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Abstract

The Hochschild-Kostant-Rosenberg theorem, which relates the Hochschild homology
of an algebra to its modules of differential n-forms, can be considered a benchmark for
smoothness of an algebra. This notion is used here in the search for a conception of
smoothness formulated in the context of codifferential categories, both commutative
and noncommutative. Since it is desirable to adapt such a conception to the noncom-
mutative context, the theory of this domain is developed considerably; a significant
result in this direction establishes a connection between noncommutative codifferen-
tial categories and commutative ones.

This investigation necessitates, then, both the formulation of a notion of smooth-
ness for T -algebras in codifferential categories and an adaptation of the Hochschild-
Kostant-Rosenberg theorem to a wide variety of contexts which includes noncommu-
tative ones. The former consideration fosters both the notion of a smooth monad,
and a formulation of André-Quillen homology in codifferential categories; the latter
engenders a highly adaptable version of the Hochschild-Kostant-Rosenberg theorem.
Specifically, it is shown that for any algebra modality there exists a corresponding
Hochschild-Kostant-Rosenberg theorem. This includes a version of the theorem for
the free associative algebra monad, the conclusion of which is satisfied by noncom-
mutative smooth algebras.
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Chapter 1

Introduction

Linear logic, as developed by Girard and articulated in [12], is a resource-conscious
logic which serves as a refinement of both classical and intuitionistic logic in several
ways; notably, greater control over weakening and contraction is obtained via the uni-
tary operator !. It was given a categorical characterization by Seely in [21], wherein
it was determined that certain types of symmetric monoidal categories provide cate-
gorical semantics for linear logic. Specifically, such categories must be equipped with
a comonad in order to model !.

Later, Ehrhard constructed models for linear logic in which the hom-sets had
a natural differentiation operator, hence initiating the study of differential linear
logic as expounded in [8]. Differential categories, as described in [3], arise as models
for differential linear logic. They are additive symmetric monoidal categories with
coalgebra modalities - comonads which carry coalgebra structure - and, most notably,
a differential combinator which computes derivatives of maps in adherence to the rules
of differentiation familiar from elementary calculus. In this work, as in [4], the focus
is instead on codifferential categories, the opposites of differential categories. The
reason for this is that much of this work is inspired by results in the category of
modules over a commutative ring, which has a novel and powerful interpretation as
a codifferential category.

The impetus for this project originated from the desire to use the context of
codifferential categories to develop a generalized version of the Hochschild-Kostant-
Rosenberg theorem, which establishes an isomorphism between the Hochschild homol-
ogy and the modules of differential n-forms of smooth algebras - algebras for which
the corresponding affine scheme is locally well approximated by affine space. Con-
sequently, it was germane to attempt to develop a notion of algebraic smoothness
relative to a given codifferential category. Moreover, to realize the full potential of
this project it is necessary to consider the possibility of carrying it out in the context
of noncommutative versions of codifferential categories.

As one of a few steps taken in this work towards the accomplishment of this
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1. INTRODUCTION 2

latter goal, a good deal of the contents of [4] have been reinterpreted in a framework
for noncommutative codifferential categories developed by Robin Cockett in [5]. The
prescience of this formulation is indicated by the effortlessness of the translation.
In particular, it is shown that the free associative algebra monad, F , plays, in the
noncommutative framework, a role analogous to the symmetric algebra monad, S, in
the commutative one.

Several concerns arise immediately upon consideration of the HKR theorem in
the context of codifferential categories. First, even in the commutative context, the
terms involved in the mere statement of the HKR theorem must be defined in a
general codifferential category. Putting the notion of smoothness aside momentarily,
this necessitates both a delineation of Hochschild homology and of higher n-forms.
Fortunately, a naive strategy suffices and the classical versions of these notions are
readily transplanted into general commutative codifferential categories. Furthermore,
the n-forms have a particularly convenient expression, which facilitates a homology
theory closely analogous to algebraic de Rham cohomology as described in ([9], p.417);
this is developed in Chapter 2.

Given these notions of n-forms and of Hochschild homology, one must then con-
sider conditions on T -algebras under which these structures coincide. In addition to
the inherent difficulty of developing a notion of smoothness which is appropriate for
various contexts simultaneously, the problems are compounded by the unconventional
nature of the modules of differential forms in a codifferential category. That is, it is
not difficult to show that for a commutative algebra the modules of differential forms
coincide with their first Hochschild homology groups, however in a general codiffer-
ential category it is not necessarily the case that the classical modules of differential
forms coincide with the modules of T -differential forms, which are the appropriate
differential forms for a codifferential category.

This latter concern may be addressed by positing additional assumptions about
the monad for the codifferential category in which we are working. In fact, a good
deal of work in codifferential categories has been devoted to the analysis of such an
assumption known as property K [4],[2]. This property though, mandates that the
symmetric algebra monad surjects onto the monad in the codifferential category and
is hence is a more stringent condition than is desirable. Alternatively, we may ask that
T emulate some of the most pertinent properties of the symmetric algebra monad;
this approach gives rise to the notion of a smooth monad. For such a monad, the free
algebras taken over flat objects satisfy the conclusion of the HKR theorem, but it is
not necessarily the case that all of the T -modules of differential forms coincide with
the classical modules of differential forms. The conditions for a smooth monad are
given in Chapter 3.

Furthermore, in this chapter a connection is established between noncommuta-
tive codifferential categories and commutative ones. Specifically, it is shown that
given a noncommutative codifferential category that, under certain conditions, one
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may construct a commutative codifferential category. A full analysis of the inher-
itance of properties by commutative codifferential categories from noncommutative
codifferential categories would be desirable, but is not pursued here. However, it is
shown that, in the case of the symmetric algebra monad, many of the smoothness
properties can be derived by recourse to its relationship with the free associative
algebra monad.

Given a smooth monad T , it is still necessary to develop a notion of smoothness
for T -algebras with which it can be shown that the conclusion of the HKR theorem
is satisfied. Since most any notion of smoothness will presume flatness, we know
that given a smooth T -algebra, the n-forms for the free algebras over the underlying
objects will satisfy the conclusion of the HKR theorem. Hence any potential notion
of smoothness for a T -algebra is guided by the desire to relate the satisfaction of the
conclusion of the HKR theorem for free T -algebras to the satisfaction of the HKR
theorem for general T -algebras. The strategy used to approach this is an abstraction
of André-Quillen homology.

One approach to the HKR theorem uses the fact that the non-trivial André-
Quillen homology groups of a smooth algebra vanish. With this fact and the fact
that the symmetric algebras over the underlying modules of the smooth algebras sat-
isfy the conclusion of the HKR theorem, one can prove, using a spectral sequence
argument, that the algebras themselves satisfy the conclusion of the HKR theorem.
Therefore, if it is possible to formulate an appropriate notion of André-Quillen homol-
ogy in a codifferential category, then any notion of smoothness for T -algebras should
make the André-Quillen homology groups for such algebras vanish. The development
of a putative theory of André-Quillen homology is relatively straightforward, how-
ever, in order to facilitate calculations, one must develop the appropriate notion of
André-Quillen homology relative to any given T -algebra. These developments and
the difficulties encountered are discussed in Chapter 4.

A crucial feature of the approach to the HKR theorem taken in this project is
that the statement of the HKR theorem can be converted to a form that circum-
vents the construction of the n-forms for the algebra. Consequently, this new form
of the HKR theorem is well adapted to contemplation in noncommutative codiffer-
ential categories, where the modules of n-forms are only tenuously connected to the
Hochschild homology. This could potentially have interesting consequences in the
realm of noncommutative geometry, as described by Connes in his seminal work [6].
In the theory of noncommutative geometry the HKR theorem is invoked to justify the
utilization of Hochschild homology as a practical approximation to differential forms
in the noncommutative realm ([15], p. 90). Because the classical HKR theorem re-
quires the hypothesis of smoothness, it would seem that this new formulation of the
HKR theorem, which is adaptable to the noncommutative context, would provide a
benchmark for formulations of noncommutative smoothness.

As an example, it is shown that in the class of noncommutative codifferential cat-
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egories in which the monad is the free associative algebra monad, the smooth algebras
prescribed by [16] satisfy the conclusion of this new version of the HKR theorem. Fur-
thermore, this approach to the theorem has interesting consequences in commutative
codifferential categories. These developments are discussed in Chapter 5. The work
concludes with an delineation of a strategy for proving an all-encompassing statement
of the HKR theorem in any codifferential category.

The new material contained in this work will now be listed. Section 2.5 contains
an entirely category-theoretic treatment of the wedge product and some of its im-
portant properties. Likewise, 2.6.3.12 takes a category-theoretic approach to prove
a standard result which establishes an isomorphism between the first Hochschild ho-
mology group and the module of differential forms for a commutative algebra. In
section 3.1 a proof that F carries a noncommutative codifferential structure is given;
the contents of [4] are then translated to the setting of noncommutative codifferential
categories in section 3.2. In section 3.3, a convenient construction of the T -n-forms
for a T -algebra is given in 3.3.16, which furnishes the construction of the algebraic de
Rham cohomology boundary map in the context of codifferential categories in 3.3.17.
In section 4.1 the definition of a smooth monad is given, and subsequently an HKR-
type theorem for the free T -algebras of a smooth monad is given in 4.1.3. The sequence
of results 4.2.10 - 4.2.13 establishes a novel construction of the abelianization of an
algebra, uses this construction to demonstrate a connection between noncommutative
codifferential categories and commutative ones, and then finally demonstrates that
the codifferential structure on S arises in this fashion. In 5.1.1-5.1.4 the T -modules
of differential forms relative to T -algebra maps are defined and important properties
are derived; this draws heavily from standard material, but takes a markedly different
approach. The definition 5.1.5 and result 5.1.7 are natural translations of analogues
from ordinary André-Quillen homology to the context of codifferential categories; the
same could be said of 5.2.9 and 5.2.10. 6.1.1 is a novel formulation of the classi-
cal HKR theorem, and 6.1.2 is an immediate consequence of this formulation. 6.2.4
adapts this new formulation of the HKR theorem to the noncommutative setting;
that is, it is an HKR theorem for noncommutative smooth algebras.



Chapter 2

Background

2.1 Standing Assumptions and Notational Conven-

tions

Diagrammatic composition of morphisms is indicated by the use of semicolons. Inter-
nal reference numbers are unambiguous if one assumes that the final number indicates
a definition, lemma, proposition, theorem, or an example.

Most of the categories considered in the present work are monoidal categories.
In each case it is to be assumed that the tensor unit, k, is a commutative ring.
Furthermore, it is assumed that the tensor product preserves reflexive coequalizers.
That is, if

X Y
f //X Y
g

// Y Zh //

is a coequalizer and there exists a map r : Y //X such that r; f = r; g = 1Y , then
for any other object B, both of the following diagrams are coequalizers

B ⊗X B ⊗ Y
1B⊗f //B ⊗X B ⊗ Y
1B⊗g

// B ⊗ Y B ⊗ Z1B⊗h //

X ⊗B Y ⊗B
f⊗1B //X ⊗B Y ⊗B
g⊗1B

// Y ⊗B Z ⊗Bh⊗1B //

Finally, in this work, a flat module is a k-module, which is the filtered colimit of
free, finite dimensional modules - that is, the filtered colimit of modules of the form⊕n

i=1 k. It follows that if the filtered colimits of the category are exact, then these
flat modules have the usual flatness property: if a module V is flat, then for any
monomorphism f : A //B of modules,

1V ⊗ f : V ⊗ A // V ⊗B

5



2. BACKGROUND 6

and
f ⊗ 1V : A⊗ V //B ⊗ V

are monomorphisms as well. In an abelian category in which the filtered colimits are
exact, the two notions coincide ([9], pp. 712-713).

2.2 Johnstone’s Lemma

The following lemma, recorded by Peter Johnstone in his book Topos Theory (Lemma
0.17 p. 4 [13]), is used frequently - though sometimes only tacitly - in most work on
codifferential categories, and especially in the present work. Under familiar circum-
stances it enables one to combine two reflexive coequalizers into one. This is often
used to endow objects with associative algebra or module structure.

Lemma 1. Consider the following diagram

X1 X2

f1 //X1 X2
f2

// X2 X3
f3 //

Y1 Y2

g1 //Y1 Y2g2

// Y2 Y3
g3 //

Z1 Z2

h1 //Z1 Z2
h2

// Z2 Z3
h3 //

X1

Y1

α1

��

X1

Y1

α2

��
Y1

Z1

α3

��

X2

Y2

β1

��

X2

Y2

β2

��
Y2

Z2

β3

��

X3

Y3

κ1

��

X3

Y3

κ2

��
Y3

Z3

κ3

��

If fi; βj = αj; gi for 1 ≤ i, j ≤ 2, and each of the columns and rows is a coequalizer,
then the following diagram is also a coequalizer:

X1 Y2

f1;β1 //X1 Y2
f2;β2

// Y2 Z3
g3;κ3 //

In this work, the above lemma is most frequently applied by taking the tensor
product of two reflexive coequalizers in parallel. This is the primary reason for the
pervasive assumption that tensor products preserve reflexive coequalizers.

2.3 Modules of Differential Forms

A fundamental notion in this paper is that of a derivation, a k-linear map ∂ from a
commutative k-algebra A to an A-module M , which satisfies the Leibniz rule:

∀a, b ∈ A, ∂(ab) = a∂(b) + b∂(a)
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For any such commutative k-algebra, one may construct a universal derivation dA :
A // ΩA/k to a universal module of differential forms. This map is universal in the
sense that for any other derivation ∂ : A //M , there exists a unique morphism of
modules ∂# : ΩA/k

//M , which makes the following diagram commute

A

ΩA/k

dA

OO
ΩA/k M

∂#
//

A

M

∂

;;

One way to construct this object is via the quotient I/I2, where I is the kernel of the
multiplication map A⊗k A // A. Specifically, for x ∈ A, let

dA(x) = x⊗ 1− 1⊗ x

Then
xdA(y) + ydA(x) = xy ⊗ 1− x⊗ y + yx⊗ 1− y ⊗ x

Since

(x⊗ 1− 1⊗ x)(y ⊗ 1− 1⊗ y) = xy ⊗ 1− x⊗ y − y ⊗ x+ 1⊗ xy ∈ I2

the Leibniz rule follows, and further, any element x⊗ y of I/I2 has

x⊗ y ≡ −y ⊗ x+ xy ⊗ 1 + 1⊗ xy
≡ −y ⊗ x+ xy ⊗ 1

≡ ydA(x)

Then ∂# is the unique A-module map which sends dA(x) to ∂(x).
If A is merely associative, there exists an analogous object ΩNC

A/k, the noncommu-
tative module of differential forms, which is simply the kernel, I, of the multiplication
map. It is an A-bimodule equipped with a universal noncommutative derivation; that
is, a k-linear map ∂ from A to an A-bimodule satisfying the noncommutative Leibniz
rule

∀a, b ∈ A, ∂(ab) = a∂(b) + ∂(a)b

The construction of this map is similar to that of the commutative case. More details
can be found in, e.g., [11] Part II, 8.1.

2.4 Tensor Products

Throughout this work, it will be necessary to utilize tensor products of modules taken
over various algebras, and furthermore, to invoke maps between such objects. The
necessary facts and notation regarding these entities are collected here. In what
follows, k is a commutative unital ring.
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Definition 1. Let A be a k-algebra, M a right A-module with action M•, and N a
left A-module with action •N . Then the tensor product of M and N over A, denoted
M ⊗A N is defined by the following coequalizer diagram:

M ⊗ A⊗N M ⊗NM•⊗1 //M ⊗ A⊗N M ⊗N
1⊗•N

//M ⊗N M ⊗A N
pA //

Since reflexive coequalizers are important in the work that follows, it is worth-
while to note that the existence of the map

M ⊗N ∼= M ⊗ k ⊗N //M ⊗ A⊗N

substantiates the fact that the above coequalizer is a reflexive coequalizer.
Some common facts about these tensor products are collected in the following

lemma. Since this work is in essence category-theoretic, pains are taken to prove
these facts category-theoretically.

Since the tensor product preserves reflexive coequalizers, it follows from the fol-
lowing diagram that if, for instance, B is a k-algebra and N is a right B-module with
action N•B, then M ⊗A N inherits a right B-module structure

M ⊗ A⊗N ⊗B M ⊗N ⊗B
M•⊗1N⊗B //M ⊗ A⊗N ⊗B M ⊗N ⊗B

1M⊗•AN⊗1B

//M ⊗N ⊗B (M ⊗A N)⊗BpA⊗1B //

M ⊗ A⊗N M ⊗NM•⊗1N //M ⊗ A⊗N M ⊗N
1M⊗•AN

//M ⊗N M ⊗A NpA
//

M ⊗ A⊗N ⊗B

M ⊗ A⊗N

1M⊗A⊗•BN
��

M ⊗N ⊗B

M ⊗N

1⊗•BN
��

(M ⊗A N)⊗B

M ⊗A N
��

Lemma 2. Let A be an associative k-algebra. Then A inherits an A-bimodule struc-
ture and we have

i) For any A-module N , A⊗A N ∼= N ∼= N ⊗A A

ii) For M a right A-module, N an A-B-module, and P a left B-module, M ⊗A
(N ⊗B P ) ∼= (M ⊗A N)⊗B P

Proof:

i) Consider the following diagram:

A⊗ A⊗N A⊗N
mA⊗1 //A⊗ A⊗N A⊗N
1⊗•N

// A⊗N A⊗A N
pA //A⊗N

N

•N
''

A⊗A N

N

q

��
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The morphism q necessarily exists by the universal property of A⊗AN and by
virtue of the axioms of a module action. We also have a map f = uL; eA⊗1N ; pA :
N // A ⊗A N . It will be shown that N has the same universal property as
A⊗A N by proving that q; f is the identity, and that q is an epimorphism.

The latter fact is obvious, since •N is an epimorphism. As for the former,
observe the following calculation:

pA; q;uL; eA ⊗ 1N ; pA

=•N ;uL; eA ⊗ 1N ; pA

=uL; eA ⊗ 1N ; 1A ⊗ •N ; pA

=uL; eA ⊗ 1N ;mA ⊗ 1N ; pA

=pA

The last equality here is up to isomorphism. Since pA is epimorphic, the result
follows.

ii) Consider the following diagram:

M ⊗ A⊗N ⊗B ⊗ P M ⊗ A⊗N ⊗ P
1(M⊗A)⊗N•B⊗1P//M ⊗ A⊗N ⊗B ⊗ P M ⊗ A⊗N ⊗ P
1(M⊗A)⊗1N⊗•BP

//M ⊗ A⊗N ⊗ P M ⊗ A⊗ (N ⊗B P )
1(M⊗A)⊗pB//

M ⊗N ⊗B ⊗ P M ⊗N ⊗ P
1M⊗N•B⊗1P //M ⊗N ⊗B ⊗ P M ⊗N ⊗ P
1M⊗1N⊗•BP

//M ⊗N ⊗ P M ⊗ (N ⊗B P )
1M⊗pB //

(M ⊗A N)⊗B ⊗ P (M ⊗A N)⊗ P
1M⊗N•B⊗1P //(M ⊗A N)⊗B ⊗ P (M ⊗A N)⊗ P
1M⊗1N⊗•BP

// (M ⊗A N)⊗ P M ⊗A N ⊗B P
pB //

M ⊗ A⊗N ⊗B ⊗ P

M ⊗N ⊗B ⊗ P

M•⊗1N⊗B⊗P

��

M ⊗ A⊗N ⊗B ⊗ P

M ⊗N ⊗B ⊗ P

1M⊗•AN⊗1B⊗P

��
M ⊗N ⊗B ⊗ P

(M ⊗A N)⊗B ⊗ P

pA⊗1B⊗P

��

M ⊗ A⊗N ⊗ P

M ⊗N ⊗ P

M•⊗1N⊗P

��

M ⊗ A⊗N ⊗ P

M ⊗N ⊗ P

1M⊗•AN⊗1P

��
M ⊗N ⊗ P

(M ⊗A N)⊗ P

pA⊗1P

��

M ⊗ A⊗ (N ⊗B P )

M ⊗ (N ⊗B P )

M•⊗1N⊗BP

��

M ⊗ A⊗ (N ⊗B P )

M ⊗ (N ⊗B P )

1M⊗•AN⊗BP
��

M ⊗ (N ⊗B P )

M ⊗A N ⊗B P

pA

��

Since the tensor product preserves reflexive coequalizers, each of the rows and columns
in this diagram is a coequalizer. It is clear that the object in the bottom right corner
is endowed with the universal properties of both M⊗A (N⊗BP ) and (M⊗AN)⊗BP ,
and hence these two objects are isomorphic. Furthermore, Johnstone’s Lemma shows
that the bottom right square is a pushout, and that we have a coequalizer of the form:

M ⊗ A⊗N ⊗B ⊗ P M ⊗N ⊗ P//M ⊗ A⊗N ⊗B ⊗ P M ⊗N ⊗ P//M ⊗N ⊗ P M ⊗A N ⊗B P//

with morphisms built from the obvious composites.

The following proposition and its corollary will be used in an essential way in our
work on n-forms.
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Proposition 3. Let M1, M2, and M3 be right modules over, respectively, associative
algebras A1, A2, and A3 and with respective actions M1•, M2•, and M3•. Also, let N1,
N2, and N3 be left modules over, respectively, A1, A2, and A3 with respective actions
•N1, •N2, and •N3. Furthermore, let the following diagrams be reflexive coequalizers:

M3 M2

g //M3 M2
h

//M2 M1
f //M1

A3 A2

β //A3 A2γ
// A2 A1

α // A1

N3 N2
k //N3 N2
l

// N2 N1
j // N1

Then the following diagram is also a reflexive coequalizer

M3 ⊗A3 N3 M2 ⊗A2 N2

g⊗k //M3 ⊗A3 N3 M2 ⊗A2 N2
h⊗l

//M2 ⊗A2 N2 M1 ⊗A1 N1
f⊗j //M1 ⊗A1 N1

Proof: For any algebra B, a right B-module M and a left B-module N with
respective actions M• and •N , the following diagram is a coequalizer diagram:

M ⊗B ⊗N M ⊗NM•⊗1N //M ⊗B ⊗N M ⊗N
1M⊗•N

//M ⊗N M ⊗B N//M ⊗B N

Hence we construct the following diagram:

M3 ⊗ A3 ⊗N3

M2 ⊗ A2 ⊗N2

g⊗β⊗k

��

M3 ⊗ A3 ⊗N3

M2 ⊗ A2 ⊗N2

h⊗γ⊗l

��
M2 ⊗ A2 ⊗N2

M1 ⊗ A1 ⊗N1

f⊗α⊗j

��
M1 ⊗ A1 ⊗N1

M3 ⊗N3

M2 ⊗N2

g⊗k

��

M3 ⊗N3

M2 ⊗N2

h⊗l

��
M2 ⊗N2

M1 ⊗N1

f⊗j

��
M1 ⊗N1

M3 ⊗A3 N3

M2 ⊗A2 N2

g⊗k

��

M3 ⊗A3 N3

M2 ⊗A2 N2

h⊗l

��
M2 ⊗A2 N2

M1 ⊗A1 N1

f⊗j

��
M1 ⊗A1 N1

M3 ⊗ A3 ⊗N3 M3 ⊗N3

M3
•⊗1

//M3 ⊗ A3 ⊗N3 M3 ⊗N3
1⊗•N3

//M3 ⊗N3 M3 ⊗A3 N3
p3 //

M2 ⊗ A2 ⊗N2 M2 ⊗N2

M2
•⊗1

//M2 ⊗ A2 ⊗N2 M2 ⊗N2
1⊗•N2

//M2 ⊗N2 M2 ⊗A2 N2
p2 //

M1 ⊗ A1 ⊗N1 M1 ⊗N1

M1
•⊗1

//M1 ⊗ A1 ⊗N1 M1 ⊗N1
1⊗•N1

//M1 ⊗N1 M1 ⊗A1 N1
p1 //

Each of the rows is a coequalizer diagram; since the tensor product preserves
reflexive coequalizers, so are the two left-most columns. So if q : M2 ⊗A2 N2

//X is
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a morphism of A2-bimodules, such that g ⊗ k; q = h⊗ l; q, it follows that

g ⊗ k; p2; q = p3; g ⊗ k; q

= p3;h⊗ l; q
= h⊗ l; p2; q

Hence there is a unique q′ : M1 ⊗N1
//X such that f ⊗ j; q′ = p2; q. Then,

f ⊗ α⊗ j;M1 • ⊗ 1; q′ =M2 • ⊗ 1; f ⊗ fj; q′

=M2 • ⊗ 1; p2; q

= 1⊗ •N2 ; p2; q

= 1⊗ •N2 ; f ⊗ j; q′

= f ⊗ αj; 1⊗ •N1 ; q′

Since f ⊗ α ⊗ j is an epimorphism, this calculation indicates that there must be a
unique q′′ : M1 ⊗A1 N1

//X such that p1; q′′ = q′. Finally,

p2; f ⊗ j; q′′ = f ⊗ j; p1; q′′

= f ⊗ j; q′

= p2; q

Since p2 is an epimorphism, it follows that q′′ is the unique map such that f⊗j; q′′ = q

Corollary 4. Let M1, M2, and M3 be bimodules over the associative algebras A1, A2

and A3, respectively. Furthermore let the following diagrams be reflexive coequalizer
diagrams:

M3 M2

g //M3 M2
h

//M2 M1
f //M1

A3 A2

β //A3 A2γ
// A2 A1

α // A1

Then for each n, the following diagram is also a reflexive coequalizer:

M
⊗A3

n

3 M
⊗A2

n

2

g⊗n //M
⊗A3

n

3 M
⊗A2

n

2
h⊗n

//M
⊗A2

n

2 M
⊗A1

n

1

f⊗n //M
⊗A1

n

1

Proof: If the statement is true for any n, then we may set N1, N2, and N3 in
the preceding proposition to M

⊗A1
n

1 , M
⊗A2

n

2 and M
⊗A3

n

3 , respectively, to establish the
statement for n+ 1. The result then follows by induction.
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2.5 The Wedge Product

The following material has a classical counterpart as described, for instance in [10],
Appendix B.2. Although the added generality found here requires some work, the
material in this section underlies much of the development that follows, and hence a
loss of generality here would perpetuate itself into the remainder of the work.

For any object M in an additive symmetric monoidal category, we may construct
the nth exterior power of M as the following coequalizer:

M⊗n M⊗n
1 //

M⊗n M⊗n

−1⊗1⊗...⊗c
//M
⊗n ∧nM//......

More precisely, the right-most map projects onto
∧nM and coequalizes the iden-

tity map with each map of the form −1⊗ ...⊗ c⊗ ...⊗ 1, which transposes two adja-
cent factors in the tensor product and multiplies the resulting tensor product by −1.
When, in the notation of the above definition, M is an A-bimodule for some asso-
ciative algebra A and the tensor product ⊗A, the resulting wedge product is denoted∧n
AM

If the tensor product of our category preserves coequalizers, the wedge product
is accompanied by some additional structure. First, observe the following diagram:

M⊗p+q M⊗p+q
1 //

M⊗p+q M⊗p+q

−1M⊗p−2⊗c⊗1M⊗q
//M
⊗p+q ∧pM ⊗M⊗qπMp ⊗1M⊗q //M⊗p+q

∧p+qM

πMn ))

∧pM ⊗M⊗q

∧p+qM

m′

��

......

Since the maps on the left side of this diagram are merely a restricted set of the maps
which pMn coequalizes by definition, the indicated map m′ indeed exists. Consequently,
we may construct the following diagram

∧pM ⊗M⊗q ∧pM ⊗M⊗q
1 //∧pM ⊗M⊗q ∧pM ⊗M⊗q

−1M⊗p+q−2⊗c
//
∧pM ⊗M⊗q ∧pM ⊗

∧qM
1⊗p⊗πMq //

∧pM ⊗M⊗q

∧p+qM

m′ ))

∧pM ⊗
∧qM

∧p+qM

m∧

��

......

It can be shown by precomposition with πMp ⊗ 1M⊗q that m′ coequalizes the maps
on the left hand side of this diagram. Hence, such a map m∧ exists. It is routine
to verify that this map is defined independently of the order in which we take the
colimits, and that, furthermore, m∧ is associative.

The following lemma will be required in a subsequent chapter. Although it is a
standard result - proven, for instance, in [10], Appendix B.2 - the proof given here is
given in entirely category theoretic language.
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Lemma 5. Let V and W be modules in a category whose tensor product preserves
coequalizers. Then

n∧
(V ⊕W ) ∼=

⊕
p+q=n

p∧
V ⊗

q∧
W

Proof: Consider the following diagram

(V ⊕W )⊗n (V ⊕W )⊗n
1 //

(V ⊕W )⊗n (V ⊕W )⊗n

−1⊗1⊗...⊗c
// (V ⊕W )⊗n

∧n(V ⊕W )//(V ⊕W )⊗n

⊕
p+q=n

V ⊗p ⊗W⊗q

Σ

��⊕
p+q=n

V ⊗p ⊗W⊗q ⊕
p+q=n

∧p V ⊗
∧qW

πVp ⊗πWq
//

∧n(V ⊕W )

⊕
p+q=n

∧p V ⊗
∧qW

φ

��

......

where Σ is the map which first distributes the direct sums across the tensor products
as in

(V ⊕W )⊗n ∼= (V ⊗n)⊕ (V ⊗n−1 ⊗W )⊕ (V ⊗n−2 ⊗W ⊗ V )⊕ ...⊕ (W⊗n)

and then applies to each summand the appropriate shuffle map, (−1)|σ|σ, which yields
objects of the form V ⊗p ⊗W⊗q. Note that |σ| denotes the parity of the permutation
σ here.

Consider the precomposition of Σ;πVp ⊗ πWq by −1⊗i−1
(V⊕W ) ⊗ c⊗ 1⊗n−i−1

(V⊕W ) . For any
of the summands with p V s and q W s, there are two possible scenarios to consider.
First, if the summand contains the ith instance of V and the (i+1)st instance of W or
vice versa, the −c factor will be coequalized with the identity by the accompanying
factor of (−1) in the appropriate shuffle map. Second, if the summand contains the
ith and (i + 1)st instances of either V or W , then the −c factor will be coequalized
with the identity by the projection to the respective wedge product.

It follows that such a φ exists. Now, consider the following diagram

(V ⊕W )⊗n
∧n(V ⊕W )//

⊕
p+q=n(V ⊕W )⊗p ⊗ (V ⊕W )⊗q

⊕
p+q=n

∧p(V ⊕W )⊗
∧q(V ⊕W )//

⊕
p+q=n V

⊗p ⊗W⊗q ⊕
p+q=n

∧p V ⊗
∧qW//

⊕
p+q=n V

⊗p ⊗W⊗q

⊕
p+q=n(V ⊕W )⊗p ⊗ (V ⊕W )⊗q

⊕i⊗p0 ⊗i
⊗q
1

��

⊕
p+q=n

∧p V ⊗
∧qW

⊕
p+q=n

∧p(V ⊕W )⊗
∧q(V ⊕W )

⊕∧pio⊗∧qi1
��⊕

p+q=n(V ⊕W )⊗p ⊗ (V ⊕W )⊗q

(V ⊕W )⊗n

a

��

⊕
p+q=n

∧p(V ⊕W )⊗
∧q(V ⊕W )

∧n(V ⊕W )

m∧

��

where a stands for “amalgamate” and is the obvious map. Let ψ be the composite
comprised of the two right-hand maps. It will be shown that φ and ψ are inverse to
one another.
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First, consider the composite πV⊕Wn ;φ;ψ = Σ;⊕i⊗p0 ⊗ i
⊗q
1 ; a; πV⊕Wn . Distributing

the direct sums across the tensor product via the isomorphism which we will call t,
we may evaluate this map on each summand individually. On a summand with p V s
and q W s, this is

(−1)|σ|σ; i⊗p0 ⊗ i
⊗q
1 ; t−1; πV⊕Wn = (−1)|σ|σ; t−1; πV⊕Wn = πV⊕Wn

and so φ;ψ = 1. Finally, consider

⊕(πVp ⊗ πWq );ψ;φ = ⊕(i⊗p0 ⊗ i
⊗q
1 ; a; Σ;πVp ⊗ πWq )

On a summand of the form V ⊗p⊗W⊗q this is clearly just πVp ⊗πWq , and we are done.

2.6 Homological Algebra

It is assumed that the reader has some level of familiarity with complexes and the
homology and cohomology thereof. Notably, it is assumed that the reader is famil-
iar with the derived functors, Tor and Ext, and their constructions via projective
resolutions. Here, we will introduce all other technical tools and results from homo-
logical algebra which will be used in later chapters, and which, if introduced there,
would divert the reader’s attention too far from the main line of development. Unless
otherwise noted, the material in the following sections draws from [22] and [17].

2.6.1 Presimplicial Structure

Many complexes that arise in practice have differential maps which may be conve-
niently described as alternating sums of simpler maps. Often, the structure underlying
the sequence of objects which constitute such complexes is presimplicial:

Definition 6. A sequence of objects A0, A1, ... is said to have presimplicial structure
when for each n, there exist maps ∂i : An // An−1 for i = 0, ..., n such that

∂j; ∂i = ∂i; ∂j−1 if i < j

For the purposes of this paper, the following example of presimplicial structure
is prototypical

Example 7. Let T be a monad and < A, ν > be a T -algebra. Then let Ai = T i+1A,
and

∂i =

{
T iµTn−i−2 if i ≤ n− 1

T nν if i = n
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The fact that this sequence of objects has presimplicial structure then follows from
naturality of µ and the T -algebra structure induced by ν and by µ. See 8.6.4 on pp.
280-281 in [22]

Given a sequence of objects Ai with presimplicial structure, we may define a
sequence of maps dn : An // An−1 by

dn =
n∑
i=0

(−1)i∂i

Consider the composite dn; dn−1. It is comprised of a sum of maps of the form
(−1)j+i∂j; ∂i. When j > i, this is equal to (−1)j+i∂i; ∂j−1. Adding this term to
the term (−1)i+j−1∂i; ∂j−1 which also occurs in this composite gives zero. Since this
accounts for every term in the sum, it follows that dn; dn−1 = 0

It follows that if a sequence of objects has presimplicial structure, the following
diagram is a complex:

... A2
// A2 A1

d2
// A1 A0

d1
//

A crucial feature of the above examples is that for each n, there is a map ηTn :
T nA // T n+1A, which interacts with the ∂i maps in significant ways. For instance,
suppose that the algebras for the monad T are constituted in such a way so that
we may associate a complex to the canonical presimplicial structure and compute its
homology. Then if x ∈ ker(dn), we have

0 = ηTn(dn(x)))

=ηTn(µTn−1 − TµTn−2 + ...+ (−1)nT n−1ν)(x)

=(TµTn−1 − T 2µTn−2 + ...+ (−1)nT nν)ηTn+1(x)

≡µTn(ηTn+1(x)) = x

where the penultimate equivalence is modulo the image of dn+1. It follows that the
homology of this complex vanishes.

Later in this work, we will apply additive functors to the category of T -algebras
and T -algebra morphisms which underly these complexes. It’s important to note that
since the η maps are not typically algebra homomorphisms, the resultant complexes
will not necessarily have trivial homology.
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2.6.2 Double Complexes and Spectral Sequences

Consider the following diagram:

A0,2

��
A0,2

A0,1

dV ��
A0,1

A0,0

dV ��

A1,2

��
A1,2

A1,1

dV ��
A1,1

A1,0

dV ��

A2,2

��
A2,2

A2,1

dV ��
A2,1

A2,0

dV ��

A1,2A0,2
dHoo

A1,1A0,1
dHoo

A1,0A0,0
dHoo

A2,2A1,2
dHoo

A2,1A1,1
dHoo

A2,0A1,0
dHoo

...A2,2
oo

...A2,1
oo

...A2,0
oo

If dH ; dH = dV ; dV = dH ; dV + dV ; dH = 0, this diagram is referred to as a double
complex. It may be noted that, as is the case with all of the double complexes we will
consider here, this diagram is bounded below and on the left. It is possible to consider
unbounded double complexes, but the extra work required is not needed here.

With the notation of the diagram above, when this diagram is a double complex,
we may form a complex with maps

dT :
⊕
i+j=n

Ai,j //
⊕

k+l=n−1

Ak,l

where dT = dV + dH . It is easy to check that this is well-defined; the following
computation proves that this yields a complex:

dT ; dT = (dV + dH); (dV + dH) = dV ; dV + (dV ; dH + dH ; dV ) + dH ; dH = 0

where the final equality follows from the three requirements fulfilled by a double
complex. The homology of this complex is called the total homology of the double
complex, and is denoted Tot∗(A∗,∗)

Example 8. Given two complexes, (C∗, d
C) and (D∗, d

D), one may form the tensor
product of two complexes via a double complex. That is, one may construct the
following diagram

C0 ⊗D2

��
C0 ⊗D2

C0 ⊗D1

1⊗dD

��
C0 ⊗D1

C0 ⊗D0

1⊗dD

��

C1 ⊗D2

��
C1 ⊗D2

C1 ⊗D1

−1⊗dD

��
C1 ⊗D1

C1 ⊗D0

−1⊗dD

��

C2 ⊗D2

��
C2 ⊗D2

C2 ⊗D1

1⊗dD

��
C2 ⊗D1

C2 ⊗D0

1⊗dD

��

C1 ⊗D2C0 ⊗D2
dC⊗1oo

C1 ⊗D1C0 ⊗D1
dC⊗1oo

C1 ⊗D0C0 ⊗D0
dC⊗1oo

C2 ⊗D2C1 ⊗D2
dC⊗1oo

C2 ⊗D1C1 ⊗D1
dC⊗1oo

C2 ⊗D0C1 ⊗D0
dC⊗1oo

...C2 ⊗D2
oo

...C2 ⊗D1
oo

...C2 ⊗D0
oo
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Note that a −1 is applied to each vertical map in each odd-numbered column, where
the left-most column is the 0th. One may immediately confirm that this is a double
complex. The complex corresponding to the total homology of this double complex
is the tensor product of (C∗, d

C) and (D∗, d
D), and is denoted C∗ ⊗D∗. That is,

(C∗ ⊗D∗)n =
⊕
p+q=n

Cp ⊗Dq

with differential map dC ⊗ 1 + (−1)q1⊗ dD

The following lemma, a particular instance of Proposition 1.0.12 on p. 6 of [17]
allows us to compute the total homology of a complex under a very specialized - but
important - circumstance:

Lemma 9. Let A∗,∗ be a double complex such that for all p, the homology of A∗,p is
0, except possibly at A0,p. Then Totn(A∗,∗) = HV (HH(A0,n)). Similarly, let A∗,∗ be
a first quadrant double complex such that for all q, the homology of Aq,∗ is 0, except
possibly at Aq,0. Then Totn(A∗,∗) = HH(HV (An,0))

Of course, it will not always be the case that such a vanishing condition will
occur. More generally, we may take the homology of the rows (or columns) as the
first step in the computation of the spectral sequence associated to the double complex
A∗,∗. The following is an adumbration of the related theory. See part 1 of [19] or
Chapter 5 of [22] for further details.

Consider first, the modules of the form E1
p,q produced by taking the homology of

the pth column at the qth row of A∗,∗. The map dH : Ap,q // Ap,q−1 induces a map
d1 : E1

p,q
// E1

p,q−1, by the anti-commutativity property of double complexes. Since
dH ; dH = 0, for each p, we arrive at a new complex:

E1
p,q−1... oo E1

p,qE1
p,q−1

oo E1
p,q+1E1

p,q
oo ...E1

p,q+1
oo

Taking the homology of this complex at q gives us E2
p,q. Note that if [x] ∈ ker(d1),

[x] is the homology class of a cycle in the vertical homology of A∗,∗, which is sent,
via dH , to a boundary in the vertical homology of A∗,∗. For [x] ∈ E2

p,q then, we may
choose a representative x ∈ Ap,q and send it to y ∈ Ap−1,q+1 such that dV (y) = dH(x).
Consider z = dH(y). Since

dV (z) = dV dH(y) = dHdV (y) = dHdH(x) = 0

and
dH(z) = dHdH(y) = 0

z is the representative of a class in E2
p−2,q+1. One may check that the assignment

[x] //[z] is well-defined and furthermore that this assignment constitutes a differential
map. We call this map d2 : E2

p,q
// E2

p−2,q+1.
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A fundamental result in the study of such spectral sequences is that this process
can be carried out ad infinitum, that is, that we may define Er+1

p,q := (kerdr)/(Imdr)

and proceed to define maps of the form dr+1 : Er+1
p,q

//Er+1
p−r−1,q+r. In the present case,

note that eventually these maps will reach beyond the boundaries of the parameters
p and q, and so for some r we will have Er

p,q
∼= Er+1

p,q
∼= ... ∼= E∞p,q.

Crucially, these modules, E∞p,q, relate to the total homology of the complex A∗,∗
as follows. First, there is an increasing filtration of the complex associated to the
total homology of A∗,∗:

(FiA∗,∗)n =
⊕
p+q=n
p≤i

Ap,q

which induces an increasing filtration on the nth homology group of the total homology
of A∗,∗, denoted Fi(Totn(A∗,∗)) for 0 ≤ i ≤ n. We have

Theorem 10. E∞p,q
∼= Fp(Totp+q(A∗,∗))/Fp−1(Totp+q(A∗,∗))

Observe that the decision to take the vertical homology of A∗,∗ first in the devel-
opment of the above spectral sequence was completely arbitrary. Indeed, it is possible
to form an analogous spectral sequence, which bears the same relationship to the total
homology of A∗,∗ by first computing the horizontal homology. This final observation
is critical to the present work.

2.6.3 Hochschild Homology

Hochschild homology is the homology theory with which we are predominantly con-
cerned in the present work. On the surface, the Hochschild homology of an algebra
is a series of invariants which elucidate properties of the algebra vaguely related to
commutativity. Further investigation reveals that the Hochschild homology of an al-
gebra is profoundly related to the differential structure associated with the algebra.
The upshot of this is that Hochschild homology and the closely related cyclic ho-
mology become viable options for noncommutative geometers who require analogues
to tangent spaces, cotangent spaces, and de Rham cohomology; in fact, this idea is
mainstream in noncommutative geometry (see p. xiv in the introduction of [15]). We
begin with the definition and a few rudimentary calculations and follow section 1.1
of [17].

Definition 11. Let A be an associative algebra and let n > 0. Then define di :
A⊗n // A⊗n−1 as follows:

di =

{
1⊗i ⊗mA ⊗ 1⊗n−i−2 0 ≤ i ≤ n− 2

c;mA ⊗ 1⊗n−2 i = n− 1
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where c in this definition transfers all of the constituents of the tensor product to the
right, except for the final constituent, which is sent to the leftmost position. Finally,
define b =

∑n−1
i=0 (−1)idi. So, for instance, if we apply b to an element of the form

x⊗ y ⊗ z we get an alternating sum of the form

xy ⊗ z − x⊗ yz + zx⊗ y

Then the nth Hochschild homology group of A, denoted HHn(A) is the nth homology
group of the following complex, known as the Hochschild complex for A:

... A⊗4// A⊗4 A⊗3b // A⊗3 A⊗2b // A⊗2 Ab //

One may readily verify that the di maps endow the collection of objects A⊗n

with presimplicial structure, and therefore the above diagram is, indeed, a complex.
It is useful to first perform some low-dimensional computations. For instance,

one may readily verify that HH0(A) is the same as the abelianization of A. The
subsequent computation of HH1(A) is fundamental to much of the work that follows.
Although this result is elementary in the theory of Hochschild homology, a proof is
given here in order to emphasize the category theoretic perspective.

Lemma 12. If A is a commutative k-algebra, HH1(A) ∼= ΩA/k

Proof: Define the map dHH1 to be the following composite:

A I ⊗ Au // I ⊗ A A⊗ AeA⊗1A// A⊗ A HH1(A)
p //

where p is the projection of A ⊗ A onto coker(mA ⊗ 1A − 1A ⊗mA + cH ;mA ⊗ 1A).
The following computation shows that dHH1 obeys the Leibniz rule:

mA; dHH1 = mA;uL; eA ⊗ 1A; p

= uL; eA ⊗ 1A ⊗ 1A; 1A ⊗mA; p

= uR ⊗ 1A; 1A ⊗ eA ⊗ 1A; (mA ⊗ 1A + cH ;mA ⊗ 1A); p

= uR ⊗ 1A; 1A ⊗ eA ⊗ 1A; (1A ⊗ 1A ⊗ 1A + c); 1A ⊗ p; •
= (1A ⊗ dHH1 + c; 1A ⊗ dHH1); •

It can be proven that eA; dHH1 = 0 and so dHH1 is a derivation.
To show that dHH1 is universal and hence that HH1(A) is the A-module of

differential forms, consider a derivation ∂ : A //M to an A-module, M . Since

1A ⊗mA; 1A ⊗ ∂; • = 1A ⊗ (1A ⊗ ∂ + c; 1A ⊗ ∂); 1A ⊗ •; •
= 1A ⊗ (1A ⊗ ∂ + c; 1A ⊗ ∂);mA ⊗ 1A; •
= (mA ⊗ 1A + 1A ⊗ c;mA ⊗ 1A); 1A ⊗ ∂; •
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commutativity ofA shows that 1A⊗∂; • coequalizes 1A⊗mA andmA⊗1A+cH ;mA⊗1A.
Hence there is a unique morphism of A-modules f : HH1(A) //M such that p; f =
1A ⊗ ∂; •. Hence

∂ = uL; eA ⊗ 1A;mA; ∂

= uL; eA ⊗ 1A; (1A ⊗ ∂ + c; 1A ⊗ ∂); •
= uL; eA ⊗ 1A; (1A ⊗ 1A + c; 1A ⊗ 1A); 1A ⊗ ∂; •
= uL; eA ⊗ 1A; (1A ⊗ 1A + c; 1A ⊗ 1A); p; f

= uL; eA ⊗ 1A; p; f

= dHH1 ; f

with the penultimate equality following from an application of the identity uL; eA ⊗
1A;mA = 1A.

There is a complex, which is closely related to the Hochschild complex, called
the bar complex :

... A⊗4// A⊗4 A⊗3b′ // A⊗3 A⊗2b′ //

where b′ =
∑n−1

i=0 (−1)idi with the notation used above in the description of the
Hochschild complex. Note that b′ is the same as b except that we have omitted dn,
the map which requires the symmetrical structure of the category.

Since the final map, dn, is removed for each n, it is easy to see that this sequence
maintains a presimplicial structure similar to that associated with the Hochschild
complex. However, we may also consider maps s : An // An+1 where

s = uL; eA ⊗ 1⊗n

hence inserting the unit as the first constituent of the tensor product. Since s; d0 = 1
and s; di = di−1; s, we have s; b′ + b′; s = 1 and so s is a contracting homotopy of the
bar complex. It follows that the bar complex is acyclic. In more elementary terms, if
b′(x) = 0,

x = b′s(x) + sb′(x) = b′s(x)

and so x ∈ Im(b′).
An important feature of the bar complex is that we may recover the Hochschild

complex from it. Let Ae be the associative algebra formed by A ⊗ Aop - called the
enveloping algebra of A - where mAop = c;mA, and endow A with the obvious Ae-
module structure. We have the following

Proposition 13. Let A be an associative k-algebra. Then the Hochschild complex
associated to A is formed by tensoring the bar complex associated to A with A over
⊗Ae.
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The following proof is expressed in category theoretic language and is therefore
somewhat unconventional.
Proof: We will first construct an explicit isomorphism A⊗Ae A⊗n ∼= A⊗ A⊗n−2.
For some semblance of clarity, let M be an A-bimodule and consider the following
diagram:

M ⊗ Ae ⊗ A⊗n M ⊗ A⊗n
•M⊗1 //M ⊗ Ae ⊗ A⊗n M ⊗ A⊗n

1⊗•A⊗n
//M ⊗ A⊗n M ⊗Ae A⊗n

pAe //M ⊗ A⊗n

M ⊗ A⊗n−2

•′M ''

M ⊗Ae A⊗n

M ⊗ A⊗n−2

q

��

Some explanation is in order. •M is the map which acts on the right of M with the
first component of Ae and on the left of M with the second component. •A acts on the
left of A⊗n with the first component of Ae and on the right with the second. •′M takes
the first component of A⊗n and acts on the right of M , and takes final component of
A⊗n and acts on the left of M .

One may readily verify that the two left-hand maps yield the same map when
postcomposed with the diagonal map. Hence there is a map q : M ⊗Ae A⊗n //M ⊗
A⊗n−2 which makes the triangle commute. Furthermore, there is a map

f = 1⊗ uL; 1⊗ 1⊗ uR; 1⊗ eA ⊗ 1⊗ eA; pAe

from M⊗A⊗n−2 to M⊗AeA⊗n. It is clear that •′M is epi, and therefore so is q. Hence
if it can be shown that q; f = 1, it will follow that q is the desired isomorphism.

Since pAe is epi, it is sufficient to show that •′M ; f = pAe ; q; f = pAe . This is best
seen using the following diagram:

M ⊗ A⊗n M ⊗ A⊗n−2
•′M //M ⊗ A⊗n−2 M ⊗ I ⊗ A⊗n−2 ⊗ I1⊗uL;1⊗uR //M ⊗ I ⊗ A⊗n−2 ⊗ I

M ⊗ A⊗n

1⊗eA⊗1⊗eA
��

M ⊗ A⊗n

M ⊗ A⊗ I ⊗ An−2 ⊗ I ⊗ A

1⊗1⊗uR⊗1;1⊗1⊗uL⊗1

��
M ⊗ A⊗ I ⊗ An−2 ⊗ I ⊗ A M ⊗ A⊗n+2//M ⊗ A⊗n+2 M ⊗ A⊗n

•′M
//M ⊗ A⊗n+2

M ⊗ A⊗n

•A
��

M ⊗ A⊗n

M ⊗Ae A⊗n

pAe

��
M ⊗ A⊗n M ⊗Ae A⊗npAe

//

M ⊗ A⊗ I ⊗ An−2 ⊗ I ⊗ A

M ⊗ A⊗n
∼=

**

The large square conveys the fact that result of invoking the tensor unit within the
given tensor product is the same either before or after the application of •′M , and
commutativity of the small square follows from the defining property of pAe

Now, if we consider the bar complex tensored over Ae with A, we have

... A⊗Ae A⊗4// A⊗Ae A⊗4 A⊗Ae A⊗31⊗b′ // A⊗Ae A⊗3 A⊗Ae A⊗21⊗b′ //

... A⊗3// A⊗3 A⊗2
b

// A⊗2 A
b

//

A⊗Ae A⊗4

A⊗3

∼=
��

A⊗Ae A⊗3

A⊗2

∼=
��

A⊗Ae A⊗2

A

∼=
��
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The fact that b is the appropriate map follows by first preceding each square with pAe
and then performing a routine inspection.

If A is flat, then the bar complex is a flat resolution over Ae of A. Hence by tensoring
this complex with A over Ae and computing the homology of the resultant complex, we
are computing TorA

e

n (A,A). It follows that if A is flat, then HHn(A) ∼= TorA
e

n (A,A).

2.6.4 Hochschild Cohomology

Although the present work is primarily concerned with Hochschild homology as it re-
lates to smoothness, some crucial arguments about smoothness are phrased more nat-
urally in the context of Hochschild cohomology. In particular, the second Hochschild
cohomology groups characterize the square-zero extensions of an algebra, which are
germane to accepted definitions of algebraic smoothness. The exposition here follows
section 9.1 of [22].

Definition 14. Let A be a k-algebra and M be an A-bimodule. For any n ∈ N,
consider the maps ∂i : Homk(A

⊗n,M) //Homk(A
⊗n+1,M) defined as follows

∂if(a0, a1, ...an) =


a0f(a1, ..., an) i = 0

f(a0, ..., ai−1ai, ...an) 0 ≤ i ≤ n

f(a0, ..., an−1)an i = n

and let dn = Σn
i=0(−1)n∂i. Then the Hochschild cohomology complex for A with

coefficients in M is given as follows:

0 M//M Homk(A,M)
∂0−∂1

// Homk(A,M) Homk(A
⊗2,M)d1

// Homk(A
⊗2,M) ...//

The homology of this complex is the Hochschild cohomology of A with coefficients in
M and is denoted by HCn(A,M).

It must be confirmed, of course, that the ∂i maps endow the above diagram with
co-presimplicial structure, but this is routine.

As with Hochschild homology, Hochschild cohomology may be presented in terms
of the Bar complex. That is, we may form the following complex:

0 HomAe(A
⊗2,M)// HomAe(A
⊗2,M) HomAe(A

⊗3,M)B // HomAe(A
⊗3,M) HomAe(A

⊗4,M)B // HomAe(A
⊗4,M) ...//

where B sends f to b′; f . For any n, there is an isomorphism HomAe(A
⊗n+2,M) ∼=

HomI(A
⊗n,M) formed by sending f ∈ HomAe(A

⊗n+2,M) to

φ(f) = uL; 1I ⊗ 1A⊗n ⊗ uR; eA ⊗ 1A⊗n ⊗ eA; f
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and sending g ∈ HomI(A
⊗n,M) to 1A⊗ g⊗ 1; •A, using the notation of the previous

section. One may easily confirm that these assignments are inverse to one another,
once it is recognized that if g is an Ae-module map,

g = uR ⊗ 1A⊗n ⊗ uL; 1⊗ eA ⊗ 1A⊗n ⊗ eA ⊗ 1A; 1⊗ g ⊗ 1; •M

With this it can be verified that for all n

HomAe(A
⊗n+2,M) HomAe(A

⊗n+3,M)B //HomAe(A
⊗n+2,M)

HomI(A
⊗n,M)

∼=
��

HomI(A
⊗n,M) HomI(A

⊗n+1,M)
dn

//

HomAe(A
⊗n+3,M)

HomI(A
⊗n+1,M)

∼=
��

Analogous to the Tor representation of Hochschild homology then, it follows that if
A is projective, then HCn(A,M) ∼= ExtA

e

n (A,M).
For our purposes, the most important Hochschild cohomology group is the sec-

ond. We require the following definition

Definition 15. An abelian extension of an algebra A by M is an extension of asso-
ciative k-algebras

0 M//M E// E A// A 0//

such that E ∼= M ⊕ A and M2 = 0. Two such extensions are said to be equivalent
if there exists an algebra homomorphism φ : E // E ′, which commutes with 1A and
1M as in

0 M//M E// E A// A 0//

0 M//M E ′// E ′ A// A 0//

M

M

1M
��

E

E ′

φ
��

A

A

1A
��

Theorem 16. Let A be an associative k-algebra and M an A-bimodule. Then
HC2(A,M) ∼= ExtAB(A,M)

2.6.5 Cyclic Homology

In noncommutative geometry, cyclic homology and cohomology tend to take prece-
dence over Hochschild homology. However, in a few important ways, cyclic homology
is manifested as an elaboration of Hochschild homology. Because of this, it is some-
times possible to derive properties of the Hochschild homology of an algebra through
the examination of its cyclic homology. This provides the sole impetus for the in-
clusion of this section here, and hence, the exposition is somewhat brief; further
details are found in chapter 2 of [17]. However, this lack of development should be
understood as a temporary expedient only; it seems very likely that cyclic homology
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interacts with the structure of codifferential categories in significant ways. Evidence
of this is discussed in the concluding chapter.

As with the Hochschild homology of an associative algebra A, we define the
cyclic homology of such an algebra by defining maps between the various iterations
of tensor products of A with itself, A⊗n. In addition to the Hochschild boundary map
b, however, we will also need to consider the following family of endomorphisms.

Definition 17. Let A be an associative algebra. The nth cyclic group action tn :
A⊗n+1 // A⊗n+1 is defined on generators by

tn(a0, a1, ..., an) = (−1)n(an, a0, ..., an−1)

and extended by linearity.

It is common to drop the subscript n from tn. In order to define cyclic homology,
we also require the map N = 1+t+ ...+tn. With this, we form the following diagram:

A⊗3
��

A⊗3

A⊗2

b

��
A⊗2

A

b

��

A⊗3
��

A⊗3

A⊗2

−b′

��
A⊗2

A

−b′

��

A⊗3
��

A⊗3

A⊗2

b

��
A⊗2

A

b

��

A⊗3A⊗3 1−too

A⊗2A⊗2 1−too

AA
1−too

A⊗3A⊗3 Noo

A⊗2A⊗2 Noo

AA
Noo

...A⊗3 1−too

...A⊗2 1−too

...A
1−too

Lemma 18. The above diagram is a bicomplex.

Indeed, it is known as the cyclic bicomplex, CC(A). The proof of the above
lemma is strictly technical and can be easily -but tediously - adapted to category
theoretic language. With this, we define the nth cyclic homology group of A, denoted
HCn(A), by

HCn(A) := Totn(CC(A))

This is not the only, nor the original, way to define cyclic homology. However, it is
the most general, and furthermore, facilitates the proof of the following crucial result.

Theorem 19. Let A be an associative k-algebra. Then there is a long exact sequence
of the form

... HHn(A)// HHn(A) HCn(A)// HCn(A) HCn−2(A)// HCn−2(A) HHn−1(A)// HHn−1(A) ...//
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This long exact sequence follows in a straightforward way from the short exact
sequence of bicomplexes

0 CC(A){2}// CC(A){2} CC(A)// CC(A) CC(A)[2, 0]// CC(A)[2, 0] 0//

where CC(A){2} denotes the cyclic bicomplex with all but the first two columns
zeroed, and CC(A)[2, 0] denotes the cyclic bicomplexes shifted two columns to the
right. It is obvious that this sequence of bicomplexes is exact; it is only necessary
to confirm that the total homology of the first two columns of the cyclic bicomplex
for A is isomorphic to the Hochschild homology of A. This follows immediately from
2.6.2.9 and the observation that the bar complex is exact.

The fact that the cyclic bicomplex is a bicomplex requires that (1 − t); b =
−b′; (1− t). It follows that b induces a map A⊗n/(1− t) //A⊗n−1/(1− t). Adopting
the notation Cλ

n(A) := A⊗n+1/(1− t), we get a complex:

... Cλ
n(A)// Cλ
n(A) Cλ

n−1(A)b // Cλ
n−1(A) Cλ

n−2(A)b // Cλ
n−2(A) ...//

This is known as Connes’ complex and its homology is denoted Hλ
n(A). When k

contains Q we have Hλ
n(A) ∼= HCn(A), and, in fact, this is how cyclic homology was

defined originally.



Chapter 3

Codifferential Categories

This chapter is largely expository in spirit, in the sense that the content distinctly
resembles that of [4]. However, because the impetus for the present work is furnished
significantly by formulations of noncommutative smoothness, this section will demon-
strate the mostly nominal work of translating the contents of [4] into the context of
noncommutative codifferential categories, as defined by Robin Cockett in [5].

However simple this translation is, the potential impact of a properly formulated
theory of noncommutative codifferential categories should not be overlooked. On the
contrary, the impact of this theory will likely be bolstered by the close connection
with the theory of commutative codifferential categories. That is, similarities be-
tween the commutative theory and the noncommutative theory make the differences
more salient; it is hoped that this will yield benefits as more advanced structures are
developed in the general theory of codifferential categories.

Definition 1. An algebra modality on a symmetric monoidal category C consists of
a monad (T, µ, η) on C and for each object C in C, a pair of morphisms

mTC : TC ⊗ TC // TC

eTC : I // TC

for each object TC, where I denotes the tensor unit. We ask that these maps endow
TC with an associative algebra structure, and that e and m satisfy evident naturality
conditions.

Note that we have already departed from the development of the commutative
context, where it is mandated that the algebra structure on TC is commutative.

The significance of the following result to this work is disguised by its simplic-
ity. The proof given is indicative of many of the computations necessitated by the
structure of codifferential categories. Note that a more elegant approach is available,
but that it obscures the explicit structure expatiated in the following. It is valuable

26
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to observe that these calculations utilize all of the axioms for a monad and for a
T -algebra.

Lemma 2. Let (T, µ, η) be an algebra modality on a monoidal category C. Then any
T -algebra < C, ν > inherits a canonical associative algebra structure, which makes ν
an associative algebra morphism.

Proof: Define a multiplication map and an identity map as follows:

mC := ηC ⊗ ηC ;mTC ; ν

eC := eTC ; ν

Then we have

ν ⊗ ν;mC

=ν ⊗ ν; ηC ⊗ ηC ;mTC ; ν

=ηTC ⊗ ηTC ;Tν ⊗ Tν;mTC ; ν

=ηTC ⊗ ηTC ;mT 2C ;Tν; ν

=ηTC ⊗ ηTC ;mT 2C ;µC ; ν

=ηTC ⊗ ηTC ;µC ⊗ µC ;mTC ; ν

=mTC ; ν

so that if mC is indeed an associative algebra multiplication map, it will follow from
this, and from the definition of eC , that ν is an associative algebra morphism. Using
the fact that T -algebra structure maps are split epi, the following computation grants
us associativity:

ν ⊗ ν ⊗ ν;mC ⊗ 1C ;mC

=mTC ⊗ 1TC ; ν ⊗ ν;mC

=mTC ⊗ 1TC ;mTC ; ν

=1TC ⊗mTC ;mTC ; ν

=ν ⊗ ν ⊗ ν; 1C ⊗mC ;mC

Finally, the fact that eC is a right-hand unit is established by the following:

ν ⊗ eC ;mC = 1C ⊗ eTC ; ν ⊗ ν;mC

=1C ⊗ eTC ;mTC ; ν

=uR; ν ⊗ 1I

where uR : TC // TC ⊗ I is the requisite isomorphism. The deduction that eC is a
left-hand unit is similar.

The following definition was posited by Robin Cockett in [5].
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Definition 3. A noncommutative codifferential category is an additive symmetric
monoidal category with an algebra modality (T, µ, η) and a noncommutative deriving
transform;i.e. a transformation natural in C

dTC : TC // TC ⊗ C ⊗ TC

satisfying the following four equations:

(d1) e; d = 0 (The derivative of a constant is zero)

(d2) m; d = (1⊗ d); (m⊗ 1⊗ 1) + (d⊗ 1); (1⊗ 1⊗m) (Leibniz rule)

(d3) η; d = e⊗ 1⊗ e (Derivative of a linear function is constant)

(d4) µ; d = d;µ⊗ d⊗ µ;m⊗ 1⊗m (Chain rule)

Equations d1 and d2 dictate that the morphisms dTC are derivations. As was
the case for commutative codifferential categories, the question of universality of these
derivations is paramount. Careful examination of the following example will elucidate
the crux of this matter.

3.1 The Free Associative Algebra Monad

For any object C in a symmetric monoidal category C with countable direct sums,
consider the object

FC := I ⊕ C ⊕ C ⊗ C ⊕ ...

We may define an associative algebra structure on these objects in the usual way, by
concatenation. That is,

mFC : FC ⊗FC // FC

is defined by taking C⊗m⊗C⊗n to C⊗m+n and distributing over the sum. This map is
manifestly associative. We may take the unit map eFC : I //FC to be the insertion
of I into the direct sum.

Now we may endow FC with a monad structure in the normal way, where µC :
F2C // FC is given on the direct sum

I ⊕FC ⊕FC ⊗FC ⊕ ...

by eFC on I, and iterated multiplication on each FC⊗n. ηC is the insertion of C into
the direct sum. It is worth noting that since F is a monad which is also an algebra
modality, any F -algebra is equipped with an associative algebra structure.

Let us fix some notation for the following demonstration. Let 〈C⊗n〉 denote the
n-fold tensor product C⊗n which occurs as the (n+ 1)st summand in the direct sum
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which defines the object FC, and let 〈jn〉 denote the insertion of C⊗n into FC, with
〈j0〉 = eFC . Furthermore, let 〈〈C⊗n〉〉 denote the manifestation of 〈C⊗n〉 in any given
occurrence of FC in F2C.

This notation is used, for example, to distinguish between three possible mani-
festations of C⊗2 in the tensor product FC ⊗ FC inside F2C: one with C⊗2 in the
first factor and I in the second, one with I in the first factor and C⊗2 in the second,
and one with C in each factor. These would be denoted by 〈〈C⊗2〉 ⊗ I〉, 〈I ⊗ 〈C⊗2〉〉,
and 〈〈C〉 ⊗ 〈C〉〉.

Define dFFC : FC // FC ⊗ C ⊗FC on the summands of FC as follows

i I // FC ⊗ C ⊗FC via 0

ii 〈C〉 // FC ⊗ C ⊗FC via uL; 1FC ⊗ uR; eFC ⊗ 1C ⊗ eFC

iii 〈C⊗n〉 // FC ⊗ C ⊗FC via
n−1∑
i=0

〈ji〉 ⊗ 1C ⊗ 〈jn−1−i〉

Observe that ii) is a special case of iii).

Proposition 4. dF is a deriving transform.

Proof: It is routine to verify that dF is natural. Furthermore, that dF satisfies
d1 and d3 is clear. Now, consider d2. Because both dF and mFC distribute across
sums we may restrict our attention to products of the form

mFC : 〈C⊗m〉 ⊗ 〈C⊗n〉 // 〈C⊗m+n〉

Here,

mFC ; dFFC =
m+n−1∑
i=0

〈ji〉 ⊗ 1C ⊗ 〈jm+n−1−i〉

On the other hand, on this same summand

dF ⊗ 1FC ; 1FC ⊗ 1C ⊗mFC + 1FC ⊗ dF ;mFC ⊗ 1C ⊗ 1FC

=[(
n−1∑
i=0

〈ji〉 ⊗ 1C ⊗ 〈jn−1−i〉)]⊗ 1FC ; 1FC ⊗ 1C ⊗mFC

+ [1FC ⊗ (
m−1∑
i=0

〈ji〉 ⊗ 1C ⊗ 〈jm−1−i〉)];mFC ⊗ 1C ⊗ 1FC

=(
n−1∑
i=0

〈ji〉 ⊗ 1C ⊗ 〈jn+m−1−i〉) + (
m−1∑
i=0

〈jn+i〉 ⊗ 1C ⊗ 〈jm−1−i〉)

=
n+m−1∑
i=0

〈ji〉 ⊗ 1C ⊗ 〈jn+m−1−i〉 = mFC ; dF
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Note that d2 is trivial on summands of the form I ⊗ 〈C⊗n〉 and 〈C⊗n〉 ⊗ I, so d2
holds in general.

We must now prove that d4, the chain rule, holds for dF . First observe that
on I the chain rule holds trivially, by the definition of dF . Next, on 〈FC〉, µ; dFFC =
dFFC and dFF 2C = uL; 1F 2C ⊗ uR; eF 2C ⊗ 1FC ⊗ eF 2C ; following this latter map by
µ⊗ dF ⊗ µ;mFC ⊗ 1C ⊗mFC then yields the desired result.

Finally, to show that the chain rule holds when restricted to summands of the
form 〈FC⊗n〉, first note that, by distributivity across sums, we may restrict our
attention to summands of the form

〈〈C⊗n1〉 ⊗ ...⊗ 〈C⊗nm〉〉

Let N =
m∑
i=1

ni. We must show that the following diagram is commutative:

〈〈C⊗n1〉 ⊗ ...⊗ 〈C⊗nm〉〉 〈C⊗N〉µ //〈〈C⊗n1〉 ⊗ ...⊗ 〈C⊗nm〉〉

F2C ⊗FC ⊗F2C

dF

��
F2C ⊗FC ⊗F2C FC⊗2 ⊗ C ⊗FC⊗2

µ⊗dF⊗µ
// FC⊗2 ⊗ C ⊗FC⊗2 FC ⊗ C ⊗FC

mFC⊗1C⊗mFC
//

(C⊗N)

FC ⊗ C ⊗FC

dF

��

A typical summand on the left-hand side is

〈〈C⊗n1〉 ⊗ ...⊗ 〈C⊗nk〉〉 ⊗ 〈C⊗nk+1〉 ⊗ 〈〈C⊗nk+2〉 ⊗ ...⊗ 〈C⊗nm〉〉

This is sent, via µ⊗ dF ⊗ µ, to

〈C⊗n1+...+nk〉 ⊗ [

nk+1−1∑
i=0

〈C⊗i〉 ⊗ C ⊗ 〈C⊗nk+1−1−i〉]⊗ 〈C⊗nk+2+...+nm〉

and finally, this is sent, via mFC ⊗ 1C ⊗mFC , to

nk+1−1∑
i=0

〈C⊗n1+...+nk+i〉 ⊗ C ⊗ 〈C⊗nk+2+...+nm+nk+1−1−i〉

Summing over 0 ≤ k ≤ m− 1 then gives

dF ;µ⊗ dF ⊗ µ;mFC ⊗ 1C ⊗mFC =
N∑
i=0

〈ji〉 ⊗ 1C ⊗ 〈jN−1−i〉

which is precisely µ; dF , and so d4 holds.

Hence there exists a derivation dFC for each object of the form FC. Furthermore, the
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target of this derivation is endowed with the structure of the free FC-bimodule over
C. As a result, for any derivation ∂ : FC //M , there exists a unique FC-module
morphism φ : FC ⊗ C ⊗FC //M such that the following diagram commutes:

C FC
ηFC // FC FC ⊗ C ⊗FC

dFFC // FC ⊗ C ⊗FC

M

φ

��

FC

M

∂
''

Therefore if ∂ = dFFC ;φ, then φ is unique in this capacity.
Now, for any associative algebra (A,mA, eA), and A-bimodule (M, •L, •R), we

may induce an associative algebra structure on the object A ⊕M via direct sum of
the maps

mA : A⊗ A // A

•L : A⊗M //M

•R : M ⊗ A //M

0 : M ⊗M //M

With this algebra structure and a derivation ∂ : A //M , the morphism(
1A
∂

)
: A // A ⊕ M is an associative algebra morphism. It is easy to see that,

conversely, if a map of the form

(
1A
∂

)
: A // A ⊕ M is an associative algebra

morphism, then ∂ : A //M is a derivation.
Consider then, the diagram

C FC
ηFC // FC FC ⊕FC ⊗ C ⊗FC

1FC
dFC


// FC ⊕FC ⊗ C ⊗FC

FC ⊕M

1FC
φ


��

FC

FC ⊕M

1FC
∂

 ''

It is clearly commutative, and since the triangle is composed of morphisms of as-
sociative algebras, the universal property of η mandates that the triangle is itself
commutative. We have thus proved the following:

Proposition 5. ΩNC
FC/k

∼= FC ⊗ C ⊗FC

Since ΩNC
FC/k, as described in 2.3, is isomorphic to the kernel of the map mFC ,

there is an exact sequence of the form

0 FC ⊗ C ⊗FC// FC ⊗ C ⊗FC FC ⊗FC// FC ⊗FC FCm // FC 0//
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It can furthermore be shown that the appropriate left-most nontrivial map is

1⊗ ηF ⊗ 1; (m⊗ 1− 1⊗m)

where ηF is the monad unit.

3.2 Noncommutative T-derivations

An important distinction to be made between the preceding example and a general
noncommutative codifferential category is the fact that the universal property of ηT

does not apply to morphisms of associative algebras in general, but to those which are
morphisms of T -algebras. That is, although we may form the commutative diagram

C TC
ηTC // TC TC ⊕ TC ⊗ C ⊗ TC

1TC
dTC


// TC ⊕ TC ⊗ C ⊗ TC

TC ⊕M

1TC
φ


��

TC

TC ⊕M

1TC
∂

 ''

the universal property of ηT does not indicate that the triangle is itself commutative.
It was precisely the analogous predicament in the commutative case which prompted
the definition of a T -derivation in [4]. In order to adapt this definition to the non-
commutative case, we require the following result:

Theorem 6. Let C be a codifferential category with finite coproducts. Let < A, ν > be
a T -algebra and M an A-bimodule. Then < A⊕M,β > is a T -algebra with structure

map β =

(
β1

β2

)
: T (A ⊕M) // A ⊕M defined on the constituents of the target as

follows:

T (A⊕M) TA
Tπ1 // TA

A

ν

��

T (A⊕M)

A

β1
$$

T (A⊕M) T (A⊕M)⊗ (A⊕M)⊗ T (A⊕M)d // T (A⊕M)⊗ (A⊕M)⊗ T (A⊕M)

TA⊗M ⊗ TA

Tπ1⊗π2⊗Tπ1

��
TA⊗M ⊗ TAA⊗M ⊗ A

ν⊗1⊗ν
ooA⊗M ⊗ AM •L⊗1;•R

oo

T (A⊕M)

M

β2

��
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In order to prove this, even in the commutative case, one is confronted with the
choice between unwieldy diagrams and abstruse calculations; this dilemma is com-
pounded by the bimodule structure and concomitant additional summands required
in the noncommutative setting. The latter option is chosen here, but one is free to
simply refer to [4] - and translate appropriately - to convince oneself of the veracity
of this theorem.
Proof: We confirm that β1 and β2 behave appropriately with regard to the T -
algebra axioms individually. First, observe that

µ; β1 = µ;Tπ1; ν

=T 2π1;µ; ν

=T 2π1;Tν; ν

=T (Tπ1; ν); ν

=T (β1); ν

=Tβ;Tπ1; ν = Tβ; β1

and

η; β1 = η;Tπ1; ν = π1; η; ν = π1

This confirms that β1 behaves properly with respect to µ and η. Now, for β2:

µ; β2 = µ; d;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν; •M
=d;µ⊗ d⊗ µ;m⊗ 1⊗m;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν; •M
=d;µ⊗ d⊗ µ; (Tπ1; ν)⊗2 ⊗ π2 ⊗ (Tπ1; ν)⊗2;mA ⊗ 1⊗mA; •M
=d;µ⊗ d⊗ µ; (Tπ1; ν)⊗2 ⊗ π2 ⊗ (Tπ1; ν)⊗2; 1⊗ •M ⊗ 1; •M

We shall break this calculation into parts:

µ⊗ d⊗ µ; (Tπ1; ν)⊗2 ⊗ π2 ⊗ (Tπ1; ν)⊗2; 1⊗ •M ⊗ 1

=T 2π1 ⊗ d⊗ T 2π1;µ⊗ Tπ1 ⊗ π2 ⊗ Tπ1 ⊗ µ; ν⊗2 ⊗ 1⊗ ν⊗2; 1⊗ •M ⊗ 1

=T 2π1 ⊗ d⊗ T 2π1;Tν ⊗ Tπ1 ⊗ π2 ⊗ Tπ1 ⊗ Tν; ν⊗2 ⊗ 1⊗ ν⊗2; 1⊗ •M ⊗ 1

=Tβ1 ⊗ β2 ⊗ Tβ1; ν ⊗ 1⊗ ν
=Tβ ⊗ β ⊗ Tβ;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν

Precomposing with d and postcomposing with •M thus gives:

d;Tβ ⊗ β ⊗ Tβ;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν; •M
=Tβ; d;Tπ1 ⊗ π2 ⊗ Tπ1; •M
=Tβ; β2
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as desired. Finally, we check that η; β2 = π2:

η; β2 =η; d;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν; •M
=u; e⊗ 1⊗ e;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν; •M
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=u; 1⊗ π2 ⊗ 1; e⊗ 1⊗ e; •M
=π2

Definition 7. We denote this T -algebra by W (A,M) =< A⊕M,βAM >

It is evident that with such a T -algebra structure on A ⊕ M , the map π1 :
A ⊕M // A is a morphism of T -algebras. Hence W (A,M) is manifestly an object
in CT/A. Accordingly, we make the following pair of definitions, inspired by [1].

Definition 8. • Let < A, ν > be a T -algebra. Let M be an A-module. A Beck
T -derivation for A valued in M is a T -algebra map

A //W (A,M)

in the slice category CT/A.

• A T -derivation is a morphism ∂ : A //M such that

< 1, ∂ >: A // A⊕M
is a Beck T -derivation.

One may confirm that these two notions are in bijective correspondence with one
another. The notions of universal T -derivation and universal Beck T -derivations
are the obvious ones; the corresponding module is called the module of T -differential
forms and for a T -algebra < A, ν >, it is denoted ΩT

A,ν , or ΩT
A when no ambiguity

will occur.
At this point it should be obvious that the strategy pursued is to utilize the

freeness of TC ⊗ C ⊗ TC in order to factor TC derivations after precomposition
with ηC and then to use the universal property of ηC along with the correspondence
between T -derivations and T -algebra morphisms. Before we can do this though, we
need to show that the canonical derivations dT are themselves T -derivations. This is
accomplished by the following series of propositions.

Proposition 9. Let < A, ν > be a T -algebra, and let M be an A-bimodule. A
morphism ∂ : A //M is a T -derivation if and only if the following diagram commutes.

TA T (A⊕M)

T

1A
∂


//TA

A

ν

��

T (A⊕M)

M

β2

��
A M

∂
//
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Proof: The requirement that < 1A; ∂ >: A //A⊕M is a T -algebra morphism is
fulfilled when the given diagram is commutative, and additionally, when the following
diagram is commutative.

TA T (A⊕M)

T

1A
∂


//TA

A

ν

��

T (A⊕M)

A

β1

��
A A

1A
//

Since

T

(
1A
∂

)
; β1 = T

(
1A
∂

)
;Tπ1; ν

=T (1A); ν = ν

the result follows.

Proposition 10. Let < A, ν > be a T -algebra, and let M be an A-bimodule. A
morphism ∂ : A //M is a T -derivation if and only if the following diagram commutes.

TA A
ν //TA

TA⊗ A⊗ TA

d

��
TA⊗ A⊗ TA A⊗M ⊗ A

ν⊗∂⊗ν
// A⊗M ⊗ A M•M

//

A

M

∂

��

Proof: Given this premise, consider T

(
1A
∂

)
; β2

=T

(
1A
∂

)
; d;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν; •M

=d;T

(
1A
∂

)
⊗
(

1A
∂

)
⊗ T

(
1A
∂

)
;Tπ1 ⊗ π2 ⊗ Tπ1; ν ⊗ 1⊗ ν; •M

=d; ν ⊗ ∂ ⊗ ν; •M

and the result follows from the previous proposition.

It immediately follows from the chain rule that the morphisms, dT , in a codifferential
category are T -derivations. We now have the following:
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Theorem 11. For any object C in a codifferential category C, dTTC is a universal
T -derivation; consequently, TC ⊗ C ∼= ΩT

TC

Given the discussion at the beginning of the chapter, an informal explanation
should suffice. The point is that T -derivations correspond to certain T -algebra mor-
phisms, the Beck T -derivations. Hence if two T -derivations are equal when preceded
by ηT , the corresponding Beck T -derivations are equal when preceded by ηT , and the
universal property of ηT mandates that those Beck T -derivations must be equal. This
means that the original T -derivations were equal.

It should be emphasized that the preceding theorem is indicative of the privi-
leged position of the chain rule axiom. Without it, the axiomatic derivations in a
codifferential category would not necessarily have any universal property.

With these universal T -derivations on the free T -algebras of a codifferential cat-
egory at hand, one may construct universal T -derivations for any T -algebra, as in the
following.

Theorem 12. Let < A, ν > be a T -algebra in a codifferential category. Then the
module of T -differential forms for A, denoted ΩT

A is constructed as the following co-
equalizer:

ΩT
T 2A ΩT

TA

ΩT
µT //ΩT

T 2A ΩT
TA

ΩTTν

// ΩT
TA ΩT

<A,ν>

ΩTν //

Here we have used the fact that precomposing a T -derivation with a morphism
of T -algebras, f , yields another T -derivation, along with the universal property of dT

to construct the morphisms of the form ΩT
f .

The next theorem provides a very convenient way to view codifferential cate-
gories.

Theorem 13. Let C be an additive symmetric monoidal category for which the free
associative algebra monad F exists. Assume that C has reflexive coequalizers and that
these are preserved by the tensor product. Then C is a codifferential category if

i C is equipped with a monad T

ii there exists a monad morphism λ : F // T

iii for each C ∈ Ob(C) there is a transformation dTTC : TC // TC ⊗C ⊗ TC such
that

a. the diagram

FC TC
λC //FC

FC ⊗ C ⊗FC

dF

��

TC

TC ⊗ C ⊗ TC

dT

��
FC ⊗ C ⊗FC TC ⊗ C ⊗ TC

λC⊗1C⊗λC
//
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commutes

b. The chain rule axiom holds for dT

The crux of the matter is the observation that given these conditions, any T -
derivation is an F -derivation. This ensures that axioms d1 and d2 hold. To this end,
note that any T -algebra < A, ν > inherits an F -algebra structure < A, λA; ν >. If
dTA : A //M is a T -derivation, we have

λA; ν; dT

=λA; dT ; ν ⊗ dT ⊗ ν; •M
=dF ;λA ⊗ 1⊗ λA; ν ⊗ dT ⊗ ν; •M
=dF ; (λA; ν)⊗ dT ⊗ (λA; ν); •M

as required. Axiom d3 is established similarly. Axiom d4 is provided in the premise
of the above theorem precisely because this type of strategy will not work. dT does
not inherit adherence to the given chain rule from F ; this is what distinguishes it as
a T -derivation.

Again, the formal proof has been foregone. For the full details, one may see [4]
for the proof of the following analogous result, which is also important for the present
work.

Theorem 14. Let C be an additive symmetric monoidal category for which the sym-
metric algebra monad S exists. Assume that C has reflexive coequalizers and that
these are preserved by the tensor product. Then C is a commutative codifferential
category if

i C is equipped with a monad T

ii there exists a monad morphism λ : S // T

iii for each C ∈ Ob(C) there is a transformation dTTC : TC // TC ⊗ C such that

a. the diagram

SC TC
λC //SC

SC ⊗ C

dS

��

TC

TC ⊗ C

dT

��
SC ⊗ C TC ⊗ C

λC⊗1C
//

commutes

b. The chain rule axiom holds for dT
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3.3 n-forms and De Rham Cohomology

In differential geometry, de Rham cohomology utilizes easily computable aspects of
the differential structure of a smooth manifold in order to derive global properties.
Namely, one builds a complex out of the higher differential forms on the manifold
and computes the homology of the complex. Because such higher differential forms -
or n-forms - are built from copies of the modules of differential forms and little else,
the machinery required to compute an algebraic version of de Rham Cohomology
is readily available to algebraic geometers. Here it will be shown that the n-forms
and de Rham cohomology for a T-algebra in a codifferential category have a simple
description, and furthermore that the construction of the module of n-forms for a
T-algebra closely resembles the construction of its module of differential forms.

It can be observed that both the construction of de Rham cohomology and the
subsequent introduction to the theory of connections described here are not pertinent
to the main line of development. There are two reasons for their inclusion: first, it
was necessary to develop a convenient description of the n-forms and it is interesting
to observe how easily the other constructions follow from this description; second, the
theory of de Rham cohomology is closely connected to cyclic homology ([17] Theorem
3.4.12, p. 106) and future work may require this additional development.

For each T -algebra < A, ν > in a commutative codifferential category, we may
define the module of T -differential n-forms by

Ω
(n)T
A :=

n∧
A

ΩT
A

If no ambiguity will result, we will simply denote these by Ωn
A. As a first step towards

a convenient construction for the n-forms of a T-algebra, we prove the following

Proposition 15. Let < A, ν > be a T -algebra in a codifferential category. Then for
any n the following diagram is a reflexive coequalizer diagram:

Ω
⊗n
T2A

T 2A Ω
⊗nTA
TA

Ω
⊗n
T2A

µ //Ω
⊗n
T2A

T 2A Ω
⊗nTA
TA

Ω
⊗n
T2A

Tν

// Ω
⊗nTA
TA Ω

⊗nA
A,ν

Ω
⊗nTA
ν // Ω

⊗nA
A,ν

Proof: This is an immediate consequence of 3.2.12 and 2.1.1

Now, consider the following diagram:
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Ω
⊗n
T2A

T 2A

Ω
⊗n
T2A

T 2A

1

��

Ω
⊗n
T2A

T 2A

Ω
⊗n
T2A

T 2A

−1⊗1⊗...⊗c

��

Ω
⊗n
T2A

T 2A

∧n
T 2A ΩT 2A

��

Ω
⊗nTA
TA

Ω
⊗nTA
TA

��

Ω
⊗nTA
TA

Ω
⊗nTA
TA

−1⊗1⊗...⊗c

��

Ω
⊗nTA
TA

∧n
TA ΩTA

��

Ω
⊗nA
A,ν

Ω
⊗nA
A,ν

1

��

Ω
⊗nA
A,ν

Ω
⊗nA
A,ν

−1⊗1⊗...⊗c

��

Ω
⊗nA
A,ν

∧n
A ΩA,ν

��

Ω
⊗n
T2A

T 2A Ω
⊗nTA
TA

Ω
⊗n
T2A

µ //Ω
⊗n
T2A

T 2A Ω
⊗nTA
TA

Ω
⊗n
T2A

Tν

// Ω
⊗nTA
TA Ω

⊗nA
A,ν

Ω
⊗nTA
ν // Ω

⊗nA
A,ν

Ω
⊗n
T2A

T 2A Ω
⊗nTA
TA

Ω
⊗n
T2A

µ //Ω
⊗n
T2A

T 2A Ω
⊗nTA
TA

Ω
⊗n
T2A

Tν

// Ω
⊗nTA
TA Ω

⊗nA
A,ν

Ω
⊗nTA
ν // Ω

⊗nA
A,ν

∧n
T 2A ΩT 2A

∧n
TA ΩTA

∧n
T2A

Ωµ
//∧n

T 2A ΩT 2A

∧n
TA ΩTA∧n

T2A
ΩTν

//
∧n
TA ΩTA

∧n
A ΩA,ν

∧n
TA Ων //

∧n
A ΩA,ν

.... .. .... .. .... ..

All of the obvious squares commute, each column is a coequalizer diagram, and
the top two rows are coequalizers. It follows that the bottom row is a coequalizer.
We have just proven

Theorem 16. Let < A, ν > be a T-algebra in a codifferential category. Then the
following diagram is a coequalizer:

Ωn
T 2A Ωn

TA

Ωnµ //Ωn
T 2A Ωn

TA
ΩnTν

// Ωn
TA Ωn

A,ν

Ωnν // Ωn
A,ν

When we consider a free algebra < TA, µA > in a codifferential category whose
tensor product preserves arbitrary coequalizers, we may arrive at a more explicit
representation of Ωn

TA as shown in the following diagram

(TA⊗ A)⊗
n
TA (TA⊗ A)⊗

n
TA

1 //
(TA⊗ A)⊗

n
TA (TA⊗ A)⊗

n
TA

−1⊗1⊗...⊗c
// (TA⊗ A)⊗

n
TA

∧n
TA(TA⊗ A)//

TA⊗ A⊗n TA⊗ A⊗n
1 //

TA⊗ A⊗n TA⊗ A⊗n
−1TA⊗1⊗1⊗...⊗c

// TA⊗ A⊗
n

TA⊗
∧nA//

(TA⊗ A)⊗
n
TA

TA⊗ A⊗n

∼=

��

(TA⊗ A)⊗
n
TA

TA⊗ A⊗n

∼=

��

∧n
TA(TA⊗ A)

TA⊗
∧nA

∼=

��

......

......

Having expressed the higher n-forms in this way, we are properly equipped to
define de Rham cohomology in a codifferential category. This, of course, requires
the definition of a series of maps δnA : Ωn

A,ν
// Ωn+1

A,ν for each T -algebra < A, ν >.
This will be borne out somewhat indirectly and will make essential use of our explicit
representation of Ωn

TA; it is unclear how one would proceed otherwise.
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Consider the following diagram

TA⊗ A⊗n TA⊗ A⊗n
1 //

TA⊗ A⊗n TA⊗ A⊗n
−1TA⊗1⊗1⊗...⊗c

// TA⊗ A⊗
n

TA⊗
∧nA

pn //

TA⊗ A⊗n+1
TA⊗ A⊗n+1

1 //
TA⊗ A⊗n+1

TA⊗ A⊗n+1

−1TA⊗1⊗1⊗...⊗c
// TA⊗ A⊗

n+1
TA⊗

∧n+1A
pn+1 //

TA⊗ A⊗n

TA⊗ A⊗n+1

dTA⊗1⊗
n

��

......

......

That all of the maps emanating from the upper left hand corner and terminating
through pn+1 are equal is true upon inspection. Hence there is a unique map δnTA :
TA⊗

∧nA // TA⊗
∧n+1A such that pn; δnTA = dTA ⊗ 1⊗

n
; pn+1.

Observe that this definition of a boundary map for de Rham cohomology is
closely modeled after the classical algebraic de Rham cohomology boundary map,
which takes an n-form adx1

∧
dx2

∧
...
∧
dxn to da

∧
dx1

∧
...
∧
dxn([9] p. 417). This

formal similarity notwithstanding, we require the following lemma:

Lemma 17. δTA; δTA = 0

Proof: We may examine the following commutative diagram:

TA⊗ A⊗n TA⊗
∧nA

pn //

TA⊗ A⊗n+1
TA⊗

∧n+1A
pn+1 //

TA⊗ A⊗n+2
TA⊗

∧n+2A
pn+2 //

TA⊗ A⊗n

TA⊗ A⊗n+1

dTA⊗1⊗
n

��

TA⊗ A⊗n+1

TA⊗ A⊗n+2

dTA⊗1⊗
n+1

��

TA⊗
∧nA

TA⊗
∧n+1A

δnTA

��

TA⊗
∧n+1A

TA⊗
∧n+2A

δn+1
TA

��

Since pn is an epimorphism, if it can be shown that the counterclockwise composite of
the large rectangle is 0, the lemma will follow. To this end, consider the precedence
of this composite by mTA ⊗ 1⊗

n

A - an epimorphism.
It is sufficient to consider the case where n = 0. That is, consider the map

mTA; dTA; dTA⊗1A : TA⊗TA //TA⊗A⊗A. It is convenient to label each instance
of A that arises. Two applications of the Leibniz rule produce the following sequence
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of maps:

TA1 ⊗ TA2

TA1 ⊗ TA2 ⊗ A2 + TA2 ⊗ TA1 ⊗ A1

1⊗dTA+c;1⊗dTA
��

TA1 ⊗ TA2 ⊗ A2 + TA2 ⊗ TA1 ⊗ A1

TA3 ⊗ A⊗
2

2 + TA3 ⊗ A1 ⊗ A2 + TA3 ⊗ A⊗2
1 + TA3 ⊗ A2 ⊗ A1

(1⊗dTA⊗1+c⊗1;1⊗dTA⊗1);mTA⊗1A⊗A��

Here TA3 arises from the multiplication of TA1 and TA2; commutativity of the
algebra makes their order irrelevant. It is now evident that postcomposition of
mTA; dTA; dTA ⊗ 1A with 1 ⊗ c changes nothing. Therefore the composite mTA ⊗
1⊗

n

A ; dTA ⊗ 1⊗
n

A ; dTA ⊗ 1⊗
n+1

A ; pn+2 is 0. Since mTA ⊗ 1⊗
n

A is epi, the result follows.

As an immediate corollary, we may construct the de Rham boundary map δnA for
a T -algebra < A, ν > via the following diagram:

Ωn
T 2A Ωn

TA

Ωnµ //Ωn
T 2A Ωn

TA
ΩnTν

// Ωn
TA Ωn

A,ν

Ωnν // Ωn
A,ν

Ωn+1
T 2A Ωn+1

TA

Ωn+1
µ //Ωn+1

T 2A Ωn+1
TA

Ωn+1
Tν

// Ωn+1
TA Ωn+1

A,ν

Ωn+1
ν // Ωn+1

A,ν

Ωn
T 2A

Ωn+1
T 2A

δn
T2A

��

Ωn
TA

Ωn+1
TA

δnTA

��

Ωn
A,ν

Ωn+1
A,ν

δnA

��

Since

Ωn
ν ; δnA; δn+1

A = δTA; Ωn+1
ν ; δn+1

A

= δnTA; δn+1
TA ; Ωn+2

ν

= 0

it follows that δA; δA = 0

3.3.1 Connections

One benefit of the introduction of de Rham cohomology in codifferential categories
is the possibility of also defining connections in this context. In this brief section,
both connections and curvature are defined in a familiar way ([17], 8.1), which only
requires the definitions of n-forms and the de Rham boundary map given in the
previous section.
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Definition 18. Let < A, ν > be a T -algebra and M an A-module. A connection on
M is a linear map:

∇n : M ⊗A Ωn
A

//M ⊗A Ωn+1
A

defined for all n ≥ 0 and such that the following diagram commutes:

M ⊗A Ωp
A

∧
A Ωq

A M ⊗A Ωp+q+1
A

∇p
∧
A id+(−1)pid

∧
A δ

q
A //M ⊗A Ωp+q+1

A

M ⊗A Ωp+q+1
A

id

��

M ⊗A Ωp
A

∧
A Ωq

A

M ⊗A Ωp+q+1
A

∇p+q
++

Proposition 19. For any connection ∇ : M ⊗A Ω∗A
//M ⊗A Ω∗+1

A and any p, q, we
have

∇p+q;∇p+q+1 = ∇p
∧
A

id;∇p+1
∧
A

id

When restricted to M , this composite is denoted R : M //M ⊗A Ω2
A and is

called the curvature of ∇.
Proof:

∇p+q;∇p+q+1 = (∇p
∧
A

id+ (−1)pid
∧
A

δqA);∇p+q+1

= (∇p;∇p+1)
∧
A

id+ (−1)p+1∇p
∧
A

δq + (−1)p∇p
∧
A

δq + id
∧
A

(δq; δq+1)

= (∇p;∇p+1)
∧
A

id



Chapter 4

Properties of Algebra Modalities

Because of the chain rule, the T -derivations in a codifferential category are inextrica-
bly linked to the monad T . To clarify, although most of the axioms for T -derivations
are satisfied as a consequence of the relationship between T and S (or T and F in
noncommutative codifferential categories), the chain rule axiom must be established
independently. This is evinced by comparing the two equivalent definitions of codif-
ferential categories given in the previous chapter.

It must be observed, however, that in the case where T satisfies Property K -
that is, when there is a surjection of monads F // T - it can be demonstrated that
any S-derivation from a T -algebra satisfies the chain rule associated to T . Hence, the
essential structure of a codifferential category may be determined, at least partially,
by the relationship between its algebra modality T and the algebra modalities F , S,
or any other monad which may exist in the codifferential category or closely related
codifferential categories.

Apropos to this, in the following sections various properties of monads and their
relevance to differential structure are investigated. In the first section, essential prop-
erties of the symmetric algebra monad are axiomatized, which enable one to deduce
a specialized HKR-type theorem for the free algebras of a monad which adheres to
the axioms. Such monads are called smooth monads, and occupy a middle-ground
between general algebra modalities, and monads with property K.

In the second section of this chapter, a connection between noncommutative
codifferential categories and commutative codifferential categories is elucidated. An
example of this phenomenon occurs between categories with the free associative al-
gebra monad, and corresponding categories with the symmetric algebra monad. It is
shown that S inherits some of its smoothness properties from its relationship with F .

44
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4.1 Smooth Monads

The inspiration for the following set of axioms comes primarily from the proof that for
any flat k-module, V , HHn(SV ) ∼= Ωn

SV/k for all n, found in [17]. The utility of these
axioms lies in the resultant ability to generalize from the finite to the infinite, as will
be demonstrated in the proof of the following theorem. Such a strategy is ubiquitous
in proofs of HKR-type theorems; one may observe the proof of the Connes-Hochschild-
Kostant-Rosenberg theorem as in Theorem 8.17, p. 363, [11] where similar properties
are utilized.

Definition 1. An algebra modality, T , in a codifferential category C is said to be
smooth if the following conditions hold:

i ∀A,B ∈ Ob(C), TA⊗ TB ∼= T (A⊕B) via the canonical map

φ := Ti0 ⊗ Ti1;mT (A⊕B)

ii T preserves filtered colimits

iii T preserves flatness

iv The following sequence is exact

0 Tk ⊗ k ⊗ Tk// Tk ⊗ k ⊗ Tk Tk ⊗ Tk1⊗η⊗1;(m⊗1−1⊗m) // Tk ⊗ Tk Tkm // Tk 0//

Remark 2. Observe the formal similarity between condition iv) and the exact se-
quence which defined ΩNC

FA/k in section 3.1. When T = S, this property is satisfied
because Sk ∼= Fk.

Theorem 3. Let C be a codifferential category with small filtered colimits in which
filtered colimits preserve exactness - that is, the filtered colimit of an exact sequence
is an exact sequence - and the tensor product preserves colimits in each variable. Let
A be a flat k-module, and T a smooth algebra modality. Then for all n there is a
natural isomorphism HHn(TA) ∼= ΩnT

TA.

The proof of this theorem will follow the proof of the analogous proposition, which
is specific to S, as in Theorem 3.2.2, p. 94, [17]. Here, the properties which enable one
to demonstrate the above isomorphism have been isolated and encapsulated in the
definition of smooth monads. First, this exemplifies one of the guiding principles of
the present work: that the HKR theorem is an appropriate yardstick for smoothness.
Second, it highlights the role that each of the putative smoothness properties play in
the analysis of smoothness.
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To foster a more detailed analysis while at the same time maintaining coherent
articulation, the proof will be broken into a series of lemmas. First, we require a
construction.

For any k-module V in a commutative codifferential category with algebra modal-
ity T , and any n, consider the series of maps TV ⊗ V ⊗n⊗ TV // TV ⊗ V ⊗n−1⊗ TV
given by

δi = 1TV ⊗ 1⊗iV ⊗ η
T
V ⊗ 1⊗n−i−1

V ⊗ 1TV ; (c;mTV ⊗ 1⊗n−1
V ⊗ 1TV − c; 1TV ⊗ 1⊗n−1

V ⊗mTV )

where 0 ≤ i ≤ n − 1 and the c maps are the appropriate symmetry maps. This is
most easily deciphered when n = 1 and

δ0 = 1TV ⊗ ηTV ⊗ 1TV ; (mTV ⊗ 1TV − 1TV ⊗mTV )

That is, first we insert V into TV via ηT , and then we take the difference between
multiplying it with the TV on the left and with that on the right. For larger values
of n, each δi performs an analogous operation using the i+ 1st instance of V .

Lemma 4. The maps δi endow the sequence of objects TV ⊗ V ⊗n ⊗ TV with pres-
implicial structure.

This follows by noticing that if i < j, the jth entry in V ⊗n shifts to the (j − 1)st

position after the action of δi. One must also invoke commutativity of the algebra
TV . Hence, if we define

δ =
n−1∑
i=0

(−1)iδi

then the following diagram is a complex.

... TV ⊗ V ⊗n ⊗ TV// TV ⊗ V ⊗n ⊗ TV TV ⊗ V ⊗n−1 ⊗ TVδ // TV ⊗ V ⊗n−1 ⊗ TV ...//

... TV ⊗ V ⊗ TV// TV ⊗ V ⊗ TV TV ⊗ TVδ //

Furthermore, observe that if we postcompose δ with the projection onto TV ⊗∧nV ⊗
TV , pn, then for 1 ≤ i ≤ n− 1

δ; pn = −τi; δ; pn

where τi is the transposition of the ith instance of V with the (i + 1)st. This should
be confirmed scrupulously for the case n = 2, but the remainder of cases follow easily
thereafter. It follows that there is an induced map

δ : TV ⊗ ∧nV ⊗ TV // TV ⊗ ∧n−1V ⊗ TV
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which makes

... TV ⊗ ∧nV ⊗ TV// TV ⊗ ∧nV ⊗ TV TV ⊗ ∧n−1V ⊗ TVδ // TV ⊗ ∧n−1V ⊗ TV ...//

... TV ⊗ V ⊗ TV// TV ⊗ V ⊗ TV TV ⊗ TVδ //

a complex. We denote this complex by Csm
∗ (TV )

Lemma 5. If T is a smooth monad, Csm
∗ (T (V ⊕W )) ∼= Csm

∗ (TV )⊗ Csm
∗ (TW )

Proof: First note that for any n

T (V ⊕W )⊗ ∧n(V ⊕W )⊗ T (V ⊕W )

∼= TV ⊗ TW ⊗
⊕
p+q=n

(∧pV ⊗ ∧qW )⊗ TV ⊗ TW

∼=
⊕
p+q=n

Csm
p (TV )⊗ Csm

q (TW )

It remains to be shown that such isomorphisms induce chain maps. That is, that for
all n the following diagram commutes

Csm
n (T (V ⊕W )) Csm

n−1(T (V ⊕W ))δV⊕W //Csm
n (T (V ⊕W ))

⊕
p+q=n

Csm
p (TV )⊗ Csm

q (TW )

∼=
��⊕

p+q=n

Csm
p (TV )⊗ Csm

q (TW )
⊕

r+s=n−1

Csm
r (TV )⊗ Csm

s (TW )
δV⊗W

//

Csm
n−1(T (V ⊕W ))

⊕
r+s=n−1

Csm
r (TV )⊗ Csm

s (TW )

∼=
��

where δV⊗W is the usual differential map bestowed on the tensor product of two
complexes.

First, consider the case where n = 1. On the summand

TV ⊗ V ⊗ TV ⊗ TW ⊗ TW

we have

δV⊗W ; 1⊗ c⊗ 1;φ⊗ φ
=δV0 ⊗ 1TW ⊗ 1TW ; 1⊗ c⊗ 1;φ⊗ φ
=δV0 ⊗ 1TW ⊗ 1TW ; 1⊗ c⊗ 1; (Ti0 ⊗ Ti1;mT (V⊕W ))

⊗2

=δV0 ⊗ 1TW ⊗ 1TW ;Ti⊗2
0 ⊗ Ti⊗2

1 ; 1⊗ c⊗ 1;m⊗2
T (V⊕W )

To examine this further, we have

δV0 ;Ti0 ⊗ Ti0
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=1TV ⊗ ηV ⊗ 1TV ; (mTV ⊗ 1TV − 1TV ⊗mTV );Ti0 ⊗ Ti0
=1TV ⊗ ηV ⊗ 1TV ;Ti0 ⊗ Ti0 ⊗ Ti0; (mT (V⊕W ) ⊗ 1− 1⊗mT (V⊕W ))

=Ti0 ⊗ i0 ⊗ Ti0; 1⊗ ηV⊕W ⊗ 1; (mT (V⊕W ) ⊗ 1− 1⊗mT (V⊕W ))

=Ti0 ⊗ i0 ⊗ Ti0; δV⊕W

and

δV⊕W ⊗ 1⊗ 1; 1⊗ c⊗ 1;m⊗m
=(1⊗ η ⊗ 1; (m⊗ 1− 1⊗m))⊗ 1⊗ 1; 1⊗ c⊗ 1;m⊗m

We may examine
m⊗ 1⊗ 1⊗ 1; 1⊗ c⊗ 1;m⊗m

and
1⊗m⊗ 1⊗ 1; 1⊗ c⊗ 1;m⊗m

using the following respective sequences of string diagrams. Here • represents an
instance of T (V ⊕ W ), each row represents a tensor product, the joining of wires
represents a multiplication, and the crossing of wires represents an interchange of
positions.
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so that

(1⊗ η ⊗ 1; (m⊗ 1− 1⊗m))⊗ 1⊗ 1; 1⊗ c⊗ 1;m⊗m
=1⊗ 1⊗ c⊗ 1; 1⊗ c⊗ 1⊗ 1; 1⊗ (1⊗ η ⊗ 1; (m⊗ 1− 1⊗m))⊗ 1;m⊗m
=1⊗ 1⊗ c⊗ 1; 1⊗ c⊗ 1⊗ 1; 1⊗ δV⊕W ⊗ 1;m⊗m
=1⊗ 1⊗ c⊗ 1; 1⊗ c⊗ 1⊗ 1;m⊗ 1⊗m; δV⊕W

Hence

δV⊗W ; 1⊗ c⊗ 1;φ⊗ φ
=1⊗ 1⊗ c⊗ 1; 1⊗ c⊗ 1⊗ 1;Ti0 ⊗ Ti1 ⊗ i0 ⊗ Ti0 ⊗ Ti1;m⊗ 1⊗m; δV⊕W

=1⊗ 1⊗ c⊗ 1; 1⊗ c⊗ 1⊗ 1;φ⊗ i0 ⊗ φ; δV⊕W

as required. Similarly, on TV ⊗ TV ⊗ TW ⊗W ⊗ TW , we find that

δV⊗W ; 1⊗ c⊗ 1;φ⊗ φ
=1⊗ c⊗ 1⊗ 1; 1⊗ 1⊗ c⊗ 1;φ⊗ i1 ⊗ φ; δV⊕W

In order to complete the proof, we may precompose the square in question with
the epimorphic map

1⊗ pV⊕Wn ⊗ 1 : T (V ⊕W )⊗ (V ⊕W )⊗n ⊗ T (V ⊕W ) // Csm
n (T (V ⊕W ))

The commutativity of the resultant square then follows exactly as if we were equipped
with bases for our modules, but the proof is much more tedious here. Essentially,
given the above calculation, one needs only to show that the signs of the relevant
shuffle maps match up when performed either before or after the relevant δ maps.

Note that the proof of the above lemma utilizes only property i) of smoothness for a
monad.

Lemma 6. If V is a free finite-dimensional k-module - i.e. a module of the form⊕n
i=1 k, denoted here by kn - and T is a smooth monad, then Csm

∗ (TV ) is a finite,
flat resolution of TV

Proof: Since V is free and finite dimensional, we may assume that V ∼= In for
some n. The lemma is true for n = 1 by the definition of a nonsingular monad.
Suppose then, that for any free I-module V ′ of dimension < n, the conclusion of the
lemma holds. Then Csm

∗ (TV ) ∼= Csm
∗ (T (kn)) ∼= Csm

∗ (T (kn−1)) ⊗ Csm
∗ (Tk) so that

Csm
∗ (TV ) is isomorphic to the tensor product of two flat resolutions. Explicitly, the
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homology of this complex is the total homology of the following double complex:

Csm
2 (T (kn−1))⊗ Tk ⊗ Tk

��
Csm

2 (T (kn−1))⊗ Tk ⊗ Tk

Csm
1 (T (kn−1))⊗ Tk ⊗ Tk

��

Csm
2 (T (kn−1))⊗ Tk ⊗ k ⊗ TkCsm

2 (T (kn−1))⊗ Tk ⊗ Tk oo

Csm
1 (T (kn−1))⊗ Tk ⊗ k ⊗ TkCsm

1 (T (kn−1))⊗ Tk ⊗ Tk oo

Csm
2 (T (kn−1))⊗ Tk ⊗ k ⊗ Tk

��
Csm

2 (T (kn−1))⊗ Tk ⊗ k ⊗ Tk

Csm
1 (T (kn−1))⊗ Tk ⊗ k ⊗ Tk

��

...Csm
2 (T (kn−1))⊗ Tk ⊗ k ⊗ Tk oo

...Csm
1 (T (kn−1))⊗ Tk ⊗ k ⊗ Tk oo

Since k and Tk are both flat, taking the homology of each column results in a single
non-zero row of the form

T (kn−1)⊗ Tk ⊗ k ⊗ TkT (kn−1)⊗ Tk ⊗ Tk oo 0T (kn−1)⊗ Tk ⊗ k ⊗ Tk oo

by hypothesis. Since T (kn−1) is flat, this sequence is exact, and has 0th homology
group T (kn−1) ⊗ Tk ∼= T (kn). Since we have computed the total homology of the
above bicomplex, the proof is complete.

Of course, once we have a systematic way to produce flat resolutions, we have a
means by which to compute Tor functors, and hence a convenient means by which to
compute Hochschild homology. This is the method by which the crux of the above
theorem is proven in the following:

Lemma 7. If V is a free finite-dimensional k-module and T is a smooth monad in a
codifferential category C in which the tensor product preserves coequalizers, then for
all n HHn(TV ) ∼= ΩnT

TV

Proof: Since HHn(TV ) ∼= TorTV⊗TVn (TV, TV ), the Hochschild homology of TV
may be computed using the complex Csm

∗ (TV ) ⊗TV⊗TV TV , by the above lemma.
Observe the following commutative diagram:

TV ⊗ ∧nV ⊗ TV ⊗TV⊗TV TV TV ⊗ ∧n−1V ⊗ TV ⊗TV⊗TV TVδ //TV ⊗ ∧nV ⊗ TV ⊗TV⊗TV TV

TV ⊗ ∧nV

∼=
��

TV ⊗ ∧nV TV ⊗ ∧n−1V
0

//

TV ⊗ ∧n−1V ⊗ TV ⊗TV⊗TV TV

TV ⊗ ∧n−1V

∼=
��

Since this persists at every stage of the complex Csm
∗ (TV ) ⊗TV⊗TV TV , the result

follows.

Before proceeding with the proof of the theorem, we require one last, technical lemma

Lemma 8. If T preserves filtered colimits, then so does ΩnT
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Proof: Let A = colimiAi be a filtered colimit of T -algebras over the filtered
category I with maps fi,j : Ai // Aj. Since T preserves filtered colimits, it follows
that A inherits a T -algebra structure < A,α >. Now, for each pair {i, j}, there exists
a morphism of Ai-modules ΩT

Ai
// ΩT

Aj
. Let M be the filtered colimit colimiΩ

T
Ai

. It

will be proven that M ∼= ΩT
A.

First, consider the category consisting of objects TAi⊗Aj and maps of the form
Tfi,k⊗fj,l : TAi⊗Aj //TAk⊗Al. It can be shown using the filtration properties of I
that the full subcategory consisting of objects TAi⊗Ai is final in the larger category,
and hence colimiTAi ⊗ colimjAj = TA ⊗ A is the filtered colimit colimiTAi ⊗ Ai.
Similarly, T 2A ⊗ TA is the filtered colimit colimiT

2Ai ⊗ TAi. Since ΩT
A may be

constructed via the following coequalizer

T 2A⊗ TA TA⊗ A
ΩTµ //T 2A⊗ TA TA⊗ A

ΩTTα

// TA⊗ A ΩT
A

ΩTα //

the result follows immediately from the commutativity of colimits.

Now, for the first time explicitly using property ii) of smoothness, we have the fol-
lowing:
Proof: (Proof of Theorem 3)
Since flat k-modules are filtered colimits of free finite-dimensional k-modules, and T ,
HHn, and ΩnT each preserve filtered colimits, the result is immediate.

For the purposes of the above material, the condition that T preserves flatness could
be relaxed to something like “Tk is flat.” The reason to dismiss this added generality
is that it is desirable that the above isomorphism is preserved when we apply T again.
That is, an immediate corollary of the above theorem is

Corollary 9. Given the premises of the above theorem, for any i and any n, HHn(T iV ) ∼=
ΩnT
T iV

4.2 Symmetrization of an Algebra Modality

Here we commence with a general lemma regarding the construction of a commutative
algebra from an associative algebra. It is important to understand that this process
is distinct from the usual abelianization of a multiplicative structure. Here, we take
a coequalizer in a category which includes objects other than algebras.

Lemma 10. Let C be a symmetric monoidal category in which ⊗ preserves reflexive
coequalizers in both variables. Let A be an associative algebra, and let the following
diagram be a coequalizer:

A⊗3 A
1⊗c;1⊗mA;mA //A⊗3 A

1⊗mA;mA
// A C

q //
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Then this diagram is moreover a reflexive coequalizer, C is a commutative algebra,
and for any algebra morphism f : A // X where X is a commutative algebra there
is a unique algebra morphism g : C //X which factors f through q.

Before the commencement of the proof, a note on the statement of this lemma
is probably in order. One may wonder whether it is possible to formulate C as the
following coequalizer

A⊗2 A
c;mA //A⊗2 A
mA

// A C
q //

This is tempting, however the means by which one would produce even an A-module
structure on C are dubious. For instance, the obvious and, perhaps, only strategy to
pursue is to consider the following diagram:

A⊗ A⊗2 A⊗ A
1⊗c;1⊗mA //A⊗ A⊗2 A⊗ A

1⊗mA
// A⊗ A A⊗ C1⊗q //A⊗ A

C
mA;q %%

A⊗ C

C
��

The top row is a coequalizer because we assume that the tensor product preserves
reflexive coequalizers. If it can be shown that the precomposition of the diagonal map
by either of the two left maps is the same, then there is a unique map A ⊗ C // C
which makes the triangle commute. Although this may appear to be the case, consider
the following analysis, which uses elemental notation for the sake of brevity.

If a⊗b⊗c ∈ A⊗A⊗2, then the two left-hand maps send this element, respectively,
to a⊗ cb and a⊗ bc. The diagonal map then inserts, respectively, acb and abc into C
via q. Hence, we must show that q(abc) = q(acb) always.

We only know that q does not distinguish between precomposition by c;mA and
precomposition by mA. We may quickly tabulate the strings of equalities that this
prescribes:

q(abc)

q(cab)

=

q(abc)

q(bca)

=

q(cab)

q(bca)

=

q(cab)

q(abc)

=

q(bca)

q(abc)

=

q(bca)

q(cab)

=

It appears we have encountered an insurmountable impasse. This suggests that q
must inherit knowledge of associativity; the formulation in the lemma accomplishes
this, as will be demonstrated in the following.
Proof: First, it is clear that this coequalizer is reflexive, with the two left maps
having a mutual left inverse in uR;uR; 1 ⊗ eA ⊗ eA. Since ⊗ preserves reflexive co-
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equalizers, the top row of the following diagram is a coequalizer

A⊗ A⊗3 A⊗ A
1⊗1⊗c;1⊗1⊗mA;1⊗mA //A⊗ A⊗3 A⊗ A

1⊗1⊗mA;1⊗mA
// A⊗ A A⊗ C1⊗q //

A⊗3 A
1⊗c;1⊗mA;mA //A⊗3 A

1⊗mA;mA
// A C

q //

A⊗ A⊗3

A⊗3

mA⊗1⊗1
��

A⊗ A

A

mA
��

A⊗ C

C

•
��

Here, the rightmost vertical map is the unique map such that 1 ⊗ q; • = mA; q.
Its uniqueness follows from the universal property of the top coequalizer and the
commutativity of the two leftmost squares, established as in the following calculation:

1⊗ 1⊗ c; 1⊗ 1⊗mA; 1⊗mA;mA

= 1⊗ 1⊗ c; 1⊗mA ⊗ 1; 1⊗mA;mA

= 1⊗ 1⊗ c; 1⊗mA ⊗ 1;mA ⊗ 1;mA

= 1⊗ 1⊗ c;mA ⊗ 1⊗ 1;mA ⊗ 1;mA

= mA ⊗ 1⊗ 1; 1⊗ c; 1⊗mA;mA

The second square is similar, but simpler. Next then, observe the following diagram:

A⊗3 ⊗ C A⊗ C
1⊗c⊗1;1⊗mA⊗1;mA⊗1 //A⊗3 ⊗ C A⊗ C

1⊗mA⊗1;mA⊗1
// A⊗ C C ⊗ C1⊗q //A⊗ C

C
•

))

C ⊗ C

C

mC
��

The top row is a coequalizer because ⊗ preserves coequalizers. If it can be shown that
the result of postcomposing either of the two left maps with • is the same, we will
have a unique map mC such that 1⊗ q;mC = •. We have the following computation:

1⊗ 1⊗ 1⊗ q; 1⊗ c⊗ 1; 1⊗mA ⊗ 1;mA ⊗ 1; •
= 1⊗ c⊗ 1; 1⊗mA ⊗ 1;mA ⊗ 1; 1⊗ q; •
= 1⊗ c⊗ 1; 1⊗mA ⊗ 1;mA ⊗ 1;mA; q

= 1⊗ c⊗ 1; 1⊗mA ⊗ 1; 1⊗mA;mA; q

= 1⊗ c⊗ 1; 1⊗mA ⊗ 1; 1⊗ c; 1⊗mA;mA; q

= 1⊗ 1⊗ c; 1⊗mA ⊗ 1;mA ⊗ 1;mA; q

Due to frequency with which we must reason about symmetry maps, the subsequent
calculations are best derived using a type of string diagram. Here ◦ will represent the
object C and • will represent the object A. The rest of the diagrammatic notation is
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identical to that of 4.1.5.
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=

•
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•
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•
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•

•
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•

••

•

•

◦
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◦

◦

◦

=

•
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•
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•

•
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•

•

•

•

•

••

•

•

•
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q
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◦

◦

◦

Observe the use of the defining property of q in this last equality. Continuing:

=

•

•

•

•

•

•

•

••

•

•

•

•

••

•

•

•

•

••

•

•

••

◦
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=

•

•

•

•

•

•

•

••

•

•

•

•

••

•

•

••

◦
q

again using the defining property of q. Hence we have that

1⊗ 1⊗ 1⊗ q; 1⊗ c⊗ 1; 1⊗mA ⊗ 1;mA ⊗ 1; •
= 1⊗mA ⊗ 1; 1⊗mA;mA; q

= 1⊗mA ⊗ 1;mA ⊗ 1;mA; q

= 1⊗ 1⊗ 1⊗ q; 1⊗mA ⊗ 1;mA ⊗ 1; •

1 ⊗ 1 ⊗ 1 ⊗ q can be constructed as a coequalizer map, and so is epi. This means
that there is a unique map mC : C ⊗C //C such that q⊗ 1;mC = •. We then have
q ⊗ q;mC = 1⊗ q; • = mC ; q. From this we have that if C has an algebra structure,
then q is an algebra morphism.

Now, it follows from 2.1.1 that q ⊗ q ⊗ q is a coequalizer map, and hence epi.
Therefore the following computation shows that mC has the associativity property:

q ⊗ q ⊗ q; 1⊗mC ;mC

= 1⊗mA;mA; q

= mA ⊗ 1;mA; q
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= q ⊗ q ⊗ q;mC ⊗ 1;mC

We may let eC be defined as the composite eA; q. Then clearly eC ⊗ 1C ;mC = 1C and
1C ⊗ eC ;mC = 1C . So (C,mC , eC) is an associative algebra.

To see that C is a commutative algebra, consider the following:

q ⊗ q; c;mC

= c; q ⊗ q;mC

= c;mA; q

= c;uL; eA ⊗ 1⊗ 1;mA ⊗ 1;mA; q

= uL; eA ⊗ 1⊗ 1; 1⊗ c; 1⊗mA;mA; q

= uL; eA ⊗ 1⊗ 1; 1⊗mA;mA; q

= uL; eA ⊗ 1⊗ 1;mA ⊗ 1;mA; q

= mA; q = q ⊗ q;mC

It follows that c;mC = mC and so C is a commutative algebra.
Now, if f : A //X is a morphism of algebras, where X is commutative, then

1⊗ c; 1⊗mA;mA; f

=1⊗ c; f ⊗ f ⊗ f ; 1⊗mX ;mX

=f ⊗ f ⊗ f ; 1⊗ c; 1⊗mX ;mX

=f ⊗ f ⊗ f ; 1⊗mX ;mX

=1⊗mA;mA; f

and so f factors uniquely through q by the universal property of the coequalizer.

Lemma 11. Let C be a category such that ⊗ preserves reflexive coequalizers, and let
T be an endofunctor which has as its image a subcategory of the category of associa-
tive algebras in C. Then if for each C ∈ Ob(C), TSC is defined to be the following
coequalizer

TC⊗3 TC
1⊗c;1⊗mTC ;mTC //TC⊗3 TC

1⊗mTC ;mTC
// TC TSC

λC //

then TSC is an endofunctor which has as its image a subcategory of the category of
commutative algebras in C, and λ is a natural transformation.

Proof: This follows immediately from the previous lemma and the fact that for
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any morphism f : C //D we may construct the following diagram:

TC⊗3 TC
1⊗c;1⊗mTC ;mTC //TC⊗3 TC

1⊗mTC ;mTC
// TC TSC

λC //

TD⊗3 TD
1⊗c;1⊗mTD;mTD //TD⊗3 TD

1⊗mTD;mTD
// TD TSD

λD //

TC⊗3

TD⊗3

(Tf)⊗3

��

TC

TD

Tf

��

TSC

TSD

TSf

��

The two left squares commute because Tf is an algebra morphism. It follows that
there is a unique morphism which makes the right square commute, this we call TSf .
That this map assignment is functorial follows from this uniqueness.

Finally, by the previous lemma, the coequalizer which defines TSC is a reflexive
coequalizer for each C. Hence λ⊗λ is, in particular, epimorphic, and we may compute

λ⊗ λ;TSf ⊗ TSf ;mTS

=Tf ⊗ Tf ;mT ;λ

=mT ;Tf ;λ

=λ⊗ λ;mTS ;TSf

and deduce that the following diagram commutes

TSC ⊗ TSC TSD ⊗ TSD
TSf⊗TSf //TSC ⊗ TSC

TSC

mTS

��

TSD ⊗ TSD

TSD

mTS

��
TSC TSDTSf

//

Obviously, in the present work we are concerned with the case in which T is an algebra
modality in a codifferential category. However, it does not appear to be the case that
if T has a monad structure, then TS in the above lemma will inherit one. Namely, it is
not clear how one would endow TS with a monad multiplication map. However, there
is at least one prominent example where this does occur and where, furthermore,
λ is a monad morphism. The following theorem examines the consequences of this
phenomenon.

Theorem 12. Let T be the algebra modality associated to a noncommutative codif-
ferential category C. For any B ∈ Ob(C), consider the following diagram, defined to
be a coequalizer:

TB⊗
3

TB
1⊗c;1⊗mTB ;mTB //TB⊗

3
TB

1⊗mTB ;mTB
// TB TSB

λB //

If λ is a morphism of monads such that Tλ is epimorphic, then TS is the algebra
modality associated to a commutative codifferential category.
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Proof: First, by the above lemma, proving that TS is an algebra modality only
requires the proof that µTS is an algebra morphism. First note that λ;µTS is a T -
algebra structure map, since

T (λ;µTS); (λ;µTS)

=Tλ;λ;TSµ
TS ;µTS

=Tλ;λ;µTS ;µTS

=µT ; (λ;µTS)

and

ηT ; (λ;µTS)

=ηTS ;µTS = 1

By 3.2 this means that λ;µTS is also an associative algebra morphism. Hence

λ⊗ λ;µTS ⊗ µTS ;mTS

=mT ;λ;µTS

=λ⊗ λ;mTS ;µTS

Since λ⊗λ is epimorphic, it follows that µTS is an algebra morphism. Next, we must
construct a suitable map dTS : TSB // TSB ⊗B. We do this by first considering the
following diagram:

TB⊗
3

TB
1⊗c;1⊗mTB ;mTB //TB⊗

3
TB

1⊗mTB ;mTB
// TB TSBλB

//TB

TB ⊗B ⊗ TB

dT

OOTB ⊗B ⊗ TB TSB ⊗B
1⊗c;mTB⊗1;λ⊗1 //

TSB

TSB ⊗B

dTS

OO

It will be shown that the two paths from (TB)⊗3 to TSB ⊗ B are equal, and hence
the universal property of λB induces a map dTS . Consider the following computation:

1⊗ c; 1⊗m;m; dT ; 1⊗ c;m⊗ 1;λ⊗ 1

=1⊗ c; 1⊗m; (1⊗ dT ;m⊗ 1⊗ 1 + dT ⊗ 1; 1⊗ 1⊗m); 1⊗ c;m⊗ 1;λ⊗ 1

This produces two summands with which we can deal individually. Note that 1 ⊗
c;mTB ⊗ 1;λ⊗ 1 = λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1 and so the computation

1⊗ c; 1⊗m; dT ⊗ 1; 1⊗ 1⊗m; 1⊗ 1⊗ λ
=1⊗ c; 1⊗m; dT ⊗ 1; 1⊗ 1⊗ λ⊗ λ; 1⊗ 1⊗mTS
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=1⊗ c; 1⊗ λ⊗ λ; 1⊗mTS ; dT ⊗ 1; 1⊗ 1⊗ λ⊗ 1; 1⊗ 1⊗mTS

=1⊗ λ⊗ λ; 1⊗mTS ; dT ⊗ 1; 1⊗ 1⊗ λ⊗ 1; 1⊗ 1⊗mTS

=1⊗m; dT ⊗ 1; 1⊗ 1⊗m; 1⊗ 1⊗ λ

is sufficient to dispense with one of the summands. The point here is that c and dT

don’t interact in any significant way.
To construct dTS , it is now sufficient to show that

1⊗ c; 1⊗m; 1⊗ dT ;m⊗ 1⊗ 1; 1⊗ c;m⊗ 1;λ⊗ 1

=1⊗m; 1⊗ dT ;m⊗ 1⊗ 1; 1⊗ c;m⊗ 1;λ⊗ 1

or, equivalently, that

λ⊗ 1; 1⊗ (c;m; dT ;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1);mTS ⊗ 1

=λ⊗ 1; 1⊗ (m; dT ;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1);mTS ⊗ 1

Since the tensor product preserves reflexive coequalizers, we may eliminate λ⊗1 from
the prefix. It will be shown that

c;m; dT ;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

=m; dT ;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

By the noncommutative Leibniz rule, this is equivalent to

c; (1⊗ dT ;m⊗ 1⊗ 1 + dT ⊗ 1; 1⊗ 1⊗m);λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

=(1⊗ dT ;m⊗ 1⊗ 1 + dT ⊗ 1; 1⊗ 1⊗m);λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

It will be shown that

c; 1⊗ dT ;m⊗ 1⊗ 1;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

=dT ⊗ 1; 1⊗ 1⊗m;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

and that

1⊗ dT ;m⊗ 1⊗ 1;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

=c; dT ⊗ 1; 1⊗ 1⊗m;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

and the construction of dTS will be complete. Since c; c = 1, we need only prove one
of these equalities. Compute as follows:

c; 1⊗ dT ;m⊗ 1⊗ 1;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

=dT ⊗ 1; c4,1;m⊗ 1⊗ 1;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1
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=dT ⊗ 1; c4,1;λ⊗ λ⊗ 1⊗ λ; 1⊗ 1⊗ c;mTS ⊗ 1⊗ 1;mTS ⊗ 1

=dT ⊗ 1; c4,1; 1⊗ 1⊗ c;λ⊗ λ⊗ λ⊗ 1; 1⊗mTS ⊗ 1;mTS ⊗ 1

=dT ⊗ 1; c2,4;λ⊗ λ⊗ λ⊗ 1; c3,1; 1⊗mTS ⊗ 1;mTS ⊗ 1

=dT ⊗ 1; c2,4;λ⊗ λ⊗ λ⊗ 1; 1⊗mTS ⊗ 1; c⊗ 1;mTS ⊗ 1

=dT ⊗ 1; c2,4;λ⊗ λ⊗ λ⊗ 1; 1⊗mTS ⊗ 1;mTS ⊗ 1

=dT ⊗ 1; 1⊗ 1⊗m;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

This final equality follows by cycling backward through the equalities with the crucial
symmetrization map removed. The penultimate equality is the crux of the matter,
and uses the fact that TSB is a commutative algebra in an essential way. Now, by
definition, since T is a noncommutative algebra modality, we have a morphism of
monads ρ : F // T . Observe the following diagram:

TB⊗
3

TB
1⊗c;1⊗mTB ;mTB //TB⊗

3
TB

1⊗mTB ;mTB
// TB TSB

λB //

FB⊗3 FB
1⊗c;1⊗mFB ;mFB //FB⊗3 FB

1⊗mFB ;mFB
// FB SBωB //FB⊗3

TB⊗
3

ρ⊗
3

OO

FB

TB

ρ

OO

SB

TSB

σ

OO

Since ρ, λ and ω are morphisms of monads and, in particular, ω is an epimorphism,
it is routine to verify that σ is a morphism of monads. It follows then, that in order
to show that TSB is the monad associated to a commutative codifferential category
with canonical derivations dTS , we must show that σ and dTS behave in the correct
way according to the characterization of a codifferential category in 3.2.14.

First, consider a map f : B //C. We must prove that TSf ; dTSTSC = dTSTSB;TSf⊗f :

λB;TSf ; dTS

=Tf ;λC ; dTS

=Tf ; dT ; 1⊗ c;mTC ⊗ 1;λC ⊗ 1

=dT ;Tf ⊗ f ⊗ Tf ; 1⊗ c;mTC ⊗ 1;λC ⊗ 1

=dT ; 1⊗ c;mTB ⊗ 1;Tf ⊗ f ;λC ⊗ 1

=dT ; 1⊗ c;mTB ⊗ 1;λB ⊗ 1;TSf ⊗ f
=λB; dTS ;TSf ⊗ f

The fact that λ is epimorphic affirms the naturality of dTS .
Next we show that dTS obeys the chain rule:

µTS ; dTS = dTS ;µ⊗ dTS ;mTS ⊗ 1

We utilize the fact that Tλ is epimorphic:

Tλ;λ;µTS ; dTS
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=µT ;λ; dTS

=µT ; dT ;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

=dT ;µ⊗ dT ⊗ µ;m⊗ 1⊗m;λ⊗ 1⊗ λ; 1⊗ c;mTS ⊗ 1

=dT ;µ⊗ dT ⊗ µ;λ⊗2 ⊗ 1⊗ λ⊗2; 1⊗ 1⊗ c⊗ 1; 1⊗mTS ⊗ c; ...
...mTS ⊗ 1⊗ 1;mTS ⊗ 1

=dT ; (µ;λ)⊗ 1⊗ (µ;λ); 1⊗ (λ; dTS)⊗ 1; 1⊗ 1⊗ c;mTS ⊗ 1⊗ 1;mTS ⊗ 1

=dT ;Tλ⊗ λ⊗ Tλ; (λ;µ)⊗ dTS ⊗ (λ;µ);mTS ⊗ c;mTS ⊗ 1

=Tλ; dT ;λ⊗ 1⊗ λ; 1⊗ dTS ⊗ 1;µ⊗ 1⊗ 1⊗ µ; 1⊗ 1⊗ c;mTS ⊗ 1⊗ 1; ...

...mTS ⊗ 1

=Tλ; dT ;λ⊗ 1⊗ λ; 1⊗ dTS ⊗ 1; 1⊗ 1⊗ c;µ⊗ 1⊗ µ⊗ 1; 1⊗mTS ⊗ 1; ...

...mTS ⊗ 1

=Tλ; dT ;λ⊗ 1⊗ λ; 1⊗ dTS ⊗ 1; 1⊗ 1⊗ c;µ⊗ 1⊗ µ⊗ 1; 1⊗ c⊗ 1; ...

...1⊗mTS ⊗ 1;mTS ⊗ 1

=Tλ; dT ;λ⊗ 1⊗ λ; 1⊗ dTS ⊗ 1; 1⊗ 1⊗ c; 1⊗ c⊗ 1;µ⊗ µ⊗ 1⊗ 1...

...mTS ⊗ 1⊗ 1;mTS ⊗ 1

=Tλ; dT ;λ⊗ 1⊗ λ; 1⊗ dTS ⊗ 1; 1⊗ 1⊗ c; 1⊗ c⊗ 1;mT 2
S
⊗ 1⊗ 1; ...

...µ⊗ 1⊗ 1;mTS ⊗ 1

=Tλ; dT ;λ⊗ 1⊗ λ; 1⊗ c;mT 2
S
⊗ 1;µ⊗ dTS ;mTS ⊗ 1

=Tλ;λ; dTS ;µ⊗ dTS ;mTS ⊗ 1

This, combined with the fact that Tλ and λ are epimorphic, demonstrates that the
chain rule holds.

Finally, we must show that for each B, the following diagram commutes

SB TSBσ
//SB

SB ⊗B

dS

OOSB ⊗B TSB ⊗B
σ⊗1 //

TSB

TSB ⊗B

dTS

OO

Since ω : FB // SB is epimorphic, demonstrating the commutativity of the above
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diagram reduces to demonstrating the commutativity of the outer rectangle of

SB TSBσ
//SB

SB ⊗B

dS

OOSB ⊗B TSB ⊗B
σ⊗1 //

TSB

TSB ⊗B

dTS

OO

FB SBω
//FB

FB ⊗B ⊗FB

dF

OOFB ⊗B ⊗FB SB ⊗B1⊗c;mFB⊗1;ω⊗1 //

But the commutativity of the outer rectangle here is equivalent to the commutativity
of the outer rectangle of

FB TBρ
//FB

FB ⊗B ⊗FB

dF

OOFB ⊗B ⊗FB TB ⊗B ⊗ TBρ⊗1⊗ρ //

TB

TB ⊗B ⊗ TB

dT

OO

TB TSBλ
//

TB ⊗B ⊗ TB TSB ⊗B
1⊗c;mTB⊗1;λ⊗1 //

TSB

TSB ⊗B

dTS

OO

which follows from the established commutativity of the two smaller rectangles.

Although the condition that Tλ be epimorphic is only used here to establish the
chain rule, the significance of this condition is not diminished. On the contrary, since
the chain rule is the crucial condition which distinguishes T -derivations from S (or
F) derivations, the condition that Tλ is epimorphic appears to be of paramount
importance in this connection between noncommutative codifferential categories and
commutative ones.

Proposition 13. The symmetric algebra monad S is isomorphic to the symmetriza-
tion of the free associative algebra monad F . That is, for any C ∈ Ob(C), there is a
coequalizer of the form:

FC⊗3 FC
1⊗c;1⊗mFC ;mFC //FC⊗3 FC

1⊗mFC ;mFC
// FC SC//

Proof: By 4.2.10, it follows that the coequalizer objects depicted in these dia-
grams, namely objects of the form FSC, are commutative algebras in the image of an
endofunctor FS. If it can be established that these objects FSC have the universal
property, which defines S, then the proposition will follow. That is, it needs to be
shown that given any object C ∈ C and any map f : C // X such that X is a
commutative algebra, there is a unique morphism of algebras f ′ : FSC // X such
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that the following diagram commutes:

C

FSC

ηF ;λ

OO

C

X

f

::FSC X
f ′ //

Since X is, in particular, an associative algebra, there is a unique morphism of alge-
bras, g, such that

C

FC

ηF

OO

C

X

f

::FC X
g //

commutes. It follows from this and 4.2.10 that there is indeed a morphism of algebras
f ′ : FSC //X such that λ; f ′ = g and hence ηF ;λ; f ′ = ηF ; g = f . By the universal
properties of ηF and λ, this map is unique.

Call the map constructed above σ : F // S. Since it is a morphism of associative
algebras, there is a unique map ψ such that

FC

F2C

ηF

OO

FC

SC

σ

::F2C SCψ //

Clearly, ψ = µF ;σ. Observe also though that

ηF ;Fσ;σ;µS

=σ; ηF ;σ;µS

=σ; ηS;µS

=σ

where the equality ηS = ηF ;σ follows from the last part of the above proof. Hence
µF ;σ = Fσ;σ;µS. Therefore σ is a morphism of monads.

Since F is constructed as a direct sum of iterated tensor products and iter-
ated tensor products of reflexive coequalizers are reflexive coequalizers, Fσ is itself
a coequalizer map, and therefore an epimorphism. Hence S inherits codifferential
structure from F as in the above theorem.

Normally S is characterized as the free tensor algebra over the symmetrized
tensor product. Using such a description, it is a simple enough matter to demonstrate
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that S is a nonsingular monad - although property i) is not immediate. However, it is
worthwhile to examine the extent to which the properties of nonsingular monads are
demonstrably possessed by S as a result of the coequalizer construction given above.
One could use this, for instance, to posit a definition for smooth noncommutative
monads.

Proofs of the following in the traditional setting can be found in e.g. [9], Propo-
sition A2.2, pp. 576-578 and [10] B.2.

Proposition 14. S(A⊕B) ∼= SA⊗ SB

Proof: Consider the map f : A ⊕ B // SA ⊗ SB defined on A as the following
composite:

A SA
ηSA // SA SA⊗ IuR // SA⊗ I SA⊗ SB1⊗eSA //

and similarly, on B as

B SB
ηSB // SB I ⊗ SBuL // I ⊗ SB SB ⊗ SBeSB⊗1 //

Since SA⊗ SB is equipped with a commutative algebra structure, there is a unique
map f ′ : S(A⊕B) // SA⊗ SB such that ηSA⊕B; f ′ = f .

Next, we may construct a map g : SA ⊗ SB // S(A ⊕ B) with the following
composite:

SA⊗ SB S(A⊕B)⊗ S(A⊕B)
S(iB)⊗S(iA) // S(A⊕B)⊗ S(A⊕B)

S(A⊕B)

mS(A⊕B)

��

SA⊗ SB

S(A⊕B)

g

))

It will be shown that f ′; g = 1S(A⊕B) and g; f ′ = 1SA⊗SB. To show that f ′; g = 1,
it will be shown that f ; g = ηSA⊕B; we will then invoke the universal property of ηS.

First, note that ηFA⊕B is defined on A as ηFA ;F(iB) and defined on B as ηFB ;F(iA).

Hence ηSA⊕B =

(
ηFA ;F(iA)
ηFB ;F(iB)

)
;λA⊕B =

(
ηSA;S(iA)
ηSB;S(iB)

)
. Calculate as follows:

f ; g =

(
ηSA;uR; 1⊗ eSA
ηSB;uL; eSB ⊗ 1

)
;S(iA)⊗ S(iB);mS(A⊕B)

=

(
ηSA;S(iA);uR; 1⊗ eS(A⊕B)

ηSB;S(iB);uL; eS(A⊕B) ⊗ 1

)
;mS(A⊕B)

=

(
ηSA;S(iA)
ηSB;S(iB)

)
= ηSA⊕B
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Consider the following diagram:

F(A⊕B)⊗3 F(A⊕B)
1⊗c;1⊗mF (A⊕B);mF (A⊕B) //F(A⊕B)⊗3 F(A⊕B)

1⊗mF (A⊕B);mF (A⊕B)

// F(A⊕B) S(A⊕B)
λ(A⊕B)

//F(A⊕B)

FA⊗FB
h
��

S(A⊕B)

SA⊗ SB
f ′
��

FA⊗FB SA⊗ SB
λA⊗λB

//

Here h is the unique morphism of algebras such that

ηFA⊕B;h =

(
ηFA ;uR; 1⊗ eFB
ηFB ;uL; eFA ⊗ 1

)
Since the four maps which comprise the square are morphisms of associative algebras,
it follows that the square is commutative if it is commutative when precomposed with
ηFA⊕B. To this end, observe

ηFA⊕B;h;λA ⊗ λB

=

(
ηFA ;uR;λA ⊗ eSB
ηFB ;uL; eSA ⊗ λB

)
=ηSA⊕B; f ′

=ηFA⊕B;λA⊕B; f ′

Suppose we have q : F(A⊕B) //X such that 1⊗ c; 1⊗mF (A⊕B);mF (A⊕B); q =
1 ⊗mF (A⊕B);mF (A⊕B); q. Then there exists a unique map t : S(A ⊕ B) // X such
that q = λA⊕B; t. Hence λA⊕B; f ′; g; t = q. If it can be shown that g; t is the unique
map for which this latter equation holds, it will follow that the following diagram is
a coequalizer diagram:

F(A⊕B)⊗3 F(A⊕B)
1⊗c;1⊗mF (A⊕B);mF (A⊕B) //F(A⊕B)⊗3 F(A⊕B)

1⊗mF (A⊕B);mF (A⊕B)

// F(A⊕B) SA⊗ SB
λ(A⊕B);f ′

//

and hence SA⊗ SB ∼= S(A⊕ B). This will hold if it can be shown that λA⊕B; f ′ is
an epimorphism - or equivalently, that h;λA⊗λB is an epimorphism. Since by 2.1.1,
λA ⊗ λB is a coequalizer map, we need only to show that h is an epimorphism.

Upon direct inspection, we see that FA⊗FB is the direct sum of every possible
object of the form A⊗n⊗B⊗m, where m and n are natural numbers; when m = n = 0,
this object is I. If it can be proven that h surjects onto each summand, then the
proposition will be established. First, by the definition of an algebra homomorphism,
h surjects onto I; that is, the I summand in F(A⊕B) is mapped identically to I in
FA⊗FB. As for any other object A⊗n⊗B⊗m, we may consider these in the context
of the image of the maps:

(mFA⊗FB)n+m; proj : (FA⊗FB)n+m // A⊗n ⊗B⊗m
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That is, since multiplication is just the concatenation of vector products, and the maps
ηFA and ηFB simply map, respectively, A and B identically into their representative
summands in, respectively again, FA and FB, the composite

(A⊗ I)⊗n ⊗ (I ⊗B)⊗m (FA⊗FB)n+m
(ηFA⊗eFA)n⊗(eFB⊗ηFB)

// (FA⊗FB)n+m

A⊗n ⊗B⊗m

(mFA⊗FB)n+m;proj

��

(A⊗ I)⊗n ⊗ (I ⊗B)⊗m

A⊗n ⊗B⊗m
**

is an epimorphism.
The maps ηFA ⊗ eFB : A ⊗ I // FA ⊗ FB may be realized as the following

composite:

A A⊕BiA // A⊕B A⊕B

idA
0


// A⊕B F(A⊕B)

ηA⊕B // F(A⊕B) FA⊗FBh //

and the maps eFA ⊗ ηFB : I ⊗B // FA⊗FB may be realized thusly:

B A⊕BiB // A⊕B A⊕B

 0
idB


// A⊕B F(A⊕B)

ηA⊕B // F(A⊕B) FA⊗FBh //

It follows that h⊗n+m; (mFA⊗FB)m+n = (mF (A⊕B))
m+n;h is an epimorphism, so

that h is an epimorphism.

Proposition 15. The following sequence is exact

0 Sk ⊗ k ⊗ Sk// Sk ⊗ k ⊗ Sk Sk ⊗ SkηS⊗1⊗ηS ;(m⊗1−1⊗m)// Sk ⊗ Sk Skm // Sk 0//

Proof: This follows from 3.1.5 if we prove that Fk ∼= Sk. To this end, consider
the following diagram

Fk⊗3 Fk
1⊗c;1⊗mFk;mFk //Fk⊗3 Fk

1⊗mFk;mFk
// Fk Skσ //Fk

Fk
id %%

Sk

Fk
��

wherein the right-hand map exists and factors idFk if Fk is a commutative algebra;
in this case σk will be an epimorphism with a (diagrammatic) right inverse, and hence
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an isomorphism. Since the multiplication on Fk is the concatenation of direct sums
of the tensor unit, this is immediate.

Proposition 16. If colimjAj is a filtered colimit of k-modules, S(colimjAj) ∼=
colimjS(Aj)

Proof: In light of the coequalizer construction of S, this follows immediately from
the fact that F preserves filtered colimits.

Although S, as normally constructed, does preserve flatness, it is not immediate
that - even with our relaxed conception of flatness - one can show that S preserves
flatness by virtue of the relationship with F exhibited in 4.2.13. That is, if in a
general symmetric monoidal category, one were to construct S using 4.2.13 as a
definition, it is not clear that such an S would preserve flatness.



Chapter 5

André-Quillen Homology and
Smoothness

André-Quillen homology is a homology theory designed for commutative rings[20].
Since the complex on which André-Quillen homology is computed is comprised of
modules of differential forms, codifferential categories are an ideal context in which
to extend this theory.

The upshot of this extension is that it imparts to the theory of codifferential cate-
gories a practical means by which to measure smoothness. To clarify, in the traditional
context of André-Quillen (co)-homology, the theory may be used to conveniently char-
acterize smoothness via vanishing conditions. In this section, a definition of smooth
T -algebras is posited analogously; it is then shown that with such a definition at
hand, a version of the HKR theorem may be proven.

5.1 André-Quillen Homology

Before engaging in André-Quillen homology proper, it will be necessary to extend the
theory of codifferential categories a little further. The astute reader will notice that
in the notation that is used for modules of differential forms, the underlying ring is
omitted. This is simply a matter of convenience and will be utilized when context
deems this practice appropriate. However, powerful tools of André-Quillen homology
require an increased level of flexibility, and necessitate the construction of modules
of differential forms relative to variable algebras. Furthermore, the power that the
Jacobi-Zariski long exact sequence affords in the utilization of this theory designates
such considerations as the crux of the matter. Throughout the entirety of this section,
unless otherwise noted, the superscript T is dropped from ΩT . Also, throughout this
section, we require that the tensor product preserves arbitrary coequalizers, and not
just reflexive ones.

67
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Definition 1. Let f : A //B be a morphism of T -algebras in a codifferential category.
Define the module of differential forms of B over f , denoted ΩB/A to be the cokernel
of the map 1B ⊗A Ωf ; •B : B ⊗A ΩA

// ΩB. That is, the sequence

B ⊗A ΩA ΩB

1B⊗AΩf ;•B // ΩB ΩB/A
// ΩB/A 0//

is exact.

Lemma 2. ΩB/A defined above inherits a B-module structure

Proof: Observe the following diagram

B ⊗B ⊗A ΩA B ⊗ ΩB

1B⊗1B⊗AΩf ;1B⊗•B // B ⊗ ΩB B ⊗ ΩB/A
//B ⊗B ⊗A ΩA

B ⊗A ΩA

mB⊗1

��

B ⊗ ΩB

ΩB

•B

��

B ⊗ ΩB/A

ΩB/A

��
B ⊗A ΩA ΩB

1B⊗AΩf ;•B // ΩB ΩB/A
//

The left-hand square commutes since Ωf is a morphism of modules and •B is a B-
module action. Since the top row is a coequalizer, there is necessarily a map on the
right which makes the right-hand square commute. It is routine to verify that this
map is a B-module action.

It is important to take into account that the construction of the B-module structure
on ΩB/A invokes the condition that the tensor product preserves coequalizers.

Note also that the notation ΩB/A obscures the significance of the map f . Some
authors choose to use notation such as Ωf for these objects. However, the evident
conflict that this causes with the notation for the maps named Ωf coupled with the
contextual clarification of any possible ambiguity settle this dilemma.

Observe that this definition accords with the short Jacobi-Zariski exact sequence
associated to the sequence of maps I // A // B. This is, in fact, the objective. It
remains to be shown that the short Jacobi-Zariski exact sequence can be constructed
for any sequence of T -algebra maps A // B // C. First though, we must exhibit a
universal property of the B-modules ΩB/A which facilitates its use.

Proposition 3. Let f : A // B be a morphism of T -algebras in a codifferential
category, let φA/B : ΩB

//ΩB/A be the cokernal of the map 1B⊗AΩf ; •B, and consider
the B-derivation δf := dB;φA/B : B // ΩB

// ΩB/A. Then f ; δf = 0 and for any
B-derivation D : B //M such that f ;D = 0 there exists a unique B-module map
h : ΩB/A

//M such that δf ;h = D.
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Proof: First observe the commutativity of the following diagram:

I ⊗ A ∼= A

B ⊗A ΩA

eB⊗dA;p

OO

I ⊗ A ∼= A B
f

//

B ⊗A ΩA ΩB

1B⊗AΩf ;•B //

B

ΩB

dB

OO

p here denotes the projection onto the tensor product over A. It follows that f ; δf
is the same as following the clockwise route of this diagram and following by φA/B,
which is of course 0.

Now, let D : B //M be a B-derivation such that f ;D = 0. In particular, since
D is a derivation from B to a B-module there is a unique morphism of B-modules
g : ΩB

//M such that dB; g = D. Consider then the following elaboration of the
previous diagram

I ⊗ A ∼= A

B ⊗A ΩA

eB⊗dA;p

OO

I ⊗ A ∼= A B
f

//

B ⊗A ΩA ΩB

1B⊗AΩf ;•B //

B

ΩB

dB

OOΩB ΩB/A

φB/A // ΩB/A M//

B

ΩB/A

δf

??
ΩB M

g

%%

B

M

D

??

If it can be shown that 1B ⊗A Ωf ; •B; g = 0, then there must exist a unique
B-module map h : ΩB/A

//M such that φB/A;h = g. The desired result will follow
from the definition of δf and the uniqueness of maps g and h. To this end:

eB ⊗ dA; p; 1B ⊗A Ωf ; •B; g = eB ⊗ dA; p; 1B ⊗A Ωf ; 1B ⊗A g; •
= eB ⊗ dA; 1B ⊗A (Ωf ; g); •
= 1I ⊗ (dA; Ωf ; g); eB ⊗ 1M ; •
= u−1

L ; dA; Ωf ; g

Since the first expression above is 0 by definition, it follows that dA; Ωf ; g = 0. The
universal property of dA determines that Ωf ; g = 0 and so it follows that 1B ⊗A
Ωf ; •B; g = 1B ⊗A Ωf ; 1B ⊗A g; • = 0.
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The universal property identified in the proposition above defines objects such as
ΩB/A in an intuitive way; the coequalizer diagram merely indicates their construction
in a codifferential category. With such objects constructed, we are now able to ask
whether the Jacobi-Zariski exact sequence holds:

Proposition 4. Let f : A // B and g : B // C be morphisms of T -algebras in a
codifferential category. Then the following sequence is exact:

C ⊗B ΩB/A ΩC/A

1C⊗BΩg/A;•C // ΩC/A ΩC/B

ΩC/f // ΩC/B 0//

Proof: First, let us consider the nature of these maps. Observe the following
diagram:

A B
f
// B Cg

//B

ΩB/A

δf

OO

C

ΩC/A

δf ;g

OO
ΩB/A ΩC/A

Ωg/A //

C

ΩC/B

δg

??
ΩC/A ΩC/B

ΩC/f //

Since g is a T -algebra morphism, g; δf ;g is a B-derivation, and by definition f ; g; δf ;g =
0 so that by the universal property of δf , Ωg/A is the unique B-module map making
the square in the above diagram commute. Similarly, since f ; g; δg = f ; 0 = 0, ΩC/f

is the unique C-module map making the triangle commute. The implicit naming
conventions for these maps should be self-evident.

Forming a commutative diagram analogous to that of the first diagram of the
previous proof, it follows that if q : ΩC/A

//M is a C-module map to some C-module
M such that 1C ⊗B Ωg/A; •B; q = 0, then g; δf ;g; q = 0. Hence δf ;g; q factors through
δg via some C-module map h:

C

ΩC/A

δf ;g

OO

B Cg
// C

ΩC/B

δg

??
ΩC/A ΩC/B

ΩC/f // ΩC/B

M

h

OO

ΩC/A

M

q

??

The universal property of δf ;g necessitates that q = ΩC/f ;h
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To complete the proof it is required to show that ΩC/f is epi. Note that this
can be done very easily if we assume that the Hom sets are equipped with additive
inverses. In general though, we may observe the following:

ΩC ΩC1ΩC

//ΩC

ΩC/A

φC/A

OO

ΩC

ΩC/B

φC/B

OO
ΩC/A ΩC/B

ΩC/f //

C

ΩC

dC

��

C

ΩC

dC ��

C

ΩC/A
δf ;g

__

C

ΩC/B

δg

??

Each triangle commutes by definition, and so the square commutes because of the
universal property of dC . The fact that φC/B is epi implies here that ΩC/f is epi also.

The above exact sequence is referred to as the short Jacobi-Zariski exact sequence
to distinguish it from the long Jacobi-Zariski exact sequence, which is comprised of
André-Quillen homology groups and extends the above short exact sequence. Con-
sider then, the following definition:

Definition 5. Let < B,ω > be a T -algebra in a codifferential category. The nth

André-Quillen homology group of B, denoted DT
n (B) is the nth homology group of

the following complex:

... B ⊗T 3B ΩT 3B
// B ⊗T 3B ΩT 3B B ⊗T 2B ΩT 2B

// B ⊗T 2B ΩT 2B B ⊗TB ΩTB
//

The maps here are the alternating sums (
n∑
i=0

(−1)iΩTn−iµT i) + ΩTnν tensored on the

left with the identity map.
Similarly, the higher André-Quillen homology groups, denoted D

(p)T
n (B) for p > 1

are the homology groups of the following complex

... B ⊗T 3B Ωp
T 3B

// B ⊗T 3B Ωp
T 3B B ⊗T 2B Ωp

T 2B
// B ⊗T 2B Ωp

T 2B B ⊗TB Ωp
TB

//

A glaring omission here is that of the definition of the relative André-Quillen
homology groups DT

n (B|A) for a morphism of T -algebras f :< A,α > //< B, β >.
This would require, analogous to the case T = S, an appropriate monad TA defined
relative to A, which is equipped with codifferential structure. Contingent on the
eventual discovery of such monads and subsequent definition of relative André-Quillen
homology, we have the following

Conjecture 6. Let f :< A,α > // < B, β > and g :< B, β > // < C, κ >
be morphisms of T -algebras in a codifferential category. Then there is a long exact
sequence of the following form:

DT
n+1(C|B)// DT
n+1(C|B) C ⊗B DT

n (B|A)// C ⊗B DT
n (B|A) DT

n (C|A)// DT
n (C|A) DT

n (C|B)// DT
n (C|B) DT

n−1(C|A)// DT
n−1(C|A) //
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The obstacles to realizing this formulation are manifold. Unfortunately, the
utilization of this conjecture is sorely missed in the computation of André-Quillen
homology groups. A more thorough discussion of these problems is deferred to the
concluding chapter of this work.

Fortunately, there are still instances where the computation of André-Quillen
groups is tractable.

Proposition 7. For all A in a codifferential category, DT
n (TA) = 0 for 1 ≤ n

This will be proven for the case n = 1; the remainder of cases follow analogously.
First, it must be recognized that since we are calculating André-Quillen homology in a
codifferential category, the modules of differential forms in which we are interested are
T -modules of differential forms. Hence at each stage of the André-Quillen homology
complex for an object A, we have an object of the form A ⊗TnA ΩTnA = A ⊗TnA
T nA ⊗ T n−1A ∼= A ⊗ T n−1A. This explicit construction is helpful in computations
that follow, and is refined by the following lemma:

Lemma 8. Let A be an object in a codifferential category, and let (µji )A be the map
T jA //T iA which is the composite µT j−1A; ...;µT iA. Then the following diagram is a
coequalizer:

TA⊗ T nA⊗ ΩTnA TA⊗ ΩTnA//TA⊗ T nA⊗ ΩTnA TA⊗ ΩTnA
// TA⊗ ΩTnA TA⊗ T n−1A

1⊗(µn1 )A⊗1;mTA⊗1
//

The upper and lower left maps in the above lemma are the actions of T nA on TA
and ΩTnA, respectively. A slightly more general lemma which replaces TA by a general
T -algebra is possible, but the statement is cumbersome, the proof is analogous to the
proof of this lemma, and the more general lemma is superfluous for our purposes here.
Proof: The equivalence of the two paths is computed as follows:

(µn1 )A ⊗ 1⊗ 1; 1⊗ (µn1 )A ⊗ 1ΩTnA ;mTA ⊗ 1; 1⊗ (µn1 )A ⊗ 1Tn−1A;mTA ⊗ 1Tn−1A

=(µn1 )A ⊗ (µn1 )A ⊗ 1ΩTnA ;mTA ⊗ 1; 1⊗ (µn1 )A ⊗ 1Tn−1A;mTA ⊗ 1

=mTnA ⊗ 1ΩTnA ; (µn1 )A ⊗ (µn1 )A ⊗ 1Tn−1A;mTA ⊗ 1

=mTnA ⊗ 1ΩTnA ;mTnA ⊗ 1Tn−1A; (µn1 )A ⊗ 1Tn−1A

=1⊗mTnA ⊗ 1Tn−1A;mTnA ⊗ 1Tn−1A; (µn1 )A ⊗ 1Tn−1A

=1⊗mTnA ⊗ 1Tn−1A; (µn1 )A ⊗ (µn1 )A ⊗ 1Tn−1A;mTA ⊗ 1

=(µn1 )A ⊗ 1⊗ 1; 1⊗mTnA ⊗ 1Tn−1A; 1⊗ (µn1 )A ⊗ 1Tn−1A;mTA ⊗ 1Tn−1A

Since (µn1 )A ⊗ 1⊗ 1 is epi, the equivalence has been confirmed.
Now, since 1 ⊗ (µn1 )A ⊗ 1;mTA ⊗ 1 is an epimorphism, if it can be shown that

the projection pn : TA⊗ΩTnA
//TA⊗TnA ΩTnA factors through this map, the proof

will be complete. To this end:

1TA ⊗ (µn1 )A ⊗ 1;mTA ⊗ 1; 1⊗ uL; 1⊗ eTnA ⊗ 1; pn
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=1⊗ 1⊗ uL; 1⊗ 1⊗ eTnA ⊗ 1; 1⊗ (µn1 )A ⊗ 1⊗ 1;mTA ⊗ 1⊗ 1; pn

=1⊗ 1⊗ uL; 1⊗ 1⊗ eTnA ⊗ 1; 1⊗ •n; pn

=pn

Proof: (Proof of Proposition 5)
Consider the following complex, closely related to the André-Quillen complex for TA
over k:

... TA⊗ ΩT 4A
// TA⊗ ΩT 4A TA⊗ ΩT 3A

// TA⊗ ΩT 3A TA⊗ ΩT 2A
//

Clearly this complex surjects onto the André-Quillen complex for TA. Consider the
rightmost map of this complex, 1⊗ ΩµT − 1⊗ ΩTµ. Following it by 1⊗ ΩT 2η gives

1⊗ ΩµT ; 1⊗ ΩT 2η − 1⊗ ΩTµ; 1⊗ ΩT 2η

=1⊗ ΩT 3η; 1⊗ ΩµT2 − 1⊗ ΩT 3η; 1⊗ ΩTµT

=1⊗ ΩT 3η; (1⊗ ΩµT2 − 1⊗ ΩTµT )

Modulo the image of the map 1 ⊗ ΩµT2 − 1 ⊗ ΩTµT + 1 ⊗ ΩT 2µ, this last map is
equivalent to 1⊗ΩT 3η; 1⊗ΩT 2µ = 1⊗1. Hence the first homology group of the above
complex is trivial.

Consider the following diagram:

... TA⊗ ΩT 4A
// TA⊗ ΩT 4A TA⊗ ΩT 3A

// TA⊗ ΩT 3A TA⊗ ΩT 2A
//

... TA⊗ T 3A// TA⊗ T 3A TA⊗ T 2A// TA⊗ T 2A TA⊗ TA//

... TA⊗T 4A ΩT 4A
// TA⊗T 4A ΩT 4A TA⊗T 3A ΩT 3A

// TA⊗T 3A ΩT 3A TA⊗T 2A ΩT 2A
//

TA⊗ T 3A

TA⊗T 4A ΩT 4A

∼=
OO

TA⊗ T 2A

TA⊗T 3A ΩT 3A

∼=
OO

TA⊗ TA

TA⊗T 2A ΩT 2A

∼=
OO

TA⊗ ΩT 4A

TA⊗ T 3A

1⊗(µ4
1)⊗1;mTA⊗1

OO

TA⊗ ΩT 3A

TA⊗ T 2A

1⊗(mu3
1)⊗1;mTA⊗1

OO

TA⊗ ΩT 2A

TA⊗ TA
1⊗(mu3

1)⊗1;mTA⊗1

OO

The middle row is comprised of the maps of the top row composed with the appro-
priate isomorphisms, and therefore the middle row is a complex which is equivalent
to the that of the top row.

Let us utilize elemental notation briefly for the sake of clarity; the translation
to category-theoretic language is routine. If a ⊗ b is an element of the kernel of the
map TA ⊗ T 2A // TA ⊗ TA, then there is an x ⊗ y ∈ TA ⊗ ΩT 3A which maps to
it, and we have (1⊗ (ΩµT − ΩTµ); 1⊗ µ⊗ 1;mTA ⊗ 1)(x⊗ y) = 0. According to the
discussion above, x⊗y is homologous to (1⊗ (ΩµT −ΩTµ); 1⊗ΩT 2η)(x⊗y). Applying
1⊗ (µ3

1)⊗ 1;mTA ⊗ 1 then gives

1⊗ (ΩµT − ΩTµ); 1⊗ ΩT 2η; 1⊗ (µ3
1)⊗ 1;mTA ⊗ 1
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=1⊗ (ΩµT − ΩTµ); 1⊗ T 2η ⊗ Tη; 1⊗ µT ⊗ 1; 1⊗ µ⊗ 1;mTA ⊗ 1

=1⊗ (ΩµT − ΩTµ); 1⊗ (µ;Tη;µ)⊗ 1;mTA ⊗ 1; 1⊗ Tη
=1⊗ (ΩµT − ΩTµ); 1⊗ µ⊗ 1;mTA ⊗ 1; 1⊗ Tη

Applying this map to x⊗ y produces 0, which is therefore homologous to a⊗ b

In a similar manner, one may prove that D
(m)T
n (TA) = 0 for any m ≥ 1. The critical

observation is that

n∑
i=0

(−1)iT iµTn−i ;T
n+1η = T n+2η;

n∑
i=0

(−1)iT iµTn−i

and that, crucially, T nη is a morphism of T -algebras.
In the case where < A,α > is a general T -algebra, it is not clear that any such

map exists. The computation of the André-Quillen homology of general T -algebras
therefore requires more subtle considerations.

5.2 HKR Theorem

The following definition is certainly provisional. Indeed, a primary goal for future
work in this area should be to make the following definition a theorem, and to develop
a much more constructive definition. For the time being though, this definition is
sufficiently powerful, general, and parsimonious.

Definition 9. Let < A,α > be a T -algebra in a commutative codifferential category.
Then A is said to be T -smooth if it is flat as a k-module and if D

(m)T
n (A) = 0 for all

m,n ∈ N such that 1 ≤ m,n.

Some motivation is in order. Consider the following bicomplex:

...(T 3A)⊗3 oo(T 3A)⊗3(T 2A)⊗3 oo(T 2A)⊗2(TA)⊗3 oo

...(T 3A)⊗2 oo(T 3A)⊗2(T 2A)⊗2 oo(T 2A)⊗2(TA)⊗2 oo

...T 3A ooT 3AT 2A ooT 2ATA oo

(T 3A)⊗3

(T 3A)⊗2

b

��

(T 2A)⊗3

(T 2A)⊗2

−b
��

(TA)⊗3

(TA)⊗2

b

��
(T 3A)⊗2

T 3A

b

��

(T 2A)⊗2

T 2A

−b
��

(TA)⊗2

TA

b

��

(T 3A)⊗3
��

(T 2A)⊗3
��

(TA)⊗3
��

Here the nth row is the canonical simplicial resolution of A⊗n, and hence its homology
is isomorphic to A⊗n at the first column, and 0 elsewhere. Therefore the nth homology
group of this bicomplex is HHn(A).
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On the other hand, if we compute the vertical homology of a given column, we
are clearly computing the Hochschild homology of a given T nA. If we are to pursue
the computation of the spectral sequence associated to this bicomplex then, E2

p,q will
be the qth homology group of the following complex:

... HHp(T
3A)// HHp(T
3A) HHp(T

2A)// HHp(T
2A) HHp(TA)//

where the morphisms arise as the application of the functor HHp to the canonical
simplicial resolution of A. Under the conditions of 4.1.3, this is equivalent to the
complex

... Ω
(p)T

T 3A
// Ω

(p)T

T 3A Ω
(p)T

T 2A
// Ω

(p)T

T 2A Ω
(p)T
TA

//

Thus, we have the following

Theorem 10. Let C be a codifferential category in which filtered colimits preserve
exactness and the tensor product preserves colimits and let T be a smooth monad. If
< A, ν > is a T -smooth T -algebra, then ΩnT

A,ν
∼= HHn(A) for all n.

Proof: By the above discussion, there is a convergent spectral sequence with

E2
pq = D(q)T

p (A) = Hp(Ω
qT
T pA)

and converging to HHp+q(A). Since D
(q)T
p (A) = 0 when p > 0 by hypothesis and

D
(q)T
0 (A) ∼= ΩqT

A,ν by 3.3.16, the result follows.



Chapter 6

A More General HKR Theorem

In the study of noncommutative geometry, the HKR theorem is invoked as a justifi-
cation for the use of cyclic (co-)homology as the correct analogue to commutative de
Rham cohomology. This tacitly suggests that smooth algebras are the fundamental
objects of study for algebraic differential structure and that the failure of an alge-
bra to satisfy the conclusion of the HKR theorem is an exhibition of an aberration;
otherwise, there is no reason to believe that Hochschild homology should be used
to interpret the differential structure of algebras in general. It is thus the task of
a noncommutative algebraic geometer to decide which noncommutative algebras are
sufficiently analogous to commutative smooth algebras to be considered the funda-
mental objects of study for noncommutative differential structure.

In this chapter, a reformulation of the HKR theorem is described, which facil-
itates the appraisal of smoothness in a more general context. Specifically, for any
given algebra modality T - commutative or not - it phrases the HKR theorem in
terms of a comparison between the Hochschild homology of a given T -algebra and
the Hochschild homology of related free T -algebras. It is suggested here that this new
type of HKR theorem could serve as a litmus test for any putative notion of algebraic
smoothness.

6.1 The Classical HKR Theorem Reconsidered

Here, the new approach to the HKR theorem is motivated by the consideration of
the original HKR theorem explicitly elaborated in the context of the codifferential
category of k-modules with algebra modality S. First, observe the following diagram:

76
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Ωn
S2A Ωn

SA

Ωnµ //Ωn
S2A Ωn

SA
ΩnSν

// Ωn
SA Ωn

A,ν

Ωnν //

HHn(S2A) HHn(SA)
HHn(µ) //HHn(S2A) HHn(SA)
HHn(Sν)

// HHn(SA) HHn(A)
HHn(ν) //

Ωn
S2A

HHn(S2A)
��

Ωn
SA

HHn(SA)
��

Ωn
A,ν

HHn(A)
��

Here S is the symmetric algebra monad and < A, ν > is an S-algebra. 3.3.16
tells us that the top row is a coequalizer diagram. If A is flat as a k-module, we
know that the two left-most vertical maps are isomorphisms. It follows then that for
A flat, the bottom row is a coequalizer if and only if Ωn

A,ν
∼= HHn(A). We may thus

rephrase the HKR theorem:

Theorem 1. If A is a flat k-module and a smooth commutative algebra with S-algebra
structure map ν, then for any n the following diagram is a coequalizer diagram:

HHn(S2A) HHn(SA)
HHn(µ) //HHn(S2A) HHn(SA)
HHn(Sν)

// HHn(SA) HHn(A)
HHn(ν) //

Pertinent here is the fact that this statement of the HKR theorem makes no
reference to the differential forms for the algebra A. As a result, we may replace S
by any algebra modality T - commutative or not - and ask under what conditions the
corresponding collection of diagrams are coequalizer diagrams. In the next section
it will be shown that if we replace S with F , the corresponding diagrams will be
coequalizers when A is noncommutative smooth.

First though, a curious fact about the above restatement of the HKR theorem
is that its conclusion is satisfied in cases of algebras for which the original HKR
theorem’s conclusion may not have been satisfied. Namely, the conclusion of the
HKR theorem can be shown to hold for a free commutative algebra SA only when
the underlying k-module A is flat. As we will see momentarily, flatness is not required
for the satisfaction of the restatement’s conclusion:

Proposition 2. Let A be a k-module. Then the following diagram is a coequalizer
diagram:

HHn(S3A) HHn(S2A)
HHn(µSA) //HHn(S3A) HHn(S2A)
HHn(Sµ)

// HHn(S2A) HHn(SA)
HHn(µ) //
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Proof: Consider the following diagram for any natural number, n:

S3A⊗
n−1

S2A⊗
n−1µ⊗

n−1

SA −(Sµ)⊗
n−1

// S2A⊗
n−1

SA⊗
n−1µ⊗

n−1

// SA⊗
n−1

0//

S3A⊗
n

S2A⊗
nµ⊗

n

SA−(Sµ)⊗
n

// S2A⊗
n

SA⊗
nµ⊗

n

// SA⊗
n

0//

S3A⊗
n+1

S2A⊗
n+1µ⊗

n+1

SA −(Sµ)⊗
n+1

// S2A⊗
n+1

SA⊗
n+1µ⊗

n+1

// SA⊗
n+1

0//S3A⊗
n+1

S3A⊗
n

b

OO

S2A⊗
n+1

S2A⊗
n

b

OO

SA⊗
n+1

SA⊗
n

b

OOS3A⊗
n

S3A⊗
n−1

b

OO

S2A⊗
n

S2A⊗
n−1

b

OO

SA⊗
n

SA⊗
n−1

b

OO

Each row is exact. Taking homology vertically calculates the nth Hochschild homology
groups of - from left to right - S3A, S2A, and SA. It will be shown that the bottom
row of the following commutative diagram is exact:

S3A⊗
n

S2A⊗
nµ⊗

n

SA−(Sµ)⊗
n

// S2A⊗
n

SA⊗
nµ⊗

n

// SA⊗
n

0//

ker(b) ker(b)// ker(b) ker(b)// ker(b) 0//ker(b)

S3A⊗
n

OO

ker(b)

S2A⊗
n

OO

ker(b)

SA⊗
n

OO

The proposition will then follow by commutativity of colimits.
The fact that the above diagram is exact at ker(b : S2A⊗

n // S2A⊗
n−1

) is
elementary. What remains to be proven then is that the induced map

(ker(b : S2A⊗n // S2A⊗
n−1

)) // (ker(b : SA⊗n // SA⊗
n−1

))

is surjective. This is immediate though, since Sη⊗
n
;µ⊗

n
= id and the following

diagram is commutative:

SA⊗
n−1

S2A⊗
n−1 Sη⊗

n−1

oo

SA⊗
n

S2A⊗
n Sη⊗

n

ooS2A⊗
n

S2A⊗
n−1

b

OO

SA⊗
n

SA⊗
n−1

b

OO

The apparent discrepancy here - that a commutative algebra, A, may satisfy the
conclusion of this new HKR theorem but not the original - can be resolved when one
recognizes that the equivalence between the two theorems is contingent on precisely
the fact that the associated free S-algebras, SA and S2A, satisfy the conclusion of
the original HKR theorem. This new approach to the HKR theorem should therefore
not be thought of as any less stringent, but rather more amenable to a flexible notion
of smoothness. The fact that any free S-algebra satisfies the revised HKR theorem
accords well with the intuitive notion that smooth algebras should correspond to
affine schemes which look locally like affine space.
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6.2 Noncommutative Smoothness

There are a few approaches to noncommutative smoothness, but here we will focus
on that of Kontsevich and Rosenberg, as expounded in [16]. Although their paper
lists a number of equivalent characterizations of smoothness, one that stands out is
the following:

Definition 3. A k-algebra A is said to be noncommutative smooth if for any algebra
B, a two-sided nilpotent ideal I of B and any algebra homomorphism f : A //B/I
there exists an algebra homomorphism g : A // B such that f = g; pr, where pr :
B //B/I is the obvious map.

Contrast this with the following common characterization of smoothness for com-
mutative algebras given in, e.g., 9.3.2 of [22], which is arrived at by modifying the
above definition so that A and B are stipulated to be commutative algebras. A some-
what subtle point here is that this definition of noncommutative smoothness does not
encompass the commutative smooth algebras. For instance, every polynomial ring
is smooth in the commutative sense, but polynomial rings in two or more varialbes
will fail to be noncommutative smooth. The relationship between the two notions,
however, is encapsulated in the comparison between the following theorem and 6.1.1.

Theorem 4. If < A, ν > is a noncommutative smooth k-algebra where k is a field,
then for each n the following diagram is a coequalizer diagram:

HHn(F 2A) HHn(FA)
HHn(µ) //HHn(F 2A) HHn(FA)
HHn(Fν)

// HHn(FA) HHn(A)
HHn(ν) //

Before commencing with the portion of this proof that is entirely new, it should
be explained that a good deal of this result follows trivially after an appropriation of
some relevant literature.

For instance, it can be shown that for n ≥ 2, HHn(FV ) = 0 for any k-module V
(Proposition 3.1.4, [17]). Hence if it can be shown that when A is smooth, HHn(A) =
0 for n ≥ 2, then the above theorem will only require consideration of the cases n = 0
and n = 1.

To prove that for a smooth algebra, A, HHn(A) = 0 for n ≥ 2, first note that
the following two conditions are equivalent to smoothness [7]:

i A has cohomological dimension ≤ 1 with respect to Hochschild cohomology

ii ΩNC
A is a projective bimodule over A
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These equivalences essentially follow from the fact that for any A-module M , the
square-zero extensions ofA byM are characterized byHC2(A,M), thatHCn(A,M) ∼=
ExtA

e

n (A,M), and that the following sequence is exact:

0 ΩNC
A/k

// ΩNC
A/k A⊗ A// A⊗ A A

mA // A 0//

That is, these conditions are all equivalent to the declaration that

ΩNC
A/k

// A⊗ A

is a resolution for A which is projective over Ae. But then this also provides us a
projective resolution with which to calculate TorA

e

n (A,A) = HHn(A). The necessary
conclusion immediately follows.
Proof: The fact that the above diagram is a coequalizer for n = 0 is a consequence
of the commutativity of colimits.

Now, let n = 1. Consider Connes’ long exact sequence applied to the algebra A:

... HHn(A)// HHn(A) HCn(A)// HCn(A) HCn−2(A)// HCn−2(A) HHn−1(A)// HHn−1(A) ...//

Since HHn(A) = 0 for n > 1, we obtain the exact sequence:

0 HC3(A)// HC3(A) HC1(A)// HC1(A) 0// 0 HC0(A)// HC0(A) HH1(A)// HH1(A) HC1(A)// HC1(A) 0//

The first consequence of this to note is that HC1(A) ∼= HC3(A). The following
diagram will be shown to be exact:

HC3(F 2A) HC3(FA)
HC3(µ)−HC3(Fν) // HC3(FA) HC3(A)

HC3(ν) // HC3(A) 0//

The only contentious point here is exactness at HC3(A). For this, consider any
element a0 ⊗ a1 ⊗ a2 ⊗ a3 ∈ A⊗

4
and its counterpart denoted in the exact same way

in FA⊗
4
. Obviously, ν(a0) ⊗ ... ⊗ ν(a3) = a0 ⊗ ... ⊗ a3 - here we have neglected

to emphasize that these are actually classes of elements, though without any loss of
rigor. It must be shown that a0⊗ ...⊗a3 is a cycle. Since k is a field, we may consider
Connes’ complex for cyclic homology; in particular, we examine the behavior of the
element a0 ⊗ ...⊗ a3 under the map:

b : FA⊗
4

/(1− t) // FA⊗
3

/(1− t)

First note that b sends a0 ⊗ a1 ⊗ a2 ⊗ a3 to

(a0 ⊗ a1)⊗ a2 ⊗ a3 − a0 ⊗ (a1 ⊗ a2)⊗ a3 + a0 ⊗ a1 ⊗ (a2 ⊗ a3)− (a3 ⊗ a0)⊗ a1 ⊗ a2

This is, of course, equivalent to the following element in FA⊗3:

a0 ⊗ (a1 ⊗ a2)⊗ a3 − a3 ⊗ (a0 ⊗ a1)⊗ a2
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Modulo 1− t, this is equivalent to

a0 ⊗ a1 ⊗ a2 ⊗ a3 − a0 ⊗ a1 ⊗ a2 ⊗ a3 = 0

So a0 ⊗ ... ⊗ a3 is in the kernel of b, and it follows that the above diagram is exact.
Applying Connes’ long exact sequence to FA and F 2A gives us that HC3(FA) ∼=
HC1(FA) and HC3(F 2A) ∼= HC1(F 2A), respectively. It follows that the following
sequence is also exact:

HC1(F 2A) HC1(FA)
HC1(µ)−HC1(Fν) // HC1(FA) HC1(A)

HC1(ν) // HC1(A) 0//

Consider the following commutative diagram:

HC0(F 2A) HC0(FA)
HC0(µ)−HC0(Fν) // HC0(FA) HC0(A)

HC0(ν) // HC0(A) 0//

HH1(F 2A) HH1(FA)
HH1(µ)−HH1(Fν) // HH1(FA) HH1(A)

HH1(ν) // HH1(A) 0//

HC1(F 2A) HC1(FA)
HC1(µ)−HC1(Fν) // HC1(FA) HC1(A)

HC1(ν) // HC1(A) 0//

0

HC0(F 2A)
��

0

HC0(FA)
��

0

HC0(A)
��

HC0(F 2A)

HH1(F 2A)
��

HC0(FA)

HH1(FA)
��

HC0(A)

HH1(A)
��

HH1(F 2A)

HC1(F 2A)
��

HH1(FA)

HC1(FA)
��

HH1(A)

HC1(A)
��

HC1(F 2A)

0
��

HC1(FA)

0
��

HC1(A)

0
��

The top and bottom (non-trivial) rows are exact, as are each of the columns. What
needs to be shown is that the middle row is exact. Once again, exactness of the
middle row at HH1(A) is all that is left. It is a routine diagram chase to prove that
HH1(ν) is surjective; this will be carried out now for the sake of completeness.

Let a be an element of HH1(A), which maps to b ∈ HC1(A). Since HC1(ν) is
surjective, there is an x ∈ HC1(FA) such that HC1(ν)(x) = b. Exactness of the
middle column gives us a y ∈ HH1(FA), which maps to x. Since HH1(ν)(y) and a
are both mapped to b, there is a z ∈ HC0(A), which maps to a −HH1(ν)(y) and a
q ∈ HC0(FA) such that HC0(ν)(q) = z. Also denote by q this element’s image in
HH1(FA). HH1(ν)(q + y) is then equal to a − HH1(ν)(y) + HH1(ν)(y) = a, and
surjectivity is established.

A few comments on the requirement that k be a field are necessary. First, this
allows us to use the equivalence TorA

e

n (A,A) ∼= HHn(A) unreservedly. If we were to
generalize this theorem for a general commutative ring k, we would have to account
for this. This is not a great impediment though; for we could either substitute the
assumption that k is a field for the assumption that A is flat, or we could use the
common convention of defining Hochschild homology by this Tor functor.
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The greater difficulty lies in the utilization of cyclic homology above. When
k ⊇ Q, the definition of cyclic homology substantially simplifies and consequently
facilitates the computation of the Hochschild homology group in question. It is hoped
that only a subtle adaptation of the above proof would suffice in this more general
case. In this spirit of hope, the following is put forth

Conjecture 5. If < A, ν > is a noncommutative smooth k-algebra where k is a
commutative ring, then for each n the following diagram is a coequalizer diagram:

HHn(F 2A) HHn(FA)
HHn(µ) //HHn(F 2A) HHn(FA)
HHn(Fν)

// HHn(FA) HHn(A)
HHn(ν) //



Chapter 7

Conclusion

Throughout this work, the impetus has been the desire to develop a characterization
of smoothness that is customizable for a given category of T -algebras. That is, it
was hoped that given a monad and its T -algebras, we could give a criterion for a
given T -algebra to be T -smooth. This was, perhaps, too ambitious, but the diffi-
culties incurred produced other interesting questions, some of which had intriguing
answers. For instance, although it would have been preferable to have a fully realized
version of André-Quillen homology, even broaching this investigation necessitated de-
veloping the modules of T -differential forms relative to a T -algebra morphism; this
latter object has particularly elegant descriptions. Also, the definition of a smooth
monad, which was based on a prototypical commutative algebra modality, resulted
from the fact that the investigation of smoothness for T -algebras should, presumably,
be facilitated by an investigation of the properties of monads, and led to the compar-
ison between noncommutative algebra modalities and commutative ones, which was
quite successful. Finally, the requirement imposed in this work that any definition
of smoothness should be accompanied by an appropriate HKR theorem fostered the
statement of the HKR theorem which is adaptable to the noncommutative realm.

That being said, a number of sections in this work are laden with threads which
ought to be followed. The most obvious one leads to a fully realized André-Quillen
homology theory for codifferential categories which simulates the classical André-
Quillen homology relative to a general algebra map. Without this, one is precluded
from defining and, subsequently, evaluating the exactness of the long Jacobi-Zariski
sequence. Consequently, it would have been utterly premature to posit a definition of
T -smoothness which did not invoke a vanishing condition on André-Quillen homology.

To explain this last point, in the case of smooth algebras in the category of
modules over a commutative ring, one can prove (Theorem 25.2, p. 194, [18]) that the
short Jacobi-Zariski sequence is left exact. It then follows from the long Jacobi-Zariski
exact sequence that D1(A) = 0. Furthermore, using 5.1.7 in the cases T = S and
T = SA, it follows - again by the long Jacobi-Zariski exact sequence - that Dn(A) = 0

83
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for n ≥ 1. A similar deduction holds for the higher André-Quillen homology groups,
and so the HKR theorem follows as described in section 5.2.

As mentioned in section 5.1, the challenge of this resides in finding analogues to
SA in a general codifferential category. More specifically, in order to construct a long
Jacobi-Zariski exact sequence in a codifferential category, one needs first to construct
presimplicial resolutions for objects of the form ΩT

B/A. One approach to this is, given
a T -algebra < A, ν > and a morphism of T -algebras f :< A, ν > // < B,ω >,
construct the pushout

SB SAB//SB

TBOO

SAB

TABOOTB TAB//

This appears, at first, to be a tenable solution. For instance, one may construct an
ostensibly suitable map TAB // TAB ⊗A B which is prospectively a TA-derivation.
Unfortunately, it is not at all clear that one can in this way construct a monad,
nor is it immediate that TAB will inherit a commutative algebra structure. Without
a monad structure, it is impossible to specify a codifferential categorical structure.
Furthermore, it is difficult to see how one would circumvent monad structure to define
a presimplicial resolution of ΩT

B/A directly.
Another example of a deficiency which involves the monad structure is found in

the statement of 4.2.12. Here the monad structure is built into the premise of the
theorem, when naturally it would be desirable to have it arise as a consequence of
the coequalizer construction. It is instructive to examine the construction of S from
F via this coequalizer to see where the difficulty lies. The point is that the universal
property which defines S is precisely encapsulated by this coequalizer construction;
the S-algebra structures can be expressed directly using properties of the monoidal
structure, which is precisely what is invoked in the construction of this coequalizer.

To develop this work, one should search for examples of noncommutative codif-
ferential categories and subsequently calculate the prescribed coequalizer. It would
be interesting to encounter examples both where commutative codifferential categor-
ical structure results, and where it does not. Furthermore, it would be interesting to
investigate the conditions on a given commutative codifferential category which allow
it to be manifested by the application of this construction to some noncommutative
codifferential category, and moreover, whether such a noncommutative codifferential
category is necessarily unique.

Finally, the conjecture with which this work closes alludes to further work to be
done in the examination of noncommutative smoothness. One approach to this could
potentially determine a proof of the HKR theorem, which applies to any codifferential
category, regardless of whether or not it is commutative. Observe that in the dis-
cussion preceding 5.2.10, the conditions of 4.1.3 were invoked in order to transform
the E1 groups of the spectral sequence in such a way that enabled the utilization
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of André-Quillen homology. The reasons for this were entirely pragmatic; classical
André-Quillen homology is well-developed and powerful. But we could have instead
attempted to directly calculate the homology of complexes of the form

... HHn(T 3A)// HHn(T 3A) HHn(T 2A)// HHn(T 2A) HHn(TA)//

to arrive at the second stage of the spectral sequence. If it could be shown that all
of the homology groups vanished, except at HHn(TA), then it would follow that for
all n

HHn(T 2A) HHn(TA)
HHn(µ) //HHn(T 2A) HHn(TA)
HHn(Tν)

// HHn(TA) HHn(A)
HHn(ν) //

is a coequalizer. Although this project would be difficult, we are not entirely bereft
of tools. Consider for instance, the Jacobi-Zariski long exact sequence for Hochschild
homology, found in [14].
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