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Abstract

This thesis presents advancements on the modeling of quantum dots using Fourier-space k · p theory and on the

use of InGaN quantum dots for ratchet band solar cells. Fourier-space based methods have generally assumed

sharp material interfaces for electronic structure, strain and piezoelectric potential calculations in quantum dot

systems. Additionally, standard Fourier-space methods have often assumed uniform elastic and dielectric constants

for the strain and piezoelectric potential calculations. We present generalized methods to include smoothly varying

alloy profiles for the quantum dots, including spatially varying elastic and dielectric constants for the strain and

piezoelectric potential calculations. For the case of InGaN/GaN quantum dots, we show that the elastic and

dielectric constants corrections are important for accurate strain, piezoelectric potentials, and electronic structure.

The smooth alloy profiles are constructed by convolving sharp alloy profiles with a Gaussian, and we show that

the electronic structure strongly depends on the smoothing kernel, indicating the need for precise alloy profiles for

accurate electronic structures. We also present a new method that facilitates the coupling of strain into the k · p

Hamiltonian when considering isolated dots, greatly reducing the computational costs of calculating the Hamiltonian

matrix elements. Using the methods, we investigate the use of InGaN/GaN quantum dot superlattices as ratchet

band solar cells, where we propose to use the piezoelectric potential to generate a ratchet. The piezoelectric potential

can spatially separate confined electron and hole states, creating a spatial ratchet in order to reduce recombination.

From our quantum dot k · p model, we calculate optical light absorption cross sections and present an improved

method to calculate bound-to-continuum absorption, where electrons are excited out of the dots. In this method,

we approximate the continuum states as bulk k · p states for GaN. By coupling our k · p model absorptions into

a detailed balance model, we predict power conversion efficiencies. We find that a large number of QD layers is

necessary to achieve sufficiently strong absorption as to reach high efficiencies, highlighting one of the key issues

of QD-based solar cells. We consider systems which consists of up to 131000 layers of quantum dots and an ideal

Lambertian back reflector with two different QD geometries. The first geometry possesses a strong spatial ratchet

and can reach a maximum efficiency of 36% under a 1-sun 6000 K black-body spectrum. We verify the existence

of the spatial ratchet through the optical properties of the system, showing that it truly has the potential to block

recombination. We also present an efficiency optimized system that reaches a 42% detailed balance efficiency but

does not have a spatial ratchet.
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Chapter 1

Introduction: Intermediate and ratchet

band solar cells

1.1 The Shockley-Queisser limit

Solar cells are typically semiconductor-based photovoltaic devices that are designed to absorb sunlight to produce

electricity as efficiently as possible. There exist many solar cell architectures, with the simplest, oldest, and most

common being the single junction solar cell (SJSC). The SJSC consists of a pn-junction, which is a semiconductor

that is n-type doped on one side and p-type on the other, with metallic contacts at each end to complete the circuit.

As shown in Fig. 1.1, the band structure of an ideal semiconductor consists of a valence band (VB), a conduction

band (CB) and a bandgap ECV separating the two bands. The general goal is to now expose the solar cell to light in

order to excite electrons from the VB to CB. By applying a voltage at the contacts, we can extract the electrons in

the CB to produce current, which in turn produces power. For terrestrial applications, the incident light spectrum

is emitted by the sun and filtered by the earth’s atmosphere. The standard spectrum used to characterize solar cell

performance on earth is called the Air Mass 1.5 spectrum or simply AM1.5 [2]. However, it is sometimes practical

to approximate the incoming spectrum as a simple black-body spectrum, which can be easily described analytically.

In either case, the incoming spectrum is broadband.

Prior to shining light or applying an external bias, the system is at equilibrium such that the electron populations

in the VB and CB can be described by Fermi-Dirac statistics, along with a single Fermi level µ. Once we add light

or a bias, that is no longer the case, as the VB and CB electron populations will be displaced from their equilibrium.

However, given a sufficiently long time after turning on the light or bias, the system can reach a steady state. If

the light is sufficiently intense such that the electrons are excited and recombine faster than the electron population

can establish an equilibrium by electron-electron interactions, then we can no longer use Fermi-Dirac distributions

1



CHAPTER 1. INTRODUCTION: INTERMEDIATE AND RATCHET BAND SOLAR CELLS 2

to describe these populations. However, for the case of solar applications, the incident light and applied bias are

sufficiently weak that each electron population can reach a quasi-equilibrium, meaning the populations can be

described with Fermi-Dirac distributions, but with each population having its own quasi-Fermi level. We denote

the quasi-Fermi level for the CB as µc and µv for the VB, as shown in Fig. 1.1.

As mentioned, to operate as a solar cell, the general goal is to excite electrons into the CB by absorbing light

and then extract them at the contacts to produce current I. The power produced is then simply P = IV , where

P is the power and V the voltage between the contacts. Current generation is directly related to the number of

photons being absorbed, since each absorbed photon produces at least a single electron and hole pair that can be

extracted as current. Voltage, on the other hand, is related to the quasi-Fermi level splitting µCV, which is shown

in Fig. 1.1, as it represents the useful amount of energy we can extract from an electron by closing the circuit.

An ideal semiconductor can only absorb photons whose energy is above or equal the threshold energy ECV, where

energies larger than ECV leave the electron in an excited CB state. However, this excited electron quickly gives off

its excess energy to the lattice, thermalizing down to the CB band edge. This mechanism is known as thermalization

losses and essentially heats up the solar cell. Once relaxed to the CB band edge, electrons can recombine either

radiatively or nonradiatively. There are two key nonradiative processes, with the first being Shockley-Read-Hall

recombination, which is trap assisted recombination, with trap states being due to impurities or defects. This

type of recombination can be suppressed in high quality materials, where the density of trap states is low. The

second type is Auger recombination, where the electron in the CB recombines with a hole by giving its energy to

either an electron already in the CB or a hole in the VB. Auger recombination therefore relies on electron-electron

interactions and so depends on the electron density. Radiative recombination can generally not be suppressed, since

a good absorber is also a good emitter by reciprocity. Although, radiative recombination leaves the chance for a

possible re-absorption, which is known as photon recycling.

We may be interested to find the ideal SJSC material. By making a set of ideal assumptions, which are carefully

specified in Section 2.1, we can find what bandgap produces the highest efficiency. In the case of a small bandgap,

the SJSC absorbs a lot of light, which increases current production, but also suffers from large thermalization losses,

reducing the voltage. By the same mechanisms, a larger bandgap allows for larger voltage, but reduces current. In

an ideal system, the optimal bandgap therefore balances out these two effects, along with radiative recombination.

Shockley and Queisser showed that this idealized SJSC has a maximum attainable efficiency of 31% under a 1-sun

black-body spectrum. This 31%, which no real SJSC can surpass, is known as the Shockley-Queisser limit (SQL).

Experimental work on the SJSC has led to amazing progress with the current record efficiency for a crystalline

silicon SJSC being 26.7% under a 1-sun AM1.5G spectrum [3]. Knowing we can only expect to squeeze out a few

additional percentage points of efficiency motivates us to look at entirely different architectures whose maximum

efficiency is higher than the SQL.
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CB

VB

𝐸CV

𝜇c

𝜇V

𝜇CV

Figure 1.1: Energy diagram for a single junction device, which is characterized by a single gap. Arrow indicates full
gap transition with energy threshold Ecv. Black dashed lines are the quasi-Fermi levels for each respective electron
population and µCV the quasi-Fermi level splitting.

1.2 Intermediate band solar cell

Multiple architectures, which introduce new mechanisms to increase either current or voltage, have been proposed

in order to surpass the SQL. Among them is the multijunction (or tandem) solar cell, which consists of multiple

series-connected junctions, with each having a different bandgap. By ordering the junctions such that the largest

bandgaps absorb first and the smallest last, we can greatly reduce thermalization losses. This architecture has

had great success, with efficiencies currently reaching up to 47.1% under a AM1.5D spectrum with a concentration

factor of 143 suns [4]. Another example is the intermediate band solar cell (IBSC), which seeks to increase the

efficiency by introducing an intermediate band (IB) inside the bandgap, as shown in Fig. 1.2. This IB introduces a

second pathway for current generation by allowing the electrons to reach the CB via a two-step absorption process.

The first step is an excitation from the VB to the IB and the second step from the IB to the CB, where it can be

extracted as current. This IB pathway therefore requires two photons to produce a single electron and hole pair,

while the CV process only requires a single photon. Similar to the CV process, the IV absorption process has the

threshold energy EIV and ECI for the CI. Compared to the SJSC, IBSCs can have a large bandgap, allowing for a

large voltage, while being able to maintain a high current by absorbing a portion of the photons with E < ECV,

which is not possible for the SJSC. Reference [5] was the first to show, under the same ideal conditions as for the

SQL, that the IBSCs’ limiting efficiency is 63% under a fully concentrated black-body spectrum. For comparison,

the SJCSs’ limiting efficiency is 41% under a fully concentrated black-body spectrum, indicating that IBSCs truly

have the potential to surpass the SJSC. However, IBSCs have not achieved this yet due to poor light absorption,

recombination, or both.

An important material candidate for IBSCs has been semiconductor quantum dots (QDs), which are small

amounts of crystalline material contained in a larger host crystalline material, where the dot and host typically
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CB

VB

𝐸CV

𝜇C

𝜇V

𝜇CV

IB
𝐸IV

𝐸CI

𝜇I

𝜇CI

𝜇IV

Figure 1.2: Energy diagram for the intermediate band solar cell. Colored arrows show the three key processes for
absorption and emission. Black dashed lines are the quasi-Fermi levels for each respective electron population. µij
are the quasi-Fermi level splittings for each pair of bands.

have the same crystal structure. In this thesis, we focus on wurtzite InxGa1-xN QDs contained inside of bulk wurtzite

GaN. For shortness, we will simply write InGaN from now on, while understanding that there is an implied indium

fraction x. Since the dot and host materials differ, so do their band structure, leading to misaligned band edges

at the material interfaces. Depending on dot and host material combinations, these band offsets can be found in

different configurations, as shown in Fig. 1.3. Panel (a) uses the case of InGaN/GaN as an example of a type-I QD,

where the dot material has the smaller bandgap and is entirely contained inside the bandgap of the host. The z axis

is a spatial sweep through the system with the solid black lines being the bulk CB and VB edge energies. In the

QD region, the bandgap is smaller, leading to a confinement potential inside of which one finds discrete electronic

states, shown as blue dashed lines. The geometry of the confining potential is determined by the dot geometry,

while its depth is determined by the alloying fraction. This dependence then implies that the density of states,

and the electronic gap between the lowest QD confined electron and hole states, is also determined by the dot size

and composition. Panel (b) uses GaSb/GaAs QDs as an example of type-II QDs, where the bulk band edges are

both shifted up in energy with respect to the host. Similar to the type-I case, the VB offset in type-II QDs also

contains discrete states, whose properties can be tuned by changing the dot size and composition. Absorption for

the IV process is generally weaker in type-II systems since initial and final wavefunctions only overlap near the

dot boundary, as shown by the green arrow in Fig. 1.3(b). Both type-I [6, 7] and type-II [8, 9] QDs have been

investigated as candidates for IBSCs, but we will focus on InGaN/GaN QDs, which are type-I.

For solar applications, the idea is to use the QD bound states to absorb low energy photons that are not absorbed

by the host material. If the electrons in the QD CB states are able to achieve their own quasi-equilibrium, meaning

that they are decoupled from electron populations in the VB and CB, then we describe them by Fermi-Dirac

statistics and their own quasi-Fermi level. Assuming this quasi-equilibrium to be the case, then we can label the

QD bound states in the CB act as an IB, as highlighted by the gray rectangle in Fig. 1.3(a). For the VB offset,
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𝐸CV
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𝐸v
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VB

CB

VB

IB

𝐸CV

𝐸IV

𝐸CI
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En
er
gy
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𝐸C
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b)

Figure 1.3: Electronic structure diagrams for a (a) Type-I and (b) type-II QD system along a spatial axis for the
case without strain or piezoelectric potential. Black lines are Ec and Ev, the bulk VB and CB edges, and dashed
blues lines the energy levels of QD confined states. Grey rectangles highlight the three key bands, where the QD
states are considered to act as an IB. Colored arrows show the three key processes for absorption and emission,
which are taken equivalent to those in Fig. 1.2. Black curved arrow in panel (a) represents hole escape via either
thermal energy or low energy photons. The two subgap transition energy thresholds do not generally add up to the
full gap, whereas they do so for the IBSC.

it is assumed that holes can escape thermally or via lower energy photons, which is represented by a black arrow

in the same figure. Having the holes thermally escape implies that the electron population in the VB QD confined

states must share a quasi-Fermi level with those of the host material’s VB. Analogous to the IBSC, we can now

identify three bands in the QD system and two current producing pathways. The first pathway is the CV process

where an electron is excited from the VB to the CB inside the host material. The second pathway is a two-step

absorption process inside the QD, with the first step being the IV absorption process and CI the second, which gets

the electron into the CB of the host material, from where it can be extracted as current. Similar to the IBSC, the

three absorption processes are characterized by their respective threshold energy, however the QD system is such

that EIV + ECI < ECV, while the IBSC is constrained to EIV + ECI = ECV.

Although the two-step process has been demonstrated to work in principle [1, 10, 11], devices remain poorly

efficient. A first issue is that QDs have a small absorption cross section, requiring many QDs and/or light trapping to

be optically thick. Experimentally, having too many layers of QDs inside a device can lead to complications such as

strain-induced defects, which is discussed further below. The other causes for low efficiencies are IV recombination

and CI trapping. If carriers in the QD CB states have a short lifetime compared to the rate of the CI absorption

process, then electrons will significantly recombine from the QD CB states to the QD VB states. Electron trapping is

when electrons from the host material’s CB relaxes into the bound states of the QD. For light emitting applications

such as light emitting diodes, electron trapping is a good thing since the goal is to have injected current populate

the QD CB states, leading to radiative recombination. In the case of IBSCs, a high trapping rate means that the

electron population from CB and IB (QD CB states) are not decoupled and so must share a quasi-Fermi level. This
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shared quasi-Fermi level leads to a lower µc and so a decreased µCV, hurting the voltage. Additionally, trapping

reduces the number of electrons collected at the contacts, reducing the current. The trapping problem can be

solved by surrounding the dot with an additional semiconductor, called a shell, whose band structure is such that

a potential barrier forms to prevent electrons from falling into the potential well [12]. However, having a shell does

not solve the internal recombination problem for the IV process.

1.3 Ratchet band solar cell overview

The ratchet band solar cell (RBSC), which is shown in Fig. 1.4(a), was originally proposed in [13] with the goal of

solving the internal recombination problem. The RBSC takes the IBSC and introduces an additional band inside

the gap, which is called the ratchet band (RB). The RB is such that it is thermally connected to the IB, meaning

that its electron population shares a quasi-Fermi level with the electrons occupying the IB. Additionally, electrons

occupying the RB are forbidden to transition to the VB, thus blocking recombination. We assume that the IB to

RB relaxation is sufficiently fast as to empty the IB and allow us to ignore any transition between the IB and CB,

i.e., there is no CI process. Similar to the IBSC, we therefore identify three absorption processes, which are the

CV, IV, and CR, which are characterized by absorption threshold energies ECV, EIV, and ECR, respectively. We

also identify two current generating pathways for the electrons, with the first being the standard CV process which

appears in the SJSC and IBSC. The second pathway starts with an excitation from the VB to the IB, where the

electron then quickly relaxes into the RB. Once in the ratchet band, recombination to the VB is blocked, giving

the electron an extended lifetime. From the RB, the electron can absorb a photon to complete the CR process and

be extracted as current.

The decoupling of the RB and VB is key for blocking recombination, and there have been multiple candidates

for RBSCs such as quantum-cascade-style AlGaAs/GaAs quantum well superlattice [14], InAs QDs contained in

AlGaAs/GaAs heterojunctions [15] and erbium-doped GaAs [16]. However, none of these systems are able to

function at room temperature with the required broadband absorptions that are necessary for solar applications.

InGaN QDs have already been found in many applications such as light emitting diodes [17], single-photon emitters

[18], water splitting [19] and solar cells [1, 7]. In Chapter 7, we investigate the use of wurtzite InGaN/GaN QD

superlattices for RBSCs. In the original proposal from [13], the threshold energies for the three absorption processes

are such that EIV+ECR ≥ ECV, whereas a QD system generally has EIV+ECR < ECV, as also seen in Fig. 1.3. Figure

1.4(b) shows a QD-adapted RBSC system which includes a band offset, allowing for EIV + ECR < ECV. Wurtzite

systems have non-centrosymmetric interfaces that causes formation of permanent dipoles when under strain, leading

to the formation of a piezoelectric field. We propose using electron and hole states, which are spatially separated

by the piezoelectric field, as a spatial ratchet.

Let us now talk about how QD systems are generally made, experimentally. Molecular beam epitaxy (MBE),
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Figure 1.4: Energy diagram for (a) the originally proposed RBSC and (b) a QD-based RBSC. Colored arrows show
the three key transitions for absorption and emission. Black arrow represents non-radiative recombination from the
IB to the RB. Blue dashed lines represent QD states. IB and RB are also made from QD states. Black dashed lines
are the quasi-Fermi levels for each respective band.

chemical vapor deposition (CVD) and metalorganic chemical vapor deposition (MOCVD) are all standard ap-

proaches used for making semiconductor quantum dots. In these methods, a substrate is placed inside a vacuum

chamber and various gasses are introduced. The nature of the gas depends on which technique is used (MBE, CVD

or MOCVD) and which materials are to be grown. By controlling pressure, temperature, and gas flow rates, one can

grow semiconductors epitaxially on the substrate. QD systems can have different architectures, but a first example

is QDs which are contained inside of layers, which are typically made using the Stranski-Krastanov growth mode.

In this growth mode, one first starts with initial layer of host material (e.g. GaN) on a substrate and then slowly

grows a thin layer, called a wetting layer, of what is to be the dot material (e.g. InGaN). Due to lattice mismatch

between the two materials, strain builds up in the wetting layer as it gets thicker. Eventually, due to strain, it is

energetically favorable for islands to form, leading to the formation of QDs. However, the QD nucleation process

is random, leading to an ensemble of randomly positioned dots. Once the quantum dots are formed, more GaN is

grown on top of the dots act as a barrier layer, isolating the QDs from subsequent QD layers [7, 20–22]. The process

can be repeated to obtain multiple layers of QDs, but strain can build up in the system with each layer, which can

lead to defects in the device. However, it is possible to periodically grow a layer of some material whose lattice

constants is such that it counteracts the strain build up. This is called a strain compensating layer and allows

for the growth of a larger number of QD layers. Our second QD architecture example consists of QDs contained

in nanowires, which can be grown with [23, 24] or without a catalyst [17, 19]. Using a catalyst means depositing

metallic nanoparticles on the substrate to seed the growth of nanowires. During the nanowire growth, the gas being

introduced into the growth chamber can be exchanged with other gas, allowing for the formation of QDs along the

length of the nanowires. The process can be repeated, allowing for the growth of multiple quantum dots along the

nanowire. Given the nanowire is not radially constrained by any material, strain can naturally relax at the surface

in these systems. In general, regardless of the method or architecture, QDs do not have sharp alloying profiles,

but are rather smoothly varying. Given that QDs are so sensitive to their size and composition, it is important to
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properly capture these smooth alloy profiles in their modeling.

The properties of QDs can vary greatly based on their size and composition. Electronic structure modeling

can therefore be a useful tool to guide the optimization of QDs for target applications. However, one needs to

include all important physics if one is to have an accurate model. Lattice-mismatch driven or external strain leads

to a deformed lattice, which can significantly impact the electronic structure. Additionally, materials such as III-

nitrides are also piezoelectric, meaning that these lattice deformations lead to internal polarizations, also affecting

the electronic structure. Quite often, models used to calculate strain, piezoelectric fields and electronic structure

assume sharp material interfaces, neglecting the smooth alloy profiles of actual QDs.

In this thesis, we present standard Fourier-space based techniques used to model strain, piezoelectric potentials,

and electronic structure of wurtzite QDs. These methods originally assumed sharp material interfaces, uniform

elastic constants for strain and uniform dielectric constants for piezoelectric potential calculations. We present

methods to include spatially varying alloy profiles with elastic, and dielectric constants that vary accordingly, and

show that these effects are important for accurate modeling of wurtzite InGaN QDs. We then use our model to

explore the use of wurtzite InGaN/GaN QD superlattices as RBSCs. We show that the piezoelectric potential in

InGaN QDs could be used as a spatial ratchet, blocking internal recombination. By coupling our electronic structure

model with detailed balance calculations, we predict limiting efficiencies of 36% for an example system, which has

a spatial ratchet, and 42% for an optimized system without the ratchet.

1.4 Thesis outline

In this thesis, chapters 2, 3, 4 and 5 are reviews of well established theories for detailed balance, electronic structure,

strain and piezoelectric potential calculations. Chapters 6 and 7 contain the original contributions of the author to

these fields.

In Chapter 2, we use detailed balance calculations to calculate maximum attainable efficiencies of SJSCs, IBSCs

and RBSCs. These calculations motivate the exploration of the RBSC system and the use of InGaN QDs as a

candidate for making RBSCs.

Chapter 3 presents the k ·p method, which is used to calculate band structure, for bulk wurtzite materials. More

precisely, we present the construction of a time-reversal invariant 8-band k · p model. Chapter 4 uses the theory of

slowly varying envelope functions to write a k · p model for quantum dots superlattices. Following the electronic

structure calculation, we present a method for modeling absorption within the QD superlattices by using Fermi’s

golden rule. Chapter 5 focuses on methods to calculate strain and piezoelectric potential for a QD superlattice,

while assuming sharp material interfaces, and uniform elastic and dielectric constants.

Chapter 6 begins the author’s contributions to the field and generalizes the methods of Chapters 4, and 5 for

k ·p electronic structure, strain, and piezoelectric potential calculations to include smooth alloy profiles along with
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spatially varying elastic and dielectric constants. We also present a new approach of efficiently coupling strain into

the k · p Hamiltonian. Chapter 7 uses the methodology of Chapter 6 to investigate the use of InGaN/GaN QD

superlattices as RBSCs. Using absorptances calculated from the k · p model and detailed balance calculations, we

study the potential efficiencies attainable in such a system. We show that the spatially separated states due to the

piezoelectric potential in InGaN quantum dots could be used as a spatial ratchet to reduce internal recombination.



Chapter 2

Detailed balance calculations

The ultimate goal of solar cells is to convert sunlight into useful electrical power as efficiently as possible. Taking the

incoming solar radiation from a Ts = 6000 K black-body and with an ambient temperature Ta = 300 K , the Carnot

efficiency limit is (Ts + Ta) /Ts = 95%. However, even in idealized photovoltaics, there are many loss mechanisms,

such as radiative recombination, that contribute to reducing the maximum attainable efficiency of a particular

photovoltaic architecture below this 95%. Solar cells come in many different architectures (e.g. SJSC and IBSC)

and it is useful to know an architecture’s maximum attainable efficiency. In the case of mature technologies, it can

indicate how much additional efficiency you could possibly gain by further optimizations. For newer technologies,

it can indicate if a system is worth investing work in by comparing its limiting efficiencies to those of existing

technologies.

The goal is to make a simple description of a system (SJSC, IBSC and RBSC) and see what thermodynamics

say about the attainable efficiency from such a system. Let us start by considering the ideal SJSC such that

1. Absorption is perfect, meaning that a (E) = 1 for E > ECV, where a (E) is the absorptance,

2. Each absorbed photon produces a single electron and hole pair,

3. There is only radiative recombination, which is called the radiative limit,

4. Materials have perfect conductance, i.e. infinite carrier mobilities,

5. Contacts are selective, meaning only electrons are extracted on one side and only holes on the other,

6. Contacts are ohmic, meaning there is no loss of energy at the contacts,

7. All excited electrons are thermalized instantaneously.

Under these assumptions, Shockley and Queisser showed that the maximum attainable efficiency is 31% under a

1-sun black-body spectrum [25], which is far below the Carnot limit. Real semiconductor photovoltaics with only

10
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one bandgap cannot surpass this 31%, but are approaching it. The same methods have also been applied to IBSCs

and RBSCs to determine their limiting efficiencies [5, 13, 15, 26]. In this chapter, we establish detailed balance

calculations under assumptions (1-7) and calculate the maximum efficiencies of the SJSC, IBSC and RBSC. In

Chapter 7, we investigate InGaN QDs superlattices as ratchet band solar cells and extend the detailed balance

theory presented here to include realistic absorptances, which are obtained from electronic structure calculations.

2.1 Single junction solar cell

We start by studying the case of a single junction solar cell (SJSC), as shown in Fig. 1.1. Here, the goal is to

calculate the maximum attainable efficiency under the ideal assumptions (1-7). The solar cell absorbs light from

both the sun and the ambient, but also emits its own light as well. By ambient, we mean other sources of light that

are simply part of the environment and simply not from the sun. The sun and ambient are considered at equilibrium

(∆µ=0) and can naturally be treated as black bodies that emit according to Planck’s law. The solar cell, on the

other hand, is not at equilibrium, but emits light based on its electron and hole populations, which depends on

their respective quasi-Fermi levels. The solar cell’s emitted photon flux can be described using a modified Planck

spectrum [27]

φ(µ, T ) =
2π

h3c2

∞̂

0

a (E)E2dE

e(E−µ)/kT − 1
,

[
m−2s−1

]
(2.1)

where E is energy, a (E) the absorptance, µ is the quasi-Fermi level splitting between the two carrier populations

taking part in the emission, k the Boltzmann’s constant, h the Planck constant, C the speed of light and T

temperature of the emitting or absorbing body. As discussed in Chap. 1, the SJSC is characterized as having a

single bandgap ECV, only absorbing or emitting photons at energies larger or equal to ECV. Given assumption (1),

which is absorption of a photon is guaranteed if its energy is greater than the bandgap, Eq. 2.1 can be written

φ(µ, T ) =
2π

h3c2

∞̂

ECV

E2dE

e(E−µ)/kT − 1
. (2.2)

If there was no recombination whatsoever, then all photons from the sun and ambient, with E > ECV, would be

absorbed. In this case, there would be no carrier loss mechanisms and the extracted current could be directly

obtained from the absorbed photon fluxes. However, the cell must also emit photons, reducing the number of

extracted electrons by exactly the number of emitted photons, giving the relation

J

q
= φabs − φemit, (2.3)

where J is the current density, q the charge, φabs the photon flux absorbed from the sun and ambient, and φemit

the photon flux emitted by the cell. If there was also nonradiative recombination, which does not produce photons,
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Figure 2.1: Partitioning of the hemisphere in terms of light emitted by the sun and the ambient. Light is absorbed
from the sun within the angle θs and ambient within the rest of the hemisphere. The solar cell emits in all directions
of the hemisphere. Figure adapted from [2].

then the number of extracted electrons could not be directly deduced from photon flux being absorbed and emitted.

It is therefore through assumption (3) that we can calculate the current through the simple photon bookkeeping of

Eq. 2.3. Using Eq. 2.2, we can write Eq. 2.3 as [2]

J = q [Cfsφ(0, Ts) + (1− Cfs)φ(0, Ta)− φ(µCV, Ta)] . (2.4)

Here, C is the concentration factor such that C = 1 corresponds to 1 sun and C = 1/fs to full concentration,

where fs = sin2 θs = 2.16×10−5 and θs is the half-angle occupied by the sun, as seen from the solar cell, as shown in

Fig. 2.1[2]. In writing Eq. 2.4, we have assumed light from the sun is contained within the angle θs and contributions

from the ambient from the rest of the hemisphere. The first and second terms on the right-hand side of Eq. 2.4

are the photons fluxes emitted from the sun and ambient, respectively. The last term is the flux emitted from the

cell. Assumption (4) is perfect conductance, which means the quasi-Fermi levels are uniform throughout the device.

By assumption (5) and (6), the contacts at each end of the device are also considered ideal, meaning there is no

voltage drop or barrier at the interfaces. Under these assumptions, the useful energy obtained from extracting an

electron-hole pair by closing the circuit is the energy separation between the quasi-Fermi levels, implying µCV = qV ,

where V is the voltage between the contacts. For a given V and J , the power density produced by the cell is

P = V J (2.5)

The system’s power conversion efficiency is defined as

η =
Pout (Vmpp)

Pin
(2.6)
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Figure 2.2: Single junction voltage-optimized efficiency for varying bandgaps under a 1-sun and fully concentrated
6000 K black-body spectrum.

where Pin is the total power incident on the cell and Pout is the total electrical power produced by the cell. Vmpp is

the voltage at the maximum power point (MPP), which is defined as

dPout

dV

∣∣∣∣
V=Vmpp

= 0. (2.7)

For a given solar cell with surface area A, the efficiency can be written

η =
Pout (Vmpp)

Pin

=
P (Vmpp)A

PinA

=
VmppJ

Pin
(2.8)

The denominator in Eq. 2.8 can be calculated using the Stefan Boltzmann law to obtain [2, 5]

η =
VmppJ

CfsσT 4
s

, (2.9)

where σ is the Stefan-Boltzmann constant.

In terms of efficiency, there is a current and voltage trade-off when varying the bandgap. Reducing the bandgap

allows for the absorption of more photons, increasing J , but reduces Vmpp, which can’t surpass the bandgap.

Increasing the bandgap allows higher Vmpp, but reduces the number of photons that can be absorbed by the gap,

which is known as transparency losses, resulting in a reduced J . Figure 2.2 shows the efficiency versus the bandgap,

where we find a maximal efficiency of 31% at ECV = 1.3 eV for a 1-sun concentration and 41% at ECV = 1.1 eV for

full concentration. These maximum efficiencies are known as Shockley-Queisser limits (SQLs) and often serve as

benchmarks to estimate another system’s potential.



CHAPTER 2. DETAILED BALANCE CALCULATIONS 14

2.2 Intermediate band solar cell

We are now interested in systems whose efficiency can surpass the SQL. To do so, at least the current or voltage

must be increased over the single-junction optima, which is possible with the IBSC, as discussed in Chapter 1.

Let us then consider the IBSC, as shown in Fig. 1.2, with the assumptions (1-7). Additionally, we assume that

no current is extracted from the IB, which would couple the quasi-Fermi levels of the three bands. Coupling the

quasi-Fermi levels would reduce µCV and so reduce the voltage between the contacts.

Let’s now proceed in a similar fashion as was done for the SJSC and calculate the efficiency of an ideal IBSC.

Unlike for the SJSC, the IBSC has three absorption processes (CV, IV and CI) that can compete for photons.

Overlapping absorptions by considering a finite thickness has been investigated by [2] and [28], but we only consider

perfect non-overlapping absorptions of the form

a (E,Emin, Emax) =


1 if Emin < E < Emax

0 otherwise
, (2.10)

which simplifies calculations. Absorption of the solar spectrum is then partitioned into each of the three absorption

processes, as shown in Fig. 2.3, where we have assumed EIV < ECI. This partitioning scheme minimizes thermal-

ization losses by giving each photon to the process that maximizes use of the photon’s energy. From Eq. 2.1, the

absorbed or emitted photon fluxes for a process can then be written

φ(Emin, Emax, µ, T ) =
2π

h3c2

Emaxˆ

Emin

E2dE

e(E−µ)/kT − 1
. (2.11)

In the IBSC, both the CV and CI processes contribute to producing electrons in the CB, meaning there are two

terms to the current generation. Through the same photon bookkeeping used for the SJSC, the extracted current

density is [5]

J = q
[
ṄCV + ṄCI

]
, (2.12)

where

ṄCV = Cfsφ (ECV,∞, TS, 0) + (1− Cfs)φ (ECV,∞, Ta, 0)− φ (ECV,∞, Ta, µCV)

ṄCI = Cfsφ (ECI, ECV, TS, 0) + (1− Cfs)φ (ECI, ECV, Ta, 0)− φ (ECI, ECV, Ta, µCI)

ṄIV = Cfsφ (EIV, ECI, TS, 0) + (1− Cfs)φ (EIV, ECI, Ta, 0)− φ (EIV, ECI, Ta, µIV) . (2.13)



CHAPTER 2. DETAILED BALANCE CALCULATIONS 15

0 E
IV

E
CI

E
CV

Energy

B
la

c
k
b
o
d
y
 p

h
o
to

n
 f
lu

x

VB IB IB CB VB CB

Figure 2.3: Partitioning of the solar spectrum for the three key IBSC processes under the non-overlapping absorption
approximation.

Similarly to Eq. 2.12, the current extracted from the IB is

JIB = q
[
ṄIV − ṄCI

]
. (2.14)

However, we assumed no current is extracted from the IB, leading to the condition

ṄCI = ṄIV. (2.15)

Power and efficiency are calculated same as for the SJSC. A similar set of equations can be written for EIV > ECI,

where EIV and ECI are exchanged.

Figure 2.4 shows efficiency for varying subgap threshold energies ECV, and EIV for a 1-sun and full concentration

6000 K black-body spectrum. Note that the IBSC is constrained to have EIV +ECI = ECV, removing the need for a

third axis in the figure. For a fixed bandgap, the CI process is current limiting for small EIV and the IV process for

when EIV is large. The highest efficiency is therefore found when the two subgap processes are current matched,

which is near ECV/3 [5, 28]. As already shown in [5, 28], we find a maximum efficiency of 47% for 1-sun and 63%

for full concentration, both well above their respective SQL. We refer to these numbers as the limiting efficiencies,

but it is possible to surpass them at low light concentration by considering overlapping absorptions [28].

We are interested in using InGaN/GaN QDs as solar cells with the goal to surpass the SQL. Figure 2.5 shows

the efficiency for ECV = 3.51 eV, which corresponds to the bandgap of GaN, where we find a limiting efficiency

of 40% at 1 sun, which is well above the SQL. Since the bandgap of InGaN has a large range, from 0.78 eV to

3.51 eV, one should be able to tune the electronic gap of InGaN QDs to maximize efficiency. This flexibility in the

system’s electronic structure indicates that InGaN/GaN QDs are indeed a promising candidate for IBSC’s. The

loss in efficiency compared to the global maximum is due to the GaN bandgap being too wide, but could also be

improved by choosing an InGaN host material.
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Figure 2.4: IBSC detailed-balance efficiency landscape for (a) 1-sun and (b) full concentration 6000 K black-body
spectrum. White contours are the Shockley-Queisser limits for each respective concentration, 31% for 1 sun and
41% for full concentration. Black dashed line in panel (a) corresponds to the results shown in Fig. 2.5.
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Figure 2.5: IBSC detailed-balance efficiency for ECV = 3.51 eV, the case of a GaN host material, at 1-sun concen-
tration. Sweep corresponds to the black dashed line in Fig. 2.4(a).
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2.3 Ratchet band solar cell

Let us now turn to the RBSC, which seeks to solve the recombination problem present in IBSCs. Here, we will

focus on the original proposal shown in Fig. 1.4(a), while the case of QDs is investigated in Chapter 7. To calculate

efficiencies, we once again use the assumptions (1-7), that no current is extracted from the IB or RB, and that the

subgap processes are characterized by perfect non-overlapping absorptions, as described in Eq. 2.10. Just as for the

IBSC, the RBSC has two current producing pathways and we can once again use photon bookkeeping to obtain the

current density, which is

J = q
(
ṄCV + ṄCR

)
, (2.16)

where
ṄCV = Cfsφ (ECV,∞, TS, 0) + (1− Cfs)φ (ECV,∞, Ta, 0)− φ (ECV,∞, Ta, µCV)

ṄCR = Cfsφ (ECR, Eg, TS, 0) + (1− Cfs)φ (ECR, Eg, Ta, 0)− φ (ECR, Eg, Ta, µCI)

ṄIV = Cfsφ (EIV, ECR, TS, 0) + (1− Cfs)φ (EIV, ECR, Ta, 0)− φ (EIV, ECR, Ta, µIV) .

(2.17)

Here, we have assumed EIV < ECR < ECV. Similar equations may also be written for ECR < EIV < ECV, in which

case EIV and ECR are exchanged in Eq. 2.17. Similarly to the IBSC, the current produced by the IB and RB is

JIB/RB = q
[
ṄIV − ṄCR

]
, (2.18)

but we assumed no current is extracted from the IB or RB, leading to

ṄIV = ṄCR. (2.19)

Contrary to the IBSC, the sum of the two subgap energy thresholds do not have to sum to the full gap,

ECV = EIV + ECI −∆E. (2.20)

Here, ∆E is the energy separation between the IB and RB. This gives an additional degree of freedom, allowing to

further optimize the subgap absorptions to better match the solar spectrum compared to the IBSC.

Figure 2.6 shows the efficiency for a fully optimized system (ECV, EIV, ECR and V ) with fixed ∆E for various sun

concentrations. For the 1-sun concentration, we find a maximum efficiency of 49% and 63% for full concentration.

In terms of detailed balance efficiency, introducing a RB is therefore beneficial at low concentrations, but not at

full concentration where the IBSC is already optimal. The 1-sun result is interesting because we are able to surpass

the IBSC even though we have introduced an energy loss mechanism in coupling the IB and RB. This energy loss is

compensated by the additional degree of freedom (∆E) in choosing the threshold energies compared to the IBSC,
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Figure 2.6: RBSC detailed-balance efficiency for varying ratchet energy ∆E, as defined in Eq. 2.20. Subgap energy
thresholds have been optimized for each ∆E to obtain the maximal efficiencies.

allowing for more optimal energy thresholds. By better optimizing the energy thresholds, the efficiency is improved

by reducing recombination rates and entropy at low light concentrations [13, 26, 29] . The special case of a RBSC

with an InGaN host material is presented in Chap. VII.

Both the IBSC and RBSC presented here are idealized systems for theoretical analysis. From an experimental

standpoint, it has been difficult to construct a device that can absorb subgap light with high power conversion

efficiency. In our case, we are interested in using InGaN QDs for RBSCs. However, the properties of QDs can

vary widely in geometry and composition. If a device is to approach these theoretical efficiencies, one must have

an accurate model of the QDs’ electronic and optical properties in order to optimize the system. In the following

sections, we present the k · p method to predict electronic structure for bulk systems, which is then extended to

QDs.



Chapter 3

k · p theory for bulk wurtzite materials

The optical properties of QDs can be tuned by changing their geometry or composition, making them quite attractive

for light emitting or photovoltaic applications. The tunablility of a QD’s optical properties is due to its electronic

structure’s sensitivity to the QD’s dimensions and composition. Electronic structure modeling then becomes a

crucial tool in understanding and tuning a QD so it can achieve high power-conversion efficiencies.

There are many standard methods used to calculate the electronic structure of semiconductor systems, such

as tight-binding (TB), k · p, density functional theory (DFT) and pseudo-potentials. Each of these methods has

its advantages and disadvantages. Usually, methods such as DFT and pseudo-potentials are used to obtain the

electronic structure in the complete first Brillouin zone, while k · p theory is mostly used to obtain the electronic

structure in the vicinity of some high symmetry point in k-space. While methods such as TB, DFT and pseudo-

potentials are atomistic in nature, the k · p method is a macroscopic, continuous and semi-empirical theory. k · p

theory contains knowledge of crystal structure, but requires input parameters that are typically obtained from

fitting the k · p model to calculations such as DFT or pseudo-potentials. Our ultimate goal is to model relatively

large InGaN QDs, making atomistic approaches considerably more computationally costly compared to k ·p theory.

For this reason, we chose k · p theory as our tool for modeling the electronic structure. This chapter covers k · p

theory for bulk wurtzite systems and is extended to QDs in Chap. 4.

The main idea behind the k ·p method is to use a finite number of Bloch functions from a high symmetry point

in the first Brillouin zone as a basis to approximately construct the band structure in the vicinity of said symmetry

point [30, 31]. This is usually done around the k = 0 point in the first Brillouin zone, which is usually labeled the

Γ-point and is often where the bandgap is located, as is the case for InGaN materials. For a given material, the

number of bands, or Bloch functions, included in the model must be chosen based on the electronic structure at

the symmetry point in question and range of desired accuracy within the first Brillouin zone. This implies that one

needs knowledge of the electronic structure beforehand. One may then ask, why use k · p theory if full knowledge

of the band structure is needed beforehand? The k · p method is computationally inexpensive and one can easily

19
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model alloys by interpolating known parameters from binary compounds.

In terms of materials, early work was on silicon and germanium [32–34], but has since become a common method

for other materials such InGaN [35–40]. 8-band models, which include the CB and three VBs, for spin up and down,

are quite common [39–41]. It is also possible to neglect spin-orbit coupling and reduce the system to 4 coupled

bands [42, 43]. In some cases, only the valence bands are of interest, leading to a 6-band Hamiltonian [35–38]. Given

that the range of accuracy within the first Brillouin zone increases with the number of bands included in the model,

15-band [34], 20-band [44], 24-band [45] and 30-band [46] models have been developed that give accurate results

over the full Brillouin zone. However, a larger number of bands also requires a larger number of input parameters.

A 10-band model has also been used to describe band anti-crossing in dilute nitride materials [47].

Wurtzite materials are generally characterized as having bandgap at k = 0, which is commonly labeled the

Γ-point, within the first brillouin zone. Delimiting the bandgap is a CB and three valence bands, as shown in

Fig. 3.1(a). Without the presence of an external magnetic field, these four bands are all doubly degenerate due to

time reversal symmetry, which is also known as Kramers’ denegeracy. The CB Γ-point Bloch function is s-like in

symmetry, while the VB Bloch functions are p-like. By addition of angular momentum and spin, these VB Bloch

functions form J = 3/2 and J = 1/2 states, which are degenerate when ignoring spin orbit coupling and crystal

field splitting. Including the spin-orbit coupling splits the J = 3/2 and J = 1/2 states. Including then the crystal

field splitting splits the J = 3/2 states, leading to nondegenerate bands, not counting the Kramer’s degeneracy.

The splitting of the VBs under these effects is shown in Fig. 3.1(b). We now turn to using k · p theory to describe

the band structure shown in Fig. 3.1(a).

In this chapter, we show how to construct a time-reversal invariant 8-band k · p Hamiltonian, which includes

crystal field, spin-orbit coupling, and strain, for wurtzite materials. In the first section, we construct a k · p model

that is first-order in k, while neglecting spin-orbit coupling and strain. We use this toy model in Sec. 3.2 to show

that the naively constructed Hamiltonian is not invariant under time-reversal symmetry, while a system without

external magnetic fields should be. We correct the Hamiltonian to be time reversal symmetric and show that the

toy model does not produce accurate band structures for the valence bands. The proper treatment of time reversal

symmetry within k ·p is well known in literature, with a discussion of how to construct a time-reversal invariant k ·p

Hamiltonian given in [32]. However, we are unaware of any discussion on the reasons as to why a naive construction

of the Hamiltonian does not lead to a time-reversal invariant system, which we give in Sect. 3.2.2. The accuracy of

the model is then improved in Sec. 3.3 by including effects from additional bands, crystal field, spin-orbit coupling

and strain.
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Figure 3.1: (a) Band structure of wurtzite materials in the neighborhood of the Γ-point, where the bandgap is
found. There are four important bands near the bandgap, which are the conduction band (CB), heavy hole (HH),
light hole (LH) and crystal-field split-off (CH). Red markers are the Γ-point Bloch functions, which transform like
s and p orbitals. VB states are split at the Γ-point by the spin orbit coupling and crystal field. (b) Splitting of the
Γ-point VB degeneracies by spin orbit coupling and crystal-field.

3.1 Bulk k · p without spin-orbit coupling and strain

Let us start by deriving the k · p formulation. Consider a single electron in an infinite crystal lattice without

spin-orbit coupling or strain. Schrödinger’s time independent equation for the single electron is

Ĥ0 |ψ〉 = E |ψ〉 , (3.1)

where

Ĥ0 =
p̂2

2m0
+ V (r) . (3.2)

Here, Ĥ0 is the Hamiltonian, p̂ is the momentum operator, m0 the electron mass, V potential energy due to the

crystal lattice. Given the infinite lattice, the potential respects translation symmetry such that

V (r + R) = V (r) , (3.3)

where R is any linear combination of the crystal lattice vectors. This periodicity allows us to write the eigenstates

as Bloch waves [48]

ψn,k (r) = eik·run,k (r) , (3.4)

where n is the band index and k a wave vector labeling the state within the first Brillouin zone of Fourier space.

un,k are the Bloch functions, which have the same periodicity as the potential. Inserting Eq. 3.4 into Eq. 3.1 leads

to

Ĥk·p |un,k〉 = En,k |un,k〉 , (3.5)
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where

Ĥk·p (k) = Ĥ0 +
~2k2

2m0
Î +

~
m0

k · p̂. (3.6)

Here, Ĥk·p is referred to as the k · p Hamiltonian and acts on the functions |un,k〉. We have therefore recast the

original eigenvalue problem into a similar one for the Bloch functions. The goal is now to solve the eigenvalue

problem to obtain En,k and |un,k〉, giving us the band structure of the bulk crystal. The idea behind k ·p theory is

to calculate the band structure around some certain point k0 in k-space using the Bloch functions un,k0
as a basis.

This is possible because the full set of Bloch functions {un,k0 |∀n} for a fixed wave vector k0 forms a complete and

orthonormal set [30, 31, 33]. Consequently, we can expand |un,k〉 using the k0 Bloch functions, leading to [33]

|un,k〉 =
∑
i

Ani (k) |ui,k0
〉 , (3.7)

where Ani (k) are the expansion coefficients. There are no known analytical solutions to such general eigenvalue

problems, and it is numerically unfeasible to consider an infinite basis set, but one can use a subset of these Bloch

functions to obtain an approximate solution. For solar applications, the states in the vicinity of the bandgap usually

play the most important role as they are responsible for the absorption that leads to current production. In the

case of wurtzite InGaN materials, the bandgap is located at the Γ-point (k = 0), as sketched in Fig. 3.1. Closest in

energy to the bandgap is the conduction band (CB), heavy hole band (HH), light hole band (LH) and crystal-field

split-off band (CH). The Γ-point Bloch function of the CB transforms like an S orbital, while the three valence

bands transform like P orbitals (X, Y and Z) [35, 39]. Choosing these Bloch functions with spin up and spin down

gives us an 8-element basis we label as

|u1〉 = |S, ↑〉 |u5〉 = |S, ↓〉

|u2〉 = |X, ↑〉 |u6〉 = |X, ↓〉

|u3〉 = |Y, ↑〉 |u7〉 = |Y, ↓〉

|u4〉 = |Z, ↑〉 |u8〉 = |Z, ↓〉 .

(3.8)

With this finite basis, the eigenfunctions |un,k〉 are then approximated as

|un,k〉 ≈
8∑
i=1

Ani (k) |ui〉 , (3.9)
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which becomes more accurate as more bands are included. The Hamiltonian in Eq. 3.6 can be written as an 8× 8

matrix of the form

Hk·p (k) =



〈S ↑ |Ĥk·p (k) |S ↑〉 〈S ↑ |Ĥk·p (k) |X ↑〉 · · · 〈S ↑ |Ĥk·p (k) |Z ↓〉

〈X ↑ |Ĥk·p (k) |S ↑〉 〈X ↑ |Ĥk·p (k) |X ↑〉 · · ·
...

...
...

. . .
...

〈Z ↓ |Ĥk·p (k) |S ↑〉 · · · · · · 〈Z ↓ |Ĥk·p (k) |Z ↓〉


. (3.10)

One now needs to calculate the matrix elements 〈um|Ĥk·p (k) |un〉, where Ĥk·p is defined in Eq. 3.6.

In evaluating the matrix elements contained in 3.10, we encounter momentum matrix elements of the form

〈um|p̂α|un〉, where p̂α is the αth component of the momentum operator. Many of these matrix elements are zero

and to eliminate them efficiently, we make use of some elements of group theory [49–52]. The rotational symmetry of

the wurtzite crystal structure is described by the C6v point group and each of the Γ-point Bloch functions transform

according to an irreducible representation Γi of the point group1. Thus, the matrix element 〈um|p̂α|un〉 can be

written in terms of the irreducible representation that describe how each piece transforms

〈Γi|p̂α|Γk〉 .

Here |Γi〉 is a Γ-point Bloch function which transforms according to the Γi irreducible representation. Similar to

the Bloch functions, the momentum components p̂α also transform according to some Γj irreducible representation.

In the case of wurtzite materials, X, Y , p̂x, and p̂y belong to Γ6, while S, Z and p̂z belong to Γ1 [30]. The matrix

element can be represented as a direct product, which can then be decomposed into direct sums of the irreducible

representation of the group,

〈Γi|p̂α|Γk〉 : Γi ⊗ Γj ⊗ Γk = Γu ⊕ Γv ⊕ · · · (3.11)

Here, ⊗ indicates a direct product and ⊕ a direct sum. For the matrix element in Eq. 3.11 to be nonzero, the

decomposition Γu ⊕ Γv ⊕ · · · must contain the Γ1 irreducible representation since the matrix element is a scalar

and must be invariant under all the C6v operations. Stated otherwise, the direct product Γj ⊗ Γk must contain Γi.

This gives the ability to efficiently eliminate a great number of matrix elements and only keep what is nonzero.

In the case of wurtzite materials, the nonzero matrix elements are [35]

〈S|p̂z|Z〉 ≡ i
m0

~
P1 (3.12)

〈S|p̂x|Y 〉 = 〈S|p̂y|Y 〉 ≡ i
m0

~
P2 (3.13)

〈S|Ĥ0|S〉 = EC (3.14)
1Do not mistake the irreducible representations Γi with the high symmetry point Γ as they are different concepts.
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〈X|Ĥ0|X〉 = 〈Y |Ĥ0|Y 〉 = EV + ∆cr (3.15)

〈Z|Ĥ0|Z〉 = EV (3.16)

Here, P1 and P2 are known as Kane parameters, Ec and Ev are the CB and VB bare band edge energies, and ∆cr is

the crystal field splitting. The crystal field splitting is caused by the Z functions experiencing a different potential

energy than the X and Y functions due to the wurtzite crystal structure, which is hexagonal in symmetry. This

difference in experienced potential results in a splitting of the CH band from the HH and LH bands, hence the

name “crystal-field split-off”. The spin-orbit coupling will be discussed later in Sec. 3.4. With these definitions, the

k · p Hamiltonian from Eq. 3.10 can be written

H1
k·p (k) =

~2k2

2m0
I8×8 +H1 (k) , (3.17)

where

H1 (k) =

 G1 (k) 0

0 G1 (k)

 (3.18)

G1 (k) =



EC iP2kx iP2ky iP1kz

−iP2kx EV + ∆cr 0 0

−iP2ky 0 EV + ∆cr 0

−iP1kz 0 0 EV


. (3.19)

We have neglected time-reversal symmetry in constructing this Hamiltonian, which leads to conjugation of the lower

right block, as we show in Sec. 3.2. For this reason, the Hamiltonian in Eq. 3.17 is incorrect and differs from the

Hamiltonians of Refs. [35] and [39], which do have the proper form. By taking small k and approximating the

bands to be parabolic, we can express the Kane parameters in terms of effective masses [35, 39]

P 2
1 =

~2

2m0

(
m0

m
‖
e

− 1

)
(ECV + ∆cr)

P 2
2 =

~2

2m0

(
m0

m⊥e
− 1

)
E2

CV + ∆cr

ECV + ∆cr
.

(3.20)

Here, m‖e is the electron’s effective mass along the z-direction and m⊥e in the xy-plane. These expressions will

be rewritten in Sec. 3.4 to include spin-orbit coupling. The Hamiltonian in Eq. 3.17 is referred to as an 8-band

k · p model that is first order in k, as indicated by the subscript and superscripts “1” . The Hamiltonian is block

diagonal because there is no spin-orbit coupling included, reducing the problem to two uncoupled 4-band systems.

We show, later in this chapter, that the Hamiltonian in Eq. 3.17 produces an inaccurate band structure in the

vicinity of the Γ-point, which is due to the limited number of bands included in the model. In Sec. 3.3, we improve
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the model by adding perturbative effects from previously neglected bands, spin-orbit coupling and strain. However,

this Hamiltonian is not time reversal invariant, which must be fixed before adding those additional effects.

3.2 Time-reversal symmetry

Time-reversal symmetry has very important consequences for fermionic systems. In the case of a half-integer spin

system that is invariant under time-reversal symmetry, the eigenstates are all at least doubly degenerate, which

is known as Kramers’ degeneracy. In this section, we start by showing basic properties of time reversal for a free

electron [53] and then generalize for single electrons in a crystal. We show that the k · p Hamiltonian in Eq. 3.17

does not respect time reversal symmetry and present a method to construct one by explicitly using properties of

the time reversal operator.

3.2.1 Time reversal for a free electron

Let us consider a single electron, which has spin 1/2. In the Sz eigenfunctions basis, |+〉 and |−〉, we can write a

general spin state |α〉 as

|α〉 =

( ∑
s=+,−

|s〉 〈s|

)
|α〉

=

 α+

α−

 (3.21)

where α± = 〈±|α〉 . In the Sz basis, the time reversal operator can be written [53]

T̂ = −iσyĈ, (3.22)

where Ĉ is the complex conjugation operator and only acts on scalars and not on the |±〉 basis. σi are Pauli spin

matrices such that

σx =

 0 1

1 0


σy =

 0 −i

i 0


σz =

 1 0

0 −1

 . (3.23)
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Note that Eq. 3.22 is written specifically for the Sz basis and that the form of time reversal operator is basis

dependent. The representation of T̂ in Eq. 3.22 is basis-dependent because it is an anti linear operator [53].

Let us now show some properties of T̂ . To begin, we apply T̂ on the state |α〉 to obtain

T̂ |α〉 = −i

 0 −i

i 0

 Ĉ
 α+

α−

 =

 −α−∗
α+∗

 , (3.24)

which can be understood as a flipping of spins and change in phases. Applying T̂ a second time leads to

T̂ 2 |α〉 = T̂
(
T̂ |α〉

)
= T̂

 −α−∗
α+∗


= −

 α+

α−


= − |α〉 ,

from which we conclude that

T̂ 2 = −1. (3.25)

Note that T̂ is an anti-unitary operator and so satisfies the following properties:

T̂ (|α〉+ |β〉) = T̂ |α〉+ T̂ |β〉 (3.26)

T̂ a |α〉 = a∗T̂ |α〉 (3.27)

〈T̂α|T̂ β〉 =

[
−α− α+

] −β−∗
β+∗

 = 〈α|β〉∗ , (3.28)

where a is an arbitrary constant, |α〉 and |β〉 are general spin states and |T̂α〉 ≡ T̂ |α〉. Equation 3.28 means that

the time-reversal operator preserves the orthogonality between states, which will be important for us further below.

Additionally, we also have

〈T̂α|α〉 =

[
−α− α+

] α+

α−

 = 0, (3.29)

which means that time reversed states are orthogonal to the original state.
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If an operator Λ̂ is invariant under time-reversal symmetry, then the two operators must commute:

[
Λ̂, T̂

]
= Λ̂T̂ − T̂ Λ̂ = 0. (3.30)

In this case, we can use Eq. 3.28 to evaluate time-reversed matrix elements,

〈T̂α|Λ̂|T̂ β〉 = 〈T̂α|Λ̂T̂ β〉

= 〈T̂α|T̂ Λ̂β〉

= 〈α|Λ̂β〉
∗

= 〈α|Λ̂|β〉
∗

(3.31)

If a Hamiltonian, with eigenvalues E and eigenfunctions |ψ〉, is time-reversal invariant, then we can write

T̂ Ĥ |ψ〉 = T̂ Ĥ |ψ〉

ĤT̂ |ψ〉 = T̂ Ĥ |ψ〉

ĤT̂ |ψ〉 = T̂E |ψ〉

ĤT̂ |ψ〉 = ET̂ |ψ〉 (3.32)

which states that |ψ〉 and T̂ |ψ〉 form degenerate states, which is known as Kramers’ degeneracy. Let us now prove

that time-reversed states are distinct from each other. Let’s assume that

T̂ |ψ〉 = A |ψ〉 , (3.33)

where A is an arbitrary constant. If we apply T̂ to both sides, it follows that

T̂ 2 |ψ〉 = T̂A |ψ〉

T̂ 2 |ψ〉 = A∗T̂ |ψ〉

T̂ 2 |ψ〉 = |A|2 |ψ〉 . (3.34)

However, T̂ 2 = −1 for spin 1/2 systems, meaning we have a contradiction and that the state |ψ〉 and it’s time

reversed partner T̂ |ψ〉 form a linearly independent set. This result is in agreement with Eq. 3.29, where we had

shown that the states are orthogonal and so can not be scalar multiples of each other.
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3.2.2 Time reversal for multiple bands

Now, let us consider time-reversal within a crystalline material. Applying the time-reversal operator to a Bloch

wave flips the wave vector and spin of the state such that [50, 52]

T̂ |ψn,s (k)〉 = |ψn,−s (−k)〉 . (3.35)

Due to Kramers degeneracy, this means states with reflected wave vectors and spin are degenerate in energy. In

the case of the Γ-point Bloch functions, which have k = 0, T̂ maps between the spin up and spin down functions

T̂ |ψn,s (0)〉 = |ψn,−s (0)〉 (3.36)

Since for k = 0 we have that ψn,s (0) = un,−s (0), this mapping is also true for the Γ-Bloch functions, giving

T̂ |un,s (0)〉 = |un,−s (0)〉 . (3.37)

The k · p Hamiltonian in Eq. 3.17 was obtained using the basis in Eq. 3.8. Equation 3.37 tells us how T̂ acts on

the basis and we can now explicitly use T̂ to write the basis as

|u1〉 = |S, ↑〉 |u5〉 = T̂ |u1〉

|u2〉 = |X, ↑〉 |u6〉 = T̂ |u2〉

|u3〉 = |Y, ↑〉 |u7〉 = T̂ |u3〉

|u4〉 = |Z, ↑〉 |u8〉 = T̂ |u4〉 ,

(3.38)

which is called a Kramers basis [32]. A general state in the space spanned by this basis can then be written

|α〉 =

 α+

α−

 ,
where

α± =



〈u1,,±|α〉

〈u2,,±|α〉

〈u3,,±|α〉

〈u4,,±|α〉


.

To preserve T̂ 2 = −1 and to have the correct mapping between the Γ-point functions shown in Eq. 3.37, we choose

the following representation

T̂ = −iσĈ, (3.39)
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where

σ =

 0 −iI4x4

iI4x4 0

 . (3.40)

This form of T̂ is analogous to Eq. 3.22, but has been enlarged to accommodate the orbital space. The matrix σ

plays the same role as σy did for the spin degree of freedom of the free electron in Eq. 3.22. Applying T̂ on a general

state |α〉 gives

T̂ |α〉 = −i

 0 −iI4x4

iI4x4 0

 Ĉ
 α+

α−

 =

 −α−∗
α+∗

 , (3.41)

where the spin is flipped similarly to the free electron, but the spatial functions are left unchanged as stated in Eq.

3.37. The time-reversal operator, as defined by Eq. 3.39, also satisfies

T̂ 2 |α〉 = − |α〉 (3.42)

〈T̂α|α〉 = 0 (3.43)

〈T̂α|T̂ β〉 = 〈α|β〉∗ , (3.44)

which are the equivalent to Eqs. 3.25, 3.29 and 3.28. If we now calculate the commutator between the time-reversal

operator and the Hamiltonian from Eq. 3.17, we find

[
T̂ , Ĥ1

k·p (k)
]

=

 0 G1 (k)−G∗1 (k)

G∗1 (k)−G1 (k) 0

 Ĉ
6= 0, (3.45)

which indicates that the Hamiltonian does not respect time-reversal symmetry. Note if G1 (k) were purely real,

then the Hamiltonian would indeed commute with T̂ , however G1 (k) is complex, as shown in Eq. 3.19. To remedy

this, we can construct a new Hamiltonian from the Kramers basis in Eq. 3.38 by using Eq. 3.44 to write the spin

down block as

〈T̂ ui|H|T̂ uj〉 = 〈ui|H|uj〉∗ , (3.46)
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leading to the Hamiltonian

H1
k·p (k) =

~2k2

2m0
I8×8 +

 G1 (k) 0

0 G∗1 (k)

 , (3.47)

which does satisfy
[
T̂ , Ĥ

]
= 0, implying a time-reversal invariant Hamiltonian.

One may ask why the original Hamiltonian didn’t respect time reversal symmetry and had to be corrected

afterwards. The nature of the problem is introduced when one takes the orbital space and enlarges it to include

spin. To illustrate this, let us consider a system with no spin-orbit coupling in which case we have two uncoupled

spaces, that of the orbitals and that of the spins:

H = Horb ⊗Hs. (3.48)

In the orbital space, we have the Hamiltonian being simply the constant terms and k-dependent terms calculated

previously:

Horb (k) =
~2k2

2m0
I4×4 +G1 (k) (3.49)

When we proceed to include spin and augment this operator to the full space H , the natural thing to do is to

assert that

H (k) = Horb (k)⊗ I2x2 (3.50)

=
~2k2

2m0
I8×8 +

 G1 (k) 0

0 G1 (k)

 (3.51)

However, we do have certain degrees of freedom with how we proceed. Let us consider a transformation U which

diagonalizes the Hamiltonian, allowing us to write

UHU−1 = Hd. (3.52)

Since the Hamiltonian is Hermitian, meaning it is real in its diagonal form, we can take the complex conjugate and

obtain

(
UHU−1

)∗
= Hd

U∗H∗U−1∗ = Hd. (3.53)
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If we have that U−1 is the inverse of U , then it is also the case for their complex conjugated counterparts,

UU−1 = 1(
UU−1

)∗
= (1)

∗

U∗U−1∗ = 1, (3.54)

and consequently

U
′
H∗U

′−1 = Hd, (3.55)

where

U
′

= U∗. (3.56)

The eigenvalues of H∗ are then the same as those of H, H∗ is simply diagonalized by a different unitary transfor-

mation. This means we could instead construct the full space Hamiltonian as

H1
k·p (k) =

~2k2

2m0
I8×8 +

 G1 (k) 0

0 G∗1 (k)

 (3.57)

and still obtain the same eigenvalues, while respecting time reversal symmetry. One can then proceed to add spin-

orbit coupling and other effects and continue to preserve the symmetry. The problem seems to be that we cannot

simply augment the orbital space to include the spin space in the trivial fashion of Eq. 3.51. The naive expansion of

the orbital Hamiltonian to the spin space (Eq. 3.51) is not compatible with any representation of T̂ with T̂ 2 = −1.

Now having corrected the Hamiltonian to respect time reversal symmetry, Fig. 3.2 shows the dispersions calcu-

lated from Eq. 3.57 for GaN. In these results, we have also ignored the crystal-field splitting by putting ∆cr = 0,

which simply shifts some of the VBs. Most importantly, we find that the HH and LH bands disperse positively in

k, closing the bandgap. It is expected that the k · p method will break down at some value of k, but the VBs are

obviously incorrect for all k, except at the Γ-point. These results could be improved by adding more and more bands

until satisfied, but one might find themselves needing an increasing number of bands and parameters. Alternatively,

one can add perturbative effects from remote bands, as is done in the following section.

3.3 Löwdin perturbation theory

We now look to refining the k·p Hamiltonian by adding effects from previously neglected bands, which are necessary

for obtaining reasonably accurate band structure. Spin-orbit coupling and strain are introduced in the following

section.

Until now, we have limited ourselves to the S, X, Y and Z Bloch functions in calculating the band structure
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Figure 3.2: Band structure around the Γ-point for GaN, calculated from Eq. 3.57 with material parameters listed
in Table A.1 from Appendix A. Left side panel is the band structure along the kz direction, while right is for kx.
kz is along the c-axis of the wurtzite crystal structure while kx is in-plane. Shown are the conduction (CB), heavy
hole (HH), light hole (LH), and crystal-field split-off (CH) bands, which are all doubly degenerate. The zero-energy
point has been fixed to the valence band edge without spin-orbit and crystal-field.

of the wurtzite system. As shown in Fig. 3.2, such a model does not produce accurate valence bands and effects

from other bands must be included for more accurate results. We could in principle include more bands in the

eigenfunction expansion of Eq. 3.9 to achieve better accuracy. However, such an approach would also require an

increasing number of parameters, requiring more theoretical and experimental work. Instead, we will use Löwdin

perturbation theory [54] to treat the effects of outside bands. Löwdin perturbation theory divides the Γ-point Bloch

functions into two classes. Class A consists of the bands whose interactions we treat explicitly, which are the Bloch

functions already considered:

A = {S,X, Y, Z} ⊗ {↑, ↓}. (3.58)

Class B consists of all other bands not included in A and are to be treated as a perturbation. Using Löwdin

perturbation up to second order in k leads to the Hamiltonian [35, 39, 54]

H2
k·p,ij (k) =

~2k2

2m0
δij +H1,ij (k) +

~2

2m0

∑
α,β=x,y,z

∑
γ∈B

〈i|pα|γ〉 〈γ|pβ |j〉+ 〈i|pβ |γ〉 〈γ|pα|j〉
m0 (E0 − Eγ)

kαkβ (3.59)

where the last term on the right-hand side contains the perturbations due to the B class. The indices i and j

indicate the bands and so take values 1 to 8. The superscript “2” indicates that it is second order in k. As discussed

in Sec. 3.1, many of the 〈i|pα|γ〉 matrix elements are zero, depending on the symmetry of the states. The remaining

nonzero matrix elements are not calculated directly and are therefore expressed as parameters, which are determined

from fitting the k · p theory to experimental data or a more fundamental theory [36, 55, 56]. Carrying out the

symmetry analysis gives [35, 39]

H2
k·p (k) =

 G (k) 0

0 G∗ (k)

 , (3.60)
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where

G (k) = G1 (k) +G2 (k) (3.61)

G2 (k) =



A′2
(
k2
x + k2

y

)
+A′1k

2
z 0 0 0

0 L′1k
2
x +M1k

2
y +M2k

2
z N ′1kxky N ′2kxkz

0 N ′1kykx M1k
2
x + L′1k

2
y +M2k

2
z N ′2kykz

0 N ′2kzkx N ′2kzky M3

(
k2
x + k2

y

)
+ L′2k

2
z


,

(3.62)

where A′i, L′i, Mi and N ′i contain the additional matrix elements introduced by the B class bands and are defined

in Appendix A in terms of the Luttinger-related parameters Ai (Eq. A.12). The Ai are material dependent and are

precisely the parameters determined by fitting the k · p model to experiments or theories.

3.4 Spin-orbit coupling and strain

Until now, we have neglected spin orbit coupling, leading to Hamiltonians that are block diagonal in spin. However,

spin-orbit coupling can be included in the Hamiltonian from Eq. 3.2 as [32]

Hso
0 =

~
4m2

0c
2

(∇V × p) · σ, (3.63)

where

σ = (σx, σy, σz). (3.64)

Let’s verify that Hso
0 does respect time-reversal symmetry by calculating how it commutes with T̂ . Let’s start with

product T̂Hso
0 and use Eq. 3.22:

T̂Hso
0 = T̂

~
4m2

0c
2

(∇V × p) · σ

=
(
−iσyĈ

) ~
4m2

0c
2

∑
i=x,y,z

[∇V × (−i~∇)]i σi

=
~

4m2
0c

2

∑
i=x,y,z

[∇V × (−i~∇)]i iσyĈσi. (3.65)

The current goal is to move T̂ to the right of Hso
0 . To do so, we make use of the following anticommutator rules for

the Pauli spin matrices:

{σi, σj} ≡ σiσj + σjσi = 2δijI2×2, (3.66)

to write

iσyĈσi = σi

(
−iσyĈ

)
= σiT̂ , (3.67)
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which leads to

T̂Hso
0 =

~
4m2

0c
2

∑
i=x,y,z

[∇V × (−i~∇)]i σiT̂

=
~

4m2
0c

2
(∇V × p) · σT̂

= Hso
0 T̂ . (3.68)

We therefore conclude that
[
Hso

0 , T̂
]

= 0 and that the spin-orbit coupling is indeed time-reversal invariant. Let’s

now see how this Hamiltonian translates to the space of the Bloch functions. Using the basis as written in Eq. 3.58,

we can write the wavefunction as

|ψn,k〉 =

4∑
α=1

∑
s=↑,↓

An,ki,s |φk〉 ⊗ |s〉 (3.69)

where

〈r|φk〉 = eik·ru0 (r)

Note that Eq. 3.69 is equivalent to Eq. 3.9 as we have only rewritten to highlight the tensor product of the orbital

and spin spaces. The Pauli spin matrices in Eq. 3.63 only acts on the space of spins, while the rest only acts on

the orbital portion of the wavefunction. We can therefore write

Ĥso
0 |ψn,k〉 =

[
~

4m2
0c

2
(∇V × p̂) · σ

] 4∑
α=1

∑
s=↑,↓

An,ki,s e
ik·run,k (r) |s〉


=

4∑
α=1

∑
s=↑,↓

An,ki,s

[
~

4m2
0c

2
(∇V × p̂) eik·run,k (r)

]
· σ |s〉

=

4∑
α=1

∑
s=↑,↓

An,ki,s
[
un,k (r) (∇V × p̂) eik·r + eik·r (∇V × p̂)un,k (r)

]
· σ |s〉

= eik·r
~

4m2
0c

2
[~ (∇V × k) + (∇V × p̂)]

4∑
α=1

∑
s=↑,↓

An,ki,s un,k (r) · σ |s〉

= eik·r
~

4m2
0c

2
[~ (∇V × k) + (∇V × p̂)] · σ

 4∑
α=1

∑
s=↑,↓

An,ki,s un,k (r) |s〉


= eik·rĤso |un,k〉 ,

where we have defined [32]

Hso =
~

4m2
0c

2
(∇V × p) · σ +

~2

4m2
0c

2
(∇V × k) · σ. (3.70)

The first term is the spin-obit energy coming from the electron’s orbit, while the second is from the crystal momen-

tum. Typically, the second term is small compared to the first due to the velocity of the electrons in orbit being

greater than the velocity of the wave packet associated to k. It is therefore typical to neglect the second term and
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approximate the spin-orbit coupling as [32]

Hso ≈ ĤS · σ, (3.71)

where

ĤS =
~

4m2
0c

2
∇V (r)× p̂. (3.72)

The nonzero matrix elements for this contribution are [35]

〈X|ĤSz|Y 〉 = 〈Y |ĤSx|Z〉 = 〈Z|ĤSy|X〉 = −i1
3

∆so. (3.73)

For the spin component, the nonzero elements are

〈↓ |σx| ↑〉 = 1

〈↓ |σy| ↑〉 = i

〈↑ |σz| ↑〉 = 1

〈↓ |σz| ↓〉 = −1

(3.74)

The first two matrix elements in Eq. 3.74 couple the spin up and spin down blocks, removing the block diagonality

of the Hamiltonian. The last two matrix elements couple the valence bands for both spins, splitting the HH and

LH bands at the Γ-point.

Lastly, one can impose an external strain on a bulk crystal, deforming the lattice from its natural equilibrium.

These deformations introduce deformation potentials in the Hamiltonian which modify the electronic structure. For

small strains and neglecting its effects on spin-orbit coupling, strain can be included in the k ·p Hamiltonian in the

form [30, 39, 57]

Hst =

 Gst 0

0 G∗st

 , (3.75)

where a symmetry analysis of the wurtzite system results in

Gst =



a2 (εxx + εyy) + a1εzz 0 0 0

0 l1εxx +m1εyy +m2εzz n1εxy n2εxz

0 n1εxy m1εxx + l1εyy +m2εzz n2εyz

0 n2εxz n2εyz m3 (εxx + εyy) + l2εzz


,

(3.76)
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with
l1 = D2 +D4 +D5

l2 = D1

m1 = D2 +D4 −D5

m2 = D1 +D3

m2 = D1 +D3

m3 = D2

n1 = 2D5

n2 =
√

2D6.

(3.77)

Here, εij are the strain tensor components and Di are the deformation potentials, which are, similarly to the Ai,

material dependent parameters determined by fitting the model to experiment or theory.

With the additions of spin-orbit coupling and strain, the k · p Hamiltonian is written [39]

Hk·p (k) =

 G (k) Γ

−Γ∗ G∗ (k)

 , (3.78)

where

G (k) = G1 (k) +G2 (k) +Gso +Gst (3.79)

Gso =
∆so

3



0 0 0 0

0 0 −i 0

0 i 0 0

0 0 0 0


(3.80)

Γ =
∆so

3



0 0 0 0

0 0 0 1

0 0 0 −i

0 −1 i 0


(3.81)

and G1 (k) and G2 (k) are defined by Eqs. 3.19 and 3.62, respectively. Note that the matrix Γ is obtained from the

nonzero matrix elements in Eqs. 3.73 and 3.74. Also, note that since we have included the effects of crystal field

splitting in G1, we do not have a term Gcr appearing in Eq. 3.79, which differs from the conventions of Ref. [39].
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Figure 3.3: Band structure around the Γ-point for (a) GaN and (b) InN, which were calculated using Eq. 3.78 with
parameters given in listed in Table A.1 from Appendix A. Left side of panels is the band structure along the kz
direction, while right is for kx. kz is along the c-axis of the wurtzite crystal structure while kx is in-plane. Shown are
the conduction (CB), heavy hole (HH), light hole (LH), and crystal-field split-off (CH) bands, which are all doubly
degenerate. The zero-energy point has been fixed to the valence band edge without spin-orbit and crystal-field for
both cases.

Having included spin-orbit coupling in the model, the Kane parameters from Eq. 3.20 become [35, 39]

P 2
1 =

~2

2m0

(
m0

m
‖
e

− 1

)
3ECV (∆so + ECV) + ∆cr (2∆so + 3ECV)

2∆so + 3ECV

P 2
2 =

~2

2m0

(
m0

m⊥e
− 1

)
ECV [3ECV (∆so + ECV)] + ∆cr (2∆so + 3ECV)

∆cr∆so + 3∆crECV + 2∆soECV + 3E2
CV

.

(3.82)

Figure 3.3 shows the resulting band structure for both GaN and InN. Compared to Fig. 3.2, the VBs here have

the correct curvature. These bulk states will now serve as a basis on which to construct a Hamiltonian for a QD

system, as described in Chapter 4.



Chapter 4

k · p theory for quantum dots and optics

In the previous Chapter, we introduced the k ·p method, where we use the crystal’s discrete translation symmetry

to write the eigenfunctions as Bloch waves. Naturally, this translation symmetry is broken when considering

heterostructures, which consist of different materials. Let us consider the example of a heterojunction, which

consists of two bulk materials. Although the translation symmetry is clearly broken at the material interface, the

symmetry should be obeyed locally if far away from said material interface, in which case the wavefunction can

be locally approximated as Bloch waves. However, the wavefunction must remain continuous, meaning it must

continuously transform from one bulk state to the other as it crosses the junction. This slow transformation, which

is due to a change in material, can be described by envelope functions, which are slowly varying with respect to the

crystal lattice, while rapid variations due to the crystal lattice can be captured by Bloch functions. This envelope

function approach can be applied to other heterostructures as well, such as QDs. As mentioned, it is assumed that

these envelope functions are slowly varying with respect to the crystal lattice unit cell, which is accurate if the QD

is large compared to the lattice constants [39, 41, 42, 58].

In this chapter, we look to describe the electronic structure and optical properties of QD superlattices, which is a

periodic arrangement of QDs, such as shown in Fig. 4.1. Figure 4.1 shows an example of an hexagonal superlattice,

which will be the system of focus in the Chapters 6 and 7, but the methods presented here can be applied to

any superlattice. In this Chapter, we assume sharp material interfaces between the dot and host materials, and

generalize for smoothly varying alloy profiles in Chapter 6. The standard method for extending the k ·p method for

QD systems is by using slowly varying envelope functions. The envelope functions are periodic with the superlattice

and are expanded using a plane wave basis using the reciprocal wave vectors of the superlattice. This expansion leads

to an eigenvalue problem for the eigenstate energies and expansion coefficients. The size of the matrix that is to be

diagonalized in the eigenvalue problem depends on the number of wave vectors used to resolve the wavefunctions. In

the case of the plane wave representation, the matrix is generally non-sparse and one can encounter memory issues

if a large number of wave vectors is required for accuracy. However, the memory requirements of the numerical

38
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Figure 4.1: 3D InGaN/GaN quantum dot superlattice. White regions are GaN, the host material and grey regions
indicate the indium rich regions, which are the QDs. Dashed lines indicate the unit cells and Li are the basis vectors
of the superlattice.

implementation can be reduced by taking advantage of the rotational symmetry of the QD system. In Chapter 6,

we show how to construct a symmetry-adapted basis, which is more complicated than a simple plane-wave basis,

but allows greater insight and computational efficiency.

The ultimate goal is to calculate optical absorption in the QD superlattice, which we can then use to predict

power conversion efficiencies. In the second section of this chapter, we present a formalism to describe optical light

absorption in the QD superlattice. The intensity of solar light is sufficiently weak that it does not modify the

electronic structure of a QD system, but only causes the electrons to transition between the different states. We

can therefore approximate the light-matter coupling as a perturbation on the original Hamiltonian used for the

electronic structure. We then use Fermi’s golden rule to calculate the transition rates between states in the QD

superlattice, from which we are able to calculate absorption cross sections. In Chapter 7, we calculate absorptances

from the absorption cross sections, which we couple into a detailed balance model to predict efficiencies. In the

same chapter, we also a present a method that better captures the absorption from between the QD bound states

and the continuum states of the host material compared to the method presented here.

4.1 Quantum dot k · p theory

When considering a bulk material, the wavefunctions are expanded in Eqs. 3.4 and 3.9 as

ψnk (r) =

8∑
α=1

Anα (k) eik·r |uα〉 . (4.1)

In a quantum dot system, the material changes through the system and the eigenfunctions cannot be described

a static mixture of Bloch waves as described by Eq. 4.1. To move to the quantum dot system, we proceed in an



CHAPTER 4. k · p THEORY FOR QUANTUM DOTS AND OPTICS 40

analogous manner by expanding the wavefunction into Bloch functions, but by using envelope functions Fα (r),

instead of simple constants. The expansion is therefore written

ψn (r) =

8∑
α=1

Fnα (r)uα (r) , (4.2)

where envelope functions are responsible for capturing the changes in alloy profiles and the Bloch functions the rapid

variations due to the crystalline potential. We assume that these envelope functions are slowly varying compared to

the lattice constant, which is valid for QDs that are sufficiently big compared to said lattice constant. In this slowly

varying envelope approximation, the envelope and Bloch functions vary on very different spatial scales such that

the envelope functions can effectively be approximated as being constant on the scale of the crystal lattice unit cell.

As a result, integrals involving the wavefunction can be approximated into products of two integrals; one over the

envelope functions and one over the Bloch functions (See Appendix B). Using this approximation, the prescription

to construct a QD Hamiltonian is to consider the eigenvalue problem [41, 42, 58, 59]

8∑
α=1

Hα′α
k·p F

n
α (r) = EFnα′ (r) , (4.3)

where Hα′α
k·p are the bulk Hamiltonian matrix elements from Eq. 3.78 (e.g. H11

k·p = EC + A′2
(
k2
x + k2

y

)
+ A′1k

2
z +

a2 (εxx + εyy) + a1εzz) such that

1. Material parameters are given a spatial dependence based on the alloy profile (e.g. EC → EC (r)),

2. We apply the substitution k→ −i∇.

Appendix C presents a justification of this prescription.

Assuming sharp material interfaces between the dot and host material, the spatial dependence of material

parameters can be described using a characteristic function χd (r), which is 1 inside the dot and 0 outside. A

material dependent parameter f (r) (e.g. Ec,A′2, etc...) can then be written

f (r) = fdχd (r) + fh [1− χd (r)] . (4.4)

Here, fd and fh are the parameter values of the host and alloyed dot material, respectively. In reality, devices

often do not have sharp material interface, in which case the alloy profiles are smooth. An example of this is found

in InGaN quantum dots grown by molecular beam epitaxy, where indium diffuses during the growth process [17].

Given that the electronic structure of QDs is sensitive to the alloy profile of the QDs, it is important to include

smooth profiles in the modeling of such systems to have accurate results. In Chapter 6, we show that smoothly

varying alloy profiles can be easily included by exchanging the characteristic function in the k · p, strain, and

piezoelectric potential calculations with a smoothly varying and normalized function.
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As for point (2) of the list, discrete translation symmetry was used to write solutions as Bloch waves ψnk in

the bulk system, where the wave vector k was a good quantum number. However, this translation symmetry is

broken in a QD system, meaning k is no longer a good quantum number and the solutions cannot be expressed as

pure Bloch waves. The substitution k→ −i∇ in the bulk matrix elements Hα′α
k·p can therefore be understood as a

correction for the broken symmetry.

Following the substitution k→ −i∇, eachHα′α
k·p is regarded as an operator, which acts on the envelope functions.

The envelope functions Fnα (r) are periodic with the QD superlattice, which is shown in Fig. 4.1, and can be expanded

in Fourier domain using the superlattice reciprocal wave vectors q, which is written as

Fnα (r) =
∑
q

Cnαqeiq·r, (4.5)

such that

ψn (r) =

8∑
α=1

∑
q

Cnαqeiq·ruα (r) , (4.6)

with Cnαq being the expansion coefficients. These reciprocal wave vectors are written as

q = m1b1 +m2b2 +m3b3 (4.7)

where bi are the reciprocal basis vectors such that

b1 =
2π

L1
[1, − 1√

3
, 0]

b2 =
2π

L1
[1,

1√
3
, 0]

b3 =
2π

L3
[0, 0, 1]

(4.8)

Here, Li are the basis vectors of the QD superlattice in real space, as shown in Fig. 4.1. Note that the method

presented here can be applied for QD superlattice of any periodicity. However, an hexagonal superlattice preserves

the symmetry of the wurtzite crystal structure, which we will take advantage of in Chapter 6. Inserting Eq. 4.5

into Eq. 4.3, multiplying from the left with e−iq
′·ru∗α′ (r) and integrating over the volume V of the superlattice unit

cell leads to

8∑
α=1

∑
q

hα
′α (q′,q)Cαq = ECα′q′ , (4.9)

where

hα
′α (q′,q) ≡ 1

V

ˆ

V

d3r e−iq
′·rHα′α

k·p eiq·r. (4.10)
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Equation 4.9 is an eigenvalue problem for the expansion coefficients, and we must now evaluate the matrix elements

in Eq. 4.10. Given the substitution k → −i∇, the matrix elements Hα′α
k·p , with the exception of strain, can in

general be written

Hα′α
k·p (r) = fα

′α (r) +
∑

i=x,y,z

fα
′α

i (r)
∂

∂xi
+

∑
i,j=x,y,z

fα
′α

ij (r)
∂2

∂xi∂xj
. (4.11)

For example, in H11
k·p = EC + A′2

(
k2
x + k2

y

)
+ A′1k

2
z , we would have f11 (r) = EC (r), f11

xx (r) = f11
yy (r) = A′2 (r),

and f11
zz (r) = A′1 (r). The strain contributions to the Hamiltonian from Eq. 3.75 will be considered just below.

Here, we consider sharp material interfaces and look for eigenstate such that the probability current is conserved

across the interface. There has been much debate on how to exactly implement this boundary condition [60–64].

References [60–62, 64] showed that microscopic parameters, which are dependent on the interface and not only of

the bulk materials, are needed for an accurate description. However, the approach typically used is a reordering of

the operators in the Hamiltonian as to symmetrize them such that [41, 58, 65]

fα
′α (r)→ fα

′α (r)

fα
′α

i (r)
∂

∂xi
→ 1

2

(
fα
′α

i (r)
∂

∂xi
+

∂

∂xi
fα
′α

i (r)

)
fα
′α

ij (r)
∂2

∂xi∂xj
→ 1

2

(
∂

∂xi
fα
′α

ij (r)
∂

∂xj
+

∂

∂xj
fα
′α

ij (r)
∂

∂xi

)
,

(4.12)

which is the method we use here. The problem originates from having an abrupt change in material, but we

introduce a method to smooth the alloy profile in Chapter 6, removing the sharp interface, in which case the

boundary conditions are more easily satisfied as material properties vary smoothly. With the use of Eq. 4.4, we can

calculate the matrix elements in Eq. 4.10 for each of the three cases in Eq. 4.12. The corresponding three types of

matrix elements are [43, 58]

hα
′α

(0) (q′,q) = fα
′α

h δq′,q +
(2π)

3
(
fα
′α

d − fα′αh

)
V

χ̃d (q′ − q) (4.13)

hα
′α
i (q′,q) =

q
′

i + qi
2

fα′αh δq′,q +
(2π)

3
(
fα
′α

i,d − fα
′α

i,h

)
V

χ̃d (q′ − q)

 (4.14)

hα
′α
ij (q′,q) =

1

2

(
qjq
′

i + qiq
′

j

)fα′αh δq′,q +
(2π)

3
(
fα
′α

ij,d − fα
′α

ij,h

)
V

χ̃d (q′ − q)

 , (4.15)

where the tilde over the characteristic function indicates a Fourier transform, as defined in Appendix D. An example

of Eq. 4.13 would be h11
(0) (q′,q) with f11

h = EC,h and f11
d = EC,d. An example of Eq. 4.15 would be h11

xx (q′,q) with

f11
h = A′2,h and f11

d = A′2,d.

Let us now turn to the strain contributions from Eq. 3.75. Giving a spatial dependence to each material
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parameter, each bulk matrix element in Eq. 3.75 can generally be written as

Hα′α
st (r) =

∑
ij=1,2,3

fα
′α

ij (r) εaij (r) , (4.16)

where fα
′α

ij are the material parameters and εaij (r) is the strain in the QD superlattice (or array). For example of

H11
st = a2 (εxx + εyy) + a1εzz, in which case f11

xx = f11
yy = a2 and f11

zz = a1 and all other fα
′α

ij are zero. In this case,

we can calculate the matrix elements in Eq. 4.10 to be

hα
′αij

st (q′,q) =
(2π)

3

V
fα
′αij

h ε̃aij (q′ − q) +
(2π)

6

V 2

(
fα
′αij

d − fα
′αij

h

) (
χ̃d ∗ ε̃aij

)
(q′ − q) , (4.17)

where we have written the second term on the right hand side using the convolution theorem, as presented in

Appendix D. Calculation of the superlattice strain ε̃aij is presented in Chapter 5.

Since III-nitride wurtzite materials have non-centrosymmetric lattices, they exhibit spontaneous polarization.

Additionally, when subject to external field such as like strain, they exhibit strong piezoelectric polarization. In

QDs, such polarizations can be strong enough to spatially separate electron and hole states. Calculation of these

polarizations and their corresponding scalar potentials are discussed in Chapter 5. Piezoelectric effects can be

coupled into the Hamiltonian via the scalar potential as [43]

hα
′α

piezo (q′,q) = −e (2π)
3

V
ϕ̃a
(
q
′
− q

)
δα′ ,α (4.18)

where ϕ̃a = ϕ̃a,st + ϕ̃a,sp is the total scalar potential in the QD superlattice, with ϕ̃a,st being the strain-induced

potential and ϕ̃a,sp the spontaneous. The delta function in Eq. 4.18 indicates that the piezoelectric potential does

not mix the Bloch functions, but only shifts the main diagonal, as is expected from an electric potential.

Equations 4.13, 4.14, 4.15, 4.17 and 4.18 provide the means to calculate hα
′α (q′,q) in Eq. 4.9, which must

then be numerically diagonalized to obtain the energies and wavefunctions. In real space k · p approaches, space

is discretized into a mesh such that each point only couples to their nearest neighbors, leading to a sparse matrix.

However, in the Fourier space approach the Hamiltonian hα
′α (q′,q) produces a non-sparse matrix, where size of

the matrix is determined by the number of bands and wave vectors included in the calculation. The number of

bands is fixed by the bulk model used and the number of plane waves q must be chosen sufficiently high to properly

resolve the states of interest. Since the matrix is non-sparse, the memory requirements therefore scale quickly with

the number of wave vectors. In Chapter 6, we use a symmetry adapted basis, which is obtained by performing

a basis transformation on both the bulk basis from Eq. 3.8 and the plane wave basis in Eq. 4.5. This symmetry

adapted basis block diagonalizes the Hamiltonian, requiring then only the generation and diagonalization of a single

block at a time.
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4.2 Optics in quantum dot k · p

We now have a method to calculate the eigenstates within a QD system, but that is not sufficient to know how the

system will perform for solar applications. We must now determine how the system absorbs light, which we can

eventually couple into a detailed balance model to predict efficiencies. In this section, we follow the methodology

of [43, 66] to calculate absorption in QD systems within the k · p framework. We assume that the intensity of the

electromagnetic wave is sufficiently small as to not modify the electronic structure of QD system. We therefore

treat the electromagnetic wave as a perturbation and calculate the transition rate of electrons between states, from

which we are able to calculate the absorption cross section.

In classical mechanics, electromagnetic waves can be coupled into the system through the canonical coupling

p→ p + eA, where A is the vector potential and e the electric charge. In the k · p framework, this is represented

by shifting the wave vector such that the perturbation Hamiltonian is given by [43, 66, 67]

H ′k·p (k,A) = Ĥk·p

(
k +

e

~
A
)
− Ĥk·p (k) , (4.19)

where Ĥk·p is defined in Eq. 3.78. Given the form of Eq. 4.19, k independent terms such as spin-orbit, crystal-field

and strain do not contribute to the light-matter coupling, leaving only contributions from G1 (k) and G2 (k). The

vector potential is defined such that

B = ∇×A (4.20)

and

E = −∇ϕ− ∂A

∂t
. (4.21)

Here, B being the magnetic field and ϕ is the scalar potential. Choosing the Coulomb gauge with ϕ (r, t) = 0 gives

∇ ·A = 0. (4.22)

Considering the leading-order contribution to be linear in A gives

H
′

k·p (k,A) =

 G
′
(k,A) 0

0 G
′ ∗ (k,A)

 , (4.23)
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where

G
′
(k,A) =

e

~



G
′

11 (k,A) iP2Ax iP2Ay iP1Az

−iP2Ax G
′

22 (k,A) N
′

1 (kxAy +Axky) N
′

2 (kxAz +Axkz)

−iP2Ay N
′

1 (kyAx +Aykx) G
′

33 (k,A) N
′

2 (kyAz +Aykz)

−iP1Az N
′

2 (kzAx +Azkx) N
′

2 (kzAy +Azky) G
′

44 (k,A)


(4.24)

and

G
′

11 (k,A) = 2A
′

2 (Axkx +Ayky) + 2A
′

1Azkz

G
′

22 (k,A) = 2L
′

1kxAx + 2M1kyAy + 2M2kzAz

G
′

33 (k,A) = 2M1kxAx + 2L
′

1kyAy + 2M2kzAz

G
′

44 (k,A) = 2M3 (kxAx + kyAy) + 2L
′

2kzAz.

Here, G
′

ij are the diagonal matrix elements and are defined for brevity.

Given this perturbation, we are now interested in calculating how electrons transition between the different

states of the QD system due the incident electromagnetic wave. From Fermi’s golden rule, the transition rate Wif

between an initial state ψi and final state ψf is [43, 66]

Wif (E) =
2π

~

∣∣∣〈ψi|Ĥ ′|ψf 〉∣∣∣2 δ (Ef − Ei − E) (4.25)

where E is the energy of the incident photon and the delta function represents energy conservation, giving rise to a

discrete absorption spectrum. In reality, the absorption or emission spectrum of QD devices contains both homo-

geneous and inhomogeneous broadening. The homogeneous broadening is due to electrons having finite lifetimes in

excited states. Homogeneous broadening can have multiple sources, but an important one is the size distribution

of QDs within a device. Broadening can be included by exchanging the delta function by a Gaussian function,

δ (x)→ g (x,∆) =
1

∆
√

2π
exp

(
− x2

2∆2

)
, (4.26)

where ∆ characterizes broadening of the linewidth. We can then obtain the absorption cross section with [43, 66]

σif =
Wif

Φ
, (4.27)

where Φ = n̄Aε0cE/~2 is the total incident photon flux from the light source, n̄ the average refractive index, A the

magnitude of the vector potential, ε0 the vacuum permittivity and c the speed of light. Inserting Eq. 4.25 into Eq.
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4.27 and using Eq. 4.26 gives

σij (E) =
2π~
n̄ε0cE

|Mij |2 g (Ej − Ei − E,∆) , (4.28)

where

Mij =
1

A
〈ψi|Ĥ

′
|ψj〉 (4.29)

is a matrix element that is independent of the magnitude of A. The Hamiltonian Ĥ ′ is treated using the same

procedure as outlined in Sec. 4.1 for the electronic structure calculation, which involves giving material parameters

a spatial dependence and replacing wave vectors by derivatives. Using this procedure and the plane wave basis

shown in Eq. 4.6, we obtain [43, 66]

Mij = V

8∑
α′ ,α=1

∑
q′ ,q

Ci∗
α′ ,q′

Cjα,qh
′
α′α

(
q
′
,q
)
, (4.30)

where

h′
α′α

(
q
′
,q
)

=
1

AV

ˆ
V

d3r e−iq
′·rH ′α

′α
k·p eiq·r. (4.31)

Here, H ′α
′α

k·p are the matrix elements of Eq. 4.24 and Eq. 4.31 can be calculated to obtain identical expressions as

those in Eqs. 4.13 and 4.14, but with primes. Note there are no k2 terms in H ′k·p and therefore no matrix elements

of the form of Eq. 4.15.

In this Chapter, we have described the electronic structure of QD superlattices and how they absorb light using

k ·p theory, which is a single-particle theory. In reality, there are generally multiple electrons inside the QD, which

can all interact. Excitons, which consist of electron and hole pairs, are multiparticle states that can play a major

role in solar cells. Due to the electron hole interaction, which is attractive, we expect the electronic gap of the dot,

at which it can absorb light, to be slightly decreased. In other words, the lowest electron and hole states should be

pulled closer together by the electron-hole interaction, which is neglected within k · p theory. This slight shift in

the QD’s electronic gap could be compensated by slight changes in either the dot size or composition.

One may also question how accurate it is to assume a perfectly periodic system, when no experimental system

has actual perfect periodicity. If we consider QD superlattices such that the dots are sufficiently spaced as to not

interact with each other in terms of wavefunction overlap and strain, then any aperiodicities in the superlattice

have no effect since the dots are effectively isolated. If the dots are sufficiently close to be coupled to one another,

then we expect deviations from periodicity to have some effects. For example, slightly changing the position of

a single dot would modify the local strain and wavefunction overlaps between said dot and its neighbors. For

that set of dots, the energy levels will undergo small shifts, effectively shifting the electronic gap of those dots.
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We therefore expect to observe some linewidth broadening due to the breaking of the periodicity, similar to what

happens when there is a distribution of QD sizes. The effects of aperiodicity can therefore be included through ∆,

the linewidth broadening parameter in Eq. 4.26. Note that the broadening method shown in Eq. 4.26 considers the

QD parameter variations to be correlated across all dots, which is not accurately the case. Uncorrelated variation in

the QD parameters could be included by considering a supercell of a few QDs, where each QD would have slightly

different parameters. However, such a system would be computationally difficult to model through Fourier-space

k ·p theory as the supercell would be larger compared to having only a single QD per unit cell. This large supercell

would then require an increased number of wave vectors to reach the same magnitude in Fourier space compared

to the single QD case. More importantly, compared to a single dot containing unit cell, wave vectors of larger

magnitude would be necessary to resolve the wavefunction of all the dots in the supercell.

In Chapter 7, we use the methodology presented here to calculate absorption corresponding to transitions

between bound states within the QD. We then present a novel method of calculating the absorption that corresponds

to transitions between QD bound states in the CB and the continuum states of the host by approximating the host

states as bulk GaN states. We also use the calculated absorption cross sections to obtain absorptances, which we

couple into a detailed balance model to predict power conversion efficiencies.



Chapter 5

Strain and piezoelectricity

Self-assembled or Stranski-Krastanov QDs generally consist of materials that are lattice mismatched to the host,

which is the case for InGaN/GaN QD systems. This lattice mismatch leads to deformations in the crystal lattice,

which can significantly impact the electronic structure of nanostructures. Typically, these lattice deformations are

characterized in terms of strain, a unitless metric that describes the relative change in a solid’s dimensions due to

some mechanical deformation. Strain is then also typically used as an input for electronic structure calculations as

to include effects from such deformations.

Strain calculations can be divided into different scales and approaches. One can use an atomic model with

interatomic force fields and calculate strain by minimizing the potential energy between atoms by changing their

individual positions [68–70]. This method is well suited as an input for electronic structure models such as tight-

binding, which is also atomic in nature. For macroscopic models, which assume continuous media, one can use

real space or Fourier-space approaches. Naturally, the best approach is based on whether the electronic structure

calculation is based in real space or Fourier space. The real space approach is similar to the atomistic case, as it

seeks to minimize potential energy by deforming the continuous medium [38, 39, 69]. In the Fourier-space approach,

Green’s functions are typically used to construct the strain [42, 71].

Since our QD k·pmodel, which is described in Chapter 6, is based in Fourier space, we want analytical expression

of the Fourier transform of both strain and the piezoelectric potential. We therefore follow [42, 71], which are in

turn based on [72, 73], to calculate strain in Fourier space. To be more specific, we calculate the strain produced by

a single QD and construct the strain for a QD superlattice using superposition of the single dot strain. Importantly,

this strain calculation also assumes uniform elastic constants throughout the system. This assumption was justified

in [42, 71] since they considered small dots in which the lattice constants approached those of the host material,

making the system more accurately described by using the host material’s elastic constant for the entirety of the

system. In Chapter 6, we study larger dots whose lattice constants differ from the host’s and so we extend this

calculation to include spatially varying elastic constants. We show that this correction is important for the case of

48
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large InGaN/GaN QDs.

Wurtzite InGaN materials lack inversion symmetry, leading to strong piezoelectricity, which means material

deformations can produce internal polarization fields. In some cases, the strain-driven piezoelectric polarization

inside QDs can be strong enough to spatially separate electron and hole states, greatly impacting the QDs’ optical

properties. In this chapter, we calculate the strain-induced piezoelectric potential from Maxwell’s equations, while

assuming a spatially uniform dielectric constant, and a linear relation between strain and the piezoelectric polar-

ization [42]. In Chapter 6, we extend the piezoelectric potential calculation to include a spatially varying dielectric

constant and show that it is important in obtaining accurate results in InGaN QD systems.

5.1 Constructing strain for quantum dot arrays

In this section, we calculate the strain produced by a single dot, while assuming continuous media with uniform

elastic constants (i.e. dot and host have identical elastic constants). Here, we give only an outline of the derivation,

see Appendix E for full details. The method begins by calculating the displacement field using a Green’s func-

tion. From the displacement field, we can calculate strain and take the Fourier transform to obtain an analytical

expression, which is used in QD k · p model for the electronic structure calculation.

In this calculation, we begin by considering a host material in which we replace a volume Vd with some other

material. In our case we replace GaN with InGaN, which has a larger lattice constant compared to GaN. Once the

system relaxes, this leads to a compressing strain inside the dot and tensile outside the dot. During this relaxation,

the lattice undergoes a transformation, displacing atoms accordingly to minimize the system’s potential energy.

The transformation can therefore be described by how each atom was displaced. This concept also applies for

continuous media, in which case the Green’s function for the displacement field, Gln (r), is defined by [42, 71]

λiklm
∂2Gln
∂xk∂xm

= −δ (r) δin, (5.1)

where λ is the elastic modulus tensor, whose elements are the elastic constants. Here, we use Einstein’s summation

convention. The right-hand side of Eq. 5.1 represents a point force at position r in the nth direction. The resulting

displacement u (r) due to the QD can then be obtained by convolving the Green’s function with the forces over the

surface of the quantum dot[42, 71], which is written as

ui (r) = u
(0)
i (r) +

ˆ

Sd

Gin

(
r− r

′
)

dFn
(
r
′
)
, (5.2)

where u(0)
i is the initial displacement before relaxation of the lattice, dFn is the infinitesimal force in the n direction

and Sd is the QDs’ surface. For this discussion, we assume sharp material interfaces, which means we can write the
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initial displacement as

u
(0)
i (r) = uTi χd (r) . (5.3)

where uTi is the initial displacement inside the dot and χd (r) is a characteristic function, which is 1 inside the dot

and 0 outside. In chapter 6, we discuss that the main results apply also with non-sharp material interfaces. The

infinitesimal force at the QD surface can be expressed in terms of the initial stress σT
nk via

dFn = σT
nkdS

′

k, (5.4)

where dS
′
is an infinitesimal surface element with direction pointing outwards along the surface normal. We assume

the validity of the linear relation between stress and strain, and apply Hooke’s law such that

σT
nk = λnkprε

T
pr, (5.5)

where

εTpr =


εa 0 0

0 εa 0

0 0 εc

 = εaδpr + εcaδp3δr3. (5.6)

Here, εTpr is the initial strain inside the dot with εc = (ch − cd) /cd, εa = (ah − ad) /ad and εca = εc − εa, such that

a is the in-plane lattice constant and c is the lattice constant along the c-axis. The subscript “d” and “h” indicate

dot and host material. The resulting expression for the displacement field is then

ui (r) = uTi χd (r) +

ˆ

Sd

Gin

(
r− r

′
)
λnkprε

T
prdS

′

k. (5.7)

Using Gauss’s theorem, we transform the surface integral into a volume integral,

ui (r) = uTi (r)χd (r) +

ˆ

Vd

∂Gin

(
r− r

′
)

∂xk
λnkprε

T
prdV

′
. (5.8)

The displacement and strain fields are related by

εij (r) =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (5.9)

Using the Fourier transform, we obtain [42]

ε̃ij (q) = χ̃d (q)

{
εaδij + εcaδi3δj3 +

RP (q)− SI (q)

I (q)Q (q)− F (q)P (q)
qiqj +

SF (q)−RQ (q)

I (q)Q (q)− F (q)P (q)
q3
qiδj3 + qjδi3

2

}
,

(5.10)
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where
P (q) ≡ C44q

2 + (C33 − C13 − 2C44) q2
3

I (q) ≡ (C13 + C44) q2
3

Q (q) ≡ (C33 − 2C13 − 4C44 + C11) q2
3 + (C13 + 2C44 − C11) q2

F (q) ≡ (C13 + 2C44 − C11) q2
3 + C11q

2

R = (3α+ 2β + κ) εa + (α+ κ) εca

S = (γ + 3κ+ 4ρ) εa + (2β + γ + κ+ 4ρ) εca

α = C12

β =
1

2
(C11 − C12)

γ = C33 − 2C13 − 4C44 + C11

κ = C13 − C12

ρ = C44 +
C12 − C11

2
.

(5.11)

Here, the tilde indicates a Fourier transform and analytical expressions for χ̃ (q). The constants Cij in Eq. 5.11

are the nonzero elements of the elastic constants tensor λiklm. The characteristic function in Eq. 5.10 contains

information regarding the dot geometry, while the bracketed term contains information of the crystal structure and

materials that make up the system.

Equation 5.10 represents the strain produced by a single dot in a host material such that they have identical

elastic constants. References [42, 71] consider small QDs whose lattice constants approach those of the host material

due to strain. In their case, it was shown that it is more accurate to use the host material elastic constants for the

entire system. In Chapter 6, we consider larger dots whose elastic constants significantly differ from those of the

host material. We therefore use an extended method presented by [42] which does include spatially varying elastic

constants. This method was originally presented in the Appendices of [42], although they did not use it themselves.

We conclude in Chapter 6 that spatially varying elastic constants are important in describing both strain and the

electronic structure of large InGaN QDs.

The strain produced by a 3D array of dots can be obtained the superposition of single dot strains

εaij (r) =
∑
R

εij (r + R) . (5.12)

The superscript “a” indicates that it is for an array of dots and the set of vectors R are linear combinations of the

QD superlattice basis vectors. It can then be shown that the strain produced the array of QDs is [42, 71]

εaij (r) =
(2π)

3

V

∑
q

ε̃ij (q) eiq·r (5.13)
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where q are the reciprocal wave vectors of the QD superlattice and V is the volume of the superlattice unit cell.

5.2 Piezoelectric polarization fields

The strain calculated in the previous section represents a deformation of the lattice. Given that InGaN materials

are strongly piezoelectric, this deformation can result in a polarization existing within the nanostructures. In this

section, we first cover the general relationship between strain and the induced polarization. We then calculate the

piezoelectric polarization inside a QD superlattice, which is in turn used in Sect. 5.3 to calculate the piezoelectric

potential.

Let’s first describe the relationship between strain and the piezoelectric polarization. Here, we take the leading

order contribution to be linear, giving

P st
i =

3∑
j,k=1

eijkεjk, (5.14)

where Pst is the strain induced polarization and eijk are called the piezoelectric constants. Nonlinearity between

strain and polarization in III-V nitride materials has been investigated and shown to be important in matching

experimental results [74, 75], but we limit ourselves to a linear regime for simplicity. Since strain is a symmetric

tensor (εij = εji) and has only 6 independent components, we can simplify the mathematics by considering only

the ε11, ε22, ε33, ε23, ε13 and ε12 strain components. We can do this by writing

P st
i =

3∑
j=1

eijjεjj +

3∑
i,j=1
i 6=j

eijkεjk

=

3∑
j=1

eijjεjj +

3∑
i,j=1
j>i

2eijkεjk. (5.15)

In matrix form, this is written as


P st

1

P st
2

P st
3

 =


e111 e122 e133 2e123 2e113 2e112

e211 e222 e233 2e223 2e213 2e212

e311 e322 e333 2e323 2e313 2e312





ε11

ε22

ε33

ε23

ε13

ε12


. (5.16)
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The constants eijk are material dependent quantities. For the case of wurtzite materials, this reduces to [43, 76]


P st

1

P st
2

P st
3

 =


0 0 0 0 2e113 0

0 0 0 2e223 0 0

e311 e322 e333 0 0 0





ε11

ε22

ε33

ε23

ε13

ε12


, (5.17)

with e113 = e223 and e311 = e322. Carrying out the matrix multiplication gives


P st

1

P st
2

P st
3

 =


2e15ε13

2e15ε23

e31 (ε11 + ε22) + e33ε33

 , (5.18)

where e15 ≡ e113 = e223, e31 ≡ e311 = e322 and e33 ≡ e333 [76].

In the case of a QD superlattice, the value of the piezoelectric constants depends on the local indium fraction.

In this case, we write the components of the strain-induced polarization as

P st,a
i (r) =

∑
j

fij (r) εaj (r) , (5.19)

where

fij (r) = fhij +
(
fdij − fhij

)
χd (r) , (5.20)

Here, fij (r) contain the piezoelectric constants whose values depend on position (e.g. f11 (r) = 2e15 (r)). fhij is the

value in the host material, while fdij is for inside the dot. The case of smoothly varying alloy fraction is treated in

Chapter 6. By taking the Fourier transform, we obtain

P̃ st,a
i (q) =

∑
j

[
fhij ε̃j (q) +

(2π)
3 (
fdij − fhij

)
V

(χ̃d ∗ ε̃j) (q)

]
, (5.21)

where we have used the convolution theorem F {f (r) g (r)} (q) = (2π)3

V

(
f̃ ∗ g̃

)
(q) to evaluate the second term.

Using Eqs. 5.18 and 5.21, we may write the Fourier transform of the polarization field as:


P̃ st,a

1

P̃ st,a
2

P̃ st,a
3

 =


2eh15ε̃13 (q) +

2(2π)3(ed15−e
h
15)

V (χ̃d ∗ ε̃13)e (q)

2eh15ε̃23 (q) +
2(2π)3(ed15−e

h
15)

V (χ̃d ∗ ε̃23)e (q)

eh31 [ε̃11 (q) + ε̃22 (q)] +
(2π)3(ed31−e

h
31)

V [χ̃d ∗ (ε̃11 + ε̃22)] (q) + eh33ε̃33 (q) +
(2π)3(ed33−e

h
33)

V (χ̃d ∗ ε̃33) (q)

 .
(5.22)
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There also exists a spontaneous polarization in bulk InGaN materials, which is independent of any deformation.

The spontaneous polarization is uniform throughout the material and points along the c-axis;

Psp (r) =


0

0

P sp

 .

In the case of QDs, we also give P sp a spatial dependence and proceed in the same way as for the strain-driven

polarization to obtain

P̃ sp,a
3 (q) = P sp,hδq,0 +

(
P sp,d − P sp,h

)
χ̃ (q)

Material parameters for these calculations may be found in Appendix A.

5.3 Piezoelectric potential

Let us now turn to calculating the piezoelectric potential that corresponds to the strain-induced and spontaneous

polarization. We follow the derivation from [42], which assumes uniform dielectric constants. Similar to strain, the

goal is to have an analytical expression for the Fourier transform of the potential so we can then use it in the QD k·p

model. For the GaN/AlN systems considered in [42], the uniform elastic constants were a good approximation due

to the dielectric constant being similar for both materials being considered. However, this is not the case for InGaN

systems. In Chapter 6, we show how to include smoothly varying dielectric constants using similar calculations and

compare to results from assuming a uniform dielectric constant of the host material. We show in Chapter 6 that it

is important to consider the full spatial dependence of the dielectric constant for accurate results.

Let us consider a single QD in a host material. The displacement field D (r) can be written

D (r) = ε0E (r) + Ptot (r) , (5.23)

where E (r) is the electric field, ε0 is the vacuum permittivity, and Ptot is the total polarization. The total

polarization consists of contributions from bound charges, strain and spontaneous polarizations, leading to

Ptot (r) = Pbnd (r) + Pst (r) + Psp (r) . (5.24)

Here, we assume no free charge screening, and that Pbnd is linear with the electric field and incorporated into ε as

usual. In this case, we can write

D (r) = εE (r) + P (r) , (5.25)
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where

P (r) = Pst (r) + Psp (r) . (5.26)

P (r) is therefore the residual polarization after electric-field induced bound charge has been included in ε. Taking

the divergence of Eq. 5.25 leads to

∇ ·D = ε∇ ·E + ∇ ·P = ρf ,

where ρf are the free charges. We assume there are no free charges within the system, giving

ε∇ ·E + ∇ ·P = 0. (5.27)

Using Einstein’s summation convention and rewriting gives

∂mEm = −1

ε
∂nPn. (5.28)

Taking the Fourier transform of Eq. 5.28 and using F {∂mf (r)} (q) = iqmf̃ (q), gives

qmẼm = −1

ε
qnP̃n. (5.29)

We can relate the electric field to the scalar potential ϕ (r) by

Em = −∂mϕ. (5.30)

We can take the Fourier transform of Eq. 5.30 and use the property F
{
∂g
∂xi

}
= iqiF {g} to obtain

Ẽm = −iqmϕ̃ (5.31)

Inserting Eq. 5.31 into Eq. 5.29 leads to

ϕ̃ = −i1
ε

qnP̃n
q2

. (5.32)

Since this theory is linear in P, one can obtain the piezoelectric potential for the array by superposition, as was

done for strain with Eq. 5.12 and 5.13, and obtain [42]

ϕ̃a = −i1
ε

qnP̃
a
n

q2
, (5.33)
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where the superlattice polarization field is given by Eq. 5.22. Similar to the case of strain and the elastic constants,

Eq. 5.33 assumes a spatially uniform dielectric constant, which was justified for the materials considered in [42].

InGaN and GaN can have considerably different dielectric constants, depending on the indium fraction. For this

reason, we extend this method in Chapter 6 to include a spatially varying dielectric constant and show that this

correction is important in accurately describing the piezoelectric potential and electronic structure of InGaN QDs.



Chapter 6

Efficient Fourier space quantum dot k · p

for wurtzite systems including smooth alloy

profile and spatially varying elastic and

dielectric constants

Reproduced from Journal of Applied Physics 129, 224301 (2021), with the permission of JAP [77]

Luc Robichaud and Jacob J. Krich

Original Abstract: We present methods to calculate the electronic structure of wurtzite quantum dot systems

with continuous alloy profiles within Fourier-space-based k · p theory. We incorporate spatially varying elastic and

dielectric constants in strain and piezoelectric potential calculations. A method to incorporate smooth alloy profiles

in all aspects of the calculations is presented. We demonstrate our methodology for the case of a 1-dimensional

InGaN quantum dot array and show the importance of including these spatially varying parameters in the modeling

of devices. We demonstrate that the convergence of the lowest bound state energies is for good approximation

determined by the largest wave vector used in constructing the states. We also present a novel approach of coupling

strain into the k · p Hamiltonian, greatly reducing the computational cost of generating the Hamiltonian.

Notes:

• Since the publication of this paper, we have learned there was sign error in the e15 parameters used to calculate

the piezoelectric potential. This error is widespread in literature, which includes the references used for said

parameters. This sign error is discussed in detail in the erratum [75] to the paper [78] and also confirmed in

[79]. This sign error was corrected for the calculations of Chapter 7.
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• Original publication’s introduction did not mention what type of machine calculations were performed on.

• Figure 6.1 and its mention in introduction were not included the original publication.

• Equations 6.2, 6.3, 6.4 and 6.7 and the discussions surrounding them were not included in the original publi-

cation.

• Figure 6.7 and the paragraph that refers to it were not included in the original publication.

• A typo was found in what is now Eq. A.11. The expression for the Kane parameter P 2
2 was missing a “3” in

the denominator, which has been corrected in this thesis. This was merely a manuscript typo and does not

impact results.

• Another typo has been fixed in the text of what is now Appendix D. It originally stated “−mj ≤ ij < mj”

just above Eq. D.9, which has been corrected to “−mj ≤ ij ≤ mj”.
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6.1 Introduction

Given their large range of bandgaps, from 0.78 eV to 3.51 eV, InGaN materials have attracted attention in applica-

tions such as LEDs, single-photon emitters, water splitting and solar cells [1, 7, 17–19]. For any application, device

performance depends on having an electronic structure well tuned to its target application. Since the electronic

structure of quantum dots (QDs) can be dramatically changed by varying their size and composition, they can be

quite attractive for applications. InGaN QD structures grown by molecular beam epitaxy (MBE) have significant In

diffusion [17], leading to a smoothly varying alloy profile without a sharp material interface. This indium diffusion

results in a material whose elastic and electrical parameters vary with the local alloying fraction. Quantum dots

with intentionally graded indium fractions have also been of interest [80]. Given the electronic structure’s sensitivity

to composition, accurate alloy profiles are crucial for accurate modeling.

Tight binding (TB) and k ·p theory are standard approaches for calculating single-particle electronic structures

for bulk materials and nanostructures. The table in Fig. 6.1 shows a comparison of the two methods when applied

to QDs and encapsulates the essence of this introduction section. Both approaches rely on elastic, dielectric, and

electronic parameters, which vary spatially in QD structures due to the changing alloy content. Essentially all

methods calculate the continuously varying local strain field and its impact on the electronic structure through

deformation potential and piezoelectric couplings. Frequently, calculations assume sharp material interfaces and

uniform alloy content in the dot and host regions; they additionally assume that the elastic and dielectric constants

are spatially uniform [42, 69]. Continuous spatial dependence of these material parameters is readily included in

real-space methods, including both TB and k · p. Strain, even with spatially varying elastic constants, can be

calculated using real-space finite element methods for continuum elastic models [38, 39, 69] and with valence force

fields in atomistic models [68–70]. Smooth variation of the alloy fraction can also be included [39]. However, both

TB and real-space k · p have important limitations. Tight binding methods can be accurate but become expensive

when considering systems with a large number of atoms [81], though linearly scaling methods extend their reach

for an increasing number of systems [82]. The k · p method is not atomistic and gives a good balance between

accuracy and computational requirements for mid-to-large dots [40]. Its real-space implementations using the finite

difference method [38, 39] can be successful, but they can suffer from spurious mid-gap states arising from finite

difference formulae effectively sampling bulk states at large wave vectors where k ·p breaks down, especially at high

alloy fractions [83, 84].

Fourier space approaches to k · p have been widely used with good success in modeling the electronic structure

of QDs [41, 42, 58, 59, 85–88]. They provide an excellent compromise between computational cost and accuracy,

allowing consideration of nanoscale structures beyond the scale of TB. Fourier space k·p methods give direct control

of wave-vector sampling, making it easy to reject the spurious states [42, 58].

A hybrid approach using real-space parametrization and fast-Fourier-transform-based strain and Hamiltonian

calculations allows rapid determination of band-edge energies in nanostructures, including piezoelectric potentials



CHAPTER 6. EFFICIENT FOURIER SPACE QUANTUM DOT FOR WURTZITE SYSTEMS... 60

and smoothly varying alloy profiles [80, 87, 88]. Each eigenstate must be found independently, making this approach

particularly good when interested in the lowest electron and hole states or in small dots that only contain a

few bound states. The traditional Fourier space approach, as taken by [41, 42, 58, 59, 85, 86], produces a non-

sparse Hamiltonian, which is diagonalized to obtain a full eigenvalue spectrum, making it useful when interested in

properties such as optical absorption. References [41, 58, 59, 85, 86] reduced the computational cost of this approach

by using symmetry adapted bases that block diagonalize the Hamiltonian [41, 43, 59]. This latter Fourier space based

k · p method has only been used with sharp material interfaces, spatially uniform elastic and dielectric constants,

and spatially uniform dot and host alloy fractions. References [42, 43, 71] used a continuum elastic Green’s function

method for calculating strain. These works assumed spatially uniform elastic and dielectric constants for both the

host and dot materials, which was justified for the sizes of their InAs/GaAs and GaN/AlN QD systems but would

not be correct for larger dots. Reference [42] presented a method to include different host and dot material elastic

constants but did not use it.

In isolated QDs, it is computationally challenging to calculate strain effects since strain generally decays more

slowly than bound state wavefunctions. The unit cell must then be chosen large enough to resolve the strain decay,

increasing the number of plane waves that must be calculated to resolve the electronic structure, at considerable

computational expense. References [59, 78] presented a more efficient approach that uses two different unit cells;

one for the electronic structure and one for strain. This method allows for the modeling of the electronic structure

and strain, but introduces some complexity in calculating the Hamiltonian, which requires the calculation of mul-

tiple composed convolutions on different Fourier space meshes. These convolutions can be computationally costly

depending on the sizes of meshes needed for convergence.

In this article, we show methods for and the importance of including two different sources of spatial variation in

Fourier space k · p calculations for wurtzite InGaN systems: first, spatially varying elastic and dielectric constants

and second, smooth alloy profiles, as are found in experimental devices. Our approach efficiently includes smooth

alloy profiles in the strain, piezoelectric potential and electronic structure calculations. Smooth indium profiles both

increases the accuracy of the simulations for simulating experimental devices and decreases their computational cost

by removing the abrupt interfaces that otherwise require large numbers of plane waves to obtain convergence. The

spatial variations of elastic and dielectric constants affect the calculation of strain and piezoelectric potentials, and

we adapt the calculations presented by Ref. [42] to include a spatially varying dielectric constant. We also present

a method to improve the efficiency of calculating the strain in using the two-unit-cell method for isolated QDs. By

fixing the strain unit cell to be commensurate with the electronic unit cell, we present an approach that reduces

the number of needed convolutions, significantly reducing the computational cost.

We demonstrate our methodology by calculating the electronic structure for a 1D array of InGaN QDs, modeling

devices grown as LEDs and used for water splitting [17, 19]. In this example, we show the importance of the inclusion

of spatially varying elastic and dielectric constants and smooth indium profiles for accurate electronic structures.
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We also show that the most important criterion for convergence of the lowest QD electron and hole energies is the

maximum wave vector included in the Fourier space sampling, which can be increased with low computational cost

by using a small unit cell.

Section 6.2 contains strain and piezoelectric potential calculations using spatially varying elastic and dielectric

parameters. Section 6.3 presents the k · p model used for electronic structure calculations and our novel approach

to efficiently include strain through choices of unit cells. Section 6.4 introduces a method to use smooth indium

profiles in all aspects of our calculations. Section 6.5 demonstrates our entire methodology for the case of a 1D QD

array, such as QDs grown inside of nanowires [17].

All calculations done in this work were performed on a desktop machine with a Intel Core i5-3470 cpu@3.20Ghz

processor and 24GB of RAM. All code was written in-house using Matlab R2017b.

Tight-Binding
𝐤 ∙ 𝐩

Real space Fourier space

Small dots ✓ ✓ ✓

Large dots Many atoms ✓ ✓

High alloy ✓ Midgap states ✓

Smooth alloy 
profiles ✓ ✓

Developed
here

Spatially varying 
elastic and 

dielectric constants
✓ ✓

Developed
here

Figure 6.1: Comparison of the tight-binding and k · p methods, where the latter is divided into real space and
Fourier space approaches. In this work, we consider large dots and want the flexibility of considering high indium
fractions. Fourier-space based k ·p is the best approach for us, but lacks methods to include spatially varying alloy
fractions and likewise for elastic and dielectric constants. Our work in this Chapter provides the necessary methods
to include these effects.

6.2 Spatially varying elastic and piezoelectric constants

We begin by considering QD heterostructures with abrupt changes in alloy fraction. Alloying the host material

changes the local lattice constants, leading to a lattice mismatch at the host and dot material boundary. This

lattice mismatch is a source of strain throughout the QD system, affecting the electronic states of the system. For

example, InN has a larger lattice constant than GaN, so alloying GaN with indium to form a QD produces strain

in and near the QD. The propagation of that strain is determined by the elastic constant, which itself also varies

with alloy fraction. Additionally, strain can generate strong piezoelectric potentials in materials such as III-nitrides.

The piezoelectric potential in III-nitrides is particularly important along the c-axis and can be strong enough to

spatially separate electron and hole states through the quantum-confined Stark effect [89].

In prior Fourier-space-based work, elastic and dielectric constants are largely assumed to be spatially uniform

in Fourier-based calculations of strain and the piezoelectric potential. Reference [42] presented a method to include
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differing host and dot elastic constants but did not use it in their calculations. They argued that the system’s

elastic constant largely depends on the nearest neighbor lattice spacing, which is strongly modified inside small dots

from bulk values. They therefore used the spatially uniform elastic constant of the host material. In our case, we

consider larger dots in which the lattice constant in the center of the dots can be significantly different from that in

the barrier material, which implies that the local elastic constants should also be different from those in the barrier

material. Having the local elasticity depend on local strain would make a computationally challenging nonlinear

problem. Instead, we implement the method presented by [42] to include differing elastic constants, using the bulk

elastic constants of alloys at each location. We compare those results to those obtained from using spatially uniform

elastic constants, to highlight the differences in strain-induced dot energy levels. For the piezoelectric potential, we

use a procedure similar to Ref. [42], but we also include spatially varying dielectric constants. The strain field and

piezoelectric potential are coupled into a k ·p model, presented in Section 6.3, for electronic structure calculations.

6.2.1 Quantum dot system

We consider a superlattice of wurtzite QDs embedded in a bulk host material, as shown in Fig. 6.2(a). InGaN

QDs such as those described in Ref. [17] have a lens-like shape and do not have a sharply defined boundary. We

approximate these QDs as being either cylindrical or hexagonal prisms. These choices of dot geometries simplify

calculations, as described in Sec. 6.2.2, and preserve the C6v symmetry of the material, which we take advantage

of in Section 6.3 for electronic structure calculations. Hexagonal periodic boundary conditions are used to also

preserve the material’s C6v symmetry. For single-dot calculations, the superlattice unit cell must be large enough

that the choice of cell size does not affect results. For actual QD arrays, we consider only hexagonal superlattices

in the plane.

In this periodic system, the real space QD superlattice is defined by the set of lattice vectors Li, as shown in

Fig. 6.2(a). We denote the real space unit cell by Ωe, its volume Ve, and the reciprocal-space unit cell by Ω−1
e .

The index “e” indicates that these quantities relate to the electronic cell, as opposed to the strain unit cell, which

is introduced in Section 6.2.2. Imposing periodic conditions in real space implies a discrete reciprocal space with

wave vectors

q = i1b1 + i2b2 + i3b3 i1, i2, i3 ∈ Z (6.1)

where bi are the reciprocal basis vectors, similar to [43]. Due to the symmetry of the system, we have L1 = L2,

which we define as L12. In our reciprocal-space calculations, we sample on sets of the wave vectors q ∈ Ω−1
e .

We define m12 and m3 such that i1, i2 = {−m12, · · · , 0, · · · ,m12} and i3 = {−m3, · · · , 0, · · · ,m3}. This sampling

produces a hexagonal mesh of size N = N1N2N3 where Ni = 2mi + 1. To obtain a C6 symmetric mesh, we remove

points such that |qx| > m12
2π
L1

, leaving a mesh whose size we denote by Ne.

By choosing the unit cell dimensions Li large enough, it is possible to remove electronic coupling between
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𝑳1
b)a)

𝑳2

𝑳3

𝑦

𝑥𝑧

Figure 6.2: (a) Unit cell of the cylindrical QD superlattice and its basis vectors. Dashed lines show the unit cell
boundaries of the QD superlattice. White regions are the host material and grey regions are the QDs. (b) Hexagonal
prism QD.

neighboring dots. This flexibility allows us to model 3D, 2D and 1D arrays of coupled dots. The isolated dot case

can also be obtained by choosing both L12 and L3 sufficiently large. Section 6.2.2 presents a method that also

uncouples dots in terms of strain, which is based on calculating strain and the electronic structure using different

unit cells.

We illustrate the methods presented in this manuscript by modeling a QD system inspired by Ref. [17]. That

system consists of InGaN dots grown in GaN nanowires. We approximate this system as an infinite 1D QD array, by

choosing L3 to match the measured dot-dot spacing and L12 large enough to avoid dot-dot coupling, but we do not

consider the nanowire itself and instead embed the dots in bulk GaN. We choose the dot indium alloy fraction, radius

and height based on the experimental device. System parameters are listed in Table 6.1, and material parameters

are in Appendix A. In some instances, wurtzite QD possess a clear hexagonal geometry [90]. Therefore, we consider

both cylindrical and hexagonal prism QDs, as shown in Fig. 6.2(b). The hexagonal dots have dimensions chosen to

give an area of πR2, preserving the volume of the cylindrical dots. In all of the cases studied, there is only a small

difference between the circular and hexagonal dots, and we show the circular ones in most results. We illustrate

the small differences in Section 6.5. All results are for the cylindrical case unless stated otherwise.

Table 6.1: Default quantum dot superlattice parameters used unless specified otherwise.

Parameter Value
X0 0.45
h 40 Å
R 200 Å
L12 500 Å
L3 70 Å
m12 10
m3 4
n12 6
n3 1
δ [1.5, 1.5, 2.5] Å
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6.2.2 Strain

In this section, we present how we calculate strain with elastic constants that depend on alloy fraction for 3D,

2D and 1D QD superlattices and isolated dots. Our method follows from Refs. [42, 59]. We calculate the strain

produced by a single isolated dot and construct the QD superlattice strain by linear superposition.

The calculated strain is to be coupled into the electronic structure calculations. However, strain decays consider-

ably slower than bound electronic wavefunctions. In the case of isolated dots, the unit cell must be large enough to

accommodate the strain decay. Choosing a unit cell large enough to capture the strain decay reduces the maximum

wave vector attainable when using a fixed number of plane waves. As we demonstrate in Section 6.5, accurately

describing the electronic states requires using sufficiently large wave vectors, and thus, a large unit cell requires a

large number of plane waves. Following Ref. [59], we consider that the electronic model and strain model each have

their own real space unit cells. This additional degree of freedom allows accurate and computationally efficient

determination of both electronic structure of rapidly decaying confined QD states and longer-range strain effects in

isolated dots. In the case of a QD superlattice, different real-space electronic and strain unit cells are not required.

In prior work, lattice-mismatch-driven strain has been calculated for a single dot using a continuum theory with

a Green’s function approach while assuming spatially uniform elastic constants [42, 71, 91]. We briefly present the

method to include spatially varying elastic constants from Appendix A of [42], correcting typos in Eqs. A7 and

A8. We show how the spatially varying elastic constants modify strain and how this modified strain changes the

piezoelectric potential in Section 6.2.3. We show that the elastic constant correction is necessary to obtain accurate

strain and piezoelectric potentials.

In the case of a single QD with sharp material interfaces and elastic constants λijmn (r) that differ between dot

and host materials, we can write

λijmn (r) = λdijmn + λhijmn [1− χd (r)] , (6.2)

where λhijmn and λdijmn are the host and dot’s elastic constants, respectively. Assuming spatially varying elastic

constants, the Green’s tensor G̃in for the displacement field in an infinite anisotropic elastic medium must satisfy

∂

∂xk
λiklm (r)

∂

∂xm
G (r, r′) = −δ (r− r′) δin (6.3)

Note that this is the analogue of Eq. 5.1, but for spatially varying λiklm. Taking the Fourier transform of Eq. 6.3,

we obtain
λhiklmqkqmG̃ln (q, r′)

+ ∆λiklm
∑
q′

χ̃d (q− q′) qkq
′
mG̃ln (q′, r′)

=
1

(2π)
3 eiq·r

′
δin.

(6.4)
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Here, ∆λijmn = λhijmn − λdijmn, the tildes indicate Fourier-space quantities and χ̃d is the Fourier transform of the

characteristic function of the dot, which is given in Appendix F. We write the Fourier-space strain tensor εij as

ε̃lm (q) = εTlmχ̃d (q) + ε̃clm (q) , (6.5)

where

εTlm = εaδlm + εcaδl3δm3 (6.6)

The first term in Eq. 6.5 is the initial strain due to lattice mismatch and the second term is lattice relaxation due

to elasticity. Here, εa =
(
ah − ad

)
/ad, εc =

(
ch − cd

)
/cd, εca = εc − εa. ah and ch are the lattice constants of the

host material and, ad and cd are of dot material. More specifically, a is the xy-plane lattice constant and c is the

lattice constant along the z-axis. Reference [42] showed that the Green’s tensor can be related to the strain ε̃clm (q)

to obtain
λhiklmqk ε̃

c
lm (q)

+ ∆λiklmqk
∑
q′

χ̃d

(
q− q

′
)
ε̃clm

(
q
′
)

= −λdikpr ε̃Tprqkχ̃d (q) ,

(6.7)

This is a nonlinear differential in ε̃clm (q), and we seek a solution in the form of a power series such that

ε̃clm (q) = ε̃
(0)
lm (q) + ε̃

(1)
lm (q) + ε̃

(2)
lm (q) + · · · , (6.8)

with ε̃
(N)
lm (q) ∝

(
∆λ
λ

)N
, and the condition ∆λ

λ � 1 ensures convergence of the series. The leading term ε̃
(0)
lm

corresponds to uniform elastic constants of the dot with each subsequent term being a correction to include spatial

variations due to the alloy profile. By inserting Eq. 6.8 into Eq. 6.7 and using the Einstein summation convention,

we find that

ε̃
(N)
lm (q) =

(2π)
3

2

[
F (N)
p (q)qlG̃

h
mp (q)

+F (N)
p (q) qmG̃

h
lp (q)

] (6.9)

where

F
(0)
i (q) = −λdikprεTprqkχ̃d (q) (6.10)

F
(N)
i (q) = −∆λiklmqk

(2π)
3

V

∑
q′

χ̃d

(
q− q

′
)
ε̃
(N−1)
lm

(
q
′
)

(6.11)

Equations 6.9 and 6.11 are corrected from Ref. [42] and G̃h
in is the Green’s tensor for a system with uniform elastic

constants of the host material, as shown in Eq. E.31.

We compare the strain corrected at various orders according to Eq. 6.8 to the usually considered case of uniform

elastic constants of the host material. Figure 6.3 shows the convergence of the strain corrections for the 1D QD
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array system described in Section 6.2.1. We quantify convergence with the following metric for the norm of the

strain:

|ε̃| =
√∑
m>l

V

(2π)
3

ˆ
dq3 |ε̃lm (q)|2 (6.12)

where m > l indicates the sum of the unique elements of the strain tensor (ε̃11, ε̃22, ε̃33, ε̃23, ε̃13, ε̃12). The green

line in Fig. 6.3 compares ε̃ when calculated from Eq. 6.9 to ε̃GaN , which is calculated assuming spatially uniform

elastic constants of GaN. Blue line shows the self-convergence of the power series in Eq. 6.8. From these results, we

conclude that a second order correction is sufficient to have strain converged within 1% in self-convergence and that

this converged strain differs from the uniform case by about 6%, indicating that the elastic constant corrections

produce significant changes in strain fields of InGaN systems. In Sec. 6.2.3, we show that the calculated piezoelectric

potential remains essentially unchanged from 3rd order corrections and up, consistent with Fig. 6.3. Given that

including these corrections is not computationally costly, we have included third order corrections in all of our

calculations unless stated otherwise.

Figure 6.4 shows the hydrostatic strain, εhydro = εxx+ εyy + εzz, along a cut through the axis of the dot, showing

relaxation of strain inside the dot with each additional correction. For this sample dot, the bulk lattice constants are

5% larger in the dot than in the barrier, and the compressive strain near the center (εzz ≈ −0.012, εxx ≈ −0.028)

produces local lattice constants that are closer to the bulk InGaN values than bulk GaN, which is consistent with

the choice to model spatially varying elastic constants.

0 1 2 3 4

Correction order

0

0.05

0.1

0.15

GaN GaN

Figure 6.3: Convergence of the strain due to spatially varying elastic constants with perturbation order for a 1D
QD array as described in Table 6.1. Green line is the relative difference between the corrected strain and the
strain with uniform λ of GaN. The zeroth term is the case of uniform λ of InGaN with alloy fraction of the dot.
Converged strain has 6% relative difference from the case of λGaN, indicating that the corrections are necessary for
accurate strain fields. Blue line is the magnitude of each term in Eq. 6.8 as a fraction of the zeroth term. Correction
magnitudes are less than 1% starting from second order.

The strain produced by the QD superlattice can be obtained from linear superposition of the single-dot strain.

However, we want the ability to study dots that are completely uncoupled, both electronically and from strains of

the fictitious periodic array. References [59, 78] proposed a method to allow the simultaneous treatment of a large

unit cell for the strain problem and a small unit cell for the electronic problem, which together allow isolated dots to

be considered in a computationally tractable manner. In this case of two independent cells, the strain is calculated



CHAPTER 6. EFFICIENT FOURIER SPACE QUANTUM DOT FOR WURTZITE SYSTEMS... 67

-40 -30 -20 -10 0 10 20 30 40
-0.08

-0.06

-0.04

-0.02

0

0.02

GaN

(0)

(1)

(2)

(3)

Figure 6.4: Hydrostatic strain for increasing correction orders in the elastic constants. Black dashed line is strain
assuming uniform elastic constants of the host material λGaN while solid lines are for spatially varying elastic
constants with correction order λ(N). As the correction order λ(N) increases, the strain moves toward the uniform
case λGaN. Note that the lines for λ(2) and λ(3) are overlapping. However, the uniform case λGaN underestimates
the strain in the dot.

in its own real space unit cell Ωs with volume Vs. We denote the strain reciprocal unit cell as Ω−1
s such that it

contains the wave vectors Q, which are defined similarly to Eq. 6.1 for the electronic cell. Given that strain relaxes

more slowly than bound electronic wavefunctions, we only consider Vs ≥ Ve. In this two-unit-cells approximation,

the Fourier transform of the strain produced by the QD array is

ε̃aij (q) =
(2π)

3

Vs

∑
Q∈Ω−1

s

ε̃ij (Q) χ̃e (q−Q)

=
(2π)

3

Vs
(ε̃ij ∗ χ̃e)s (q) , (6.13)

where χe is the characteristic function of the electronic unit cell Ωe in Ωs, which is given for our case in Appendix

F. Superscript “a” indicates array. We follow the notation that q ∈ Ω−1
e and Q ∈ Ω−1

s . (ε̃ij ∗ χ̃e)s (q) denotes a

convolution where the subscript “s” indicates that the convolution is over the wave vectors Q ∈ Ω−1
s , see Appendix

D for Fourier transform and convolution definitions. We show in Sec. 6.3.2 that choosing the linear dimensions of

Ωs to be integer multiples of the linear dimensions of Ωe ensures that all vectors q ∈ Ω−1
e are also in Ω−1

s . This

choice allows Eq. 6.13 to be evaluated efficiently.

6.2.3 Piezoelectric potential

III-nitride materials are strongly piezoelectric, having both spontaneous and strain-driven polarizations [92, 93].

Calculation of the polarization from an electric field requires knowledge of the static dielectric constant ε of the

material. In prior work, Fourier space based approaches have assumed a uniform dielectric constant. Given the large

difference in εr between GaN and InN (9.8 and 13.8, respectively), spatial variation can be significant in InGaN QD

systems. We present a method to obtain the Fourier transform of the scalar potential ϕ̃ (q) assuming ε (r) changes

with the local alloy fraction. We find that correcting for the spatial dependence of the dielectric function leads to

important changes in the piezoelectric potential and show in Sec. 6.5 that this change significantly shifts the lowest



CHAPTER 6. EFFICIENT FOURIER SPACE QUANTUM DOT FOR WURTZITE SYSTEMS... 68

QD energy levels. We do not consider metallic screening, which can be important in highly doped materials [94–96].

Generally, we can write the displacement field D (r) as

D (r) = ε0E (r) + Ptot (r) ,

where E (r) is the electric field, ε0 is the vacuum permittivity, and Ptot is the total polarization. In the strained

material, there are three sources of polarization: bound charge, strain and spontaneous polarization,

Ptot (r) = Pbnd (r) + Pst (r) + Psp (r) .

Here, we assume no free charge screening. Assuming Pbnd to be linear with the electric field and incorporated into

ε (r) as usual,

D (r) = ε (r)E (r) + Pst (r) + Psp (r) , (6.14)

where Pst (r)+Psp (r) = P (r) is the residual polarization after electric-field-induced bound charge has been included

in ε (r).

We take ε (r) to be εh in the host material and εd in the dot material, so

ε (r) = εh +
(
εd − εh

)
χd (r) . (6.15)

We obtain εd by linear interpolation of the binary compounds’ bulk dielectric constants. Taking the divergence of

Eq. 6.14, using ∇ ·D = 0 and taking the Fourier transform gives

F {ε (r)Em (r)} (q) = − qn
qm

P̃n (q) , (6.16)

where we have used the property F
{
∂nP̃n

}
= − (iqn) F {Pn}. Taking the inverse Fourier transform and solving

for the electric field gives

Em (r) = − 1

ε (r)
F−1

{
qn
qm

P̃n (q)

}
(6.17)

where F−1 represents the inverse Fourier transform. Using Em = −∂mϕ, where ∂m ≡ ∂
∂xm

and ϕ (r) is the scalar

potential,

ϕ̃ (q) = − i

qm
F

{
1

ε (r)
F−1

{
q′n
q′m

P̃n (q′)

}
(r)

}
. (6.18)

For the case of sharp alloy interfaces, χd (r) is either 1 or 0 and Eq. 6.15 gives

1

ε (r)
=

1

εh
+

(
1

εd
− 1

εh

)
χd (r) . (6.19)
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We treat the case of smoothly varying alloy fraction in Sec. 6.4. Putting this result in Eq. 6.18 gives

ϕ̃ (q) = ϕ̃h (q) + ∆ϕ̃ (q) (6.20)

with

ϕ̃h (q) = − i

qm

1

εh
qn
qm

P̃n (q) (6.21)

∆ϕ̃ =
−i
qm

(
1

εd
− 1

εh

)
F

{
χdF

−1

{
q′n
q′m

P̃n (q′)

}}
(6.22)

Here, ϕ̃h is the contribution to ϕ with εr (r) = εh, and ∆ϕ̃ is the change in ϕ̃ due to the dot material having a

different dielectric constant. See reference [43] for both spontaneous and strain-induced polarization fields P̃n (q)

for the wurtzite crystal structure.

We now show the piezoelectric potentials that result from this formulation, for our model system in Sec. 6.2.1.

Figure 6.5(a) shows ϕ (z) along the central axis of the QD calculated with constant ε of the dot and host and with

Eq. 6.20. As expected, the calculation with spatially varying ε (r) agrees with ϕd
uni inside the dot and also agrees

with ϕh
uni outside the dot, with a transition near the boundary that is captured by neither of the uniform cases.

Figure 6.4 showed how spatially varying elastic constants change strain profiles. Figure 6.5(b) shows how those

strain corrections change ϕ. The peak correction of 8 mV is significant if looking to converge the energy levels

within a few meV.

6.3 Commensurate unit cells for efficient coupling of strain in k · p

Here, we briefly present the QD k · p model we use for electronic structure calculations. This QD Hamiltonian is

written in a symmetry adapted basis, which reduces the computational cost for calculating and diagonalizing the

Hamiltonian. In this symmetry adapted basis, we show how the strain produced by the QDs contributes to the

Hamiltonian. We also introduce strain effects using a larger unit cell than the electronic cell defined in Fig. 6.2. In

this section, our goal is to show our method of efficiently including strain in the QD k · p model, which we do by

choosing the strain unit cell’s dimensions to be integer multiples of the unit cell used for the electronic structure

calculations. The k · p model and symmetry adapted basis are standard, and we briefly describe them and refer to

the sources for full descriptions.

We use the 8-band k · p model for bulk wurtzite material presented in Ref. [39] in the basis of Γ-point Bloch

functions, which includes spin-orbit coupling, crystal field splitting, and strain. Since choosing angular momentum

Ĵz eigenfunctions aids in the construction of a symmetry adapted basis, we rotate the 8-band Hamiltonian into

the Ĵz eigenbasis, similar to Ref. [35]. See Appendix A for details. Recent work has alternatively obtained k · p

parameters directly in the symmetry adapted basis using ab initio calculations [97].
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Figure 6.5: (a) Piezoelectric potential ϕ (z) along the central axis, beginning in the center of the dot. Blue and red
dashed lines show ϕ calculated with uniform ε (r) = εh and ε (r) = εd, respectively. Black line shows the case with
spatially varying ε (r). Note that the ϕ is antisymmetric in z. These results show that the case of uniform ε cannot
accurately describe ϕ throughout the system. Strain calculations include third-order corrections for the nonuniform
elastic constants. (b) Potential difference for various elastic constant corrections. Difference is with respect to
ϕh (r), which is calculated with uniform λ (r) = λGaN. The zeroth order case (blue line) shows λ (r) = λd. Includes
a spatially varying dielectric constant. System parameters are given in Table 6.1. Both calculations implement an
alloy smoothing of δ = [1.5, 1.5, 2.5] Å, which is described in Sec. 6.4. Vertical dashed lines indicate the nominal
material interface without smoothing.

6.3.1 Quantum dot k · p

We construct the QD Hamiltonian by giving the bulk Hamiltonian a spatial dependence. The solution is expanded

using slowly varying envelope functions [41, 42, 58, 59]. The envelope functions are periodic with the superlattice and

can be expanded in Fourier domain using the superlattice reciprocal wave vectors q defined in Eq. 6.1. Writing the

envelope functions in terms of plane waves leads to a non-sparse Hamiltonian [42, 58]. Due to the broken translation

symmetry, we apply the substitution kj → −i ∂
∂xj

and symmetrize the operations to preserve Hermiticity [41, 58, 65].

For computational efficiency, we use a symmetry adapted basis, which takes advantage of the C6 symmetry of

the wurtzite crystal structure by block diagonalizing the Hamiltonian. Symmetry adapted bases have been fully

described for both zincblende and wurtzite systems [41, 43]. The symmetry-adapted basis reduces the Fourier space

sampling to a single sextant 0 ≤ qy ≤ tan
(

2π
6

)
qx of the full space and block diagonalizes the Hamiltonian into 6

blocks, which are labeled by mf = {−5/2,−3/2,−1/2, 1/2, 3/2, 5/2}. The label mf can be interpreted as a total

quasi angular momentum [43, 59]. The basis elements are

|mf , α,q〉 = Λ (mf , α,q, r) |uα〉 (6.23)
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where

Λ (mf , α,q, r) =
1√
6

5∑
l=0

e
i

(←→
Rlq

)
·r
eilφ[mf−Jz(α)] (6.24)

when either qx or qy is nonzero and Λ (mf , α,q, r) = eiq·r when qx = qy = 0 and Jz(α) = mf .
←→
R l is the lφ rotation

around the z-axis with φ = 2π/6. This basis consists of the basis functions of the irreducible representations of the

double group C̄6. This block diagonalization greatly reduces the computational cost to diagonalize the Hamiltonian.

Equation 6.24 distinguishes wave vectors that are purely along the z-axis from those that have an xy-component,

which we denote by qz and q, respectively. These two cases differ because a z-axis rotation leaves qz invariant

while sending q to a new wave vector
←→
Rlq. The case of |mf , α,qz〉 with Jz (α) 6= mf does not exist in the basis

set. In this basis, the eigenvalue problem is

8∑
α=1

∑
q

Hmfα′α (q′,q)Aαimf (q) = EiA
α′

imf
(q′) (6.25)

where

Hmfα′α (q′,q) ≡ 〈mf , α
′,q′|Ĥ|mf , α,q〉

=
1

Ve

ˆ

Ve

d3rΛ∗ (r)Hα′αΛ (r) (6.26)

where we have dropped some arguments in Λ for brevity. Hα′α are the bulk Hamiltonian matrix elements presented

in Appendix A. Expressions for Hmfα′α (q′,q) are fully written out in Appendix G in terms of the bulk Hamiltonian

matrix elements and QD characteristic function.

6.3.2 Strain and piezoelectric coupling

Deformation potentials and piezoelectric effects, which are both strain-driven, are important for accurate calcula-

tions of electronic structure in III-N materials. However, including deformation potentials can be computationally

costly for the case of isolated dots. The two-unit cell approach presented in Sec. 6.2.2 allows for the study of isolated

dots, but at the cost of computationally expensive convolutions. Additionally, another layer of convolutions appears

in the Hamiltonian matrix elements, leading to composed convolutions. Here, we present the matrix elements due

to strain and show our computationally efficient approach of dealing with these composed convolutions by choosing

the linear dimensions of the real-space strain cell Ωs to be integer multiples of those of the electronic cell Ωe.

The bulk strain Hamiltonian matrix elements in Eqs. A.4 and A.6 can be written as

Hα′α =
∑
ij

f ijα′αεij (r)
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where the f ijα′α consist of k · p parameters (ai, li, mi and ni). Using the prescription of Sec. 6.3.1 and defining

S
ll′mf
α′,α ≡ e

iφ{l[mf−Jz(α)]−l′[mf−Jz(α′)]}

S
l′mf
α′ ≡ e−il

′φ[mf−Jz(α′)],

the strain contributions to the QD Hamiltonian are

Hij,stmfα′α
(q′,q) =

1

6

5∑
l,l′=0

S
ll′mf
α′,α hij,stα′α

(←→
Rl′q

′,
←→
Rlq

)

Hij,stmfα′α
(q′,qz) =

1√
6

5∑
l′=0

S
l′mf
α′ hij,stα′α

(←→
Rl′q

′,qz

)
Hij,stmfα′α

(q′z,qz) = hij,stα′α (q′z,qz)

where

hij,stα′α (q′,q) =
(2π)

3
f ij,hα′α

Ve
ε̃aij (q′ − q) (6.27)

+
(2π)

6
(
f ij,dα′α − f

ij,h
α′α

)
V 2
e

(
χ̃d ∗ ε̃aij

)
e
(q′ − q) .

Here, f ij,hα′α and f ij,dα′α are the k ·p parameters for bulk host and dot materials, respectively. ε̃aij is the strain produced

by the QD array calculated in Sec. 6.2.2. The subscript “e” in
(
χ̃d ∗ ε̃aij

)
e
indicates that the convolution is over the

wave vectors q ∈ Ω−1
e . Inserting the superlattice strain from Eq. 6.13 into the k ·p strain matrix elements from Eq.

6.27 leads to composed convolutions,

(
χ̃d ∗ ε̃aij

)
e
(q) =

∑
q′∈Ω−1

e

χ̃d (q′) ε̃aij (q− q′)

=
(2π)

3

Vs

∑
q′∈Ω−1

e

χ̃d (q′)
∑

Q∈Ω−1
s

ε̃ij (Q) χ̃e (q− q′ −Q) (6.28)

which can be computationally demanding depending on the number of wave vectors used. The original proposal

of using a large strain cell with a smaller electronic cell imposed no relationship between their sizes [59, 78].

Equation 6.28 then requires evaluating χ̃e at points q − q′ − Q that are contained on neither the electronic nor

strain meshes, requiring a unique convolution be calculated for every q′ ∈ Ω−1
e . It is well known that using the

convolution theorem to compute a convolution between two vectors of length N has a computational cost that scales

as N log (N). Similarly, the computational cost for a convolution on a 3D N ×N ×N mesh scales as N3 log (N).

Computing the composed convolutions in Eq. 6.28 would then scale as N3
e log (Ne)N

3
s log (Ns) since a convolution

in Q has to be calculated for each q′. Note that the convolutions in Eq. 6.28 are linear convolutions, which implies

that the arrays of function values must be padded with zeros before using the convolution theorem, as detailed
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in Appendix D. This zero padding increases both Ne and Ns. We show that choosing a strain unit cell to be a

supercell of the electronic unit cell reduces the required number of convolutions, leading to an improved scaling of

N3
e log (Ne) +N3

s log (Ns).

Choosing the strain unit cell linear dimensions to be multiples of the electronic cell, we have

Ls
i = niL

e
i i = 12, 3 (6.29)

where the ni take positive integer values. This choice of real-space unit cells leads to the electronic Fourier space

mesh being contained in the strain mesh Ω−1
e ⊂ Ω−1

s . The wave vectors Q then have a spacing that is a fraction of

the spacing of the electronic wave vectors q,

∆Qi =
∆qi
ni

(6.30)

See Fig. 6.6 for an example of commensurate meshes and their overlapping Fourier-space meshes. Note that from

Eq. 6.28, ε̃aij is then only sampled at points ∆q = q−q′, which belong to the electronic mesh. Our procedure starts

with using the convolution theorem (see Appendix D) to efficiently calculate the inner convolution (ε̃ij ∗ χ̃e)s (Q) on

the strain mesh to obtain ε̃aij (Q). Since the wave vectors Q also contain the wave vectors q, we can then extract the

points that lie on the electronic mesh to obtain ε̃aij (q). Lastly, we perform the second convolution
(
χ̃d ∗ ε̃aij

)
e
(q),

again using the convolution theorem. This workflow is shown in Fig. 6.8. This method computes only two 3D

convolutions and so has a complexity scaling of N3
e log (Ne) + N3

s log (Ns), which is a considerable improvement

compared to the non-commensurate case. Note that Ns is generally much larger than Ne to obtain appropriate

convergence, so the computational cost is dominated by the convolutions on Ω−1
s .
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Figure 6.6: Example of commensurate Fourier space meshes where n12 = 2, leading to ∆Qi = ∆qi
2 , which implies

the vectors Q contain all the vectors q.

By limiting ourselves to commensurate unit cells, we may not be choosing the optimal unit cell size in terms

of Fourier-space sampling. In other words, we are likely to have a strain unit cell that is larger than is necessary,

which means more wave vectors are necessary to reach the same maximum point in Fourier space. Therefore,

we can decrease Ns if we allow ourselves to consider non-commensurate cells so that the strain unit cell is more

optimal. However, in our case with commensurate cells, we always perform two 3D convolutions, while with
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non-commensurate cells, we would have to perform Ne 3D convolutions, which can be observed from Eq. 6.28.

Therefore, if we used non-commensurate cells, we would reduce the number of wave vector points, but by increasing

the number of necessary convolutions. We can then ask if the commensurate cell method is always faster than

considering incommensurate unit cells or if there is some set of parameters that would allow the incommensurate

case to be faster. Regardless of method, we expect to approach the complexity scalings described above in order to

converge the system and so expect the commensurate method to always be faster near convergence, which is the

parameter space of interest.

Let us consider a small example for the case of an isolated QD (large n12 and n3). For simplicity, let us ignore

the truncation of the mesh for the C6 symmetry, and assume that m12 = m3 and n12 = n3. This means we have a

Ne×Ne×Ne electronic mesh, where Ne = (2m12 + 1) = (2m3 + 1) and, assuming commensurate cells, a Ns×Ns×Ns

strain mesh, where Ns = n12Ne = n3Ne. Consider the case where the ideal strain cell is 7.1 times bigger than the

electronic cell, leading to N ′s = 7.1Ne strain mesh points. In our approach of commensurate cells, we are forced to

take n12 = n3 = 8, giving Ns = 8Ne strain mesh points for the case of commensurate cells and leading to a ratio of

N ′s/Ns = 7.1/8 = 0.89. In the case of the commensurate cells, we would have scaling of the computational cost that

goes like Cc = α
[
N3

e log (Ne) +N3
s log (Ns)

]
and Ci = α

[
N3

e log (Ne)N
′3
s log (N ′s)

]
for the incommensurate cells,

where α is a constants. Taking m12 = m3 = 6, we find Si/Sc = 3833 and therefore treating slightly more wave

vectors with commensurate boxes is expected to be significantly more efficient. The commensurate cell method

being more efficient is also observed for any value of n12 > 1 such that n′12 = n12 − 0.9, as shown in Fig. 6.7. To

speed up the calculation in the case of incommensurate cells, one could calculate the quantity ε̃aij from Eq. 6.28 on

the strain mesh and use 3D interpolation to obtain its values on the electronic mesh, but that method would also

require care in convergence and accuracy.

Figure 6.7: Ratio of the computational scaling of the incommensurate box and commensurate box methods as n12

is varied and n′12 = n12 − 0.9. Here, we have taken m12 = m3 = 6.

The piezoelectric potential brings no additional complexity, and the workflow for calculating the piezoelectric

potential is shown in Fig. 6.8. The potential is initially calculated on the strain mesh, and the electronic mesh
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portion is extracted to calculate the piezoelectric potential contributions to the Hamiltonian, which are written out

in Appendix G.

Array 
strain, Eq. 

6.8 

෤𝜑, Eq. 6.15
Single dot 

strain
on s-mesh

Array strain 
on e-mesh

Truncate to 
electronic unit cell

Extract on 
e-mesh

Extract
to e-mesh

Figure 6.8: Workflows for calculating strain ε̃a and piezoelectric potential φ̃a on the electronic mesh of an array of
dots, beginning from the strain of a single dot on the strain mesh. Upper path shows the composed convolutions of
the form in Eq. 6.28, which are necessary to compute the matrix elements in Eq. 6.27. Lower branch shows steps for
calculating φ̃a, which is used in Eqs. G.13, G.14 and G.15. e-mesh and s-mesh signify the Fourier space electronic
and strain meshes, respectively.

6.4 Smooth alloy profile

When InGaN devices are grown by MBE, indium diffuses between layers [17]. While most studies of MBE-grown

materials simulate abrupt junctions, this diffusion leads to smoothing of the material interfaces, producing a con-

tinuously varying alloy fraction, which changes the local band properties and lattice constant, which in turn change

strain and polarization fields. This smooth alloy profile must be included for accurate modeling. The smooth indium

profiles produced by diffusion differ from the random alloy fluctuations studied in [69] using atomistic modeling.

Reference [70] has used random fluctuations at material interfaces to study quantum well width fluctuations, which

is similar to the profiles produced by indium diffusion. In this section, we present a method to include alloy diffusion

effects in Fourier-space calculations by effectively smoothing the characteristic function of the dot. Smooth indium

profiles also provide a computational benefit, since sharp features of the confining potentials are removed, so fewer

wave vectors are required to attain convergence. We use this method to produce an alloy profile that models indium

diffusion and address how spatially varying material parameters can be included within piezoelectric potential and

electronic structure calculations. Our examples focus on indium alloying, but the methods are general for all k · p

calculations of alloy structures. Reference [98] presents a similar procedure for strain calculations only, with a

linearly graded alloy profile.

6.4.1 Smoothing method

In the case of a sharp material interface, the local alloy fraction X (r) can be defined by the characteristic function

of the dot

X (r) = X0χd (r) ,
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where the characteristic function χd (r) defines the geometry of the dot with indium fraction X0. By convolving

with a Gaussian G (r, δ) = 1

(2π)
3
2 δxδyδz

e
− 1

2

(
x2

δ2x
+ y2

δ2y
+ z2

δ2z

)
or other kernel, we can obtain a smooth version of the

characteristic function

Xsm (r) = (X0χd ∗G) (r)

= X0χsm (r) ,

where δ = [δx, δy, δz] controls the radius of smoothing and needs to be chosen to model the desired alloy diffusion.

G (r, δ) is normalized to preserve the total amount of alloying element, and χsm (r) is a smoothed characteristic

function. Using the convolution theorem, the smoothed characteristic function satisfies

χ̃sm (q) = χ̃d (q) e−
(δ2xq2x+δ2yq

2
y+δ2zq

2
z)

2 .

Note that χsm (r) is no longer strictly a characteristic function, as it takes values continuously between 0 and 1.

We now show that it can be inserted in place of the characteristic function in the previous sections to give k · p

parameters, strain and piezoelectric fields accurately with a smooth alloy profile.

6.4.2 Material parameters

We focus on the case of InGaN to illustrate the interpolation of material parameters. In the case of sharp material

interfaces, the host and dot regions each consist of uniform material. The host material is a binary material and

has well-defined parameters. The dot region consists of alloyed InGaN, and its parameters are obtained by either

linear or bowed interpolation of bulk GaN and InN parameters, which are listed in Appendix A.

In the case of a smooth alloy profile, the dot and host regions are no longer uniform, giving the material

parameters a smooth spatial dependence. Parameters that were linearly interpolated in the sharp interface case

can still be obtained from a simple linear interpolation based on the local alloy fraction X (r). The bandgap ECV

is nonlinear in the alloy fraction due to a bowing factor. This nonlinearity prevents us from using the convolution

theorem in calculating the Hamiltonian matrix elements. However, we show that neglecting the bowing parameters

in the alloy-smoothing region can still give computationally efficient and accurate smoothed profiles when the alloy

fraction is not too large.

The local value for any of the linearly interpolated material parameters depends on the local alloy fraction

f (r) = fBX (r) + [1−X (r)] fA (6.31)

where f can be a parameter such as lattice constant, and subscripts A and B stand for the two binary materials,

GaN and InN for example. For this case of linearly interpolated quantities, smoothed parameters can be written
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as follows:

f (r) = fdχsm (r) + [1− χsm (r)] fA (6.32)

where fd is the linearly interpolated material parameter at the nominal alloy fraction X0 of the QD.

Bandgaps do not vary linearly with alloy fraction and are generally well described with a bowing term, as

ECV(r) = EB
CVX (r) + [1−X (r)]EA

CV −X (r) [1−X (r)]C

where C is a bowing constant. More complicated forms allow the bowing factor to depend on alloy fractions [99],

but we do not consider such effects. Following the same procedure as in Eq. 6.32, a smoothed version can be written

as follows:

ECV (r) = EA
CV+

[
EB

CV − EA
CV

]
EA

CVX0χsm (r)

− CX0χsm (r) [1−X0χsm (r)] (6.33)

where the first two terms are the linear interpolation and the last term is the bowing. This bowing term brings

additional complexity when performing k · p calculations due to the nonlinearlity in χsm (r). Dealing with this

nonlinearity is trivial for the case of sharp material interfaces since χ2 = χ, which is not true for χsm. The bandgap

appears in the Hamiltonian through the diagonal element E′C in Eq. A.5. In the plane wave basis, the contributions

of the nonlinear term CX2
0χ

2
sm are

hnonlinearECV
(q′,q) = CX2

0

1

V

ˆ
V

d3r e−iq
′·rχ2

sm (r) eiq·r

= CX2
0

(2π)
6

V 2
(χsm ∗ χsm) (q′ − q) .

Additional convolutions must then be calculated to include the bowing of the band gap, increasing the computational

cost. However, we show that we can, to good approximation, use a bandgap that is linearly interpolated between

the host and dot bandgaps,

ECV (r) ≈ Ed
CVχsm (r) + [1− χsm (r)]Eh

CV. (6.34)

Here, Ed
CV is the bulk bandgap at an alloy fraction of X0 and Eh

CV is the bulk band gap of the host material.

This linear interpolation gives a good approximation for the bandgap for most regions, as shown in Fig. 6.9 and

overestimates ECV near the interfaces. Disagreements increase with dot indium fraction. The regions with largest

deviation are in the same locations where ECV changes over 1.5 eV, so we expect the slight shift of position where

each bandgap occurs to have minimal effect. We can estimate from Fig. 6.9 that the shift in the effective height

of the dot in the z-direction is smaller than δz/2, so a particle-in-a-box model allows the fractional change in the
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most confined energy level to be estimated to be approximately δz/h ≈ 6%. The neglect of the χ2
sm term allows

the theory to stay linear and therefore efficiently calculated with the convolution theorem. If the smoothing radius

becomes comparable to the dot dimensions, this approximation may need to be reconsidered.
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Figure 6.9: (a) Bandgap in a QD system obtained by bowed interpolation using Eq. 6.33 along the z and x axes
through the center of the dot. Bandgap obtained from linear interpolation using Eq. 6.34 is visually indistinguishable.
(b) Difference of the bowed and linearly interpolated band gaps along the z and x axes. QD parameters are listed
in Table 6.1. For computational simplicity and smooth curves, these results were obtained using a rectangular
real-space unit cell with dimensions Lx = Ly = 500Å, Lz = 70Å and a smoothing of δ = [3, 3, 5]Å.

6.4.3 Strain and the piezoelectric potential

Here we show how smoothing is included in the strain and piezoelectric potential calculations. Once calculated,

those strains and piezoelectric potentials can be included in the k · p model exactly as shown in Sec. 6.3.2.

Following the derivations from Refs. [42, 71], it is not obvious how smoothing is to be implemented in strain

calculations since they begin from the stress of the sharp interface dot/barrier interface. However, Ref. [91] presents

an alternative derivation for the same strain calculation indicating that χ (r) in the strain expressions can be

exchanged for the smoothed version χsm (r) without any further changes, which is the approach taken by Ref. [98].

For the piezoelectric potential, Eq. 6.19 for the spatially varying inverse dielectric constant assumed sharp

interfaces. In the case of a smooth indium profile, we use Eq. 6.31 to write

ε (r) = εBX (r) + [1−X (r)] εA (6.35)

In the scenario where X (r) is spatially varying, Eq. 6.19 can no longer be applied, because the inverse of the
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Figure 6.10: (a) Inverse dielectric constant from Eq. 6.35 along the z and x axes through the center of the dot.
Linearly interpolated inverse from Eq. 6.36 is visually indistinguishable. (b) Relative difference of the linear and
nonlinear interpolations. QD parameters are listed in Table 6.1. Results used the same rectangular mesh and
smoothing as in Fig. 6.9.

dielectric constant is not a linear function of indium. However, similar to the bandgap, we find that

1

ε (r)
≈ 1

εd
χsm (r) + [1− χsm (r)]

1

εA
(6.36)

still gives an accurate representation of ε−1 (r). Figure 6.10 shows in our test case a disagreement of less than 1

percent between the inverse dielectric from Eq. 6.35 and the linear interpolation in Eq. 6.36. The form of Eq. 6.36

allows us to use Eqs. 6.20-6.22 for the piezoelectric potential with a simple substitution of χ (r) by χsm (r).

6.5 Impacts of corrections

In this section, we apply our methodology to study the case of a 1D array of QDs, inspired by those in Ref. [17].

Unlike those experimental dot arrays embedded in nanowires, ours is an infinite 1D chain embedded in bulk GaN. We

achieve this 1D array by taking n3 = 1 to fully couple the dots in the z-direction and choose L12 and n12 sufficiently

large to avoid both electronic and strain effects from neighboring dots in the xy-plane. In the experimental dot

arrays, strain can be significantly modified by the nanowire walls, but the strength of the piezoelectric field along

the wire axis, which plays the most important role in modifying the band structure from a strain-free calculation,

is significant in both cases [1].

We investigate convergence of the lowest electron and hole state energies EC and EV, which define the funda-

mental gap of the dot E0 ≡ EC − EV. More specifically, we show that the largest wave vector sampled plays a
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Figure 6.11: Convergence of the fundamental gap E0 for a 1D array of QDs versus the maximum magnitude of q12

included in the k · p calculations. Le
12 and n12 vary while (a) has R = 200Å with strain box size held constant at

Ls
12 = 10R and (b) has R = 40Å with Ls

12 = 16R. Plane wave sampling m12 from 3 to 11 are shown for each choice
of Le

12; the number next to each point indicates m12. Different values of m12, Le
12 that produce the same qmax

12 can
be seen to produce approximately the same E0, showing that qmax

12 is a useful metric for convergence of these states.
Since qmax

12 = m12π/L
e
12 and computational cost scales with m12, smaller Le

12 allows easier access to large qmax
12 . In

both panels, the black curves have Le
12 = 2R, so the dots touch each other at the 6 edges of the hexagonal unit cell.

In the larger dot, there is no signature of dot-dot tunneling, while in the smaller dot, tunneling of the wavefunctions
into neighboring dots causes E0 to have a significant change, labeled ∆. For the R = 40Å case, Ec and Ev were
found to be converged within 5 meV with m12 = 7, m3 = 4 and n12 = 4, smaller than those required for the larger
dot, reported in Table 6.1.

dominant role in convergence and that the choice of hexagonal or circular dot cross sections is not significant for

dots that maintain the same volume. We also show the energy shifts experienced by these two states when using

uniform or spatially varying material parameters and when including alloy smoothing.

Table 6.2: Energy shifts due to spatially varying λ (r) and ε (r) relative to the case with uniform constants of the
host material λGaN and εGaN. Cylindrical dot with parameters in Table 6.1.

Energy shifts λ (r) & εGaN λGaN & ε (r) λ (r) & ε (r)
∆EC (meV) 16.7 46.7 64.7
∆EV (meV) -5.1 -30.6 -37.4
∆E0 (meV) 21.7 77.4 102.1

We model an infinite 1D QD array with parameters listed in Table 6.1. The 1D dot array has an experimentally

well characterized dot-dot spacing in z, which fixes Le
3 = Ls

3 = L3, leaving L12 and n12 to be fixed. These QDs have

a rather large radius, so the smallest spatial feature that we need to resolve is the decay of the bound wavefunctions

into the classically forbidden region. Given that bound wavefunctions decay faster than strain, we need wave vectors

that are relatively large to be able to resolve the wavefunctions. Increasing m12 increases the maximum wave vector

contained in the mesh, but we can also sample at larger wave vectors by using a smaller Le
12. However, if the
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Figure 6.12: Electronic structure of a cylindrical (solid, black) and hexagonal prism (dashed, red) QD superlattice
system along the central axis of the dot for δ = [1.5, 1.5, 2.5]Å, corresponding to s = 1 in Fig. 6.13(a). Other system
parameters are in Table 6.1. The circular and hexagonal dots are not significantly different for these band-edge
states, with eigenenergies differing by less than 12 meV. Thick lines labeled CB and VB are the bulk band edges
under the influence of the piezoelectric field and the diagonal component of the deformation potential. Lowest
bound electron and hole states energies, EC and EV, are shown by the horizontal lines. Thin lines labeled ψC and
ψV are z-axis projections of the probability distributions obtained from the envelope functions for these states.
Dashed vertical lines are the nominal material interfaces before smoothing. These calculations include spatially
varying elastic and dielectric constants.

electronic cell is chosen too small, then there can be electronic wavefunction overlap between states of neighboring

dots. We must then choose Le
12 as small as possible while also avoiding dot-dot interactions. As for strain, in order

to study a 1D array, we must choose n12 sufficiently large to have Ls
12 = n12L

e
12 large enough that the strain of the

QD superlattice does not extend across neighboring strain unit cells in the xy-plane.

With this intuition, we turn to the convergence of E0 in terms of m12, Le12 and n12. Figure 6.11(a) shows the

importance of the largest q in the electronic mesh, qmax
12 , for convergence of E0. In this study, Le

12 and n12 are chosen

to keep a constant Ls
12 = Le

12n12 = 2000Å. We observe that E0 is to good approximation a function of only qmax
12

and not of m12 and Le
12, converging toward the same value for all choices of Le

12. We also observe that the smallest

Le
12 with highest m12 gives the most converged E0, since qmax

12 = m12π/L
e
12. The black line in Fig. 6.11(a) represents

the case of dots touching in the xy plane and, interestingly, does not break the convergence trend. However, we

do find a break in the convergence trend for smaller dots in Fig. 6.11(b). This difference occurs because smaller

dots have wavefunctions that extend further outside the dot region, which makes them more able to tunnel to a

neighboring dot. Consequently, care has to be taken in choosing the unit cell dimensions for small QDs.

The lowest QD confined electron and hole energies, EC and EV, have each been converged within 5 meV by

choosing m12, m3 and n12 sufficiently large, see Table 6.1. At these parameters, a full simulation is takes about

32 minutes. Material parameters are listed in Appendix A. Band edges and the lowest energy states are shown in

Fig. 6.12. The thick lines labeled CB and VB represent the bulk band edges modified by the piezoelectric potential

and diagonal portion of the deformation potential; the valence band edge includes a third of the trace of the 3× 3

valence band block from Eq. A.6. Figure 6.12 shows the electronic structure of both circular and hexagonal QDs.

Convergence parameters were kept the same for both sets of calculations, and the radii were chosen to maintain
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Figure 6.13: Effects of varying the indium diffusion through the parameter s such that δ = s[1.5, 1.5, 2.5]Å for (a)
EC and EV and (b) bulk conduction band edge. Remaining parameters are as listed in Table 6.1. Increase in indium
diffusion leads to less confinement, which pushes the two states apart in energy, widening the electronic gap E0.
Electronic structure for s = 1 is shown in Fig. 6.12.

the same volume. We conclude that the energies of the most confined electron and holes states are insensitive to

the dot geometry.

The modifications in both the strain and piezoelectric potential due to spatially varying elastic and dielectric

constants also have effects on the electronic structure. Table 6.2 shows how much EV and EC shift due to the

corrections. We find that both corrections push the states apart, leading to an energy gap 100 meV larger than

from simpler calculations with uniform ε and λ, a significant change that shows the importance of accurate modeling

of dielectric and elastic parameters.

Figure 6.13(a) shows that indium diffusion pushes the lowest electron and hole states apart, which is due to

changes in the confining potentials. From Fig. 6.13(b), we see that indium diffusion reduces the depth of the confining

potential. The valence band shows similar behavior, leading to EV being pushed down in energy. Consequently, the

gap E0 increases with indium diffusion.

In the case of sharp material interfaces, large wave vectors are needed to resolve the discontinuous parameter

profiles. Smoothing removes the sharp interfaces, reducing the required qmax
12 for the same degree of convergence.

This reduction gives convergence with smaller m12 and m3 and therefore reduced computational cost are needed

with increasing δ. In Figs. 6.13 (a) and (b), we converged for the case of s = 1, guaranteeing convergence for the

rest of the sweep.
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6.6 Conclusions

We have demonstrated techniques for and results of four modifications of standard Fourier space QD k·p theory. We

have presented a method to include smoothly varying alloy profiles in Fourier-based strain, piezoelectric potential

and k · p calculations. We have shown that the effects of spatially varying elastic and dielectric parameters are

non-negligible on the strain and piezoelectric potential and also produce important shifts of the lowest electron and

hole states, significantly changing the calculated gap of the QD. For the case of k · p theory for isolated dots, we

have presented a new method of overlapping electronic and strain meshes to facilitate the coupling of strain into the

k ·p Hamiltonian, greatly reducing the computational cost of calculating the Hamiltonian matrix elements. Lastly,

we have shown that the maximum wave vector contained in the electronic sampling mesh is the most important

criterion for determining convergence of QD levels.
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Chapter 7

InGaN quantum dot superlattices as

ratchet band solar cells

Reproduced from IEEE Journal of Photovoltaics, 12 , 474 (2022), with the permission of JPV [100]

Luc Robichaud and Jacob J. Krich

We investigate the construction of ratchet band solar cells using InGaN quantum dots. The strong piezoelectric

potentials can spatially separate electron and hole states. This spatial separation reduces both radiative and non-

radiative recombination within the quantum dot, providing one of the key characteristics of a ratchet band system.

Ratchet band solar cells have proven difficult to realize experimentally, and the piezoelectric potential in InGaN

quantum dots could provide a spatial ratchet that can operate at room temperature with broadband absorption.

We use a k ·p model to calculate the electronic structure and absorptance of a superlattice of InGaN/GaN quantum

dots. We present an improved method to calculate the absorptance for the bound-to-continuum transition by using

bulk k ·p states to approximate the host material continuum states. We show an example dot structure that could

act as a ratchet band solar cell. Using the absorptances of the quantum dot array, we calculate a detailed balance

efficiency of 36% for the system. Optimizing the dot geometry and alloy fraction allows detailed balance efficiencies

up to 42%, but at the cost of losing the spatial ratchet.

Notes:

Shortly after this paper was published and I defended my thesis, I found a scaling error in the absorption cross-

sections calculations. The error was in the units of the matrix elements of Eq. 7.2, which were too large by a factor

of 25.6. The absorption cross sections depend on the matrix element squared, so they all must be decreased by a

factor of 656 compared to the published version. Figure 7.5 has been changed to reflect the new, smaller, absorption

cross sections. Unfortunately, this large change indicates that these QD systems are not nearly as absorptive as we

had thought. For all later results, the absorptivity α is proportional to the absorption cross sections, and alpha

84
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enters the absorptance a only when multiplied by the number of layers of dots, NL, as in Eq. 7.9. Therefore, all

previous results are correct as long as the values of NL from the original manuscript are multiplied by 656. So, for

example, the base case of NL=200 studied for most of this chapter actually becomes NL=1.3×105. Figures 7.5, 7.8,

7.11 and the discussion have been updated to make this change.

Had this error been caught in advance, we would have instead considered more strongly doped QDs to increase

absorption. The weakest absorption, as shown in Fig. 7.5, is the CI absorption. Assuming σCI to scale linearly with

the number of electrons, increasing the doping from 3×1017 cm−3 to 2×1020 cm−3 for the clear ratchet system and

1× 1018 cm−3 to 7× 1020 cm−3 for the efficiency optimized systems would entirely compensate for the decrease in

σCI. With appropriate optimization of dot geometry and alloy fraction, we believe that a more reasonable doping

level could be found that gives satisfactory efficiency. The IV absorption could then be regained by optimizing the

QD geometry and alloying as to give the IV process access to a larger portion of the solar spectrum. The central

point of this Chapter, which is that the InGaN QD system can realize a spatial ratchet, remains unaffected by this

error.

An erratum will be submitted to the journal.

Also different from the original publication is:

• Figure 7.2 and its mentions in the text were not included in the original publication.

• Original publication’s introduction did not mention what type of machine calculations were performed on.

7.1 Introduction

The Shockley-Queisser limit is the limiting efficiency for a solar cell with a single band gap, 31% under a 1-sun

6000-K black body [25]. Several architectures promise higher efficiencies, and multijunction devices have already

surpassed the Shockley-Queisser limit. The ratchet band solar cell is one such promising system, having a 1-sun

detailed balance limiting efficiency of 48.5% [13].

The ratchet band solar cell (RBSC) was originally proposed to consist of 4 bands: valence (VB), intermediate

(IB), ratchet (RB) and conduction (CB) [13]. Figure 7.1(a) shows a RBSC, adapted for quantum dot (QD) systems

by including a VB offset. Two key features make RB systems highly efficient. First, recombination from the RB to

the VB is forbidden, so that carriers have long lifetimes in the RB after fast relaxation from the IB. The defining

characteristics of a RB system are three optical transitions with threshold energies ECV, ECI, and EIV, as indicated

by the colored arrows in Fig. 7.1(a). The second advantageous feature is that ECI +EIV does not need to equal ECV,

unlike in a standard intermediate band solar cell (IBSC) [5]. This relaxation can lead to better voltage matching

between the subgap and CV transitions than in an IB system [26, 101].

While realizations of RB systems have been demonstrated using InAs QDs [15], quantum-cascade-style AlGaAs/-

GaAs quantum well superlattice [14] and erbium-doped GaAs [16], none has been implemented that can function
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at room temperature with the required broadband absorptions. We propose using InGaN QDs in GaN for RBSCs.

InGaN QD systems have been of interest for IBSCs [1, 7]. Confined systems such as QDs and wells have electronic

structures that are tunable by change of size and composition such that the optical threshold energies do not neces-

sarily sum to the host material’s band gap, as required for an RBSC [15]. InGaN QDs are also strongly piezoelectric

such that the strain-driven piezoelectric potential can spatially separate the lowest confined electron and hole states

[89], as illustrated in Fig. 7.3. This system presents a realizable spatial ratchet with optical transitions as indicated

in Fig. 7.3, analogous to those of Fig. 7.1(a). Separating the states reduces the wavefunction overlap, reducing both

radiative recombination and local nonradiative processes.

In this work, we construct an example of a clear ratchet (CR) band system, attainable with a 3-dimensional

superlattice of InGaN QDs in GaN. We calculate the electronic structure of the QD superlattice, including strain,

deformation potentials, and piezoelectric potentials, using a computationally efficient symmetry adapted k · p

method for cylindrical QDs that includes effects of alloy diffusion and nonuniform elastic and dielectric constants

[77]. We calculate the subgap absorption cross sections of the dots and construct absorptances of systems with

665-131000 QD layers and an ideal Lambertian back reflector [102], where the quantum dot structure is doped so

some IB states in the QD are filled. We find the energy thresholds corresponding to EIV and ECI in Fig. 7.1(a).

We show how EIV changes with doping, demonstrating the key feature of a RB system: An absorption threshold

EIV larger than the fundamental gap of the quantum dot system, in the limit that the doping goes to zero. For the

absorption cross sections, we demonstrate an improved method for calculating bound-to-continuum absorption.

We use detailed balance calculations to determine the limiting efficiency possible for such devices, using both

idealized energy thresholds and the k · p-predicted absorptances. The full process of our modeling is shown in

Fig. 7.2. Also shown by the grey arrow is the option to optimize by varying the system’s parameters. We use the

efficiency landscape to optimize the QD geometry and alloy fraction, giving an efficiency of 42%, larger than the

36% of the CR system. The efficiency-optimized (EO) system does not have a ratchet. Despite the differences in

detailed balance efficiencies, in real materials with nonradiative recombination, the ratchet structure may have a

higher efficiency than the EO structure due to reduced IV recombination. While both systems considered here show

need of many QD layers, we also show that the efficiency of the CR system is sensitive on the number layers, while

the EO system is less sensitive, meaning we could consider a system where we sacrifice some of the spatial ratchet

so we can reduce the number of layers.

This manuscript is an extended version of an IEEE Photovoltaics Specialists Conference Proceeding [103], which

presented preliminary results on the CR system. This version adds Section 7.4 with the detailed balance efficiency

calculations for the QD system using idealized energy thresholds as well as k ·p-predicted absorptances. With those

efficiencies, we optimize the QD geometry and indium fraction to maximize efficiency. In addition to Sec 7.4, this

version adds Figures 7.3(b), 7.4, 7.5(b), 7.6(b), 7.8, 7.9, 7.10, 7.11 and new results in Fig. 7.7.

All calculations done in this work were performed on a desktop machine with a Intel Core i5-3470 cpu@3.20Ghz
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Figure 7.1: (a) QD ratchet band systems, including a VB offset. Colored arrows show the energy thresholds for each
transition. Carriers relax from IB to RB. (b) One plane of a hexagonal superlattice of InGaN QDs in GaN. Grey
regions indicate the indium-rich regions before indium diffusion, after which there are no sharp material interfaces.
Li are the QD superlattice basis vectors. Dashed region is a superlattice unit cell.
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Figure 7.2: Workflow used for modeling InGaN/GaN QD ratchet band solar cell. We start by fixing the system’s
parameters such as radius, height, indium fraction and unit cell size. Having fixed the parameters, we calculate
the electronic structure of the system using the k ·p model. From the electronic structure, we calculate the optical
properties using Fermi’s golden rule. Lastly, the calculated absorptances are fed into detailed balance calculations
to obtain the power conversion efficiency. Efficiency can then be optimized by varying the system’s parameters. In
Section 7.4, we vary the dot radius, height and indium fraction, while keeping the dot-to-dot spacing constant.

processor and 24GB of RAM. All code was written in-house using Matlab R2017b.

7.2 Quantum dot electronic structure

We use an 8-band k · p model to calculate the single-particle electronic structure of a superlattice of wurtzite

InGaN QDs, which we approximate as cylindrical. We previously showed that considering hexagonal dots makes

essentially no difference for the most confined energy levels [77]. To preserve the C6 symmetry of the wurtzite crystal

structure, hexagonal periodic boundary conditions are imposed, producing a 3D QD superlattice, as illustrated in

Fig. 7.1(b)[42, 58]. The electronic structure methods are described in Ref. [77], and we give a brief summary

here. The Hamiltonian is calculated using a symmetry adapted basis, which reduces the computational cost by

block diagonalizing the Hamiltonian [43, 59]. Lattice-mismatch driven strain is calculated using a continuum

approximation and is included directly in the k ·p model by deformation potentials [42]. The piezoelectric potential,

which is crucial for generating spatially separated electron and hole states, is calculated from the strain using
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Maxwell’s equations. Indium diffusion is incorporated by smoothing the indium profile with a Gaussian kernel of

5 Å in each direction [77]. Material parameters are the same as those used in Ref. [77] except for the sign of the e15

piezoelectric constant.1 The k · p method gives well-resolved energies and eigenstates for the most confined energy

levels but is less accurate for the states approaching the continuum [59, 85].

In this work, we highlight two QD superlattices. The first is designed to show a CR effect, which should be

experimentally measurable. These QDs have 90 Å radius, 125 Å height and 40% indium fraction with a barrier

of 100 Å between dots in both the z direction and in-plane. The resulting hexagonal superlattice unit cell has a

thickness of 225 Å and hexagonal edge length of 162 Å, producing a QD areal density of 1.5 × 1011 cm−2. The

barrier thicknesses were chosen to be sufficiently small to ensure strong absorption and to help with convergence of

the electronic structure [77]. To resolve the states, 25 plane waves were used in the axial direction and 17 were used

along each in-plane hexagonal principal axis in the reciprocal space. Note our sampling grid is not rectangular but

instead truncated to have a C6 symmetric grid [77], as is required by a symmetry adapted basis, resulting in a total of

5425 plane waves. We refer to this system as the “clear ratchet" (CR). We also highlight another structure designed

to optimize the detailed balance efficiency of the system. This system has dots with a 35 Å radius, 95 Å height,

and 76% indium fraction. We kept the same 100 Å dot-to-dot barriers as in the CR system, resulting in a unit

cell thickness of 195 Å, hexagonal edge length of 98 Å and an areal QD density of 4.0× 1011 cm−2. To resolve the

states, we found that 19 plane waves were needed along each of the axial and in-plane directions, which gave 5149

plane waves after truncation. We refer to this system as the “efficiency optimized" (EO). The optimization process

that produced this structure is described in Section 7.4.

Figure 7.3 shows the electronic structure for both systems. As usual for QD IBSCs, we consider the QD-confined

states in the CB to be the IB, while the continuum states form the CB. The VB states are separated by about 2-4

meV for both the CR and EO systems, indicating a high density of states in the VB offset. Colored arrows show

the equivalent transition energies of the ideal RBSC shown in Fig. 7.1(a). The IV transition moves electrons from

the confined VB states to the confined IB states. In the case of the CR in Fig. 7.3(a), after an electron-hole pair is

created via the IV transition, the electron and hole relax towards opposite ends of the dot due to the piezoelectric

potential. Once relaxed, the electrons can no longer recombine because states of lower energy are either filled or

spatially separated, increasing their lifetime and enabling them to wait longer for a photon for the CI transition. In

the EO system of panel (b), the piezoelectric fields are weaker, and there is considerable overlap between the lowest

IB and VB states; this system does not have a ratchet. We define the energy separation between the lowest hole and

electron states to be E0. While Fig. 7.3 shows a cut through a single dot in the array, the QD-containing region of

the full device is terminated with GaN, and the ECV and ECI energies must be defined by that GaN band structure,

to enable extraction of carriers. We therefore take the CI transition to be from the IB to the CB continuum of the
1There is a sign error in e15 in [77], which follows [39]. This widespread sign error is discussed in greater detail in the erratum [75]

to [78], which implements an 8-band k · p model using a plane wave basis to describe III-N QDs. This correct sign was also confirmed
using ab initio DFT in [79]. We thank Stanko Tomić for making us aware of this error.
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host GaN, which is at 3.53 eV in this study; the bandgap of GaN is 3.51 eV and the reference energy is the GaN VB

edge without spin-orbit coupling and crystal-field splitting, as described in [35, 39]. Figure 7.3 shows approximate

energy thresholds EXY for transitions between bands. In reality, absorption for the IV and CI transitions begins

at smaller energies than indicated by the arrows, as we show in detail below. The CI transition can begin at lower

energy due to occupancy of higher-lying states in the IB, and the IV transition can begin at lower energy due to

the finite spatial extent of the bound wavefunctions. For the systems we consider, ECI +EIV < ECV, as depicted in

Fig. 7.1(a).

The spatial separation of the lowest energy states in the ratchet system can be seen in the overlap of the VB

and IB wavefunctions. In Fig. 7.4, we investigate the overlap between the lowest hole state ψVB
1 and CB states ψCB

i

using the metric

Λi =

ˆ
d3r

∣∣ψVB
1 (r)

∣∣ ∣∣ψCB
i (r)

∣∣ , (7.1)

which is bounded between 0 and 1. While all eigenstates are orthogonal, Λi is small when states have no spatial

overlap. In the CR system, Λi is considerably smaller, especially for the lowest energy states, showing the spatial

ratchet separating the lowest IB eigenstates from the VB ones. In both systems, Λi increases for higher energy CB

states, which are increasingly delocalized. This effect is larger for the CR system, in which the lowest CB states

have strongly reduced overlap with the lowest hole state.

These overlaps are indicative of a spatial ratchet, but not sufficient to conclude that the ratchet is functioning.

The key feature of the RBSC threshold energies in Fig. 7.3 is that there is no IV absorption at the energy E0,

due to the spatial separation of electron and hole states. The actual absorption threshold EIV is larger than E0,

which is essential to constructing the RB system. We now turn to calculating these thresholds quantitatively by

constructing the absorption cross sections of a single dot and then the absorptances of the full dot array.

7.3 Optical absorption

Given our interest in blocking recombination within the QD, we focus on the IV and CI subgap transitions. Since

the QD k · p model describes well the bound electron and hole states, we naturally use these to calculate the

absorption for the IV transition. In contrast, the CI transition reaches the continuum, for which we introduce other

methods. Beginning with the IV transition, in the electric dipole approximation, we can calculate the absorption

cross section between initial and final bound states |ψi〉 and |ψf 〉, respectively. The relevant dipole matrix element

is [43, 67],

Mif =
1

A
〈ψi|Ĥ ′|ψf 〉 , (7.2)

where Ĥ ′ (k) = Ĥ
(
k + e

~A
)
− Ĥ (k) is the interaction Hamiltonian, ~ the reduced Planck’s constant, e the electric

charge and A the vector potential. Here, Ĥ is the QD k ·p Hamiltonian. We only keep terms that are linear in A.
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Figure 7.3: Electronic structures of InGaN QD superlattices in GaN along a cut through the axis of the cylinders.
(a) clear ratchet (CR) system and (b) efficiency optimized (EO) system. Solid black lines are bulk band edges,
which are modified by the piezoelectric potential and the diagonal portion of the deformation potential. Blue dashed
lines are the lowest electron/hole state energies. Blue solid lines are z-axis projections of the squared wavefunctions.
Note that the electron state of the CR is localized at the top of the dot and the hole at the bottom, increasing
excitation lifetimes. The EO wavefunctions do not show spatial separation.
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Figure 7.4: Spatial overlap between electronic states with energy E and the lowest hole state, as defined by Eq. 7.1
for the CR (blue) and EO (red) systems. The CR system spatially separates the states significantly more than the
EO system.
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From these matrix elements, the absorption cross section is [43]

σif (E) =
2π~
n̄ε0cE

|Mif |2 (fi − ff ) g (Ef − Ei − E) , (7.3)

where n̄ is the average refractive index, ε0 the vacuum permittivity, c the speed of light, fi the Fermi-Dirac

distribution at energy Ei, and

g (E) =
1

∆
√

2π
exp

(
− E2

2∆2

)
(7.4)

represents inhomogeneous broadening due to variation in QD sizes, which is controlled by the parameter ∆. The

total absorption cross section for the bound-to-bound approach can then be obtained by summing over all possible

transitions

σBB (E) =
∑
if

σif (E) (7.5)

where i and f both run over all states in the VB, IB, and CB, although only occupied states contribute to i and

unoccupied states contribute to f . In what follows, all cross sections are calculated using a temperature of 300 K.

Based on photoluminescence measurements, the inhomogeneous broadening from self-assembled QDs ranges widely

from 20-200 meV depending on temperature, growth, and the number of QD layers [20, 104, 105]. Calculations

assume ∆=20 meV unless otherwise specified, and we show the sensitivity of the device efficiency and ratchet to ∆.

The CI process involves transitions to higher energy continuum states that are not necessarily well resolved in

the k · p model, which is best at capturing the lower-energy states, which require fewer plane waves. In this case,

it is preferable to approximate the continuum states using a model in which they are well described [85, 106, 107].

Reference [85] approximates the continuum states as CB plane waves with a parabolic dispersion. Since we work

within the k · p framework, we can easily describe the continuum states as the bulk states of the k · p model

of GaN. These states are modified plane waves that include mixing between the 8 bands of the k · p model and

nonparabolicity of the dispersion, with all effects kept to the same order of approximation as for the bound states.

The states from this approach should better capture the high energy states in the QD array than a simple effective

mass approximation for the plane wave states. It is then a simple matter to calculate transition dipole matrix

elements from the bound states to the bulk GaN states. As with the standard bound-to-free calculation, this

approximation for the free states assumes that the continuum states are only lightly perturbed by the presence of

the quantum dot, which becomes more accurate at higher energy.

Under this approximation, we take the dipole matrix elements from bound state |ψi〉 to free state |ψ (k)〉 to be

Mi (k) =
1

A
〈ψi|Ĥ ′|ψ (k)〉 . (7.6)

The continuum states |ψ(k)〉 are eigenstates of a bulk GaN Hamiltonian whose material parameters are independent

of space; the states are normalized to the volume of the superlattice unit cell to give the proper matrix element [85].
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Figure 7.5: Absorption cross sections calculated using the bound-to-bound, bound-to-continuum, and combined
approaches for (a) the CR system and (b) the EO system. In the CR system, the combined result for σCI overlaps
with the bound-to-continuum result. Regions in grey represent intraband absorption that do not contribute to
current generation. Vertical dashed lines show E0 as defined in Fig. 7.3. Fermi level is fixed such that there are 4.9
electrons in each QD for the CR system and 6.1 for the EO.

The material parameters contained in the interaction Hamiltonian Ĥ ′ vary spatially according to the alloy profile

of the QD superlattice. The cross section σi(E,k) is calculated from Mi(k) similarly to Eq. 7.3, and the associated

total absorption cross section is [85]

σBC (E) =
V

(2π)
3

∑
i

ˆ
d3k σi (E,k) (7.7)

where V is the volume of the QD superlattice unit cell. The integral in Eq. 7.7 is calculated directly in the k-space

used for the k · p calculations.

Figure 7.5 shows the 300 K cross sections obtained from both bound-to-bound and bound-to-continuum calcu-

lations. To ensure that both subgap optical transitions can occur, we consider the Fermi level to be fixed to give

6 electrons per QD if the temperature were 0 K. At 300 K, this Fermi level gives 4.9 electrons per QD in the CR

and 6.1 electrons per QD in the EO and correspond to doping in the QD region of the device of approximately

3 × 1017 cm−3 for the CR and 1018 cm−3 for the EO system. The bound-to-bound calculations for IV and CI

transitions consider all possible pairs of bound states corresponding to each transition. Since the IB and CB are

both formed from the conduction band states of the original materials, the cross sections labeled as CI include

absorptions that can also be thought of as being intraband transitions within the IB; that is, the final state is

below the 3.53 eV GaN CB level, so they do not produce carriers that can be collected. This range of energies is
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highlighted in Fig. 7.5 in grey and is not relevant for device operation.

For absorptions that end with an electron above the barrier-material CB edge, which can produce current,

the bound-to-continuum calculation initially underestimates the cross section, as it underestimates the density of

receiving states at the threshold. On the other hand, at higher energies, the bound-to-bound calculation considerably

underestimates absorption for the CI transition as it is computationally costly to include sufficient plane waves to

resolve the free states; in both cases, the larger value is more accurate as it has better sampling over the receiving

states. We combine the reliable portions of both methods by adding σBC to the portion of σBB in which the final

states have energy above the 3.53 eV GaN CB energy level, making the resulting carriers capable of being collected.

With this restriction, only a portion of the transitions that produce the grey line also contribute to the CI cross

section, and the combined line (magenta) is not simply the sum of the blue and grey lines. For the CR device, this

combined method (magenta) is nearly on top of the bound-to-continuum method (blue), showing that the bound-

to-continuum alone is sufficient for calculating the cross section. For the EO device, however, the bound-to-bound

calculation causes a more significant change at low energy, reducing ECI compared to where it would be with only

the bound-to-continuum model.

Figure 7.5 makes clear that both systems display broadband subgap absorption, which has been a challenge in

other ratchet band implementations. Note in particular that σIV for the EO system rises much more rapidly than

with the CR. The spatial separation of states in the CR reduces the optical absorption, which is part of why the

CR does not have the highest detailed balance efficiency, as is shown in Sec. 7.4. However, the CR should have

reduced IV recombination compared to the EO.

We move from the individual dot to the absorptance of the full array by considering the effective absorption

coefficient α (E) of the QD material for normally incident light, with each dot treated independently,

α (E) = ρσ (E) , (7.8)

where ρ is the volumetric density of dots. To achieve strong absorption, we consider the statistical light-trapping

limit [102], in which the absorptance is

a (E) =
4n̄2α (E)NLL3

4n̄2α (E)NLL3 + 1
, (7.9)

where NL is the number of layers of dots and L3 is the height of a supercell in the z-direction.

The key feature of a ratchet band is having the absorption threshold for the IV process be at energy larger than

E0, the fundamental gap of the system. We begin by considering a strongly absorbing system with 131000 layers of

QDs. The system has a ratchet regardless of whether such a large number of dot layers is considered, as we show

below. We observe the ratchet effect in Fig. 7.6(a), in which EIV is 0.46 eV above E0. Here, we define EIV and

ECI as the lowest energy at which their respective absorptances equal 1%. We choose the number of plane waves to
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Figure 7.6: Absorptances for the two subgap transitions calculated from the k ·p model with 131000 layers of QDs
for (a) the CR system and (b) the EO system. Absorptances for the CI transition were calculated from the combined
approach, detailed in the text. Black vertical dashed line is E0, as shown in Fig. 7.3. Blue and red vertical dashed
lines are the energy thresholds for the IV and CI transitions, respectively. Temperature is 300 K and the Fermi
level is fixed such that there are 4.9 electrons in each QD for the CR system and 6.1 for the EO. While the CR
shows a clear difference between EIV and E0, the optimized system also seems to present at most a small ratchet.
While the offset between EIV and E0 in (a) is a true ratchet, the offset in panel (b) is due to electron filling of the
CB states, as shown in Fig. 7.7. Black solid lines show scaled photon flux of a 6000 K black body, for reference.

converge EIV within 3 meV and ECI within 2 meV.

We must rule out this shift occurring due to the doping of the QDs, which fills the lowest IB states and

blueshifts the IV absorption edge solely by Pauli exclusion. To rule out this mundane effect, Figure 7.7 shows how

the absorption edge EIV shifts with doping. We see that in the CR system, EIV remains blue shifted from E0 as

the doping becomes small, ruling out Pauli exclusion effects. We conclude that we have a true RB system, driven

by the spatial separation of the electron and hole states. By contrast, in the EO system, in the limit of an empty

IB, EIV reaches E0 and in fact is slightly below E0 due to the linewidth broadening ∆, showing that there is no

spatial ratchet. Figure 7.7 was obtained with ∆=20 meV, which is on the optimistic side of the broadening range.

Figure 7.8 shows that the CR system continues to have a ratchet all the way up to 200 meV, although it is more

prominent for smaller ∆. Because EIV is determined by the system’s absorptance, as would be easy to measure

experimentally, decreasing the number of QD layers blueshifts EIV, increasing the ratchet energy EIV − E0. The

ratchet may, therefore, be more readily observable in systems with fewer layers.
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7.4 Efficiencies

To calculate the limiting power conversion efficiency of the system, we use detailed balance calculations as previously

described [26, 108]. The photon fluxes absorbed by or emitted from transitions between bands X and Y from the

sun, solar cell and ambient are given by a modified Planck spectrum [27]

φXY (µXY , T ) =
2π

h3c2

∞̂

0

dE
aXY (E)E2

e(E−µXY )/kT − 1
(7.10)

where µXY is the quasi-Fermi level splitting between bands X and Y , k is the Boltzmann constant, T the temper-

ature, and aXY is the absorptance between bands X and Y . We consider photons with energy larger than the CV

bandgap of 3.53 eV to be exclusively absorbed by the CV transition, before they reach the IB region of the device.

For energies at which both IV and CI processes can absorb,

aXY = atot
αXY

αCI + αIV
, (7.11)

where atot is calculated from Eq. 7.9 with α = αCI + αIV. Under the usual detailed balance assumptions of only

radiative recombination, infinite carrier mobility, that each absorbed photon produces one electron-hole pair, and

no current from the QD bound states, the extracted current is

J = q
(
ṄCV + ṄCI

)
, (7.12)

where

ṄCI = CfsφCI (0, Ts) + (1− Cfs)φCI (0, Ta)− φCI (µCI, Ta)

ṄCV = CfsφCV (0, Ts) + (1− Cfs)φCV (0, Ta)− φCV (µCV, Ta)

where C is the concentration factor, Ta = 300 K is the ambient temperature, Ts = 6000 K is the solar temperature,

and fs = 2.16× 10−5 is the angular size of the sun. We take C = 1 for a 1-sun concentration.

We consider two cases of absorptances, with the first being the ideal perfectly nonoverlapping absorptions [5],

where

aCI (E) = ΠEIV

ECI
(E) (7.13)

aIV (E) = ΠECV

EIV
(E) (7.14)

aCV (E) = Π∞ECV
(E) . (7.15)

Here, ΠEmax

Emin
(E) is 1 between Emin and Emax and 0 otherwise. Figure 7.9 shows the detailed balance efficiency with

perfectly nonoverlapping absorptions for a GaN host material under a 1-sun 6000-K black-body spectrum, where we
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Figure 7.9: RBSC detailed balance efficiency for a GaN host material under a 1-sun black-body spectrum. White
contour is the Shockley-Queisser limit. Overlaid on the color plot are two trajectories showing the attainable
energy thresholds for the CR (dashed) and EO (solid) systems, as the doping of the QDs varies. Annotations at
line extremities indicate n-type doping in cm−3 to achieve those energy thresholds. White dashed line represents
the IBSC, where EIV + ECI = ECV. The optimal efficiency occurs where EIV + ECI < ECV, giving the device more
current while reducing its voltage.

find a limiting efficiency of 44%, as previously reported [108]. The efficiency loss from the 48.5% global maximum

is due to GaN having too large a bandgap, which could be reduced by considering an InGaN host material. The

white dashed line represents IBSCs. In the lower left region, where EIV +ECI < ECV, the device gains more current

at a cost of some voltage, leading to an efficiency increase compared to the IBSC.

A working QD IBSC solar cell depends on having partially filled IB states, which is controlled by doping or

photofilling. The results from Fig. 7.9 are for perfect non-overlapping absorptions, but we have added the trajectories

showing the energy thresholds of the CR (dashed) and EO (solid) systems as doping changes filling in the IB. In

both cases, the trajectories reach the high efficiency-potential region. While this curve makes the CR appear to

give highest efficiency at low doping, doping or photofilling to give carriers in the IB is required to make the CI

absorption possible in reality. We now consider a more realistic model for the absorptances, including the effects of

filling the IB.

For the second absorptance case, we use a(E) obtained from the QD k · p model, shown in Fig. 7.6. To obtain

reasonable results, we must find a way to limit a(E) at low E. For materials whose absorptance continues to low

energy, as can occur in the CI process due to excitation of thermally excited electrons in the QD states, Eq. 7.10

erroneously gives an infinite emitted photon flux if the voltage exceeds any energy where a(E) is finite. For finite-

thickness materials, general cell analysis allows treatment of infinitesimal absorptances in finite-thickness materials,

where a population inversion exists, but little stimulated emission is produced in practice [109]. Recent work on

absorption in hot carrier solar cells [110] and in the presence of Urbach tails [111] (evanescing band edges due to

disorder) in detailed balance calculations resolved this low-energy absorption problem by treating Pauli exclusion.
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They found a simple analytic expression to capture the important physics, making a(E) dependent on the quasi-

Fermi-level separation between bands. Those works considered only two-band systems, in which the quasi-Fermi

levels of each band move away from midgap as the quasi-Fermi level splitting increases. Such behavior does not

occur in both subgap transitions in an IB system, such as we consider. The photofilling or photodepletion of the

IB depends crucially on the relative strength of the CI and IV processes and cannot be separately expressed in

terms of only µCI or µIV [112]. The equivalent analysis for the IB case has not yet been completed. Instead of using

either the more complicated general cell analysis or an inconsistent photofilling theory, we use the standard detailed

balance method with a(E) clipped to zero for all E below the point where a(E)=0.01. With this method, using

the absorptions from the k · p model, we show in Fig. 7.10 that the CR system attains a 36% maximum efficiency,

which is well above the Shockley-Queisser limit. We note that if we ignore the internal inconsistency of the method

of [110] as applied to an IB system, we find that the CR system attains a maximum efficiency of 34%, which is

similar to the 36% with our hard cutoffs.

We can achieve higher efficiency by optimizing over the QD geometry and indium fraction, as highlighted in the

workflow shown in Fig. 7.2. A single cycle of the optimization process (electronic structure, absorption and detailed

balance calculations) takes about 97 minutes. We performed an optimization with the Fermi level fixed such that 6

electrons occupy the IB states at 0 K. The Fermi level was fixed to reduce the optimization space and to keep the

corresponding doping level at a realistic value. The barrier thicknesses in the z and in-plane directions were fixed

at 100 Å. Given the fixed barrier, the superlattice unit cell size varies along with the dot radius and height. Fig.

7.10 shows that we can achieve an efficiency of 42%, close to the detailed balance limit for systems with a GaN host

material. The optimization was converged within a 0.1% efficiency tolerance, using 5149 plane waves. Sensitivity

analysis shows an absolute 1% efficiency loss with a 2 Å reduction or 1 Å increase in the radius, an 18 Å decrease

or 15 Å increase in height, or a 3% reduction or 1% increase in indium fraction. The corresponding n-type doping

level of the system is 1× 1018 cm−3.

Although the EO system has higher detailed balance efficiency than the CR, it does not have a ratchet. The

detailed balance approach only depends on the absorption profiles of the system and has no dependence of the

carrier lifetimes one would have in an actual device with nonradiative processes. The optimization produced a

system with stronger subgap absorptions, aided by the spatial overlap of the electron and hole states.

The above efficiency analyses included 131000 dot layers to enable sufficient optical depth for the CI process in

the CR system and an optimistic ∆=20 meV. Figure 7.11 shows how the efficiencies change with the number of QD

layers and ∆. We find that the CR system is more sensitive to the number of layers, due to its weaker absorption

cross sections, as seen in Fig. 7.5, and in particular the slow rise of aIV(E); the voltage of the ratchet system is

limited by EIV but it needs many layers to attain significant absorption in the energy range near EIV. In the case of

the EO system, we can decrease the number of layers down to 33000-66000 and only lose 1-2% absolute in efficiency.

It would also be possible to construct a system somewhere between the two, having a smaller ratchet, but also
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Figure 7.10: Detailed balance efficiency as function of doping for the CR (blue) and EO (red) systems with 131000
layers of dots. The rise from low doping is due to the increase of CI absorption up to the maximum, where the IV
and CI processes are current matched. At larger doping, the CI process overproduces current compared to the IV
process, decreasing the efficiency. Numbers along curves indicate the mean number of electrons per dot at 300 K.
Dashed line is the detailed balance efficiency limit for a RBSC with a GaN host material and perfect nonoverlapping
absorptions under a 1-sun 6000-K black-body spectrum. Dotted line is the Shockley-Queisser limit.

requiring fewer QD layers to achieve high efficiency. The effects of ∆ are stronger on the EO system (which was

only optimized for ∆=20 meV), with a significantly reduced efficiency at ∆=200 meV. The CR efficiency depends

less strongly on ∆ and even increases for larger ∆ at some points.

Not explored in the single-particle calculations of this work are the effects of the electric field produced by the

spatially separated charges after photoexcitation. This additional electric field should lead to a decrease in the

overall potential that separates the states. We also do not consider the effects of either the built-in or external

potentials. In this work, we consider an infinite lattice for the electronic structure calculation, making it difficult to

explicitly include these potentials, as they would break the periodicity. However, in a standard p-i-n structure and

131000 layers of dots, the built-in potential would contribute only about 0.03 mV of potential change across each

dot layer, which is small compared to the piezoelectric potentials seen in Fig. 7.3. In a p-n-i-p-n-type structure,

with QDs in the intrinsic layer, as in [113], there is no built-in potential across the dots. The QD IB states are

about 1 eV from the GaN CB band edge, a gap considerably larger than thermal energy.

7.5 Conclusions

We have presented an example of an experimentally accessible InGaN QD system that possesses a novel mechanism

for a spatial ratchet. This device uses the piezoelectric potential to spatially separate the lowest electron and hole

states to block recombination after the IV optical transition. Blocking this recombination pathway extends the

lifetime of the carriers so that they can absorb a second photon for the CI transition.

We also present an optimized system that promises high efficiency if the device were radiatively limited, though

actual QD devices generally have strong nonradiative recombination, which makes the ratchet system desirable.

In practice, high efficiencies may be difficult to achieve in the InGaN QD system due needing a large number of
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Figure 7.11: Detailed balance efficiency of the CR (blue) and EO (red) systems for varying number of QD layers
and linewidth broadening ∆. Thin black lines are the Shockley-Queisser limit and the efficiency limit for a RBSC
with a GaN host material and perfect nonoverlapping absorptions under a 1-sun 6000 K black-body spectrum.
Temperature is 300 K and Fermi level is fixed such that the CR system contains 4.9 electrons per QD and 6.1 for
the EO.

layers. However, stronger absorption could be achieved by increasing the doping and redesigning the QD geometry

to match the solar spectrum as best as possible.

We have calculated the electronic structure of a 3D InGaN/GaN superlattice of cylindrical QDs and calculated

the absorption cross sections for the subgap transitions. To calculate the absorption cross section for the CI

transition, we have presented a method that approximates the higher energy states of the host material as bulk

k · p states. Absorptances were constructed from the cross sections of systems with up to 131000 layers of QDs

with a Lambertian back reflector. While strong absorption requires many layers, the ratchet still exists with only

one layer and should be measurable.



Chapter 8

Conclusion

Wurtzite InGaN/GaN QDs are well studied systems and have already found success in applications such as LEDs

[17] and single photon sources [18]. In the case of solar applications, wurtzite InGaN shows a lot of potential for

applications within the field of IBSCs and RBSCs, promising efficiencies well above the Shockley-Queisser limit, as

shown in Chapter 2. However, fabricated devices remain poorly efficient due to many issues such as recombination,

trapping and weak absorption [1, 7]. To better understand some of these issues and help guide experimental work,

this thesis makes methodological improvements to the efficient modeling of wurtzite QDs and applies that modeling

to propose a novel way of using InGaN/GaN QD superlattices for RBSCs by taking advantage of the piezoelectric

potential.

Chapter 6 contains most of the modeling advancements. In this Chapter, we use a Green’s function method

[42, 71] to calculate strain with nonuniform elastic constants, and we show that the nonuniform constants are

important for both accurate strain fields and the resulting electronic structure in InGaN QD systems. Similarly,

we adapt an existing method to calculate piezoelectric potentials from Maxwell’s equations to include nonuniform

dielectric constants [42] and show that this correction is also important for accurate results. We then present a

method to include smoothly varying alloy profiles within the Fourier-space based strain, piezoelectric and k · p

calculations. The smooth profile is obtained by convolving a sharp alloy profile with a Gaussian, and we find

the electronic structure to be sensitive to the smoothing kernel, which is not surprising but indicates the need

for accurate smoothing profiles in the modeling of QDs. In modeling the dots, we use a method that considers

unique Fourier-space meshes for the strain and electronic structure calculations [59, 78], facilitating the study of

isolated QDs in terms of both electronic structure and strain. Using this framework, we present a modified approach

where we choose commensurate supercells for the strain and electronic structure calculations, which allows for more

efficient coupling of strain into the Hamiltonian. Our commensurate cell method is especially useful for systems

which one wants to optimize for some target application, leading to large numbers of simulations, such as was the

case for the results of Chapter 7.
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Chapter 7 applies the techniques developed in Chapter 6 to investigate the use of InGaN/GaN QD superlattices as

ratchet band solar cells. We propose using electron and hole states, which are spatially separated by the piezoelectric

potential, as a spatial ratchet to block recombination. To characterize device performance, we use Fermi’s golden rule

to calculate absorption from the superlattice’s electronic structure using the dipole approximation [43, 66]. The k ·p

method is best at determining the lowest-energy bound states, and the higher-energy states are both computationally

expensive to find and inherently less well resolved. Reference [85] calculates the bound-to-continuum absorption

by approximating the continuum states as plane waves with a parabolic dispersion. In our work, we present an

improved method where we approximate the continuum states as bulk k ·p states of GaN, which better captures the

high energy states of the continuum. From the calculated absorption, we show the clear presence of a spatial ratchet,

which is generated by the piezoelectric potential, within InGaN/GaN QDs. By studying the optical properties of

the dot, we show that this spatial ratchet has the potential of reducing recombination within the QDs. Our work

therefore presents novel mechanism of producing a ratchet effect for RBSCs. The calculated absorptions are also

coupled into a detailed balance model to predict power-conversion efficiencies. We present an example QD system

which possesses a strong spatial ratchet which can achieve a maximum detailed-balance efficiency of 36% under

a 1-sun 6000-K black-body spectrum. By optimizing dot geometry and composition, we can construct a different

quantum dot array that can obtain 42% detailed balance efficiency, but that system does not have a ratchet.

Unfortunately, these systems require a large number of QD layers to achieve such efficiencies, which is a well-known

problem within the QD community. However, the number of layers could be reduced if one were to increase QD

doping to increase the CI absorption and then tune the geometry of the dot to produce energy levels that match

the solar spectrum.

For future prospects, experimental collaboration would be key in verifying the existence of the spatial ratchet

within the InGaN QD system. Many groups have shown ability to grow InGaN/GaN QDs under various architec-

tures such QDs in nanowires [17, 22, 96], QDs on the surface of nanowires [18] or as stratified 2D layers of QDs

[7]. If QD devices are to be grown, then characterization will also play an important role in understanding the

system’s behavior while operating as a solar cell. SUNLAB at the University of Ottawa, which is a solar-energy

focused group led by Karin Hinzer and with whom I have collaborated, has done a lot of work in both the modeling

and characterization of solar cells, including QD-based systems [1, 114–116]. Test structures with only a single QD

should show the ratchet effect, even though the device efficiency would be small.

A few different experiments could be performed to verify the existence of a spatial ratchet. A first experiment

could be to verify the presence of the spatially separated electron and hole states, also known as the quantum

confined Stark effect, by measuring the photoluminescence (PL) for various QD sizes and comparing to the PL

of a bulk InGaN sample of similar indium fraction, similar as to what was done by Ref. [89]. One could also

bias the system to cancel out the quantum confined Stark effect, leading to a stronger PL signal due to stronger

wavefunction overlap. The bias necessary to achieve this could give insight on what is the potential difference across
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the QD. Another experiment would be to confirm the two-photon process, which can be achieved by continuous

light source for the CI process and a chopped light source for the IV, similar as to what was done for IBSCs in

References [1, 10, 11]. As a last suggestion, perhaps the blocking of recombination due to the spatial ratchet could

be verified by looking at electroluminescence spectrums while biasing the system. For the correct bias, the spatial

ratchet could be removed, increasing wavefunction overlap, in which case we should observe an increase in radiative

recombination.

There are, however, many challenges in making efficient QD-based solar cells. One such challenge is achieving

strong absorption, as the absorption cross-section of QDs is generally small. In Chapter 7, I compensate the small

absorption cross-section by considering many layers of QDs, which also presents experimental challenges to fabricate

due to strain building up with each layer. The strain build-up problem is typically solved by introducing strain

compensating layers after every few layers of QDs [117, 118], but the systems considered in Chapter 7 consist of

up to 131000 layers of QDs, which is not feasible to fabricate even with strain compensating layers. However, as

mentioned in the Chapter 7 introductory notes, we believe increased doping and optimization of the QD’s size, and

alloy should lead to similarly efficient devices with a more reasonable number of QD layers, closer as to what was

found before the discovery of the units error. Another challenge is recombination and trapping inside the QDs.

The InGaN/GaN QD RBSC we propose in Chapter 7 should reduce the recombination inside the QDs due to the

spatial ratchet, but it does not solve trapping problem where carriers relax from the bulk CB of the host GaN and

into the IB of the QD. This can be addressed by adding a shell with a large bandgap around the QDs to act as

blocking layer to stop electrons from relaxing from the bulk CB and into the QD CB states [12]. Knowing that the

trapping and absorption can be solved by the techniques mentioned above, verifying the spatial ratchet would truly

make the InGaN/GaN QD system a promising candidate for surpassing the Shockley-Queisser limit.

In terms of accuracy, the k ·p method is well known to be accurate for dots that are much larger than the crystal

lattice unit cell, which is our case in this work. Our calculated strain, which is about 6-7% in the considered QDs,

is also standard and remains sufficiently weak as to be well approximated by linear relations. However, nonlinearity

in the strain to polarization relation has been shown to be important in the nitride-III systems [74, 75]. Excitonic

effects would bring the electron and hole states closer in energy and shift the electronic gap of the QDs by 50-90

meV [39]. In theory, both the nonlinearity and excitonic effects would shift results quantitatively but could be

corrected by changing the dot’s size and composition. In reality, experimental devices have greater sources of error

such as variations in the size and composition of the dots. The detailed balance model is rather optimistic as it

assumes that there is only radiative recombination, but remains valid in the radiative limit, which can be found in

high quality materials such as GaAs. We therefore think that our model is accurate in predicting a spatial ratchet,

but that the parameters calculated for optimal efficiency might slightly change under these secondary effects.

To conclude, we have presented various methods that advance the modeling of wurtzite QDs and have used

our model to study the use of InGaN/GaN QD superlattices for RBSCs. Further studies and optimizations are
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necessary to see if absorption can be enhanced to truly make it a candidate for surpassing the Shockley-Queisser

limit. However, we have shown that this RBSC architecture can produce can possess a spatial ratchet, which is

generated by the piezoelectric field, to help in blocking recombination. The principle of this spatial ratchet could

perhaps be applied to more highly absorbing systems in order to both reduce recombination and have sufficient

absorption without too requiring too many layers of absorber material.



Appendix A

Bulk k · p parameters

Here, we write an 8-band Hamiltonian in the basis of Ĵz eigenfunctions, which are

|u1〉 = |iS, ↑〉 |u5〉 = |−iS, ↓〉

|u2〉 = |−X + iY√
2

, ↑〉 |u6〉 = |X − iY√
2

, ↓〉

|u3〉 = |X − iY√
2

, ↑〉 |u7〉 = |−X + iY√
2

, ↓〉

|u4〉 = |Z, ↑〉 |u8〉 = |Z, ↓〉 (A.1)

where S, X, Y and Z are Γ-point Bloch functions with arrows indicating spin. The eigenvalues of the Ĵz eigen-

functions are

Jz =
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, −1
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}
,

The Hamiltonian in the Jz basis can be obtained from the Hamiltonian 3.78 by the transformation HJz = UHU−1

such that

U =

 A 0

0 A∗

 (A.2)

and

A =



−i 0 0 0

0 − 1√
2

i√
2

0

0 1√
2

i√
2

0

0 0 0 1


. (A.3)
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Applying this transformation gives

HJz =

 g (k) γ

−γ∗ g∗(k)

 , (A.4)

where

g (k) = g1 (k) + g2 (k) + gcr + gso + gst

g1 (k) =



E′C − P2√
2
k+

P2√
2
k− P1kz

− P2√
2
k− E′V 0 0

P2√
2
k+ 0 E′V 0

P1kz 0 0 E′V


(A.5)

g2 (k) =



A′2
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k2
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y
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+A′1k

2
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0
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) (
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+
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2
N ′2k−kz M3

(
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)
+ L′2k

2
z



gst =



a2 (εxx + εyy) + a1εzz 0 0 0

0 1
2 (l1 +m1) (εxx + εyy) +m2εzz − 1

2 (l1 −m1) (εxx − εyy) + in1εxy −n2(εxz−iεyz)√
2

0 − 1
2 (l1 −m1) (εxx − εyy)− in1εxy

1
2 (l1 +m1) (εxx + εyy) +m2εzz

n2(εxz+iεyz)√
2

0 −n2(εxz+iεyz)√
2

n2(εxz−iεyz)√
2

m3 (εxx + εyy) + l2εzz


(A.6)

gcr = ∆cr



0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0


(A.7)

gso =
∆so

3



0 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 0


(A.8)
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γ =

√
2∆so

3



0 0 0 0

0 0 0 0

0 0 0 1

0 0 −1 0


. (A.9)

Here, ∆cr and ∆so are the crystal field splitting and spin-orbit coupling, respectively. The band edges are E′C =

EV + ECV + ∆cr + ∆so

3 + ϕ and E′V = EV + ϕ, where ϕ is any additional scalar potential such as the piezoelectric

potential. gst is the contribution to the Hamiltonian due to strain εij . The k · p parameters A′i are related to the

Kane parameters Pi as

A′1 =
~2

2m
‖
e

− P 2
1

ECV

A′2 =
~2

2m⊥e
− P 2

2

ECV

(A.10)

where

P 2
1 =

~2

2m0

(
m0

m
‖
e

− 1

)
3ECV (∆so + ECV) + ∆cr (2∆so + 3ECV)

2∆so + 3ECV

P 2
2 =

~2

2m0

(
m0

m⊥e
− 1

)
ECV [3ECV (∆so + ECV)] + ∆cr (2∆so + 3ECV)

∆cr∆so + 3∆crECV + 2∆soECV + 3E2
CV

.

(A.11)

Here, m‖e and m⊥e are the electron effective masses along the z-axis and in the xy-plane, respectively. The Luttinger-

like parameters L′i, Mi and N ′i are related to the Ai parameters by

L′1 =
~2

2m0
(A2 +A4 +A5) +

P 2
2

ECV

L′2 =
~2

2m0
A1 +

P 2
1

ECV

M1 =
~2

2m0
(A2 +A4 −A5)

M2 =
~2

2m0
(A1 +A3)

M3 =
~2

2m0
A2

N ′1 =
~2

2m0
2A5 +

P 2
2

ECV

N ′2 =
~2

2m0

√
2A6 +

P1P2

ECV

(A.12)

Note there is an error in the relations for L′1, L′2 and N ′1 in Ref. [39], which we have corrected in agreement with

Appendix B of Ref. [119]. The parameters Ai, Pi and ECV used in our numerical study of InGaN systems are given

in Table A.1.
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Similarly to the k · p parameters L′i, Mi and N ′i , the strain parameters are

l1 = D2 +D4 +D5

l2 = D1

m1 = D2 +D4 −D5

m2 = D1 +D3

m2 = D1 +D3

m3 = D2

n1 = 2D5

n2 =
√

2D6

(A.13)

where the deformation potentials Di are listed in Table A.1.
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Table A.1: Material parameters used to model the InGaN system. Parameters were taken from Ref. [39]. Note that
there is a sign error in e15 in [39]. This widespread sign error is discussed in greater detail in the erratum [75] to
[78], which implements an 8-band k · p model using a plane wave basis to describe III-N QDs. This correct sign
was also confirmed using ab initio DFT in [79].

Parameters GaN InN
a (Å) 3.189 3.545
c (Å) 5.185 5.703

C11 (GPa) 390 223
C12 (GPa) 145 115
C13 (GPa) 106 92
C33 (GPa) 398 224
C44 (GPa) 105 48
e15 (C/m2) -0.326 -0.264
e31 (C/m2) -0.527 -0.484
e33 (C/m2) 0.895 1.06
Psp (C/m2) -0.034 -0.042

εr 9.8 13.8
ECV (eV) 3.51 0.78
EV (eV) 0 0.5
∆cr (eV) 0.010 0.040
∆so (eV) 0.017 0.005
m‖/m0 0.20 0.07
m⊥/m0 0.20 0.07
A1 -7.21 -8.21
A2 -0.44 -0.68
A3 6.68 7.57
A4 -3.46 -5.23
A5 -3.40 -5.11
A6 -4.90 -5.96

a1 (eV) -4.9 -3.5
a2 (eV) -11.3 -3.5
D1 (eV) -3.7 -3.7
D2 (eV) 4.5 4.5
D3 (eV) 8.2 8.2
D4 (eV) -4.1 -4.1
D5 (eV) -4.0 -4.0
D6 (eV) -5.5 -5.5



Appendix B

Slowly varying envelope approximation

Here we show a crucial result for slowly varying envelopes, which is commonly used in constructing a QD k · p

Hamiltonian. The proof shown here is adapted from [120].

In the slowly varying envelope approximation, we construct the wavefunctions using Bloch functions and envelope

functions that are slowly varying with respect to the crystal lattice unit cell. We therefore encounter integrals of

the form

I =

ˆ

V

d3rα (r)β (r) , (B.1)

where α (r) is a function that is periodic with the crystal lattice (e.g. Bloch function) and β (r) a function that is

slowly varying inside a unit cell of the crystal lattice, e.g. an envelope function. In a periodic system such as a

QD superlattice, V can be the volume of the superlattice unit cell. In a system which is not periodic, such as an

impurity or a single QD in bulk, V → ∞. Since the function α (r) has the same periodicity as the crystal lattice,

it can then be expanded as

α (r) =
∑
k

αke
ik·r, (B.2)

where k are the reciprocal lattice wave vectors of the crystal lattice, and the expansion coefficients αk are given by

αk =
1

V

ˆ

V

d3rα (r) e−ik·r. (B.3)

Inserting Eq. B.2 into Eq. B.1 gives

I =
∑
k

αk

ˆ

V

d3rβ (r) eik·r (B.4)
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We can decompose the volume integral into the sub-volumes of each crystal lattice unit cell of volume VR by writing

I =
∑
k

αk

∑
R

ˆ

VR

d3r eik·(r+R)β (r + R) , (B.5)

where R are linear combinations of the crystal lattice basis vectors. Using the fact that eik·R = 1 and that β (r) is

slowly varying, allowing us to approximate β (r + R) ≈ β (R), we obtain

I =
∑
k

αk

∑
R

β (R)

ˆ

VR

d3r eik·r. (B.6)

The volume integral is only nonzero for k = 0, which leads to

I = α0

∑
R

β (R)VR

≈ α0

ˆ

V

d3rβ (r) . (B.7)

Using Eq. B.3 for k = 0 gives

I =
1

V

ˆ

V

d3rα (r)

ˆ

V

d3rβ (r) . (B.8)

We therefore find that, due to the large difference in the spatial variation of the functions, the integration over

the functions can be separated into individual functions. This result is fundamental to the slowly varying envelope

functions used in k · p applied to QD systems.



Appendix C

Envelope functions for quantum dot

systems

When considering QD system, k · p is usually applied using a slowly varying envelope approximation. Within this

approximation, the standard approach to constructing a QD k · p Hamiltonian is to consider a bulk Hamiltonian,

give the material dependent parameters a spatial dependence, and substitute wave vectors with derivatives. In

this section, we outline a justification of this approach, which is also used in Section 4.1. This derivation adapts a

similar derivation done by [120] for the case of heterojunctions.

The key idea is to consider that the envelope functions are slowly varying with respect to the crystal lattice unit

cell. Let us consider a QD superlattice, as drawn in Fig. 4.1 such that the superlattice unit cell has a volume V and

the dot Vd. The derivation also holds for a single dot by taking V → ∞. In the slowly varying envelope function

approximation, we make two key assumptions. The first is that, for both dot and host regions, the wavefunction

can be written as an expansion of Bloch functions ui (r) and envelope function Fi (r), giving

ψ (r) =


Nb∑
i=1

F d
i (r)udi (r) r ∈ Vd

Nb∑
i=1

F h
i (r)uhi (r) r /∈ Vd,

(C.1)

where Nb is the number of bands used in the k · p model. The superscript “d” indicates for dot, and “h” for host.

The second assumption is that the Bloch functions from both regions are the identical

ui (r) ≡ udi (r) = uhi (r) , (C.2)
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in which case, we can write

ψ (r) =

Nb∑
i=1

Fi (r)ui (r) , (C.3)

such that

Fi (r) =


F d
i (r) r ∈ Vd

F h
i (r) r /∈ Vd.

(C.4)

Assuming a single electron in an infinite lattice of ions, the Hamiltonian for the QD system can be written

H =
p2

2m
+ V (r) , (C.5)

where

p = −i~∇ (C.6)

is the momentum operator and V (r) the potential energy such that

V (r) =


V d (r) r ∈ Vd

V h (r) r /∈ Vd.
(C.7)

Note that given the presence of the dots, the potential energy is no longer periodic with the crystal lattice. Applying

the Hamiltonian on ui (r) gives

Hui (r) = εi (r)ui (r) , (C.8)

where

εi (r) =


εdi (r) r ∈ Vd

εhi (r) r /∈ Vd
(C.9)

are the band edge energies associated to the k = 0 Bloch states. Schrödinger’s time independent equation for the

system is

Hψ (r) = Eψ (r) . (C.10)

Inserting Eqs. C.3, C.5, C.6 and rewriting gives

Nb∑
j=1

{
[εj (r)− E]uj (r)Fj (r)− ~2

m
(∇uj) · (∇Fj)−

~2

2m
uj (r)∇2Fj

}
= 0. (C.11)

Dropping the spatial dependence for brevity, we multiply from the left with u∗iF ∗i and integrate over the volume of
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the superlattice unit cell V to obtain

Nb∑
j=1

ˆ
V

d3r (εj − E)u∗i ujF
∗
i Fj −

~2

m

ˆ

V

d3r (u∗i∇uj) · (F ∗i ∇Fj)−
~2

2m

ˆ

V

d3ru∗i ujF
∗
i ∇2Fj

 = 0. (C.12)

These are all integrals of products of functions that vary according to the crystal structure and functions that vary

on the scale of the QD system. We can therefore use the following integral identity

ˆ

V

d3rα (r)β (r) ≈ 1

V

ˆ

V

d3rα (r)

ˆ

V

d3rβ (r) (C.13)

where α (r) can be any function that varies on the scale of the crystal lattice and β (r) is any function that is slowly

varying with respect to the crystal lattice unit cell (See Appendix B for proof). Applying this result to the integrals

in Eq. C.12 gives

Nb∑
j=1

 1

V

ˆ

V

d3ru∗i uj

ˆ

V

d3r (εj − E)F ∗i Fj −
~2

m

 1

V

ˆ

V

d3ru∗i∇uj

 ·
ˆ
V

d3rF ∗i ∇Fj


− ~2

2m

1

V

ˆ

V

d3ru∗i uj

ˆ

V

d3rF ∗i ∇2Fj

 =0 (C.14)

By using the orthogonality of the Bloch functions and defining

pij = 〈ui|p|uj〉 , (C.15)

we obtain

ˆ

V

d3rF ∗i

Nb∑
j=1

[
δij (εj − E)− ~2

m
pij · (∇)− δij

~2

2m
∇2

]
Fj = 0 (C.16)

Equation C.16 is essentially an eigenvalue problem for the envelope functions Fi (r) and is equivalent to

〈Fi|δij (εi − E)− ~2

m
pij · (∇)− δij

~2

2m
∇2|Fj〉 = 0, (C.17)

which is again equivalent to

HijFj (r) = EFj (r) , (C.18)

where

Hij = δijεj (r)− ~2

m
pij · (∇)− δij

~2

2m
∇2 (C.19)

The Hamiltonian Hij is precisely equivalent to taking a k · p Hamiltonian and
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1. giving the band edge energies a spatial dependence

2. doing the substitution k→ −i∇.

Note that in this calculation, we have assumed identical Bloch functions for the dot and host regions, leading

to uniform matrix elements pij . However, the Bloch functions do differ between materials. This proof could be

generalized to have differing Bloch functions, giving pij a spatial dependence as well. Additional physics (e.g.

spin-orbit coupling, strain, etc..) can also be introduced such that recipe remains the same, which is to give

material-dependent parameters a spatial dependence, as is done for the band edge energies, and replace all wave

vectors by operators [120]. This is the approach taken in Chapter 4 in order to construct a Hamiltonian for the QD

superlattice.

When considering an abrupt junction, especially with small quantum dots, envelope functions can have variations

that are too rapid for the application of Eq. C.13, but smoothed alloy distributions, as considered in Chapter 6,

makes this approximation more valid. In the end, the envelope function k · p method is an approximation that

needs to be checked against other theories or experiments, and it has been quite successful in practice for III/V

semiconductor systems.



Appendix D

Fourier and Convolution Conventions

We define the Fourier forward and inverse transforms of a function g (r) as

F {g (r)} (q) ≡ g̃ (q) =
1

(2π)
3

∞̂

−∞

d3r g (r) e−iq·r, (D.1)

F−1 {g̃ (q)} (r) = g (r) =

∞̂

−∞

d3q g̃ (q) eiq·r. (D.2)

A convolution is denoted by

(f ∗ g) (r) =

∞̂

−∞

f (r′) g (r− r′) dr′. (D.3)

The convolution theorem states (
f̃ ∗ g̃

)
(q) = F {f (r) g (r)} (q) . (D.4)

For a system that is periodic in real space with a unit cell Ω of volume V , we define

g̃ (q) =
1

(2π)
3

ˆ

Ω

d3r g (r) e−iq·r (D.5)

g (r) =
(2π)

3

V

∑
q∈Ω−1

g̃ (q) eiq·r (D.6)

where Ω−1 is the reciprocal space to the unit cell Ω. Defining the Fourier space convolution as

(
f̃ ∗ g̃

)
(q) =

∑
q′∈Ω−1

f̃ (q′) g̃ (q− q′) , (D.7)
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the convolution theorem is (
f̃ ∗ g̃

)
(q) =

V

(2π)
3 F {f (r) g (r)} (q) . (D.8)

Since we consider different superlattice unit cells for the electronic and strain properties,
(
f̃ ∗ g̃

)
e
indicates a

convolution on the electronic space Ω−1
e and

(
f̃ ∗ g̃

)
s
on the strain space Ω−1

s .

The reciprocal space Ω−1 contains a discrete infinity of wave vectors on which to evaluate f̃ and g̃. The

convolution in Eq. D.7 then sums over the infinite set of wave vectors, with f̃ and g̃ being functions that decay at

large wave vectors. For the calculations in this manuscript, we choose a finite number of wave vectors. By choosing

this mesh to contain wave vectors sufficiently large to capture the decay of f̃ and g̃, we can calculate the linear

convolution in Eq. D.7 to good approximation by padding the f̃ and g̃ arrays with zeros and performing a circular

convolution, defined below.

We denote the finite Fourier space mesh by qi1i2i3 with −mj ≤ ij ≤ mj such that Nj = 2mj + 1 is the

dimension of the mesh in each direction. For convenience, we use the mapping pj = ij +mj + 1, which runs from

1 to Nj . Evaluating a function f̃ on the mesh qp1p2p3 gives the array f̃p1p2p3 . The Fourier space array f̃p1p2p3 and

its real-space counterpart fv1v2v3 are then related through the discrete Fourier transform and its inverse,

f̃p1p2p3 = F {f}p1p2p3 =
1

(2π)
3

N1,N2,N3∑
v1,v2,v3=1

fv1v2v3e
−i2π(p1v1/N1+p2v2/N2+p3v3/N3), (D.9)

fv1v2v3 = F−1
{
f̃
}
v1v2v3

=
(2π)

3

N

N1,N2,N3∑
p1,p2,p3=1

f̃p1p2p3e
i2π(p1v1/N1+p2v2/N2+p3v3/N3), (D.10)

where N = N1N2N3. The circular convolution is defined as

(
f̃ • g̃

)
p1p2p3

=

N1,N2,N3∑
p′1,p

′
2,p
′
3=1

f̃p′1p′2p′3 g̃(p1−p′1),(p2−p′2),(p3−p′3)
, (D.11)

where g̃(p1+N1),(p2+N2),(p3+N3) = g̃p1p2p3 . The convolution theorem is then

(
f̃ • g̃

)
p1p2p3

=
N

(2π)
3 F {fg}p1p2p3 . (D.12)

To perform a linear convolution, we pad the arrays with zeros, which increases the dimensions of the mesh to

Np
j = 2Nj − 1 and yields the padded array f̃pp1p2p3 containing Np = Np

1N
p
2N

p
3 elements. The linear convolution of

the original functions is contained in the circular convolution of the padded function

(
f̃ ∗ g̃

)
p1p2p3

=
(
f̃p • g̃p

)
p1p2p3

(D.13)
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This result is independent of the basis used to generate the mesh and is valid in the case of hexagonal meshes.



Appendix E

Strain for a single quantum dot

Here, we calculate the strain produced by a single wurtzite QD embedded in a bulk host material. This calcula-

tion, which is adapted from [42], assumes a continuous medium with uniform elastic constants. As discussed and

motivated in Section 5.1, the general approach is to use Green’s functions to construct the displacement field that

is due to the QD. From the displacement field, we are able to obtain strain.

The Green’s function for the displacement field Gln (r), for uniform elastic constants λiklm, is defined by

λiklm
∂2Gln
∂xk∂xm

= −δ (r) δin, (E.1)

where the right hand side of Eq. E.1 represent a point force at position r in the nth direction. The resulting

displacement u (r) due to the QD can obtained by convolving the Green’s function with the forces over the surface

of the quantum dot

ui (r) = u
(0)
i (r) +

ˆ

Sd

Gin

(
r− r

′
)

dFn
(
r
′
)
, (E.2)

where u(0)
i is the initial displacement before relaxation of the lattice, dFn is the infinitesimal force in the n direction

and Sd is the QD’s surface. The initial displacement can be described using a characteristic function χd (r), which

is 1 inside the dot and 0 outside, by writing

u
(0)
i (r) = uTi χd (r) . (E.3)

Force and stress are related through

dFn = σT
nk dS

′

k (E.4)

and the stress to strain by

σT
nk = λnkprε

T
pr, (E.5)
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where

εTpr =


εa 0 0

0 εa 0

0 0 εc

 = εaδpr + εcaδp3δr3. (E.6)

Here, εTpr is the initial strain inside the dot with εc = (ch − cd) /cd, εa = (ah − ad) /ad and εca = εc − εa, such that

a is the in-plane lattice constant and c is the lattice constant along the c-axis. The subscript “d” and “h” indicate

dot and host material. Using Eqs. E.3, E.4, E.5, we write Eq. E.2 as

ui (r) = uTi χd (r) +

ˆ

Sd

Gin

(
r− r

′
)
λnkprε

T
pr dS

′

k (E.7)

Using Gauss’s theorem for a rank n tensor,

ˆ

V

∂Ti1i2···iq···in
∂x′iq

dV ′ =

ˆ

S

Ti1i2···iq···inniqdS′ (E.8)

and identifying Tik ≡ Gin

(
r− r

′
)
λnkprε

T
pr and dS

′

k ≡ nkdS
′
, where nk is the surface normal, we can replace the

surface integral by a volume integral to obtain

ui (r) = uTi (r)χd (r) +

ˆ

Vd

∂Gin

(
r− r

′
)

∂xk
λnkprε

T
prdV

′
. (E.9)

Elements of the strain tensor eij (r) can be obtained from the displacement field u (r) using the defining funda-

mental relation

εij (r) =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (E.10)

Inserting Eq. E.9 into Eq. E.10 gives

εij (r) = εTijχd (r) +
1

2

ˆ

Vd

∂2Gin

(
r− r

′
)

∂xj∂xk
+
∂2Gjn

(
r− r

′
)

∂xi∂xk

λnkprεTprdV
′

(E.11)

The integration is over the volume of the quantum dot, but can be expanded to all of space by using a characteristic

function χd (r), which is 1 inside the dot and zero outside. Equation E.11 is then written

εij (r) = εTijχd (r) +
1

2

∞̂

−∞

∂2Gin

(
r− r

′
)

∂xj∂xk
+
∂2Gjn

(
r− r

′
)

∂xi∂xk

χd (r′)λnkprε
T
prdV

′
. (E.12)
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We now take the Fourier transform to obtain

ε̃ij (q) = εTijχ̃d (q) +
1

2
F
{[

∂2Gin
∂xj∂xk

+
∂2Gjn
∂xi∂xk

]
∗ χd

}
λnkprε

T
pr. (E.13)

Here, “F” denotes a Fourier transform and “∗” denotes a convolution, both being defined in Appendix D. By using

the convolution theorem F {f ∗ g} = (2π)
3 F {f}F {g}, we get

ε̃ij (q) = εTijχ̃d (q) +
(2π)

3

2
F
{
∂2Gin
∂xj∂xk

+
∂2Gjn
∂xi∂xk

}
χ̃d (q)λnkprε

T
pr. (E.14)

We can get rid of the derivatives by using the property

F
{
∂g

∂xi

}
= iqiF {g} (E.15)

to obtain

ε̃ij (q) = εTijχ̃d (q)− (2π)
3

2

[
qjG̃in (q) + qiG̃jn (q)

]
qkχ̃d (q)λnkprε

T
pr. (E.16)

To get to a useful expression, we must now further inspect the Green’s functions G̃ij (q) and the elastic constants

λnkpr, starting with the latter. We start by calculating the object λnkprεTpr, which appears in Eq. E.16. In hexagonal

crystals, there are five nonzero and independent elastic constants, which are λ1111 = C11, λ1122 = C12, λ1133 = C13,

λ3333 = C33 and λ2323 = C44 [42, 121]. We also have λ1212 = 1
2 (C11 − C12), which is not independent. The elastic

constant can then be written

λnkpr = αδnkδpr + β (δnpδkr + δnrδkp)

+ γδn3δk3δp3δr3 + κ (δn3δk3δpr + δnkδp3δr3)

+ ρ (δnrδk3δp3 + δn3δr3δkp + δnpδk3δr3 + δn3δp3δkr) (E.17)

where
α = C12

β =
1

2
(C11 − C12)

γ = C33 − 2C13 − 4C44 + C11

κ = C13 − C12

ρ = C44 +
C12 − C11

2
.

(E.18)
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Multiplying Eq. E.17 with εTpr, which is defined by Eq. E.6, and summing over p and r gives

λnkprε
T
pr = Rδnk + Sδn3δk3, (E.19)

where
R = (3α+ 2β + κ) εa + (α+ κ) εca

S = (γ + 3κ+ 4ρ) εa + (2β + γ + κ+ 4ρ) εca.

(E.20)

Inserting Eq. E.19 into Eq. E.16 gives

ε̃ij (q) = (εaδij + εcaδi3δj3) χ̃d (q)− (2π)
3

2

{
R
[
qjqkG̃ik (q) + qiqkG̃jk (q)

]
+S

[
qiq3G̃j3 (q) + qjq3G̃i3 (q)

]}
χ̃d (q) . (E.21)

Having dealt with the λnkprεTpr factor, we now turn to the Green’s functions and calculate the objects
(
qG̃
)
n
≡

qlG̃nl and q3G̃i3, both of which appear in Eq. E.21. We start by taking the Fourier transform of Eq. E.1 and use

Eq. E.15 to get

λiklmqkqmG̃ln =
δin

(2π)
3 . (E.22)

Inserting Eq. E.17 into Eq. E.22 gives

[
βq2 + ρq2

3

]
G̃in +

[(
ρq2 + γq2

3

)
δi3 + (κ+ ρ) qiq3

]
G̃3n

+ [(α+ β) qi + (κ+ ρ) δi3q3]
(
qG̃
)
n

=
δin

(2π)
3 . (E.23)

We now need two equations to solve for G̃3n and
(
qG̃
)
n
. To obtain the first equation, we write Eq. E.23 for i = 3

and multiply by q3 to obtain

Pq3G̃3n + I
(
qG̃
)
n

=
δ3nq3

(2π)
3 , (E.24)

where
P ≡ C44q

2 + (C33 − C13 − 2C44) q2
3

I ≡ (C13 + C44) q2
3 .

(E.25)

To obtain the second equation, we multiply Eq. E.23 by qi and sum over i, giving

Qq3G̃3n + F
(
qG̃
)
n

=
qn

(2π)
3 , (E.26)
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where
Q ≡ (C33 − 2C13 − 4C44 + C11) q2

3 + (C13 + 2C44 − C11) q2

F ≡ (C13 + 2C44 − C11) q2
3 + C11q

2.

(E.27)

From Eqs. E.24 and E.26, we can solve for q3G̃3n and
(
qG̃
)
n
to obtain

q3G̃3n =
qn

Q (2π)
3 −

F

Q

(
qG̃
)
n

(E.28)

(
qG̃
)
n

=
1

(2π)
3

1

FP − IQ
(Pqn −Qδ3nq3) (E.29)

Having calculated q3G̃3n and
(
qG̃
)
n
, we insert Eqs. E.28 and E.29 into Eq. E.21 to obtain our final result, which is

ε̃ij (q) = χ̃ (q)

{
εaδij + εcaδi3δj3 +

RP (q)− SI (q)

I (q)Q (q)− F (q)P (q)
qiqj +

SF (q)−RQ (q)

I (q)Q (q)− F (q)P (q)
q3
qiδj3 + qjδi3

2

}
.

(E.30)

Equation E.30 is therefore the Fourier transform of strain for a single wurtzite QD in bulk, having assumed uniform

elastic constants λiklm. In this expression, the characteristic function contains the information about the dot

geometry, while information on the crystal structure is contained in the brackets.

Note that from Eqs. E.22, E.28 and E.29, we can also obtain the Fourier-space Green’s function for the displace-

ment field:

G̃in =
1

(2π)
3

1

βq2 + ρq2
3

{
δin −

[(
ρq2 + γq2

3

)
δi3 + (κ+ ρ) qiq3

] Fδ3n − I
FP − IQ

qn − [(α+ β) qi + (κ+ ρ) δi3q3]
P −Qδ3n
FP − IQ

qn

}
.

(E.31)
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Characteristic functions

The characteristic function of a single dot is unity inside the dot and zero outside,

χd (r) =


1 r ∈ Ωd

0 otherwise
(F.1)

where Ωd is the space inside the dot. For a cylindrical dot centered on the origin with radius R and height h along

the z-axis, the Fourier transform of χd is

χ̃d (q) =
1

(2π)
3

4πR

q3

√
q2
x + q2

y

sin

(
h

2
q3

)
J1

(
R
√
q2
x + q2

y

)
. (F.2)

The characteristic function of the electronic cell, the hexagonal prism shown in Fig. 6.2, is defined as

χe (r) =


1 r ∈ Ωe

0 otherwise
(F.3)

and its Fourier transform is

χ̃e (q) =
1

(2π)
3L3sinc

(
q3
L3

2

) q1 cos
(
L12q1

2

)
+ q2 cos

(
L12q1

2

)
− (q1 + q2) cos

(
L12

q1+q2
2

)
√

3q1q2 (q1 + q2)
. (F.4)
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Appendix G

QD k · p Hamiltonian

For the QD superlattice system, the k · p Hamiltonian matrix elements of Eq. 6.26 in the symmetry adapted basis

are given in terms of the parameters fdα′α and fhα′α that make up the bulk k · p Hamiltonian matrix elements Hα′α,

presented in Sec. 6.3. We take the convention where superscript “(0)” indicates a bulk Hamiltonian matrix element

containing no wave vector, “(i)” indicates a single wave vector ki and “(i, j)” two wave vectors ki and kj . By defining

φ = 2π
6 and

S
ll′mf
α′,α = eiφ{l[mf−Jz(α)]−l′[mf−Jz(α′)]}, (G.1)

S
l′mf
α′ = e−il

′φ[mf−Jz(α′)], (G.2)

the QD Hamiltonian matrix elements are

H(0)
mfα′α

(q′,q) =
1

6

5∑
l′=0

5∑
l=0

S
ll′mf
α′,α hα′α

(←→
Rl′q

′,
←→
Rlq

)
, (G.3)

H(i)
mfα′α

(q′,q) =
1

6

5∑
l′=0

5∑
l=0

S
ll′mf
α′,α

(←→
Rl′q

′
)
i
+
(←→
Rlq

)
i

2
hα′α

(←→
Rl′q

′,
←→
Rlq

)
, (G.4)

H(i,j)
mfα′α

(q′,q) =
1

6

5∑
l′=0

5∑
l=0

S
ll′mf
α′,α

(←→
Rlq

)
j

(←→
Rl′q

′
)
i
+
(←→
Rlq

)
i

(←→
Rl′q

′
)
j

2
hα′α

(←→
Rl′q

′,
←→
Rlq

)
, (G.5)

‌

H(0)
mfα′α

(q′,qz) =
1√
6

5∑
l′=0

S
l′mf
α′ hα′α

(←→
Rl′q

′,qz

)
, (G.6)

H(i)
mfα′α

(q′,qz) =
1√
6

5∑
l′=0

S
l′mf
α′

(←→
Rl′q

′
)
i
+ (qz)i

2
hα′α

(←→
Rl′q

′,qz

)
, (G.7)
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H(i,j)
mfα′α

(q′,qz) =
1√
6

5∑
l′=0

S
l′mf
α′

(qz)j

(←→
Rl′q

′
)
i
+ (qz)i

(←→
Rl′q

′
)
j

2
hα′α

(←→
Rl′q

′,qz

)
, (G.8)

H(0)
mfα′α

(q′z,qz) = hα′α (q′z,qz) , (G.9)

H(i)
mfα′α

(q′z,qz) =
(q′z)i + (qz)i

2
hα′α (q′z,qz) , (G.10)

H(i,j)
mfα′α

(q′z,qz) =
(qz)j (q′z)i + (qz)i (q′z)j

2
hα′α (q′z,qz) , (G.11)

where

hα′α

(←→
Rl′q

′,
←→
Rlq

)
= fhα′αδl,l′δq,q′ +

(2π)
3 (
fdα′α − fhα′α

)
Ve

χ̃d

(←→
Rl′q

′ −
←→
Rlq

)
. (G.12)

The contributions of the piezoelectric potential to the Hamiltonian are

Hpz
mfα′α

(q′,q) = −δα′,α
(2π)

3
ec

6Ve

5∑
l′=0

5∑
l=0

eiφ(l−l′)[mf−Jz(α)]ϕ̃a
(←→
Rl′q

′ −
←→
Rlq

)
, (G.13)

Hpz
mfα′α

(q′,qz) = −δα′,α
(2π)

3
ec

Ve
√

6

5∑
l′=0

e−il
′φ[mf−Jz(α′)]ϕ̃a

(←→
Rl′q

′ − qz

)
, (G.14)

Hpz
mfα′α

(q′z,qz) = −δα′,α
(2π)

3
ec

Ve
ϕ̃a (q′z − qz) , (G.15)

where ϕ̃a is described in Secs. 6.2.3 and 6.3.2 and ec is the electric charge.
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