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Abstract

The aim of this thesis is to give a self-contained introduction to the hyperbolic geometry
and the theory of discrete subgroups of PSLy(R), and to generalize the work initiated
in[16, 1] on equivariant functions to them. We show that there is a deep relation between
the geometry of the group and some analytic and algebraic properties of these functions.
In addition, we provide some applications of equivariant functions consisting of new
results as well as providing new and simple proofs to classical results on automorphic

forms.
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Introduction

Let H = {# € C, Im(z) > 0} be the upper-half plane of the complex plane, and
PSLy(R) = SLo(R)/{£I}, where SLy(R) is the group of real 2 x 2 matrices with deter-

minant one. The group PSLy(R) acts on H by Mébius transformations, i.e.

Suppose that I" is a subgroup of PSLy(R) and F(H) be the set of all functions from
H to C = C U {oo}. Then we have an action of I' on F(H) given by

yxh=~"thy.
The set of fixed points of this action is
ET)={he FMH), y«h=h VyeT}={he F(H), yh =hy VyeT}.

An element h of E(T') is called an an equivariant function with respect to I', or a I'-

equivariant function.

In the papers [15] and [1], a serious work was initiated on equivariant functions
for the modular group and its subgroups. Indeed, they establish the basic properties
of these functions, and give many non trivial connections with other topics such as
elliptic functions, modular forms, quasi-modular forms, differential forms and sections of
line bundles. Our goal here is to go beyond the modular group and consider arbitrary
discrete and non discrete subgroups of PSLy(R) and generalize the theory of equivariant

functions. As expected, the geometry of these groups will play a crucial role in our study.

In order to carry out this generalization, it was necessary to set the tools as well

as a rich geometric terminology that will allow us to fully exploit the I'—equivariance.

1



To build this terminology, the first chapter was entirely devoted to give a self-contained

introduction to hyperbolic geometry and the theory of discrete subgroups of PSLs(R).

The main idea of the hyperbolic geometry is to construct new types of geodesics,
1.e. the shortest curves between two points, which will replace the straight lines in the

Euclidean geometry. For example, the hyperbolic metric p is defined by

p(z,w) = inf h(y), 2w e H,

h(v) = /0 1 \/Wdt

is the length of the piecewise differentiable curve v : I — H with I = [0, 1] with endpoints

where

z,w, and defined by

V() = A{o(t) = 2(t) +iy(t),t € I},
The upper half-plane H equipped with this metric is a model of the hyperbolic plane (we
will see that the unit disc is also a model of the hyperbolic plane). The model (H, p) has

two fundamental properties, namely

1. Geodesics are the semicircles and the rays that are orthogonal to the real axis R.

2. The group of real Mébius transformations, which is identified with PSLs(R), to-
gether with the transformation (z — —Zz) generate the group Isom(H) of isometries
of (H, p).

This second property will have a crucial role in the proof of one of the main results of
Chapter 1, namely, the equivalence between the discreteness of a subgroup I' of PSLy(R),
endowed with the topology of R*, and the fact that I' acts properly discontinuously on
H, i.e. for all x € H, the set I'x has no accumulation point in H, and the order of the
stabilizer I', of each point is finite. Discrete subgroups of PSLy(R) will be called Fuchsian
groups. If I is a subgroup of PSLy(R), its limit set A(T") is defined to be the set of all
possible limit points of I'-orbits I'z, z € H, for a Fuchsian group I'. In fact, A(T") is a
subset of R = RU {oo} and it plays a crucial role in the classification of Fuchsian groups.

Indeed, we will see that there are three types of Fuchsian groups, namely

1. A(T') = R. In this case I is called a Fuchsian group of the first kind.
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2. A(I') # R but contains at least three points. In this case I' is called a Fuchsian
group of the second kind.

3. A(T") contains at most two points. In this case I' is called an elementary group

(this definition is valid even if I" is not Fuchsian).

It is along this classification that we explore the properties, like surjectivity, injectiv-
ity, and holomorphy of the equivariant functions when considered as functions from H
to the extended plane C. For example, one of the main results of Chapter 2 asserts that
under some local conditions, which are automatically satisfied by meromorphic func-
tions, an equivariant function for a non elementary group I' attains any point of the
extended plane infinitely many times once its image contains a point in A(I"). In par-
ticular, a meromorphic equivariant function will have infinitely many non I'-equivalent
poles. We will also see that these points are in fact zeros of some special functions called
quasi-automorphic forms.

A special attention is given to the classes of all meromorphic and holomorphic equiv-
ariant functions, which are respectively denoted by &, ('), £*(I"). Indeed, we provide a
complete description of &,,(I"') when I is a non discrete subgroup of PSLs(R) by showing
that &,,(I") is eiifler the commutator CPSLQ(C)(F) of I', or CPSLQ(C)<F) together with a
special point in C. When I' is a Fuchsian group of the first kind, inspired by the work of
M. Heins, [8], we show that £(I") = {idy} using the celebrated theorem of Denjoy-Wolff.

The objective of Chapter 3 is to give explicit constructions of equivariant functions
and to use the above results and classifications to give some interesting applications.
Since we are working in the most general cases of subgroups of PSLy(R), we are con-

strained to highlight some definitions. For z € H,~v = (Z” 3) € SLo(R), we let

Jo(2) = §(2) = ez + d.

For any complex valued function f defined on H, the slash operator of weight k£ on f is

defined by
(Flx)(2) = 42 (2) 7" f (72).

A meromorphic function f defined on H is called an unrestricted automorphic form of
weight & € R and multiplier system (MS) v for a subgroup I' of PSLy(R) if it satisfies

fley =v(y)f forall y €T,
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where v(7) is a complex number of modulus 1. An unrestricted almost meromorphic
automorphic form of weight k, depth p and MS v on I' is a function f on H which
transforms like an automorphic form but, instead of being holomorphic, it is a polynomial

in 1/y, y = Im(z), with meromorphic coefficients. More precisely, f has the form

y’l’b

- fa(2)
flz)=) 2, z€eH, (1)
n=0
where each f,, is a meromorphic function, and for all v € '

fley =v()/f. (2)

The constant term fy of f, which is a meromorphic function, is called an unrestricted
quasi-automorphic form of weight k, depth p, and MS v on I'. More intrinsic definitions
of quasi-automorphic forms will be provided in Chapter 3. The word unrestricted is
removed from the above definitions if some growth conditions at some special points of
the group, called cusps, are added.

If k is a nonzero real number and f is a nonzero unrestricted automorphic form on I'

of weight k£ and MS v, we attach to f the meromorphic function

f(2)
f'(z)

Then hy is a meromorphic equivariant function. Similarly, when f is a non zero unre-

hf(Z) = Z—Fk

(3)

stricted almost meromorphic automorphic form on I' of weight k& and MS v, the same
formula gives rise to an equivariant function where the operator dilz is replaced by % (the
two operators coincide on meromorphic functions). The class of equivariant functions

constructed in this way is referred to as the class of rational equivariant functions.

More generally, any function g on H verifying the following transformation property

) =g+ — o, e By = (1)) er (@)

gives arise to an equivariant function given by

1
hg:h0+—, hOIZdH
9

The rational equivariant functions turn out to be extremely useful in studying automor-

phic forms for discrete and non discrete subgroups of PSLy(R). This is being illustrated
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in Chapter 3 where we classify unrestricted automorphic forms for a non discrete sub-
group of PSLy(R) in an elementary and elegant way. In fact, the question of classification
of these forms has been raised by several authors [11, 2], and different methods have been
used to provide the answer. Our method relying on equivariance is new and simple. A
second application is to prove the new and unexpected result, asserting that an auto-
morphic form of weight £ # 0, and MS v on a Fuchsian group of the first kind I" has
infinitely many non I'-equivalent critical points in H. A third application is a corollary to
the second one providing again a new and simple proof of the fact that the Fourier series
expansion of an automorphic form cannot have only finitely many nonzero coefficients.
This important result is classically proved in a non elementary way using the L—function

of the automorphic form in question.

In conclusion, the theory of equivariant functions not only provides new objects that
are interesting by themselves, but they allow us to prove new results in the theory of
automorphic and modular forms and re-prove classical results in an elementary way. We
believe that more applications of the theory of equivariant functions and connections

with other fields in mathematics and theoretical physics can be established.



Chapter 1

Mobius transformations

The content of this chapter is entirely based on the references [1] and [9]. We will review

the properties of M6bius transformations and the geometry of discrete groups.

1.1 Classification of Mobius transformations

Let C = CU {0} and a,b,c,d be complex numbers with ad — bc # 0, then the map

g:@—)@deﬁned by
_az+b

ez td
is called a Mobius transformation. If M denotes the set of all Mobius transformations,

9(2)

then M, equipped with the composition of maps, is a group. Moreover, the map A — g4,

az+b ab
= —_—— A:
94(2) cz+d’ <c d>

is a group homomorphism ¢ : GLy(C) — M, and

Ker(gb):{(gg), a;«éO}.

In general, we shall be more concerned with the restriction of ¢ to SLy(C). The kernel

where

of this restriction is

Ker(¢) NSLy(C) ={—-1,1}



and therefore each ¢ in M is the projection of two matrices A and —A. Hence M is
isomorphic to PSLy(C) = SLy(C)/{—1,1}.

b
Let A= <a d> € GL,(C) and tr(A) = a + d, then the function
c
tr?(A)
|det(A)]
is invariant under the transformation A — AA, A # 0, and so it induces a function on
M, namely
tr?(A)
T = —
"9 = e )

where A is any matrix which projects on g. Notice that Tr(g) is invariant under conju-

gation.

Since a non identity Mobius transformation g has either one fixed point or two distinct
fixed points, then this gives us a simple way to classify them. However, it is more
convenient to make a classification in term of conjugacy classes. To achieve this, we
introduce some normalized Mobius transformations. For each k # 0 in C, we define my,
by

mi(z) =kz ifk#1

and
mi(z) =z + 1.

Notice that for all £ # 0, we have

1
Tr(mg) =k + z +2.

If g # I is any Mobius transformation, we denote by a € C its fixed point if it has a
unique one, and by « and [ in @, a # B, if it has two distinct fixed points. Now let A

be any Mobius transformation such that

h(e) = o0, h(B) =0, h(g(B)) =1if g(8) # B,

then



If g fixes o and 3, then hgh™! fixes 0 and oo and hgh™! = m,, for some k # 1. If g fixes
« only, then hgh™! fixes co only and hgh~'(0) = 1 and thus hgh™' = my. Therefore,
any nonidentity Mobius transformation is conjugate to one of the standard form my.

Definition 1.1.1. Let g # I be any Mobius transformation. We say that
1. g is parabolic if and only if ¢ is conjugate to m;(equivalently g has a unique fixed
point in @),

2. g is loxodromic if and only if g is conjugate to my for some k satisfying |k| # 1 (g
has exactly two fixed points in @),

3. g is elliptic if and only if g is conjugate to my, for some k satisfying |k| = 1 (g has
exactly two fixed points in C).
It is convenient to subdivide the loxodromic class by reference to invariant discs rather

then fixed points.

Definition 1.1.2. Let g be a loxodromic transformation. We say that g is hyperbolic if
g(D) = D for some open disc or half-plane D in C. Otherwise g is said to be strictly
lozodromic.

Now, using the fact that 7r(g) is invariant under conjugation, we can give a complete
classification of all Mobius transformations. Indeed, we have the following results.

Theorem 1.1.1. Let f and g be two Mobius transformations, neither is the identity.
Then Tr(f) =Tr(g) if and only if f and g are conjugate.

Theorem 1.1.2. Let g # I be any Mobius transformation . Then

1. g is parabolic if and only if Tr(g) = 4;
2. g 1is elliptic if and only if Tr(g) € [0,4);
3. g is hyperbolic if and only if Tr(g) € (4,+00);

4. g is strictly loxodromic if and only if Tr(g) € [0,400).



We end this section by giving a result concerning the iterates of some Mobius trans-
formations, namely the loxodromic and parabolic ones.

Theorem 1.1.3.

1. Let g be a parabolic Mdbius transformation with a fized point . Then for all

z € (@, g"(2) = a as n — oo; the convergence being uniform on compact subsets of

C—{a}.

2. Let g be a loxodromic Mébius transformation. Then the fized points o and B of g
can be labeled so that ¢"(z) = a asn — oo for all z € C — {B}; the convergence
being uniform on compact subsets of C — {f}. Here « is called an attractive point

and B a repulsive point.



1.2 Hyperbolic geometry

1.2.1 The hyperbolic metric

Let H= {z = x+1iy € C,Im(z) > 0} be the Poincarré upper half-plane. When equipped

VA dy?
ds — VO T ayTy

H becomes a model of the hyperbolic plane. It can be used to calculate the length of
curves in H the same way the Euclidean metric \/dx? + dy? is used to calculate the

length of curves on the Euclidean plane.

with the metric

)

Let I = [0,1] be the closed unit interval, and v : I — H be a piecewise differentiable

curve in Hi,
V() = {v(t) = x(t) +iy(t), t € I}.
The length of the curve v is defined by

/ G,

We define the hyperbolic distance between two points z,w € H by

&I@

p(z,w) = infh(y),
where the infimum is taken over all piecewise differentiable curves v connecting z and w.

Proposition 1.2.1. The function p: H x H — R defined above is a distance.

b
Let SLy(R) be the group of real 2 x 2 matrices with determinant one. If A = <a d) €
c

az+b
SLy(R) and ga(z) = d

into H. Indeed, we can write

is the associated Mobius transformation , then g4 maps H

(az+b)(cZ2+d)  aclz]® + adz 4 bez 4 bd
lcz + d|? B lcz +dJ?

w=ga(z) =

Therefore,
(1.1)



Thus Im(z) > 0 implies Im(w) > 0.

Let M* denote the group of real Mobius transformations. As seen in the first section,

the map ¢ : SLy(R) — M* given by A — g4 is a surjective group homomorphism, and
Ker(¢) = {—1I,1}. Thus M* can be identified with PSLy(R) = SLo(R)/{—1,I}. Since

the transformations in M* are continuous, we have the following result.

Theorem 1.2.2. The group PSLy(R) acts on H by homeomorphisms.

Definition 1.2.1. A transformation of H onto itself is called an isometry if it preserves

the hyperbolic distance in H.

If Isom(H) denotes the group of all isometries of H, then we have the following.

Theorem 1.2.3. The group PSLy(R) is contained in Isom(H).

Proof. Let T € PSLy(R) and v : I — H be a piecewise differentiable curve given by

2(t) = z(t) +iy(t). Let o
w="T(z) = cz+d’

and set w(t) = T'(2(t)) = u(t) + tv(t). Differentiating, we obtain

dw 1
dz  (cz+d)?
By (1.1), we have
_ )
v lcz + d|?
and therefore
dw| v
dz| y’

Thus

The theorem follows.

11
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1.2.2 Geodesics

Definition 1.2.2. The shortest curves with respect to the hyperbolic metric are called

geodesics.

Theorem 1.2.4. The geodesics in H are semicircles and the rays orthogonal to the real

axis R.

Proof. Let 21,z € H. We begin by the case in which z; = ia, 29 = ib with b > a. For

any piecewise differentiable curve v(t) = x(t) + iy(t) connecting z; and 2o, we have

_ V@ Vg rtdy b
h(v)—/o o0 dtZ/O —Ldt= [ — =In(-),

y(t) b Y a
which is exactly the hyperbolic length of the segment of the imaginary axis connecting

5

ta and ib. Therefore the geodesic connecting z; and 25 is the segment of the imaginary

axis connecting them.

We now consider the case of arbitrary points z; and 2. Let L be the unique Euclidean

semicircle or a straight line connecting them and suppose that L meets the real axis at a
point o. Then the transformation T'(z) = —— + 3 € PSLy(R) for an appropriate value
Z—

of B, maps L into the positive imaginary axis. One can conclude using Theorem 1.2.3

and the above case. O

Let z and w be two points in H, and let [z, w] denote the unique geodesic segment
joining them. Then using the above theorem and the definition of the hyperbolic metric

we get
Corollary 1.2.5. If z and w are two distinct points in H, then
p(z,w) = p(z,u) + p(u, w)

if and only if u € [z, w].

As consequence we have

Theorem 1.2.6. Any isometry of H, and, in particular any transformation in PSLy(R),

maps geodesics into geodesics.

12



The cross-ratio of four distinct points z1, 2o, 23, 24 € C is defined by:
(21 — 22)(23 — 21)
(22 — 23) (21 — 21)

A key property of the cross-ratio is its invariance under Mobius transformations. This

[217 29y %3, 24] —

will be used to prove the following.

Theorem 1.2.7. Let z,w € H be two distinct points with the geodesic joining z and w

having endpoints z*,w* € RU {0}, and z € [2*,w]. Then

p(z,w) = In[w, 2%, z, w"].

Proof. Let T' € PSLy(R) be the unique Mébius transformation which maps the geodesic
joining z and w to the imaginary axis. Applying the transformations z — kz (k > 0)
and z — =1 if necessary, we may assume that 7'(z*) = 0, T(w*) = oo and T'(z) = .

Then T'(w) = ri for some r > 1, and

P(T(2), T(w)) = / % -

On the other hand, [ri,0,4,00] = r, and so the theorem follows from the invariance of

In(r).

the cross-ratio under Mobius transformations. OJ

We shall give a compact formula for the hyperbolic distance involving the hyperbolic

functions

sinh(z) = i —;Xp(—x)’ cosh(z) = exp(z) +2exp(—$)_

Theorem 1.2.8. For z,w € H, we have

|z —w| + |z — w|

O Py P
cosh(p(z,w)) =1+ % )
1 B |z — wl

sinh (=) = S @ ()}

Proof. One can check that the three equations are equivalent. We will prove the third
equation by first noticing that both sides are invariant under Mobius transformations.
Therefore it is sufficient to check the formula when z =i and w = ir (r > 1). In this

case p(z,w) = In(r). A simple calculation leads to the desired result. O

13



We now describe another model for the hyperbolic plane, namely the
U={z€C,|z| <1}.

The Mobius transformation

z—1
Z) =
/) zZ 41
is a homeomorphism from H onto U, with the inverse map
1 _ z+1

Thus p* given for z,w € U by

pr(z,w) = p(f7H(2), fH(w))
is a metric on U. However, as

Af(x) _ 1
T [f)F " Tm(s)°

we can identify p* with the metric derived from the differential

2
ds = i )
1— |2

We will use p for p*, and so f is an isometry of (H, p) onto (U, p).

unit disc

(1.5)

(1.6)

We shall refer

to these two models of the hyperbolic as the Poincaré models, and we shall frequently

switch from one model to the other as each has its own particular advantage.

Note that the principal circle ¥ = {z € C,|z| = 1} is the Euclidean boundary of U,

R the Euclidean boundary of H and that f(X) = R. Thus, in the model U

are segments of Euclidean circles orthogonal to the principal circle ¥ and

1.2.3 Isometries

The following Theorem identifies all isometries of the hyperbolic plane H.

, the geodesics

its diameters.

Theorem 1.2.9. The group Isom(H) is generated by the elements of PSLy(R) together
with the transformation z — —Zz. The group PSLy(R) is a subgroup of Isom(H) of index

two.

14



Proof. Let ¢ be any isometry of H. If I denotes the positive imaginary axis, then
Theorem 1.2.6 shows that ¢(/) is a geodesic. We know that there exists g € PSLy(R)
which maps ¢(I) onto I, and by applying the transformations z — kz (k > 0) and
z — —1/z , we may assume that g o ¢ fixes i and maps the rays (i,00) and (0,7) onto
themselves, and hence g o ¢ fixes each point of I. Now let z = x + 4y, and go ¢ = u +iv.

For all positive ¢,
p(z,it) = p(g o ¢(2), g 0 ¢(it)) = p(u + iv,it),
and by Theorem 1.2.8(3), we have
[+ (y = tf)’Jo = [u* + (v = )]y,

As this holds for all positive ¢, dividing both sides of the above equation by ¢?> and taking

the limit as t — oo, we get v = y and 22 = u? . Thus
gop==zor —Z.

Since isometries are continuous, only one of the equations holds for all z in H. The
theorem follows from the fact that g € PSLy(R). O

It is clear that PSLy(R) consists of all holomorphic isometries of H. If f is the map
given by 1.3, then we have

Corollary 1.2.10. The group of holomorphic isometries of U is exactly fPSLy(R)f™!,

and so it is a subgroup of Isom(U) of index two, and its elements have the following form.:

az +c¢ _ 3
—, where a,c € C, aa — cc = 1.
cz+a

1.3 Fuchsian groups

The group GLy(C) endowed with the standard norm of C? is a topological space, and
a subgroup T" of GLy(C) is called discrete if the subspace topology on I' is the discrete

15



topology. Thus I' is discrete if and only if for a sequence T, in I', T,, — T € GLy(C)
implies T,, = T for all sufficiently large n. It is not necessary to assume that T € T
Indeed, in this case,

T (Tpyr) P =TT =1

Hence, for all sufficiently large n we have T,, =T,y and so T,, = T.

1.3.1 Discrete and properly discontinuous subgroups of PSL;(R)
Definition 1.3.1. A discrete subgroup of PSLy(R) is called a Fuchsian group.

Let (X, p) be a locally compact metric space, and let G be a group of isometries of
X.

Definition 1.3.2. A family {M,, a € A} of subsets of X indexed by elements of a set
A is called locally finite if for any compact subset K of X, M, N K = () for all but a
finite number of « in A.

Remark 1.3.1. Some of the subsets M, may coincide but they are still considered

different elements of the family.

Definition 1.3.3. For z € X the family Gz = {g(z), g € G} is called the G—orbit of
x. Each point of Gz is contained with multiplicity equal to the cardinal of the stabilizer

G, ={9€G, g(x) =z} of x in G.

Definition 1.3.4. We say that a group G acts properly discontinuously on X if the
G—orbit of any point x in X is locally finite.

Since X is locally compact, a group G acts properly discontinuously on X if and only
if each orbit has no accumulation point in X, and the order of the stabilizer of each point
is finite. The first condition, however, is equivalent to the fact that each orbit of G is
discrete. Indeed, if otherwise g, (z) — y € X, then p(gn(x), gnt1(z)) — 0. But since g,
is an isometry, we have p(g,'gn+1(z),z) — 0, which implies that x is an accumulation

point for its orbit Gx and hence Gz is not discrete.

The main result of this subsection is to show that a subgroup I' of PSLy(RR) is Fuchsian
if and only if it acts properly discontinuously on H.
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Proposition 1.3.1. Let zg € H and K a compact subset of H. Then the set
E ={T € PSLy(R), T(z) € K}

18 compact.

Proof. The map ¢q : PSLy(R) — H given by

azg+ b ab
T%T(Zo):m, T:i<cd>

is a continuous map and F = ¢, (K) which is closed as it is the inverse image of the
closed set K. We now show that £ is bounded. As K is bounded there exists M; > 0

such that
azg+b

czo+d

T'(20)| =

‘<M1, forall T € E.

Since K is compact in H, there exists My > 0 such that

Im(zo) m (azo + b) M,

lczo + d|? czo+d
Hence
I
|czg + d| < m(zo) :
2
Thus
I
|CLZO + b| S M1 m<zo>
2
It follows that a, b, ¢, d are bounded. O

Theorem 1.3.2. Let I' be a subgroup of PSLy(R). Then I is a Fuchsian group if and

only if T acts properly discontinuously on H.

Proof. We first show that a Fuchsian group acts properly discontinuously on H. Let
z € H and K be a compact subset of H. The above proposition shows that the set
{T eTl’, T(z) € K} ={T € PSLy(R), T(z) € K}NTI is finite since it is the intersection of
a compact and a set without accumulation point. Hence I' acts properly discontinuously.
Conversely, suppose ' acts properly discontinuously, but it is not a discrete subgroup of
PSLy(R). Then there exists a sequence {T}} of distinct elements of I" such that T}, — I.

Since the set of fixed points of the sequence {T}} is countable, we can find = € H which
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is not fixed by any element 7). Then {Ty(x)} is a sequence of points distinct from x
which converges to . Hence x is accumulation point of I'z. Therefore I' does not act

properly discontinuously; a contradiction. O

Now, using the above theorem and the fact that the elements of PSLy(R) are isome-

tries of the hyperbolic plane H, we get the following result.

Theorem 1.3.3. Let ' be a subgroup of PSLy(R). Then the following statements are

equivalent:

1. T acts properly discontinuously on H;
2. For any compact set K in H, T(K)N K # 0 for only finitely many T € T;

3. Any point x € H has a neighborhood V' such that T(V) NV # (0 implies T(z)=x.

In the next section we will need the description of discrete subgroups of the additive
group R, and S' the multiplicative group of complex numbers of modulus 1, and it is more

convenient to give this description here accompanied with some examples of Fuchsian

group.

Lemma 1.3.4. We have

1. Any non-trivial discrete subgroup of R is infinite cyclic.

2. Any discrete subgroup of S' is finite cyclic.

Proof. For the first assertion, let I' be a discrete subgroup of R, then there exists a
smallest positive element x € T, otherwise I would not be discrete. The set {nz, n € Z}
is a subgroup of I'. Suppose there exists y € I', y # nx. We may assume y > 0, otherwise
we take —y which is also in I'. There exists an integer k£ > 0 such that kx <y < (k+1)z,
so y — kx < x and (y — kx) € I which contradicts the choice of x.

As for the second assertion, let I' be a discrete subgroup of S = {z € C, z = exp(if)},
then by discreteness there exists z = exp(ify) with the smallest argument 6, and for some

m € Z, mby = 27 otherwise we get a contradiction with the choice of 6. m
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Our first examples of Fuchsian group are given by the following theorem.

Theorem 1.3.5. We have

1. All hyperbolic and parabolic cyclic subgroups of PSLy(R) are Fuchsian groups.
2. An elliptic cyclic subgroup of PSLy(R) is a Fuchsian group if and only if it is finite.

Exzample 1.3.1. The modular group PSLy(Z) = SLo(Z)/{—1,1} and its subgroups are
Fuchsian groups.

1.3.2 Properties of Fuchsian groups

We first investigate the commuting of elements of a Fuchsian group. If G is any group

and g € G, then the centralizer of g in G is
Calg) ={h € G, hg = gh}.
Lemma 1.3.6. If ST =TS then S maps the fixed-point set of T to itself.
Now, suppose that T = z + 1 and S € Cpgy,, g (T), then S(oo) = oco. Thus
S(z) =az+b, and ST =TS yields a = 1. Hence
CPSL2(R)(T) ={z—>z+k, keR}
If T is elliptic or hyperbolic then, after conjugation, we can suppose that T has a

standard form my, k # 1, and a similar argument as above gives the following.

Theorem 1.3.7. Two non-identity elements of PSLy(R) commute if and only if they

have the same fixed-point set.

Theorem 1.3.8. The centralizer in PSLy(R) of a hyperbolic (resp. parabolic, elliptic)
element of PSLy(R) consists of all hyperbolic (resp. parabolic, elliptic) elements with the

same fixed-point set, together with the identity element.

The next result enables us to characterize all abelian Fuchsian groups.
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Theorem 1.3.9. Let I' be a Fuchsian group all of whose non-identity elements have the

same fized-point set. Then I' is cyclic.

Proof. Since the nature of an element is given by the type of its fixed-point set, then all
elements of I" must be of the same type. Suppose all elements of I" are hyperbolic. Then
by choosing a conjugate group we may assume that all elements of I' fix 0 and co. Thus
[ is a discrete subgroup of Q = {z — kz, £ > 0} which is isomorphic as a topological
group to R*, the multiplicative group of positive real numbers. But R* is isomorphic as
a topological group to R via the isomorphism = — In(x). Hence by Lemma 1.3.4, T" is
infinite cyclic. Similarly, if ' contains a parabolic element, then I' is an infinite cyclic
group containing only parabolic elements. Suppose I' contains an elliptic element. In U,
the unit disc model, I' is a discrete subgroup of orientation-preserving isometries of U.
By choosing a conjugate group we may assume that all elements of [ have 0 as a fixed
point, and therefore all elements of I" are of the form z — ¢?z. Thus I is isomorphic to
a subgroup of S! and so it is discrete if and only if the corresponding subgroup of S* is

discrete. Now the assertion follows from Lemma 1.3.4. ]

Corollary 1.3.10. Every abelian Fuchsian group is cyclic.

Proof. By Theorem 1.3.7, all non-identity elements in an abelian Fuchsian group have

the same fixed-point set. The result follows immediately from the above theorem. O

1.3.3 Elementary groups

It is clear that PSLy(R) acts on R = R U {oo}, and so we can extend its action on H to
H=HURU {co}.

Definition 1.3.5. A subgroup I' of PSLy(R) is called elementary if there exists a finite
T-orbit in H.
Let g, h € PSLy(R), the element [g, h] = ghg~*h™! € T is called the commutator of g
and h. Let
trlg, h] = tr[A, B], g,h € PSLy(R) represented by A and B.

This is a well-defined function of g and h, since two representatives of a Mobius trans-

formation in PSLs(R) only differ by a sign.
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Theorem 1.3.11. Let I' be a subgroup of PSLy(R) containing only elliptic elements
besides the identity. Then all elements of I' have the same fized point in H and hence T’

15 an abelian elementary group.

Proof. We shall prove that all elliptic elements in [' must have the same fixed point. We

will work in the unit disc model. After a suitable conjugation, we may assume that an

- (03)
= (2)

and we have |tr[g, h]| = 2+ 4|c|*(Im(u))?. Since ' does not contain hyperbolic elements,
[tr[g, h]| < 2. Hence, either Im(u) =0 or ¢ = 0. If Im(u) = 0 then u =u € R and g = [;

a contradiction. It follows that ¢ = 0, and so h fixes 0. Therefore all elements of I' have

element g # I of I" fixes 0, hence

Let h € I', g # h, then

the same fixed point. Since 0 is a I'-orbit, I" is elementary, and by Theorem 1.3.7 it is
abelian. u

Corollary 1.3.12. Any Fuchsian group containing besides the identity only elliptic ele-

ments is a finite cyclic group.

Let T" be an elementary Fuchsian subgroup of PSLy(R), and suppose that '« is finite,
with o € H.
Case 1. ' contains a single point «.
If a € H, then all elements of I' are elliptic and by the above corollary I' is a finite cyclic
group. If & € RU {oo}, then I' cannot have elliptic elements. We shall show that all
elements of I' are either hyperbolic or parabolic. Assume the opposite, and suppose that
a=00,¢g(z) =1z (I >1) and h(z) = z + k (since g and h have only one common fixed
point, k # 0). Then g "hg"(z) = z + {""k. Since [ > 1, the sequence g~ "hg" — I and
this contradicts the discreteness of I'. Now, if [ contains only parabolic elements, then

by Theorem 1.3.9 it is an infinite cyclic group.

Suppose I' contains only hyperbolic elements. We will prove that in this case their
second fixed points must also coincide, and so I' will fix two points in R. Suppose
f(z) =1z (I > 1) (it fixes 0 and oo) and

9(z) =

az+b
cz+d
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which fixes 0 but not co. Then b = 0, ¢ # 0, and d = 1/a. Then [f, g] is given by the

matrix
10 c (1
,t=—(-—-1]).
(tl) a<l )

Since ¢ # 0 we obtain a parabolic element in I'; a contradiction.

Case 2. Now suppose ' consists of two points 0 and oo (as we may assume). An
element of I' either fixes each of them or interchanges them. A parabolic element can
neither fix nor interchange two points since it is conjugated to m;. Hence I' does not
contain any parabolic elements, and by the same argument all hyperbolic elements must
have the same fixed point set. If [' contains only hyperbolic elements, then it is cyclic
by Theorem 1.3.9. If it contains only elliptic elements, it is finite cyclic by the above
corollary. If I contains both hyperbolic and elliptic elements, it must contain an elliptic
element of order 2 interchanging the common fixed points of the hyperbolic elements and
then I' is generated by g(z) =1z (I > 1) and h(z) = —1/=.

Case 3. Suppose now ['a contains at least three points. Since the parabolic elements
can have only one fixed point or infinite orbits, and hyperbolic elements can have only
two fixed points or infinite orbits, I' must contain only elliptic elements and therefore is

a finite cyclic group.

Remark 1.3.2. Suppose I' is an elementary subgroup of PSLy(R), not necessarily dis-
crete, with a finite orbit I'a, o € H. If Do contains at least three points, then I' contains

only elliptic elements and therefore they have the same fixed point, see Theorem 1.3.11.

We summarize the above discussion in the following theorem.
Theorem 1.3.13. Any elementary Fuchsian group is either cyclic or is conjugate in

PSLy(R) to a group generated by g(z) =1z (1 >1) and h(z) = —1/z.

The next two results give some necessary conditions for a group to be or not an

elementary group.

Theorem 1.3.14. A non-elementary subgroup I' of PSLy(R) contains infinitely many
hyperbolic elements, no two of which have a common fixed point.
Proof. We begin first by showing that I' has a hyperbolic element. Suppose I' does

not contain hyperbolic elements. If T' contains only elliptic elements (and ), then by
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Theorem 1.3.11 it is elementary. Hence I' contains a parabolic element f fixing, say, co.
So we can take f(z) =z + 1. Let

_az—i—b
ez +4d

9(2)
be any element in I'. Then

a+nc)z+ (b+nd
ey = 020

Thus,
Tr(f"g) = (a+ d + nc)*.

Since all elements in the group are either elliptic or parabolic, we have
0<(a+d+mnc) <4

for all n and this implies that ¢ = 0. But then g also fixes oo, so that oo is fixed by all
elements in I' and hence I' is elementary, a contradiction. Now, let T" be a hyperbolic
element of I' with fixed points o = oo and § = 0, as we may assume. Since I' is not

elementary, there is some S € I' which does not leave {«, 8} invariant.

Suppose first that the sets {a, f} and {S(«), S(5)} do not intersect. In this case, the
elements T' and T} = ST'S™! both are hyperbolic and have no common fixed point. The
sequence {T"T\T~™ n € Z} consists of hyperbolic elements with fixed points 7"S(«) and
T"S(B) which are pairwise different. If the sets {a, 8} and {S(«), S(f)} have one point

of intersection, say «, then P = [T, T}] fixes a (because T" and T} do). Since o = oo, we

T (¢ aam =@ )
0 d 0 d

An easy computation shows that tr(P) = tr([T,Ti]) = 2, hence P is parabolic. Now,

have

since o cannot be I'-invariant, there exists U € I" not fixing o and therefore Q = UPU !
is parabolic and does not fix a. It follows that @) and T" (or () and 7)) have no common
fixed points. Let v be the fixed point of () and 3; the second fixed point of T (1 # B).
Then by Theorem 7?7, Q"(«) and Q"(8) (or Q"(a) and Q™(/31)) converge to v when
n — oo. Since 7 is different from a and 8 (or 1), the elements Q"TQ ™™ (or Q"T1Q~")
which are hyperbolic will have no common fixed point for a large n, and so the problem

is reduced to the first case. O
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Theorem 1.3.15. If ' is a subgroup of PSLy(R) containing no elliptic elements, then

it 1s either elementary or discrete.

Proof. Assume I' is non-elementary. Then by the above theorem it contains a hyperbolic

element h. We may assume that h is given by the matrix

u 0
,u > 0.
(O 1/u)

In order to prove that I' is discrete we have to show that for any sequence g, — [

(gn €T), g = I for sufficiently large n. Let

be such a sequence. An easy calculation shows that, since g, — I,

1
trih, gn] =2 — bpep(u — —) — 2 as n — 0.
u

The fact that I" contains no elliptic elements implies that |tr[h, g,]| > 2 and therefore
bncn, <0

for a sufficiently large n. Suppose f, = [h, g,] is given by a matrix

A, B,
we(w )

As n — oo, we have f, — I, since g, — I. Therefore by the same argument as above,
we obtain for sufficiently large n
B,.C, <0.

But

1\? 1\*
trih, fn] =2 — B,C, (u - E) =2+ bycn(1 4+ byey) (u — a) —2asn — oo,

hence
b.cn > 0

for sufficiently large n, and so there exists N > 0 such that for n > N we have b,c, = 0.

Hence for n > N, h and g, have a common fixed point which is 0 if b, = 0 and oo if
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¢, = 0. Now, by the above theorem, three hyperbolic elements Ay, hs, and hz are in I’
no two of which have a common fixed point. Hence, for n > N, g, has a common fixed
point with each of hy, hs, and hs and no two of which coincide. Therefore g, has three
fixed points, and thus g, = Id. O

Before going further, we recall the so-called Selberg’s Lemma [17].

Lemma 1.3.16. (Selberg’s lemma) Let G be a finitely generated subgroup of GL,(C).
Then G contains a normal subgroup of finite index which contains no non-trivial element
of finite order.

The following theorem gives a criterion for discreteness but we skip the proof since it

is long and needs more material.

Theorem 1.3.17. A non-elementary subgroup I' of PSLy(R) is discrete if and only if
for each T and S in T', the group < T,S > s discrete.

We end this subsection with the following theorem which is a summary of several

earlier results.

Theorem 1.3.18. Let I' be a non-elementary subgroup of PSLy(R). Then the following
are equivalent:

~

. I s discrete;

NS

. I' acts properly discontinuously;

3. The fixed points of elliptic elements do not accumulate in H;

=~

The elliptic elements do not accumulate to I;

O

. Fach elliptic element has a finite order.

Proof. If T" contains no elliptic elements, then the theorem follows from Theorem 1.3.15,
so we suppose that I' has elliptic elements. By Theorem 1.3.2 we get the equivalence
between (1) and (2). (2) = (3) and (1) = (4) follow from the definition.
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(4) = (b): If (5) fails, as usual we can suppose that I' contains an element of the

form T'(z) = ¥

z, where 6 is irrational. Since the cyclic group generated by 7" has no
element of a smallest argument (otherwise T will have a finite order) one can construct

a sequence {7, a, € Z} such that T — I as n — oo, which is impossible.

(3) = (5): Suppose (5) does not hold. Then I' contains an element 7' of infinite
order, and as above, we construct a sequence 1T%, a, € Z such that T% — [ when
n — oo. Let x be the fixed point of T". Since I' is not elementary, there exists S € I’
such that S(x) # x. Then the sequence T%*S(x) which consists of elliptic fixed points
of the following sequence (7% S)T(T%S)~" converges to x which is a contradiction since
T — I as n — oo.

(5) = (1): We view I as a group of matrices and let S, 7 € I"and I'y =< 7,5 > . By
Selberg’s Lemmma Iy contains a subgroup I'y of finite index which contains no elliptic
elements of finite order. Hence by our hypothesis, it contains no elliptic elements. Thus
by Theorem 1.3.15, I'y is discrete. Since I'; is of finite index in 'y, 'y is also discrete.
The discreteness of I' follows from Theorem 1.3.17. O

1.3.4 Fundamental region

Let X be a locally compact metric space, and G be a group of homeomorphisms acting
properly discontinuously on X.

Definition 1.3.6. A closed region F' C X is called a fundamental region for G if

L. UTGGT(F) =X;

2. Int(F)NT(Int(F)) =0 for all T € G — {Id}, where Int(F) is the interior of F.
The family {T'(F), T € G} is called a tessellation of X.

The existence of a fundamental region for a Fuchsian group will be guaranteed by the
following. Let I' be an arbitrary Fuchsian group and let p € H not fixed by any element of
['— {Id}. Such point exists since by Theorem 1.3.18, the fixed points of elliptic elements
of I' do not accumulate in H. We define the Dirichlet region for I' centered at p to be
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the set
D,(I') ={z € H, p(z,p) < p(z,T(p)) for all T € I'}.

Since the hyperbolic metric is invariant under PSLy(IR), this region can be defined by

D,(I')={z€H, p(z,p) < p(T(z),p) for all T € T'}.

Theorem 1.3.19. Let I' be a Fuchsian group and let p € H not fixed by any element of
I' — {Id}. Then D,(T) is a connected fundamental region for L.

Example 1.3.2. It can be shown that the set
1
F={zeH, |z| > 1, |Re(2)| < 5}

is a fundamental region for the modular group I' = PSLy(Z). Moreover F' = D,(I") for
any p = ki, where k > 1.

1.3.5 The limit set of a Fuchsian group

Definition 1.3.7. Let I' be a Fuchsian group. Then the set of all possible limit points
of I-orbits I'z, z € H is called the limit set of I" and denoted by A(T).

Since I' is discrete, the I'-orbits do not accumulate in H. Hence A(T") C R. Also note

that for an elementary group the limit set consists of at most two points.

In what follows we give the main properties of A(T"), where T" is a Fuchsian group.

Proposition 1.3.20. Let z,y,z € R be three distinct points with x € A(T'). Then x is a
limit point either for I'y or for I'z.

Theorem 1.3.21. If A(T") contains more than one point, it is the closure of the set of
fized points of the hyperbolic transformations of T'.

Theorem 1.3.22. If A(I") contains more than two point, then either
1. A(T") = ]l/é, or
2. A(T') is a perfect subset of R.
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By the above theorem, one can classify Fuchsian groups as follows.

1L If AT) = @, then I' is called a Fuchsian group of the first kind.

2. A(T') # R, then T is called a Fuchsian group of the second kind.
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Chapter 2
Equivariant functions

The notion of equivariant functions and forms was introduced in [14] and [4, 15] for
the modular group and its subgroups. In this chapter, we generalize this notion to an
arbitrary subgroup of PSLy(R) (discrete or not). As we will not impose any conditions
on the behavior of these functions on the cusps, we will consider only the equivariant
functions instead of equivariant forms. We will mainly study the mappings properties of

equivariant functions with the purpose of classifying them in some cases.

2.1 Equivariant functions

Let I" be a subgroup of PSLy(R) and F(H) be the set of all functions from H to C. Then

we have an action of I" on F(H) given by
yxh=~"thy.
The set of fixed points of this action is
ET)={he FMH), y«h=h VyeT}={he FH), yh =hy VyeT}.

Definition 2.1.1. An element h of £(I) is called an equivariant function with respect

to I', or a I'-equivariant function.

En(T) and £*(T') will respectively denote the set of all meromorphic, holomorphic

equivariant function.
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Examples 2.1.1.

1. There are two trivial examples of equivariant functions, the identity map and the

complex conjugation which will be respectively denoted by hg and h;.

2. If T is an abelian group, then I is contained in £(T).

Infinitely many non trivial examples will be constructed in the next chapter.

It turns out that these equivariant functions have very interesting mapping properties.
One major question that arises is about the size of the image set of an equivariant
function. Our purpose is to give some necessary conditions for an equivariant function to
be surjective, and since commuting with the action of the group is not a trivial property,
it is natural that some of these conditions will involve some characteristics of the group.
We will see the nature of the limit set A(I') of I" will play an important role in this

context.

Definition 2.1.2.

1. Let I" be a subgroup of PSLy(R), we define Fiz(I') to be the set of parabolic or
hyperbolic fixed points of I'. Notice that Fiz(I') is contained in R.

2. Two points z,w € C are said to be ['-equivalent if there exists v € I' such that
w = (2).
3. Let h € F(H) and z € H such that h(z) = co. We say that h is continuous at z if

1/h is continuous at z.

4. Let h € F(H) and z € H. We say h is locally open at z if there is an open

neighborhood V' of z such that the restriction of h to V' is a continuous open map.

Theorem 2.1.1. Let I' be a discrete subgroup of PSLy(R), h € E(I'), x € Fiz(I'), y €
with yxr = x. Suppose that x = h(w) for some w € H, and that h is locally open at w. If
z € C is not in the set of fized points of v, then h™*({z}) contains infinitely many non T'—

equivalent points.
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Proof. Since x € Fix(I") C @, w is not an elliptic point. Indeed, if yw = w for some

elliptic element ~ in I', then

z = h(w) = h(yw) = vh(w) = vz,

and the elliptic element ~ will have a fixed point in I@, which is impossible. Using
Theorem 1.3.3 and the fact that w is not elliptic, we get an open neighborhood V' of
x containing no I'-equivalent points. After intersecting V' with the open neighborhood
obtained from the local openness of h at w, we may assume that h(V') is an open neigh-
borhood of z.

Suppose that v is parabolic and z € C - {z}. Using Theorem ?7?, there exists N >0
such that vz € h(V) for all n > N. Write vz = h(w,,) for some w,, € V, then

z = h(y"w,) for all n > N.

Suppose that for some m,n > N we have

~y "w, = oy "w,, with a € T,

then v™~™ = « since V' contains no I'-equivalent points, and so ax = z. Also, we have
h(y~"w,) = h(ay~™w,,), which implies that v~"h(w,) = ay~™(w,,). This gives z = az
and hence z = x, which is impossible since {x} is the set of fixed point of ~.

Suppose that v is hyperbolic. If x is a repulsive point of 7, then it is an attractive
one for v, which is also a hyperbolic element of I" verifying all the hypotheses of the
theorem, and so we can always assume that x is an attractive point for . Now, use
Theorem ??7 and mimic the proof of the first part to get the desired result. O

If in the above theorem I' was not an elementary group, then by Theorem 1.3.14, it
will contain infinitely many hyperbolic elements; no two of which have a common fixed
point. Now, take any hyperbolic element 7, € T' — {7}, then ~; will verify the conditions
of the theorem. Since v and ~; have common fixed point, the pre-image of any fixed

point of v will contain infinitely many non I'-equivalent points. Therefore, we have

Corollary 2.1.2. LetI" be a non elementary subgroup of PSLy(R), h € E(I'), x € Fiz(T")
and v € T with yx = x. Suppose that x = h(w) for some w € H, and that h is
locally open at w. Then h : H — C is surjective. More precisely, for any z € C

h='({z}) contains infinitely many non T’ — equivalent points.
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We saw in the proof of the theorem that w is not an elliptic element, hence if T" is
a Fuchsian group, we can speak about the Dirichlet region of I' centered at w, and the

following result is directly deduced from the proof of the above theorem.

Corollary 2.1.3. Let I be a Fuchsian subgroup of PSLy(R), h € E(T'), z € Fix(T") and
v € I with yx = x. Suppose that x = h(w) for some w € H, and that h is locally open
at w. If < > is the cyclic group generated by v and D, (I") is the Dirichlet region of T’

centered at w, then:

1. If v is parabolic, then
C= |J aDu(D).
ae<y>

2. If v is hyperbolic with fixed points x,y, then

C—{y}= |J aD.().

ae<y>

If I' is a non elementary Fuchsian group, then by Theorem 1.3.21, A(T") is the closure
of the set of fixed points of the hyperbolic transformations of I'. Hence if the image of h
contains one point in A(T"), then it will contain infinitely many hyperbolic fixed points

of I'. As a consequence, we have

Corollary 2.1.4. Let I" be a non elementary Fuchsian subgroup of PSLy(R), h € E(T'),
x € A(T') and x = h(w) for some w € H. Suppose that h is locally open at w. Then h :
H — C is surjective, and for any z € C the set h=1({z}) contains infinitely many non T'—

equivalent points.

2.2 Holomorphic equivariant functions

Holomorphic functions form a rich class in F(H) and so it is natural to investigate
holomorphic equivariant functions and to ask whether it is possible to classify them. It
turns out that in most of the cases the answer is yes. For example, the discreteness of
the set of zeros of a holomorphic, or more generally meromorphic, equivariant function
h, will guarantee its triviality, i.e. h = hy. The use of other properties of holomorphic
functions will allow us to give a simple classification (when it is possible) of elements of

£4(I).
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2.2.1 Meromorphic equivariant functions of non discrete sub-
groups of PSLy(R)

Our aim here is to give a complete description of &,,(I") and £*(I).

We begin by the following useful lemma, which can be directly deduced from the

definition of an equivariant function.

Lemma 2.2.1. Let I" be a subgroup of PSLy(R), h € E(I"), and av € PSLy(R). Then

atha € E(a'Ta).

In our investigation of &,,(I"), we start first with the case when I is a non discrete

non elementary subgroup of PSLy(R).

Theorem 2.2.2. Let I' be a non discrete non elementary subgroup of PSLy(R). Then
Em(I') = {ho}-

Proof. Let h € &,(I'). By Theorem 1.3.17 and Theorem 1.3.18, I" contains an elliptic
element + of infinite order. Since the action of PSLy(R) on H is transitive and using the
above lemma, we can suppose that v fixes 7. Since the Mobius transformation

z—1

fe) =

is a homeomorphism from H onto U, the map
g=fhf ' :U—C

commutes with the action of the group I'y = fI'f~! on the unit disc U . Moreover, the ele-
ment o = fhf~! € I'; is elliptic of infinite order and fixing 0. Hence, by Corollary 1.2.10,
we have

a(z) = kz, k=¢e"" (0 is irrational).

As in the proof of Theorem 1.3.18, we can construct a sequence {a*", a, € N} such that

a’ — I asn — oo.
Since « € I'y, we have ga = ag, i.e.
g(kz) = kg(z) for all z € U.
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Differentiating both sides yields

g (kz) = ¢'(z) for all 2z € U.

Now, take any point x € U — {0} which is not a pole of g, and consider the mero-

morphic function G(2) = ¢'(z) — ¢’(x) and the sequence z,, = a®x = k% x. We have
G(z) =0, G(z,) =0, and z,, = = as n — oo.

Therefore, GG is meromorphic on U with its set of zeros having an accumulation point in

U. It follows that G must be a constant function, that is, for some a,b € C
g(z) =az+b, z€U,
while the commuting with « implies that b = 0.

Since I' is not elementary, I'y contains an element 8 which fixes neither 0 nor co. If
y is a fixed point of 3, then ay = g(y) is also a fixed point of § since g commutes with
B. Tterating this, one shows that a?y is also a fixed point of 3. Therefore, two of the
complex numbers ¥, ay, a*y must be equal. Since y is neither 0 nor oo, one easily sees
that @ = £1. The case a = —1 is to be excluded because otherwise we would have for
all v € Ty

n(=2)=—-mn(z), z €U,

and for z = 0, we would get 7;(0) = 0 for all 73 € I'y, which impossible since I'; is not
elementary. Hence g is equal to the identity map, that is, h = hy. O

We now focus on the case when I' is a non discrete elementary subgroup of PSLy(R).

Theorem 2.2.3. Let ' be a non discrete elementary subgroup of PSLy(R). If a € H
s such that, among all the finite I'-orbits, U'a has the least number of points, then '«

contains at most two points. Moreover,

1. If T« contains one point, then &, (I') = {a} U CPSLQ(C)(F)'

2. If Ta contains two points, then &,,(I') = CPSLQ((C)(F)'
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Proof. Let I" be a non discrete elementary subgroup of PSLy(R) with a finite orbit I,
o € H. If T contains at least three points, then by Remark 1.3.2, I' contains only elliptic
elements, therefore I' will have an orbit consisting of one point, see Theorem 1.3.11. Thus,

it suffices to treat the cases when the orbit I'ae contains one or two points.

Suppose that I'a contains one point. If o € H, then all elements of I' are elliptic
fixing . Thus the constant function h(z) = a is in £(I"),,. We can suppose that we are
working in the unit disc model and that & = 0. Hence any v € I" has the form ~(z) = kz
for some k € C. Let h € &,(I'). Since I' is not discrete, we can construct a sequence
{7n} of elements of I" such that 7, — I as n — oo, and using the same method as in the

proof of the above theorem, we find that for some a € C,
hz)=az, z€U.
Hence, in the upper half plane model, we have

Ea(T) = {a} UCpg,, o) (T).

If we now suppose that o € ]l/é, then we can take o = oo and so any v € I" will have the
following form
v(z)=az+b, z€H

for some a,b € R. As in the proof of the above theorem, we get
h(z)=cz+d, 2€U

for some ¢, d € C. If ¢ = 0, then h is the constant function «, otherwise, if ¢ # 0, then h

a Mobius transformation commuting with all elements of I'. Hence

Ea(T) = {a} UCpg,, o (T).

Now, Suppose that I'a contains two points, say «, . Since a parabolic element ~ is
conjugated to my, then each orbit of the group < + > generated by = consists either
of one element (the orbit of the fixed point of ) or infinitely many elements. Hence
[' contains only elliptic or hyperbolic elements. If all elements of I' are elliptic, then
by Theorem 1.3.11, I' will have an orbit consisting of one point, which contradicts the
fact that all the finite I'-orbits must have at least two points. Therefore I' contains a

hyperbolic element.
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Since a hyperbolic element ~ is conjugated to my, |k| # 1, then each orbit of the
group < v > generated by v consists either of one element (the orbit of a fixed point of
) or infinitely many elements. The orbits < v > a and < 7 > « are both finite since
<y>aCla,and <~v > p CI'fand ' = I'B is finite. Therefore o, § are the fixed

points of any hyperbolic element ~.

As usual, we may assume that o = oo, and § = 0. Since ['oo consists of co and 0,
then an element v € I' will either fixes co and 0, and so it is a hyperbolic element of the
form

v(2) = az for all z € H, for some a € R,

or it interchanges them, and so it will have the following form
v(z) = b/z for all z € H, for some b € R — {0},
hence it is an elliptic element of order two.

If all elements of I' have the first form, then the orbit of 0 consists of one point
which is absurd. Hence I' contains both hyperbolic and elliptic elements. Since I" is not
discrete, we have a sequence {7,} of elements of I" such that v, — I as n — oo. If {7,}

contains infinitely many elliptic elements, then it has a subsequence {7, } with
Yu(2) = by, /z for all z € H, for some b,,, € R — {0},

such that v, — I as m — oo. Then, for all z € H we have ~,, z — 2z as m — oo, t.e.
bn,, — 2% as m — oo for all z € H, which is absurd. Hence {v,} contains only finitely
many elliptic elements, thus we may assume that all elements in {~,} are hyperbolic.

Finally, as in the proof of the preceding theorem, we find that for some ¢ € C
h(z) = cz for all z € U.

and the commutativity with the elliptic element shows that ¢ = +1. Hence

Em(l) = OPSLQ(C)(F)~
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2.2.2 Holomorphic equivariant functions of Fuchsian group of
the first kind

Unlike the classification of holomorphic equivariant functions in the non discrete case,
the case of Fuchsian groups presents more challenges and the proof is more elaborate. In
addition to the equivariance and the holomorphy of the functions, we have to use some

properties of the equivariance group, namely the limit set.

The fact that the limit set of a Fuchsian group of the first kind T is R enables us to
show that £*(I') = {ho}. But in the elementary or in the second kind case, the situation
is more difficult since the limit set of Fuchsian groups of the second kind is complicated,
and it is almost trivial for an elementary Fuchsian groups (consisting at most of two

points).

Theorem 2.2.4. If ' is a Fuchsian group of the first kind, then E*(I') = {ho}.

Proof. Suppose that I' is a Fuchsian group of the first kind, and let A be in £*(I"). Since
h is an open map, and A(T") = @, h cannot take any real value, otherwise it will have
infinitely many poles, see Corollary 2.1.4. Hence either A maps the upper half plane into

itself, or it maps it into the lower half plane H™.

Suppose first that A maps the upper half-plane H into itself and that h # hy. Accord-
ing to the theorem of Denjoy-Wolff, [3], & is either an elliptic element of PSLy(R) or the
iterates h, = ho...oh, n times, which are also in £*(I"), converge uniformly on compact
subsets of H to a point p € H. Since h commutes with I', h cannot be an elliptic element
of PSLy(R), otherwise all elements of I" will have the same fixed point set according to
Theorem 1.3.7 and therefore I' will be an elementary group which is not the case. If the
iterates h,, of h converge to a point p € ]ﬁl, then since vh,, = h,~y, we have yp = p for
all v € I'. This impossible since I' is not an elementary group. Consequently, the only

equivariant function that maps H into itself is hq.

We now suppose that A maps the upper half-plane H into the lower half-plane H™.
But then we can extend h to a holomorphic function h defined on HU H™ by

h(z) = h(z), z€ H,

and it is easy to see that the restriction of hoh toH is an equivariant function that
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maps H into itself. By the above discussion, we have

hoh(z) ==z for z € H.

This implies that h is bijective. Therefore, the function —h is an automorphism of H
and so is an element of PSLy(R). Therefore h is a Mobius transformation commuting
with I'. Since h o h = hg = id, h is elliptic of order 2. After a suitable conjugation, we
can assume that h = my, with & = 1. If Kk = —1 then for all v € I" we have

Y(=2) = —v(2) for all z € C.

In particular,
~v(0) =0 for all v € T,

and hence I' is elementary which is not the case. Thus k£ = 1, and so h = hg. We
conclude that £*(T") = {ho}. O

Note that the unique property of I' that was used above is the fact that I' is non

elementary. We deduce

Corollary 2.2.5. IfT" is a non elementary Fuchsian group and h € E*(T') — {ho}, then

the image of h meets the real line.
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Chapter 3
Construction and applications

In this chapter, we make a connections between automorphic forms and equivariant
functions. This allows us to establish three major applications of equivariant functions
to the theory of automorphic forms, namely we provide new and very simple proofs to
two classical theorems on automorphic forms as well as a major new result on their

critical points.

3.1 Automorphy

3.1.1 Unrestricted automorphic forms

In this section we follow the treatment of [13], and [10].
a b . ,
Let v = p € SLy(R), z € H and k be a real number. If j,(2) = j(v,2) =
c

cz+d, then for any complex valued function f defined on H, the slash operator of weight
k on f is defined by:

(flim)(z) = 5y (2) " F(72).

Definition 3.1.1. An automorphic factor (AF) p of weight k& € R for a subgroup I' of
PSLy(R) is a map p : I' x H — C* satisfying
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1. Fora117:<a

c

b .
J ) el and z € H, p,(2)| = |j,(2)|*.

2. For all a,y € I" and z € H, pio,(2) = pta(72) 14 (2).
3. Forall y e I'and z € H, p_(2) = py(2)
Remark 3.1.1. In what follows we will identify an element v € PSLy(R) with its repre-

a b
sentative J € SL2(R), since the third condition says that the automorphic factor
c

w is well defined on I' x H, where I" is a subgroup of PSLy(R).

Example 3.1.1. For any k € 2Z, the function j* : PSLy(R) x H — C* is an an auto-
morphic factor of weight k.

Since a holomorphic function on H of constant modulus must be constant, then from

the above definition we have

py(2) = p(y, 2) = v(7) 1y

for all v € T and z € H, where v(v) depends only on ~ and

()l =1.

The factor v(7) is called a multiplier, and the function v defined on I is called a multiplier
system(MS) of weight k for I'. Note that v(I) = 1 and v(—I) = e ™" and for any

a,v € I' we have

J(e,72)j(7, 2)
j(ay, z)
Lemma 3.1.1. Let L € SLy(R), pu an AF of weight k € R for a subgroup T' of PSLy(R)

and v its associated MS. If T’V = L7'T'L then we have an AF p" for T'* defined by

ply, L2)j(L, 2)

v(ay) = o(a,7)v(a)r(y), where o(a,v) = (lo(a,7)] = 1).

Lyl 2) = r H
l’[’ ( ,y ’Z) j(L,LPyLilz) ) IYE Y Ze )
and its associated MS is given by
L)
L L L—l — 0(77 )
v ( Y 7Z) V(’Y)O(L,L’}/Lfl)

Moreover, (pf)t2 = ptl2 for any Ly, Ly € SLy(R).
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Definition 3.1.2. Let u be an automorphic factor of weight £ € R for a subgroup I'
of PSLy(R) and let v be the associated multiplier system. A function f : H — C is
called an unrestricted automorphic form for I' of weight k, with automorphic factor pu

(or, equivalently, with multiplier system v) if it satisfies

1. f is meromorphic on H.

2. flry=v(y)f for all y € T.

Denote by M'(T', k,v) the C—vector space of all unrestricted automorphic forms for
I' of weight k and MS v.

Theorem 3.1.2. Let f € M'(I',k,v) and L, Ly, Ly € SLy(R). We have

1. flsL € M'(TE, K, v).

2. f|kL1L1 = U<L17L2>(f|kL1)L2.

Suppose that 7 is a parabolic element of I' with a fixed point z, and let

L:L@:):(? :;)

Then L € SLy(R), Lz = oo, and Uy, = L~'~L is an element of I'* fixing oo, and so
L™ 'yL(z) = z +ng, for some ny € R.
Since Uy, is a translation we have
vE(UL) = v(y) = ™ with 0 < kp < 1.
From the automorphy of f on I';, we get
(fleL)(z +np) = ™ (fL)(2), = € H.
It follows that the function

fi(z) = e 2 (fliL)(2), 2 € H,
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is periodic of period ny. Hence, there is a unique meromorphic function Fj defined on
U — {0}, such that

fi(z) = FL(t),
where t = e 2™/ i called a local uniformizing variable. If f; is holomorphic on {z €
H, Im(z) > n}, for some 7 > 0, then Fy, is holomorphic on {t € U, 0 < [t| < e~2™"/m0}
and has a convergent Laurent series in this neighborhood of 0

(fleL)(2) = e>™heslme N g, (L)e™ ™=/ | Ny, € ZU {o0}.
m=DNy,
We say that f is meromorphic, holomorphic, or a cusp function at the cusp z, if respec-
tively Np, # oo, N, >0, N, >0

Definition 3.1.3. Suppose that f € M'(T",k,v). Then f is called an automorphic form
of weight k and MS v for I' if it is meromorphic at every cusp of I'. The C vector space
of these functions is denoted by M (T, k, v).

Suppose that f is holomorphic on H and that f € M(I',k,v), then f is called an
entire automorphic form, respectively a cusp form of weight k£ and MS v for T, if f is a
holomorphic, respectively a cusp function at all cusps of I'. The C—vector space of entire
automorphic forms, cusp forms are respectively denoted by EM (T, k,v), S(T',k,v). In

all cases, when k = 0 and v = 1, the word form is replaced by the word function.

If the context is clear, the reference to the group and the multiplier system will be

omitted.

Examples of automorphic forms of a Fuchsian group of any type can be found in [0].
Here, we content ourselves to give examples in the case of the modular group and some

of its special subgroups.

3.1.2 Congruence subgroups of PSLy(Z)

Since the limit set of a Fuchsian group is closed and contains the parabolic points, the
limit set of PSLy(Z) is equal to R U {oo} as the set of cusps of PSLy(Z) is Q U {o0}.
Hence PSLy(Z) and all its subgroups of finite index are Fuchsian groups of the first kind.
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Let

T:<1 1)752(0 —1>’P:ST:(0 —1>‘
0 1 1 0 1 1

Then S is elliptic of order 2 with fixed point i, and P is elliptic of order 3 and fixes
p = e2™/3. Moreover PSLy(Z) is generated by S and T, or equivalently, by S and P.

An important class of subgroups of PSLy(Z) is the so-called congruence subgroups.
A subgroup T" of PSLy(Z) is called a congruence subgroup if it contains some principal

congruence subgroup I'(n), for some positive integer n, given by
['(n) ={vy € SLy(Z), vy =+I mod n}/{+I},
and the smallest such n is called the level of T'.

One easily shows that I'(n) is a normal subgroup of PSLy(Z) of finite index and that

the conjugates in PSLy(Z) of a congruence subgroup are also congruence subgroups.

Example 3.1.2. Here we give some important and well known examples of congruence
subgroups of PSLy(Z).

that To(n) is conjugate to I(n) by (§ })

3.1.3 Examples of modular forms

When speaking about the modular group PSLs(Z) and its subgroups, the word automor-
phic in the definition of any type of automorphy is replaced by the word modular.
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We start our examples by the well known Eisenstein series. They are defined for

every even integer k > 2 and z € H by
1
G = E M
(2) e (mz+n)*’

where the symbol > ’ means that the summation is over the pairs (m,n) # (0,0). Note

that this series is not absolutely convergent for k = 2. We normalize Eisenstein series by

letting
Ex = 2((k)Gy
to get the following representation
2k .
Er(z) = 1— B Z op_1(n)q", q = ™=
k n=1

Here By is the k-th Bernoulli number and oy_1(n) = Zd‘n d*. The most familiar Eisen-

stein series are:

Ey(z) =1—24 Z o1(n)q",
n=1

Ey(z) = 14240 Y o3(n)q",
n=1

Es(z) = 1—504 Z os(n)q".
n=1

For k > 4, the series E} are entire modular forms of weight k. The Eisenstein series Ey
is holomorphic on H and at the cusps, but it is not a modular form as it does not satisfy
the modularity condition. The Eisenstein series Ej5 is an example of a quasimodular form
and plays an important role in the construction of equivariant functions as will be seen
later on. Moreover, Fy satisfies

1 Al(z)
Ey(z) = %A(z)’

(3.1)

where A is the weight 12 cusp form for PSLy(Z) given by
Alz) = q JJ(1—a*
n>1
The Eisenstein series satisfy the Ramanujan relations
6
— By, = E; — Ey, (3.2)

T
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3

— E), = E\Ey — E 3.3
2i 4 442 6 ( )
1

The Dedekind j-function given by

. B R
i) ==x—

is a modular function and it generates the function field of modular functions for PSLy(Z).

An example of an entire modular form with a non-trivial multiplier system is the
Dedekind eta-function 7(z) = A(z)Y?*. It is a weight 1/2 entire modular form for
PSLy(Z) with the multiplier systems given by

v(T) = /2 v(S) = e/ v(P) = e /8,

Now, we give an example of entire modular forms on congruence subgroups with

non-trivial multiplier systems, namely the Jacobi theta functions. They are defined by

0:(z) = Z gt/

O3(z) = > ",
bs(z) = > (=1)"q".

They are entire holomorphic modular forms of weight % for the conjugate congruence
subgroups T'g(2), T¥(2), TL*(2) respectively. Their associated multiplier systems are

u, v and w respectively and are defined by

v(T%) = u(PT*P™) = w(P*T*P~?) = 1,
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Moreover, these modular forms do not vanish on H and satisfy the Jacobi identity
03 +0; = 0;.
Furthermore, the following relations hold between the theta functions, E;, A and n:

Alz) = (27702(2)05(2)04(2))"

Fi(z) = S(65() +63(:) + 63(2)

_ n(4z)?

Ple) = 22) (3.5)
B n(2z)

%alz) = 1(2)Pn(42)?
B n(z)?

fule) = n(2z)’

3.1.4 Almost meromorphic and quasi automorphic forms

All the results of this subsection are a straightforward generalization of those obtained
in [7], where the authors consider the case of holomorphic functions, the trivial MS, and
the full modular group PSLy(Z).

Let T" be a subgroup of PSLy(R), k£ € R, and v be a MS for I'. An unrestricted almost
meromorphic automorphic form of weight k, depth p and MS v on I is a function f on
H which transforms like an automorphic form but, instead of being holomorphic, is a

polynomial in 1/y, y = Im(z), with meromorphic coefficients. More precisely, f has the

o=y

where each f,, is a meromorphic function, and for all v € T,

fley=v(n)f (3.7)

form

, z € H, (3.6)

We denote by ]\/4\’(F, k,p,v) the space of such forms, and by A/Z’(F, kv)=U, A/J\’(F, k,p,v)
the space of all unrestricted almost meromorphic automorphic forms of weight £ and MS
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v. When k runs over Z, the set @(F,V) = P, ]\//f/(F,k, v) will be called the graded

algebra of all unrestricted almost meromorphic automorphic forms for the MS v.

The space M’(F, k,p,v) of constant terms fy of f as f runs over ]/\I\(F, k,p,v) is called
the space of unrestricted quasi-automorphic forms of weight k, depth p and MS v on T'.
The following result shows that unrestricted quasi-automorphic forms can be defined

intrinsically.

Theorem 3.1.3. [7] A function f is in M’(F,k,p, v) if and only if f is meromorphic
on H, and for ally €T, z€ H

(flw)(Z)ZV(v)an(Z)< ¢ ) (3.8)

— cz+d

where each f,, is a meromorphic function of H.

The quasi-automorphic polynomial attached to f is defined by

p

Pra(X) = Y (a)x™ 39)
i=0

If we set v = I in (3.8), we find that fo = f. Let ¢ : ]\//T’(T, k,p,v) — M’(F, k,p,v) be the
map defined by f — fy. Then by the above theorem 1) is a surjective homomorphism.
In [7], it is shown that if f € Z\A/[/’(F, k,p,v), then the function Py .(1/2iy) is an element
of ]\/4\’(1“, k,p,v), and it is clear that its constant term is f. If in addition I" is a non
elementary Fuchsian group, then v is also injective. Hence 1 is an isomorphism, and so
the unrestricted quasi-automorphic forms inherit the structure of the unrestricted almost
meromorphic automorphic forms. The set M’(F, kv)=U, M’(F, k,p,v) will denote the
space of all unrestricted quasi-automorphic forms of weight £ and MS v. When £ runs
over Z, the set MZ(F, v) = @, M’(F, k,v) is a graded algebra that will be called the

graded algebra of all unrestricted unrestricted quasi-automorphic forms for the MS v.

Let f be a nonzero entire automorphic formin f € EM(T', k,v), k # 0. The derivative
df = [’ satisfies

(Flen)(=) = v(7) (ke(ez + ) f(z) + (c2+ )2 f(2)) , 2 € H, 7 = (Z 2) er,
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that is, df = f' € ]\//T/(F,k+2,1,1/) and
Py o(X) = ['(2) + kf(2)X.
If Ly denote the logarithmic derivative of f, i.e.
Ly=f/f, (3.11)

then
(Lflay)(2) = Ly(2) +

b
,zGH,vz(a)EF. (3.12)
c
Thus Lfel\//f/(F,Q,l,z/:l), and

Pr, .(X) = Ly(2) + kX.

The non holomorphic function ¢(z) = QL is called the absolute quasi-automorphic form

of weight 2, depth 1 with trivial MS, since it is satisfies

C

(621)() = 02) + ——.

ceH, = (Z 2) € PSLy(R). (3.13)

Let ¢y = Ly — k¢, then ¢ is an unrestricted almost meromorphic automorphic form
of weight 2 depth 1 and the trivial MS, and ¢(¢;) = Ly. Furthermore, we have the

following structure theorem.

Theorem 3.1.4. With the same notation as above, we have

1. MU, k,p.v) = @Iy M0k —2n,0) - 6.
2. (5(]/\4\/(F7k;p7 V)) C ]/\i’(r,/{—{—Q,p, I/), where 0F = dF — kF ¢. The space
n=p

ML, k,p.v) = P M(T. k- 2n,v) ¢},

n=0

15 called the space of almost meromorphic automorphic forms of weight k, depth p
and MS v on I

3. d(ﬂ’(F,k,p, V)) C M’(F,k+2,p, V).
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4. If I' is a non elementary Fuchsian subgroup, then

n=p

M'(T, k,p,v) = @ M'(I, k — 2n,v) L}.
n=0
The space
n=p
M(T, k,p,v) =@ M(T, k—2n,v) L},
n=0

15 called the space of meromorphic quasi-automorphic forms of weight k, depth p
and MS v onT.

If f has no zeros in H, then L; is holomorphic on H and we have the following

definitions:
The spaces
— n=r
EM(T,k,p,v) = @ EM(T, k — 2n,v) ¢},
n=0

n=p
ST k,p,v) =D ST, k—2n,v) ¢},

n=0
are respectively called the space of almost holomorphic automorphic forms, almost cusp
forms of weight k, depth p and MS v on I'. If, in addition, I" is a non elementary Fuchsian

subgroup, then the spaces

n=p

EM(T, k,p,v) = EM(T, k — 2n,v) L},
n=0
~ n=r
S(T, k,p,v) = P ST,k —2n,v) L},
n=0

are respectively called the space of quasi-automorphic forms, quasi-cusp forms of weight
k, depth p and MS v on I.

Example 3.1.3. The group I' = PSLy(Z) is a non elementary Fuchsian group of the first
kind. If f = A is the weight 12 cusp form for PSLy(Z), then f does not vanish on H,
and by (3.1) we have

Ly =2miFs.

Using the fact that the graded algebra of entire modular forms with the trivial MS on
SLQ(Z) is
C|Ey, Eg),
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see [13], we get

—~—

EM,(PSLy(Z), v

—

EM, (PSLy(Z), v

1) = (C[E47 E67 EQ] )

1) = C[Ey, Eg, 5],
where

Bepm-%se EM(PSLy(Z),2,1,v = 1),
s

and E]TI/*(PSLZ(Z), v=1), m(PSLQ(Z), v = 1) are respectively the graded algebra of
entire quasi-modular forms, and almost holomorphic modular forms with the trivial MS
on PSL2 (Z)

Remark 3.1.2. From now on, the trivial MS will be omitted from notations.

3.2 Construction of equivariant functions

For a detailed discussion on equivariant functions for the modular group (construction

and structure) see [1].

Let T be a subgroup of PSLy(R), k£ € R — {0}, and suppose that f is a nonzero unre-
stricted automorphic form on I' of weight £ and MS v. We attach to f the meromorphic

function 1(2) .
z
h(z) = he(z) = z + k =z + . 3.14
(=) = hy(2) ST T (3.14)
Proposition 3.2.1. [15, 18] The function h is an equivariant function, i.e., it satisfies
h(y-z) =~ -h(z) forall yel', ze€ H. (3.15)

b
Proof. Let v = <a d) € I'. Then, we have
c

az+b N v(7y) k(cz + d)k f(2)
cz+d  v(y)[ck(cz+ d)F*f(2) + (cz + d)F2f/(2)]

ha-z) =

(az +b)(ckf(z)+ (cz+d)f'(2)) + kf(2)
(cz+d)(ckf(z)+ (cz+d)f'(2))

akf(z)
ckf(z)

20

(az +0)f'(2)
(cz+d)f'(2)

+ [+



using the identity ad — bc = 1. In the meantime, we have

B ah(z) +b

a-h(z) = ch(z)+d

(az +0)f"(2) + akf(2)
(cz+d)f'(z) + ckf

]

In fact, the key property in the above proof was the form of the quasi-automorphic

polynomial attached to %L F, e,

1
P%Lf,z(X) = ELf(Z) +X7

in the sense that any function g on H verifying the following property

c ab
(W) =g+ g sy = (1)) € (3.16)

gives arise to an equivariant function given by
1
hg:ho—f—;, ho(Z):Z.

Hence, if Q(T") denotes the set of all the functions satisfying (3.16) in addition to the
constant function gy = oo, and if we extend the definition of the quasi-automorphic

polynomial to any element g € Q(T") by
Fyo(X) =g(2) + X,

then M'(I",2,1) C Q(T'), and hy, = hg. Moreover, if g € Q(I'), and f is any invariant
function under the weight 2 slash operator on I', that is

f|2’7:f7 fOI‘&H’}/GF,

then one can easily check that
f+ge o).

Conversely, if we associate to each element h € £(I") the function defined by

h =

h —hy’

then h € Q(T), and /ﬁo = ¢gp, and clearly we have the following result.
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Proposition 3.2.2. [/] We have a one-to-one correspondence between Q(I') and E(T")

given by the two mutually inverse maps

~

g— hy, h — h.

Examples 3.2.1.

1. If g = ¢ the absolute quasi-automorphic form of weight 2, depth 1, then h, = h;.

(recall that h; is the complex conjugation).

2. Via the above bijections, the set &,,(I") of meromorphic equivariant functions cor-
respondences to M'(T",2,1) the space of unrestricted quasi-automorphic forms of
weight 2 depth 1 on I'.

3. For concrete examples, one can take
I = PSLy(Z), and g = %EQ.

Then any meromorphic equivariant function h of &,,(I') has the form

1
h=ho+
f+y
where f is a unrestricted modular forms of weight 2. If f is an unrestricted almost
modular forms of weight 2 and depth 1, then we still have the equivarience but
the meromorphy is replaced C'* differentiability (over a suitable connected open

subset of H), for example

1
E; + —F
2 T b2
Note that the shift from the two classes is provided by replacing f by f + Fo,

where F'is an unrestricted modular function for PSLy(Z).

4. We have seen in (3.12) that the logarithmic derivative of an unrestricted automor-
phic form f is an unrestricted quasi-automorphic form of weight 2 and depth 1. If
f is an unrestricted almost automorphic form, then after extending d/dz (and the
logarithmic derivative) to the class of unrestricted almost automorphic forms by a%

(the two operators coincide on meromorphic functions), one can mimic the steps

52



of (3.10) and (3.12) to get the same result. More explicitly, we have the following:
If fe M(T',k,p,v), k#0, then

k

— ho 4+ — r).
h = hgy+ I e En(l)
If f e M’(F,k,p, v), p # 0, and P;.(X) = Y5, fu(2)X™, then the function
defined by
1
=Pr. | = ’ H
9(z) = Py, <2iy> z €

is an element of ]\//_7’(I’, k,p,v) and hy + L% € £(I"). Notice that

im0 fn(2)(55)"

=0 fa(2) ()"

Definition 3.2.1. After [1], the class of equivariant functions constructed above is re-

h(z)=z+k z € H.

ferred to as the class of rational equivariant functions.

3.3 Applications

3.3.1 Classification of unrestricted automorphic forms for non

discrete subgroups of PSLy(R)

The classification of automorphic forms for a non discrete (non elementary) subgroup of
PSL,(R) was raised by many authors, see [I1, 2] and the references therein. Here we
provide a new and simple proof of the complete classification in the non discrete case,
in the non elementary case and give the general form of these automorphic form in the

elementary case.

Let I' be a non discrete subgroup of PSLy(R) and suppose that f € M'(I", k,v), k # 0,
be an unrestricted automorphic form of weight £ and MS v. From Theorem 2.2.2 and
Theorem 2.2.3, we know that an element h of &, (I") is either a constant or a M&bius
transformation . Hence, if f is not the zero function, then

k
hf =hy+— € €m(F),
Ly
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and so Ly = f7/ will be the quotient of a polynomial of degree one over a polynomial of

degree two. If for example h; is a Mobius transformation represented by v = (z 2) €

PSL,(C), then

az+b f
= k— H.
=1 d z+ I zZ €
Hence £2) d
z cz
=k H.
f(z) —cz? 4+ (a—d)z+b’ *€

Thus an elementary computation will give the form of f. But in the most interesting

case, namely when I' is not an elementary group, we have a more precise result.

Theorem 3.3.1. IfT" is a non elementary non discrete subgroup T' of PSLy(R), then we

have

1. If k #0, then M'(T',k,v) = {0}.

2. If k=0, then M'(I', k,v) = C.

Proof. Suppose that k # 0, and that there is an element f € M'(I", k,v) — {0}. Then

k
hy = ho+ — € En(T).
Ly

Meanwhile, using Theorem 2.2.2; we have &,(I") = {ho}. Hence

k

A
Ly ’

which is impossible. Thus, for a non elementary non discrete subgroup I' of PSLy(R),
M'(T, k,v) = {0}.

If k=0, and f € M'(T",0,v), then the derivative f’ of f is an element of M'(T', 2, v).

Hence f' =0 and f is a constant function. O

Remark 3.3.1. If T is elementary, then after a suitable conjugation in SLy(C), one can
suppose that an element of I' either fixes oo or interchanges it with zero, and so any

element v of the commutator of I' will be of the form
vz =az+b, oryz=ua/z, a,beC.
Using the above method will give the form of f, see [2, 11].
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3.3.2 Zeros of weight 2 depth 1 Unrestricted quasi-automorphic
forms and critical points of Unrestricted automorphic

forms

We begin with the following result which is a direct consequence of Corollary 2.1.4.

Theorem 3.3.2. Let I' be a Fuchsian group of the first kind, and suppose that h €
En(l) —{ho}. Then for any z € C, h'({z}) contains infinitely many non I'— equivalent
points. In particular, for z = oo, we find that h has infinitely many non I'-equivalent

poles in H.

Proof. Let h € £(T'),, — {ho}. If h has no poles in H, then it will be a holomorphic
equivariant function for I'. But Theorem 2.2.4 says that the unique holomorphic I'-
equivariant function is hy which contradicts our assumption. Thus h has at least one

pole x € H.

Since I' is not elementary, it contains an element v = (Z S) with ¢ # 0, otherwise all
elements of I will fix co, and so I' will be elementary. By the equivariance property we

have
h(yz) = vyh(x) = yoo = % e R=A().

Since h is an open function, the theorem follows from Corollary 2.1.4 n

Theorem 3.3.3. Let I' be a Fuchsian group of the first kind, and g € M’(F,Q, 1) be a
non zero unrestricted quasi-automorphic forms of weight 2 and depth 1 on I'. Then g

has infinitely many non I'-equivalent zeros in H.

Proof. If g € M (T',2,1) is a non zero unrestricted quasi-automorphic forms of weight 2
depth 1 on I', then
.
g
is a meromorphic equivariant function. Since g is meromorphic, we have h, # hg, and
it is clear that the poles of h, are the zeros of g. The result follows from the above

theorem. O

The importance of the above results lies in the following.
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Theorem 3.3.4. Let I be a Fuchsian group of the first kind, and f € M'(T, k,p,v), k #
0, be an unrestricted automorphic form of weight k and MS v. Then f has infinitely

many non I'-equivalent critical points in H.
Proof. This follows from the fact that
f
hy = ho + k:? € En(D),
and that the zeros of f are not poles of hy (they are fixed points of hy). Thus the poles
of hy are exactly the zeros of the derivative f’ of f. O

Suppose that f is holomorphic in H, and that v is a parabolic element of I with a

L:L(x):<(1) :i)

fixed point z, and Let

Then -
(fleL)(2) = e>kezlme N g, (L)e™™m*/"e | Ny € ZU {o0}.
m:NL
In [12], they give a negative answer to the following question: when T is a finite index

subgroup of PSLy(Z), k=2, v = 1, x = oo, and N > 0, is it possible that a,,(L) = 0 for
m > 07 Their method uses some analytic properties of the Rankin-Selberg zeta function
of flxL, defined for R(s) > 2 by

Ripny(s) =Y (L),

m—S

m=1
They also give another proof using the theory of vector-valued modular form. In our
case, the answer is a simple consequence of the above theorem, and this without the

restrictions on the group, the weight, and the MS required in their work.

Theorem 3.3.5. Let I be a Fuchsian group of the first kind, and f € M'(T, k,p,v), k #
0, be an unrestricted automorphic form of weight k and MS v. With the above notations,
if am(L) =0 for m >0, then f = 0.

Proof. Suppose the converse is true, then f|,L will be a nonzero rational function of the
local uniformizing parameter e>™*/"% hence it cannot have infinitely many non L~'T'L-
equivalent zeros, which is absurd, since L71T'L is a Fuchsian group of the first kind, and
flxL € M'(L7TL, k,p,v). m
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We end this chapter by giving some examples involving some standard modular forms

and their critical points, see [11] for more details.

Examples 3.3.1. 1. As a consequence of (3.1), we recover some results of [5]: The
Eisenstein series Ey (and hence A’) has infinitely many non equivalent zeros in the
strip —1/2 < Re(z) < /12. Moreover, all these zeros are simple since Fy and E}
cannot vanish at the same time because of (3.2) and the fact that £, vanishes only
at the orbit of the cubic root of unity p. Similarly, the zeros of E) are also simple
because of (3.3) and the fact that Es vanishes only at the orbit of i. Using the same
argument and (3.4), the zeros of Ej are all simple. We also note that FE, is real on
the axis Re(z) = 0 and Re(z) = 1/2, and one can show that it has a unique zero on
each axis given approximately by ¢0.5235217000 and 1/2 +40.1309190304, see [5].
Also, E} and Ej, are purely imaginary on both axis and have zeros on Re(z) = 1/2
given respectively by 1/2 + 7 0.4086818600 and 1/2 + i 0.6341269863.

2. Using (3.1) and (3.5), we get the following formulas for the derivative of the theta

functions:
1 65(2) _
i AE,(42) — E5(22), (3.17)
%Zégji = 5H5(22) — Ey(2) — 4E5(42), (3.18)
1 03(2)
i)~ 2~ Bal22). (3.19)

It is interesting to notice that each of the above combinations with F,, F; and Fjy

vanishes infinitely many times at inequivalent points in a vertical strip in H.

3. Let F' be any meromorphic function on C. then the function

£(2) = PR ) + TE(), 2 €]

is an unrestricted quasi-modular form of weight 2 depth 1 for PSLy(Z). Hence it
has infinitely many non equivalent zeros in the strip —1/2 < Re(z) < 1/2. Note
that the term

J'(2)F(j(2)), z € H,

corresponds to the change of variable w = j(z), w € C, and that even if the function
F(w) does not vanish on C (e.g. F(w) = e"), making this change of variable and

performing a perturbation of F' by a fixed weight 2 depth 1 quasi-modular form
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leads to the intriguing facts: there are infinitely many zeros, and most importantly,
they are non I'—equivalent whatever change of variable we perform. A phenomenon

that deserves to be investigated further.
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