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Abstract

A large number of important problems in different areas can be expressed as graph
layout problems whose objective is to determine a linear layout in such way that a
certain objective cost is optimized. In a book embedding for an ordered set, the elements
are embedded on the spine of the book to form a linear extension. The pagenumber is the
minimum number of pages needed to draw the edges as simple curves such that edges
drawn in the same page do not intersect. The book (stack) layout can be applied to
several areas of computer science and engineering disciplines including ordered sets,
interconnection networks, fault tolerant VLSI design, circuit designs, sorting

permutations, complexity theory, and graph drawing.

In this thesis we investigate the book (stack) layout problem of ordered sets. The
pagenumber problem is known to be NP-complete, even if the order of the elements on
the spine is fixed. As a result, the pagenumber problem has been studied only for some
restricted classes of ordered sets. A literature review on the pagenumber problem for
graphs and ordered sets is presented. We also provide the first efficient algorithm for
drawing the bipartite interval orders in the minimum number of pages needed. We also
give an upper bound for the pagenumber of bipartite ordered sets and the pagenumber of

the complete multipartite ordered sets with length 4 and 5.
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Chapter 1

Introduction

1.1 Background

In today’s world, data processing has become one of the cornerstones of information
technology. As more data is stored, simulated, and analyzed, the importance of the
visualization of complex data has become very evident. The data sets which result from
all this data storage, simulation and analysis are becoming increasingly difficult to
interpret without appropriate visualization techniques and tools. Visualization [GEC98]
is the process of transforming data, information, and knowledge into a visual form which
makes use of the natural visual capabilities of humans. With the help of appropriate
visualization techniques and tools, we can interact with large volumes of data quickly
and effectively making it possible to discover hidden characteristics, patterns, trends,
and valuable knowledge. Visualization has fundamentally changed the way we present
and understand large, complex data sets. As a result of this widespread and fundamental
impact of visualization, we now can better analyze such data sets and arrive at better

informed decisions.

Complex data can appear in different forms and models. Deep understanding of the data
type and their relations allows us to utilize the right techniques and tools to interpret

them. One of many forms in which data may appear is that of the ordered set. An
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ordered set 1s a set of elements together with a set of relations on these elements. The
relation of the ordered set satisfies the reflexivity, anti-symmetry and transitivity
properties. Due to its natural properties, ordered sets play an increasing role in
contemporary applications. This increase is well evidenced in many fields, such as

computer science, the social sciences and operations research.

1.2 Visualization of Ordered Sets

The drawing of clear, comprehensible visualizations of data is of fundamental
importance in all branches of science regardless of the exact type of the graph. This
generates many interests in defining criteria for easily comprehensible and good
drawings. Frequently used criteria, or aesthetics, for good drawings include the
minimization of crossing between edges, the minimization of the area of the drawing and
increasing symmetry. However, each type of drawing has different aesthetics
requirements and it is often difficult to deal algorithmically with all aesthetics at the
same time [BETT99]. As a result, most drawing algorithms are developed mn such a way

that certain aesthetics are dealt with separately.

Ordered sets can appear in many contexts in which the information to be viewed,
processed and analyzed is actually a representation of ordered sets. Several drawing
techniques exist for drawing ordered sets. The most common pictorial scheme
consistently used to represent ordered sets is the upward drawing. It is a graph whose
vertices correspond to elements and whose edges correspond to pairs of comparable
elements. Using an upward drawing as starting point, we can construct the directed
covering graph. This is done by suppressing its reflexivity, by way of disregarding the
loop at each vertex and disregarding all nonessential edges (i.e. those implied by
transitivity). It is possible to orient the directed covering graph in such a way that all
arrows point upward and then erase all arrows. A line drawing will therefore be an

upward drawing provided that it contains no horizontal edges, and no nonessential
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edges. Orders are drawn bottom-up: if an element x is smaller than y then there exists a

path from x to y that is directed upwards (see Figure 1.1).

We can also draw ordered sets in the form of a book embedding. In the book embedding
for an ordered set, the elements of the ordered set are embedded on the spine of the book
to form a linear extension (A total ordering of the elements of an ordered set P that 1s
consistent with the ordering of P). The pagenumber is the minimum number of pages
needed to draw the edges as simple curves such that edges drawn in the same page do

not intersect (see Figure 1.2).

Figure 1.2: Book embedding of an ordered set
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Book embedding was first defined for graphs. A book embedding of a graph consists of
an embedding of its nodes along the spine of a book in a linear order and an embedding
of its edges on pages so that edges embedded on the same page can be drawn as simple
curves without intersections. Similar to a book embedding of an ordered set, the
pagenumber of a graph is the minimum number of pages needed, taken over all
permutations on the vertices of the graph. In the literature, the pagenumber is sometimes

referred to as stacknumber or thicknessnumber.

1.3 Applications of the Pagenumber

A large number of relevant problems in different domains can be formulated as graph
layout problems (see Diaz et al. [DPS02] for a survey). These include optimization of
networks for parallel computer architectures, VLSI circuit design, information retrieval,
numerical analysis, computational biology, graph theory and scheduling. Layout
problems are a particular class of combinatorial optimization problems whose objective
is to determine a linear layout of an input graph in such way that a certain objective cost

is optimized.

The book layout (pagenumber) is being investigated on different types of graphs such as
ordered sets [A96, AR96, H93, HP97, NP89, S89], directed graphs [GDLWO02, HP99,
HPT99], VLSI design [CLR87] and interconnection networks [KRSZ02]. There are
several objectives for the pagenumber problem including saving resources in science and
engineering fields. A solution to the pagenumber problem also aims to simplify the
complex structures of scientific and engineering designs to make them more

understandable. There are many contexts in which book embeddings for graphs occur.
1. Ordered Sets

For some problems, the underlying structure may be an ordered set [NP89]. For

example, the vertices of the ordered set may correspond to steps in a computation and
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the edges directed into a vertex may correspond to necessary inputs for the computation
to be carried out. As an example, we can consider the case where the computation is
done on a computer with a single processor. In this example, each page in the book
layout would represent a stack. The edges indicate the order in which the partial results
are pushed and popped from the stacks. The pagenumber is the smallest number of

stacks (pages) required to store the data in order for the computation to be executed.

In some applications, such as sorting using stacks and queues in parallel [CLR87], the
set of feasible ordering of vertices on the spine is restricted to a certain subfamily of
permutations. The book embedding problem of general graphs reduces to that for Hasse
diagram (covering graphs of ordered sets) when the family coincides with the set of all

linear extensions of a partially ordered set.

2. Sorting with Parallel Stacks

The pagenumber problem has additional applications to realizing fixed permutation of
{1, ..., n} with non communicating stacks in parallel [CLR8, EI71, KRSZ02]. The
members are pushed onto any available stack and then removed to form the permutation
in the order of 1 to #n. Formally, we consider a bipartite graph G, with vertices {x,, ...X,,
Y1, ..., yu} and edges between each x; and y; . The problem of realizing the permutation 7
on {1, ..., n} with k parallel stacks corresponds to embedding G, in a k-page book, with

its vertices embedded in the order of x;, ..x., Y77 (1), -0, Y 7T (n)-

3. Fault Tolerant VLSI Design

The DIOGENES approach was proposed by Rosenberg [R83b] for the design of fault-
tolerant VLSI processor arrays. It is one of the classical applications of book embedding
[M94a]. The DIOGENES approach takes a prearranged interconnection network and
implements it on a computer chip in a form of a book embedding. Wires are grouped

into bundles that correspond to pages and vertices correspond to the set of fault-free
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processors on the chip. Even though the interconnection network may contain faulty
processors, the chip has enough built-in redundancy to compensate for the expected
number of processor failures. The faulty processors are dropped, and the fault-free ones
are interconnected through the bundles. The bundies work as queues and/or stacks. If the
bundles work as stacks, then the realization of an interconnection network needs a book-
embedding of the interconnection network. A book embedding of the arranged network

that uses few pages corresponds to more a hardware-efficient layout.

4. Fault Tolerant Processors Arrays

The following application is also in VLSI design [CLR87, KRSZ02] used to simplify the
hardware complexity. Processors are embedded in a line and connected by hardware
stacks or queues that run above the line. The problem of implementing arrays with stacks
in the DIOGENES approach can be translated into a problem of embedding graphs in
books. With embedded switches, group of wires run parallel to the line of processors
such that each group of wires can implement a hardware stack of connections among
processors. Each connection can only happen on one hardware stack. The processors are
scanned from one side to the other. When a processor initiates a communication with
another adjacent processor, the connection between them is pushed into one of the stack
clusters. The connection is then popped from the stack while other connections that are
currently in this cluster are shifted up one place. The problem is to recognize the desired
interconnection graph using the minimum number of stack clusters. Each page of the
book embedding corresponds to a hardware stack in the implementation and the

condition that edges do not cross in the same page corresponds to the property of stacks.
5. Single-Row Routing
The pagenumber approach may also be applied to routing in multilayer printed circuit

boards (PCBs). The complexity of routing multilayer PCBs problem is reduced in the

following manner [CLR87]. Circuit elements are arranged in a regular grid, with wiring
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channels separating rows and columns of elements. The circuit’s net lists are broken
down so that every net connects elements in either a single row or a single column. Asa
result, the PCB can be diverted by routing each of its rows and each of its columns
independently. One variation of this scenario is to prevent a net from running from the
top of a row around to its bottom or from changing layers en route. This variant

corresponds to the problem of embedding small vertex-degree graphs in a book.

6. Electrical Engineering

Another application to the pagenumber is in the VLSI circuit design [MOM938]. In this
application, a chip is represented as hypergraph consisting of nodes corresponding to
macrocells and hyperedges corresponding to a net connecting the cells. A printed circuit
board usually consists of superimposed layers. A designer is required to place the
macrocells on printed circuit board according to several design rules. Since crossing
causes undesirable signals, avoiding crossing is one of the design requirements. It is
therefore required to find ways to address the wirecrossing of the graph representing the
chip. Consequently, crossing-wires must be laid out in different layers. The representing
graph is decomposed into planar subgraphs. Each subgraph is then completely embedded

on one layer which is not used by the other planar subgraphs.

Book embeddings have additional applications in several areas of theoretical computer
science and its applications including:

e Sorting permutations [EI71,T72],

e Complexity theory [GKS89],

e Compact graph encodings [MRO1],

e Compact routing tables [GH99] and

e Graph drawing [BSWW99].
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1.4 Other Layouts

There exist other layouts for graphs in general and ordered sets in particular that have
been investigated in the literature. The dual concept of the stack (page) layout is the
queue layout. A queue layout consists of a total order of the vertices and a partition of
the edges into queues, such that no two edges in the same queue are nested. The

minimum number of queues in a queue layout of the graph is its queue number.

The queue layout of graphs [DW04, EI71], directed graphs [HP97, HP99, HPT99] and
ordered sets [HP97, HP99, HPT99] have been extensively studied and investigated.
Applications of the queue layout appear in many areas including sorting permutations
[EI71, T72], parallel process scheduling [BCLR96], matrix computation [P92] and graph
drawing [GMO04].

However, we will only discuss the stack (book) layout in this thesis.

1.5 Motivation

Like many combinatorial optimization problems in computer science, the pagenumber
problem of ordered sets is difficult and it is determined to be NP-complete even if the
order of the nodes on the spine is fixed. Very few results on the pagenumber of ordered
sets are known. The pagenumber of ordered sets is only known for a very small

restricted set of classes, such as forest and series parallel planar ordered sets.

Extensive research and significant progress have been made in the visualization and the
drawing of graphs and lattices. However, insufficient research and little progress have
been made in the visualization and the drawing of ordered sets in a transparent manner
despite its natural representations. Motivated by our interest in promoting abstract
concepts such as ordered sets, we investigate the pagenumber of some new special

classes, including interval orders and complete multipartite ordered sets.
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1.6 Contributions

The main contributions of this thesis are the following:

1. We present surveys of the current state of the art with respect to the book layout

problem for graphs (see chapter 3) and ordered sets (see chapter 4).

.t\)

We investigate the pagenumber of interval orders (see chapter 5). Other research
has been done for different restricted classes of ordered sets. We provide a
polynomial algorithm for drawing bipartite interval orders in the minimum
number of pages needed.

3. We also provide an upper bound for the pagenumber of bipartite ordered sets and
the pagenumber of complete multipartite ordered sets with length 4 and 5 (see

chapter 5).

1.7 Thesis Outline

The remainder of this thesis is organized as follows. Each chapter begins with an
overview section which serves as an extended abstract for the chapter. Chapter 2 is
dedicated as an introduction to the theory of ordered sets where several necessary terms
and parameters of ordered sets are defined. We also introduce the class of interval

orders, a focal point in this thesis.

In chapter 3, we provide a review of recent literature on the pagenumber of graphs. We
present the known results to the pagenumber of graphs. Furthermore, a review of the
complexity of the pagenumber of graphs along with some bounds on the pagenumber of

certain families of graphs is presented.

Chapter 4 provides a literature review on the pagenumber of ordered sets. In addition to

the cases where computing the pagenumber is known, we provide some lower and upper
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bounds, as well as a variety of examples of ordered sets widely discussed in the literature

of the pagenumber.

In chapter 5, we discuss the main contributions of the thesis. We present an efficient
algorithm that computes the pagenumber of bipartite interval orders. We also give an
upper bound for the pagenumber of bipartite ordered sets and for the pagenumber of

complete multipartite ordered set with length 4 and 5.

In chapter 6, we discuss some new research directions and open problems on the
pagenumber of ordered sets. We discuss the effect of adding and deleting elements from
ordered sets on the pagenumber. We also discuss the need for transformation techniques
between optimal linear extensions. Finally, we discuss the idea of page critical by

removing vertices or edges from the ordered sets.

In this thesis, we only consider finite ordered sets.



Chapter 2

Basics on Ordered Sets

2.1 Overview

This chapter provides an introduction to ordered sets. We cover the basic definitions
about ordered sets, its parameters and its invariants. In addition, we give some basic
concepts about drawing ordered sets. We also introduce some classes of ordered sets
including lattices, series parallel ordered sets, N-free ordered sets, interval orders and

semi-order. We finally define the pagenumber of graphs and ordered sets.

2.2 Definitions

A set with a partial order on it is called a partially ordered set, an ordered set, or, often,
simply a poset. A partial order on set P is a binary relation < on P such that the
following conditions are satisfied for all x, y and z in P:

a) Reflexivity: x <ux.

b) Anti symmetry: If x <y and y <x,thenx =y.

c) Transitivity: If x<yandy <z, thenx <z
Examples of ordered sets include the integers and real numbers with their ordinary

ordering, subsets of a given set ordered by inclusion, strings ordered lexicographically,

and natural numbers ordered by divisibility.

11
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For x # y in the ordered set P, we say x is comparable to y if either x <y or x > y.

Otherwise, x is noncomparable to y and we write x || y.

A chain in an ordered set P is a subset C of P for which any two elements of C are
comparable. An antichain in an ordered set P is a subset 4 of P such that any two
distinct elements of 4 are noncomparable. In Figure 2.1, {a, b, e, g, i}, {a, c, e, g h}
and {a, d, f, h, i} are chains in P since every element is comparable to the other
elements. However, {b, ¢, d}, {e, f} and {g, h} are antichains in P since all elements are

noncomparable to each others.

2.3 Drawing Ordered Sets

Traditionally, the elements of the ordered set P are represented by small circles and the

covering relations are represented by interconnecting lines.

We write x < y (or y > x) to indicate that x is covered by y (or y covers x) if x <y and x
<z <y implies z=y. This means that there is no element z of P with conditionx <z <y.
We also call y an upper cover of x and x a lower cover of y. We also write (x, y) to
denote an edge that represents a covering relation. The covering graph of P, denoted by
cov(P), is the graph whose vertices are the elements of P and the pair {x, y} forms an

edge in cov(P) ifx = yory < x.

Let P be an ordered set and let x be in P. The set of successors of x in P, denoted
Succ(x), is the set of all elements y in P such that x <y. The set of immediate successors

of x in P, denoted ImmSucc(x), is the set of all elements y in P such that x is covered by

y.

The set of predecessors of x in P, denoted Pred(x), is the set of all elements y in P such
that x <y. The set of immediate predecessors of x in P, denoted ImmPred(x), is the set

of all elements y in P such that x is covered by y (y > x).
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It is often convenient to specify ordered sets by means of drawn diagrams of the
covering graph in the Euclidean plane. The upward drawing, Hasse diagram H(P), is
one of the top common schemes for drawing an ordered set among the graphical data
structures. The upward drawing is defined as a cov(P) drawn in the plane such that:

i.  The element x is lower than the element y whenever x < y.

ii.  The edge (x, y) is drawn straight and does not cross any other element of P.
Further, it is drawn so that it does not have loops and arcs implied by the transitivity and

all arcs point upward eliminating arrowheads.

An ordered set is planar if it admits an upward drawing in which no edges cross. The
covering graph of a planar ordered set is an upward planar digraph. Figure 2.1 shows an

example of a planar upward drawing of an ordered set.

An element x is called a minimal element of P if x has no lower covers. The set of all
minimal elements of P is denoted by min(P). Similarly, an element y is called a maximal
element of P if y has no upper covers. The set of all maximal elements of P is denoted by

max(P).

a

Figure 2.1: Planar upward drawing of an ordered set
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Let Ly = min(P). For each integer i > 0, we define the i-th level of P as,
i~1
Li=min (P- | JLj)
J=0
We define the height(P) as the size of the longest chain of P - 1. It is clear that there are
exactly height (P) + 1 levels for P.

Similarly, we define width(P) as the size of largest antichain. In Figure 2.1, the longest
chain has 5 elements while the longest antichain has 3 elements. Hence, height(P) = 4,

width(P) = 3 and the ordered set has 5 levels.

2.4 Linear Extensions

A total ordering of the elements of an ordered set P is called a linear extension of P if it
is consistent with the ordering of P, i.e. x <y in L whenever x <y in P and L is a chain.
There are several ways to generate a linear extension of an ordered set. Algorithm 2.1

illustrates a way of how to generate a linear extension of an ordered set P.

Algorithm. Linear Extension Generator

/* Input P: an ordered set with # elements */
/* Output L: a linear extension of P */
L={]

fori=1tondo
select(x; € min(P))
L=L+x
P=P\{x;}

Algorithm 2.1: Linear Extension Generator
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A linear extension L = {x; <x, < ... <X,} of P is greedy if it is constructed inductively

as follows: select xj;; minimal in P — {x;, ... , x;} that is comparable to x; whenever

possible. Algorithm 2.2 illustrates how to generate a greedy linear extension of an

ordered set P. The following linear extensions L;, L3, L7, Ls, Ljo and L;;, shown in

Figure 2.2, are greedy linear extensions.

Algorithm. Greedy Linear Extension Generator

\*¥ Input = P : an ordered set with n elements */
\¥ Output = L a linear extension of P */
L={]

fori=1tondo
if min(P) N next(x.1 # O)
select (x; € min(P) N next(x;1))
else
select(x; € min(P))
L=L+x;
P=P\ {x;}

Algorithm 2.2: Greedy Linear Extension Generator

= o (=] e
(=3 < o
o e <
< < < =3 <
b b b a
a b
a o a B
~ s L= [ L.
o =] o e o L) o
e < a =] e a <
< e e a a < a
a a < < < e e
=3 b b (=] b b (=]
Ls Ls (g L= [ Lo | I

Figure 2.2: Linear extensions of an ordered set
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2.5 Classes of Ordered Sets

There are several interesting classes of ordered sets. This section introduces some classes

of ordered sets which are relevant to the subject of this thesis.

2.5.1 Lattices

The lattices class is an essential class of ordered sets. Lattices play an important role in
various areas, for example representation theory, coding theory, geometry and algebraic

number theory.

The supremum of a given set is the least element which is greater than or equal to each
element of the set. Consequently, it is also referred to as the least upper bound. Dually,
the infimum of a subset of some set is the greatest element that is smaller than all other
elements of the subset. Consequently, the term greatest lower bound is also commonly

used to refer to the infimum.

An ordered set P is a lattice if every finite subset S has supremum (join) denoted sup(S)
and infimum (meet) denoted inf(.S). This is equivalent to the existence of the supremum
and the infimum for each pair of the elements of P. For instance, the ordered set in
Figure 2.3(a) is not a lattice because sup({2, 3}) does not exist. However, the ordered set

in Figure 2.3(b) 1s a lattice.

s 8

(a) (b)

Figure 2.3: A non lattice ordered set (a) and a lattice (b)
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2.5.2 Series Parallel Ordered Sets

The class of series parallel ordered sets is one class of ordered sets which generates a lot
of interest due to its natural correspondence to many real applications in fields such as
networking and circuit design. An ordered set P is series parallel if P can be

constructed from singletons using only the operations of disjoint sum and linear sum.

The linear sum P @ Q of the two disjoint ordered sets P, O is an ordered set on P U O,
where a < b if and only if

. a< bmP,or

i. a< binQ, or

iii. ae Pandbe Q.

The disjoint sum P® Q of P, O is defined the same way but with the elimination of the
third condition of the linear sum. The ordered sets shown in Figure 2.1 and Figure 2.4

are series parallel ordered sets.

An important and interesting characterization of series parallel ordered sets is the Series-
Parallel-N theorem [VTL82]: A finite ordered set is series-parallel if and only if it

contains no subset isomorphic to N (see section 2.5.3 N-Free ordered sets).

2.5.3 N-Free Ordered Sets

The N-Free ordered sets class is another special class of ordered sets. We call an ordered
set an N-Free ordered set if there is no subset {a, b, ¢, d} whose only ordering relations
are given by ¢ < ¢, a < d and b < d, and there are no further comparabilities between

these elements.
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Figure 2.4: Series parallel planar ordered set

Clearly, a series parallel ordered set is N-Free. Figure 2.2 illustrates an N-Free ordered
set which is not a series parallel ordered set. N-Free ordered sets generate a lot of
interest due to the fact that removal of this structure (N relation) from the ordered sets

results in improved and easier solutions for several problems.

N-Free ordered sets play historical role on the theory of ordered sets [R86]. For several
combinatorial optimization problems, there are effective solutions for N-Free ordered
sets.. Well known examples are the following:
o Chain-Meet Antichain Theorem [G83]. In a finite ordered set every maximal
chain meets every maximal antichain if and only if it is N-Free.
o Jump Number Theorem [R83a]. For a finite N-Free ordered set, every greedy
linear extension is jump-optimal and every jump optimal linear extension is

greedy as well.
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2.5.4 Interval Orders

The interval orders class 1s also a special class of ordered sets. An interval representation
of an ordered set (P, <) is a function that assigns to each element # in P an interval on
the real line I, such that u < v if and only if each point of I, is less than every point in I,.
If an ordered set (P, <) has an interval representation then we call (P, <) an interval
order. Figure 2.5 illustrates an example of an interval order with its interval

representation. We can represent intervals by either lines or rectangles.

10 11

’ ° [ ° 2 ]2 J[ 7]
. . T 1[5 1] s ][ 10 ]
[ 1 e J[ »° J[n]

Figure 2.5: Interval representation

Interval orders have very nice characterizations which give more information about the
structure and make them more understandable [F92]. An ordered set P is an interval
order if and only if P does not contain a 2 ® 2 as induced suborder, that is, a subset {u, v,
x, y} of P with u < v, x <y are the only comparabilities among these elements (see
Figure 2.6(a)). Therefore, an interval order is an ordered set (P, <) such that w, x, y, z €

Pwithw <xandy <z imply either w <zory <x.

In any interval order P the following two important conditions also hold:

e The sets of predecessors are linearly ordered with respect to inclusion. That is, for
allx, y € P, either Pred(x) < Pred(y) or Pred(x) o Pred(y).

e The sets of successors are also linearly ordered with respect to inclusion. That is, for

allx, y € P, either Succ(x) < Succ(y) or Succ(x) 2 Succ(y).
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The Semi orders class is a subset of the interval order class. For a semi-order P (Felsner
[F92]):
e P s an interval order that does not contain a 1 ® 3 as induced suborder, that
1S, a subset {u, v, w, x} of P with u <v < w and no more comparabilities (see
Figure 2.6(b)).

e The Pred-order and the Succ-order of P are identical.

(@) ()

Figure 2.6: The partial orders 2®2 and 1 ® 3

2.6 'The Jump Number of Ordered Sets

Let the elements of P represent certain jobs to be performed one at a time by a single
processor while the order of P imposes precedence constraints upon these jobs. A job
performed immediately after one which is not constrained to precede it requires a jump
or setup which involves some fixed additional cost [IOS96].
Formally, the jump number of an ordered set P is defined as follows. Let L be a linear
extension of P,

Jjump (L, Py=|{(a,b):a > b(L)yanda|| b(P)} |

Jjump (P) = min{ jump(L, P): L alinear extension of P }

An optimal linear extension of P is just a schedule of the jobs which minimizes the
number of ‘setups’ between unrelated jobs. We call a linear extension a jumpnumber

optimal if jump(L, P) = jump(P). The jumpnumber of the ordered set given in Figure 2.2
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is two. Table 2.1 shows the jumpnumber of each linear extension of the ordered set
given in Figure 2.2. Notice that all greedy linear extensions produce a jumpnumber

which is optimal since it is an N-Free ordered set (see section 2.5.3).

Table 2.1: Jump number of linear extensions

L Jump# L Jump# L Jump#
Ly 2 Ls 4 Lo 3
L, 3 L 3 Lyo 2
L 2 Ly 2 L 2
Ly 3 Lg 2 P 2

2.7 The Pagenumber

A book embedding of a graph G consists of an embedding of its nodes along the spine of
a book and embeddings of its edges on pages so that edges embedded on the same page
do not intersect. The pagenumber of G, page(G), is the minimum number of pages

needed, taken over all permutations on the vertices of G.

Equivalently, the vertices can be embedded on a circle with the edges being chords of
the circle and the chords assigned to pages so that no two intersecting chords are

assigned to the same page.

In a book embedding for an ordered set P, the vertices of P are embedded on the spine of
the book to form a linear extension that respects the ordering relation. The pagenumber

is the minimum number of pages needed.

Formally, the pagenumber, page(P), is defined as follows. Let £ (P) denote the set of all
linear extensions of P. A book embedding of an ordered set P with respect to L € £ (P)

is the embedding of the Hasse Diagram, H(P), with its vertices (i.e. elements of P)
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placed on the spine with respect to L. The pagenumber page(P, L) of P with respect to L
is the smallest number k& of pages such that H(P) has a book embedding on £ pages. So,
Page(P) = min{page(P, L) : L € £ (P)}.

The pagewidth is the maximum number of edges that cross any line perpendicular to the
spine of the book. An edge (x, y) is a spine edge if it is drawn on the spine; i.e. X < yin

L. We can draw a spine edge on any page of a book embedding of P.

The pagenumber problem is NP-complete even if the order of the nodes on the spine is
fixed [A96].



Chapter 3

The Pagenumber of Graphs

3.1 Overview

This chapter surveys the pagenumber problem for graphs. We present the known results
as well as the complexity of the pagenumber of graphs. In addition, we present some
bounds on the pagenumber of certain families of graphs. It is worth mentioning:
o Some of these graphs are covering graphs and therefore give lower bounds for
the corresponding ordered sets.
e A direct relation exists between ordered sets and graphs. For example, the

covering graph of a planar ordered set is an upward planar digraph.

The necessary terms and definitions are introduced as needed in this chapter. Proofs are

omitted and interested readers are referred to the literature.

3.2 Literature Review

The problem of computing the pagenumber of different types of graphs has been
extensively investigated including computing the pagenumber of directed graphs

[GDLWO02, HP99, HPT99] and ordered sets [A96, AR96, H93, HP97, NP89, S89].

23
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Bernhart and Kainen [BK79] were first to investigate the pagenumber of a graph which
they called the book thickness. They showed that the pagenumber is equal to zero if and
only if the graph is a path since its edges can be drawn on the spine. The book
embedding problem for graphs is known to be difficult. Garey et al. [GIMP80] showed
that even if a vertex ordering is given, it is NP-complete to find the optimal number of
pages in which the edges can be embedded. Moreover, Chung et al. [CLR87] showed

that it is NP-complete to determine if an arbitrary graph can be embedded in two pages.

3.2.1 Outerplanar Graphs

A graph is outerplanar if it can be embedded in the plane so that every vertex lies on the
unbounded outside face of a circle and edges lie inside face such that edges do not
intersect (see Figure 3.1). Bernhart and Kainen [BK79] showed that the 1-page graphs
are exactly the outerplanar graphs. This can be demonstrated by cutting the circle
between any two vertices and then opening it out to form a line such that it can be
embedded in one page. Conversely, given a one-page embedding of G, we can pass a
line through the vertices of G in their order in the embedding. We then join the ends of

the line together to form a circle demonstrating G’s outerplanarity.

(a) (b) (¢

Figure 3.1: An outerplanar graph
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3.2.2 Subhamiltonian Graphs

A hamiltonian circuit is a graph cycle that visits each node exactly once. A graph is
planar subhamiltonian if it is a planar graph that can be edge-augmented to have a
hamiltonian cycle, yet remain planar. A subhamiltonian graph is basically a subgraph of
a hamiltonian graph. Bernhart and Kainen [BK79] showed that a graph G has
pagenumber < 2 if and only if it is a subgraph of a hamiltonian planar graph. The two-
page book embedding is constructed as follows. Edges outside the circuit are drawn in
one page, edges inside the circuit are drawn in a second page and edges on the circuit

may be drawn in either page. A graph which is not planar requires no less than 3 pages.

3.2.3 Complete Graphs

A complete graph K, on n vertices is a graph in which every pair of vertices is adjacent.
Bernhart and Kainen [BK79] determined some of the properties of the pagenumber of

complete graphs. Chung et al. [CLR87] showed that the complete graph K, is
embeddable 'm[n/ ZJ pages, each page being of width at most n. Figure 3.2 illustrates a
book embedding of the complete graph K in three pages. In general, Malitz [M94a]
proved that any graph with m edges has pagenumber O(\/_n_1 ).

(@ (b)

Figure 3.2: The Complete graph K
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3.2.4 Planar Graphs

The maximum pagenumber of planar graphs was a subject of intense investigation. A
planar graph is one that can be drawn on a plane in such a way that there are no edge
crossings. Bermhart and Kainen [BK79] conjectured that the pagenumber of a planar
graph can be arbitrarily large. Buss and Shot [BS84] disproved this conjecture by
presenting an algorithm which embeds all planar graphs in 9 pages. The algorithm is
based on Whitney’s theorem which shows that every planar triangulation with no
separating triangles has a hamiltonian cycle. Heath [H84] improved this result by
providing an efficient algorithm with O(#%) complexity to embed all planar graphs in 7
pages. The algorithm uses a method of peeling of the graph into levels to reduce the

pages to seven. Istrail [I86] managed to reduce the number to six pages.

Yannakakis [ Y86,Y89] finally showed that any planar graph can be embedded on four
pages in a linear time. This bound is tight since he showed that there are planar graphs
that cannot be embedded in three pages. The algorithm was built on Heath’s approach
by combining it with a different edge coloring method to reduce the number of pages to

five. A different node laying out algorithm was used to reduce the number of pages to 4.

3.2.5 Series Parallel Graphs

A series parallel graph is a graph that can be obtained by a sequence of edge operations,
series and parallel, from a graph consisting of only one edge.

o A parallel operation on an edge e replaces e by two parallel edges with the same

endpoints as e.

e A series operation on an edge e replaces the edge by a path of length two.
Series parallel graphs are always planar. Chung et al. [CLR87] showed that the
maximum pagenumber of a series parallel graph is two. Chung et al. [CLR87] also
provided optimal or near-optimal embedding of a variety of families of graphs including

trees, grids, X-tree, cycle shifters and permutation networks.
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3.2.6 Depth-n Pinwheel Graphs P(n)

The depth-# pinwheel graph P(#n) has 2n vertices

and edges connecting each pair of vertices of the form:

{X1, X2, ...y Xu}

and
{ylﬂ Y oons yll}
Xi - Vi, 1<i<n
Xi = Vui+l, 1<i<n
Xi = Xir1, 1<i<n
Vi = Yi-1, 1<i<n

27

Chung et al. [CLR87] showed that the graph P(n) is 3-page embeddable in such a way

that one page has width 2 and the other two each have width 4 (see Figure 3.3). Another

3-page embedding of P(n) is also possible with pagewidths 4, 3, and 1, respectively.

@

Figure 3.3: The Depth-8 pinwheel graph P(8)

by

by

b

ba

be,

by

by

:
;




3. The Pagenumber of Graphs 28

3.2.7 Depth-d X-tree Graphs

The depth-d X-Tree X(d) is the edge augmentation of the depth-d complete binary tree
that adds edges going across each level of the tree in left-to-right order. X-trees are
planar and subhamiltonian. As a result, the depth-d X-Tree admits a 2-page embedding
[CLR87], with one page of width 2d and one of width 3d (see Figure 3.4).

8 9 10 11 12 13 14 15

@ (b)

Figure 3.4: Depth-4 X-tree

3.2.8 Square Grids Graphs

Similarly, square grids are also planar and subhamiltonian. Consequently, n X n square
‘grids admit 2-page embedding each with width n. The augmented hamiltonian cycle is

formed by row-by-row alternating between left-to right and right-to-left (see Figure 3.5).
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Figure 3.5: Square grids

3.2.9 Halin Graphs

A graph G is a Halin graph if the following are true:
e Every vertex in G has degree 3 or greater.
e ( can be decomposed into a spanning tree 7 of G and a cycle C through the
leaves of 7.

¢ (G has a planar embedding in which C forms the boundary of the infinite face.

Halin graphs are planar and subhamiltonian graphs. Ganley [G95] proved that if Gis a
Halin graph, then page(G) < 2 and that there are Halin graphs that require 2 pages. For

example, K, is a Halin graph that requires 2 pages.

3.2.10 Bipartite Graphs Planar

A bipartite graph G has two disjoint sets of vertices, V; and V3, with the property that
each edge in G has one vertex in V; and one vertex in V,. Fraysseix et al. [FMP95]
showed that the pagenumber of a bipartite planar graph is 2. They also showed that page
(G) < 2 for any planar graph with quadrilateral faces. A polygon (2-dimensional figure)

with four sides has quadrilateral faces.
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3.2.11 Complete Bipartite Graphs

A complete bipartite graph is a bipartite graph in which every vertex in V; is connected

by an edge to every vertex in V5. Muder et al [MWW88] gave an upper bound of

\ (m+2n)/ 4-’ for the pagenumber of the complete bipartite graph K,,, which was then

improved upon by Enomoto et al [ENO97]. However, the pagenumber of complete

bipartite graph has not yet been determined.

3.2.12 K-Trees Graphs

A k-tree is defined inductively in the following way:
e The k-vertex complete graph K is a k-tree.
e If G is a k-tree, then adding a new vertex to G that is adjacent to k vertices that

induce a K in G results in a k-tree.

Ganley and Heath [GHO1] showed that i-trees have pagenumber that is, at most, k+1
and that there are k-trees that require k£ pages. Figure 3.9 illustrates a 3-page embedding

of the 2-tree graph.

(@) (®

Figure 3.6: 2-Tree book embedding
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3.2.13 Benes Permutation Networks

A Benes network graph is a subgraph of FFT network and Banyan network graphs. Let #
be a power of 2. The n-input Benes network B(n) is the graph defined inductively as

follows.

e B(2) is the complete bipartite graph K, on two input vertices i;,; and i, and two
output vertices 0;,; and 0; 7.

e B(2) is obtained by taking two copies of B(n/2) as well as n new input vertices,
Ints In2e ..., inn and n new output vertices, 0,1, Ou2, ..., Onu. For each 1 < k < n,
one adds edges that create one copy of K, with “input” i, and i, and
“output” i, and i’,ny and one copy of Kr, with “input” 0., and 0’4k and

“output” 0,4 and 0y g-u2-

Benes networks are nonplanar graphs. Figure 3.7 depicts the 4-input Benes network.

Chung et al. [CLR87] proposed that the Benes network B(n) admits a 3-page book
embedding.

Figure 3.7: The 4-input Benes network
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3.2.14 The Boolean n-Cube

This family of graphs has been proposed as desirable network architecture for a highly
parallel computer. A Boolean n-cube C(n) (or hypercube) is a graph O, = (V, E) where n
denotes its dimension. The Boolean #n-cube has as vertices all binary strings of length 7.
The edges of C(n) connect string-vertices x and y only when x and y are unit Hamming
distance apart, i.e., when there exist binary strings o , 3, of collectives length n - 1, such
that {x, y} = {aOB, alp}. Therefore, the n-cube has 2" nodes and n2""' edges. Figure 3.8
illustrates the Boolean 4-cube. Chung et al. [CLR87] showed that the graph C(n) (n >
2) can be embedded n (n-1) pages.
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Figure 3.8: The Binary hypercubes C(4)

3.2.15 De Bruijn, Kautz and Shuffle-Exchange Graphs

The de Bruijn digraph denoted by B(d, D) is a digraph whose vertices are the words of
length D on an alphabet of d letters (written usually {0, 1, ..., d-1}). There is an edge

from any vertex (Vo, V1, ..., Vp.1) to the d vertices (vi, ..., vp.1, @), where o is any letter of
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{0, 1, ..., d-1}. The Kautz digraph, denoted by K(d, D), is a digraph whose vertices are
the words of length D on an alphabet of d+1 letters with no two connective identical
letters. There is an edge from any vertex (vo, Vi, ..., Vp.1) to the d vertices (v, ..., Vp1, ),
where o is any letter of {0, 1, ..., d} different from vp,. The de Bruijn and Kautz
digraphs represent interconnection network for massively parallel computers. The

shuffle-exchange digraph denoted by S(D) is a graph whose vertices are the 0-1 vectors

of length D. There is an edge called shuffle-edge between any vertex (vo, vi, ..., vp.1) and
the vertex (vi, ..., Vp1, vo).Also, there is an edge called an exchange-edge between any
vertex (Vo, Vi, ..., Vp.1) and the vertex (vo, vi, ..., Vpa, o), where o # vpy. The shuffle-

exchange graph is well-known as an interconnection network for parallel computers.

Obrenic [O91] showed that the binary de Bruijn and shuffle-exchange graphs can be
embedded in a book of 5 pages. The best known lower bound on the pagenumber of de
Bruijn and shuffle-exchange graphs is three since the graphs are nonplanar. Hasunuma
and Shibata [HS97] showed that the de Bruijn digraph B(d, D) and the Kautz digraph
K{(d, D) can be embedded m (d +1) pages and the shuffle-exchange graph S(d) can be
embedded in 3 pages. The book embedding for B(2, D), K(2, D) and S(d) are optimal
with respect to the number of pages which follows from the nonplanarity of these
networks, i.e. 3 page. However, it remains an open question whether (d + 1) pages are

necessary for embedding B(d, D) and K(d, D) ford > 2.

3.2.16 Toroidal Graphs

A toroidal graph is the one which can be drawn on the torus with no edge crossings. A
torus is a ring-shaped surface generated by rotating a circle around an axis that does not
intersect the circle. Figure 3.9 illustrates a graph drawn on the surface of a torus [W98].
Heath and Istrail [HS92] conjectured that the pagenumber of toroidal graphs is seven
although their algorithm only guarantees a 13-page book layout. Subsequently, Endo
[E97] showed that any toroidal graph can be embedded in a book of seven pages. He

also conjectured that this upper bound is tight.
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Figure 3.9: A graph drawn on the surface of a torus

3.2.17 Genus g Graphs

A surface is said to be of genus g if it is topologically equivalent to a sphere with g
handles (or a doughnut with g holes). A graph of genus g is a graph which can be drawn
without crossings on a surface of genus g, but not on one of genus g — 1. Conjectured by

Heath and Istrail [HI92] and then proved by Malitz [M94b], the pagenumber of a graph

of genus g is 0(\/§).

Since the possibility of finding a deterministic polynomial time algorithm for computing
exact pagenumbers of arbitrary graphs appears to be remote, the attention was shifted to
that of finding a heuristic or approximation or restricted graphs. Kapoor et al
[KRSZ02] presented the first genetic algorithm for solving the pagenumber problem for

interconnection networks graphs such as hypercubes and meshes.

Table 3.1 summarizes some of the known upper bounds on the pagenumber of various
classes of graphs discussed in this chapter. The symbol " indicates the exact value of the

upper bound of the pagenumber.
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Table 3.1: Upper bounds on the pagenumber of graphs

Graph Class Pagenumber Reference
outerplanar” 1 [BK79]
subgraph of Hamiltonian planar” 2 [BK79]
planar” 4 [Y86.Y89]
series parallel (planar)” 2 [CLR87]

X-tree” 2 [CLR87]
square grids” 2 [CLR87]
bipartite planar 2 [FMP95]
planar with quadrilateral faces” 2 [FMP95]
Halin" 2 [G95]
K-trees’ k+1 [GHO1]
toroidal 7 [E97]
Complete |n/2] [CLR87]
genus g O( \/E ) [M92b]
m edges Oo(m) [M94a]
n vertices El [BK79, CLR87]




Chapter 4

The Pagenumber of Ordered Sets

4.1 Overview

This chapter surveys the pagenumber problem for ordered sets. We discuss the known
results for some restricted classes of ordered sets as well as the complexity of the
pagenumber problem. We also show several interesting examples discussed widely in
the literature. For basic definitions of ordered sets and its parameters, readers are
advised to consult chapter 2. Some proofs are omitted and interested readers are also

referred to the literature.

4.2 Literature Review

Nowakowski and Parker [NP89] were the first to introduce the pagenumber of an
ordered set. It is the stacknumber of an ordered set’s Hasse diagram viewed as a directed
graph. Their first result shows that page(P) = 1 if and only if cov(P) is a forest.
Computing the pagenumber of ordered sets seems to be a very difficult question. In fact
very little progress has been accomplished since the first paper on the subject [NP89].
Most of the known results relate to classes of ordered sets with a pagenumber 2, and
even the question regarding a general characterization of ordered sets with pagenumber

2 is still open.

36
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4.2.1 Ordered Sets with Pagenumber One

We call a subset C of an ordered set a cycle if C is a non-directed cycle in the graph
cov(P). A cycle ordered set can be embedded in 2 pages. Nowakowski and Parker

[NP89] observed that page(P) > 2 if cov(P) contains a cycle.

An ordered set is P is a forest if cov(P) is a forest as a graph. The next theorem gives the

pagenumber for forest ordered sets.

Theorem 4.1 (Nowakowski and Parker [NP89], Syslo [S89]).
Let P be an ordered set. Then, page(P) = 1 if and only if cov(P) is a forest.

Proof of Theorem 4. 1.

A forests is an acyclic graph consisting only (possibly disconnected) trees. Let us
assume that cov(P) is a tree. We can show that page(P) = 1 by induction on |P|. Since
cov(P) is a tree, there is an element u adjacent to a unique element. Thus, either u is
maximal or minimal in P. Let us assume it is maximal. Let v be the unique element

adjacent to u in cov(P).

If|P| = 1 or |P| = 2, then page(P) = 1. By induction, page(P- {u}) =1. cov(P - {u})isa
tree . So, there is a one-page linear extension L’ of P — {u}. We can obtain L by adding u
right above v in L. Obviously, L is a linear extension of P. We can draw the edge (v, u)

in the first page without edge crossing because u > v in L.

One can also easily show that the converse hold by showing that when cov(P) contains a

cycle C then page(P) > 2. A cycle can never be drawn in one page.
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4.2.2 Complete Bipartite Ordered Sets Py, ,,

The complete bipartite ordered set P, is an ordered set with m minimal and » maximal
such that each maximal covers each minimal. The next theorem gives the pagenumber of

the complete bipartite ordered set Py, .

The concept of k-twist is useful in proving lower bounds on the pagenumber for several
cases. A k-edge set {(a;, b;): 1 <i <k}, in an ordered set P, forms a k-twist in a linear

extension L of P, if wehavein L a1 <ary < ...<ap1<apr<b1<by<....<bp1<by

We call a linear extension L of an ordered set P a k-twist free if there is no k-twist in L.
For any L which contains a k-twist, page(P, L) > k. The existence of a twist clearly

increases the pagenumber since no two edges in a twist can be assigned to the same

page.

The next two theorems will use the fact that, for every ordered set P, and for every
linear extension L of P used as a spine for a page embedding of P, all successors and
predecessors of the same element x could be drawn on one single page. Therefore if C is
a vertex cover of P (that is every covering edge has one of the end vertices in C) then

page(P) <|C|.

Theorem 4.2 (Syslo [S89]).

The pagenumber of the complete bipartite ordered set Py, is min{m, n}.

Proof of Theorem 4.2

Assume that min{m, n} = m. The inequality page(Py,,) < m follows from the fact that we
could have a vertex cover of size m. On the other hand, it is noticed that every linear
extension of P,,, contains an m-twist which can not be drawn on the same page. Hence,

page(P,.,) > m. Therefore, page(P,..) = min{m, n}
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Figure 4.1 illustrates a complete bipartite ordered set P,z and its book embedding. We

can embed the ordered set in two pages since min{m.n} is two.

(a) (b)

Figure 4.1: Complete bipartite ordered set

4.2.3 Complete Tripartite Ordered Sets P,y

The next result is also due to Syslo [S89]. Let P, denote a complete tripartite ordered
set with m minimal elements, # maximal elements and k elements, each of which is

greater than every minimal and smaller than every maximal one.

Theorem 4.3 (Syslo [S89]).

The pagenumber of the complete tripartite ordered set Py, is min(m + n, k).

Proof of Theorem 4.3.

We can cover all edges by either taking all minimal and maximal elements (i.e m + n) or
by taking all the elements in the middle level (i.e. k). Therefore, page(Px,) < min(m +
n, k). On the other hand, all linear extensions of P, contain min(m + n, k )-twist, such
that one end of the edges is on the middle level and the other end is an element on one of

the other two levels,
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4.2.4 Pagenumber of Planar Ordered Sets

Nowakowski and Parker [NP89] derived a general lower bound on the pagenumber of a
planar ordered set and they questioned whether the pagenumber of the class of planar

ordered sets is unbounded.

It is clear that for any ordered set, page(cov(P)) < page(P), where page(cov(P)) is the
pagenumber of the non-directed graph of the covering relations of P. For example,
page(P) = 2 for the ordered set given in Figure 4.2 while page(cov(P)) = 1 for the same
ordered set. Although the ordered set must be planar if page(P) <2, the converse is not
always true. Several planar ordered sets with pagenumber 3 are illustrated in Figure 4.3.
These ordered sets are due to Nowakowski, Kelly and Czyzowicz. Notice that, Figure

4.3(c) illustrates a three-page planar ordered set of smallest size.

d

a

Figure 4.2: Diamond ordered set

Dilworth [K77] enumerated all 7-elements planar ordered sets that were noted to have a
pagenumber of 2 [A96]. Consequently, every planar ordered set with seven elements or

less has pagenumber two.

Hung [H93] showed that there exists a 48-clement planar ordered set with pagenumber
4. This ordered set, shown in Figure 4.4, is the smallest known 4-page planar ordered

set. It was used by Hung [H93] to create a family of simple planar ordered sets which
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requires 4 pages. Figure 4.5 illustrates a 4-page book-embedding of the planar ordered
set given in Figure 4.4. An edge drawn as a solid line to the left (right) of the spine is
assigned to page 1 (page 3), and an edge drawn as a dashed line to the left (right) of the
spine is assigned to page 2 (page 4).

However, no one is aware of any planar ordered set with pagenumber of 5. It remains an

unsettled question how many pages are needed for planar ordered sets.

¢ @
i

(d) (e)

Figure 4.3: Planar ordered sets of pagenumber 3
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Figure 4.4: A 48-Element planar ordered set of pagenumber 4

42
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4.2.5 Series Parallel Planar Ordered sets

The first important class of planar ordered sets for which we have a complete answer is
the class of series parallel planar ordered sets. Recall that a series-parallel ordered set is
an ordered set P that can be constructed from singletons using only the constructions of

disjoint sum and linear sum.

Theorem 4.4 (Alzohairi and Rival [AR96]).
If P is a series parallel planar ordered set, then page(P) < 2.

For an ordered set P, the completion P of P is the smallest lattice into which P can be

embedded. Notice that if P is a planar series parallel ordered set then P isa planar

series parallel lattice.

The general idea of the proof for this theorem works as follows. First, it was shown that
every series parallel planar lattice can be embedded into two pages [A96]. Using the 2-
page embedding of the completion, a 2-page embedding of the original ordered set was
deduced. This was done by removing those elements introduced during the completion.
This construction led to an O(n’) algorithm for the two page embedding of series
parallel planar lattices, where #n is the number of the elements of the lattice. Figure 4.6

illustrates a series parallel planar lattice with its two-page book embedding.

Notice, that the linear extension L generated by the polynomial algorithm in [AR96] is
the left greedy linear extension (i.e., if x || y in P, and y lies to the left of x, then y <x in

L).

Giacomo et al. [GDLWO02] presented the first linear time O(n) algorithm to draw an
upward two-page book embedding of a planar series parallel digraph even with transitive

edges.



4. The Pagenumber of Ordered Sets 45

(GO (b} page(F)

Figure 4.6: A series parallel planar lattice with its book embedding

4.2.6 Spherical Ordered Sets.

An ordered set is spherical if it has an upward drawing on the surface of the sphere such
that all arcs are strictly increasing northward on the sphere, and no pair of arcs cross.
Figure 4.6 illustrates the 2° spherical ordered set [A96]. Alzohairi et al. [ARKO1]

showed that the pagenumber of spherical lattices is unbounded.

Figure 4.7: The 2* spherical ordered set

4.2.7 Lower Bounds

Nowakowski and Parker [NP89] provided a lower bound for the pagenumber of a

planar ordered set P in terms of the number of its edges e(P), vertices v(P) and its height.
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Theorem 4.5.(Nowakowski and Parker [NP89]).
Let P be a planar ordered set, if page(P) > 1 then
e(P) if height(P) is even
V(P)—1—height(P)/2

€(P)—2V(P)+2+h€lght(P) lfhelght (P) is odd
W(P)—1—(height(P)-1)/2

page(P) =

The proof of Theorem 4.5 is a consequence of the following result [NP89] for planar
ordered sets,

e(P) < 2|P| — 2 — height(P).

A finite ordered set is graded of rank » if every maximal chain has length n. The
pagenumber of a planar lattice is not yet known. However, the pagenumber of a planar

graded lattice is at most two (Nowakowski and Paker [NP89]).

Syslo [S89] provided a lower bound on the pagenumber of an ordered set in terms of its
jumpnumber and bumpnumber. He showed that ordered sets with jumpnumber 1 have a
pagenumber at most 2. He also showed that ordered set with jumpnumber 2 can have an

arbitrarily large pagenumber.

Every linear extension L of an ordered set P can be expressed as the linear sum of chains
of P, re.

L=C®C:® ...Ck
where C; (0 <i < k) is a chain of P and the top of C; is noncomparable in P with the
bottom of Cyy for 0 < i £ kI. The number of non-comparabilities between

consecutives elements in L (i.e k) is called the jumpnumber of P with respect to L.

Theorem 4.6 (Syslo [S89])
Let P be an ordered set with n elements and m edgesand let L=Co@ C;® ... C; bea

linear extension of P. Then
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page(P, L) > hn;{n_—_l—_kﬂ

k |

Proof Theorem 4.6. In the chain decomposition (see previous page) of an ordered set P,
each page does not contain more than one edge between elements of any two chains C;
and C; where i <j We cannot also have a cycle on one page produced by some spine
edges and nonspine edges drawn on that page. So, if L consists of £ + 1 chains, then a
page may contain at most k nonspine edges of P. Therefore, the number of spine edges
isequalton—1-+k.

m
As consequence, Syslo [S89] also derived the next corollary which relates the
pagenumber to the bumpnumber of an ordered set P. The bumpnumber, bump(P) of P is

equal to maximum number of jump(P, L).

Corollary 4.1 (Syslo [S89]).

Let P be an ordered set, then page(P) > montl +1
bump(P)

Table 4.1 summarizes some of the known bounds on the pagenumber of various
restricted classes of ordered sets discussed in this chapter. The symbol ' indicates the

exact value of the upper bound of the pagenumber.

Table 4.1: Upper bounds on the pagnumber of ordered sets

Ordered Set Class Pagenumber Reference
forest” 1 [NP89, S89]
jumpnumber 1” 2 . [S89]
complete bipartite K ,, , min {m, n} [S89]
series parallel planar” 2 [AR96]
series parallel planar lattice” 2 [AR96]
planar graded lattice” 2 [NP89]
lattice of width two" 2 [AR96]
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4.2.8 The Pagenumber and Order Dimension

The order dimension of an ordered set P is the smallest number k of linear extensions L;
Ls. ..., Ly whose intersection is P, thatis, x <y in P if and only if, for everyi=1, 2,...,
k, x <y in L;. The order dimension of the ordered set P44 shown in Figure 4.8(a) is two.
(P=LinlLywhereLi={a<b<c<d<e<f<g<hlandL,={d<c<b<a<h<g<
f<h}).

Alzohairi [A96] showed that the pagenumber for an ordered set 1s not related to its order
dimension. In fact, the pagenumber of an ordered set of dimension two is not bounded.
We can find a sequence of two dimensional ordered sets with unbounded pagenumber.
For example, the pagenumber of the complete bipartite ordered set P,, with n minimal
and » maximal shown in Figure 4.8(b) is n (page(P,.,) = n) for each positive integer n
while its order dimension is two. (P=LinL,where i = {1 <2<..<n-1<n<n+1

<..<2n-1<2n}and Ly={n<n-1<..<2<1<2n<2n-1<..<n+2<n+1}).

However, the pagenumber for an ordered set may relate to its order dimension if it is

restricted to planar ordered sets of dimension two such as planar lattices [A96].

Figure 4.8: Ordered set P4 (a) and Ordered set P, (b)



4. The Pagenumber of Ordered Sets 49

4.2.9 Complexity of the Pagenumber Problem

Lenwood et al. [HP99] showed that the problem of determining whether a directed
acyclic graph (DAG) can be embedded in 6-pages is NP-complete. Alzohairi [A96]
showed that the problem of determining the minimum number of pages required for a

fixed linear extension of an ordered set is also NP-complete.

In this section we provide a formal proof of the complexity of finding the pagenumber

for a fixed linear extension of an ordered set.

Equivalent formulation is often more helpful for analysis. We can view the ordering of
the spine as ordering of the vertices on a circle, and then the pages are collection of
noncrossing chords. Let P be an ordered set and L be a linear extension of P. Given a
graph G = (V, E) and a permutation & of the vertices of G, a layout of G with respect to
0 is a drawing of G on a page in which vertices are listed on a line segment at unit
intervals according to ¢ and edges as concave arcs in such a way that two edges

intersect if necessary. Figure 4.9 shows an ordered set with its layout graph.

(a) (b)

Figure 4.9: A layout graph
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Let us define the intersection graph of the layout graph of G with respect to ¢ as a new
graph whose vertices are the edges of G, and two edges correspond to edges in the
intersection graph if they intersect in the layout graph of G with respect tod . Figure
4.10 shows the intersection graph of the layout graph cov(P) shown in Figure 4.9 with

respect to the given linear extension.

The chromatic number of a graph G is the minimum number of colors needed to color
the vertices of G such that no adjacent vertices are assigned the same color. Theorem 4.7

connects the pagenumber problem to the chromatic number problem.

(a’ C)
C (a, b)

(@1 X

O (ef)

(c e (b, €)

Figure 4.10: Intersection graph

Theorem 4.7 (Even and Itai [EI71]).

Let P be an ordered set and L a linear extension of P. Then page(P, L) is equal to the
chromatic number of the intersection graph of the layout graph of cov(P) with respect to
L.

Proof of Theorem 4.7.

Suppose that the chromatic number of the intersection graph of the layout of cov(P) with

respect to L is equal to m.
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i. page(P, L) > m. Suppose page(P, L) = n and let E; be the set of edges in the i-th
page, 1 < i < n. Since edges in the same page do not cross, there are no two
adjacent vertices of the intersection graph of the layout graph of cow(P) with
respect to L, in the set E;. So, we can color E; by the color i, for each i. Hence, m <

n and n = page(P, L)

ii. page(P, L) < m. Let E;be the set of edges colored by the i-th color 1 <i < t. We can
draw the set of edges E; in the i-th page for each i =1, ... , m because in the layout
graph of cov(P) with respect to L, no two edges of the set E; cross if they are

drawn in the same page. Hence, page(P, L) < m.

Corollary 4.2 ([A96]).
Let k > 3 be an integer. The decision question whether, for a given ordered set P and an
arbitrary linear extension L of P, page(P,L) < k, is NP-complete. In fact, this decision

question is NP-complete even if P is bipartite.

Proof of Corollary 4.2.

Let P be an ordered set and L be a linear extension of P. Let H be the intersection graph
of the layout of cov(P) with respect to L. In H consider each edge (x, y) as an interval in
the real line. Thus, A is an overlap graph, where a graph K is called an overlap graph if
its vertices may be put into one-to-one correspondence with a collection of intervals on a
line such that two vertices are adjacent in K if and only if their corresponding intervals

overlap and not just intersect.

It is known that an undirected graph is an overlap graph if and only if it is a circle graph.
A circle graph is a graph whose vertices are the chords of a cycle in which two vertices
form an edge if the two chords cross. Figure 4.11 illustrates a circle graph and its

representation by a set of chords.
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(@) (b)

Figure 4.11: A circle graph

The problem of minimizing the number of pages that L requires is equivalent to coloring

circle graphs according to Theorem 4.7. Thus, it 1s NP-complete [GIMP80].

Suppose H is a circle graph. Then, H is an overlap graph. We may assume that the

intervals are either open or closed and that no two intervals have a common end point.

We can accomplish all of these constructions and transformations in polynomial time.
We now want to construct a bipartite ordered set P and a linear extension L of P, such
that the intersection graph of the layout of cov(P) with respect to L is H. Let the elements
of P be endpoints of the intervals which are ordered, for each interval I, by sup(l) >

inf(I). Then, order the elements in L as they are ordered in the real line.

The proof is still valid even if it is restricted to the class of bipartite ordered sets [A96].



Chapter 5

New Results on the Pagenumber

5.1 Overview

This chapter discusses the main contributions of the thesis. As previously mentioned (see
section 4.2.9), the pagenumber of ordered sets was proven to be NP-complete even for a
fixed linear extension. Therefore, we cannot expect to find a polynomial algorithm.
Instead, one can either provide a heuristics approach or an algorithm that works for

special classes of ordered sets.
In this chapter we present our main contributions including:
1. The pagenumber of bipartite interval orders.
2. An upper bound for the pagenumber of bipartite ordered sets.

3. An upper bound for the pagenumber of complete multipartite ordered sets
with length 4 and 5.

5.2 The Pagenumber of Interval Orders

This section discusses the pagenumber of bipartite and tripartite interval orders.

53
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5.2.1 The Pagenumber of Bipartite Interval Orders

In this section, we prove that the pagenumber of a bipartite interval order P is equal to
the maximum pagenumber of a complete suborder of P. We use a technique that relies
on easily identifying complete suborders within a given bipartite interval order. An

algorithm for finding the pagenumber of bipartite interval orders is deduced.

A bipartite interval order P has two disjoint sets of elements, A and N, with the property
that each covering relation in P has one element in M and one element in N. The
complete bipartite interval order P,,, is obviously a special case of interval orders with
m minimal and n maximal. Figure 5.1 depicts a bipartite interval order P. The

highlighted edges with bold represent a complete suborder P’ of the interval order.

We know that for any interval order P the following two conditions are satisfied:
e The sets of predecessors are linearly ordered with respect to inclusion.

e The sets of successors are also linearly ordered with respect to inclusion.

77/
S

()

Figure 5.1: A bipartite interval order
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Theorem 5.1. The pagenumber of a bipartite interval order is equal to the maximum

pagenumber of complete suborders of P.

In order to prove Theorem 5.1 we need a sequence of lemmas. Let P = (M, N) be a
bipartite interval order with a set M of minimal elements of size m and a set of N of
maximal elements of size n. Let M = (my, my, ..., m,,) be the list of minimal elements of
P arranged in a decreasing order with respect to the inclusion relation of the sets of
successors, i.e. Succ(mi) o Succ(msz) 2 ... Succ(my). Let N= (ny, na, ..., n,) be the list
of maximal elements of P arranged in decreasing order with respect to the inclusion

relation of the sets of predecessors, i.e. Pred(n;) 2 Pred(n;) o ... Pred(ny).

Note that page(P’) < page(P) if P’ is a complete suborder of P.

Lemma 5.1. Let P = (M, N) be a bipartite interval order, and let P* = (M’, N’) be a
complete suborder of P. Then there exists i and j such that M’ < {my;, my, ..., mj} and N’

c{ny, ny, ..., m}and ({my, my, ..., myj, {n;, vy, ..., n}) is a complete bipartite suborder of
P.

Proof of Lemma 5.1.

Let j be the maximum key such that ; € N N N'(since N' < N). Since Pred(n)) <
Pred(ny) for every k < j then (M, {ni, na, ..., n;}) is a complete suborder of P.
Likewise, Let i be the maximum key such that m; € M N M’(since M’ < M). Since
Succ(m;) < Succ(my) for every k < i ({my, my, ..., mi}, {ny, na, ..., n;}) is a complete
bipartite suborder of P. Moreover it is obvious that M” < {m1, m,..., m} and N’ € {ny,

N, ..., NG}

|
Lemma 5.1 shows that in order to find a complete bipartite suborder of P with the
maximum pagenumber, it is sufficient to look at those ones with the structure ({m;, m,
oo my}, {n, g, ..., 1), for some i and j. Henceforth, P(i, j) will be used to refer to

these complete bipartite suborders.
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Lemma 5.2. Let P = (M, N) be a bipartite interval ordered set, and let P; = P(i, j) be a

complete suborder of P with a maximal pagenumber.

Ifj > i then for every k, | > i, ny. is non comparable to m; in P.

Ifj < then for every k, | > j, ni is non comparable to my in P.

Proof of Lemma 5.2

Suppose that j > i therefore page(P1) = min{i, j} = 1. Suppose that n; > my in P for some
key k and 1> i. Since Succ(m) < Succ(m,) for everyr <1, Succ(m,1) will contain {n;,
ny, ..., iy} and therefore P, = P(i+1, j) = ({my, my, ..., m;, my}, {m, ma, ..., n;}) 1s a
complete suborder of P and where page(P,)= min {i+1, j} = i+1 > page(P;) [Since i <
j.]. This contradicts the choice of P;. The same argument will apply ifj <.

Proof of Theorem 5. 1.

Consider a complete suborder P’ = P(i, j) of P with a maximum pagenumber. We prove
that the bipartite interval ordered set P can also be embedded in page(P’) which is equal
to the minimum of the two levels i.e. i, j. The optimal layout of P is obtained using the
following linear extension L of P:

My< Mp 1< ... <M1 < Np< N1 <...<Hi.

1% Pass - Page 1 Kth Pass — Page k
by edges o m o m
nz Qo m
I
by edges
niand M
n, Nn
me o m
m o m
| |
b m i
(@) (b)

Figure 5.2: An illustration for Theorem 5.1
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Without loss of generality, we may assume that i <j. We will use the first page to draw
all covering relations of m; and of n;. Clearly, we can fit all these covering relations
within the first page. This is possible because the covering relation between m; and n,
will leave an empty hole that we could utilize to embed the relations between #; and the
elements in M (see Figure 5.2(a)). We continue to draw the covering relations between

m, and n; in the second page and so on.

Overall, we will be able to draw all of the left cover relations of the elements m; and »y
on the k-th page for k£ <i. Lemma 5.2 guarantees that all the covering relations of P will

be drawn in one of the pages after i iterations (see Figure 5.2(b)).

Description of the Algorithm.

We will divide the algorithm to two stages, namely preprocess stage and drawing stage:

1. Preprocess Stage. The Preprocess stage composes from the following steps:
a. Assign each element in P to either the minimal set Min{} or the maximal
set Max{}.
b. Compute the cardinality of each element of P in Min{} and Max{}.
c. Sort the list of minimal elements of P in a decreasing order with respect
to the inclusion relation of the sets of successors (i.e. Min{} = {mi, my,
..., M}, and sort the list of maximal elements of P in decreasing order
with respect to the inclusion relation of the sets of predecessors (i.e.

Max{} = {ny, na, ..., nu}).

2. Drawing Stage. It composes from the following steps:
a. Draw all elements of P on the spine according to the optimal linear

extension of P (i.e L: m,< mu 1< ..<my <1, < Ny < ...<Hy).
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b. Draw all covering relations incident to first minimal () in the first page.
Similarly, draw all covering relations incident to the first maximal (»;) in
the first page. The page is then incremented as long as there are more
covering relations to be drawn. At each step, we deal with m; and n;1n a
similar way. Supported by Theorem 5.1, the algorithm stops when either
m; or n; has no further relation to draw. In that case, both m; and n, should

not have further relation to draw.

Algorithm 5.1 shows a pseudo code of the drawing stage of the bipartite interval orders

pagenumber drawing algorithm.

Analysis of the Algorithm Complexity.

We start by computing the complexity of the preprocess stage and the drawing stage:

1. Preprocess Stage. The Preprocess stage composes from the following steps:

a. O(n) operations are required to assign each element of P to either the
minimal set Min{} or the maximal set Max{}. O(n®) operations are
needed to assign all the elements of P to either Min{} or Max{}.

b. To check the cardinality of each element of P in Min{} or Max{},
additional O(n) operations are required. O(n*) operations are needed to
check all elements of P.

c. O(n log n) operations are needed to sort the list of minimal elements of P
in a decreasing order with respect to the inclusion relation of the sets of
successors (i.e. Min{} = {my, my, ..., My}, and to sort the list of maximal
elements of P in decreasing order with respect to the inclusion relation of

the sets of predecessors (i.e. Max{} = {ni, na, ..., n.}).

In total, O(#”) operations are needed to preprocess the bipartite ordered set P.
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2. Drawing Stage. It composes from the following steps:

a. The assignment of all elements of P according to the optimal linear
extension of P (i.e L: my< Mp1< ...<my < n, < n,1 < ...<n)to the spine

requires O(n) operations.

b. Notice that, at each step, we deal with m; and n;. Supported by Theorem
5.1, the algorithm stops when either m; or »; has no further relation to
draw. In that case, both m; and #; should not have further relation to draw.
Each while statement needs O(#n) operations (see Algorithm 5.1). Thus,

the edge drawing step requires O(n°) time.
In total, O(n”) operations are needed for the drawing stage of the algorithm.

Therefore, the algorithm has a polynomial complexity of O(#?).

In Figure 5.1, the complete suborder is P’s 4 and consequently can be embedded in 4
pages. Likewise, the bipartite interval order can be embedded in 4 pages with the
following linear extension

L:b<c<e<ag<d<n<m<Il<g<f<k<j<i<h.
Figure 5.3 shows the 4-page embedding for the bipartite interval order i Figure 5.1

generated by our algorithm. We note that the first page always has the highest pagewidth

and it decreases on the subsequent pages.
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Algorithm (P: Bipartite Ordered Set; Min{}; Max{})

/* Input = A bipartite interval order P */
/* Output = A pagenumber drawing of P */
/* Min{} = {mi, ma, ..., M} */
/* Max{} = {n, na, ..., By} */
/* i = index to reference into Min{} */
/* j = index to reference into Max {} */
Begin
i=1
j=1
pageno =0

Draw L on the spine such that #,< m,.1<...<m; <0, <1< ...<m

while (m; < n;isnot drawn ANDi<m AND  <n)
increment pagno

while (¢ € {n;, nys,  n, suchthat m; < e AND m; < e is not drawn )

Draw edge m; < e on pageno

Mark m; < e as drawn

while ( e e { mj;1, . m,} suchthat e < nj AND e < p; is not drawn)
Draw edge e < n; on pageno

Mark e < #; as drawn

increment i and j

End

Algorithm 5.1: The bipartite interval orders pagenumber drawing algorithm
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Figure 5.3: 4-page embedding of the bipartite interval order depicted in Figure 5.1

5.2.2 The Pagenumber of Tripartite Interval Orders

The case of n-partite interval order seems to be more complex than the bipartite case.

The result in Theorem 5.1 cannot be extended and we do not see a generalization for the

n-partite interval order and not even for the tripartite case. In fact, there are tripartite

interval orders with pagenumber larger than the pagenumber of any complete tripartite

suborder. For instance, Figure 5.4 illustrates a tripartite interval order P which has

page(P) = 4 although there are no complete tripartite suborders with pagenumber larger

than 3. P’ is a complete tripartite suborder obtained from P with a maximum

pagenumber. The page (book) layout of P and P’ are illustrated in Figure 5.5 and Figure

5.6 respectively.
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Figure 5.5: The pagenumber layout of P shown in Figure 5.4
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Figure 5.6: The pagenumber layout of P’ shown in Figure 5.4

5.3 An Upper Bound for the Pagenumber of Bipartite
Ordered Sets

The strategy we used in section 5.2 turns to be helpful in finding an upper bound for the
pagenumber of a larger class of bipartite ordered sets. Therefore, we can utilize a similar
strategy to assist us in finding an upper bound for the pagenumber of bipartite ordered

sets.

We define a zig-zag Z in P as a partition into disjoint subsets of M = M;, M, ..., M, and
N=Ni, Ny, ..., N; such that

Succe(M;) € N; U Ny for 1 <i<nand Suce(M,) <N, and

Pred(N;) € M;; U M; for every 1<i<n and Pred(N;) ¢ M;
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Figure 5.7: A zig-zag of length 4

The zig-zag Z has a length of 27 (see Figure 5.7).

Theorem 5.2. let P = (M, N) be a bipartite ordered set. Let Z = M;, M, N;, N,, be a zig-
zag of length 4 that covers P. Then, the pagenumber of P is bounded by the maximum
value of |M;| and |N,|.

Proof. Let us enumerate all the elements of the disjoint sets of the zig-zag namely, M,
M,, N and N, in random orders:

M;: mig< Mip<..<Mim

M;: my < My <..<Myu

Ni: n1< Rp<...<Hip

No: Mmi<np<..<Myq4

Let us assume L is a linear extension of P obtained by enumerating the elements of P

using the following ranking order:

M, M N2 Ny

T B P //"_‘\
SIS My D <% M 2 < oo

We can utilize the first page to draw all covering relations of m;,; and n>; as follows. It is
possible to to accommodate all these covering relations within the same page (1% page)

since area between m; 1 and n,; is not used (we may have a covering relation between
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these two vertices) and thus could be used to draw the relations between #,, and the

elements in M.

After k iteration such that k < max {{Mj],

Na|}, we will be able to embed all of the
remaining covering relations of the elements my_; and ny, 4 in the k-th page. After max
{IMy]. [N2|} iterations, all the covering relations of P will be drawn in one of the pages
because there are no covering relations between the elements of N; and the elements of

M,

5.4 Pagenumber of Complete Multipartite Ordered Sets

An ordered set P is a complete multipartite of length n if the elements of P can be
partitioned into n levels Ly, L, ..., L, such that all covering relations in P are only

between consecutive levels and L;, L1 is a complete bipartite ordered set for every i < n.

In this section, we give an approximation of the pagenumber of complete multipartite
ordered sets of length 4 and 5. It is not an easy task to find the pagenumber for even a
’ |L2|}
for complete bipartite ordered sets and page(P) = min{|L,|, [Li|+|Ls|} for tripartite

special class of complete multipartite ordered sets. Recall that page(P) = min{|L,

ordered sets (refer to section 4.2.2 and 4.2.3). A similar approach is used in both cases
to obtain optimal embedding. This approach finds a vertex cover C with a minimum size

and then uses a separate page to embed all covering relations of a single element of C.

We can approximate the pagenumber of a complete multipartite ordered set P by
computing its minimal vertex cover. The covering graph of P can be viewed as a
bipartite graph G. We can observe that every vertex cover of P corresponds to a vertex
cover in G. Efficient algorithms for finding a minimum vertex cover of bipartite graphs

are available.
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Notice that if u is in a minimal vertex cover C of P, and u is in level L; then all of L;
should be in C. Otherwise, if all of L;+; and L, ; are in C, then there is no need for u to be
in C. [Suppose that C does not contain all of L,;;, and let v be in C- L; and w be in C-
L;+1, then the edge (v, w) cannot be covered.]. Therefore a minimal vertex cover of P can

be seen as a union of some levels and can be calculated polynomially.

Theorem 5.3. Let P = (L}, L;, L, Ly) be a complete multipartite ordered set of length 4.
Then, the pagenumber of P is bounded by the minimum of {|Li|+|Ls|, |L2|+|L|,

|Lo|+|Ls|-1}.

s

Proof of Theorem 5. 3.
We are limiting the embeddings to those that use the same strategy for the covering
relations between any two consecutive levels Li and L;;; of P. Either, for every u in L,
all covering relations between u and L;,; are in the same page, or, for every u in Li, all
covering relations between u and L; are in the same page. So, for every i < 4 we will use
one the followings:

i. Li— L, to represent part of the drawing indicating that for every u in L; all

covering relations between u and L;,; are in the same page.
ii.  L; < L to represent part of the drawing indicating that for every u in L;y; all

covering relations between u and L; are in the same page.

We can represent these layouts with a directed path, for example L; <~ Ly, = L3 < L4
cotresponds to the layout of P where there are |L| pages, each containing the covering
relations of a single element of L,. These pages will cover the part L; <~ L, — Ls. Then,
another |L4| pages is required for the part L; <L, of the layout. Hence, the layout L; <

L, = L ¢« Ly will require |L,| + |L4| distinct pages.

It is easy to notice that there are 8 possibilities for selecting the different paths. We can,
however, easily drop some of them. For example, any path that starts with L; — L, — Lz

will require at least as many pages as the one that replace L; — L, by L; <~ L. The
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same pages used to draw the part L, — Ls could also be used for the drawing of the part

L, < L,. Similarly, we can drop those paths that end with L, « Lz < L, since we could

replace it with L, < Ly — L4 So, we are left with those embedding cases illustrated in

Figure 5.8.

The possible cases of embeddings are:

1.

o)
i

3.

L, —> L, > L; - Ls isreplaced by case 3.

L; - L, = Lz « L4 isreplaced by case 6.

L, — L, « Lz = L, requires |[Li|+|Ls| separate pages. There is a need for |L;| pages
to take care of the part L; — L, and then separate |Ls| pages for the part L, < Lz —
La.

L = L; « Lz « L4 is replaced by case 3.

Li « L, = Ly — L, requires |Ly[+|Ls| -1 separate pages. There is a need for |L;|
pages to take care of the part L; «— L, — L and then separate |Ls| pages for the part
L: — L4 However, in any of the pages corresponding to L; <~ L, — Lis we can
include all the covering relations between the top element of Ls in the linear
extension and the elements of L4. This allows us to gain one page.

L, « L, = Ls: « L4 requires |Ly|+|L4| separate pages. The same argument applies as
in the case 3.

L, « L, < L; — L, requires |L,|+|Ls| -1 separate pages. The same argument applies

as in the case 5.

. L; ¢« L, < L; « L, isreplaced by case 7.

Therefore, we show that

page(P) < min {|Li|+ |Ls, [LoH]La|, |Lo|+|La}-1}

Theorem 5.4. Let P = (L,, Ly, L;, Ly, Ls) be a complete multipartite ordered set of length

5. Then the pagenumber of P is bounded by

min {|L2|+ IL4|, |L3|+ max (mzn (]L]I, |L2I—1), min (|L4|-1,

Ls|)}.
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Figure 5.8: Complete multipartite ordered set of length 4 embedding cases
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Proof of Theorem 5.4.

We use the same proof as in Theorem 5.3. There are 16 possibilities for selecting the

different paths. We can, however, as in Theorem 5.3, drop all paths that start with L; —

L, — L and all paths that end with Ly <~ L4 < Ls. So, we are left with the following

embedding possibilities:

[3S)

L, « 1, < Lis > Ly < Ls requires |La| + max{|L,| - 1, |Ls|} separate pages. There
is a need for |Ls| pages to take care of the part L, < L3y — L, and then max{[L,| -1,
|Ls|} pages for the parts L, <~ L, and L4 « Ls (Notice, in any of the pages
corresponding to L, < Lz we can include all the covering relations between the top
element of L, in the linear extension and the elements of L;. This allows us to gain

one page.).

L =L, ¢ Lz — Ly < Ls requires |Ls|+ max{|Ly|, |Ls|} separate pages. Notice that

we cannot gain a page as in case 1.

L; « L; = Lz »>Ls < Ls isreplaced by case 1 since changing L, — Ls by L, « L3

will require fewer pages

L; < L, = Ly « Ly — Ls requires |Ly|+|L4| separate pages. There is a need for |L;|
pages to take care of the part L; « L, — Ls and then |L4| pages for the part Lz < L4

—>Ls.

L« Ly« L3 - L, — Ls requires [Ls| + max{|L,|-1, |L4|-1} separate pages. The

same argument applies as in the case 1.

. Li = L; « Ly = Ly — Lsrequires |Laj+max{|L1|, |[L4|-1} separate pages. The same

argument applies as in the case 1.
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7. Li«L,>L:s—> L4 - Ls Ls isreplaced by case 5 since changing I, — I3 by L,

« Lawill require fewer pages.

8. Ly« L,« L3« Ly > Ls isreplaced by case 5 since changing L3 < Ls by Ly —

L, will require fewer pages.

9. Li> Ly« Lz« Ly > Ls Ls isreplaced by case 6 since changing Lz «— L4 by Ls

—> Ly will require fewer pages.

Therefore, we show that

page(P) < min {|L;|+|Ld,

Ls|+ max (min (|L,

,NLol-1), min (IL4|-1, |Ls|))}.

Although we have been successful to find an upper bound for the complete multipartite
ordered sets of length 4 and 5, we cannot see an easy way to generate a recursive
formula that can be generalized to compute the pagenumber of complete multipartite

ordered set with length .



Chapter 6

New Directions and Open Problems

6.1 Overview

This chapter discuses new research directions and some open problems. The research in
this thesis has led to several interesting problems. Not many techniques and tools have
been developed for the pagenumber problem. For instance, what is the effect of
removing or inserting new elements on the pagenumber? The same question could be
asked for edges. Is there a standard way to transform one optimal embedding into
another optimal embedding with a specific property? What are the critical ordered sets

for the pagenumber problem?

6.2 Deleting and Adding Elements in the Ordered Set

6.2.1 Deleting Elements

In designing proofs, it is interesting and helpful to know how the pagenumber changes
with the removal of elements from an ordered set P. In general, it is easy to find
examples where page(P-{x}) < page(P) (see Figure 6.1) as well as examples where

page(P-{x}) > page(P) (see Figure 6.2).

71
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a

Figure 6.1: page(P) =2 but page(P — {x}) =1

The removal of irreducible elements in an ordered set is another example where we can
predict the change in the pagenumber. Let P be an ordered set and let x be an element in
P. We say that x is irreducible if x has a unique lower cover and a unique upper cover in

P.

'

@

(b)

Figure 6.2: page(P) = 1 but page(P — {x}) =3

Lemma 6.1 (Alzohairi [A96]).
Let P be an ordered set and let x be an irreducible elements such that u < x <v. Ifu <

x <V is the unique chain from u to v then page(P) < page(P — {x}).
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Proof of Lemma 6.1
We can produce an upward drawing of P — {x} from an upward drawing of P by
removing x and the two edges (u, x), (x, v) and then drawing the edge (i, v). This is

possible since # < x <v is unique chain from u to v.

Let L' be a linear extension of P — {x} such that page(P — {x}, L") = page(P — {x}).
Assume that the edge (1, v) was drawn page k according to L'. It is always possible to
find an horizontal line that intersects the edge (v, v) but no other edges in page k. We
insert the element x at the intersection of L’ and the horizontal line, and thus we can
subdivide the edge (u, v) in page k into two separate edges (u, x) and (x, v). Hence, there

is a linear extension L of P such that page(P, L) = page(P — {x}, L") = page(P — {x}).

Therefore, page(P) < page(P — {x}).

Lemma 6.2.
Let P be an ordered set and let x be an irreducible element such that u < x <v. Ifu < x

< v is not the unique chain from u to v then page(P — {x}) < page(P).

Proof of Lemma 6.2
We can obtain an upward drawing of P — {x} from an upward drawing of P by removing
x and the two edges (u, x) and (x, v). Since u < x < v is not the unique chain from u to v,

we do not need to add the edge (u, v) since u < v is established by another cham.

Let L' be a linear extension of P — {x} such that page(P - {x}, L") = page(P — {x}). L'

can be obtained from L by removing x. Hence, L' is a linear extension of page(P — {x}).

Therefore, page(P) < page(P — {x}).
|
For instance, consider the ordered set P illustrated in Figure 6.1. Page(P) = 2 while

page( P— {b})=1since a < b < c isnot a unique chain from a to c.
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Deleting non irreducible elements could affect the planarity of the ordered set. It could
also increase the pagenumber of the ordered set. For example, Figure 6.2 demonstrates
that the ordered set is no longer planar after deleting a non irreducible element. The

pagenumber also increased from 1 to 3 since the resulting ordered set is Ps 3.
6.2.2 Subdividing Edges

We subdivide a covering edge u < v in P by adding a new element x between u and v
creating new relations in P with u < x and x < v. It is clear that edge subdivision does

not change the planarity nor the non planarity of an ordered set.

Another class of ordered sets which is of interest is the class of N-free ordered sets. It is
a larger class than the series parallel one and it is unknown whether we can easily

compute the pagenumber for N-free ordered sets, even in the planar case.

An important fact is that every finite ordered set can be embedded as a subset in an N-
free ordered set. To do that, it is enough to subdivide every covering relation in the
ordered set (see Figure 6.3 for an example). Notice that there are more efficient ways to
transform any ordered set into an N-free one. For instance, subdividing only the covering
edges that correspond to the diagonal of an N is not enough, since new N’s may be
created. However, Zaguia [Z04] did prove that if this process is done twice then we

always obtain an N-free ordered set (see Figure 6.4 for an example).

(a) | (b)

Figure 6.3: N-Free Transformation.
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Lemma 6.3
Let P be an ordered set with a covering relation u < v. Let P’ be the ordered set

obtained from P by subdividing the covering relation u < v. Then, page(P') < page(P).

Proof of Lemma 6.3

The same as the argument in the proof of Lemma 6.1
Open Question: Is page(P’) = page(P)?

A positive answer to this question will show that the pagenumber for N-free ordered sets

will be as difficult as the pagenumber for general ordered sets

a
O D)

(a) (b) (©

Figure 6.4: N-free transformation with two Iterations.

6.3 Transformation Techniques

In most instances of optimization problems, transformation techniques are developed to
transfer one optimal solution into another optimal solution with a desired structure. The
pagenumber case seems to be quite difficult since there are no known tools to use, and
we have no information about the type of linear extensions that correspond to optimal

page embeddings of the ordered set.
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For instance, it will be interesting to have an answer to the following question: what is
the effect of switching a consecutive non comparable pair of elements in the linear

extension on the pagenumber?

For an ordered set P, it will also be very useful to characterize the maximal elements that

could be on the top of an optimal linear extension for the pagenumber.

6.4 The Pagenumber Critical

As we mentioned in section 6.2, the removal of an element could increase the
pagenumber arbitrarily. However, it is easy to see that it cannot decrease the

pagenumber by more than 1.

We define an ordered set P as a pagenumber k-critical, or simply k-page-critical if
page(P) = k and if the removal of any of its elements reduces its pagenumber, that is

page(P —{x}) < page(P) for anyx e P.

We implicitly assume that a spine edge requires a page even if it is drawn on the spine.
Obviously, the only page-critical ordered set P with page(P) = 0 is the singleton. It is
also easy to check that the only page-critical ordered sets with page one is that shown in

the Figure 6.5(a).

Figure 6.5(b) and Figure 6.5(c) show page-critical ordered sets with page two and three
respectively. Removing any element from any of these ordered sets reduces the

pagenumber of the ordered set.

A cycle C in the non-directed covering graph of P has a pagenumber 2. Moreover, the
removal of any element of C will make it a tree and therefore it will lower its

pagenumber. In fact, cycles are the only 2-page-critical ordered sets (see Figure 6.6).
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(a) (b) (©

Figure 6.5: Page-critical ordered sets with page 1, 2 and 3.

The complete bipartite ordered set K, , is an obvious example of a page-critical ordered
set. Removing any element from K, ,, ordered set reduces the pagenumber from » to n-1
since page(P) = min{n, n-1} for the complete bipartite ordered set. In fact and according
to Theorem 5.1, the only page-critical bipartite interval orders are the complete bipartite

ordered sets K, ...

Open Question: Characterize the ordered sets which are k-page-critical.

Removing any edge from an ordered set cannot increase the pagenumber. Perhaps the
right concept for k-page-critical should be with respect to the removal of edges. For
instance, the only 2-page-critical ordered sets for edges are the ordered sets where the
undirected covering graph is a cycle. Also, the complete bipartite ordered set K, » is an

obvious example of a n-page-critical ordered set.

Open Question: Characterize the ordered sets which are k-page-critical for edges.

Figure 6.6: Cycle Ordered Sets



Conclusion

The importance of the visualization of complex data in today’s world has become very
evident. Visualization has fundamentally changed the way we present and understand
large complex data sets. As a result, we can now better analyze such large data sets and

arrive at better and more informed decisions.

A large number of relevant problems in different domains can be expressed as graph
layout problems. The objective of the layout problems is to determine a linear layout of
an input graph in such way that a certain objective cost is optimized. The book or the

stack layout has multiple applications in several areas of various engineering disciplines.

In a book embedding for an ordered set, the vertices of the ordered set are embedded on
the spine of the book to form a linear extension. The pagenumber is the minimum
number of pages needed to draw each edge on a page such that edges drawn in the same
page do not intersect. The pagenumber problem is known to be NP-complete, even if the
order of elements on the spine is fixed. Therefore, we cannot expect to find a polynomial
algorithm for the problem. Instead, one can either provide a heuristics approach or an

algorithm that works for special class or restricted special class of ordered sets.

Along with reviews of recent literature on the pagenumber of graphs and ordered sets
presented in chapter 3 and chapter 4 respectively, chapter 5 discusses several positive
results achieved this thesis. We presented the first efficient algorithm with polynomial
complexity for drawing the pagenumber problem of bipartite interval order. We also
gave an upper bound for the pagenumber of bipartite ordered sets and the pagenumber of

the complete multipartite ordered sets with length 4 and 5.

78
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The research in this thesis has also led to several interesting problems discussed in
chapter 6. The pagenumber problem seems to be very difficult since there are no known
tools to use, and we have no information about the type of linear extensions that

correspond to optimal page embeddings of the ordered set.

Mathematical restrictions exist on the performance of any drawing methods for graphs in
general and ordered sets in particular. These limitations range from the aesthetics criteria
which algorithms try to achieve to the computational resources required by the
algorithms. In many cases, there are also trade-offs between various aesthetic criteria
and the computational resources. To come up with effective drawing techniques, an

appreciation of theses limits and trade-offs are required.
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