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Abstract

Let K be a field and I’ = ([, I';) be a connected finite directed graph. Then KT
denotes the path algebra of I' over K. A two-sided ideal I of KT is admissible
in case there exists a positive integer N > 2 such that <, >¥C I C <TI'; >2
It is well-known that every connected split basic finite dimensional K-algebra A is
isomorphic to the quotient KT'/I of a path algebra KT by an admissible ideal I (cf.
[16]). (The underlying connected finite directed graph I is usually called the quiver
of A.) A quotient A = KT'/I of path algebra by admissible ideal is called a (finite
dimensional) monomial algebra if I is generated by a set of finite directed paths in
. In recent years the class of monomial algebras has been exposed to extensive
study and significant advances have been made toward the understanding of the
homological nature of this class of finite dimensional algebras (see [20], [21], [22] and
[23]). We say that A = KT'/I is of monomial presentation type if A is isomorphic to a
monomial algebra over K. The primary purpose of this thesis is to identify the path
algebra quotients KT'/I of monomial presentation type under various conditions on
the underlying finite directed graph I and/or the quotients KT'/I themselves. Even
though it is easy to determine whether or not a path algebra quotient is a monomial
algebra, the identification of path algebra quotients of monomial presentation type isa
fundamentally harder problem. Our study is of significance in that monomial algebras
are known to be well behaved and many of their properties, such as homological ones,
are algebra isomorphism invariants. The main tools to be utilized in the thesis are
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the noncommutative Grobner basis theory for path algebras and Saorin’s change of
variable method. In Chapter 2, we use these tools to find cases where path algebra
quotients of monomial presentation type must already be monomial. We also study
isomorphisms between monomial algebras and present a combinatorial criterion for
two monomial algebras to be isomorphic. Chapter 3 is concerned with homological
aspects of path algebra quotients of monomial presentation type. Specifically, we shall
study minimality of the Anick-Green resolutions for the simple modules over path
algebra quotients and discuss its relationship to the monomial presentation type. In
the last chapter of the thesis, we devote ourselves to a particular class of quotients of
path algebras — called right monomial rings — which were introduced by Burgess et
al. in [6] as a generalization of monomial algebras. We shall answer an open question
presented in [6] in some special cases, and provide a characterization of the monomial
presentation type within the class of path algebra quotients which are right monomial
rings by showing that they are precisely those gradable by the radical.
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Chapter 1

Introduction

Let K be a field and ' = ([y,I';) be a connected finite directed graph, where Iy
and I'; are the sets of vertices and arrows in I, respectively. Let KT denote the
path algebra of I over K. A two-sided ideal I of KT is called admissible if there
exists a positive integer N > 2 such that <I'; >¥ C I € <I'; >2. A basic fact in
the theory of representations of finite dimensional algebras says that every connected
split basic finite dimensional algebra A over K is isomorphic to the quotient KT'/I
of a path algebra KT by an admissible ideal I (cf. [16]). The underlying connected
finite directed graph I is also called the quiver of A. Among the quotients of path
algebras by admissible ideals is a class of finite dimensional algebras called monomial
algebras. A quotient A = KT'/I of path algebra by admissible ideal is called a (finite
dimensional) monomial algebra if I is a monomial ideal in KT'; i.e., I is generated by a
set of finite directed paths in I'. In recent years monomial algebras have been exposed
to extensive study and significant advances have been made toward the understanding
of the homological nature of this class of finite dimensional algebras (see [20], [21], [22]
and [23]). We say that a path algebra quotient A = KT'/I is of monomial presentation
type if A is isomorphic to a monomial algebra A = KT/ I. Since two isomorphic finite
dimensional algebras have the same quiver (up to isomorphism), it is without loss

1



CHAPTER 1. INTRODUCTION 2

of generality that we assume in the definition above that A and A have the same
underlying finite directed graph I. It is worth noting that in the literature “monomial
algebra” sometimes means a path algebra quotient of monomial presentation type.
We distinguish between these two classes of finite dimensional algebras because being
a monomial algebra is not an algebra isomorphism invariant. Moreover, existing
methods make the identification of monomial algebras algorithmic (Proposition 2.2.1)
while no such algorithms for the monomial presentation type are known. The purpose
of this thesis is to identify the path algebra quotients KT'/I of monomial presentation
type under various conditions on the underlying finite directed graph I" and/or the
quotients KT'/I themselves. A simple example of a path algebra quotient which is
not a monomial algebra but which is of monomial presentation type is given by the
quotient of free algebra A = K <a, 8> /I where I = <af}, #?,o?—Ba,a?,o?8, fo? >.

The thesis is composed of three parts. In Chapter 2, two basic tools are utilized
to study characterizations of the monomial presentation type: one is the theory of
noncommutative Grobner bases for path algebras, introduced by Farkas, Feustel and
Green in [10], which extends the known theory for the commutative polynomial rings
(cf. [5]) and free associative algebras (cf. [24]), and the other is Saorin’s change of
variable method (cf. [26]) for connecting two isomorphic presentations by a path alge-
bra. After a brief introduction to Grobner bases for path algebras, Section 2.2 focuses
on several special types of finite directed graphs. Two main results are included in
this section. The first result (Theorem 2.2.7) provides several conditions on the un-
derlying finite directed graph I' and the ideal I of relations such that A = KT'/I is of
monomial presentation type if and only if it is a monomial algebra. As one corollary
to this result, we obtain that if I’ is square-free and A = KT'/I is of Loewy length 3,
then A is of monomial presentation type if and only if A is a monomial algebra. The
second result of this section (Theorem 2.2.16) deals with a special type of underlying
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finite directed graph I" and gives a simple.condition such that the path algebra quo-
tient A = KT'/I is not of monomial presentation type. In addition, various examples
are given throughout this section. In Section 2.3 we prove that if A = KT'/I is a one-
sided serial algebra, then A is in fact a monomial algebra (Theorem 2.3.1). In the last
section of Chapter 2, we consider the isomorphism problem between two monomial
algebras and generalize an isomorphism theorem concerning local monomial algebras
by Shirayanagi [28] to general monomial quotients of path algebras (Theorem 2.4.1).
Moreover, we provide an example (Example 2.6) to show that this theorem does not
generalize to pairs of isomorphic algebras where one is monomial and the other is
binomial, thereby answering a question raised in [29].

Chapter 3 is concerned with the Anick-Green resolutions over quotients of path
algebras and associated monomial algebras of these quotients. In {3], Anick and
Green presented a combinatorial construction of projective resolutions for the sim-
ple modules over a quotient of path algebra. In general, as indicated in [3], these
projective resolutions are not necessarily minimal. The authors showed, however,
that if A = KT /I is a monomial algebra, then the Anick-Green resolutions over A
with respect to any admissible ordering on the set B(T') of finite directed paths in
I’ are indeed minimal. In Section 3.1 we explore relationships between a quotient of
path algebra being of monomial presentation type and the minimality of the Anick-
Green resolutions over this quotient. Some conditions are first provided such that
the Anick-Green resolutions over a path algebra quotient are minimal or not minimal
(Proposition 3.1.2 and Theorem 3.1.3). Then, we construct an example in which a
quotient A = KT'/I of path algebra is of monomial presentation type but the Anick-
Green resolutions over A are not minimal with respect to any admissible ordering on
B(T) (Example 3.2). The concept of associated monomial algebras of a quotient of
path algebra with respect to an admissible ordering was also introduced in [3]. In
Section 3.2 another example (Example 3.3) is constructed to give a negative answer
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to the question: if A = KT'/I is of monomial presentation type, is it isomorphic to
its associated monomial algebra with respect to some admissible ordering over B(T')?

The last Chapter of the thesis is devoted to a particular class of quotients of path
algebras — called right monomial rings. One-sided monomial rings were introduced,
as a generalization of monomial algebras, by Burgess et al. in [6]. As the authors
showed, one-sided monomial rings constitute a large class of one-sided artinian rings
which includes many important types of ring, such as one-sided (almost) serial rings
and hereditary artinian rings. A basic question concerning this class of quotients of
path algebras is how they are related to the monomial presentation type. If A = KT'/I
is a right monomial ring and of Loewy length 3, then, by [6, Proposition 4.3], A is of
monomial presentation type. In Section 4.2 we generalize this result to Loewy length 4
and to the case where the underlying finite directed graph I is acyclic (Theorems 4.2.5
and 4.2.6). Section 4.3 involves some other results connecting right monomial rings
and the monomial presentation type; in particular, it is proved that if T is square-free
and strongly acyclic and if A = KT'/I is a right monomial ring, then A is of monomial
presentation type (Theorem 4.3.4 and Corollary 4.3.5). The last section of Chapter
4 provides a characterization of the monomial presentation type within the class of
right monomial rings by means of gradability by the radical; specifically, we shall
prove that a right monomial ring A is of monomial presentation type if and only if A
is gradable by the radical (Theorem 4.4.2).

Throughout this thesis, unless otherwise stated, K will denote an arbitrary field
and T' = ([, I';) an arbitrary connected finite directed graph. All algebras over K
will be associative with identity. Given any nonempty subset X of an associative ring
R with identity, X* stands for the set {z € X | z # 0} and <X > for the two-sided
ideal in R generated by X.



Chapter 2

Grobner bases and change of

variable method

The Grobner basis theory for path algebras was introduced by Farkas, Feustel, and
Green [10], as a generalization of the known theory for commutative polynomial rings
(see [5]) and free associative algebras (see [24]). The change of variable method for
connecting two isomorphic finite dimensional presentations by a path algebra was
introduced by Saorin [26]. In this chapter, we shall make use of these two tools to
study characterizations of quotients of path algebras of monomial presentation type.

2.1 Grobner bases for path algebras

In this section we present a brief introduction to Grébner bases for path algebras with
emphasis on the description of the algorithm for computing Grobner bases which we
shall frequently use in the thesis. Our main references are [10] and [17).

Let K be a field. Let I’ = (T, 'y, 0, t) be a connected finite directed graph, where
[y is the set of vertices in ' (whose elements shall be denoted by letters u, v, w,...),
I'; is the set of arrows in I’ (whose elements shall be denoted by letters a, 8,7, - ..),

5



CHAPTER 2. GROBNER BASES AND CHANGE OF VARIABLE METHOD 6

and o, t: I'; — Iy are the origin and terminus functions on I';, respectively, defined
via o(a) = the original vertex of a, and t(a) = the terminal vertex of a, forall « € T';.
We shall denote by B(T') the set of finite directed paths in I'. The length of a finite
directed path p € B(T'), denoted by I(p), is the number of arrows in p. A vertex v in
[ is regarded as a trivial finite directed path of length 0. Then Iy is a subset of B(T').
A finite directed path p € B(T') of length s will be written in the following manner:

P=aioy...q

where o; €T’y for 1 < i < s, and t(o;) = o) for 1 < i < s —1. When s =0,
p becomes a vertex in I. The functions o and t are extended to B(T') in a natural
fashion; i.e., for any p = ajay ..., € B(I), o(p) = o(;) and t(p) = t(a,). In
particular, we have that o(v) = t(v) = v for all v € I'y. By adjoining a distinguished
element 0 (called the zero element) to B(T'), the set B(I') U {0} is endowed with a
semigroup with zero structure with multiplication defined in terms of the following
concatenation rule: foranyp=a;...a. € B(I') and ¢ =5, ... 8, € B(I).

_Ja-.ahr...Bs i t(ar) =0(B1)
B { 0 otherwise.

In particular, by the definition above, for any v,w € Iy, vw =0 if v # w and vw =v
if v = w. The semigroup algebra K[B(I')] of the semigroup B(T") U {0} over the field
K is said to be the path algebra of " over K, denoted by KT. (The zero element of
the semigroup algebra K[B(T')] is identified with that of the semigroup B(I") U {0}.)
It is a simple fact that KT is an associative K-algebra with identity 1 = 3_ 1, v and
[y is a complete set of orthogonal primitive idempotents in KT'.

In order to define Grobner bases for path algebras, we first need the concept of
admissible orderings on the set B(I') of finite directed paths in I.

Let < be a total ordering on B(I'). The ordering < is said to be an admissible
ordering on B(T') if the following conditions are satisfied:
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(1) < is a well-ordering on B(T');

(2) for any p,q,7,s € B(T'), p < q implies that rp < rq whenever rp,rq # 0
and that ps < ¢gs whenever ps, ¢s # 0; (i.e., < is compatible with the multiplication
structure on B(T') U {0};)

(3) For any v,w € [y and any p € B(T') with p = vpw, v < pand w < p.

A typical example of an admissible ordering on B(I') is a length-lericographic
ordering on B(I') which is defined as follows: given any total ordering < on the pair
(To, I'1) of sets, say v; < v <--- < ujry; and ¢y < a3 < - < ayr,), then < induces
an admissible ordering, still denoted by <, on B(I") by defining, for any p,q € B(I),
P < q if either I(p) < I(g) or I(p) = I(g) but p precedes q in alphabetical order (reading
left to right).

Fix an admissible ordering < on B(I). Let f = Y, epr) App be any element of
KT'. The support of f is defined to be

Supp(f) ={p€BI) | )€K }.

If f € KT is nonzero, then the tip of f, denoted by Tip(f), is the largest element of
Supp(f) with respect to the ordering <. Given any subset S of KT, the tip of S is
defined to be

Tip(S) ={p€ B(l') | 3 f € S” such that p = Tip(f) }-

Given any finite directed paths p,q € B(T'), p is divisible by q, denoted by ¢ |p, if
there exist r, s € B(T') such that p = rgs.

Definition 2.1 Let < be an admissible ordering on the set B(I') of paths in I" and
I be a nonzero two-sided ideal in the path algebra KT'. A nonempty subset G of
I* is called a Grabner basis (or Grobner generating set) for I with respect to < if
<Tip(I) > = <Tip(G) >-
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Equivalently, G is a Gribner basis for I if and only if for any nonzero element f in
I there exists an element g in G such that Tip(g) | Tip(f). By convention, the empty
set is the Grobner basis for the zero ideal in KT.

Next, we discuss the reduction of elements in path algebras.

Let S be a nonempty subset of KT™ and f be an element of KT. f is said to be
reducible modulo S if there exist h € S and p, ¢ € B(T') such that pTip(k)q € Supp(f);
otherwise, f is said to be irreducible modulo S. In case f is reducible modulo S, the
element

f = f — (Coyrpme(f)/Le(h))phg

is a simple reduction of f modulo S, denoted by f — f mod h, where Coprip(a)g(f)
denotes the coefficient of pTip(h)q in f and Lc(k) the leading coefficient of i, ie.,
Coripen) (h)- The composition of a finite sequence of simple reductions, f — --- — g, is
called a reduction of f modulo S, denoted by f — g mod S. We observe that < being
a well-ordering ensures that every element f € KT can be reduced to an irreducible
element f modulo S, denoted by Reds(f). In general, an irreducible reduction of f
is not unique. However, if G is a Grobner basis for a two-sided ideal I with respect
to <, then every element f in KT can be reduced to a unique irreducible element
f = Redg(f) modulo G (see [10, Theorem 9]).

We now proceed to the criterion for Grobner bases and the algorithm for comput-
ing Grobner bases. Let f and g be any nonzero elements in KT. If there exist paths
p and q of length > 1 in B(T') such that Tip(f)p = ¢Tip(g), I(p) < I(Tip(g)) and
I(g) < I(Tip(f)), then the element

Le(g) fp — Le(f)ag

is called an overlap relation for f and g, denoted by o(f, g,p, q)- If f # g and if there
exist p,q € B(T) such that Tip(f) = pTip(g)q, then the element

Le(g)f — Le(f)pgq
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is called an inclusion relation for f and g, denoted by i(f, g,p, ).

A nonzero element f of KT is called uniform if there exist vertices v and w in '
such that f = vf = fw. We note that every two-sided ideal in KT can be generated
by uniform elements in KT.

The following theorem provides a noncommutative version of Buchberger’s Crite-
rion in the commutative Grobner basis theory and it is in fact a form of Bergman’s
Diamond Lemma (see [4]). Also see [24] for a proof in the free algebra case.

Theorem 2.1.1 (Buchberger-Mora-Farkas-Green) Let < be an admissible or-
dering on B(T') and I be a nonzero two-sided ideal in KT'. Suppose that G is a gen-
erating set of I which consists of uniform elements. If the following two conditions
are satisfied, then G is a Gribner basis for I with respect to <.

(1) every inclusion relation for eny two elements f and g in G reduces to 0 modulo
g;

(2) every overlap relation for any two elements f and g (not necessarily distinct)
in G reduces to 0 modulo G.

The Buchberger-Mora-Farkas-Green Algorithm

(* An algorithm for computing a Grdbner basis for a finitely generated two-sided ideal
in KT'. The algorithm may be infinite. If there exists a finite Grobner basis for the
ideal, then the algorithm is finite. *)

Input: a finite ordered set S = (fy,..., fm) of uniform elements in KT and an
admissible ordering < on B(T’).

Output: a Grobner basis G = (g1, 9s,...) for the two-sided ideal I = < § > with
respect to <.

begin
G:=S;

repeat
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H=G;
for all pairs (f,g) € H x H and all overlap and inclusion relations
r for f and g do
h == Redy(r);
if h#0then G:=G U {h}
untilG=H

end.

We note that in the above algorithm, we can calculate the reduction Red(r) in
a systematic way by using a noncommutative version of the Division Algorithm for
commutative polynomial rings (see [17] and [24]).

Given an admissible ordering < on B(T') and 2 two-sided ideal I in KT, a tip
p € Tip(l) is called minimal if p is not divisible by any other element in Tip(I). The
minimal tip of I, denoted by MinTip(I), is the set of all minimal tips in Tip(I). The
nontip of I is defined as

NonTip(I) = B(T') — Tip(I).

A nonzero element f of I is called sharp in I if

(1) f is monic, i.e., L¢(f) =1, and

(2) f — Tip(f) € Spang(NonTip(I)).
A sharp element f in [ is called minimal if Tip(f) is a minimal tip in Tip(Z/). The
set of minimal sharp elements in I is written MinSharp(I).

Definition 2.2 Let < be an admissible ordering on B(I') and let G be a Grobner
basis for a two-sided ideal I in KT with respect to <. Suppose that G consists of
uniform elements. G is called reduced if the following conditions are satisfied:

(1) every element f of G is monic;

(2) every element f of G is irreducible modulo G — {f}.
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The following basic characterization of reduced Grobner bases are due to Farkas,
Feustel and Green [10].

Theorem 2.1.2 (Farkas-Feustel-Green) Let < be an admissible ordering on B(T')
and I be an nonzero two-sided ideal in KI'. Then there ezists a unique reduced
Grobner basis G for I with respect to <; and G = MinSharp(I).

Proof. See [10, Theorem 13]. Wl

The reduced Grobner basis algorithm

(* An algorithm for computing a reduced Grébner basis for a two-sided ideal I in KT
with a finite Grobner basis G. *)

Input: a finite Grobner basis G for a nonzero two-sided ideal 7 in KT with respect to
an admissible ordering < on B(I').

Output: the reduced Grdbner basis G, o4 for I with respect to <.

begin
{ Minimalize G }
G:=g;
forallge G do
f = (1/Lc(g))g;
G:=(G-{ghu{rk
if Tip(f) € <Tip(G — {f}) > then
G=6-{fkh
{ Reduce G }
Gred = 9;
for all g € G do
Gred = (Gred — {7}) U {Redg_g(9)}
end.
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Our aim is to find applications of the theory of Grdbner bases for path algebras
in studying finite dimensional quotients of path algebras. At the conclusion of this
section, we list in the following proposition several basic facts concerning finite di-
mensional quotients of path algebras as they relate to Grobner bases. Refer to [10,
Theorems 4 and 15] for a proof.

Proposition 2.1.3 Let I be a nonzero two-sided ideal in KT and let A = KT'/I be
finite dimensional over K. Then

(1) I has a finite Grobner basis with respect to any admissible ordering on B(T);
in particular, I has a finite set of generators.

(2) NonTip(I) modulo I forms a K-vector space basis for A.

See Example 2.2 for an example of a Grobner basis.

2.2 Changes of variable and characterizations of
the monomial presentation type

In this section we shall find some characterizations of quotients of path algebras of
monomial presentation type under certain conditions imposed on the underlying finite
directed graph I'.

Let K be a field and I" be a (connected) finite directed graph. Let KT denote the
path algebra of I" over K. A two-sided ideal I of KT is said to be admissible if there
exists some positive integer N > 2 such that <I';>Y¥ C I C <I'; >2. Let A= KT/I
with I an admissible ideal. We know that A is a split basic finite dimensional K-
algebra with basic set E = {v+I | v € I'¢ } of primitive idempotents. The quotients of
path algebras by admissible ideals comprise a very general class of finite dimensional
algebras in that every connected split basic finite dimensional algebra is isomorphic
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to such a quotient. A two-sided ideal I of KT is called monomial if it is generated
by a set of finite directed paths in I'.

Definition 2.3 Let I be an admissible ideal of the path algebra KT and let A =
KT/I.

(1) A is said to be a (finite dimensional} monomial algebra if I is a monomial
ideal in KT

(2) A is said to be of monomial presentation type if A is isomorphic to a monomial
algebra A = KT/I, where [ is a monomial admissible ideal in KT

The following simple fact about monomial ideals is important for our study of
the monomial presentation type, so that we write down a proof for it here. This fact
has been taken as a folklore in the literature, especially in the case of commutative
polynomial rings.

Proposition 2.2.1 Let I be a two-sided ideal in the path algebra KT'. Then I is a
monomial ideal if and only if the reduced Gribner basis G for I with respect to any
admissible ordering on B(T') consists of paths in I.

Proof. (=) Fix any admissible ordering < on B(I'). Suppose that I = <S>,
where S is a set of paths in I'. Clearly, every nonzero element of I has tip divisible
by some path in S; so S is a Grobner basis for I with respect to <. Set G ={p€ S|
p has no proper subpath in S }. Then G is also a Grébner basis and no element in G
can be reduced modulo the other elements in G. Also, every element in G is monic.
Thus, G is the reduced Grobner basis with respect to < which consists of paths in I.

(«) This is obvious since every Grobner basis for I is a set of generators in I. [}

From the fact above we see that in order to determine if A = KT'/I is a monomial
algebra it suffices to calculate the reduced Grobner basis for I with respect to an
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admissible ordering on B(I'). Thus the question of determining whether or not a
given path algebra quotient is a monomial algebra has a satisfactory answer using
Grobner basis methods. “Monomial presentation type”, which is our topic of study,
however, is a very different matter.

Another basic tool we shall use in this chapter is the change of variable method
introduced by Saorin [26]. In the following, ['; will mean the set of paths of length [
inT for{>0.

Definition 2.4 A K-algebra endomorphism T : KI' = KT is called a change of
variable on KT, if the following conditions are satisfied:

(1) T(v) = v for all v € Ty;

(2) for any vertices v,w € [y, if vI'yw = {a, - - ., @ty }, then there exists some
M € GL(v,w)(K) such that (in the vector form)

T([al’ cnee a"‘("vw)]) = [als ey am(u,w)]M mod <r¥ >(m(”'w)) .

Proposition 2.2.2 (Saorin) Let ' be a connected finite directed graph and let I
and I be admissible ideals of the path algebra KT. Suppose that ¢: KT'/I — KT/I
is @ homomorphism of K-algebras and A = KT'/I is of Loewy length L. Then the
following statements are equivalent:

a) ¢ is an isomorphism of K-algebras such that ¢(To + I/I) =T + I/i;

b) there exist an automorphism o of I' and a change of variable T on KT such
that I = <T(I°)UTE> and ¢ is induced by T o o, in the natural manner.

V') there exist an automorphism o of I' and a change of variable T on KT such
that I = <T(I)* UTF> and ¢ is induced by o o T, in the natural manner.

Proof. See [26, Theorem 3]. W

In fact, it is the following simple corollary to the proposition above that we shall
frequently apply in the sequel.
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Corollary 2.2.3 Let I be an admissible ideal in KT and let A = KT'/I be of Loewy
length L. If A ts of monomial presentation type, then there ezxists a change of variable
T on KT such that I = <T(I)UT* > is a monomial ideal in KT and A is isomorphic
to the monomial algebra A = KT/ I. B

We start with several lemmas which lead to the description of a class of path
algebra quotients in which “monomial” and “monomial presentation type” coincide.

Let A = KT'/I be of Loewy length L. Let T be a change of variable on KT'. We
denote by T, the K-algebra isomorphism from A = KT'/I to A = KT/I, induced by
T, where [ = <T(I)UT%>.

Lemma 2.2.4 Let A = KT'/I be of Loewy length L. Let Ty and T, be two changes
of variable on the path algebra KT". Then

(1) T o T; is a change of variable on KT';

(2) (Tz 0 Th)e = (T2)« © (T1)s-

Proof. (1) Clearly (T2 o T3)(v) = v for all v € I'y. Since 77 and T are
changes of variable on KT, it follows that for any vertices v and w in T, if v['yw =
{1, ..., Cmw)}, then there exist invertible matrices M, N € GLny(y,w)(K) such that

Tl[al’ Tt a‘m] = [ah ceey aﬂl(u,w)]M mod <TI’ % >(m("'w))

and
Talon,--.,0m) =[a1, - - ., Omw)]N mod <II>mEe)

Thus one has that
(T2 o T)at,- .-, am] =0, - - -, Omu)]NM  mod <I3>mEw)

This shows that T; o T is a change of variable on KT'.
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(2) By Proposition 2.2.2 there exist the following isomorphisms of K-algebras
induced by T; and T5:
(TV).: KT'/I -+ KT/

and

(To).: KT/T - KT/ <To(D) UTE>,
where [ = < T{(I) UTE >. Now < TRp(H) UTE > = < (T o T1)(I) UTE >. Hence
(1'2 o Tl)t = (1’2)‘ o (T'I)c . .

A change of variable T on KT is called scalar if for any arrow « € I';, there exists
some nonzero scalar A, in K such that T'(a) = A,a.

Lemma 2.2.5 Let A = KT /I be of Loewy length L. If T is a scalar change of
variable on KT, then I is a monomial ideal if and only if [ = < T(I) U [f>isa
monomial ideal.

Proof. (=) Suppose that I =<p,,...,p.>, where each p; is a path in I". Since
T is scalar, we see that each T(p;) is a scalar multiple of p;. Hence [ = <T(I)UT%>
is generated by {pi, -..,p} UTF, which consists of paths in I'.

(<) Suppose that [ = <T(I) UT? > is a monomial ideal. Let T-! denote the
inverse of T. Then T ! is also a scalar change of variable on KT'. Now

T'() =<TTU)UrF)>=<IUlf>=1I.
By the proof of the necessary condition above, I is monomial ideal. [l

We say that a finite directed graph I' is square-free if for any vertices v,w € I,

there exists at most one arrow from v to win I
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Lemma 2.2.6 Let I be a square-free finite directed graph and let T be any change
of variable on KT'. Then there ezist two changes of variable, T; and T, on KT such
that T = T, o T, where T} is of the form

Th:a—a+H,, Va€el;
where H, € <I'?>, and T; is scalar.
Proof. Since I' is square-free, T can be expressed as the following form
T:-ar— A+ G,, Va€el;

where ), € K* and G, € <I'?>. For any a € I';, assume that G, = G,(a, - .., a,),
where a;, ..., a, are all the arrows in I'; which appear in the components of G,; that

is, (7, is a linear combination of paths made up of o4, ...,0,. Let
H, =Galar/Aays---10sfAa,) -

Define T1,T;: KT' — KT to be Ti(a) = a + H, and Ti(a) = A,a, for all « € ;.
Then wesee that T =T507;. i§

Having provided the lemmas above, we now give the first theorem of this section.
We recall that a two-sided ideal I in KT is homogeneous if I is generated by a set of
length homogeneous elements in KT'.

Theorem 2.2.7 Let T be a connected finite directed graph and I be an admissible
ideal in KT'. Let A = KT'/I. Suppose that any one of the following conditions is
satisfied.

(a) For any arrow a € I'y, every path from o(a) to t(a) in ', other than a, is of
length > L — 1, where L > 3 is the Loewy length of A.

(b) T is square-free and I is a homogeneous ideal in KT'.

(¢) dimg o(a)At(a) =1 for all arrows a €T,
Then A is of monomsial presentation type if and only if A is a monomial algebra.
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Proof. (=) Suppose that A is of monomial presentation type. Then by Corol-
lary 2.2.3, there exists some change of variable on KT

T: KTI' — KT

such that
[ =<T(yurt>

is a monomial ideal in KT and A is isomorphic to A = KT'/I. We observe that
under each of conditions (a), (b) and (c), I is square-free and hence, by Lemma 2.2.6,
T =T, o T; for some changes of variable on KT, T; and T3, of the following forms

Ti:a—a+H,, Vael}

where H, € <I'?>, and
T:a— Apax, VYa€el;

where A\, € K*, respectively.
(a) By hypothesis, we have that H, € <! > for all @ € I';. Then from
I C <I'?> it follows that for any f € I,

Ti(f)=f mod <I'f> .
Also, since I'F C I, it follows that
<T1(I)UI‘{‘>=I,

and hence
I=<T()Urf>=<T(I)urt> .

So by Lemma 2.2.5, I is a monomial ideal.
(b) Suppose that I = <g,,...,g:>, with each g; homogeneous. Then for each g;,

Ti(g:) = 9: +G:
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where G; € <I'? > is the sum of the components of T;(g;) which are longer than
g;- Thus g; is a homogeneous component of T;(g;). Since T(g;) € I and T is scalar,
we see that T;(g;) € I. But I is homogeneous, it follows that ¢; € I. Hence I C I.
Noticing that dimx(A4) = dimg(A), we obtain that I = [ is monomial.

(c) Given any « € I't, since dimg o(a)At(a) = 1, we see that every component in

H, liesin I. Then for any f € I,
Ti(f)=0 modlI.

It follows that
<T1(I) U Pf> -y

But dimg(A) = dimg(KT/<Ti(I) UTE>), so I = <Ti(I) UT¥> and hence
I=<T(HUlt>=<Tp(H)ult> .

Thus, by Lemma 2.2.5, I is a monomial ideal.
(<) This is obvious. Wl

Let " be a finite directed graph. Using the terminology of [27], T is strongly acyclic
in case for any vertices v, w € Iy, if there is an arrow from v to w in I, then there is
no path of length > 2 from v to w in I".

The following two corollaries to Theorem 2.2.7(a) are immediate.

Corollary 2.2.8 Let I be a square-free, strongly acyclic finite directed graph and let
A =KT/I. Then A is of monomial presentation type if and only if A is a monomial
algebra. B

Corollary 2.2.9 LetT be a square-free finite directed graph. Suppose that A= KT'/I
is of Loewy length 3. Then A is of monomial presentation type if and only if A is a
monomial algebra. W
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Let us now look at several simple examples.

Example 2.1 Let K be a field. Define I to be

1/'2\4
\\F\\3//§/'

Figure 2.1

and let

p={B6 —ar}.
It is clear that I' is square-free and strongly acyclic. Choose the following length-
lexicographic ordering < on B(I'):

1<2<3<4<a<fi<y<yd.

Then p is the reduced Grobner basis for I = < p > with respect to <. Thus I is
not monomial and so, by Corollary 2.2.8, A = KT'/I is not of monomial presentation

type.

Example 2.2 Let K be a field. Define I" to be
a
—_—
O==)s
B
Figure 2.2

and let
p= {72 - aﬂ’ Yy — ad, Jﬁ - ﬁ'Y’ 62: ﬂa: aﬂ?} .
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Let I = <p>. It is easy to check that I is square-free and A = KT'/I is of Loewy
length 3. Choose the following length-lexicographic ordering < on B(T'):

1<2<a<fB<y<id.

By calculation, we see that p is the reduced Grébner basis for I with respect to <.
Thus I is not monomial and so, by Corollary 2.2.9, A = KT/I is not of monomial

presentation type.

Example 2.3 Let K be a field. Define I to be

| «o— 2 Y

Figure 2.3

and let
p={ary* —afa, fap, fev, 1B, 7B, 7°}
and I = <p>. Clearly, I is square-free. Choose the following length-lexicographic
ordering < on B(T'):
I1<2<a<fB<y.
We can easily check that p is the reduced Grobner basis for I with respect to <. Thus
I is not monomial. Since I is homogeneous, by Theorem 2.2.7(b) A = KT'/I is not

of monomial presentation type.

Let I be a finite directed graph. We recall (see, e.g., [27]) that a Z-weight function
don T is a map from I'; to Z. Such a function d induces a Z-gradation on KT so
that a path p = a; - - - @, € B(T') is of degree d(a;) + - -- + d(c,). A two-sided ideal
I in KT is d-homogeneous if it is generated by homogeneous elements with respect



CHAPTER 2. GROBNER BASES AND CHANGE OF VARIABLE METHOD 22

to the induced Z-gradation. A homogeneous ideal in KT is simply a d-homogeneous
ideal in KT where d is constantly 1.
The following lemma shows that a reduced Grobner basis for a d-homogeneous

ideal consists of d-homogeneous elements.

Lemma 2.2.10 Let I be an admissible ideal in the path algebra KT and let d be
a Z-weight function on . If I is d-homogeneous, then the reduced Grobner basis
G = MinSharp(I) for I with respect to any admissible ordering on B(T') consists of

d-homogeneous elements.

Proof. Suppose that I = < fi,..., fm >, where each f; is a d-homogeneous
uniform element in KT'. We notice that for any two d-homogeneous uniform elements
in I, every inclusion relation and every overlap relation for these two elements is still
d-homogeneous. Then, in applying the Buchberger-Mora-Farkas-Green algorithm for
computing a Grobner basis for I, the d-homogeneity of elements in the intermediate
generating sets is preserved through every step in the algorithm. Also, we see that
when reducing the Grobner basis obtained above to the reduced Grobner basis G, we
still obtain d-homogeneous elements. Therefore, the reduced Grébner basis G for I
with respect to any admissible ordering consists of d-homogeneous elements. i

We recall that a finite dimensional K-algebra A is called gradable by the radical if
there is a positive gradation A = @,59 An on A such that (RadA)™ = @,>p, An for
allm>0.

Proposition 2.2.11 Let I be an admissible ideal in KT and let A = KT'/I be of
Loewy length L. Suppose that for any arrow « in T, every path from o(a) to t(a)
in isof length1l or > L —1. If A i3 of monomial presentation type, then I is a
homogeneous ideal in KT'. Consequently, the reduced Grobner basis for I with respect
to any admissible ordering on B(I') consists of homogeneous elements.
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Proof. Since A = KT'/I is isomorphic to a monomial algebra, it follows that A
is gradable by the radical. By [27, Proposition 2.3], there exists a change of variable
T on KT such that T induces the identity map on KT modulo < I'? > and that
I=<T{)u I'f> is a homogeneous ideal in KT. Then, by hypothesis, we see that

T(f)=f mod <I'f>

for all f € I. Thus I = I and so [ is a homogeneous ideal in KT'. The final assertion
is from Lemma 2.2.10.

The following corollary to Proposition 2.2.11 is obvious.

Corollary 2.2.12 Let I be a strongly acyclic finite directed graph and I be an admis-
sible ideal in KT'. If A = KT'/I is of monomial presentation type, then the reduced
Grobner basis for I with respect to any admissible ordering on B(T") consists of ho-

mogeneous elements. |
Here is a simple example.

Example 2.4 Let K be a field. Define I to be

Y
S
6

€
- >3 —4

Figure 2.4

and let
p = {Bve — ade, aye—1¢, Poe —En}.
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Clearly, I is strongly acyclic. It is easy to check that p is the reduced Grébner basis
for I = <p> with respect to the following length-lexicographic ordering on B(T):

1<2<3<4<6<b<a<f<y<i<e<r<(<é<n.
Then, by Corollary 2.2.12, A = KT'/I is not of monomial presentation type.

Let " be a connected finite directed graph. For any two vertices v and w in T, we

denote by Iy (v, w) the set of arrows from v to win I.

Lemma 2.2.13 Let I be an admissible ideal in KT and let A = KT'/I. Suppose
that T is a change of variable on KT satisfying the condition that for every pair of
vertices v,w in I, there ezist a permutation o on I';(v, w) and a system (\y)aer,(v.w)
of nonzero scalars in K such that T(a) = A\0(a) for all a € T'y(v,w). Then the
following statements hold.

(1) A is isomorphic to A = KT /T(I);

(2) A is a monomial algebra if and only if A is a monomial algebra.

Proof. (1) First, since I is admissible, we have that ' C I, where L is the Loewy
length of A. Then T(I'Y) C T(I). By hypothesis, we see that <T(;) > = <TI; >.
Then

<T(Tf)> = <T([1)t>=<I¢ >,
and hence <T(I) UTE > = <T(I) > = T(l), since T is surjective. So, by Proposi-
tion 2.2.2, A is isomorphic to A = KT'/T(I).

(2) By hypothesis, it is clear that if I is a monomial ideal, then so is T'(I). Let
T be the inverse of T, i.e., T~'(a) = (1/As)0" (a), for all @ € I'(v,w). Then if
T(I) is a monomial ideal, I = T-!(T'(I)) is a monomial ideal. [l

In general, necessary conditions for the monomial presentation type are difficult
to obtain. In the following proposition we find one in the case of a special underlying
finite directed graph.
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Proposition 2.2.14 Let T be the finite directed graph

o Y
—_——— ——

] 5
Figure 2.5

and I be an admissible ideal in KI". Let A = KT'/I. Choose a length-lezicographic
ordering < on B(T') such that « > 8 > v > 4, and let G be the reduced Gribner basis
for I with respect to <. If there ezists some Mg € K* such that ary — A0 is the only

non-monomial in G, then A is not of monomial presentation type.

Proof. Assume that A = KT'/I is of monomial presentation type. We shall show
that this gives rise to a contradiction. By Corollary 2.2.3, there exists a change of

variable T on KT such that
[ =<T(G)>

is a monomial ideal and A 2 KT'/I. We here note that A is of Loewy length 3 and
¥ = 0. Since T is a change of variable on KT, there exist M, N € GL,(K) such that

Tle, Bl = o, SIM

and
Ty, 8] =[v, oIN.

X
M=1A4’N=u11u'
/\3/\2 K3 Q2

We can assume that \; = Ay = g3 = yp = 1. In fact, if A\; and A, are nonzero, then

Write

T can be decomposed into T = T o T}, where T; and T, are changes of variable on
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KT of the following forms, respectively:

{ Ti(e) = a+ (As/X5)8
Ti(B) = M/A)a+ 8

Ty(B) = X2
Similarly for u; and p,. If, however, A\; = 0 or A = 0, then we have that A\; # 0,

A # 0 and
M x| fao]fon 1 A/
A A 0 xfl1o]|ame 1 |

Thus T can be decomposed into T = T3 o T5 o T}, where T}, T5 and T; are changes of

{ Ii(a) = Mo

variable on KT of the following forms, respectively:

Ti(e) =a+(M/M)B
Ti(8) = (A2/Xs)a + 8,

{ Ty(a) =B
) =a
and
Ti(a) = Mo
{ T3(8) = AsB.-
Similarly for u; and g,. So by Lemma 2.2.13, [ = < T(G) > is a monomial ideal if
and only if <T;(G) > is.

By hypothesis, we see that neither ad nor fv can be the tip of a non-monomial
in G. Then G can be of only one of the following forms:

Case 1. G = {ay — Afi6};

Case 2. G = {ay — Mof6, ad};
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Case 3. G = {ay — Xof4, B}

Case 4. G = {ay — AoB9, ad, Bv}.
Moreover, by the choice of the ordering <, we have that ay > ad > By > §5. We
now discuss each case.

Case 1. G = {ay — Mo88}. We have that

T(m - ’\Oﬂs) = [a'Y; aJr ﬂ71 ﬂJIPI 3

where

[ 1— dohesss
B3 — AoAg
Az — Aopia
Aspiz — Ao |

Noticing that the matrix NV is invertible and Ag # 0, we have that
1 — AoAgpig £ 0
| B3~ Ao 0

[ As = Jotta 2|9
| Aspz — Ao 0

because in either case the contrary would show that det N = 1 — u3u4s = 0. Then the

and

column vector P, has at least two nonzero components. This shows that the reduced
Grébner basis MinSharp(f) for [ = <T(G) > consists of a single non-monomial and
hence I is not a monomial ideal, a contradiction.

Case 2. G = {ay — Mof9, ad}. We have that

T[a'y - ’\0ﬂ61 as] = [a'Ya GJ, ﬂ'Ya ﬁﬂpz 3
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where N )
1—-Qdodspps g
Py = B3—AAy 1

A3 — Aopts  Aspss

| Aspiz— A0 A3

Successively performing the following column operations on P;:
(1) adding the AgA4 multiple of the second column, C,, to the first column, C;,
(2) adding the —pu4 of C; multiple to Cy,

we obtain that

1 0
P, —R=lry] = B3 1— papg ’
Az — Aopra(1 — A3hy) Aop(1 — Aady)
| stz — Ao(L = AsAe)  As(1 — papea) + Aapia(l — Ashy) |

where R is in lower-triangular form. Since M and N are invertible, it follows that
1—-A3M #0and 1 ~ pzug # 0. If pg # 0, then we see that r3; # 0 and so C;
corresponds to a non-monomial in MinSharp(f). Assume that g = 0. If A3 # 0,
then r42 # 0 and C, corresponds to a non-monomial in MinSharp(f); otherwise,
ra = —Ao(1 — M3A\¢) # 0 and C; corresponds to a non-monomial in MinSharp(]).
This shows that [ is not a monomial ideal, a contradiction.

Case 3. G = {ay — XoB0, Bv}. We have that

T[Q‘Y - Aﬂﬂ&n ﬂ7] = [wy, a&, ﬂ'Y: 166]P3 )

where R )
1-dohpss Mg
P= B3 —AoAs  Aeps '
As—Aopie 1
| Az —Ae  p3 |
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Successively performing the following column operations on Pj:
(1) adding the Agus multiple of C; to Cj,
(2) adding the multiple —\¢ of C; to C,,

we obtain that

1 0
- _ 201 —
Py—R=1ry] = B3 AOA:(I B3pia) 1\01\14(1 X I;:Iu) ’
3 — A3
| Aspss — Ao(1 — papre)  pa(L — AsAs) + AoAa(1 — pspsa) |

where R is in lower-trangular form. If Ay # 0 then C; corresponds to a non-monomial
in MinSharp(f). Assume that A, = 0. If 3 # 0, then r4 # 0 and C; corresponds
to a non-monomial in MinSharp(/ ); otherwise, ryy = —A\g # 0 and C,; corresponds
to 2 non-monomial in MinSharp(f). This shows that [ is not a monomial ideal, a
contradiction.

Case 4. G = {ay — M\ofd, ad, Bv}. We have that

T[a'y- ’\0ﬁ67 a‘sy ﬂ'Y] = [M’ aJ’ ﬂ7) ﬂJ]P4 3

where

[ 1-dohpe e M |
B3 — XAy 1 Mps
Az —Aops Aspe 1

| Aspz—A0 A ps |

P4=

Successively performing the following column operations on Pj:
(1) adding the A9\, multiple of C; to Cy,
(2) adding the multiple —u4 of C; to C;,
(3) adding the multiple —\; of C; to Cj3,
(4) multiplying C; by 1/(1 — As\4),
(5) adding the —A; multiple of C; to C;,
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we obtain that
[ 1 0 0
Pi— R=[ry] = B3 1~ papes 0
—Aopa Aopg(1 — As)y) 14+ AgAqpq
| =X As(1—pame) +dopa(l — Ashs)  pz+ Ao

If r33 # 0 and r43 # 0, then C3 corresponds to a non-monomial in MinSharp(f )-
If r33 = 0, then g4 # 0; so r32 # 0 and C; corresponds to a non-monomial in
MinSharp(f). Assume that ry3 = 0. If ro # 0, then C, corresponds to a non-
monomial in h/[inSharp(f); otherwise, since g # 0, C; corresponds to a non-monomial
in MinSharp([). This shows that [ is not a monomial ideal, a contradiction.
Therefore, we conclude that A is not of monomial presentation type. |l

Let T be a connected finite directed graph. We say that a subgraph T of T is
strongly full if for any vertices v, w in T, every path from v to w in " is also a path

in .

Proposition 2.2.15 Let ' be a connected finite directed graph and T be a strongly
full subgraph of . Let I be an admissible ideal in the path algebra KT with finite set
p of uniform generators. Set f={ f € p| f = vfw for some vertices v,w € '} and
let I be the two-sided ideal generated by p in the path algebra KT'. Then

(1) I is admissible in KT.

(2) Given any admissible ordering < on B(T'), let < denote the restriction of <
on B(T). Then the reduced Grabner basis G for I with respect to < is a subset of the
reduced Grobner basis G for I with respect to <.

(3) if A= KT'/I is a monomial algebra, then so is A= KT/I.

Proof. (1) Since I = < p > is an admissible ideal in KT, it follows that there
exists some integer N > 2 such that <I'; >¥ C I € <I'; >2. Since / is a subset of p,



CHAPTER 2. GROBNER BASES AND CHANGE OF VARIABLE METHOD 31

each element of g is a K-linear combination of paths of length at least 2, and hence
T=<p>4 C <f‘1>§a-.. Given any path p of length N in T, suppose that p = vpw
for some v,w € [y. Then since p is also a path of length N in I, it follows that
p € I = (KT)p(KT). Then p € v(KT)p(KT)w C (KT)5(KT) =I. So <T; >K=C I
Thus [ is admissible in .

(2) Write p = {fi,---, forBry---, b} with 5 = {fi, ..., fs}. We shall now apply
the Buchberger-Mora-Farkas-Green Algorithm. Without loss of generality, we can
assume that j is already the reduced Grébner basis G for I with respect to <. We
observe that for any f; and h;, any overlap relation or inclusion relation for f; and
h;, if not zero, is not in KT. Similarly, for any h; and h;, any overlap relation or any
inclusion relation for h; and h;, if not zero, is not in KT. Thus, after the first loop
in the algorithm, p remains as a subset of the new set G; of generators and no other
element in G, lies in KT. Repeating the same argument as above on G,, after a finite
number of loops, we obtain a Grobner basis G,, for I with respect to < such that g is
a subset of G,,. In the same fashion, when reducing G,, to the reduced Grobner basis
G for I, p remains as a subset of G. The proof is complete.

(3) This is obvious from Proposition 2.2.1. [l

From Propositions 2.2.14 and 2.2.15 we obtain the following

Theorem 2.2.16 Let I’ be a connected finite directed graph and I be an admissible
ideal in KT. Let T' have a strongly full subgraph T of the form

x . 7 .
B 5
Figure 2.6

Choose a length-lezicographic ordering < on B(T') such that « > 8 > v > 4, and let
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G = MinSharp(I) be the reduced Grobner basis for I with respect to <. Suppose that
there exists some A\g € K* such that ay — A\g86 s the only non-monomial in G with
each component path in ©. Then A = KT/I s not of monomial presentation type.

Proof. Assume that A = KT'/I is of monomial presentation type. By Corol-
lary 2.2.3, there exists a change of variable T on KT such that

[=<T@G)urs>

is a monomial ideal and A = KT/I, where L is the Loewy length of A. Let < be
the restriction of < on B([') and T be the restriction of T on KT. Then we see
that < is an admissible ordering on B(T') and T is a change of variable on KT. By
Proposition 2.2.15, the reduced Grobner basis MinSharp(J) for I = <T(G)NKT >+
= < T(G) >, where G = G N KT, with respect to < is a subset of the reduced
Gribner basis MinSharp(f) for I with respect to <. Here we note that f‘f = 0.
We observe that G is the reduced Grobner basis for <G > with respect to < and
ary — AP is the only non-monomial in G. By the proof of Proposition 2.2.14, we see
that MinSharp([) does not consist of monomials in KT'; hence MinSharp([) does not
consist of monomials in KT i.e., I is not a monomial ideal in KT, a contradiction.
This shows that A is not of monomial presentation type. |l

The following example shows that if the condition on the only non-monomial in
Proposition 2.2.14 is not satisfied, then there exists some A = KT'/I which is of
monomial presentation type. One of the algebras in the example will appear again in
Chapter 3 for other purposes.

Example 2.5 Let K be a field. Define I" to be the finite directed graph in Figure
2.7. Let
= {a‘y—'ﬂar aJ-ﬂJ, ﬁ'y-ﬂa}a
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s ¥
—_——— ——————

I 2 .3

B 8
Figure 2.7

p2 = {cry — B5, ab — B}
Then
(1) A; = KT'/1, is of monomial presentation type, where I} = <p; >.
(2) If Char(K) # 2, then A, = KT/I, is of monomial presentation type, where
L=<p>.
(3) If Char(K) = 2, then A, = KT/, is not of monomial presentation type,

where I = <py >.

First, we notice that both A; and A; are of Loewy length 3. Moreover, it is easy to
see that the condition on the only non-monomial in Proposition 2.2.14 is not satisfied

for I or I.
(1) pr = {ay— B4, ad — B4, By — Bd}. Define the following change of variable on

T: (o Bl— [a, ﬂ][i ‘1’] [7,6]'—>[7,5][i ‘1’]

T(p1) = {ay + ad + B, ad, Bv},

and hence
<T(p)>=<ay, ad, fy>

is 2 monomial ideal. By Proposition 2.2.2, A; 2 KT'/ <T(p,) >, so A; is of monomial

presentation type.
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(2) Char(K) # 2 and p» = {ay — 84, ad — Bv}. Define the following change of

variable on KT
T: [a,ﬂ]H[a,B][l IJ, [7,61-—+[7,61[1 ’1].
11 11

Then
T(p2) = {2ay — 285, —2ay — 2066},
and hence
<T(p2)>=<ay, f6>

is a monomial ideal. By Proposition 2.2.2, A; 22 KT/ <T(p2) >, so A; is of monomial
presentation type.

(3) Char(K) = 2 and p; = {ay — 86, ad — Bv}. Assume that A, is of monomial
presentation type. Then, by Corollary 2.2.3, there exists a change of variable T on
KT such that J, = <T(pz) > is a monomial ideal and A 2 KT/l,. Now there are

some M, N € GL,(K) such that
Tle, Bl =|a, BIM, Tly, 8]=[r, d]N.

As shown in the proof of Proposition 2.2.14, we can assume that M and N are of the

following forms, respectively

A3 1 “3 1

Then
T(p2) = T[ery — B, ad — po} = [ay, ad, By, BO)P,
where _ -
1—Ddapte pa— A
p3—Ay 1—Agpus

Az —pg Aspa—1
| Aspzs—1 As—ps |
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Choose a length-lexicographic ordering < on B(T') as follows:
a>8>71>6>3>2>1.

Then we have that ay > ad > Gy > §4. Let us now look at the reduced Grébner
basis G = MinSharp(l;) for I, which, by assumption, consists of paths in I'. The
discussion is divided into the following two cases.

Casel. 1-A\gpuq =0. Since M and N are invertible, 1—uzus 7% 0 and A3\¢—1 #0.
Then p3 — Ay #0 and A3 — pg # 0. We see that \; = p4, because otherwise the first
column of P would correspond to a non-monomial in G = MinSharp(l;) and hence
I, would not be a monomial ideal, a contradiction. Thus A\¢ = 4 = 1. Now we have

that
B o | [0 0
-1 1- -1 0
pP= H3 K3 N #3
A3—-1 A3-1 A3—-1 0
| Apz —1 A3 —ps | | Asps —1 As—ps+Aspz—1

Since p3—1 # 0 and A3—1 # 0, we see that the first column of P corresponds to a non-

monomial in G = MinSharp(J;). Hence I is not a monomial ideal, a contradiction.
Case 2. 1—\yp4 # 0. Performing column operations on P by adding the —(uz4—)\¢)

multiple of the first column to the 1 — Ayz4 multiple of the second column, we obtain

that i
1— A\pg 0

Bz — Ay (1= A1 — papa)
As—ps (L—pdNsr—1)
| Aspz—1 k

where

k= (As — p3)(1 — Agpza) — (Aapsz — 1) (e — Ad) -
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Since 1 — Aguq # 0, we see that (1 — A2)(1 — pspg) =0 or (1 — p2)(MsAg — 1) =0,
i.e., Ay = 1 or g4 = 1. This is because otherwise the second column of P would
correspond to a non-monomial in G = MinSharp(l2), a contradiction. Let us say
A¢ = 1. Then pz — Ay = 0 because otherwise the first column of P would correspond
to a non-monomial in G = MinSharp(fg), a contradiction. Thus u3 = 1. Now
k=2 —1)(1 - pg) =0. Hence \3p3 — 1 = 0 and so A3 = 1. This leads to
a contradiction since 1 — A3Ay # 0. The case u4 = 1 is similar. We complete our

discussion.

2.3 One-sided serial algebras

Let K be a field. We recall that a basic finite dimensional K-algebra A with basic set
E = {e,, - . -, ey} of primitive idempotents is right (left) serial if each indecomposable
projective right (left) A-module e;A (Ae;) is uniserial; i.e., the lattice of submodules
of e;A (Ae;) forms a chain. We shall prove in this section that a quotient A = KT'/I
of path algebra is a monomial algebra if it is one-sided serial.

Theorem 2.3.1 Let T’ be any connected finite directed graph and I be an admissible
ideal in KT'. If A= KT'/I is right (left) serial, then A is a monomial algebra; i.e., I

is @ monomial ideal in KT'.
We first prove a lemma.

Lemma 2.3.2 Let A be an arbitrary K-algebra and a,z be elements of A. Suppose
that there are integers so > 81 > --- > sy > 0 and nonzero scalars Ay, ..., A in K such
that az®+)\1az* +- - -+ \az® = 0. If there ezists some integer N > 0 such that az™ =
0, then az® =0. (Symmetrically for the ezpression z%%a + \z*'a+---+ Nz™a =0.)

Proof. Assume that az* # 0. We shall show that this leads to a contradiction.
Without loss of generality, suppose that NV is the minimal integer such that az™ =0.
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Let ¢y be the positive integer with so+%; = N. Multiplying both sides of the equation
az® + M\az® +-- -+ Naz" =0,

by z‘, we get that
AMaz* o 4. Nazftt = ().

By repeatedly carrying on the same computation as above, we obtain that

Mazttttor—t-1 — ,

where %y, ..., %—; are the integers satisfying the equations
Si-1+to+---+ti_; =N

fori =1,...,I. From these equations and the relation sg > 8 > --- > st > 0 it
follows that
St+tg+---+ 1t <N.

This contradicts the minimality of N, completing the proof.

Proof of Theorem 2.3.1 Suppose that A is right serial. Then for any vertex
v in T, the right A-module (v + I)(RadA)/(v + I)(RadA)? is simple; so v can be the
source of at most one arrow in I" and hence I is a rooted tree or the union of an
oriented cycle and finitely many disjoint rooted trees with each root on the cycle; i.e.,
T is of one of the forms in Figure 2.8 (also see (7, p. 81]).

Choose an admissible ordering < on B(I') and let G be the reduced Grobner basis
for I with respect to <. Given any vertices v and w in I, we observe that there exists
at most one element in G which has original vertex v and terminal vertex w. Indeed,
if there are two different elements of this kind in G, then the tip of one of these two
elements will be a subpath of the tip of the other, which is impossible since G is a
reduced Grobner basis. Now let g,,, be any element of G with original vertex v and
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" '
N | N A /N/

1}
~
e v ! e
1 4 /,

-

Figure 2.8

terminal vertex w. If w does not lie on the cycle, then there is at most one path from
v to w and SO ¢y, iS @ monomial. Assume that w lies on the cycle. Then g, as a

minimal sharp element in I can be expressed as
Grw = POy, + Mpoy + - - + Mpoy

where A, .-, A\ € K*, 59 > 81 > ---> 8 >0 (I > 0), p is the unique shortest path
from v to w, and oy, is the directed cycle from w to itself. Since I is admissible, there
exists some positive integer N such that po¥ € I. Thus, by Lemma 2.3.2, one has
that poj° € I. Hence, g,,, being a minimal sharp element in I, ! = 0 and gy = pol? is
a monomial. This shows that I is a monomial ideal and so A is a monomial algebra.

The proof for the left serial case is similar except that the arrows in I" will point
in the opposite direction. The symmetric version of Lemma 2.3.2 is applied. [}
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2.4 Isomorphisms between monomial algebras

Let I be a finite directed graph and I be an admissible ideal in the path algebra KT.
Suppose that A = KT'/I is a monomial algebra, i.e., I is a monomial ideal. Let P(A)
denote the set of all nonzero paths in I’ modulo I. We know that P(A) is a K-vector
space basis for A and P(A) U {0} forms a semigroup with zero under multiplication
of paths. Given any p,q € P(A), we say that p < g in P(A) if there exists a path r in
[ such that ¢ =pr. Then < forms a partial ordering on P(A). The partially ordered
set (P(A), <) is called the path tree of A.

Let S} and S> be two multiplicative semigroups with zero. We recall that a map
f from S; to S, is called a homomorphism of semigroups with zero if

(1) f(zy) = f(z)f(y) for all z € Sy, and

(2) F(0) =0.

In [28], Shirayanagi proved a “correspondence theorem” concerning local mono-
mial algebras which states that two local monomial algebras A = KT'/I and B =
KT'/J are isomorphic if and only if there exists an isomorphism ¢: P(4) — P(B)
of partially ordered sets such that (1) ¢ restricts to a bijection from I'; + I/I onto
['; +J/J, where I'; is the set of arrows in ", and (2) ¢ preserves nonzero products in
P(A). In the following proposition, we generalize Shirayanagi’s correspondence theo-
rem to general monomial quotients of path algebras. The method used here is based
on that in [28]. Here our statement of the theorem is equivalent to the correspondence

theorem in the local case.

Theorem 2.4.1 Let A= KT'/I and B = KT'/J be any two monomial algebras with
path semigroups P U {0} and QU {0}, respectively, where P = P(A) and Q = P(B).
Then the following statements are equivalent:

(1) A and B are algebra isomorphic;

(2) PU {0} and Q U {0} are isomorphic as semigroups with zero.
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Furthermore, if the equivalent conditions above hold, then there exists an isomorphism
of partially ordered sets from P onto Q which restricts to a a bijection from 'y + I /1
onto Ty +J/J.

Proof. (2) = (1). This is obvious since A and B are the semigroup algebras of
the semigroups P U {0} and Q U {0} over K, respectively.

(1) = (2) Choose a length-lexicographic ordering < on the set B(T') of directed
paths in . Then P and Q become ordered sets by restricting < to P and Q. Let
P; and @Q; denote the subsets of paths of length ! in P and Q, respectively, for
[=0,...,L—1, where L is the Loewy length of A and B. Then P = PR U...UP,;
and Q = Qo U...UQ@.; are disjoint unions. Moreover, Py and Q, are the basic sets
of primitive idempotents in A and B corresponding to the vertices in I', respectively.

Suppose that 6 is a K-algebra isomorphism from A onto B. We can assume
without loss of generality, by the Wedderburn-Malcev Theorem, that 8(F) = Qo.
Define

go: Fo = Qo

by oo(e;) = 0(e;) for all e; € Py. Clearly, 0 is a K-vector space isomorphism. Let
M = [mg,)iqixip| be the representation matrix of § with respect to P and Q. We
note that P,U---U P;_; and QU ---U Qg are K-vector space bases for Rad’'A
and Rad’B, respectively, foralll =0,...,L—1. Since #(Rad‘'A) = Rad'B for all , it
follows that M is a block lower-triangular matrix with diagonal blocks Dy, ..., Dy,
of sizes |Qo| X |Py|, - - -, |QL~1] X | PL—1|, respectively. Since M is invertible, det M # 0;
in particular, det D; # 0. Then there exists a bijection

0’1:P1 —)QI

such that m; (s). # 0 for all ® € P;. Such a bijection corresponds to a nonzero
product in the defining sum of det D;. We note that a1(a) = ao(e;)o1(a)oo(e;), if
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a = e;ae; for some e;,e; € Py. For 2 <1 < L — 1, we inductively define maps
o:F—Q

by oi(p) = o1(a)oi-i(q), for all p = aq € P, with @ € P, and q € P,_;. In the
following we shall prove that every o1, 1 <! < L — 1, is a well-defined bijection.

We proceed with induction on [. Clearly, o; is well-defined and bijective with
Mgy(a)e # 0 for all @ € P;. Assume that for some [ > 1, o; is well-defined and
bijective with mg,(,), # 0 for all p € F;. We now prove that oy is well-defined and
bijective with m,,, ), # 0 for all p € Py;. To prove that oy, is well-defined, we
need to show that for any p = aq in P,y; with « € P, and g € P, g1(a)oi(q) # 0.

This is because the expression p = aq is unique. Since the following two sets
{(Q,Q) [aq¢07 aePIr qul}

and
{(au(a), 01(q)) | oe(@)or(q) #0, a € P, g€ B}

are of the same cardinality which equals dimg(Rad"*A), it suffices to prove that
if p = ag = 0, then o1(a)oi(qg) = 0. Assume that this is not true. Then from
0(p) = 0(a)8(q) = 0 it follows that
> Mz atly, =0.
zy€Q, zy=01(a)oi(q)
We note that m,, = 0 whenever I(r) > I(z). Thus the equation above has all terms
zero except the term my, (a).aMay(q)q; SO it iS zero also, a contradiction.

Next, we show that each o014, is a bijection. Since |Piy1| = |Qi+1], it suffices to
show that o4, is injective. Given any p; = ayq1 # p2 = a2qz in Py, where a; € P;
and ¢; € B, i = 1,2, if oy # a, then o1(a;) # o1(az) and hence oy41(p1) # 0141 (p2);
if 1 # g2, then by the induction assumption o;(q1) # oi(g2) and hence o4, (p1) #

ou1(p2)-
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Thirdly, from 6(p) = 8(aq) = 6(c)0(q), we obtain that

Moy @) = Y meamy, =My @)aMag)e-
T,YEQ2y=0141(p)

Thus, mg,,(p)p # 0. This completes our induction.

Let 0: PU {0} = QU {0} be defined by o(0) = 0 and o(p) = oi(p) for p € P,
where 0 <! < L — 1. We show that o is an isomorphism of semigroups with zero.
Take any p;,p» in PU {0}, if p; = 0 or p, =0, then clearly o(p1p2) = o(p1)o(p2) = 0.
Now assume that p; € P, and p, € F;, where 0 < [,k < L — 1. Suppose that
pip2 # 0. If 1 =0 or 1, then it is easy to see that o(p1p;) = o(p1)o(p2). Assume that
the equation above holds for some [ = s > 1. Then when [ = s + 1, setting py = ayqy
with a; € P, and q; € P,, we have that o(p1p2) = o(a1)o(qi1p2) = o(ar)a(q)o(p2) =
o(ar1q1)o(p2) = o(p1)o(p2). We observe that the following two sets

{(plapz) |P1P2¢0, plepb pZGPk}

and

{(o(m),0(p2)) [ o(pr)o(p2) #0, P € P, p2 € Pr.}
are of the same cardinality which equals dimg(Rad"**4). Hence if pyp; = 0, then
o(p1)o(p2) = 0. This shows that o is an isomorphism of semigroups with zero.

Now suppose that ¢: P U {0} = QU {0} is an isomorphism of semigroups with
zero. We can easily check that ¢ restricts to a bijection from I'; + I/I onto I’y + J/J.
Then if p € P is of length [, then so is ¢(p). Given any p,q € P with p < g, then
there exists some path r in I’ such that ¢ = pr. Thus ¢(q) = ¢(p)¢(r) and this shows
that ¢(p) < ¢(g). On the other hand, assume that ¢(p) < ¢(q) in Q. Then there
exists some path ¢(r) in [ such that ¢(q) = ¢(p)é(r) = ¢(pr). Hence ¢ = pr in P
since ¢ is a bijection. This show that p < g. Consequently, we obtain that ¢ is an
isomorphism of partially ordered sets. |l

The corollary to Theorem 2.4.1 is straightforward.
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Corollary 2.4.2 Let A = KT /I and B = KT'/J be any two monomial algebras.
Given any admissible ordering < on B(T') and suppose that G; and G are the reduced
Grobner bases for I and J with respect to <, respectively. Then A is algebra isomor-
phic to B if and only if there ezists a permutation o on Iy such that o(Gr) = G;.
|

In [29], Shirayanagi asked if his correspondence theorem could be generalized
to local binomial algebras. (A path algebra quotient A = KT'/I is called a binomial
algebra if I is generated by a set of binomials and monomials in KT'.) In the following,
we shall construct an example which shows that the correspondence theorem need
not hold in either direction if one of the two algebras in question is not monomial.

Suppose that A = KT'/I is a path algebra quotient such that I is generated by
a set of paths and/or differences of paths. Such a path algebra quotient is called
a diagram algebra (see [13]). Let P(A) denote the set of equivalence classes of all
nonzero paths in I’ modulo I. Then P(A4) U {0} forms a multiplicative semigroup
with zero by defining [plg] = [pq] for [p], [q] € P(A). Given any [p],[q] in P(A), we
say that [p] < [q] in P(A) if there exists paths p;,qi,r in [ such that [p;] = [p],
[a1] = [q], and ¢1 = p1r. Then < forms a partial ordering on P(A). We refer to the
partially ordered set (P(A), <) as the path diagram of A.

Example 2.6 Let K be a field with Char(K) # 2. Define I to be
Figure 2.9

and let

P= {aza ap, ﬂa7 ﬂza m—ﬂ‘ya 0&-@7, Y, 7ﬂ’ 72: 767 Jaa Jﬂv 67: 62}:
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p={d?, aB, Ba, B, av, ad, 1a, vB, ¥*, 715, o, 6B, &v, 6%} .

Let A= KT/I and A = KT'/I, where I = <p> and I = <p>.
First, we notice that the algebra A has the following path diagram P(A):

Figure 2.10

Clearly, A is of Loewy length 3. Define the following change of variable T on KT

( T(a)=a-8
| T6)=a+s
T(r)=v+¢
| T(@)=—-7+4.

Then
<T(p)ULI> = <d?, ap, fa, B, ay, B, 1, 18, 1, 16, ba, 8B, &y, 6*>

is a monomial ideal. By Proposition 2.2.2, A & A = KT'/I, where [ = <T(p)UT3>,
is of monomial presentation type. Now the monomial algebra A has the path tree
P(A) as in Figure 2.11. Observing the two path diagrams P(A) and P(A), we see
that there does not exist any order preserving bijection ¢ from P(A) onto P(A) such
that ¢ restricts to bijections on Iy and I'; and preserves nonzero products in P(A).
This deals with one direction of the correspondence theorem.

On the other hand, A is a monomial algebra with path tree P(A) as in Figure
2.12. We see that there does not exist any isomorphism ¢ of semigroups with zero
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Figure 2.12

from P(A)U{0} onto P(A)U{0}. Then, by Theorem 2.4.1, A is not isomorphic to A
and hence is not isomorphic to A. But we can construct an order preserving bijection

¢ from P(A) to P(A) as follows:

o1, o, B, 7, 0, B, BOl =11, a, B, v, 8, B, BF].

It is easy to see that ¢ restricts to identity on I'y and I'; and preserves nonzero
products in P(A). This deals with the other direction of the correspondence theorem.



Chapter 3

The Anick-Green resolutions

This chapter is mainly concerned with a homological aspect of path algebra quotients
of monomial presentation type. In the first section, the minimality of the Anick-
Green resolutions for the simple modules over path algebra quotients is studied, and
its relationship to the monomial presentation type is discussed. Section 3.2 deals with
associated monomial algebras and provides a counter-example to a natural conjecture

concerning its relationship to the monomial presentation type.

3.1 The Anick-Green resolutions

Anick and Green [3] presented a method of constructing projective resolutions (not
necessarily minimal) for the simple modules over quotients of path algebras which
reflects combinatorial properties of these quotients. In this section we shall study
the minimality of the Anick-Green resolutions and its relationship to the monomial
presentation type.

Let I be an admissible ideal in the path algebra KT and < be an admissible
ordering on the set B(T') of finite directed paths in the connected finite directed
graph . Let A = KT/I. We shall denote by E = {e,;,...,e,} the basic set of

46



CHAPTER 3. THE ANICK-GREEN RESOLUTIONS 47

primitive idempotents of A corresponding to the set [y = {vy,...,v,} of verticesin T
and by S; = e;A/e;(RadA), i =1,...,n, the corresponding simple right A-modules.

We start by describing the Anick-Green method of constructing projective reso-
lutions for the simple modules over quotients of path algebras. To do this, we need
first to define m-chains (m > —1) on MinTip(I) (see [3])-

Definition 3.1 Let I be an admissible ideal in KT and < be an admissible ordering
on B(T'). Then

(1) the sets of (—1)-chains and 0-chains on MinTip([) are [, and I';, respectively;

(2) the set I’z of 1-chains on MinTip([) is MinTip(l);

(3) for m > 2, the set ['y41 of m-chains on MinTip([) is the set of paths p € B(T)
satisfying the following conditions:

(i) p = p1p2 for some p; € T, and some p; € NonTip(I) — [y;

(ii) if p = p1p2 with p; € [, and if p; = q1¢2 with ¢; € 1, then gp, € Tip(I);

(iii) p has no proper left subpath which satisfies (i) and (ii) above.

See Example 3.1 for a calculation of some of these sets of chains.

As was shown in [3, Lemma 2.6}, a consequence of the definition above is that

every m~chain p € 'p4; (m > 0) may be factored uniquely as p = p;p,, where
7 € I'm and p € NonTip(I) — I'y. The following result is due to Anick and Green
[3]-
Proposition 3.1.1 (Anick and Green) Let I be an admissible ideal in KT and
let A = KT /I with basic set E = {e,...,e,} of primitive idempotents corresponding
to Lo = {vy,...,vn}. Suppose that < is an admissible ordering on B(T'). Let 'y,
(m > 0) denote the set of (m — 1)-chains on MinTip(I). Set T® =T, N v;B(T) for
m>0andl<i<n. Let R= KT, and S; = e;A/e;(RadA) for 1 < i <n. Then for
each i there exists an ezact sequence of right A-modules

B EKTP rAB KT @ AB kTP @ A8 5,0 (3.1.1)
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satisfying that, for allm > 1 and all p € T®,

bn(D® €p) =11 ® @1 + X2P2 ® @2 + - - - + Ml ® i € Spang (T, ®r NonTip(I))

where p=piq1 and pjq; <p foralll <j<k.
Proof. See [3, Theorem 2.7]. Wl

We now describe the Anick-Green algorithm for computing projective resolutions
for the simple modules over quotients of path algebras.

The Anick-Green algorithm

(* A recursive algorithm for computing the homomorphisms 4,, (m > 0) in the pro-
jective resolutions (3.1.1) for the simple modules S;, 1 < i < n, over A = KT/I.
)

Input: an admissible ordering < on B(T'), a simple right module S; = e;A/e;(RadA)
over A where 1 < 7 < n, and the sets I‘S,’;) of (m — 1)-chains with origin v;, on
MinTip(I) for m > 0.

Output: the sequence (d,,)m>0 of A-homomorphisms in the resolution (3.1.1) for S;
and a sequence of K-vector space homomorphisms, 7, : ker(d,,_;)+KT® ®p A, for
m > 0, where 6_; = 0. The 7, are K-vector space sections for the J,,.

begin

if m =0 then
Om(v; @ €) :=¢;
Tm(e:) :==v; @ e;;

if m=1 then

for all a € T do
In(a®eyn) =v:Qa;
for all p = aq € v;NonTip(I) — {v;} with « € ' do
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Mm(v:®p) =a®q;
if m > 2 then
for all p = pyp, € T® with p, e TP, do
Om(p ® ex(p)) = P1 ® P2 — Tm-10m—1(P1 ® P2);
for all w = 375_; \jp; ® g5 € ker(8p,—1) with each A; #0
and pyq; > pjgi for L < j < s do

if w =0 then
m(w) =0
else

find p’ € T® and p” € NonTip(J) such that p'p" = p1qy;
Mm(w) = Mp' @ p' +n(w — Mdn(p' @ 7))
end.

The existence of the factorization in the definition of 7,(w) is a crucial part of
the proof in [3].

In the following proposition we provide a condition under which the Anick-Green
resolutions over A are not minimal.

Proposition 3.1.2 Let I be an admissible ideal in KT and < be an admissible or-
dering on B(T'). Let A= KT'/I. Suppose that G is the reduced Grébner basis for I
with respect to < satisfying the following conditions:

(1) ap € G and apg € TP, for some @ € T; and p,q € NonTip(I) — I'y and
i€ {l,...,n};

(2) there ezist k € K*, py, qo € B(I') —T'y such that pq—kpego € G and apoqe €G-
Then the Anick-Green resolution for S; = e;A/e;(RadA) is not minimal.

Proof. We calculate the image of apg®e;(y) under d3 in the Anick-Green resolution
for S; = e;A/e;(RadA) as follows:

d3(apg ® eyy))
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= op®q—1hi(ap®q)

= ap®q—m(a®pg— (md(a®p))g)

= ap®q—m(a®pg— (m(v: @ ap))q)

= op®q—m(a®pg) (since ap € G)

= ap®q— knp(a® pog) (since pg — kpogo € G)

= ap®q— kapego ® eqe) — k(e ® pogo — J2(aPago ® €i(q)))

= ap®q— kapogo ® er(g) — k(@ ® pogo — & ® Pogo + Mmd1(a ® pogo))
= ap®q— kapode ® exg) — k2t (v: ® ap10)

= ap®q—kapoqo ®eyy,)  (since apogo € G) -

This shows that d3(apg®e,(;) is not in the radical of KT® ®p A, so the Anick-Green

resolution for S; is not minimal. [}

Theorem 3.1.3 Let I be an admissible ideal in KT and let A = KT'/I. Given any
admissible ordering < on B(T'), let 'y, denote the set of (m — 1)-chains on MinTip(I)
with respect to <, wherem > 0. If every path in I',, is of length m for allm > 0, then
the Anick-Green resolutions for the simple modules S; = e;A;/e;(RadA),i=1,...,n,

over A are minimal.

Proof. Given any simple A-module S; = e;A/e;(RadA), where 1 < i < n, we
need to prove that for all m > 1 and all p € T®, §,,(p ® ey(p)) lies in the radical of
I{I‘f,'?_1 ®r A. We proceed by induction on m.

First, we have that 6;(p ® exp)) = v: ®p € (KTY @r A)(RadA), for all p e TP,
Choose any m > 2 and any p € I‘S,‘?. By hypothesis, we can write p = ay - - - ap,
where a; € I’y for j = 1,...,m. Then by the recursive definition of d,,

Im(PBep) =01 m— ® Om — n-10m—-1(01 ** - 1 @ ) -
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Set wy = 0pp—1(a1 - - - t—1 ® ). Then we have that

bn(D ® ep)) = Thm-1(w1) mod (KT ; ®r A)(RadA).
By the induction assumption, we have that

bm1(01 - Cm1 ® exian 1)) € (KT, ®p A)(RadA),

so that
wy = 0101 - -1 ® ) € (KFS,'?_; ®r A)(RadA4)?.
If w; = 0, there is nothing to do. Assume that w; # 0. Write

=A@+ -+ AP 94,

where A\; € K*, p; € I‘f,",)_z, g; € NonTip(f) with I{g;) > 2, forall j = 1,...,s, and
Dig; < P41, for all 7 # 1. We denote the degree of wy by deg(w;), which is the length
of the path p;q; corresponding to the leading term A;p; ® ¢; of wy;. Then, by the
definition of 7,_;,

Thn—1(w1) = Mp] ® ¢ + Bm—1(w1 — Mipm—1(7] ® ¢})),
for some p| € ¥, and q; € NonTip(I) with p;¢; = p)q]- Set
wp = w; — Adpm-1(p] ® ¢1) -
Since I(p}) =m — 1, we see that I(¢}) > 1 and so that
AP, ® ¢ € (KTS, ®p A)(RadA).

Thus
Thn1(w01) = m—1(we) mod (KTP_, ®r A)(RadA).

By the induction assumption, &n_;(p} ® ¢}) € (KT, @ A)(RadA)2. Thus

wy = w1 — A1, ® ¢f) € (KTE_, ®p A)(RadA)?.
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If wp = 0, there is nothing to do. If not, then by the construction of 1,,_;, we have
that deg(w;) < deg(w,). Repeatedly applying the argument above, we then obtain a
finite sequence w, . .., wy, wey; =0 in (KT, ® A)(RadA)? such that

Tt (1) = - = -y (w) =0 mod (KT, ®r A)(Rad4),
where deg(wy > - - - > deg(w;). Consequently, we have that
Sm(p ® exp) € (KIS, ®r A)(RadA) .
The proof is complete. [l

Proposition 3.1.4 Let I be an admissible ideal in KT and < be an admissible or-
dering on B(T'). For m > 0, let T',, denote the set of (m — 1)-chains on MinTip(I)
with respect to <. If every path in I, is of length 2, then every path in I',, is of length
m for allm > 3.

Proof. We do an induction on m. Choose any m > 2 and assume that every path
in[jisoflength {,foralll=1,...,m. Take any p =qa - - - a; € [ypy1, whereq e[y,
and «; - - - s € NonTip(I)~T, with each o; € I';. Then, by the induction hypothesis,
q is of length m. Now g = rg, for some r € I';,_; and some 8 € NonTip(I) — [y. By
the induction hypothesis, r is of length m — 1 and so § is of length 1, i.e., 8 € ;. By
the construction of chains, we know that Sa; - - -, has a right subpath lying in [.
But a - - - a, is a nontip element which has no subpath lying in I';, so Sa; - --a, € I',.
Thus s = 1. Since q is of length m, it follows that p is of length m 4+ 1. Our induction

is complete. [§

From Propositon 3.1.4 and Theorem 3.1.3, the following corollary is immediate.

Corollary 3.1.5 Let I be an admissible ideal in KT and < be an admissible ordering
on B(T'). Let A= KT/I. If every path in MinTip(I) is of length 2, then the Anick-
Green resolutions for the simple modules S; = e;A;[/e;(RadA), i = 1,...,n, over A

are minimal. I}
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It is worth mentioning that the result of the above corollary has been proved by
Green and Huang in [18, Theorem 3] using different methods.

We look at an example.

Example 3.1 Let K be a field. Define I to be

and let
p={ad, Bd, v, o1, B, T8, ay — B, ve—d¢, ea —Tar}.

Let A = KT'/I, where I = <p>. We shall see that A is of monomial presentation
type. There are in total 8 classes of admissible orderings on B(I'):

<1t By > oy, de > ve, Ta > ea;

<a2: By > ary, de > ve, ea > Ta;

<3: By > ay, ve > d¢, Ta > €

<4: By > oy, ve > de, €a > Ta;

<s: ay > B, e > ve, Ta > eq;

<g: ay > B7, de > ve, ea > T;

<7: ay > B, ve > b, Ta > €a;

<g: ary > B, ve > d¢, ea > Ta.
In the following we shall show that the Anick-Green resolutions for the simple right
modules over A are not minimal with respect to any of the orderings <; to <7 but
minimal with respect to the ordering <s. Let G denote the reduced Grobner basis
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for I with respect to any admissible ordering on B(I'). We carry out the following
computations.
(1) With respect to <;,

G = {ad, B9, 1, o7, €B, 18, By — ary, de — 7€, Ta — €, ave, Yea, eary}
and
X 2= {a&, ﬂ‘yv 17, JT, eﬂr Tﬁ’ ﬂ7a 65’ Ta, aye, yea, fa'Y}-

We see that ad,de — ve,aye € G and ade € I‘g’. Then by Proposition 3.1.2 the
Anick-Green resolution for S; = e; A/e;(RadA) is not minimal.
(2) With respect to <3,

G = {ad, g6, yr, o7, B, T8, By — ay, de— ¢, ea —Ta, avye, Tay}
and
Lz = {ad, B0, 7r, o7, B, 7B, B, d¢, ea, ave, Tay}.

As with (1), ad,de — ve,arve € G and ade € Y. Then by Proposition 3.1.2 the
Anick-Green resolution for S; = e; A/e; (RadA) is not minimal.
(3) With respect to <j,

g = {aar ﬂd, 17, 671 eﬂa Tﬂa ﬂ’Y“a'Y, 75-661 Ta — €, €ay, 56(!}

and

T = {ad, 85, 7, &1, B, T8, Bv, 7€, Ta, €ay, dea}.

We see that 07,7 — e, 0ex € G and 67 € I‘;(,z). Then by Proposition 3.1.2 the
Anick-Green resolution for S; = e;A/e;(RadA) is not minimal.
(4) With respect to <4,

G ={ad, Bo, 7r, o7, B, 7B, By — v, 1€ — b€, ex —Ta, Ty}
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and
r2 = {a& ﬂJ’ 7, 5’1’, Gﬂ, Tﬂ: ﬂ‘y y Y6 TQ, TQ'Y}-

We see that 76,8y — ay,Tay € G and 787 € I‘?’. Then by Proposition 3.1.2, the
Anick-Green resolution for S3 = e3A/e3(RadA) is not minimal.
(5) With respect to <s,

g={a61 ﬂ‘sr 17, 51’, Eﬁ, Tﬁa C!‘Y‘ﬂ% 55-761 T — €, ﬂ7€1 7ea}
and

[ = {a&, e, 17, o, B, 78, ay, de, Ta, ﬂ'YG, 750} .

We see that 85,0¢ — e, Bve € G and fde € T'Y. Then by Proposition 3.1.2 the
Anick-Green resolution for S; = e3.4/e3(RadA) is not minimal.
(6) With respect to <g,

g ={a6: .BJ, v 61’1 Eﬂ, Tﬂ: M-ﬂ7’ 66-753 €x — TG, ﬂ'ye}
and
P2 = {061 .361 7, 51’, eﬂa Tﬂ: ay, 66: e, ﬁ'YC}.

As with (5), 88,8¢e — ve, Bve € G and Bée € T$". Then by Proposition 3.1.2 the
Anick-Green resolution for S3 = e;A/e;(RadA) is not minimal.
(7) With respect to <7,

G = {ad, B4, 1, o1, €B, 1B, ay — B, ve - d¢, Ta — €a, dea}

and

[, = {ad, B9, yr, 61, €8, 7B, av, e, Ta, dea}.

As with (3), 61,7a — ea,dea € G and dra € I‘gz). Then by Proposition 3.1.2 the
Anick-Green resolution for S; = e;A/e;(RadA) is not minimal.
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(8) With respect to <g,
G= {QJ, ﬁJ: 17, 61.1 Eﬂ, Tﬂr a'y-ﬂ'Ya 76-667 €@ —Ta}

and

F2 ={a61 ﬂJ, 7, JT: Gﬂ, Tﬂy a7y, Y€, GQ}.

Since every path in I'; is of length 2, by Corollary 3.1.5 the Anick-Green resolutions
for S; = e;A/e;(RadA), i = 1,2, 3, are minimal.

We can easily check that 4 is of Loewy length 3. Define the following change of
variable T on KT

[ T(@)=a+p8
T(B) =B
. T(y)=v+¢
T@®) =6
T(e)=e+T
| T(r) =T.

Then <T'(p) UT3> = <>, where
p={ad, B, yr, ot, €B, TP, ar, e, ea}.

Thus, by Proposition 2.2.2 A is isomorphic to the monomial algebra A = KT/ <p>.
We note that j is exactly [, with respect to <s. So A is also the associated monomial
algebra of A with respect to <g. We shall discuss associated monomial algebras in
the next section.

In [3, Corollary 2.9}, Anick and Green proved that in every monomial algebra
A = KT/I, the Anick-Green resolutions for its simple modules with respect to any
admissible ordering on B(I") are minimal. We pose the following question: Given any
A = KT /I of monomial presentation type, does there exist an admissible ordering <
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on B(T') such that the Anick-Green resolutions for the simple modules S;, 1 <i<mn,
over A are minimal? In the following we give a counter-example in which a path
algebra quotient A = KT'/I is of monomial presentation type but the Anick-Green
resolutions for its simple modules are not minimal with respect to any admissible
ordering on B(T').

Example 3.2 Let K be a field. Define I" to be

and let
p={d?, Ba, B 76, 8B, &v, 6aB, afy—av}.

Let A = KT'/I, where I = <p>. We can easily check that A is of Loewy length 4.
Define the following change of variable T on KT

[ T(a)=c+ap

| T)=5
T(y)=7

| T(6) =5.

Then we have that
<T(p)UT}>=<p>,

where

p={c? Ba, B 15, 6B, &v, dap, av}.
Thus, by Proposition 2.2.2 A is isomorphic to the monomial algebra A = KT/ </>.
Given any admissible ordering < on B(I'), we have that a8y > ay. Calculating the
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reduced Grobner basis G for I with respect to <, we obtain that G = pU{day}. Then
T2 ={a? Ba, B* 79, 8B, &7, dap, apfy, dav}.
Now dafy € I‘:(,z). We calculate the image of dafy ® e, under d3 as follows:

d3(dcfy ® €2)
= 0af ® 7 —1mi(daf ®)
= daf ® 7 — (0 ® afy — (m6i (6 ® aB))v)
= daf®7—n(d ® ay — (m(v: ® daf))y)
= daf@7-m(®a)
= daf®7—-day® e; — (0 ® ay - &h(day ® e;))
= daff®v—day® ez — M1 (6 ® )
= daf@7-dayQe;

Then we see that d;(6afy® e;) is not in the radical of KI‘?) ®r A; consequently, the

Anick-Green resolution for S, is not minimal.

3.2 Associated monomial algebras

Let I be an admissible ideal in KT and < be an admissible ordering on B(I'). We
recall that MinTip(]) is the set of tips of minimal sharp elements in I with respect to
<. The monomial algebra A = KT'/ <MinTip(I) > is called the associated monomial
algebra of A = KT'/I with respect to < (see [3]). Generally speaking, we wish to
know the connections between A and its associated monomial algebra A. Anick and
Green [3, Propositions 3.1 and 3.2] proved that A and A have the same Cartan matrix
and that their global dimensions have the same bound in the sense that the global
dimension of A is bounded by some integer d if and only if the global dimension of
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A is bounded by d. In this section we answer the following question: Supposing that
Ay = KT'/I, and Ay = KT/, are two isomorphic quotients of path algebra, does
there exist an admissible ordering < on B(T') such that A; and A, have isomorphic
associated monomial algebras A; and A, with respect to <, respectively? Indeed, we
shall construct a counter-example in which a quotient A = KT'/I of path algebra is
of monomial presentation type but not isomorphic to any of its associated monomial

algebras.

Example 3.3 Let K be a field of characteristic # 2. Define I to be

——— —
I 2 3

Figure 3.3

and let

p= {ay— B4, ad — Bv}.
Then A = KT'/ < p> is of monomial presentation type but not isomorphic to its
associated monomial algebra A with respect to any admissible ordering < on B(I).

As we showed in Example 2.5, A is isomorphic to the monomial algebra A =
KT/ < p>, where j = {ay, B6}.

Given any admissible ordering < on B(T'), we have the following four cases:

Case 1. ay > 4, ad > fBv. The associated monomial algebra of A with respect
to < is A = KT'/<5>, where 5 = {ay, af};

Case 2. ay > (4, fv > ad. The associated monomial algebra of A with respect
to < is A= KT/ <j>, where 5 = {ay, f7};

Case 3. 86 > ay, ad > fv. The associated monomial algebra of A with respect
to < is A= KT'/<p>, where g = {85, ad};



CHAPTER 3. THE ANICK-GREEN RESOLUTIONS 60

Case 4. 86 > ary, By > ad. The associated monomial algebra of A with respect
to < is A= KT’/ <>, where g = {85, fv}.
We observe that " has the following four automorphisms as a finite directed graph:

01:121,22,3-3, a—a, 8, y—7v, 6—6;
02:1—1,22,33, a8, fra, vy, §6;
03:121,22,3-93, aa, BB, vy, 6 7;

04:1—1,222,3-3, a8, 0a, y—6, 6 —7.

Assume that A is isomorphic to A = KT/ < 5>. Since A is also isomorphic to
A = KT/ <>, by Proposition 2.2.2 there exist some automorphism o of I and some
change of variable T on KT such that

<T{(FP)>=<p>. (3.2.1)
Here we note that A is of Loewy length 3 and I’} = {0}. Now
7 =™ = {av, p6}

and
5 = i = {ad, pr}.

Since T is a change of variable on KT, there exist M, N € GLy(K) such that
T, 8] = [a, BIM

and
Tfy, 8] =, 0]N.

Write
A
M= 1/\4’ _| o
A3 Az Uus
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In the following, we shall consider only the first case and prove in this case that A is
not isomorphic to its associated monomial algebra A . The proof for the other cases

is the same.
(i) Suppose that 5 = {ay, #6}. Then
T(ay) = (Ma+ AsB)(pry + 1ad)
= Ayhay + Aipaad + Azp By + Aspsfo,

T(B0) = (Ma+ A2B)(mey + p2f)
= a0y + Mpiaad + Agpa B + dapa 36 .

Thus, from (3.2.1) one obtains the following relations
4
A3pr =0

4 Azuz =0
Aopig =0

‘ Atz =0.
Since N € GL;(K), it follows from the system of equations above that A; = 0 and
A2 = 0, which contradicts the fact that M € GL2(K).

(ii) Suppose that 5° = {ad, f7}. Then

T(ad) = (Mea+ AsB)(pey + pad)
= Auary + Aipiead + AspaBy + A0,
T(By) = (Ma+AB)(pry + p3d)
= ey + Apsaad + Azpa1 By + Aopsaffo .
Thus, from (3.2.1) one obtains the following relations

[ Nspe=0
{ Asﬂz:o
A2ppr =0

| Ap3=0.
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Again since N € GLy(K), it follows from the system of equations above that A; =0
and A, = 0, which contradicts the fact that M € GLy(K). Therefore, A is not

isomorphic to its associated monomial algebra A.



Chapter 4
Right monomial rings

As a generalization of monomial algebras, one-sided monomial rings were introduced
by Burgess et al. [6]. As the authors showed in the article, one-sided monomial
rings include many important classes of rings, such as monomial algebras, hereditary
artinian rings and one-sided (almost) serial rings. Associated with every one-sided
monomial ring there is a monomial algebra which turns out to possess many common
homological properties with the original one-sided monomial ring; for example, they
have the same projective dimensions of the corresponding simple modules. Further-
more, the authors conjectured in the article that if a split basic finite dimensional
algebra A is a one-sided monomial ring, then it is of monomial presentation type.
One main task of this chapter is to demonstrate the truth of this conjecture in some

special cases.

4.1 Tree subsets and right monomial rings

In this section we shall recall some basic notions and results concerning one-sided
monomial rings (see [6]). Although one-sided monomial rings, as indicated in [6], are
artinian rings which need not be algebras over a field, we shall throughout the present

63
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chapter confine ourselves on the class of quotients of path algebras by admissible
ideals.

Let K be a field and I be a connected finite directed graph. Let I be an admissible
ideal of the path algebra KT and let A = KT'/I. Throughout this chapter we shall
denote by E = {e,,...,e,} any fixed basic set of orthogonal primitive idempotents of
A. A typical choice of such a basic set is the set of idempotents of A corresponding
to the vertices v;,...,v, in . RadA will denote the Jacobson radical of A and
S; =e;A/ei(RadA), i =1,...,n, the simple right A-modules corresponding to E.

A finite directed graph M with a distinguished vertex 0 is said to be a module
diagram if the following conditions are satisfied:

(1) M is square-free; (i.e., for any vertices z, y in M, there is at most one arrow
z =y in M;)

(2) M is strongly acyclic; (i.e, for any vertices z,y in M, if there is an arrow
z — y in M, then there is no path of length > 2 from z to y in M;)

(3) for any nonzero vertex z in M, there is an arrow z — 0 in M if and only if
there is no arrow z —» y #0 in M.

With an abuse of notation, we shall also denote by M the set of vertices in the
module diagram M. The symbol M* will stand for M — {0}.

Let M be a module diagram. A subgraph U of M is a subdiagram of M, denoted
by U < M, if for any vertex z in U, z — y in M implies z — y in Y . The radical
of M is defined as

RadM ={ye M|z - yin M for some z € M},

which is a subdiagram of M. The set M —RadM is called the top of M and denoted
by M7™. For m > 1, the m-th radical of M is defined recursively as

Rad™M = Rad(Rad™ Y M),
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where Rad’ M = M. The set of all subdiagrams of M forms a complete lattice under
intersection and union of subdiagrams, which will be denoted by £L(M). Given any
subset S C M, then S generates a smallest subdiagram U(S) of M containing S.
The module diagram M is called local if it is generated by one vertex.

Let M be a finitely generated right A-module. A module diagram M together
with a pair of maps 6 : L(M) — L(M), where L(M) is the lattice of submodules
of M, and A\: M* — {1,...,n}, which is called a labelling on M?*, is said to be a
diagram for M if the following conditions are satisfied:

(MO) ¢ is an injective homomorphism of lattices;

(M1) Card(M*) = c¢(M), where c¢(M) is the composition length of M;

(M2) 6(RadU) = Rad(6(U)) for all U € L(M);

(M3) 6(V)/o(U) 22 Sy(z) whenever U <V in L(M) and V =U U {z}.

Let M # 0 be a finitely generated right A-module. A nonempty finite subset X
of M” is said to be a normed subset of M if the following conditions are satisfied:

(1) for any z € X, there exists j € {1,...,n} such that ze; = z (such an element
is called normed);

(2) for any z,y € X, = # y implies zA # yA.

Let X be a normed subset of M. Then X can be associated to a module diagram
M(X) in such a way that M(X) has X as the set of nonzero vertices and for any
z,y € X, z -y in M(X) if and only if

(i) yA C zA, and

(ii) forany z€ X, yAC zA CzAimpliesz=zor z=y.

In the sequel, we shall identify a normed subset X with its associated module diagram
M(X).

Definition 4.1 Let X be a normed subset of a nonzero finitely generated right A-
module M. The subset A is called a free subset of M if the following conditions are
satisfied.
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(1) (&, 9, )) is a diagram for M, where §: L(X) — L(M) is defined by 6(U) =UA
foralid e X and \: X — {1,...,n} by A(z) =j if £ € X and z = ze;;

(2) X = U(z,)U---UU(zy) is a disjoint union of local subdiagrams such that
each U(z;) is a rooted tree with root z; in the sense that for any z € U(z;) there
exists a unique path from z; to z in U(z;).

The following characterization of tree subsets is found in [6, Proposition 1.2].

Proposition 4.1.1 Let X be a normed subset of a finitely generated right A-module
M of Loewy length L. Then X is a tree subset of M if and if X can be ezpressed as
a disjoint union X = YoU---UYL_; such that

(1) M = @yey, yA;

(2) for each | with0 <! < L—1 and each z € ), there exists a subset Vi, C Vi1
such that Vi1 = Uzey, Viz and z(RadA) = @y, YA-
Furthermore, under these conditions, M(Rad'A) = @,ey, yA foralll=1,...,L-1.

We now state the definition of a right monomial ring (see [6, Definition 2.2]).

Definition 4.2 Let A = KT'/I with basic set E = {ey,...,e,} of primitive idempo-
tents and let X be a right tree subset of A (i.e., a tree subset of A as right A-module)
with E C X and X =}, eiX¥e; — {0}. The pair (A, X) is said to be a right mono-
mial ring with respect to E if every element of A satisfies the annihilator condition
with respect to X’ in the sense that for any z € e;Xej, 1 < 4,j < n, there exists some
subdiagram A(z) < e;X such that rann..4(z) = A(z)A, where rann; 4(z) denotes
the right annihilator of z in e;A.

The following result, which also comes from (6], provides a sufficient condition
such that there exists a right monomial ring (A,)) where Y U {0} is a multiplicative

semigroup in A.
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Proposition 4.1.2 Let A = KT'/I with basic set E = {ey,...,e,} of primitive idem-
potents. Let Y1 C Ui;—, e:(RadA)e; — {0} be a finite set. Define Yo = E and
V=Y —-{0} forl =1,...,L — 1, where L is the Loewy length of A. Assume
the following two conditions are satisfied:

(1) ifzy,...,z- andyy,...,y; belongto Yy and 1 -- -z, =y -- -y, #0, thenr = s
andz; =y; foralli=1,...,r;

(2) (RadA) = @yey, yA foralll=1,...,L—-1.
Set Y = U Vi Then Y U {0} is a multiplicative semigroup in A such that (A,))
is a right monomial ring with respect to E.

Proof. See [6, Proposition 4.1]. [l

A finite (multiplicative) semigroup S with zero is said to be an algebra semigroup
(see [13]) if there is a set {ey,...,e,} of nonzero orthogonal idempotents in S such
that

(1) 8§ = Ufyo e:Sez, and

(2) N =8 —{e1,-.--,en} is a nilpotent ideal of S.

The nilpotent ideal N is called the radical of the algebra semigroup S. The
semigroup algebra K[S*] of S over K is called the diagram algebra of S over K (see
[13).

Given any algebra semigroup S with radical NV, then S induces a module diagram
M(S) in such a way that M(S) has S as the set of vertices, z — y # 0 in M(S)
if and only if za = y # 0 for some a € N — N?, and 0 # z — 0 in M(S) if and
only if £ # 0 and za = 0 for all ¢ € N — N?. Furthermore, (M(S),4,A) forms a
diagram for the right K[5°*|-module K[5*]k(s-}, where §: L(M(S)) = L(K[S*]xis+)
is defined via 6(/) = KU and A: M(S) = {1,...,n} via A(z) = j if z = ze;, where
{e1,.-.,en} is the set of orthogonal idempotents in S.

The following result is due to Fuller (see [13, Theorem 4.2]).
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Proposition 4.1.3 Let A = KT'/I. Then A is of monomial presentation type if
and only if A is isomorphic to the diagram algebra K[Y] for some algebra semigroup
YU{0} satisfying the condition that if z,,...,Z,,y1,-..,Ys EN ~N3 withz, -- -z, =
t---Ys # 0, where N is the radical of Y U {0}, then r = s and z; = y; for all

i=1,...,r.

4.2 Loewy length 4 and acyclic finite directed
graphs

Let A = KT'/I be a quotient of path algebra by admissible ideal. In [6, Proposi-
tion 4.3], it is shown that if there is a right tree subset X of A such that (4, X) is
a right monomial ring and if A is of Loewy length 3, then A is of monomial pre-
sentation type. Furthermore, the authors conjectured that the result holds for any
Loewy length. In this section we shall extend the result of these authors to the cases
of Loewy length 4 and of acyclic finite directed graph.

We start with several lemmas.

Lemma 4.2.1 Let A = KT/I and X be a tree subset of a finitely generated right
A-module M. Then X is a K-vector space basis for M.

Proof. Since X is a tree subset of M, it follows that c(M) = Card(X). On the
other hand, since A is a split basic K-algebra, every simple right A-module is one
dimensional, and so we have that dimg M = c(M). Then dimg M = Card(X). We
need only to show that X is K-linearly independent. Since M = ;A D --- ® T, A,
where X™ = {z;,...,zn}, with each U(z;) a tree subset of z;A, it suffices to show
that each U(z;) is K-linearly independent. Now

U(z:) = {z:} U (RadU(z;))” U - - - U (Rad&DY(z:))",
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where L; is the Loewy length of z;4. Suppose that we are given
A0z+ Y Aw-+ 3 Aoy = 0 (4.2.1)
we(RadlU(z;))" we(Rad(&i—Dy(z;))r
where A®, (), .. A1) are scalars in K. Then A®z; € (RadU(z;))A = Rad(z:A4),
and so by Nakayama’s lemma, A(® = 0. Set (Rad¥(z;))” = {wn, ..., w;}. Then
Rad(x,—A) =wAD---OwA= ll(wl)A D---D u(‘lllg)A . (4.2.2)
From (4.2.1) and (4.2.2) we see that forall j =1,...,¢,
ADw; + > Mz 4ot P Az =0
z2€l(w;)N(Rad3U(z;))" z€U(w;)N(Rad (Bi—D U(z;))™
and hence A(w?wj € (RadU(w;))A = Rad(w;A); hence »\9} = 0 for all j. Applying
induction on !, 1 < ! < L; — 1, and the same argument as above, we obtain that
A, =0, for all [ and all w € (Rad'U(z;))". Thus U(z;) is K-linearly independent.
The proof is complete. [l

Lemma 4.2.2 Let A = KT'/I with basic set E = {ey,...,e,} of primitive idempo-
tents and suppose that X is a right tree subset of A with
n
ECX and X = |J e;Xej—{0}.
tJ=1
Given any nonzero element T € e;Ae; (not necessarily an element of X) where 1 <
t,j < m, if z satisfies the annihilator condition with respect to X, i.e., rann,,4(z) =
A(z)A for some A(z) < e;X, then
#(RadA)= @ zyA.
y€e;j(RadX)”
zy#0
Proof. Consider the A-homomorphism @ : e;A — zA by 6(e;) = z. Then @
restricts to an A-epimorphism

6,=0 IQM) : e,(RadA) —)z(RadA) .
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Since
ker 6 = rann,; 4(z) = A(z)A C Rad(e;&)A = e;(RadA),

it follows that ker 6, = A(z)A. Set Y = Rad(e;X)—.A(z) and let Z be the subdiagram
of Rad(e;X) generated by J. Then 8, restricts to an A-epimorphism
0, = 0, le: ZA —)a:(RadA)
with kernel (Z N _A(z))A. Thus @, induces an A-isomorphism
62: ZA - z(RadA),
where
Z=(Z-A@)+(ZnAZ)ACA/(ZNnA(z)A.

From the definition of ) and Z, we have that
ZA= @ yA.
yey~™

It follows that

ZA= ) (y+(ZnA(z))4)A. (4.2.3)
yey*

We claim that the sum in the equation (4.2.3) is direct. In fact, suppose that we are
given
(n + (2N A(z))A)ar +-- -+ (we + (2N A(z))A)a, =0,
where Y™ = {y1,.-.,;¢} anda; € Aforalli=1,...,¢. Then
nar+---+ya € (ZNA(z))A.

Now we have that

Z0 A(z) = U)NA(z)U---UU(we) N A(z))
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is a disjoint union. It follows that
(ZnA()A=Umn)NA(z)AD---& U(y) N A(z))A.

Thus for each y; € V7, yia; € (U(y:) N A(z))A € (2N A(z)) A, which shows that the
sum in (4.2.3) is direct. So

z(Rad4) =8(ZA)= Pzwd= @D w4. R
yeyr y€e;(RadX)™
y#0
Lemma 4.2.3 Let A = KT'/I be of Loewy length L with basic set E = {e;,---,e,}
of primitive idempotents. Suppose that X is a right tree subset of A with

ECX and X = ] eXe;—{0}.

i =1

Set
Y=EUWM)U---U)Y;,

where Y = ((RadX)™)! — {0} for I =1,...,L — 1. If every element of ) satisfies the
annthilator condition with respect to X, then
(a)
(RadA)’ = ® Ty-- -z,A
z1,--rrE(RadX)™

z1-Z15#0

forall=1,...,L-1;

(b) foranyl with1 <I< L-1, ifzy---zr =1 ---y1 # 0 with each z; and y; in
(RadX)", then z; =vy; foralli=1,...,L

(c) (A,)) is a right monomial ring with respect to E.

Proof. (a) We do an induction on I. Since X is a right tree subset of A, it follows
that

Radd= @ mA.
1 E(RadX)™
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Assume that

RadA)'= @ oz,

Ty, Tr-1 E(RadX)™
1 Tp-17#0

where [ > 2. Then

(Rad4)' = ( (23] z1 - - - 71-1A) (Rad 4)

z1,~—T1-1E(RadX)"
T1---T-1 70

= &P 1 - - - T1—1(Rad A)
z1,- 211 E(RadX)"

1T 70

) ( P zi---md) (by Lemma 4.2.2)
z1,~%1-1€E(RadX)" 5;€(RadX)™

Ty Ty #0 -1 #0
= (<)) Ty ---TA.
-‘li"’!’lem?
LT #0

(b) From (a) we see that forany |, 1 < I < L-1, if z,...,z1,%1,.--, % lie in
(RadX)" and z;---zr=y1---y #0, then z; =y; fori =1,...,l. Thus, (b) follows.
(c) This is from (a), (b) and Proposition 4.1.2. |l

The following proposition provides a characterization of the monomial presen-
tation type in terms of multiplicative semigroups and annihilator conditions with
respect to tree subsets.

Proposition 4.2.4 Let A = KT'/I. The following statements are equivalent:

(1) A is of monomial presentation type;

(2) There exist a basic set E = {e,,...,e,} of primitive idempotents of A and a
right tree subset X of A with E C X and X = U};, e;X'ej—{0}, such that XU {0} is
a multiplicative semigroup in A and that (A, X) is a right monomial ring with respect
to E;

(8) There exist a basic set E = {e,,...,e,} of primitive idempotents of A and a
right tree subset X of A with E C X and X = };; eiXe; — {0}, such that X U {0}
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is a multiplicative semigroup in A and that every element of (RadX)™ satisfies the
annthilator condition with respect to X.

Proof. (1) = (2). Suppose that A is isomorphic to A = KT/I, where [ is a
monomial admissible ideal in KT'. Let P denote the set of nonzero paths in I' modulo
I. Then it is easy to check that P U {0} is a multiplicative semigroup in A such that
(A, P U {0}) is a right monomial ring with respect to Ty, where P and Ty are the
images of P and T, under the natural map KT' — A, respectively. Let P and T,
correspond to X and E, respectively, under the given K-algebra isomorphism. Then
X U {0} is a multiplicative semigroup in A such that (4, X) is a right monomial ring
with respect to E.

(2) = (3)- This is obvious from the definition of a right monomial ring.

(3) = (1). Since X is a right tree subset of A, by Lemma 4.2.1 X is a K-vector
space basis for A; hence from the condition that XU {0} is a multiplicative semigroup
in A it follows that A = K[X] is the semigroup algebra of X U {0} over K. Again
since X is a right tree subset of A, RadX is a nilpotent ideal of the semigroup XU{0}.
Thus A = K[X] is the diagram algebra of X U {0} over K.

Suppose that

Ty Ty =Y -Ys 0 (4.2.4)

where z;,y; € (RadX)", 1 <i<r,and 1 < j < s. We show by induction on r
that r=sand z; = y; foralli=1,...,7. If r =1, then s =1 and z; = y; since
z; € (RadX)2. Suppose that r > 2. Then s > 2. Since X is a right tree subset of A,
it follows that

RadA= @ =zA.
z€(RadX)™
Then from (4.2.4) we see that z; = y;. Since z; satisfies the annihilator condition

with respect to X, there exists some module subdiagram A(z,) of e;X such that

Ty Tr — Yo -Ys € A(T1)A,
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where e; is such that z; = z,e;. Assume that z;---z, # y---y,. Since X U {0}
is closed under multiplication, z2 - - -z, and ¥, - - -y, lie in e;&. We note that ;X is
K-linearly independent and .A(z,) is a K-vector space basis for A(z;)A. It follows
that

Zy---T. € A(z;) and 1yo---y, € A(zy).

Thus z;-- -z, = y; - - -ys = 0, contradicting (4.2.4). So we conclude that z;---z, =
Y2---Ys- By the induction hypothesis, we obtain that r = s and z; = y; for all
i =2,...,r. Finally, by Proposition 4.1.3, A is of monomial presentation type. I}

We are now ready to prove the main results of this section.

Theorem 4.2.5 Let A = KT'/I with basic set E = {ey,...,e,} of primitive idem-
potents. Suppose that (A, X) is a right monomial ring with respect to E. If A is of
Loewy length 4, then there exists a right tree subset Y of A such that Y U {0} is a
multiplicative semigroup in A and that (A,Y) is a right monomial ring with respect
to E.

Proof. Define
Y=EU)iUlhU);s,

where ); = ((RadX)”)! — {0} for [ = 1,2,3. Then Y U {0} forms a multiplicative
semigroup in A. We shall now prove that every element of ) satisfies the annihilator
condition with respect to X and then, by Lemma 4.2.3, (4,)) is a right monomial
ring with respect to E. Since (A, X) is a right monomial ring with respect to E and
A is of Loewy length 4, it suffices to prove that the annihilator condition holds for
every element of ).

First, since (4, X) is a right monomial ring, it follows that every element of
(RadX)" satisfies the annihilator condition with respect to X. Then by Lemma 4.2.2
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we have that

(Radd)> = ( €@ zA)Rad4
z€(RadX)"

@ TYA.

zye(RadX)™
zy#0

On the other hand, since X is a right tree subset of A, we have that
(Rad4)? = @ wA.
we(Rad2x)*
Thus

P wmA = P wA.

zye(RadX)™ we(Rad?X)r
zy#0

7

(4.2.5)

Given any zy € ), with z,y € (RadX)7, then by (4.2.5) there exist a;,...,a, € A

such that

Y = wWiG1 + - - - + WG4

(4.2.6)

where wy,...,w, € (Rad’X)™. Also since (4, X) is a right monomial ring, each w;
in (4.2.6) satisfies the annihilator condition with respect to X’; i.e., there exists some

subdiagram A(w;) of ;) X', where w; = w;ej(s,), such that

rann,, . a(w;) = A(w;)A.

Since A is of Loewy length 4 and each w; belongs to (RadA)?, by (4.2.6) and

Lemma 4.2.1 we can choose each a; such that a; = ej(;)aie;jq) and

8; = Mi€jtwn) + > paz,
z€ej(w;)(RadX) ey(y)

where y = yej) and A;, 4, € K. Given any a € rann,, 4(zy), then

Tzya = w16+ - - +wa,a =0
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and hence wia;a =0, forall ¢ =1,...,s, since the sum ¥ ¢raq22)- wA is direct. On
the other hand, noticing that a € RadA, we have that

wia;a = Mw;a+ Z B WiZG
z€¢;j(w;)(RadX)7ej(y)

ANw;a + 3 p.0  (since (RadA)* =0)
z€¢j(w;)(RadX)7e;qy)

= MNuwa.

Thus we obtain that

rann., . a(zy) = () rann,;, a(w;) = N Aw)A=] [ A(w) | A.
1<i 1<i<s 1<i<s
X0 X:#0 270
Here we note that for each ¢ with A; # 0, ;) = ej)- Since an intersection of
subdiagrams of e;,)X is a subdiagram, we see from the equation above that zy

satisfies the annihilator condition with respect to X. The proof is complete. [l

Theorem 4.2.6 Let A= KT /I with basic set E = {e,,---,e,} of primitive idempo-
tents. Suppose that (A, X) is a right monomial ring with respect to E. IfT is acyclic,
then there ezists a right tree subset Y of A such that Y U {0} is a multiplicative
semigroup in A and that (A,)) is a right monomial ring with respect to E.

Proof. Define
Y=EUWhU---UYr,
where ); = ((RadX)")! — {0} for [ = 1,...,L — 1 and L is the Loewy length of A.
Then Y U {0} forms a multiplicative semigroup in A. In the following we shall show
that
(RadA)' = b Ty ---TiA
zlr--ozlem'
z1-~T1#0

foralll=1,...,L —1 and hence, by Proposition 4.1.2, (A,)) is a right monomial
ring with respect to E.
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We proceed by induction on [. First, since X is a right tree subset of A4, we have

that

RadA = @ Z]_A .
z1E(Rad X)™
Assume that
(RadA - @ Iy-- 'ZB(_[A s
zlr-wzl—lew)f

) ~Tp-1 #0

where [ > 2. Again since & is a right tree subset of 4, it follows that

(RadA =1 = @ wA.
we(Rad*~1X)"

We note that every direct summand in the two direct sum decompositions above
for (RadA)!~! is local and so indecomposable. Then for any z;---z;—; in Vi
with z,,...,7;_; € (RadX)7, by the Krull-Schmidt theorem, there exists some w €
(Rad®~'X) such that the right A-modules wA and z; - - - 7;_; A are isomorphic. Sup-
pose that 8: wA — z; - - -z;_; A is such an A-isomorphism. Then wA and z; -- - 71 A
have the same projective cover and so w and z; - - - 7;.; have the same right type; i.e.,
there exists some j, 1 < j < n, such that w = we; and z; -- -z = Ty - - - Ti—1€;.
Thus 6(w) = z,---z;,a for some 0 # a € ejAe;. But I is acyclic, so a = \e; for
some A € K*. Then from 8(w) = Az; - - - z;—; it follows that

rann; 4(w) = ranne; 4(1 - - - Zi-1) -

This shows that z, - - - z;_; satisfies the annihilator condition with respect to X’ since
w does so. Then by Lemma 4.2.2

z1---z-1(Radd) = @ z1---mA

Z1€(Rad X)”™
1~z F#0
for all z, ---z;_1 in YV;—; and hence
(Rad4)’ = @  zi---z-1(Radd)
1,211 E(RadX)™

)~ 211 #0
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= (<) ZTy---TiA.
z1,n1E(RadX)"
T -T#£0

Our induction is complete. ll

From Proposition 4.2.4, Theorem 4.2.5 and Theorem 4.2.6, we at once obtain the

following

Corollary 4.2.7 Let A = KT'/I with basic set E = {e,,...,e,} of primitive idem-
potents. Suppose that (A, X) is a right monomial ring with respect to E.

(1) If A is of Loewy length 4, then A is of monomial presentation type.

(2) If T is acyclic, then A is of monomial presentation type.

In [6, Example 4.5], it is shown that there exists a quotient of path algebra which
has a right tree subset but is not a right monomial ring. As an application of the
corollary above, we can now provide an another example of this kind. We shall use

the following result due to Saorin (see {27, Proposition 2.3]) in the example.

Proposition 4.2.8 Let I be an admissible ideal in the path algebra KT and let A =
KT/I be of Loewy length L. Then A is gradable by the radical if and only if there
ezists @ change of variable T on KT such that T(a) = @ mod <I'?> for all arrows
a in T and that I = <T(I) UTE> is a homogeneous ideal in KT

Example 4.1 Let K be a field. Define I" to be

Figure 4.1
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and let
p={c® afe, af®-d?, Bap, £°}.
Let A = KT'/I, where I = < p>. It is easy to check that A is of Loewy length
4. In the following we show that A has a right tree subset A but is not gradable
by the radical. Then since a path algebra quotient of monomial presentation type is
gradable by the radical, from (1) in Corollary 4.2.7 it follows that A is not a right
monomial ring.
Define
X ={1}U{e, B} U {aB, Ba, f’}U{af’, Fa}.
It is straightforward to check that X is a right tree subset of A. Moreover, X U {0}
is a multiplicative semigroup in A. Assume that A is gradable by the radical. Then,
by Proposition 4.2.8, there is a change of variable T on KT of the following form

T(@) = a+¢
TB) = B+y

where ¢,% € <I'2>, such that [ = <T(p) UT*> is a homogeneous ideal in KT, and
by Proposition 2.2.2, A is algebra isomorphic to A = KT'/I. Now we have that

I=<ad® ofa, \la+(\-1)af®+a? faB, B>+ <>

where X is the coefficient of 2 in ¢. Since I is homogeneous, we see that a® and

AB%a+ (A — 1)ap? are in I. Thus
I =<a? afa, \FPa+(A-1)af? BaB, B> + <> .

We calculate the K-vector space dimensions of A and A to obtain that dimg A =38
and dimg A = 7. This contradicts the fact that A is isomorphic to A. Therefore, A
is not gradable by the radical.
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We observe that in the proof of Theorem 4.2.5 and Theorem 4.2.6, the multiplica-
tive semigroup ) U {0} generated by the top of the radical of the original tree subset
& is exactly such that (4, )) is a right monomial ring. The following example shows
that this is in general not the case. Our algebra will be local and of Loewy length 5.

Example 4.2 Let K be a field with Char(K) # 2. Define I to be

and let
p={a31 azﬁy Bazx ﬂaﬂl ﬂsy aﬂza-aﬁa}-
Let A = KT/I, where I = <p>. Define

X = {1}u{a-af -pa, S}u{d? af, Ba, £}
U {aB?, B*a}uU{afa}.
In the following we shall show that X is a right tree subset of A which is such that
(A, X) is a right monomial ring with respect to E = {1}.
(1) X is a right tree subset of A.

By Proposition 4.1.1 and the definition of the set p of relations, we need only to
check that the following two equations hold:

RadA = (a—af —- fa)A® A (4.2.7)

(e — af — Ba)(RadA4) = ?A® afA (4.2.8)

To do this, we first notice that RadA = a4 & fA. Then a — aff — fa € RadA
and so (¢ — aff — fa)A + BA C RadA. On the other hand, we have that a =
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(a—af - Ba)(1+ B+ B?) + Pa, and so RadA C (a—af — Ba)A+ BA. Suppose that
(x — af — Ba)a + Bb = 0, where a,b € A. Then it follows from a4 N A = 0 that
(a —af)a =0 and Baa + Bb =0, with the former equation implying that a € RadA.
Thus faa = 0 and Bb = 0. This shows that the equation (4.2.7) holds. From (4.2.7)
we have that (@ — af — fa)(RadA) = (o? — afa)A + (af — af?)A = a?A + afA
since 1 — B is invertible. From the definition of p we see that a®?A N aSA = 0; hence
the equation (4.2.8) holds.

(2) Each element of X satisfies the annihilator condition with respect to X.

Since X is a right tree subset of A, it follows from Lemma 4.2.1 that X is a
K-vector space basis for A. Take any element in A

f = d+Mla—aB — Ba) + Xf + Maa? + MaB + Asfa + Asf?
+ Maf? + AgfPa + dgafia.

We carry out the following calculations:

(@a—af —Ba)f = I(a—af —Ba)+ A (c? —afa) + Az2(af — af?)

+ A% + dgaPa
Bf = XoB+ M(Ba—Ba) + A% + AsBPax
a’f = Mo
aff = laf+ laf? + Asafa
Baf = ABa
Bf = B+ P
afif = Maf?+ Arafa
Baf = Mf’a
afaf = Mafa.
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From the relations above and the definition of p we obtain that

ranna(a —of — fa) = {o?, af, fa}A
ranns(8) = {c?, of, B*}A
ranng(e?) = {a, f}4
ranng(af) = {a-af-pBa, }A
ranng(fa) = {a, }A
ranng(f%) = {B, o?, af}A
ranng(af?) = {B, a?, af}A
ranns(f’e) = {a, f}A
ranns(afa) = {a, B}A.
This shows that each element of X satisfies the annihilator condition with respect to
X. Consequently, (4, X) is a right monomial ring with respect to E = {1}.
We now have the following two different elements in the semigroup Y U {0} gen-
erated by (RadX)":

y1 = (a — af — fa)B(a - af — fa) = —af’a

and
2 = (a — ap — fa)f*(a — f — fa) = af’a,
which are K-linearly dependent. This shows that the semigroup Y U {0} is not a
right tree subset of A and hence is not such that (A, ) is a right monomial ring with
respect to E = {1}.
Finally, we observe that A is of monomial presentation type by applying the
following change of variable T on KT':

Ta) = a
T@B) = B+p.
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The corresponding monomial algebra is A = KI‘/f , where [ = <j>, and

ﬁ={asy a2 r ﬂazt ﬂaﬁr ﬁsa aﬁa}-

4.3 Further sufficient conditions

Let A = KT'/I with basic set E = {ey,-- -, e,} of primitive idempotents and suppose
that A has a right tree subset X’ with E C X and X = U};-, e;Xe;—{0}. This section
will provide some other conditions such that A = KT/I is of monomial presentation
type. In particular, as a corollary to one of these results we shall obtain that if " is
square-free and strongly acyclic, then A is of monomial presentation type.

Proposition 4.3.1 Let A = KT'/I with basic set E = {e;,---,e,} of primitive
tdempotents and suppose that A has a right tree subset X with E C X and X =
Ui j=1 &iXe; — {0}. If for any z € (RadX)™ there ezists at most one y € (RadX)"
satisfying Ty # 0, then A is of monomial presentation type.

Proof. Notice that it is not assumed that X satisfies the annihilator condition.
Since X is a right tree subset of A, we have that

RadA = @ $1A - (4.3.1)
1 €(RadX)™
Assume that
(Rad4)~' = (53] Ty---T114,
T} yeerTt—3 E(RAAX)™
1T -170
where { > 2. Then
(Radd)= @  z---ma(Radd).
zlr'ﬂzl—le(wx)r

Ty T #£0
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By hypothesis, there exists at most one z; € (RadX’)” such that z;_,z; # 0 for any
z;_; in the equation above. Then from (4.3.1) it follows that
(Rad4)' = (<) T1---TiA.
z1,-T€(RadX)™
z1--ZF#0

Thus, by Proposition 4.1.2 the multiplicative semigroup YU {0} generated by the top
(RadX)™ of X is such that (A,)) is a right monomial ring with respect to E, and
hence by Proposition 4.2.4, A is of monomial presentation type. [l

We recall that a two-sided artinian ring is right locally distributive if each of its
indecomposable projective right modules has a distributive lattice of submodules.

Proposition 4.3.2 Let A = KT' [T with basic set E = {ey,---,e,} of primitive idem-
potents. If A is right locally distributive and (RadA)4 is a direct sum of local right
ideals of A, then A ts of monomial presentation type.

Proof. First we have that
(RadA)4 = ¢;(RadA) @ - - - @ e,(RadA) .

Since (RadA), is a direct sum of local right ideals, by the Krull-Schmidt Theorem
each direct summand e;(RadA) is also a direct sum of local right ideals. Then there
exists a finite subset 7; of each ;A with

T C ei(RadA) - e;(RadA)* and Ti=|J Tee; - {0},

j=1
such that
e;(RadA) = @ zA.

Set T = Ulsiﬁﬂ 7;:. Define

Y=EUQhU---UYr,
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where Yy = T — {0} for { = 1,...,L — 1, and L is the Loewy length of A. Then
Y U {0} forms a multiplicative semigroup in A.
Take any z; = z1e; € T, where 1 < j <n. Then

zi(RadA) = ) z1224. (4.3.2)
z2€T;
T122#0
Suppose that we are given
Y iz, =0,
€T
z1T27#0

where a,, € A. Let G;, be the kernel of the A-homomorphism 8: e;A — z;A defined
by 6(a) = z,a for a € e;A. Then
E TrGz, € Gz, .

€75
z122#0

Since A is right locally distributive, it follows that
(P z4)NG;, = @ (22ANG,,).

z2€T; n€T;
Z122#0 12270

Thus we see that z;a,, € G,,, i.e., T1T2a,, =0, for all z, € T;. This shows that the
sum in (4.3.2) is direct for all z; € T; hence
(RadA4)? = @ T1Z2A.
1,22€T
T122#0
Applying the same argument as above, we inductively obtain that
(RadA)= @ =z ---zA
Ly BIET
]
foralll =1,...,L — 1. Thus, by Proposition 4.1.2 (4,)) is a right monomial ring
with respect to E, and hence by Proposition 4.2.4 A is of monomial presentation

type.
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Proposition 4.3.3 Let A = KT /I with basic set E = {ey,---,e,} of primitive idem-
potents corresponding to the set 'y of vertices in . Suppose that (A, X) is a right
monomial ring with respect to E such that the right tree subset X consists of paths in
[ modulo I. Then A is of monomial presentation type.

Proof. Since X consists of paths in I’ modulo I, it follows that (RadX)™ =
Iy +I/I, where I'; is the set of arrows in . Define

Y = ((RadX)")' - {0}, I=1,...,L-1,
where L is the Loewy length of A. Clearly we have that (RadX)™ = ). Assume that
(Rad*X)" =Y = {z-- -2 | 71, ..., Tx € (RadX)", z;-- -2 #0}

forall 1 < k < {, where [ > 1. Then each element of }} satisfies the annihilator
condition with respect to X. Hence by Lemma 4.2.2

(RadA)““ = ( @ wA)RadA
we(Rad‘ X)
D w(Radd)
we(Rad‘ X)
D z; ---zi(Rad A)
21,1 €(RadX)”
12 #0
= @ Ty Tl
T1.-Tt41€(RadX)”

21Tt 41 70

On the other hand, we have that
(RadA4)**! = @ wA.
WG(Rld"H‘ X))
By hypothesis, each w in (Rad*'X)" is a path in I’ modulo I which, from the in-
duction assumption, must be of length [ + 1. Thus we see from the equations above
that

(Rad"™'X)" = V1 = {Z1 - Tp41 | T1y - -, T141 € (RAAX)", 21 --- 21 # 0}
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Then by induction we obtain that

Xu{0}=Eulu---uYy,uU{0}
is a multiplicative semigroup in A; so, by Proposition 4.2.4 A is is of monomial
presentation type. [
Theorem 4.3.4 Let A = KT /I be of Loewy length L > 3 with basic set E =
{e1, - --,en} of primitive idempotents and let A have a right tree subset X with E C X
and X = U};-, e;Xe; —{0}. Suppose that I" satisfies the condition that for any arrow

a in I, provided that o(a) is a non-source in I', then every path in ' from o(c) to
t(a), other than a, if any, is of length > L — 1. Then A is of monomsial presentation

type.
Proof. Let z be any element of (RadX)". Since X is a right tree subset of A, it

follows that

z(Radd)=z( @ vA= Y =zyA= @ wA,
yE(RadX)™ ve(:t;gf)" w€(Radld(z))™

where U(z) is the subdiagram of X generated by z. Let us say
z(RadA) =zypA+---+ sy, A= AD--- B w,A (4.3.3)

where y1, ...,y € (RadX)™ are different with zy; # 0 for each i, and w,,...,w, €
(Radl(z))*. We claim that the set {zy;,...,zy,} is K-linearly independent modulo
z(RadA)2. To show this, suppose that

Aizyr +---+ ATy, € 1"(1"»344‘1)2 = zy1(RadA) + - -- + zy(Rad4) ,

where A;,..., A, are scalars in K. Since yi,...,¥% have the same origin, which is
the terminus of z, by hypothesis they are of different right types, i.e., ejq,) # €jg)
whenever k # [, where e;(,), €jq,) are such that ye = yeejq,) and ¥ = yiej(y,). Hence

Azyk € zyi(Rad4) + - -- + zy-(Rad4),
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forall k=1,...,r. Now assume that A; # 0 for some k. Then
TYe = TY181 + - - - + TYrCr (4.34)

for some a; € ejy,)(RadA)ejy,), | =1,...,7. Let T = zej(;). Then from (4.3.4) we
see that j(z) is a non-source in I' and there is an arrow from j(z) to j(y:); hence,
by hypothesis ya; € (Rad4)L~! and so zya; =0, foralll = 1,...,r. Thus zy = 0,
a contradiction, which shows that {zy,...,zy.} is K-linearly independent modulo
z(RadA)2. Then from this and (4.3.3) it follows that r = s. Without loss of generality,
we can assume that y, and w; are of the same right type forall k= 1,...,r. Then,
for any fixed k, from (4.3.3) we have that

we = TY1by + - - + oY + bie) + - . . + zYby,

for some by, ...,b. € RadA with b = ejq,)biejw,) for each [, and some u; € K*.
Again since j(z) is a non-source vertex in I" and there is an arrow from j(z) to j(vk),
by hypothesis yb; € (RadA)*~! and hence zyby =0 foralll = 1,...,r. It follows
that we = puezye and zye A = wiA. Then

z(Radd)= @ zy4

y€(RadX)”™
zyF#0
for all z € (RadX)” and hence
(RadA)’= @ =zyA.
z,ye(RadX)"
zy#0
Assume that
(RadA -1 = @ Zy-- -z,_lA
Z1,.-%1— E(RAAX)™
Ty~ Tp-1 £0

where | > 2. For each component z, - - - 7;—; A in the direct sum above, applying the
exactly same argument as above with z(RadA), we obtain that

z; - -- 71 (RadA) = @ T1---TiA.
zie(RadX)"

1T #F0
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Thus

(Rad4)' = ) z; - -- 71— (Rad A)
Z1 oo Zi—1 E(R2X)"

Ty--2p-1 70
= (%) T ---TA.
z1,--2tE(RadX)™
1 --Zr#£0
Consequently, by Proposition 4.1.2, the multiplicative semigroup Y U {0} generated
by (RadX)" is such that (A4, )) is a right monomial ring with respect to E. Therefore,

by Proposition 4.2.4 A is of monomial presentation type. [l

We give a simple example.

Example 4.3 Let K be a field. Define I” to be

a(v)
Figure 4.3

and let
p={a(1)8-a(2)B, ..., a(1)8—(v)8}

where v > 2. Let A= KT'/I, where I =<p>.
We see that A is of Loewy length 3 and I satisfies the condition in Theorem 4.3.4.

Define
X = {e1, e, €3, a(l), a(l) —a(2), -.., a(l) —a(v), B, a(1)B}.

Then X is a right tree subset of A. So by Theorem 4.3.4, A is of monomial presen-

tation.



CHAPTER 4. RIGHT MONOMIAL RINGS 90

Corollary 4.3.5 Let A = KT'/I with basic set E = {e;,...,e,} of primitive idem-
potents and let A have a right tree subset X with E C X and X = ;= e;Xe; — {0}.
IfT is square-free and strongly acyclic, then A is of monomsial presentation type.

Proof. This is obvious from the definition of a square-free and strongly acyclic
finite directed graph and Theorem 4.3.4

4.4 Gradation by the radical

The task of this last section of the present chapter is to present a characterization

of path algebra quotients of monomial presentation type within the class of right

monomial rings. We shall show that they are exactly those gradable by the radical.
Let us start with the following lemma.

Lemma 4.4.1 Let A = KT'/I with basic set E = {ey,...,e,} of primitive idempo-
tents. Then A is of monomial presentation type if and only if there ezists a right
tree subset X of A with E C X and X = U};-; &:Xej — {0} such that the following
conditions are satisfied:

(a) (A, X) is a right monomial ring with respect to E;

(b) the K-vector space direct sum decomposition

A = Span, E @ Span,(RadX)" @ - - - ® Spany(Rad" ' X)"
is a positive gradation for A, where L is the Loewy length of A.

Proof. (=) Suppose that A is of monomial presentation type. Then there exists
a monomial admissible ideal [ in KT such that A is algebra isomorphic to A = KT/I.
Let P denote the set of nonzero paths in I' modulo . We can easily check that P is
a right tree subset of A such that (4, P) is a right monomial ring with respect to T,
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where P and Ty are the images of P and [y under the natural map KT — KT/1,
respectively. Moreover, A has the following positive gradation

A = Spany Ty ® Span, P, @ - -- ® Spang Pr_;

where P, is the set of nonzero paths of length ! in ' modulo [ for {=1,...,L— 1.
Let F and X correspond to [y and P, respectively, under the given K-algebra iso-
morphism. Without loss of generality, we can assume that E = F. In fact, by the
Wedderburn-Malcev Theorem, there exists an inner automorphism o of A such that
E = o(F). Then X is a right tree subset of A such that (4, X) is a right monomial
ring with respect to E and that the K-vector space direct sum decomposition

A = SpanyE @ Span (RadX)” @ - - - @ Span(Radl 1 x)"

is a positive gradation for A.
(<) Define
Y=EUQU---UYL,
where ) = ((RadX)")! — {0} for{ =1,...,L — 1. Then Y U {0} is a multiplicative
semigroup in A. In the following we shall show that every element of ) satisfies the
annihilator condition with respect to X and hence, by Lemma 4.2.3 and Proposi-
tion 4.2.4, A is of monomial presentation type.

First, since (A, X) is a right monomial ring, every element of J; = (RadX)”
satisfies the annihilator condition with respect to X. Given any [ > 2 and any
zy---z; € Y, with each z; in (RadX)”, then by the condition (b) we have that
) - --T; € Spang(Rad' X)", so that

Ty = p AW
wEei(z,)(Rad' X)7ej(ay)

for some A, € K, where z; = €;(;,)z1 and z; = T€j(y,)- Since the right A-modules
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wA are independent when w runs over (Rad’X)", it follows that

ranng,_, (z1---71) = N rann, ., , a(w).
AwF#0
wee;(z,)(Rad' X)7ej(z))

Since (A, X) is a right monomial ring, each w in the equation above satisfies the anni-
hilator condition with respect to X. Hence z; - - - 7; satisfies the annihilator condition
with respect to X. Thus, we obtain that every element of ) satisfies the annihilator
condition with respect to X. The proof is complete. [}

Now we prove the main result of this section.

Theorem 4.4.2 Let I’ be any connected finite directed graph and let A = KT'/I with
basic set E = {e;....,e,} of primitive idempotents. Suppose that (A, X) is a right
monomial ring with respect to E. Then A is of monomial presentation type if and
only if A is gradable by the radical.

Proof. (<) Suppose that A is gradable by the radical. By definition there exists
a positive gradation for A:

A=A @A D---AL1 (4.4.1)
such that
(RadA)' = D Am
m>t

foralll=0,1,...,L — 1, where L is the Loewy length of A. By hypothesis, X is a
right tree subset of A; then by Lemma 4.2.1 X is a K-vector space basis for A and so

A=KE® K(RadX)"®---® K(Rad''X)".
Moreover, we have that

(RadA) = (Rad'X)A = @ K(Rad™X)"
m>{
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for all . Here E = (Rad’X)”. Now define a map §: ¥ — A by
6(z) = the l-th component of z relative to the Z-gradation (4.4.1)

for all z € (Rad'X)", l = 0,1,...,L — 1. Then # extends to a K-vector space
endomorphism on A such that

9(K(Rad'X)") C A, (4.4.2)

for all I. Let 2 =6(X) and Z; =60((Rad’'X)") for [ =0,1...,L — 1. It is clear from
the definition of @ that for any z € (Rad‘'X)" with 0 <I< L -1,

z=60(z) mod(RadAd)*!.

We proceed with the following steps.
Step 1. 8 is a K-vector space automorphism of A and (K (Rad'X)") = A, for all

Given any z;,z, in X with z; € (Rad'X)" and z; € (Rad*X)" where 0 < [,k <
L -1, if l #k, then clearly 0(z,) # 6(z2). Suppose that [ = k. We have that

1) =6(z;) mod(RadA4)*+!
= 0(.'1.’2) mod (Ra.dA)“" .
If 6(z,) = 0(z;), then z; — z, € (RadA)*+!. But

(RadA)**' N K(Rad'X)™ =0, (4.4.3)

80 z; = z,. This shows that 8|y is an injection. To prove that 0 is a K-vector space
automorphism on A, it suffices to show that Z is K-linearly independent; in fact, by
(4.4.1) and (4.4.2) we need only to show that each 2; is K-linearly independent. Now

suppose that
M0+ 22 =0,
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where ;€ K and 2 € Z, fori=1,...,t. Then
MO EN + ...+ A07(zZP) =0 mod (RadA)™!.

Since each 6—'(z) lies in (Rad'X)™ which is K-linearly independent, by (4.4.3) we
obtain that A; = 0 for all 1.

Noticing that dimg(A;) = dimg K(Rad'X)" for all [, from (4.4.2) we then have
that (K (Rad'X)™) = A for all L.

Step 2. Let F =0(E) = 24 = {f1,---,fa}- Then F is a basic set of primitive
idempotents of A.

We have that

A=KE®RadA=KF ®RadA.

By the Wedderburn-Malcev Theorem, there exists an inner automorphism o of A,
induced by some element 1 — y where y € RadA, such that KF = o(KE). Then
o(e:) =(1-y)'ei(l —y) =e; modRadA
foralli=1,...,n. On the other hand,
e; =0(e;) = f; modRadA,
for all <. It follows that
o(e;) = f; modRadA.

But both o(e;) and f; are in KF, so f; = o(e;) for all i; hence F = o(E) is a basic
set of primitive idempotents of A.
Step 3. Z = U};; fiZf; — {0} and Z is a normed subset of the right A-module

A relative to the basic set F'.
Let z be any element of 2. Let z = 6~(z). Suppose that z = e;ze; € X, for
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some [ and some %,j. Then z € Z;. Now

z=z mod(Rad4)*!
e; = f; modRadA
e; = f; modRadA.

T = e;ze; = fizf; mod (RadA)™*?

and so

z= fizf; mod (Rad4)"!.
Since z and f;zf; are both in A, it follows that z = f;zf;. This shows that Z =
Urj=1 fiZf; — {0}

Given any different 2,2, in Z with z; € 2;and z € Zg where 0 < [,k < L -1,
if { # k, then it is clear that z;A # zA. Let | = k. Assume that 2;4 = 2 A. Then
2 = z1a for some a = ag +a; + - -- +ar—; € A with each g; in A;. Since 2,2 € A4;,
it follows that 2, = z;ay. Assume that ag = A1 fi + --- + An S for some scalars \; in
K. Then 2z, = Ajzi1fj = Ajz1, where f; is such that z; = 2;f;. But by Step 1, Z' is
K-linearly independent, this leads to a contradiction, which shows that z;4 # 2 A.
Thus, 2 is a normed subset of A, as right A-module.

Step 4. Z is a right tree subset of A.

Clearly we have that

Z=FUzZU---UZ;,

is a disjoint union and A = @}, fiA. We shall apply Proposition 4.1.1. Given any {
with 0 < ! < L — 1, assume that Z; = {z,...,2}. Then 6~(z;) € (Rad'X)" for all
i=1,...,s. Since X is a right tree subset of 4, it follows that

07 (z)(RadA) = u3AS ... Quy,A (4.4.4)
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where u;; € (Rad"*'X)" for all 4, j, and
(Rad™ )" ={u; [1 <7<t JU---Ufni |1 <5 <t }
is a disjoint union. Let w;; = (u;;) for all ¢, j. Then
Zi1 =0((Rad™ X)) ={wy; | 1<j <t JO---Uf{w; [ 1< 5 <t}
is a disjoint union. For any z; € Z; and any a € A,, by (4.4.4)
07 (z)e = Mug + ...+ Aqui;, mod (RadA)+? (4.4.5)
for some scalars A; in K. Now

0-'(z) = 2 mod(RadA)+!
w; = w; mod(Rad4)+?

for all j =1,...,t,. Thus it follows from (4.4.5) that
%@ = Mwi + ...+ A w, mod (RadA)+2.
But za,w;,. .., wy, € Ay, S0
26 = MW + ...+ AWy, -
This shows that

ZA CwgA+---+wyA.

Since A is gradable by the radical, we have that A, = Af forallk=1,...,L - 1.

Thus
ZAr CunA+---+wi A

for all k, and so
z;(RadA) CwgA+---+wpA.
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On the other hand, for each u;; in (4.4.4) we have that
u; =07 (z)b
for some b = b + -- - + b9 € RadA with each b in Ay. Then
wy; =z mod (RadA)"2.
But w;;, z.-bg"‘” € Ay, S0 Wy = z.-bgi‘i) and hence
wa A+ --- +wy, A C z(RadA) .

Thus we have that
z(RadA4) = waA+---+wy A,

forall z; € Z;.
Next, we need to show that the sum above is direct for each 2;. Fixing i, it suffices
to prove that for any k with 0 < k < L —1 and any a,,...,a, € Ag,

WiGy + ... + wi,a, =0 (4.4.6)
implies that w;ja; = 0 for all j. Assume that we are given (4.4.6). Then
%181 + - .- + up,a;, =0 mod (RadA)+++2.
But

(RadA)l-i-k-(-? — ( @ uA)(RndA)"“
u€(Rad*+1x)"

P u(Rada)*.
ue(m‘-i'l x)r

Thus each u;;a; is in u;;(RadA)**! and so each w;;a; = 0(u;;)a; is in (RadA)s++2. On
the other hand, w;ja; € Ay4e41- Hence wija; =0 for all j = 1,...,¢. Consequently,
by Proposition 4.1.1 Z is a right tree subset of A.
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Step 5. (A, 2) is a right monomial ring with respect to F.

Take any [ with 0 <! < L—1 and any z € Z;. We need to prove that z satisfies the
annihilator condition with respect to Z. Suppose that z = f;zf; for some i, j. Then
67'(z) = e;0~(2)e;. Since (A, X) is a right monomial ring wth respect to E, §-1(z)
satisfies the annihilator condition with respect to X; i.e, there exists a subdiagram
A(071(z)) of e;X such that

rann; 4(67'(2)) = A(0(2))A.-

Let B(z) = 68(A(6~'(2))). From the proof in Step 4 we see that B(z2) is a subdiagram
of f;Z. We claim that ranng, 4(z) = B(z)A. In fact, given any w € B(z), say w € Z;
for some k, then 8~'(w) € A(0~(2)) and 6~(z)0~'(w) = 0. Thus

zw =0 mod (RadA4)*++t.

But zw € A4, so zw = 0. This shows that B(z)A C ranng, 4(z). On the other hand,
given any a € ranng4(z), then za = 0. Let @ = A\12; + ... + Az for some A, € K*
and some different 2, € f;Z, s=1,...,¢t. Then

A1zz1 + ...+ A2z, =0.

Without loss of generality, we can assume that all z, are in Z;. for some k. Then we

have that
MO0 z) +---+ A0 (2)071(z) =0 mod (RadA) L.

But

(RadA)* ! = ( @ uAd)(RadA)*!
ue(Rad' X)r
= @ u(RadA)*.
u€(Rad* X)™
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So
MO7H(2)07 (z1) +--- + A0 (2)07 (%) =0 mod 67 (z)(RadA)**

and then .
M) (z) =072) Y mew
=1

weRad*+ix
for some scalars p,, in K. Thus

M) = Y e € rannga(07(2)) = AGH) A
=1 weRad Ly
Since X is K-linearly independent and .A(#~'(z)) C X is a K-vector space basis for
A(671(2))4, it follows that each 8~'(z) is in A(6~(2)). Thus each z; is in B(z) and
so
a=MAz +...+ A2t € B(2)A.

This shows that ranng 4(z) C B(z)A. Consequently, ranng,4(z) = B(z)A and so z
satisfies the annihilator condition with respect to Z. The proof of Step 5 is complete.
Finally, by Lemma 4.4.1 A is of monomial presentation type.
(=>) This is obvious since every monomial algebra is gradable by the radical. [l
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