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ABSTRACT

This thesis investigates Ground Moving Target Indication (GMTT) using a multi-aperture Syn-
thetic Aperture Radar (SAR). GMTI relevant methods to process the SAR data collected from a
strip-map system are presented. Techniques for mitigation of processing ambiguities are proposed,
and a map-drift based automatic focus algorithm for the moving targets is developed. Target de-
tectors based on the multi-channel covariance matrix are presented. Comparisons of the proposed
detectors with classical methods, such as Displaced Phase Centre Antenna (DPCA), or Along Track
Interferometry (ATT), show increased capability in non-ideal terrain types. By decomposing the
complex Wishart probability distribution of the covariance matrix into probability distributions of
the eigenvalues and eigenvectors, we derive the receiver operating characteristics (ROCs) of the new
detection metrics in ideal terrain. The complete analysis is presented for a two-channel system as
well as for special cases of the three-channel system. Finally, since implementation of the Constant
False Alarm Rate (CFAR) detectors using the new metrics requires estimation of the local scene
parameters, a new parameter estimation method is presented. This parameter estimation technique
suggests an extension of the current statistical model of the SAR data; an extension that is also

examined.
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CHAPTER 1
INTRODUCTION

1.1 Problem statement and motivation

Both civilian and military engineers harbour interest in Ground Moving Target Indication (GMTI).
In the civilian world, the engineering of highways and law enforcement represent potential applica-
tions, while for the military, the applications really need no explanation. An appealing technology
for GMTI is multi-channel Synthetic Aperture Radar (SAR). SAR has the capability to monitor
large areas of interest, the advantage (militarily) of large stand-off distances between the sensor and
the area of interest, the natural placement of moving targets into a simultaneously generated image
representing the scene, and, the capability to operate not only at night, but also through cloud
cover. These advantages make a convincing case for their construction.

Along with the construction of the physical system comes the requirement to implement a system
processor. Indeed, a single-channel SAR faithfully collects data that is of no consequence unless it
is processed with the appropriate compression algorithms to produce a RADAR image. The multi-
channel SAR-GMTT must thus process its data to produce not only the SAR image, but the GMTI
information. GMTI information in this thesis is defined as the velocity vector, the time, and the
position of a target along with its scene context.

Ideally, GMTT data should be processed automatically, along with indications of the quality of

the information. Accurate statistical models of the SAR data are critical o realize these desires.

1.2 'Thesis contributions
This thesis presents theory and algorithms to extract GMTI data from s multi-channel SAR.

Among the contributions are:

e Adaptation of an autofocus algorithm for moving targets. The algorithm is based upon the

well known method of map-drift [FL99)].

e Application of “deramp” chirp signal processing for the detection of moving targets. This

method, also known as spectral analysis (SPECAN), is not generally used for strip-map SAR



but has a great advantage over conventional SAR processing in thai i§ naturally separates

moving targets from clutter and requires less processing time.

e Definition of new detection metrics using the elements of an eigenvalue/eigenvector decompo-
sition of the multi-channel covariance matrix. Both the eigenvalues and a novel representation
of the eigenvectors are used as moving target detection metrics. The representation of the
eigenvectors uses a parameterization of the Haar measure of unitary matrices. It is demon-
strated that the best choice of metric depends on the type of terrain imaged by the SAR,

thereby providing heretofore impossible detection flexibility.

e By simultaneously decomposing the Wishart probability distribution for complex covariance
matrices, the probability distributions of both the eigenvalues and the representation of the
eigenvectors are determined. Both the joint distributions and the marginal distributions are
given. It is believed that this is the first time that the distributions for the eigenvalues appears
in the literature without the use of zonal polynomials. Further, it is believed that the prob-
ability distribution of this representation of the eigenvectors makes its debut in this thesis.
The probability distributions have application in other areas of science and engineering such

as Rayleigh fading in multi-antenna channels {Gra02], or random graph theory [Ede89].

@ Recombination of the decomposition elements leads to the construction of new, powerful non-
| linear detection methods that provide capability in previously challenging terrain. The pro-
posed adaptive hyperbolic and eigenprojection detectors have the capability to detect moving
targets in such areas as urban terrain where conventional metrics such as the displaced phase

centre antenna (DPCA) suffer due to false alarm constraints.

e A new powerful parameter estimation method based upon the moments of the cross-channel
phase is presented. These estimated parameters are required for the calculation of constant
false alarm {CFAR) thresholds. The technique not only simultaneously and quickly estimates
all required parameters, but also estimates “effective” parameters in situations where the model
of the statistical distribution for the SAR data is not validl. In a sense, the technique allows
for an analytic continuation of the set of valid parameters that describe the probability density
function of the representation of the covariance matrix eigenvectors. It is demonsirated, in
these situations, that the histograms of the unitary matrix representation parameters are

accurately described by evaluating the theoretical probability distributions on the extended

YWhere the assumptions that lead to the complex Wishart distribution fail.



set. This result allows for the implementation of a CFAR detector even in cases where the

underlying statistical model fails.

e Proposal of a generalized inverse chi-squared texture statistic in cases of terrain inhomogeneity

as well as methods to estimate the parameters of this statistic.

1.3 Thesis organisation

Following a literature review in chapter 2, the processing of SAR data for GMTI is presented
in chapter 3. Chapter 4 presents new metrics for moving target detection after processing using an
eigenvalue/eigenvector transformation of the sample covariance matrix. Chapter 5 discusses devia-
tion from the homogeneous model and proposes a generalised inverse chi-square texture statistic to
address cases of heterogeneity. Chapter 6 discusses a new approach for the estimation of parameters
required for the implementation of an automatic constant false alarm rate (CFAR) detector. Esti-
mation algorithms are proposed both for the statistics of the homogeneous metrics and the texture
statistic of chapter 5. These ideas are all collected and applied to a real example of moving target
detection in chapter 7. Along with the example using measured two-channel SAR data, the prob-
abilities of target detection given signal to clutter ratios and target speeds are presented for eé,ch
proposed metric. Finally, a conclusion in chapter 8, summarises the thesis results. For the sake of

readability, most of the mathematical developments are moved to the trailing appendices.



CHAPTER 2
LITERATURE REVIEW

2.1 Overview
This chapter presents a summary of the literature on three topics pertinent to the problem of
Ground Moving Target Identification (GMTI) using Synthetic Aperture Radar (SAR). The three

topics include:
& SAR processing algorithms for GMTI
o The statistics of multi-channel SAR

e Implementation of automatic methods for GMTI

2.2 SAR processing for Moving Targets

An imaging radar system illuminates terrain with pulses of electromagnetic (EM) radiation and
then measures and processes the pulse echoes to form an image. Radars are capable of measuring the
reflectivity of the terrain, the phase of the response, the position of elements in the terrain, and the
polarization response of targets in the terrain [HL98]. Some of the defining characteristics of a radar
system are the signal wavelength, the polarization, the power, the antenna length, and the signal
bandwidth. Typically, military radars are high-resolution, small-coverage-area designed, and aim
to image hard targets like vehicles or other man-made structures, while civilian earth-observation
radars possess low-resolution, large-coverage-area capability, and measure structures such as fields,
ice floes and mountain ranges.

In its entirety, an imaging system is composed of a radar with a particular design, the terrain
with particular response characteristics, and the imaging geometry. Here geometry refers not only
to the spatial model, but also on how the model evolves temporally: we refer to it as a 4D geometry.
In one mode, called strip-map mode, the system maintains the look direction of the radar with
respect to the platform flight path and images a large area at low resolution. In another mode,
termed spotlight mode, the system keeps its antenna trained on a target of interest (while it can)

thus increasing the imaging resolution at the expense of a reduced coverage area.



The geometric differences between a satellite platform and an aerial platform are quite pro-
- nounced. A satellite will be at a much greater distance from its target and moving much more
rapidly than an aircraft. For instance, Radarsat-2 will be = 800,000 m above the earth travelling at
7,500 m/s [Chi00], while the General Atomics Unmanned Aerial Vebicle (UAV), called the Gnat, has
a maximum altitude of 7,600 m and travels at speeds between 18 and 72 m/s [Mun00]. In concert
with the platform velocity and altitude is another important temporal parameter, the Pulse Repe-
tition Frequency (PRF), f,, which provides the mechanism for creating the azimuthal dimension of
the image.

For a side locking radar, the image formation space is defined by two “almost” orthogonal
dimensions, the range dimension and the azimuthal dimension. The azimuthal dimension has a
corresponding physical basis vector in the direction of flight of the radar, while the range dimension
has a corresponding real basis vector in the direction that the radar antenna points. The qualifier
“almost” is used because in reality, the contour of constant range on a flat earth is defined by
the intersection of a sphere and a flat plane giving rise to arcs which curve into the azimuthal

dimension.

2.2.1 Conventional GMTI techniques
Consider a target situated on an infinite, flat, surface and suppose that a radar, located above
the surface, sends out coherent, large-bandwidth pulses at some pulse repetition frequency (PRF)
while it moves along its track as illustrated in figure 2.1. At some point in “slow time” (time on
the scale of the interval between pulses), a pulse will reflect off the target and return to the radar
[Sou99]. The reflected pulse is measured as an amplitude, e.g. an induced voltage, and a phase. In
the absence of sensor noise, the phase of the measured pulse depends only on the radar wavelength
and the distance between the target and the radar. The time required for the pulse to travel from
the radar to the target and back again at the speed of light is measured on the “fast time” scale.
On the fast time scale, radar motion is small enough to consider it stationary, even for a radar
on a satellite platform, [Sou99]. The measured reflected signal can be represented by the complex
quantity
21 (t) = A()e~920/A (), (2.1)

where ¢ is the slow time at which the measurement is made, X is the radar wavelength, A(¢) is the
amplitude of the reflection, and 2r(¢) is the length of the route taken by the pulse, there and back.
We model z;(t) as a complex zero-mean stationary Gaussian process. Justification for this model

can be found in [G502, Giedla, JWPS4].
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Figure 2.1. Side-looking radar geometry.

Now imagine that after a short period of time, A¢, the measurement is repeated with the radar at
the same location as before. A system with two identical antennas oriented along the radar platform
velocity vector can perform such time dislocated but space co-located measurements by dragging the
trailing antenna into the former position of the leading antenna. The time between measurements
is a function of d, the distance between the antennas, and v,, the speed of the platform, defined by

At = d/v,. The signal measured by the second antenna will be
2(t + At) = At + At)eF2mRr{t+AD/A (2.2)

where r(t + At) may be different from 7(¢) due to target motion. The phase and amplitude of
21(t)z3 (¢-+At), where  denotes complex conjugation, are called the along-track interferometric (ATT)
pha,ée and the along-track interferometric amplitude, respectively, [FL99, Sou99]. For a stationary
target, also called clutter, the AT phase will be zero because r{t) = r(t+At). A non-zero ATI phase
indicates that the target is moving. In practice, however, slight differences between measurements
and the addition of thermal noise can also cause the ATI phase to be non-zero. The ATI phase

sample can be modelled as a random variable with zero mean!. The variance of the phase sample

}Zero-mean assumes that the underlying background clutter is stationary. On sea surfaces, for instance, the clutter
has a certain self motion and the ATI phase may be non-zero mean,



defines a limit on the lowest speed at which a target is detectable since the ATI phase is proportional
to target across-track speed. An automatic constant false alarm rate (CFAR) ATI phase detector
can be realized by computing an appropriate phase threshold given the tolerable rate of false alarm.
Computation of the threshold requires knowledge of the ATI phase statistics. Implementation of
this automatic phase detector has been examined in [Gie0la].

In practice, contrary to figure 2.1, the radar sees many targets on the surface; however, the
principle of superposition permits the sum of many isolated target models, with targets in different
locations, to approximate the real situation. Aligning columns of fast time samples from each pulse
leads to a complex radar matrix of the terrain. The slow time resolution, i.e. the minimum along-
track distance between two targets such that they are sampled at different slow times, depends on
the along-track width of the radar beam. The along-track angular width of the beam, in turn,
depends upon the physical length of the antenna, [Sou99, FLO9]. A longer antenna can create a
narrower beam and better resolution. Unfortunately, a long antenna is more difficalt to implement
than a short antenna. A synthetic aperture radar (SAR) uses a wide beam to collect many slow time
samples of each target and then synthesizes a narrow beam by filtering the raw radar data matrix
after data collection. The slow time (also known as azimuth or Doppler) filtering is implemented on
the rows of the raw radar data matrix to create a complex compressed (also called focused) radar
data matrix. Whether filtered or not, plotting the absolute value of each complex sample using the
row and column values as « — y coordinates leads to the radar image. This image is called the raw
radar image or the compressed radar image accordingly.

In along-track interferometry, two matrices are created, the first with samples of the terrain
taken from the leading antenna, the second with samples taken from the trailing antenna. The sec-
ond matrix may be interpolated to approximate the condition that for each element, the antennas
measured the terrain from the same spatial locations at different times. These two complex valued
matrices are slow time SAR fltered and combined into the interferogram by element-wise multi-
plication of the first matrix by the complex conjugate of the second. It should be noted that slow
time filtering is not essential for GMTI, [GS03]. In a process known as mulii-locking, n statistically
independent neighbouring samples of the interferogram are low-pass filtered to reduce the clutter
variance, thereby increasing the minimum detectable velocity [GS02]. This filtering can occur in
either or both of the slow time and fast time directions, and has the unfortunate effect of reducing
resolution, thus making small moving targets more difficult to detect. The low-pass filtering is often
a moving average, and implementation of a CFAR detector requires computation of the statistics of

the averaged or multi-looked interferogram.



The capability to detect moving targets hinges on the ability to distinguish these targets from
stationary clutter. This can be achieved by performing some transformation of the data and looking
for targets in clutter free regions, or enhancing the target to clutter ratio by supressing the clutter. In
another GMTI technique, discussed in [LSGT02, Chi03], the slow time clutter signal is oversampled
with the radar PRF. Due, mainly, to across-track target motion, the spectrum of a moving farget
Doppler shifts away from the clutter band. An automatic impleigentation of this algorithm invelves
identifying the clutter free spectral region and bandpass filtering the data. The residue data can
then be SAR processed and thresholded in power [LSGT02].

With a multi-aperture system (also called a multi-antenna or multi-channel), clutter suppression
can be achieved by making use of the correlation properties between acquisitions by each aperture. In
the SAR Space Time Adaptive Processing method, (SAR-STAP) the k-channel clutter covariance
matrix is adaptively estimated, inverted, and applied to the aggregate clutter plus target signal,

[Bar92, Gied7, Kle98§].

2.2.2 Fast-time resolution

Without going into much detail, image formation in the range direction is done by range-gating,
or sampling, the returned echo followed by signal processing to provide compresgion gain [FL99].
Thus, in the simplest case, for each pulse echo, targets that are further from the radar are gated at
a later time than targets closer to the radar. Since the gate spacing is on the order of the speed
of propagation of the radiation, ¢, it is sometimes called the “fast-time” dimension. The range

resolution is related to the bandwidth of the pulse [FL99, 0Q98].

2.2.3 Slow-time resolution

Image formation in the azimuthal direction, or “slow-time” dimension, however, can be done in
two ways leading to two classes of imaging radars; first, to Side Looking Aperture Radars (SLAR's)?,
and second, to Synthetic Aperture Radars {SAR’s).

A SLAR creates the azimuth response based on the power contained in the pulse that has been
range-gated. Thus the azimuth response is a function of the magnitude of the coherent integration
of all targets illuminated by the antenna in the azimuth direction over a particular range interval.
As shown in figure 2.2, for larger ranges, the azimnuth beam covers more targets leading to range

dependent degradation in the azimuth resolution.

2Also referred to as Real Aperture Radars (RARs).
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A SAR, on the other hand, records the complex range-gated response and post-process many
received pulses to provide superior azimuth resolution. In both cases, the azimuth resolution is
proportional to the beamwidth of the antenna in the azimuth direction which in turn is inversely

related to the length of the antenna [FL39, UMF86].

Adjacent azimuth targets
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Figure 2.2. SAR dimensions.

Each SAR pulse is a measurement of the complex response of the echoes of many targets. These
measurements are combined to increase azimuth resolution by noting, as illustrated in figure 2.3,
that since the radar is moving, the distance, r(t), between the radar and a given target evolves
over time. Therefore, for a target denoted by I, the phase of the scattered echo, 6,(t), which is scme
function of the range to target, 8,;(t) = flri(t)], also evolves. If §,(t) is known, then the inner product

of the complex exponential of the recorded ensemble of phases,
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(target of interest plus 2M interfering signals) with the complex exponential of 4;(3), is
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Figure 2.3. The geometry of a moving target.

The range history, 7(t), not only depends on the radar platform velocity, altitude and flight path,
but also on the target position on the terrain as a function of time, as shown in figure 2.3. Typically,
a SAR will be designed to image a target that does not move and typically, in strip-map mode, the
phase histories of adjacent targets in azimuth, falling into the same range-gate, will have the same

phase history function with one being a delayed version of the other:
954,.1(75) = Gt +7), {(2.5)

where 7 is the time it takes the aircraft to move the distance between the two targets. Thus, in a

typical gituation, the azimuth response at a given range is given by
'\ ? B,

T
dtg) = / FE (b + tyw(t)e 70 g, (2.6)

oJ=T
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where f5%%(¢) is the recorded signal (the coherent sum of the responses from many targets), 27 is the
time that it takes for the beam to sweep across the target, and w(t) is some appropriately designed
weighting function. The correlation in (2.6) is called azimuth compression or azimuth focusing and
can be readily computed using Fast Fourier Transform (FFT) techniques, although it can be done
in other ways as well. One interesting and intuitive method for computing {2.6) is done with optics.
If the signal is recorded onto holographic film, and a lens is appropriately fashioned to represent the
phase history function, then the image is created by passing coherent light through the bottom of

the filim and then through the lens as illustrated in figure 2.4 [Hov80, UMF&G].
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Figure 2.4. Optical SAR compression.

2.2.4 Multi~-channel SAR

Just as huinans have two eyes to allow for depth perception, multiple channel SAR systemns allow
for the extraction of information contained in dimensions that would otherwise be projected onto
a 2-dimensional image. Using this approach, a two-channel SAR, for example, can take a snapshot

of the scene at time ¢ with an antenna, then take another snapshot from exactly the same point
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in space ab time ¢ -+ Af with a second antenna [LSG102]. The two antennas are generally aligned
along the direction of motion vector (for the satellite or aircraft), so that each observes the scene
from the same spatial position but at different times. The displacement time, At, is given by the
speed of the platform and the physical separation, or baseline, between the antennas. Instead of
configuring a system in the along-track mode as just described, a SAR system can also be configured
in an across-track mode. The along-track mode allows for change detection in the time dimension
while the across-track mode allows for change detection in one of the spatial dimensions. The change
detection in the spatial dimension, mostly in the vertical dimension, is used to create digital elevation
models [BH98].

While a multi-channel SAR is desirable for GMTI, it is still possible to detect moving targets
with only a single SAR antenna. Additionally, special processing of the individual channels can

enhance GMTI capability [LSG102].

2.2.4.1 ATI

The following outlines the ATT prescription for moving target detection and measurement. Write
the complex slow time samples from the leading antenna and trailing antenna as z;(m) and z2(m),
-respectively. Interpolate the samples from the trailing antenna so that one estimates what it would
have measured from the the position of the leading antenna at time m. One thus estimates zo(m +
At). The remainder of this thesis assumes that zo(m + At) has been estimated, and we simply write

za(m) to represent z9(m + At). The averaged interferometric phase is then computed as
-1
§ = arg(Z 2 (m)zz(m)). 2.7
m=0

Stationary clutter should return a zero phase, while moving targets, due to a decrease or increase
in range, will manifest a non zero phase. The actual measurement reflects the targets’ across-track

velocity component.

2.2.4.2 DPCA

The DPCA prescription computes the difference between measurements using
n-—1
mppoa = Y|z (m) — z2(m)*. (2.8)

m=0

With DPCA, one expects that two time displaced measurements of a target that does not change

will yield two identical results. Thus, after subtraction, the metric should return zero. However, if
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the target does change between measurements, for example in phase, then the subiraction will give

a non zero result.

2.2.5 Exo-clutter SAR-GMTI techniques

Recall that a SAR generates high resolution images in the slow-time dimension by exploiting
the Doppler history of illuminated targets. The span of Doppler frequencies observed by the system
is determined by the radar platform speed and the imaging geometry. Typically, a SAR system
oversamples the terrain reflectivity signal. In these cases, clutter, or the stationary radar data,
does not occupy the available spectrum. Due to the difference in relative velocities between moving
targets and the radar, versus stationary targets and the radar, it is possible to identify the clutter
band and observe targets that fall outside of it. This technique can only detect targets that are
separated from the clutter in the frequency band and is thus called an exo-clutter technique. It is
also referred to as an incoherent detection technique [LSGT02].

Va
BDoppler x 'ﬁYT, (29)

where 7 denotes the 3dB width, the width between points 3dB down from the peak value, of the
SAR azimuthal antenna pattern, v, denotes the SAR platform velocity and A represents the radar
signal wavelength.

Sufficiently fast moving targets have Doppler frequencies outside the clutter spectrum so they
can be detected with an analysis of the frequency response of the SAR data. Rough estimates of

the target velocity parameters can also be estimated from the {requency analysis [LSG*02].

2.3 Statistics of multi-channel SAR

The second-order statistics of a multi-channel SAR system are adequate to define CFAR detection
rules for moving targets. The statistics of the covariance matrix of a k-channel system, denoted by
R in this thesis, incorporate the information necessary to construct these detection rules. Although
the 2 % 2 covariance matrix will dominate the cases considered in this thesis, k-channel systems have
already been realized, so we shall consider the statistical properties of the k x k covariance matrix.

However, when considering the 2 x 2 case, we assume the following form for the covariance matrix

o? gro90e’®

R= , (2.10)
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where o7 and o2 represent the power of the radar reflections measured by each antenna, © denotes
the expected phese difference between measurements of the terrain, and p denotes the correiation
between the two measurements. For stationary terrain, when the antennas make their measurements
from the same spatial location, there should be no phase difference betwesn measurements and @ = §.

Interest in statistical properties of the covariance matrix seems to have reached critical mass
in the late 1920’s. Scottish mathematician, John Wishart [Wis28), is credited with the definitive
exposition. In fact, it was in 1928 that he derived the probability distribution of the covariance matrix
which today is named the “Wishart distribution”. His work was motivated by the characterization
of multivariate population variances, but it has come to light that his work provides that basis for
innumerable applications. The result derived for the case of real covariance matrices is given below.

Real Wishart Distribution: Given n identically distributed, real, zero-mean Gaussian random
vectors, {Zo,...,%n-1}, each with &k elements and pairwise with covariance matrix & {aﬁ'lij} = R,

the pdf of the sample covariance matrix,

n—1
R=>" &, (2.11)
m=0

is the real Wishart pdf, i.e.:

detR(n-—k-{-l)/Ze_Tr(_%R—lR)
I(R) ’

p(R) = (2.12)
with the normalization constant I,(R) = 2k2/2detR"/2f‘(n/2)F((n -1}/2)..T(n—k+1)/2). In
the above Tr(-) denotes the trace operator.

The sample space of the Wishart distribution is all positive definite £ x k symmetric matrices.
The quantity n is often referred to as the number of “locks”. It is, intuitively, the number of
independent samples used to estimate the covariance matrix.

Goodman [Goo63] extended the Wishart distribution to complex data in 1963. The conditions for
the complex Wishart distribution are the same as for the real Wishart distribution, but the vector
elements are zero-mean complex circular Gaussian random variables. In the case of the complex
Wishart distribution, the éample space is the set of all positive definite k X & Hermitian matrices.

Complex Wishart Distribution: The pdf of the Hermitian sample covariance matrix,

n—1 ~2 Jjo

N - [ g109%€e

R= nZh = : (2.13)
m—0 oroane 8 o3
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estimated from n identically distributed k-element, complex zerc-mean circular Gaussian random

vectors, {Zp,. .., Zn—1}, each with complex covariance matrix, £ {Z;ZZ I=Ris

()= detf" e TETR)

(2.14)

with normalization constant [,(R) = x#2*¢=DPn)I{n — 1)...T(n — k + 1)detR". Goodman’s
method for deriving (2.14) [Goo63] is quite interesting. By using the joint pdf of the elements x;,

Goodman expressed the characteristic function of the complex Wishart pdf as
B(Q) = det R™"det|R™ — j 7). (2.15)

Direct inversion of (2.15) appears daunting, (although it was subsequently elegantly solved itera-

tively, see [JNO2]), but Goodman realized that the Fourier transform of the integral
I = / detR e~ TR R) = pdF-DD(n 4 E)D(n + k — 1)...T(n + 1)detR*+" (2.16)
R

provided the correct characteristic function.

The Wishart distribution has often been interpreted as the generalization of the y2-distribution
as readily seen by considering the 1 x 1 case. Also, from the characteristic function in (2.13), it
is revealed that the sum of two Wishart random matrices with equal covariance matrices is again
Wishart distributed, but with a sum of the number of looks. The important question of the form
of the distribution for the sum of two Wishart distributions with different covariance matrices has
been presented in the form of zonal polynomials [Jam64].

Random matrices are prevalent in the study of statistical physics. Motivated by the need to
describe the distribution of eigenvalues of Hamiltonian matrices, Mehta [Meh67] in 1967, developed
a very interesting theory of random maftrices. His methods are general, and can be used to evaluate
integrals such as (2.16) which Goodman evaluated using a Cholesky decomposition. Mehta’s methods
may be of use in determining the form of the sum of two Wishart distributions.

Credit for application of the Wishart distribution in SAR goes to Lee [LMH94]. In 1994, he
realized that the off-diagonal elements of the complex Wishart random variable were in fact the
interferogram and was able to write down the marginal pdf’s in the 2 x 2 case for the interferometric

amplitude and phase. His 1994 paper [LMHS4] was concerned with polarimetric classification,
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bui was quickly adapted to across-track interferometry, and more recently, in 2000, to along-track
interferometry [GieQla]. Lee’s result for the interferometric phase is given by
P(n+1/2)(1— )8

ey (1-p)"
Jo0) = 5 )i - e T

2Fi(n,1;1/2; 8%), (2.17)

for # < § < 7=, where § = |p|cos (8 — @), and where 2Fi(a,b;¢;2) is the Gauss hypergeometric

function. In addition to the phase distribution, the magnitude distribution was also derived as

(e (),

where Iy and K,,_; are modified Bessel functions of the first and second kind, respectively, and
of order zero and n — 1, also respectively, [GR0O0]. In [GieOla], Gierull demonstrated that the
interferometric magnitude can assist with moving target detection. In fact, Gierull used both the
marginal phase and marginal magnitude probability density functions to estimate constant false
alarm rate thresholds. Although mathematically challenging, it may be possible to refine his results
since the probability of a type I error can be reduced, while maintaining a low false alarm rate, by
using the joint pdf of the phase and the magnitude rather than the marginal distributions.
Another extension of the Wishart distribution has been to consider non-central random vectors
rather than zero mean random vectors. The common interpretation is to think of a matrix parallel to.
the non-central x?-distribution. In 1944, Anderson and Girshick presented the characteristic function
of the non-central Wishart distribution for the real-valued rather than complex random vector case
[AG44]. The corresponding pdfs are written in terms of a central Wishart distribution “damped”
by a hypergeometric function with a matrix argument. It has been stated that the literature on
the complex non-central Wishart distribution is sparse [Gie02], but Gierull has recently applied the
rank-1 non-centrality case (the non-zero elements of £{Z;} are identical) in describing the statistics

of a deterministic moving target in random clutter.

2.4 Implementation of automatic detection algorithms

The detection of moving targets hinges upon the ability to distinguish these targets from clutter.
As discussed in section 2.2.5, one way of achieving clutter cancellation is to ensure that the clutter
only occupies a well defined fraction of the available bandwidth of the system leaving moving targets

in the remaining regions. An automatic implementation of this algorithin involves identifying and
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suppressing the clutter bandwidth region. The residue data are then SAR processed and thresholded
in power [LSGT02].

With a multi aperture system, clutter cancellation can be achieved by making use of the corre-
lation properties between the images. In the SAR Space Time Adaptive Processing method (SAR-
STAP), the k-channel clutter covariance matrix is adaptively estimated, inverted, and applied to the
clutter [Bar92]. For instance, if the channel samples are arranged as a vector (at slow time index
m), ) )
z1(m)

Hm) = zz(:m) (2.19)

25 (m) |
with complex covariance matrix, R = £{#(m)Z(m)} ¥m, then the cross-correlations are removed
by applying the “whitening” matrix, W = R™'/2. If a moving target signal vector is added to the
clutter signal vector, and the target signal vector has a different covariance matrix from the clutter,
then W does not completely remove the target signal cross-correlations allowing for detection of
the moving targets. One way to detect the targets is to apply a linear filter and detector (see figure

4.1). Mathematically, this operation can be expressed as
y(m) = & Wz(m)P?, (2.20)

where the k—element vector, €, serves to provide a weighted sum of the decorrelated elements. It
should be chosen to maximize the signal to clutter ratio. Residual moving target correlations can
also be emphasised by increasing the number of apertures (so that the overall clutter variance tends
to zero). Alternatively, or additionally, one could average neighbouring samples in the data space
with the effect of reducing detected clutier variance at the expense of resolution. The decimated

image is given by
1 n{l+1)-1

yh== > [@Wim), (221)
m==ln

where the data have been decimated by the factor n.

Iimplementation of an automatic algorithm involves estimating W and applying a threshold to
y(m) or y(I) given the statistics of the random vectors Z(m). The majority of the literature considers
Z(m) to be a locally stationary complex, zero-mean Gaussian vector allowing the complex Wishart
distribution of the covariance matrix estimates to be applied [TBQ95, LMH94, GieQla]. In the

2-channel case, when the data from each are balanced in power, this technique leads to the DPCA
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approach for GMTL. The prescription for DPCA is to subtract the two data channels and apply
some norin, such as the magnitude, that maps the complex difference onto the real line. Data that
are stationary should be the same for both channels and should cancel out. It can be shown that in
homogenous terrain, DPCA is the optimal filter for GMTI [GLO3].

In another approach, specific to a 2-channel system, the phase of the off-diagonals of the co-
variance matrix estimates is used as a detector. The off-diagonal elements are the product of one
channel and the complex conjugate of the other. The resulting quantity is referred to as the inter-
ferogram [LSGT02]. The rationale for this approach considers the physical differences between the
two time-delayed snapshots of the target under observation. If a target moves through range in be-
tween the snapshots from the two apertures, then the corresponding difference in range will manifest
as a proportional difference in phase. This phase measurement divided by the displacement time
can provide an estimate of the target radial velocity. However, considering detection, since most
of the terrain has not changed, the phase difference between measurements should be zero. Thus
by thresholding the phase difference (the argument of the covariance matrix estimate off-diagonal),
another automatic detector can be implemented. It should be emphasised that the data are not
linearly filtered as in the previous case. Implementation of the automatic phase detector requires
calculation of the phase distribution of the interferogram. This has been done, for example, by using

the complex Wishart distribution [LMHS4].

2.5 Joint Interferometric Phase and Magnitude detector
In the analysis of [Gie0lal, it was shown that in addition to the phase, the magnitude of the
interferogram can be exploited for target detection. It was shown that the joint pdf of the magnitude

and phase is given as
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where 7 and ¢ are the normalized (to the power) magnitude and phase, where 1 > p € R > 0 s
the correlation coefficient, and where K,,_;(-) is the modified Bessel function of order n — 1. The
colour coded joint pdf plot is shown in figure 2.5 where it is clear that 5 and @ are not statistically
independent. The lack of independence means that CFAR thresholds developed for the magnitude
and phase that are derived from the marginal pdfs will not be optimal in the sense of maximizing

the probability of detection Py for a given false alarm probability £Pp. If these thresholds are used,
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Figure 2.5. Joint pdf for the normalized ATT magnitude and the ATT phase.

as illustrated in figure 2.6, then any moving targets contained in regions 1, 2, 3, or 5 will not
be detected. Only those targets in regions 4 and 6 will be detected. This “T” (regions 1,2,3,5)
shaped approximation to the non-zero values of the joint probability distribution could certainly be
improved. In order to increase Py, the magnitude threshold is relaxed to smaller values. This leads,
however, to a higher number of false alarms.

While it is usnally true that most moving targets will have a higher Radar Cross Section (RCS)
than the terrain, situating them in regions 4, 5 and 6 in figure 2.6, such will not always be the case.
There are many situations where the a priori statement that, “moving targets have a relatively high
RCSY” is just not true. For example, over an urban area scene, metal rooftops, eaves-troughs and
other man-made objects will have equally large RCSs. In addition, moving targets of low RCS are
also of interest. It would not be a good idea to use a magnitude threshold for stealth-like targets
as they would exhibit a measurable phase response without the magnitude response. Finally, due
to the SAR focusing technique, fast moving targets will in general have low RCSs, and in some
cases the magnitude response of the targets will be comparable to the clutter response. Even
though passing the SAR data through filter banks designed to detect moving targets at various
velocities is an option, detection via an alternate method is still justified as the filter bank method

is computationally intensive.
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Figure 2.6. Phase CFAR thresholds, (at #£20°), filter out regions 2 and 5, while the magnitude
CFAR threshold, (at 2), filters out regions 1,2 and 3.

2.6 Estimation of statistical parameters

In a multilooked SAR interferogram, the number of statistically independent samples that are
averaged into each pixel is traditionally called the number of looks, n. The terminology is based
upon a special SAR-image processing technique to reduce “speckle noise” [FL99, Sou99]. In this
technique, the dynamic range of the random speckle is reduced by “looking” at the scene in a
statistically independent way (vis & vis the noise process) and calculating the average of all the
“looks.

Unfortunately, even though adjacent samples in a raw SAR dataset may be statistically inde-
pendent, they become dependent once they have passed through the SAR matched filter. If, in
addition, overlapping filters are used to reduce speckie at the expense of resolution, such as de-
scribed in [Mor9i, SCRO1], additional statistical dependency is introduced. The overall effect is
that the number of samnples contributing to each pixel in the interferogram is more than the number
of statistically independent samples that actually contribute to the pixel.

Multilook pdfs, however, are derived under the assumption of statistical independence. Indeed,
analytic consideration of the correlation between samples in the derived pdfs is infeasible. When the

effective, or sometimes called equivalent, number of locks is used instead of the nominal number,
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the statistics of the interferogram are well represented over the whole coherence interval {TWPg4].
Intuitively, the value of n should be an integer, but this is usually not the case since the mean is
taken over correlated samples. It turns out, however, that all probability density functions are valid
for n € R. Along with the number of looks, the complex coherence, pe?®| characterizes the pdfs of
both the phase and the magnitude. Taking into account that the coherence values for single pass
along-track interferometry are close to one, it is safe to use the sample coherence as an estimator

for p, citetouzids:
Sy 71 (m) 75 (m)|
VI )2 Yo ea(m)l2

When the coherence value is lower, for example over water scenes, and when only a few samples are

p=

(2.23)

provided, a recently proposed unbiased estimator [GieQ1b] can be used, thereby circumventing the
bias of the sample coherence.

Given p, the only other parameter to estimate in the perfectly homogeneous case is n. It is
proposed that n be estimated locally since the number of independent samples that are averaged
into each pixel is dependent on the focusing fidelity; thus, non-stationary uncompensated error will
have an effect on the effective number of looks. For instance, uncompensated range call migration
will affect n.

To reduce the side-lobes, at the expense of reduced resolution, the complex interferogram is
sometimes windowed before multilook averaging. The SAR processor used in this thesis [SCRO1],

applies overlapping Gauss weighting functions (figure 2.7) of the form

exp ~———”—2—:———; for |z] < L,
Flz) = ( 3(L72.354) ) (2.24)

0 elsewhere,

to the data, [SCRO1]. The length of the window L = & - O is controlled by the two independent
parameters: smoothness, 5, and overlap, O. The window repeats itself after S pixels and the width
is adjusted by O. Let Az = v,/ Bpogpier be the geometric SAR resolution, given as the ratio of '
platform velocity, v,, to the processed Doppler bandwidth, Bpopprer, and let do = v, /PREF be the
pixel spacing. Then, the quotient p = Ax/dx determines the number of correlated pixels in the
SAR image assuming that the matched filter has been applied. Although 2L pixels are sumined, the

rumber of looks is therefrom roughly estimated (rule of thumb) as

2L
n== 4, (2.25)
v
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Figure 2.7. Window function of the interferometric SAR processor.

where p = 4m/0.4m = 10 for the Convair radar system used.

Investigations based on simulated phase data, [Gie(G1lb] showed that the Maximum Likelihood
Estimator (MLE) for n is unbiased and normal distributed. Unfortunately, one drawback of the
MLE estimator for n steins from the complexity of the probability distribution function of the phase

random variable (2.17).

2.7 Summary

SAR processing of moving targets is understood to cause defocus and displacement, and is subject
to ambiguity in the across-track velocity component. For sufficiently high sampling frequencies
coupled with a sufficiently small clutter bandwidth, moving targets can be detected in the exo-
clutter region in the frequency domain.

In a multi-aperture system, correlation properties between the channels allow for the cancellation

of clutter. A Hnear filtering of the SAR data followed by detection permits autoinatic GMTI, as does
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a threshelding of the interferometric phase. However implementation of these algorithis requires
an accurate statistical model of the multi-channel data. The most commonly used model is of a
joint zero-inean complex Gaussian distribution of the channel elements, which leads to the complex
Wishart distribution of the covariance matrix estimates. The complex Wishart distribution has
been studied extensively, and has previously been applied to the description of muiti-channel SAR
data. Recently, in [Gie0la], it has been used to determine the threshoelds required for automatic
SAR-GMTI. Implementation of an automatic CFAR detector for SAR-GMTTI requires estimation

algorithins for statistical parameters, some of which are computationally expensive.
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CHAPTER 3
SYNTHETIC APERTURE RADAR

In this chapter, SAR processing for GMTI is examined. Implementation of the map-drift al-
gorithm for targets with an along-track velocity component is described, a method for ambiguity
resolution is presented, and the SPECAN algorithm is adapted to the strip-map mode, particularly
to enhance moving targets.

The first section describes the Convair 580 SAR system from which the majority of data in
this thesis were collected. After this, the functional dependence of the target phase is presented
in section 3.2 and expanded in section 3.3. Sections 3.4 and 3.5 discuss compression of moving
targets using standard and automatic techniques, while section 3.6 discusses compression using the
SPECAN algorithm. Finally, the inherent ambiguities of the SAR measurement system are discussed

in section 3.7.

3.1 Convair 580 SAR system

SAR data presented in this thesis were collected by Environment Canada’s Convair 580 aircraft
configured in its along-track interferometric mode [LSG*02]. Table 3.1 lists all of the data collected
for GMTTI purposes over the years 1999 to 2001. Figures in this thesis may make reference to the

SAR data using an “mazlzpz” format. The data collected are at C-band (5.3 GHz), corresponding

Table 3.1, Convair 580 SAR data summary.

July 14, 1999 | November 5, 2000 | November 23, 2001
mll6p7 m2lips m3lipl
mii6p8 m2lip9 mSlip2
m1l7p8 m2l2p2 m3l2p9
milTpi0 m2i2p6 m3iop10
m2l8p3 mIlopl1
m2l3p7 m3l3p3
m2lip4 m3lIpd
m2lip8 m3lips
m3lip6
m3lsp7
m3l5p8
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t0 & 0.056564 m wavelength. The along-track configuration of the system consists of a main horn
antenna mounted on the underbelly of the aircraft, and two sub-apertures mounted on the starboard
side of the aircraft with an effective phase centre separation of 0.2704 m. The main antenna is used
for transmission while the sub-apertures are used for measufement of the target echoes. These

sub-apertures make measurements simultaneously, but from different spatial locations [LSGT02].

3.2 Strip-Map mode phase history function
Referring again to figure 2.3, consider now a single target that has constant acceleration on a
flat-earth ground plane. As shown in [SCRO1], the exponential phase of the recorded signal modelled

on a target with a constant acceleration is given by

. A
exp(-38(6) = exp( i (), (5.)
where
= /At + Astd + Agt? + At + Ag = /F(D), (3.2)
and
1 1 1 1.d% 1 d 1
Ay = =52 4 2i? - = Rkl 2 .
4= g8 gy +4z A E T (3:3)
d3
Az =—(vg — )% + 9§ + 3% = —(vq — T)F + Tdt3 + 77, (3.4)
Ap = (va — ) + % + yoif — hE + 3% = (v, — )% + 7% + 17, (3.5)
Ay = 2oy — 2hz = 27, (3.6)
Apg =y +h2 =12 (3.7

In the above equations, v, denotes the speed of the radar platform, r = r(0) is the range to the
target at ¢ = 0. The quantities 7, ¢, Z, £ are the time derivatives evaluated at ¢ = 0, while #, §, 2, ¥
are the second time derivatives evaluated at ¢ = 0. Finally, the quantities d®r/dt® and dr/dt* are
the third and fourth derivatives of r(t) evaluated at ¢t = 0.

It is of interest to note that it is not possible to resolve vertical motion from ground range
motion {(all y and z terms and their time derivatives can be written as function of r(¢) and its time
derivatives, dr(t)/dt = + and d?r(t)/dt? = #) as the two are always defined on the surface of a

cylinder. That is, the emitted radiation is cylindrically symmetrict.

1Spherically symmetric radiation made cylindrically symmetric by the motion of the aircraft.
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3.3 Expansion of the reference function
The signal phase function, defined by (3.1), can be expanded around ¢ = 0 to get a betier idea

of the image formation dynamics. It is sufficient to expand

E(t) =/ f(1), (3.8)
to get,
By~ BO) + g5/ O+ (—;4—525)3[#(0)] + o0 &

+ (e OF - 53 070+ 35 P 0) &

+ (o O + g OF 0 - B OF + 47 OO+ 356:70) §

+ ...
(3.9)

It is a simple matter to calculate the derivatives of f(t) since it is a 4t degree polynomial. The

derivative terms f™(0) can be replaced with the terms n!A,, thus leading to

1 1 2 2 s 1 1 t3
E(t) 7+ ?Alt + —'-——3141 2A2 + A 36A1A2 + —6A3 33—'
' 1
15 44 ) t4 (3.10)
| 16 —= AT+ P 12A 2Ay — [12[A2] + 2441 As] + —24A4 VTRAERE

The large quantities that appear in (3.10) are r and, through A and As, the aircraft velocity, v,.

By omitting the small terms, the approximation becomes

(va =P 2 (va— @)t  1dPr g (e~ )P0 @7

R~y rt
E(t) or it 4+ — 2 or san’ 02 sr
. . (3.11)
+ —1—4--—7:154 - (va——m)—-i‘t“ - -—l—(v — &)t + —l——rz(v — )%t + Lm(v — )t
24 dit 4y2 83 2p3 V0 2r2 '

Once again, the large quantities are r and v,, that is r, v, >> 7, %, #, Z. Furthermore, the third and
fourth derivative terms are negligible (it can be shown that the third derivative term is proportional
to 1/r for a target travelling in a straight line with a constant acceleration). By omitting the small

terms, E(t) is approximated as

- 2 3 A
(Uazrm) )+t3(5£i—rt3— (va W)CE)’ and

.
E(t) m~r + 7 + 2(= +

O ~r 48+ 005 6 di? 2r (3.12)
8(t) ~ap + a1t + ast® + ast?,
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where the 47/X has been absorbed into aq,. .., a3. The only term in {3.12) that is independent of a

moving target’s velocity characteristics is

2mv2t?
Qg =
A

(3.13)

which is exactly the parabolic approximation to the reference function of a stationary target [FL99].

All the terms in (3.12) have been grouped according to the power of ¢ upon which they operate
because it is possible to optimize the SAR filtered response of a target and determine the quantities
ay, az, a3. One cannot determine ap because of phase wrapping. No symmetry exists between the
coefficients of a polynomial® so it is possible to determine the radial velocity of a moving target
7 and the azimuthal acceleration of a moving target . A symmetry, however, exists between the

azimuthal velocity &, and the radial acceleration 7 as is demonstrated by the coefficient of 2.

3.4 The SAR focusing algorithm

To second order, (3.12), states that the refelcted signal has an exponential phase given by

s(t) = o~ AT/ AL+t (7 [ 24+ (va ~£)? / 2r)87]

3.14
= e"j[(a‘0+a1t+a2t2] . ( )

To improve the azimuthal resolution, the recorded signal, which is a sum of the contributions from
many scatterers, has to be filtered by an appropriate reference function that uses the phase history
to select and separate the different contributions. Based upon the phase history alone, the best
reference function to use in a convolution is the complex conjugate, time reverse, of the signal
function, that is [Hov80, FLG9, UMF35]

Spef(t) = eI4m/Nrs=Fs1+(Fs /24 (va=25) [274)17]

3.15
- ej[bo—blt—i—bgt?] ( )

where, ideally, b; = a1 and bs = as. The choice for by does not really matter as it will only affect
the phase of the compressed signal. When written as & correlation, rather than a convolution (sign

of by ), these expressions for the signal and reference functions give rise to the compressed signal

2Uniqueness of the Taylor, Maclaurin series expansions.
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T
d(r) = [ sres O+ (3.16)

T
— / ej(—aowan"az'rz)ejt(bl—-a1 -2a.g'r)+jt2(b2—a2)dt (317)
T
T
= ej(«ao—al'r—-azq-z)/ ejt(bl—al—ﬁazT)dt if By = as (318)
-7
= 2T ~o0~a1m=a27")ginc((b; — gy — 2a97)T]. (3.19)

Expression (3.19) has sinc function magnitude which approaches a delta function as 7' — oo. In
the realistic case of compact support, the sinc function width determines the azimuthal resolution.‘
One of the great advantages of SAR over SLAR stems from the fact that the integration time, 7', in
(3.19) is proportional to the range of the target from the radar platform. The further a target from
the radar, the longer it stays in the radar beam. By writing the integration time as ra/v,, where o
is the antenna beamwidth, and by setting b; = ay, (3.19) reveals that the determining factor in the

width of the sinc function is
vZra  4mvga
2 v, A

One sees that the azimuth resolution does not depend on the range from the target to the radar.

2a5T = 8w

dt. (3.20)

Thus all pixels will have equal azimuthal resolution. Furthermore, targets have a maximum response
when the sinc function argument is zero, i.e.

b1 — a3

5o (3.21)

Since a; corresponds to the target radial velocity, it is clear that when a moving target is filtered
with a reference function that has by = 0, the target will compress to a location displaced from
where it should really be (at ¢ = 0 the target should be at z = Q).

It has been assumed that ay is known in the above analysis. In fact, for moving targets having
significant azimuthal velocities or radial accelerations, ag is not known and an incorrect by (correct
for targets that are stationary) leads to a residual phase quadratic (bs — ap 7 0). The compressed

signal in such cases can be written as

T
d(r) = ej(——ao-—an'—az'rz)/ ejB(t-i-to)z“jBtgdt, (3.22)
-7

where B = by — ag and g = (b; — 01 — 2a7)/(2by — 2a2). The squared envelope of d() can be

written as

T T
|d(T)]2 = / / ejB(m+to)2—jB(y+to)2dxdy_ (3.23)
~TJ-7T
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By changing the integration variables according to

u=x+y (3.24)

V= — y, (3.25)

one can deduce, as done in appendix A, that

()P = /27" sin[B(2tp + u)(2T — )] dut /02T sin[B(2tp — u) (2T — u)) " (3.26)

B2t + u) B(2to — u)

Since (3.26) is symmetric in ¢, one sees that the detected signal is symmetric around 7 = (b —
a1)/(2az3) as it was before. However, the maximum of the response is not necessarily at this point.

So far it has been assumed that the recorded SAR signal has infinite extent. In reality, this is
not the case as the reflected signal is modulated by the azimuth antenna pattern and is also subject
to propagation losses as the range to the target increases. The symmetry in the target response,
despite using an incorrect Doppler rate of change, is used in the next section to apply an autofocus

technique.

3.5 Autofocus algorithm for moving targets

An important step in the automation of the GMTT process is the unsupervised target velocity
estimation. For the across-track velocity component, the interferometric phase provides reliable
information. For the along-track velocity, however, the interferometric phase carries little, if any,
information. For this reason, most authors have not considered algorithms for estimating the along-
track component of motion. In fact, bistorically, the GMTI problem has been addressed with non-
imaging pulsed radars and estimation of the velocity vector was restricted to only one component
without consideration of the other. Qur presented velocity estimation technique relies upon the less
sensttive measure of the “quality of focus.” Among the main factors affecting the quality of focus
is an accurate estimate of the Doppler rate of change in the SAR compression algorithm. Equation
(3.12) shows that the second order phase coefficient which is proportional to the Doppler rate of
change, depends mainly upon the along-track target component of motion. Generally, this quantity
derives from the imaging geometry. Since the guality of focus measure can be examined by using
ounly a single channel of information, with two or more channels, estimates may be averaged. The
same limitations apply to estimation of target accelerations. In fact, to date, only the quality of the

focus can provide any information about acceleration [Sha04]. In the following section we review
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the gecmetry of a moving target and show how the motion characteristics translate into image
characteristics by adapting the map-drift autofocus algorithm [FL99].

Among the techniques for antofocus, we adopt and adapt the map-drift algorithm found in [FL99].
With the map-drift algorithm, a stationary target with a high RCS is required as a reference. Since
the Doppler rate of change depends, proportionally, on the rate of change of range between the
target and the radar platform, knowledge of the radar platform velocity vector over time allows the
correct Doppler rate to be estimated from the high RCS target. In our adaptation to GMTI, one
starts with a model of the correct Doppler rate of change based upon the imaging geometry and
the radar platform velocity vector. Estimation of the Doppler rate of a detected moving target may
reveal a deviation from the model based Doppler rate, thereby allowing an estimate of the along-
track motion of the target. As far as we know, adaption of the map-drift algorithm to the problem
of estimating the along-track velocity of moving targets has never before been considered.

The location of a target in the compressed SAR image will be coincident with the point at which

the target is broadside to the antenna. Referring to figure 3.1, this means that the location of the

Phase

Reference function with
incorrect rate of change of
Doppler (Narrower)

Reference function
with correct rate
of change of Doppler

time

Recorded SAR phase history
muitiplied by pr'Iljase ramps /

Output of convolution symmetric around these points

Figure 3.1. Autofocus with a phase ramp.

target will be where the recorded signal has a minimum. If the recorded signal has the form of
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(3.14), the location of the minimum in phase is given by 71 = {(a1)/{2as), and the phase value at the
minimum is €1 = ag + a?/(4as). The location of this minimum can be moved by applying a phase
ramp to the data. So, for example, if the signal is multiplied by e2¢, then the minimum will occur
at 73 = (a1 — A)/{2az). At this point, the parabola will have phase €y = ay + (a3 — A)%/{4a2).
Now although it is not possible to measure m and 7y, the difference can be estimated simply by

calculating the drift in the response of the target. Thus, an estimate for g9 can be obtained via

S (3.2)
ay ¥ . 3.2
2 2(7’2 - 7’1)
By measuring the difference in phase, one can also obtain
A% — 409(0y — ©
= (62 1). (3.28)

2A

Unfortunately, due to additive noise, an unwrapped measurement of the two phases is virtually
impossible with real SAR data. An alternative uses the phase difference measurement from a two-
channel system to estimate the across-track velocity of the target; for instance, see [LSG T02].

The following describes the displacement technique to automatically estimate the Doppler rate
to focus a moving target. The target in question is observed in the dataset m2lIp5. Figure 3.2 shows

the fore antenna image of this moving target. The algorithm for automatic focus follows the flow

Juiet tarzet |
(displaced)

Figure 3.2. Autofocus target candidate (target named Juliet): file m2lip5.

diagram depicted in figure 3.3. The first step is to SAR focus the target when a phase ramp has
been applied to the data. The next step measures the displacement between the target in the first

image versus the second image. This task is accomplished by measuring the integer nurnber of pixels
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Figure 3.3. Autofocus algorithm flowchart.

by which they are offset followed by an estimate of residual sub-pixel displacement. The subpixel
displacement is determined by interpolating one of the images at sub-pixel values, and maximising
the cross-correlation between the two images. The cross-correlation is measured on an area local to
the target so as to avoid contributions from high Radar Cross-Section (RCS) clutter targets.

The characteristics of the SAR system used for this illustration are outlined in table 3.2. After

Table 3.2. SAR system parameters for autofocus: file m2lips.

SAR System Convair 580
Platform speed 121.038 m/s
Range to target 9838.19 m
Sample spacing 0.19455 m
Phase ramp applied 3m/s
Measured displacement | 1328.109 pixels

the first iteration, it is found that &, = 0.702655 whereas the value used was az = v2/(2r) = 0.74456.

The difference is accounted for by solving for # in

— )2
L8 _ 4100855, (3.29)
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The solution gives £ = 3.455 m/s. Repeated back-substitution of the estimate shows rapid conver-

gence to & = 6.0893 m/s. Figure 3.4 illustrates the algorithm convergence.

8.5 T T T T T T T T T

Along-track velocity {m/s)

iteration

Figure 3.4. Convergence of autofocus algorithm.

3.6 SPECAN SAR processing

Full azimuth compression can be achieved by generating an appropriate reference function and
performing the convolution with the recorded SAR signal. Another way to azimuth compress the
signal is to apply the so-called deramp or SPECAN algorithm. This algorithm is “quick”, in that it
is fast, and “dirty” in that it does not produce the same guality of result as full compression.

Equation (3.14) describes how the phase of the SAR signal evolves through time for a particular
target located at £ = 0. Figure 3.5 shows, in fact, that the recorded SAR signal also depends on the
antenna pattern and the terrain reflectivity. One can write the expression for the reflected signal

from a target that is measured at broadside time g 3 0 as

s(t) = gto)alt — ta)e——j[ao—}-m(t-to)+a2(t—t0)2]’ (3.30)
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Figure 3.5. Radar sampling of target.

where a(t) represents the antenna pattern (which is symmetric and has support 27°), and g(t)
represents the target reflectivity. Although the actual antenna pattern is a function of angle, the
equivalent function of time is defined as the antenna gain that a target experiences as the aircraft
passes by. This function will depend on the speed of the aircraft, and on the range between the
target and the radar. It is assumed that during observation the intersection of the beam with the
earth (as seen in in figure 3.5) aligns along the z—axis, and that curvature is negligible. It should
be made clear that the data are range compressed. Multiply both sides of (3.30) by exp(jast?) and

expand the exponential argument to get
s()e7%2” = g(t) = glto)alt — to)eI(vomarto+aztd)  —i(a1—2asto)t (3.31)

Now take the Fourier transform of both sides to see

Q(w) = Flq(t)} = g(to)e—j(ao—a1to+a2t§)f{a(t _ to)e—j(a1—2a2to)t}
= g(to)e"j(a0~a1t0+azt(2)) /oo ot - to)e...j(m —Zagto)t ,—jwt gy
—00
(3.32)
= g(to)e*j(ao~azt§+wto) /°° a(t)e__j(al—%zto-%-w)tdt
~co

= g(to)e I (@02 t+wt) 4(a; — dayty +w)
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where A{w) denotes the Fourler transform of the antenna pattern. Ore nctes that for a large time
extent antenna pattern, say 27", A(w) will have a width approximately equal to 1/27. For an
antenns pattern modelled as a rectangular window, the response will be a sinc function evaluated
at a7 — Zagto + w. This function will experience a peak value at w = 2Zasty — 3. Reecall that for
stationary terrain, a; = G, thus, to a good approximation, Q{w) well represenss the compressed SAR
scene, although the image map is scaled by 2a,.

Since

2ap = 2, (3.33)

Ar
the scaling, or squashing factor depends on the range. For larger range, the sample spacing of
the compressed image becomes spatially narrower. However, for increasing range, 21" increases,
therefore, A{w) becomes narrower. On the whole, the one effect balances the other, revealing the
independence of the compressed resolution on range. As shown in figure 3.7, for a relatively small
scene, the change in scale is not really apparent.

Although the analysis assumes a single target, we have strictly used linear operations; therefore,
the principle of superposition applies yielding compression for all targets in the scene. In practice,
one would multiply each line of constant range with the appropriate phase quadratic defined using
as.

The effect of finite limits on the Fourier integral, as experienced in reality, is seen on the edges
of the compressed image. Due to compact support on the antenna pattern, the only targets affected
by the finite limits are those incompletely swept by the antenna pattern. These incomplete data
manifest as targets with smaller compression gain that eventually diminish to zero for targets that
are only measured by the edge of the antenna pattern.

If a target has an across-track velocity, then a; # 0, and the target will not appear where
corresponding stationary data appear; however, it will experience the same compression gain as the
stationary terrain. By situating the moving target in regions where the stationary data have less
gain, one increases the target to clutter ratio. One achieves this effect by windowing the recorded
data with a window of length slightly larger than the antenna beamwidth, thereby selecting a full
synthetic aperture only for a narrow range targets in the middle of the window. Targets further
away from the middle will experience less compression gain allowing superimposed moving targets,
displaced from the central regions, to show more clearly. For this thesis, a rectangular window has

been selected. Future work might seek to define this window more advantageously for GMTL
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An illustration of SPECAN processing with a moving target is illustrated in figure 3.7. For
comparative purposes, the raw data image is also shown in figure 3.6. As seen in figure 3.7 the

moving target has a good signal to clutter ratio.

Azimuth 4m samples

50 100 150 200 250 300 350 400 450 500
Range 4m samples

Figure 3.6. Raw data before processing: file m2[1p5.

3.7 Dual ambiguities

Trials confirm the evidence of SAR processing ambiguities that stem from the sampled nature
of both the SAR signal and the matched filter used for compression [Liv03]. Oddly, interferometric
pairs show a phase jump at the junction between ambiguities. By proceeding with an analysis of
the phases of the compressed signals, it becornes clear that the phase jumps are due to the time
resampling of one of the channels. The reason for actually doing the time resampling stems from
the fact that the physical GMTI system consists of two antenna apertures aligned along-track that
are designed to sample the returned signal at the same instant in time. In effect, the fore antenna
measures what the aft antenna does at a later time. The difference in time is determined by how
long it takes the aircraft to move the aft antenna into the previous position of the fore antenna. This
time depends on the physical separation between the antenna phase centres and the speed of the
aircraft. From a SAR processing point of view, this geometry is easy to accommodate; one simply

processes the aft channel to return the response of the measurement at a delayed time.



Azimuth 4m samples

50 100 150 200 250 300 350 400 450 500
Range 4m samples

Figure 3.7. *“Quick” and “dirty” image: file m2lip5.

3.7.1 Reference function
As shown previously [SCR01, LSGT02], the expression for the reference function for a target

with only an across-track velocity can be written as

Srep(t) = exp [jﬁ(\/(vut)2 + (ro +75£)2 — o), (3.34)

where v, is the aircraft velocity, ro is the target broadside range, § = 4w/, A is the radar wavelength,
and 7, is the target candidate radial velocity. This equation can be understood by cousidering
the target positioned at 7y -+ 74t in the slant range dimension, the aircraft positioned at v,¢ in
the perpendicular along-track divection, and then applying Pythagoras’ theorem. In this model,
the aircraft sits at along track position, 0, when £ = 0. Now, in order to know the response of
SAR processing at a position displaced from ¢ = 0, one only needs to introduce a time delay into
the reference function. Spatially, we desire an offset of the phase centre separation, d, but this
corresponds to a time delay of d/uv, where v, is the aircraft speed. Since one also desires to place

the target into the same time reference, the overall, new, reference function is

Srep(t) = exp [jﬂ(.-\/(vva(t +dfv )+ (ro + 750+ djvg))? — ro}]i .

4

37



Expansion of the square root function using /1 +z = 1+ 1/2z + 0(z?) for z < 1 yields

V22 vad #2d ; 72d?
sref(t) = em[aﬂ( ( it i ) + L + ——f———>] (3.36)

Ve 2rou?

where a couple of very small terms have been discarded.

Recall that in reality, only a sampled version of the signal is recorded, and in the computer, a
sampled version of the reference function is used for compression. Let the sampling frequency be
denoted by fp so that ¢ = m/f,. Also recall that the recorded signal also has, effectively, compact
support (so does the reference function). Therefore, to ensure this condition, multiply (3.36) by a

rectangular (recty(z)) function:

vZm?  mou,d . 3 ped T3P
Sref(m) = recty(m)exp []ﬂ(Qr 72 + f_p(—E)— +7r+ 5:—7"5) + —vf;— + 27{0”2)], (3.37)
a
where,
/L if|lm|< L
rect{m) = (3.38)

0 otherwise

Equation (3.37) is modelled on the actual recorded signal,

2r f2 (_——+ +vao)+—+2rov2

v2m2 #2d P22
2m 7d d )] (3.39)

s(m) = rectz(m) exp[ 38 (7‘0 ol

where 7 is the actual target radial velocity.

3.7.2 Discrete azimuth compression
By using the approach of SAR compression as the application of a correlator [UMF86], one can

write the output of the compression as

[oe)

dim) = > r(m)s(m+ ). (3.40)

=00

However, because of the compact support, the infinite limits can really be replaced by some appro-

priate choice of a > @ and b > 0 such that

b

d(m) = > r(m)s(m + ). (3.41)

M=-—a
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Substituting our representation for the reference function, (3.37}, and the signal, (3.39), into (3.41)

gives
b v*m? 2 . 22 72
7) = em?  moved o Tyl dd T
d(m) - mga P []ﬁ<2 f2 * fp( g + i var()) * Ve v 27‘0?)2
~ 2 ™ 2
.exp[—jﬁ o + v“(m+;n) (m+m)(y—‘£ + 7+ Td d22
2rof3 fo 70 2r0v
d 32 ?m? i u.d '2d d PR (3.42)
:exp{jg I _E«L’E__T_(ELH-JJ )-L_I___
Va 27"0112 27“0f,§ foro VaTo Vg 2rgud

b . -2 .
74d 2
. E exp{—-jﬁm(z‘-‘—%—-}-(ff—f—}- I Td))}.
m=-—a TOfP f?’ VaTo Va0

Careful examination of the sum shows that it is a finite geometric series [FL99] of o + 5+ 1 elements,

so one derives, for only the sum part that

b 72d 72d
Z exp[ Jﬁm(r fz (rf—r—’—v;ro Ua?"o)ﬂ

m=-—a

vim . . de 72d a—b
- {Jﬂ(r f2 (Tf o VaTo  UaTo )> ( 2 )] (3.43)

. 2 % 2
sm[ﬁ(%gﬂ% (rf r—f—;ﬁ; Uag))(—i—‘f—“ t 1)]

. v 1 F3d 2
Sm%(’rgff T(rf — T+ vaTg ZJZ;FZ))

Overall, the cutput of the correlator will have a magnitude given by the ratio of sinusoids, and a

phase given by

- a—-b\ B (vim . . Fd %
e(m)_( 2 )fp(Tofp rf+ruvaro+va?"o)

+ﬂ( Fed TR 22 m(g,_z_qﬂur 7‘2d> rd  2d?

—7p + —~— +
o e 2rov2  2rofE  fp

3.7.3 Target position and phase

The correlator magnitude is given by

sin{ﬂ(%— (rf—r+vm vj,:{)))(ﬂ)]

. v29n 1o 24 ’
nd (55 - 517+ S D)

(3.45)
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and by using 'Hbpital’s rule, one finds a maximum value of (a -+ b+ 1)/2 when

vim 1 t3d 72

ﬁ(—g—-—-———-—f — 7+ - )-—>2l7r, el 3.46
R ) (3.46)
This periodicity gives rise to SAR image ambiguities. The greatest maximum occurs when there
is maximal overlap between the recorded SAR signal and the reference function. At this point, one
finds that a = b at half the length of the reference function and that / = 0. These values give rise
to the condition that

(73— %) = ———Ql’[;f ’” (3.47)

T
4 + VaTo
which, in turn, predicts that

0(0) = —fro + 2l7rd1—]:3. (3.48)

a

In words, a suitable choice for the reference function radial velocity can make it appear as though
the SAR scene were processed with a stationary world matched filter. This appearance is only in the
magnitude and position of the target. When d s 0, the symmetry is broken by the phase because
it then depends on [. Stated another way, VI € Z, 37y such that m = 0. Since /m = 0, the target
is always at the same position as it is in the stationary image, (which is 1 == 0), and has the same
magnitude because of I’'Hépital’s rule. The phase of the target, however, is not the same if d # 0.
Recall that for different choices of 7y the position of the target in the compressed SAR image is seen
to change. Aknatural question is why not choose a different /1 # 0 to satisfy the condition of (3.46)?
The answer, of course, is that /i < L where L < oo because of the compact support of the recorded

signal and reference function.

3.7.4 Phase jump on Convair 580 SAR-GMTI data

Data collected by the CV580 has either been collected with a f,/v, ratio of 5.14 m™! or 4.64 m~?
[LSG102]. It has also been determined that the phase centre separation is d = 0.2704 m [LSG102].
These parameters lead to a phase jump of either 8.7327 rad = —220° or 7.8832 rad = —268° only
for the channel which is time resampled. The channel which is not time resampled has d = 0, so
the phase does not change with the ambiguity. An interferogram will, of course, show the phase

jumps.

3.7.5 Effect on fast moving targets
Let us imagine that a moving target is situated in one of the ambiguities because of its radial

velocity. Estimation of the radial velocity with the interferometric phase, even unwrapped, will not
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provide the correct radial velocity unless the phase jump is considered. Estimation of the radial
velocity with non-coherent techniques such as time-frequency analysis or maximum likelihood wili
be free of the phase jump phencmenon, allowing the ambiguous region to be identified, which, in

turn, will allow for correct accounting of the phase jump.

3.8 Summary

Moving target that have an along-track velocity component cause defocus error in the compressed
image. This defocus error can be corrected by applying the map-drift autofocus algorithm adapted
to moving targets. By estimating the displacement of the moving targets after injecting a phase
ramp into the data, the Doppler rate of change can be estimated. In order to measure the target
displacement at the sub-pixel level, the compressed image candidates are first clutter suppressed so
that correlation maximization in the map drift algorithm corresponds only to the moving target.

Two forms of ambiguity are natural to a two-channel SAR system. The first is inherent in the
sampling nature of the SAR system and corresponds to an along-track velocity component that has
a wrap velocity of

Fo)
2 (3.49)

The second ambiguity is dependent on the physical phase centre separation between the two antenna
apertures. It has a wrap velocity given by
Vg A

e (3.50)

A combination of these different wrap velocities can be used to mitigate the ambiguous velocity
problem. In effect, the overall wrap velocity is raised to a sufficiently high value to unambiguously
measure the across-track velocity component of ground moving targets.

The deramp or SPECAN algorithm can be used to SAR process the individual channels and
has the capability of simultaneously combining exo-clutter suppression and multi-channel clutter
suppression. In addition, the technigue requires the computation of only one FFT, thereby reducing

computation time.
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CHAPTER 4
EIGEN DECOMPOSITION

This chapter presents a decomposition of the multi-channel sample covariance matrix into eigen-
values and a representation of the eigenvectors. It also presents an accompanying decomposition of
the Wishart probability distribution of the sample covariance matrix into the distributions of the

decomposition elements.

4.1 Motivation for new GMTI detectors based on eigen-decomposition

of the covariance matrix
To motivate the decomposition, consider the linear filter depicted in figure 4.1 at slow time index

m. By expressing the linear filter and the input channels as column vectors,

z (m) z,(m) z,(m) z (m)

b X) b2 bs b

S

uE hm)—= {n F—=y{)

Figure 4.1. Processing schematic: multiple SAR channels for GMTL.
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1 (m)| (b (m) |
#m) = ZQ(:m) , Bm) = bZ(f") , (41)
_zk(m)_ _bk(m)_

the quantity passed to the square law detector can be expressed as
y(m) = b (m)Z(m). (4.2)

The adaptive nature of Space Time Adaptive Processing (STAP) is incorporated in the time depen-
dence of the filter I—)'(m); however, for the sake of compact notation, the time dependence, from here
onwards, shall be omitted. If #= ¢+ §, where € represents zero-mean complex Gaussian clutter plus
white sensor noise, and § represents a statistically independent target, then one can calculate the

statistical expectation of |y|? as

E{lyl*} = E{[6' 7}
= bte{z7b
& (4.3)
= b Rb,

= b (R, + R,)b,

where R, is the clutter plus noise covariance matrix, and R, is the target covariance matrix. The
linear processing filter that maximizes the Signal to Clutter plus noise Ratio (SCR) is given by
b= YR where v € C, [K1e98]. Adoption of this approach leads to the optimal SCR of 5T R 1y
for a discrete target.

In the 2-channel case, when the data are balanced in power (the average power of the signal
measured by each antenna is the same) and the correlation between channels is p =~ 1, the opti-
mal linear filter technique leads to the Displaced Phase Centre Antenna approach to GMTL The
prescription for DPCA is to subtract the two data channels and apply some norm, such as the
magnitude squared, that maps the complex difference to R. Data that are stationary should be the
same for both channels and therefore mostly cancel out.

It has been shown in [Kle98] that by examining a Cholesky factorization of R,, the optimal
linear filter, b = 7Rc"1§', operates by eliminating the known correlations in the clutter process. This
filter, however, does not “whiten” the moving target signal; hence, residual correlations may be

emphasized and used to detect the moving target.
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Residual moving target correlations can be further emphasized by increasing the number of
apertures (so that more residual correlations can be utilized). Aliernatively, or additionally, one can
average neighbouring samples in the data space with the effect of reducing detected clutter variance

at the expense of resolution. The decimated image is given by

n{i+1)—-1

1 3 o
yO== > [blm)Em)P, (4.4)
m=nl
where the data have been decimated by the factor n and the slow time index is { = floor{m/n).

Eigen-decomposition of the 2-channel sample covariance matrix yields
E{|y*} = b' (5171 + s220})b (4.5)

where R, has eigenvalues s; > sg > 0, and corresponding eigenvectors, ¥; and 7.

Instead of maximizing the SCR, another criterion for GMTI is to minimize |y|? when only clutter
is present. When p = 1, most of the clutter energy is contained in the largest eigenvalue, and a
non-trivial solution to ming{ngg} is to choose b to be the second eigenvector of R giving a minimum
value of s;. Indeed, when the channels are balanced in power, and when there is no average phase

difference between the channels, the second eigenvector will always be

In this case, choosing b= U is equivalent to specifying DPCA.

The value of sy depends upon the degree of singularity of R, which, in turn, depends upen
whether or not a target is present. If it is assumed that the clutter covariance matrix is practically
singular, then the addition of R, increases the linear independence of the rows of R, + R, as
compared to R., thereby raising the value of the smallest eigenvalue of R. The smallest eigenvalue,
Ag, of the estimated covariance matrix, R, is therefore proposed as a GMTT metric. Additionally,
since the overall covariance matrix, as an addition of target and clutter covariance matrices, has
a structure different from clutter alone, each element of a complete eigen-decomposition of R is
considered for GMTL

It will be shown that the DPCA and the ATI phase can be considered as combinations of

the elements of the eigen-decomposition of B. It will also be shown that the probability density
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function for the sample covariance matrix can be decomposed to yield the density functions for each

component.

4.2 Decomposition of covariance matrix into GMTI metrics

This section presents a decomposition of the multi-channel sample covariance matrix into eigen-
values and a representation of the eigenvectors. It alsc presents an accompanying decomposition of
the Wishart probability distribution of the sample covariance matrix into the distributions of the
decomposition elements. Tt is essential to specify the method of decomposition as the mathematical
structure is required to create a meaningful probability measure for the eigenvectors.

The task at hand is to decompose the sample covariance matrix defined by

n-1

R=>" #Zm)#(m). (4.7)

m=0

Since R is Hermitian, real eigenvalues are assured and the diagonalization gives
R=UDU", (4.8)

where IJ is a diagonal matrix of eigenvalues and U WW=U"U=1I,.
To allow for the definition of a probability distribution of eigenvalues, it is necessary to define
the order of eigenvalues in ID. One such arrangement is in order of largest eigenvalue to smallest,

O0< Ay <Ap_1...< Ay < o0,

Ay O 0
0 4, ... 0
D=\ o ) (4.9)
i 0 g ... Ak_

Since R has k? random entries, corresponding to k real diagonal elements and k(k — 1)/2 complex
off-diagonal elements {each with random real and imaginary components), the transformation to k
eigenvalues has to be accompanied by k(k — 1) random parameters, o, that represent the random
eigenvectors. These eigenvectors align to form the random matrix U

¥t is well known that the matrices U that diagonalize a Hermitian matrix are unitary and that
|det?| = 1. These matrices can be represented by a subset of the generators of the special unitary
group of dimension k, SU(k) as shown in [CP96]. The generator matrices for the 2 x 2 case and the

3 x 3 case are the Pauli spin matrices and the Dirac mastrices, respectively.
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The generator matrices for SU(2) and SU(3) are listed in (4.10) and {4.11) respectively. This is

one approach adopted, for example, in [CP96].

01 0 —j 1 0
o] = , 09 = , O3 = 5 (410)
10 i 0 0 -1
01 0 0 -5 0 1 0 ¢
Bi=11 0 0}, B=1|5 0 o0|,B={0 -1 0,
0 0 0 0 0 0 0 0 O
6 0 1 0 0 —j 0 0 0
Be=10 0 0].0=10 0 0},B=10 0 1|, (4.11)
100 i 0 0 010
6 6 O 10 0
1
57—00—];58*—\/?—)010
0 5 0 0 0 -2

U is represented in the 2 x 2 case by using 3 real parameters o, a3, az,

3
U= exp(jZalal>, (4.12)
I=1

and for the 3 x 3 case using 8 real parameters ot € {1,2,...,8} as

8
U =exp (j Za,ﬂ,). (4.13)
i=1

Further simplification is made by noting that the diagonal basis matrices, namely, o3, 83 and s
all have weight zero [CP96], as U diagonalizes a Hermitian matrix. Thus, for the 2 x 2 case, two
parameters are required, and for the 3 x 3 case, six parameters are required.

Another representation, similar in form to that outlined in [Gir90], is realized with the aid of the

following Hermitian unitary matrix

cosf  e¥sing
P= , (4.14)

e ¥ sing —cosh
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which is a complex Householder reflection matrix, [GVL96]. Construct the following matrix

.. 1 0 g ... 0 0 G...
.0 08 Opn ¢ 0 elbmngind,, 0O...
.0 0 1 ...0 0 0...
P™ = , (4.15)
..0 0 0 ... 1 0 0...
.0 e Fmrging,, 0 ... 0 —cosbpn O...
..0 0 0 ... 0 0 i...

where m and n are indices not powers, and where cos 8, is on row m, column m, ¢/%mn sin 8, is
on row m, column n, e ¥ sin @y, is on row n, column m, and — ¢o8 Oy, I8 on row n, column n.
Of course, n > m. If one post-multiplies UT by P*?, one can choose 632 € [0,7/2) and &1 € [—7, ™)
such that the element on row 1, column 2 of the product is zero. One can then post-multiply UT P2
by P'3 and choose 0,3 and 013 such that the element on row 1, column 3 of the product is zero. The
element on row 1, column 2 will still be zero. This process can be carried out until all the entries
except for the one on row 1, column 1 are zero. Since P™ 1 p™ = 1, U = Ut ]_[ii=2 P'™ is also

unitary. Therefore, the elements U,lrfl for m > 1 will also be zero, i.e.,

Ui = . : (416)

The procedure can be continued until U*' is diagonal with diagonal elements of the form e/vs,
i = 1...,k. The above procedure describes a QR decomposition of U, and given that UT is
unitary, the result is a diagonal matrix of complex phases. These phase residues are extra degrees

of freedom for UT. That is, if

elwt 0 0 e 0
0 ev2 o ... 0
Et=1g¢ 0 efws . g (4.17)
0 G G ... edwr
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pre-multiplies U, then

UEDEU' =UDU'. (4.18)

These unwanted degrees of freedom can be systematically eliminated by choosing the diagonal ele-
ments to be real. By using this representation for IJ, one can derive the Jacoblan of the transfor-
mation by evaluating (4.24).

An example of a set of the matrices P™7, for the 3 x 3 case, is

r . 7
€08 1o eI gin g 0
P = | g=ibu gy 815 —cosfip  0OF,
0 0 1
cos B3 0 I3 ginf,
PV = 0 1 0 , (4.19)
e 3ginGs 0 —cosfis
1 0 0
P - . T I
= |0 cos a3 €7923 gin @y
0 e ¥35infy;  —cosbys
L. -

All matrices U that diagonalize a complex 3x 3 Hermitian matrix can be written as UT P12 P8 p2 —

I, o0 U = PPPP P,

4.2 Joint probability distribution for the two-channel system

For the remainder of this thesis, the covariance matrix in the 2 x 2 case is written as

2 I
oy g102pe
R= , (4.20)
@ 2
g Ty pe [ep5]

L

. g .
where o7 denoctes the power of the first channel, ¢f denotes the power of the second channel, and

ped® the complex correlation between channels. For stationary terrain ® = 0. Later we focus on
B ; . ) ‘ 3 . . . » N
a power balanced system where o7 = ¢5 = ¢2. The diagonalisation transformation of the sample

covariance matrix is given by

wir ugz] |4 O [Un uw]

Rty Ro Puge’ ugp) | O Ay

e,
.:t\.
[N]
aont

~—r

B 3
tig' U9

p—
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where the four random variables, Ryi, Bga, Real(B1o) and Imag{RT12), are transformed into two
random elgenvalues Ay, Az, and the two variables 4 and & that describe U. Representation (4.15),
as opposed to (4.12), is used for U. Of importance is the fact that U/ can be written as 2 linear

combination of the Pauli spin matrices

. Lo

B 0 1 0
U =sinBcosd —sin®@sin A + ¢os 6 J
0 -1

10 i 0 (4.22)

= sin O cos Aoy — sin O sin Agy + cos Bos.

2

In fact, U can be represented by a point on the unit sphere when the basis “vectors” are the Pauli
spin matrices {the above o's are different from the previously encountered channel powers, o and

o). Thus, A and & are the two randomn variables that describe the random eigenvector matrix UJ.

S

A ‘

Figure 4.2. Diagonalising matrix is represented by a point on the 3-dimensional sphere for the
2 x 2 Hermitian matrix case.

. ¥ B . -
After expanding U RU, the desired transformation is revealed as

4y = 3(311 +R22+\/4 Rl + (Bu *i22)2>

1/. R — - -
=3 (Rn + Ron — '\/4£312f2 + (R — R:zz)g)

&

o
(N
]

2

~

A = arg(Ria)

2 Ry
8= Earctan(\—M)

2 \ Ry~ Ro



where § < Ads < 4; <00, 4 € [—7,7) and 8 € [0,7/2).

Figures 4.3 to 4.6 llustrate the decompasition elements as images. The largest eigenvalue looks
very much ke a SAR image of the terrain. The small eigenvalue, figure 4.4 picks out a convoy of
moving vehicles, as do A and 8. The latter three metrics emphasise a highway that runs down the
left side of the scene. On this highway, one sees blurred and spread responses from targets moving

relatively quickly in the radar along-track direction. The difference in the Doppler rate of change

for the highway targets compared to stationary terrain causes the misfocus.

Azimtsh (4m 2amples)

50 100 150 200 250 900 350 400
Range {4m sampies}

Figure 4.3. A; eigenvalue image of terrain. Image from m2l5p3.

Azimtun (4 samples)

100 150 200 250
Raage (4m samples)

Figure 4.4. ), eigenvalue image of terrain. Image from m2l9p3s.
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Azimtuh (4m samples)
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Figure 4.5. A image of terrain. Image from m2l3p8.
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Figure 4.6. © image of terrain. lmage from m2l3p3.

4.4 Joint probability distribution of the decomposition elements

This section discusses and examines a decorposition of the probability distribution of the sample
covariance matrix into the probability distributions of its eigenvalues and eigenvectors.

We follow the same lines as Wigner [Wigh7] and Mehta [Meh67]; however, a notable difference
between what is presented in this paper centres on the explicit requirement to calculate the eigen-
vector matrix, IJ. In many considerations of the distribution of the eigenvalues of a Wishart matrix,
the channels are assumed to be statistically identical and independent [Meh67, JNO2, Gra02, HT(03,
Ede89]. This assumption eliminates the need for an expression for U when considering the prob-
ability distribution of eigenvalies since it cancels out. Statistical correlation, or the non-identity
covariance matrix has been considered by James [Jam64], where his results arve expressed in terms

of zonal polynomials, which, although mathematically interesting are generally wtractable. This



section expresses the marginal and joint probability distributions of eigenvalues and eigenvectors
without recourse to the zonal polynomials for the 2 x 2 case.

The probability density function of the sample covariance matrix is the previously discuséed
expression of (2.14).

As with most transformations of random variables, a Jacobian has to be computed. This task is

undertaken in appendix B.1 leading to the following result

s ] [ s
2(1
detJ = [H(Aq - A,,)2J a || % éO) h S”f(’ ) L (4.24)
pq . . . .
ISR B L R
where
St = U*%, (4.25)

and the indices are such that & > p > ¢ > 1. The superscript (0) means the real part of while the

superscript (1) means the émaginary part of. The actual Jacobian is, of course, |detJ|.

4.5 Statistics for two-channel case
In order to calculate the Jacobian of the two-dimensional transformation, the upper off-diagonal

elements of

t 0 ei4
v , (4.26)
08 e 74 0
and
UaUT —jsin? @ jedd sin O cos O .
0A | ja. 2 ‘ (427)
je 7% sin O cos O jsin® 6.

are required for insertion into (4.24). The yield is

det cos 4 sin 4 _ sin(20) (4.28)
—sin Acos Osin B cos Acos Osin 6 2
The Jacobian is therefore
in{2
(M — ho)? S‘—n%ﬂi. (4.29)
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By substituting the transformed variables into (2.14), the pdf for the eigenvalues and eigenveciors

can be written, for the 2 x 2 case, as

Friag,0.4(01,22,8,8)

)" 200 - Ag)?
~ 22T (n)I'(n — 1)det{R)

X AN O {4.30)
—~| sin 20|etr ~U'R™U ,

G A

where etr() = exp(Tr(-)) stands for exponential trace. The limits are 0 < A2 < A; < o0, § € [-7,7),
and 6 € [0, 7/2).

4.6 Marginal probability distributions of the two-channel decomposition

elements
From (4.23) we see that the random variable 4 is none other than the well known interferometric
phase. The marginal probability density function for the phase has been previously stated in (2.17).
The marginal pdf for €, which we shall term the “similarity”, can be computed when it is assumed
that the two channels are balanced in power (i.e. that the power in each channel is the same). We
use the term similarity because (4.23) shows that when Rj; = Rgs, then @ = /4, hence the degree
to which the two channel realizations are similar is reflected in this metric. Marginalization, as

carried out in appendix B.2, yields

fe(®) = (1 — p*)™sin(26) [Qn 2Fi(1 4 n,1/2;1; p? sin(26))
(4.31)
+ (1 —2n) 2 Fy(n,1/2;1; p° sinﬂ(ze))}.

The assumption that the two channels are balanced in power is not very demanding. If the
channels are not balanced, they may be balanced by estimating the difference between their transfer
functions as a function of time and adjusting one to the other as done in [Gie03].

The joint pdf for & and A can also be computed in closed form as done in appendix B.3 to yield

sin (20)T(n + 1/2)(1 — p2)"
273727 (n + 2)

fon(8,8) = 2F1(2n,3;n 4+ 2, (1 + ,ocoé(d — ®)sin(20))/2), (4.32)

where ® is defined in (4.20). This joint probability density function is illustrated in figure 4.7 for
the parameters n = 5, and p = 0.95. While (4.32) cannot be factored to show that the two variables

are independent, the joint pdf plot is highly elliptical.
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ATl phase (deg)

i0 20 30 40 50 &0 70 80
Similarity (deg)

Figure 4.7. Joint pdf of similarity and ATT phase with p = 0.95,0%2 = 1,n = 5.

The probability density function of Ag is computed in appendix B.5 with the result

£ (A ) B ()\2/82)""26_)‘2/52]:‘(71,Ag/sl) (_9_1 B /\2/82)
A= Tin)T(n—1)(s; — 82) s n-—1

. 4.33
C(Mofs))" 2T 0T (n, Aa/s0) (82 Ma/sy (433)
D (n — (s — 82) s n—1}
where,
T'(n,z) :/ " e dx (4.34)

is an! incomplete gamma function, and s; > sy are the eigenvalues of the underlying covariance

matrix. [GROOG].

The joint density function of Az and the ATT phase has not been calculated in closed form due to
the mathematical difficulty of doing so. However, using numerical methods, it is possible to calculate

the joint density function by evaluating the joint density function of similarity, ATT phase and A,.

yn—2
. . g .
F12:402:0) = G T~ e (4.35)
/2 T(n+1,40)  23%0(n,Ax) | ML(n—14%)
sin(26)e B2 . il e Al A et 2 2

IThe article “an” is used instead of “the” because there are different definitions of the incomplete gamma function.



where,

(81 + 52) — {51 — 82) cos § sin{28)

A= 5
5152 / .
4.3¢
B (51 + 52) + (51 — 83) cos & 8in{26) (4.36)
o 23182 )

To determine the degree of independence between Ay and the AT phase, the “independent” joint

ATI phase {deg)

AT phase {deg)

(a} Joint probability density (b) Product of marginal densities

Figure 4.8. Comparisou of joint density and product of marginal densities of Ay and ATI phase
with p=0.95,02 = 1,n = 5.

density function, or the product of the marginal density functions, can be computed and compared
with the numerical approximation of the joint density function. Figure 4.8 shows that the joint
density function and the product of marginal density functions are very similar. Although the joint
probability density function cannot be factored to show that the metrics are independent, figure 4.8

indicates only a small statistical dependence.

4.7 Comparison with simulated and real SAR data

Measured and simulated SAR data are compared with the decomposition elements. These com-
parisons validate the underlying physical model as the theoretical probability distributions accurately
model the data histograms. Both the measured and simulated data illustrate the capability of the

decomposition elements to detect moving targets.

oy
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4.7.1  Similarity

In figure 4.6, & is computed for real SAR data and illustrated as an image. This image demon-
strates that © has a response to moving targets. Such a response makes sense as the expression for
8 has the gnantity ( Ry - ﬂgg) in the denominator of the arctangent function (4.23). Since Ry
and Ras correspond to the powers of the two channels, if the two channels are highly correlated,
then # will be close to w/4. On the other hand, if they are not highly correlated, the angle will be
closer to zero.

It turns out that & is not a good measure of whether or not a target is present. Its degree of
sensitivity to moving targets is too low (see section 7.2). But it does provide information about
what probably is not a target. The power of the test for the presence of a target increases if we can
determine that certain detections with the interferometric phase are false alarms. This may prove
critical for masking out false alarms in urban areas where many targets are detected only on the
basis of the interferometric phase.

The fit of the theoretical marginal pdf of the similarity and some real SAR data is shown in

figure 4.9. It is clear that the fit with the real data is excellent.

T 1 T T 7 T T T T
: —- Histogram
: : . : : : : : — pdf
900 R . : N PR IPPRRTER SRR p 4
800 : : o oo SRR e PRI
: : : : : Y : : : : :
500 i SEEIERERREES ......... ......... P
. : : : : :
>
8 BO0F - et i g J
k=
400k - : H W R O
: : : ’ :‘ p : :
360 A T N e
: : : : : a2 : : ; :
200 : : { : ‘X/\\ ..... e T .
100 SR S SR SO . % ......... O S Lo
o L ""f\‘\—«% I

6.4 0.5 0.6 Q.7 2.8 3.3 1 11 1.2 1.3 14
Similarity {rad)

Figure 4.9. Theoretical marginal pdf for © plotted with real SAR data. Data extracted from file
m2lip5 (p = 0.98, n = 6.4754)
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4.7.2 Small eigenvalue

In figure 4.18, Az has been computed for a simulated and measured data set. The sirnulated
data were generated by assuming that the signals were circularly Gaussian distributed with a given
covariance matrix. The correlated data were cveated by using a Cholesky decomposition of the sup-
plied covariance matrix and Matlab’sTMrandn function. In essence, the data represent the situation
of perfect homogeneity. In the adjacent image, Az for real SAR data is compared to the theoretical
probability density function. Clearly, the histogram and the pdf are not identical. The reason for the
mismatch stems from the fact that the real SAR data are not perfectly homogeneous and therefore
the eigenvalue statistic must be “texturized”, as well explained in [Gie0la]. In this thesis the ideas

of [Gie01a] are adopted and modified in a new proposed texture statistic presented in chapter 5.
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Figure 4.10. Histograms of simulated, measured and theoretical distributions of 4s. Left, simu-
lated n = 20, p = 0.95, o2 = §; right, measured n = 6.4754, p = 0.98, ¢? = 1580.

4.8 Recombination of decomposition elements into new GMTI metrics
In anticipation of application to SAR-GMTI, elements can be recombined into new GMTT met-
rics. Two such recombinations are called the independent unitary phase detector and the hyperbolic

detector.

4.8.1 Independent unitary phase detector
It has been demonstrated in section 4.3 that the similarity and the ATT phase are capable
of detecting moving targets. We have already seen from (4.22) that these two variables can be

-

represented as coordinates on the unit sphere. We now introduce a new metric that simultaneously



combines the GMTI information previously conveyed by the separate metrics and transforms the
two random variables into two new, statistically independent, random variables.

Recall from section 4.2 that the basic building block of the diagonalizing matrix is given by

cosd®  e¥ging
P=| ° . (4.37)
e gingd —cosé

This matrix is unitary, traceless and has determinant —1. ¥ is special unitary in all regards except
for the sign of the determinant. It was stated in section 4.2, that any 2 x 2 diagonalizing matrix can

be represented in the form
cosd  e¥sing| |efm @
. R (4.38)
e Psin@ —cos@ 0 eim
where 1y and o are spurious phases that play no role in the diagonalization operation. Let G be the
set of matrices that can be written in the form of (4.38). The product of Py, P; € G. The proof of

this is already given in section 4.2, but we explicitly show it here again.

Proof. Let P} = P; Py, then P{P3 = P, P, P} P! = I,. Now post-multiply P; by

cosf®  edsind

. : (4.39)
e 0ging® —cosd
to get
| cost e’ sind P11 P12 cosé  eiPsing
3 ) = .
e ¥sing —cosh P paal le %sind@ —cosb
: (4.40)
p11cosb +prae 0sin€ piy1efdsing — pygcosh
P21 €050 + paoe 0 sind  poyef®sind — paz cos B
To make the upper off-diagonal element zero, set
0=py1e95in @ — py5 cos b
(4.41)

%
0=r116"91¢5in 6 — ry2e7%2 cos
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where py; = ri1exp f11 and p1g = rig exp j815. Choose 6 such that 6;; 4+ = d15 to make exponential

phases cancel out, and choose § such that

0= ry18in8 — riocosé

‘ (4.42)
tang = L2
™
At this stage, one finds that the matrix product yields a quantity of the form
g1 0
(4.43)
9 g2
But we know that Png = [, therefore
a1 Gi] |lgun 0 qi1q1 + 51921 931922 10
11 921 _ (99 T 21 _ o (4.44)
0 @ Jg21 go2 g52921 32022 0 1

This means |gaz| = 1. Therefore g1 = 0, and |g11] = 1. We now see that the matrix product of

(4.40) yields a diagonal matrix of values on the complex unit circle. Therefore

| cosé e¥ sinf g~im 0
Pyl = .
e~90sinf —cosb 0 eim
— (4.45)
cos6 efsing| |efm ¢
P3 = . .
e 9%gin® —cosd 0 em

O

Any P; € G has inverse PI which, again, can be written in the form of (4.38). Choosing
8 =0, =0,m =0, g = 7 reveals the identity element. Thus the set of all such matrices forms a
group under the operation of matrix multiplication.

In the derivation of the probability distribution of the eigenvalues in appendix B.5, the invariance

of the Haar measure was used to demonstrate that the eigenvalue distribution only depends upon
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the eigenvalues of the underlying covariance matrix. This property becomes more clear by recalling

that the argument of the exponential in the Wishart distribution can be written as

. A0
= |URWw " (4.46)
0 A
R zVS?L /\1
=T UV viu (4.47)
0 syt 0 A
-
. isfl 0 A0
=Tr | W W : (4.48)
[ 0 s5t 0 Ao

where V diagonalizes R, U diagonalizes R, s; and s, are the eigenvalues of R and W = ViU € ¢

can be written as
cos v &7 gin
W = . (4.49)
e 7%gingd  —cosd
when the diagonal matrix of complex exponentials is neglected. This approach transforms the
original random variables describing the eigenvectors into a new set of random variables. The

transformation is implicitly included in the derivation of appendix B.5 leading to the following

expression for the trace component of the complex Wishart distribution

-1

.18 0 A 0‘) ) ‘

T}(WT [ 1 W t ) — (i\__l_ + _’}i) cos?§ + (ﬂ + /_\_2_> sin 9. (4_5())
{' 0 sy t 0 /\2J 51 82 s 81

Equation (4.50) does not depend on the new random variable ¢. It should be made explicit that the
sin(20) factor in the Jacobian of (4.29) transforms into sin(2¢). This can be seen by either returning
to the initial derivation of the Jacobian using the new random variables, (4, o), or actually computing
the Jacobian of the transformation. Since p does not appear in the travsformed joint probability
density function, (4,8) — (¢, ) in (4.30), and since it isn’t in the Jacobian of the transformation,
one can immediately conclude that not only is it independent of all the other random variables, but
that it is uniformly distributed. The uniform distribution does not permit it to convey any GMTI
information. Therefore one can conclude that the GMTI capability of both the similarity and the
ATT phase have been combined into the metric 3.

The new detector which we call the Independent Unitary Phase {TUP) detector is thus defined

by the new variable #. Figure 4.11 illustrates this metric on the same data used in figure 4.3,
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Figure 4.11. Independent unitary phase image of terrain. Image from m2l5p3.

The joint probability distribution between A, and ¥ is calculated in appendix B.6 to give the

following result

2sin (249) 1 — (57 47 1Al
94, (0, Ag) = In-le=(si 85 DA (3, n + 2; AX 5
Fon, (9, A2) I‘(n)F(n~1)(slsg)"/\2 e (5 (38, n+2; ANy, (4.51)
where
a2 2
g cos* N sin 197 (4.52)
81 892

and ¥(a, b; 2) is a degenerate hypergeometric function of the second kind (formula 9.210 in [GRO0]).

The probability density function of the unitary phase is calculated in appendix B.4 to give

2sin{2)T(2n)(s182)" T'(n—1)
-1

22 2 .9
) sosin® J + 5y cos* ¢
§) = . F1(2n, 31 2;
fﬁ(i) F(n)I‘(n 9 1( n,3;n+

J(s1+82)?" T'(n +2) s+ 82 )- (4.53)

4.8.2 Hyperbolic detector
Anticipation of the results of sections 7.2 and 7.3 which show that moving targets can be detected
with both A and ¥, motivates the proposal of 2 new combined detector,

cos?y  sin®d)
+

) , (4.54)

iy, = As¥
&3 89

where p serves to weight the contribution from Ap. A theoretical analysis of the optimal choice

for p is bevond the scope of this thesis. It would have to consider the properties of both Ay and
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my, under different conditions; for example, for different types of terrain. From here cnwards, for
the sake of mathematical tractability, we choose p = 1. By making a formal change of variables
V = cos® /51 + sin99/s,, one sees that threshold values for Ay - V = v correspond to hyperbolas
in the 42 x V plane, hence the name “hyperbolic” detector. Figure 4.12 shows an image of the

hyperbolic metric for the same data used in figure 4.3.

Azimtui {4m samples}

N
3

50 106 150 200 250 300 350 400
Range {4m samples)

Figure 4.12. Hyperbolic metric image of terrain. Image from m2l3p3.

The probability distribution of the hyperbolic detector is calculated in appendix B.7 for the

special case p = 1 with the following result

B 2u? (3,0 + 25 u)
N I“(n)l“('n, - 1)(81 - 52)

Ffo(w) sie” VI RIS (g, 15 )W (1, 20y uTr R/ s1)

— soe TR/ (g [oo MU (1, 20 uTe R/ sy) | (4.55)

Given that the distribution function is known, implementation of CFAR detection with this powerful

new detector is possible.

4.8,3 DModified eigen-projection

In the same vein as the eigenprojection of [GLO3], a comparison can also be made as follows:
consider the eigen-decompositions of the true clutter covariance matrix, B = v SV, and of the
clutter plus target sample covariance matrix, R =UDU". Since we can find W such that WV =

Ut we can write that R= VW DWV! = VFV'. Thus,
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k
R= s, (4.56)
I=1

R=3"3" Fuui, (4.57)

{=1 m==1
k Eok
5 T — ¢ )
= Pyt + SO Funliiih, {4.58)
{=1 1=1 mzt!

where T, are the eigenvectors that align to form V', and 81 > s3 > ...s; > 0 are the eigenvalues
of B. By considering that the outer product matrices, iv}(fl’, [ €41,2,...,k}, form a basis, the
clutter eigenvalues form a vector that can be compared to the sample matrix eigenvalue vector. The
eigen-projection metric is illustrated in figure 4.13. The cross term outer products mafrices, i,

11
Clutter

Sample

Projection

Figure 4.13. Ilustration of eigen-projection metric.

1 # m, represent quantities with zero energy as their traces vanish.

The eigen-projection method can be used to find the component of the sample covariance matrix

that is orthogonal to the clutter covariance matrix. Since \/ Tr(D?) = \/ Tr{R'R) is the length
of the clutter energy vector, and the inner product of the sample matrix vector and the clutter
vector is given by TIC(Ri R), the component of the sample covariance matrix energy vector that is

perpendicular to the clutter covariance matrix energy vector is given by the diagonal elements of

TR R)

M=F-—
Tr(R'R)

o
.
gt
=]

Nl

Numerous metrics arve contained in M. Since D is diagonal, the off-diagonal elements of F' are

automatic candidates. Additionally, the metric defined by
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k
my =Y MM, (4.60)

L=t

detects targets that have energy components on the subspace orthogonal to the clutter energy vector.
In the 2 X 2 case, when it is assumed that the channels are power balanced, application of the

above prescription leads to a perpendicular component given by
my = 81 [A1{1 — cosdsin(26)) + Ag(1 + cos d sin(28)))

(4.61)
—s[A1(1 + cos 4 sin(28)) + Az (1 — cos & sin(28))].

In this case we have used that

R= {UB g ”Q‘l , (4.62)

oo
where the phase of stationary terrain is assumed equal to zero (l.e. ¢ = 0 in (2.10)). For the special

case where R is singular (or nearly so p = 1), one can substitute sy = 0 and conclude that
M X MDPCA, (4.63)

as seen by comparing with {7.4). In the general case, however, the detector can be written equiva-

lently as

n—1 n—1
my =8y Z|zl(m) — z(m)® — 52 thl(m) + z9(m)|?
m=0 m=0
n—1 . L h—gy 0 .
= Z 2 (m)V" VzZ(m) (4.64)
me==0 0 81 ’ ’
. |—s2 O .
=Tr (V' \4 ),
0 81

where the second line above takes the trace of both sides. Equation {4.64) specifies that the detector
is the multilooked (by n) difference between two detected |-|? linearly filtered outputs of the input
data. It is not possible to re-write (4.64) as a single linear filter of the input data that is subsequently
passed to a detector and decimator, hence, in a sense, the aggregate operation is non-linear.

In magnitude, m, represents the length of the component of the sample covariance matrix that

is orthogonal to the average clutter covariance matrix. As for the sign, examples show that bright



stationary targets have large negative values while moving targets have large positive values. Since

As detects targets guite well, this behavior is consistent.

Figure 4.14 illustrates the eigenvalue projection metric as an image on the same data presented

in figure 4.3. It is seen that the projection metric responds o targets quite well.

Figure 4.14. Eigen-projection metric image of terrain. Image from m2l3p3.

Azimtub {4m samplas)

200 250 300
Range {4m sampies}

4.8.4 Eigenprojection statistics

In the homogenous case, the statistics of the eigenprojector detector follow from the zero-mean

complex Gaussian statistics of the correlated antenna samples. Although presented here as a double

integral, it can be stated as a single integral where the integrand involves an incomplete gamma

function [GROO]. The following result is derived in appendix B.8.

where

! ’M; (TH’J-) =

X0

/ / fA,,/\;g,m_L(Al-, /\2, Tnj_)dA]dAQ;

0 —mi , 51
+_J;;__

755
n’»;
/ / Faine,me (AL Agumy JdAdAe+
0 ML f2
25y ERY
o

oC
/ / Facae,m, (A1, Az, my )dAgdAg,

for my <0,

for my >0,

(4.65)



(MA2)™ 2 = da)
4020 ()T (n — 1)(8139)%
( Al A 'm.i_/?)
expl ——5 ~ =5 — .
o

o2 28189

f)\z JAg, T (}‘la Az, m.L) =
(4.66)

Figure 4.15 illustrates this probability distribution for s; = 100 and s; = 1.5, and the number of
looks, n = 3.5.
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Figure 4.15. Sample probability distribution of projection metric

4.9 Detection using more than two channels

The purpose of this section is to demonstrate that the mathematics for the two-channel system
can be extended to the three channels. Unfortunately this extension rapidly introduces algebraic
complexity; thus, the final result is left as a joint probability distribution function. Application of
the joint probability density function to real data could be accomplished with numerical integration.
Most of the analysis in this section for a three-channel system relied upon a symbolic mathematics
software package.

A concern that immediately arises stems from the uniqueness of the random variables introduced
in (4.19). It has been shown that three spurious phase terms arise when the diagonalizing matrix
is written as U = P3P P2, s there only one choice for 6;; € [0,7/2), 6;; € [~m,m) when the
eigenvalues are defined in descending order, the spurious phase terms are discarded, and the order
of the P¥ is chosen in a fixed pattern?

Consider UDU' = Rand VDV = R. Assuming that D contains the eigenvalues in descending

order, one can derive that [ D, UTV] = ( where the square brackets denote the commutation operator,
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[X,Y]= XY -YX. Writing, for the time being, that E=U 'V, one can then derive the following

expressions

(M = Ag)E2 =0, (4.67)
(M —A)E3=0, {4.68)
()t.g - )\3)E23 ={. (4.69)

Since the (A\; — A;) differences are zero measure events, one is almost sure that Ey; = 0 (for 4 # j7),
and, hence, that F is almost surely diagonal. Therefore, 3@ diagonal such that Q = Uutv. By
denoting the diagonal terms of @ as 7,696 and inserting into UTRU = QVIRV Q' = QDQ' = D,
it is revealed that |r;] = 1, and that the matrix @ only corresponds to the spurious phase terms
encountered earlier. There is thus only one way of writing U when Q = I.

By exploiting the invariance bf the Haar measure, the covariance matrix in the general & x &
formulation can be assumed to be diagonal. Practical assimilation of this condition simply corre-
sponds to a unitary transformation of the diagonalizing matrix. That is, if the probability density
function of U is known for a diagonal covariance matrix, then application to a practical situation
would involve first estimating the covariance matrix (if it isn’t already known) followed by a unitary
transformation on U, In mathematical terms, if the distribution of a unitary transformation of U
is known, then either the real data is made useful by applying the unitary transforination, or the
sample space in the probability measure is transformed.

Therefore, without loss of generality, the covariance matrix can be assumed to be diagonal and

the expression for the Jacobian in the 3 x 3 case, determined from appendix B.1, is

(Mg — A3)? sin(262) cos® 0, sin(26,) sin(265)

detJ| = (A1 — A2)? (A1 — As)? 5 ; (4.70)

where s1, 82, 53 are the eigenvalues of R in no particular order. Inserting the above two expressions

into the Wishart distribution leads to
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TA1 Ashs©; 03058, 4,45( A1, A2, As, 01,082,605, 81,82, 83)

. ()\1)\2/‘\3)”’3(/\1 — )\2)2(A1 — A3)2()\2 - )\3)2 ] sin(2l92) cos? 82 sin(291) sin(?ﬁg)
- 2a0(m)T (n — )T (n — 2){313283)" 8

sit 00 M 000

etr(——lfr 0 s* o0{Uj0o x © ), 4.71)
0 0 s3' 0 0 As

where
cos ei1sing; 0 cos 8y 0 e®2ginfy| |1 0 0
U= |e 7% ginh; —cosb 0 0 1 0 0 cos 03 9% 5in @3
0 0 1f le=%25inf, 0 —coshy | 10 e %sing; —cosfs
(4.72)

Expansion of the exponential argument of the Wishart distribution yields

E=s3"M+57" A +s7"Ns

(A2 = A3)

+(s7t~s51) sin(26) sin f; sin(203) cos(6; + J3 — d2)

+ (571 — 53 1) (A2 — A3)[cos® 8y + cos® 83 — 2 cos® ; cos? B3 + cos® 0 cos® O, cos? B3]

+ (551 — 551 ) (A2 — A3) cos® B cos® 6,
+ (s71 = s31)(A1 — A2) cos? 6; cos? 8,

+ (531 =531 (01 = A2) cos® 6. (4.73)

Since the eigenvalues of the covariance matrix in this analysis have not been constrained to any
particular order, a tremendous simplification can be made if it is assumed that two of the eigenvalues
are the same. This is the case for a multi-channel system where all cross-correlations coeflicients
are identical. For example, by assuming that s; = sq, the &;, i € {1,2,3}, dependence in (4.73)

vanishes.

4.10 Conclusion

The covariance matrix of two or more SAR channels contains all of the information required
to detect a moving target. Therefore, the analysis of the matrix by decomposition methods is
proposed as an alternative to conventional detection methods including DPCA and ATL The eigen-

value/eigenvector decomposition allows separation of the matrix components into those that are
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of interest for moving target detection, and those that are not. This eigen-decomposition naturally
produces the ATI phase as a detection metric, and provides two others namely, 4 and the similarity
phase.

Since, for every covariance matrix sample, the estimated ATI phase and the estimaled similarity
phase define a point on the unit sphere, one can combine the phases into a single phase by choosing
the sphere axis to pass through the expected value of the coordinates of clutter. This combined
phase, called the unitary phase, incorporates the moving-target information previocusly contained in
the separate metrics.

Based upon the assumption of two zero-mean Gaussian channels, the sample covariance matrix
has a complex Wishart distribution. Decomposition of the sample covariance matrix is accompanied
by decomposition of the Wishart distribution into distributions of the matrix elements.

By noting that DPCA can be written as a combination of the decomposition elements it becomes
clear that DPCA and the ATI phase, are not statistically independent. However, the ATI phase
and the second eigenvalue show a great degree of statistical independence. Recombination of the

the small eigenvalue and the unitary phase leads to the proposed adaptable hyperbolic detector.
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CHAPTER 5
MULTIPLICATIVE TEXTURE RANDOM VARIABLE

In practice, one often encounters limitations in the model of a stationary zero-mean Gaussian
process in each channel. Although the stationary Gaussian model is still locally suitable, the process
is not stationary when the background reflectivity (variance) changes from multilooked sample to
multilooked sample. While it is still valid to assume that the mean of the process is zero and
stationary, the variance must be modelled as globally non-stationary. For instance, the variance of
the SAR data may be quite different for grassy terrain compared to forested terrain. In a scene
containing both types (and more) of terrain, a statistical description of the random variance must
be included to validate the model.

To this end, the introduction of a random variable 4 € [0, 00) such that R AR, leads to the
so-called product model. Many authors have studied appropriate statistical models for A including
[TBQY5, JWP94, Gie0la]. This thesis adopts the inverse chi-square model, x~2, of [Gie0la), with
a generalization to arbitrary powers, x~2%. The probability density function for x~2 is given by
[GieQla]

ev -8/a

fala) = T € [0, 00). (5.1)

It also has a cumulative distribution function given by

L

FA(CL) = F(V)

I'(v,8/a). (5.2)
which can readily be computed from the characteristic function for the gamma. function presented
in [Spi94]. Although the distribution has two parameters, imposing the constraint that £{4} = 1
leaves only a single describing parameter.

In our proposed generalization of the above random variable, we make the transformation 4 —
W = A® where ¥ > 0. The Jacobian introduced by this transformation is dw = xa® 'de thus

leading to a probability distribution for W given by

gve wire
wI(p)wr/e+t

fw(w) = (5.3)
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Figure 4.10 showed deviation of the theoretical eigenvalue probability distribution from the his-
togram of measured data. The theoretical distribution predicts a higher number of lower valued
samples than actually measured. The purpose of the random variable, W, is thus to elongate the
theoretical probability distribution.

Introduction of a product model complicates evaluation of closed form solutions to the theoretical
probability distributions. While good approximations of distributions have been presented in the
literature, [GieOla], general closed form solutions are more elusive, especially when the functions
describing the homogenous random variable are already complicated. This thesis therefore presents

a method to numerically compute the distribution functions.

5.1 Numerical methods for the product model
The model for power dependent metrics such as DPCA, the small eigenvalue, the eigenvalue
projection metric or the hyperbolic detector, assumes statistical independence in the texture statistic.

Designating the power dependent random variable as Y, we seek the probability distribution for the

quantity
Z=WwY. (5.4)
Since W >0 and ¥ > 0,
Fa(z) = £x {Fy (a/2)}, (55)
which leads to
F2(2) = Ex {fw(s/2) ). (56)

Computation of the threshold, §,, for a CFAR detector with false alarm rate Pg, requires solving
1~ Fz(8;) =Pr.

We now focus on the chosen probability distribution for W, namely,

Fyl{w)=F4 (wl/")

_ 1 , il (5.7)
5T 8/WH)
Using (5.6), one finds that
® Py, O(z/2)H/*
Fa(e) = | E(——’—@if—(y/))—)df*x@), (5:8)
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and evaluation of the CFAR threshold reguires solving

o Ty, 8(x/8,)Y")
Pp=1~ L LdFx(x 5.
F /0 ) dFx(xz) (5.9)
for §,. Section 6.2 shows that
T(r) \Y"
E{Wl=1 = - 5.10)
Wi=i=0 (F(u—@) : (5.10)

therefore, a further simplification of (5.9} leads to

R 1/k
=T {v) i
—_— /oo r (V; I:5ZF<[/~I‘«',)] >dF ( ) 511
F= Jo F(l/) xix (‘. )

To solve (5.11) one requires an estimate of v and . Estimation of these parameters is discussed in
section 6.2. Once these parameters have been determined, numerical integration can be conducted
on (5.11) using the distribution for X where appropriate. For example, if X corresponds to Az, we

substitute (4.33) into (5.11) and solve for §,.

5.2 Example of texturised ); in mostly homogeneous terrain

Measured data are hardly (if ever) perfectly homogeneous. In what will be referred to as mostly
homogeneous terrain (or just homogeneous terrain, or mildly heterogeneous terrain) we see a good
fit with the theoretical distribution function when x = 0.5. Figure 5.2 shows how the theoretical
distribution and the measured data of figure 5.1 match well. It was found that & = 1.6014 using the

technique for estimation outlined in section 6.2

5.3 Example of texturised ), in heterogeneous terrain

Meagured heterogeneous data also seem to fit with the theoretical distribution function, but for
% = 0.2. Figure 5.4 shows how well the theoretical distribution and the measured data of figure
5.3 agree. It was found that o = 0.4054 using the technique for estimation outlined in section 6.2.
Again, in this case, the nominal number of looks was required for the n parameter. By looking

at the second moment of the texture statistic, we can compare the width of the distributions for



Azimuth (4m samples)

100 150
Rarge (4m sampies)

Figure 5.1. SAR scene of mildly heterogeneous terrain.
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Figure 5.2. Theoretical distribution and histogram of the second eigenvalue for mildly heteroge-
neous terrain.
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Figure 5.3. SAR scene of extremely heterogeneous terrain.
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Figure 5.4. Theoretical distribution and histogram of the second eigenvalue for extremely hetero-
geneous terrain.

heterogeneous and extremely heterogeneous examples given above. The expression for the expected

value of the second moment of the texture statistic follows from (6.12) and can be written as

Ty — 2x) '

EW?} = (v — k)2

(5.12)
Substituting the estimated values for v and & found for the mostly homogeneous and extremely
heterogeneous terrains yields 1.4690 and 20.2764, respectively. Thus, the texture distribution for

the extremely heterogeneous terrain has greater variance.

5.4 Summary

This section introduced a multiplicative texture random variable. Both cases of extreme and mild
heterogeneity seem to be well modelled by this new random variable. The statistics of the variable
are based upon an inverse chi-square randoin variable raised to the power . Imposing the constraint
that the expected value of the random variable equals one leads to a probability distribution function
described by two parameters, 5 and v in addition to the number of looks, n. The method of moments
can be usged to estimate these parameters by generating two equations in two unknowns. The quality
of the estimators regarding bias, efficiency and comparison with the Cramer-Rac bound is suggested
for future rescarch. Because the parameters can be estimated automatically, the texture statistic

fits will into the scheme of an automatic CFAR detector.



CHAPTER 6
ESTIMATION OF COVARIANCE MATRIX PARAMETERS

Determination of CFAR thresholds for automatic target detection requires the estimation of the
SAR scene parameters. In particular, to determine thresholds for the 2 X 2 case, the underlying
covariance matrix needs to be estimated. In addition, the number of samples that are averaged, n,

must be estimated.

6.1 Method of moments

Even with the computational load reduced, the iterative ML-estimator of [Gie01b] still has the
problems of an undetermined convergence zone and numerical instability (the hypergeometric func-
tion has to be computed at values close to the unit circle). Hence, a robust and computationally
efficient estimator for the equivalent number of looks is desirable, especially when the operational
requirements pertain to larger scenes with many pixels. The approach presented here is based on
the higher moments of the multilook ATI phase probability density function of (2.17). Due to the
high degree of nonlinearity in (2.17), direct calculation of higher moments is extremely difficult if
not impossible. |

But, as a very special case, the one-lock variance of § was shown by [TBQ95] (see also [BH98))
to be

Var(8) = 7?/3 — w arcsin(|p|) + arcsin® (|p]) — Lia(|0]?)/2, (6.1

where Liz(-) denotes Euler’s dilogarithm [GROQ].

Consequently, a suitable transformation of the phase variable rather than the phase § itself is
proposed. That is, one transforms the random variable § to the random variable Z = exp(j6)
and calculates the moments of Z. The new result presented in this thesis is the o** moment of Z

calculated in appendix D as

_ Tn+ o/ (1 4+ /2)

I(n, p) IERON ) (= AR (n+a/2,1+a/2;1 +a;p%). (6.2)
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Figure 6.1. Histogram of the Maximum-Likelihood estimation of n for simulated phase data along
with the normal distribution given by expectation, u = 3.9905 and variance, o2 = 0.0254.

From a computational point of view, this transformation is advantageous because the desired mo-
ment, o, can be efficiently estimated by simply normalizing each complex pixel in the SAR interfer-
ogram (transformation to the Z domain) and taking the real part of the average of Z2.

Further, explicit computation of the hypergeometric function in (6.2) can be avoided for some
special cases of o by rewriting the hypergeometric function as a polynomial in p?, thereby increasing
the numerical stability. It can be shown that the even moments all have closed form, albeit rather
large and cumbersome for increasing o. It is interesting to mnote that Ioa(a + 1,p) = p?@ for

a=1,2,3,... Finding the roots of

(6.3)
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where the polynomials I, and ; are given in (D.21) and (D.20) of appendix D, and where I, denotes

the o sample moment estimate

N-1
Io=1/NY" 23, (6.4)

m=0
principally allows one to simultaneously evaluate p and #. Since the coherence can change signifi-

cantly across a given SAR scene (whereas the number of looks remains the same) it seems advan-
tageous to combine two separate estimators. By inserting the sample coherence estimate for p into
(6.3) and finding the root for n leads to the desired estimate of n. Moreover, it is also possible to
combine, (e.g. average), look estimates corresponding to different moments.

Applying the method of moments (MoM), [Spi94], to the same simulated data as used for the
MLE in figure 6.1, results also in normal distributed n-estimates with expectation, u = 4.0067 and
variance, o2 = 0.0299. Since the two distributions for the MLE and the MoM are almost identical,

only one curve is shown along with the histogram in figure 6.1.

6.2 Method for estimating texture variable parameters

This section outlines a method for estimating the texture variable parameters necessary for
implementation of an automatic CFAR scheme. The following assumption sets up the solution:
the complex random variable measured by each antenna of the radar is the product of a sum of

2 random variable raised to

zero-mean complex Gaussian variables, each with variance o2, and a Y~
the power &.

Consider

z=a" i y{m), (6.5)

m=0

where y(m) = |z(m)[? is the squared envelope of the circular complex Gaussian random variable, z;,

and a is x~2. Let us compute £{z*}. Since a and y(m) are assumed to be statistically independent,

Shﬂ}=eafﬂe{(§fy@m)a} (65)

m=0

With each y(m) independently identically Gamma distributed,

e~y(m)/a*
Fyony(y(m)) = — (6.7)
the sum, denoted by v = ”;1 y(m), has probability distribution [Spi94] given by
m=0
n~1,-v/c?
folv) = = (6.8)

L(r)(a?)™
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The expected value of v® computes as

p—1 ——-v/a’
e = / '(n) 02)”
(Uz)q * n+a i - 02 v
= T (F) e 47 (6.9)
_ P(a +n){c?)®
)

The x~2 distribution for the texture variable is given by [Gie0la]

@ue—-e/a
I(v)av+t’

faa) = (6.10)

Computation of the moments of this variable proceeds as

e ] ama@ue—e/a
)= |, T

e
T Jo
0" T(v — ka)
- T(v)

o0
x¥ 7 exp(—z)dx (6.11)

The second line above made the substitution z = ©/a. Requiring that £{a"} = 1 dictates that
I(v) = ©T(v — &), or © = [[(v)/T(v — &)]}/*. Substituting (6.9) and (6.11) into (6.6) yields

E{z*} =

oL (n + a) [ L) r I'(v—ra) (6.12)

I'(n) Iy - &) I'(v)

For moderately heterogeneous terrain, the appropriate choice for », empirically, seems to be k = 0.5.
Instances of & = 1 have been observed for grassy terrain mixed with metal debris, a few trees and
a few roads [Gie04]. For urban terrain, as shown in the previous chapter, one finds that & < 0.5
fits better, especially for extreme values of the random variable. Solving for » involves estimating
the first and second moments from the data then using (6.12) with o = 1 and « = 2 to create two
equations with two unknowns, namely, 02 and v. Theoretically, if the model were perfect, (6.12)
could also generate three equations with three unknowns thereby allowing the value of & also to be
automatically estimated from the data. The estimates of v and x could then be indexed into a map
of possible classifications of terrain types to provide contextual information about the terrain being

examined.
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In the case of x = 1, solving (6.12) leads o the following expression for v

2(I — I?)

e~ 6.13
Iy — oI (6.13)

U=
where the estimated moments are given by f; and I. Depending on the terrain type, the general
equation (6.12), or the specific equation (6.13) can be used to automatically estimate the paiameters
of the texture random variable. Either can be computed from a single channel of data. Once the
texture statistic parameters are known, thresholds for GMTI metrics that depend on the power of

the reflected radiation can be computed.

6.3 Summary

This chapter demonstrated the need for a local estimate of the effective number of locks and
the complex cross-correlation coefficient between the SAR channels. It presented a fast and robust
estimator for these quantities. Comparisons with the optimum MLE showed that the MoM has,
statistically, almost identical performance characteristics whereas the computation time for real
SAR data was reduced from hours of computing time to quasi real-time. The MoM can be used for
an operational CFAR system as it lends itself to rapid computation. Once the parameters p and
n have been estimated, CFAR detection might be implemented by cross-referencing with a look up
table of threshold values for different false alarm rates and for different combinations of p and n
since direct computation appears daunting.

Additionally, because the algorithm does not require the individual channels for the estimation,
indeed it can estimate the parameters from the multi-looked interferogram, data sforage requirements
are reduced.

The chapter also presented a method for estimating the texture parameters for the generalized
inverse chi-square model, x™2*. The parameter estimation algorithm in this case does not rely on
the joint channel data. It is also computed on the multi-looked data thereby allowing for relaxation

of data storage requirements.
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CHAPTER 7
APPLICATION TO TWO-CHANNEL SAR-GMTI

Given the marginal and joint probability distributions of the detection metrics, a CFAR detector
can be created by calculating the threshold corresponding to some function of the metrics. For

instance, a linear combination of the metrics could be computed as illustrated in figure 7.1. The

Channel 1 Channel 2

Desired CFAR
performance

Metric threshold
computer

moving
mz2 3
stationary

Figure 7.1. Linear combination of detection metrics.

greatest challenge when using this approach is to calculate the probability distribution of the sum
of random variables, each one mathematically complicated in its own right. Once the probability
distribution is known, the threshold can be dynamically computed or indexed from a look-up table,
In this thesis, the recombination elements, functions of the decomposition elements, are examples of
such functions of the decomposition metrics.

The function of the metrics need not be linear. Again, in these cases, the probability distribution

of the dependent variable must be computed in order to implement the CFAR algorithm.
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Two experiments demonstrate the application of the decomposition metrics and the recombina-
tion metrics to GMTI. First, by using simulated clutter and target data, we estimate the probability
of moving target detection from a large number of clutter plus target samples. Second, from mea-
sured SAR data we provide a real-life examples of the metrics detecting moving targets for a false
alarm rate of Pr = 1075, In both cases we compare the new metrics to the conventional metrics of
DPCA and ATL

Simulations are conducted for two types of clutter, homogeneous and heterogeneous, and for two
types of target, deterministic and Gaussian with different target phases. First, thresholds for each
metric are computed for a false alarm rate of Pr = 107 for both mostly homogeneous (v = 1.6014,
k = 0.5) and heterogeneous (v == 0.4054, k = (0.2) terrain. Complex clutter data for these terrain
types are then simulated. Finally, moving targets are simulated and added to the clutter.

The moving targets are simulated for various target phases, {w/4,7/2,37/4,7} which, given
the radar system characteristics, correspond to across-track target velocities. To ensure that the
statistics are well approximated, 107 samples are generated for each phase. The probability of
target detection is estimated by counting the number of clutter plus target samples that pass the
computed threshold for each metric.

Additionally, two types of moving target are simulated. First, deterministic targets have a signal

vector given by

§F=o0, , (7.1)

where o2 is the target power and ¢ € [—, ) is the target phase.

Secondly, the random Gaussian targets are simulated by applying the Swerling II case model
which makes the assumption that the signal is a Gaussian random vector. The physics behind this
assumption are comprehensively described in [Gie02]. Gaussian targets have zero-vector mean and

covariance matrix

2 2 pod
o o2pel®

E{55"} =R, = , (7.2)

2 j 2
olpe’? ol

where p is selected to be the same as for clutter, o2 is the target power, and ¢ € [—, 7) is the target

phase.

7.1 Conventional detectors and their weaknesses
Subtractive DPCA computes the difference between the complex responses of two channels but

the norm of the difference is open to interpretation. In this section, to put the DPCA and the second
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eigenvalue detection methods on the same footing, the norm is chosen as |2; — 23/%, where z; and z
are the displaced channel responses. In other words, since the second eigenvalue is in units of power,

the DPCA norm should also be in units of power. The multilooked DPCA metric is given by

MpPCA = i (21(m) — z3(m)) T (z1(m) — 22(m)), (7.3)

m=0

or, after expansion and substitution using (4.23) as
mppca = Ar(1 —sin(20)cos A) + Az (1 +5in(28) cos 4). (7.4)

The second form shows how the metric depends on the eigenvalues.

The SCR curves for both the DPCA and ATI metrics are shown in figure 7.2 and figure 7.3,
respectively. Figure 7.2 shows that DPCA has much poorer detection capability in heterogeneous
terrain than in homogeneous terrain. Since A; represents, mostly, a sum of the channel powers,
one expects an increase in the false alarm rate for a fixed threshold when the channel powers are
high. Such instances occur, mainly, with heterogeneous terrain when high radar cross-section (RCS)
buildings or metallic objects are present.

Comparison of the DPCA and ATI metrics reveals that, in homogeneous terrain, DPCA is the
superior metric. However, the ATT metric shows a great degree of independence from the terrain
type. For this reason, the ATI phase can, in some cases, more easily detect moving targets in
heterogeneous terrain. The rate at which detectability increases with SCR is slower for ATL. In fact,
one observes that to be more certain of target detection, by selecting a probability of detection of

0.9, the ATI detector requires a higher SCR than the DPCA detector, even in heterogeneous terrain.
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Figure 7.2. Probability of detection vs. SCR and target phase for the DPCA detector in hetero-
geneous and homogeneous terrains, for deterministic and random Gaussian target models.
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Figure 7.3. Probability of detection vs. SCR and target phase for the ATT detector in heterogeneous
and homogeneous terrains, for deterministic and random Gaussian target models.
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7.2 Detection with similarity and smallest eigenvalue

Figure 7.4 shows that the smallest eigenvalue does not perform as well as DPCA under any of the
conditions considered. However, for random Gaussian targets in homogeneous terrain, the detection
capability is only a couple of dB worse that DPCA. The detector does outperform the ATI detector
in homogeneous clutter.

An explanation for why the detection capability tapers off for the deterministic target type is
provided by looking at the limit of the smallest eigenvalue as SCR — oo in the clutter plus target
model. Since the target is deterministic, the outer product of 5 with itself has a structure similar
to R, but is singular, i.e.,, Ao = 0. Thus, by increasing the SCR, we decompose more and more of
this matrix which converges to a finite value for Ay. Figure 7.5 shows that the similarity compares
poorly with the other detectors for GMTI capability. Its performance for GMTI is tempered by the
fact that it has been shown to respond to water surfaces quite well [SGC03]. As such, it may provide

a good metric for shoreline detection applications.
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Figure 7.4. Probability of detection vs. SCR and target phase for the smallest eigenvalue detector
in heterogeneous and homogeneous clutter, for deterministic and random Gaussian target models.

86



0
SCR (dB)

(c) Gaussian, heterogeneous (d) Gaussian, homogeneous

Figure 7.5. Probability of detection vs. SCR and target phase for the similarity detector in
heterogeneous and homogeneous terrains, for deterministic and random Gaussian target models.
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7.3 Detection with unitary phase

Figure 7.6 shows that the unitary phase performs with the same capability as ATI for a phase
of /2 radians. The ATI phase more often detects targets with a phase in [~7/2,7/2) while the
unitary phase more often detects targets when the phase is otherwise. This increased capability
in the unitary phase over [n/2,37/2) is especially noticeable for low SCR targets where equivalent
detectability with the ATI phase would require a couple of more dBs of SCR. Whether the target is
deterministic or random Gaussian and whether the clutter is heterogeneous or homogeneous seems

not to change this observation.

[
SCR (d8)

(a) Deterministic, heterogeneous
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i
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{c) Gaussian, heterogeneous (d) Gaussian, homogeneous

Figure 7.6. Probability of detection vs. SCR and target phase for the unitary phase detector in
heterogeneous and homogeneous terrains, for the deterministic and random Gaussian target models.
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7.4 Detection with hyperbolic detector
Figure 7.7 illustrates the performance of the hyperbolic detector in both homogeneous and het-
erogeneous terrain. Comparison with figure 7.2 and figure 7.3, the DPCA and ATI detectors, reveals

increased capability for the hyperbolic detector in heterogeneous terrain for all target phases.

0
SCR (g8}

(c) Gaussian, heterogeneous (d) Gaussian, homogeneous

Figure 7.7. Probability of detection vs. SCR and target phase for hyperbolic detector in homoge-
neous and heterogeneous terrains, for deterministic and random Gaussian target models.
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7.5 Detection with the eigen-projection metric

Detection with the eigen-projection metric compares with detection with the hyperbolic metric.
Examination of figure 7.8 reveals that the detector has almost the same capability in both hetero-
geneous and mostly homogeneous terrain. There seems only t0 be about a half dB degradation in
performance when compared to the hyperbolic detector curves of figure 7.7. Since the hyperbolic

detector cutperforms DPCA and ATT by a fair margin, so does the eigen-projection metric.

10 15 20 ~20 ~15 g
SCR {dB)

(b) Deterministic, homogeneous

(c¢) Gaussian, heterogeneous (d) Gaussian, homogeneous

Figure 7.8. Probability of detection vs. SCR and target phase for projection detector in homoge-
neous and heterogeneous terrains, for deterministic and random Gaussian target models.
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7.6 Comparison of metrics

Table 7.1 compares the probability of detection of a discrete target by each metric, while table
7.2 compares the probability of detection of a Gaussian random target by each metric. This table
format more readily permits comparison of the capabilities of the metrics relative to each other. The
data reported in the tables are the same used to create the figures in sections 7.1 to 7.5.

Table 7.1. Comparison of probability of detection of a discrete target by each metric. Values in
percent.

Homogeneous Heterogeneous
Target SCR (dB) SCR (dB)
type Metric | -10]-5 |0 |5 10 f-10]-5 JO |5 |10
mppca || O 0 100 [ 100 [ 100 (| O 0 0 100 | 100
my, 1 47 [99 [100| 1001 O 8 83 |97 |99
Discrete, || my 0 16 | 1001001001 O 0 88 1100 | 100
phase 6 1 15 |70 |98 1100 | 1 18 175 {97 | 100
w/drad || ¥ 1 11 |60 |96 | 100 | 1 14 165 |9 | 100
[ 1 3 4 1 0 1 3 4 1 0
A2 0 1 27 147 |53 |0 0 0 4 8
mppca || 1 100 | 100 | 160 | 100 §| O 0 100 | 100 | 100
mp, 60 | 100|100 | 100 | 100 || 17 | 95 | 100 | 100 | 100
Discrete, || mg 28 1100 100 | 100 | 100 [[ O 97 | 100 | 100 | 100
phase 9 13 155 (93 [100{ 100 15 {60 |93 |99 | 100
7/2rad || 9 15 162 |95 (100|100 | 18 |66 | 95 | 100 | 100
[ 8 24 |30 |16 |3 9 25 129 |14 |3
A2 1 69 |90 |93 [94 | O 0 36 | 52 |56
mppca || 32 | 100 | 100 | 100 | 100 || O 37 | 100 | 100 | 100
mp 93 | 100 | 100 | 100 | 100 |{ 63 | 99 | 100 | 100 | 100
Discrete, || mg 98 | 100 | 100 | 100 | 100 || 2 100 | 100 | 100 | 100
phase ] 23 |63 |94 | 100|100} 26 |67 [94 |99 | 100
3n/drad || 9 3L |77 |97 100|100 {135 {79 |97 | 100 ] 100
[ 19 146 [55 |33 |8 21 147 153 |30 |8
Ag 30 |92 |98 198 |98 |0 27 172 |79 |81
mppca || 71 {100 | 100 | 100 | 100 || O 94 | 100 | 100 | 100
my, 97 | 100 | 100 | 100 | 100 || 74 | 100 | 100 | 100 | 100
Discrete, {| my 99 | 100 { 100 | 100 | 100 | 8 100 | 100 | 100 | 100
phase é 26 |64 {93 | 100|100 29 67 |94 |99 | 100
7 rad 9 37 |80 |98 100|100 41 {82 |97 | 100 100
6 23 |54 |64 | 40 |11 26 | B6 |62 |37 |10
Ao 51 [95 198 (99 |99 || O 46 |80 |8 |86

Both tables 7.1 and 7.2 indicate the superior performance of the hyperbolic detector and the
eigen-projection detector. First of all, for an SCR of —10 dB, both my, and m, consistently show the
greatest probability of detecting moving targets in homogeneous terrain. For a target in homogeneous
terrain, my, is the most likely metric to detect a target with a phase of n/4 radians and an SCR of

—5 dB. In heterogeneous terrain, my, and m, are the best candidates for detecting a discrete target
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Table 7.2. Comparison of probability of detection of a Gaussian target by each metric. Values in
percent

Homogenecus Heterogeneous
Target SCR (dB) SCR (dB)
type Metric || -10 | -5 | © 5 110 [[-16]-570 5 10
mppcAa || O 7 |76 [99 100 0 g |7 79 | 99
my, 3 44192 [ 1001000 0 14771 |9 |99
Gaussian, || mj 0 30192 10010040 1 157 |97 |100
phase ) 2 16161 193 |99 2 19165 |93 |99
7 /4 rad ] 1 13153 |8 |99 | 2 15157 190 |99
[ 1 3 | 4 2 1 1 3 |4 2 1
Az ] 2 |26 |52 |72 0 010 1 4
mppca | 9 79 1 99 100 1 100 || O 9 81 99 100
mp, 51 |95 1100|100 | 100 22 {8 {99 | 100 | 100
Gaussian, || my 35 | 93| 100 | 100|100 | 2 62 { 98 | 100 | 100
phase é 13 50187 |99 100 15 |54 |88 |98 | 100
/2 rad J 15 | 55190 |99 100 18 [59 {90 |99 | 100
[ 8 22129 |18 |6 9 23128 {17 |5
A2 6 57|87 |94 196 || 0 0 |10 |27 |38
mppca || 38 | 95| 100 | 100 | 100 || O 41 1 96 | 100 | 100
mp, 78 | 99| 100 { 100 | 100 || 52 | 94 | 100 | 100 | 100
Gaussian, || my 71 199|100 | 100 [ 100 || 19 | 88 | 160 | 100 | 100
phase 4 22 {5818 |99 [100( 24 6190 |98 | 100
3w/drad | ¥ 29 |70 (94 |99 (10033 | 7294 [99 | 100
@ 18 14252 |3 |13 20 43|51 |34 |12
Az 36 | 84 (97 |98 |99 0 5 139 |58 |65
mppca || 50 [ 97 ] 100 | 100 | 100 || 1 53 | 97 | 100 | 100
mp, 84 | 99| 100 | 100 | 100 |} 60 | 96 | 100 | 100 | 100
Gaussian, || my 79 1991 100|100 ] 100 || 29 | 92 | 100 | 100 | 100
phase ) 24 |59 |18 (99 {100} 27 6218 |98 | 100
w rad 9 34 [73195 (10010037 {7595 |99 | 100
9 22 149161 |43 |17 |24 {51160 |40 |15
Az 41 189198 |99 |99 || O 11150 |66 |72

with a phase of w/4 radians and an SCR, of 0 dB. This also holds for a discrete target with a phase
of w/2, 3n/4 or 7 radians with an SCR of —5 dB. A Gaussian target with a phase of /2, 3r/d or
is most readily detected by my, and m _L’ (more than 60% of the time with m , more than 80% of the
time with m;) when it has an SCR of —5 dB, no matter whether the target is in heterogeneous or
homogeneous terrain. One sees that to be 82% likely to detect a phase 7/2 rad Gaussian target in

heterogeneous terrain, about —10 dB SCR is required for my,, while —5 dB is required for DPCA.

7.7 Complexity considerations
Conventional DPCA in the 2-channel case requires fewer computer flops than computation of the

smallest eigenvalue or the unitary phase. However, due to the fact that these quantities are computed
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over the multi-looked scene, and due to recent improvements in computer processing capabilities, the
required time for the eigenvalue/eigenvector decomposition does not exceed real-time constraints,
and, furthermore, takes the same order of time as required for SAR compression itself. It therefore
does not represent & rate-limiting step in the SAR-GMTT problem.

Table 7.3 breaks down the time required for SAR-GMTI computation on a SUN UltraAX-MP
machine for an n = 40 sample. In table 7.3, the decomposition of all elements is reported in terms
of flops. The number of flops is computed using Matlab’sT™flops command, and the time taken
for computation is computed using the tic toc function. The flops command reports the number
of floating point additions, subtractions, multiplications and divisions, but does not report the
number of flops required to compute either the trigonometric functions or the square root function.
Furthermore, to compute both the hyperbolic and the eigenprojection metrics, one needs to first
estimate some scene parameters; therefore, the values reported in table 7.3 underestimate both the
true number of required flops, and the true required time to compute these metrics. Formulas used
to compute the metrics are (4.23), (B.54), (4.54) and (4.64), for the decomposition elements, the
unitary phase, the hyperbolic metric and the eigenprojection metric respectively.

Table 7.3. Break-down of time required for SAR-GMTI metric computation per sample for n = 40

Metric Flops | Time (s)
A2 900 4.1E-4
é 321 3.4E-4
d 888 4.0E-4
9 895 4.9E-4
DPCA 440 3.1E4
Hyperbolic 918 5.4E-4
Eigenprojection | 883 4.0E-4

7.8 Example of detection with measured SAR data
Estimation procedures for SAR data parameters are outlined in [GS02, Gie0la]. Using these
procedures, thresholds are computed for a false alarm rate of Pp = 1075, These thresholds are then
applied to the computed metrics and target detections for each metric are marked with an “x”.
The Ay metric is not presented here because it did not detect any moving targets. Thresholds for
the eigenprojection metric have not yet been computed so it not shown either. However, one expects
similar performace with the eigenprojection metric as obtained from the hyperbolic detection metric.

The capability of the eigenprojection metric to detect moving targets in an urban scene will be more
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thoroughly investigated in future work. Although the data presented in figures 7.8 to 7.8 contain
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Figure 7.9. SAR scene of West Ottawa and detections “x” with similarity metric.
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Figure 7.10. Detections “x” with hyperbolic metric and DPCA metric for real SAR data in West
Ottawa.

moving targets, because they were collected over a busy city, no ground truth data are present to

corroborate the moving target detections. This data therefore represents what one would get in a
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Figure 7.11. Detections “x” with ATT metric and unitary phase metric for real SAR data in West
Ottawa.

real situation, where faith would have to be invested in the accuracy of the statistical models. One
could argue that real moving targets should, generally, appear near roads. The hyperbolic detection
image indicates targets close to a highway that horizontally spans the image. These targets are
slightly displaced from the highway due to the azimuthal shift caused by their across-track motion.

The statistical argument says that given the specified false alarm rate of Pp = 10~%, one expects,
for a scene of 400 x 400 = 160000 samples, to obtain 1.6 false alarms per image. Thus, in figure
7.8, one expects, of the eight similarity detections marked with an 'x’, that two will be false alarms.
These false alarms are probably the detections at the bottom of the image, over the water. In figure
7.10, the hyperbolic detector indicates a large number of detections, perhaps 25-30 detections. We
expect that only two of these are false alarms. The DPCA image éhows only three detections in the
upper left corner. One suspects that the leftmost detection is a false alarm, while the two rightmost
detections, almost atop each other, have been picked up by the other detectors so could represent
a real target. With the ATI and unitary phase detections illustrated in figure 7.8, one suspects
that maybe a couple of detections in the lower portion of the image are false alarms while the other
detections are real moving targets.

Given that the false alarm rate was set to the same value for all images, one sees clearly that the
hyperbolic detector best detects the moving targets. The ATI phase and the unitary phase detect

fewer targets, the similarity detector finds fewer still, and DPCA finds the least number of targets.
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7.9 Summary

The marginal probability distributions of the elements are used to compute detection thresholds
for a given false alarm rate. In combination with simulated clutter plus target data, these thresholds
are used to estimate the probability of target detection versus target SCR.

The similarity phase measures the degree of similarity between the two channels, and behaves
like the cross-correlation coefficient. Because moving targets change in appearance between channel
acquisitions, the similarity can also detect moving targets. However, the estimated probability of
detection versus SCR curve for the similarity metric indicates that it is far less sensitive than are
DPCA, Ap or the ATI phase.

The combined independent unitary phase metric better detects targets with phases in the range
[x/2,3n/2) than does the ATI metric. It maintains the property of being insensitive to terrain
heterogeneity.

In a two channel system measuring homogeneous terrain, the optimal detector based upon a
linear filter of the channels, is the DPCA detector. The linear filter is designed to cancel the clutter
leaving, in the residue, moving targets that have been suppressed to a lesser degree. The second
eigenvalue has similar characteristics to DPCA in homogeneous terrain for Gaussian type targets,
and represents the maximum possible non-trivial clutter cancellation between the two channels.

The hyperbolic and the eigen-projection detectors permit the detection of moving targets with a
much greater tolerance for heterogeneity than DPCA. In fact, even in the mostly homogeneous case,
these metrics perform significantly better than DPCA. The eigen-projection and hyperbolic metrics
have practically identical detection capabilities with the eigen-projection metric only about half a
dB less sensitive than the hyperbolic metric. However, the eigen-projection metric also provides
potentially useful information about bright stationary targets. It is possible to develop the CFAR
rules for the hyperbolic detector and the eigen-projection metrics as their probability distributions

are known {see chapter 4).
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CHAPTER 8
CONCLUSION

In this thesis, we present the theoretical background on SAR-GMTI techniques using two or
more SAR channels. The processing of SAR data for GMTI, the joint channel statistics, the CFAR
detection of moving targets, and the estimation of target velocity characteristics, such as along-track

velocity and across-track velocity, are discussed.

8.1 Thesis summary

The discussion of stripmap SAR processing for moving targets mentions the azimuth displacement
phenomenon that results from the Doppler frequency offset of targets possessing an across-track
velocity component. Relocation of the moving target to its true location in a processed image can
be achieved by estimating the target’s across-track velocity and, either estimating the position by
inverse computation of the physical model, or modification of the processing filter by compensating
with the estimated target velocity. It is affirmed that, aside from a virtually negligible contribution
from the along-track velocity, the displacement is a function of the across-track velocity. Analysis
of the functional dependence also reveals that, if a given across-track velocity produces a certain
displacement, then the same across-track velocity plus any integer multiple of a certain wrap-velocity,
produces an equivalent displacement.

In addition to the displacement, attempting to SAR compress a moving target with an along-
track velocity by using a processing filter designed for stationary targets, leads to a spread of the
target energy into neighbouring image pixels and, therefore, a reduction of the target peak power.
The quality of parameter estimation in these situations is reduced by the lower SCR.

By adaptive target processing, it is possible to estimate the farget across-track velocity, for
example, by building a processing filter that discriminates against targets without across-track ve-
locities. However, this estimate of the across-track velocity is ambiguous in the same way that the
displacement as a function of velocity is ambiguous. Coherent analysis, with two or more chan-
nels, provides an independent method for estimating the target across-track velocity. Unfortunately

this measurement is also ambiguous though with a different wrap-velocity. By combining the two
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ambiguous measurements, the overall wrap-velocity becomes the least common multiple of the two
wrap-velocities, allowing unambiguous estimation of across-track velocity for targets that are a priori
known to have maximum speeds well below the combined wrap-velocity.

The construction of matched filters for the processing of moving targets is based upon a model of
the imaging geometry as it evolves through time. By considering that a target might be moving, the
filters are seen to have a functional dependence on the target velocities and accelerations. Optimising
the target response by determining the filter that produces the most sharply focused image of the
target can be interpreted as maximum likelihood estimation of the target velocity and acceleration.
Due to the geometry of strip-map SAR, it is impossible to decouple the across-track acceleration
component from the along-track velocity component. Scanning through a range of target velocities
and accelerations to find the best focused target requires processing power and time. Automati-
cally focusing the target by measuring the displacement function allows a significant reduction in
processing requirements.

If the radar PRF adequately over-samples the clutter bandwidth, fast moving targets are eas-
ily distinguished from clutter as their Doppler spectrum lies outside the clutter spectrum. The
estimation of target velocities in these cases is not affected by clutter interference. Application of
the SPECAN algorithm naturally incorporates this leverage and is additionally attractive in that
it requires only a single FFT to compute. In comparison, full SAR compression using the Fourier
Transform implementation of convolution requires two FFTs, generally meaning that the processing
takes twice as long.

The covariance matrix of two or more SAR channels contains all of the information required
to detect a moving target. Therefore, the analysis of the matrix by decomposition methods is
proposed as an alternative to conventional detection methods including DPCA and ATI. The eigen-
value/eigenvector decomposition allows separation of the matrix components into those that are of
interest for moving target detection, and those that are not. This eigendecomposition naturally pro-
duces the ATI phase as a detection metric, and provides two others namely, the second eigenvalue
and the similarity phase.

In a two channel system measuring homogeneous terrain, the optimal detector based upon a
linear filter of the channels, is the DPCA detector. The linear filter is designed to cancel the clutter
leaving, in the residue, moving targets that have been suppressed to a lesser degree. The second
eigenvalue has similar characteristics to DPCA, and represents the maximum amount of clutter
cancellation between two channels. Because DPCA does not suppress the moving targets to the

same degree as second eigenvalue, it is a superior metric over homogeneous terrain. However, in
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heterogeneous terrain, DPCA is more likely than the second eigenvalue to misidentify spiky clutter
as moving targets and, hence, increase the false alarm rate.

The similérity phase measures the degree of similarity between the two channels, and behaves
like the cross-correlation coefficient. Because moving targets change in appearance between channel
acquisitions, the similarity can also detect moving targets. It is also seen to be a powerful indicator of
water or other scene elements that decorrelate between channel acquisitions. The receiver operating
characteristics of the similarity phase for moving target detection show it to be far less sensitive than
the second eigenvalue and the ATI phase. Since, for every covariance matrix sample, the estimated
ATT phase and the estimated similarity phase define a point on the unit sphere, one can combine
the phases into a single phase by choosing the sphere axis to pass through the expected value of
the coordinates of clutter. This combined phase, called the unitary phase, incorporates the moving-
target information previously contained in the separate metrics. It has better GMTI capability than
the two individual metrics for target phases greater than v/2 radians.

Based upon the assumption of two zero-mean Gaussian channels, the sample covariance matrix
has a complex Wishart distribution. Decomposition of the sample covariance matrix is accompanied
by decomposition of the Wishart distribution into distributions of the matrix elements. The ROCs
of each decomposition element can be constructed.

By noting that DPCA can be written as a combination of the decomposition elements it becomes
clear that DPCA and the ATI phase, are not statistically independent. However, the ATT phase and
the second eigenvalue are independent for the case of two looks, asymptotically independent for an
increasing number of looks, and practically independent otherwise. This allows the construction of
a joint detection metric, for example, the adaptable hyperbolic detector. The hyperbolic detector
allows the detection of moving targets with a much greater tolerance for heterogeneity than DPCA.
Additionally, it is possible to develop the CFAR rules for the hyperbolic detector.

Along the same lines of recombination of elementary decomposition metrics, this thesis also
introduces an eigen-projection metric based upon viewing the sample covariance matrix as a point
in a k-dimensional space! spanned by the outer-products of the eigenvectors of the true underlying
covariance matrix. This new metric becomes the DPCA metric {or special cases of the true covariance
matrix, but generally has better GMTI capability than DPCA. In fact, the eigen-projection metric
and the hyperbolic metric have almost the same capability, both requiring at least 3 dB less in signal

to clutter ratio than DPCA to detect moving targets in even slightly inhomogeneous terrain. An

1} represents the number of antennas in the SAR system.
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additionally advantage o the eigen-projection metric stems from the characteristic of identifying
bright but stationary targets, information that may be of contextual use.

Decomposition of the Wishart distribution rapidly increases in mathematical complexity as the
number of channels grows. The joint probability density function for a three channel system is
presented, and the distribution of eigenvalues for the special case of covariance matrices with only
two distinct eigenvalues is given. This special case corresponds to identical channel cross-correlation
coefficients. The decomposed distribution functions allow the CFAR rules for the special case to be
constructed.

The actual implementation of the CFAR rules requires estimation of the SAR data cross-
correlation coefficient which is non constant. In addition to the correlation coefficient, the number
of independent samples used to estimate the covariance matrix, also called the effective number of
looks, has to be estimated. By using the proposed m_ethod of moments, these parameters can be
simultaneously estimated from the SAR data, even when it has already been multi-looked. The
method of moments is based upon the probability distribution of the ATI phase. Alternatively, the
classical correlation coefficient estimator can be used in conjunction with the proposed method of
moments to estimate the SAR data parameters.

The development of the method of moments illustrates the functional dependence of the phase
distribution on both the number of looks and on the correlation coefficient. With a large number of
looks, the distribution narrows because the mean-square difference between the sample covariance
matrix estimate and the underlying covariance matrix becomes smaller. A greater correlation also
narrows the phase distribution because the channels follow each other more closely.

Because the phase distribution is texture independent, the method of moments is robust against
of the degree of heterogeneity. Strangely, in the case of highly heterogeneous terrain, the method
of moments can predict a number of locks less than one. Even in this case, the phase histogram
follows the curve predicted by the Wishart distribution with a fractional number of looks. Thus, in
a sense, the Wishart distribution can be analytically continued to 0 < n < 2 despite the fact that it
is initially constructed only for n > 2. That the method of moments works even in exireme cases of
heterogeneity gives it an advantage over techniques based upon texture dependent random variables

such as the SAR intensity.
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8.2 Contributions of the thesis

The contributions of this thesis are organized by chapter. In chapter 3, SAR processing tailored
to the GMTI application is introduced. Application of the SPECAN algorithm to GMTI heads
the contributions of this chapter. The SPECAN algorithm naturally enhances separation between
moving targets and clutter and does so using only one FFT as opposed to two, as required for
full SAR compression. Another contribution in this chapter is the auto-focus algorithm for moving
targets based on measuring displacements between images of the targets processed using suitably
chosen parameters. Autofocus of the moving targets facilitates automatic target recognition as all of
the energy of a moving target is gathered to construct the “clearest” possible picture of the target.
Additionally, the improved clarity aids estimation of moving target parameters due to the increased
SCR. However, the trade-off between focus and SCR is non-trivial.

The well-known SAR ambiguity problem that stems from the nature of sampling is discussed.
with regards to moving target estimation ambiguities. A method to resolve the processing ambiguity
is presented.

Notwithstanding the contributions of other chapters, chapter 4.2 presents the main contribution
of this thesis. The eigen-decomposition of the covariance matrix is presented as a new, powerful,
flexible approach to moving target detection. New metrics including the smallest eigenvalue, the
similarity, and the independent unitary phase demonstrate the appeal of this approach. recom-
bination of these decomposition elements yielded new non-linear detectors such as the hyperbolic
detector and the eigen-projection detector that show heretofore unprecedented GMTI capability in
heterogeneous terrain.

The probability distribution functions of the eigenvalues and a representation of the eigenvectors
of the covariance matrix are given. Generally the eigenvectors are represented as unitary matrices
on the Haar measure. In the special 2 x 2 case, the angular coordinates of a point on the unit sphere
represent the eigenvectors. It is believed that this is the first time that the probability distribution
of the complex eigenvector representation appears in the literature, and also the first time that the
probability density function of the eigenvalues is given without recourse to zonal polynomials, even
when correlation exists between the data channels. The joint distribution of the eigenvalues and the
eigenvector representation is given. The individual marginal distributions for the 2 X 2 case are also
given.

Owing to the statistical independence of the metrics, in some cases quasi-independence, combi-
nations of the metrics, as in the proposed hyperbolic detector, clearly demonstrate the advantages of

the decomposition in being able to detect moving targets even in highly heterogeneous terrain. This
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is of tremendous importance as urban areas, where GMTI has particularly important applications,
are highly heterogeneous. In summary, this proposed technigue proves to be more suitable for urban
areas, almost as good as conventional DPCA in homogeneous areas, quantifiable in a previously
impossible way, extendable to more than two channels and mathematically fascinating.

Chapter 6 took the detection/estimation problem oue step further in presenting a new method to
estimate the local SAR parameters required for determination of detection thresholds. This method,
based upon the moments of the phase probability density function, allows simultaneous estimation
of the cross-correlation coefficient between the channels and the effective number of looks. The

estimated parameters are then passed to a CFAR threshold calculator.

8.3 Suggestions for future research

Research into velocity and position estimation remains incomplete. One novel approach for
doing this is to use time-frequency analysis. In particular, the wavelet decomposition might prove
particularly interesting as it has adjustable time/frequency resolution capabilities. A Wigner-Ville
analysis would also be interesting, but as stated in [Dau92], “The disadvantage is that the signal
enters in the Wigner distribution in a quadratic rather than linear way, which is the cause of
many interference phenomena.” This would cause problems for resolving overlapping targets. This
wavelet filtering falls into a broader issue of data filtering prior to detection and estimation. Other
techniques for data filtering such as a Fractional Fourier transform could also prove valuable to the
GMTI problem [CS04]

The hyperbolic detector can be adapted using the parameter p of section 4.8.2. An investigation
of the appropriate choice for p depending on the terrain type deserves thought.

Although the three channel case has been introduced, data from such a system should be analysed
to compare with the theoretical results. Simulated data can also be investigated to verify the theory.

A possible improvement in the probability of detection for a fixed false alarm rate could be
achieved by segmentation. Although a minimum sample data set size is required to ensure sufficient
accuracy in parameter estimation, the smaller the data set size, the more likely it is to be homoge-
neous. There is a greater probability of target detection, for a given false alarm rate, in homogeneous
terrain than in heterogenecus terrain.

The method of moments is based upon a transformation of the random ATI phase variable into
the Euler domain. Although the result has been used to estimate the phase distribution parameters,

greater use might come from the fact that the result is the characteristic function of the phase
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variable. To actually determine phase thresholds requires either the use of a lockup table, or the
numerical integration of complex mathematical functions. An alternative would be to calculate the

Chernoff bound using the characteristic function, and use this to compute the threshold values.
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APPENDIX A
INCORRECT DOPPLER RATE COMPRESSION

For the case where the signal and the reference function have compact support, the output of

the SAR correlator with an incorrect Doppler rate can be written as

¢
d(r) = ej(bo—ao—alr—azf2)/ ’ I Blt+40)* 3Bt gy (A.1)

3]

where B = by —ay and tg = (b1 — a1 — 2aa7) /(263 — 2a3), and t1, t2 account for the compact support.

The squared envelope of d(7) can be written as
to to . 2 . 2
|d(r)[2 =/ / el Blztto)" —jBy+to)” gpgy, (A.2)
i t1

By changing the integration variables according to

u=x+y (A.3)

v=2z -y, (A.4)

the domain of integration becomes as shown in figure A.1. The Jacobian contributes a factor of 1/2,

and the correlator output becomes the sum of the two integrals given by

1 t14iz u—2ty i 1 2t2 2o —u .
ld(T)? = 3 / / & Be(ut280) dyy gy 4 5 / / eI Bo(ut2to) gy gy, (A.5)
2 2 w

i1 i1 —u t1412 ~2ta

Integration over v followed by an appropriate shift in u leads to

=% sin[Bu(u + 2t + 2to)) 7% sin[Bu(u — 2tz — 2to)]
AP = sin| 1 0 / 2 0 )
4l ./ Bu + 2ty + 2tp) dut 0 B(u — 262 — 2t) o (49

the resuli stated in (3.26).
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APPENDIX B

DERIVATION OF PROBABILITY DENSITY FUNCTIONS OF
DECOMPOSED COVARIANCE MATRIX ELEMENTS

In this appendix, the expressions for the probability density functions of the decomposed covari-

ance matrix elements are derived. The derivations are all based on marginalization of the complex

Wishart distribution of the sample covariance matrix.

B.1 Calculation of the decomposition Jacobian

Take the derivative of R with respect to A;

OR _ ;0D

it t
- Uy

Next, differentiate with respect to «; to get

OR _8UDU!
(9011' - 30@
1
=% put rupdY.
3C¥i 50[,‘
Differentiation of the unitary relation yields
su'u _ a1
Ba,' - Bai
Ut U
U+U'—— =0
aai + Bai
out oU
Y =t
80@ v U Bai
Thus, writing
y 4+ aU
S =0 —,
8a@-

(B.1)

(B.2)

(B:3)

(B.4)

and pre-multiplying (B.2) by U ! and post-multiplying by U one finds that (B.2) can be written as
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To be more specific, differentiation of Hy,, € C with respect to o; € % means,

33(”
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36!@ -

The derivative relations can be written in terms of elements as
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(B.7)

where 0, is the Delta-Kronecker symbol. Upon writing Wyimg = U Umq and equating real and

imaginary parts one finds that

kK k op(0)
oR & oR% i .
>3 Haw, -3 > i 53 = S = ),
=1 m=1 =1 m=1
- OR() W ©
l 0 i(1
Z Z 8a plmq + Z Z m Wplmq S;(q )()‘q =)
=1 m=1 N I=1 m=1
k k
R w© BRzm W
Z Z a)\ plmq Z Z plmq 5pq5pia
=1 m=1 l-—l m=1
£k
Ry W aRz ©
Z 3,\1 Woimg + Z Z “ Wplmq =
=1 m=1 =1 m=1

For compact notation, denote ky = k(k — 1)/2. The Jacobian matrix is

J =
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Post-multiply J on the right by the matrix
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where p; < q1 < k, ordered as p1gy = {11,22,...,

obtain

[1 0 0

0 1 0

06 - 1

JY =1 1((-) i
Pl‘h()‘th )‘px)

gfgl ()‘th - )‘Pl)

(k-
_SP1(!11 1)(0)()‘611 - ’\Px)

(1)
WP222q2

(1)
szkqu

(1)
sz 12¢2

(1)
sz 13g2

(1)
iw, pak(k—1)g2

(0)
WPz 12q

(0)
sz 13q2

(o)
W, 2’€(k 1)gz

0 0

52(1)

z(D)

The first k terms in the bottom left matrix involving Sp,q; (A, —

Il?gzlllg ()‘112 - A

quz ()‘qz -

k{k—
szfqz nm (’\qz - )‘P2)

(B.10)

kk,12,13,.. . ,k(k—1),...}, and p2 < g3 <k, to

0

4 (B.11)
Pz)

:Dz)

Ap, ) will vanish as we have ordered

the p1g; to start with p; = ¢;. The remaining terms which are the permutations of p; < ¢; < k will

not vanish. One can take the determinant of both sides,
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. = . .
;ggg (Ag = Ap,) e Sggqg (Aga — Apa)
2(1
det(JY) = det gégz (qu ~ Apa) T pﬁql ()‘qz = Apy)
ik~ (ke
- S ;qu 1)(0)0\@ - }im) T SP2(<i2 n (qu - /\\;32) 3 (B 12)
Spim SiY
| 9 | | s
H (AGJz _' )\P2 )2] det
2,92 : : ;
s | gk

Since detY = 1 [Meh67], we have an expression for the Jacobian matrix of the transformation.

B.2 Derivation of marginal probability density function of similarity

It is not straightforward to integrate over the eigenvalues, X;, from (4.30) to get the marginal
joint pdf of 0 and @ because of the domain of integration of the eigenvalues, 0 < Ay < A < .
However, in the case where the channels are balanced in power, (i.e. that the diagonal elements of
the covariance matrix are equal), one can derive the probability distribution of 8. In this case, the

exponential trace expression for the joint pdf in (4.30) can be written as

-1
2 2 el
—Tr(UJf o aépe U A 0 )

a?pe”i® o 0 X (B.13)
_1—pcos(é—¢) sm(29) 1+ pcos(d — @) sin(26) A
- o?(1-p?) M- , o?(1—-p?) >

The required integral thus becomes,

AT (Ad2)™2(A — Ag)? sin (20)
0) / / —r QWI‘(H)F(R - 1)(5132)‘”
1 —pcos(d — @) sm(29) 14 pcos(d — ¢)sin(26) '
exp( 0.2(1 — ) 02(1 — ﬂz) )‘2) dédrad s,

(B.14)

where we recall, from (4.5), that s; and sy are the eigenvalues of the underlying covariance matrix

R.
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We claim that the integrand of {B.14) is symmetric in Ay and A;' under the condition that one
conducts integration over 6. Although one sees this symmetry in the term outside the exponential,
the exponential argument appears asymmetric. Note that (B.14) is periodic in &, and that integration
over § does not depend on ¢. To understand the independence from ¢, recall that cosz achieves all
its possible values over the interval z € [¢, ¢ + 27) no matter the value of ¢. In fact, all values are
achieved twice except for the two zero-measure extreme points where it evaluates to 1. Thus one

can write,

f(cos(6 $))dd = f(cos 8)ds

-

—-n/2
= 2/0‘ f(cos8)dd + 2/ flcosd)dé

-

/2 /2
2/ f(cos&)dé + 2 f(cos(é — m))dd
0 0

I

w/2 /2
2/ flcosd)ds + 2 F(—cos{d))dé
0 0

/2
= 2/0 [f(cosd) + f(—cosd)]dd

The above equivalence can be used to rewrite (B.14) as

AT (A A2)" 2 (A — Ag)? sin (26)
o(0) = / / —x 22T ()0 (n — 1)(s152)"
1 — pcos ésin(209) 1+ pcosdsin(26)
[e"p(’ R ) (519
1+ pcosdsin(29)
rer(-ER

1 — pcosdsin(20)
o?(1-p?)

AL — Az)}ddd)\ld)\g,

which, upon inspection is revealed to be symmetric in Ay and Ag. Because of this symmetry, the
integration limits may be taken to be [0, 00) for both Ay and Ay with subsequent division by two.

Integration over the eigenvalues in (B.14), using

/:oa:"‘le‘ﬁxz %Z—), B>0eR (B.16)

leads to the following expression

sin(20) [F(n +HMn-1) Tml(n)  Te-1Oln+1) (B.17)

4m(s182)"T(n)T{n ~ 1) Artlpn-1 AnBr An—1pnti ’

lie. a function of the form, f(A1, A2) = F(A2, M1).
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where,

_1- pcos(d — &) sin(26)

4 2
o?(1 - p%)
g = L+ pcosé — ¢)sin(20) (B.18)
- o?(1-p?) '

One can rearrange the terms to get

sin(20)F'(n)I'(n -1
fo.4(6,9) = 4#(3132)”§‘(72)I‘((72 —-(I)A"LB"'H
. sin{26)
 4n(o?(1+ p)o?(1 - p))"(AB)H
_ sin(26) (o (1 — 2)?)"*1
 4n(ot(1 - p?)™(1 — p? cos?(8 — ¢) sin®(26) )7+
_ sin(260)(1 — p?)" ot (1 - p?) (2n — 1)p? cos? (6 — ¢)sin(26) + 1
~ 27((1 — p? cos?(8 — ¢) sin®(26))n+1 ad(1 - p2)2
_ sin(260)(1 — p?)"

— 27((1 — p? cos?(8 — ¢) sin(26))n+1
_ sin(260)(1 - p?)™

27 ((1 — p? cos?(d — ¢) sin?(26))n+1

in — n2\n

= s pz C(E:f()d(l_ ¢§’ szn2(20))N+1 [(1 = 2n)[1 — p? cos?(§ — ¢) sin®(20)] + 2n]
_ (1—2n)(1 - p?)"sin(26)
" 27 (p? sin® 20)(p~2 sin~2 20 — cos?(§ — ¢))™
" 2n(1 — p?)" sin(260)

27 (p? sin® 20)7+1(p=25in ™2 20 — cos?(8 — )+

[A%n + B*n — 2AB(n — 1)]

[A%n + B?n — 24B(n - 1)]

[A%n+ B?n - 2AB(n — 1)]

[(2n — 1)p® cos®(§ — ¢) sin®(26) + 1]

[(2n — 1)[0° cos®(§ — ¢) sin®(20) — 1] + (2n — 1) + 1]

(B.19)
Integration over ¢ using

4 1
—x (a® — cos?(8 — 8y))

—df = 2ma~*"3Fy(n,1/2;1;a72) (B.20)

leads to the marginal pdf for 8

fo(6) = (1 — p*)" sin(26)

: [Zn 2F1(1+7,1/2;1; 0% 5in®(20)) + (1 — 2n) 2Fy(n, 1/2;1; % sin®(26)) | (B.21)
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B.3 Joint distribution of similarity and phase

One can also calculate the joint probability density function of € and 4. From (4.30),

fon(8.6) = sin (26) / ~ / N A = e BRdN,  (B22)
JOAY, QWF(TL)F('H — 1)(3152)” 5 o 1A2 i 2 2 is .
where
1 —pcosésin(26) _ 1+ pcosdsin(20) o
S (o R (s B (529

Transformation of A; and Ay into spherical-polar coordinates gives

sin (26)
2nT(n)C(n — 1)(s182)"

fea(8,6) =

w/d  poo .
/ / (r? cosasin @)™~ 2r?(cos o — sin ) 2e A e+ Bsina)qrdg.  (B.24)
0o Jo

Evaluation of the integral over r leaves

. /4 : n-—2 — i 2
sin (26)1'(2n) )n / (cosasina)* *(cosa — sina) do. (B.25)
0

foa(8,0) = 27L(n)T(n — 1)(s152 (Acosa + Bsina)®®

It is useful to multiply the numerator and denominator of the integrand by (cos a)~%" and to write

the integral in terms of the tan(c) function as

B sin (20)T(2n) /”/4 (tana)™2(1 — tana)?sec? o
Joa(6,0) = 27T(n)T(n — 1){(s182)" Jo (A + Btana)?® da, (B.26)
because one can then change variables using u = 1 — tana to get
fon(6,5) = sin (26)[(2n) /1 (1—u)2y? d (B.27)
oA = BT ()T (n — D(s182)" (A + B)2" Jo (1— Bu/(A+B)2r '

By definition, the above integral is a Gauss hypergeometric function, definition {9.111) in [GROO]

The final result is thus

foa(8,6)= %F(n)r(;if (12)9();;5@ ATE 25((:;21)) 2Fy(2n,3;m +2; B/(A + B))
_ s (@)l (n+ 1/2)(1~ )"

2w3/20(n + 2)

(B.28)

2F1(2n,3;n + 2; (1 + peos §sin(26))/2).
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B.4 Marginal probability distribution of unitary phase
The derivation for the marginal probability density function of the unitary phase follows from
section B.3. However, after the unitary transformation, the factors A and B are seen to be
_cos?9 | sin®9 _cos?9 | sin®®

A= + , B=—r+ . (B.29)
81 83 82 51

The unitary transformation corresponds to a unit Jacobian, and integration over § countributes 27.

One thus finds that the probability density function of the unitary phase is given by

2sin(20)I'(2 " - in? 2
sin(29)T'(2n)(s182)" T'(n 1)2F1(2n,3;n+2; sz sin® ¥ + 51 cos? ¥

Fo0) = T - 1)1 + 52 T T 9) 51+ 5

) (B.30)

B.5 Marginal probability density function of the eigenvalues

The group of unitary transformations with the Haar measure allows the Lebesgue integral to be
defined over the group, thereby leading to a meaningful mathematical definition of the probability
measure for the eigenvalues and eigenvectors of the sample covariance matrix [Gir90]. One critically

important quality of a Haar measure is its invariance under group transformations. That is [Gir90],

/U dU = /U dLU, (B.31)

where L is some arbitrary unitary transformation. One way to understand this is to view the group
of unitary matrices as complete and thus integration over the whole space does not depend on the
starting point of integration. An analogy is the integration of cos?z over a connected interval of
length 7. The answer clearly does not depend on the starting point of integration. How the Haar
invariance is useful is in the fact that one might as well consider the covariance matrix R as diagonal.

The required integral, from (4.30), is therefore

_ Qgm0 — 2)?
Fria0(As, o) = QWP(HZ)P(T& - 1)(51;)”

( stt 0 M 9> (B.32)
-Tri Ut U
T pm/2
// sin {26)e
-7 J0

0 s L0 M s
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Expansion of the trace relation yields

s;t 0 MO
Tr(UT ! ul|™ ) = (1\-1- + 53) cos? 6 + (i\—l + ﬁz—) sin’ 6, (B.33)
0 82—1 0 }\2 81 83 89 81
L

showing that integration over J is trivial as there are no § terms. By ignoring the constant part of

the integrand for the moment, the 9 integral can be written as

I= / in (20)e do, (B.34)
0
and evaluates to
1 A 2o LS ]
e () 55

After substituting this result back into (B.32), one finds that

Faiae(A1, A2) =

APINDT2 _ \n-2)n-l [ ESRIPSY ,a_ﬂ
e f1 s —g s s B.36

(81— s2)T(m)T(n — 1){(s189)"~1 ( )

The final step in the marginalization is to integrate over one eigenvalue to get the marginal pdf of

the other. Let us first integrate over A;. The domain is 0 < Az < A; < co. As such, the following

will be a typical integral

o0
/A M=le=M/Ba) = BET(k, \y/B), (B.37)

2

where B > 0. This integral is called an incomplete gamma function. The result of the integration

over Ap is

_ (Aafs2)m e/ 2D (n, Ao fs1) (51 Aa/s
fas(ha) = : F(zn)I‘(n ~1){(s1 — 822) (:s-; h nz- f)
3 (A2/51)"2e™22/51T(n, Ao/ s2) (f_g_ 3 )\2/51>

P(n)T(n —1){s; — s3) s1 n—1/

(B.38)

B.6 Marginal joint distribution of the unitary phase and 4,

In this section, the marginal joint distribution of A2 and the unitary phase is computed. Given
that the unitary transformation contributes a Jacobian of one, the transformation of (4.30) can be
expressed as

sin (29)

foaa,4,(9,8,A1, 22) = 2aT{(n){n — 1){s152)

—(A1d2)" "2 (Ar = Ag)Pem AN T BAz (B.39)
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where A and B are defined in (B.28). The integral over & contributes 2n. Consider only the

integration over Aq,

sin (209) ee

T = Disa) Jy, O A = 20ade +25)e™ 17 aA,. - (B.AD)
2

fﬁ/ﬁg (ﬁ’ )\2) = r

This can be written as

Fonu (8, 3g) = sin (29) A2emBrz [y 4 _é_ 2[ (B.41)
ST A2 = T(n)T(n — 1)(s182)" " 2 *TdA) ¢ |
where
o
I= / AT 2emAM gy, (B.42)
Az

I can be written in terms of the incomplete gamma function (formula 8.350 in [GRO0]) which, in
turn, can be written in the form of the degenerate hypergeometric function of the second kind
(formula 8.351 in {GROQ])

I=e M2)\2"1g(1,n; A)y). (B.43)

Thus, the joint distribution can be written as

_ sin (29) 2n—3_—Blz d s —AXg .
f,gAg('ﬁ, Az) = I‘(n)I‘(n— 1)(8152)"/\2 e (/\2+ dA) e ¥(1,n; AlXg)
sin (29) )\2"~16~B>‘2(1 + d )ze‘A'\Q‘I’(l,’n; Alg)

T T (n— 1)(s180)" 2

- sin (29) 2n—1_—Bg d ‘
= r(n)r(n_1)(5132)n>\2 e (14 )% ¥ (Ln;2)

_ sin (24) 2l —BAs 2 a2 .
BRI A

2sin (29) el (g™ lag=l
= An=le=(s77 45022 9(3 n + 2; Ady),
T = Disrsg)™ 2 ( 2

dAX,

B.44
r=Alg ( )

:E=AA2

where we have used that

a%‘ll(a, byz) = —a¥(a+1,b+1;2). (B.45)

This differentiation formula can be found in [AS70], formula 13.4.22.

B.7 Hyperbolic detector probability distribution

Recall the joint distribution of unitary phase and the second eigenvalue

2sin (249) 1

~(s7 455 1) A0 .
ORCEN S ¥(3,n+2; Adg) (B.46)

fons (9, h2) = T
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By making the change of variables

(COS2 9  sin?®
U= +

> )\2, v = Az. (B.47)
81 83

The Jacobian introduced by this transformation is given by

Ou,v) | 1 1
00 0) vsin 2¢ gl £ (B.48)
therefore the transformed random variables have a joint distribution given by
2 n—2_—(s7 +s5 v
fuv (uv,v) v e TS V(3 n 4+ 25 u). (B.49)

T T()T(n - 1)(55 " — 5 )(s18)"

The limits for the new random variables now become squ < v < syu where, by definition, s; > s3
and 0 < u < 0.

By again using (B.43), integration may be conducted over v with the following result

213, n 4 2u)
fulu) = I'(n)I'(n — 1)(s1 — s2)

Sle—uT‘rR/s1 (s2/51)"¥(1,2n; uTrR/s1)

— g~ WTTR/s2 (s1/32)"%(1, 2n; u’IYR/sz)]. (B.50)

B.8 Derivation of eigenprojection probability distribution

Hecall that the eigenprojection metric is given by

my = 53[A1(1 —cosd5in(26)) + Az(1 + cos § sin(28))] — s2[A1 (1 + cos § sin(28)) + A2 (1 — cos § sin(26))].

(B.51)
To compute the probability distribution of this metric, we return to the joint probability distribution
of eigenvalues and eigenvectors, (4.30). However, before doing so, it behoves the derivation to
rewrite (B.51) in terms of the independent unitary phase random variable. To this end, make the

substitution:

edm g cos ¥ e?¥sind i 1 cosd  elfsing
(B.52)

1
0 eI e i%gind —cosd V2 1 —1] |esin@ —cosé



Expansion of the right side yields

1 lcosf+egind e/ %sind — cosb
— _ . , (B.53)
V2 cos@ — e ¥ sinh e"’sin@—&»cos@_l
and for equality with the left side, we must have that
2cos? §-= (cos @ 4 cos 5 sinB)? + (— sinfsin §)?
=1+ cos 6 5in(26) (B.54)

cos(29) = cos é sin(20).

The invariance of the Haar measure ensures that the Jacobian is sin(29)/ sin(26). Equation (4.30)

becomes

__sin(219)(/\1)\2)""2()\1 - )\2)2
fz\1,)\2,19,50(/\17>\27197(p) - 27TF(TL)I‘(7Z"1)(5152)"

exp(—-i_— [,\1(1 _ peos(29)) + Ao(1+ pcos(?z?))] )

(B.55)

o?(1 - p?)

Since (B.55) does not depend on ¢, it can immediately be integrated out leading to a factor of 2.

The metric transforms into
my = s1{A1(1 — cos(29)) + Az (1 + cos(29))] — s2[A1 (1 + cos(29)) + A2 (1 — cos(28))]. (B.56)

By making a further transformation

u = — cos 2¢, (B.57)

one finds that

-2 — 2 _
Prnedn A, 9) = 2(;(12)212(72 f)\f)(sfz))n exp(dz 7 = 5 l»\l(l + pu) + da(1 ~ pu)] ) (B.58)

and

my = s1 Al + 1) + Aa(1 +u)] — saA (1 — w) + (1 + w))
. (B.59)

=20%[(M(p +u) + Az(p — u)]
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The next step invelves making the following transformation

my = 202[(A1(p+ ) + Moo — u)]

Ao = A (B.60)
A=A
which produces a Jacobian of
a(mly }‘2a Al) _ 2
B(Al,)\z,u) = I2U (A1 )\z)l (Bﬁl)

Given that A1 > A3 > 0, the absolute values bars are unecessary. The probability distribution of
the eigenprojection metric is given by the marginal distribution of m,. To compute this marginal
distribution, one needs to compute the domains of integration for Ay and Xy which have changed
due to the transformation. To this end, consider three possible values of m_ fixed. From the first

equation in (B.60), one sees that

_m da(up)
276 +w T wrs)

A (B.62)
For any value of m,, a linear relationship exists between A; and Mg, the slope of which depends
onu. Asu increases from —1 to 1, for my = 0, it becomes clear that these lines in the Ay X Ao
plane trace out a fan shape around the origin as illustrated in figure B.1. It is a straightforward
matter to show that the intercept of (B.62) and A; = Ag is independent of u and given by Ay =
my /(4po?) = my /(2(s1 — s2)). Thus, for any value of m, the fan shape in figure B.1 opens up on
the line Ay = Ag at the point Ay = A = my /(2(s1 — s2)). Tt opens in a counter clockwise direction.
Recalling that we must have A; > Ay > 0 leads to the illustrations of figure B.2 for my < 0 and
figure B.3 for my > 0. Clearly, the most complicated integral occurs for m, > 0 since it must be

split into two parts. The expression for the marginal distribution of 7, is given by
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Figure B.3. Domain of integration for A; and Ay when my > 0.

where

(B.64)

A2 (A — A A A
Frs iy Oy Ay ) = —— QA2 (s — da) ( 1 m”’)

402T' (n)(n — 1)(s182)" P\ TR T2

The probability density function can be re-written in terms of a single integration using the upper

incomplete gamma function [GROO]:

fu, (my)= eXP(“ 25152 AT(n)D(n — 1)(s152)"
2
[I‘ (n.;_l,f_lﬁ_.ﬂi;..) _22‘31-‘ (n sidz  my ) +_2_Z_F (n—l 1Ay My )] Dy

S90? 28902 o? " 8902 28002 5902 28402

A
mJ_P) /oo e——-;%)\g—QUQn
[

(B.65)

for my < 0 while for my > 0 the distribution function is
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m A
mip) /’2(51—-325 6_;&/\?—202"

28152

Sy (myi)= exp(-

28102 5102

-"% )\n—2 2n

0 40T {(m — 1){(s189)"
S9dg  my )\2 82>\2
Tn+1, 22 —25r +
$10

A
1522+mi)

' 5102 1 285302

(-23132) /_{_H A0 () (n — 1)(s182)"

8§1A2 my Ao 8142
Tny1, 302 —222p (g, 02
[ (n * 8902 28202) o2 (n 5902

125

Jax

31)\2 _ my >ji dAz

SQG" 2820‘2

(B.66)



APPENDIX C

RECEIVER OPERATING CHARACTERISTICS FOR VARIOUS
NUMBER OF LOOKS

The receiver operating characteristics (ROCs) for a range of phases and the number of locks have
been computed for the Gaussian target case (Swerling type II). These ROC plots follow. Thresholds

were calculated for the three metrics and are listed in table C.1

looks | subtractive DPCA | A, ATI phase
2 1.1756 0.2245 | 2.9881
3 0.9285 0.1933 | 1.8007
4 0.7957 0.1725 | 0.9657
5 0.7113 0.1581 | 0.7025
6 0.6522 0.1474 | 0.5723
7 0.6083 0.1391 | 0.4919
8 0.5741 0.1325 | 0.4375
9 0.5465 0.1271 | 0.3971
10 0.5239 0.1226 | 0.3648
11 0.5048 0.1187 | 0.3400
12 0.4884 0.1154 | 0.3189

Table C.1. Thresholds for the subtractive DPCA metric, the Ay metric and the ATT phase metric.
Pr=10"% p=0950%=1,
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APPENDIX D
MOMENTS OF Z = EXP (J¥)

In this appendix, the moments of the probability distribution function of the complex exponential
of the ATI phase are developed.

First rewrite the phase pdf (2.17) as a combined expression. The first term can be written as

T'(n+1/2)(1 - p?)"B (1 - 2) wiln+1/2+1)
/() (1 — B +i/D §:W+1 NONES (D-1)
and the second term can be written as
(- 2) _Qa- p2) o 2 L(n+1)
Equations (D.1) and (D.2) have very similar form. Indeed,
; Tin+1) Iy I'(n+1)
1a(®) = zfr(n [Z s TU+1/2) Z 75 T+ 1/2)}
:(1__ 2nZﬁlF +l/2). (D.3)

Qﬁf(n)

Note that, because of the cosd term in 3, the phase pdf is an even function. Furthermore, because
the limits of ¥ are —7 < & < 7, the first term in (2.17) must integrate to zero (there are two
anti-symmetry axis for cosé at § = —n/2 and § = n/2).

The Jacobian introduced by the variable transformation is

L (D.4)
z
and one can write
1+ 2%
cos(6) = 5 (D.5)
The o moment of z is given by,
—af1 - p2\n Rl o 2yi
¢ B & OT(E) -
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where the contour of integration, C, is the unit circle as shown in figure D.1. Upon changing the

pdf-axis

z Re

Contour of integration Jzi=1

Figure D.1. Contour of integration, pole at z =0, order [ — o + 1.

order of integration and summation, one must evaluate

il — 2y B 231
o= et 2 gt §, e ¢ ©7)
ml(n) & 2AT(4) Jo =z
A pole of order | — o+ 1 exists for the integral
(1 + 22)!
I= %(‘J ';T:EIT dz. (DB)

For [ < a— 1, the Cauchy integral theorem for analytic functions means that the integral evaluates

to zero. For [ > « — 1, however, the residue of the pole is

1 d—e 2
a“l-gl—%l“(l—a+1) dzl-a{(1+z ) } (D.9)

A binomial expansion of (1 + 2%)! leads to

AVC(ED)
“l”i%r(l*a—u)z()mw ; (D10

and in the limit z — 0, the only term that survives is { +a — 20 = 0. Thus,
PP S R T (D.11)
T Ti—a+1) '
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Therefore,

, 27§ 0(1 + 1)
g D.12
T N EE DTG A ) .-
and,
L _O=AER Tt l- /20 +1-a) (D.13)
[+ F(’!’L) 22! a[‘(l -+ (1 - a)/Q)F(Z -+ 1)F(l —a+ 1) o

where the substitution { = 2] — o has been made. Note that the sum must start at [ = a. By
applying [Spi64]
222710 (2 + 1/2)T(2) = /70(22), (D.14)

one obtains,

_ A=) ol = 0/200 1= 0/2)

O+t —at+D) (D.15)
and, finally, by noting that
) = I‘(c o~ D +0T(b+1)
2Fi(a,b;62) = 1+ ) 2 Z T DT D) (D.16)
one obtains
_Ll+a/T0 +0a/2) , 2yn : .2
Io(n,p) = T+ )T (m) p(1 — Y Fi(n+a/2,1+a/2;1+ a5 p%). (D7)

D.1 Special cases

To calculate the higher order moments, the integral representation of the hypergeometric function
is used, e.g. [ASTO}:

1
aF{a, by z) = W%((‘?‘:—E)_[) 2711 - 1)1 — t2) 7%t (D.18)

Alternatively, closed form expressions for the even moments® can be computed by repeated applica-
tion of Gauss’ relations for contiguous functions of the form 2 Fy{e + m,b + n; ¢+ [; z) with integral

m,n,l [ASTO0].

1%y the even moments m = 2k, k = 1,2,3, ..., all of the coefficients of the hypergeometric function are integers.

135



D.2 Even multi-lock moments
As an illustration, the method shall be cutlined with the moment of order four. The required

integrations are

1 1 1
I:/ t2(1—t)(1~tz)“""2dt:/ tg(l—tz)‘"‘zdt—-/ $3(1 — tz)"" 24, (D.19)
0 ]

1]

where each of the two integrals may be evaluated by solving the integration by parts, in some cases,
repeatedly. Special care must be taken when doing the integrations to avoid division by zero which
can occur for special cases of n. After some algebraic manipulation and recombination, the moment

for the particular case m = 4 is given by

J—P—43—Plln(1— +——7/-’— ifn=1,

Is(n, p) = - 4(1p2p ) _ 6(1;f )2 In(1 — ) — 2_(1_;2&2)_"’ ifn=2, (D.20)
4(1—p? 6(1—p%)> 402 —2np2 ~6)(1~p2)"
- pé(nfl)) + p‘*(rs-zf(rz—l) + ,,4(71”_2)(,)1(,1)” - elsewhere.

Similarly, the moment of order two is given by

1+1—;{Zln(1—p2) ifn=1,

I(n,p) = 1-2)" 4 (np?~1
L"('?T—'lﬁr_l elsewhere.

(D.21)

D.3 Expectation of integral odd number of looks
For special cases of odd moments, it is also possible to calculate closed form solutions, e.g. the
mean value of Z for integral n. Inserting m = 1 into the hypergeometric function in (6.2) and using

the differentiation identity [AS70] (p. 557, 15.2.3) yields

oFi(n+1/2,3/222) = %1{7% ;Zd—:; [zn-I/ngl(m, 3/2;2; z)] . (D.22)

Using the integral representation (D.18) and the identity in Gradshteyn [GROO] (p. 263, 3.141, 14),

the hypergeometric function on the right hand side can be expressed as

PRSI i ) B [t
2F1(1/2,8/2:22) = r(3/2)r(1/2 12/ (t—i)/t—l/z,

'—Z (K(v2) -E(Va), (D.23)
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where K (-} and E(-) denote the complete elliptic integrals of the first and the second kind. Using
the functional relationships between elliptic integrals of Gradshteyn [GRO0] {p. 855, 8.123, 2. and

4.) the n-th derivative of (D.23) can be calculated. As an example, the first derivative is given as

d 1 E(J/z
212 wva-2wh)| = = | S A, (D.24)
which leads to the one-look mean value of
R(1,e) = 5 (B(e) = (1= ) K a) (D.25)
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