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Abstract

The use of moment-closure methods for the prediction of non-equilibrium gas flows offers

many modelling and numerical advantages over traditional methods. In particular, the

maximum-entropy family of moment closures has been found to be very successful, offering

models described by hyperbolic systems of balance laws. Unfortunately, most maximum-

entropy closures cannot be expressed in closed form. The only affordable option is to propose

approximations which are presently only available for a limited number of moments. Other

Grad-based moment closures have been proposed. However, almost all of them suffer from

questionable modelling assumption or numerical difficulties. Fortunately quadrature-based

moment methods have been shown to produce accurate, globally hyperbolic models. The

resulting moment systems maintain balance-law form and can be constructed to be Galilean

invariant for arbitrarily large number of moments, making them an excellent alternative.

The present work starts by reviewing key concepts of kinetic theory and moment closure,

followed by a non-exhaustive litterature review of the main ideas developped in the last

decades. Then three journal articles, constituting this thesis by contribution, are included.

The first article shows the potential of moment closures to produce reliable quantum hydro-

dynamic models. As an initial investigation, a maximum-entropy approximation was used

to predict the time evolution of a Gaussian wave packet in phase space, allowing for a better

understanding of the advantages and drawbacks of the method for situation where quantum

effects are significant. The second paper investigates a new technique for the construc-

tion of globally hyperbolic closures. A new orthogonal-polynomial-based moment closure

hierarchy (OPMC) covering the even-order closures is also presented. The accuracy of the

new hierarchy is accessed using numerical solutions of Riemann problems along with strong

shock-wave calculations. Finally, the applicability of this novel hierarchy to plasma physics

is investigated in the third paper. Discretized solutions of the Vlasov-Poisson-BGK system

of equations are compared against solutions of the moment systems for two canonical plasma

problems featuring both the collisional and collisionless regimes.
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Chapter 1

Introduction

In many engineering applications, during the design process, approximate solutions of

complex physical problems are required in order to optimize performance and evaluate de-

sign criteria. Theoretical analysis, while being considered as a strong method owing to its

universality, has limited applicability to real engineering problems because of the generally

simple assumptions involved. Conversely, obtaining solutions through experiments is highly

expensive and requires extensive time and resources, especially if an iterative design strat-

egy is used. The use of computational methods to solve complex physical problems through

discretization of governing equations allows for reliable solutions that, in turn, can be used

in the design process. The efficiency and performance of computational methods depend on

many factors such as the computational mesh, the numerical discretization and the choice of

the physical models. Even if rigorous selection of numerical methods is of great importance,

this work focuses primarily on the accurate construction of governing equations. When

dealing with hydrodynamic systems, depending on the flow characteristics and scale of the

problem, different physical phenomena need to be considered in order to provide an accurate

description.

Hydrodynamic models based on moment methods have gained in popularity over the past

decades, finding interest in many areas of physics and engineering. For example, gas flows

in the transition or rarefied regime are relatively common. Microscale flows, high-altitude

flight and space capsule re-entry are all examples of applications occurring in these regimes.

Particle-based models, such as Direct Simulation Monte-Carlo (DSMC) [1], and models based

on directly solving the Boltzmann equation, such as discrete-velocity methods [2], have had

success predicting non-equilibrium flows in strongly rarefied regimes. Unfortunately, these

methods often carry a prohibitively expensive computational cost especially when aiming for
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time accurate calculations. On another note, the rapid advancement in the field of microflu-

idics and nanotechnology is another driving factors of this growing interest [3, 4, 5, 6, 7].

The derivation of reliable and affordable many-particle quantum models is thought to be key

for the development of a new generation of efficient technologies. Unfortunately, few models

successfully predict the time evolution of such quantum systems. Direct numerical solutions

of the Schrödinger or the Wigner equation can be computationally expensive, especially for

many-body systems.

Fortunately, moment-closures offer potential advantages for both classical and quantum-

mechanical systems, as compared to existing methods [8, 9, 10, 11]. Moment closures are

usually based on an assumed form of the velocity distribution function (VDF) describing

the phase-space probability distribution of particles. The set of partial differential equations

(PDEs) associated with moment-closure methods are significantly less expensive to solve than

particle-based and direct-discretization methods. Moment-closures offer a set of first-order

hyperbolic balance laws that can accurately predict states far from local thermodynamic

equilibrium. Their first-order nature promises numerical advantages, such as a decreased

sensitivity to mesh quality [12]. This is advantageous when dealing with complex geometries

that are typical of practical problems. The requirement for the evaluation of only first

derivatives also offers the possibility for an extra order of spacial accuracy for a given stencil.

The two most popular families of traditional moment-closure methods are the Grad hier-

archy [8] and the maximum-entropy hierarchy [13, 9, 10]. The Grad closures, unfortunately,

have a very restricted region of hyperbolicity and are not sufficiently robust, even for moder-

ate departure from equilibrium. The Grad closures are also not guaranteed to yield strictly

positive velocity distribution function due to the polynomial nature of the assumed VDF.

The maximum-entropy closures hierarchy, on the other hand, can more robustly give flow

predictions for states that are far from equilibrium. They also guarantee a strictly positive

distribution function. However, due to the specific form of the VDF, the closing flux cannot

be integrated in closed form thus requiring approximations that are currently only available

for a limited number of moments. Moreover, it was found that there are physically realizable

moment states for which the entropy-maximization problem does not have a solution. In

those regions, closing fluxes are singular [14, 15]. More recently, a number of new families

inspired by either the Grad or maximum-entropy closures have been introduced. Almost all

suffering from questionable modeling assumptions, limiting their applicability. For exam-

ple, Struchtrup and Torrilhon have proposed regularized extensions for the thirteen-moment

Grad closure [16]. These closures aim to extend the physical validity of the Grad closures

through the addition of higher-order derivatives at the cost of the hyperbolic, first-order
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structure. Alternatively, Cai et al. have proposed a hyperbolization technique that leads

to robustly hyperbolic Grad-style closures at the expense of balance-law form [17, 18]. As

more recently demonstrated by Fox and Laurent, quadrature-based methods, on the other

hand, offer more flexibility in producing stable globally hyperbolic moment equations while

yielding a system in balance-law form [19, 20].

1.1 Thesis Goals

The goal of this thesis was originally to investigate the potential of moment closures

as robust and accurate quantum hydrodynamic models. This led to the publication of

the first journal article outlining the need for higher-order hyperbolic moment closures.

The observations made from this paper coupled with the growing interest in quadrature-

based closure led to the second journal article. In this paper, a new technique for the

construction of hyperbolic moment systems in balance-law form is presented. New closures

are shown along with a novel hierarchy covering the even-order moments, effectively filling

the gap between the previously discovered quadrature-based hierarchies. Finally, the third

paper included in this work studies the applicability of this new hierarchy for the prediction

of low-temperature plasma flows. This investigation is done using two canonical plasma-

physics problems. First, ions in a stationary electric potential are considered, allowing for

a better understanding of the underlying behavior of the new closures along with their

limitations. Linear Landau damping is also studied in both the collisional and collisionless

regimes identifying the advantages and drawbacks of the moment methods for plasma flows.

1.2 Structure and Scope of the Current Study

This thesis is structured as follows. First, a brief overview of kinetic theory and moment

closures is presented in Chapter 2. This is followed by the first journal publication included

in Chapter 3. The original contribution of this paper is mainly the use of an approximate

maximum-entropy moment closure to the Wigner equations. This study allows for a better

understanding of the capacities and limitations of moment methods as accurate models

for quantum systems. The second journal article, presented in Chapter 4, investigates the

global hyperbolicity conditions of one-dimensional quadrature-based closures. The original

contributions of this work include the development of a novel technique for the construction

of 1D globally hyperbolic moment closures along with a new hierarchy of closures covering the

even-order moment systems. The accuracy of the new hierarchy is assessed by comparing

numerical results of Riemann problems and strong shock-wave calculations to discretized
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solutions of the Boltzmann’s equation. Finally, Chapter 5 contains the last published article

of this thesis. The original contribution consists of an investigation of the applicability of the

new hierarchy, introduced in Chapter 4, to low-temperature plasma problems. Finally, in

Chapter 5, conclusions are summarized and possible avenues for future work are identified.
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Chapter 2

Kinetic Theory and Moment Closure

On a macroscopic scale, gases are huge collections of interacting particles. These particles

are usually separated by distances considerably larger than their own range of interaction.

For classical gases, knowledge of the particle positions and velocities, assuming spherical

particles with no internal degrees of freedom, is sufficient to determine the gas state. Fur-

ther information is needed when dealing with polyatomic gases. Nonetheless, the particles

trajectories can be calculated using Newtonian mechanics. For gases at atmospheric con-

ditions, one cubic meter contains on the order of 1025 particles, rendering the tracking of

each individual particles prohibitively expensive. One alternative, proposed by Liouville in

1838 [21], was to use a probability density function, P , to describe the state of the gas.

The time evolution of this probability density function is governed by Liouville’s equation.

Unfortunately, when considering a system with N particles, the function, P , describes the

state in 6N dimensional phase-space, making direct discretization of Liouville’s equation

unfeasible for most practical cases. Luckily, the detailed description of Liouville’s equation

is not necessary if only macroscopic properties are of interest.

In 1872, Boltzmann published an evolution equation for the so-called one-particle (or re-

duced) distribution function [22], denoted F in this work, where the phase-space of the gas is

reduced from 6N to only 6 independent dimensions. Boltzmann’s new formalism was based

on several assumptions. First, only binary collisions are considered, assuming that the gas

is sufficiently diluted. Secondly, the mean free path, λ, characterizing the average distance

between inter-particle collisions is much larger than the effective range of inter-molecular

forces. Finally, the positions and velocities of particles before collision are uncorrelated;

which is called the molecular chaos assumption. Originally introduced by Maxwell [23], this

assumption is directly related to Boltzmann’s H-theorem [22]. Without going into extensive
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details, the H-theorem states that the entropy of any Boltzmann gas will increase with time

before reaching a state of maximum-entropy, which is described by the Maxwell-Boltzmann

distribution (Maxwellian), denoted M. For further information references are available here,

[24, 25, 26]. However, for most gas processes, even Boltzmann’s description is too detailed.

Direct discretization of his evolution equation is still very computationally involved. Another

level of abstraction is therefore needed. Moment methods are a promising approach for the

description of non-equilibrium and moderately rarefied gas flows. Moments equations are

derived directly from the Boltzmann equation, integrating over all velocity space, effectively

reducing the phase-space to three dimensions. The resulting system only describes the evo-

lution of the gas macroscopic properties instead of the distribution function. Figure 2.1,

depicts different available mathematical models along with their respective solution method.

Starting from molecular dynamics, effectively solving Newton’s law for each individual par-

ticles, hierarchical assumptions are listed leading all the way to the Euler equations.

In classical fluid mechanics, the microscopic structure of the fluid is relatively unimpor-

tant, due to the fact that the molecular nature of fluids exist on scales which are much

smaller than the characteristic scale of the studied problem. This large separation of scales

leads to microscopic fluctuations that “average out” over the scale of the problem. In this

situation, knowledge of the smallest scale structure is not necessary to provide accurate so-

lutions. However, if the dimensions of molecular processes become larger in comparison to

the problem characteristic length scales, this averaging process may not be possible and the

microscopic behavior of the gas becomes important. This is typically characterized using

flow regimes. The different flow regimes are controlled by inter-particle collisions. This

collisional effect is quantified by the Knudsen number,

Kn =
λ

L
, (2.1)

which is defined as the ratio between the mean free path and a representative length, L.

As shown in Figure 2.2, for very low Knudsen number, the scale associated with molecular

processes are much smaller than the problem characteristic lengths. This is known as the

continuum regime. In this regime traditional fluid-mechanic techniques, such as the Navier-

Stokes-Fourier equations, are valid. In the limit where, Kn → 0, the velocity distribution

function can be shown to be Maxwellian, and the Boltzmann equation reduces to the Eu-

ler system. On the other hand, for much larger Knudsen numbers, collisional effects are

negligible and the details of gas-particles dynamics become paramount. This so-called free-

molecular regime is typically well approximated by particles methods such as DSMC. For

flows in the transition regime, traditional equations are invalid and particle based methods
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Physical description Mathematical model Solution method

Deterministic molecular Newton’s Law Molecular dynamics
f = ma

~w�

Probabilistic molecular Liouville equation DSMC
P(xij, vij, t), j ∈ [1, N ]

binary collisions
ww� molecular chaos

Boltzmann’s equation Direct solution
F(xi, vi, t)

ww� thermodynamics

Hydrodynamic continuum Extended hydrodynamics Direct solution

moment methods
ww�

ww� Champan-Enskog

expansion

Moment equations Burnett equations Direct solution

small deviation
ww� from LTE

Navier-Stokes-Fourier equations Direct solution
∂tU +∇ · F = ∇ · (D∇U)

ww� local equilibrium

Euler equations Direct solution
∂tU +∇ · F = 0

Figure 2.1: The hierarchical assumptions starting from molecular dynamics leading all the
way to the Euler equations.
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Continuum Transition Free-Molecular

10−7 10−5 10−4 10−3 10−2 10−1 100 101 102 103 104

Kn

Figure 2.2: Flow regimes with respect to the Knudsen number

are often prohibitively expensive. Moment methods have been shown to be particularly well

suited to tackle problems in this regime.

2.1 The Distribution Function

The classical kinetic theory of gases relies on a statistical representation of the gas par-

ticle velocities. Instead of tracking every single particle, a velocity distribution function,

F(xi, vi, t), is used. This function lives in 6-dimensional phase-space and describes the den-

sity of particles in the neighborhood of a position, xi, with a velocity, vi, at a time, t. The

exact form of this distribution varies vastly depending on the gas state. The most well-known

distribution function is the Maxwell-Boltzmann distribution,

M =
ρ

m

(
ρ

2πp

) 3
2

exp

(
− ρ

2p
(vi − ui)(vi − ui)

)
, (2.2)

where ρ is the mass density of the gas, p is the pressure, m is the particle mass, ui is the

flow bulk velocity and vi is the particle velocity. The random velocity, ci = vi−ui, is defined
as the difference between the particle velocity and the flow bulk velocity. As mentioned

above the Maxwell-Boltzmann distribution statistically represent gases that are in local

thermodynamic equilibrium. For non-equilibrium gases, the exact form of the associated

distribution function is generally not known.

In order to determine the macroscopic properties of a gas defined by a particular distri-

bution function, velocity moments must be taken. This involves multiplying the distribution

function by a velocity weight and integrating over all velocity space. For example, the mass

density, ρ, is found by taking m, the molecular mass as weighting function,

ρ =

∫∫∫

∞
mF(xi, vi, t)d

3vi = ⟨mF⟩ (2.3)
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Other examples of commonly used moments include

ρui = ⟨mviF⟩ ,
Pij = ⟨mcicjF⟩ , (2.4)

Qijk = ⟨mcicjckF⟩ ,
Rijkl = ⟨mcicjckclF⟩ ,
Sijklm = ⟨mcicjckclcmF⟩ . ,

where, Pij = pδij−τij represents the anisotropic pressure tensor, defined as the difference be-

tween the thermodynamic pressure, p, and the deviatoric stresses, τij. The third-order tensor,

Qijk, is the generalized heat-flux tensor. The heat-transfer in a given direction is equivalent

to half of the corresponding trace of the heat-flux tensor, qi =
1
2
Qijj . For monatomic gases,

the thermodynamic pressure is obtained by averaging the diagonal entries of the anisotropic

pressure tensor, p = Pii/3. The notation, ⟨·⟩, is used to represent integration over all

velocity space. Moments of the full particle velocity or convective moments are denoted,

Un = ⟨mvivj · · · vnF⟩ while random-velocity moments are denoted Vn = ⟨mcicj · · · cnF⟩.
Higher-order moments, such as Rijkl and Sijklm represent high-order statistics of particles

velocities. In this way, moments of any arbitrary order can be defined. However, tradi-

tional macroscopic properties tend to be associated to low-order moments. The physical

significance of higher order moments are less obvious.

2.2 The Boltzmann Equation

The time evolution of the distribution function, F(xi, vi, t), is governed by the Boltzmann

equation,
∂F
∂t

+ vi
∂F
∂xi

+
∂ (aiF)

∂vi
=
δF
δt

. (2.5)

Here, ai is the particle acceleration due to external forces. These forces can include gravity,

electromagnetic fields, and others. The term on the right-hand side of Eq. (2.5) is the collision

operator, which models the effect of inter-particles interaction on the distribution function.

Following the assumptions that only binary collisions of identical particles occurring on a

scale that is much smaller than the mean free path, that a single collision does not noticeably

affect the distribution function, and that the particles velocities are statistically independent
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(molecular chaos), it is possible to express the collision term as,

δF
δt

=

〈∫ 2π

0

∫ π

0

(F ′F ′
1 −FF1) gσ sinχdχdϵ

〉

v′i

, (2.6)

where F and F1 are the distribution functions of the two particles undergoing a collision at

particle velocities vi and v1i, while F ′ and F ′
1 are the distribution functions of the two particles

post collision with particle velocities v′i and v′1i. The particles’ relative speed pre-collision

is expressed as g = |vi − v1i|, σ is the differential collision cross-section, χ is the deflection

angle and finally ϵ is a solid angle integrated around a particle undergoing collisions [26, 27].

This particular operator possesses many interesting properties. It can be shown to con-

serve mass, momentum and energy, and to increase the entropy monotonically until the

distribution function becomes a Maxwellian. More importantly, it can be shown to satisfy

the second law of thermodynamics. This can be easily shown by taking moments of the

Boltzmann equation using the velocity weight

W = −k ln F
y
, (2.7)

where y is a normalizing constant, leading to,

∂

∂t

〈
−k ln F

y
F
〉
+

∂

∂xi

〈
−k ln F

y
viF

〉
+

∂

∂vi

〈
−k ln F

y
aiF

〉
=

〈
−k ln F

y

δF
δt

〉
. (2.8)

Neglecting any acceleration and further defining the variable S =
〈
−k ln F

y
F
〉
, as well as its

flux, Ψi =
〈
−k ln F

y
viF

〉
and its production term Φ =

〈
−k ln F

y
δF
δt

〉
, the expression can be

simplified to a transport equation,

∂S

∂t
+
∂Ψi

∂xi
= Φ . (2.9)

By further assuming an isolated system where the boundary flux of S is zero, the rate of

change of S can be expressed as,
∂S

∂t
= Φ . (2.10)

By observation of the production term, Φ, after substituting Eq. (2.6) into the right-hand

side of Eq. (2.8) and performing some classical manipulations [27], it can be seen that it is
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always greater than zero,

Φ =
k

4

〈〈∫ 2π

0

∫ π

0

ln
F ′F ′

1

FF1

(F ′F ′
1 −FF1) gσ sinχdχdϵ

〉

v′i

〉

vi

≥ 0 , (2.11)

since g and σ are always greater than zero, χ is positive for the integration interval 0 ≤ χ ≤ π

and the terms ln
F ′F ′

1

FF1
and (F ′F ′

1 −FF1) are only negative at the same time. In fact, S

represents an entropy and the production term, Φ is always greater than zero in Eq. (2.10).

In this case, entropy is always generated and the second law of thermodynamics is satisfied

[22].

As one can see, the collision operator contains high-dimensional integrals which gener-

ally cannot be evaluated in closed form. For many applications, however, it is possible to

use simplifying collision models, such as the relaxation-time BGK model, first proposed by

Bhatnagar et al. [28],
δF
δt

= −F −M
τ

, (2.12)

where τ is a characteristic relaxation time and M is the Maxwellian with the same mass,

momentum, and energy densities. The BGK model moves the distribution function, F ,

towards equilibrium at finite time scale, τ . This time scale, defined as the inverse of the

collision frequency, is very small when dealing with gases in the continuum regime as inter-

particle collisions dominate. On the other hand, τ goes to infinity in the free-molecular

regime when collisions can be neglected. One of the major drawbacks associated with the

BGK collision operator is the incorrect Prandtl number, which can be shown to be 1, whereas

experimental values for monatomic gases are close to Pr = 3/2. More sophisticated collision

operators, such as ES-BGK [29], are necessary to recover a correct Prandtl number. A study

comparing the accuracy of different collision operators is readily available [30].

2.3 Maxwell’s Equation of Change

The Boltzmann equation is high-dimensional, with three dimensions in physical space,

three dimensions in velocity, and one time dimension. Directly solving this equation requires

numerical discretization in both physical and velocity space, resulting in a method that is pro-

hibitively expensive. Fortunately, for most practical problems, all the information obtained

by solving the Boltzmann equation is not necessary. In most cases, it is sufficient to only

solve for a desired set of macroscopic properties. A system of equations controlling the evolu-

tion of these macroscopic properties (moments of interest) can be derived by taking velocity
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moments of the Boltzmann equation. A vector, W = [1, vi, vivj, vivjvk, · · · , vivjvk···vp]T, is
defined containing the velocity weights associated with each moment such that the solution

vector, U , is defined as,

U = ⟨mWF⟩ .

A system of equations for the moments evolution can be derived as,

〈
mW

(
∂F
∂t

+ vi
∂F
∂xi

+
∂ (aiF)

∂vi

)〉
=

〈
mW δF

δt

〉
.

For the purpose of this derivation, the collision operator is replaced by the BGK model (Eq.

2.12), 〈
mW

(
∂F
∂t

+ vi
∂F
∂xi

+
∂ (aiF)

∂vi

)〉
=

〈
−mW F −M

τ

〉
.

Since the position, xi, and velocity, vi are independent, the velocity space integrals can be

moved inside the space and time partial derivatives allowing for further simplifications,

∂

∂t
⟨mWF⟩+ ∂

∂xi
⟨mviWF⟩+

〈
mW ∂ (aiF)

∂vi

〉
= −1

τ
[⟨mWF⟩ − ⟨mWM⟩] . (2.13)

By using a simple chain rule and assuming that the acceleration, ai, is not function of the

particle velocities, one can derive the form of Maxwell’s equation of change that is used in

this work,

∂

∂t
⟨mWF⟩+ ∂

∂xi
⟨mviWF⟩ = −ai

〈
mF ∂W

∂vi

〉
− 1

τ
[⟨mWF⟩ − ⟨WM⟩] . (2.14)

The resulting number of equations in the system is the same as the size of the velocity weight

vector. For simplicity, Eq. (2.14) is often written as,

∂U

∂t
+
∂Fi

∂xi
= S +C , (2.15)

where U is the solution vector, Fi is the flux, S is a source term taking into account the

particle accelerations and C is the collision source term. By using the chain rule, Eq. (2.15)

is often written,
∂U

∂t
+

dFi

dU

∂U

∂xi
= S +C , (2.16)

where dFi

dU
is the flux Jacobian. The eigenvalues of the flux Jacobian correspond to the wave

speeds of the system, denoted λ. If the eigenvalues of the Jacobian are strictly real and

distinct, then the system is said to be strongly hyperbolic and information propagates at

12



finite speeds. When dealing with first-order balance laws, hyperbolicity is paramount to

ensure the well-posedness of the system. This criteria is discussed extensively in Chapter 5.

Unfortunately, only taking velocity-moment of the Boltzmann equation cannot naturally

lead to a closed system of equations. This is because the time evolution of a given moment

always depends on the spacial divergence of a moment that is one order higher in velocity;

such that at least one member of the flux vector is unknown. An infinite number of moment

equations would therefore be needed to have a closed system. Techniques to artificially

truncate this infinite set of moment equations are called moment closures.

2.4 Moment Closure

Many moment closures have been introduced over the past decades. The strategy used

to close the system has a huge impact on the resulting moment equations. In this section, a

non-exhaustive list of the main ideas is presented. One traditional idea, first introduced by

Grad, assumes the form of the distribution functions to be a polynomial expansion around a

Maxwellian. Alternatively, the maximum-entropy technique relies on using the distribution

function that maximizes the Boltzmann entropy, a measure of likelihood, of the distribution.

Some more recent techniques, such as the ϕ-divergences closures are based around an approx-

imation of the original maximum-entropy idea. Finally, the quadrature-based closures use

weighted quadrature methods to approximate the distribution function. The work presented

in this thesis only treats one-dimensional systems. However, for completeness, the following

section favors a full three-dimensional description.

As mentioned in the previous section, only taking velocity moments of the Boltzmann

equation cannot lead to a closed system of equations. One method used to obtain a closed

system of equation is to assume the form of the distribution function. This allows one

to relate the higher-order moments to the lower order moment of interest. This assumed

distribution function must have the same number of free parameters, α, as there are moments

in the solution vector (macroscopic properties of interest). The free parameters are chosen so

that they are in agreement with the known moments, as given by Eq. (2.4). It then becomes

possible to directly integrate the closing fluxes, using the assumed distribution function. The

obtained closing fluxes naturally become a function of the known moments. However, as is

demonstrated in the second journal article, assuming the form of the distribution function

is not always needed. The construction of quadrature-based closure only relies on a set of

restrictions forcing the resulting moment system to be hyperbolic and maintain balance-law

form.
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2.4.1 The Euler Equations

As a first example, the well-known compressible Euler equations describing inviscid,

adiabatic gas flows are presented. They are described here as a set of five moment equations.

For which the associated velocity weight vector is, W = [1, vi, vivi]. Note that the number

of velocity weights is always equal to the number of unknowns in the Maxwellian which are

ρ, ui and p.

∂

∂t
⟨mF⟩+ ∂

∂xi
⟨mviF⟩ = −1

τ
(⟨mF⟩ − ⟨mM⟩) (2.17)

∂

∂t
⟨mviF⟩+ ∂

∂xj
⟨mvivjF⟩ = −1

τ
(⟨mviF⟩ − ⟨mviM⟩) (2.18)

∂

∂t
⟨mviviF⟩+ ∂

∂xj
⟨mvivivjF⟩ = −1

τ
(⟨mviviF⟩ − ⟨mviviM⟩) . (2.19)

As explained previously, the spacial divergence term in Eqs. (2.18) and (2.19) contains mo-

ments that are not part of the known moments of interest and therefore the system is not

closed. Closure is obtained by choosing a form for the distribution function, relating the clos-

ing fluxes to the known lower-order moments. If one chooses the Maxwellian as distribution

function, F = M, the Euler equations are recovered,

∂

∂t
(ρ) +

∂

∂xi
(ρui) = 0 (2.20)

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj + pδij ) = 0 (2.21)

∂

∂t
(ρuiui + 3p) +

∂

∂xj
(ρuiuiuj + 5puj) = 0 . (2.22)

Since the distribution function can be integrated directly, the closing flux can be determined,

⟨mvivivjM⟩ = ρuiuiuj + 5puj . (2.23)

Here, it is important to note that Eq. (2.22) is double the traditional energy equation. It

is written this way for consistency with other closures shown in this work. As already well

known, the Euler equations are only valid for inviscid flows with no heat-transfer. This

demonstrates the need of a more complex distribution function with a larger velocity weight

vector allowing to model a larger set of macroscopic properties.
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2.4.2 The Grad Hierarchy

Perhaps the most well-known moment closure technique is the original hierarchy devel-

oped in 1949 by Grad [8]. The assumed form of the distribution function consists of a

Hermite polynomial expansion around the equilibrium distribution,

F = (α0H0 + αiHi + αijHij + · · · )M , (2.24)

where the Maxwellian is a function of the local density, bulk velocity, and pressure. In

Eq. (2.24), the αi1,i2,··· ,iN are the closure coefficients depending on lower-order moments,

while the Hi0,i1,··· ,iN are Hermite polynomials. These polynomials are defined as,

Hi0,i1,··· ,iN =
1

M
∂N

∂ci0∂ci1 · · · ∂ciN
M . (2.25)

where N is the order of the polynomial. These polynomials form an orthogonal basis with

respect to the Maxwellian distribution function, that is

∫∫∫

∞

Hi0,i1,··· ,iNHj0,j1,··· ,jMM dcxdcydcz = 0 for i0, i1, · · · , iN ̸= j0, j1, · · · , jM . (2.26)

The coefficients multiplying the Hermite polynomials, α, are consistant with the moments

of interest. The number of coefficient must be equal to the number of moments in the

solution vector. In the original work of Grad [8], both the 13- and 20-moment closures

were considered. These moment systems include a treatment for the heat-flux vector Qi and

the generalized heat-flux tensor Qijk respectively. Extensions to more moments have been

considered [31, 26], since their inclusion is generally assumed to yield better approximations.

As an example, the Grad 13-moment closure is constructed. This closure has the ability

to model both the viscous stresses and heat-transfer. The associated distribution takes the

general form,

FG13 = (α0 + αiHi + αijHij + αijjHijj )M , (2.27)

where the system of equations is generated using the velocity weight vector W = [1, vi, vivj,

vivjvj]. The corresponding random-velocity moments of interest are V = [ρ, ui, Pij , Qijj ].

The first four Hermite polynomials can be calculated as,

H0 = 1 ,

Hi = −ρ
p
ci ,
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Hij =
ρ2

p2
cicj −

ρ

p
δij ,

Hijj = −ρ
3

p3
cicjcj + 5

ρ2

p2
ci .

By taking moments of the distribution, one can show that the coefficients need to be

α0 = 1 ,

αi = 0 ,

αij =
Pij − pδij

2ρ
,

αijj = −Qijj

10ρ
,

in order to agree with the known moments. The resulting distribution function can now

be inserted into Maxwell’s equation of change (Eq. 2.14), assuming no particle acceleration.

This leads to a set of thirteen PDEs,

∂

∂t
(ρ) +

∂

∂xi
(ρui) = 0 (2.28)

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj + Pij ) = 0 (2.29)

∂

∂t
(ρuiuj + Pij ) (2.30)

+
∂

∂xk
(ρuiujuk + uiPjk + ujPik + ukPij

+
1

5
(Qillδjk +Qjllδik +Qkllδij )) = −3Pij − Pkkδij

3τ
∂

∂t
(ρuiujuj + uiPjj + 2ujPij +Qijj ) (2.31)

+
∂

∂xk

(
ρuiujujuk + 2uiujPjk + uiukPjj + ujujPik + 2ujukPij

+ uiQkjj + ukQijj + 2uj
1

5
(Qillδjk +Qjllδik +Qkllδij ) +

(
7
p

ρ
Pik − 2

p2

ρ
δik

))

= −3Qijj + 2 (3Pikuk − Pkkui)

3τ

The first equation is the conservation of mass, the following three are the conservation

of momentum. The next six describe the conservation of energy decomposed into modes

associated with different directions. Finally, the last three describe the evolution of the

energy flux, including the heat transfer vector, Qi.
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However, if one is only interested in the evolution of the following moments V = [ρ, ui, p],

the associated Grad distribution function with the Hermite polynomial H0, Hi and Hii is,

F =

(
α0 − αi

ρ

p
ci + αii

(
ρ2

p2
cici − 3

ρ

p

))
M . (2.32)

By computing the coefficients α0, αi and αii so that they are in agreement with the moment

of the solution vector,

α0 = 1 , αi = 0 , αii = 0 , (2.33)

one can see that the resulting distribution function is simply the Maxwellian. This shows

that the Euler equations are the lowest-order member of the Grad hierarchy.

Although Grad-type expansions result in a closed set of transport equations for a given

set of moments, the assumed distribution function can, in many cases, be non-physical.

Due to the polynomial nature of the distribution, it can yield negative probabilities for

some values of the particle velocity; leading in some cases to negative mass densities. More

significantly, there are realizable moments arbitrarily close to equilibrium for which the

resulting moment equations are not hyperbolic [18]. This lost of hyperbolicity happens when

the eigenvalues of the corresponding flux Jacobian are complex valued. As a consequence, the

moment equations become ill-posed for initial value problems. Researchers have proposed a

regularization to extend the mathematical robustness of the closures, consequently adding

non-conservative terms into the moment system [17, 18].

2.4.3 The Maximum-Entropy Hierarchy

Instead of a polynomial, series-expansion technique as proposed by Grad [8], the maximum-

entropy hierarchy selects the form of the distribution function that maximizes the Boltz-

mann entropy while remaining consistent with the macroscopic moments of the solution

vector [13, 9, 10]. This closure technique is equivalent to choosing the most likely distri-

bution function that corresponds to a given set of moments. It has been shown that such

choice leads to closures that have many desirable mathematical properties. Mathematically

this optimization problem is expressed as,

max
F

⟨−(F lnF − F)⟩ such that U = ⟨WF⟩ , (2.34)

where, ⟨−(F lnF − F)⟩ is the Boltzmann entropy. This optimization problem is usually

solved using the method of Lagrange multipliers. A vector of Lagrange multipliers, α, is
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defined and the constrained maximization is recast as an expanded unconstrained problem,

where one searches for a critical point of,

L = ⟨− ((F lnF − F)⟩ −αT (U − ⟨WF⟩) . (2.35)

The critical point of the Lagrangian function is defined as the point where ∂L
∂F = 0,

∂L
∂F = ⟨− lnF⟩+αT ⟨W⟩ = 0 ,

〈
lnF −αTW〉

= 0 . (2.36)

By observation, Eq. (2.36) is satisfied by distribution functions of the form

FM.E. = eα
TW , (2.37)

where α is the vector of free-parameters, which are also the Lagrange multipliers, and W is

the associated velocity weights vector.

The distribution function associated with this technique ensures a positive number den-

sity for all velocity space. Closures of this type also have an elegant proof of hyperbolicity

for the resulting PDEs [32]. However, as shown by Junk [14], there exists state for which

a maximum-entropy distribution function cannot be constructed. Moreover, due to the

specific form of distribution function, the closing flux cannot be integrated in closed form,

thus requiring approximations, which are currently only available for a limited number of

moments.

The first two members of the maximum-entropy hierarchy are the 5-moment and 10-

moment closures. In both cases the distribution function is an exponential of a second-order

polynomial in velocity. The 5-moment closure leads to the compressible Euler equations. The

10-moment distribution function can be obtained using the velocity weights,W = [1, vi, vivj],

resulting in,

F =
ρ

m (2π)3/2 (detΘ)1/2
exp

(
−1

2
Θ−1

ij cicj

)
, where Θij =

Pij

ρ
. (2.38)

When the distribution function is used in Maxwell’s equation of change (Eq. 2.14) it results in

a system of ten hyperbolic equations describing the transport of the macroscopic quantities
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ρ, ui and Pij,

∂

∂t
(ρ) +

∂

∂xk
(ρuk) = 0 (2.39)

∂

∂t
(ρui) +

∂

∂xk
(ρuiuk + Pik) = 0 (2.40)

∂

∂t
(ρuiuj + Pij ) +

∂

∂xk
(ρuiujuk + uiPjk + ujPik + ukPij ) = 0 . (2.41)

It is important to note that the third-order random-velocity moments are zero, ⟨mcicjckF⟩ =
0 rendering the model unable to account for the effects of thermal diffusion (i.e. the transport

of translational particle energy by random particle motion). This closure has been proven

to be very accurate and successful for flow prediction in both the continuum and transition

regimes [33, 34, 35, 36, 37]. However, its inability to model heat transfer greatly limits its

applicability.

The next two members of this family are the 14-moment and 21-moment closures. The

distribution functions associated with these two closures are an exponential of a fourth-

order polynomial, allowing for some skewness or asymmetry in the distribution function

and therefore granting the closure the ability to predict non-zero heat-flux. Unfortunately,

due to the fourth-order nature of the polynomial, αTW , the closing fluxes are impossible to

integrate in closed form. To obtain the closing fluxes at each flux calculation, one needs to use

an iterative procedure that requires repeated numerical integration over all velocity space.

This iterative procedure consists of solving the entropy-maximization problem numerically

in order to solve for the coefficients, α, contained in the distribution function and then

numerically integrate the closing fluxes. Commonly, a Newton search is used to solve this

problem, for which convergence appears to be challenging in some instances. This procedure

is prohibitively expensive and cannot practically be used as it requires many 3D numerical

integrations on infinite domains whenever a flux is needed.

Approximations for the closing fluxes of both the 14- and 21-moment closures were pro-

posed by McDonald and Torrilhon [32] and Giroux and McDonald [38]. The approximation

is robust and hyperbolic for a one-dimensional gas. However, both extensions to three-

dimensions, while being accurate, are not as robust and lose hyperbolicity for some physically

realizable states.
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2.4.4 The φ-Divergences Closure

A more recent closure, inspired from the maximum-entropy hierarchy, has been proposed

by Abdelmalik and van Brummelen [39]. The φ-divergences closure is based on an approxi-

mation of the exponential function allowing direct integration. The standard limit definition

of the exponential states that

exp(f) = lim
n→∞

(
1 +

f

n

)n

≈
(
1 +

f

N

)N

, (2.42)

where f is an arbitrary function. Unfortunately, the resulting function is not well-behaved,

in the limit where v → ±∞, the truncated exponential and its derivatives do not decay to

zero. This is essential in order to obtain finite macroscopic properties. Furthermore, for odd

values of N , the resulting function allows for negative regions, which can result in negative

mass densities. To preserve the properties mentioned above, a modified approximation of

the exponential is required. One such approximation is the q-exponential [40],

ẽxpq(f) = [1 + (1− q)f ]1/(1−q)
+ , (2.43)

where q ̸= 1 and [f ]+ = 1
2
f + 1

2
|f | represent non-negative part of the function f . The q-

exponential and the truncated limit definition of the exponential are related when 1−q = 1
N
,

ẽxpq(f) =

[
1 +

f

N

]N

+

. (2.44)

The proposed distribution function for the φ-divergences closure is

FN = M ẽxpq(α
TW) = M

(
1 +

αTW
N

)N

+

, (2.45)

where α and W are the free parameters and the velocity weights respectively and M is a

Maxwellian distribution that pre-factors the q-exponential approximation. Pre-factoring by

a Maxwellian ensures a decay to zero as v → ±∞. The values for the free-coefficients, α, are

found by performing a Newton search using the moments. This closure leads to a hyperbolic

set of equations with a strictly positive distribution function. When a value of N = 1 is

chosen, a Grad distribution is recovered. Conversely, when a value of N → ∞ is chosen,

the resulting distribution function corresponds to the one that maximizes entropy. However,

the major drawback of this method is that the Maxwellian used in this description needs to

be constant in space and time to conserve hyperbolicity, greatly limiting the applicability of
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this method.

2.4.5 Quadrature-Based Moment Closures

Quadrature-based moment closures have gained in popularity in recent years. They are

known to produce robust and globally hyperbolic closures. First introduced by McGraw [41]

in the context of aerosol dynamics description, Fox later developed the QMOM [42] closures

covering the even-order moment systems, then with Laurent, the HyQMOM hierarchy [20]

covering the odd-order moment systems. This method is central to the work presented in

this thesis and will be discussed in great length in Chapter 4. Consequently, a brief overview

is presented here. In general, for a one dimensional gas, quadrature-based moment closures

approximate the velocity distribution function as a weighted sum of Dirac deltas,

F =
i=n∑

i=0

Wiδ(v − ζi) (2.46)

where, ζi, is the position of each quadrature point and Wi is the associated weight. The

weights are linked to the known moments through,

V W = U , (2.47)

while the flux is computed as,

F = V ΩW = V ΩV −1U , (2.48)

V =




1 1 1 · · · 1

ζ0 ζ1 ζ2 · · · ζn

ζ20 ζ21 ζ22 · · · ζ2n
... · · · ...

ζn0 ζn1 ζn2 · · · ζnn



, Ω =




ζ0 0 0 · · · 0

0 ζ1 0 · · · 0
... 0

. . . 0
...

0 · · · 0 ζn−1 0

0 · · · 0 0 ζn



. (2.49)

However, simply choosing the quadrature points in terms of the known moments, U , such

that they are real valued, does not necessarily produce a hyperbolic set of moment equations.

For most cases, the quadrature points will not agree with the system wave speeds found

through the eigenvalues of the flux Jacobian. For hyperbolicity to occur the system wave

speeds denoted, λ, are required to be the quadrature points, that is ζ = λ, allowing the flux
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Jacobian to be written as,
dF

dU
= V ΩV −1 . (2.50)

Satisfying this requirement for any number of moments has proven difficult. Chapter 4

introduces a novel technique for the construction of globally hyperbolic one-dimensional

quadrature-based moment closures along with a new hierarchy of even-order moment sys-

tems.

Multi-Dimensional Quadrature-Based Distribution Function

In the case of multi-dimensional distribution functions, the quadrature points cannot be

obtained through a direct method, as is possible for one-dimensional distribution functions.

When the distribution function spans multiple dimensions, a choice of quadrature points

with strictly positive weights appears to be challenging. Furthermore, the resulting model is

not guaranteed to be hyperbolic. A method must be used to solve for the quadrature points

while insuring positive weights, realizability, and hyperbolicity. Such methods have been

proposed by Fox [43], the most successful ones being the conditional quadrature method of

moments (CQMOM) [44] and the extended quadrature method of moments (EQMOM) [45].

These methods preserve all previously mentioned desired properties in a way that is not too

extensively expensive to compute.

2.5 The Chapman-Enskog Method

Another popular strategy to simplify the Boltzmann equation into fluid models is to use

a Chapman-Enskog expansion. This method was developed independently by Chapman [46]

and Enskog [47], where it is assumed that the distribution function can be expressed as an

expansion around the equilibrium state, allowing some deviation from the Maxwellian,

F = M(f0 + ϵf1 + ϵ2f2 + ϵ3f2 + · · · ) , (2.51)

where ϵ is a “smallness” parameter and the functions, fi, are of the same order. This assumed

form of the distribution can then be substituted into the Boltzmann equation (Eq. 2.5),

assuming no acceleration field is affecting the particles,

∂

∂t

(
M(f0 + ϵf1 + ϵ2f2 + ϵ3f2 + · · · )

)
+ vi

∂

∂xi

(
M(f0 + ϵf1 + ϵ2f2 + ϵ3f2 + · · · )

)
(2.52)

= − 1

ϵτ̂

(
M(f0 + ϵf1 + ϵ2f2 + ϵ3f2 + · · · )−M

)
.
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Note that τ = ϵτ̂ has been defined since τ , the mean free collision time, is also assumed to

be small. One can then multiply Eq. (2.52) by ϵ and collect terms of the same order,

Mf0 −M
τ̂

+ ϵ

[
∂

∂t
(f0M) + vi

∂

∂xi
(f0M) +

f1M
τ̂

]
(2.53)

+ϵ2
[
∂

∂t
(f1M) + vi

∂

∂xi
(f1M) +

f2M
τ̂

]
+ ϵ3

[
∂

∂t
(f2M) + vi

∂

∂xi
(f2M) +

f3M
τ̂

]
+ · · · = 0 .

The first member of this hierarchy is obtained by only considering the zeroth-order term,

Mf0 −M
τ̂

= 0 , (2.54)

leading to f0 = 1 and F = M. As shown previously, this distribution function leads to the

compressible Euler equations.

The first-order expansion is more involved. For the second member of this hierarchy, the

terms of order ϵ are considered,

ϵ

[
∂

∂t
(f0M) + vi

∂

∂xi
(f0M) +

f1M
τ̂

]
= 0 . (2.55)

This provides an expression for the first-order correction, f1, where f0 = 1,

f1 = − τ̂

M

[
∂M
∂t

+ vi
∂M
∂xi

]
. (2.56)

Substituting into Eq. (2.51) and keeping the first-order terms allows the kinetic equation to

be expressed as,

∂

∂t
(M(1 + f1)) + vi

∂

∂xi
(M(1 + f1)) = −1

τ
(M(1 + f1)−M) . (2.57)

A fluid model can be obtained using the Maxwell’s equation of change (Eq. 2.14) assuming

no particle acceleration,

∂

∂t
⟨mWM(1 + f1)⟩+

∂

∂xi
⟨mviWM(1 + f1)⟩ = −1

τ
[⟨mWM(1 + f1)⟩ − ⟨WM⟩] . (2.58)

The velocity related weights are taken as W = [1, vi, vivj]
T generating balance laws for mass,

momentum and energy,

∂

∂t
(ρ) +

∂

∂xi
(ρui) = 0 (2.59)
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∂

∂t
(ρui) +

∂

∂xi
(ρuiuj + Pij ) +

∂

∂xi
⟨mcicjf1M⟩ = 0 (2.60)

∂

∂t

(
1

2
ρuiuj +

3

2
p

)
+

∂

∂xi

(
ui

[
1

2
ρujuj +

5

2
p

])
+ uj

∂

∂xi
⟨mcicjf1M⟩ (2.61)

+
∂

∂xi

〈
1

2
mcicjcjf1M

〉
= 0 .

One can see that there is no correction of the continuity equation. However, both the mo-

mentum and energy equations display first-order corrections. Using Eq. (2.56), the moments

can be evaluated,

− ⟨mcicjf1M⟩ = τij = τp

(
∂ui
∂xj

+
∂uj
∂xi

)
− 2

3
τpδij

∂uk
∂xk

, (2.62)

〈
1

2
mcicjcjf1M

〉
= qi = −5

2

τpk

m

∂T

∂xi
, (2.63)

where k is the Boltzmann’s constant and T = mp
kρ

is the temperature. The heat-flux agrees

with Fourier’s law if the thermal conductivity is defined as, κ = 5
2
τpk
m
. These equations are

exactly the Navier-Stokes-Fourier equations provided that the viscosity µ = τp.

The Navier-Stokes-Fourier system of equations are accurate for situations in the contin-

uum regime and moderately close to thermodynamic equilibrium. However, when dealing

with problems where the non-equilibrium effects are important, higher-order expansions are

needed. The second- and third-order expansions lead to the Burnett and Super-Burnett

system of equations respectively. Unfortunately, these equations have many drawbacks. The

equilibrium state was shown to be linearly unstable under longitudinal perturbations and are

also frame dependent in rotating coordinates [48, 49]. Furthermore, appropriate boundary

conditions are in general, unknown[50].

2.6 The Wigner Formalism

Departing from classical gases, this section briefly covers the Wigner formalism of quan-

tum mechanics, since it is central to the first presented publication in Chapter 3. The

Wigner formalism finds use in many engineering fields, such as modeling electron transport

in quantum electronics, calculating the static and dynamical properties of many-body quan-

tum systems in quantum chemistry, and investigating waves passing through different media

in signal processing [51]. These many-particle situations are often modeled as a one-particle

system in a statistical mixture of N different states. Each state is described by a wave func-

tion, ψk = ψk(x, t) and is associated with a probability, Pk ≥ 0, satisfying
∑k=N

k=1 Pk = 1. In
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the standard wave-function formulation, the evolution of each state needs to be computed,

often leading to a prohibitive computational cost. However, the Wigner formalism allows

the derivation of a single equivalent Wigner function,

W (x, p, t) =
1

(2πℏ)3
N∑

k=1

Pk

∫
d3y ψ∗

k(x+ y, t)ψk(x− y, t)e2ipy/ℏ . (2.64)

The advantage of the Wigner formalism for many-body situations then becomes apparent,

since the difficulty of solving the equivalent Wigner function does not scale with the number

of different states, as it would for a classical wave-function formulation. However, numerical

solutions of the Wigner function can also be computationally taxing. The high-dimensional

nature of this equation makes the accurate resolution of this equation often prohibitively

expensive for practical applications. The time evolution of the Wigner function is given by

the Wigner equation,

∂W

∂t
+
p

m

∂W

∂x
− dV (x)

dx

∂W

∂p
=

∞∑

s=1

(−ℏ)s
1

(2s+ 1)!

(
1

2

)2s
∂2s+1V (x)

∂x2s+1

∂2s+1W

∂p2s+1
, (2.65)

with m being the particle mass and ℏ the normalized Plank constant. One can observe that

Eq. (2.65) is very similar to the classical collisionless Boltzmann equation. The third term on

the left-hand side is the traditional acceleration term for a force that acts against the gradient

of a potential. The series on the right-hand side contains quantum corrections, with the size

of each successive terms each proportional to ℏs. These terms are therefore only relevant at

very small scales when spacial gradients can become sufficiently large. Fortunately, due to

these similarities, moment of this equation can be taken, hopefully leading to the development

of accurate moment-closures based approximations.
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Chapter 3

First Journal Publication:

Application of Approximate

Maximum-Entropy Moment Closure

to the Wigner Equation

This journal article contains a detailed review of quantum mechanics starting from the

familiar Schrödinger formalism and leading up to the Wigner formulation. The advantages

of the Wigner formulation for the construction of moment equations are shown along with

some preliminary results displaying the advantages and drawbacks of the chosen closure

as a quantum-hydrodynamics model. This paper was the first step of the presented Ph.D

work, allowing better understanding of the challenges posed by accurately describing systems

where quantum effects are important, effectively steering the research topic towards the

development of higher moment hyperbolic methods rather than direct application of already

existing models. The contribution of the co-author, Fabien Giroux, was the implementation

of a Newton search algorithm for the numerical solution of the maximum-entropy distribution

function which was used in Section 4. The code had already been implemented and tested

in the scope of a previous research project, making it a useful and time-saving tool.
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ABSTRACT 
This paper investigates the potential of moment closures as a 
possible path to future quantum hydrodynamics models. 
Moment closures are known to produce accurate predictions 
of continuum and non-equilibrium classical gas flows while 
offering modeling and numerical advantages over other 
commonly used methods. The maximum-entropy hierarchy of 
moment closures holds the promise of robustly hyperbolic 
stable moment equations, however, the predicted distribution 
function in phase space is positive by design, which is in 
disagreement with the quasi-distribution function described 
by the Wigner equation. In this paper, predictions made by an 
interpolative one-dimensional five-moment system are com
pared to direct numerical solutions of the Wigner equation for 
a simple low-energy quantum state in unbounded double- 
well potentials. Numerical solutions for a particle in various 
potentials described by quartic polynomials are presented. 
The capacity of moment methods to provide accurate and 
efficient models for quantum systems is explored.

KEYWORDS 
Hyperbolic moment 
closures; maximum-entropy 
moment closure; Wigner 
equation; quantum 
hydrodynamics   

1. Introduction

The aim of this study is to present an initial investigation into a new 
approach to quantum hydrodynamics based on an approximate maximum- 
entropy moment closure from the kinetic theory of gases. Research regard
ing the development of affordable and robust hydrodynamic models for 
classical non-equilibrium gases has increased in popularity in recent years 
(Abdelmalik and van Brummelen 2016; Cai, Fan, and Li 2013; Fox and 
Laurent 2022; Torrilhon 2016). The rapid advancement in the field of 
microfluidics and nanotechnology is one of the driving factors of this grow
ing interest (Cai et al. 2012; Degond and Ringhofer 2003; Ferry and Grubin 
1996; Frommlet, Markowich, and Ringhofer 1999; Gardner 1994). The der
ivation of reliable and affordable many-particle quantum models is the key 
to the development of a new generation of efficient technologies. 
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Unfortunately, few models successfully predict the time evolution of such 
quantum systems, especially when subjected to unbounded potentials. 
Directly solving the Schr€odinger equation can be computationally expen
sive, especially for complicated many-body systems. Numerical solutions of 
the Wigner equation can be even worse. The high-dimensional nature of 
this equation makes the accurate resolution of this equation often prohibi
tively expensive for practical applications. Other continuum models also 
exist, however, they all suffer from ad-hoc modeling assumptions, which 
greatly limits their reliability. Moment methods present a possible path 
toward affordable and efficient methods.

Moment-based closures applied to the Wigner equation are not new. 
Considerable attempts have been made in the past decades toward approxi
mating carrier transport in semiconductors using maximum-entropy clo
sures (Allegretto et al. 2003; Anile and Muscato 1995; Anile and Romano 
1999; Anile and Trovato 1997). In these works, due to issues related to 
integrating the distribution in closed form, polynomial expansions around 
equilibrium are used. The closures used in these previous works are, there
fore, equivalent to Grad-type closures from classical kinetic theory (Grad 
1949). Such closures are known to lack robustness due to the flux Jacobian 
developing complex eigenvalues arbitrarily close to equilibrium for three 
dimensional situations (Cai, Fan, and Li 2014). Alternatively, this current 
paper investigates the approximate maximum-entropy closure proposed by 
McDonald and Torrilhon (2013), which was shown to produce better pre
dictions of highly non-equilibrium situations. The goal of this paper is not 
to present this maximum-entropy moment closures as a new gold standard 
in quantum hydrodynamics, but rather to demonstrate the solution fidelity 
of a classical moment method applied to quantum systems and motivate 
future development of new methods that are more tailored to problems 
where quantum effects are significant.

1.1. Scope of the current study

Unbounded potentials are omnipresent in the modeling of many quantum 
mechanical systems. This specific subset of potentials is especially relevant 
in simulating quantum tunneling phenomena with applications in many 
areas of physics, chemistry, and nanotechnology (Chen, Xiong, and Shao 
2019; Cordes and Das 2001; Weiner and Tse 1981). Among these poten
tials, the double-well potential, which consists of two minima separated by 
a barrier, has been important in studying quantum state transitions as well 
as the potential energy surface of many hydrogen bonds (Somorjai and 
Hornig 2004). Though such potentials are used exclusively in the present 
work, the method can be applied to any potentials, provided that the 
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potential is described by a differentiable function. A double-well potential 
was used in this study, as it was found to be suitably numerically challeng
ing while remaining relevant in many physical problems.

The observables related to the time evolution of a given non-relativistic 
quantum system are usually calculated through the Schr€odinger equation. 
However, in this paper, the Wigner formalism is adopted due to its structural 
similarity to the Boltzmann equation. Directly solving the Wigner function is 
often not a trivial task. The presence of a non-local and highly oscillating 
pseudo-differential operator coupled with an unbounded potential often poses 
challenges even for well-established solvers (Chen, Xiong, and Shao 2019).

This paper begins with a brief overview of the Wigner formalism 
followed by a review of the maximum-entropy moment closure hierarchy 
with emphasis on the five-moment system adapted to this study. Numerical 
solutions of the Wigner equation for a simple low-energy quantum state in 
various unbounded double-well potentials are presented and compared 
with numerical solutions obtained by the five-moment maximum-entropy 
closure. The probability density, P(x), in position space as well as the 
expected values for the position and momentum are plotted to investigate 
the accuracy of this moment method, as well as to demonstrate the major 
challenges that arise when these moment models are used as the base of a 
quantum hydrodynamic model.

2. Wigner equation and quantum mechanics in phase space

In this section, the Wigner formalism of quantum mechanics for a one- 
dimensional system is presented. Various similarities with the Boltzmann 
equation are also discussed to motivate the use of the maximum-entropy 
hierarchy of moment closures, which is presented in section 3.

In the standard formulation of quantum mechanics, the probability dens
ity, P(x), describing the likelihood of finding a particle at a particular pos
ition at a given time, is given by PðxÞ ¼ wðxÞj j

2, where wðxÞ is the wave 
function of the system expressed in the position basis. The time evolution 
of the wave function is given by the Schr€odinger equation,

i�h
@wðx, tÞ
@t

¼ −
�h2

2m
@2wðx, tÞ
@2x

þ Vðx, tÞwðx, tÞ, 

where V(x, t) is the potential. Knowing wðxÞ, the wave function in momen
tum space, /ðpÞ, can be simply computed through a Fourier Transform as,

/ðpÞ ¼
1
ffiffiffi
�h
p

ð1

−1

dx e−ixp=�h wðxÞ: (1) 
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All integrals in this work are understood to cover the entire space of the 
relevant independent variable.

The probability density in momentum space is defined as, PðpÞ ¼
/ðpÞj j

2
: However, using this formulation, visualizing both probability den

sities simultaneously is inconvenient. It would be desirable to be able to 
visualize both distributions at the same time. Using the Wigner function, 
Wðx, p, tÞ, one can visualize these probabilities simultaneously in phase 
space (Wigner 1932). In general, it is not possible to find a strictly positive 
probability distribution function in phase space for any arbitrary quantum 
state. The Wigner function is thus not a probability distribution function, 
but it is often called a quasi-distribution function due to the fact that it 
allows for negative regions. More importantly, this quasi-distribution can 
be conveniently used to study quantum corrections to classical statistical 
mechanics by linking the wave function to a probability distribution in 
phase space, which is of interest in this work.

The Wigner function is related to the wave function through the trans
form,

Wðx, p, tÞ ¼
1
p�h

ð

dy w�ðxþ yÞwðx − yÞe2ipy=�h: (2) 

Obviously, one of the main goals of quantum mechanics is to calculate 
expectation values associated with physical observables. For the Wigner for
malism to be a complete formulation of quantum mechanics, and not just 
a clever visual tool to better understand quantum states, it must allow for 
the reliable calculation of these physical quantities. Operators acting on the 
Wigner function are obtained through the Weyl transform. The Weyl 
transform, ~Aðx, pÞ of an operator, Â, is defined as,

~Aðx, pÞ ¼
ð

dy hxþ y Â
�
�
�
�x − yi e−2ipy=�h, (3) 

where Â is expressed in position space. The associated expectation value, 
hAi, is then given by

hAi ¼
ð ð

dxdp Wðx, pÞ ~Aðx, pÞ: (4) 

As one can see, the expectation value, hAi, is simply the weighted average of 
the Wigner function with the associated operator as the weight. Interestingly, if 
the Wigner function is integrated over momentum space alone,

ð

dp Wðx, pÞ ¼ w�ðxÞwðxÞ, (5) 

one recovers the probability distribution in position space. Similarly, if inte
grated over x instead, the expression
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ð

dx Wðx, pÞ ¼ /�ðpÞ/ðpÞ, (6) 

gives the probability distribution in momentum space. The expected values 
of the position and momentum can be calculated using Equation (3), where 
the position and momentum operators are taken as ~A ¼ x or ~A ¼ p, 
respectively. That is,

hxi ¼
ð ð

dxdp Wðx, pÞ x, (7) 

hpi ¼
ð ð

dxdp Wðx, pÞ p: (8) 

Many other operators, such as the energy and angular momentum, can 
be defined in the same way.

The equation that describes the time evolution of the Wigner function 
can be derived as follows. First, one takes the time derivative of 
Equation (2),

@W
@t
¼
@

@t
1

�hp

ð

dy w�ðxþ yÞwðx − yÞe2ipy=�h
� �

: (9) 

After swapping the order of differentiation and integration, it is possible 
to replace the derivatives of the wave function using the Schr€odinger equa
tion,

@w

@t
¼

i�h
2m

@2w

@x2 −
i
�h

VðxÞw: (10) 

In the resulting expression, a kinetic and a potential term can be identi
fied,

@W
@t
¼
@WT

@t
þ
@WV

@t
: (11) 

The kinetic term eventually takes the form,

@WT

@t
¼ −

p
m
@W
@x

, (12) 

with m being the particle mass. The potential term can be expanded as a 
Taylor series, provided that V(x) can be expressed as a power series in x,

@WV

@t
¼
X1

s¼0
ð−�hÞs

1
ð2sþ 1Þ!

1
2

� �2s
@2sþ1VðxÞ
@x2sþ1

@2sþ1W
@p2sþ1 : (13) 

The literature on Wigner functions is extensive, the complete derivation 
of the previous relations is available in several review articles and book 
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chapters. For example, a good detailed review of the above derivation is 
given by Case (2008).

The Wigner formalism finds use in many engineering fields, such as 
modeling electron transport in quantum electronics, calculating the static 
and dynamical properties of many-body quantum systems in quantum 
chemistry, and investigating waves passing through different media in sig
nal processing (Weinbub and Ferry 2018). These many-particle situations 
are often modeled as a one-particle system in a statistical mixture of N dif
ferent states. Each state is described by a wave function, wk ¼ wkðxi, tÞ and 
is associated with a probability, Pk � 0, satisfying 

Pk¼N
k¼1 Pk ¼ 1: In the 

standard wave-function formulation, the evolution of each state needs to be 
computed, often leading to a prohibitive computational cost. However, 
the Wigner formalism allows the derivation of a single equivalent Wigner 
function,

Wðxi, pi, tÞ ¼
1

ð2p�hÞ3
XN

k¼1
Pk

ð

d3yi w�kðxi þ yi, tÞwkðxi − yi, tÞe2ipiyi=�h:

The advantage of the Wigner formalism for many-body situations then 
becomes apparent, since the difficulty of solving the equivalent Wigner 
function does not scale with the number of different states, as it would for 
a classical wave-function formulation.

2.1. The Wigner equation for quartic double-well potentials

The scope of this paper is the numerical approximation of the Wigner 
function for low-energy, one-dimensional quantum states in an unbounded 
double-well potential. The Wigner equation can therefore be simplified by 
restricting the potential to those described by quartic polynomials.

The quartic potentials studied in this paper all have the form,

VðxÞ ¼
1
2

v2x2 þ v3x3 þ v4x4
� �

, (14) 

where the parameters v2, v3 and v4 are specified real numbers. These poten
tials have a local maximum at x¼ 0 and have two minima when v2 is nega
tive and v4 is positive. It is important to note that if v3 ¼ 0, the potential 
function is symmetric. The three independent coefficients can be adjusted 
to fit three characteristic geometrical quantities of the potential denoted 
Vmax, V�, and g, as illustrated in Figure 1. Five specific potentials, chosen 
for the current study, have been adopted from Chen, Xiong, and Shao 
(2019) and Somorjai and Hornig (2004).

Since this paper is restricted to only quartic potentials, it is possible to 
evaluate the Taylor expansion shown in Equation (13) as,
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@WV

@t
¼

dVðxÞ
dx

@W
@p

−
�h2

24
d3VðxÞ

dx3
@3W
@p3 , (15) 

where all higher-order terms of the Taylor series are zero. The final form 
of the time-dependent Wigner equation for quartic potentials, as used in 
this work, is

@W
@t
þ

p
m
@W
@x

−
dVðxÞ

dx
@W
@p
¼ −

�h2

24
d3VðxÞ

dx3
@3W
@p3 : (16) 

One can observe that Equation (16), is very similar to the classical 
Liouville (or collisionless Boltzmann) equation. The third term on the left- 
hand side is the traditional acceleration term for a force that acts against 
the gradient of a potential. The term on the right-hand side is a quantum 
correction with size proportional to �h2: It will therefore only be relevant at 
very small scales when d3VðxÞ

dx3 can be large. For general non-quartic poten
tials, other higher-order corrections will exist, but they will be proportional 
to even higher powers of �h: The similarity of the Wigner equation to the 
Boltzmann equation gives hope that moment models, which have proven 
accurate for classical gases, can also be effectively applied to quantum sys
tems described by the Wigner equation.

3. Moment-closure and the five-moment model of the maximum- 
entropy hierarchy

The method of moment-closure descends from the traditional kinetic the
ory of gases, in which a probability distribution function is used to statistic
ally described a gas. Instead of tracking every gas particle individually, 
kinetic theory suggests a distribution function, Fðx, v, tÞ, describing the 
phase-space density of particles. In contrast with the Wigner function, F , 

Figure 1. Illustration of a generic quartic, double-well potential, and the coefficients from five 
quartic double-well potentials used in this work.
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traditionally uses the velocity as an independent variable in place of the 
momentum. These variables are obviously related through p¼mv. In most 
cases, only some macroscopic properties are of interest, and not all the 
information contained in the distribution function is necessary. It is pos
sible to obtain these macroscopic properties by multiplying the distribution 
function by a monomial velocity weight and integrating over all velocity 
space. This process is commonly known as taking moments of the distribu
tion function. For a one-dimensional treatment, the following are examples 
of moments of the distribution function yielding macroscopic properties of 
classical interest:

q ¼
Ð

mFdv ¼ hmFiv,
qu ¼ hmvFiv,
qh ¼ hmc2Fiv,
q ¼ hmc3Fiv,
r ¼ hmc4Fiv,
s ¼ hmc5Fiv:

The notation, h�iv, is used to denote the integral over velocity space. 
This should not to be confused with hxi and hpi, which are the expectation 
values of the position and momentum, respectively.

For a classical gas, the bulk velocity is given by u, while c represents the 
deviatoric velocity, which is defined as c ¼ v − u: The variables q and h are 
the mass density and the temperature. The variable q is double the heat 
flux. The moments denoted by r and s are higher-order moments for which 
there is currently no familiar physical interpretation. For a quantum sys
tem, q, is analogous to the probability density, P(x), while qu give the 
density current, which is often denoted as j. In this framework, the variable 
h refers to the second-order moment of the distribution and is associated 
with the energy. It is not related to the random motion of many particles 
(or the temperature), as it would be for a classical gas. All higher-order 
moments give statistical information regarding the system state, even when 
their interpretation is not familiar.

For a classical gas, the time evolution of the distribution function is 
described by the Boltzmann equation,

@F

@t
þ v

@F

@x
þ
@ ðaFÞ
@v

¼
dF

dt
: (17) 

The second term of Equation (17) represents the convective contribution 
to the time evolution, while the third term describes the accelerating effects 
on the particles due to external fields. The right-hand side of the equation 
represents the effects of inter-particle collisions on the distribution func
tion. For the present work, collisions are neglected.
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While it is possible to numerically solve the Boltzmann equation, it is 
high dimensional. This translates into a large computation cost. 
Fortunately, the number of dimensions can be reduced, since only some 
macroscopic properties are typically of interest. It is possible to take vel
ocity moments of the Boltzmann equation to obtain a set of equations 
describing these properties of interest,

@

@t
hWFiv þ

@

@x
hvWFiv þ

@

@v

*

aW
@F

@v

+

v

¼ 0, (18) 

where W is a vector containing velocity weights corresponding to the 
moments of interest. The same approach can be used to obtain evolution 
laws for statistical information regarding a quantum system. Similarly, one 
can take moments of the Wigner equation, Equation (16),

@

@t
hWWip þ

@

@x
hvWWip þ

@

@v

*

−
1
m

dVðxÞ
dx
W
@W
@v

+

p

¼

*
1

m3
�h2

24
d3VðxÞ

dx3 W
@3W
@v3

+

p

: (19) 

Here, the moments, h�ip, are taken in momentum space. Also, in this 
description, the vector W, contains momentum weights. Unfortunately, 
this method does not lead to a closed set of equations. This is because the 
time evolution of a given moment always depends on the spacial diver
gence of a moment that is one order higher in velocity (or momentum).

One method to close the system of equations is to assume a form for F
or W. The assumed distribution function should contain the same number 
of free parameters as there are moments of interest. The free parameters 
are chosen to be in agreement with the macroscopic properties (moments) 
of interest. It then becomes possible to express the closing moment as a 
function of the known moments by integrating the now-known distribution 
function. The system of equation is then closed.

A promising technique is to select the distribution function that maxi
mizes the classical entropy while still being in agreement with the known 
moments (Dreyer 1987; Levermore 1996; M€uller and Ruggeri 1993). For a 
monatomic perfect gas, the classical entropy density is expressed as 
h−F lnFiv: Maximizing this quantity subject to the moment constraints 
leads to the assumed form of the distribution function being

FM:E: ¼ eaTW , (20) 

where a is a vector of free parameters and W is the vector of weights 
related to the moments of interest. Although the current work is concerned 
with quantum systems, the entropy for a classical monatomic perfect gas is 
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used as a first step. The distribution function of the form shown in 
Equation (20) ensures positive number density over the entire velocity 
domain, which is far from ideal since the Wigner function allows for nega
tive regions in the distribution. Systems of partial differential equations 
(PDEs) resulting from this closure are also guaranteed to be hyperbolic 
whenever a function of the form given in Equation (20) exists that is con
sistent with the known moments.

The first member of the maximum-entropy hierarchy for one-dimensional 
physics is the three-moment model. This model is associated with a distribu
tion function that is the exponential of a second-order polynomial, which 
leads to the compressible Euler equations. This distribution function is often 
referred to as the Maxwell-Boltzmann distribution or Maxwellian. The next 
member of this hierarchy is the five-moment model. Its associated distribu
tion function is an exponential of a fourth-order polynomial. This allows for 
some skewness, or asymmetry, in the distribution function. For classical 
gases, such skewness is related to heat transfer. Unfortunately, because of the 
fourth-order nature of the polynomial, it is impossible to integrate the distri
bution function analytically in closed form. A closed-form expression for the 
closing fluxes is therefore unattainable. If one wishes to use the true five- 
moment maximum-entropy closure, an expensive and ill-conditioned proced
ure must be used whenever a flux is required. Fortunately, for the case of 
the five-moment closure, a robust and hyperbolic approximation has been 
proposed by McDonald and Torrilhon (2013).

The PDEs describing the time evolution of the five-moment state applied 
to the specified quantum system are

@

@t
½q� þ

@

@x
qu½ � ¼ 0, (21) 

@

@t
qu½ � þ

@

@x
qu2 þ qh
� �

¼ −q
dVðxÞ

dx
, (22) 

@

@t
qu2 þ qh
� �

þ
@

@x
qu3 þ 3quhþ q
� �

¼ −2qu
dVðxÞ

dx
, (23) 

@

@t
qu3 þ 3quhþ q
� �

þ
@

@x
qu4 þ 6qu2hþ 4uqþ r
� �

¼ −3ðqu2 þ qhÞ
dVðxÞ

dx
þ 6q

−�h2

24

� �
d3VðxÞ

dx3 ,
(24) 

@

@t
qu4 þ 6qu2hþ 4uqþ r
� �

þ
@

@x
qu5 þ 10qu3hþ 10u2qþ 5ur þ s
� �

¼ −4ðqu3 þ 3quhþ qÞ
dVðxÞ

dx
þ 24qu

−�h2

24

� �
d3VðxÞ

dx3 :

(25) 

In this presentation, the classical acceleration term and quantum correc
tion are on the right-hand side.
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Because of the fourth-order polynomial in the exponential describing the 
distribution function, the closing flux, the variable s shown in red in 
Equation (25), needs to be approximated. Due to the requirement for 
Galilean invariance, this flux can only be a function of q, h, q, and r. By 
non-dimensionalizing the moments as

q? ¼ 1, h? ¼ 1, q? ¼
1
q

1
h

� �3=2

q, r? ¼
1
q

1
h

� �2

r, s? ¼
1
q

1
h

� �5=2

s,

(26) 

the non-dimensional s? becomes a function of only q? and r?:
The set of physically realizable moment states that can be reached by a 

positive distribution function is illustrated in Figure 2, where the boundary 
of physical realizability is obtained by solving the Hamburger moment 
problem (Hamburger 1944). Only states for which r? > q2

? þ 1 are attain
able by a positive distribution (and all these states are possible). 
Unfortunately, Junk has shown that the region of physical realizability con
tains a half line that cannot be reached by maximum-entropy distribution 
functions of the form given in Equation (20) (Junk 1998). In other words, 
if the third-order moment is zero, a maximum-entropy distribution func
tion cannot have a non-dimensional fourth moment that is higher than it 
is for an equilibrium Maxwellian. As this line is approached, closing fluxes 
become singular.

As stated, a closed-form expression for s? is unavailable. an approxima
tion is used instead. To ease the development of this approximation for the 
closing flux, a parabolic mapping parameter is defined,

Figure 2. States attainable by positive distributions.
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r ¼
3 − r� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3 − r�ð Þ
2

q

þ 8q2
�

4
: (27) 

This parameter maps moment space from the Junk region to the realiz
ability boundary as it varies between 0 and 1. Using the mapping param
eter, r, a non-dimensional approximation is proposed for the closing flux, 
s?,

s? ¼
q3
?

r2 þ 10 − 8r1=2ð Þq?: (28) 

This approximation provides a closed hyperbolic system of five PDEs 
predicting the time evolution of the system that is a good approximation 
for the true maximum-entropy closure.

4. Numerical results

To investigate the ability of the moment model to describe simple quantum 
states, a numerical investigation of the time evolution of a low-energy 
Gaussian wave packet subjected to different double-well potential geome
tries is shown. The initial conditions are all of the form

W0ðx, p, 0Þ ¼
1
p

exp ððx − x0Þ
2
þ p2Þ: (29) 

All potentials described in Figure 1 are used. Comparisons are made 
between the five-moment approximations and the direct numerical solution 
of the Wigner equation. It is important to note that, for all calculations, �h 
and m have been set to unity.

A first-order Gudunov-type finite-volume scheme with HLL flux func
tion is used for the numerical solution of the moment equations. The wave 
speeds are numerically computed as the eigenvalues of the analytic flux 
Jacobian. A first-order accurate explicit time marching scheme is used to 
treat the hyperbolic left-hand side while the right-hand side is treated 
implicitly. Position space is discretized into 1000 cells for all calculations.

For comparison, the numerical solutions of the Wigner equation are 
obtained by directly discretizing position and momentum spaces. First- 
order upwind fluxes are used for the first-order space and momentum- 
space derivatives on the left-hand side of Equation (16). A second-order 
centered finite-difference rule is used to approximate the third-order 
momentum derivative on the right-hand side. First-order fully implicit 
time marching is used with the generalized minimal residual method 
(GMRES) used to solve the resulting linear system. All cases are run using 
a grid of 1000� 1000 cells in phase space.
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For the first part of this investigation, PðxÞ ¼ q, the zeroth order 
moment, is plotted against the probability density obtained by Wigner for 
different non-dimensional times. In Figure 3, the wave-packet is initially 
located at the center of the V1 double-well potential, x0 ¼ 0: Even if the 
five-moment system cannot recover all the oscillations displayed by the 
Wigner distribution, a good agreement is observed throughout the calcula
tion. The general shape of the position-space probability is remarkably well 
recovered using only five moments.

Figures 4–6 show the time evolution of P(x) for increasingly steep sym
metric double-well potentials. In all three calculations, the initial Gaussian 
bump was positioned one non-dimensional length unit to the left of the 
first well center. This initial condition was chosen to give a positive initial 
acceleration to the Gaussian wave-packet, thus allowing P(x), to extend to 
the adjacent well, consequently producing more complex structures. One 
can observe good agreement with the Wigner results for the V2 and V3 
quartic potentials. However, even if good predictions are achieved at early 
times, the greater steepness of the V4 potential was found to be harder for 
the five-moment system to model accurately.

Figure 7 shows the behavior of the moment system when subjected to 
the V5 asymmetric potential. The initial wave-packet is again initially place 
at x0 ¼ 0:0: Again, one can observe good initial agreement with the exact 
solution. However, the accuracy of the solution obtained by the moment 
system deteriorates over time. Finally, in Figure 8 the initial Gaussian 
bump is located one non-dimensional unit to the right of the first well cen
ter, to give a negative initial acceleration. Again, good agreement was noted 
at early times, but deviations are eventually observed between the moment 
solution and the direct solution of the Wigner equation.

As observed, the accuracy of the five-moment model varies over time. 
This seems to be mostly due to the fact that the maximum-entropy distri
bution does not allow negative density regions. However, it could also be 
attributed to the fact that the number of moments in this closure is too 
low to capture all the structure displayed by the Wigner function. To fur
ther investigate these results, a side-by-side comparison of the Wigner 
quasi-probability distribution and the distribution predicted by the five- 
moment system is presented. The maximum-entropy distribution functions, 
F , are obtained by numerically solving the maximum entropy problem, 
from the known moments, U, provided by the Wigner solver using a 
Newton search algorithm following a procedure introduced by Levermore 
(1996). Figures 9–12 show the distribution functions of the case presented 
in Figure 7 (V5 potential with x0 ¼ 0:0) at four different times, t¼ 1, t¼ 4, 
t¼ 7, and t¼ 10. As expected, at time t¼ 1, both distributions are almost 
identical. As shown in Figure 10, as soon as a significant negative region of 
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Figure 3. Time evolution of P(x) for a Gaussian wave-packet initially centered at x¼ 0.0 with 
potential V1.
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Figure 4. Time evolution of P(x) for a Gaussian wave-packet initially located at x ¼ −3:0 
(one unit of the left of the first well) with potential V2.
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Figure 5. Time evolution of P(x) for a Gaussian wave-packet initially located at x ¼ −3:0 (one 
unit of the left of the first well) with potential V3.
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Figure 6. Time evolution of P(x) for a Gaussian wave-packet initially located at x ¼ −3:0 
(one unit of the left of the first well) with potential V4.
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Figure 7. Time evolution of P(x) for a Gaussian wave-packet initially centered at x¼ 0.0 with 
potential V5.
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Figure 8. Time evolution of P(x) for a Gaussian wave-packet initially located at x ¼ −3:67 
(one unit of the right of the first well) with potential V5.
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Figure 9. Wigner distribution in phase space (on the right), five-moments distribution in phase 
space (on the left) with associated x-r plot at a non-dimensional time t¼ 1.0.

Figure 10. Wigner distribution in phase space (on the right), five-moments distribution in 
phase space (on the left) with associated x-r plot at a non-dimensional time t¼ 4.0.
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Figure 11. Wigner distribution in phase space (on the right), five-moments distribution in 
phase space (on the left) with associated x-r plot at a non-dimensional time t¼ 7.0.

Figure 12. Wigner distribution in phase space (on the right), five-moments distribution in 
phase space (on the left) with associated x-r plot at a non-dimensional time t¼ 10.0.
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the Wigner function is observed, the prediction obtained from the five- 
moment model starts to diverge from the expected solution. The grey boxes 
in the five-moment distribution represent regions where r is above one, 
thus the state leaves the region of classical realizability. One can see that 
the regions coincide with negativity begin present in the Wigner distribu
tion. The brown boxes, on the other hand, are associated with regions 
where r goes to zero, thus approaching the Junk half line. In all these 
regions, the distribution function cannot be computed due to ill-condition
ing caused by the singularity. Figures 11 and 12 show both distributions 
for t¼ 7 and t¼ 10, respectively. Although the distributions obtained using 
the five-moment model recover the general shape given by the Wigner 
function, one can clearly see that the sharpness of the solutions deterio
rates, especially around regions where negative density is predicted by the 
Wigner distribution. The rigidity of the five-moment model comes from 
the choice of closure that aims to maximize the entropy of a classical gas 
which is seemingly not optimally suited to quantum systems.

As a final demonstration, Figure 13 shows the expectation values for the 
position, hxi, and momentum, hpi, predicted by the five-moment model 
for four different cases, as compared to the prediction from the direct solu
tion of the Wigner equation. The above cases with V2, V3, V4, and V5 
potentials are illustrated. All calculations have been run to a final non- 
dimensional time of t¼ 30. One can observe that the five-moment solution 
has more oscillations and converges faster to a steady state than the direct 
solution. However, in all cases, both calculations approach the same steady- 
state value.

5. Conclusion

This work demonstrates that a closed-form moment closure offers promis
ing alternatives to typical Wigner solvers. In this work, an approximation 
to the second one-dimensional member of the maximum-entropy moment 
closure hierarchy has been used to compute the time evolution of a 
one-dimensional low-energy quantum wave-packet in various unbounded 
double-well potentials. By comparing the probability density, the expected 
values for both the position and momentum, and the quasi-probability dis
tributions, the general accuracy of this moment method as well as the 
major challenges that it poses as a quantum hydrodynamic model are 
assessed.

The inability of distribution functions from classical maximum-entropy clo
sures to admit negative regions seems to limit their immediate applicability to a 
Wigner-equation treatment of quantum mechanics. It was shown that devia
tions between moment- and Wigner-based predictions become larger when 
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Figure 13. Expected values of position, hxi (on the left) and momentum, hpi (on the right) for 
V2, V3, V4, and V5 potentials.
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these negative regions became significant. Notwithstanding this limitation, it 
was demonstrated that moment methods with relatively low numbers of 
moments do hold the promise of eventually providing affordable and accurate 
models for quantum-mechanical systems.
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Chapter 4

Second Journal Publication:

Development of Globally Hyperbolic

One-Dimensional Moment Closures

Based on Orthogonal Polynomials

Following the conclusions of the first paper, one of the problems observed is the impact

of relatively low-order moment methods on the accuracy of highly oscillatory solutions. The

need for higher-order moment methods is the driving factor motivating the study presented

in the second journal paper. Higher-order moment closures based on maximum-entropy

approximations have proven difficult to obtain. This paper presents a new method for the

constructions of hyperbolic, high-order moment methods along with a new hierarchy of

Galilean invariant moment closures maintaining balance-law form.
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A R T I C L E I N F O A B S T R A C T 

Keywords:Hyperbolic moment closuresKinetic theory of gasesQuadrature method of moment
The use of moment closure techniques for the prediction of non-equilibrium flows has gained in popularity in the past decades. However, many moment models lack robustness which make them impractical for many engineering applications. Ideally, moment models should always predict realizable moments while maintaining global hyperbolicity and yielding a system in balancelaw form. Quadrature-based methods have been shown to offer promising alternatives to more traditional moment methods. Building on the works by Fox and Laurent, a novel approach to moment closure construction is presented. This technique is used to build a new robustly hyperbolic hierarchy for closures with even numbers of moments. Numerical solutions for a typical Riemann problem along with shock waves at a variety of incoming flow Mach numbers are used to compare the robustness and accuracy of the various models.

1. Introduction
The development of models that accurately predict non-equilibrium gas flows for a wide range of Knudsen number has proven difficult. Traditional models, such as the Navier-Stokes equations, fail to produce accurate solutions, while particle-based methods, such as direct-simulation Monte Carlo (DSMC) [1], can be computationally taxing. The cost linked to stochastic particle methodologies becomes particularly prohibitive in cases of low-speed flows or when aiming for time-accurate computations [2]. Methods that attempt to enhance the Navier–Stokes equations by introducing higher-order terms through expansion techniques have not succeeded in producing consistent sets of partial differential equations (PDEs) [3]. The use of moment methods for the prediction of non-equilibrium flows have been shown to offer some modelling and numerical advantages over other methods [4,5].Kinetic theory of gases commonly describes the motion of classical gas particles through a velocity distribution function in phase space. The time evolution of this distribution function is governed by the Boltzmann equation. However, the accurate discretization of the Boltzmann equation presents several numerical difficulties that are mostly associated with the large number of dimensions involved. Moment closure was found to be a promising method for simplifying kinetic equations into fluid models [6--9]. The problem of constructing a suitable moment model has been widely studied over the past decades. Ideally, a well-posed moment model should always predict realizable moments while maintaining global hyperbolicity and yielding a system of equations in balance-law form. As is demonstrated in this work, strict conditions need to be followed in order to produce such moment systems. Many successful 
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moment models were developed in the past decades, however, they almost all fail to observe at least one of the above critera or suffer from numerical difficulties. A non-exhaustive review of some of these methods is presented herein.One of the first moment-closure hierarchies was proposed by Grad [4]. It is built using an expansion of the equilibrium distribution in Hermite polynomials. This closure was found to suffer from a restrictive region of hyperbolicity, only allowing accurate solution near equilibrium. Furthermore, due to the polynomial expansion, this method is not guaranteed to predict strictly positive distribution functions. Other authors have proposed a regularized moment system to extend the mathematical robustness of the closures, consequently adding non-conservative terms into the moment system [10,11]. An alternate idea based on the maximization of the Boltzmann entropy was proposed by Dreyer [12], Muller & Ruggeri [13] and Levermore [14]. The maximum-entropy hierarchy was shown to produce accurate predictions of non-equilibrium flows, while guaranteeing global hyperbolicity and producing system of equations in conservative form [15]. However, as shown by Junk [16], there exist states for which a maximum-entropy distribution function cannot be constructed. Moreover, due to the specific form of distribution function, the closing flux cannot be integrated in closed form, thus requiring approximations, which are currently only available for a limited number of moments [15,17]. Quadrature based methods, on the other hand, were shown to offer more flexibility in producing stable hyperbolic moment equations while yielding a system of hyperbolic balance-laws. First introduced by McGraw [18] in the context of aerosol dynamics description, Fox developed the QMOM hierarchy [19] and later, with the contribution of Laurent, the HyQMOM hierarchy, providing hyperbolic stable moment closure models [20]. As shown in this work, the question of hyperbolicity is only relevant when moments of the particle velocities present in a flux vector are of interest. In many population-balance applications, where moments of the differentiating properties of distinguishable particles are the focus, the question of hyperbolicity is not relevant. This is the case, for example, in the GQMOM approach of Fox et al. [21]. However, when applied to the current setting, the GQMOM reduces to HyQMOM, with the possibility of defining higher-order moments. For the present application (a gas of indistinguishable particles), the robust hyperbolicity of the resulting moment equations is the focus. This leads to the development of new constraints that are not relevant in the classical population-balance setting.
1.1. Scope of study

This paper begins with a quick review of one-dimensional moment closure theory with emphasis on the quadrature-based moment closure. A technique for the construction of hyperbolic closure in balance-law form is presented. This technique builds directly on the works of Fox and Laurent [22,20]. The QMOM and HyQMOM hierarchies are also discussed along with their place in the proposed framework. A new even-order moment hierarchy is presented. This hierarchy of new strongly hyperbolic even-order moment closures expands the hierarchy started by Fox and Laurent with their HyQMOM. The long-term outcome of the work is to use this new technique as a stepping stone for the eventual construction of 3D globally hyperbolic closures. The construction of these multi-dimensional practical closures will be presented in a following paper and requires robustly hyperbolic one-dimensional closures of both even and odd order. The even-order closures developed in this work complement the existing odd-order closures of Fox and Laurent [20] in this endeavor. Finally, numerical solutions of a typical Riemann problem along with shock-waves of various strength are used to compare the different closures against the BGK kinetic equation solutions.
2. Moment closures

The method of moment-closure descends from the traditional kinetic theory of gases, in which a probability distribution function is used to statistically describe a gas. Since directly tracking every single particle is prohibitive for most applications, a distribution function,  (𝑥𝑖, 𝑣𝑖, 𝑡), describing the phase-space density of particles at a location, 𝑥𝑖, with velocity, 𝑣𝑖, at time, 𝑡, is used. In most cases, only a small number of macroscopic properties are of interest and not all the information contained in the distribution function is necessary. These macroscopic properties can be obtained by multiplying the distribution function by a monomial velocity weight and integrating over all velocity space. This process is commonly known as taking moments of the distribution function.It is important to note that, in the present study, only a one-dimensional velocity distribution function is considered. That is,  (𝑥, 𝑣, 𝑡), is dfined for (𝑥, 𝑣, 𝑡) ∈ ℝ × ℝ × ℝ+. For a one-dimensional treatment, the following are examples of moments of the distribution function yielding macroscopic properties of interest:
𝜌 = ∫ 𝑚 d𝑣 = ⟨𝑚⟩ ,
𝜌𝑢 = ⟨𝑚𝑣⟩ ,
𝜌𝜃 =

⟨
𝑚𝑐2⟩ ,

𝑞 =
⟨
𝑚𝑐3⟩ ,

𝑟 =
⟨
𝑚𝑐4⟩ ,

𝑠 =
⟨
𝑚𝑐5⟩ .

The notation, ⟨⋅⟩, is used to denote the integral over all velocity space. The bulk velocity is given by 𝑢, while 𝑐 represents the random velocity, which is expressed as 𝑐 = 𝑣−𝑢. The variables 𝜌, 𝜃 and 𝑞 are the mass density, the temperature, and the heat flux respectively, while 𝑟 and 𝑠 are associated with the fourth- and fifth-order moment. Moments of the full particle velocity, often called convective moments, are denoted by 𝑈𝑛,
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𝑈𝑛 = ⟨𝑚𝑣𝑛⟩ , (1)

with 𝑛 ∈ℕ. A vector of such moments can be dfined as, 𝑼 = [𝑈0,𝑈1,⋯ ,𝑈𝑛]T.
2.1. Normalized moments

Throughout this paper normalized moments, 𝑊𝑛, are used. These moments are constructed by shifting the probability distribution function in velocity space resulting in a zero bulk velocity, followed by a non-dimensionalization such that 𝜌 = 1 and 𝜃 = 1,
𝑊𝑛 =

1 
𝜌

( 1 
𝜃

)𝑛∕2
⟨𝑚𝑐𝑛⟩ . (2)

The resulting normalized moment vectors is dfined as 𝑾 𝑛 = [1,0,1,𝑊3⋯ ,𝑊𝑛]T.
2.2. Physical realizability of one-dimensional moment closures

Physical realizability of a classical gas is dfined as the moment space where states, 𝑼 , can be reached by at least one non-negative distribution function, thus only allowing certain moment arrangements. The set of realizable moment states can be calculated through the solution of the Hamburger problem [23]. This is typically done using a vector of velocity weights,  = [1, 𝑣, 𝑣2,⋯ , 𝑣𝑛]T, to dfine a matrix,
𝑴 =

⟨
𝑚T⟩ . (3)

For any non-negative distribution,  , it can be shown that the resulting matrix,

𝑴2𝑙 =

⎡⎢⎢⎢⎢⎢⎢⎣

𝑈0 𝑈1 𝑈2 𝑈3 ⋯ 𝑈𝑙
𝑈1 𝑈2 𝑈3 𝑈4 ⋯ 𝑈𝑙+1
𝑈2 𝑈3 𝑈4 𝑈5 ⋯ 𝑈𝑙+2
𝑈3 𝑈4 𝑈5 𝑈6 ⋯ 𝑈𝑙+3
⋮ ⋱
𝑈𝑙 𝑈𝑙+1 𝑈𝑙+2 𝑈𝑙+3 ⋯ 𝑈2𝑙

⎤⎥⎥⎥⎥⎥⎥⎦

, 𝑙 ∈ {0,1,2,⋯ , 𝑛} , (4)

must be positive semi-definite. The principal minors of 𝑴2𝑙 dfine the lower-boundaries of physical realizability for a given moment set,
𝑀0 =𝑈0 ≥ 0

𝑀2 =𝑈0𝑈2 −𝑈2
1 ≥ 0

𝑀4 =𝑈0𝑈2𝑈4 −𝑈0𝑈
2
3 −𝑈2

1𝑈4 + 2𝑈1𝑈2𝑈3 −𝑈3
2 ≥ 0

⋮

𝑀2𝑙 = det(𝑴2𝑙) ≥ 0

For simplicity, the minors are often written in terms of the normalized moments, i.e. (𝑀2 =𝑊4 −𝑊 2
3 − 1).

2.3. The Boltzmann equation
For a classical gas, the time evolution of the distribution function is described by the Boltzmann equation,

𝜕
𝜕𝑡 

+ 𝑣𝜕
𝜕𝑥 

+ 𝜕 (𝑎 )
𝜕𝑣 

= 𝛿
𝛿𝑡 

. (5)
The second term of Eq. (5) represents the convective contribution to the time evolution while the third term describes the acceleration effects on the particles due to external fields. In this work the acceleration is assumed to be zero. The right-hand side of the equation represents the effects of inter-particle collisions on the distribution function. This collision operator contains a high-dimensional integral that, in general, cannot be evaluated in closed form. Nevertheless, information about this operator is available. The collision operator can be shown to conserves mass, momentum, and energy. It was also shown by Boltzmann that it always increases the entropy until the distribution function has the form of a Maxwellian,

 = 𝜌 
𝑚

( 1 
2𝜋𝜃

) 3
2 exp

( 1 
2𝜃

𝑐2
)

. (6)
When equilibrium is reached, the collision operator has no further effects. As the goal of this work is the investigation of suitable conditions for the development of hyperbolic moment closures, the simple BGK relaxation-time collision operator [24] is used to close the right hand-side of Eq. (5),

𝛿
𝛿𝑡 

= − −
𝜏

. (7)
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In order to obtain a set of PDEs describing the evolution of the properties of interest, velocity moments of the Boltzmann equation are taken,

𝜕
𝜕𝑡
⟨⟩+ 𝜕

𝜕𝑥
⟨𝑣⟩ = ⟨𝑚 𝛿

𝛿𝑡 

⟩
. (8)

This equation can be written in the form,
𝜕𝑼
𝜕𝑡 

+ 𝜕𝑭
𝜕𝑥 

=𝑪 , (9)
where 𝑼 is the solution vector containing the convective moment of interest, 𝑭 is the flux vector, and 𝑪 is the source vector representing the effect of the collision operator. Unfortunately, this method does not lead to a closed set of equations, since the time evolution of a given moment always depend on the spacial divergence of a moment that is one order higher.One method to close the system of equations is to assume a form for  . This technique has been particularity successful and is at the centre of many moment closure hierarchies. The assumed distribution function should contain the same number of free parameters as there are moments of interest. The free parameters are chosen to be in agreement with the macroscopic properties of interest. It is then possible to express the closing flux as a function of the known moments by integrating the now known distribution function. Though this has been the traditional method, one does not necessarily need to assume a form for the distribution function. As is demonstrated in the following section, restrictions on the system homogeneity and hyperbolicity provide sufficient constraints to construct closures, leading to robust moment equations more directly.
2.4. Flux Jacobian

The flux jacobian, d𝑭d𝑼 , of the moment system can be found from Eq. (9),
𝜕𝑼
𝜕𝑡 

+ d𝑭
d𝑼

𝜕𝑼
𝜕𝑥 

=𝑪 . (10)
For a one-dimensional treatment of an 𝑛-moment system, the flux Jacobian takes the form of a companion matrix,

𝑑𝑭
𝑑𝑼

=

⎡⎢⎢⎢⎢⎢⎣

0 1 0 ⋯ 0
0 0 1 ⋯ 0
⋮ ⋱ ⋮
0 0 0 ⋯ 1

𝜕𝑈𝑛+1
𝜕𝑈0

𝜕𝑈𝑛+1
𝜕𝑈1

𝜕𝑈𝑛+1
𝜕𝑈2

⋯ 𝜕𝑈𝑛+1
𝜕𝑈𝑛

⎤⎥⎥⎥⎥⎥⎦

, (11)

where, 𝑈𝑛+1 is the closing flux (𝐹𝑛 =𝑈𝑛+1). The eigenvalues of this matrix, 𝝀𝑛 = [𝜆0, 𝜆1,⋯ , 𝜆𝑛]T, are the wave speeds of the system. Due to this specific structure, the characteristic polynomial of 𝑑𝑭𝑑𝑼 can be expressed as
𝑃𝑛+1(𝑣) = −𝑣𝑛+1 +𝐴𝑛𝑣

𝑛 +𝐴𝑛−1𝑣
𝑛−1 +⋯+𝐴2𝑣

2 +𝐴1𝑣+𝐴0 , (12)
where,

𝐴𝑛 =
𝜕𝑈𝑛+1
𝜕𝑈𝑛

𝐴𝑛−1 =
𝜕𝑈𝑛+1
𝜕𝑈𝑛−1

⋯ 𝐴1 =
𝜕𝑈𝑛+1
𝜕𝑈1

𝐴0 =
𝜕𝑈𝑛+1
𝜕𝑈0

(13)
In order for the moment equations to be strongly hyperbolic, the system must produce distinct real wave speeds, while keeping the relation between the closing flux and the coefficients of the characteristic polynomial. This important condition is addressed in detail in the next section.

2.5. Homogeneous property of moment closures
The Euler equations are known, among other things, for their homogeneous properties. These special properties are often used for the accurate construction of numerical methods. However, this homogeneity is not only specific to the Euler equations. It is, in fact, an important characteristic observed in well dfined moment closures. These properties provide further constraints on the moment system.Using Euler’s theorem for homogeneous function,

𝑭 (𝛼𝑼 ) = 𝛼𝑚𝑭 (𝑼 ) , (14)
for a fixed 𝑚, then 𝑭 is said to be homogeneous of degree 𝑚. Differentiating on both sides with respect to 𝛼 and setting 𝑚 = 1 leads to,

d𝑭
d𝑼

𝑼 = 𝑭 (𝑼 ) , (15)
where 𝑭 and 𝑼 are homogeneous of degree 1. This puts constraints on the allowed form of the closing flux, 𝑈𝑛+1. In order to respect the homogeneity described in Eq. (15), the flux Jacobian coefficients must only be function of the scaled moments,
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𝑈̃𝑘 =

𝑈𝑘
𝑈0

for 𝑘 ∈ {1, ..., 𝑛} , (16)
thus forcing the closing flux to have the form

𝑈𝑛+1 =𝑈0𝐴0
(
𝑈̃1,⋯ , 𝑈̃𝑛

)
+⋯ +𝑈𝑛 𝐴𝑛

(
𝑈̃1,⋯ , 𝑈̃𝑛

)
, (17)

with the coefficients, 𝐴𝑖 dfined in Eq. (13).
3. Strongly hyperbolic moment closures

In this section two different techniques for the construction of hyperbolic quadrature-based moment closures are presented. The first idea, summarized in Section 3.1, investigates hyperbolic closure construction by directly choosing a form for the wave speeds as function of the known moments, 𝑼 . This technique was found to be challenging and is therefore not considered further. However, important insights on the necessary conditions for the construction of such hyperbolic quadrature-based models were obtained through the analysis, thus the inclusion in this paper. In Section 3.2, a new technique for the construction of globally hyperbolic quadraturebased moment closures based in the orthogonality of polynomials is presented. Using this approach a new hierarchy of hyperbolic moment equations is introduced along with several individual new closures. This new hierarchy is shown to be a good supplement to the well known QMOM system as it covers the even-order moments.
3.1. Quadrature-based closure from eigenvalue construction

Every hyperbolic one-dimensional closure is equivalent to a quadrature-based method. A well known example, is the maximumentropy hierarchy, where the wave speeds can be shown to always be located at the optimum Gaussian quadrature points of the underlying distribution function [25]. However, general conditions for the construction of strongly hyperbolic moment closure are still elusive. One obvious method is to attempt to propose the wave speeds directly as function of the known moments. Unfortunately, this proves to be more difficult than anticipated since, as is shown in this section, building the closing flux from a proposed quadrature rule does not automatically make the associated quadrature points the wave speeds of the system.In general, when dealing with quadrature-based closures, finding a closed form for the velocity distribution function is not necessary since the closing flux is not computed by taking a moment of  . However, in this case, it is convenient to represent the velocity distribution function as a weighted sum of Dirac deltas,
 =

𝑖=𝑛 ∑
𝑖=0 

W𝑖𝛿(𝑣− 𝜁𝑖) (18)
where, 𝜁𝑖, is the position of each quadrature point and W𝑖 is the associated weight. The weights are linked to the known moments through,

𝑽 W =𝑼 , (19)
while the flux is computed as,

𝑭 = 𝑽 𝛀W = 𝑽 𝛀𝑽 −1𝑼 (20)
with

𝑽 =

⎡
⎢⎢⎢⎢⎢⎣

1 1 1 ⋯ 1
𝜁0 𝜁1 𝜁2 ⋯ 𝜁𝑛
𝜁20 𝜁21 𝜁22 ⋯ 𝜁2𝑛
⋮ ⋯ ⋮
𝜁𝑛
0 𝜁𝑛

1 𝜁𝑛
2 ⋯ 𝜁𝑛

𝑛

⎤
⎥⎥⎥⎥⎥⎦

, 𝛀 =

⎡
⎢⎢⎢⎢⎢⎣

𝜁0 0 0 ⋯ 0
0 𝜁1 0 ⋯ 0
⋮ 0 ⋱ 0 ⋮
0 ⋯ 0 𝜁𝑛−1 0
0 ⋯ 0 0 𝜁𝑛

⎤
⎥⎥⎥⎥⎥⎦

. (21)

However, as mentioned earlier, simply choosing the quadrature points in terms of 𝑼 does not necessarily produce a hyperbolic set of moment equations, since for most cases the quadrature points will not agree with the system wave speeds found through the eigenvalues of the flux Jacobian. The system wave speeds are required to be the quadrature points, that is 𝜻 = 𝝀, allowing the flux Jacobian to be written as,
𝑑𝑭
𝑑𝑼

= 𝑽 𝛀 𝑽 −1 , (22)

𝑽 𝛀 𝑽 −1 =

⎡⎢⎢⎢⎢⎢⎣

0 1 0 ⋯ 0
0 0 1 ⋯ 0
⋮ ⋱ ⋮
0 0 0 ⋯ 1

𝐴0(𝝀) 𝐴1(𝝀) 𝐴2(𝝀) ⋯ 𝐴𝑛(𝝀)

⎤⎥⎥⎥⎥⎥⎦

, (23)
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where, the first coefficient is the product of the wave speeds, 𝐴0 =

∏𝑛
𝑘=0 𝜆𝑘, the second coefficient, 𝐴1, is the negative of the sum of all possible combination of 𝑛 wave speeds. Similarly, the third coefficient, 𝐴2, is the sum of all possible combination of 𝑛 − 1wave speeds. This pattern continues until the last coefficient 𝐴𝑛 = (−1)𝑛+1

∑𝑛
𝑘=0 𝜆𝑘. Then coefficient, 𝐴𝑘 shown in Eq. (13), are only function of the wave speeds which in turn depends on 𝑼 . This situation will only happen if the wave speeds are chosen in such a way that, for any small variation in the solution vector, 𝛿𝑼 , the corresponding change in the flux, 𝛿𝑭 , is only affected by the variation in 

𝑼 and not by the subsequent change in the wave speeds position, 𝛿𝝀. That is,
𝛿𝑭 = 𝜕𝑭

𝜕𝑼
𝛿𝑼 +

�
���

0
𝜕𝑭
𝜕𝝀

𝛿𝝀 . (24)
To enforce this condition, one can rewrite the closing flux as 𝑈𝑛+1(𝑼 ,𝝀(𝑼 )) where 𝝀(𝑼 ) is a vector containing the systems wave speeds, 𝝀(𝑼 ) = [𝜆0(𝑼 ), 𝜆1(𝑼 ),⋯ , 𝜆𝑛(𝑼 )]T. The flux-dyad can be written as,

𝑭 = [𝑈1,𝑈2,⋯ ,𝑈𝑛+1(𝑼 ,𝝀(𝑼 ))]T . (25)
Using the chain rule, the flux-Jacobain can be decomposed as,

𝑑𝑭
𝑑𝑼

=
( 𝜕𝑭
𝜕𝑼

)
𝜆
+
( 𝜕𝑭
𝜕𝝀

)
𝑈

( 𝜕𝝀
𝜕𝑼

)
, (26)

where the first term represent the variation of the flux vector due to changes of the state vector holding the wave speeds, 𝝀, constant, while the second term gives the variation of the flux vector due to changes of the wave speeds holding the solution vector constant. Forcing the second term to be zero ensures that the prescribed real-valued quadrature points correspond to the system wave speeds.Since only the last row of the flux vector depends on the 𝜆s, this condition can be further simplfied as,
(

𝜕𝑈𝑛+1
𝜕𝝀

)

𝑈

( 𝜕𝝀
𝜕𝑼

)
= 0 with (

𝜕𝑈𝑛+1
𝜕𝝀

)

𝑈
=
[
𝜕𝑈𝑛+1
𝜕𝜆0

,
𝜕𝑈𝑛+1
𝜕𝜆1

,⋯ ,
𝜕𝑈𝑛+1
𝜕𝜆𝑛

]
, (27)

requiring the vector ( 𝜕𝑈𝑛+1
𝜕𝝀

)
𝑈

to be in the left null space of the matrix 
(

𝜕𝝀
𝜕𝑼

). The first-order homogeneity of the system ensures that 
𝑼 is the right nullspace of ( 𝜕𝝀

𝜕𝑼

). It is important to note that this restricts the form of the wave speeds, as shown in Eq. (17), to only be function of the scaled moments, 𝑼̃ ,
𝜆0
(
𝑈̃1,⋯ , 𝑈̃𝑛

)
𝜆1
(
𝑈̃1,⋯ , 𝑈̃𝑛

)
⋯ 𝜆𝑛

(
𝑈̃1,⋯ , 𝑈̃𝑛

)
. (28)

Picking the wave speeds to be a real function of the scaled moments while also satisfying Eq. (27) provide necessary and sufficient conditions for the construction of strongly hyperbolic closures. Unfortunately, this approach requires one to solve a system of differential equations which is often difficult. An example for the 3-moment case is presented in Appendix A.
3.2. Quadrature-based closure from orthogonal polynomials

Instead of proposing a form for the wave speeds from the known moments. Monic orthogonal polynomials can be used to build the flux Jacobian characteristic polynomial directly. Expanding on the works done by Fox and Laurent [19,22], this section presents a general technique for the construction of hyperbolic closures along with a new hierarchy covering the even-order moments.
3.2.1. Orthogonal polynomialsOrthogonal polynomials of a single variable dfined by moment of a non-negative velocity distribution function have interesting properties. The orthogonal polynomials, 𝑃𝑛, can always be expressed in terms of the moments by applying the Gram-Schmidt process to the monomials,

𝑃𝑛 = det
⎡⎢⎢⎢⎢⎢⎣

𝑈0 𝑈1 𝑈2 ⋯ 𝑈𝑛
𝑈1 𝑈2 𝑈3 ⋯ 𝑈𝑛+1
⋮ ⋮ ⋮ ⋱ ⋮

𝑈𝑛−1 𝑈𝑛 𝑈𝑛+1 ⋯ 𝑈2𝑛−1
1 𝑣 𝑣2 ⋯ 𝑣𝑛

⎤⎥⎥⎥⎥⎥⎦

, (29)

imposing each polynomial to be orthogonal with respect to each other, i.e., ⟨𝑃𝑛𝑃𝑚⟩ =
⟨
𝑃 2
𝑛
⟩

𝛿𝑛𝑚. They also satisfy the three-term recurrence relation, allowing one to build the following sequence,
𝑃𝑛+1 = (𝑣− 𝑎𝑛)𝑃𝑛 − 𝑏𝑛𝑃𝑛−1 , (30)

with, 𝑃0 = 1 and
𝑎𝑛 =

⟨
𝑣𝑃 2

𝑛
⟩

⟨
𝑃 2
𝑛
⟩ , 𝑏𝑛 =

⟨
𝑃 2
𝑛
⟩

⟨
𝑃 2
𝑛−1

⟩ =
𝑴2𝑛𝑴2𝑛−4

𝑴2
2𝑛−2

. (31)
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More importantly, following Favard’s theorem, the roots of 𝑃𝑛+1 are guaranteed to be real if the recurrence coefficient 𝑎𝑛 are real valued and the 𝑏𝑛 are positive.
3.2.2. Closure construction using orthogonal polynomialsIn order to build hyperbolic moment systems using orthogonal polynomials, one first need to construct the flux Jacobian from the monic polynomials following the recurrence relation, Eq. (30), up to the 𝑛+ 1 order. The first recurrence coefficients of the series in terms of normalized moments, 𝑾 = [1,0,1,𝑊3,𝑊4,⋯ ,𝑊𝑛]T, are

𝑎0 =
⟨
𝑣𝑃 2

0 ∕𝑃
2
0
⟩
= 0

𝑎1 =𝑊3 𝑏1 = 1

𝑎2 =
𝑊 3

3 − 2𝑊3𝑊4 +𝑊5

𝑊4 −𝑊 2
3 − 1 

𝑏2 =𝑊4 −𝑊 2
3 − 1

⋮ ⋮

𝑎𝑛 =
⟨
𝑣𝑃 2

𝑛
⟩
∕
⟨
𝑃 2
𝑛
⟩

𝑏𝑛 =
⟨
𝑃 2
𝑛
⟩
∕
⟨
𝑃 2
𝑛−1

⟩
.

However, the closing flux cannot be calculated directly by taking moments of the resulting polynomial, since it contains higher-order moments that are not part of the solution vector. In order to close the system one needs to choose the form of the closing flux such that all the recurrence coefficients fufill the requirements of Favard’s theorem. The closing flux, 𝑈𝑛+1 , is always completely determined by choosing the form of the closing coefficient. The term ``closing coefficient'' does not refer to the highest-order recurrence coefficient of the characteristic polynomial, but rather to the first coefficient containing the closing flux. For even moment systems, the associated closure coefficient is always given by 𝑏(𝑛+1)∕2. Similarly, for odd moment systems, the closure coefficient is given by 𝑎𝑛∕2. All higher recurrence coefficients become fixed after this choice as there is a one to one relation between the closure coefficient and the closing flux. However, choosing the closing coefficient such that Favards theorem is fufilled is not trivial.
3.2.3. Galilean invariance and correct temperature scalingIn order for any system to be Galilean invariant and scale correctly with the temperature, restrictions on the form of the closing flux needs to be observed. These restrictions can be expressed in many different forms. However, in this section, it is convenient to write them using the characteristic polynomial, 𝑃𝑛+1 , as discussed by Fox and Laurent [20],

⟨
𝑃 ′
𝑛+1

⟩
= 0

⟨
𝑣𝑃 ′

𝑛+1
⟩
= 0 . (32)

Interestingly, it is believed that these two restrictions are exactly equivalent to Eq. (A.10), as shown for the 3-moment case in Appendix B. This equivalence was tested for moment system up to order nine. However, no formal proof is presented in this work.
3.2.4. The QMOM and HyQMOM hierarchiesAs mentioned above, the QMOM and HyQMOM closures are central to this present work [22,20]. They were proven to be a very successful method for the construction of Galilean invariant hyperbolic quadrature-based closures. Without going into extensive details, the QMOM closure provides a technique to build the even-order moment closures. The closing flux, 𝑈𝑛+1 , is constructed by setting the closure coefficient, 𝑏(𝑛+1)∕2 = 0. This allows, 𝑈𝑛+1, to be solved from the definition of the recurrence coefficient since it only appears once on the left hand side,

𝑏 (𝑛+1)
2 

=

⟨
𝑃 2

𝑛+1
2 

⟩

⟨
𝑃 2

𝑛−1
2 

⟩ = 0 . (33)
The resulting closures reside on the realizability boundary thus never recovering equilibrium and always predicting repeated wave speeds. The HyQMOM closure, on the other hand, provides a methods for the construction the odd-order closures. The resulting closures are strongly hyperbolic meaning that they are not restricted to the physical realizable boundary. Similarly, they are constructed by setting the closure coefficient, 𝑎𝑛∕2 = 1 

𝑘
∑𝑘= 𝑛 

2 −1
𝑘=0 𝑎𝑘. Again the closing flux can be found directly from the definition of the recurrence coefficient.

𝑎 𝑛 
2
=

⟨
𝑣𝑃 2

𝑛 
2

⟩

⟨
𝑃 2

𝑛 
2

⟩ = 1 
𝑛∕2

𝑘= 𝑛 
2 −1∑

𝑘=0 
𝑎𝑘 . (34)

As an example, one can look at the 5-moment closure obtained by the HyQMOM hierarchy. The normalized closing flux, 𝑊5, can be found by proposing a form for the corresponding closure coefficient 𝑎2,
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𝑎2 =

1 
𝑘

𝑛∕2 ∑
0 

𝑎𝑘 =
⟨
𝑣𝑃 2

2 ∕𝑃
2
2
⟩ (35)

1
2
𝑊3 =

𝑊 3
3 − 2𝑊3𝑊4 +𝑊5

𝑊4 −𝑊 2
3 − 1 

(36)
𝑊5 =

1
2
𝑊3(5𝑊4 − 3𝑊 2

3 − 1) . (37)
3.2.5. A new approach to quadrature-based closure constructionBuilding a characteristic polynomial such that the recurrence coefficients, 𝑎𝑛 and 𝑏𝑛, remain real and non-negative, respectively, is not enough to guarantee hyperbolicity. One also needs to ensure that the resulting polynomial is in fact the characteristic polynomial of the flux Jacobian, thus providing necessary and sufficient conditions for the construction of strongly hyperbolic closures. One way to enforce this condition is to consider the closing flux as 𝑈𝑛+1 = 𝑨(𝑼 ) ⋅𝑼 as was required by Eq. (17). The flux Jacobian 𝜕𝑭

𝜕𝑼 can then be decomposed into two terms.
𝑑𝑭
𝑑𝑼

=
( 𝜕𝑭
𝜕𝑼

)
𝐴
+
( 𝜕𝑭
𝜕𝑨

)
𝑈

( 𝜕𝑨
𝜕𝑼

)
. (38)

Building the closing flux such that the second term is zero is necessary for Eq. (13) to be true. Simplfications can be made since only the closing flux, 𝑈𝑛+1 is unknown,
𝑑𝑈𝑛+1
𝑑𝑼

=
(

𝜕𝑈𝑛+1
𝜕𝑼

)

𝐴
+
(

𝜕𝑈𝑛+1
𝜕𝑨

)

𝑈

( 𝜕𝑨
𝜕𝑼

)
, (39)

𝑑𝑈𝑛+1
𝑑𝑼

=𝑨+𝑼T
( 𝜕𝑨
𝜕𝑼

)
. (40)

Finally, Eq. (13) leads to,
𝑑𝑈𝑛+1
𝑑𝑼

=𝑨+𝑼T

(
𝜕2𝑼𝒏+𝟏
𝜕2𝑼

)
. (41)

For the closing flux to produce a system of first-order hyperbolic equations, the solution vector needs to be in the left null space of (
𝜕𝑨
𝜕𝑼

),
𝑼T

( 𝜕𝑨
𝜕𝑼

)
= 0 or 𝑼T

(
𝜕2𝑼𝒏+𝟏
𝜕2𝑼

)
= 0 . (42)

This constraint provides a system of differential equations only containing derivatives of the closing coefficient (𝑏(𝑛+1)∕2 or 𝑎𝑛∕2). Once the forms of the closing coefficient is chosen, the other recurrence coefficient can be solved algebraically. The effect of different form of closing coefficients on the system hyperbolicity can then be studied allowing for the constructions of a variety of new closures.In order to illustrate this approach, one can consider a simple 3-moment system. The sequence of orthogonal polynomials are first built until 𝑃3 using the recurrence relations,
𝑃0 =0

𝑃1 =(𝑣− 𝑎0)

𝑃2 =𝑣2 − (𝑎1 + 𝑎0)𝑣+ 𝑎1𝑎0 − 𝑏1

𝑃3 =𝑣3 − (𝑎2 + 𝑎1 + 𝑎0)𝑣2 + (−𝑎2(−𝑎1 − 𝑎0) + 𝑎1𝑎0 − 𝑏1 − 𝑏2)𝑣− 𝑎2(𝑎1𝑎0 − 𝑏1) + 𝑏2𝑎0 ,where the coefficient of the resulting characteristic polynomial are,
𝐴0 =𝑎2(𝑎1𝑎0 − 𝑏1) − 𝑏2𝑎0

𝐴1 =𝑎2(−𝑎1 − 𝑎0) − 𝑎1𝑎0 + 𝑏1 + 𝑏2

𝐴2 =𝑎2 + 𝑎1 + 𝑎0 .The first two recurrence coefficients 𝑎0 =𝑈1∕𝑈0 and 𝑏1 =𝑈2∕𝑈0 −𝑈2
1 ∕𝑈

2
0 can be computed directly using Eq. (31), while the others contain higher moments of the distribution that are not part of the solution vector. Eq. (42) is then used to provide a system of equations,

𝑈0
𝜕𝐴0
𝜕𝑈0

+𝑈1
𝜕𝐴1
𝜕𝑈0

+𝑈2
𝜕𝐴2
𝜕𝑈0

= 0 ,

𝑈0
𝜕𝐴0
𝜕𝑈1

+𝑈1
𝜕𝐴1
𝜕𝑈1

+𝑈2
𝜕𝐴2
𝜕𝑈1

= 0 ,
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𝑈0

𝜕𝐴0
𝜕𝑈2

+𝑈1
𝜕𝐴1
𝜕𝑈2

+𝑈2
𝜕𝐴2
𝜕𝑈2

= 0 ,

where the first equation is always automatically satified by choosing the closing coefficients, 𝑎1 to be function of the scaled moments, 
𝑼̃ , forcing the system to be first-order homogeneous. After substituting 𝑎0 and 𝑏1, the equations can be simplfied as,

𝜕𝑎1
𝜕𝑈̃1

(
𝑈̃2 − 𝑈̃2

1
)
+ 𝑎2𝑎1 + 𝑎2𝑈̃1 − 𝑏2 − 𝑎1𝑈̃1 + 𝑈̃2 − 2𝑈̃2

1 = 0 ,

𝜕𝑎1
𝜕𝑈̃2

(
𝑈̃2 − 𝑈̃2

1
)
− 𝑎2 + 𝑈̃1 = 0 .

One can see that the system only depends on the choice of the closing coefficient, 𝑎1 , and its derivatives, meaning that the higher-order coefficients can be found algebraically,
𝑎2 =

𝜕𝑎1
𝜕𝑈̃2

(
𝑈̃2 − 𝑈̃2

1
)
+ 𝑈̃1 ,

𝑏2 =
(

𝜕𝑎1
𝜕𝑈̃2

(
𝑎1 + 𝑈̃1

)
+

𝜕𝑎1
𝜕𝑈̃1

+ 1
)(

𝑈̃2 − 𝑈̃2
1
)
.

Multiple forms of 𝑎1 can produce a real valued 𝑎2 and non-negative 𝑏2, the only requirements are that the chosen closing coefficient is dimensionally consistent and a function of the scaled moments. However, only one was found to produce Galilean invariant equations, 𝑎1 = 𝑎0, leading to the Euler equations. It is easy to see that setting 𝑎1 = 0 also produces a 3-moment hyperbolic system since simplifying the equations lead to 𝑎2 = 𝑎0 and 𝑏2 = 𝑀2. Moreover the resulting closure scales correctly with the pressure, ⟨
𝑣𝑃 ′

𝑛+1

⟩
= 0. However, it is not Galilean invariant anywhere except on the realizability boundary corresponding to a zero temperature 

since ⟨𝑣𝑃 ′
𝑛+1

⟩
= 𝑈2

𝑈0
−

𝑈2
1

𝑈2
0

.Using this technique, one can easily show that setting the closing coefficient 𝑎𝑛∕2 = 0 always leads to hyperbolic systems, even for higher closures. However, all resulting closures were found to only be Galilean invariant for states on the realizability boundary. These solutions are therefore not considered further in this work. An ifinite number of closures can be found using this technique, however the complexity increases rapidly with the number of moments. Ideally, a pattern needs to emerge from the easier lower-order closures leading to a hierarchy spanning all moment.
3.2.6. Some ad-hoc odd-order closuresUsing this technique, multiple hyperbolic, Galilean invariant 5-moment closures have been found. For any 5-moment system, the coefficients 𝑎0, 𝑎1, 𝑏1 and 𝑏2 can be calculated analytically from Eq. (31). The closing coefficient, 𝑎2 , needs to be chosen in such a way that 𝑎3, 𝑎4, 𝑏3 and 𝑏4 are real valued and non-negative respectively.The first closure considered in this study, denoted C05, is found by setting 𝑎2 = 𝑎0. The associated closing flux, 𝑊5 = −𝑊3(𝑊 2

3 −
2𝑊4), resulting in 𝑎3 =𝑊3, 𝑎4 = 0, 𝑏3 =𝑊4 −𝑊 2

3 and 𝑏4 = 0, is globally hyperbolic, scales correctly with temperature, and is Galilean invariant. Unfortunately, it was found that choosing a value of 𝑎0 for the closing coefficient only produce 3-moment and 5-moment hyperbolic systems. The pattern does not extend to higher-order moment closures.The next logical form to be considered is 𝑎2 = 𝑎0 + 𝑎1 which leads to a hyperbolic but not Galilean invariant system. In order to ensure that ⟨𝑃 ′
5
⟩
= 0 and 

⟨
𝑣𝑃 ′

5
⟩
= 0 the closing coefficient needs to be multiplied by a factor of 12 . This choice exactly recovers the HyQMOM5 model of Fox and Laurent. This closure leads to 𝑎3 =𝑊3, 𝑎4 = 0, 𝑏3 =𝑊4 −𝑊 2

3 and 𝑏4 = 0.Other expression were also found to produce hyperbolic and Galilean invariant systems, i.e. 𝑎2 = 1
4

(
𝑈1
𝑈0 +

𝑈3
𝑈2

). However the resulting closure was found to be very similar to HyQMOM5 and therefore not considered further.Finally the last 5-moment closure studied in this work, denoted C15, was found by setting 𝑎2 = 𝑎0 +
𝑏2
𝑏1
(𝑎1 − 𝑎0). The resulting moment equations are Galilean invariant and scale correctly with temperature, but are not globally hyperbolic. This can be seen in Fig. 1 as large negative regions can be observed in the normalized 𝑏3 and 𝑏4 coefficients plotted over realizable space. This limits the use of this closure only to low speed flow or below Ma = 2 shock waves. However, using this closure a 7-moment approximation can also be built by setting 𝑎3 = 𝑎0 + 𝑎1 +

𝑏3
𝑏2
(𝑎2 − 𝑎1). After numerical investigations, this closure, denoted C17, seems to a similar region of hyperbolicity making it adequate for low-speed flows. 

3.2.7. A new even-order hierarchyApart from the QMOM hierarchy, no other method reliably produces robust high even-order quadrature-based closures. As mentioned previously, the QMOM hierarchy always predicts moments on the realizability boundary thus being unable to recover equilibrium. Using the new technique presented above, a new hyperbolic and Galilean invariant even-moment hierarchy is constructed.
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Fig. 1. Normalized 𝑏3 and 𝑏4 recurrence coefficients of the C15 closure. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)
Starting with the 4-moment closure, denoted B4, the closing coefficient is chosen to be

𝑏2 = 𝛽1𝑏1 + 𝛽2(𝑎1 − 𝑎0)2 . (43)
The constant 𝛽1 = 2 was chosen in order to recover the equilibrium state while 𝛽2 = 1 is necessary fufill the requirement of Favard’s theorem. The corresponding closing flux is,

𝑊4 = 2𝑊 2
3 + 3 , (44)

while the remaining recurrence coefficients are found as,
𝑎2 =

𝑊3(3𝑊 2
3 + 4)

𝑊 2
3 + 2 

𝑎3 =
2𝑊3

𝑊 2
3 + 2

𝑏3 =
9𝑊 4

3 + 20𝑊 2
3 + 12

(𝑊 2
3 + 2)2

. (45)
The detailed derivation is presented in Appendix C. The same procedure, as shown for the 3-moment system, is followed. The derivations of the other higher-order closures are not included in this work since the resulting expressions are too large. However, they can be done easily using symbolic computing software. The 6-moment closure is found by assigning the closing coefficient to be,

𝑏3 = 𝛽3(𝑏1 + 𝑏2) + 𝛽4
[
(𝑎2 − 𝑎0)2 + (𝑎2 − 𝑎1)2

]
, (46)

where, the constants are set to 𝛽3 = 1 and 𝛽4 =
1
2 in order to recover equilibrium and maintain hyperbolicity. The closing flux can then be found to be,

𝑊6 = − 1
2
3𝑊 6

3 − 10𝑊 4
3 𝑊4 − 2𝑊 4

3 + 6𝑊 3
3 𝑊5 + 7𝑊 2

3 𝑊 2
4 + 8𝑊 2

3 𝑊4

𝑊 2
3 −𝑊4 + 1 

+ 1
2
14𝑊3𝑊4𝑊5 + 4𝑊 3

4 −𝑊 2
3 − 2𝑊3𝑊5 − 6𝑊 2

4 + 4𝑊 2
5 + 2𝑊4

𝑊 2
3 −𝑊4 + 1 

.

The recurrence coefficients 𝑎4, 𝑎5, 𝑏4 and 𝑏5 contain too many terms to be shown here. However, plots of the normalized 𝑏4 and 𝑏5are shown for different values of 𝑊5 in Figs. 2, 3 and 4. Observation of more than 100 slices, ranging from 𝑊5 = 0 to 𝑊5 = 300, along with extensive numerical experimentation show that the resulting closure seems to be strongly hyperbolic. As can be observed the 
𝑏4 and 𝑏5 remain positive throughout the realizability domain. Furthermore, the resulting 𝑎4, 𝑎5 are real valued functions. Finally, following this pattern, the next member of this hierarchy, the 8-moment system, denoted B8, is found by setting,

𝑏4 =
2
3
(𝑏1 + 𝑏2 + 𝑏3) +

1
3
[
(𝑎3 − 𝑎0)2 + (𝑎3 − 𝑎1)2 + (𝑎3 − 𝑎2)2

]
. (47)

Again, the hyperbolicity of the 8-moment system has been investigated numerically. A general form for the closing coefficient, 𝑏(𝑛+1)∕2 , can be expressed as,
𝑏(𝑛+1)∕2 =

4 
(𝑛− 1)

(𝑛−1)∕2∑
𝑘=1 

𝑏𝑘 +
2 

(𝑛− 1)

(𝑛−1)∕2∑
𝑙=0 

(𝑎(𝑛−1)∕2 − 𝑎𝑙)2 (48)
allowing the computation of a closing flux, 𝑈𝑛+1 of any even-order moment. Although no formal proof is available for hyperbolicity, extensive numerical investigation suggest that the hierarchy is robustly hyperbolic.
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Fig. 2. Normalized 𝑏4 and 𝑏5 recurrence coefficients of the B6 closure for 𝑊5 = 0. 

Fig. 3. Normalized 𝑏4 and 𝑏5 recurrence coefficients of the B6 closure for 𝑊5 = 50. 

Fig. 4. Normalized 𝑏4 and 𝑏5 recurrence coefficients of the B6 closure for 𝑊5 = 200. 
4. Numerical results

In order to investigate the behaviour of the various moment closures discussed in the previous sections, solutions of a typical 1-D Riemann problem in the free-molecular, transition and continuum regimes are presented. Furthermore, a numerical investigation of the internal structure of stationary shock waves is shown. Comparisons are made between the moment models and the direct 
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Fig. 5. Numerical solution for the normalized density of 1-D Riemann problems as determined by moment models and direct numerical solutions of the BGK kinetic equation: (a) free-molecular regime, (b) transition regime.
numerical solution of the BGK equation, using the discrete-velocity method of Mieussens [26]. An upwind Godunov-type finitevolume scheme with HLL flux function [27] is used for the numerical solution of the moment equations. Wave speeds are determined by numerically computing the eigenvalues of the flux Jacobian. A first-order-accurate time-marching scheme is used that treats the hyperbolic left-hand side of the moment equations explicitly while employing a point-implicit treatment for the stiff right-hand side [25].
4.1. Numerical solutions of 1-D Riemann problems

Numerical solutions of a Riemann problem in the free-molecular, transition, and continuum regimes are used to illustrate the predictions of the different closures. For the free-molecular regime, the BGK source term was set to zero for all models, thus only displaying the collision less solution. The transition and continuum regime calculations were computed using 𝜏 = 10−3 s and 𝜏 = 10−6s respectively. For all solutions of the BGK equation, velocity space is discretized using 1500 velocities spanning -5000 m/s to 5000 m/s. The initial conditions are given as,
𝑥 ≤ 0

⎧⎪⎨⎪⎩

𝜌 = 4.696 kg/m3

𝑢 = 0 m/s
𝑝 = 404400 Pa 𝑥 > 0

⎧⎪⎨⎪⎩

𝜌 = 1.408 kg/m3

𝑢 = 0 m/s
𝑝 = 101100 Pa . (49)

For all calculations, a spacial discretization of 10,000 equal-sized cells is used on a computational domain −7 m ≤ 𝑥 < 7 m. All cases were run to a final 𝑡 = 0.006 s. Figs. 5, 6, and 7 show the normalized density, the velocity, and the normalized heat transfer for both freemolecular and transition regimes. As expected, for the free-molecular case, a collection of discontinuities representing individual wave 
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Fig. 6. Numerical solution for the velocity of 1-D Riemann problems as determined by moment models and direct numerical solutions of the BGK kinetic equation: (a) free-molecular regime, (b) transition regime.
speeds can be seen for each closure. Furthermore, higher-order moment models seems to provide better approximations, suggesting that in the limit of a large number of moments the BGK solution would be recovered. In the transition regime, a closer agreement from all the models is observed. However, minor deviations coming from the lower-order models are still present. Fig. 8 shows the density and velocity distributions in the continuum regime. As expected all models recover the Euler solution. The heat flux is not shown for the continuum regime as all models correctly predict essentially zero heat flux.
4.2. Numerical solutions of 1-D stationary shock waves

Numerical solutions of stationary shock waves of various strength are presented. This investigation allows for a better understanding of the different behaviour of the presented quadrature based closures. Numerical solutions are compared to the discretized BGK kinetic equation as well as a 5-moment maximum-entropy based approximations that has proven particularly successful in predicting strong shock wave internal structure. The maximum-entropy approximation, denoted MEF in this paper, was adopted from McDonald and Torrilhon [15].For all calculations a spacial discretization of four thousand equal-sized cell is used. The relaxation time for the BGK collision operator is held fixed at a value of 𝜏 = 10−7 s. The computed results are therefore not physically accurate, since the relaxation time is expected to vary as function of the gas macroscopic properties. However, it does allow an evaluation of the behaviour of the closures for non-equilibrium flows. The upstream values of pressure and density are taken to be standard atmospheric values, 101 325 Pa and 1.225 kg/m3, respectively. The upstream mean free path, 𝜆, is taken to be 𝜆 = 3.67 × 10−7 m. This follows from the expression for hard-sphere collisional processes given by Bird [1]. Combined with the relation provided by the BGK collision operator linking the relaxation time and fluid viscosity, the mean free path can be expressed as

Journal of Computational Physics 523 (2025) 113659 

13 

65



W. Morin and J.G. McDonald 

Fig. 7. Numerical solution for the normalized heat flux of 1-D Riemann problems as determined by moment models and direct numerical solutions of the BGK kinetic equation: (a) free-molecular regime, (b) transition regime.

𝜆 = 16𝜏
5 

√
𝑝 

2𝜋𝜌
. (50)

For the solution of the BGK equation, velocity space is discretized using 1500 velocities spanning -5000 m/s to 5000 m/s for the cases with an upstream Mach number of 2 and 4. For the case with an upstream Mach number of 6, 3000 velocities spanning -10,000 m/s to 10,000 m/s were used. Comparison is made to the BGK equation rather than the Boltzmann equation with the true collision operator so as to more accurately make a comparison to the moment closure. Since both solutions have the same collision operator, the only source of deviation is the moment approximation, which is the interest of this study.Figs. 9, 11, and 13 show the numerical solutions of the density prfile for the three different stationary shock waves, while Figs. 10, 12, and 14 display the normalized heat flux. The density was normalized to go from zero to one. As expected the maximum-entropy approximation performs well in capturing the shocks internal structures, as minimal deviation can be observed from the BGK solutions. It can be seen that the higher-order quadrature-based closures (B6, HyQMOM7, C17 and B8) were also successfully predicting the BGK solutions especially for Ma = 2 shock wave. As the shock strength increases, discontinuities in the solutions, called sub-shocks becomes more apparent. This can be more easily seen in the normalized heat flux calculations. As expected, the lower-order closures (B4, C15, and HyQMOM5) do not perform nearly as well, even if the density prfile is captured relatively well, strong sub-shocks can be observed even in the weakest shock wave calculations. Interestingly, the B4 model perform surprisingly well, often displaying smaller sub-shocks than its 5-moments counterparts.For hyperbolic balance laws, information travels at finite velocities that are described by the eigenvalues of the flux Jacobian. When considering 1D physics, the equilibrium speed of sound is given by 
√
3𝜃. For shock-structure predictions, if the incoming flow velocity is larger than the fastest equilibrium wave speed of the system, then all characteristics will point in the downstream direction and there is no possibility of upstream information propagation for smooth solutions. The only way the flow can transition 
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Fig. 8. Numerical solution of 1-D Riemann problems, in the continuum regime, as determined by moment models and direct numerical solutions of the BGK kinetic equation: (a) Normalized density, (b) Velocity.

to the downstream state is through an initial discontinuity, or sub-shock. Every quadrature based model presented in this study with the exception of the B8 model posses equilibrium wave speeds that are insufficiently large for the smooth prediction of a Ma = 2 shock wave, corresponding to a normalized velocity of 2√3 = 3.4641. The B4, HyQMOM5, C05 and C15 models have an normalized equilibrium maximum wave speeds of 𝜆max = 2.33, 𝜆max = 2.45, 𝜆max = 2.33 and 𝜆max = 2.87 respectively. Furthermore, the B6, HyQMOM7, C17 and B8 models have maximum wave speed of 𝜆max = 2.93, 𝜆max = 3.04, 𝜆max = 3.38 and 𝜆max = 3.45 respectively. For one-dimensional physics, this translates into a maximum Mach number under Ma = 2 for all closures expect for the B8 model. The slow increase in equilibrium wave speed value with respect to the number of moments suggest that the presented quadraturebased moment closure hierarchies may not be ideal for high speed non-equilibrium flows if the internal structure of shock wave is of interest.The 5-moment maximum-entropy based system seems to always produce smooth solutions. This can be explained by the presence of the Junk subspace, located above equilibrium [16]. This well documented artifact is also the reason why maximum-entropy based closure are generally able to produce smooth solutions. As the Junk subspace is approached and the closing flux becomes singular, the maximum wave speeds also become arbitrarily large. If the solution leaves equilibrium with a trajectory that takes it into a region of very high wave speeds, no sub-shock structure is expected as can be seen in the numerical results. This behaviour is explored and explained by McDonald and Torrilhon [25].
5. Conclusions

It as been demonstrated that globally hyperbolic closures can be reliably constructed using the technique presented in this work. This new technique is based on the HyQMOM theory, previously proposed by Fox and Laurent [20]. A novel even-order moment clo
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Fig. 9. Predicted normalized density across a Ma = 2, 1-D stationary shock wave as determined by quadrature-based moment models and direct numerical solutions of the BGK kinetic equation: (a) lower-order closures, (b) higher-order closures.

sure hierarchy has been developed using this method, along with several other ad-hock lower order closures. Numerical investigation into the accuracy and robustness of these new closure was conducted by solving a 1-D Riemann problem and shack waves structures. It was demonstrated that, the moment closures performs well for moderate shock strength. However, for high Mach number shocks, the presence of sub-shocks was observed in all moment methods.
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Fig. 10. Predicted normalized heat flux across a Ma = 2, 1-D stationary shock wave as determined by quadrature-based moment models and direct numerical solutions of the BGK kinetic equation: (a) lower-order closures, (b) higher-order closures.
Appendix A. Quadrature-based closure from eigenvalue construction, 3-moment example

In order to illustrate the new method presented in this work, one can consider the Euler equations as an example, since the form of both the closing flux and the wave speeds are known. The flux Jacobian of any 3-moment system can be represented as
d𝑭
d𝑼

=
⎡⎢⎢⎣

0 1 0
0 0 1

𝜆0𝜆1𝜆2 −(𝜆0𝜆1 + 𝜆0𝜆2 + 𝜆1𝜆2) 𝜆0 + 𝜆1 + 𝜆2

⎤⎥⎥⎦
, (A.1)

with the closing flux given by,
𝑈𝑛+1 =𝑈0 (𝜆0𝜆1𝜆2) −𝑈1 (𝜆0𝜆1 + 𝜆0𝜆2 + 𝜆1𝜆2) +𝑈2 (𝜆0 + 𝜆1 + 𝜆2) . (A.2)

The vector ( 𝜕𝑈𝑛+1
𝜕𝝀

)
𝑈

can be computed easily,
(

𝜕𝑈𝑛+1
𝜕𝝀

)

𝑈
=
⎡⎢⎢⎣

𝑈0 𝜆1𝜆2 −𝑈1 (𝜆1 + 𝜆2) +𝑈2
𝑈0 𝜆0𝜆2 −𝑈1 (𝜆0 + 𝜆2) +𝑈2
𝑈0 𝜆0𝜆1 −𝑈1 (𝜆0 + 𝜆1) +𝑈2

⎤⎥⎥⎦

T

. (A.3)
In general the matrix 

(
𝜕𝝀
𝜕𝑼

) is not known since this would require one to know the exact form of the 𝜆s. However, by assuming that the wave speeds are Galilean invariant and scale correctly with the temperature, a general form can be assumed,
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Fig. 11. Predicted normalized density across a Ma = 4, 1-D stationary shock wave as determined by quadrature based-moment models and direct numerical solutions of the BGK kinetic equation: (a) lower-order closures, (b) higher-order closures.
𝜆𝑖 = 𝑢+

√
𝜃𝑓𝑖(𝑊3,𝑊4,⋯ ,𝑊𝑛) , (A.4)

where the 𝑓𝑖 are unknown functions of the normalized moments. One can rewrite Eq. (27) in terms of the primitive and normalized moments,
( 𝜕𝝀
𝜕𝑼

)
=
( 𝜕𝝀
𝜕𝒀

)( 𝜕𝑼
𝜕𝒀

)−1
. (A.5)

This leads to,
( 𝜕𝑈𝑛+1

𝜕𝝀

)

𝑈

( 𝜕𝝀
𝜕𝒀

)
= 0 , (A.6)

where 𝒀 = [𝜌, 𝑢, 𝜃,𝑊3,𝑊4,⋯ ,𝑊𝑛]T. By taking the Jacobian between 𝒀 and 𝝀 one can show that the three first columns of ( 𝜕𝝀
𝜕𝒀

) are always,

( 𝜕𝝀
𝜕𝒀

)
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 𝑓0
2
√

𝜃
⋯

0 1 𝑓1
2
√

𝜃
⋯

0 1 𝑓2
2
√

𝜃
⋯

⋮ ⋮ ⋮ ⋯
0 1 𝑓𝑛

2
√

𝜃
⋯

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(A.7)
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Fig. 12. Predicted normalized heat flux across a Ma = 4, 1-D stationary shock wave as determined by quadrature-based moment models and direct numerical solutions of the BGK kinetic equation: (a) lower-order closures, (b) higher-order closures.

Using a simple change of variable, one can see that the first three columns of the following matrix span the same space,
⎡
⎢⎢⎢⎢⎢⎣

0 1 𝜆0 ⋯
0 1 𝜆1 ⋯
0 1 𝜆2 ⋯
⋮ ⋮ ⋮ ⋯
0 1 𝜆𝑛 ⋯

⎤
⎥⎥⎥⎥⎥⎦

(A.8)

Going back to the 3-moments case, this matrix simplfies to,
⎡⎢⎢⎣

0 1 𝜆0
0 1 𝜆1
0 1 𝜆2

⎤⎥⎥⎦
, (A.9)

providing two equations that must be satified,
(

𝜕𝑈𝑛+1
𝜕𝝀

)

𝑈
⋅ 𝟏 = 0

(
𝜕𝑈𝑛+1
𝜕𝝀

)

𝑈
⋅ 𝝀 = 0 . (A.10)

Only using these two equations an ifinite number of solutions can be found. However, assuming that no direction is preferred, a third equation needs to be considered, 𝜕𝑈𝑛+1
𝜕𝜆0

= 𝜕𝑈𝑛+1
𝜕𝜆2

, providing rflective symmetry in the 𝑥 direction. This yields a unique real solution to the 3-moments system,
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Fig. 13. Predicted normalized density across a Ma = 6, 1-D stationary shock wave as determined by quadrature-based moment models and direct numerical solutions of the BGK kinetic equation: (a) lower-order closures, (b) higher-order closures.

𝜆0 = 𝑢−
√

𝜃
√
3 𝜆1 = 𝑢 𝜆2 = 𝑢+

√
𝜃
√
3 (A.11)

In order to use this technique for higher order moment systems further information is required. This information can come from a set of relations for the entries of ( 𝜕𝑈𝑛+1
𝜕𝝀

), or by picking the general form of the wave speeds thus providing the entries of ( 𝜕𝝀
𝜕𝒀

). Another important takeaway from this analysis is that Eq. (A.10) provides necessary constraints for the systems wave speeds to be Galilean invariant and scale correctly with the temperature.
Appendix B. Galilean invariance and correct temperature scaling, 3-moment example

Going back to the 3-moments case presented in Appendix A, the associated characteristic polynomial in terms of the wave speeds is given by,
𝑃𝑛+1 = 𝑣3 − (𝜆0 + 𝜆1 + 𝜆2)𝑣2 + (𝜆0𝜆1 + 𝜆0𝜆2 + 𝜆1𝜆2)𝑣− 𝜆0𝜆1𝜆2 , (B.1)

leading to,
⟨
𝑃 ′
𝑛+1

⟩
= 3𝑈2 − 2(𝜆0 + 𝜆1 + 𝜆2)𝑈1 + (𝜆0𝜆1 + 𝜆0𝜆2 + 𝜆1𝜆2)𝑈0 = 0

⟨
𝑣𝑃 ′

𝑛+1
⟩
= (𝜆0 + 𝜆1 + 𝜆2)𝑈2 − 2(𝜆0𝜆1 + 𝜆0𝜆2 + 𝜆1𝜆2)𝑈1 + 3𝜆0𝜆1𝜆2 𝑈0 = 0 ,

which, using Eq. (A.3), can be shown to be exactly
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Fig. 14. Predicted normalized heat flux across a Ma = 6, 1-D stationary shock wave as determined by quadrature-based moment models and direct numerical solutions of the BGK kinetic equation: (a) lower-order closures, (b) higher-order closures.
(

𝜕𝑈𝑛+1
𝜕𝝀

)

𝑈
⋅ 𝟏 = 0

(
𝜕𝑈𝑛+1
𝜕𝝀

)

𝑈
⋅ 𝝀 = 0 . (B.2)

Even if no formal proof is presented, this condition is believed to holds for any number of moments.
Appendix C. Derivation of the 4-moment system using the new approach

Here the proposed technique is derived for the 4-moment system. First, the sequence of orthogonal polynomials are first built until 𝑃4 using the recurrence relations,
𝑃0 =0

𝑃1 =(𝑣− 𝑎0)

𝑃2 =𝑣2 − (𝑎1 + 𝑎0)𝑣+ 𝑎1𝑎0 − 𝑏1

𝑃3 =𝑣3 − (𝑎2 + 𝑎1 + 𝑎0)𝑣2 + (−𝑎2(−𝑎1 − 𝑎0) + 𝑎1𝑎0 − 𝑏1 − 𝑏2)𝑣− 𝑎2(𝑎1𝑎0 − 𝑏1) + 𝑏2𝑎0

𝑃4 =𝑣4 − (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)𝑣3 + (𝑎0𝑎1 + 𝑎0𝑎2 + 𝑎0𝑎3 + 𝑎1𝑎2 + 𝑎1𝑎3 + 𝑎2𝑎3 − 𝑏1 − 𝑏2 − 𝑏3)𝑣2

+ (−𝑎0𝑎1𝑎2 − 𝑎0𝑎1𝑎3 − 𝑎0𝑎2 ∗ 𝑎3 − 𝑎1𝑎2𝑎3 + 𝑎0𝑏2 + 𝑎0𝑏3 + 𝑎1𝑏3 + 𝑎2𝑏1 + 𝑎3𝑏1 + 𝑎3𝑏2)𝑣

+ 𝑎0𝑎1𝑎2𝑎3 − 𝑎0𝑎1𝑏3 − 𝑎0𝑎3𝑏2 − 𝑎2𝑎3𝑏1 + 𝑏1𝑏3where the coefficient of the resulting characteristic polynomial (polynomial of the flux Jacobian) are,

Journal of Computational Physics 523 (2025) 113659 

21 

73



W. Morin and J.G. McDonald 
𝐴0 =𝑎0𝑎1𝑎2𝑎3 − 𝑎0𝑎1𝑏3 − 𝑎0𝑎3𝑏2 − 𝑎2𝑎3𝑏1 + 𝑏1𝑏3

𝐴1 = − 𝑎0𝑎1𝑎2 − 𝑎0𝑎1𝑎3 − 𝑎0𝑎2𝑎3 − 𝑎1𝑎2𝑎3 + 𝑎0𝑏2 + 𝑎0𝑏3 + 𝑎1𝑏3 + 𝑎2𝑏1 + 𝑎3𝑏1 + 𝑎3𝑏2

𝐴2 =𝑎0𝑎1 + 𝑎0𝑎2 + 𝑎0𝑎3 + 𝑎1𝑎2 + 𝑎1𝑎3 + 𝑎2𝑎3 − 𝑏1 − 𝑏2 − 𝑏3

𝐴3 =𝑎0 + 𝑎1 + 𝑎2 + 𝑎3 .

The first three recurrence coefficients 𝑎0 =𝑈1∕𝑈0, 𝑏1 =𝑈2∕𝑈0 −𝑈2
1 ∕𝑈

2
0 and 𝑎1 = (𝑈2

0𝑈3 − 2𝑈0𝑈1𝑈2 +𝑈3
1 )∕(𝑈0(𝑈0𝑈2 −𝑈2

1 )) can be computed directly using Eq. (31). The higher order coefficients contain moments that are not part of the solution vector. Since the condition shown in Eq. (42) must be satified, it is then used to build the following system of equations,
𝑈0

𝜕𝐴0
𝜕𝑈0

+𝑈1
𝜕𝐴1
𝜕𝑈0

+𝑈2
𝜕𝐴2
𝜕𝑈0

+𝑈3
𝜕𝐴3
𝜕𝑈0

= 0 ,

𝑈0
𝜕𝐴0
𝜕𝑈1

+𝑈1
𝜕𝐴1
𝜕𝑈1

+𝑈2
𝜕𝐴2
𝜕𝑈1

+𝑈3
𝜕𝐴3
𝜕𝑈1

= 0 ,

𝑈0
𝜕𝐴0
𝜕𝑈2

+𝑈1
𝜕𝐴1
𝜕𝑈2

+𝑈2
𝜕𝐴2
𝜕𝑈2

+𝑈3
𝜕𝐴3
𝜕𝑈2

= 0 ,

𝑈0
𝜕𝐴0
𝜕𝑈3

+𝑈1
𝜕𝐴1
𝜕𝑈3

+𝑈2
𝜕𝐴2
𝜕𝑈3

+𝑈3
𝜕𝐴3
𝜕𝑈3

= 0 .

The first equation is always automatically satified by choosing the system to be function of the scaled moments, 𝑼̃ . This is necessary for the moment system to be first-order homogeneous. After substituting 𝑎0 , 𝑏1 and 𝑎1 the equations simplfies as,
−
(
𝑎3𝑎2𝑈1

3𝑈2 − 𝑎3𝑎2𝑈1
2𝑈3 − 𝑎3𝑎2𝑈1𝑈2

2 + 2𝑎3𝑏2𝑈1
2𝑈2 + 𝑎3𝑎2𝑈2𝑈3 + 𝑎3𝑈1𝑈2𝑈3

+ 𝑎2𝑈1𝑈2𝑈3 + 2𝑈1
2𝑈2𝑈3 − 3

𝜕𝑏2
𝜕𝑈1

𝑈1
4𝑈2 − 𝑎3𝑏2𝑈1

4 + 3
𝜕𝑏2
𝜕𝑈1

𝑈1
2𝑈2

2 − 𝑎3𝑈1
3𝑈3 + 𝑎3𝑈1

2𝑈2
2

− 𝑏3𝑈1
3𝑈2 − 𝑎2𝑈1

3𝑈3 + 𝑎2𝑈1
2𝑈2

2 − 2𝑏2𝑈1
3𝑈2 − 𝑎3𝑏2𝑈2

2 + 𝑏3𝑈1
2𝑈3 + 𝑏3𝑈1𝑈2

2 + 𝑏2𝑈1𝑈2
2 − 𝑏3𝑈2𝑈3

− 2𝑈1𝑈2
3 − 2𝑈1𝑈3

2 + 2𝑈2
2𝑈3 +

𝜕𝑏2
𝜕𝑈1

𝑈1
6 + 𝑏2𝑈1

5 −
𝜕𝑏2
𝜕𝑈1

𝑈2
3 − 𝑎3𝑈2

3 − 𝑎2𝑈2
3
)
∕
(
𝑈1

2 −𝑈2

)2
= 0 ,

−
(

𝜕𝑏2
𝜕𝑈2

𝑈1
6 − 3

𝜕𝑏2
𝜕𝑈2

𝑈1
4𝑈2 − 𝑎3𝑎2𝑈1

4 + 3
𝜕𝑏2
𝜕𝑈2

𝑈1
2𝑈2

2 + 2𝑎3𝑎2𝑈1
2𝑈2 − 𝑎3𝑈1

3𝑈2 + 𝑏3𝑈1
4 − 𝑎2𝑈1

3𝑈2

−
𝜕𝑏2
𝜕𝑈2

𝑈2
3 − 𝑎3𝑎2𝑈2

2 + 𝑎3𝑈1
2𝑈3 + 𝑎3𝑈1𝑈2

2 − 2𝑏3𝑈1
2𝑈2 + 𝑎2𝑈1

2𝑈3 + 𝑎2𝑈1𝑈2
2 −𝑈1

3𝑈3 + 2𝑈1
2𝑈2

2

− 𝑎3𝑈2𝑈3 + 𝑏3𝑈2
2 − 𝑎2𝑈2𝑈3 −𝑈1𝑈2𝑈3 −𝑈2

3 +𝑈3
2
)
∕
(
𝑈1

2 −𝑈2

)2
= 0 ,

−
(

𝜕𝑏2
𝜕𝑈3

𝑈1
4 − 2

𝜕𝑏2
𝜕𝑈3

𝑈1
2𝑈2 +

𝜕𝑏2
𝜕𝑈3

𝑈2
2 + 𝑎3𝑈1

2 + 𝑎2𝑈1
2 − 𝑎3𝑈2 − 𝑎2𝑈2 −𝑈1𝑈2 +𝑈3

)
∕
(
𝑈1

2 −𝑈2

)
= 0 .

One can see that the system only depends on the choice of the closing coefficient, 𝑏2, and its derivatives, all other derivatives simplfies in the process. This allows for the higher-order coefficients to be solved algebraically,
𝑎2 =

(
−

𝜕𝑏2
𝜕𝑈3

𝑏2𝑈1
4 −

𝜕𝑏2
𝜕𝑈1

𝑈1
4 −

𝜕𝑏2
𝜕𝑈2

𝑈1
3𝑈2 + 2

𝜕𝑏2
𝜕𝑈3

𝑏2𝑈1
2𝑈2 −

𝜕𝑏2
𝜕𝑈3

𝑈1
3𝑈3 + 2

𝜕𝑏2
𝜕𝑈1

𝑈1
2𝑈2 +

𝜕𝑏2
𝜕𝑈2

𝑈1
2𝑈3

+
𝜕𝑏2
𝜕𝑈2

𝑈1𝑈2
2 −

𝜕𝑏2
𝜕𝑈3

𝑏2𝑈2
2 + 3

𝜕𝑏2
𝜕𝑈3

𝑈1𝑈2𝑈3 −
𝜕𝑏2
𝜕𝑈3

𝑈2
3 − 𝑏2𝑈1

3 −
𝜕𝑏2
𝜕𝑈1

𝑈2
2 −

𝜕𝑏2
𝜕𝑈2

𝑈2𝑈3

−
𝜕𝑏2
𝜕𝑈3

𝑈3
2 + 2𝑏2𝑈1𝑈2 − 𝑏2𝑈3

)
∕
(
𝑏2(𝑈1

2 −𝑈2)
)

,

𝑎3 =
(
(𝑈1

2 −𝑈2)(𝑈1𝑈2 −𝑈3)
𝜕𝑏2
𝜕𝑈2

+ (𝑈1
3𝑈3 − 3𝑈1𝑈2𝑈3 +𝑈2

3 +𝑈3
2)

𝜕𝑏2
𝜕𝑈3

+ ((𝑈1
2 −𝑈2)

𝜕𝑏2
𝜕𝑈1

+ 𝑏2𝑈1)(𝑈1
2 −𝑈2)

)
∕
(
𝑏2(𝑈1

2 −𝑈2)
)

,

𝑏3 =
(
−((𝑈1

2 −𝑈2)2𝑏2 +𝑈1
3𝑈3 − 3𝑈1𝑈2𝑈3 +𝑈2

3 +𝑈3
2)(𝑈1

3𝑈3 − 3𝑈1𝑈2𝑈3 +𝑈2
3 +𝑈3

2)
𝜕𝑏2
𝜕𝑈3

2

+ (−(𝑈1𝑈2 −𝑈3)(𝑈1
2 −𝑈2)((𝑈1

2 −𝑈2)2𝑏2 + 2𝑈1
3𝑈3 − 6𝑈1𝑈2𝑈3 + 2𝑈2

3 + 2𝑈3
2)

𝜕𝑏2
𝜕𝑈2

Journal of Computational Physics 523 (2025) 113659 

22 

74



W. Morin and J.G. McDonald 
− (𝑈1

2 −𝑈2)2((𝑈1
2 −𝑈2)2𝑏2 + 2𝑈1

3𝑈3 − 6𝑈1𝑈2𝑈3 + 2𝑈2
3 + 2𝑈3

2)
𝜕𝑏2
𝜕𝑈1

− 𝑏2((𝑈1
2 −𝑈2)2(𝑈1

3 −𝑈3)𝑏2 + (2(𝑈1
3 − 1.5𝑈1𝑈2 + 0.5𝑈3))(𝑈1

3𝑈3 − 3𝑈1𝑈2𝑈3 +𝑈2
3 +𝑈3

2)))
𝜕𝑏2
𝜕𝑈3

− ((𝑈1
2 −𝑈2)(𝑈1𝑈2 −𝑈3)2

𝜕𝑏2
𝜕𝑈2

2
+ (2(𝑈1

2 −𝑈2)2(𝑈1𝑈2 −𝑈3)
𝜕𝑏2
𝜕𝑈1

+ (2(0.5(𝑈1
2 −𝑈2)2𝑏2 + (𝑈1𝑈2 −𝑈3)(𝑈1

3 − 1.5𝑈1𝑈2 + 0.5𝑈3)))𝑏2)
𝜕𝑏2
𝜕𝑈2

+ ((𝑈1
2 −𝑈2)2

𝜕𝑏2
𝜕𝑈1

2
+ (2(𝑈1

3 − 1.5𝑈1𝑈2 + 0.5𝑈3))𝑏2
𝜕𝑏2
𝜕𝑈1

+ 𝑏22(𝑈1
2 −𝑈2))(𝑈1

2 −𝑈2))(𝑈1
2 −𝑈2)

)
∕
(
𝑏22(𝑈1

2 −𝑈2)2
)

.

The resulting relations are significantly larger than ones obtained for the 3-moment system. However, the process is exactly the same. The closing coefficient, 𝑏2 need to be chosen such that the coefficients 𝑎2 and 𝑎3 remain real valued and 𝑏3 remains positive. Once 𝑏2is chosen and the derivatives are evaluated, the system, can be normalized (𝑈1 = 0 and ̃𝑈2 = 1). An ifinite number of closures can be found this way, but in this work, the closing coefficient was set to 𝑏2 = 2𝑏1 + (𝑎1 − 𝑎0)2. The higher order recurrence coefficients are found as,
𝑎2 =

𝑊3(3𝑊 2
3 + 4)

𝑊 2
3 + 2 

𝑎3 =
2𝑊3

𝑊 2
3 + 2

𝑏3 =
9𝑊 4

3 + 20𝑊 2
3 + 12

(𝑊 2
3 + 2)2

, (C.1)
fufilling the requirements of Favard theorem. The associated closing flux can easily be found using the definition of 𝑏2 ,

𝑏2 =
⟨
𝑃 2
2
⟩

⟨
𝑃 2
1
⟩ = 2𝑏1 + (𝑎1 − 𝑎0)2 ,

allowing to solve for 𝑊4 = 2𝑊 2
3 + 3. Furthermore the resulting characteristic polynomial can be shown to respect Eq. (32).

Data availability
Data will be made available on request.

References
[1] G.A. Bird, Molecular Gas Dynamics and the Direct Simulation of Gas Flows, Clarendon Press, Oxford, 1994.[2] Q. Sun, I.D. Boyd, A direct simulation method for subsonic, microscale gas flow, J. Comput. Phys. 179 (2002) 400--425.[3] A.V. Bobylev, The Chapman-Enskog and Grad methods for solving the Boltzmann equation, Sov. Phys. Dokl. 27 (1) (1982) 29--31.[4] H. Grad, On the kinetic theory of rarefied gases, Commun. Pure Appl. Math. 2 (1949) 331--407.[5] I. Müller, T. Ruggeri, Rational Extended Thermodynamics, Springer-Verlag, New York, 1998.[6] S.L. Brown, P.L. Roe, C.P.T. Groth, Numerical solution of a 10-moment model for nonequilibrium gasdynamics, Paper 95-1677, AIAA, June 1995.[7] M. Torrilhon, Modeling nonequilibrium gas flow based on moment equations, Annu. Rev. Fluid Mech. 48 (2016) 429--458.[8] H. Struchtrup, M. Torrilhon, H theorem, regularization, and boundary conditions for the linearized 13 moment equations, Phys. Rev. Lett. 99 (2007) 014502.[9] H. Struchtrup, T. Thatcher, Bulk equations and Knudsen layers for the regularized 13 moment equations, Contin. Mech. Thermodyn. 19 (2007) 177--189.[10] Z. Cai, Y. Fan, R. Li, Globally hyperbolic regularization of Grad’s moment system in one dimensional space, Commun. Math. Sci. 11 (2) (2013) 547--571.[11] Z. Cai, Y. Fan, R. Li, Globally hyperbolic regularization of Grad’s moment system, Commun. Pure Appl. Math. 67 (3) (2014) 464--514.[12] W. Dreyer, Maximization of the entropy in non-equilibrium, J. Phys. A, Math. Gen. 20 (1987) 6505--6517.[13] I. Müller, T. Ruggeri, Extended Thermodynamics, Springer-Verlag, New York, 1993.[14] C.D. Levermore, Moment closure hierarchies for kinetic theories, J. Stat. Phys. 83 (1996) 1021--1065.[15] J.G. McDonald, M. Torrilhon, Affordable robust moment closures for CFD based on the maximum-entropy hierarchy, J. Comput. Phys. 251 (2013) 500--523.[16] M. Junk, Domain of definition of Levermore’s five-moment system, J. Stat. Phys. 93 (5/6) (1998) 1143--1167.[17] F. Giroux, J.G. McDonald, An approximation for the twenty-one-moment maximum-entropy model of rarefied gas dynamics, Int. J. Comput. Fluid Dyn. 35 (8) (2021) 632--652.[18] R. McGraw, Description of aerosol dynamics by the quadrature method of moments, Aerosol Sci. Technol. 27 (2) (1997) 255--265.[19] R.O. Fox, A quadrature based third-order moment method for dilute gas-particle flows, J. Comput. Phys. 227 (2008) 6313--6350.[20] R.O. Fox, F. Laurent, Hyperbolic quadrature method of moments for the one-dimensional kinetic equation, SIAM J. Appl. Math. 82 (2) (2022) 750--771.[21] R.O. Fox, F. Laurent, A. Passalacqua, The generalized quadrature method of moments, J. Aerosol Sci. 167 (2023).[22] R.O. Fox, Higher-order quadrature-based moment methods for kinetic equations, J. Comput. Phys. 228 (2009) 7771--7791.[23] H.L. Hamburger, Hermitian transformations of deficiency-index (1,1), jacobian matrices, and undetermined moment problems, Am. J. Math. 66 (1944) 489--552.[24] P.L. Bhatnagar, E.P. Gross, M. Krook, A model for collision processes in gases. I. small amplitude processes in charged and neutral one-component systems, Phys. Rev. 94 (3) (1954) 511--525.[25] J.G. McDonald, C.P.T. Groth, Towards realizable hyperbolic moment closures for viscous heat-conducting gas flows based on a maximum-entropy distribution, Contin. Mech. Thermodyn. 25 (2013) 573--603.[26] L. Mieussens, Discrete velocity model and implicit scheme for the BGK equation of rarefied gas dynamics, Math. Models Methods Appl. Sci. 10 (8) (2000) 1121--1149.[27] A. Harten, P.D. Lax, B. van Leer, On upstream differencing and Godunov-type schemes for hyperbolic conservation laws, SIAM Rev. 25 (1) (1983) 35--61.

Journal of Computational Physics 523 (2025) 113659 

23 

75



Chapter 5

Third Journal Publication:

Applications of

Orthogonal-Polynomial-Based

One-Dimensional Moment Closures to

Plasma Flows

Following the success of the new hierarchy in predicting non-equilibrium gas flows, this

third paper investigates the applicability of these new moment closures to plasma flows.

Plasma are notoriously difficult to model accurately using fluid models [52, 53, 54] especially

when dealing with situations where collisional effects are small or negligible. This study

is primarily focused on low-temperature plasma flows applications such as Hall thrusters

discharges. To this effect, two canonical plasma problems featuring both collisional and col-

lisionless regimes are used to access the proposed closures capabilities and limitations. First,

ions in a stationary electric potential are considered, followed by linear Landau damping

calculations. The following manuscript was submitted to a peer-reviewed journal but is not

yet published.
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Closures to Plasma Flows
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Abstract

The applicability of a novel hierarchy of orthogonal-polynomial-based moment closures (OPMC) to
plasma physics is investigated. Direct discretization of the Vlasov-Poisson-BGK system of equations is
often prohibitively expensive for many practical problems. The orthogonal-polynomial-based moment clo-
sures, recently introduced by Morin and McDonald, are a computationally advantageous alternative to
direct discretization or Lagrangian particle approaches, such as Direct Simulation Monte Carlo (DSMC).
This is because they are able to provide a noise-free solutions without excessive computational cost. Nu-
merical solutions of two canonical plasma physics problems are investigated to assess the applicability and
challenges of this moment-closure technique. Good agreement could be observed for cases in the transition
regime, where collisional effects are of moderate importance. However, for the collision-less cases, the
proposed closures were only producing sensible approximations at relatively early times. Furthermore, dis-
tribution functions predicted by the Vlasov-Poisson-BGK system are compared to the closures associated
quadrature-based distribution functions demonstrating that these methods can be seen as discrete velocity
schemes with a velocity grid that automatically adapts to the local flow state.

Keywords:
hyperbolic moment closures, kinetic theory of gases, quadrature-based method of moments

1. Introduction

The development of models that accurately predict non-equilibrium phenomena, such as supersonic
gas flows or plasma flows for a wide range of Knudsen number, has proven difficult. Traditional methods,
typically involving some equilibrium assumption, such as the Navier-Stokes equations often fail to reliably
capture these phenomena accurately.

Kinetic theory commonly describes the motion of large collections of classical gas particles through its
velocity distribution function (VDF). The accurate computation of the time evolution of this distribution
function through the Boltzmann equation or the Vlasov-Poisson system of equations enables the study
of numerous physical phenomena ranging from supersonic or rarefied gas flows [1, 2, 3], plasma physics
[4, 5, 6, 7], quantum hydrodynamics [8, 9] and others [10, 11]. Due to the high number of independent
variables required to describe these kinetic equations, direct discretization is prohibitively expensive for
most problems. Lagrangian particle approaches such as Direct Simulation Monte Carlo (DSMC) can also
be computationally intensive while being subject to statistical noise [12]. The cost linked to stochastic
particle methodologies becomes particularly prohibitive when aiming for time-accurate computations or
low speed flow [13]. The use of moment methods for the prediction of non-equilibrium flows have been
shown to offer some modeling and numerical advantages over other methods [1, 14].
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Moment closure was found to be a promising method for simplifying kinetic equations into fluid mod-
els [15, 16, 17, 18]. The resulting first-order balance laws provide a stable hyperbolic treatment of local
thermal non-equilibrium effects through their inclusion in the solution vector. Moment closures also have
the potential for more convenient numerical solutions than traditional fluid-dynamic equations, (e.g., the
Navier–Stokes equations) which require the evaluation of second order derivatives. Only computing first
derivatives can allow for an extra order of spatial accuracy to be obtained for a given stencil while making
numerical solutions of system of moment equations considerably less sensitive to grid irregularities [19].
Furthermore, as opposed to typical Lagrangian approaches, moment closures provide noise-free approxi-
mations to the Boltzmann equation or Vlasov-Poisson system of equations.

Traditional moment closures do, unfortunately, also suffer from numerical and modeling issues. The
original hierarchy proposed by Grad [1] was found to have a restrictive region of hyperbolicity. This is due to
the fact that the flux Jacobian can develop complex eigenvalues for moderate departures from equilibrium
[20]. The Grad closures are built using an expansion of the equilibrium distribution (Maxwellian) in
Hermite polynomials. Due to the polynomial nature of the resulting VDF, this method is not guaranteed to
predict strictly positive distribution functions. Other authors have proposed regularized moment systems
to extend the robustness of the closures, consequently adding non-conservative terms into the moment
system [20, 21]. Thus, these closure sacrifice balance-law form.

The maximum-entropy hierarchy of moment closure, originally proposed by Dreyer[22], Muller & Rug-
geri [23] and Levermore [24] has gained in popularity in the past decades. The resulting moment system
was shown to produce accurate predictions of non-equilibrium flows, while guaranteeing global hyperbolic-
ity [3]. However, as shown by Junk [25], there exists flow states for which a maximum-entropy VDF cannot
be constructed. Moreover, for closure of sufficiently high order to include a treatment for heat transfer, it is
not possible to write the closing fluxes in closed-form, thus requiring approximations, which are currently
only available for a limited number of moments [3, 26]. Quadrature based methods, on the other hand,
have been shown to offer more flexibility in producing stable hyperbolic moment equations while yielding
a system of hyperbolic balance-laws. First introduced by McGraw [27] in the context of aerosol dynam-
ics description, Fox developed the QMOM hierarchy [28] and later with the contribution of Laurent, the
HyQMOM hierarchy [29] providing hyperbolic stable moment closure models for one-dimensional gases,
though only for closures with a odd number of moments.

1.1. Scope of study

More recently, Morin and McDonald proposed a new globally hyperbolic even-order closures hierarchy
[30]. These new closures were shown to provide accurate approximations for non-equilibrium gas flows.
However, plasmas are notoriously difficult to model using moment methods. Investigation into the robust-
ness of various moment methods was recently conducted outlining the applicability of these closures to
plasma physics [31, 32, 7, 33]. Similarly, this work explores the robustness of the new closures. Primarily
focusing to low-temperature plasma flows applications, such as could be encountered in Hall thrusters dis-
charges. Canonical plasma problems featuring both collisional and collisionless regimes are used to access
each model’s capabilities and limitations. Furthermore, it is demonstrated that these methods can be seen
as discrete velocity schemes with a velocity grid that automatically adapts to the local flow state.

2. Moment closures

Moment closures follow from the field of gaskinetic theory. In this theory, a monatomic gas is described
by a probability density function, F(xi, vi, t), that describes the probability of finding a gas particle at a
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given position, xi , with a velocity, vi, at a time, t. In most cases, only a small number of macroscopic
properties are of interest and not all the information contained in the distribution function is necessary.
These macroscopic properties can be obtained by taking moments of the distribution function. The present
work only consider a one-dimensional VDF. That is, F(x, v, t), is defined for (x, v, t) ∈ R × R × R+. For
a one-dimensional treatment, the following are examples of moments of the distribution function yielding
macroscopic properties of interest:

ρ =

∫
mF dv = ⟨mF⟩ , ρu = ⟨mvF⟩ ,

ρθ =
〈
mc2F

〉
, Q =

〈
mc3F

〉
,

r =
〈
mc4F

〉
, s =

〈
mc5F

〉
.

The notation, ⟨·⟩, is used to denote the integral over all velocity space, m is the mass of one particle, ρ
is the mass density, u is the bulk velocity, c = v − u is the peculiar component of the particle velocity, θ
is the temperature, and Q is the heat-flux. The macroscopic quantities r and s are associated with the
fourth- and fifth-order moment. Moment of the full particle velocity, often called convective moments, are
denoted by Un,

Un = ⟨mvnF⟩ , (1)

with n ∈ N. A vector of such moments can be defined as, U = [U0, U1, · · · , Un]
T. The normalized moments,

Wn, are constructed by shifting the probability distribution function in velocity space resulting in a zero
bulk velocity, followed by a non-dimensionalization such that ρ = 1 and θ = 1,

Wn =
1

ρ

(
1

θ

)n/2

⟨mcnF⟩ for n > 2 ∈ N . (2)

The resulting normalized moment vector has the form Wn = [1, 0, 1,W3 · · · ,Wn]
T.

2.1. The Vlasov-Poisson-BGK system

Plasma are multi-component collections of charged and neutral particles which typically behave quite
differently than gases. For plasma flows, the movement of electrically charged particles, such as electron
and ions, induces electromagnetic fields which affect the fluid flow as a whole. Furthermore, at high
temperatures, some particles have enough energy to ionize neutral particles through collisions.

In this work two different canonical idealized plasma problems are considered. First, a single ion species
subjected to an imposed electric field is studied. The evolution of such a kinetic system is governed by the
Vlasov-BGK equation,

∂F
∂t

+ v
∂F
∂x

− q

m
E
∂ F
∂v

=
δF
δt

, (3)

where q is the electric charge of the particles, E is the imposed electric field and δF
δt

represent the collision
operator. The second term of Eq. (3) represents the convective contribution to the time evolution, while
the third term describes the acceleration effects on the charged particles due to the electric field. For this
study, it is assumed that the collective motion of the charges does not generate a significant magnetic field.
The second case assumes a fully ionized plasma consisting of only two species (electron and ions). In the
limit of small electron to ions mass ratio the two-component kinetic plasma equations describing the time
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evolution of the electron VDF can be reduced to,

∂Fe

∂t
+ v

∂Fe

∂x
− q

m
E
∂ Fe

∂v
=
δFe

δt
. (4)

∂2Φ

∂2x
= − 1

ϵ0
(eρe − qiρi) , (5)

where e is the fundamental charge, qi is the ion charge and Φ is the electric potential with E = −∂Φ
∂x
. The

electrons are assumed to exist within a uniform background of positively charged ions. This Vlasov-Poisson
system has become a benchmark to study the accuracy of different closures, since the evolution of Fe can
develop fine-scale structure that are difficult to numerically capture [34]. This system also exhibits non-
collisional damping, typically referred to as Landau damping, which has proved challenging to compute
accurately [32, 31].

In this work the simple BGK relaxation-time collision operator [35] is used to close the right hand-side
of Eqs. (4) and (3),

δF
δt

= −F −M
τ

, (6)

where τ is the characteristic relaxiation time and M is the local equilibrium distribution (Maxwellian),

M =
ρ

m

(
1

2πθ

) 3
2

exp

(
1

2θ
c2
)
. (7)

In order to obtain a set of PDEs describing the evolution of the properties of interest, velocity moments
of the Vlasov-BGK equation are taken,

∂

∂t
⟨mWF⟩+ ∂

∂x
⟨mvWF⟩ −

〈
q

m
E W ∂F

∂v

〉
=

〈
mW δF

δt

〉
, (8)

∂

∂t
⟨mWF⟩+ ∂

∂x
⟨mvWF⟩ = −

〈
q

m
E F ∂W

∂v

〉
+

〈
mW δF

δt

〉
, (9)

where, W is a vector of velocity momonials, W = [1, v, v2, · · · , vn]T. This allows one to write the equation
as,

∂U

∂t
+
∂F

∂x
= −S +CBGK , (10)

where U is the solution vector containing the moment of interest, F is the flux vector, S is a source vector
accounting for the particles acceleration due to the electric field and CBGK is the source vector adding the
effect of inter-partical collisions. This system of equations can be represented in vector form as,

U =




U0

U1

U2

U3
...
Un




F =




U1

U2

U3

U4
...

Un+1




S =




0(
q
m
E
)
U0

2
(

q
m
E
)
U1

3
(

q
m
E
)
U2

...
n
(

q
m
E
)
Un−1




CBGK =




−(U0 −M0)/τ
−(U1 −M1)/τ
−(U2 −M2)/τ
−(U3 −M3)/τ

...
−(Un −Mn)/τ



, (11)
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where, Mn are the moment of the Maxwellian distribution. Unfortunately, this method does not lead to a
closed set of equations, since the time evolution of a given moment always depend on the spacial divergence
of a moment that is one order higher. Consequently, the last entry of the flux vector, Un+1, unknown.

A popular technique to close the system is to prescribe a form for the VDF. This technique has been
particularity successful and is at the center of many moment-closure hierarchies. The assumed distribution
function, F , should contain the same number of free parameters as there are moments of interest. The
value of these parameters is chosen to maintain agreement with the macroscopic properties (moments). It
is then possible to express the closing flux, Un+1, as a function of the known moments by integrating the
assumed distribution function, which is now known.

2.2. Quadrature based moment closures

As mentioned in the previous section, many strategies for the construction of the VDF have been studied
in the past decades. Some distribution function are obtained using expansions around the Maxwellian
while others are formed by solving an entropy maximization problem. However, it can be shown that every
hyperbolic one-dimensional closure can be represented as quadrature-based method where the associated
VDF is as a weighted sum of Dirac deltas [36],

F =
n∑

i=0

Wiδ(v − λi) . (12)

The λi are the positions of each quadrature point and Wi are the associated weights. The weights can be
calculated from known moments through,

V W = U , (13)

while the flux is computed as,
F = V ΩW = V ΩV −1U (14)

with

V =




1 1 1 · · · 1
λ0 λ1 λ2 · · · λn
λ20 λ21 λ22 · · · λ2n
... · · · ...
λn0 λn1 λn2 · · · λnn



, Ω =




λ0 0 0 · · · 0
0 λ1 0 · · · 0
... 0

. . . 0
...

0 · · · 0 λn−1 0
0 · · · 0 0 λn



. (15)

For the resulting closure to be hyperbolic, the flux Jacobian needs to have real eigenvalues and the quadra-
ture point positions, λi, are also required to be the system wave speeds [30]. This second requirement
allows the flux Jacobin to be expressed as

dF

dU
= V ΩV −1 . (16)

3. Orthogonal-polynomial-based closure

In this section, the construction of a orthogonal-polynomial-based closure hierarchy is briefly reviewed.
This hierarchy, recently introduced by Morin & McDonald [30], was shown to be a good addition to the
well known HyQMOM hierarchy of odd-order closures, as it provides the even-order closures. The resulting
closures were shown to produce reliable, strongly hyperbolic moment systems that have produced accurate
solutions for traditional gas-flow problems, both in and out of local equilibrium.
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3.1. Closure construction using orthogonal polynomials

Orthogonal polynomials of a single variable defined by moment of a non-negative distribution function
have the following properties. Applying the Gram-Schmidt process to the momomials, allows orthogonal
polynomials, Pn, to be written in terms of the moments of the distribution,

Pn = det




U0 U1 U2 · · · Un

U1 U2 U3 · · · Un+1
...

...
...

. . .
...

Un−1 Un Un+1 · · · U2n−1

1 v v2 · · · vn



, (17)

where the system of polynomials that are always orthogonal to each other, i.e., ⟨PnPm⟩ = ⟨P 2
n⟩ δnm. The

resulting polynomials are known to also satisfy the three-term recurrence relation, allowing one to build
them sequentially,

Pn+1 = (1− an)Pn − bnPn−1 , (18)

with, P0 = 1 and

an =
⟨vP 2

n⟩
⟨P 2

n⟩
, bn =

⟨P 2
n⟩〈

P 2
n−1

〉 . (19)

Using this technique, the nature of the polynomial roots can determined. Following Favard’s theorem,
the roots of Pn+1 are guarantied to be real and distinct if the recurrence coefficients an are real-valued
functions of the known moments and the bn are strictly positive.

Using this recurrence relation, the flux Jacobain characteristic polynomial can be built from the monic
polynomials up to the n+1 order. The first recurrence coefficients of the series can be easily calculated in
terms of normalized moments, W = [1, 0, 1,W3,W4, · · · ,Wn]

T as,

a0 =
〈
vP 2

0 /P
2
0

〉
= 0

a1 = W3 b1 = 1

a2 =
W 3

3 − 2W3W4 +W5

W4 −W 2
3 − 1

b2 = W4 −W 2
3 − 1

...
...

an =
〈
vP 2

n/P
2
n

〉
bn =

〈
P 2
n/P

2
n−1

〉
.

However, the closing flux cannot be calculated directly by taking moments of the resulting polynomial,
since it contains higher-order moments that are not part of the solution vector. In order to close the
system, one needs to choose the form of this closing flux such that all the recurrence coefficients fulfill the
requirements of Favard’s theorem. The closing flux, Un+1, is always completely determined by choosing the
form of the closure coefficient. The term “closure coefficient” does not refer to the highest-order recurrence
coefficient of the characteristic polynomial, but rather to the first coefficient containing the closing flux. For
even moment systems (system containing an even number of entries in the solution vector), the associated
closure coefficient is always given by b(n+1)/2. Similarly, for odd moment systems, the closure coefficient
is given by an/2. All higher recurrence coefficients become fixed after this choice as there is a one to one
relation between the closure coefficient and the closing flux. However, choosing the closing coefficient such
that Favards theorem is fulfilled is not trivial.
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3.2. OPMC-B hierarchy

Following the technique shown above, the orthogonal polynomial-based closures are constructed, pro-
viding a strongly hyperbolic and Galilean invariant even-moment hierarchy [30].

The first member of this hierarchy is the 4-moment closure, denoted B4, the closing coefficient is taken
to be

b2 = β1b1 + β2(a1 − a0)
2 . (20)

The constant β1 = 2 was chosen in order to recover the equilibrium moment state while β2 = 1 is necessary
fulfill the requirement of Favard’s theorem. The corresponding closing flux is,

W4 = 2W 2
3 + 3 . (21)

For this closure, the higher-order recurrence coefficients are found as,

a3 =
2W3

W 2
3 + 2

b3 =
9W 4

3 + 20W 2
3 + 12

(W 2
3 + 2)2

, (22)

where a3 is a real function and b3 is always positive. Similarly, the 6-moment closure B6 is obtained by
setting the closing coefficient to be,

b3 = β3(b1 + b2) + β4
[
(a2 − a0)

2 + (a2 − a1)
2
]
, (23)

where, the constants are set to β3 = 1 and β4 =
1
2
in order to recover equilibrium and maintain hyperbolicity.

The resulting closing flux is given by,

W6 =− 1

2

3W 6
3 − 10W 4

3W4 − 2W 4
3 + 6W 3

3W5 + 7W 2
3W

2
4 + 8W 2

3W4

W 2
3 −W4 + 1

+
1

2

14W3W4W5 + 4W 3
4 −W 2

3 − 2W3W5 − 6W 2
4 + 4W 2

5 + 2W4

W 2
3 −W4 + 1

.

The higher-order recurrence coefficients a4, a5, b4 and b5 are too large to be displayed here. However,
extensive numerical experimentation shows that the resulting closure is strongly hyperbolic [30] as the b4
and b5 remain positive throughout the realizability domain and the a4, a5 are real valued functions.

The next member of this hierarchy, the 8-moment system, denoted B8, is found by setting,

b4 =
2

3
(b1 + b2 + b3) +

1

3

[
(a3 − a0)

2 + (a3 − a1)
2 + (a3 − a2)

2
]
. (24)

Again, the hyperbolicity of the 8-moment system have been investigated numerically. Following this
pattern, a general form for the closing coefficient, b(n+1)/2, can be expressed as,

b(n+1)/2 =
4

(n− 1)

(n−1)/2∑

k=1

bk +
2

(n− 1)

(n−3)/2∑

l=0

(a(n−1)/2 − al)
2 (25)

allowing the computation of a closing flux, Un+1 of any even-order moment.
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4. Numerical results

In order to investigate the applicability of the proposed closures to plasma physics, classical cases of
ions in a stationary wave and linear Landau damping are studied. Comparisons are made between the
moment models and the direct numerical solution of the Vlasov-Poisson-BGK system using a discrete-
velocity method. An upwind Godunov-type finite-volume scheme with HLL flux function [37] is used for
the numerical solution of the moment equations. Wave speeds are determined by numerically computing
the eigenvalues of the flux Jacobian. A first-order-accurate time-marching scheme is used that treats the
hyperbolic left-hand side of the moment equations explicitly while employing a point-implicit treatment
for the stiff right-hand side [36].

4.1. Numerical solutions of ions in a stationary wave

A periodic system with an imposed sinusoidal longitudinal electric field is considered. The strongly
non-equilibrium kinetic solution of such problems consist in a progressive rolling up (in phase space) of the
initial distribution function, leading to the development of filamentation. This problem has been studied
extensively, and analytical kinetic solutions are available [38, 34]. In this section, investigation into the
accuracy of the different moment closures is conducted for the original collision-less case along with cases
in the transition regime.

The time evolution of the moment method is computed on a periodic one-dimensional domain. Ions
are initially uniformly distributed in the spacial domain, following a 1D1V Maxwellian with zero average
velocity and a initial non-dimensional temperature, Ŵ2/Ŵ0 = 1. Here, the symbols documented with a
hat signify the initial value. The imposed electric potential is given by,

Φ = V0 cos(kx) , (26)

where the wave number, k, was chosen to have four peaks through the spacial domain, k = 2Nπ/L with
N = 4 and L = 3. The corresponding electric field is,

E = kV0 sin(kx) . (27)

For all cases, the electric potential amplitude is prescribed to be V0 = 5Ŵ2/Ŵ0. Since the initial ion
temperature is fixed, the potential amplitude completely determines the problem dynamics. The ions with
initial energy lower than V0 will be trapped within one trough of the electric field profile. However, the
ions with initial energy larger than the electric potential amplitude will be perturbed but still escape the
electric barrier [34]. All moment solutions are computed on a grid of 7500 equal-sized cells, while the kinetic
solutions are computed using 2500 × 2500 grid cells in physical and velocity space. All computations are
non-dimensionalized such that ρ̂ = 1, θ̂ = 1 and L = 3. The Knudsen number, Kn = λ

l
, is proportional to

the collision time scale, τ . In all calculation the characteristic length scale is set to l = 1 m. Following the
expression for hard-sphere collisional processes given by Bird [12], combined with the relation provided by
the BGK collision operator linking the relaxation time and fluid properties, the mean free path is estimated
as

λ =
16τ

5

√
θ̂

2π
. (28)

Figure 1, shows the predicted density and normalized heat flux as determined by the moment models
for the collisionless case as compared to the kinetic solution for two different non-dimensional times. One
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Figure 1: Predicted density and normalized heat flux of ions in the free molecular regime as determined by the moment
models and direct numerical solutions of the Vlasov kinetic equation.
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Figure 2: Predicted density and normalized heat flux of ions in the transition regime, Kn = 1, as determined by the moment
models and direct numerical solutions of the Vlasov kinetic equation.

can see that the density is, to some degree, correctly predicted by the 8th-order closure, especially at later
time. However, moment methods struggle to accurately capture the plasma behavior in this free-molecular
regime. This is most apparent when looking at the heat flux.

Figure 2, 3 and 4 show the moment solutions for decreasing Knudsen number. As expected, moment
closures provide far better approximation in the transition regime. However, as one can see, for the case
where Kn = 1, the models still fail to approximate the heat flux accurately, thus posing a limit on the
applicability of these closures.

In order to provide a better understanding of the physical validity of the moment models, phase-space
distributions predicted by the Vlasov-BGK equation are compared to the corresponding quadrature-based
VDF representation associated with each closures. In this representation, the distribution function is ap-
proximated using Eq. (12). The black lines correspond to the system wave speeds, while the line thickness
represents the weight of each quadrature point, following Eq. (14). Figures 5 and 6 show the phase-space
distributions at t = 0.35 for the free-molecular and transition regimes, respectively. In accordance with
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Figure 3: Predicted density and normalized heat flux of ions in the transition regime, Kn = 0.1, as determined by the
moment models and direct numerical solutions of the Vlasov kinetic equation.
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Figure 4: Predicted density and normalized heat flux of ions in the transition regime, Kn = 0.01, as determined by the
moment models and direct numerical solutions of the Vlasov kinetic equation.
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(a) Vlasov-BGK system (b) 4-moment system

(c) 6-moment system (d) 8-moment system

Figure 5: Phase space distribution of ions in the free-molecular regime as determined by the moment models and direct
numerical solutions of the Vlasov kinetic equation at time t = 0.35.

the results previously presented for the moments, the free-molecular case is difficult to capture accurately.
However, one can clearly see that the wave speeds (black lines) are trying to represent the correct distri-
bution by getting thicker in the center, representing a higher particle density. However, the profile of the
true VDF is too complex to be well represented by such a small number of quadrature points, even if they
are well placed. Improvement can be observe for the higher-order method, however, many more moments
would be required to correctly approximate the real distribution. On the other hand, excellent agreement
can be observed in the transition regime where the wave speeds of all moment methods closely follow the
Vlasov-BGK distribution. The approximation improves with increasing number of moments, as it allows
for a more complete coverage of phase space. These results suggest that the presented closures can be
interpreted as an adaptive discrete-velocity method where the velocities constantly evolves with the flow
state.

It has previously been shown that moment-closures are intimately related to optimal quadrature-based
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(a) Vlasov-BGK system (b) 4-moment system

(c) 6-moment system (d) 8-moment system

Figure 6: Phase space distribution of ions in the transition regime, Kn = 0.01, as determined by the moment models and
direct numerical solutions of the Vlasov kinetic equation at time t = 0.35.
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representations of the distribution function [36]. The system wave speeds of an n-moment system are the
quadrature points that give exact agreement with the first 2n moments of the distribution. It is therefore
possible to interpret moment methods as an adaptive discrete-velocity scheme in which velocity discretiza-
tion points automatically adjust to the local gas state. Figure 6 shows how the discrete representation
of the distribution function predicted by the moment method closely follows the true distribution. It is
for this reason that moment methods can provide accurate results using far fewer unknowns that a direct
scheme using a fixed mesh in velocity space.

4.2. Numerical approximations of the Vlasov-Poisson-BGK system

Landau damping refers to the non-collisional damping of plasma oscillations. These so called Langmuir
waves, consisting of rapid oscillations of the electron density field, typically cannot be treated by simply
considering collisions between charged particles. In this section a fully ionized plasma, where electrons
are initially at thermodynamic equilibrium with a non-dimensional temperature θ̂e = 1 is considered. The
electrons are within a uniform positive ions background with ρi = 1. The spacial domain is periodic with a
length [−2π, 2π]. The kinetic solutions are computed using 2500× 2500 grid cells in physical and velocity
space while the moment solutions are computed using a grid of 5000 equal-sized cells. The electric field,
E, is obtained by solving a Poisson problem at each time step, as described by Eq. (4). The initial electron
density is perturbed using a small perturbation a = 0.001. The associated VDF is,

Fe = (1 + a cos(kx))M , (29)

where the wave number is set to k = 2π/L = 0.5. This small density perturbation gives rise to an
electrostatic field that periodically exchanges energy with the electrons. This electrostatic field, in turn
decays through this collisionless process. This is a notoriously hard problem to accurately solve using
moment methods [31, 32]. However, if a collision term is added, moment approximations of the discretized
Vlasov-Poisson-BGK system improve. In this work, the simple BGK operator is again used. However,
other operators, such as the Kirkwood or Lenard and Berstein operators have also been considered by
other authors [39]. Figure 7 show the temporal evolution of the normalized L2 norm of the electric
field for different Knudsen numbers. Clearly, in the free-molecular case, the moment models only gives
reasonable approximations over a short time interval. The 8-moment model seems to provide a slightly
better approximation, but also diverges from the exact solution quickly. The case with Kn = 10 yields
barely noticeable improvements over the collisionless case. On the other hand, significant improvement
can be observed once Kn = 1, where the 8th-order closure, B8, predicts almost perfectly the damping rate
over the shown time period. Finally, for Kn = 0.1, all approximations are in excellent agreement with the
kinetic solution. Better approximations can probably be obtained by considering higher-order moment
system.

5. Conclusions

In this work, the accuracy of the orthogonal polynomial based closures of Morin and McDonald [30] for
plasma physics was investigated for two canonical problems. Numerical solutions of ions inside imposed
sinusoidal longitudinal electric field was first considered for the free-molecular and transition regimes. While
the density field was well captured by the closures, the heat flux approximations were only accurate when
considering a Knudsen number of the order of 10−1 or lower. The associated velocity distribution of each
closures was also compared to the distribution predicted by the Vlasov-BGK system. This representation,
reinforce the notion that quadrature-based closure can be seen as adaptive discrete velocity methods.
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Figure 7: Electric field energy as a function of time for the Landau damping problem as computed by the the moment models
and direct numerical solutions of the Vlasov-Poisson-BGK kinetic system.
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Solutions of the Vlasov-Poisson-BGK system were also considered. Both collisional and collisionless
cases were computed. As expected, when simulating Laudau damping, without any collisions, the moment
methods yielded sensible approximation only for a short period of time. However, when considering a
Kn = 1 or less, the moment closures predict the damping rate very accurately.
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Chapter 6

Conclusion

This study has been concerned with the application of hyperbolic moment closures to

non-equilibrium gas flows, plasma flows, and quantum hydrodynamic systems. It has been

demonstrated that moment closures offer many advantages over more traditional fluid mod-

els. The first work included in this thesis demonstrates that a closed-form moment closure

offers promising alternatives to typical Wigner solvers. Using an approximation to the second

one-dimensional member of the maximum-entropy moment closure hierarchy, the time evo-

lution of a one-dimensional low-energy quantum wave-packet placed in different unbounded

double-well potentials was computed and compared to the discretized solution of the Wigner

equation. By comparing the probability density, the expected values for both the position

and momentum, and the quasi-probability distributions, the general accuracy as well as the

major challenges of this moment method were assessed. Even if good agreement was ob-

served at early times, the low number of moments coupled with the inability of distribution

functions from classical maximum-entropy closure to admit negative regions seems to limit

its immediate applicability.

Following these conclusions, the need for higher-order moment-methods became the main

motivation of the next work. Higher-order closures based on maximum-entropy approxima-

tions have proven difficult to obtain. The second paper presents a new method for the

construction of quadrature-based globally hyperbolic closures, along with a new hierarchy of

Galilean invariant models. The accuracy of the new closures was assessed by comparing nu-

merical solutions of Riemann problems along with strong stationary shock wave calculations

to discretized solutions of the Boltzmann’ equation. In all cases, good agreement could be

observed. As expected the closures’ accuracy was found to increase rapidly with the number

of moments.
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The third and last work presented in this thesis investigates the applicability of the

new moment hierarchy to plasma flows. This study is interested in low-temperature plasma

applications. To this end, two canonical problems were considered. First, ions in a stationary

electric potential at various Knudsen number was used to investigate the applicable range of

these closures. Using this problem, it was also demonstrated that the moment models can be

seen as discrete-velocity schemes, locally adapting to the flow state. Linear Landau damping

was also studied in both the collisional and collisionless regimes. A good agreement could

be observed for cases in the transition regime, Kn ≦ 1. However, as expected, cases in the

free-molecular regime were not well captured. The 8-order moment closure, B8 could recover

the density profile accurately, but not the heat-flux. Similarly, sensible approximations to

the electric field energy were only observed at early times.

6.1 Suggestions and Future Work

This study clearly demonstrates the potential of quadrature-based moment closures for

moderately rarefied gas and plasma flow prediction. However, the models introduced in this

thesis are only defined for one-dimensional gases. Extending the proposed method to allow

for the treatment of the full particle velocity is an important open problem. Furthermore,

the presented models are constructed assuming monatomic gases with no internal degrees of

freedom. Including a polyatomic treatment is paramount, since many engineering situations

require the modeling of other energy modes (rotational and vibrational) to provide an accu-

rate physical description. This is especially true when dealing with strong shock waves and

reactive flows, which are highly non-equilibrium phenomena.

On a different note, the new hierarchy is yet to be tested for quantum hydrodynamics.

The closures were constructed to conserve global hyperbolicity within the realizability do-

main of classical gases. Initial investigations suggested that the closures are not well suited

for quantum hydrodynamics since the Wigner equation routinely predicts moments outside

of this realizability boundary, resulting in lost of hyperbolicity. However, in order to circum-

vent this problem, the Husimi formalism could be used [55, 56]. This formulation results

in positive distributions while yielding an equivalent description of quantum mechanics. It

can be understood as the Weierstrass transform of the Wigner quasi-probability distribu-

tion producing a positive definite and bounded function. The introduction of the Husimi

function along with the new higher-order closures could potentially yield accurate quantum

hydrodynamic models.
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