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SUMMARY

This thesis deals with problems related to the notion of sense of direction in graphs.
We define this notion and provide some examples of labelling that realize it. We then survey
the problem of minimal sense of direction in regular graphs using symmetric labelling, and
its connection to various notions such as cycle symmetry, vertex symmetry, Cayley graph,
view, and surrounding. We also present new types of symmetries that are equivalent to
having minimal sense of direction. Afterward, we cover the problem of minimal sense of
direction in regular graphs using an asymmetric labelling and establish several new results
regarding this problem. We show that many classical topologies do not have asymmetric
minimal sense of direction using the asymmetric labelling. We conclude this thesis with a

program that finds the minimum chordal labelling in an arbitrary graph.
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CHAPTER 1

INTRODUCTION

A distributed system is a collection of computational entities communicating by exchanging
finite amounts of information called messages. Each entity has a local non-shared memory
and can communicate by sending to and receiving messages from its neighbors. Every entity
has a distinct label (e.g., port number) associated with each of its incident links. Thus, the
entire system can be viewed as a graph where each node corresponds to a system entity, and
each edge corresponds to a direct communication link between two entities. Furthermore,
every edge has two labels, one for each of its incident nodes. Informally, a sense of direction
is a particular labelling of the graphs allowing to understand if different paths starting from
the same node end in the same nodes or in different nodes. This ability of distinguishing
among paths can sometimes prevent the nodes from sending the same message to the same
node many times. An example of sense of direction is the mesh where the edge labels are
from the set {north, south, east, west}. In general, any graph could be endowed with a sense
of direction. The formal definition of sense of direction is given in Chapter 2. It has been
shown in the literature that sense of direction has a definite impact on the computability
and complexity in systems of communicating entities, and whose applicability ranges from

the analysis of graph classes to distributed object systems.

1.1 Impact of Sense of Direction on Complexity

The evidence of the impact that a specific labelling with sense of direction have on the
communication complexity of several problems has been accumulating in recent years (e.g
[4, 15, 22, 24, 26, 28, 31, 35, 37]). In general, the investigations have focused on a small set
of typical problems that recur in many applications, for example: broadcast, spanning tree

construction, depth first traversal, topology recognition, minimum finding, leader election,



edge election, wake-up, etc.

The leader election is the process of transforming an initial system configuration, where
one or more of the entities are in state initiator and the others in a different state, into a
final system configuration where one entity is in a leader state and all the other entities
are in state lost. Notice that there are no a priori restrictions on which entity can become
leader. The wake-up problem consists of arriving from an initial configuration where some
entities are in the initiator state while the others are in a different state, to a configuration
where all the entities are awake. The broadcast problem consists of arriving from an ini-
tial configuration where exactly one entity (the unique initiator) has an information, to a
configuration where all the entities have the information. The minimum finding problem
consists of moving to a final configuration where every entity knows the minimum of the
input values. The depth first traversal problem consists in moving to a final configuration in
which a depth first spanning tree of the graph rooted at the unique initiator has been iden-
tified (i.e., every entity knows which of its neighbors belong to the tree). The spanning tree
construction problem consists of moving to a final configuration in which a spanning tree of
the graph rooted at the unique initiator has been identified (i.e., every entity knows which
of its neighbors belong to the tree). The topology recognition problem consists in moving
from an initial configuration where entities do not know the graph and the labelling used,
to a final configuration where they know the labelled adjacency matrix of the graph. The
complete topology recognition problem, in the final configuration of which, besides knowing
the labelled adjacency matrix of the labelled graph, each entity must also know its position

in the matrix [19].

In an arbitrary topology, sense of direction has an impact on the complexity of many
of the previous problems. It has been shown that broadcast and depth first traversal
problems can be performed with ©(n) messages with any sense of direction even if the
system is anonymous. This represents a dramatic improvement from the ©(e) bound for
these problems for arbitrary labelling. Moreover, leader election, spanning tree construction,

and minimum finding problem can be solved with O(nlogn) messages with any sense of



direction; this represents a significant improvement on the ©((e + nlogn) bound for these

problems in the case of arbitrary labelling.

Sense of direction has an impact also on specific topologies. For example, it was shown
in [32] that the chordal labelling of a complete graph allows the message complexity of the
election process to be reduced from ©(nlogn) to ©(n) messages, where n is the number of
entities in the system. Similarly, it was shown that in chordal ring, the chord structure has
a critical impact on the complexity of some algorithms. The first result was the observation
that the chord structure S = {1,2,...,k} with £ = O(logn) suffices to obtain a ©(n)
election algorithms [2]; other chord structures achieving the same bound with the same
number of chords were also identified. Subsequent investigations have reduced the size of the
structure necessary to achieve linear election algorithms from O(logn) to O(loglogn) [27],
to O(logloglogn) [42], to O(1) [33, 39].

Similarly, it was shown that for the case of the hypercube topology, sense of direction
has an impact on the election problem. In absence of sense of direction, the best known
solution that has been developed uses O(nloglogn) messages [16]. In presence of sense
of direction, several O(n) election algorithms have been presented [23, 36, 38]. Most of
these solutions exploit the implicit region partitioning of the topology and an efficient and

implicit scheme to compute and represent shortest paths.

1.2 Impact of Sense of Direction on Computability

A large amount of research has been devoted to the study of computability in anonymous
systems; i.e., the study of what problems can be solved when there are no distinct identifiers
associated to the nodes (e.g., [3, 12, 13, 29, 30, 34, 41]). Which problem can be solved
depends on many factors including the structural properties of the system as well as the

amount and type of structural knowledge available to the system entities.

There are two notions in sense of direction. Weak Sense of Direction is informally
defined by the ability of distinguishing among paths starting from the same nodes, the ones

that terminate in the same nodes. The notion of Sense of Direction is stronger and involves



an additional property. A formal definition of both notions is given in Chapter 2.

Informally, the surrounding of a node z at a distance d is a subgraph induced by the
nodes at distance less that or equal to d from z. The computational power of sense of
direction in anonymous system has been studied in [18] and shown to be linked to the notion

of surrounding, introduced in [17], and that will be covered in more details in Chapter 3.

The general result according to [19] on the impact of sense of direction on the com-
putability is that with weak sense of direction no other knowledge is needed. This result
is based on the fact that in a labelled graph with weak sense of direction, every node can
construct its surrounding even if the system is anonymous. Note that without sense of
direction, with an arbitrary labelling, the problem of constructing a surrounding in an
anonymous network is unsolvable. A powerful implication of this result is that, with weak
sense of direction, it is possible to do shortest path routing in anonymous networks, even
if there are no global identifiers for neither the source nor the destination. Another inter-
esting consequence of this result is that from a computational point of view, weak sense of

direction and sense of direction are equivalent.

The computational power of anonymous systems with weak sense of direction has been
studied in [18], considering some specific problems: leader election, edge election, spanning
tree construction, topology recognition, and complete topology recognition. The solvability of
these problems with sense of direction has been shown to depend on the level of symmetry
of the surrounding. In particular, it was shown that leader election is solvable in a system
with weak sense of direction if and only if all surroundings are different. Moreover, topology
recognition and complete topology recognition are solvable for every labelled graph with

weak sense of direction.

1.3 Impact of Sense of Direction on Systems: Object Nam-
ing

Sense of direction can be used to construct an efficient naming scheme in systems of dis-

tributed objects [5].



A distributed object system consists of a collection of objects and relations between
objects; each object has a state and a behavior and the global behavior of a system is

described in terms of interactions between its objects.

A naming scheme is a mechanism used for naming objects and manipulating them
through their names. In object systems, some of the main objectives of a naming scheme
are: to designate an object, to distinguish between objects independently of their state; to
communicate to other objects the knowledge about some objects. Furthermore, a naming
scheme should be stable and reliable, that is, names must remain valid, and keep denoting

the same objects when the system changes its state [19].

To achieve these goals, the existing naming schemes either use an approach based on
global names, where each object uses as its name an intrinsic property which distinguishes
it from the other objects, or they use hierarchical names based on the location of the
objects. On the other hand, locality of names and independence on the location are two

very desirable characteristics of a naming scheme.

In [5], a naming scheme in which a name of an object depends neither on its state
nor on its characteristics, not even on its location, has been proposed based on sense of
direction. This approach constitutes the first naming scheme that uses local names, provides
mechanisms for correct communication of names and is location independent [19]. Sense of
direction has also been shown to be an interesting approach to the problem of naming in

the context of object composition [6].

1.4 Graph Theory Results

There have been many studies on sense of direction. Some of these studies are related to
testing and constructing sense of direction [e.g., [8, 9, 14]], and others are related to the
problem of minimal sense of direction in regular graphs (the number of labels used is equal

to the degree of the graph) [7, 11, 17, 21].

It was shown in [9] that there exist polynomial algorithms for testing both weak sense

of direction and sense of direction. Moreover, it was shown that deciding weak sense of



direction can be done efficiently in parallel. The algorithm for deciding sense of direction is

more complicated that the one for deciding weak sense of direction and its time complexity

is O(n'42%6 log n).

Since the algorithm for testing sense of direction on a given labelled graph G has a high
polynomial complexity, an interesting research direction is the study of how to exploit the
topological property of G to find simpler testing algorithms. Many questions were raised
and have been answered. Among those questions: in which graphs does every labelling
guarantees the existence of sense of direction? for which graphs, the fact that the labelling

has a given property is sufficient for the existence of sense of direction?

Several properties of labelling have been considered, and in each case a complete char-
acterization of the corresponding graph class has been given. With arbitrary labelling, just
few trivial graphs have sense of direction. The presence of both local orientation and edge
symmetry guarantees sense of direction in a larger class of graphs which includes trees and
rings. Local orientation is defined by the ability of each node to distinguish among the
incident links, and edge symmetry is defined by the ability to understand from the local
label what is the label at the other end of the edge. A labelling suffices for having sense
of direction in a larger class of graphs which includes particular types of spiked rings. As
a consequence, testing for sense of direction becomes very easy for graphs in those classes;
for example, if G is a tree or a ring, the test consists of checking whether the labelling used

is symmetric and has local orientation, which can be done in O(n).

The problem of constructing sense of direction in an unlabelled network has been studied
in [39, 40]. It has been shown that any algorithm constructing the traditional sense of
direction for cliques, hypercubes, and tori, exchanges at least (e — %n) messages in a

network with n nodes and e edges.

The properties of sense of direction with the minimum number of labels has been ex-
tensively studied for regular graphs [11, 17, 21]. It has been shown that the existence of
minimal sense of direction is related to the notion of cycle symmetry. A graph is cycle

symmetric if each node belongs to the same number of cycles of the same length. It was



shown that cycle symmetry is a necessary but not sufficient condition for the existence of a
minimal sense of direction in a regular graph. Cycle symmetry has been studied in relations
to other notions of symmetries in graphs; in particular it has been compared to the notion
of vertez transitivity, and it was shown that cycle symmetry is sufficient but not a necessary

condition for vertex transitivity [21, 25].

The problem of minimal sense of direction for the case of symmetric labelling has been
studied in [11, 17], and extended to include also the case of non symmetric labelling [7].
For symmetric labelling, minimal sense of direction has been shown to be equivalent to
the notion of Cayley graph with Cayley labelling, and the notion of surrounding symmetry
(where all the nodes have the same surrounding). For the case of non symmetric labelling,
this necessary and sufficient condition does not hold. A general characterization of minimal

sense of direction in directed graphs was given in [7].

This thesis presents other results for the problem of minimal sense of direction. For the
case of symmetric labelling, we show that the notion of sense of direction is equivalent to the
notion of labelled cycle symmetric, and the notion of labelled vertex transitive. For the case
of asymmetric labelling, we provide several necessary conditions about the labelling and
show that the following topologies: the ring, the torus, the hypercube, and the complete
graph, cannot be labelled with an asymmetric sense of direction labelling. On the other
hand, this thesis shows how to label the complete bipartite graphs using an asymmetric

sense of direction labelling.

1.5 The Organization of the Thestis

In this thesis, we introduce the definition of sense of direction and give some examples of
sense of direction that were already defined in the literature. The examples are: Carto-
graphic, Chordal, Sum, Contracted, and Neighboring Sense of direction. Then we define
two new labelling and show that they are also sense of direction. One of them is a general-
ization of a class that was already defined (chordal sense of direction), and the other one is

a mixture between two classes that were also defined before (cartographic and chordal sense



of direction). In the rest of the thesis, we focus on minimal sense of direction in regular
graphs. A sense of direction is said to be minimal if the number of labels used to label the

graph are equal to the degree of the graph.

We cover the relationship between minimal sense of direction in regular graphs and the
notion of the symmetry. When we talk about symmetry we refer to some regularity that is
verified by the nodes or the edges of the graph. We review some results that were already
shown in the literature. For example, it was shown that the notion of minimal symmetric
sense of direction coincides with the notion of surrounding symmetry and the notion of
Cayley graph with Cayley labelling [11, 17]. Then, we define two new notions: Labelled
cycle symmetry and Labelled vertex transitivity, and we show that they are equivalent to the
notion of the minimal symmetric sense of direction. After that, we present the relationship

between the different notions.

We also study non symmetric minimal sense of direction in regular graphs. We give sev-
eral properties of this type of labelling. In particular, we identify some necessary conditions
on the structure of a graph for minimal sense of direction to be verified. We also establish
a relationship among the nodes of a graph labelled with minimal sense of direction, and
show that it is an equivalence relation. We show that all the equivalence classes contain the
same number of nodes. Moreover, we show that many known topologies cannot be labelled
in this way. In doing so, we move some steps toward a simpler characterization of graphs

supporting minimal asymmetric sense of direction in the case of undirected graphs.

In the last chapter, we solve the problem of minimum chordal sense of direction. It is
the problem of finding the minimum number of labels needed in a graph such that it is
chordal sense of direction. We write two different programs in Java language, the first one
is a backtrack algorithm and it finds the exact solution to the problem, and the other one
is a genetic algorithm and it gives a near optimal solution. It is known that the problem of
minimum sense of direction is NP hard in general. That is why we limit ourself to writing

a program for just the class of chordal labels.



CHAPTER I1

BASIC DEFINITIONS

Sense of direction is a property of edge labelled graphs that has been extensively studied in
. graph theory and distributed computing. Informally, in an edge labelled graph, each node
2 associates a unique label to each of its incident edges. There is a sense of direction when
it is possible to understand from the labels associated to the edges whether different paths

from any given node z end in the same node or in different nodes.

In this chapter, we define the notions of edge labelling, path labelling, local orientation,
symmetric labelling, coding and decoding function, and then give the definition of sense
of direction. After that, we define local naming and redefine the coding and the decoding
function in terms of translation capability of local names. We also present some examples
of labelling that are sense of direction [20]: Cartographic, Polar, chordal , Sum, Contracted,
and Neighboring sense of direction. We provide new classes of labelling: General Group

labelling and Chordal-Polar labelling, and show that these labelling are sense of direction.

2.1 Definitions and Terminology

Let G(V, E) be an undirected graph, and £ be a set of labels. Let E(z) denote the set of

edges incident to a node z € V. A local edge labelling is any function
Az E(z) = L

which associates a label to each edge.

Let A = {)A; : z € V} be defined as the set of labelling functions. Given a labelling A

and a node z € V, let A, : P[z] — L£* be the path labelling function defined as follows:

for every path m € P[z] starting from z,

Aiv1 (7T) = [Az1 (3717 552), ey )\zm (mm, 5L'm+1)]



where © = [(Z1,%2), s (Zm, Tm+1))-

Let A fe] = {As(m) : 7 € Pla} and A nfz, o] = {Ae(r) : 7 € Pla,y]}.
Definition 2.1.1. (Local orientation)
A labelling X is a local orientation if Ve1,e2 € E(z),
Az(e1) = Az(e2) < e1 = ey,
where \g(e1) is the label that z associates to the edge ey.
In other words, if we have local orientation, any node x can distinguish between its
incident edges.
Definition 2.1.2. (Symmetric labelling)
A labelling X is called symmetric when :
Vz,y,21,91 €V, (z,9) €E, (z1,1) € E,
Aa(2,Y) = Aay (21,51) <= Ay(¥,T) = Ay, (41, 71).-
We also say that a pair of labels [, I’ are symmetric when:

Y(z,y) € E A(z,y) =1 = N(y,z) =1
When a labelling is symmetric, we also say that A has edge symmetry.

Definition 2.1.8. (Coding function)

A coding function ¢ for a labelling X is any function with domain L* such that :
Vz,y,z €V, Vm € Plz,y], w2 € P[z,z],
c(Az(m)) = c(Az(m)) &=y =2
We shall denote by N the codomain of c.

In other words, a coding function maps paths originating from the same node to the
same value if and only if they end up in the same node. In all what follows, when we

will be talking about the path labelling which labels are [a1, a2, .., as], we will denote it by

[a1, a9, .., an] and its coding by c([a1, a2, .., an]).

10



Definition 2.1.4. (Weak sense of direction)

A system (G, ) has weak sense of direction if and only if it has a coding function.

Definition 2.1.5. (Decoding function)

Given a coding function c, a decoding function d for ¢ is any functiond : Lx N — N

such that:

Ve,y,2 €V, with (z,y) € E(z) and w € Ply, 2|,

d()\x(IL‘, y)7 C(Ay('”))) = C()\w(ﬂf, y) o Ay(”))
where o is the concatenation operator.

Definition 2.1.6. (Sense of direction)

A system (G, \) has a sense of direction if and only if the following conditions hold:

1. There exists a coding function c.

2. There exists a decoding function d for c.

We say also that (c¢,d) is a sense of direction for (G, \). If no ambiguity arises, we say

that A is a sense of direction.

The definition of both coding and decoding function can be restated in terms of ”trans-

lation” capability of local names.

Each node z refers to the other nodes using local names from a finite set N called
name space. Let B;(y) be the name associated by z to y. These local names are not
necessarily identities, as the system could be anonymous. The family of injective functions
B={B:V = N :z eV} wil be called a local naming of G, then the definition of coding

and decoding function can also be defined as follows:

Definition 2.1.7. (Coding function)

A coding function ¢ of a graph (G, )\) endowed with a local naming B is any function

such that:
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Vz,y € V,V7 € Plz,y],
C(Az (7)) = Be(y).
In other words, a coding function translates the sequence of labels of a path from z to

y into the local name that z gives to y.

Definition 2.1.8. (Decoding function)
Given a coding function c, a decoding function d for ¢ is any map such that:

Vz,y,z €V, (2,y) € E(),
d(Az(2,y), By(2)) = Bu(2).
In other words, if a node z knows the name that y is giving to 2, By(z), and the label
Az(z,y), then z can translate that into its own local name f£;(z).
Definition 2.1.9. (Sense of direction)
A sense of direction (c,d) in (G, \) is symmetric if A is symmetric.
Definition 2.1.10. (Homonymous sense of direction)

A sense of direction (c,d) in (G, A) is homonymous if

‘v’m,y, B.’E('T) = /By(y)

In other words, in a homonymous sense of direction, the coding function applied to any

two cycles give the same value.

Property 2.1.1. In undirected graphs, a sense of direction is homonymous if and only if

it s symmetric.
After we have presented all the above definition, we show that local orientation and

edge symmetry are not sufficient for a sense of direction.

From Figure (1), we see that local orientation and symmetric labelling does not imply
a sense of direction in the cube. For example, from node A we have ¢([1]) = ¢([3, 2, 3]) but

from node B we have ¢([1]) # ¢([3,2, 3]).

12
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Figure 1: £O and edge symmetry are not sufficient for SD.

2.2 FExamples of Sense of Direction

In the following, five classes of sense of direction are discussed: Cartographic, Chordal,

Sum, Contracted, and Neighboring sense of direction.
2.2.1 Cartographic Sense of Direction

A cartographic sense of direction is any sense of direction SD which uses properties of an
embedding of G = (V, E) in the plane. Instances of Cartographic SD are: coordinate SD,
and Polar SD [20].

Definition 2.2.1. (Coordinate sense of direction)
Given an embedding of G in the plane , X is a coordinate labelling if and only if:
Y(u,v) € E(u),
Au(u,v) = (21 — %0, Y1 — Yo),

where (zg,yo) and (z1,y1) are the coordinates of u and v, respectively in the embedding.

Note that the labels are elements of R?.
We define the coding of the coordinate labelling as follows:

Vi = [(uo, u1), (U1,u2), oy (Um—1, Um)] € Pluo, um], where u; = (z;,y;),

c(Auo (M) = c([(Z1 — 20, Y1 = Y0)5 ) (T, Tm—1, Ym — Ym-1)]) = (Z T — Ti_1, Zyi —Yi—1)-
=1 =1

We define the decoding function of the coordinate labelling as follows:

V(ug,u1) € E(ug),Vm = [(u1,u2), ..., (Um—1,Um)] € Plui], where u; = (z;,y;),

13



d( Ao (uo,u1), C(Aul (7)) = (Tm — %o, Ym — Yo)-
Example of a Coordinate Sense of Direction

Consider the graph of Figure 2 with four nodes u1,us,us,us that have as coordinates:
up = (1,0), ug=(3,2), uz=(-1,1), ug = (—2,—2). If we take the paths m = [u1,ug,us]

and 7y = [uy, u4,u3] we have that: ¢c(A(m1)) = ¢(A(me)) = (=2, 1).

/ R

/“- =10

Figure 2: Example of a Coordinate Sense of Direction.

Definition 2.2.2. (Polar sense of direction)

Given a graph (G, )) in polar representation, A is a polar labelling if and only if:

V(z,y) € E(z),

)\z(.’L‘, y) = Qgy,

where oy is the angle under the arc (z,y).

We define the coding function for the polar labelling as follows:

Vr € Plzo], ©=[(®0,21),(z1,22), ., (Tm=1,Zm)],
m—1
c(Azo (m) = c([amozvamlzza ooy azm—lzm]) = Z Czizip mod (27).
=0

We define the decoding function for the polar labelling as follows:

V(zo, 1) € E(zo), Vm = [(z1,22), ..., (Tm-1,Zm)] € P[z1],

d(Aro (CEOvml)ac(A:m (71'))) = (az‘orl + C(Axl (W))) mod (277)'
Example of a Polar Sense of Direction
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Consider the graph of Figure 3 with four nodes uy, u2, u3, w4, where oy, y, = 7/2, ayu; =
77/6, and ay,y, = 117/6. If we take the paths m; = [u1,ug,us] and 7y = [uq,u4,us], we

have that: ¢(A(m)) = c(A(mg)) = Tr /6.

N
s

Figure 3: Example of a Polar Sense of Direction.

2.2.2 Chordal and Sum Sense of Direction

In the following, we define the Chordal and the Sum labelling, then we present the coding
and the decoding functions for those labelling.

A Chordal labelling of a graph G = (V, E) with |V| = n is defined by fixing a cyclic
ordering of the nodes and labelling each incident link by the distance according to this

ordering [20].

Definition 2.2.3. (Chordal sense of direction)

Let v:V = V be a successor function defining a cyclic ordering of the nodes of (G, \),
and let 6 : V. xV — {0,...,n — 1} be the corresponding distance function; ie., 6(x,y) is
the smallest k such that ¥*(x) = y. The labelling )\ is a chordal labelling if and only if
V(z,y) € E(),

Am(ma y) = 6(1')1[/)'

In other words, « is the function defining the cyclic ordering of the nodes, which means
that different chordal labelling arise from different functions . Note that if z; is labelling

the edges (z;, ;) by a label d, then z; is labelling the edge (z;, z;) by the label n—d, where
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n is the number of vertices of the graph.

We define the coding function for the chordal labelling as follows:

Vr € Plzg], 7= [(z9,21),(21,22), s (Zm-1,Zm)],

m—1

e(Bao(m)) = 3 Xai(®ir 3i1)  mod (n).
i=0

We define the decoding function for the chordal labelling as follows:
V(zo,71) € E(z0), V7 =[(z1,22),..., (Tm-1,Tm)] € Plz1],
d(Agy (20, 71), c(Ag, (7)) = (Ao (0, 1) + ¢(Ag, (7)) mod (n).

Example 2.2.1. Consider the example of Figure 4. Let us denote the node 7 by z;. The
paths [2,1,1),[3,1],[1,2,1] from z( to z4 have the same coding function. In fact:

c([2,1,1))=(2+1+1) mod (6) = 4.

c([3,1])=(3 + 1) mod (6) =4.

c([1,2,1])=(14+2+1) mod (6) = 4.

The nodes have also a consistent decoding function. For example, the coding function
from ¢ to z4 is 4. If 25 knows the coding that x( gives to z4 and since it knows the label

that it gives to zp, which is 4 , 9 concludes its coding to node z4 by applying :

d([4,4])=(4 +4) mod (6) = 2.

Figure 4: Example of Chordal Sense of Direction.

Informally, the sum sense of direction is defined as follows: in a graph with sum sense

of direction, fixing a source node z and a destination node y, all the paths from z to y are
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such that the sum of their labels is identical. On the other hand, taking any path from z
to a node other than y, the sum of the edge-labels is different. More formally,
Definition 2.2.4. (Sum sense of direction)

Let S be a set of rational numbers, and a a string in S* where o = oy, aq, ..., . Let

> () be the sum of all the .

The system (G, \) has a sum sense of direction when there exists a coding and decoding

functions such that:

1. Vz,y € V,V7 € P[z,y),

2. Vz,y,z €V, with (z,y) € E(z) and = € Py, z|,
d(Az(z, ), c(Ay () = Aa(z, y) + c(Ay(m)).

Example 2.2.2. Consider the graph of Figure 5. If we take the two different paths [5,10]
and [30,-15] between the nodes z and y and calculate the coding function using the sum
sense of direction, we get:

c¢([3,8])=5+10=15.

c([28,-13])=30-15=15.

For the decoding function, if we take the path labelling [5,10] between z and y, and the
edge labelling A,(z,z) = —30, we have:

d(—30,¢([5,10])) = —30 + 15 = —~15.

Note that the sum labelling can be easily constructed in the same way as a chordal
labelling. To label a graph using the sum labelling, we assign different values to the nodes

of the graph and label each incident link by applying the subtraction on the values of the

incident nodes.
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Figure 5: Example of a Sum Sense of Direction.

2.2.3 Contracted Sense of Direction

Given a sequence a € L*, the contraction of « is the sequence @ of labels obtained from « by
deleting every pair of symmetric labels [ and !’, and lexicographically sorting the resulting

sequence.

Definition 2.2.5. (Contracted sense of direction)

A labelling A with edge symmetry is contracted if and only if

Vz,y € V, Vr1,m € Plz,y],

Ag(m1) = Ag(ms).
In other words, if A is contracted, then all the sequences of all the paths from z to y

have the same contraction.

We define the coding function for the contracted labelling as follows:

Vr € Plzo], ©= [(zo,21),(z1,22); s (Tm—1,ZTm)],

C(Awo (m)) = Azozm-

We define the decoding function for the contracted labelling as follows:

V(zg, 1) € E(z0), V7 = [(Z1,22), (Tm—1,2Zm)] € Plz1],

d(Axo('Tval)aC(Aml ("T))) = Az‘o(l‘()vml) o C(Am (W))

where o is the concatenation operator.
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Example of a Contracted Sense of Direction

Consider the mesh of Figure 6 with the traditional compass assignment of labels £ =
{North, South, East, West}. Consider the two paths m; and 7y from z to y with Ay(m) =
[North, East, South, South] and Agz(wy) = [West, South, East, FEast]. The

contraction of both A, () and Ay (my) is [East, South).

W W

Figure 6: Example of a Contracted Sense of Direction.

2.2.4 Neighboring Sense of Direction

Definition 2.2.6. (Neighboring sense of direction)

Given a graph (G, ), X is a neighboring labelling if and only if:
V(z,y) € E(z), (z,w) € E(2),

Az(z,9) = Ay (z,w) if and only if y = w.

In other words, in a neighboring labelling all the links ending in the same node x are
labelled with the same label which we denote by l(z). It was shown in [20] that (G, )) has a

sense of direction.

We define the coding function for the neighboring labelling as follows:

V7 € Plzo], 7= [(®0,21),(21,22), ., (@m—1,Zm)],
(Ao () = Az s (Fm—1,Tm)-

We define the decoding function for the neighboring labelling as follows:

Y(zo, 1) € E(zo), Y7 =[(z1,%2), ) (Tm—-1,Zm)] € Plz1],
d(>‘20 (xO,ml)a C(Al‘l('fr))) = C(Aml (7T))
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Example of a Neighboring Sense of Direction

Consider the graph of Figure 7 with four nodes w1, us,us,us. If we take the paths

7 = [ug, u3, us] and w2 = [ug, us] we have that: ¢(A(m1)) = c(A(mq)) = 3.

(8]

Figure 7: Example of a Neighboring Sense of Direction.

2.3 New Classes of Sense of Durection

In this section, we describe other types of labelling that create sense of direction.
2.3.1 General Group Labelling

We describe a generalization of Chordal labelling. The idea behind this, is that instead of
labelling the edges using elements of Z, we will choose elements of any group. The idea
of using the elements of a group to have sense of direction was done before in [39] but in
another way. The author of the paper has used the addition operation in a group and the
result works only for abelian groups. The sense of direction that we propose in this thesis
uses the multiplication operation in a group and works for any group, abelian or not. In
fact, we give an example of how to label the permutation group which is not an abelian

group using our generalization of chordal sense of direction.

Definition 2.3.1. (General group labelling)

Let G = (V, E) be a graph with |V| =n and (G, ") be a group with |G| =n. Letp:V =G
be a bijection that associates to each vertex of V an element of G. Let § : V xV — G be

the function defined as follows:

V(z,y) € E, §(z,y) = o(z).0(y) .
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The labelling X is a general group labelling if and only if, V(z,y) € E(z),

Ae(z,y) = 6(z,y).
Theorem 2.3.1. Let (G,\) be a graph with a general group labelling, then (G, ) has a

sense of direction.

Proof. Consider the coding function ¢ defined as follows:

Vr € Plzo), 7= ((zo,%1),(Z1,22)s., (Tm=-1,Tm)),

c(Ago (7)) = c([Azo (Z0s 1)y Az, (1, 22), o0y Az 1 (Tm—1,Zm)])
=[] Xai (i, 2i0),

the product being in G. It follows that

(Ao (M) = p(20) - p(2m) ™" = (20, Tm) = o (zm).
We now consider the following decoding function d:

V (z0,y0) € E(zo), V€ Plyo),
d(Azo (0, %0), c(Ayo ())) = Azg (Z0,Y0) - c(Ayo (),

where the multiplication is in the group G. Then:

d(Axo(an yO), C(Ayo(ﬂ'))) = 5(:1,‘0, iL‘m) = Beo (mm)
Thus, (G, A) has a sense of direction. O

Example of a General Group Sense of Direction

As an example of a general group sense of direction we use the permutation group and

we show how to label a graph with the elements of this group. We take
S3 = {(1)(2)(3), (12)(3), (13)(2), (1)(23), (123}, (132)}.

Consider the graph of Figure 9. By calculating the labels of the edges based on the
multiplication table, we obtain the labelled graph of Figure 10. If we take the paths 71 =

[z1, %2, z3] and mp = [z1,z5, x3] we have that:
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Figure 8: Labelling the nodes of the graph using the permutation group Ss.

U243

Figure 9: A graph that we want to label using a General Group Sense of Direction.

M3

(132)

(123)

13

{1%23)

M)B) | (12)3) | (13)(2) | (HE3) | (123) (132)
(12)3) | W2)B) | (12@E) | 13)(2) | (1)(23) | (123) (132)
(12)(3) | (123) | MH@E) | (123) (132) | (13)(2) | (1)(23)
(13)(2) | (13)(2) | (132) | (M2)@E) | (123) | (1)(23) | (12)(3)
(1)(23) | (1)(23) | (123) (132) | (H2)B3) | (12)(3) | (13)(2)
(123) (123) | ()(23) | (12)@) | 1B)(2) | (132) | (H)(2)(3)
(132) (132) | (13)(2) | (D(23) | (1@) | M)(3) | (123)

Table 1: The multiplication table of Ss.

c(A(m)) = (12)(3) - (123) = (13)(2).
c(A(mz)) = (132) - (12)(3) = (13)(2).
Then, c(A(m1)) = c(A(m2)).

For the decoding function, if we take the edge (25, 1) and the path 7 = [z1, z2, 73], we

have that:
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(132)

@uza) ey e 12 @

Figure 10: Labelling the edges of the graph using a General Group Sense of Direction.
d(Azs (5, 71), c(A(m)) = (123) - (13)(2) = (12)(3).
2.3.2 Chordal-Polar Sense of Direction

Definition 2.3.2. (Chordal-Polar sense of direction)

Let G = (V,E) be a graph and ¢ : V — R be an embedding of V in R such that:

Vz,y €V, z#y= (p(z) mod n)# (¢(y) modn) where n=|V]|.
For every z € V, let §(z) = e2m(@)/n

the Chordal-Polar labelling is defined as follows: \z(z,y) = 6(z)/d(y).

Note that § acts as if the vertices are on the unit circle. This labelling is useful if want
to work with nodes that are on the unit circle but the nodes that we have are not originally

on a unit of a circle. We put the condition:
Vz,y €V, z#y=>(p(z) modn)+# (p(y) modn) where n=1V|,

so that each two nodes that have different real values assigned to them, will have different

locations on the unit circle.

Theorem 2.3.2. Let A be a Chordal-Polar labelling and Yz,y € V, let Bz(y) = d(z)/d(y),

then X\ is a sense of direction.

Proof. To verify that it is sense of direction, consider the coding function ¢ defined as
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follows:

Vm € Plzo), 7= ((x0,21),(21,%2), s (Bm=1,Zm)),
C(Amo (ﬂ)) = c([)‘zo (130,.’171), >\:c1 (1'1,11,’2), 1) )\mm—l (mm-—l’ :L'm)])

= [T i (@i, zis).

It follows that
c(Ago(m)) = 2T CEmDIN — §(50) [5(21m) = Bao (Tm).
Consider the following decoding function d:
V(z0,10) € E(wo), V7 € Plyo],

d(Azo (€0,0), c(Ayq (7)) = Azo (0, Y0) X c(Ay, (7).
It follows that
d(Azo(20,Y0), c(Ayo (7)) = 6(20)/8(2m) = Bao(%m)-
Then, (G, \) has a sense of direction.
Example 2.3.1. Consider the graph of Figure 11 with real numbers associated to each
node such that those values verify the condition:
Vz,y €V, z#y = (¢(zx) mod n)# (p(y) mod n) where n=1V|.
We calculate §(z) for each z € V and put those values on the unit circle. We have that:
al = 6(a) = /5,
bl = §(b) = e?™/5,
cl = §(c) = e¥m/5,
dl = §(d) = eSm/5,
el = 6(e) = e™.
Figure 12 shows the result of this operation.

We give some examples of the coding and the decoding function for the Chordal-Polar

sense of direction.
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Let m = [al,b1,€el], ma = [al,bl,cl,dl, el], m3 = [al,el], w4 = [al,bl], m5 = [al,cl].

The coding of the path labelling Agi(71), Ag1(m2), Ag1(m3), Ag1(74), Ag1(ms) are calcu-
lated as follows:

¢(Aa1(m1)) = c(Aqg1(m2)) = c(Ag1(m3)) = €¥7/5,

c(Ag1 (mq)) = 27/5,

(A1 (7)) = e™/5,

And the decoding of the path which starts in b1 and ends in el is calculated as follows:

A, (b1,1), c(Aa1(m))) = Gz x 75 = 75,

a(2) b(6)

€(5/2)

c(3/2)
d@®)

Figure 11: Placing the new values of the nodes on the unit circle.

7N
L/

Figure 12: A graph with real values associated to each node.



CHAPTER II1

SYMMETRIES AND MINIMUM SENSE OF DIRECTION

A minimum sense of direction is a labelling that is sense of direction and uses the smallest
number of labels. The number of vertices is a trivial upper bound for the number of labels
and it can always be achieved by using the chordal labelling. The maximum degree A is a
trivial lower bound because any sense of direction is a local orientation, and to have local
orientation at least A different labels are needed. A graph has minimal sense of direction
whenever it has sense of direction and the number of labels is equal to its maximum degree.
Minimum and minimal sense of direction have been extensively studied and a complete
characterization of graphs having minimum sense of direction has been given in [11, 17] in
the case of sense of direction with edge symmetry. In particular, it has been shown that
there is a strong relationship between some common notions of symmetries in graphs and

minimal sense of direction.

In this chapter, we first introduce some notions of symmetries in unlabelled and labelled
graphs. Then, we review the results on minimal sense of direction in graphs with edge
symmetry. When describing the relationship between different symmetries, we also close
an open problem by establishing two new relationships. The first one is between ”labelled
cycle symmetry” and minimal sense of direction, and the second relationship is between
?labelled vertex transitivity” and ”surrounding symmetry”. In what follows, we define the
notion of vertex tranmsitivity, cycle symmetry, Cayley graph, view, surrounding, labelled
vertex symmetry, labelled cycle symmetry, and then present the relationship among those

notions.
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3.1 Unlabelled Symmetries

In this section, we define some common symmetries in unlabelled graphs. In all what
follows, when we will be talking about labels a, b such that A;(z,y) = a and Ay(y,z) = b
for some nodes = and y, we will denote by (a,b); the fact that the pair of labels (a,b) is
incident on node z. We also consider only regular graphs. When no ambiguity arises, we
simply denote G = (V, E) with degree d by G.

First, we recall the notion of a vertex automorphism of a graph.
Definition 3.1.1. (Vertez automorphism)

A vertex automorphism of G = (V, E) is a bijection V : V — V such that:

(V(u),V(v)) € E if and only if (u,v) € E

The automorphisms of G together with the composition operation form a group Aut(G)

that we shall call the automorphism group of G.
Definition 3.1.2. (Vertez transitive)

G = (V,E) is vertezx transitive if the automorphism group of G, Aut(G), is transitive

over V, in other words, if Yu,v € V, 3Ja € Aut(G) such that a(u)=wv.

For any node z € V, we denote with Cy[i] the number of simple cycles of length ¢ to

which z belongs.
Example 3.1.1. The graph of Figure 13 is an example of vertex transitive graph.

We can see that by considering the two subsets S = {a,b,¢,d, e} and S’ = {f,g,h,1,7}.
If we are looking for an automorphism « such that a(z) =y where z,y € Sor z,y € §', a
simple rotation of the graph shows that such an automorphism exists. On the other hand,
if we are looking for an automorphism « such that a(z) =y and where z € S’ and y € S,
we can always find it by applying simple rotations and using the automorphism o' defined
as follows: o/(a) = f, &'(b) =1, d&/(c) = g, &'(d) = j, &(e) = h, d(f) = a, '(g) = d,
o'(h) = b, &' (i) = e, &'(j) = ¢, see Figure 14. Note that with o/, the set S will be inside
the graph and S’ will be outside it. We can apply the same process if we are looking for an

automorphism « such that a(z) =y where z € Sand y € §’.
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Figure 14: A permutation of the nodes in Peterson graph.

Definition 3.1.3. (Cycle symmetric)

G = (V, E) is cycle symmetric if and only if:
VieN, Vz,yeV, Cifi] = Cyli].

In other words, a graph is cycle symmetric when all the nodes belong to the same number
of simple cycles of the same length. The cycles C,,, the complete graphs K,, and the

hypercubes H, are all examples of cycle symmetric graphs.

It was shown in [21, 25] that vertex transitivity is necessary but not sufficient condition

for cycle symmetry.
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3.2 Labelled Symmetries

In this section, we define some symmetries in labelled graphs. First we remind the notion
of Cayley graphs. Given a set of generators §2 for a finite group (T,-), a Cayley graph is
a graph Gr = (V, E), where the vertices correspond to the elements of the group (V =T
and the edges correspond to the action of the generators; that is (z,y) € E if and only if
dg € @ z-g =y, where - is the group operation. The set of generators is closed under
inverses, so we can consider the graph undirected. The natural labelling A for a Cayley
graph Gr is the following: VY(z,y) € E(z), A\z(z,y) = g, where g is the generator such that

y = z - g. In the following, we shall call this labelling Cayley labelling.

We now define the notion of view and view symmetry. Informally, the view T(¢ 5 (v) of
a node v in a labelled graph (G, ) is an infinite, labelled, rooted tree ”downward locally
isomorphic” to G, such that there exists a mapping from the vertices of the tree to the
vertices of G that maps the root of the tree to v, the children of the root to the neighbors of
v and recursively, the children of a node to the neighbors of that node. When no ambiguity
arises, we shall denote a view T(g x (v) simply by T(v). For any integer i >0, let T (v)
denote the i-view of node v, i.e., T'(v) truncated to distance 7, where distance is defined in

terms of edges, see Figure 15.

Figure 15: Example of a graph and its 2-view from node a.

More formally, the definition of the view is the following:
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Definition 3.2.1. (View)

Given a labelled graph (G = (V, E), \), the i-th view of v € V is a rooted tree, (T;(v), \')

defined recursively as follows:

TO(U) = ({('0763 0)}7®)a
Ti(v) = (V(Ti-1(v)) U X3, B(Ti-1(v)) U YG),

where
Xi = {(x,y,z)l(y,a:) € E(G) and ay’ such that (yaylai - 1) S V(Ti—l(v))}a

1/1' = {((ZL‘,y,’L - 1)7 (xl,m,i))l(z,y,i - 1) € V(E—l(v)) and ($l1$7i) € Xz}a
where the edges are labelled as follows:

!

);

Nogin (@9, = 1), (&, 2,1)) = Aoz,

and

! !

)\(w,,w’i)((m',m,i), (z,9,5 — 1)) = Ay (a, ).

Every vertex in T;(v) is of the form (z,y, %), where z corresponds to the vertex z in G.
y corresponds to a neighbor of z in G and 7 is the distance of the node (z,y,4). Note that
y is the father of z in the rooted tree. We include the distance to distinguish among the

vertices of the tree.

We recall the notion of labelled graph isomorphism.

Definition 3.2.2. (Labelled graph isomorphism)

Let (G = (V,E),\) and (G' = (V',E),\) be two labelled graphs. A labelled graph

isomorphism (lg-isomorphism) of (G,)) in (G',X) is a bijection o : V — V' such that:

1. (a(u),a(v)) € E" if and only if (u,v) € E.

2. du(u,v) = )\;(u)(a(u),a(v)).
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An isomorphism from (G, ) to (G, A) is called an automorphism in (G, ).
Definition 3.2.3. (Same view)

Two vertices u and v have the same view if and only if Vi € N,
1. there is a bijection ¢ : V(T;(u), \) — V(Ti(v), A) such that: ¢(u,e,0) = (v,¢,0).
2. (T;(u),A) and (T;(v), \) are isomorphic.

Let £ be a finite set, and L* be the set of strings of element of £ including the empty
string €. In a system (G, A) with local orientation, let (_G”)\) : V x L* = V be the partial
function defined as follows: (_G”/\) (v,a) = w & 31 € Plv,w] A Ay(1) = a. The function @)
is well defined because, with local orientation, two paths starting from the same node are
the same if and only if their labels are the same. When (G, A) is clear from the context,
we denote EA) with —. Let £% C L£* be the set of strings of length at most d, and
A?G’A)[z,y] = A nlzyl N £4, and A‘(iG’)\) [z] = UyevA%z,y]. For each a € A‘(iG,A)[u], let
[[a]]ﬁ = A‘(iG’A) [u,u(_G‘,’)\)a] (or [[a]] when u and d are given).

We now define the notion of surrounding and surrounding symmetric. Informally, the
surrounding N(da N (u) of a node u in (G, A) is the labelled graph lg-isomorphic to G, where
the lg-isomorphism X, maps each node v € V' to the set of strings Afu,v] and u to the set
of strings Afu,u] U {e¢}, where ¢ is the empty string.

More formally, we define the notion of surrounding as follows,

Definition 3.2.4. (Surrounding)

Given a labelled graph (G = (V,E), ), an integer d > 0, and a node u € V, the d-
surrounding of u is the labelled graph N(dG,A)(u), where V(N4 (u)), E(N%(u)), and L((N%(u))
denote the vertices, the edges and the labelling of N%(u), respectively, which are defined as

follows:

1. V(NVU(w)) = {[lolld : o € A nful}.

2. Given o and B, ([[]]2,[[B]12) € E(N(w)) if and only if e = (u = o,u — B) € E and
d(u,e) < d. The edge e will be called the corresponding edge of ([[a])¢, [[B]]2).

31



8. LN (w))a) ([l [[B])) = Aumalu = a,u = B).

Figure 16: A labelled graph and its 2-surrounding from node a.

Definition 3.2.5. (Si-symmetric)

A labelled graph (G, N) is Si-symmetric when there are k classes of nodes such that two
nodes have the same surrounding if and only if they are in the same class. In particular, a

graph is said to be surrounding symmetric if all the nodes have the same surrounding.

Definition 3.2.6. (Labelled vertez transitive)

A system (G = (V, E), ) is called labelled vertezx transitive (L-vertex transitive) if and

only if for every two nodes z,y in V there exists a labelled graph automorphism o such that
y = a(z).
Definition 3.2.7. (Labelled cycle symmetric)

A system (G, ) is called L-cycle symmetric if and only if all nodes of G belong to the

same number of simple cycles with the same labelling.

For example in Figure 17, from nodes A, B, C, D, the simple cycles of length 3 are
[1,3,1], [2,3,2], [3,1,1],[2,2,3],]1,1,3], [3,2,2]. Then considering cycles of length 3, nodes

A, B, C, D belong to the same number of simple cycles with the same labelling.

Proposition 3.2.1. Given a system (G, \), where X is a local orientation, assume that we
can label G using the minimal number of labels. If (G, N) is L-cycle symmetric, then X is

symmetric.
Proof. Assume (G, ) is a L-cycle symmetric . For all the nodes of G, we have the same
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Figure 17: Example of L-Cycle Symmetric.

cycle labelling of length 2. In other words, for all z,z1 € V, (a,b); if and only if (a,b),,

where a,b € L. Since A is a local orientation, we have:

V$7y7$1ayl € V7 with (iL‘,y) € E? ('Tlayl) S
Az(2,Y) = Azy (31, 91) <= My(y, 2) = Ay, (1, 21).

Then, A is symmetric. O

3.3 Relationship Between The Different Notions

In this section, we state the relationships that were already proven among some notions
of unlabelled-unlabelled symmetries, unlabelled-labelled symmetries, and labelled-labelled

symmetries. We then provide other relationships introduced in this thesis with their proofs.

It has been shown that:

Vertex transitivity is necessary but not sufficient to have cycle symmetry [21, 25].

e (G, ) is view symmetric if and only if G is regular and X is both minimal and sym-

metric [17].

o View symmetry is a necessary but not a sufficient condition to have S;-symmetry [18].

Cayley graphs are vertex transitive, but not all vertex transitive graphs are Cayley

graphs [1].
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e If (G,)\) is a regular undirected graph with minimal symmetric labelling, then the

following statements are equivalent [17]:

1. (G, ) has a weak sense of direction.
2. (G, A) has a sense of direction.
3. (G, ) is a Cayley graph with Cayley labelling.

4. (G, A) is Si-symmetric.

e If (G, ) is a regular directed graph with minimal labelling then the following two

conditions are equivalent [11]:

1. (G, ) is Homonymous.

2. (G, )\) is a Cayley graph with Cayley labelling.

The results in [11] are a bit more general than the ones in [17] because they apply to
directed graphs. In [7], a full characterization of directed graphs with minimal sense of
direction has been given. It was shown that a regular graph (G,)\) has a minimal sense
of direction if and only if G is the graph of a semi group S that is a direct product of a
group and a ”Left-Zero” semigroup, and A corresponds to the generators of S. The graph
of a semi group is the graph where the nodes correspond to the elements of the semigroup
and the edges correspond to the action of the generators. This characterization extends the
one of [11] for homonymous sense of direction and the one of [17] for symmetric sense of
direction in undirected graphs. In other words, it includes also directed graphs that are not
homonymous extending [11], and in the case of undirected graphs, it includes the ones with

no edge symmetry extending [17].

In the following, we establish new relationships among different notions mentioned be-
fore. Notice that, with a non symmetric labelling, L-cycle symmetric is not necessary for
minimal sense of direction. In Figure 18, we have a system which is a sense of direction
but not L-cycle symmetric. For example, the cycles labelling of length 2 from node A are:

[a, a],[b, a], but from node c the cycles labelling of length 2 are: [a, b],[b, b].
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Figure 18: Example of non symmetric minimal sense of direction.

Theorem 3.3.1. Given a system (G, \) where A is a symmetric minimal labelling, and

local orientation. (G, ) has a sense of direction if and only if (G, \) is L-cycle symmetric.

Proof.

= By contradiction: assume that (G, \) is not L-cycle symmetric, and suppose that (G, \)

has a minimal sense of direction.

Since (G, A) is not L-cycle symmetric, there are two nodes z and y in G such that = has a

cycle labelling [A\z(z, Z1), Az, (Z1,22), ---; Az, (Zn, )] but y does not have this cycle labelling.
Let Az(z,z1) = a and A, ((z,z,), (Tn, Tn-1), ..., (T2, 1)) = . Since (G, A) has a minimal
sense of direction and the labelling is symmetric, we have that :
c(a) = ¢(a), (1)
where ¢ is the coding function.

Since the graph is d-regular and A is minimal, there exists an edge (y,y1) such that
M(y,91) = a, and a path 7 starting from y, such that Ay(7r) = o. But since y does
not have the cycle labelling [Ay(z, z1), Az, (21, Z2), ..., A, (Tn, T)], it must be : c(a) # c(a),

contradicting (1).

<= Proving that (G, ) has a sense of direction is the same as proving that (G, ) is
Sy-symmetric since the two notions: sense of direction and S1-symmetric are equivalent.

We need to show that:

[[o]]u = [[a]]v for all u,v € V,a € L.
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Let B € [[a]]y, that is, 8 is a path labelling from u to u — « . Then, .o~ ! is a cycle
at the node u. Since (G, )) is L-cycle symmetric, 8.1 is a cycle also at the node v. Then,
(B.a7!). is a path from v to v — «, which means that 8 € [[a]],. Hence, [[a]]. C [[@]]y-
Similarly, [[@]]y C [[¢]])s- It follows that: [[a]], = [[a]]y for all u,v € V,a € L*. Therefore, A

is a sense of direction. O

Notice that the property of L-cycle symmetric can be used to test if a regular graph with
a minimal number of labels is a sense of direction. For example, the labelling of Peterson
graph of Figure 19 is not a sense of direction. In fact, if we start from node A and follow the
path labelling [2,3,1,3,2], we get a cycle (see Figure 19). But if we follow the same path

from node G, we do not get a cycle. Then, the property of L-cycle symmetric is violated.

Figure 19: Verifying sense of direction using L-Cycle Symmetric properties.

In the following theorem, we present the relationship between L-vertex transitive and

S;-symmetric. First we present some lemmas and then proceed to the theorem.

Lemma 3.3.2. If (G,)\) is L-vertez transitive then Yu,v € V,

Proof. Since (G = (V, E), A) is L-vertex transitive, there exists an lg-automorphism ¢ of G

such that Yu,v € V, ¢(u) = v. Let Alu,u'] € V(N(u)). Since ¢ is a lg-automorphism,
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Alu,u'] = Alp(u), ¢(u')], and since @(u) = v, it follows that Afp(u), o(u)] = Afv,e(u)] €
V(N (v)). Hence, Afu,u'] € V(N (v)).

On the other hand, Afu,u] U {e} = Alp(u), p(u)] U {e} = Alv,v] U {e} € V(N(v)). We
conclude that V(N (u)) C V(N (v)). Similarly it can be shown that: V(N (v)) C V(N(u)).
Thus V(N (u)) = V(N (v)) O

Lemma 3.3.3. If (G, )\) is L-vertez transitive, then Vu,v € V,

Proof. Since (G = (V, E), A) is L-vertex transitive, there exists a lg-automorphism ¢ of G
such that Vu,v € V, ¢(u) =v. Let (Afu,u’],Alu,u"]) in £(N(u)). From the definition of
surrounding we have: (u',u") € E. Since ¢ is a lg-isomorphism, we have (o(u'), p(u")) € E.
From the definition of surrounding, we conclude that (A[v, p(u')], Ao, o(u'])) € E(N(v)).
Since p(u) = v, (Alp(w),p(w)], Alp(u),o(u’])) € E(N(v)). Hence, (Alu,u],Afu,u"]) €
E(N(v)) because ¢ is lg-isomorphism. Finally, E(N(u)) C E(N(v)).

Similarly, it can be shown that: £(N(v)) C £(N(u)), and thus, E(N(u)) = E(N(v)). O

Lemma 3.3.4. If (G, )\) is L-vertez transitive, then:
Yu,v,u,u" €V such that A\ X, X' are respectively the labelling of G, N(u), N(v),

I " 1

Alu,u ], Alu,u ]) = )\A[u,u’](

1

A[u,u'](

7

A Alu,w'], Alu,u' ).

Proof. Since (G = (V, E), A) is L-vertex transitive, there exists a lg-automorphism ¢ of G

such that Yu,v € V. p(u) =v.

Let XA (Alu,v'],Alu,u"]) € L(N(u)). From the definition of surrounding, we have

(]

A Alu u,](A[u, u],Alu,u’]) = Ay (u',u’"). Moreover, because ¢ is a lg-automorphism, we have

A (0 u") = Xy (0, 0(u"))

"

= AA[’U,(p(u,)] (A[U’ <p(u’)], A[Ua (P(u”)]) € ﬁ(N(’l)))

"

= Xy ooy (AP (), 0 )] Alip (), ()
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= )\A[u’u,](A[u,u L, Alu,u])

Thus: A'A[u,u,](A[u, u'],Afu,u’]) = A (A, u'], Afu,u"]) 0

"
Afu,u’]

Theorem 3.3.5. (G, \) is L-vertez transitive if and only if (G, )\) is Si-symmetric.

Proof.

<= Assume that (G,}\) is Si-symmetric. Let u,v be two arbitrary vertices in G. We
construct a labelled graph automorphism ¢ of (G, A) such that ¢(u) = v.

Since (G, )) is S1-symmetric, we have N (u)¢ = N(v)? for any distance d. Let X, and X,
be two labelled graph isomorphisms such that X, maps u' to the set of strings Alu,u'] and
maps u to the set of strings Afu,u]Ue. Similarly, X, maps v to Afv,v'] and v to Av,v]Ue.

We have:

Xu(u) = {Afu,u] U {e}}.

Xy(u') = {Afu,u']} for u' # u.

Xy (v) = {A[v,v] U {e}}.

X,(v') = {Afv,v']} for v # v.

Let ¢ = X, 1X,. Since X, and X, are lg-isomorphisms of G, ¢ is a lg-automorphism
of G. Since X, (u) and X, (v) are the only sets that contain ¢, and from the assumption,
N(u)? = N(v)?, we conclude that X,(u) = &,(v). Hence, ¢(u) = v.

=> Assume that (G, ) is L-vertex transitive. Let u,v € V be two arbitrary vertices.
We need to show that N(u)? = N(v)? for any distance d. To this end, we have to show the

three following conditions:

3. Vu',u' € V suchthat X \,\" are respectively the labelling of G, N(u), N(v), we

have:

!

Alu,u']

7 " ! "

A (Alu, u' ], Alu,w']) = M) (B 0T, Al 0,
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However, these are direct consequences of Lemma 3.3.2, Lemma 3.3.3, and Lemma 3.3.4, it

follows that: N(u) = N(v). O

We summarize the relationship among different notions seen before by the diagram
of Figure 20. The bolded relations represent our contribution to the symmetric sense of

direction.

Weak

Sense of Direction View Symmetric

Cayley Graph
Sense of Direction

S1-symmetric

+
Cayley Labelling

L-Vertex Transitive

L-Cycle Symmetric

Cayley Graph

Vertex Transitive

Cycle Symmetric

Figure 20: The relationship among different notions.
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CHAPTER IV

ASYMMETRIC MINIMAL SENSE OF DIRECTION IN
REGULAR GRAPHS

In this chapter, we investigate the properties required to have a sense of direction in regular
graphs using the minimal number of labels, when the labelling is not symmetric. First
we introduce some definitions so that we can use them to establish some propositions and
theorems. We define symmetric, asymmetric, and fully asymmetric labelling. After that,
we show that if we have a minimal sense of direction, then the labelling should be either
symmetric or fully asymmetric. The fact that X is either symmetric or fully asymmetric
allows us to establish more properties for the case of asymmetric labelling. We show that
the nodes of the graph can be divided into equivalent classes of the same size where the
nodes belonging to the same equivalent class are incident on the same pairs of edge labelling,

and nodes belonging to different equivalent classes do not share any edge labelling.

We apply the properties found on this chapter to prove that in the class of the ring, the
ring of size four is the only graph who has asymmetric minimal sense of direction. We also
show that the hypercube, the torus, and the complete graphs do not have an asymmetric
minimal sense of direction. For the class of bipartite graphs, we show that complete bipartite
graphs can have asymmetric minimal sense of direction. We also show how to label them

to obtain an asymmetric minimal sense of direction.

4.1  Definitions and Propositions

As noted in the previous chapter, the result of [7] provides a full characterization of graphs
with minimal sense of direction (including the case of undirected graphs without edge sym-
metry). The aim of this chapter is to study asymmetric minimal sense of direction in

undirected graphs trying to provide a simpler characterization.
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Definition 4.1.1. (Symmetric label)
A single label a € L is symmetric when there ezists b € L such that:
Vz,y €V, with (z,y) € E
Ae(z,y) = a <= N(y,z) =D
Definition 4.1.2. (Asymmetric label)

Given a system (G, ), a single label a is called asymmetric when :

3 z,y,z1,01 €V, with (z,y) € E, (z1,y1) € E where:

Ae(Z,y) = Ay (@1, 91) = a but Ay(y,z) # Ay, (y1,21).

Definition 4.1.3. (Asymmetric labelling)
Given a system (G, A), the labelling A is called asymmetric when:

3 z,y,z1,91 €V, with (z,y) € E, (x1,y1) € E where:

Az(2,y) = Ay (T1,91) but Ay(y,z) # Ay, (y1,21).
In other words, a labelling A is asymmetric if it uses at least one asymmetric label.

Definition 4.1.4. (Fully asymmetric labelling)
Given a system (G, ), the labelling A is called fully asymmetric when:

Vz,y €V such that (z,y) € E, if Ag(z,y) =a, MN(y,z)=0b, then:
I(z1,y1) € E such that Mg (z1,y1) = a and Ay, (y1,21) # b.

In other words, a labelling is fully asymmetric if all labels are asymmetric

The following theorem states that symmetric or fully asymmetric labelling account for

all sense of direction with the minimal number of labels in a regular graph.

Theorem 4.1.1. Given a system (G, ), if A has a sense of direction, then X is either

symmetric or fully asymmetric.
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Proof. By contradiction, assume that there is a minimal sense of direction A where some

labels are symmetric and others are not symmetric.

Let a be a symmetric label and let b be its symmetry. Let e be a non symmetric
label. Then, there are nodes x,y, 2,t, such that A\;(z,y) = e, A\y(y,z) = f, A\ (2,t) = e,
At(taz) =9, and f 7é g

From node z, we have ¢([a, b]) = c([e, f]) because G is regular, and A is a minimal sense
of direction. From node z, we have ¢([a,b]) = ¢([e, g]). Then, c([a,b]) = c([e, f]) = c([e, g])-

But since f # g, we have a contradiction with the fact that A is a sense of direction. a

As an example, consider Figure 21. The labelling uses both symmetric and not sym-
metric labels, thus the graph does not have a sense of direction.

A a

a B
C
b < b
a C C a
D b b C

Figure 21: Example of a mixture of symmetric and asymmetric labels.

The following proposition says that if we take two different nodes z,y we have two
cases: either the labels incident on z and the ones incident on y are identical, or they are

all distinct.

Proposition 4.1.2. Given a system (G, ), where X\ is an asymmetric minimal sense of

direction, let {(a1,b1)g, .-, (@a, bd)z}, {(€1, f1)ys .-, (ed, fd)y} e the set of pairs of labels in-
cident on x and y, where d is the degree of the graph and z,y € V, then we have one of the

following:

1. {(a1,b1)z, .- (@a, ba)z } ={(€1, f1)ys - (€d, fd)y}

2. V(ai?bi)z € {(alvbl)wa orey (adabd)w}: V(ejafj)y € {(el,fl)y’ ey (edafd)y}: NS [lvd]
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(aiybi)e # (€5, f)y

Proof. We show that if there are i, j € [1,d] such that: (a;, b)s = (¢j, f;),, then
{(a1,01)z, -, (ad, ba)z} = {(e1, f1)ys -y (€d, fa)y}-
Assume that there are i, j € [L, d] such that: (ai,b)s = (¢, f3)y-
Since we have a sense of direction, the following equalities hold:
e(a1, b)) = c(faz, ba]) = .. = c([ag; ba])-
c(ler, f1]) = clle2, f2]) = .. = c([eq, fa))-
c([as, bil) = c(lej, f3]) (because (as, bi) = (e, f))-
Hence
c(la1, b)) = c([az, b2]) = ... = c([aa, ba]) = c([e1, f1]) = c(le2, f2]) = ... = c([ea; fd])-

And since the two sets {a1, ..., aq}, {e1, ..., eq} are equal (because we have a regular graph

with the minimal labelling), and there is a sense of direction, we conclude that:

{(0’17 bl):l:v sty (ada bd)w} = {(617f1)y7 Ea) (eda fd)y}

We now define a relation R between the nodes of (G, \):

For all z,y € V, define xRy if and only if £ and y are incident on the same set of pairs

of edges:

{(a1,b1)z, ..., (ad, ba)z} = {(e1, f1)ys s (€ds fa)y}-

The relation R is an equivalence relation because it is clearly reflexive, symmetric, and

transitive.

We can then divide the nodes of G into equivalence classes where each equivalent class

contains the nodes with the same set of incident pairs of labels.
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Theorem 4.1.3. Given a system (G, ), if A is an asymmetric minimal sense of direction,

then G is cycle symmetric

Proof. Tt comes from the proof that any minimal sense of direction is cycle symmetric[21].

O

In the following, we give a necessary condition for A to be an asymmetric sense of

direction.

Lemma 4.1.4. If a system (G, )\) is an asymmetric sense of direction then:

Ve €V, Ty eV such that there exist d different paths of length 2 between x and y.

Proof. Let z € V. In order to get an asymmetric minimal sense of direction, we should have
at least two equivalence classes because otherwise, with one class, we obtain a symmetric
labelling. Moreover, Proposition 4.1.2 states that all the pairs of labels incident on nodes
belonging to different classes should be distinct. Without loss of generality, let Cy and C5 be
two different equivalence classes in G such that z; is an element of C'1, and z is an element
of Cy. Let {(a1,b1)z,,(a2,b2)z,, .., (ad,bq)z, } be the set of labels incident on 1, where d
is the degree of G. If we have a sense of direction, the condition c([a;, b1]) = c([ag, b2]) =
..... = c([aq,bq]) should hold if we start from any node of the graph. In particular, it
should be verified for z. If we look at the path labelling [a1, b1], [az, b2], ..., [aq, bg] starting
from z, we see that they do not end-up in z otherwise z will belong to Cy. Moreover,
{(a1,b1)z, (a2,b2)z, ..., (ag,ba)z } are d different paths. Hence, there exists a node y # z

where all those paths end. O

Lemma 4.1.5. A necessary condition to have an asymmetric minimal sense of direction

in a labelled graph G that has k equivalence classes is the following:

Ve € V, 3(k—1) nodes y € V such that there exist d different paths of length 2

between x and y.

Proof. To have an asymmetric minimal sense of direction, the nodes should be divided into

equivalent classes such that the nodes that belong to different equivalent classes don’t have
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any common incident pair of labels, and the nodes that belong to the same equivalence class

have the same set of pairs of labels (Proposition 4.1.2).

Let C1,Cy,...,Cy be all the distinct equivalence classes of G, and let zy,z2,...,x; be
elements of C, Cy, ..., Ck respectively. Let {(a1s, b1i)z;, (a2i, b2i)a;, ---» (@di, bai)z; } be the set
of labels incident on a node z; where z; € {z1,..,zx}. If we have a sense of direction, we
should have the condition ¢([a1i, b15]) = c([azi, b2i]) = ..... = ¢([agi, bai]) to be verified if we
start from any node of the graph. Moreover, starting from the same node z;, the set of
path labelling {[ag;, b2i], ..., [adi, bgi]} for different value of i have to end in different nodes.
Then, there should exist £ — 1 nodes that can be reached from z using d paths of length 2.
O

Theorem 4.1.6. All the equivalence classes that we obtain with asymmetric minimal sense

of direction labelling have the same number of elements.

Proof. Let C; and C; be two arbitrary classés that we have obtained with asymmetric
minimal sense of direction labelling. Let z € C;, y € C}, and assume that y can be reached
from z using the path labelling [a1,a2,...,a;] (see Figure 22). Then, from any z' € C;,
there is a ¥ € C; that can be reached using the same path labelling and starting from z'.
We have that y' # y, because otherwise, there exists a node z in this path that violates
local orientation (z would be incident on two different edges with the same pair labelling
(bi, ai);). Then, |C;| < |Cj|, and since the same argument can be applied if we start from
any y' € C; and use a path labelling to reach a node from C;, we have |C;| = |C;|. Hence,

all equivalence classes have the same size. O

The following lemmas state some necessary conditions that should be verified to have

an asymmetric minimal sense of direction.

Lemma 4.1.7. In a system (G, ) where X is an asymmetric minimal sense of direction,

the size of each equivalence class is greater than or equal to 2.

Proof. In a d-regular graph, assume that we have the labels {a1, a2, ...aq} to label this graph

and obtain an asymmetric minimal sense of direction. The different pairs of labels that we
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3y a i al a,
by bl“ by b,
3 K a, B
b, b2 b b
a a
a ! 1 a,
B bl bl b,
Y Yo y: Yk oo

Figure 22: All equivalence classes have the same size.

can use are { (a1, a1), (az,a1), .., (a4, a1), (a1, a2), (a2, a2), ....., (aq, aq)}; this set has size d x d.
If the size of each equivalence class is one, then we will need to use different pairs of labels
to label each node because of Theorem 4.1.2. And since each node is incident on d different
pairs of labels, we will need to have n x d labels. Since the number of pairs of labels needed
are more than the available number of pairs of labels, the size of each equivalence class

should be greater than 1. O

Lemma 4.1.8. If the system (G, ) is an asymmetric minimal sense of direction, then the

number of classes, NbClasses, satisfies:

NbClasses < min(n/2,d)

Proof. The number of different pairs of labels that we need is Nbclasses x d (d is the degree
of G) because each node is incident on d different pairs of labels and the nodes belonging
to different classes should be incident on different pairs of labels. On the other hand, the

number of labels that we have is d? because the set of pairs of labels that we have is

{1,1),(2,1),..,,(d,1),(1,2),(2,2),..(d,2), ., (d, 1), ..., (d, d) }.
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Thus, we must have

Nbclasses x d < d?, which yield: Nbclasses < d. On the other hand, we have d < n
and n = Nbclasses X size, where size is the size of one class, and where Nbclasses and

size are integers. Thus, NbClasses < n/2. We conclude that: NbClasses € min(n/2,d).00

Theorem 4.1.9. For a system (G, ), if A is an asymmetric minimal sense of direction,

then the number of nodes in G is not a prime number.

Proof. In asystem (G, A) where A is an asymmetric minimal sense of direction, the nodes can
be divided into at least two equivalence classes. Let us denote by NbClasses the number
of equivalence classes in (G, ), and Size be the size of each equivalence class (all the

equivalence classes have the same size ”Size”).

The number of nodes n can be expressed as follows:

n = NbClasses x Size

where:
2 < NbClasses < n/2 and 2 < Size < n/2.

Hence, n should not be a prime number. Ol

4.2 Applications to Specific Topologies

4.2.1 Topologies Without Asymmetric Minimal Sense of Direction

Ring

For the class of the ring graphs, the only asymmetric minimal sense of direction is the
ring of size 4. In fact, a system (G, ) where G is a graph of two nodes cannot have an
asymmetric labelling. If G has three nodes or more than 4 nodes, we cannot find a node
y which can be reached from another node z using 2 different paths labelling of length 2.
In this case, using Lemma, 4.1.4, we cannot have an asymmetric minimal sense of direction.

Assume that the labels used by G are a and b. If G has four nodes, the only way of

47



labelling G and getting an asymmetric sense of direction is by using the four pairs of labels

(a,a), (b,a), (b,b), (a,b) in this order.

A a a B

Figure 23: The only asymmetric sense of direction in the class of rings.

Hypercube

A hypercube of dimension n consists of 2" vertices, labelled by n-bit binary strings,
with edges between vertices whose labels differ in exactly one bit position. An example of

a hypercube of dimension 3 is given in Figure 24.

Figure 24: An example of a 3 dimensional hypercube.

In a system (G,)\) where G is a hypercube, G cannot be labelled so to obtain an
asymmetric minimal sense of direction. By definition of a hypercube, between any two
nodes z,y, there can be at most 2 different paths of length 2. Then, we cannot obtain d

different paths between any two nodes z and y (d is the degree of the hypercube).
Torus

In a system (G, A) where G is a Torus of dimension M x N, M > 1 or N > 1, G cannot

be labelled so to obtain an asymmetric minimal sense of direction. By definition of the
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torus, between any two nodes z,y there can be at most 2 different paths of length 2. Then,
we cannot obtain d different paths between any two nodes z and y (d is the degree of the

torus).

—li—-_‘

]

|

FE——

/
—

I
[ LV ]

Figure 25: An example of a Torus.

Complete Graphs

A complete graph is a graph where every pair of nodes is connected by an edge. In a
system (G, A) where G is a complete graph, G cannot be labelled so to obtain an asymmetric
minimal sense of direction. In fact, every node y can be reached from a node z using
exactly (d— 1) different paths P[z,y] of length 2 (where d is the degree of the graph). From

Lemma 4.1.4, there is no way of labelling G and getting an asymmetric sense of direction .
4.2.2 A Topology With Asymmetric Minimal Sense of Direction

A Dbipartite graph is a set of graph vertices decomposed into two disjoint sets V; and V;
such that no two vertices within the same set are adjacent. A graph is bipartite if and only
if all its cycles are of even length. In the case where every vertex in V; is adjacent to every

vertex in Vo, G is called a complete bipartite graph.

Theorem 4.2.1. Given a system (G, ), where G is a complete bipartite graph. (G, \) has

an asymmetric sense of direction.

Proof. Let G be a bipartite graph with 2 sets of nodes A and B. We have |A| = |B|
because G is a d-regular bipartite graph. Let A = {z1,z3,..,2zq}, B = {2, 25, ..,2}}, and

let A = {l1,12,..,14} be the set of available labels. We label the edges of G in the following
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way (See Figure 26):

for1<i<d, 1<j<d

Figure 26: Labelling the bipartite graph using an asymmetric sense of direction.

We show that (G, \) is a sense of direction.
Let Ay1 (71’) = [Ayl (yla y2)a L) Aym—l (ym—la ym)] where m = [(yla y2)7 ) (ym—h ym)]7 and
Ay, (1) = Ny (91, 95)s - Ay (Wi—1, y1)] where 7' = [(y1,95), -, (¥3-1, ¥1)]-

We define the coding function ¢ : £* — {LU (L x £)} as follows:

My (Ym—1,Ym) if Ay, (7) has even length
e(Ays (7)) = |
(Aym—1 (Um=1,Ym), Aym—r (Ym—1,Ym)) if Ay, (7) has odd length
We prove that:
C(Ay1 (ﬂ-)) = C(Ay1 (7rl)) <~ Ym = yé-
In other words, we prove that different paths starting from the same node y; have the same

coding function c if and only if they end up in the same node.

If ¢(Ay, (7)) = c(Ay, (")), we have one of the following situations:
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L. ym and y; are in A and Ay, (Ym—1,Ym) = Ay_ (y;_1,¥;). By construction of A, we

have ym = y;
2. ym and y, are in B and
(Aym-1 (ym—la ym)v >‘ym—1 (ym—l’ ym)) = ()‘y;_l (yé—la y;)’ ’\yg_l (yé—la yrlt))

It follows that: Ay, (ym-1,9m) = Ay_ (¥i_1,%:) - By construction of A, we have

Ym = Yt
If ¢(Ay, (7)) # c(Ay, (7")), we have one of the following situations:

1. ym, and y; are on the same set A or B. Since c(Ay, (7)) # c(Ay, ('), we have that:

Aym—1 (Ym—1,Ym) # Ay._ (¥4_1,9;)- By construction of A, we conclude that ym, # y;.

2. ym and y; are on different sets. In this case, ym # y;-

d

Example 4.2.1. Figure 27 provides some examples of bipartite graphs that are asym-

metric minimal sense of direction.
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CHAPTER V

MINIMUM CHORDAL LABELLING

In Section 2.2.2, we have defined the chordal sense of direction by fixing a cyclic ordering of
the nodes and labelling each incident link by the distance in the above cycle. Thus, different
cyclic ordering of the nodes give different chordal labelling. Figure 28 shows two different

chordal labelling in which one uses 5 labels and the other uses 4 labels.

In this section, we solve the problem of minimum sense of direction for the class of
chordal labelling by writing two programs that find the minimum number of labels needed
in a given graph such that we have a chordal sense of direction. We will do so by using two

methods:

¢ An exhaustive method: the backtrack algorithm

e A heuristic method: the genetic algorithm

The difference between the backtrack and the genetic algorithm is that the backtrack algo-
rithm gives an exact solution to the problem but the genetic algorithm finds just a ”"close
to” optimal solution. Thus, if we want to find a minimum chordal labelling in a small
enough graph, the backtrack algorithm is the best choice. But once we start working with
graphs with hundreds of nodes and edges, the backtrack algorithm cannot be used and the

alternative is the genetic algorithm which finds a near optimal solution.

To solve the minimum chordal labelling in a graph G, we should find a cyclic ordering
of the nodes of G that uses the minimum number of labels. The backtrack algorithm
described in Section 5.1 tries exhaustively all the cyclic ordering of the nodes and reports
the permutation that uses the minimum number of labels. The genetic algorithm described
in Section 5.2 gives an approximate solution to the problem of minimum chordal sense of

direction by choosing a cyclic ordering of the nodes at random.
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4) (B)

Figure 28: Different chordal labelling arise from different cyclic ordering of the nodes.

5.1 The Backtrack Algorithm

Let G = (V, E) be a graph with V = {V,, V1, .., V,,_1}. A feasible solution for the minimum

chordal sense of direction is a permutation
[1ab(Vo), Lab(VA), ..., lab(Vp_1)]

which defines a cyclic ordering of the nodes {Vp, V4, ..., Vh—1}, and the objective is to min-
imize the number of labels used in the edges of G such that those labels are obtained by

applying the difference of lab(V;) and lab(V;) modulo |V| where (V;,V;) € E

Any chordal labelling can be represented as a permutation. We use the backtrack
algorithm to find the minimum chordal labelling by keeping track of the permutation of the

nodes which gives the minimum number of labels needed for the edges.

We have a list of choices to label the nodes. Initially, we have choiceSet = {0,1,2,..,n—
1} where n = |V|. Every time we assign a label [ to a vertex V; at an iteration ¢, we
remove [ from choiceSet, and we calculate (I — lab[V;]) (mod n) where i < t and such
that (V;,V;) € E. The adjacency matrix facilitates the task of finding all those V;. In
the case where (I — lab[V;]) (mod n) was used before, we do not add it to the list of used
labels, but if it was not used before we add the two labels (lab[V}] — lab[V;]) (mod n) and
(lablVi] — lab[Vi]) (mod n) if they are different and one of them if they are equal. After

that, we call the backtrack algorithm with the new choiceSet. For pruning, we stop the
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v, Lab[Vo ]=1 Lab[Vo 1=2 Lab[V , ]=n

Vl
Lab[V, ]=1 Lab[V,}=n

Figure 29: The backtrack algorithm.

algorithm if we find that the number of labels of the edges used in a permutation is equal
to the degree of the graph because we know that this solution is an optimal solution. We
will prune also if the number of labels of the edges found needed at an iteration [ is greater

than the best solution found so far. For the whole program, see Appendix A.

Example 5.1.1. Consider the graph of Figure 30. The adjacency matrix of this graph is
represented in Table 2. In the written program, we enter the number of nodes in the graph
and the adjacency matrix, and the program returns the minimum chordal labelling and a
permutation of the nodes which gives this solution. For the example of Figure 30, the input

and output is the following:

Give the number of nodes n and the adjacency matrix of the graph

8

147
025
136
246
035
147
237
056

The minimum number of labels needed is: 5
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A permutation of the nodes which gives this solution is:

01237465

Figure 30: A graph in which we want to find the minimum sense of direction using the
chordal labelling.

Vertex | Adjacent Vertices
0 1 4 7
1 0 2 5
2 1 3 6
3 2 4 6
4 0 3 5
5 1 4 7
6 2 3 7
7 0 5 6

Table 2: The adjacency matrix for Figure 30.

5.2 The Genetic Algorithm

In this section, we develop a genetic algorithm for the minimum chordal labelling problem.

In a genetic algorithm, we begin with an initial population of feasible solutions. Then,
the feasible solutions from this initial population are mated (i.e., recombined in pairs) to
produce children. After the children are obtained, some type of mutation are allowed to
occur. Usually a mutation is a heuristic based on a neighborhood search. This produces the
next generation of the population. The process can be iterated for as many generations as
desired. A genetic algorithm must specify how children are produced . A common approach
is to take two feasible solutions from the population(”parents”) , and use a recombination
operation to generate two children, which inherits properties of the two parents. One

simple recombination operation is called crossover. Suppose that we have an optimization
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problem in which the universe X = {0,1}", and the two parents are W = [wy, ..., wy]
and X = [z1,...,2,]. Choose a crossover point j € {1,...,n} at random. Then define

Y = [y1,.-,Yn) and Z = [21, ..., 2] as follows:

w f1<igj

z; if 74+1<i<n

and

z; if1<i<y
Z; =
w, ifj+1<i<n
In other words, Y is formed from the first j entries of W and the last n — j entries of X,
and Z is formed from the first j entries of X and the last n — j entries of W. But the
crossover operation does not work for all the problems. For example, if we want to generate

a permutation from two permutations as it is the case for the problem that we want to

solve, crossover cannot be used since it will not produce a feasible solution.

For the minimum chordal labelling problem, a feasible solution is a permutation
[lab(vg),lab(v1), ..., lab(vp—1)]

and the objective is to minimize the number of labels used in the graph such that those
labels are obtained by applying the difference modulo |V| to lab(v;) and lab(v;) where
(vi,v;) EE

In order to design a genetic algorithm, we need recombination and mutation operations

and a method to select an initial population.

We first describe a mutation operation, which will be a heuristic consisting of a sequence
of neighborhood searches. Given a permutation X = [z, Z1,...., Ts, Tit1, .oy Tj, Tj41, - Tn—1]
we can cut two edges (2;, ¢;41) and (z;, £;41) and then reattach the ends of the two resulting

paths to create a new permutation. We change our permutation if the number of labels
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Figure 31: Two-opt moves.

used after the cut and reattach is less than the best we have so far keeping track of the

minimum number of labels found so far. Let us call this operation Two-opt moves.

The mutation heuristic consists of a sequence of a Two-opt moves . We iteratively apply

two-opt moves until no pair of edges can be found that yield a better solution.

For selecting the initial population, we generate the population size popSize at random
each of which is a permutation of (0,..,n — 1), where n is the number of vertices of the
graph.

For the recombination operations, instead of using the crossover operation that we have
already mentioned and which is of no use for our problem, we use the following method: we
select at random a length h and a random substring S = Sy, ...., Sp—1] of length h from one
of the parents by selecting a starting location j. The string s is first copied to the beginning
of a new child. The child is completed to a feasible solution by appending the nodes of the
other parent that are not in S in the order in which they appear. The resulting child is
then improved to a local minimum by applying the steepest ascent algorithm (the sequence
of a two-opt moves). This is then repeated, with the roles of the two parents reversed, to

generate a second child. For the whole program, see Appendix B.

Example 5.2.1. Consider the graph of Figure 30. The adjacency matrix of this graph is
represented in Figure 2. In the written program, we enter the number of nodes in the graph
and the adjacency matrix, and the program returns the minimum chordal labelling and a
permutation of the nodes which gives this solution. For the example of Table 30, the input

and output is the following:
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Give the number of nodes n, the number of iterations, and the population size:
8
50
4
Enter the adjacency list :
147
025
136
246
035
147
237
056
The minimum number of labels needed is: 5
A permutation of the nodes which gives this solution is:

12073465

5.3 FExamples and Observations

In this section, we test the backtrack and the genetic algorithms on some specific graphs,
and provide some information about the running time of both programs, how many times
we get an optimal solution in both algorithms, in which cases it is better to use the genetic
algorithm and in which cases it is better to use the backtrack algorithm. We also provide

some observations about the graphs under study.

In what follows, all the tests done on the genetic algorithm are out of 22 runs.
5.3.1 The Peterson Graph

The backtrack algorithm gives the exact solution. Table 3 reports the minimum chordal

labelling needed using the backtrack algorithm and the running time of the program and
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Figure 32 shows a permutation of the nodes labelling that gives the minimum chordal

labelling.

Figure 32: A permutation of the labels that gives the minimum chordal labelling in peterson
graph.

optimal solution | average runtime(ms)
5 531

Table 3: The test of minimum chordal labelling using the backtrack algorithm on peterson
graph.

The result of the test using the genetic algorithm out of 22 runs is given in Table 4. The
population size PopSize, and the number of iterations cmaz done on the genetic algorithm
have effects on the solution found (number of labels needed) and on the running time of the
program. For this reason, we run the program on different number of population size and
different number of iterations. On Table 4, Min is the minimum number of labels found
by the program, and Maz is the maximum number of labels found. Average is the average
number of labels reported, and nb optimal solution is the number of times the optimal

solution was found out of the 22 runs. runtime is the average running time of the program.

The results found on peterson graph show that the backtrack algorithm is better to use
than the genetic algorithm. In fact, the backtrack algorithm gives the exact solution and

runs in a less time.

60



PopSize | Cmax | Min | Max | Average | nb optimal sol | runtime
4 50 5 6 5.18 18 78
100 5 6 5.09 20 156
200 5 6 5.04 21 297
8 50 5 6 5.09 20 158
100 5 5 5 22 305
200 5 5 5 22 578
16 50 5 5 5 22 297
100 5 5 5 22 578
200 5 5 5 22 1125
32 50 5 5 5 22 594
100 5 5 5 22 1140
200 5 5 5 22 2234

Table 4: The test of minimum chordal labelling using the genetic algorithm on peterson
graph.

5.3.2 A Three Regular Graph

It was shown in [10] that the graph of Figure 30 requires 5 labels to have a weak sense of
direction. The test done in [10] has used a complicated tool called optwsod that serves for
making experimental research with weak sense of direction. The authors of [10] have re-
ported that ” there is no hope whatsoever to check this claim manually”. In this section, we
use the backtrack and the genetic algorithm and get not only a minimum chordal labelling,

but also a minimum weak sense of direction for the graph of Figure 30.

Table 5 reports the minimum chordal labelling needed using the backtrack algorithm
and the running time of the program. The result of the test using the genetic algorithm

out of 22 runs is given in Table 6.

optimal solution | average runtime(ms)
5 94

Table 5: The test of minimum chordal labelling using the backtrack algorithm on the graph
of Figure 30.
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From the results found, both algorithms give the optimal solution all the time. Note
from both tables, Table 5 and Table 6, that when the population size equals to 4 and the
number of iterations is either 50 or 100, the running time of the genetic algorithm is better

than that of the backtrack algorithm.

PopSize | Cmax | Min | Max | Average | nb optimal sol | runtime
4 50 5 5 5 22 47
100 5 5 5 22 78
200 5 5 5 22 156
8 50 5 5 5 22 78
100 5 5 5 22 141
200 5 5 5 22 296
16 50 5 5 5 22 172
100 5 5 5 22 297
200 5 5 5 22 563
32 50 5 5 5 22 296
100 5 5 5 22 562
200 5 5 5 22 1078

Table 6: The test of minimum chordal labelling using the genetic algorithm on the graph
of Figure 30.

5.3.3 The Torus

The running time of the backtrack algorithm increases as we increase the size of the graph.
For this reason, we run the backtrack and the genetic algorithms on different number of
nodes for the class of torus graphs increasing the number of nodes used every time and see

for which number of nodes the algorithm slows down considerably.

Let dimension denotes the dimension of the torus. The test of the backtrack algorithm
on different dimensions of the torus is reported in Table 7. Note from the table that if
the number of labels needed is equal to the degree of the graph, the backtrack algorithm
takes less time because it does not need to go over all the possibilities, it needs just to find
a permutation in which the number of labels needed is equal to the degree of the graph.

Note also from the table that after using a torus that has 30 nodes and 60 edges (dimension
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6 x 5), the program slows down considerably.

The result of the test using the genetic algorithm out of 22 runs is given in Table 8.

dimension | optimal solution | average runtime(ms)
2x3 3 0
3x3 6 360
4%x3 4 125
4x4 6 234438
5 x4 4 5750
5X%XH 6 1963922
6x5 4 80437
6x6 - -

Table 7: The test of minimum chordal labelling using the backtrack algorithm on the torus.
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Figure 33: Labelling the tours of dimension 6 x 5 using 4 labels.

The results found on Table 7 provide an intuition about labelling a torus of dimension
m X n, where m and n are relatively prime, and getting a minimal chordal labelling. We
can construct the labelling on the way shown in Figure 34. By construction, the labelling

uses exactly 4 labels when m > 2 and n > 2.
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dimension | PopSize | Cmax | Min | Max | Average | nb optimal sol | runtime
3x3 4 50 6 6 22 47
4 200 6 6 22 281
16 50 6 6 22 282
16 200 5 6 22 1016
4x4 4 50 8 11 8.6 0 797
200 8 8.4 0 3047
16 50 8 8.3 0 3125
16 200 6 8.1 2 12203
5%5 4 50 10 18 14.9 0 9013
200 10 18 12.14 0 35462
16 50 10 18 13.39 0 35682
16 200 10 18 12.02 0 141414
6 x5 4 50 18 22 20.69 0 7015
4 200 16 22 20.01 0 27547
16 50 18 22 21.1 0 27937
16 200 14 18 17.8 0 111281

Table 8: The test of minimum chordal labelling using the genetic algorithm on the torus.

Figure 34: Constructing a minimal chordal labelling in a Torus of dimension m x n where
ged(m,n) = 1.
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5.3.4 The Bipartite Graph

We test the backtrack and the genetic algorithm on some bipartite graphs. The test of the
backtrack algorithm on the graph of Figure 35 is given in Table 9. The graph of Figure 35
is an interesting graph since it could have an asymmetric minimal sense of direction. It
verifies all the conditions that we have already established in Chapter 4, especially the fact
that starting from any node z, there exists another node y that can be reached from z
using d paths of length 2 (d is the degree of the graph). Moreover, this graph is not a
complete bipartite graph. The test done to find the minimum chordal labelling using the
backtrack algorithm provides another information about this graph. In fact this graph is
cycle symmetric since the minimum number of labels needed to have the chordal labelling

is minimal.

Figure 35: A bipartite graph.

optimal solution | average runtime(ms)
4 328

Table 9: The test of minimal chordal labelling using the backtrack algorithm on the graph
of Figure 35.
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The result of the test using the genetic algorithm out of 22 runs is given in Table 10.

PopSize | Cmax | Min | Max | Average | nb optimal sol | runtime
4 50 4 6 4.7 14 219
100 4 6 5 11 406
200 4 6 4.36 18 797
8 50 4 6 4.8 13 407
100 4 4 4 22 797
200 4 6 4.9 18 1547
16 50 4 4 4 22 813
100 4 6 4.18 20 1578
200 4 4 4 22 3094
32 50 4 4 4 22 1640
100 4 4 4 22 3250
200 4 4 4 22 7047
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Table 10: The test of minimal chordal labelling using the genetic algorithm on the graph
of Figure 35.




CHAPTER VI

CONCLUSION

In this thesis, we have settled two open problems about the relationship between labelled
cycle symmetry and minimal sense of direction from one side, and labelled vertez transitivity
and minimal sense of direction from the other side. We have also provided many new
properties of minimal sense of direction using asymmetric labelling in regular graphs as

well as several necessary conditions for the existence of such labelling.

A characterization for minimal sense of direction in directed graphs, thus including
undirected graphs with asymmetric labelling, has been given in [7] ( a directed graph has
a minimal sense of direction if and only if it is a semigroup graph. However, this charac-
terization does not describe the topological properties that are necessary and sufficient for
having minimal sense of direction. In other words, it is not known what graphs are semi-
group graphs. The problem that is still open is to characterize the topology of graphs having
asymmetric sense of direction. We conjecture that the set of graphs that can be labelled
with asymmetric minimal sense of direction coincides with a subset of bipartite graphs. An
answer to this conjecture would also provide a characterization of semigroup graphs. In the
thesis we have moved several steps toward this goal by giving several necessary conditions
and showing that many known topologies cannot be labelled with an asymmetric minimal

sense of direction in an undirected graph.
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import
import
public
List1l
int n;
int de
Object

APPENDIX A

THE BACKTRACK ALGORITHM IN JAVA

java.io.*;
java.util.*;
class pO{
adjacent[];//the adjacency list of the graph
//nb of nodes in the graph
gree; //the degree of the graph
labelUsed[];//the set of labels used

int mincolor; //the minimal number of labels

Object
int te

public
this
this
this
this
labe
minP
minc

minPer([];//the permutaion which gives the best solution
mp[J;

pO(Listl adjacent[],int n,int degree) {
.n=n;

.adjacent=new List1[n];
.adjacent=adjacent;

.degree=degree;

1Used=new Object[n];

er=new Object[n];

olor=n;

temp=new int [n];

¥

void backtrack(int 1,Listl vertexPer,ListNode point,int labelofl){

int

List
List
List
whil

}
if(1

nblabel=labelofl;

1 choiceSet=new Listl1();

Node pl=vertexPer.firstNode;

Node p2=null;

e(pl !'= null){

choiceSet.insertAtBack(pl.data);

if ((pl.data) .equals((point.data))){
p2=choiceSet.lastNode;

}
pl=pl.next;

==n){

labelUsed[1-1]=p2.data;
choiceSet.removeFromCurrent (p2) ;
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nblabel=calculate(labelUsed,n,nblabel);

if (nblabel<mincolor){
mincolor=nblabel;

for(int u=0;u<n;u++)
minPer [u]=labelUsed[u] ;

}
}
if (1==0){
for(int i=0;i<n;i++)
choiceSet.insertAtBack(new Integer(i));
}
if (1'=n){
if ((1!'=0)&&(!choiceSet.isEmpty())){
labelUsed[1-1]=p2.data;
choiceSet.removeFromCurrent (p2) ;
if (1>1){
nblabel=calculate (labelUsed,l,nblabel);
}
}
ListNode pointerl=choiceSet.firstNode;
ListNode pointer2=choiceSet.firstNode;
while(pointerl !=null){
if (nblabel>mincolor){
return;}
pointer2=pointerl;
pointerl=pointerl.next;
backtrack(1l+1,choiceSet,pointer2,nblabel);
}
+
+

int calculate(Object labelUsed[],int 1,int nblabel){
ListNode po=adjacent[1l-1].firstNode;
while((po!=null)&&((Integer.parselnt((po.data).toString()))<1) )

{

int labl=Integer.parselnt((labelUsed[1-1]).toString())-Integer.parselnt(
(labelUsed[(Integer.parselnt ((po.data).toString()))]) .toString());

int lab2=Integer.parseInt((labelUsed[

(Integer.parselnt ((po.data).toString()))]).toString())-
(Integer.parseInt((labelUsed[1-1]).toString()));

if (lab1<0)labi=labl+n;

if (lab2<0)1lab2=1lab2+n;
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boolean used=false;
for(int k=0;k<nblabel&&!used;k++){

if ((temp[k]==1abl) | | (temp [k] ==1ab2))used=true;}
if (lused){

temp [nblabel]l=labil;

nblabel++;

if (labl !=lab2){

temp [nblabel]=1lab2;
nblabel++;

¥

po=po.next;
}

return nblabel;

¥

public static void main(String[] args){
int n,d=0;
List1l adjacent[];
int degree=0;
String myString;
BufferedReader inputStream=new BufferedReader(
new InputStreamReader(System.in));
try{

System.out.println("Give the number of nodes n\\
and the adjacency matrix of the graph ");

n=Integer.valueOf (inputStream.readLine() .trim()) .intValue();
adjacent=new List1[n];
for(int i=0;i<n;i++){
adjacent[i]=new List1();
d=0;
myString=inputStream.readLine();
StringTokenizer st=new StringTokenizer(myString);
while( st.hasMoreTokens()){
String s=st.nextToken();
adjacent[i] .insertAtBack{(new Integer(Integer.parselnt(s)));

d++;

}

if (degree<d)
degree=d;

}
catch(I0Exception e){
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e.printStackTrace();
return;

}

// Get current time

long start = System.currentTimeMillis();

pO project=new pO(adjacent,n,degree);

Listl vertexPer=new List1();
project.backtrack(0,vertexPer,null,0);

// Get elapsed time in milliseconds
System.out.println("The elapsed time of this program is
"+(System.currentTimeMillis()-start)+" ms");
System.out.println("The minimum number of labels needed is :
"+project.mincolor) ;

System.out.println("A permutaion of the nodes which
gives this solution is :");

for(int i=0;i<n;i++){

System.out.print (" “"+project .minPer(i]);

//Both algorithms uses the class List which has as code:
// Class List definition

public class Listl {
public ListNode firstNode;
public ListNode lastNode;

public List1()

{
firstNode = lastNode = null;

}

// Insert an Object at the front of the List
// If List is empty, firstNode and lastNode will refer to
// the same object. Otherwise, firstNode refers to new node.

public synchronized void insertAtFront( Object insertItem )

{
if ( isEmpty() )
firstNode = lastNode=new ListNode( insertItem );
else

75



firstNode = new ListNode( insertItem, firstNode, null);

¥

// Insert an Object at the end of the List
// If List is empty, firstNode and lastNode will refer to
// the same Object. Otherwise, lastNode’s next instance
// variable refers to new node.
public synchronized void insertAtBack( Object insertItem )
{

if ( isEmpty() )

firstNode = lastNode= new ListNode( insertItem );
else
lastNode = lastNode.next = new ListNode( insertItem,null,lastNode );

¥

// Remove the first node from the List
public synchronized Object removeFromFront()throws EmptyListException

{
Object remove=null;
if (isEmpty())
throw new EmptyListException();
remove=firstNode.data;
if (firstNode.equals(lastNode))
firstNode=lastNode=null;
else
firstNode=firstNode.next;
return remove;

}

public synchronized Object removeFromCurrent(ListNode pointerl)
throws EmptyListException{

Object remove=null;
if (isEmpty())
throw new EmptyListException();

else if(firstNode.equals(lastNode)){
firstNode=lastNode=null;

}

else if (firstNode==pointerl){
remove=firstNode.data;
pointeri=firstNode.next;
firstNode=firstNode.next;
firstNode.previous=null;

b

else if (lastNode==pointerl){
pointerl=lastNode.previous;
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lastNode.previous.next=null;

}
else{
pointerl.previous.next=pointerl.next;
pointerl.next.previous=pointerl.previous;
}

return remove;
}
// Return true if the List is empty
public synchronized boolean isEmpty()

{

return firstNode == null;

¥

class ListNode {
Object data;
ListNode next;
ListNode previous;

// Constructor: Create a ListNode that refers to Object o.
ListNode( Object o ) { this( o,null,null); }

// Comstructor: Create a ListNode that refers to Object o and
// to the next ListNode in the List.
ListNode( Object o, ListNode nextNode ,ListNode previousNode)
{

data = 0; // this node refers to Object o

next = nextNode; // set next to refer to next
previous=previousNode;

}
public class EmptyListException extends RuntimeException {
public EmptyListException ()
{
super{ "The list is empty" );
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APPENDIX B

THE GENETIC ALGORITHM IN JAVA

import java.io.*;
import java.util.x*;
public class p33 {
int n;//number of nodes
int Xbest[];//the best permutation found
int pop(1(];
int popSize;//the population size
int tablel];
int mincolor;//the minimum nb of labels found
Listl adjacent[];//the adjacency list of the graph
public p33(Listl adjacent[],int n,int popSize) {
this.adjacent=new List1[n];
for(int i=0;i<n;i++)
this.adjacent[i]l=new List1();
this.adjacent=adjacent;
this.n=n;
table=new int[2*popSizel;
this.pop=new int[2*popSize] [n];
this.popSize=popSize;
Xbest=new int[n];
for(int i=0;i<n;i++)
Xbest [1]=0;
}

void Rec(int p1[],int p2[],int i){

int h=2+(int) (Math.random()*(n/2));
int j=(int) (Math.random()*(n));

boolean exist[]=new boolean[n];

int k=0;

for(int v=0;v<n;v++){
exist[v]=false;

}

for (k=0;k<h;k++){
pop [popSize+2*i+1] [k]=p2[(k+j)%n];
exist [pop[popSize+2*i+1] [k]]=true;
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for(j=0;j<n;j++){
if (lexist[p1[jl11){

pop [popSize+2*i+1] [k]1=p1[j];
k++;

¥

table [popSize+2*i+1]=calculate (pop[popSize+2*i+1]);
steepestAscentTwoOpt (popSize+2*i+1);
j=(int) (Math.random() *(n)) ;
for(int v=0;v<n;v++){
exist[v]=false;

¥

for (k=0;k<h;k++){
pop [popSize+2*i] [k]=p1 [(k+j)%n];
exist [pop [popSize+2+*i] [k]]=true;
}

for(j=0;j<n;j++){
if (texist [p2[j]11){

pop [popSize+2xi] [k]=p2[j]l;
k++;

}
table[popSize+2*i]=calculate (pop[popSize+2*i]);
steepestAscentTwoOpt (popSize+2#i) ;

int calculate(int pop1[]1){
int nblabel=0;

int temp[]=new int[n];
for(int x=0;x<n;x++){
temp[x]=0;}
for(int i=0;i<n;i++){
ListNode po=adjacent[i].firstNode;
while((po!=null)&&(Integer.parselnt((po.data).toString())<i))
{
po=po.next;

}

while((po!=null)&&((Integer.parselnt((po.data).toString()))<n) ){
int labl=popl[il-popl[(Integer.parseInt((po.data).toString()))];
int lab2=popl[(Integer.parselnt((po.data).toString()))]-popl[il;
if (lab1<0)labil=labl+n;

79



if (lab2<0)1lab2=1ab2+n;
boolean used=false;
for (int k=0;k<nblabel&&!used;k++){

if ((temp[k]l==1abl) | | (temp[k]==1ab2))used=true;}
if (lused){

temp [nblabel]=1labl;

nblabel++;

if(labl !=lab2){

temp [nblabel]=1ab2;

nblabel++;
}
}
po=po.next;
}
}
return nblabel;
}
void steepestAscentTwoOpt(int index){
int gO0;
int g;
int labeli;

int label2=0;
int temp[l=new int [n];
g0=0;
for(int i=0;i<n;i++){
for(int j=i+2;j<n;j++){
labeli=table[index];
for(int k=0;k<=i;k++){
temp [k]=pop [index] [k] ;
}
for(int k=i+1;k<=j;k++){
temp [k]=pop [index] [j-k+i+1];
}
for(int k=j+1;k<n;k++){
temp [k]=pop [index] [k] ;
}

label2=calculate(temp) ;
g=labell-label2;
if (g>g0){

go=g;

for(int r=0;r<n;r++){

pop [index] [r]=temp [r];
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}
table[index]=label?;

}

int[] getpermutation(){
int popl[l=new int [n];
int temp[]=new int[n];
int randomindex;
for(int k=0;k<n;k++)

temp [k]=k;
for(int h=n-1;h>=0;h--){

randomindex=(int) (Math.random()* (h+1));
pop [n-h-1]=temp [randomindex] ;
for (int u=randomindex;u<h;u++){

temp [u]l=temp [u+1];

¥

return pop;

¥

void Select(D{
for(int i=0;i<popSize;i++){
poplil=getpermutation();
table[i]=calculate(pop[il);

steepestAscentTwoOpt (i) ;
}

void swap(int i){
int hold;
int hold2[]l=new int[n];
hold=table[i];
table[i]=table[i+1];
table[i+1]=hold;
hold2=pop[i];
pop[i]l=pop[i+1];
pop[i+1]=hold2;

void sort(int n){
for(int pass=1;pass<n;pass++)
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for(int i=0;i<n-1;i++)
if(table[i]>table[i+1])

swap (i) ;
}
int[] Genetic(int cmax){
int c=1;
int curCost=0;
Select();
sort (popSize);

Xbest=pop[0];
minfcolor=table[0];
while(c<=cmax){
for(int i=0;i<=(popSize/2)-1 ;i++)

{

Rec(pop[2*i],pop[2*i+1],1i);
}
sort (2xpopSize) ;

curCost=table[0];

if (curCost<mincolor){
Xbest=pop[0];
mincolor=curCost;

}

Cc++;

b

¥

return Xbest;

public static void main(String[] args){
int n=0;
Listl adjacent[];
int value=0;
int cmax;
int popSize;
String myString;
BufferedReader inputStream=new BufferedReader(new
InputStreamReader (System.in)) ;
try{

System.out.println("Give the number of nodes n,
the number of iterations, and the population size:");

n=Integer.valueOf (inputStream.readLine() .trim()) .intValue() ;
cmax=Integer.valueOf (inputStream.readLine() .trim()).intValue();
popSize=Integer.valueOf (inputStream.readLine() .trim()).intValue();
System.out.println("Enter the adjacency list : ");
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adjacent=new Listl[n];
for(int i=0;i<n;i++){
adjacent[i]=new List1();
myString=inputStream.readLine();
StringTokenizer st=new StringTokenizer(myString);
while( st.hasMoreTokens()){
String s=st.nextToken();
adjacent[i] .insertAtBack(new Integer (Integer.parseInt(s)));

}
catch(I0Exception e){

e.printStackTrace();
return;

}
p33 project=new p33(adjacent,n,popSize);
long start = System.currentTimeMillis();
project.Genetic(cmax);
System.out.println("The elapsed time of this program is :
"+((System.currentTimeMillis())-start)+" ms");
System.out.println("The minimum number of labels needed is:

"+project.mincolor);
System.out.println("A permutation of the nodes which
gives this solution is: ");
for(int i=0;i<n;i++){

System.out.print (" "+project.Xbest[i]);
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