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Abstract 

In this thesis, we study the problem of simultaneous approximation to a fixed fam­

ily of real and p-adic numbers by roots of integer polynomials of restricted type. 

The method that we use for this purpose was developed by H. DAVENPORT and 

W.M. SCHMIDT in their study of approximation to real numbers by algebraic inte­

gers. This method based on Mahler's Duality requires to study the dual problem of 

approximation to successive powers of these numbers by rational numbers with the 

same denominators. Dirichlet's Box Principle provides estimates for such approxi­

mations but one can do better. In this thesis we establish constraints on how much 

better one can do when dealing with the numbers and their squares. We also con­

struct examples showing that at least in some instances these constraints are optimal. 

Going back to the original problem, we obtain estimates for simultaneous approxi­

mation to real and p-adic numbers by roots of integer polynomials of degree 3 or 4 

with fixed coefficients in degree > 3. In the case of a single real number (and no 

p-adic numbers), we extend work of D. ROY by showing that the square of the golden 

ratio is the optimal exponent of approximation by algebraic numbers of degree 4 with 

bounded denominator and trace. 
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Chapter 1 

Introduction 

1.1 Approximation to real numbers 

Firstly, we consider the problem of approximation to transcendental real numbers by 

elements of a given infinite set A of algebraic numbers. To each such set A, we attach 

an exponent of approximation r(A) defined as the supremum of all numbers r G R, 

such that for any transcendental number ( e l there exist infinitely many numbers 

a £ A, with |£ — aloo < H(a)~T. Here | * ^ denotes the absolute value on R and 

H{a) denotes the height of a. It is defined as the height of the minimal polynomial 

of a over Z, namely the largest absolute value of the coefficients of this polynomial. 

Let 7 = (1 + Vb)/2 denote the golden ratio. Consider the case where A = An 

is the set of all algebraic integers of degree < n over Q and write rn = T(An). In 

1969 H. DAVENPORT and W.M. SCHMIDT showed that r2 = 2, r3 > 72, r4 > 3 

and rn > [(n + l)/2] for each n > 5 (see in [5]). To prove this in the case n = 3, 

H. DAVENPORT and W.M. SCHMIDT consider the system of inequalities 

max \xi\oo < X and max \xt — x0£
z|oo < cX~x. (1.1.1) 

0<K2 0<K2 

Choosing A = I /7 and assuming that £ is a non-quadratic real number they show, 

in Theorem la of [5], that there exists a constant c > 0 such that the inequalities 

1 
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1.1. Approximation to real numbers 2 

(1.1.1) have no non-zero solution x = (x0,Xi,x2) € Z3 for arbitrarily large values of 

X. Combining the above result with Mahler's Duality they conclude, in Theorem 

1 of [5], that there are infinitely many algebraic integers a of degree < 3 satisfying 

|£ — «|oo < c'H{a)~1 for some constant c' > 0. This means that r3 > 72. 

Around 2003, using additional tools presented in [9] and [10], D. ROY showed 

conversely that there exist a transcendental real number £ and a constant c > 0, 

such that the inequalities (1.1.1), with A = I/7, have a non-zero solution x € Z3 for 

each real X > 1. Such a number is called an extremal real number. In [10] D. ROY 

constructed a special class of extremal real numbers and showed that, for each number 

£ from this class, there exists a constant C\ > 0, such that for any algebraic integer a 

of degree at most 3 over Q, we have |£ — al^ > C\H{a)^1 . This means that r3 < j 2 . 

Together with the result of H. DAVENPORT and W.M. SCHMIDT, it gives r3 = j 2 . 

In Chapter 3 of this thesis we work with the set all algebraic numbers which are 

roots of polynomials of the form aoT4 + aiT3 + a2T
2 + a^T + 04, with |ao| + |ai| ^ 0 

bounded by some given number. We first show that if £ is a non-quadratic real 

number then, for any given polynomial R 6 Z[T], there are infinitely many algebraic 

numbers a which are roots of polynomials F G Z[T] satisfying 

d e g ( i ? - F ) < 2 and |f - a^ < cH(a)-J\ 

for an appropriate constant c > 0 depending only on £ and R. Here deg(P) denotes 

the degree of a polynomial P G R[T]. Upon taking R(T) = T3, we recover the result 

of H. DAVENPORT & W.M. SCHMIDT concerning to approximation to £ by algebraic 

integers of degree < 3. 

Our result below extends the main result of D. ROY in [10] to the case of ap­

proximation to real numbers by algebraic numbers of degree < 4 with bounded de­

nominator and trace. 

Theorem 1.1.1 There exist a transcendental real number £ and a constant c = 



1.1. Approximation to real numbers 3 

c(£) > 0 such that, for any algebraic number a of degree 3 or 4, we have 

| f - e * | >cD-2^H{a)~^\ 

where 

I |«o| + |on| if deg(a) = 4, 

[ \a0\ if deg(a) = 3, 

and where a0, a\ denote the first and the second leading coefficients of the minimal 

polynomial of a overX. 

In view of the preceding discussion, this means that for any fixed choice of ao, a\ € Z 

not both 0, the optimal exponent of approximation to non-quadratic real numbers by 

roots of polynomials of the form a0T
4 + a\T3 + a2T

2 + a3T + a^ is j 2 . In particular, 

if we fix a real number B > 0, then •y2 is the optimal exponent of approximation to 

non-quadratic real numbers by algebraic numbers of degree 3 or 4 with denominator 

and trace bounded above by B in absolute value. The real number £ that we use in 

the proof of Theorem 1.1.1 belongs to the specific family of extremal real numbers 

considered by D. R O Y in Theorem 3.1 of [10], some of which are given explicitly, by 

Proposition 3.2 of [10], in terms of their continued fraction expansion. 

D. Roy showed in [9] that for any extremal real number £ there exists an un­

bounded sequence of primitive points x& = {xk,o,Xk,i,Xk,2) £ Z3 indexed by integers 

k > 1, such that 

||xfc+i||oo ~ ||xfc||2o, max{|:z;M£ - xfe,i|oo, kfc,o£2 - Zfc,2|oo} < HxfcH^1, (1-1.2) 

where Hx^H^ = maxdrr^olocn l̂ fc.iloo |̂ /c,2|oo}- For X, Y G M the notation Y <C X 

means that Y < cX for some constant c > 0 independent of X and Y and the 

notation X ~ Y means that 7 « I < 7 . D. Roy showed also that there exists 

a unique non-symmetric matrix M with det(M) ^ 0, such that for sufficiently large 

k > 1 viewing the point x& as a symmetric matrix I J, the point x^+i is a 
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rational multiple of XfeM^Xfe-i, where 

{ M if k is even, 
(1.1.3) 

lM if k is odd. 

In §2.4.3 we show similarly that there exists a number A0 ~ 0.611455261..., so 

that if £ is non-quadratic and if A G (A0,1/7] are such that the inequalities (1.1.1) 

have a non-zero solution x G Z3 for each X > 1, then there exist an unbounded 

sequence {x.k)k>i of primitive points in Z3 satisfying constraints similar to (1.1.2) and 

a non-symmetric matrix M G Mat2X2(Z) with det(M) ^ 0, such that for sufficiently 

large k > 3, the point x^+i is a rational multiple of XfcMfcXfc_i, where Mk is defined 

as in (1.1.3). 

1.2 Approximation to p-adic numbers 

Now we turn to the problem of approximation to p-adic numbers by algebraic integers. 

Let p b e a prime number and let | * \p denotes the usual absolute value on Qp with 

\P\P = P'1- F° r e a c n n > 2, we define the exponent of approximation r'n as the 

supremum of all numbers r 6 l such that, for any transcendental number £p G Zp, 

there exist infinitely many algebraic integers a of degree < n, with |£p — a\p < H(a)~T. 

In 2002, O. TEULIE transposed the method of H. DAVENPORT and W.M. SCHMIDT 

to the realm of p-adic numbers and showed similarly that r'2 > 2, r^ > 
72, r'A > 3 

and r'n > [(n + l)/2] for each n > 5 (see in [8]). To prove this in the case n = 3, 
0 . TEULIE considers the system of inequalities 

max Ix/loo < X and max |x; — x0f
l„L < cX~ . (1-2.1) 

0<l<2 0</<2 py 

Choosing A = 7 and assuming that £p G Zp is non-quadratic, he shows that there 

exists a constant c > 0 such that inequalities (1-2.1) have no non-zero solution x G Z3 
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for arbitrarily large values of X (see Theorem 2 of [8]). Combining the above result 

with Mahler's Duality, he deduces that there are infinitely many algebraic integers 

a of degree < 3 with |£p — a\p < H{a)^1 (see Theorem 3 of [8]). This means that 

^ > 72-

Conversely, we show in §2.5.2 of this thesis that, for each A < 7, there exist a 

constant c > 0 and a number £p G Qp which is non-quadratic, such that the inequal­

ities (1.2.1) have a non-zero solution x G Z3 for each X > 1. Moreover, suppose that 

£,P G Qp is a non-quadratic and that A is such that the system of inequalities (1.2.1) 

has a non-zero solution x G Z3 for each X > 1. Similarly as in the real case, we show 

that there exists some real number AP)0 ~ 1.615358873..., such that for each expo­

nent A G (APjo, 7] there exist an unbounded sequence (yfc)fc>i of primitive points in Z3 

satisfying constraints similar to (1.1.2) and a non-symmetric matrix M G Mat2X2(^) 

with det(M) ^ 0, such that for sufficiently large k > 3, each point yfc+1 is a non-zero 

rational multiple of ykMkYk-i, where M^ is defined as in (1.1.3). 

1.3 Simultaneous approximation to real and p-adic 

numbers 

Now we consider simultaneous approximation to real and p-adic numbers by alge­

braic numbers of bounded degree. Our goal is to unify and extend the results of 

H. DAVENPORT and W.M. SCHMIDT in [5] and those of O. TEULIE in [8] concerning 

the system (1.1.1) or (1.2.1) and the exponents r3 or 7-3. 

For this purpose, we fix a finite set S of prime numbers and points 

£ = (£00, ( & W ) G M x 11 Qp and A = (A*,, (Ap)pe5) G K |5 |+1. 
pes 

We say that A is an exponent of approximation in degree n > 1 to £ if there exists a 
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constant c > 0 such that the inequalities 

max Ixjloo < X, 
0<Kn 

max \xi - xo^loo < cX~x°°, (1.3.1) 
0<l<n 

max \xi - x0£
l\p < cX~Xp (Vp G S), 

0<l<n 

have a non-zero solution x = (xo, x\,..., xn) G Z"+1 for each real number X > 1. 

Based on Minkowski's convex body theorem we show in Chapter 1 that A is 

an exponent of approximation in degree n > 1 to £ if the following conditions are 

satisfied 

Aoo > — 1, Ap > 0 (p G S) and A^ + V j Ap < \/n. 
pes 

In Chapter 1, we also prove the following statement which provides constraints 

that a point A must satisfy in order to be an exponent of approximation in degree 2. 

Theorem 1.3.1 Suppose that 

P&S 

and suppose that one of the following conditions is satisfied: 

(i) [Q(£oo):Q]>2 and A^ > l / 7
2

; 

(ii) S = {p} for some prime number p, [Q(£p): Q] > 2, 

- 1 < Aoo < 0 and Xp > 2 - I /7 . 

If ^00 + S P e5 \> = V 7 J there exists a constant c > 0 such that for n = 2 the system 

of inequalities (1.3.1) have no non-zero solution x G 1? for arbitrarily large values of 

X. J/AQO + S»es ^p > V7? then any constant c > 0 has this property. 

Applying this result with <S = 0 and Aoo = 1/7 w e recover Theorem la of H. DAVEN­

PORT and W.M. SCHMIDT in [5]. Applying it with S = {p}, A^ = - 1 and Xp — 7, 
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it gives Theorem 2 of O. TEULIE in [8]. Combining the above result with Mahler's 

Duality we obtain the following statement. 

Theorem 1.3.2 Suppose that £ and A satisfy the hypothesis of Theorem 1.3.1 and 

suppose that AQQ + ^2pes Ap = 1/7. Let R(T) be a polynomial in Z[T]. Suppose 

R{€p) E Zp for each p E S. Then there exist infinitely many polynomials F{T) E Z[T] 

with the following properties: 

(i) deg(R-F)<2, 

(ii) if Xoo > — 1, there exists a real root a^ of F, such that 

| £ o o - a o o | o o « # ( i T 7 ( A o ° + 1 ) , 

(iii) for each p E S, there exists a root ap of F in Qp, such that 

%-ap\p^H{F)-^. 

Moreover, for each p E S such that £p E Zp ; we can choose ap E"Lp. 

Here H(F) stands for the height of a polynomial F, which is the maximum of the 

absolute values of its coefficients. 

Suppose that 5 = 0. Then Theorem 1.3.1 implies Theorem la in [5] while The­

orem 1.3.2 applied with R(T) = T3 implies Theorem 1 in [5], due to H. DAVENPORT 

and W.M. SCHMIDT. Let p be a prime number and suppose that S = {p}. If 

A = (—1, Ap), then Theorem 1.3.1 implies the case n = 3 of Theorem 2 in [8] while 

Theorem 1.3.2 applied with R(T) = T3 implies the case n = 3 of Theorem 3 in [8], 

due to O. TEULIE. 

Fix n E Z>2, R(T) E Z[T] and a finite set S of prime numbers and define Ts,R,n 

as the supremum of all sums 

E r. 
v€{oo}US 
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taken over families r„ E E (u E {oo} U <S) such that, for any transcendental numbers 

£oo E K and £p E Z P (p G <?), there exist infinitely many polynomials F(T) E Z[T] 

with deg(i? — F) <n having roots a^ E R and ap E Zp (p E S) such that 

\£u -a„\v< H{F)-T» {y E {oo} U S). 

In this context Theorem 1.3.2 leads to the conclusion that TS,R$ > 72-

In §2.5, we construct examples showing that the condition AQO + Ylp^s \^-^h 

in Theorem 1.3.1 cannot be improved. We obtain the following statement. 

Theorem 1.3.3 For any A E K ^ + 1 with 

i/e5u{oo} 

there exist a non-zero point £ = (£00, (£,p)Pes) £ K x ripes ®P W ^ [Q(£OO) : Q] > 2 

suc/i that A is an exponent of approximation in degree 2 to £. 

We also prove the following result which shows that, for any Xp with Xp < 7, 

the pair A = (—1,AP) is an exponent of approximation in degree 2 to some point 

e = (£oo,fP) ,with[Q(£p):Q]>2. 

Theorem 1.3.4 Let p be some prime number. For any real Xp < 7, there exists a 

number £p E Qp with [Q(£p) : Q] > 2, such that the inequalities 

max \xi\oo < X and max \xi — xnfiL < cX~Xp, 
0<l<2 0</<2 pF 

have a non zero solution x £ Z 3 , for any I > 1 . 

file:///xi/oo


Chapter 2 

Simultaneous Approximation to 

real and p-adic numbers 

2.1 General Setting 

Let n > 1 be an integer, let S be a finite set of prime numbers and let £ = 

(£«>, (€p)Pes) G K x n p e s Qp- Let i/ G <S or ẑ  = oo. For any point x = (x0, x 1 ; . . . , xn) € 

Q™+1 we define the z/-adic norm of x by 

||x||„ := max{|xj|„}, (2.1.1) 
0<i<n 

and we put 

Lv{xL):=\\x-x0tv\\u, (2.1.2) 

where t„ := (1, £„, . . . , £"). We denote by | 5 | the number of elements in S. 

Definition 2.1.1 Let £ 6 R x Y\p€S Qp and A = (A*,, (Ap)pes) e R |5|+1. We say tfwrf 

A is an exponent of approximation in degree n to £ if there exists a constant c > 0 

9 
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such that the inequalities 

||x||oo < X, 

L^W^cX-*-, (2.1.3) 

Lp(x) < cX~xv Vp G S, 

have a non-zero solution x G Zn+l for each real number X > 1. 

2.1.1 Application of Minkowski's convex body theorem 

The following proposition based on Minkowski's convex body theorem provides a 

sufficient condition for A G R'5'"1"1 to be an exponent of approximation in degree n. 

Proposi t ion 2.1.2 Suppose that A = (X^, (Xp)pes) 6 l x RL.Q satisfies the inequali­

ties 

Aoo > - 1 and X^ + ] T Ap < 1/n. (2.1.4) 
pes 

Then X is an exponent of approximation in degree n to any f e R x YlpeS Qp. 

Proof: Fix any £ G R x Y\peS Qp. For each c > 0 and X > 1 we define the convex 

body 

Cc,x = {x G Rn+1 | Hxlloo < X, ^ ( x ) < cX- A -} 

and the lattice 

AcX = {x G Z"+ 1 | Lp(x) < OX'*" for each p G <S}. 

We claim that there exists a constant c > 0 such that for each X sufficiently large, we 

have Cc,xHACIX ^ 0- This means that for such a constant c > 0 the inequalities (2.1.3) 

have a non-zero solution x G Z n + 1 for each X sufficiently large. Upon replacing c by 

a larger constant if necessary, we ensure that the inequalities (2.1.3) have a non-zero 

solution x G Z n + 1 for each real number X > 1, which means that A is an exponent of 

approximation to £. 
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To prove the claim, we fix a constant c > 0 (all implied constants below depend 

on c). For each X > 1, we define a new convex body 

C'CtX = {x G Rn+1 | H o c < X/M, M x ) < cX~x°°} 

= {x G Rn+1 | IIAxlU < 1}, 

where M = 2max{l, |££,|oo} and 

( MX'1 0 0 

- C o o C " 1 ^ C^X^ 0 
A = 

0 

0 

\ 

0 . . . c~lXx° \ - ^ c _ 1 X A o ° 0 u . . . c_iA'V0°/ 

Case 1. If AQO > —1> we have C£ x C CC)x for each X sufficiently large. Assuming 

X ^> 1, we also construct a lattice A'cX as follows. Fix any real X sufficiently large. 

For each p G S, we choose np G Z>0 such that 

V ~
np < cX~Xp < p~np+l (2.1.5) 

and put b = YiPesPnp • Let do be the smallest positive integer such that d0tp G Z™+1 

for each p G S. By the Strong Approximation Theorem (see [4]), for each I = 1 , . . . , n, 

there exists di G Z > 0 satisfying 

K _ ^o£plp ^ c-^ Ap fo r e a c n P G s- (2.1.6) 

Let (e/)/=0i...;n denote the canonical basis of Qn + 1 . Define another basis (u;);=0,...,n as 

follows 

uo = (do, d\,..., dn), 

u/ = bei for each I = 1,... ,n, 

and put 

Ac,X = ( U o , ! ! ! , . . . , ^ ) 
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By (2.1.5) and (2.1.6), for each p e S, we have 

Lp(u0) = max |dj - d0£
l\p < cX~Xp, 

1=1,...,n 

Lp(ui) = \b\p = p~Hp < cX~Xp for each I = 1 , . . . , n. 

So, we have A'cX C ACtX for each X » 1. Hence, for each X ^> 1, we get 

CUnA;,x^Cc,*nAc,x. 

We make the stronger claim that C'c x D Â . x ^ 0 for each X sufficiently large. By 

Minkowski's convex body theorem [3] (see p. 71), it suffices to show that the inequality 

vol(C;x)>2"+ 1det(A'c > x) (2.1.7) 

holds for each X sufficiently large. Let us find the value of vol(C'cX) and an upper 

bound for det(A£.x) in terms of X. Using (2.1.5), we find that 

vol(C'cX)= [ dx= f |det(^) |-1dy = 2n+1M-1c"X1-"A°°, 
iA-l( [ - l , l ] 7 l + 1 ) 7[-l,l]"+l 

and 

det(A'c>x)| = d e t K u x , . . . ,un] = d0b
n = dQ\[P

nnp = do(j[pn) l[pn(np 

pes pes pes 

< do(l[pn) n(c"n^nAp) = d0c-n(j\pn)xn^ ^Pes ^P 

peS pes pes 

To fulfill (2.1.7), it suffices to require that 

2n+lM-lcnXl-n\00 > 2n+%C-n f J J pAXn^P^ Y 

pes 

This gives 

pes 

Since Aoo + J2peS -V < Vn> the above inequality holds for each X sufficiently large, 

provided that c is chosen large enough to ensure that Mdoc~2n Ylp^sP™ < •*•• 
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Case 2. If A^ = - 1 , then CCjX = {x G R"+1 | H x ^ < X} provided that c > 0 

is large enough. Since vol(Cc,x) = 2n+1X1+n, we get CCix n A ^ x ^ 0 if c is chosen so 

that d0c~n YlPGsPn < 1- Then the conclusion follows as in the previous case. I 

2.1.2 A covering of R>i 

Throughout this paragraph, we fix a point £ G (R\Q) x ripesOQAQ) an<^ a n e xP°" 
— I C| _ 

nent of approximation A = (AQQ, (\p)pes) G R x R ^ to £ in degree n. We also fix 

a corresponding constant c > 0 such that the inequalities (2.1.3) have a non-zero 

solution in Z n + 1 for each X > 1. 

For each X > 1, we denote by Cc>x = Cc,x(£> ^) the set of all non-zero integer 

solutions of the system of inequalities (2.1.3). We also denote by Zs the set of all 

non-zero integers of the form ± Ylp€S Pkpi w n e r e kp > 0 is an integer for each p G S. 

Let v be a primitive point in Zn + 1 . Looking at (2.1.3) we note that if Iv G CCiX 

for some integer I G Z^0) then the integer m = Ilpes l̂ lp * e ^ s a^so ^ a s the property 

that mv G Cc^x- We can therefore define a set Ic(v) in the following two ways: 

Jc(v) = {X G R>i | 3/ G Z s.t Zv G Cc,x} 

= { I e R>i | 3m G Z 5 s.i. mv G CCjX}. 

For any non-empty compact set A C R we denote by max A and min^4 its maximal 

and minimal elements respectively. The next lemma shows that, if the sum of the 

components of A is positive, then the sets Jc(v) provide a covering of R>i by compact 

sets. 

Lemma 2.1.3 Suppose that A := Ylve{oo}us 

A I / >0. 

(i) For each primitive point v G Zn + 1 , the set / c(v) *5 a compact subset o/K>i. 

(ii) R>i is covered by the sets Ic{y), where v runs through all primitive points of 
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Z n + 1 . 

(Hi) For any X > 1, there exists a primitive point w G Z n + 1
; such that 

X G / c ( w ) and X < max/c(w), 

Moreover, if X > 1, there also exists a primitive point u G Z™+1
; such that 

X E Ic(u) and X > min/c(u). 

(iv) Define 4>(X) := mindlwHoo | X G / c ( w ) for some primitive point w G Zn+1} for 

each X > 1. TTien 0(X) —> co as X —> oo. 

Proof: For the proof of (i) we suppose that Jc(v) ^ 0 and choose any X G /c(v). 

Then there exists some m G Z5, such that mv G Cc,x, and using the product formula, 

we find 

i/6{oo}US i/£{oo}U5 

= JJ Lv(mv) 
i>e{oo}us 

<c^+1 J] X-A" 
ve{<x>}us 

= CI5I+1X-A. 

For each 1/ G {00} U 5, we have £„ £ Q and so Lv{v) ^ 0. Hence, because of the 

hypothesis A > 0, we get 

J C (V)C[I ,C<I*I + I >/* n ^ ( V ) - I / A I -
^G{cx)}U5 

This shows that 7c(v) is a bounded subset of E>i. Now, we suppose that X is an 

accumulation point of / c ( v ) - Then there exists an infinite sequence (Xj)j>i in ic(v) 

and a sequence (m,)j>i in Zs, such that limj^ooXj = X and rajV G CCiX; for each 

i > 1. Using the first inequality in (2.1.3), we have 

| ^ i | o o | |V | |oo 2 ; -&•%• 



2.1. General Setting 15 

Since (Xi)i>i is bounded, we deduce that the sequence (mj)j>i contains only finitely 

many different elements. Hence, there exists an index ZQ > 1, such that m iov G Cc,Xi, 

for infinitely many values of i. By continuity we deduce that mj0v G CCix, which 

means that X G Ic(v). Therefore /c(v) is closed and so it is a compact subset of R>i. 

For the proof of (ii) we use the assumption that for any X G K>i the system 

(2.1.3) has a non-zero solution x G Zn + 1 . Writing x = Iv for some I G Z and some 

primitive point v, we deduce that X G /c(v). This shows that R>i is covered by sets 

^c(v) where v runs through all primitive points of Z™+1. 

To show the first part of (iii), we consider the interval [X, X + 1]. Denote by W 

the set of primitive points w in Z™+1 such that [X, X + 1] D /c(w) ^ 0. By Part (ii), 

we have 

[ I , I + l ] C U w 6 W / c ( w ) . 

Moreover, the set W is finite since for each w G W, we have HwHoo < X + 1. Define 

also 

Wx = {weW\X = max/c(w)} 

so that, 

(X,X + l] C U w e W \w x 4(w). 

Since W is finite, the set Uwew\wx^c(w) is compact and thus, we have 

[X,X + l] C Uw e W \wx / c(w). 

This means that there exists a primitive point w, such that X G / c ( w ) a n d X < 

maxic(w). 

To show the second part of (iii), we consider instead the interval [1,-X-]- Denote 

by U the set of primitive points u G Z n + 1 such that [1, X] n Jc(u) ^ 0. By Part (ii), 

we have 

[ l ,* ]CU u e M J c (u ) . 
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Moreover, the set U is finite since for each u G W, we have HuH^ < X. Define also 

Ux = {ueU \X = minlc(u)} 

so that, 

M ) C U u a A M j t / c ( u ) . 

Since U is finite, the set UUGW\WX/C(U) is compact and thus, we have 

[ U ] c u u £ % / C ( u ) . 

This means that there exists a primitive point u, such that X G / c ( u ) a n d X > 

min/c(u). 

For the proof of (iv), we suppose on the contrary that there exists some positive 

real number B > 1 and a sequence (Xi)i>0 such that lim^oo Xi = oo and 4>(Xi) < B 

for all i > 0. Then there exists a sequence of primitive points (WJ)J>0 in Z3 such 

that Xi G / c (w i ) and Hw^H^ < B, for each i > 0. Hence, we have only finitely many 

different elements in the sequence (WJ)J>0. By Part (i), we have that each JC(WJ) 

is compact and thus the sequence (Xi)i>0 is contained in a finite collection of com­

pact sets. So, it is bounded, which contradicts the assumption that lim^oo Xi = oo. I 

Remark 2.1.4 Lemma 2.1.3(Hi) shows in particular that, for any primitive point 

v G Z n + 1 with i c ( v ) 7̂  0, there exists a primitive point w G Z n + 1 such that w ^ ±v 

and Jc(v) n Jc(w) ^ 0. 

2.1.3 A sequence of primitive points 

Let the notation and hypotheses be as in the previous paragraph. Here, we construct 

a sequence of primitive points (yk)k>o in Z n + 1 which in our context will play the 

role of the sequence of minimal points of H. DAVENPORT and W.M. SCHMIDT in [5]. 
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Because of the extra complexity of working with several places at the same time, we 

will also need to introduce other sequences (x.k)k>o and (x!k)k>o m Z n + 1 which will 

be derived from (vk)k>o-

In order to fulfill the above task, we introduce one more piece of notation. For 

each real number X > 1 and each primitive point v G Zn + 1 , we define 

£c(v, X) = {mv | m G l*s and mv G Cc,x} 

= z5vnca. 

Note that if X G /c(v), then £c(v, X) ^ 0. We first prove a technical lemma. 

Lemma 2.1.5 Let v be a primitive point in Z n + 1 with / c ( v ) 7̂  0- Let X G / c(v) 

and let x be a point in £c(v,X) with minimal norm. Then for any Y G / c(v) with 

Y > X, we have 

£c(v,y)cz5x, 
(2.1.8) 

£oo(x)<cF- A ~. 

Proof: Fix Y G Ic(y) with Y > X and choose a point y G £c(v, Y). There exist 

m,n G Z5, such that x = mv and y = nv, In order to prove that £c(
v> Y) C Z5 x, 

we need to show that m | n. Suppose on the contrary that \m\q < \n\q for some q G S. 

Put / = mlmlglnl"1. Then I G Z5 and it satisfies the following relations 

l*lg = \n\g > M?> 

|/|p = \m\p for each p £ S\ {q}. 

So, using the fact that x G CC;^, y G Cc,r and the assumption Ag > 0, we have 

I I M U = |J |oo| |v | |oo < |m |oo | |v | | oo = | |x | |oo < X, 

Loc(lv) = |/|oo^oo(v) < ImlooLoo^) = Lco(x) < cI"A o° , 

Lq(lv) = \l\gLq(y) = \n\qLq(v) = Lq(y) < cY~x" < cX~x", 
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Lp(lv) = \l\pLp(v) = \rn\pLp(v) = Lp(x) < cX Xp for each p £ S\ {q}. 

This means that Zv € Cc{y,X). Since ||£v||oo < H x ^ , this contradicts the fact that 

x has minimal norm in Cc(v,X). Hence, m \ n and so we find that 

Loo(x) = ImlooLoo^) < InlooLoo^) = L<x>(y). 

Finally, since y (E CCty, we conclude that 

£oo(x)<Loo(y)<cr-A°°. 

We can now state and prove the main result of this paragraph. 

Proposition 2.1.6 Suppose that X := X!t/e{oo}us ^" ^ ^- Then, there exist a se­

quence of primitive points (vfc)fc>0 in Z n + 1 any two of which are linearly independent, 

two sequences (xk)k>o and (x'k)k>o of non-zero integer points in Zn + 1 , and an un­

bounded increasing sequence of real numbers (Xk)k>o, such that for each k > 0, we 

have 
x'fe e Z 5 xfc C Zs vfc, 

x fc>xfc+i 6 CCixk+1, 

^oo(Xfc) < CX^X° 

(2.1.9) 
Lk+1 ' 

xk i /c(vfc+i). 

In particular, any two points of{xk)k>o or of(x'k)k>o with distinct indexes are linearly 

independent. 

Proof: Choose v0 to be an integer point in CC)i with the largest max/c(v0). Since 

Ilvo||oo = 1) this point v0 is primitive. Put X\ = max/c(v0) and consider the following 

finite set 

Vi = {v e Z n + 1 | v is primitive with X\ £ / c ( v ) a n d X\ < max/c(v)}. 
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By Part (iii) of Lemma 2.1.3, we have that Vi ^ 0 and that v ^ ±v 0 for each vG Vj. 

Choose a point vi G Vi such that max/c(vi) is the largest. Arguing in this way we 

construct an increasing sequence of real numbers (Xk)k>i and a sequence of primitive 

points (vfc)/j>o in Zn + 1 , any two of each are linearly independent, such that for each 

k > 0, we have 

Xk G ic(vfc) and Xk < Xk+l = max/c(vfc), 
(2.1.10) 

max { max/c(v)} = max/c(vfc), 

where 

Vfc = {v G Z n + 1 | v is primitive with Xk G Ic(y) and Xk < maxJc(v)}. 

Since, for each k > 1, we have Xk G 7c(vfc)> then llv^H^ < Xk. Since the sequence 

(vfc)fc>o consists of infinitely many different elements, this shows that the sequence 

(Xk)k>i is unbounded. Also, we note that Xk ^ Ic(vk+i). Indeed, suppose on the 

contrary that Xk G Ic(vk+i)- Since Xk < Xk+i < Xk+2 — niax/c(vfc+i), this means 

that Vfc+i G Vfe. So, we have 

Xk+2 = max/c(vfc+i) < max { max/c(v)} = max/c(vfc) = Xk+U 
vGV fc 

but this contradicts the second relation in (2.1.10) with k replaced by k + 1. 

Now, for each k > 1, we choose a point xfc G Cc(vk,Xk) with minimal norm 

and a point x'fc G Cc{yk)Xk+i). Then, the sequences (xk)k>0 and (x'fc)fc>0 satisfy 

the second relation in (2.1.9). Moreover, since the points in the sequence (vk)k>o are 

primitive and since Vj j^ ±Vj for i, j > 0 with i ^ j , then any two of them are linearly 

independent. Hence any two different points of (xfc)fc>o and any two different points 

of (x'fc)fc>o are linearly independent. Finally, the first and third relations follow from 

Lemma 2.1.5 applied to v = v^, x = x^ and Y = Xk+X. I 
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2.1.4 A criterion in terms of primitive points 

The following proposition provides a criterion which interprets the notion of an expo­

nent of approximation in degree n in terms of the existence of primitive points with 

certain properties. In the case where the set S consists of just one prime number p 

and where Aoo < — 1, this is due to 0 . TEULIE [8]. 

Proposition 2.1.7 Let £ G (R\Q) x EUs(QAQ)- Then * = (Aoo, (AP)pe5) eRx 
I cl — 

RL.Q is an exponent of approximation to £ in degree n iff there exists a constant cx > 0 

such that the relation 
r X ciX~x°° •) -i-r r ciX~Xp i 

1 < min { F - j j - , -j——- m m i n 1 !' T 7 T f 2 - L 1 1 

*• | |v| |oo i o o ( v ) J ^ I L p ( v ) J 

has a non-zero primitive solution v G Z n + 1 /or eac/i rea/ number X > 1. 

Proof: 

(=>• ) If A is an exponent of approximation to £, there exists a constant c > 0 such 

that the inequalities (2.1.3) have a non-zero solution x G Z n + 1 for each real number 

X > 1. Fix a real X > 1. According to the comments made in §2.1.2, we can choose 

a solution x of the system (2.1.3) in the form x = mv, where v G Z n + 1 is primitive 

and m G Z5. Then, we have 

M o o | | v | | o o ^ ^ ' 

Moo-Mv) <cX~x°°, 

|m|pLp(v) < cX~Ap Vp G S. 

This is equivalent to the system of inequalities 

r X cX~x° 
m L < mm 

M | o o ' £ o o ( v ) J ' 

|"i|p < ,_ , , and IraL < 1 Vp £ S. 
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Since |m|oo Yipes lmlp = 1> ̂  f ° u o w s that 

I I TT I I ^ • f -X" CX_A°° 1 T-r . f cX~Xp} 
1 = Hoo I I \m\p < mm 4 -TJ—j|—, , , M l nun U , , . f. 

Choosing c\ = c, we get (2.1.11). 

(<= ) Fix a real X > 1 and assume that (2.1.11) holds for some primitive point 

v £ Z™+1 and some constant c\ > 0 independent of X. Let m be the largest positive 

element in Zs satisfying 

CiX~Xv 
I^IP > r , N for each p e 5 . (2.1.12) 

A>(v) 
By the choice of m, we also have 

pc\X~Xp 

\m\p < for each p E S. (2.1.13) 
Lp(y) 

By (2.1.11) and (2.1.12), we get 

r X ciI"A o° 1 i-r r CIX~XP) 
1 < m r n W , - — - Mmin 1 , — -

L V oo L^ V > ^ L Lp(v) J 

< min {Tj-TT-, * / N } IT m i n 1 *> M P ) 

< min 
I M L L™(v) J ± J : Loo(v) 

Since |m|oo rings |m|p = 1, it follows that 
pes 

X cxX 
\m\oo s mm < j 

and therefore, we have 

m oo < mm < , > 
MMU Loo(v) J 

|wi|oo||v||oo < X, 

M°°Loo(v) <CiX_Ao°. 

From this and (2.1.13) it follows that the point x = mv is in CC:x, with c = 

Cima,XpesP- Thus A is an exponent of approximation to £, if (2.1.11) has a non­

zero primitive solution v £ Z n + 1 for each X > 1. I 

file:///m/oo
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2.1.5 A n o t h e r covering of M>i 

Let £, A and c be as in §2.1.2. For each c\ > 0 and each primitive point v G Zn + 1 , 

we define the set 

Jc i(v) = {X G R>! | X satisfies (2.1.11)}. 

This set is a closed interval because it can be presented as the set of all solutions of 

a system of inequalities of the form a,\ < Xai,..., as < Xa% where a i , . . . , as G K>o 

and ai,... ,as £ l The proof of Proposition 2.1.7 provides moreover the following 

connection between J-sets and /-sets. 

Lemma 2.1.8 For each primitive point v G Zn + 1 , the set Jc(v) is a closed interval 

and, we have 

/ c (v )C J c (v)C/ c , (v ) , 

«;i£/i c' = cmaxpe<sp. 

Proof: Fix a primitive point v G Z n + 1 such that Ic(v) ¥" 0 a n ( i choose any 

X G Ic(y). The first part of the proof of Proposition 2.1.7 shows that X G Jc(v). 

Now, suppose that J c(v) ^ 0 and choose any X G Jc(v). The second part of the 

proof of Proposition 2.1.7 shows that X G /c'(
v)> with d = cmaxpesp. I 

By combining the above lemma with Lemma 2.1.3, we obtain the following. 

Lemma 2.1.9 Suppose that A := 2~̂ i/e{oo}us 

A„>0 . 

(i) For each primitive point v G Z n + 1
; the set J c(v) is a compact sub-interval o/M>i. 

('MJ R>i is covered by the sets J c(v) ; where v runs through all primitive points of 

Zn + 1 . 

(m,) For any X > I, there exists a primitive point w G Z"+ 1
; suc/t £/m£ 

X G J c (w ) <™̂  -X" < max Jc(w), 
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Moreover, if X > 1, there also exists a primitive point u G Z n + 1
; such that 

X 6 Jc(u) and X > min Jc(u). 

(iv) Define ip(X) := mindlwHoo | X £ J c (w ) for some primitive point w G Zn+1} /or 

eac/i X > 1. TTien V'PO -> oo a^ X -> oo. 

The following result is an analogue of Proposition 2.1.6 in terms of J-sets. 

Proposition 2.1.10 Suppose that A := X î/e{oo}u5 ̂  > 0. There exists a sequence 

of primitive points (vk)k>o in Zn + 1 , am/ two of which are linearly independent and 

satisfy the following relations 

max Jc(vfc) < min Jc(vfc+2) < max Jc{vk+i) for each k > 0, (2.1.14) 

and the sequence (max Jc{^k))k>\ is unbounded. Moreover, there exist sequences 

(x/e)fc>o and (x'fc)fc>o of non-zero integer points in Z n + 1 such that, for each k > 0, 

upon putting Xk+i = max Jc(v^) ; we have 

x'fc e z 5 xfc c z 5 vfc, 

x ' f c , x l + 1 e ^ w l , (2.1.15) 

£«.(**) <c'X-+
Af, 

where c' = cma,xpesp. Finally, for each k > 0, the points x'^ and x^+i are linearly 

independent. 

Proof: Choose v0 to be a primitive point in Z n + 1 satisfying the inequality (2.1.11) 

with X = 1 and C\ = c, with the largest max Jc(vo). Consider the following finite set 

Vi = {v G Z n + 1 | v is primitive with max Jc(v0) £ ^c(v) 

and max Jc(v0) < maxJc(v)}. 
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By Part (iii) of Lemma 2.1.9, we have that Vi ^ 0 and that v ^ ±v 0 for each v G Vi. 

Choose a point vi G Vi such that max J c(v i) is largest. Arguing in this way we 

construct recursively a sequence of primitive points (vfc)fc>0 in Zn + 1 , any two of each 

are linearly independent, such that for each k > 0, we have 

maxJc(vfc) G Jc(vfc+i), 

max Jc(vfc) < max Jc(vfc+i), (2.1.16) 

max Jc(vfc) = max { max J c(v)}, 

where 

Vfc = {v G Z"+ 1 | v is primitive with max Jc(vk-i) £ Jc(y) 

and max Jc(vfe_i) < max Jc(v)}. 

Since, for each k > 0, we have max Jc(vk) £ ^c(vfc+i)> then ||vfe+i||oo < maxJc(vfc). 

Since the sequence (vk)k>o consists of infinitely many different elements, this shows 

that the sequence (max Jc{vk))k>i is unbounded. 

Using the first relation in (2.1.16) with k replaced by k + 1, we deduce that 

min Jc(vfc+2) < max Jc(
vfc+i) f° r each k > 0. We claim that max Jc(vfc) < min </c(

vfc+2) 

for each k > 0. Fix any k > 0 and suppose on the contrary that maxJc(vfc) > 

min Jc(vfc+2). By the second relation in (2.1.16) this means that we have max Jc(vfc) G 

Jc(vfc+2) and max Jc(vfc) < max Jc(vfc+2). So, it follows that vk+2 G V^+i. Hence, we 

have 

max Jc(vfc+2) < max { max J c(v)j = max Jc(vfc+i), 
vevfc+1 

but this contradicts the second relation in (2.1.16) with k replaced by k + 1. 

Moreover, put Xk+i — m.axJc(vk) for each k > 0. By construction, we have 

Xk,Xk+i G Jc(vk) for each k > 0. Since Lemma 2.1.8 gives Jc(yk) Q h'i^k), we 

have £c>(vk,Xk) ^ 0 and Cc>(vk,Xk+i) ^ 0 for each k > 0. Now, choose a point 

Xfc G £c'(vfc,Xfc) with minimal norm and a point x'^ G Cci(vk,Xk+i). Then, the se­

quences (xfe)fe>o and ('x'k)k>o satisfy the second relation in (2.1.15). Moreover, since 
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the points in the sequence {vk)k>o are primitive and since Vj ^ ±Vj for i,j>0 with 

i ^ j , then any two of them are linearly independent. Hence any two different points 

of (xfc)/£>0 and any two different points of (x.'k)k>o are linearly independent. Finally, 

the first and third relations in (2.1.15) follow from Lemma 2.1.5 applied to v = v*., 

x = Xfc and Y = Xk+i, with c replaced by d. I 

In the next two paragraphs, we show how the above proposition allows one to 

recover the construction of minimal points by H. DAVENPORT and W.M. SCHMIDT 

in [5] and by O. TEULIE in [8]. 

2.1.6 Approximation to real numbers 

In the case where 5 = 0, the Definition 2.1.1 takes the following form. 

Definition 2.1.11 Let ^ G R and A^ 6 R. We say that A^ is an exponent of 

approximation to ^ in degree n if there exists a constant c > 0 such that the inequal­

ities 

||x||oo < X, 
(2.1.17) 

Loo(x) < c l ^ , 

have a non-zero solution x € Zn+1, for any real number X > 1. 

In this context, Proposition 2.1.10 leads to the following statement. 

Lemma 2.1.12 Let A^ G R>o be an exponent of approximation in degree n to ^ € 

R \ Q . There exists a sequence of non-zero primitive points (vk)k>o ^ Z n + 1 such that 

for each k > 0, we have 

||vfc||oo < llVfe+iHoo, 
(2.1.18) 

| K + 3 | | - A o ° < L o o K + l ) < Loo(vfc) < K + 1 | | - A ~ . 
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Proof: By Proposition 2.1.10 there exists a sequence of primitive points (vfc)fc>0 

in Zn + 1 , any two of which are linearly independent, satisfying the relations (2.1.14) 

for some constant c > 0. Since S = 0, then for each k > 0, we have 

<̂ c(vfc) = \ X G K>i I X satisfies 1 < min {-—-—, -—-—-) \ 
<• " llVfclloo ^ o o ( V f c ) J J 

= [ l I V f c H o o . C c / L o o C V f c ) ) 1 / ^ " 

and then the relations (2.1.14) can be written in the form 

(c/LooCvfc))1^00 < ||vfc+2||oo < (c/L00(vfc+1))1/Ao° for each k > 0. 

So, the sequence (vfc)fc>0 satisfies the inequalities (2.1.18). I 

2.1.7 Approximation to p-adic numbers 

Let p be a prime number. In the case where S = {p} and Aoo = — 1, the condition 

that (AQQ, Ap) is an exponent of approximation in degree n to a point (£oo> ^ ) £ R x QP 

is independent of the choice of £oo. This justifies the following definition. 

Definition 2.1.13 Let £p e Qp \ Q and Xp € R. We sat/ that Xp is an exponent 

of approximation in degree n to £p if there exists a constant c > 0 such that the 

inequalities 

||x||oo < X, Lp(x) < cX-A-, (2.1.19) 

have a non-zero solution x G Z n + 1 /or am/ real number X > 1. 

Remark 2.1.14 T7ie criterion presented in Proposition 2.1.7 shows that Xp <E M. is 

an exponent of approximation to £p G Qp \ Q in degree n if there exists a constant 

c > 0 such that the inequalities 

llxlU < X, HxllooLpCx) < cXl~x", (2.1.20) 
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have a non-zero solution x G Z n + 1 for any real number X > 1. 

In this context, Proposition 2.1.10 leads to the following statement. 

Lemma 2.1.15 Let Xp G R>o be an exponent of approximation in degree n to £p G 

QP\Q and suppose that \p > 1. There exists a sequence of primitive points (vk)k>o 

in Z n + 1 such that, for each k > 0, we have 

||vfc||oo < ||Vfc+i||oo 

(2.1.21) 
| |v fc+3||^Ap <C Hvfc+iHooLptvfc+i) < HvfcllooLptvjfc) < ||vfc+1||^Ap. 

Proof: As mentioned before Definition 2.1.13, we choose any number («, G l \ Q 

and put Aoo = — 1- Then (Aoo, Ap) is an exponent of approximation in degree n to 

(£ooj£p) a n d by Proposition 2.1.10 there exists a sequence of primitive points (vfc)fc>0 

in Zn + 1 , any two of which are linearly independent, satisfying the relations (2.1.14) 

for some constant c > 0. Also, for each k > 0, we have 

^c(vfc) = \ X G R>i I X satisfies 1 < min {-—n—, -—-—-) min {l, —-—-) >. 
L ~~ llVfelloo I'oo(Vfc)-1 Lp(vk)

J) 

Assuming that the constant c > 0 is sufficiently large, so that the inequality Loo(vfc) < 

c||vfc||oo holds for each k > 0, we get min {X/HvfcHoo, cX/L^v*.)} = X/||vfc||oo. Then, 

since Ap > 1, we obtain 

( X cX~^p i 
Jc{vk) = \ X G R>i | X satisfies 1 < T—rr— min {l, —-—A \ 

•> ~ IKIloo Lp{vk)
J) 

l/(Ap-l)i 

[IKIloo, (| 
|v/c||co-^p(vfc)-

and the relations (2.1.14) become 

/ c \ i / (A P - i ) / c \V(AP- i ) 

(ii—II T ( \) < llvfc+2||oo < I, I, T ( H for each k > 0. 

So, the sequence (vk)k>o satisfies the inequalities (2.1.21). I 

Note that if A = (A^, (Ap)p(Els) G R'5 '+1 is an exponent of approximation in degree n 

to £ G R x YIVGS Qp' then Aoo is a n exponent of approximation to £oo and Ap is an 

exponent of approximation to £p for each p G S in the same degree n. 
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2.2 Inequalities (Case n=2) 

Prom now on, we assume that n = 2. An exponent of approximation to a point 

£ = (£oo> (£,p)p€s) G R x nLes^p means simply an exponent of approximation in 

degree 2 to this point. 

Any triple x = (x0, ^1,^2) £ Z3 can be identified with a symmetric matrix 

with determinant det(x) := XQXI~X\. Following [9], for points x, y, z G Z3 

viewed as symmetric matrices, we also define 

, , (0 1 
[x, y,z] := —xJzJy, where J = 

\-i 0, 

We recall from [9] that [x, y, z] is also a symmetric matrix if x, y and z are linearly 

independent over Q. It then corresponds to a new point w G Z3. The next lemma 

provides most of the estimates used throughout the thesis. 

Lemma 2.2.1 Let x, y ,z G Z3 and v G S U {00}. 

(i) For the determinants det(x) and det(x, y,z) we have the following estimates 

|det(x)|„ < Hxl^L^x), 

I det(x, y, z)|„ < ||x||iyLl/(y)Ll/(z) + \\y\\uLw(x.)Lw(z) + ||z||l/Ll/(x)L„(y). 

(ii) Let w = [x, x, y] ; then 

||w||„ < maxd ly^L^x) 2 , | | x | | ^ ( y ) } , 

L„(w) < L„(x) max{||y||I/LI/(x), Hxl^L^y)}. 

(Hi) Let V be a subspace of Q2 and let x, y G Z3 be a basis ofV over Q. Then its 

height H(V), satisfies 

H(V) <Cmax{||x||00L00(y), ||y||oo^oo(3c)} J~Jmax{Lg(x), L,(y)}. 
qes 
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Proof: (i): Since 

\%2 - X\£v\v < \X2 - XQ£l\u + \XX - X0£v\u\£u\u < £„(x), 

we get by multilinearity of determinants, 

x0 xi - xQ£u 
det(x)L = 

x\ x2 - xi£,v 

Similarly we obtain following the estimates 

x0 xi - xo£„ x2 - x0£l 

< \x0\v\x2 - x^v\v + |xi|„|xi - Xo£u\v < HxllJ^x) . 

de t (x ,y , z ) | I / = 2/o 2/i - 3/of* 2/2 - y<£l 

Z0 Z\ — Z0£u Z2 — 2o£i/ 

< \\x.\\vLv(y)Lv(z) + ||y||I/L1/(x)LI/(z) + ||z||I/LI/(x)LI/(y). 

(ii): By the computations in [9], p. 45, we have 

/ 

w = [x, x, y] = - x J y J x = 

Xo 

Xo Xi 

2/o 2/i 

X\ 

X0 Xi 

2/i 2/2 

x0 

X i X 2 

2/o 2/i 

X! 

X i X 2 

2/i 2/2 

Xi 

x0 xx 

2/o 2/i 

£ 2 

X 0 X i 

2/i 2/2 

Xi 

X : X 2 

2/o 2/i 

^2 

Xi X 2 

2/i 2/2 V 
By multilinearity of determinants, w can be presented in the following form 

Xo 

XQ Xi - Xo£v 

2/o 2/i - 2/of i/ 

Xi 

Xo Xi - X0£„ 

2/o 2/i - 2/o6/ 

aJi - Z06/ 

X0 Xi 

2/i - Voiv 2/2 - 2 / i ^ 

£2 - £i£„ 

X 0 X i 

2/1 - Votv 2/2 - 2 / i ^ 

x0 

X\ X2 - X1C1/ 

2/o 2/i - 2/o6 

Xi 

Xi X2 - Xi£„ 

2/o 2/i - 2/06/ 

Xi - X0£„ 

Xi X2 

2/i - Voiu 2/2 - 2 / i ^ 

£2 - xi€u 

X\ X2 

2/i - Votv 2/2 - 2 / i ^ ; 
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Hence, since \xi+x-xi^v\u < L„(x) and \yi+\-yi^\u < Lu(y), for I = 0,1, we deduce 

that 

||w||„ < maxdlyH.L^x)2, ||x||2z,„(y)}. 

We now find the upper bound for \wx — w0^u\v. Using the above presentation of w, 

we find that w\ — WQ^ can be written in the form 

x0 Xi - x0£,u 

XI x2 - xx£v Xi x2 

yo v\ - yoiu yi - yotv 2/2 - y\i» 

XQ 

XI - xQ£u (x2 - xi£v) - (xx - x0£v)£v 

yo y\ - yoiv 

and so 

\w\ ~ wo£v\v < max{||y||i,Li/(x)2, ||x||„L„(x)L„(y)}. 

Similarly, the same upper bound holds for \w2 — WQ£,1\V, and therefore 

XQ 

XQ XI - XQ£,„ 

2/o 2/i - 2/06 

Xl - XQ^U 

£i - xa£,v x2 - x\iv 

2/1 - yoKv 2/2 - yitv 

xi - x0£v 

XQ XI 

2/1 - 2/o&> V2 - y\iv 

iv 

Lv{vr) < Lv{x)max{\\y\\vLv(x), 11>cj|̂ X,̂ (y)>. 

(iii): Recall that 

#00 = niMy||„, 
V 

where v runs through all prime numbers and oo. Thus 

^(V) < ||x A ylU I J ||x A yI 
ges 

9' 

and so we simply need upper bounds for ||x A y||oo and ||x A y||g (q € S). Using the 

presentation 

x A y = ( 
Xi 

2/1 

x2 

2/2 

XQ X2 

2/0 V2 

XQ XI 

2/0 2/1 
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Xi X2 - X\iv 

2/l 2/2 - Xi£v 

x0 x2 - x0& 

2/o 2/2 - VoQ 

x0 xx - x0& 

2/o 2/i - 2/0&; ) • 

we find the estimates 

|x Ay||oo < max{||x|| 
(y). Ilylloo^oo(x)}, 

|x A y||g < max{Lg(x), L,(y)} (g G 5), 

and thus 

H(V) -C max{||x||00L00(y), ||y|| (x)}][[max{Lg(x),JLg(y)}. 
qes 
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2.3 Constraints on exponents of approximation 

Let S be a finite set of prime numbers. Here we consider the problem of simultaneous 

approximation to real and p-adic numbers in degree n = 2. We find constraints on 

A G Rl5l+1 and £ G R x I lpes^? which ensure that, for some constant c > 0, the 

inequalities 

||x||oo < X, Loo(x) < cX-x°°, Lp(x) < CX~XP \/p G 5, 

have no non-zero solution x g Z 3 for arbitrarily large values of X. 

2.3.1 Simultaneous case 

Throughout this paragraph, we fix a finite set S of prime numbers, a point 

£ = (£«,, (£PW) e (R \ Q) x J](QP \ Q), 

and a point 

A = (Aoo, (Ap)pe5) G [-1, oo) x R g . 

We define S' to be the set (possibly empty) of all v G {oo} US such that [Q(£„): Q] > 

2. We also define 

A:= £ A,. 
i/G{oo}U«S 

Proposition 2.3.1 Suppose that 

v ^ (o i/ oo 6 5 ' , 
A > 0 and \ + 2^ \„ > •! (2.3.1) 

„e5/ [1 if oo ^S'. 

Suppose also that there exists a constant c > 0 for which the inequalities 

||x||oo < ^ , 

Loo(x)<cX-A~, (2.3.2) 

Lp(x) < CX"AP Vp G 5, 
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have a non-zero solution x = (xo,Xi,x2) € Z3 for each X sufficiently large. Suppose 

finally that, for each X sufficiently large, any such solution has 

det(x) = x0x2 - x\ ^ 0. (2.3.3) 

Then, we have A < I /7 . Moreover, if X = 1/7, then c is bounded from below by a 

positive constant depending only on £. 

Proof: WLOG, we may assume that 0 < c < 1. The hypotheses imply that 

A is an exponent of approximation to £ in degree 2, with corresponding constant c. 

Proposition 2.1.10 applies to this situation with n = 2, as the main condition A > 0 

is fulfilled. 

Consider the sequences (vfc)fc>0, (xfc)fc>0, (x'fc)fc>0 and (Xk)k>i given by Proposi­

tion 2.1.10. For all k sufficiently large, the assumption (2.3.3) implies that det(xfc) 7̂  

0. Using Part (i) of Lemma 2.2.1 and the first relation in (2.1.15), we deduce that 

1 < I det(xfc)|00 Yl I det(xfc)|p 

pes 

<C ̂ ^ ( x f c ) Yl Lp(xfc) = XkL^ix'k) Yl Lp(x.fk), 
pes Pes 

for all these values of k, with implied constants depending only on £ and not on c 

(same through all the proof). Using this and the second relations in (2.1.15), we get 

KXfcLooCx'fc) JjLp(x' f c) 
peS (2.3.4) 

pes 

for all k sufficiently large. 

Now, we claim that for infinitely many k > 1, the points Vfc_i,v*., Vfc+i are 

linearly independent over Q. To prove this, we argue like in [5] and [8], assuming on 

the contrary that v/t_i, v^, vfc+1 are linearly dependent for each k sufficiently large. 

Since any two different points of (vk)k>o are linearly independent, it follows that 

(Vjfc-l, Vfc)<Q = ( v f c _ ! , Vfc, Vfc+i)<Q = (Vfc,Vjfc+ i )Q, 
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for each k sufficiently large. Hence, there is a two dimensional subspace V in Q3 such 

that V = (vfc, Vfc+i)Q for each k sufficiently large. There exist integers r,s,t€ Z, not 

all zero, such that 

V = {x = (x0,XI,X2) G Q3 | rx0 + sxi + tx2 = 0}. 

Since v^ € V for each k sufficiently large, then for these values of k, we get 

rvkfi + svk,i + tvk,2 = 0. (2.3.5) 

Fix i / £ 5 ' . Since [Q(f„): Q] > 2, we have 

r + s& + til ± 0- (2.3.6) 

Using this and (2.3.5), we find that, for those values of k, 

\Vkfi\u < \s{Vk,l ~ &Vk,o) + t{vk,2 - CVk,o)\u < Lv(vk) 

and therefore 

||vfc||„ <C L„(yk). 

Finally, since x'^ and x^+i are integer multiples of Vfc and vk+i and since they both 

belong to Cc',xfc+1, where c' = c maxpe<s p < maxpe,s p, we deduce that 

||x'fc||„ < L„(x!k) <C X~^ and ||xfc+i||„ < Lv(xk+1) < Xk~^, (2.3.7) 

for each v G S'. 

Fix any index k > 0. By Proposition 2.1.10, the points x'^ and X£+1 are linearly 

independent. This means that the matrix 

rf' rp' /y' 
xk,0 xfc,l xk,2 

,xk+i,o £fc+i,i f̂c+i,2 

has rank 2. So, there exist i,j £ {0,1, 2} with i < j , such that 

Xk,i Xk,j 

•Efc+l,i -Efc+lj 

^ 0 . 

file:///Vkfi/u
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Using the product formula and the fact that x'fc and x^+i both belong to Cc>,xk+1, we 

find that 

1 < 
Xv X\ k,i ^k,j n 

P<ES 

xk,i xk,j 

Xk+l,i ^ fc+l j 

< ( | | x fc||oo-^oo(Xfc+i) + | | X f c + i | | 0 0 L 0 0 ( x fc) J 

JJmax{| |x' f c | |pLp(x f c + 1), | |x f c + 1 | |pLp(x' f e)} (2.3.8) 
pes 

< X^fdJx'fcHoo + Hxfc+illoo) JJX f c + 1
pmax{| |x ' f c | |p , | |x fc+i| |p} 

pes 

— -^k+l ( l l X k\\oo + ||xfe+l||cx) 

) JJmax{| |x ' f c | | p , ||xfc+i||p}. 
pes 

If oo G S', this estimate combined with (2.3.7) gives 

peS'\{oo} 
fe+1 

Since A satisfies inequalities (2.3.1), this is impossible for k large enough. 

If oo ^ <S', we find instead that 

pes' 

using the fact that H x ' ^ ^ , Hx^ iH^ < X^+x- By (2.3.1), this leads again to a con­

tradiction for k large enough. So, we proved the claim. 

Thus, for infinitely many values of k, we have det(x/fc_i,x'fc, xfc+1) ^ 0. Com­

bining the product formula with Lemma 2.2.1(i), we get for those values of k the 

following 

1 < |det(x' f c_i,x /
f c ,xA : + i) |0 o J J |de t (x ' f e _ 1 ,x /

f c ,x f c + 1 ) | p 

pes 

< Xfc-i 
(x'fc ) Loo (Xfe+l) + | |x ' f c | | (x'fc_i)L0O(xfc+1) + ||xfc+i|| (x'fc-OLooCx'fc)) 

J J max{Lp(x /
fc)Lp(x fc+1), Lp(x /

f c_1)Lp(x fc+i), Lp(x /
f c_1)Lp(x /

f c)}. 
PG5 
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Since ~x!k-\ £ Cc',xk while x'^Xfe+i E Cc',xfc+1, and since d = cmaxp&sp, this gives 

i « ^^^(x.x^x^f +xk+1x-x-x^- +xk+1x^x^r) 
n max{Xfc-+

A[Xfc-+
Af, X ^ X ^ , X^X^}. ( 2 , 3 , 9 ) 

p€S 

Note that, since Aoo > - 1 , we have Xfc
1+Ao° < X ^ 0 0 and so XkX^Xj^° < 

Xk+1X^Xo°X^ for each k > 0. Combining this with (2.3.9) and recalling that 

Ap > 0 for each p € S, we find that 

1 < c ^ ^ + ^ X ^ X ^ J ] X-x?X^l = c ^ + ^ X ^ * . (2.3.10) 
pes 

Since A > 0, multiplying (2.3.10) by (2.3.4) raised to the power A, we get 

C(2+A)(|5|+1)X-AJ+1-A >> L 

So, we conclude that —A2 + 1 — A > 0, which means that A < I /7. Moreover, if 

—A2 + 1 — A = 0, which means that A = I /7, this gives c ^> 1. I 

Remark 2.3.2 The above proof shows that, under hypotheses of Proposition 2.3.1, 

the points vk_i,vk,vk+i, of the sequence (vk)k>o given by Proposition 2.1.10, are 

linearly independent over Q for infinitely many k > 1. 

In the case where S = 0, the following statement implies Lemma 2 of H. DAVENPORT 

& W.M. SCHMIDT in [5]. 

Proposition 2.3.3 Assume that 

Aoo > 0, A > 0 and A + A^ > 1. 

Suppose also that, for some c > 0, the system 

||x||oo < X , 

£oo(x)<cX-A~, (2.3.11) 

Lp(x) < cX~x" Vp e S, 
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has a non-zero solution x G Z3, for each X > 1. Then, for each X sufficiently large, 

any such solution x satisfies det(x) ^ 0. 

As we indicated above, if S = 0, the condition A + Aoo > 1 becomes Aoo > 1/2 and 

we recover Lemma 2 of [5]. 

Proof: Suppose that x G Z3 is a non-zero solution of (2.3.11) for some large 

real number X. Let v be a primitive point of Z3 of which x is a multiple. By of 

Lemma 2.1.3(iv), we have that HvH^ tends to infinity with X. In particular, we have 

||v||oo > 1 if X is sufficiently large. Assuming, as we may, that this is the case, put 

Y = min/(v) and choose a point x' G £ c(v,Y). This choice means in particularly 

that x' is a non-zero solution of the system (2.3.11) with X replaced by Y. Since 

Aoo > 0, the point x' is also a solution of the system (2.3.11) with X replaced by 

llx'Hoo, and then H x ' ^ G / c ( v ) - Since ||x'||oo < Y and Y = min/c(v), we conclude 

that llx'Hoo = Y. Since Y > HvH^ > 1, Lemma 2.1.3(hi) ensures the existence of 

a primitive point u G Z3 such that Y G /c(u) and min/c(u) < Y. Choose a point 

y G £c(\i,Y). Since min/(u) < Y = min/(v), we have u ^ ±v, so u and v are 

linearly independent over Q and thus x' and y are linearly independent points of Cc%y. 

Now, suppose that det(x) = 0. Then we get det(v) = 0, and so 

v = ±{a2,ab,b2), 

for some non-zero (a, b) G Z2. Since v is primitive, the point s = (a, b) is also 

primitive, and therefore ||s||p = 1 for each p G S. Writing x' = mv with m G Z, we 
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find that 
Loo(x') = |m|ooLoo(v) 

~ |m|oo max{|afe - a 2 ^ ^ , \b2 - ab^l^} 

Lp(x') = \m\pLp(v) 

~ |m|pmax{|afe — a2£p\p, \b
2 — ab£p\p} 

— I^lpl ^NPIPII^IIP 

= \m\p\b - a£p\p, peS, 

\b — a£p\p ^ IISIIP = 1 for p € 5 . 

(2.3.12) 

Since IIvl 12 
loo | s | | ^ and llx'lloo = IrnloJIvlloo, we find that 

i-'II V21 laU < HsIU = Ilx ' | |^ |m|-1 / Z = Yl'2\m\ -1/2 _ -1/2 (2.3.13) 

Recall that the points x' and y are linearly independent. Therefore the matrix 

Vo V\ Vi 

XQ X1 X2^ 

has rank 2. We claim that x\ ^ 0. Otherwise, since x' is a multiple of v, we would 

have ab = 0, then s = ±(1, 0) or s = ±(0,1) and so, ||v||oo = 1 against our assumption 

that Hvjloo > 1. Since x[ ^ 0, at least one of the determinants 

Vo 

XQ 

Vl 

x[ 
1 

Vi 

x'x 

2/2 

x2 

is not zero. So, there exists i £ {0,1} such that 

Vi Vi+i 

a b 

For such a choice of i, we find, using the estimates (2.3.12) together with those of 

Lemma 2.2.1, that 

1 < Vi Vi+i 

a b 
n 
pes 

Vi Vi+i 

a b 
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< (l|y||oo|&-a£oo|oo + l a ^ L ^ y ) ) J J m a x { | 6 - a£p |p, Lp(y)} 
pes 

< (| |y| |oo^oo(x')|m|^1 | |s | |^1 + |a|0OLoo(y)) J J m a x { m i n { L p ( x ' ) | m | p 1 , l } , L p ( y ) } . 
p€S 

Using (2.3.13) and the fact that x' and y belong to CCjy, we deduce that 

i « (yr-A-|m|-1y-1/2|m|^2 + ^1/Vl^1/2^"^) 

J ^ m a x l m i n i y ^ ^ l m l p 1 , l},Y~Xp} 
pes 

<^Y1/2~^-ZpesXp\m\^/2J\max{irnn{\m\~1,YXt'},l}. 
pes 

Since |m|oo YlPes lmlp — 1> ^n^s c a n ^ e rewritten as 

1 < yi^-Aoo-Epgs^P Y[ |m | J / 2 min{ |m | - 1 , y A ' ' } . 
pes 

Fix p £ S. If we suppose that |m|~ * < YXp, we get 

I m l ^ m i n d m l ; 1 , ^ } = \rn\-1'2 < YXp'2. 

On the other hand, if we suppose that \rn\~1 > YXp, we get 

\m\l/2mm{\m\-\YXp} = \m\lJ2YXp < YXp/2. 

So, in both cases, we obtain the same upper bound. Combining these relations for all 

p G S, we find that 

\[\m\lJ2 mm{\m\-1 ,YXp} « y E P e ^ p ) / 2 . (2.3.14) 
pes 

So, we obtain 

1 < y V S - A o o - E p e ^ p ) / 2 . 

Since A + A^ > 1, we have A^ + (X\,G(S -\>)/2 > 1/2 and this means that Y <C 1, thus 

||vlloo *C 1. Therefore, if X is large enough, we have det(x) ^ 0. I 

file:///rn/-1'2
file:///rn/~1
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The previous proposition assumed that Aoo > 0. The next proposition deals with 

the case when A^ < 0 and the set S consists of just one prime number p. So that, in 

this case, we have A = (A^, Xp) and £ = (£oo, £p)-

Proposition 2.3.4 Assume that 

- l < A o o < 0 and X00/2 + Xp>l. (2.3.15) 

Suppose also that, for some c > 0, the system 

||x||oo < X, 

LooMfCcX"*-, (2.3.16) 

Lp(x) < cX~Xp, 

has a non-zero solution x G 1?, for each X > 1. Then, for each X sufficiently large, 

any such solution x satisfies det(x) ^ 0. 

In particular, if A^ = —1, the condition X^/2 + Ap > 1 becomes Xp > 3/2 and we 

recover the p-adic analog of Lemma 2 of H. DAVENPORT & W.M. SCHMIDT in [5], 

given by O. TEULIE in [8]. 

Proof: Let x be a non-zero solution of the system of inequalities (2.3.16) for some 

large X > 1. Write x = mv for a non-zero integer m and a primitive point v G Z3. 

We note that A^ + Ap > 0, so the requirements of Lemma 2.1.3 are satisfied. Put 

X' = min/c(v) and Y = m a x ^ y ^ , ^^L^v)-1^™}. 

By Lemma 2.1.3(iv), we have that HvH^ tends to infinity with X, and so Y tends to 

infinity with X. So, assuming that X is sufficiently large, we have Y > \\v\\<x> > 1-

Then, by Lemma 2.1.3(iii), there exists a primitive point u € Z 3 such that Y G / c(u) 

and min/c(u) < Y. Since X' = min/c(v), we have HvH^ < X' and Z/oo(v) < 

c(X')~x°° and so, Y < X'. This means that min/c(u) < Y < X' = min/c(v) and 
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therefore the points u and v are linearly independent. Choose any points y G £ c (u , Y) 

andx ' eCc(v,X'). 

Now, suppose that det(x) = 0. So, we get det(v) = 0. Arguing as in [5], we find 

that 

v = ±(a2,ab,b2), 

for some non-zero point s = (a, 6) 6 Z2 . Since v is primitive, the point s is primitive, 

and therefore | |s | |p = 1. Since iJvUoo = IJsH^,, we find that 

n\ < llsll = llvll1/2 
OO _ ° OO (2.3.17) 

Also, since x ' = plv G £c(v,X') for some integer / > 0, since A = A^ + Ap > 0 and 

since Ap > 1 — X^/2 > 1, we have 

= L0 0(x ,)A pLp(x')-A«' < 1, 

| | v | | o o ^ ( v ) « (X')1-^ « | | v | | ^ \ 

Since the points x ' and y are linearly independent, the matrix 

(2.3.18) 

Vo V\ V2 

has rank 2. As in the proof of the previous Proposition 2.3.3, we have x[ / 0 and so, 

at least one of the determinants 

Vo Vi 

x0 xx 

Vi Vi 

xl x2 

is not zero. So, there exists i G {0,1}, such that 

Vi Ui+i 

a b 
^ 0 . 
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For such a choice of i, we have 

v% 
a 

Vi+i 

b 
oo 

Vi 

a 

Vi+i 

b 

< (l|y IU|6 - <ooU + kloo^oo(y)) max{|6 - a£p\p, Lp(y)} 

« (llylloollvll-^LooCv) + | | v | | ^ ^ ( y ) ) max{Lp(v), Lp(y)}. 

Firstly, if Hvdoo > c1/,AooLoo(v)_1/Ao0, we have Y = |jv||oo- By this assumption and 

by the last relation in (2.3.18), we have that Loo(v) < ||v||^A°° and Lp(v) < ||v||^oAp. 

Then, using the fact that y € Cc,y> we get 

1 <§T ('llvll~Jlvll~1/'2llvll~Ac'0 + llvll^llvll"^00) maxillvll_Ap llvll~Apl 
• L ^ ^ V l l l l ° ° l l l l c x 3 l l V l l O O ~ H V l l o o l l V l l o O J • L 1 - L Cl-^ \ | | v | | o O ' l l V l l o O J 

<S? Hvll''' '^ - °°— p 
^ II v lloo 

Since Aoo/2 + Ap > 1 and Aoo > —1) we find that AQO + Ap = AQO/2 + Ap + AQO/2 > 

1 — 1/2 = 1/2. So, we have HvH^ <C 1. This is impossible if X is sufficiently large. 

Secondly, if c 1 /* 0 0 !^^) - 1 /* 0 0 > ||v||oo, we have Y = c1/x°° L^v)'1^™ and y G 

CC;y. By the first relation in (2.3.18), we obtain Lp(v) <C ||v||rop. Using this, the 

assumption L ^ v ) - 1 ^ 0 0 ^> ||v||oo and the trivial estimate Loo(v) <C ||v||oo, we get 

1 < < ( L O O ( V ) - V A ° O | | V | | - 1 / 2 L ^ ^ 

« ( L 0 0 ( V ) - 1 / A - + 1 / 2 + L0 0(v)1-1 / (2Ao0))L o o ( v )Ap /A0 0 

Since c1/AooZ/0o(v)~1/Ao0 > ||v||oo and since HvH^ is large if X is large, we deduce that 

Z/oo(v) is large for large X. Hence, by this and since —1 < Â o < 0, we find that 

£oo(v)~1/Aoo+1/2 > LooCv)1"-1^2*00). Using this, we have 

1 < JLOO(V)-1/A^+I/2+AP/A(^_ 

Since AQO/2 + Ap > 1 and since — 1 < Â o < 0, we get ^ ( v ) <C 1. Thus 7 « 1 , 

which is impossible if X is sufficiently large. I 
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The following is the main result of this paragraph. It is essential for the next 

chapter where we apply Mahler's Duality Theorem to find a measure of simultaneous 

approximation to real and p-adic numbers. 

Proposition 2.3.5 Suppose that 

^ fo if ooeS', 
A > 0 and A + ^ \u > I (2.3.19) 

veS> [ l if oo£S'. 

Suppose also that one of the following conditions is satisfied: 

(i) ATO > 0 and A + Aoo > 1, 

(ii) S = {p} for some prime number p, —1 < A^ < 0 and A + Ap > 2. 

If X> I /7 , then there exists a constant c > 0 such that the inequalities 

| | x | | o o < * , 

£co(x)<cX- A ~, (2-3.20) 

Lp(x) < cX~xr Vp e S, 

have no non-zero solution x E Z3 for arbitrarily large values of X. Moreover, if 

A > 1/7, then any constant c > 0 has this property. 

Proof: Suppose on the contrary that, for each constant c > 0 and each X suf­

ficiently large (with a lower bound depending on c), the inequalities (2.3.20) have a 

non-zero solution in Z3. Since one of the conditions (i)-(ii) is satisfied, by Proposition 

2.3.3 or by Proposition 2.3.4, we have that the requirement (2.3.3) of Proposition 

2.3.1 is fulfilled. Together with the condition (2.3.19) this fulfills all the requirements 

of Proposition 2.3.1 and so A < I/7, which is a contradiction. I 
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2.3.2 Special cases 

Applying Proposition 2.3.5 with S = 0 or with S = {p} and Aoo = —1, we obtain the 

following results of H. DAVENPORT & W.M. SCHMIDT in [5] or of O. TEULIE in 

[8], respectively. 

Corollary 2.3.6 ( H. DAVENPORT & W.M. SCHMIDT, [5] ) Let ^ e R \ Q. 

Assume that [Q(£oo) : Q] > 2. TTien t/iere exists a constant c > 0 suc/i £/ia£ i/ie 

megua/itaes 

||x||oo < X, LooCx) < cX- 1 ^ , 

Ziawe no non-zero solution x € Z3 /or arbitrarily large values of X. 

Corollary 2.3.7 ( O. TEULIE, [8] ) Letp be a prime number and let £p e Qp \ Q. 

Assume £/ia£ [Q(£P) : Q] > 2. TTien there exists a constant c > 0 SMC/J #ia£ tfie 

inequalities 

||x||oo < ^ , iP(x) < cX'1, 

have no non-zero solution x G Z 3 for arbitrarily large values of X. 
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2.4 Special approximation sequences 

Let 5 be a finite set of prime numbers and let A = (Aoo, (Ap)pes) € R'5 '+1 be an 

exponent of approximation in degree 2 to £ = (£oo, (£p)p€s) G (K\Q) x IlpesCQpXQ)-

Note that \ v is an exponent of approximation in degree 2 to £„ for each v G S U {oo} 

in the sense of Definition 2.1.11 or Definition 2.1.13. Under this hypothesis we study 

the cases where Aoo or Ap for some p G S belongs to a given interval. 

2.4.1 Growth conditions for an approximation sequence (real 

case) 

Recall that 7 = (1 + A/5) /2 is the golden ratio. Assuming that Aoo G R>o is an 

exponent of approximation in degree 2 to a non-quadratic real number £00, we show 

the existence of a sequence of primitive points in Z3 satisfying a certain growth 

condition. 

Proposition 2.4.1 Let ^ G E fe such that [Q(£oo) : Q] > 2 and let A^ G M>0 be 

an exponent of approximation to £00 i-n degree 2. Assume that 1/2 < Aoo < 1/7 and 

define 

6 = Aoo/(l — Aoo). 

Then there exists a sequence (yk)k>i of primitive points in Z3 such that upon putting 

Yk = ||yfc||oo) for each k > 1, we have 

n-'<i-<y>)«n- ,'/(*M). 
(2.4.1) 

l < d e t ( y f c ) < y r 2 / ^ , 
,|2_A2 

1 < det(yfc,yfc+1,yfc+2) < Y^/(e 1} 

Proof: We consider the sequence (VJ);>0 of primitive points of Z3 constructed 

in Lemma 2.1.12 and put X{ = ||vi||oo for each i > 0. By Proposition 2.3.3 (with 
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S 7̂  0), there exists an index i0 > 2 such that det(vj) ^ 0 for each i > io- Define / 

to be the set of indexes i > io for which Vj_x, Vj, Vj+1 are linearly independent over 

Q. According to Remark 2.3.2, the set / is infinite since A^ > 1/2. 

Using (2.1.18) and the estimates of of Lemma 2.2.l(i), we find that, for each 

i € / , 

Vi,o viA - vifi£,0 
1 < | det(vi 

Vi,l ^z,2 - ^t,l£o 

< XiLoofy) < X{XS (2.4.2) 

and 

(2.4.3) 

(2.4.4) 

1 < | d e t ( v i _ i , v i , v i + i ) | 0 O 

Vi-1,0 f i -1 ,1 - ^,o£oo ^i-1,2 ~ Vi-lfi^o 

Vi,0 t>i,l - fi,0?cx> Vi,2 ~ Vi,o£,"L 

Vi+lfi Vi+l,l — Vi+lfi£,oo ^i+1,2 — vi+l,ot,oo 

< A i A i + 1 • 

Combining these estimates upon noting that A^ < I / 7 < 1, we deduce that 

xr 1 < 0̂0 (vi) < x^0 0 < x-A-/(1-Aoo). 
Now, fix i G / and let j to the largest integer such that Vj, Vj+1, . . . , Vj € (v^ V J + 1 ) Q . 

Since any two consecutive points of the sequence (VJ)J>X are linearly independent 

over Q, we have (V; ,VJ + X)Q = (VJ_X,VJ)Q. Since Vj + 1 ^ (v i ,v i + 1 ) Q , the points 

Vj_x, Vj, Vj+x are linearly independent over Q, and we deduce that j € / . Since 

Vj, Vj+x, . . . , Vj G (v^ VJ+I )Q, then any three of these points are linearly dependent, 

and therefore j is the smallest element of / with j > i + 1. Put 

Vi := (vi ,v i + i )Q and Vj := (vj,vj+1)Q. 

To proceed further, we need estimates for the heights of the subspaces Vi, Vj, Vi D Vj 

and Vi + Vj. Since Vt D Vj = ( V J ) Q and V; + Vj = Q3 , we have (see [7], p. 10) 

H(VinVj) = H{{vj)Q)~X. J ' 
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H(y i + y i) = i/(Q3) = i. 

By Lemma 2.2.1(iii) and (2.1.18), we have 

H{Vi) < ||Vi A Vj+iHoo < Xi+iLooCvi) « X/+1
A° 

Similarly, we have 

if (v$) < x1-^ 

Applying W.M. Schmidt's inequality (see [7], Lemma 8A, p. 28) 

H(Vi n V^HiVi + Vj) « HWHiVj), 

we conclude that 

A i ^ A i + i A j + i • 

Since i,j e I, then by (2.4.4), we have Xi+1 <C X]lx°° and X i + 1 <C Xj/X°°. So, it 

follows that 

and therefore, we get 

X- < x (1 -A°° ) / (2Aoo_1) 

To establish a lower bound for X,-, recall that z + 1 < j . So, by (2.4.4), we find that 

ĵ Aoo/d-Aoo) < X . + 1 < X j . 

Combining the above two estimates, we obtain 

^wa-Aso) ^ ^ ^xa-Aoo)/(2A00-i)_ ^245^ 

Now, if we write all the elements of I in increasing order, we obtain a sequence 

{ii, 12, • • •, ik, • • •}• Then ik = i for some index k > 1, and by the minimality of j we 

deduce that ik+i = j . Let us define y& := vifc and Yk '•= Xik = \\yk\\oo f° r e a c n A; > 1. 

Then by (2.4.4) and (2.4.5), we have 

T^AOO/(1—Ac») ^ \r ~, -i^(l—Aoo)/(2A00 —1) 
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Y-1 « L ^ ) « y-^/d-Acc)^ 

These are the first two estimates in (2.4.1). Furthermore, since any three of the points 

Vj, v m , ...,Vj are linearly dependent over Q, then Vj_i e (v;,Vj)Q = (yk,yk+i)q-

Going one step further, we obtain the point yfc+2 = vh, for some h > j + 1, such 

that any three of the points Vj, v J + 1 , . . . , v/, are linearly dependent over Q, and 

therefore v i + 1 e (vj,vh)q = (yfc+i,yfc+2)Q. It follows that (y/c,yfc+i,yfc+2)Q contains 

the linearly independent points Vj_i, Vj, Vj+1, and therefore yjfc,yfc+i>yfc+2 a r e also 

linearly independent. 

To prove the third estimate in (2.4.1), we proceed as in (2.4.2). For each k > 1, 

we find that 

1 < | det(yfc)|00 < ^ ^ ( y f e ) . 

Using the second estimates in (2.4.1), this gives 

l < | d e t ( y f c ) U « F f c
1 - ^ + 1 ) . 

To prove the last estimate in (2.4.1), we use the fact that yfc,yfc+i>yfc+2 are linearly 

independent for each k > 1. Proceeding as in (2.4.3), we find that 

1 < |det(yfc,yjfc+i,yfc+2)|oo < Vrfc+2L0O(yfc)Loo(yfc+1). 

Using the first two estimates in (2.4.1), this leads to 

1 < | aet(yjfc,yfc+i,yfc+2j|oo «; *k+2*k Yk+i 

I 

In [9] D. Roy showed that there exist a transcendental real number £, such that 

for an appropriate constant c = c(£) > 0, the inequalities 

max \xi\oo < X, max \xi — £o£'loo < cX~1'1, 
0<l<2 0<l<2 

file:///xi/oo
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have a nonzero solution x € Z3 for any real number X > 1. Such real numbers are 

called extremal. 

Suppose that £ is extremal, then applying Proposition 2.4.1 with ^ = £ and 

Aoo = 1/7) w e obtain an unbounded sequence of positive integers (Yfc)fc>i and a 

sequence of points (yjt)fc>i in Z3 with 

Yk+X ~ yfc
7, ||yjfc||oo ~ >*, ^oo(yfc) < Vfc-1' 

|det(yfc)|oo~ 1 and | det(y/fc,yfc+i,yfc+2)|oo ~ 1, 

This is the second part of the statement of Theorem 5.1 in [9], which is a criterion 

characterizing an extremal real number. 

2.4.2 Approx imat ion by quadra t ic algebraic numbers 

Let n > 1 be an integer and £ be a real number. Recall that the classical exponent 

of approximation wn(£), introduced by Mahler in [1], is defined as the supremum of 

the real numbers w for which the inequality 

0<\P(OL<H(P)-W 

holds for infinitely many polynomials P(T) G Z[T] of degree at most n. 

The main result of this paragraph is that for any extremal real number £, we 

have tu2(£) = 73. Y. BUGEAUD and M. LAURENT computed in [16] the exponent 

of approximation ^ ( O f° r a n v Sturmian continued fraction £ and our result agrees 

with their formula in the case where £ is a Fibonacci continued fraction. However, 

our result below applies to all extremal real numbers instead of just the Fibonacci 

continued fractions, and it is more precise. 

Theorem 2.4.2 Let £ be an extremal real number. There exist constants ci,C2 > 0 

with the following properties: 
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(i) there exists infinitely many polynomials P(T) € Z[T]<2, such that 

\P(0\°°<aH(P)-^, (2.4.6) 

(ii) for any polynomial P(T) 6 Z[T]<2, we have 

|P(0|oo >C2 tf(P) - 7 (2.4.7) 

Proof: We know from [11], Theorem 7.2, p.282 that there exist a sequence of 

irreducible polynomials (Qk)k>i of degree 2 in Z[T] and a constant c > 1, such that 

for each k > 1, we have 

c~lH{qk)-^ < |Qfc(0U < cPT(Qfc)^
3, 

^(Qfc+i) < ctf (Qfc)
7, (2.4.8) 

1 < PXQO < iPvQ2) < . . . < iP(Qfc) < . . . . 

The first relation in (2.4.8) with ci = c proves the part (i) of the theorem. 

For the proof of part (ii), it suffices to consider a polynomial P(T) G Z[T]<2 

with gcd(P, Qk) = 1 for all k > 1. To the polynomials P(T) and Qk(T) we apply the 

following inequality for the resultant (see [12], Lemma 2, p.98.) 

|Res(P,ft)U < ^ ( t f ( ^ + ™ -

Since gcd(P, Qfc) = 1, we have |Res(P, Qk)\ > 1 and the above inequality implies 

1 < 6H(P)2H(Qk) 

Choose a real number e with 

/>(fl|oo lQfc(QU 
^ #(p) + #(Qfc) 

V/c> 1. (2.4.9) 

0 < e < (2 c)"3 /2 and e < H(Q1)~
1. 

Then there exists an index fc = k(e, P) > 1 such that 

(2.4.10) 

etf (Qfe) < P ( P ) < eH(Qk+1). (2.4.11) 
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By (2.4.8) and (2.4.11), we have 

H(P)~2 > e~2H(Qk+1)-
2 > e-2c-2H(Qk)-

2^ 

and so (2.4.9) leads to 

1 , - 2 . - 2 rr(n N-2 7
2 . I P ( 0 U , |Qfc(Q|oo ^ 1-^(0 loo , „ rr/n w 7

3 - l 

Since j 3 + 1 = 272, we deduce that 

l^(0loo 
Qe-2c-2-c)tf(Qfc)-^

2< 
6 y v ^ / ^ ^ • 

By (2.4.10) and (2.4.11) this gives 

l-ce2^H{P)-2^ < \P(0U 

This shows that for each P € Z[T]<2 such that gcd(P, Qk) = 1 (A; > 1), we have 

cxH{P)-^ < |P(0|oo, where a = \c^\ (2.4.12) 

Since Ci < c_1, we deduce from (2.4.8) that the estimate (2.4.12) holds for all 

P € Z[P]<2. I 

We recall also that the classical exponent of approximation u>*(£) introduced by 

Koksma in [2] is the supremum of the real numbers w for which the inequality 

| £ - a | o o < # ( a ) -to—1 

holds for infinitely many algebraic numbers a of degree at most n. 

Part (i) of the previous proposition follows from the first part of Theorem 1.4 

of [9] which states the existence of infinitely many algebraic numbers a of degree at 

most 2 over Q, such that 

| ? - a | 0 o < c 3 F ( Q ; ) - ^ 2 , (2.4.13) 

for some constant c3 > 0. Similarly, Part (ii) of the previous proposition implies the 

following result, which is the second part of Theorem 1.4 of [9]. 
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Corollary 2.4.3 Let £ be an extremal real number. There exists a constant c\ > 0, 

such that for any algebraic number a of degree at most 2 over Q, we have 

| £ - a | o c > c 4 # ( a r 2 7 2 . (2.4.14) 

Proof: Suppose that a is an algebraic number of degree at most 2 over Q and that 

P(T) E Z[T]<2 is its minimal polynomial. Since H(a) — H(P), the result follows 

from Theorem 2.4.2 applied to P, combined with the inequality 

|P(Oloo<2(|£|oo + l ) f f (P) |£-a |oo. 

In particular, this means that we have u>|(£) = 73 f° r a n y extremal real number £. 

2.4.3 Constraints on the exponents of approximation and a 

recurrence relation among points of an approximation 

sequence (real case) 

Let ^ G 1 with [Q(£oo) : Q] > 2. Suppose that A^ E (1/2,1/7] is an exponent 

of approximation in degree 2 to ^ in the sense of Definition 2.1.11. Let (yfc)fc>i 

and (Yk)k>i be the sequences corresponding to £oo, constructed in Proposition 2.4.1. 

Define monotone increasing functions on the interval (0,1) by the following formulas 

A 
0(A) 1 - A ' 

92 A2 

5^ = eTi = T^x = xe 

2 , (2-4.15) 
ft2 — 1 

<«A) = lz± = 2\-l, 
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and monotone decreasing functions on the interval (1/2,1) by the formulas 

A ^ - 1 J (2.4.16) 

g(X) = 1-66(9-1). 

We note that ip{l/2) = 0(1/2) = 0 and 5(1/7) = / ( I / 7 ) = 0, and that 

0<g(X)<f(X) V A G ( 1 / 2 , 1 / 7 ] , 
(2.4.17) 

O<^(A)<0(A) VAG (1/2,1). 

We also note that the functions / and <p map the interval ( l /2 ,1/7) respectively onto 

the intervals (0, 00) and (0,7/(2 + 7)). Since the function f — cp is continuous and 

changes its sign on the interval ( l /2 ,1/7) , there exists a number A^o G (1/2,1/7) 

such that ^(Aoo^) = f(Xoo,o) a n d 

0 < g{\) < /(A) < 0(A) VA G (A^o, 1/T]- (2-4.18) 

Its numerical value is A^o ~ 0.60842266 Furthermore, the function ip maps the 

interval ( l /2 ,1/7) onto the interval (0,1/73). By the second relation in (2.4.17) and 

the fact that the function / — ip is continuous and changes its sign on the interval 

( l /2 ,1 /7) , there exists a number A^i G (A^o, I/7) such that ^ ( A ^ ) = f(XO0ti) and 

0 < g(X) < /(A) < ^(A) < 0(A) VAG(A0O,1,l/7]. (2.4.19) 

Its numerical value is A^i ~ 0.61263521.... 

Proposition 2.4.4 Take e G (0,7/(2 + 7)). 

(i) Suppose that 0(Aoo) > e. Then for k ^> 1, we have 

yk
1+€ < n+2- (2-4.20) 

(ii) Furthermore, suppose that f(Xoc) < e. Then for each k ^$> 1 and each real number 

X > 1 with 

Xe[Y^,Y^i (2.4.21) 
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and any non-zero integer point x e Z 3 with 

||x||oo < X, Loo(x) < cX~x°°, (2.4.22) 

we have 

x e (yfc,yfe+i)Q. (2.4.23) 

Proof: For the proof of (i) we rewrite the condition </>(Aoo) > e in the form 

1 + e < (1 - e)92, 

where 6 — 9(X00) is defined in (2.4.15). Also, by the estimates (2.4.1), we have 

yf « n+a, 

for each k > 1. Combining these inequalities, we find that (2.4.20) holds for k ̂ > 1. 

For the proof of (ii), we use part (i). Fix a real number X satisfying (2.4.21). 

Choose a non-zero integer solution x of (2.4.22) corresponding to this X. In order to 

prove (2.4.23), it suffices to show that the determinant det(yfc,yfc+i,x) is zero when 

k S> 1. Using Lemma 2.2.l(i) and the fact that £oo(yfc+i) < -̂ oo(yfc), we have 

I det(yfc < FfcL00(yfc+i)L00(x) + yfc+1L00(yfc)L00(x) + XL00(yfc+1)L00(yfc) 

< Ffc+iI/00(yfc)L00(x) + XL00(yfc+i)L00(yfc) 

for each k > 1. By (2.4.1) and (2.4.21), we find that 

|det(yfc,yfc+1,x)|0O « Yk+lYk~
s X~x~ + XY^Y^6 

« Yk+1Yk-
8Yk~^1+e) + Y^Y^Y,-6 

l/(e-l)-5-Aoo(l+e) l-e-5(e-l)-8{e-lf 
" ^ Ik "t" Jfc+2 

~ Ik ' "rfc+2 ' 

(2.4.24) 

where 5 = S(XOQ) and f(Xoo), fi'(Aoo) are as defined in (2.4.15) and (2.4.16). Since 

Aoo € (1/2, 1/T] and /(A^) < e, it follows from (2.4.17) that (̂Aoo) < e, and so 

|det(yfc,yfc+1,x)|00 = o(l). 
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Since the determinant is an integer, we conclude that it is zero, and therefore the 

points yfc,yfc+i and x are linearly dependent. Hence (2.4.23) holds. I 

Proposition 2.4.5 Take e <G (0,1/73). 

(i) Suppose that tp(\<x>) > e- Then for k 3> 1, we have 

n 1 + € < l £ i • (2-4-25) 

(ii) Furthermore, suppose that f(Xoo) < e- Then for each k 3> 1 and each real number 

X > 1 with 

X^Wk^Ykn, (2-4-26) 

any non-zero integer point x G Z 3 with 

IMIoo <X, 
(2.4.27) 

L0 0(x)<cX-A <», 

is a rational multiple o/yfc. 

Proof: For the proof of (i) we write the condition i>{\(X>) > e in the form 

l + e<(l-e)e(Xoc). 

Also, by the estimates (2.4.1), we have 

Yk ^ Yk+l, 

for each k > 1. Combining these relations, we find that (2.4.25) holds for k 3> 1. For 

the proof of (ii) we use part (i) and Proposition 2.4.4. By part (i), we have that 
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for each k ;§> 1. Also, by (2.4.17), we have 4>(Xoo) > ^(Aoo) > e. Hence, by Proposition 

2.4.4, for each k ^> 1 and each real number X E [Yk+e,Yk+i], a n y non-zero integer 

solution x of (2.4.27) satisfies 

x e (yfc-i.yjOq n (yfe,yfc+i)Q = (yfc)q. 

I 

Corollary 2.4.6 Let A = (Aoo, (\p)pes) £ KL.Q be an exponent of approximation in 

degree 2 to £ = (£«,, ( & W ) G K \ Q x E U S ( Q P \ Q), ™ i / j [Q(&o) : Q] > 2 and 

Aoo G (1/2, 1/T] • Suppose that f(\oo) < V'(Aoo)- Then, we have 

V A < 1 ^ A ~ ) 

Proof: Choose e E M. such that /(A^) < e < ^(Aoo)- Since A^ E (1/2,1/7], 

we have f(Xoo) > 0 and ip (\oo) < I/73 , so that e E (0,1/73) and we can apply 

Proposition 2.4.5. To do this, we note that for each X > 1 a solution of (2.1.3) is 

also a solution of (2.1.17). Hence, by Proposition 2.4.5, for each k 3> 1 and each 

real number X > 1 with X E [Y^+£, Yk+x], any non-zero integer solution x of (2.1.3) 

is of the form myfc, for some non-zero integer m, where (yjt)fc>i and (Vjt)fe>i are the 

sequences corresponding to ^ , as in Proposition 2.4.1. 

Choosing X = Y^+e, we obtain 

Mooifc = lmloo||yfc||oo <x = yfc
1+e, 

ImULooCyfc) « X~x°° = Y-X°°(1+£\ 

\m\pLp{yk) « JJTA* = Yk-
Xp(1+e) Mp E S. 

By the third relation in (2.4.1) the determinant det(yfc) is a non-zero integer for each 

k > 1. So, we find that 

1 < I det(yfc)|00 Yl I det(yfc)|p 

pG5 
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pes 

< ImlooYkLooiyk) Y[ \m\pLp(yk) 
pes 

«y f e^L0 0(y f c)n^A p ( 1 + £ )-
P<ES 

By the second relation in (2.4.1), we have L0O(yk) <C Yk~
S, and hence 

1 <C Y1+eY~5Y~('1+e^pesXp = Y1+e~S~^l+e^pes Xp 

It follows that 

l + e - 5 - ( l + e ) ^ A p > 0 , 
pes 

whence we get 

V p TT7-
pes 

The conclusion follows by letting e —> f(Xoo)-

Corollary 2.4.7 There exists a number A ^ = 0.61455261..., such that if Aoo G 

(Aoo,25VTL then for each sufficiently large k > 3, the point yk+i is a non-zero rational 

multiple of[yk,yk,yk-2]-

Moreover, there exists a non-symmetric matrix M, such that for each sufficiently 

large k > 3, the point y/t+i is a non-zero rational multiple ofykMkyk^i, where 

{ M if k is even, 

*M ifk is odd. 

Proof: Here we follow the proof of Corollary 5.2 on p. 50 of [9]. Let k > 0 be an 

integer and put w := [yk,yk,yk+i]- By Lemma 2.1(i) of [9], we have 

det(w) = det(yfc)
2det(yfc+i). 
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By the third relation in (2.4.1), we have det(w) ^ 0 and then O ^ w G Z3. We claim 

that w is a rational multiple of yfc-2- If we take this claim for granted and use the 

identity 

[yfc, yjb, w] = det(yfc)
2yfc+i 

given by Lemma 2.1(h) of [9], we deduce that yfc+i is a non-zero rational multiple of 

[y/c,yfc, yfc-2] • 

Fix any A,̂  G ( A ^ , 1/T]- Using the first estimate in Lemma 3.l(iii) of [9], we 

find that 

llwlloo < yfe
2Loo(yfc+i) + Yk+iLociyk)2 

Loc{w) <C (YkL^iyk+i) + Yk+1L00(yk))L00(yk). 

Using the estimates (2.4.1), we also obtain 

n2^oo(yfc+i)«na(Aoo), 

lfc+iLoo(yfc)
2«n6(Aoo)> 

n^oo(yfc+i)i:oo(yfc)«nc(Aoo)> 

(2.4.28) 

where 

a(Aoo) = 2 - ——, 6(Aoo) = - — - - ——-, c(Aoo) = 1 
9 + V v J 9-1 0 + 1' v °"y 9 + 1 6 + 1' 

Note that since A^ G ( A ^ , I/7], we have 

c(Aoo) < (̂Aoo) < 0 < a(Aoo). 

So, from (2.4.28) it follows that 

(2.4.29) 
L0o(w)«y f c

b { A o o )«y£fo o ) . 

Since A ^ > A^i = 0.61263521..., then by (2.4.19), we have /(A*,) < ^(Aoo) < 

I /73 . So, by Proposition 2.4.5, applied with the index k replaced by k — 2, it suffices 
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to show that w satisfies the inequalities 

<X, 
(2.4.30) 

|w||oo < X, 

for some X G \Xk-2^k-i\^ a n ^ s o m e e £ (/(Aoo),^(AQO))- Since the conditions 

(2.4.30) are equivalent to 

l e [HwlUc^LooCw)-1/*""], 

then for such X to exist it suffices that 

\Y&Y£-fi n [llwlloo.c^^LooCw)-1/^] ^ 0. 

This is possible if the inequalities 

l|w||oo < Y&, 

Loo(w) < cy-_(
2

1+e)A-

hold and, by (2.4.29), this is the case if 

a(Aoo) 
. 1 < 1 - e and 02&(Aoo) < - ( 1 + e)Aoo-
u — 1 

So, the constraints on e become simply 

/(Aoo) < e < mm{^(A00), 1 - - j — p - 1 7 -} 

and this interval is not empty for each Aoo £ (Aoo,2, V T ] - SO, by Proposition 2.4.5, we 

conclude that w is proportional to yfc_2 for each Aoo £ (Aoo,2,1/7]-

Prom now on, we use the notation a oc 6 to express that a is a rational multiple 

of b. To show the last part of the corollary, we first choose ko to be the smallest even 

index such that yk+i oc [yfc,yfc,yfc-2] holds for each k > k0. Recall that 

/ o i \ 
[yfc,yfc,y/c-2] =-yfc^yfc-2^yfe, where J = (2.4.31) 

l - i 0/ 
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and that 

A o\ 
w J w J = JwJw = - det(w)/, where 1=1 , (2.4.32) 

V> V 
for any 2 x 2 symmetric matrix w (see pp.45,46 of [9]). Put 

M = Jyko-2Jyk0yko-v 

We define 

{ M if k is even, 
tM if A; is odd, 

and show by induction that yk+\ oc ykMkyk-i for each k > k0. Clearly this holds for 

k = ko. Assume that yk+i oc ykMkyk-i holds for each index k with k0 < k < m. We 

need to show that this holds for k = m. Since ym is a symmetric matrix and that 

Mm = *Mm_!, the induction hypothesis gives ym oc ym_2Mmym_], By the first part 

of the corollary, together with the identities (2.4.31) and (2.4.32), we deduce that 

that 

y m + i oc ymJym-2Jym oc ymJym_2</ym-2Mmym_i 

= -ymdet(ym_2)Mmy7 n_i oc ymMmym_i . 

It remains only to show that the matrix M is non-symmetric. Suppose on the contrary 

that M is symmetric. Then Mk is symmetric for each k > k0. It is shown in [9] that 

for any 2 x 2 symmetric matrices x, y, z, we have 

Tr(JxJyJz) = det(x, y,z), 

For each k > k0, we have yk+1 oc ykMkyk-i and JykJyk = - det(yfc)7, thus 

Jyu-iJykJyk+i oc Jyfc_iJyfcJyfcMfcyfc_i oc Jyk-iMkyk-i-

Since Mk is symmetric, then yk-iMkyk-i is also symmetric, and so Tr( Jyk-iMkyk-i) = 

0. Hence, we have det(yfc_i,yfc,yfc+i) = 0 for each k > k0, which contradicts the last 

relation in (2.4.1) of Proposition 2.4.1. I 
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2.4.4 Growth conditions for an aproximation sequence (p-

adic case) 

We now turn to a p-adic analog of the study done in §2.4.1. 

Proposition 2.4.8 Letp be a prime number and let £p £ Qp be with [Q(£p) : Q] > 2. 

Let Xp e M>o be an exponent of approximation to £p in degree 2. Assume that 3/2 < 

Xp < 7 and define 

9=(Xp-l)/(2-Xp). 

Then there exists a sequence (yk)k>i of primitive points in Z3 such that upon putting 

Yk = ||yfe||oo for each k > 1, we have 

Yk ^ yk+i < Yk ) 

Yk-2«LPM«Yk-
{1+92/{9+1)\ ( 2 A 3 3 ) 

1 < | det(yfc)U det(yfc)|P « Y^eV{e+l\ 

1 < |det(yfc,yfc+i,yfc+2)|oo|det(yfc,yfc+1,yfc+2)|p < y A 
1/(61-1) 2_fl2 

k 

Proof: We consider the sequence (VJ)J>0 of primitive points of Z3 constructed 

in Lemma 2.1.15 and put Xi = \\viWco for each i > 0. By Proposition 2.3.4 (with 

5 = {p} and AQO = —1), there exists an index i0 > 2 such that det(vj) ^ 0 for each 

% > i0. Define / to be the set of indexes i > io for which Vj_i, Vj,vi+i are linearly 

independent over Q. According to Remark 2.3.2, the set / is infinite since Xp > 3/2. 

Using (2.1.21) and the estimates of of Lemma 2.2.l(i), we find that, for each i £ I, 

1 < | detCOU det(Vi)|P < IN&LpCvi) « XiX^". 

Prom this, we get 

Xi+1 < xl/{Xp~l) and Xr2 < Lp(Vi). (2.4.34) 

Note that, by (2.1.21), we have 

L p (v i + 1 ) < j—t-j-Lp(vi) < Lp(vj), 
llVi+l||oo 

file:////viWco
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for each i > 0. So, applying Lemma 2.2.1(i) to the non-zero integer det(vj_i, Vj, v i + i ) 

and using (2.1.21), we find, for each i E I, 

1 < |de t (v i_ i , v i ,V i + 1 ) | 0 O | d e t (v i _ 1 , v i , v i + 1 ) | p 

< IIVj-illoollViHoollVi+illoo^pCVt-OLpCVi) 

Prom this, we get 

^ ( A P - I ) / ( 2 - A P ) < Xi+^ (2.4.35) 

Combining (2.4.34), (2.4.35) and (2.1.21) upon noting that 3/2 < Xp < 7, we have, 

for each i £ I, 

x(Ap-l)/(2-Ap) x_ ^1/(AP-1) 

X - 2 « Lp(V i) « X f 1 ^ « i r i i - ^ - ^ / ^ - A p ) (2.4.36) 

= ^ . - 1 - ( A P - 1 ) 2 / ( 2 - A P ) 

Now, fix i G / and let j be the largest integer such that v i ; v i + 1 , . . . , Vj G (VJ, VJ+I)Q. 

Since any two consecutive points of the sequence (VJ)J>I are linearly independent 

over Q, we have ( V J , V J + I ) Q = ( V ^ ^ V ^ Q . Since v i + i ^ ( V J , V J + 1 ) Q , the points 

Vj_i, Vj, Vj+i are linearly independent over Q, and we deduce that j € / . Since 

Vj, Vj+i, . . . , Vj G (VJ, V J + I ) Q , then any three of these points are linearly dependent, 

and therefore j is the smallest element of / with j> i + 1. Put 

Vi := (vi ,v i + i )Q and Vj := ( V J , V J + I ) Q . 

To proceed further, we need estimates for the heights of the subspaces Vj, Vj, Vj D Vj 

and Vi + Vj. Since V n Vj = {\J)Q and V + Vj = Q3 , we have (see [7], p. 10) 

H(yinvj) = H({vj)Q)~xj, 

H(Vi + Vj) = H(Q3) = 1. 
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By Lemma 2.2.1(iii), the estimates (2.1.21) and (2.4.36), we have 

H(Vi) < ||v i | |00 | |v i+i| |00max{Lp(v i),Lp(v i+1)} 

sT WIT II IUr II T (IT \ si^ V 2 ~ ^ P sT y ( 2 _ ^p)/(^P ~~ *) 

Similarly, we get 

Jff(l/ i)<A'f"Ap)/(Aj,"1), 

Applying W.M. Schmidt's inequality (see [7], Lemma 8A, p. 28) 

we conclude that 

and hence, we have 

H{Vi n Vi)H(Vi + Vj) « H(Vi)H(Vj), 

X < ^ ( 2 - A P ) / ( A p - l ) ^ ( 2 - A p ) / ( A p - l ) 

-y- „ y ( 2 - Ap)/(2Ap — 3) 

For the reverse estimate recall that i + 1 < j , and then 

^ A p - l ) / ( 2 - A p ) ^ x _ + i < ^ ^ ^ ( 2 - A p ) / ( 2 A p - 3 ) _ ( 2 . 4 . 3 7 ) 

Now, if we write all the elements of / in increasing order, we obtain a sequence 

{ii, z2, • • •, ik, • • •}• Then ifc = i for some index k > 1, and by the minimality of j we 

deduce that z^+i = j . Let us denote y& := vik and Yjt := Xik = ||yfe||oo f°r e a c h k > 1. 

Then by (2.4.36) and (2.4.37), we have 

n * *+1 * * ' (2.4.38) 
Y^«Lr(yt)«Y-^'^\ 

These are the first two estimates in (2.4.33). Furthermore, since any three of the points 

v i ; v i + i , . . . , Vj are linearly dependent over Q, then Vj_x 6 (vu Vj)q = (yfc,yfc+i)<Q. 

Going one step further, we obtain the point y/c+2 = v^ for some h > j + 1, such 

that any three of the points Vj, VJ+I, . . . , v^ are linearly dependent over Q, and 
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therefore v j + 1 e (vj,vh)q = (yk+1,yk+2)q. It follows that (yfc,yfc+i,yfc+2)Q contains 

the linearly independent points Vj_i, Vj, Vj+i, and therefore yk,yk+i,yk+2 are also 

linearly independent. 

To prove the third estimate in (2.4.33), we use the fact that det(y&) is a non-zero 

integer, for each k > 1. So, using the second estimates in (2.4.33), for each k > 1, we 

find that 

1 < I det(yfc)U det(yfc)|p « Yk
2Lp(yk) « y ^ W + D . 

To prove the last estimate in (2.4.33), we use the fact that yfc,yfc+i,y/c+2 are linearly 

independent for each k > 1. We also note that the sequence (Lp(yk))k>o is decreasing 

since (I/P(VJ))J>0 is decreasing (as we observed above). So, using these facts, Lemma 

2.2.1(i) and the first two estimates in (2.4.33), for each k > 1, we find that 

1 < |det(yfc,yfc+i,yfc+2)|oo|det(yfc,yfc+i,yfc+2)|p 

< 11 y fc 11 oo 11 yjt+i 11 oo 11 y fc+211 oo-^p (y/c) ^P (y fc+i) 

<^ YkYk+iYk+2ik Yk+i 

_ v v-6
2/{e+i)v-e

2/(.e+i) 

«n1 / (*-1 ) 2-*2 . 

2.4.5 Extremal p-adic numbers. 

Here we introduce a notion of extremal p-adic numbers and present a criterion which 

is a p-adic analog of Theorem 5.1 of [9]. 

Definition 2.4.9 A number £p G Qp is called extremal if it is not rational nor 

quadratic irrational and if ^ is an exponent of approximation to £p in degree 2. 
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Remark 2.4.10 By the Remark 2.1.14, we can say that £p G Qp is extremal if it is 

not rational nor quadratic irrational and if there exists a constant c > 0 such that the 

inequalities 

||x||oo < X, llxlULpCx) < cX'l'\ (2.4.39) 

have a non-zero solution x G Z3 for any real number X > 1. 

Theorem 2.4.11 A number £p G Qp is extremal if and only if there exist an increas­

ing sequence of positive integers (Xk)k>i and a sequence of primitive points {xk)k>i 

in Z3 such that, for all k > 1, we have 

Xk+i ~ XI, llxfcHoo ~ Xk, Lp(xfc) ~ Xj: ~ | det(xfc)|p, 

|det(x f c) |0 0 |det(x f c) |p- l , (2.4.40) 

|det(xfe,Xfc+i,xfc+2)|oo|det(xfc,Xfc+i,xfc+2)|p ~ 1. 

Proof: (4=) Suppose that for a given number £p G Qp there exist sequences 

{Xk)k>\ and (xfc)fc>i satisfying (2.4.40). If £p is rational or quadratic irrational, then 

there exists r, t, s G Z not all zero such that r + t£p-\- s^ = 0 and hence, for all k > 1, 

we have 

\rxk,Q + txk,i + sxk,2\oo\rxki0 + txkii + sxkt2\p 

< Xk\t(xkA - xkfi£p) + s(xky2 - Xk,o€i)\P 

< XfcLp(xfc) < XhXf < X^1 . 

Since rxk^ + txkti + sxk>2 is an integer, this implies that rXk,o + txk,i + sxk$ — 0 

for all k sufficiently large. So, for each k sufficiently large, the point x^ belongs 

to some fixed 2-dimensional subspace of Q3, but this contradicts the fact that the 

determinant of three consecutive points is non-zero. Therefore £p is not rational nor 

quadratic irrational. Moreover, for any sufficiently large real number X there exists 

an index k > 1 such that HxfcHoo < X < Hx/t+iHoo and hence the point x^ satisfies 

llxfcHoo < X, ||xfc||00Lp(xfc) « Xk~
l « X^i1 « \\*k+iUh < X~l'\ 
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So, £p is extremal. 

(=>) This follows from Proposition 2.4.8, with Xp = 7. 

2.4.6 Constraints on the exponents of approximation and a 

recurrence relation among points of an approximation 

sequence (p-adic case) 

Let p be some prime number in S and let £p G Qp with [Q(£p) : Q] > 2. Suppose 

that \p G (3/2,7] is an exponent of approximation to £p in degree 2 in the sense 

of Definition 2.1.13. Let (yfc)fc>i a n d (Yk)k>i be the sequences corresponding to £p, 

constructed in Proposition 2.4.8. Define monotone increasing functions on the interval 

(1,2), by the following formulas 

A - l 
*(A) = 

5(X) = 

0(A) = 

2 - A ' 
92 

e + v 
92-l 

2 1 (2.4.41) 

e2 + v 

and monotone decreasing functions on the interval (3/2, 2), by the formulas 

(2.4.42) 

f ( x ) =
 1 5_ -I =

 1
 R _ - [ 

JK) {6-l){X-l) A - l ( 0 _ i ) ( A - l ) ' 

g(X) = 1-59(9-1). 

We note that -0(3/2) = 0(3/2) = 0 and g(-y) = f(*y) = 0, and that 

0<g(X)<f(X) VAG (3/2,7), 

O<^(A)<0(A) VAG (3/2,2). 
(2.4.43) 



2.4. Special approximation sequences 67 

Also, we note that functions / and (j) map the interval (3/2, 7) respectively onto 

the intervals (0, 00) and (0,7/(2 + 7)). Since the function / — 4> is continuous and 

changes its sign on the interval (3/2,7), there exists a number AP;0 € (3/2,7), such 

that <j){\Pto) = f(\p,o) and 

0 < g(X) < /(A) < 0(A) VA e (Ap,0,7], (2-4.44) 

and XPjo « 1.60842266 Furthermore, the function ip maps the interval (3/2,7) 

onto the interval (0,1/73). By the second relation in (2.4.43) and since the function 

/ — ip is continuous and changes its sign on the interval (3/2,7), there exists a number 

Ap,i G (AP)o,7), such that ^(Ap,i) = /(AP)i) and 

0 < g(\) < /(A) < ^(A) < 0(A) VA e (Ap,x, 7], (2.4.45) 

and APji w 1.61263521.... 

Proposition 2.4.12 Take e G (0,7/(2 + 7)). 

(i) Suppose that </>(Ap) > e. Then for k >• 1, we have 

yk
1+e < Y&l (2-4.46) 

(ii) Furthermore, suppose that /(Ap) < e. Then for each k 3> 1 and each real number 

X > 1 with 

^e[Y^\Y^l (2.4.47) 

any non-zero integer solution x of (2.1.19) satisfies 

x e (yfc,yfe+i>Q. (2.4.48) 

Proof: For the proof of (i) we rewrite the condition 0(AP) > e in the form 

l + e < (l-e)92, 
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where 9 = 9{XP) is defined in (2.4.42). Also, by the estimates Proposition 2.4.8, we 

have 

Yk ^ ^fc+2, 

for each k > 1. Combining these inequalities, we find that (2.4.46) holds, for k 3> 1. 

For the proof of (ii) we use Part (i). Fix a real number X satisfying (2.4.47). Choose 

a non-zero integer solution x of (2.1.19), corresponding to this X. In order to prove 

(2.4.48), it suffices to show that the determinant det(yfc, yfc+i, x) is zero. Using Lemma 

2.2.l(i) and the fact that Lp(yk+i) < Lp(yk) for each k > 0, which follows from 

Lemma 2.1.15, we have 

I det(yfc,yfc+1,x)|00 < YkYk+1X, 

|det(y fc,y fc+i,x)|p < max{Lp(yfc+i)Lp(x), Lp(yfc)Lp(x), Lp(yk+1)Lp(yk)} 

= max{Lp(yfc)Lp(x), Lp(yfc+1)Lp(yfe)}. 

By Proposition 2.4.8, we find that 

| det(yfe, yfc+1, x)|p « m a x ^ " 1 " 5 * - ^ , Y+SY+6} 

«yfc-
1-Vax{x-AM;-1r5}, 

where 5 = S(XP) is as defined in (2.4.41). To find an upper bound for the product of 

these two norms we use Proposition 2.4.8, the hypothesis (2.4.47) and the fact that 

Ap > 1. So, we have 

I det(yfc, yfc+1, x)|oo| det(yfc, yfc+i, x) |p < Yk+1XYk~
5 max{X~Ap, Yk~^s} 

« max{Yk+1Yk-
SX-^-1),XY^1Yirs} 

« maxiyV(»-iM-(Ap-i)(i+e)> yi-e-6(B-i)S(o-ir} 

— m a X i r f c ) Jfc+2 / ' 

where 9 = 9(XP) and /(Ap), g(Xp) are defined in (2.4.42). Since Ap e (3/2,7] a n d 

/(Ap) < e, by (2.4.43), we also get g(Xp) < e, and so 

|det(y fc,y fc+i,x)|00 |det(y fc,y fc+i,x)|p = o(l). 
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Since the determinant is an integer, we conclude that it is zero, and therefore the 

points yfc,y/c+i and x are linearly dependent. Hence, (2.4.48) holds. 

I 

Proposition 2.4.13 Take e G (0,1/73). 

(i) Suppose that ip(\p) > e. Then for k 3> 1, we have 

Yk
1+e < l£ i e • (2-4.49) 

(ii) Furthermore, suppose that f(Xp) < e. Then for each k ^> 1 and each real number 

X > 1 with 

^r.til- (2-4-50) 
any non-zero integer solution x of (2.1.19) is a rational multiple o/y^. 

Proof: For the proof of (i) we write the condition ip(Xp) > e in the form 

l + e < ( l -e)0(A p) . 

Also, by Proposition 2.4.8, we have 

y / ( A p ) « Yk+1, 

for each k > 1. Combining these relations, we find that (2.4.49) holds for each k ^> 1. 

For the proof of (ii) we use Part (i) and Proposition 2.4.12. By Part (i), we have that 

for each k ^> 1. Also, by (2.4.43), we have <p(Xp) > ip(Xp) > e. Hence, by Proposition 

2.4.12, for each k 3> 1 and each real number X G \Xk+e,Yk+i\, any non-zero integer 

solution x of (2.1.19) satisfies 

x G (yfc_i,yfc>Q n (yfc,yfc+i)Q = (y*)Q-
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Let p G S and let A = (AQO, AP, (A^esy^}) G JR>d be an exponent of approximation 

to £ = (U, £P, (^W\{p}) € K x Qp x n^5\{p} <& i n d e S r e e 2> w i t h [Q(&) : Q] > 2 

and Ap G (3/2, 7]. Let (yk)k>i and (Yfc)fc>i be the sequences corresponding to fp, as 

in Proposition 2.4.8. 

Corollary 2.4.14 Suppose that f(Xp) < 4>(XP). Then, we have 

-5(XP) 
^OO + 2_j Xy < 

«*<,> 1 + / < A > > ' 

Proof: Similarly as in the proof of Corollary 2.4.6, we choose e £ l such that 

f(Xp) < e < ip(Xp). Since Ap G (3/2,7], we have /(Ap) > 0 and ip(Xp) < I/73 , 

so that e G (0,1/73) and we can apply Proposition 2.4.13. We note that for each 

X > 1 a solution of (2.1.3) is a solution of (2.1.19). Hence, by Proposition 2.4.13, 

for each k 3> 1 and each real number X > 1 with X G \Xk+€i^k+i\i a n y non-zero 

integer solution x of (2.1.3) is of the form my^, for some non-zero integer m. Putting 

X = Yk
1+€, we have 

|"l|oo*fc = Moo | |y fc | |oo < X = Yk+£i 

\m\pLp(yk)<^X-x" = Yk-
Xp{1+£\ 

H o o k e y * ) « *~Ao° = n_Aoo(1+e)> 

\m\MYk) « X~x» = Yk~
K{l+e) V . € 5 \ {p}. 

By the third relation in (2.4.33), we have that the determinant det(yjt) is non-zero, 

for each k > 1. So, we find that 

1 < |det(yfc)|oo|det(yfc)|p J J |det(yfc)|„ 
ues\{P} 

< >*|"i|oo^oo(yfc)^p(yfc) I J \m\vLu{yk) 
ues\{P} 

file:///m/MYk
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«Y^X~+^^^il+e)Lp(yk), 

for each k » 1. By Proposition 2.4.8, for each k > 1, we have Lp(yfc) <C yfc 

and then the relation 

1 y l - (Aoo+E„ e s \{ P }^)( 1 + e )y- l -5(A p ) 

_ v-(l+e)(Aoo+E„6s\{p}AI,)-5(Ap) 

holds for each A; ̂ > 1. So, it follows that 

(l + e)(A00+ J ] A„)+<5(AP)<0, 
„GS\{p } 

whence we get 

A~ + 2_/ Ai/ - i + ! • 

^e-s\{P} 

Finally, the conclusion follows by letting e —> /(Ap). 

•1-5(AP) 

Proposition 2.4.15 Le£p 6e a prime number and let £p G Qp 6e iyit/i [Q(£p) : Q] > 2. 

Let Xp G M>o be an exponent of approximation to £p in degree 2. Let (yk)k>i and 

(̂ fc)fc>i be as in the statement of Proposition 2.4-8. There exists a number AP;o ~ 

1.615358873..., such that if Xp G (Ap>0,7], then for each k > 3 sufficiently large, the 

point yk+i is a non-zero rational multiple of [y"fc,yfc>yfc-2]-

Moreover, there exists a non-symmetric matrix M, such that for each sufficiently 

large k > 3, the point yfc+i is a non-zero rational multiple ofy^Mkyk-i, where 

{ M if k is even, 

*M if k is odd. 

Proof: For the proof we follow the arguments of [9] (see proof of Corollary 5.1, 

p. 50), using estimates with the p-adic norm. Let k > 4 be an integer and put 
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w := [yfe,y/c,y/c+i]- By Lemma 2.1(i) of [9], we have 

det(w) = det(y f c)2det(y f c +i) . 

Since det(yjk) 7̂  0 for each k ^> 1, then det(w) 7̂  0 and s o w ^ O . By Lemma 2.2.1(h) 

and Lemma 2.1.15, we get 

llwlloo < Yk
2Yk+1, 

| |w||p < max{Lp(y fc)2, Lp(y f c + 1)}, 

Lp(w) < Lp(yk) max{Lp(yk), Lp(yk+1)}. 

Using these estimates, Lemma 2.2. l(i) and Proposition 2.4.8, we find that 

|det(w,y fc_3,y fc_2)|oo < ||w||00||yfc_3||00||yfc_2||oo 

^ f̂c ^ + 1 ^ - 3 ^ - 2 

v 2+l / (0- l )+l /e 2 +l /0 3 

|det(w,y fc_3,yA._2)|p < max{||w||pLp(yfc_3)Lp(yfc_2), Lp(w)Lp(yk_2), Lp(w)Lp(yfc_3)} 

<C Lp(yfc_3) max{||w||pLp(yfc_2), L p (w)} 

< Lp(yfc_3) max{Lp(yfc)
2Lp(yA._2), Lp(yfc+i)Lp(yfc_2), 

Lp(yk)2,Lp(yk)Lp(yk+1)} 

< Lp(yfc_3) max{Lp(y /c)
2, Lp(yfc+1)Lp(yfc_2)}. 

Since 3/2 < Ap < 7, we have 1 < 9 < 7. So, 6 + (0 - l ) 2 < 2 and we find that 

I det(w, yfc_3, y f c_2)|P « Y ^ ' ^ ™ m a x ^ 1 ^ ' * 1 " , ^ M ^ V I W ) ) } 

« y - (* -D 8 ( ^ / (»+D) max{yfc-
2, y -» - (« -D a }( i -^ / (m) ) . 

< y - (0+(0- l ) 2+(0- l ) 3 ) ( l+0 2 / (<Hl)) 

Combining these estimates, we get 

|det(w,y f c_3,y f c_2)|0O |det(w,y f c_3,y f c_2)|p < Yk
f(e), (2.4.51) 
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where 

f(9) = 2 +(6- l ) " 1 + 8~2 + 9~3 -(9+ {9- l ) 2 + (0 - l )3) ( l + 92/{9 + 1)). 

Similarly, we find that 

|det(w,yfc_2,y/fc_i)|oo < ||w||0O||yfc_2||oo||yfc-i||0o 

^ f̂c ^ + 1 ^ - 2 ^ - 1 

^ F2+i/(e-i)+i/e+i/e2 

|det(w,y fc_2,yfc-i)|p<raax{||w||pLp(y fc_2)Lp(y fc_1),Lp(w)Lp(y fc_1),Lp(w)Lp(y fc_2)} 

< Lp(yfc_2) max{||w||pLp(yfc_1), L p (w)} 

< Lp(yfc_2) max{Lp(yfc)
2Lp(yfc_1), Lp(y fc+i)Lp(y fc_i), 

-^p(yfc)2,^p(yfc)^p(yfc+i)} 

< Lp(yfc_2) max{Lp(yfc)
2, Lp(yfc+i)Lp(yfc_1) 

« ( y f c - ( e - 1 ) 2 m a x { y f c - 2 , y - 2 ^ } ) , 

Since Ap G [8/5, 7], then 9(Xp) G [3/2,7] and so, -29 + 1 < - 2 . So, we have 

|aet(iw,yfc_2,yfc_ij|p « ; rfc 

Combning these estimates, we get 

|det(w,y f c_2 ,yfc-i ) U | d e t ( w , y f c _ 2 , y f c - 1 ) | p « F ^ ) , (2.4.52) 

where 

g{9) = 2 +{9- l ) " 1 + 9-1 + 9~2 -(2+ (9- 1)2)(1 + 9\9 + l ) " 1 ) . 

Using MAPLE we find that AP)o ~ 1.615358873... is the smallest number from the 

interval [8/5,7], with the property that g(9(X)) < 0 and /(0(A)) < 0 for each A G 

(AP)o, 7]. Since Ap G (AP)o, 7], it follows that 

|det(w,y f c_3,y f c_2) |00 |det(w,y f c_3,y f e_2) |p = o(l) , 

(l+02/(0+l)) 

(i+<?2/(0+i)) 
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I det(w, yfc_2,y*-i)|oo| det(w, yfc_2, y*-i)|P = o(l). 

Since det(w,yfc_3,yfc_2) and det(w, yfc_2,yfc-i) are integers, then by the above es­

timates, they are zero for each k sufficiently large. Since three consecutive points 

Yfc-3) yfc-2,yfc-i are linearly independent over Q, this implies that w is a rational 

multiple of yfc_2- By Lemma 2.1 (hi) of [9], we have 

[yfc,y*.w] = det(yfc)
2yfc+i, 

and deduce that y&+i is a non-zero rational multiple of [yfc,y/c,yfc-2]-

The proof of the second part of the corollary repeats exactly the proof of the 

second part of Corollary 2.4.7. I 
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2.5 Examples 

First we recall some notations introduced in [13]. Put M. = Mat2x2(Z) n GL2(C). A 

sequence (WJ)J>0 in M. is a Fibonacci sequence if Wj+2 = wi+1Wi for each i > 0. We 

call a Fibonacci sequence (WJ)J>0 in M. admissible if there exists a matrix N G M 

such that the sequence (yj)i>o, given by y$ = WjiVj, where 

{ N if i is even, 

*iV if i is odd, 

consists of symmetric matrices. This new sequence satisfies the following recurrence 

relation 

Yi = WiNi = wi_iJVi_1iVil
1
1wi_2iVi_2 = y i - i A ^ y ^ -

Let S be a finite set of prime numbers. Define 9Jlq to be the set of all prime numbers 

of Q together with the infinite prime oo. 

2.5.1 Simultaneous case. 

In this paragraph we will show that for any A G R>o , with the sum of its components 

< -, there exists a point ( G R X ELes ^ P s u c n ^^a^ ^ *s a n e x P o n e n t of approximation 

to £ in degree 2 and [Q(£oo) : Q] > 2. First, we prove several auxiliary results. 

Lemma 2.5.1 Let (WJ)J>0 be an unbounded admissible Fibonacci sequence in M. and 

let (yj),>o be a corresponding sequence of symmetric matrices. Then for any v G Wlq, 

we have 
|det(w i+1)|„ ~ |det(wi)|2, 

(2.5.1) 

llyilli/ ~ ||wi||v, | det(yi)\v ~ | det(wi)|I/, 

Proof: Since det(w i+i) = det(wi)det(wj_i) for each i > 1, Lemma 5.2 of [13] 

provides the required estimates for the determinants. All other relations follow from 

the relation y* = WjTVj, since iV* is N or *iV. I 
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For any v € SOTQ and any u £ Qj, we denote by [u] the point of P2(Q„) having u 

as a set of homogeneous coordinates. For any pair of non-zero points u, v G <Q§, we 

define the projective distance in P2(Q„), between the corresponding points [u] and 

[v]ofP2(Q„),by 

distI/([u], [v]) = dist„(u, v) = „ ,. .. .," . 
I I U I M I V I U 

The next lemma shows that distp is a metric on P2(QP) for each prime number p. 

Lemma 2.5.2 Let p be a prime number and let u, v, w E Qp. We have 

| | ( u , w ) v - (u,v)w||p < ||u||p||vAw||p, (2.5.2) 

||v||p||u A w||p < max{||w||p||u A v||p, ||u||p||v A w| |p}. (2.5.3) 

Moreover, if u, v, w are non-zero then 

distpQu], [w]) < max{distp([u], [v]), distp([v], [w])}. (2.5.4) 

Proof: Upon writing v = (VQ, V\, V2), W = (w0, wi, W2), we find that for i = 0,1, 2, 

\\viW-Wiv\\p < ||v Aw||p, (2.5.5) 

and so 

| ( u , w ) v i - (u,v)wi\p= \(u,ViW-Wiv)\p < ||u||p||v Aw||p, 

which implies (2.5.2). Combining (2.5.5) with the identity 

Ui(uAw) = Wj(uAv) + uA (viW — wfv), 

we also get 

|ui|p||u A w||p < max{|w4||u A v||p, ||u||p||v A w||p} 

for i = 0,1, 2, and this gives (2.5.3). Dividing both sides of (2.5.3) by ||u||p||v||p||w||p, 

we obtain (2.5.4). I 
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The next proposition extends the result obtained by D. R O Y in [13] to the p-adic 

case. Here we use the fact that ¥2(QU) is complete with respect to dist„ for each 

veWlo,. 

P r o p o s i t i o n 2.5.3 Let u G 93TQ, let (WJ)J>O be an unbounded admissible Fibonacci 

sequence in A4 such that 

\™i+l\W ~ HWill ,̂ (2.5.6) 

let (yi)i>o be a corresponding sequence of symmetric matrices viewed as points in 1? 

and let (<5j,,i)i>i be the sequence defined by 

det(wi)|„ 
8vA •'-

\wi\W 
(2.5.7) 

Assume that det (yo,yi ,y2) ^ 0 and 5V^ = O( | |WJ | | „ ) . Then there exists a non-zero 

point yv = (y„,o,yv,i,yu,2) G Q^ with det(yv) = 0 such that 

\\yi Ayj+il^ ~ ^illwi+iHt,, 

H y i A y . l l , - ^ , (2.5.8) 

\{yiAyi+i,yv)\v ~ 8^i+2. 

Proof: The proof in the case v = oo is given in [13]. Assume that v G VJlq \ {oo}. 

We note that the identity 

JwJtw = -det(w)I (2.5.9) 

holds for any matrix w G Mat2X2(Q^)- Using this, the recurrence relation y i + i — 

yjiV i
-1yi_i and the fact that the matrix yj is symmetric, we get 

JyiJyi+i = JyiJyiNi V i - i = -det(yi)7V; V i - i - (2.5.10) 

Since 

yi A y i + i = ( 
Vi,l Vi,2 

Z/i+1,1 Vi+1,2 

Vifi Vi,2 

Vi+1,0 Vi+1,2 

Vi,o Vi,i 

Vi+1,0 Vi+1,1 
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/ 

Jyi Jyi+1 = 

yi,iVi+\,i - yi,2Vi+i,o 

Vi+1,0 Ui+1,1 

Ui,l Ui,2 

Vi+1,1 Ui+1,2 

yi,m+i,i - VifiVi+ia 

J 
and since 

(yi,iyi+i,i - yi,2Vi+i,o) - (yi,iVi+i,i - 2/1,02/1+1,2), 
Vi,0 Ui,2 

Vi+1,0 Ui+1,2 

is the difference of the elements of the diagonal of Jy* Jyi+i , we find that 

||yi Ayi + i | | „ < WJyiJyi+iWv 

Combining this with (2.5.10), we obtain 

Hy* Ayi+i | |„ < |det(yi)|i / | |A^"1yi_1 | | i, ~ |det(yj) | 
fliyi—iiiv 

By Lemma 2.5.1 and the hypothesis (2.5.6), we conclude that 

and so 

|y» A yi+i\\u < I det(w i)|1/ | |w i_1 | | l, ~ ^.iHwi+iH,,, 

dist I /([y i], [y i+1]) = — « T^TT 

(2.5.11) 

W i |yi| |i/ | |yi+i| |i/ 

By Lemma 2.5.1 and (2.5.6), we also note that 5Uti+i ~ Slv So, 5„,i/||wj||„ is decreas­

ing for all i sufficiently large, and by Lemma 2.5.2, we deduce that , for any i and j 

with 1 <C i < j , we have 

dist i /([y i],[y i]) < max {dist„([yi+fc], [y i+fc+i])} 
fe=0,...j— i— 1 

•C max 
"i/,i+k ^ ®u,i 

(2.5.12) 

fe=o,...,j-i-i | |w i+fc | |v ywill^ 

Therefore ([VJ])J>0 is a Cauchy sequence in P2(Q ( /) and so it converges to a point [y„] 

for some non-zero y^ G Q^. By Lemma 2.5.1, we have 

|det(y i) | I / 5Vii 

Ml W ; 
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t2(Q.) Since the left hand side of this inequality depends only on the class [y;] of y^ in 

and since 6Vj = o(\\wi\\u), we get by continuity that | det(yv) |v / | |y^ | |^ = 0, and hence 

det(y I /) = 0. Moreover, by continuity, it follows from (2.5.12) that dist^Qyj], [y„]) <C 

<^,i/||wj||„, which implies that 

| | y i A y „ | | „ « V (2-5.13) 

Combining (2.5.2), (2.5.11) and (2.5.13), we obtain 

II<y* A y i + i , y ! / ) y i + 2 - (y» A y i + i , y i + 2 ) y v | | v < ||yi A yi+i|U||y»+2 A y^H^ 

^ ^i/,i||Wj+i 11̂ (5̂ +2 

-• "•* 'de t (w i + 2 ) |„ . 
Ilwi„-

Since (y; A y m , y i + 2 ) = d e t ( y i , y i + i , y i + 2 ) , we find by Proposition 4.1(d) of [13], that 

,,/ . \ |, | d e t (y 0 , y i , y 2 ) | „ . M 
Kyi A y i + i , y i + 2 ) y v | | l / = — r r r ? — r , Hy* „ det(w i + 2 ) „ 

|det(w2) |„ (2.5.14) 

~ |de t (w i + 2 ) |„ . 

Since SUti = o(\\wi\\u), the above two estimates imply that 

||(yi Ay i + i , y„ )y t + 2 | | „ ~ | de t (w i + 2 ) | v 

which leads to the last estimate in (2.5.8) 

i/ A \i |de t (w i + 2 ) |„ 
Ky» A y i + i , y „ ) | „ ~ —n n — ~ov,i+2. 

Ilwi+2|k 
In turn, this implies 

det(w i + 2) |1 / | det(w i + i ) |v | |w i | | I / 
||(yi+i Ayi+2,y^>yi||i/ ~ < W 3 | | W J | | „ = 

\\wi+3\\v 

v't+1 |de t (w i + 2 ) | l / . 
| |Wi+i||„ 

Since (y i + 1 A y i + 2 , y j ) = de t (y i , y i + 1 , y i + 2 ) = (y4 A y i + 1 , y i + 2 ) , then the estimate 

(2.5.14) can be rewritten in the form 

| | (y i + i Ayi+2,yi)yv\\i, ~ |de t (w i + 2 ) | l / . 
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Now, applying (2.5.2) and using the preceding two estimates, we find that 

||yi+iAyi+2||„||yiAy„||„ > ||(yi+i Ay i + 2 , y„ )y i - (y i + i Ay i+2 ,yi)yv | |v » |det(w i+2) 

This together with (2.5.11) and (2.5.13) implies that 

|det(w i+2)|,/ < ||yi+i Ay i+2 | |v | |yi Ay.,11,, -C < W i | l w m l | A , i < |det(w i+2)|1/. 

Thus, we have 

||yi+i Ayi+2||l/~<5,,ii+i||wi+i||1/ and \\yiAyv\\v ~ 8Vii, 

which prove the first two estimates in (2.5.8). 

Proposition 2.5.4 Let (WJ)J>O be an unbounded admissible Fibonacci sequence in 

M. satisfying (2.5.6), with a corresponding sequence of symmetric matrices (yi)j>o 

satisfying det(y0 ,yi ,y2) ^ 0, and let S' be a finite subset of Tin. Suppose that, for 

each v G <S', the numbers 8^v defined by (2.5.7) satisfy SUji = odlwjl^) as i —»• oo. 

Suppose also that 

n K,-4°m 'fCO£S'' (2.5.15) 
PG5'\{oo} [odlWil loo 1 ) ifoO^S'. 

Finally, for each v G S', let yv be a non-zero point ofQl with det(y„) = 0 satisfying 

(2.5.8), as given by Proposition 2.5.3. Then the points t'/ = (yv,i)veS' £ ELes' ^ 

(I = 0,1,2) are linearly independent over Q. 

Proof: Suppose on the contrary that the points t'o, t ' i , t'2 are linearly dependent 

over Q. This means that there exists a non-zero point u € Z3, such that (u, y„) = 0 

for each v 6 S'. So, by Lemma 2.5.2 in the case where v ^ oo or by Lemma 2.2 of 

[13] otherwise, we have for each v 6 S' and for each % > 0, 

| (u ,y i )UM| i , = ||(u,y„)yi - <u,yi)yI/||I/ < ||u||v||yi Ayv | |v. (2.5.16) 
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Assume that (u, y,} ^ 0 for some i > 1. Since (u, y,) is an integer, then 

l(u,yi)|oo n K^y^lp^ 1 -
pG5'\{oo} 

Using the inequality (2.5.16) and the estimate |(u,yi)|oo -C ||yj||oo ~ ||WJ||OO, this 

becomes 

1 / y-r ., \ JllyiAyoolloo if oo G S', 

PeS'\{oc} ( lly.Hoo if oo £«$'• 

By the second relation in (2.5.8), it follows that 

( TT c \ <W if oo G S', 
K ( 11 <WK 

Pe5'\{oo} [ l l w i l U l f o o ^ S ' , 

which contradicts the hypothesis (2.5.15) if i is large. So, we conclude that (u, y*) = 0 

for each i sufficiently large. By Proposition 4.1(d) of [13] and the assumption that 

det(y0 , y i , y2) 7̂  0, we know that any three consecutive points of the sequence (yi)i>o 

are linearly independent over Q. This is a contradiction. I 

Remark 2.5.5 In particular, if S' = {u} for some v G SDTQ, then all components 

of the point yu are non-zero and after dividing yv by its first coordinate, we deduce 

from the condition det(y„) = 0, that y„ can be written in the form y„ = (1,£„,£^), 

for some £,v G Q„ with [Q(^) : Q] > 2. So, in this case, we have L„(x) ~ ||x A y , , ^ . 

Corollary 2.5.6 Let S be a finite set of prime numbers. Let {otv)pes be a sequence 

of positive real numbers indexed by S and (3 be a real number such that 

J2aP<(3<2- (2.5.17) 
pes 

Let (WJ)J>O be an unbounded admissible Fibonacci sequence in M. such that 

l|wi+i||oo ~ llwill^, | |wi||p ~ 1 (Vp G S), 
(2.5.18) 

I det (w i ) | 0 0 < Hwill^, | de t ( W i ) | p « K | | - a " (Vp G S). 
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Let (y,)j>o be a corresponding sequence of symmetric matrices. Assume that det(y0, yi, Y2 

0 and define 

_ { (1 - fift if p < 1, 

\ 1 - 0 if 1 < P < 2. 

T/iere exis£ non-zero points y^ = (3/00,0,2/00,1,2/00,2) G R3 and yp = (%,,o,%,,i,2/p,2) G 

Qp (p G 5 j , mt/i det(yoo) = 0 and det(yp) = 0 (pG <Sj, SWC/J £/ia£ the inequalities 

| | x | |oo<*, H x A y o o l U ^ X - ^ , \\*Ayp\\p<z:X-a^ forpeS, (2.5.19) 

have a non-zero solution x in 7?, for every I > 1 , 

Moreover, 

(%) i//? < 1, then the pointy^ can fre written in the formy00 = (l,£oo,£oo)> for some 

( o o ^ R with [Q(^oo) : Q] > 2. So, in (2.5.19), we have ^ ( x ) - ||x A y ^ U 

(H) tfY,pesap > 1' then the Points t'l = (yP,i)PeS € Hpes Qp fl = °> ̂ V are lin-

early independent over Q. 

(Hi) if P < 1 + T,Pesap> then the points t'j = (y^i, (y„,i)pes) G R x n p g sQp 

(7 = 0,1, 2) are linearly independent over Q. 

Proof: For each i > 0 we have det(wj) 7̂  0 and so, by (2.5.18), 

1< J] |det(wi)|,<||wi||l"
Epe5Qp. 

i>£{oo}US 

So, we necessarily have ^ p e 5 ap < p. 

To show the first statement of the corollary we apply Proposition 2.5.3. To this 

end, we need only to check that 8Uti = O(||WJ||„) for each v G {00} U S. By (2.5.18), 

we find that 

^W_ ldet(wi)[00 0_2 
I, || | | 2 "««. l l ' ^ l l l o O U\J-/> |W, . | I__ II W - II 2 
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r 

-rr-ZL- ~ | det(wi)|p < llwiH"0" = o(l) for p G S. 
llWi||p 

So, Proposition 2.5.3 provides non-zero points y ^ G R3 and yp G Q3, (p G <S) with 

det(yl/) = 0 for each ^G<SU {oo}, satisfying the estimates (2.5.8). 

Fix a real number X. If X is sufficiently large, there exists an index i > 0 such 

that 

llwilU < X < K+iHoo ~ Hwill^. (2.5.20) 

By (2.5.8) and (2.5.18), we have 

det( w 

llwj||oo 

II* A yp\\p ~ | d ! ; t ( 7 ) l p ~ I det(w4)|p « K H " - for p G S. 

Combining this with (2.5.20) we obtain 

l lyiAVoolloo^X^ and | |y i Ayp | |p < X~a^h for p G S. 

Thus the point x = y$ satisfies (2.5.19). 

To prove Part (i) in the statement of the corollary, we apply Proposition 2.5.4 

with S' = {oo}. Here we assume that j3 < 1 and we have only to check that the 

condition (2.5.15) holds. Indeed, we find 

|det(wi)|oo „ „ n/3-1 m 

llwi||oo 

Applying Remark 2.5.5 completes the proof of Part (i). 

Similarly, to show Part (ii), we apply Proposition 2.5.4 with S' = S. Since 

EPe5«P > !. w e find by (2.5.18) that 

|lwi||oon<5p,t ~ | |w i | | 0 0]^[ |det(w i) |p< IIWJIIOO p£S P = o(l), 
pes pes 

which shows that the condition (2.5.15) holds. 
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Finally, to show Part (iii), we use Proposition 2.5.4 with S' — {oo} US. Again, 

we need only to check that the condition (2.5.15) holds. Since ft < 1 + ^ „ e 5 otp, we 

find by (2.5.18) that 

n A -r-r |det(w i)| t / | | / 3 - I -E P 6 5 «P 

i>e{oo}uS ve{oo}us 

and thus (2.5.15) holds. 

Theorem 2.5.7 LetS be a finite set of prime numbers. For any A = (Aoo, (Ap)pe<s) E 

J2 K<- (2.5.21) 
i/G5U{oo} 

t/iere exists a non-zero point £ = (£00, (£p)pGs) G l x ELes Qp ""^^ [Q(£oo) : Q] > 2, 

swc/i i/iat A is an exponent of approximation in degree 2 to £. 

Proof: For the proof we use the construction of Example 3.3 in [13]. Fix integers 

a, b, c with a > 2 and c > b > 1. We consider the Fibonacci sequence (WJ)J>0 in M. 

with initial matrices w0, Wi given by 

1 b \ 11 c 
w0 = I , wx = 

a a(b + 1)J \a a(c + 1) 

Put 

_ / _ l + a ( 6 + l ) ( c + l ) -a (6 + l) 

\ - a ( c + l) 

Since the matrices 

-l + a ( c + l ) - a ' 
y0 = w0iV = 

- a 0 

, l + a ( 6 + l ) -a 
yi = wi' iv = 

0 
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/ — 1 + a —a 
y 2 = WIWQTV = 

I - a - a 2 

are symmetric, it follows from Proposition 3.1 of [13] that the Fibonacci sequence 

(wi)i>o is admissible with det(y0,yi,y2) = a4(c — b) and det(w0) = det(wi) = 

— det(iV) = a. By Lemma 5.1 of [13], we have 

| | w i | | o o | | w j + l | | o o < | | w i+2 | | oo < 2| |w i | |0O | |wm | | 

for each i > 0. By Lemma 5.2 of [13], this implies that the sequence (WJ)J>O is 

unbounded with 

K+ilU-KIL- (2.5.22) 

Since 
(l * \ (-1 ()\ 

w0 ,wi = mod a and iV = mod a, 

\° °J V° V 
we deduce that 

(l *\ (-1 o\ 
Wj = j mod a and ŷ  = mod a for any i > 0. 

v° °J v° °y 
Using the hypothesis (2.5.21), we can choose numbers (A^gsu-foo}, such that 

\'v > K (y € {oo} U S) and ] T K = - • (2.5.23) 
!yG{oo}U5 

Fix an arbitrarily large integer N > 0 and define integers a, b, c by 

a = Y[pbx'rN/l°zp], b = exp[1\'00N] and c = 6 + 1 . (2.5.24) 
pes 

This choice of a implies that, for each i > 0, we have 

llwi||p = IIYIIIP = 1 f°r e a c n p € 5 . (2.5.25) 

So, together with (2.5.22) this means that the first two conditions in (2.5.18) of 

Corollary 2.5.6 are satisfied. 
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Define 

0 log(a) log(|a|^) , „ , „ . 
P = ; — r ^ TTT ano- a» = ;—,n , *s\ i ° r e a c n P G <S. (2.5.26) 

log(a(6 + l)) p log(2a(c+l)) F v ' 
We have that 0 < (3 < 1 and 0 < ap < 1 for each p E S. So, the inequalities 

1 det(w,)|0O < | K | | ^ and | det(w2)|P < (2||w i | |00)-a" (p G S) (2.5.27) 

hold for z = 0,1. We claim that these inequalities (2.5.27) hold for any i > 0. To prove 

this we proceed by induction on i. Assuming that i > 2 and that the inequalities 

hold for i < 2, we get 

I det(w i)|00 = | det(wi_1)|0O| det(wj_2)|oo 

< l|wi_1||£)||wi_2||£) < |K| |^ , 

I det(wj)|p = | det(wi_1)|p| det(wj_2)|p 

< (4||wi_1||0O||wi_2||0O)-a" < (21^^00)-°" (p G S), 

which completes the induction step. Together with (2.5.22), (2.5.25) and these esti­

mates, we have that conditions (2.5.18) of Corollary 2.5.6 are satisfied. We also note 

that the numbers (ap)pes and (3 satisfy 

v - = logfllpgg W\pl) = log(o) log(a) = g 1 

J£Qp log(2a(c + 1)) log(2a(c + 1)) < log(a(6 + 1)) P ' 

So, by Corollary 2.5.6 and moreover, by its Part (i), there exist a non-zero point 

(ooGR with [Q(£oo) : Q] > 2 and non-zero points yp G Qp with det(yp) = 0 for each 

p G S, such that inequalities 

||x||oo < X, L ^ x ) < X" ( 1-^ ) / 7 , ||x A yp | |p < X~a^h for each p G S, (2.5.28) 

have a non-zero solution x G Z3, for each X > 1. Moreover, since y& = (—1,0,0) 

mod a for each k > 0, the first component of yp is non-zero for each p G S. So, for 

each p G S, we deduce from the relation det(yp) = 0, that yp is a rational multiple 
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of (l,£p, £p) for some £p e Qp. Then, we have Lp(x) ~ ||x Ayp | |p, and (2.5.28) can be 

rewritten as 

||x||oo < X, Loo(x) < X - ^ - ^ 7 , Lp(x) < X~^h for p G <S. (2.5.29) 

By (2.5.23), (2.5.24) and (2.5.26), we find that {3 and ap (p € S) converge respectively 

to 

V E y + A ' = 7 l > ; = l - 7 A ' 0 0 and ff = 7 ^ (p € S). 
Z^GS Ag + Acx) g e 5 Z^gGS A<? + Aoo 

Thanks to (2.5.23), this means that we can choose N large enough so that 

> AQO and — > Ap (p G S). 
7 7 

Then, according to (2.5.29), the inequalities 

H o o ^ X , L 0 0 (x )<X" A °° , I p ( x ) « r ^ ( p 6 5), 

have a non-zero solution x € Z3 for each X > 1. This completes the proof. 

I 

2.5.2 P-adic case. 

Here we present a p-adic version of the results of the previous paragraph. 

Corollary 2.5.8 Letp be a prime number and let (WJ)J>0 be an unbounded admissible 

Fibonacci sequence in M. such that 

||wi||p ~ 1, |det(w i)|00 |det(w i)|p ~ 1 and | |w;| |^ <C | det(wi)|00, (2.5.30) 

for some real ap > 1. Suppose that the corresponding sequence (yj)i>o satisfies 

det(y0,yi,y2) ^ 0. Then there exists a non-zero number £,p e Qp with [Q(£p) : Q] > 2 

and a constant Ci > 0 such that inequalities 

||x||oo < X, ||x||00Lp(x) < d l - ^ - 1 ^ , (2.5.31) 
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have a non-zero solution x in Z3 for every X ^> 1. 

Proof: Proposition 2.5.4 applies to the present situation with S' — {p} since by 

(2.5.30), we have 

SPti |det(wj)|p 

llwi||p llwi|lp 

and 

r s j d e t ( W i ) | p « | K | | - ^ = o(l) 

n I, c ||wi||oo|det(wi)|p I IWJI IOO Ml l|w'IUr"= —iwc I*SK)U K< I|W,IL = 0(1)' 
Hence, by Remark 2.5.5, there exists £p G Qp with [Q(£p) : Q] > 2, such that the 

point yp = (l,£p,£p) G Q3, satisfies the estimates (2.5.8). Using (2.5.30), this means 

that 

Lpfri) = ||yi Ayp||p ~ | d f ( 7 ) l p ~ |det(w0|p - | det(w i)|-1 . (2.5.32) 

Now, we fix a real number Y > 1. If Y is sufficiently large, there exists an index i > 0 

such that 

I det(w i)|00 < Y < | det(wi+i)|oo ~ | det(wi)|20. 

By the hypothesis, there also exists a constant c > 0 independent of i such that 

c-'INloo < IKilloo < c\ d e t ( W i ) | ^ . (2.5.33) 

Combining (2.5.32) with the previous two inequalities, we get 

llYillooVyi) « | d e t ( w i ) | ^ | d e t ( w i ) | - 1 = | d e t ( W i ) | ^ ) / Q p 

~ |det (w i + 1 ) | - ( Q ^ 1 ) / ( Q ^ ) < y - K - D / K T ) . 

So, putting X = c2Yl/ap, we find that the point Vj satisfies 

INloo < X, ||yi||oo^p(yi) « X-^-»l\ 

Since X is a continuous increasing function of Y, the conclusion follows. I 
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Corollary 2.5.9 Letp be a prime number and let e > 0. There exist ap-adic number 

£P G Qp with [Q(£p) : Q] > 2 and a constant c\ > 0, such that inequalities 

||x||oo < X, HxllooL^x) < C l I - 1 / 7 + £ , (2.5.34) 

have a non-zero solution x e Z 3 for any X > 1. 

Proof: Let m > 1 be an integer to be determined later. Fix a real e > 0 and 

consider the Fibonacci sequence (WJ)J>0 of M. generated by the matrices 

w0 = 

Since 

| | w i + i | | o o < 2 | | w i | | 0 O | | w i _ i | 

we claim that the following estimates are satisfied for each i > 0 

l p 

V 0 / 
W l = 

1 

f 1 

\-pm 

pm 

0 

OO) 

|w i | |0 0<2 / i+1-1 | |wo| |^-1 | |w1 | | i oo' 
(2.5.35) 

det(wj) = det(w0) / i_1 det(wi) / i, 

where {fi)i>-i is the Fibonacci sequence defined by the conditions /_i = 1 and 

/o = 0, and the recurrence formula /j+i = ft + fi-i for each i > 0. Clearly the 

relations (2.5.35) hold for i = 0. Suppose that they hold for some index i > 0. We 

find 

| | w i + l | | o o < 2 | | W i | | 0 0 | | W i _ i | | 0 0 

<2(2^-1 | |w0 | |4-1 | |w1 | |a(2^-1 | |wo|^-2 | |w1 | |^) 

= 2/«+2-1||w0||£)||w1||£+1 

and 

det(w i+1) = det(wj) det(wj_i) 

= (det(w0) / i-1 det(w1) / i) (det(w0) / i-2 det(w1) / i-1) 
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= det(w0) / idet(wi) / i + 1 . 

Thus (2.5.35) holds for each i > 0. Since ||w0||oo = V a n d ||wi||oo = Pm, this means 

that 

||wi||oo < 2fi+1~1pmfi+fi~1 < 2fi+1pmfi+fi~1. 

Since 2 < p and fi+\ + /j_i < 3/j for each i > 1, this gives 

W ; < pmfi+fi-1+fi+i < pfiim+S) i f • > L (2.5.36) 

Put ap = 2m/(m + 3). Since | det(w0)|oo = P2 and | det(wi)|00 = p2m, the estimates 

(2.5.35) also give | det(wj)|oo = p2^m^+^-^ and, from (2.5.36), it follows that 

||wi||S < P2mfi < p2{mfi+h-l) = | det(wi)U if i > 1. 

We claim that the Fibonacci sequence (WJ)J>0 satisfies all the requirements of Corol­

lary 2.5.8. Indeed, we find that it is admissible with the corresponding matrix 

/ p(p™+i + p2m) _pi<p + pm _ 2p2m+1) 

\ _ p m + l _ 2j)2rn+2 — r>2m V + « m + 2 4- nm — x>2m+1 

and that the determinant of the first three consecutive points of the corresponding 

sequence (yi)i>o is 

det(y0, yi, y2) = p8m+4(16p4 + 8p2 + 1) - p6m+e2{4p2 + 1) + p4m+8 > 0. 

The sequence (WJ)J>0 is unbounded as | det(w i)|00 tends to infinity with i. We also 

have 

I det(wj)|00| det(wj)|p = 1 

and 

(i o\ 
Wj = I m o d p, 

for each i > 0. The latter relation implies that ||WJ||P = 1. So, all the requirements 

of Corollary 2.5.8 are satisfied with our choice of ap. Choose m > 3(2 — ey)/(ej), so 
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that (ap — l ) / 7 > I /7 — e. Then the number £p e Qp provided by Corollary 2.5.8 has 

all the required properties. I 



Chapter 3 

Duality 

Let n > 1 be an integer and let S be a finite set of prime numbers. Fix £ = 

(Coo, (Qpes) ERx HpeS Qp. Recall that for any point x = (x0, xu...,xn) e Q"+1 

we define the z^-adic norm of x by 

||x||„ := maxda ;^} , 
0<i<n 

and we put 

-^i/(x) : = ||x — £oti,||„, 

where tv := (1, £„ , . . . , £"). We denote by |«S| the number of elements in S. 

In this chapter we extend the method of H. DAVENPORT and W.M. SCHMIDT in 

[5] to the study of simultaneous approximation to the real and p-adic components of 

£ by algebraic numbers of a restricted type. To do this, we assume that for a given 

A = (AQQ, (Xp)pes) £ ]Rl5l+1 and some constant c > 0 the inequalities 

| | x | | o o < * , 

£oo(x) <CX~X°°, 

Lp(x) < cX~x" (Vp e S), 

92 
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have no non-zero solution x e Z n + 1 for arbitrarily large values of X. We can refor­

mulate this by saying that the convex body 

C = {x e Rn+1 | ||x||oo < X, Loo(x) < cX~x°°} (3.0.1) 

contains no non-zero points of the lattice 

A = {x e Zn+1 |Lp(x) < cX-Xp Vp e S}, (3.0.2) 

for arbitrarily large values of X. Therefore, for these values of X the first minimum 

T\ of A with respect to C is > 1. By Mahler's Duality, we have that TiT*+1 < (n +1)! , 

where T*+1 is the last minimum of the dual lattice A* with respect to the dual convex 

body C*. So, for these values of X, we get T*+1 < (n + 1)! and thus there exist n + 1 

linearly independent points in A* fl (n + 1)! C*. This translates into the existence of 

n + 1 linearly independent polynomials of Z[T] of degree < n taking simultaneously 

small values at the points £„ with v £ S U {oo}. Using this, we show that for any 

polynomial R(T) € Z[T] satisfying mild assumptions, there exist infinitely many 

polynomials F(T) £ Z[T] with the following properties: 

(i) deg(R -F)<n, 

(ii) there exists a real root a^ of F such that 

| e o o - a o o | o o « ^ ( F ) - ( A ° ° + 1 ) / A , 

(Hi) for each p G S, there exists a root ap of F in Qp such that 

|ep - e*p|p « H(F)-x?/\ 

where A = Aoo + ^ p e < s Ap. 

3.1 Simultaneous case. 

We start by proving an explicit version of the Strong Approximation Theorem over 

Q (see [4]). 
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I C I ..J... 1 

Lemma 3.1.1 For any e = (e^, (ep)pes) £ R>o satisfying the inequality 

pes 

there exists a rational number r E Q such that 

\r — f I < e 
I' soo |oo _ coo> 

k - e P | P < e P V p e S , (3.1.2) 

\r\q < 1 Vq i S. 

Proof: For each p E S there exists np E Z, such that 

P""p _ 1 < e p < p - n P , (3.1.3) 

Define M = HpeSP
np+l. By (3.1.3) we find that 

\M\p=p-nv~l <6p VpES, 

\M\q = l MqiS. 

By the Strong Approximation Theorem (see [4]), there exists f E Q such that 

\r - £p\p <ep \/pE S, 
(3.1.4) 

\r\q < 1 Vg £ <S. 

Note that f + fcM satisfies the inequalities (3.1.4), for any k E Z. We can choose 

k E Z such that r = r + A;M satisfies furthermore 

| r - C o o | o o < 2 M -

By (3.1.3), we find that 

p€S 

and from the assumption (3.1.1), it follows that r satisfies (3.1.2). I 

The next lemma studies the dual lattice A* attached to a lattice A of the form (3.0.2). 
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— | Oj 

Lemma 3.1.2 Fix 5 = (Sp)pes G M>o, with 5P < 1 for every p G S. Let A be the 

lattice of Kn+1 defined as follows 

A = {xGZ n + 1 |L p(x) <SP VpeS}, (3.1.5) 

iirct/i iis dual lattice A* defined by 

A* = {yeQn+1|(y,x)eZVxeA}. 

Then, there exists an integer a = a(£, S) > 0 such that 

A ^ l y e Q ^ I Ky.tpJI^M;1 Vp G <S}. (3.1.6) 

Moreover, 

a&A* C Z"+1, (3.1.7) 

/or some integer b > 0 iwi£/i 

i & u ^ n ^ p 1 ' I&IP< 5P v^GiS- (3-L8) 

Proof: Choose a G Z > 0 such that atp G Z"+ 1 for each p G 5. Also, for each p G S 

we choose A;p G Z>o such that 

pfcP < 5-1 < pk"+1 (3.1.9) 

and put 6 = rLes^" 1" 1 - We c l a m i that the numbers a and b have the required 

properties. First of all, from (3.1.9) and the construction of the number b, we find 

that 

\b\p = p'^-1 < 6P VpG<S, 

p e s p&S 

which gives (3.1.8). 
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Now, we fix y = (y0, j / i , . . . , yn) G A*. It remains to show that |(y, tp)\p < \a\p
 : 

and that aby G Z n + 1 for each p G S. Choose e > 0 such that 

e < min{||tp | |p}, 
p&o 

e< mindalp^lyH-1}, 
pes 

e < mindal" 1 ^} . 
p&S y 

By the Strong Approximation Theorem (see [4]) or by Lemma 3.1.1 above, for each 

integer I with 1 < I < n, there exists ri G Q such that 

| r / - fJ | P <e VpeS, 

\ri\q<l Vq£S, 

Putting r = (1, r 1 ; . . . , rn) , this becomes 

| | r - t p | | p < e Vp G S, 
(3.1.10) 

| | r | | , < l Vq(£S. 

Since e < minpG5{||tp||p}, this gives ||r||p = ||tp||p for each p G S. Then, since 

atp G Zp+1 for each p G S, we deduce that ar G Zp+1 for each p £ S. Combining this 

with (3.1.10) it follows that ar G Z"+1. Since 

Lp(ar) = ||ar — atp | |p < |a|pe < 5P Vp G S, 

we conclude that ar G A. So, we have (y, ar) G Z and thus |(y,ar) |p < 1 for each 

p G S. By virtue of the choice of a, e and r, this leads to 

(y,tp)\P = \a\ 

< K 
< \a\p 

< H; 

< K 

\(y,atp-ar) + (y,ar)\p 

max{| |y | |p | |ar-atp | |p , |(y,ar)|p} 

max{||y||pLp(ar),l} (3.1.11) 

max{||y||p|a|pe, 1} 
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which proves the first part of the claim. To show that aby e Z™+1, denote by 

{e 0 , . . . ,e n} the canonical basis of Q n + 1 and let j be any integer with 1 < j < n. 

Since Lp(bej) = \b\p < Sp for each p € S, we have bej € A and therefore 

byj = (y,bej} e z . 

Finally, (y, ar) £ Z, we deduce that aby0 € Z. By this we conclude that aby € Z n+l 

We now study the dual convex body C* attached to a convex body C of the form 

(3.0.1). 

Lemma 3.1.3 Let 5,^ and X be any numbers with 0 < ^ < X. Define a convex 

body 

C = {x e R"+1 I HxlU < X, ^ ( x ) < <*«,}. 

Then the dual convex body 

C* = {ye Rn+l | (y, x) < 1 Vx e C} 

satisfies the following inclusion 

C * C { y e R n + 1 | | |y|U ^ C i C K y ^ ^ U ^ d X - 1 } , (3.1.12) 

where Ci depends only on n and £oo. 

Proof: We have the following inclusion 

C C C = { x £ K"+1 | |xo|oo < X, LooCx) < 5oo} 

= {x e Rn+1 | IIAxlU < l}, 

where 
/ 

A = 

X~L 0 0 0 \ 

^ 0 0 ^ ^ 0 . . . 0 

I _£« j - i o 0 . . 5"1 j 
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Take a point x G C. Since |xo|oo < X and Loo(x) < 8^ < X, we have H x ^ < C2X, 

for some c<i{n, £00) > 0. So, we get 

C C c2C. 

Taking the dual of both sides, we obtain 

c^C* c (C)* = {ye Rn+1 | (y, x) < 1 Vxe C}. 

Fix any y e Rn+1. Define A* = tA~1. Since (y,x) = (,4*y,^x) for any x e Rn+1, we 

have 

y e (C)* «=*• (A*y, ^x) < 1 for each x e Rn+1 such that || A x ^ < 1 

« = • (A*y, z) < 1 for each z e R"+1 such that HzH ,̂ < 1 

<=• \\A*yh < 1. 

This shows that 

where 

(C)* = {ye R"+1 I ||A*y||i < 1}, 

(x ux &x ... ^x\ 

A* = 'A'1 = 
0 <*«, 0 

5 0 0 

0 

0 0 0 

Since || * ||oo < || * ||i, we also get 

(O* C D = {y 6 Rn+1 I HAVIloo < 1}. 

Also, there exists a constant c3 = c3(n, £00) such that 

D C D = {y € Rn + 1 I K ^ t ^ U < X~\ | |y|U < c s ^ 1 } . 

Putting all together, we conclude that 

(3.1.13) 

c^C* C D 
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and therefore (3.1.12) holds with C\ = c2max{l,c3}. I 

From now on, we fix A = (AQO, (Xp)Pes) € [—1, oo) x K>o and put 

pes 

We also assume that A > 0. In the following proposition we apply Mahler's Duality 

Theorem to complete the first step of the programme outlined in the introduction to 

this chapter. 

Proposition 3.1.4 Let c, X be positive real numbers. Suppose that the inequalities 

| |x | |oo<X, 

L o o W ^ c X - S (3.1.15) 

Lp(x) < cX~Xp Vp G S, 

have no non-zero solution x G Z n + 1 . Then there exist n + 1 linearly independent 

points X i , . . . , x n + i G Z"+ 1 satisfying 

l lxi lU^c-l5!-1^ 

| ( x I , t o o ) | 0 o «c- l 5 IX A - A - - 1 , (3.1.16) 

|<Xi,tp>|p < cX~x" VpeS, 

fori = 1 , . . . , n+1, and the implied constants depend only on £, n andS (in particular, 

they do not depend on c). 

Proof: Define a lattice A of Mn+1 by 

A = {x G Zn+1 | Lp(x) < cX~Xp \/p G 5} 

and consider the convex body 

C = {xe Rn+1 | llxjloo < X, Loo(x) < cX-x°°}. 
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The hypothesis is that C contains no non-zero points of the lattice A. Therefore the 

first minimum T\ := Ti(C, A) of A, with respect to C is > 1. 

By Theorem VI, p.219 in [3] (Mahler's Duality Theorem), we have that 

r1r:+1<(n +1)1, (3.1.17) 

where r*+1 := Tn+i(C*,A*) is the last minimum of the dual lattice A*, with respect 

to the dual convex body C*. So, by (3.1.17), we have that r^+ 1 < (n + 1)! and thus 

there exist n + 1 linearly independent points y i , . . . , yn+i with 

y i , . . . , y n + 1 e A * n ( n + l ) ! C * . (3.1.18) 

WLOG we may assume that 0 < c < 1. Applying Lemma 3.1.3 with 5^ = cX"Ao°, 

we find that there exist a constant Ci(n, £oo) > 0 such that 

C* C {y e Rn+1 | Hylloo < d t r 1 * * - , |(y, t ^ U < cxX~1} (3.1.19) 

By Lemma 3.1.2 with 8P = cX~Xp for each p G S, there exist integers a, b > 0 with 

pes (3.1.20) 

\b\p<cX-xr VpeS, 

and a depending only on £ and <S, such that 

A * C { y e Q " + 1 | | ( y , t p ) | p < \a\~l Vp E S} and abA* C Zn+1. (3.1.21) 

Put Xj = abyi for i = 1 , . . . , n + 1 . Since r^+ 1 < (n+1)! , the relations (3.1.18)-(3.1.21), 

imply that , for each i = 1 , . . . , n + 1, we have x$ € Z n + 1 and 

llx-ll = \o\ Ifel llv-ll <T r~l5 l_ 1XA 

I (Xi, too) loo = |a |oo|&|oo|(yt»too)|oo < C-WX*-*00-1, 

| (x i , tp) | p = |a|p|&|pKyi,tp)|p < cX~Xp Vp G 5 . 
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I 

The following is the main result of this chapter. It is a result of simultaneous approx­

imation to real and p-adic numbers rjv (u E <SU{oo}) by values of a single polynomial 

of Z[T] evaluated at the points £„ (v E SU {oo}). We will obtain the result stated in 

the introduction as a corollary of it. 
— | CI 

Recall that we fixed A = (A^, (Xp)p€s) £ [—1, oo) x R>o with the property that 

the sum A of its coordinates is positive ( see (3.1.14) ). 

Theorem 3.1.5 Let c > 0 be a real number, let (n^, (i]p)Pes) E M. x r i p e s t an^> 

for each p E S, let pp E Zp with 0 < \pp\p < HtpU"1. Suppose that the inequalities 

||x||oo < X, 

LooCxJ^cX"^ , (3.1.22) 

Lp(x) < cX~x? \/p E S, 

have no non-zero solution x E Z n + 1 for arbitrarily large values of X. Then there exist 

infinitely many non-zero polynomials P(T) E Z[T]<„ satisfying 

\P(Zoo) + ôoloo ~ H(PYX-X-~^X and |P'(eoo)|oo ~ H(P), 
(3.1.23) 

|P(£P) + 7 7 p | P ~ # ( i T V A and \P'(Q\P=\Pp\P VPES, 

where the implied constants depend only on £, fj, c, n and S. 

Note, if -qp ^ 0 for p E S, then the third relation in (3.1.23) implies that 

|-P(£P)| =
 \VP\P f° r each P with H(P) sufficiently large. This requires that \r)p\p < 

||tp||p. Here we ask the stronger condition that \r]p\p < 1 for each p E S. 

Proof: Fix a choice of X for which (3.1.22) has no non-zero solution in Zn + 1 . By 

Proposition 3.1.4 there exist n + 1 linearly independent points Xi , . . . , xn + i E Z n + 1 
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and a constant ci(n, c, £) > 0 such that upon writing Xj = (XQ , . . . , Xn), we have 

| |Xi||oo < C l ^ \ 

l4?£> + • • • + 4°loo < c x ^ - ^ - 1 , (3.1.24) 

1 4 ^ + ... + x®\p< ClX-^ Vp G S, 

for i = l , . . . , n + 1. These points determine linearly independent polynomials 

P i , . . . , Pn+i of Z[T]<n given by 

n 

Pi(T):= 5 > ^ r " ( l < z < n + l). (3.1.25) 
m=0 

With this notation, the condition (3.1.24) can be rewritten in the form 

H(Pi) < cxX\ 

\Pi{U)\oo < cxX
x-x~-\ (3.1.26) 

\mv)\P<cxx-x* VpeS, 

for i = 1 , . . . , n + 1. We introduce auxiliary polynomials 

RV{T) := -r]v + ev + pv{T - f„) for each v G {oo} U S, (3.1.27) 

where ep G Qp for each p G «S and eoo,Poo £ R will be determined later. Since 

P i , . . . , Pn+i are linearly independent over Q, there exist numbers 9Pti,..., #p,„+i G Qp 

for p G 5 and #oo,i, • • •, #oo,n+i £ R such that 

n+l 

Rl/(T) = J2e^Pi(T) for i /G{oo}U5. (3.1.28) 
i= i 

It follows from (3.1.27) and (3.1.28) that for u G {(X)} U <S, we have 

7i+l 

^ 0 ^ 2 $ = 0 (2 < m < n). (3.1.29) 
i= i 
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Choose a real number e > 0 with e < minpe<s{||tp||p
 1|/3P|P}. By Lemma 3.1.1, for each 

z = l , . . . , n + l, there exist numbers r* € Q such that 

\r. —Q.\ < e~\S\ TTr> 
pes 

n+l 

•Em 

Using (3.1.26) - (3.1.28) and (3.1.31), we find that 

= ^2l
r%xm (0 <m<n). 

\i vsooy i Voo ^oo|oo |-* VSooj -Kool^SooJ |oo 

< (n + l)N max {|Pi(£oo)|oo} 
l<i<n+l 

< (n + l)NClX
x-x°°-\ 

< ( n + l)iV max {|^'(Uloo} 
l < i < n + l 

< (n + lJiVnytoolloo max H(Pi) 
l<i<n+l 

< (n + l)Nc2X
x, 

where c2 = CinHtooHoo. Upon choosing 

eO0 = 2(n + l)Nc1X
x-x°°-1 and Poc = 2(n +l)Nc2X

x, 

it follows that 

(n + l j T V d X ^ ^ - 1 < \Pitoo) + 7700I00 < 3(n + l)NClX
x-x°°-\ 

(n + l)Nc2X
x < |P'(£oo)|oo < 3(n + l)Nc2X

x. 

(3.1.30) 
\ri-8p,i\P<e VpeS, 

N , < 1 Vg^<S. 

Put iV = e~l5l YlpesP- N o w ' w e d e f m e a polynomial P(T) e Q[T]<n by 

n+l n 

P(T) := J ] riPi(T) = J2 xmTm, (3.1.31) 
i= l m=0 

where 

(3.1.32) 
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Fix p G S. Since | | tp | |p > 1, we have e < ||tp | | 1 | p p | p < | | t p | | p
2 < 1. Using (3.1.26) -

(3.1.28) and (3.1.31) again, we get 

\P(Q + Vp-eP\p=\P{Zp)-Rp(Z)\p 

< e max: {\Pi{Q\p} < c.X^, 
l < i < n + l 

\P'(Q-Pp\p = \P'^p)-Rp(Q\p 

<e max {|^'(£p)|p} < e||tp||p. 
l < i < n + l i^f^fJ " ^ " P 

Let kp be the integer for which 

pkp < c^XXp < pk?+1. 

Choose ep = pkp, so that CiX~Xp < |ep |p . Since e < minpg^dltpH^^PpIp}, we note that 

e||tp||p < |pp |p . So, we obtain 

CiX~x* < \ep\p = \P{Q + r]p\p < pClX-xr, 
(3.1.33) 

\P VSpJIp = \Pp\p-

To prove that P(T) G Z[T]<„, we need to show that all the coefficients xm in (3.1.31) 

are integers for TO = 0 , . . . , n. By the construction of P{T) and by the last relation 

in (3.1.30), for TO = 0 , . . . ,n , we have that \xm\q < 1 for each q <£ S. By (3.1.29), we 

find that 

n+l 

\xm\p — / i » ~ i — 9Pii)x^ < e < 1 for each p G S (2 < TO < n). 

This implies tha t xm G Z for TO = 2 , . . . , n. Since 
n 

\xi - -P'(?p)|P = V'TOX m C"" 1 < ||tp||p max \xm\p < e||tp||p < |pp |p < HtpH"1 < 1, 
I ' * n 2<m<n 

m=2 

the second inequality in (3.1.33) gives 

I^IIP IPPIP — it pllp — ' 
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and so Xi € Z. Similarly, we find that 

n 

\XQ r\^p)\p = / ^mss — II^PIIP niax |xm|p = || ip||p max-jjxi |p, max |2)rnLj-
I z — » ^ p l<m<n 2<m<n 

m = l 

< ||tp | |pmax{|pp |p,e} = ||tp | |p |pp |p < 1. 

Since r\v € Zp, the first inequality in (3.1.33) gives |-P(£P)|P < \r)p\p < 1 assuming, as 

we may, that X is sufficiently large, and then 

|a?o|p < max{l, |P(£P)|P} < 1. 

So, we get XQ G Z and conclude that P(T) € Z[T]<n. Moreover, since 

HiR^) < X\ 

H{P) < F ( i ? o o ) + H{P - i ? o o ) , 

H(P ~ Rco) <(n + l)Nmax{H(Pi)} < Xx, 

we get H(P) <C Xx. Since |P'(?oo)|oo < # ( P ) , the second estimate in (3.1.32) gives 

H(P) > Xx and so 

H(P)~X\ (3.1.34) 

Finally, from (3.1.32) - (3.1.34), we get (3.1.23). I 

We are now ready to prove the result on simultaneous approximation stated in 

the introduction. 

Theorem 3.1.6 Let c > 0 be a real number and let R(T) be a polynomial in Z[T]. 

Suppose that R(£p) € Zp for each p € S. Suppose also that the inequalities 

IWloo < X, 

M x ) < c X - A ~ , (3-1.35) 

Lp(x) < cX~xr \/p € S, 
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have no non-zero solution x £ Zra+1 for arbitrarily large values of X. Then there exist 

infinitely many polynomials F(T) £ Z[T] with the following properties: 

(i) deg(R - F) < n, 

(ii) if AQO > — 1, there exists a root a^ of F inM. such that 

|£oo - aooU « H(F)-^+1^\ (3.1.36) 

(in) for each p £ S, there exists a root ap of F in Qp such that 

|eP - ap\p < H(F)-^'\ (3.1.37) 

Moreover, for each p G 5 sitc/i ^/iai (p G Zp, we can choose ap £ Zp. 

yl// #ie implied constants depend only on £, R, n and c. 

Proof: Put r]v = i?(£„) for each v £ {oo} U S. For each p £ S, we have 

77P = R(£p) £ Tip. Choose pp £ Zp satisfying the inequalities 0 < \pp\p < HtpU"1 

and \pp\p 7̂  \R'(£p)\p. Then, by Theorem 3.1.5, there exist infinitely many non-zero 

polynomials P(T) £ Z[T]<n satisfying 

\P(U) + R(U)\oc~H(Pyx-x°°-lVx
 a n d \p>(£00)\00~H(P), 

(3.1.38) 
\P(Q + R(Q\P^H(P)-X"/X and \P'(Q\p=\pp\p VP£S, 

where the implied constants depend only on £, R, c, n and S. For each of these 

polynomials P, we show that F = P + R satisfies all the required properties. This is 

clear for Part (i) of the theorem. To prove Part (in), we fix p £ S and use Corollary 

1, p. 51 in [6], which says that for any f* £ Zp and F*(T) £ ZP[T] with 

\F*(0\p<\(F*)'(Oil (3.1-39) 

there is a root a* of F* in ZP satisfying the inequality 

K a | p - | ( F * y ( e ) | P ' (d U) 
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To use this fact, we choose a positive integer d, such that d£p € Zp, and define the 

number £* = d£p in Zp and the polynomial F*(T) = dmF(d-1T) e Z[T], where 

m = deg(F). Let us check that the condition (3.1.39) holds. For this purpose, we 

first note that 
F*(C) = dmF(d-1n = dmF(Q, 

(3.1.41) 

(F*)'(C) = d^F'id-'C) = dm-lF'(Q. 

By the last relation in (3.1.38) and by the fact that \pp\p ^ |i?'(£p)|p, we have that 

\p'(Q\P ± \K(Q\P and therefore 

\F'(ZP)\P = | P % ) + R'(Q\P = max{|P'(£p)|p, |#(&)|P} 
(3.1.42) 

= m&x{\pp\p,\R'(Q\p}. 

Note that by the third relation in (3.1.38) and by (3.1.42), the inequality 

\mP)\p<\d\P
n-Vfo)\l, 

holds assuming, as we may, that H(P) is sufficiently large. Combining this with 

(3.1.41), we find that 

\F*(C)\P = |d|™|F(^)|p < \d\2
p^\F'(Q\l = \dm'lF'(Q\l = |(F*)'(OIJ, 

which means that the condition (3.1.39) is satisfied. So, there exists a root a* of F* 

in Zp with 

MP a | p - | * a |P _ | ( F , ) / ( e ) | p | F % ) | p • 

Then aip = d~la* is a root of F in Qp satisfying the inequality 

i e _ a i < E M k l4p plp-ineP)iP-

By (3.1.38) and (3.1.42), we conclude that 

\ip - ap\p « H(P)-X^X ~ H(F)-X^X \/PeS. 

In particular, if £p G Zp and if H(F) is sufficiently large, the root ap is in Zp. 
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To prove Part (ii), we first note that using (3.1.38) and the fact that R(T) is 

fixed, for these polynomials F, we get 

1^(^)100 ~ H(Pyx-x°°-Wx ~ H(F)1-^+1^\ 
(3.1.43) 

m £ o o ) | o o ~ |P ' (£oo) |oo ~ H(P) ~ H(F). 

Fix any such polynomial F. For any real a with 1 ^ — af|oo < 1, we have 

F(a) = F(^) + (a- £oo)F'(£oo) + (a - £oo)2M, (3.1.44) 

where M is a real number with 

| M U < ClH(F), 

for some constant c\ > 0 depending only on ^ and the degree of F. Choosing 

and using (3.1.43), we find that 

\a-^00\00^H(F)-^+^\ (3.1.45) 

Because of our choice of a, we find using (3.1.44) and (3.1.45) that 

\F(a) + F(&o)|oo = I (a - £ 0 0 ) ^ « j y ^ ) 1 " 2 ^ 1 ) / * . 

Since Aoo > —1, by the first relation in (3.1.43), we get 

\F(a) + F(U)\oo < \F(^)U 

if H(F) is sufficiently large. This implies that F(£oo) and F(a) have opposite signs, 

which means that F has a real root a^ located between £oo and a. This real root 

ciioo satisfies the following inequality 

l&o - cvooU < l̂ oo - a\oo « F(F)-(A-+ 1) /A . 



3.2. Real case 109 

3.2 Real case 

Applying Theorem 3.1.5 with S = 0, we obtain the following statement. 

Theorem 3.2.1 Let n > 1 be an integer and let c, X^, ^ and n^ be real numbers 

with c > 0 and A^ > 0. Suppose that the inequalities 

max \xi\oo < X and max \xi — £o£Lloo < cX~Xo°, (3.2.1) 
0<l<n 0<l<n 

have no non-zero solution x G Z"+ 1 for arbitrarily large values of X. Then, there 

exist infinitely many non-zero polynomials P(T) G Z[T]<n such that 

| P ( £ o o ) + ? ? o o | ~ i W 1 / A o 0 and \P'(U)\~H(P), (3-2.2) 

where the implied constants depend only on c, £00, 7700 and n. 

Applying similarly Theorem 3.1.6 with S = 0, we obtain the following statement, 

which contains the result shown by H. DAVENPORT and W.M. SCHMIDT in Lemma 

1 of [5]. 

Theorem 3.2.2 Let n, c, Aoo and ^ be as in Theorem 3.2.1. Let R(T) be a poly­

nomial in Z[T]. Suppose again that the inequalities (3.2.1) have no non-zero solution 

x G Z n + 1 for arbitrarily large values of X. Then there exist infinitely many polyno­

mials F{T) G Z[T] with the following properties: 

(i) deg(R -F)<n, 

(ii) there exists a real root a^ of F, such that 

|£oo - Olooloo « tfKor1"17"00, (3-2.3) 

where the implied constants depend only on c, £00, R and n. 

For any real number /3, denote by \(3~\ the smallest integer > /3. For each index 

n > 1, we define 

. 7 if n = 2, 
/*»:=< (3.2.4) 

\n/2\ if n^2. 
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Refining work of H. DAVENPORT and W.M. SCHMIDT (see Theorem 1 of [5]), M. LAU­

RENT showed in [14] that for n > 2 and any £ £ K. which is not algebraic of degree 

< \(n — l)/2] there exist infinitely many algebraic integers a of degree n, such that 

0 < | £ - a | 0 O < t f ( a ) - ^ + 1 ) / 2 l . 

The following corollary contains this result for the choice R(T) = Tn+1. 

Corollary 3.2.3 Let n > 1 be an integer and ^ be a real number which is not 

algebraic of degree < \pn~\ over Q. Let R(T) be an arbitrary polynomial in Z[T]. 

There exist infinitely many real algebraic numbers a^, which are roots of poly­

nomials F(T) E Z[T] with deg(R — F) < n, satisfying 

| £ c o - a o o U « # ( a ) - ^ - \ (3.2.5) 

with implied constants depending only on £00, R and n. 

Proof: Since ^ is not algebraic of degree < ["//„], the hypotheses of Theorem 

3.2.2 are fulfilled with A,̂  = l///n. For n = 2, this follows from Theorem la of [5]. 

For n ^ 2 , this follows from the main result of [14] (which refines Theorem 2a of [5]). I 

3.3 P-adic case. 

Let n > 1 be an integer, p be a prime number and let £p £ Qp- Applying Theorem 

3.1.5 with S = {p} and Aoo = — 1, we have the following statement. 

Theorem 3.3.1 Let c, \ be positive real numbers and let r\v G Zp. Let pp £ Zp be 

with 0 < \pp\p < lltpH"1. Suppose that the inequalities 

max |x;|oo < X and max \xi — XQS1JV < cX~Xp, (3.3.1) 
0<l<n 0<l<n p y 
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have no non-zero solution x G Z n + 1 for arbitrarily large values of X. Then there exist 

infinitely many non-zero polynomials P(T) G Z[T]<n satisfying 

\P(Q+VP\P^H(P)-X^X»-V and \P'(Q\P=\Pp\P, (3.3.2) 

where the implied constants depend only on £p; r\v, c, n and p. 

Applying Theorem 3.1.6 with <S = {p} and A^ = — 1, we obtain the following 

statement. 

Theorem 3.3.2 Let c > 0 be a real number and let R(T) be a polynomial in Z[T]. 

Suppose R(£p) G Zp. Suppose also that the inequalities 

max \xi\oo < X and max \xi — XQ$L\P < cX~Xp, (3.3.3) 
0<l<n 0<l<n 

have no non-zero solution x G Z n + 1 for arbitrarily large values of X. There exist 

infinitely many algebraic numbers ap in Qp; which are roots of polynomials F(T) G 

Z[T] with deg(i? — F) < n, satisfying 

|£p - ocp\p « H{ap)-^l^-l\ (3.3.4) 

Moreover, if £p G Tip, then these algebraic numbers ap can be taken in Zp. All the 

implied constants depend only on £p, R and n. 

The following corollary follows from Proposition 2.3.7 and Theorem 3.3.2 with 

n — 2 and \v = 7. In the case where R(T) = T3, it contains the result of approx­

imation to p-adic numbers by cubic algebraic integers established by 0 TEULIE in 

Theorem 1 of [8]. 

Corollary 3.3.3 Let £p G Zp and let R(T) be a polynomial in T[T]. Suppose that 

[Q(£P) '• Q] > 2. Then there exist infinitely many algebraic numbers ap in Zp, which 

are roots of polynomials F(T) G Z[T] with deg(R — F) < 2, satisfying 

\tp-ap\p<z:H(ap)^\ (3.3.5) 

with implied constants depending only on £p and R. 
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Chapter 4 

Extremal Real Numbers 

Let £ be a non-quadratic real number, and let 7 = (l + \/5)/2 denote the golden ratio. 

Applying Corollary 3.2.3 with n = 2, shows that for any given polynomial R £ Z[T] 

there are infinitely many algebraic numbers a which are roots of polynomials F € Z[T] 

satisfying 

deg(i? - F) < 2 and |£ - a\ < cF(a)" 7 2 , (4.0.1) 

for an appropriate constant c > 0 depending only on £ and i?. Recall that H(a) 

stands for the height of a. It is defined as the height of its minimal polynomial over 

Z, where the height H(P) of a polynomial P € R[T] is the maximum of the absolute 

values of its coefficients. The goal of this chapter is to provide a partial converse to 

this statement for a certain class of real numbers defined below. In particular, we will 

show that the exponent 72 in (4.0.1) cannot be improved when R has degree 3 or 4. 

4.1 Preliminaries 

Recall from the introduction that a real number £ is called extremal, if [Q(£) : Q] > 2 

and, for an appropriate constant c = c(£) > 0, the inequalities 

|x0| < X, \x0£ - Xl\ < cX~lh, \x0£
2 - x2\ < cX-lf\ (4.1.1) 

112 
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have a non-zero solution (x0, xi, X2) E Z3 for each real number X > 1. The existence 

of such numbers is proved in [9] and Theorem 5.1 of [9] provides the following criterion. 

A real number £ is extremal if and only if there exist an unbounded sequence of 

positive integers (Xk)k>i and a sequence of points (xfc)fc>i in Z3 with 

Xk+l~Xl, | |x f c | |~X f c , max{\xkfi£-xkA\,\xkfi$,2 - xk,2\} « ^T 1 , 
(4.1.2) 

| de t (x f e ) |~ l and | det(xfc,xfc+1,xfc+2)| ~ 1, 

where for a point x = (x0, X\,X2) we write det(x) = XQX2—X\^ || x ||= max{|xo|, |^i|, |^2|} 

and where X ~ Y means F < X c F . Note that this also follows from Proposition 

2.4.1 by taking Aoo = I /7 . 

la b\ 
Let M = \ e GL2(Z). As in [10], we denote by S(M) the set of extremal 

V "J 
real numbers £ whose corresponding sequence of integer points (x.k)k>u viewed as 

symmetric matrices 

( Xk,0 xk,l 

%k,l xk,2y 

belongs to GL2(Z) and satisfies the recurrence formula 

{ M if k is even, 
(4.1.3) 

*M if k is odd. 

Taking the transpose of this identity, using the fact that Xj is symmetric matrix for 

each j > 1, we get 

xfc+i = xfc_iS*_iXfc. (4-1.4) 

On the basis of Cayley-Hamilton's theorem and (4.1.3) the following identities are 

established in [10] (see Lemma 2.5, p.1084) 

xfc+2 = Tr(xA.5fc)xfc+i - det(xfcS'fc)xfc_1, (4.1.5) 

XfeJxfc+i = det(xfc)JSfcXfc-i, where J =\ . (4.1.6) 
\ - l 0 / 
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From now on, we fix an integer a > 0 and an element £ from the set Sa of extremal 

a l \ 
real numbers attached to the matrix M — \ . I n this case we have 

-1 0) 

. a ( - l ) f c \ t /a 0' 
Sk=\ \=A+(-l)kJ, where A = 

. -(-i) f c o ; \o oy 

Put 

efc = det(xfc) 

For each fc > 1, we have ek € {—1,1}, since xfc G GL2(Z). Moreover, since det(S'fc) = 

1, we have the following identities 

ek+2 = det(xk+iSk+ixk) = det(xfc+i) det(xfc) = ek+xek, 

ffc+3 = efc+2Cfc+i = efc+1e/fc = efc, (4-1-7) 

efc+3£fc = efe = 1. 

Since £ G £a, the identities (4.1.5) and (4.1.6) can be rewritten in the form 

xfc+2 = axkfixk+1 - ekxk-i, (4.1.8) 

and 

^fc.O^fc+l.l = xk,lxk+l,0 ~ Zk{ — 1) £fc-l,0> 

xk,ixk+h2 = xk}2xk+1A - ek(axk„i}1 + (-l)kxk_it2), 

xk,0Xk+lt2 = XktlXk+l,l — ek( — 1) Xfc-l ; i , 

^fc,i^/c+i,i = xk,2Xk+i,o - ek(axk..ifl + (-l)kxk-\,\). 

The following identity is the sum of two last identities in (4.1.9). 

Zfc,oZfc+i,2 = xk,2Xk+i,o ~ ek(axk„lfl + 2(-l)*a;jb_i,i), (4.1.10) 

These identities precise the formulas of Lemma 2.5, p. 1084 of [10]. Using the formula 

w J w J = J w J w = — det(w) J, 

(4.1.9) 
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valid for any symmetric 2 x 2 matrix w ( see p.46 of [9]), we find that 

xkJxkJ = - det(xfc)/ = -ekI 

and so 

Since J~1 = —J it follows that x.kJ = ekJ*.k~
l. Multiplying the last formula by x.k+2 

on the right and applying (4.1.4), we deduce that 

xfcJxfc+2 = ekJx.k~ Xfc+2 = efcjxfc Xfc+i-Sfc+iXfc = ekJx.k x.kSkyik+i, 

and so 

xfcJxfc+2 = efc JSfcXfc+i. (4.1.11) 

This is the same identity as in (4.1.6) with subscripts k + 1 and k — 1 replaced by 

k + 2 and k + 1. So, similarly as in (4.1.9), the identity (4.1.11) can be rewritten in 

the form 

xk,0xk+2,l = Xk,lxk+2,Q ~ e/c( — 1 ) Xk+1,0, 

£fc,0£fc+2,2 = xk,lxk+2,l — e/c(— 1) xk+l,l, 

(4.1.12) 
f̂c,ixfc+2,i — f̂c,2̂ fc+2,o — efc(axfc+1;0 + (—1) £fc+i,i), 

2^,1^+2,2 = xk,2xk+2,i ~ ek(axk+ltl + (-l)fczfc+i,2). 

The following identity is the sum of the second and the third identities in (4.1.12). 

xk,oxk+2,2 = xk,2xk+2,o - efc(axfc+ii0 + 2(-l)fcxfc+i>1). (4.1.13) 

We now derive an identity involving XfcJxfc+4. We have 

Xfc JXfc + 4 = Xfc JXfc+2'S'A;+2Xfc+3 

= ek JSkX.k+iS'fc+2Xfc+3 ,_ by (4.1.11) 

= 6kJSkXLk+1(A + (-l) f ej)x f c+3 
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= ekJSk(xk+iAxk+3 + (- l) f cx f c + iJx f c + 3) 

= CkJSk{X-k+l-AXk+3 + ( — 1) tk+\JSk+iX-k+2) 

= €k(JSkX-k+iAxk+3 + (—1) ek+iJSkJSk+ix.k+2) 

— Ck{JSkX-k+iAx.k+3 — (—1) efc+iXfc+2) 

which gives a new identity 

xfcJxfc+4 = ek\JSkX-k+iAx.k+3 — (—1) efc+iXfc+2). 

Let us write this identity in an explicit form 

—Xk,lXk+i,0 + Xk,0xk+4A ~xkAxk+AA + xk,0xk+4,2 

-Xk,2Xk+4,0 + Xk,lXk+2,l —Xk,2Xk+A,l + Xk,lXk+4,2 

(-1)* '%k+l,Oxk+Z,0 ( — 1) Xk+lfiXk+3,1 

by (4.1.11) 

since JSfiJSic+i=—I > 

= -e f ca 
(axk+1,0 + (-l)kXk+i,i)xk+3,o (axjfe+i,o + (-l)fcxfc+i,i)a;fc+3): 

— ( — 1) efc+2Xfc+2-

Taking the corresponding elements in the positions (1, 2) and (2, 2), and using (4.1.7), 

this gives the identities 

£fc,o£fc+4,2 = £fc,i£fc+4,i - ek(-l)
k(axk+i,oXk+3,i + efc+i£fc+2,i)> (4.1.14) 

Xk,ixk+4i2 = Xk,2Xk+4,i-ek(a(aXk+i,o+(-l)kxk+lA)xk+3,i + {-l)kek+iXk+2,2)- (4.1.15) 

Now, we introduce some notation and prove an auxiliary lemma. For each k > 1 

we put 

a-k 
Xkfi XkA 

, h = -
xk,0 xk,2 

Xk+1,0 xk+l,2 

, Ck = 

xk,l xk,2 

xk+l,l xk+l,2 

Using the formulas (4.1.8) - (4.1.10), we find that 

a>k = £k{~ 1) £/c-i,o, 

bk = ek(axk-i,o + 2(-lf xk-i,i), 

Ck = ek(-axk-iA - (-l) fcx fc_i ]2). 

(4.1.16) 



4.1. Preliminaries 117 

Using this, we find that 

det(xfc_i, xfc, xfc+i) = akxk-\,2 + bkxk-hi + ckxk-i,o 

= ek(-l)
k+1(xk-i,oXk-i,2 ~ 2£fc_i,i + xk-i,2Xk-i,o) 

= 2efc+1(-l)fc+1. 

Lemma 4.1.1 Let £ G Sa with a G Z>o- For any k > 1, 

(i) the gcd of ak and bkxk+it2 + ckxk+iti divides 2, 

(ii) the gcd of ak and bk divides 2. 

Proof: Since det(xfc+1) = = ±1, we have 
Xk+1,0 £fc+l,l 

xk+l,l xk+l,2 

gcd(6fexfe+i,i + ckxk+ifi, bkxk+lt2 + ckxk+hi) = gcd(bk,ck). (4.1.17) 

It follows from det(xfc+i,Xfc,Xfc+i) = 0 that 

Qfĉ fc+1,2 + bkxk+i,i + ckXk+ifi = 0. 

We notice that for k S> 1, we have xkto ^ 0 by (4.1.2) and the fact that the sequence 

(Xk)k>i is unbounded. By (4.1.16), this implies that ak ^ 0. This gives 

ak | bkxk+i^i + CfcXfc+1,0-

From this relation and (4.1.17) we deduce that 

gcd(afc, 6*^+1,2 + ckxk+i,i) | gcd(ak,bk,ck). (4.1.18) 

Furthermore, by definition of the determinant we have akxk-it2 + bkxk-\ti + ckxk-ifi — 

det(xfc_i,Xfc,xfc+i) = 2efc+1(—l)fc+1 and therefore 

gcd(ak,bk,ck) | 2. (4.1.19) 



4.2. Approximation to extremal real numbers by algebraic numbers of degree at most 4 118 

The assertion (i) follows by combining (4.1.18) and (4.1.19). The assertion (ii) follows 

from the formulas for ak and b). given by (4.1.16) and the fact that 

gcd(a;fc_i,o,a;fc_iil) = 1. 

I 

4.2 Approximation to extremal real numbers by 

algebraic numbers of degree at most 4 

Here we show that (3 + \/5)/2 is the optimal exponent of approximation to tran­

scendental real numbers by algebraic numbers of degree at most 4 with bounded 

denominator and trace. 

Let the notation be as in §4.1. This means that we fixed a choice of a positive 

integer a, an extremal real number £ € £a, and corresponding sequences {Xk)k>i in 

Z> 0 and (xfc)fc>i in Z3 as in (4.1.2). For any integer n > 0, we denote by Z[T]<„ the 

set of polynomials of Z[T] of degree at most n, and for any real number /5, we denote 

by {(3} the distance from (5 to its closest integer. In the computations below, we will 

often use the fact that for any /3, j3' G R, we have 

\{P}-{P'}\<mm{{(3 + (3'},{(3-p'}) (4.2.1) 

The main result of this section is the following statement which implies Theorem 1.1.1 

of the introduction. 

Theorem 4.2.1 There exists a constant c > 0 such that for any R G Z[T] of degree 

3 or 4 and any P G Z[T]<2 with P ^ O , we have 

\R(0 + P(0\ > cH(R)-2^H(P)-\ (4.2.2) 
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and moreover 

iRiOl^cHiR)-1^6. (4.2.3) 

Before going into the proof, we mention the following corollary which provides a 

measure of approximation to the elements of £a by algebraic numbers of degree < 4. 

Corollary 4.2.2 There exists a constant c = c(£) > 0 with the following properties. 

For any algebraic number a of degree at most 4 we have 

\^-a\>cH{a)-bl\ (4.2.4) 

Moreover, if deg(a) < 3 and the denominator of a is bounded above by some real 

number B > 0, then we have 

\^-a\>cB-^9H{a)-^2. (4.2.5) 

If deg(a) = 4, the denominator of a and the absolute value of its trace are bounded 

above by B, then we have 

|£ - a\ > cB-l^H{a)-^\ (4.2.6) 

Proof: Let a be an algebraic number of degree at most 4. As in [9], Proposition 

9.1, define Q(T) G Z[T]<4 to be its minimal polynomial or the product of it by some 

appropriate power of T, making Q(T) of degree 3, if it is not of degree 4 originally. 

Since H(Q) = H(a), the second part of Theorem 4.2.1 leads to 

1̂  - a\ » HiQy'lQiOl » H{Q)-2-^ = H(a)-*?. 

Now, suppose that deg(a) < 3 and that the denominator den(cc) of a is bounded 

above by some real number B > 0. Write Q(T) — a0T
3 + a{T2 + a2T + a3. We have 

|a0| < B3 since a0 divides den(a)3. So Q(T) can be written as a sum Q = R + P, 

where R(T) = a0T
3 G Z[T\ has degree 3 and height H(R) < B3, and where P(T) = 
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a{T2 + a2T + a3 6 Z[T]<2 satisfies H(P) < H(Q) = H{a). Since P ^ O , then the 

inequality (4.2.2) of Theorem 4.2.1 gives 

Finally, suppose that deg(cn) = 4 and that the denominator den(o;) of a and the 

absolute value of its trace |Tr(a)| are bounded above by some real number B > 0. 

Write Q(T) = a0T
4 + axT* + a2T

2 + a3T + a4. We have \a0\ < B4 since a0 divides 

den(a)4 and |ai| < B5 since |Tr(a)| = |ai/a0 | < B. So Q{T) can be written as a sum 

Q = R + P, where R(T) = a0T
4 + axT

3 e Z[T] has degree 4 and height H(R) < B5, 

and where P(T) = a2T2 + a3T + a4 6 Z[T]<2 satisfies H(P) < H(Q) = # ( a ) . Since 

P ^ 0, then the inequality (4.2.2) of Theorem 4.2.1 gives 

1̂  - a\ > J ^ a ) - 1 ^ ) + P(0I > H{a)-lH{R)-2^H{P)-^ > B'1^9 H(a)-"<2. 

I 

Recall that {/5} denotes the distance from a real number (5 to its closest integer. 

To prove the main estimate of Theorem 4.2.1 we need a lower bound for {xk,oR{i)} 

where k is an arbitrary large positive integer. The next proposition implies that 

the sequence {xfcj0P(0} tends to a limit as k tends to infinity in a congruence class 

modulo 3 or modulo 6 if the polynomial R is of degree of at most 3 or at most 4, 

respectively. 

Proposition 4.2.3 There exists a constant c > 0 such that for any polynomial R € 

Z[T]<4 and any integer k > 1, we have 

| {xk+6,0R(Z)} - {xki0R(S)} | < cH{R)Xk~
l. (4.2.7) 

Moreover, if deg(R) < 3, we have 

| {xfc+3)0i?(0} - Ko#(0> I < cH{R)Xk-
1. (4.2.8) 
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Proof: Suppose that R e Z[T]<4. Using (4.2.1) and the fact that ek+1 £ {-1,1} 

(see sec. 3.1), for each k G Z> 0 , we find that 

| {xk+6i0R(€)} - {xkfiR(£)} | < {(xk+6fl - xkt0)R(£)} 

4 (4.2.9) 
</f(i2)^{(a; J f e + 6 ,o-a; f c ,o)r}, 

and if deg(i?) < 3, we get 

| {xk+3flR(£)} - {xkfiR(Q} I < {(^fc+3,0 + efc+iXfc,o)-R(0} 

3 (4.2.10) 

< H(R) ^{(x f c + 3 ,o + efc+ixfc,0)r}-
n=0 

To prove (4.2.7), it suffices to show that {(xk+6:o — xkt0)£,n} = 0(Xk~
1) for n = 

0,1,. . . , 4. To prove (4.2.8), we use the fact that ek+i = ±1 and so, it suffices to show 

that {(xk+3:0 + ek+iXk,o)^n} = 0(X^1) for n = 0,1,. . . , 3. If n = 0,1, 2, this is clear 

since by (4.1.2) we have 

Xk,oC = xk,n + 0(Xj-1). (4.2.11) 

(4.2.12) 

For n > 3, by applying successively (4.2.11) and the identity (4.1.8) we find 

(xk+3fi + ek+1xkt0)C = (xk+^2 + ek+ixkt2)C~2 + 0(X~l) 

= axk+h0xk+2,2£
n~2 + O(X^). 

On the other hand, the identity (4.1.10) gives 

£fc+l,0^fc+2,2 = Xk+l,2Xk+2,0 — Ck+l(aXk,0 + 2( — 1) Xk,l). 

It follows from this and (4.2.11) that 

Zfc+i,oZ*+2,2r"
2 = (xk+i,2Xk+2,i~ek+1(axktl + 2(-l)k+1xki2))C-3 + 0(X^). (4.2.13) 

Combining (4.2.12) and (4.2.13) we deduce that 

0rfc+3,o + ek+1xk,0)C = nkC~Z + O(X^), (4.2.14) 
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where nk is the integer a(xk+lt2xk+2A-ek+iaxktl+ek+i2a(-l)kxka). So, using (4.2.10), 

(4.2.11) and (4.2.14), we complete the proof of (4.2.8). 

Furthermore, for n > 4, we have 

nkC~3 = a(xk+1,2xk+2,i - ek+1axkA)C~3 + 2aek+1(-l)
kxk:2C~3 

= mkC-A + 2aek+1(-l)
kxk,2C-3 + 0(X^1), 

where mk is an integer. We conclude that 

(xfc+3,o + e/c+i£fc,o)£3 = nk + 0{X^1), 

(xfc+3,0 + efc+i£M)£4 = mk + 2aek+i(-l)kxk:2£, + O(X^). 

Since ek+4 = ek+i, it follows from these two formulas that 

(£fc+6,0 — £fc,o)£ = (£fc+6,0 + CA;+4^fc+3,o)C — £k+4(%k+3,0 + ^k+\Xk,o)^ 

= nfc+3 - ek+4nk + 0{X^1), 

(Xk+6,Q — Xk,o)£, = (^fc+6,0 + efc+4^fc+3,o)^ — Cfc+4(^fc+3,0 + efc+lxfc,o)£ 

= mk+3 - ek+4mk - 2aek+4(-l)
k(xk+3fi + ek+1xkfi)f + 0(X~l) 

= mk+3 - ek+4mk - 2aek+4(-l)
knk + 0{X^1), 

and therefore, we have {(xk+&to~xkt0)^
n} = 0(Xk~

1) for n = 3, 4, which together with 

(4.2.9) and (4.2.11), we completes the proof of (4.2.7) I 

Corollary 4.2.4 Suppose that R € Z[T]<4. Then the sequence [{xkfiR(0}) has 

at most 6 accumulation points. More precisely, for each I = 0,1,... ,5, {x/+6i,o-R(0} 

tends to a limit r]i(R) as i tends to infinity. 

Moreover, if deg(R) < 3, then ({xk:0R(^)}) has at most 3 accumulation 
\ ' ' fe>i 

points. More precisely, for each I = 0,1,2, {x[+3ifiR(£,)} tends to a limit Si(R) as i 

tends to infinity. 
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Proof: Since Xk tends to infinity faster than any geometric sequence, the inequal­

ity (4.2.7) of Proposition 4.2.3 implies that ({xj+6i,o-R(0} ) is a Cauchy sequence 

for each I = 0 , 1 , . . . , 5. Similarly, if deg(i?) < 3, the inequality (4.2.8) implies that 

({xi+zi$R(gj} ) is a Cauchy sequence for each Z = 0,1, 2. I 

The next proposition provides a rough lower bound for the numbers {xkt0R(£)}. 

Proposition 4.2.5 There exists a constant c = c(£) > 0 such that for any k > 1 and 

any non-zero polynomial R £ Z[T] of degree 3 or 4 with H(R) < cXj1 we have 

{xk,0R(0} > cX-2h\ (4.2.15) 

Proof: Let R{T) = pT4 + qT3 + rT2 + sT + t be a polynomial of Z[T\ of degree 

3 or 4. For our purposes, we construct a sequence of polynomials {Pk)k>\ in Z[T] of 

the same degree by putting 

Pk{T) = (pakT
2 + (qak - pbk)T)Qk(T) = a2

kR(T) + BkT
2 + CkT + Dk, (4.2.16) 

where ak, bk, ck are the integers defined in §2, Qk(T) = akT
2 + bkT + ck and 

Bk = pakck + (qak - pbk)bk - ra\, 

Ck = (qak -pbk)ck -sa2
k, 

Dk = -ta\. 

1 / 2 

By the virtue of the estimates H(Qk) ~ Xk
n and |Qfc(£)l ~ X^1 (see Proposition 

8.1 of [9]), we have 

\Bk\, \Ck\, \Dk\, H(Pk) « H(R)H(Qk)
2 « H{R)X2

k
/\ 

(4.2.17) 

|Pfc(OI < H{R)H(Qk)\Qk(i)\ « H{R)X-2. 

Consider the integer 

Nk = akxk+i}R + BkXk+i2 + Cfĉ fc+i,i + f̂c f̂c+i,0i 
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where Xk+i,R denotes the closest integer to xk+\,QR{£)- Prom (4.2.16), we get 

Nk = al{xk+hR-xk+lfiR(0)+Bk(xk+i}2-Xk+i,o^2)+Ck{xk+i,i-xk+1^)+xk+i!QPk{^). 

By (4.2.17) it follows that there exists a constant c\ > 0, such that for all k > 1 

\Nk\ < Cl (X
2
k
h ({xk+lt0R(0} + H(R)Xk-^) + H{R)Xk+lXk

2). (4.2.18) 

We now provide a condition on R that ensures Nk ^ 0. If deg(R) = 4 then p ^ 0 and 

we find 

Nk = -pbk(bkxk+i,2 + ckxk+i,i) mod ak. 

If deg(i?) = 3 we have p = 0 and q ̂  0, and then 

Nk = qak(bkxk+h2 + ckxk+i,i) mod a\. 

If Nk — 0 then it follows from Lemma 4.1.1 that ak divides Ap or 4g. Hence we have 

\ak\ <§C H{R) which implies 

Xx
k
h « H(R). 

Whence we deduce that if H(R) < c2Xk for an appropriate constant c2 > 0 then 

\Nk\ > 1. 

If we furthermore assume 

H{R){XlhX-lx + Xk+1X^) < — , (4.2.19) 

then the inequality (4.2.18) together with |iVfc| > 1 implies 

{xk+1,0R(0} > ^ k 2 h - (4-2.20) 

Since X2
k
h X^ ~ Xk+1Xk

2 ~ Xfc~
1/72 the condition (4.2.19) is satisfied if H{R) < 

c3Xk for an appropriate constant c3 > 0. Assuming c3 < c2, we conclude that 

(4.2.20) holds whenever H(R) < czX]j^'. The conclusion follows. I 
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By combining the above proposition with the preceding one, we obtain a better 

bound for {x;)0.R(£)} when I is a large integer. 

Corollary 4.2.6 There exists a constant c = c(£) > 0 such that for any l,k G Z>o 

with I = k mod 6 and I > k > 1, and for any non-zero polynomial R G Z[T] of 

degree 3 or 4 with H(R) < cXk we have 

{xlfiR(0} > cX-2/"2. (4.2.21) 

Proof: Let k and I be positive integers with I = k mod 6 and / > k. Since the 

sequence (Xk)k>i grows at least geometrically, then by Proposition 4.2.3 there exists 

a constant C\ = Ci(£) > 1 such that 

| {xlfiR(0} - {xk,0R(O} I < clH{R)X^\ 

for any polynomial R G Z[T] of degree at most 4. By Proposition 4.2.5 there exists a 

constant c2 = c2(£) > 0 such that {xkfiR(£)} > c2X^ / 7 if R G Z[T] has degree 3 or 

4 and H(R) < c2Xlh*'. Suppose that R G Z[T] has degree 3 or 4 and that H(R) < 

C 2 3 

-—Xk'̂  . Then by combining these estimates we find (using I /7 3 — 1 = —2/^2) 

Ko-R(£)} > {xkt0R(m - cxH{R)X^ > CjX-2^ > ~X'k
2h\ 

In particular, the above corollary shows that the real numbers Si(R) and r)i(R), 

defined in Corollary 4.2.4, are all non-zero, for any polynomial R G Z[T] of degree 3 

or 4. Now we can proceed with the proof of the main Theorem 4.2.1. 

Proof: (Proof of Theorem 4.2.1) 



4.2. Approximation to extremal real numbers by algebraic numbers of degree at most 4 126 

Let R(T) and P(T) be as in the statement of the theorem. Consider the following 

identity 

xl>0R(0 = xlt0(R(£) + P(0) - xi,0P(0-

Since {£/,o£2} <C Xf1, {xi,o£} "C Xf1, there exists a constant c\ > 0 such that for all 

/ > 1 we have 

Ci{xlfiR(0} < Xi\R(Z) + P(0\ + H(P)Xf\ (4.2.22) 

In order to obtain a lower bound for |i?(£)+P(£)| we need a lower bound for {x/ 0P(0} 

and an upper bound for H(P). Denote by c2 the constant c of Corollary 4.2.6, and 

let k be the smallest integer such that H{R) < c2Xk
/l . It follows by Corollary 4.2.6 

— 2 / T that {xifiR(£)} > c2Xk ' if / = k mod 6 and I > k. Since every integer / > k is 

congruent modulo 6 to some integer in [k, k + 5], we deduce that for all I > k, we 

have 

{xi,oR(0} > C2X^\ (4.2.23) 

Choose I to be the smallest integer with I > k such that 

H(P) < ^czXiX^2. (4.2.24) 

It follows from (4.2.22) and (4.2.24) that 

Xi\R(0 + P(0\>lclC2x-^2. 

The choice of k and / implies H(R) > Xl
k
h' and H(P) > X]hX^\ So, we get 

Xx < H{PyX2
k% and Xfc+5 < X ^ < #(P)^ 9 , 

and these estimates lead to 

|P(£) + P(OI » XrXx£l? » H(P)-JX^5 » H(P)^H(R)-^. 

In the case where P(T) = 0 the inequality (4.2.22) becomes 

I f lCOI^CiX^Kof l te )} , for any / > 1. (4.2.25) 
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By Proposition 4.2.5 there exists a constant c3 = c3(£) > 0 such that {x;j0-R(0} > 

c3X;Vj2 if H(R) < c^XJh\ In this case we define / to be the smallest positive 

integer such that H{R) < c3Xl . By the choice of I we have H(R) 3> Xl
 / 7 and so 

(4.2.25) implies 

|i*(£)| > X;l~2h2 > H(R)-^-2^2 = H(R)-1-^. 

I 

4.3 Accumulation points 

4.3.1 Proof of Theorem 4.2.1 revisited 

Let £ be an extremal real number and let (xfc)>i be the sequence of points in Z3 

attached to £ as in §4.1. For any real number 77, we define 

9^(rj) = liminffc^ooizfc.o??}-

With this notation it follows from Corollary 4.2.6 that for any fixed choice of a positive 

integer a, an extremal real number £ £ Sa and a non-zero polynomial R e Z[T] of 

degree 3 or 4, we have 9^{R{^)) > 0. Then this and the inequality (4.2.22) in the 

proof of Theorem 4.2.1 imply that 

|i?(£) + p ( 0 l » # ( i T 7 , 

for any non-zero P € Z[T] of degree < 2, which in turn implies that 

|e - a\ > H{a)^2 

for any root a of a polynomial of the form R(T) + P{T) with P £ Z[T]<2, where 

the implied constants depend only on R and £. The next theorem implements this 

argument in a more general context. 
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Theorem 4.3.1 Suppose that 6^{rj) ^ 0. Then, for any non-zero polynomial P{T) e 

Z[T]<2; we have 

\P(0 + v\^>H(P)-\ (4.3.1) 

where the implied constant depends only on £ and n. 

Proof: Fix a polynomial P E Z[T}<2- For each k > 1, we have (same as in the 

proof of Theorem 4.2.1) 

ci{xkfiV} < Xk\P(£) + V\ + H{P)Xk~\ 

for some c\ = Ci(£) > 0. Since 0^(TJ) ^ 0, there exists a constant c2 = c2(£, rj) > 0 

and some ko > 1, such that 

c2 < Xk\P(0 + v\+ H(P)X^\ (4.3.2) 

for each k > ko. Let k be the smallest index such that 

H{P) < °jXk. 

Assuming that the height H{P) is sufficiently large, we have k > ko + 1 and 

H(P) > ! * * _ ! . 

Using this and the fact that X^i ~ X^, it follows from (4.3.2) that 

i^(o+^i>|^-1»^(n-7, 
where the implied constant depends only on £ and r\. I 

4.3.2 Properties of the accumulation points 

Fix any R e Z[T] of degree 3 or 4. As in Section 3.2 we fix a choice of a positive 

integer a, an extremal real number ( e ^ „ and corresponding sequences (Xk)k>i and 

(xfc)fc>i satisfying (4.1.2). 
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Recall that the proof of the fact 6^(R(^)) > 0 uses two arguments. Firstly, Corol­

lary 4.2.4 show that the sequence ( {xk,oR(0} ) n a s a^ m o s t 6 accumulation points 

(r]i(R))o<i<5, reducing to at most 3 accumulation points (^(i?))o</<2 if deg(R) = 3. 

Secondly, Corollary 4.2.6 implies that r)i(R) > 0 for each I = 0 , . . . , 5. 

Here, we give a new proof of the fact 6^(R(^)) > 0 by showing that Si(R) £ Q for 

each I = 0,1,2 if deg(R) = 3 and TJI(R) i Q for each I = 0 , . . . , 5 if 3 < deg{R) < 4. 

Proposition 4.3.2 Suppose that R(T) G Z[T] with deg(R) = 3 and let I e {0,1, 2}. 

(i) For any index k > 1 with k = I + 1 mod 3 there exists an integer y ^ 0 with 

gcd(y, Xkfl) ~ 1, such that 

Si{R)-^- « X " 7 2 . (4.3.3) 

In particular, y/x^fi is a convergent of Si(R) with denominator ~ x^jo, for all k 

sufficiently large. 

(ii) For any index k > 1 wit/i & = Z + 2 mod 3 there exists an integer z ^ 0 IO^/I 

gcd(z, x/ĉ o) ~ 1, swc/i i/iat 

8i(R)-^- «X^-\ (4.3.4) 

In particular, z/xk,o is a convergent of Si(R) with denominator ~ x^o, /or a// A; 

sufficiently large. 

(Hi) Conversely, there exists a constant c = c(£, R,l)>0 such that, for each 

convergent of Si(R), with sufficiently large denominator q, there exists an integer 

k > 1 with k ^ I mod 3 and cx^fi < q < £fc,o-

(iv) 6i(R) i Q. 

Proof: Write R{T) in the form 

R(T)=gT3 + Q(T), 

where deg(Q) < 2. For the proof of Part (i), we use the second identity in (4.1.12) 
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that gives 

£fc,o£fc+2,2£ = Xk,l%k+2,l£, — ek{ — 1) £fc+l,l£ 

(4.3.5) 
= Ak + 0(X^), 

where Ak = xkAxk+2,2 - ek(-l)
kxk+lt2. Since xk+2,0Q(€) = (integer) + 0(X^2), we 

get 

xk+2fiR(0 = gxk+2^ + (integer) + 0{X^}2) 
(4.3.6) 

= gxk+2,2t + (integer) + 0(Xj£2). 

Also, by (4.3.5), we have xk+2^ = Akjxk$ + 0(Xk~^2), which together with (4.3.6), 

implies that 

xk+2fiR(£) = ^ + (integer) + 0(X£2). 

By this, we obtain 

{*fc+2,oi*(0} = { ~ } + 0(X^2). (4.3.7) 
*• xk,0 J 

Since k + 2 = I mod 3, by the inequality (4.2.8) and by Corollary 4.2.4, we have 

5t(R) = {xk+2fiR(ti)} + 0(X^2), (4.3.8) 

Let Bk denotes the closest integer to gAk/xkfl. By (4.3.8) and (4.3.7), we deduce 

gAk — Bkxkfi 
Si(R) = 

Xk,0 
+ 0(Xp). 

Let y be the numerator of the fraction on the right. To complete the proof of 

Part (i), it remains only to show that gcd(y,xktQ) is bounded above and non-zero. 

Since gcd(y, xkt0) = gcd(xk,o, gAk) divides g gcd(xfcj0, Ak) it suffices to show that 

gcd(xktQ, Ak) | 2. For this, recall from (4.1.16) that 

a/c+i = Xk+i,oXk+2,i — /̂c+i,î fc+2,o = efc+1(—1) xkfi. (4.3.9) 

Furthermore, we will show below that 

Ak = ek+i(-l)k+1(bk+1xk+2j2 + ck+lxk+2,i). (4.3.10) 
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If we accept this result, then by Lemma 4.1.1 it follows from (4.3.9) and (4.3.10) that 

gcd(xfcio, Ak) = gcd(afc+1, bk+ixk+2<2 + cfc+ixfc+2,i) | 2. 

Now, it remains to prove (4.3.10). First we consider bk+iXk+2,2+Ck+iXk+2,i and replace 

bk+1 and ck+\ by their expressions given in (4.1.16) 

&fc+l£fc+2,2 + Ck+\Xk+2,l 

= xk+2,2(ek+i(axkfi + 2 ( - l ) f c + 1 x M ) ) + xk+2,i(-ek+i(axkA + (-l)k+1xki2)) 

= €k+iaXkfiXk+2,2 — Cfc+l(( —1) Xk,\xk+2,2 

+ ClXk)1Xk+2,l + (-l)k(xkAXk+2}2 - Xk,2Xk+2,lj) 

(4.3.11) 

Now, let us compute axktlxk+2,i + ( - l ) f e (^ ,1^+2,2 - xk^xk+2,i) separately 

aXk,lXk+2,l + (-l)k{Xk,lXk+2,2 - Xk,2Xk+2,l) 

= axkAxk+2,i + (-l)k{-ek(axk+i,i + (-l)feXfc+i,2)) by (4.1.12)4 , 
(4.3.12) 

= a(xktixk+2,i — (—1) ^kXk+1,1) — ^kXk+1,2 

= ClXktoXk+2,2 — Cfĉ fc+1,2 by (4.1.12)2 

Finally, it follows from (4.3.11) and (4.3.12) that 

bk+lXk+2,2 + Ck+iXk+2,l = ek+iaXkfiXk+2t2 — Cfc+1 {(-l)kxkAxk+2,2 + axkfixk+2,2 - ekxk+1,2) 

= ek+1(-l)
k+1 (xktlxk+2,2 - ek(-l)

kxk+1>2) 

= e*;+i(—1) Ak, 

and this completes the proof of Part (i). 

For the proof of Part (ii) we multiply the identity (4.1.14) by £ and obtain 

xk,oxk+^ = Ek + 0(X^2), (4.3.13) 

where Ek = xkAxk+i,2 ~ ek(-l)
k(axk+ltQxk+3t2 + ek+iXk+2,2)- Using the fact that 

Xk+4,oR(0 = 9xk+4,2t, + (integer) + 0 ( X ^ 4 ) , we deduce from (4.3.13) that 

{xk+^0R(0} = gEk " FkXk'° +0(Xk~^), (4.3.14) 
Xkn 
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where Fk is the closest integer to gEk/xkt0. Since k + 4 = I mod 3, by the inequality 

(4.2.7) and by Corollary 4.2.4, we have 

5l(R) = {xk+4,0R(Z)} + O(X£A). 

Prom this and (4.3.14), for any I = 0,1,2 and k > 1 with k + 4 = I mod 3, we get 

+ 0(XjT'-1). (4.3.15) 

Let z be the numerator of the fraction on the right. We claim that 

gcd(xkfi,z) = gcd(xkfi, gEk) | 2g. 

If we accept this claim, then (4.3.15) shows that, for each k sufficiently large, z/xk}o 

is a convergent of 5i(R) with denominator ~ xfc)0. To prove this claim, we first note 

that 

Ek = Xkji(aXk+2fiXk+3,2 — Ck+2Xk+l,2) — e f c ( ~ 1 ) (a^fe+l,0^fc+3,2 + ^k+l^k+2,2) by (4.1.8) 

= Q-%k+Z,2{Xk,lXk+2,Q — ek( — 1) £fc+l,o) ~ Ck+2(Xk,l%k+l,2 + ( — 1 ) ^k+2,2) 

— a^/c+3,2^fc+2,l2;fc,0 — Ck+2(xktlXk+i<2 + ( — 1) Xfc+2,2)- by (4.1.12)i 

From this we deduce that 

Ek = -ek+2Tk mod xk>0, (4.3.16) 

where Tk = xk^xk+\£ + (—l)kxk+2t2- Now we consider 

Tkxkti = x2
ktlxk+h2 + (-l)kxk+2i2Xk,i- (4.3.17) 

Since Ak = xk<1xk+2t2 - ek{-l)kxk+it2, then xKixk+2}2 = Ak + ek(-l)
kxk+lj2- Also, 

from det(xfc) = ek we have x\x = xk<0xk!2 — ek. From these two equalities and (4.3.17) 

we obtain 

Tkxk)i = (xk,oXk,2 - ek)xk+i,2 + {-l)k{Ak + ek(-l)
kxk+l>2) 

= xkfiXk£Xk+i2 — ekxk+it2 + (—1) Ak + ekxk+it2 

= xkfixkt2xk+1}2 + {-l)kAk, 

Si(R) = 
gEk - Fkxkfi 

Xkfi 
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and therefore 

Tkxk,i = {-l)kAk mod xkfi. 

It follows that 

gcd(xfc,0, Tkxkii) = gcd(xM, Ak), 

and since gcd(xfe;0, xk,i) = 1, we deduce 

gcd(xfc,o, Tk) = gcd(xk,0,Ak). 

In Part (i) we have shown that gcd^^o, Ak) divides 2, which implies that gcd^^o, Tk) 

also divides 2, and from (4.3.16) we deduce that gcd(:rfc)o, Ek) | 2. Since gcd(xfc>0, gEk) 

divides g gcd(xk,o,Ek), we finally obtain that gcd(xkt0,gEk) | 2g, which proves the 

claim. 

For the proof of Part (iii) we use properties of continued fractions. We know that 

for any a 6 M\Q with convergents (pm/qm)m>i, we have 

\<x-pm/qm\ ~ {qmqm+i)~l- (4.3.18) 

Let p/q be a convergent of Si(R) with a sufficiently large denominator q. Then there 

exists an integer k such that xk,o < q < xk+i<0, and we have three cases. 

If k = I mod 3, then k — 1 = 1+2 mod 3 and there exist consecutive convergents 

ps/qs &ndps+i/qs+i of 8i(R) with ps/qs = z/xk-ito for some integer z, which by (4.3.4) 

satisfies 

|<SJCR) - z/xk-lfi\ < X^l'1-

By this and (4.3.18), we have 

(<7s<7s+i)_1 < \Si(R) ~ 2/a*-i,o| < xk~-i~l-

This inequality and the fact that qs < xk_x$ imply xk+it0 <C qs+i- Since qs and 

qs+i are denominators of consecutive convergents and qs < q, we also have gs+1 < q. 

Whence the inequalities xk+ij0 <C qs+\ and q < xk+i,o imply Xk+i,a <C <? < £fc+i,o-
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If k = I + 1 mod 3, there exist consecutive convergents pt/qt and pt+i/qt+i of 

5i(R), with pt/qt — y/xk,a f° r some integer y satisfying (4.3.3). It follows from (4.3.3) 

and (4.3.18) that 

(qtqt+i)~l < \Si(R)-y/xkt0\ < X^\ 

This inequality and the fact that qt < xkfi imply xk+i$ <C qt+i- Since qt and qt+\ are 

denominators of consecutive convergents and qt < q, we also have qt+\ < q. Whence 

the inequalities xk+ifi < qt+i and q < xk+h0 imply xk+h0 <C q < xk+lfi. 

If k = I + 2 mod 3, there exist consecutive convergents pu/qu and pu+x/qu+i of 

5i(R), with. pu/qu = z/xkfi for some integer z satisfying (4.3.4). It follows from (4.3.4) 

and (4.3.18) that 

{ququ+iYl < \&i{R) ~ z/xkfi\ <C X^1 - 1 . 

This inequality and the fact that qu < xkt0 imply £fc+2,o *C <7u+i- Since qu and gu+i 

are denominators of consecutive convergents and qu < q, we deduce that xk+2<o <§C 

qu+i < q < f̂c+1,0; which is impossible for A; and g sufficiently large. Prom this we 

conclude that there is no convergent with a denominator q satisfying the inequality 

xk,o < q < xk+i)0 for such A;. 

Part (iv) is a consequence of Roth's Theorem together with Parts (i) and (ii). I 

Remark 4.3.3 Part (ii) of Proposition 4-3.2 implies that wl(5i(R)) > j 2 for I = 

0,1, 2, where w* is Koksma's classical exponent of approximation introduced in §2.4-2. 

Now, we prove that for any non-zero R(T) G Z[T] of degree 4 the accumulations 

points (j)i(R)) are irrational and so, they are non-zero. 

Proposition 4.3.4 Suppose that R(T) G Z[T] with deg(R) = 4 and let I G {0, . . . , 5}. 

(i) For any sufficiently large index k > 1 with k = I + 4 mod 6 there exists an 
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integer y ^ 0 such that 

m(R) - — « * r 2 - (4-3.19) 
XkfiXk-1,0 

(ii) For any sufficiently large index k > 1 with k = I + 2 mod 6 there exists an 

integer 2 ^ 0 such that 

Vi(R)~4- «*ra-1- (4-3.20) 
xk,0 

(Hi) m(R) i Q. 

Proof: We can write R(T) in the form 

R(T) = fT4+gT3 + Q(T), 

where deg(<3) < 2. For the proof of Part (i) we use (4.3.5), which gives 

Xk,0Xk+2,2^,2 = Xfc,lxfc+2,2f - ek(-l)
kXk+l,2^ + O ^ ^ j j 

= (xk,2Xk+2,i ~ ek(axk+i,i + (-l)fc£fc+i,2))£ 

- e f e(- l ) xk+\:2^, + 0(Xk~+1) by (4.1.12)4 

= (xk,2Xk+2,2 ~ ekaxk+h2) - 2efc(-l)fea;fc+i,2^ + 0{X^X) 

Multiplying both sides of the above equality by xk-\,o we obtain 

Xk-l,0XkfiXk+2,2^ — Xk-\fi{Xk,2Xk+2,2 — ^kaXk+l,2) — 2€k{~\) Xk-l,0xk+l,2^ + 0(Xk ) . 

By (4.3.5) we have £fc-i,o£fc+i,2£ = Ak-\ + 0(Xk~
l), and hence 

Xk-l,0Xk,0Xk+2,2^2 = Ck + 0(X fc
_1), 

where Ck = Xk-ifl{xk^Xk+2,2 ~ efcOZfc+u) - 2ek{-l)k Ak-\. By this and (4.3.5), we get 

fxk-ifiXkfiXk+2,2^2 + 9Xk-i,oXk,oXk+2,2^ = fCk + gxk-i,oAk + 0{X^1). (4.3.21) 

From this and Xk+2,oQ{€) = (integer) + 0(Xk~^2), we have 

xk+2,oR(0 = /zfc+2,2^2 + gXk+2,2% + (integer) + 0(X^2), 
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which leads to 

{xk+2,0R(O} = {fxk+2,2e + gxk+2,2t} + 0(X£2). (4.3.22) 

By (4.3.22) and (4.3.21), we get 

fCk + gxk~ifiAk — Dkxk_i$xkfi 
{xk+2}0R(0} = + 0(X£2), (4.3.23) 

Xk-l,QXkfi 

where Dk denotes the closest integer to (fCk + gxk-i,oAk)/(xk-i,oXk,o)- By the in­

equality (4.2.7) and by Corollary 4.2.4, for any I = 0 , . . . , 5 and k > 1 with k + 2 = I 

mod 6, we have 

rn(R) = {xk+2t0R(£)} + O(X£2), 

and by (4.3.23) we deduce 

fCk + gxk_i}0Ak — Dkxk-itQxkto 
m(R) = + o(x;r). 

Xk-lfiXkfl 

We notice that if xk-\$ divides fCk then it divides fAk-i and, since gcd(xfc_i,o, Ac-i) 

divides 2, we conclude that xk-\$ divides 2 / . This is impossible if A; is sufficiently 

large and thus for large k the numerator in the fraction above is non-zero. 

For the proof of Part (ii) we multiply the identity (4.1.14) by £2 and obtain 

xk,oxk+A^2 = xkAxk+i>2£-ek{-l)k(axk+1:0xk+3^ + ek+iXk+2,20 + O(X^2). (4.3.24) 

Replacing k with k + 1 in the second identity of (4.1.12) and multiplying it by £, we 

have 

£fc+l,0£fc+3,2£ = ^k+l,lxk+3,2 + Cfe+l( —1) £fc+2,2 + 0{Xk+2). 

Applying this and (4.1.15) to (4.3.24) we get 

XkfiXk+4,2^ = Xk^Xk+4,2 — ekd{aXk+i^Xk+3<2 + 2( — 1) £fc+l,l£fc+3,2 + ^k+lXk+2,2) 

-2{-l)kek+2xk+2^ + 0{Xk-l2). 

Multiplying this by xkj0 and applying (4.3.5), in order to replace xkt0xk+2^, we obtain 

xktoXk+4:,2^ = xkfiGk — 2(—1) ek+2Ak + 0(Xk+1), 
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where Gk = xk^xk+A}2 - eka(axk+lfixk+3,2 + 2(-l)kxk+hiXk+3t2 + ek+iXk+2,2) and Ak 

is defined as in (4.3.10). By this and (4.3.13), we have 

fx2
kQxk+i^

2 + gxl>Qxk+4i2£, = fNk + gxkfiEk + 0(X^+
1

1), (4.3.25) 

where Nk = xkfiGk-2(-l)kek+2Ak. Since xk+4fiQ(£,) = (integer) + 0(Xk~+A), we have 

Xk+A,oR(0 = fxk+4,2%2 + gxk+wt + (integer) + 0(X^4), 

which leads to 

{xfe+4;o-R(0} = {/̂ fc+4,2̂ 2 + gxk+^Vs + 0(^+4). 

By this and (4.3.25) we deduce 

/ 1?few 1/̂ fc + 9Xk,oEk - Lkx
2
k0\ v^_1 (Aoofi\ 

{^+4,0^(0} = 2 + °(Xk )> (4.3.26) 
Xk,0 

where Lk is the closest integer to (f Nk + gxk$Ek)/x\ 0. Also, by the inequality (4.2.7) 

and by Corollary 4.2.4, it follows that for any I = 0 , . . . , 5 and k > 1 with k + 4 = I 

mod 6 we have 

m(R) = {xk+4fiR(0} + 0{X£J, 

whence from (4.3.26) we obtain 

MR) = 1/^ + ̂ .f*-^,! + ofxr'-1). 
Xfc,0 

Finally, since gcd(a:fc)0, fNk) \ f gcd(xkfi, Nk) | / g c d ( z M , 2Afc) | 2/gcd(xM , 4 0 , and 

since gcd(xfci0, Ak) | 2, we deduce that the numerator in the fraction above is not zero 

for k > 1. 

Part (iii) follows from Parts (i) and (ii). I 
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