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Abstract

The numerical solution of ordinary differential equations (ODE’s) can be a
computationally intensive task. It is becoming widely believed that the only
feasible means for solving such computationally intensive problems in science and
engineering is to use parallel computers efficiently. As a result, there is an
increasing interest in the development of parallel methods for the numerical
solution of ODE’s. This research is, for the most part, still in its preliminary
stages. ‘

Our goal in this thesis is to contribute to the evolving knowledge about.
parallel methods for the solution of ODE'’s. In this context, we examine in detail
one particular class of methods. This class is Runge-Kutta oriented in the sense
that the underlying computational process is based on Runge-Kutta formulas.
However, from a broader perspective, the methods in this family also have an
essential predictor-corrector feature,

Our study examines stability and .performance aspects of this class of
methods as originally proposed. In addition, a modification to the approach is
suggested and similarly evalugted. Performance is examined in the context of a
suite of test problems and results are compared to previously obtained results with
two families of parallel Predictor-Corrector oriented methods.
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Chapter 1 Introduction

1.1 Motivation and Overview of Past Work

In a continuous system simulation study, the system is typically described
by a set of first-order ordinary differential equations (ODE’s); i.c., a set of
equations of the form:

b d oo
y ==Y f(t,y(t)) (L.

where, y and f are vectors of dimension L.

In this thesis, our concern is with the solution of (l.1.1) over the time
interval [to, tr ] with y(to)=yo where to , tr and yy are given. This is usually referred
to as the initial value problem (IVP). The discussion in this thesis is concerned
with nonstiff problems. Discussion of stiff IVPs can be found in [2], [3], [4], [8],
[10], [17], and [18].

The fundamental step in the simulation activity consists of solving these
equations numerically. The numerical solution of ODE's can require substantial
computation, As a result, a variety of parallel methods for carrying out this
numerical task have been proposed in the literature.

Gear [13], [14] classifies the approaches for achieving parallelism in
solving a set of ODE’s into two broad categories:

(i) parallelism across the method or equivalently parallelism across time;

(ii) parallelism across the system or equivalently parallelism across space.
Included in class (i) are algorithms that exploit several concurrent function
evaluations within a step; e.g., the Runge-Kutta (RK) oriented methods discussed
in the next chapter, as well as techniques that solve for many steps simultancously;



¢.g., the Predictor-Corrector (PC) oriented methods [11, [5], [7], [13], [14]). The
techniques that exploit parallelism in the evaluation of f as well as in performing
vector operations and in solving linear and nonlinear equations that may arise at
cach step of the solution process fall into the second class, class (ii), of methods.
Waveform relaxation [27], [29] is one of the currently active area of this class.

Paraliclism across a method implies that parts of the integration procedure
itseif (rather than parts of the problem to be solved) are distributed over the set of
available processors. A highly desirable feature in this distribution is the
achievement of a balanced workload. An extension of the classical predictor-
corrcctor approach to a block (i.e., multi-point) context provides a relatively
straightforward means for achieving parallelism with a balanced workload. In this
PC-oriented approach, cach of the available processors carries out a computation
that relates to a distinct point on the solution axis. The computation corresponds
cither to a computation of a predicted or a corrected value or to a derivative
function cvaluation. All processors carry out a sequence of computationally
identical tasks; hence, a balanced workload is achieved.

The Block Predictor-Corrector (BPC) and the Parallel Block Predictor-
Corrector (PBPC) methods are two particular subfamilies of PC-oriented parallel
methods. The BPC family has its origins in the work of Shampine and Watts [35]
who suggested an extension of predictor-corrector methods into a block context
using the earlier work of Rosser [34]. Birta and Abou-Rabia [5] extended this
work and, in particular, suggested a way to enlarge the stability interval. Tam [36]
has constructed an intcresting subfamily of BPC methods which has the feature
that the stability region of its members does not decrease as order increases.

Miranker and Lininger [28] established the basis for the PBPC family.
Their work was later refined by Katz et al. [26]. A comparison of some methods
from both these families with respect to stability properties and performance using
a suite of test problems, can be found in Abou-Rabia et al. [1].

An alternate and potentially attractive approach has recently evolved from
an extension of Runge-Kutta methods [19], [20], [21], [22], [23], [24], [25] and
[30]. In this approach, an RK formula (explicit or implicit) is employed as a base
method. Parallelism is achieved by exploiting the multiple function evalustions



required within each step of a standard one-step RK formula. In the case where
the base method is implicit, further opportunities for parallelism arise in solving
the associated nonlinear equations. Miranker and Lininger [28] derived a class of
RK-oriented methods, but their apr oach is ineffective because of poor stability.

An s-stage RK method for the numerical solution of (1.1.1) is defined by:

g, = f(t+ch, y(t)+hi ag), i=1,2,...8 (1.1.2)

j=l
and

Yeen = Y(1) + hi bigi (1.1.3)

where y,,;, provides an approximation to y(t+h) developed from the known solution
value y(t). The scalar h represents the integration stepsize.

In an explicit process, g; depends only on g; for j<i; i.e.,
aij=0 _]21 (l A .4)

An implicit process, on the other hand, is one for which (1.1.4) is not satisfied. A
comprehensive discussion of implicit formulas can be found in [9], [11], [17], and
[18].

The use of explicit RK formulas is not attractive in developing parallel
methods because the order of the resulting method is limited and the stability
region is small [23].

A recently proposed RK-oriented approach is a family of iterated RK
methods. These have their origin in the work of van der Houwen and Sommeijer
[19] who formulated the Parallel Iterated RK (PIRK) methods. These were
extended by van der Houwen and Cong [20] into Block PIRK(BPIRK) methods.
The underlying (i.e., base) RK method is implicit. Both PIRK and BPIRK methods
are implemented as a predictor-corrector scheme. In the predictor phase, an initial
value is produced for the internal stage values g; in (1.1.2). The corrector phase
refines these values via some iterative scheme. Finally the resultant solution value



is produced using (1.1.3). A variety of approaches is available to produce the
initial (i.e., predicted) values for g;. A change in the predictor formula used, in the
underlying RK formula, in the iteration process, or even in the number of iterations
of the corrector formula gives a different member of the family. Jackson and
Narsett [36] refer to these iterated RK methods as RK-PC methods.

Parallel methods in Gear’s first category are, for the most part, PC-oriented
or RK-oriented. Comprehensive numerical evaluations of methods from both these
broad families remain to be carried out in order to obtain better insight into their
strengths and weaknesses.

1.2 Notation and Background Concepts

We summarize below some notation and concepts that will be used
throughout the thesis. The presentation is separated into two categories. The first
reviews aspects which are relatively widely used while the second is distinctive to
the particular needs of the work outlined in the thesis; its relevance begins in
section 2.3,

Category 1:

a) Order

Suppose we have a numerical process for the solution of (1.1.1) which
generates a solution value y ,, at t 5, =t ,+h. The method is said to be of order p (or
to be of p™-order) if

y(t n+h) = Yus1= o(hp+l)

Here y(t,+h) is the solution to (1.1.1) which passes through y(t,) (and through any
other points that are used by the numerical process in producing y;,,).



b) Runge-Kutta methods

From (1.1.2) and (1.1.3), it can be observed that an s-stage Runge-Kutta
method can be readily characterized by the three arrays :

A11 412 e e o Qg

A= | anan .. g
[ ] L] . * » [ ]

g1 A2 w & gy

b"_“(bl $b2v . -abs)T

and
c:=(c,,cz,...,cs)T
A convention which we also adopt is that:
Ci=i a5 (1.2.1)
i=l
and
3 bi=1 (1.2.2)

=1

Virtually all the existing methods satisfy (1.2.1) and (1.2.2) [11].
A compact and widely used representation for an s-stage RK formula is
provided by the so-called Butcher tableau:

C A1 412 e e e A
C2 21 22 s e A

Cs A] A2 e e 0 g

by by e b




c¢) Functional iteration
In this section we consider a system of L equations in L unknowns

expressed in the form:

X1 = g!(xh X2: creg XL)

X2 = g2(X1, X2, o0y XL) (1.2.3)

XL = gu(X), X2, -y X1)
Let X=(x, X3, ..., xL)T and G=(gy, g, ..., gI_)T then (1.2.3) is be written as
X =GX) (1.2.4)

Functional iteration is one of several possible numerical proczdures for
finding the solution X of (1.2.4). Let X%=(x,°, x° .., x )7 be an initial
approximation to X'. Consider the sequence (X'} which is recursively generated
by the relation :

X =6edh, j=1.2,...

Under appropriate conditions, X' will converge to X as j—eo, The following
lemma [33] gives a set of conditions which assures this convergence.

Lemma 1.1: Suppose that the system (1.2.4) has a solution X", Further, suppose
that for some 8 >0 there exists a neighborhood, A, of radius & about X" in which
og

=, i=1,2,..,,L,j=1,2,..L
dx,

exist for each point of A. Finally, suppose that there exists a constant O<e<1 such
that either



Isist. <
jal

or

[

ax <&

)

is satisfied for all the points in A. If || X°X[|<3 and

X =G, j=1.2,.. (1.2.5)
then
}pﬂ:f

Other sufficient conditions which ensure that the functional iteration
process converges to X" are discussed by Ortega {31].

d) Stability boundary

The ODE'’s of (1.1.1) have certain stability propertiics. The aim of stability
analysis, in general, is to determine under what conditions any particular discrete
replacement (i.e., the numerical method) preserves such properties. This has a
significant bearing on the usefulness and reliability of the numerical method. The
most widely used approach is to find the stability region of the numerical method

under consideration [3], [18]. Wc outline this approach in the following
discussion.

Consider the scalar equation

Y =Ay (1.2.6)



where A is a complex scalar. It is straightforward to demonstrate that if Re(A)<0
then any solution y(t) of (1.2.6) remains bounded.

A numerical method (using stepsize h) is said to be absolutely stable for hA,
if il produces a bounded approximations when applied to problem (1.2.6). The
region of stability, S, is the region of the hA-plane for which the method is
absolutely stable. It is appropriate to talk of an interval of absolute stability, which
is simply the intersection of S with the real axis. The left most point of this interval
is said to be the stability boundary.

Both PC and RK methods can be uniformly presented in the following
form:

Yn+l = (D(h: f(tl'DYI): f(t21YZ)’ vesy f(tk:Yk))Yn (1.2.7)

Here Y, is a k-vector of known (previously computed) solution values and Y,,, is
a vector of new values to be generated (possibly in parallel).
The substitution of f(t,y;) = Ay;, i=1,2,....k, in (1.2.7) yields

You = ®(h, Ayy, Ays, .., AV Yo = R(AR)Y, (1.2.8)
ie.
Y. =R"(Ah)Y,

It is clear that if the norm of matrix R(Ah) is less than one, for a fixed h, the value
of Y., will be bounded as n—eo. We define the matrix R(Ah) as the stability
matrix for method (1.2.7). The following lemma [32] gives a necessary and
sufficient condition for stability.

Lemma 1.2 The numerical method (1.2.7) for solving (1.1.1) is stable if and only
if the maximum magnitude of the eigenvalues of matrix R(Ah) is less than one,
i.e., p(R(Ah))<1.



Category 2:

e: a vector whose entries are all unity (the length of e is generally clear
from the context)

e;: a vector whose entries are all zero except for the i entry which is
one (i.e., g; is the i column of an identity matrix of compatible
size)

Ei:  amatrix with zero entries except for those in the i"™ column which
are all unity

In the interests of notation convenience (but without loss of generality) we
will take L in (1.1.1) to be unity; i.e., f and y are taken to be scalars. Often,
however, it is convenient to write f with vector arguments; e.g., f(T,Y) where T
and Y are vectors of equal length, k. In such a case f(T,Y) represents a vector of
length k whose i entry is £(T;,Y)), i=1,...k.

Let |1, v and 1 be vectors of length k; i.e., p=(l,, U,..., uk)T, V=(V|,V2,...,Vk)T
and T=(Ty, Tz,-.., Ts) » then we define:

p:l = (ulj'a I-lzj,---a p'kj)T
and

B o* V= (Vs BaVay s IVR)
A156 7 [W, v] means Ti€ [, vi] for each i=1,2,....k.

From a Taylor series expansion, we can write:

(hx)q-ﬂ dqﬂ

Ly &
j MY O y©)

Y0+

y (te+hx) = y(t)e + hx %y(t) ,o

mW';ﬂm

i{Mme+

=0 J +1)!

t'e [te, te+hx]



where y, t and h are scalars, ¢ and x are vectors of the same length. For
convenience, we let Ad[y,t,hx] represent the right-hand side of the above

expansion; i.e.,

_ (hx)! d’ (h.wc)“'+l d!
Adly,thx] = y(t)e+hx y(t) + ot — o a —y(t) +..+ (q+I)! o y(t)

z (i )’my(t)} o LS

j_.
Note also that:

d d L Bl
y(te+hx)— y(t)e+hx y(t)+ (-—1)1 ]

y{t)+ ..+

a )*r d*
t:! dr (t')

= it 2 Ly .)}+—(hx)“®;,;y(n L belte, terhx]

i=0J

It is clear that the right-hand side of the above is F"'l[%y,t,hx]; ie.,

- g
A" yehx = £ yoe+ b L YO+ (’f"_)])! £y .t
hx)? q+l
(::') ®dtq+| y( 1 )
L g+l .
= ji G0 Ly} + PGSRy

That is:
y (te+hx) = AY[y,t,hx]

10



and

d d
= y(te+hx) = A% [=vy.thx
th(e X) [my X]

1.3 Contributions of the Thesis

The central concern of this thesis is with an examination of parallel

methods for the solution of (1.1.1). The specific contributions within this context

are,

iii)

Formulation of the BPIRK family of methods and the specification
of the essential steps in the solution process; i.e., specification of the
associated algorithm required for implementation.

Formulation of a modification to the BPIRK approach which sceks
to enhance its performance. We refer to this modified family as the
BPIRK" family.

Derivation of stability matrices for both the BPIRK and BPIRK"
methods and the determination of the stability bounds for these
methods for various values of internal parameters.

Examination of the numerical performance of BPIRK methods
using a suite of test problems (see Appendix I). This is carried out
using a program package written in C. The program executes on a
single processor and simulates parallel operations.

Comparison of the performance of the RK-oriented BPIRK and
BPIRK" methods with that of the PC-oriented BPC and PBPC
methods. For the latter, we use results previously reported in [1],
[6], and [15] .



1.4 Organization of the Thesis

We introduce BPIRK methods in Chapter 2. Section 2.1 provides a
comparison of RK-oriented methods with PC-oriented methods. A derivation of
PIRK methods is given in section 2.2 and an extension of these methods into the
BPIRK methods is formulated in section 2.3. In section 2.4, we present a set of
flowcharts for a software package for implementing the BPIRK family of methods.
Section 2.5 develops the BPIRK" family.

Chapter 3 discusses the stability of both the BPIRK and BPIRK" families.
Stability matrices for both BPIRK and BPIRK" families are first derived. Stability
bounds of the BPIRK and BPIRK® families are compared. In addition, these
bounds are compared with the stability bounds of the BPC and PBPC families.

Performance evaluation is given in Chapter 4. Section 4.2 gives the
comparison criteria. Flowcharts of the experimental program are given in section
4.3, A validation of our implementation of the BPIRK approach is provided by
executing one of the test problems used by van der Houwen and Cong [20]. This
validation is described in section 4.4, The results of an extensive set of numerical
experiments are presented and discussed in sections 4.4 and 4.5.

Chapter 5 summarizes this research work. Some further projects related to
this thesis are given in section 5.2.

The test problems used in the numerical experiments are given in Appendix
L. The implicit RK formulas used in the implementation of the BPIRK and BPIRK"*
methods are provided in Appendix II. A description of the structure for the
experimental program of the BPIRK family of methods is given in Appendix III.

12



Chapter 2 Method Development and Implementation

2.1 Comparison of RK-Oriented and PC-Oriented Methods

As an introduction to a detailed examination of parallel RK-oriented
methods, it is helpful to examine the main features of scalar (i.c., single-processor)
RK-oriented and PC-oriented methods.

A PC-oriented method, in general, is constructed from a predictor-corrector
pair. Such a pair has the following typical form:

Vasr® = 00 oY, + hp® of(T,, Y,) (Predictor) (2.1.1)
Yor1 = 00Y 0 ® + hP of(Trar, Yorl) (Corrector)  (2.1.2)

Here Y, = (Yo, Yo-ls Yn2s -oos Yn-k+l)T and Yn+10 = (YnHOvIYm vy Yokeds Y n-k+2)T are
vectors of length k, while &, B, . and P are k-dimensional parameter vectors and
h is the stepsize. T, and Ty, are also a k-dimensional vector which provides the
time points that correspond to Y, and Y\, respectively. The. value y,,, is an
approximation to y(t,+h). Furthermore, yo = y(t;) and t, = ty+nh, where t; is the
initial point on the time axis.

The PC-pair (2.1.1) and (2.1.2) shows that previously obtained solution
values (as contained in Y,) are first used in the predictor formula (2.1.1) to
produce a tentative solution value y,.,°. These are subsequently refined by the
corrector formula (2.1.2) to produce the final solution value yu,..

An s-stage Runge-Kutta method has the form:

&= f(turch, yoth Y a3g), i=12,...8 (2.1.3)
j=

and



Yoe1=Yn t hj: bigi (214)

i=1

In (2.1.3) and (2.1.4), the only previous solution value that is used is the
most current value, y,. To obtain the g;, function evaluations take place at a set of
intermediate points {(i.e., t,#ch, i=1,2,...,8) and the new solution value y,,, is
found from only this information without relying on previous results. However, the
many function evaluations necessary can introduce significant round-off error.

The RK-oriented methods are self-starting. The PC-oriented methods, on
the other hand, need some other technique to generate the k starting values in Y,
This makes these methods more complex.

Parallel RK-oriented and PC-oriented methods share most of these same
features.

Many RK-oriented and PC-oriented parallel families of methods have been
proposed in the past few years [3], [1], [19], [20], [22], [21], [24]. Theoretical and
practical results have demonstrated that these methods can be practically useful.
Much further work, however, remains to be done in order to obtain deeper insights
into the strengths and weaknesses of these approaches.

2.2 The Parallel Iterated Runge-Kutta (PIRK) Family of Methods

The PIRK family of parallel methods for solving (1.1.1) was originally
proposed by van der Houwen and Sommeijer [19]. An overview of this approach is
presented below.

Consider the s-stage, implicit, one-step Runge-Kutta method given in
(2.1.3) and (2.1.4) with the definitions:

8= (8l &)
and

A= (i, B)"
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Formulas (2.1.3) and (2.1.4) can be written as:
g.+f (iwtcih, yu +hA;" @) i=1.2,....8 (2.2.1)

and

T

Yne1= Yo+ hb g (2.2.2)
Using the notation conventions introduced in section 1.3, (2.2.1) can be
written in a compact form as:

g=f(t,e +ch, y,e +hAg) (2.2.3)

The implementation of this RK process therefore requires a solution to the
implicit equation given in (2.2.3) at each time step. Any mecthod for solving a
system of nonlinear equations can be applied here. The simplest is functional
iteration (see section 1.3). The recurrence relation associated with this approach is:

g9=f(t,e+ch, y,e+h Ag¥h), =12,...m (2.2.4)

Here m is a parameter of the solution process and g™ is used as an approximation
for g in (2.2.1) and (2.2.2) thereby achieving a realization of the method. 1t is
important to observe that each of the s components of g can be computed
independently by a separate processor which thereby introduces parallelism into
the solution procedure.

This process requires an initial value (i.e., a value for g¥’) which is
frequently taken to be g9=f(t,, yu)e. The method used to determine the initial
value g is called a predictor for the PIRK method.

15



2.3  The Bloci: PIRK(BPIRK) Family of Methods
2.3.1 Formulation of the BPIRK Approach

An s-stage PIRK method provides limited paratlelism inasmuch as only s
separate processors can be utilized. This underlying idea was exlended into a block
context by van der Houwen and Cong [20]. In their formulation, a block of M
solution values is gencrated. However, only one of these points is used as an
output value while the remainder are used only for producing predicted values in
the subsequent (adjacent) block. The approach idea is called the Block PIRK (i.e.,
BPIRK) approach.

The development proceeds by first modifying the relationships in (2.2.2)
and (2.2.3). More specifically, premultiply (2.2.3) by hA and then add y,e to both
sides to obtain:

ynethAg = ye+hAf(t,e+he, ye+hAg) (2.3.1)

Let U= y,e+hAg, then (2.3.1) can be written as:

U = ye+hAf(t,e+he, U) (2.3.2)
and (2.2.2) becomes
Yas1= Yuthb'f (te+he, U) (2.3.3)

The relations in (2.3.2) and (2.3.3) are an alternate representation of an s-
stage implicit Runge-Kutta process and provide the basis for our subsequent
discussion,

Observe that the specifications in (2.3.2) and (2.3.3) can be applied for a set
of distinct stepsizes h; = dh, i=1,2,...,.M; i.e.,

Ui = ynethiAf(tie+hic, Uy, i=1,2,..,.M (2.3.4)
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Yarri= Yuthib'f (tiethic, Uy, i=1,2...M (2.3.5)

A convenient choice is dj=1 in which case hi=h and the value y,.,
corresponds to t=l,,;, in other words, yu..1=Yas. If di>! for i=23,...M. the
remaining values y,;, Will fall to the right of y,,; ;. For notational convenience,
the values y,.1; are collected together in the M-vector Yo,y, i€y Yoo r=(Yasts Yorie
. yn+1_M)T which represents a block of M numerical approximations to the exact
solution values y(t,.1,), With tay =t +h= te+dh. In a similar way, Y, =(yu.1» Y2,
yn,M)T with t,=t,.+hi= t,.;+dih and y, (=y,. In the special case wherc n=0 (i.c., at
the first step), we take the M-vector Yo=(yo, ..., yo)T, where yy s the given initial
value.

teey

The generation of the block of solution values Yy, (via (2.3.5)) requires a
solution to the implicit equations given by (2.3.4). Like the PIRK method, this can
be achieved via a functional iteration process; i.e.,

U = yethAf(t,e+he, USY), =12,...m (2.3.6)

where m is an integer parameter which corresponds to the number of iterations
used during the solution process.

Note that a separate processor can be used to carry out the calculation
specified in (2.3.6) for each of the M values of i. Furthermore cach component of
the s-vector U can itself be evaluated by a separate processor. Conscquently the
computation implied by (2.3.6) can be distributed over Mxs processors. It is
particularly important to observe that this distribution is evenly balanced inasmuck
as processors are uniformly active.

The solution values within the M-vector Y,,, are obtained (from (2.3.5)) as:

Yor1i = Yathib'E (Ge +hic, US™) i=12,...M (2.3.7)

This final step in the procedure can be uniformly distributed over M processors.
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The functional iteration process specified in (2.3.6) requires a value for
U, Various alternatives can be used to obtain this initial (i.e., predicted) value.
Following are three examples suggested by van der Houwen and Cong [20]. Their
work utilized only the Lagrange predictor; in our work we consider both Lagrange
and Hermite predictors.

Lagrange: U2=v,Y, (2.3.8)
Hermite: U@ =V, Y, +hWif(T,, Y,) (2.3.9)
Adams: U9=E Y, +hWi(T,, Y. (2.3.10)

A formulation of the specifications for the sXM matrices V; and W; will be
given in section 2.3.2. The formulas (2.3.6), (2.3.7) together with one of (2.3.8),
(2.3.9), and (2.3.10) are called an M-dimensional BPIRK method. It is clear that if
M=1, the BPIRK method is reduced to PIRK method discussed in section 2.2,

2.3.2 Generation of the Matrices V; and W,

Our concern in this discussion is constrained to Lagrange and Hermite
predictors. In particular, we outline an approach for determining the sxM matrices
V; and W; in Lagrange and Hermite predictors respectively, for any particular i in
the range 1,2,...,, M.

a) The Lagrange case:

Note that U{? in (2.3.8) is dependent on Yq; i.e., Uf® = UP(Y,) where the
i component of Y, is an approximation to the solution value at the point (t,.;+hd;).
In other words, Y, is an approximation to the M-vector y(t,.,e+hd) where d = (d,,
dz,...,dM)T. Furthermore, Ui“” itself is intended to serve as an approximation to
y(tye+dihe) = y(t,. e+h(dic+e)) (because t =t,.;+h). If this approximation is to be of
order q, then the condition which must be satisfied is:
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y(taaet+h(dic+e)) — UiV y(t . e+hd)) = O(h )
ie.,

¥ty eth(dicte)) = Vi y (tyct+hd) = Oh ) (2.3.11)

Using the notation in section 1.2, the left-hand side of (2.3.11) can be
expanded as following:

y(t .ie+h(dic+e)) — Vi y (1, e+hd)

= Aq[y, tn-—hh(di C+e)] - viAq[Y1 tn-lshd]

L 1 ( g+ 1 '
= 2qta c+efh’—y(n1)} ——ﬁ(d ore ) OLH™! o y(ui ) )

Jj=0

¢ g+ 1

-V [zaﬁ{ d¢ h’—-y( )} — ) et LI
= i%{[(d cte Y =V, dijhi L = 4 vt + —(d cte )@ p!

j=0

a1 qQ+l g+l d !
dtq.g.] y( li ) } - _l);Vd G){h ,,u Y(tZI )}

- N () (q+1)y.q+]

Yoi’h ,y(tn ) + 6% h

J=0

q+
where o = —L{ (Gove ! Oy - Via™ © ) )

oy(”:% {dicreY-Vid}, j=0,1,...q (2.3.12)

and

t); is an s-vector with t.fe [ tsie, tageth d; c+he] =[ t,. e, teth d; c],

tzf is an M-vector with tx € [t,.e, tpiet+hd].



Note also that Gi(j’ is an s-vector for each j=0,1,....(g+1).
Using the preceding analysis, (2.3.11) becomes

z ) jdj (q+1 ) g+l aq+l
Yol h:l—jy(t,,_.)+0'i h*™ = O(h™") (2.3.13)

j=0 !

In view of (2.3.13), a necessary condition for the approximation (2.3.8) to be of
order q is :

o¥=0, j=0,1,...,q (2.3.14)
Notice that (2.3.14) provides (q+1)Xs linear equations which serve to specify the
entries of the coefficient natrix V;. To facilitate the solution of these equations, we
define the sx(q+1) matrix P; as:

P,= (¢, d; c+e, (d; c+e)?, ..., (d; c+e)h
and the Mx(q+1) matrix Q as:

Q=(ed,d*, ....dv)
Then, from (2.3.12) and (2.3.14) it follows that:

P-V:Q=0 (2.3.15)
We now choose q=M-1 which results in Q being a square matrix. Because of our
carlier assumption in section 2.2.1 that the d;, i=1,2, ...,M, are distinct, it follows
that the square matrix Q is nonsingular. Thus (2.3.15) yields:

V;=PQ" (2.3.16)

The above analysis has proved the following theorem:

20



Theorem 2.1 If the Lagrange predictor (2.3.8) is of order q=M-1, then the
sxXM matrix V; satisfies

b) The Hermite Case:

Following the same reasoning used above, a necessary condition for the
Hermite predictor (2.3.9) to be of order q, is :

y(tpieth(dict+e)) — Vi y (tye+hd) — hWy’ (. c+hd) = O(h uy
(2.3.17)

Using the notation in section 1.3, the left-hand side of (2.3.17) can be expanded as
follows :

y{(tn.ie+h(dicte)) — V; y (tpie+hd) - hWy' (1, e+hd)

= Aq[Y1 tn-hh(di C+e)] - Vi Aq[Y3 tn-hhd] hw Aq l[ di Y$ n- lvhd]

= ijl,{ (di C‘*'B)Jhl 7 Y( w1} + _l)'(d cte ) O h! dqn (i)}
j=0
- [z & ", Yt} = s O L YN
j=0J

- W, [z A W Ly, ) - SaoH Ly

i

3L {idese - Vid+ Wi W Ly} +

A Y (d; c+e )¥*!
. j=0 .
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as1 d?! ] g+ w d"
O{h" — oy = a e Lo ()} -
L wat of n a ()}
q! i d’qn hARET
_ zom h]-———y(l" )+ o.(t|+l)h(|+1
j=0
t+ | « drm . d" !
where o Vo= m{ (dict+e )]H @W}’(tli )= Vid™ @ — 17 Y(t‘n )=
d g+l
(q+1) W; d‘*® Y "}
69 = % {icte)-Vid Wid"},  j=0,l,...q (23.18)

and
t; is an s-vector with ti ef t,e, ty.et+hdic+he] =[ t e, t ,e+hdic] ,

ty and ty are M-vectors with tai » i €[ tpae, tpgethd].
In order that (2.3.17) be satisfied, it is necessary that
=0, i=0,1,....q (2.3.19)

We now choose g=2M-1. To facilitate the analysis, we define
i} the sxXM matrix P; as:

P;= (e, d; cte, (d; c+e)2 y e (di c+e)M'I)
ii) the MxM matrices Q and R as:
Q=(e.d,d,....d"Y

R=(0,¢,2d,3d, ..., (M-1)d"?
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iii) the sx(q-M+1) matrix P; as:
B, = ((di c+e)™, (dic+e)™,..., (dic+e))
iv) the Mx(q-M+1) matrices Q and R as:
Q=@ d"™,....d9
R=Md™', (M+1)d™, ..., qd*"
Then, from (2.3.18) and (2.3.19) it follows that:
P,- VQ-WR=0 (2.3.20)
and

P;-ViQ—W;'R=0 (?--321)

Because of our earlier assumption in section 2.2.1 that the d, i=1,2,...,M, arc
distinct, Q is nonsingular. Thus (2.3.20) and (2.3.21) become:

V; =[P-W;R] Q" (2.3.22)
and

W;[RQ'Q-R] =PQ"' Q- P; (2.3.23)

The above analysis has proved the following theorem:

Theorem 2.2 If the Hermite predictor (2.3.9) is of order g2M, then V; and
Wi satisfy:

V;=[P-W;R] Q"
and

W;[RQ'Q-R]=PQ'Q-F
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The following theorem (sec Jackson et al. [25]) gives an important result
regarding the order ol RK-PC methods. It applies to both Lagrange and Hermite

predictors.

Theorem 2.3 If the conditions (2.3.14) and (2.3.15) are satisfied (i.e., the
order of the predictor is q) and if the base RK formula (2.3.7) is of order p, then
the order of the U™ (regarded as an approximation to the true solutions at
tie+dihe), i=1,2,...,M, 18 pi = q+m+1 and the order of the BPIRK method (2.3.6),
(2.3.7), together with (2.3.8) or (2.3.9) is r = min(p, Pier)-

The proof of this theorem needs the concept of Butcher Series which is a
concept similar to the Taylor series expansion for real function (see [16] for a
comprehensive introduction to Butcher Series).

Note finally that we take the same approach as van der Houwen and Cong
[20] for the specification of the parameters d; , i=1,..., M, in our experiment. We
choose (suppose that ¢;> ¢; >0 (1>))) :

d;=1, d=1+c¢;., i=2,...,8+1,
and
if cg#1, then di=-‘?—-t'-, i=s+2,..,.M,
s+1
else d= st+i-] . i=s+2,...,M.
5
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24 Implementation of the BPIRK Family of Methods

In this section we outline an implementation of the BPIRK [amily of
methods. The presentation is provided as a sequence of hicrarchically organized

flowcharts.

Initialization Procedure

=

Solution Procedure

Solution Procedure
for U™

Termination Procedure

End

Figure 1 Highlevel View of the BPIRK Solution Process



n=0

¥

stop=0

b 4

th=1(0), ya=y(0)

h

Obtain the specifications for the implicit RK method to be

used; i.e., obtain the scalar s and the arrays A, b, and ¢

h 4

Input parameters M, m, t, h

h 4

Yn=(¥n s--nYn)T

w

Choose either Lagrange or Hermite predictor
by setting 6=1 or 2

Generate d; by the following formula:
d, =1, d; =1+¢;,, i=2,..5+1

If c#l, then d&=%  i=s42,.M,
s+1

s+i—-1
else di=——, i=s+2,..,. M.
s

Figure 2(a) Initialization Procedure
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Construct the matrices P;, Q, R and R using:
Pi= (dicte)™, ..., (dicte))
R=d™!, ..., qd®")

R=(0, ¢, 2d, 3d% ..., (M-1d"?)

Q=(dM, ... d%)
where q=2M-1

Construct the matrices P; and Q using:
P;=(e, dic+ e, (dic+e)2, s (di.:+e)M")
Q=(e, d, d* ... .d"")

Figure 2(b) Solution Procedure
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l l

Generate V; and W; , i=1,...,M using:
Vi=[P;-WRIQ"
W; =[PQ'Q-F)[RQ'Q-R"

Generate V,, i=1,...,M using:

Vi=P; Q'l

-~

Calculate f(Y,) in parallel (M processors are used)

Obtain an approximation U™, for U; in (2.3.4) (see Fig. 2(c))

2

Calculate f(U™), i=1,..,M, in parallel (M processors)

Construct Yo =(Ynu1s1s-.Yns1,m) ' in parallel (M processors) using
Yosli= Yoo + dihbTHU™), i=1,.. .M

n&=n+l | Y

ta= tyth

N
Termination Procedure

Figure 2(b) (Cont.) Solution Procedure
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Predict U; in parallel (MXs processors are used) using:

Ui(m= ViY“+h wif(Yn) i= l "“"M

h

=0

Calculate f(UY), i=1,..,M, in parallel (MXs processors)

Update U in parallel (Mxs Processors) using:

U=y, e+ dhAfUY)

j=j+l

j=m

Y
Output U;"™

Figure 2(c) Solution Procedure for U™
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to Entry 1

Solution Procedure

F

dm=(tr-ts)'h
Ms=j

Figure 2(d)

j=j+1

Termination Procedure
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2.5 Formulation of the BPIRK’ Family of Methods

In the BPIRK family of methods as outlined in section 2.3.1, we know that
only the point y,,, is taken as an output point in the block of points Y,,;. All the
other points in Y, are treated as intermediate points. They are used only (o obtain
the predictor in the subsequent step. In this section, we consider making the
intermediate points into output points. This provides a new approach to the parallel
solution of (i.1.1). To facilitate the understanding of the two families of methods,
we give the following configuration in Figures 3 and 4.

I‘—_YIH‘I
— Y. — »
: Y n- I . . \ftﬂ:M\l LY LY ] S hLWd ¥l = t
—_FT—._‘_‘_‘—“-‘F-’\AAAA‘TA 3 >
tn-1,1 the1,2 tar a2 tas11 lom
base point for the base point for the base point for the
block of pointsY, and  block of pointsY,,; and block of pointsY,,, and
output point for Y, output point for Y, output point for Y,

Figure3  Configuration for BPIRK Family of Methods
where ¢ and X indicate intermediate points for blocks Y,,.; and Y, respectively

k]|



« Y, > “ Yo >
NI |

tn-1.M [I.I tn?M tnII.I toel M

I

base point for the base point for the base point for the
block of pointsY, and block of pointsY,,; and block of pointsY,,; and
last output point for Y,.; last output point for Y,  last output point for Y,

Figure4  Configuration for BPIRK"* Family of Methods
where ® and X indicate output points for blocks Y, and Y, respectively

For the BPIRK" family, we still use y, indicating the base point for block

Y,.1. Here, y,=ynm and the corresponding time point is t,=t, m.

Now, we formulate the approach to make the intermediate points, Vo1

i=2,...,M, into output points. The formulation proceeds by first modifying the
relationships in (2.3.4), (2.3.6) and (2.2.7). More specifically, letting y,y and t,m
replace y, and t, respectively, we have

and

U= yn_Me+hiAf(tn'Me+hic, U;) (2.5.1)
UL =y, methAf(t, wethic, UTD), j=1,2,...m (2.5.2)
Yoeri = Yamth ' T (tome +hic, U™),  i=1,2,..,.M (2.5.3)
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The formulas (2.5.2) and (2.5.3) together with a predictor for U, are called an M-
dimensional BPIRK" family of methods.

Here we take the same predictor formulas (2.3.8) and (2.3.9) given in scction
2.35ie.,
Lagrange: U®= V'Y, (2.5.4)

Hermite: U= V'Y, + hW,"{(T,.Y,) (2.5.5)

However, we use V;* and W;" instead of V; and W, for the BPIRK family. Now, we
derive the matrices V;" and W;" for BPIRK" family.

a) The Lagrange case:

Here U? is intended to serve as an approximation to y(t,e+d;hc) = y(t,. e+
h(dic+edy)) (because t,=t,.,+hy=t,.+hdp). If (2.5.4) is to be of order q, then the
condition which must be satisfied is:

y(tpe+h(dic+edy)) — Vi'y (tpe+hd) = O(h ) (2.5.6)

Using the notation in section 1.2, the left-hand side of (2.5.6) can be
expanded as following:

Y(t ,,_le+h(dic+edM)) - Vi+ Y ([ n-|e+hd)

= A9y, te.h(dictedm)] — Vi'AYy, ty.1,hd)

_ q+l g+l
- g; { (& cedy it jy(nl)} 1)'(d jc+e MO h d.,..

-V [i‘{d’h’ 7Yt} = e d Ot S Y
j“ﬂ

Y(lll )}
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- S dored Y Vel B Loy} + —iore SO K

o J! (¢ +
dfﬁl N . d'”
(i)} - —-—l—),V*d" O oy )}
jiuc-u) hJ — - }'(l )+ G,(q+])h"+'
where 6" = (q e ered oL i Y-V ar e 4 & oY)

60= L {doredu)-Vidl, =01,
H

and
ty; is an s-vector with t;; €[ t,.ie, t.ie+hdic+hedy] =[ t,. e, t,e+hdic],

ty is an M-vector with ty; €[ t,. e, t,.;e+hd].

Since the necessary condition for the approximation (2.5.4) to be of order q is:
o¥=0,  j=0,1,...q

that is

% {(deredy Y- Vid 120, j=0,1,....q 257)

To facilitate the solution of (2.5.7), we define the sx(q+1) matrix P;"* as:
Pi+= (e, diC+BdM, (dic+edM)2, ey (dic+edM)q)

and the Mx(g+1) matrix Q is defined the same as in section 2.3, i.e.,
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Q=(e.d.d*, ....d")

Let g=M-1. Then the necessary condition (2.5.7) leads to :

b) The Hermite case:

Here U, is intended to serve as an approximation to y(t,c+d;hc) = y(t,. e+
h(dic+edy)) (because t,=t, +hym=t,+hdy). By the same reason as for (2.3.11) in
section 2.3.2, if we substitute U;® by (2.5.5), for each i, i=1,2,...,M, then we pet:

y(t pie+h(dictedy)) — Vit y (taet+hd) - hW;' Y (tpe+hd) = O(h™!) (2.5.8)
Applying the same procedure to (2.5.8) as for (2.3.17) yields

y(t n.|e+h(d,c+edM)) - Vi+ y(t nethd) — th’ yr {t ,,_|e+hd)

= ALY, th,1(ds cHedy)]? — Vi*ALy, th..hd]d - hwi*% ALY, tyhd]"

= 3L {10 credy Y- (Vi d 4 W dH S ,y(c.,.)}

j=0 0J!
d?
= ]),(d red MO{ R Ly} - o Ve
R 4T = LW i v
dtq“ Y( 21 )} q| i { dtq.” Y( 3i )
= i‘,cf”h’ Y(ts) + G h
j=0
where Gi(qH) (__1)|{ (d c+edM )q“@ dt q+l (tll ) V qu@ dt g+l Y(l2l )
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dq+| .
(Gr) W d'@® e y(tsi )}

o = i1 [(d; credy Y- Vit d -jWH '}, j=0,1,....q,
J!

and
t“‘ is an s-vector with t;; e[ t 1€, tyie+h d; c+hedy] = [ toge, te+hdc]

tzi' and ty;" are M-vectors with tzi', t3i‘e [tae, ty.ethd]
The necessary condition for the approximation (2.5.8) to be of order q is:
o9=0,j=0,1,....q
that is

::_' {(diIC-I'EdM )l - Vi+dj }=0’ j=0§1,- | (2.5.9)

To facilitate the solution of (2.5.9), we define :
i) the sXM matrix P;* as:

P = (e, dickdpe, (dictdue)’, ..., (dicrdye)™™)
it) the MxM matrices Q and R as:

Q=(e.d,d,....d"")

R =(0,¢,2d, 3d% ..., M-1)d"?)

iii) the sx(q-M+1) matrix P;* as:
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PBi"= ((d; c+dye)™, (di c+dne)™ .., (dictdue))
iv) the Mx(q-M+1) matrices Q and R as:
Q=@ d™,..., d9
R =d™!, M+1)d", ..., qd*")
The necessary condition (2.5.9) leads to :
P*-V{'Q-WR=0
P*-V'Q-WR=0

Let g=2M-1. Then the matrices V;* and W;" can be generated by the following
equations:

Vi*=[P-WiR] Q"
WRQ'Q-R]1=PQ'Q-P
Note that the definitions of matrices Q, R, Q, R are the same as in section 2.3.2.

Differences do occur, however, in the definitions of P; and P;*.

Theorems 2.3 of section 2.3.2 apply equally to the BPIRK' family of
methods.
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Chapter 3
Absolute Stability Bounds for the BPIRK and BPIRK"* Families

3.1 Stability Matrices for the BPIRK and BPIRK* Families

Stability analysis is based on the special case of (1.1.1) where y’=Ay (where y
is a scalar, see notation in section 1.2). Since the Lagrange predictor (i.e., W;=0,
q=M-1) is a special case of the Hermite predictor, our analysis in this section
assumes the use of the Hermite predictor.

i) Stability Matrix for the BPIRK Family
Using the definitions for E, and e, given in section 1.2, equations (2.3.4),
(2.3.6) and (2.3.7) (for any particular i in the range 1 through M) can be written as:

U; = E, Y +h;Af(t,ethic, Uy) (3.1.1)

U= B Y +hAf(te+he, USY),  j=1,2,..m (3.1.2)
Yas1i= €1 Yothib'E (tethic, U™) (3.1.3)

For the particular case of interest; namely, f(t, y)= 4y, (3.1.1) becomes:

U; =E;Y+h AAU; (3.1.4)
i.e

Ui=[-hAAT'E Y, (3.1.5)

where I is the sxs identity matrix. Similarly, (3.1.2), (3.1.3) and (2.3.9) become:
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UP=E Y, +hAAUSD,  j=12...m (3.1.6)

Yoseli= eITYn+h ileUi(m) (3.1.7)
and

U ® = (V+hAW)Y, (3.1.8)
Recall that h;=d;h, and let z=Ah. Subtracting (3.1.6) from (3.1.4), yiclds

UQ-U;=dzAUSY -U))  j=1.2,.m
ie.

U™. U, = (dzA) "(UQ - U;) (3.1.9)
Also (3.1.5) can be written as:

U; = [I-dzAT'E, Y, (3.1.10)
Then from (3.1.7), we have

Yosri = €1 Yo+ dizb U™

=e,TY,+ dizb"U+ dizb (U™ - Uy)

= (e;" + dizb [[-dzA]'E)) Y+ dizb"(dizA) ™ (Vi+hAW,; - [I-dizA]'E))Y,,

= (e;" + dizb'[I-d;zAT'E, + dzb"(dizA) ™ (V;+hAW; - [I-dizA]'E))Y,,
. (3.1.11)

Define the MxM matrix R(z) as:
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R,"(z) ]

R@)= | R

| RM:F(Z) N
where R;"(z) = (e, + dizb"[I-dizA] 'E, + dizb (Vi +hAW; - [I-dizA]'E))). Then
Yarli = Ri(2)Ys
and furthermore
Yoo =R(2)Y
Note, in particular, the dependence of R(z) on the parameter m.

On the basis of the discussion in section 1.2, R(z) is the stability matrix for
the BPIRK family of methods.

ii) Stability Matrix for BPIRK" Family

Using the definitions for Ey and ey in section 1.2, equations (2.5.1), (2.5.2)
and (2.5.3) (for any particular i in the range 1 through M) can be written as:

U;=EuY,+h iAf(t,,.Me+hic, U) (3.1.12)
U%= EnYoHhiAf(tovethic, UTY),  j=1,2,..m (3.1.13)
Yoeta= €' Yyth b'f (6, me+hic, US™) (3.1.14)
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Algebraic manipulations similar to those used above, yield the following counter-
part to equation (3.1.11):

Vo1 = (€ + dizb [I-dizAT ' Ey + dizbT(dizA)Y"(V;*+hAW;" - [I-dizA])'Em))Y,
(3.1.15)

We define the MXM matrix R*(z) as:
~ (R '@)" ]

R'@)=| ®R'@)

| Ry @) |

where (R;*'(2))" = en" + dizb" [[-dizA] ' Ep + dizb"(dizA)™(V; +h AW, - [I-d;zA] ' Ep).
Then

Yorri = R'@) Y,
and furthermore
Yo =RY(2)Y,

where R*(z) is the stability matrix for the BPIRK* family of methods.

3.2 Stability Bounds for the BPIRK and BPIRK* Families

The definition cf stability bound is given in section 1.2. In this section we
present the results of an investigation of stability bounds for the BPIRK and
BPIRK" families of methods.
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Of special interest in this evaluation is a comparison of the stability bounds
for the BPIRK and BPIRK" approaches with those of the BPC and PBPC parallel
methods. Some results for the latter are provided in Figures 7, 8, 11, 12, 15, and
16 (these have been taken from Table | in [1]). Throughout this discussion, we use
B to denote the stability bound and N to denote the number of processors used in a
particular method.

Figures 5, 6, 9, 10, 13, and 14 display the stability bounds for the BPIRK and
BPIRK" families of methods. These figures focus on the parameter r, the order of
the methods.

Theorem 2.3 provides the basis for establishing the order of the BPIRK and
BPIRK" families of methods; i.e., r=min(p, pj) Where p is the order of the
underlying RK (implicit) formula that is used and p;=q+m+1 where q is the order
of the predictor and m is the number of iterations used in solving (2.3.4) (see
(2.3.6)). In the case of the Lagrange predictor, q is set at M-1. Note also that the
underlying RK formulas that have been used are of orders p=4, 6, 8, and 10 and for
each case the stage values s=p/2 (see Appendix I). The order relationship can
therefore be written as :

r = min (2s, M+m)

To achieve a third-order BPIRK or BPIRK* method (i.e., r=3), it must be that
either :
a) 2s=3 and M+m=>3
or
b) 2523 and M+m=3 ,
For each of the RK formulas used, 2s>3 and conSéquently case b) holds; i.e.,

M+m=3 fors=2,3,4and 5
To achieve a fifth-order BPIRK or BPIRK" method (i.e., r=5), it must be that

either ; .
a) 2s=5 and M+m25
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or

b) 2s25 and M+m=5
The choice s=2 is not admissible and case b) holds for s=3, 4 and 5. In other
words, for the RK formulas used, r=5 corresponds to :

M+m=5 fors=3,4and 5

From similar reasoning it follow that seventh-order BPIRK and BPIRK*
methods are possible only for the s=4 and 5 RK formulas that were used and the
underlying relationship is :

M+m=7 for s=4 and 5

Table 1 and 2 provide stability bounds for the BPIRK approach for the cases
of the Lagrange and Hermite predictors respectively. Results for various values of
s, m and M are given. A number of observations can be made:

i)  With certain exceptions, for corresponding values of s, m, and M, the
stability bound for the Lagrange case is larger than for the Hermite case. This
difference can be substantial; e.g., 131% for the case s=5, m=10, M=4. The
exceptional cases all occur for M=1 (the PIRK method) where for most (but
not all) values of s and m, the stability bound for the Lagrange case is
smaller than for the Hermite case;

ii)  Generally, the stability bound decreases monotonously as M increases for
any combination of values for s and M. Some exceptions do occur in the
Hermite case for M=3 (e.g., 5=3, m=2; s=4, m=2 and m=4; s=5, m=2 and
m=4),

iti) Generally, the stability bound increases monotonously as m increases, for
any particular combination of values for s and M. Again there are exceptions
and these occur in both the Lagrange and Hermite cases. In both cases they
occur for s=2 (M=1 and 2 for the Lagrange case and M=1, 3 and 4 for the

Hermite case).
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From Figure 5 through Figure 16, it is clear that the stability bounds of the
BPIRK and BPIRK" families are much larger than those of the BPC and PBPC
families. Also, Figures 5, 6, 9, 10, 13, and 14 show that the stability bounds of the
BPIRK" family are larger than those of the BPIRK family; in other words the
BPIRK* family of methods is more stable.

We note also (from Figures 5, 6, 9, 10, 13, and 14) that
i)  For any particular order, r, the stability bound remains relatively constant as s

changes;

ii)  For any particular order, r, the stability bound decreases as M increases (with
one exception, Figure 6 with s=3),
iii) Larger values of the order, r, generally provide larger stability bounds.

In Figures 5 through 16, we use the following notation:

Stability bound

Number of processors used (in BPIRK and BPIRK" cases, N=sM)
Number of points in one bleck

Number of iterations in one step

Stage value of RK method
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s m M=1 M=2 M=3 M=4 M=5 M=6
2 | 251278 | 1.54001 | 1.32986 | 1.26756 | 1.17529 | 1.09568
2 | 4 | 3.54865 3.5508 1.52995 | 1.18742 | 1.01556 | 0.902626
10 | 3.46442 | 3.47268 [ 1.70857 | 1.37832 | 1.20547 | 1.05949
2 | 251277 1.596 1.32461 1.22625 | 1.19859 1.1845
3[4 | 321717 | 2.36828 | 2.03835 | 1.80669 | 1.63462 | 1.48284
10 | 3.89936 | 3.10719 | 2.44658 | 1.99924 | 1.77818 | 1.57821
2 | 251271 1.62058 | 1.35851 1.24561 1.19585 | 1.17113
4 | 4 | 3.21694 2.4085 211775 | 1.99073 | 1.94569 1.9137
10 | 5.5034 4.30062 | 3.36842 | 2.68856 | 2.24455 | 1.97832
2 | 251276 1.6334 1.37843 | 1.26141 1.20518 1.1755
51 4 | 321698 | 2.42925 | 2.15432 | 2.01919 1.9538 1.92086
10 | 5.43419 | 4.67941 | 4.25544 | 3.72819 | 3.08761 | 2.59236
Table 1  Stability Bounds for BPIRK Family with Lagrange Predictor
$ | m M=1 M=2 M=3 M=4 =3 M=6
2 | 2.78536 | 1.18635 | 1.15615 | 0.80761 | 0.786751 |0.0357437
2 | 4 | 354787 | 1.51881 | 1.51881 | 0.789909 | 0.79644 | 0,122185
10 | 3.46366 2.1146 1.48415 | 1.14874 | 0.985085 | 0.440544
2 | 278534 | 0.940413 | 1.2013 | 0.936852 | 0.896553 | 0.50666
3 |4 | 3.55366 | 1.84229 | 1.72424 | 1.31777 | 1.01854 | 0.772087
10 | 3.93066 | 2.67907 2.1585 1.67802 | 1.64558 | 1.32145
2 | 278526 | 0.832481 | 1.16819 | 0.813225 | 0.87639 | 0.50602
4 | 4 | 355334 | 1.73376 | 2.09032 | 1.70225 | 1.50797 | 1.39686
10 | 4.98839 | 3.36915 | 2.84367 | 2.11878 | 1.64558 1.5111
2 | 2.78526 | 0.749306 | u.85807 | 0.681557 | 0.897118 | 0.724144 |
5| 4 3.56532 1.62954 | 2.05944 | 1.60509 | 1.50011 1.30556
10 | 5.74903 | 4.04093 | 3.90208 | 2.82995 | 2.14703 | 1.67122

Table2 Stability Bounds for BPIRK Family with Hermite Predictor
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3

2

1

0

1 3

M m 5=2 s=3 s=4 s=5
1 2 251278 | 251277 | 2.51271 | 251276
2 1 1.16973 1.21418 1.23443 1.24517
3 0 0.80287 | 0.936i55 | 0.955925 | 0.967461

Figure5 Stability Bounds for BPIRK Family with Lagrange Predictor and Order 3

(N=sM, m=3-M)
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B 4

3
2
1
0
2
M
M m =P s=3 s=4 s=5
1 2 | 251278 | 251277 | 251271 | 2.51276
2 | 1 1.417 1.32460 | 1.2986%1 | 1.28733
3 | 0 | 1.21784 | 1.33817 | 1.13456 | 1.07136

Figure 6 Stability Bounds for BPIRK" Family with Lagrange Predictor and Order 3

(N=sM, m=3-M)
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Figure 7 Stability Bounds for BPC Methods of Order 3
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Figure 8 Stability Bounds for PBPC Methods of Order 3
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5

M m $=3 s=4 s=5

1 4 3.21717 | 3.21694 | 3.21698
2 3 1.99375 2,0279 2.04575
3 2 1.32461 1.35851 1.37843
4 1 0.847054 | 0.85923 | 0.868462
5 0 {0.810175 | 0.815178 | 0.820808

Figuré 9 Stability Bounds for BPIRK Family with Lagrange Predictor and Qrder 5

(N=sM, m=3-M)
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s=3 s=4 s=b
3.21717 | 3.21694 | 3.21698
2.225 2.15333 | 2.12594
1.4548 1.43299 1.42672
1.14214 | 1.06794 | 1.00439
0.940132 | 0.949074 | 0.932976

Figure 10 Stability Bounds for BPIRK* Family with Lagrange Predictor and Order 5
. (N=sM, m=3-M) ‘
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Figure 11 Stability Bounds for BPC Methods of Order 5
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Figure 12 Stability Bounds for PBPC Methods of Order 5
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Figure 15 Stability Bounds for BPC Methods of Order 7
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Figure 16 Stability Bounds for PBPC Methods of Order 7
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Chapter 4 Performance Evaluation

4.1 Scope of the Experiments

An extensive collection of numerical experiments was carried out to
cvaluate the performance of the BPIRK and BPIRK* families. The goals here were
both to obtain some insight into the relative performance of these two families and
to obtain insight into their performance relative to the BPC and PBPC families.
The experiments examine the relative behavior of the Lagrange and Hsrmite
predictors (with various values of the parameter m) as well as the effect of various
block sizes, M. A variety of solution orders, r, and solution accuracies are also
investigated.

The experiments were carried out on a collection of five test problems
which are listed in Appendix 1. These problems suare the feature of having an
explicit closed form solution which provided the basis for determining global
solution error in the experiments. These test problems are taken from Abou-Rauu
et al. [1]. A sixth problem (TP6) is also given in Appendix I. This problem was
used as a basis for validating the implementation (see section 4.4.1),

The experiments were carried out on a single processor workstation (436
PC) using 14 digit (approximate) arithmetic precision. The program code was
written in C,

w
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4.2 Comparison Criteria

Two main issues were of concern in the cvaluation activity; namely,

solution accuracy and speed. Solution accuracy was formulated as follows:

(divisor); = max(1,ly;(t,))
and
E(n) = max I{yn)i - y;(tu) ¥(divisor);
i

where (y,); is the i component of the numerical solution vector at point t=t, and
yi(t,) is the corresponding true (exact) solution at t,. The accuracy of a solution is
given by

Ac = max E(n)
n

We say a solution accuracy of G has been achieved if
lAc-Gl<e
where £ is a small value (e.g., 10°%).

The measure of solution speed used in the experiments was taken to be the
number of derivative function evaluations (dfe’s) per processor over the prcscribcd
solution interval. This approach offers several advantilgcs which include
implementation simplicity and repeatability of results over different computer
hardware. We note also that the approach does tend to become increasingly more
realistic when the complexity of the derivative functions increases and/or the size
of the model (as measured by the number of ode’s) increases.

The experiments were organized to examine performance at three different
solution accuracies corresponding roughly to low, moderate and high. The
corresponding values used for G were : 107, 10" and 107
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4.3 Flowchart of the Experimentation Program

In this section we summarize experimentation procedure used in generating
the iest results. This summary is given in the form of a flowchart. Some parts of
this flowchart refer to the underlying BPIRK procedure summarized in Figures 1

and 2 (see section 2.4). A highlevel view is given below.

Initialization Procedure for experimentation

o>

Solution Procedure (see Fig. 2(b)

Te nination Procedure for experimentation

End

Figure 17  Highlevel View of Experimentation
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Figure 18(a)

(Begin)

I Set G to one of
, 107,107, or 107

error =0, eps = 10”

Initialization Procedure (see Fig2(a))

h,

I
2

hy=h

—

Initialization Procedure for Experimentation
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Solution Procedure

Y/\N
st

h 4

stop=1, j=I

Determine solution accuracy, Ac

hd

(see section 4.1.1)

£
»
»

- hy<h
WLt i (hy =h) by =2
! else hy <=2h, - h
[h=(h, +h,)2
stop=0
loEntry 2 L.
‘ O)e
Figure 18(b)

Termination Procedure for Experimentation
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44 Test Results
4.4.1 Validation of the Implementation

We discuss in this section a validation step that was undertaken to establish
confidence in the solution code that was developed for the BPIRK approach. The
objective here was to duplicate results presented in {20] for Test Problem TP6 (sce
Appendix I). These results are reproduced below in Table 3 from Table 7 in [20].
We report in Table 4 the test results for TP6 to validate the implementation of
BPIRK method.

Nage M=I,m=3 M=4,m=0 M=4,m=I M=4,m=Zz

240 1.2 3.5 3.5 24
480 2.7 3.1 4.3 3.7
960 3.9 6.7 6.0 4.9
1920 5.1 8.2 7.2 6.1

Table 3 Values of accuracy_order Obtained in [20] for the BPIRK
Method with s=2 and the Lagrange Predictor

The entries in this Table are values for an accuracy measurc called
“accuracy_order” which is defined in [20] as follows:
accuracy_order = log;ol ynr-y(to) |
where yy¢ is the computed solution value at t=t; and lel denotes the Euclidean

norm. The column heading Ny, represents number of derivative function
evaluations per processor over the course of the solution interval [0, t]. The
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underlying relationship between integration stepsize, h, number of steps over the

course of the solution interval [0, t; ], Ny, and t; is:
h X Nsmp = lj‘
Furthermore, from the specifications for the BPIRK approach (see (2.3.6) (2.3.7)

together with either (2.3.8) (Lagrange predictor) or (2.3.9) (Hermite predictor)),

we have that:
(m+1) Ny (Lagrange predictor)
Nslcp = l:
(m+2)Nyr. (Hermite predictor)
The specification for stepsize, for any particular experiment, is therefore:
= (1Dt Nyge (Lagrange predictor)
h=

(m+2)t; Nyre (Hermite predictor)

The results obtained with our implementation which correspond to those

shown in Table 3, are given below:

N M=1,m=3 M=4m=0 M=4m=1 M=4m=2

240 1.634 3.577 3.537 2.440
480 2.718 5.152 5.273 3.873
960 4711 6.688 6.185 5.243
1920 5.610 8.220 7.508 6.560
Table4 - Values of accuracy_order Obtained in Our Implementation

for the BPIRK Method with s=2 and the Lagrange Predictor



The differences which exist between the accuracy_order values in Tables 3 and 4
are relatively small. Nevertheless, there appears to be an anomaly here because our
results (with a 14 digit machine) tend to be more accurate than those in [20] which

uses a 28 digit machine. This counterintuitive result may be due to implementation
differences.

4.4.2 Evaluation of Test Results

The results obtained from an extensive set of numerical experiments arc
summarized in Tables 5 and 6 and Tables 9 through 18. The test problems used in
these experiments are specified in Appendix I. The entries in these Tables arc
values for Ny; i.e., the number of derivative function evaluations per processor,
required to provide the solution over the solution interval [0, t;]. We take this to be
a reasonable indication of soluticn speed.

The data in Tables 5 and 6 is organized to facilitate an examination of
solution speed for corresponding values of order of the solution process (i.e., r).
Results are given for all five test problems in Table 5 for the BPIRK approach
using the Lagrange predictor. Analogous results are provided in Table 6 for the
BPIRK" case. The organization of Tables 5 and 6 enables a comparison with
solution speed results for the BPC and PBPC approaches as presented in Tables 7
and 8. The results in these latter two tables has been taken from [1].

The data in Tables 9 through 18 show solution speed results for the five test
problems for the BPIRK approach, using both the Lagrange and Hermite
predictors. The results in these tables provide insight into the effect of varying the
parameters s, m, and M. -

From Tables 5 and 6 it can be observed that there is little difference in the -
solution speed of the BPIRK and BPIRK* methods (Lagrange predictor) within th
context of the five test problems that were treated. In many of the cases both
methods have the same solution speed but when differences do occur, the BPIRK
methods is usually (but not always) faster. It is also of interest to observe that the
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case m=0 consistently shows significant deterioration (this corresponds to the case
where the (Lagrange) predictor for U in equation (2.3.2) is accepted as the solution
for this implicit equation). Two other general trends can be noted:;

a) as order (r) increases, solution speed tends to decrease
and

b) for any particular order, there is very little sensitivity to stage value
(s) of the underlying RK method, but the effect of m can be substantial. These
observations apply equally to all five test problems.

The data in Tables 6 and 7 enables a comparison of the BPIRK and BPIRK*
results with those of the BPC and PBPC methods. The data presentation is
intended to facilitate comparison on the basis of methods having the same solution
order. The influence of the various parameters (in particular, N, the number of
processors used) is a complicating factor in this comparison. It is, nevertheless,
clear that the solution speed for the BPIRK and BPIRK" families is significantly
less than for the BPC and PBPC families (which are quite comparable). There are,
for example, many cases where the BPC/PBPC results are 3 times (and even more)
faster than the BPIRK/BPIRK" results. ’

Tables 9 through 18 provide, in particular, a basis for evaluating the relative
advantages of the Lagrange and Hermite predictors. The results, however, do not
support a clear conclusion. There are significant numbers of cases where each

approach provides superior solution speed relative to the other. This observation is,
| furthermore, somewhat problem dependent; e.g., the TP3 results are heavily biased
in favor of the Hermite predictor.

It can also be noted that solution speed generally decreases with increasing
order of the solution method. There is also clear evidence that the M=1 case
(which corresponds to the PIRK approach) is inferior.

Sblution speed behavior as a function of the number of processors used is
an aspect of the results that is of special interest. The desired behavior here is a
monotonic increase in solution speed as the number of processors increases.
Interpreting the results in Tables 9 through 18 from this perspective, needs to be
done with care. In particular, it should be noted that for fixed s (i.e., a particular
underlying RK method), increasing N is associated with increasing M (because
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=sM). However, from the order relation r=min(2s, M+m) (Lagrange predictor) or
r=min(2s, 2M+m) (Hermite predictor) (see section 3.2), the order of the solution
method can be altered as M increases.

Data relevant to this issue is presented in Table 19. In this Table, the fastest
soluticn speed (east Nyg) for several values of N is given for each of the solution
accuracies considered, for each of the problems. The Table entrics have been
selected without regard to the values of the associated parameters m, M and s.
Each Ny values was selected because it is the least value for the given problem
and the selected values of N and G.

We observe in Table 19 that there the desied monotonic increase in
solution speed does occur as N increase from 2 to 5. However, at N=6, there is
generally a decrease in solution speed which is then followed by some crratic
behavior. In many cases the solution speed attained at N=5 is not improved upon.

In Tables 5 through 19, we use the following notation:

Number of processors used (in BPIRK and BPIRK" cases N=sM)
Number of points in one block

Stage value RK method

Number of iterations in one step

g 2 £ 2
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G=1E-03 G=1E-05 G=1E-07
M N m=2 | m=4 | m=10]| m=2 m=4 m=10 m=2 m=4 m=10
1 2 411 125 253 1802 345 759 8832 1080 2376
2 4 41 115 253 477 345 759 1527 1080 2376
3 6 138 110 253 471 345 759 1518 1080 2376
4 8 138 110 253 471 345 759 1518 1080 2376
5 10 138 110 253 471 345 759 1518 1080 2376
6 12 138 110 253 471 345 759 1518 1080 2376
1 3 411 155 143 1802 350 264 8832 980 572
2 6 138 75 143 474 210 264 1530 480 572
3 9 | 138 70 143 471 210 264 1512 475 572
4 12 138 65 143 471 210 264 1512 475 572
5 15 138 65 143 471 210 264 1512 475 572
6 18 138 €5 143 471 210 264 1512 475 572
1 4 411 155 110 1902 390 187 8832 980 286
2 138 80 110 474 205 187 1533 475 286
3 12 138 65 110 4N 205 187 1512 475 286
4 16 138 60 110 471 205 187 1512 475 286
5 20 138 55 110 471 205 187 1512 475 286
6 24 138 ‘ 55 119 41 205 187 1512 475 286
1 5 411 155 77 1902 390 121 8832 | 980 198
2 10 138 80 77 477 205 121 1533 475 198
3 15 138 65 77 471 205 121 1512 475 198
4 20 138 45 77 471 205 121 1512 475 198
5 25 138 45 77 471 205 121 1612 475 198
6 30 138 45 77 471 205 121 1512 475 198

Table 9 Test Results for TP1 Using BPIRK with ihe Lagrange Predictor
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Table 10

G=1£-03 G=1E-05 G=1E-07
M| N m= m=4 | m=10 | m=2 m= m=10 | m=2 m=4 m=10
1] 2 |45 535 | 1166 | 2499 | 1680 | 3685 | 12441 | 5300 | 11660
2 4 354 530 1166 1149 1680 | 3685 3660 5300 11660
3 6 312 530 1166 1038 1680 | 3685 3318 5300 11660
4 8 312 530 1166 1038 1675 | 3685 3318 5300 11660
5110 312 530 1166 1038 1675 | 3685 3318 5300 11660
6 |12 ] 312 530 | 1166 | 1038 | 1675 | 3685 | 3318 | 5300 | 11660
1 3 456 260 374 2493 555 803 12435 1170 1738
2 339 160 374 1107 285 803 3534 585 1738
3 8 207 180 374 663 370 803 2139 775 1738
4 | 12 207 180 374 663 370 803 2139 775 1738
5|15 207 180 374 563 370 803 2139 775 1738
6 | 18 207 180 374 663 370 803 2139 775 1738
1 4 459 260 198 2493 550 352 12435 1155 616
2 8 351 150 198 1143 385 352 3645 810 616
3 |12 204 150 198 663 275 352 2139 605 616
4 | 16 207 155 198 663 | 275 352 | 2139 605 616
5120 207 155 198 863 275 352 2139 605 616
6 | 24 207 155 198 663 275 352 2139 605 616
1 5 459 260 121 2493 550 209 12435 1155 330
e | 10 357 150 132 1161 370 | 209 3699 825 318
3|15 201 150 132 | 663 275 209 2139 605 318
4 |20 | 207 150 132 | 663 | 275 | 209 | 2139 | 805 319
525 207 150 132 663 275 209 2139 605 319 .
| 6 | 30 207 150 132 663 275 209 2139 605 319
Test Results for TP2 Using BPIRK with the Lagrange Predictor
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Test Results for TP3 Using BPIRK with the Lagrange Predictor

G=1E-03 G=1E-05 G=1E-07
M| N m=2 m=4 m=10 m= m=4 m=10 m=2 m=4 =10
1 2 2454 400 770 11382 1060 2420 52821 3470 7645
21 4 492 345 770 1611 1085 2420 5172 3470 7645
3 6 519 280 770 1632 1100 2420 5166 3475 7645
4 8 |__525 280 770 1638 1100 2420 5166 3475 7645
5110 525 280 770 1638 1100 2420 5166 3475 7645
6 | 12 525 280 770 1638 1100 2420 5166 3475 7645
1 3 2454 650 352 11382 1640 583 52821 4110 1210
2 501 305 319 1617 610 561 5172 1310 1210
3|9 525 320 319 1638 640 561 5166 1350 1210
4 |12 525 320 319 1638 640 561 5166 1350 1210
51|15 525 320 319 1638 640 561 5166 1850 | 1210
6 | 18 525 320 319 1638 640 561 5166 1350 1210
11 4 2454 650 220 11382 1640 396 52821 4110 572 |
21 8 492 305 198 1611 600 352 | 5172 1300 528
3| 12 519 320 198 1632 640 | 352 5166 1350 528
4 116 525 320 187 1638 640 | 352 5166 1350 | 528 |
5120 525 320 187 1638 640 352 5166 1350 528
.6 | 24 525 320 187 1638 640 352 | 51686 1350 528
1| 5 | _2454 650 231 11385 1640 352 52821 4110 539
2 (10 489 300 198 1611 590 319 5166 1290 451
3 (15 519 320 165 1632 640 319 5166 1345 440
4 | 20 | 522 320 165 1638 640 319 5169 1345 440
.5 ] 25 522 320 165 1638 640 319 5169 1350 440
6 | 30 522 320 165 1638 640 319 5169 1350 440
Table 11

76




G=1E-03 G=1E-05 G=1E-07

M N | m=2 m= m=10 m=2 m= m=10 m=2 | m= m=10
1 | 2 | 1935 | 945 | 2046 | 8742 | 2935 | 6457 | 40254 | 9265 | 20383
2 | 4| 720 | 945 | 2046 | 2280 | 2935 | 6457 | 7188 | o265 | 20383
3 | 6 | 555 | 930 [ 2046 | 1761 | 2035 | 6457 | 5550 | 9265 | 20383
4 | 8| 555 | 930 | 2046 | 1761 | 2935 | 6457 | 5550 | @265 | 20383
5 |10 | 555 | 930 | 2046 | 1761 | 2935 | 6457 | 5550 | 9265 | 20383
6 | 12| 555 | 930 | 2046 | 1761 | 2035 | 6457 | 5550 | 9265 | 20383
1 (3| 1941 | 685 | 616 | 8742 | 1635 | 1353 | 40254 | 4015 | 2893
2 go4 | 410 | 627 ' 2529 925 | 1353 | 7986 | 1990 | 2803
3 | 9| 25 | 2715 | 627 567 615 | 1353 | 1392 | 1315 | 2893
4 (12| 1583 | 205 | @27 288 620 | 1353 | 738 1325 | 2893
5 |15 117 | 205 | 627 318 620 | 1353 | 738 1325 | 2893
6 |18 | 108 | 295 | o7 318 620 | 1353 | 738 1325 | 2893
1 | 4 | 1941 | e85 | 330 | 8742 | 1635 | 594 | 40254 | 4015 | 1023
2 831 _| 435 | 319 | 2607 960 550 | 8268 | 2070 | 1023
3 |12 ] 321 | 250 | 264 792 460 561 1947 | 865 1023
4 |16 183 | 185 | 275 330 | 260 561 570 455 1023
s |20 126 | 170 | 297 213 240 561 336 455 1023
6 | 24| o6 160|319 171 240 561 261 455 1023
1 | 5 | 1941 | e85 | 207 | 8742 | 1635 | 440 | 40254 | 4015 715
2 | 10| 843 | 455 | 253 | 2658 960 374 | 8412 | 2105 561
3 |15{ 33 | 285 | 242 | a73 525 363 | 2142 | 985 539
4 {20] 192 | 190 | 242 384 | 200 | 319 891 520 517 _
5 {25 | 123 | 170 | 231 231 225 308 381 290 517
6 |30 | 102 | 160 | 242 177 190 319 258 240 517
Table 12 Test Results for TP4 Using BPIRK with the Lagrange Predictor
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G=1E-03 G=1E-05 G=1E-07
M N m=2 | m=4 | m=10| m=2 | m=4 | m=10 m=2 m=4 | m=10
1 2 813 | 395 | 825 | 3756 | 1205 | 2640 | 17409 | 3790 8338
2 4 366 | 395 | 825 | 1170 | 1205 | 2640 | a7os 3790 8338
3 6 366 | 375 | 825 | 1170 | 1200 ! 2640 | 3708 3790 8338
4 8 366 | 375 | 825 | 1170 | 1200 | 2840 3708 3790 8338
5 10 366 | 375 | 825 | 1179 | 1200 | 2840 3708 3790 8338
6 | 12 366 | 375 | 825 | 1170 | 1200 | 2640 3708 3790 8338
1 3 813 | 355 | 286 | 3756 [ 880 £82 17409 | 2205 1485
2 6 366 | 260 | 319 | 1170 | S50 682 3708 1190 1485
3 9 366 | 255 | 308 | 1170 | 550 682 3708 1185 1485
4 12 366 | 255 | 308 | 1170 | 555 682 3708 1190 1485
5 15 366_ | 255 | 308 | 1170 | 555 682 3708 1190 1485
6 18 366 | 255 | 341 | 1170 | 555 £82 3708 1180 1485
1 4 813 | 355 | 220 | 3756 | 88O 341 17409 | 2205 583
2 8 366 | 260 | 209 | 1170 | 550 319 3708 1190 572
3 12 366 | 255 | 198 | 1170 | 550 330 3708 1185 583
4 16 366 | 255 | 209 | 1170 | 550 330 3708 1185 583
5| 20 366 | 255 | 242 | 1170 | 550 330 3708 1185 583
6 | 24 366 | 255 | 275 | 1170 | 550 330 3708 1185 583
1 5 813 | 355 | 176 | a7s6 | 880 207 | 17409 | 2005 451
2 | 10 366 | 260 | 176 | 1170 | 550 264 3708 1190 396
3 15 366 | 255 | 165 | 1170 | 550 275 3708 1185 396
4| 20 366 | 255 | 165 | 1170 | 550 275 3708 1185 396
5 | 25 366 | 255 | 187 | 1170 | 550 275 3708 1185 396
6 [ 30 36 | 255 | 200 | 1170 | ss0 275 3708 1185 396

Table 13

Test Results for TPS Using BPIRK with the Lagrange Predictor
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G=1E-03 G=1E-05 G=1E-07
M N m=2 | m=4 | m=10 m=2 m=4 m=10 m=2 m=4 m=10
1 2 321 | 175 | 264 | 2212 | 330 770 | 4832 | 1110 | 2387
2 4 141 | 120 | 242 | 486 345 770 | 1566 | 1080 | 2376
3 6 144 | 120 | 242 | 474 350 770 | 1518 | 1085 | 2387
4 8 144 | 120 | 242 | 474 350 770 | 1521 | 1085 | 2ag7
5 10 | 144 | 120 | 242 | 474 | 380 770 | 152t | 1085 | o387
6 12 | 144 | 115 | 231 474 350 770 | 1521 | 1085 | 2387
1 3 321 | 185 | 220 | 1823 | a30 286 | 4832 995 539
2 6 138 | 95 | 132 | 444 | 315 286 | 1239 510 539
3 9 141 | 95 | 132 | 441 315 286 | 1230 510 539
4 12 } 141 | 80 | 110 | 441 315 286 | 1230 515 539
5 15 | 141 | 80 [ 110 | 441 310 275 | 1230 515 539
6 18 | 141 | 80 | 110 | 441 | 310 | 275 | 1280 | si5 539
1 4 321 | 185 | 200 | 1803 | a30 209 | 4832 995 220
2 8 138 | 100 | 110 | 417 295 209 | 1233 485 220
3 12 | 141 | g0 | 110 | 414 | 295 209 | 1230 485 220
4 16 | 141 | 70 88 414 295 198 | 1230 485 220
5 20 | 141 | 85 88 414 295 198 | 1230 485 220
6 24 | 141 | 85 88 414 295 198 | 1230 485 220
1 5 321 | 185 | 132 | 1803 | 330 198 | 4832 995 176
2 10 | 141 | g5 88 384 280 198 | 1233 485 | 178
3 15 ] 188 | 75 88 381 280 132 | 1230 485 176
4 2 | 138 | 65 77 381 280 132 | 1230 485 176
5 25 | 141 | 75 88 381 280 132 | 1230 485 176
6 30 | 141] 75 88 | 381 280 132 | 1230 485 176
Table 14 Test Results for TP1 Using BPIRK with the Hermite Predictor
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G=1E-03 G=1E-05 G1E-07
M N m=2 | m=4 { m=10 | m= m= m=10 m=2 m=4 m=10
i 2 535 535 840 1696 1680 2640 5360 5300 8340
2 4 372 530 840 1388 1680 2640 4532 5300 8340
K| 6 | 420 530 840 1384 1675 2640 4424 5300 8340
4 8 416 530 840 1384 1675 2640 4424 5300 8340
5 10 | 420 530 | 840 1384 1675 2640 4424 5300 8340
6 12 2224 530 840 2228 1675 2640 4424 5300 8340
1 3 496 260 336 1568 555 612 4952 1170 1320
2 6 416 160 360 1236 2085 612 _ 4024 585 1320
3 9 | _268 180 348 B12 370 612 2636 775 1320
4 12 276 180 348 884 370 612 2852 775 1320
5 15 268 180 348 884 370 612 | 2852 775 1320
6 18 316 180 348 884 370 612 2852 775 1320
1 4 496 260 216 1568 550 384 4952 1155 672
2 8 472 150 | 216 1376 365 384 4495 810 672
3 12 364 150 218 1232 275 384 3676 605 672
4 16 364 155 216 900 275 384 2024 605 672
5 20 264 155 216 884 275 384 2852 605 672
8 24 308 155 216 884 275 384 2852 605 672
1 5 496 280 216 1568 550 228 4952 1155 432
2 10 524 150 144 1496 370 | 228 4316 825 348
3 15 532 150 144 1776 | 275 228 5376 605 348
4 20 452 150 144 1152 275 228 3880 605 348
5 25 268 180 144 864 275 228 2784 605 348
6 30 296 150 144 884 275 228 2852 605 348

Table 15 \'\\ Test Results for TP2 Using BPIRK with the Hermite Predictor
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G=1E-03 G=1E-05 G=1E-07
M N m=2 m=4 | m=10 m=2 m=4 m=10 m=2 m=4 m=10
1 2 336 | 396 | 770 | 1036 | 1302 | 2420 | 52821 | 4164 7645
2 4 776_| 462 | 770 | 2504 | 1388 | 2420 7928 | 4188 7645
3 6 704 348 | 770 | 2176 | 1320 | 2420 6856 | 4170 7645
4 8 704 | 414 | 770 | 2176 | 1320 | 2420 6856 | 4170 7645
5 10 704 | 348 | 770 | 2176 | 1320 | 2420 6856 | 4170 7645
6 12 | 1008 | 516 | 770 | 2332 | 1320 | 2420 6860 | 4170 7645
1 3 556 | 366 | 352 | 1360 708 583 52821 | 1368 1210
2 6 964 | 420 | 319 | 3080 888 561 9760 1920 1210
3 9 644 3';3 319_| 2024 714 561 6404 1458 1210
4 12 700 | 384 | 319 | 2184 768 561 6892 1620 | 1210
5 15 488 384 | 319 | 2184 768 561 6892 | 1620 1210
6 18 632 | 372 | 319 | 2184 768 561 6892 1626 1210
1 4 556 | 366 | 220 | 1360 702 396 3808 1356 572
2 B 1076 | 450 | 198 | 3448 954 352 10924 | 2052 528
3 12 B8O 306 198 2644 570 352 8280 1936 528
4 16 721 384 187 2244 768 352 7096 1614 528
5 20 688 402 187 2184 768 352 6890 1614 528
6 24 704 384 187 2184 774 352 6890 1620 | 528
1 5 556 366 | 231 | 1360 702 352 3808 1356 539
2 10 |_1176 | 474 | 198 | 3784 | 1008 319 11980 | 2184 451
3 15 | 1228 | 270 { 165 | 3772 966 319 11860 | 1963 440
4 | 20 948 | 396 ( '165 | 3048 798 319 9700 | 1692 440
5 25 688 384 165 2136 768 319 6760 1620 440
6 30 632 426 165 2184 768 319 6892 1620 440
Table16  Test Results for TP3 Using BPIRK with the Hermite Predictor
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G=1E-03 G=1E-05 G=1E-07
M N M= m=4 | m=10 m=2 m=4 m=10 m=2 m=4 m=10
1 2 1160 | 1128 | 2232 3461 3339 6513 40944 | 30044 22236
2 4 748 1122 | 2232 2348 3528 7044 7404 11124 | 22236
3 6 740 1116 | 2232 | 2348 3528 7044 7400 11124 22236
4 8 740 1116 | 2232 2348 3528 7044 7400 11124 22236
5 10 740 1116 | 2232 2348 3528 7044 7400 11124 22236
6 12 740 2886 | 2232 | 2348 3528 7044 7392 11124 22236
1 3 1160 546 684 3519 1194 1476 40844 2598 3156
2 6 520 366 684 1284 666 1476 3132 | 1530 3156
3 9 264 360 684 544 750 1476 1264 1590 3156
4 12 244 348 584 492 744 1476 996 1590 3156
5 15 244 354 684 444 744 1476 964 1590 3156
6 18 440 396 6684 464 744 1476 984 1590 3156
1 4 1160 546 348 3527 1194 600 40944 2604 1116
2 8 540 372 324 1296 690 612 3192 | 1326 1116
3 12 260 258 312 700 438 612 1516 798 1116
4 16 184 228 336 352 306 612 636 546 1116
5 20 224 270 432 412 330 612 676 546 1116
6 24 424 282 516 460 268 612 612 546 1116
1 5 1160 546 300 3531 1194 420 40944 2604 624
2 10 548 390 276 1308 720 396 _3212 1338 600
3 15 364 258 252 | 748 474 360 1592 | 858 564
4 |'20 | 228 | 246 | 264 | 364 | 330 | 312 | 780 | sio 564
5 | 25 | 192 | 234 | 312 | 248 | 276 336 | 512 | 366 564
6 30 320 282 372 336 ‘ 318 384 620 396 465
Table 17  Test Results for TP4 Using BPIRK with the Hermite Predictor
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G=1E-03 G=1E-05 G=1E-07
M N m=2 | m=4 | m=10| m=2 m=4 m=10 m=2 m=4 m=10
1 2 801 | 390 | 790 | 3636 | 1005 | 2420 | 17100 | 4090 10505
2 4 336 | 380 | 770 | 1050 | 1005 | 1980 | 2803 | 3009 7216
3 6 336 | 380 | 770 | 1050 | 1005 | 1980 | 2803 | 3009 7216
4 8 336 | 380 ;| 770 | 1050 | 1c05 | 1980 | 2803 | 3009 7216
51 10 | 336 | 380 | 770 | 1050 | 1005 | 1980 | 2803 | 30039 7216
6 | 12 | 336 | 380 | 770 | 1050 | 1005 | 1980 | 2803 | 3009 7216
1 3 801 345 390 3636 730 660 17100 1995 1595
2 6 336} 300 | 200 | 930 520 550 3803 995 1265
3 9 336 205 290 930 520 550 3803 995 1265
4 12 336 295 290 930 520 580 3803 995 1265
5§ | 15 | 336 | _295 | 200 | 930 520 550 3803 995 1265
6 | 18 | 336 | 295 | 200 | 930 520 550 3803 995 1265
1 4 801 345 231 3600 730 330 17010 1995 605
2 8 336 300 198 930 520 | 297 3803 895 550
3 12 336 295 209 930 520 319 3803 995 572
4 16 336 285 209 930 520 319 3803 895 605
5 20 336 285 209 830 520 319 3803 ' 995 805
6 | 24 | 336 | 295 | 209 [ 930 520 319 3803 995 605
1 5 80t | 345 | 198 | 3s00 | 730 285 | 17010 | 1885 462
2 10 336 300 154 930 520 242 3803 990 374
3 15 336 295 176 930 520 253 3803 8995 385
4 | 20 |_33 | 205 | 176 | 930 520 253 - | 3803 995 385
5 25 336 295 176 930 520 253 3803 995 385
6 | 30 | 336 | 295 | 176 | 930 520 253 3803 995 385
Test Results for TPS Using BPIRK with the Hermite Predictor

Table 18

!
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Chapter 5 Concluding Remarks

5.1 Conclusions

Our various observations from this study have been discussed in carlier
sections (e.g., sections 3.2 and 4.4.2). A summary of the most significant points is
provided below:

i) the BPIRK"® family of methods, as proposed in this thesis, has
somewhat larger stability bounds than the BPIRK family (see Figures 3, 4,7, 8, 11,
and 12);

ii) the stability bound for the BPIRK and BPIRK" [amilics is
significantly larger than for the BPC and PBPC familics (see Figures 3 through
14);

iili)  the solution speed of the BPIRK and BPIRK" familics is inferior to
that which is provided by the BPC and PBPC families (see Tables 5, 6, 7, and 8);

iv)  there is a significant penalty in solution speed if a corrector is not
applied (i.e., m=0} in solving the implicit equation (2.3.2) which is associated with
both the BPIRK and BPIRK* methods;

V) the PIRK approach, which corresponds to M=1, gencrally provides
inferior solution performance, but its stability bound is larger than that of the
BPIRK family.
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5.2 Future Work

The work completed in this thesis study makes a contribution to the
development of effective methods for the parallel solution of ODE’s. Much work

remains to be done in this area. Some topics that are worthy of investigation are
given below:

i) The testing activity in this research work was carried out in a single
processor environment and relied on an idealized measure of computation speed;
namely, a count of derivative function evaluations per processor. Testing using
actual multiprocessor hardware should be undertaken to more realistically evaluate
performance of the various solution methods.

ii)  Investigation of the strategies for implementing variable stepsize
procedures for BPIRK and BPIRK" families of methods should be undertaken to
achieve automatic stepsize control.

iii)  The use of RK methods other than those considered in this thesis

may enlarge the stability bounds and/or improve efficiency. This needs to be
investigated.

iv)  Stiff systems frequently occur in continuous system simulation
studies and parallel methods specifically designed for such systems need to be
developed.

v)  The test problems used in this study are representative of a collection
of problems widely used in testing ODE codes. These problems are not, in any
sense, “large” and hence do not exploit the computing potential of multiprocessor
machines. Test problems designed to mure fully exploit multiprocessor computing
power, need to be formulated.
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Appendix I

A summary of the five test problems used in the numerical experiments is

given in this Appendix.

Test Problem 1(. TP1):

y’ = ycos(t);
with

Analytic solution:

sint
y=e

Test Problem 2(TP2):

Y= =y-yn/r;
Y'2=Y1=Yaysr ;
Y3=yir;

with

r=(y’2+y)";

Analytic solution:

y1 = (2+cos(t))cos(t)
yo = (2-+cos(t))sin(t)

y3= sin(t)

yi(0)=1

y1(0)=3
y20)=0
ya(0)=0

tr= 20
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Test Problem 3(TP3):

Y11=y yi(0)=1

Y=y’ ; y2(0)=0

Y3=Ya3 yx(0)=0

Ys=-yyr’; ya(0) =1
with

r=(y’+y:")"; =25
Analytic solution:

Y1 = cos(t)

y2= -sin(t)

y3 = sin(t)

Y4 = cos(t)

Test Problem 4(TP4):

¥’ 1= Y1/(2(1+1))-2ty2; yi(0) =1
Y'2= Yo/ 2(1+))+2ty: 5 ¥2(0)=0
with
tf= 6
Analytic solution:

1 = (1+8)2cos(t)
ya= (1+) sin(t?)
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Test Problem S(TP5):

Y1 =y yi(0)=0

y'2 =-2Ay; - (A%B?) y;; y2(0) =1

Y=y y3(0)=0

¥'2 =y1-2Cys - (C*+D?) y3; y4(0)=0
with

ty =20

Analytic solution:

yi(t) = e sin(Bt)/B ;

ya(t) = (A24B?) % ™ cos(Bt+9,) /B ;

ya(t) = [De™ sin(Bt-y) + Be™ sin(Dt-$)1/Q ;

ya(t) = [D(A%+B%) * e cos(Bt-y+0,) + B(C2+D?) ¥ e ™ cos(Bt-¢+6,))/Q ;

with
Q = BD[(C-A)*+ D*- B} % + 4(C-A)’ B ®
y = arctan[2B(C-A)/((C-A)* + D?- B?)]
¢ = arctan[2D(A-C)/((C-A)? - D*+ B%)]
. 0, = arctan(A/B)
8, = arctan(C/D)
where we define
A=1,B=10,C=2,D=5
Test Problem 6(TP6):
Y= 2tyjlog(max{ y,,10°));  yi(0)=1
| y2=-2ty, log(max{ y;,10%}); y0)=e
with
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t f= 20
Analytic solution:

yi(t) = exp(sin(t))
ya(t) = exp(cos(t?))
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Appendix II

The numerical experiments utilize four implicit Runge-Kutta methods as
basc formulas. These have stage values of s=2, 3, 4 and 5 and have orders 4, 6, 8
and 10 respectively (see [9]). These base formulas are given below:

"= 0.5-3"%6 | 0.25 0.25-3"2/6
0.5+3'"%6 | 0.25+3'"%16 0.25
0.5 0.5
s=3
172-15"110 | 5/36 2/9-15'%115  5/36-15'"2130
Y7 5/36+15'"%24 219 5/36-15"124
1/2-15"10 |  5/36+15'"%30 2/9+15'215 536
5/18 4/9 5/18
s=4
1/2 - w, W wi - wi+wy’ wy’ - ws-wy Wi~ Ws
1/2 - wy’ wi-wy' +w ow wy'- ws' W) - Wa' - W,
12+wy, | wi+wy'+wg w'-ws wy Wi+ W3 - wy
172 + ws Wi+ Ws w'+ws+w Wt wy-wy Wi
2wy 2wy’ 2w’ 2w,
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where

w,=1/8-30"%144,

wo=((15+2x30'2)/35) 212, wy=w, (1/6+30'%/24),

w,'=1/8+30"4144, w,'=((15-2x30"2)/35) 12, wy'=w,’ (1/6-30'7/24),
wa=w(1/21+5x30"7%/168),
wy'=w,’ (1/21- 5x301%/168),

Ws==W3 - 2XW3,

WS'=W2’ - 2XW3'.

§=5
1/2-wy | Wy Wl'-W3+W4' 32/225-ws Wl'-W3-W4' Wi~ Wg
1/ 2-W2’ Wi -W3’+W4 Wi ¢ 32/225-“/5' Wi "WG’ w |-W3'-W4
1/2 Wi+Wq W1’+W7’ 32/225 W|’-W7' W1i-Wq
1/ 2+W2' w 1+W3’+W4 W) '+W6' 32/ 225+W5' w |' w |+W3'-W4
1724wy | wWi+Wg W '+W3+W4' 32/225+ws  w; '+W3-W4' Wy

2w, 2W|' 64/225 2W|' 2w,
where

wi = (322-13%70"2)/3600

w, = ((35+2x70'2)/63) 212
w3 = W (452+59x70'%)/3240
W4 = W, (64+11x70"2)/1080
ws = 8w, (23-70'%)/405

Wg = Wy -2W3-Ws

wy = Wy, (308-23x70'%)/960

wy = (322+13x70"%)/3600
wy’ = ((35-2x70'%)163) 12

wy' = wy’ (452-59x70'%)/3240

Wy’ = wy’ (64-11x702)/1080
ws’ = 8wy’ (23+70"%)/405

W' =Wy’ -2w;'-ws’
wy' = w,'(308+23x70'%)/960
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Appendix 111

In this Appendix we provide the programming structure of the BPIRK
family of methods implemented in this thesis. A brief description for each routines
is also listed.

mam
initial bplrk
parameter RK /\
error
/\ exact
get_d get V get W U_predictor U_corrector get_
get_PQR inverse gauss_seidel get_PQR_prime RHS
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bpirk() : control routine for the solution procedure

exact(t, y): routine to compute the exact solution y at point t

get_d(d): routine to get the M-vector d

initial() : initialize the calculation

inverse() :  compute the inverse of a nonsingular matrix

U_predictor(U_old) : predict the solution value

U_corrector(d, U_old, U_new): update the solution

get_ Y(d): compute the approximation value y

RHS(t, y, ) : compute the right hand side value at (t, y) and return the result in {
parameter() : input the parameters m, M, t, y, h, eps error, accuracy and t_final
get VO : compute matrix V

get W(d): compute matrix W

get_PQR(d) : compute matrices P, Q, and R

get_PQR_prime(d) : compute matrices P, Q, and R

RK: set the base RK formula

dVW: control routine for the matrices V, W and d

uyY: routine to update U and compute solution value Y
error: routine to compute error and control accuracy

gauss_seidel: routine to solve the linear equations using Gauss-Seidel iteration
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