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Section 1

Introduction

Officials at the Museum of Man in Ottawa presented us

with the following. problem. Their security service has

recdorded the number of persons entering the museum every hour

and also the number of persons leaving it every hour,

over

several years. They would likg to know the distribution of the

viewing time of visiters to the museun.

As'Mr. Fortin of the Museum of Man pointed out
to estimate the average daily sojourn time. We jﬁst
total number of viewing hours in a day and divide by

of visitors that éay. At the beginning of each hour

it's ‘easy
count the
the number

it 1s not

difficult to calculate the number of visitors who are in the

museum (for the next hour). We merely take the total number of

arrivals until that time and subtract from it the numbeyr of

departures. For each hour of the day we have the number of

viewers. Adding 'up over all the hours we have the total number

of viewing hours. The table below gives an example.

came 1in actually in . left
1°% hour 5 . s 2
an hour 3 6 5
379 hour 8 9 9

stay over
3

1



= Ty

-

e [N e [

pd

-

-

o Frma g ey

(%=

ot R e I

I-e-p:-'r-

yppliodnt
e

o

= =

bt
——

D =

)
Here 16 persons came to the museum and théy(alltogetﬁer)spent

20 hours in it. ~

-
.

This problem'can of course beg expressed in more geneial

terms as: find."the sojourn time distribution of certain

‘objects in a sysfem,for which we record the number of objects

coming in and out of the systém for each time unit.

.

To find out further information about the sojourn time

distribution a probabilistic model is necessary.

- -
-
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Section 2
A probabilistic model

We postulate the following hypothesis. The stochastic
process by.which visitors arrive at the museumisa non-homogeneous'

Poisson process and there exists a sojourn time independent of

the arrival time of the people to the museun.

Let us first define a non-homogeneous Poisson process.

Definition (stated in Ross p. 24): [N(t), t=20] is said to be 2

non-homogeneous Poisson process with intensity function A(t) if

.i) N(0) ='d

ii) [N(t), t20] has independent increments

iii) P[2 or more ewents in (t, t+h)]

= o(h)
where o (h) means-lim f&?) 0

. h~+0
iv) P [exactly 1 event in (t, t+h}]

(]

A(t)h ; o(h)

Moreover, note that we can show

P[N(t) = n] = e m(t) [m(e)1" n =20
n!
. ’ . k
where m(t) = L: A(s)ds. (This iﬁ/done in Ross for the
homogeneous case on p. 14-15).

In a later section we will develop at test to verify this

hypothesis,
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Y Section 3
¢ The departure process
. -
In this section, we will show that the process by which

people leave the museum is also non-homogeneous .Poisson.

For arrivals let

ﬁﬁ): the time between the (i-l)th and ith event.

i

SGJ: the waiting time until the ith event occurs 1.e.
' i=1

. ) @)

N(t): the number-of events that have occurred by time t.

The S(i) defined above are clearly ordered in increasing

size. Consider a random permutation II of 1,2,...,n (each
ermutation has an equal probability}. Define S, = § . .
P qual p ¥) 17 S

The random variables Si are the unordered waiting times-:

For departures, let

Y(t) = the number of departures from the museum that have occurred
by time t
wi= 1 if the visitor to enter the museum at time S; funordered) leaves
before time t

0 if he stays beyond time t.

N(t)
By definition, Y{(t) = Wi.
: i=1
Let us also denote by G(x) the distribution of the sojourn time.

(i.e. G(x) = P {sojourn time =< x}).
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Theorem 1:

Let {N(t), tz20} be a non-homogeneous Poisson process with
. t
mean value function m(t). Given N(t} =.n, the ordered set

of arrival times {Sﬁy i=1,...,n} - has the same distribution as

the order statistics of n independent. and.identically

distriboted random variables having density function f(sj = Als)

m(t)

‘for s ¢€:(0,t), where m(t) = tK(s)ds.

Proof:

The conditional joint'deqsity function of SaT...,S&)given N(t) is:

£ ' C(t. ..t |m)

ey N S R ,

(1) S(ay INC2) A n }

;1T0 P{S(I)E(tl,tl+h1],...,S(n)e(tn,tnthn], N(t) =n
1

h’)+0 p{N(t)=n} hl hznl-.hn -

<

h +0
n .

i o< < < <.,..< <
where hi is such that ti+hi L and 0 t, t, < t t

= lim P{N(z;)=0, N(t +h )-N(z}) = I, N(t,)}-N(t +h;) = 0,..

N(Pn)'N(tn-1+hn—l) =0, N(tn+hn)-N(tnl =1,
N(t}-N(tn+hn)=o}'+ P{N(t)=n} h; hy...h
_ : . .
Graphically: : . t-+he= ) »

7
A4
e

— e . :
OS¢y \ ] ‘ ¢

1
o

i.e. N(t;)-N(f,+h,)

n
(]

t L
i.e, N(t3+h3)-N(t3)

IS
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-m(t ) -Om(tz)-m(t1+h1))
e [l(t )h +o(h }le :

~(m(t)-m(t *h )
- [ACe )b to(h )]e

K

= lim

-m(t)

because N(t) has independent increments and

PIN(t +hy) - N(t;) = 1} = A(t)h; + o(h,)

gmgtgg hlu.hﬁ

and
_Iti+1
P{N(t1+l) - N(ti+hi) = 0} = t,+h, A(s)ds
.. (m(tl+1) - m(ti+hi)).
- lin at _A(tl)hl+othl) j... A(tn)hn+o(hn)]‘e
@m))" By LMy ,

, o e“[m(tn)'m(tn*hn?]~'

Note that _
o  tithy

-m(t,) + m(t,+h.;) = jti A(s)ds but [t

Zero as hi - 0.

So,
f (t ;...,t In)=
S(l),...,S(nJlN(t] Sl n
n't

T e A(t,)...A(T )

(m(e)? : "

g Alty) Ae )
= n: ETET— e ET?T— = n! f(tl)...f(th

-

L]

Now we are ready to show that indeed Y(t) is also a

non-homogeneous Poisson process.

function of Y(t) "(denoted o) ' e

iut(t)] 4 ¢ R

¢y(u) = Efe

- Zo Efei®Y (B)|N(t)=n] P [N(t)=n].

O

[ Y

-(m(tl)-m(t1+hlg)

4

!

ey

’ti+hi) has measure

-

Let us find the characteristic

ry .
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eiuY(t)

iy

éuf E[ [N(t)Qn] E[eiu 1 J|N(t)=n]

[[}= = S W)

n
1 W,
E[elu jzl J] = =j 1 ¢w‘(u)
. : j

because the characteristic function of a sum of independent

~
random variables is equal to the product of the individual
: n
characteristic functions, also jgl ¢w (u) = [¢w (u)]n since
j ]

the Wj are independent, identically distributed.

- Observe that,

P(Wj=1)7= P (the visitor who came at time Sj leaves before time t)

= fg P (the visitor who came at time Sj leaves before time t / Sj1=s)_

P(Sjeds) '
= fg ?(sojourn‘time < t-3s) P(Sjeds)
_ort A(s) 1
= IO G(t-s) ~E3) ds by theoren
t

G(t-s) Als) ds.

and P(Wj=0] =1 - f m (L)

iu W.

1
(S0 E[e 1= ] e Y oR(N=w) {\;\
=0

=1 - f; d(t-s)

m(t) 0 m(t)
- [E[1-6(t-s) + o™ G(r-s)] AL as =1

b

so that E[e™Y(¥)] o7 1Peppn(eyen] = 7 1" e P(Y) (m(e)®

0 n!

= e s [E(1-6(e-s)+e* 6 t-s) A (s)ast™ (m(e))®
n=0 n!

\
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= e M)y {[5[1+(ei“-1) Glt-s)]A(s)ds}® =
n=0 ' n

_-m(t) t iu
= e exp{fo[l+(e‘ -1)G(t-s)]A(s)ds}

= o n(t) exp{m(t) + fgtei“-l)G(t-531(§3d5}

exp {(e®-1) [ G(r-s)A(s)ds) -

L

which is the characteristic function of a Poisson distribution
with mean function given by S

r(t) = [ 6(t-s)A(s)ds.

~

7~
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Section 4

The sojourn time distribution

Now we shall find an expression for the sojourn time

distribution.

‘As seen at the end of thelast section, we have

r(t) = [§ G(t-s)A(s)ds = [§ G(r-s)dm(s) sincd m(s) = [y A(x)dx.

Thus, r is the convolution of G and m. Although we do not know’

m or T we may estimate them since they are mean value functions.

We shall take a sample of g days and we redefine:

" fth

Nj(xj = fhe number of arrivals counted by time x on the Jj day.'
Mj(x) = the number of departures counted by time x on the jth day.
S%i) = the waiting time until the ith arrival on the Jth day.

.Now we may order the arrival times among q days (or among

the nl ...

= n observations) and call them S(i)'

- Similarly we will call Tfil the ordered departure times among

4

xf“\\ﬁ days. Let us clarify by an example: the (X) represent the

occurence of an

event on the time interval (0,1).

st
17" day: - % X Nl(l) = 2
nd oo
2% day % T X N,(1) =3
hY t | ' '
~ |
R = -Td ‘ . .
qQ=3"" day X X b e i N3L1) = 3

S
o

! t l.
i 0w ® % t725%) !

o2 o L) 2 e o3 3 o ol . .3
W WTW T W W T Wt %

. el
ROMROKR
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N.{x)
Explicitely we estimate m(x) by m(x) = % -1 where

q is the number of days and N.(x) is the number of arrivals
th

counted by time x on the j day. Similarly, we estimate

, M. (x)
r{x) by £(x) = g —laf— where Mj(x) is the number of

i=1 k
departures counted by time x on the jth day.

Using the Laplace transform (denoted ), we get

- -\Er(t)) I ae)) < (60D (1)
50 that using the inverse transform (denoted \; 1) we now get,

e, () .
s = L ey @

But,df (m(s)) =’fz e St dm(t), let us replace m(t) by @(t)

i

- ( N .
~ (m(s)) Q\{E\j;St ey = § e (1
i=1 q'“

Similarly, we have an estimate of Qﬁ (r(s))
YUy L
i=1 &

Readily we can obtain an estimate of G(t) vig (2).

(o
oL (x(s)

Y‘ -5G
Observe that N>V(G(s)) = E(e

). So that &) oy = g
(1s moment of a random variable having dlstrxbutlon G}, and

(5653(2](0) = mg (2 nd moment of a random variable having

distribution G).

(1)

o

1

~ (m(s))

L e .
Here L (G(s)) = = ((s)) . 1 —=3
(1)

L]

N~ 012

P
—
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Let us compute the estimates for Ha and ©

A N N
A (1) = . L = 3
g LoWo - - § SN LU el S

N N N
AG 1 2 2 2 .. 2
o = T 3o+ {0} S, (ES(ZT}

2 N izl @ 121 W2 .izl e o B

: ;f

2 L Ii 2 = {( z s ( E .3}
o = - , - + - - -

Ny Noia ® i=1 ()} )) ic1 G

" The mean value of G is computed as the average

length of time spent by the N persons in the museum.

The variance of G can be expressed in the following way:

4

N
S..
g} 1 %’ .(1& Z (1] 1 § s _121 @ 2
G N; 2, N Nojop @) N
Consider T the distribution of the departure time
and S the distribution éf the arrival «time. Then for

any individual, his time of departure is his time of arrival
|

plus his sojourn time (i.e. T=5+G). As the sojourn time and
: - . 2. 2 2
~arrival time are independent, then 06 =- Op - US and

this is given by (3}.

This is not really a solution to the real life problem.

In tHe case of the museum the departure process is censored when
the museum closes s we cannot observe £(x). The average
viewing time per visitor suggested by Mr Fortin is clearly less

than the mean sojourn time. This problem deserves further

study.

(3)
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Section 5

Time transformation of a

nonhomogeneous Poisson process

We can reduce a nonhomogeneous Peisson process to a
homogeneous one with a transfotmation. For each time wvalue s
we define a new time value (denoted 3} as follows:

~ - m(s)

§ =+ 5 = 3 0
S acl) € [ ,1]
¥ -1 .~
note: s =m " (s m(l)}.
For the process to be unaltered. we set ﬁ(§) = N[s].: Let us

compute P[ﬁ(§)=n] and show that N(%) is homogeneous.*

P[N(3)=n] = P[N(s)=n] = P{N(m %[ m(1)])=n]

-1, : -
e MWD s n) 11 nr = e P 3 Ra) 1

Hence ©N(s) is a homogeneous Poisson prdcess with rate m(1l).
4 m(S.)
e 1

Observe that to each §, there corresponds a Si = SO

"An analogue to theorem 1 in the homogeneous case exists and its

proof is a corollary to the proof of theorem 1 and is done in Ross p. 18.

&N
Theorem 2: Given N({(1) =n (N(1), Poisson process) the n ordered arrival
times have the -same distribution as the order

S(l)""’s(n)

statistics corresponding to n independent random variables

uniformly distributed on the interval (0,1).

o
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Thus given tﬁat' Ntlj = ﬁ(i] = n, §1,..:,Sn are distributed

independently and uniformly in the interval (0,1}. So we ﬁay test

-~

if N(x) is Poisson by testing that §;,...,Sn come from a uniform

(0,1) popula;¥§Q;_ This however is not possiblé since we can only

. . - m(Si) ]
:x&fstlmate- Si : YEUR by
v N .
aspy LN .
= 3 = = where S, = §_
ALY n . i (k)
N, (1)
j=1?

This estimate is not random.

Let’' us recapitulate. We have Ni(l)’ (i=1,...;q) which are
independént identically'diétributed random variables. Suppose

r which represent the waiting

N.(1) = n,, we h: ...st
1( ) n., we have a sequence S(l}, S(ni} )

time until the ISt,...,nEh event and. the upper index refers to
the day.

A ive - = ...,N = , the points

Given that Nl(l) nos ’ q(l) nq~ D )
1 1 q q : N
U S PR. Ju- SR are ordered as

W e) ® )
~  n(g ~  mbmy) . WSY ~  D(SEY

1 - %19 ‘ 1 = (TL]} . Sq .= (1 ,‘-")Sq = k]
WA L hy TR D {“mc_m" g eI

- :
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-which (since m & ‘i are increasing functions) in turn are

ordered as their estimate,

1 1 .o -
B( Sy f{Sny) A(S7y i {$n o)

AR TC D IR TE DR TE Y]
. . s 1 .2 n A
which take their value in the set {; SRR E}' We know
k ) - K
. - m (Syy "G00 dieerin
that given Nk(l) = Ty ETTT_""’ETTT__ are distributed as ny

order statistics of independent uniformly distributed random

-

variables. Hengce given lel) = nl,...,Nq(I) = n

S q’-
a el ~raq
i 1 ( ,
:—igi,...,u—iigl are ordered as the order statistics of
m(l) m(l)

n uniformly distributed random variables on (0,1).

We would like to know the probability of a specific -

arrangement of the events among the q days. From the set

i i
1r - esSa

is 1ike drawing n, values from an urn containing balls numbered

{%,...,%T, n, values will be estimates for § This

from % to % and assigning them to day 1, then drawing n,
-

balls *~ from the same urn and assigning them to day 2, etc...
n. n-n n-n,...=-N - 1
Hénce there are (_ ) ( 1)---( ! 4 13 = — T
) n n n n,!n,f...n !
1 -2 g _ 1°72 q

possible arrangements of the events among q days.
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Section 6

The test for randomness

From the previgus sections it is clear that if a simple
t

point process is 2 non-homogeneous Poisson process we may test both

a) {Nitl)}gzl are iid Poisson random variables
[

“b) The ranks of the arrival times among the q days are "randomly

-

distributed." That is, given {Ni(13=ni}§=1 the distribution of the

ranked arrival times is the same as the distribution of the ranks

»

n n

{1,... n} drawn randomly into a groups of si:ces Dys Mgyees g

This is our null hypothesis HO.

For b) let us rank the observations by assigning rank 1 to the

- -~

observation which occured at time § rank 2 to the one that occurred

@
at time SC2)’ etc... where S(i) are the ordered arrival time among q days. Then
denote Rij the rank of the jth observation of the ith day such that Ri1<Ri2<..<Rin .
1 ) i

(

Now 'E(H%%) = Hf%f (shown.in appendix section 1, proposition 2),
1

so under the‘mullvhypothesﬁs, we expect the values E%% to be

J

close to i This leads to the conclusion that the sum of the squared
; .
i Juct RS hould 1 under H H '
dlffer?nces, (n+1 - ni+1) should be small under 0" ence, reject
‘H, 1f C = ( - ) > k « (1)
0 i=1  j=1 n+l ni+1

//,we wish now to determine the critical value k that corresponds to

2 given significance level . Chgbyshev's inequality says:

O
[@ X3

P{lC-ucl<k} 21 -

28]

=~
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We have a = — , i.e. k7 = and the inequality becomes:

~

2
2 9¢
o

-

O'C .
P{;C-HCI <'7: } 2 1-a
& -

In-section 2 of the appgndix, we compuéc He and oé. This was
under the condition that Nl(l) = n},...,Nq(l) = q° For a) we will
use a goodness of fit test to check if the Ni(ll's are
distributed like Poisson variables. We define a statistic

f(Nl(l), Nz(lj,..., Nq(l)) which, under the null hypothesis

that the Nifl)'s are Poisson, satisfies
: N k = 2
POEN) (1)5 mee 5> N (103 > Ky [HG) = oy {2)

A bootstrap procedure will suffice. First estimate the

a
intensity by A = % zi=1 Ni(l]. Next define classes

I, = {ni,ni+1,... ni+1-l} for 1 = 1,... -1, I, = {nl,n2+1...}
L . . . .
where n, =0 and {ni}i=l is a strictly increasing sequence.

AR
of intege®s. Pick these integers (i) such that the p, = Z e T
. _ keIi
are approximately equal and not "too'" small (qxpi 2 5}. Finally

define

2
_ 2 Fei'Q'Pi]
ff?l’nZ"" nq) = Zi=1 ___a_a;___

where Bi designates the number of the n's in class Ii'
f(Nl(l),... N{{l)) has, under HO’ a 1imiting‘x2 distribution

with l-z'degrees of freedom; kl(in 2) is therefore determined.
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Thus we Teject H; if (1) or (2) is satisfied. We perform

the joint test using Chebyshev's inequality.

P{lC-ucl< X and £V (1), N (1)) < Ky [HG)

Efp[|c-uc|< k|Ni(1) = n,ri=1,...,q] If(NICIJ....,Nq(IJJ<k1

n

(1-a) E{If(Nl(l),...,Nq(l))<kllH0}

- gl-a] (l-al).

{HO}
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Section 7

Conclusion

The statistic C was used to test that a specific

-

arrangement of the events among q days has probability

. When we want to test that there is no difference
1°"""'q ‘

ﬁmong q treatments and we have n. observations available for
each treatment. We.may rank the n = nyte-.* nq observations
at the end of the experiment. And if in fact there is no

difference any arrangement of the ranks has probability

nl . This is usually done using Kruskal Wallis test.
( ) :
n,...n . -
1 q -
. , A
And P(Kzec) -+ X&-I(c] as nl,...,nq + o, K 1is the Kruskal

-

Wallis statistic, Xq designated the chi-square distribution

-1

with q-1 degrees of freedom. For our preblem a Kruskal Wallis
test is not appropriate because we want the ni's to be small
with g increasing instead,

There are many further problems to investigate. For

L]

instance, what is a good approximation of P(C2k) when g =+ w?

Or as in the Kruskal Wallis .case, what is a good approximation

v

of P(C=zk) when pl,...,nq + o?
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Appendix

Section 1

. n—(ni-j) ) .
s i n-k . D+l
Proposition 1l: _Z_ (.)(n__j) _,(n.+1)
k=) i i
Proofs
Th; binomial theorem says:
(ey)™ = 1w my « BE2D) 2,0

Thus

h ('1‘_:()- CJ+1)
. x5
. -(ni-j+1)
and (1l-x)

=1 + (J+1)x +

I (Gxk)

We notice that taking &

multiply it with the r.h.

ko n—k.
;) ( -) X

\ K‘ *
nHe-1 8

Thus we are looking

of (1) with (2) i.e.

-(n.+2)
But (1-x) *

We will find the coefficient of x

.the required coefficient is (

n-n.

1

for the coefficient of x

in {1-x)

~18

m=n.+1

"

(+1) (§+2) 2

t

s. of (1), we get

n-(n,-3j)

I &k,

k=j TRy

-(ni+2)

0 m-(ni+1)

n.+1
i

( } x

n-n.

n+l
n.+1
i

).

if we let m

(1)

n-k in r.h.s. of (2) and if we

* in the product

=qn + 1 and so
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5. o J{n+1)
Prop. 2: E Ri 3 TE;:TT .
Proof: Ri 3 takes on the values: j, j+1,...,n-(ni—j5 with
corresponding probabilities:
(jﬁ"l) (n_j ) . (J )(n‘(j"'l)) (n-'(ni-J)-l)(n-[n-(vi_--J)]).
j-1"'*n,-3i° > *j-1 n.-j j-1 n,-j
i i i
= . = sees =
o () A )
i =~ 4. i
Then
N n=(n,-j) ) ) )
<-1..n-k N
E R. = k . .
t.J kgj CJ‘I.)'(“i'J)
» Tl
o)
- i
~
n-(ni-j) L I\
= I IOy :
k=] i because k(71 = 5¢5)
D i-1 j
n.
i
_ 3 n+l
(n ) (n.+1) by prop. 1.
n.
i
-~ - j(n+1)
g+l
i 5 R..
Note 1: Let X. = 1]
— i 551 (ni+1)(n+1]
/
32 n. (2n.+1)
E Xy =] —— T ) /
j=1 (ni+1) i
- .*r:

e —ad e
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n-(n;-j) .
- -, LKy mn=k i D+l n+1l
Proposition 3: kzj k(j)(ni_j) J(ni+1) + [J+l)(nl+7)

Proof:

We know that,

NI RIS ARI I} (I;)xk

Taking the derivative

a0t Genxd 0707 2 g k(R (1)
=
~(ng-3+1) ® s -
Also, (1-X) D T PO T Sl i Sk D (2)
g=n.-j 2i7J

Again as-in Prop. 1, taking £ = n - k in (2) and multiplying 1t

with (1), we get:'

L J

@ ‘n K n-n,+j-1 n- (n _J) n-n, +j-1
! k n.-5) X = 7 L( )(
k=j ny k=3
. n- ni+j—1
thus we are looking for the coefficient of x in the
product of (1) and (2) which is: g
- -(n.+2) - -{n;+3) )
5 x?7ha-x) 0t « Genxda-
© m-n.+j-2. @ m-n.-2+j
n i . m i
=3 1 ([ 1) X G+ 1 () Lodx
m=n_+1 i m=n.,+2 i
i i
n-ni+i-1 .
to find the coefficient of x let m = n + 1, this leads
to:
. ,n+1 n+l '
e * GG

n.+1
1l
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= 2 k-1, .n-k
n-(ng-3) KT
Note 2: ER: = ] — = as in Prop. 2.
SR £ S
i
n-(n.-j) o
= _J Z * k, .n-k ) b kz(k'l) TR
= =L L (J)(n_ : ecause 5.1 =3
(n;) k=] 1
‘L
J - n+1l .
= =[] Cn +1} + (G+1) () +,)]¢bb\ Prop. 3.
() i
1
(n+1) (n-n.)
- :2 {n+1) .
= Goan T IOEETERD . '
] /_\

(n+1)

(n+1)
(ni+1)(ni+2)

[r-n. + (n+2)j].

n-(n;-j) n-(n;-y) X

Proposition 4: ) (E) ) l(k -k- i)(g—_Y)

k=] J X=key-j Y7I- :

- n+l [(n+2)Y + n_ni ]

= ") — .

1 i
Proof:
n“(ni'Yj K \
i) First, we want to evaluate: X A(A:_:i)(z’_ ) (1)
| S A i7Y

(ni+1)(ni+2) [J(nl+2] + (j+1)Cn"ni)] ‘ \/
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Observe:
“(ng-y+l) = p-(n,-Y)
(1-x) * =] Popyx (2)
p=n;-Y i
&
. mzY'j_l

Let us differentiate (3):

(y=35) (1-x)” OIvDIYeked gy = (3D (g oKt
£

_ b m N m+Xk
= E:Y;j-l(Y‘j‘lJ(m k+l) x (4

L .
Taking p = n-A in (2) and replaging m by A-k-1 in (4) and then

taking their product, we get:

© y-k-1 n-ni+Y—1
I Ao Y) x
Asy-j+k ‘
n—ni+Y-l
Thus we are looking for the coefficient of x . in the
product of (2) with (4), which is: bl
ikl . m(ng-32) L -(n.-j*1)
(v-3)x" T iy R ke PxTETI gL
e t g-n.+v-1+k o q-n.-l+y+k
= (=il  C a Ix 7 sy+k-3) T C a)x ?
q=n.-J+1 n;-j+1 , q=ng -j n;-j
- n-n.+y-1
to finé_zbgj%oefficient of x * let g = n - k, and so
n-(n;-v)
-1, .n-2 _ ., n-X
L x( 1)(n.-Y) = (- (] J+1) £ Oyrk=3) (7050
Asy=j+k a 1 1
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ii) Now
ISRt L. 2oy A-k<1. .n-A
() X ( ) (2T
Kéﬁ o3 A£R+Y 3 Y-3-itomg -y
n-(n.-j) . - n-(n.-j}

n-K

=1
K=j myTd

But repeating Prop. 1 we find that;
n-{n; -J)

) ( )( = (™)

_ 2
k=) J+1 n1+
Thus by Prop. 1 and 3 we get '

- TGTLE) - QDT+ QT ¢ GG

n+l n+l n+l (n-n; )
(n w10t (Y+1)(n w2) G (ni+1)[Y+ Y+13T;—:?T]
2 - -
ey ROV e nomg
- (n.+1 n,+2 :
i N
Note 3: To compute P&Ri 3 =K, R y =X, (j<y)) we remark that

we may choose’among (¥-1) values to fill the (j-1) first places,
among (A-1-X) values to fill the (y-1-j) places between k and A

and among (n-A) values to £ill the last (ni-y) places.

have, for j < ¥y
n-(n;-j) n-(n;-v)
E (R R ) = —=— ¥ ) Tl
1] iy n = j-1
4 () K5 egeyes

(¥-3) G Hid __J+1) LGRS ) R kc )
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. D
n-(n;-j) n-(n.-v) - ,
1 . -1-X. .,n-
== 1 31 MG Gy
() k=J A=k+y-] i
i »
. (n+2)y+n-n. ..
n+] 1,°
= —%— 4 410 ( ——5—] by prop. 4
) i i .
i C .
- (n+1}) .
= (ni*'l) (ni+2) [(n+2)y+n-ni] .
Also
"5 R 2 )
2 1 i
EYX]) = , ECL —5)
(r+1)7 j=1 i
\
where
"5 R 2 SRR W Ry 5 Ry o
j=1 1 j=1 (ni+1) i<y (ni+l)
s 7 5y 2L EY
Y<] (n.+1)7
L
n. .
L -
-7 Al ol pagsime2))
P21 (n +1)3 n.+2 it
]= ni - 1 . s
.2 V4 . 2 )
+ 1 I omrll neyne2)] + ] A - M fnon 4 (ne2)]
) n.+z 1 - ) n. 1
i<y (n;+1) 1 Y<3 (n;+1) i
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=]

s .2 L2
| {n-n, 07 37 +1 3%y +1 3%’
n+l j=1 i<y Y<3

3, - . i , .
(g D705 eyt ] %] ot e 1G0T
=l vy y<j oo

N
Observe that

n. n
: 2 : 2 .
I Y+ I1gm* L an® =l 59 and,
=1 i<y v<j j=
n.-l n, n.-1

2 s .2 j(i+1)
J ° Z Y = z J {'_2__ - "_‘T—}
1 ) Y=j+1 j:

j

) sz‘=
<Y J

il

LA -
n; (ng+1) (ng-1)n,; (2n;-1) T % C 3
= 5 . 6 - ? ‘E J - -2- . J 4
- \ ) J= =
(ni-ljni(ni}leQni-l)

_ L
N 12 2

. -
- n. - 3n°-3n. -
(ni l)ni(..ni 1)(anl 3n,g })

- 30

12,2
(ng-1)7ny

- .
= (ni-ljni[loni(ni+1)czni-l)-z(zni-l)(3n§-3ni-1)-1scni-1)ni]

Pt

—
~
(=]

—

3.2 prend oo 2 ) 2
(ni-l)ni[lo‘(2ni+ni)hi)--(6ni—9n +ni+l) 15(ni ni)]

P
A%
o

i'-.

3 0.2, .
ni(ni—l)[Sni+lani+ani-2]

—
b
o

i j R.,, 2 o1 n?(n.+1)2
E( E _1;]_) . n z {(n_ni)[_li___
(n+1)° (n;+2)

n?(ni+1)2 (2n1+1)2 )
— 3 -]

1 ' 3....2
* &5 ni(ni-l)(8ni+1fni+on1-2)]+ (n+2) ]
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. n+l : n, (n +1)" ! . , 9
) (n.+1;§(n‘+2){(n n. )[_______—_'+.§6 ni(ni-l)qu;i)(8n1+5ni-_)]
1 1 )

° T elapentenen? .
v (ne2) [}
(n+1)ni n, (n +1) 1

,
= = {(n-n, )[———————— + = (n.-1)(8nT+5n.-2)]
(n;+1)° (n;+2) 60 i 1777

(n+°Jn ; (o +1) (2ng +1)?

36
Furthermore
Var X.
1} (n+1) n,o.o - . (n +1) 1 n
= \ = {tn-n, )1 + g5 (n,-1)(8ni+5n,-2}]
(n+1)~ (ni+1)"(ni+2)
(n+7)n (n.;+1)(2n. +1)"
R i
- 36
2., 2
ni(~n1+L)
-
36(n1+1)
n. (n-n.) : 2
= L 12 { 601 [JSni(n.+1) + (ni-l)(3n1+5ni-2)j}
T (a+1) (n 1) (0 +2) * |
2 2 ’
n. (2n.+1) (n+2) (n.+1) -~
+ ;_;). [( +-)) (1+1) - 1]
36 (n +1)° Byresln
n, (n-n.) - 3 2
=L 4 = [15n2+15n,+8n°+50%-2n, -8n>-5n, +2]
60 i i i 1 b3 1 17

(n+1) (n;+1) P én +2)

(3%

‘o2
. ny (Zni+1) [(n ni+n+2ni+2)-(n ni+2n+ni+2)]
2 2?
36 (n, +1)° (n;+2) (n+1)
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[RUERE

1 ni(n—ni)

It b
5 [4n;+6n7+4ni+1]
(n+1) (n +1) " (n +2) .

2, 2
ny(2n;+1) (n-n;)

36 (ni+1)2 (n;+2) (n+1)

. N -
C-on.(n-n.) R -
SYE T S (2n,+1) (2n7+2n,+1)
0 e (a2 7 i
2 2 &
_ ni(2n1+lJl (n-ni) d
5
36 (n+1)(ni+1)“(ni+2)
2
- M~ el
_‘ni(n ni)(2n1+1) [(~ni+2ni+l) ) ni("ni+1)
= 1 _ _
(n+1).(n +1) % (ny+2) 30 36
»
n.{(n-n.}(2n.+1) - '” '7 .
I X i 1§0 [(12n5+12n,+6)-(10n;+5n,)]

(n+1) (n +1) % (n;+2)

n.(n-n.)(2n.+1)
= 2 = = 5 [2n§+7ni+6]
180(n+1)(ni+1)“[ni+2)

n.(n-ni)(2n.+1) . ‘
= 2 z 5 (n.+2) (2n,+3)
180(n+1) (n +1)*(n +2) :

ni(n:ni)(2ni+1)(2ni+3)'

180 (n+1)(ni+1)2 ,

.
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Proposition 5:
-k n-np-k+2
a) SEH & ARy eI -
320120 4 7 ng-d n;-J
_ y.,0-1 n-2 n-n;
= k(n.-ljc Miy o+ k(k- 1)( N )( n 1)
S B ) ny
N
kkaJ 5 k. k-3, .n-k , n-ng-k+%
)y I I it IETTTY
320220 j 2 nB-l n.-j

nn

R N TG S IR YO T DT ¢ S5 DN GO N Gti
1 l

-k n-ng-k+4
¢) 22 EHECTEp A8 -
JZMZO nB-.Q. n.-J
n-2 1
= k(k-1) ( )( n -1] e
ni- 8
v k(k-1) (x-2){(" _f_ ) (77 'i)+(2.°13(n 2;:23} .
n, :
* kﬁkil)(k-E)(k-S)(gjfz](n-gi:g).
i B8
Proof:
We know that
k k-]
(1+x+%) -1 LG K7 Iyt (1)
j=0 2=
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. . n-k n-k-9
also (lex+y)" % =7 -7 (7 8 5y k 8y x%y¥ (2)
- 8=0 $=0 .
taking the derivative of (1) w.r. to xoand multiplying by x:
\
ko1 X k- 3
I\'X(l*‘.’("'}’) = z z J( )( 2 ) ‘ } »
, j=0 =0
differentiate again w.r. to X:
k-1 k-2 X j-1,8
K(l+x+y) ¢ k(kel)x(lex+y) " =} Z j ( )( } (3).
- j=0 £=0
differentiate now w.rT. to v and multiply by v¥:
' k-2 k-3
K(k-1)y(l+x+¥) + k(k-1) (k-2)xy(l+x+y)
k k-3 . ;
k., k- -1 % :
L SO RGP N S (4)
j=0 2=0 J
differentiate again w.r. to y:-
X k-2 . k-3
k(k-1) (T+x+y) + k(k-1) (k-2) (x+y) (1+x+y}
X k-j
-4 1 i 1
K (k-1) (k-2) (k-3) xy(lexey)* 7% = 7 7 47 ( ) (* 3" (5)
j=0 g=0
taking in (2) ¢ = nB—l and 6 = ni-j and mJT?iplying it by
(3), (4) and (5) we get: Y .
k k-j : . n.,-1 =n
.2 .k, k- -k -k-n-
I T2 Odhaipetighst v F
j=0 =0 J i~d" 8
kK k-3 . n.-1 n
.2 .k, k-3, ,n-k n-k-n,+4 i B (6)
=3 L i) CTI TR x y
j=0 £=0 T A T mg-Aing -] :
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k k-j 2 % . . n.=-1 n
.2 k- 3 “-n-n;+
I 1w hgipdiithe oy 8
j=0 2=0 : 1 8
k k—j ” . ‘ N n.-1 n
.2 k., k- - ~=k-ng+l -
=1 T st TR Iet et 8 (7 .
j=0 2=0 8 i™J ’
and .
YOk 22 %l k-j K | .n-k-n;+j. "i~1 Pg-l
e LD CTEN I e Yy
520 220 7k T mg-37 0 mgek
kK k-3 L ., . ) n.-1 n,_.-1
_ 2.2k, .k-j. . .n-k n-k-ng+d i 8
=L I OO QIO y ° (8)
3J=0 =0 8 i
: ni—l nS :
Thus for a) we want the coefficient of x - y 7 in Ehe product

of (2) with (3) which is:

- -2
k(1+x+y)p 1. k(k—l)x(l+x+yjn =

noloncl-po g -1-p g R22 Ro2-T 2. n-2-7, 7+l 0
=k [T T THT e k-1 T TN N
p=0 o=0 : =0 ¢g=0
] ni-l "ns
to find the coefficient of x Y let p = ni-l, g = nB and
T = mn;-2 so we obtain,
kCTIHET™ s k-0 ETH 7MY ‘
n.-1""*n S 'n.-27"n )
i B i B :
ni-l nB
Similarly for b) we want the coefficient of x y in the

product of (2) with (4) which is:

K(k-1)y (L+x+y)™ "2 & k(k-1) (k-2)xy(l+x+y) D >
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n-2 n-2-p : n-3 n=3-T - - :
2 o+ - -3-7, T+l o+l .

= kG- I T O MH™IT T ke T AT

p=0 c=0 _ =0 g=0

: ni-l nB

To find the coefficient of x ¥y let p = ni-l, g = nB-l and
T = ni-Z; so we obtain:
.. n-2 ‘D.-l-ni T } ) n-3 n-n: -
K- (T THY - kD) R-2) CTI) T

i 8 i 8

. : . ni-l ns-l

In the same way again for c¢) we want the coefficient of x -y

in the product of (2) with (5) which is:

k(k-1) (T+x+1) ™72 4 K(k-1) (k-2) (x+y) (1+x+y) 7>
. n-4 N=2 n=2-P 1 5 n-2-p. p.o
+ k(k-1)(k=-2) (k-3)xy(1+x+y) = k(k-1) I I (.07 by
p=0 g=0  °

-7

n-3 - -
* k(k- 1)(k 23 { E Z (n;a)(n—;—r)xr+lyc
=0 o=0 .

n-4 n-4-t1

R(R-1)(k-2) (k=3) T T (PTHy(manTycTHL el

!
T=0 ¥=0 T ¥
ni-l ns—l
to £find the coefficient of x v let p = ni-l, O/J nB—l,
T = ni-2 and ¥ = nB-z, hence we get:

n-2 n-n;-1
k(k-1) (02 (PTET
i 8

P REDGeDIQEN OIS - G O
1 i

. k(k-l)tk—é)(k-s)cgjfz)tnggégzu.
1
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Note 4

§ X = n(n+l)

k=1 <

Tt

T(k-1)k = (n-l)(g)(n+l) .
k=1 ' >

n .

¥ (k-2)(k-1)k = (“‘3)(n-i)(ann+l) .
k=1

rf( Y{k-2) (k-1)k = (“-33(n-2;tn-13n(n+1)

k=1

n -

J (k-4)(x-3)(k-2) (k-1)k = (“'43(n'a)(E-Z}In-l)n(n+l)
k=1

Proposition 6:

n; ng

T iy )
j=1 y=1 (n+1)7(n;+1) (ng+1}

n-(ni J] .Y_l n (n —Y) k 1 k )\ 1 n —J
- K (SThy o dy 0 X
kEJ 2=0 A£k+y g F-l7C R Chy-1-27 24
I-A n ;\-(ns-y)
gy ay - (Gemy )
n-(n,-Y) . n- (n -3) 1. -3
B8 j-1 i
+ 1 Tl W ( hy )(5 1
A=y 2=0 k=A+j-% j-1-27 L

n-k n-k-(n:-j)
(n =52 Cng-tyimy V)

where

>?
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n:.nS //\ .1 n!

.(ni+fﬁ(n8+1) (;+132 ni!nBL[n-ni-nSJl

L
6

5 . ‘ ~

n n -
{77(4nin8 g*1) + 70 (24nins+11ni+11n6+4)

+2n.+2n
i

1
- - - o
* 25 [;-nin8+lani+lan8+-)}.

Proof: ©[et us consider the part of the expression whert k < A.

n,-j
i .
i) TPRirst, we prove: mEO (A-k- (Y By - ?_E?+;§))vﬁ'(n;i;gs'k) (1)
We know,
. A-k-(y-4L)
(1) K- (=2 7y (k k- (y SN and - (2)
m=0 .
n-i-(n,-v) .
(1+x)n';\'(n8'Y) = X (n'A'(nB'Y))xp ’ (3)
- - P .
p=0
As before, taking p ='ni - (j+m) in (3) and multiplying with (2)
we get;
-k-(vy-2)
A-k-(Y-2)y n-A-(ng-¥)
Z T QLG x|
ni-j
Thus we are lcoking for the coefficient of x in the product
of (2) and (3) which is:
n-nB-k+£ n-ng-k+i n-ng-k+l
(1£x) Z ( )x?
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i ni-j . b
to find coefficient of x let q = niej and so the required
n—nB-k+£
coefficient is: ( ).
' ny) ‘ 4

ii) Now, let us sum over A(A>K).
n-(nS-Y) X 3
-k
AG] £Jc“ )= (- L e (O
Azk+y-2 8 g
by part i) of the proof of proposition 4 with j and n, replaced
by % and g respectively.

But

(v-2) 2+1J s (y=2+%) (0 " k)=

- n-%k n-k
(Y'Q)[(n8_£+13 * £n8_2)} + k(ns_z) =

n-k n—k-n6+£ n-k
(Y-ﬂ?(ns_z)[ﬁgffrf—— + 1] + k(ns_l) =
n-k ) [(Y-Q)(n-k+1)+k(n8-2+1)] i
nB—l n8~i+l \ 4
Y(n-k+1)-£(n+1)+k[n8+1]
(n—k ) n,-L+1
nB-R _ ) B

o

. iii) So we rewrite the part of the expression where k<A as:

)

n. n n-(n.-j)
i 2 iy c Z i Yil k(% 1 k J)( -n8-5+2
521 y=1" (n+1)2(ni+1)(n8+1) x=j 2=0 j-17 ny-I
n-k Y(n-k+l)-2(n+1)+k(n8+l)
"(nB-z” CPEES 13-
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‘l‘lzi 'n%(ni"j) ‘I'!.Bgl_‘['nZB Tz(n_k...l)-n([k(nsq-l)-R,(n-o-l)]] 1 )
BERT =0 y=2+1 ng-trl (ng*t)
. . . n-n,=-k+& n-k
x & O B e
(n+1)*(n,+1) ~ 9 % ng-3 D8 .
1 J
“Note that (vy>4).
We may sum over Y
A LA ) kg ok
- ‘ - G
j=1 k=3 . =0 (ns-zfl){n8+l)(n+l),(ni+1) 8
Nn,(na+1) (2n,+1)-L(L+1) (22+1)
x {(n-k+1)[ B B 8 <
. ng(ng+1) -2 (2+1)
+ (k(n8+1)-£(n+1))[ 5 11}
n. n-(ng-j) nB-l 5 ] . B
) = - EEH A
§=1 k=3 220 (ag-2+1)(ng+1) (n+1)7(n;+1) J 8

X L{(n-k-v»l)(n —2)[7n2+n (3+22]+1;722+32]
"6 B “TROUB -

n.
1l

- 1

j=1 k=]

+ 3[kCnB+1)—1(n+}J](nB-EJ(nB+2+1)}

n—(ni-j) nB-L

)

.2 .
J (ns'l)

n-ns-$+£
n.-=j
i

—nB-kﬁ) )
ni-J

" SO TGP Y GBS
220 (ng-2+1) (ng+1) (n+1}"(n;+1) J 8

n.-j

)
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)
X %Kn-k+1)[2n§+n8(3t2£?+1+2£2+3£] + 3(ng+2+1) [K(ng+1)-L(n+1)]

n. n-(ni-j) n,-1 jz(nsri) .
t T
0 6(n8-£+l) n8+1](n+1) (ni+1)

n -1

)tk;j)cﬁéﬁl)

x{(n-k+1)[2(n8+1)2 . nB(ZR-l)-1+2£2+Sl]'

+ 3((n6+1)+£)[k(ns+13-£(n+l}]}

n. n—(ni-5] ng-1 jz(ns-gj' k, k-j n-f
(TG

o 6(n6—£+1)(n8+l)(n+1)2(ni+1) 3

) (

Ik ~1T0

i=l k=j . "%

x {(n-k+1)[2(n8+1)2+(n5+1)(21-1)+222+z]
+ 3((n6+1J+£) [k(nB+1)—2(n+l]]}

ni.n—(ni-J) Ne-1 i

2

i (ng-2) s o

: 5 Y TR«
0 6(ng-2+1) (ng+1) (n+1)"(n;+1) J 8

j=1 k=j 2

1 t~1T0

{(ns+1)2[2(n-k+1)+3k] - (n8+1)[(Zi-l)(n-k+l]-3l(n+l)+32k] +

(212+1)(n_k+1)-322(n+1}}

n, n-(ni—J) na~1

.2 2
J (ns' )

j=1 k=j )

n~1m

k, k-j. ,n-k
- YOG
0 6(n8—£+1)(n8+1)(n+1) (ni+1) B

~

}

(n-ns-k+£

;-

n-ns—k+£

n.-j

)

n—nB-k+2
n.-j
i

)
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n—ns-k+£ (ns+1)2(2n+k+2)

ni—i ) {+(n8+1)(n—k+l)(-£-l)

x
o] <
+(n+1) (-27+2)-k(28°+)}
Factor (ns-£+1)

SRS AR S EIC W ST PR SD

- . ) — ST
Jfl k=j £=0 6(n6-£+1)(ns+1)(q:EF?Tni+l)

n-k n-n,-k+%& :
e “i‘j (gD (2nwked) + ) (8-1) + KD}

n. n-(ni-j] ns-l

S

21 k=]

i¥(ng-0) ;o ky k-
> (1)
0 6(ng+1)(n+1)"(n;+1) J

x {2(n+1+2k)-(n+1)+k+ns(2n+k+2)+2n+k+2}

. ) 2 '
n. n-(ni-J) nB-l j (ns—i}

i, n-k n-n.-k+2%
)Gl CTRE S

n-n,.-k+%

_7 g ; O GTE ATeIEh
j=1 k=j 2=0 6(n8+1)(n+1)2(ni+1) B 1
4
{2 (n+1+2k) + n8[2n+2+k] + n+l+2k}
n. n-(n.-j)n,-1
i i 8 .2 .
= Z Z j| (K)(k-J)(n-k )(n—n8-3+£
321 kEj L A e

0 6(n8+1)(n+1)2(ni+})

_22(n+1+2k) + Rns(n+1+2k) - 2n8[2n+2+k)
x { A
*ng(2n+2+k) - L(n+1+2k) + ng(n+1+2Kk)

)



prmry |

ipstnay S

.__....

r"‘—“'.

3 IR e

s

[

up—

41

n-n.-k+2 .

n
It~
—

0 6(n8+1)(n+

n
X {27 (n+1+2k) + £[n6(-n-l+k)-

n-1

ky ,k-j, n-k _
;)¢ )( )( B .
1)3(ni+1) J70 & T ing-d ni=)

(n+1+2k)] + ns[n8(2n+2+k) + (n+1+2k)]}

=.Z L >
k=1 6({n+1) (gstl)(ni+l) _
x {-(ns1+2K) Th(k-1) A2 TET .
i B
P RG-D G- LQTI N AT+ G PRI
i R i g
o m-d “ng-2
|+ k(k-l)(k-zuck-o)(gi_zjc“ 2;_23 i
- (agasl-k)sn+1+2k) [kex-1) 72 ) P7RaTh :
sk (k-1) (k=2) (072 ) (PRith
1-~ nB—l
+ +k)+n+1+2k] <l n-nj
nglng (2(melyekdenelezk] TRQ72) (V7R
}
+x (k-0 72,0 (TR,
-2 n
- 1 8
by proposition §.
n-1
=5 (0 ) ("
k=1 6(n+1)°(n g*1) (n;+1) ny g
» ) n.ng k(k-1) (k-2)
S(n4le2k) Tk€k-1) SEY Y mmtDyoey [(Ritl)ngng*ning (nghl)]

. k(k-1)(k-2)}(k=-3)
n(n-1)Y(n-2)(n-3)

ni(ni-l)nB(nB-l)
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K(k-1) k(k-1)(k-2) . °
1) Mifs Y atacD)(acgy (hiti)nsngl

+n8[n8(2(n+1)+k)fn+1+2k}[% ﬁi + %%%5%% ni(ni-l)]}- _ //”f

' 1 n n-n:
= (L)Y -_2)
Z1 6(n+1)2(n8+1)(ni+1] ny g

-(ns(n+l-k)+n+1+2k)[

%’

{E nins[ns(z(n+1)tﬁj+n+1+2k]

%%%E%% n;ns[-(ﬁ+1+2k)-Cns(n;;—k]+n+1+2k)+(ni—l}(ns(2n+2+kj+njl+2k)]

,Egﬁziggﬁigg n,ngl-(n+1+2K) (n;~14ng-1)=(n;-1) (ng (n+1-K) +n+1+2K)]

S

kK(k-1) (k-2)(k-53) o~ s
T n(n-1) (n-2) ninB(ni-l)(nB'l)(n 1+2k) 1.

1 .
o (0 (TR -
1 6(n+1)“(n8+1)(ni+l) i B

n

K

Il =11

% {% ninB{(n+1)(2n8+1)+k(n8+2)]

. k(k-1) a1 [k(-2+n8-2+ (ni—l)(n6+2))
n(n-1) 15ﬁ‘-(n+1)-nBTn+l)—Qn+1)+[ni-1)(n+1)(2n8+l)

-
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KCko1) (k-2) K[-2(ng+ng=2))-(n -1) (-ng+2)]

T oy Matsll (n+1)(n *ng-2)- (n -1) (n+1) (ng +1)3

k(k-1) (k=2) (k-3
3

) -
T sy Mitg(mit1)(ng-1) (nel+2K) 5.

ns(nin +2ni-6)

n-1 - }
- Z 1 . (n )(n-ni)
k=1 6(n+1)"(ng+1) (n +1) i Mg
k2 k2 (k-1)
X {— n. nB(n+1)(7n8+1) * —n, (n +-j + _E%HETT ng
. 2 .

n (n-l)(p-Z)

- igﬁ:i%E::§§ ninB[n+l}(ni+nS—2+tni—l)(n8+l)}

el .
2k"(k-1) (k-2) (k-3)
T a2y a3y Ritg(mit1)(mg-l)

k(k-1) (k-2) (k-3)
T hrcD o) (no3) Malg(ny-l)(ng-1) (n+1)}

{

1
. . (" y("RiyRing
1 6En+1)"(n8+1)(ni+1) Ny g n

n

k

INe~31

x {k (n+1)(2ng+l) + kz(n8+2)

n. ns(n ns~4n -3n
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We sum now over K using note 4.

'6(n+l)2(n8+1J[ni+l) ny fg ?

44

Enin8+2ni—6)

[(k+1}k(k-1)-k(k-1)] T =,
k (k- 1)%2 3 (2nyng-3ngen;-3)
her e e o ey SO
k (k-1) (k-2) %%;%%TFTET (n,ng+2n,-3)

(n.-1) (ng-1)

- 20 (k+ 1)k (k-1) (k-2) (k-3) -k (k=1) (k-2) (k-3)] 7 27y7as 7)(n 3

(n;-1) (ng-1) (n*1)
k(k-1) (k-2) (k-3) (n 1)(n 2) (n-3)

1’ n

(

](n-ni) Tli ns

. (n+1)(2n8+1)(n—1)n (n8+2)(n-l]n(2n-l)
{

-+

P2 ' 6}
'(nin8+2ni-6). (n+1)n{n-1)(n-2) n{n-1)(n-2)

N [ -

(n-1) 4 3
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(ntl)(2nin8-3ns+ni-3) n{n-1) (n-2)

(n-1)

(nin8—4ni-3n8+6)

)

-

fn+1)n(n;1)(n-2)(n-3) n{n-1)(n-2)(n-3)

(n-1) (n-2) 5 ) ] ]
(n+l)(nin8+2ni—33 n(n-1)(n-2)(n-3)
{n-1) (n-2) 4

2(n;-1) (ng-1)

i

(n+1}n(n-1) (n-2)(n-3) (n-4) n(n-l)(n-2)(n-3)(n74}

(n-1)(n-2) (n-3) 6 - ) T3

(n;-1) (ng-1) (n+1) n(n-1) (n-2) (n-3) (n-4) -

(n-1) (n-2) (n-3) S )

L o

1 ninB n!
6(n+1)2(n8+1](ni+1) ni!nsl(n—ni—ns)l

(n-1)(n+«1)(2n_,+1) (n-1)(2n-1) (n,+2 _
{ 3 : * 6 : * (“i“s+2“i'6)£%E§%_(3“'l}

+ (Znin8—3n8+ni

+

- (ninB+2ni-3)

(ni-l)(ns-l)

(ﬁi-l)(ns-lj(

(n-4}

(n+1) (n-2)

-3) 3

(nin8-4ni-3n846)£%i§l (4n-1)

{(n+1) (n-3)

2 i

TE (5n-1) )

n+l) (n-4) }
- 5 '
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iv) To get the part of the eipression where A < k, just interchange

n. and n,. . .
i B . : ‘ ‘

So adding these, we obtain:

|
'1_ ninB n.

(n+1)2(n8+1)(ni+1j nint (Wenong) 1

(n-1)(n+1) (n-l)(zn-‘lj(n8+ni+4)
X {———— (2n +2ni+2) + & 3 -
. (n—ZiéSn-l) (2nng+2n,+2ng-12) + ____%LE;LL (4n,ng-2n.-2n,-6)
{
+ (n—S)ggn—lj (Z“i“e'?“i'ins"lz) - M_‘E_nﬁ (2nin8+2ni+2ns-6)
i
2 Lt Onel) iy g1y - 2 (021)(0=2) (n 1) (ng-1}
n;ng T n!

L
3

i ('ni,+1](1164-1)(n+1)2 ni! nsll(n-ni-n )

B\

(o, (Fmg)*4)
6

+1) + (2n -.:n+1)

.
X -(n -lJ((ni+nB)
(n.n.+(H,+n,)-6)
+ (3n2-7n+2)—2 B e B s (nz-n-ZJ(Znins—(n8+ni)-3)
¥ . o

(SN
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-

(nin8+(ni+nB)-3)
<

T35 3I*1s)
+ 1 - 4)

1,1 21,3 _1s
3 4 20 2 15

: (2n.n,-7(n_.+n,)+12)
2 2
+ (4n7-13n+3) i8 1 B - (n7-2n-3
: 20
<A
2(sn%-21n+4) +6 (n®-3n-4) o ye1))
[ 15 . (njng-(n;+ng) '
Regrouping the terms: ~
1 n.lnS n!
- 7 - .
. - 1 I s 1
(ni+1)(n5+1)(n+1) ni.ns.(n ny nS).
2 1 4 2 1 16 1
x {n [nin (? rx it T3 - _§) + (ni+ns)(1+ T ¢
4 . .12 3. 16
AL S A R R
, ks
7 4 15 . 1 7 2 917
+alnng (-5 -3 -7 13+ (nyemg) (-3 -5 3 *35
- 39 .
+ (—2+/+2~?r -3+4]]
1 8 3 3 16
mynglg -3t gt 7y v (grmgl -l e g
' 2 9 9 16
ST S e R TR
1
1 ninB n!l . 3
6

(ni+1)(ns+1)(n+1]2 n,ing!(a-n -ng)!
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“~

. (n;+n,)
{nz[% ninB + ——;§:§_ + %] + n[nins(%) + (ni+n8)%% + L]

X

. .
s nnglry) + (ny+mg) (33) + =)

!
1_ nins n:

(ﬁi+l‘)(ns+1)(n+l)2 nilns!(n-ni-nsjl

)

g8

% {E_ (4nin8+2(ni+n8)+1) . ( fnin +i1(ni+ns)+4)

B

Note 5:

i ] Ri

. j
EX. X, = E{jgl [CERICITY

_ B8y 1 :
1 (n+1)(n8+1) ~

n. n
1 ’“ .
= > ) Z;yERi.RBY
(n+1) 7 (n;+1) (ng+1) j=1 y=1 )

For the part of the expression where k < X; to compute

P(R, . =k
(Ry 5 7% Rgy

(j—l)-places before the jth place we may choose among (k-1)

=A for i = B and k < 1), remark to fill the

values, there are now (k-j) values smaller than k from which
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we may choose £ values to fill the first 2 places beforé the }
th

Y place. Then remains (A-1-k) values smaller than A but lﬁ_//’—“\\;_

larger than k to fill the (A-1-2) remaining places before A.
Now there remains (A-k-(y-2)) values smalle¥ than A from which
we take m values to fill m places immediately after K. There

is now (n-A) values left from which we choose successivegly

‘(nS-YJ and (ni—(j+m]] values to fill the.places/zf;er A and

after the'(j+m)th place respectively.

&

Hence, for k < A

d-(ni-j)

el n-(ns-ﬂ Az1-k A-k-(y-2)
. . 1 -K-(y-
ER. . Ry = — ] ? ) ( )( )( ) Z ( )
13 By. M 3P i) kZ§ 220 ASkey- 2 j- l y-1-2 m
n. n
i g
n-X n-i- (n -v)
fns-v)(n Sy )
and
1 1 "ifg 1 n!
e T ® PPy 8 c; +1)(ng+1)  (n+1)® n,ing!(n-n,-n)!
n. ng i 8 . i77B” i 787
n2 1l
{= (4ning+2n +2n,+1) + 20 (24n;ng+lln, +1lng +4}+ gg(32n;ng+135n, +15n,
by prop. 6
Furthermore
COV(Xi;XB) = EXiKS - EXiEKB
n.n 2
-1 18 = {%r (4nin8+2ni+2n8+1)

(ni+1)(n8+l)(n+l)“

4

+2)}
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R

L d *

=

'
360

n

>0 (°4n n,+lln, +11n

8 B

ni(Zni+1) né(2n8+1)
6(ni+f) 6(n8+l)-

n.n

i B
(ni+l)(n6+l){n+l)

n.n
i"B

+4) +

(32n, ;0 +13n. +lan +2) -

oGO(n +1) (n +1)(n+1)'

(32n. n8+1an +1.>n8 2

n.n
i B

L

32 3 3 d
%0 (a-nin8+lani+lan8+-)}

{nv (2n,+1) (2n
1 (o, 2

36 B

+1) + (2 4n n,+11ln. +11n +4)

170 ) 8

(2n. +1)(7n841)(n+1)2
36

=¥

{3n(24n. n8+11n +11ns+43

-10(2n+1) (4n n +2n +2n +1)}

B g

360(n1+1i(n8+1)(n+1)

n.n
i B

360(ni+1)(n8+1)(n+1)2

n.n
i'B
360(ni+1)[n8+1](n+1)

{p[nin8(72-30)+(ni+ns)(33-40) + (12-20)]
+ nin8(32-40)+(ni+n8)(13—20) + (2-10)1}
n[-8n mg-7(n,+ng) -8+

{ [-Snin8-7(ni+n8)—8]

(-SninB-7(ni+nB)—8);

QD
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Appendix

Section 2

We want to compute the mean and variance of the statistic

C of Section 6.

s

Let us firsf reduce the expression for C.

n.

(@]
1]

=1

n
1 2
= 2 Z k
(n+1)° k=1
_ n{2n+1)
- 6(n+1l)

Let us compute Me-

_ n(2n+1)
E(C) = =@y -

_n(2n+1)
T 6(n+1)

(RN ]

4 i Rij 3
.Z .Z G T 7w
i=1 i

3

3

4 %3y 5 R 4 0y .2
- 27 J 1] . ]

- UUENNE
i=1 j=1 (n+1)(m;*1) i=1 j=1 (n;+1)7

q . . f a y
i j R,. : n.fn.+1)(2n,.+1)
i 1 i1 i
2 Z J +.z 5
i=1 j=1 ‘(n+l](ni+1) i=1 (nifl) 6
a i Q 2
. i j Rij . 2 ni(-ni+1)

i=1l j=1 (n+1](ni+l) i=1 6(ni+1)
+ — e b
i=1 j=1 @D (mgrly oy gl
q.' . ) q ] .
) 3T (n+1) . 7 ni("ni+l}
iz1 j=1 (n+1)(ni+1)2 j=1  S(my*i)

by Prop. 2 of section 1.
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q n’
_n@nel) o, oy 1 Ty
6(n+1) 121 (ni+1)
g
n(2n+1) ) ni(2n1+13
6(n+1) gy G(ni+li

'\r

.2
Let us compute‘cc

: 2, 0 .2
E(CT) - ET(C)

q
+ Z L -
6 L iy 80D

”
> 4
ni(_ni+1)

Var C =
But
2, n(2n+f) 2 . :
B - O - 1L L
-e{[mlz*;‘[%';
6 (n+1) (n+1)% i=1 j=1

qQ n, .
4 n(2n+1) o) Ry

(n;+1) (n+1)

R.. q
B e 1 i
=1 é(ni+1J

2

J Rij 4
e un B [.Z
i i=1

-
i 2 -
.ni(_ni+1)

6(ni+1} ]

9
ni("ni+l)

T (D) .g .z CICSSNCTIO RN

q
2 n(2n+1) z

6(n+1) 6(ni+1)

i=1 j=1 i=1
T n.(an.s1y 9 Wy R
-4 Z 1 1 . j_j }
isy S(ny*I) L) L G AT (eeD)
Ty L2 9 n.(2n.+1) 2
(Zn+1) 4 = * ij i i
(7 + E((f ] —2L )1+ Ze3]
S(n+1) (n+1)% i1 j=1 0 Mt i=p o(my*h)
q .
2 n(2n+1) 3 n, (3n,;+1) . n{2n+1) z nif2ni+l) . —
T3 (n+l) 1 g(n . +1) ~ 3(n+l) Iy “ETH;TT) '

-4 (] )
= 6(ni+1)
because
9 By 5 R, . q
EC ) - ) = EC L X))
i=1 j=1 (ni+1)(n+1) i=1
by note

2
ni(,ni+1)
?(ni+1)

e~ O

i=1

1 of section 1.
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E(CT) = 1

n(2n+1)

Note that

o~ 0

Vv

2

1
n*loy2y j=1

Thus

,
E(C)

{nf2n+1)

6(n+1)

and so,
_ ¢n(2n+1)
Var C = {—ET;:TT

6(n+1)

.S

q n q 5
. i j2 . Z ni(Zni+l) }_
- Z 2 6(n.+1) -
i=1 j=1 (n.+1) i=1 i
T "y 5 R, . 2 q ny 2
S El(] I /1 -4rl -——-_5]-
(n+1)~ isl j=1 i i=1 j=1 (n +1]
j . 1 B ? nzi j R. 2 ;n ("nl-?-l)].,
: = IS ) S GCT N
ng+l (n+1)° j=1 =1 (MU (ny*1)
q n
i 2 ]
1 : 7
= . E[¢(L 1 2T [ 3 5
(n+1) 1=1 3=1 m;~l i=1 j=1 ﬁh+l)
9 By 9 n.(2n.+1) 2
2 s + 7 e il) }
i=1 j=1 (n.+1)" i1 i
S
9 ™oy op .
S N e
*logzy g2 Mt
a ¢, ' qQ n, oo
) ni(_ni+l) 2 ) 1 f j ; .
Z 6(n,+1) } 4 Var[n+1 n,+1
izl N3 o i=1 j=1 i
4 q n. .
n.(2n,+1) 2 j
-1 Smmr o verlmy DL S
i=1 i=1 j=1
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.
ng(3ng*l)

. {n(2n+1)
: 6(ni+l)

6(n+l)

~1.,0

1

i=1

n. .o .
1 4 1 ] Ri ;
4 Var[=5 izl jél T

q

4 var[ } Xi]
i=1

»~

q

4 ) Var X, + 4 ] Cov(X., X,}.
. i . i )
i=1 1=8

n.(n—n.)(Zn;+1][2n.+SJ
Var(C] = 1 1 1 1 .

q
4 e
i=1 180 (n+1)(ni+1)‘
ninB (—Snins-7(ni+n8)-8)

=)
izR 360(ni+1}(n8+1)(n+1)

Observe that_.

X .nins C—Snin8-7(ni+n81-8) —_—

iz 560(n; +1) (ng+1) (n+1)
J 9 0y n, (-8n.n,-7(n.+n,)-8) 4 nz[-8n2-14n -8)
_ "itg "M i '8 . i i i
i=1 821  360(n;+1) (ng+1) (n+1) i=1 360(ni+1)2(n+1)
q - 3 q 2 2 -
var (C) _ Z ni(n-ni)(2n1+1)(2ni+a) ) Z 2ni(-4ni-7ni 4)
4 i=1 180(n+1)(ni+1)2 i=1 360(ni+1)2(n+1)
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_ninB (-SninB-Y(ni+nS)-S).

i=1 8=1

q

- i

360(ni+1)(ns+1)(n+1)

C-

iz1 180'(ni+1)2(n+1)

[(n-ni)(2ni+})(2ni+3)+ﬁi(4n§+7ni+4)]

. o*n.-1

- l .
ni+l)(n+l)(_8ni_7+n5+l)

@ 9 ming (-8nyng-7(n +ng)-8)
.*izl gZ1  360(n *1) (g+1) (1)
q
. Ty . 2 ; 2 .
=i§1.180(n +lJZ(n+l)[n(2n1+1)(Zni+.>)-n.l(4ni+8ni+.>J+ni(4ni+fni+4)]
. i ?
q q . -
. z Z ning (-Snins—/(ni+nsj-8)
i=1 g=1 " 360(ni¥T)(hB+l)(n+lj‘
d n, .
=7 L [n(2n.+1)(2n,+3)-n. (n,-1}]
i1 180(n +1)”(n+1) U
q q y T T
. Z E ninB(-SninB 7n;-Tng 8)
i=1 B=1 360(ni+1)(n8+1){n+1)
but
q q _ _ _ _ q q
2 . ni?B ( SninB 7ni 7nB 8) i Z y _gins
121 821 aGO(ni+l)(n8+1k(n+l).‘ 5y ghy 3807 .
9 ni(-Sni-7)n q ni(ni-l) . nB
=izl 360(ni+1)(nf1) +1=i 8=1 360(nifl)(n+1) n8+1
L

N
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.q .-‘ -q—‘
1 ni(ni 1) ng

q
=i£1 560(n +1) (n+1) = 360(n+1) izl Tn A1) gfy Ml

-nip(-Sni-T)

q - q w1l o q
i Z %ni(-Sni-r) . -1 | : Z ni(n.l 1) 2ni)( Z
so1 o60(n+l)(ni+l) 360(n+1) i21 ni+l 6=

n ni(—Sni—7) 1 . q'}hi 4
360(n+ITIni+1)'+ 360(n+1) (“‘312 —)( ] [1-

q v
=
i=1 2y "yt

£
=}
e
~
]
o
s
[ N
I
~).
—
A

n 1 ny*i-l T 1
560(avT) L CETO R 360(n+1)(n_2izl T (O L Al

q - -7 q q
_n n; (-8n -7) e 1L (n-2q+2 § i13(q‘ ) _g:r)
360(n+1) i= ni+1 JGO(nE}) = n; T g=1 nB

1=

-~

0 .
var (C) _ [n(gni+1)(2ni+3)-ni(ni-1)]

f=Y
It~ .0
=]

' i
1 360(n+1) (n +1)"

ot

' q q
n ni(-Bni-T)

] 1
+ (n-2q+2 } ——)(q- ] ) }
ngtto g21 Ditl g=1 "g*l

1

* sso(nrlT{i

-1

él

” -
n.n 2(“ni+1)(2ni+o)

[

n.+1 n.+1
I 1

q
. T—
=1

560(n+1) ', + (-8n;-7)] -
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q 4. - : q
2n;(ny-1) s 2 . 1
-3 - ng-2q%e2d | Ao
i=l  (n.+1)° i=1 i -
q . q q . q ;
1 1
) + 2q ) - 2( % ) )}
g=1 "p*! g=1 "g*! ;5 mytl tgy ngel
but
q q
1 1 ;
i) ) = ) .
i=1 "7 =1 gt
q 2 q 2 _ -
Zni(ni—l) _ 2(ni+1) (n:.L 1) Z(Zni+l)(ni 1)
i) 1 —xg——p =11 : - >
i=1 (ni+1) i=1 ~[ni+1] (ni+l)
9 9 (2n,+1) (n,+1)  -2(2n.+1)
=7 2(n,-1)-2 ) [—2 5 5]
i=1 i=1 (ni+l) (ni+l)
9 a2p.+1 -2(2n.+1)
= 2n-2q-2 E [ 1 = 2
i=1 i (n,+1)°
9 2(n.+1)-1 q 2(n,+1)-1
= 2n-2q-2 {_Z "_H%TT—E— -2 Z 5
i=1 i i=1 (nifl)
q . q ] q .
= 2n-2qg-2 {2q - | - 27 =+ 2} - =}
j=1 gttt i=1 Mi*d i=1 (n,+1)°
N
q q .
= 2n-6q + 10 } n"1+_1'4z 5
i=1 i i=1 (ni+1)"
;{
.
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var (C) _ 1 ln ) ny [2(2ni+1][2ni+3)
4 360 (n+1}) 121 ni+l ni+l
q q
- nv6q-10 ] o s ] —L1 g
i=1 i i=1 (ni+1)
T q q ;5
1 1,2
+ 4q § . -n 3} - 20 ) ——)
i=1 Mttt pm Mt j=1 3t
L)

also

2(2ni+l)(2ni+33

~ (Sni+7ﬂ:'

2
2(4n§+8ni+3) - (Sni+7)(ni+1)

n.+1 - (8ny+7) = )
1 1

1 2 : 2 oy 1
= E;:T-[(Sni+16ni+6) - (Sni+15ni+fj] = H;TT (ni-l)
Var (C) - 1° "1 : ngny-1) 2
-~ 4 = 360 aeT ML Tz --2n+6a+ng-2q7 +
i=1 (ni+1)
% q q q
(-10+4q-n) ) EEIT + 47 ——hl——? - 2( 7
i=1 %4 izl (ng+1)° =1
but
. 2
9 n.(ni—l) q (n.1+1)~ - 3n.-1 9 3n.+1
A S S S Sl
i=1 (ni+1) i=1 (ni+1) i=1 [ni+1)
q 3 _ q
) 2 J(ni+l) 2 _ E [ 3 5
=4q - 7 R N s 7]
i=1 (ni+1) i=1 {ni+l)
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Var (C) 1 : a
ar - . L= 1 1 f
4 SOV mizl ng+l T 2mi£1 (n,+1)° T anred
) i
5 4 ! q . q )
*+ nq-2q9° + (-10+4g-n) ] + 4] =27 —"}
121 ni+1 - (ni+1)2 i1 ni+l
. q q
= —-————.éé( ;1){( 1 —1+]_‘)(-10+4q-4nj + (7 — 5y (2n+9)
Sovin i=1 3 izl (n;+1)°
T ,
: 21 g -medaring-2q7)
[} . A% .
q q .

1 1 ‘ 1
= {2 (2q-2n-5)( ) + 2(n+2)( _—
360(n+1) q-<n izl ni+1 n izl (ni+1)2]

: 1 2 2
-2( I == + 2(nq-n+3q-g7)}
i=1 "3
1 ) a 1 . q 1
= m(n+13{(2q-2n_5)(izl “'1*1) + () (] ——)

i=1 (ni+1)

q
2
(] =Ep7 ¢ n(e-1) + a-as3)).
= 1
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TABLES .
The following program first makes the list of all distinct
permutations given n and q. For example Tf n = 3(N) and

g = 2 (i,Q) it produces the following matrices (MA):

1 3 5 1 3 6 1 3 4

(- 3 6)’ G 1 3) (2 5 6)’

1 4 5 1 4 6 .1 §5 6

(2 3 6)’ (2 3 S)’ (2 3 4)7

1 2°5 1 2 6 ) 1 2 4

(5 & ¢ (5 4 s G 5 6

12 3 . ..

(4 < 6) - The idea of how to do this is due to

Dr. $. Bainbridge. After each matrix 1is create& a subprogram
"Classe'" computes the standardized value of the statistic
C(STAT) then in position L of the array NTAB, 'classe™ stores
the number of times this value stat has occurred. Coing back
to the main program, it then finds the 10%, 5%, 1% (NTEN, NFIV,

NONE)} largest -value.
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READ(5,999)N,1Q
FORMAT(215)
NO=N*1Q

DIMENS!ION MA{15,15),NTAB(1000)

NU=0

DOUBLE PRECISION 1B1,1B2,IFAC

IB1=1FAC{NO)

IB2=1FAC(IQ)*IFAC(N)**IQ

NP=w[B1/1B2
WRITE(6,9)NP
FORMAT(1X, 112)
NTEN=NP/10

NF IVeNP%5/100
NONE=NP/100

DO 55 I=1,1000
NTAB( 1 )=0
XO=FLQAT(!Q)
X1=FLOAT(NO)
X2=FLOAT(N)

C VARIANCE OF C

88

THE

QOO0

C THE

100
200
300
310
320
400
k1o

420

430

A=(X1+2.-X0)/(X2+1.)+2.%(X0-X1)-5,
B=A%X0/(X2+1.)+X1%(X0~1.)=-X0*(X0-3.)

VARC=B/( &45.%(X1+1.))
WRITE(6,88 )VARC
FORMAT(1X,F10.4)

FIRST COGLUMN

HA(1,1)=1

=2

M=

IF (M.GT.((1-1)%N+1))"

IF(M.GT.MA(I-1,1)) GOTO32

M=M+1

GOTO 20

MA(1,1)=M

T=1+1
IF(I.LE.IQ)GOTO10
J=2

OTHERS COLUMNS

1 =1
M=J

IF(M.GT.{NO-N+J})GOTO 1

L=l

K=1
IF(MNE.MA(K,L))GOTO420
M=M+1

GOTO 300

K=K+1 ‘

IF(K.LE. 1Q)GOTO400
Lul+1

IF(L.LT.J)GOTO 320

-61-

CHSO00020
CHS00030
CHS00040
CHS00050
CHS00060
CH500070
CHS00080
CH500090
CHSO00100
CHSQO0t110
CHSO0O0120
CHSQ0130
CHS00140
CHSO00150
CHsS00160

CHSQ00170Q ©

CHS00180
CHS$S00190
CHS00200
CHS00210
CHS00220
CHS00230
CHS00240
CH500250
CHS00260
CHS00270
CHS00280
CHS00290
CHS00300
CHS00310
CHS00320
CHS00330
CHS00340
CHS00350
CHS00360
CHS00370
CHS00380
CHS00390
CH500400
CHS00410
CH$00420
CHS00430
CHS00L440
CHS00450
CHS00460
CHS00470
CHS00480
CHS00490
CHS00500

. CH500510

CHS00520
CHS00530
CHSO00540 °
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540 .
450
500
510

600
610
700
710

goo

KO=1

IF(KO.GE. | )BOTOKOO
1IF(M.EQ.MA{K0D,J))GOTO410
KO=KO+1

GOTOL50
IF(M.LE.MA(1,J-1))G0TO410
MA(!,J)=M

[ =1+1

IF{1.LE.1Q)GOTO200

JmJ 1

IF(J.LE.N)GOTO100

10=1

JO=1

L4

- - NU=NU+1

1

TO P

CALL CLASSE(IQ,N,NO,NTAB,MA,VARC)
IF(NU.GE.NP)GOTO &
10=10+1

RODUCE THE NEXT MATRIX

IF(IC.LE.IQ)GOTO3
10=1

JO=JO+1
IF{(JO.GT.N)GOTO4
J=N~=-JO+1

C [=1Q-10+1

(o2 V] ~1 O

IF{J.NE.1)GOTOS
IF{MA(I,1).GE.((I1-1)%2N+1))GOTO1
M=MA{1,1)+1

GOTO 20 .

IF (MA(1,J).GE.(NO-N+J))GOTO1
M=MA(,J)+1

GOTO 300

NSUM=NTAB(1000)

1J=1000
GOTO66 it\‘

11

66

{dml J=1
IF(1J.LT.1)60TOLL
NSUM=NSUM+NTAB(1J)
IF(NSUM.LT.NONE )GOTO11
AOO=FLOAT{1J)
A01=AD0/100.

1 J=] J=1
IF(1J.LT.1)G0TOL,

‘NSUM=NSUM+NTAB(1J)

33

IF(NSUM.LT.NFIV)GOTO22
BOO=FLOAT(1J) ~
BO5=B00/100.

lJd=1J-1
IF(1J.LT.1)G0TO44
NSUM=NSUM+NTAB(1J)

sy,

PAGE 2

CHS00550
CHS00560
CHS500570
CHS00580
CHS00590
CHS00600
CHS00610
CHS00620
CHS00630
CHS006840
CHS00650
CHS00660
CHSQ0670
CHS00680
CHS00690
CHS00700
CHS00710
CHS00720
CHS00730
CHS00740
CHS00750
CHS00750
CHS00770
CHS00780
CHS00790
CHS006800
CHS00810
CHS00820.
CHS00830
CHS00840
CHS00850
CHS00860
CHS00870
CHS00880
CH500890

. CH500900

CHS00910
CHS00920
CHS00930
CHS500940
CHS00950
CHS00960
CHS00970
CHS00980
CHS00990
CHS01000
CHS01010
CHS01020
CHS01030
CHS01040
CHS01050
CHS01060
CHS01070
CHS01080
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IF(NSUM.LT.NTEN)GOTO33
COO=FLOAT(1J)
C10=C00/100.

L4 WRITE(6,1000)N, tQ,A01,B05,C10

1000

FORMAT(1X,215/1X,3F8.4)
STOP
END

DOUBLE PRECISION FUNCTION IFAC(KL) .
IFAC=] )
IF (KL.LE.1)RETURN

DO 7 JU=2,KL

XX=FLOAT(JU)

IFACeIFAC*®XX

RETURN

END

SUBROUTINE CLASSE(1Q,N,NO,NTAB,MA, VARC)

DIMENSION MA(15,15).NTAB(10d0)

C TO CALCULATE STAT

(o)

1

C=0.

DO 2 J=1,N

X1=FLOAT(NO)

X2=FLOAT(N)

CS=0. .
DO 1 1=1,IQ

MATJ=MA(1,J)

X0=FLOAT(1Q)

X4=FLOAT(MAIJ)

X3=FLOAT(J)

F=X2+1.
D=(X2%(2.%X2+1.)/6.}%*X0
E=X1+1.

CS=CS+X4

2 C=C+{CS=%X3)
C C-EC=ST

$T=2.%(D-C/E)/F
STAT=ST/SQRT(VARC)
STO=STAT%100,
L=INT(STO)
IF(L.LT.1)RETURN
IF(L.GT.1000)L=1000
NTAB{L )=NTAB(L )+1
RETURN

END

END -

PAGE 3

CHS01090
CHS01100
CHSO1110
CHSO01120
CHSO01130
CHSO1140.
CHS01150
CHSO01160
CHS01170
CHS01180
CHSO01190
CHS01200
CHS01210
CHS01220

- CHS01230.

CHS01240.
CHS01250
CHSO1260
CHSO01270.
CHSO01280
CHS01290
CHS01300
CHS01310
CHS01320
CHS01330
CHSO01340
CHSO01350
CHS01360
CHS01370
CHS01380
CHS01390
CHS01400
CHS01410
CHS01420
CHS01430
CHSO1440
CHS01450
CHSO01460
CHSO01470
CHSO01480
CHSO01490
CHS01500
CHS01510
CHS01520
CHS01530
CHS01540
CHS01550
CHS01560
CHS01570
CHS01580
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Docum%ntatig% R
 VARIABLES: - B
s . .
N : numbef of oHser;at%an per day - ' _ -
IQ: number of dgys . | ; .
NO: total number of ébservations ‘ -

i * MA: matrices we will generate, to find all possibilities s

of the distributiord of the  ranks.

NTAB: this véctor has as-inﬁex the value of fhe statistic
(C « 100) and ‘

NTAB(ij): number of times tge value (1j/100) was computed
from the different matrices MA. )

;NU:- counts the number of matrices MA generated

NP: total number ‘of matrices MA to be generated

VARC: tﬁe variance of C

- M: the value we will possibly give to MA(i,]) ’

NSUM: add up the values of NTAB

avrerry

10: used to finé in which line of MA we will change an element

JO: wused to find in which column of MA we will. change an element

(o

AOl: the value such that P(C-2 AOQ1) 2_.01w

"

n .305: the value such that P(C 2}805)

- - C10: the value such that P(C 2 Cl10) =2 .1

.05

; _ ®% NTEN: the number of values of C greater‘than C10

*

NFIV: the number of values of C greater-fhan.BOS

- NONE: the number of values of C greater than AQ1

Subrogtines called

.ifac: computes the factorial of its argument

classe :

. algorithm: | .

L. - A i ’
-initialisation. | ~

-we compute the variance
o :

3 | A , . ) ’ -



[T

.

=

ey

=1

1

P

[

=7

g

=

A -65-

-to generate the different matrices MA:

-for the lét column+4
“ _we check that M is smaller or equal to (i-1)n+l
-and that M is lhrger than Mﬁ(i-l,i)

-.-for the other columns:

-we check that M is smaller or equal to N-n+j

-and that M is different of-all MA(i,j)'s we have already

determined

-also that M is greater than MA(i,)-1)

-after having called classe we may generate the next matrix MA:

-choose an element of MA to modify-

15T MA(iq,n) i.e. I0 =1, JO = 1
"¢ Ma(iq-1,n) .10 = 2, JO = 1
1Q"P MA(i,n) © .10 = iQ, JO = 1
1Q+1%P Ma(iq,n-1)- 10 ="1,-J0 = 2
etec. .. .

-
/

but restarting this process after generating a new matrix MA.

-if the element we selected say MA(i,j) did not reach its

maximum we add 1 to its present value and use the appropriate

column treatment

-we count the number of values of the statistics ( are gredter °

or equal to (1j/100) until NSUM 1s greater or equal to NONE

then we have found AOl

-we continue in the same way until we find BO5 and Cl10.

Subroutine classe:

algorithm: !

-computes the statistic C for each matrix MA generated and

calls it STAT
-makes of STAT an index in NTAB(i.e.L)
-update NTAB.
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_55;

P(STAT < k) = p (in parentheses we give

the value of n and q)_;

)

p. . 90% B 95% | R 99%
. 0w

(2,3) )

k 2.07 2.07 2,07
(2,4) - |

k 1.29 1.93 2.58
(2,5)

Kk 1.20 1.65 2:56
(2,6) -

k 1.35 1.69 2.37
(3,2)

k 2.54 2.54 2.54

o -

(373

k 1.63 2.03 2.58
(3,4) ]

k, 1.51 1:76 2.78
(4:2) ' . )

X 2.28 3.65 3.65
(4,3) . _

k 1.53 1.97 .5.29
(5,2)

% 1.90 1576 4.77
(6,2) . .

x 1.57 2.35 4.90
(7:-)'

k 1.42 - 2.14 4.14
(8,2) -

X 1.26 2.13 5.99

- (8,2}

x 1.27 2.04 3





