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Abstract

In this thesis, we study the problem of simultaneous approximation to a fixed fam-
ily of real and p-adic numbers by roots of integer polynomials of restricted type.
The method that we use for this purpose was developed by H. DAVENPORT and
W.M. SCHMIDT in their study of approximation to real numbers by algebraic inte-
gers. This method based on Mahler’s Duality requires to study the dual problem of
approximation to successive powers of these numbers by rational numbers with the
same denominators. Dirichlet’s Box Principle provides estimates for such approxi-
mations but one can do better. In this thesis we establish constraints on how much
better one can do when dealing with the numbers and their squares. We also con-
struct examples showing that at least in some instances these constraints are optimal.
Going back to the original problem, we obtain estimates for simultaneous approxi-
mation to real and p-adic numbers by roots of integer polynomials of degree 3 or 4
with fixed coeflicients in degree > 3. In the case of a single real number (and no
p-adic numbers), we extend work of D. ROY by showing that the square of the golden
ratio is the optimal exponent of approximation by algebraic numbers of degree 4 with

bounded denominator and trace.
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Chapter 1

Introduction

1.1 Approximation to real numbers

Firstly, we consider the problem of approximation to transcendental real numbers by
elements of a given infinite set A of algebraic numbers. To each such set A, we attach
an exponent of approximation 7(A) defined as the supremum of all numbers 7 € R,
such that for any transcendental number & € R there exist infinitely many numbers
a € A, with |€ — ale < H(a)™". Here | x |, denotes the absolute value on R and
H(a) denotes the height of a. It is defined as the height of the minimal polynomial
of a over Z, namely the largest absolute value of the coefficients of this polynomial.

Let v = (1 + v/5)/2 denote the golden ratio. Consider the case where A = A,
is the set of all algebraic integers of degree < n over Q and write 7, = 7(A,). In
1969 H. DAVENPORT and W.M. SCHMIDT showed that 73 = 2, 73 > 72, 74 > 3
and 7, > [(n + 1)/2] for each n > 5 (see in [5]). To prove this in the case n = 3,

H. DAVENPORT and W.M. SCHMIDT consider the system of inequalities

max |z;lee < X and max |z; — 70600 < X (1.1.1)
0<I<2 0<I<2

Choosing A = 1/~ and assuming that £ is a non-quadratic real number they show,

in Theorem la of [5], that there exists a constant ¢ > 0 such that the inequalities

1
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(1.1.1) have no non-zero solution x = (x¢, z1,13) € Z> for arbitrarily large values of
X. Combining the above result with Mahler’s Duality they conclude, in Theorem
1 of [5], that there are infinitely many algebraic integers « of degree < 3 satisfying
€ — aleo < dH(a)™" for some constant ¢ > 0. This means that 75 > 2.

Around 2003, using additional tools presented in [9] and [10], D. ROy showed
conversely that there exist a transcendental real number £ and a constant ¢ > 0,
such that the inequalities (1.1.1), with A = 1/+, have a non-zero solution x € Z? for
each real X > 1. Such a number is called an extremal real number. In [10] D. Roy
constructed a special class of extremal real numbers and showed that, for each number
¢ from this class, there exists a constant ¢; > 0, such that for any algebraic integer «
of degree at most 3 over QQ, we have |£ — s > clH(a)“Vz. This means that 73 < 2.
Together with the result of H. DAVENPORT and W.M. SCHMIDT, it gives 73 = ¥2.

In Chapter 3 of this thesis we work with the set all algebraic numbers which are
roots of polynomials of the form agT* + a1T° + a2T* + asT + a4, with |ao| 4 |a1| # 0
bounded by some given number. We first show that if £ is a non-quadratic real
number then, for any given polynomial R € Z[T], there are infinitely many algebraic

numbers a which are roots of polynomials F' € Z[T| satisfying
deg(R— F) <2 and |€ — oo < cH(a)™,

for an appropriate constant ¢ > 0 depending only on £ and R. Here deg(P) denotes
the degree of a polynomial P € R[T]. Upon taking R(T) = T?, we recover the result
of H. DAVENPORT & W.M. SCHMIDT concerning to approximation to £ by algebraic
integers of degree < 3.

Our result below extends the main result of D. ROy in [10] to the case of ap-
proximation to real numbers by algebraic numbers of degree < 4 with bounded de-

nominator and trace.

Theorem 1.1.1 There exist a transcendental real number £ and a constant ¢ =
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c(€) > 0 such that, for any algebraic number a of degree 3 or 4, we have
€ —a| > D" H(a)™,

where
lao) + |ar| i deg(a) =4,

|CLO| Zf deg(a) = 3)

D=

and where ag,a; denote the first and the second leading coefficients of the minimal

polynomial of a over Z.

In view of the preceding discussion, this means that for any fixed choice of ag, a; € Z
not both 0, the optimal exponent of approximation to non-quadratic real numbers by
roots of polynomials of the form agT* + a,7° + a;T? + a3T + a4 is v2. In particular,
if we fix a real number B > 0, then +? is the optimal exponent of approximation to
non-quadratic real numbers by algebraic numbers of degree 3 or 4 with denominator
and trace bounded above by B in absolute value. The real number £ that we use in
the proof of Theorem 1.1.1 belongs to the specific family of extremal real numbers
considered by D. ROy in Theorem 3.1 of [10], some of which are given explicitly, by
Proposition 3.2 of [10], in terms of their continued fraction expansion.

D. Roy showed in [9] that for any extremal real number & there exists an un-
bounded sequence of primitive points xx = (Zx 0, Tk 1, Tx2) € Z* indexed by integers

k > 1, such that

[Xkt1lloo ~ 1%k, max{|zrof — zailoo [28,06” — Tr2loo} < [Xill,  (1.1.2)

where ||Xk|loc = max{|Zr oloos |Zk 1|00, [Tk 2]oo}- For X, Y € R the notation ¥ <« X

means that ¥ < ¢X for some constant ¢ > 0 independent of X and Y and the

notation X ~ Y means that ¥ < X < Y. D. Roy showed also that there exists

a unique non-symmetric matrix M with det(M) s 0, such that for sufficiently large
Tko Tk,

k > 1 viewing the point x; as a symmetric matrix , the point x;,; is a
Tr1 Tk
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rational multiple of x, Mx,_;, where

M if k is even,
My = (1.1.3)
tM if k is odd.

In §2.4.3 we show similarly that there exists a number Ay =~ 0.611455261.. ., so
that if £ is non-quadratic and if A € (Ap, 1/7] are such that the inequalities (1.1.1)
have a non-zero solution x € Z3 for each X > 1, then there exist an unbounded
sequence (Xx)g>1 of primitive points in Z3 satisfying constraints similar to (1.1.2) and
a non-symmetric matrix M € Matqoyo(Z) with det(M) # 0, such that for sufficiently
large k£ > 3, the point x4, is a rational multiple of x; MyXy_1, where M, is defined

as in (1.1.3).

1.2 Approximation to p-adic numbers

Now we turn to the problem of approximation to p-adic numbers by algebraic integers.

Let p be a prime number and let | |, denotes the usual absolute value on Q, with

[plp = p_l-

supremum of all numbers 7 € R such that, for any transcendental number &, € Z,,

For each n > 2, we define the exponent of approximation 7, as the

there exist infinitely many algebraic integers « of degree < n, with |§,—al, < H(a)™".

In 2002, O. TEULIE transposed the method of H. DAVENPORT and W.M. SCHMIDT
to the realm of p-adic numbers and showed similarly that 75 > 2, 74 > +%, 71 > 3
and 7;, > [(n + 1)/2] for each n > 5 (see in [8]). To prove this in the case n = 3,
O. TEULIE considers the system of inequalities

gl -2
max [ZT1loo £ X and max |71 — 2o€plp < X7 (1.2.1)

Choosing A = v and assuming that £, € Z, is non-quadratic, he shows that there

exists a constant ¢ > 0 such that inequalities (1.2.1) have no non-zero solution x € Z?*



1.3. Simultaneous approximation to real and p-adic humbers 5

for arbitrarily large values of X (see Theorem 2 of [8]). Combining the above result
with Mahler’s Duality, he deduces that there are infinitely many algebraic integers
o of degree < 3 with |, — a|, < H(a)™" (see Theorem 3 of [8]). This means that
> 72

Conversely, we show in §2.5.2 of this thesis that, for each A < 7, there exist a
constant ¢ > 0 and a number &, € Q, which is non-quadratic, such that the inequal-
ities (1.2.1) have a non-zero solution x € Z? for each X > 1. Moreover, suppose that
¢, € Q, is a non-quadratic and that A is such that the system of inequalities (1.2.1)
has a non-zero solution x € Z3 for each X > 1. Similarly as in the real case, we show
that there exists some real number A,o ~ 1.615358873. .., such that for each expo-
nent A € (A, 0,7] there exist an unbounded sequence (y)>; of primitive points in Z3
satisfying constraints similar to (1.1.2) and a non-symmetric matrix M € Matay2(Z)
with det(M) # 0, such that for sufficiently large k > 3, each point yx1 is a non-zero

rational multiple of yxMiyx_,, where M, is defined as in (1.1.3).

1.3 Simultaneous approximation to real and p-adic
numbers

Now we consider simultaneous approximation to real and p-adic numbers by alge-
braic numbers of bounded degree. Our goal is to unify and extend the results of
H. DAVENPORT and W.M. SCHMIDT in [5] and those of O. TEULIE in [8] concerning
the system (1.1.1) or (1.2.1) and the exponents 73 or 73.

For this purpose, we fix a finite set S of prime numbers and points

g—= (fooa (gp)pes) eER x HQP and A= ()‘007 ()‘;D)pES) c R'SHI,

pES

We say that X is an exponent of approximation in degree n > 1 to £ if there exists a
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constant ¢ > 0 such that the inequalities

max |zi}e < X,
0<l<n

Y oo
max |Z; — 2060 < X 77, (1.3.1)

_ I« —p
0121%); |21 — 2o&lp < X7 (Vp € S5),

have a non-zero solution x = (zg, x1, ..., Z,) € Z"*! for each real number X > 1.
Based on Minkowski’s convex body theorem we show in Chapter 1 that A is
an exponent of approximation in degree n > 1 to £ if the following conditions are
satisfied
Ao > -1, X>0(peS) and )\OO+Z/\p < 1/n.

peES

In Chapter 1, we also prove the following statement which provides constraints

that a point A must satisfy in order to be an exponent of approximation in degree 2.

Theorem 1.3.1 Suppose that

/\OO+ZAPZ 1/~

peES

and suppose that one of the following conditions is satisfied:
(1) [Qéo): Q] > 2 and A > 1/77,
(i) S = {p} for some prime number p, [Q(&,): Q] > 2,
—1< A6 <0 and Xy, >2—1/~.
If Ao + Zpes Ap = 1/7, there exists a constant ¢ > 0 such that for n = 2 the system

of inequalities (1.3.1) have no non-zero solution x € Z> for arbitrarily large values of

X. If Ao + ZPGS Ap > 1/, then any constant ¢ > 0 has this property.

Applying this result with S = § and A, = 1/ we recover Theorem la of H. DAVEN-
PORT and W.M. SCHMIDT in [5]. Applying it with S = {p}, Aec = —1 and A, = 7,
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it gives Theorem 2 of O. TEULIE in [8]. Combining the above result with Mahler’s

Duality we obtain the following statement.

Theorem 1.3.2 Suppose that & and \ satisfy the hypothesis of Theorem 1.3.1 and
suppose that Ao + Zpes Ap = 1/v. Let R(T) be a polynomial in Z[T|. Suppose
R(&,) € Z,, for eachp € S. Then there exist infinitely many polynomials F(T) € Z[T)|
with the following properties:

(i) deg(R—F) <2,

(11) if Aoo > —1, there exists a real root as, of F, such that

€00 — Qooloo K H(F)_’Y(/\WH),

(i13) for each p € S, there exists a root a, of F in Q,, such that
1€p — aplp < H(F)™",
Moreover, for each p € S such that &, € Z,, we can choose oy € Zy,.

Here H(F') stands for the height of a polynomial F', which is the maximum of the
absolute values of its coefficients.

Suppose that S = @). Then Theorem 1.3.1 implies Theorem 1la in [5] while The-
orem 1.3.2 applied with R(T) = T® implies Theorem 1 in [5], due to H. DAVENPORT
and W.M. SCHMIDT. Let p be a prime number and suppose that S = {p}. If
A = (=1,),), then Theorem 1.3.1 implies the case n = 3 of Theorem 2 in [8] while
Theorem 1.3.2 applied with R(T) = T° implies the case n = 3 of Theorem 3 in [8],

due to O. TEULIE.

Fix n € Zsy, R(T) € Z[T] and a finite set S of prime numbers and define 75 zn

as the supremum of all sums

Z Ty

ve{oco}uS
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taken over families 7, € R (v € {oo} US) such that, for any transcendental numbers
o € Rand &, € Z, (p € S), there exist infinitely many polynomials F(T') € Z[T]
with deg(R — F') < n having roots @ € R and oy, € Z, (p € S) such that

€, — ], < H(F)™ (v € {00} US).

In this context Theorem 1.3.2 leads to the conclusion that 7spas > 2.

In §2.5, we construct examples showing that the condition Ao + 3 cs Ap = 1/

in Theorem 1.3.1 cannot be improved. We obtain the following statement.

Theorem 1.3.3 For any ) € R];SAH with

1
Z /\V<;

reSU{oo}

there exist a non-zero point & = (£, (&)pes) € R x [oes @ with [Q(éx) : Q] > 2

such that X is an exponent of approzimation in degree 2 to €.

We also prove the following result which shows that, for any A, with X, < 7,

the pair A\ = (—1,),) is an exponent of approximation in degree 2 to some point

€= (€oar &p), with [Q(&) : Q] > 2.

Theorem 1.3.4 Let p be some prime number. For any real A\, < vy, there exists a

number &, € Q, with [Q(&,) : Q] > 2, such that the inequalities

m < X and max |z; — zo€|, < cX
OSlaSX2 I.’171|oo ~ OSlS2| ! Oé'plp = 3

have a non zero solution x € Z3, for any X > 1.


file:///xi/oo

Chapter 2

Simultaneous Approximation to

real and p-adic numbers

2.1 General Setting

Let n > 1 be an integer, let S be a finite set of prime numbers and let £ =
(€ooy (&p)pes) € Rxnpes Q,. Let v € Sor v = oo. For any point x = (z¢, z1,...,%n) €

Qr*1 we define the v-adic norm of x by

x|l := max {|zl. }, (2.1.1)
and we put
L,,(X) = ”X - ‘TOtu”m (212)

where t, := (1,&,,...,£}). We denote by |S| the number of elements in S.

Definition 2.1.1 Let £ € R x [[,es Q@ and A= (Moo, Mp)pes) € RISHL We say that

X is an exponent of approxzimation in degree n to £ if there exists a constant ¢ > 0
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such that the inequalities
%l < X,

Loo(x) < X ™=, (2.1.3)
L,(x) <cX ™ VpeS,

have a non-zero solution x € Z™! for each real number X > 1.

2.1.1 Application of Minkowski’s convex body theorem

The following proposition based on Minkowski’s convex body theorem provides a

sufficient condition for A € RII*! to be an exponent of approximation in degree n.

Proposition 2.1.2 Suppose that XA = (A, (Ap)pes) € R X R';cl) satisfies the inequali-
ties

Moo = —1 and Ao+ Y Ay < 1/n. (2.1.4)

pES

Then X is an exponent of approzimation in degree n to any € € R x Hpes Qp-

Proof: Fixany ¢ € Rx Hpes Qp. For each ¢ > 0 and X > 1 we define the convex
body
Cex = {(x €R™ | [Ix]loo £ X, Loo(x) < cX A<}

and the lattice
Acx ={xcZ"" | L,(x) < cX ™ for each p € S}.

We claim that there exists a constant ¢ > 0 such that for each X sufficiently large, we
have C, xNA. x # 0. This means that for such a constant ¢ > 0 the inequalities (2.1.3)
have a non-zero solution x € Z"*! for each X sufficiently large. Upon replacing ¢ by
a larger constant if necessary, we ensure that the inequalities (2.1.3) have a non-zero
solution x € Z"t! for each real number X > 1, which means that ) is an exponent of

approximation to €.
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To prove the claim, we fix a constant ¢ > 0 (all implied constants below depend

on ¢). For each X > 1, we define a new convex body

tx = (X €R™ | |z0]oo < X/M, Loo(x) < cX =}

= {x e R" | [ Ax]loc < 1},

where M = 2max{1, | |-} and

MX1 0 0 ... 0
A £ XA cTlXA L, 0
—gnetlxde 0 0 ... clXs

Case 1. If A\ > —1, we have C;‘ x C€ C.x for each X sufficiently large. Assuming

’

X > 1, we also construct a lattice A; x as follows. Fix any real X sufficiently large.

For each p € §, we choose n, € Z>( such that
p <X < pietl (2.1.5)

and put b = Hpe sP". Let dy be the smallest positive integer such that dot, € Zg“
for each p € S. By the Strong Approximation Theorem (see [4]), foreach I =1,...,n,

there exists d; € Z~ satistying

|dy — do€}|, < X for each p€S. (2.1.6)

........

follows

Wy = (do,dl, - .,dn),

uy =be foreachl=1,...,n,

and put

AIC,X = {uo, u,... ,un>Z.
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By (2.1.5) and (2.1.6), for each p € S, we have
Ly(uo) = max |d; — dotlly < X7,
Ly(w)=|bl,=p™ <cX*foreachl=1,...,n.
So, we have A, x € A, x for each X > 1. Hence, for each X > 1, we get
ex NALx CCox NAgx.

We make the stronger claim that C7, x N A, x # @ for each X sufficiently large. By

Minkowski’s convex body theorem (3] (see p. 71), it suffices to show that the inequality
vol(Cy x) > 2" det (A, x) (2.1.7)

holds for each X sufficiently large. Let us find the value of vol(C", ) and an upper
bound for det(A[ x) in terms of X. Using (2.1.5), we find that

VO](Cé,X) = /

dx = / |det(A)| ldy = M ML XA
A—l([——l,l]"‘H) [_1,1]71-&—1

and

|det(A’C’X)| = det[ug, uy, ..., u,] = dob™ = dy Hpnnp — do(Hpn) Hpn(np_n

pES peES pES

< do(Hp”) H(C—an)\p) _ doc_n(Hpn)anpesxp_

pES peES pES
To fulfill (2.1.7), it suffices to require that
2n+1M—lch1-—n)\oo > 2n+1doc—n ( H pn)Xn ZPES )\p.
pES
This gives

X1t Tpesde) > Mdye™? Hp".
peES

Since Moo + D s Ap < 1/, the above inequality holds for each X sufficiently large,

provided that c is chosen large enough to ensure that Mdyc=" pesP" < 1.
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Case 2. If Ao = —1, then C. x = {x € R™™ | ||x||cc < X} provided that ¢ > 0
is large enough. Since vol(Ce x) = 2"t X" we get Cox NA] x # 0 if ¢ is chosen so

that doc™™ [ [ . P™ < 1. Then the conclusion follows as in the previous case. |

peES

2.1.2 A covering of Ry

Throughout this paragraph, we fix a point £ € (R\Q) x HpeS(QP\Q) and an expo-
nent of approximation A = (Mg, (Mp)pes) € R X Rls(l) to € in degree n. We also fix
a corresponding constant ¢ > 0 such that the inequalities (2.1.3) have a non-zero
solution in Z™*! for each X > 1.

For each X > 1, we denote by C.x = C,, X(E ,A) the set of all non-zero integer
solutions of the system of inequalities (2.1.3). We also denote by Zs the set of all
non-zero integers of the form =+ HpE S p*r, where k, > 0 is an integer for each p € S.

Let v be a primitive point in Z"*!. Looking at (2.1.3) we note that if Iv € C, x
for some integer [ € Z.s, then the integer m = [ s |ll;* € Zs also has the property

that mv € C. x. We can therefore define a set I.(v) in the following two ways:

L(v)={X €Rs, |3 €Z st lveCl.x}

={X €Ry; | Im € Zs st. mv € C. x}.

For any non-empty compact set A C R we denote by max A and min A its maximal
and minimal elements respectively. The next lemma shows that, if the sum of the
components of A is positive, then the sets I.(v) provide a covering of R>; by compact

sets.

Lemma 2.1.3 Suppose that )\ := ZUE{OO}US Ay > 0.
(i) For each primitive point v € Z™1, the set I.(v) is a compact subset of Rs;.

(i) R>1 is covered by the sets I.(v), where v runs through all primitive points of
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Zn+1

(111) For any X > 1, there exists a primitive point w € Z™, such that
X el(w) and X < max[.(w),

Moreover, if X > 1, there also exists a primitive point u € Z"*!, such that
X € I.(u) and X > minI.(u).

(iv) Define (X) := min{||W||e | X € I.(W) for some primitive point w € Z"*'} for
each X > 1. Then ¢(X) — 00 as X — o0.

Proof:  For the proof of (i) we suppose that I.(v) # 0 and choose any X € I(v).
Then there exists some m € Zs, such that mv € C. x, and using the product formula,

we find

= S+ x A

For each v € {o0} US, we have &, ¢ Q and so L,(v) # 0. Hence, because of the
hypothesis A > 0, we get
I()§1c|s|+1 H L,( 1/,\
ve{oo}us
This shows that I.(v) is a bounded subset of R»>;. Now, we suppose that X is an
accumulation point of I.(v). Then there exists an infinite sequence (X;);»1 in I(v)
and a sequence (m;);>1 in Zg, such that lim; ., X; = X and m;v € C.x, for each

i > 1. Using the first inequality in (2.1.3), we have

|m1‘oo||v||oo S Xi-
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Since (X;)i>1 is bounded, we deduce that the sequence (m;);>1 contains only finitely
many different elements. Hence, there exists an index iy > 1, such that m;,v € C. x,,
for infinitely many values of . By continuity we deduce that m;,v € C.x, which
means that X € I.(v). Therefore I.(v) is closed and so it is a compact subset of Ry;.

For the proof of (ii) we use the assumption that for any X € Rs; the system
(2.1.3) has a non-zero solution x € Z"*!. Writing x = [v for some | € Z and some
primitive point v, we deduce that X € I.(v). This shows that Ry, is covered by sets
I.(v) where v runs through all primitive points of Z"*1.

To show the first part of (iii), we consider the interval [X, X + 1]. Denote by W
the set of primitive points w in Z"*! such that [X, X + 1} N I,(w) # 0. By Part (ii),
we have

Moreover, the set W is finite since for each w € W, we have |w|w < X + 1. Define

also

Wx ={weW | X =max I (w)}

so that,
(X, X + 1] € Upemr\wy Le(w).

Since W is finite, the set Uwew\wy Ic(W) is compact and thus, we have
[X, X + 1] € Uwemwy Ie(w).

This means that there exists a primitive point w, such that X € I .(w) and X <
max I.(w).

To show the second part of (iii), we consider instead the interval [1, X]. Denote
by U the set of primitive points u € Z™*! such that [1, X] N I.(u) # 0. By Part (ii),
we have

[17 X] g Uueulc(u)~
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Moreover, the set I is finite since for each u € W, we have ||ul|o < X. Define also
Ux ={u el | X = min . (u)}

so that,
[1a X) g Uueu\uxlc(u)-

Since U is finite, the set Uyenuy Ic(u) is compact and thus, we have
[1, X] € Unernux Le(u).

This means that there exists a primitive point u, such that X € I.(u) and X >
min /.(u).

For the proof of (iv), we suppose on the contrary that there exists some positive
real number B > 1 and a sequence (X;);>o such that lim; o, X; = 0o and ¢(X;) < B
for all © > 0. Then there exists a sequence of primitive points (w;);>o in 72 such
that X; € I.(w;) and ||w;]|lc < B, for each ¢ > 0. Hence, we have only finitely many
different elements in the sequence (w;);>o. By Part (i), we have that each I.(w;)
is compact and thus the sequence (X;);>o is contained in a finite collection of com-

pact sets. So, it is bounded, which contradicts the assumption that lim;_,., X; = oc. 11

Remark 2.1.4 Lemma 2.1.3(%i) shows in particular that, for any primitive point
v € Z"Y with I.(v) # 0, there exists a primitive point w € Z"! such that w # +v
and I.(v) NI (w) # 0.

2.1.3 A sequence of primitive points

Let the notation and hypotheses be as in the previous paragraph. Here, we construct
a sequence of primitive points (vi)g>o in Z"™! which in our context will play the

role of the sequence of minimal points of H. DAVENPORT and W.M. SCHMIDT in [5].
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Because of the extra complexity of working with several places at the same time, we
will also need to introduce other sequences (Xy)r>0 and (x'k)k>o in Z"*! which will
be derived from (v )k>o.

In order to fulfill the above task, we introduce one more piece of notation. For

each real number X > 1 and each primitive point v € Z"t!, we define

Le(v,X)={mv | mé€Zs and mv € C.x}

= st N Cc,X-
Note that if X € I.(v), then L.(v,X) # 0. We first prove a technical lemma.

Lemma 2.1.5 Let v be a primitive point in Z™! with I,(v) # 0. Let X € I(v)
and let x be a point in L.(v,X) with minimal norm. Then for any Y € I.(v) with

Y > X, we have
Ec(va Y) g ZS X,
(2.1.8)
Loo(x) < cY 72,
Proof: FixY € I.(v) with Y > X and choose a point y € L.(v,Y). There exist
m,n € Zs, such that x = mv and y = nv. In order to prove that L.(v,Y) C Zs x,

we need to show that m | n. Suppose on the contrary that |m|, < |n|, for some ¢ € S.

Put | = m|mly|n|;'. Then I € Zs and it satisfies the following relations

moo < ’m‘om
]llq = 'n|q > |m|qv

[ll, = |m|, for each p € &\ {q}.
So, using the fact that x € C. x, y € C.y and the assumption A, > 0, we have

11V]loo = lllool[V]leo < IM]oeollVleo = [[X]lec < X,
Loo(Iv) = oo Loo (V) < [M|ooLoo(V) = Loo(x) < cX ™,

Ly(Iv) = |l|¢Lqe(v) = |[nlgLq(v) = Ly(y) < cY M < X
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L(Iv) = |l|,Lp(v) = |m|,L,(v) = L,(x) < cX™* for each p € S\ {q}.

This means that [v € L.(v,X). Since ||IV||co < ||X||oo, this contradicts the fact that

x has minimal norm in £.(v, X). Hence, m | n and so we find that
Loo(x) = [M]ooLoo(V) < [12]oo Loo(V) = Lao(y)-
Finally, since y € C.y, we conclude that

Loo(x) < Loo(y) < cY ~Aeo,

We can now state and prove the main result of this paragraph.

Proposition 2.1.6 Suppose that A = ZVE{OO}US Av > 0. Then, there exist a se-
quence of primitive points (Vi)g>o i Z"! any two of which are linearly independent,
two sequences (X )rk>o0 and (X'x)k>0 of non-zero integer points in Z"', and an un-
bounded increasing sequence of real numbers (Xy)i>o0, such that for each k > 0, we
have

X'y € Zs xx C Zs Vi,

X/k,xk+1 € Cc,Xk+1’ (2 1 9)

Loo(xk) < ch“j‘f",

Xk & I(Vit).
In particular, any two points of (Xx)k>0 or of (X'k)k>0 with distinct indezes are linearly

independent.

Proof:  Choose vq to be an integer point in C.; with the largest max I.(vo). Since
IIvolleo = 1, this point vq is primitive. Put X; = max I.(vy) and consider the following

finite set

V) = {v € Z""! | v is primitive with X; € I.(v) and X; < max I.(v)}.
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By Part (iii) of Lemma 2.1.3, we have that V) # () and that v # £vq for each v € V).
Choose a point v, € V; such that max I.(v;) is the largest. Arguing in this way we
construct an increasing sequence of real numbers (Xj)x>; and a sequence of primitive
points (vi)r>o0 in Z"!, any two of each are linearly independent, such that for each

k > 0, we have

Xy € I.(vy) and X < Xpiy = max I.(vi),
(2.1.10)

max { max I.(v)} = max I.(vy),

where
Vi = {v € Z""! | v is primitive with X}, € I.(v) and X} < maxI.(v)}.

Since, for each k£ > 1, we have X € I.(vy), then ||vi|leo < Xi. Since the sequence
(Vi)k>o0 consists of infinitely many different elements, this shows that the sequence
(Xk)k>1 is unbounded. Also, we note that Xy ¢ I.(vky1). Indeed, suppose on the
contrary that X € I.(vki1). Since X < Xipr1 < Xpyo = max I.(viy1), this means

that viy; € V. So, we have
KXo =max [(viy) < max { max Ic(v)} = max I.(vk) = Xg+1,
veVy

but this contradicts the second relation in (2.1.10) with & replaced by & + 1.

Now, for each k& > 1, we choose a point x; € L.(vg, X)) with minimal norm
and a point X'y, € L.(Vvk, Xk+1). Then, the sequences (xx)r>0 and (x'x)x>o satisfy
the second relation in (2.1.9). Moreover, since the points in the sequence (vi)g>o are
primitive and since v; # v, for 4, j > 0 with ¢ # j, then any two of them are linearly
independent. Hence any two different points of (xx)r> and any two different points
of (x'k)k>0 are linearly independent. Finally, the first and third relations follow from

Lemma 2.1.5 applied to v = vy, x = x; and Y = X.;. |
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2.1.4 A criterion in terms of primitive points

The following proposition provides a criterion which interprets the notion of an expo-
nent of approximation in degree n in terms of the existence of primitive points with
certain properties. In the case where the set & consists of just one prime number p

and where Ao, < —1, this is due to O. TEULIE [8].

Proposition 2.1.7 Let £ € (R\Q) x [1es(Q@\Q). Then A= (Moo, Mp)pes) € R x
RI;O' is an exponent of approzimation to € in degree n iff there exists a constant ¢; > 0

such that the relation

1< min{” - Cli( w}Hmm{ %(;T} (2.1.11)

has a non-zero primitive solution v € Z™*! for each real number X > 1.

Proof:

(= ) If X is an exponent of approximation to &, there exists a constant ¢ > 0 such
that the inequalities (2.1.3) have a non-zero solution x € Z"*! for each real number
X > 1. Fix areal X > 1. According to the comments made in §2.1.2, we can choose
a solution x of the system (2.1.3) in the form x = mv, where v € Z"*! is primitive

and m € Zs. Then, we have

MooVl < X,
00 Loo(V) < XA,

ImlpLy(v) < cX ™ Vp € S.

This is equivalent to the system of inequalities

X cX"\°°}
” ”oo’LOO(V) ,

and |ml, <1 VpeS.

|| < min {

cX»
Ly(v)

}mlp >
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Since |m|eo [ [ es Imlp = 1, it follows that

1= ImlooH Im|, < mln{” TR C):o( c’;}I—Imm{l CL):(V;}

peES

Choosing ¢; = ¢, we get (2.1.11).
(< ) Fix areal X > 1 and assume that (2.1.11) holds for some primitive point
v € Z"*! and some constant ¢; > 0 independent of X. Let m be the largest positive

element in Zs satisfying

X——/\
im|, > C—Z(T)p for each p € S. (2.1.12)
P
By the choice of m, we also have
X
Im|, < E%(T)— for each p € S. (2.1.13)
p

By (2.1.11) and (2.1.12), we get

1 Smin{l| o’ CIi( c)’o}l_[mln{ c}ji;)?}
Smin{ X CIX }Hmm{l |m|p}

Vil

< min { T ch } H Im,.

|m|, = 1, it follows that

Since Mmoo ]

pES

ch Ao
[Vlleo™ Loo(¥) }

Mmoo < min{
and therefore, we have
Mmool Vo < X,
Moo Loo(V) < €1 X ™.

From this and (2.1.13) it follows that the point x = mv is in C.x, with ¢ =
¢y maxpes p- Thus X is an exponent of approximation to £, if (2.1.11) has a non-

zero primitive solution v € Z™*! for each X > 1. |
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2.1.5 Another covering of R,

Let £, X and c be as in §2.1.2. For each ¢; > 0 and each primitive point v € Z"*!,

we define the set
Joy (V) = {X € Rs; | X satisfies (2.1.11)}.

This set is a closed interval because it can be presented as the set of all solutions of
a system of inequalities of the form a; < X,...,as < X%, where a;,...,a; € Ryg
and ay,...,as; € R. The proof of Proposition 2.1.7 provides moreover the following

connection between J-sets and /-sets.

Lemma 2.1.8 For each primitive point v € Z™*1, the set J.(v) is a closed interval

and, we have
1.(v) € Jv) € L(v),

with ¢ = cmaxpes p.

Proof: Fix a primitive point v € Z"™!' such that I.(v) # 0 and choose any
X € I.(v). The first part of the proof of Proposition 2.1.7 shows that X € J.(v).
Now, suppose that J.(v) # 0 and choose any X € J.(v). The second part of the
proof of Proposition 2.1.7 shows that X € I/(v), with ¢’ = c max,es p. |

By combining the above lemma with Lemma 2.1.3, we obtain the following.

Lemma 2.1.9 Suppose that \ := Eye{w}us A, > 0.
(i) For each primitive point v € Z", the set J,(v) is a compact sub-interval of R>;.
(1) R>y is covered by the sets J.(v), where v runs through all primitive points of

Zn-{—l

(iii) For any X > 1, there exists a primitive point w € Z™ | such that

X € J(w) and X < max J,(w),
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Moreover, if X > 1, there also ezists a primitive point u € Z™*!, such that

X € J.(u) and X > min J.(u).

(iv) Define (X)) := min{||w||o | X € Jo(W) for some primitive point w € Z"*'} for
each X > 1. Then ¢(X) — o0 as X — oo.

The following result is an analogue of Proposition 2.1.6 in terms of J-sets.

Proposition 2.1.10 Suppose that A := ZUG{OO}US A, > 0. There exists a sequence
of primitive points (Vi)k>o in Z", any two of which are linearly independent and

satisfy the following relations
max Jo(vy) < min Jo(viy2) < maxJ.(viy1) for each k>0, (2.1.14)

and the sequence (max J.(Vi))k>1 ts unbounded. Moreover, there exist sequences
(xx)k>0 and (X'k)i>0 of non-zero integer points in Z"™*' such that, for each k > 0,

upon putting X4, = max J.(vy), we have

X'y € Ls Xy, C Ls Vi,
X'k, Xp41 € Cor Xpprs (2.1.15)
Loo(xi) < X0,
where ¢ = cmaxpes p. Finally, for each k > 0, the points X'y, and x4, are linearly

independent.

Proof:  Choose vy to be a primitive point in Z"™! satisfying the inequality (2.1.11)
with X =1 and ¢; = ¢, with the largest max J.(vo). Consider the following finite set

V) = {v € Z"™ | v is primitive with max J.(v,) € J,(v)

and max J;(vp) < max J.(v)}.
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By Part (iii) of Lemma 2.1.9, we have that V; # 0 and that v # tv, for each v € V.
Choose a point v; € V; such that max J.(v;) is largest. Arguing in this way we
construct recursively a sequence of primitive points (vg)g>o in Z"*!, any two of each

are linearly independent, such that for each k£ > 0, we have

max Jo(vVi) € Je(Viet1),
max J,(vg) < max J.(Vgi1), (2.1.16)

max J,(vg) = 1351;): { max Jc(v)},

where

Vi = {v € Z""! | v is primitive with max J.(vg_1) € Jo(Vv)

and max J,(vi_1) < max J.(v)}.

Since, for each k > 0, we have max J.(vk) € Jo(Vikt1), then || Vii1|leo < max Jo(vy).
Since the sequence (vg)g>o consists of infinitely many different elements, this shows
that the sequence (max J.(vi))g>1 is unbounded.

Using the first relation in (2.1.16) with k replaced by k + 1, we deduce that
min Jo(vgs2) < max J.(vgs1) for each & > 0. We claim that max J.(vg) < min Jo(vgio)
for each ¥k > 0. Fix any k£ > 0 and suppose on the contrary that max J.(vy) >
min J.(vgi2). By the second relation in (2.1.16) this means that we have max J.(vy) €
Je(Vis2) and max J.(vy) < max Jo(Vgiz2). So, it follows that viio € Viy1. Hence, we
have

max Jo(Viya) < max { max J.(v)} = max J.(vi41),
vEViki1

but this contradicts the second relation in (2.1.16) with k replaced by k + 1.
Moreover, put Xy, = max J.(vy) for each k¥ > 0. By construction, we have
Xgy Xk+1 € Jo(vg) for each k > 0. Since Lemma 2.1.8 gives J.(vy) C I/(vg), we
have Lo (v, Xi) # 0 and Lo (vy, Xgp1) # 0 for each k > 0. Now, choose a point
X € Lo(Vi, Xi) with minimal norm and a point X'y € Lo(Vvk, Xk+1). Then, the se-

quences (Xg)g>o0 and (X'g)x>o satisfy the second relation in (2.1.15). Moreover, since
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the points in the sequence (vi)i>o are primitive and since v; # %v; for 4,5 > 0 with
i # 7, then any two of them are linearly independent. Hence any two different points
of (xx)k>0 and any two different points of (X';)x>0 are linearly independent. Finally,
the first and third relations in (2.1.15) follow from Lemma 2.1.5 applied to v = vy,
x =X and Y = X, with ¢ replaced by ¢ |

In the next two paragraphs, we show how the above proposition allows one to
recover the construction of minimal points by H. DAVENPORT and W.M. SCHMIDT

in [5] and by O. TEULIE in [8].

2.1.6 Approximation to real numbers

In the case where S = (), the Definition 2.1.1 takes the following form.

Definition 2.1.11 Let £, € R and Ao € R. We say that A is an exponent of
approximation to £, in degree n if there exists a constant ¢ > 0 such that the inequal-
ities
Ixlleo < X,
(2.1.17)
Loo(x) < X,

have a non-zero solution x € Z™, for any real number X > 1.

In this context, Proposition 2.1.10 leads to the following statement.

Lemma 2.1.12 Let A € Ryg be an exponent of approximation in degree n to € €
R\ Q. There ezists a sequence of non-zero primitive points (Vi)k>o C Z"* such that

for each k > 0, we have

[Villoo < [[Va1lloos
i (2.1.18)

Vi3ll0™ < Loo(Vit1) < Loo(Vi) < Vel 0=
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Proof: By Proposition 2.1.10 there exists a sequence of primitive points (vi)r>o
in Z"*1, any two of which are linearly independent, satisfying the relations (2.1.14)

for some constant ¢ > 0. Since S = ), then for each k > 0, we have

X X
_ : < m
Je(vi) {X € Ry | X satisfies 1 < mln{”VkHOO, Loo(Vk)}}

— [I¥ellon 6/ B ]

and then the relations (2.1.14) can be written in the form
(¢/ Lo (Vi)Y < ||[Visalloo < (¢/Loo(Vig1))Y*= for each k> 0.

So, the sequence (v;)r>o satisfies the inequalities (2.1.18). |

2.1.7 Approximation to p-adic numbers

Let p be a prime number. In the case where § = {p} and A, = —1, the condition
that (Ao, Ap) is an exponent of approximation in degree n to a point (€., &) € RxQ,

is independent of the choice of £,,. This justifies the following definition.

Definition 2.1.13 Let §, € Q, \ Q and A, € R. We say that )\, is an ezponent
of approzimation in degree n to &, if there exists a constant ¢ > 0 such that the
inequalities

1%l € X,  Lp(x) < X7, (2.1.19)

have a non-zero solution x € Z™*! for any real number X > 1.

Remark 2.1.14 The criterion presented in Proposition 2.1.7 shows that A\, € R 1s
an exponent of approzimation to & € Q, \ Q in degree n if there ezists a constant

¢ > 0 such that the inequalities

1Xlloo € X, |X[looLp(x) < cX 7, (2.1.20)
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have a non-zero solution x € Z"*! for any real number X > 1.

In this context, Proposition 2.1.10 leads to the following statement.

Lemma 2.1.15 Let )\, € Ry be an exponent of approzimation in degree n to &, €
Qp \ Q and suppose that A, > 1. There exists a sequence of primitive points (Vi)k>o

in Z"1 such that, for each k > 0, we have

Villoo < [IVit1lloo
s i (2.1.21)

IVisslles™ < IVisallooLp(Vir1) < [VallooLp(Vi) < IViallos™-
Proof: As mentioned before Definition 2.1.13, we choose any number &, € R\ Q
and put Ao = —1. Then (A, A,) is an exponent of approximation in degree n to
(€x0,&p) and by Proposition 2.1.10 there exists a sequence of primitive points (V)k>0
in Z"*, any two of which are linearly independent, satisfying the relations (2.1.14)

for some constant ¢ > 0. Also, for each k£ > 0, we have

X C

. . cX
Jo(vi) = {X € R>; | X satisfies 1 < min { TR
kiloo o0

if’k) } min {1, —L————}}

p(Vk)

Assuming that the constant ¢ > 0 is sufficiently large, so that the inequality Lo(vg) <
c||vi|loo holds for each k > 0, we get min {X/||Vi|loo, cX/Loo(Vi) } = X/|[Villso- Then,

since A, > 1, we obtain
cX }

X
= i < ——1mi _
Je(v) {X € Ry; | X satisfies 1 < min {1, Lp(vk)}

[Vklloo

~ [Ivelle (—-—Hvk“:Lp(vk))”“p‘”]

and the relations (2.1.14) become

( c )1/(>\p—1) < ” ” < ( c )1/(>\p—1) ¢ b ES O
e v o < or eac > 0.
Vi llooLp (Vi) ke (Vit1llooLp(Vet1)

So, the sequence (vg)i>o satisfies the inequalities (2.1.21). |

Note that if A = (Moo, (Mp)pes) € RIS is an exponent of approximation in degree n
to £ € R x Hpe s @Qp, then A\, is an exponent of approximation to £, and A, is an

exponent of approximation to &, for each p € S in the same degree n.
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2.2 Inequalities (Case n=2)

From now on, we assume that n = 2. An exponent of approximation to a point

£ = (b, (&)pes) € R x [ cs Qy means simply an exponent of approximation in
degree 2 to this point.

Any triple x = (z9,%1,T2) € Z*® can be identified with a symmetric matrix

To I

with determinant det(x) := zoxs —z2. Following [9], for points x,y, z € Z*
Iy I9

viewed as symmetric matrices, we also define

0 1
-1 0

[x,y,2z] ;== —xJzJy, where J =

We recall from [9] that [x,y,z] is also a symmetric matrix if x,y and z are linearly
independent over Q. It then corresponds to a new point w € Z3. The next lemma

provides most of the estimates used throughout the thesis.
Lemma 2.2.1 Letx,y,z € Z* and v € S U {o0}.
(1) For the determinants det(x) and det(x,y,z) we have the following estimates
| det(x)], <[]l Ly(x),
| det(x,y, 2)|v < %Il Lo (y) Lu(2) + [[yllo Lo () Lo (2) + 2]l Lo (x) Lu(y)-
(ii) Let w = [x,X,y], then

Iwll, < max{llyll,Lu(x)* [Ix[;L.(y)},
Ly(w) < Ly(x) max{|ly|lv Lo (x), lIx][. Lo (y)}-

(iii) Let V be a subspace of Q2 and let x,y € Z3 be a basis of V over Q. Then its
height H(V'), satisfies

H(V) < max{[[X/locLoo (¥), ¥ looLoo(x)} | [ max{Ly(x), Ly(¥)}-

qeS
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Proof:  (i): Since
T2 — 216 |u < |22 — zo&lly + |1 — 2ol |u|éu |y K Ly(x),

we get by multilinearity of determinants,

:L'Oé.u

Ty — 1€, .

T T —
|det(x)[, = ||~

I
Similarly we obtain following the estimates

Ty — Toly Ty — Tok?

Zo
|det(X,y,2)lv = ||yo y1— Yobs Y2 — Yo&?

2y — 2053 v

< Iy Lo (y) Lo(2) + 1Y llo Lo (%) Lo (2) + [|2]|o Ly (%) Lo (y)-

20 21— 26y

(ii): By the computations in [9], p. 45, we have

To I Zo 1A
To T1 To I1 Ty T2 |T1 T2
Yo Y1y |1 Y2 Yo Y| |1 Y2
w = [x,X,y] = —xJyJx =
T 2 T T
o T1| |[To T T1 T2l (X1 T2
Yo Ui (Y1 Y2 Yo Yi| |1 Y2
By multilinearity of determinants, w can be presented in the following form
( To T1 — To&y To T1 — Zo&y
To Z1 — Zoby To T Ty T2 — 1€, Z1 L2
Yo y1—yobu| (Y1 — Y& Y2— 1| ||Yo Y1~ Yb| (V1 —%b Y2~ Ul
71 T2 — T1&y 1 Ty — 1€y
To T1 — Toby Zo T T, T2 — T1é, I M)
Yo y1—Ylv| (1 =yl Y2—n&|| ||Y0 Y1~ Wb | Y1 — Yk Y2—né

< !330|u!332 - xlfu'u + lelu|$1 - -'L'Oé.ulu < Hx“l/LV(x)'
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Hence, since |z;4+; —21€,|, < Ly (%) and |y — |, < Lu(y), for { = 0, 1, we deduce
that
[wll, < max{|ly|l,L,(x)% [Ix[|I2L.(y)}-

We now find the upper bound for |w; — weé,|,. Using the above presentation of w,

we find that w; — wp€, can be written in the form

T z1 — Toby T 1 — Toby
Ty T2 — T1&y T T2 —|Z0 1 —z0& o T &
Yo y1—yolu| (Y1 —Yo&w Y2— & Yo Y1—yoév| Y1 — Y& Y2—yi&y
To T — oy

= ||z1 — zo&y (152 - xlf,,) - (551 - CEoEu)EV 1 — 2oy T2 — T1&||>
Yo Y1 — Yobu 1~y Y2 —

and so

w1 — wosyly < max{[lyllvLu(x)*, lIx/luLu (%) Lo (y)}-

Similarly, the same upper bound holds for |ws — we&Z|,, and therefore
Ly,(w) < Ly(x) max{||yll,Lu(x), || x|l L. (y)}-

(iii): Recall that
HV) =] lIxAyll.,

where v runs through all prime numbers and co. Thus

H(V) < IxAylleo [T IIx Ayl

qeS

and so we simply need upper bounds for ||x A y|| and ||[x Ay(l, (¢ € S). Using the

presentation

XAy =

3

(151 Ty o T3
Y1 Y2 Yo Y21 (Yo Y1

To iEl)
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T To—T1& To To— o2 |To 1 — Zoéy

-

we find the estimates

b

U1 Yo — 21y Yo Y2—YolZ| |Yo Y1 — Yoo

% A ylleo < max{||xlecLoo(¥) [[¥llooLoo(x)},
[x Aylly < max{L,(x), Le(y)} (¢ € S),

and thus

H(V) < max{[[xloo Loo(¥); ¥ o Loo(x)} | [ max{Ly(x), Ly(y)}-

geS
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2.3 Constraints on exponents of approximation

Let S be a finite set of prime numbers. Here we consider the problem of simultaneous
approximation to real and p-adic numbers in degree n = 2. We find constraints on
A€ RISH! and € € R x Hpes Q, which ensure that, for some constant ¢ > 0, the

inequalities
[1%/loo € X, Loo(x) < cX 7 L(x)<cX ™ VpeS,

have no non-zero solution x € Z3 for arbitrarily large values of X.

2.3.1 Simultaneous case

Throughout this paragraph, we fix a finite set S of prime numbers, a point
§_= (gooa (gp)peS) € (R\Q) x H(Qp \ Q),
peES

and a point

A= (Moo, M\p)pes) € [=1,00) x RE.

We define S’ to be the set (possibly empty) of all v € {o0}US such that [Q(£,): Q] >
2. We also define

A= Z M.

ve{oo}uS
Proposition 2.3.1 Suppose that
0 if co€e &,
A>0 and A+ ) A, > ! (2.3.1)
veS! 1 Zf oo ¢ S’

Suppose also that there exists a constant ¢ > 0 for which the inequalities
Ixlleo < X,
Loo(x) < cX e, (2.3.2)

L(x)<cX ™ VpeS,
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have a non-zero solution X = (xg, T1,T3) € Z3 for each X sufficiently large. Suppose

finally that, for each X sufficiently large, any such solution has
det(x) = zgzo — 2% # 0. (2.3.3)

Then, we have A < 1/v. Moreover, if A = 1/~, then c is bounded from below by a

positive constant depending only on &.

Proof: WLOG, we may assume that 0 < ¢ < 1. The hypotheses imply that
) is an exponent of approximation to £ in degree 2, with corresponding constant c.
Proposition 2.1.10 applies to this situation with n = 2, as the main condition A > 0
is fulfilled.

Consider the sequences (Vi)r>0, (Xk)k>0, (X'k)k>0 and (X)x>1 given by Proposi-
tion 2.1.10. For all k sufficiently large, the assumption (2.3.3) implies that det(xy) #
0. Using Part (i) of Lemma 2.2.1 and the first relation in (2.1.15), we deduce that

1 < | det(xx)]oo | [ Idet(xx)l

peS
< XkLoo(xk) H Lp(Xk) = XkLoo(Xlk) H Lp(Xlk),
pES peS

for all these values of k, with implied constants depending only on ¢ and not on ¢
(same through all the proof). Using this and the second relations in (2.1.15), we get

1 < XeLoo(x's) [ [ Lo('s)

peES

|S]+1 v —A —Ap __ |S|+1 -\
L Xge Xe i 1] Xl =¢ XX
peES

(2.3.4)

for all £ sufficiently large.

Now, we claim that for infinitely many £ > 1, the points vi_1, Vg, Viy1 are
linearly independent over Q. To prove this, we argue like in [5] and [8], assuming on
the contrary that vi_i, vg, viy, are linearly dependent for each k sufficiently large.

Since any two different points of (vi)r>o are linearly independent, it follows that

(Vk—l, Vk>Q = <Vk-—la Vk,Vk+1>Q = <Vkavk+l>Qa
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for each k sufficiently large. Hence, there is a two dimensional subspace V in Q* such
that V' = (v, vi11)q for each & sufficiently large. There exist integers r, s,t € Z, not

all zero, such that
V = {x = (z0,71,72) € Q*| rzo + sz, + tzy = 0}.

Since vy € V for each k sufficiently large, then for these values of &, we get

TV + SUk1 + tug e = 0. (2.3.5)
Fix v € &' Since [Q(&,): Q] > 2, we have

T+ 8&, + €2 # 0. (2.3.6)
Using this and (2.3.5), we find that, for those values of &,
lvk.oly < |8(vk,1 — Evkp) + t(vg 2 — fsvk,o)h <& Ly(v)

and therefore
Iville < L (Vi)
Finally, since xy and x,,; are integer multiples of v, and vi,; and since they both

belong to Ce x,,,, Where ¢’ = cmaxpes p < maxpes p, we deduce that
Xkl < Lo(x's) < Xy and  xeqlls < Lo(xes1) < X0, (2.3.7)

for each v € §'.
Fix any index k > 0. By Proposition 2.1.10, the points x'; and x4, are linearly

independent. This means that the matrix

Tkt1,0 Tk+1,1 Th+1,2

has rank 2. So, there exist 4,5 € {0, 1,2} with ¢ < 7, such that

/ /

Ty Ty .

ki k,j 7&0
Te+1,i Thtly


file:///Vkfi/u
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Using the product formula and the fact that X'y and xz1, both belong to Cy x, ., we
find that

! ! ! !
k k H k
1 S 71 ’] 77’ kJ
Tk+1i Tk41,5 OopES Tr+1,i Tk+1,5 »

IA

(I¢llon Lo (1) + 1kt llooLoo ()

[T max{lixellp Lo(xes), 1xesallpLp(x's)} (2.3.8)

pES

A
< Xk+1 (Hxlknoo + ”Xk+1’|00) HX,H_{’ max{||x'k(lp, [|Xk+1]lp}

pES

= X (1% klloo + Ikt1llo0) | [ max{ixkllp, Ixksalp}-
pES

If oo € &, this estimate combined with (2.3.7) gives
—/\oo —A- ZV /)‘V
1< XX H Xk+1 =X
peS\{o0}
Since ) satisfies inequalities (2.3.1), this is impossible for k large enough.

If oo ¢ &', we find instead that

L X Xen [ X = X007,
pes’
using the fact that ||x'k||co, [Xkt1llo < Xks1- By (2.3.1), this leads again to a con-
tradiction for k£ large enough. So, we proved the claim.
Thus, for infinitely many values of k, we have det(x'y_1,%k, Xx41) # 0. Com-
bining the product formula with Lemma 2.2.1(i), we get for those values of k the

following

1 < |det(%"k-1, X'k Xkt1) |oo H | det(x'k—1, X'k, Xi41)|p
peS

< (I k-1lloo Loo (%) Loo (k1) + ¥k lloo Lo (3'k—1) Loo (Xks1) + 31l o Lo (%'k-1) Lo (X't )

H max { Ly (x'x) Lp(Xg11), Ly(x'k-1) Lp(xp-41), Lp(xlk—l)Lp(X,k)}'

peES
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Since xX'y—1 € Cv x, while Xy, ;41 € Co x,,,, and since ¢’ = cmaxpes p, this gives

1< A GXG XE + X X=X + X X X))

(2.3.9)

—Ap 3 —Ap —Ap yr—Ap —Ap 3 —Ap
Hmax{XkHXkH,Xk Xt X "Xt

peS
Note that, since A\, > —1, we have X,i+)‘°° < X;j:f‘“ and so XkX,;:‘f"Xk_j‘f" <
Xip1X; 2> X% for each k > 0. Combining this with (2.3.9) and recalling that
Ap 2> 0 for each p € S, we find that

1< AN X e X oo TT XY XG0 = 1SN XA X (2.3.10)

peS

Since A > 0, multiplying (2.3.10) by (2.3.4) raised to the power X, we get
c(2+A)(|S|+1)Xk—+A12+1—A > 1.

So, we conclude that —A\2 + 1 — X\ > 0, which means that A < 1/+. Moreover, if
—A? 41— X =0, which means that A\ = 1/, this gives ¢ >> 1. 1

Remark 2.3.2 The above proof shows that, under hypotheses of Proposition 2.3.1,
the points Vi_1,Vk, Vi1, of the sequence (Vi)k>o given by Proposition 2.1.10, are

linearly independent over Q for infinitely many k > 1.

In the case where S = (), the following statement implies Lemma 2 of H. DAVENPORT

& W.M. ScHMIDT in [5].
Proposition 2.3.3 Assume that
Ao 20, A>0 and A+ Ao > 1.
Suppose also that, for some ¢ > 0, the system
%[l < X,
Loo(x) < cX Ao (2.3.11)
L(x)<cX M VpeS,



2.3. Constraints on exponents of approximation 37

has a non-zero solution x € Z3, for each X > 1. Then, for each X sufficiently large,

any such solution x satisfies det(x) # 0.

As we indicated above, if S = ), the condition A\ + A\, > 1 becomes Ao, > 1/2 and
we recover Lemma 2 of [5].

Proof: Suppose that x € Z3 is a non-zero solution of (2.3.11) for some large
real number X. Let v be a primitive point of Z3 of which x is a multiple. By of
Lemma 2.1.3(iv), we have that ||v||, tends to infinity with X. In particular, we have
IIv]leo > 1 if X is sufficiently large. Assuming, as we may, that this is the case, put
Y = minI(v) and choose a point x’ € L.(v,Y). This choice means in particularly
that x’ is a non-zero solution of the system (2.3.11) with X replaced by Y. Since
Aoo > 0, the point x’ is also a solution of the system (2.3.11) with X replaced by
|x'||oo, and then ||x'||oc € I(v). Since |[|x']lo <Y and Y = min I (v), we conclude
that ||x||c = Y. Since Y > ||v|loo > 1, Lemma 2.1.3(iii) ensures the existence of
a primitive point u € Z3 such that ¥ € I.(u) and minI.(u) < Y. Choose a point
y € L.(u,Y). Since minI(u) < Y = minI(v), we have u # +v, so u and v are
linearly independent over Q and thus x’ and y are linearly independent points of C,y.

Now, suppose that det(x) = 0. Then we get det(v) =0, and so
v = +(a?, ab, b?),

for some non-zero (a,b) € Z2?. Since v is primitive, the point s = (a,b) is also

primitive, and therefore ||s||, = 1 for each p € S. Writing x' = mv with m € Z, we
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find that
LOO(X’) = |m|ooL00(V)
~ |m|e max{|ab — a*€so o0, > — abloo|oo}
= |M]eo|b — a€oolcol|S|lco;
Ly(X') = |m|pLy(v)
P P (2.3.12)
~ lmlp max{|ab — a2€plpv |b2 - abgplp}
= |m|p|b — a&l,llsll,
= |m|p|b - a€p|p7 pES,
b—a&l, < |Isllp,=1 forpes.
Since ||v||eo = ||s]|%, and ||x'||oc = |M|col|V||c, We find that
lalos < [Islleo = X (|22 Ml % = Y2 m| /2. (2.3.13)

Recall that the points x’ and y are linearly independent. Therefore the matrix

Yo U1 Y2

b
' I '
Ty T1 Ty

has rank 2. We claim that z} # 0. Otherwise, since x’ is a multiple of v, we would
have ab = 0, then s = £(1,0) or s = +(0, 1) and so, ||v||c = 1 against our assumption

that ||v||eo > 1. Since z} # 0, at least one of the determinants

Y N Y1 Y2

zy x| |xy 2

is not zero. So, there exists ¢ € {0, 1} such that

Vi Yina 40,
a b

For such a choice of i, we find, using the estimates (2.3.12) together with those of
Lemma 2.2.1, that

1< Yi Yi+1 H Yi Yir1

a b peslla b
0o p
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< (¥ lloolb = a€osloo + lalooLoo(y)) | [ max{lo - a&plp, Ly(y)}

pES

< (I lloo Loo (XM I8l + laloo Loo(y)) | [ max{min{L,(x)Im[;*, 1}, Ly(y)}.

pES

Using (2.3.13) and the fact that x’ and y belong to C.y, we deduce that

1 < (YY || Y2 m| Y2 + Y2 m| /7Y )

max{min{Y ~*|m|>!, 1}, Y
p

pES

& Y20 Tpes s 2112 H max{min{|m[5?,Y*},1}.
peS

Since Moo [ [,cs |mlp > 1, this can be rewritten as

1 < Y2 Epes e [T jm)/? minf|m|, ", Y0}
peES

Fix p € §. If we suppose that |[m|;' < Y?’», we get
Im|%/? min{|m|; 1, Y} = |m|;//* < Y72,
On the other hand, if we suppose that [m|* > Y*, we get
Im|/ min{|m/|;', Y} = Im|Y/2Y % < Y2,

So, in both cases, we obtain the same upper bound. Combining these relations for all

p € S, we find that

11 Imly? min{|ml;*, Y} < Y Zpes 2272, (2.3.14)
pES

So, we obtain

1 « Y2 doe=(Thes W)/2,

Since A + Ao > 1, we have Moo + (D ,cs Ap)/2 > 1/2 and this means that ¥ < 1, thus
Iv|lso < 1. Therefore, if X is large enough, we have det(x) # 0. i
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The previous proposition assumed that Ao, > 0. The next proposition deals with
the case when A, < 0 and the set S consists of just one prime number p. So that, in

this case, we have A = (A, )\,) and &€ = (£u, &,)-
Proposition 2.3.4 Assume that
—1 <A <0 and A/2+ X, > 1. (2.3.15)

Suppose also that, for some ¢ > 0, the system

%[0 < X,
Leo(x) < XA, (2.3.16)
L,(x) < X,

has a non-zero solution x € Z3, for each X > 1. Then, for each X sufficiently large,

any such solution x satisfies det(x) # 0.

In particular, if A, = —1, the condition Ay/2 + A, > 1 becomes A, > 3/2 and we
recover the p-adic analog of Lemma 2 of H. DAVENPORT & W.M. SCHMIDT in [5],
given by O. TEULIE in [8].

Proof:  Let x be a non-zero solution of the system of inequalities (2.3.16) for some
large X > 1. Write x = mv for a non-zero integer m and a primitive point v € Z3.

We note that Ao + A, > 0, so the requirements of Lemma 2.1.3 are satisfied. Put
X' = minIo(v) and Y = max{[[vlloe, ¢/** Loo(v) <},

By Lemma 2.1.3(iv), we have that ||v||e tends to infinity with X, and so Y tends to
infinity with X. So, assuming that X is sufficiently large, we have Y > ||v|l > 1.
Then, by Lemma 2.1.3(iii), there exists a primitive point u € Z? such that Y € I.(u)
and min/,(u) < Y. Since X' = minl(v), we have ||v| < X' and Lo(v) <

c(X')™*~ and so, Y < X’'. This means that minI.(u) < Y < X’ = min/.(v) and
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therefore the points u and v are linearly independent. Choose any pointsy € £.(u,Y)
and X' € L.(v, X").
Now, suppose that det(x) = 0. So, we get det(v) = 0. Arguing as in [5], we find
that
v = £(a?, ab, b?),
for some non-zero point s = (a,b) € Z2. Since v is primitive, the point s is primitive,

and therefore ||s||, = 1. Since ||v||e = ||s]|%,, we find that

lalso < lIslleo = IVIIZ? (2.3.17)

Also, since x' = p'v € L(v, X’) for some integer | > 0, since A = A\, + A, > 0 and
since Ap > 1 — Ax/2 > 1, we have
L) Ly(v) ™ < g L (v v)
= Loo(x’)’\PLp(x’)_’\“’ <1, (2.3.18)
IVlloo Lp(v) < (X)' ™ < Iv]li7,

Since the points x’ and y are linearly independent, the matrix

Yo Y1 Y2

7

/ / /
Ty T} Tg

has rank 2. As in the proof of the previous Proposition 2.3.3, we have 2] # 0 and so,

at least one of the determinants

Yo Y1 Y1 Y2

bJ
/ / 7 !
Iy I ) Iy

is not zero. So, there exists i € {0, 1}, such that

Yi Yis1
a b

£0.
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For such a choice of i, we have

Ui Yi+1 Yi Yi+1
a b a b

oo p

< (Iylloolb = @8ooloo + l@loo Lo (y)) max{|b — a&plp, Ly(y)}

< (I¥loo V1157 Loo (v) + VI35 Loo (y)) max{ Ly (v), Ly(¥)}-

1<

Firstly, if ||V]joo > ¢}/ Loo(v) /< we have Y = ||v||oo. By this assumption and
by the last relation in (2.3.18), we have that Lo (v) < ||[v||3}* and Ly(v) < ||v||;,’\p.

Then, using the fact that y € C.y, we get

1< (Voo VIS Z VIR + I IR VIS ) max{ vl v}

L V||,

Since Aoo/2 + Ap > 1 and Ay > —1, we find that Ao + Ap = Aeo/2 + Ap + Aso/2 >

1—1/2=1/2. So, we have ||v| < 1. This is impossible if X is sufficiently large.
Secondly, if ¢}/A~ Lo (v)™Y** > ||v|c, we have Y = ¢!/~ L (v)"}*~ and y €

Ccy. By the first relation in (2.3.18), we obtain L,(v) < ||v||;o’\". Using this, the

assumption Lo (v)™/*= > [|v]|e and the trivial estimate Lo, (V) < ||V]loo, We get

1< (Loo(V) 2 V|22 Loo (v) + V]I Loo(v)) maxc{ Lo (v) /3, Lo (v)*/*=}

< (Loo(v)—l/Aoo+1/2 + Loo(v)l-l/(z,\oo))Loo(v),\p/,\oo

Since c/*= L, (v)™Y/*~ > ||v||o and since |||« is large if X is large, we deduce that
Le(v) is large for large X. Hence, by this and since —1 < A, < 0, we find that

Loo(V) ™Y A=H12 > [ (v)1=1/(2A<) Using this, we have
1< Loo(v)—l/Aoo+1/2+Ap/Aoo_

Since Aw/2 + A, > 1 and since —1 < Ao < 0, we get Loo(v) < 1. Thus YV < 1,
which is impossible if X is sufficiently large. i
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The following is the main result of this paragraph. It is essential for the next
chapter where we apply Mahler’s Duality Theorem to find a measure of simultaneous

approximation to real and p-adic numbers.

Proposition 2.3.5 Suppose that

0 if 0oe &8,
A>0 and A+ A, > / (2.3.19)
veSs! 1 Zf o0 ¢ Sl.

Suppose also that one of the following conditions is satisfied:

(i) Ao =0 and X+ Ay > 1,

(1) S = {p} for some prime number p, —1 < Moo <0 and A+ A, > 2.
If X\ > 1/, then there exists a constant ¢ > 0 such that the inequalities

%[l < X,
Loo(x) < cX Ao, (2.3.20)

L(x)<cX ™ VpeS,

have no non-zero solution x € Z* for arbitrarily large values of X. Moreover, if

A > 1/, then any constant ¢ > 0 has this property.

Proof: Suppose on the contrary that, for each constant ¢ > 0 and each X suf-
ficiently large (with a lower bound depending on c), the inequalities (2.3.20) have a
non-zero solution in Z*. Since one of the conditions (i)-(ii) is satisfied, by Proposition
2.3.3 or by Proposition 2.3.4, we have that the requirement (2.3.3) of Proposition
2.3.1 is fulfilled. Together with the condition (2.3.19) this fulfills all the requirements

of Proposition 2.3.1 and so A < 1/, which is a contradiction. i
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2.3.2 Special cases

Applying Proposition 2.3.5 with S = @) or with § = {p} and A\, = —1, we obtain the
following results of H. DAVENPORT & W.M. SCHMIDT in [5] or of O. TEULIE in

[8], respectively.

Corollary 2.3.6 ( H. DAVENPORT & W.M. SCHMIDT, [5] ) Let & € R\ Q.
Assume that [Q(éx) : Q] > 2. Then there exists a constant ¢ > O such that the
inequalities

[Xlloo < X, Loo(x) < X717,
have no non-zero solution x € Z3 for arbitrarily large values of X .
Corollary 2.3.7 ( O. TEULIE, /8] ) Let p be a prime number and let &, € Q, \ Q.
Assume that [Q(&p) @ Q] > 2. Then there exists a constant ¢ > 0 such that the

inequalities

”x”oo <X, Lp(x) <X,

have no non-zero solution x € Z> for arbitrarily large values of X.
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2.4 Special approximation sequences

Let S be a finite set of prime numbers and let X = (Moo, (A\p)pes) € R be an
exponent of approximation in degree 2 to £ = (£oo, (&p)pes) € (R\Q) X [Tes(Qp\ Q).

Note that A, is an exponent of approximation in degree 2 to £, for each v € SU{o0}
in the sense of Definition 2.1.11 or Definition 2.1.13. Under this hypothesis we study

the cases where Ao, or A, for some p € S belongs to a given interval.

2.4.1 Growth conditions for an approximation sequence (real

case)

Recall that v = (1 + +/5)/2 is the golden ratio. Assuming that A\, € Ry is an
exponent of approximation in degree 2 to a non-quadratic real number &,, we show
the existence of a sequence of primitive points in Z3 satisfying a certain growth

condition.

Proposition 2.4.1 Let £, € R be such that [Q({s) : Q] > 2 and let Ao € Rsp be
an exponent of approzimation to £, in degree 2. Assume that 1/2 < Ao < 1/ and
define

0= Ao/(1—As)-

Then there ezists a sequence (yi)k>1 of primitive points in Z* such that upon putting

Yi = |¥klloo, for each k > 1, we have

VY < Vi1 < Ykl/(e_l),

Yk~l & Loo(Yk) < Yk—t‘)z/(t‘)-i-l)’

, (2.4.1)
1 < det(y) < Yk1—0 /(0+1)’
_1\2_p2
1 < det(¥i, Y1, Yesz) < Y O
Proof: We consider the sequence (v;);>o of primitive points of Z* constructed

in Lemma 2.1.12 and put X; = ||v;|le for each ¢ > 0. By Proposition 2.3.3 (with



2.4. Special approximation sequences 46

S # D), there exists an index iy > 2 such that det(v;) # 0 for each i > 7. Define I
to be the set of indexes ¢ > 7y for which v,_1,v;, v;;1 are linearly independent over
Q. According to Remark 2.3.2, the set [ is infinite since Ay, > 1/2.
Using (2.1.18) and the estimates of of Lemma 2.2.1(i), we find that, for each
iel,
Vio Ui — Ui06 _
1< [det(vi)lw= | 2N <« XiLoo(vi) < X X2 (2.4.2)
Vi1 U2 — Ui,1foo
x
and

1< |det(vi—1a Vi,VH-l)IOO

2
Vi—1,0 Yi-11 — Ui,oﬁoo Vi—12 — Ui-l,ofoo

il

Ui 0 Vi1 — ’Ui,()goO Vi2 — Ui,Oggo (243)
2
Vit1,0 Vit1,1 — Vit1,0€00  Vit1,2 — Vig1,065 "
< XX,
Combining these estimates upon noting that A, < 1/v < 1, we deduce that

Xi)\oo/(l“Aoo) << Xi+1 << Xil/)\oo7

—)2 _
Xi_l <K LOO(V'L) < X’L:_)i"o < Xl AS/(1 Aoo).

(2.4.4)

Now, fix ¢ € I and let j to the largest integer such that v;, viyq, ..., v; € (Vi, Vit1)o.
Since any two consecutive points of the sequence (v;);>1 are linearly independent
over Q, we have (v;,vii1)g = (Vvj_1,Vj)g. Since vji; ¢ (Vi,Vii1)g, the points
Vj_1,V;, V41 are linearly independent over QQ, and we deduce that 7 € I. Since
Vi, Vit1, ..., Vj € (Vi, Viy1)g, then any three of these points are linearly dependent,

and therefore j is the smallest element of I with j > i+ 1. Put
V; = <V1‘,VH_1>Q and V_; = <Vj7vj+1>Q'

To proceed further, we need estimates for the heights of the subspaces V;, V;, V;NV;
and V; + V;. Since V; NV, = (v;)q and V; + V; = Q®, we have (see [7], p. 10)

H(V;nV;) = H((vj)g) ~ Xj,
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H(V,+ V) = H@) = 1.
By Lemma 2.2.1(iii) and (2.1.18), we have
H(V;) < [vi Avisalloo € Xig1Loo(vi) < X},
Similarly, we have

H(V;) < X337,

Applying W.M. Schmidt’s inequality (see [7], Lemma 8A, p. 28)
HVNV)H(V: +V;) < HV)H(V;),

we conclude that

X; < X} X0
Since 3,5 € I, then by (2.4.4), we have X;,; < Xil/’\"" and X < X;/)‘“’. So, it
follows that

Aoo 1-doo Y 1-Aco
Xi> < X7 X0,

and therefore, we get

Xj < X,L-(I_AOO)/(QAOO_I).
To establish a lower bound for X, recall that ¢ +1 < j. So, by (2.4.4), we find that
X))« X < X
Combining the above two estimates, we obtain
X U)o X XA/ @Aoo =) (2.4.5)

Now, if we write all the elements of I in increasing order, we obtain a sequence
{1,%2,...,%k,...}. Then 3x = ¢ for some index k > 1, and by the minimality of j we
deduce that iy, = j. Let us define y; := v;, and Yy := X, = ||y&|loo for each & > 1.
Then by (2.4.4) and (2.4.5), we have

Yk)\oo/(l——)\oo) &Yy < qu—xoo)/(gxw_n’
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Yk—l < Loo(}’lc) < Yk_)‘go/(l—)\oo).

These are the first two estimates in (2.4.1). Furthermore, since any three of the points
Vi, Vit1, ..., V; are linearly dependent over Q, then v;_; € (vi,v;)g = (Y, Yit+1)g-
Going one step further, we obtain the point yx,o = vy, for some h > j + 1, such
that any three of the points v;, v;i1, ..., v, are linearly dependent over Q, and
therefore v, € (v, Vi) = (Ykt+1, Yit+2)g- It follows that (yi, Yk+1,Yk+2)g contains
the linearly independent points v;_;,v;, v;41, and therefore yy, yx+1, Yi+2 are also
linearly independent.

To prove the third estimate in (2.4.1), we proceed as in (2.4.2). For each k > 1,
we find that

1 <|det(yr)|oo K YeLoo(yi)-

Using the second estimates in (2.4.1), this gives

1< |det(yg)]oo < Y/,

To prove the last estimate in (2.4.1), we use the fact that yx, Yri1, Yryo are linearly

independent for each k > 1. Proceeding as in (2.4.3), we find that

1 < |det(¥k, Yi+1: Yi+2) oo K YitoLoo(Yk)Loo(Yit1)-

Using the first two estimates in (2.4.1), this leads to

—6%/(0 —62/(8
1 < | det(yr, Yit1, Yit+2)|oo K YiaY}, / +1)Yk+1 /(6+1)

_1)2_p2 _ _1\2_p2
< Ykl/(é) 1)2-6/(6+1)—6%/(6+1) _ Ykl/(é) 267

In [9] D. Roy showed that there exist a transcendental real number £, such that

for an appropriate constant ¢ = ¢(£) > 0, the inequalities

max |T]e < X, max |z, — fﬂoflloo <XV
0<1<2 0<1<2
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have a nonzero solution x € Z? for any real number X > 1. Such real numbers are
called extremal.

Suppose that & is extremal, then applying Proposition 2.4.1 with &, = £ and
Ao = 1/7, we obtain an unbounded sequence of positive integers (Yi)r>1 and a

sequence of points (yx)k>1 in Z* with

Yk-l—l ~ Yk’ya HYIcHoo ~ Yka Loo(Yk) < Yk_lj
‘det(YkHoo ~1 and Idet(Yk7Yk+17Yk+2)|oo ~ ]-a

This is the second part of the statement of Theorem 5.1 in [9], which is a criterion

characterizing an extremal real number.

2.4.2 Approximation by quadratic algebraic numbers

Let n > 1 be an integer and £ be a real number. Recall that the classical exponent
of approximation wy,(§), introduced by Mahler in [1], is defined as the supremum of

the real numbers w for which the inequality
0 < [P(§)loc < H(P)™

holds for infinitely many polynomials P(T) € Z[T] of degree at most n.

The main result of this paragraph is that for any extremal real number &, we
have wy(€) = 7®. Y. BUGEAUD and M. LAURENT computed in [16] the exponent
of approximation wy(§) for any Sturmian continued fraction £ and our result agrees
with their formula in the case where £ is a Fibonacci continued fraction. However,
our result below applies to all extremal real numbers instead of just the Fibonacci

continued fractions, and it is more precise.

Theorem 2.4.2 Let & be an extremal real number. There exist constants ci,co > 0

with the following properties:
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(1) there exists infinitely many polynomials P(T) € Z[T)<2, such that

|P(€)|oc < c1 H(P)™, (2.4.6)

(i1) for any polynomial P(T) € Z[T)<2, we have

|P(€)loo > e H(P)™". (24.7)

Proof: We know from [11], Theorem 7.2, p.282 that there exist a sequence of
irreducible polynomials (Qx)r>1 of degree 2 in Z[T] and a constant ¢ > 1, such that

for each k > 1, we have

CTHH(QY)T < 1Qu(€)loo < cH(QW)™,
H(Qp+1) < cH(Qk)", (2.4.8)
I1<H(Q)<H(Q2)<...<HQr) <....
The first relation in (2.4.8) with ¢; = ¢ proves the part (7) of the theorem.
For the proof of part (i7), it suffices to consider a polynomial P(T) € Z[T|<
with ged(P, Q) = 1 for all £ > 1. To the polynomials P(T") and Qx(T") we apply the
following inequality for the resultant (see [12], Lemma 2, p.98.)

|P(§)1oo+ Q1 (&)oo
H(P) ~ H(Q)

IRes(P, Qi)|oo < 6H(P)2H(Q4)?

Since ged(P, Qx) = 1, we have |Res(P, Q)| > 1 and the above inequality implies

POl | 1Q4(6)1os

1 <6H(P)*H(Qy)* . V> 1. 2.4.9
< GH(PPH(Q | o + 5o > (249)

Choose a real number € with
0<e<(2¢)ande< H(Q,)™" (2.4.10)

Then there exists an index k = k(e, P) > 1 such that

eH(Q) < H(P) < eH(Q11). (2.4.11)
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By (2.4.8) and (2.4.11), we have
H(P) > € ?H(Qps1) > 2 € 2 ?H(Qi) ™

and so (2.4.9) leads to

2 P(&)|oo
5@ <

Since v3 + 1 = 292, we deduce that

Q) _ [PO)lee
HQo) ~ H(P)

+ + cH(Qk)_”Ya‘l.

1 P(&)loo
H(P) -

(ée‘zc_z — c) H(Qk)‘m2 <

By (2.4.10) and (2.4.11) this gives
L oy —272+1
3¢ TH(P)™TT < |P(€)]oo-

This shows that for each P € Z[T|<, such that ged(P, Qx) =1 (k > 1), we have

2

1
ctH(P)™ < |P(€)|o, where ¢; = 50627 : (2.4.12)

Since ¢; < ¢!, we deduce from (2.4.8) that the estimate (2.4.12) holds for all
P € Z[T)<a. |

We recall also that the classical exponent of approximation w;(€) introduced by

Koksma in [2] is the supremum of the real numbers w for which the inequality
€ — ol < H(a)™!

holds for infinitely many algebraic numbers « of degree at most n.
Part (i) of the previous proposition follows from the first part of Theorem 1.4
of [9] which states the existence of infinitely many algebraic numbers o« of degree at

most 2 over Q, such that

€ — oo < csH ()™, (2.4.13)

for some constant ¢z > 0. Similarly, Part (i7) of the previous proposition implies the

following result, which is the second part of Theorem 1.4 of [9].
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Corollary 2.4.3 Let & be an extremal real number. There exists a constant ¢4 > 0,

such that for any algebraic number a of degree at most 2 over Q, we have
€ — 0|os > csH ()2, (2.4.14)

Proof:  Suppose that a is an algebraic number of degree at most 2 over (Q and that
P(T) € Z|T|<2 is its minimal polynomial. Since H(a) = H(P), the result follows
from Theorem 2.4.2 applied to P, combined with the inequality

[P(§)loo < 2(|€loo + 1) H(P)[E — oo

In particular, this means that we have w}(£) = +* for any extremal real number &.

2.4.3 Constraints on the exponents of approximation and a
recurrence relation among points of an approximation

sequence (real case)

Let £ € R with [Q(€w) : Q] > 2. Suppose that A € (1/2,1/7] is an exponent
of approximation in degree 2 to & in the sense of Definition 2.1.11. Let (¥x)k>1
and (Yx)r>1 be the sequences corresponding to £, constructed in Proposition 2.4.1.

Define monotone increasing functions on the interval (0,1) by the following formulas

A
6? A2
(A) = = = A,
1 1-AX
o (2.4.15)
P(\) = o-1 =2\ —1,
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and monotone decreasing functions on the interval (1/2,1) by the formulas

1
FN) = —f—1,
SUNPTCESY (2.4.16)

g) =1-66(6 — 1).
We note that ¥(1/2) = ¢(1/2) = 0 and g(1/v) = f(1/v) = 0, and that

0<g(N) <f(N) VAe(1/2,1/9), (2.4.17)

0<9¥(A) < (X)) VAe(1/2,1).
We also note that the functions f and ¢ map the interval (1 /2,1/ 7) respectively onto
the intervals (0, 00) and (0,7/(2+ %)). Since the function f — ¢ is continuous and
changes its sign on the interval (1/2,1/7), there exists a number A € (1/2,1/7)
such that ¢(Ae0) = f(Aso0) and

0<g(N) < ) <) YA€ (Moo, 1/]- (2.4.18)

Its numerical value is Ay o = 0.60842266 . ... Furthermore, the function 1 maps the
interval (1/2,1/v) onto the interval (0,1/~*). By the second relation in (2.4.17) and
the fact that the function f — % is continuous and changes its sign on the interval

(1/2,1/7), there exists a number Ao 1 € (Ao, 1/7) such that $(Aeo,1) = f(Ae,1) and
0 < g(\) < F) < 9(N) < 6() YA€ (oo, 1/7). (2.4.19)
Its numerical value is Ao ; =~ 0.61263521. . ..

Proposition 2.4.4 Take e € (0,7/(2+7)).
(1) Suppose that ¢(A) > €. Then for k > 1, we have

vt <Yy (2.4.20)

(ii) Furthermore, suppose that f(As) < €. Then for each k > 1 and each real number
X > 1 with

X e [Vt Y 5, (2.4.21)
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and any non-zero integer point X € Z3 with
[%[loo < X, Loo(x) < X, (2.4.22)

we have

X Ec (yk,ka)Q. (2423)

Proof:  For the proof of (i) we rewrite the condition ¢(As) > € in the form
1+e<(1-¢)6?
where 6 = 0(\,) is defined in (2.4.15). Also, by the estimates (2.4.1), we have
Y < Vi,

for each k£ > 1. Combining these inequalities, we find that (2.4.20) holds for k£ > 1.
For the proof of (ii), we use part (i). Fix a real number X satisfying (2.4.21).

Choose a non-zero integer solution x of (2.4.22) corresponding to this X. In order to

prove (2.4.23), it suffices to show that the determinant det(y, yxi1,X) is zero when

k> 1. Using Lemma 2.2.1(i) and the fact that Lo (Y1) < Loo(Yk), we have

| det(Yr, Yir1: X) oo K YaLoo(Yi+1)Loo(X) + Yit1Loo(¥k) Loo(X) + X Lo (Yit1) Loo(Yk)

L Y1 Loo(Y) Loo(X) + X Loo (Yi+1) Loo (Yi)
for each k > 1. By (2.4.1) and (2.4.21), we find that

| det(¥k, Yir1, X)|oo < Vo1V °X > + XYY,

< }/k+1}/k—6}/k—)\oo(1+€) + }/kl-:;Yk:-élYk_é

2.4.24
Yl/(@—-l)—zS-—Aoo(1+e) Yl—e—6(9—1)—-6(0—1)2 ( )
L X + Yo

oo (f(Aoo)—€) Ao )—€
:}/k (f(*eo) +Ykg-+(—2 ) ,

where § = 0(Aw) and f(Aw), 9{A) are as defined in (2.4.15) and (2.4.16). Since
Ao € (1/2,1/7] and f(Axo) < €, it follows from (2.4.17) that g(Aw) < €, and so

[ det(Yka Yk+1, X)|oo = 0(1)
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Since the determinant is an integer, we conclude that it is zero, and therefore the

points Y, yr+1 and x are linearly dependent. Hence (2.4.23) holds. i

Proposition 2.4.5 Take e € (0,1/+?%).
(1) Suppose that Y(As) > €. Then for k> 1, we have

Vit <Y/ (2.4.25)

(i1) Furthermore, suppose that f(Aw) < €. Then for each k > 1 and each real number
X > 1 with
X ey, v, (2.4.26)

any non-zero integer point x € Z* with

%/l < X,
(2.4.27)
Ly(x) < cX e

s a rational multiple of yy.

Proof:  For the proof of (i) we write the condition ¥(Ay) > € in the form
l+e<(1—¢€)f(Ao)-
Also, by the estimates (2.4.1), we have
Yko(l\m) L Yiq,

for each k£ > 1. Combining these relations, we find that (2.4.25) holds for £ > 1. For

the proof of (ii) we use part (i) and Proposition 2.4.4. By part (i), we have that

YA VAT 0 R Vi) = [ Vi) £,
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for each k > 1. Also, by (2.4.17), we have ¢(As) > ¥(Aso) > €. Hence, by Proposition
2.4.4, for each k >> 1 and each real number X € [V, Y,'[7], any non-zero integer

solution x of (2.4.27) satisfies

X € (Yi-1,¥%)Q N Yk, Yit+1)Q = (V)@

Corollary 2.4.6 Let A = (Moo, (M\p)pes) € RE(I)H be an ezponent of approzimation in

degree 2 to € = (€xo, (&p)pes) € R\ Q x HpES(Qp \ Q), with [Q(€) : Q] > 2 and
Ao € (1/2,1/7]. Suppose that f(Ax) < ¥(Ax). Then, we have

6(Aco)
T

Proof: Choose € € R such that f(Ay) < € < P(Ax). Since A € (1/2,1/4],
we have f(Aoo) > 0 and ¥(As) < 1/4%, so that ¢ € (0,1/4*) and we can apply
Proposition 2.4.5. To do this, we note that for each X > 1 a solution of (2.1.3) is
also a solution of (2.1.17). Hence, by Proposition 2.4.5, for each & > 1 and each
real number X > 1 with X € [¥;/*,Y,'[(], any non-zero integer solution x of (2.1.3)
is of the form myy, for some non-zero integer m, where (yx)r>1 and (Yi)r>1 are the
sequences corresponding to €., as in Proposition 2.4.1.

Choosing X = V!¢, we obtain
Moo Yi = |[M|oo|[yillo < X = YkHea
Moo Loo(yk) < XA = Yk—/\w(1+e)7
ImlpLy(yi) < X = Yk_’\"(He) Vp € S.

By the third relation in (2.4.1) the determinant det(yy) is a non-zero integer for each

k > 1. So, we find that

1 < |det(ye)loo [ | detly)ly

peES
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< YeLoo(y) [ [ Lo(ye)
pES
< [mlooYi Loo(yk) [ [ ImlpLo(ys)
peS
< Yk1+€Loo(y1c) H Yk—)\p(l-i—e).
peES
By the second relation in (2.4.1), we have Lo,(yx) < Y; %, and hence
1< Kc1+€Yk—6Yk—(l+€) EPES Ap _ Y;cl-i—e—é—(l-{—e) EPES )\p.
It follows that
1+e—5—(1+e)2)\p20,
peES
whence we get
(Ao
Sy <1 )
peES Te
The conclusion follows by letting € — f(Aw). |

Corollary 2.4.7 There ezists a number A2 = 0.61455261 ..., such that if A €

(Aoo,2, 1/7], then for each sufficiently large k > 3, the point yi41 is a non-zero rational

multiple of [Yi, Yk, Yr—2]-

Moreover, there exists a non-symmetric matrix M, such that for each sufficiently

large k > 3, the point yri+1 is a non-zero rational multiple of yiMyyr—1, where

M if k is even,
M if k is odd.

M, =

Proof: Here we follow the proof of Corollary 5.2 on p. 50 of [9]. Let £ > 0 be an

integer and put w := [y, Yk, Yk+1)- By Lemma 2.1(i) of [9], we have

det(w) = det(yx)? det(ye11)-
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By the third relation in (2.4.1), we have det(w) # 0 and then 0 # w € Z*. We claim
that w is a rational multiple of y,_o. If we take this claim for granted and use the
identity
Yk Vi, W] = det(yi)*yer
given by Lemma 2.1(ii) of [9], we deduce that y.,; is a non-zero rational multiple of
[Yks Yk Ye—2)-
Fix any A € (Aoo2,1/7]. Using the first estimate in Lemma 3.1(iii) of [9], we

find that
|W|oo < Yk2Loo(yk+l) + Yk+1Loo(yk)2

(2.4.28)
Loo(w) < (YkLoo(YkH) + Yk+1Loo(Yk))Loo(Yk)-
Using the estimates (2.4.1), we also obtain
Y2 Loo(Yi1) < Yka(AOO)y
Yisr Loo(ya)? < Y,
Yk:Loo(yk+1)Loo(yk:) < cho‘m)a
where
63 1 262 62 3
AOO: T , 4 b o) = 4 1 T 3 Aoozl— -
a(Aoo) g1 MO =gy T ) +1 641
Note that since Ay € (Aoo,2, 1/7], we have
c(Aoo) < b(Aso) < 0 < a(Ao)-
So, from (2.4.28) it follows that
W l|oo < Yka'()‘oo) < Yka_(z}m)/(@—l)7
(2.4.29)

2
Leo(w) < ka(/\w) < Yke—g(/\m)-

Since Aoz > Moo = 0.61263521..., then by (2.4.19), we have f(As) < V(M) <
1/~43. So, by Proposition 2.4.5, applied with the index k replaced by k — 2, it suffices
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to show that w satisfies the inequalities

[Wlleo < X,
(2.4.30)
Leo (W) < eX 7,

for some X € [V,'5, V'], and some € € (f(Ax), ¥(A)). Since the conditions

(2.4.30) are equivalent to
X € [[IWlloo, /2 Lo (w)7/=],
then for such X to exist it suffices that
Y24, Y] O [[Wlloos ¢ Lo (w) 7] £ 0.
This is possible if the inequalities

“WHoo < Ykl_—fa

Loo(W) < CYk:(gl_’_E))\oo

hold and, by (2.4.29), this is the case if

a(Aoo)

71 < 1—e and 0%()s) < —(14€)Ao.

So, the constraints on € become simply

) | 0%0)

Fo) < € < min{¥(Aoe), 1 = 52 o=y

and this interval is not empty for each Ay € (Aso2, 1/7]. So, by Proposition 2.4.5, we
conclude that w is proportional to y,_» for each Ay € (Ao 2, 1/7].

From now on, we use the notation a o b to express that a is a rational multiple
of b. To show the last part of the corollary, we first choose kg to be the smallest even

index such that yxy1 & [Yk, Yk, Yr—2] holds for each k > kq. Recall that

0 1
[V, Yk, Yi—2] = —YxJYr—2JYk, where J = o (2.4.31)
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and that

10
wJwJ = JwJw = —det(w)I, where I = , (2.4.32)
01

for any 2 x 2 symmetric matrix w (see pp.45,46 of [9]). Put
M = JYky—2d VoY g1

We define
M if k is even,

EM if k is odd,
and show by induction that yx.i1 < yxMiyr_1 for each k > ky. Clearly this holds for
k = kg. Assume that yi1 X yrMryr-1 holds for each index k with kg < k <m. We
need to show that this holds for ¥ = m. Since y,, is a symmetric matrix and that
M, = *M,,_,, the induction hypothesis gives Y, X Ym_oMym—1. By the first part
of the corollary, together with the identities (2.4.31) and (2.4.32), we deduce that
that

Ymi1 X YmdYm—2dYm X YmdYm—2JYm—raMpym-1
= —¥Yn det(ym—Q)Mmymml X ymMmym—l~

It remains only to show that the matrix M is non-symmetric. Suppose on the contrary
that M is symmetric. Then M is symmetric for each k > kq. It is shown in [9] that

for any 2 x 2 symmetric matrices x,y, z, we have
Tr(JxJyJz) = det(x,y, z),
For each k > kg, we have yp1 X Y Miyk-1 and JyrJyr = — det(yx)!, thus
IYk-1JYedYr41 X Ty 1JYe Y My yr-1 X Jyx-1Mryr—1.

Since M}, is symmetric, then y;_; Myyr_1 is also symmetric, and so Tr(Jyx_1 Mryx-1) =
0. Hence, we have det(yx_1, Yk, Yi+1) = 0 for each k£ > kg, which contradicts the last

relation in (2.4.1) of Proposition 2.4.1. |
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2.4.4 Growth conditions for an aproximation sequence (p-

adic case)

We now turn to a p-adic analog of the study done in §2.4.1.

Proposition 2.4.8 Let p be a prime number and let §, € Q, be with [Q(&p) : Q] > 2
Let A, € Ry be an exponent of approzimation to &, in degree 2. Assume that 3/2 <
Ap < v and define

0= —1)/(2=X).
Then there exists a sequence (yi)k>1 of primitive points in Z* such that upon putting

Yi = ||¥kl|co for each k > 1, we have

Y < Yy < YO,

Y2 < Ly(yx) < Y—(1+92/(9+1))

(2.4.33)
1 < | det(yi) o] det(yi)l, < Y7/,
g2
1 < ]det(ylm Yer1, yk+2)]oo| det(ylm Ye+1, yk+2)|p <K Yl/ (6= 1) o .
Proof: We consider the sequence (v;);>o of primitive points of 73 constructed

in Lemma 2.1.15 and put X; = ||vi||c for each ¢ > 0. By Proposition 2.3.4 (with
S = {p} and Ay, = —1), there exists an index i3 > 2 such that det(v;) # 0 for each
i > ig. Define I to be the set of indexes i > iy for which v;_;, v;, v, are linearly
independent over Q. According to Remark 2.3.2, the set I is infinite since A\, > 3/2.
Using (2.1.21) and the estimates of of Lemma 2.2.1(i), we find that, for each i € I,

1 < | det(vi)|oo| det(vi)|p < [[Vill% Lp(vi) < XX,/
From this, we get
Xip1 < X% and X772 < Ly(vy). (2.4.34)

Note that, by (2.1.21), we have

[[Villoo

L, (v, <
p(vin) < o

Ly(vy) < Lp(vy),
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for each 7 > 0. So, applying Lemma 2.2.1(i) to the non-zero integer det(v;_1, Vi, Vit1)

and using (2.1.21), we find, for each ¢ € I,

I <|det(vi-1, Vi, Vit1)|oo| det(vi_1, Vi, Vit1)[p

< [ Vic1llool [ Villoo I Vit 1l oo Lp(Vie1) Ly (V4)
1-Ap v2-Ap
<X X

From this, we get
X D/@=x) (2.4.35)

)

Combining (2.4.34), (2.4.35) and (2.1.21) upon noting that 3/2 < A\, < =y, we have,

for each ¢ € I,

XOeD/@N) x| XV,
X2 & Ly(vi) < X7IX10w < Xt om0/ C2) (2.4.36)
_ o122
; .

Now, fix ¢ € I and let j be the largest integer such that v;, vii1, ..., v; € (Vi, Vit1)o-
Since any two consecutive points of the sequence (v;);>; are linearly independent
over Q, we have (v, vii1)g = (Vj_1,Vj)g- Since v € (Vi, Vit1)g, the points
Vj_1,Vj,Vjp1 are linearly independent over Q, and we deduce that j € I. Since

Vi, Vitl, - -+, Vj € (Vi, Viq1)g, then any three of these points are linearly dependent,

and therefore j is the smallest element of I with j > 7+ 1. Put
Vi= (Vi,Vi+1>Q and Vj = (Vj,Vj+1>Q-

To proceed further, we need estimates for the heights of the subspaces V;, V;, Vin'V;
and V; + V;. Since V;NV; = (v;)q and V; + V; = Q*, we have (see [7], p. 10)
H(V;nV;) = H((vj)e) ~ Xj,
H(V+V;) = H@Q) = 1.
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By Lemma 2.2.1(iii), the estimates (2.1.21) and (2.4.36), we have

H(V;) < |Villoo Vi1 lloo max{ Ly (vi), Lp(Vis1)}

2-2p

L |Villoo I Vit lloo Lp (Vi) € X7 < X Oe-1)

Similarly, we get

H(V;) <<X2 Ap)/(Ap—1)

Applying W.M. Schmidt’s inequality (see [7], Lemma 8A, p. 28)
HWVNV)HV; + ;) < HV)H(V;),

we conclude that

X. < X(Q—Ap)/(kp—1)X(2—>\p)/(>\p—1)
J i j )

and hence, we have

X < X (2)\p—3)

For the reverse estimate recall that i + 1 < j, and then
X)X < X < XPTR/ @) (2.4.37)

Now, if we write all the elements of [ in increasing order, we obtain a sequence
{41,429, ... ,0k,...}. Then i =i for some index k > 1, and by the minimality of j we
deduce that ix11 = 7. Let us denote y := v;, and Y := X;, = ||y ]|oo for each k& > 1.
Then by (2.4.36) and (2.4.37), we have

Y « Vi < YO

(2.4.38)

Yk_g < Lp(yk) < Yk_ 1+02/(0+1))'

These are the first two estimates in (2.4.33). Furthermore, since any three of the points
Vi, Vit1, - .., v, are linearly dependent over Q, then v;_, € (v, v;)o = (Y&, Yi+1)Q-
Going one step further, we obtain the point y; 2 = vp for some h > j + 1, such

that any three of the points v;, vji1, ..., v, are linearly dependent over Q, and
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therefore v,11 € (vj, Vi)o = (Ykt1, Yeso)g. 1t follows that (yk,yei1, Ye+2)o contains
the linearly independent points v;_;,v;,Vv;;1, and therefore yi, yit1, yrto are also
linearly independent.

To prove the third estimate in (2.4.33), we use the fact that det(yy) is a non-zero
integer, for each k > 1. So, using the second estimates in (2.4.33), for each k£ > 1, we
find that

_n2
1< | det(ye)|oo| det(ye)lp < Y2Lo(yi) < Y, 0 /00,

To prove the last estimate in (2.4.33), we use the fact that yg, Yxi1, Yrio are linearly
independent for each k > 1. We also note that the sequence (L, (yx))k>o is decreasing
since (L, (v;))i>o0 is decreasing (as we observed above). So, using these facts, Lemma

2.2.1(i) and the first two estimates in (2.4.33), for each k > 1, we find that

1 <[ det(Ye, Yir1s Yer2)lool dt(Yk, Yer1, Yir2)lp

< ||yk”oo||Yk+1”oo||Yk+2HooLp(yk)Lp(yk+1)
< YkYkHY’“+2Yk—(1+02/(0+1))Yk;(11+92/(‘9+1))

—0%/(6 —0%/(0
= Vi oY, PO Dy 004D

<< Ykl/ (‘9_ 1)

2__92

2.4.5 Extremal p-adic numbers.

Here we introduce a notion of extremal p-adic numbers and present a criterion which

is a p-adic analog of Theorem 5.1 of [9].

Definition 2.4.9 A number £, € Q, s called extremal if it is not rational nor

quadratic irrational and if v is an exponent of approximation to &, in degree 2.
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Remark 2.4.10 By the Remark 2.1.14, we can say that & € Qy is extremal if it is
not rational nor quadratic irrational and if there exists a constant ¢ > 0 such that the
inequalities

%o < X, IxllooLp(x) < X7, (2.4.39)

have a non-zero solution x € Z3 for any real number X > 1.

Theorem 2.4.11 A number &, € Q, is extremal if and only if there exist an increas-
ing sequence of positive integers (Xi)k>1 and a sequence of primitive points (Xi)k>1
in Z* such that, for all k > 1, we have
X1 ~ X0 %klloo ~ Xiy Lp(xe) ~ X572 ~ | det (i),
| det (xk)|oo) det(xx)|p ~ 1, (2.4.40)
| det (Xk, Xk+1, Xkt2) | oo] A€t (X, Xpt1, Xpt2)|p ~ 1.
Proof: (<) Suppose that for a given number &, € Q, there exist sequences
(Xk)k>1 and (xg)x>1 satisfying (2.4.40). If &, is rational or quadratic irrational, then

there exists r,¢, s € Z not all zero such that r+t§, + S§§ = 0 and hence, for all £ > 1,

we have

|’I“£L‘k’0 + tl‘k,1 + SCE}C,2|00|TCL‘]€,0 + t.’Ek,l + S.’L‘k,le
<L Xft(zry — Th,06p) + 5(Th2 — fEk,ofg)lp

< XipLp(xp) < Xp X772 < X1

Since rxgo + txk,1 + STko is an integer, this implies that rryo + tzk1 + sz = 0
for all k sufficiently large. So, for each k sufficiently large, the point x; belongs
to some fixed 2-dimensional subspace of @3, but this contradicts the fact that the
determinant of three consecutive points is non-zero. Therefore &, is not rational nor
quadratic irrational. Moreover, for any sufficiently large real number X there exists

an index k > 1 such that ||Xg||ec < X < {|Xg+1/le and hence the point x; satisfies

Ixelloo < X, 1%klloo Lp(xe) € X7t < Xl < Il lo/” < X7,
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So, &, is extremal.

(=) This follows from Proposition 2.4.8, with A\, = ~. i

2.4.6 Constraints on the exponents of approximation and a
recurrence relation among points of an approximation

sequence (p-adic case)

Let p be some prime number in S and let £, € Q, with [Q(¢,) : Q] > 2. Suppose
that A, € (3/2,7] is an exponent of approximation to &, in degree 2 in the sense
of Definition 2.1.13. Let (y)ik>1 and (Yi)k>1 be the sequences corresponding to &,
constructed in Proposition 2.4.8. Define monotone increasing functions on the interval

(1,2), by the following formulas

A—1
92
SN = ——
0+1
i (2.4.41)
-1

and monotone decreasing functions on the interval (3/2,2), by the formulas

1 d 1
A O o e R (o) R

g(\) =1—46(6 —1).

We note that ¥(3/2) = ¢(3/2) = 0 and g(v) = f(v) = 0, and that

0<g(d) <f(\) VA€ (3/2,9), (2.4.43)

0<v()) <)) Ve (3/2,2).
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Also, we note that functions f and ¢ map the interval (3/ 2,7) respectively onto
the intervals (0, 00) and (0,7/(2+7)). Since the function f — ¢ is continuous and
changes its sign on the interval (3/2,~), there exists a number A,y € (3/2,7), such
that ¢(Ap0) = f(Apo) and

0<g(\) < F(N) < ¢(N) YA€ (o), (2.4.44)

and Apo =~ 1.60842266.... Furthermore, the function ¢ maps the interval (3/2,7)
onto the interval (0,1/43). By the second relation in (2.4.43) and since the function

f—1 is continuous and changes its sign on the interval (3 /2, 'y), there exists a number

A1 € (Apo,77), such that (A, 1) = f(Ap1) and
0< g0) < F(N) <P < 6(A) YA€ Oyl (2.4.45)
and A1 ~ 1.61263521 .. .

Proposition 2.4.12 Take ¢ € (0,7/(2+7)).
(i) Suppose that ¢(A,) > €. Then for k> 1, we have

Yot <Y (2.4.46)

(ii) Furthermore, suppose that f(\,) < €. Then for each k > 1 and each real number
X > 1 with
X e VI, Y. 5], (2.4.47)

any non-zero integer solution x of (2.1.19) satisfies
X € (Yk, Yk+1)Q- (2.4.48)

Proof:  For the proof of (i) we rewrite the condition ¢(\,) > € in the form

1+e<(1-e)6?,
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where § = 6(),) is defined in (2.4.42). Also, by the estimates Proposition 2.4.8, we
have

Y& <« Yiga,

for each k > 1. Combining these inequalities, we find that (2.4.46) holds, for k& > 1.
For the proof of (ii) we use Part (i). Fix a real number X satisfying (2.4.47). Choose
a non-zero integer solution x of (2.1.19), corresponding to this X. In order to prove
(2.4.48), it suffices to show that the determinant det(yy, Y41, X) is zero. Using Lemma
2.2.1(1) and the fact that L,(yx+1) < Lp(yx) for each k¥ > 0, which follows from

Lemma 2.1.15, we have
| det(yi, Yi+1, X)|oo < YieYi1 X,
| det(yr, Y1, X)|p € max{Ly(Yer1) Lp(x), Lp(Ye) Lp(x), Lp(Yer1) Lp(yn)}
= max{Ly(yr) Lp(*), Lp(Ye+1) Lp(ve) }
By Proposition 2.4.8, we find that
| det(yk, Yr+1,%)|p < max{Y; 10X 7, YV Y0
< Yk—l—‘s max{X—’\P, Yk111_5 ,
where 6 = §(),) is as defined in (2.4.41). To find an upper bound for the product of

these two norms we use Proposition 2.4.8, the hypothesis (2.4.47) and the fact that

Ap > 1. So, we have

| det (Y, Y+1, %) ool det(¥r, Yir1, X)lp K Vi1 XYy * max{X ™ V2170
< max{Yi YV, X~ XY V%)

—1)—6— - € —e—0(6—1)—86(6—1)2
< max{Ykl/(G 1)—6—(Ap—1)(1+ )’Yk1+2 5(6—1)—8(6—1)
= max{Y,rDU0n)=9 o=y

where 6 = 6(),) and f(\,), g(A,) are defined in (2.4.42). Since A, € (3/2,4] and
F(Ap) <€, by (2.4.43), we also get g(A,) < ¢, and so

| det(}’k, Yi+1, x)lool det(yk7 Yie+1, X)Ip = 0(1)

}
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Since the determinant is an integer, we conclude that it is zero, and therefore the

points Yk, Yk+1 and x are linearly dependent. Hence, (2.4.48) holds.

|
Proposition 2.4.13 Take e € (0,1/7%).
(1) Suppose that ¥(\,) > €. Then for k > 1, we have
Vit < YT (2.4.49)

(1) Furthermore, suppose that f(Xy) < €. Then for each k > 1 and each real number
X > 1 with
X e [V, Y, (2.4.50)

any non-zero integer solution x of (2.1.19) is a rational multiple of yy.

Proof:  For the proof of (i) we write the condition #(A,) > € in the form
L+e< (1—¢€)0(N).
Also, by Proposition 2.4.8, we have
Yko(/\p )« Yiq1,

for each k > 1. Combining these relations, we find that (2.4.49) holds for each k > 1.
For the proof of (ii) we use Part (i) and Proposition 2.4.12. By Part (i), we have that

Vet VeI N YL ™ Yes] = Ve Y1 # 0,

for each k£ > 1. Also, by (2.4.43), we have ¢(X,) > 1(),) > €. Hence, by Proposition
2.4.12, for each k > 1 and each real number X € [Y;/*¢,Y,77], any non-zero integer

solution x of (2.1.19) satisfies

X€ <Yk—1, Yk>Q 0 <Yk, Yk+l>Q = (Yk>Q-
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Let p € S and let A = (Ao, N, (Av)ves\(p}) € REAH be an exponent of approximation

t0 € = (€0, &py (&0)ves\(py) € R X @, x [Les\py Qv in degree 2, with [Q(&,) : Q] > 2
and A, € (3/2,7]. Let (yi)k>1 and (Yi)k>1 be the sequences corresponding to &,, as
in Proposition 2.4.8.

Corollary 2.4.14 Suppose that f(X,) < ¥(Xp). Then, we have

—0(Ap)
Ao + Z A\, < P
ves\{p} f)

Proof: Similarly as in the proof of Corollary 2.4.6, we choose € € R such that
f(Ap) < € < 9¥(X,). Since A, € (3/2,7], we have f(},) > 0 and ¥(N,) < 1/7°,
so that € € (0,1/4®) and we can apply Proposition 2.4.13. We note that for each
X > 1 a solution of (2.1.3) is a solution of (2.1.19). Hence, by Proposition 2.4.13,
for each £ > 1 and each real number X > 1 with X € [Ykl“Le,Ykl;f], any non-zero
integer solution x of (2.1.3) is of the form myy, for some non-zero integer m. Putting

X =Y.*¢, we have

Imloon = |m|°°”y’€|loo S X = Ykl—l—e,
|m|pLp(yr) € X~ = Yk—Ap(1+e)’
Moo Loo(¥k) < X Ao = }/;c"'/\oo(l—i—e)’

Iml,Lo(yx) < X =Y, 9 vy e $\ {p}.

By the third relation in (2.4.33), we have that the determinant det(yy) is non-zero,
for each k£ > 1. So, we find that

1 < | det(ye)lool det(ye)l, [ 1dete)l
veS\{p}

& Yi|mloo Loo(yi) Lp(¥k) H Im|, Ly (yk)
ves\{p}
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1_ Acx:‘{' v >\V 1+
& Yk ( 2es\ip} )( e)Lp(yk),

for each k£ > 1. By Proposition 2.4.8, for each k£ > 1, we have L,(yx) < Yk"l_a(’\"),

and then the relation

1< Ykl— (Aoo+zue3\(p} Au)(1+€)Yk—1—6(>\p)

—(14+) (Moot Ty p v ) —6(0)
k )

holds for each £ > 1. So, it follows that

A+t D A)+6(1) <0,
veS\{p}

whence we get

Finally, the conclusion follows by letting € — f(A,). i

Proposition 2.4.15 Let p be a prime number and let §, € Q, be with [Q(&,) : Q] > 2.
Let A\, € Rog be an exponent of approzimation to &, in degree 2. Let (yi)r>1 and
(Yi)k>1 be as in the statement of Proposition 2.4.8. There exists a number A\, =
1.615358873 .. ., such that if Ay € (M\p0,7], then for each k > 3 sufficiently large, the
point Yy, is a non-zero rational multiple of [Yr, Y, Yk—2)-

Moreover, there exists a non-symmetric matriz M, such that for each sufficiently

large k > 3, the point yry1 15 a non-zero rational multiple of yx Myyx—1, where

M if k is even,
M if k is odd.

My =

Proof: For the proof we follow the arguments of [9] (see proof of Corollary 5.1,

p. 50), using estimates with the p-adic norm. Let & > 4 be an integer and put
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W = [Yk, Yk, Yk+1]- By Lemma 2.1(i) of [9], we have
det(w) = det(yz)?* det(yes1).

Since det(yx) # O for each k > 1, then det(w) # 0 and so w # 0. By Lemma 2.2.1(ii)

and Lemma 2.1.15, we get

[Wlloo < YY1,
“W“p < ma‘X{LP(yk)2a L;D(ylH—l)}a

Ly(w) < Ly(yx) max{Ly(ys), Lp(yr+1)}-

Using these estimates, Lemma 2.2.1(i) and Proposition 2.4.8, we find that

| det(w, Yk—3, Yi—2)loo K ||[W]|oollyk—-3lcol|¥t—2]lcc
L YY1V 3Yio
< Y2+1/(9—1)+1/02+1/03
k

3

| det(w, yk—3, Yi-2)|p < max{||wl,Lp(yr—3)Lp(Ye-2), Lp(W)Lp(Y—2), Lp(W)Lp(yx-3)}
K Lp(ye—3) max{||w||,Lp(yr—2), Lp(w)}
<& Lyp(yk-3) max{ L, (y&)*Lp(Ye-2), Lp(¥r+1)Lp(Ye-2),
Ly(yx)%, Ly(yi) Lp(ye+1)}

< Ly(yx-3) max{ Ly (yx)?, Lp(y+1) Lp(Ye-2)}-
Since 3/2 < A, <, we have 1 < 6 <~. So, § + (§ — 1)2 < 2 and we find that

|det(W,yk_3,yk_2)|p < Yk_(31+02/(0+1)) max{Yk—2(1+02/(0+1)), Yk_0(1+02/(9+1))Yk_—(21+02/(9+1))}

< Yk—(0—1)3(1+02/(0+1)) maX{Yk—2, Yk—e—(9—1)2}(1+02/(0+1))'

— _1}2 — 133 2
« Y OHO-DHHE-D) 467/ 041).

Combining these estimates, we get

| det(W, Yi—3, Yi-2) ool det(W, i3, ¥i-2)lp < ¥, (2.4.51)
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where
fO=2+0-1)"1+02+07°—(0+©O—1)+(0-1)*)(1+6%/(6+1)).
Similarly, we find that

| det(w, Yk-2, Yk—l)loo < ||W||oo||Yk—2“oo|IYk—1“oo
L YY1 YeoYis
< )/]CQ-‘,-I/(G—1)-‘1-1/0—{-1/92

)

| det(W, yi—2, yi—1)|p < max{||wllpLp(yr—2)Lp(Yk-1); Lp(W) Lp(¥r—1), Lp(W) Lp(yr—2)}
K Ly(ye—2) max{||wl|,Lp(yk-1), Lp(w)}
< Ly(yr-2) max{ Lp(yx)* Lp(Yk-1), Lp(Yir1) Lo (Ye-1),
Ly(yk)?, Lp(yi) Lp(yr+1)}
< Lp(yk-2) max{Ly(yi)?, Lp(Yes1) Lp(ye—1)
< (Yk__12 max{Y 2, Yk111yk_—11}) (1+62/(6+1))
< (Yk~(0—1)2 max{Y,?, Yk—20+1}) (1+02/(0+1))'

Since A, € [8/5,7], then 8(),) € [3/2,~] and so, —20 + 1 < —2. So, we have
|det(w Vi_s Yk—l)Ip < Yk_(2+(0_1)2)(1+02/(0+1))'
Combning these estimates, we get
| det(W, Vi, Yi-1)loo| et (W, yia, yi1)lp < Y7, (2.4.52)
where

g@) =2+ -1+ 402 -2+ @ -DHA+ 62O+ 1)7H).

Using MAPLE we find that A,y =~ 1.615358873... is the smallest number from the
interval [8/5,~], with the property that g(6()\)) < 0 and f(6())) < 0 for each A €
(Ap,0,7]. Since A, € (Apo,7], it follows that

] det(wa Yk-3, yk-—?)lool det(w7 Yi—3, yk—?) Ip = 0(1)7
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| det(w, yk—27Yk—1)|oo| det(w, Yi—2, Yk—1>|17 = 0(1)-

Since det(w,yx_3,¥k—2) and det(w,yr_o,yk—1) are integers, then by the above es-
timates, they are zero for each k sufficiently large. Since three consecutive points
Yk—3,Yk—2,Yk—1 are linearly independent over QQ, this implies that w is a rational

multiple of y_». By Lemma 2.1 (iii) of [9], we have

[Yk, Y&, W] = det(yx)yr+1,

and deduce that yx4; is a non-zero rational multiple of [y, Y, Yx—2|-
The proof of the second part of the corollary repeats exactly the proof of the
second part of Corollary 2.4.7. |
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2.5 Examples

First we recall some notations introduced in [13]. Put M = Mataxa(Z) N GLy(C). A
sequence (W;);>o in M is a Fibonacci sequence if w; 15 = w; 1 w; for each ¢ > 0. We
call a Fibonacci sequence (w;);>g in M admissible if there exists a matrix N € M
such that the sequence (y;)i>0, given by y; = w;V;, where

N if i is even,

Ni _

N if 4 is odd,
consists of symmetric matrices. This new sequence satisfies the following recurrence
relation

_ _ -1 _ -1
yi=w;N; = Wi 1 N N wi—oNij_o = yi 1 N, _(yi-o.

Let S be a finite set of prime numbers. Define Mg to be the set of all prime numbers

of QQ together with the infinite prime oo.

2.5.1 Simultaneous case.

In this paragraph we will show that for any A € REAH, with the sum of its components

< %, there exists a point £ € R x Hpe s Qp such that ) is an exponent of approximation

to £ in degree 2 and [Q(£s,) : Q] > 2. First, we prove several auxiliary results.

Lemma 2.5.1 Let (w;);>0 be an unbounded admissible Fibonacci sequence in M and
let (yi)i>o0 be a corresponding sequence of symmetric matrices. Then for any v € My,

we have

det(wiy1)|, ~ | det(w;)[7,
| det(wiy1)[y ~ | det(w;) 25.1)

lyill, ~ llwilly,  [det(yi)l, ~ | det(wy)l,,
Proof: Since det(w;,1) = det(w;)det(w;_;) for each i > 1, Lemma 5.2 of [13]
provides the required estimates for the determinants. All other relations follow from

the relation y; = w;V;, since N; is N or *N. |
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For any v € Mg and any u € Q2, we denote by [u] the point of P?(Q,) having u
as a set of homogeneous coordinates. For any pair of non-zero points u,v € Q2, we

define the projective distance in P?(Q,), between the corresponding points [u] and

[v] of P2(Q,), by
dist, ([u], [v]) = dist, (u, v) = m—

The next lemma shows that dist, is a metric on P?(Q,) for each prime number p.

Lemma 2.5.2 Let p be a prime number and let u,v,w € Qf,. We have

1{w, w)v = {u, viwll, < [Jull|}v A wl,, (2.5.2)

[vllplluAwlp < max{|lwllplluA vy, lullplv A wlp}. (2.5.3)

Moreover, if u, v, w are non-zero then

dist,([u], [w]) < max{dist,([u], [v]), dist,([v], [w])}. (2.5.4)
Proof:  Upon writing v = (vg, v1,v3), W = (wp, wy, ws), we find that fori =0,1,2,
lvew —wivll, < [[v A wllp, (2.5.5)

and so
[(w, w)v; — (u, V)wilp = [{u, v;w — wiv)|p < Jlullp||v A wl],,
which implies (2.5.2). Combining (2.5.5) with the identity
vi(uAW) =w;(uAV)+uA (w—wV),

we also get

vilpllu A wllp < max{fwilpllu A vllp, [[ullp]lv A wl,}

for i = 0,1,2, and this gives (2.5.3). Dividing both sides of (2.5.3) by [|ull,[|VIl,/% |,
we obtain (2.5.4). |
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The next proposition extends the result obtained by D. ROy in [13] to the p-adic
case. Here we use the fact that P?(Q,) is complete with respect to dist, for each

1/69171@.

Proposition 2.5.3 Let v € Mg, let (W;)i>0 be an unbounded admissible Fibonacci

sequence in M such that

[Witally ~ [[will7, (2.5.6)
let (y:)i>0 be a corresponding sequence of symmetric matrices viewed as points in Z3

and let (6,,:)i>1 be the sequence defined by

5 ldet(wi),
e

(2.5.7)

)

Assume that det(yo,¥1,¥2) # 0 and 6,; = o(||w;]|,). Then there exists a non-zero
point Y, = (4,0, Y1, Un2) € Q) with det(y,) = 0 such that

1y AYirally ~ Ol witally,
1y Ayully ~ 8o, (2.5.8)
[(yi AYist, Yodlu ~ dujita.
Proof:  The proof in the case v = oo is given in [13]. Assume that v € Mg\ {o0}.

We note that the identity
JwJ'w = —det(w)] (2.5.9)

holds for any matrix w € Matox2(Q,). Using this, the recurrence relation y;4; =
y:N;'y;_1 and the fact that the matrix y; is symmetric, we get

inin+1 = ininNi_lyi_l = — det(yi)N[Iyi_l. (2510)

Since

Yia Yi2 Yi,0 Yi,2 Yi0 Ui
ViNYit1 = , — ; )
Yir11 Yit1,2 Yi+1,0 Yi+1,2| |Yi+10 Yi+1
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Yi Yi2
Yi1Yi+1,1 — Yi2Yi+1,0
Yi+11 Yir1,2
JyiJyiv1 = ,
Yi0 Yi1
- Yi1Yi+1,1 — Yi0Yi+1,2

Yi+1,0 Yir1,1

and since

Yi,0 Yi2
= (yi,lyi—i-l,l - yi,zyi+1,0) - (yi,lyi+1,1 - yi,Oyi+1,2)a

Yir1,0 Yi+r1,2

is the difference of the elements of the diagonal of Jy;Jy; .1, we find that
1yi Ayitills < 1yidYitallo.
Combining this with (2.5.10), we obtain
lyi Ayinlly < ety | N yiall ~ | det(ya) o llyizallu-

By Lemma 2.5.1 and the hypothesis (2.5.6), we conclude that

yi A Yirlle < [ det(wi)[ul|wizilly ~ duil[Witallu, (2.5.11)
and so
. lys Ayigilly i
dist, ([yi], [yi+i]) = L =
lyillollyirilly — llwallo

By Lemma 2.5.1 and (2.5.6), we also note that 6,41 ~ 6., So, 6,/ ||wi|, is decreas-
ing for all ¢ sufficiently large, and by Lemma 2.5.2, we deduce that, for any 7 and j
with 1 <« 7 < 7, we have

dist, ([ys], [y,]) < | max {distu([yirs], [yirrs1])}
v (2.5.12)

< max 6u,i+k < 51/,i ’
o Tkl ~ Twall

Therefore ([y:]):>o is a Cauchy sequence in P?(Q,) and so it converges to a point [y, ]

for some non-zero y, € Q3. By Lemma 2.5.1, we have

l det(yi) Iu ~ 51/,1‘
HYz'Hﬁ ||Wi]|u
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Since the left hand side of this inequality depends only on the class [y;] of y; in P(Q,)
and since 6,,; = o(|[w;][,), we get by continuity that | det(y,)|./lly.||? = 0, and hence
det(y,) = 0. Moreover, by continuity, it follows from (2.5.12) that dist,([y:], [y.]) <

8u.i/]|Wil|v, which implies that
lyi Ayull, < 6us (2.5.13)
Combining (2.5.2), (2.5.11) and (2.5.13), we obtain

i AYir1, Yo) Yide — (¥ AYirt, Yir2)Yollo Sy AYiallollyize Ayolle

<K 5u,iHWi+1 ||u5u,i+2

Hw;iil det(Witz)lo-
(2514

Since (y; AYit1, Yit2) = det(¥i, Yit1, Yit2), we find by Proposition 4.1(d) of [13], that

det(yo, y1,
1(yi A yisr, Yir2)yolls = | det(¥o, y1.¥2)

v
”yu v det(wi ) v
det(w)], 1Vvllldet(wira)] (2514

~ | det(wiya)]u-

Since 6,,; = o(||w;||,), the above two estimates imply that

(i A Yit1, Yo) Vitally ~ | det(wita)]y

which leads to the last estimate in (2.5.8)

| det(wiio)l,

~ 51/,1'-{—2-
[Witall

Y AYirt, Yo)lo ~

In turn, this implies

d t 3 v d t 1 v iy
||<Yi+1 /\Yi+2’y:/>Yi||u ~ 5u,i+3llwi”u _ | € (Wz+2)| | € (W +1)l “W H
[Witally

51/11-{-1
~ ——— | det(w; .
el o2l

Since (yit1 A ¥Yira,¥i) = det(yi,¥it1, Yiq2) = (¥i A Yir1, Yiso), then the estimate

(2.5.14) can be rewritten in the form

||<Yi+1 A Yi+2aYi>YU“u ~ | det(Wit2)|o.
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Now, applying (2.5.2) and using the preceding two estimates, we find that

Y1 AYirellblyi Ayl = (Y1 AYit2, YO ¥i — (Vi1 AYit2, Yi) Yolly > | det(wigo) |,

This together with (2.5.11) and (2.5.13) implies that

| det(wWito)|y << |¥it1 A Vil lyi Ayully < duigr||Wisi]lodi < | det(wigs)ls.

Thus, we have

Ily'H-l A y'H—QHu ~ 6u,i+1||wi+l||u and ”y‘L A yu”u ~ 6u,ia

which prove the first two estimates in (2.5.8). |

Proposition 2.5.4 Let (w;);>0 be an unbounded admissible Fibonacci sequence in
M satisfying (2.5.6), with a corresponding sequence of symmetric matrices (¥:)i>o
satisfying det(yo, y1,¥2) # 0, and let S’ be a finite subset of Mg. Suppose that, for
each v € &', the numbers 6;, defined by (2.5.7) satisfy 6,; = o(||wil|,) as i — oo.

Suppose also that
o(8.: ifoo e &,
I &= (0cc) f (2.5.15)
pes\{oo} o(lwill) ifoo¢ S
Finally, for each v € &', let y, be a non-zero point of Q3 with det(y,) = 0 satisfying
(2.5.8), as given by Proposition 2.5.3. Then the points t'; = (yYui)ves € Hues' Q,

(1=0,1,2) are linearly independent over Q.

Proof: Suppose on the contrary that the points t'y, t';, t's are linearly dependent
over Q. This means that there exists a non-zero point u € Z*, such that (u,y,) =0
for each ¥ € §’. So, by Lemma 2.5.2 in the case where v # oo or by Lemma 2.2 of

[13] otherwise, we have for each v € & and for each 7 > 0,

(W) lollyelly = 1w v}y — (wyoyully < llullufly: Ayl (2.5.16)
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Assume that (u,y;) # 0 for some 7 > 1. Since (u,y;) is an integer, then
(wyidle [ Huwyalp>1.
peS’\{oc}
Using the inequality (2.5.16) and the estimate |[(W,¥:)|e < ||¥illoo ~ ||Willoo, this
becomes
ly: AVoolloo ifoo€S,
1< (T Iy Aveolln) o
peS\{oo} lyilloo ifoo¢ S
By the second relation in (2.5.8), it follows that

5001' if oo € Sl,
1< ( H Sp o /
peS\{c0} [Willw ifoogS,

which contradicts the hypothesis (2.5.15) if ¢ is large. So, we conclude that (u,y;) =0
for each 4 sufficiently large. By Proposition 4.1(d) of [13] and the assumption that
det(yo, ¥1,y2) # 0, we know that any three consecutive points of the sequence (¥;)i>o

are linearly independent over Q. This is a contradiction. |

Remark 2.5.5 In particular, if ' = {v} for some v € Mg, then all components
of the point y, are non-zero and after dividing y, by its first coordinate, we deduce
from the condition det(y,) = 0, that y, can be written in the form 'y, = (1,£,,£2),
for some &, € Q, with [Q(&,) : Q] > 2. So, in this case, we have L,(x) ~ ||x Ay,

Corollary 2.5.6 Let S be a finite set of prime numbers. Let (oy)pes be a sequence
of positive real numbers indezed by S and 3 be a real number such that
Yo <p< (2.5.17)
peES

Let (w;)i>o0 be an unbounded admissible Fibonacci sequence in M such that

Witllloo ~ [[Willl,  [|Willp ~ 1 (Vp € S),
[Wit1lleo ~ [lwill [Willp ~ 1 ( ) (25.18)

| det(wi)loo < [IWill5, [ det(wi)l, < [[Willo (p € S).
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Let (y:)i>o be a corresponding sequence of symmetric matrices. Assume that det(yo,y1,y2) #
0 and define

(1=8)/y  B<1,

1-8 f1<8<2.

N:

There exist non-zero points Yoo = (yoo,o,yoo,l,yoo,g) € R3 and Yp = (yp,o,yp,l,ypg) S

Q (p € S), with det(yo) = 0 and det(y,) =0 (p € S), such that the inequalities
1%l <X, XA Vaolloo K X7, XAy, < X7 forpe S, (2.5.19)

have a non-zero solution x in Z3, for every X > 1.

Moreover,

(i) if B < 1, then the pointy can be written in the form yq = (1, &y, £%), for some
€ € R with [Q(€x) : Q] > 2. So, in (2.5.19), we have Loo(X) ~ ||X A Yoolloo-

(it) if 3 ,esap > 1, then the points t'1 = (Ypi)pes € [l,es Qp (1 =0,1,2) are lin-

early independent over Q.

(1) if B < 1+ ZpGS ap, then the points t'; = (yoo,l,(yu,l)peg) € R x Hpes Q,
(1 =0,1,2) are linearly independent over Q.

Proof:  For each ¢ > 0 we have det(w;) # 0 and so, by (2.5.18),
1< T Jdettwi)l, < [lwifleo .
ve{oo}US
So, we necessarily have Zpes ap < .

To show the first statement of the corollary we apply Proposition 2.5.3. To this
end, we need only to check that §,; = o(||w;]|,) for each v € {o0} US. By (2.5.18),
we find that

Oooi | det(w;) oo

-2 _
Tl ™ Tl <l =00
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5p,i
————

[det(w;)|, < ||willo? =0o(1) forpeS.
Wil

o0

So, Proposition 2.5.3 provides non-zero points Yo € R® and y, € Qg (p € S) with
det(y,) = 0 for each v € S U {o0}, satisfying the estimates (2.5.8).

Fix a real number X. If X is sufficiently large, there exists an index i > 0 such
that

[Willo <X < [[Wit1lloo ~ [[WillZ. (2.5.20)
By (2.5.8) and (2.5.18), we have

| det(w;)|oo

< llw, ——H—ﬁ,
HVVAkD Il l”a)

19 A Yoolloo ~
| det(w:)lp

~ | det(w;)], < [|wi||52* forp € S.
[willp

HYz' A YPHP ~

Combining this with (2.5.20) we obtain
Vi A Yoolloo € X and |ly; Ay,ll, < X7/ for p € S.

Thus the point x = y; satisfies (2.5.19).

To prove Part (i) in the statement of the corollary, we apply Proposition 2.5.4
with &’ = {o0}. Here we assume that § < 1 and we have only to check that the
condition (2.5.15) holds. Indeed, we find

_ | det(w;)] oo

= w;||271 = o(1).
boni = o € lIwillar! = o)

Applying Remark 2.5.5 completes the proof of Part (i).
Similarly, to show Part (ii), we apply Proposition 2.5.4 with &’ = S. Since
> pes @p > 1, we find by (2.5.18) that

I—E:p Qp
IWilloo [T 65 ~ lwilloo [ [ | det(ws)l, << [[Willos 55" = 0(1),

peES peES

which shows that the condition (2.5.15) holds.
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Finally, to show Part (iii), we use Proposition 2.5.4 with &' = {oc0} US. Again,
we need only to check that the condition (2.5.15) holds. Since 8 <1+3_ s, we
find by (2.5.18) that

det i)lv —-1- «a
H 5’/’1: ~ H %vlvl_).l_ << [lwl”fol ZpES P
ve{oo}usS ve{oo}us Willy

and thus (2.5.15) holds. |

Theorem 2.5.7 Let S be a finite set of prime numbers. For any A = (Moo, (A\p)pes) €
REAH with

1
Ay < — 2.5.21
DR (2521

veSU{co}
there exists a non-zero point € = (€oo, (€p)pes) € R x [Les @ with [Q(és) : Q] > 2,

such that X is an exponent of approzimation in degree 2 to €.

Proof:  For the proof we use the construction of Example 3.3 in [13]. Fix integers
a,b,c with @ > 2 and ¢ > b > 1. We consider the Fibonacci sequence (w;);>o in M

with initial matrices wy, wy given by

1 b 1 c
Wy = y W1 =
a a(b+1) a alc+1)

—1+4+a(b+1)(c+1) —a(b+1)
—a(c+1) a

Since the matrices

—1+4+a(c+1) —a
yO:‘VOJV= ’

Y = WltN =
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~l14+a -—a
Y2 = wiwoN =
—a —a

are symmetric, it follows from Proposition 3.1 of [13] that the Fibonacci sequence
(wW:)i>0 is admissible with det(yo,y1,y2) = a*(c — b) and det(wp) = det(w;) =
—det(N) = a. By Lemma 5.1 of [13], we have

[Willool[Wit1lloo < [Witalloo < 2||Willoo[[Wit1]loo

for each 1 > 0. By Lemma 5.2 of [13], this implies that the sequence (w;);>p is

unbounded with

Wittlloo ~ twil|%. (2.5.22)
Since
* -1 0
Wy, W) = mod a and N = mod a,
00 0 0
we deduce that
* -1 0
w; = mod a and y; = mod a for any ¢ > 0.
00 0 0

Using the hypothesis (2.5.21), we can choose numbers (X)), esu{c0}, Such that

1
N> A, (vef{oo}US) and Y A == (2.5.23)
ve{oo}us v
Fix an arbitrarily large integer N > 0 and define integers a, b, ¢ by
a= Hp[ﬁ’)‘;N/ log ] , b=exp[yA,N] andc=b+1. (2.5.24)

peES

This choice of a implies that, for each 2 > 0, we have
lwill, = llyill,=1 foreachpeS. (2.5.25)

So, together with (2.5.22) this means that the first two conditions in (2.5.18) of

Corollary 2.5.6 are satisfied.
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Define

log(a) d log(lal,")

_ __oslalp) , 2.5,
Tog(a(b + 1)) and o Tog(2a(c 1+ 1)) for each p€ S (2.5.26)

We have that 0 < 8 <1 and 0 < o, < 1 for each p € §. So, the inequalities
| det(wi)loo < [lwillg, and | det(wi)l, < (2f[willoo) ™ (p € S) (2.5.27)

hold for z = 0, 1. We claim that these inequalities (2.5.27) hold for any ¢ > 0. To prove
this we proceed by induction on . Assuming that ¢ > 2 and that the inequalities

hold for ¢ < 2, we get

| det(wi)|oo = | det(Wi1)oo| det(Wi-2)[oo
< w15 wi-allf < fwill,

| det(w;)|p = | det(wi_1)p| det(wi—z)lp

< (A wi-rlloo [ Wi-alloo) ™ < 2fWilleo) ™ (p € S),

which completes the induction step. Together with (2.5.22), (2.5.25) and these esti-
mates, we have that conditions (2.5.18) of Corollary 2.5.6 are satisfied. We also note

that the numbers (a,)pes and 3 satisfy

Za - log(Hpes lalgl) _ log(a) < log(a) _5<1
2% " Tog(2alc+1)  log(2a{c+ 1))  log(a(b +1) '
So, by Corollary 2.5.6 and moreover, by its Part (i), there exist a non-zero point
oo € R with [Q(£s) : Q] > 2 and non-zero points y, € Q3 with det(y,) = 0 for each

p € S, such that inequalities
X|lo < X, Loo(x) << X OB IxAy,ll, < X~/ for each p € S, (2.5.28
php

have a non-zero solution x € Z3, for each X > 1. Moreover, since y, = (—1,0,0)
mod a for each £ > 0, the first component of y, is non-zero for each p € §. So, for

each p € S, we deduce from the relation det(y,) = 0, that y, is a rational multiple
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of (1,&p, &) for some &, € Q,. Then, we have L,(x) ~ [|[x A yp||p, and (2.5.28) can be

rewritten as
%[l € X, Loo(x) < X 0 L (x)< X */forpeS. (2.5.29)

By (2.5.23), (2.5.24) and (2.5.26), we find that 8 and «,, (p € S) converge respectively

to
ZQ'ES q / /\/
=) XN =1-—~v)\_ and =X\ (p €S).
D ges g+ A Z > ges Mgt A% P
Thanks to (2.5.23), this means that we can choose N large enough so that

1—
1=6 2. and s (peS)
Y Y
Then, according to (2.5.29), the inequalities
Xlloo S X, Loo(x) < X7, Ly(x) < X7 (p€ S),

have a non-zero solution x € Z? for each X > 1. This completes the proof.

2.5.2 P-adic case.

Here we present a p-adic version of the results of the previous paragraph.
Corollary 2.5.8 Letp be a prime number and let (w;);>o be an unbounded admissible
Fibonacci sequence in M such that

[willp ~ 1, [ det(w;)|oo| det(wi)lp ~ 1 and ||wil[gZ < |det(wi)leo, — (2.5.30)

for some real o, > 1. Suppose that the corresponding sequence (y;)i»o satisfies
det(yo, ¥1,¥y2) # 0. Then there exists a non-zero number &, € Q, with [Q(&,) : Q] > 2

and a constant c¢; > 0 such that inequalities

Xlloo < X, X[l Lp(x) < X~ 1/7, (2.5.31)
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have a non-zero solution x in Z3 for every X > 1.

Proof: Proposition 2.5.4 applies to the present situation with &’ = {p} since by
(2.5.30), we have

Opi | det(w;)|, 3
L = ~ | det(w;) |, < [|w;]|7 = o1
and
[[Willoo| det (W)l [[Willoo -
Wioo(s,i: ~ <K wiooap=ol.
“ ” p HW"-HP ldet(wi)loo ” ” ( )

Hence, by Remark 2.5.5, there exists &, € Q, with [Q(&,) : Q] > 2, such that the
point y, = (1,&,,£2) € Q} satisfies the estimates (2.5.8). Using (2.5.30), this means
that

| det(wi)lp

Ly(yi) = lly: Aypllp ~ ~ | det(wi)lp ~ | det(wi)| (2.5.32)

[[willp
Now, we fix a real number Y > 1. If Y is sufficiently large, there exists an index i > 0
such that

| det(w;)|oo <Y < |det(W;t))|oo ~ | det(w;)| L.

By the hypothesis, there also exists a constant ¢ > 0 independent of ¢ such that
¢Milloo < [Willoo < ¢ det(ws) |02, (2.5.33)
Combining (2.5.32) with the previous two inequalities, we get

1yilloo Ly (vi) < | det(wi)[ 3% det(w;)| 0 = | det(w:)| G/

~ | det(wig )|Z @D/ @) « y—(er—D/(e)
So, putting X = c2?Y'V/?» we find that the point y; satisfies

I¥illoo X, [¥illooLy(y:) < X~(@=/7,

Since X is a continuous increasing function of Y, the conclusion follows. i
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Corollary 2.5.9 Let p be a prime number and let e > 0. There exist a p-adic number

&, € Q, with [Q(&) : Q] > 2 and a constant ¢; > 0, such that inequalities
IXlloo € X, IXllooLp(x) < e X1, (2.5.34)

have a non-zero solution x € Z3 for any X > 1.

Proof: Let m > 1 be an integer to be determined later. Fix a real ¢ > 0 and

consider the Fibonacci sequence (w;);>o of M generated by the matrices

Since

[Witilloo < 2[[Willool[Wi-1]loos

we claim that the following estimates are satisfied for each 7 > 0

IWilloo < 257 [woll L5 w1,
(2.5.35)

det(w;) = det(wyg) " det(w,)”,
where (f;)i>-1 is the Fibonacci sequence defined by the conditions f_; = 1 and
fo = 0, and the recurrence formula f;; = f; + fi_1 for each ¢ > 0. Clearly the
relations (2.5.35) hold for ¢ = 0. Suppose that they hold for some index ¢ > 0. We

find

[Witi]loo < 2[[Willool | Wi-1lloo

< 2(2fi+1_1||w0

L lwl2) (27wl o 1)

= 2wl o [

and

det(w;41) = det(w;) det(w;_1)

= (det(wo)/*~* det(w1)#) (det(wo)-* dot (w1 ) -")
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= det (Wo)fi det (Wl)fi'H .

Thus (2.5.35) holds for each ¢ > 0. Since ||Wo|lo = p and ||Wi]|e = p™, this means

that
”Wi”oo < 2fi+1“lpmfi+fi—1 < 2fi+1pmfi+fi—1_

Since 2 < p and f;11 + fi-1 < 3f; for each ¢ > 1, this gives
[Willoo < p™itfimitfint < phitm+3) i 4 > 1. (2.5.36)

Put o, = 2m/(m + 3). Since | det(wq)|eo = p? and | det(w1)|eo = p*™, the estimates
(2.5.35) also give | det(w;)|oo = p*™fitfi-1) and, from (2.5.36), it follows that

[wil|gz < p*™ < p*mitiD) = | det(wy)|o i i > 1.

We claim that the Fibonacci sequence (w;);>q satisfies all the requirements of Corol-

lary 2.5.8. Indeed, we find that it is admissible with the corresponding matrix

p(p™t +p*™) —p(p +p™ — 2p>™H)
__pm—H _ 2p2m+2 _ p2m P _+_pm+2 + pm _ p2m+l

N =

and that the determinant of the first three consecutive points of the corresponding
sequence (y;)i>o i8

det(yo, y1,¥2) = p™H4(16p* + 8p® + 1) — p™02(dp® + 1) + p*™*8 > 0.

The sequence (w;);>o is unbounded as | det(w;)|e tends to infinity with . We also

have
| det(w;)]oo| det(wi)], = 1
and
0
w, = mod p,
00

for each 7 > 0. The latter relation implies that |w;||, = 1. So, all the requirements

of Corollary 2.5.8 are satisfied with our choice of a,. Choose m > 3(2 — €7)/(e7), so
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that (o, —1)/v > 1/v —e. Then the number &, € Q, provided by Corollary 2.5.8 has

all the required properties. |



Chapter 3

Duality

Let n > 1 be an integer and let S be a finite set of prime numbers. Fix £ =
(€cor (€p)pes) € R x [[,cs Qp- Recall that for any point x = (zg,21,...,2,) € QFF!

we define the v-adic norm of x by

Il = g il
and we put

L,(x) :=||x — zotu]ls,

where t, := (1,&,,...,£}). We denote by |S| the number of elements in S.

In this chapter we extend the method of H. DAVENPORT and W.M. SCHMIDT in
[5] to the study of simultaneous approximation to the real and p-adic components of
€ by algebraic numbers of a restricted type. To do this, we assume that for a given

A = (Aoos (Ap)pes) € RIS and some constant ¢ > 0 the inequalities

%[l < X,
Loo(x) < cX ™,
Ly(x) < cX ™ (Vp e S),

92
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have no non-zero solution x € Z™*! for arbitrarily large values of X. We can refor-

mulate this by saying that the convex body
C={xeR"™ | [X]lo £ X, Loo(x) < cX =} (3.0.1)
contains no non-zero points of the lattice
A={xecZ"L,(x) < cX 7 Vpe S} (3.0.2)

for arbitrarily large values of X. Therefore, for these values of X the first minimum
71 of A with respect to C'is > 1. By Mahler’s Duality, we have that 7}, < (n+1)!,

where 7.*, , is the last minimum of the dual lattice A* with respect to the dual convex

n+1
body C*. So, for these values of X, we get 77, < (n+1)! and thus there exist n +1
linearly independent points in A* N (n + 1)! C*. This translates into the existence of
n + 1 linearly independent polynomials of Z[T] of degree < n taking simultaneously
small values at the points £, with v € S U {oo}. Using this, we show that for any
polynomial R(T) € Z[T] satisfying mild assumptions, there exist infinitely many
polynomials F(T') € Z[T| with the following properties:

() deg(R—F) <n,

(11) there exists a real root a,, of F' such that

oo — Goooo < H(F)~ OtV

(i43) for each p € S, there exists a root o, of £ in Q, such that
& — ol < H(F)_)‘p/)‘,

where A = Ao + > cs Ap-

3.1 Simultaneous case.

We start by proving an explicit version of the Strong Approximation Theorem over

Q (see [4]).
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Lemma 3.1.1 For any € = (ex, (€p)pes) € REAH satisfying the inequality

1
€0 > 5 1< (3.1.1)
peES

there exists a rational number v € Q such that

l’f' - gooloo S €0,
]T - gplp < €p Vp € S, (3.1.2)
Irl, <1 Vg ¢S.

Proof: For each p € S there exists n, € Z, such that
prl < € <p P, (3.1.3)
Define M = [ s p™*'. By (3.1.3) we find that
|M|, = p el < e VpES,
M|, =1 Vq¢S.
By the Strong Approximation Theorem (see [4]), there exists # € Q such that

r—&|,<e€ VpES,
=&k <6 (3.1.4)
17, <1 VYg¢S.

Note that # + kM satisfies the inequalities (3.1.4), for any k € Z. We can choose
k € Z such that r = 7 + kM satisfies furthermore

1
- < M.
|7' €OO|00 = 2M
By (3.1.3), we find that
M<]&'n
peS

and from the assumption (3.1.1), it follows that r satisfies (3.1.2). i

The next lemma studies the dual lattice A* attached to a lattice A of the form (3.0.2).
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Lemma 3.1.2 Fiz § = (6,)pes € R'f(l), with 6, < 1 for every p € S. Let A be the

lattice of R™*! defined as follows
A= {xeZ""L,(x) <6, Vp € S}, (3.1.5)
with its dual lattice A* defined by
A ={y e Q"' |{y,x) € Z Vx € A}.
Then, there exists an integer a = a(€,S) > 0 such that
A C{y e QY [y, tp)lp <lal,> VpeS) (3.1.6)

Moreover,

abA* C 7", (3.1.7)

for some integer b > 0 with
bloo < [[25,", [bl, <6, VpeS. (3.1.8)
peES

Proof: Choose a € Z( such that at, € Zg“ for each p € S. Also, foreachp € &

we choose k, € Zx>g such that
p*r <61 < phett (3.1.9)

and put b = [ cs p***1. We claim that the numbers a and b have the required
properties. First of all, from (3.1.9) and the construction of the number b, we find

that

bl, = pRTl < é, VpeS,

pES pES

which gives (3.1.8).
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Now, we fix y = (yo,%1,---,¥n) € A*. It remains to show that |(y,t,)], < |al;!
and that aby € Z"*! for each p € S. Choose € > 0 such that

€< r;leig{”tp”p}a
: 1| f=1

e < mi{loly ),
- -1

€< %161‘191{|a|p Sp}-

By the Strong Approximation Theorem (see [4]) or by Lemma 3.1.1 above, for each

integer [ with 1 <[ < n, there exists r; € Q such that

|7y —§Il,[p <e VpeS,
Irlg <1 Vg ¢S,

Putting r = (1,71, ...,7,), this becomes

Ir—t,ll, <e VpeS,
i (3.1.10)

rlly <1 Vg ¢ S.

Since € < minyes{|[ty||p}, this gives ||r|l, = ||t,ll, for each p € S. Then, since
at, € Zp*! for cach p € S, we deduce that ar € Z7*" for each p € S. Combining this
with (3.1.10) it follows that ar € Z™*!. Since

Ly(ar) = |lar — at,l|, < |al,e <6, Vp €S,

we conclude that ar € A. So, we have (y,ar) € Z and thus |(y,ar)|, < 1 for each

p € 8. By virtue of the choice of a, € and r, this leads to
(¥, to)|p = lal, " [(y, at, — ar) + (y, ar) |,
< lal; " max{|[ylllar — aty|lp, [y, ar) |}
< lal," max{||y|lpLy(ar), 1} (3.1.11)
< lal," max{|[y|lslalpe, 1}

<lal;t,
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which proves the first part of the claim. To show that aby € Z"'!, denote by
{eg,...,e,} the canonical basis of Q" and let j be any integer with 1 < j < n.

Since L,(be;) = |b|, < 8, for each p € S, we have be; € A and therefore

by; = (y, be;) € Z.

Finally, (y,ar) € Z, we deduce that abyy € Z. By this we conclude that aby € Z"**.
i

We now study the dual convex body C* attached to a convex body C' of the form
(3.0.1).

Lemma 3.1.3 Let §o, and X be any numbers with 0 < 6, < X. Define a convez
body
C={xe€R"™ | |Xlloo £ X, Loo(X) < oo}

Then the dual convex body
C*={yeR" | {y,x)<1¥x€C}
satisfies the following inclusion
C*C{y € R™ [ [I¥llo <105, [(¥s boo)loo < 1 X7, (3.1.12)
where ¢ depends only onn and €.

Proof: We have the following inclusion

C CC={xeR"™ | |2o]e < X, Leo(X) < b0}

={x e R | [[Ax]l < 1},

where

Xt 0 0 ... O
&bt O 0 ... 0

—€not 0 0 ... &

8
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Take a point x € C. Since |Zo]oo < X and Loo(X) < doo < X, we have ||X||0 < X,

for some c3(n, €x) > 0. So, we get
C C ¢yC.
Taking the dual of both sides, we obtain
G'C C (O ={yeR" | (y,x)<1 ¥xeC}

Fix any y € R**1. Define A* ='A™". Since (y,x) = (A*y, Ax) for any x € R"*!, we
have
y € (5)* < (Ay, Ax) <1 for each x € R"™! such that ||Ax]|, <1
<= (A%y,z) <1 for each z € R™*! such that ||z||o < 1
— ||A%y|hL < 1L

This shows that
(C) = {y e R | | A"yl < 1},

where
X £.X ggoX L 8 X
A gt 0 Jx 0 0
0 0 0 T 3

Since || * |loo < || * ||1, we also get
(C)* S D={y e R™" | [[Ay] < 1}. (3.1.13)
Also, there exists a constant ¢3 = c3(n, € ) such that
DCD={y e R™ | [{y,toc)loo < X7, [[¥]loo < 565}
Putting all together, we conclude that

c;lC*QE
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and therefore (3.1.12) holds with ¢; = comax{1, c3}. |

From now on, we fix A = (Ao, (Mp)pes) € [—1,00) x leé and put

A=+ D> A (3.1.14)

pES
We also assume that A > 0. In the following proposition we apply Mahler’s Duality
Theorem to complete the first step of the programme outlined in the introduction to

this chapter.

Proposition 3.1.4 Let ¢, X be positive real numbers. Suppose that the inequalities

%l < X,
Loo(X) < cX A, (3.1.15)

Ly(x) <cX ™ Vpe S,

have no non-zero solution x € Z™*'. Then there exist n + 1 linearly independent

points Xi, . .., Xne1 € Z™ satisfying

Iifloo < 71X
(X1, too) oo & €711 XA AR (3.1.16)

|<Xivtp>|p <cX 7w Vp €S,

fori=1,...,n+1, and the implied constants depend only on &, n and S (in particular,

they do not depend on c).

Proof:  Define a lattice A of R™*! by
A={xeZ"" | L,(x) <cX* Vpec S}
and consider the convex body

C={xcR"™ | |X]loo <X, Loo(x) < cX =}
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The hypothesis is that C' contains no non-zero points of the lattice A. Therefore the
first minimum 7 := 71(C, A) of A, with respect to C is > 1.
By Theorem VI, p.219 in 3] (Mahler’s Duality Theorem), we have that

TiTh < (n+ 1)), (3.1.17)

where 77, := 7,11(C*, A*) is the last minimum of the dual lattice A*, with respect

n+
to the dual convex body C*. So, by (3.1.17), we have that 7, ; < (n+ 1)! and thus

there exist n + 1 linearly independent points yi,...,y,1 with
Yi,--, Yne1 € AN (n+ 1) C*. (3.1.18)

WLOG we may assume that 0 < ¢ < 1. Applying Lemma 3.1.3 with 6o, = cX =,

we find that there exist a constant ¢;(n,€,) > 0 such that
C*C{y e R"™ | |I¥lloo < 167X, (¥, tood oo < a1 X1} (3.1.19)
By Lemma 3.1.2 with 6§, = cX~ for each p € S, there exist integers a,b > 0 with

‘b!oo < Hpc_lX’\P < C_IleZpES Ap c—lSlX)\—)\oo’
P (3.1.20)

bl, <cX™ VpeS,
and a depending only on € and S, such that
AN C{y e Q| [y, tp)lp <lal;' Vpe S} and abA* C Z™F. (3.1.21)

Put x; = aby; fori = 1,... n+1. Since 73, ; < (n+1)!, therelations (3.1.18)-(3.1.21),

imply that, for each i = 1,...,n + 1, we have x; € Z"*! and

[1%illoo = laloo|blool[¥illo < 171X,
|<Xi’ t°°>|00 = !aIOO|bIoo[<Yivtoo>|oo < C_]‘S‘b(v)‘_)“""—l7

|(xi, tp)|p = |alp]blp| (¥, tp)|p < X VpeS.
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The following is the main result of this chapter. It is a result of simultaneous approx-
imation to real and p-adic numbers 7, (v € SU{oc}) by values of a single polynomial
of Z[T] evaluated at the points &, (v € SU {oo}). We will obtain the result stated in
the introduction as a corollary of it.

Recall that we fixed X = (Ao, (Ap)pes) € [—1,00) x R} with the property that

the sum A of its coordinates is positive ( see (3.1.14) ).

Theorem 3.1.5 Let ¢ > 0 be a real number, let (N, (Mp)pes) € R X [[esZyp and,
for eachp € S, let p, € Z, with 0 < |p,l, < ||tp|i;1. Suppose that the inequalities

%/l < X,
Loo(X) < eX e, (3.1.22)
L(x)<cX ™ VpeS,

have no non-zero solution x € Z™*! for arbitrarily large values of X. Then there exist

infinitely many non-zero polynomials P(T) € Z[T)<, satisfying

P(&., soloo ~ H{(P)PA=2= /X gnd  |P'(£s0)|eo ~ H(P),
|P(€oo) + Mool (P) and | P'(€x)] (P) (3.1.23)

|P(&) + mplp ~ H(P)_)‘p/)‘ and |P'(&)lp = lpplp VP E S,
where the implied constants depend only on &, 7, ¢, n and S.

Note, if n, # 0 for p € S, then the third relation in (3.1.23) implies that
IP(§p){p = |n,|, for each P with H(P) sufficiently large. This requires that |n,|, <

llt,ll,- Here we ask the stronger condition that |n,|, < 1 for each p € S.

Proof:  Fix a choice of X for which (3.1.22) has no non-zero solution in Z"*!. By

Proposition 3.1.4 there exist n + 1 linearly independent points x;,..., X4 € Z""!
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and a constant ¢;(n, ¢, €) > 0 such that upon writing x; = (:v(()i), ey xg)), we have

1% |0 < aX?,
20 4+ 2l < e XA, (3.1.24)

()

’zﬁf)fg +otzyl, <X VpeS,

for ¢ = 1,...,n + 1. These points determine linearly independent polynomials
P, ..., P,y of Z[T]<, given by

P(T):=) z@T™ (1<i<n+1). (3.1.25)

m=0

With this notation, the condition (3.1.24) can be rewritten in the form

H(P) < aX?,
|Pi(€eo)|oo < ex XA, (3.1.26)

|Pi(&p)lp < X Vp € S,

fori=1,...,n+ 1. We introduce auxiliary polynomials
R(T):=-n,+e,+p,(T—¢) foreach ve {oo}US, (3.1.27)

where €, € Q, for each p € S and €x,pe0c € R will be determined later. Since
Py, ..., P,4 are linearly independent over Q, there exist numbers 6, 1,...,0p 41 € Qp
forpe S and 0,1, .. ,00n+1 € R such that

n+1
R,(T) =Y 6,,P(T) for ve {oo}US. (3.1.28)
=1

It follows from (3.1.27) and (3.1.28) that for v € {o0} U S, we have

n+1
Y 6zl =0 (2<m<n) (3.1.29)
i=1
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Choose a real number e > 0 with ¢ < minyes{|/tp|l;'|oplp}. By Lemma 3.1.1, for each

t=1,...,n+ 1, there exist numbers r; € Q such that
Iri - eoo,iloo S €_|SI Hp7
peES

i — Opilp <€ VpeS,
lT‘ilq S 1 Vq ¢ S

Put N = e SIT] .sp. Now, we define a polynomial P(T') € Q[T )<, by

n+1

P(T):=) rP(T)=> znT",

i=1

where
n+1

T = Zrixgl) (0 <m < n).
i=1
Using (3.1.26) - (3.1.28) and (3.1.31), we find that

|P(6co) + oo — €ooloo = [P(€x0) = Roo(€o0)|oo
< (n+ 1N max {|Fi(§co)loo}

1<i<n+1

< (n 4 1)Neg XAt

lPl(gw) — Pooloe = [P (o) — Réo(goo)loo
< (n+1)N max {|P/(€x)|oo}

1<i<n+1

< {(n+ 1)Nn|tellee max H(F)

1<i<ntl
< (n+1)NepX?,
where ¢; = ¢17||[ts||o. Upon choosing
€oo = 2(n + 1)Ney X271 and poe = 2(n + 1) Nep X2,

it follows that

(n+ 1Ny X221 < P(€) 4 Too]oo < 3(n 4+ 1)Ney XA A1

(n+ 1)Nea X < [P/ (€so)|oo < 3(n+ 1) Nep X,

(3.1.30)

(3.1.31)

(3.1.32)


file:///Pitoo

3.1. Simultaneous case. 104

Fix p € S. Since [|t,|l, > 1, we have € < ||t, |- |oplp < |Itp]l5% < 1. Using (3.1.26) -
(3.1.28) and (3.1.31) again, we get

|P(&) +mp — &lp = | P(&) — Bp(§)lp
<€ max {|R(§p)|p} < ClX—Ap7

1<i<n+1

|Pl(§p) — Pplp = 'Pl(gp) - R;/z(gp)lp

< e max (P&} < elltyl

Let k, be the integer for which
prr < e7lXM < phetl

Choose €, = p*7, so that ¢; X % < ep]p. Since € < minges{|[t,[l,*|oplp}, We note that

€lltpllp < |Pplp- So, we obtain

ClX_AP < ‘eplp = 'P(é};) + np|p < pCIX_Ap7
|Pl(§p)|p = |pp'p-

To prove that P(T') € Z[T )<y, we need to show that all the coefficients z,, in (3.1.31)

(3.1.33)

are integers for m = 0,...,n. By the construction of P(T) and by the last relation

in (3.1.30), for m =0, ..., n, we have that |z,|, < 1 for each ¢ ¢ S. By (3.1.29), we

find that
n+1
|Zmlp = ’ Z(Ti - Qp,i)f,g? <e<l1l foreach peS (2<m<n).
i=1 p

This implies that z,,, € Z for m = 2,...,n. Since

n
|71 — P(&)lp = ' Z mmmﬁ,’,”_l‘p < [itpllp ShaxX [Zmlp < €lltplly < loplp < “tpH;l <1,

m=2

the second inequality in (3.1.33) gives

|lz1lp = loplp < lItpll;* < 1,
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and so xz; € Z. Similarly, we find that

|zo — P(&)lp = ’ Zwmﬁg‘ »

< litpllp max [zl = [[tpllp max{|z1lp, max |zm|p}
m=1 - = =m>

< |ltpllp max{ipplp, €} = l[tpllploplp < 1.

Since 7, € Z,, the first inequality in (3.1.33) gives |P(&)|, < |mplp < 1 assuming, as
we may, that X is sufficiently large, and then

|zolp < max{1, |P(&)lp} < 1.
So, we get o € Z and conclude that P(T') € Z[T|<,. Moreover, since

H(Ro) < X,
H(P) < H(Rw) + H(P — Re),
H(P ~ Ry) < (n+1)Nmax{H(P)} < X?*,
we get H(P) < X*. Since |P'(€x)|oo < H(P), the second estimate in (3.1.32) gives

H(P)> X* and so
H(P) ~ X*. (3.1.34)

Finally, from (3.1.32) - (3.1.34), we get (3.1.23).

We are now ready to prove the result on simultaneous approximation stated in

the introduction.

Theorem 3.1.6 Let ¢ > 0 be a real number and let R(T) be a polynomial in Z[T).
Suppose that R(&,) € Zy for each p € S. Suppose also that the inequalities

%]l < X,
Loo(x) < cX 2, (3.1.35)

Ly(x) <cX*VpeS§,
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have no non-zero solution x € Z"*! for arbitrarily large values of X. Then there exist
infinitely many polynomials F(T) € Z[T] with the following properties:

(1) deg(R—F)<n,

(11) if Ao > —1, there exists a To0t an of F in R such that

€0 — Oloo oo < H(F)~PeetD/A) (3.1.36)
(i12) for each p € S, there exists a root o, of F in Q, such that
|6p — aplp < H(F) ™/, (3.1.37)

Moreover, for each p € S such that &, € Z,,, we can choose oy, € Zy.

All the implied constants depend only on €, R, n and c.

Proof: Put 1, = R(,) for each v € {00} US. For each p € S, we have
M = R(&§) € Z,. Choose p, € Z, satisfying the inequalities 0 < |ppl, < [[t,||*
and |pplp # |R'(&p)]p- Then, by Theorem 3.1.5, there exist infinitely many non-zero
polynomials P(T') € Z[T)<, satisfying

~ (A=Aco—=1)/A an ! o)l ™ )
|P(60) + R(E)loc ~ H(P) d 1P (oo ~ H(P) (3.0.38)

[P (&) + R(&)p ~ H(P)_/\p//\ and |P,(§p)|p = |pplp VP ES,
where the implied constants depend only on &, R, ¢, n and S. For each of these
polynomials P, we show that F' = P + R satisfies all the required properties. This is
clear for Part (i) of the theorem. To prove Part (ii¢), we fix p € S and use Corollary
1, p. 51 in [6], which says that for any £* € Z, and F*(T') € Z,[T] with

[F* (&) < [(F) (€ (3.1.39)

p?
there is a root a* of F* in Z, satisfying the inequality

. s (&)
1§&" —a*lp < m- (3.1.40)
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To use this fact, we choose a positive integer d, such that d§, € Z,, and define the
number £* = d§, in Z, and the polynomial F*(T') = d™F(d™'T) € Z[T), where
m = deg(F). Let us check that the condition (3.1.39) holds. For this purpose, we
first note that

F*(g) = d"F(d7'¢") = d"F (&), (3.1.41)

(F'Y(€) = d" Fd7€") = " P'(g,).

By the last relation in (3.1.38) and by the fact that |p,|, # |R'(§p)]p, we have that
|P'(&)]p # |R' (&), and therefore

IF,(fp”p = |Pl(§p) + R’(gp”p = max{[P’(prp, |R/(fp)|p}
= maX{ipp|p7 |R,(§p)‘p}-

Note that by the third relation in (3.1.38) and by (3.1.42), the inequality

(3.1.42)

|F(&)p < ldI5 1 F(&)]5,

holds assuming, as we may, that H(P) is sufficiently large. Combining this with
(3.1.41), we find that

(€)= a3 1F(&p)lp < ld3™ VF' (&) = 1d™ T F'(&)l5 = [(F*) (€5,

which means that the condition (3.1.39) is satisfied. So, there exists a root a* of F™

in Z, with
F*E) _ |l P&,
F)E) (&)

Then a, = d~'a* is a root of F in Q, satisfying the inequality

|E ()l
[F" (&)l

|d§p - a*|p =& — a*|p < |

!gp - aplp <
By (3.1.38) and (3.1.42), we conclude that
16, — aplp < H(P)™/* ~ H(F)™ WpeS.

In particular, if &, € Z, and if H(F) is sufficiently large, the root a, is in Z,.
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To prove Part (ii), we first note that using (3.1.38) and the fact that R(T) is

fixed, for these polynomials F', we get

|F (€)oo ~ H(P)AA==D/A o F(F)1-OotD/A,

(3.1.43)
[F"(€c0)lo0 ~ |P'(€c0)le0 ~ H(P) ~ H(F).
Fix any such polynomial F. For any real a with |{e — a0 < 1, we have
F(a) = F(wo) + (@ =€) F'(§0) + (@ =€)’ M, (3.1.44)

where M is a real number with
Moo < clH(F),

for some constant ¢; > 0 depending only on £, and the degree of F'. Choosing

_ F6x)
S
and using (3.1.43), we find that
0 = €ooloo € H(F)~ et/ (3.1.45)

Because of our choice of a, we find using (3.1.44) and (3.1.45) that
|F(0) + F(€oo)loo = |(0 = €)M < H(F)!720=t1/2,
Since Ao > —1, by the first relation in (3.1.43), we get
|F () 4 F(&o0) oo < [F(o0)loos

if H(F) is sufficiently large. This implies that F'({-) and F(a) have opposite signs,
which means that F has a real root ay located between £, and «. This real root

0, satisfies the following inequality

|§ - aoo'oo < |§oo - a|oo < H(F) /\oo_H)//\
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3.2 Real case

Applying Theorem 3.1.5 with S = (, we obtain the following statement.

Theorem 3.2.1 Let n > 1 be an integer and let ¢, Ay, €x and 1 be real numbers

with ¢ > 0 and A > 0. Suppose that the inequalities

! ~Aoo
max || < X and max |T) — To€l oo < X7, (3.2.1)

have no non-zero solution x € Z"*! for arbitrarily large values of X. Then, there

ezist infinitely many non-zero polynomials P(T) € Z[T)<n such that
|P(€o) + Noo| ~ H(P)™Y*>  and |P'(£x)| ~ H(P), (3.2.2)
where the implied constants depend only on ¢, €, N and n.

Applying similarly Theorem 3.1.6 with S = ), we obtain the following statement,
which contains the result shown by H. DAVENPORT and W.M. SCHMIDT in Lemma

1 of [5].

Theorem 3.2.2 Let n, ¢, Ay and &y be as in Theorem 3.2.1. Let R(T) be a poly-
nomial in Z[T). Suppose again that the inequalities (3.2.1) have no non-zero solution
x € Z"! for arbitrarily large values of X. Then there exist infinitely many polyno-
mials F(T) € Z[T| with the following properties:

(i) deg(R—F)<mn,

(1) there ezists a real Toot oy of F, such that
€oo — Cloo|oo & H(0ro) 172 (3.2.3)
where the implied constants depend only on ¢, £, R and n.

For any real number (3, denote by [§] the smallest integer > 3. For each index

n > 1, we define

if n=2,
P d (3.2.4)

/2] if n+#2.
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Refining work of H. DAVENPORT and W.M. SCHEMIDT (see Theorem 1 of [5]), M. LAU-
RENT showed in [14] that for n > 2 and any £ € R which is not algebraic of degree

< [(n —1)/2] there exist infinitely many algebraic integers « of degree n, such that
0 < |€ = afoo < H(a) T FD/2,
The following corollary contains this result for the choice R(T') = T™+!.

Corollary 3.2.3 Let n > 1 be an integer and £ be a real number which is not
algebraic of degree < [, | over Q. Let R(T) be an arbitrary polynomial in Z[T).
There exist infinitely many real algebraic numbers as,, which are roots of poly-

nomials F(T') € Z[T] with deg(R — F) < n, satisfying
€00 — Qooloo K H(a) P (3.2.5)

with implied constants depending only on &, R and n.

Proof: Since £ is not algebraic of degree < [u,], the hypotheses of Theorem
3.2.2 are fulfilled with Ao, = 1/pu,. For n = 2, this follows from Theorem la of [5].
For n # 2, this follows from the main result of [14] (which refines Theorem 2a of [5]). I

3.3 P-adic case.

Let n > 1 be an integer, p be a prime number and let £, € Q,. Applying Theorem
3.1.5 with § = {p} and A\, = —1, we have the following statement.

Theorem 3.3.1 Let ¢, A\, be positive real numbers and let n, € Zy. Let p, € Z, be
with 0 < |pplp < ||tpll;1. Suppose that the inequalities

el Y
()nglfag); |Zi]oo £ X and ongltag)fz |z xofplp <cX 7, (3.3.1)
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have no non-zero solution x € Z™*! for arbitrarily large values of X. Then there exist

infinitely many non-zero polynomials P(T) € Z[T)<, satisfying
|P(&) +mplp < H(P) /™) and  |P'(&)], = |y, (3.3.2)
where the implied constants depend only on &, n,, ¢, n and p.

Applying Theorem 3.1.6 with S = {p} and A, = —1, we obtain the following

statement.

Theorem 3.3.2 Let ¢ > 0 be a real number and let R(T) be a polynomial in Z[T).
Suppose R(&,) € Z,. Suppose also that the inequalities

! Y
Orglas)i [Tl < X and (%Tsllas)sl |T1 — Toplp < c X777, (3.3.3)

have no non-zero solution x € Z" for arbitrarily large values of X. There exist
infinitely many algebraic numbers oy, in Q,, which are roots of polynomials F(T) €

Z[T)| with deg(R — F) < n, satisfying
& — alp < H(O‘p)_)\p/()\p_l)~ (3.3.4)

Moreover, if §, € Z,, then these algebraic numbers o, can be taken in Z,. All the

implied constants depend only on &, R and n.

The following corollary follows from Proposition 2.3.7 and Theorem 3.3.2 with
n =2 and A, = 7. In the case where R(T) = T°, it contains the result of approx-
imation to p-adic numbers by cubic algebraic integers established by O TEULIE in

Theorem 1 of [8].

Corollary 3.3.3 Let §, € Z, and let R(T) be a polynomial in Z[T]. Suppose that
[Q(&) : Q] > 2. Then there exist infinitely many algebraic numbers y, in Z,, which
are roots of polynomials F(T) € Z[T)| with deg(R — F') < 2, satisfying

& — aplp < H(ap)—727 (3.3.5)

with implied constants depending only on &, and R.
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Chapter 4

Extremal Real Numbers

Let ¢ be a non-quadratic real number, and let v = (14+/5)/2 denote the golden ratio.
Applying Corollary 3.2.3 with n = 2, shows that for any given polynomial R € Z[T
there are infinitely many algebraic numbers a which are roots of polynomials F' € Z[T]
satisfying

deg(R— F) <2 and |6 —a]<cH(a)™, (4.0.1)

for an appropriate constant ¢ > 0 depending only on £ and R. Recall that H(a)
stands for the height of o. It is defined as the height of its minimal polynomial over
Z, where the height H(P) of a polynomial P € R[T] is the maximum of the absolute
values of its coefficients. The goal of this chapter is to provide a partial converse to
this statement for a certain class of real numbers defined below. In particular, we will

show that the exponent ¥2 in (4.0.1) cannot be improved when R has degree 3 or 4.

4.1 Preliminaries

Recall from the introduction that a real number € is called eztremal, if [Q(£) : Q] > 2

and, for an appropriate constant ¢ = ¢(§) > 0, the inequalities
|zo] < X, |@o€ — 21| < XV, |2p€? — my| < XV, (4.1.1)

112
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have a non-zero solution (zg, z1, z2) € Z> for each real number X > 1. The existence
of such numbers is proved in [9] and Theorem 5.1 of [9] provides the following criterion.
A real number £ is extremal if and only if there exist an unbounded sequence of

positive integers (X)r>1 and a sequence of points (X )k>1 in Z* with

Xep1 ~ X7, | %k I~ Xk, max{|zeof — Tk, |Tho8® — z1al} < X, (4.12)

|det(xx)] ~1 and |det(xk,Xpt+1, Xpt2)| ~ 1,
where for a point x = (zg, 71, T2) we write det(x) = zoz2—23, || x ||= max{|zo|, |21], |2}
and where X ~Y means Y < X <« Y. Note that this also follows from Proposition
2.4.1 by taking A\, = 1/7.

a b
Let M = € GLy(Z). As in {10], we denote by £(M) the set of extremal
c d

real numbers € whose corresponding sequence of integer points (X)r>1, viewed as

symmetric matrices
Tro Tk
X = )
Ti1 T2

belongs to GL,(Z) and satisfies the recurrence formula

M if k iseven,
Xkl = XpSkXp—1, where Sy = (4.1.3)
tM o if k  is odd.

Taking the transpose of this identity, using the fact that x; is symmetric matrix for
each 7 > 1, we get
Xp+1 = xk_lSk_lxk. (414)

On the basis of Cayley-Hamilton’s theorem and (4.1.3) the following identities are
established in [10] (see Lemma 2.5, p.1084)

Xpr2 = Tr(xpSk) X1 — det(XiSk)Xk—1, (4.1.5)

0 1
Xp Xy = det(xy)JSkxg_1, where J = ) (4.1.6)
-1 0
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From now on, we fix an integer a > 0 and an element £ from the set &£, of extremal

a

real numbers attached to the matrix M = . In this case we have
-1 0

a (—1)* . a
Sy = = A+ (—1)"J, where A =
—(—1)’C 0 00
Put
€ = det(xk)

For each k > 1, we have ¢, € {—1,1}, since x; € GLy(Z). Moreover, since det(S;) =

1, we have the following identities

€ryo = det (Xg41Sk+1Xk) = det(Xgt1) det(Xg) = exyi€x,
2
€k+3 = €kt2€k41 = €4y 1€k = €k, (4.1.7)
2
€k+3€k = € = L.
Since & € &,, the identities (4.1.5) and (4.1.6) can be rewritten in the form
Xk42 = ATk 0Xp+1 — E&Xk—1, (4.1.8)

and

Tk,0Tk+1,1 = Tk,1Tk+1,0 — €k

k
Tk 1Tht1,2 = Tk 2Tk+1,1 — €k(aTk—11 + (—1)Tk_1,2),

(-
( (4.1.9)
(-
(

Tk,0Tk+1,2 = Tk,1Tk+1,1 — €k 1)k L1

k
T 1Tht1,1 = Th2Tk41,0 — €k(aTk—10 + (—1)"Tp_1,1)-

The following identity is the sum of two last identities in (4.1.9).
Th0Tk+1,2 = Tk 2Tkt1,0 — €x(aTro10 + 2(—1)F zx_1 1), (4.1.10)
These identities precise the formulas of Lemma 2.5, p.1084 of [10]. Using the formula

wJwJ = JwJw = —det(w)],
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valid for any symmetric 2 X 2 matrix w ( see p.46 of [9]), we find that
XkJXkJ = -—det(xk)l = -—ékl

and so

JxpJ = -—kak_l.

Since J~! = —J it follows that xJ = €;Jx,~!. Multiplying the last formula by Xz,
on the right and applying (4.1.4), we deduce that

~1 -1 -1
XpJXpto = €JXk Xpyo = €6JX, Xpp1Skp1Xk = €xIX) X SkXp41,
and so
X}CJXIC+2 = ékJSka+1. (4111)

This is the same identity as in (4.1.6) with subscripts £ + 1 and k — 1 replaced by
k + 2 and k + 1. So, similarly as in (4.1.9), the identity (4.1.11) can be rewritten in

the form

Tk,0Tk+21 = Tk,1Tk+2,0 — €k

Tko0Tk+2,2 = Tk,1Tk+2,1 — €k
k

Tk 1Tht21 = Tk2Tkt2,0 — k(ATht10 + (—1)*Trr11),

(—
= (4.1.12)
(
(

k
Tk,1Tk+2,2 = Tk,2Tk+2,1 — €k(ATk+1,1 + (—1) $k+1,2)-

The following identity is the sum of the second and the third identities in (4.1.12).
T, 0Tkt2,2 = Th2Tk2,0 — €k (aThi1,0 + 2(“1)k$k+1,1)- (4.1.13)
We now derive an identity involving x;Jx;,4. We have

Xk Xkt = X X2 Sk4+2Xk+3
= GkJSka+1Sk+2Xk+3 — by (4.1.11)

= ekJSkka(A + (—1)’“])xk+3
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= xSk (K41 A%k 43 + (— 1) Xp 1 TXp13)

(—1)
= € Sk (X1 4%k43 + (—1) €1 Skp1Xk42) — by (4.1.11)
= € (J SkXp11AXk13 + (—1) €ky1J Sk Skp1Xp42)
(1)

k
= e, (J SkXpr1A4Xk13 — (1) ext1Xp42) — since JSgJSki1=—1I >

which gives a new identity

XpJXpra = €k (J SiXpr1AXkts — (—1) €xr1Xpr2).-

Let us write this identity in an explicit form

—Tk1Tk+4,0 T Tk,0Tk+4,1 —Tk,1Tk+4,1 + Tk,0Tk+4,2

—Tk2Tkia0 T Thk1Tk+21 —Tk,2Tk+4,1 + Tk, 1Tk+4,2

(—=1)*Zk11,0Tk 43,0 (—=1)*Zp41,0Tks3,1
= —€ra
(aZk41,0 + (_1)k33k+1,1)33k+3,0 (aZrt1,0 + (1) Tpp1,1) T
— (=1)*extoXp 2.

Taking the corresponding elements in the positions (1,2) and (2, 2), and using (4.1.7),
this gives the identities

Tk, 0Tk+4,2 = Tk1Tk44,1 — Ck(—l)k(a$k+1,o$k+3,1 + €k+133k+2,1)a (4-1-14)

k k
T 1Tkta2 = ToThra1 — €k (@(aZirr,0(— 1) Thp11) Taga, 1 +(—1) exr12ht2,2). (4.1.15)
Now, we introduce some notation and prove an auxiliary lemma. For each k£ > 1

we put

Tk0 Tg,1 Tk,0 ) Tk, )
ar = 3 bk = - , Ck =
Tk4+1,0 Tk+1, Tk+1,0 Tk+1,2 Tr4+1,1 Tk+1,2
Using the formulas (4.1.8) - (4.1.10), we find that

ar = ex(—1)Fzy_1 o,

bk = ex(azr_10+ 2(=1)*zx_1,), (4.1.16)

ek = €x(—azk_1,1 — (“1)k~73k—1,2)-
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Using this, we find that

det(Xg—1, Xk, Xkt1) = QTh—1,2 + bkTr—1,1 + CkTh—1,0
_ k+1 2
= ex(—1) (mk—l,oxk—lz - 2%-1,1 + wk—l,zwk—l,o)

= 2Ek+1 ("1)k+1.

Lemma 4.1.1 Let £ € &, with a € Z~y. For any k > 1,
(i) the ged of ay and byrri1,2 + CkTri11 divides 2,

(1) the ged of ax, and by, divides 2.

Tk41,0 Tk41,1

Proof: Since det(Xg4+1) = = +1, we have

Tr+11 Tk+1,2

ged(biZkt11 + CkThi1,00 OkTrir2 + CeTii1,1) = ged(by, ck)- (4.1.17)
It follows from det(Xxy1, Xk, Xk+1) = O that
kTht1,2 + OkTrr1,1 + CeTri1,0 = 0.

We notice that for £ > 1, we have 24 # 0 by (4.1.2) and the fact that the sequence
(X%)k>1 is unbounded. By (4.1.16), this implies that ay # 0. This gives

ag | beTry11 + CrTriio-
From this relation and (4.1.17) we deduce that
ged(ak, beTrr12 + ckTri11) | ged(ag, by, ck). (4.1.18)

Furthermore, by definition of the determinant we have ayxy_12+bkxr_11+ckTr-10 =

k+1

det(Xx_1, Xp, Xpr1) = 2€x11(—1)*"" and therefore

gcd(ak, bk, Ck) | 2. (4119)
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The assertion (i) follows by combining (4.1.18) and (4.1.19). The assertion (ii) follows
from the formulas for a; and b given by (4.1.16) and the fact that

ged(Tp—1,0, Tr-1,1) = L.

4.2 Approximation to extremal real numbers by
algebraic numbers of degree at most 4

Here we show that (3 4+ 1/5)/2 is the optimal exponent of approximation to tran-
scendental real numbers by algebraic numbers of degree at most 4 with bounded
denominator and trace.

Let the notation be as in §4.1. This means that we fixed a choice of a positive
integer a, an extremal real number £ € &,, and corresponding sequences (X )i>1 in
Z~o and (Xx)r>1 in Z* as in (4.1.2). For any integer n > 0, we denote by Z[T|<, the
set of polynomials of Z[T] of degree at most n, and for any real number 3, we denote
by {3} the distance from 3 to its closest integer. In the computations below, we will

often use the fact that for any 3,3 € R, we have

{8} = {8} < min ({8+83,{8-51) (4.2.1)

The main result of this section is the following statement which implies Theorem 1.1.1

of the introduction.

Theorem 4.2.1 There exists a constant ¢ > 0 such that for any R € Z[T| of degree
3 or4 and any P € Z[T)<y with P # 0, we have

IR(E) + P(§)| = cH(R) ™™ H(P)™, (4.2.2)
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and moreover

5

|R(&)| > cH(R)™*™"". (4.2.3)

Before going into the proof, we mention the following corollary which provides a

measure of approximation to the elements of £, by algebraic numbers of degree < 4.

Corollary 4.2.2 There exists a constant ¢ = ¢(§) > 0 with the following properties.

For any algebraic number o« of degree at most 4 we have
1€ —a| > cH(a)™". (4.2.4)

Moreover, if deg(a) < 3 and the denominator of o is bounded above by some Teal

number B > 0, then we have
€ —a|> B H(a)™. (4.2.5)

If deg(a) = 4, the denominator of a and the absolute value of its trace are bounded

above by B, then we have
I€ —al > BT H(a)™". (4.2.6)

Proof:  Let a be an algebraic number of degree at most 4. As in [9], Proposition
9.1, define Q(T") € Z[T)<4 to be its minimal polynomial or the product of it by some
appropriate power of T', making Q(T') of degree 3, if it is not of degree 4 originally.
Since H(Q) = H(a), the second part of Theorem 4.2.1 leads to

€ = al > HQ)TQE) > H(@)™ = H(a)™".
Now, suppose that deg(a) < 3 and that the denominator den(a) of a is bounded
above by some real number B > 0. Write Q(T) = aoT? + a1T? + a2T + a3. We have
lao] < B? since ag divides den(a)®. So Q(T') can be written as a sum @ = R+ P,
where R(T) = aoT? € Z[T) has degree 3 and height H(R) < B®, and where P(T) =
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a1T? + axT + a3 € Z[T)<2 satisfies H(P) < H(Q) = H(a). Since P # 0, then the
inequality (4.2.2) of Theorem 4.2.1 gives

€ —al > H(a) M |R(E) + P(€)| > H(a) ' H(R) " H(P)™ > B~ H(a)™".

Finally, suppose that deg(e) = 4 and that the denominator den(a) of « and the
absolute value of its trace |Tr(a)| are bounded above by some real number B > 0.
Write Q(T) = agT* + a;T? + a2T? + a3T + a4. We have |ag| < B* since ag divides
den(a)* and |a;| < BS since |Tr(a)| = |a;/ag] < B. So Q(T) can be written as a sum
Q = R+ P, where R(T) = aoT* + a,T° € Z[T] has degree 4 and height H(R) < B®,
and where P(T) = ayT? + a3T + a4 € Z[T < satisfies H(P) < H(Q) = H(a). Since
P £ 0, then the inequality (4.2.2) of Theorem 4.2.1 gives

€ —al > H(a) Y |R(E) + P(&)| > H(a) ' H(R)™>" H(P)™ > B~ H(a)™"".

Recall that {3} denotes the distance from a real number § to its closest integer.
To prove the main estimate of Theorem 4.2.1 we need a lower bound for {z}oR(£)}
where k is an arbitrary large positive integer. The next proposition implies that
the sequence {zyoR(§)} tends to a limit as k tends to infinity in a congruence class
modulo 3 or modulo 6 if the polynomial R is of degree of at most 3 or at most 4,

respectively.

Proposition 4.2.3 There ezxists a constant ¢ > 0 such that for any polynomial R €

Z|T)<4 and any integer k > 1, we have
| {zr+60R()} — {zroR(E)} | < cH(R)X; (4.2.7)
Moreover, if deg(R) < 3, we have

| {zrss.0R(€)} — {zhoR(€)} | < cH(R)X (4.2.8)
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Proof:  Suppose that R € Z[T]<4. Using (4.2.1) and the fact that e € {—1,1}

(see sec. 3.1), for each k € Zq, we find that

| {Zhr60R(8)} — {zk,0R(E)} | < {(Thr60 — Th0) R(E)}

4 (4.2.9)
< H(R) Z{($k+6,o — T 0)E"},
and if deg(R) < 3, we get
| {zh+3,0R(6)} — {ze o RO} | < {(Thr30 + €wr1Zr,0) R(E) }
3 (4.2.10)
< H(R) Z{($k+3,o + €x1121,0)E" }-

To prove (4.2.7), it suffices to show that {(zxi60 — Tk0)E"} = O(X;') for n =
0,1,...,4. To prove (4.2.8), we use the fact that e;,1 = +1 and so, it suffices to show
that {(zri30 + €x11T0)E"} = O(X, ') for n = 0,1,...,3. If n = 0,1, 2, this is clear
since by (4.1.2) we have

Tk o™ = T + O(X). (4.2.11)

For n > 3, by applying successively (4.2.11) and the identity (4.1.8) we find

(Tkr3.0 + €x+1T8,0)E" = (Trrs2 + €x1Z2)E" 2+ O(X, )
(4.2.12)

= ayi1,0Tk42,26" 7 + O(XY).

On the other hand, the identity (4.1.10) gives
Thi1,0Tk42,2 = Thi1,2Tkt20 — €kr1(aTro + 2(—=1)Fzy ).
It follows from this and (4.2.11) that
Tiy1,0Tk+2,26" 77 = (Th1,2Ths2,1 —€k+1(a$k,1+2(—1)k+1$k,2))§n_3+O(Xk_1). (4.2.13)
Combining (4.2.12) and (4.2.13) we deduce that

(Tryso + ekr1Zr0)€" = M + O(XY), (4.2.14)
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where ny, is the integer a(Zx41,2Tk+2,1—€k+10Tk,1 +ex+12a(—1)*Tk 2). So, using (4.2.10),
(4.2.11) and (4.2.14), we complete the proof of (4.2.8).

Furthermore, for n > 4, we have

€™ = a(Thy12Thio1 — €6410T51)E" 7 + 206541 (—1) Ty 06"

= m€" ™ + 2a651(— 1)z 260 + O(X;Y),
where my, is an integer. We conclude that

(Tht3,0 + €x4178,0)E° = ni + O(X1),

(T30 + €xr1Tk,0)E* = My, + 2ae1(—1) 2426 + O(XH).

Since €x14 = €x11, it follows from these two formulas that

(Zht6,0 — Th,0)E> = (Thi6,0 + €k44Th13.0)E° — €hra(Thiso + Ehr1Th0)E"
= Mg+43 — €k4aTl + O(XEI),
(Thi60 — Tho)E' = (Trro0 + EhiaTr30)E" — €hra(Thrso + €xs1Tr0)E?
= Myt3 — €kramy — 2a€k44(—1) (T + €x41780)E + O(X)

= Mpts — ekramp — 2aex4(—1) 0 + O(X1),

and therefore, we have {(Tr160—~Tk0)E"} = O(X;') for n = 3, 4, which together with
(4.2.9) and (4.2.11), we completes the proof of (4.2.7) |

Corollary 4.2.4 Suppose that R € Z[T|<4. Then the sequence ({xk’oR(f)}> has

k21
at most 6 accumulation points. More precisely, for each 1 = 0,1,...,5, {z16:.0R(£)}
tends to a limit ni(R) as i tends to infinity.
Moreover, if deg(R) < 3, then ({l‘k,oR(f)})k has at most 3 accumulation
>1

points. More precisely, for each | = 0,1,2, {z1y30R(§)} tends to a limit 6;(R) as ¢
tends to infinity.
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Proof:  Since X tends to infinity faster than any geometric sequence, the inequal-
ity (4.2.7) of Proposition 4.2.3 implies that ({xl—i—ﬁi’OR(g)})Dl is a Cauchy sequence
for each [ = 0,1,...,5. Similarly, if deg(R) < 3, the inequality (4.2.8) implies that
({$l+3i’0R(§)})i>1 is a Cauchy sequence for each [ = 0, 1, 2. |

The next proposition provides a rough lower bound for the numbers {zx o R(£)}.

Proposition 4.2.5 There ezists a constant ¢ = c¢(€) > 0 such that for any k > 1 and

any non-zero polynomial R € Z[T| of degree 3 or 4 with H(R) < cX,ih3 we have
{zkoR(E)} > X, 7. (4.2.15)

Proof: Let R(T) = pT*+ ¢T3 + rT% + sT + t be a polynomial of Z[T] of degree
3 or 4. For our purposes, we construct a sequence of polynomials (FPy)x>1 in Z[T] of

the same degree by putting
Po(T) = (paxT? + (gar — pb)T)Qk(T) = aj R(T) + BT + CxT + Dy,  (4.2.16)
where ay, by, ¢ are the integers defined in §2, Qu(T) = arT? + biT + ¢ and

By, = paxcy, + (gax, — pbi)by — Taz,
Cr = (qax, — pbi)cy — saz,
Dk = —tai.

By the virtue of the estimates H{Qx) ~ X,i/" and |Qr(&)| ~ Xk—“72 (see Proposition
8.1 of [9]), we have

|Be|, |Cil, | Di}, H(Py) < H(R)H(Qx)* < H(R)X,f/",
|Pe(€)] < H(R)H(Qr)|Qu(§)] < H(R)X2.

(4.2.17)

Consider the integer

2
Ny = a;Zkq1,r + Brxq1,2 + CrTrr11 + Diis0,
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where zy41 g denotes the closest integer to zx1;0R(§). From (4.2.16), we get

Ny = a2(Thi1.r—~Thr1,0R(E))+Br(wrs12—Tr11,082) +Cr(Thr1,1—Thr1,06) +Th1,0 P (§).

By (4.2.17) it follows that there exists a constant ¢; > 0, such that for all £ > 1
INe| < e (X,f/“'({xmoR(g)} +HR)XL) + H(R)XHIX,C‘?). (4.2.18)

We now provide a condition on R that ensures Ny # 0. If deg(R) = 4 then p # 0 and
we find

Ny = —pbe(bkit12 + ckTrr1,1) mod ay.

If deg(R) = 3 we have p = 0 and ¢ # 0, and then
N, = qak(bkxk-i-l,Z + ckxk-i-l,l) mod a%.

If Ny = 0 then it follows from Lemma 4.1.1 that ay divides 4p or 4q. Hence we have
'ak| < H(R) which implies
X" < H(R).

Whence we deduce that if H(R) < X ;/ 7 for an appropriate constant c, > 0 then
|Ne| > 1.

If we furthermore assume

1
HR)G X + Xen X < o (4.2.19)

then the inequality (4.2.18) together with |Ny| > 1 implies

1
{zk10R(E)} > 2—01)(,;2/”. (4.2.20)

Since X,f/A'ijrll ~ Xp X2 ~ X,C_I/A’2 the condition (4.2.19) is satisfied if H(R) <
ch,i/ v for an appropriate constant ¢z > 0. Assuming c3 < ¢, we conclude that

(4.2.20) holds whenever H(R) < ¢3X ,1/ " The conclusion follows. i
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By combining the above proposition with the preceding one, we obtain a better

bound for {z;oR(£)} when [ is a large integer.

Corollary 4.2.6 There ezists a constant ¢ = c(&) > 0 such that for any I,k € Zsg
with l = k mod 6 and |l > k > 1, and for any non-zero polynomial R € Z[T] of
degree 3 or 4 with H(R) < cX,i/A’3 we have

{z0R(€)} > eX; 7. (4.2.21)

Proof: Let k£ and [ be positive integers with | = & mod 6 and | > k. Since the
sequence (Xx)r>1 grows at least geometrically, then by Proposition 4.2.3 there exists

a constant ¢; = ¢;(§) > 1 such that

| {z10R(&)} — {2z oR(E)} | < cl HR) X,

for any polynomial R € Z[T] of degree at most 4. By Proposition 4.2.5 there exists a
constant cg = (&) > 0 such that {zxoR(§)} > ch,:2/72 if R € Z[T] has degree 3 or
4 and H(R) < CQX;/’Y:}. Suppose that R € Z[T] has degree 3 or 4 and that H(R) <

Ca
2——X ,i/ 7. Then by combining these estimates we find (using 1/4° — 1 = —2/4?)
C1

_ (& —9 /2 (& —9 /2
{0 RO} 2 {2eoRO} - a HR)X 23X 2 S2XT

In particular, the above corollary shows that the real numbers §;(R) and n;(R),
defined in Corollary 4.2.4, are all non-zero, for any polynomial R € Z[T] of degree 3

or 4. Now we can proceed with the proof of the main Theorem 4.2.1.

Proof: (Proof of Theorem 4.2.1)
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Let R(T') and P(T') be as in the statement of the theorem. Consider the following
identity
z0R(€) = z10(R(E) + P(€)) — 2o P(6).

Since {7102} < X', {z106} < X[ ', there exists a constant ¢; > 0 such that for all

[ > 1 we have

er{@0R(E)} < XilR(E) + P(€)| + H(P)X[. (4.2.22)

In order to obtain a lower bound for |R(£)+ P(£)| we need a lower bound for {z;oR(&)}
and an upper bound for H(P). Denote by ¢, the constant ¢ of Corollary 4.2.6, and
let k be the smallest integer such that H(R) < o X ,i/ " It follows by Corollary 4.2.6
that {z;0R(€)} > chk—z/72 if ] =k mod 6 and [ > k. Since every integer | > k is
congruent modulo 6 to some integer in [k, k + 5], we deduce that for all [ > k, we

have

o2
{z0R(E)} > X 7. (4.2.23)
Choose [ to be the smallest integer with { > k such that
1 -
H(P) < sacXiX; AN (4.2.24)
It follows from (4.2.22) and (4.2.24) that
1 _2/,),2
Xi|R(&) + P(&)] > 50102Xk+5 .
The choice of k and [ implies H(R) > X,i/74 and H(P) > Xll/VXk_févz. So, we get
X, < H(PY'XY? and X5 < X) < H(R)™,
and these estimates lead to
IR(E) + PO > XX > HP) Xl > HP) T H(R)™'.
In the case where P(T') = 0 the inequality (4.2.22) becomes

IR(&)| > a1 X[ HzoR(€)}, forany > 1. (4.2.25)
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By Proposition 4.2.5 there exists a constant ¢z = ¢3(§) > 0 such that {z;oR(£)} >
es X% it H (R) < c3Xl1/ 7. In this case we define  to be the smallest positive
integer such that H(R) < c3Xll/73. By the choice of [ we have H(R) > Xll/ﬁ’4 and so
(4.2.25) implies

IR(E)| > X, 7" > H(R)™ " = H(R)™"".

4.3 Accumulation points

4.3.1 Proof of Theorem 4.2.1 revisited

Let £ be an extremal real number and let (x;)>; be the sequence of points in Z3

attached to £ as in §4.1. For any real number 7, we define

95 (T]) = hm infk_,oo{fbk,oﬂ} .

With this notation it follows from Corollary 4.2.6 that for any fixed choice of a positive
integer a, an extremal real number £ € £, and a non-zero polynomial R € Z[T| of
degree 3 or 4, we have 6¢(R(£)) > 0. Then this and the inequality (4.2.22) in the

proof of Theorem 4.2.1 imply that
[R(&) + P(€)| > H(P)™7,
for any non-zero P € Z[T)] of degree < 2, which in turn implies that
€=l > H(a)™

for any root a of a polynomial of the form R(T) + P(T) with P € Z[T|<2, where
the implied constants depend only on R and £. The next theorem implements this

argument in a more general context.
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Theorem 4.3.1 Suppose that 0¢(n) # 0. Then, for any non-zero polynomial P(T) €
Z[T)<2, we have
IP(&) + ] > H(P)™, (43.)

where the implied constant depends only on & and 7.

Proof:  Fix a polynomial P € Z[T]<,. For each k > 1, we have (same as in the
proof of Theorem 4.2.1)

cr{zeon} < Xl P(E) + 1| + H(P)X; ",

for some ¢; = ¢1(§) > 0. Since 6¢(n) # 0, there exists a constant c; = co(€,1) > 0

and some kg > 1, such that
ca < Xi|P(§) +n| + H(P) X, (4.3.2)

for each k > kg. Let k be the smallest index such that

H(P) < C—;Xk.

Assuming that the height H(P) is sufficiently large, we have k > ko + 1 and
H(P) > %Xk_l.
Using this and the fact that X;_; ~ Xil/v, it follows from (4.3.2) that
Pe)+nl 2 SX.* > H(P)™,

where the implied constant depends only on € and 7. i

4.3.2 Properties of the accumulation points

Fix any R € Z[T] of degree 3 or 4. As in Section 3.2 we fix a choice of a positive
integer a, an extremal real number ¢ € &, and corresponding sequences (Xj)x>; and

(Xk)k>1 satisfying (4.1.2).
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Recall that the proof of the fact 6¢(R(€)) > 0 uses two arguments. Firstly, Corol-
lary 4.2.4 show that the sequence ({Ik,oR(E )})k>l has at most 6 accumulation points
(m(R))o<i<s, reducing to at most 3 accumulation points (§;(R))o<i<2 if deg(R) = 3.
Secondly, Corollary 4.2.6 implies that n,(R) > 0 for each [ = 0,...,5.

Here, we give a new proof of the fact 6¢(R(€)) > 0 by showing that §;(R) ¢ Q for
each 1 =0,1,2if deg(R) =3 and n(R) ¢ Q for each [ =0,...,5if 3 < deg(R) < 4.

Proposition 4.3.2 Suppose that R(T) € Z[T| with deg(R) = 3 and let | € {0, 1, 2}.
(i) For any index k > 1 with k =1+ 1 mod 3 there exists an integer y # 0 with
ged(y, Tro) ~ 1, such that

’5,(R) - I—i—o\ < X (4.3.3)

In particular, y/zxo is a convergent of §(R) with denominator ~ xzyq, for all k
sufficiently large.

(#1) For any index k > 1 with k =1+ 2 mod 3 there exists an integer z # 0 with
ged(z, zr o) ~ 1, such that

!51(1%) ~Z e x (4.3.4)
Tk,0

In particular, z/zyo is a convergent of §(R) with denominator ~ zyp, for all k
sufficiently large.

(iii) Conversely, there exists a constant ¢ = c(&, R,l) > 0 such that, for each
convergent of 6,(R), with sufficiently large denominator q, there exists an integer
k>1 withk #1 mod3 and czro < ¢ < zpo.

(iv) &(R) ¢ Q.

Proof:  Write R(T) in the form
R(T) = gT° + Q(T),

where deg(Q) < 2. For the proof of Part (i), we use the second identity in (4.1.12)
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that gives

T 0Tkr2,26 = T 1Thr21€ — €x(—1) Tpy11€

= Ac + O(X; ),

(4.3.5)

where Ay = Ty 1Tk 122 — éx(—1) Tk 1. Since Tr12,0Q(€) = (integer) + O(X,;;), we
get
Th20R(E) = gTui20E® + (integer) + O(Xk_iz)

= gTp42,2€ + (integer) + O(ch:&2)-

(4.3.6)

Also, by (4.3.5), we have 1228 = A/zro+ O(X;,), which together with (4.3.6),

implies that
gAk

Trio0R(E) = ? + (integer) + O(Xk:;).
0
By this, we obtain
A _
{orraoR(E)} = {22} + 0(x; ). (4.3.7)
Tk0

Since k+ 2 =1 mod 3, by the inequality (4.2.8) and by Corollary 4.2.4, we have

0(R) = {z120R(E)} + O(Xly), (4.3.8)
Let By denotes the closest integer to gAx/zxo. By (4.3.8) and (4.3.7), we deduce

gAr — BTy i
0(R) = |[—————| + O(X 7).

Tr0

Let y be the numerator of the fraction on the right. To complete the proof of
Part (i), it remains only to show that gcd(y, zx0) is bounded above and non-zero.
Since ged(y, zxo0) = ged(zko, gAx) divides g ged(my o, Ax) it suffices to show that
ged(zk0, Ax) | 2. For this, recall from (4.1.16) that

k
Q41 = Tht1,0Tk42,1 — Tht11Tk+2,0 = €xt1(—1) Tk 0. (4.3.9)
Furthermore, we will show below that

A = €k+1(_1)k+1(bk+133k+2,2 + Chr1Tk+2,1)- (4.3.10)
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If we accept this result, then by Lemma 4.1.1 it follows from (4.3.9) and (4.3.10) that

ged(zy.0, Ax) = ged (ks 1, bkt 1ZTkt22 + Chy1Tr12,1) | 2.

Now, it remains to prove (4.3.10). First we consider by11Zk 22+ Ck+1Tk+2,1 and replace

biy1 and cgy; by their expressions given in (4.1.16)

bk+1Tk+2,2 + Chr1Tk42,1

= $k+2,2(6k+1(a$k,0 + 2(—1)k+1$k,1)) + $k+2,1(—6k+1(a$k,1 + (—1)k+1$k,2))
= €k4+10Tk,0Tk42,2 — 6k+1((—1)k$k,1$k+2,2
+ azy 1 Thion + (= 1) (Th1Tkr00 — wk,2$k+2,1))
(4.3.11)

Now, let us compute azy 1Tk191 + (—1)¥(Tk 1Zk122 — Tk 2Tk42,1) Separately

Tk 1Tk+2,1 T (—D)*(zp1Tk22 — TeoTrio1)

= azp 1 Trro1 + (—1)F(—ex(azriry + (—1)*2py12)) by (4112
D 319)

k
= a(z,1Tkt21 — (—1) €xTry1,1) — €xTri12
= ATk,0Tk+2,2 — €kTk41,2 by (4.1.12)2

Finally, it follows from (4.3.11) and (4.3.12) that

k
bk+1Tk12,2 + Ch11Zk42,1 = €b+10Tk0Tk42,2 — €k+1 ((-1) Tk,1Tk+2,2 T ATk 0Tk42,2 — €k$k+1,2)

= 6k+1(_1)k+1

= €k+1(“1)k+1Ak,

(xk,1$k+2,2 - €k(—1)k$k+1,2)

and this completes the proof of Part (i).
For the proof of Part (ii) we multiply the identity (4.1.14) by £ and obtain

T 0Tkt 26 = B + O(X ), (4.3.13)

where Ey = Tk 1Tktd2 — ex(—1)*(aTry1,0Tk132 + €x11Tky22). Using the fact that
Tria0R(E) = gTrya2€ + (integer) + O(X; ), we deduce from (4.3.13) that

9Ex — Frzi

{zh140R(E)} = +Oo(X;"h, (4.3.14)

Tk0
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where F}, is the closest integer to gEy/zk . Since k+4 =1 mod 3, by the inequality
(4.2.7) and by Corollary 4.2.4, we have

G(R) = {zrra0R(E)} + O(X ).

From this and (4.3.14), for any [ = 0,1,2 and k > 1 with K +4 =1 mod 3, we get

gE, — Frzio

§(R) = +O(X;" . (4.3.15)

Tk0
Let z be the numerator of the fraction on the right. We claim that
ng(‘Tk,Ov Z) = ng(xk,O’ gEk) l 2g

If we accept this claim, then (4.3.15) shows that, for each k sufficiently large, z/zx o
is a convergent of ¢;(R) with denominator ~ zxo. To prove this claim, we first note

that
k
By = $k,1(a$k+2,o$k+3,2 - €k+233k+1,2) - Ek(_l) (a$k+1,0$k+3,2 + €k+1$k+2,2) by (4.1.8)
k k
= aTy132(Tk1Tx120 — €k (—1)"Thy10) — €hro(Th1Trr1,2 + (1) " Thyo)
= ( (—1)*
= OTk+3,2Tk+2,1Tk,0 — €k+2(Tk,1Tk+1,2 T ) $k+2,2)' by (4.1.12);
From this we deduce that
Ek = —€k+2Tk mod Tk,0; (4316)
where Tj, = T4 1Tp11,2 + (~1)’°:rk+272. Now we consider
2 k
Tkazk,l = xk,lxk—f—l,Z + (——1) Tg42,2Tk,1- (4317)

Since Ay = Tk 1Tkr22 — ex(—1) Tpy12, then Tp 1Tpi20 = Ap + ex(—=1)Fxp412. Also,
from det(xy) = €x we have 1’%,1 = I 0Tk2— €. From these two equalities and (4.3.17)

we obtain
Tiexr = (TroTk2 — €)Thrro + (—1) (A + e (—1)Fzp412)
= Tko0Tk,2Tkt1,2 — €kTht1,2 T (—1)kAk + €xTk41,2

= Tk oTk2Tri1z + (—1)F Ay,
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and therefore

Tkxk,l = (—l)kAk mod Tr,0-

It follows that

ged(zk0, Tezk,1) = ged(Tk,0, Ak),

and since ged(zk 0, Tx,1) = 1, we deduce
ged(zr,0, Tk) = ged(z,0, Ax)-

In Part (i) we have shown that ged(z o, Ax) divides 2, which implies that ged(zx 0, Tk)
also divides 2, and from (4.3.16) we deduce that ged(zy,0, Ex) | 2. Since ged(zk, o, gEx)
divides g ged(xy 0, Fx), we finally obtain that ged(zko, gFk) | 29, which proves the
claim.

For the proof of Part (iii) we use properties of continued fractions. We know that

for any o € R\Q with convergents (p.,/¢m)m>1, we have

Ia —-pm/Qmi ~ (qu"H-l)—l' (4.3.18)

Let p/q be a convergent of 6;( R) with a sufficiently large denominator g. Then there
exists an integer k such that zxo < ¢ < Tg41,0, and we have three cases.

Ifk=1[ mod 3, then k—1 =142 mod 3 and there exist consecutive convergents
Ps/qs and psi1/qs+1 of 6,(R) with ps/qs = z/xx_1,0 for some integer z, which by (4.3.4)
satisfies

A2
|01(R) — 2/zr—1,0] < Xz} L
By this and (4.3.18), we have
e
(QSQS+1)—1 < ’(sl(R) - z/xk——l,0| < ijl 1~

This inequality and the fact that ¢; < zy_10 imply Ti410 < gsq1. Since gs and
gs+1 are denominators of consecutive convergents and ¢; < g, we also have ¢, < q.

Whence the inequalities Zp11,0 < gs41 and ¢ < Tgt1,0 iMPly Ter10 K ¢ < Tiet1,0-
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If k=141 mod 3, there exist consecutive convergents p;/q, and p;11/gi11 of
81(R), with p;/q: = y/zk o for some integer y satisfying (4.3.3). It follows from (4.3.3)
and (4.3.18) that

(@1041) ™ < [81(R) = y/awo| < X7

This inequality and the fact that ¢ < zxo imply Zr410 < gt4+1- Since ¢ and gy, are
denominators of consecutive convergents and ¢, < g, we also have ¢;y; < ¢q. Whence
the inequalities zxy10 <K g1 and ¢ < Typ1,0 IMPly Tiy10 K ¢ < T10-

If k=1+2 mod 3, there exist consecutive convergents p,/q, and pyi1/guy1 of
8i(R), with py/qu = 2/ for some integer z satisfying (4.3.4). It follows from (4.3.4)
and (4.3.18) that

(quus1) ™ < |6(R) — z/zp 0| < X;72—1~

This inequality and the fact that ¢, < 740 imply Txy20 < qui1. Since g, and gy
are denominators of consecutive convergents and ¢, < g, we deduce that zx 20 <
qu+1 < ¢ < Tpi1,0, which is impossible for k and ¢ sufficiently large. From this we
conclude that there is no convergent with a denominator ¢ satisfying the inequality
Tpo < ¢ < Tpy1,0 for such k.

Part (iv) is a consequence of Roth’s Theorem together with Parts (i) and (ii). I

Remark 4.3.3 Part (ii) of Proposition 4.3.2 implies that w; ((51(R)) > ~% for | =

0, 1,2, where w* is Koksma’s classical exponent of approximation introduced in §2.4.2.

Now, we prove that for any non-zero R(T') € Z[T] of degree 4 the accumulations

points (m(R))O <j<s are irrational and so, they are non-zero.

Proposition 4.3.4 Suppose that R(T) € Z[T| with deg(R) = 4 andlet! € {0,...,5}.
(i) For any sufficiently large index k > 1 with k = 1+ 4 mod 6 there exists an
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integer y # 0 such that

‘m(R) . L] < X" (4.3.19)
Tk,0Lk—1,0

(ii) For any sufficiently large index k > 1 with k =1+ 2 mod 6 there exists an
integer z # 0 such that
lm(R) - —23—] < X7 (4.3.20)
Tk,0

(iir) m(R) ¢ Q.

Proof: = We can write R(T') in the form
R(T) = fT* + gT° + Q(T),
where deg(Q) < 2. For the proof of Part (i) we use (4.3.5), which gives

Th0Tht2,28” = T, 1 Tur2,26 — €x(— 1) xpp126 + O(X; L))
= (Tk2Trro1 — k(aTiirn + (—1)Fzh112))€
- fk(*l)ki’?k+1,2€ + O(Xk_#) by (4.1.12)4

= (T, 2Th+2,2 — EkATk11,2) — 2€5(—1)Fxpi126 + O(X7 )
Multiplying both sides of the above equality by x;_; ¢ we obtain
Th—1,0Tk 0Tk+2.2E> = Tho1,0(Th aTh22 — €60Tpi12) — 26k(—1)*Tp_1 0T i126 + O(XTH).
By (4.3.5) we have Ty _1 0Tk4126 = Ar_1 + O(X; 1), and hence
Th—1,0Tk0Tkt226° = Cr + O(X;1),

where Cy = Tp_10(TraTri22 — €£aTki12) — 26, (—1)*Ax_;1. By this and (4.3.5), we get

FTho1,0Tk0Tk42,26 + 9Tk—1,0Tk0Thr2,2E = FCk + gTr_104x + O(X; 1), (4.3.21)
From this and zx4+20Q(€) = (integer) + O(X_.,), we have

Tht2,0R(E) = fTri228” + gurio2€ + (integer) + O(X, ),
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which leads to

{Zr42,0R(E)} = {fTrr226” + gTh2,28} + O(Xi ). (4.3.22)

By (4.3.22) and (4.3.21), we get

fCk + gzk-10Ar — DxTi_10Tk 0

Zk—1,0Tk,0

{Zrer20R(E)} = +O(X;L), (4.3.23)

where Dy denotes the closest integer to (fCk + 9Zr—104k)/(ZTk—1,0Zk0). By the in-
equality (4.2.7) and by Corollary 4.2.4, forany { =0,...,5and k > 1 with k+2 =1
mod 6, we have

m(R) = {Zrs20R(€)} + O(Xils),
and by (4.3.23) we deduce

_ |Gk + 9Tk—1,04k — Dir-1,0%k,0

m(R) +O(X).

Tk—1,0Tk,0
We notice that if zx_; ¢ divides fCj then it divides fAx_; and, since ged(zx—1,0, Ak—1)
divides 2, we conclude that zy_1o divides 2f. This is impossible if k is sufficiently
large and thus for large k the numerator in the fraction above is non-zero.

For the proof of Part (ii) we multiply the identity (4.1.14) by £? and obtain

Th 0Tk 14,06 = Th1Tkra,26 — € (—1)*(aTkr1,0Th13,26 +Ext1Thr2,26) +O(Xi),). (4.3.24)

Replacing k with k + 1 in the second identity of (4.1.12) and multiplying it by &, we
have
Tht1,0Tk+3,2E = Th11Tk43.2 + €kr1(—1) T + O(Xii)-

Applying this and (4.1.15) to (4.3.24) we get

$k,o$k+4,2§2 = Tk oTkt+a,2 — €kQ(ATk11,0Tk+32 + 2(—1)k$k+1,1$k+3,2 + €k+1Tk+2,2)
— 2(—1)*exraTrr22€ + O(Xk_-i}Q)‘

Multiplying this by z ¢ and applying (4.3.5), in order to replace zy oTx12.2&, we obtain

Th oTh+4,28" = TroGr — 2(—1) erpaAr + O(Xi ),
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_ k
where Gy = Ti 2Tkta2 — €x0(ATht1,0Tk432 + 2(—1)*Tht1,1Th43,2 + €+1Tkt2,2) and Ay

is defined as in (4.3.10). By this and (4.3.13), we have
fa:i’oa:kH,gfz + gmi’oazkH,gf = [N+ gz oEx + O(X,;&l), (4.3.25)
where Ny = zj,0Gr — 2(—1)* €124k Since T4140Q(€) = (integer) + O(X, ), we have
Ty, 0R(E) = FTura 26’ + gTrra2€ + (integer) + O(X; L),
which leads to
{Tr4a0R(E)} = {frr1426” + gTrya €} + O(X ).

By this and (4.3.25) we deduce

B |f Nk + gox0Ex — Ly g

)
Lro

+O(XTTTY, (4.3.26)

{Trra0R(E)}

where Ly is the closest integer to (fNi+ gzxo0Ex)/ 24 . Also, by the inequality (4.2.7)
and by Corollary 4.2.4, it follows that for any { =0,...,;5and k > 1 withk+4 =1

mod 6 we have

m(R) = {zr+40R(€)} + O(X; L),
whence from (4.3.26) we obtain

Ni + gzroEr — Lizi
(p) = PR B T Bl | )

Tk.0

Finally, since ged(zx,0, f Nk) | f ged(zk 0, Ni) l f ged(zy 0, 2A%) | 2f ged(zk 0, Ax), and
since ged(z, 0, Ak) | 2, we deduce that the numerator in the fraction above is not zero
for k > 1.

Part (iii) follows from Parts (i) and (ii). i
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