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Abstract

Many biological populations reside in increasingly fragmented landscapes, which arise
from human activities and natural causes. Landscape characteristics may change
abruptly in space and create sharp transitions (interfaces) in landscape quality. How
the patchiness of landscapes affects ecosystem diversity and stability depends, among
other things, on how individuals move through the landscape. Individuals adjust their
movement behavior to local habitat quality and show preferences for some habitat
types over others. In this thesis, we focus on how landscape composition and the
movement behaviour of individuals at an interface between patches of different quality
affect the steady state of a single species.

We consider a model of reaction–diffusion equations for the temporal evolution of
the density of the population in space. Individual movement is described by a diffusion
process, e.g., an uncorrelated random walk. Population net growth is encapsulated in
the growth function that considers birth and death of individuals, including nonlinear
effects that arise from competition and/or facilitation within the species. We consider
the simplest case of two adjacent one-dimensional patches, e.g., two intervals on the
real line that share one boundary point. Conditions are homogeneous within a patch
but differ between patches. The movement behaviour of individuals between the two
patches is incorporated into matching conditions of population flux and density at the
interface between patches, i.e., the boundary point that the intervals share. These
matching conditions turn out to be continuous in the flux but discontinuous in the
density.

Several authors have studied similar models recently. Most of these studies con-
sider monostable dynamics on both patches, i.e., logistic growth. Under logistic
growth, the net population growth rate is a strictly decreasing function of population
density. Logistic population dynamics are very simple: the population extinction
state is unstable and a positive steady state is globally asymptotically stable. In this
work, we also include bistable dynamics, i.e., an Allee effect. Biologically, an Allee
effect occurs when individuals cooperate at some level so that the net population
growth rate is increasing with population density for at least some low or intermedi-
ate densities. Models with Allee growth typically exhibit bistability: there are two
locally stable steady states, one at low density (possibly zero) and one at high den-
sity. This bistability makes mathematical analysis more challenging, but leads to

ii



ABSTRACT iii

more interesting results in return.
Mathematically, most existing work on related models is based on linear stability

analysis of the extinction state. We focus on the nonlinear models and specifically on
positive steady states. We establish the existence, uniqueness and—in some cases—
global asymptotic stability of a positive steady state. We classify the shape of these
states depending on movement behaviour. We clarify the role of movement in this
context. In particular, we investigate the following prior observation: a randomly
diffusing population at steady state in a continuously varying habitat can exceed its
carrying capacity. Our results clarify when and under which conditions this effect can
arise in our two-patch landscape.

The analysis of the model with an Allee effect on one of the two patches yields a
rich and interesting structure of steady states. Under certain parameter conditions,
some of these states are amenable to explicit stability calculations. These yield in-
sights into the possible bifurcations that can occur in our system. Finally, we indicate
how the model and analysis here can be extended to systems of reaction–diffusion
equations on graphs that represent natural habitats with different geometries, for
example watersheds.
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Chapter 1

Introduction

What are the necessary conditions for a given species to occur at a specific loca-
tion? How do the interactions of individual organisms with themselves and with the
environment affect the distribution of populations and the structure of communi-
ties? These are fundamental questions in theoretical ecology. Whether a population
persists in a given environment depends on how individuals move about, use the avail-
able resources, and avoid existing dangers [45]. Human activities cause considerable
degradation of the environment, for example by fragmenting habitats and creating
edges. A way of trying to understand how habitat fragmentation impacts populations
and communities is by using mathematical models. The study of spatial aspects of
population dynamics began with the work by [66, 39]. They used reaction-diffusion
models in continuous space and time to predict the minimal patch size needed to
sustain a population in the context of spatial ecology. Advances in bifurcation theory
[18, 19, 64] make the complete analysis of many reaction-diffusion models possible.
Mathematical studies of population dynamics have long time assumed homogeneous
environments. However, real environments are highly heterogeneous and it is impor-
tant to extend the theory to heterogeneous environments.

We start this chapter by setting down the context of mathematical modeling.
For that, we first provide background on modelling the dynamics of a simple homo-
geneous population. Second, we describe the movement in space of an individual via
a diffusion equation. Third, we combine both of these aspects and explain how useful
the resulting reaction–diffusion equation is. We end this section by explaining how
we incorporate heterogeneity of the environment into reaction–diffusion models. We
finish this chapter by presenting the outline of the thesis.

1



1. INTRODUCTION 2

1.1 Mathematical modelling
Population dynamics

In the simplest case, we can describe the dynamics of populations in terms of changes
to the overall population density. Let u(t) denote the density of a population at time
t. The population dynamics is described by the ordinary differential equation

du

dt
= F (u), (1.1.1)

where the function F , called the net growth function, represents births and deaths in
the population. The properties of model (1.1.1) are fully determined by the choice of
function F . Among all these possibles choices, we will focus on two types. The first
type is the logistic growth function (see Figure 1.1(a))

F (u) = ru
(︂
1− u

K

)︂
, (1.1.2)

which arises from the assumption that, as population density increases, the effects
of crowding and resource depletion cause the birth rate to decrease and the death
rate to increase [12]. This assumption may not always be valid. Allee [2] observed
that many animals engage in social behavior, such as cooperative hunting or group
defense, which can cause their birth rate to increase or their death rate to decrease
with population density, at least at some low to intermediate densities [12]. Such
effects are known as Allee effects. Depending on the effect on the total population,
we can have a weak Allee effect or a strong Allee effect. When the population net
growth rate at low density is negative, and the population can only grow at higher
density, we speak of a strong Allee effect. If the net growth rate is positive but
concave up for low densities, we speak of a weak Allee effect. The second type of
growth function that we consider is

F (u) = ru

(︃
u

K
− A

K

)︃(︂
1− u

K

)︂
, 0 < A < K, (1.1.3)

a function with a strong Allee effect (see Figure 1.1(b)).
In (1.1.2), parameters r > 0 and K > 0 represent, respectively, the intrinsic

population growth rate and the carrying capacity of the environment to support the
given population, or simply the carrying capacity. In (1.1.3), K is still the carrying
capacity, A is the Allee threshold or the threshold density, below which the population
cannot grow, and r is a time scale.

The dynamics of (1.1.1) with the logistic growth function is monostable with
one globally asymptotically stable equilibrium (u = K) and one unstable equilibrium
(u = 0). With a strong Allee effect, the dynamics is bistable with two stable equilibria
(u = 0 and u = K) and one unstable equilibrium (u = A).
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(a) Logistic net growth function (b) Scaled strong Allee net growth function

Figure 1.1: Example of monostable and bistable functions

When an equation has many parameters, an appropriate scaling of the dependent
and independent variables can reduce the number of parameters. For example, by
scaling time and density, we can eliminate r and K in the logistic equation and obtain

dv

dτ
= v(1− v).

In the model with a strong Allee effect we find
dv

dτ
= v(v − a)(1− v).

Whereas the scaled logistic equation has no free parameters, the Allee model
still has one. Figure 1.1(b) shows the plot of the Allee function for three values of a.
In this thesis, I will use different forms of scaling to simplify the analysis of the model.

Diffusion models

Individuals of biological species do not remain fixed in space but move around. To
describe the movement process and its effects, one can consider the spatial distribution
of a population and model how it changes over time [42]. One widely applied type
of movement models are diffusion equations. Diffusion models can be derived as the
large-scale limits of dispersal models based on random walks [12, 68] or from Fick’s
law, which describes the flux of a diffusing substance in terms of its gradient [54, 52].
In a one-dimensional spatial domain, the density of a population at location x and
time t, u(x, t), dispersing via diffusion can be described by the diffusion model

∂u

∂t
= D

∂2u

∂x2
. (1.1.4)
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The parameter D > 0, called the diffusion coefficient, describes the rate of movement.
If a population occupies a bounded region, we need to describe how individuals

move at a boundary. We consider two examples when the domain is simply an interval
of length l, say [0, l]. The homogeneous Dirichlet boundary conditions

u(0, t) = 0 = u(l, t), (1.1.5)

represent the scenario that individuals can leave the domain, but die once they are
outside. Hence, we have a hostile exteriod. The homogeneous Neumann boundary
conditions

∂u(0, t)

∂x
= 0 =

∂u(l, t)

∂x
, (1.1.6)

represent the scenario that no individuals cross the boundaries and leave the domain.

Reaction-diffusion equations

In the two previous sections, we have modeled population growth and movement in
space separately. In reality, individuals of most biological species, if considered for a
sufficiently long time, do both [42]. The spatial population dynamics of such species
is obtained by adding the net growth function F (u) to (1.1.4). We thereby obtain
the reaction-diffusion equation

∂u

∂t
= D

∂2u

∂x2
+ F (u). (1.1.7)

Generally, the dynamics of a single reaction-diffusion equation can be charac-
terized completely or almost completely in terms of the equilibria and their stability
properties [12]. Reaction-diffusion models can explain spatial phenomena that are
relevant to ecology such as the effects of the size, shape and heterogeneity of the
spatial environment on the persistence of species [12]. For example, with Dirichlet
boundary conditions, individuals leave the domain and die. One can then speculate
that a domain has to be large enough to sustain a population. When the domain is
too small, mortality through individuals exiting the domain cannot be compensated
by reproduction inside the domain. This question was studied in [44, 66, 39].

We consider Equation (1.1.7) with the logistic growth function and Dirichlet
boundary conditions. After linearizing the equation at u = 0 and consider solution
of the form exp(σt)X(x), the corresponding eigenvalue problem reads

d2X(x)

dx2
+ rX(x) = σX(x), X(0) = X(l) = 0. (1.1.8)

Equation (1.1.8) has infinitely many eigenvalues, all of which are real, and the sign
of the largest of these eigenvalues, called the principal eigenvalue, determines the
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stability of the zero solution. The sign of the associated eigenfunction does not
change. We denote this principal eigenvalue by σ1. If σ1 > 0 then u = 0 is unstable
and the population will persist, while if σ1 < 0, then the zero solution is stable,
which leads to the extinction of the population. Hence σ1 = 0 gives the persistence
boundary. Replacing σ by 0 in (1.1.8) and solving leads to the critical patch size

l⋆ = π

√︃
D

r
.

Therefore, the trivial solution u = 0 is stable if l < l⋆ and unstable if l > l⋆ [12].

Heterogeneous environments

A typical approach for incorporating spatial heterogeneity into a reaction-diffusion
model is to make the coefficients in the reaction-diffusion equation space dependent.
Thus, the reaction term F (u) in (1.1.7) becomes F (x, u) whereas the diffusion term

D
∂2u

∂x2
can be replaced by ecological or Fickian diffusion, i.e.,

∂2

∂x2
(D(x)u) or

∂

∂x

(︃
D(x)

∂u

∂x

)︃
,

respectively. However, the resulting models are difficult to study, and explicit calcu-
lations are almost always impossible.

An alternative approach to incorporating spatial heterogeneity is to divide the
habitat into two or more homogeneous patches such that growth and diffusion coef-
ficients may be different in different patches [31]. The problem then is to relate the
density and flux on the two sides of each patch boundary or interface. Some authors
assumed both to be continuous [65, 31]. Flux continuity is a natural condition that
implies that all individuals who leave one patch enter the adjacent patch; none are
introduced or lost at the interface [49]. Continuity of density may be a natural math-
ematical assumption, but, as Ovaskainen and Cornell [55] point out, this condition
may not be natural ecologically. Maciel and Lutscher [49] have shown that disconti-
nuity of population density can appear at the interface between patches due to how
individuals respond to habitat edges.

Generalizing the work of Ovaskainen and Cornell [55], Maciel and Lutscher [49]
model an individual moving between two different habitat types: patch 1 (denoted
by [0, l1]) and patch 2 (denoted by [−l2, 0]), as a random walk with a given time and
space step. The location x = 0 is the boundary or interface between these patches (see
Figure 1.2). Maciel and Lutscher [49] assume the following conditions. Inside habitat
type i, individuals may jump distance ∆xi to the right or left with equal probability
per time step. At the interface, individuals move to patch i with probability αi. An
individual will remain at the interface with probability 1−α1−α2. They found that,
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Figure 1.2: Landscape with two patches

across the interface, the population flux is continuous and the population density is
discontinuous. Mathematically, these two conditions are expressed by

D1
∂u1(0, t)

∂x
= D2

∂u2(0, t)

∂x
, t ≥ 0, (1.1.9)

and
u1(0, t) = ku2(0, t), k =

α1

α2

D2

D1

, t ≥ 0. (1.1.10)

These new interface matching conditions have been recently used to study ques-
tions of persistence and spread [4, 50, 35], movement strategies [51, 48] and marine
reserve design [3]. In ecological modelling, the good incorporation of the interface
behaviour of species in a patchy landscape is crucial in the prediction of population
persistence (and spread). In the introduction of Chapter 3, we give a more detailed
discussion of the importance of including such interface behaviour in population mod-
els.

Parameters

Parameters often have dimensions. For example, the dimension of parameter r is the
reciprocal of time, that of parameter K is the same as the dimension of the population
density, and parameter D is the product of the square of the length and the reciprocal
of time [67]. Other parameters are dimensionless, for example the probabilities αi.

In spatial models, we allow spatial dependence in parameters. Accordingly, we
write r(x), K(x) and similarly for others. Then the spatially dependent logistic
growth function becomes F (x, u) = r(x)u(1 − u/K(x)). Many authors use the sim-
plified form F (x, u) = u(m(x) − u) [43, 16]. In this form, m(x) represents both, the
intrinsic growth rate and carrying capacity. In general, these two quantities are not
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the same [23]. But if they are proportional, i.e., if r(x) = const. K(x), then the for-
mer expression turns into the latter. In this thesis, we write r(x) = K(x) to express
that r(x) is proportional to K(x).

1.2 Outline of the thesis
We consider a one-dimensional habitat consisting of two homogeneous patches, Ω1

and Ω2, on which a population diffuses and grows. On each patch, movement and
population dynamics are described by a reaction-diffusion equation as in (1.1.7), where
parameters and functional form are specific to the patch type. Hence, on patch i, we
have the equation

∂u

∂t
= Di

∂2ui
∂x2

+ Fi(ui), (1.2.1)

where ui and Di are, respectively, the population density and the diffusion coefficient
in patch i. At the interface between patches, we assume that the matching conditions
(1.1.9, 1.1.10) hold. At the boundary of the patches, we assume Neumann or no-flux
conditions (1.1.6). Most of the previous work on populations dynamics in patchy
landscapes, as mentioned above, is based on linearizing the model at low density (but
see [48]). The focus in this thesis is on nonlinear analysis of the model (as presented
in (1.2.2)).

In Chapter 2, we prove the existence and uniqueness of solutions for the parabolic
partial differential equation model that results from these assumptions. In general,
our system reads⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u1(x, t)

∂t
−D1

∂2u1(x, t)

∂x2
= F1(u1(x, t)), (x, t) ∈ Ω1 × [0,∞);

∂u2(x, t)

∂t
−D2

∂2u2(x, t)

∂x2
= F2(u2(x, t)), (x, t) ∈ Ω2 × [0,∞);

D1
∂u1(l1, t)

∂x
= D2

∂u2(l1, t)

∂x
, t ≥ 0;

∂u1(0, t)

∂x
=
∂u2(l2, t)

∂x
= 0 , t ≥ 0;

u1(l1, t) = ku2(l1, t) , t ≥ 0;

(1.2.2)

where Ω1 = [0, l1] and Ω2 = [l1, l2].
In Chapter 3, we shift the interval Ω1 and Ω2 such that x = 0 becomes the

interface point and study the steady-state model of the resulting system, equivalent
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to (1.2.2). First, we prove existence, uniqueness and global stability of a positive
steady state. Second, we assume that the net growth functions on both patches
are logistic and classify the qualitative behavior of the steady state according to the
movement behaviour. Third, we look at conditions under which the total population
density at steady state may exceed the total carrying capacity of the landscape.

In Chapter 4, we include an Allee effect in the growth dynamics in one patch.
We generalize the existence result of Chapter 3 to all monostable functions using a
different analysis technique. We classify all the possibles steady state solutions and
analyze their stability. We also study a bifurcation from the zero solution.

In Chapter 5, we prove two main theorems of Chapter 4: one on the Sturm-
Liouville theory and the other on bifurcating solutions.

In Chapter 6, we summarize our analysis and discuss how it can be generalized
to other settings.



Chapter 2

Existence and uniqueness theory for
patchy reaction-diffusion models

This chapter presents the mathematical theories necessary to understand the proofs
of the existence, uniqueness and boundedness of solution of Equation (1.2.2) done by
Maciel et al. [48]. We also provide more details of these proofs.

2.1 Notation and background
In this section, we present the definitions and theorems necessary for understanding
the theory of the existence of solutions for a patchy reaction diffusion model. The
material for Section 2.1.1 follows Kato [38] Chapter 3 (Sections 1, 2 and 5) and
Chapter 5 (Sections 3 and 5), and Evans [28] Sections 5.2.2, 5.3.3 and 6.4. Engel and
Nagel [27] (Chapter 1, Section 5) and Sell and You [63] (Sections 3.1, 3.6 and 3.7)
were used to write Section 2.1.2. The last section is based on Friedman [32] (Part 2,
Section 16).

2.1.1 Preliminary notions and notations

A Banach space is a complete normed linear space over the real or complex numbers.
Throughout this document, X, Y denote such spaces. We define a linear operator A
from D to Y as a function that sends every vector u in a certain linear manifold D of
X to a vector v = Au ∈ Y and that satisfies the linearity condition A(α1u1+α2u2) =
α1Au1 + α2Au2 for all u1, u2 ∈ D and scalars α1, α2.

D is called the domain of definition, or simply the domain, of A and is denoted
by D = D(A). The range R(A) of A is defined as the set of all vectors of the form
Au with u ∈ D(A). The null space N(A) of A is the set of all u ∈ D(A) such that
Au = 0. The deficiency of A, defA, is the deficiency of R(A) with respect to Y . X
and Y are called the domain and range spaces, respectively. If D(A) is dense in X, A

9
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is said to be densely defined. If D(A) = X, A is said to be defined on X. If Y = X,
we shall say that A is an operator in X. We will denote the Banach algebra of all
bounded linear operators A on X by L(X) with norm

∥A∥ = sup
0̸=u∈X

∥Au∥X
∥u∥X

.

A linear operator A from X to Y is continuous at u = u0 ∈ D(A) if ∥un−u0∥X →
0, un ∈ D(A), implies ∥Aun − Au0∥Y → 0. If A is continuous at u = 0 then it
is continuous everywhere in its domain. Also, A is continuous if and only if A is
bounded i.e., there exists some m > 0 such that ∥Au∥Y ≤ m∥u∥X , for all u ∈ D(A).
The smallest number m with this property is called the bound of A and is denoted
by ∥A∥. A is said to be closed if, for any sequence un ∈ D(A) such that un → u and
Aun → v, u belongs to D(A) and Au = v.

In appearance, closedness resembles continuity, but in reality the two notions are
quite different. If A is invertible then A−1 is closed if and only if A is. It is easy to
see that a bounded linear operator on a Banach space is closed. But the reverse also
holds.

Theorem 2.1.1 (The closed graph theorem). A closed linear operator from X to Y
with domain X is bounded. In other words, if A is a closed operator from X to Y
and D(A) = X then A is a bounded operator on X to Y .

The inverse A−1 of an operator A from X to Y is defined if and only if the map
A is one to one, which is the case if and only if Au = 0 implies u = 0. A−1 is by
definition the operator from Y to X that sends Au into u. If A−1 exists, then A is
said to be invertible; A has nullity zero (since u = 0 is not a linearly independent
vector) and deficiency zero (because every u ∈ Y lies in R(A) by u = AA−1u). Also,
A−1 is a linear operator and it is bounded if and only if there exists a positive real
number m such that ∥Au∥Y > m∥u∥X , for all u ∈ D(A).

Let A be a closed linear operator on X with domain D(A). We call

ρ(A) :=
{︁
λ ∈ C|λ− A : D(A) → X is bijective

}︁
the resolvent set and its complement σ(A) := C \ ρ(A) the spectrum of A. For
λ ∈ ρ(A), the inverse

R(λ,A) := (λ− A)−1

is, by the closed graph theorem, a bounded operator on X and will be called the
resolvent (of A at the point λ).

A Hilbert space is a Banach space in which the norm is defined in terms of an
inner product (u, v) defined for all pairs u, v of vectors and satisfying the following
conditions:
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• The inner product (u, v) is complex valued, (Hermitian) symmetric: (u, v) =
(v, u). This condition implies that (u, u) = ∥u∥2H is real; it is further assumed
to be positive-definite.

• The inner product (u, v) is sesquilinear, that is, linear in u and semilinear in v.

As an example, the space L2(Ω), where Ω is an open subset of Rn, is a Hilbert
space with (f, g) =

∫︁
Ω
fgdx. A positive operator on a Hilbert space is a linear

operator A for which the corresponding quadratic form (Au, u) is non-negative. A
densely defined operator B is called symmetric if and only if (Bu, v) = (u,Bv) for
every u, v ∈ D(B).

In what follows, H represents a Hilbert space, and we shall always assume that
X, Y,H are not trivial. For operators on H, the notion of numerical range (or field
of values) is important in various applications.

Definition 2.1.2 (Numerical range). Let B be an operator on H. The numerical
range Θ(B) of B is the set of all complex numbers (Bu, u) where u changes over all
u ∈ D(B) with ∥u∥H = 1.

Let us denote by Γ the closure of Θ(B); Γ is a closed convex set. Let ∆ be the
complement of Γ in the complex plane. In view of the convexity of Γ, a little geometric
consideration leads to the following result: ∆ is a connected open set except in the
special case in which Γ is a strip bounded by two parallel straight lines (the limiting
case is included in which the two lines coincide). In this exceptional case, ∆ consists
of two components ∆1,∆2, which are half-planes. The theorem which follows is a
deep theorem that will be used later.

Theorem 2.1.3. Let B be a closed linear operator on H and let Γ, ∆, ∆1 and ∆2 be
as above. For any λ ∈ ∆, B − λ has closed range, nul(B − λ) = 0 and def(B − λ) is
constant for λ ∈ ∆, except in the special case mentioned above, in which def(B − λ)
is constant in each of ∆1 and ∆2. [This constant value (or pair of values) is called
the deficiency index of B]. If def(B − λ) = 0 for λ ∈ ∆ (λ ∈ ∆1 or λ ∈ ∆2), then ∆
(∆1 or ∆2) is a subset of ρ(B) and ∥R(λ,B)∥ ≤ 1/dist(λ,Γ).

Let Ω be a bounded domain in Rn, and let u, v be two locally integrable functions
defined in Ω. We say that Dαu = v in the weak sense (and call v the αth-weak
derivative of u) if, for every ϕ ∈ C∞

0 (Ω),∫︂
Ω

uDαϕ dx = (−1)|α|
∫︂
Ω

vϕ dx.

We introduce the Sobolev spaces W j,p(Ω). A function u is said to belong to
W j,p(Ω) if u belongs to Lp(Ω) and if all its weak derivatives of order ≤ j exist and
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belong to Lp(Ω). If u ∈ W j,p(Ω), we define its norm to be

∥u∥W j,p(Ω) :=

⎧⎨⎩
(︂∑︁

|α|≤j
∫︁
Ω
|Dαu|pdx

)︂1/p
, 1 ≤ p <∞;∑︁

|α|≤j ess supΩ |Dαu| , p = ∞.

W j,p(Ω) is a Banach space. We can see that, for 1 ≤ p < ∞, ∥u∥Lp(Ω) ≤
∥u∥W j,p(Ω); we then say that W j,p(Ω) is embedded in Lp(Ω).

Theorem 2.1.4. Let Ω be a bounded domain in Rn satisfying the cone property:
there exist positive constants α, h such that for any x ∈ Ω, one can construct a right
spherical cone Vx with vertex x, opening α and height h such that it lies in Ω. If a
function u belongs to W j,p(Ω) with j > m+n/p for some nonnegative integer m, then
u ∈ Cm(Ω) (that is, u is equivalent to a function in Cm(Ω)).

Theorem 2.1.5 (Global approximation by functions smooth up to the boundary).
Assume Ω is bounded and ∂Ω is C1. Suppose u ∈ W j,p(Ω) for some 1 ≤ p < ∞.
Then there exist functions um ∈ C∞(Ω) such that um −→ u in W j,p(Ω).

In the following, we develop the maximum principle for second-order elliptic
partial differential equation. We define the operator

Lu := −
n∑︂

i,j=1

aijuxixj +
n∑︂

i,j=1

biuxi + cu

where the coefficients aij, bi, c are continuous and there exists a constant θ > 0 such

that
n∑︂

i,j=1

aij(x)ξiξj ≥ θ|ξ|2 for a.e x ∈ Ω and all ξ ∈ Rn.

Theorem 2.1.6 (Weak maximum principle). Assume u ∈ C2(Ω) ∩ C(Ω) and c ≡ 0
in Ω.

• If Lu ≤ 0 in Ω, then max
Ω

u = max
∂Ω

u.

• If Lu ≥ 0 in Ω, then min
Ω
u = min

∂Ω
u

Remark 2.1.7. A function satisfying Lu ≤ 0 in Ω is called a subsolution of the
equation Lu = 0. We are thus asserting a subsolution attains its maximum on ∂Ω.
Similarly, if Lu ≥ 0 in Ω, u is a supersolution of Lu = 0 and attains its minimum
on ∂Ω.

Theorem 2.1.8 (Hopf’s Lemma). Assume u ∈ C2(Ω) ∩ C1(Ω) and c ≡ 0 in Ω.
Suppose further Lu ≤ 0 in Ω, and there exists a point x0 ∈ ∂Ω such that u(x0) > u(x)
for all x ∈ Ω. Assume finally that Ω satisfies the interior ball condition at x0; that
is, there exists an open ball B ⊂ Ω with x0 ∈ ∂B.
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• Then
∂u

∂ν
(x0) > 0, where ν is the outer unit normal to B at x0.

• If c ≥ 0 in Ω, the same conclusion holds provided u(x0) ≥ 0.

Remark 2.1.9. The interior ball condition automatically holds if ∂Ω is C2.

Theorem 2.1.8 is the primary technical tool in the proof of:

Theorem 2.1.10 (Strong maximum principle). Assume u ∈ C2(Ω)∩C(Ω) and c ≡ 0
in Ω. Suppose also U is connected, open and bounded.

• If Lu ≤ 0 in Ω and u attains its maximum over Ω at an interior point, then u
is constant within Ω.

• Similarly, if Lu ≥ 0 in Ω and u attains its minimum over Ω at an interior
point, then u is constant within Ω.

We end this subsection with the following version of the Implicit Function The-
orem from Cantrell and Cosner [12], Chapter 3:

Theorem 2.1.11. Let X, Y , and Z be Banach spaces and let F be a function from
an open subset U ⊆ X × Y into Z. Suppose that F (x, y) and the partial derivative
Fy(x, y) are continuous on U , and that there is some (x0, y0) ∈ U where F (x0, y0) = 0.
If the linear map Fy(x0, y0) from Y onto Z has a continuous inverse, then for each
point x ∈ X which is sufficiently close to x0, there is a unique y(x) ∈ Y such that
F (x, y(x)) = 0, and the function y(x) is differentiable with respect to x.

2.1.2 Background on semigroup theory

Our approach to a solution theory for PDEs will be based on semigroup theory. We
provide the background here.

Definition 2.1.12. 1. A family (T (t))t≥0 of bounded linear operators on a Banach
space X, T : R+ → L(X), is called a (one-parameter) semigroup (or linear
dynamical system) on X if it satisfies the functional equation

(FE)

{︄
T (t+ s) = T (t)T (s) for all t, s ≥ 0,

T (0) = I.

If (FE) holds even for all t, s ∈ R, we call (T (t))t∈R a (one parameter) group
on X.
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2. A semigroup of bounded linear operators on X is a C0-semigroup if one has

lim
t→0+

T (t)x = x, for every x ∈ X. (2.1.1)

Equation (2.1.1) is a statement of strong continuity of T (t) at t = 0, i.e, for
every x ∈ X, one has ∥T (t)x− x∥X → 0 as t→ 0+.

3. A one-parameter semigroup (T (t))t≥0 on a Banach space X is called uniformly
continuous (or norm continuous) if

R+ ∋ t ↦→ T (t) ∈ L(X)

is continuous with respect to the uniform operator topology on L(X).

4. Let T (t), 0 ≤ t < ∞, be a C0-semigroup on X. We define its (infinitesimal)
generator A and domain D(A) by

Ax := lim
h→0+

T (h)− I

h
x =

d+(T (t)x)

dt

⃓⃓⃓⃓
t=0

and
D(A) =

{︃
x ∈ X : lim

h→0+

T (h)− I

h
x exists inX

}︃
We now introduce the typical examples of one-parameter semigroups of operators

on a Banach space X. Take any operator A ∈ L(X). We can define an operator-
valued exponential function by

etA :=
∞∑︂
k=0

tkAk

k!
,

where the convergence of this series takes place in the Banach algebra L(X).

Theorem 2.1.13. Every uniformly continuous semigroup (T (t))t≥0 on a Banach
space X is of the form

T (t) = exp(tA), t ≥ 0,

for some bounded operator A ∈ L(X).

In the sequel, we will use the notation (T (t), A) or (etA, A) to denote a C0-
semigroup T (t) and the associated generator A. A vector-valued function f : E → X,
where E is an open set of the complex plane C, is said to be analytic (or an analytic
mapping) if, for any z0 ∈ E the strong limit

lim
z→0

1

z
[f(z0 + z)− f(z0)]

exists in X.
For δ, σ ∈ (0, π), we define the following open sectors in the complex plane C:
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• ∆δ := {z ∈ C : | arg z| < δ, z ̸= 0},

• ∆δ(a) := a+∆δ = {z ∈ C : | arg(z − a)| < δ, z ̸= a},

• Σσ := {z ∈ C : | arg z| > σ, z ̸= 0},

• Σσ(a) := a+ Σσ = {z ∈ C : | arg(z − a)| > σ, z ̸= a}.

Definition 2.1.14 (Analytic semigroup). Let (T (t), A) be a C0-semigroup on X.
(T (t), A) is an analytic semigroup if there exists an extension of T (t) to a mapping
T (z) defined for z in some sector ∆δ ∪ {0} and satisfying the following conditions:

1. The mapping z → T (z) is a mapping of ∆δ ∪ {0} into L(X).

2. T (z1 + z2) = T (z1)T (z2) for all z1 and z2 in ∆δ ∪ {0}.

3. For each x ∈ X, one has T (z)x→ x, as z → 0 in ∆δ ∪ {0}.

4. For each x ∈ X, the function z → T (z)x is an analytic mapping from ∆δ into
X.

Any mapping T (z) that is an extension of T (t) and satisfies Items (1) − (4)
above is said to be an analytic semigroup extension of T (t). Note that (T (t), A) is an
analytic semigroup if and only if (T (t)ert, A+ rI) is an analytic semigroup, for every
r ∈ R.

There is, of course, the related issue of determining which properties on the
infinitesimal generator A will guarantee that a given C0-semigroup is an analytic
semigroup. This prompts the following definition.

Definition 2.1.15 (Sectorial operator). A linear operator A is said to be a sectorial
operator on X if A : D(A) → X, where D(A) ⊂ X, and it satisfies the following two
conditions:

1. A is densely defined and closed.

2. There exist real numbers a ∈ R, σ ∈
(︂
0,
π

2

)︂
and M ≥ 1 such that one has

Σσ(a) ⊂ ρ(A), and

∥R(λ,A)∥ ≤ M

|λ− a|
, for all λ ∈ Σσ(a). (2.1.2)

A sectorial operator A is said to be positive if it satisfies (2.1.2) for some a > 0.
Analytic semigroups have many characterizations. The first result is a technical

lemma, which shows that if A is a sectorial operator, then −A is the infinitesimal
generator of a C0-semigroup e−At. A proof can be found in [59].
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Lemma 2.1.16. Let A be a sectorial operator on a Banach space X, where (2.1.2)
is satisfied for appropriate constants M , a, and σ. Then −A is the infinitesimal
generator of a C0-semigroup e−At , and there is a constant M0 ≥ 1 such that ∥e−At∥ ≤
M0e

−at, for all t ≥ 0. Moreover one has

e−At =
1

2πi

∫︂
Γ

e−λtR(λ,−A) dλ for t > 0 (2.1.3)

and e−At = I at t = 0. Here Γ = Γ(η, θ) is a contour in the resolvent set ρ(−A). It
is given by Γ = Γ1 ∪ Γ2 ∪ Γ3, where

Γ1 = {λ = −a+ re−i(π−θ) : r ≥ η},Γ2 = {λ = −a+ ηeiφ : |φ| ≤ π − θ},

Γ3 = {λ = −a+ rei(π−θ) : r ≥ η},

θ satisfies σ < θ <
π

2
and η is any positive constant. The path of integration along Γ

in equation (2.1.3) is counter clockwise. The integral in equation (2.1.3) exists in the
uniform operator topology on L(X), for all t > 0.

The following fundamental theorem describes several characterizations of an an-
alytic semigroup.

Theorem 2.1.17. Let
(︁
e−At,−A

)︁
be a C0-semigroup on a Banach space X, and let

M ≥ 1 and a ∈ R be choosen such that ∥e−At∥ ≤ Me−at, for all t ≥ 0. Then the
following statements are equivalent:

1. e−At is an analytic semigroup and there is an analytic semigroup extension
e−Az of e−At, defined on some sector ∆δ ∪ {0} with 0 < δ <

π

2
, and a constant

M1 ≥M such that ∥e−Az∥ ≤M1e
−aRe(z), for all z ∈ ∆δ ∪ {0}.

2. There is a constant M2 such that the resolvent operator satisifes

∥R(σ + iτ,−A)∥ ≤ M2

|τ |
, for all σ > −a and τ ̸= 0.

3. The operator A is a sectorial operator an one has

∥R(λ,A)∥ ≤ M3

|λ− a|
for all λ ∈ Σξ(a),

for appropriate constant M3 ≥ 1 and ξ ∈
(︂
0,
π

2

)︂
.

4. The semigroup e−At is differentiable for t > 0 and there is a constant M4 > 0
such that ⃦⃦

Ae−At
⃦⃦
≤

{︄
M4t

−1e−at, for 0 < t ≤ 1;

M4e
−at, for t ≥ 1.
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Sectorial operators offer many mathematical advantages in the study of both
linear and nonlinear evolutionary equations. As shown above, such operators lead to
the theory of analytic semigroups. Another important feature is the concept of the
fractional power of an operator.

Definition 2.1.18. Let A be a positive, sectorial operator on X. For any α > 0, we
define

A−α :=
1

Γ(α)

∫︂ ∞

0

tα−1e−Atdt, (2.1.4)

where e−At is the analytic semigroup generated by −A and Γ(α) is the Gamma func-
tion. The integral in (2.1.4) is well-defined and it converges in the uniform operator
topology on L(X). If α = 1, the operator defined in (2.1.4) is exactly the inverse of
A.

Lemma 2.1.19. For any α, β > 0, one has A−α ∈ L(X) and A−αA−β = A−(α+β).
Furthermore, each A−α is one-to-one, and one has

A−α =
sin(πα)

π

∫︂ ∞

0

λ−αR(λ,−A)dλ, 0 < α < 1.

Definition 2.1.20. The fractional power Aα of the operator A is defined to be

Aα = (A−α)−1, for α > 0,

and its domain is given by D(Aα) := R(A−α). Also define A0 := I, the identity on
X. For α > 0, the domain D(A) becomes a Banach space in the graph norm

∥u∥α := ∥Aαu∥X , for u ∈ D(Aα).

The following result describes some basic properties of the fractional power
spaces.

Lemma 2.1.21. Let A be a positive, sectorial operator on a Banach space X, and
let e−At denote the analytic semigroup on X generated by −A. Then for α, β ≥ 0,
the following properties are valid:

1. The operator Aα is a densely defined, closed linear operator.

2. For α ≥ β, one has D(Aα) ↦→ D(Aβ), in terms of the graphs norms on these
spaces, and D(Aα) is dense in D(Aβ)

3. If in addition, A has compact resolvent, then one has D(Aα) ↪→ D(Aβ), when-
ever α > β.

4. One has AαAβ = AβAα = Aα+β on D(Aγ) for any α, β ∈ R, where γ =
max(α, β, α + β).
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5. One has Aαe−Atu = e−AtAαu, for all u ∈ D(Aα) and t ≥ 0 and
⃦⃦
Aαe−At

⃦⃦
≤

C(α)

tα
e−at where a comes from (2.1.2).

6. The mapping (u, t) → e−Atu : D(Aα)× [0,∞) → D(Aα) is continuous, for every
α ∈ R.

The following result describes the spatial regularity of the functions u ∈ D(Aα),
where 0 < α ≤ 1, and A is a positive, sectorial operator.

Lemma 2.1.22. Let Ω be an open, bounded set in Rn of Lipschitz class, and let q
satisfy 1 ≤ q < ∞. Assume that A is a positive, sectorial operator on the Banach
space Lq = Lq(Ω,RM) with its domain D(A) satisfying the imbedding relationship
D(Aα) ↦→ Wm,q = Wm,q(Ω,RM), for some integer m ≥ 1. Let D(Aα) denote the
domain of Aα, the fractionnal power of A, where 0 < α ≤ 1. Then one has: D(Aα) ↦→
W k,p, whenever p ≥ q and k ≥ 0 is an integer with

k − n

p
< mα− n

q
.

2.1.3 Non-linear evolution equations

We consider the Cauchy problem

du

dt
+ A(t, u)u = f(t, u), (2.1.5)

u(0) = u0, (2.1.6)

which is, in general, a nonlinear equation with respect to u. We shall make the
following assumptions:

(F1) The operator A0 = A(0, u0) is a closed operator with a domain D0 dense in X
and

∥(λI − A0)
−1∥ ≤ C

1 + |λ|
for all λ with Re(λ) ≤ 0. (2.1.7)

(F2) For some α ∈ [0, 1) and R > 0 and for any v ∈ X with ∥v∥X < R, the operator
A(t, A−α

0 v) is well defined on D0, for all 0 ≤ t ≤ t0. Furthermore, for any
t, τ ∈ [0, t0] and v, w ∈ X with ∥v∥X < R, ∥w∥X < R,⃦⃦[︁

A(t, A−α
0 v)− A(τ, A−α

0 w)
]︁
A−1(τ, A−α

0 w)
⃦⃦
< C(R) (|t− τ |σ + ∥v − w∥ρ) ,

(2.1.8)
where 0 < σ ≤ 1, 0 < ρ ≤ 1.

(F3) For every t, τ ∈ [0, t0] and v, w ∈ X with ∥v∥X < R, ∥w∥X < R,⃦⃦
f
(︁
t, A−α

0 v)− f(τ, A−α
0 w

)︁⃦⃦
< C(R) (|t− τ |σ + ∥v − w∥ρ) . (2.1.9)
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(F4) u0 ∈ D
(︂
Aβ0

)︂
for some β > α and

∥Aα0u0∥ < R. (2.1.10)

Theorem 2.1.23. Let assumptions (F1)− (F4) hold with ρ = 1. Then there exists a
number t∗, 0 < t∗ ≤ t0, such that there exists at least one continuously differentiable
solution of (2.1.5) for 0 < t ≤ t∗ that is continuous for 0 ≤ t ≤ t∗ and satisfies the
initial condition (2.1.6). This solution is unique.

Having constructed the solution in case ρ = 1 for 0 ≤ t ≤ t∗, we can now proceed
to extend it into an interval t∗ ≤ t ≤ t∗∗, then to a third interval, and so on. From
the proof of the previous theorem, one sees that the lengths of these intervals remain
bounded from below by a fixed constant (except for the one that ends at t0) provided
the solution u(t) is a priori known to satisfy:

∥Aα(t, u(t))u(t)∥ ≤ R′ < R, (2.1.11)⃦⃦
Aβ(t, u(t))u(t)

⃦⃦
≤ C ′ (2.1.12)

∥R(λ;A(t, u(t)))∥ ≤ C ′

1 + |λ|
(Re(λ) ≤ 0), (2.1.13)

(F2) and (F3) hold withA0 replaced byA(s, u(s)) uniformly in s, (2.1.14)

where R′ and C ′ are constants. We sum up:

Theorem 2.1.24. Let the assumptions (F1)− (F4) hold with ρ = 1 and assume that
any possible solution in [0, σ] (0 < σ < t0) satisfies (2.1.11)–(2.1.14). Then there
exists a unique solution of (2.1.5) for 0 ≤ t ≤ t0 and satisfies (2.1.6).

We omit the proof of these two theorems, but they can be found in [32].

2.2 Existence of solutions
The goal of this section is to prove the existence of global solution of the patchy
reaction-diffusion system (1.2.2). The idea behind the proof of the existence of solu-
tions is to rewrite system (1.2.2) abstractly as

du

dt
+ Au = f(t, u), (2.2.1)

where the operator A is such that −A is the generator of an analytic semigroup
and then use properties of A to apply results of the Cauchy problem for nonlinear
evolution equation in Banach spaces.
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In the first two equations of (1.2.2), the operator is −D△ := B; but since −B
generates an analytic semigroup if and only if A := −(B+rI) does, for some constant
r, we rewrite the first two equations of system (1.2.2) as follows⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂u1
∂t

−D1
∂2u1
∂x2

+ u1 = u1g1(u1) + u1, on Ω1 × [0,∞);

∂u2
∂t

−D2
∂2u2
∂x2

+ u2 = u2g2(u2) + u2, on Ω2 × [0,∞).

(2.2.2)

We now write (2.2.2) in the form of (2.2.1) with

u =

⎛⎝u1
u2

⎞⎠ , Au =

⎛⎜⎜⎜⎝
−D1

∂2u1
∂x2

+ u1

−D2
∂2u2
∂x2

+ u2

⎞⎟⎟⎟⎠ and f(u) =

⎛⎝u1g1(u1) + u1

u2g2(u2) + u2

⎞⎠ . (2.2.3)

2.2.1 Linear theory

Here, we give the appropriate spaces on which to consider the operator A in (2.2.3)
and its properties.

The domain of A,D(A)

We want to built the interface conditions into the definition of the domain of A. Since
the model is set in one space dimension, it turns out that it is possible to set up the
problem in Hilbert spaces built from L2 and W 2,2 spaces on the intervals Ω1 and Ω2.
We define the base space as H = L2(Ω1) × L2(Ω2) and the domain of A, which is a
subset of W 2,2(Ω1)×W 2,2(Ω2), as

D(A) =

{︃
u ∈ W 2,2(Ω1)×W 2,2(Ω2) | D1

∂u1
∂x

(l1) = D2
∂u2
∂x

(l1),

u1(l1) = ku2(l1),
∂u1
∂x

(0) = 0,
∂u2
∂x

(l2) = 0

}︃
.

We note that, from Theorem 2.1.4, each element in W 2,2(Ωi) belongs to C1(Ωi),
i = 1, 2. We define a norm on H as follows:

∥u∥2H = ∥u1∥2L2(Ω1)
+k∥u2∥2L2(Ω2)

,where (u, v)H =

∫︂
Ω1

u1v1 dx+k

∫︂
Ω2

u2v2 dx, i = 1, 2.
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The properties of A

Lemma 2.2.1. D(A) is dense in H.

Proof: Based on the definition of C∞
c , we see that any function in C∞

c ([−L2, 0])×
C∞
c ([0, L1]) belongs to our domain, D(A). On the other hand, based on standard

regularity results [10], we know that C∞
c is dense in L2. As a result, we can conclude

that our domain is also dense in H.

Lemma 2.2.2. A is a closed linear operator.

Proof: There is no difficulty to see that A is a linear operator on H. For the
closedness, we know that on Banach spaces, bounded linear operators are closed, and
if an operator is invertible then its inverse is closed if and only if the operator itself is
closed. Therefore, it is sufficient to show A is invertible, with bounded linear inverse,
to conclude that it is a closed operator.

Inverting the operator A is equivalent to solving Av = u, which is⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−D1v
′′
1 + v1 = u1, on Ω1;

−D2v
′′
2 + v2 = u2, on Ω2;

D1v
′
1(l1) = D2v

′
2(l1), v1(l1) = kv2(l1), v′1(0) = 0 = v′2(l2);

(2.2.4)

where v = (v1, v2) ∈ D(A) and u = (u1, u2) ∈ H.
To solve system (2.2.4), we will first obtain the solution of the problem⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−D1˜︁v′′1 + ˜︁v1 = u1, on Ω1;

−D2˜︁v′′2 + ˜︁v2 = u2, on Ω2;

˜︁v′1(0) = 0 = ˜︁v′2(l2), ˜︁v′1(l1) = 0 = ˜︁v′2(l1);
(2.2.5)

then consider separately {︄
−y′′1 + y1 = 0, on Ω1;

y1(0) = 1, y′1(0) = 0;
(2.2.6)

and {︄
−y′′2 + y2 = 0, on Ω2;

y2(l2) = 1, y′2(l2) = 0;
(2.2.7)
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and finally combine theses solutions to solve (2.2.4).

Step 1. To solve the differential system (2.2.5), we use the Green’s function method
in Walter [71] and obtain:

˜︁vi = ∫︂
Ωi

Γi(x, ε)ui(ε)dε,

where Γi(x, ε) is the Green’s function associated to the differential equation for ˜︁vi,
i = 1, 2. There exist positive constants Ci that do not depend on ui such that

∥˜︁vi∥W 1,2(Ωi) ≤ Ci∥ui∥L2(Ωi), i = 1, 2. (2.2.8)

We can write the two first equations of (2.2.5) as ˜︁v′′i =
1

Di

(˜︁vi − ui) and take the

norms on both sides to obtain

∥˜︁v′′i ∥L2(Ωi) ≤ ci
(︁
∥˜︁vi∥L2(Ωi) + ∥ui∥L2(Ωi)

)︁
, i = 1, 2. (2.2.9)

Since W 1,2(Ωi) ⊂ L2(Ωi), we obtain from (2.2.8) and (2.2.9) the following estimate

∥˜︁vi∥W 2,2(Ωi) ≤ c′i∥ui∥L2(Ωi), i = 1, 2. (2.2.10)

Step 2. Let y1 be the solution of (2.2.6) and y2 the solution of (2.2.7). We start
by showing that y′1 > 0 in (0, l1] and y1 ≥ 1 in [0, l1]. Since y′′1(0) > 0, we must
have y′1(x) > 0 for x in some interval (0, δ), with δ > 0. Since y1(0) = 1, we
find that y1(x) > 1 on that interval. Suppose that y′1(x) = 0 somewhere in [0, l1)
and let x0 = inf{x ∈ [0, l1] | y′1(x0) = 0}. For x < x0, we have y1(x) > 1 and
y′1(x) > 0, hence we must have y′′1(x0) ≤ 0. But, looking at the equation, we have
y′′1(x0) = y1(x0) > 1 > 0. Therefore, we have a contradiction. Hence, y′1(x) > 0 for
all x ∈ (0, l1] and y1(x) ≥ 1 for all x ∈ [0, l1].

We show similarly that y′2(x) < 0 for all x ∈ [l1, l2) and y2(x) ≥ 1 for all
x ∈ [l1, l2]. In conclusion, at x = l1, we have: y1(l1) > 1, y′1(l1) > 0, y2(l1) >
1 and y′2(l1) < 0.

The explicit expressions of solutions of systems (2.2.6) and (2.2.7) are

y1(x) = cosh(x) and y2(x) = cosh(x− l2). (2.2.11)

Step 3. Now, we define the solution operator of system (2.2.4) as follows:{︄
v1 = ˜︁v1 + α1y1,

v2 = ˜︁v2 + α2y2;
(2.2.12)
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where α1 and α2 are constants that will be determined by the interface conditions.
Note that (2.2.12) satisfy the equations of system (2.2.4) precisely if α1, α2 satisfy the
equations {︄

y1(l1)α1 − ky2(l1)α2 = kṽ2(l1)− ṽ1(l1),

D1y
′
1(l1)α1 −D2y

′
2(l1)α2 = 0.

(2.2.13)

Since the determinant of (2.2.13) satisfies⃓⃓⃓⃓
y1(l1) y2(l1)
y′1(l1) y′2(l1)

⃓⃓⃓⃓
= y1(l1)y

′
2(l1)− y2(l1)y

′
1(l1) < 0,

we can always solve (2.2.13) for α1, α2 and obtain:

α1 =
[kṽ2(l1)− ṽ1(l1)]D2y

′
2(l1)

D2y1(l1)y′2(l1)− kD1y′1(l1)y2(l1)
and α2 =

[kṽ2(l1)− ṽ1(l1)]D1y
′
1(l1)

D2y1(l1)y′2(l1)− kD1y′1(l1)y2(l1)
.

Therefore, v1 and v2 are well defined, which means that the operator A is invert-
ible. We have for i = 1, 2,

|αi| ≤ C ′
i (|ṽ1(l1)|+ k |ṽ2(l1)|) ≤ C ′

i

(︃
sup
x∈Ω1

|ṽ1(x)|+ k sup
x∈Ω2

|ṽ2(x)|
)︃

≤ C ′′
i

(︁
∥ṽ1∥W 1,2(Ω1) + k∥ṽ2∥W 1,2(Ω2)

)︁
.

Combining this with (2.2.8), (2.2.11) and (2.2.12), we obtain for i = 1, 2 and
some constants CC ′

i > 0,

∥vi∥W 2,2(Ωi) = ∥ṽi + αiyi∥W 2,2(Ωi) ≤ CC ′
i

(︁
∥u1∥L2(Ω1) + ∥u2∥L2(Ω2)

)︁
.

Thus, we obtain a solution of system (2.2.4) and the estimate

∥v1∥2W 2,2(Ω1)
+ ∥v2∥2W 2,2(Ω2)

≤ C ′
(︂
∥u1∥2L2(Ω1)

+ k∥u2∥2L2(Ω2)

)︂
= C ′∥u∥2H = C ′∥Av∥2H ,

for some positive constant C ′. This implies that the operator A−1 is bounded. In
conclusion, we have shown that A is invertible with bounded inverse.

Lemma 2.2.3. The operator A is symmetric and positive. Furthermore,

∥R(λ,A)∥ ≤ 1

dist(λ,Γ)

for λ ∈ ∆.
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Proof: Let u, v ∈ D(A). We compute:

⟨Au, v⟩H =

⟨︃(︃
−D1u1xx + u1
−D2u2xx + u2

)︃
,

(︃
v1
v2

)︃⟩︃
H

= −
∫︂ l1

0

D1u1xxv1dx− k

∫︂ l2

l1

D2u2xxv2dx+

∫︂ l1

0

u1v1dx+ k

∫︂ l2

l1

u2v2dx

= −D1u1x(l1)v1(l1) +D1u1(l1)v1x(l1)−
∫︂ l1

0

D1u1v1xxdx+

∫︂ l1

0

u1v1dx

+ kD2u2x(l1)v2(l1)− kD2u2(l1)v2x(l1)− k

∫︂ l2

l1

D2u2v2xxdx+ k

∫︂ l2

l1

u2v2dx.

Using the matching conditions in (1.2.2), we have

⟨Au, v⟩H =

∫︂ l1

0

u1(−D1v1xx + v1)dx+ k

∫︂ l2

l1

u2(−D2v2xx + v2)dx.

Hence, we find ⟨Au, v⟩H = ⟨u,Av⟩H . Therefore, the operator A is symmetric.

Next, we compute:

⟨Au, u⟩H = −
∫︂ l1

0

D1u1xxu1dx− k

∫︂ l2

l1

D2u2xxu2dx+

∫︂ l1

0

u1u1dx+ k

∫︂ l2

l1

u2u2dx

= −D1u1x(l1)u1(l1) +D1u1x(0)ū1(0)− kD2u2x(l2)u2(l2) + kD2u2x(l1)u2(l1)

+

∫︂ l1

0

D1u1xu1xdx+ k

∫︂ l2

l1

D2u2xu2xdx+ ⟨u, u⟩H .

By the matching conditions in (1.2.2), we have

⟨Au, u⟩H =

∫︂ l1

0

D1u1xu1xdx+ k

∫︂ l2

l1

D2u2xu2xdx+ ⟨u, u⟩H ≥ ⟨u, u⟩H ≥ 0.

Thus, A is a positive operator. Futhermore, if u is such that ∥u∥H = 1, then we
obtain ⟨Au, u⟩H ≥ 1. Therefore, the numerical range of A, Θ(A), and its closure Γ
have the properties: Θ(A) ⊆ [1,∞) and Γ ⊆ [1,∞). Hence, ∆ = C\Γ is connected.
Since A−1 is a bounded operator on H, A has deficiency zero on ∆. Thus, Theo-

rem 2.1.3 applies, and we have ∥R(λ,A)∥ ≤ 1

dist(λ,Γ)
for all λ ∈ ∆.

Lemma 2.2.4. There exists numbers a ∈ R, σ ∈
(︂
0,
π

2

)︂
and M ≥ 1 such that

Σσ(a) ⊂ ρ(A) and ∥R(λ,A)∥ ≤ M

|λ− a|
for all λ ∈ Σσ(a).
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Proof: We take a = 0, set σ =
π

2
− ϵ with ϵ ∈

(︂
0,
π

2

)︂
and let λ ∈ Σσ(0), that

is θ = arg(λ) >
π

2
− ϵ with λ ̸= 0. Since 1/(1 + |λ|) < 1/|λ|, we will show that for

some constant M > 1, ∥R(λ,A)∥ ≤ M

1 + |λ|
. To do so, based on Lemma 2.2.3, it is

sufficient to show that
1

dist(λ,Γ)
≤ M

1 + |λ|
.

We restrict ourselves to the upper half-plane and it is enough to consider λ on
the straight line that bounds the sector. We then write λ = z (cos(θ) + i sin(θ)), with
z = |λ| > 0 and have:

1. For Re(λ) < 1, we define f(z) =
dist(λ,Γ)

1 + |λ|
=

(z2 + 1− 2z cos(θ))1/2

1 + z
. We need

to find a constant M such that the minimum value of f is greater than or equal
to 1/M .

The function f(z) is positive and continuous with f(0) = 1, limz→∞ f(z) = 1
and f ′(z) = [(cos(θ) + 1)(z − 1)] /

[︁
(1 + z)2(z2 + 1− 2z cos(θ))1/2

]︁
. Hence, z =

1 is the minimum point of f(z) with f(1) =
√︁
2(1− cos(θ))/2. Thus, we take

M ≥
√︁
2/(1− cos(θ)).

2. If Re(λ) ≥ 1, then z cos(θ) ≥ 1 and dist(λ,Γ) = z sin(θ). The two lines z + 1

and Mz sin(θ) intersect at z̄ =
1

M sin(θ)− 1
, which is positive if M > 1/ sin(θ).

Since we are looking to z ≥ 1/ cos(θ) then we should have z̄ < 1/ cos(θ); this

implies M >
1 + cos(θ)

sin(θ)
. Therefore, the inequality

1

dist(λ,Γ)
≤ M

1 + |λ|
, which

is, z + 1 ≤ Mz sin(θ) holds for z ≥ z̄ with M ≥ max

(︃
1

sin(θ)
,
1 + cos(θ)

sin(θ)

)︃
=

1 + cos(θ).

Finally, we take our desired constant M ≥ max
(︂√︁

2/(1− cos(θ)), 1 + cos(θ)
)︂
.

It follows from Lemma 2.2.4 that there exists a constant M such that

∥R(λ,A)∥ ≤ M

1 + |λ|
for all Re(λ) ≤ 0. (2.2.14)

Lemma 2.2.5. The operator A is a sectorial operator.

Proof: Using Definition 2.1.15, the result follows from Lemma 2.2.1, Lemma 2.2.2
and Lemma 2.2.4.
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Theorem 2.2.6. The operator −A is the infinitesimal generator of a C0-semigroup
e−At and there is a constant M0 ≥ 1 such that ∥e−At∥ ≤M0, for all t ≥ 0. Futhermore,
e−At is an analytic semi-group.

Proof: It follows immediately from Theorem 2.1.17 and Lemma 2.2.5.

At this stage, we can ensure the existence of the fractional power of the operator
A, presented in Section 2.1.2.

2.2.2 The existence of solutions

In this part, we prove the local and the global existence of solutions. The following
theorem is established similarly as in [8] and [15].

Theorem 2.2.7. Let α and R be constants such that α ∈ (0, 1) and R > 0. For any
u0 ∈ D(A) and each R > ∥Aαu0∥H , the problem⎧⎪⎪⎨⎪⎪⎩

du

dt
+ Au = f(u), t ∈ [0,∞),

u(0) = u0,

(2.2.15)

has a unique solution u for all t > 0.

Proof: The proof of this theorem is based on results of Section 2.1.3. We will
begin by proving the existence of local solution of (2.2.15) using Theorem 2.1.23 and
continue with Theorem 2.1.24 to conclude the existence of global solutions.

Step 1: We show the existence of local solutions.
The operator A does not depend on t and u, and function f depends only on

u. Since we already showed that operator A is a closed linear operator that satisfies
condition (2.2.14), we only need to establish the assumptions (F3) (because we con-
sider (F4) with β = 1 as the hypothesis) to conclude the local existence of solutions.
Let R be a non-negative constant. Applying Lemma 2.1.22 with n = M = 1,
q = p = 2 and m = 2, we obtain that D(Aα) ↦→ W 1,2 for all 1/2 < α < 1. We
now fix some α ∈ (1/2, 1), assume u0 ∈ D(A) and R > ∥Aαu0∥H . Fix t0 > 0

and let t ∈ [0, t0], v
i = (vi1, v

i
2)
T ∈ H such that ∥vi∥H < R and define (wi1, w

i
2)
T
=

wi = A−αvi, i = 1, 2. Then wi are continuous and there constants ci such that
∥wi∥∞ ≤ ci ∥wi∥W 1,2 ≤ ci ∥A−α∥ ∥vi∥H ≤ ci ∥A−α∥R, i = 1, 2. We have that:⃦⃦
f
(︁
A−αv1

)︁
− f

(︁
A−αv2

)︁⃦⃦2
H
=
⃦⃦
f
(︁
w1)− f(w2

)︁⃦⃦2
H
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=

⃦⃦⃦⃦
⃦⃦
⎛⎝f1 (w1

1)− f1 (w
2
1)

f2 (w
1
2)− f2 (w

2
2)

⎞⎠⃦⃦⃦⃦⃦⃦
2

H

=
⃦⃦
f1
(︁
w1

1

)︁
− f1

(︁
w2

1

)︁⃦⃦2
L2(Ω1)

+ k
⃦⃦
f2
(︁
w1

2

)︁
− f2

(︁
w2

2

)︁⃦⃦2
L2(Ω2)

.

For t ∈ [0, 1], we define the functions hi(t) = tw1
i + (1− t)w2

i , i = 1, 2. Then for

i = 1, 2, we have: hi(0) = w2
i , hi(1) = w1

i ,
dhi(t)

dt
= w1

i − w2
i and

fi
(︁
w1
i

)︁
− fi

(︁
w2
i

)︁
= fi [hi(1)]− fi [hi(0)] =

∫︂ 1

0

d (fi ◦ hi) (t)
dt

dt

=
(︁
w1
i − w2

i

)︁ ∫︂ 1

0

dfi(hi(t))

dw
dt.

The derivative of fi at the point hi(t) consists of linear combinations of the
functions w1

i and w2
i for t ∈ [0, 1]. Since wi are bounded as written above, this

derivative is bounded by a constant Ci0(R) in the L∞-norm for ∥vi∥H < R. Thus,⃦⃦
fi
(︁
w1
i

)︁
− fi

(︁
w2
i

)︁⃦⃦2
L2(Ωi)

≤ Ci0(R)
⃦⃦
w1
i − w2

i

⃦⃦2
L2(Ωi)

≤ Ci0(R)
⃦⃦
A−α⃦⃦2 ⃦⃦v1i − v2i

⃦⃦2
L2(Ωi)

.

Therefore, ∥f (A−αv1)− f (A−αv2)∥2H ≤ max (C10(R), C20(R)) ∥A−α∥2 ∥v1 − v2∥2H .
We then conclude that there exists a number t∗, 0 < t∗ ≤ t0, such that there

exists at least one continuously differentiable solution of (2.2.15) for 0 < t ≤ t∗ that
is continuous for 0 ≤ t ≤ t∗.

Step 2: We show the existence of global solutions.
To show that the local solution extends to the full interval [0, t0], it suffices

to show that equations (2.1.11) and (2.1.12) are satisfied for any solution in [0, σ]
(0 < σ < t0). The bound in (2.1.12) will be obtained using a Lyapunov functional
(the method is similar to the one used in [8, 37, 15]) and the one in (2.1.11) via some
properties of the fractional power of A.

Let

E(t) =
1

2

(︁
∥u∥2H + ∥ut∥2H

)︁
, then E ′(t) =

1

2

[︂(︁
∥u∥2H

)︁′
+
(︁
∥ut∥2H

)︁′]︂
.

We have that(︁
∥u∥2H

)︁′
= 2 ⟨u, ut⟩H = 2 ⟨u,−Au+ f(u)⟩H = 2 ⟨u,−Au⟩H + 2 ⟨u, f(u)⟩H .

Looking each of these two last expressions separately gives us

⟨u,−Au⟩H = −
∫︂ l1

0

D1u
2
1xdx− k

∫︂ l2

l1

D2u
2
2xdx− ⟨u, u⟩H ≤ −⟨u, u⟩H ,
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and ⟨u, f(u)⟩H ≤ C0 ⟨u, u⟩H , for some constant C0, since u is bounded and f(u) is
in fact a polynomial function in u. Thus, (∥u∥2H)

′ ≤ 2C1∥u∥2H for some constant C1.
Also, (︁

∥ut∥2H
)︁′
= 2 ⟨ut, utt⟩H
= 2 ⟨ut, (−Au+ f(u))t⟩H

= 2

⟨︃
ut,

(︃
−Aut +

df(u)

du
ut

)︃⟩︃
H

= 2

[︃
⟨ut,−Aut⟩H +

⟨︃
ut,

df(u)

du
ut

⟩︃
H

]︃
≤ 2C2∥ut∥2H (as in the calculation of

(︁
∥u∥2H

)︁′
).

It then follows that E ′(t) ≤ CE(t) for some constant C. We already have the existence
of a local solution and by the definition of E(t), ∥u∥2H ≤ 2E(t) and ∥ut∥2H ≤ 2E(t).
Hence if we choose ε > 0 so that u exists on [0, t2] with ε < t2, then for all t ∈ [ε, t0]
for which u continues to exist, ∥u∥2H and ∥ut∥2H are bounded uniformly in terms of
E(ε) and t0. Therefore, as long as u exists, we have ∥Au∥H = ∥f(u)− ut∥H ≤ CE(ε),
which is exactly the first estimated needed.

We obtain the second bound from

u(t) = e−Atu0 +

∫︂ t

0

e−A(t−s)f(u(s)) ds.

We apply the fractional derivative and calculate as follows:

Aαu = Aαe−Atu0 +

∫︂ t

0

Aαe−A(t−s)f(u(s)) ds

= Aαe−AtA−1Au0 +

∫︂ t

0

Aαe−A(t−s)f(u(s)) ds

= AαA−1e−AtAu0 +

∫︂ t

0

Aαe−A(t−s)f(u(s)) ds

= Aα−1e−AtAu0 +

∫︂ t

0

Aαe−A(t−s)f(u(s)) ds.

Now we take norms.

∥Aαu∥H ≤
⃦⃦
Aα−1e−At

⃦⃦
∥Au0∥H +

∫︂ t

0

⃦⃦
Aαe−A(t−s)

⃦⃦
H
∥f(u(s))∥H ds

≤ C(α)t1−αCE(ε) + C(α)

∫︂ t

0

(t− s)−α ∥u(s)∥H ds
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≤ C(α)t1−αCE(ε) + C(α)R

∫︂ t

0

(t− s)−α ds

= C(α)t1−α
(︃
CE(ε) +

R

1− α

)︃
.

Therefore, ∥Aαu∥H ≤ C(α)t1−α1

(︃
CE(ε) +

R

1− α

)︃
.

Hence, we have the necessary bound for global existence of solutions on [ε, t0] and
hence on [0, t0]. Since t0 was arbitrary, then our solution must exist for [0,∞).

2.3 Positivity of solutions
In this section, we show that solutions with positive initial conditions remain positive.
We have the following proposition whose proof is based on results obtained in [9].

Proposition 2.3.1. Assume that t ∈ [0, T ], T > 0. Then any solution u ∈ C2(Ω1)×
C2(Ω2) of (2.2.2) with positive initial condition remains positive on (0, T ].

Proof: Let t ∈ [0, T ], T > 0 and u ∈ D(A) be a solution of (2.2.2) such that
ui(xi, 0) ≥ 0. Let ε > 0 and define v1(x, t) = u1(x, t) + kϵ exp(t) and v2(x, t) =
u2(x, t) + ϵ exp(t). Then v1, v2 satisfy the system of inequalities⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂v1
∂t

−D1
∂2v1
∂x2

> v1g1(v1), on Ω1 × [0,∞),

∂v2
∂t

−D2
∂2v2
∂x2

> v2g2(v2), on Ω2 × [0,∞),

(2.3.1)

with the initial, boundary and interface conditions⎧⎪⎪⎪⎨⎪⎪⎪⎩
v1(x, 0) > 0, v2(x, 0) > 0,

∂v1(0, t)

∂x
=
∂v2(l2, t)

∂x
= 0,

D1
∂v1(l1, t)

∂x
= D2

∂v2(l1, t)

∂x
, v1(l1, t) = kv2(l1, t).

We will show that v = (v1, v2) is positive on [0, l2] for t ∈ [0,∞). Suppose that
v1 or v2 is not positive for some x ∈ [0, l2] and t ≤ T . Let

t0 = sup
t≤T

{v1(x, t) > 0 for 0 ≤ x ≤ l1 and v2(x, t) > 0 for l1 ≤ x ≤ l2} .

By definition, we have t0 > 0, and for this t0 there exists an x0 ∈ [0, l2] such that
v1(x0, t0) = 0 or v2(x0, t0) = 0 and for (x, t) ∈ [0, l2]× (0, t0], v1, v2 ≥ 0.
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1. If x0 ∈ (0, l1), we have

v1t(x0, t0) = lim
δ→0

v1(x0, t0)− v1(x0, t0 − δ)

δ
= − lim

δ→0

v1(x0, t0 − δ)

δ
,

for some δ > 0. Since t0 − δ ≤ t0, v1(x0, t0 − δ) ≥ 0 and we get v1t(x0, t0) ≤ 0.
On the other hand, since v1(x0, t0) = 0 and v1(x, t) ≥ 0 for t ≤ t0, (x0, t0) is
a minimum point of v1 with respect to x, that is, v1xx(x0, t0) ≥ 0. Therefore,
v1t(x0, t0)−D1v1xx(x0, t0) ≤ 0.

But using the first equation of (2.3.1), we have that v1t(x0, t0)−D1v1xx(x0, t0) >
0. We get a contradiction.

2. If x0 ∈ (l1, l2), then we use the same argument to obtain a contradiction.

3. If x0 = l1 then v1(l1, t0) = kv2(l1, t0) = 0. By assumption, for t = t0 and
x ∈ [0, l2]\{l1}, v1 and v2 are positive. Thus v1x(l1, t0) ≤ 0 and v2x(l1, t0) ≥ 0
because v1 decreases in (l1 − δ, l1) and v2 increases in (l1, l1 + γ), where δ and γ
are sufficiently small positive constants. But since D1v1x(l1, t0) = D2v2x(l1, t0),
we have that v1x(l1, t0) = v2x(l1, t0) = 0. The strong maximum principle implies
that if there exists an interval (l1−δ, l1) with v1(x, t0) > 0 then v1x(l1, t0) < 0 and
if there exists an interval (l1, l1+γ) with v2(x, t0) > 0 then v2x(l1, t0) > 0; Hence,
we obtain a contradiction. Therefore, we must have v1(x, t0) = 0 somewhere in
(0, l1) and v2(x, t0) = 0 somewhere in (l1, l2). Then v1 ≡ 0, v2 ≡ 0 for 0 ≤ t ≤ t0,
which is a contradiction since vi(x, 0) > 0, i = 1, 2.

4. If x0 = 0 then v1(0, t0) = 0 and v1, v2 ≥ 0 for t ≤ t0; hence, v1x(0, t0) ≥ 0.
But, by definition v1x(0, t0) = 0; thus we must have v1x(0, t0) = 0. The strong
maximum principle implies that if there exists an interval (0, α), α > 0, with
v1(x, t0) > 0 then v1x(0, t0) > 0. We get a contradiction. Thus we must have
v1(x, t0) = 0, hence v1 ≡ 0 for 0 ≤ t ≤ t0 somewhere in (0, l1), which is a
contradiction since v1(x, 0) > 0.

5. If x0 = l2, by the same argument we obtain a contradiction.

As a result of this, we must have v1 > 0 on [0, l1] × [0, T ] and v2 > 0 on
[l1, l2] × [0, T ]. Since ϵ > 0 is arbitrary, we obtain u1 ≥ 0 and u2 ≥ 0. Further-
more, if ui, i = 1, 2 are not zero and for some t0 > 0, ui(x, t0) = 0, i = 1, 2 then the
same arguments based on the strong maximum principle imply that u1, u2 = 0 for
0 ≤ t ≤ t0. Therefore, in fact, ui > 0 for t > 0, i = 1, 2.



Chapter 3

The effect of movement behaviour on
population density in patchy
landscapes

From a mathematical view point, this chapter analyzes the questions of existence,
uniqueness and global stability of steady state solutions of a system of nonlinear
equations, on a two-patch environment. From a biological viewpoint, this chapter
studies the impact that the movement patterns of species have on their total popula-
tion density, at a steady state, relative to the total carrying capacity of their habitat.
Before presenting these results, we introduce the context of both viewpoints.

The content of this chapter published in Zaker et al. [74].

3.1 Introduction and model presentation
The study of spatial population dynamics relates to some of the most fundamental
questions in theoretical ecology: Why are individuals where they are? How does land-
scape structure affect population distribution in space? What effect does movement
in response to habitat variation have on population density? These questions are
of increasing importance as natural events and human activities create increasingly
fragmented landscapes in which some biological populations may thrive while others
struggle to survive.

Reaction-diffusion equations are a common and highly versatile tool to study
such questions [12]. One fairly basic model for the density u(x, t) of a species at
location x and time t is the diffusive logistic equation

∂u

∂t
= D

∂2u

∂x2
+ r(x)u

(︃
1− u

K(x)

)︃
. (3.1.1)

31
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Here, the diffusion coefficientD measures the mean squared displacement of organisms
under random motion, r is the low-density growth rate, and K denotes the local
carrying capacity. With spatially constant parameters, this equation is widely used in
applications [5]. For heterogeneous landscapes, large amounts of data are required to
estimate the spatially varying parameter functions r(·) and K(·). In addition, when
landscape quality varies in space, the assumption of a spatially constant random
diffusion process is unrealistic. Most organisms adapt their movement to habitat
quality and show bias towards better habitats [49, 20]. Spatially varying movement
behavior can be included in (3.1.1) in a number of different ways, such as a Fickian
diffusion term ∂x(D(x)∂xu) or an “ecological” diffusion term ∂2x(D(x)u) [68]. The two
cases show different behavior in simulations, but analytical results remain relatively
abstract (e.g., existence of solutions, monotonicity).

A closely related but somewhat different approach to population dynamics in
spatially varying landscapes is to consider landscapes that consist of ”patches”: regions
in space that are homogeneous within but different from their neighbouring patches.
One then formulates a reaction-diffusion equation with constant coefficients on each
patch, and connects the equations for adjacent patches by matching conditions for the
density and flux. This modelling approach was pioneered by Pacala and Roughgarden
[56] for two patches and by Shigesada et al. [65] for infinite landscapes, and continued
by Freedman et al. [31], Cruywagen et al. [21], Lutscher et al. [47] and others. A
major improvement on these earlier models occurred when Maciel and Lutscher [49]
introduced novel interface matching conditions, based on the work by Ovaskainen and
Cornell [55]. These matching conditions not only allow us to include patch preference
data, which are frequently collected in the field, into reaction-diffusion models, they
also remove some biologically unrealistic behavior that the early models showed; see
Maciel and Lutscher [49] for a thorough discussion of this point. A number of recent
studies use this new framework to study questions of persistence and spread [50, 4]
and apply it to marine reserve design [41, 3]. However, most of their results are based
on either linear analysis or numerical simulation (but see Maciel et al. [48]).

In the current work, we study the various aspects of a positive steady state of
the nonlinear equations. More specifically, we prove the existence, uniqueness, and
global stability of such a state, and we classify the possible qualitative behaviors of
this state, depending on model parameters. We also apply our results to the question
of whether and how the total population abundance at steady state could exceed the
total carrying capacity of a landscape, depending on movement behavior. This latter
question has puzzled theoretical ecologists since the discovery of the phenomenon
by Freedman and Waltman [30]; see Zhang et al. [76] for a recent review on the
subject. While the original discovery emerged in a spatially implicit patch model,
formulated as ordinary differential equations, the phenomenon can also be observed
in the spatially explicit reaction-diffusion model (3.1.1). More precisely, if we denote
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by u∗ the steady-state solution of (3.1.1), then Lou [43] proved that∫︂
Ω

[u∗(x)−K(x)]dx > 0 (3.1.2)

for all D > 0, in the special case of nonconstant functions r(x) = K(x). DeAngelis
et al. [23] extended this result by showing that the same inequality holds when r(·)
and K(·) are positively correlated and D is small. DeAngelis et al. [24] consider the
limit of large diffusion rates. Such a result is surprising at first because it says that
the “carrying capacity” is not necessarily the upper limit of the population density
on a landscape. It is also relevant when studying competition of two species and
the question of (mutual) invasion of one by the other. We will obtain some sufficient
conditions for when the corresponding inequality holds in our patch model, and we will
show that in certain limiting cases, these conditions are also necessary. But we will
also show that certain types of movement behavior will ensure that the corresponding
inequality cannot hold.

We consider the simplest scenario of a patchy one-dimensional landscape, consist-
ing of two adjacent patches that are homogeneous within but differ from one another.
We denote these patches by Ω1 = [−L1, 0] and Ω2 = [0, L2], respectively, and the
population density on patch i by ui(x, t). We refer to the point x = 0 where the
two patches meet as the interface and to x = −L1 and x = L2 as the boundary of
our landscape. On each patch, individual movement and population dynamics are
described by a reaction-diffusion equation. Hence, the equations for the densities on
patch i have the form

∂ui(x, t)

∂t
= Di

∂2ui(x, t)

∂x2
+ ui(x, t)fi (ui(x, t)) , x ∈ Ωi, i = 1, 2, (3.1.3)

where Di is the diffusion coefficient in patch i. In general, we assume that the per
capita growth functions fi ∈ C2[0,∞) satisfy the conditions (see, e.g., Freedman [29])

fi(0) > 0; f ′
i(ui) < 0; there exists Ki > 0 such that fi(Ki) = 0. (3.1.4)

In biological terms, the per capita growth rate decreases with population density
because of intraspecific competition. The maximum per capita growth rate ri = fi(0)
occurs at low density. This assumption excludes an Allee effect, where the maximum
per capita growth rate occurs at intermediate density [17]. Parameter Ki can be
interpreted as the carrying capacity of patch i. For all explicit calculations and
simulations, we will use the logistic growth function

fi(u) = ri

(︃
1− u

Ki

)︃
. (3.1.5)

We assume that no individuals cross the boundaries of the two-patch landscape.
Hence, we impose Neumann (no-flux) boundary conditions at x = −L1 and x = L2,
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i.e.,
∂u1(−L1, t)

∂x
=
∂u2(L2, t)

∂x
= 0, t ⩾ 0. (3.1.6)

With these conditions, our system can also be viewed as half a period of an infinite
periodic landscape with alternating patches of lengths 2L1 and 2L2, respectively [48].

At the interface between patches, i.e., at x = 0, we impose the matching condi-
tions for population density and flux that were derived from a random-walk model by
[55] and studied further by [49]. There are two conditions. One of them states that
the population flux is continuous across the interface. This implies that no individ-
uals are lost or gained from moving across the interface. Mathematically, continuity
of the flux at the interface is expressed as

D1
∂u1(0, t)

∂x
= D2

∂u2(0, t)

∂x
, t ⩾ 0. (3.1.7)

The other condition relates the densities on the two sides of the interface. To under-
stand this condition, we denote by p1 and p2 the probabilities that an individual at
the interface moves to patch 1 and patch 2, respectively. We assume that individu-
als cannot stay at the interface, so that p1 + p2 = 1. We also refer to pi as habitat
preference. With this notation, the second interface condition reads [55, 49]

u1(0, t) = ku2(0, t), k =
p1
p2

D2

D1

, t ⩾ 0. (3.1.8)

Putting all the ingredients together, we have the following system of equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ui(x, t)

∂t
= Di

∂2ui(x, t)

∂x2
+ ui(x, t)fi (ui(x, t)) , (x, t) ∈ Ωi × [0,∞);

D1
∂u1(0, t)

∂x
= D2

∂u2(0, t)

∂x
, t ≥ 0;

u1(0, t) = ku2(0, t), t ≥ 0;

∂u1(−L1, t)

∂x
=
∂u2(L2, t)

∂x
= 0, t ≥ 0.

(3.1.9)

Uniqueness and global existence of solutions of this time-dependent problem
were recently proved by Maciel et al. [48]. In this work, we focus on the steady-state
problem of equations (3.1.9). Denoting the steady state densities also by ui = ui(x),
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the defining equations are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Di
d2ui(x)

dx2
+ ui(x)fi (ui(x)) = 0, i = 1, 2, x ∈ Ωi;

D1
du1(0)

dx
= D2

du2(0)

dx
,

u1(0) = ku2(0),

du1(−L1)

dx
=

du2(L2)

dx
= 0.

(3.1.10)

In the next section, we prove the uniqueness, existence, and global stability of the
steady state.

3.2 Existence and global stability of a positive steady
state

In this section, we first rescale our model and use some ideas by Freedman et al. [31]
to prove existence and uniqueness of a positive solution of the steady-state problem
(3.1.10). Then we prove that this positive solution is globally asymptotically sta-
ble, using monotonicity properties of the system. Finally, we classify the possible
qualitative shapes of the positive steady-state solutions.

3.2.1 Scaling and continuous solutions

Freedman et al. [31] considered a steady-state problem of population dynamics on
two adjacent patches, similar to our problem. Their model differed from ours in that
they assumed continuity at the interface and a different set of boundary conditions.
In order to apply their ideas, we first scale our model to obtain continuous interface
conditions.

Following Maciel and Lutscher [50], we define the new variables for the time-
dependent problem⎧⎪⎨⎪⎩

v1(ξ, t) = u1(x, t), ξ = x ∈ ˜︁Ω1 := [−L1, 0] ;

v2(ξ, t) = ku2(x, t), ξ = x
k
∈ ˜︁Ω2 :=

[︁
0, L2

k

]︁
.

(3.2.1)
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In this new scaling, system (3.1.9) takes the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂v1(ξ, t)

∂t
= ˜︁D1

∂2v1(ξ, t)

∂ξ2
+ v1(ξ, t) ˜︁f1(v1(ξ, t)), on ˜︁Ω1 × [0,∞);

∂v2(ξ, t)

∂t
= ˜︁D2

∂2v2(ξ, t)

∂ξ2
+ v2(ξ, t) ˜︁f2(v2(ξ, t)), on ˜︁Ω2 × [0,∞);

˜︁D1
∂v1(0, t)

∂ξ
= ˜︁D2

∂v2(0, t)

∂ξ
, t ≥ 0;

∂v1 (−L1, t)

∂ξ
=
∂v2 (L2/k, t)

∂ξ
= 0 , t ≥ 0;

v1(0, t) = v2(0, t), t ≥ 0;

(3.2.2)

where ˜︁D1 = D1, ˜︁D2 =
D2

k2
, ˜︁f1(v1) = f1(v1), and ˜︁f2(v2) = f2(v2/k). We note that in

this scaling, we have continuity of density and flux at the interface.

We denote L̃2 =
L2

k
, ˜︁K1 = K1 and ˜︁K2 = kK2. For simplicity of notation, we

drop the˜ from here on and revert to the original variable name ξ = x. As a result,
we rewrite the above system as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂v1(x, t)

∂t
= D1

∂2v1(x, t)

∂x2
+ v1(x, t)f1(v1(x, t)), on Ω1 × [0,∞);

∂v2(x, t)

∂t
= D2

∂2v2(x, t)

∂x2
+ v2(x, t)f2(v2(x, t)), on Ω2 × [0,∞);

D1
∂v1(0, t)

∂x
= D2

∂v2(0, t)

∂x
, t ≥ 0;

∂v1 (−L1, t)

∂x
=
∂v2 (L2, t)

∂x
= 0 , t ≥ 0;

v1(0, t) = v2(0, t), t ≥ 0.

(3.2.3)
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3.2.2 Existence and uniqueness of the positive steady state

In the rescaled variables, system (3.1.10) assumes the form:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D1
d2v1(x)

dx2
+ v1(x)f1(v1(x)) = 0, on Ω1 = [−L1, 0];

D2
d2v2(x)

dx2
+ v2(x)f2(v2(x)) = 0, on Ω2 = [0, L2];

D1
dv1(0)

dx
= D2

dv2(0)

dx
, v1(0) = v2(0);

dv1(−L1)

dx
= 0,

dv2(L2)

dx
= 0,

(3.2.4)

which is, of course, the steady-state problem of the rescaled dynamic system (3.2.3).
We note that if K2 = K1, the function v1(x) = v2(x) = K1 is a solution of (3.2.4).

The challenge is to find a solution when K1 ̸= K2. Without loss of generality, we
assume that K2 > K1. Our main result in this section is the following.

Theorem 3.2.1. There exists a unique positive solution of system (3.2.4), and this
solution is monotone on each Ωi.

We begin the proof of this theorem with some general considerations. If we sup-
pose that 0 < v1(−L1) ≤ K1 < K2 then, by the maximum principle, we necessarily
have v′1(0) ≤ 0. By continuity, we then find v2(0) < K2 and v′2(0) ≤ 0. By the max-
imum principle again, this implies that v′2(L2) < 0 so that the boundary conditions
cannot be met. Hence, we must have v1(−L1) > K1. The same reasoning applies
to show that necessarily v2(L2) < K2. We now construct our desired solution such
that K1 < v1(−L1) < v2(L2) < K2. We split the construction into several smaller
steps that follow the ideas of Freedman et al. [31]. We only give the proofs for those
statements that are not found in their paper.

We define q1(x, α1), x ∈ Ω1 to be the unique solution of the first equation of
(3.2.4) such that

∂q1(−L1, α1)

∂x
= 0, q1(−L1, α1) = α1, (3.2.5)

and q2(x, α2), x ∈ Ω2 the unique solution of the second equation of (3.2.4) such that

∂q2(L2, α2)

∂x
= 0, q2(L2, α2) = α2. (3.2.6)

Existence and uniqueness of qi is guaranteed by the general existence and uniqueness
theorem for ordinary differential equations; see e.g. Perko [60].
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If we can show that there exist unique α1, α2 such that⎧⎪⎨⎪⎩
q1(0, α1) = q2(0, α2),

D1
∂q1(0, α1)

∂x
= D2

∂q2(0, α2)

∂x
,

then we have shown the existence and uniqueness of a positive solution of model
(3.2.4). The following three lemmas are key to achieve this goal.

Lemma 3.2.2. If α1 > K1 then

∂q1(x, α1)

∂x
> 0 on − L1 < x ⩽ 0.

Lemma 3.2.3. If α2 < K2 then

∂q2(x, α2)

∂x
> 0 on 0 ⩽ x < L2.

Lemma 3.2.4. Define Hi(αi) := qi(0, αi), i = 1, 2. Then there exist α̂i such that

H1 : [K1, α̂1] → [K1, K2] and H2 : [α̂2, K2] → [K1, K2] .

Furthermore, Hi are monotone functions. Hence, for every α1 ∈ [K1, α̂1] there exists
a unique α2 ∈ [α̂2, K2], such that q1(0, α1) = q2(0, α2). In particular, there exists a
continuous solution.

These lemmas ensure the existence of solutions that are continuous. To ensure
the existence of a solution that also satisfies the flux condition at x = 0, Freedman
et al. [31] apply the intermediate value theorem. Their proof carries over to our case
as well. This completes the proof of Theorem 3.2.1.

It remains to prove the lemmas. The proof of Lemma 3.2.4 is identical to the
one in Freedman et al. [31], but the other two differ somewhat. We only provide the
proof of Lemma 3.2.3 here, the proof of Lemma 3.2.2 is essentially the same.

Proof: Based on (3.2.6) and the assumption of this lemma, we have q2(L2, α2) =
α2 < K2. By continuity, we can assume that there exists a small enough value ε > 0
such that q2(x, α2) < K2 on the interval (L2 − ε, L2]. From the second equation of

system (3.2.4), we see that
∂2q2(x, α2)

∂x2
< 0 so that we conclude

∂q2(x, α2)

∂x
> 0 on

this interval. On the other hand, by (3.2.6) we have
∂q2(L2, α2)

∂x
= 0.

Thus,
∂q2(x, α2)

∂x
> 0, which shows that q2(x, α2) is an increasing function on

the interval (L2 − ε, L2]. If q2(x, α2) is not increasing everywhere in [0, L2], we can
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conclude that there exists a point, x̄, such that
∂q2(x̄, α2)

∂x
= 0. By construction, q2

satisfies the second equation in (3.2.4). We multiply this equation by dq2/dx and
integrate from 0 to L2. We obtain(︃

∂q(x, α2)

∂x

)︃2

= − 2

D2

∫︂ q2(x̄,α2)

α2

ζf2(ζ)dζ. (3.2.7)

If we evaluate this expression at x̄, then the left-hand side is zero while the right-hand
side is negative since ζ > α2. Thus, we get a contradiction.

Freedman et al. [31] proved that the steady state of (3.2.4) is locally asymptoti-
cally stable under the sufficient condition that d

dv
(vf(v)) < 0 for K1 ≤ v ≤ K2. It will

become clear below that this condition is much too strong for many of the cases that
we are interested in. Therefore, we prove the much stronger result that the positive
steady state is unconditionally stable.

Theorem 3.2.5. The positive steady-state solution of (3.2.3) is globally asymptoti-
cally stable.

Proof: The proof is a slight adaptation of the proof of Proposition 3.2 in Cantrell
and Cosner [12]. Maciel et al. [48] showed the existence and uniqueness of solutions
of (3.2.3), using semigroup theory. They also showed that the equation possesses a
comparison principle. Furthermore, they showed that the linearization of (3.2.3) at
a steady state possesses a dominant eigenvalue with positive eigenfunction. We find
that max{K1, K2} is a supersolution for our model. As in Proposition 3.2 in [12],
we can construct a subsolution as an appropriate multiple of the eigenfunction of the
linearization at zero. By the calculations in [49], this eigenvalue is positive for the
chosen functions fi. Hence, the trivial steady state is unstable, and the subsolution
will converge upward to a smallest positive steady state. Since the steady state is
unique, our claim follows.

3.3 Classifying the shapes of the positive steady state
We illustrate how the value of the composite parameter (see (3.1.8))

k =
p1

1− p1

D2

D1

,

affects the steady state of the system. We choose patch preference (p1) as our pa-
rameter of interest here. We discuss the influence of the diffusion rates in a different
context below.
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For reference, we summarize the results from Section 2.2. To avoid confusion,
we will use the notation from (3.2.2) with tildes. According to Theorem 3.2.1, there
are three possible shapes of the solution.

a) If ˜︁K1 = ˜︁K2, then the solution is constant in space.

b) If ˜︁K1 < ˜︁K2 then the solution is increasing with v1 > ˜︁K1, and v2 < ˜︁K2.

c) If ˜︁K1 > ˜︁K2 then the solution is decreasing with v1 < ˜︁K1, and v2 > ˜︁K2.

A direct translation of these properties to the unscaled steady-state problem (3.1.10)
gives the following possible shapes.

Lemma 3.3.1. The positive solution of (3.1.10) has exactly one of the following
shapes.

a′) If K1 = kK2 then the solution is constant on each patch.

b′) If K1 < kK2 then the solution is increasing on each patch with u1 > K1 and
u2 < K2.

c′) If K1 > kK2 then the solution is decreasing on each patch with u1 < K1 and
u2 > K2.

Solutions of the unscaled model are not continuous at the interface, unless k =
1. Even if the solution is monotone on each patch, the jump at the interface may
be in the “opposite” direction so that the solution may not be monotone over the
entire landscape. We illustrate how the value of k affects the steady-state solution
in general and the jump at the interface in particular. We fix all parameters, except
for p1 and we choose K2 > K1, without loss of generality. As we decrease p1, k also
decreases. According to the three cases above, we find three cases for the value of k,
see Figure 3.1.

Figure 3.1: Three different cases for the parameter of discontinuity at the
interface, k, where K2 > K1



3. THE EFFECT OF MOVEMENT BEHAVIOUR ON POPULATION
DENSITY IN PATCHY LANDSCAPES 41

When k > 1, the solution is monotone increasing in each patch but jumps down
at the interface; see Figure 3.2(a). As k decreases, the jump at the interface decreases
until the solution becomes continuous at k = 1 (plot not shown). As long as k >
K1/K2, the solution remains increasing in each patch. Since the jump is now up, the
solution is monotone on the entire landscape; see Figure 3.2(b). When k = K1/K2,
the solution is piecewise constant, equal to the carrying capacity in each patch (plot
no shown). When k < K1/K2 the jump at the interface is larger than the jump
in the carrying capacities. In this case, the solution is decreasing on each patch.
Since the jump at the interface is up, the solution is not globally decreasing. In fact,
the solution now exceeds the larger of the two carrying capacities; see Figure 3.2(c).
Finally, we briefly illustrate the case where K1 = K2. In this case, we have k > 1
exactly when k > K1/K2, so that the three cases in Figure 3.1 collapse to only two.
When k > 1, the solution is increasing in each patch and the jump is down, so that
the solution is not globally monotone. Necessarily, the solution exceeds the maximum
of the carrying capacity; see Figure 3.2(d).

From a biological point of view, we see that when individuals have a high prefer-
ence for patch 1, they will pour into patch one and thereby increase the steady-state
density in patch 1 near the interface above its carrying capacity. In fact, the density
on the entire patch will then be above its carrying capacity. At the same time, indi-
viduals leave patch 2 so that the density in that patch is decreased at the interface
and therefore also in the entire patch. When the preference for patch 1 is low, the
situation is reversed.

3.4 Role of movement in steady-state density
The illustrations in Figure 3.2 show that the steady-state density is greater than the
local carrying capacity in one of the two patches and less than the local carrying
capacity in the other patch. We are interested in whether the gain in population
density over the carrying capacity in one patch exceeds the loss on the other patch
or not. The magnitude of this effect depends on individual movement behavior at
the interface through the composite parameter k in (3.1.8). Hence, we are led to ask
whether individual movement behavior benefits the population at steady state and
what the underlying mechanisms are. It is clear that in the absence of any movement,
the steady-state density equals carrying capacity everywhere.

As mentioned in the introduction, this question has been studied in the context
of population dynamics in discrete habitat patches [30]. The first such study in the
context of reaction-diffusion equations that we are aware of is by Lou [43]. Lou
studied the steady-state density of (3.1.1) under the assumption that r(x) = K(x)
is not constant. He showed that inequality (3.1.2) holds for all D > 0. [23] studied
the same question in the case where r(x) ̸= K(x) is not constant. They found that
inequality (3.1.2) holds under the additional assumption that r and K are positively
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(a) p1 = 0.6 (b) p1 = 0.35

(c) p1 = 0.2 (d) K1 = K2 and p1 = 0.6

Figure 3.2: We illustrate how the shape of the steady-state solution of system
(3.1.10) changes as the patch preference (p1) changes. Top left: When p1 =
0.6, we have Case 1 with k = 2.25 > 1. Top right: When p1 = 0.35, we have
Case 2 with K1/K2 = 0.625 < 0.8077 = k < 1. Bottom left: When p1 = 0.2,
we have Case 3 with k = 0.3750 < K1/K2. Bottom right: When K1 = K2,
the two threshold conditions for k are identical. When p1 = 0.6, we are in
Case 1 with k = 2.25. See text for detailed description. We chose the patches
Ω1 = [−6, 0], Ω2 = [0, 6]. Parameters are K1 = 5 = r1, K2 = 8 = r2, D1 = 2
and D2 = 3 unless otherwise indicated. The density in patch 1 (patch 2) is
plotted in blue (red). The dashed lines correspond to the respective carrying
capacities.

correlated in space, at least when D is small. In both works, the authors assumed
that D > 0 is independent of local conditions.
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It turns out that the basic result by Lou [43] is still true when the diffusion term
in (3.1.1) is replaced by spatially varying diffusion of Fickian type.

Lemma 3.4.1. Consider the positive solution of

d

dx

(︃
D(x)

du

dx

)︃
+ u(K(x)− u) = 0, (3.4.1)

on [0, L] with positive and sufficiently smooth functions D(·) and K(·) and no-flux
boundary conditions

du

dx
(0) = 0,

du

dx
(L) = 0.

Then ∫︂ L

0

[u(x)−K(x)]dx > 0.

Proof: The proof is only a slight generalization of the proof in Lou [43]. We assume
that u(·) is a sufficiently smooth positive solution of the steady-state equation above.
First, we divide both sides of the equation by u(·) and integrate by parts over the
interval [0, L]. After applying the boundary conditions, we obtain:∫︂ L

0

(u(x)−K(x)) dx =

∫︂ L

0

1

u(x)

(︃
d

dx

(︃
D(x)

du(x)

dx

)︃)︃
dx

=

∫︂ L

0

D(x)

(︃
1

u(x)

du(x)

dx

)︃2

dx.

Thus, the integral difference is positive, as claimed in the lemma.

When the diffusion term in (3.1.1) is replaced by the ecological diffusion (or
forward Kolmogorov) term [68], the next calculations show that there is no simple
condition under which inequality (3.1.2) would hold. The equations become⎧⎪⎪⎪⎨⎪⎪⎪⎩

d2

dx2
(D(x)u(x)) + u(x) (K(x)− u(x)) = 0, x ∈ [0, L];

d

dx
(D(x)u(x))|x=0 = 0,

d

dx
(D(x)u(x))|x=L = 0.

We follow the same steps as above to find∫︂ L

0

(u(x)−K(x)) dx =

∫︂ L

0

1

u(x)

d2

dx2
(D(x)u(x)) dx
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=

∫︂ L

0

d

dx
D(x)

(︃
d

dx
ln(u(x))

)︃
dx+

∫︂ L

0

D(x)

(︃
1

u(x)

du(x)

dx

)︃2

dx.

We see that the right-hand side is not necessarily positive. Instead, some conditions
on slope or curvature need to be satisfied for positivity. Since the shape of u depends
on the shape of K and D, it is not obvious what these conditions are.

The assumption that movement behavior is independent of local conditions is
highly unrealistic in natural systems. Most organisms adjust their movement behavior
to the quality of the habitat that they are in, and often also direct their movement to
certain types of habitat. For a recent review of some empirical evidence, see Crone
et al. [20]. In models with continuously varying landscape quality, such as (3.4.1),
determining the form of D and/or estimating it from data is a complicated endeavour.
Our modelling approach with piecewise constant functions and a single parameter at
an interface offers a much more manageable alternative. In fact, empirical estimates
of habitat preferences are quite common in the literature, see e.g. references in Maciel
and Lutscher [49].

In our model, we calculated the difference between the total steady-state density
and the total carrying capacity for the four plots in Figure 3.2; see Table 3.1. We find
that inequality (3.1.2) holds only in one of the four cases. We will derive a sufficient
condition for the inequality to hold.

Figure 3.2
∫︁
Ω
u(x)dx

∫︁
Ω
K(x)dx

∫︁
Ω
[u(x)−K(x)]dx

(a) 77.686 78 -0.31417
(b) 78.168 78 0.16754
(c) 77.442 78 -0.55800
(d) 59.505 60 -0.49502

Table 3.1: Numerical evaluation of the total population abundance at steady
state, the total carrying capacity, and their difference for the four plots in
Figure 3.2. Only in case (b) inequality (3.1.2) is satisfied.
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3.4.1 Total population abundance at steady state

To derive a sufficient condition for inequality (3.1.2) to hold in our system, we consider
the positive solution of our steady-state equations as usual⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D1
d2u1(x)

dx2
+ u1f1(u1) = 0, x ∈ Ω1 = [−L1, 0];

D2
d2u2(x)

dx2
+ u2f2(u2) = 0, x ∈ Ω2 = [0, L2];

D1
du1(0)

dx
= D2

du2(0)

dx
, u1(0) = ku2(0),

du1(−L1)

dx
= 0,

du2(L2)

dx
= 0.

(3.4.2)

We divide the first equation by u1 and integrate. We find

D1

u1(0)

du1(0)

dx
+D1

∫︂ 0

−L1

1

u21(x)

(︃
du1(x)

dx

)︃2

dx+

∫︂ 0

−L1

f1(u1(x))dx = 0. (3.4.3)

Similarly, dividing the second equation in (3.4.2) by u2 and integrating gives

− D2

u2(0)

du2(0)

dx
+D2

∫︂ L2

0

1

u22(x)

(︃
du2(x)

dx

)︃2

dx+

∫︂ L2

0

f2(u2(x))dx = 0. (3.4.4)

Now we use fi(u) = ri(1−u/Ki) = ri(Ki−u)/Ki. We multiply (3.4.3) by K1/r1 and
(3.4.4) by K2/r2 and add the two. We obtain∫︂ 0

−L1

[u1(x)−K1]dx+

∫︂ L2

0

[u2(x)−K2]dx = I1 + I2, (3.4.5)

where

I1 =
K1D1

r1

∫︂ 0

−L1

1

u21(x)

(︃
du1(x)

dx

)︃2

dx+
K2D2

r2

∫︂ L2

0

1

u22(x)

(︃
du2(x)

dx

)︃2

dx, (3.4.6)

and
I2 =

K1

r1

D1

u1(0)

du1(0)

dx
− K2

r2

D2

u2(0)

du2(0)

dx
. (3.4.7)

The left-hand side in (3.4.5) is the quantity that we are interested in: the difference
between the total population abundance and the total carrying capacity. The first
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term on the right-hand side is clearly positive. Using the interface conditions, we
simplify the second term into

I2 =
D1

u1(0)

du1(0)

dx

(︃
K1

r1
− k

K2

r2

)︃
, (3.4.8)

with k as in (3.1.8). Hence, we have the following result.

Theorem 3.4.2. Let u1, u2 be the positive solution of (3.4.2) with logistic growth
terms fi(u) = ri(1− u/Ki). If

du1(0)

dx

(︃
1− p1

1− p1

D2

D1

K2

r2

r1
K1

)︃
=

du1(0)

dx

(︃
1− k

K2

K1

r1
r2

)︃
> 0, (3.4.9)

then ∫︂ 0

−L1

[u1(x)−K1]dx+

∫︂ L2

0

[u2(x)−K2]dx > 0, (3.4.10)

i.e., the total population abundance is higher than the total carrying capacity.

The condition in the theorem simplifies significantly if we assume ri = Ki, as
was done by Lou [43], or, slightly more generally, if K2/K1 = r2/r1.

Corollary 3.4.3. Assume that K2/K1 = r2/r1. If K2 > K1, then inequality (3.4.10)
holds if K1/K2 < k < 1. Similarly, if K1 > K2 then inequality (3.4.10) holds if
K1/K2 > k > 1.

Proof: When K2/K1 = r2/r1, condition (3.4.9) holds if and only if du1(0)/dx
and (1 − k) have the same sign. Assume K2 > K1. According to Lemma 3.3.1, the
solution is increasing on each patch if k > K1/K2. Hence, du1(0)/dx > 0. If also
k < 1 then both factors of (3.4.9) are positive. The other case is similar.

To illustrate this result, we return to Figure 3.2. Parameters were chosen such
that ri = Ki and K2 > K1. Hence, only plot (b) satisfies the conditions of the
preceding corollary. We see from Table 3.1 that the integral inequality does indeed
hold for that case, but not for any other.

In the general case, Lemma 3.3.1 gives us the sign of du1/dx > 0 as a function of
K1, K2 and k. Combined with Theorem 3.4.2, we find that inequality (3.4.10) holds
in the following two cases

1 < k
K2

K1

<
r2
r1

and 1 > k
K2

K1

>
r2
r1
.

To show that these conditions are sufficient but not necessary, we present another
set of numerical results, this time with ri ̸= Ki (see Figure 3.3). Instead of varying
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parameter p1 (the probability that an individual at the interface chooses to move into
patch 1), we vary the diffusion coefficients in the two patches. The set-up is the same
as in Figure 3.2, only the parameter values are different (see figure caption). The
conditions from Theorem 3.4.2 are satisfied only in panel (b), yet inequality (3.4.10)
is satisfied for (b) and (d) as Table 3.2 shows. In panels (a) and (c), the value of
kK2/K1 is an order of magnitude smaller or larger, respectively, than unity. In those
cases, inequality (3.4.10) cannot be satisfied.

(a) D1 = 10 and D2 = 1. (b) D1 = 4 and D2 = 3.

(c) D1 = 1 and D2 = 15. (d) D1 = 4 and D2 = 5.

Figure 3.3: We illustrate how the shape of the steady-state solution of sys-
tem (3.1.10) changes as diffusion coefficients change. Top left: We have
kK2/K1 = 0.16 < 1 < 1.5 = r2/r1. Top right: We have 1 < kK2/K1 = 1.2 <
1.5 = r2/r1.Bottom left: We have kK2/K1 = 24 > 1.5 = r2/r1 > 1. Bottom
right: We have kK2/K1 = 2 > 1.5 = r2/r1 > 1. Common parameters are
r1 = 4, r2 = 6, and p1 = 0.5. Other parameters are as in Figure 3.2
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Figure 3.3
∫︁
Ω
u(x)dx

∫︁
Ω
K(x)dx

∫︁
Ω
(u(x)−K(x))dx

(a) 73.531 78 -4.4691
(b) 78.148 78 0.14769
(c) 70.292 78 -7.7085
(d) 78.136 78 0.13557

Table 3.2: Numerical evaluation of the total population abundance at steady
state, the total carrying capacity, and their difference for the four plots in
Figure 3.3. Inequality (3.1.2) is satisfied in cases (b) and (d) even though
the sufficient conditions from Theorem 3.4.2 are satisfied only for (b).

To further clarify the conditions under which inequality (3.4.10) can hold, we plot
the difference between the total steady-state density and the total carrying capacity
as a function of parameter k; see Figure 3.4. We see that the inequality is satisfied
for some intermediate range of k, but not for very small or very large k. We also
see that the range in which the inequality holds (where the graph is positive) is
larger than what the theorem predicts (between the two dashed vertical lines). In
particular, while the lower bound, k > K1/K2, seems to be optimal, the upper bound,
k < K1r2/(K2r1), is clearly not optimal for the chosen parameters. We return to this
question later. When k < K1/K2, the steady state exceeds the higher of the two
carrying capacities and is smaller than the lower of the two near the interface. In
this case, the total population abundance is always below the total carrying capacity.
On the other hand, if movement behavior is such that the density exceeds the lower
carrying capacity and remains below the higher of the two, then the total effect is
positive for the population density, at least as long as the effect is not too large.

We can relate a special case of our results to those by DeAngelis et al. [23].
If we assume, as those authors did, that diffusion is constant throughout the two
patches and that there is no preference for any of the patches, then we have k = 1.
If we further assume (without loss of generality) that K2 > K1, then for inequality
(3.4.10) to hold, we require r2/r1 > K2/K1 > 1. In particular, ri and Ki have to
be positively correlated, as was the case for DeAngelis et al. [23]. However, while
those authors obtained their result only for a small enough diffusion coefficient, our
reasoning applies without that restriction, but for a much simpler landscape than
theirs.

We conclude this section with another observation in Figure 3.3. When the
two diffusion coefficients differ by an order of magnitude, there is a clearly visible
difference in the maximum slope and curvature of the steady-state solution. For
example, whenever Di is small, the solution is close to the carrying capacity (and
hence nearly constant) for much of the patch (e.g., the red curve in panel (a) and the
blue curve in panel (c)). Whenever Di is large, the maximum curvature is smaller,
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Figure 3.4: Plot of the integral difference
∫︁
Ω
(u(x) − K(x))dx with respect

to log(k). The black and red dashed lines indicate the sufficient conditions
from the theorem, K1

K2
< k < K1r2

K2r1
.

and the solution changes more gradually (e.g., the blue curve in panel (a) and the
red curve in panel (c)). In the next section, we study the shape of the steady-state
density in the extreme cases where both diffusion coefficients become very small or
both become very large.

3.4.2 The limits of fast and slow diffusion

So far, we only examined one aspect of the results by Lou [43] in our two-patch model,
namely his result that if r(x) = K(x) in (3.1.1) then inequality (3.1.2) holds. We
already found significant differences in our model that relate to individual movement
behavior. But Lou’s results are much finer than inequality (3.1.2). He proves that
as D → 0, the steady-state density approaches the carrying capacity in the Lp-norm
for all p ≥ 1. He also proves that as D → ∞, the steady-state density approaches
a constant, given by the spatial average of the carrying capacity, in the W 2,p-norm
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for p ≥ 1. In this final section, we formulate analogous questions for our two-patch
model and give numerical and heuristic evidence that analogous results could hold.

The first question is how to formulate the problem since model (3.1.1) contains
only one diffusion coefficient, but our two-patch model (3.1.3) contains two. We
choose to vary D1,2 in such a way that their ratio, d = D1/D2, remains constant.
Then parameter k remains independent of Di.

We present some numerical experiments. The plot in Figure 3.5 show that as
Di → 0, the steady-state density approaches the carrying capacity on each patch with
an increasingly steep transition zone near the interface. As Di → ∞, we see that the
steady-state density approaches a constant on each patch. In contrast to the result
by Lou [43], this constant is generally not the same throughout the entire domain,
because the matching conditions at the interface need to be satisfied.

We can derive a heuristic expression for the densities in each patch in the limit
as Di → ∞. We denote by u∗i the spatially constant steady-state density on patch i.
Then we integrate the equations over both patches and find

L1r1u
∗
1

(︃
1− u∗1

K1

)︃
+ L2r2u

∗
2

(︃
1− u∗2

K2

)︃
= 0.

Substituting the interface condition u∗1 = ku∗2 gives the solution

u∗2 =
L1r1k + L2r2
L1r1k
K1/k

+ L2r2
K2

, u∗1 = ku∗2. (3.4.11)

DeAngelis et al. [24] derive several similar formulas for the limit of large diffusion in
their setup. In fact, their formula (C.6) is a special case of our result when L1 = L2 =
1 and k = 1, as is formula (3.2) in Freedman and Waltman [30] for the case of two
discrete patches. Upon closer inspection, we see that (3.4.11) is the harmonic mean
of K2 and K1/k with weights L2r2 and L1r1k. This result is closely related to the
work by Yurk and Cobbold [73]. Those authors considered population dynamics in
an infinite landscape of periodically alternating patches of two types. They derived
equations for the homogenization limit when the patch sizes L1,2 → 0. In that
limit, the carrying capacity turned out the be an appropriately weighted harmonic
average of the patch-level carrying capacities. A steady-state solution of our model
on just two patches is equivalent to a periodic solution of their model with twice the
patch size because of the no-flux conditions at −L1 and L2; see also Maciel et al.
[48] for a similar argument. Our assumption that Di → ∞ can be turned into the
homogenization assumption Li → 0 by a simple rescaling of space.

For the solution in (3.4.11), we can explicitly calculate exact conditions for the
total population abundance to exceed the total carrying capacity. We have

L1u
∗
1 + L2u

∗
2 > L1K1 + L2K2
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Figure 3.5: Steady-state profiles of the two-patch model for varying values of
D1 with constant ratio D2/D1 = 0.9. As D1 approaches zero, the solution is
close to the carrying capacity on each patch (indicated by the black dashed
lines) and has a narrow but sharp transition zone near the interface (the
lowest of the blue curves and the highest of the red curves correspond to the
smallest value D1 = 0.1). As D1 gets large, the steady-state solution becomes
increasingly flat and approaches the constant values u∗i from (3.4.11) on patch
i (indicated by the black solid lines). Other parameters are as in Figure 3.3.

if and only if
K1

K2

< k <
K1

K2

r2
r1
. (3.4.12)

In other words, in the limit of fast diffusion, the upper bound that we found from
Theorem 3.4.2 for inequality (3.4.9) to hold is sharp.

We illustrate three possible behaviors of the difference between the total steady-
state density and the total carrying capacity as a function of diffusion rates in Figure
3.6. When k < K1/K2, the total steady-state density is below the total carrying
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capacity for all values of D1 (dashed curve). The curve is monotone decreasing and
approaches the value given by (3.4.11). When (3.4.12) is satisfied, the total steady-
state density is above the total carrying capacity for all D1 (solid curve). The curve
has an intermediate maximum as in the case studied by Lou [43]. In the limit, however,
we obtain again the values from (3.4.11), whereas Lou [43] found that the total steady-
state density equals the total carrying capacity in the limit. When k > (K1r2)/(K2r1)
is not too large, the curve increases initially but decreases below zero eventually
(dashes and circles). As always, the limiting value for large Di is given by (3.4.11).
When k ≫ (K1r2)/(K2r1), the curve has the same shape as for small k: it is monotone
decreasing (plot not shown).

Figure 3.6: Plot of the integral difference
∫︁
Ω
(u(x) −K(x))dx versus D1 for

three values of k. The ratio d = D1/D2 is fixed at d = 1.1, d = 0.9, and
d = 0.5, corresponding to the dashes and circles, solid, and dashed curves,
respectively. Other parameters are the same as in Figure (3.3).
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3.5 Discussion
Spatial population dynamics are often studied via reaction-diffusion equations [12].
There is, however, a certain disconnect: while spatially homogeneous models have
found many applications, e.g., for spread rates of biological invasions [5, 42] or for
critical patch sizes in conservation biology [66], spatially heterogeneous models are
largely studied from an abstract analytical point of view. We speculate that among
the reasons for this disconnect are that spatially heterogeneous models are almost pro-
hibitively difficult to parametrize since they require too many data points, and also
that the available mathematical results are often too abstract and require numerical
evaluation. One potential way forward was proposed by Shigesada et al. [65], who
studied persistence and invasions in piecewise constant, periodic landscapes. This
simplification not only significantly reduced the number of parameters in the model,
it also allowed explicit analytical results that are easy to evaluate and apply. Maciel
and Lutscher [49] extended their model framework by introducing individual move-
ment behavior at interfaces between different habitat types, based on earlier work by
Ovaskainen and Cornell [55]. Many empirical studies collect the required data (see,
e.g., references in [20]), and the qualitative behavior of the models with interface be-
havior differs significantly from those without [3, 41, 46, 49, 50]. However, almost all
results on the resulting reaction-diffusion systems with interface matching conditions
are based on linear analysis (but see Freedman et al. [31], Maciel et al. [48]). Our
work here studies several aspects of steady states of these models and applies the
results to the question of whether and how the total population abundance at steady
state can exceed the total carrying capacity as a result of movement behavior.

We first establish the existence and uniqueness of steady states by adopting the
method of Freedman et al. [31]. We then significantly extend their stability result
by proving that this steady state is unconditionally stable. We use the monotonicity
results from Maciel et al. [48] for that. Then we show that the steady-state density
is always monotone on each patch: it is either increasing or decreasing on both
patches. The density jump at the interface may, however, prevent the solution to
be monotone on the entire landscape. We give precise conditions, in terms of the
composite parameter k, that classify the steady states into one of three cases (Figure
3.1). We are aware of only one other study of the qualitative behavior of steady
states for population dynamics in patchy landscapes: Cruywagen et al. [21] used a
perturbation expansion approach in the model without interface behavior (i.e., with
k = 1).

In the critical case where k = K1/K2, the steady-state solution is piecewise
constant. This case has already shown significance in two ways elsewhere. Langebrake
et al. [41] studied a model for marine reserves and found that the critical value of
k delineated the case where model behavior matches empirical results from where
it does not; see also Alqawasmeh and Lutscher [4]. Maciel et al. [48] studied the
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evolution of dispersal and patch preference in a two-patch landscape and showed that
this special case was an evolutionarily steady strategy and a neighborhood invader
strategy.

As an application, we study the question of when the total steady-state density
can exceed the total carrying capacity in the landscape. This question has a long
tradition in ecology, starting with the work by Freedman and Waltman [30], who
studied it in an ordinary differential equation model of two patches without explicit
spatial location. The first treatment of this question with reaction-diffusion equations
is by Lou [43] and later by DeAngelis et al. [23]. A typical result is the existence of a
maximum of the total steady-state density at intermediate diffusion rates, and that
maximum exceeds the total carrying capacity. Empirical results confirm the existence
of such an intermediate maximum [75]. For a recent synthesis of this topic and its
ecological importance, see Zhang et al. [76]. Our model is the first, based on reaction-
diffusion equation, that considers differential movement rates and patch preference
in this context. It is also the first that finds that the total population abundance
for very large diffusion need not equal the total carrying capacity. Rather, we give
precise conditions for when the total population abundance is above or below the
total carrying capacity. Arditi et al. [6] found the same qualitative behavior in a two-
patch model with linear dispersal. In fact, their results also include the thresholds
K1/K2 and (r2K1)/(r1K2), but their movement behavior does not include bias. With
movement bias included, Arditi et al. [7] find patterns of total population abundance
that are very similar to ours, illustrated in their Figure 3.4 and 3.5.

Since our model is spatially explicit within each patch, it makes additional pre-
dictions about the density profile within each patch while the patch models in the
papers by Arditi et al. [6, 7] cannot make. We expect that our results can be related
to theirs via ”patch averaging” [14]. This is a technique to turn reaction-diffusion
systems in patchy landscapes into ordinary differential equation systems with ap-
propriate movement terms between patches. We are curious whether experimental
systems can be set up, where the density within each patch can be resolved so that
an increase or decrease at an interface could be measured.

Arguably the most obvious open question from our work is to find an analytical
proof of the numerical and heuristic convergence results for the steady-state density
as D1 = dD2 approach zero and infinity. The discontinuity condition at the interface
requires the development of new techniques to prove this convergence. An ecologically
more interesting task is to extend this model to more than two patches, each separated
by interfaces with corresponding matching conditions, and to study the qualitative
behavior of steady states. The infinite periodic case with two patch types is equivalent
to our two-patch case, but we are unaware of any study of three or more different
patch types.



Chapter 4

Steady state analysis with Allee effect

In Chapter 3, we analyzed steady states and stability in a patchy landscape model
where the net growth function was the logistic growth function in both patches. In
this chapter, we incorporate the Allee effect in one patch and analyze the resulting
model. After introducing the model in Section 4.1, we prove the existence of posi-
tive steady states, using different techniques than in Chapter 3. In Section 4.3, we
perform a stability analysis of these steady states. We end this chapter by showing
the bifurcation of some nonconstant steady states in Section 4.4. In this Chapter, we
will sometimes rescale the system differently from the previous chapters to suit the
analysis here better. For that reason, we begin with a restatement of the equations
and introduce all parameters.

4.1 Introduction and model presentation
As before, we consider a one-dimensional landscape consisting of two adjacent patches.
The two patches, say 0 ≤ x ≤ l1 for patch 1 and −l2 ≤ x ≤ 0 for patch 2 with an
interface at x = 0, can be of different quality. We have a population that inhabits
this landscape and whose dynamics and movement on each patch are described by
a reaction-diffusion equation. Hence, the equation for the population density ui(x, t)
at time t and location x in patch i is

∂ui(x, t)

∂t
= di

∂2ui(x, t)

∂x2
+ hi(ui(x, t)), i = 1, 2, (4.1.1)

where di represents the diffusion coefficient and hi describes the net growth. We will
consider two types of functions hi:

• Type M: h(u) is a monostable function, that is, there exists a positive number
k such that h(0) = 0 = h(k), h(u) > 0 if 0 < u < k and h(u) < 0 if u > k. As

55
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an example, we have the logistic growth function

h(u) = ru
(︂
1− u

k

)︂
(4.1.2)

and the weak Allee function

h(u) = ru2
(︂
1− u

k

)︂
. (4.1.3)

• Type B: h(u) is a bistable function, that is, there exist positive numbers a and
k, 0 < a < k, such that h(0) = h(a) = 0 = h(k), h(u) < 0 on (0, a), h(u) > 0
on (a, k) and h(u) < 0 if u > k. As an example, we have the following cubic
function, which presents a strong Allee effect

h(u) = ru
(︂u
k
− a

k

)︂(︂
1− u

k

)︂
. (4.1.4)

As in the preceding chapter, we impose no-flux conditions at the boundary points
x = −l2 and x = l1, that is

∂u2(−l2, t)
∂x

=
∂u1(l1, t)

∂x
= 0, t ≥ 0. (4.1.5)

Also as before, we consider the following matching conditions at the interface
point x = 0:

u1(0, t) = δu2(0, t), t ≥ 0, (4.1.6)

d1
∂u1(0, t)

∂x
= d2

∂u2(0, t)

∂x
, t ≥ 0, (4.1.7)

where δ =
α

1− α

d2
d1

. Parameter α is the probability that an individual at the interface

moves into patch 1 and, accordingly, 1−α denotes the probability that the individual
moves to patch 2. This expression of parameter δ can be derived from a random
walk model [49, 55]. Equation (4.1.6) says that if individuals have a patch preference
(α ̸= 0.5) and/or unequal movement rates (d1 ̸= d2), then the density is discontinuous
at the interface. Equation (4.1.7) reflects flux conservation at the interface.

By assembling equations (4.1.1), (4.1.5), (4.1.6) and (4.1.7), we obtain the fol-
lowing system of equations to study



4. STEADY STATE ANALYSIS WITH ALLEE EFFECT 57

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u1(x, t)

∂t
= d1

∂2u1(x, t)

∂x2
+ h1(u1(x, t)), (x, t) ∈ [0, l1]× [0,∞);

∂u2(x, t)

∂t
= d2

∂2u2(x, t)

∂x2
+ h2(u2(x, t)), (x, t) ∈ [−l2, 0]× [0,∞);

u1(0, t) = δu2(0, t), t ≥ 0;

d1
∂u1(0, t)

∂x
= d2

∂u2(0, t)

∂x
, t ≥ 0;

∂u2(−l2, t)
∂x

=
∂u1(l1, t)

∂x
= 0, t ≥ 0,

(4.1.8)

where each hi, i = 1, 2, can be of type M or B.
With very minor adjustments, the proof from Chapter 2 gives rise to the following

result.

Theorem 4.1.1. System (4.1.8) with nonnegative initial condition u(x, 0) = u0(x)
has a unique global solution. Furthermore, if u0(x) is nonnegative and bounded, then
so is the solution.

To simplify our analysis, we scale system (4.1.8) such that the density and its
derivative at the interface become continuous. The are different ways to obtain this
goal. For example, as long as h′2(0) ̸= 0, we can make the following change of variables:⎧⎪⎪⎪⎨⎪⎪⎪⎩

τ = βt, u1(x, t) = δk2v1(ξ, τ), ξ = x

√
βd2
δd1

∈
[︃
0, l1

√
βd2
δd1

]︃
,

u2(x, t) = k2v2(ξ, τ), ξ = x
√︁
β/d2 ∈

[︂
−l2
√︁
β/d2, 0

]︂
,

(4.1.9)

where β = h′2(0) if h2 is of type M or β = −h
′
2(0)

a/k2
if h2 is of type B. We obtain the
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scaled time-dependent problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂v1(ξ, τ)

∂τ
= D

∂2v1(ξ, τ)

∂ξ2
+H1(v1(ξ, τ)), (ξ, τ) ∈ [0, L1]× [0,∞);

∂v2(ξ, τ)

∂t
=
∂2v2(ξ, τ)

∂x2
+H2(v2(ξ, τ)), (ξ, τ) ∈ [−L2, 0]× [0,∞);

v1(0, τ) = v2(0, τ), τ ≥ 0;

∂v1(0, τ)

∂ξ
=
∂v2(0, τ)

∂ξ
, τ ≥ 0;

∂v2(−L2, τ)

∂ξ
=
∂v1(L1, τ)

∂ξ
= 0, τ ≥ 0,

(4.1.10)

where D =
d2
δ2d1

, L1 = l1

√
βd2
δd1

, L2 = l2
√︁
β/d2, H1(v1) =

1

βδk2
h1(δk2v1) and H2 =

1

βk2
h2(k2v2).

We notice that H is of type M (B) precisely when h is.
When h′2(0) = 0, there is no obvious scaling that is independent of the specific

form of the function h2, but it is always possible to obtain a scaling that leads to
solutions being continuously differentiable at the interface.

The steady-state equations of model (4.1.10) are:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
d2v1
dξ2

+H1(v1) = 0, ξ ∈ [0, L1];

d2v2
dξ2

+H2(v2) = 0, ξ ∈ [−L2, 0];

v1(0) = v2(0),
dv1(0)

dξ
=

dv2(0)

dξ
,
dv2(−L2)

dξ
= 0,

dv1(L1)

dξ
= 0.

(4.1.11)

We write this system of coupled second-order equations as two systems of coupled
first-order equations and use phase-plane methods to analyze solutions (compare [70,
69]. System (4.1.11) is equivalent to
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dv1
dξ

= w1,

dw1

dξ
= − 1

D
H1(v1),

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dv2
dξ

= w2,

dw2

dξ
= −H2(v2),

v1(0) = v2(0), w1(0) = w2(0), w2(−L2) = 0, w1(L1) = 0.

(4.1.12)

We analyze system (4.1.12) for different combinations of population dynamics,
i.e., type M or B, which lead to different phase planes of the ODE systems in (4.1.12).
We can have (H1, H2) of type (M, M), (M,B) or (B,B). The case (B,M) is equivalent
to the case (M,B) by symmetry. This is the one we focus on here. Before we study the
various combinations of phase-plane dynamics, we give the most important properties
of each in isolation, i.e., we study⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

dv

dξ
= w,

dw

dξ
= −H(v).

(4.1.13)

The equilibrium points are of the form (v̄, 0) where H(v̄) = 0. Their Jacobian
matrix has trace zero and determinant equal to H ′(v̄). Hence, if H ′(v̄) < 0 then (v̄, 0)
is a saddle; if H ′(v̄) > 0 then (v̄, 0) is a linear centre. The equation has the energy
functional (first integral)

E(v, w) =
1

2
w2 +

∫︂ v

0

H(z)dz. (4.1.14)

Solutions of the ODE system are contained in level sets of E. Using this energy
functional, we can show that a linear centre is also a centre for the nonlinear system.
In particular, the level sets of E are closed near a linear centre so that the vector field
has periodic solutions near such a centre.

When function H is of type M with H(0) = H(K) = 0, the qualitative behaviour
of solutions of (4.1.13) is given by the phase plane in Figure 4.1(a). When function
H is of type B with H(0) = H(A) = H(K) = 0 and 0 < A < K, there are
three qualitatively different cases. When E(0, 0) = E(K, 0) then there is a pair of
heteroclinic orbits from (0, 0) to (K, 0) (Figure 4.1(b)). All nonconstant orbits inside
the region bounded by the heteroclinic orbit are periodic. When E(0, 0) < E(K, 0)
then there is a homoclinic orbit from (0, 0) (Figure 4.1(c)). All nonconstant orbits
inside the region bounded by the homoclinic orbits are periodic. They intersect the v-
axis exactly twice and have the point (A, 0) in their interior. When E(0, 0) > E(K, 0),
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there is a homoclinic orbit from (K, 0) (Figure 4.1(d)). The remaining properties
of the phase plane are as in the preceding case. We denote the point at which a
homoclinic intersects the v-axis by (C, 0).

(a) Type M (b) Type B: E(0, 0) = E(K, 0)

(c) Type B: E(0, 0) < E(K, 0) (d) Type B: E(0, 0) > E(K, 0)

Figure 4.1: Phase portrait of system (4.1.13) when H is of type M and of
type B. We used functions (4.1.2) and (4.1.4) to generate the plots.

Now, we are interested in the periodic orbits inside the homoclinic or hete-
roclinic connection. Using (4.1.14), they satisfy E(v, w) = c, which gives w =

±
√︂

2
(︁
c−

∫︁ v
0
H(z)dz

)︁
, for some c ∈ R. We denote the intersections of the peri-

odic orbit with the v-axis by ν1 and ν2, with 0 < ν1 < A < ν2 < K, and the length of
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the patch by Lp. Integrating over the upper or lower half orbit yields (compare [44])

Lp =

∫︂ ν2

ν1

dv√︂
2
(︁
c−

∫︁ v
0
H(z)dz

)︁ . (4.1.15)

For orbits sufficiently close to the center point (A, 0), the length Lp can be approx-
imated by linearizing (4.1.13) around its equilibrium point (A, 0). We find that
Lp =

π√︁
H ′(A)

.

4.2 Shape properties of positive steady states
In this section, we classify all possible positive solutions of systems (4.1.12) and
(4.1.11). The phase portrait of (4.1.12) is a combination of Figure 4.1(a) and one of
Figures 4.1(b), 4.1(c) and 4.1(d) depending on the type of function H in each patch
(see Figures 4.2 and 4.3). For illustration purposes, the phase plane in patch 1 will be
represented by blue solid lines and in patch 2 by red solid lines. Therefore, a solution
of (4.1.12) consists of a connected orbit that starts on the v-axis on the red solid-line
vector fields and ends on the v-axis on the blue solid-line vector fields. The point
where the two orbits meet corresponds to the point at the interface. An obvious and
trivial example of such an orbit is the constant solution (0, 0). It corresponds to the
extinction of the population in both patches.

4.2.1 When (H1, H2) is of type (M, M)

The constant function v1(ξ) = v2(ξ) = K1 is a solution of (4.1.11) when K1 = K2.
When K1 ̸= K2, the non-constant solutions are characterized by the following result.

Theorem 4.2.1. All nonconstant positive steady-state solutions of (4.1.11) are mono-
tone and bounded between K1 and K2.

Proof: Let v = (v1, v2) be a nontrivial positive solution of (4.1.12) on [−L2, L1].
Without loss of generality, we may assume that K1 > K2. If we assume that
v2(−L2) < K2 then v2(ξ) < K2 and w2(ξ) < 0 for all ξ ∈ (−L2, 0], according to
Figure 4.1(a). Hence, by the interface conditions, we also have v1(0) < K2 < K1

and w1(0) < 0. But then, by following the vector field in Figure 4.1(a) again, we see
that w1(ξ) is decreasing so that the boundary condition w1(L1) = 0 cannot be met.
Hence we require v2(−L2) ≥ K2. Next, if we assume that v2(−L2) = K2 then v2 and
w2 are constant, so that, by the interface conditions we find v1(0) = K2 < K1 and
w1(0) = 0. According to the vectorfield, again, we get w1(ξ) < 0 for all ξ > 0, so that
we cannot satisfy the boundary condition. Hence we must have v2(−L2) > K2. By
following the vectorfield, we see that the solution is increasing, so that v2(0) > K2 and
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w2(0) > 0. A similar argument shows that we must have v1(L1) < K1 and that the
solution is increasing from v1(0) to v1(L1). Such a solution is indicated in Figure 4.2.
This completes the proof.

Figure 4.2: Phase portrait of system (4.1.12) when (H1, H2) is of type (M,
M) and K1 > K2. The nonconstant steady state solution of interest is repre-
sented by the solution that starts at the red dot, increases to the intersection
with the blue solution, then follows that blue solution to the blue dot.

4.2.2 When (H1, H2) is of type (M, B)

The constant functions v1(ξ) = v2(ξ) = K1 are solutions of (4.1.11) when K1 = K2

and when K1 = A. Next, we classify all possible and positive nonconstant solutions of
systems (4.1.12) and (4.1.11), when H1 is of type M and H2 of type B, with K1 ̸= K2

and K1 ̸= A. First, we reduce the problem of classifying all possible solutions of
system (4.1.12) to the problem of classifying monotone solutions.

Theorem 4.2.2. 1. Let v = (v1, v2) be a positive nonconstant solution of (4.1.12)
on [−L2, L1]. Then there exists a length 0 < L̄2 ≤ L2 such that the restriction
of v to [−L̄2, L1] is a monotone solution vm = (v1, v2m).

2. Let vm = (v1, v2m) be a monotone solution on [−L2, L1]. If (vm(−L2), 0) is
inside the homoclinic or heteroclinic orbit (see Figure 4.3), then for every integer
n, there is a solution ṽ = (v1, ṽ2m) on [− (L2 + nLp) , L1], whose restriction to
its monotone part is the given solution vm.
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Proof: Let v = (v1, v2) be a solution of (4.1.12) on [−L2, L1]. We have shown
in Theorem 4.2.1 that each solution v1 on patch 1 is monotone. By the interface
conditions, this solution comes from patch 2 with the same slope, i.e., w2(0) = w1(0).
Before it can change slope, the slope has to be zero. When the slope is zero, the
boundary condition is satisfied. Hence, there is a length of patch 2 that has this
monotone solution. More precisely, we know that w2(−L2) = 0 by the boundary
conditions. If w2(ξ) ̸= 0 for all ξ ∈ (−L2, 0), then v2 is monotone. If w2(ξ) = 0
for some ξ ∈ (−L2, 0), we pick the largest ξ̄ ∈ (−L2, 0) such that w2(ξ̄) = 0. Then,
v2m(ξ) = v2(ξ) for ξ ∈ (ξ̄, 0) is monotone. We have proved the first part of the
theorem.

Let v2m(−L2) be inside the homoclinic or heteroclinic orbit. Then there is a
periodic orbit through this point and solution v2m oscillates, producing any number
n half orbits starting and ending on the v-axis on the distance Lp given by (4.1.15).
Therefore, solutions vm can be extended on [− (L2 + nLp) , L1]. We have proved the
second part of the theorem.

We classify monotone nonconstant solutions of (4.1.12) in the following theorem.

Theorem 4.2.3 (Classification of solutions). Let (v1, v2) be a positive monotone non-
constant solution of (4.1.12). Generically, this solution is of one of the three following
types:

1. The solution is strictly increasing in both patches with v2(−L2) < min{A,K1}
and v1(L1) < K1.

2. The solution is strictly increasing in both patches with v2(−L2) > K2 and
v1(L1) < K1, provided K1 > K2.

3. The solution is strictly decreasing in both patches with max{A,K1} < v2(−L2) <
K2 and v1(L1) > K1, provided K1 < K2.

In addition, the following solutions exist under the accompanying non-generic condi-
tions.

1. The solution is strictly increasing on patch 2 with v2(−L2) < A and constant
on patch 1 with v1 ≡ K1, provided that

• K1 > A,

• The point (K1, 0) is inside the homoclinic or heteroclinic orbit in Fig-
ure 4.3(c), and

• L2 = Lp as defined in (4.1.15), with ν2 = K1.
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2. The solution is strictly decreasing on patch 2 with v2(−L2) > A and constant
on patch 1 with v1 ≡ K1, provided that

• K1 < A,

• The point (K1, 0) is inside the homoclinic or heteroclinic orbit in Fig-
ure 4.3(d), and

• L2 = Lp as defined in (4.1.15), with ν1 = K1.

Proof: Let v = (v1, v2) be a positive monotone nonconstant solution of (4.1.12).
First, we assume that K1 < K2.

Case 1: We fix v2(−L2) < A and assume that L2 ̸= Lp. Then, following the
vector fields in Figure 4.1(b), the solution is increasing with w2(ξ) > 0 for
all ξ ∈ (−L2, 0]. Hence, by the interface conditions, we also have w1(0) > 0.
Then, following the vector fields in Figure 4.1(a), we see that the boundary
condition w1(L1) = 0 can only be met if w1(ξ) is decreasing, which implies that
v1(L1) < K1. Hence, we have v2(−L2) < min(A,K1) and an increasing solution
from v1(0) to v1(L1). Such a solution is present in all the plots in Figures 4.3(a),
4.3(b) and 4.3(d).

Similar arguments can be used to first show that a decreasing solution satisfying
max(A,K1) < v2(−L2) < K2 and v1(L1) > K1 exists when A < v2(−L2) < K2

and L2 ̸= Lp; and second, that there is no solution when v2(−L2) > K2 and
L2 ̸= Lp. Figure 4.3(b) illustrates a decreasing solution.

Case 2: We fix K2 > v2(−L2) > A and assume that L2 = Lp with ν2 = v2(−L2).
Then following the vector fields in Figure 4.1(a), this solution is decreasing with
v2(0) < A and w2(0) = 0. The point (K1, 0) may be on this orbit if K1 < A.
Then we can have ν1 = v2(0) = K1. By the interface conditions, we have
w1(0) = 0 and v1(0) = K1. Since the boundary condition w1(L1) = 0 is already
met at v1(0), then the solution v1 is constant and equal to K1.

Similarly, if we fix v2(−L2) < A and assume that L2 = Lp with ν1 = v2(−L2),
we can find an increasing solution v2 and a constant solution v1 if K1 > A
and ν2 = v2(0) = K1. Theses two solutions can be observed in Figures 4.3(c)
and 4.3(d), respectively.

Second, we assume that K1 > K2. Then one can use the same arguments as in the
proof of Theorem 4.2.1 to show that there is an increasing solution that is bounded
between K2 and K1 (see Figure 4.3(a)).

In the case (M,M), we not only showed that the positive steady state is unique,
but also that it is globally stable among positive solutions; see Theorem 3.2.5. Since
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(a) A < K2 < K1 (b) K1 < A < K2

(c) K1 < A < K2 (d) A < K1 < K2

Figure 4.3: Some phase portraits of system (4.1.12) when (H1, H2) is of type
(M, B)

we do not have uniqueness here in general, we cannot expect global stability results.
In the next section, we will study local stability properties.

4.3 Stability properties of monotone positive steady
states in type (M, B)

In this section, we consider the eigenvalue problem corresponding to the linearized
system of (4.1.10) at its steady state solutions, obtain the existence of the principal
eigenvalue, and then use the principal eigenvalue to determine the stability of theses
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steady state solution. We will then use the sub- and supersolutions method to obtain
some results on the coexistence of multiple positive steady states.

4.3.1 The principal eigenvalue and linear stability of a steady
state solution

We linearize the first two equations of (4.1.10) at a steady state solution, v̄(ξ) =
(v̄1(ξ), v̄2(ξ)), and search for a solution of the form ηi(ξ, τ) = exp(στ)ψi(ξ), where
ηi(ξ, τ) = vi(ξ, τ)− v̄i(ξ), i = 1, 2. The corresponding eigenvalue problem is

Lψ = σψ, where L :=

⎛⎜⎜⎜⎜⎝
D

d2

dξ2
+H ′

1(v̄1)

d2

dξ2
+H ′

2(v̄2)

⎞⎟⎟⎟⎟⎠ (4.3.1)

with the boundary and interface conditions

ψ1(0) = ψ2(0),
dψ1(0)

dξ
=

dψ2(0)

dξ
,
dψ1(L1)

dξ
= 0,

dψ2(−L2)

dξ
= 0. (4.3.2)

We set Y = {(ψ1, ψ2) ∈ W 2,2 ([0, L1])×W 2,2 ([−L2, 0]) |ψ satisfies (4.3.2)}.
The following result shows that (some of) the classical Sturm-Liouville [1, 28] theory
can be generalized to L. A recent related result by Maciel et al. [48] proves the
existence of a dominant eigenvalue in the space of continuous functions.

Theorem 4.3.1. 1. Each eigenvalue of L on Y is real.

2. The eigenvalues of L form an infinite sequence {σk}∞k=1, where

σ1 > σ2 ≥ σ3 ≥ ... ≥ σk ≥ ... with σk −→ −∞ as k −→ ∞.

3. L has a principal eigenvalue σ1 with a positive eigenfunction ψ = (ψ1, ψ2) in Y .
Moreover, the principal eigenvalue satisfies σ1 =

max
ψ∈Y, ψ ̸=0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−
∫︂ L1

0

(ψ′
1)

2dξ −
∫︂ 0

−L2

(ψ′
2)

2dξ +
1

D

∫︂ L1

0

H ′
1(v̄1)ψ

2
1dξ +

∫︂ 0

−L2

H ′
2(v̄2)ψ

2
2dξ

1

D

∫︂ L1

0

ψ2
1dξ +

∫︂ 0

−L2

ψ2
2dξ

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

(4.3.3)

We provide the proof of this theorem in Section 5.1. The following proposition
gives some properties of the principal eigenvalue (4.3.3).
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Proposition 4.3.2. Let v̄ = (v̄1, v̄2) be a steady state of (4.1.10). The principal
eigenvalue σ1

1. is negative if H ′
1(v̄1) and H ′

2(v̄2) are both negative. In that case, v̄ is linearly
stable.

2. is positive if the sum
∫︂ L1

0

H ′
1(v̄1)dξ+D

∫︂ 0

−L2

H ′
2(v̄2)dξ is positive. In that case,

v̄ is linearly unstable.

3. satisfies min(H ′
1(v̄1), H

′
2(v̄2)) ≤ σ1 ≤ max(H ′

1(v̄1), H
′
2(v̄2)) when v̄ is constant

with v̄1 = v̄2.

Proof: Let v̄ = (v̄1, v̄2) be a steady solution of (4.1.10).
If H ′

1(v̄1) and H ′
2(v̄2) are both negative then the numerator of (4.3.3) is negative.

Therefore, σ1 < 0 and v̄ is stable.
In (4.3.3), the max is taken over Y , and constant functions belong to Y , so by

taking ψ = 1 in (4.3.3), we obtain

σ1 ≥

∫︂ L1

0

H ′
1(v̄1)dξ +D

∫︂ 0

−L2

H ′
2(v̄2)dξ

L1 +DL2

. (4.3.4)

Thus,
∫︂ L1

0

H ′
1(v̄1)dξ +D

∫︂ 0

−L2

H ′
2(v̄2)dξ > 0 implies σ1 > 0. Then, v̄ is unstable.

Now, we assume that v̄ is constant, which implies v̄1 = v̄2. For such solutions,
H ′

1(v̄1) and H ′
2(v̄2) do not depend on ξ. The right-hand side of (4.3.4) becomes

H ′
1(v̄1)

L1

L1 +DL2

+ H ′
2(v̄2)

DL2

L1 +DL2

. Therefore, σ1 ≥ min(H ′
1(v̄1), H

′
2(v̄2)). On the

other hand, the right-hand side of (4.3.3) is less than

max
ψ∈Y, ψ ̸=0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
H ′

1(v̄1)
1

D

∫︂ L1

0

ψ2
1dξ +H ′

2(v̄2)

∫︂ 0

−L2

ψ2
2dξ

1

D

∫︂ L1

0

ψ2
1dξ +

∫︂ 0

−L2

ψ2
2dξ

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

Therefore, σ1 ≤ max(H ′
1(v̄1), H

′
2(v̄2)). We conclude that

min(H ′
1(v̄1), H

′
2(v̄2)) ≤ σ1 ≤ max(H ′

1(v̄1), H
′
2(v̄2)).
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Corollary 4.3.3. 1. The steady state (K1, K2) with K1 = K2 is stable when
(H1, H2) is of type (M,M) or (M,B).

2. The steady state (0, 0) is unstable when (H1, H2) is of type (M,M).

Proof: H ′
1(K1) and H ′

2(K2) are both negative whatever type H1 and H2 are.
When (H1, H2) is of type (M, M), H ′

1(0) and H ′
2(0) are both positive. Then from

Proposition 4.3.2, (K1, K2) is stable and (0, 0) is unstable.

4.3.2 Stability properties of constant steady states

We study the stability properties of the steady states (0, 0) and (K1, A), with K1 = A,
in type (M,B). In type M alone, the zero state is unstable, but in type B alone, it
is stable. Hence, we expect that for the combination (M,B), the stability of (0, 0)
depends on the relative length of the two patch types. If L2 is large with respect to L1,
then the steady state would be stable, otherwise unstable. We can explicitly calculate
the boundary of L2 where the stability switches. A similar effect was first observed in
an infinite periodic model by Shigesada et al. [65]. The reverse consideration applies
to (K1, A): the constant state K1 is stable on type M alone and the constant state A
is unstable on type B alone.

After lengthy but standard calculations (see [49]), we find that the boundaries
of the stability region depend on model parameters as follows:

For (0, 0) : L2 =
1√︁

−H ′
2(0)

tanh−1

[︄√︄
H ′

1(0)

−DH ′
2(0)

tan

(︄√︃
H ′

1(0)

D
L1

)︄]︄
. (4.3.5)

For (K1, A) : L2 =
1√︁
H ′

2(A)
arctan

[︄√︄
−H ′

1(K1)

DH ′
2(A)

tanh

(︄√︃
−H ′

1(K1)

D
L1

)︄]︄
. (4.3.6)

Note that −H ′
2(0) > 0 and −H ′

1(K1) > 0. We have the following result:

Theorem 4.3.4. 1. Define L̄2 as in (4.3.5). Then (0, 0) is locally asymptotically
stable if L2 ≥ L̄2 and unstable if L2 < L̄2.

2. Define L̄2 as in (4.3.6). Then (K1, A) is locally asymptotically stable if L2 ≤ L̄2

and unstable if L2 > L̄2.

We illustrate the stability region of these two solutions in the L1–L2 plane and
identify possible regions of bistability with respect to these parameters.

In (4.3.5), the boundary value L2 in an increasing function of H ′
1(0) and L1, and

a decreasing function of −H ′
2(0) and D. We find a vertical asymptote for L2 at

L = Lc1 ≡
√︁
D/H ′

1(0) arctan
√︁

−DH ′
2(0)/H

′
1(0).
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In (4.3.6), the boundary value L2 is an increasing function of −H ′
1(K1) and L1,

and a decreasing function of H ′
2(A) and D. Moreover, as L1 increases, this boundary

curve approaches a horizontal asymptote L2 = Lc2, where

Lc2 ≡
√︁

1/H ′
2(A) arctan

√︁
−H ′

1(K1)/DH ′
2(A).

We find the derivatives of (4.3.5) and (4.3.6) at zero because comparison of the
two will give us the region of instability and bistability. At the state (0, 0), we have
L

′
2(0) = −H ′

1(0)/DH
′
2(0) and at (K1, A), L

′
2(0) = −H ′

1(K1)/DH
′
2(A).

To illustrate, we use the functions (4.1.2) and (4.1.4) in which case H ′
1(0) = R,

H ′
2(0) = −A, H ′

1(K1) = −R and H ′
2(A) = A(1 − A). Notice that H ′

1(K1) does not
depend on K1 but H ′

2(A) does depend on A. Equations (4.3.5) and (4.3.6), with their
derivatives at L1 = 0 become

For (0, 0) : L2 =
1√
A

tanh−1

[︄√︃
R

AD
tan

(︄√︃
R

D
L1

)︄]︄
, L

′

2(0) =
R

AD
. (4.3.7)

For (K1, A) : L2 =
1√︁

A(1− A)
arctan

[︄√︄
R

A(1− A)D
tanh

(︄√︃
R

D
L1

)︄]︄
, (4.3.8)

L
′

2(0) =
R

A(1− A)D
. (4.3.9)

For both steady states, the stability region is presented in Figure 4.4. We plot L2 as
a function of L1, first, with fixed values of D and R for different values of A; second,
with fixed values of A and R for different values of D; third, with fixed value of A and
D for different values of R. For these three plots, (0, 0) is stable above the boundary
curve (see Figure 4.4(d), (e) and (f)), while (K1, A) is stable below the boundary
curve (see Figure 4.4(a), (b) and (c)).

We are now interested in the combination of the plots in Figure 4.4. Looking at
(4.3.7) and (4.3.9), since 0 < A < 1, the slope L′

2(0) for the state (0, 0) is less than
that for (K1, A). We then conclude that the stability domain of the solution (K1, A)
is above the one of (0, 0) for small L1 and below for large L1, so that both domains
intersect. Figure 4.5 presents the combination of plots in Figures 4.4(a) and 4.4(d).
We obtain four different regions. In region (I), the state (0, 0) is stable and the state
(K1, A) is unstable whereas the stability is reversed in region (III). The states (0, 0)
and (K1, A) are both unstable in region (II), while they are both stable in region (IV).

We analyze the regions where at least one of the states (0, 0) and (K1, A) is
unstable. We use sub- and supersolutions methods to show the existence of multiple
positive stable steady state solution of system (4.1.10). We have the following result:

Theorem 4.3.5. 1. In region I, the system (4.1.10) has at least one nonconstant
stable positive steady state.
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(a) D = 3, R = 0.75 (b) A = 0.5, R = 0.75

(c) A = 0.5, D = 3 (d) D = 3, R = 0.75

(e) A = 0.5, R = 0.75 (f) A = 0.5, D = 3

Figure 4.4: Boundaries (4.3.5) and (4.3.6) of the stability regions as a function
of patch sizes L1 and L2. Panels (a)-(c): at the state (K1, A). Panels (d)-(f):
at the state (0, 0). The dashed lines represent the asymptotes.
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Figure 4.5: Stability regions of steady state (0, 0) and (K1, A) when A = 0.85,
R = 0.75 and D = 3. I: only (0, 0) is stable, II: both are unstable, III: only
(K1, A) is stable and IV: both are stable.

2. In region II, the system (4.1.10) has at least two nonconstant positive steady
states.

Proof: We apply the idea developed in [12], Section 3.2. Consider the eigenvalue
problem (4.3.1)–(4.3.2) at (v̄1(ξ), v̄2(ξ)) = (0, 0) and (v̄1(ξ), v̄2(ξ)) = (K1, A), with
respective principal eigenvalues σ0

1 and σ1
1, and let ψ0 = (ψ01, ψ02) and ψ1 = (ψ11, ψ12)

be the corresponding positive eigenfunctions. When the states (0, 0) and (K1, A)
are unstable, then σ0

1 > 0 and σ1
1 > 0. We construct sub- and supersolutions as

appropriate multiples of ψ0 and ψ1. The assumptions on Hi imply that, if z is
small, we can write Hi(v̄i + z) = Hi(v̄i) + H ′

i(v̄i)z + Gi(v̄i, z)z
2, where Gi is a C2

function in vi. For ϵ sufficiently small, we set: (v11, v12) = (ϵψ01, ϵψ02), (v21, v22) =
(K1+ ϵψ11, A+ ϵψ12), (v31, v32) = (K1− ϵψ11, A− ϵψ12) and (v41, v42) = (K,K), where
K ≥ K2 is a positive constant. We have that:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

D
d2v21
dξ2

+H1(v21) = ϵψ11 (σ
1
1 +G1(A, ϵψ11)ϵψ11) > 0,

d2v22
dξ2

+H2(v22) = ϵψ12 (σ
1
1 +G2(A, ϵψ12)ϵψ12) > 0,

v21(0)− v22(0) = 0,
dv21(0)

dξ
− dv21(0)

dξ
= 0,

dv22(−L2)

dξ
= 0,

dv21(L1)

dξ
= 0.

Hence, (v21, v22) satisfy the definition of a subsolution of the equilibrium problem
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(4.1.11). A supersolution of (4.1.11) will satisfy the reverse inequalities. Similarly,
we can show that (v11, v12) is a subsolution for (4.1.11), (v31, v32) and (v41, v42) are
both supersolutions for (4.1.11).

In region II, (0, 0) and (K1, A) are both unstable. We consider two cases.

Case 1: If v(ξ, τ) is a solution of (4.1.10) with v(ξ, 0) = (v11, v12), then v(ξ, τ) is
an increasing solution in τ . If v(ξ, τ) is a solution of (4.1.10) with v(ξ, τ) =
(v31, v32), then v(ξ, τ) is decreasing in τ . Since, 0 < v11 < v31 < K1 and
0 < v12 < v32 < A, then by monotonicity (0, 0) < v(ξ, τ) < v(ξ, τ) < (K1, A).
Hence, there exists a positive steady state (v01, v

0
2) of (4.1.10) satisfying v11 <

v01 < v31 and v12 < v02 < v32.

Case 2: If v(ξ, τ) is a solution of (4.1.10) with v(ξ, 0) = (v21, v22), then v(ξ, τ) is
an increasing solution in τ . If v(ξ, τ) is a solution of (4.1.10) with v(ξ, τ) =
(v41, v42), then v(ξ, τ) is decreasing in τ . Since for small ϵ, K1 + ϵψ11 < K2

and A + ϵψ12 < K2, then by monotonicity v(ξ, τ) < v(ξ, τ). Hence, there
exists a positive steady state (v11, v

1
2) of (4.1.10) satisfying v21 < v11 < v41 and

v22 < v12 < v42.

Therefore, when (0, 0) and (K1, A) are both unstable, at least two nonconstant
bounded positive stable solution exist in region II.

In region I, the state (0, 0) is stable and (K1, A) is unstable. The same arguments
as in Case 2 above show the existence of a nonconstant positive stable steady state
here.

Remark 4.3.6. In region III, the system (4.1.10) may or may not have a nonconstant
stable positive steady state (see Figure 4.6 below).

Figure 4.6 shows the different steady states of (4.1.10) according to the four
regions of stability of the constant solutions (0, 0) and (K1, A) obtained in Figure 4.5.
In region I, in addition to the zero steady state, we have a decreasing solution between
K1 and K2 (Figure 4.6(a)). As we increase L1, we move into region II, so that
the zero state loses stability and an increasing solution appears. We now have two
positive nonconstant steady states (Figure 4.6(b)). Alternatively, in region IV, both
constant steady states are stable and we do not observe any nonconstant steady states
(Figure 4.6(c)). Finally, in region III, there may or may not be a nonconstant stable
steady state; see Figures 4.6(d) and 4.6(e).

All the results above hold for the special case that K1 = A, but they can also
give us information on the case when K1 is close but not equal to A.

Lemma 4.3.7. If the constant steady state for K1 = A is linearly stable, then there
is a nonconstant steady state when K1 is close enough but not equal to A.



4. STEADY STATE ANALYSIS WITH ALLEE EFFECT 73

(a) L2 = 0.95 ∗ Lp, L1 = 2

(b) L2 = L1 = 0.95 ∗ Lp (c) L2 = 2, L1 = 2

(d) L2 = 1, L1 = 0.95 ∗ Lp (e) L2 = 2, L1 = 0.95 ∗ Lp

Figure 4.6: Different shapes of steady states corresponding to different re-
gions in Figure 4.5. The blue (red) parts of the curves correspond to the
solution in patch 1 (patch 2); the dashed line correspond to solution (K1, A)
when it is unstable. The black line at K2 on patch 2 only serves to visually
indicate the carrying capacity there and is not part of a solution. We used
the logistic growth function on patchy 1 and the Allee growth function on
patch 2. Parameters are A = 0.85, R = 0.75, D = 3, and Lp = 8.7982.
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Proof: The proof is based on the implicit function theorem. We recall the steady
state model (4.1.10):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
d2v1
dξ2

+H1(v1) = 0, ξ ∈ [0, L1];

d2v2
dξ2

+H2(v2) = 0, ξ ∈ [−L2, 0];

v1(0) = v2(0),
dv1(0)

dξ
=

dv2(0)

dξ
,
dv2(−L2)

dξ
= 0,

dv1(L1)

dξ
= 0.

We apply the implicit function theorem (see Theorem 2.1.11) with X = R, Z =
C([0, L1])× C([−L2, 0]),

Y =

{︃
(v1, v2) ∈ C2([0, L1])× C2([−L2, 0]) : v1(0) = v2(0),

dv1(0)

dξ
=

dv2(0)

dξ
,

dv2(−L2)

dξ
= 0,

dv1(L1)

dξ
= 0

}︃
and F (K1, (v1, v2)) =

(︃
D
d2v1
dξ2

+H1(v1)
d2v2
dξ2

+H2(v2)

)︃⊤

. To compute ∇vF (K1, v),

we can calculate ∇vF (K1, v)w for any w ∈ Y as follows. Let ϵ be a real parameter,
we have that:

∇vF (K1, v) =
d

dϵ
F (K1, v + ϵw)

⏐⏐⏐⏐⏐
ϵ=0

=

(︃
D
d2w1

dξ2
+

dH1(v1)

dv1
w1

d2w2

dξ2
+

dH2(v2)

dv2
w2

)︃⊤

.

When K1 = A, (A,A) is a solution of (4.1.10). We have that F (A, (A,A)) = 0,
dH1(A)

dv1
= −R < 0 and

dH2(A)

dv2
= A(1 − A) > 0. To invert ∇vF (A, v), we must be

able to solve⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
d2w1

dξ2
−Rw1 = f1(y), ξ ∈ [0, L1];

d2w2

dξ2
+ A(1− A)w2 = f2(y), ξ ∈ [−L2, 0];

w1(0) = w2(0),
dw1(0)

dξ
=

dw2(0)

dξ
,
dw2(−L2)

dξ
= 0,

dw1(L1)

dξ
= 0,

(4.3.10)
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uniquely for any f ∈ Z. Equivalently, if zero is not an eigenvalue of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
d2ψ1

dξ2
−Rψ1 = σψ1, ξ ∈ [0, L1];

d2ψ2

dξ2
+ A(1− A)ψ2 = σψ2, ξ ∈ [−L2, 0];

ψ1(0) = ψ2(0),
dψ1(0)

dξ
=

dψ2(0)

dξ
,
dψ2(−L2)

dξ
= 0,

dψ1(L1)

dξ
= 0,

, (4.3.11)

then ∇vF (A, v) will be invertible [12]. By the assumption that the state (A,A) is
linearly stable, the above eigenvalue problem cannot have a zero eigenvalue. The
implicit function theorem then implies that there is an interval (A− ϵ, A+ ϵ), ϵ > 0,
where F (K1, (v1, v2)) uniquely determines (v1, v2) as a function ofK1, and the function
(v1(K1), v2(K1)) is differentiable with respect to K1.

4.4 Bifurcation
In this section, we consider in more detail the behavior of our system when one of
the spatially constant states becomes unstable at the values of L2 that we calculated
explicitly in the preceding section. Specifically, we show the bifurcation of some non-
constant steady-state solutions of (4.1.10), following Crandall and Rabinowitz [18]
and using the length of patch 2, L2, as bifurcation parameter.

Rather than having the bifurcation parameter in our spatial domain, we would
like to fix the domain and bring the bifurcation parameter into the equations. We
can achieve this by scaling the coordinates in each patch by their respective length
(on patch i, ξ = Liξ̃ and dvi/dξ̃ = Lidvi/dξ). Then the steady state equations of
system (4.1.10), given by (4.1.11), can be rewritten as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
d2v1
dξ2

+ L2
1H1(v1) = 0, ξ̃ ∈ [0, 1];

d2v2
dξ2

+ L2
2H2(v2) = 0, ξ̃ ∈ [−1, 0];

v1(0) = v2(0),
dv2(0)

dξ
=
L2

L1

dv1(0)

dξ
,
dv2(−1)

dξ
= 0,

dv1(1)

dξ
= 0.

(4.4.1)
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We consider the bifurcation of a nontrivial solution of (4.1.10) from the zero
steady state solution at some bifurcation point L2 = L̄2, defined in (4.3.7).

Theorem 4.4.1. Let σ1 = σ1(L2) be the principal eigenvalue of the linearization
of (4.4.1) at zero and denote by (ψ1, ψ2) the positive eigenfunction associated with
L2 = L̄2, where σ1(L̄2) = 0. Then the following hold.

1. L2 = L̄2 is a bifurcation point for (4.4.1).

2. Near
(︁
L̄2, (0, 0)

)︁
, the set Γ of positive solutions of (4.4.1) bifurcating from the

line of constant solutions {(L2, (0, 0)) : L2 > 0} has the form:

Γ = {(L2(s), (v1(s), v2(s)) : −δ < s < δ},

where δ is a positive constant and (v1(s), v2(s)) = (sψ1 + sz1(s), sψ2 + sz2(s))
with differentiable functions L2(s), z(s) = (z1(s), z2(s)) satisfying L2(0) = L̄2,
and z(0) = z′(0) = (0, 0).

3. There exists a length L∗
1 such that for L1 < L∗

1, the bifurcation is backward and
for L1 > L∗

1, the bifurcation is forward.

The proof of this theorem is given in Section 5.2.
We illustrate the statement of this theorem in Figure 4.7 below. We plot the value

of v1(0) = v2(0) of a steady-state solution as a function of L2. For v1(0) = 0 and
v1(0) = A = K1, we indicate the stability as calculated in Section 4.3, where a solid
(dashed) line indicates a stable (unstable) solution. When L1 is small, the bifurcation
from (0, 0) is backward, which means that the stable branch has negative values. Since
this is biologically irrelevant, we do not plot it here (Figure 4.7(a)). When L1 is large
enough, the bifurcation is forward, which means that the stable branch is positive
here (as indicated in Figures 4.7(b) and 4.7(c)). When L1 is intermediate, then the
bifurcation value L̄2 is finite (near L2 = 2 in Figure 4.7(b)). When L1 is so large that
patch 1 alone can support a population, then the zero state is unstable, independent
of the value of L1 (Figure 4.7(c)).

The same theory can be applied to study the bifurcation behavior at the posi-
tive state (K1, A). The numerical results, included in Figure 4.7, indicate that the
bifurcation from that state is always forward.

The plots in Figure 4.7 were obtained by solving the time-dependent equation
forward in time (using a simple Euler discretization in time and centered finite differ-
ences in space) until ‘steady state’. In practice, we ran simulations until the discrete
derivative, the difference between subsequent time steps divided by the time step,
was below some small threshold. We used different initial conditions to capture all
stable solutions in the case of multistability. This method does not reveal unstable
solutions. These could be found with bifurcation software, such as AUTO (see [25]).



4. STEADY STATE ANALYSIS WITH ALLEE EFFECT 77

We speculate that in Figure 4.7(a) there is a branch of unstable solutions that con-
nects the bifurcation from (0, 0) with that from (K1, A). Similarly, we speculate that
there is a branch of unstable solutions connecting the top of the curve of the noncon-
stant solution between (0, 0) and (K1, A) with the bifurcation from (K1, A). In other
words, we expect that the leftmost endpoint of the curve of the nonconstant stable
solutions indicates a saddle-node bifurcation. Saddle-node bifurcations are common
in connection with a strong Allee effect.

(a) L1 = 1 (b) L1 = 2.13

(c) L1 = 3.5

Figure 4.7: Bifurcation diagram with respect to L2. Parameters are K1 =
A = 0.85, R = 0.75, D = 3. We used the logistic growth function in patch 1
and the Allee growth function in patch 2.
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4.5 Discussion
In this chapter, we considered a more general model for population dynamics in a
two-patch landscape. We allowed for qualitatively different growth functions on the
two patches (monostable or bistable). The model in Chapter 3 is a special case
where both patches have monostable dynamics, and both are given by a logistic
equation. In this chapter, we established the existence of steady states and some of
their qualitative properties by analyzing the phase plane of the system. This method
allowed us to generalize the existence result proved in [74] for logistic growth function
to all monostable functions. In the case of mixed monostable/bistable dynamics, we
classified all monotone steady states and proved that all steady states can be obtained
from these by concatenation of periodic orbits in the phase plane.

To study the stability of steady states, we analyzed the corresponding eigenvalue
problem. As a result, we generalized some of the classical Sturm–Liouville theory to
our setting. It will be an interesting challenge to try and generalize other aspects,
for example the result that zeros of eigenfunctions interlace. In general, explicit cal-
culations of stability are rarely possible, but the case of spatially constant solutions
(under some conditions on parameters) allows for such calculations and gives inter-
esting insights. We proved the existence of multiple stable states and the existence of
nonconstant steady states by a combination of linear analysis, sub- and supersolution
methods and bifurcation results.

We did not consider the case where both growth functions are bistable, but we
expect that the methods in this chapter carry over to that case. Specifically, the
classification of steady states should again reduce to the classification of monotone
states. The phase-plane analysis will still allow us to find all qualitatively different
monotone solutions, but there will be more cases to consider. Specifically, there will
be more combinations of the phase portraits in Figures 4.1(b), 4.1(c) and 4.1(d) to
analyze. There will be two Allee thresholds and two carrying capacities to compare.
The stability analysis for constant steady states will still be possible, and there will
be more such states. One difference will be that the zero state will always be stable.
No solution will bifurcate from it.

The appearance of a fold bifurcation is not too surprising in our model. Such
bifurcations are often associated with strong Allee effects. However, when considered
on a single patch, one of the two locally stable states is the zero state [40]. In our case,
we have a fold bifurcation where both stable states are nonzero; see Figure 4.7(c).
This opens the door to hysteresis. For example, if the population initially is on the
lower positive stable solution branch (say for L2 = 1.5), then decreasing L2 will lead
to increasing population densities until L2 crosses the bifurcation, upon which the
population will jump to the higher positive solution branch. Upon increasing L2

again, the population will stay at that level and not decline to the lower original level
any more.
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In Chapter 3, we specifically studied the question of whether and under which
conditions the total steady state density of a population can exceed that of the to-
tal carrying capacity of the landscape. The same question in the case of a mixed
monostable-bistable growth term is not well defined because the positive solution is
not unique. One could instead ask whether the population density at the largest
stable steady state might exceed the total carrying capacity. We conjecture that the
answer is affirmative if K1 > A. In that case, there is a stable positive state between
K1 and K2. The region between min{K1, K2} and max{K1, K2} is invariant for the
dynamics. Within that region, the dynamics should be qualitatively the same as for
the case in Chapter 3, so that the qualitative results from there should apply here as
well. However, the proof of the statements in Chapter 3 strongly relied on the specific
form of the logistic growth function. It will be an interesting future challenge to find
a proof of these results that is independent of the functional form. This proof will
then carry over to the mixed case considered here.



Chapter 5

Proofs of two theorems

5.1 Proof of Theorem 4.3.1
The method used to prove this theorem is an adaptation of the one used to prove
Theorem 2.4 in Chapter 2 of Cantrell and Cosner [12] and by Brown et al. [11]. We
consider the separable Hilbert space H = L2 ([0, L1])×L2 ([−L2, 0]) as our base space.
On H, we define the inner product

(ψ, ϕ)H =
1

D

∫︂ L1

0

ψ1ϕ1dξ +

∫︂ 0

−L2

ψ2ϕ2dξ

and obtain the norm

∥ψ∥2H =
1

D
∥ψ1∥2L2([0,L1])

+ ∥ψ2∥2L2([−L2,0])
.

We set Y := {(ψ1, ψ2) ∈ W 2,2 ([0, L1])×W 2,2 ([−L2, 0]) |ψ satisfies (4.3.2)} and
define the operator

−L :=

⎛⎜⎜⎜⎜⎝
−D d2

dξ2
+ c1

− d2

dξ2
+ c2

⎞⎟⎟⎟⎟⎠ .

We assume that ci are positive continuous functions and denote by αi := min ci and
βi = ∥ci∥∞. For brevity, we will denote derivatives with respect to ξ by primes.

Step 1: We find the bilinear form B[·, ·] associated with the elliptic operator −L and
gives its properties.

We multiply −Lψ = σψ by a function ϕ = (ϕ1, ϕ2) ∈ Y and integrate to find:

1

D

∫︂ L1

0

[−Dψ′′
1 + c1ψ1]ϕ1dξ +

∫︂ 0

−L2

[−ψ′′
2 + c2ψ2]ϕ2dξ

80
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= −
∫︂ L1

0

ψ′′
1ϕ1dξ −

∫︂ 0

−L2

ψ′′
2ϕ2dξ +

1

D

∫︂ L1

0

c1ψ1ϕ1dξ +

∫︂ 0

−L2

c2ψ2ϕ2dξ

=

∫︂ L1

0

ψ′
1ϕ

′
1dξ +

∫︂ 0

−L2

ψ′
2ϕ

′
2dξ +

1

D

∫︂ L1

0

c1ψ1ϕ1dξ +

∫︂ 0

−L2

c2ψ2ϕ2dξ

= σ

(︃
1

D

∫︂ L1

0

ψ1ϕ1dξ +

∫︂ 0

−L2

ψ2ϕ2dξ

)︃
.

Therefore,

B[ψ, ϕ] =

∫︂ L1

0

ψ′
1ϕ

′
1dξ +

∫︂ 0

−L2

ψ′
2ϕ

′
2dξ +

1

D

∫︂ L1

0

c1ψ1ϕ1dξ +

∫︂ 0

−L2

c2ψ2ϕ2dξ (5.1.1)

for ψ, ϕ ∈ X , where X = {(ψ1, ψ2) ∈ W 1,2 ([0, L1])×W 1,2 ([−L2, 0])}. We define the
following inner product on X:

(ψ, ϕ)X =
1

D

∫︂ L1

0

(ψ1ϕ1 + ψ′
1ϕ

′
1) dξ +

∫︂ 0

−L2

(ψ2ϕ2 + ψ′
2ϕ

′
2) dξ

and obtain the norm

∥ψ∥2X =
1

D

(︂
∥ψ1∥2L2([0,L1])

+ ∥ψ′
1∥2L2([0,L1])

)︂
+
(︂
∥ψ2∥2L2([−L2,0])

+ ∥ψ′
2∥2L2([−L2,0])

)︂
.

For brevity, we will later also write L2 for L2([−L2, 0] or L2([0, L1] if no confusion can
arise.

Step 2: We show that the bilinear form B[·, ·] defines an inner product on X.
Clearly, B is multilinear and symmetric. To show that it is positive definite, we

calculate B[ψ, ψ]. Since c1 and c2 are both positive, B[ψ, ψ] is positive and equal to
zero if and only if ψ = 0.

Step 3: We show that the inner products (ψ, ϕ)B := B[ψ, ϕ] and (ψ, ϕ)X generate
equivalent norms. First, we show that there exists constant C1 such that (ψ, ψ)B ≤
C1(ψ, ψ)X . We have that:

(ψ, ψ)B =

∫︂ L1

0

(ψ′
1)

2dξ +

∫︂ 0

−L2

(ψ′
2)

2dξ +
1

D

∫︂ L1

0

c1ψ
2
1dξ +

∫︂ 0

−L2

c2ψ
2
2dξ

≤
∫︂ L1

0

(ψ′
1)

2dξ +

∫︂ 0

−L2

(ψ′
2)

2dξ +
1

D
β1

∫︂ L1

0

ψ2
1dξ + β2

∫︂ 0

−L2

ψ2
2dξ

≤ C1

(︃
1

D

∫︂ L1

0

(ψ′
1)

2dξ +

∫︂ 0

−L2

(ψ′
2)

2dξ +
1

D

∫︂ L1

0

ψ2
1dξ +

∫︂ 0

−L2

ψ2
2dξ

)︃
≤ C1(ψ, ψ)X ,
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where C1 = (D + 1 + β1 + β2). Similarly, we can show that there exists a constant
C2 such that (ψ, ψ)X ≤ C2(ψ, ψ)B.

Step 4: We apply the Riesz Representation theorem.
We fix ψ ∈ X and define the functional

G(ψ) : ϕ ↦→ 1

D

∫︂ L1

0

ψ1ϕ1dξ +

∫︂ 0

−L2

ψ2ϕ2dξ.

Clearly, G(ψ) is linear. We show that it is bounded. We have that:

|G(ψ)ϕ| ≤ 1

D

∫︂ L1

0

|ψ1||ϕ1|dξ +
∫︂ 0

−L2

|ψ2||ϕ2|dξ

≤ 1

D
∥ψ1∥L2([0,L1])∥ϕ1∥L2([0,L1]) + ∥ψ2∥L2([−L2,0])∥ϕ2∥L2([−L2,0])

≤ ∥ψ∥H∥ϕ∥H ≤ ∥ψ∥X∥ϕ∥X ≤ C2
2∥ψ∥B∥ϕ∥B.

Thus, G(ψ) is a linear bounded functional on X. Hence, the Riesz Represen-
tation theorem (eg [28]) implies that there exists a unique φ := Tψ ∈ X such that
(Tψ, ϕ)B = G(ψ)ϕ, where T is an operator defined on X.

Step 5: We show that T is a positive compact symmetric operator on X.
Since G(ψ)ϕ = G(ϕ)ψ and G(ψ) is bounded, T is symmetric and bounded.

Futhermore, (Tψ, ψ)B = G(ψ)ψ = ∥ψ∥2H ≥ 0. Thus, T is positive. Let show that
T is compact. We consider a bounded sequence {ψk}∞k=1 in X. Since X is a Hilbert
space, the sequence {ψk}∞k=1 has a weakly convergent subsequence {ψkj}∞j=1, that is,
there exists ψ ∈ X such that (ψkj , ϕ)X → (ψ, ϕ)X as j → ∞ for all ϕ ∈ X (see [33],
Theorem 5.12). The compact embedding of W 1,2 in L2 implies ψkj → ψ as j → ∞ in
H. We have that:

∥Tψkj − Tψ∥2B =
(︁
T (ψkj − ψ), Tψkj − Tψ

)︁
B

=
1

D

∫︂ L1

0

(ψkj − ψ)1
(︁
Tψkj − Tψ

)︁
1
dξ +

∫︂ 0

−L2

(ψkj − ψ)2
(︁
Tψkj − Tψ

)︁
2
dξ

≤ C2

⃦⃦
ψkj − ψ

⃦⃦
H

⃦⃦
Tψkj − Tψ

⃦⃦
B
.

Thereby, ∥Tψkj −Tψ∥B ≤ C2

⃦⃦
ψkj − ψ

⃦⃦
H

. Therefore, {Tψkj}∞j=1 converges in X. We
then conclude that T is compact.

Step 4: We show the existence of the principal eigenvalue and positive principal
eigenfunction.

We conclude that there exists a countable orthonormal basis {φk}∞k=1 of X, con-
sisting of eigenvectors of T , that each eigenvalue of T is real, and that the eigenvalues
form a discrete sequence {µk}∞k=1 tending to zero as k goes to infinity [28, 1].
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For µk ̸= 0, we take the inner product of Tφk = µkφk with any ϕ ∈ X to get
(Tφk, ϕ)B = µk(φk, ϕ)B. By the definition of T and the inner product (·, ·)B, we get
G(φk)ϕ = µkB[φk, ϕ]. After dividing by µk, this becomes

1

µk

(︃
1

D

∫︂ L1

0

φk1ϕ1dξ +

∫︂ 0

−L2

φk2ϕ2dξ

)︃
=

∫︂ L1

0

φ′
k1
ϕ′
1dξ +

∫︂ 0

−L2

φ′
k2
ϕ′
2dξ +

1

D

∫︂ L1

0

c1φk1ϕ1dξ +

∫︂ 0

−L2

c2φk2ϕ2dξ.

Since this holds for all ϕ in X, φk is a weak solution to⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Dd2v1
dξ2

+ c1v1 =
1

µk
v1, ξ ∈ [0, L1];

−d2v2
dξ2

+ c2v2 =
1

µk
v2, ξ ∈ [−L2, 0];

v1(0) = v2(0),
dv2(0)

dξ
=

dv1(0)

dξ
,
dv2(−L2)

dξ
= 0,

dv1(L1)

dξ
= 0.

By standard elliptic regularity theory, φk will belong to Y . Thus, the eigenvalues

of −L are the sequence {λk}∞k=1, where λk =
1

µk
satisfies λ1 ≤ λ2 ≤ λ3 ≤ ... and

λk → ∞ as k → ∞.
It then follows that the eigenvalues of the operator L are the discrete sequence

{σk}∞k=1, where σk = −λk, satisfy σ1 > σ2 ≥ σ3 ≥ ... ≥ σk ≥ ... with σk → −∞ as
k → ∞. The principal eigenvalue of L is given by [28]

σ1 = − min
ψ∈X,ψ ̸=0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫︂ L1

0

(ψ′
1)

2dξ +

∫︂ 0

−L2

(ψ′
2)

2dξ +
1

D

∫︂ L1

0

c1ψ
2
1dξ +

∫︂ 0

−L2

c2ψ
2
2dξ

1

D

∫︂ L1

0

ψ2
1dξ +

∫︂ 0

−L2

ψ2
2dξ

⎫⎪⎪⎪⎬⎪⎪⎪⎭
= max

ψ∈X,ψ ̸=0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−
∫︂ L1

0

(ψ′
1)

2dξ −
∫︂ 0

−L2

(ψ′
2)

2dξ − 1

D

∫︂ L1

0

c1ψ
2
1dξ −

∫︂ 0

−L2

c2ψ
2
2dξ

1

D

∫︂ L1

0

ψ2
1dξ +

∫︂ 0

−L2

ψ2
2dξ

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

Positivity of the eigenfunction φ1 was shown in Maciel et al. [48]; see also Brown
et al. [11] for a more general method.

As in Maciel et al. [48], if ci are not positive, we pick a large enough constant
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q > 0 and solve instead the problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Dd2v1
dξ2

+ (c1 + q)v1 = (λ+ q)v1 = λ̃v1, ξ ∈ [0, L1];

−d2v2
dξ2

+ (c2 + q)v2 = (λ+ q)v2 = λ̃v2, ξ ∈ [−L2, 0];

v1(0) = v2(0),
dv2(0)

dξ
=

dv1(0)

dξ
,
dv2(−L2)

dξ
= 0,

dv1(L1)

dξ
= 0.

When ci+ q > 0, the previous reasoning applies, and eigenvalues σ̃1 = −λ̃1 exist, but
the principal eigenvalues σ1 = σ̃1 + q need not be negative. Due to this insight, we
can use ci = H ′

i(v̄i) in the formula above and obtain the desired expression for the
dominant eigenvalue

σ1 = max
ψ∈X,ψ ̸=0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−
∫︂ L1

0

(ψ′
1)

2dξ −
∫︂ 0

−L2

(ψ′
2)

2dξ +
1

D

∫︂ L1

0

H ′
1(v̄1)ψ

2
1dξ +

∫︂ 0

−L2

H ′
2(v̄2)ψ

2
2dξ

1

D

∫︂ L1

0

ψ2
1dξ +

∫︂ 0

−L2

ψ2
2dξ

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

(5.1.2)
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5.2 Proof of Theorem 4.4.1
We define X = L2 ([−1, 0]) × L2 ([0, 1]), W = W 2,2 ([−1, 0]) × W 2,2 ([0, 1]) and a
nonlinear mapping F : R×W → X × R4 as

F (L2, (v1, v2)) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D
d2v1
dξ2

+ L2
1H1(v1)

d2v2
dξ2

+ L2
2H2(v2)

v1(0)− v2(0)

dv2(0)

dξ
− L2

L1

dv1(0)

dξ

dv1(1)

dξ

dv2(−1)

dξ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5.2.1)

Solutions of the equation F (L2, (v1, v2)) = 0 correspond to the steady states
of our model. Hence, we aim to find nontrivial solutions of (4.1.10) by studying
bifurcations of (5.2.1) from the zero steady state solution at the bifurcation point
L2 = L̄2, defined in (4.3.7).

The map F is continuous in v, twice Fréchet differentiable in v, and F (L2, (0, 0)) =
0 for all L2 ≥ 0. We apply the local bifurcation theorem from Crandall and Rabi-
nowitz [18].

Step 1: We determine the dimension of the null space of ∇vF (L̄2, (0, 0)).
We first find the Fréchet derivative of F at v. We have that:

F1(v1 + ϕ1)− F1(v1) = D
d2(v1 + ϕ1)

dξ2
−D

d2v1
dξ2

+ L2
1H1(v1 + ϕ1)− L2

1H1(v1)

= D
d2ϕ1

dξ2
+ L2

1

dH1(v1)

dv1
ϕ1 +O(ϕ1).

A similar calculation holds for the second component. The other components are
linear. Therefore, the Fréchet derivative of F at the bifurcation point (L2, (v1, v2)) =
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(L̄2, (0, 0)) is given by

∇vF (L̄2, (0, 0))[ϕ] =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D
d2ϕ1

dξ2
+ L2

1

dH1(0)

dv1
ϕ1

d2ϕ2

dξ2
+ L̄

2
2

dH2(0)

dv2
ϕ2

ϕ1(0)− ϕ2(0)

dϕ2(0)

dξ
− L2

L1

dϕ1(0)

dξ

dϕ1(1)

dξ

dϕ2(−1)

dξ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D
d2ϕ1

dξ2
+RL2

1ϕ1

d2ϕ2

dξ2
− AL̄

2
2ϕ2

ϕ1(0)− ϕ2(0)

dϕ2(0)

dξ
− L̄2

L1

dϕ1(0)

dξ

dϕ1(1)

dξ

dϕ2(−1)

dξ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(5.2.2)
where we have substituted the expressions for H ′

i(0) from our standard examples.
The null space, N

(︁
∇vF (L̄2, (0, 0))

)︁
, of ∇vF (L̄2, (0, 0)) is defined by:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕ ∈ W :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
d2ϕ1

dξ2
+RL2

1ϕ1 = 0;

d2ϕ2

dξ2
− AL̄

2
2ϕ2 = 0;

ϕ1(0) = ϕ2(0),
dϕ2(0)

dξ
=
L̄2

L1

dϕ1(0)

dξ
,
dϕ2(−1)

dξ
= 0,

dϕ1(1)

dξ
= 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
= span{ψ},

where ψ is the eigenfunction associated to the (simple) eigenvalue σ1(L̄2) = 0 of
(5.2.8). Since ψ is nonzero, dim(N(∇vF (L̄2, (0, 0)))) = 1.

Step 2: We prove that the codimension of the range of ∇vF (L̄2, (0, 0)) is 1.
For a bounded operator, the dimension of the null space of its adjoint operator

is equal to the codimension of its range. We define the right-hand side of (5.2.2) as
an operator T : W ×R8 → X×R4, show that it is bounded and determine its adjoint
T ⋆. We consider Rn with his standard inner product and define the inner product on
X by

(φ, ϕ)X =
L̄2

DL1

∫︂ 1

0

φ1ϕ1dξ +

∫︂ 0

−1

φ2ϕ2dξ.
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Let Φ ∈ W × R8 with

Φ =
(︁
ϕ1 ϕ2 ϕ1(0) ϕ2(0) ϕ′

1(0) ϕ′
2(0) ϕ1(1) ϕ2(−1) ϕ′

1(1) ϕ′
2(1)

)︁⊤
and G = (g1, g2, a, b, c, d) ∈ X × R4. First, we show that T is a bounded operator.
We have that:

∥TΦ∥2X×R4 =
L̄2

DL1

∫︂ 1

0

⃓⃓
Dϕ′′

1 +RL2
1ϕ1

⃓⃓2
dξ +

∫︂ 0

−1

⃓⃓⃓
ϕ′′
2 − AL̄

2
2ϕ2

⃓⃓⃓2
dξ + (ϕ1(0)− ϕ2(0))

2

+

(︃
ϕ′
2(0)−

L̄2

L1

ϕ′
1(0)

)︃2

+ (ϕ′
1(1))

2
+ (ϕ′

2(−1))
2
. (5.2.3)

Next, we find a bound for each expression of (5.2.3). Using Cauchy’s inequality,
we have that:∫︂ 1

0

⃓⃓
Dϕ′′

1 +RL2
1ϕ1

⃓⃓2
dξ ≤ D2 ∥ϕ′′

1∥
2
L2 +R2L4

1 ∥ϕ1∥2L2 + 2DRL2
1 ∥ϕ1∥L2 ∥ϕ′′

1∥L2

≤ D2 ∥ϕ′′
1∥

2
L2 +R2L4

1 ∥ϕ1∥2L2 +DRL2
1

(︂
∥ϕ′′

1∥
2
L2 + ∥ϕ1∥2L2

)︂
.

Therefore, we have the estimate∫︂ 1

0

⃓⃓
Dϕ1

′′ +RL2
1ϕ1

⃓⃓2
dξ ≤

(︁
D2 +R2L4

1 + 2DRL2
1

)︁ (︂
∥ϕ1∥2L2 + ∥ϕ1

′′∥2L2

)︂
.

Similar steps give(︃
ϕ′
2(0)−

L̄2

L1

ϕ′
1(0)

)︃2

= (ϕ′
2(0))

2
+

(︃
L̄2

L1

ϕ′
1(0)

)︃2

− 2
L̄2

L1

ϕ′
2(0)ϕ

′
1(0)

≤ 2 (ϕ′
2(0))

2
+ 2

(︃
L̄2

L1

)︃2

(ϕ′
1(0))

2

≤

(︄
2 + 2

(︃
L̄2

L1

)︃2
)︄[︂

(ϕ′
2(0))

2
+ (ϕ′

1(0))
2
]︂
.

The other components can be estimated similarly. Therefore,

∥TΦ∥2X×R4 ≤
(︁
D2 +R2L4

1 + 2DRL2
1

)︁ L̄2

DL1

(︂
∥ϕ1∥2L2 + ∥ϕ′′

1∥
2
L2

)︂
+
(︂
1 + 2AL̄

2
2 + A2L̄

4
2

)︂(︂
∥ϕ2∥2L2 + ∥ϕ2

′′∥2L2

)︂
+

(︄
6 + 2

(︃
L̄2

L1

)︃2
)︄[︄

(ϕ1(0))
2 + (ϕ2(0))

2 + (ϕ′
2(0))

2
+

(︃
L̄2

L1

ϕ′
1(0)

)︃2
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+(ϕ′
1(1))

2
+ (ϕ′

2(−1))
2
]︂

≤ C1 ∥(ϕ1, ϕ2)∥2W + C2 ∥Φ∥2 .

Hence,
∥TΦ∥2X×R4 ≤ C ∥Φ∥2W×R8 ,

where C = C1 + C2, with C1 = D2 + R2L4
1 + 2DRL2

1 + 1 + 2AL̄
2
2 + A2L̄

4
2 and

C2 = 6 + 2(L̄2/L1)
2

Next, we compute the adjoint operator of T in the standard way. We have that:

(TΦ, G) =
L̄2

DL1

∫︂ 1

0

[︁
Dϕ′′

1 +RL2
1ϕ1

]︁
g1dξ +

∫︂ 0

−1

[︂
ϕ′′
2 − AL̄

2
2ϕ2

]︂
g2dξ + a (ϕ1(0)− ϕ2(0))

+ b

(︃
ϕ′
2(0)−

L̄2

L1

ϕ′
1(0)

)︃
+ cϕ′

1(1) + dϕ′
2(−1)

=
L̄2

DL1

∫︂ 1

0

ϕ1

[︁
Dg′′1 +RL2

1g1
]︁
dξ +

∫︂ 0

−1

ϕ2

[︂
g′′2 − AL̄

2
2g2

]︂
dξ

+
L̄2

L1

(︂
[g1ϕ

′
1]

1
0 − [ϕ1g

′
1]

1
0

)︂
+ [g2ϕ

′
2]

0
−1 − [ϕ2g

′
2]

0
−1 + a (ϕ1(0)− ϕ2(0))

+ b

(︃
ϕ′
2(0)−

L̄2

L1

ϕ′
1(0)

)︃
+ cϕ′

1(1) + dϕ′
2(−1)

=
L̄2

DL1

∫︂ 1

0

ϕ1

[︁
Dg′′1 +RL2

1g1
]︁
dξ +

∫︂ 0

−1

ϕ2

[︂
g′′2 − AL̄

2
2g2

]︂
dξ +

L̄2

L1

g1(1)ϕ
′
1(1)

− L̄2

L1

g1(0)ϕ
′
1(0)−

L̄2

L1

ϕ1(1)g
′
1(1) +

L̄2

L1

ϕ1(0)g
′
1(0) + g2(0)ϕ

′
2(0)− g2(−1)ϕ′

2(−1)

− ϕ2(0)g
′
2(0) + ϕ2(−1)g′2(−1) + aϕ1(0)− aϕ2(0) + bϕ′

2(0)− b
L̄2

L1

ϕ′
1(0) + cϕ′

1(1)

+ dϕ′
2(−1)

=
L̄2

DL1

∫︂ 1

0

ϕ1

[︁
Dg′′1 +RL2

1g1
]︁
dξ +

∫︂ 0

−1

ϕ2

[︂
g′′2 − AL̄

2
2g2

]︂
dξ +

(︃
a+

L̄2

L1

g′1(0)

)︃
ϕ1(0)

+ (−a− g′2(0))ϕ2(0) +

(︃
− L̄2

L1

g1(0)− b
L̄2

L1

)︃
ϕ′
1(0) + (b+ g2(0))ϕ

′
2(0)

− L̄2

L1

ϕ1(1)g
′
1(1) + ϕ2(−1)g′2(−1) +

(︃
c+

L̄2

L1

g1(1)

)︃
ϕ′
1(1) + (d− g2(−1))ϕ′

2(−1).
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Hence, we have (TΦ, G) = (Φ, T ⋆G), where

T ⋆G =

(︃
Dg′′1 +RL2

1g1 g′′2 − AL̄
2
2g2 a+

L̄2

L1

g′1(0) −a− g′2(0) − L̄2

L1

g1(0)− b
L̄2

L1

b+ g2(0) − L̄2

L1

g′1(1) g′2(−1) c+
L̄2

L1

g1(1) d− g2(−1)

)︃⊤

.

Next, we find the null space of T ⋆. We have that: T ⋆G = 0 ⇐⇒⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dg′′1 +RL2
1g1 = 0

g′′2 − AL̄
2
2g2 = 0

⎧⎪⎨⎪⎩
a+ g′1(0) = 0

−a− g′2(0) = 0

=⇒

⎧⎪⎨⎪⎩
g′1(0) = g′2(0)

a = −g′2(0)⎧⎪⎪⎪⎨⎪⎪⎪⎩
− L̄2

L1

g1(0)− b
L̄2

L1

= 0

b+ g2(0) = 0

=⇒

⎧⎪⎨⎪⎩
g1(0) = g2(0)

b = −g2(0)

−g′1(1) = 0 =⇒ g′1(1) = 0

g′2(−1) = 0

c+
L̄2

L1

g1(1) = 0 =⇒ c = − L̄2

L1

g1(1)

d− g2(−1) = 0 =⇒ d = g2(−1)

=⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dg′′1 +RL2
1g1 = 0

g′′2 − AL̄
2
2g2 = 0

g1(0) = g2(0)

g′1(0) = g′2(0)

g′1(1) = 0

g′2(−1) = 0

a = −g′2(0)

b = −g2(0)

c = − L̄2

L1

g1(1)

d = g2(−1)

Therefore,

N(T ⋆) = span
{︃(︃

ψ1, ψ2,−ψ′
2(0),−ψ2(0),−

L̄2

L1

ψ1(1), ψ2(−1)

)︃}︃
and dim(N(T ⋆)) = 1. Since T is bounded, we obtain dim(N(T ⋆)) =codim(R(T )) = 1,
where R denotes the range of the operator.
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Step 3: We show that

d∇vF

dL2

(L̄2, (0, 0))[ψ] /∈ R(∇vF (L̄2, (0, 0))),

where ψ ∈ N(∇vF (L̄2, (0, 0))).
We start by determining the expression of R(∇vF (L̄2, (0, 0))). Since T is a

bounded operator, the range of T is equal to the orthogonal space of the null space
of its adjoint. Let Ψ⋆ ∈ N(T ⋆), then

R(∇vF (L̄2, (0, 0))) =
{︁
G = (g1, g2, a, b, c, d) ∈ X × R4 such that (Ψ⋆, G)X×R4 = 0

}︁
=
{︁
G = (g1, g2, a, b, c, d) ∈ X × R4 such that l(g1, g2, a, b, c, d) = 0

}︁
,

where l is defined by

l(g1, g2, a, b, c, d) =
L̄2

DL1

∫︂ 1

0

g1ψ1+

∫︂ 0

−1

g2ψ2−aψ′
2(0)− bψ2(0)− c

L̄2

L1

ψ1(1)+dψ2(−1).

(5.2.4)

To show that
d∇vF

dL2

(L̄2, (0, 0))[ψ] /∈ R(∇vF (L̄2, (0, 0))), we pick ψ ∈ N(∇vF (L̄2, (0, 0))).

We have that:

d∇vF

dL2

(L̄2, (0, 0))[ψ] =

(︃
0 2L̄2

dH2(0)

dv2
ψ2 0 − 1

L1

ψ′
1(0) 0 0

)︃⊤

=

(︃
0 −2AL̄2ψ2 0 − 1

L1

ψ′
1(0) 0 0

)︃⊤

,

and

l

(︃
d∇vF

dL2

(L̄2, (0, 0))[ψ]

)︃
= −2AL̄2

∫︂ 0

−1

ψ2
2 + ψ2(0)

1

L1

ψ′
1(0).

We will later explicitly calculate the eigenfunction ψ and then evaluate this expres-
sion to find that it is indeed nonzero; see (5.2.7) and (5.2.12). We conclude that
d∇vF

dL2

(L̄2, (0, 0))[ψ] /∈ R(∇vF (L̄2, (0, 0))).

Based on Steps 1–3, we apply Theorem 1.7 from [18] (see also Lemma 1.1
in [19]) and find: if Z is any complement of N(∇vF (L̄2, (0, 0))) in W , the solu-
tions of the equation F (L2, (v1, v2)) = 0 near

(︁
L̄2, (0, 0)

)︁
consist precisely of the

curves (v1, v2) = (0, 0) and (L2(s), (v1(s), v2(s)), s ∈ I = (−δ, δ). The functions
(L2(s), (v1(s), v2(s)) are C1 functions such that L2(0) = L̄2, (v1(0), v2(0)) = (0, 0) and
(v′1(0), v

′
2(0)) = (ψ1, ψ2). Furthermore, (v1(s), v2(s)) = (sψ1 + sz1(s), sψ2 + sz2(s)),

where (ψ1, ψ2) is the positive eigenfunction associated to σ1(L̄2), and z(0) = z′(0) = 0.



5. PROOFS OF TWO THEOREMS 91

Step 4: We compute the formula for the direction of the bifurcation.
Shi [64] provides this formula without details. Here, we give the details. Following

the original proof in [18], we define:

H(s, L2(s), z(s)) =

⎧⎪⎨⎪⎩
s−1F (L2, sψ + sz), if s ̸= 0,

∇vF (L̄2, (0, 0))[ψ + z], if s = 0.

By definition, H(s, L2(s), z(s)) = 0. We differentiate this expression to find

Hs(s, L2(s), z(s))

⏐⏐⏐⏐
s=0

+L′
2(s)HL2(s, L2(s), z(s))

⏐⏐⏐⏐
s=0

+z′(s)Hz(s, L2(s), z(s))

⏐⏐⏐⏐
s=0

= 0.

Since z′(0) = 0 (see above), the last of these three terms vanishes. For the second
term, we calculate

lim
h→0

H(0, L2(0) + h, z(0))−H(0, L2(0), z(0))

h

= lim
h→0

∇vF (L̄2 + h, (0, 0))[ψ + z(0)]−∇vF (L̄2, (0, 0))[ψ + z(0)]

h

=
d∇vF

dL2

(L̄2, (0, 0)).

The first term becomes

lim
h→0

H(h, L2(0), z(0))−H(0, L2(0), z(0))

h

= lim
h→0

1

h
F (L̄2, h(ψ + z(0)))−∇vF (L̄2, (0, 0))[ψ + z(0)]

h

= lim
h→0

F (L̄2, h(ψ + z(0)))− h∇vF (L̄2, (0, 0))[ψ + z(0)]

h2

= lim
h→0

F (L̄2, (0, 0) + h(ψ + z(0)))− F (L̄2, (0, 0))− h∇vF (L̄2, (0, 0))[ψ + z(0)]

h2

= lim
h→0

1

2
h2∆vF (L̄2, (0, 0))[ψ + z(0)][ψ + z(0)] +O(h3)

h2

=
1

2
∆vF (L̄2, (0, 0))[ψ][ψ].

Hence, the above expression becomes

=⇒ 1

2
∆vF (L̄2, (0, 0))[ψ][ψ] + L′

2(0)
d∇vF

dL2

(L̄2, (0, 0)) = 0 (5.2.5)
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We want to solve this equation for L′
2(0).

We begin with the second derivative of F . Since

F1v(v1 + φ1)− F1v(v1) = Dϕ′′
1 + L2

1

dH1(v1 + φ1)

dv
ϕ1 −Dϕ′′

1 + L2
1

dH1(v1)

dv
ϕ1

= L2
1ϕ1

(︃
dH1(v1 + φ1)

dv
− dH1(v1)

dv

)︃
= L2

1ϕ1φ1 −
d2H1(v1)

dv2
,

we have

∆vF (L2, (v1, v2))[ϕ][φ] =

(︃
L2
1ϕ1φ1 −

d2H1(v1)

dv2
L2
2ϕ2φ2 −

d2H2(v2)

dv2
0 0 0 0

)︃⊤

.

At the bifurcation point (L2, (v1, v2)) = (L̄2, (0, 0)), we obtain

∆vF (L̄2, (0, 0))[ϕ][φ] =

(︃
−2R

A
L2
1ϕ1φ1 2(1 + A)L2

2ϕ2φ2 0 0 0 0

)︃⊤

We also have that

d∇vF

dL2

(L̄2, (0, 0))[ψ] =

(︃
0 2L̄2

dH2(v2)

dv2
ψ2 0 − 1

L1

ψ′
1(0) 0 0

)︃⊤

=

(︃
0 −2AL̄2ψ2 0 − 1

L1

ψ′
1(0) 0 0

)︃⊤

.

With this, (5.2.5) now becomes(︃
−R
A
L2
1ψ

2
1 (1 + A)L2

2ψ
2
2 0 0 0 0

)︃⊤

+ L′
2(0)

(︃
0 −2AL̄2ψ2 0 − 1

L1

ψ′
1(0) 0 0

)︃⊤

= 0. (5.2.6)

Applying l from 5.2.4 to (5.2.6) gives(︃
− L̄2

DL1

∫︂ 1

0

R

A
L2
1ψ

3
1dξ +

∫︂ 0

−1

(1 + A)L2
2ψ

3
2dξ

)︃
+ L′

2(0)

(︃∫︂ 0

−1

−2AL̄2ψ
2
2dξ +

1

L1

ψ′
1(0)ψ2(0)

)︃
= 0.

Finally, we are ready to solve for L′
2(0) and obtain (after simplifying)

L′
2(0) = L1L̄2

⎛⎜⎜⎜⎝
R

AD
L1

∫︂ 1

0

ψ3
1dξ − (1 + A)L2

∫︂ 0

−1

ψ3
2dξ

ψ′
1(0)ψ2(0)− 2AL1L̄2

∫︂ 0

−1

ψ2
2dξ

⎞⎟⎟⎟⎠ . (5.2.7)
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The sign of L′
2(0) will give the direction of the bifurcation. As the last step, we now

calculate this expression.
The principal eigenvalue σ1(L2) and its associated eigenfunction ψ = (ψ1, ψ2) of

the eigenvalue problem⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Dϕ′′
1 +RL2

1ϕ1 = σϕ1, ξ̃ ∈ [0, 1];

ϕ′′
2 − AL2

2ϕ2 = σϕ2, ξ̃ ∈ [−1, 0];

ϕ1(0) = ϕ2(0), ϕ
′
2(0) =

L2

L1

ϕ′
1(0), ϕ

′
2(−1) = 0, ϕ′

1(1) = 0,

(5.2.8)

satisfy (using the same method as in [65, 49]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ1(L̄2) = 0 where L̄2 =
1√
A

tanh−1

[︄√︃
R

AD
tan

(︄√︃
R

D
L1

)︄]︄

ψ1(ξ) = F2

cosh
(︂√

AL̄2

)︂
cos

(︄√︃
R

D
L1

)︄ cos

(︄√︃
R

D
L1 (ξ − 1)

)︄
,

ψ2(ξ) = F2 cosh
(︂√

AL̄2 (ξ + 1)
)︂

(5.2.9)

for some nonzero number F2, with ψ′
1(0) = F2

√︃
R

D
L1 cosh

(︂√
AL̄2

)︂
tan

(︄√︃
R

D
L1

)︄
and ψ2(0) = F2 cosh

(︂√
AL̄2

)︂
.

We observe that L̄2 exists if and only if 0 ≤
√︃

R

AD
tan

(︄√︃
R

D
L1

)︄
< 1, which

implies that 0 ≤ L1 <

√︃
D

R
arctan

(︄√︃
AD

R

)︄
.

Calculating the numerator and denominator of the expression in (5.2.7) is now
possible, but tedious, using the formulas for powers of trigonometric functions. We
only show one such calculation explicitly here, namely for the first integral in the
numerator of (5.2.7).

With a =

√︃
R

D
L1, we have that∫︂ 1

0

cos3(a(ξ − 1))dξ =

[︃
sin(3a(ξ − 1)) + 9 sin(a(ξ − 1))

12a

]︃1
0

=
sin(3a) + 9 sin(a)

12a
.
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Thus,

R

AD
L1

∫︂ 1

0

ψ3
1dξ = F 3

2

cosh3
(︂√

AL̄2

)︂
cos3

(︄√︃
R

D
L1

)︄ R

AD
L1

⎛⎜⎜⎜⎜⎝
sin

(︄
3

√︃
R

D
L1

)︄
+ 9 sin

(︄√︃
R

D
L1

)︄

12

√︃
R

D
L1

⎞⎟⎟⎟⎟⎠
= F 3

2

cosh3
(︂√

AL̄2

)︂
cos3

(︄√︃
R

D
L1

)︄√︁R/D

12A

(︄
sin

(︄
3

√︃
R

D
L1

)︄
+ 9 sin

(︄√︃
R

D
L1

)︄)︄

=

√︁
R/D

12A
F 3
2 cosh

3
(︂√

AL̄2

)︂
⎛⎜⎜⎜⎜⎝
sin

(︄
3

√︃
R

D
L1

)︄

cos3

(︄√︃
R

D
L1

)︄ + 9

tan

(︄√︃
R

D
L1

)︄

cos2

(︄√︃
R

D
L1

)︄
⎞⎟⎟⎟⎟⎠ .

Using several trigonometric identities, we finally arrive at

R

AD
L1

∫︂ 1

0

ψ3
1dξ =

√︁
R/D

A
F 3
2

[︄
tan

(︄√︃
R

D
L1

)︄
+

2

3
tan3

(︄√︃
R

D
L1

)︄]︄
[︄
1− R

AD
tan2

(︄√︃
R

D
L1

)︄]︄3/2 (5.2.10)

A similar calculation can be carried out for the second integral in the numerator
of (5.2.7). Combining the two leads to the following expression of the numerator:

Num =

√︁
R/D

A
F 3
2 tan

(︄√︃
R

D
L1

)︄⎛⎜⎜⎜⎜⎜⎝
−A+

2

3

(︃
1 +

R

AD
+
R

D

)︃
tan2

(︄√︃
R

D
L1

)︄
[︄
1− R

AD
tan2

(︄√︃
R

D
L1

)︄]︄3/2
⎞⎟⎟⎟⎟⎟⎠ .

(5.2.11)
Equally tedious calculations involving trigonometric identities for the denomina-

tor give us

Deno =

F 2
2

√︃
R

D
L1 tan

(︄√︃
R

D
L1

)︄

1− R

AD
tan2

(︄√︃
R

D
L1

)︄ − L1F
2
2

⎛⎜⎜⎜⎜⎝AL̄2 +

√︃
R

D
tan

(︄√︃
R

D
L1

)︄

1− R

AD
tan2

(︄√︃
R

D
L1

)︄
⎞⎟⎟⎟⎟⎠
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= −AL1L̄2F
2
2 . (5.2.12)

Now, using (5.2.11) and (5.2.12), we find that

L′
2(0) =

√︁
R/D

A
F2 tan

(︄√︃
R

D
L1

)︄⎛⎜⎜⎜⎜⎜⎝
−A+

2

3

(︃
1 +

R

AD
+
R

D

)︃
tan2

(︄√︃
R

D
L1

)︄

−A

[︄
1− R

AD
tan2

(︄√︃
R

D
L1

)︄]︄3/2
⎞⎟⎟⎟⎟⎟⎠

(5.2.13)
The denominator of L′

2(0) is always negative, but the numerator can change sign. We
calculate the sign change as a function of L1, the length of patch 1.

L2s(0) = 0 =⇒ −A+
2

3

(︃
1 +

R

AD
+
R

D

)︃
tan2

(︄√︃
R

D
L1

)︄
= 0

=⇒ tan2

(︄√︃
R

D
L1

)︄
=

3A

2

(︃
1 +

R

AD
+
R

D

)︃
=⇒ L⋆1 =

√︃
D

R
arctan

(︄√︄
3A2D

2 (AD +R + AR)

)︄
.

Therefore, for L1 < L⋆1, we have L′
2(0) > 0, thus the bifurcation is backward and for

L1 > L⋆1, we have L′
2(0) < 0, thus the bifurcation is forward.



Chapter 6

Summary and perspectives

Throughout this thesis, we analyzed the population dynamics of a singles species
living in a heterogeneous environment consisting of two adjacent patches that are
homogeneous within but differ from one another. In each patch, we used a reaction–
diffusion equation to describe the movement and the growth of the population. At
the interface between patches, we imposed a continuous population flux and a dis-
continuous population density. We also imposed no-flux conditions at the boundaries
of the patches. If we denote patch 1 by Ω1 := [0, l1] and patch 2 by Ω2 := [−l2, 0],
then our mathematical model was⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u1(x, t)

∂t
= D1

∂2u1(x, t)

∂x2
+ F1 (u1(x, t)) , (x, t) ∈ Ω1 × [0,∞),

∂u2(x, t)

∂t
= D2

∂2u2(x, t)

∂x2
+ F2 (u2(x, t)) , (x, t) ∈ Ω2 × [0,∞),

D1
∂u1(0, t)

∂x
= D2

∂u2(0, t)

∂x
, t ≥ 0,

u1(0, t) = ku2(0, t), t ≥ 0,

∂u1(l1, t)

∂x
=
∂u2(−l2, t)

∂x
= 0, t ≥ 0,

(6.0.1)

where ui(x, t) is the population density at location x and time t, Di the diffusion
coefficient and Fi the net growth function on each patch i, and k the discontinuity
parameter.

Using results from semigroup theory, we proved the existence and uniqueness of
positive solutions for (6.0.1). We analyzed the steady state model of (6.0.1) under
two considerations.

96
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First, the net growth functions on both patches were monostable functions (which
excludes a strong Allee effect). We proved the existence, uniqueness and global sta-
bility of a positive solution, and classified its shape in accordance with movement
behaviour. We also gave an answer to the following ecological question: how can the
total population abundance at a steady state exceed the total carrying capacity?

Second, we chose qualitatively different net growth functions on the two patches:
one was monostable and the other bistable (i.e., there was a strong Allee effect). We
proved the existence of positive monotone solutions and classified all of them. We
looked at their stability properties through an eigenvalue problem and generalized
some aspects of classical Sturm-Liouville theory. The stability properties of two
constant solutions were interesting to deeply analyze. We ended by studying the
bifurcation behaviour of the system when the zero solution becomes unstable.

One of the fundamental problems in spatial ecology is to understand how spatial
effects influence the dynamics of populations and the structure of communities [12].
Classical modelling approaches in spatial ecology typically treat space as homogeneous
and isotropic [13]. However, many ecological processes occur in spatial structures that
display various sort of heterogeneity and/or directionality at various scales, and the
nature of the spatial structure of populations themselves is not always obvious [13].
Reaction-diffusion equations are often used to study spatial population dynamics [12].
They are spatially explicit and typically incorporate quantities such as dispersal rates,
local growth rates and carrying capacities as parameters which may vary with location
or time [12]. Thus, they provide a good framework for studying questions about the
ways that habitat geometry and the size or variation in vital parameters influence
population dynamics [12].

The papers published by Shigesada et al. [65] and Freedman et al. [31] provide
a landmark in the investigation of population dynamics in heterogeneous landscapes.
They both considered a landscape (finite in [31] and periodically varying in [65])
consisting of two kind of patches on which individuals diffuse and grow logistically.
The diffusivity and growth rate are different on each patch. In both papers, at the
interface between patches, the density and the flux of the population is assumed to
be continuous. In our model, we incorporated the generalized interface conditions
derived by Maciel and Lutscher [49], which allow a discontinuous population density.
Some authors also used these generalized interface conditions to study questions of
persistence and spread and apply it to marine reserve design (see [50, 4, 41, 3]). But
most of their results are based on either linear analysis or numerical simulation (but
see Freedman et al. [31] and Maciel et al. [48]).

Our work explores how heterogeneity affects several characteristics of steady-
states solutions of (6.0.1) when the population dynamics include or exclude a strong
Allee effect. An Allee effect can be caused by shortage of mates [36, 57], by lack of
effective pollination [34], by predator saturation [22] and cooperative behaviors [72].
A strong Allee effect arises when the population net growth rate at low density is
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negative, and the population can only grow at higher density. In the absence of a
strong Allee effect, we clarify when and under which conditions the total population
abundance at steady state can exceed the total carrying capacity of a landscape. The
magnitude of this effect depends on individual movement behavior at the interface
through the composite parameter k, which also encapsulates patch preference. This
question has a long tradition in ecology, starting with the work by Freedman and
Waltman [30], who studied it in an ordinary differential equation model of two patches
without explicit spatial location. The first treatment of this question with reaction-
diffusion equations is by Lou [43] and later by DeAngelis et al. [23]. For a recent
synthesis of this topic and its ecological importance, see Zhang et al. [76]. Our model
is the first, based on reaction-diffusion equation, that considers differential movement
rates and patch preference in this context. With the presence of a strong Allee effect
on one patch, the mathematical analysis of the model is more challenging since it gives
rise to bistability, that is, to multiple stable steady-state solutions. In the context of
spatial models, the local stability of the zero solution will depend on various factors
which are averaged by the principal eigenvalue of the linearization of the model at zero,
and showing existence or nonexistence of a positive equilibrium is more difficult [12].
We performed our bifurcation analysis following the theory developed by [18, 19, 64],
and considered the patch size as the bifurcation parameter.

There are several open questions that arise from this dissertation, some of which
were already mentioned in the discussions of the respective chapters. For example,
more analysis is to be done on the question of when and how the total population
at steady state can exceed the carrying capacity. Convergence in the limit as diffu-
sion rates get large was only shown numerically, no analytically. Similarly, the case
of bistable dynamics on both patches (B,B) was not analyzed in Chapter 4. The
structure of steady states in the mixed case (M,B) is already much richer than in the
(M,M) case, and there are still some open questions. For example, to what extent
can the analysis in the special case K1 = A predict the general case? Can there be
three or more positive, locally stable steady states? We expect that the case (B,B)
has an even richer structure.

Another significant model extension would be to include the dynamics of a sec-
ond, interacting species, for example, a predator. Predation and Allee effects are
closely linked in some systems. For example, a generalist predator (one that con-
sumes several prey species) typically does not hunt all its prey species equally. The
idea of a “search image” states that predators hunt more frequent prey more. This
makes sense from a foraging point of view because different prey may require different
hunting techniques. Concentrating on the most abundant one(s) can make the search
and hunt more efficient. But this means that the per capita predation rate of the
prey is very small at low prey densities (when other prey is more abundant), so that
an Allee effect can result [44]. Another way in which an Allee effect can result in a
predator–prey system is when the prey can defend itself better in larger groups. The
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schooling behaviour of fish is sometimes considered as a defence mechanism.
Habitat quality can alter the qualitative dynamics of the population from monos-

table to bistable in both of these cases. For example, if one habitat patch is unsuitable
for one of two prey species, then a common predator with a search image for its prey
can induce an Allee effect on one prey in the patch where the other prey is present,
while there is no Allee effect in the patch where the other prey is absent. Alterna-
tively, it a single prey has a refuge that the predator cannot enter, then a similar
spatial separation between monostable and bistable dynamics can result.

In a different direction, it would be interesting to extend the theory to more than
two patches. Several recent papers look at an infinite, linear sequence of patches,
mostly to study propagation phenomena, starting with the original work by [65], ex-
tended to include interface conditions by [49], and also considering an Allee effect
[50]. More recent results on nonlinear models and propagation phenomena are ob-
tained by [35]. But the structure of patches does not have to be linear. One major
focus of recent work in spatial ecology was on persistence conditions of populations
in watersheds. To be more precise, the “drift paradox” points out that species that
are subject to downstream drift (e.g., mayflies, caddis flies) should be expected to
be washed out of a river or watershed, yet they persist there year after year [53].
This question was originally addressed in the form of a critical patch-size problem
for a reaction–diffusion equation with an additional drift term (advection) [58]. That
theory has since expanded into a study of reaction–advection–diffusion equations on
metric graphs [62, 61, 26].

Our two-patch habitat can be seen as a metric graph with a set of vertices
V = {−l2, 0, l1} and a set E := {e1, e2} of edges such that edge i is associated with
the bounded interval Ωi. The edge e1 connects the vertices 0 and l1 and e2 connects
−l2 and 0. Hence, 0 is the interior vertex (called junction) and −l2 and l1 are the
vertices with one incident edge (called boundary points). On each edge, one considers
a reaction–diffusion equation, and at the vertices, junction and boundary conditions
connect the density and flux between edges. Therefore, for this simple metric graph,
the interface conditions defined in (6.0.1) represent the junction conditions; see Fig-
ure 6.1(a).

In general, a watershed can be represented by a rooted tree graph, where the
root is the downstream end of the river (which could be a junction with a larger
river or its mouth at a lake or ocean). The tree structure arises because there are
usually no loops in a river network or watershed (except in a river delta). The
new element here is a junction where more than two edges meet. The simplest
meaningful nonlinear metric graph is the Y-shaped arrangement of patches seen in
Figure 6.1(b). In order to formulate a reaction–diffusion system that incorporates the
idea of movement preference at habitat edges, we need to derive matching conditions
akin to (6.0.1) for junctions where three edges meet.

The derivation from Maciel and Lutscher [49] can be generalized to this case as
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(a) 2 boundary points (b) 3 boundary points

Figure 6.1: Metric graphs with two levels

follows. We assume that x = 0 is the interface between the two upstream reaches
(patches 2 and 3) and the downstream reach (patch 1). Within habitat type i,
individuals may jump distance ∆xi to the right or left with equal probability per
time step ∆t. At the interface, individuals move to patch i with probability αi. An
individual will remain at the interface with probability 1−

∑︁3
i=1 αi.

With these assumptions, we have the following master equation for the probabil-
ity density function P (−∆x2, t), P (−∆x3, t), P (0, t) and P (∆x1, t), which represent
the probability per unit length of finding an individual at positions −∆x3, −∆x2, 0
and ∆x1, respectively:

∆x3P (−∆x3, t+∆t) =
p3
2
∆x3P (−2∆x3, t) + (1− p3)∆x3P (−∆x3, t) + α3∆x0P (0, t),

∆x2P (−∆x2, t+∆t) =
p2
2
∆x2P (−2∆x2, t) + (1− p2)∆x2P (−∆x2, t) + α2∆x0P (0, t),

∆x0P (0, t+∆t) =
p3
2
∆x3P (−∆x3, t) +

p2
2
∆x2P (−∆x2, t) +

p1
2
∆x1P (−∆x1, t)

+ (1− α1 − α2 − α3)∆x0P (0, t),

∆x1P (∆x1, t+∆t) =
p1
2
∆x1P (2∆x1, t) + (1− p1)∆x1P (∆x1, t) + α1∆x0P (0, t),

where ∆x1, ∆x2, ∆x3 are the step length in patch types 1, 2 and 3, and p1, p2, p3
are the respective probabilities of moving in each step. After some algebra, the same



6. SUMMARY AND PERSPECTIVES 101

steps as in [49] eventually lead to the interface conditions⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U1(0, t) = k3U3(0, t), k3 =
α1D3

α3D1

;

U1(0, t) = k2U2(0, t), k2 =
α1D2

α2D1

;

D1
∂U1

∂x
(0, t)−D2

∂U2

∂x
(0, t)−D3

∂U3

∂x
(0, t) = 0.

Given these interface or junction conditions, we can now proceed with the same
analysis as presented in this dissertation. For the simplest example, we can calculate
stability conditions of the extinction state, when all densities are zero. Let us assume
that the low-density growth rate of the population is positive in patch 1 and negative
in patch 3, and can be either in patch 2. After an appropriate scaling, the model can
be written as ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u1
∂τ

=
∂2u1
∂ϵ2

+ u1,

∂u2
∂τ

= d2
∂2u2
∂ϵ2

+ ru2,

∂u3
∂τ

= d3
∂2u3
∂ϵ2

+ r3u3,

u1(0, τ) = k3u3(0, τ), u1(0, τ) = k2u2(0, τ),

∂u1(0, τ)

∂ϵ
− d2

∂u2(0, τ)

∂ϵ
− d3

∂u3(0, τ)

∂ϵ
= 0,

∂u3(−L3, τ)

∂ϵ
=
∂u2(−L2, τ)

∂ϵ
=
∂u1(L1, τ)

∂ϵ
= 0,

(6.0.2)

where k2 =
α1

α2

d2 and k3 =
α1

α3

d3.

The usual ansatz of exponential solutions ui(ϵ, τ) = exp(λτ)Xi(ϵ) leads us to the
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eigenvalue problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

X ′′
1 +X1 = λX1,

d2X
′′
2 + r2X2 = λX2,

d3X
′′
3 + r3X3 = λX3,

X1(0) = k3X3(0), X1(0) = k2X2(0);

X ′
1(0)− d2X

′
2(0)− d3X

′
3(0) = 0,

X ′
3(−L3) = 0, X ′

2(−L2) = 0, X ′
1(L1) = 0.

(6.0.3)

As before, we can explicitly find expressions for the eigenfunctions in terms of
trigonometric and hyperbolic functions. By setting the dominant eigenvalue to zero,
we can calculate the stability boundary. Hence, we can find relationships between
parameters that allow for the persistence of the population (when the dominant eigen-
value is positive) or its extinction (when the dominant eigenvalue is negative). The
persistence boundary is given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

tan (L1) +

√︃
r2
d2

d2
k2

tan

(︃√︃
r2
d2
L2

)︃
−
√︃

−r3
d3

d3
k3

tanh

(︃√︃
−r3
d3

L3

)︃
= 0, if r2 > 0;

tan (L1)−
√︃

−r2
d2

d2
k2

tanh

(︃√︃
−r2
d2

L2

)︃
−
√︃

−r3
d3

d3
k3

tanh

(︃√︃
−r3
d3

L3

)︃
= 0, if r2 < 0;

tan (L1)−
√︃

−r3
d3

d3
k3

tanh

(︃√︃
−r3
d3

L3

)︃
= 0, if r2 = 0,

(6.0.4)
where Li is the length of edge/patch i. We give a brief illustration. The problem is
that the number of parameters grows with the number of patches in the system and a
complete analysis of all possible relationships is cumbersome. We concentrate on two
different scenarios. In the first, we assume that the growth rate on patch 2 is positive
and, for simplicity, we set it equal to the growth rate on patch 1. In the second, the
growth rate on patch 2 is negative and, again for simplicity, we set it equal to the
(negative) growth rate on patch 3.

Not surprisingly, the population can persist when patch 1 is large enough. The
threshold length L1 increases with L3. Also not surprisingly, when the growth rate
in patch 2 is negative, patch 1 must be longer for persistence than when r2 > 0. All
curves reach a horizontal asymptote: When L1 is large enough, the population can
persist independently of the other two patch lengths. This makes sense in the light
of the critical patch size for a single patch (see Introduction). If the population can
persist in patch 1 even when the surrounding environment is completely hostile, then
the population will be able to persist in the network, independently of the dynamics
and lengths on other patches. The maximum principle ensures that population levels
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(a) r2 = 1 (b) r2 = r3

Figure 6.2: Persistence condition on the Y-shaped network. Left: two
favorable-one unfavorable patches. Right: one favorable-two unfavorable
patches. Other parameter values are r3 = −0.5, αi = 1/3 for all i. Left:
L1 = L2 and d2 = 1. Right: L2 = L3 and d2 = d3.

will be positive everywhere. When the diffusion coefficient in the “bad” patch is small,
individuals stay inside that patch for a long time and have a high risk of dying before
they reproduce. Hence, the negative effects from the negative growth rate in that
patch are strong. Therefore, a longer “good” patch is needed to make up for the loss
in the bad patch for the population to persist.

We expect that many of the techniques in this dissertation can be applied to
study the population dynamics on such metric graphs. The geometric approach will
break down at some point because the phase planes will be too complicated to study.
But the case of a Y-shaped network without interface matching conditions has been
studied in this way [69]. We expect that this can be a challenging and rewarding
topic for future research.
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