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Abstract

The present thesis is concerned with the problem of robust pose estimation for planar

targets in the context of real-time mobile vision. As a consequence of this research,

individual developments made in isolation by earlier researchers are here considered to-

gether. Several adaptations to the existing algorithms are undertaken yielding a unified

framework for robust pose estimation. This framework is specifically designed to meet

the growing demand for fast and robust estimation on power-constrained platforms.

For robust recognition of targets at very low computational costs, we employ feature-

based methods which are based on local binary descriptors allowing fast feature matching

at run-time. The matching set is then fed to a robust parameter estimation algorithm in

order to obtain a reliable homography. On the basis of our experimental results, it can

be concluded that reliable homography estimates can be obtained using a device-friendly

implementation of the Gaussian Elimination algorithm. We also show in this thesis that

our simplified approach can significantly improve the homography estimation step in a

hypothesize-and-verify scheme. The author’s attention is focused not only on developing

fast algorithms for the recognition framework but also on the optimized implementation

of such algorithms. Any other recognition framework would similarly benefit from our

optimized implementation.
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Chapter 1

Introduction

Computer vision is a discipline of science that allows computing systems to better per-

ceive and comprehend their environment. As a consequence of the rapid growth of the

technology, computer vision algorithms have received a special attention in many ap-

plications including robotics, video analysis, image registration, visual odometry and

augmented reality. One prominent example of the impact of these recent advances in

computer vision is the field of Augmented Reality (AR) that has brought a new dimension

to human life by enhancing perception and interaction with of the surrounding world.

Object recognition and visual tracking are now indispensable parts of computer vision

applications. The scope of this research concerns the development of novel approaches

for fast and reliable recognition of objects. The goal of object recognition is identifying

the presence of a specific object or a class of objects in an image or a video sequence.

Object recognition in a cluttered background and under a wide variety of viewpoints,

shapes or lighting conditions is a challenging problem. In order to solve this problem,

several matching algorithms such as block matching, gradient matching, feature matching

and color matching algorithms have been developed. In this work, we will mainly study

methods that rely on feature extraction to represent a specific target. The objective

of feature extraction is to describe an image’s local appearance. The local appearance

of an object, which is extracted at multiple distinctive locations, describes the object

through a set of representative signatures known as feature descriptors. These feature

descriptors are then used to match and establish point correspondences between a target

image and a live camera image. The methods for feature description and matching can be

grouped in two major classes; namely descriptor-based and classification-based methods.

In the former, local regions around distinctive features are detected and described by

1



Introduction 2

highly invariant, but computationally expensive descriptors. In the latter, which employs

simpler and faster descriptors, a great amount of computations is transferred to an offline

training stage. When hand-held devices with limited computational power are used, the

classification-based approaches are strongly preferred for real-time applications.

In addition to the recognition of the object, retrieving its precise location and ori-

entation is a crucial part of many AR applications. Therefore, a robust pose estimation

algorithm is needed to recover 3D position and orientation of the detected target in some

world coordinates. Planar targets are particularly interesting for recognition because, in

this case, the different views are related by a 2D homographic transformation. Real-time

recognition in video is generally achieved using a matching framework in which keypoints

detected in each frame are matched with the ones associated with a reference view of the

planar target. The resulting set of putative correspondences is then validated through a

robust hypothesize-and-verify scheme that aims at identifying a plausible homography,

mapping the current target view to its reference image.

Since the developed framework concerns with target recognition for mobile phone

based augmented reality applications, achieving faster and higher efficiency on low-

powered devices is more preferable than a small gain in accuracy. Thus we are ready to

lose some accuracy in favor of lower computational cost.

1.1 Motivation

The tremendous growth in popularity of mobile devices has made Augmented Reality

one of the most innovative technologies of the decade. Augmented reality brings an

interactive environment to users by merging the physical world as seen through a smart-

phone with virtual elements. In the recent times, AR applications on hand-held devices

have been gaining a great interest by pushing the boundaries of e-commerce, automotive

industry, tourism, education, entertainment industry, etc.

“Annual revenues from mobile augmented reality (AR) services and applications

will reach $1.2 billion by 2015, up from just over $180 million last year.

Juniper Research- February 4th, 2014

”
For instance, AR apps can help marketing companies to increase sales by providing

customers with extra details and reviews of their products. AR is also used to im-
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(a) ARDefender game (b) Qualcomm AR demo (c) Marketing AR app

(d) for education by

Fraunhofer IDM@NTU

(e) Wikitude AR browser (f) VW up! 3D AR by

VolksWagen

Figure 1.1: Examples of Augmented Reality applications for smart-phones

prove educational performance and amend advanced learning technology. Furthermore,

AR applications featured with visual and geolocational sensory inputs, allow the tourism

industry to enhance users’ experience. This can be achieved by bringing instant explana-

tory information pertaining to a historical place or a historic site. Figure 1.1 represents

a few examples of augmented reality applications.

The technology behind several of these thriving AR applications is based on computer

vision and object recognition algorithms. Indeed, object recognition and pose estima-

tion provide the geometric information that is needed for augmenting the reality with a

virtual object. For this reason, computer vision researchers have devoted considerable

effort on developing efficient algorithms suitable for power-constrained platforms. Ad-

ditionally, tech-player companies like Google, Nokia, Honda, Sony and Qualcomm have

participated to this race. They either have developed efficient algorithms or designed

advanced technologies such as MEMS and visual sensors, powerful processors, hand-held

devices, Head-mounted displays (HMD), eye-wear devices or even contact lenses. Some

of these state-of-the-art technologies are shown in Figure 1.2.
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(a) Project Tango by Google (b) Google Glass project (c) Sony Head-mounted

display

Figure 1.2: State-of-the-art technologies designed for computer vision purposes.

1.2 Problem Statement

The goal of this research is to develop a real-time system for hand-held devices that

reliably detects planar targets in live video. The 3D position and orientation of the

target should also be simultaneously recovered with respect to the camera coordinates.

Although, the overall recognition framework should be able to locate 3D rigid objects, the

focus of this thesis is on recognition and tracking of planar targets, because in this case,

different views of the planar target are related by a 2D homographic transformation. The

camera pose that is described by homography transformation, is then used to overlay a

simple label or a virtual object on user’s view as seen through the camera.

In order to estimate the camera pose parameters, a set of point correspondences

between a target image and a query image has to be established. This is done by using

a feature-based matching technique to produce and match top-level descriptors that

describe the images with their local appearance. In feature-based techniques, the most

salient feature points across the image are detected. These feature points are usually

the most stable corners under a wide range of viewpoints. Once features are detected, a

corresponding descriptor is then extracted that describes local region around that feature.

To improve robustness and speed of the matching process, multiple views of the refer-

ence target are generally synthesized during an offline process by warping it with different

random perspective transforms. As we will discuss, matching algorithms are subject to

produce some erroneous mismatches depending on the quality of the descriptors. To

overcome the adverse effect of these wrong matches, a robust estimation scheme should

be effectively used. In this work, we also study the hypothesize-and-verify scheme that

constitutes the backbone of robust parameter estimation. Figure 1.3 demonstrates the
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Figure 1.3: Overall system architecture for recognition on mobile phone

overall architecture of a planar recognition system based on offline training.

1.3 Contributions

The contribution of this research resides in the run-time process of the target recognition

task. We comprehensively analyzed the problem of parameter estimation for fast and

robust target matching through an optimal hypothesize-and-verify scheme. We have in-

vestigated possible limitations of RANSAC-style approaches to optimize our framework

at both algorithmic level and implementation level. The optimized framework is specifi-

cally designed to be efficiently run on smart-phones and tablets. We also have developed

a fast C++ software package by leveraging the state-of-the-art algorithms that have been

studied over the years. Through experimentation we demonstrate that the frame rate of

the recognition process runs at around 40 fps on a smart-phone with Quad-core 1.4 GHz

Cortex-A9 processor and at 80 fps on a machine equipped with a 2.26 GHz CPU.
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Additionally, We show that the robust estimation of a homography can be signifi-

cantly improved by using a computationally efficient implementation of the well-known

Gaussian Elimination method to solve the underlying set of equations. We show that in

the context of planar target detection, the solution found provides a reliable estimate of

the homography with an accuracy comparable to solutions based on the more commonly

used Singular Value Decomposition methods.

Finally, the following paper has been accepted to the Mobile Vision Workshop at the

2014 CVPR conference.

• Hamid Bazargani, Olexa Bilaniuk, Robert Laganière: Fast Target Recognition

on Mobile Devices: Revisiting Gaussian Elimination for the the Estima-

tion of Planar Homographies. In Computer Vision and Pattern Recognition

Workshops, 2014. The Fourth IEEE International Workshop on Mobile Vision.

The homography estimation method based on Gaussian Elimination has been designed

and implemented by O.Bilianuk. The robust target recognition framework and all ex-

perimentations have been realized by the author.

1.4 Thesis Organization

From the following chapter onwards, we explore crucial steps toward a real-time object

recognition framework. Our objective in this thesis aims at the development of efficient

algorithms that are suitable for mobile devices.

In Chapter 2, we survey previous research in feature detection and description as

a required background needed for readers who are not familiar with the principles of

feature detection and/or descriptor extraction techniques.

In Chapter 3, feature matching algorithms from descriptor-based and classification-

based categories are reviewed. For each class, popular methods are analyzed in the

context of real-time target recognition. This chapter also proposes a classification-based

method that works with FAST-9 features and BRIEF descriptors.

Chapter 4 explores the problem of camera pose estimation that relates world coor-

dinates to the image plane. More specific explanation is then given in relation with the

pose estimation in the context of planar targets.

In Chapter 5, we describe one of the key steps in robust target recognition. Different

robust parameter estimation algorithms are explored and their limitations are discussed.
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In addition to conventional regression methods, robust algorithms based on RANSAC

strategy are presented.

Chapter 6 presents a unified and efficient framework for robust homography esti-

mation. In this chapter we will also propose a fast homography estimation scheme by

revisiting the Gaussian Elimination algorithm. Any other recognition framework would

similarly benefit from our optimized implementation.

In Chapter 7, experimental results are presented. We benchmark our unified frame-

work against the different implementations and we show that our framework outperforms

the state-of-the-art algorithms. We also demonstrate through a comprehensive experi-

mentation that reliable homography estimates can be obtained using a device-friendly

implementation of the Gaussian Elimination algorithm. We show in this chapter that

our optimized approach can improve by a factor of 20 the homography estimation step

in a hypothesize-and-verify scheme.

In Chapter 8, we conclude the thesis and state the main findings of our research. Also

potential works for future research are summarized.



Chapter 2

Feature Detection and Description

Feature detection and description have been playing a pivotal role in many Computer

Vision applications including Augmented Reality, Robotic mapping (SLAM) , 3D scene

reconstruction, motion tracking, etc. As an example of Augmented Reality application,

a specific target may need to be recognized and tracked using only local features in an

image or a video stream. These features have to be detected and described from the

visual characteristics of the image. Features can then be used to identify and localize a

target using a hand-held device.

Many different feature detection methods have been studied in the past decade to

extract an abridged representation of image information in the form of so-called feature

descriptors. Features can be either in the form of independent or connected points, edges

or blobs. SIFT [41], SURF [7], Harris [25], FAST [61], BRISK [38], KAZE [4], CenSure [1]

are some well known feature detection algorithms among which some provide invariance

to different scales, affine transformations and rotation.

From the viewpoint of object recognition, an important aspect of feature detection

algorithms, is that the detected features should be robustly detectable under possible

changes of object appearance and in the presence of noise. Moreover, since mobile devices

are nowadays the host of such algorithms, they have to be computationally inexpensive,

yet efficient in terms of detecting the object of interest on power-constrained platforms

such as smart-phones and tablets.

8



Feature Detection and Description 9

2.1 Feature Detection

As edges and corners are usually the most detectable and best features to track, many

feature detectors try to locate these edges or corners in an image by performing specific

operations on a surrounding region of each pixel. These operations include computing

and assigning a score to each pixel representing its rate of cornerness. Thus, the algorithm

controls the number of feature points by adjusting a threshold parameter for accepting

or rejecting a point as a feature point. In the following, we go over some of the most

popular and efficient feature detection algorithms.

2.1.1 Scale Invariant Feature Transform (SIFT)

Scale Invariant Feature Transform (SIFT) proposed by Lowe [41], is proven to robustly

detect stable keypoints under fairly large level of affine transformations and noise. The

idea is to search for a keypoint across the spatial domain in different scale-space of the

image. From [33] and [40], Lowe chose the Gaussian kernel as a scale-space kernel and

proposed to search for local exterema in the convolved image with difference of Gaussian

functions:

DoG(x, y, σ) = (G(x, y, kσ)−G(x, y, σ)) ∗ I(x, y), (2.1)

where k is a scale factor, I is the image matrix and G is a Gaussian function with variance

of σ2,

G(x, y, σ) =
1

2πσ2
e−(x2+y2)/2σ2

.

After constructing the space octaves with different DoG images, stable keypoints are

located by looking for local exterema of each DoG image. The SIFT algorithm includes

comparing each pixel with 8 neighbors within its own scale along with its 18 neighboring

pixels in the two adjacent octaves. Finally, a 3D quadratic surface is fitted to the detected

exterema for providing sub-pixel precision.

2.1.2 Speeded Up Robust Features (SURF)

There have been huge efforts in the recent years to reduce the computational complexity

of SIFT, while preserving its scale and rotation invariance property. Bay et al. in [7]

proposed Hessian matrix to locate exterma both in scale space and location. H(x, σ) is

denoted as follows:
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Figure 2.1: Left half shows discrete finite second derivatives of the Gaussian kernel with

respect to x and xy directions in order. Right half shows boxed approximation of the

same filters.

H(x, σ) =

[
∂2

∂x2
G(x, y, σ) ∗ I(x, y) ∂

∂x
∂
∂y
G(x, y, σ) ∗ I(x, y)

∂
∂x

∂
∂y
G(x, y, σ) ∗ I(x, y) ∂2

∂y2
G(x, y, σ) ∗ I(x, y)

]
(2.2)

The Hessian matrix is made of second order derivatives of Gaussian kernels G(x, y, σ)

convolved with the image with respect to x and y axis. For efficient computing of the

Hessian matrix as quickly as possible, Bay et al. further approximated discrete and finite

Gaussian functions with boxed approximations shown in Figure 2.1. By computing image

integrals IΣ(x, y) =
∑x

i=0

∑y
j=0 I(i, j), these approximations can be quickly computed

using only four additions.

Since the keypoint score is evaluated with Hessian determinant, a weight factor is

applied to reduce the difference between the determinant approximation and its true

value.

detH(x, y) ' DxxDyy − (0.9Dxy)
2 (2.3)

Where Dxx, Dyy and Dxy represent filtered image with the boxed filters shown in Figure

2.1. The weight factor 0.9 was found to more accurately estimate determinant of the

second derivatives of the Gaussian kernel.

2.1.3 KAZE features

KAZE feature detector, proposed by Fernandez et al. [4] is another 2D multi-scale

feature detection technique like SIFT and SURF. It detects and describes features by

searching for image exterema spatially and in different scale levels. In contrary to SIFT

and SURF, this approach builds a non-linear scale space rather than Gaussian space to

suppress noise and extract predominant feature points.
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Although Gaussian scale space is a simple and well known scale space representation,

it can potentially lose distinctiveness and accuracy as it equally treats both desired high

frequency details and noise. KAZE uses locally adaptive non-linear diffusion filtering to

deliberately smooth out noise while preserving detail information (edges) unchanged. A

general non-linear diffusion equation is denoted as

∂L

∂t
= div(c(x, y, t).∇L) (2.4)

Which incorporates divergence operator (div) to increase scale level and Conductivity

function c to locally control the diffusion level proportional to the magnitude of image

gradient∇L. Different conductivity functions are proposed by Perona and Malik [52] and

Weickert [83] in the form of equation 2.5 that gradually attenuates smoothing strength

while approaching image boundaries:

c(x, y, t) = g(|∇Lσ(x, y, t)|), (2.5)

where Lσ is Gaussian filtered image with variance of σ2 and g exhibits a conductivity

formulation.

2.1.4 FAST features

The FAST features abbreviated from Features from Accelerated Segment Test originally

proposed by Edward Rosten and Tom Drummond [61, 60] is a highly expedited feature

detection technique which is well suited for real-time detection and tracking processes.

When examining each pixel p, FAST requires to carry out a simple test on a ring of 16

pixels encircling the pixel of interest. p is considered as a feature point, if there are n

pixels in adjacent locations on the ring that are all either darker or all brighter than the

center by a threshold δt. The threshold δt is employed to control the number of detected

keypoints.

In the very early work of Rosten and Drummond, they chose n = 12 leading to an

algorithm that discards non-corner points as quickly as examining only 3 out of 4 pixels

in specific locations on the ring of Figure 2.2. So the large portion of examined points

can be rejected quickly by testing pixels 1 and 9, then 5 and 13 before proceeding with

the remaining locations.

However, the segment test performs highly efficient for n = 12, a machine learning

approach is introduced in [61] to adjust segment’s locations in a way that it still rejects

as many tentative points for n < 12. Beside test locations, ordering of comparisons is
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Figure 2.2: 16 pixel locations on Bresenham circle of radius 3 used in FAST technique.

optimally found in this machine learning approach. The learning process is started with

finding FAST features in a set of training images by carrying out a full test over 16 pixels

around each candidate. Taking a specific threshold into account, pixels are classified into

three subsets of much darker, much brighter and similar. A decision tree is then formed

employing ID3 algorithm [55] to minimize entropy of random variable which indicates

whether a point is corner or not.

2.2 Descriptor Extraction

After detecting feature points from a query image, the next step is to assign a distinc-

tive descriptor structure to each feature. This represents the pixel’s appearance while

preserving invariance to some possible variations. Each feature point needs to store the

more meaningful information allowing to compare them against other features extracted

from other images.

For better performance during the matching step, descriptors should remain robust

against noise, scale, rotation and illumination changes and this makes descriptor ex-

traction a time consuming process. SIFT, SURF BRISK, FREAK, BRIEF and ORB

[41, 7, 38, 3, 12, 62] are different kinds of descriptor extraction techniques. Some of these

techniques like SIFT and SURF use histogram of oriented gradients approach to extract

descriptors while some others store binary data.

As smart-phones and tablets are becoming more popular in the recent years, detection

algorithms should be fast and efficient enough to properly run on low memory and low-
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Figure 2.3: Extraction of the SIFT descriptor from image gradients.

powered devices ( sometimes even with only fixed-point instructions). Thus the Local

Binary Descriptor methods such as FREAK, BRISK, BRIEF and ORB perfectly suit

these processors.

2.2.1 SIFT Descriptor

SIFT descriptor proposed by Lowe [41], is a 128-dimensional descriptor comprised of

histograms of normalized gradients. Given a keypoint detected by SIFT x(x, y, σ), a

16×16 rectangular grid is formed around the center of the point. We compute magnitudes

and orientations of gradients from the smoothed image at the scale from which the

keypoint is extracted. A 16×16 grid is then split to a 4×4 grid containing histograms of

normalized gradients. Each histogram spans the range of [0, 2π] in 8 levels of orientation.

The four resulting windows are then rotated with respect to the computed orientation to

provide invariance to rotation. Figure 2.3 demonstrates the process of extracting SIFT

descriptor.

The computational complexity and dimensionality of SIFT descriptor provided the

impetus for further investigations [45, 32, 85, 7, 27, 1]. Among these, PCA-SIFT [32]

reduces the dimensionality of original SIFT by applying Principal Component Analysis.

Although, the resulting vector is significantly compressed, PCA-SIFT adds extra over-

head to compress the SIFT descriptor. SURF [7] and its modified version M-SURF [1]

has been designed as a faster alternative to the SIFT method.
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2.2.2 SURF Descriptor

SURF [7] is another scale and rotation invariant feature descriptor. SURF was designed

to reduce the time required for extracting descriptors. Among the entire scale space

constructed during the detection step, SURF handles scale invariance by computing

descriptors relative to the scale s at which the feature is detected. Similar to the SIFT

algorithm, the region around the keypoint to be described is rotated to provide invariance

to rotation. For orientation assignment, a Haar-like wavelet filter of size 4s is applied to

the region around the keypoint with radius of 6s. The x and y components of the filter

responses are weighted by a Gaussian function with σ = 2.5s. These weighted responses

are then used to estimate the local orientation.

Afterward, we form a rotated rectangular window centered on the keypoint aligned

with the orientation that is previously computed. The window is then divided into

4 × 4 sub-regions, each of them contains a 5 × 5 uniformly sampled grid. Once again,

a Haar-like wavelet filter of size 2s is applied to each sub-region and Gaussian weighted

responses (with σ = 3.3s) along the horizontal and vertical directions constitute the

vector of descriptor. Thus, the descriptor contains sum of the x value, sum of the y

value, sum of the absolute x value and sum of the absolute y value as follows.

v = [
∑
dx

∑
dy

∑ |dx| ∑ |dy| ] (2.6)

2.2.3 KAZE Descriptor

As pointed out in section 2.1.3, the major contribution of KAZE lies in its non-linear

scale space representation. The KAZE descriptor works in the same way as the modified

version of SURF (M-SURF) that is studied in [1]. The orientation assignment also

follows the SURF idea but uses first order derivatives Lx and Ly instead of Haar-like

wavelet filters. In addition, the size of the rectangular grids is increased to 24s × 24s

and the descriptor vector is built in the form of v = [
∑
Lx

∑
Ly

∑ |Lx| ∑ |Ly| ].

Each element of the summations is firstly weighted with a Gaussian kernel (σ = 2.5s)

to decrease the sensitivity to noise. The descriptor vector v is then computed along 16

overlapping sub-regions of the size 9s×9s (with 2s padding). The 64-dimensional vector

values are also weighted with σ = 1.5s and normalized to a unit vector. KAZE has

been subsequently modified by the authors in [5] to accelerate the mechanism by which

descriptors are extracted.
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2.2.4 Local Binary Descriptors

The idea behind Local Binary Descriptors is to build a binary stream from limited number

of points in a specific sampling pattern. An influential pairwise binary test exploited in

[34, 49], has become an inspiration for many researchers to further develop the idea in

the context of Local Binary Descriptors. Of particular interest are the recent methods

for fast feature point matching among which are BRISK [38], BRIEF [12], FREAK [3]

and ORB [62]. These allow reliable matching of feature points at very low computational

costs. Their secret sauce resides in their use of binary descriptors to represent a patch

surrounding a keypoint. Matching then involves only simple binary operators which can

be computed very efficiently on modern CPUs.

To supply insensitivity to noise and increase keypoint quality, Gaussian smoothing

kernels are applied before conducting the pairwise tests. Generally, binary vectors are

obtained by comparing intensity values of 512, 256 or 128 pairs of pixels. Therefore,

a large number of potential pairs can be selected from all possible choices. The main

difference between different descriptors resides in the way they select the points to be

compared. Note that, the resulting stream should be used in conjunction with a suitable

feature detector that is both scale and rotation invariant [3]. In [3], the binary test is

formulated as:

T (Pa) =

{
1 if G(P r1

a ) < G(P r2
a )

0 otherwise
(2.7)

where G indicates intensity of smoothed patch P with a specific size. a is a subset of

all possible positions for a pair of patches of length 128, 256 or 512.

According to the binary property of local binary descriptors, features’ similarity can

be quickly evaluated by computing their Hamming distance (bitwise XOR plus a popu-

lation count) instead of the usual Euclidean distance that brings heavier computational

burden.

Different LBD methods utilize different pair-wise sampling pattern. For instance,

FREAK uses circular overlapping receptive fields while in ORB and BRIEF, a random

sampling pattern is preferred. In BRISK, circular receptive fields are equally distributed

around the center. The term receptive field is inspired from neuro-scientists and refers

to a region where light stimulates the response of retina cells.
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BRIEF

The BRIEF [12] feature point descriptor uses the concept of pair-wise intensity com-

parison to generate a binary string describing a keypoint patch. BRIEF selects pairs’

location using a random distribution over the keypoint patch. Additionally, a fixed size

Gaussian kernel is applied to each pair’s pixels to provide better robustness to noise.

The pattern shown in Figure 2.4 has been experimentally chosen through a series of

pre-defined distributions over a patch of size S × S. These distributions were evaluated

based on their capability to recognize a planar target established beforehand. Five spatial

distributions for intensity test are as follows.

• Uniform distribution in both x and y directions with PDF ∼ U(−S
2
, S

2
).

• Gaussian distribution in both x and y directions with PDF ∼ G(0, S
2

25
) centered on

origin.

• Gaussian distribution with PDF ∼ G(0, S
2

25
) centered on origin. The second point

is distributed PDF ∼ G(xi,
S2

100
) centered on the first location.

• Spatial distribution of points in Cartesian coordinates converted from random lo-

cations in polar coordinates.

• Circular distribution of points in Cartesian coordinates converted from all possible

locations in polar coordinates.

Among all these five combinations, experiments show that spatial distribution with

(x, y) ∼ i.i.d. G(0, S
2

25
) outperforms the other patterns and exhibits a higher recognition

rate.

BRISK

Binary Robust Invariant Scalable Keypoints [38] is a rotation and scale invariant method

describing a keypoint by binary intensity comparisons over 512 pairs of smoothed regions.

As illustrated in Figure 2.5, the positioning of the points in BRISK follows concentric

circular receptive fields uniformly distributed around the center with an increasing size

with respect to the distance from the center. The BRISK comes with a multi-scale

detector to endure changes in scale. The detector uses FAST-9 methodology to evaluate

each pixel and select the most salient keypoint in the image spatial domain as well as its

neighboring octaves. As Leutenegger et al. [38] proposed, the scale pyramid is built by
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Figure 2.4: The BRIEF pattern with Gaussian distributed pairs.

down-sampling of the original image followed by three consecutive half-samplings. Once

a keypoint with maximum response is located, the true sub-scale value is computed by

fitting a 1D quadratic function along the scale axis.

For extracting rotation invariant keypoints, the BRISK pattern should be first ro-

tated. All pairs are categorized into long-distance and short-distance classes. The orien-

tation assignment is done by making use of the long-distance class while the descriptor is

formed by checking the sign of pair’s intensity difference sampled from the short-distance

class. Thus the orientation can be formulated as a sum of local gradients.

g(pi, pj) = (pi − pj)
I(pj, σj)− I(pi, σi)

‖pi − pj‖2 (2.8)(
gx

gy

)
=

1

L

∑
(pi,pj)∈L

g(pi, pj) (2.9)

θ = arctan 2(gy, gx) (2.10)

where I(pi, σi) indicates smoothed value of a patch at location pi filtered by a Gaussian

kernel with σi, L is a subset of long-distance pairs with length L.

FREAK

The Fast Retina Keypoints FREAK is a method mainly inspired from the human retina

structure. From the work of many neuro-scientists, it has been proven that the size of

receptive fields in human retina exponentially increases with respect to the distance from
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Figure 3.3: The BRISK sampling pattern.

FREAK

The Fast Retina Keypoints FREAK is a method mainly inspired form human retina

structure. From the work of many neuro-scientists, it has been proven that the size

of receptive fields in human retina exponentially increases with respect to the distance

from the center. Moreover, as we go from center (fovea) to surround (peri-foveal), fewer

receptive fields are stimulated that brings less detailed information compared with smaller

but denser receptive fields in the center.

Feature Detection and Matching 11

−15 −10 −5 0 5 10 15

−15

−10

−5

0

5

10

15

Figure 3.3: The BRISK sampling pattern.

FREAK

The Fast Retina Keypoints FREAK is a method mainly inspired form human retina

structure. From the work of many neuro-scientists, it has been proven that the size

of receptive fields in human retina exponentially increases with respect to the distance

from the center. Moreover, as we go from center (fovea) to surround (peri-foveal), fewer
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FREAK

The Fast Retina Keypoints FREAK is a method mainly inspired form human retina

structure. From the work of many neuro-scientists, it has been proven that the size

of receptive fields in human retina exponentially increases with respect to the distance

from the center. Moreover, as we go from center (fovea) to surround (peri-foveal), fewer

receptive fields are stimulated that brings less detailed information compared with smaller

but denser receptive fields in the center.

Figure 2.5: a) The BRISK sampling pattern. b) Shows 512 short-distance pairs with

‖pi − pj‖ < 9.75s. c) Shows 870 long-distance pairs with ‖pi − pj‖ > 13.67s.

the center. Moreover, as we go away from the center (fovea), fewer receptive fields are

stimulated, bringing coarser information compared with the smaller but denser receptive

fields in the center.

As shown in Figure 2.6, the sampling grid in FREAK method is made of a circular

overlapping patterns in which the size of Gaussian kernels exponentially increases. The

authors have claimed that various size of Gaussian kernels in a log-polar scale improves

performance. A clear advantage of log-polar mapping is the property of being invariant

to scale and rotation. It means that any variation in scale or orientation, results in pure

translation of the patch in cortical coordinates [76].

ORB

Although BRIEF tolerates small departures from the local orientation, there is still an

issue with larger rotation or scale transformations. The Oriented FAST and Rotated

BRIEF (ORB), as is aptly named, extracts FAST corners in the image pyramids scored

by the measure that Harris and Stephens proposed [25]. Once features with higher score

are selected, the surrounding binary patterns are rotated to be aligned with the estimated

orientations. As a consequence, the resulting descriptors endure larger variations in scale

and rotation.

The orientation assignment follows the Intensity Centroid approach [59] that employs

weighted sum of pixel intensities considered as raw moments of the patch. Raw moments
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As a consequence, The sampling grid in FREAK method abides by a circular overlap-

ping pattern such that the size of Gaussian kernels exponentially increases with higher

population in the center and it explicitly captures less details while approaching the patch

borders. The authors of original paper have claimed that various size of Gaussian kernels

in a log-polar scale improves performance. A clear advantage of log-polar mapping is the

property of being invariant to scale and rotation. It means that any variation in scale or

orientation, results in pure translation of the patch in cortical coordinates [31].
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Figure 3.4: The retinal FREAK sampling pattern and the most 256 discriminant pairs

depicted by lines.

BRIEF

By the same token as BRISK and FREAK, the BRIEF [7] feature point descriptor also

uses the concept of pair-wise intensity comparison to generate a binary string describing

a keypoint patch. With difference that BRIEF selects pairs’ location with different

distribution over the keypoint patch. Additionally, a fixed size Gaussian kernel is applied

to each pair’s pixels to provide more robustness to noise in prior to make comparisons.

The pattern is experimentally chosen among a series of explicit distributions over a

patch of size S×S. Distributions are evaluated by their capability to recognize a planar

target established beforehand. Five spatial distributions for intensity test are as follows.

• Uniform distribution in both x and y directions with PDF ∼ U(−S
2
, S

2

2
).

• Gaussian distribution in both x and y directions with PDF ∼ G(0, S2

25
).

Figure 2.6: The retinal FREAK sampling pattern and the most 256 discriminant pairs

depicted by lines.

are computed by

Mij =
∑
x

∑
y

xiyjI(x, y) (2.11)

The local orientation is then simply computed using x and y components of the patch

centroid C = (M10

M00
, M01

M00
).

θ = atan2(
Cx
Cy

) (2.12)

2.3 Conclusion

An essential basis for any marker-less object detection and tracking algorithm depends on

natural features that properly describe a target characteristics. In this chapter, we briefly

reviewed some well known and popular methods for detecting the stable features within

images. These features need to be detected under various kinds of deformation, different

lighting conditions and in the presence of noise. Although SIFT, SURF and KAZE are

highly robust and multi-scale algorithms, they are expensive to compute. So, according

to the limited time budget for feature detection, we chose the FAST-9 algorithm. This

can be implemented to run very quickly on portable devices. Among feature descriptors

that are already discussed, we preferred light-weight binary descriptors to histogram of

gradients methods which are much faster to compute. We experimentally found the

BRIEF method, efficient enough to fit the requirements of real-time mobile applications.
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Admitting the inferiority of FAST and BRIEF combination to SIFT-like methods in

terms of robustness against scale and affine transformations, they can be implemented

noticeably fast on low-powered CPUs. To overcome the lack of robustness and invariance

of the FAST and BRIEF methods we employ an offline phase based on a classification

approach described in the next chapter, to create a rich model of the target.



Chapter 3

Target Detection System Overview

Object recognition and visual tracking are two important tasks of machine vision. The

past few years have seen important progress in this direction. Various approaches ex-

ploiting local appearance have been extensively studied in the literature in the context

of applications such as structure from motion [84, 73, 66, 48], 2D/3D object recognition

[81, 70, 51, 42, 36] and Simultaneous Localization And Mapping (SLAM) [78, 18, 19].

Most of these applications rely on keypoint recognition using the feature point detectors

and descriptors discussed in Chapter 2.

This chapter describes some important strategies to match features extracted from

query images against those from target images. Classic algorithms use block matching

techniques to find the most similar patch to the patch of interest, either in the whole

image or within a specific size window [79]. In these expensive methods, the similarity

between patches is usually computed in the resolution of Sum of Absolute Differences

(SAD), L2 norm or Normalized Cross-Correlation (NCC) over pixels’ intensity.

Matching algorithms are grouped into two categories namely local descriptor-based

and global classification-based algorithms. In the descriptor-based methods, image infor-

mation is abstracted by using local descriptors, which are extracted from the neighboring

region of the most distinctive features across the image. For robust matching, many au-

thors have stressed the importance of descriptors that are invariant to fairly large level

of deformations, illumination changes and noise [63, 40, 41, 32, 7, 4]. Most of these algo-

rithms are composed of histogram of gradient orientations and locations to distinctively

describe the detected features. Despite the robustness and distinctiveness of such algo-

rithms, the matching process requires high computational power to extract and compare

local descriptors. So the current histogram of gradients methods, as they stand, do not

21
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adequately account for the limited time budget needed for real-time applications. There-

fore, the problem of fast feature matching, imposed by real-time applications, merits

further investigation.

3.1 Classification-based Methods

The computational complexity and dimensionality of descriptor-based methods, espe-

cially when considering low-powered platforms, stimulated the development of new ap-

proaches [34, 35, 49, 80, 69] that take advantage of a training stage to which a great extent

of computational burden at run-time is transferred. One of the earliest attempts in this

direction is the work of Nayar et al. [47] in which a classifier is trained given instances of

100 3D objects. The classifier exploits image eigenvectors as orthogonal bases to repre-

sent the set of images. Principal Component Analysis and Nearest Neighbor search are

used for data compression and finding the closest object manifold respectively.

A classical approach for feature-based matching was later introduced by Skrypnyk

and Lowe [65] in the context of AR applications. In the offline stage of their algorithm, a

sparse 3D model of a reference object is built from a set of images acquired from different

viewpoints. The run-time stage of their algorithm involves extracting SIFT features from

the query frame. The extracted features are then matched to those extracted at the

offline process. Basically, Euclidean distance between two SIFT descriptors is used as

a similarity measure and matches are established by conducting k-Nearest Neighbor (k-

NN) search. A distance ratio test with k = 2 is employed to limit the number of tentative

matches by rejecting candidates whose first to the second nearest neighbor distance is

greater than a specific threshold (typically set to 0.6−0.8). The large number of features

representing the model and the query image, makes the matching process extremely slow.

Therefore, the authors proposed approximate Best Bin First (BBF) strategy based on

k-d tree [10] searching algorithm. For robust estimation of an epipolar geometric model,

RANSAC algorithm [21] is employed given a set of putative matches (See Chapter 5 for

more details on the RANSAC algorithm).

As we discussed in Chapter 2, a faster alternative for point matching would be bene-

fiting from binary descriptors. So the dissimilarity score can be efficiently computed on

modern CPUs using binary operations that perform much faster compared to computing

Euclidean distance. In the following sections, we review some well known and popular

classification frameworks for efficient matching.
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3.1.1 Matching as a Classification Problem

In the classification-based methods, efficient recognition of targets is achieved by building,

during an off-line phase, a rich probabilistic model of a target that will then be used to

reliably detect this target in live video under a wide range of viewpoints. In this particular

direction, Lepetit et al. [35], put forward matching as classification, as an idea for wide

baseline matching problems.

In the training phase of their algorithm, N prominent feature points are extracted

from the object to be trained. Under local planarity assumption, the patch around each

feature point and its distorted version generated under all possible affine transformations,

participate in learning the classifier. Given a patch p at run-time, the classifier assigns a

class label in Y (p) ∈ C = {−1, 1, 2, ..., N}, determining to which class, if any, the patch

p belongs. Here label −1 denotes that the patch does not belong to the object. Principle

Component Analysis is performed to reduce the dimensionality of patches. Since Y is not

directly observable, K-means clustering procedure (with K = 20) is used to construct a

classifier Ŷ : P → C such as P (Y 6= Ŷ ) is small. In order to avoid mis-classification,

class labels with conditional probability P (Y 6= Ŷ |c) greater than a specific threshold

are removed from the set of classes.

Lepetit et al. further proposed to use a randomized decision tree [34] instead of PCA-

based classification to select features, which tend to provide higher recognition rate at

run-time. In the randomized tree approach, a reference model is built by considering

random pairs of pixel locations inside a defined neighborhood around the keypoint. It is

shown that, simple intensity comparisons would yield distinctive description and efficient

matching at run-time. Random Fern [49] is another classification method proposed by

Özuysal et al. that is perceived as an improvement over random trees bringing higher

recognition rate at lower computational cost.

3.1.2 Random Ferns Classification

Feature matching for target detection has also been studied as a classification problem

in the Randomized Ferns [50] method. In Fern, a simple binary test is performed to

compare the intensity values of those pixels leading to binary features that are grouped

together to create small binary space partitions called Ferns. By generating thousand of

viewpoints, the training phase estimates the class conditional probability of each Fern for

each keypoint. During the training process, each patch describing a keypoint is considered

as a labeled class. To this end, a large number of corresponding views participate to learn
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the appearance model of this class.

The likelihood of a new patch to correspond to a patch in the model can then be

computed by assuming independence of these estimated probability distribution. Once

the classifier is learned during an offline process, a set of binary tests is carried out

and the classifier’s output that gives maximum posterior probability over a set of classes

ci, i := 1, ..., H is selected. Denoting the binary test responses as features fi, i := 1, ..., N ,

the maximum posterior probability is evaluated as follows:

ĉk = arg max
k

P (Ck|f1, f2, ..., fN) (3.1)

According to the Bayes’ rule, 3.1 can equivalently expressed as the product of likeli-

hood and prior distributions.

ĉk = arg max
k

P (f1, f2, ..., fN |Ck)P (Ck) (3.2)

The joint distribution of all features’ likelihood requires H×2N units of memory. Us-

ing a Näıve Bayes’ assumption, all features’ likelihood can be assumed to be conditionally

independent. So equation 3.2 is reduced to the form:

ĉk = arg max
k

P (Ck)
N∏
n=1

P (fn|Ck) (3.3)

Although, the Näıve Bayes’ assumption simplifies and thus compresses the size of

classifier, it causes the estimated posterior probability to drastically deviate from its

true value. Özuysal et al. [50], proposed grouping features into M out of N groups of

size S = N
M

called Ferns. In this Semi-Näıve Bayes approach, all Ferns are assumed

to be conditionally independent and the joint feature probabilities within each Fern is

estimated and stored. Thus we can write:

ĉk = arg max
k

P (Ck)
M∏
n=1

P (Fn|Ck) (3.4)

Bearing in mind that a full joint probability model of each Fern is required, there

could still be an issue with the memory requirements of this method that exponentially

grows with the size and number of Ferns.
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3.1.3 Histogrammed Intensity Patches

For efficient matching at run-time, Simon Taylor and Tom Drummond introduced a fast

and efficient local binary descriptor well suited for real-time target detection. In their

Histogrammed Intensity Patches (HIP) method [69, 71], the local appearance of each

pixel is extracted from a rectangular patch of size 8 × 8 pixels which is itself sampled

from a 16×16 patch. For efficiency considerations, they suggested to use a sampling step

equal to 2 pixels. After this sampling step, the patch is rotated in order to be aligned

with the local orientation of the patch. To extract new position and intensity of pixels,

bi-linear interpolation is used. The proximate orientation assignment scheme proposed

in [71], uses the same 16 pixels ring as was used in FAST detection algorithm described

in section 2.1.4. The coarse orientation is nothing more than a weighted sum of intensity

differences over eight symmetric pairs relative to the center.

The 64 array of the rotated patch is then quantized into 5 intensity levels and stored

in the form of a binary descriptor of size 64× 5. The quantization is done by calculating

mean and standard deviation over 64 pixels. Assuming Gaussian distribution, intensity

bounds are computed as follows:

Bi = µ+ Φ−1(
i

5
)σ (3.5)

Φ(x) =
1

2π

∫ x

−∞
exp−

t2

2 dt (3.6)

in which Bi indicates upper bounds for five intensity levels and Φ(x) is the inverse

Gaussian distribution function.

Figure 3.1 and 3.2 briefly summarize the Histogram Intensity Patch approach to

describe local appearances. Note that these fast-to-compute binary descriptors do not

bring high distinctiveness and robustness to illumination, scale and transformation. To

overcome this shortcoming, an offline process is employed to build rich descriptors for

a target. This avoids extracting expensive descriptor computation at run-time. The

authors claimed that it can reduce the number of required features by a factor of around

15.

Offline Training

In the Histogrammed Intensity Patches method [69, 71], Taylor et al. introduced the idea

of grouping the artificially generated random views into viewpoint bins. The model is

built by first computing coarse histograms of the intensities of neighboring pixels around
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Figure 3.1: The left image is 16×16 pixel original interest point appearance. The middle

shows 8× 8 down-sampled extracted patch. The right shows aligned rotated patch.

Figure 3.2: The above image shows 8×8 pixels quantized patch. The below images show

5 levels of quantized patch. White pixels represent location of pixels of a particular color.

a keypoint for each viewpoint bin. Once computed, each histogram is averaged and

binarized. Given a pair of HIP models, a dissimilarity score is computed by identifying

bins that are rarely hit with the idea that corresponding patches in the live view should

have a small number of pixel values falling into these rare bits. Figure 3.3 illustrates the

matching process proposed by Taylor et al.

In the matching step, choosing a proper threshold plays an important role. For

instance, setting the threshold too low results in extremely high distinctiveness and mis-
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Figure 3.3: Taylor’s method for building a HIP model. Patches from different viewpoints

falling within an approximate location constitute a class. A sample histogram of a pixel

is shown as a red box. Histograms of five intensity levels for each class of the 8×8 patches

are similarly computed. After thresholding all histograms, samples with frequency less

than 0.05 are considered as rare bits and stored with 1 in a binary stream. The computed

HIP’s binary stream is then used to compare with different patches. Correct matches

(green) and wrong ones (red) are determined according to the number of bits that hit

one of the HIP’s rare bit.

matching many inliers as outliers. It is also worth mentioning that number of histogram

levels is dependent on choosing a proper threshold. A detailed analysis concerning the

choice of the threshold, number of quantization levels and sampling step can be found in

[71].

For clustering histograms, pixels are selected in spatial and angular vicinity of a

specific keypoint. Considering a 2-pixel error bound for position and 10 degrees for

orientation suffices for ensuring constituents’ similarity. The method continues to add

the most populated clusters in sequence until coming up with a database consisting of

a sufficient number of components representing a target. The database stores clusters’

center position picked from the reference frame along with the corresponding HIP model
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and its local orientation.

At run-time, features and descriptors are extracted from the query image and from

its pyramids to ensure collecting sufficient number of stable features supporting greater

range of scale levels. Down-sampling the original image can also reduce the effect of

artifacts induced by motion blur and noise. To further accelerate the matching process

at run-time, an indexing approach is used to avoid exhaustive search through the entire

set of features in the database. To this end, Locality Sensitive Hashing strategy firstly

introduced in [31] is used, in order to assign an index number for each feature by com-

puting a hash function on the image region around that feature point. So at run-time,

features are only compared against those with the same index number. Robustness of

the matching is ensured by adding large portion of common indices observed for each

patch. Figure 3.4 shows the arrangement of samples for two index patterns used in [71]

with 5 and 13 samples.

1 2

3 4

5

1 2

3 4

5 6

7 8

9 10

11 12

13

Figure 3.4: Two rotation-aware hash patterns with 5 and 13 samples.

View-set Generation

The core benefit of exploiting local binary descriptors for image registration is their

low computational burden and ease of implementation. However, these methods do

not inherently provide invariance to various visual aspects such as scale, orientation,

affine transformation and changes in illumination. To counterbalance this drawback, the

Taylor’s approach takes advantages of an offline training stage to which a great deal of

computational burden normally performed at run-time is transferred.

To cover all possible visual variations, several hundreds of views are artificially gen-

erated from a single target view. As in [69], generated views with relatively similar

deformation parameters are considered to fall in the same viewpoint bin. The viewpoint

bins are uniformly distributed in accordance with corresponding ranges of orientation
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Figure 3.5: Shows three subdivision levels of a polyhedron and resulting viewpoint dis-

tribution with up to 40 degrees out-of-plane rotation

angles and scale factor. As discussed, assigning a coarse orientation to local patches,

yield distributing all bins only based on their skew angles and scale factor ignoring the

camera-axis rotation. In consequence, each bin covers random roll angle spanned from 0

to 360 degrees with random skew and scale parameters within the range of that particu-

lar bin. Generating uniformly distributed viewpoints needs uniform 2D space sampling.

As shown in figure 3.5, Hinterstoisser [28] proposed to recursively subdivide faces of

a polyhedron and normalize each produced face until sufficient number of vertices has

emerged.

Moreover, to extract stable feature points, the artificial views are smoothed with a

small and random Gaussian blur. This simulates the effect of motion blur that comes

out into camera output at run-time.
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3.1.4 Trained Binary Descriptors

Although, the above explained methods exhibit fast and reliable matching at the online

stage, they suffer from a high training time and/or memory consumption. Being inspired

from the training method of [69], Akhoury et al. [2] proposed a similar framework which

reduces the training time more than 80% as compared to [69, 71].

Under the assumption of planar targets or at least planarity of local regions around

feature points, most classification-based methods [34, 49, 69, 71] apply affine transforma-

tions to generate artificial views. However, the time reduction achieved in [2], is rooted in

applying more representative transformations to synthesize the viewset images instead

of affine transformations. This is done by using a heuristic approximation of internal

camera parameters to generate perspective transformations that results in less images

required per viewpoint bins.

In the proposed framework, feature aggregation is done by taking the repeatability

of feature points in each viewpoint bin into account. Unlike the HIP method, in which

model descriptors are aggregated by identifying rarely hit bits, most binary descriptors

like BRIEF can be aggregated by applying a majority vote on each bit of the descriptor.

3.2 Conclusion

This chapter briefly reviewed some of the important works related to the problem of

real-time planar object recognition. Different matching algorithms were outlined that

can be grouped into local descriptor-based and global classification-based classes. The

goal of local descriptor-based approaches is to detect and describe distinctive features

using the local regions around each feature. Although these algorithms are highly robust

against variations in scale, rotation and illumination, their computational complexity is

a drawback for real-time mobile applications. On the other hand, classification-based

approaches are computationally efficient but requiring an offline training of the objects.

Thereafter, the matching process can be efficiently performed given the model of each

target at run-time.

In this chapter, we also studied some popular classification strategies. The Fern and

Taylor’s approach are explained for matching features extracted from input image against

those from a reference image. Fern is an extremely memory consuming method, HIP is

therefore preferred to provide correspondences required for solving the Geometric Pose

Estimation problem presented in the next chapter.



Chapter 4

The Geometric Pose Estimation

Camera Pose Estimation is widely perceived as a key element in numerous computer

vision applications including augmented reality [81, 51, 58, 78], automatic panoramic

image stitching [11] and robotics [18, 64, 72]. The camera pose estimation problem,

which is well studied both in photogrammetry [13, 23] and computer vision literature

[26, 53], is the problem of recovering relative 3D positioning of a camera with respect to

3D world coordinates. Whether dealing with a moving camera, a moving scene relative

to a fixed camera, or both, the camera pose can be described by determining the relative

three-dimensional position and orientation of the camera.

For parameterizing the position and orientation of a camera, usually represented by

a rotation and translation matrix [R|t], an in-depth study of a pinhole camera intrinsic

and extrinsic parameters is needed. Various multisensory approaches [39, 8] exist but,

algebraic methods that are based on a single visual sensor (CCD camera) are of particular

interest. These methods require a set of 2D points in the image plane and the coordinates

of the corresponding 3D scene points.

In the case of planar targets, a parametric model that describes a camera pose can

be formulated by a homography relation mapping two views of a planar object. For

identifying a 2D homographic transformation between two views, the minimal subset size

for correspondences is four. This transformation is given by directly solving a system

of linear equations. The problem of retrieving position and orientation of internally

calibrated camera using n point correspondences, is referred to as the Perspective-n-

Point (PnP) problem. Different analytical and iterative solutions have been proposed by

computer vision scientists for solving this problem. For instance, closed-form solutions

have been suggested that include solving a set of polynomial equations [21, 24, 29, 54,

31
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Figure 4.1: Perspective model of a pinhole camera.

77, 20, 37]. This chapter briefly reviews some of the most popular approaches for the

camera pose estimation.

4.1 The Perspective Projection

A realistic model for standard pinhole camera model can be formulated as a perspective

projection. As illustrated in Figure 4.1, the perspective transformation is a R3 → R2

mapping from a point M = [X, Y, Z, 1]T represented in homogeneous 3D coordinates to

a pixel m = [u, v, 1]T represented in 2D homogeneous coordinates, such that:

m = PM (4.1)

Where P is a 3× 4 matrix, usually called projection matrix with 11 degrees of freedom

thus only described up to scale. These 11 camera parameters can be further separated

to intrinsic and extrinsic parameters with 5 and 6 degrees of freedom respectively. So

the Equation 4.2 can be expressed as:

m = K[R|t]M (4.2)
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4.1.1 Intrinsic Parameters

The camera intrinsic parameters also known as the camera matrix K3×3, is used to map

3D camera coordinates to 2D image pixels. Matrix K is formed by 5 camera internal

parameters as follows:

K =

 kuf s cu

0 kvf cv

0 0 1

 (4.3)

The terms kuf and kvf are focal length represented in pixels, where ku and kv are scale

factors proportional to pixel density per unit distance. cu and cv are camera principal

points that are ideally taken to be at the center of image plane. s is a small non-zero

skew parameter between u and v axes. It can be usually approximated by zero when

image axes are considered to be perpendicular. Under a reasonable assumption proposed

in [26], the 5 internal parameters can be reduced to 3 if one assumes s = 0 and pixels are

square. This is a common case in modern cameras resulting in kuf and kvf to be equal.

4.1.2 Extrinsic Parameters

A 3D point represented in world coordinates is translated to 3D camera coordinates

by the camera extrinsic parameters. In other words, extrinsic parameters explain the

camera position and orientation (pose) in world coordinates. It can be denoted by 3× 4

matrix [R|t] comprising of a rotation matrix R3×3 and translation matrix t3×1:

[R|t] =

 r11 r12 r13 t1

r21 r22 r23 t2

r31 r32 r33 t3

 (4.4)

Referring to Figure 4.1, the transformation from a 3D point in the camera coordinates

(Mw) to the world coordinates (Mc) is expressed as:

Mw = R−1(Mc − t) = R−1Mc −R−1t (4.5)

In which, −R−1t is the position of camera center in world coordinates. We can equiva-

lently write:  Xc

Yc

Zc

 =

 r11 r12 r13

r21 r22 r23

r31 r32 r33


 Xw + t1

Yw + t2

Zw + t3

 (4.6)
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4.1.3 Distortion Coefficients

Although, determining the intrinsic and extrinsic parameters of the camera would usually

suffice for estimating the camera pose, in some cases, the camera lens causes a distortion

that must not be neglected. This distortion can be compensated by 2D displacement

terms called radial distortion and decentering distortion. Let xu and xd be un-distorted

and distorted image point respectively. We can write:

xu = xd − dradial − ddecenter (4.7)

While the decentering distortion is usually ignored, the radial distortion can be de-

termined by a polynomial expression as follows:

dradial = 1 + k1r
2 + k2r

4 + . . . (4.8)

Where r is the radial distance from the center of image plane. The process of estimating

radial coefficients and camera intrinsic parameters is called camera calibration process.

4.2 The Homography Estimation

A homography or projection transformation is a plane-to-plane (P2 → P2) relation in a

projective space. It is algebraically defined by a non-singular 3× 3 matrix H that maps

two views of a planar object. Let X = [X, Y, Z]T and x = [x, y, 1]T be respectively the

homogeneous coordinates of an identical point on a reference plane and its projection

that is seen from a different view; the 2D homography transformation is described as:

X = Hx (4.9)

The 2D points in the image can be represented by (u, v) = (X/Z, Y/Z). Unlike the

perspective transformation which has 9 degrees of freedom, this equality that is up to a

scale factor, has 8 degrees of freedom and consequently can be computed from four point

correspondences.

According to Hartley and Zisserman [26] , the homography is an invertible and line

preserving mapping such that, any set of three points is collinear if and only if the

corresponding set in the other plane preserves collinearity too. Note that this property

is not true for the perspective transformation as the inverse transformation P−1, maps

a point from camera coordinates to a ray containing that point expressed in the world

coordinates.
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4.2.1 Direct Linear Transformation (DLT)

A typical and perhaps the simplest approach for retrieving the homography relation with

8 degrees of freedom is the Direct Linear Transformation. This method, which was first

introduced in photogrammetry [68] and then used in computer vision communities [26],

treats the pose constraints as a system of linear equations. This system can be solved

by minimizing an algebraic distance. DLT is used in camera pose estimation especially

when intrinsic parameters of the camera are not available. The homogeneous system of

equations corresponding to the homography relation can be solved by posing:

Xi ×Hxi = 0 (4.10)

in which H is computed using the homogeneous source points (xi, yi, 1) and target points

(Xi, Yi). This equation can then be rewritten as:


0 0 0 −x1 −x2 −1 Y1x1 Y1y1 Y1

x1 x2 1 0 0 0 −X1x1 −X1y1 −X1

−Y1x1 −Y1y1 −Y1 X1x1 X1y1 X1 0 0 0
...





h11

h12

h13

h21

h22

h23

h31

h32

h33


= 0 (4.11)

which results in equations of the form Aih = 0, with Ai being the lines of the left

matrix and h being a 9 × 1 vector made of the entries of the homography matrix. The

above Equation 4.11 can be expressed in a vector-form as: 0T −xi
T Yixi

T

xi
T 0T −Xixi

T

−Yixi
T Xixi

T 0T

h = 0 (4.12)

One common technique to find non trivial solution of this system of equations is to

use Singular Value Decomposition (SVD). This technique is particularly useful when

more point correspondences are available, in which case SVD will identify the optimal

least-square algebraic solution. However, other more computationally expensive (and

iterative) approaches could also be used to obtain a geometrically optimal solution [26].

To find least square solution for the system of equations, SVD decomposes A to:

A = UΣVT (4.13)
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where U and V are the left and right singular vectors of A respectively and Σ is a diagonal

matrix containing singular values of A in a descending order. To avoid trivial solution,

the norm constraint (‖h‖ = 1) is also imposed. Thus the optimal solution for Aih = 0

is given by the right null vector of A which is the last column of V . Note that the right

null vector of A corresponds to the smallest eigenvalue thus minimizes:

h = min
h

‖Ah‖
‖h‖ = min

h
‖Ah‖ (4.14)

Although [26] gives specific circumstances, under which 11 d.o.f projection matrix

can be reduced to 9, DLT still exhibits poor performance and low stability when the

camera intrinsic parameters are already known. This is due to an over-parameterization

of the problem [36].

4.2.2 Perspective-n-Point (PnP)

Recovering 8-DOF projective transformation of a (projective) plane that maps 3D world

coordinates to 2D image plane requires at least 4 set of 2D correspondences. The solution

given by directly solving the system of linear equations does not always suit practical

considerations. For instance, DLT suffers from over-parameterization problem when

dealing with an internally calibrated camera. The Perspective-n-Point (PnP), which

has been originally developed for camera calibration problems, is also a solution for the

pose estimation. There are several methods to solve the PnP problem for n ≥ 3, where

n is the number of correspondences returned by matching algorithms. Some of these

methods provide a closed-from solution for only a specific n and some others can handle

any arbitrary n.

Among different methods capable of explicitly solving the PnP problem, those who

bring stable and accurate solution with low complexity are particularly interesting. In

this section, we will review a non-iterative solution for the PnP problem.

P3P Rigid Body Transformation

One of the earliest attempts on PnP problem has been made in 1981 in [21] to provide

an explicit solution for the P3P by forming a bi-quadratic polynomial that gives up to

four solutions for n = 3. They also provided a unique solution for n = 4, for the case of

all points lying on a common plane.

In order to retrieve a rigid body transformation which describes the camera pose,

three pairs of 2D/3D correspondences would usually suffice. Considering a contaminated
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set of points, sampling 3 pairs instead of 4, leads to a lower probability of choosing a

degenerate sample. However, this approach requires a prior knowledge of the camera

intrinsic parameters. Following the approach proposed by Fischler and Bolles [21], the

transformation is estimated by firstly computing the distance between 3D object points

and the camera center C. In Figure 4.2, let Ra, Rb and Rc be the length of three legs

that connect the camera center to the 3D object points A, B and C respectively. Let a,

b and c be the projection of these points on the image plane, the goal is to determine

Ra, Rb and Rc.

Figure 4.2: Geometric view of P3P

By applying basic geometry, one can determine the length of three sides and interior

angles of 4ABC from 3D object points. Posing the law of cosines yields:

AB2 = R2
a +R2

b − 2RaRb cos(θab)

AC2 = R2
a +R2

c − 2RaRc cos(θac)

BC2 = R2
b +R2

c − 2RbRc cos(θbc)

(4.15)

The equation 4.15 comprises of three second degree polynomials, therefore it brings

up to eight unique solutions. However, since the polynomials only contain second degree

and constant terms, it has a maximum of four positive solutions. If we define x = Ra

Rb
and
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y = Rc

Ra
, it is shown in [21] that a biquadratic (aka quartic) polynomial can be derived

expressing 4.15.

4.3 Distance Evaluation

The problem of finding a homography given a set of correspondences is solved by min-

imizing a specific cost function. The overall correspondences cost for a hypothesized

model is minimized either through an iterative scheme or hypothesize-and-verify scheme.

Choosing a proper cost function directly impacts on the accuracy of solution and the

speed of convergence. Some common cost functions are described as follows:

4.3.1 The Algebraic error

The linear function that is minimized through DLT method by the SVD analysis is the

sum of algebraic distances. Since minimizing the algebraic distance has a closed form

solution, it leads to lower complexity and ease of implementation. However, algebraic

distances can not be interpreted as geometric parameters. However, the minimizing

algebraic error does not lead to accurate solution; a normalization step is proposed in

[26] that improves the accuracy but at the cost of losing closed form solution. In the

case of homography estimation, the sum of algebraic distances that is minimized through

DLT method is as follows:∑
i

= dalg(Xi, Hxi)
2 = ‖Ah‖2 = ‖ε‖2 (4.16)

4.3.2 The Geometric error

A more geometrically meaningful alternative to the algebraic error is Geometric error.

The geometric error is a quantity that is defined by the Euclidean distance between a

measured point and a projected point on the image.

By denoting a set of correspondences between two planes that are mapped with a

homography matrix as xi
H−→ Xi, a transfer error in the second plane is defined as follows:∑

i

= d(Xi, Hxi)
2 (4.17)

Where d(., .) is Euclidean distance between two 2D points in the image plane.
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The geometric error can be more accurately estimated by considering the Euclidean

distance in both images. Therefore, in addition to the forward error term of 4.17, a

backward term computed using H−1 is also taken into account. Then we can write:

∑
i

d2 = d(Xi, Hxi)
2 + d(xi, H

−1Xi)
2 (4.18)

So in the process of computing homography the cost function which is subject to be

minimized is the sum of geometric errors. In contrast to the algebraic error that could be

minimized through a non-iterative process, the minimization of geometric cost functions

provides more accurate estimates but through an iterative process.

4.3.3 The re-projection error

Assuming a set of correspondences xi
H−→ Xi, one can find an estimate of the homography

Ĥ by minimizing the sum of re-projection errors. A corrected set of correspondences

(x̂i
Ĥ−→ X̂i) is established that returns pairs of perfectly matched points by the forward

and backward projections.

∑
i

d2 = d(Xi, X̂i)
2 + d(xi, x̂i)

2 (4.19)

Indeed, the re-projection error is a sum of distances in both images between the

measured points and projections of a world point lying on a global plane. Although the

minimization of this error function results in a set of perfectly matched correspondences,

it requires an expensive iterative process.

4.4 Conclusion

In this chapter we have presented a number of issues that directly pertain to the prob-

lem of camera pose parameterization based on 2D/3D correspondences. Firstly, we have

sketched a realistic model for the geometric pose of a CCD camera as a perspective pro-

jection. We have also provided a deeper study of the perspective projection by analyzing

intrinsic and extrinsic parameters of a pinhole camera.

As an essential part of the planar target recognition framework, the more specific

case of 2D plane-to-plane transformation has been addressed by introducing the most

commonly used algorithm for estimating the homography matrix. Although iterative

pose estimation algorithms return more accurate estimates, in this chapter we focused
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on non-iterative approaches that do not require expensive iterative process minimizing

projection error.

The next chapter will introduce the concept of robust model estimation in which non-

iterative homography estimation solutions are used to obtain good camera pose solution

from a contaminated set of matches.



Chapter 5

Robust Model Estimation

Robust estimation of model parameters constitutes an essential tool in many fields of

science. Considering the wide range of applications dealing with the problem of parame-

ter estimation, a great deal of effort has been devoted by many researchers to tackle this

problem.

There is now substantial body of research on robustly retrieving model parameters

in the presence of outliers [6, 26, 21, 15, 44, 75, 74, 56]. In the camera pose estimation

problem, the number of correspondences is usually considerably larger than the number

of model constraints. A traditional approach to address this overdetermined problem is

to use Least Square (LS) methods. The LS method is responsible for adjusting the model

parameters such that the sum of square residuals is minimized. The Maximum Likelihood

Estimation (MLE) is an alternative solution that relies on a statistical knowledge of

residuals’ distribution.

The matching approaches presented in Chapter 2 produce a large set of putative

matches. Depending on the quality of the keypoint descriptors and on the level of noise

associated with this set, it is likely to be contaminated by a more or less large number of

false matches (outliers). This is where robust model estimation comes into play. A major

drawback of the classic regression techniques is their zero breakdown point that makes

them highly sensitive to a single outlier. However, there exists a variant of LS method

named Least-Median of Squares (LMS) that withstands a higher fraction of outliers

(50%). All these methods exhibit poor stability when the data set follows multiple

dominant distributions. This is a common case in camera pose estimation problems

especially when the camera moves toward a scene including independent moving objects

[67]. The RANdom SAmpling Consensus (RANSAC) is a powerful approach introduced

41
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by Fischler and Bolles (1981) [21] that has been extensively applied to many computer

vision problems.

In the case of planar targets, the model that has to be estimated is a two-view

homography between the current frame and the reference target. This model is then

verified against all data points in the set in order to compute its support that is the

number of data points that are in agreement with the hypothesized model. By repeating

several times this process with different random sampling of the data set, a solution with

a strong support should be found. In this chapter we will investigate technical aspects

of different RANSAC-based algorithms.

5.1 Maximum Likelihood Estimation (MLE)

The Maximum Likelihood Estimation relies on a prior knowledge of single distribution

of the observations. In geometric pose estimation, the distribution of the observed data

is not always available or does not follow a single distribution. However, understanding

of MLE theory is still beneficial because of its relevance to model fitness in the context

of statistical tests such as T-test, Chi-squared and G-test.

Given a set of observations (e.g. set of correspondences between two views), the Max-

imum Likelihood determines, from a parametric model f(.|θ), the vector of parameters

θ that exhibits the highest degree of consistency with the observed data. By denoting

the observations as x = (x1, x2, ..., xn), R. A. Fisher (1912) [6] introduced a likelihood

function as the joint probability distribution of x1, x2, ..., xn:

L(θ|x) = f(x|θ) = f(x1, x2, ..., xn|θ) (5.1)

Assuming that the observed samples are independent and identically distributed, one

can simplify the likelihood function 5.1 as the product of all likelihoods corresponding

to each sample.

f(x1, x2, ..., xn|θ) =
n∏
i=1

f(xi|θ) (5.2)

Therefore, any estimate of model parameters θ̂ that maximizes f(x1, x2, ..., xn|θ) would

be the maximum likelihood solution. We can also go further by revisiting Bayes’ rule

expressing that the posterior probability is proportional to the product of the prior

probability and likelihood.

p(θ|x1, x2, ..., xn) ∝ f(x1, x2, ..., xn|θ)× p(θ) (5.3)
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It is important to note that the maximum likelihood is similar to the maximum a posterior

estimation if p(θ) is assumed to be uniformly distributed.

5.2 RANdom SAmpling Consensus (RANSAC)

A common robust approach to deal with contaminated samples with outliers, is utilizing

RANdom SAmpling Consensus (RANSAC) scheme firstly introduced by Fischler and

Bolles (1981). This hypothesize-and-verify approach randomly selects a minimal set of

samples and estimates the pose parameters until achieving consensus with the strongest

support for the parameters. In the hypothesize step, unlike the MLE and LS-like meth-

ods, RANSAC incorporates a minimal set of participating samples according to the fact

that the probability of selecting a contaminated set is exponentially decreased by the

sample size [21]. Once the model is generated, the hypothesis must be verified against

the subset of all available samples UN . The hypothesis quality is measured by its support

which is the number of samples from UN with error lying within a specified threshold.

The RANSAC loop is designed to keep iterating until assuring, with some level of

confidence η0, that a set of uncontaminated samples is already selected. So the upper

bound, (k) for the number of RANSAC iterations can be computed at each iteration by

accounting for the best support found so far.

Taking desired level of confidence η0 into account, one can determine maximum num-

ber of required iterations kmax to guarantee this level of confidence. The probability of

selecting n pairs, all as inliers is wn where w is the inlier rate of a data set. Consequently

the probability of selecting n pairs with at least one outlier is 1 − wn. Thus, (1 − wn)k

becomes the probability of never selecting outlier-free samples in k iterations and this

needs to be less than 1− η0. So at each iteration, k is updated as follows:

k ≤ log (1− η0)

log (1− wn)
(5.4)

In practice, to obtain a priori knowledge of w, one can estimate it by its lower bound

using the support of the best hypothesis found so far. In the RANSAC scheme, this

termination constraint is known as the maximality constraint. The Algorithm 1 attempts

to briefly explain the classical RANSAC steps.

Despite the simplicity and efficiency of the original RANSAC algorithm even when

samples are significantly contaminated, it still suffers from serious drawbacks that impact

on the effectiveness of the target matching. Since determining the optimal number of



Robust Model Estimation 44

Algorithm 1 The classic RANSAC

Require: UN , η0

Initialize Ibest = 0 and kMAX with maximum number of iterations.

for k = 0 to kMAX do

Randomly select a minimal subset from UN .

H ← Generate a hypothesis using minimal set of correspondences.

Ik ← Evaluate the current hypothesis support by counting the number of inliers.

if Ik < Ibest then

Ibest = Ik

Update the hypothesis with the the strongest support.

kMAX ← Update the termination bound using eq. 5.4

end if

end for

RANSAC iterations requires prior information about the level of contamination, we rely

on an estimate of outlier’s rate by accounting for the support of the best hypothesis found

so far. This rough estimate sometimes results in considerably large number of iterations

yielding a long execution time for model generation and verification. The second critical

issue is about setting a proper distance threshold for the inliers’ error bound, i.e., setting

the threshold too low may result in an infinite or long lasting loop and setting it too high

may cause the loop to end up with a completely nonsense model. Moreover, even with a

slightly contaminated set, RANSAC fails to come up with an optimal solution in some

degenerate configurations. Figure 5.1 graphically illustrates three cases of RANSAC

failure in a 2D line fitting problem given a set of points lying on a plane. An example of

a degenerate configuration in the problem of homography estimation could be sampling

co-linear set of points to estimate parameters a plane.

In the following sections, to account for these boundaries we go over some RANSAC-

flavors designed to overcome these drawbacks.

5.2.1 PROSAC

The PROgressive SAmple Consensus (PROSAC) [15] is a variant of RANSAC that aims

at early identification of a hypothesis with strong support. It uses a sampling approach

in which samples are selected from a smaller subset of correspondences. The size of this

subset progressively increases until it eventually coincides with the full set UN . PROSAC
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(a) (b) (c)

Figure 5.1: Examples of RANSAC deficiency. a) Setting the distance threshold too low

limits the number of inliers (support), thus prevents RANSAC from convergence to the

solution. b) Setting the threshold too high results in a wrong fit with a strong support.

c) A geometric degenerate configuration. Sampling from a dense cloud of points yields

an infinite number of models consistent with the set.

assumes that samples with higher quality are more likely to generate a hypothesis with

a strong support. In the context of point matches, the quality of samples is measured

by the similarity score of the two matched points. Compared to the typical RANSAC

method, PROSAC greatly reduces the number of attempts for the best support hypoth-

esis, in the sense that it is more likely to choose outlier-free samples from the subset of

correspondences with higher scores.

Let {Mi}TNi=1 be a subset of all samples with size m out of all correspondencesMi ⊂
UN and denote the size of this subset by TN . In PROSAC we want to find Un ⊂ UN that

is the subset of n ordered points from UN . If we define Tn to be the average number of

possible samples that only belong to Un,

Tn = TN

(
n
m

)(
N
m

) , (5.5)

then Tn can be recursively computed by

Tn+1 = Tn
n+ 1

n+ 1−m (5.6)

where Tn+1 indicates the number of samples from Un+1 only. Thus, one can conclude

that there are Tn+1−Tn samples containing data point un+1. Therefore, the non-uniform
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random sampling is done by drawing m− 1 random samples from Un in addition to the

point un+1. To avoid non-integer values, we reformulate 5.6 by defining T ′m = 1 and

T ′n+1 = T ′n + dTn+1 − Tne (5.7)

So at each iteration t, samples are drawn from Mt which is determined by a growth

function g(t) as follows.

Mt = {ug(t)} ∪M′
t (5.8)

g(t) = min{n : T ′n ≥ t} (5.9)

The PROSAC sampling procedure is outlined in the Algorithm 2.

Algorithm 2 The PROSAC algorithm

Require: Set of ordered points UN , kMAX and η0

Initialize Ibest = 0, n = m

for k = 0 to kMAX do

Compute T ′n. If t > T ′n then n = n+ 1

if t < T ′n
1 then

Select m− 1 random samples from Un−1 and ug(t) (see eq. 5.9)

else

Select m random samples from Un
end if

H ← Generate a hypothesis using m samples.

Ik ← Evaluate the current hypothesis support by counting the number of inliers.

if Ik < Ibest then

Ibest = Ik

Update the hypothesis with the the strongest support.

kMAX ← Update termination criterion as described in 6.1.1

end if

end for

5.2.2 Randomized RANSAC (R-RANSAC)

Matas and Chum in [44] introduced Randomized RANSAC (2002) to address a practical

limitation of RANSAC algorithm in real-time applications. This limitation concerns the

time needed for generating and evaluating a substantial number of hypotheses.

1Note that the inequality provided in the original paper is mistakenly reversed.
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The R-RANSAC specifically targets the evaluation step in order to adapt the process

for real-time applications. Imagine a highly contaminated set (with a small inlier rate

of ε) as the input of RANSAC process in which 1
εm

samples on average have to be

drawn. Therefore, averagely 1
εm

hypotheses are evaluated against N correspondences

regardless of being contaminated by outliers or not. The R-RANSAC benefits from a

randomized evaluation algorithm that attempts to reduce the number of verifications

by evaluating contaminated hypotheses only against a small subset of points. This

randomized evaluation is a two-fold process. The first step contains a statistical pre-

test on a small number of randomly selected points. The next step includes verifications

against all N points and is only performed if the pre-test is successfully passed. By

performing such a statistical test on a small fraction of points, it can be rapidly inferred

whether the model is worth to be evaluated against the remaining points or not.

The pre-test that plays a key role in the performance of the process is first started

with the Td,d test [14] then leads to an optimal sequential test called SPRT in [43]. We

will elaborate on these pre-verification tests in section 6.1.2 of Chapter 6.

5.2.3 Preemptive RANSAC

David Nisteŕ introduced Preemptive RANSAC [48] with a modified verification scheme

also taking real-time constraints into account. Unlike depth-first approaches in which

each hypothesis is verified against all correspondences before generating new hypothe-

sis, in the proposed breadth-first verification, a fixed number of hypotheses are firstly

generated. These are then sorted in a descending order based on the score achieved

over a fraction of observations. In this parallel evaluation method, a chunk of random

observations is selected and used to evaluate the generated hypotheses h = 1, . . . , f(i)

i := 1, . . . , N . As we iterate over i, the f(i+1) highest score hypotheses are retained until

only one superior hypothesis remains or all observations have been used. The preemption

function that specifies the number of retaining hypotheses at each step is described as

f(i) = bM2−b
i
B
cc (5.10)

Where M is the number of hypotheses have to be generated beforehand and B is the

size of observation block. From this strictly decreasing preemptive function, it is clear

that the size of retaining set is reduced to half every time i reaches a multiple of B.
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5.2.4 Adaptive Real-time RANSAC (ARRSAC)

More recently, the ARRSAC [57] framework is designed to take advantages of both

depth-first and breadth-first to impose real-time application in an adaptive manner. This

adaptivity is provided by choosing the number of initial hypotheses M based on an

online estimate of inlier rate ε. In the Preemptive RANSAC [48], overestimating the

contamination level results in a too large M and underestimating it may cause the

preemptive procedure to be unable to find a correct solution. The ARRSAC improves

this behavior by computing the inlier ratio ε every multiple of B iterations and update

the M accordingly. An upper bound for M is also considered to guarantee a fixed time

budget.

The ARRSAC profits from Wald’s SPRT [43] evaluation method in order to estimate

inlier ratio only using a fraction of observations. As a consequence, this estimate ε̂ may

differ from the true value thus requiring additional hypotheses to be generated in the next

stage. It is claimed in [57] that the parallel evaluation of hypotheses against each other

is beneficial in the sense that it does not require too much time for local optimization

step. Note that the ARRSAC employs an inner RANSAC loop for generating the initial

hypothesis set.

5.2.5 MLESAC

The RANSAC sampling strategy can perform more effectively when combined with the

likelihood of the synthesized model as a measure of quality. Torr and Zisserman [75]

introduced MLESAC and MSAC algorithms that capitalize on the Maximum Likelihood

Estimation approach and a simple M-estimator respectively.

As discussed earlier, setting a proper threshold for the range of inliers’ error can

drastically degrade the overall performance of a RANSAC process. As an alternative

to the number of inliers, RANSAC can be conducted in a way to minimize the cost of

reprojective residuals considering a specific cost function ρ(.). The error for each point

is computed by the distance between the point x1,2 and its projection x̂1,2 using the

estimated model.

ei
2 =

∑
j=1,2

(x̂j − xj)2 + (ŷj − yj)2 (5.11)

The
∑

i ρ(ei
2) which has to be minimized is ruled by a M-estimator that gives outliers

a constant penalty c while inliers are weighted according to their squared error.
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ρ(e2) =

{
e2 if e2 < c2

c2 otherwise
(5.12)

To gain 95% performance from the M-estimator, c is set to 1.96σ.

Using Equation 5.1, MLESAC scores all correspondences by their maximum likelihood

error. Under the assumption of independent and identically distributed samples with

zero-mean Gaussian distribution, the likelihood is defined as

L(θ|e) =
N∏
i=1

p(ei|θ) =
N∏
i=1

(
1√
2πσ

)
n

e−
∑

j=1,2 (x̂i−xi)2+(ŷi−yi)2/2σ2

(5.13)

To account for distribution of outliers’ error, the above likelihood error can be more

accurately expressed as a mixture of a Gaussian and uniform distribution. This mixture

model thus relies on a priori estimate of the mixture parameter γ.

p(e) = γ
1√
2πσ

exp(− e2

2σ2
) + (1− γ 1

w
) (5.14)

Where w is a constant value specifying the pixel range of uniform distribution (−1
w
. . . 1

w
).

The negative log likelihood is denoted by

− L = −
∑
i

log
{
γ
( 1√

2πσ
)
N

exp
(−∑j=1,2

(
(x̂i − xi)2

+ (ŷi − yi)2)
2σ2

)
+ (1− γ)

1

w

}
(5.15)

Torr and Zisserman suggest to use an expectation maximization method (EM) to estimate

the mixture parameter γ that maximizes −L for each hypothesis. Despite the fact that

more computational budget is needed for MLESAC due to the estimation of the mixture

parameter, it slightly outperforms MSAC which requires no extra load.

5.2.6 Guided MLESAC

The Guided MLESAC is introduced in [74] as a modification to the MLESAC in which

the number of iterations is reduced by an order of magnitude. The Guided MLESAC

made this modification by challenging two major flaws in the mixture model defined

by Torr and Zisserman. The first flaw is due to the assumption stating that the prior

probability γ is equal for all samples regardless of their quality. Additionally, it can

be inferred that the prior probability of a match to be valid does not depend on the

hypothesized model.
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As opposed to MLESAC in which the probability that indicates whether a sample is

valid or invalid is uniformly distributed across all matches, the guided MLESAC reason-

ably assumes these probabilities to be distributed according to the matches’ score. Let

ri be a random variable stating whether the hypothesized model is consistent with ith

data point, the conditional probability of a mismatch given the corresponding score si

is denoted by p(r̄i|si) and modeled with a quadratic relation. On the other hand, the

conditional probability of a valid match p(ri|si) is modeled with a normalized Gaussian

distribution. Note that the relations between probabilities and match correlations are

modeled by considering their frequency of occurrence in different test cases for the both

valid and invalid matches.

It is also shown in [74] that iterative estimation of the mixing parameter γ is not nec-

essary for each hypothesis. Instead, the prior probabilities of each sample can straight-

forwardly be computed by the corresponding score and the total number of samples.

5.2.7 Locally Optimized RANSAC (LO-RANSAC)

Since the model that is returned by RANSAC is hypothesized using a noisy minimal set,

the noise propagates to the model that makes it inconsistent with all inliers. The goal

of Locally Optimized RANSAC [17] is to refine a sought model given a set of putative

inliers. Hence, a locally optimized model is found by utilizing non-minimal set through an

inner-RANSAC loop with a fixed number of iterations. The inner loop uses the support

of the best hypothesis found so far as a starting point to sample non-minimal sets.

The refined model generated using non-minimal sets that are chosen from uncon-

taminated inliers consequently is on course to be consistent with more correspondences

implying more accurate model. Although the LO-RANSAC puts extra computational

cost ahead of parametric model estimation, the refined model causes the procedure to

be terminated earlier.

5.3 Conclusion

As one of the core requirements for most target detection algorithms, we studied the pa-

rameter estimation problem in the context of robust pose estimation. The uncertainties

associated with feature based matching algorithms urged us to devise a robust solution

capable of handling significantly contaminated correspondences. So we comprehensively

investigated several estimation algorithms and discussed their limitations as well as their
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advantages over the other approaches. Firstly we started from robust regression algo-

rithms such as Maximum Likelihood Estimation, Least Median of Square residuals and

M-estimator. According to the poor performance of these algorithms in the presence of

highly contaminated observations, robust algorithms based on the hypothesize-and-verify

scheme were introduced.

The basic RANSAC scheme is extensively challenged on several grounds yielding

several variants of the original RANSAC that aim at improving the efficiency of the

algorithm. For each variant of the hypothesize-and-verify method, we provided a con-

cise explanation of fundamental steps toward a suitable framework for real-time model

estimation problems.

In the following chapter, we will propose an integrated framework that accounts for

limitations and advantages of each explained algorithm to come up with a robust and

device-friendly implementation for plane-to-plane homography estimation.



Chapter 6

Robust Target Matching Framework

The first step toward a typical framework for a real-time 2D/3D registration is to extract

stable features from a video frame. These features are then compared with those of a

reference target already extracted during an offline process, resulting in a set of putative

correspondences. In our implementation, we propose the FAST-9 feature detector [61]

and the BRIEF binary descriptor [12] for faster performance. These are used in a model

generation framework from view synthesis as described in Chapter 3. The typical scheme

used to implement such a system is illustrated in Figure 6.1.

Once an initial match set is available, the next step consists in real-time and robust

estimation of a global transformation that best explains these matches. This is commonly

achieved by using a RANSAC scheme based on a model hypothesize-and-verify loop in

which each iteration implies a model estimation step. This model is in our case a 2D

homographic relation and its parameters are evaluated using the Gaussian Elimination

algorithm by selecting a minimal set of correspondences. The proposed homography

estimation by Gaussian elimination algorithm has been designed for real-time planar

target matching on hand-held devices.

In practice, while establishing the set of detected matches, to some probability we

might select wrong matches (outliers). This wrong selection drastically induces inaccu-

rate pose estimation which results in overall performance degradation. To remove the

effect of outliers, a robust framework based on the RANSAC scheme is proposed to cope

with this uncertainty.

52
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Figure 6.1: Robust homography estimation framework

6.0.1 Homography estimation by Gaussian Elimination

In matching applications, robust estimation of a homography from a set of putative

matches is achieved based on the RANSAC algorithm. RANSAC randomly selects four

point correspondences from the match set and estimates a homography relation. By

repetitively estimating a homography from different random selection, the best homog-

raphy is identified as the one that is supported by the largest number of point correspon-

dences in the set.

Even if the SVD estimation from four point correspondences can be performed with a

relative efficiency, its repetitive computation can still impose a significant computational

load in the context of real-time estimation using low-power devices. This observation

leads us to consider simpler approaches to resolve the 4-point homography estimation

problem. In particular, we selected the well-known Gaussian Elimination scheme that

can be used to solve a 4-point non-homogeneous set of equations. Even if this approach

is known to be less numerically stable, we show here that in the context of target recog-

nition, stable and accurate solutions can still be obtained. As a starting point, once

again we consider the vector-form of homogeneous system of equations that is described

in section 4.2.1:  0T −xi
T Yixi

T

xi
T 0T −Xixi

T

−Yixi
T Xixi

T 0T

h = 0 (6.1)

Our implementation of the reduction to reduced-row-echelon form of the matrix is

summarized here. It assumes that the minimum configuration is used to estimate the

homography, that is 4 matches. If we take the matrix in 6.1 to be decomposed as (after
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appropriate row shuffling):

x0 y0 1 0 0 0 −x0X0 −y0X0 X0

x1 y1 1 0 0 0 −x1X1 −y1X1 X1

x2 y2 1 0 0 0 −x2X2 −y2X2 X2

x3 y3 1 0 0 0 −x3X3 −y3X3 X3

0 0 0 x0 y0 1 −x0Y0 −y0Y0 Y0

0 0 0 x1 y1 1 −x1Y1 −y1Y1 Y1

0 0 0 x2 y2 1 −x2Y2 −y2Y2 Y2

0 0 0 x3 y3 1 −x3Y3 −y3Y3 Y3


(6.2)

We notice here that the matrix is somewhat sparse, and what’s more, the top left 4×3

matrix minor is identical to the bottom middle 4×3 minor. This is of great help, since it

means that initially, the same operations will be applied to the top 4 rows and bottom 4

rows of the matrix. Even better, when 4-lane or 8-lane vector processing engines (such as

SSE, AVX, Altivec or NEON) are available, the loads of xi, Xi, yi and Yi, the multiplies

xX, xY , yX and yY and the row operations can be done in parallel.

In Appendix A, more detailed explanation toward finding the reduced-row-echelon

form of 6.1 is presented. After the reduction procedure, the right-most column of

the resulting matrix would contain elements of homography matrix. With this non-

homogeneous solution, poor estimation would be obtained if the element h22 should

actually have a value close to zero. Gaussian elimination is however numerically stable

for diagonally dominant or positive-definite matrices. For general matrices, Gaussian

elimination is usually considered to be stable, when using partial pivoting. [22] In prac-

tice, we observed reliable stability when the Z-component of the translation is significant

with respect to the X − Y ones; this is the common situation when a handheld device is

used for target recognition.

6.1 Robust Parameter Estimation

Once a hypothesis generated through the proposed Gaussian Elimination algorithm, it

is verified by evaluating its support using the complete correspondence set. The support

for each homography model is determined by counting the number of correspondences

whose reprojective error is lying within a specific threshold. As the Hamming distance

from BRIEF matching can be used as a measure of the quality of a match, we chose here

to use the PROSAC variant [15] in which samples are selected from the ordered set of
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correspondences based on their similarity score. As explained earlier, compared to the

typical RANSAC method, PROSAC greatly reduces the number of attempts for the best

support hypothesis, in the sense that it is more likely to choose outlier-free samples from

the subset of highest score correspondences.

Algorithm 3 summarizes our PROSAC implementation for a fast homography esti-

mation. The kMAX parameter defines the computational budget available for performing

recognition on a frame. It starts from a maximum acceptable value and can be decreased

based on the current estimate of the inliers’ rate.

Algorithm 3 Robust framework for H estimation

Require: Set of all detected matches UN and η0.

Sort the set of correspondences with respect to the similarity score.

Pre-compute χ2 approximate of Iminn∗ satisfying 6.4.

Initialize Ibest = 0, m = 4 and kMAX

for k = 0 to kMAX do

Select m non-degenerate pairs using the PROSAC non-uniform approach (see 6.1.3

for the degeneracy test).

H ← Generate a hypothesis by Gaussian Elimination approach 6.0.1.

Ik ← Evaluate the current hypothesis support.

if Ik < Ibest then

Ibest ← Ik

Update H with the hypothesis with the strongest support.

if Ik ≥ Iminn∗ then

Break out of the for loop.

end if

kMAX ← Apply the maximality constraint to update kMAX (see 5.4).

end if

end for

6.1.1 Termination criterion

Since the hypothesize-and-verify scheme is an iterative process, it has to be terminated

once a specific termination criterion is met. Although the non-uniform sampling prop-

erty of PROSAC speeds up the hypothesis convergence, applying standard maximality

constraint 5.4 under the assumption of uniform sampling results in a larger number of

samples drawn than what is actually required.
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The Non-randomness Constraint

Non-randomness constraint is a statistical significance test that guarantees the goodness

of a solution in a way that the probability of evaluating the points, which are consistent

with a good model, as outliers falls below a specific significance level (typically set to

5 − 10 percent). The probability distribution of evaluating i outliers out of n points

all consistent with the sought model abides by the binomial distribution. The binomial

distribution is denoted as follows.

Pn(i) = βi−m(1− β)n−i+m
(
n−m
i−m

)
(6.3)

In which β is the of probability of a random point evaluated as inlier given an incorrect

model. For each subset of the size n, we compute minimum number of inliers satisfying

non-randomness constraint whose accumulative p-value is less than a significance level

ψ.

Iminn = min{j :
n∑
i=j

Pn(i) < ψ} (6.4)

Thus, the PROSAC loop is terminated once the sampling subset size for a candidate

solution satisfies the maximality condition and

In ≥ Iminn∗ (6.5)

The Chi-squared Approximation

Although the non-randomness criterion accelerates the PROSAC algorithm by reducing

the required number of iterations, it still suffers from a heavy computational burden for

recursively computing binomial probabilities and optimizing for the stopping subset size

n∗. Considering the randomness of a solution as a null hypothesis H0, p-value determines

the significance of rejecting H0, given a specific level ψ. To this end, a Chi-squared χ2 test

can be used as a common statistical interpretation of p-value. So the larger observed χ2

corresponds to the lower p-value and thus stronger evidence against the null hypothesis.

Figure 6.2 shows a graphical illustration of normal and χ2 approximation to the binomial

probability density function.

From the central limit theorem, for sufficiently large n, equation 6.3 is approximately

a standard normal distribution with µ = nβ and σ2 = nβ(1− β) and thus a 1 degree of

freedom chi-squared distribution under the null hypothesis. Let χ2
ψ be the corresponding
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Figure 6.2: Left shows χ2 distribution with 1 degree of freedom. Right shows Binomial

PDF and normal approximation for n = 30 and β = 0.1. The red area under the curves

indicate p-value = 0.05 under H0

chi-squared value for the significance level of ψ, which is itself approximately normal

PDF, thus equation 6.4 reduces to the form

Imin = ceil
(
m+ nβ + χψ

√
nβ(1− β)

)
(6.6)

It will be shown in Chapter 7, that the Chi-squared approximation saves a big amount of

time by computing Iminn∗ only once prior to the PROSAC loop, yet exhibits nearly similar

accuracy to the standard non-randomness approach.

6.1.2 Model verification

For evaluating hypothesis support, note that the standard RANSAC model verification

step could have been further optimized by using quick hypothesis filtering strategies such

as the Td,d test or the Sequential Probability Ratio Test (SPRT) [16].

The Td,d Test

In the RANSAC process, we wish to minimize the number of samples that have to be

drawn in addition to the average time t required to validate each hypothesis. While

the early termination criterion is responsible for optimizing the number of hypotheses,

verification tests such as Td,d [14] are designed to minimize t (which is proportional to

the number of verified points). The Td,d verification algorithm is divided into two simple

steps. In the first step, a small portion of N data points are verified from a randomly



Robust Target Matching Framework 58

selected subset Ud ⊂ UN . The second step involves the verification of all remaining data

points, only if the first pre-test passes such that all d selected points are consistent with

the hypothesis.

It is proven in [14] that the optimal solution minimizing the average number of verified

points t, leads us to the T1,1 (d = 1) test. Considering the probabilities of drawing ‘good’

samples Pg and its complement 1 − Pg (drawing ‘bad’ samples), one can derive t as a

function of d:

t(d) = Pg(αN + (1− α)tα) + (1− Pg)(βN + (1− β)tβ) (6.7)

Equation 6.7 states that when a ‘good’ sample is provided, it yields the verification of

N points with the probability of α (that an uncontaminated point passes the pre-test).

Otherwise it requires tα points in average. Similarly when a ‘bad’ sample is provided,

N points have to be verified with the probability of β that a contaminated sample

successfully passes the pre-test. Else, averagely tβ points are verified.

Since the significance of the Td,d is mainly rooted in a quick rejection of contaminated

samples, it is prone to reject uncontaminated samples accordingly. Although this behav-

ior results in drawing more samples than the standard RANSAC, the performance gain

is noticeable while employing fast hypothesis generation approaches like the Gaussian

Elimination method.

The SPRT Test

The idea behind the Sequential Probability Ratio Test inspired from Wald’s theory [82]

is to conduct a statistical test on a smaller number of data points to take an earlier

decision on accepting or rejecting the generated model. The predominance of SPRT is

to optimize for verification time, yet maintaining reliability given probability bounds on

pairs of hypotheses namely Hg and Hb that state whether a model is ‘good’ or ‘bad’

respectively. The Wald’s likelihood ratio [82] to make such a decision is

λj =

j∏
r=1

p(xr|Hb)

p(xr|Hg)
(6.8)

In this conditional probabilities’ ratio, xr is 1 if rth data point is consistent with the

generated model, and 0 otherwise. In practice, p(1|Hg) (the probability of a random

point consistent with the model) is priori unknown and we approximate it with its

lower bound ε which is equal to the best inlier’s fraction found so far. In addition,
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the probability of a random point consistent with a degenerate model p(1|Hb) = δ is a

Bernoulli distributed probability function that can be estimated using average inliers’

fraction of the discarded model.

The time optimization of this statistical decision making algorithm highly depends

on an accepting threshold A. It means that the model is known as a degenerate model if

for a specific j, λj in 6.8 becomes greater than A. The authors of [16] found the optimal

solution for A by minimizing the time t = k(tM + mStv). Let k be the average number

of points to be verified and mS implies the average number of solutions found given a

minimal sample set. tm indicates the time needed to generate a model while tv is the

time to verify each sample.

6.1.3 The Degeneracy Test

According to the randomness of the RANSAC algorithm, a large fraction of hypotheses

may be generated from degenerate configurations of the points. By considering the time

needed for evaluation of each degenerate hypothesis against all correspondences, one can

improve efficiency by applying a cheap pre-filtering test prior to the model generation

stage.

In principle, to greatly speed up the pose estimation algorithm, it is preferable to

reject samples quickly rather than speed up the hypothesize-and-verify processes. In

[71], a pre-filtering test is proposed that prunes out degenerate samples by relying on

the rotational and positional consistency of correspondences. This pre-test that requires

local orientation of points, ensures the consistency of orientation differences between

the selected points in the query frame and the corresponding points in the reference

frame. Since in many practical cases, the orientation of participating points are not

provided, a Geometric Constraint is introduced in [46] to discard samples with degenerate

configurations. In the case of homography estimation, the selected samples inducing

a unique plane satisfy the geometric constraint only if the points in the query frame

do not violate a relative order of their correspondences in the reference frame. Let

S = {(a0, a1), (b0,b1), (c0, c1), (d0,d1)} be a set of four selected points, it is proven in

[46] that the relative ordering of three out of four points is held if and only if

sign
(
(a0 × b0)T · c0

)
= sign

(
(a1 × b1)T · c1

)
(6.9)

Where × and · are cross and dot product operators respectively. A Weak Constraint is

defined when the first three combination of points holds the equation 6.9 while a Strong

Constraint ensures the relative ordering of all possible subsets from S.
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6.2 The Model Refinement

In the previous sections we investigated a robust approach to estimate homography pa-

rameters and came up with a unified framework as a combination of different approaches.

However even with all improvements we have achieved so far, there is still an issue left as

a drawback of such a framework. As the hypothesized model is generated using a minimal

set of noisy correspondences, the preferred approach may be unable to return a globally

optimal solution due to unaccounted noise in RANSAC-style procedures. Furthermore,

giving a minimal set of all-inlier correspondences as an asset for generating a model to

be in agreement with all inliers necessitates a large number of RANSAC iterations.

As a solution, a refinement stage can be employed to refine each synthesized model

to more precisely explain all available noisy inliers.

6.2.1 Robust M-estimator

The pose refinement can also be seen from the viewpoint of a non-linear minimization

problem in which the model with the strongest support is considered as an initial guess

for numerically solving this problem. The refined model’s parameters are found by

minimizing the sum of reprojective distance of residuals such that

P (θ) = arg min
θ

∑
i

d2(x̂iθ − xi) (6.10)

Non-linear minimization problems with non-linear cost function ρ(.) are often solved

by iterative algorithms such as Gauss-Newton or Levenberg-Marquardt where ρ(θi+∆i)

is linearized by its first order approximation as ρ(θi) + J∆i. J indicates the Jacobian

matrix of ρ. In the Gauss-Newton method, at each iteration i, the vector of parameters

θi is changed with the gradient of ρ but in the opposite direction.

θi = θi−1 + ∆i−1 (6.11)

by denoting vector of residuals as r,

∆i−1 = −(JTJ)
−1

JTri−1 (6.12)

Since the sum of squared residuals is highly sensitive to a single outlier, a more robust

algorithm to outliers is called M-estimator that employs different cost functions to reduce

the effect of outliers as much as possible. To this end, Huber (1981) [30] and Beaton and
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Tukey (1974) [9] introduced two popular robust functions for re-weighting residuals. By

defining a weight matrix W = diag(w1, w2, ..., wn), the equation 6.12 is changed to

∆i−1 = −(JTWJ)
−1

JTWri−1 (6.13)

The Huber and Tukey’s bi-weight functions are both quadratic when the residuals

are close to zero. The Huber’s function ρHuber linearly penalizes residuals greater than a

constant value c while Tukey’s function ρTukey more suppressively treats outliers by giving

them a constant penalty. Equations 6.14 and 6.15 express cost and weight functions of

Huber and Tukey methods respectively.

ρHuber(x) =

 x2/2 if |x| ≤ c

c(|x| − k/2) if |x| > c
wHuber(x) =

 1 if |x| ≤ c

k/|x| if |x| > c
(6.14)

ρTukey(x) =

 c2/6
(

1−
(
1− (x/c)2))3

if |x| ≤ c

c2/6 if |x| > c
wTukey(x) =


(
1− (x/c)2)2

if |x| ≤ c

0 if |x| > c
(6.15)

It is worth to note that although Tukey’s cost function is not a convex function, it

is less likely to get stuck to local minima since the initial estimate given by RANSAC

process is close enough to the global minimum. Figure 6.3 illustrates cost and weight

functions of Huber and Tukey as well as a quadratic least-square function.
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Figure 6.3: a)Huber and Tukey’s robust cost functions. b) Huber and Tukey’s robust

weight functions.
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6.3 Conclusion

In this chapter, we proposed a fast framework for robust homography estimation that

can efficiently run under resource-constrained platforms. This framework profits from

the non-uniform sampling approach of PROSAC and approximates the non-randomness

stopping criterion using the χ2 statistic test. The verification stage comprises of the

Sequential Probability Ratio Test to accelerate the overall performance. The whole

process is significantly improved by employing an effective refinement level based on the

M-estimator method. Our proposed framework that can be further extended for even

broader range of fitting problems is an ideal choice for low-powered devices with limited

resource.

Since the estimation step is repeated many times through the hypothesize-and-verify

scheme, we presented an algebraic solution for plane-to-plane homography estimation

relying on the well-known Gaussian Elimination algorithm. Moreover, complementary

results to this chapter are presented in Chapter 7, which shows that this simplified

approach significantly reduces the computational load for a real-time implementation.

Additionally, we will show from experimentation that the homographies obtained using

our optimized GE implementation have an accuracy comparable to the ones obtained by

the more conventional SVD solution.



Chapter 7

Experimental Results

7.1 Experimentation

This section presents experimental results showing the performance of our robust pose

estimation framework. The homography estimation framework described in Chapter 6

is entirely written in C/C++ using OpenCV library which is a well known and open

source computer vision library. Our cross platform implementation has been also ported

to an Android device. For porting the application to Android OS, we used Java Native

Interface (JNI) and Native Development Kit (NDT) that compiles native C++ code

under Java virtual machine. Through our experimentation we observed that the frame

rate of the recognition process runs at around 40 FPS on a smart-phone with Quad

core 1.4 GHz Cortex-A9 processor and at 80 FPS on a PC equipped with a 2.26 GHz

processor. Figure 7.1 illustrates a screen-shot of the application on a Samsung Galaxy

SIII device.

We assessed the reliability and accuracy of the homography estimation itself as well

as the resulting recognition rate and efficiency when used in the context of planar target

recognition.

7.1.1 Homography Estimation Performance

In order to validate our homography estimation algorithm, we used the test set proposed

in [56] to benchmark the USAC framework. We produced the same performance tables

as in [56] in which a homography is estimated using different image pairs. The matches

are provided in different level of contamination allowing better evaluation of robustness

to the outliers. We conducted comprehensive experiments and analyzed the result for

63
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Figure 7.1: AR application based on our optimized homography estimation framework.

each step of the robust estimation process.

By referring to Table 7.1, the first column shows the performance we obtained us-

ing the standard USAC 1.0 framework. In the second column, we simply replaced the

USAC SVD estimation by our Gaussian Elimination (GE) implementation. Very similar

performances are obtained which demonstrate that GE estimation is also able to provide

accurate estimates. The computational timings are also similar and this is explained by

the fact that under the full USAC framework, the homography estimation stage does not

represent a significant portion of the total computation. We therefore ran a new set of

experiments in which we removed the more costly local optimization and symmetrical

re-projection error steps. The error values indicate that removing symmetrical error cost

does not noticeably degrade the overall performance. Moreover, too high accuracy is

not required in the context of augmented reality application. In such a case, the benefit

of using GE in the estimation of the homography becomes apparent (compared to the

third column SVD results, fourth column GE results are 2 to 5 times faster). Finally,

the last column shows the performance of our PROSAC implementation based on GE

estimation of the homography. It is clear that the proposed approach massively speeds

up execution time by decreasing the number of samples drawn and models generated.

The values corresponding to the number of verifications per model show the fact that

although these values have been increased in the last column, corresponding execution

times are overally improved by the lower models generated. It is worth to mention that

numbers following (±) sign are standard variation values. Note that for the timing and
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USAC 1.0 USAC GE
USAC SVD (No

LO)

USAC GE (No

LO)

our PROSAC

GE

A: ε = 0.46,

N = 2540

I 1147.6± 0.1 1147.7± 0.1 1074.4± 9.1 1017.2± 10.1 969.6± 10.2

K 4.8± 0 5.9± 0.1 7.8± 0.1 9.1± 0.2 8.4± 0.2

K rej 0.0± 0.0 0.0± 0.0 0.0± 0.0 0.0± 0.0 0.0± 0.0

models 4.8± 0 5.9± 0.1 7.8± 0.1 9.1± 0.2 8.4± 0.1

VPM 755.6± 15.6 667± 16.4 1021.6± 16.6 869.3± 16.1 1193.5± 14.8

error 1.27 1.27 1.18 2.22 2.27

time(ms) 24.78 24.4 0.4494 0.3477 0.0810

B: ε = 0.15,

N = 514
I 68.1± 0.0 68.0± 0.0 67.7± 0.5 61.5± 0.9 64.3± 0.4

K 925± 316 14557± 3676 57.0± 11.9 165.7± 23.0 13.6± 0.4

K rej 711.2± 263.8 12446.8± 3226 35.2± 10.2 128.0± 19.7 3.0± 0.1

models 214.1± 53.7 2104.8± 451.3 21.8± 1.8 36.4± 3.3 10.6± 0.3

VPM 49± 1.4 42.4± 2.3 29.6± 2.1 100.4± 3.6 294.3± 3.6

error 0.87 0.87 2.08 2.35 2.38

time(ms) 4.93 3.78 0.2873 0.07323 0.02511

C: ε = 0.23,

N = 1317
I 301.0± 0.0 300.56± 0.3 211.4± 1.2 210.9± 1.3 202.9± 1.4

K 4.8± 0.1 7.5± 0.3 4.7± 0.1 6.3± 0.2 5.0± 0.1

K rej 0.3± 0.0 0.5± 0.0 0.3± 0.0 0.4± 0.1 2.3± 0.0

models 4.5± 0.1 4.9± 0.3 4.4± 0.1 3.9± 0.2 2.7± 0.1

VPM 372.6± 4.5 593.5± 17.5 435.1± 6.6 694.9± 16.8 1215.7± 7.8

error 0.80 0.8 0.98 1.42 1.35

time(ms) 6.33 6.3 0.1127 0.07363 0.03406

D: ε = 0.34,

N = 495
I 146.2± 0.1 146.3± 0.1 137.0± 1.0 139.6± 1.1 136.7± 1.2

K 14.0± 0.4 16± 0.5 5.1± 0.1 5.8± 0.1 5.5± 0.1

K rej 3.7± 0.1 4.2± 0.2 1.9± 0.0 2.0± 0.0 2.7± 0.0

models 10.3± 0.3 10.8± 0.4 3.2± 0.1 3.0± 0.1 2.8± 0.1

VPM 103.4± 2.3 111.4± 3.4 307.3± 5.4 342.1± 5.9 482.4± 1.5

error 1.16 1.16 5.72 5.70 5.87

time(ms) 2.73 2.68 0.07764 0.04241 0.016903

Table 7.1: Performance result of Homography estimation as in [56]. (I) is the number

of inliers found. (K) and (K rej) are the number of samples drawn and the number of

samples rejected by the degeneracy test. (models) is the number of total hypotheses,

(VPM) the number of verification per model. The symmetrical reprojection (error) is

measured w.r.t. the ground truth. (time) indicates the execution time per frame in ms.

Note that all reported results are averaged over a total of 500 runs.

error quantities, corresponding standard variations are omitted due to their trivial value

close to zero.
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(a) Map (b) Book (c) Adv (d) Football

Figure 7.2: Homography estimation for one frame of each of our test videos.

Accuracy and Recognition Rate

In order to assess the performance of our optimized framework in the context of planar

target recognition, we captured four sets of image sequences for four different types

of targets, with each sequence comprising of around 250 to 300 frames1. The image

sequences were captured using an LG Optimus 2X smartphone camera with a resolution

of 480 × 480. The camera was rotated by approximately 45◦ in all directions (i.e. 45◦

in- and out-of-plane rotation). The scale of the target varies from full resolution (where

the target fully occupies the frame) to about one third the image size. A majority of the

images suffer from perspective distortions and severe motion blur in some cases. The

process of generating the ground truth involves identifying four corners of the target in

each frame of sequences. These locations were obtained by applying an expensive SIFT

matching step followed by manual corrections made by humans.

The matching scheme based on BRIEF described in Chapter 2 was used to match

the target features with the ones detected in each frame of the test sequences. Each

matching set thus obtained is then fed to our PROSAC estimator in order to obtain a

putative homography. The same experiment was repeated for the different homography

estimation methods, all of them using the same initial match sets.

Table 7.2 shows the number of matches in the initial set and the number of matches in

the final set with best support as found by PROSAC. We report these results for the SVD

solution (as implemented in OpenCV) and for our Gaussian Elimination implementation.

The recognition rate is determined by analyzing the maximum error between the

estimated target corner locations to the corresponding ground truth corner location.

1Available online at www.eecs.uottawa.ca/∼laganier/projects/mobilevision
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Target Total

matches

Total Inliers Iterations Recognition rate(%)

GE SVD GE SVD GE SVD

Book 169.0± 33.1 67.1± 41.3 61.0± 34.7 756.0±710.6 772.0±722.5 48.82 45.40

Map 75.3± 18.7 38.1± 17.2 38.6± 17.3 317.4±546.8 299.4±526.3 72.24 74.75

Football 232.7± 41.9 82.2± 44.8 79.8± 40.8 747.9±723.7 742.2±717.4 84.58 79.06

Adv 200.8± 52.8 74.8± 41.0 83.0± 39.6 693.1±726.8 604.1±661.0 88.09 90.49

Average 175.6± 65.6 67.5± 41.6 67.3± 38.9 658.8±709.7 635.4±694.0 73.44 72.56

Table 7.2: Average number of total matches, inliers, required iterations and recognition

rate are shown for the four targets with both GE and SVD method

This error, given in pixels, is obtained as follows:

Ei(C̃) = max
j
‖Hip̂j − p̃ij‖, 1 ≤ j ≤ 4 , (7.1)

where Hi is the estimated homography at frame i, p̂j is the coordinate of target corner

j in the reference frame and p̃ij is the manually obtained location of corner j in frame i.
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Figure 7.3: Recognition rate for each test sequence, reported as the percentages of frames

with maximal positional error less than 10 pixels.

If we consider that a target is successfully detected if E(C̃) ≤ 10 pixels, we then obtain

a recognition rate of 72.56% for SVD and 73.44% for Gaussian Elimination averaged over

four test sequences (last column of Table 7.2). Here we empirically chose 10 pixels to

provide a representative measure of recognition rate to compare the two algorithms (the

exact value is not crucial). Individual results corresponding to each row of Table 7.2 are

plotted in Figure 7.3.

To illustrate the behavior of the two tested homography estimation methods, we show

in Figure 7.4 the evolution of the maximal positional error (reported every 5 frames) for

one of the test sequences. As it can be seen, except for one large error made by Gaussian

Elimination, both estimation scheme exhibits very similar behavior.
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Figure 7.4: Maximum positional error of the four sequences reported every 5 frames.

7.1.2 Target Recognition Performance

Computational Efficiency

We report in this section the global computational efficiency of different homography es-

timation methods in the context of robust target recognition. Speed is here measured in

count of instruction fetches. For completeness, we evaluate the performance of different

methods under different contexts; the results are shown in Figure 7.5. First, we mea-

sured the speed of the OpenCV cv::findHomography function (version 2.4) under the

RANSAC mode. We also built our own implementation of the RANSAC scheme inside

which we used the OpenCV 2.4 SVD function. We then integrated the same OpenCV

2.4 function under our PROSAC implementation. We also tested the DEGSVD func-

tion from the LAPACK package. We also tested a publicly available but non-optimized
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Gaussian Elimination implementation 2. Finally, the last results shown in Figure 7.5 is

the one obtained from our proposed optimized Gaussian Elimination scheme. For a de-

vice equipped with a 2.26GHz CPU, a 30fps detection rate corresponds to a maximum

number of about 75 millions of cycles.
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Figure 7.5: Per-frame average instruction fetch count for each H-estimator

We have also compared the speed of our homography estimation with available results

as reported in [46]. In Figure 7.6, several estimates of homography, shown by red boxes,

are depicted for a sequence of data as used in [46]. On the basis of our results, the run-

time for homography estimation is on the order of 5 milliseconds for the approach used

in[46], while our optimized framework performs nearly 25x faster on average. Figure 7.7

visualizes the corresponding per-frame numbers for putative matches, inliers’s fraction

and processing time.

2https://github.com/camilosw/ofxVideoMapping
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Figure 7.6: Result of homography estimates (shown in red) for the sequence of images

as used in [46].

Performance Results of the Model Verification

To compare the performance of the verification stage, we repeated the previous test

for different verification methods (see Table 7.3). The GE approach that revealed the

best performance in the previous test is also used in the new test for the homography

estimation. The results of the first and the third columns show that the number of

verifications per model (VPM) is considerably decreased from the standard approach to

the verification approach based on T1,1. But because the number of generated models

in is slightly larger than the standard verification approach, the USAC framework with

T1,1 does not achieve a significant speed gain. The same reasoning applies to PROSAC

with the standard and T1,1 verifications. The only difference is that our highly optimized

PROSAC framework performs 2-4 times faster than the USAC framework. The last two

columns of the table indicate that the verification based on SPRT speeds up the process

by a factor of 5 to 10 compared with the standard verification approach. Additionally,

SPRT returns more inliers in a smaller number of hypotheses compared with the T1,1

test.

Influence of Termination Criteria

As we pointed out earlier, the stopping condition for the iterative hypothesize-and-verify

scheme has a significant effect on the speed of the process. The fitness of the sought model

also depends on the stopping condition. According to the semi-random sampling strategy

of the PROSAC scheme, we altered the maximality termination criterion by imposing
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Figure 7.7: Shows number of extracted matches, inlier’s proportion(Total inliers vs. total

matches) and homography estimation time(ms) for each frame related to Figure (7.6)

experiment.

a non-randomness constraint that yields a faster convergence. To carry out a thorough

evaluation, we compared our proposed methods with an intuitive termination condition

proposed in [71]. This condition determines if the ratio between good inliers (within

2px) to close inliers (within 15px) is above a predefined threshold (set to 0.65-0.75).

The corresponding results are tabulated in Table 7.4. It can be seen that the number of

samples drawn in column 1 with the maximality constraint is significantly larger than the

ratio and non-randomness constraints (column 2-5). As a consequence, execution times
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USAC

STD Verif

PROSAC

STD Verif
USAC T1,1 PROSAC T1,1 USAC SPRT

PROSAC

SPRT

A: ε = 0.46,

N = 2540

I 1015.7± 10.0 957.5± 10.4 986.7± 11.2 973.9± 12.1 1017.2± 10.1 969.6± 10.2

K 8.8± 0.2 8.5± 0.2 14.2± 0.4 15.3± 0.4 9.1± 0.2 8.4± 0.2

K rej 0.0± 0.0 0.0± 0.0 0.1± 0.0 0.1± 0.0 0.0± 0.0 0.0± 0.0

models 8.8± 0.2 8.5± 0.2 14.1± 0.4 15.2± 0.4 9.1± 0.2 8.4± 0.2

VPM 2540± 0 2540± 0 488.3± 15.5 371.9± 9.0 869.3± 16.1 1193.5± 14.8

error 2.23 2.63 2.31 1.13± 0.0 2.22 2.27

time(ms) 0.70 0.117412 0.232 0.070258 0.3477 0.08103

B: ε = 0.15,

N = 514
I 58.1± 0.5 72.8± 0.1 47.1± 1.0 39.0± 1.5 61.5± 0.9 64.3± 0.4

K 11.1± 0.1 69.74± 13.1 348.0± 31.4 411.2± 42.4 165.7± 23.0 13.6± 0.4

K rej 1.5± 0.0 44.824± 11.2 276.0± 26.9 361.1± 36.5 128.0± 19.7 3.0± 0.1

models 8.3± 0.2 24.916± 1.9 70.5± 4.5 97.1± 5.9 36.4± 3.3 10.6± 0.3

VPM 514± 0 514± 0 44.2± 2.3 51.1± 1.4 100.4± 3.6 294.3± 3.6

error 2.45 2.50 2.80 3.87 2.35 2.4

time(ms) 0.12 0.05374 0.073427 0.080152 0.07323 0.025110

C: ε = 0.23,

N = 1317
I 205.9± 1.3 204.5± 1.2 192.1± 2.0 206.9± 1.5 210.9± 1.3 202.9± 1.4

K 4.9± 0.1 4.6± 0.1 20.4± 1.3 30.7± 4.5 6.3± 0.2 5.0± 0.1

K rej 0.3± 0.0 2.3± 0.1 2.2± 0.5 9.6± 2.4 0.4± 0.1 2.3± 0.1

models 2.7± 0.1 2.4± 0.1 15.4± 0.8 21.1± 2.1 3.9± 0.2 2.7± 0.1

VPM 1317 1317± 0 295.9± 14.6 300.8± 14.4 694.9± 16.8 1215.7± 7.8

error 1.41 1.30 1.53 1.57 1.42 1.35

time(ms) 0.12 0.03927 0.070015 0.038238 0.07363 0.034061

D: ε = 0.34,

N = 495
I 138.0± 1.0 138.1± 1.1 142.5± 1.4 136.7± 1.2 139.6± 1.1 136.7± 1.2

K 5.8± 0.1 5.7± 0.1 10.1± 0.3 5.5± 0.1 5.8± 0.1 5.5± 0.1

K rej 2.0± 0.1 2.7± 0.0 2.7± 0.1 2.7± 0.0 2.0± 0.0 2.7± 0.0

models 3.0± 0.1 2.9± 0.1 6.5± 0.2 2.8± 0.1 3.0± 0.1 2.8± 0.1

VPM 495 495± 0 159.9± 5.7 482.4± 1.5 342.1± 5.9 482.4± 1.5

error 5.72 5.74 5.40 5.87 5.70 5.87

time(ms) 0.05 0.01957 0.030765 0.016903 0.04241 0.016903

Table 7.3: Performance result of Homography estimation for different verification meth-

ods

for the ratio and non-randomness constraints have been speeded up ranging between 3x-

30x. Comparing the results of column 2 and 3 with column 1, indicates that termination

criteria based on the ratio test require much fewer samples have to be drawn. However,

the number of generated models are still noticeably larger than the non-randomness

approaches. This is due to the fact that, there is no statistical analysis behind the ratio

test regarding the goodness of models. Indeed, the aim of adding ratio tests to Table

7.4 is to provide another early termination criterion as a reference to better evaluate

non-randomness constraint. It can also be concluded that the criterion based on χ2
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approximation performs quantitatively similar to the non-randomness one in the sense

of produced errors.

PROSAC

Maximality

PROSAC

Ratio= 0.65

PROSAC

Ratio= 0.75

PROSAC Non-

randomness
PROSAC χ2

A: ε = 0.46,

N = 2540

I 1326.4± 2.4 1241.7± 3.5 1314.6± 2.3 969.6± 10.2 967.2± 10.4

K 62.7± 0.6 17.7± 0.7 36.8± 1.3 8.4± 0.2 8.7± 0.2

K rej 0.9± 0.0 0.1± 0.0 0.5± 0.0 0.0± 0.0 0.0± 0.0

models 61.8± 0.5 17.6± 0.7 37.2± 1.3 8.4± 0.2 8.7± 0.2

VPM 741.7± 5.6 1138.5± 14.3 970.2± 13.9 1193.5± 14.8 1192.7± 14.5

error 2.06 2.11 2.00 2.27 2.66

time(ms) 0.16379 0.09050 0.13150 0.08103 0.05638

B: ε = 0.15,

N = 514

I 74.1± 0.2 65.4± 0.3 70.4± 0.2 64.3± 0.4 72.5± 0.2

K 2000± 0 21.8± 5.6 42.7± 9.8 13.6± 0.4 107.2± 17.8

K rej 1698.93± 0.7 10.3± 4.8 25.5± 8.3 3.0± 0.1 77.0± 15.2

models 301.1± 0.7 12.4± 0.9 18.3± 1.5 10.6± 0.3 30.3± 2.6

VPM 49.7± 0.2 289.4 281.1± 3.5 294.3± 3.6 267.0± 3.6

error 1.94 2.38 2.29 2.4 3.11

time(ms) 0.2250 0.02552 0.03190 0.025110 0.036557

C: ε = 0.23,

N = 1317

I 296.1± 0.4 272.9± 0.6 295.4± 0.4 202.9± 1.4 202.6± 1.1

K 1773.7± 5.6 54.7± 6.3 708.5± 34.8 5.0± 0.1 4.6± 0.1

K rej 1049.7± 3.8 19.1± 3.6 393.7± 21.4 2.3± 0.1 2.1± 0.1

models 723.9± 2.1 36.6± 2.8 315.6± 13.4 2.7± 0.1 2.4± 0.1

VPM 119.6± 0.5 890.7± 12.6 381.4± 10.8 1215.7± 7.8 1244.9± 6.5

error 1.40 1.51 1.40 1.35 1.28

time(ms) 0.4878 0.093214 0.32967 0.034061 0.018477

D: ε = 0.34,

N = 495

I 179.7± 0.0 149.5± 0.8 160.1± 0.6 138.4± 1.1 138.4± 1.1

K 263.8± 0.1 5.3± 0.1 6.8± 0.2 5.5± 0.1 5.5± 0.1

K rej 140.2± 0.3 2.8± 0.1 3.1± 0.1 2.7± 0.0 2.7± 0.0

models 123.6± 0.3 3.5± 0.1 4.6± 0.1 2.7± 0.1 2.7± 0.1

VPM 259.2± 0.8 477.2± 1.7 460.2± 2.4 484.3± 1.4 483.9± 1.4

error 3.58 5.50 5.10 5.89 5.9

time(ms) 0.1343 0.015431 0.017222 0.76780 0.011761

Table 7.4: Performance result of Homography estimation for different stopping criteria
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Maximality Non-randomness Chi-squared Ratio test

Inliers 43.56 38.6 39.3 31.2

Models 160.8 70.4 72.2 111.5

Recognition rate(%) 46.2 34.91 34.81 21.03

Error(pixel) 10.50± 16.96 11.92± 10.74 10.81± 8.38 14.61± 46.19

Time(ms) 0.1064 0.15731 0.06488 0.08144

Table 7.5: Performance results of the four sequences with different stopping criteria.

Non-randomness vs. Chi-squared Approximation

We have demonstrated in Table 7.4 the effect of different stopping conditions for still

images. However, in the case of target recognition in a live video, the difference between

computational timing of the non-randomness and Chi-squared approaches becomes sig-

nificant. Therefore, we repeated the homography estimation test for one of the sequences

of Figure 7.2. Table 7.5 shows, for each algorithm explained in section 7.1.2, the number

of inliers, the number of generated models, maximum positional error (in pixels) and the

run-time (all reported on average). Except for the ratio test, a very similar accuracy is

obtained for the rest of algorithms. Despite the significant reduction in the number of

hypothesized models for the non-randomness algorithm, it exhibits a higher execution

time. This additional computational cost can be explained according to the recursive

process, needed for computing binomial probabilities and optimal value of n∗ (the min-

imum subset size satisfying 6.5). Therefore, the Chi-squared approximation saves a big

amount of time by computing n∗ only once in prior to the PROSAC loop.
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Figure 7.8: Maximal positional error(px) for the homography estimation with different

stopping criteria

Figure 7.8 illustrates the the maximal positional error associated with each frame as

a measure of accuracy for each algorithm. Although, a very similar range of errors is ob-

tained, the non-randomness and χ2 approaches exhibit better performances by reducing

the peaks induced by the maximality and ratio test approaches. This closely corresponds

to the standard deviation values reported in Table 7.5.

For different stopping criteria, we also evaluated a per-frame execution time that is

illustrated for each frame in Figure 7.9. The first plot shows the computational timings

for all aforementioned algorithms. It is evident from the second and the third plots that

the χ2 algorithm performs faster than the maximality and non-randomness algorithms.

It can also be seen from the results that except for the non-randomness algorithm, other

stopping conditions do not bring noticeable overhead to the PROSAC loop.
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Figure 7.9: Execution time for the homography estimation with different stopping crite-

ria.



Chapter 8

Conclusion

In this thesis, fundamental steps toward a real-time object recognition framework are

investigated that yield a reliable Augmented Reality application. The resultant frame-

work has been designed to reliably detect a certain object at high frame rate on mobile

platforms. In addition, the position and heading of the object can be recovered through

a generic pose estimation algorithm which can be readily employed for other pose models

with higher degrees of freedom. The main advantages of our proposed algorithm over

other commonly used algorithms, stems from its robustness to high level of uncertainties

and the speed of the overall process.

As a consequence of this work, individual developments made in isolation by other

researchers are here considered together that gives the reader a broader insight about the

conception of object recognition. A hierarchical structure for feature-based detection has

been introduced that underlines the importance of feature extraction techniques to boost

the performance of the detection. We have also highlighted an offline training strategy

that alleviates the computational burden at run-time while preserving the robustness of

the algorithm.

As a key element of the recognition framework, we have explored the problem of

geometric model parameterization by accounting for real-time constraints. Therefore, we

discovered a novel approach for homography estimation that is based on the Gaussian

Elimination algorithm. Relying on the results of the thesis, our proposed approach is

by far the fastest approach with an accuracy acceptable for posing an augmented reality

application.

In this research we have demonstrated that an accurate pose model can be retrieved

through a robust parameter estimation scheme based on the RANSAC strategy. We
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comprehensively investigated several robust estimation algorithms and analyzed their

limitations and advantages in the context of homography estimation. By considering the

processing capabilities of modern CPUs, we realized that methods that can be optimized

for throughput with streaming SIMD extensions are strongly preferred. So we came

up with a highly optimized framework that leverages state-of-the-art algorithms for the

robust pose estimation. During this optimization, we have been able to provide theoret-

ical explanations for unexpected behaviors of the process that perhaps only appear in

practical implementations. Faster execution time while achieving higher number of ver-

ifications, complementary behavior of hypothesize-and-verify scheme to compensate the

numerical instability induced by Gaussian Elimination approach and provided analysis

behind the χ2 algorithm are some of these theoretical explanations.

8.1 Future Works

Augmented reality is still under progressive stage and focuses on more compact tech-

nologies such as wearable and hand-held devices which are expected to be commonly

used in not so distant future. These technologies are not usually brought with powerful

processors. In turn, they are equipped with additional components such as IMU, GPS,

accelerometers and Gyro sensors that can be come into play for further development of

purely vision-based algorithms. For instance, the advantages of vision-based pose esti-

mation algorithms have root in their accuracy and reliability. On the other hand, IMU

sensors provide higher frame rate information but at a lower precision compared with

visual data. This would be a reason for future investigation of multi-sensory approaches

based on the fusion of IMU readings with visual data (aka IMU-vision fusion). Thus, for

faster pose estimation without loss of precision, a Kalman filtering technique can be used

to provide more accurate estimates at the same rate as IMU readings that are corrected

with visual information.

However fairly good performances are achieved by the current feature-based algo-

rithm, there are still serious obstacles toward an impeccable object recognition applica-

tion. Motion blur can be considered as one of the obstacles that makes stable features

almost untraceable. One possible solution for handling the motion blur would be to ex-

ploit tracking algorithms when the detection part is unable to tolerate the motion blur.

As a consequence of switching between tracking and detection, the user may probably ex-

perience undesired augmentation that warrants future researches. Dealing with slightly

textured or deformable objects is another obstacle toward reliable tracking of the object.
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So a potential solution for these limitations worth exploring in the future would comprise

of tracking and patch-wise matching algorithms.

Another interesting extension of this work may be further development of the pro-

posed Gaussian Elimination algorithm for higher-constrained geometric transformation

such as fundamental matrix and essential matrix. These extensions would enable us

to massively accelerate some expensive processes including 3D reconstruction, auto-

calibration and so on. It is worth noting that numerical stability analysis of such al-

gorithms has a significant effect on the overall performance.



Appendix A

Homography Estimation by

Gaussian Elimination

This appendix represents implementation of the reduction to reduced-row-echelon form

of the following matrix as explained in section 6.0.1.

x0 y0 1 0 0 0 −x0X0 −y0X0 X0

x1 y1 1 0 0 0 −x1X1 −y1X1 X1

x2 y2 1 0 0 0 −x2X2 −y2X2 X2

x3 y3 1 0 0 0 −x3X3 −y3X3 X3

0 0 0 x0 y0 1 −x0Y0 −y0Y0 Y0

0 0 0 x1 y1 1 −x1Y1 −y1Y1 Y1

0 0 0 x2 y2 1 −x2Y2 −y2Y2 Y2

0 0 0 x3 y3 1 −x3Y3 −y3Y3 Y3


(A.1)

We now subtract rows 2 and 6 from the rows 0, 1, 3 and 4, 5, 7 respectively, thus elim-

inating almost all 1’s in column 2 and 5. Since we choose not to scale the rows containing

said 1’s, they will remain unaffected throughout the remainder of the computation and

therefore no storage needs to be reserved for them.
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∼



x0 − x2 y0 − y2 0 0 0 0 x2X2 − x0X0 y2X2 − y0X0 X0 −X2

x1 − x2 y1 − y2 0 0 0 0 x2X2 − x1X1 y2X2 − y1X1 X1 −X2

x2 y2 1 0 0 0 −x2X2 −y2X2 X2

x3 − x2 y3 − y2 0 0 0 0 x2X2 − x3X3 y2X2 − y3X3 X3 −X2

0 0 0 x0 − x2 y0 − y2 0 x2Y2 − x0Y0 y2Y2 − y0Y0 Y0 − Y2

0 0 0 x1 − x2 y1 − y2 0 x2Y2 − x1Y1 y2Y2 − y1Y1 Y1 − Y2

0 0 0 x2 y2 1 −x2Y2 −y2Y2 Y2

0 0 0 x3 − x2 y3 − y2 0 x2Y2 − x3Y3 y2Y2 − y3Y3 Y3 − Y2


(A.2)

We note here that at this stage, of the 72 potential floating-point values in the matrix,

only 32 (excluding the two remaining 1’s) are distinct and non-zero. This neatly fits in

half of a vector register file with 16 4-lane registers, a common configuration in most

modern architectures.

For brevity, after this point only the row operations are given. They were designed

to delay the use of reciprocals as long as possible. And the first part is duplicated on

both top and bottom half.

First we eliminate column 0 of rows 1 and 3:

~R1 = r0,x ∗ ~R1 − r1,x ∗ ~R0, idem on ~R5

~R3 = r0,x ∗ ~R3 − r3,x ∗ ~R0, idem on ~R7

We eliminate column 1 of rows 0 and 3.

~R0 = r1,y ∗ ~R0 − r0,y ∗ ~R1, idem on ~R4

~R3 = r1,y ∗ ~R3 − r3,y ∗ ~R1, idem on ~R7

We eliminate columns 0 and 1 of row 2.

~R0 =
1

r0,x

∗ ~R0, idem on ~R4

~R1 =
1

r1,y

∗ ~R1, idem on ~R5

~R2 = ~R2 − (r2,x ∗ ~R0 + r2,y ∗ ~R1), idem on ~R6

Columns 0-5 of rows 3 and 7 are zero, and the matrix now resembles this:
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

1 0 a06 a07 a08

. . . a16 a17 a18

1 0 a26 a27 a28

0 0 a36 a37 a38

0 1 a46 a47 a48

. . . a56 a57 a58

1 a66 a67 a68

0 0 a76 a77 a78


(A.3)

Let’s now cease treating the matrix as two independent 4×9 halves and now consider

the rightmost three columns as one 8 × 3 matrix. We use the barren rows 3 and 7 to

eliminate columns 6 and 7, thus:

First, we normalize row 7.

~R7 =
1

r76

∗ ~R7

We eliminate column 6 of rows 0 through 6.

~R0 = ~R0 − r06 ∗ ~R7
~R1 = ~R1 − r16 ∗ ~R7

~R2 = ~R2 − r26 ∗ ~R7

~R3 = ~R3 − r36 ∗ ~R7
~R4 = ~R4 − r46 ∗ ~R7

~R5 = ~R5 − r56 ∗ ~R7

~R6 = ~R6 − r66 ∗ ~R7

We normalize row 3.

~R3 = 1
r37
∗ ~R3

We eliminate column 7 of rows 0 through 2 and 4 through 6.

~R0 = ~R0 − r07 ∗ ~R3
~R1 = ~R1 − r17 ∗ ~R3

~R2 = ~R2 − r27 ∗ ~R3

~R4 = ~R4 − r47 ∗ ~R3
~R5 = ~R5 − r57 ∗ ~R3

~R6 = ~R6 − r67 ∗ ~R3

The last column of the matrix now contains the homography, normalized by setting

h22 = 1 :
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∼



1 h00

. . . h01

1 0 h02

0 0 1 h21

0 1 h10

. . . h11

1 h12

0 0 1 h20


→

 h00 h01 h02

h10 h11 h12

h20 h21 1

 (A.4)
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