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Abstract

This thesis describes possible applications of Prony’s method in timing analysis of
digital circuits. Such applications include predicting the future shape of the waveform
in DTA(Dynamic Timing Analysis) and delay look-up table in STA(Static Timing
Analysis).

Given some equally spaced output values, the traditional Prony’s method can be
used to extract poles and residues of a linear system, .e. to characterize a waveform
using an exponential function. In this thesis, not only values but also equally spaced
derivatives are tested. Still using same idea of the traditional Prony’s method, poles
and residues can also be extracted with those values and derivatives. The resultant
poles and residues will be used to predict the output waveform in DTA analysis. The
benefits brought by the using of derivatives include less simulation steps and less CPU
time consuming than the regular constant step simulation.

As a matter of fact, the Prony’s method can precisely approximate a complicated
waveform. Such property can be applied for STA analysis. The Prony’s approxima-
tion can be used to precisely record an output waveform, which is used as an entry of
the look-up table of STA. Since the accuracy of STA analysis relies on the accuracy
of the input and output waveform in the look-up table, the accuracy of the Prony’s

approach is promising.
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Chapter 1

Introduction

1.1 Motivation

The fast pace of developments in the micro electronics industry have pushed the
operation speed and the integration level to very high unprecedented levels. Such
developments have also made stringent demands on the CAD tools to keep pace with
those developments.

One of the fundamental and basic activities in digital circuits is the switching
between high and low levels. Characterization of a digital cell, through measuring
basic things such as delay and slew rate is essential in identifying the critical path in
a digital circuit, that is a path with the longest delay, between a set of inputs and a
set of outputs in digital block. Such a task is usually known as timing analysis.

Ideally, timing analysis is carried out through formulating the problem in the form
of nonlinear differential equations and using some form of a numerical method to trace

the waveforms from the digital input to the output. This approach is typically known



as Dynamic Timing Analysis (DTA). Unfortunately, given the large number of inputs
in modern digital circuits and the sheer size of the digital circuit, such an approach
can easily become cumbersome, especially, that this simulation has to be repeated
many times for different combinations of the input signals.

Static Timing Analysis (STA) is a different approach that aims at avoiding these
difficulties. STA is carried out by characterizing each cell individually for different
input and loading conditions, and then using this information to propagate the delay
and slew from cell to cell in the digital path. The information pertinent to each cell is
stored in a lockup table that provides the delay and slew at the output corresponding
to the delay and slew at the input and the output load capacitance.

It should be obvious from the above description that DTA places large emphasis
on the accuracy, whereas STA places strong emphasis on the speed of simulation.

The main objective of this thesis is to investigate new approaches that can bridge the

gap between STA and DTA.

1.2 Objective of the Thesis

This thesis introduces a new approach to the problem of timing analysis in digital
circuits. The main approach presented in this thesis builds on the Prony’s method [11]
to develop schemes that can be used in the task of timing analysis. Traditionally, the
Prony’s method has been used in electromagnetic analysis to identify the propagation
modes of linear systems [5]. To the best of our knowledge, this is the first work seeking

to gear those methods towards the task of timing analysis in nonlinear circuits.



1.3 Contributions

The following are the main contributions developed in this thesis.

1.3.1 Expanding the scope of Prony’s method

Traditionally, Prony’s method is used to identify the propagation modes in a linear
dynamical system given its transient response to an impulse function. On the other
hand, the main objective in this thesis has a predictive nature, in that we ask about
the delay in propagation from the input to the output, given as little information as
possible. To be able to use the Prony’s method to predict the future of a digital pulse
given its past history requires expanding the basic idea of Prony’s method so that it
can use few points on the waveform to predict its future shape.

The contribution of this thesis in that regard, is the expansion of the Prony’s
method so that it can use high-order derivatives in addition to points on the digital
waveform to construct. This method should enable using early points on the waveform

to predict a significant portion of the future waveform.

1.3.2 Using Prony’s method in STA

The thesis also demonstrates how the information extracted by the Prony’s method
can be used to derive a new approach to STA. In the contribution, we show how
a digital cell can be characterized using the poles and residues obtained from the

Prony’s method.



1.4 Thesis Organization

Chapter 2 provides necessary information on timing analysis. In Chapter 3, methods
of solving differential equations are explained, including the new method in [10].
Chapter 4 introduces the traditional Prony’s method and its application in electrical
engineering. Chapter 5 expands Prony’s method to using derivatives. Numerical
results are included in Chapter 6. Chapter 7 concludes the whole thesis and propose

the possible future work.



Chapter 2

Review of Timing Analysis in

Digital Circuits

This chapter provides a brief review of the concept of timing analysis in digital circuits
as well as the main approaches used to perform it. Section 2.1 covers the static
approach to timing analysis or STA, whereas Section 2.2 provides an insight into the

dynamic approach, or the DTA.

2.1 Static Timing Analysis

The term static here implies that the timing analysis is performed in a manner that is
independent of the input pattern, where the objective is to find the worst-case delay

of the circuit over all possible combinations of the inputs [2].



2.1.1 Using Graphs To Represent Digital Circuits

A digital circuit can be classified as either being a combinational or a sequential
circuit. A combinational circuit can be represented using the notion of a directed
graph, G = (V| E), where V are the set of vertices and E represents the set of edges
of the graph. The vertices V' in the graph represent the inputs and outputs of the
logic circuit, whereas the edges, E, represent the connection between the vertices.
In general there are two sets of edges: the first set connects each input of the gate
to the output, whereas the other set represents the connections from the outputs of
each gate to the inputs of its fanouts. Attached to each edge in the graph is a pair
of numbers that represent the rise/fall delay associated with the connection. These
delays are normalized with respect to a delay of a given gate representing the unit
gate such as the minimum-sized inverter. The delays associated with the first set of
edges provide the propagation delay within each gate, and the delays associated with
the second set of edges represent the interconnect delays between the digital gates
[23]. The following is an example used to illustrate using directed graphs to represent
the simple digital circuit shown in Figure 2.1.

The example in Figure 2.1 presents a combinational circuit with three NAND
Gates, G1, G2 and G3. The timing graph representing this circuit is shown in Fig-
ure 2.2.

The numbers within the gate represent, respectively, the rise/fall propagation
delay within the gate. In this example, we assume that there is no delay arising from
the interconnect, for simplicity. Thus, in this example, the rise/fall at the inputs of

GG3 are the same rise/fall introduced by the previous gate, G1. G3 itself is a NAND
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Figure 2.1: Example of a combinational circuit
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Figure 2.2: Example timing graph



gate with a rise/fall delay of 1/1. Thus, the fall delay of the path of G1 and G3 is
4+ 1 =5 and its rise delay is 2 + 1 = 3. Similarly, the rise/fall delay of the path
G2 and G3 is 2/4. Hence, this makes clear that the worst case rise/fall delay for
entire path is 3/5. The worst-case delay typically determine the fastest speed for the
operation.

A sequential circuit contains both combinational elements and sequential elements
such as flip flops and latches, and can be represented as a set of combinational blocks
between latches. Sequential elements are usually left unrepresented, whereas a timing

graph is built for each of the combinational blocks [23].

2.1.2 Delay Look-up Tables

The information used in graph-based representation of digital circuits usually depend
on the input stimulus of the logic gate and its output load [4] [8]. Hence, instead of
using a single rise/fall pair to represent a given edge in a timing diagram, one needs a
look-up table, whose entries provide the rise/fall delay corresponding to a given input
and output condition.

In general, there are three parameters used to characterize a digital gate response.
The first two parameters are the rise and fall delays which represent the delay between
50% output propagation time, which is the time span between 50%Vpp at the input
and 50%Vpp at the output.

The third parameter used in characterizing a digital cell is the output slew, which
is defined as the time difference between the points at which the output attains 10%

and 90% of its final settling.



As mentioned earlier, these parameters depend on the input and output loading
of a given cell. Consequently, they are stored in the form of a look-up table generated
by detailed transistor-level SPICE simulation. For example, generating the look-up
table for an inverter, the inverter is embedded in the circuit shown in Figure 2.3.
Subsequently the circuit is simulated repetitively for different values of the load ca-
pacitance, C';, and different shapes of the input signal, whereby the above-mentioned

parameters are extracted from the output waveform.

INV
n1 n2

—CL

1

Figure 2.3: Delay test circuit for an inverter

The most widely used standard input in STA is the saturated ramp defined by:

0,t < tso0 — 0.5t

r(t)/Vop = w,%o% — 0.5t <t < t509% + 0.5t (2.1)

1,t > ts + 0.5,

where t509 stands for the time at which the signal reaches 50%Vpp and t, repre-
sents the slew of the input signal. Note here that the shape of the input waveform is
controlled through only one parameter, t,. Figure 2.4 gives an example of a saturated

ramp having t50, = 0.1ns and t, = 0.2ns for Vpp = 1.2V



Figure 2.4: Example of a saturated ramp signal

With a delay look-up table, rise/fall delay and output slew for different input slew
and load capacitance can be determined. Linear interpolation is used to determine
the values between table entries.

The following example illustrates the delay calculation of an inverter characterized

by tables 2.1- 2.3 for three values of load capacitances and three values for input slew.

Load Cap./Input Slew | 0.05 | 0.2 | 0.5

0.01pF 0.03 ] 0.18 | 0.33
0.5pF 0.06 | 0.36 | 0.66
2.0pF 0.09 | 0.72 | 1.32

Table 2.1: Rise Delay

10



Load Cap./Input Slew | 0.05 | 0.2 | 0.5

0.01pF 0.02 ] 0.16 | 0.30
0.5pF 0.04 | 0.32 | 0.60
2.0pF 0.08 | 0.64 | 1.20

Table 2.2: Fall Delay

Load Cap./Input Slew | 0.05 | 0.2 | 0.5

0.01pF 0.01 | 0.09 | 0.15
0.5pF 0.03 ] 0.27 | 0.45
2.0pF 0.06 | 0.54 | 1.90

Table 2.3: Fall Output Slew

Assume that in this example the designer is interested computing the following
e the fall delay for a rising input with slew=0.1
e the rise delay for a falling input with slew=0.147 and output load capacitance
CL = 1.0pF.
We examine these two cases in the following case studies

e CASE 1: Input signal is a rising edge with slew=0.1.

The output is a falling edge. Check the Fall Delay table and linearly interpo-
late the table entries. The resultant fall delay=0.178. Check the Fall Output
Slew table and linearly interpolate the table entries. The resultant fall output

slew=0.147.

e CASE 2: Input signal is a falling edge with slew=0.12.

11



The output is a rising edge. Check the Rise Delay table and linearly interpolate

the table entries. The resultant rise delay=0.261.

The load capacitance of each gate can be determined by computing the effective
capacitance. If a logic gate’s output is connected to RC interconnect, the effective
load capacitance can be computed numerically [13] [20] [24] [25] [1]. If a logic gate’s
output is connected to another logic gate, the effective capacitance for any given
gate can be obtained as follows: determine equivalent inverter for the gate, drive
the inverter through a high resistance, measure the delay across the resistance, and
compare it with an RC' delay where C' is the gate effective capacitance we are trying

to compute [3].

2.1.3 Path STA in Combinational Circuits

Aided with the tables characterizing each cell individually, timing analysis for a given
path consisting of successive cells can be carried out using one of several methods
available in the literature. One of the most popular methods used in this task is the
Critical Path Method (CPM), which is described here briefly.

The critical path is defined as the path between an input and an output with
the maximum delay [15]. To locate the critcal path, we begin with the block whose
output has the longest arrival time. Then the longest arriving input to this block is
identified. Next the preceding block causing this transition is also identified. This
process is repeated recursively until a primary input is reached.

The CPM proceeds from the primary inputs to the primary outputs in topological

order. It computes the worst-case rise and fall arrival time at each intermediate node,

12



and eventually at the output of a circuit. Then the overall worst-case rise and fall

arrival time for the whole circuit can be found [23].

2.1.4 Path STA in Sequential Circuits

In general, any sequential circuit can be represented as combinational logic and reg-
isters, which are driven by clock. Then the clock issue plays a dominant role for
edge-triggered sequential circuits.

There are some special requirements for a combinational subcircuit in a sequential
circuit. Let’s denote the setup time, hold time, the maximum clock-to-output delay
and minimum clock-to-output delay of any arbitrary flip-flop k as Ty, Thr, A and
0y respectively, and let’s assume the clock repeats after every P units of time. The
delay of a combinational path i — j, noted as d(i, k), should satisfy the following two

inequalities [23]

d(i,j) < P —Tg — A (2.2)

d(i,j) = Thj — 6 (2.3)

Moreover, due to differences in interconnect delays on the clock distribution net-
work, the clock signals do not arrive at all of the registers at the same time. This is
called a “skew” in the clock. The designer must ensure each input-output path of a

combinational subcircuit has a delay less than the clock period with the presence of

clock skew.

13



2.2 Dynamic Timing Analysis

It should be obvious by now that the basic idea in STA assumes that the characteris-
tics or behaviour of an individual cell does not change dramatically when connected
in a bigger path, and its dependence on the driving input and output load in a simple
and almost linear manner. Clearly, this is an oversimplification since a logical gate is
inherently a nonlinear whose devices have strong nonlinear behaviour.

DTA, on the other hand, does not proceed from that assumption. Instead, it
starts with the whole path and describes it as a system of nonlinear differential
equations [22]. The timing analysis information are subsequently extracted from
the numerical solution of the system of differential equations. More on the numerical
solution of differential equations will be presented in Chapter 3.

Clearly, the result of DTA is very accurate since there are no assumptions made
about the behaviour of the cell. However, these results correspond to only one set
of inputs and to obtain the worst/best case, the numerical simulations as such will
have to be repeated for all possible configurations of input waveforms. As a result
of the complexity of modern, it becomes almost impossible to go through all the
combinations of the inputs. For example, in order to simulate a 32- bit adder, 264 =
1.845 x 10 different input patterns need to be generated [21].

Thus, to make the idea of DTA practically possible, a method is needed to generate
efficient input test vectors to ensure that the worst or best case can be covered by a
selected few inputs.

There are no standard procedures to generate test vectors. Usually, test gener-

ation methods can be classified into two categories: random or deterministic, of

14



which random testing is dominant over deterministic, and is the origin of most of the
simulation-based tools. [21] Random methods do not require information on circuit
structure to minimize the test set. The basic random methods generate stimuli with
equal probability of appearance of Os and 1s.

Although a Dynamic Timing Analysis usually takes a long time to complete, it
can not be replaced by Static Timing Analysis, because Dynamic Timing Analysis is
more suitable in asynchronous circuits than Static Timing Analysis. Also Dynimic
Timing Analysis can check the functionality of the design.

This thesis is trying to find a method to decrease the number of simulations, so

that Dynamic Timing Analysis can be speeded up.

2.3 Summary

This chapter described briefly the underlying ideas of STA and DTA. It was mentioned
that while DTA can provide accurate analysis, it remains largely impractical for
large integrate circuits. It also shown that STA is based on characterizing each cell
individually under certain input and output conditions, and assuming that these
characteristics will not vary significantly when connected to other cells. As such,

STA provides a fast analysis at the expense of accuracy.
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Chapter 3

Numerical Solution of Circuit

Differential Equations

The goal of this chapter is to provide some insight on the idea of DTA through present-
ing the mainstream and advanced numerical methods used in solving the differential

equations representing the circuits to be analyzed for timing information.

3.1 Mathematical Circuit Formulation

Before a circuit simulation can be carried out, the circuit needs to be represented in a
mathematical model. Modified Nodal Analysis (MNA) is the approach typically used
to represent a linear or non-linear circuit in the mathematical domain. Using MNA,
a nonlinear circuit can be represented in the time-domain in the form of a system of

differential equations as follows

dx(t)

Cdt

+ gx(t) + f(x(t)) = B(t) (3.1)

16



where the vector x stores all nodal voltages and currents of inductors and independent
voltage sources, the matrix C' stores capacitors, inductors and frequency-dependent
members, the matrix G stores all conductors and frequency-independent members,
f(x(t)) is a vector that describes non-linear relations of non-linear components, and
the vector B stores independent sources information.

Figure 3.1 presents a sample of circuit elements and their MNA stamps, which

represents their contribution to the formulation in (3.1).

Element Circuit Schematic Stamp
. g R
Resistor g_wv_g e  —g
JLI78 &
G
i C S
. O_”_Q ilc - —-c
Capacitor i T
jl-c - ¢
C
i J 1
Inductor Lo ! (:) ? !
1 : :
' jlo 0 -1
I[1 - =1 —sL
C

i i i
Current Source O‘@‘O :

i j g
TN ilo 0 1
Voltage Source O—@—O N EEEE
s jlo 0 -1
1,01 -1 0|E
G B

Figure 3.1: Some basic eletrical components and their stamps

The following is an example of representing non-linear circuit in MNA formulation.

The non-linear component in the circuit is a non-linear capacitor.

17



vl v2

=g —
¢ T

Figure 3.2: Non-liear circuit example

This circuit could be described using MNA formulation as follow:

0 0 O 0 0 1 1

G=10g¢9 0 |,C=]0C -1|.B=]0]:

00 —1 00 0 0
_ _ _m(t)__ [ 0 _

u(t) = [I], x(t) = | vy(t) |, and f(x(t)) = 0
Q) | | f(0n(t) = v2(1)) |

3.2 Linear Multi-Step (LMS) Methods

Once the MNA formulation for a general circuit has been constructed as shown above,
a numerical method can be used to solve for the vector of unknowns, x(¢) at discrete
time steps, tg, t1, ..., ty.

One of the most popular methods is the Linear Multi-Step Methods (LMS). An
LMS method seeks to approximate the unknown waveform z(t) by a polynomial
function in ¢, #(t). For example, &(t) could be chosen to be second degree polynomial
int

#(t) = ag + art + ast? (3.2)

, where the coefficients ag, a; and as are to be determined given some information
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about the original x(t).
For example, if one knows about x(t) and its derivatives at t = 0, h, 2h, then it

becomes possible to construct the following system of equations

To = Qg
Ty = a1

1 = ag + a1h + ash? (3.3)
) = aj + 2ash

xh = aj + 4ash

, where xg = x(0), 1 = z(h), xa = x(2h), z(, = 2/(0), 2} = 2'(h), ), = ' (2h).

To find ag, a; and a9, one can use the first three equations to form the system

To — Qo
1 = Qg + alh + CLQhQ (34)
xh = ay + 4ash

whose solution would produce the coefficients as follows

ag = o

—4x0+41‘1—z/2h (35)

ar = 3h

zo—x1+25Hh
3h2

a9 =
Substituting for ag, a; and as in (3.5) into (3.2) and letting ¢t = 2h, one gets the

following formula for x,

3 1

In fact, (3.6) only represents a special instance of the general class of LMS methods

whose general formulation takes on the following form
k k
> kg = h Y _bidl ;=0 (3.7)
=0 =0
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, where a; and b;, j = 0, ..., k are coefficients that are determined in a procedure
similar to the sone described above. The general class of LMS methods is divided
into further subclasses based on the particular values for a; and b;. Thus an LMS

method is referred to as

e Explicit method (or predictor) if either ag or by is equal to zero, or
e Implicit method (or corrector) if both ay and by are equal to zero, or

e Backward differentiation formula (BDF) method if by = by = ... = b, = 0 [26].

In addition to the above-mentioned classifications of LMS methods several other
important characteristics are used to characterize LMS methods. The following sub-

sections summarize those characteristics of Truncation Error, Order and Stability.

3.2.1 Local Truncation Error (LTE)

LTE refers to the error resulting from using a finite degree polynomial to approximate
a general unknown waveform. To deduce the LTE arising from a given LMS formula,
we substitute for &, ,_; and 2], _ y with the actual waveform values, that is z(,1r —
jh) and 2/ (t, 1 —jh). Clearly, since #(t) and z(t) are different, then it is not expected
that z(t) will satisfy (3.7) perfectly. Instead, there will be an error term that can be

collected on the right side

k k
> ajz(tpre — jh) — b bja! (o, — jh) =€ (3.8)
j=0

=0

To find the error term more explicitly, we expand x(t,4x — jh) and 2/(t,4x — jh)

around %, as follows

. h / h 2 "
Kt = 1) = #ltnis) — et + D)+ (39)
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h h)?
$,(tn+k — jh) = x/(tn+k) — %x//<tn+k) + <92‘) mll/(tn+k;) + ... (310)
Substituting (3.9) and (3.10) into (3.8) results in
Cot(tnsr) + hCia (tnik) + B2Cox" (tpsr) + ... + B Core™ (t4h) + ... =€ (3.11)

, where
Co=ag+a,+as+...+ag
Cy = — | L(ar +2ap + ...+ kar) + &(bo + by + ...+ by)]
Cy = 2(ar + 2%as + ... + K?ay,) + (b1 + 2by + ... + kby,)

Cy=— {%(al + 2%a 4 ...+ BPag) + 5 (b1 + 220 + ...+ kak)]

Con = (—1)" [Li(a2 + 27ay + 37az + ... + k™ay)
+ gy (bt 27y 3™ g 4+ km—lbk)]
It can be shown that if a p order polynomial is used in approximating the
unknown z(t), then coefficient Cyy up to C,, vanish identically leaving only Cp41, Cpyo,

... Hence, the approximation error becomes equal to
€= mPC, P (L) + ... (3.12)

The first term in the above series typically devotes the so-called LTE defined as

follows

LTE = WP C o a® (1, 44) (3.13)

where €)1 is the LTE constant.
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3.2.2 Order of LMS Methods

The order of an LMS is defined as the degree of the polynomial used to approximate
x(t). Thus if an order p method is used, then the degree of approximating polynomial,
Z(t) is p, i.e.

E(t) = zpj a;t' (3.14)

i=0

The coefficients of the polynomial can be found using information about the numerical
values of the waveform, its derivatives (or a combination thereof) at several points in
the past. In general, it is not necessary to compute the coefficient a; explicitly, since
eventually, one always ends up with a formula similar to the one in (3.7), where the

coefficients a; and b; are computed a priori and used later for all problems.

3.2.3 Stability in the LMS Methods

Stability is another important property of a LMS formula. A numerical integration
formula must also be stable in order to follow a stable output response. Stability is
studied by placing a stability testing problem z’ = Az into the LMS formula (3.7),

where A is a constant on the LHS of the complex plane. This results in
k
Z (CL]' - h)\bj)wn—i-k—j =0 (315)
5=0
The exact solution for testing function 2z’ = Az is
z(t) = z(0)eM (3.16)
We know the solution of (3.15) also has a similar form of

Tpipj = (0)eMOHE=I) (3.17)
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Substituting this solution to the equation (3.15), we get
k . k .
Yerhn Z ajeAh(k’J) — M\ Z bje’\h(k’” =0 (3.18)
=0 =0
It can be simplified to

k k
S a; M) — AR bt = (3.19)
j=0

J=0

The characteristic function for e is

zk: a; 2" — \h zk: b; 2" =0 (3.20)
j=0 j=0

It must have k roots since it is a polynomial of degree k. Because for a stable circuit
A is on the LHP and step size h is always a positive real number, we require all the
roots of the characteristic function (3.20) stay inside the unit circle. For h = 0, the

characteristic function (3.20) becomes:

k
a2 =0 (3.21)
=0

The characteristic function (3.21) at A = 0 must have all roots inside the unit circle,
and this is required by all LMS formula. This type of stability is called zero stability.

For h = oo, the characteristic function (3.20) becomes:
k .
Y b2 =0 (3.22)

This type of stability is called A stability. For h is other number, we check the
stability boundary, or let the root on the unit circle z = €/®. The characteristic

function (3.20) can be rewritten as:

Zj OCLJ

25:0 b]Zk j (323)

q =
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, where ¢ = A\h is a complex number. We can draw the stability boundrary on ¢ plane
by inserting the results of equation (3.23). To choose some values on the unit circle,
we start from z = 0 passing z = j and end at z = —1. Corresponding to each value
of chosen z, equation (3.23) gives a point on g complex plane. The stable region is
on the left of the curve proceeding direction on the ¢ plane. The following figures
demonstrate the stable region of Forward Euler, Backward Euler, Trapezoidal and
BDF. For all the stable A on the LHP, we hope that the stable region on ¢ plane can

also cover all the LHP, so that a big step size of h is safe.

Figure 3.3: Stable region 1,Forward Euler, stable inside; 2, Backward Euler, stable

outside; 3, Trapezoidal, stable LHS
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Figure 3.4: Stable region of BDF stable outside
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3.2.4 Circuit Simulation Using LMS Methods

The previous subsections outlined the derivations and final form for the LMS methods.
Here, we describe briefly how they can be used to perform the actual solution of
the system of differential equations describing the MNA formulation. To make this

presentation straightforward, we rewrite the BDF special form of the LMS
k
Z aja:n+k_j — hbol’;l+k =0 (324)
i=0

Notice here the above formula defines the derivative at ¢,,_; in terms of the previous
points. Hence pre-multiplying by the matrix G on both sides of (3.1) and substituting
from the MNA formulation

k

Z A5 Tn4k—j + hbo[Gl‘rH_k + f($n+k) - b(tn+k)] =0 (325)
j=0
Note that x,,1,—;, j =1, ..., n are assumed to be known. Hence, the above system is

a system of nonlinear algebraic equations that can be solved using Newton iterative

techniques for x,, .

3.3 Integration with High Order Derivatives

It is well established that LMS methods lose A-stability for orders higher than 2 [7]. A
recent method was proposed in [10] to develop high-order methods that can maintain
their A-stability. These methods incorporate the high-order derivatives to achieve the
A-stability. Derivations of High-order methods can be done in a manner similar to the
derivation of LMS outlined above. The final result, however, will be a formula similar

to the LMS, that relates the values and derivatives at several successive points. The
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general multistep high-order integration formula takes the following form

km
l l
x7(z)+k = hl (Za Lntk—j hzbc n-i-k ] (_1)lhlzcjc$7(l)+kj)
(3

7=0
.26)
, where
dl
!
Tty = gzt
and h is the step size, i.e.
h = tm+1 —tm
The coefficients af are determined using a procedure described in Appendix A.
3.3.1 The Obreshkov-based High-order Formula
A special class of the method in (3.26) is the single-step method defined by
k
Z <_ a] kh xn—‘rl Z A f— ph Xy, ) (327)
§=0 5=0
This subclass enjoys the following advantages [10]
1. The coefficients a;j can be written in a closed-form as shown next
(k=)= (3.28)
ajp = — N .
" gk — )V

2. It can be shown that this class of method is A-stable and L-stable if p =0 or 1

and 2, respectively;

3. It can be shown that the LTE of this class can reach the theoretical minimum,

where the coefficient of the truncation error is

(k—p)lk! ‘
2k —p)!(2k —p+ 1)V

Crpr = (—1)F (3.29)
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4. Tt can also be shown that the order of the Obreshkov-formula is
O((AR)%)

, which indicates that the Obreshkov-formula is a high order formula associated

with high accuracy.

3.3.2 Circuit Simulation Using the Obreshkov Formula

The Obreshkov formula was used recently in [23] for the purpose of transient simu-
lation of electronic circuits. This section summarizes the basic implementation pro-
cedures. We begin first by describing the implementation for linear circuits.

It was also emphasized that LMS-based method suffer a conflict between order
and stability, which makes any method offering order high than 2 lose the A-stability
property.

On the other hand, methods based on high-order derivatives can be made to be
A-stable regardless of the order used. This has made it an attractive alternative for
circuit simulation.

The implementation of high-order methods based on the Obreshkov formula also
presented one more advantage that is of interest to this thesis, namely that of produc-
ing the high-order derivatives scaled by powers of the step size. Later, in this thesis,
we will present a technique that shows how those scaled derivatives can be used to

perform basic timing simulation using the idea of Prony’s method.

28



3.3.2.1 Linear Circuit Simulation

For a linear circuit equaion (3.1) becomes

dx(t)

Cdt

+ Gx(t) = B(t) (3.30)
To apply Obreshkov’s method, we consider the following augmented system:
Cén1 + G = Bun (3.31)

The matrices C and G € RFHDNX(E+HDN 4 (3.31) are obtained from C and G as follows

0 C 0
00 0
g1 (3.32)
= ,
00 C
00 0
g 0 0
0 g 0
G = (3.33)
0 0 0
aO,kI _al,kI (—1)kak7k1
where I is an identity matrix of size N. The vector £ in (3.31) is defined by
T T T
Snt1 = X;OJ)A h'X’Ezl—l)—l hkxq(zk-h (3.34)

The source vector gn+1 is defined in terms of the h-scaled derivatives of the source as

follows

T
T

~ T T B L
Bn+1=[8£°ll hB., BB Shh ag hix ) (3-35)
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Similar to LMS, we also use prediction and correction to solve for the augmented

system (3.31). First, we define a stage vector z, as follows

T

Zy = XS))T hxq(ll)T e hkng)T X7(10_1T hx,(ll_)lT hk—px;k_‘lp)T (3.36)
And a predictor can be
Zni1 = Pz, (3.37)
where P is a square with size of 2k — p + 2
0 0
P = (3.38)
Ir O
and Ip is an identity matrix of sie k-p+1.
A corretion initiated by the error vector defined as follows
®n+1 — M2n+1 - un+1 (339)
where
M=|Gic - | (3.40)

' (3.41)

T T T
um1=[Bﬂ1 B!, ... B
and D is a block matrix that has the following matrix

aokplp arpplp ... Gp_prplp } as its last block-row and zeros otherwise.

Then the error vector ®,,,; is used in iteration

~ " ~ ~ —1
Zn+1,new — Zn+1,old - (g + C) q)n+1 (342)

. Linear circuits converge within one iteration.

The truncation error is determined by

eni1 = (2k = )!Ckpi [K" (yi1 — ¥, (3.43)
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where y,, ., is defined as

T

_ 0 T n T (k) T 2k—p+1 _ (2k—p+1)T
Y’n+l - X7(l—l)-1 hX£L_~)_1 e %XE’L—‘,)-I e (gk’—ipz:,-l)'x"(’l‘i‘l Pt ) (344)

, and K is a selector matrix with only ones in positions to select the subvector at the
(2k-p) block-entry in y.
3.3.2.2 Non-linear Circuit Simulation

For a non-linear circuit, the augmented system (3.31) is modified as follows

Cénr1 + Génst + Prs1 = Bunt (3.45)
where,
s o @T k—1)T
Pr+1 = P;ll Piw)rl e szﬂ " oo” (3.46)

and pﬁf}rl = hij—;f(x(t)) at t,41. At each t,,1, Newton-Raphson method is required

to solve for &, iteratively. The error vector is modified as
(I)n—i-l = MZH_H + ﬁn-ﬁ-l — Upt1 (347)

where M, 2,,; and u,; are referred to equations (3.40), (3.36) and (3.41). The

Jacobian of the error vector is

~ 22 aﬁnJrl
J=G+C+ 3.48
afnJrl ( )

Solving high order derivatives of non-linear expression f(x(¢)) relies on the fact
that #t" order derivative of f(x(t)) can be computed with knowledge of up to i — 1

order derivative of f(x(¢)) and up to i* order derivatives of x(t).
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For example, let f(x(t)) = e*®. Expand both x(t) and f(z(t)) to their Talor
series around ¢t = t,,.1. We get

o(t) =uo + > u;r’
j=1

f(z(t)) = vy + Z v; 7 (3.49)

=1
where u; = 1/ d7x(t)/dt?, 1/ d f(x(t))/dt? and T = (¢t — t,41)/h. To find uy,

we compute ug = =|,—g. And vy = f|,—9 = f(up). To find v;, we use

df  df dx

dr  dxdr

From equation (3.49), we have

dx . i
il +jz:2jUjTJ !
d )
4 _ o1+ Yot (3.50)
dr =

And since

%: I =€ :f<l'):1)0+j§vj7']
, thus,
V1 + ZjUjTj_l = | v+ Z UjTj Uy + ZjUjTj_l (351)
=2 j=1 =2
At 7 =0, we have v; = vy X uy. To find v;, 7 = 2,3,... , we use same techniques

taking derivatives in equation (3.51) and putting 7 = 0. It can be shown that

14
;==Y (= m)vm X uj_p (3.52)
J m=0
Similarly, the high order derivative expression for some usual mathematical opera-

tions, such as x, +, log, ..., can also be found [9]. Using the similar recursive relation

as (3.52), the values of ,0,(311 can be computed.
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In the Jacobian matrix 9p,41/06,+1 is a new item, which requires the partial
derivatives of £9)(x(t)) with respect to x)(t) at t = t,,1. Those patrial derivatives
for different mathematical operations can be computed using recursive relation. For
example, the recursive relation of f(x(t)) = €*® is shown in (3.52). The partial

derivative Ov;/0u; is given by

ov; 1 (A2 OV
o (Z (i — m)iuwm + Uij) (3.53)
J

ou; i\, =,
, which is also a recursive relation. Similarly, the partial derivatives for other math-
ematical operation can also be found recursively. The total Jacobian J of the error
vector ® can be built after every element is found. Then the iteration method will

update the values of z,,; as follows

~ ~ —1
Zn+1,new — Zn+1,0ld — J CI)n—f—l

3.4 Summary and Discussion

This chapter presented a brief idea on the basic techniques used to solve differential
equations numerically. It was intended mainly to give the reader a flavor of the com-
putational tasks involved in performing the task of timing analysis using a dynamic
approach.

The chapter presented two techniques: the first one is based on LMS method and
is known as the BDF method or Gear’s method. This technique is by far the most
popular in circuit simulation or in connercial packages.

The other class of methods presented in this chapter is based on using high-order

derivatives. A particular class of these methods is based on the Obreshkov method,
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and has been used for circuit simulation quite recently in [23].
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Chapter 4

Prony’s Method and Modified

Prony’s Method

This chapter describes Prony’s method, which is used to construct exponential ap-
proximations for the impulse response of a Linear Time Invariant (LTI) system, using
a sample of equi-distant points of this response. The goal of this chapter is to lay the
necessary background in order to show how this method may be extended to predict

the future values taken by a certain waveform, using its past values or derivatives.

4.1 Description of Prony’s Method

The basic idea of Prony’s method is to construct an approximation for a function or
a waveform in the form of sums of exponentials. Let f(¢) be the function that needs

to be approximated. Thus one needs to find a set of residues R; and poles \; such
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that
f(t) =~ z”: RieM'. (4.1)
i=1
Obviously, there are three sets of unknowns that must be solved for. These are the
residues R;, poles \; and the number of those poles (residues), n.
The process of finding those unknown in the Prony’s method relies on having
access to a set of equi-distant samples of f(t), at points ¢ = to, t1, ..., t,_1, where
t;—t;—1 = h, and h is the step size between any two given samples. Denote f; := f(t;)

and construct the following system of N equations.

fo = Rlehto + RQGAQtO + R3€/\3t0 4+ ...+ Rne)‘”to

At Aot Ast Ant
fi = R1eM0z 4+ Roe™ 029 + R3e™ 023+ ...+ R0z,
Aito .2 Xato 2 Asto 2 Anto .2
fo = Rie™0z] + Roe™°25 + R3e™0z5 + ... + Rz,
Aito . N—1 Xato L N—1 Asto . N—1 Anto L N—1
fnor = Rie™P2) 7 4 Rpe’®0zy 4 R3e™ 02 .+ Rye 0z, (4.2)

where z; = et/ .

Assuming that n is known, or at least can be estimated based on some a priori
information, then the above system has 2n unknowns. To solve for these unknowns
exactly, we will have to construct 2n equations by stipulating that the number of
samples satisfy

N = 2n. (4.3)

If the number of samples N does not satisfy (4.3), then the above system can still be
solved, but only in an approximate manner using the least squares method.[11]

Now assuming that N satisfies (4.3), solving (4.2) is still a difficult matter since
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it is nonlinear in A;. This difficulty is overcome through employing the procedures
described next.
e Computing the poles \;
It can be shown that the samples fy, ..., fv_1 satisfy the following system of
equations [11]
Jno101 + fo2a2 + ...+ foan = fu

fnal + fn—1a2 + ...+ fla'n = fn+1

fyn—ea1 + fn_sas + ...+ fnonoran = fno1, (4.4)

where the unknowns a; are the coefficients of the following polynomial

a2 —a" 2 — . —a, 1z2—a,=0 (4.5)

and the roots of the above polynomial are the solution for the set of unknowns

z; in (4.2) whose values can be used to find \; using the following

1
\i = 7 In(z;) (4.6)

Hence to obtain \; one must first solve the system (4.4) for a; and use that
solution to construct the polynomial (4.5), where upon finding the roots of the
polynomial gives z;. \; then follows by using (4.6).

e Computing the residues R;

Using the values of z; and \; obtained above, the solution for the coefficient

follows easily as the solution of the linear system
ZR = f,, (4.7)
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6)\1t0 e)\gto
e>‘1t° 21 €>\2t0 Z9
7 =
e}qto Z{L_l 6)\2t0 Z;l_l

e}\ylt()

Ant
enOZn

Anto
enzn

n—1

Ry,

fo
S

fnfl

The solution for system (4.4) can be written in a compact form as follows ag = 1

-1
and a = — (FTF) FTf which is a valid representation for values of N > 2n, where
Qp, fO fl .f2 fn—l
Q- f S f Jn
o 1 C F- 1 2 3

aq
and __
In
£ fn+1
fn-1

fN—n—l .fN—n fN—n—i—l

fn—2

An alternative approach, known as the second Prony’s method [19], is to find the

eigenvector corresponding to the minimum eigenvalue of the matrix (F’)TF’ where

F =

Jo fi
N f2
i fN—n—l .fN—n

Jn
fn+1

I

(4.8)

, which is the same matrix as F, but augmented with the column f. Denoting such

eigenvector by a’

laf @) df...d,]", then the coefficients a; that represent the

solution to (4.4) are obtained using
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To demonstrate the computational steps involved in the Prony’s method, we con-

sider the attempt to reconstruct the function:
f(t) =1.42¢7t — 1.08¢7% +1.20e% (4.9)

from the values for t; = 0,1,2,3,4,5 given as follows

t 0 1 2 3 4 5

fi | 1.54000 | 0.43597 | 0.17537 | 0.068169 | 0.025653 | 0.0095192

Table 4.1: Prony’s Method Example

Procefure is described as follows

1. Construct the system

Jo i fe az f3
i o fs az | = | fa
Jfo f3 Ja aq /5

2. Solve the system and get the solution as

as 0.0024857
ay | = | —0.074728
ap 0.55266

3. Compute the roots of the characteristic function 2% — a;2? — asz — as = 0. The

results are z; = 0.36791, 2o = 0.13453 and z3 = 0.05022.
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4. Compute poles X's by taking A\h = In z. The resultant poles are \; = —0.9992,

5. Compute the residues R's by solving the following system.

eMito ato ato | | R Jo
Mttt phatt pAst Ry | = | fi
Mtz otz pAste Rs f2
_ Ry _ _ 1.4193 _
= | Ry | = | —1.0943
R; 1.215

6. Reconstruct the function by combining the poles N's and R's together to get

frew(t) = RieM' 4 Rye™' 4 Rge™!

—  1.4193¢70:99992t _ | 09432006t | | 91529913t

This example also demonstrates that in order to recover 3 poles and 3 residues from

the equally spaced f(t) data, 6 samples of f(¢) are required.

4.2 Modified Prony’s Method

This section provides a modified version of Prony’s method. The goal of the modified
version will be to use the derivatives to construct approximations for function in the
form of a sum of exponential terms.

Assume that it is required to construct an approximation for f(¢) in the following

form

ft) = ij RieMt (4.10)
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and assume that f®(¢;) are known, i =0, ..., n, j =0, ..., n — 1, where f® =

di

2z f(t). The following lemma is pivotal in restoring the approximation of (4.10) from

the samples and its derivatives.
Lemma 1 The set of poles \; that can be used to construct approximations
matching f@(¢;), i =0, ... ,n,j =0, ..., n—1 are the roots of the following

polynomial

n—1
— Z CLn,iAi =0
=0

where the coefficients a,,_; are the solution of the following system of equations

) f) ) 1) | e | )
ft)  fl(t) ") .. fOI(h) n-1 | _ ™ (t)
| Sf(nr) fi(tnn) f(Ea) f(”_l)(tnfl)_ o | _f(”)(tn,l)_
(4.11)

Proof: To prove the above lemma we write f)(¢) as shown next
Z RjNieh! (4.12)

Multiply both sides of (4.12) by a,,_; for i =0, ..., n — 1 and for i« = n multiply
both sides by -1, then add all the equations. This should result in the following

n—1 n

+Zan Ot ZRX”%LZZ% jRX Mt

j=01=1

Rewrite it as
—l—Zan Zf(l ZR@“ )\"+Zan]
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Since, by assumption, A;, 2 =1, ..., n are the roots of the polynomial

—A" + nz—:l Qi N,
j=0
it follows that
— ™) + nfan_if@ (t) =0 (4.13)
=0
for all t. Thus, substituting for t = ¢, k = 0, ... , n — 1 in (4.13) shows that the
coefficients a;, j =0, ..., n — 1 must be the solution to the system in (4.11).

The previous lemma shows that it is possible to recover the poles of an approxi-
mating set of exponentials via a set of values and higher-order derivatives at a set of
discrete points. This lemma, however, shows that the number of high-order deriva-
tives must be equal to the number of time-samples. The following lemma proves that
the same can be achieved by using only one high-order derivatives at equally spaced
time points.

Lemma 2 Assume that the m‘*-order derivative f(™ (t;) is available at equally
spaced time points t =¢;, 7 =0, ..., N —1 where N = 2n. Then the set \; used to
construct the approximation (4.10) can be derived as A\; = In(z;)/h, where h is the
constant step size between any two given samples and z; are the roots of the following
polynomial

—2" + ni:l An_i?',
i=0

in which a,,_; are the coefficients obtained by solving the following linear system

) ) ) || e | )
() f(t) o () n1 | I (t41) (4.14)
I F(tyono1) f™n—n) o f™(En_2) 1L @ | | f (1) ]
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Proof: To prove the above lemma, we write f™(¢;) as shown next
f(m) Z R\t (4.15)
=1
where z; = e)" and j = 0, ..., N —1. First we choose the first n+1 sets of equations
only, i.e. j =0, ..., n. Multiply both side of (4.15) by a,,_; for j =0, ..., n—1 and
for 5 = n multiply both sides by —1, then add all the n + 1 equations. This should
result in the following
n—1 n
+Zan if ZRW“% + 33 anjRiNeMz]
7=01i=1

Rewrite it as

—flm —i—Zan Zf(m ZR)\"L“O -z +Zan jz

Since, by assumption z;, ¢ = 1, ..., n are the roots of the polynomial

=0
it follows that
(6) + 3 e (1) = 0 (4.16)
=0
which represents the first equation in (4.14).
By choosing the samples t;, 7 = 1, ..., n + 1, we obtain the second equation. In
a similar manner, it is possible to construct the remaining equations in (4.14) which
proves the lemma.

It should be noted that for the more general case where N > 2n, the coefficients

a;’s can be obtained using the method of least squares, where a can be described as

— (FTF) " FTE with
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o | )
o\ Qp—1 | . f(m)(th)
ay fM(tn-1)
and ] ] )

) ) ) S |

(m) (m) (m) (m)
P fm(t) U (t2) U (ts) co fU(t) (4.17)
_f(m)(tN—n—l) FM(n_y) f™(Npr1) -0 [ (tn_2) ]

The proof of Lemma 2 does not require that the orders of the derivatives at
different rows have to be the same, which directly leads to the following lemma.

Lemma 8 Assume that from 0 up to p*"-order derivative f¥)(t;) are all available
at equally spaced time points ¢ =t;, 7 =0, ..., V. Then the set \; used to construct
the approximation (4.10) can be derived as A\; = In(z;)/h, where h is the constant step

size between any two given samples and z; are the roots of the following polynomial

n—1 )
—2" + Z Ap_iZ’,
i=0
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in which a,,_; are the coefficients obtained by solving the following linear system

) ) ) | e | ] e |
f(kl)(tl) f(kl)(t2) e f(kl)(tn) Qn—1 f(kl)(tn-i-l)
SE Ny na) [E(yp) o [E(ty o) FE(ty_y)
f(ki)(to) f(k'i)(tl) o f(ki)(tnfl) f(ki)(tn)
FE(t) fEU () o fR(,) FE) (tpyr)
I FE (tn o) ) (tnon) o fE)(Eyos) || @ I FE) (ty_1) ]

(4.18)
where 0 < k; < p. In order to make the system square, it is also clear the number of

required derivatives that ensure the system is square is given by

1= [Ninw (4.19)

where n is the number of poles/residues and N is the number of available time sam-
ples.

Lemma 1 demonstrates that constructing the approximation can be done by us-
ing a number of derivatives equal to the number of time-samples; Lemma 2 demon-
strates that the same approximation can be done by using a single high-order deriva-
tives at a number of samples that is twice the number of samples; and Lemma 3
demonstrates that constructing the Prony’s approximation is possible by using a num-
ber of samples N that is less than 2n, provided that appropriate number of high-order

derivatives are available at those samples.
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Discusston The idea of using less samples with high-order derivatives represents
the main motivation for using modified Prony’s method as a predictor for rather than
a means to model the behavior of the system. Chapter 5 provides the analysis of the

performance of the Prony’s method as a predictor.

4.2.1 Procedure for Modified Prony’s Method

Suppose all necessary derivatives at all necessary time points are given. We want to
construct the approximation (4.10) from the samples and derivatives. The procedure

can be described as the following steps
1. Choose a model order n;
2. Compute the poles X's using one of the lemmas;

3. Compute the residues R's by solving the following system. Note, although, in
theory, many system may be constructed to solve for R’s, try to use only the

values of 0% order derivatives;

6)\1t0 e)\Qto eAnto R1 f(t[))
€>\1t1 €>\2t1 . €>\"t1 R2 f(tl)
6)\1tn71 e)\Qtnfl . eAntnfl R’I’L f(tn—l)

4. The approximation (4.10) can be re-constructed as

frew(t) = RieMt + Roe™' + ..+ Rye.
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4.2.2 Examples

There are example A and B presented in this subsection to describe the procedure
using Lemma 1 and Lemma 3 respectively. The procedure of using Lemma 2 is same
as the procedure of using Lemma 3, except that using Lemma 2 takes only a single
high-order derivatives at a number of samples.

Example A: This example will demonstrate the procedure needed to reconstrcut
the approximation (4.10) using Lemma 1. Let’s consider the same example function
as in section 4.1: f(t) = 1.42e7" — 1.08e™% + 1.20e~%". Tt has 1°* | 2"¢ and 3"¢ order

derivatives as the following forms:

fl(t) = —1.42e7" +2.16e7% — 3.60e™%
f'(t) = 1.42e7" —4.32¢7%" +10.80e

() = —1.42e7" +8.64e %" — 32.40e ™.
We attempt to reconstruct the function
f(t) =1.42e™" — 1.08¢ % + 1.20e™% (4.20)

from the derivatives for t; = 0, 1,2 as given in the following table
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t; 0 1 2

F(t;) | 154000 | 0.43597 | 0.17537
F/(t:) | -2.86000 | -0.40930 | -0.16154
F7(t) | 7.90000 | 0.47544 | 0.13982
F7(t;) | -25.18000 | -0.96619 | -0.11424

Table 4.2: Modified Prony’s Method Example A

Procedure is described as the following steps

1. Construct the system

0 £ 0 |lal] | o)
) W | e =] o
e e e || el | e

2. Solve the system and get the solution as
— as — _ —5.99790 _
as | = | —10.99700
ay —5.99930

Compute the roots of the characteristic function A*> — a; A2 — as\ — as = 0. The

resultant poles are Ay = —1.0002, Ay = —1.9987 and A3 = —3.0004.

Compute the residues R’s by solving the following system.
— ehito ehato pAsto N Ry _ _ f(to) _

eMtl ghatt pAst Ry | = | f(th)

B | I I
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Ry 1.4208
= | Ry | = | —1.0797

R 1.1988

5. Reconstruct the function by combining the poles X's and R's together to get

fnew (t) = Rle’\lt -+ R26>\2t + R36)\3t

= 1.4208¢~ 199" — 1.0797¢ 9T 4+ 1.1988¢ 2000

This example also demonstrates that in order to recover 3 poles and 3 residues from
the data of f(t) , f'(t), f"(t) and f"(t), only 3 samples of those derivatives are
required. Whereas, the original Prony’s method needs 6 samples of f(¢).

Example B: This example will demonstrate the procedure needed reconstruct
the approximation (4.10) using Lemma 3. Let’s consider the same function as f(t) =
1.42¢7t — 1.08¢72% + 1.20e73%. It has 1% and 2" order derivatives as the following
forms:

fl(t) = —1.42¢7" +2.16e " — 3.60e ™
f"(t) = 1.42e" — 4.32¢7* + 10.80e ",

We attempt to reconstruct the function
f(t) =1.42e™" — 1.08¢ % + 1.20e™% (4.21)

from the derivatives for ¢; = 0, 1,2, 3 as given in the following table
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t; 0 1 2 3

f(t;) | 1.54000 | 0.43597 | 0.17537 | 0.068169

f'(t;) | -2.86000 | -0.40930 | -0.16154 | -0.065788

f'(t;) | 7.90000 | 0.47544 | 0.13982 | 0.061322

Table 4.3: Modified Prony’s Method Example B
Procedure is described as the following steps

1. Construct the system

[0 F0) F@ | e || 5B
FO) P e | el = re
o) ) e | e | e

2. Solve the system and get the solution as

as 0.0024788
ay | = | —0.074779
ay 0.55286

3. Compute the roots of the characteristic function 2% — a;2? — asz — as = 0. The

results are z; = 0.36791, 2o = 0.1351 and z3 = 0.04985.

4. Compute poles X's by taking Ah = In z. The resultant poles are A\; = —0.99992,

A2 = —2.0017 and A3 = —2.9987.

5. Compute the residues R's by solving the following system.

e)qto e)\zto 6/\3t0 Rl f(t())
e)\ltl e)\gtl e)\3t1 R2 — f(tl)
e>\1t2 e>\2t2 6)\3t2 R3 f(tZ)
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Ry 1.42

= | Ry | = | —1.08

R 1.2

6. Reconstruct the function by combining the poles M's and R's together to get

fnew (t) = R1€>\1t + R2€A2t + R3€)\3t

— 1.426—0.9999275 o 1.086—2.001715 + 1-26_2'9987t

This example also demonstrates that in order to recover 3 poles and 3 residues from
the f(t) , f'(t) and f”(t) data, only 4 samples of those derivatives are required. On

the contrary, the original Prony’s method requires 6 samples of f(t).

4.3 Prony’s Method and Linear System

It is important to note that the Prony’s method identifies a model of signal, not a
linear system or the transfer function of a linear system. Suppose we have a linear
system with simple poles and it’s impulse response is available, then it is possible to

express the impulse response in term of
I(t) = RieM! + Rye™' + ... + R (4.22)

Since an impulse function usually is not a practical exciting signal for a linear
system, it is of interest to determine the form of the transient response due to an
arbitrary exciting waveform. A general response function r () is given as

r(t) = Zn: Bt 4+ g(t) (4.23)

m=1
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where B,, contains the R,, multiplied by some influence of the driving function, and
the added term g(t) is dependent on the driving function. (4.23) shows that in general
the transient response due to an arbitrary exciting waveform can be written as a sum
of complex exponentials plus some added term g(t). If the exciting waveform itself
has pole singularities, as in the case of a step function or a sinusoidal function, then
the g(t) term also may be expressed as a sum of exponentials [14]. If the exciting
waveform is of finite duration, that is it is turned off after some time ¢y, then it may
be shown that the term g¢(¢) is identically zero for ¢t > ¢, [5]. The input signals for
digital circuits are in this category. Thus, Prony’s method may be applied to transient

output responses of digital circuits.

4.4 Problems Ascotiated with Prony’s Method

Although Prony’s method is a powerful tool in signal analysis and system identifica-
tion, it has some limitations. Noise, a linear trend, or a signal mean in the raw data
can cause significant errors in the Prony’s analysis results [18] [17] [6]. Hence, it is
important to pre-process the data before applying the Prony method. Here are some
basic methods. For example, one needs to analyze signal interfered with Gausian
noise. To reduce the impact of noise, data should be filtered to isolate the signal
components by frequency. And the second Prony’s method should be applied. In
order to remove the linear trend and the mean from the signal, one should compute
the least-squares fit of a straight line to the data and subtracts the resulting function
from the data [16]. Fortunately, all of those three are not big issues in digital circuit

simulation.
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Prony’s method requires some information about the system be identified, which
is the model order. In practice, the model order is unknown. As there is no straight-
forward method to compute the model order of an arbitrary system, an estimate of

model order can be obtained from the user [12].
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Chapter 5

Applications of the Prony’s
Method to the Problem of Delay

Analysis in Digital Circuits

This chapter investigates using the idea of Prony’s method in the delay analysis of
digital circuits. The goal of this chapter is two-fold. We first seek to demonstrate
implement modified Prony’s method in dynamic timing analysis. We then consider

gearing the basic Prony’s method in static timing analysis.

5.1 Prony’s Method for DTA

Our goal here is to use the differential equations describing the entire circuit to predict
basic timing parameters such as the delay, rise or fall time of a digital pulse.

First recall that the Prony’s method seeks to capture a general waveform in the
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form of sums of exponentials. Hence, it is an ideal choice if the waveform to be
captured is the response of a linear system to a certain stimulus.

Unfortunately, this is not the case as for as digital circuits are concerned, since
those circuits are designed to behave strongly in a nonlinear manner.

However, the thesis assumes that the behavior of the digital or logic gate can be
described as a linear system at least locally in the neighbourhood of a rising or falling
input signal. This assumption may be justified by the fact that the main interest in
this thesis is focused on predicting the delay or rise/fall time, which typically occurs
in the transition from one state to the other.

The idea of capturing the response or at least the transition in the response of a
digital gate is carried out through combining the modified Prony’s method prepared
in the previous chapter with a high-order method used to solve the circuit differential
equations. More precisely, we use the high-order derivatives obtained at the output
of each step taken by the high-order method for the first few time steps to construct
an approximation for the waveform in the form of sums of exponentials, which is
used to predict the values of the output waveform at future time points. The output
derivatives are employed as indicated by Lemma & of the previous chapter to obtain
the poles and residues of the exponential approximation.

However, a note on adapting the output of the high-order method to the current
task is its order. Recall that the obtained high-order derivatives are always obtained
scaled by power of h, the time-step, while Lemma 3 requires only the raw high-order
derivatives. Although it is possible to descale the output of the high-order solver by
h to recover the raw values, those raw values have very large magnitudes and using

them directly could lead to numerical stability issue. Fortunately, Lemma 3 can
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handle the output of high-order solver without any modifications.

The following

paragraph will demonstrate the reason why Lemma 3 can be directly applied to

scaled high-order derivatives.

Define the output of the high-order solver as f and the corresponding raw

derivatives as f*). It is clear that f{*) = h¥i () Recall Lemma 3. The a;’s can

be determined by the following linear system

FED(ty)
S (t)

S (o)

S ()

fﬁkl) (tn—l)

FE0 (tn)

56

an

Ap—1

a1

FEO(t)

f£k1)<tn+1)

, (5.1)



or

A E0) w0 ) || e /i (E)
dfEt) () A FE () | | ana i J{ (bn)
S ) ) - S () e it
w S ) () i [ (tn) EARIC)
B IE0) ) () S )
e/ (Uvenn) g fE(tnen) o RS v) || @ e [ ()
(5.2)
It can be simplified as
fE0() ) [ ) || J (t)
FEOE) ) ) || an FE (ts1)
fs(kl)(thn—l) fs(kl)(tN—n) fs(kl)(tN72) fs(kn)(t]v—l)
. (5.3)
) ) ) fi¥ )
fEE) SR (k) 8 () FE) ()
FE tnonar) [ (Eng) oo [ (tns) a fE (o)

(5.3) gives the same solution of a;’s as what in (5.1), but (5.3) directly uses the output
of the high-order solver. Once a}s have been computed based on (5.3), the poles of

the response and the residues R; can be computed as explained in Chapter 4.
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5.2 Prony’s Method and STA Delay Models

As mentioned in Chapter 2, the classical STA timing analysis is based on storing the
delay models for digital circuits in the form of delay-lookup tables, which contain
only the rise/fall delay and output slew for each logic gate. These three parameters
are retrieved for given input and output conditions to represent the response at the
output of the digital logic gate. The accuracy of this approach clearly depends on
capturing the output waveforms through those three parameters.

To improve the accuracy, the Weibull CDF was proposed to represent the input
waveform. Being a two-parameter waveform, Weibull CDF promises to offer higher
capabilities in capturing a general waveforms.

This thesis proposes using Prony’s method to develop an approximation for the
waveform at the output of the digital gate. The Prony’s approximation will take the
form of a finite set of poles and residues that can be accessed a contiguous entry in
a table for given input and output conditions. The fact that the waveform is being
stored as a set of poles/residues should allow a greater flexibility to capture more
complicated waveforms at the gate’s output.

In the next subsection, we illustrate the main idea here by considering its appli-

cation to the cascaded inverter of Figure 5.1.
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n1 50

3 50

2e-16F

Figure 5.1: Two cascaded inverters
5.2.1 Illustration of Using Prony’s Method for STA

We consider here two cases, for representing the waveform at the input of the gate.

e (Case 1: Single Parameter Input

In this case, the input waveform used is saturated ramp given as follows,

0, < tso — 0.5t

r(t)/Vop = tertOSt 40— 058, <t < tsoy + 0.5t (5.4)

1,¢ > tson + 0.5t

where t59 stands for time at which the signal reach 0.5Vpp; t, stands for time
slew. The following Figure 5.2 gives the saturated ramp signal with Vpp=1.2V,

t50%4=0.1ns and t,=0.2ns.

The output waveform for each gate is stored as a group of poles/residues. Each
group can be thought of a single entry in a two-dimensional table array that
stores those entries corresponding to a certain input slew ¢, and output load
capacitance C';. Once those input and output conditions are determined, the
corresponding group of poles and residues is retrieved to represent the output

waveform.
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Figure 5.2: A saturated ramp signal

If the output waveform represents the rising edge, then the output waveform is

constructed as follows,

N
fr(t) = VDD + Z Riekit

=1

where \; and R; are the poles and residues representing the waveform for the

particular input and output conditions.

On the other hand, if the output waveform represents the falling edge, then it

can be described analytically as follows,

ff(t) = Z Rie)‘it

The next step is to use the output waveform obtained above to extract the
information required to access and reconstruct the output waveform at the next
logical gate. Given that, this information is stored for a given input slew ¢,
and output capacitance C7,, then the output slew at the previous gate will need

to be computed. For that purpose, Newton-Raphson iterations are used to find
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the output slew, ¢ which is defined as

Sout?
toou: = |t10% — too%|

where t199 and tggy, are defined as

fr(tiow) = 0.1Vpp

fr(toon) = 0.9Vpp
for a rising edge, or

fr(tio%) = 0.9Vpp

fr(toow) = 0.1Vpp
for a falling edge.

Newton-Raphson iterations can be invoked to determine ¢4y, and tgqy, as defined

by the above nonlinear equations.

Once the output slew is determined and the output capacitance for the second
gate is defined, the set of poles/residues corresponding to the gate output is
retrieved and the output signal is reconstructed as a sum of exponentials.
Case 2: Two-Parameter Input

In this case we assume that the input to the gate is a waveform with two

parameters such as the Weibull waveform defined by

WB(t,a,B)/Vdd =1—e ) (5.5)

An example of a Weibull waveform habing o = 1.46 and 8 = 1.07 x 1070 is

given in Figure 5.3.
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Figure 5.3: A Weibull waveform

Representing a general waveform obtained from circuit simulation is typically
carried out using the following steps.|3]

1. Obtain time-value (¢, v) waveform from circuit simulation.

2. Normalize by Vpp.

3. If (t,v) represents a falling transition, set v =1 — v.

4. Perform a linear regression (least-squares method) on y = b+ ax to obtain

b and a, where y = In(t), z = In(In(-1-)).

1—v

5. Obtain a and § using o = 1/a and b = In(/3)
Moreover, slew time ¢; can be obtained analytically as:[3]

b, = tos — tos = B((In(10))"/* — (In(1.11))"/*) (5.6)

In addition to the output capacitance Cp and input slew ¢, used to index

Sin

the entries of each gate, the parameter « is used to index the entries. This
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makes the tables used in this case three-dimensional tables. Similar to the two-
dimensional look-up tables used with single parameter case, the Prony-based
waveform look-up table stores the whole waveform at the output in the form
of sets of poles/residues. Thus for a given shape factor «, input slew ¢,,, and
output capacitance C',, the table will produce a set of poles and residues that

best approximates the output waveform.
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Chapter 6

Numerical Results

This chapter includes some examples that demonstrate: 1, modified Prony’s method
is qualified to perform signal analysis as the original Prony’s method is, but less steps
are required; 2, modified Prony’s method can use a few sampling steps to model the
transient state of a digital output; 3, Prony’s approximation can be used as delay

models in STA. Let’s start from the DTA application.

6.1 Modified Prony’s Method for DTA

This section summarizes the numerical experiments performed to test the Mdified
Prony’s method developed in Chapter 4 to the problem of Dynamic Timing Analy-
sis(DTA). We first start by demonstrating the performance of the modified Prony’s
method on simple linear circuits, where the response can be obtained analytically in

a closed-form.
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6.1.1 Application to Linear Circuits

As a proof of concept, we consider the linear circuit shown in Figure 6.1, where the

input signal is current source given as follows
I(t) = 0.01 + 0.1 cos 50 x 10*¢(mA)
while the constant in the circuit elements are given by
K =1x10° K, =2x10° K3=3x10°% K,=4x10° K;=5x10°% Kg=6x10°
P, =150, P, =300, P; =400, Py =500, Ps; =600, P;= 7000

The output of this circuit is defined as the voltage across the current source.

R1=K1/P1 R2=K2/P2 R3=K3/P3 R4=K4/P4 R5=K5/P5 R6=K6/P6
y C1=1/K1 C2=1/K2 C3=1/K3 C4=1/K4 C5=1/K5 C6=1/K6
i

Figure 6.1: A Linear Circuit Example

Thus, the trasient output voltage of the circuit has the following shape in Fig-

ure 6.2.

6.1.1.1 Modified Method No. 1

This method needs 0" order derivative up to n'* order derivatives at n sampling
points. The sampling step size is chosen as 0.005. The following poles have been gen-

erated. P; = —1.5848 x 10719+ 550000, P, = —1.5848 x 10~° — 50000, P3 = —7000,
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Figure 6.2: The output of the linear circuit

Py = —583.99, P; = —394.78 and Py = —164.33. And their corresponding residues
are R; = 0.001 — 70.0209, R, = 0.001 + 50.0209, Rs = —0.0102, Ry = —0.1230,
Ry = —0.1622 and Rg = —0.0868. After the pole-residue model has been con-
structed, it can be used to predict the future value of the transient output as shown
in Figure 6.3, where “*” stand for the output of the pole-residue model, the solid
curve stands for the actual output and the vertical line indicates up to what step the

derivatives have been used.
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Figure 6.3: The output using modified method No.1
6.1.1.2 Modified Method No. 2

In this example, 0" order derivatives up to 4 order derivatives are used. Each
of them contributes 11 samples. The sampling step is 0.005. In this example, we
expect stable poles. Therefore, 1 positive poles are discarded, so that 7 resultant
poles are P, = —3.1544 x 1078 + j265.48, P, = —3.1544 x 1078 — j265.48, P; =
—159.06, Py = —353.84, P; = —504.41, Py = —603.21 and P; = —7000. And
their corresponding residues are R; = 0.0010 — 50.0209, Ry, = 0.0010 + 70.0209,
R3 = —0.0772, Ry = —0.1208, R5 = —0.098, R¢ = —0.0758 and R; = —0.0102. After
the pole-residue model has been constructed, it can be used to predict the future
value of the transient output as in Figure 6.3, where “*” stand for the output of the
pole-residue model, the solid curve stands for the actual output and the vertical line

indicates up to what step the derivatives have been used.
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Figure 6.4: The output using modified method No.2

6.1.2 Modified Prony’s Method and Digital Circuits

Due to the lack of very higher order derivatives, only modified Method No.2 is tested
for digital circuits. Several circuits have been tested. CPU time has also been evalu-
ated for both the modified Prony’s approach and the regular constant step simulation.
The results indicate that the CPU time of the modified Prony’s approach for the fol-

lowing examples is around 1/5 of that of the regular constant step simulation.

6.1.2.1 NAND gate

The NAND gate in Figure 6.5 has been tested.
The first 21 samples, with derivatives ranging from 0% to 2"? order were used in
that example. The sampling step is 8 x 107!3sec. 15 pairs of poles and residues are

Wk

generated. Figure 6.6 and 6.7 show the predicted transient output in compared
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to the actual transient output in solid curve. The vertical line indicates up to what

step the derivatives have been generated.

n1 50 n2 NAND

M
50 nS
n3 AN
n4
50K
O T
oF
L
- =
) =+
Figure 6.5: A Two-input NAND Gate
1.4 :
"|"; Simulator
"' Prony
12 .
1+ i
= 05t .
S 06} 1
04t .
0zt .
0
0 0s 1 15
t (sec) w10

Figure 6.6: The Falling Edge of the Two-input NAND Gate in Figure 6.5

69



"|": Simulator
" Prony

o
[as]

“oltage (V)
=
o

0.4

0z

24 28 28 3 33 34 35 38
t (sec) -10

Figure 6.7: The Rising Edge of the Two-input NAND Gate in Figure 6.5
6.1.2.2 NOR gate

The following NOR gate in Figure 6.8 has next been considered for Method No.2.
The first 21 samples, with derivatives ranging from 0%* to 2"? order were used in
that example. The sampling step is 8 x 107 !3sec. 15 pairs of poles and residues are
generated. Figure 6.9 and 6.10 show the predicted transient output in“*” compared
to the actual transient output in solid curve. The vertical line indicates up to what

step the derivatives have been used.
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Figure 6.8: A Two-input NOR Gate
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Figure 6.9: The Falling Edge of the Two-input NOR Gate in Figure 6.8
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Figure 6.10: The Rising Edge of the Two-input NOR Gate in Figure 6.8

6.1.2.3 Inverter-NAND gate

The following Inverter-NAND gate in Figure 6.11 is considered.

The first 21 samples, with derivatives ranging from 0** to 2"? order were used in
that example. The sampling step is 9 x 107!3sec. 15 pairs of poles and residues are
generated. Figure 6.12 and 6.13 show the predicted transient output in“*” compared
to the actual transient output in solid curve. The vertical line indicates up to what

step the derivatives have been used.
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Figure 6.11: An Inverter-NAND Gate
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Figure 6.12: The Falling Edge of the Inverter-NAND Gate in Figure 6.11
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Figure 6.13: The Rising Edge of the Inverter-NAND Gate in Figure 6.11
6.1.2.4 Inverter-NOR gate

The following Inverter-NOR gate in Figure 6.14 is considered.

The first 21 samples, with derivatives ranging from 0%* to 2"? order were used in
that example. The sampling step is 10 x 10~ sec. 15 pairs of poles and residues are
generated. Figure 6.15 and 6.16 show the predicted transient output in“*” compared
to the actual transient output in solid curve. The vertical line indicates up to what

step the derivatives have been used.
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Figure 6.15: The Falling Edge of the Inverter-NOR Gate in Figure 6.14
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Figure 6.16: The Rising Edge of the Inverter-NOR Gate in Figure 6.14

6.2 STA Delay Look-up Table

This section investigates the application of the look-up based table approach to STA
to the following test circuit, and for inputs that are represented by a one or two-

parameter waveform.

n INV1 n3 50 n INV2

2e-16F

Figure 6.17: Two cascaded inverters
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6.2.1 Single Parameter Input Waveform
Consider the following saturated ramp input waveform:
0, < tsos — 0.5,

r(t)/Vop = thert0St 40— 0.5t <t < tsoy + 0.5t (6.1)

1,¢ > tson + 0.5t

where t50%4,=0.1ns, t,=0.2ns and Vpp=1.2V. The following Figure 6.18 gives its shape.

Figure 6.18: A saturated ramp signal

Using the method mentioned in Chapter 2, the effective load capacitance for
the first inverter can be found as 0.2pF. Next, using ¢,=0.2ns and load capacitance
C1,=0.2pF, the output waveform W1 for the first inverter can be found in the fall

waveform look-up table, as shown in Table 6.1.
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Fall Table | C',=0.2pF

t,=0.2ns W1

Table 6.1: A Fall Output Waveform Table

Figure 6.19 shows the waveform W1.

Figure 6.19: The output waveform of the first inverter: W1
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Or in the form of Prony’s approximation, it can be represented by the following

poles and residues.

Poles(x1011)

—0.143 + 52.808

—0.245 + 2.335

—0.373 £ 51.830

—0.527 & j1.658

Residues

0.0029 £ 50.0045

0.0113 £ 50.0541

—0.252 & j0.773

0.24 £ 5 —2.150

Table 6.2: the Prony’s approximation of W1 (to be continued)
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Poles(x10') | —0.3617 £ 5j1.2059 | —0.3623 £ j0.7173 | —0.3792 + j0.2424 | —0.87

Residues 1.5632 £ 70.2320 2.167 £ 52.9913 | —8.0818 4= 79.5011 | 9.94

Table 6.3: the Prony’s approximation of W1 (continued)

The output delay 0.7265e-11(sec) and the slew time 5.599e-11(sec) can be obtained
using Newtion iteration, and they will be passed on to the second inverter. The
slew time of the first inverter will be used to describe the input signal of the second
inverter. Similar to the first inverter, the input slew and the load capacitance will

determine the output waveform of the second inverter.

Rise Table Cr=2e-16F

ts=5.599e-11sec W2

Table 6.4: A Rise Output Waveform Table

Figure 6.20 shows the waveform W2 along with its input waveform.

0.2 i L
D

Figure 6.20: The input/output waveform of the second inverter: W2
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Again, the output delay 1.2710e-11(sec) and the slew time 1.432e-11(sec) can be
computed using Newton iteration from W2. Therefore, the total output delay is
0.7265e-11+1.2710e-11=1.9975e-11(sec) and the total slew is 1.432e-11(sec). The fol-

lowing figure shows W2 in “+” and simulation output in solid line.

a2 i i i
0

Figure 6.21: W2 and Output of Simulation together

For convenience, both results can be found in the following table.

Simulation | Waveform Look-up Table Method

output delay(x107!sec) |  2.0956 1.9975

output slew(x 10~ sec) 1.477 1.432

Table 6.5: Results from Both Methods
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6.2.2 Two-Parameter Input Waveform

Consider the following Weibull function as the circuit input.
WB(t,a,B)/Vdd=1—¢ " (6.2)

where a=1.46, $=1.07e-10 and Vdd=1.2V. And ¢,=9.3996e-11(sec) can be computed

using equation 5.6. The following Figure 6.22 gives its shape.

Figure 6.22: A Weibull’s waveform

Using the method mentioned in Chapter 2, the effective load capacitance for the
first inverter can be found as 0.2pF. Next, using a=1.46 , t,=9.3996e-11(sec) and
load capacitance C',=0.2pF, the output waveform W1 for the first inverter can be

found in the fall waveform look-up table, as shown in Table 6.2.2.
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Fall Table Cr=0.2pF

a=1.46, t;=9.3996e-11sec W1

Table 6.6: A Fall Output Waveform Table

Figure 6.23 shows the waveform W1.

0 EE N U U NN (N S NN N
o o1 02 03 0. 7 0.

Figure 6.23: The output waveform of the first inverter: W1

Or in the form of Prony’s approximation, it can be represented by the following

poles and residues.

Poles(x101) | —0.251 4 50.0585 | -1.0293 | —1.1772 4 j0.6158 | —1.2856 + 51.1105

Residues —1.2916 £ 71.4303 | 5700.6 | 10888 £ 5 — 1661.9 | 7297.7 &£ 7 — 14229

Table 6.7: the Prony’s approximation of W1 (to be continued)
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Poles(x10') | —1.3857 £ j2.5753 | —1.3899 + j2.0786 | —1.3549 + j1.5928

Residues —1946.7 £ 73553.6 | —10202 £ 51186.5 | —8880.6 £ 7 — 12652

Table 6.8: the Prony’s approximation of W1 (continued)

The output shape factor a=4.7793 can be found using Weibull fitting algorithm.
The output = 4.6582e-11 can also be found using equation 5.6. And they will be
passed on to the second inverter. The output shape factor and the output slew time
of the first inverter will be used to describe the input signal of the second inverter.
Similar to the first inverter, the shape factor, the input slew and the load capacitance

will determine the output waveform W2 of the second inverter.

Rise Table Cr=2e-16F

a=4.7793, t;=4.6582-11sec W2

Table 6.9: A Rising Output Waveform Table

Figure 6.24 shows the waveform W2.

02 ; i i j
1]

Figure 6.24: The output waveform of the second inverter: W2
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Again, the output delay 2.0253e-11(sec) and the slew time 1.4638e-11(sec) can be
computed using Weibull fitting algorithm from W2. The following figure shows W2

in “+” and simulation output in solid line.

02 I i i
0

Figure 6.25: W2 and Output of simulation together

For convenience, both results can be found in the following table.

Simulation | Waveform Look-up Table Method

output delay(x10~Hsec) | 2.1092 2.0253

output slew(x 10 !sec) 1.3971 1.4638

Table 6.10: Results from Both Methods
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Chapter 7

Conclusions

This thesis examined the potential of Prony’s method to the application of timing
analysis in digital circuits. Traditionally, Prony’s method has been used in system
identification to approximate the propagation modes in electromagnetic structures.
This thesis provided a scheme to extend its applications to the problem of timing
analysis in digital circuits. Two approaches have been proposed to achieve this end.

The first approach relies on modifying the existing Prony-based approaches so that
it can be used to predict the future shape of the waveform. The proposed approach
is based on using the high-order derivatives at fewer sampling points towards the
beginning of the waveform to predict its long term behavior. The proposed approach
was termed as a Dynamic Timing Analysis(DTA) due to its ability to analyze the
gates under dynamic loads. It was shown that this approach is able, with varying
degrees of success, to predict the behavior of a number of digital gates. And the
CPU time of using the proposed approach is much less than that of using the regular

constant step simulation.
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Another approach based on the idea of Static Timing Analysis using Prony’s
method has been presented in the thesis. That approach works by characterizing
individual logical gates using their response, under different input and load conditions,
via a set of poles and residues. These characteristics are stored in a look-up table
and retrieved for a specific input and loading conditions. Several examples have been

presented to demonstrate the accuracy of the proposed STA approach.

7.1 Future Work

Efficiency in memory size is a practical requirement of look-up table, which requires
least number of pole-residue pair.

When the modified Prony’s method is applied in rise/fall delay analysis, it is
actually an issue of linear system identification. In order to have a reasonable identi-
fication, some extra boundary conditions may be applied. For example, the slope of
the digital transient output curve should tend to 0 when it approaches the high/low
voltage level. Currently, this information has not been used in the prediction proce-
dure.

Secondly, the modification No.1 is worth further study, because it does not require

constant step size and it requires the least steps to reconstruct the pole-residue model.
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Appendix A

Derive a High Order Derivatives

Formula

We use a polynomial to approximate a curve and it’s derivatives. In general, we can

fit a polynomial of m = 2k — [ degree. Define the targeting polynomial as:

m n _ t
= (7 ) (A1)
and it has [*" order derivatives as:

1 & A
O () = (~1) — ntk ) A2
v p j—l ( h (A.2)

where [ =0,1,2,...,m.

A.1 Predictor

The predictor’s coefficients can be determined through the following system:

d¥ +df +db + ... +dl =2,y
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d¥ +2dY +22d + ...+ 2mdb = w0

d¥ +3dP + 32d5 + ... +3mdE = 2,03

dY +2d5 +3d + ... +mdl = —hal,_,
d¥ +2x2d +3 x 22dY + ...+ m2m 7 dED = —hx,, g g

dV +2x3dY +3x 3B3dE + ...+ m3™dD = —ha, 3

NP + (1 +D)dE + . 4 —2df = (=)',

(m—=0!"m

NdP + (L4 1) x 2dF + .+ 252 ldD = (= 1) hlal),

(m—

NP + (L+1)! % 3dEy + .+ 3l = (=1)'h'all,

(m—

In the matrix form it is

1 1 1 1 : . 1 df
1 2 22 23 : . 2m dy
13 3 3 3m

0 1 2 3 . . m

0 1 2x2 3x2? : . om2m!

0 1 2x3 3x3? : . m3m!

0o 0 .. I (+D ey

0o 0 .. o+ 1)ix2 L g2t

0o 0 .. I D3 st || dy
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Tn+k—1
Tntk—2

Tnik-3

!
—ha), g1
/
_hxn+k—2

/
__hxn+k—3

[
(1)t

(1),

l
(=D

(A.3)




Let’s denote this system A.3 as
vPar =z” (A.4)

The full set of the vector d” is not needed for our purpose, what we need is the value

Tpyr = db. Rather than solving the system A.3 we solve for the following system.

al 1
al 0
a¥ 0
T
(VO Ter [ =1 o (A.5)
by 0
by 0
Let’s denote this system A.5 as
(VP)T ¢" =e (A.6)
Since we have z,, = df = eld” = (¢7)TVFd" = (¢”)7z", using the entrices of ¢

and z¥, we have the following predictor formula

k1

Ttk = Zaf‘rn+k —j hsz Loy J+h22CP Z+k j . (A?)

J=1

A.2 Corrector

. . . . [ . .
The corrector formula is required to represent the derivative xil 5 using previous value

x;, previous derivatives 29 where qg=1,2,...,1,i < n+k, and from the current

7 7
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-1) (1-2)

values of zzzn ik Toad s> Tngk- We need the following system.

doczxn—&-k
d§ +df +dS +...+dS = xpip

d§ +2d§ + 22§ + ...+ 2mdS = T2

df = —ha),
d§ +2d5 +3d§ + ...+ md, = —hxl, .,

dS +2 x 2dS + 3 x 22d$ + ...+ m2m S = —ha! ;. _,

Ny + (1 + Dl + ..+ (=] mldS, = (=1)'hlal),

mllm

N+ (141) x 245, + ... + om1gC = (—1)tntzl),

=]
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In matrix form, it becomes

1 0 0 0 : : 0 d§ Tk

11 1 1 : : 1 d§ Tkt

1 2 22 23 2m Tptk—2

0 1 0 0 : : 0 . —ha)

0 1 2 3 : . m . —ha! .,

0 1 2x2 3x22 . . om2ml . —hay p s

0 0 ... 0 L ] . (—1)'nta,

0o 0 ... 0 I'x2 ... psomt . (—1)'ntal,

dC
) S (A.8)
Let’s denote this system A.8 as
Vvea© =z¢ (A.9)

The full set of d° is not needed for out purpose, what we need is the value

(=1)!hlz® = df. Rather than solving the system A.8 we solve for the following
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system.

a¥ 0

a$ 0

ag
!

T
(V) 1w [ =] o (A.10)
oS 0
S 0
Let’s denote this system A.10 as
o\ ¢

Since we have (—1)1hlz®) = d¢ = ef'd” = (¢©)TVYdY = (¢°)TzC, using the

entrices of ¢ and z“, we have the following corrector formula

km
! l
xa(m)+k = hl (Z Q5 Tptk—j —h Z bC ;H-k ] . <_1)lhl Z C]C$1(1)+kj>

m (A.12)
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