surface as
most of "the ice had melted away and the cooling test was terminated. As
the’ﬁpper §urfaCe'was no longer at uniform temperature there would be
temﬁerature variation along the span. It would take approximately 2 hrs.
for the temperatures in the bridge to reach steady state, proviééd the
cooling process continued.

During the cooling g%st, the large quantity of ice gfadually
reduced the ambient-air temperature to 71.8°F. The upper surfiqg was
not directly exposed to melting ice. It had a 4 mil polyethylene sheet to
prevent water seaping into the concrete. Change in water content of
concrete will affect the material properties.' The swelling effect will
evi&ently disrupt deflection and strain measurements. The deck surface
temperature underneath the polyethylene sheet will exponentially approach
a value of 36.7°F, in time. The deflection, straia, and temperature
readings were recorded simultaneously at various time intervals during the
77-minute cooling period.

The cooling test on the bridge has been conducted in March 23,
1977. On the same day, 6 x 12 in. concrete cylinders were tested fpr
compressive strength and modulus of elasticity.

J -

\ e
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CHAPTER 3

TRANSIENT HEAT CONDUCTION ANALYSIS

3.1 Temperature Problem

At zero time, the three-span composite bridye was cooled from the
initial temperature state 75.3?F in the laboratory'by suddenly-covering its
entire upper surface wiéh melting ice for 77 minutes. During the coolfng
period, a steady temperature of the ambient air underneath the bridge was

nor maintained. It yradually decreased to a low of 71.8°F,

\ /’,‘M-‘

The most important. temperature changes in the bridge occur
through the depth and along the slab width. A téansverse ¢ross section in
rectangular coordinate system X,¥ is.shown in Figure 6. In the
longirudinal direction z, the effect of end temperature and the temperature
variations in the vicinity of the shear connectors may be neglected so that
there is no heat flow along the span lengths. ‘Fhe Cemperat;re field to be
determined is essentially two-dimgnqﬁonal, Aas t{x,y,8) at an iastant & in
time. Within this temperature ra;ge, the physical pr0perFies'such as the
thérmal conductivity k, the specific heat ¢ with specific weight p of the
materials, concrete and gteel, were taken to be constant. ,The thermal
diffusivity of the pertinent materials is defined as x = g&-

For temperature—independent properties, the transient heat
conduction problem is linear. The governing partial-differential equation
of the parabolic type with in&ependen:’variables X,y and 8 1is given as

] 9t

] st
7 K

-9
ax) +-3; (k ay) = Cp

t
58 (3.1)
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The initial and boundary conditions are 2

é) initial température, t-= 78.3°F at & = 0 throughout the section
LY
b) specified temperaturé,:t = :S(e) for- 8 > 0 on the entire upper sﬁrfaceﬁ
At the time of sudden appiicétion of meitiﬁg ice, the deck.surﬁace
temperature was not iﬁstantaﬁeously changed to and ﬁa{ﬁfained at meiting'ice
temxperature of 32°F but was lowered to a time-varying t;mperature CS(B).-
Some time was requireq for the temperatures to penetrate the 4 mil
polyethylene sheet and reach the upper surface. The imposed surface
temperature becomes-a function of time ;S(e). The polyethylene sheet vas
placed over the entire slab to prevent the concrete from being scaked and
subsequent swelling.
!

c) coavection to surrounding air, q = h[tg(e) - t)
where q is the rate of convective heat transfer from a unit area surface
through an air boundary layer whose outside slowly-varying temperature
tg(B) is higher than the surface temperature t. The large quantity of
ice cooling the upper surface had a considerable effect on the room
temperature which continued to gradually decrease with time 8. The values
of surface conductance h-were considered to be uniforml& distributed along

vertical and horizontal surfaces and constant throughout the entire cooling

period.

¢) adiabatic surface or planes of symmetry, %% = () for temperature gradient.



31

Equation (3.1) is the uhcoupled heat conduction equation where
the thermomechanical foupling term (32 + ZU)atoge has been éxcluded from
the right side of-the equation. The derivative Fg denotes strain rate

to, the reference rtemperature, & the linear goefflcient of thermal
- \ .

expansion and A U the Lamé's constants. When the coupling term is

sxénlflcant, the ¢ ‘ oelasti&hfheorv requlres the simultaneous !
R ~
determxnatlon of temperature adﬁ deformat1on. The*efrect of the heat
‘ generated from deformation is extremely small on the temperature in the
bridge that the.coupling term can be.dlsreba?ded. The temperature
distributions were determined lndependentlv of the de&ormatlons.
2

The two—dimensiqnal temperature distributions following the
imposed initiai“condition were obtained by numerically soiving the partial
differential equation for sucéessive time intervals required to cover ﬁhe
total elasped time of the cooling process. Thé space-time dependentf
partial-differential equation was first discretized by finite elements only
in. space while the time dependence remained continuous. This semi-
discretization yielded a system of.first—?rder, liﬁear, ordinary
differential equations in time. These equations can then be integrated
directly or numerically. The numerical solution of the differential
equations was based on the mid difference approximation in time. The

transient temperatures at the boundaries were represented as a series of

step changes corresponding to each successive time step.

3.2 Spatial Diséretizaiion by Finite Elements

The finite element method is based on variatiomal principle in

obtaining mumerical solutions from stationary condition of functional. The
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functional is defined in terms of the unknown function. The function that

renders the functional stationary in value is the solution to the goveraing

.differential equation of the given problem.

)

At equilibrium state, the functiomal I is stationary. Its first

- ..,

variation vanishes, &I = 0. For the first variation of the functional to
be equ;l to zero, the Euler-Lagrange equation in the functional variation
81 must be satisfied. The functional at stationary conditions yields a
system of equations from which approximate solutions are obtained. T%e
solution to these eqpations will be the stationary function of the
"functional. These Euler-Lagrange equations are the equilibrium equations

of a system. 1Its behaviour is described by differential equation of the

problem.

The governing differential equations th;t are self-adjoint can be
derived as Eulér—Lagrange equation. When the operator of the differential
equation is not self-adjoint, an extrenmum principle does not exist for the
equation in its basic form. The functional is stationary without a maximum
or minimum value, and in the general case no variational principle exist.

For the functional éo be minimum, its secdnd variation must be
posirive, %SZI > 0 and the functi;nal is said to be positive definite.

The true function, that saiisfy the Euler—Lagrange equation, gives the
functional an absolute minimum value. The functional for an approximate
function will be greater than the true value, Iipprox, *Itrue-

~ The ‘true function is unknown. The solution can be expanded in
terms of trial functions for which the functional has 1its stationary value
near the true value. This function must satisfy the boundary conditions

and should be continuous with its derivatives to one order less than the

[
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highest derivative appeéring in the functional. Material continuity is

assured. The highest derivative need not be contihuous but it must exist

otherwise there is no meaning to the problem.

The heat conduction problem is expressed only in differeﬁtial
form. The differential eqﬁation (3.1) is not self-adjoint and there is no
funcrional. A.variational principle cén be formulated for only the spatial
operator yhich is self-adjoint. The time derivative was held fixed during
variation. This approadh.is a éuasi—variational principle. The first
variation is

‘t

v= (s + oS

--pe%%]aﬁdxéy - Jh(tg - t)dtds = 0. (3.2)
A s

After space iantegration, the functional becomes
1= 3| kED? +x(@E)? + pede?ldndy + féh(t - t)%ds. (3.3)
| 3 W Pemt g

In the quasi-variational principle, the functional subject to
variations in t is cgken as stationary. Based on the true variational
principle in the classical sensé, the variational integral is not
stationary. The variatiQns in t were restricted as fun;tion only of x and
y by maintaingng the time derivative constant. The variation cannot be
arbitrary and must remain the same for all time. Furthermore, the
governing differential equation is not the Euler-lLagrange equaticn required
for stationarity of the functional.

Application of the quasi-variational methed is eguivalent to the

Galerkin method. The variational method can be regarded as a form of the

welghted residual method. The Galerkin method requires the governing



34

differential equation. It is applicable when there may be no variational
principle for the problem.

The finite element method provides a means for approximating the
unknown temperature field throughout the cross section of the bridge Ey a
piecewise construction. The cross-sectional area was subdivided as shown
in Fig. 6 into a finite number of discréte elements. The elements are
interconnected along their boundaries at assigned points that ;re called
nodes. In each element a temperature function is assumed in terms of the
temperature at Lhe-nodes. The sglution at an Iinstant-in time is assumed in
the form of piecewise function containing unknown nodal temperatures. A .
functional for each element can be written in terms of its temperature

nodes so that the entire functional may be expressed as a summation of

these functionals.

The variation of the functional is governed by nodal temperatures.
The functional approximated by an assumed temperature furction is consid
in quasi-variational principle, stationary with respect to t. The first

variation vanishes for variation 8t of all nodal temperature ty

91 _
& = Ffist = 0. (3-?)

The stationary condition yields, for each element, & system of linear

ordinary equations of first order. These equations can now be expressed in

-

matrix form
B - 1614E) + [k + B M) - (g} =0. (3.5)

The element capacity matrix [Ce] was derived from the part of the

functional associated with time while the space-dependent part gave the
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condﬁction matrix [K,] for an element. The element convection matrix,
denoted_by [Hei is formed when the element surface is expoded to an
ambient air temperature spefifi;d in {fe}. The scalar, nedal
temperature field is denoted by {t} and {t} as'its derivative.
Assembling the elements into a representation of‘the CTross

section and appiying the boundary conditions
b (fcal{e} + IR +H,1{t} - {£.} = 0)
the resulting system of differential equations in time can be written as
[cl{t} + [XI{z} = {F}. : ' (3.6).

For the‘assémbled structure, [C] becomes the capacity matrix and [K] the
conductioq mafrix. _Both matrices are symmetric and positive definite.
Necessarﬁ and suffic;eﬁt condition for positive definiténess is-ghat all
its eigenvalues be positive br that the determinant be positive. The
specified nodal temper;tures were transferred into {F} which.is also
composed of ‘the coefficients of {fe}'

In this formulation, the time variable remained continous. Only
space domain was discretized. The problem was reduced to éolution of the
sfstem_of differential equations given‘in (3.6). These semi-discrete
equations can be integrated exactly. Or, they are discretiieé by piecewise
expansion of the temperature in time. The temperature history will consist
of a sequence of approximations at the ends of qucceésive time increments.
The time-mafching solution requires, at each time step, solution of a

system of simultaneous algebraic equationms.
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3.3 Steady-Temperature State

Once the temperatures have reached stéady state, the temperatures
will remain constant everywhere with time. The rate of temperature change

is zero. Equation (3.1) becomes an elliptical partial-differential equation

-

3. Bty L B Bt ' :
k5 + kg = 0. (3.7

-
A variational principle exists for steady state. The Euler-
Lagrange equation is the governing equation (3.7) of steady heat conduction
theory. Usi;g the stationary valued principle, the functional was derived

from the differential équation and the integration by parts yields
_ ot 2 3_‘[__',_2 ) 2 _ " 2
I= QJJ[RG§§D + k(ay) Jaxdy + Jh(%t tot + 2ty )ds. (3.8)

As- stated in the book by Finlayson (33) on page 224, this functional can be

physically interpreted in terms of q the rate of heat flow. It is given as
I=13gq (0t ‘ (3.9)

where Atg is the temperatu?e potential for heat flow.

This is a quadratic functiona%- The temperature and its
de;ivatives appear in quad;atic form. At equilibrium state which
corresponds to steady-flow condition, the quadratic functional has an

absolute minimum. Its second variation 2821 is positive. TFor all

admissible variations &t (
52T = 38uy2 (B8ty2 2
§%1 ”[k(ax 2 + k(ﬁ—) Jaxdy + Jh &e2 ds > 0. (3.10)
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Error bdﬁﬁds for the approximate solution can be deduced from
variational principle. The functional for an approximate temperature field.
that satisfies the boundary condition will be greater than the true
minimum. The rate ¢ of hea: flow in Equation (3.9) is then an upper bound
to the exact value. ﬁpper or lower bounds for temperature can be derived
from the’ flow rate. In the- finite element construction of the temperature
field, the continuum theory requires that the temperatures be continuoué
across the element boundaries. The finite element solutions will then
monotonically converge to the exact soldtion:as the meéh size progressively
decreases.

The Euler-Lagrange equations are the eqyilibrium equations of
heat—flow. The amount of heat gg;ering and leaving must be egqual. Since
the functional is quadrag}c, these equations in matrix representation as

[KI{t} = {F} _ ‘ (3.11)
will be linear and symmetric. The matrix [K] is positive definite for

quadratic functional having an absolute minimum.

3.4 Exact Integration of First—Order Differential Ecuations

The nonhomogeneous system of differential equationms (3.6) with
constant coefficients can be re—written as
(8} + [a)e) = (2 (3.12)
where the matrix [A] = [é]‘I[K] and {z} = [C]"'{F}.

By integration, the exact solution to these differential equation is

{edg = 17l o - 10817 02} + [A17M 02D, (3.13)

Should steady state prevail 8 + =, the exponential matrix vanishes and the
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a¥

temperature distribution becomes steady
{t}, = (A1 {z} = [K17{F}. S (B3

The éxponedtial function of the matrix is defined as the infinite

series -

m.m
° LES . 3s)

(_
0 s

2.2 3,3 4ol ©
lexp (-A8)] = [1] - [ale + A& 1418 +EA}246""'mZ

Or, using the spectral decomposition, the exponential matrix is given as
_As . -1 /> =
fe 771 = [M][A]IM] (3.16)
where each column in the modal matrix [M] is the characteristic vectors
{Ui}, commonly known as the eigenvectors of matrix [A], corresponding to
the characteristic values or eigenvalues A;. The diagonal matrix [A]’
Aie

coatains exponential terms e .

-

The transient solution takes the form

n

: A:0

z c; e 1 {ui}

. i=1

where ¢ are constants and n is the order of the matrix. The closed-

form solution to the differential equations requires the solution of the

generalized, eigenproblem

[K + Ac]{t} = O. (3.17)

All computational effort is placéd on‘finding the eigenvalues with their
associated modes. The coefficient matrix [A] by havihg all negative
eigenvalues, is negative definite eigenvalues are real. The fact tﬁat
these eigenvalues have negative real parts assures that the solution of the
linear system [clic} + [K]{t]"-= {F} is asymptotically stable. The
trausient part of the solution tends to zéro as B + ®, The temperatures

are approacﬁing equilibrium (steady condition) exponentially.
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The applications of methods requiring eigenvalues are limited by

computer storage and computation time.

When high order matrices are

involved, the exact integration procedures for these differential gquations

are abandoned in favour of numerigal integration methods.

-

3.5 Numerical Integration of First-QOrder Differential Eqﬁations
:The time span is,divided into a number of finite increment§ A8.

The:ﬁgmperature t(x,y) in the time history is obrained at the discrete

-

intervals using- recurrence relations for advancing the solutien. A
. 1

relation can‘be establish bet®een two successive values, tj and tp+4],

or for-several intervals:-'Thg approximate solution at the end of a time

increment is formulated in‘terms_of values at previous ‘time. Starting from
the initial condition} the computation can proceed for every successive

-
time step in a time marching ménner:uhtil the complete temperature history

‘is generated. o

The temperature variation within a .time increment 48 may be

_asi,med in finice difference‘form ) E

tnep ™ En * [ - <#)t'r_1_’+~=¢fn;1']159 . (3-18)

-

where ¢ is a parameter ranging from 0 tola whose value indicate the cyﬁe'of
difference equations. The finite_&ifference subgtirtution effeccs\a |
transformation of the differential equations (3.6) into an algebr;ic form
for the nodal temperaturés. At each time step, the system of ‘linear
.algebraic equations will require solution.

In the time marching process, less-integration steps are required

to reach the desired time with larger increments. There are severe
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restrictions imposed on the size 0£ the time increment. ?be-selection of
the cime:step depends on the nature of ghe differential equation and the
type of time inﬁegrétion method employed. Large tige increments will
increase the error in approximating the solution or they ﬁay lead to

oscillation and instability in the solution.

Stability Analvsis

[

* From the mathemagical point_of view,- this system of differeﬁtial
equations in (3.6) is said to be stiff. Stiffness is measured by its
maximum—-to-minimum eigenvalue ratio which is;ﬁ;ch greater than one.. The
transieﬁc soiution z < ekieﬁﬁ}is described by widely varying exponential
terms decaying with time. The reciprocals of the eigenvalues are known as
time constants. The components ekie with laryge negative eigenvalues Qill
decay more rapidly as time progrésses and will quickly vanish while the
coﬁtributions from the others having smaller negative eigehvalﬁes to the
solution is still verye significant. The effect of these rapidly decaying
exponentials on ;he soluticn is apparent at early stages. The speed of
Yesponse to temperature change is indicated by the decéying exponentials.
After a short time of tbe surface temperaturé diq;urbance,,the cooling.
rates %%—will diminish as the exponential terms with small time constants
fade away. The temperatdres near the suddenly exposed surface are very
quicﬁly changed. Changes in temperature deep inside the section begin
after the rapidly decaying exponentials have vanished. With the remalining
exﬁonencia‘_ terms, the .ral:es of temperat;re ;hange gradually'decrease. The
Temperatures decrease exponentially with time and asymptotically approach a ‘

steady value.
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The difficulty in solving these stiff differential equation
numericall§ lies in the approximation of the series of exponential terms,
each decaying at their own diffégent time rate. The numerical methods must’
be able to approximate the rapid‘temperatufe changes at early time; and
then aftef the-gr33ual changes. The truncation error introduced "by
omitting higher.termsrin the approximation can accumulate with each
integration step.z Afrer some time, the error in the numerical solutién can
grow at a faster ragg'than the solution. The error will then become‘z6
large that the results are meaninglegs. The numerical solution will 'blow
up' before the finai integration step can be reached. )

The causé of dch unstéble behaviour of the solution wmay be
traced ro numerical methods or to the inherently instability of the
problem. The problem itself may be unstable. It is not the case here.

The solution of the stiff differentiai equatioﬁs is asymptotically stable;
Instability may arise from the inability.of the numerical method to predict
the true behaviour of the system. The numerical solution, in addition to
its approximation of the(prué solution, may contain extraneous or parasitic
solution. This parasiﬁzg solution may deeay as the coﬁputation proceeds in
time and so does not cause numerical difficulties. Or, it can grow to
catastrophic proportiomns, thus dominating the solution. Multi-step methods
were not usea to solve the first—order differential eqhagions which are, in
addition, stiff. ' : .

The stabil{ty of numerical solutions is determined from thé
eigenvalues of the coefficient matrix of the discreﬁe equations. The

. M ~ s
criterion for. stability is that the 'spectral radius of the coefficient

matrix must be less than unity. 'The spectral radius is defined as the
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the absolute value of tﬁe maximum eigenvaiues, maxllil. All eigenvalues
- ) i
must lie within the unit circle. Only the lowest and hiéhest eigenvalues

are needed.

The explicit methods arve conditionally stable. Their integration
step size is restricted to ensure stability. The implicit methods have no

restriction on the size of the inregration step.. Their numerical solutions

remain bounded regardless of the stép size used. These me;ho&s are
unconditional}y stable for any time incremenc. The accuracy of the
approximation is detericrated as time increment incréases. For acceptable
accuracy, the stiff differential equations require small time incfements in

their numerical integration.:

The numerical methods for solving the first—order differential

equations are considered as matrix approximations for the exponential

-[Ala8

matrix e . When a function cannot' be conveniently evaluated or the

power series converge too slowly, rational approximations may be used. The

Padé matrix approximation of e-[A]AG can be found in tﬁe book by Varga (37)

as

7 o- + X oap2a2 _
i JEATE ,:.EI Pasat S00%% - L]

——— - (3.19)
+ + = + .
[1 + % oea 50822« ....]

+

Crank—-Nicolson Method ¢

For ¢ = % in the difference equation (3.18), the solution {tl,

i
is advanced to {t}n+l in a :ime1§;::::;1 AB by averaging their time

derivative

(e} = {8} % 3 oeC(El % (B, © (3.209

The nodal temperatures {t}n+l are computed implicitly by using the

derivative of the predicted values. This prod%dure is simply the

v,
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trapezoidal rule, or central difference method, or the modified implicit
Evler method. The relation for {t} in Equation (3.20) was used to reduce

the ordinary differential equations -(3.6) to a set of algebraic equations

R

{tc] + saetr)) {el . = (Ic) - 388K} {t} + 48{F} . (3.21)

which were solved for cthe nodal temperatures at each successive timea
interval. The exponential solution was approxima;ed. This procedure can
be recognized as the Padé (2,2) rational approximation which consists of
only the first terms in Equation (3.19). -

In implicit methed, a matrix inversion is reéuired to determine
{t}o+1- It is convenient to %aintain a constant time-step and‘same
coefficients of thermal properties throughout the time history.

There is no possibility of instability for any time increments.
The eigenvalues A of the proglem ‘[C - +A8K] + A[d + +AB'K] ; 0 can be
negative but never less than -1. The existence of negative eigenvalues
will indicate stable oscillation in ,the sofut%on. As the time step
increases, more eigenvalues become negative and ;pproach the negative

limit. The solution loses accuracy. The eigenvalues will give a measure

of the accuracy.

Other Methods

‘In the case 9 = 1, the temperatures at the end of a time step are

. W

based purely'on their time derivative

{t}

nt

1 S {e} + agfel .. ‘ (3.22)

The procedure for approximating the succeeding temperatures is known as the



pure implicit method, or the backward diféerence method and ;t corresﬁonds
to Padé (1,0) rationéi approximation. This method is absolutely stable.
The eigenvalues of the matrix [I] + RIC + ABK] cannot be negative. No
oscillations appear in the solution for large time increménts but the

solution will continue to lose accuracy. The solution is not as accurate:

-

as tﬁe Crank-Nicolson solution. -

| When ¢ = 0, the numerical procedure is the explicit Euler method,
or the forward difference method. Its application cornespodds to the

Padé (0,1) approximation. The new temperatures.are c;lculaCed from only
the previéus solution

e}, = (el o+ as{el - (3.23)

-~
Explicit methods do not require the inversion of matrix. The time step can
easily be changed in the step-by-step integration procedure. The time step

is severely limited. For stability, the time step size in the coefficient

: )

matrix [C ~ 2€K] must be reduced until all its eigenvalues lie inside the
. .

unit circie. With smaller time step taken, more integration steps are

needed to reach the final point in time. Explicit methods should be
avoided for solving stiff differential equations. They impose a severe

-

restriction on the time step size to insure reasonable approximation to

solution.

3.6 Properties of Linear Temperature Elements

A linear temperature variation within a rectangular and

triangular element will ensure inter—element remperature compatibility

required by the continuum theory. The temperatures varying linearly along.

o
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an edge are uniquely defined in terms of the ngdal.temperatures ag each
end. Between elements, the temperature gradieﬂ;s'%i and<%§ fail to
coinciée at the:in:erface. -Physically,'these dérivétives when combines

. with the therma? conductivity of the material represent the rate of heat
-transfer. In tﬁe steady heat conduction, the amouné of heat entering aﬁd
lea;;a§ an element volume is equal at any time instant. The difference in
these/%low rates in transient conduction is the heat required to- raise or
o

lower the temperature of the volume according to the firste law of

thermodynamics. The continuity of temperature gradients across element
boundaries will permit a closer analytical modelling of the thermal

0

behaviour. This condirion is not necessary. The continuity of gradient

. o, o
between elements does not guarantee heat balance when adjacent elements

have different thermal tonductivity.

Rectangular Element

~ -

The linear temperature rectangular element with nodal
temperatures at each corner is shown in Figure 7. Its properties were
derived in rectangular.Cartesian coordinates x,y. The bilinear temperature

function of x and y, assumed over each element, 1s of the form
t(x,y) = a; + 3% 4 3,5 ¢ axy. (3.24)

The temperature gradients, ty and ty vary linearly within the element

~ -

but are incompatible at interface of adjacent elements.

RN
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The conduction matrix of the element is given as

.2 (az+‘b2).-‘ -
: Symmetric
[K ] -_.k_{ 82_2b2.. 2(82+b2) . R .
e 5ab ! (3.25)
—a%-p? ° B2-2a7  2(a%+b?)
. b%-2a?  -—3%-p? a?-2b?  2(a%+b?)]

It should be noted that the sum of coefficients for any rows in matrix [Ke]
is equal to zero. In steady flow, the equilibrium equations for an element

are satisfied when all its nodal temperatures are the same.

(3.26)

When an elemeat is exposed on the side 2 to an ambient air of

temperature tg, the convective effect [H]{t} + {fe} is as follows:

SHEHIN S

This convection matrix is consistent with the assumption made for the

hltg . (3.27)

temperature distribution Qithin the element. AlternaCely; the rate of heat
convection,iq = hi(t - tg), transmitted ro the surface_can be lumped.
Regarﬁless of the temperature distribution, the hea;-rate is distributed in
equal portions to the cwé nodes on the coniective side of the element: The
lumped convective mat;ix is wri;ten as .

SN

hltg (3.28)
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.Triangular Element | .

"The linear temperature triangular element shown in Figure 7 has a

nodal temperature at each vertex and is conveniently derived in local

coordinate system §,7. Its linear temperature function is assumed in the

following form
t(g,n) = a; + a,& + a,n. (3.29)

This element does not maintain temperature gradient continuity. Its first
spatial de:ivacives are constant and vary from element to element in the

analytical model. .The function is invariant to rotation transformation of

coordinates.
The conduction matrix of the element is given as

2, 42 -

o
2(a + Blc Sym.
2 2 2 2
-¢* + ab ct +b
Kl =k | 50+ 5ye 3(a + b (3.30)
za ] a>Db
2c 2c 2¢
The heat capacity matrix of the element will be
2 1 1 _
pe (a + B)e "
{ce] = T 1 2 1‘ (3.31)
1 1 2

3.7 Solution of the Temperature Problem

TIdealization of Cross—Sectional -Area . -

Full use is made of symmetry existing in this temperature

]

problem.- The transverse cross sections of the bridge made of four
Ll - 4

equally-spaced steel beams supporting a concrete deck are symmetric.

Except for the shear connectors and the transverse r inforcing steel, the
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cross sections are the same throughout the spans. Considering uniform
boundary'conditions, the temperature analysis was carried out for only the
instrumented cross section which is near the middle of the interior span.

a9
Same two—dimensional temperature distriburion was assumed for all cross

‘'sections. The finite element modélling‘qf only two subsections of the full

’

transvdrse cross section was sufficient. ‘As shown in Flgure 6, the part
for side effect was.the portion from the centerline of the exterior steel
beam and the interior portion was represented by half of the slab-beam

member.

?hé measured temperatures of the cooled surface and of surrounding

) -

-Aalr were uséd to determine the temperature distributions inside the bridge
cross section. These temperatures at different points in the cross-—
sectional plane were plotted against time in Figure 8;- The th%fmoéouple
readings indicated that the boundary geﬁperac;res are slightly uneven.
From the'thermocduple ar;angeﬁent ip Figure 3, it is_sﬁown’that the
temperatures are not exactly symmétric. The_udsymmeiric tembékatﬁres
;hroughout the eﬁtire cross section can be computed_uéﬁng the ggme,two
finite element models. The problem is simply fe-sgl;ed for the subsectiocms
subjected to different boundary temperétures:- When temp;ratu;es are not
uniform along theAspans, several croSs;sectidnal planes can be considered
separafely without‘extending the femperature analysis to three dimensions.
’ With slightly nonuniform temperature condjtions as shown in
Figure 8, only the tempefatu;es corregbonding to the exterior slab-beam
member on the right side was used as input déta for the calculation of

temperature in the entire cross section. Under symmetric thermal loadings,

the thermal stress analysis of the bridge can be reduced to one quadrant.

.

IR
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As shown im Figure 6, the interior and the exterior subsections

of the bridsé cross section were medelled with a regular network of linear

:émperacure rectangular elements. Same element size was used in both
models. There are a total of 1652 and 882 nodes.’ The nodal numbering
system, leading ‘to the narrowest half bandwidth of 13 in the structure
matricés can be fellowed in Figure 6. It was necessary that the elémen:

be so small in order to preserve uniformity of the mesh. This is the
largest element capable of representing the flange and web of the steel
beam. Each round steel bar of longitudinal reiﬁfofcement.was replaced with
a rectangular bar of approximately the sgﬁe area.

| The rectangles‘in the finite'eleﬁenf’model can be subdivided into
tw; right—angle trianglesa. The r&:tahgular element, providi.ng‘more

accurate results, will be the only type of elemeat used in Chis transient

temperature analyéis. The triangular element is better suited to handle

curved boundaries and sections of irregular geometry. It is not necessary

for this prob m to use triangular elements. In the rectangular model, the
finite element d¢ifferential equations are not as stiff as those from the
triangular model. The -triangular finite element model will then‘require a
smaller.time step for eqdivalent achracy. For ;he same rtime step in the
_Crank-Nicolson method, the spatial triangdlaf discr;tizétign leads to more
éndrlarger negative eigenvalues, meaning larger numerical oscillations
‘@hich are stable. The use of higher order elements such as the nine
degrees qﬁafreedom triangular element or the sixteen degrees of freedog
rectangular element will considerably increase the size of the st%uctures
matrices for this regular mesh. Furthermore, the differential equations

will be stiffer. Higher order elements are efficient in coarse meshes

where a smaller .number of finite elements -aré used.

/C:)



Time 'marching solution . | -
—

The Crank-Nicolson procedure(d=+) outlined in Section 3.5 was
used in the time integration.. The 77-minute\coolidg périod was covered iﬁ
462 intervals of 10 seconds. In the Crank-Nicolson formulaction, all
elgenvalues are believed ro be negative. The resulting numerical

e ' .
oscillations were not sufficiently large to affect the resulrts. It is felct
that the maximum error is 0.59F for temperatures in the most eritical
regions where rapid temperature changes occ;r; To avold numerical
oscillation, the time step must not exceed 0.0l second. Such 2 small step
is impracticai to cover a long time history. |

In cthe sclution at each time step, a constant time step was
maintained and the cthermal properties wetre taken to bé constant. The
computations were m%&imized by maintaining the same system %f algebraic
equations (3.21) for the nodal temperACures throughout_thei; time history.
Once the matrix EC‘+ + ABK] was decomposed using Cholesky's method, the
factored matrix was retained for solution at each time interv;;s. Only the
backward and forward substitutions were required.

3.8 Sclution to Large Systems‘of Algebraic Eguations

The disédvantage of the finite element method is that it
. necessitate; the use of high order matrices. Problems can be too large to
be handled using the computer-active core. The .storage allocated for
_FQRTRAN programme is less than 520K bytes on IBM 360/65 computer at the
. ] . ‘ . :
Universi:; of-Ottawa. The storage demands of the finite element programme
on the' computer can be considerably reduced by the use of auxiliary storage

unifs such as magnetic tapé or disk file.
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Only the upper band with the diagonal of the symmetric
coefficient matrix was Qtored in Blocks or submatrices oﬁ disk files. In
the equation‘solving routine, not all the coefficients of the structure
matrix are needed at a time during the arithmetical operations. A limited
poétionvof the matrix is required at differenh stages of the operatibn.

For particular stage of calculatio;, the required blocks or submatrices, in
which the matrix was divided, are :raﬁsfe;red into the core of the céﬁtral
processor unit of the compﬁter. Once the calculations ﬁave been completed,
the block in the computer core is replaced by a new block. The
calculations are carried out through all these blocks. The computer
programme dealing with large systems of simultaneocus equations can be
executed. .

The size Qfltﬁe submatrices can be reduced to conserve core
storage. The choice of the size of submatrices is based on the resulting
number of read and write command sﬁatements and core sterage allocated for
the programme. Saving in core storége with reddction of the size of
submatrices will result in longer execution time. Time is increased
with more 1/0 statements. The storage should be utilized efficiently.

The coefficient matrices [C + % ABK] and lb —_f ABK] each in the
order of 1652 by a haif bandwidth of 13 were subdivided into four
rectangular submat%{ces of 412 by 13. Only two blocks of the matrices were,
required at any time during the execution of the FORTRAN r%utine. When the
arithmetical operations in the first block have been completed, that
subma;rix was replaced by the other block gn_the computer memory. A new

—~— .

submatrix can now be transferred into core storage. The calculations, in

Cholesky's decomposition method and in substitution procedures, proceed by



craqsferring required submatrices from disk files to tﬁe computef memory. 4
In Cholesky's method, the matrix Lé + + 3 BK] was destroyed and in its place
the factored matri; was retained for repeated time integrations.
- ' _Advantage of I/0 statements was c;ken'to allow high speed
transfer of daﬁa in and out of computer storage. Each data set was
described with a DEFINE FILE statement. The submatrices were placed on
disk as soon as they were formed in the finite element assemblage. The 412
by 13 submarrices were stored by colﬁmgs. Each column constitutes a
logical record and is described by ;n integer indicating its position. ‘

- ,

4

3.9 Evaluation of Thermal Properties

For realistic representation of the struéture, the finite element
method requires the following thermal properties whiéh are the thermal
conductivity, diffusivity, and surface conductance. The thermal properties
with the finite element mesh are'shown in Figure 6. All these heat
_ __transfer ?roperties can be taken as constant throughout the cooling period
to facilitéte the temperature analysis. These relatively small temperature
changes have a negligible effect on the required properties for concrete
-and . steel. The thermal capacity is essentially independent of temperature.
There were no ch;nge in moisture content of concrete to affect the
coefficients of conductivity and diffusivity. The values, which vary
widely between concretes, were considered the same throughout the cross

.

section. Properties measured on cast concrete specimen will only serve as

a-guide. Large variations of concrete properties may be expected. The

constants were evaluated from readings taken on the bridge. The heat transfer-

coefficients for steel were assumed according to the specified standard of
3

the bean. : '
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The aim of this study is to ‘determine the crénsient”cemperacure
distributions for the ;tress analyses. .6nly surfacé‘temperatures'were
measured; The values of the coﬁductivitf; the capacity and surface
conductance can be changed In the finite element model until the
corresponding surface temperatures are as close as possible to the measured
temperatures. These calculations for such a model wiil require ilarge
computing time which acculmulates with each trial. *

The region of analysis was reduced to the middle portion between
the steel beams. The heat conduction in thar part ‘of the slab can be said
to be dne-~dimensional. The oné—dimensional-heat transfer in the slab was ’
analyzed using nine linear temperature elements. The conductivity and
capacity of concrete were determined-together with the lower surface
conductance by trial and error. All three coefficients are intérrelated.
This procedure was based on the time required for the temperatures to
penetrate through the thick slab. A separate test can be establish for
determining these properties and could be carried out several times with
various boundary conditions. In this test, only a pftion of the surface
needed to be covered with ice to assure a one-dimensional heat flow. If
steady state prevailed, the relation bégﬂeen the .conductivity and surface

conductance becomes
d (¢ -t) '
%: < z g ] (3.32)
t ~

where At denBtes the measured tenperature drop between the outer surfaces

D

of the #Mab with thickness dc' It is seen that the solution ro

Equatien (3.32) reunEii—EEiﬂfigg Fate. .

- N
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. Megsufément of temperature provides sufficient data to determine

s
e 3

the surface conductance for the vertical-su;fafé of the steel beams. The

transient temperature only in the beam's web and lower flange was ahalyzed

-

with, a rectangular element mod:l. The verEigal surface conductance with
surface conductance on lower flange can be estimata¥ from the éxperimental

data. From a heat transfer viewpoint, the steel web acts as a fin attached

to a surface for the‘purposé of incregsing the surface heac;transmittance.
In‘sceady state, the vertical Sprfacelcan be determined‘jrom a one-—
dimensional analytical treatment of :he‘femperature ia the steel web. The
Steady temperature distriburion defined by the temperatures at the corner
te of the web and the embedded fiange in concrete, at mid-depth tg,

+ and at che bottom ty is given inR¥akob's (58) textbook on page 21l.

The vertical surface conductance is given as’ ' ’ -

) €T, -2t tc+tb—2tg R
b, = kw = oo (S + St - 1) . (3.33)
s o 24 m e g. .

v

The stifl_beam’bf depth dg and web thickness w has a thermal conductiﬁ;ty ifp_— )
.- ~ / :
of 31 BTU/hr-ft-°F. | -
The surface conductances on the surfaces were tiren to be
uniform and ﬁnchangéd throughout the cooling duration. Tﬁese'values are.
uniform for an isothermal surface. The surface conductance is dependent on
the temperature, veiocity and physical préperties of air surroggiing the
exposed surface ana, as well as, on the surface temperature which varies
Qith time. For the lower surface of the slab, the surface conductance

value variés slightly and a constant average value may be used. There is a

larger temperature variation along the depth of the steel beam. A closer

S A
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representation ﬁould be possible with varying vertical “surface conductance
only from element to element. The most crucial assumption made in the
temperature analysis was that the surface conductance remains const;nt
during the entire cooling period. Ghange in surface conductance involves

-~

the inversion of the coefficient matrix in the implicit formulations.

~

3.1V Solution Procedures ' )

The steps involved in the computer pfbgramme for the temperature
analysis are ocutlined as follows: ; - : :

l. Calculation of element matrices (Kel, (Cel, [Hegl, and {fe}

2. Assemblage of elements

~ structure matrices [K], (C] and {F} are setup.
- matrices [C + ¥ ABK] and [C - % ABK] in algorithm are formed.
= their 'submatrices of order 412 by 13 are szoféd on disk files.

» ) ' "
3.. Deqomposition of matrix [C + + ABK) . -

-

- submatrices are transferred in memofy core.
-,originai matrix destroyed when replaced by fact;red wmatrix.
4. Multiplication 6f [C - 4 ABK] {t} «
- subﬁatrices are transferfed~in memory core.
5. Backward and forward substitutions
. - faétored matrix is transferred from disk fiie.
6. Su;face and ;ir Cemperatures updaled at each time step
- step 4 and 5 are repeated 462 times;

7. Nodal temperatures on disk file for stress analysis.

8. Plot temperature field — running picture of isothermals.

[



Double pué;:;ion was /ised throughout: the compuler programme. To
exeCuteﬁthé"FU§IR£; programme for the complete temperature history,.in the
1652-nog\“model, the CPU time required was 36 minutes. StorLge allocated

for the programme in the core of the central processor unit was 260K bytes

and 12 cylinders on auxilia%y unit.: Once the matrix was decoﬁposei, the

: sélution for each increment was obtained within a computing fj?ELPf 4

seconds.

v
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r’_\ CHAPTER 4
. THE ASTIC -ANALYSIS
R A —
.

4.1 General

Throughout that cooling period, fhe bridge was subjected to
time-varying thermal loads. The effects of the temperatures obtained from
\the heat conduction analysis may be translated into equivalent lpads to
determine the resultiné stresses and deformations for the bridgé: The
analysis of the bridge to temperature loads was made, with finite-element

displacement models. The bridge was analyzed as an eccentrically-stiffened

thin plate made of isotropic, homogengous, and linearly elastic materials.

Basic assumptions

The feinforced concrete slab, in accordance with the general
definition of thin plate, has a thickness-width ratio much less than one
tenth. In the case where t#e thickness of the'plate i§‘relatively small to
itslother dimensions, the problem is reduced‘to one in;;lving only two
dimensions. A rectangular coo dinatg x and y were taken on the middle
plane which bisects the tﬁicknes of the plate, and the z axis ¢
perpendicular to its faces. The stresses, O, normal to the plate are
zero on Eoth free upper and lower surfaces. Between the surfaces, the
distribution of the stress U, in the thickness of the thin plate can be
discarded.

The state of stresses in the bridge 1s quasi-static. The'dynamic

effects produced by sudden change in temperature are negligible. Based on



: . .
the stiffness of bridge, the thermal shock was not sufficiently large in
intensity to induce vibrations. The inertia term was excluded from
consideration ﬂ@}the-stress-displacement calcukations. The structural

response involves time only when the temperatures changéjﬁ\Ehefproblem is

one of staties. oo

The small-displacement theory applies to the thermal analysis of
the bridge within this temperature range. Changes in temperafure will
cause the unrestrained platg to stgétchlor shrink. When‘the temperatures
are distributéd.noguniformly, the plate will bénd or tend to deflect. N
According to the small—deflectign theory for thin plates, there is no
straining of ;hg middle surface as a reSulg o{ bending.. The ip-plane
displaéement and the normal deflection are independent of eacé’%ther- The

S

bending and membrane problems would be solved separatély. In the analysis
of beaé—slab bridées having the girders as an integral part of the slab,
their'neutra; axis is located beiow the middle surface. In bending, the
plate mid-surface by not coinciding with the neutral axis will strain. The-
in-plane displacements and the lateral deflections are linked together
fhrough the dispiacements of the beam. The beams, in addition to resisting
bending, provide torsional rigidity. This stress problem combines the
theories of membrane, ben@ing and torsion.

Kirchoff-Love's small-deflection theory is valid for Iatera;
defléctién limited to a fifth of th; plate thickness. Stating this
limitation in term; of span leng;h, the deflection should be less than one
fifrieth of the smaller span length. The slopes.fo? small deflections are

.

small compared to unitry. For larger deflections, non-linear terms are

included in the strain-deflection expressions to account for the straining



of the middle surface. The in-plane and out-of-plane displacements of a

thin plate are then degcribed by. two simultaneous, non-linear differential

equations.
4
L]

The lateral'deflectiﬁn is‘mainly due to bending. Deflection
associated wiFh shear is comparably small. The contribution of the shear
strainsrv¥z anﬁ‘sz to'deformation is omirted in the differential equation
defining deflecc{Pn. That assumptiigximplies that, after beﬁding, the
angular discortionﬁsz and‘Yyz from normal position of the inicvially
straight lines wnormal to the surface may be regarded as-negligible. -
Similar assumption is made in-elementary beam theory known as Bernoulli-
Euler law. The hypothesis states that seczzons originally plane remain so

subsequent to bending. On the basis of plane sections remailning plane, the .

longitudinal strains vary linearly with their distance from the neutral axis.

Elastic properties

In stress-scrain relationship, the assumption was made that the
materials, steel aﬁd concrete, are homogeneous, isctropic, ;nd linearly
elastic (obey Hooke's law). The stresses and strainslaré proportional and
are inter—reiated by two. independent constants which are the modulus of
elasticity, E and Poisson's ratio, V. The steel beanms exhibitllinearly
elastic behaviour provided that the stresses remain below the yield poipt.
According to AISC Specificatioms, the modulus of elasticity is close to
30 % 10° psi at room temperature. The elastic modulus decreases lineérly
to 25 x 10° psi at 900°F. 1In addition, it gives the Poisson's ratio

Vg = 0.30 and, over a temperature range from room temperature Lo 2000F,

i

the coefficient of expansion Q= 6.5 x 107% in/in/9F. For the bridge

<



whose temperature varies from 78°F to 33°F, these physical properties
for steel and for concrete remain constant.
- . .ot .

The concrete due to its constituents is heterogeneous and, when_.

- » Eine
reipforced with steel, anisotropic. It obeys Heooke's” law only to some
extent. Its stress-strain curve is épproximaé;ly_a straight line up to Half
the compressive cylinder strength. The compfessive stressés préduced by
only the temperature chan§§s in the bridge are well within the linear
elastic range. ﬁgarly the same slope describes the stre§s—strain curve for
tensile ﬁtresseé not exceeding half the flexural tensionvstrength (modﬁlus
of rupture). A&fording to aCI 435-201, the modulus of rupture ranges from
7.5 to 12 times ;Ae square root of the compressive strength in psi.

Hhen.the ultimate tgnsile'value has been exceeded, cracks are
formed in the concrete and the tension is resisted-ﬁy the reinforging
steel. As these tension cracks progress towards the neutral axis under
increasing load, éﬁere is a continual ;eduction in flexural rigidity. For
alslab, this reduction of.fiexural rigiditie;‘may be uneven in the two
mutually perpendicular directions. The concrete det having its main
reinforcemgnt'in‘one direction is an orthotropic plate. The flexural
rigidities gor the continuocusly supported deck varies al?ng both
lo9gitudinal-and transverse directions. Their variations will be further

increased with tension crécks occurring in large bending moment regidns.

When cracks develop, the solution involves continual modification of the

.

tranformed section as the load is incrementally increased. It was expected
that the bridge with the restraints removed at both ends, was partially
relieved from its thermal stresses. Such extensive calculations may not be

warranted for these temperatures. The steel reinforcement ratips along

7—'\
b
.
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the transverse direction are given in'Figure 2. 'fhe analysis was
§impiified by considering an isocropic‘slab with same elastic rigidit§ for
plain uncracked concrete section in all directions.

The elastic rigidity ih the slab analysis was based on an averaged
modulus of elasticity of 6.3 x lOG;psi- The instantaneous modulus of

elasticity for all five sections poured at different times was determined

by measuring the strains in the 6" x 12" concrete cylinders on the same day

'of the test. A common value of 5.5 x lO-SAin/in/°F was used for the

concrete coefficient of thermal expansion. These properties of concrete

v

——

are dependeni on age, temperature, mix proportion” and amount of absorbed
‘water. The modulus of elasticity and coefficient of thermal expansion
could have been chosen from'the tables_prepared by Berwanger aﬁd Sarkar
(47). The lower value of the Poisson's ratio V, which varied from 0;15 t0
6.20 for reinforced concrete, was used. -

4

Stress, strain, and displacement relations

For thin plates, the Hookean stress—-strain relations with t

denoting small change in temperature from tﬁF stress—free state are

expressed as follows ) 3\\\
o, = —=—[te_+ ve’) - (1 * vat] ‘
XT1-=-wv x y
E + _ '
Oy = T v2]:(Ey ve ) - (1 + viet]
E
T =

xy - ZQ * V) Yxy

" or, in matrix form ’zé

{c} = [Dl{e ~ €} | (4.1)

where [D] is a matrix of elastic constants. In the small-displacement

s
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theory of thermoelasticity, the produéts of small quantities such as
displacement gradient and témperature changes are negligible. The thermal
. _stress equations include time only through the transient temperatures.’
The strain-displacement equaticms are linearized. The squares
énd products of gradients, considered very small ;hen compared to the_
gradients themselves,-were discarded. The relationship hetweeﬁ strain and

displacement is presented as

2
e Rz iy _ (4.2a)
g, = & _, _B_i‘;_ i . (&.l?.b)
y 3y ay j-
n av 52w ' -
= e w —— —— .
. Yoy = By 2z o | (4.2¢)

where u and v are displacement comppnents in the x and y directions, -
respectively. The lateral deflectioms are denoted by w and the strains are
given at distance z f;om the middle surface. The curvatures of the

deflectéd midsurface in xz and yz planes respectively are given in the

usual approximation as

1 92w 1 32w
= - 4.
Tx ax* Ty Tyl . (4.3a)

and the twist of the surface with respect to the x and y axes is

1 _ 3%
Y 4 (4.3b)

The curvature prior to the reduction is found in Timoshenko(59) as

1 /et o
Ty - (1 + (/o077 (4.4)
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For small 'deflections, the resulting slopes are small compared .to unity and
“their square terms become negligible.

w}thin the assumptions stated, the in-plane displacements (u and

v) together with lateral deflections were calculated using the finite

element method. The strains were determined from these deformations and

then, the stresses from the strains. - ¢

4.2 The Finite Element Method

In the finite.element analysis by displacement method, the
elements are based on the assumption of polynomial displacements. The
entire displacement field of the bridge was constructed in a form of
piecewise funEEi?ns. The function taken in each élement making up the
bridge was defined in terms of unknown nodal displacements. The
variational inteéral necessary for the finite e;ement application is given—.
by the principle of minimum potential energy (or of virtual work). The
total potential energy II is equal to the elastic strain energy U stored in
. the s:r;cture plus the potential energy V of the external forces.

T =y0-% (4.5)
The .potential energy Il is a minimum only for displacements satisfying

boundary and equilibrium conditions. At equilibrium, its first wvariation

vanishes for all admissible variations of deformation

- (4.6)

O
1
=
n

(U -V) =0

and it has a positive second variationm, 8% > 0.
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At the equilibrium point which islalso stable equiiibrium, tﬁé
potential -enerygy functional has an absolute pinimum value. The strain
enerygy, stored in a defogmed linear elastic strugtdfe, is a’quadratic
positive definite function of the displacements with their derivatives.

The str;in energv is defined by

| U= % I}J {c} e - Eo} dx dy dz (4.7)

The Euler equations of the variation &Il are the differential
equations of equilibrium considered at the nodal points. For all the
elements in the assemblage, thg'equ;cions of equilibrium corresponding to
the nodal displacemeﬁts form a symmetric set of linear algebraic equations

that can be solved for the unknown nodal displacements. These equatioams,

written in wmatrix form, are
3 : | - (4.8)
S7aT " [RI{w} - {F} = 0 .

Qhere K denotes the structure stiffness matrix relating the displacement
vector {w} to the corresponding load Fector {F} .

The governing differential equation of the problem is
self-adjoint.- It is recévéred as the Euler equations. A functional can be
derive® from thé difﬁerenéial formulation.

For™ the finitefziement formulation, there are a number oé
restrict;ons imposed on the assumed deformation field fof elements to have
good convergence properties. .The elements, in their representation of the
displacement field, must be compatibie in terms of the displacements and

their derivatives of one order less than rhe highest derivative appearing
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in the strain energy expression. For requirement of completeness, the
elements should be abl€ to represent constant strainrstates and rigid body
displacements.\ As the netwofk.of conforming elements is progféssively
re-divided into f{iner meshes, the total potential energy at equilibfium
will monotonically converge from above to the true minimum. These elements
then proyide lower bounds on.che exact strain energy and displacements.

The finite element msaél-of the bridge was made,gp of triangular
conforming elements of plane stress and plate bendin§ with beam element;
attached to the lower surface to represeﬁc the longitudinai steel beams.
The strain energy of the bridge is'ekppessed~as the sum of the strain
energies of ﬁhese eléﬁents. From the strain energy eﬁpressionse the
stiffness matrices and the thermal load vectors were derived for the
elements. The plate bending element of triangular shape is based on a
quintic polynomial with constraints imposed to\enforce interelement
continuity of normal slopes. With an accuracy comparable to the plate
bending element, the‘ggnforming plane stress element has the two
displacement componenté, u and v répresented by a complete cubic
polynomial; The beam elemenCS; to be compatible with the plane stress and
plate bending elements, have assumed same displacement patterns for
in-plane and out—of-plane. Usually defined at the beam's neutral axis, the

nodal displacements with :hg%g‘derivatives arg*cransferred to the

midsurface of the slab under ™e assumption of linear longitudinal strain

through the depth. These beams resist rotation of the slab. The bending

.and torsion are uncoupled.
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4.3 18-degree Plate Bending Element

This éonstrainc—quintic displacement elément for plate bending
was developed b§ Cowper, Kosko, Lindberg and Olson (60), by Butlin and
Ford (61), by Argyris eé al. (62), and'by!Bell (65). The E}iangular
element ;hown iﬁ Figure 7 has a total of 18 degrees of freedom wiﬁh 6 at
each vertex. The nodal degrees of freedom are w, W, Wy, Wex» Wy and wyy
Its properties are derived in the ¥ectangular local coordinates &,1 and a
transformation to the Cartesian coordinates X,y is made to aséemble the
elgments. The e;ement uses a'ﬁuintic polynomial without the term Ebﬁ to

represent the deflected shape.

Cw(EM=ap *a,E v oagn *ak? *agin ¢+ agn® +aE’ v ag £%n v oag &0t ¢

2 ' s
apon’ * ap &%+ a;,8%n * a8t v oag End v oa gt agEt

ay, &’ +1§1q52”3 * ayg8n* * ann’® (4.9)
The incomplete fifth-order polynomial may be written in summation form
. v/“"-.n\, )
29 ; —
‘ e -
w= J a;E°n". '7“// - (4.10)

i=1
This element is fully cdnforming; The deflections with the

slopes are continuocus between elemén£s., The quintic function of deflection
along an edge isxdefined by six polynomial ;oefficients. These arbitrary
constamts are determined by three displacement parameters (deflection,
slope and curvaturej at each of the two nodal points. Considering two
elementé interconnectedlat the two neodal ints, the quintiec variatioms
along the common edge are the same for both'elemepts. Tﬁe continuity of
slopes along inter—element boundaries is restored Wy eﬁforcing consfraints

on-the quintic polynomial. The omission of the term £'n renders the normal

=
r
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slope a cubic function in £ along the base of the triangle where n = Q.

-

-~

This cubic variation of slope along an edge is uniquely definmed by two
generalized displacements (slope.and twist) at each of the two vertices.

To ensure that the normal slope is cubic along the remaining two edges of -

‘the triangle, constraints are imposed on the fifth-—degree terms.‘ The

constraint equations are infrodné%d in the last two rows of the coordinate

function matrix [T] listed in Appendix A.

. ~ The matrix IT] defines the nodal pogitions in the expression,for

[
. -

the nodal displacement parameters‘{wl = [T] {a} in terms of the

undet#®®mined coefficients {al, By menes 320} of the polynomiad.
S

- ¥
Rigid-body displadements of the element are represented by the

r

- first three terms, a'l + azf'; + a;n in. 'thé ‘quintic polynomial. A.ccordip.;g

. to Equation (4.3),_these<}erﬁs do not contribute to Ehe'straiis {bending in
‘ the flexurai probiems)...They represent three components of rigid-SOQy
dispiacements. The element is able, withdut'any straining, to translate in
the z-ciirectigand rotate about two axes, the € —axis and N-axis. The
%igid qan-scraining modes are confirmed Ey the presence of zero eigenvalue

of the element stiffnesi%agtrix. o -

4The zero straif state under rigid-body motion can be included

>
amonagthe states of uniform strain. In this case, the constant strain has

5521 zero value. Tus uniform strain (curvature and twist) condition is

[ -

agcounE@ for in the next three terms of the deflecr.ion fgtion.
-

-

For these convergemce requirements, the displac

- - - ,c:“”
. elementeis considered in two parts. Firstly, the elemen; undergoes pure

nt “of ad

displacement as' a rigid body without any bending. In éLe second pact,

L . | I
- -
:J-\- . . - -

- - -



as My Jzt(z) dz. The thermal load vector was.derived from the part

" and U#; %E—
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deflection takes place within the element simply supported at each vertex.

With its nodal\deflectionnégual to zero only at the vertices, no rigid—body

- -

motions are possible during bending.

The formulation of the element stiffness matrix with its

corresponding rhermal load vector is based on the strain energy expreséion.
- .

With the substitution of the stress components, the strain eneryy

expression ingEquation (4.7) can be written for plate beading elements in

terms of its local deflection components "ﬂk .
T
We, — W 1 v 0 -
. £§ ° WEE Yo
_ Eh® . v 1 0 _ T ow
=121V | ?ﬂﬂ wo | wﬂﬂ - wo dg dn (4.11).
w 0 0 201-»f | w '
- . En . &n
: . Eha ‘
where the.flexural rigidity is defined by D¢ 12 (179 with b the plate
thicknress; and the symbol w, for thermal curvature is equal to~%% o M.
. - - . _
The moment of temperature. t(z) varying in the thickness direction is given

of the strain enmergy associated with temperature.' The strain energy

~

expression is conveniently separated in two parts, the thermal terms Uy,

and thesTemaining bending strain terms Uy, such, that

' : <
U=7Up+U : - (4.12)

- . ) ' ' . >
wher' Uy = 2 DfH[‘rgg * Vo W Ve Yo (1-vywg Jag an’
‘_ J.T . ) . E . .

(o8 |
= H Mt_(WEE +_‘wnn) é& dn

N

S S bl . . L



R

69 . L :

»

The square term of M, was excluded from the expression of U, as it

. ) S
vanishes in the differentiations with Tespect to the nodal parameters.’

The calculation of the element stiffness matrix [Ky] 1in global

coordinate system x;y can be carried out in the following manner

] T 14T - ' _
[ES NS M S S RS S Y (4.13)

Following Reference (60), the double integrals may be evaluated in closed

‘form m )
H-r: n" d§ dn = F(m,n)

. - (4.146)
n+1 [émfl _ (_b5m+1] min!

where F(m,n) = ¢ (m*n+2)! - '

The integrals were carried out over the triangular area of ché.élem€\§

whose dimensions a, b and ¢ are shown in Figure 7. Their entries of the

-, -

coefficient matrix [k] are given in’ﬁppendix A, with the rotation matrix
[R] for rotational transformation of coordinates. -

The thermal bending load vector for the element was found .to be

-

T T

- Eo _ -1 : 1 .
el =15 [R]18x18 T oo {k]20x3 Te ]3::3 b (.4 L)

With temperatures varying across the width of the bridge, an supéd linear

variation ofrtemperature moment between the nodes is expressed as

. ) 3 0r Ty sy )
M(Em) = by + b E+bn~] by £ n (4.16)
=1 . :

.

fromjégich the ‘coordinate ¢imension matrix [Tt] is established for the

- S S
nodal values of* M.. ‘The integrals over the triangular area are evaluiled

in the 20 x 3 marrfx {k] where its coefficlepts are
: 1

t

kij" miEmi—l?f(mi—2+rj;niééj)_+_?i i-;)F(mi+rj:?i-2+sjz for 1-f§;% & j:}.B
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1 Tﬁe bridge‘is subjected to a diséributed load q such as its
weight. The element lpgd vector is established in a comsistent égnner
using the external potential energy ;xpression JqudEdn-_ The uniform—
load vector is given by - -
{ph= (RIT [T1T (R} - (6.17)

vhere k; = q?(mi, ni) ) . " for i = 1,20,

The error in the deflection function is of order £° where % is a
linear dimension of an elément.. This element will yield an error in strain <

energy of order 2%. The strain energy will have a céﬁvergence rate of N °

where N is the number of ®lements.

4.4 Quadratic Plane Stress Element

The representatiEENE?‘the membrane state for this triangular \

element was originally suggestéd by Felippa (64). The in-plane
displacementgﬁu and v are each expressed as compleﬁe cubic polfnéﬂials.
For anxarbitrary triangular elemené in local ‘coordinates system shown in
Figure 7, -the £ and n-direction displacements are designated by § and v

respectively

= by + byE+ by + bE? + beln + byn® + b,EY + bEN + bgEn® + b’
10 :
. n
= E bi-EmT n.i' .
=1 © ;
‘ o S . (4.18)

L]

.

= o ) 2 W 2 3 2 2 3
VEbyy + D8+ by n+ b BT+ B En + b NE + b SET + b+ by En® + byn

20

P, 4

- E‘ bi E-i n i
i=11 v :
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. This is a conforming element with a total of 18 external and 2

condensed internal degrees of freedom. The 6 nodal degrees of freedom at

.

each vertex are u, uy» Uy» v,'vx amd vy and 2 displacements_u-and V. ;

at the centroid.

This cubic function ensures interelement continuity of

displacements. The two nodal values, displacement and its derivative,
available at each end of that side are sufficient for the unique cubic
definition. Demanded by the principle of minimum potential energy, the

continuity of displacement 3lone assures monotonic convergence. The

membrane energy expression involves lower order derivatives than the energy

v
, expression for befiding. In addition to coanformity, the displacement fields
‘ 4

- — h
satisfy rigid-body motioms (two translations and a*rotation) and coastant

strain conditions. . - {,

From the strain energy expression in Equation (4.7), the membrane

. Dpart is
) v — ot 1 - ét .
_ _=h v - af - at (4.19)
U= EYE:;IT {Vn at v ‘at dx dy
Up -t vg 0 + v‘S
N

™~ .
The mean value of arbitrary temperature distribué&gn over the thickness
is given as t -.%{t(z) dz which may vary in the planform directio§> The

-integral qﬁantity is denbted by N;.
The membrane stiffness matrix with the thermal in-plane load -
vector can be generated in the same manner as previously described.

Separating the terms inveiving temperature, the strain energy U, only
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J

in terms of the displacement gradients, and the thermal energy U, are

3

Up = D H [“E + v+ 2vupv + 3(1-9) (v + V) 2) dxdy (4> 20a)

and, omitting the square of'Nt which' vanishes .during the different%iii9

U aE N E‘ -
= plog + V) & dy (4.20b)

The stiffness matrix for the plane stress triangular element is

obtained from the general expression

- T 14T -1 (
(Kal o pp = Pm [RD 7710 IRD [T70] [RD. (4.20)

The coefficient matrix [k], the nodal coordinate matrix [T] and the
rotation matrix [R] are listed in Appendix B.
. . ‘
The in-plane thermal force in the slab follows the distribution

of the averaged temperature t varying in any manner.- The thermal load

vector. was derived for a linear variation in the plane of an element.

3 S
n

- , 3
N (E>n) = b, + b &+ b= Zl by & {4.22)

h|
"For knowm vélueé of N, at the vertices, the in-plane thermal load vector

acting on an element is given by

7, ~ 2 T 1 g 107t (g | (4.23)

re the coefficients in matrix [k] are compiled from

7-

kij = miF(mi—1+rj,ni+sj) + ti(pi+rj,qi+sj—1) for 1=1,20 & 3j=1,3.

In the assembly of finite elements, the centroilidal displacements

u and v are not interrelated with tite nodal displacement parameters of

1

\

».



adjacent elements. Prior to the assemblage, the internal ncde can be

removed by the usual statical condensation process. The matrix equation

\

of equilibrium for an element.is written in partitioned form .

|
K Koel 1V Fo
-~ i Sl 4= b =4-"}. (4.24)
KOC IKC VC PC

The elimination of the centroidal displacement {VC} yields the reduced

equilibrium equation [K] {V} = {P} for an element having a stiffness matrix

= - ' -1 T
in condensed form [K]ISXIB [Ko]laxla [K°°]18x2 [KC‘]ZxZ_FKoﬁ?ZxIS

v -

. = - =1
and, load vector I{P} {Po} £ DRI Lo PN {r.} .

T

Quly external degreés of freedom are then assembled into the'structure

v

;tiffﬁESS matrix. A number éf,equations is redgced and the generality of
the nodal numbering aystem is preserved.

The rep:esentati;n of the displacemen;s u and v by ;ompléte cubic’
polynomials will ge correct to order 2“.. These cubic functions lead to
strain ene;gy convergence” proportional to N7® which is the same rate in the.
triangular bending element.

- o
4.5 Eccentric Beam Element

The steel beams are an integ:ﬁ;(g:;t of the slab. They are

parallel Qg};iz f axis. The continuity of v, w and vy displacements

along the a ning edge between the beam and triangular elements of plane

stress and plate bending are maintained. The same order polynomtals were

. {
used for lateral deflection and in-plane displacements ig the eccentric

-

beam element. ' The beam element has at each end a node assigned not at its
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neutral axis but in the middie surface of the concrete slab. The end node
represents 5 degree_s'_ of freedom such as 2 in-plane (v and vy) and

3 out-of-plane (w, o and’ wyy)' The in-plane displacement in the spanwise-

.direction is a cubic function

4
ve=a +ay+ay+ay= Xt”ai ymi
. 1T %27 T 5 5 Ry

The quintic variation of tife deflection is

: ' 10

.w=a +ay+ayisay +avt+a yo= 7 ay yni (4.26)
s T % 7 8 9 10 15 .

In the shallow beam theory, the deformations due to trgnsverse

shear are neglected. From the strain-displacement equation, thé -

[

. A
longitudinal stresses for the beams at distance z from the midsurface of

the slab are expressed in terms of displacement cogﬁonents as follows
b S O‘y = E(vy - at(z) - z waJ . . (4.27)

where t(z) deﬁotes an arbitrary temperatire distribution in the beam.

Under plane section assumption, the beams and-slab will deform with equal

~strain and curvature at the interface. ) T

The strain energy-in Equation (4.7) becohes

. ‘ 2 .
U = 3E JH vy - at(z) - 2 wo)® dzaxdy (4.28)
For eccentric beam element, the strain emergy without the temperature terms
is ! . ) . s '
_Us = *E l.[és vy T 2s vy Yy + I wyy] dy - (4.29)

Here A_ is the cross~sectional area of the steel beam whose first and

second moment of area with reference to midsurface of the deck are denoted -

’

X
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by S and I respectively. The axial and bending effects are coupled.

The element stiffness matrix for the stiffener is obtained from

w 17T -1
(%) g = 117107 11 770 IR

where in the matrix (k] the coefficients from the integration are
) o, +my-1 +ng-2 . mysng=2
=E A m L-ES[ a, (n _l)g'mi ] ¢ _1)&.]-
Ky g g Myly W+ =1 BTy AR THTRERLTE Y BT T a2

y B

- e - ‘Ei_-i'-nj—3
+ E I mn,;(ny=1) (ng-1) SL—qr——H;
L - ’i"j i. - j ni nj—

o"..— .

.

e

.T'ne‘atrix [T] contains the nodal coordinmastes.

For derivaﬁioq of the thermal load vector, the strain eﬁefgy
assbcia;ed with only.the temperature is
‘ ] % .
U, = aE Jl (—vy t(z) + 2 Vyry t(zij dydA. ) (4.31)

The integration owver the stiffener area with respect to tprmiddle‘surface '

£ L

yields
.2 U, = —GEvadey + GEJVW(M‘: - eNt) dy {(4.32)
t - 0

“The beam temperature distribugion can be represented about its own neutral
axis by the first temperature moment M, ==szt(z) dA and the resultant
temperature Nt = Jt{z) dA at a distance e from the midsurface o{:fhc-slab.

The thermal. load vector for eccentric beam element becomes

g oé
=
(nd
|
m.
.
(ni
-~ —
4 <
ili:\‘:
SR

O
T

{F.} = - éorresponding to o (4.33)
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-~4.6 Torsional Stiffness of Beam Element

The rigidly fixed beams in the slab-beam type bridge resist the
slab twisting moments formed durfng bending. Ihe~integral beams stiffen

the slab against rotation. Their trangverse cross sections will rotate

through an-angle 8. The angle of twist for beams parallel to the x_axis is

equal to the slope Wy of the deflected slab. In the St-Venant theory

A -

of torsion, the twisting moment M {s related to the angle of rotation

by the expression‘

| 4 o : .
M= GGy (4.34)
where %% = %gx which is the rate of change of rotation angle along the

.length of the beam. The symbol Cp denotes the torsional constant of

the cross section. For wide flange shapes, a value of C; is obtained

by taking the sum of the torsional constants for the tﬁreé thin plates-

making up the section. It is

L

C, = ¥ 1 width x (thic'?cness)3 for flanges an§ web.

o~ . .
As taken from -"Eandbook of Steel Construction", the W 10%15 has a yalue
- | : -
egqual to 0.105 in.* for its tojsional constant including rounded fillets.

The St-Venant torsion, often called pure or uniform torsion, is

based on the premise that noncircular cross sections alang a member are

free to warp out of plane. Following the application of a torque, the

»

transverse sections unless they are circu;zj do not remain plane during-
deformation. This implies that there is

al deformation. For wide

-

flange shapes the warping, or axial, displacement is distributed across the
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flange width. The web deformation, being very small, is negligible., Thig:
warping deformation takes place when the flanges are free to bend in the '
¥,z plane. - It can be described by the bending of'thé.flanges about the
weak éxis_of the wide flange. With the flange; restrained against‘su;h )
bending, the following stresses will be induced. They ®re longitudinal
stresses produced by the transverse resisting moment a;H shear stresses °
résultfng from shear forces. The resisting warping moment in the flange is

3 . \
W'-Elw%;?' (4.35)
Y .

where I, denotes the warping torsional constgﬁt for the cross section.
Adding the warping torsion to the St~Venant torsion, the total torsimal
moment_is.
M = ME 4 M9, | _ . (4.36)

" Unless the slab curls to cylindrical surface, the twist will vary
from section to séction along the entire length of the beam. The warping
displacement varies correspondingly. In nonuniform torsion, the ‘tendency
for sections to warp freely is prevented or resisted. The total torsional
moment resisted by the section is ML gilven in Equation (4.36).

Thin—wal{fd open sections such as WF shapes are weak in resisting
torsion on accopﬁt of/%hcitliéy values of Ct. In their resistance to
twist for the slab, the warping torsion MY can be excluded. Only St-Venant
torsion is considered. The torsion and bending effects are uncoupled. The

strain energy of the twisted beéam becomes

-

Uy = 36C, J & . ‘ (4.37)
: . | |

¢

<«
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For the angle of rotation equal ;o‘thé Flope of the plate;

same cubic function is used in the torsional-.ele ent

g 2 3
8 T 3 T ayt agy + a5 .

beam element.

H
.

The resulting torsional stiffness matrix for the beam element is

-

- 1
Ty e g
1. 2 -
k3 =cc | ¢ ! (4.39)
6 = 6
( A R
' R R | g
% W B 15

4.7 Solution~ef the Thermcelastic Problem

Symmetry in the geometry of the brfdgé and in its temperature
field which was taken as the same foy all transverse Cross sect}ons
facilitates the analysis. Tﬁe finite element modelling of the three-span
continuous bridge was red&ied to on}y one quarter. Figure 9 depicts the
bfidge as a collection of equal-sized right—triangular elements of plane

stress and bending plus eccentric beam elements attached to the lower

X

surface. The assembly of all elements '

.
L]

T [Ky '+_1<.b + Ky + Ry {X} = [ {F+ Fy + Tl = 0 (4.40)

»

. Ce )
yields a set of linear-equations of. the form [KI{X} = {F}. The load ’
vector {F} represents the existing temperature distribution in the cross

. : .- il

section. From the temp

i

erature distributions in the cooling history of the
] .

&
r

D (4.38)
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. . . . i ) ) _. /
bridge, a system of thermal load vectors was derived to determine the - . &\q}

structural response.

In Figure 9, the quarter model of the bridge has 248 nodal points
resulting from eAuniform mesh dieision. The mesh line was dividee into 31
equal-parts along.the span length and 7 lathrelry. The analysis involves a
total of 2976 equations with a half bandwidth of 108. The lower band

portion of the symmetric, positive definite matrix, K was partitioned into

’

24 submatrices of 108 x 125. These submatrices were stored oa disk, using

4

360 tracks. In the eduétion_sqlver routine, only two submatrices were held
in core at any particular stage of the operation.

For sclution to the system of equations with a number of
: > . .
different load vectors, it is convenient to use Cholesky's!hecomposition

method. The decomposed matrix is retained. When re-solving the ‘system of -

equations for different load vectors only the backward and forward _'

substitution procedures are simply repeated each time.

In the analysis of the three-span continuous ‘bridge, the supports
at both ends were removed to allow ¢he bending of the slab to a dished- -
surface. There are no reactions at the ends., 6 The ends are.ffee to
deflect upwards when t?le upper surface was cooled. The gdge is only
suppotrted at the two in;ermediate plers and spanned transversely between
the four steellbeams. The steel beams, placed on rocker and rollers, are
free t9 rotate, to translate longitudinally and to.deflece only upwards. ‘

, .
DuriFg the bending of the slab, the exterior beams will tend to 1lift from

=Ny

their supports. As the temperature gradient increases, these reactions at

the supports diminish ang may become zero when the curvatures are

e o
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sufficiently largé. With the exterior 'beams completely'lifted off their

support, the bridge will be supported at only four 'points, of its interior’

steel beams.

Calculation of Changes in Reactions

-

The unknown reaction on the exterior beams at intermediate piers

-
b

was determined by the use of‘the.Superposition method. W;th,khat supporec
removed, the finite element eqdations are ;olvéd fdr the displacenent
vector {X,;} of the bridge Qnder its own weight. The deflection at the
removed support -is denoted, accordipg to the finite element numbering
system, as Xy (18075. An imaginary unit force was applied in place of

the support to produce a corresponding deflection-X,(1807) in its -

.’deformation,vector {Xl}; "The reaction Ry is obtained as a ratio of

Xw(le?) to XI(lBO?). In linear elastic analysis, the initial -

displacement vector {X;} of the bridge under its own weight was

* -

calculated as

(%335 (%} + R X} | (4.41)
For the bridge subjected to only temperature changes', the displacement -
vector {XB} was éomputed as ' A

£} = {5} + Ry - RIXY (4.42)
where {Xt} denotes the displacement vec;or.produced by temperature

changes in the bridge without its exterior suppqri, which is Ry. The

)

combined deflections, X,(1807) and X:(1807) in downwafh\%irection

will indicate that the exterior steel beams remain supported. Knowing that

) N

—

\



a unit- force at the removed support produces a corresponding deflection
X1(1807), the support reaction Ry varying for diffgrent temperature
distributions can be calculated. This reaction becomes zero for large
temperature gradients causing the bridge to deflect upwards at the ends of

the intermediate piers. . :

From the known nodal displacement {Xgl}, the strains can now be
determined and, f;om the strains, the nodal stresses according to the
stress-strain relations given-in Equation (4.1). 1In using these types of
eleﬁents, the nodal stress components are represented through the

curvatures and in-plane gradients. The nodal stresses were obtained

without averaging the stresses at a common node.

- ———
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L CHAPTER 5

DISCUSSION OF RESULTS

5.1 Temperature History

The temperature history_of the cooled bridge was computed at
every 10 seFonds for a duration of 77 minute;. The temperature fields at
various instants in the bridge cross-section are presented in Figures 10 to
18. Each figure shows temperature distributions evolved from a previous
time. The dashed isothermal lines Egbresent the temperatures at a time
prior to that of the temperatures denoted by solid curve. The .temperature
variation through the slab thickness is shown fO{ sections at mid=distance
between steel beams, at quarter—points, at center line of steel beam, and
at the slab edge..

The high concentration of isothermals and their shift with time
indicate that large tempefature changes occur at early times. Afterwards,
the temperatures slowly approach steady state as shown in Figure 18.
Steady conduction should be attained in approximately 2 hours. The time

travel of, for instance, a 660F isotherm can be followed in Figure 19.

Distribution of temperature on cross section e

Approximately 7 minutes have elapsed before the temperatures have
penetrated through the concrete slab and reached the embedded steel flange.
Within that time, the temperature fields consisted of strajght lines except

for the slight temperature variation in the vicinity of the longitudinal

-



steel bars. The temperature fields are one-dimensional. Their

-

temperatures vary in the thickness direction. When lower temperatures have

N —_

reached the steel beam, noticeable. variation.of temperature appeared in the

direction of the slab width. The témpératurg distribution becomes two-
dimensional near the embedded séeel flange. The temperature variations are
showﬁ for section with only isotheréal uppe;lsurface. Its temperature
gradients in the width direction would be larger when the upper  surface is
subject to convection. This variation along the width at fucther distance
from the embedded flange fades away and the temperature distribution is -
effectively one—dimensional.

Noticeable temperature variation appeafed in the vicinity of

longitudinal reinforcing steel bars. Similar temperature variation can be

expected near the transverse steel bars when considering spanwise

temperature variation.

The temperature distribution through the slaﬁ thickness can be
described by a parabola. The curve is very sharp at early times and large
thermal moments are produced. The parabolic curve flattens out with time
;o a2 straight line at steady state. In the steel beam, the transient and
steady temperatures are distributed nonlinearly across its depth.

The temperatures in the steel beam undergo rapid adjustment.
Their temperaCuée gradientg are much smaller than those in the concrete
slab. The effect of the difference in the rates of temperature change for
concrete slab and steel beam will be discussed when the deflections of the

bridgs. are examined.

T
-
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The side portion of the bridge cross section in which the edge of
the slab was exposed to ambient air was analyzed.- The edge effect, as seen

An the figures, was felt at distances approximately 1t times the slab

thickness. e

—_

Significance test of finite element temperature

Statistical analysis was made to determine whether the predicted
temperatures adequately represents the actu;l temperatures in the bridge.
Only l:wer surface temperatures ‘at the thermocouple points were compared.
The ratio of the finite element Eemperatures to those registered by the

v

thermocouples should be equal to or be very close to unit value. When the
ratio is equal‘to»unit value, the finite element and measured temperatures
coincide. 1t was assumed that the ratios of corresponding.temperatures are
normally distributed. Their mean and the mean standard deviation was
calculated as 1.0065 + 0.00127. Using the t test, the difference in the
mean and unit value is not ‘significant, not even at 0.05 percent level.

The closeness of the predicted to measured temperatures was tested By
calculating chi-square which had a value of 5.118. The probability,

3
greater than 0.99, was obtained from the table with 67 degrees of freedom.

= These test results indicate that temperatures were accurately
obtained in the finite element analysis made with constant heat-transfer
properties. The temperature distribution over the full transverse cross

section may be determined by the analysis of subsections between planes of

geometric symmetry as carried out in this study.
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Accuracy and convergence of the temperature solution

It is felt that the method used in the temperature analysis
yielded temperatures accurate to * 0.59F. No attempt was made to
-establish the error bounds of the transient solution at the 10 second
intervals.

The finite element solution exhibited unusual oscillation at very
early times, until the 3d—second interval. The temperatures just slightly
exceeded the initial temperature of 78.30F. The first and second law
of Ehéfﬁodynamics are violated. This early oscillatory behaviour is

inherent in the solution for the-finite element system of ordinary

differential equations. This is not a stability problem from numerical

Fi
time integration.

-

At steady state, the finite element solution wili\give an upper
limit to the rate of heat transfer, according to Eq. 3.9. Most of the
nodal temperatures will converge from below as the mesh is progressively
refined. The elements in the 1652-node mesh c¢an be further subdivided
into four identical rectangular elements with. two divisions in each
direction. With mesh refinement to 6177 nodes, the accuracy of the nodél
temperatures is improved by as much as 0.05°F on the lower boung and

0.02°F for upper bound temperature.

Higher accuracy is obtained with linear temperature element of
rectangular shape than with the triangular element. It was not necessary

to use triangular elements in modelling this c¢ross section.

Embedded thermocouples

The temperature gradients in the transverse c¢ross section varied

from 209F/in. at early times to 69F/in. at steady condition. Measurement
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locations for temperature inside the slab Were not assured to within
+ 0.025 in.\ for reliable readings. The temperature registered by the
inside thermocouples stayed, as expected, between the temperatures of the
outer surfaces. The time curves of the Internal temperature can be defined
by an exponentially decaying function.

With the measured data for the slab .internal temperature, the type
of temperature distribution through the slab thickness could be experimentally
defined. Closer approximations of heat constants should be obtained by

including the internal temperatures in the matching procedure.

Closure

Temperatures within the bridge can be predicted from observed
temperatures on the surfaces. Several transverse cross sections along the
bridge span can be instrumented to examine the spanwise temperature

variation. Various sections can be analyzed for the different exposure.
. . P

5.2 Deflections

The effect of these transient temperature changes on the bridge
can be seen in Figure 20 in which the bridge lateral deflections we?e
plotted against time. The temperature loading histories, used as an input
for stress analysis, are shown with the deflection curves. The thermal
loadiné'sysqem was presented in the form of thermal moments for a portion
of the slab between beams'’ centers and for a steel beam and in terms of
average temperatures for the in-plane forces acting on the siab and steel
beams. The temperature moments and mean temperatures were given in the

instantaneous temperature field figures (10 to 18) at various sections

across the width of the bridge.
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‘In composite construction, the largest factor for the sg;ess
c6nsiderations seems to-be the difference of heat transfer groperties
involved instead of the diffe;ent coefficient of thermal expansion. The
relatively slower rtesponse of slab to temperature changeé allowed the
thér@al moments to increase very quickly to a peak value in approximately 6
minutes. At that time, lower temperatures have already reached the sgeel
beam. It was the stee; beams having higher coefficient of expansion that
resisted the bending and contraction of the concrete slab. Within these 6
ninutes, the deflection cyrves for the ends were nearly a straight line.
With increasing' thermal moment in the slab, the end deflections continued
to incre;se at a diminishing rate reaching maximum value of 0.6 in. after
32 minutes of cooling. As'steady-state conditions were approached, the
deflections gr#dually decreased. The thermal moments in the steel beams
increased continually as shown in the figure.

Under load, the slab of the bridge tends to deflect 'in two
orthogonal directions; At the exterlor support of interior piers, there
was uplift between 3 minutes to 65 minutes times. The bridge weight has

prevented further uplift at that support.

Comparison of finite element and measured deflections

As function of time, the observed end deflections of the beams

+

a L
were distributed in similar manner, with 0.23 in. maximum deflection

occurring in approximately 47 minutes. Prior to the cooling test,

measuremeants of uplift or of changes in reaction were not considered at the

exterior supports provided by intermediate piers. !
fard

-t
-
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The ratios of the measured deflections to those obtained in the
finite element analysis were calculated throughout the cooling period. The
" mean of the ratios was found to be 0.278 and the standard deviation of
0.068.

The difference in the actual and predicted wmay be attributable to
the followiné factors which were overloﬁked. The effect‘§§ the ice load of
4.5 psf on the measured deflections Qas neglected. From finite element
_analysis, the weight of ice should produce a downward deflection at the end
beams of approximately 0.10 inches. As the ice melts away, it was
estimated that considerable decrease in ice load occurred after 20 minutes
of cooling; The temperature fields may not be the same for every
transverse cross section as assumed in the thermoelastic analysis. Surface
temperatures obs;rved at various points along the span woul@ indicate
whécher uniform boundary conditions existed. The time of 2 to 3 minutes
taken to completely cover the upper surface may be sufficient to produce
spanwise temperature variations which were neglected. Tﬁe finite element
results show that the ends, in the first minute, deflect upwards to 0.0486 in.
at center line and 0.0768 in. at the cornmers. During the cooling tést

water has leaked through the polyethylene sheet. The swelling of the .

concrete will have reduced the thermal deflections in the bridge.

5.3 Strains
After examining the results for deflection, similar comparision

was expected between the measured and predicted strains in the steel beams.

The strain measurements failed to indicate, at least, the pattern of



deformation in the bridge under transient temperature conditidns. The
automatic strain recorder was operating in the laboratory whose room
temperature declined 6.50F and humidity changed as well. These changes

in the environment seem to have affected the system for recording strains.

The longitudinal strains calculated in the steel beams and in the

-~

concrete slab at the middle of the bridge and at the ihterior pier are
shown in Figures Zi and 22 respectively. The strains were computed under
the assumption that their distributions over the bridge depth are linear.
The dashed str&ight line represents the strain distribution before the
;edundant reaction was -considered. The shift from the dashed to solid line
illustrates tbe redistribution of thermal stresses when external forces are

applied.

It should be pointed out that the strains along the width and
sﬁan are nearly constant as shown in the figures by the dashed lines for
interior and exterior beam section at mid-span and at interior pier.
There is strain variation near the ends of the bridge. In this case the
bridge was free of external forces including its own weight. There were no -

’ :
reactions on the external beams at the interior pler. The long bridge
having aspect ratio greater that 4 was bent to a ¢ylindrical surface with
single Eurvatures. The curvatures were nearly constant over the entire
surface of "the bridge'except at its ends. When the weight of the bridge
was applied, the curvatures and strains in both principal direction are
redistributed as shown by the solid lines.

The shaded portion in the beams represents the longitudinal
thermal stresses. The temperature.compensating strain gauges will not

register the thermal expansions. The strains to be measured are produced

by the thermal stress.
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5.4 Thermal Stresses

' From the strain diagrams in Figures 21 and 22, the stress
distribution in the steel beams can be seen for various temperature
distributions as steady state is approached. The strains, bounded by the
curve for the free thermal contraction and the dashed or solid_straight
line, were suppressed by the-thermal stresses. Their distributions in the
steel beams are described by the variation of these strains throughout the
depth. The distributions of thermal stresses in the concrete.slab are not
bOuﬁded by that same straight line in the steel beam. They are given by
the stress-strain expressions which includes strains in both principal

directions.

When the bridge is cooled on the upper surface, tensile stresses
are produced on the upper surface, compressive stresses at interface of
concrete and of steel beam. Tﬂe lower portion of the steel beams is
usually in compression. The interior steel beamé is stressed entirely in
tension at the intermediate piers when the redundant reactions were
included. A different redistributiocn of be;ding moments is expected in the
bridge under its own weight. Its concrete slab spans in the transverse
direction and is continuous ove} its four supports at the intefior plers.
The effect of temperature changes can be seen when restrictions are imposed
on the thermal displacements of the bridge. Thermal gtresses can partially

relieve the bridge from its stresses or can increase the existing stresses.
The longlitudinal stresses on the upper and lower surfaces of the

slab and beams respectively are plotted agailnst time in Figures 23 and 24.

The transient-stress curves have similar shape.
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The thermal stresses are expected to be lower in the bridge with

non-supporting plers at both ends.

Stresses in steel beam

-

As shown in Figure 23, the peaks of‘the curves, i.e. maximum
compression stresses on the beam upper surface, are reached im 8 minutes.
Until that time, the beam temperature remained unchanged. The maximum
compigsstQ and tensile stresses of ~1600 psi and 3300 psi respectively
OCCufredAin the exterior beam at the intermediate pier. The permissible
stresses 1is 29 ksi for the G40.12 steel beams. The stresses then gradually
decrease from their peak values to steady stresses indicateé by the
annotated mark at the 77-minute ordinate. The decregse in the stresses 1is
related to the temperature penetration which, at this time, is in the steel
beam. The variation of the upper and lower surface streses along the beams

is shown at 12 minutes in the figure.

Stresses in concrete slab

Figure 24 shows that the transient-stress curves for concrete
above the beams have peaked very early, in 3 minutes. The maximum tensile
stress of 1130 psi has just exceeded the thermal stress value for a
completely restrained concrete slab. The segment of the slab over the
interior plers was made of concrete with 7400 psi and 7200 psi compressive
cylinder strength. The permissible tensile stress, which 1s 3 percent of
compressive strength, has been exceedéd by‘far-aﬁd, as.well as, the

concrete—cracking stress of 10 times the square root of the' compressive
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strength. With cracks formed, the analysis must be modified according to
the reduction ig slab :igidity. This reduction affects the magnitude of
the deflections which were overestimated.

The high tensile stresses were not maintained very long. After a
rapid decrease during the next 30 ﬁinutes, the stresses continued to
‘decrease at a slower rate towards the steady stress values indicated by the
horizontal slésh in the figure.

-The concrete at the interface of the iaterior steel beams
supported at the intermediate piers was stressed in compression to a
maximum value of 345 psi. This value 1Is substantially below the
permissible stress of 40 percent its strength. . -

‘ The transverse stresses were as high as 986 psi in tension and
-330 psi in compression Qhen longitudinal stresses have reached their peak
values. The longitudinal strésses are greater than the stresses in the
transverse direction. The steel beams provide flexural rigidity and resist
the bending of the slab to temperature changes. In the transverse
direction, resistance to the bending in the slab 1s provided by the

redundant constraints at the dnterior supports.

5.5 Effects of Uniform Temperature Change

Uniform temperature change in the composite bridge has a smaller
effect than the nonuniformly distributed temperatures over 1its cross
section, especially the temperature changes at the early stages of the
transient conditions. The bridge will bend in a single curvature when

subjected to uniform temperature change. The longitudinal stresses and
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strains are constant over thé.planform of the bridge, except near the ends.
The ﬁréns#erse stresses are negligibly small.

For uniform temperature rise of 100°F, the ends of the bridge
would deflect 0.53 in: in an upward direction. The concrete slab is
stressed to -38 psi in compression at its upper surface and 154 psi in
tension at the lower‘surféée\ Compressive stresses of 2289 psi are produced
at the beam interface and tensile stresses of 1361 psi at the lower surface

of the steel beams.
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CONCLUSIONS
| A numerical pfocedure is presented for transient temﬁeratures and

thermoeiastic analyses of slab-beam type highway bridges under time-varying

temperature conditions. The application of the proposed method is described

- on a laboratory tested composite bridge model whose upper surface was

rapidlj cooled from its initial uniform temperature. A study was‘made on
the behaviour of the bridge throughout its cooling pe¥i;d: The cooling test
served to indécate certain-conditions expected in the field. In general,
the thermal behaviour of the prototype is similar to that of the reduced
size model.

§ Solution for the two-dimensional temperature distributions in the
cross-seétion&l profile of the bridge was obtained with accuracy. In view
of the variation of instantaneous temperature along the slab width, a

two-dimensional analysis is warranted especially in the vicinity of

embedded steel flange and near the slab edges. Results indicate that the

linear temperature rectangular element is of sufficient order to Tepresent

the temperature field in the transverse cross section. The numerical

’
Antegration over succeeding time increments was carried out according to

the Crank-Nicolson approximation. The proposed method of matching the
calculated to observed temperatures on the lower surfaces can provide very
close approximations of the coefficients for heat transfer properties

involved in the- temperature problem.
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Tﬁe solution for éisplacement§ in the cocled bridgé was obtained
from high order finite elements used in a sufficiently finé mesh. ‘There is
representation of the streéées in the finite element bridge model having
curvatureé as degrees of freedom. The thermoelastic analysis is based on
small—deflecti&n theory and on uncracked concrete section.

The structural response of the three-span bridge to'time-varying
temperatures was visualized by allowing uplift at the supports.l The upward
deflections of the bridge at the ends which were not supported initially

“‘\gwsyere calculated to be as much as 0.6 inches in approximately 17 minutes
from the time of the change £n upper surface temperature. There was uplift
for a certain time at the intermediate piers where the exterior steel beams
were supported. The observed and finite element results described siﬁilar
type .of displacement pattern. The thermal stresses in the bridge with

- non-supporting piers at the ends were induced by temperature gradients and
by the redundant constraints at the intermediate piers, produced by the
weight of briége. At early stages of the cooling period when large
temperature grédients existed, the stresses in both principal directions
have exceeded the tensile strength of concrete. The steel beams, being
subjected to smaller and gradual temperature changes under these conditioms,
have experienced smaller stresses. The restraints, in the form of sﬁpport
feactions at the ends of the bridge pfevent'uplift and will further

P }'increaseithe existing stresses.

The proposed method for thermoelastic analysis is applicable to
bridges subjected to a thermal environment tha; produces different
temperature on the bridge surfaces. TIn variable climate, thermal strésses

need to be considered.



96

-

Recommendations for further study

For closer repreéentation of the actual bridge behaviour, the
finite element mode{ may include the construction joints éxisting in
concrete slab, the diaphragms which provide certain amount of stiffness to
Ehe slab, cracked sections whenever tensile strength in concrete is
exceeded, and the different flexural rigidities distributed in their
respective orthogonal directions for the reinforced concrete slab. The
finite element model for_the structural analysis may be further refined by
using for each segment of the slab its own modulus of elasticity and
coefficient of thermal expansion.

Several transverse cross sections of the bridge can be
instrumented with thermocouples for determéning the spanwise temperature
variations. The observed temperatures in these sections may then be input
into the finite element model for temperature loads. Measurements from
thermocouples accurately positioned inside the slab will confirm the
distribution of temperature across slab thickness.

Difficulties were experienced in meaSuring'the thermal stralns in
the bridge. Knowledge regarding the thermal strains is required when
evaluating the strain measurements made in Fhe field for nonthermal loads.

An alternate procedure for observing the structural response of
the bridge to transient temperature changes may include load cells placed at
all the supports. Changes %n support reactions can be recorded.

The thermal analysis of the bridge may be extended to wvarious
temperature conditions. The proposed method can be applied to the analysis

<

of the prototype for a complete understaﬁding of the structural behaviour
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under daily  temperature fluctuations.
In the case of deep beams, plane stress elements may be used for

their idealizationms in place of the eccentric beam elements.

e -
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_? APPENDIX A

Matrices for 18-Degree Triangular Plate-Bending Element

The matrices are defined in Ref.{60). The nodal coordinate matrix [T] is listed as

-
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0 0o 0 200 -26.0 o 0 3 0 0 o ] 0 ] 0 0
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C 01 0 a 00 & 0 o 0 22 0 o o 0 0 o 0 ol
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Its determinant, det T = —64(a+b)17c20(a2+c2)(ba+c2), will become singular only
wnen the area of the triangular element vanishes.
In the 20x20 integral matrix [k], its coefficients were computed from the formula

13

. - mimj(ni-l) (nj-1)1'-‘(‘:::i+=j-u.ni+nj) + giaj(ni-l) (nj-l)l'(uiﬂj,nihj-h) + [z(l-ﬁ)uinjninj
+ Winj(mi—l)(nj-i) + vmjni(':j-l) (ni-l)]F(mi+mj-2.ni+nj—2) . for 4 m 1 20 and 4 w1,20

The rotation matrix [R], relating the displacements in the two coordinate systems,

v.] [ coss sine 0 o o Jf{w )
3 x
w = 3in8 cosé 0 o] 0 v
1] ) ¥y
is formed from v }- 0 ] cosln 2sinbcosd sins |y }
(13 ) . xx
0 ¢ =-sinécoss cnazb-linzﬁ sinBeosbiiv |
il En xy
v 0 0 s10%0  -2s4a8cosd con®s |{|w
n, L J0 ¥y

where © represents the angle between two coordinate axes.
~



APPENDIX B

Matrices for Quadratic Plane Stress Triamgular Element

1

The matrices [T], [k}, and [R] involved in thesformulation of the

QST element stiffness matrix are listed as follows.

The nodal coordinate matrix [T] is given as

- -

T, o
0 '1‘I
TZ- 0
'I3 0 .
0 '1‘3
T, 0
L O Tu ]
1 = o0 ¥ © o «»® 0o o o]
vhere [Tl]-= [o 1 o -2 o © W & o ¢
9 0 1 e - 6 © L Q|
1 e 6 o o o0 .e ¢ o 6] ’
[(ToJ= e 1+ 0o 22 o o % o o o
- o [« <} e -} ¢} o 0 o
1 © ¢ 0 6 & 0o 0 o &3]
[T,]= [o ] © © ¢ © 9 © c o
3 © © 1 o o = 0 0 o

- o - a-bF » b1 { T 3
(1,1 [:r s § Pl Eae g et et e 2
The coefficients in the 2¢ x.20 integral matrix [k] were caleulated
kij - ninjr(u£+:3-2.ni+nj) + qiqu(pi+pj.q£+qj-2) + ligininjrcni+=3-n£+=3-2) + pipJF(p£+Pj-?-qi+qJ)]
o+ HF- a,p, + vmyq, JF(mtp -1 a4 B agp, + Ve, 4 JF (kP ~1,n4q,-1)
. p&q-ﬂwhe'niﬁjAZIUIadu&n-Dvheni&j>10

The displacements in the®twe ccordinate systems are related by the

rotation matrix [R].” The ccordinate transformation is made as follows

F ) [ cos® 0 0 sind 0 0 1fe )
EE 0 cos 2g sindcoss 0 sinbcoss sin?s- U
BT 0 -sinbBcoss cos?s 0 -sinZa sinfcesf||u
. n} - YL
v -siné 0 o cosh 0 0 v
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RS L ) JLU F)

where & represents the angle between two coordinate axes.
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® SR~ straln gauge \plme with thermocoupies

! to 20 on upper su..rface
2% to 40 on lower murface

at 7t" from mid-span
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Fig. 3 Instrumentations
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Fig. 5 Cooling test on bridge

entire upper surface covered with melting ice cubes
4 dial gavges mounted agsinst the non-supporting end pier
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a) Rectangular Element _
. . ' P
%

Dimensions of triangle

—a = [0emxg) (xp=x1) + (y,-y3) (yo-y ) 1/r

o'
]

[(xa‘x13(x2'ﬁ1) + (Y3-Y1)(y2-31)1/r

v . 0 - . c = [(xZ-x‘l) (Ya-yl) - (x3"xl) (Yz_yl) ]/r
~ A 3
where r = Jsz-xl)%+ (y,-y1)
X, =% -
and cosf = —2;-1 sind = XZFZL
%

Nodes are numbered in
counter-clockwise order.

b) Triadgélér_Element

Fig. 7 Rectangular and triangular elements.
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Fig. 8 Measured boundary tﬁnperagures during the 77-min. cooling,period.
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Fig. 24 Longitudinal thermal stresses in concrete slab.
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